N
N

N

HAL

open science

Extreme value theory for dynamical systems, with

applications in climate and neuroscience
Théophile Caby

» To cite this version:

Théophile Caby. Extreme value theory for dynamical systems, with applications in climate and
neuroscience. Dynamical Systems [math.DS]. Université de Toulon; Universita degli studi dell’ In-
subria (Come, Italie). Facolta’ scienze matematiche, fisiche e naturali, 2019. English. NNT:

2019TOULO0017 . tel-02473235v2

HAL Id: tel-02473235
https://theses.hal.science/tel-02473235v2
Submitted on 6 Mar 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-02473235v2
https://hal.archives-ouvertes.fr

UNIVERSITA DEGLI STUDI DELL’ INSUBRIA

UNIVERSITE DE TOULON

PHD IN MATHEMATICS

Phd Thesis
Extreme Value Theory for
dynamical systems, with
applications in climate and
neuroscience

Date of defense: december 20, 2019.

Théophile CABY

Supervisors:
Giorgio MANTICA, Sandro VAIENTI
Jury:
G. CRISTADORO, A. C. FrREITAS, J. FREITAS, S. GALATOLO, G.
MANTICA, S. VAIENTI.

Center for Non-Linear and Complex Systems and Centre de
Physique Théorique
-é\'\)DJ(J&

<

)

Neni v

UNIVERSITE
DE TOULON

<RSITY4



Contents

1 Notations and basic definitions 3

2 Introduction 4

3 Extreme value theory for dynamical systems 7

3.1 General framework . . . . ... ... ... L. 7
3.2 Conditions of existence of extreme value laws and some formulae for

the extremal index . . . . . . . . . ... ... 10

3.2.1 Classical conditions . . . . . . . . ... ... ... ... ... 11

3.2.2 The spectral approach . . . . .. ... ... ... .. 12

3.3 EVT and the statistics of the number of visits . . . . . . ... ... 17

3.4 Numerical estimates of the extremal index . . . . .. ... ... .. 19

4 Extreme Value Theory and local dynamical indicators 25

4.1 Fractal dimensions . . . . . . . ... 25

4.1.1 Local dimensions . . . . . . . . . . . . . ... ... .. ... 25

4.1.2 Generalized dimensions . . . . . . ... ... ... ... ... 26

4.2 Local dimensions and inverse persistence . . . . . . .. ... .. .. 28

4.3 Local dimensions and generalized dimensions . . . . . . . .. .. .. 32

4.4 Influence of noise on 6, and on the local dimensions . . . . . . . .. 36

4.4.1 1Iid. random tranformations . . . . . . . . . ... ... ... 36

442 Moving target . . . . . ..o 41

5 Extreme value theory and global dynamical indicators 47

5.1 Amnewobservable . . . . ... ... 47

5.2  Generalized dimensions and the Block Maxima approach . . . . . . 50

5.3 The dynamical extremal index and the hyperbolicity index of order ¢ 57

5.4 Influence of noise on the global dynamical indicators . . . . . . .. 64

5.4.1 Influence of uniform noise on the D, spectrum . . . . . . .. 64

5.4.2 Influence of uniform noise on the DEI spectrum . . . . . . . 66

5.4.3 Influence of discrete noise for the DEI spectrum . . . . . . . 66

6 Extreme value theory and the statistics of visits in small target

sets 69
6.1 Statistics of returns for some non-deterministic stationary systems . 69
6.2 Statistics of returns for climate data. . . . . . .. ... ... 70
6.3 Statistics of returns for sequential systems . . . . . .. ... .. .. 71
6.4 Statistics of returns in the neighborhood of the diagonal . . . . .. 73
7 Generalized dimensions and large deviations of local dynamical
quantities 75
7.1 Elements of large deviations theory . . . . . . .. .. .. ... ... 75

7.2 Generalized dimensions and large deviations of the local dimension 77
7.3 Generalized dimensions and large deviations of first return/hitting
times . . . . . . 80



8 Further methods to compute the generalized dimensions using

scaling relations 88
8.1 Using the Correlation Integral . . . . . . . . ... ... ... . ... 88
8.2 Using return times . . . . . . . . . ... Lo oo 89
8.3 Using hitting times . . . . . . . .. ..o 90
8.4 Numerical extraction of the generalized dimensions . . . . . . . .. 91

9 An application of EVT to the study of a real world multi-dimensional

dynamical system; collective events in neural networks 95
9.1 Motivations . . . . . . . ... 95
9.2 Neuronal avalanches . . . . . .. .. ... ... 97
9.3 The dynamical model: a sparse network of Rulkov maps . . . . .. 99
9.4 Unperturbed dynamics of the single neuron. . . . . . . ... .. .. 100
9.5 Perturbed dynamics of the single neuron: basin of attraction . . . . 104
9.6 Network topology and synaptic coupling . . . . .. ... ... ... 106
9.7 Network dynamics . . . . . .. .. ... Lo 108
9.7.1 Invariant measure . . . . . . . . . ... ... 108
9.7.2 Firing cascades as trees of causal excitations . . . . .. . .. 109
9.7.3 Statistical analysis of firing cascades . . . . ... ... ... 112

9.8 Statistics of extreme events in a finite time—interval . . . . . . . .. 114
10 Conclusions 121



1 Notations and basic definitions

X denotes the complementary set of X

e log denotes the natural logarithm

e {C(x)} denotes the set of points = satisfying the condition C(x)

e 1y denotes the indicator function of the set X

e 0, denotes the Dirac point measure at the point z

e L denotes the Lebesgue measure defined on the set that is mentioned
e |z| denotes the floor function of x

e X ®Y denotes the Cartesian product of the sets X and Y

e X®* denotes the k—ary Cartesian power of the set X

e By p — quantile of a distribution, for 0 < p < 1 is meant the 100p"" quantile
of the distribution

e 7; denotes the mean value of the quantities (z;).



2 Introduction

The progressive discovery of the chaotic behavior of certain dynamical systems has
been a major breakthrough in science in the last 150 years. First evidence of chaotic
motion came from the description by Poincaré [1], at the end of the 19" century, of
the extreme complexity of the trajectories associated with the three body problem.
Later, Lorenz discovered a 3-dimensional system defined by a simple set of non-
linear differential equations that is very sensitive to initial conditions and whose
trajectories tend to evolve on an object of complex geometrical structure [2]. This
phenomenon is popularly known as the butterfly effect. Although this discovery
seemed to impact only theoretical mechanics, the puzzling behavior of the Fermi
Pasta Ulam model posed important questions of physical relevance [3, 13]. These
properties, that now constitute the paradigm of chaotic dynamics, had a major
impact on popular culture and on the way we think science. It became then clear
that the traditional analytical tools used to describe the trajectories of such sys-

tems were insufficient and more appropriate probabilistic techniques were required.

The modern theory of dynamical system is then constructed on a set of three
objects (M, T, ). M is called the phase-space, that constitutes the set of all the
possible configurations of the system. In many physical applications, such as the
motion of some particles subject to some forces, M is taken as a subset of R"”,
but in all generality, M can be any abstract manifold, such as a symbolic space,
which allows applications in number theory. The law of motion is given by the
transformation 7', that can be, for example, implicitly defined by a set of differential
equations driving the dynamics (as for the Lorenz system), or an explicitly defined
continuous flow, a discrete mapping, a shift in the symbolic space and can be either
purely deterministic, or have a random component. On top of that, a probability
measure p is associated to the system, which is defined over a o—algebra ¥, of the
manifold M. The measure of a set A € ¥, can acquire a physical interpretation,
namely the frequency at which the system visits the set A. To possess such an
interpretation, the measure g must be left invariant by the dynamics, meaning

that for all subset A of ¥,,, we have the relation

(T A) = u(A). (1)

Proving the existence of some non-trivial invariant measure can be difficult

for many transformations, although theoretical results provide their existence in



certain particular cases, such as piecewise expanding maps of the interval [5], auto-
morphisms of the torus [6], and even more complex systems such as the geometric
Lorenz flow [7]. Sometimes, the invariant measure can be explicitly given in rela-
tion to the Lebesgue measure I and is absolutely continuous with respect to that
matter. In practice, in order to study a dynamical system, we suppose the exis-
tence of a unique natural, non-trivial invariant measure, unveiled naturally by the
dynamics of the system. As chaotic dynamics often settle on particular sets having
complex, fractal geometry referred to as strange attractors, the natural invariant
measure associated to the system can have a complex hierarchical structure. To
characterize this fine geometrical structure, diverse dimensional quantities have
been introduced, that will be described in the thesis.

It is a fundamental result that for ergodic systems (a class of systems that in-
cludes chaotic systems), the distribution of the values taken by an observable (i.e.
a real-valued function defined on the phase-space M) along a generic trajectory
of the system matches asymptotically the spatial distribution of the observable
over the whole phase-space, provided we work with an invariant measure p. This
result, due to Birkhoff [4], allows the use of tools coming from statistics to study
the dynamical properties of the system. This has led to the development of the
rich and sophisticated ergodic theory of dynamical systems [8, 9]. In the last
ten years, it was realized that a well-developed branch of statistics is particularly
suited to study certain properties of such chaotic systems: Extreme Value Theory
(EVT). At the origin [113], the theory aimed at predicting the occurrence of events
of large intensity, such as epidemics, earthquakes or floods [114, 115]. Since the
establishment of the connection between the existence of extreme values laws for
some particular observables and the existence of hitting time statistics in little
balls centered at a target point of phase space, by Freitas, Freitas and Todd [10],
the development of the dynamical theory of extreme values has brought a whole
new set of tools and powerful results. These tools have been succesfully applied
in physics, especially in climate science [85, 105, 106, 72, 62], as new EVT-based
methods were designed to compute, from observational time series, meaningful in-

dicators of the dynamics of the underlying system.

Throughout the thesis, we will discuss, improve and provide a conceptual
framework in which these methods can be understood. We will also provide new
EVT-based methods to compute quantities of interest and introduce new useful

indicators associated to the dynamics. An emphasis will be placed on physical



applications and numerical computations, as the use of such methods is develop-
ing rapidly. We will start by an introductory chapter to the dynamical theory of
extreme events, in which we will describe the principal results of the theory that
will be used throughout the thesis. After having introduced some objects that are
characteristic of the invariant measure of the system, namely local dimensions and
generalized dimensions, we devote the following chapters to the use of EVT to com-
pute such dimensional quantities. One of these methods defines naturally a novel
global indicator on the hyperbolic properties of the system. In these chapters, we
will present several numerical applications of the methods, both in real world and
idealized systems, and study the influence of different kinds of noise on these indi-
cators. We will then investigate a matter of physical importance related to EVT:
the statistics of visits in some particular small target subsets of the phase-space, in
particular for partly random, noisy systems. The results presented in this section
are mostly numerical and conjectural, but reveal some universal behavior of the
statistics of visits. The eighth chapter makes the connection between several local
quantities associated to the dynamics and computed using a finite amount of data
(local dimensions, hitting times, return times) and the generalized dimensions of
the system, that are computable by EVT methods. These relations, stated in the
language of large deviation theory, have profound physical implications, and con-
stitute a conceptual framework in which the distribution of such computed local
quantities can be understood. We then take advantage of these connections to
design further methods to compute the generalized dimensions of a system. Fi-
nally, in the last part of the thesis, which is more experimental, we extend the
dynamical theory of extreme events to more complex observables, which will allow
us to study phenomena evolving over long temporal scales. We will consider the
example of firing cascades in a model of neural network. Through this example,

we will introduce a novel approach to study such complex systems.

Let us now start by describing the dynamical theory of extreme events.



3 Extreme value theory for dynamical systems

We will give in this chapter a description of the principal objects and results of the
dynamical theory of extreme events and introduce the estimators that will be used
in the numerical applications throughout the thesis. This introductory chapter is

largely inspired by the reference book in the domain [85].

3.1 General framework

Let us consider a dynamical system (M,T,u) that is ergodic, meaning that it
fulfills the following definition:

Definition 1 We say that the invariant measure p is ergodic for the transforma-
tion T if

AeX, and T 'A=A = p(A)=0 or u(A) = 1. (2)

As mentioned in the introduction, the Birkhoff ergodic theorem ensures that
the distribution of the values of an observable sampled along a typical trajectory
matches asymptotically the spatial distribution of the observable. Let us then take
an observable ¢ : M — RU{oo}, a generic point g € M and define the stationary
process X;(xg) := ¢(T(x0)). By accumulating the value taken by the observable
over a long enough trajectory, statistical analysis can be performed; one can for
example study the distribution of the extreme values of this process. The extreme
events that are usually considered are characterized by large values of the observ-

able ¢ and can be studied in two main ways.

The block maxima approach studies the distribution of the maximum value of
the observable over blocks of time of large size n, M,,(z) = max{Xo, X1, ..., X;,_1},
while the peak over threshold approach studies the distribution of exceedances of
the observable over a sequence of high thresholds. We will see that for systems with
good mixing properties and suitable observables, the two approaches are deeply

connected. Let us now describe the first one in detail and denote by
F(s) == p(w € M, 6(x) < s), (3)

the cumulative distribution function (c.d.f.) of the process (X;). We start by
giving the following definition.



Definition 2 We say that M, satisfies an Extreme Value Law (EVL) if for all
s > 0, there is a sequence of levels u,(s) and a non-degenerate function (i.e. in
this case continuous) H : R — [0, 1] that satisfy the two following properties:

o nu(x € M,p(x) > uy(s)) —— s

n—oo

o u(x € M, M,(z) > uy(s)) —— H(s).

n—o0

Let us focus for the moment on the case of an independent identically distributed
(i.i.d.) process (Z;), with associated probability distribution P. Of course the
dynamical process (X;) as defined above is not independent, as X; and X;,; are
correlated by the deterministic action of 7', but the i.i.d case will help us to un-
derstand the results of EVT. We will see later how, under certain conditions, one

can deal with dependence effects. We have, for the independent case that:

n S n —S8
P(My < un(s) = (1= B(Zo > wn(s)))" ~ (1=2) —e (4)
Therefore, if M,, satisfies an EVL, then
H(s)=1—e". (5)

Usually, with application in many physical situations, the sequence of levels
(un)n is taken to be of the form w, = y/a, + b,, where y is a real parameter and
a, > 0 for all n, so that P(M,, < u,) can be written in the form P(a,, (M, —b,) < y).
Suitably re-scaled, its asymptotic distribution can only be of three types: this is

the fundamental theorem of Extreme Value Theory.

Theorem 1 [1153] If Xo,...,X,, are i.i.d. random variables and if there exists

linear normalizing sequences (ay,), (by), a, > 0, such that

P(an(M, —b,) <y) — G(y), (6)

n—oo

where the function G is non degenerate, then G is necessarily of the form

e 1 gy > 00 E A0,

e ifE=0. (7)

G(y) = GEVe(y) = {
The function GEV, is called the Generalized Extreme Value distribution of
shape parameter £. This latter parameter is determined by the tail of the comple-

mentary cumulative distribution (c.d.f.)



F:=1-F (8)

The value & = 0 corresponds to an exponential tail and the associated distri-
bution is referred to as of Gumbel type. £ > 0 corresponds to a heavy tail and it
yields a Fréchet distribution. The last type corresponds to an upper bounded F
and is called a Weibull distribution. By upper bounded, we mean that the value

taken by the observable on the phase space is superiorly bounded.

It is a remarkable fact that in front of the diversity of possible distributions of
the observable, the distribution of the maximum (if it exists) is always one of the
above forms. In many applications of EVT, one is interested in determining the
values of a,, and b,, for large n, since these quantities, as we will see in the rest of
the thesis, can carry precious information on the system. When the asymptotic
regime is achieved, meaning that taking larger n does not affect the value of the
shape parameter £, we can write the equality in the above theorem in a form that

is more adapted to numerical investigations:

P(M, <) ~ cuv( ") )

n—oo
The distribution of the maximum depends then asymptotically on only three
parameters: the shape parameter £, the location parameter G(n) and the scale
parameter o, that can be estimated by fitting the distribution of M, for n large
enough. Note that in this asymptotic case, the scale parameter o also does not

depend anymore on n. [85]

Complementary to the Block Maxima, the Peak Over Threshold approach for
its part studies another characterization of extreme events: the exceedances of
the ¢.7.d. process Zy, ..., Z, over a high selected threshold u*. Let us consider the

distribution

Fur(y) =P(Zo —u" < y|Zo > u”). (10)

The following theorem makes the link between the two approaches:

Theorem 2 If the conditions of theorem (1) apply and M, follows a GEV of

parameters &, o, B(n), then Fy« converges uniformly to the function

GPDe, =1+ log(GEVi(y/o)), (11)



as u* tends to up = sup{s: F(s) < 1}. The reverse is also true.

GPDg, is called the Generalized Pareto Distribution of shape parameter £ and
of scale parameter 0. Note that the location parameter 5(n) does not appear in
this distribution, since the value of threshold is systematically subtracted from the
random variable. Now we have two equivalent approaches to study rare events,
each of them being more suited to some particular situations: the block maxima
approach requires huge amounts of data, since by considering the maximum over
large blocks of time, many extreme events are discarded. It has however proved to

provide more stable results in many situations [85].

So far, we have stated the results for i.i.d. processes, but deterministic dynam-
ical systems are driven by laws of motion, for which the state of the system at a
given time depends on its state at previous time(s), and even for systems with fast
decay of correlations, the process Xy, X1, ... defined earlier is not an independent
sequence of random variables, but has a dependence structure. For example, the
system may spend some time in a region of phase space where the observable takes
high values, leading to a clustering of the large events. To account for this fact,
and under some dependence conditions that will be presented, an extreme value
law still exists for M,,, provided that an extremal index (EI) 6 is introduced. We
then have that

lim p(x € M, M, (z) < u,(s)) = . (12)

n—oo
6 is a real number comprised between 0 and 1 which accounts for the eventual
memory of the process and quantifies the tendency of the process to form clusters
of high values. We will describe more in details this quantity in the following

section.

3.2 Conditions of existence of extreme value laws and some

formulae for the extremal index

The mere condition of ergodicity is not enough to have an extreme value law for a
dynamical process. In fact, the conditions required must also be tied to the chosen
observable as well. Indeed, even for systems with strong decay of correlations, if we
chose an observable that is constant over the whole phase-space, one cannot expect
to have a non-degenerate extreme value law associated to the process. Let us first

refer to the classical (statistical) theory of EVT, where several results concerning

10



the existence of an extreme value law under more or less strong mixing conditions

have been found.

3.2.1 Classical conditions

First results concerning the existence of Extreme Value laws for processes with
good dependence structure are due to Leadbetter [31]. Later, Chernick Hsing and
McCormick [32] proved the existence of an extreme value law under some less
strict hypotheses; the condition D(u,) assuring asymptotic independence and the
condition D™ (u,,), controlling the maximal order of clustering, that we are going

to define now.

Definition 3 We say that the condition D(u,,) is satisfied for the process Xo, X, ...
if for any integers iy < ... <1, and j; < ... < ji for which j1 — i, > t, and for all
n>ng €N,

|E1,...7ip,j1,...,jk (un) - Fil...7ip (un)FYL,]k (un>| S Oé(n, t)? (13)

uniformly for every p,q € N. Here, F;,  ; 1is the joint distribution function of

Xil, ceey Xip; that is

P

Fi iy (Un) = p(Xs, < g,y Xi) < uy).

The function « is such that a(n,t,) — 0 for some sequence t, that is asymp-

totically negligible with respect to n.

Definition 4 We say that D™(u,,) holds if there exist sequences (ky), and (t,),
such that:

o k, — 00

e lim k,a(n,t,) =0, where a(n,t,) is as in definition 3.
n—oo

o k,t, is asymptotically negligible with respect to n.

o limn 3 u(Xo >ty > My (29) N X1 > 1) = 0.

n—o0

Under these conditions, an extreme value law holds and the extremal index can

be computed via what is called the O’Brien formula.

11



Theorem 3 (Chernick, Hsing, McCormick [32]) Under the hypothesis D(u,,) and
D™(uy,), the stationary process Xo, X1, ... has an extreme value law with an ex-

tremal index given by

w(Xo > u, N max X; < uy)

i=1,....m

0 = lim

2, (X0 > u) (14

Freitas and Freitas [33] proposed some conditions that are easier to check in
the case when the process originates from dynamical systems. These conditions

have been used to obtain different results that we will mention later.

These results are valid for any process with good enough dependence structure,
in the sense that the previous conditions are satisfied. In the context of dynamical
systems however, one can take advantage of the underlying dynamics to prove the
existence of an extreme value law in some more general settings. This can be done
using the spectral theory developed by Keller and Liverani, which uses perturbation

theory of transfer operators associated to mixing dynamical systems [37, 38].

3.2.2 The spectral approach

We will just describe briefly the part of the theory that applies to EVT, in the case
of systems with invariant measures that are absolutely continuous with respect to
Lebesgue (because so far it has been successfully applied only in these situations),
but the theory is originally presented in the broader set up of an arbitrary invariant
measure p. To cover these situations, it is enough to replace the Lebesgue measure
L in definition (5) by another reference measure o that is compatible with pu.
The spectral approach applies to a class of mixing dynamical systems (M, T, u),
whose transfer operator has nice spectral properties (and in particular a spectral
gap). Its main objective is to quantify the difference between the eigenvalues of
the Perron-Frobenius operator of the system and an operator that is perturbed by
the presence of a small hole in phase-space whose measure is shrinking to zero.
This approach allows to estimate the escape rate of the system into this hole. The

link with EVT is made by considering a family of sets (holes) of the form:

Q, ={z e M o(x)>u,} (15)

With this correspondence, studying the escape rate of the dynamics in the sets
), for large n, in particular the probability that the dynamics has not entered €2,

after n iterations matches the probability that the maximum value taken by the

12



observable along a long trajectory of size n is smaller than w,, which constitutes
the core of the block maxima analysis. This correspondence was used by Freitas,
Freitas and Todd to show the equivalence between the existence of extreme value
laws and hitting time statistics in small balls of shrinking measures [10]. Indeed,
with the observable

¢.(x) = —log dist(z, ),

(that we will from now call the standard observable), the sets 2,, are balls centered
at z of radius e “». This subtile approach allows to benefit from the powerful
results of EVT and to obtain a full asymptotic description of the hitting time
statistics in these balls, which is described by a Gumbel law. As we will see, this
approach can be generalized to arbitrary target sets. Let us now give an overview

of the spectral approach.

Definition 5 The Perron-Frobenius operator P of a dynamical system (M,T, u)
with absolutely continuous invariant measure . = hdlL is defined by the following

duality integral relation:

/M P(f)gdL = /M fgoTdL, (16)

where L is the Lebesque measure, f € L' and g € L™.

If P has a unique isolated eigenvalue equal to 1, the system has a unique mixing
absolutely continuous invariant measure, whose density h is the eigenvector asso-
ciated to the eigenvalue 1 [5]. The perturbed operator P, is defined by multiplying

the argument of P by the indicator function of the complementary set of the hole:

P.(f) = P(f1g,). (17)

The theory is applicable when the operators that we defined have some partic-

ular spectral properties that we now list.

Definition 6 The operators P and P, are called Rare Event Perron-Frobenius
Operators (REPFO) if there exist

e a functional space V- endowed with a norm ||.||y; on M containing the constant

functions,
e some constants 0 < a <1 and D > 0,

e a second norm |.|w on V such that |.|w < ||.||v and

13



e an integer N € N

such that for alln > N, P, satisfies the following properties;

1. The residual spectrum of each P, is contained in {z € C : |z| < a}

2. Forall f €V,
1Py fluw < D|flw

and

1B fllv < Da™||fllv + DI fl..

3. There is a monotone upper continuous function 7 : [N, +00) — [0, +00) such
that lim,, o m(n) = 0 and for all f € V, for alln > N,

|Puf = Pflu < w(n)l|fllv

4. Lo, ,.feV forall feV.
5. L(1q, f)l|La,bl||lv < const||f|lvu(hlg,) for all f € V.

6. The following mixing condition for the operator holds:

P=hoL+Q,

where ) has spectral radius smaller than 1.

If the operators have these good spectral properties, Keller proved, based on
a spectral perturbation theory developed together with Liverani [38], that an ex-
treme value law holds for the process Xg, Xi,... [37] (see theorem (4)). These
properties can be difficult to check in practice, but are generally associated to a
class of systems with super-polynomial decay of correlations and regular enough
observables [99, 37]. With the standard observable, REPFO conditions hold for a
class of expanding maps of the interval that have absolutely continuous invariant
measures with bounded densities [38, 99]. The functional space V' is often taken
to be the space of bounded variations functions on M. We will throughout the
thesis work with REPFO systems, or at least suppose that further analysis will

prove that these properties hold, if rigorous proofs are lacking.

14



Theorem 4 (Keller, Liverani [38] ) For systems and observables with REPFO
properties, an extreme value law holds for the process Xy, X1, .... Moreover, if the

following limits exist:

/’I’(Qn ﬂ (T_lQn)c m m (T—k‘Qn)c ﬂ T_k;_lgn)

= i 18
pri= i () (18)
for k>1 and
(N TT,)
TS 1)

then the extremal index is given by:

0=1-> pi (20)
k=0

This theorem applies in more general settings than O’Brien result, and in par-
ticular it contains in some sense formula (14). To see that, let us define the
quantity

w(Xo > u, N max X; < uy,)
1=

1,....m

(21)

0, = li
nl_{g’ N(XO > un)

Proposition 1 In the general set up of theorem (4), the extremal index is given

by

0 = lim 6,,. (22)

m—0o0

To prove this proposition, we simply partition the event in the numerator of

0., and recognize the py terms of equations (18) and (19):

15



wu(p(z) > u, N _max &(T'x) < uy)

71,...,771

0,, = li
nevo0 1(6(x) > uy)

o HOE) 2 ) p(6(a) > 00 0(T0) > ) — p(6(x) 0, (1 9(T) < 0, 1 O(T) > )
n—00 u(o(x) = un)
(o(z) = u, N i:HllaX (sz) < up N ¢<Tm+1x> > Up)

..... m

p(o(x) > un)
g @) 2 a0 8(T2) > ) () 2 U 0 $(T) < un N G(T°2) > un)
R0 1(o(x) > uy,) p(p(x) = un)

p(od(x) > u, N i:IrllaXmng(Tix) < u, NH(T™z) > u,)
p(p(x) = un)

(23)

In the set up of theorem (4), the quantity 6,, converges to 6 as m goes to infin-
ity. Under the mixing condition D™ (u,,) (4) limiting the characteristic size of the
clusters, all the terms p;, for k > m are zero and we have that 6,, = 0, which allows
to recover the O’Brien formula (14). We will present in section (4.4) a situation
where D™(u,) is not satisfied, but in which the spectral theory can be applied,
which makes it in some sense more general. In particular, we will give an example

where none of the p; term is null.

With these formulae, one is sometimes able to compute explicitly the extremal
index associated with different observables. With the standard observable, the
sets 0, considered in equation (15) are simply balls centered at the target point

z and of radius e

». For unidimensional uniformly expanding systems preserving
a measure absolutely continuous with respect to Lebesgue, it was proven (both
using the conditions of Freitas, Freitas [65] and the spectral approach [37]) that an
extreme value law associated to the maximum of ¢, holds with an extremal index

that is equal to 1 everywhere, except for periodic target points z, for which

o
[DT*(z)|

k denotes here the period of z. In [86], an analogous result was proven for diffeo-

morphisms of the torus, where in this case, the extremal index is given by:
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2 Rk _ 1

6 = —(arcsin

—FV———— — arcsil ———————).
T /’)\‘2k+1 /p\‘2k+l)

In the above formula A denotes the leading eigenvalue of the matrix associated to

(25)

the diffeomorphism. It is important to stress that this formula is obtained when
the Euclidean distance is considered in the observable ¢., while other distances
yield different results. We remark that in the previous formulae, only the term
pr—1 where k is the minimal period of the z is non-zero, and the extremal index

contains in this case information on the periodicity of the target point.

These last examples show that the spectral theory can be used for balls centered
at target points of M, but we will see in the rest of the thesis that equation (18)
applies for more general target sets. In fact, when these target sets have a nice
geometrical structure, EVT allows to extract meaningful dynamical information on
the system. In section (5.3) we will consider tubular neighborhoods of the diagonal
in the product space, while in section (9) we will consider a family of fractal sets
of null measure. This approach was initiated in [30] and was put in a rigorous

mathematical formulation in [11].

3.3 EVT and the statistics of the number of visits

We mentioned in section (3.1) that 6 quantifies the tendency of the process to form
clusters of high values. We give now a more precise meaning to this statement and
see that it appears in the asymptotic statistics of the number of visits of the system
to the set €2,. It is known from the classical statistical theory of extreme values
that the number of exceedances of a process having an extreme value law, up to a
re-scaled time, over a large threshold is given by a compound Poisson distribution
[85]. Thanks to relation (15), exceedances over the high threshold w,, correspond
in this context to visits of the system in the set €2,,. Let us describe more in details

the objects and the results.

Definition 7 We say that the integer valued random variable P follows a Poisso-

nian distribution & if
Nee=A
ko

PP =k) = (26)

for some parameter \.

Definition 8 We say that the integer valued random wvariable W is compound

Poisson distributed if there exists
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o Some integer valued i.i.d. random variables (X;)j=1.2,. with the same prob-
ability distribution given by m =P(X; =1), forl € N

o A Poisson distributed random variable P

such that

w=>Y X, (27)

Moreover, we say that a probability measure v is compound Poisson distributed

with parameters tm;, | = 1,2, ... if its generating function is of the form

9,(z) = exp Z(zl — D)tm. (28)

Let us define the quantity N, (t), that is the number of times the dynamics
enters the set €, up to a re-scaled time ¢/p(€2,,):

I'M(én)J

No(t)= Y 1o, (T'(z)). (29)

=1
Knowing the distribution of IV, (t) can be interesting from a physical point of

view. A first step to achieve this is to define the cluster size distribution:

2K ;
1 T =

m = lim lim 'LL(Z;;O L : )

K=oon=oo (3 70 1o, o T > 1)

(30)

Asymptotically, visits in the target set §2,, occur by clusters whose sizes are dis-
tributed according to m;. Each of these clusters is produced in an “unpredictable”
way, in the sense that the number of these clusters follows a Poisson distribution.

This is the principal idea of the following theorem.

Theorem 5 ([22]) For dynamical systems and observables having REPFO prop-

erties,
p(Nn(t) = k) — (k) (31)

n—oo

where vy is a compound Poisson distribution of parameters tm;.

It also follows from the theory that the expected value of the cluster size is [22]:

- 1
> km = 5 (32)
k=1
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These results apply to very general target sets {2,, but in the standard case of
balls centered at a point z, a theory has been developed in [68, 65], prior to the
one in [22]. In the case where z is not a periodic point of the dynamics, we have
that m; = 6; and v is a pure Poisson distribution, in the sense that

thet
vilk) = =

On the other hand, for periodic target points of minimal period m, the param-

(33)

eters of the compound Poisson distribution are geometric in the extremal index 6,

in the sense that the cluster size distribution is given by

™ =0(1-06). (34)

This yields a geometric Poisson distribution, also called a Polya-Aeppli distri-

bution:

& .
p(Na(t) = k) —— e~ ;(1 — e)k—jej%%y (]; - i) (35)

In section (6.1), we will present numerical evidence that for this type of ob-
servable, a Polya-Aeppli distribution parametrized by the extremal index seems to
hold for certain stationary random systems as well. We will also see that in more
general settings, distributions other than Polya-Aeppli are found for the statistics
of the number of visits. In particular, it is the case for the tubular neighborhood

of the diagonal in the product space considered in section (5.3).

In the next section, we will present numerical estimates that can be used to

evaluate the extremal index.

3.4 Numerical estimates of the extremal index

Let us consider a finite observational time series X, ..., X,,_1 which is obtained for
example as in section (3.1), by computing the value taken by an observable along a
trajectory. Although the extremal index is determined in terms of exceedances over
some sequence of high thresholds, in practice we need to fix a single high threshold
to define exceedances. Usually, a high quantile of the distribution 0 < p < 1 is
taken, assuring at the same time that enough data are at disposal for the statistics.
In some situations, estimations of the extremal index at the order 0 (involving only

an estimate of 1 — pg) suffice. This is the case of systems satisfying the property

19



D?*(u,). Under this assumption, the maximum likelihood estimate of Siiveges [100]

can be used. It is given by:

i SN (1= p)Si + N+ N, = (SN (1= )Si + N+ N2 — 8N, TN (1 - ),

Osu(p) =

23" (1 - p)S;
(36)

where N is the number of exceedances over 7, N, is the number of clusters
with two or more exceedances, and S; is the size of the cluster i. ésu is based
on the point process character of the exceedances and is less biased than other
estimators. For this reason, it is used in many applications in climate [105, 72].
It is presented in details in [100] and a Matlab code and numerical details related
to this computation in the context of dynamical systems are available from [85].
Because it is an order zero estimate, this formula estimates fairly the extremal
index for systems with a particular type of clustering: it takes into account only
successive exceedances over the threshold. In more general situations, we need to
estimate # at a higher order. For example, we must be able to characterize the
periodic points of formulae (24) and (25), for which only the term p;_; is non zero

(k being the period of the target point).

As the spectral approach is in some sense more general, we will stick to it as
much as possible throughout the thesis, and take advantage of formula (20) to
estimate numerically 6. To do so, we start by designing a suitable estimate p; for
pj. We introduced this estimate in details in the article T. Caby, D. Faranda, S.
Vaienti, P. Yiou, On the computation of the extremal index for time series [112].
It is obtained by considering a trajectory (xq, Txg,...,T" 1xq) of length N and
computing for a high threshold u(p) (that corresponds to the p—quantile of the

time series) the quantity:

Ny 1(Ai(p)n ) 'flm(p) N Aivjta(p))
hip) = —— — , (37)
(N =1-5) 3" 1)
where we denoted
Ai(p) = {o(T*x0) > u(p)} (38)
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In the most general case, a good estimate of § would require to compute an
infinity of the above estimates and subtract them all from 1 (as in formula (20)),
but this is of course impossible in practice. In fact, we will see that in many
situations, either none or only one of py is non zero (like in the situations (24) and
(25)) and even when it is not the case, we will see that (pi) often decreases with
k very fast to 0 and stopping the computation at a finite order m does provide a

reliable estimate for 8. We thus define the estimate of order m:

Om(p) == 1= Po(p) = - — Pm(p)- (39)

In the situations considered in equations (24) and (25) and for a k—periodic
target point z, we expect that all computed p; but pr_; are equal to 0, and an
estimate of # at order k — 1 using 0, (p) should give a fair estimate of the extremal
index. In table (4) we compute the extremal index associated to different peri-

odic points of different maps and compare this estimate with the order 0 Stiveges

estimate.
Map T z Period Theor. value ésu ég, Uncert.
eqs. (24),(25)
2z (mod 1) 4/5 4 0.9375 1 0.9375 | 0.0024
2z (mod 1) 0 1 0.5 0.5007 | 0.5005 | 0.0028
2z (mod 1) 1/3 2 0.75 1 |0.7508 | 0.0017
2z (mod 1) 1/m not periodic 1 1 1 0
Cat map | (1/3,2/3) 4 0.9730 1 09732 | 8.3.10°
Cat map | (1/2,1/2) 3 0.9291 109292 9.32.107
Cat map (0,0) 1 0.5354 0.5352 | 0.5350 | 0.0018
Cat map | (1/v/2,7 —3) | not periodic 1 1 1 0

Table 1: Comparison of estimates of # found by different methods for the 2z
(mod 1) map and the Arnol’d cat map [93], defined on the torus T? by I'(z,y) =
(x 4y, x+2y). For all of the computations, we averaged the results over 20 trajec-
tories of 5.107 points and took as a threshold the 0.999-quantile of the observable
distribution. The uncertainty is the standard deviation of the results.

In figure (1), we show the evolution of 6, with m for different maps and different
target points. We observe that for a target point of period k, O, is equal to 1 for
m < k and switches to the value 6 for m > k, due to the fact that py_; is non
zero. For m # k, we also have p,, 1 = 0, as expected. It becomes clear now that
the estimate 60, is particularly suited to treat this kind of situation, as it unveils

the presence of periodic points in the dynamics. A similar estimate, that makes
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Figure 1: Evolution of 0,, with m, for different target points and different maps.
The numerical values are found in table 4 and the parameter used in the text. The
dashed line are the theoretical values of 6.

directly use of the O’Brien formula (14), has been proposed in [79]:

Om(p) = iy " US(T zg) > ulp) N maxy.m AT o) < u(p))/(N —m)
S Ue(Tiwo) 2 u(p)) /N
(40)
Nevertheless, making use of the spectral result (20) and estimating each p; shows

at least two advantages:

e Conditions D(u,) and D*(u,,) do not have to be checked to apply the method
and it holds in more general settings (although the conditions of application

of the spectral theory are sometimes difficult to check).

e We can determine the p, that are non null and we can compute their values,
which can be particularly interesting to reveal dynamical patterns, such as

periodicity of the target points in the last examples.
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For these reasons, throughout the thesis, we will use in many situations the esti-
mate 6,, for our numerical computations, at an order m that will depend on the
situation. We give here a Matlab code that can be used for the computation of

these estimates:

% Function extremal_index takes as entries a vector of time
series X, a quantile rho and

% m is the order at which theta is estimated.
% The output is:

% theta: estimation of the extremal index.

% p: the vector countaining the estimates of the p_k.

function [theta p]= extremal_index (X,rho ,m)

%The threshold is the p—quantile of the distribution

u=quantile (X, rho);

Y%Number of exceedences of Y over the threshold u
N=length (find (X>u));

nn=zeros (m,1) ;

%Computation of p_0

for i=1l:length(X)—1
if X(i)>u & X(i+1)>u
nn(1l)=nn(1)+1;
end

end

p(1)=nn(1)/N;

%Computation of gk

for k=2m
for i=1l:length(X)-k
if X(i)>u

if max(X(i+1:i4k—1))<u & X(i+k)>u
nn (k)=nn(k)+1;
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end
end
end
p (k)=nn(k)/N;
end

%Computation of theta
theta=1;

for k=1:kmax
theta=theta—p(k);

end
end

We are now equipped with the principal tools of extreme value theory to be used
in the study of chaotic dynamical systems. We will see that EVT is not only useful
in a predictive way, to understand the distribution of events of large intensity, but
also allows to extract useful indicators associated with the system. We already
mentioned its relation to hitting times statistics (we will come back to hitting time
statistics in section (104), in connection with the spectrum of generalized dimen-
sions of the measure). Recently, EVT base methods have been used (especially in
climate science) to compute diverse local quantities that provide valuable informa-
tion on the local dynamics of the system. We will describe this approach in the

next section.
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4 Extreme Value Theory and local dynamical in-

dicators

The methods that we will present give access the fine geometrical structure of the
attractor by computing its local dimension. We now present this quantity along

with other dimensional quantities associated with the invariant measure.

4.1 Fractal dimensions

Let (M, T, p) be a dynamical system defined by the transformation 7' acting on
the metric space M (usually of subset of R™ or of the torus T") that leaves the
probability measure p invariant. Diverse dimensional quantities have been intro-
duced to describe the geometrical structure of the measure, which can be extremely

complex.

4.1.1 Local dimensions

To characterize the local scaling behavior of p, Young [76] introduced the concept

of local dimension.

Definition 9 We call the local dimension d(z) of i at the point z € M the quantity
defined by the following limit (if it exists):

| B
r—0 log r

: (41)
where B(z,r) denotes a ball centered in z of radius .

d(z) gives the scaling of the measure of a ball centered in z when its radius r
goes to 0. For example, if we consider a transformation preserving the Lebesgue
measure defined on the unit square, a point z in the interior of the square and

denote dist(.,.) the Euclidean distance, we have that d(z) = lim,_ k’hg)gf = 2

which matches our usual concept of dimensions. For measures living on more
complex fractal supports or with non uniform densities, d(.) can also take non-
integer values. For reasons that will be developed throughout the thesis, we also
introduce the following quantity when the limit in equation (41) is not taken:

_ log(u(B(z,7))

d(z,r) = B F— (42)

We call it the r-resolution local dimension at the point z. This quantity depends
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on the invariant measure p and both on the point z and the radius r considered.

Definition 10 The measure p is said to be exact dimensional if the limit defining
the local dimension exists and is constant for almost all z € M. This typical value,
denoted D+, is called the information dimension of the measure and is equal to the
average value of the local dimensions over M :

log(p(B(z,7)))dp(z)

Dy :=lim Jau . (43)
r—0 log r

Whenever the local dimensions exist, it is enough that p is ergodic to be exact
dimensional. The proof of this result is due to Lai-San Young [76]: due to the fact
that p is T-invariant, it is not difficult to show that d(z) and d(T'z) are equal for
a generic point z € M, so that all points of the trajectory starting from z have
the same local dimension. Then an argument using the ergodicity of p is used to
conclude. We will from now on work with such exact dimensional systems, or at

least suppose that they are.

4.1.2 Generalized dimensions

Even when the local dimension is constant y — a.e., M may contain points with
different scalings that do not contribute to the mass of u. In that case, we say that
the system is multifractal, as it is not described by a unique fractal dimension. It
became apparent in the eighties that many physical systems seem to exhibit mul-
tifractal properties. Originally developed to study turbulence [14, 15, 19], some
new tools have then been introduced along the years to deal with such multi-
fractal systems. An effort has been made by many mathematicians to transpose
these ideas to the study of strange attractors originating from chaotic dynamics
[17],[18],]20],[24]. This effort has resulted in what is now called multifractal anal-
ysis, of which a comprehensive introduction is found in [25]. It is now applied in
many different fields of science, such as signal processing [26] and image recon-
struction [16]. We will now give a concise description of the matter. Let us start

with some definitions.

Definition 11 We call the a-level set A, of the system the set of points of M

whose local dimension is «.
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A characterization of the size of these sets in usual terms of measure is impossible,
as for & # Dy, we have seen that p(A,) = 0 for ergodic measures. Nevertheless,
it is still possible to quantify the ‘strength’ of this set by indicating its Hausdorff
dimension f(«). The function f(«), that is also called the singularity spectrum of
the measure p, is of fundamental importance since it characterizes the geometry
of the attractor and its associated invariant measure. In practice, this quantity is
extremely difficult to compute directly either analytically or via numerical inves-
tigations, as it involves distinguishing uncountably many sets of different scaling
and exploring the fine structure of the measure. To approach in a more indirect
way the details of this geometry, Grassberger and Procaccia introduced in [12] and

[17] useful quantities.

Definition 12 We call the Generalized dimension of order q the quantity (when-

ever the limit exists)

D, = lim log [y #(B(z,1))*" dpu(2)

0 (g—1)logr (44)

By introducing the weight exponents ¢ in the integral, the quantity D, is no
more a simple average of the measures of local balls but it gives, in the case of
multifractal measures, more weight to points of the attractor with different scaling
than D; and it makes the integral deviate from this value. For such measures,
the D, spectrum is not constant and equal to D; but it varies non trivially with
g. Note that Dy is recovered by taking the limit ¢ — 1 and applying I’Hospital’s
rule, so that the quantities can be defined for all real g. It is a well known fact
that Dg is simply the Hausdorff dimension of the support of the measure; D, is
called the correlation dimension, and D, and D_, are respectively the minimum
and the maximum of the local dimensions over M. It is now clear that a non
trivial spectrum of generalized dimensions originates from the presence of points

of different scalings hidden in the attractor.

The following will make this fact more precise: let us assume that the function
f(a), defined as the Hausdorff dimension of the level set A,, is continuous in its
interval of definition (min, Qmaz). This assumption originates from considerations
coming from the analysis of turbulence in physics and fluid dynamics [20],[19].
This correspondence also seems to indicate that for a small radius r, and physically
relevant measure p, the density of points z € M for which u(B(z,r)) € (r®, retde)

is of the form p(a)r=f(®da. Under these assumptions we can write:
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/MM(B(z,r))q_ld,u:/qu‘p(oz)r_f(o‘)doz. (45)

For a given ¢, when taking the limit of small r, the dominant term in the right
hand side of the above equation is p(a*)r*felea=f(@)} where o* is the value of « for
which the infimum is reached. On the other hand, equation (44) implies that the
left hand side of the above equation scales like 7(¢~DPa for small r. By combining

the two scalings, we get that:

Dylq — 1) ~ inf{ga — f(a)}. (46)

We therefore arrive at the fundamental result that the function 7(¢) = D,(¢ — 1)
is the Legendre transform of f(«), provided the latter is convex. As the functions

f and 7 are convex conjugates, we also have the relation:

f(e) = inf{ag - (@)} (47)

This relation is essential since the singularity spectrum, hardly accessible by
numerical studies can be computed via a simple Legendre transform of the
spectrum of generalized dimensions, for which different computational methods
have been developed along the year [17, 27, 28, 39, 40].

Throughout the thesis, several new methods will be proposed to evaluate these
spectra of generalized dimensions and their relation to different dynamical proper-
ties of the system will be revealed. Various of these methods make use of Extreme
Value Theory. Indeed, we will see that for well chosen observables, like the one
introduced in the previous chapter, the scale parameter o of the GEV distribu-
tion is related to some dimensional quantities associated to the system. In the
rest of the thesis, we will study in details the Extreme Value Laws associated to
these observables, which will provide several numerical methods to compute such

quantities.

4.2 Local dimensions and inverse persistence

In the last few years, the analysis of observational time series in term of local
indicators of the dynamics estimated via EVT has gained importance. To intro-
duce these methods, we will start by describing the physical importance of these
quantities in the context of atmospheric dynamics. A pioneer work in the domain

was published by Faranda, Messori and Yiou [105], where these tools were applied
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to the study of the local properties of the North-Atlantic atmospheric attractor.
The system under consideration is the daily evolution of the sea level atmospheric
pressure on a grid of 53 x 20 = 1060 points in the North Atlantic. For each at-
mospheric state z of the attractor (that consists of a vector in which each entry
is the daily pressure at a point of the grid), two quantities were computed: the
instantaneous dimension that corresponds to the finite resolution local dimension
defined in equation (42) and the inverse persistence, which as we will see is an
order 0 finite resolution estimate of the extremal index associated with the stan-
dard observable ¢,(z) = —log(dist(z,x)). We will see that the finite resolution
local dimension can also be estimated by studying the extremes of the empirical
distribution of ¢, so that the two estimates can be evaluated simultaneously.

These quantities are useful indicators of the local dynamics of the system, since
the local dimension can be interpreted as the number of different degrees of
freedom, or directions along which the system can evolve near the state z, and is
an indicator the local predictability of the system. The inverse persistence for its

part was used to characterize the stability of the state z.

A wide distribution of each of these quantities was found, and it was shown to
characterize particular patterns associated to well known climatic phenomena. In
particular, for a wide range of values of r, the minima of the local dimensions
d(z,r) correspond to zonal flow circulation regimes, where the low pressure
systems are confined to the polar regions, opposite to high pressure areas which
insist on southern latitudes, in a North-South structure. On the other hand,
the maxima of the local dimension correspond to blocked flows, where high
and low pressure structures are distributed in the Est-West direction [105].
Strong correlations were found between inverse persistence and local dimen-
sions, in the sense that states with high local dimension are more likely to be

less persistent and states with low local dimensions are generally more stable [105].

Now that the physical relevance of this type of analysis has been discussed, we
will describe the method that has been used in [105] and extensively described in
[85] to compute these quantities. Let us place ourselves in the general set up of
a chaotic dynamical system (M, T, u) and consider the observable ¢, defined for
all point © € M by ¢,(z) = —log(dist(z,x)), where z is a point of the attractor.
As mentioned in section (3), the observable is defined in such a way that the

complementary distribution function of ¢,(.)
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F(u) = n({z € M, ¢.(z) > u}) (48)

coincides with p(B(z,e™")), the measure of a ball centered in z and of radius e .

This quantity is equal, by definition (42) to the quantity e *¥=<*). EVT can
then be applied to study the tail of F' and allows us to extract the local dimension

of the point z at resolution r = e™*. By letting u tend to +oo, this quantity

converges to d(z).

To extract this quantity, one can use the POT approach described in section (3):
consider a long trajectory and at each iteration compute the observable ¢,. Once a
long enough time series is obtained, a high quantile of the observable distribution
is taken as a threshold u} and the exceedances over the threshold are considered,
so that an empirical distribution of these extreme events is obtained. As F}(u) =
u(B(z,e7™)) decreases (for regular enough measures) exponentially fast with u,
the observable distribution is flat tailed and we expect the distribution of the
exceedances over a high enough threshold to be a Generalized Pareto Distribution
of shape parameter 0 (which is in fact an exponential distribution) and of scale

parameter o. This reads:

p({2, 6u(2) =l > s}) ~ e, (49)

By fitting the numerically obtained empirical distribution of exceedances,
one can estimate the parameter o whose inverse provides an estimate of the
(e7%)-resolution local dimension around the point z. This distribution being
exponential, the scale parameter o is also equal to the inverse of its mean and can
be estimated as such. This method of evaluation is generally more stable than
performing a fit of the distribution, since it does not suffer from the systematic
errors associated to fitting procedures and it is often used in physical situations
(see for example [105]). This method is easy to implement, does not require
enormous amount of data and allows fast computations. A detailed review of the

computational aspects of the method is available in [85], from section 9.3.

This technique allows to compute at the same time the extremal index appearing
in the extreme value law, which can provide relevant information on the dynamics
of the system: whenever z is not a fixed point of the dynamics, we expect that
in the limit of small radius, any point x inside the ball centered at z will leave it

immediately after one iteration. This translates into the fact that the quantity
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po of equation (18) is zero and #y = 1 — py = 1, as discussed in section (3.4).
However, when estimating this quantity with a finite threshold uf = —logr (that
corresponds to the p—quantile of the empirical distribution of ¢,), the Siiveges
estimate é(p)su carries a dynamical meaning: in fact, a low value (close to 0) is
characteristic of a high mean clustering of the exceedances of ¢., indicating that
the system spends, in average, a long time in the neighborhood of the point z (the
ball of center z and of radius r). On the contrary, if its value is close to 1, the
motion tends to leave the ball almost immediately after it entered it, showing an
instability of the state z. This quantity, which contains information on the sta-

bility of the state z, is named in [105] the inverse persistence and is denoted 0(z, ).

This description of the extremal index is interesting from a physical point of view,
but is quite restrictive. Not only it is an estimate at finite resolution, but since it
is an estimate of order 0, it accounts only for consecutive exceedances over the
threshold, and in particular it does not account for eventual periodic returns to
the neighborhood of z. The estimate 6., that we introduced does account for this
effect. To evaluate the differences between the two estimates in real world-time
series, we test them on the daily sea-level pressure data extensively described
in [105], in which the Siiveges estimate was used for the computation of 6. As
expected, estimates using 05 are systematically lower than those with the order 0
method (in average 0.065 less), due to the contribution of some py for & > 0 (see
the empirical distribution in figure (2)). To be compared fairly, both estimates
are computed using as a threshold the 99" quantile of the observable distribution.
We believe that this method suggests a physical interpretation of the extremal
index different from mere inverse persistence near a given state, since it reflects
a more general form of clustering, taking into account periodic returns of the

system to the neighborhood of the point z.

Let us emphasize that, theoretically, both the local dimension d(z) and the
extremal index 6, are constant almost everywhere for the kind of chaotic physical
systems we are considering (in fact the described method can be applied only if
the system verifies these prescriptions). The fact that we find a broad distribution
of both local dimensions and inverse persistence is due to the fact that we are
considering estimates of these quantities when the convergence is not yet achieved.
We will discuss this matter in the following section and see that the broad
distribution of finite resolution local dimension can be interpreted as a sign that

the physical invariant measure associated to the atmospheric attractor is in fact
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Figure 2: Comparison on the distribution of 6 with the two estimates. The blue
distribution is obtained using the Siiveges estimate and the red one using 5 (taking
for both as a threshold the 0.99-quantile of the observable distribution).

multifractal.

4.3 Local dimensions and generalized dimensions

We mentioned is section (4.1) that a non constant spectrum of generalized di-
mensions is a signature of multiple local scaling behaviors of the measure. This
can be seen in the very definition of these quantities, given by equation (44) that,

combined with relation (42), yields the following expression for D,:

1 (g=1)d(z7) g
D, = lim %8 Ju " =)
r—0 (g —1)logr

(50)

Written in this way, the influence of points with different local dimensions becomes
even more apparent, and one can take advantage of this relation to propose a
technique to estimate D,, as we did in Caby et al. Generalized dimensions, large
deviations and the distribution of rare events [51] . Indeed, we described in section
(4.2) how the quantity d(z,r) can be estimated via EVT. The integral at the right
hand side of equation (50) can be estimated via a Birkhoff sum over many points z;
of the attractor chosen at random with distribution p (for example, chosen along a
generic trajectory of the system). Each of the different d(z;,r) can be computed via
the EVT procedure described in section (4.2), taking as a threshold uf = —logr.
Let us define the quantity

1 - Zi,T
S(r,q) = ~ ZT(Q Dd(zi,r) (51)
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the computation of the quantity

log S(r, q)

A G D ogr

with r sufficiently small, provides an estimate of D,. Clearly, a constant distribu-
tion of d(z;,r) = D, gives estimates of D, constant over ¢ and equal to D;. On
the other hand, when a wide distribution of d(z;,r) is found, A(r,q) varies non

trivially with ¢ and we observe that for r < 1:
o A(r,q) — min{d(z;,r)} as ¢ — oo.
q—00

o A(r,q) — max;{d(z;,r)} as ¢ — —o0.
q—00

e A(r,q) " d(zi,r).
d(z;,r) denotes the mean value of the distribution (d(z;,r));. These properties
also apply to the spectrum of generalized dimensions that they estimate. To test
this technique, we will use the atmospheric data presented in the previous section,
which constitute an archetype of observational time series originating from the
chaotic dynamic of an underlying high dimensional system. We recall that the
system under consideration is the daily evolution of the sea level atmospheric
pressure on a grid of 53 x 20 = 1060 points in the North Atlantic. Using the
method described in the previous section, the authors in [105] provided estimates
of finite resolution local dimensions using as a threshold the 98" quantile of the
observable distribution. A broad distribution on these values was found, ranging
from 4 to 25, with an average value of about 12 (the system having potentially
1060 degrees of freedom). These results, which are stable against different choices
of quantiles suggest the existence of a low dimensional attractor associated to

atmospheric flows [105].

In principle, the method that we just described requires the computation of a
distribution of local dimensions at a uniform resolution r.,. However, as large
variations of local dimensions are observed, the data are not suited for an analysis
at fixed resolution, since this may over-sample or under-sample the distributions of
extreme events of the observable ¢, (x) = —log(d(z, x)), depending on the region of
the point z we are considering. For this reason, we follow the approach described in
[105] and [106] and use as threshold values T, , for the observable ¢, the p-quantile

of the distribution of ¢,, where p is fixed. This ensures that the extreme value
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statistics is computed with the same sample size at all points. The effective radius
considered for the computation of the generalized dimensions is then taken to be

the average of e~ Tr=

over z. Applying formula (50) to the computation of D,, one
obtains the non-linear behavior pictured in figure (3). Let us briefly describe the
results found when adopting different quantiles reported in table (2). When the
quantile p is relatively low, a large sample of recurrences is used (corresponding to
a larger average cutoff radius). This implies a smaller spread of the distributions
of d(z,r). To the contrary, when p is larger, the sample statistics contains fewer
recurrences and the spread in d(z,r) increases. Note that, although min(d(z,r))
and max(d(z,r)) seem to experience large variations with different quantiles, these
have to be compared with the dimension of the phase space, which corresponds
here to the number of grid points of the sea-level pressure fields used, 1060. The
relative variation is therefore very small, less than 1%. Depending on the size of
the data sets, one can then look for the best estimates of the d(z,r) distribution

for several values of ¢ and look for a range of stable estimates in ¢ space.

p D_o =max(d(z,r)) | D; = W Dy | Dy = min(d(z,r))
0.95 20.7 11.2 9.5 6.0
0.97 24.2 12.2 10.2 6.4
0.98 25.7 13.0 10.5 6.4
0.99 29.1 14.3 11.1 6.5
0.995 39.6 15.5 11.3 6.2

Table 2: Values of D, found with different quantiles. For all of them, estimates
D_., and D4, match with the extrema of the local dimensions, and D; with the
average of the local dimensions. Estimates of D, are larger than the value of 8.9
found with a different technique in [50].

This method cannot be expected to give precise estimates of generalized dimen-
sions, for various reasons. First, we are working with estimates of quantities that
may be far from convergence and may lead to poor results. The method is also
very sensitive to the extrema of the distribution of local dimensions, that can
take pathological values at rarefied regions of the attractor. An example of this
phenomena is found in the supplementary material of [105], where the authors
found, for points near the extremity of the wings of the Lorenz attractor, finite
resolution local dimensions much larger than 3, the dimension of the ambient
space. In fact, due to the particular location of these points, the ball surrounding

them intersects the attractor in only a small region, leading to inconsistency of
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Figure 3: D, spectrum obtained from climate data, using equation (51) and the
techniques described in the text. Curves are displayed for different values of the
quantile p.

the statistic of recurrences. This explains the apparent wide variations of the

curves for different quantiles for negative q.

Despite these limitations, this approach can be seen as an illustration of the mer-
its of the analysis of chaotic systems in terms of local dimensions and of the fact
that was mentioned earlier: when analyzing finite time series, we are in fact ex-
trapolating properties of the invariant measure living on the attractor using finite
trajectories. The word penultimate attractor has been proposed to describe the
object defined by a set of finite trajectories supposedly hosted by the attractor.
Within this perspective, the finite resolution local dimensions that we compute are
objects associated with the penultimate attractor, and are deeply connected to the
generalized dimensions of the system, which are characteristic of the ultimate fine
structure of the attractor. The idea that multifractality can be seen as a “gate”
between penultimate local indicators of the system and the ultimate measure will
be explored in a more systematic way in section (7.1), where large deviation re-
sults concerning several local indicators of the dynamics in connection with the

generalized dimensions of the system will be described.
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4.4 Influence of noise on 0, and on the local dimensions

The influence on the value of 6, of a uniform noise perturbing the dynamics has
been studied both analytically and numerically and have shown to immediately
turn the value of 6, to 1, due to the fact that perturbations destroy the eventual
periodicity of the orbits. Extensive results and discussions of this matter can be
found in [85, 63]. The aim of this section is to investigate whether different kinds of
discrete perturbations of a deterministic dynamics, or some discrete observational
noise affect the value of the extremal index in a different way, as these situations
may be paradigmatic of what happens in real world systems like the atmospheric
example presented earlier. We will see that the presence of discrete noise can affect
in an important way the computation of the extremal index. The following results
can be found in T. Caby, D. Faranda, S. Vaienti, P. Yiou, On the computation of

the extremal index for time series [112].

4.4.1 I..d. random tranformations

A common way to construct a stochastically perturbed dynamical system is the
following: a deterministic dynamical system (M, T, 11) is considered, but instead of
successively mapping a point x by 7', the motion is defined by successive iterations
of randomly perturbed maps T, = 1"+ €&;, where € models the intensity of noise
and & € = are i.i.d. random variables in a probability space (Z,P). A classic
example is obtained by taking P equal to the uniform distribution in = = B(0,1).
One must be careful however that such a perturbed dynamics is well defined and
that the noise does not push the motion away from the basin of attraction of the
system, making the trajectories diverge. When these requirements are satisfied,
it is sometimes possible to prove the existence of a stationary measure pg for the

system, defined as follows.

Definition 13 We say that ps is a stationary measure for the system if for all

[s—integrable function g,

/:/A49<T§(x))dﬂs($)dp(§):/]Wg(l’)dlﬁs(l’). (52)

Whenever the system has polynomial decay of correlations and when there exists
an absolutely continuous stationary measure pug, it was proven in [59] that an
extreme value law is associated to the standard observable ¢, and equation (18)
still holds, provided the measure considered is replaced by the product measure

v =P X us. In the case when P is the uniform distribution in B(0, 1), the authors
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of [59] also showed that the extremal index is 1 whenever ¢ > 0. We will now
present an example of discrete perturbations (i.e. the distribution of the noise is
a sum of Dirac masses), where the extremal index can be computed explicitly and
is different from 1.

Let us consider:
e Two maps, Ty =2z (mod 1) and 7} =2z + ¢ (mod 1), 0 < e < 1.

e A fized target set around 0: B,(0) := B(0,e ") : the ball of radius e~"»
around 0. Notice that 0 is a fixed point of Ty, but not of 7;.

For this map, T' = Ty = 2z (mod 1), &; can take the value 0 or 1 and is a Bernoulli

random variable with distribution that we take equal to P = pdy + (1 — p)dy, with

p = % Since both Ty and 7) preserve the Lebesgue measure, this measure is

stationary for the system, leading to the following formula for py:

J dP(§)L(B,(0) N T ' B.(0))

po = lim L(B,(0)) (53)
_ L(B,(0) N T, 'B,(0)) L(B,(0) N T, ' B,(0))
0 L 575 R Ut 0= 1)

In [65], it was proven that for expanding maps of the interval, if a target point z
does not have period k£ + 1, then the term py is 0. Therefore, as 0 is not a fixed
point of the dynamics induced by 77, the last term in the bracket of the above
equation vanishes in the limit. On the other hand, using arguments from [37], if
0 is a fixed point of the dynamics, the value of the term of order 0 appearing in
the spectral formula (20) is non zero and it is given in terms of the inverse of the
derivative of the map at the target point. Zero being a fixed point of the map
Ty, the limit of the first term in the bracket can be computed explicitly with the

following result:

po = p/|T(0)] = 1/4.

The preceding computation of py is valid for all values of ¢ € (0,1). We may
now ask the question whether other values of p; can be different from zero. By a
similar reasoning, this problem can be reduced to the existence of a concatenation
T¢,., © ... o Ty, mapping the point 0 to itself after k + 1 iterations and not before.

Indeed, in such case we have that
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P(&1, .oy Erp1) (B (0) N (T, B (0))¢ N .. N (T F By (0)) N T B (0))

Ek+1

> 1
Pk = 05 L(B,(0))

. P(&1, - Errn)
==

(54)

On the other hand, if the dynamics cannot come back to 0, then p, = 0 for k # 0
(using again the argument from [65]).
To investigate the existence of such a concatenation, let us distinguish between

two cases.

e It is easily seen that if € is irrational and & # 0, any concatenation of any
length will map 0 into an irrational point, so that the dynamics cannot return

to 0 after having left from it. For this reason, all the py but py are null.

e It remains to investigate the case when 0 < ¢ = p/q < 1 is rational, with

p,q € N mutually prime.

We start by showing by induction that for n > 1 and for all i € [2",2""! — 1], the
dynamics starting from p/q can attain the points %p (mod 1) (and only them) in
exactly n steps.

This proposition is true at rank n = 1, since Ty(p/q) = 2p/q, T1(p/q) = 3p/q
(mod 1). Suppose now that it holds at rank n. Then we have that

To(2"p/q mod 1) =2"*'p/q (mod 1),

T1(2"p/q mod 1) = (2""" + 1)p/q (mod 1),

To((2"' = 1)p/q mod 1) = (2"** —2)p/q (mod 1),

T ((2"* = 1)p/q mod 1) = (2""* —1)p/q (mod 1),
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which shows that the proposition is true at rank n 4+ 1. This result implies that
any point of the form jp/q (mod 1), with 7 € N,j > 2 can be attained by the
dynamics starting from the point p/q.

Let us consider T, o...0T, o7}, the concatenation of minimal length m > 2 such
that T¢,, o...0Tg, o T1(0) = ¢p/q (mod 1)= 0. Note that the first map involved in
this concatenation is 77, so that the first iterate of the dynamics is p/q. By the
preceding argument, there exists such a concatenation and since we consider the
shortest concatenation(s) having this property, the dynamics leaving 0 does not
come back to 0 before m iterations. This implies, as discussed earlier, a non zero

value of p,,_1.

In fact, there exists infinitely many non zero p;: consider the concatenation of
minimal length m’ > 2 Ter o...0Tg 0Ty such that Ter o...0Tg 0T1(0) = (¢+1)p/q
(mod 1) = p/q (mod 1). By the argument in the induction, we have that either

m’ =m or m' = m + 1. Then it is easily seen that
Te, 0...0T 0 Tfinf 0..0Tg oT(0) =T, 0...0T&(p/q) = 0.

This proves the existence of a concatenation returning the point 0 to itself after
exactly either 2m or 2m + 1 iterations (and not before). Again we have proven
that either ps,, or ps,,_1 is non zero. Applying the same reasoning, we can prove

that infinitely many pj terms have positive values.

An interesting situation happens when ¢ = 1/2. In this case, for all k, 0 can
come back to itself after exactly k + 1 iterations, and this happens only for the
concatenation Ty o Ty o --- o Ty o Ty, where the map 77 is applied successively k
times. This sequence having probability (1 — p)¥p = 1/2F+1 it is easily seen (by
the definition (18) of p; and analogously to the proof of the computation of py in

equation (53)) that none of the py, is zero; in fact py is equal to:

1 . L(B,(0) N (T B, (0))N ... N (T7%B,(0)* N Ty " B,,(0))
PE= g, L(B,(0)) (55)
1
=

In this situation, 6 can be computed explicitly and we find:
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(56)

We computed in table (3) some estimates p, defined by formula (37) and a very

good agreement is found.

Theoretical values | Estimate py | Uncertainty
Do 0.25 0.250 0.0020
D1 0.0625 0.062 0.0016
D2 0.015625 0.016 8.1074
D3 0.00390625 0.0039 41074
P4 9.765625.10~4 9.3.1074 1.7.10~*

Table 3: Estimations of the py using py for the precedent example with ¢ = 1/2.
These results compare favorably with theoretical values to a precision of the order
of 107, Results are averaged over 20 trajectories of 5.10% points and we took the
0.995-quantile of the observable distribution as a threshold. The uncertainty is the
standard deviation of the results.

To sum up: we have obtained the interesting result that under some particular
discrete stochastic perturbation, the extremal index 6, can be different from 1,
and in some cases, all p; are non zero. We now comment these results.

In this example, the condition D™(u,) of theorem (3) is clearly not satisfied, be-
cause the value of py is different from 0 for all £ € N. In this sense, the spectral
technique can be applied in more general situations than the classical theory of
O’Brien.

The preceding example can also be interpreted as a perturbation of the map
To = 2z (mod 1) around its fixed point 0. Instead, we change the point of view
and consider it as a perturbation of the map 773 = 2z 4+ ¢ (mod 1) around 0. If
we suppose that the map 7Ty is chosen with probability p, we see that when p = 0
(absence of perturbation), the E'1 = 1, since 0 is not a fixed point for 77, but this
value jumps to £ < 1 — 0.5 py as soon as p > 0, for any value of ¢ > 0. This
behavior is analogue to what happens in the case of uniform additive noise: it is
enough to switch on the noise, no matter how small, to make the E'I equal to one.
Here, the E'I changes in term of the probability of appearance of the perturbed
map, no matter of its topological distance from the unperturbed one, which is the

value of € in this case.

However, notice that it is easy to construct examples where the EI depends also

on the distance between the maps. For instance, take now 77 = (2 + j)z (mod 1),
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7 € N, which could be interpreted as a strong perturbation of Tj. By repeating
the argument above we immediately get that the ET <1 —p ﬁ

In this example, computations of p; and of the EI can be made explicitly. We will
use this result in section (6.1) to study numerically the statistics of the number of

visits for stochastically perturbed systems.
Let us now investigate the influence of other families of noise of physical relevance.

4.4.2 Moving target

We will now study another kind of disturbance: consider a deterministic system
and a target set that is slightly moving at each iteration, either continuously or in

a discrete way. This can be regarded as a simple model of observational noise.

The discrete case. Let z € X, consider o to be the right-sided shift on m
symbols and set Q = {1,--- ,m}2. To each symbol, j = 1,...,m, associate a
point z; € B(z,¢). Take as a probability G(w),w = (wp, w1, ...) € © the Bernoulli
measure of weights p; = %,i =1,...,m. This measure is invariant under the shift
o. The value of € is fixed and models the strength of the uncertainty. At each
temporal step, the map T" moves x and the target point moves as well around z
under the action of 0. We now construct the direct product S(z,w) := (T'z, ow).
The probability measure P := p x G is invariant under S, implying the existence
of an extreme value law [112] with an extremal index 6 that can be expressed by

adapting to the present case the equation (18). In this case, py reads:

po = lim fdG 1 (B (2) N T By(25-10r))
O TdG u(Bo(z)) :

We now give a simple example of such a situation, where p, > 0, which implies

(57)

that the extremal index is strictly less than 1. Take as T the map T'(z) = 2x (mod
1), and an alphabet of 4 letters: {0, 1,2, 3}, with equal weights 1/4. The invariant

measure is here the Lebesgue measure L. We set the associations:

O-)Zo, ]_—)21, 2—>Zg, 3-)23, (58)

where 2;,7 = 0,1, 2, 3 are points in the unit interval verifying the following assump-
tions:

T(Zl) = T(Z2) = 20, T(Zo) = Z3, T(Z3) % Zis 1= 0, 1, 2, 3. (59)
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The numerator of py in equation 57 is:

/ L (B, (21) N T~ By(0)) dG-+
[wo=1,w_1=0]

/ L (By(25) N T~ By(0)) dG-+ / L (By(20) N T By (z3)) dG+
[wo=2,w_1=0]

[wo=0,w_1=3]

[sum over all the other cylinders of length 2],

where [wg,w_1] denotes a cylinder with fixed coordinates wy and w_;.

For the denominator we get the value:

4

[ dELBa) =Y /[ L) = 0 LABa(e0) = L (Ba(0).

=1
(60)

by Lebesgue translational invariance.

Using the same arguments as in equation (53), we see that for all cylinders in

the numerator different from the three explicitly given above, the corresponding

integrals vanish in the limit of large n. For the first of the three cases above (the

others being similar), we get

1
/ L (Bu(21) N T~ By (20)) dG = —/ L (B, (z)) dG
[wo=1,w_1=0] 2 [wo=1,w_1=0]

1.1

= 5(1)21[4 (Bn(20)) -

Therefore the numerator equals 2(3)%L (B, (20)).
The quantity L (B, (20)) cancels out with the one in the denominator and we get
3.1
po = 5(1)2 = 0.09375. (62)

To obtain the value of p;, we need to compute the following quantity:

i [dG L (B(zw,n) NT ' B(25-10,n) N T2 B(25-2,7, 1))
p1 = lm

Jim. [dG L(B(z,n)) - (63)
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We start, as before, by summing the integral in the numerator over all the possible
cylinders of length 3. Among those cylinders, it is easy to check that only six of
them contribute to the mass, namely ([3,1,1],[3,2,1],[3,3,1],[3,1,2],[3,2,2] and
[3,3,2]). For the integral associated to the first cylinder, we have (the five others

are similar):

/ dG L (B (2(w") NT " By(25-10) N T2 By (25-200))
o 1 15,1 (64)
= ()" [ 48 LBea)) = (LB

By summing over the six cylinders and dividing by the denominator, we get the
result:

p=6(;0°(,)" (65)

47 2

We tested this result numerically with different sets of target points satisfying the
aforementioned assumptions. We find good agreements of py with the theoretical
value of py = 0.09375 and of p; with the theoretical value of p; = 0.0234375 with
a precision of order 1073 (see table 4).
In the case where none of the points z; is the k™ iterate of another (in particular
none of the points z; is k-periodic), it can be shown that p;_; is equal to 0 for
k > 2. This is indeed what we find in our numerical simulations, which were

performed up to order five.

20 é5 uncertainty Do P1
2/11 | 0.883 0.0017 0.0937 | 0.0231
10/13 | 0.883 0.0016 0.0936 | 0.0234

1/m | 0.883 0.0022 0.0933 | 0.0234

Table 4: 5-order estimates of 6 found for different zy (the other points z1,29 and 23
are computed so to satisfy the assumptions of the presented example). We used
as threshold the 0.999-quantile of the observable distribution and the uncertainty
is the standard deviation of the results. The values for py and p; are averaged
over the 20 trajectories and match with the theoretical results. All the other pg
computed are equal to 0.

This example is in some sense atypical since the four points zg, ..., z3 could be far
away from each other. For instance, z; and 2, are the two predecessors of z; and
therefore they are on the opposite sides of % By constraining the points to be in

a small neighborhood of a given privileged center, the previous effects should be
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absent and the EI should be one, or very close to it. However this example shows
that in the presence of a moving target, it is not the periodicity which makes the
EI eventually less than one. This gives another concrete example where the series

in the spectral formula (20) has at least two terms different from zero.

The uniform case We claimed above that when the center of the target ball
can take any value in a small neighborhood of a given point zy, the EI collapses
to 1, even for periodic points z5. To model this more physically realistic situation,
let us fix € > 0 and consider the set Z. = B(zp,¢). We define a map f acting on
Z. with an associated invariant probability measure v that drives the dynamics of
the target point z € Z.. We suppose that v is not atomic, meaning that for all
z € M, v({z}) = 0. The observable considered is now ¢(z, z) = —log |z — z| on
the product space {X X Z., u x v}. By similar arguments to the ones we described
in the case of discrete perturbation of the target point, we can show the existence
of an extreme value law for the process ¢ o (T*, f*), with an EI given by equation

(18), where

e = lim Jo dv(2)p (Bu(2) NT ' Bu(f(2))°--- N T ¥ 1B, (f*1(2)))

= Iy, (2B, (=) - (69)

where B, (y) denotes a ball around y of radius e "». We are now ready to state

the following proposition:

Proposition 2 Suppose that for all k € N, v({z € Z.|[T*"'(z) = fF¥1(2)}) =0
and that 1 is absolutely continuous with respect to Lebesque with a bounded density
h such that h > ¢ > 0. Then the extremal index is 1.

Proof: We compute the term ¢, given by equation (66) and denote
ZM = {z e Z|dist(z, T* ' B, (f**(2))) > ru},

where r,, = e~"". We can write the numerator in equation (66) as a sum of integrals
over Z"" and its complementary set Zy"* = Z\ Z1F.

Since for z € Z ’k, z and z* are at a distance larger than r,, for all z* €
T=*1B,(f*(2)), we have that B(z,n) T *1B,(f*(2)) = 0, and the integral

k.
over Z"" is zero for all n.
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It remains now to treat the integral over ZJ *We have that:

e @B
oo [ dv(2)pn(Bn(2)

, h(z)
— 1 Zn,k SuprM .
Mim v(Z )infxth(x)

by < ) izt SPcas 1 Ba(0)
< <

Jm infyen p(Bn(x)) (67)

With our assumptions on h, the fraction in the last term is finite. Let us con-
sider the limit set Z§ = N, Z0"" = {z € Z.|T**'(z) = f¥1(2)}. We have that
lim,, oo V(Zg’k) = v(Z5) = 0, by hypothesis and so p; = 0 for all k and therefore
0=1.

The requirement that v({z € Z.|[T*"(2) = f5*1(2)}) = 0 for all k is satisfied in a
large class of situations. We take two maps T and f whose graphs intersect at a
countable number of points Z3. We suppose that the preimage of any point by the
applications T and f is a countable set. Then the set Zk = T-k-1Z1 U f~+-17]
is also countable for all k& € N. Since v is non-atomic, we have that v({z €
Z|T*1(2) = f*1(2)}) = 0 is verified and the proposition holds.

Observational noise. Instead of considering a perturbation of the target set
driven by the map f, we now consider the center of the target ball as a random
variable uniformly distributed in the neighborhood of size ¢ of the point zy. This
situation can model data with uncertainty or disturbances in their detection and
is equivalent to the case observational noise which was considered in [90]. In this
approach, the dynamics of a point z is given by T*z + &, where &, is a random
variable uniformly distributed in a ball centered at 0 of radius €. The process is
therefore given by — log(dist(T*x + &, 29)). When this is translated in the moving
target case, it becomes — log(dist(T"x, zy + &)) and the two approaches define
the same process, which give the same stationary distribution. In [90] the authors
proved rigorously in some cases and numerically in others, that for a large class
of chaotic maps, an extreme value law holds with an extremal index equal to 1.
By the equivalence of the two processes, an extreme value law also holds in the
moving target scenario and the EI is equal to 1.

We tested numerically the scenario of a target point following a uniform distribu-
tion in an interval of length ¢ centered in a point zj, for several maps of the circle
(Gauss map, 3z (mod 1), rotation of the circle). For all of them, we find that for
periodic zg, the extremal index, which is less than 1 when unperturbed, converges
to 1 as the noise intensity € increases (see an example for the 3z (mod 1) map in

figure 4-A). When 2 is not periodic (we chose it at random on the circle), the EI
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is equal to 1 for all £ (see figure (4-B)).
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Figure 4: Influence of the intensity of noise € on the EI for the 3z (mod 1) map
perturbed by uniform noise. We simulated trajectories of ?‘107 points and took
p = 0.999. The computations are made using the estimate 5.
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5 Extreme value theory and global dynamical in-

dicators

We have seen that EVT is useful to extract geometrical and dynamical information
on a system, via the introduction of a suitable observable. Let us now describe a
further application of EVT. It will allow us to compute the spectrum of generalized
dimension associated to a chaotic dynamical system (M, T, u), as well as a spec-
trum of indicators of the hyperbolicity of the system. The method can compute
the spectrum D, for integer ¢ > 2 and is a direct generalization of the method
introduced for the computation of the correlation dimension Dj in [50]. It is based
on the statistics of close encounters of ¢ long independent orbits of the system.
We introduced and described in details the method in 7. Caby, D. Faranda, G.
Mantica, S. Vaienti, P. Yiou, Generalized dimensions, large deviations and the

distribution of rare events [51].

5.1 A new observable

Let us consider, for integer ¢ > 2, the direct product (M, T, 1)®? with the direct
product map 7, = T'® -- - ® T" acting on the product space M? and the product
measure ft; = [t @ -+ @ . We define the observable ¢, on M1 as:

¢q($1,$2,~--7$q) = —log( max d(z1,;)), (68)

1=2,...,q

where each z; € M. We also write 7, = (z1,22,...,2,) and T,(T,)
(Txy,...,Tx,).

The observable ¢, is defined in such a way that it attains high values, say larger
that u,,, when all the points in the g subsystems are in the same region of phase
space, that is the ball centered at a point in the first system of radius e *". Since
1 can be arbitrary, in the product space M, the region so defined becomes a

tubular neighborhood of the diagonal:

AZ = {fq e M7 s.t. d($17$2) < eiuna s 7d(x17xQ) < eiun}' (69)

Considering the complementary cumulative distribution function of the observable
bq, Fy(u) = p,({T, € M9 s.t. ¢ (T,) > u}), we see that:
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Fq(“) - /Mq Lp(ar,e=)(2) * Lp(ay,e-v)(Tq) dptg(Tq) = /]\4N(B(x1’ e_u))q_ldﬂ(xl)'

(70)
In the above, we factorized the ¢—1 integrals at the right hand side of the equation,
by independence of the ¢ systems. This last expression, by equation (12), has the

following scaling behavior:

Fy(u) ~ e “Pala=l), (71)

U—00

This equation reveals that D, can be evaluated by looking at the tail of F,. This
can be done using EVT as we will do later; we first pursue an approach consisting
in evaluating F,(u) for different equally spaced values of u and finding the scaling

with respect to large u to extract the desired quantity. Indeed, relation (71) yields:

log Fy(u) ~ —Dy(q—1)u.

U— 00

Therefore, a linear fitting of the empirical complementary cumulative distribution
function F, in semi-logarithmic scale allows to extract the generalized dimension
of order ¢. This approach allows us to have a visual control on the convergence of
this method.

To evaluate the value of F,(u) for different u, we run simultaneously ¢ generic
trajectories of length N, with distinct starting points given by the entries of the
vector T, 0. Then F,(u) can be estimated by the Birkhoff sum

n—1

1N 1g,u(T%00). (72)

=0
We test this technique with the area preserving automorphism of the torus known
as the Arnol’d cat map [93], defined in the 2—torus T? by

[(z,y) = 2 +y,2+y) mod L (73)

The torus itself being an invariant set and the Lebesgue measure LL being the phys-
ical invariant measure, it is easily seen that the spectrum of generalized dimension

is equal to 2 for all ¢ and we have the following theoretical result:
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Figure 5: Probability of large events, F,(u) = u,(¢, > u), versus u, in the case of
the Arnol’d cat. It has been estimated via a Birkhoff average over 32 trajectories

of length 10'°. Data for ¢ = 2 (highest curve) to ¢ = 7 (green) and ¢ = 8 (red,

lowest) have been reported. The theoretical result for ¢ = 8 is L(¢, > u) = w'e 14

(blue).

Fy(u) = L(¢, > u) = /

’]1‘2

L(B(x,e ")) 'dx = /11‘2 (me™?")1 g = (e 2")17 1,

(74)

This technique is tested numerically and good agreement is found with theoretical
values (see figure (5)) for values of ¢ between 2 and 8. As ¢ gets larger, rare events
associated to the observable ¢, become scarcer and scarcer, since asking for all the
q system to be in the same small region of phase space is a strong requirement. For
this reason, we are forced to perform the fit on a smaller, possibly not asymptotic
range of u, leading to a discrepancy of the estimates.

To test the validity of this procedure for systems with a multifractal physical
measure, we consider the Hénon map [107], that was introduced as a simplified
model of a Poincaré section of the Lorenz model (that we will study later in the

thesis). The discrete dynamics is defined in R? as follows:

T(x,y) = (1 — az® + y,br). (75)

For the standard values a = 1.4, b = 0.3 and a starting point in the basin of
attraction, the dynamics create an attractor with multifractal properties suited

to our investigation (see figure (6) for a numerical representation). Evidence of
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multifractality of this measure along with extensive numerical determinations are
presented in the literature, for example in [18, 29, 95]. We stress that we lack a
formal proof that the Hénon system has REPFO properties and that the spectral
method can effectively be applied. However, as in the case of the cat map, the
proposed method provides reliable results for small values of ¢ (things getting worse
for large ¢ as discussed before) and are very close to the values found by extensive
computations based on box-counting techniques in [95]. In particular, we find the
values Dy = 1.2, D3 = 1.16 and Dy = 1.1 (see figure (7)).
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Figure 6: Numerical reconstruction of the Hénon attractor, using 10000 points.

5.2 Generalized dimensions and the Block Maxima ap-

proach

We have seen that the tail of the distribution F,(u) contains information on the
value D,. Studying this tail is the core of EVT and it can be done for example
following the block maxima approach, described in section (3). Let us consider the

maximum value attained by the function ¢, over a block of times of length n:

M3<EQ) - maX{¢¢](f(])7 tet 7¢(T;_1(fq)}7 (76)
and its distribution function G, (u):

Gynlw) = (T, € MY st M, (7,) < u}). (77)
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Figure 7: Probability of large events, F,(u) = pu (¢, > u), versus u, in the case
of the Hénon attractor physical measure. It has been estimated via a Birkhoff
average over 32 trajectories of length 10'°. Data for ¢ = 2 (highest curve) to ¢ = 8
(lowest) have been reported.

To follow the common procedure, it is required that for all s > 0, there exists a

sequence of levels u,(s) such that:

_ s

Eq(un(s)) ~ — (78)
and such that the distribution of the maximum is non degenerate. Equation (71)
implies an exponential tail for the complementary observable distribution F,. Such
a flat tail implies, as discussed in section (3), the convergence of F,,, suitably

rescaled, to a Gumbel law:

Gy(s) = e . (79)

We call the quantity 6, the dynamical extremal index DEI of order ¢ and it will be
studied in the next section. This convergence can be investigated numerically and
can provide an estimate of the generalized dimensions. In fact, combining relations

(71) and (78), we have that

so that
—log s logn ~ —logs

~ = + b, 81
e Dyla- 1) Dylg—1)  a (81)

Up

As mentioned in section (3), a, converges to the scale parameter ¢ in equation (9)
from which, by the previous equation, D, can be extracted. The parameters ¢, o

and (3, of the GEV are computed via the maximum likelihood estimates provided
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by the Matlab function geuvfit, for which detailed information is found at the web
page [98]). In figure (8) we show an example of the best fit obtained in the case of
the observable ¢3 for the 3z (mod 1) map.

0.8

[— Empirical density distribution

07+t J > Best fit

Figure 8: Best fit of the empirical density distribution of the maximum associated
to the observable ¢3 and the map 3z (mod 1). We used trajectories of 107 points
and a blocksize of 1000. The estimate for the shape parameter is as expected very
close to 0 (= —0.002) and the one for the scale parameter 0.502 yields an estimate
for D3 of 0.996 that compares favorably with the theoretical value of 1.

For the numerical computations that will be performed next, we use the following

procedure:

1-Generation in parallel of ¢ distinct long trajectories of N points and, at each

iteration, computation and storage of the observable ¢,(z1, ..., z,)

2-Division of time into blocks of length n and extraction of the maximum value

of pg from each block.

3-Fit of the obtained empirical distribution of the maxima, and maximum

likelihood estimation of the GEV parameters.

4-Computation of f)q = L where ¢ is the estimate of the scale parameter

o(g—1)’
obtained by the fit.

5-Averaging the result over [ trials.
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We now give a Matlab code of this procedure for the map 3x mod 1:

clear all

gmax=10; Y%maximum value of q considered

M=10000000; %length of the simulated trajectories

blocklength=10000; %blocklength

logextr=zeros (floor (M/blocklength) ,qmax); %vector
countaining the maxima

ntraj=20;%number of trajectories over which the estimates

are averaged

for I=1:ntraj
ind=0;

%Initialization of the q trajectories
for gq=1:qmax

x(q) = rand;

end
maxx=—100xones (qmax,1) ;

for i=1:M

mm=0;

for q=1:gqmax

x(q)=mod(3xx(q) ,1); %lteration of the dynamic

if abs(x(1)—x(q

mm=abs (x(1)—

) )>mm
x(q));
end

%The maximal value of the observable over the current
block is stored

if gq>1

if —log (mm)>maxx(q)
maxx (q)=—log (mm) ;

end
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33

34

35

36

38

40

41

42

43

44

end
end

%The maximal value of the observable over the block is

stored in logextr

if mod(i,blocklength)==
ind=ind +1;
logextr (ind ,:)=maxx;
maxx=—100%ones (qmax,1) ;

end

end

for q=2:gqmax

% fit of the empirical distributions of maximum
[tpar ,tpari]=gevfit (logextr (:,q));

%Estimation of Dq for the trajectory 1

d(q,1)=1/((q—1)*tpar(2));

end

end

%Averaging of the result and computation of the uncertainty
for q=2:qmax

Dq(q)=mean(d(q,:));

uncertainty (q)=std (d(q,:));

end

We apply this procedure to the case of an Iterated Function System measure [49]
on the Sierpinski gasket, defined by the stochastic process on the unit square

M = [0, 1]? realized by iteration of the maps f;, i = 1,2, 3 chosen at random with
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probability p;:

fl(xvy) = (aj/27 (y+ 1)/2)7 p1 = 1/4’
folz,y) = ((z+1)/2,(y + 1)/2), p2 =1/4, (82)
f3<x7y) = (]7/2,3//2), p3 = 1/2

We use the parameters N = 2-108, n = 5000, [ = 20. In the left panel of figure (10),
the numerically obtained generalized dimensions are compared with the analytical

values [39] equal to
log, (pi + p3 + p3)
= , 83

Good agreement is found for small values of ¢, which later worsens. Indeed,

D

as discussed earlier, the scarcity of close encounters increases as q gets larger;
moreover, since we are considering time blocks of fixed length, events that may
not be considered as extremes are selected in each block and the distribution of
the maxima does not reach its asymptotic form, leading to poor estimates for

large q.

We now test the method in the context of continuous time systems: we compute
the D, spectrum for the well known Lorenz 1963 model [2], a continuous-time
dynamical system reconstructed by the Euler method with step size 0.013. The

dynamic is defined by the following set of differential equations:

&=o(y—x)
y=a(r—z)—y (84)
Z=uxy— Pz,

As for the Hénon system, we have no formal evidence that the spectral theory can
be applied to the Lorenz system.

where 8 = 8/3, r = 28 and 0 = 10. To apply the method to this system, we
consider blocks of 10* units of time and the results are obtained with trajectories
of 10® points. Dimensions estimates, reported in figure (10), are obtained by
averages over 20 trajectories, uncertainties being the standard deviations of these
results. The estimate for Dy (= 2.025) is slightly inferior to the value of 2.05 found
in other studies [17], and a lack of well established estimates of D, for larger ¢ in
the literature makes comparisons difficult (see however [96] for some computations
and discussions).

Despite its limited range of application to positive, integer and not too large g,

the main advantage of the proposed method, in opposition to box counting tech-
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Figure 9: Numerical reconstruction of the Lorenz attractor, using the Euler method
with a step h = 0.013 and 5.10* points.

niques, is that it seems suited to the study of high dimensional dynamical systems
and could possibly be applied to time series originating from many dimensional
natural systems, provided enough data are at disposal. In the case where only one
observational time series is at disposal, and with the assumption that the underly-
ing system has strong enough decay of correlations, ¢ distinct trajectories can be

obtained by taking spaced enough starting points within the signal.

21

T T T T T T T
¥ numerical results
14T analytical results | |

081

07 1 1 1 1 1 1 1 13 1 1 1 1 1 1 1
2 3 4 5 6 7 8 9 10 2 3 4 5 6 7 8 9 10
q q

Figure 10: Left panel: numerical estimates of D, for the Sierpinski gasket (blue
symbols) and theoretical value (red curve). Right panel: numerical estimates of
D, for the Lorenz 1963 model. The uncertainty is the standard deviation of the
results obtained over 20 trajectories. See text for parameters and discussion.
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5.3 The dynamical extremal index and the hyperbolicity

index of order ¢

We mentioned earlier that the extremal index associated with the distribution of
maxima gives precious information on the hyperbolicity of the system. In [50], the
authors relate the extremal index associated to the observable ¢, that they called
the Dynamical Extremal Index (DEI), to the Lyapunov exponent of the system for
one-dimensional systems, and to the entropy for systems of higher dimension.

Let us now study in detail the parameter 6, appearing in the exponent of the
Gumbel law (79). In this context, formula (18) reads

eq =1~ qu,ka (85)
k=0
where

n—oo N(¢q > Up)

We have that p,; can be written as:

D MO A0 (T () N T (AY)
. .

n=oo 1(AR))

(87)

It is expected that, for systems with exponential decay of correlations, the values of
Dq.k for k > 0 are all equal to 0. Indeed, the distance between the trajectory in the
first subsystem and the trajectories in the other ¢g—1 subsystems grow exponentially
over time, so that one expects that if at least one of the ¢ — 1 subsystem is at a
given time outside of the ball centered at a point of the first system, it will not
come back to it after a few iterations of the map. In fact, the mixing properties
of the system are such that the dynamics will come back to A? (by the Poincaré
recurrence theorem), but after a time that grows asymptotically with n and in an
irregular way. This heuristic argument suggests that the p,  for k > 1 are all equal
to 0. This result has indeed first been proposed for mixing piece-wise expanding
maps of the interval with invariant measures absolutely continuous with respect to
Lebesgue in the case ¢ = 2 in [37], then extended to larger ¢ and proven rigorously
in [99]. In the latter, the proof is made in the context of coupled map lattices under
some assumptions, namely that the map T is C? by parts, that the absolute value
of the derivative is always greater than 1 (uniformly hyperbolic system) and under
some (not so restrictive) spectral properties needed to use the spectral approach

(assumptions P1 to P5 and P8 in [99]). In this set up, the authors were also able
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to give a formula for 6, that depends on the derivative 7" of the map, the density h
of the measure and the coupling factor of their map-lattices (see their proposition
(5.5)). By adapting slightly the formula, taking a coupling factor equal to 0 to
yield an independent evolution of the subsystems, we get the formula:
GO —

eq:1—pq,0:1—%. (88)
We now test numerically this formula for diverse maps of the interval satisfying
the required assumptions. A direct application of formula (88) to the map 3z
(mod 1) gives the result §, = 1 — 3'7% and indeed very good agreement is
found between numerical simulations and predictions (see figure (11)). In this
situation, only po participates to the value of the extremal indices, so that the
order 0 Siiveges estimator can be used. For each ¢, we took as a threshold the
0.997-quantile of the distribution F'(u) computed on a pre-runned trajectory of

105 points.

The fact that the derivative of the map is present in the formula reflects the fact
that 0, carries information on the hyperbolicity properties of the system. This

statement will be made more concrete after the following definition.

Definition 14 We call the hyperbolicity index of order ¢ > 2 the quantity:

_ log(1 —6,)
==, 1

H

q

(89)

For maps of the interval with constant derivative, like 3z (mod 1), we observe
that this quantity is constant equal to log |DT'|, which is exactly the Lyapunov
exponent of the system [53]. This is checked numerically in figure (11), where
good agreement is found for small ¢q. For larger ¢, estimates get less reliable for
two main reasons: as discussed earlier for the determination of the generalized
dimensions, collecting extreme events becomes more and more difficult as ¢ gets
large; it is also likely that since the quantity log(1l — 6,) diverges as ¢ tends to
infinity, this yields less precise results (we observe that the error bars get wider for
large q).

When the derivative is not constant, a non trivial spectrum H, is found that
accounts for regions of different hyperbolic behavior in the attractor. We stress
that the quantity H, depends both on the derivative of the map and on the density.
It was stated in [50] that for maps whose derivative does not vary too much, the

quantity Hs is a fair approximation of the Lyapunov exponent of the system. On
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Figure 11: Indicators 6, and H, of the map x — 3z (mod 1), obtained by averaging
the results over 20 trajectories of 2 - 107 points. As only p, o contributes to the
computation, we used the order 0 Siiveges estimator for 6,. The uncertainty is the
standard deviation of the results. See text for further discussion.

the other hand, a look at equations (88) and (89) tells us that for high values of
q, the value of H, is principally determined by regions of phase space with either
low absolute value of the derivative, or high values of the density, or both. This
suggests that the H, spectrum contains information on the different hyperbolic
behaviors of the system. This spectrum of indicators, which appears naturally in
the method can be extended, at least for maps of the interval for which equation
(88) holds, to real values of ¢ and to cover all real values except ¢ = 1, for which
H, can be extended by continuity applying I'Hospital rule, just like for the D,
spectrum. We find that

) ) d h(x)
which, by applying Leibniz integral rule, equals
: d h(x)

We find that H; is the Lyapunov exponent of the system. As mentioned in [50], the
value Hj is close to the Lyapunov exponent when the derivative does not change
too much. Indeed, by continuity of the H, spectrum, the values of H; and H, are
close, and the difference is highly influenced by the variations of |DT|. For the
extended H, spectrum, it is easily seen that very negative ¢ characterize regions
of low density and/or high absolute value of the derivative. Once this extension
is made, the spectrum of H, contains information on the dynamics over the whole

attractor.
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To illustrate these facts, let us consider a map of the interval with non constant

and absolutely continuous density and non constant derivative: the Gauss map,

defined as # — 1 (mod 1). The density is known and is equal to h(z) =

log 2(1+x)
[5].
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Figure 12: Graphical representation of the Gauss map (left) and its associated
invariant density (right).

Analytical values for 6, can be computed from formula (88) and give:

2a—1 _ k—q+1_ _ _
[ kgﬂ,k;q—l(_l)k(z(qk 1)) ﬁ] +(=1)7 1(251(]—11)) log 2

21-9—1
1—¢q

0,=1— (92)
It can be seen in figure (13) that good agreement is found between theory and
simulations for the 6, spectrum. As discussed earlier, estimates of H, for large ¢

are less reliable.
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Figure 13: 0, and H, of the Gauss map absolutely continuous invariant measure.
Parameters of the numerical estimation are as in figure 11.

An explicit computation of 6, can be performed for other maps of the interval for

which we know density and derivative. This is the case of the piece-wise linear
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Markov maps defined as [5]:

Ti(z) =3z ifx €, =[0,1/3),
T(z)=4q To(z)=5/3—-2xifz € Iy =[1/3,2/3), (93)
Ty(z) =—2+3zifx € I3 =[2/3,1).

Spectral techniques introduced in [5] allow to compute the piece-wise constant
density:
hi=3/5if z€
h(z) =< hy=6/5if x € Iy, (94)
hs =6/5if x € I5.

6/5

2/3

T(x)
h(x)

3/5

X X

Figure 14: Graphical representation of the Markovian map (left) defined by equa-
tion (93) and its associated invariant density (right).

6, can be easily computed by formula (88) and it reads:

he hg hd
_ @ T aper e
! hi + h3 + hj

For this map, the spectrum of H, can be extended explicitly to negative ¢, and

0 (95)

it is easily seen that for large ¢, H, converges to the logarithm of the minimum
of the absolute value of the derivative of the map over phase space; the limit
when ¢ goes to +00 is the maximum of the logarithm of the absolute value of the

derivative (see figure (15) for a graphical representation of this spectrum).

We have so far stated examples for which the spectral theory can be applied. It is in
practice very difficult to check that the system has REPFO properties in dimension
more than 1. We will therefore suppose that such conditions hold and we will now
discuss the interpretation of our indicators H, for higher dimensional systems. It

was stated in [50] that the quantity Hy relates to the metric entropy of the system,
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Figure 15: Graphical representation of the extended H, spectrum for the Marko-
vian map described in the text. The limit as ¢ goes to +00 is log2 ~ 0.693 and
log 3 =~ 1.099 as g goes to —oo, that correspond to, respectively, the logarithms of
the minimum and the maximum of the absolute value of the derivative.

that by Pesin formula [87] is equal to the sum of the positive Lyapunov exponents.
As for uni-dimensional systems with constant derivative, we expect that for maps
with constant Jacobian norm, the quantity H, does not vary with ¢. We test this
hypothesis with the Lozi map, a map of constant Jacobian norm introduced in the
seventies by Lozi [103] as a kind of lineralized version of the Hénon map, for which

the explicit computation of periodic orbits is possible. The map is defined in R?

by:

(96)

Tpy1 = —a|xn| + Yn + 1
Yn+1 = bxy,

For a range of parameters including the values a = 1.7 and b = 0.5 (used in our
simulations), the dynamics tend to evolve on a strange attractor (see figure (16)
for a numerical reconstruction). Since the hyperbolic properties of this map do not
depend on the region of phase space, we expect for this map a constant spectrum of
H,, equal to the largest Lyapunov exponent of the system, which is approximately
0.47 [92]. This is indeed in agreement with the numerical simulations presented
in figure (17), which shows small systematic fluctuations around this value for
some ¢, probably due to the role of the contracting subspace. Note that again, a
discrepancy of the results is observed for values of ¢ greater than 8.

For maps with non constant Jacobian, we expect, as for uni-dimensional systems
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Figure 16: Numerical reconstruction of the Lozi attractor, using 10% points.
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Figure 17: 6, and H, of the Lozi map. We simulated trajectories of 5.107 points and
used the Suveges estimate with a threshold corresponding to the 0.997—quantile
of the observable distribution. Results are averaged over 20 trajectories, the un-
certainty being the standard deviation of the results. The red curves represent
H, = 0.47 for the right panel and 6, =1 — A?7"!, with A = 0.47 for the left panel.

with non constant derivative, a non trivial variation of H, with q.

Now that we have discussed in details the parameters appearing in the extreme
value law associated to the observable ¢4, let us discuss the implications of this
result. The quantity M?(xy,...,z,) can be interpreted as the “closest encounter”
between ¢ trajectories of length n starting from the points z4, ...z, . Its asymptotic
probability distribution is, for the class of systems considered here, a Gumbel law,

whose parameters are determined entirely by:
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e The length n of the trajectories,

e D,: the generalized dimension of order g,

e 0, the dynamical extremal index of order g.

In a recent work [74], the asymptotic behavior of the shortest distance between two
orbits was studied. This constitutes a different problem to the one of the closest
encounter between two trajectories, because shifts are allowed in this situation. For
the two problems, the asymptotic behavior is governed by the correlation dimension
Ds, although when we do not allow shifts, the full asymptotic distribution can
be obtained. An extension to the case of more than 2 orbits could be made,
the asymptotic behavior of the shortest distance between ¢ orbits would then
be governed by the generalized dimension of order ¢q. These problems have, as
pointed out in [74], interesting connections with the problem of the size of the

longest substring common to different chains of characters.

5.4 Influence of noise on the global dynamical indicators

It is now natural to investigate the influence of a random perturbation on our
estimates, as in many natural phenomena observational noise is present, either
due to the nature of the dynamics itself, or to some observational noise associated

to imprecision in the measurement process.

5.4.1 Influence of uniform noise on the D, spectrum

Let us first investigate the influence of some uniform noise on the estimates. By
uniform noise, we mean that, as in section (4.4.1), at each iteration, to the original
map is added a small perturbation £, where £ follows a probability law P that is
uniform in the ball B(0,1). While doing so, one must be careful that the noise does
not drive the dynamics away from the basin of attraction of the attractor. In such
cases the dynamics can diverge, making the method inapplicable. This is typically
what happens when we perturb the motion on the Lorenz or the Hénon attractor
with some uniform noise. When the system lives in a smooth compact manifold the
dynamics cannot diverge, and it is expected that adding a small perturbation of

uniform type will make the dynamics ‘spread’ and destroy the fine structure of the
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attractor. The local dimensions (and as a consequence the generalized dimensions)
are therefore expected to approach the dimension of the ambient space. This is
indeed what we observe in figure (18), where an IFS dynamics on the common
Cantor set (similar to the one on the Sierpinski gasket defined in equation (97))
is perturbed by a uniform noise of intensity €. The dynamics is defined by the
stochastic process on the unit interval M = [0, 1] realized by iteration of the maps

fi, i =1,2 chosen at random with probability 1/2:

fola) = (x +2)/3. 67)

The generalized dimensions, that are all equal to the constant value of the local

{ filz) = /3,

igig ~ 0.63 of the unperturbed system (see for example to [53]), all shift

to the Hausdorff dimension of the ambient space which is 1 when the intensity of

dimension

noise increases. As it can be observed in figure (18), this convergence is much slower
for higher values of g. We interpret this fact as follows: some regions of phase space
are left by chance relatively unperturbed by the noise and the local structure is
preserved around these points. For large ¢, the generalized dimensions characterize
regions of low local dimensions, so that the spectrum is here determined mostly
by points having preserved their local fractal structure. When the intensity of the
noise increases, however, less local structures are left unaffected by noise and we

observe a convergence of all D;’s to the dimension of the ambient space.

0.8 \

0.7 r

0.6 r

Figure 18: Influence of uniform noise on the computed D, spectrum associated
to the dynamics on the Cantor set for different intensities of noise. We simulated
trajectories of 2.10% points, and used blocks of length 50000.
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5.4.2 Influence of uniform noise on the DEI spectrum

The influence of uniform additive noise on 6, has been investigated in [50]. The
authors found, for different maps and with the kind of perturbations considered in
the last section, that the numerical estimates of 05 tend to 1 as the noise increases.

Indeed, the diagonal in the product space:

A= (A2 (98)

neN
that is invariant by action the deterministic map 7' is no more invariant in the
perturbed case. As po( in equation (88) measures the proportion of points staying
in A2 after one iteration of the map in the limit of large n, in the presence of
noise this quantity tends to 0, because the perturbation separates the iterates.
This reasoning can be generalized to larger ¢ and we expect all the quantities 0,
to turn to 1 in the presence of noise. This is indeed what is observed in figure
(19), in which we test these considerations for two maps of the circle: 3z (mod 1)
and the Gauss map. For both, trajectories of 107 points were simulated and the
0.999—quantile of the distribution of the observable ¢, was selected as a threshold.
We choose the Siiveges estimate for our computations, otherwise we are confronted
to the following issue: theoretically, at least for the unperturbed case, all the p,
but p,o are 0, but (especially for large ¢) some of the computed pj are small but
different from 0. This is a numerical effect, probability due to the difficulty of
the computation of the DEI for large q. Adding these small errors would increase
significantly the global error and we want to avoid this fact. This effect surely
affects the computation of this indicators for real world stationary time series with
noisy underlying dynamics. As in section (4.4.1), we will see that with suitable
discrete noise, the dynamical extremal indices can be different from 1 and can

sometimes be computed explicitly.

5.4.3 Influence of discrete noise for the DEI spectrum

A different scenario happens if we look at sequences of finitely many maps chosen
in an i.i.d. way according to a Bernoulli process as we did in section (4.4.1). We
choose the two maps Ty = 3z (mod 1) and 7} = 3z +b (mod 1). A combination of
formulae (53) and (90) gives immediately the term p, entering the infinite sum

defining the DEI:
~ m fQ Pq(A% N Tg_qlA?L)qu(g)
pq,0 - oo pq(A%) )

(99)
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Figure 19: Influence of the intensity of noise € on the 6, spectrum for maps of the
circle perturbed by uniform noise. We used the Stiiveges estimate, as mentioned in
the text.

where: £?1is the vector £ = (&, -+ ,&,); ngl = Tgl . -T€;1 and p, is the stationary
measure constructed as in [59]. We now split the integral over the cylinders £7° =
€1 =0,---,& =0, =& =1,---,& = 1] and their complement. Therefore

we have

fQ pa(AL N Tg_qlA%)qu(g)
Pq(A%)

AL NTy"AL)
Pq(A%)

AL NTMAY)
Pq(A%)

= p(en0) + (2
(100)

{the integral computed over all the other cylinders of length ¢}.

The two fractions in (100) are equal to the p%l ?) of the unperturbed systems, which
are the same by the particular choices of the maps and by formula (88).

All the other terms in (100) are zero. Let in fact consider a vector £7 different from
(0,0,...,0) and (1,1,...,1). Suppose for instance that the first coordinate f‘f of &1
is zero and let éj # 0 for some 1 < j < gq. If x, € AZ, and since Thr; = 327 (mod
1) and Thz; = 3z; + b (mod 1), we have that d(Tox1, T12;) —n—eo min{b,1 —b} as
d(xy,x;) < e "

Therefore for n large enough, Vz, € A, Téqxq = T .. -Télllxq ¢ A% and A?N

T, 'A¢ = (). In conclusion, we have that

Pao = D507 (7 + (1 — p)7), (101)

where p is the weight of the Bernoulli measure. For similar reasons as described

earlier, all the other values of p, are 0 and we have the result:

0, =1—pyo™ (p"+ (1= p)"). (102)
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We now test this last formula numerically with the maps 7y(x) = 3z (mod 1) and
Ti(z) = 3z 4+ b (mod 1), for different values of b and with p = 0.5. Very good
agreement is found for different values of b (see figure (24)). We use trajectories
of 5.107 points and the 0.995— quantile of the observable distribution as a
threshold. Estimations are made using the Siiveges estimate, for the same reasons

as described earlier.

1 —m = F—
S o theory
/ ¥ b=0
095t  / 4 b=0.4 | 1
/ P b=0.5
P b=0.6
oo f ]
0.85 |/
v [i
i
08
075t |
07t/
0.65 :
2 3 4 5 7 8 9 10

Figure 20: 6, spectrum for the sequence of two maps described in the example,
found using the Siiveges estimate. The red curve is the value for b = 0, and for
different choices of b # 0, the values of 6, follow closely the predictions of formula
(102) (blue squares).
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6 Extreme value theory and the statistics of vis-

its in small target sets

We have seen in section (3.3) that EVT allows to give asymptotic laws for the
number of visits in the target sets £2,,. We here investigate this matter for different
target sets and for non-deterministic dynamical systems, for which only few results
are known. This problem is of course of crucial importance in many physical
applications, since it allows to foresee, for example, the number of occurrence of
particular states of the system that are close to a particular, critical state. The
results presented in the next subsections can be found in the publication Caby et

al. On the computation of the extremal index for time series [112].

6.1 Statistics of returns for some non-deterministic sta-

tionary systems

We stressed in section (3.3) that for chaotic deterministic systems, the statistics of
the number of visits into a ball of small radius around a target point z is given by
a pure Poisson distribution for non-periodic z or by a Polya-Aeppli distribution,
depending on the extremal index associated to the standard observable for
periodic z. It was already proven (see for example [85]) that when the dynamics
is perturbed by a uniform noise, the extremal index associated to the standard
observable immediately turns to 1, as periodic orbits are ‘destroyed’ by the
perturbation, but there are only few results on the statistics of the number of
visits in the case of random systems affected by other kinds of noise. In [70], the
authors presented an example of partly random system for which the extremal
index is 1 almost everywhere, and where a Poisson distribution for N, (¢) holds for
almost all target point z. In this example, a Polya-Aeppli distribution holds for
a set of particular target points of null measure. However, there are no general
results concerning the statistics of visits inside these balls for stationary processes.
We will here compute the statistics of the number of visits for two particular
examples that are somehow interesting and for which we can compute explicitly

the extremal index.

The first example is the composition of the two maps 7T and 17 presented in
section (4.4.1) with b = 1/2, for which there are infinitely many non zero py
terms in the spectral formula (20). The second example is the system with

moving target presented in section (4.4.2). We compare in figure (21) the
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empirical distribution of the number of visits N, (¢) in the target set with the
Polya-Aeppli distribution given by the parameters ¢ and the extremal index that
we computed explicitly earlier for these processes. We recall that for the first
example, the extremal index for the target point 0 is 2/3 and in the moving target
example, the extremal index is 1 — 3(1)% — 6(3)*(3)* ~ 0.8828. The results are
depicted in figure (21) for t = 50 and compare very favorably with the Polya-
Aeppli distributions. This perfect agreement is stable against different values of

t. We refer to the caption of the figure for the details of the numerical computation.

Although rigorous theoretical results are lacking, these numerical evidence seem
to indicate that a geometric Poissonian distribution given by the extremal index
seems to be a universal feature for this kind of observable. To corroborate this
claim, we investigate in the next section whether a similar behavior occurs for

natural, possibly noisy systems.

empirical empirical

0.035 \ Polya-Aeppli distribution 0.04 i\ Polya-Aeppli distribution
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Figure 21: For the composition of two maps with b = 1/2 (left) and the moving
target example (right), comparison between the empirical distribution p(N,(50)) =
k and the Polya-Aeppli distribution of parameters ¢ = 50 and respectively 6 = 2/3
and # = 0.8828. The empirical distributions are obtained by considering 10°
runs for which is recorded the number of entrances in the target balls of radius
r = exp(—7), where 7 is the 0.99-quantile of the empirical distribution of the
observable computed along a pre-runned trajectory of size 104, after ¢/u(B(z,7))
iterations of the map.

6.2 Statistics of returns for climate data

We study now the statistics of the number of visit for the atmospheric data
presented in section (4.2). The target set considered in this analysis is a ball

centered at a point z that corresponds to the mean sea-level pressure recorded on
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January 5th, 1948. The radius r = e77, is fixed using as 7 the 0.95—quantile of the
observable distribution. We consider the number of visits in an interval of length
365 days, that corresponds to the annual cycle. This time scale is relevant for the
underlying dynamics of the atmospheric circulation. The parameter ¢ in equation
(29) is thus taken equal to t = |365u(B(z,7))]. For the target set considered, we
get t = 18, that is close to the mean value that we find for the number of visits
that is approximately equal to 18,13. In figure (22), we compare the obtained
empirical distribution with the Polya-Aeppli distributions of parameters ¢ and the
ET obtained using different estimates: Stiveges, 05 and 619. The distribution using
the Stiveges estimate seems to fit the empirical data better than the other two. In
fact, if we increase the order of the estimate 6,,, the value it attributes to the EI
decreases and the associated Polya-Aeppli distribution flattens. This is probably
due to finite effects; indeed we observe that if the fixed threshold u in formula (37)
is too small, the numerator approaches 0 as m increases, yielding bad estimates
for the EI. Qualitatively similar results are found for different atmospheric states
and different quantiles considered (although taking higher quantiles gives too
few data for the statistics), suggesting that a Polya-Aeppli distribution for the

number of visits holds for this type of high dimensional observational data.

This analysis, applied systematically to a state of a complex system, can provide
important information on the recurrence properties of the target state, namely how
many visits to expect in a given time interval. The drawback is in the number of
data required to provide a reliable estimates of the visits distribution (see figure
(22)). Let us now move to a more exotic scenario and investigate what happens

for non-stationary systems.

6.3 Statistics of returns for sequential systems

Results proving the existence of extreme value laws for non-stationary systems are
lacking. Nevertheless, the methods of estimation of the extremal index described
in the thesis can still be used to evaluate a quantity 6 that would correspond to
the extremal index in the eventuality that an extreme value law hold for this kind
of systems. We can also alternatively define the extremal index by computing the
statistics of the number of visit and evaluating the expectation in equation (32).

We choose this second option and consider the motion given by the concatenation
fg(x) - fﬁn 00 f&(m)?
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Figure 22: Comparison between the empirical distribution p(N,(t) = k) and the
Polya-Aeppli distributions of parameters ¢ = 18 and the EI found with different
estimates. The empirical distribution is obtained by considering 24396 intervals
of length 365 and counting the number of visits inside the target ball described in
the text.

where the probability law of the & changes over time. In particular, we consider
the 10 maps
fi(x) = 2z + b;(mod 1),

where b; is the i component of a vector b of size 10, with entries equally spaced
between 0 and 1/2. We consider sequences of time intervals [Tk + 1, (k+ 1)7], with
7 =10, for k = 0,1,2,... in which the weights associated to & are equal to pf.
For every 7 iterations, the weight associated to each &; changes randomly, with the
only constraint that they sum to 1. 65 is computed considering a trajectory of 5.107
points, and a threshold u corresponding to the 0.995—quantile of the observable
distribution. Using the same trajectory, we computed the empirical distribution of
the number of visits in a ball centered at the origin and of radius r = e~ in intervals
of time of length |2¢r|, with ¢ = 50. This is indeed ¢ times the Lebesgue measure
(which is the invariant measure associated to all the maps f;) of a ball of radius r
centered in the origin. Choosing the same trajectory for the computation of # and
for the statistics of visits is of crucial importance here, because different probability
laws imply large variations of # depending on the trajectory considered. In figure
(23), we observe again a perfect agreement between the empirical distribution of
the number of visits and the Polya-Aeppli distribution of parameters t = 50 and
é5, which is equal to 0.92 for the trajectory presented in the figure (23). Although
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different trajectories give different values for 6, this agreement is stable against
different trajectories and different values of ¢t and 7, suggesting that a geometric
Poisson distribution for the number of visits given by 6 is a universal feature, even

for non-stationary scenario.
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Figure 23: Comparison between the empirical distribution p(N,(50) = k) and the
Polya-Aeppli distribution of parameters t = 50 and 05 ~ 0.92, computed with
a trajectory of length 5.107 of the sequential system described in the text. The
procedure used to compute the empirical distribution is described in the text.

6.4 Statistics of returns in the neighborhood of the diago-

nal

This particular target set is of interest, since it allows to compute the statistics of
close encounters of several independent trajectories of the system. We stated in
section (3.3) and it was proven in [68] that the statistics of return in the set A2
is given asymptotically by a compound Poisson distribution, different from Polya-
Aeppli. The example of the Markovian map presented earlier in equation (93),
for which analytical computations are possible, allows us to check numerically this
result. Consider the extremal index 6y associated to the observable ¢,. 05 is given
by formula (95) and gives 6 ~ 0.5926.

Here, the block-size distribution 7 is not geometric and we get for the statistics of
the number of visits a compound Poisson distribution which is not Polya-Aeppli.
To illustrate this, we show in figure (24) the distributions u(N,(t)) = k for ¢t = 50

and different values of k for the real process associated to the Markovian map in-
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troduced in section (5), and the distribution obtained by supposing a Polya-Aeppli
with parameter equal to 0.5926 which correspond to the dynamical extremal in-
dex of order 2 for this map (see formula (95)). The set €2, is in this context the
tubular neighborhood of the diagonal A? defined in equation (69). For our numer-
ical simulation we fix a small set A? by taking u, in equation (69) equal to the
0.99—quantile of the distribution of the observable computed along a pre-runned

trajectory of 10* points. We easily compute that for a small enough neighborhood
of the diagonal,

pa(A7) & (B + b + B3)V2exp (—uy). (103)
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Figure 24: Comparison between the empirical distribution p(N,(50)) = k and the
Polya-Aeppli distribution of parameters ¢ = 50 and ¢ = 0.5926. The empirical
distribution is obtained by considering 10% runs for which is recorded the number

of entrances in the set A2 | as defined in the text, after ¢/us(A2?) iterations of the
map.

Figure (24) shows indeed an important difference between the obtained empirical
distribution and the Polya-Aeppli distribution of parameters t = 50 and 6, =
0.5926, indicating that the distribution of the block size distribution m; is not
geometric in 65.
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7 Generalized dimensions and large deviations of

local dynamical quantities

In section (4.1), we described the set of tools used in the multifractal formalism.
These tools, such as Legendre transforms and weighted integrals, are to be found
in the much more general framework of large deviation theory. In fact, the mech-
anisms articulating this theory, of which we will give a brief review are also to
be found in many physical situations, such as statistical physics, thermodynamics,

and as we will see now, in the study of dynamical systems.

7.1 Elements of large deviations theory

The theory of large deviations is a very general framework which aims at
studying the probability of occurrence of rare events of small probability, which
are abnormal values taken by a random variable, that deviate from a typical
value. This is somehow also the interest of extreme value theory, but the
results are stated in a different formalism. In the study of chaotic dynamical
systems, these rare events are atypical values taken by some local dynamical

indicators such as finite resolution local dimensions, return times and hitting times.

Originally introduced in insurance mathematics by Cramer [35], the theory gained
solid and general mathematical formulation thanks to the works of Varadhan [36],
Géartner and Ellis [108] between others. It is a particularly suited formalism to
work with thermodynamical quantities and it is used in a wide variety of fields
such as statistical physics, finance and engineering. We will now give a concise
introduction to this matter (a more detailed presentation of the theory can be

found in [88] and a basic introduction in [52]).

Let X,, be a random variable whose realizations depend on the parameter n and
such that X,, — sy, as n — oo. The fluctuations of X,, around the typical value
Sty are generally modulated by a function of the parameter n and vanish as this
parameter is pushed to the limit. The study of these fluctuations is the core of

large deviation theory. This motivates the following definition.

Definition 15 We say that the random wvariable X,,, with associated probability
density function p, satisfies a large deviations principle if there exists a non-

degenerate function ) such that following limit exists:
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lim —%logpn(s) = Q(s). (104)

n—oo
In this case, @) is called the rate function and it measures the intensity of the

deviations from the typical value.

The last definition implies the scaling

pals) ~ e ") (105)

n—oo
@ is generally a convex function defined in an interval (Syin, Smez) and has a
minimum of 0 that is reached at the typical value s, so that at the limit of
large n, p, converges to the Dirac distribution d,,,,: when n — oo, the probability
that X,, is equal to sy, tends to 1, and to O for all the other values. We see from
the scaling (105) that when the convergence is not achieved, the probability of
deviating with an intensity € from the typical value decreases exponentially with

e, at a rate that is given by the function Q).

A typical example of random variable satisfying a large deviation principle is the
empirical mean S,, of a cluster of n observations of an i.i.d. Gaussian random
variable X;. As n — oo, it is well known from the law of large numbers that S,
tends in probability to the expected value of Xy, and the asymptotic deviations
from this typical value are given by the central limit theorem. In this simple

case, it is immediate to see that S, follows a large deviation principle with a

(s—p)?
20.2 9

rate function equal to
deviation of the X;.

where o is the expected value and o the standard

The rate function is the central object in the theory, since it gives an approximation
of the distribution of X, for large n. Depending on the studied quantities, the rate
function can take various forms that can sometimes be computed explicitly. To
do so, one can use the central result of the theory, the so called Gartner-Ellis
theorem [108] that establishes a profound connection between the rate function

and an other object that we define now.
Definition 16 We call the scaled cumulant generating function vy, associated with

X, the following function (if it exists):

1
7(q) := lim —log E[e"%*"]. (106)

n—oo M

In the context of dynamical systems, v(q) is often called the free energy associated
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to the process X,,, in analogy with thermodynamics.

This function is in many applications computable numerically, if not analytically
(as we will see later). Its importance lies in its relation with the rate function @

of the process , enlightened by the following theorem:

Theorem 6 (Gartner and Ellis [108]) If the scaled cumulant generating function
v(q) associated to the process X, is differentiable, then:

1- X, satisfies a large deviations principle.

2-The associated rate function @) is the Legendre transform of ~y:

Q(s) = sup{qs — v(q)}. (107)

qgeR
This important result will be the principal tool used in the following sections, where
we derive some large deviations principles for various local quantities associated
with the dynamics, in connection with the generalized dimensions of the invariant

measure.

7.2 (Generalized dimensions and large deviations of the lo-

cal dimension

The similarity between the objects used in large deviations theory and in the multi-
fractal formalism in striking. For example, the spectrum of generalized dimensions
and the singularity spectrum are also related via a Legendre transform. In fact
we will see now that the spectrum of generalized dimensions is deeply connected
to the free energy associated to the finite resolution local dimension. Indeed, let
us consider a chaotic dynamical system (M, T, ). The value taken by the local
dimension at resolution r = e ", d,, = d(.,r), can be seen as a random variable
depending on the parameter n. If we assume that the limit exists, we have that

the scaled cumulant generating function writes:

—log [, r~@ ") dp(x)

1
7(g) = lim —log / e dy, = lim
M

n—oo 1 r—0 10gT
(108)
—1 B —9d
i S8 Ly Bl )
r—0 log r
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We recall that the function 7(¢) is defined in the multifractal formalism as (¢—1)D,,.
If moreover 7(q) is differentiable, then by applying the Géartner-Ellis theorem, we

have that d(.,r) satisfies the large deviation relation:

p({x € M,d(z,r) € [s,ds)}) = 96, (109)
where
Q(s) = sgﬂg{—qs +7(—q+1)} = sg}g{qs +7(¢g+1)}. (110)

The existence of the limit and the differentiability of 7 was proven rigorously for
a class of systems called conformal repellers in [80], but the universality of the
large deviation principle along with numerical evidence that we will present now
suggest that it could hold for a much larger class of dynamical systems. This
relation throws a new light on the considerations of section (4.3): although the
local dimension is constant p — a.e., when considering the finite resolution local
dimensions, fluctuations from the typical value D; are observed, that may be
caused by the presence of points of different scaling hidden is the neighborhood of
the target point z (the ball of center z and of radius r).

We now test this relation for systems that are not conformal repellers, by
comparing the rate function associated to the motion on the Sierpisnki Gasket
as defined in the section (5) obtained via two different methods. First, as the
analytical value for D, is known from formula (83), the rate function can be
evaluated using equation (110). We then compare it to the empirical rate function

obtained using the following procedure:

1. For a fixed radius r, compute for a large number [ of points z € M the
quantity d(z,r) via the EVT method described in section (4), and discard
all eventual values greater than the dimension of the ambient space (these
values are generally the result of numerical effects, often associated to border

points or pathological points of the attractor).

2. Record d,,;, and d,,,, the minimum and maximum of the obtained values and
chop the interval [dpin, dmaz] Into Ny segments of the form I = [sk, Spi1]
with s1 = dyin and sgi1 = S + dm“flbw. Normalize the result in order to

obtain an empirical histogram distribution f(s;) of d(.,r), the fraction of
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Figure 25: Rate functions for the motion on a Sierpinski gasket, computed ana-
lytically for the blue curve and applying the aforementioned procedure from 1,000
sampling points, each of which required a trajectory consisting of 10° iterates.

points for which d(.,r) falls in Ij.

3. denote d the mean of this distribution and for each bin [Sk, Sk+1] compute
the quantity Q:

If 531 < d, Q(sg) = %~

If s > d, Q(sy) = o)

4. Apply this procedure for smaller and smaller values of 7.

By applying this procedure to the motion on the Sierpinski gasket, we observe in
figure (25) a convergence as r tends to 0 of the empirical rate function Q to the
predicted curve. We point out that for numerical constraints, we cannot push the
convergence too far and that the smallest value of r that we took in this study is
0.0121.

The dynamics on the Sierpinski gasket defines a system that is not a conformal
repeller. Nonetheless, we observe a convergence of the empirical rate functions

to the theoretical curve, indicating that such a large deviation principle governed
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by the generalized dimensions of the system seems to hold in more general con-
texts. The results of section (4.3) also seem to support this fact. Indeed, the link
between the distribution of finite resolution local dimensions and the generalized
dimensions was made for a larger class of dynamical systems. Let us now investi-
gate the existence of large deviations principles associated to other local dynamical

quantities.

7.3 Generalized dimensions and large deviations of first

return/hitting times

We have seen in section (7.2) that the large deviations of the finite resolution local
dimensions are somehow governed by the generalized dimensions of the system.
We will see now that the multifractal nature of the measure also influences the
behavior of dynamical quantities such as first return time and first hitting time of

the dynamics into small target balls. We now define these quantities.

Definition 17 We call the first Hitting time of the point x € M into the ball
centered at z € M and of radius r the following quantity:

Hp(zpy(x) = min{n > 0,T"(x) € B(z,r)}. (111)

Whenever the point x belongs to B(z,1), this quantity is called the first return time
of x into this ball.

The first hitting time is a quantity of many interest in physical applications, since
its statistics allow to foresee the evolution of a system near a particular state of
interest. We have already pointed out in section (3) the relation between the
existence of an Extreme value law for a suitable observable and the existence of
hitting time statistics, made by the Freitas Freitas Todd theorem [10].

A fundamental result concerning return times statistics is their relation, for ergodic
dynamical systems, to the measure of the target set. This result is known as the

Kac theorem.

Theorem 7 (Kac [/1]) If the invariant measure p is ergodic, then:

%B(z,r) (z)dﬂ|B(z,r) ({[') ==

e W(BGr) (112)

Here, p|p(.r) is the restriction of pn to B(z,r), defined for all measurable set A by:
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/‘|B(Z,r)<A) = (113)
This theorem is central in ergodic theory and is used to prove plethora of results.
For example, by combining it with the Ornstein Weiss Lemma [42], it can be proven

in some quite general setting that for y almost all z € M,

log Hp(r
lim log A () _ D, (114)
r—0 —logr
We refer to [77, 78] for the detailed conditions of application and a proof of this
result. Just like for the finite resolution local dimensions, it has been proven

recently in [80] that for conformal repellers, the quantity

_ log %(Z’T) (Z)

he(z) : “ogr

(115)
follows a large deviation principle. The quantity deviates from its typical value
D; with a rate function Q* that is a bit more complicated than ) but is again
determined by the spectrum of generalized dimensions of the system [80]. We have

that for any interval I:

n({z € M, h.(2) € I}) ~ rinfscr Q7(), (116)

This result suggests that the multiplicity of scaling behaviors of the measure in-
fluences the statistics of return times. We investigate now whether an analogous

result exists for the first hitting time and consider the quantity

jfB(z,r) (ZL‘)

he(2,2) = — log.

(117)

It is not surprising that for systems with fast enough decay of correlations, the
origin of the starting point x is not of fundamental importance, since the system
loses memory over time. We therefore expect to find a result analogous to the one
for the return time. It was indeed proven in [84] that for ;1 x u— almost all points
(z,2) € M?, we have:

lim h,(z,z) = Dy. (118)

r—0
More generally, the relation between hitting time behavior and the local dimension
has been explored in a series of papers [109, 110, 111]. It is now natural to ask

whether the quantity h,(z,z) enjoys large deviations from its typical value D; and
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what is its eventual associated rate function Q The usual procedure to answer this
question is to start by computing the free energy R(q) associated to this process.

Again, taking n = —logr in definition (16), we have that:

— 1 1 —logrghs(2,z)
R(g) = lim “loar log/M /M e dp(x)dp(z)
1 s
— 1 qlog B (2,1
11_1% “ogr log/M /M e du(z)dp(z) (119)

= lim

1
q
lim —logrlog/M/M%(”)dM(x)d”(z)'

Now that we have found a general expression for the free energy R(q), an important

step to go toward the desired large deviation result is to prove a technical result:

lemma (1). This is done under the following set of assumptions:

e A-1: Exponential distribution of hitting times with error. There is

a constant C' > 0 such that for p-a.e. z € M and ¢ > 0 we have

‘u ({x € M s.t. Hgony(a) > m}) et

where

< 6, max(t,1) e’
(120)

0r = O (u(B(z,7))|log u(B(z,7))|) (121)

In particular, for t > u(B(z,7))|log u(B(z,7))¢| we have:

t

1L ({x € M st. Apin(x)> m

b) = explt(1+ 0611+ 0)
(122)
with 1, = O(u(B(z,7))), while for t < u(B(z,7))|log u(B(z,7))¢| we have!

" ({x € M s.t. A () > mb >1-2 (129)

Notice that the above implies that both 7, and 6, depend on the point z € M.
e A-2: Exact dimensionality. The measure p is exact dimensional.

e A-3: Uniform bound for the local measure. There exists d* > 0 such
that for all z € M we have

w(B(z,7)) <rt. (124)

'In the proof of lemma 1 we set the constant exponent C' to unity because its value is irrelevant
for the proof.
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e A-4: Existence and regularity of the correlation integrals. For all
g € R the limit defining 7(¢), equation (12), exists. Moreover the function
7(q) is real analytic for all ¢ € R, 7(0) = —Dy, 7(1) = 0, 7'(¢) > 0 and
7"(¢) < 0. In particular 7”(¢) < 0 if and only if x is not a measure of

maximal entropy.

This last assumption is a strong one and it has been proven to hold for conformal
mixing repellers endowed with Gibbs measures in [24]. This condition has also
been assumed in [80], to prove the large deviation result for the return times
(116). For the same class of conformal repellers Assumption A-3 holds too (see
Lemma 3.15 in [80]). Assumption A-1 was proven for a large class of mixing
systems with exponential decay of correlations in [37]. However, we consider these
tdeal systems interesting models to establish rigorous results that might also hold

in more general settings.

Lemma 1 If the system verifies the assumptions A-1 to A-/4, then we have that
the free energy R(q) associated to h,(.,.) is equal to:

R(q) = —1(1 —q) = qD1—4 if ¢ > —1. (125)

R(q) = Dy if ¢ < —1. (126)

In order to prove with result, we will need a further lemma, whose demonstration

is a standard exercise.

Lemma 2 Consider a function f from M to the integer numbers larger than, or
equal to one: f: M — N,. Let 0 < A <1 and define

I(q) = /M f9(@)dp(2). (127)

Then, when q > 0,

I(g) = 1=Jim % ({o € M s.t. f(2) > th4— /AOo 7l ({x €M st f(z)> %})

(128)
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On the other hand, when q < 0,

I(q) = _% Aoo =1y ({x e M st f(z) < %}) dt. (129)

Proof of Lemma 1. We follow the scheme of the proof of Theorem 3.1 in [47], by
translating its argument from cylinders to balls. To achieve so, we apply lemma 2

to f(x) = B (r) and consider the integral

Ha=120) = [ Ao (@) duta), (130)
M
which is of the form studied in lemma 2. There are three cases to consider.

1. Case 1: ¢ > 1, that is, ¢ — 1 > 0 that allows to apply formula (128).
Because of assumption A-1, equation (120), the limit in equation (128) is

null. Moreover, using again equation (120) for ¢ > 1,

t

e ' (1-Co,t) < p ({x € M s.t. Apn(r)) > W(B(G.7)

}) < 6_t<1+ff;?>’

we can bound the integrand at right hand side in equation (128):

q—1 X a2t % a1t
I(g—1,z7r 2—{/ % dt—C(ST/ t e dt}.
( ) p(B(z,r))t L 0

The last two integrals are convergent. Moreover, observe that equation (121)
and A-3 imply that ¢, is uniformly bounded from above. Taking r small
enough the term into brackets becomes positive and larger than a quantity
independent of r. A similar reasoning yields an upper bound for I(¢—1, z, )
of the same form. Since the double integral [, [, 5 (x)?  du(x)du(z)
is the single integral of I(q— 1, z,r) with respect to du(z), the equality (125)

follows.

2. Case 2: 0 < ¢ < 1. Since ¢ — 1 < 0 we employ equation (129):

1—gq o t
I(g—1,z,7)= —/ 12y ({x € M st. HApin(r) <
=12 = LB Lo Bl < B
(132)
We use again equation (131) to get
H(g—1,27) > il /oo 12 (1 (14 CO, 1))t = %S(Z,T),
w(B(z,r))t Ji u(B(z,7))1~
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In the above we have put
S(z,r) = / t772(1 — e Hydt + C’5T/ t e tdt,
1 1

The term S(z,r) is again composed of a constant (the first convergent inte-
gral) and of a vanishing quantity (when r — 0), which puts us in the position
of using the previous technique to obtain a first inequality between the two

terms of equation (125).

To prove the reverse inequality we begin by observing that for ¢ < 1 condi-
tion A-1 simply becomes |u ({w € M st. Hpin(z)) > m}) —ef| <
O(9,); then we start from equation (132) and we part the integral in two, the

first from p(B(z,r)) to one and the second from one to infinity:

Gk B A (133)

e

We use again equation (131) to get:

! t
J :/ -2y, ({:c € M st. My () < —}) dt < (134
Y e B(e) () w(B(z,7)) (134)

1

1 1
/ t72(1—e "+ 0(6,))dt g/ t772(1 —e_t)dt—FO((ST)/ t12dt.
n(B(zr) 0 u(B(zr)
(135)

The first integral in the above is a positive constant. Let us consider the

second term:
' o, O(6)) 1
06, [ %t < T (Bl = O Bz log Bz ) |
w(B(=)) —q

where the last equality follows from 0, = O (u(B(z,r))|logu(B(z,1))) ],

equation (121). Therefore, when r tends to zero, this term vanishes.

The case of J; is easier:

e.) t (o]
J :/ a2 ({a:EMs.t.%” oo (@ <—})dt§/ t172dt = O,
=) pen() < B 1 :
(136)

which is again bounded by a constant.

. Case 3: ¢ < 0. We use again equation (133), with J; and J, defined in equa-
tions (134) and (136), respectively. For the latter integral the inequality (136)
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still holds, with a different constant C5. To deal with the integral .J; we fur-
ther split its domain into the intervals [u(B(z, 7)), u(B(z,r))|log u(B(z,r))|]
and [u(B(z,r))|log u(B(z,7))|, 1], thereby defining the integrals .J; ; and J; o,
respectively.

At this point we use equation (123) to estimate from above the integrand of

Ji1 and equation (122) to do the same for J; 5. Putting the two estimates

together, we obtain

1
h= 03/ o< [1(B(z,7))" = 1] < %u(B(Z,T))q, (137)
w(B(z,r)) |Q|

where (5 is another constant independent of r and z.
To get a lower bound we write

1 1

¢
Jy = / %y (%% e < —) dt > / 1 (A gy < 1) dt
(B (=) =0 W(B(z, 1)) w(B(zr) =)

1

= uBL=, 7”))/ t97%dt = |q — 1| u(B(z,7))" [1 = p(B(z,7))" "]

w(B(z,r))

> Jg = 1|7 u(B(z,r) [ — ol

In the last step we have used equation (124), so that the term in the square

brackets is positive and uniformly bounded for r small enough.

By collecting all the preceding estimates, we get the desired result for all ¢. =

One of the assumptions required to prove the previous lemma was the existence
and differentiability of the function 7 defined in section (4.1). Even with this
condition, the free energy function R is not differentiable in —1 and so we cannot
apply the usual procedure of the Gartner-Ellis theorem to obtain a large deviation
principle. However, as R is differentiable and convex on the interval (—1,+00), a
local version of the theorem can be applied (as reported in the lemma XIII.2 in

[89]) and yields the following theorem:

Theorem 8 If the system satisfies the assumptions A1-Aj4, then for all s €
[D1,D_), h, follows the large deviations principle:

g o ¢ {In(z.) > 1) = Q) (139
where Q(s) = sup{qs + (1 — q)}.

q€eR
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We find, again a large deviation principle associated to the hitting time in which the
rate function is entirely determined by the generalized dimensions of the system.
Although the result has been proven under the quite restrictive conditions A1— A4,
we will present in the next section numerical results suggesting that it could hold in
more general situations. These large deviations results reveal once again that the
multifractal nature of the invariant measure of the system determines some pre-
asymptotic dynamical behaviors of the system and that generalized dimensions
can be used as a bridge between what we called at the end of section (4.3) the

penultimate attractor and the ultimate fine structure of the attractor.
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8 Further methods to compute the generalized

dimensions using scaling relations

We have seen throughout the thesis that generalized dimensions are involved in
different scaling relations. One can take advantage of these relations to compute
numerically the generalized dimensions of a system. We will present briefly some of
these methods already found in the literature and also introduce a further method
using the results of the previous section relating hitting times and generalized

dimensions.

8.1 Using the Correlation Integral

Let us describe the so called correlation integral method, discussed in details in
[26]. This standard technique takes advantage of the scaling implied by definition
(12), that is:

[ B () o P, (139)

The idea is to estimate the quantity in the left hand side of the above relation, called
the correlation integral and denoted I',(g,7). Then, the generalized dimensions of
order ¢ can be extracted by finding the scaling of I', (¢, ) when r tends to 0. We will
discuss in section (8.4) how to do so. To evaluate I',(¢,7), we start by estimating,
for a target point z; chosen at random with respect to the invariant measure, the
quantity p(B(z;,7)). This is achieved by choosing a generic starting point x,
running a long trajectory of the system (zg, T, ..., 7" 'z¢) and by computing

the quantity:

n—1

A 1 X

Bn(zia T) - E Z ]]‘B(Ziﬂ") (TJI(])) (14())
j=0

that is an estimate of the measure of a ball of radius r centered at z;. Once these
measures are evaluated for a sufficient number m of target points z;, I',(g,7) is

estimated via a weighted Birkhoff sum:

T(q,7) ~ 1/mZB(zi,r)q_1. (141)

This method is particularly suited to compute the positive ¢ part of the spectrum.

Indeed, for negative g, some balls of exceedingly small estimated measure can
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make the weighted Birkhoff sum in relation (141) explode. Boxes of unnaturally
small measure are often obtained numerically when considering points z; located
at border regions of the attractor, where much larger statistics should be used to
obtain reliable results. To overcome this issue, several variant methods, still based
on this general idea were proposed and gave satisfactory results [29],[39]. A further
method based on the computation of return times was proposed. We will present

1t now.

8.2 Using return times

The Kac theorem (7) makes a link between measures of balls and return time
statistics inside these balls. This profound relation led to the development of a
method to compute generalized dimensions, particularly suited for negative q. The
method, presented in [45] (see also [46] for a detailed review) takes advantage of

the relation

V0.1) = [ @) (o) o TP, (142)

This relation is obtained using Kac theorem and replacing the measure of balls in
equation (12) by the return time of the center into its ball. In fact, a rigorous result
would be given in terms of the expected value of the return time to the ball B(z, r).
As it is more difficult to implement, the method computes only the return time
of the center of the ball and rely on an agreement between this quantity and the
expectation of return times as the radius of the ball goes to zero. Although there
is no general proof of this scaling, numerical results suggest the validity of relation
(142). A discussion of this matter and a rigorous proof in a specific example is
available in [46].

The return time integral W, (q,r) can be evaluated via a weighted Birkhoff sum
over the return times of the ball centers. It remains now, as for the correlation
integral, to evaluate the scaling as r goes to 0 of ¥, (g, 7) to extract the generalized
dimension of order ¢ (it works only for negative ¢). We will discuss how to do so
in part (8.4). It is interesting to remark that this method, as the one presented
earlier using EVT in section (5) is also based on close recurrence properties of the
system. The interesting difference is that they allow to evaluate complementary
parts of the spectrum of generalized dimensions. We now present an analogous
method, based on relation (125), that has the advantage of using hitting times, for
which data, obtained using a single trajectory, are much more numerous than for

return times.
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8.3 Using hitting times

We start from the expression of the free energy in the first equation of lemma (1).
Combining it with equations (12) and (119), the simple substitution ¢ — 1 — ¢
yields the following scaling for ¢ < 2:

TM(Q: T) - /M /M <%ﬂB(z,r‘) ("L‘)l_qdﬂ(x)dﬂ(y) ~r—0 TDQ(q_l)- (14?’)

By estimating the Hitting time double Integral defined by the left hand side of the
above relation, one can extract estimates of D, for ¢ < 2. To do so, we proceed in

three steps. We start evaluating the integral over x for a fixed target point z; by
the Birkhoff sum:

[:[n,q,r(zi) = 1/”2%(%#)@”17(17

j=1
where the z;’s are n points chosen at random with respect to the invariant measure.
In order to optimize the computations, we select the points x; to be the 5t iterates
of a generic point xy. By doing so for a long enough trajectory, we are assured
that these points are sampled with respect to the physical invariant measure of the
system. To determine the number of points n considered in the Birkhoff sum, we
choose to stop the computation as soon as the trajectory of z, has entered B(z, )
[ times, where [ is sufficiently large. In so doing, enough hitting time statistics
should be considered in the sum. [ is now a function of n.

Repeating this computation for m generic target points z; on the attractor (that can
also be taken along a trajectory of the system), a second step requires to perform
another Birkhoff sum of the previous quantities, now over the target points to

estimate the double hitting time integral:

TM(Qa T) ~ 1/m Z f{n,q,r(zi)'
i=1

Since the scaling of T, (¢, ) is given by the generalized dimension of order ¢ of the
system, it remains (as for the correlation integral and the return time integral) to
estimate this scaling for small values of r. We present in the following section a

technique to do so.
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8.4 Numerical extraction of the generalized dimensions

All three methods presented before are characterized by a scaling of the type
L,(q,7) ~r20 pPala=1), (144)

where 1,(q,r) can denote any of the three integrals presented in equations (139),
(142), (143). A naive method to extract D, would be to take r as small as possible
and hope that the ratio between the logarithm of the integral estimate and the
logarithm of r be not far from its limit value. In practice, the convergence of this
ratio can be quite slow and this approach can give very bad estimates. A more
reliable method consists in computing the integral for various values of r equally
spaced in logarithmic scale, and finding a least square fit of the logarithm of the
integral with respect to logr.

In the numerical simulations that are presented below, the same trajectories are
considered for the evaluation of ¥,(q,r), I',(q,r) and Y,(g,7), so that the results

can be compared fairly.

We first test this method of extraction on the Arnol’d cat map, defined by equation
(74), that constitutes an archetypal chaotic dynamical system for which it is easily
seen that assumptions Al — A4 are satisfied. We recall that this map has an
invariant measure which is Lebesgue on the torus, and has therefore a constant
spectrum of generalized dimensions equal to 2. The results are displayed in the
left window of figure (26), where the scaling of the logarithms of the hitting time
double integral and the correlation integral are shown, for various values of ¢. A
visual investigation confirms the linear dependence of these quantities on logr. To
analyze the scaling more in detail, we define, for a parameter p < 1 that gives the

spacing of the values of r in logarithmic scale, the quantity:

ou(r) = 1 logl,(q,pr)—logl,(q,r)
1 g—1 log(pr) — logr '

This quantity is constant in the case of a linear dependence, as it is just the slope

(145)

between successive values of r. On the other hand, non constant values of o,(r)
indicate that the asymptotic linear scaling is not yet achieved. The values of o,(r)
against r, for values of ¢ between —1 and 2 are presented in figure (26). Unlike
the case of the correlation integral (green curves), where o,(r) are almost constant
and equal to the predicted value of 2 (note that an upward shift of 0.05 of the

curves is operated for clarity), the curves for the hitting time double integral for ¢
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close to 2 are far from constant and the value obtained for ¢ = 2 for the smallest
radius 7 = 1.77.1073 is still far from 2 (around 1.83). For negative ¢ however, the
convergence for the hitting time double integral is obtained much more rapidly
and match perfectly the predicted result. To deal with the problem for values of ¢
close to 2, a further extrapolation can be considered. The convergence being quite

slow, we expect a behavior that is typically of the type:

o4(r) = D, + B/ log(r). (146)

A fit that involves now two parameters can be performed and a better estimate
of D, can be found. The blue line in the right panel of figure (26) is the best fit
obtained for ¢ = 2, which gives a value of Dy = 2.006 that matches the theoretical
value up to three digits. For smaller values of r, the results get less precise. This
effect is shown more in details in figure (27), in which the results for the return time
integral method are also reported. This last integral is estimated with the same
data as for the hitting time integral, but only first return statistics are considered.
We see from this plot that all three methods provide reliable estimates correct up

to three digits, at least for a suited range of r.
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Figure 26: Left panel: correlation integral I',,(r, ¢) (green lines) and hitting time
integral Y, (q,r) (red lines) evaluated numerically by the procedure described in
the text, with [ = 32, m = 256,000. Lines join values with the same ¢, ranging
from ¢ = —1 (highest curve) to ¢ = 2 (lowest). Right panel: slopes o,(r) extracted
from Y,(q,r) in the left panel, following equation (145) (red). Values of ¢ range
from ¢ = —1 (highest curve) to ¢ = 2 (lowest). The blue curve is the fit given by
equation (146) with Dy = 2.006 and B = 1.095. Finally, values of o,(r) extracted
from I',, (g, r) are plotted in green, shifted upwards by .05.

The scaling (143) on which the hitting time double integral method is based has
been proven to hold for systems satisfying assumptions A1 — A4, which are quite

restrictive. We can ask now whether the relation still holds for a larger class of
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Figure 27: As in figure (26): data for ¢ = —1. Also plotted (blue) are the data
obtained by the first return time integral ®,,(¢, ), equation (142).

dynamical systems. Lacking a proof of this fact, we investigate numerically the
validity of this relation, and so the domain of applicability of the technique for the
case of the Hénon system, presented in section (5.1). This system does not satisfy
assumption A4 in particular, as its spectrum of generalized dimension contains a
point gr ~ 2.3 where it is not differentiable, due to the non-uniform hyperbolicity

of the system [6].

In figure (28), the variation of o, (r) with respect to both ¢ and r is plotted. For the
Hénon physical measure, fits for the correlation integral are known to be extremely
difficult as they depend strongly on the range of r considered [46]. This issue is
apparent in figure (28), right panel, where the values of o,(r) change significantly
in a non predictable way for a fixed ¢ as r changes. Despite this fact, a striking
concordance is found between the values of o, () for the hitting time double integral
and for the correlation integral. This suggests that the method can be applied also
in this context, so that equation (125) may hold in more general context than the
set up under which it was proven rigorously.

In figure (29), we plot the best fits performed over the whole range of r displayed in
the left panel of figure (26). The agreement between the two method is striking for
values of ¢ ranging from -4 to 1. The curve Dy/(q—1), which follows from equation
(126) and describes the scaling of the hitting time integral for ¢ larger than or equal

to two is also plotted (in blue). As in the case of Arnol’d cat, estimates for values
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of ¢ close to 2 need to be accelerated by the fitting of the kind of equation (146).

For larger values of ¢, the scaling follows the predicted curve remarkably well.

o)

I(r.q). Y(rq)

Figure 28: Left panel: correlation integral I',(r, ¢) (green lines) and hitting integral
T,(q,7) (red lines) evaluated numerically by the procedure described in the text
with [ = 64, m = 256,000. Lines join values with the same ¢, ranging from
q = —5 (highest curve) to ¢ = 4 (lowest). Right panel: slopes o,(r) versus r and
q extracted from I',(q,r) (green) and Y,(q,r) (red) in the left panel, following
equation (145).

These experimental data leads us to conclude that the theoretical method to de-
termine generalized dimensions implied by equation (125) has a practical value,
especially for negative ¢q. For values of ¢ close to 2, reliable estimates may still be

obtained by accelerating the convergence by suitable techniques.
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Figure 29: Generalized dimensions obtained by fitting the data in figure (28), left
panel. Dimensions obtained from the correlation integral are plotted in green, from
the hitting time integral in red. Plotted in blue is the curve Dy/(q — 1), implied
by equation (126).

9 An application of EVT to the study of a
real world multi-dimensional dynamical sys-

tem; collective events in neural networks

This chapter is largely taken from the publication T. Caby, G. Mantica, Extreme
value theory of evolving phenomena in complex dynamical systems: firing cascades

in a model of neural network [57].

9.1 Motivations

Until here, we presented applications of Extreme Value Theory to the study of
chaotic dynamical systems, making use of quite simple observables, in the sense
that they can be computed at a given moment in time and they characterize regions
with simple geometrical structures, such as balls or neighborhoods of the diagonal
in the product space. This allowed us to obtain some meaningful information on
the system. The classical theory of EVT however (the one originally developed
in statistics) has been fruitfully applied to phenomena like earthquakes, floods,
epidemics [114, 115], that all involve complex, many dimensional interactions that

operate for a certain period and are otherwise silent. For such systems, the ex-
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treme events can develop over long temporal scales and the regions of phase space
characterized by the extreme events can have very complex, possibly fractal geom-
etry. As a first step to account for such situations, [139] introduced observables
(or, as we will call now intensity functions) that depend on the distance from an
uncountable set of points populating a fractal set K C M. The authors revealed
the role of fractal quantities like Minkowski dimension and Minkowski content of
the fractal set K on the extreme value distribution of the observable. These results
apply for general (i.e. not necessarily Lebesgue and possibly singular) invariant
measures. Recently, this analysis gained full mathematical rigor in [132], where
the authors proved rigorously that such extreme value laws hold and pointed out
the role of the extremal index as an indicator of the compatibility of the dynamics
with the geometry of the fractal set K.

Suppose that, unlike what we have studied so far, the intensity of a phenomenon
cannot be determined instantly at time n, when the dynamics visits the phase—
space point z,, because this phenomenon develops over a certain time span, so
that its true intensity can only be assessed when it terminates. This is the case
of neuronal avalanches, when the electrical activity of the brain is sustained for a
few milliseconds. But it is perhaps easier, to focus ideas, to consider a geophysical
analogy [123], to which the theory to be exposed herein can be equally applied.
An earthquake can be triggered by a single seismic event, a rupture, which prop-
agates and multiplies in space and time. The total energy released by the quake
is the intensity of the event, which can be assessed only after the shock termi-
nates. Notice at this point that even if this event takes place continuously over a
finite time—span, it is usually ascribed in geophysical catalogs to the moment of
the first, triggering rupture. To put this observation into the theoretical frame-
work of dynamical extreme values, the intensity function must take the form
¢ : M™ — R, in the sense that the event at time n has an intensity I(n, z,)
of the form I(n,z,) = &(zn, Zni1,-- -5 Znim—1), Where m is the duration of the
phenomenon. We will now consider such a situation. A first observation must
be made at this point. Since we are in the presence of a deterministic dynamics,

Zntj = T (2,), the intensity function takes on the special form

A (Zns Znsts - s Zngm) = (2o, TH20)s oo, T H20)) = d(2). (147)

Intensity can therefore be thought of as depending only on the initial point z, via
a global function ¢ : M — R. At first sight, one might therefore think that this

approach is void of any generalization. As a matter of facts, because of this recourse
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to future points of the evolution, the function ¢ is presumably very complex and
its phase—space portrait, i.e. its level sets, might feature a fractal, hierarchical
organization, thereby providing a concrete dynamical example of the theory of
[139] mentioned before. On the other hand, when the dynamical system is chaotic,
the function ¢ in formula (147) cannot be given a more efficient computational
scheme other than what expressed by the central expression in equation (147): the
best one can do is to follow the dynamics as it evolves and record its data. Think
again of the earthquake example: while it develops, it is practically impossible to
forecast its intensity. On a more theoretical vein, recall the aphorism by Joe Ford:
a chaotic system is its own fastest computer and most concise description [118].
There is a second consideration that renders the generalization (147) far from
trivial: the time—span of the phenomenon, m, is not known a priori, nor it is
constant over different events: the integer m in equation (147) depends on z,.
Because of the reasons just outlined there is no significantly better way to compute
m than to follow the dynamics until m reveals itself: that is, the phenomenon under
investigation—the quake—terminates.

We will in this chapter propose a theoretical framework to extend the dynamical
treatment of extreme events to this kind of systems. We shall do this by focusing
on a specific example, a model of neural network that has been introduced to
describe various phenomena occurring in the electrical activity of the cerebral
cortex [116, 117, 119, 120]. This model draws its origin, object and motivation from
a vast body of existing research involving mathematics, physics and physiology.
It is not intended to reveal new phenomena in the last field, although we will
provide a new conceptual approach to a much studied problem, the statistical
description of firing cascades, better known as neuronal avalanches [133, 140, 128,
136, 135]. Rather, the model just mentioned is particularly suited to introduce a
formal advancement in the dynamical theory of extreme values, which is relevant
to the neuronal case, among many others. In fact, at difference with the standard
theory, we will consider extreme events in complex, many dimensional systems
that are not restricted to a specific instant in time, but which evolve in a finite

time interval.

9.2 Neuronal avalanches

It is now possible to return from the geophysical analogy to the paradigmatic
example described here: neuronal avalanches. It is observed that electrical stimuli

originate (in the presence of, or without a sensorial stimulus) and propagate in the
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cerebral cortex to involve the firing of thousands of neurons. In fact, a neuron may
either be silent, or spike, which means, depolarize and send an electric stimulus
via synaptic connections to other neurons. It is established that this activity
composes a fundamental part of the computation performed by the brain [145,
141, 130]. It can be recorded by suitable devices [128] and it appears as bursts
of firings, at times well separated between each other, but more often adjacent.
In certain instances this activity may be due to synchronized oscillations of large
number of neurons [122], but more complicated patterns are frequently observed,
somehow intermediate between the former and homogeneous, uncorrelated firing
of individual neurons. A substantial amount of literature (see e.g. [133, 140, 128,
136, 135]) has shown that this regime can be described as critical, characterized by
power laws and scaling relations. We focus our attention on both the critical and
the sub-critical regime, but we introduce a seemingly new operational definition of
avalanche.

This definition is akin to what Rangan and Young [124, 125] have termed multiple
firing events, as the maximal sequence of firings that are caused by a single neuron.
By simulating each neuron in a network (typically, several thousands of these are
considered) as characterized by microscopic variables (voltages and conductances)
evolving according to coupled ODEs, and by the technical expedient of setting
certain synaptic time constants to zero, Rangan and Young have been capable
of determining exactly which neuron causes the firing (also called the spike) of a
post-synaptic neuron.

The situation in the model that we will study is different and more general, in that
the combined electrical activity of many different pre—synaptic neurons can cause
the spike of a neuron. Nonetheless, by studying the detailed dynamics of a single,
unperturbed neuron—in particular, the basin of attraction of the spiking event—
we will be able to introduce a rule according to which the firing of a particular
neuron can be identified as the precipitating cause of the spike of another. We shall
then define a firing cascade as the tree that mathematically encodes such chain of
excitations. We believe that this approach is general enough to be applicable to a
wide set of complex systems composed of many interacting components.

Typical characteristics of these trees/cascades are intensity functions H like their
intensity (number of nodes/number of firings), duration, and degree (number of
levels in the tree). Extreme value theory, as described in the previous section, will
be applied to these functions, both from the point of view of exceedances and of
block maxima (concepts to be made precise below), thereby providing a concrete

example of the abstract theory. We first describe in part (9.3) the dynamical model
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of neural network that we adopt, borrowed from [120]. It consists of a collection of
two—dimensional maps, each representing an individual neuron, initially proposed
by Rulkov [116, 117]. In parts (9.4) and (9.6) the theory follows closely, with
minor modifications, the original references [116, 117, 119, 120]. This is a necessary
introduction, not only to set notation and define concepts, but also to investigate
a few details of dynamical import: in particular, the basin of attraction of the
spiking event, described in part (9.5), which is instrumental to define causality
interactions. Neurons do not work in isolation, but are linked in a sparse network,
where different neurons interact only when the spiking state is reached. In part
(9.6) we describe the model of network connections, following [119, 120], and then
in part (9.7) the collective dynamics that takes place on it.

We start in part (9.7.1) from the problem of the existence of an invariant measure
that we heuristically replace by Birkhoff time averages, having nonetheless in mind
that this procedure might be dubious due to possible long transients in the dy-
namics [137]. Part (9.7.2) contains the fundamental definition of firing cascades as
trees of causal excitations, as well as its practical implementation, which is based
on the concept of basin of attraction of the spiking event. This permits to define
and measure important quantities like the intensity S of a cascade, its degree/gen-
eration level G and its time span T'. In part (9.7.3) the statistics of these quantities
is analyzed, showing a transition to critical behavior as the intensity of coupling
among different neurons is increased; the exponents of the power—laws describing
the above quantities obey critical scaling theory. From the point of view of extreme
value theory, this analysis can be classified as statistics of exceedances.

Finally, in part (9.8) we further widen the scope of our investigation: we show the
emergence of Extreme Value Laws in the statistics of extrema in time-intervals
of finite length. This provides scaling relations that also permit to compute the
probability that all cascades in a certain time interval have intensity less than a
given threshold.

The conclusions briefly summarize the work, and an Appendix describes in an
elementary way the stability regions, in parameter space, of the fixed point of

Rulkov map.

9.3 The dynamical model: a sparse network of Rulkov
maps

A variety of models have been proposed to study numerically neuron dynamics.

Many of these are random. Purely dynamical models, on the other hand, can be
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continuous time models, involving systems of differential equations [129]. They are
able to reproduce a whole variety of observed biological patterns [124, 125, 126],
but are expensive from a computational point of view. On the contrary, Rulkov 2d-
iterative neurons model [116, 117] is a good compromise between capacity of well
reproducing real biological behaviors, such as irregular spiking and bursts of spikes
[117, 119] and fast computations, two features that are crucial for analysis. In this
section, we briefly describe the dynamics of a single neuron, which is effected by
Rulkov map. We follow the implementation presented in references [119, 120] that
also contains illustrative pictures. We need only to mention that, at difference with
these references, we do not allow a random external input: our dynamical system
is fully deterministic.

Rulkov map describes the evolution of a fast variable z,, (n is integer time) that
models the membrane potential of a neuron, and a slow control variable ¥, that,
although it is void of physiological meaning, is required to pilot the evolution of
the former, so to reproduce some patterns observed in real experiments. This
pair of variables describes the state of every neuron in the system. We label
neurons by the variable i = 1,..., N, so that the phase space of the system is
M = {(«',y"),i = 1,...,N}. Recall that n labels time; Rulkov map is then

defined as follows:

{ xil-f—l = F(xiwy:z?[rzwxil—l) (].48)

Yni1 = Y — m(a;, + 1) + po + pl.
The variable I’ is the synaptic input, a current, acting on neuron i at time n,
defined below in equation (155). Different neurons are coupled only via this term.

It is convenient to first discuss the dynamics when this external input is set to zero

and each neuron evolves independently of the others.

9.4 Unperturbed dynamics of the single neuron

In this subsection, accounting for the fact that I’ is set to zero and neurons do not
interact, we drop the neuron index ¢ for clarity. The function F' in equation (148)

is defined as follows:
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‘— +y,+ 6L, ifz, <0

1—xn
F(zp, Yns In,tn1) = a+y, + B1, if x, >0 and {z, < a+y, + SI, and z,,_; <0}
-1 if , >0 and {z, > a+ vy, + B, or x,_1 > 0}

(149)
The parameters «, 3, 1, 0 appearing in equations (148),(149) are all positive.
The parameter S modulates the relative influence of the synaptic input [, with
respect to y, in equation (149). We choose 5 = 0.133. Notice that a memory effect
is present in the above definition, via the value of the variable x at time n — 1.
The parameter u is taken to be small (u = 1073), so that the variable y evolves
slowly with respect to time, following the second equation in (148). Also, its
values cover a limited range. The combination of x4 with o and ¢ determines the
structure of motions, as discussed in detail in [116, 117]. In Appendix we sketch
a simple analysis of the stability of the fixed point (¢ — 1,0 — 1+ -%3). Stoop et
al. [120] choose o = 3.6, so that only o is left free to vary. As shown in Appendix,
under these conditions the map admits a bifurcation at ¢ = o, = 2 — ﬁ
Parameter space is accordingly parted in four regions, I to IV, plotted in figure
(31) in the Appendix. Choosing o = 0.09 puts the parameter-space point in region
IT, implying an attracting fixed point, while ¢ = 0.103 leads to region III, where the
fixed point is unstable. This permits to define two kinds of neurons: Intrinsically
Non-Spiking Neurons (INSN) (parameters in region II, motion in the left frame in
figure (30)) and Intrinsically Spiking Neurons (ISN) (region III, right frame). These
latter are the initiators of the dynamics of the network. The different behaviors
are apparent in figure (30) where we plot motions in the single neuron phase space
(as in figure (1) in [120], the y axis is in abscissa and the 2 axis in ordinate).
A neuron is said to fire when its membrane potential x,, reaches a local positive
maximum (depolarization) and then suddenly drops to the hyperpolarized state
x = —1: in physiology one talks of increasing polarization when the potential
becomes more negative. At this moment a signal is transmitted to the other
neurons, as described in the next two sections. It is instructive to follow the motion
in the right panel of figure (30). Three cycles are plotted (two are almost coincident
and require attention to be distinguished), each of which contains a spike. Start
from the rightmost part of a cycle and follow points rotating counter-clockwise,
so that g, initially decreases and x,, increases. This happens because of the first
alternative in equation (149). The map (148) is defined in such a way that when x

becomes positive at time n (z,,_1 being negative: draw a horizontal line at ordinate
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Figure 30: Typical trajectories in the single neuron phase-space (y, «) of an isolated
INSN (left) and of an isolated ISN (right). Lines between points are merely to guide
the eye. Motions happen counter-clockwise in both frames. Notice the different
range of the axes; in the INSN case the figure is zoomed about the fixed point of
the map.

x = 0 in the figure for visualization), either x,, is larger than a+y,,+ 51, so that at
the next step the membrane potential drops to the negative value x,, 1 = —1 (third
alternative), or else it further increases to the value z,.1 = a + y, + 51, (second
alternative), before achieving the value =, = —1 at the following iteration, again
in force of the third alternative. This motivates the introduction of the spike
variable &, that is always null, except at those times when the neuron potential
reaches the hyperpolarized state, in which case it takes the value one. It can be

formally defined as follows:

Lit F(Zn, Yn, In, Tn1) = —1,
m-{ (&3 2 (150)

0 otherwise.

The spike variable &, will be used later in part (9.6) to define the dynamical action
of synaptic coupling. Let us now study the stability of the fixed point of Rulkov
map. It is easy to derive the fixed point of Rulkov map and its stability. Consider
again an isolated neuron, and assume that we are in the first alternative of equation
(149), which yields the map

G- .
v Y (151)
y — y—plzr+1)+ po.

From this, the unique fixed point (Z,y) easily follows:
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Figure 31: Stability regions of the Rulkov map (152) in parameter space. Moving
from the bottom left corner (0,0) to the bottom right (3,0) one encounters regions
[ to IV in order. See text for further details.

This result is consistent with equation (149) provided that & < 0, that is, o < 1.
The differential of the transformation, ¢.e. the linear map from the tangent space

at the fixed point to itself is

J:[ﬁ 1] (153)

Putting for simplicity A(a, o) = ﬁ the linear map J has real eigenvalues pro-

vided that A(1 — (a,0))? > 4u. In the opposite case, complex conjugate pairs
appear. In this case, the square modulus of the eigenvalues equals the determinant
of J and is

Det (J) = A(a,0) + p.

This situation is pictured in figure (31): A(a,0) and p are always positive and
are taken as coordinates in the (A, u) plane. When the corresponding point lies
below the parabola (1 — A(a, 0))? = 4u, J has two real eigenvalues. If moreover
A < 1 (region I) their absolute value is less than one and the (hyperbolic) fixed
point is attractive, while it is repulsive when A > 1 (region IV). In the region
above the parabola and below the line A(a, o) + =1 (region II) J has a pair of
complex conjugate eigenvalues of modulus less than one, so that the fixed point is
still attractive, and trajectories spiral down to it. When finally A(«, o) is above
both the parabola and the straight line (region III) two eigenvalues of modulus
larger than one appear: the fixed point is unstable, and trajectories spiral out of
it.
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9.5 Perturbed dynamics of the single neuron: basin of at-

traction

The synaptic input I, received by a neuron can either be stochastic or determin-
istic, as in our case. How this latter is generated in our model is inessential for
the present discussion and will be explained in the next section; suffices here to
observe that I, enters equation (149) linearly. In particular, a positive current I,
increases the potential z,, (hence, it depolarizes the neuron) and can therefore be
associated with an excitatory action, while the reverse is true for a negative current
I,,. Notice however that this rule of thumb has non—trivial exceptions that we will
describe momentarily.

Figure (32) shows how the dynamics of both ISN and INSN observed in figure (30)
is perturbed by I,,. Typical trajectories are shown, in which sharp angles appear
when [, is non—null. Notice however that time being discrete, lines in the figure join
distinct points—albeit typically very close, so to simulate a continuous trajectory
that does not exist. In the left frame one can observe how INSN, silent when
isolated, can be triggered to spike by the input [,. The dynamics of ISN (right
panel) can also be perturbed, altering their regular spiking regime. In fact, consider
figure (33), left panel, where the potential z,, of an ISN neuron (red curve) is plotted
versus time n, together with the synaptic input 7, (green curve). The synaptic
current [, is positive, stemming from an excitatory action. Three excitations are
visible in the range displayed. Prior to these the ISN neuron spikes regularly with a
period of about 242 iterations. The first excitation has the effect of anticipating the
successive spike by 35 iterations. In the right panel, which shows the same motion
in the single neuron phase-space, regular oscillations appear as a thick limit cycle.
The first spike is evident in the thread which emerges from the cycle at the right of
the picture, and moves initially by increasing both x,, and v,,, according to the fact
that the excitation I, is positive: see equation (149). Returning to the left panel,
we notice two more excitatory inputs to the neuron, which have the paradoxical
effect of suppressing further spikes! This can be explained by observing, in the
right panel, two more sharp angles in the trajectory, the first starting form the
bottom left of the picture. In both cases x,, and vy, increase, but this has the effect
of pushing the trajectory towards the fixed point of the map, which is unstable
but from whose neighborhood the motion requires a long time to escape.

We have so discovered that excitatory actions can sometimes produce an inhibition
of spikes, due to the particular nature of the phase—space of the system. For a

similar reason, inhibitory actions can sometimes induce spikes. This paradox leads
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Figure 32: Typical trajectories in the single neuron phase—space (y,x) of INNS
(left) and ISN (right) neurons embedded in a network. Marked by a symbol are
the fixed points of the Rulkov map. Motions takes place counter-clockwise in both
frames.
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Figure 33: In the left frame, the potential x, of an ISN neuron (red curve) is
plotted versus time n, together with I,, (green curve). The right frame plots the
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corresponding phase—space trajectory. See text for further discussion.
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Figure 34: In the left frame, basin of attraction of the spiking event, in red, and
basin of attraction of the fixed point in green. The fixed point is marked in blue.
The right frame shows the detail with trajectories plotted.

to a deeper understanding of the dynamics of this system.

In fact, consider an INSN, like those pictured in the left panels of figures (30) and
(32). Let (y,x) be the initial condition of the motion and let I,, = 0 (isolated
neuron). Even if finally attracted by the fixed point, some trajectories will spike
before that happens. In the left frame of figure (34) we color in red such initial
conditions, and in green those that head directly to the fixed point. A blue asterisk
marks the fixed point. A limit cycle separates the two regions. In the right frame,
the phase space portrait near the stable fixed point is displayed. It is then clear
that an inhibitory action (reducing both z, and y,) can move a point from the
green to the red region and that an excitatory kick can do the opposite, but it
is equally clear that this occurs in a restricted region of phase space. In fact,
increasing x typically moves a phase—space point from the green to the red region,
1.e. from the basin of the fixed point to that of the spike. In particular, when the
potential z of a NISN is larger than a certain threshold x;,, the paradoxical effects
just described are not possible. In fact, all initial conditions with x,, larger that
x4, lie in the red region and lead to firing, even in the absence of further excitation:
the effect of the current I,, that puts a NINS in the red region can therefore only
be reversed by an inhibitory input. This fact will be of paramount importance in
the following. In the range of parameters of our experiments we can safely take

Tthp — —0.7.

9.6 Network topology and synaptic coupling

According to the way in which they act upon the others, neurons can be classified
either as excitatory or inhibitory. Following [120] we consider a network of size N
with a ratio of inhibitory/excitatory neurons r, so that the first n., = | N7 | neurons

are excitatory and the remainder N — n., = n;, are inhibitory. Furthermore, as
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described in the previous section, neurons can either be intrinsically spiking or not,
so that each group (excitatory and inhibitory) can also be parted in two: out of the
Nex (Nin) excitatory (inhibitory) neurons me, (m;,) are chosen to be intrinsically
spiking.

Neurons are connected so that each of them is acted upon by p., excitatory neurons
and p;, inhibitory neurons, chosen at random in the network—with no regard on
whether ISN or NISN, with the only constraint that no neuron can act upon itself.
The six integer numbers n.;, Mes, Nin, Min, Pexs Pin, Plus the connection diagram
fully specify the network. Analytically, this is formalized by the adjacency matrix
wij, defined by

0  if neuron j does not act on neuron i,
w;; = ¢ 1 if neuron j has excitatory action on neuron ¢, (154)

v if neuron j has inhibitory action on neuron %.

The factor 1 > 0 serves to differentiate the intensity of inhibitory with respect to
excitatory action. We choose ¢ = 3.

Coupling in the network is driven by action potentials generated by firing neurons.
Following again [120] the spike of a presynaptic neuron j determines the input I’

received by the neuron i according to the linear difference equation:
N
Ly =Ly =W Y wii(xi; — 23,)6h. (155)
j=1

W is a crucial intensity parameter, varying which we can increase the effect of
synaptic excitation: recall that I’ enters the dynamical equation of evolution of
neuron 4, equations (148),(149). The form of equation (155) can be explained in
physiological terms. First observe that the homogeneous equation (with null right
hand side) implies an exponential decay: I,, ~ n" (we choose n = 0.75). The spike
variables &/ at r.h.s. are the source of the currents I’. In equation (155) we notice
that when the synapse reversal potential y;; is larger than the potential z?, its
activation (that happens when & = 1) increases the synaptic input I’ and also,
because of equation (149), the membrane potential «?,, ;. This is equivalent to a
depolarization of the neuron and the synapse acts as excitatory. In the opposite
case, the activation hyperpolarizes the neuron and the action is inhibitory. The
numerical values of the above parameters are chosen as in [119, 120], where their
physiological relevance is discussed: the reversal potential is null for excitatory

connections (i.e x;; = 0 when neuron j is excitatory) and equal to x;; = —1.1
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when neuron j is inhibitory, for all . This ends the description of the laws of

motion of the network.

9.7 Network dynamics

We can now begin to study the dynamical behavior of the full network. We start

by introducing a basic problem: the existence of an invariant measure.

9.7.1 Invariant measure

Equations (148),(149),(150),(154) and (155) define a multi-dimensional dynamical
system in the phase-space M = R?M with variables (z%,4"),i = 1,...,N. Let
z = (z,y) be such 2N—component phase-space vector and let 7' be the transfor-
matiion. A fundamental ingredient of dynamical theory are the so—called invariant
measures, that is, positive Borel measures that are preserved by the dynamical
evolution. Lacking a theoretical control of these measures in many—dimensional
systems like the one under consideration, we substitute phase—space averages by
Birkhoff sums over trajectories. In measure—preserving systems, the two coincide
almost everywhere (with respect to the initial point of a trajectory, under the
invariant measure).

More precisely, if we consider an intensity function ¢(z) (for simplicity of notation,
from here on we write ¢ for ¢, see equation (147)), we construct its distribution
function Fy(h) as follows: we start from a random point z* € M. We iterate the
dynamics 7" for an initial number of iterations ng sufficiently large to let the system
reach a sort of dynamical equilibrium. At that moment we let zp = T"°(z*) be
the initial point of a trajectory and we compute the sample values {¢(1T"(29)),n =
0,...,L — 1}, by which the distribution function Fj is

Fy(h) = Jim Z#{6(T" () < h, 0<n < L}, (156)

Clearly, in numerical experiments the limit is replaced by the value obtained for a
large but finite sample length L. We shall also use the complementary distribution
function E4(h) = 1 — F,(h): this is the measure of the tail of the distribution of
values of ¢:

Ey(h) = p({z € M s.t. ¢(z) > h}) (157)

The study of coupled map lattices has revealed puzzling phenomena like stable

motion with exponentially long chaotic transients [137, 138], so that the numerical
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procedure just explained might be theoretically flawed. Nonetheless, the result of
[120] on small networks (N = 128) revealing a transition to positive Lyapunov
exponents lead us to believe that convergence in equation (156) can be readily

obtained.

9.7.2 Firing cascades as trees of causal excitations

A crucial difference between conventional coupled map lattices and the network
under study is that in this latter interaction between different maps happens only
at specific instants of time, while for most of the time individual systems evolve
independently of each other. When it comes to physiological networks, the first
and foremost consequence of this fact is that information can be stored, elaborated
and transmitted [130]. In a dynamical perspective this calls attention to collective
behaviors like synchronization [122, 127]. Here we focus on a more elusive set of
phenomena: neuronal avalanches, which we prefer to call firing cascades.

Most of the studies on the collective behavior of neural networks define avalanches
as the uninterrupted activity of the network during a certain time interval
[133, 135]. Statistical properties of these collective events have been exten-
sively studied in a large series of works, both experimental, see for exam-
ple [133, 140, 128, 136, 135], and theoretical, with the aid of model systems
(124, 125, 126, 131, 141, 142, 143, 144, 145, 146], but statistical analysis alone
does not clarify the dynamical detail of the activity network and, in particular,
of the impulse propagation. Moreover, it suffers from a degree of arbitrariness in
the definition of avalanche. In fact, coarse-graining of time is usually employed,
for spiking events appear at particular instants of time and must be grouped to
define the quiescence periods separating different avalanches. Figure (35) shows a
conventional raster plot of spikes, depicted as red points at coordinates (n, i) where
n is the time at which neuron 7 spikes. One observes regions with different density
of red spikes. The usual procedure [133] is to partition the time axis into different
bins, so that a sequence of adjacent, non—empty bins constitutes a cascade. The
arbitrariness in the choice of the bin length is apparent, and its influence on the
resulting statistical properties has been well described in [133]. Moreover, differ-
ent regions of the network even if uncorrelated but spiking at close instants may
be classified in the same cascade. In short, the true dynamics of the network is
overlooked in this approach. This is justified in experimental data, when no access
to the network of connections is available.

Therefore, we pursue here a different approach, based upon the detailed knowledge
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of the dynamics presented in the previous sections. We have already remarked
that different types of neuron are present in the network: in particular, ISN are
the origin of propagating excitations. When one of these neuron spikes, say neuron
J, it acts upon its post-synaptic neurons via equation (155). As observed in part
(9.3), if such postsynaptic neuron is also an ISN; this action will alter its dynamics,
anticipating or delaying its next spike. Otherwise, if the post-synaptic neuron 7 is
of the kind NISN, this excitation might eventually drive it to spike, this occurrence
following from the dynamics generated by equation (148). The induced spiking,
when it takes place, is not instantaneous: according to the coordinates (x%, ") at
the time of excitation, the motion requires a certain amount of time to exit the
region close to the fixed point and spike. It is nonetheless possible to estimate
with a certain advance if this event will take place, using the notion of basin of
attraction of the spiking event and the threshold zy, discussed in part (9.3). Recall
that this is defined as the set of initial conditions of the isolated non—spiking neuron
which lead to a spike, before returning to approach the fixed point. When =z, is
pushed by a synaptic excitations into this basin (red in figure (34)) the NISN will
fire, regardless of further excitatory actions: such spike can only be avoided by
inhibitory actions.

This reasoning permits to draw a causal relationship between the spiking of a
NISN neuron and a single originating excitation from another neuron. Even if it
is clear that in a complex network many pre-synaptic neurons can contribute to
set the dynamics of 7 on course to firing, we stipulate to ascribe the cause of the
spike of neuron i to a single neuron, 7', the one which is the last to act on i, at
time n/, before 2° enters the basin of attraction of the spiking event, to eventually
fire at time n. Excitations following this time are not considered in this count,
because they are not necessary to induce a spike, which would happen nonetheless.
Equally not considered are impulses preceding such precipitating event—the straw
that broke the camel’s back—because if taken alone they might not be enough
to cause excitation. As a simpler rule, that can also be applied in experiments,
we approximate the basin of attraction by the fact that z' exceeds a threshold
value z,. This procedure can be formally summarized as follows: we say that the
spike of neuron 7' at time n’ causes the spike of neuron ¢ at time n, and we write

(n',i") — (n,1) if
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Figure 35: Tree construction. Red dots mark neuron firing events (n,i); green
lines join causally related events (blue symbols). See text for description.

(n',i") — (n,i) = & =1, &, =1,
dn*, n’ <n* <mn, such that the following holds:
xt < ay forn’ <m < n* <n, (158)
x>y, for n* <m < n,
J =0 for n* <m <mn, Vj such that w;; > 0.

Following this rule we can therefore create trees of excitations, which start at the
firing of a single ISP neuron and propagate through the network. Any such tree
is defined to be a firing cascade. Return for illustration to figure (35), which also
shows a realization of this construction. Green lines join causally related spikes
(n',7") — (n,7) (blue symbols), on the background of red dots that mark all spiking
events. The picture shows how the initial excitation of a spiking neuron (i = 7 at
n’ = 811) propagates to non—spiking neurons (i = 772 at n = 820, ¢ = 235 and
i = 869 at n = 823, i = 2032 at n = 827) that, on their turn, stimulate further
NISNs to fire (for a total of 31 spikes in the figure). Clearly, not all physical
connections are dynamically activated in a spike—for otherwise the cascade will
have no end. In the example, neuron i’ = 7 is also presynaptic to ¢ = 908, i = 1115

and 7 = 2677 that remain silent.
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9.7.3 Statistical analysis of firing cascades

The dynamical approach described in the previous section permits to define pre-
cisely and measure accurately various quantities usually defined via time binning.

These are:

e S, the size of a cascade, that is, the total number of spikes in a cascade—

equally, the number of nodes in a causal tree;

e T the time span of a cascade: the length of the time interval between the
first spike and the last;

e (G, the generation number, which is the number of levels of the tree—also,

the length of the longest chain of successive excitations.

We are so equipped with the tools to analyze the statistics of cascades in the neu-
ronal network: the functions H under considerations will be either one of S, T, G.
As mentioned in part (9.7.1), we replace phase—space averages by Birkhoff sums.
We consider time-segments of length L = 4-10° iterations, following an initial tran-
sient (discarded) consisting of 6000 iterations. Occasionally we raise this number
to account for the fact that long transient can be observed in extended systems
[137]. Using a parallel architecture, we accumulate the results of 32 realizations of
the initial conditions. We performed an extensive investigation, of which we report

here a typical instance.

Example 1 N = 3000 neurons, with n., = 2400, me, = 2, n;, = 600, m;, = 1,
Pew = 4, pin = 2, Physical parameters are: B = 0.133, a = 3.6, oyws = 0.09,
Oisn = 0103; H= 10737 ¢ - 37 Xexc = O) inh =—1.1.

Since this model neither includes pruning nor adaptation, to achieve criticality
one needs to tune the parameters of the network. Following [120], we vary the
coupling intensity W in equation (155). We first compute the average number of

~1, observing a rather sharp transition as we increase W:

events per-unit time T
when W = 0.084 one has 77! = 3.6 - 1072, which increases to 77! = 5.68 - 10~}
for W = 0.087 and 77! = 5.65 for W = 0.09. At the largest coupling, roughly
five neurons (out of the total 3000) spike on average at each single (discrete)
time. This transition is clearly reflected in the statistics: in figure (36) we plot the
fraction pg(.S) of firing cascades with S spikes and its (complementary) distribution
function Eg(S) defined in equation (157). Two values of the coupling constant W

are plotted in figure (36): W = 0.087 and W = 0.09. The former is visibly an
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Figure 36: Cascade statistics in the case of example (1). Fraction of cascades with
S spikes, ps(9), versus S, for W = 0.087 (red bullets) and W = 0.09 (green bul-
lets) and the complementary distribution functions Fg(S) (red and green crosses,
respectively). The fitting curves (red and green) are described in the text.

under-threshold case, the latter displays a full-fledged cascade which extends over
orders of magnitude. In the first case the distribution Eg(S) is well fitted by a
stretched exponential: Fs(S) ~ exp{—ASP} with A ~ —.1694, B ~ .497 (red
curve). In the second, the power-laws pg(S) ~ C’S~s and Eg(S) ~ CS~#s*! are
well satisfied, with exponent Sg = 1.5 (C' = 0.75, green line).

In the case of large coupling, W = 0.09, we plot in figure (37) the statistical
distribution pe(G) of generation levels G and of time span 7', pr(7"). For both
of these quantities we observe a power—law decay with exponents S5 and (7 close
to two. In the same figure we also plot the inverse, for graphical convenience, of
the quantity S(G), the average number of spikes in a cascade with G levels, which
approximately follows a power—law with the same exponent: S(G) ~ G7, vy ~ 2.
The observed exponents s = 3/2 and S = 2 are to a good approximation equal
to those appearing in physiological experiments [133, 135] and in various models
of neuronal networks [134, 131]. To the contrary, these values differ from those
obtained in [120] for the system that we are investigating, but with the conventional
definition of cascade. It is also to be quoted the measurement of these exponents
in high resolution experimental data [136], still within the time-binning approach.
Critical scaling theory predicts [121, 136] that fr — 1 = (8s — 1)/, where 7' is

defined in terms of the scaling of the average of S at fixed time length T', versus
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Figure 37: Fraction pg(G) of cascades comprising G generations (red crosses)
and fraction pp(T') of cascades extending over 7' units of time (blue crosses), for
W = 0.09. The red line is the power-law decay pg(G) = G™2. Also plotted is the
inverse of the quantity S(G) versus G (black bullets).

T. The exponents derived in [120] verify this scaling relation. Since in our model
the time span of a cascade T and its generation level GG are proportional, we can
identify the exponents v and 7/, providing the relation
Bo+v—1

ps(S) ~ 8%, Bg = + (159)
From the data of figure (37) we see that approximately v = 2, so that the relation
(159) for the triple Bs = 3/2, B = v = 2 is rather well satisfied by the numerical
data.

9.8 Statistics of extreme events in a finite time—interval

The excitation of intrinsically spiking neurons propagates sometimes to a large
number of neurons and generates a cascade. In the previous section we have
studied the relative frequency of these cascades versus their intensity, in a the-
oretically infinite time—interval. It is now interesting to consider the probability
that none of these cascades, within a certain finite observational interval, exceeds a
certain intensity threshold—equivalently, the probability that the largest cascade
in a time—interval is smaller than such threshold. This investigation belongs to

the realm of extreme value theory and goes under the name of statistics of block
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mazrima.

Let in fact n be the time at which an excitatory ISN fires and generates a cascade
(possibly, and frequently, limited to such single spike). To this value we associate
an intensity, /(n), which can be chosen to be the size of the cascade S, its level
G, or its time span 7. If more than a cascade is originated at time n, I(n) is
the maximum of the values corresponding to such cascades. To the contrary, if no
cascade starts at time n (i.e. no excitatory ISN spikes at time n) I(n) is null. Since
the system is deterministic, I(n) is actually a function of the phase-space point z

at which the trajectory is located when one starts recording these intensities:

I(z,n) = ¢(zn) = $(T"(2)) (160)

Following standard usage we then define the block maxima function ¢(z), for
various values of L, as the largest intensity of a cascade that originates in the

time-window n =0,..., L — 1:

¢r(z) =max{I(z,0),1(z1),...,I(z2,L — 1))}

(161)
= max{¢(2), §(T(2)), ... o(T" 7' (2))}.

The cascade with such maximum intensity is therefore appropriately called the
extreme event in the time window under consideration. The wider is the time—
window, the larger is presumably its intensity. An Ezxtreme Value Law for ¢ (2)
is an asymptotic form, for large L, of the statistical distribution of this variable.
Let us now show that it applies to the present case.

As indicated, ¢r(2) depends on the position z in phase-space M and it is therefore
convenient to consider the distribution of the values of ¢ (z) with respect to an
invariant measure p. As discussed before, we assume that the distribution function
Fy, (h) = u({z € M s.t. ¢r(z) < h}) can be obtained numerically by Birkhoff time
averages over trajectories of the system.

Suppose that different cascades arise independently of each other, that is, cor-
relation of the values of ¢(77(z)) for different j decays quickly when their time
difference increases. This might also due to the fact that different cascades involve
separate sets of neurons. Under this assumption the probability that ¢ (z) is less
than a certain value A, which is clearly equal to the probability that the intensity
o(T"(2)) of all cascades in the time interval n € [0, L — 1] is less than h, becomes

a product of the probabilities of these individual events. If we let A be the density
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of cascades per unit time (not to be confused with the density of spikes per unit
time), we expect a number AL of cascades to originate in a time-window of length
L, so that

Fy, (h) ~ (Fy(h)*. (162)

Next, taking logarithms, and letting h grow, so that F,(h) approaches one, we

obtain

log(Fy, (h)) ~ ALlog(Fy(h))
~ AL(Fy(h) — 1) (163)
— —ALE,(h).

Clearly, this is a heuristic estimate, but it yields the same results predicted by
rigorous theory, which requires appropriate conditions [?] to dispose of the corre-
lations of the motion that might render the independence assumption incorrect.
We can verify a posteriori the fact that these correlations fade in the limit of large
L by a direct evaluation of equation (163), when the asymptotic relation symbol
is replaced by a much more stringent equality.

To do this, let us consider again the case of example (1) when W = 0.09. Di-
viding the total number of cascades by the total time span of the computation
(averaged over 32 different runs) yields the value A = 8 - 1073, which is much
smaller than 77! = 5.65 and reveals that spikes are organized in cascades of aver-
age size (A\7)7!, that is, roughly 22 spikes per cascade, in this case. In figure (38)
we plot —log(Fy, (h))/L versus h, for various values of L, for the three functions
¢ =G,S,T. In all cases the data points collapse on a single curve, coinciding with
AE4(h), as predicted by equation (163). Observe that the value of A employed in
the figure does not come from a fit of the data, but it is the one just obtained by
counting the number of cascades. The extreme value law given by equation (163)
appears therefore to apply, at least in this regime.

It is to be remarked that in certain cases an additional positive factor 6, smaller
than one, appears in front of AE,(h). This factor is called the extremal index: it
implies a slower decay of Fy, (h), originating from the tendency of extreme events to
appear in clusters. Rigorous theory has studied to a large detail this phenomenon
in simple systems [132], which has also been detected in many dimensional systems
[105]. The data of figure (38) indicate a unit value of this parameter.

In the critical regime the three quantities ¢ = G, S, T are characterized by a power—
law decay: Ey4(h) ~ Ayh=P¢ where A, are suitable constants and the exponents 34

have been discussed in the previous section. Inserting this information in equation
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Figure 38: Extreme value law for the case of example 1, when W = 0.09. Plotted
are the values of —log(F}, (h))/L (crosses) and AE,(h) (bullets) versus h, and H
is G (red), S (green) and T (blue). Values of L range from 10 to 10%. Also reported
are the power law decay laws: 0.013 - h~! (red), 0.006 - h~'/2 (green) and 0.5 - h~?
(blue).

(163) yields the relation
F,, (h) ~ exp{—ALAzh~P}. (164)

In figure (39) we plot the numerically determined function F, (h) when ¢ = S for
values of L and h ranging over orders of magnitude and their difference with the
analytical relation (164). This latter is remarkably small in all the range of data
considered.

We can perform the same analysis in the subcritical case, example (1) and W =
0.087. In figure (40), which is the analogue of figure (38) for this case, we plot again
—log(Fy, (h))/L and AE4(h), for ¢ = G, S, T. Collapse of the data points is again
observed, but for larger values of h than in the previous case. The asymptotic law
for the distribution of the variable H(h) becomes here

Fy, (h) =~ exp{—AL exp{AghP}}. (165)

The experimental function Fy, (h) for ¢ = S is plotted versus L and h in the left
frame of figure (41). Difference with the theoretical expression (165) is plotted in
the right frame. As expected from figure (40), convergence improves as L and h
increase.

Within the framework of Extreme Value Theory, the two cases just discussed differ
because they imply different normalizing sequences hy(t), which we now define,

while providing the same limiting distribution F'(¢t) = e~*. In fact, we observe that
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Figure 39: The experimental function Fy, (h) for ¢ = S versus L and h in the case
of example (1) and W=0.09 (blue graph). Difference between the experimental
function and the theoretical expression (164) (red graph).

equations (162) and (163) imply that
Fy, (h) ~ exp{—ALEy(h)}. (166)

Let t be a positive, real variable. The sequence of levels hr(t), L = 1,2,...,

parameterized by t, is defined so to satisfy the limit behavior
ALEy(hp(t)) = t, as L — oo. (167)

As a consequence of the above,

p({z € M s.t. ¢r(2) < hp(t)}) = Fy, (hp(t)) — F(t) =e ' as L — co.  (168)

The two previous equations are the core results of EVT, when added to the fact that
three different limiting distributions F'(¢) can be achieved after further rescaling,
as we do below in the critical case. They show that hp(t) is a quantile of the
asymptotic distribution of the statistical variable ¢, (z), whose analytical form
involves the ratio ¢/L and the inverse of the complementary distribution of the

function ¢: .

hat) ~ B (57)

(169)
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Figure 40: Extreme value laws in the case of example (1), when W = 0.087. The
same data as in figure (38) are plotted: the values of —log(F}, (h))/L (crosses)
and AE4(h) (bullets) versus h, when ¢ is G (red), S (green) and 7" (blue). Values
of L range from 10 to 10*. Asymptotic coalescence of the data is observed. The
green curve is the stretched exponential Fg(S) ~ exp{—ASP} with A ~ —0.1694,
B ~ 0.497 already plotted in figure (36) and described in part (9.7.3).

In the subcritical case these quantiles grow as the power of a logarithm:

1
AL\ Bo
) ~ (1os3F)) " (170
At criticality a power-law behavior is present:
AL L
hi(t) ~ (T)% (171)

q
and any ¢ moment of the statistical distribution of ¢ (z) scales as (’\TL) s . In this
latter case, the previous relations can be put in one of the three standard forms

[113]. In fact, simple algebra permits to rewrite
p({z € Z st. (ALY VPeg,(2) <u}) — e_“%, (172)

as L — oo, which is the expression of a Fréchet distribution.

We have in this chapter poposed an extension of the dynamical theory of extreme
events to complex, multi-dimensional systems. We have applied it to a model
of neuronal network, that was studied in full detail. This analysis attains wide
generality because the example is characterized by features that are frequently en-
countered: it is composed of many almost identical subsystems, linked in a sparse,

directed network; each individual system integrates the input from the network
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Figure 41: The experimental function Fy, (h) for H = S versus L and h in the case
of example (1) and W=0.087 (left graph). Difference between the experimental
function and the theoretical expression (165) (right graph).

and in turn returns a signal to it; signal propagation can develop a full chain of
excitations. This has lead us to introduce a novel approach to define neuronal
avalanches, whose statistical characteristics were studied within the framework of
extreme value theory. The same definition of avalanche can be obviously applied
to other systems in the class just described. The presented results are in line with
previous theoretical models and experimental findings on neuronal networks, al-
though it is now intended to bring any novel contribution to this field. While the
set-up that we propose to extend the dynamical extreme value theory to complex
phenomena, evolving in time, is fully rigorous, our results are formal, even if con-
firmed by numerical experiments. This poses a new challenge to the mathematical

analysis.
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10 Conclusions

We have, throughout the thesis, contributed on several aspects to the active

dynamical theory of extreme events.

We reviewed and discussed pre-existing methods that are widely used in climate
science and physics and proposed some sophistication of these techniques. First,
by introducing a novel estimator of the extremal index which contains more
information on the dynamics, revealing, for example, periodic phenomena. We
then provided a deeper understanding of the nature of the computed quantities,
whose wide distribution originates from the multifractal structure of the attractor.
This relation provides a new method to compute the singularity spectrum of a
system from the distribution of local dimensions (that are computable by EVT
techniques). The influence of noise of diverse types on the local dimensions and
on the extremal index was investigated, both from an analytical and numerical
point of view, and a numerical study of the statistics of the number of visits in
the neighborhood of a particular point, or in other target sets of interest was
performed. These results could find application in future works in climate science

or other area in physics.

On a more theoretical level, we explored the link between the asymptotic statistics
of the closest encounter of multiple trajectories in a highly chaotic system and
the generalized dimensions of its measure. The asymptotic distribution for ¢
orbits turns out to be an extreme value law whose parameters are given by the
length of the trajectory, the generalized dimension of order ¢ of a system and
an extremal index that was called the dynamical extremal index of order q.
This latter quantity allows to define naturally a novel spectrum of quantities,
easily computable from (extensive) data, that is an indicator of the hyperbolic-

ity of the system. This interesting connection could motivate further investigation.

We then discussed the role of the generalized dimensions on the distribution of
diverse local quantities. This influence is apparent in the rate function governing
the large deviations of these quantities. Such results were known for local
dimensions, return times and hitting times in cylinders. We here extended these
results to hitting times in a spherical neighborhood of a point. This has potential
for physical applications, since knowing the generalized dimensions of the system

could, thanks to this relation, help to predict the occurence of some events.
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Finally, we extended the scope of the dynamical theory of extreme values to cover
phenomena that do not happen instantaneously, but evolve over a finite, albeit
unknown at the onset, time interval. We considered complex dynamical systems,
composed of many individual subsystems linked by a network of interactions. As
a specific example of the general theory, a model of neuronal network, introduced
to describe the electrical activity of the cerebral cortex, is analyzed was in detail:
on the basis of this analysis, we proposed a novel definition of neuronal cascade,
a physiological phenomenon of primary importance. We showed the emergence
of extreme value laws for the statistics of these cascades, both from the point of
view of exceedances (that satisfy critical scaling theory) and of block maxima.
The observables considered here are diverse metrics associated to these cascades:
size, length and depth. They characterize complex null sets likely to have a fractal
structure, which would then constitute a first physical application of the recently

developed dynamical theory of extreme events in fractal landscape.
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