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Abstract xi

CHAOTIC DYNAMICS OF SPATIALLY HOMOGENEOUS SPACETIMES
Abstract

In 1963, Belinsky, Khalatnikov and Lifshitz have proposed a conjectural description of the asymptotic geometry
of cosmological models in the vicinity of their initial singularity. In particular, it is believed that the asymptotic
geometry of generic spatially homogeneous spacetimes should display an oscillatory chaotic behaviour modeled
on a discrete map’s dynamics (the so-called Kasner map). We prove that this conjecture holds true, if not for
generic spacetimes, at least for a positive Lebesgue measure set of spacetimes.

In the context of spatially homogeneous spacetimes, the Einstein field equations can be reduced to a system of
differential equations on a finite dimensional phase space: the Wainwright-Hsu equations. The dynamics of
these equations encodes the evolution of the geometry of spacelike slices in spatially homogeneous spacetimes.
Our proof is based on the non-uniform hyperbolicity of the Wainwright-Hsu equations. Indeed, we consider the
return map of the solutions of these equations on a transverse section and prove that it is a non-uniformly
hyperbolic map with singularities. This allows us to construct some local stable manifolds a la Pesin for this
map and to prove that the union of the orbits starting in these local stable manifolds cover a positive Lebesgue
measure set in the phase space. The chaotic oscillatory behaviour of the corresponding spacetimes follows.
The Wainwright-Hsu equations turn out to be quite interesting and challenging from a purely dynamical system
viewpoint. In order to understand the asymptotic behaviour of (many of) the solutions of these equations, we
will in particular be led to:

e carry a detailed analysis of the local dynamics of a vector field in the neighborhood of degenerate non-
linearizable partially hyperbolic singularities,

e deal with non-uniformly hyperbolic maps with singularities for which the usual theory (due to Pesin and
Katok-Strelcyn) is not relevant due to the poor regularity of the maps,

e consider some unusual arithmetic conditions expressed in terms of continued fractions and use some rather
sophisticated ergodic properties of the Gauss map to prove that these properties are generic.

Keywords: non-uniformly hyperbolic dynamical systems, general relativity, cosmological models, ordinary
differential equations, lorentzian geometry, continued fractions

DYNAMIQUE CHAOTIQUE DES ESPACES-TEMPS SPATIALEMENT HOMOGENES

Résumé

En 1963, Belinsky, Khalatnikov et Lifshitz ont proposé une description conjecturale de la géométrie asymptotique
des modéles cosmologiques au voisinage de leur singularité initiale. En particulier, il y est avancé que la géométrie
asymptotique des espaces-temps spatialement homogénes « génériques » devrait avoir un comportement
oscillatoire chaotique modelé sur la dynamique d’une application discréte : 'application de Kasner. Nous
démontrons que cette conjecture est vraie au moins pour un ensemble d’espaces-temps de mesure de Lebesgue
strictement positive.

Dans le contexte des espaces-temps spatialement homogénes, ’équation d’Einstein de la relativité générale se
réduit & un systéme d’équations différentielles sur un espace des phases de dimension finie : les équations de
Wainwright-Hsu. La dynamique de ces équations encode I’évolution de la géométrie des hypersurfaces spatiales
dans les espaces-temps spatialement homogénes. Notre preuve est basée sur I’hyperbolicité non-uniforme
des équations de Wainwright-Hsu. Nous considérons 'application de Poincaré associée aux solutions de ces
équations sur une section transverse au flot et nous démontrons qu’il s’agit d’une application non-uniformément
hyperbolique avec singularités. Ceci nous permet de construire des variétés stables locales « & la Pesin » pour
cette application et de montrer que la réunion des orbites passant par ces variétés stables locales recouvre
une partie de I’espace des phases de mesure de Lebesgue strictement positive. Le comportement oscillatoire
chaotique des espaces-temps correspondant & ces orbites est une conséquence de cette construction.

Du point de vue des systémes dynamiques, les équations de Wainwright-Hsu se révélent étre trés riches et
posent un certain nombre de défis. Pour comprendre le comportement asymptotique d’un nombre conséquent
de solutions de ces équations, nous serons amenés & :

e faire une analyse fine de la dynamique locale d’un champ de vecteurs au voisinage d’une singularité
partiellement hyperbolique dégénérée et non linéarisable,

e travailler avec des applications non-uniformément hyperboliques ayant des singularités, pour lesquelles la
théorie usuelle (due a Pesin et Katok-Strelcyn) ne s’applique pas a cause de la faible régularité de ces
applications,

e considérer des conditions arithmétiques exotiques exprimées en termes de fractions continues et utiliser des
propriétés ergodiques quelque peu sophistiquées de 'application de Gauss pour montrer que ces propriétés
sont génériques, etc.

Mots clés : systémes dynamiques non uniformément hyperboliques, relativité générale, modéles cosmologiques,
équations différentielles ordinaires, géométrie lorentzienne, fractions continues

LAGA-Institut Galilée-Université Paris 13
99 Avenue Jean Baptiste Clément — 93430 Villetaneuse — France
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Chapter

Introduction

1.1 The BKL conjecture for Bianchi spacetimes

1.1.1 Bianchi spacetimes

In classical General Relativity, spacetime is modeled as a smooth 4-dimensional Lorentz manifold
(M, g) verifying the Einstein field equations

1
Ricg+(A— §Scalg>g =T (1.1)

where Ric, is the Ricci curvature tensor, Scal, is the scalar curvature, A is the cosmological constant
and T is the stress-energy tensor, which encodes the presence of matter, radiation and non-gravitational
force fields. Assuming that the gravitational force field only self-interacts and A is zero, (1.1) reduces
to the vacuum Finstein field equations

Ricy =0 (1.2)

Informally, a Bianchi spacetime (also called Bianchi cosmological model) is a spacetime which is
spatially homogeneous. We will work with the following formal definition: a Bianchi spacetime is a
Lorentzian manifold of the form (M, g) = (I X G, —ds> + h,) where I is an interval of the real line, G
is a simply-connected 3-dimensional real Lie group, s is a coordinate on I and h, is a left-invariant
Riemannian metric on {s} X G = G for every s € I. If the Lie group G is unimodularl, then the Bianchi
spacetime is said to be of class A, otherwise it is said to be of class B. We say that a Bianchi spacetime
is mazximal if it cannot be embedded isometrically as a strict submanifold of another Bianchi spacetime.
In this work, we will restrict our attention to maximal vacuum (with zero cosmological constant) class
A Bianchi spacetimesz, that is, maximal class A Bianchi spacetimes solution to the vacuum Einstein
field equations (1.2). It is well known (see e.g. [CE79]) that, up to a change of time orientation, every
maximal vacuum class A Bianchi spacetime admits an initial singularity3 (often called Big-Bang). We
are mostly interested in the description of the past-asymptotic geometry of maximal vacuum class A
Bianchi spacetimes, i.e., in the description of their behaviour near their initial singularity.

1.1.2 BKL picture

In a series of papers, Belinskii, Khalatnikov and Lifshitz (see [BKL82] and [BKL70]) explained with
heuristic arguments that general singularities should have the following properties:

1. As a first order approximation, the behaviour of the curvature of a spacetime near its initial
singularity is dominated by the behaviour of its “spatially homogeneous part”.

1A Lie group is called unimodular if its left invariant Haar measure is also right invariant.
2For some literature on class B Bianchi spacetimes, we refer to [HW93|, [HHWO03] and [Rad16].
3Precise1y, we say that a maximal vacuum class A Bianchi spacetime (M, g) = (I X G, —ds? + hs) admits an initial

singularity if I =]s_, s.[ with s_ > —00. Moreover, if this is the case, the curvature blows up when the time tends to s_
(see [Rin00]).
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2. Solutions of the Einstein field equations with matter are well approximated, in the vicinity of their
initial singularity, by solutions of the vacuum Einstein field equations. As the saying goes, near the
initial singularity, “matter does not matter”.

3. The geometry of the spatial hypersurfaces “oscillates” in a chaotic manner at the approach of the
initial singularity.

What precedes is often referred to as the BKL picture or the BKL conjecture.

1.1.3 Wainwright-Hsu equations

The Einstein field equations are, in local coordinates, a system of non linear partial differential equations
of order 2 about the coefficients of the metric g. A Bianchi spacetime can be seen as a family (hg)gser
of left-invariant Riemannian metrics on a simply-connected 3-dimensional real Lie group G. Since
the space of left-invariant Riemannian metrics on a given Lie group is finite-dimensional, the vacuum
Einstein field equations restricted to Bianchi spacetimes should translate as a system of ordinary
differential equations (abbreviated as ODEs) on a finite-dimensional phase space 4. Adopting the
view-point of vector fields, this allows one to study the vacuum Einstein field equations restricted to
Bianchi spacetimes with dynamical systems methods. The first step to explicit the vacuum Einstein
field equations is to choose a particular frame field or, equivalently, a coordinates system. One of the
first successful attempts to do so has been made by Bogoyavlenski (see [Bog85]). Later on, Ellis and
MacCallum (see [EM69]) and then Wainwright and Hsu (see [WH89]) introduced useful coordinates
using the so-called orthonormal frame method.

In this work, we will use a Hubble-renormalized system of variables (N7, Ny, N3, X1, X5, X3) closely
related to the one used by Wainwright and Hsu. These variables are dimensionless, which means that
they will not change if the spacetime metric is rescaled. Since these variables do not see the rescaling
operation, one can hope that they remain bounded in the vicinity of the singularity. Such a system
has been used by Heinzle and Uggla in [HU09| and Béguin in [Bégl0]. We also choose a dimensionless
time variable ¢t and an “anti-physical” time orientation47 which means that the initial singularities are
located in t = +00.

Before we give more details about these variables, let us recall that the 3-dimensional real Lie
algebras have been classified by Luigi Bianchi in 1898. This is the reason why the Bianchi spacetimes
are called that way and why it is now standard to classify them according to their “Bianchi type” (see
table 1.1 and, e.g., [EM69],[HU09] and [Mil76]).

The numbers N;(t), No(t), N5(¢) describe the intrinsic curvature of the spacelike hypersurface
{t} X G (that is, the curvature of the left-invariant riemannian metric h;) and its Bianchi type. Actually,
these three numbers are, up to a renormalization, the structure constants of the Lie algebra of G in a
special basis (which depends on the metric h;). The numbers (), Xo(¢), X3(t) describe the extrinsic
curvature of the spacelike hypersurface {t} X G. These numbers verify two constraint equations:

Zl + 22 + 23 = 0 (13)

(this relation comes from the fact that the numbers X1 (t), Xo(¢), X3(¢) are the diagonal coefficients of
the trace-free part of the second fundamental form of the spacelike hypersurface {t} X G) and

1
6- (27 +35+33) - 3 (N + N3 + N3 ) + (N Ny + N3N3 + N3Np) = 0 (1.4)

(this relation comes from the Gauss formula, which connects the intrinsic and the extrinsic curvatures
of a given hypersurface to the curvature of the ambiant space, and the fact that the scalar curvature of
the spacetime (M, g) is null). The left-hand side of (1.4) can be thought as the renormalized density
parameter, which is null in the context of vacuum spacetimes. We will denote by £ the phase space,
defined as the set of points (N7, No, N3, X1, %9, 33) € RE verifying (1.3) and (1.4). In particular, it is
a non-singular and non-compact 4-dimensional quadric.

When the vacuum Einstein field equations are written in this system of variables, it gives rise to an

It is denoted by —7 in [HU09] (they choose to respect the “physical” time-orientation.)
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autonomous system of six differential equations called the Wainwright-Hsu equations:

’N{ =—(q+2%)V,
Né = —(q+2%5)N,
N3 =—(q+2%3)N;
I (1.5)
¥ o =(2-9)% + 5
Sy =(2-q)S2+ S,
1
X3 =(2-¢)E5+ S5

where )
def 2 2 2
q = 3(21 + 35 +X3)
and
def 1 2 2 2 .
S; = §(2N1‘ — N; = Nj; + 2N;N, — N;N; — N;N},), {i,7,k} = {1,2,3}

The numbers S (t),S5(t), S3(t) are, up to renormalization, the components of the traceless Ricci
tensor of the metric h; and ¢ is called the deceleration parameter.

The corresponding vector field is called the Wainwright-Hsu vector field and is denoted by 2 .
The first thing to remark is the fact that the Wainwright-Hsu equations (1.5) respect the constraint
equations (1.3) and (1.4), i.e. the quadric £ is invariant under the action of the flow of the Wainwright-
Hsu vector field. The correspondence between maximal solutions of the Wainwright-Hsu equations
contained in the phase space % and maximal vacuum class A Bianchi spacetimes will be discussed in
Chapter 2.

Within the Wainwright-Hsu presentation, we have the major advantage of being able to study all
the vacuum class A Bianchi spacetimes with the same equations (1.5) and in the same phase space
% c R®. It means that we can “compare” two different vacuum class A Bianchi spacetimes (even if
these spacetimes are of different Bianchi types) using the metric of our choice in R® and this approach
has proved to be successful in the past (see e.g. [WHS89|, [Rin01],[Lie+11], [Bégl0] and [Brel6]). Recall
that with our choice of an anti-physical time orientation, describing the past-asymptotic states of
a vacuum class A Bianchi spacetime amounts to describe the future-asymptotic states (that is, the
w-limit sets) of the corresponding orbit of the Wainwright-Hsu vector field.

1.1.4 Stratification of the phase-space

The classification of 3-dimensional Lie algebras induces a stratification of the phase space Z in six
strata invariant under the flow of the Wainwright-Hsu vector field 2. This invariant stratification is
nothing more than the formalization of a simple fact: the signs of the variables N; define a stratification
and, according to the Wainwright-Hsu equations (1.5), the signs of the variables N; are invariant
along the orbits of the Wainwright-Hsu vector field. The different strata each correspond to a certain
Bianchi type and will be called Bianchi type 1 (resp. 11, VIy, VIIy, VIII and IX) stratum. The orbits
of the Wainwright-Hsu vector field 2" contained in the Bianchi type I (resp. II, VIj,...) stratum
will be called type I (resp. 11, VIy,...) orbits. The Bianchi type I stratum is an Euclidean circle,
called the Kasner circle, and is denoted by 2. There are three particular ellipsoids intersecting along
their common equator, which happens to be the Kasner circle #. The Bianchi type II stratum is the
union of these three ellipsoids minus the Kasner circle. Each one of these ellipsoids (minus the Kasner
circle) is contained in a subset of the form N; # 0, N; = 0, N, = 0, where {3,j,k} = {1,2,3}. These
two strata are respectively of codimension three and two in the phase space Z. The Bianchi type VI
and VIl strata are both of codimension one while the Bianchi type VIII and IX strata are both open
Zariski subsets of #. We refer to section 3.2 for further details. Table 1.1 summarizes the preceding
description.

5Precisely7 the w-limit set of an orbit &(t) is defined as the set w(&) def Ng»0{O(t) | t = s}. If O converges to a point
z in the future, then w(&) = {z} and we say that x is the w-limit point of 0.
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Dimension Signs of Ny, Ny, N3

Name of the Corresponding Lie algebra

Bianchi type tratum of the modulo permutation of to isomorphism
strati stratum the indices up P
I A or By 1 0,0,0 R?
II B 2 +,0,0 or —,0,0 Heisenberg’s algebra
VI, B, 3 +,—,0 isom(Min,)
VIIO ‘@VHO +, +, 0 or -y, 0 iﬁUm(R2)
VIII t%\/HI 4 +,+,—or —,—, + 5[(2,R)
IX Prx +,+,+or -, —, — su(2)

Table 1.1 — Stratification of the phase space.

1.1.5 Mixmaster attractor and past-asymptotic dynamics of Bianchi space-
times

The union of the Kasner circle and the Bianchi type II stratum is called the Mixmaster attractor and
is denoted by 7. Geometrically, it is the union of three ellipsoids intersecting along their common
equator. The Mixmaster attractor is invariant under the flow of the Wainwright-Hsu vector field. The
importance of this particular subset is expressed by the following theorem (see [Rin01] and [Brel6] for
further details).

Theorem 1.1 (Ringstrom 2001, Brehm 2016). For Lebesgue almost all point q in the phase space
AB, the distance between the orbit of the Wainwright-Hsu vector field with initial condition q and the
Mizmaster attractor o/ converges to 0 in the future. For such an orbit, it means that its w-limit set is
included in o .

Given such an orbit converging to the Mixmaster attractor, one may ask the following question:
is its future-asymptotic dynamics related to the global dynamics of the Wainwright-Hsu vector field
restricted to the Mixmaster attractor? This question will be precised in the next paragraph and should
be perceived as the point 3 of the BKL picture.

1.1.6 Restriction of the phase space

From now on, we will restrict ourselves to the part of the phase space characterized by
Ny 20,Ny20,N320

In particular, we will only state results for orbits that are contained in this subpart of the phase space,
denoted by #*. Remark that

e #" is invariant under the flow of the Wainwright-Hsu vector field.
e Generic orbits of Z" are type IX orbits.

This restriction will greatly simplify the presentation of the main result of this thesis. In particular it
allows us to use simplified notations. We refer to the appendix A for a description of the results in the
full phase space %.

1.1.7 Basic facts about the dynamics of Bianchi spacetimes

We now state some well-known facts about the dynamics of the Wainwright-Hsu vector field in low
dimensional stratas, in particular in the Mixmaster attractor. Any point of the Kasner circle J# = %;
is a critical point of the Wainwright-Hsu vector field 2". This means that type I orbits are reduced to
stationnary points and correspond to self-similar spacetimes (see [WHS89| and [Ear74]). More precisely
they correspond to Kasner spacetimes. There are three special points in the Kasner circle, called
the Taub points and denoted by T3, 75, T3, which will play a crucial role in the understanding of the
behaviour of the solutions of the Wainwright-Hsu equations.
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o

4
Figure 1.1 — A type II orbit connecting two points of the Kasner circle .

Any type II orbit is a heteroclinic connexion between two points of the Kasner circle. This means
that any type II orbit converges in the future to a point ¢ € /# and in the past to a point p € Z. We
will say that such an orbit starts at p and arrives at q. See figure 1.1. Of course, one should recall
that type II orbits never reach the Kasner circle, so it is an abuse of terminology. Type II orbits are
explicitly known. In particular, for every point p of the Kasner circle that is not a Taub point, there is
exactly one type II orbit starting at p in #". We refer to section 3.4 for further details.

The future-asymptotic behaviour of type VIj or VIIj orbits is well-understood. Given such an
orbit, its w-limit set is either a single point of the Kasner circle or a flat point of type VIIg, the latter
being only possible if the orbit is constant. We refer to [Ren97| for further details.

1.1.8 Kasner map, heteroclinic chains and shadowing

The fundamental tool to describe the dynamics of the Wainwright-Hsu vector field restricted to the
Mixmaster attractor is the Kasner map. It is a map from the Kasner circle J¢ to itself defined in such
a way that it encodes the dynamics of type II orbits. More precisely, it is defined as follows. Let p
be a point of the Kasner circle that is not a Taub point. The type II orbit starting at p converges to
another point of the Kasner circle, denoted by .7 (p). We will denote this type II orbit by @, (). If
p is a Taub point, set .#(p) := p. This defines a continuous map

F i H - K
called the Kasner map, whose dynamics is well understood:

e The Kasner map is topologically conjugated to # — —26 on the cirle R/Z (see [Bég10]). In particular,
its dynamics is chaotic.

e There is an explicit “conjugation” between the Kasner map and an avatar of the Gauss transformation
on the continued fractions (see section 1.2.1 below).

e The Kasner map admits a very simple geometric construction (see section 3.5).

We refer to sections 3.5 and 3.7 for further details on the Kasner map. One may rephrase the question
asked in a preceding paragraph as follows: is the future-asymptotic dynamics of a generic type IX orbit
in A" “driven” by the Kasner map? We now introduce two concepts to make the preceding question
rigorous: heteroclinic chains and shadowing.

Let p be a point of the Kasner circle (such that, for every k = 0, F"(p) is not a Taub point).
The heteroclinic chain starting at p is the concatenation of the unique type II orbit starting at p and
arriving at .% (p), then the unique type II orbit starting at .7 (p) and arriving at .%>(p), etc. Formally,
this is the sequence

(Ope7(0)) OF (p)~72(p)s OF2(p)» 72 (p)s - - - ) (1.6)

Let t —» O(t) be a type IX orbit in A" converging to the Mixmaster attractor, p be a point of

the Kasner circle (such that, for every k = 0, .Z b (p) is not a Taub point) and 7 be the heteroclinic
chain (1.6) starting at p.

Definition 1.2 (Shadowing). We say that & shadows ¢ (or ¢ attracts €) if there exists a strictly
increasing sequence (t,,)peny C Ry such that

1. d(O(t,), F"(p)) —— 0.

n—+00
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\
\

O 72(p)~Z3(p)

OF (p)»72(p)

Z(p)

p ﬁp—'? (p)

Figure 1.2 — Schematical representation of the first part of a heteroclinic chain shadowed by a type IX
orbit in Z".

2. The Hausdorff distance between the orbit interval {&'(t) | t,, < t < t,+1} and the type II orbit
O zn(p)—Fn+1(py tends to 0 when n — +o0.

See figure 1.2 for a schematical representation of the shadowing.

Given a type IX orbit in Z", the concept of shadowing formalizes the idea that its future-asymptotic
dynamics is “driven” by the Kasner map. We can now refine our preceding questions: given a point
p of the Kasner circle (such that, for every k = 0, % *(p) is not a Taub point) and the heteroclinic
chain 7 starting at p, what is the geometrical structure of the union of all the type IX orbits in %"
shadowing the heteroclinic chain 7 Are “typical” orbits driven by the Kasner map? More precisely,
does the union of all the type IX orbits in #" shadowing some heteroclinic chain has full Lebesgue
measure in the phase space %77 If not, is it a set of positive measure?

1.1.9 Possible formalization of the BKL conjecture for Bianchi spacetimes
Using the preceding definitions, we propose6 the following rewording of the part 3 of the BKL picture:

1. Almost every heteroclinic chain is shadowed by some type IX orbits in 2.

2. The union of all the type IX orbits in A" shadowing some heteroclinic chain has full Lebesgue
measure in the phase space %" .

1.2 Statement of the results

In this work, we intend to give a proof of item 1 and a partial proof of item 2 above. Our results can
be stated in the following terms:

Theorem A. For Lebesgue almost every point p of the Kasner circle, if 7 denotes the heteroclinic
chain starting at p, then the union of all the type IX orbits shadowing ¢ contains a 3-dimensional
Lipschitz immersed submanifold. Moreover, the union of all the type IX orbits shadowing some
heteroclinic chain has positive Lebesgue measure. More precisely, for all subset & of the Kasner circle
with positive 1-dimensional Lebesgue measure, the union of all the type IX orbits shadowing some
heteroclinic chain starting at a point of & has positive 4-dimensional Lebesque measure.

Remark 1.3. Informally, this means that if one picks randomly a spatially homogeneous spacetime,
then this spacetime has a chaotic oscillatory past-asymptotic behaviour with nonzero probability.

5This formulation is classic and is based on the work of Beliinski, Khalatnikov and Lifschitz on one hand and Misner
on the other hand.
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The first part of Theorem A is a refinement of the work done by Reiterer & Trubowitz in [RT10].
To our knowledge, the second part of Theorem A is entirely new. It should be considered as the main
result of this thesis.

The purpose of the next two subsections is to explain what are the heteroclinic chains that we
manage to shadow with a sufficiently big set of type IX orbits. Let us say that a point p belonging to
the Kasner circle is admissible for the shadowing if the union of all the type IX orbits shadowing the
heteroclinic chain starting at p contains a 3-dimensional Lipschitz immersed submanifold. Let p be a
point of the Kasner circle. Roughly speaking, our proof of Theorem A shows that if the orbit of p
under the Kasner map “does not come too fast too close to the Taub points”, then p is admissible for
the shadowing . We are now going to introduce some tools to make this statement more precise.

1.2.1 Kasner parameter and Gauss transformation

The Kasner parameter w : ¢ [&S3 — [1,+00], where G5 is the group of permutations of {1, 2,3}, is
a bijective parametrization of .# /&3 by [1, +o0] satisfying the relation w(T;) = +00, for any Taub
point T;. In this parametrization, the Kasner map % becomes an avatar of the Gauss transformation
on the continued fractions. More precisely, let us define

w—-1 ifw=2
flw)y={- ifl<ws=?2

+o0 Hfw=1louw = +00

The Kasner parameter is a C’-conjuguacy from (¢ /S5, .Z) to ([1,+00], f). It means that, for any
given point p of the Kasner circle, the dynamical behaviour of its orbit under the Kasner map %
depends on the continued fraction expansion of its Kasner parameter

1
w(p) = [koi k1, ko, ks, ... ] = ko +

ki + !

k2+l€3+...

We refer to section 3.7 for further details, see also [BCJO07].

1.2.2 Rephrasing of the results

Let p be a point of the Kasner circle and w(p) = [ko; k1, k2, ks, ... ] be its Kasner parameter. According
to the preceding paragraph, p is “close” to a Taub point if and only if kq is “large”. Adopting the
view-point of the continued fractions, we can say that, roughly speaking, a point p is admissible for
the shadowing if the partial quotients k; of the continued fraction expansion of its Kasner parameter
w(p) do not blow up “too fast”. A precise meaning is given by the following definition.

Definition 1.4 (Moderate growth condition). Let w = [ko; k1, ka,...] € ]1,4+00[ \ Q be a continued
fraction. We say that w verifies the moderate growth condition if

SREOY o)
1=1

Next lemma shows that the moderate growth condition is not too restrictive. A proof can be found
in Appendix B. Define
Ky = {p € X | w(p) verifies (MG)}

Lemma 1.5. The set () is a full Lebesgue measure subset of 2.

We are now able to give a more precise statement of Theorem A.
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Theorem B. Let p be a point of the Kasner circle. If w(p) verifies the moderate growth condition (MG),
then the union of all the type IX orbits shadowing the heteroclinic chain starting at p contains a 3-
dimensional ball D(p) Lipschitz embedded in the phase space B*. Moreover, for any & C Hima)
of positive 1-dimensional Lebesque measure, the union of all the balls D(p) for p € & has positive
4-dimensional Lebesgue measure.

We do not know whether the union of the type IX orbits intersecting a ball D(p) for some p has
full Lebesgue measure in the phase space. Hence, the following questions remains open:

Question 1. Is the union of all type IX orbits shadowing a heteroclinic chain of type 11 orbits a full
Lebesque measure subset of the phase space B ¢

1.2.3 Examples of dynamical and geometrical consequences

In order to know the past-asymptotic behaviour of a maximal vacuum class A Bianchi spacetime, it is
of prime interest to describe the w-limit set of the corresponding orbit of the Wainwright-Hsu vector
field. Knowing that for almost all point p of the Kasner circle (with respect to Lebesgue measure),
the heteroclinic chain starting at p (seen as a subset of the phase space) is dense in the Mixmaster
attractor &7, one gets the following result as a direct consequence of Theorem B.

Corollary 1.6. Let ¢ be a point of the phase space B". With positive probability on q, the w-limit set
of the orbit of the Wainwright-Hsu vector field with initial condition q is the entire Mizmaster attractor

o .

Theorem B says in particular that, with positive probability, a maximal vacuum class A Bianchi
spacetime will have an oscillatory past-asymptotic behaviour. However, oscillatory has multiple
meanings and they are not all equivalent. Corollary 1.7 below shows that the spacelike hypersurfaces
(when following time towards the initial singularity) alternate indefinitely between periods where they
are curved in a single direction and periods where they are curved in two or three directions.

Corollary 1.7. Let q be a point of the phase space B and (M, g) = (]5_,5+[ x G, —ds® + hs) be a
maximal vacuum class A Bianchi spacetime corresponding to the orbit of the Wainwright-Hsu vector
field with initial condition q, with s_ > —00. Denote by 0,,4:(t), 0mia(t), Omin(t) the three principal
curvatures of the second fundamental form of the spacelike hypersurface {t} X G in M, with the
convention |0,maz(t)] = 10mia(t)] = |0min(t)]. With positive probability on q, there exists a sequence
(s,,) strictly decreasing and converging to s_ such that

[0maz(52n)] = +00

1. limy oo =) =

[0maz(82n+1)l <3

>
2‘ FOT eve’ry = 0} Iemin(52n+1)| -

1.2.4 Comparison with previous results

It was already known that some heteroclinic chains attract an injectively immersed manifold of
codimension one. In [Lie+11], Liebscher & al prove this result for a periodic heteroclinic chain. Their
method extend, with some technical work, to arbitrary heteroclinic chains bounded away from the
Taub points. F. Béguin proved a similar result for aperiodic heteroclinic chains in [Bég10]. One should
note that in both these papers, the set of heteroclinic chains that are shown to attract some type VIII
or IX orbits correspond to a null measure subset of the Kasner circle. In the preprint [RT10], Reiterer
& Trubowitz show that the set of points p for which the heteroclinic chains attract some type VIII
or IX orbits is a Lebesgue full measure subset of the Kasner circle. However, their result, while showing
that the union of all the type VIII or IX orbits shadowing a generic heteroclinic chain is in some
sense “3-dimensional”, does not describe its geometry as precisely as in [Lie411] and [Bégl0]. This is
mainly due to the lack of information near the Taub points, or at least, the difficulty to extract this
information.

The first part of Theorem B is essentially equivalent to the theorem proved by Reiterer & Trubowitz.
There are three main differences between these two results:
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e We do not work with the same equations. Indeed, while we use the orthonormal frame method, they
use the orthogonal frame method. It means that their variables are the diagonal coefficients of the
metric h; and the diagonal coefficients of the second fundamental form of the spacelike hypersurface
{t} X G, while with the orthonormal frame method, as its name seems to indicate, the metric h; is
normalized (its diagonal coefficients are equal to 1).

e We do not obtain the same subsets of the Kasner circle. Indeed, the result of Reiterer & Trubowitz
applies to any point p of the Kasner circle such that the sequence (k;) of the partial quotients of
the continued fraction expansion of the Kasner parameter of p grows at most polynomially, that is,
such that the sequence (k;) satisfies the subpolynomial growth condition

there exists P € R[X]such that for all n € N, k,, < P(n) (sPG)

One can remark that between the two conditions (MG) and (sPG), neither is stronger than the
other one.

e We obtain a slightly finer description of the geometry of the union of all the type IX orbits shadowing
a generic heteroclinic chain. In our result, this set is proved to contain a Lipschitz manifold immersed
in the phase space Z*. In Reiterer & Trubowitz’s work, it is not clear if the set they obtain is
Lipschitz regular.

Moreover, our posture is quite different from Reiterer-Trubowitz’s. Their goal is to provide a proof
of their main theorem as concise as possible. On the contrary, our choice was to carry a rather
complete and systematic investigation of the properties of the Wainwright-Hsu vector field from the
viewpoint of non-uniformly hyperbolic systems theory. Theorem B appears as a kind of corollary of
this investigation.

On the other hand, the second part of Theorem B is entirely new and relies on the precise geometrical
description of the shadowing sets (i.e. the sets of orbits shadowing a heteroclinic chain).

As we already stated in Theorem 1.1, it was already known that the w-limit set of almost all
the orbits of the Wainwright-Hsu vector field is contained in the Mixmaster attractor /. Moreover,
Ringstrém ([Rin01]) and Brehm ([Brel6]) proved that the w-limit set of a generic orbit is not reduced
to a Taub point. This implies that almost all the orbits of the Wainwright-Hsu vector field have an
oscillatory future-asymptotic behaviour (a generic orbit has at least three different w-limit points in
the Kasner circle), but this result does not give precise information about the oscillatory behaviour.
In particular, using only this result, we do not know if these generic orbits shadow some heteroclinic
chains or not.

Hence, we still do not know if corollary 1.6 holds for generic orbits of the Wainwright-Hsu vector
field. The question whether or not it is true is of particular importance, so let us state this open
question here.

Question 2. Is it true that for a generic point q of the phase space B* (with respect to Lebesgue
measure), the w-limit set of the orbit of the Wainwright-Hsu vector field with initial condition q coincides
with the Mixmaster attractor o7 ?

1.3 Some interesting dynamical features of the Wainwright-
Hsu vector field

Even if one forgets its physical origin, the Wainwright-Hsu vector field appears to be very interesting
from a purely dynamical systems viewpoint.

A catalogue of classical examples of dynamical systems. First of all, it is quite amusing that
the Wainwright-Hsu equations somehow gathers in a single vector field several of the most classical
examples of chaotic dynamical systems that are presented in most introductory courses.

e The behaviour of the type II orbits is described by the so-called Kasner map, which is an avatar
of the most basic example of chaotic map: the angle-doubling map of the circle. More precisely,
being a (non-uniformly) expanding map of degree —2 of the circle, the Kasner map is topologically
conjugate to the map 6 —» —20 on R/Z.
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Figure 1.3 — Bowen’s eye attractor.

e As explained in the previous pages, the Kasner parameter conjugate the Kasner map (modulo a
finite quotient) to an avatar of the famous Gauss map x i - [i] As an immediate consequence,
the behaviour of the orbit of a point p under the Kasner map depends on the continued fraction
development of the Kasner parameter of p. Some properties of the Gauss map will indeed play a

crucial role in the proof of our main theorems (see Appendix B).

e Recall that the classical Bowen’s eye-attractor is obtained by considering a vector field in the plane
with an attracting cycle made of two heteroclinic orbits connecting two hyperbolic saddle-type
singularities (see figure 1.3). This example is well-known because it has a very bad statistical
behaviour: the Birkhoff sums along any orbit in the interior eye do not converge. The reason is
that such an orbit will spend some time close to the left corner of the eye, then a much longer time
close to the right corner of the eye, then a much much longer time close to the left corner of the
eye, etc. This behaviour forces the Birkhoff sums to oscillate. Now consider a periodic chain of
type II orbits in the Mixmaster attractor. It is nothing but a cycle of heteroclinic orbits connecting
(partially) hyperbolic saddle-type singularities. It was proved by Georgi, Harterich, Liebscher and
Webster that there is a three-dimensional set of type VIII or IX orbits that are attracted by this
cycle (see [Lie+11]). The same arguments as for the classical Bowen’s eye-attractor show that the
Birkhoff sum along these orbits do not converge. Hence, every periodic chain of type II orbits can
indeed be considered as a “generalized Bowen’s eye-attractor”. Therefore, the Mixmaster attractor
somehow contains a “bunch of infinitely many interlaced (generalized) Bowen’s eye-attractors”.

e Yet another classical system “hidden” in the Wainwright-Hsu vector field ! In some variables that
we will not use in this thesis, the flow of the restriction of the Wainwright-Hsu vector field to the
Mixmaster attractor becomes a billiard in a ideal hyperbolic triangle, the so-called cosmological
billiard (see e.g. [Dam| and [HU09)).

Non-linearizable degenerate partially hyperbolic singularities. When one tries to analyze
in details the behaviour of the Wainwright-Hsu vector field, one realizes that this vector field presents
some unusually complicated dynamical features.

For example, the starting point of the proof of our main theorems is the analysis of the dynamics
of the Wainwright-Hsu vector field 2" in the neighbourhood of a point p of the Kasner circle. Recall
that every such point p is a singularity of 2. The eigenvalues of D2 (p) vary with p, and there
often appears some resonance between them. As a consequence, there is a dense set of points p in the
neighbourhood of which the Wainwright-Hsu vector field is not linearizable. As a further consequence,
we are forced to study the local dynamics of 2" in the neighbourhood of such points p by very basic
methods (which roughly consist in using repeatedly Grénwall’s lemma to bound the effect of the
non-linear terms). Note that the situation we face (the local dynamics of a non-linear vector field in
the neighbourhood of a partially hyperbolic singularity in dimension 4, with arbitrarily bad resonances,
the vector field being C* flat in the central direction) seems to be more degenerate than what has
been studied by experts.

Remark 1.8. A result of F. Takens [Tak71] allows to linearize the dynamics in the neighbourhood of a
point p of the Kasner circle that is not pre-periodic for the Kasner map (these are exactly the points
whose eigenvalues are non-resonant). But this result does not provide any lower bound on the size of
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the linearization neighbourhood, nor any upper bound on the derivatives of the linearizing coordinates.
As a consequence, this result can only be used in order to build some local stable manifolds for chains
of type II orbits that do not accumulate on a periodic orbit of the Kasner map (this has been done
by F. Béguin in [Bégl0]). Such chains are very rare: their union has zero Lebesgue measure in the
Mixmaster attractor.

A non-uniformly hyperbolic return map with poor regularity. The proof of our main theo-
rems relies on the non-uniformly hyperbolic behaviour of the Wainwright-Hsu vector field. In practice,
we will consider the second iterate of the Poincaré return map ® of the orbits of the Wainwright-Hsu
vector field on a transverse section S. We will prove some uniformly hyperbolic properties for this
return map ®: for every point p in the intersection of the section S with the Mixmaster attractor <7,
if the return map ® is defined at p, then it contracts uniformly the direction transverse to <7 at p, and
expands uniformly the direction tangent to 27. We insist on the fact that the contraction and expansion
constants are independent of the point p. Moreover, the contraction in the direction transverse to
&/ happens to be super-linear. Nevertheless, the map ® should be considered as a non-uniformly
hyperbolic map. Indeed, the size of the neighbourhood of the point p on which one can prove some
contraction/expansion properties is not bounded from below uniformly in p. This is due to:

e the presence of singularities: the return map d is not defined everywhere (roughly speaking, an
orbit which falls on a Taub point never comes back in the section);

e the lack of regularity of the return map d: we are only able to prove that ® is Lipschitz. Actually,
® might be C’l7 but some evidence indicate that the derivative of ®, if it happens to exist, cannot
be a-Holder for some uniform « > 0.

As a consequence of this non-uniformity:

e we will be able to prove the existence of local stable manifolds for almost every orbit of ®, but not
for all orbits,

e the size of these stable manifolds will depend on the orbit, and will not be uniformly bounded from
below.

Although we will prove some non-uniformly hyperbolic properties for the return map <i>, the classical
Pesin’s theory of non-uniformly hyperbolic maps (see e.g. [BP13]) does not apply to ®. The theory
of non-uniformly hyperbolic maps with singularities, as developed by A. Katok and J.-M. Strelcyn
(see [KS86] or [Sat92]) does not apply directly either. The reason is once again the lack of regularity
of &. Indeed, the above-mentioned theories concern maps whose derivatives may explode when one
approaches some singular set, but which are quite regular (at least 02) far from the singular set.
This is not the case of ®: as explained above, we are not able to prove that d is differentiable. The
hardest task in the proof of our main theorems is to obtain some hyperbolicity estimates for ®, with
some explicit controls of the size of the neighbourhoods where these estimates hold. It will cover
chapters 4 to 9. Once we will have these estimates, we will need to « redo » Katok-Strelcyn’s work in
our specific context, using some Lipschitz estimates instead of the classical bounds on the first and
second derivatives. Appart from the low regularity of our map, there is another important difference
between Katok-Strelcyn’s setting and ours:

e roughly speaking, Katok-Strelcyn’s hypotheses are chosen so that the size of the neighbourhoods
on which one gets various types of estimates is always polynomial with respect to the distance to
the singularity;

e in our situation, we will often be forced to consider neighbourhoods with exponentially small size . . .

e ...but the extremely small size of the neighbourhood on which we can prove interesting estimates
will be balanced by the super-linear contraction in the direction transverse to the Mixmaster
attractor.

Remark 1.9. Note that one really needs to use some specific properties of the Poincaré map P to
compensate its poor regularity. Indeed, C. Bonatti, S. Crovisier and K. Shinohara have proved that
generic c! non-uniformly hyperbolic diffeomorphisms (such diffeomorphisms are not C e for any
a > 0) do not admit non-trivial local stable manifolds (see [BCS14]).
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Some unusual arithmetic conditions. In a non-uniformly hyperbolic system with singularities, it
is not possible to construct non-trivial Pesin stable manifolds at every point p. A necessary condition
(among others) is that the orbit of p should wait a long time before coming very close to the singularities.
For the Wainwright-Hsu vector field, this means that we have to focus on points p of the Kasner circle
whose orbits under the Kasner map will wait a long time before coming very close to the Taub points.
Since the Kasner parameter turns the Kasner map into an avatar of the Gauss map, this naturally
translates as a condition on the continued fraction development of the Kasner parameter of the point p.
In other words, we will only be able to deal with points p whose Kasner parameter satisfies a certain
arithmetic condition.

Arithmetic conditions appear in various areas of dynamical systems. They are usually of one of the
following two types:

e Either one needs to consider real numbers that are badly approximated by rational numbers (so-
called Diophantine numbers and their generalizations). This is typically the case when one wants to
prove KAM-type results, solve cohomological equations, prove the convergence of a renormalization
scheme, etc. The terms (k,,),>0 of the continued fraction development of such numbers grow slowly
with respect to n.

e Or one needs to consider real numbers that are very well-approximated by rational numbers (so-
called Liouville or super-Liouville numbers). This is typically the case when one wants to construct
exotic examples of elliptic dynamical systems as limits of periodic systems (for example, by using
the so-called Anosov-Katok method). The terms (k,,),»o of the continued fraction development of
such numbers grow very fast with respect to n.

The arithmetic condition (MG) we need to consider in our proof (which we call moderate growth
condition) is of neither of the two above types. The integers (k,),»o that appear in a continued
fraction development satisfying this condition might grow either slowly or very fast with respect to n.
What is important is that the size of k,, should be balanced by the size of kq,...,k,_1. This is due to
the competition between two phenomena. Consider a chain of type II orbits starting at some point p
of the Kasner circle, a type IX orbit whose initial condition is at distance ¢ << 1 of p and denote by
(ky)n=0 the terms of the continued fraction development of the Kasner parameter of p.

e On the one hand, the contraction rate of the flow in the direction transversal to the Mixmaster
attractor between a small transverse section close to p and a small transverse section close to
FFr o1y depends on ky + - -+ + Ky

e On the other hand, the size of the neighbourhood of .F"* **n-1 (p) where we have a good control
of the behaviour of the orbits depends of k,,.

So, very roughly speaking, the orbits starting at distance 1 of the Mixmaster attractor will hit the
neighbourhood of .% k1+'"+k"‘1(p) where we can control their behaviour provided that k,, is small
compared to ki + +++ + k,_; (of course, we are oversimplifying). This is the reason why the moderate
growth condition (MG) comes into the game.

Remark 1.10. Proving that Lebesgue almost every real number satisfies the moderate growth condi-
tion (MG) (see Lemma 1.5) is not that easy. The argument that was suggested to us by S. Gouézel
uses some rather sophisticated properties of the Gauss map (namely, the existence of a spectral gap
for the transfer operator associated with the Gauss map, acting on the space of L™ functions with
bounded essential variation).

A complicated statistical behaviour. We have explained above that a periodic chain of type II
orbits of the Wainwright-Hsu vector field can be thought as a generalized Bowen’s eye-attractor. But
the global statistical behaviour of the Wainwright-Hsu vector field is certainly much more complicated
than those of a Bowen’s eye-attractor.

Indeed, for a classical Bowen’s eye-attractor, the set of all the limit points (in the space of probability
measures) of the Birkhoff sums is rather small: it is exactly the affine segment whose ends are the
Dirac masses supported by the two eye corners. Now consider a non-periodic chain of type II orbits in
the Mixmaster attractor. Such a chain will almost surely be dense in the Mixmaster attractor, i.e. the
corners of the chain will almost surely be dense in the Kasner circle. Moreover, Theorem B shows
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that such a chain will almost surely be shadowed by a three-dimensional set of type IX orbits of the
Wainwright-Hsu vector field. We are not able to compute exactly the set of limit points of the Birkhoff
sums along such orbits (in the general case). But some informal arguments show that this set should
typically be infinite dimensional. In any case, it is clear that the behaviour of the Birkhoff sums along
most orbits of the Wainwright-Hsu vector field must be very wild.

P. Berger has introduced a quantity which quantifies the statistical complexity of a dynamical
system: the emergence of the system. Roughly speaking, it measures the growth rate, as € goes to 0,
of the number of probability measures that are necessary to e-approximate the set of all limit points
of the Birkhoff sums along almost all the orbits (see [Berl6| for a precise definition). It is known
that there exists systems with arbitrarily large emergence (such systems are actually locally generic).
But the constructions rely on Baire arguments, and do not yield explicit examples. We guess that
the Wainwright-Hsu vector field might be an explicit example of a dynamical system with very large
emergence. So we conclude this section by the following problem:

Question 3. Is it possible to compute the emergence of the Wainwright-Hsu vector field? Is it
exponential?

A high emergence rate for the Wainwright-Hsu vector field would bring another evidence that
explicit models of physical systems might display a very wild dynamical behaviour ...

1.4 Heuristic arguments underlying the proof of the main the-
orem

The proof of Theorem B is based on the following heuristic argumentation, which can be attributed
to Belinskii, Khalatnikov and Lifshitz (except for the very last part concerning the moderate growth
condition).

Consider a point p of the Kasner circle, so that p is not one of the Taub points. The point .% (p)
(the image of p under the Kasner map) is a partially hyperbolic singularity of the Wainwright-Hsu
vector field 2. More precisely, the linear part of 2~ at .#(p) has two negative eigenvalues —,, and
—pts, (With pg, = pg,), one zero eigenvalue (corresponding to the direction tangent to the Kasner
circle), and one positive eigenvalue p,,. The eigendirections associated with the two stable eigenvalues,
—pis, and —pu, , are tangent to the two type II orbits arriving at .%#(p) (hence, one of them, say the
one associated with —pu,, , is tangent to the type II orbit @,_, #(,)) The eigendirection associated with

the unstable eigenvalue p,, is tangent to the type II orbit €%,y 22(,) going from .7 (p) to ﬁz(p).
Consider a type IX orbit & traveling very close to the type II orbit ,_, #(,). After some time, it
will enter a neighbourhood B; of .#(p). Let d; be the distance between the orbits ¢ and 0, z(,)
when they enter in B;. The orbit & will continue to follow &), #(,) until it comes very close to the
point .Z(p) (going slower and slower since .#(p) is a singularity). Then it will start to follow the
unstable manifold of .7 (p), that is, to follow the type II orbit &z, z2(p). Now, suppose for some

moment that one could neglect the non-linear part of 2. Then we can compute explicitly the flow of

2, and we see that the orbit & will exit B; roughly at distance dfsl/ﬂu from the orbit & z(,)-22(p)-

The crucial point is that the stable eigenvalues of the point of the Kasner circle are “stronger” than the

unstable one. In other words, 15, /11, is greater than 1 and therefore dlfsl/uu is much smaller than d;.

Now, the orbit & will travel side to side with the type II orbit &z, #2(p) until entering a small
neighbourhood By of the point % 2 (p). It is impossible to control precisely the distance between ¢ and
O 7(p)-72(p) during this travel: we face the global behaviour of a non-linear vector field. But in any
case, the travel from By to By will take a finite time 7', and therefore the distance will grow at most

linearly, the dilatation factor A being the upper bound of the derivative of the time T" map of the flow.
Hsq /Nu

As a consequence, the orbit ¢ should enter the neighbourhood Bj roughly at distance dy := Ad;
of the orbit € z(,)- #2(p), which is much smaller than d; (if d; is small enough). See figure 1.4.

Iterating the argument, the orbit & should go through the small neighbourhood By of % 2 (p),
follow the type II orbit &2,y #3(;), and enter in a neighbourhood of ﬁg(p) at a distance d3 < da,
go through the small neighbourhood of ﬁg(p), follow the type II orbit & zs(,)-.24(p), and enter in
a neighbourhood of ﬁ4(p) at a distance d; < ds, ...So we can hope to keep some control of the
behaviour of & forever and prove that it shadows the heteroclinic chain (ﬁp_,y(p), O F(p)—»F2(p)> - - - )
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O 72 (p)-73(p)

O 7 (p)»72(p)

Figure 1.4 — The orbit & successively enters the neighbourhoods By, Bs,...Each time it passes inside
one of these neighbourhoods, it gets much closer to the heteroclinic chain starting at p, due to the
super-linear contraction.

Of course, this very rough heuristic argument dramatically oversymplifies the situation (otherwise
the proof of Theorem B would not fill more than 150 pages of this thesis !). Yet it will serve us as a
guideline, and our task will be to turn it into a rigorous proof.

The main difficulties that we will face are the following. When we analyze the behaviour of the
orbit ¢ inside a neighbourhood of # Z(p), we need to take into account the effect of the non-linear
part of 2". These non-linear terms will in particular induce a drift in the central direction, i.e. in the
direction of the Kasner circle. So the orbit & will deviate from the heteroclinic chain of type II orbits,
and we shall need to control this deviation, and prove that it is somehow balanced by the very strong
contraction due to the linear part of the vector field. We also have to take into account the fact that
the stable and unstable eigenvalues —pu,. , —ps, and p,, at the point .# ¢ (p) critically depend on the
position of this point on the Kasner circle: —ps, and 1, tend to zero as the point F e(p) approaches
one of the Taub points. This means that, when % E(p) is very close to a Taub point, the hyperbolicity
of the linear part of 2 at .# e(p) is very weak, and therefore can only compensate the effect of the
non-linear part in an extremely small neighbourhood B, of .Z*(p).

So there will be a competition. On the one hand, if the orbit & falls successively in the neigh-
bourhooods By, Bs, ..., B, of the points %' (p), Z>(p),...,.#"(p), then the distance between €&
and the heteroclinic chain of type II orbits (ﬁp_,g/:(p), O F(p)—F2(p)> - - - ) will undergo a very strong
contraction. Therefore the orbit ¢ will have more chance to enter the neighbourhood B,,,; of the
point .Z"*(p). On the other hand, if the point .Z™ " (p) happens to be very close to one of the Taub
points, then the neighbourhood B,,,; will be extremely small and it is quite likely that the orbit &
will fail to enter this neighbourhood, in which case the future behaviour of & will get out of control.
This is the reason why we will not always be able to prove the existence of type IX orbits shadowing
the heteroclinic chain (ﬁp_,g:(p), O 7 (p)»F2(p)> - - - ) Roughly speaking, we will need this heteroclinic
chain to “wait enough time before going close to the Taub points”.

In order to be more quantitative, let us consider the continued fraction expansion [1;kq, ks, ... ]
of the Kasner parameter of the point p. On the one hand, if the orbit & falls in the neighbourhoods
By, B,, ..., B,, then the contraction of the distance between & and the heteroclinic chain will roughly
be controlled by k? +ee ki On the other hand, the size of the neighbourhood B,,,; will roughly be
controlled by k,,,4. So we will be able to keep some control on the behaviour of the orbit & if and
only if the continued fraction expansion satisfies the moderate growth condition (MG). Once again,
we are oversymplifying, but this is indeed the origin of the moderate growth condition.
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1.5 Strategy of the proof of the main theorem and organization
of the memoir

In the next few pages, we will describe the content of the different chapters of the memoir. We hope
that the strategy of the proof of our main theorems will arise from this description.

The vacuum Einstein field equations for Bianchi spacetimes. The purpose of Chapter 2 is
to explain briefly how the vacuum Einstein field equations translate into the Wainwright-Hsu equations
in the context of Bianchi spacetimes.

The Wainwright-Hsu vector field and the Mixmaster attractor. In Chapter 3, we describe
the dynamics of the Wainwright-Hsu vector field 2" in restriction to the Mixmaster attractor (linear
part of 2" at points of the Kasner circle, explicit expression of the type II orbits, Kasner map, Kasner
parameter, etc.). This dynamics is well-known. The only original part of Chapter 3 is the description
of a finite quotient of the classical phase space in which we shall work.

Local expression of the Wainwright-Hsu vector field in the neighbourhood of a point of
the Kasner circle. As explained above in heuristic terms, the proof of Theorem B is based on the
analysis of the local dynamics of the Wainwright-Hsu vector field 2 in the neighbourhood of a point
p of the Kasner circle. To carry this analysis, we use a quite standard strategy: we first construct a
coordinates system in which the vector field 2™ has the simplest possible expression, and then, we use
this expression to control the deviation of the true orbits of 2" from those of the linear part D2 (p)
of Z.

Hence, our first task is to find a “nice” local coordinate system in the neighbourhood of a point p
of the Kasner circle (which is not one of the Taub points). Actually, the only property we need for
this coordinates system is that it straightens the stable, central and unstable manifold of 2~ at the
point p. So the coordinates system will be provided by the stable manifold theorem. Yet we need
a quite precise version of this result: in particular, we need some lower bounds on the size of the
neighbourhoods on which the straightening coordinates are defined, and some upper bounds on the
norm of the derivative of these coordinates, with some explicit dependance on a parameter. We could
not find the appropriate statement in the literature, so we had to prove it (using some rather standard
techniques); this is done in Appendix C. Once we have the suitable statement of the stable manifold
theorem, we apply it three times (together with some other easy coordinate change) to get a local
coordinate system straightening the strong stable, weak stable, central and strong unstable manifolds
of p. Then we write the local expression of 2~ in this “nice” local coordinate system, providing some
upper bounds on the non-linear terms showing up in this expression. This is done in Chapter 4.

Local sections and transition maps. In Chapter 5, we define some sections transverse to the
Wainwright-Hsu vector field 2". For every point p in the Kasner circle (which is not one of the Taub
points), we define a local section S; that will be intersected by the orbits of 2~ when they arrive in
a small neighbourhood of p. Similarly, we define a local section SZ that will be intersected by the
orbits of 2" when they get out from a small neighbourhood of p. The size of these sections (in the
different directions), as well as their distance to the point p, depend on several parameters. We also
define a global section S which is intersected by all the type IX orbits that could possibly shadow
some heteroclinic chain of type II orbits. Moreover, in order to understand the dynamics of the orbits
traveling between two sections, we are led to define some transition maps. The transition map from a
section S; to a section S, encodes, for an orbit & of £~ starting in Sy, the first intersection point of &
with the section S.

Local dynamics in the neighbourhood of a point of the Kasner circle. In Chapter 6, we
use the local expression of the Wainwright-Hsu vector field 2" in order to study the local dynamics
of 2 in the neighbourhood of a point p of the Kasner circle. More precisely, we want to understand
the transition map Y, of the orbits of 2" from a local section S; at the entrance of a neighbourhood
of p to a local section S;f at the exit of the same neighbourhood. The task consists in controlling
the effect of the non-linear terms in the local expression of 2°. The size of the neighbourhood of
p, the size of the local sections S; and SZ , and their distance to the point p, depend on the Kasner
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parameter of p. The outcome of the chapter is roughly the following: when the orbits of Z~ cross a small
neighbourhood of the point p, the distance from these orbits to the Mixmaster attractor undergoes
a super-linear contraction, whereas the drift of the orbits in the direction tangent to the Mixmaster
attractor is extremely small. In other words, the transition map T, is strongly contracting in the
direction transverse to the Mixmaster attractor (the contraction is super-linear), and almost isometric
in the direction tangent to the Mixmaster attractor. An important point is that the dependence of the
contraction (resp. drift) rate with respect to the Kasner parameter of p is explicit. Note that to get
this explicit dependence, we extend the methods employed in [Lie-+11].

Dynamics in the neighbourhood of a type II orbit. Consider again a point p on the Kasner
circle. The purpose of Chapter 7 is to control the behaviour of a type IX orbit traveling very close to
the type I orbit &), #(,). More precisely, we want to control the transition map ¥, of the orbits of 2~
from a local section S, at the exit of a neighbourhood of p to a local section S%,) at the entrance of
a neighbourhood of the point % (p). The estimates we obtain are very loose, since we are considering
the long range behaviour of a non-linear vector field. The only thing we can do is to:

e find an upper bound of the travel time of the orbits between the sections S;‘ and S}(p),

e apply Gronwall’s lemma to obtain some (very) rough control during this travel.

Dynamics along an epoch. Given a point p of the Kasner circle, the epoch transition map ®,, is
the transition map of the orbits of 2~ from a section S; at the entrance of a neighbourhood of the
point p to a section S}(p) at the entrance of a neighbourhood of the point .7 (p). Observe that ®,, is
nothing else than the composition of the maps Y, and ¥, considered in Chapters 6 and 7. So, we
will only need to concatenate the estimates proven for the maps T, and ¥, to obtain some estimates
on ®,. The only difficulty is to find some size of the sections S, and S}(p) so that the map @, is
well-defined. This is done in Chapter 8. Once we know that ®,, is well-defined and is the composition
of T, and ¥, we easily obtain some partial hyperbolicity properties for ®,: it is super-contracting
in the direction transverse to the Mixmaster attractor, and almost not contracting in the direction
tangent to the Mixmaster attractor (this direction may be expanded, or very weakly contracted).

Dynamics along an era. Consider the region J#; o7 of the Kasner circle where the Kasner parameter
ranges between 1 and 2 (roughly speaking, this is the region of the Kasner circle which is far from the
Taub points). Let p be a point in .}y 5], and denote by k; the first term in the continued fraction
expansion of the Kasner parameter w(p). The heteroclinic chain of type II orbits starting at p first
goes close (roughly at distance —) to one of the Taub points, say T3, then bounces k; — 1 times from

one side of T3 to the other, slowly escaping from the vicinity of T3, until it comes back in 9 o3
An era is such a piece of heteroclinic chain, made of the concatenation of k; type II orbits, Wthh
starts and ends up in .#9; 9]. See figure 1.5. The purpose of Chapter 9 is to study the behaviour
of the orbits of the Wainwright-Hsu vector field 2™ along such an era. More precisely, we want to
study the era transition map, i.e. the transition map (fp of the orbits of 2" from a local section S; at
the entrance of a neighbourhood of p to a local section S;kl(p) at the entrance of a neighbourhood

of the point .# 1(])) This map can be seen as the composition of the k; epoch transition maps
Dy P zipys - @Lgkl-l(p) provided that we can find some size of sections so that this composition is
well-defined. We indeed manage to set up an induction scheme, based on the estimates of Chapter 8,
showing that the composition of the epoch transitions maps @, ® z(,),-- -, @Lg-kl—l(p) is well-defined
on a tiny local section close to p.

It is natural to expect some uniform hyperbolicity properties for Ci)p. Yet a minor (but quite
annoying) technical difficulty shows up. One soon realizes that the map ®, cannot be uniformly
expanding in the direction tangent to the Mixmaster attractor. This can be easily overcome by
replacing <i>p by the “double era transition map” <i>p, which describes the behaviour of the orbits during
two eras instead of a single one. We are indeed able to prove some hyperbolicity properties for this
map: it contracts uniformly the direction transverse to the Mixmaster attractor and expands uniformly
the direction tangent to this attractor.

Moreover, the @p’s can be glued together, in order to get a global Lipschitz map d. This map is
the second iterate of the Poincaré’s return map of the orbits of the Wainwright-Hsu vector field 2"
on a global section S. We call it the double era return map. The section S is intersected by all the
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T

L w=2
w=17%(p)

Figure 1.5 — First era of the heteroclinic chain starting at p, represented in projection on the plane
containing the Kasner circle.

orbits that could potentially shadow some heteroclinic chain. Yet, it is important to note that P is
not well-defined on the whole section S. It is defined on a kind of hedge with variable height over the
interval ]1,2]: the height of the hedge over the point w € ]1,2] depends on the four first terms of the
continued fraction development of w, and is equal to zero at certain points. The map P is uniformly
hyperbolic on this hedge-shaped domain.

Construction of local stable manifolds for the double era return map. In Chapter 10, we
use the hyperbolicity of the double era return map P, together with the usual graph transform mapping
technique, in order to construct some local stable manifolds for &. The main difficulty is to find some
domains where the graph transform mapping can be iterated (recall that the map d is not defined
on the whole section S). This is where the moderate growth condition (MG) shows up. Roughly
speaking, we can iterate the graph transform mapping over the orbit of a point p € .#9; o7 if and only
if the Kasner parameter of p satisfies the moderate growth condition. For such a point p, we obtain
a non-trivial two-dimensional local stable manifold W*(p, ®). The size of this local stable manifold
depends on p. In particular, it depends on the time ng one has to wait in order to “see” the domination
of ki, by the sum P k2 for all n = ng.

Shadowing of heteroclinic chains. Consider a point p of the Kasner circle having a non-trivial
stable manifold W*(p, ®) for the double era return map ®, and a point ¢ € W*(p, ®). In Chapter 11,
we prove that the forward orbit of ¢ (for the Wainwright-Hsu vector field) shadows (in the sense of
definition 1.2) the heteroclinic chain (@Hg(p), O 7(p)—»F2(p)> - - - ) This easily follows from what has
been done earlier. Thanks to some estimates proven in Chapters 6, 7 and 9, we know that, since ¢ is close
to p, the forward orbit of ¢ will stay very close to the heteroclinic chain (Gpo z (), Oz (p)->72(p), - - - )
during two complete eras. But since ¢ is in the stable manifold W*(p, i)), this orbit hits the section S
very close to .7 (p) := Fhith (p) (we call .F the double era Kasner map). So, using again the estimates
of Chapters 6, 7 and 9, we obtain that the forward orbit of ¢ stays very close to the heteroclinic
chain during two more eras. Then it hits the section S even closer to Z2(p) = FrHrathatha(py
Iterating this argument, we obtain that the forward orbit of ¢ shadows the entire heteroclinic chain
(Op-z0): OF ()72 )-

At this point, we have proved the first part of Theorem B, i.e. we have constructed a three-
dimensional set of type IX orbits that shadow the heteroclinic chain (ﬁp_,g(p)7 O Z(p)—»F2(p)> - - - ) for
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every point p whose Kasner parameter satisfies the moderate growth condition (MG).

Absolute continuity of the local stable manifolds foliation. The second part of Theorem B
is proven in Chapter 12. Namely, we consider a set & of positive one-dimensional Lebesgue measure in
the Kasner circle, and we prove that the union of the type IX orbits shadowing a heteroclinic chain
(ﬁp_,g?(p)7 O 7 (p)»F2(p)> - - - ) with p € & has positive four-dimensional Lebesgue measure in the phase
space. Without loss of generality, one can assume that & C .#3; 9]. According to what has been
explained above, it is enough to prove that the union of the local stable manifolds W*(p, <f>) when p
ranges over & has positive three-dimensional Lebesgue measure in the transverse section S.

Remark 1.11. Readers that are not familiar with non-uniformly hyperbolic dynamics might think that
this is a straightforward consequence of the W*(p, i))’s being two-dimensional submanifolds which
depend continuously on p. However, a continuous dependance is not sufficient to apply a Fubini type
argument (recall that a continuous map might send positive Lebesgue measure sets to zero Lebesgue
measure sets). Examples of non-uniformly hyperbolic dynamical systems with pathological local stable
manifold “foliations” do exist.

We use a well-known strategy due to Pesin, which consists in considering the holonomy along the
“foliation” in local stable manifolds, and proving that this holonomy is made of absolutely continuous
maps. The absolute continuity of the holonomy maps follows from estimates on the action of these
maps on the volume of discs transverse to the “foliation” in local stable manifolds. Such estimates are
trivial for “big” discs. The trick is to turn small discs into big ones using the map ®. Indeed the discs
are transversal to the stable manifold, hence can be considered as unstable disc, and therefore, their
images under $" become larger and larger as n goes to infinity.

Our setting is easier than the usual general setting because the “foliation" in stable manifolds is
transversally one-dimensional, and therefore the discs transverse to the foliation are just arcs, whose
volume can be computed easily (in particular, it roughly coincide with the diameter of these arcs). On
the other hand, our setting is also more tricky because we have to work with a map & which is not
defined everywhere, so we have to be very careful when we consider large iterates of d to make the
discs grow.

Remark 1.12. One could be worried since it is well-known that Pesin’s absolute continuity techniques
only work for ot maps, and since we have explained previously that our map d is only Lipschitz.
Actually, the C’lm—regularity is used for two purposes in Pesin’s proof. First, to find some lower bounds
for the size of the neighbourhoods of the points of the attractor where certain hyperbolicity estimates
hold. We already have computed such sizes in the previous chapters. Second, to get some Holder
regularity on the unstable direction (tangent space to the attractor). In our case, this regularity is for
free, since we know explicitly the attractor, and since the intersection of this attractor with the section
S is extremely simple and regular: this is an affine interval in our local coordinates (which are at least
C’4). Hence the low regularity of the map d is not a true problem for this precise proof.

Statement of the main theorem in the full phase space. For sake of simplicity, we have stated
Theorem B in the restricted phase space B (in particular, we have restricted ourselves to heteroclinic
chains that can be shadowed by type IX orbits). Nevertheless, our proof also works in the full phase
space, provided that we introduce a natural notion of coherent heteroclinic chain. The generalization
of Theorem B to the full phase space £ is stated in Appendix A.

Continued fractions. Some classical material about continued fractions and the Gauss map is
gathered in Appendix B. This is also the place where we prove that the moderate growth condition is
generic in the measure-theoretical sense.

A stable manifold theorem with parameters. As explained above, in order to construct a nice
coordinates system in the neighbourhood of a point of the Kasner circle (Chapter 4), we need a version
of the stable manifold theorem with some explicit estimates. This version is stated and proved in
Appendix C.



Chapter

The vacuum Einstein field equations for
Bianchi spacetimes

The purpose of this section is to explain how the Wainwright-Hsu equations (1.5) can be derived
from the vacuum Einstein field equations (1.2) for class A Bianchi spacetimes. Moreover, we want to
describe the correspondence between vacuum class A Bianchi spacetimes and solutions of (1.5). This
chapter follows mostly [Rinl13|, hence we refer to this book for more details.

First, let us recall the definitions we are using in this work.

Definition 2.1 (Vacuum Bianchi spacetime). A vacuum Bianchi spacetime is a Lorentzian manifold
of the form (M, g) = (I X G, —ds” + h,) satisfying the vacuum Einstein field equations

Ric, =0

where [ is an interval of the real line, G is a simply-connected 3-dimensional real Lie group, s is a
coordinate on I and h, is a left-invariant Riemannian metric on {s} X G = G for every s € I, such that

Definition 2.2. A Lie group is said to be unimodular if its left invariant Haar measure is also right-
invariant. A Lie algebra g is said to be unimodular if all the simply-connected Lie groups associated
with g are unimodular.

Definition 2.3 (Vacuum class A Bianchi spacetime). A vacuum Bianchi spacetime
(M,g) = (I xG,~ds” +hy)

is said to be of class A if the Lie group G is unimodular.

Definition 2.4 (Maximal vacuum class A Bianchi spacetime). A vacuum class A Bianchi spacetime
is mazimal if it cannot be embedded isometrically as a strict submanifold of another vacuum class A
Bianchi spacetime.

Throughout this work, we will focus on maximal vacuum class A Bianchi spacetimes, in the sense
of the preceding definitions.

This section is divided in three parts. Firstly, we recall some general results on 3-dimensional Lie
groups and their algebras. Secondly, we show that every vacuum class A Bianchi spacetime admits a
particular frame field, called an orthonormal-parallel frame. Lastly, we explicit the coordinates for
which the vacuum Einstein field equations (1.2) transcribe precisely as the Wainwright-Hsu equations
(1.5).

2.1 3-dimensional unimodular real Lie groups and algebras

Proposition 2.5. Let G be a connected Lie group whose Lie algebra is denoted by g. The Lie group G
is unimodular if and only if, for all x € g, the linear transformation ad(x) : y — [x,y] has trace zero.

19
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Proof. Tt is easy, see for example section 6 of Milnor’s article [Mil76]. O

Definition 2.6 (Canonical orthonormal frame). Let g be a 3-dimensional unimodular real Lie algebra,
h be a positive-definite quadratic form on g, (-,-) be the inner product associated with h and
B = (e, €9, e3) be an orthonormal frame of (g, (-, -)). We say that B is a canonical orthonormal frame
for (g, h) if there exists a triple (nq,ns,n3) of real numbers verifying

[e1,e2] = nges, [eq,e3] =mnyer, [es,e1] =ngey

If this is the case, we will call the numbers ny,ny,n3 (in that order) the structure constants for the
frame B in the Lie algebra g.

Next proposition shows that any 3-dimensional unimodular real Lie algebra equipped with a
positive-definite quadratic form admits a canonical frame that will greatly simplify computations with
the Lie bracket.

Proposition 2.7. If g is a 3-dimensional unimodular real Lie algebra and if h is a positive-definite
quadratic form on g, then there exists a canonical orthonormal frame B for (g, h).

Proof. We fix an orientation on g. We denote by (-,-) the inner product associated with h. Since g is
3-dimensional and oriented, we can consider the cross product (u,v) — u X v on g associated with the
inner product (-, -). Let us fix (f1, fo, f3) a direct orthonormal frame of (g, {-,-)) and let us define the
linear transformation L : g —» g by L(f;) = [ fi+1, fiz2] (where the index 7 is taken modulo 3). Since
fi = fir1 X fire, we get that L(u X v) = [u,v] for all u,v € g. Let B be an orthonormal frame of
(g,(-,*)). According to what precedes, B is a canonical orthonormal frame for (g, n) if and only if B
diagonalizes L. To conclude, we use Proposition 2.5 to get that tr(ad(f;)) = 0 for all . This implies
that L is self-adjoint for the inner product (-,-). Hence, L is diagonalizable in an orthonormal frame
for {-,-). O

Now let us discuss the “uniqueness” of the canonical orthonormal frame and the structure constants.
In the preceding proof, we saw that the canonical orthonormal frames for (g,h) are exactly the
orthonormal frames which diagonalize the map L. Remark that changing the orientation amounts to
consider the map —L instead of L, hence we did not loose any canonical orthonormal frame by fixing
the orientation in the preceding proof.

Let B = (ey,e9,€3) be an orthonormal frame which diagonalizes the map L. If the eigenvalues of L
are pairwise distinct, any other orthonormal frame diagonalizing L can be constructed from B via the
two following transformations:

e a permutation of the vectors ey, e5 and es.
e taking the opposite of some vectors from e;, e5 and es.

If some eigenvalues of L are equal, we can also allow the transformation of B by any isometry stabilizing
the eigenspaces of L.

As a consequence, it is easy to check that the structure constants do not depend on the canonical
orthonormal frame chosen, up to order and up to a sign reversal of the three n;’s.

According to the preceding discussion, one can choose B such that at most one of the structure
constants for B is strictly negative. The signs of the real numbers nq, ng, n3, with this convention and
considered modulo permutation of the indices, are an invariant of the 3-dimensional unimodular real
Lie algebras modulo isomorphism. This classification is summarized in the table 2.1.

Definition 2.8 (Canonical orthonormal frame field). Let h be a left-invariant riemannian metric on a
3-dimensional unimodular real Lie group G, of Lie algebra g. This metric induces a positive-definite
quadratic form on g, that we also denote by h. Let (eq, 5, e3) be a left-invariant orthonormal frame field
on (G, h). We say that (eq, es,e3) is a canonical orthonormal frame field for (G, h) if (eq, s, e3)(1d)
is a canonical orthonormal frame for (g, /) (in the sense of definition 2.6).

Remark 2.9. Any canonical orthonormal frame for (g, k) induces a canonical orthonormal frame field
for (G, h).
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Bianchi type Signs of nq,n9,n3 modulo permutation Corresponding Lie algebra

of the indices up to isomorphism
I 0,0,0 R®
II +,0,0 Heisenberg’s algebra
VI, +,—,0 isom(Min,)
VII, +,+,0 isom(R?)
VIIIT o+, - sI(2,R)
X +, 4, + su(2)

Table 2.1 — Classification of 3-dimensional unimodular Lie algebras.

Remark 2.10. If (e1,eq,€3) is a canonical orthonormal frame field for (G, h), then for all 4 € {1, 2,3},
[eis€it1] = nivoeiva  on G
where ny,n9,n3 are the structure constants for the frame (e, es, e3)(Id) in the algebra g. We will say
that ny,no,ng (in that order) are the structure constants for the frame field (eq, eq, €3).
Next proposition shows how the Ricci curvature can be expressed with the structure constants in a

canonical orthonormal frame field.

Proposition 2.11. Let h be a left-invariant riemannian metric on a 3-dimensional unimodular real
Lie group G. Let (e1,eq,e3) be a canonical orthonormal frame field for (G,h). The Ricci curvature
and the scalar curvature read as follows:

Ricy,(e;,€e5) =0 ifi#j (2.1a)
1
Ricy (e, e;) = 5(7112 - n? - ni) + N ny where {i,7,k} = {1,2,3} (2.1b)
1
Scaly, = —i(n% + ng + n?),) + ningy + Nang + N3ny (2.1¢)

where ny, Ny, N3 are the structure constants for the frame B.

Proof of Proposition 2.11. Let (-, -) be the inner product associated with h. Let z,y, 2 be three left-
invariant vector fields on G. When used with left-invariant vector fields, Koszul’s formula on the
Levi-Civita connexion V simplifies as follows:

(Voy,z) = % (=(z, [y, 2]) = (v, [, 2]) + (2, [2,9])) (2.2)

Coming back to the canonical orthonormal frame (e;, e, €3), we deduce from this formula that
Ve, €2 = aé€3, Ve, €3 = g€y, Ve, €1 = (ze (2.3)

where «; := %(nl + ng +n3) —n;. Since V is torsion-free, V is entirely determined by (2.3). Moreover,
the curvature tensor is entirely determined by the connexion, hence formulas (2.1) are easily obtained
from (2.3). O

2.2 Canonical orthonormal-parallel frame fields on vacuum
class A Bianchi spacetimes

Let (M,g) = (I X G,—ds” + hy) be a Lorentzian manifold where I is an interval of the real line,
G is a simply-connected 3-dimensional real Lie group of class A, s is a coordinate on I and h, is
a left-invariant Riemannian metric on {s} X G = G for every s € I. Let (-,-) be the bilinear form
associated with g and V be the Levi-Civita connection of g. We define the second fundamental form
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of the spacelike hypersurface {s} X G by II,(z,y) := (VQC%, y). As we already stated, we are going to
choose a coordinates system on M = I X GG and use it to explicit the vacuum Einstein field equations
Ric, = 0. This amounts to choose a frame field.

Definition 2.12 (Canonical orthonormal-parallel frame field). We call canonical orthonormal-parallel
frame field on (I X G, —ds” + hy) any frame field (e, ey, €9, €3) satisfying the following properties:

1. The vector field eg is equal to %. The vector fields eq, ey, e3 are tangent to the spacelike hypersurface
{s} x G for all s € I, and are left-invariant.

2. In restriction to {s} X G, (e, e, e3) is a canonical orthonormal frame field for (G, h,) (in the sense
of definition 2.8).

3. For all i € {1,2, 3}, we have V. e; = 0.

4. The second fundamental form II, of the spacelike hypersurface {s} X G is diagonalized in the frame
(e1,e2,e3)(s) for all s € I. We denote by 01(s),05(s),03(s) the diagonal coefficients of II,.

Remark 2.13. Any canonical orthonormal-parallel frame field (e, eq, €3) carries six variables: the struc-
ture constants n (s), ns(s),n3(s) and the coefficients of the second fundamental form 6, (s), 05(s), 03(s).
Moreover, in this frame, the second fundamental form depends only on the 6;. We will say that (n;,0;)
are the variables associated with the frame field (e, eq, e3).

Next proposition gives a necessary and sufficient condition for a Lorentzian manifold of the
form (I x G, —ds® + hg) to be a vacuum class A Bianchi spacetime, using the notion of canonical
orthonormal-parallel frame field.

Proposition 2.14. Let (M, g) = (I X G, —ds” + h,) be a Lorentzian manifold where I is an interval
of the real line, G is a simply-connected 3-dimensional real Lie group of class A, s is a coordinate on I
and hg is a left-invariant Riemannian metric on {s} X G = G for every s € I.

If (M, g) is a vacuum class A Bianchi spacetime, then there exists a canonical orthonormal-parallel
frame field (eg, e1,e2,e3) on (M, g) and the variables (n;,0;) associated with this frame field satisfy
the three equations

dni
dS = (0, - 0] - gk)’l’ll (24&)
do, 1
I = —§(n? - n? —np) - njng — 6,0 (2.4Db)
1
0= 5( % + ng + ng) = (ning + ning + nong) — 0 + 9% + 63 + 9% (2.4¢)

where 0 = 0y + 0y + 05 and {i,j,k} = {1,2,3}. Moreover, if (&,¢1,€,€3) is another canonical
orthonormal-parallel frame field, the variables (7;,0;) associated with this frame satisfy

A= gy, 0 =00y,  i€{1,2,3} (2:5)

for some o € &3 and some € € {1,—1}.

Conwversely, if there exists a canonical orthonormal-parallel frame field (eg,eq,es,e3) on (M, g)
such that the variables (n;,0;) associated with this frame field satisfy the system (2.4), then (M, g) is
a vacuum class A Bianchi spacetime.

Remark 2.15. The variables (n;, 6;) are called the Ellis-MacCallum coordinates.

Remark 2.16. If there exist s € I and i # j such that n;(sg) = n;(so) and 6,(so) = 6,(s¢) then
n;(s) = n;(s) and 6;(s) = 0;(s) for all s € I. In this case, we say that (M, g) is a locally rotationally
symmetric (LRS) Bianchi spacetime. Any rotation in the plane spanned by e;(sy) and e;(s) gives
rise to another canonical orthonormal-parallel frame field. If this is not the case, the canonical
orthonormal-parallel frame field is essentially unique, as discussed after Proposition 2.7. Indeed, remark
that a canonical orthonormal-parallel frame field is entirely defined by the choice of one canonical
orthonormal frame for (g, hy,) where sy € I is fixed.

Remark 2.17. One can check that the constraint equation (2.4c) is invariant under the flow of the
differential equations (2.4a) and (2.4b).
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Remark 2.18. Equation (2.4a) implies that the signs of the variables n; are constant. This is of course
coherent with the fact that these signs (modulo permutation and up to a simultaneous sign reversal of
the three n;’s) are invariant under Lie algebra’s isomorphisms, as discussed after Proposition 2.7 (see
table 2.1).

We stress that in this proposition, we will be using the vacuum Einstein field equations Ricy = 0 to
construct the canonical orthonormal-parallel frame field.

Proof of Proposition 2.14. Let eq = aﬁ and fix sy € I. We will begin with the construction of the
S

vector fields e, es, €3 in restriction to the spacelike hypersurface {sy} X G. After that, we will extend

these vector fields on I X G by parallel transport. Once this is done, we will only have to check that

the frame field (e, €1, €2, €3) is a canonical orthonormal-parallel frame field.

Step 1: construction of the vector fields e, eq, e3 in restriction to the spacelike hypersurface
{s0} X G. We fix a left-invariant orthonormal frame field (é;,é5,é3) on ({so} X G = G, hy,). We denote
by (6; ;) the (symmetrical) matrix of the second fundamental form of {s¢} X G in this frame field, that
is,

0, ; =(Ve,e0,€;)

We introduce the (symmetrical) matrix (7, ;) defined by

Q.

3 .
iy €N ek OCh e + (i, k0O, (2.6)
A=

k,e=1
where C'fj := ([&;,€;],é,) and €(j,k,¢) is the signature of the permutation (1,2,3) = (j,k,¢) if
{j. k. €} = {1,2,3} and is zero if two indices among j, k, ¢ coincide. Let us call (7, ;) the commutator

matriz associated with the frame field (é;, és, €3).

Claim 1. The matriz 1 = (0; ;) is the unique matriz such that
1
Ck,f = Z Z_l €(k7£7 m)ﬁm,z (27)

for all {k,¢,i} = {1,2,3}. Moreover, if (¢},¢és,¢é3) is another left-invariant orthonormal frame field on
({s0} X G = G, hy,) and A is the orthogonal matriz such that

3
Al ~
€; = Z Am,iem
m=1
en e commutrator matrir n = (n; ;) associatea wr e jrame Jie €1,€9,€ satisfies e rewation
then th tat triz i = (i jated with th Id (€3, éy,¢é3) satisfies the relati

A= (det A" TAR A (2.8)

Proof of claim 1. See [Rin13], Lemma 19.3, p. 206 and Lemma 19.6, p. 207. The main ingredient for
(2.7) is the fact that G is unimodular. It is used in the form given by Proposition 2.5: tr(ad(é;)) =0
for all 7. O

Claim 2. The matriz (7, ;) is diagonal if and only if (é1,és,é3) is a canonical orthonormal frame

field for (G, hy,).

Proof of claim 2. Assume that (7, ;) is diagonal. Using (2.7), one can see that é]i,g = 0 whenever
i =Fkori=~{ Hence, (é1,é,é3) is a canonical orthonormal frame field for (G, hs,). Now assume that

(é1,é2,€3) is a canonical orthonormal frame field for (G, hy, ). If i # j, either e(j, k,¢) or CA’,i’[ vanishes,
hence 7; ; = 0 by (2.6). O

Claim 3. The matrices (7, ;) and (HA”) commute.
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Proof of claim 3. This is a consequence of the fact that Ric,(eg,é;) = 0 for all I € {1,2,3}. Let us
develop the main arguments. As in the proof of Proposition 2.11, Koszul’s formula (2.2) gives

2(Ve,bm,er) = élk,m - Cm P Cl k (2.9)

Moreover, by developing the relation

3
Rlcg(607el) = _< €q, eoelveo Z €1s @Oel’ek‘

while using the fact that V. ey = 0 and the definition of the second fundamental form, we find that

3 3
Ricg(607el Z Z ( ka velemvek> +0lm<vekem7ek> +Cl kam k) (210)

Plugging (2.9) into (2.10) and using the definition of (7, ;), we can see that Ric,(eg,é;) = 0 translates
as the commutation of the matrices (7, ;) and (é”) O

As a consequence, one can diagonalize the matrices (7, ;) and (éi’j) in the same left-invariant
orthonormal frame field (e;, e, e3). According to (2.8), the commutator matrix associated with
the frame field (eq, ey, e3) is also diagonal. Hence, claim 2 implies that (e, eq,e3) is a canonical
orthonormal frame field for (G, hy, ).

Step 2: extension of the frame field (eq,eq,e3) to I X G. We extend this frame field on M =1 X G
by parallel transport along the orbits of the vector field ey. By definition, the frame field (eg, e;, s, €3)
satisfies items 1 and 3 of definition 2.12 on (M, g). It also satisfies items 2 and 4 in restriction to the
spacelike hypersurface {sy} X G. Moreover, recall that the inner product is invariant under parallel
transport. Hence, for all s € I, (e, €2, e3)(s) is a left-invariant orthonormal frame field on ({s} X G, h).

Step 3: the frame (eg,e1,€q,¢e3) satisfies items 3 and 4 of definition 2.12. We generalize the
precedent matrices. Let us denote by (6; ;(s)) the matrix of the second fundamental form of the
spacelike hypersurface {s} X G in the frame (e;, e, e3)(s). Consider the matrix (n; ;(s)) defined by

3
def . 7 . ]
nij(s) S Y €k O)Ch(s) + el k, 0)C (s)

k,0=1

k
where Ci,j(s) ‘= ([6¢,€j]76k)|{s}xc-
Claim 4. For alli,j € {1,2,3}, the variable n; ; satisfies the differential equation

dni,j
ds

3
= —Hni,j + Z 91'717117]' + 0[73'711'71 (211)
=1

Proof of claim 4. Using V. e; = 0, we get that

dCh,
15 (Veolers el e)

Using the fact that V is torsion-free, the Jacobi identity, the definition of the second fundamental form
and once again the fact that the vector fields e; are parallel transported along the orbits of the vector
field ey, we obtain

dCi 3 . .
d:l = mzzl (C]Z)Llem’i + Cll,mek,m - Cllc,mel,m)

Using the definition of n; ; and some painful algebraic manipulations, we find (2.11). O
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Claim 5. For all i,j € {1,2,3}, the variable 0, ; satisfies the differential equation

dﬂi,j .
_ds = — Rlchs(e’h e]) - 91’.]9 (212)

where 0 = tr(HS) = 91’1 + 9272 + 93’3.

Proof of claim 5. Using V. e; = 0 (for i € {1,2,3,4}), the definition of the curvature tensor and the
fact that V is torsion-free, we get

d@i’j g 3
ds = (Reo,eie()aej) - Z oi,mem,j

m=1

The equation Ric,(e;,e;) = 0 allows one to express (RY, . €o,¢;) independently of eq:

3
<RZO,eieO76j> == Z(ng,eie,ﬁek)
k=1

Moreover, Gauss formula about the second fundamental form allows one to express the curvature
tensor RY with the curvature tensor of the spacelike hypersurface R"™ and its second fundamental
form:

Vk =1, (R! .ej,ex)= (Rgz,eiej7 er) = Ok j0ik + Or ki ;

dé; ;
ds

With these relations, it is easy to finish the computation of and to find (2.12). O

Recall that n; ;(sg) = 0 = 0; ;(so) for all i # j. Moreover, Ricy,_(e;,e;) admits an expression in
function of the coefficients of the matrix (n, ;) and vanishes when this matrix is diagonal (see [Rinl3],
Lemma 19.11, p. 209). Equations (2.11) and (2.12) form an ODE system of order 1. Since

Vi # j, N5 = 01‘,]’ =0

is a solution of this ODE system, Cauchy-Lipschitz theorem implies that for all ¢ # j and all s € I,
n;;(s) =0 =0;;(s). As a consequence, items 2 and 4 of definition 2.12 hold true (using claim 2).

Step 4: equations satisfied by the variables (n;,0;). According to (2.7), n;; = 4n,;. Recall that
n;; =0 and 6; ; = 0 whenever ¢ # j. Hence, (2.11) implies that

d’l’Li
ds

= —Hni + 2027’11 = (01 - 9] - Hk)nl

i.e. (2.4a) holds true. By definition, 6; = 6, ;. Hence, equation (2.4b) is a direct consequence of (2.12)
and the expression of the Ricci curvature (2.1b).
According to Gauss formula about the second fundamental form, the equation Ricy(eg,eq) = 0
translates as
Scaly,_ + (tr11,)° = tr(I) = 0 (2.13)

where II? is an abuse of notation for the quadratic form whose matrix is the square of the matrix of
the quadratic form II; in the frame (eq,es, e3)(s). Plugging the expression of the scalar curvature
(2.1c) into (2.13), we get (2.4c).

Step 5: change of canonical orthonormal-parallel frame field. Formula (2.5) describing how the
variables (n;,0;) change if one changes the canonical orthonormal-parallel frame field follows from the
discussion about the “uniqueness” of a canonical orthonormal frame for (g, s, ).

Step 6: proof of the converse statement. Assume that there exists a canonical orthonormal-parallel
frame field (eg, e1,e9,e3) on (M, g) such that the variables (n;, ;) associated with this frame field
satisfy the system (2.4). The goal is to prove that Ric, = 0. This is done in three computations:

e The matrices (n; ;) and (6, ;) are diagonal, hence they commute. Careful reading of the computa-
tions done in the proof of claim 3 show that Ric,(eg, ;) = 0 for all I € {1,2,3}.
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e According to (2.1a), Ricy_(e;,e;) = 0 for all i # j. Moreover, the matrices (n;;) and (6; ;)
are diagonal, hence n; ; = 0 = 6, ; for all i # j. As a consequence, equation (2.12) holds for

i # j. According to (2.1b) and (2.4b), equation (2.12) also hold for ¢ = j. Careful reading of the
computations done in the proof of claim 5 show that Ric,(e;,e;) = 0 for all ¢, j € {1,2,3}.

e Using the expression of the scalar curvature (2.1c), we get that Ric,(eg, eg) = 0 is equivalent to the
constraint equation (2.4c).

O

Proposition 2.14 shows that we can associate to any vacuum class A Bianchi spacetime a solution
of the system (2.4), well defined modulo the symmetry given by (2.5). Now we want to explain how we
can do the converse, that is, to construct a vacuum class A Bianchi spacetime from a solution of the
system (2.4). This will imply that there is a one-to-one correspondence between maximal vacuum class
A Bianchi spacetimes and maximal solutions of the system (2.4), modulo some simple symmetries.

Definition 2.19 (Isomorphism of maximal vacuum class A Bianchi spacetimes). Let
(M=IxG,g=-ds’+h,), (M=IxG,g=-d5 +h,)

be two maximal vacuum class A Bianchi spacetimes. We say that (M, ¢g) and (M, §) are isomorphic if

e [=Tands=3.

e There exists a global isometry 1 : (M, g) = (M, §) (i.e. a diffeomorphism such that ¢,g = §) such
that for all (s,u) € M =1 X G, ¥(s,u) = (s,p(u)) where o : G — G is a Lie group isomorphism.

If this is the case, we say that ¢ is an isomorphism between (M, g) and (M, §).

Remark 2.20. For “generic” maximal vacuum class A Bianchi spacetimes (without too many symmetries),
any global isometry ¢ : (M, g) = (M, g) should be of the form described in definition 2.19, up to a
translation in time.

Proposition 2.21. Let s = (n;(s),0;(s)) be a mazimal solution of the system (2.4), defined on an
interval I. There exists a mazimal vacuum class A Bianchi spacetime (M =1 X G,g) and a canonical
orthonormal-parallel frame field (eg, e, ea,e3) on (M, g) such that the variables associated with this
frame are exactly the functions n; and 0;. Moreover, this mazimal vacuum class A Bianchi spacetime
is unique up to isomorphism (in the sense of definition 2.19).

Proof. Let s+ (n;(s),0;(s)) be a maximal solution of the system (2.4), defined on an interval I. Fix
so € I. We construct a Lie bracket on R? as follows: denote by (f1, f2, f3) the canonical frame of
R? and define [ f;, fis1] = nisa(so) fize for i € {1,2,3} (the indices 7 + 1 and i + 2 are taken modulo
3). This defines a real Lie algebra structure on R®. According to Lie’s third theorem, there exists a
3-dimensional simply-connected real Lie group G whose Lie algebra is (R”,[.,.]) defined above. The
frame (f, f2, f3) induces a left-invariant frame field on G, that we still denote by (fi, fa, f3). Let
M =1 x G and equip M with the frame field (%, f1, f2, f3), i.e. we choose a frame field which does
not depend on s.
For i € {1,2,3}, we define the function a; : I —» R by the formula

a;(s) = e 0i() du

Using the equation (2.4a) governing the evolution of the variables n;, we easily obtain the relation

ay(s)

mnk(so) = ny(s) (2.14)

for {i,7,k} = {1,2,3} and s € I. Now consider the metric

3
g=—ds’+) a;(s)’df] @ df] = —ds” + h,

=1
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where (fy, fo, f4) is the dual frame of (fi, fo, f3). Remark that g is well defined even if some of the
nj(So)nk(So) The
n;(s)ng(s) °
family (f1, fo, f3) is orthogonal for this metric and even orthonormal in the spacelike hypersurface
{So} X G
We construct a new frame (ey = %, e1,€9,e3) on M as follows. On the spacelike hypersurface

variables n; vanish. This is the reason why we used the coefficient ai(s)2 instead of

{s} x G, we set e; = a;(s)""f;. By construction, (e, e;,es,e3) is an orthonormal frame on (M, g).
Using equation (2.14), it is easy to check that in restriction to the spacelike hypersurface {s} x G,
[ei,€ir1] = nijta(s)e 40, hence (eq, ey, e3) is a canonical orthonormal frame field for (G, h,). Using
Koszul’s formula, we get that the second fundamental form II, is diagonal in the frame (eq,es,e3),
with diagonal coefficients being exactly the numbers 6, (s), 65(s) and 65(s). Using the fact that the
Levi-Civita connexion is torsion-free, we get that

Vfieo = Veofi = 0;a;e; + a; Veo €;

According to Koszul’s formula, )
(Vy.e0. fi) = 0ia;

and if ¢ # j, then (Vy e, f;) = 0. It follows that V¢.ey = 6, f; = 0;a,¢;. Hence, V. e; =0, i.e. the
frame field (eq, ey, e3) is parallel. As a consequence, (eg, €1, es,€3) is a canonical orthonormal-parallel
frame field on (M, g) and the variables associated with this frame field are exactly the (n;,6,;) which
satisfy the system (2.4) by definition. We can use Proposition 2.14 to conclude that Ric, = 0. Hence,
(M, g) is a vacuum class A Bianchi spacetime and (eg, ey, €5, €3) is a canonical orthonormal-parallel
frame field on (M, g) such that the variables associated with this frame are exactly the functions n;
and 6;.
It is easy to see that the solution (M, g) is maximal using the maximality of the solution

50 (n(s),0;(s))

Assume that (M =IxG, g = —ds® + BS) is a maximal vacuum class A Bianchi spacetime equipped
with a canonical orthonormal-parallel frame field (eg, €1, €2, €3) such that the variables associated with
this frame are exactly the functions n; and 6;. Define the Lie algebra isomorphism ¢ : g — g by
#(e;(s9)) = &;(so). This Lie algebra isomorphism arises from a Lie group isomorphism ¢ : G - G
(see e.g. |Lee03], Theorem 20.15, p. 532). Define ¢ : M — M by the formula ¢ (s,u) = (s, ¢(u)).
The map 1) is the desired isomorphism if and only if ¢(e;(s)) = ¢€;(s) for all s € I. Recall that by
definition, e;(s) = ai(s)_lei(so). Hence, we only need to prove that é; satisfies the same relation. Let
fi(s) 1= a;(s)é;(s). Using the fact that V is torsion-free, the relation Ve,€i = 0 and the relation
Vs, eo = 0;€;, we get that

[607 fz:] =0
Hence, f; does not depend on s: for all s € I, fi(s) = fi(so) = a;(s0)é;(so) = (o). This concludes
the proof of Proposition 2.21. O

Let us summarize the results of this section.
Proposition 2.22. There is a one-to-one correspondence between
e Mazimal vacuum class A Bianchi spacetimes modulo isomorphism (in the sense of definition 2.19).

e Mazimal solutions (n;,0;) of the system of equations (2.4) modulo permutation of the indices and a
simultaneous sign reversal of the three n;’s (see (2.5)).

Remark 2.23. A translation in time for a maximal solution of the system (2.4) amounts to the same
translation in time for the corresponding maximal vacuum class A Bianchi spacetime.

2.3 Some properties of the mean curvature

Let (M,g) be a maximal vacuum class A Bianchi spacetime. Let (eg,eq,es,e3) be a canonical
orthonormal-parallel frame field on (M, g). The mean curvature of the spacelike hypersurface {s} X G
is %9(3) where

0(s) = tr(I1,) = 61(s) + 05(s) + 03(s)
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Remark that 6 is independent of the choice of the canonical orthonormal-parallel frame field. Let us
consider three different properties for 6:

(Zw) Forall s eI, 6(s) = 0.
(Z,) There exists a unique sy € I such that 6(sy) = 0.
(Zy) Forall s €I, 0(s) 0.

Next proposition shows that the set of vacuum class A Bianchi spacetimes is (non trivially) partitioned
by these three properties.

Proposition 2.24. Let (M = Js_,s.[ X G,g) be a mazimal vacuum class A Bianchi spacetime. The
mean curvature must satisfy one of the three properties (Zo,), (Z1), (Zy). More precisely,

e The mean curvature satisfies (Zo) if and only if (M, g) is the Minkowski spacetime.

e The mean curvature satisfies (Z1) if and only if the Lie algebra of G is of type IX. In that case,
there exists a unique sy € I such that 0 > 0 in Js_,sg[ and 0 < 0 in ]sg,s.[. Moreover, 0 is
decreasing, s > —00, s, < +00 and

lim 6(s) = +oo, lim 0(s) = —o0

S§—S_

e The mean curvature satisfies (Zy) if and only if (M, g) is not the Minkowski spacetime and the Lie
algebra of G is not of type IX. If the time orientation is chosen so that 6 < 0 (anti-physical time
orientation), then s_ = —00 and s, < +00. Moreover, 0 is decreasing and

lim 0(s) =0, lim 6(s) = —oo0

55
Remark 2.25. Changing the time orientation amounts to consider the spacetime
(M =1xG,j=-d5 + h;)
where I = —1, § is the coordinate —s on I and hz = h_; for all § € 1.
Proof. See [Rinl3], Lemma 20.6, p. 218 and Lemma 20.9, p. 220. For the type IX case, see [LW90]. O

Definition 2.26. Let (M = ]s_,s.[ X G,g) be a maximal vacuum class A Bianchi spacetime of
type IX (i.e. the Lie algebra of G is of type IX). Let sy be the unique time such that 6 > 0 in
1s_,so[ and 6 < 0 in ]sg, s.[. We say that (M_ = ]s_, so[ X G,g|M7) and (M, = ]sg, s+ X G7g|M+)
are maximal half vacuum class A Bianchi spacetimes of type 1X.

Remark 2.27. The set of maximal half vacuum class A Bianchi spacetimes of type IX is invariant under
metric rescaling, time orientation reversal, time translation and isomorphism.

2.4 Wainwright-Hsu coordinates and Wainwright-Hsu equa-
tions

In the preceding section, we described a correspondence between maximal vacuum class A Bianchi
spacetimes and maximal solutions (n;,6;) of the system (2.4). In other words, the vacuum Einstein
field equations Ricy = 0 is equivalent to the ODE system (2.4).

We are now going to introduce some new variables to replace the variables (n;,0;). For some
physical reasons, it is convenient to construct a new time variable using the mean curvature %9 of the
spacelike hypersurfaces and to divide the variables n; and 6; by this mean curvature (see e.g. [WHS89]).

Let us denote by 01, 09, 03 the diagonal coefficients of the trace-less second fundamental form, i.e.

1
aizei—gﬁ
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where 0 = 0, + 05 + 05. By definition, oy + 05 + 03 = 0. Analogously, let us denote by sy, $o, s3 the
coefficients of the trace-less Ricci tensor, i.e.

1
S; = Richs(ei, 61’) - g Scalhs
According to Proposition 2.11, we have

2

1 2 2
i =3 (2n7; —n; —ng +2nn, —nn; — nink)

Recall that %9(5) is the mean curvature of the spacelike hypersurface {s} X G. Define

STLZ' _ 30'1'

981‘
5 T

Ni= —?

Si
The variables (N;,Y;) are called the Wainwright-Hsu coordinates. Remark that

S, = (ng - N} = Nf +2N;N;, — N;N; — NiNk)

Wl =

Now we consider the new time variable ¢ defined by

dt 0(s)
&=

The mean curvature satisfies the differential equation

do
E = (1 + q)9
where L
g=3(51+%5+53) (2.15)

is sometimes called the deceleration parameter. Rewriting (2.4a) and (2.4b) with the normalized
variables IV;,Y; and with the time variable ¢, we obtain the Wainwright-Hsu equations

(N7 =—(¢+251)N

Né = —(q+2%5)N,

N3y =—(q+25;)N;

| Y o =(2-¢)5 + 5 (2.162)
Sy =(2-¢)S2+ S,

35 =(2-¢)%5 + Ss

where the notation ' refers to differentiation with respect to the time variable t. The constraint equation
(2.4¢) becomes

1
6- (7 +35+33) - 5 (N + N3 + N3 ) + (N Ny + NyN3 + NyNy) = 0 (2.16b)
The left-hand side of (2.16b) can be thought as a normalized density parameter, which is why it is null
in the context of vacuum class A Bianchi spacetimes. Also, remark that we have another constraint
equation:

21 + 22 + 23 =0 (216(3)

This is a direct consequence of the fact that the variables ¥; are the renormalized coefficients of the
trace-less second fundamental form.

Remark 2.28. The choice to explicit the vacuum Einstein field equations in a canonical orthonormal-
parallel frame field (eq, €1, €5, e3) implies in particular that the coefficients of the metric g are constant,
hence they do not appear in the differential system (2.16a). The numbers N;(t) are, up to renor-
malization, the structure constants of the Lie group G for the frame (e;(t),es(t),e3(t)) while the
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numbers ¥, (¢) are, up to renormalization, the diagonal coefficients of the second fundamental form of
the spacelike hypersurface {t} X G in the frame (e;(t), e5(t), e3(t)).

Remark 2.29 (On the choice of the time variable). The variable 6 is called the Hubble’s variable. This
variable naturally appears when one studies the Einstein field equations for spatially homogeneous and
isotropic spacetimes (the so-called Friedmann—Lemaitre-Robertson—Walker models). In this case, the
Einstein field equations becomes essentially a differential equation of order 1 on 6. If one thinks about
spatially homogeneous spacetimes as perturbations of the isotropic and spatially homogeneous model,
then it is natural to use 6 to construct the time variable since 6 possesses the desired properties in the
isotropic and spatially homogeneous case.

Remark 2.30 (On the orientation of time). We could choose j—z = g instead of % = %  This
corresponds to a choice of time orientation for Bianchi spacetimes. Our choice is anti-physical: oriented
solutions of the Wainwright-Hsu equations (2.16a) correspond to spacetimes in contraction, which will
end in a Big-Crunch but which do not have any Big-Bang in the past (this is of course the opposite
of our physical universe). As a consequence of this choice, the Wainwright-Hsu system (2.16a) will

present an attractor. Most authors do the opposite choice.

Remark 2.31 (On the Wainwright-Hsu variables). By dividing the variables n; and o; by the mean
curvature 0 and by deciding to use a time variable ¢ such that dt/ds = —6/3, we loose some information.
More precisely, we loose during this process the spacelike hypersurfaces {s} X G of the Bianchi spacetime
(I x@, —ds® + hg) whose mean curvature vanish. According to Proposition 2.24, this can only appear
in two cases:

e The Minkowski spacetime: all the spacelike hypersurface {s} X G have zero mean curvature.

e For any maximal vacuum class A Bianchi spacetime (I X G, —ds® + hg) of type IX (i.e. whose Lie
algebra is g = su(2)), there exists a unique real sy € I such that the mean curvature of the spacelike
hypersurface {s} X G vanish. Hence, the spacelike hypersurface {so} X G “split” (I X G, —ds” + hy)
into two vacuum class A Bianchi spacetimes, one where the mean curvature is strictly negative and
one where the mean curvature is strictly positive.

Moreover, the Wainwright-Hsu variables are dimensionless, which means that they will not change if
the spacetime metric is rescaled (see [WH89)]).

Remark 2.32 (Lie algebra type and signs of the variables NV;). It is clear from the Wainwright-Hsu
equations that the signs of the variables N; are constant. By construction, these signs are exactly the
signs of the variables n;. Hence, they encode the Lie algebra of G modulo isomorphism. This remark
allows us to transfer the vocabulary introduced for Lie algebras in the table 2.1 to solutions of the
Wainwright-Hsu equations. For example, we will say that a solution is of type IX if

N1>O7N2>O,N3>O or N1<0,N2<O,N3<0

To have a clear picture of how the solutions of the Wainwright-Hsu equations are related to vacuum
class A Bianchi spacetimes, let us describe the relation betwenn the time coordinate s for vacuum class
A Bianchi spacetimes and the time coordinate t for the solutions of the Wainwright-Hsu equations.

Proposition 2.33. Let (M = ]s_,s.[ X G, g) be a mazimal vacuum class A Bianchi spacetime which
s not the Minkowski spacetime and which is not of type IX. Choose the orientation of time such that
0 < 0. The corresponding solution of the Wainwright-Hsu equations (2.16) is defined on R (hence it is
maximal) and

lim ¢(s) = —o0, lim #(s) = +00
Proof. See |Rin13|, Lemma 22.2, p. 234. O

Proposition 2.34. Let (M = Js_,s.[ X G,g) be a vacuum class A Bianchi spacetime of type IX.
Denote by sq the unique real number such that 0 >0 in I_ = ]s_,so[ and 6 < 0 in I, = Jsg,s.[. The
solution of the Wainwright-Hsu equations corresponding to the interval I_ is defined on Jt_, +oo[ with
t_ > —00 and

lim t(s) = +o0

S—S_
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The solution of the Wainwright-Hsu equations corresponding to the interval I, is defined on ]t,,+0o[
with t, > —o0 and

lim t(s) = +o0

S—S,

Proof. See [Rinl3|, Lemma 22.3, p. 234. O

To conclude, we describe the correspondence between vacuum class A Bianchi spacetimes and
solutions of the system (2.16) formed by the Wainwright-Hsu equations and the two constraint
equations.

Proposition 2.35. The Minkowski spacetime does not correspond to any solution of the system (2.16).
There is a one-to-one correspondence between

e Maximal vacuum class A Bianchi spacetimes which are not of type IX (minus the Minkowski
spacetime), modulo isomorphism, metric rescaling, time orientation reversal and time translation.

e Mazimal solutions of the system (2.16) which are not of type IX, modulo permutation of the indices,
simultaneous sign reversal of the three N;’s and time translation.

There is a one-to-one correspondence between

o Maximal half vacuum class A Bianchi spacetimes of type IX, modulo isomorphism, metric rescaling,
time orientation reversal and time translation.

e Mazimal solutions of type IX of the system (2.16), modulo permutation of the indices, simultaneous
sign reversal of the three N;’s and time translation.
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Chapter

The Wainwright-Hsu vector field and the
Mixmaster attractor

In this section, we will recall a number of well known facts about the Wainwright-Hsu vector field 27,
its dynamics in restriction to the Mixmaster attractor, the Kasner map and the Kasner parameter. A
good reference for these facts is [HU09]. However, there is something “new” in addition to what is
presented in [HU09|: we will define the quotient phase space and the induced Wainwright-Hsu vector
field X on that space (see section 3.6), as they will be more convenient to work with in what follows.

3.1 The Wainwright-Hsu vector field 2~

Phase space. Recall from Proposition 2.35 that Bianchi spacetimes will be described as solutions of
the system of equations (2.16). These solutions can be seen as the orbits of a certain flow on the phase
space

B = {(NI,NQ,NS,ZI,ZQ,Zg) eR® satisfying (2.16¢) and (2.16b)}

Observe that £ is a non-singular and non-compact 4-dimensional quadric in RS,

Wainwright-Hsu vector field The Wainwright-Hsu vector field, denoted by 27, is defined as the
vector field on % associated with the Wainwright-Hsu equations (2.16a), that is,

(g +2%)Vy
—(q + 2%3)N,
—(q +2%3)N3
2-9)% +5
(2-q)2, + 5,
(2-q)83+ 55

%(N17N27N3u21722723)= (31)

Symmetries. The Wainwright-Hsu vector field is equivariant for the action of the permutations
group Gg:
0.(N1, N3, N3, 51, %2,53) = (No(1), No(2); No3): Zo(1), 2o (2)s Bo(3)) (3.2)

and for the action of the group Z/27Z = {Id, €} given by:
6'(N1aN27N3721a22a23) = (_N17 _NZa _N3721722723)

One should remark that this implies that &3 is acting on the space of the orbits of the Wainwright-Hsu
vector field. Later on, to simplify the presentation, we will work in the quotient phase space /&3
(see section 3.6).

33
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3.2 Stratification of the phase space #

Stratification of the phase space. According to (2.16a), the signs (positive, negative or null) of
the variables IV; are invariant along the orbits of the Wainwright-Hsu vector field. This fact leads
to a stratification of the phase space 4 in six subsets which are invariant under the flow of the
Wainwright-Hsu vector field 2" (see table 3.1). Recall that the variables N; are closely related to
the structure constants of the Bianchi spacetime represented by the orbit. So this stratification is no
more than a reinterpretation of the classification of the 3-dimensional unimodular Lie algebras. This
stratification plays an important role in the study of the dynamics of the Wainwright-Hsu vector field
& . This is thanks to the following facts: the dynamics on the low dimensional strata (1 and 2) can be
described entirely explicitly and the reunion of these low dimensional strata forms an attractor on
which almost every orbit of the Wainwright-Hsu vector field accumulate.

Dimension Signs of Nj, Ny, N3

Bianchi type gj;?in?f the of the mod.ulo' permutation of Sp())r‘;ssirs) gﬁl(iiﬁfhiﬁalgebra
stratum the indices

I H or By 1 0,0,0 R’
11 B 2 +,0,0 or —,0,0 Heisenberg algebra

VI B, 3 +,—,0 isom(Min,)

VII, By, 3 +,+,00r —,—,0 isom(R?)

VIII By 4 +,+,—or —, —, + s[(2,R)

IX Brx 4 +,+,+or —,—, — su(2)

Table 3.1 — Stratification of the phase space.

Restriction to the “positive” part of the phase space. As stated in the introduction, to avoid
clutter with notations and to simplify the presentation, we will restrict our attention to the dynamics
of the Wainwright-Hsu vector field in

B LNy, Ny, Ny, 51,50, 55) € B| Ny 20,N, 2 0, Ny > 0}

Recall that
e £ is invariant under the flow of the Wainwright-Hsu vector field.
e Generic orbits of #" are type IX orbits.
We will denote %y 1= By N B and analogously for other stratas. Also, we will implicitly restrict the

Wainwright-Hsu vector field to %" from now on.

The Kasner circle. The stratum corresponding to abelian Lie algebra is one-dimensional. It is an
euclidean circle denoted by ¢ and called the Kasner circle (because its points correspond to Kasner
spacetimes, see [WHS&9)):

A ={(N1, Ny, N3, %1, %5,%3) € B| Ny = Ny = N3 = 0}
= {(0,0,0,%;,35,5;) € R® | £; + Xy + 33 = 0,57 + 35 + ¥ = 6} (3.3)

The stratum %;;. The stratum % corresponding to Heisenberg Lie algebras is two-dimensional.
It is the reunion of three open hemiellipsoids (see later figure 3.2), each having the Kasner circle as
boundary:

P = P U B U By
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T

p1 < po <0< pg pr < pz <0< po

Qs Q2

po < p1 <0< pg By < p1 <0< po

po < pz <0< g Py < p2 <0<

o)
Figure 3.1 — Order of the eigenvalues.

where
By = {(N1, Ny, N3, 51,59, %3) € B| Ny >0, N, = Ny = 0}

1
= {(Nl,o,o,zl,EQ,zg) ER® N, >0,8, +50+ 55 =0, + 55 + 55 + §Nf = 6} (3.4)
The hemiellipsoids %’121 and %’% are defined analogously.

The Mixmaster attractor. The reunion of the Kasner circle # and the stratum %y is called the
Mizmaster attractor and is denoted by «/. We denote by &7 := # U 2} the positive part of the
Mixmaster attractor.

Generic orbits The strata %jx corresponding to semi-simple Lie algebras is open and dense in %" .
Generic orbits of the Wainwright-Hsu vector field 2" are contained in %jx.

3.3 Linearization of the Wainwright-Hsu vector field along the
Kasner circle

Critical points. The critical points of the Wainwright-Hsu vector field correspond to self-similarly
expanding spacetimes (see [WHS89]). Using (2.16a) and (3.3), one can see that any point of the Kasner
circle £ is a critical point. The goal of this section is to describe the eigenvalues of D2 (p) for any
point p of the Kasner circle.

Notations (see figure 3.1). There are three particular points in the Kasner circle called the Taub
points:

Tl = (07 0707 27 _1a _1)
T2 = (05 0,07 _17 2a _1)
T3 = (07 07 07 _17 _17 2)
These points split the Kasner circle in three open arcs J£7, J#5, 3 defined as following: #; is the

connected component of J# \ {1}, T, T3} admitting T; and T} as end points, where {4, j,k} = {1,2,3}.
Alternatively, one can define #; as the subset of % where

-2<¥,<-1
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We denote by @1, @2, @3 the diametrically opposite points of the Taub points in the Kasner circle,
that is,

Ql = (07 07 03 _27 17 1)

QQ = (07 Oa Oa 17 _2, 1)

Q3 = (07 Oa 07 17 17 _2)
One can remark that (); is the middle of the arc J7;. As such, @, divides J#; in two open arcs J#(; )
and J#(;;;y with respective end points @;, Ty, and Q;, T;. Alternatively, one can define .#; ) as the

subset of % where
DI IFE P

Eigenvalues of the linearized vector field at points of the Kasner circle. In chapter 6, we
will study the behaviour of the orbits passing close to a point p of the Kasner circle. The first step
is to linearize the Wainwright-Hsu vector field at the points of the Kasner circle. Indeed, the local
behaviour of the orbits is determined, at the first order, by the linear part of the vector field.

Let p = (0,0,0,%, X5, X3) be a point of the Kasner circle .#". One can remark that
(X3 = X3)05, + (1 = 2X3)05, + (X2 — 31)0s,
is tangent to £ at p and that
(On,, On,, Ony, (B3 — E2)0x, + (21 — X3)05, + (X2 — ¥1)0s,)

is a basis of T),%8. In this basis, the matrix of D2 (p) is

w0 0 0
0 w 0 O
0 0 us O (3.5)
0O 0 0 O
where
pi = —(2+2%) (3.6)

We summarize the main properties of the eigenvalues p; in Proposition 3.1 and figure 3.1.
Proposition 3.1. If {i,j,k} = {1,2,3}, then

1. On J;jky, we have py, < pj < 0 < p;. Moreover, the unstable eigenvalue pi; is “weaker” than the
stable eigenvalues u; and py: p1; < |pj| and p; < |pgl.

2. At the point T;, we have p; <0 and p; = py = 0.

3. At the point Q;, we have p; >0 and p; = py < 0.

Proof. This is a straightforward consequence of (3.6). O

Remark 3.2. According to Proposition 3.1, the unstable direction and the weak stable direction swap
at the Taub points while the weak stable direction and the strong stable direction swap at the points
Qi,1=1,2,3.

Moreover, each Taub point has a one dimensional stable manifold and a three dimensional central
manifold. Every other point of the Kasner circle has a two dimensional stable manifold, a one
dimensional unstable manifold and a one dimensional central manifold.
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Figure 3.2 — Type II orbits contained in ,%’Iil.

3.4 Type II orbits

The orbits contained in the stratum 2 are called type II orbits. These orbits can be explicitly
described in an easy manner. Let

Ml = (Ou 07 07 _47 27 2)
M2 = (Oa 07 07 27 _47 2)
M3 = (07 07 07 27 2a _4)

For i € {1,2,3}, let Pf be the sheaf of two-dimensional affine planes passing through M; and whose
direction contains dy,. Type II orbits contained in 2y (see (3.4)) are exactly the intersection of %y
with planes of the sheaf Pf (see figure 3.2). As a consequence, any type II orbit is a heteroclinic
connezion' between two points of the Kasner circle. One easy way to see this is to remark that, for a
type II orbit contained in @Iil, the Wainwright-Hsu equations (2.16a) lead to the conservation of the
;-2
21—2

quantity along the orbit (see [Rin01] for more details).

Local view-point. Let p € ;). There are exactly three type II orbits which establish a
heteroclinic connexion between p and another point of the Kasner circle. We are now going to
determine the “time direction” of these orbits, that is, to determine whether they admit p as an
w-limit point or an a-limit point. Recall that the Wainwright-Hsu vector field admits three non trivial
eigenvalues py, < p; < 0 < p; at the point p. It follows that:

e The type II orbit contained in %’ﬁ, denoted by ﬁ; , admits the point p as its a-limit point. We will
say that this orbit starts at p.

e The type II orbit contained in 93{1 (resp. ,@ﬁ), denoted by &' (resp. €,?), admits the point p as
its w-limit point. We will say that these orbits arrive at p.

Global view-point. %fl is foliated by type II orbits in a very specific way. Any type II orbit
contained in 2| starts in .%; and arrives in J; UA{T;} U ). More precisely, those starting in J¢; ;1)

! A heteroclinic connexion is an orbit “joining two different points”. More precisely it is an orbit ¢t = &(t) such that
there exists two distinct points p and g verifying lim;_, .. O(t) = ¢ and lim;,_ O(t) = p.



38 CHAPTER 3. The Wainwright-Hsu vector field and the Mixmaster attractor

M3 Tl M2 M3 Tl M2

'y Py Py

Figure 3.3 — Projections on the (2, 35, $3)-plane of type II orbits contained in %y, #5 and % (left
to right, top to bottom).

arrive in %} and the one starting at Q; arrives at T;. There is no type II orbit starting from a Taub
point.

Projection view-point. Another way to describe the type II orbits is to give their projection on the
(21, X9, X3)-plane, that is, the two-dimensional plane containing the Kasner circle. Let Pil be the sheaf
of one-dimensional affine lines passing through M; and contained in the (¥, X5, ¥3)-plane. According
to what precedes, the projections of the type II orbits contained in % are exactly the intersections of
the open disc delimited by the Kasner circle and the lines of the sheaf P} (see figure 3.3).

3.5 The Kasner map %

Definition 3.3 (Kasner map). Let p € ¢ \ {11, T5, T3}. The type II orbit &, starting at p converges
(in the future) to a point of the Kasner circle denoted by .#(p). Set .#(T;) = T; for all i € {1,2,3}.
This defines a continuous map % : # — ¥, called the Kasner map (sometimes also called the BKL
map). The orbit ﬁ;f will also be denoted by 0,_, z(p)-

Geometrical construction of .%(p). Let p € #;. The line (M,p) intersects the Kasner circle at
two points. The closest to M; is p while the farthest is % (p) (see figure 3.4). One can remark that
<9\(QZ) = Tl for 7 € {1,2,3}

Dynamics of the Kasner map. The dynamics of the Kasner map on the circle is chaotic (see
figure 3.5). One can verify that the Kasner map is C® and of degree —2, is non uniformly expanding
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M,

Figure 3.4 — The Kasner map.

(the derivative is, in absolute value, strictly superior to 1 except at the Taub points where its absolute
value is equal to 1). By a classical argument (see [KH97]), the Kasner map is topologically conjugate
to 8 » —26 (on the circle R/Z) which has a well understood dynamics. In particular, .# has the
following properties:

e Periodic points of .% are dense in .

e There exists points in J# whose forward orbit under .% are dense in J#". The set of all such points
is a G5 dense.

e For every point p of the Kasner circle, the complete backward orbit of p under % is dense in ¢ .
e The topological entropy of the Kasner map is positive (it is equal to log(2)).

e .7 possesses an invariant measure (of infinite mass) absolutely continuous with respect to Lebesgue
measure.

We will come back to the dynamics of the Kasner map in section 3.7, after introducing the Kasner
parameter and reducing the dynamics modulo symmetries.

Generalized heteroclinic chains. Let p be a point of the Kasner circle. One can consider the
orbit of p under the Kasner map (p, Z(p), F? (p), F° (p),... ) and a chain of heteroclinic connexions
between the consecutive iterates of this sequence. This forms a continuous curve in the phase space £.
At every step, the heteroclinic connexion is the type II orbit & gn (- gn+1(p).

The following notion of heteroclinic chain is standard.

Definition 3.4 (Heteroclinic chain). Let p be a point of the Kasner circle which is not one of the
Taub points. The heteroclinic chain starting at p is the sequence

def
H (D) = (Opsz(0)s OF (0)>72(0)s OF2(p) =72 (p)> -+ ) (3.7)

If there exists n € N* such that .Z"(p) is a Taub point, then the heteroclinic chain starting at p ends
at that point.

To simplify the definition of some transition maps that we will use later on, we extend the above
definition.

Definition 3.5 (Generalized heteroclinic chain). Let ¢ € #* \ . Denote by ¢(q) the forward
2 -orbit of q. The heteroclinic chain # (q) starting at q is defined as follows:
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Figure 3.5 — The Kasner map is chaotic.

e If 0(q) converges to a point p of the Kasner circle which is not a Taub point, then 57 (q) is the
concatenation of &(q) with 7 (p):

def

H(q) = (00), Opez(p)s OF(0)>72(p)> - - - ) (3.8)

e Otherwise, 7 (q) is simply the orbit &(q).

It is well known that type IX orbits cannot converge to a Taub point. Hence, if ¢ € %x, the
heteroclinic chain starting at ¢ is nothing but the forward 2 -orbit of q. Recall that we want to
describe the heteroclinic chains starting at points of the Kasner circle which are shadowed by some
type IX orbits (see definition 1.2).

3.6 Quotient phase space B

Recall that G5 acts on Z by permutation of the indices 1,2,3 (see (3.2)). From now on, we will make
a systematic use of these symmetries. Let us define the quotient phase space and its positive part

BY %16, B %6,

as well as the natural projection map
T B -8B (3.9)

Many results have a natural presentation in the quotient phase space B. The only case where it is
better to work in the phase space Z is when one needs to use precisely the Wainwright-Hsu equations.
This will not happen often in our work. We will mainly use the properties described in sections 3.3
and 3.4: behaviour of type II orbits and eigenvalues of D2 (p) for p € .

In order to have a better understanding of the quotient, one needs to describe the orbits under
the action of &3. Before going into the details in low dimensional strata, one can notice that G5 acts
freely and properly on % \ . where . is the singular set defined by

S C(Ny, Ny, N3, 54,50, 55) € 2| Fi # §,N; = N; and 5, = %}
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Hence, B is a 4-dimensional orbifold with singular locus 7 (). The fact that B is singular is not a
huge issue. Indeed, we will only work with heteroclinic chains which do not cross the singular locus.
The orbits shadowing such heteroclinic chains will not cross the singular locus either (at least after a
certain time).

Let us define the reqular part of the quotient phase space by

def

Brs & B\ 7 ()

It will be convenient to work on a smaller part of the quotient phase space, so we define

By E{(N\, Nay Ny, £, 55, 55) € B| Vi # 5,5, # 5} (3.10a)
By = (N1, N2, N3, 1,55, 55) € B* | Vi # 5,5, # 5} (3.10b)
By dgfﬂ(«@o) (3.10¢)
By ' n () (3.10d)

Observe that By is an open subset of B,.,. Let

def
%(123) = e@ n {21 < 22 < 23}

Proposition 3.6. The projection map m restricted to B 123 5 a C* -diffeomorphism from B123) to
By. In particular, B 23) is a fundamental domain of

W:Z0—>BO

Proof. m restricted to %(123) is injective and 7 is a local C®-diffeomorphism everywhere on B(123) by
definition of the quotient manifold structure so the result follows immediately.

Orbits under the action of G3 on the Kasner circle. Let p € J#. If p is one of the three
exceptional points T7, Ty, T3 (resp. Q1, @2, Q3), then the orbit of p under the action of &5 is {11, Ty, T3}
(resp. {Q1,Q2,Q3}). On the other hand, if p is not one of the above points, then the orbit of p under
the action of &3 contains six points, one in each sixth of the Kasner circle ;).

General orbits under the action of G;. Let p € #. Similarly to the previous case, if p € .,
then its orbit under the action of &3 contains three points. On the other hand, if p ¢ ., then its orbit
under the action of &3 contains six points.

Stratification of the quotient phase space. The stratification of the phase space % induces a
stratification of the quotient phase space B (see table 3.2).

Bianchi type Name of the Dimension of

stratum the stratum
I K 1
II B 2
VI, By, 3
VII, By, 3
VIII By 4
IX Brx 4

Table 3.2 — Stratification of the quotient phase space.
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Induced Kasner segment According to what precedes, the projection in B of the Kasner circle ¢

K< 7ie,

is in fact a topological segment (hence we will speak of the Kasner segment K). The end points of this
segment, denoted by T and @, are respectively the projection of the Taub points and the projection of
the points @; in the quotient phase space B. Let

Ko €K\ AT, Q}

be the (induced) Kasner interval. Any point p € Ky possesses a fiber containing six points, one in
each sixth of the Kasner circle J£(;;1). Observe that By is an open neighbourhood of Kj.

Distance on the quotient phase space. The Euclidean distance dg on R® induces a distance dp
on B:

di (n(p). 7(0)) = inf di (p, ) (3.11)

which we will always use to measure the radius of balls in B.

Induced coordinate functions. The coordinates Ny, Ny, N3, 31,35, %3 on & induce a set of
smooth coordinates functions N, N, , Ny, , %, X, , X, on By (here smooth stands for C®). They are
defined as following: let € By and choose a point y = (N, Ny, N3, 31,39, X3) € %y in the fiber over
x. Let {i,7,k} = {1,2,3} such that ¥; < X; < X, then we define

NN, N, BN N, SN,

def def def
Zu = Eia Esl = Eja 252 = Ek

This definition does not depend on the choice of y in the fiber of z, hence N,,, Ny, , Ng,, X, s, X,
are well defined on By. One cannot extend them by continuity on B. In particular, beware of the fact
that induced type II orbits in B are not contained in By, this implies that N, Ny, , Ny, X, X5, Xs,
are not continued functions along type II orbits in the quotient phase space (one cannot extend them
by continuity when the orbit cross B\ By).

Note that the map
z o (Ny(2), Ng, (2), N, (), 84 (2), 2, (2), B4, ()

is a diffeomorphism from B to By where

By €' {N,,N,,,N,,.£,.5,,.5,, €R°| £, + 5, +5,, =0,
6- (25 +32 +97,) - % (NI + N2+ N2 ) + (NN, + N, N, + N, N,) =0,
Y.<, <2}

Induced Wainwright-Hsu vector field. The Wainwright-Hsu vector field 2~ on £ is equivariant
under the action of &3 and therefore induces a vector field X on B. Let p € Ky. According to the
discussion about the eigenvalues of the Wainwright-Hsu vector field 2" (see section 3.3), DX (p)
is diagonalizable. More precisely, dn,, 81\;‘91, Bst and the direction tangent to % at p are four
eigendirections of DX (p) associated with the eigenvalues

pa(p) E =24 25,(p)),  —ps,(P) E =(2425,,(p)),  —pey(p) E ~(242%,,(p)) and 0

Beware of the fact that us, and p,, denote the modulus of the stable eigenvalues. As a consequence of
Proposition 3.1, we have
O<MU<M81<HSQ inK:O
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Figure 3.6 — Half of the quotient Mixmaster attractor and some type II orbits.

Induced Kasner map. The Kasner map is equivariant under the action of G5 and therefore induces
a map

F:K-K
called the (induced) Kasner map. We have in particular F(T) = F(Q) = T.

Quotient Mixmaster attractor. Let us denote by

def + def

AZ o6, AT S g6,

the quotient Mixmaster attractor and its “positive” part.

Induced type II orbits. One can remark that type II orbits in </ which do not arrive at some
Taub point do not cross the singular set .. Hence they induce orbits of X in A". We will use the
following notations, where p € Ky and g is a lift of p:

def
Oprip) = 71'(ﬁq—*?(q))
O* d=ef - (ﬁ*)

P q
for * € {u, s, s2}. In the positive part of the quotient Mixmaster attractor, type II orbits look like a
“loop” (see figure 3.6).

Induced heteroclinic chains.

Definition 3.7 (Induced heteroclinic chain). Let p € B \ {T} and ¢ € & be a lift of p. The
heteroclinic chain H (p) starting at p is the projection of 5 (q) by =.
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For example, if p is a point of the Kasner interval K, such that, for every n € N, F"(p) is not a
Taub point, then

def
H(P) = (Op-rir) OFp)=72() OF2(p)=F3(r)s ) (3.12)

3.7 Kasner parameter and Kasner map

The Kasner parameter. The main tool to study the dynamics of the Kasner map is the Kasner
parameter. The Kasner parameter is a bijection K — [1, +00] which conjugates the (induced) Kasner
map F with the Gauss transformation on continued fractions (defined precisely in the next paragraph).

Definition 3.8 (Kasner parameter). For every p € K, the Kasner parameter associated with p is
defined by

w(p) = 55283 €ll,+oco[ ifp+T,p+Q (3.13)
w(@) =1
w(T) = +o0

This formula defines a bijection w : K — [1, +00].

Let us also denote by p, (% € {u, s1,55}) the eigenvalue u, as a function of the Kasner parameter
so that, for every p € K, uy (w(p)) := ps(p). Formally this is an abuse of notations, but it will not
give rise to confusion. A simple computation shows that, for every w € [1, +00],

6w
= .14
fu (@) o1 ? (3.14a)
6(1+w)
o (w) = 2T 3.14b
sy (w) 1+ w+ w? ( )
6w(l +w)
= —- 3.14
sy () 14+w+w? ( c)

We refer to [HUQ9] for more details.

Conjugacy between the Kasner map and the Gauss transformation. As stated earlier, the
Kasner parameter w : K — [1,+00] conjugates the Kasner map F : K — K to the Gauss map
fi[1,+400] = [1, +00] defined by

w=-1 ifw=2

flwy=41-4 ifl<ws? (3.15)

+00 ifw=1orw=+00

We refer to [HU09] for more details. This conjugacy can be represented by the commutative diagram

K—7r— kK

Lok
[1,400] —— [1,+00]

We will also call f the Kasner map.

The era Kasner map. Let us define the era Kasner map f: ]1,2[ — [1,2[ by the formula

flw) = (W) (3.16)

where r(w) = [ L J (here, |.] is the floor function).

w=1
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Interpretation of the dynamics of the Kasner map in terms of continued fractions. Let
wo € J1,+00[. Let [ko; k1, ko, k3, ... ] be the continued fraction expansion associated with wy, that is,
the only (finite or infinite) sequence of integers such that

def ]

wo = ko + = [koi k1, ko, ks, - ..

1
kl + Ko+

In terms of continued fractions, we have

[ko—l;kl,k27k37...] 1f]€022

kos ki, ko, ks, ... ]) =
f(l: b ]) {[kl;k27k37"'] lfk():l

and if 1 < wg < 2 (i.e. kg =1), we have

F([Lsky, ko ks, 1) = [1 ko, ks, .. ]

In other words, the era Kasner map f is a left-shift on the continued fractions.

In what follows, we assume that wy ¢ Q, so the continued fraction expansion associated with wyq
is infinite. Let (wy)ns0 € [1, +<>0[N be the sequence generated by the Kasner map f from wy, i.e.
wWpe1 = f(w,) for every n = 0. Every term of this sequence is called an epoch. It is quite natural to
consider the subsequence (&, ),>1 defined by

A def
Wn = Wkotky+otk, -1 = [1; knsknsts - ]

This subsequence divides the sequence (wy,)n»o in eras of the form:

(f(wn) :[kn; kn+17 kn+2; e ]7
[kn - 17 kn+1a kn+27 s ]v

ey

[L kn+17 kn+27 s ] = OT}n+1)

On each era, (w, )ns0 is decreasing. Moreover, one can remark that f(&,,) = @41 for any n > 1.
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Chapter

Local expression of the Wainwright-Hsu
vector field near the Kasner circle

In chapter 6, we will study the dynamics of the Wainwright-Hsu vector field X in the neighbourhood
of a point of the Kasner interval Ky. The aim of the present section is to describe a “nice” system of
local coordinates ¢ in the neighbourhood of Ky and to write a workable local form of X in these “nice”
coordinates. The key property of these coordinates is the fact that they straighten the stable and the
unstable manifolds of the points belonging to Ky for X. We now proceed to define those stable and
unstable manifolds.

For any w € ]1,+00[, let us denote by P,, the unique point of Ky whose Kasner parameter is w.
Recall that for every w € ]1, +oo[, there exist:

e one type II orbit, denoted by O_,, which converges to the point P, as time goes to —oo. This orbit
is asymptotically tangent to the direction Oy ;

e two type II orbits, denoted by O! and .2, which converge to the point P, as time goes to +00.
They are respectively asymptotically tangent to the directions 81\/51 and Bst.

Let us denote by
def

WPy, X) = {P,}u O,

the reunion of the point P, with the type II orbit which converges to the point P, as time goes to
—o0o. This is a 1-dimensional smooth' embedded submanifold of B* tangent to the direction dy, at
the point P,,. The notation W"(P,,, X) comes from the fact that it is the unstable manifold of the
point P, for the vector field X. Indeed, it follows from the stable manifold theorem that the unstable
manifold of the point P,, for the vector field X is 1-dimensional. Moreover, from what precedes, we
get that W"(P,,, X) is included in the stable manifold of the point P, for the vector field X. By
dimension, this inclusion must be an equality. In other words,

WY(P,, X) = {x eB' | X'(x) oo P“}

Analogously, let

W (P, X) € (P} u O

W* (P, X) € (P} u O

W* (P, X) (resp. W*(P,,X)) is a 1-dimensional smooth embedded submanifold of B* tangent
to the direction dy, (resp. dy,, ) at the point P, called the “weak stable manifold” (resp. the
“strong stable manifold”). Note that W*' (P, X') cannot be characterized as a stable manifold. Indeed,

!The word smooth will always stand for C*° in this work.

47
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W?* (P, X) and W™ (P, X) are both included in the stable manifold of the point P,, for the vector
field X et
W (P, X) ' {z e B" | ¥'(2) — P,
It follows from the stable manifold theorem that the stable manifold of the point P,, for the vector
field X is a 2-dimensional smooth embedded submanifold of B”.
The submanifolds {W"(P,,, X )}we]l +oo[ foliate the 2-dimensional submanifold
Wh(Ko, X)E || WP, )

w€e]l,+00[

= {Ns1 = NSz =0,N, 2 O}
i e v —

Analogously, the submanifolds {W*(P,, X)}  foliate the 2-dimensional submanifold

we]l,+00

W (Ko, X) S || WP, )

w€]l,+00[

= {Nu = O?Nsl = O’NSZ 2 0}
= {iE € B+ | Hp € ICO,Xt(x) t—+00 p}

Indeed, {Nu =0,N,, 20,Ng, = 0} is a 3-dimensional submanifold of B* containing W*(Ky, X) which
is also 3-dimensional (being continuously foliated by 2-dimensional submanifolds).

Definition 4.1. For any w € ]1,+00[, C' > 0 and n € N, let us denote by

Bw,C,n d=6f B (Pw c Ba

1
) C’wn

1

&= in the phase space Bg (for the distance dj, see (3.11)) and by

the ball of center P, and radius

def 3 1
B = { (e iy2) € (R)' X D1 ool | max(iy, ey b = o) i |

the ball of center (0,0,0,w) and radius in (R+)3 x ]1, +o00o[ (for the sup-norm).

1
Cw'ﬂ

We now proceed to give formal statements of the main results of this section. We delay the proofs
until the following sections.

Proposition 4.2 (System of local coordinates). There exist two constants C > 0 and n € N, an
open neighbourhood Uy of Ko in By (see (3.10c)), an open neighbourhood U of {Ogs} X ]1, +0o[ in

(R+)3 X ]1,+00[ and a smooth system of local coordinates
5 = (xuaxspxszaxc) : u§ - U.f

with the following properties:

1. We have
(xu»xslvxSQ) = (Nu7N517N52) (418“)

and
T, =w in restriction to Ky (4.1b)

In particular, § maps the Kasner interval Ko to {x, = x5, = x5, = 0} N Up:

£ (Ko) = {Ogs} X ]1, +oo[
={z, =25, =5, =0} N U
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2. The chart & straightens the stable and unstable manifolds foliations along the Kasner interval KCq.
More precisely, for any w € ]1, +0o[, we have

E(Wige(Py, X) ﬁUg) = {z, = =0,z =w}NUg (4.3a)
(Wloc(Pw X)nUe) ={z, =0z, =w}nU (4.3b)
EWo(Pu, X)nUe) ={z, =2, =0,2, = w}NU; (4.3¢)
( W2 (P, X) ﬂug) {zy, =25, =0,2, =w} N U; (4.3d)

3. The open sets Ug and Ue are “big enough”: for any w € ]1, +o0o[,

Buhcm C Z/[E and Bw,C,n C U& (44)

4. The C®-norm of € restricted to a neighbourhood of P, admits an upper bound which is polynomial
n w, and similarly for 5_1. More precisely, for any w € 1, +00[,

[I€]lce = Cw™ i restriction to By, c.n (4.5a)
-1
Il

From now on the system of local coordinates £ given by Proposition 4.2 is fixed. We will use roman
letters for objects viewed in the system of local coordinates £. For example, we will denote by X the
vector field £, X'. The Wainwright-Hsu vector field X has a “nice” expression in the local coordinates &:

< Cw" in restriction to B,cn (4.5b)

6 =

e The fact that ¢ straightens the stable and the unstable manifolds of X implies that a lot of non
linear terms vanish in the development of X.

e The estimates on the C° norm of ¢ and 5_1 allow one to get analogous estimates on the C® norm
of the non linear terms appearing in the development of X. These estimates will eventually lead to
a C' control of the non linear terms appearing in the development of the renormalized vector field
X, (see Proposition 4.8).

Proposition 4.3 (Local expression of X). There exist two constants C > 0 and n € N such that the
local vector field X admits the following expression on the open set Uyeli +oo[Bu,cyng C Ue:

f () 0 0 0\ [ 2,
_ 0 —Hs, (xc) 0 0 s

X(x) - 0 0 _MSQ(IC) 0 Ls, *
0 0 0 0)\ z,

Xffu(m)xi + XN (@)wy s, + Xy ()T,
X0 @)z, + X0 (@)al, + X30%2 (2)ay, o,
X0 sz(x)m Ts, + X:;’sz(x)msleQ + )7(52;"’82(a:)a:f2

X sl(z)xuxsl + XE’SQ(x)xquQ

(4.6)

Moreover, for every w € ]1, +0o[, the functions X3 (where * € {u, s1, 9, ¢} and different occurrences
of * are independent) appearing in the non linear part of (4.6) satisfy
[Drea

lles < Cw" on Bucn (4.7)

Remark 4.4. p,(x.), ps, (@) and pg, (z.) defined in (3.14) are the nonzero eigenvalues of the derivative
DX(0,0,0,x.).

To further simplify the computations, we will renormalize the local vector field X (by multiplying
it by a positive function ,,) in order to linearize the dynamics in the unstable direction. This trick
will allow us to compute explicit travel time between two local sections.

Let w € 1, +00[. We define the renormalization function 7, in the neighbourhood of (0,0, 0,w)
by the formula

fru (@)
(20 + Xi (@), + X (@), + Ko (@)a,

Yolx) = (4.8)
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The renormalization function ~,, is chosen so that, according to (4.6), the coordinate of (v,.X) in the
direction 0, is p,(w)z,. In other words, (7,,.X) is “linear” in the direction 9, .

Lemma 4.5 (Domain of 7). There exist two constants C' > 0 and n € N such that for every
w € ]1,+00[, for every x € B, ¢, we have

pze) + X0 (@), + Xy (2)as, + Xy 7 (2)ag, > 0 (4.9)
In particular, vy, is well defined and positive on B, ¢ .

Definition 4.6. We define the local vector field

X, © X (4.10)

on B, ¢, for C, n large enough so that, for every w € ]1,+00[, the conclusion of Lemma 4.5 is
satisfied.

Remark 4.7. In restriction to B, ¢ ,, the orbits of X, are the same than the one of X, up to a time
reparametrization.

Proposition 4.8 (Local expression of X,,). There exist two constants C > 0 and n € N such that for
every w € ]1,+00[, the local vector field X,, admits the following expression on the open ball B, ¢ p:

pr (W) 0 0 0\ [ =y
0 _ﬂw s (xc) 0 0 Ts
Xw(x) = [ i ~ L+
0 0 “Hw,s, (xc) 0 T,
0 0 0 0)\ z.
0
Xyt (@)waws, + X000 (2)22, + X230 (2)2, 24,
U,So 51,89 S2,82 2 (411)
Xosg @)z @6, + X050 (0)2g, 6, + X207 (),
X (@)wuzs, + Xgok (2)z, @5,
where
_ def pu(w)
He s, (xc) = Nsi(xc) (4'12)
()

Moreover, the functions X:: (where % € {u, s1, 82, ¢} and different occurrences of * are independent)
appearing in the non linear part of (4.11) satisfy

[ X5illca < Cw™  on By o (4.13)

Remark 4.9. p,(w), —fiw, s, (€c), —flw,s, (x.) are the nonzero eigenvalues of DX,,(0,0,0,z.).

4.1 A straightening theorem for a stable manifold foliation

In this subsection, we present a general result on vector fields, Theorem 4.10 and its addendum, that
will be used to construct the system of local coordinates £ given by Proposition 4.2. This result is a
reformulation and a simplification of Theorem C.5 and its addendum in our current context. We refer
to appendix C for an independent and complete proof of these general theorems.

The context is as follows. Let © be an open set of R”, G a linear subspace of R" and Y : Q — R"
be a smooth vector field vanishing on Qg := QN G # @. Assume that there exists a complement F of
G such that for every w € Qq, F is stabilized and contracted by DY (w) (g is said to be “normally
contracted”). Recall that we denote by W*(w,Y’) the stable set of w for Y, that is, the union of all
the orbits of Y which converge to the point w as time goes to +00. According to the standard stable
manifold theorem (see e.g. [KH97|, [lrw01], [Rue89|, [Rob99], [BS02] and [HPS06]), W*(w,Y) is a
smooth embedded submanifold passing through w and the family of stable manifolds (W*(w,Y"))ueq,
is a smooth foliation of a small neighbourhood € of Q. Moreover, the stable foliation (W*(w,Y))ueq,
can be straightened using smooth local charts.

The standard result explained above can be stated as following:
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Theorem 4.10 (Straightening of a stable foliation). Let 2 be an open set of R", G be a linear subspace
of R" and Y : Q = R" be a smooth vector field such that

1. Y wanishes on £ “an G+ o;

2. There exists a complement F of G such that for every w € g, the derivative
DY (w):T,R" =R" - T,R" = R"

stabilizes F' and
Hmaz ((DY(W))|F) <0

where umaz((DY(w))w) denotes the mazimum of the real parts of the eigenvalues of (DY (w))|-

Let wy € Qy. Then there exists a smooth local coordinate system & defined on a ball B := Bgrn (wg, R)
such that the family of stable manifolds (W*(w,Y))yeq,np foliates B and is straightened by &: for
every w € Qg N B,

EW(w,Y)NB)=(w+F)n¢&(B)

We emphasize the fact that Theorem 4.10 is a straightforward consequence of the stable manifold
theorem. The point of appendix C is to prove the following addendum, which provides some explicit
estimates on the radius R and on the derivatives of all orders of £ and ¢ -

Addendum 4.11. For every r > 0 such that Bgn(wgy,7) C €, one can find a radius R and a local
coordinate system & on Brn (wg, R) as above satisfying the following properties:

1. The radius R admits a lower bound which is

e [inear inr,

e polynomial in the spectral gap |umaz ((DY(wO))|F)|,

o inversely linear in the norm of the second derivative of Y on the closed ball Brn(wg, 1),
o inversely polynomial in

— the norm of DY (wy),
— the angle between the generalized eigenspaces of DY (wy).

This lower bound depends only on the parameters cited above.
2. For every € > 0, £ restricted to Brn (wy, €R) is e-close to the identity in C* -norm.
3. The norms of the k-th derivatives of £& and 5_1 admit an upper bound which is

o polynomial in
— the norm of DY (wg),
— the angle between the generalized eigenspaces of DY (wy),
— the norms of the (k + 1) first derivatives of Y on the closed ball Bgn(wq,1)
o inversely polynomial in
— the spectral gap |,umaz ((DY(wO))|F)|
-7
This upper bound depends only on the parameters cited previously.

Moreover, identifying R™ = F & G with F X G the local coordinate system & has the following form:

&(z,y) = (z,y +&(2,y))

where £(0,y) = 0.
Finally, the different charts are compatible in the following sense: for any two charts & and f'
defined respectively on B and B', we have £ = 5' in restriction to Bn B'.

Remark 4.12. In order to get such estimates on R and &, one must choose a compact ball B(wg,7) C
on which one controls the derivatives of all orders of Y. There is no canonical choice and one can use
the parameter r to make a choice depending on its needs.
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4.2 System of local coordinates &

The existence of the system of local coordinates ¢ which straightens the stable and the unstable
foliations of X (see Proposition 4.2) is a consequence of Theorem 4.10 and Addendum 4.11. The
proof will be divided in several steps. We first construct a chart which straightens o, W* (Ko, X) and
W*"(ICo, X). This is done by using the Kasner parameter and the radial projection on the Kasner circle.
We then apply Theorem 4.10 and Addendum 4.11 twice: in W*(Ky, X') to straighten the foliation
{W2 (P, X))} eqi soop a0d in WH(Ko, X) to straighten the foliation {W*(Py, X)},c1; 4oor- Finally, we
merge the two families of charts (of lower dimension since we restricted ourselves to submanifolds)
obtained above into a unique chart straightening both the stable foliation and the unstable foliation.

Proof of Proposition 4.2. It will be convenient for this proof to work in By instead of By . The reason
is technical: the Kasner circle is in the boundary of Bg and Theorem 4.10 and Addendum 4.11 apply
to a vector field defined on an open set of a vector space. Taking a chart of B in the neighbourhood
of the Kasner circle, we cannot apply Theorem 4.10 and Addendum 4.11 to the push forward of X by
this chart.

Step 1: Straightening of ICo, W*(Ky, X) and W" (Ko, X). Recall from section 3.6 that the map

€ 2y = (Nu(y), N, (), N, (1), 2 (), 2, (), B, (1))
is a diffeomorphism from By (see (3.10c)) to By where

By €' {(N,,N,,, N

S99

S e, 8s,) ERC S, + 5, +5,, =0,
1
6- (25 +32 +92) - 5 (N2 + N2 + N2 )+ (NN, + N, N, + N, N,) =0,
Y.<, <2}
Let us identify the Kasner interval Iy with the set

{(20.5,,5,,) €R? | B, + 5, + 3, =0, + 3], + 35, =6,5, <3, <3, }

The idea is to “straighten” B, into a subset of the product R? x Ko. To do this, we use the radial
projection from the sixth of the (X, %, , X, )-plane

{(2..5,,,5,) eR’ | B, + 5, +3,, = 0,5, <%, < 5, }
on the Kasner interval Cy. In other words, we consider the chart

By — & (By) CR3X’C0

e S By Bay) P (NU,NV N,,, 2%, =

S,

[
o

(Nu7Nslstza S17 529 a’

2

)

)

A
A

where ¢ is the deceleration parameter (see (2.15)) and more explicitly

\/g= \/%(23+2§1 +32)

Note that &; is well defined because ¢ # 0 on By. Moreover, the equality

Vo= L (V24 N2+ N2) 4 (NN, + N, N, + N,

which holds true on By shows that \/g is entirely determined by N,, N, and N,,. It follows that &;
is invertible and its inverse is
el §&1(By) — By
L (N Ny Ny 80,5600, 85,) e (N Ney, Nog /580,255, (/25,,)
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Now recall that the Kasner parameter (defined in (3.13)) is a diffeomorphism from Ky to ]1, +o0o[.
The composition of the Kasner parameter with the charts £ and & leads to a smooth chart

By — & (By) cR®x 11, +00]

S (N Noy s Noys @) 100 (N (), Y, (), N (), om0 €4 0 E0(9)))

(4.14)

where 7y is the projection R® x Ko = Ko

The chart &, straightens Ko, W* (Ko, X) and W*(Ky, X). Remark that & (B,) contains the open
set B3 (0,1/2) X ]1, +00[. Moreover, by a straightforward computation, there exist Cy > 0 and ny, € N
such that for every w € ]1, +oo[, we have

[é2]lcs < Cow™  in restriction to By, ¢,.n, (4.15a)
-1
=]

Step 2: Straightening of the stable foliation of (£5), X. Let Y’ be the restriction of (&), X to
0° := & (By) N {N, = 0}, that is, the stable manifold of {Ogs} x ]1, +oo[ for (&), X. Identifying
RN {N, = 0} with R® endowed with the coordinates N;,, N, and w, QF is an open set of R®. Since

oe < Cow™  in restriction to B, ¢, n, (4.15b)

Q' n{N,, = N,, =0}

is the image of Ky by &, Y vanishes on Q° N {N,, = N,, = 0}. Let F := Rdy, @RIy, , and G := R,
According to (3.5) and (4.14), for every w € ]1, +oo[, the decomposition F & G = R is stabilized by
DY*(0,0,w) and the eigenvalues u,, and pu,, of (DY (0, O,w))lF are both (strictly) negative.
For w € ]1,+00[, let
d_ef . 1 w—-1
r(w) = min Vi
Observe that Bgs((0,0,w),r(w)) c Q°.
According to Theorem 4.10 and Addendum 4.11, there exist two constants Cy > 0 and n, € N such
that, for any wg € ]1, +0o[, there exist an open set Vjo c Q° and a smooth chart

s s s 3
g; o Vwo - 53,“’0 (Vwo) C R”s
o (N31>N927w) g (NSI,NSWW+£2,w0(N317N92’W))
where &, (0,0,w) = 0, such that &, straightens the stable foliation of Y in V) :

&30 (W7((0,0,0),Y") NV ) = {(Nsy, Ny w) |w = @} 0 650, (V) (4.16)

Moreover, V(jo and f;wo (Vjo) both contain the open set?

s s . S _]- . s - 1
B, def Bg2 (O,Rwo) X }wo — min (RWO, WOT) ,wo + mln(RwO, OJOT)[

where

1

R, = ——
Ns
o CSWO\

)

and

€5 ol || (€5.00) 7|

Remark that the particular form of &, assures that the invariant manifolds W** (P, X) and
W*(P,,X) are both straightened automatically by the “composition” of &;,Wo with &5:

oo S Cswp” (4.17)

3o (L (W (P2, X)) V5 ) = {(Ns,, Ny, w) | N, =0,w =w} N &, (V) (4.18a)
€30 (2 (W (Ps, X)) N V5, ) = {(Ns,, Ny, w) | Ny, = 0,0 =0} N &5, (V5,) (4.18b)

2The result of the addendum gives a ball. Here, we adapt the result to our current context: the frontier w = 1 is only
technical and is not the manifestation of some estimates that will degenerate when w — 1, unlike the frontier w = +00.
One can use some plateau map to obtain the desired result from the addendum.
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Step 3: Straightening of the unstable foliation of (&3), X. This step will be treated analogously to
step 2. Let Y be the restriction of (&), X to Q" := & (By) N {N,, = N,, = 0}, that is, the unstable
manifold of {Ogs} X ]1, +00[ for (£&;), X. Remark that the unstable foliation of Y is exactly the stable
foliation of —Y™. Identifying R* n {Ns, = Ny, = 0} with R? endowed with the coordinates N,, and w,
Q" is an open set of R, Since Q“ N {NV, = 0} is the image of Ko by &, Y vanishes on Q" 0 {N,, = 0}.
Let F' := ROy, and G := RJ,,. According to (3.5) and (4.14), for every w € ]1, +0o[, the decomposition
F & G = R? is stabilized by D (-=Y") (0,w) and the eigenvalue p, of (D (-=Y™") (O,w))lF is (strictly)
negative.

According to Theorem 4.10 and Addendum 4.11, there exist two constants C,, > 0 and n,, € N such
that, for any wg € ]1, +oo[, there exist an open set Vofo c 0" and a smooth chart

u u u 2
5;’« . Vwo - 53,&;0 (Vwoz CR
T (Nyyw) = (N, w + &34, (Vo w)

where ég‘,wo(o,w) = 0, such that &1{% straightens the stable foliation of —Y* in VJLO:
&3y (W ((0,0), =Y") N V5 ) = {(Noy,w) | w = @} N &5, (Vi) (4.19)

Moreover, V:fa and f;f)w[) (V:fo) both contain the open set

u def u u . u W -1 3 w W -1
B, = ]—RwO,RwO[><}wo—mm(RwO,OT),wo+m1n(RwO, 02 )|:

where 1
oo = G
uWo
and
||£7§7w0 ||CG ) ||(£g,wo)_l| c = uwgu (420)

Since a stable manifold of —Y™* is an unstable manifold of (&), X, it follows that 5;1(4,0 straightens
the unstable foliation of (&), X restricted to Q.

Step 4: Straightening of both the stable and the unstable foliation of (&), X. Let wy € 1, +00[.
Let
Vio = {(Ny, N,

Ny, w) | (Ng,, Ny w) € Vi, (Ny,w) € Vg, }

17 1?

and let

b V,, — R
390" 1 (Ny, Ny, Noyyw) & (Nyy No,, Ny, w + €5, (N

S99

N,w) + & (Nyw)) (2D

17

According to Addendum 4.11, the map £§,w0 (resp. é;{wo) restricted to BZO (resp. Bﬁo) where RZO

(resp. R.,) is replaced by €R;, (resp. eRl,) is e-close to 0 with respect to the C'-norm. It follows that
there exist two constants Cy = max(C,, C,) and ns = max(ng,n,, ) such that for every wg € ]1, +00[,
&3.w, is invertible on

-1 -1
Bwo = BR3 (O7Rw0) X :|LU0 - min(Rwoa wOT) ,wo + min (wa (U()T)|:

where

1
Ry, = G
3Wo

From now on, we make the abuse of notation to consider that &; ,, is restricted to B,, . Using (4.17)
and (4.20), we get
-1
‘ (53,w0 ) '

By local uniqueness (see Addendum 4.11) of the charts f;wo and f;f)wO, the charts {&3 o, }uoelt,+oof

< Cawy® (4.22)

€50l o » oo =
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glue together and induce a global chart &3 on the neighbourhood

Vi= ) Bu, cRx]L+o00[ (4.23)

wo€]1,+00[

One can remark that V' contains the open set Bps (O, ﬁ) x ]1,2[: the size of V does not shrink
3

when w — 1, it only shrinks when w — +o00.
According to (4.16) and (4.19), &5 straightens the stable and the unstable foliations of (&;), X'

53 (WS((O,O,O,(D), (52)* X) N V) = {(Nquslastvw) I Nu = va = (D} N 53 (V) (4243)
53 (Wu((0,0,0,(D), (52)* X) N V) = {(Nu7NslaN52aw) | N31 = st = va = ("_)} N 63 (V) (424b)

Step 5:Straightening of both the stable and the unstable foliation of X. Let us define

def
§= (xuvxslaxspxc) = §306

The chart ¢ is well defined on the open set U, := 52_1 (V) CBy. Let Ug :=¢ (L{E). We now proceed to
check all the properties of £ announced in Proposition 4.2.

Properties (4.1) and (4.2) follow immediately from (4.14) and (4.21).

Properties (4.3) follow immediately from from (4.18) and (4.24).

The fact that there exist two constants C' > 0 and n € N such that estimates (4.4) and (4.5) hold
true for any w € ]1, +00o[ is an immediate consequence of (4.15), (4.22) and (4.23). O

Remark 4.13. In step 3, we used the same argument as in step 2. Nevertheless, one do not need
Theorem 4.10 and Addendum 4.11 to straighten the unstable foliation of (&5), X. Indeed, the leaves
of this foliation are all type II orbits explicitly known: all the computations could be done explicitly
without the help of a general result.

4.3 Proofs of the main results on the local expression of the
Wainwright-Hsu vector field

Fix Cy > 0 and ng € N such that Proposition 4.2 holds true with these constants. We begin this
subsection with a proof of Proposition 4.3.

Proof of Proposition 4.3. Denote by X,,, Xsl, X'32, X, the coordinates of X and let

def
UX = U Bw,CO,nO

w€]l,+oo[

According to Proposition 4.2, £ is smooth. Since X is also smooth, it follows that X is smooth. Using
the invariance of the set {N, = 0} by the flow of X and (4.1a), we get that the set {x, = 0} is invariant
by the flow of X. Using the standard Hadamard’s lemma in differential calculus, we get the existence
of some smooth functions X", X;’** and X,,"** defined on the open set Uy such that

Xu(m) = ,u'u(xc)xu + X:f’u(x)xi + XZ’Sl (x)xuxsl + X5752($)x1tx32

Analogously, the sets {z;, = 0} and {z;, = 0} are invariant so (4.6) holds true for the first three
coordinates. For any z. € ]1,+00[, the stable manifold of (0, 0,0, z.) for X is invariant by the flow of
X. Using (4.3b), it follows that X.(0,z,,,z,,7.) =0 and we get the existence of a smooth function
X defined on Uy such that

Xo(x) = 2, X (2)

The unstable manifold of (0,0,0,z.) for X being also invariant, it follows by (4.3a) that there exist
two smooth functions X;"*' and X."*? defined on Uy such that

Xe(@) = X7 (@)as, + X7 (@),
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We can conclude that (4.6) holds true on Ux.

The functions X;* depend on the second derivatives of X. A C? control of these functions involves
a C° control of X and a C° control of EA C° control of ¢ is given by (4.5) while a C®° control of X is
trivial: there exists a constant C; > 0 such that ||X||os < C; on Ux. The conjunction of these two
controls implies that (4.7) holds true for some C' > 0, n € N large enough. O

We now give a proof of Lemma 4.5.

Proof of Lemma 4.5. For every C'> 0 and n € N, let us denote by E¢,, the set of all (w,x) such that
w € ]1,+00[ and = € B, ¢, C Ue. Recall that

3 1
Bucn = { (s, i) € (7)< 1ol | maxCns 7 b = ol) < i |

According to 3.14a, for every w € ]1, +oo[ and for every x € U such that z, < 2w, we have

paled) 2 (4.25)

According to (4.7), there exist C; = Cy and ny = ng such that for every (w,z) € E¢, ,,, we have
|Xffu(x)xu + X}j’sl(az)xsl + X, (x)m52| < Clw™ max(z,, Ts,,Zs,) (4.26)
Inequalities (4.25) and (4.26) imply that for every (w,z) € FEac, 5,41, We have
| X0 @)z + Xy ™ (@), + X% ()2, | < pa ()

which concludes the proof. O

Next lemma gives estimates on ~,, and its derivatives, which will be useful to obtain estimates on
X, later on.

Lemma 4.14 (Control of «, and its derivatives). There exist two constants C >0 and n € N such
that for every w € ]1,+00[, for every x € B, ¢, we have

<v,(z) < (4.27)

DO =
N o

and, for every 1 < k <3,
||Dk’yw(:c)“ < Cuw" (4.28)

Proof of Lemma 4.14. For every C' > 0 and n € N, let us denote by E¢ ,, the set of all (w,z) such that
we]l,+oo[ and z € B, ¢, CUg. Fix 3/4<a < 1.

Proof of (4.27). Let X, (z) := X" (2)z, + X" (2)z,, + X" (2)2s,. According to Lemma 4.5,
there exist Cy > 0 and ny € N such that for every C' = Cy, every n = ng and every (w,z) € E¢,, (4.9)
holds true and it follows that

< Y(z) < % = () + Xy (2) = 20, (w) = 3(pu(2e) + Xu(2)

{&unmmw—%m>
2,uu(w) - Sﬂ'u(xc) = 3Xu(x)

| =

According to 3.14a and the mean value theorem, for every w € ]1,+oo[ and for every x € U such that
|z, —w| = é, we have

|Mu(xc) - :uu(w)l =

g —

and it follows that )
QMU(W) - Mu('rc) = w (429)
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Analogously, for every w € ]1, +0o[ and for every x € Ug such that |z, —w| < ﬁ, we have
- 1
|:U’u(xc) - ;Ufu(w)l = E
and it follows that 1
2/u'u(w) - 3Hu(xc) = " ow (430)

According to (4.7), (4.29) and (4.30), there exist C'; =2 Cp and n; = ng such that for every C' = 1, every
n 2 ny and every (w,z) € E¢,,, we have X, () < 2pu,(w) = p,(z.) and 2p, (w) = 3p,(z.) < 3X,(z)
5o (4.27) holds true.
Proof of (4.28). Recall that
) = — )

pu(ze) + X, ()
and
_’Yw(x)Q

fu(w)
According to (3.14a) and (4.7), there exist C = C; and ny = ny such that for every C' = Cy, every
n = ng, every (w,z) € E¢,, and every 1 < k < 3, we have

Dy () = (Dpu(ze) + DX\ (2)) (4.31)

||Dkﬂu(mc) | < Cow™ (4.32)

and
| D" X (2)|| = Cow™ (4.33)

Using (4.27), (4.31), (4.32), (4.33) and the inequality u,(w) = %, we get that there exist C3 = Cy and
ng = ng such that for every C' = Cs, every n = ns, every (w,z) € E¢, and every 1 < k < 3, we have

HDkww(x) || < Cyw™

so (4.28) holds true. O
We now have everything to prove the main result on X,,.

Proof of Proposition 4.8. Expression (4.11) follows from (4.8) and analogous computations to the ones
detailed for Proposition 4.3.

Estimate (4.13) follows from (4.5), Lemma 4.14, a C° control of X on an arbitrary compact
neighbourhood of K and analogous computations to the ones detailed for Proposition 4.3. O
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Chapter

Local sections and transition maps

The purpose of this chapter is to define some sections for the Wainwright-Hsu vector field, together
with some transitions maps describing how the orbits of the flow travel from one section to another.
All these sections will be located in the vicinity of the Kasner circle and will be defined in the local
coordinate system £ constructed in the previous chapter. The transition maps between the sections
will play a central role in our investigation of the dynamics of the Wainwright-Hsu vector field.

We will first recall some properties of the local coordinate system & (section 5.1). Then we will
define a “global section” S}, (section 5.2). The dynamics of the Wainwright-Hsu vector field is almost
completely captured by the return map ® of the orbits of this vector field on the global section Sj,.
Therefore, understanding the dynamical properties of ® will be our long-term goal. But, since this
goal cannot be achieved directly, it is necessary to decompose ® as a product of a large number of
“local transitions maps”. This will lead us to introduce some local sections (section 5.3), and some
transitions maps describing how the orbits move from one local section to another (section 5.4).

5.1 Reminder on the local coordinate system (. The pseudo-
norms ||.||,, ||.||, and the projection Proj,

In order to define the global and local sections, we first need to recall a few facts on the “nice” local
coordinate system & = (z,,xs,, Zs,, T.) constructed in the previous chapter, and to introduce some
pseudo-norms and projections related to this coordinate system.

Recall that the local coordinate system & = (x,,, z, , Ts,, %) is defined on a neighbourhood U of the
Kasner interval Ky in the quotient phase space B”. The range of &, denoted by U, ¢, is a neighbourhood
of {0gs} x ]1, +oo[ in (R*)® x 11, +ool.

The local coordinate system & maps the Kasner interval Ky to the interval {Ogs} X ]1,+oo[.
Moreover, in restriction to Ky, the coordinate x, is nothing but the Kasner parameter. In other words,
the coordinates of the point P, € Ky are (x,, s, ,%s,,z.) = (0,0,0,w).

For w €]1, +oo[, there is one type II orbit, denoted by O.,, starting at P, and two type II orbits,
denoted by O] and 0.2, arriving at P,,. These orbits are mapped by £ to the straight lines

0L E {x, > 0,2, =z, = 0,7, = w} (5.1a)
0 €z, > 0,2, = 2, = 0,2, = W} (5.1b)
0:? def {zs, >0,2, = x5, = 0,2, = w} (5.1c)

More precisely, the connected component of O, N U starting1 at P,, is mapped to O, N Ug, and
similarly for the two other type II orbits. We will abusively call the sets O, O.' and O;? “type II
orbits”.

1Any connected component of O N U is oriented by the flow of the Wainwright-Hsu vector field X.

59
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The Mixmaster attractor A is mapped by £ to the set

A def Ty = Tg, = O} U {17u =Ts, = O} v {zsl =Tsy = O} (5:2)

that is, {(ANU:) = AnUk.

Recall that our goal is to compare the behaviour of the type IX orbits winding around the Mixmaster
attractor with the dynamics on the Mixmaster attractor itself. In view to that goal, it will be convenient
to project the type IX orbits (or at least some of their points) on the Mixmaster attractor.

Definition 5.1 (Projection on the Mixmaster attractor). Let us denote by A the set of all z =
(Ty, x5, Ts,, ) such that two of the three coordinates x,,, x,,, and x,, are equal and larger than the
third one, that is, the set

{(Tus s, s Tgyy @) | Ty = s, Z Ty, OT Ty, = T, Z T, OF T, =Ty, 2 xu}
.. . 3
We define a projection Proju : (R+) x J1,4+00[ \ A - A by the formula

(24,0,0,2.) if z, > max(x,,,zs,)
. def .
PrOJA(muaxslaxszaxc) = (vaslvovxc) if Tg, > max(mu,x52) (53)
(0,0, z,,x.) if xs, > max(x,,zs,)
Remark 5.2. According to the equation of the Mixmaster attractor in local coordinates (5.2), one can
see that Proja () is the closest point to = (both for the Euclidean standard norm and the sup-norm)

belonging to the Mixmaster attractor A. This is why we say that Proja (z) is the projection of z on
the Mixmaster attractor.

For x = (zy, x5, , Ts,,2.) € R4, we denote
2]l = max (||, |2s, |, |23, ] 5 12c])

It will be convenient to discriminate the direction 9, _ from the other directions, for dynamical reasons.
This leads us to introduce two pseudo-norms.

Definition 5.3 (Pseudo-norms). For any = = (z,, 2, %s,, %) € R4, we define
def
”x”J_ =e max(|xu| ) |x31| 9 |I52|)

def
lzll, = ||

Remark 5.4. For any z € R, ||z||o, = max(|[|z|| ., [|z]] )

Remark 5.5. If the projection Proja(z) of z on the Mixmaster attractor is well defined (see defini-
tion 5.1), then || — Proja(z)]| | = || — Proja(z)||s is the distance between z and the Mixmaster
attractor A.

5.2 The global section S),, the era return map ®; and the double
era return map o,

Definition 5.6 (Global section). For h > 0, we define the global section S, := S;' U S where

SZI def {x = (2y, Ts,, sy, ) | x5, =h, Oz, <h, O0sz,<h 1<z.< 2} (5.4)

and analogously for SZQ. If h is small enough, the global section is included in the range U, of the
local coordinate system £. In this case, we consider the geometric global section

def ,—

Sn = € (Sh)

Suppose that h is small enough, so that the geometric global section S}, is well-defined. On the one
hand, for every w €]1, 2[, the two type II orbits O}, O.? intersect the global section S;. On the other
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hand, formula (3.15) shows that, for every w €]1, +00[\Q, the forward orbit of w under the Kasner
map f passes infinitely many times in the interval ]1,2[. It follows that every heteroclinic chain of
type II orbits either converges to a Taub point, or crosses infinitely many times the global section
S;,. Hence all type IX orbits that possibly shadow a heteroclinic chain of type II orbits must cross
infinitely many times the global section Sj,. This is the reason why we say that S}, is a global section.

The above discussion shows that our main Theorem B can be proved by investigating the dynamical
properties of the return map of the orbits on the global section .Sy,, called the era return map. We will
now proceed to the formal definition of this map. This definition is not completely straightforward for
two reasons:

e the global section S;, was defined in the local coordinate system & but the segments orbits (or
heteroclinic chains) travelling from S, to Sj, do not remain inside the open set where this local
coordinate system is defined,

e we want to consider not only the returns of orbits, but also the return of heteroclinic chains.

Recall that, for every point ¢ € B which is not a Taub point, we have defined a generalized
heteroclinic chain H (g) starting at ¢ (see definitions 3.5 and 3.7). In particular, H (¢) is nothing but
the forward orbit of ¢ when ¢ € Bix.

Definition 5.7. For x = (z, %5, s,, 2.) € Ug, we will denote by # () the heteroclinic chain starting
at the point in B* of coordinates .

Definition 5.8 (Era return map). Let h > 0 be small enough so that the global section S}, is included
in the range U of the local coordinate system £. We define the era return map

éh:ShaSh

as follows. Let x € Sj. If the heteroclinic chain # () intersects the section Sy, then @, () is the
4-tuple of coordinates of the first intersection point of H (z) with S;,. Otherwise, ®;, is not defined at
the point z.

If z,,xs,, 25, > 0, then the heteroclinic chain # (z) is nothing but the forward X-orbit of the point
5_1(1‘). As a consequence, in restriction to {xz,,z,,,z,, > 0}, the era return map @, is nothing but the
first return map of the orbits of the Wainwright-Hsu vector field on the global section S}, expressed in
local coordinates.

For technical reasons (namely, because we will discover that ®;, fails to be uniformly expanding in
the direction parallel to the Kasner interval), we will be led to replace ®;, by its square. This motivates
the following definition.

Definition 5.9 (Double era transition map). Let h > 0 be small enough so that the global section
Sy, is included in the range U of the local coordinate system §. We define the double era return map
d,: 8, - S, by the formula

(i)h d=Cf (i)h o &)h (55)
_ The goal of the remainder of the memoir is to find a subset of S, where the double era return map
@}, is well-defined, to prove that ®; has nice hyperbolicity properties on this subset, to construct some
local stable manifolds for the map ®;, and finally to prove that the union of these local stable manifold
cover a subset of positive Lebesgue measure in S;,. Our main Theorem B will follow easily.

5.3 The local sections S;y,, S}, and Sy

Definition 5.10. Let w € ]1,+00[ and h > 0. We denote respectively by Py 5, ijh, Pffh the points

on the type II orbits O, O.! and O.? that are at distance h from the Kasner interval, that is,

P:j,h d=ef (h,0,0,UJ), Pj?h d=ef (O,h,O,W) ) Pj?h déf (070ah/7w)

w

¢. In this case, we denote Py, := _I(P:j,h), Pl = _1(Pj71h) and P, 1= _1(Pj72h .

If A is small enough, the points P:f’h, sth and Pj?h are in the range U of the local coordinate system



62 CHAPTER 5. Local sections and transition maps

We now define three local sections that intersect respectively the type II orbits O, O.' and O_?.
These local sections will be crossed by the orbits traveling close to the heteroclinic chain passing
through the point P,. They will serve as gates controlling the entrance in (resp. the exit from) a
neighbourhood of the point P,,.

Definition 5.11 (Local sections). Let w € ]1,+oo[ and h = (h, hi, h//) where h, h and h, are some
positive numbers. We consider the local sections

Sz,h d:ef{xz(xu7xsl’x52’xc)|$u:h7 ||$_P£,h||l5hl? ||m_Pgh||~5h//}

={z = (vy,2,,25,,7.) |2y =h, 0=z, <hy, O0saz,<h;, w—h,sz.<w+h,}

and

sy def _ _ s S1
Son = {a: = (2y, Ts,, sy, ) | 5, =, Hx—Pw,h”l <h,, ||1: - P

) sh//}

={x=(xu,xsl,x52,xc)|xsi=h, O<wz,=<hy, Oz, <h;, w- h//_xc<w+h}

The local section Sifh is defined analogously, permuting the roles of s; and s;. See figure 5.1 for a
representation of Sth and S;, . Finally, set

s def
Sw,h -

n U S,
If the sections S:f’h, S‘i’lh are included in the range U of the local coordinate system &, then we define
the geometric local sections

def ., -1 def -1

uh_€ ( )CB+, slh_f ( )CB+

Remark 5.12. The local sections Sﬁ’h, S’Zl’h and S’ 1 are included in the range Ug of the local
coordinate system £ as soon as the parameters h, h and h, are chosen small enough. More precisely,
there exists C' > 0 and n € N such that for every w € ]1,+0o[ and every h = (h,hl,h,/), if
max (h,hy,h,) < (Cw" )™, then the local sections Se s S51 and Sffh are included in Ug. This is a
direct consequence of Proposmon 4.2 on the local coordlnate system &.

Remark 5.13. Let w € ]1,+0o[ and h = (h,hy,h,) where h, h) and h, are positive. Let z € Sfjh

e Assume that 0 < h; < min(h, h,). The (in)equalities
max (@, Ts,) = ||J: - ijh”l <hy <h=ux,

show that the projection Proja(z) of z on the Mixmaster attractor is well defined, and
u/l - = ||z — Proja()|| . In other words, “x— wh”L is the distance from z to the

1xmaster attractor. Hence, h; can be seen as the size of the section in the direction transversal
to the Mixmaster attractor A.

e Assume again that 0 < hy < min(h,h,). The section SZI’h is a 3-dimensional “rectangle” in

(R+)3 x ]1,+00[. Using the fact that the Kasner interval corresponds to z, = x5, = 25, = 0 and
the preceding item, we see that

— h is the distance from the section Szl’h to the Kasner interval ICy.
— h, is the size of Sth in the direction transversal to the Mixmaster attractor.

— h, is the size of Szl,h in the direction parallel to the Kasner interval ICy.

The section Sth cuts the type II orbit O]! at the point P - 1ts intersection with the Mixmaster
attractor A is the segment {0} x {h} x {0} % [w —h,w+ h//]. See figure 5.1.

S
and ||a:—P !

the distance between = and the type II orbit Ow in the direction transverse to the Mixmaster

, as follows: Hx - p*

e Moreover, one can interpret the terms Hx -
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Ty

¢(Ko)

A

Figure 5.1 — Sections S::h and Sﬁ)h. We omit the x,-direction since we cannot draw in four dimensions.
The Mixmaster attractor A is represented in green. The Kasner interval £(K) is represented in red.
The type II orbits arriving and starting at P, are represented in blue.
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attractor while ||a: - Psfh p is the distance between z and the type II orbit O;' in the direction

tangent to the Mixmaster attractor.

Similar remarks hold for the sections S}, and Sfjh as well.

5.4 Transition maps

We will now construct some transition maps between the local sections that were defined in section 5.3.
These maps describe the behaviour of the orbits of the Wainwright-Hsu vector field in some specific
regions (in the neighbourhood of a point of the Kasner circle, in the neighbourhood of a type II orbit,
etc). Our goal is to decompose the era return map ®;, as a product of elementary transition maps,
that are easier to understand than ®,, itself.

5.4.1 The era transition map @w,h and the double era transition map @w,h

The orbits of the Wainwright-Hsu vector field can follow very different routes between two intersections
with the global section S;,. For example, some orbits come back rather quickly to the global section
S}, whereas some others will spend a very long time oscillating in the vicinity of the Taub point T'
before coming back to Sj. For that reason, we cannot study the era return map ®;, globally: we need
to define some localized version of @, (and ®},).

Definition 5.14 (Era transition map ®,, 5, and double era transition map @w’h). Let w € ]1,2[ and
h = (h,hy,h,) so that the sections Sih and S, are included in the range U of the local coordinate
system £. We define the era transition map

(i)w,h : SZ,h n Sh - Sh

as the restriction of ®, to the section Sf,yh. See figure 5.2. Analogously, we define the double era

transition map
q)w,h : Sj,h n Sh - Sh

as the restriction of &, to the section Sf,yh.

Definition 5.15 (Maps @ﬁ,h and @ﬁ’h). Let w € ]1,2[ and h = (h,h,,h,) so that the sections S, ,
and S}, are included in U, and so that the projection Proj, is well defined on the section Sih. We
define the map (i):},h : Szyh N S, — S} by the formula

A def = .
Dyn = Py noProja

Analogously, we define the map <i>£7h : Sfj’h NS, — Sy by the formula

S A def 2 .
Dyn = PynoProja

Consider a point = € S;h N S;, N Bix. On the one hand, ®;,(z) is the first intersection point of the

forward orbit of the point x with the section S;,. On the other hand, @ih(x) is the first intersection
point of the heteroclinic chain H (Proja(x)) with the section Sj,. Since the point Proja () belongs to
the Mixmaster attractor, H (Proja(x)) is a heteroclinic chain of type II orbits. As a consequence, the
comparison between the maps @, 1,(z) and @ﬁ’h(x) will allow us to understand whether the type IX
orbits follow (or deviate from) the heteroclinic chains of type II orbits.

Remark 5.16. The map @f,h admits an explicit expression. Recall that the era Kasner map is defined
by

f([l,klak%]) = [1;k27k33"']

and see (3.16) for more details. Both f and (i)f},h encode the behaviour of heteroclinic chains of type 11
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Figure 5.2 — A type IX orbit O (in black) traveling close to the first era of the heteroclinic chain
starting at P, (in melon), where w = [1;ky, ko, ...]. The local sections S, ,, S;(w)’hl, e S}(w),hkl
are represented in green, while the local sections Sg,h’(y S;f(w)’h,l s ey S}f(w)’h'k , are represented in blue.
The era transition map (i)w,ho encodes the travel of the orbit O between the local section S’f,’ho and the
global section S, (in yellow). One can decompose the era transition map into several epoch transition
maps, encoding the travel of the orbit O between two consecutive green sections.
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orbits. Hence, they are naturally related. More precisely, one easily checks that:

(Oa h,07f(l'(.)) if kl(mc) =2

(0.0.h, F(2.)) if ky(2) = 1 where z, = [1; k1 (x.), ko(x0), ... ] (5.6)

= A
(I)w,h(x) = {
Analogously,

(0,h,0, f(z.)) if ko(z,) = 2

(0.0, f(x V) if k() = 1 where z, = [1; k1 (x.), ko(x0), ... ] (5.7)

&0 n(2) = {

where f is the double era Kasner map defined by

def

flw) = fof(w)

5.4.2 The epoch transition map @

Counsider a type IX orbit orbit traveling between S;h N Sy, and S;,. Typically, this orbit stays close
to the piece of heteroclinic chain connecting successively the points Py, Pf(w), - -, Pf(w). Since the
global behaviour of this orbit is rather complex, it is a good idea to focus on a smaller part of this
travel, namely a transition between a neighbourhood of a point Pyi(,y and a neighbourhood of the
point Pri+1(,). This leads to the definition of the epoch transition map.

Since the travel of the orbits of the Wainwright-Hsu vector field between SZ’h N Sy, and 5y, is
complex, we can study it piece by piece. During this travel, an orbit stays close to the piece of
heteroclinic chain connecting successively the points Py, Ps(w), - -, Pf). Hence, it is a good idea to
focus on a transition between a neighbourhood of a point Pyi(,,) and a neighbourhood of the point
Pi+1(y). This leads to the definition of the epoch transition map.

Definition 5.17 (Epoch transition map ®, ). Let w € ]1,+00o[ \ {2}, h = (h,hy,h,) and h' =
(R', k', 1)) so that the sections Sen and S}y are included in Ug. We define the epoch transition
map

q)w,h,h’ : S%h i Sf(thV

as usual: if the heteroclinic chain #H (z) intersects the section S;(WLH, then @, 4, () is the 4-tuple of
coordinates of the first intersection point of H (z) with S;(w)yh,, otherwise @, }, 1,1 is not defined at the
point x. See figures 5.2 and 5.3.

In restriction to the set {z, > 0}, the epoch transition map ®,, , 1, is simply the transition map
of the orbits of the Wainwright-Hsu vector field X between the section Sj,h and the section S;(w)ﬁh,,
expressed in local coordinates.

If z, = 0, then z is contained in the stable manifold of the point P, = (0,0,0,z.). So the
heteroclinic chain H (x) is the concatenation of the orbit of x, the type II orbit Op, . -+P (., the type 11

orbit Op o= Pr2ayy CC Hence, for any reasonable choice of the parameters h and h', the point

C)7

@w’h’h:(:ﬁ) is the first intersection point of the type I orbit Op,  _p, . , with the section S;(w)’h:. That

18,
(0,7',0, f(z.)) ifw>2

0,0,1", f(z.)) ifl<w<? (5.8)

q)w,h}h'(ov TsysTsyy xc) = {

This formula deserves some explanations. If w > 2, then O;‘C = (’);l(w ) and in that case, the first

. . . u . . s .. S1 . el e . S92
intersection point of O, with the section Sf(w)’h, 18 In Sf(w)7h,, otherwise it is in Sf(w)7h,.

Definition 5.18 (Map @, 11). Let w € J1,+00[ \ {2}, h = (h,hy,h,) and h' = (k' h'}, 1) so that
the sections Sf)_rh and S;(w)’h, are included in U and so that Proj, is well defined on the section Sz,h.
We define the map @, ;1 S5 = Sy by the formula

A def .
(I)w,h,h'(x) = (I)w,h,h’ o Proja ()
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Figure 5.3 — A type IX orbit O (in red) traveling between the section S, ), and the section S;(w))h,

During this travel, the orbit O stays close to a piece of heteroclinic chain (in melon) passing through

the point P,,. For a good choice of parameters h, h' and h", the epoch transition map @, ;, ;i is equal

to the composition of ¥y, yr p with T, pn, .e. the orbit O does not intersect the section S;(W)Jl'
before it intersects the section S, .
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Remark 5.19. According to (5.8), the map CD:{h,h, admits an explicit expression. For any reasonable

choice of the parameters h and h',

(5.9)

or () = | (010 F (@) ifw>2
whih (0,0, f(2.)) if1<w<?2

Recall that Sf,yh is the “entry gate” (for the orbits of the Wainwright-Hsu vector field) of a
neighbourhood of the point P, while S;c(thV is the “entry gate” of a neighbourhood of the point Py(.).
As a consequence, when an orbit travels between Sih and S;(WLH, there is a first phase where it is
close to the point P,, (and, a fortiori, it is close to the Kasner interval) and a second phase where it is
far away from the Kasner interval but close to the type II orbit Op__p oy Lhis leads us to introduce
two more transition maps, Y, y, 0 and W, yr gy, such that @, = Wy prpr 0 Ty, 4. Each one of
these maps depicts the behaviour of the orbits during one of the two phases described above.

Note that until the end of this chapter, we will assume that all the local sections considered are
included in Ug. We will also implicitly assume that Proj, is well defined on these local sections. This
is to avoid a lot of repetition in the following definitions, as they are all modeled on definitions 5.17
and 5.18.

5.4.3 The transition map T

We start with the transition map T, }, ;i capturing the behaviour of the orbits in the neighbourhood
of the point P,,.
Definition 5.20 (Transition map Y, }, ). Let w € J1,+00[, h = (h,hy,h,) and h' = (h', B!, 1)).
We define the transition map
Tyhn ' Si,h - Sg,h’

as usual: if the heteroclinic chain # () intersects the section Sih', then Tw,h)h:(x) is the 4-tuple of
coordinates of the first intersection point of H (x) with S‘Z)h:, otherwise T, 1, ;i is not defined at the
point z. See figure 5.3.
Definition 5.21 (Map Y, ). Let w € ]1,+00[, h = (h,hy,h,) and h' = (A, i, h!,). We define
the map Tﬁ,h,h’ : Son = Sy by the formula

A def .

Tw,h,h'(x) =T, nn© Proja(z)

Remark 5.22. We can do the same remarks as for the epoch transition map @, , ;. In particular, if

h;/ = h,, then for every = € S, j, such that z, = 0, we have

Tw,h,h'(x) = (h’70a07xc) (510)

In other words, Tw’hyh,(x) is the unique intersection point of the type II orbit Oge with Sz,h“ As a

A . .. . . 1
consequence, the map YT, admits an explicit expression: if A, = h,, then

/o
A 1
Tw,h,h'(x) = (h70507$c) (511)

5.4.4 The transition map ¥, '

We conclude with the transition map ¥, j, 1y capturing the behaviour of the orbits in the neighbourhood
of the type II orbit Op_p, -

Definition 5.23 (Transition map ¥, , nr). Let w € ]1,+00[\{2}, h = (h,hy,h,) and n' =0, h:/)
We define the transition map
Vonh' t Sun = St n

as usual: if the heteroclinic chain H (z) intersects the section S;(w)wh', then W, , () is the 4-tuple of

coordinates of the first intersection point of H (x) with S;(w)’hv, otherwise ¥, y, i is not defined at the
point z. See figure 5.3.
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Definition 5.24 (Map W, ). Let w € 11, +00[, h = (h,hy, k) and h' = (A, A, h!,). We define
the map \I/f’h’h, : Sion = SF()w by the formula

A def .
Uy (2) = ¥y pw o Proja(z)

Remark 5.25. The map \Ilih’h, admits an explicit expression. More precisely, if h;/ is large enough
compared to h,, then for every x € Sfj’h,

(5.12)

\I]A ([L’) _ (O7h'507f($c)) fw>2
e Z0 0 0,0 f(x,)) i1 <w <2

The explanation is the same than for formula (5.8).

In the next four chapters, we will study these transition maps. More precisely, we will study
the transition map T}, 1 in Chapter 6, then the transition map W, p ' in Chapter 7, then the
epoch transition map @, 1, v in Chapter 8 and finally the era transition map <I>M7h and the double era

transition map ‘iJw’h in Chapter 9.
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Chapter

Dynamics in the neighbourhood of a point
of the Kasner circle

The goal of this section is to give some sharp estimates on the transition map Y, ps pu (see defini-
tion 5.20). Recall that Tw ne,ne describes the transition of the orbits of the Wainwright-Hsu vector
ﬁeld from the section S, he to the section S v Both sections S: e and S v are close to the point
P, :=(0,0,0,w) belongmg to the Kasner circle in local coordinates. Actually, Sw,h* should be thought
as the ‘entrance gate” to the neighbourhood of P, for the orbits, whereas Sw,h” should be thought as
the “exit gate”. We will choose the parameters h® and h" so that the orbits starting in the section Sj)hs
hit the section S, j,u before they exit a small neighbourhood of P,, where the local vector field X, is
defined. Recall that the orbits of X, are the same as those of X. Hence, we are left to investigate, for
any w € |1, +00[, the dynamics generated by the local vector field X, near the point P,,. The methods
we use are generalizations and refinements of those used in the work of Liebscher & al. [Lie+11].

The following proposition is the main result of this section. For a technical reason explained below,
we will often encounter the quantity “== in the estimates. Hence, we introduce the notation

def w—1
d(w) = ——

Proposition 6.1 (Control of the transition maps Y, ps nv). There exist two constants C > 0 and
n € N such that for every w € ]1,+0o[, every 0 < h < (Cw™)™", every 0 < hy < min(h,d(w)), for
h® = (h, hy,min(h,d(w))) and h* = (h, h,2h), the transition map

S U
Tw,hs7h"‘ . Sw,hs b d Sw,h”

is well defined. Moreover, for every x,% € Sf,yhs, we have the following estimates where we denote
T := Tw,hs,h“ and TA = T:},hs,h“:

(Distance to the Mixmaster attractor)
diste, (Y(z), 4) = || T(2) - T4(2)|, = h““ (6.1)
(Drift in the direction tangent to the Mixmaster attractor)

|7 () - ’I‘A(x)”// < hy hCw" (6.2)

(Lipschitz control in the direction transverse to the Mixmaster attractor)
(7 (@) = () - (Y4 (@) = YA @], = hETH e - (6.3)

71
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(Lipschitz control in the direction tangent to the Mixmaster attractor)

~ A A, n ~ n ~
(@) = 1(@) = (17(@) = T4@))|| | = Cw"hllw =l + C by llz =l (64)
Remark 6.2 (Purpose of Proposition 6.1). Recall that T describes the behaviour of all the orbits of the

local vector field X, near K and A while T4 describes the behaviour of the heteroclinic chains in A.
The purpose of Proposition 6.1 is to compare the dynamics of T to the one of T4,

Remark 6.3 (Explanation of the different estimates). To fix the ideas, consider an orbit 7 — z(7) of the
local vector field X, traveling between the sections Sth.g and S;, . Denote by 2™ = (z,, h, x40, 20 ) €
S ne its initial condition. Estimate (6.1) means that the distance between the orbit  and the Mixmaster
attractor is contracted during its travel. Moreover, it shows that this contraction degenerates when
w — +00, that is, when z travels very close to a Taub point. Estimate (6.2) means that the more 2™
is close to the Mixmaster attractor, the more the orbit z does not deviate, in the direction tangent
to the Mixmaster attractor, from the type II orbit passing through the point (0, k,0,z, ). Estimates
(6.3) and (6.4) prove that Y — T is Lipschitz and explicit a Lipschitz constant for this map. As a
summary, one can remember the following fact. There is a competition between two factors for the
above estimates:

e The more the points are close to the Mixmaster attractor, the more the estimates are precise.
e The more the points are close to a Taub point, the less the estimates are precise.

Remark 6.4. Estimate (6.2) could be rewritten in a simpler way as |Y(z), — z.| < hy hCw". We did
not make this choice to make it clear here that we compare T and Y. Same remark goes for (6.4).

Remark 6.5. If z € S;; v, then for all y € S, .« N A
disteo (2, 4) = |lz -yl
Now remark that if z € S}, j,+, then T4(z) € Se e N A. This is the reason why
. A
disto, (Y(z), A) = || T(2) - T4(2)| ,

Remark 6.6 (Technical detail). The quantity WT_l in the upper bound on the size of the sections is
purely technical. It is closely related to the fact that the coordinates are not defined for z. = 1.
Basically, we need to make sure that the orbits do not start too close to this frontier so that they
intersect the section S, before they possibly encounter this frontier and cease to exist.

To prove Proposition 6.1, we divide the study in two parts. In section 6.1, we study the behaviour
of one orbit of X,. This will lead to estimates (6.1) and (6.2). In section 6.2, we compare the behaviour
of two orbits. This will lead to estimates (6.3) and (6.4).

Following the notations of Proposition 4.2, we will denote by = (x,,, %, , *s,, z.) the coordinates
of any point z € U C R*.

Recall from Proposition 4.8 that the differential equations associated with X, have the following
form

x;t - ﬂ'u(w)xu u,s S1,S 2 S2,8

.’17’81 = _ﬂw,sl (.%‘c) T, *+ Xuqi,’zi (m)xuxsl + XL;J{.;él (CC).TSI + Xw?él:(g)xSQx;l (65)
xfg = _/lw,sz ({,CC) Tg, *+ Xﬁ:i; (x)xuxSQ + Xw{%; (x)x51m52 + Xw?;;(x)sz

Te = Xw:cl (:E)Iul‘sl + Xg:ZQ (x)xquQ

Remark 6.7. Let w € ]1,+0o[ and 7 = z(7) be an orbit of the local vector field X,,. Denote by '™ its
initial condition. Using (6.5), one can see that the coordinate x,, is strictly increasing. It follows that
the section Sﬁ’hu, is intersected by the orbit = at most once. If this is the case, the time of first (and
unique) intersection of the orbit x with the section SZj}hu is

ou € 1 h
2" (2, w, h) def n— (6.6)
ﬂu(w) Ty

where h" = (h,hy,h),).
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We should insist on the fact that we are talking about the local vector field X, and its orbits. The
“real” orbits for the Wainwright-Hsu vector field X can intersect the section S:j’hu infinitely many
times. The local vector field X, being a renormalization of X’ in a neighbourhood U of the point P,
on the Kasner circle, an orbit of X, is exactly a connected component of an orbit of X intersected
with U (modulo the local coordinate system &).

To conclude this introduction, we state the first ingredient for the shadowing theorem (see chap-
ter 11).

Proposition 6.8 (Shadowing near the Kasner circle). There exist two constants C 2 1 and n € N
such that the properties below hold for every w € ]1,+0o[, every i € {1,2}, every 0 < h < (Cw™) ™",
every 0 < hy < min(%hd(w)), for W’ = (h,hy,hy) and for h" = (h,h,2h). Let T — x(7) be an orbit
of the local vector field X, whose initial condition x'" := x(0) belongs to the section Sihs and such
that xzn # 0. See figure 6.1. Set

T* _ 7_* (xm) def 1 n 4 Mgy (w)h
- h - 5 in
N pa(W) + 315, (W) O (W)

* out out out
1. 07 < 7° where 7% = 77" (2, w, h).

2. The point x(7*) is very close to the point P, on the Kasner circle. More precisely,
|z(7*) = P,]|, = 8h} (6.7)

3. The orbit segment joining z"" to z(7*) is very close to the type I orbit interval joining ijh € Sjihs
to P,, with respect to the Hausdorff distance. More precisely,

dy (2 ([0,77]).[ P3P ) < 8h% (6.8a)

4. The orbit segment joining x(7") to 2% s very close to the type 11 orbit interval joining P,, to
Piih € Sg,hu with respect to the Hausdorff distance. More precisely,

Wl

dy (J: ([T*, TOUt]) , ]Pw, P:f,h]) < 8h} (6.8b)

6.1 Control of one orbit

Our goal is, for any given w € ]1, +0o[, to study the behaviour of the orbits of the local vector field
X, which travel between two given sections S’f,’hs and Slfyhu.

We first study the behaviour of the orbits that are assumed to stay in a small neighbourhood of
P,,, where the dynamics is “almost linear”. Lemma 6.14 shows that, for such an orbit 7 — z(7), the
coordinate z,, is exponentially increasing (if it is not identically zero), the coordinates x, and x, are
exponentially decreasing (if they are not identically zero) and the variation of the coordinate z. is
small. Then, we prove that for h® and h" well chosen, any orbit crossing Sf,’hs will eventually cross
S&hu and stays in a small neighbourhood of P, during its travel between those two sections. To do
this, we need two preliminary tools:

e A control of the eigenvalues —[i, ,, (z.) and =/, s, (z.) of DX,(0,0,0,2.). This is done in
corollary 6.11.

e An estimate on the quantity

X = xu ||‘T31,52||1 = xu(msl + mSz)
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S
S e

)

Psi .’13(0) S:,j,hu

:EC
Figure 6.1 — Notations for local shadowing.

used to bound the variation of the coordinate x.. Lemma 6.12 shows that this map is exponentially
decreasing along the orbits of the local vector field X, which travel sufficiently close to the point
P,.

Lemma 6.9 (Control of the eigenvalues p,,, fts, €t ps,). Let w € ]1,+00[ and o €]0,1[. For every

w' € ]1, +00[ such that
-«
3w

1
|w —w| <
we have ’ ' ,
< :uu(w) Iu’Sl(w) .usz(w) <1
T (W) s, (W) 7o, (w) T

Proof. According to (3.14a),

2

dyy, 1-

Y] = 6| ———5| <0

dw (14w +w?)
Let w' € ]1, +00[ such that

1 11—«
o' =] = ==
According to the mean value theorem,
. 1-« (1-a)w B
) = )] = 65 < 60— = (1 - ) (w)

Observe that 1 —av < o' = 1. Hence, (6.9) holds true for 41,,. The computations are analogous for i,
and fig,. O

Recall from Proposition 4.8 that

)= B )

fiuo,s; (@



6.1. Control of one orbit 75

is an eigenvalue of DX, (0,0,0,w").

Proposition 6.10 (Control of the eigenvalue fi,, ,). Letw € ]1,+00[ and a €]0,1[. For anyi € {1,2}

and any w' € 11, +0o[ such that
1-«a
6w

I
W —w] < 120

the eigenvalue fi,, s, (w’) of DX,,(0,0,0,w') satisfies

fios (@)
« < m <« (610)

Proof. Using the formula
~ 1
Huw,s; (w) _ :uu(w) lusi(w')
ps (W) g (w') s, (@)

and the straightforward inequality
l1-a - 1-Va
6 ~— 3
we get the estimate (6.10) from Lemma 6.9 applied twice with /o instead of a. O

Corollary 6.11 below is a refinement of Proposition 6.10 easier to use in the proof of Lemma 6.12.

Corollary 6.11 (Control of the eigenvalue fi, s,, second version). Let w € ]1,+0o[ and o €]0,1[.

For every W'e 11, +00[ such that
1 1 —
|w —w| < —,
24w

fori=1,2, the eigenvalue fi, s, (w') of DX,,(0,0,0,w') satisfies

~ ]
P, s; \W —
o < —() <o (6.11)
s, (@)

where
1-a 1+

Ot’ _ T:u‘u(w) + 5 Msy (w)
B s, (w)

Proof. Using (3.14), it is straightforward to check that

1—a< 1-« _1—a’
2402 T 12(1+w)w 6w

for every w € ]1,+o00[ and every a €]0, 1.

Hence, (6.11) follows immediately from Proposition 6.10. O

Lemma 6.12 (Control of x). There exist two constants C > 0 and n € N such that for every
w € J1,+00[, every 3/4 < a < 1, every t = 0 and every orbit T — x(7) of the local vector field X,,
satisfying

max (xu(T),xsl(T),x82(T), |ze(T) — w|) < IC’_TS for every T € [0,t]
the function x(7) = ., (7)(zs,(7) + 24,(7)) satisfies
() < e e @mral@))ty gy (6.12)

Remark 6.13. Recall that p,, (w) = p,(w). Hence, x is exponentially decreasing along the orbits of
the local vector field X,.

Proof. Basically, the proof amounts to obtain a differential inequation on x and then to use a Gronwall
estimate. For every C' > 0 and every n € N, we denote by E¢ , the set of all (w,a,t,z) such that
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we€ ]l,400[,3/4<a<1,t=0and 7 — x(7) is an orbit of the local vector field X, satisfying
1 —
max(z,(7), zs, (1), 25, (1), |x.(7) —w]) < WS for every 7 € [0, ] (6.13)

Let C > 0 and n € N be large enough such that for every w € ]1,4+00[, X,, is well defined on
the open ball B, ¢, (see definition 4.6). Let (w,a,t,z) € Ec,. We compute the derivative of
X 7 2, (7)(xs, (7) + x,,(7)) by replacing the derivatives of z,, x5, and z,, by their respective
expressions according to (6.5). The time 7 € [0, ¢] is implicit in the following computations.

!
X = (W) (s, + x5, )
~ u,S1 S1,51 2 52,51
+ 1, (_,uw,sl (xp) Ty T Xw,sl (x)xuxsl + Xw,sl (x)xsl + Xw,sl (x)x(egxsl)

51,52 U,S2 52,52

- 2
+ 1, (_Mw,SQ (xc) Tsy + Xw752 ('r)xsleQ + Xw,SQ (x)qu‘SZ + Xw,SQ (x)xSQ)

According to the estimate on the non-linear terms (4.13), the inequality (6.13) and the fact that
flw.s, < [l sy, there exist Cy = 24 and ny = 2 such that for every C' = C, every n = ng and every
(w,a,t,z) € Ec ,,, we have

X = [(pa(@) = fiws, (7)) + Cow™ max(z,, z,,, 74, )] X (6.14)

According to the estimate (6.11) on the eigenvalues and the inequality (6.13), for every C' = Cj, every
n 2 ng and every (w, o, t,x) € E¢,,, we have the following control on fi,

- ﬁw,sl (xc) = _al,ufsl (w) (615)

where
1+

0= B ) ¢ B, ()
- Nsl(w)

Plugging (6.15) into (6.14), it follows that for every C' = Cy, every n = ng and every (w, o, t,z) € Ec ,,
we have

X' = [ (@) = 0’1y, (@) + Cow™ max(zy, 2, 74,) | X
1+ n
| 52 0) = ey ) + G (i ) | (6.16)
According to (3.14),
2
s, (@) = @) = = (6.17)

It follows by (6.16) and (6.17) that for every C' = Cj, every n = ng + 2 and every (w, o, t,2) € Ec,,
we have

X = ol (W) = s, (W)X

which is the desired differential inequation. Indeed, one just needs to apply the standard Gronwall’s
lemma to obtain (6.12). O

Lemma 6.14 (Control of one orbit close to P,). There exist two constants C > 0 and n € N such
that for every w € ]1,4+00[, every 3/4 < a < 1, every time t = 0 and every orbit 7 — z(7) of the local
vector field X,, satisfying

(2, (), 24, (7), 24, (7). ro(7) =) < it for every 7 € [0,1]

we have the following controls:

(Control in the unstable direction)

(w)t

x,(t) = "2, (0) (6.18a)
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(Control in the stable direction) For every i € {1,2},
z, (1) < e 1 (0) (6.18b)
(Control in the central direction)

(1) = 2(0)] = O, (0)(s, (0) + 2y (0)) (1= &Il 5 150)

Proof. The three controls are proven independently. The first one is a direct consequence of the
evolution equation of z, in (6.5).

For every C' > 0 and every n € N, we denote by E¢,, the set of all (w, o, ¢, ) such that w € ]1, +00[,
3/4<a<1,t20and 7~ x(7) is an orbit of the local vector field X,, satisfying

max(x, (1), zs, (1), 25, (1), |z.(7) —w|) < 1(7_77? for every T € [0,t] (6.19)

Control of the coordinate x4, (the case of x5, being analogous). We compute the derivative of z,
using (6.5). The time 7 is implicit in the following computations. According to (4.13) and (6.19), there
exist Cy = 24 and ng = 2 such that for every C' = Cy, every n 2 ng and every (w, o, t,z) € Ec,,, we
have

x’sl = (_/:Lw,sl (xc) + Cowno max(:cu, Lsys x32)) Ls, (620)
According to the estimate (6.11) on the eigenvalues and the inequality (6.19), for every C' = Cj, every

n 2 ng and every (w,a,t,x) € E¢,,, we have the following control on fi, s, :

~ 1+«
— M, sy (xc) = _alﬂsl(w) = _Tﬂsl (w) (621)

where . "
p (1= S pu(w) + s, (W)
a =
fhs, (W)

It follows from (6.20) and (6.21) that, for every C' = Cj, every n = ng and every (w, o, t,z) € E¢,, we
have

1+ n
xgl < (— 5 a,usl(w) + Cow ° max(xu,msl,zSZ))xsl (6.22)

Using (3.14), we get
4
o () 2 (6.23)
w

According to (6.22) and (6.23), for every C' = Cy, every n = ng + 2 and every (w,a,t,z) € Eg ,, we
have

I
Ty = —Qs,y (w)xsl
Hence, Gronwall’s lemma gives the desired control (6.18b) on z, ().
Control of the coordinate x.. We compute the derivative of x. using (6.5). The time 7 is implicit

in the following computations. According to (4.13) and (6.19), there exist C; = Cy and n; = ng such
that for every C' = Cy, every n 2 n; and every (w, o, t,x) € E¢,, we have

<Ciw"'x (6.24)

1
xC

where x(7) = x,(7)(xs, (7) + 24,(7)). According to (6.24) and Lemma 6.12, there exist Cy = C; and
ng = ny such that for every C' = Cs, every n = ny and every (w,a,t,z) € E¢ ,, we have

t
l2.(t) - 2.(0)] < Creo™ [0 O N T

SO
1— e—a(usl (W)= (w))t

a(ps, (W) = pu(w))

|2 (1) = 2.(0)] < C1w™ x(0) (6.25)
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Using (3.14), we get
2
s () = () = 5 (6.26)

Recall that a > 3/4. It follows by (6.25) and (6.26) that for every C' = maX(C’Q,gC’l), every
n = max(ng,ny + 2) and every (w,a,t,z) € E¢ ,, we have

() = 2e(0)] £ Cw™x(0) (1= ¢~ lm (7))
which concludes the proof. U

We are now ready to formulate, for any given w € ]1,+0oo[, two statements about the orbits
7+ z(7) of the local vector field X,, starting in the section S;, ,-. Proposition 6.15 deals with the
generic orbits whose initial condition ' verifies z!" # 0 (generic case) while Proposition 6.18 deals
with the exceptional orbits for which xif =0.

More precisely, Proposition 6.15 below gives an explicit interval where the orbit x is well defined.
On this interval, x will satisfy the controls of Lemma 6.14. Recall that d(w) = “’T_l and Tout(x,w, h) =

1n e (see remark 6.7).

o, (w)

Proposition 6.15 (Behaviour of generic orbits). There ezist two constants C > 0 and n € N such
that for every w € J1,+00[, every 0 < h < (Cw™)™" and for h® = (h, min (h, d(w)) , min (h, d(w))),
the followmg properties hold true. Let 7 = x(7) be an orbit of the local vector field X If its initial

condition " = (x,, ;?,xéz, ") := z(0) belongs to the section S, - and satisfies x, # 0 then x is

defined (at least) on [0,7‘ (x,w,h)] Moreover, if 3]4 < a <1 and h < (1 - a)(Cw™)™", then for

every T € [0, Tout(x,w, h)], we have the following controls:

(Control in the unstable direction)
2, (1) = Tl (6.27a)
(Control in the stable direction) Fori € {1,2},
2y, () < e P T (6.27b)
(Control in the central direction)

< Cw"z!" max (m:b, zm) (1 - e_a(”sl(w)_““(w))T) (6.27¢)

So

zo(7) ~ 2.

Proof. For every C > 0 and every n € N, we denote by E¢,, the set of all (w,,h,z) such that
weJl,+o[,3/4<a<1,0<h=<(1-a)(Cw") " and 7 ~ z(7) is an orbit of the local vector
field X,, such that '™ := 2(0) € Sy ne where h® = (h, min(h, d(w)), min(h, d(w))) and 2 # 0 (hence
asLn > 0). Let Cy > 0 and n € N be large enough such that we can apply Lemma 6.14 with these
two constants and such that for any w € ]1,+0oo[ the local vector field X, is well defined on the
open ball B, ¢, » in (R*)? x ]1, +00[ (see definition 4.1 and Proposition 4.8). Let C; = 100C; and
(w,a,h,x) € E¢, ,,. We are going to show that the orbit z is well defined on [0, 7" (z,w, h)] and
that for every 7 € [0, 7°"(z,w, h)], we have max(Ty, Ts,, Tsys [T —w]|) < C_

Let us denote by ]7_, 7,.[ the maximal existence interval of z (with 7_ < 0 and 7, > 0). For every
T €]r_, [, let

NL(7) F max(y(r), 24, (7), 74, (7))
N(r) E |ze(r) - w]

Remark that N (0) < min(h,d(w)) < C%o_u:l and N,(0) <

n

L"—_1) Let us
denote by Tmax the supremum of all time ¢, € [0, 7,.[ such that for every 7 € [0, to] N, (1) <

Cw
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and N, (1) < mln(c et ;1). By definition, for every 7 € [0, Tyax[, Wwe have N (7) < and

N,(7) < min( C{‘j‘", 21 ). It follows that  must be defined at 7 = 7,4 since it cannot blow up. Now
! 0
assume that 7. < 7

Cow™

out l-a

Cow™

and

(z,w, h). By continuity, for every 7 € [0, Tnax ], Wwe have N (7) <

N, (7) < min( Cl'o_tjé" , ‘*’T_l) As a consequence, we can use Lemma, 6.14 on [0, Tmax | to get

I‘u(W)TDm(T w h) in - h< l1-«a 1—«

xu(Tmax) = = C’lw < W7
1-«
xsl(Tmax)vxSQ(Tmax) <h< Wv
and
|xc(7-max) - LU| xc(TmaX) m xicn - w|
< 20w" hmln(h, d(w)) + min(h, d(w))
< m l-a w-1
)

which contradicts the maximality of Tyay by continuity. Hence, Tymax > 7" (2, w, h). This proves that

the orbit z is well defined on [0, 7" (z,w, h)] and that for every 7 € [0, 7" (z,w, h)], N () < C_w"

P — “’T_l) As a consequence, we can use Lemma 6.14 on [0, 7" (z,w, h)], which
proves (6.27a), (6.27b) and (6.27¢).

Now remark that z is well defined on the interval [0, 7" (z,w, h)], which is independant of a.
Hence, we should find a condition that is also independant of «, as stated in Proposition 6.15. Let
C=5C;. fwe]l,+00[,0<h < (Cw")™" and z is an orbit of the local vector field X, such that
™ = z(0) € Sy ne where h® = (h,min(h, d(w)), min(h, d(w))) and 2™ % 0, then (w,4/5, h,z) € Ec, n

out (

and we can apply the above reasoning to x. This proves that x is well defined on [O, T

T, W, h):l and
this concludes the proof.

Corollary 6.16 below complements Proposition 6.15. It shows that if SZ’hs and Sgﬁhu are two
sections “close enough” to P, and if Sjyhs is “sufficiently small”, then any generic orbit of the local
vector field X, starting in Si,hs will eventually pass through Sg,hu before leaving the neighbourhood
of P, where X, is well defined. Moreover, it gives precise estimates about the position of the orbit in
the section S:j,h%

Corollary 6.16 (Estimates in the section Sﬁ’hu). There exist two constants C > 0 and n € N
such that for every w € ]1,+00[, every 0 < h < (Cw™)™", every 0 < h, < min(h,d(w)), for
h® = (h,h ,min (h,d(w))) and h* = (h, h,2h), the following properties hold true. Let T~ z(7) be an
orbit of the local vector field X,,. If its initial condition 2" = x(0) belongs to the section S’f,’hs and
satisfies xzn # 0, then x intersects the section Sﬁyhu exactly at the time T = Tout(:uw, h). Moreover, if
3/4<a<land h<(1-a)(Cw™)™", then

(Distance to the Mixmaster attractor)
n A, in 1+<
[T™) =1 ™), < ()" he (6.28a)
(Drift in the direction tangent to the Mixmaster attractor)
| T(=™) - TA(:J”)”// < hy hCw" (6.28b)
Remark 6.17. Choosing a = max (— ‘é), estimate (6.28a) will lead to estimate (6.1) and estimate
(6.28b) will lead to estimate (6.2).

Proof. Let Cy > 0 and ng € N be large enough such that we can apply Proposition 6.15 with these two
constants. Let C; = 2Cy and n; = ng + 1. Fixw € ]1,+00[, 3/4<a<1,0< h = (1 - a)(Cyw™) ™,
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0 < hy < min(h,d(w)) and an orbit 7 = z(7) of the local vector field X, whose initial condition
z" := z(0) belongs to the section S, s where h® = (h,h;,min(h,d(w))) and such that z,, # 0.
According to Proposition 6.15, x is well defined on [0, (2, w, h)]
Using (6.27a), we get
out _ g (W) (2,w,k) in _

T, (7 (z,w,h)) =¢ T, =h
According to (6.27b),

2, (7" (0, 1)), 2, (77 (2,0, 1)) <

and according to (6.27c),

2 (17" (2,0, h)) - w| = 2h

It follows that 2(7°""(z,w, h)) € Si ne where h* = (h, h, 2h). Recall from remark 6.7 that 2" (2,w, h)
is the unique time of intersection. Hence, Y (z™) = 2(7°"*(x,w, h)) is well defined.

Remark that 2™ < h, , max (3051#552) < h and (TA(xin))C = 2" s0 (6.28b) is a direct consequence

of (6.27¢) applied with 7 = 7°"*(z, w, h).
Let Oé, - (1—a)/tu(w)+o¢p51(w)

. Using (3.14), one can remark that

Hsp (W)
I,usl(w) 1= a“sl(w) - /Lu(w) _ g
fr(w) (W) w
and
l_alz(l_a)ﬂsl(w)_ﬂu(w)z1_0421_04
s, (w) 1+w 2w
Hence,
l-a l1-a 1 1-da
h < = <
Chw™ 2w Cow™ ~— Cyw™
Since

HT(a:in) - TA(a;m)“l = max (xsl(Tout(x,w, h)),xSQ(Tout(ac,w, h)))7

(6.28a) follows from (6.27b) applied with 72" (2, w, h) instead of 7 and with o' instead of a.

Now remark that the fact that x intersects the section S:)L7hu is independant of a. Hence, we should
find a condition that is also independant of «, as stated in corollary 6.16. Let C = 5C;, w € ]1, +00[,
0<h=(Cw™)! and 0 < hy < min(h,d(w)). Let = be an orbit of the local vector field X,, whose
initial condition =™ := z(0) belongs to the section Sz7hs where h® = (b, h), min(h,d(w))) and such
that " # 0. Remark that h < 1/5(C,w™)”". Hence, we can apply the above reasoning to = with
a = 4/5. This proves that = intersects the section S, ,u (where h* = (h, h,2h)) and concludes the
proof. O

We now deal with the exceptional orbits 7 ~ x(7) whose initial condition =™ verifies x;, = 0.
Recall that the local coordinate system & is constructed in such a way that the stable manifold of a
point (0,0,0,Z.) for the local vector field X, has for equation “x, = 0,z. = Z.” (see (4.3b)). Hence,
any exceptional orbit converges to a point of {Ogs} X ]1,+00[ (which is the Kasner interval in local
coordinates).

Proposition 6.18 (Behaviour of exceptional orbits). There exist two constants C > 0 and n € N such
that for every w € J1,+00[, every 3/4 < a < 1, every 0 < h < (1 — a)(Cw™) ™", for h® = (h, h,h) and
for every orbit T — x(7) of the local vector field X, whose initial condition 2™ = x(0) belongs to
the section S;hs and such that xzn =0, z is well defined on [0, +00[ and stays forever in the stable
manifold of the point (0,0,0,z"), i.e. for every T = 0, z,(7) = 0 and z.(7) = z".
Moreover, the orbit x converges exponentially fast to (0,0, O,:Ein). More precisely, fori=1,2 and
for every T 2 0,
xs,(T) < e_a””(w)q-le (6.29)

Proof. Using the equations (6.5), this is a straightforward consequence of Lemma 6.14. O
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Next corollary shows that if the section SZ7hs is small enough, any orbit of the local vector field
X, will intersect it at most once. This is useful for two reasons. Firstly, it allows us to define a time of
intersection without ambiguity (see definition 6.20). Secondly, it implies that the time length between
two consecutive intersections of an orbit ¢ = x(¢) of the Wainwright-Hsu vector field X’ with the section
Sz,hs cannot be arbitrary small, i.e. admits a uniform positive lower bound (see Lemma 7.10).

Again, we insist on the fact that corollary 6.19 below is about the local vector field X, and its
orbits. The “real” orbits for the Wainwright-Hsu vector field X can intersect the section S:7hs infinitely
many times. The local vector field X, being a renormalization of X’ in the neighbourhood of the point
P, on the Kasner circle, an orbit of X, is exactly a connected component of an orbit of X (modulo
the local coordinate system &).

Corollary 6.19 (Unique intersection with Sz’hs). There exist two constants C' >0 and n € N such
that for every w € ]1, +00[, every 0 < h < (Cw™) ™", for h® = (h, min (h, d(w)) , min (h, d(w))) and for
every orbit T — x(7) of the local vector field X,, whose initial condition x(0) belongs to the section
Sf,’hs, x does not intersect Sf,,hs again in the future nor in the past.

Proof. Let Cy > 0 and n € N be large enough such that we can apply Proposition 6.15 and Propo-
sition 6.18 with these two constants. Let C' = 10Cy and o = %. Let w € ]1,+00[, 0 < h = (Cw™) 7,
h® = (h,min(h,d(w)),min(h,d(w))) and 7 — z(7) be an orbit of the local vector field X,, whose
initial condition z™ := 2(0) belongs to the section Sone- Let us denote by Jr_,7,[ the maximal
existence interval of z. By symmetry, it is enough to prove that x does not intersect again Sj7hs in the
future.

First, assume that an # 0. Using Proposition 6.15 with Cy and «, we can apply (6.27b) to get that
for every T € ]O,Tout(x,w, h)] and every i € {1,2}, z,,(7) < h so x(7) ¢ S;, hs. Analogously, we can
apply (6.27a) to get that for every 7 € ]Tout(x,w, h), T+[, 2, (7) > hso x(7) ¢ S e

We are left to deal with the case where xiun = 0. Using (6.29), we get that for every 7 > 0 and every
i € {1,2}, x4, (7) < h. Hence, x(7) ¢ Szyhs. This concludes the proof. O

We can now give a proof of the proposition on the shadowing of a heteroclinic chain, stated in the
introduction of the present section.

Proof of Proposition 6.8. To simplify the proof, let us treat the case ¢ = 1. Let Cy =2 1 and n € N be
large enough such that we can apply Proposition 6.15 and corollary 6.16 with these two constants.
Let Cy = 5Cy and a = 2. Remark that C7' = (1 - a)Cy'. Let w € J1,+00[, 0 < h = (Cw") ™",
0<h; < min(%h, d(w)) and 7 + z(7) be an orbit of the local vector field X, whose initial condition
2™ := 2(0) belongs to the section So e (where h® = (h,hy,h,)) and satisfies 2™ % 0 (hence 2" > 0).
Let h* = (h, h,2h). Using (3.14a), (3.14b), (6.6) and the fact that 2™ < Lp, it is straightforward to

3
check that 0 < 7% < 7°" ut out

* where 7" = 7 (z,w, h). According to corollary 6.16, = is well defined on
[O,Tom(x,w, h)] According to (6.27a), (6.27b) and (6.27c), we have
|2(r*) = Py, < 7 it 4 71Ty oy (6.30)

Using (3.14a), (3.14b), we get that

* 2. apsy(w)h
= 1n -
e.uu(w)T <e3 fw (@)

< 4n5 ()75 (6.31)

and

* 1 apsy (w)h
— —=1n -
e apray (W)T <e % pul@ay}

<273 (25 (6.32)

Plugging (6.31) and (6.32) into (6.30), we get that (6.7) holds true.
Recall that
[P P = {(0.2,0,w) | 0 < z < I}
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According to (6.27a), (6.27b), (6.27c) and (6.31), we have, for every 7 € [0,77], 0 < 2, (7) < h and
[2(7) = (0,25, (), 0,0)||. = 4h3R7 + 3k, < 77 (6.33)
Moreover, using (6.7), we have, for every z € [0,z (7")],
l2(7*) = (0,2,0,w)|, < [|2(r7) = Pullo, < 6h§h§ +2h) < 8}& (6.34)

Finally, for every z € [z, (77),h = x,,(0)], there exists 7 € [0,7" ] such that 2 = x,,(7) and we can
use (6.33) and (6.34) to conclude that

o (2 ([0,71) [P0y B[ ) < 813

Analogously, we recall that
]Pvag,h] = {(2707()’(‘“)) | 0<z= h}

and we get by a straightforward computation that

dy (x (I:T*,Tom:l) , ]Pw,Pih]) <8hj

Hence, (6.8a) and (6.8b) hold true. O

W=

6.2 Comparison of two orbits

In this section, we are going to precisely compare two orbits of the local vector field X, which
simultaneously intersect a section S, . This will lead to the Lipschitz estimates (6.3) and (6.4) on Y.

Until the end of this section, we fix Cy = 2 and ny € N large enough such that we can apply
Proposition 6.15, corollary 6.16 and corollary 6.19 with these two constants. In particular, for every
C=Cy>0,everynzmng €N, every 0 < h < (Cw™)™", for h® = (h, min(h, d(w)), min(h, d(w))), for
h" = (h, h,2h) and for any orbit T + x(7) of the local vector field X,,, if = intersects S, - at least
once, then it intersects Sf,’hs and Sg’hu exactly once.

Definition 6.20 (Time of intersection with S, ,+). With the same notations as above, if x intersects
Sy ne then we denote by 7" (z,w, h”) the unique time 7 € R such that z(7) € S, 1.

Definition 6.21 (Pair of synchronized orbits). Let w € ]1,+00[, 0 < h < (Cw™)™, n* =
(h,min(h, d(w)), min(k, d(w))) and h" = (h,h,2h). Let 7 = x(7) and 7 — Z(7) be two orbits

u

of the local vector field X,,. We say that (x, Z) is a pair of (S, ,+, Si, n )-synchronized orbits if

1. CC(O) (S Si.’hs.
2. T intersects S, ,» before z, i.e (%, w,h*) < 0.

3. z and Z intersect S,, « at the same time, i.e. 2"z, w, h) = 7°"(E, w, h).
If this is the case, we define
2" (7" (2,0, 0%)) € S pe
7" E i(r"(#,0,h°)) € S5 e
g1t & a:(TOUt(at,w, h)) € Sﬁ}hu

U E (N (F,w,h)) € S

See also figure 6.2.
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LsysLs,

s
Sw,hs

\ u
\ Sw,h”

Ty

in
Ty = Xy,

Figure 6.2 — A pair of (S}, s, St v )-synchronized orbits.

Remark 6.22. Let (x,Z) be a pair of (Sf)’hs,Sz’hu )—synchronized orbits. Since x and & both intersect
~in

S'ﬁhu7 it follows that aciLn >0 and Z,, > 0. With these notations, it is straightforward to check that
Tin(x,w7hs) =0
Tm(:%,w,hs) =——lh—=<0

ou ou ~ 1 h
(2, w,h) = 7" (F,w, h) = —— In —
,uu(w) To)t
Remark 6.23. If (z, ) is a pair of (Sj,hs,Sfj’hu )-synchronized orbits, then for every 7 € R such that
x(7) and #(7) are well defined, we have z,(7) = Z,(7) (see figure 6.2).

Remark 6.24. Up to reparametrization, any pair of orbits which both intersect the section Sf,’hs is a
pair of (S, p+, So p+ )-synchronized orbits. More precisely, let 7 — z(7) and 7~ Z(7) be two orbits
of the local vector field X, which both intersect the section S;hs. Up to a translation in time of x,
one can assume that z(0) € Sihs. According to corollary 6.16, x and Z both intersect the section
Sgyhu. Up to a translation in time of &, one can assume that « and Z intersect simultaneously the
section Sﬁ’hu. Up to symmetry, one can assume that T intersects the section S’;hs before x. With

these conventions, (z,%) is a pair of (S}, ps, Ss p+ )-synchronized orbits.

Given a pair (z, Z) of (Si,’hs, Sﬁyhu )—synchronized orbits, the following lemma provides some controls

about the orbit z at the time ¢ = 0.

Lemma 6.25. There exist two constants C > 0 and n € N such that for every w € ]1,+00[, every
0<h=(Cw™™", for h® = (h,min(h, d(w)), min(h, d(w))), h* = (h, h,2h) and for every pair (z,7)
of (Sihs,Sihu)—synchronized orbits, we have the following estimates:
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(Control in the stable direction) For every i € {1,2},

~in

1 n ~in
7,,(0) — 7, | = Cwh— |7, — Ty (6.36)
x
(Control in the central direction)
~ ~in n i';n n ~in
Z,(0) -z, | < Cw hx_in T, — Ty (6.37)

Proof. The two controls are proven independantly.

For every C' > 0 and every n € N, we denote by E¢ ,, the set of all (w, h, 2, Z) such that w € ]1, +00[,
0<h<(Cw™)™" and (z,7) is a pair of synchronized orbits of the local vector field X, (with respect
to the sections S, s and S, y,u, where h® = (h, min(h, d(w)), min(h,d(w))) and h* = (h, h,2h)). Fix
3/4<a<l.

Control of the coordinate Z.. Recall that Tin(:%7w7hs) = —m In z—“n Applying (6.27¢c) on the

time interval [Tin(ﬁs, w,h?), O] (using a translation in time), we get that for every C' = Cy, every n = ng
and every (w,h,z,Z) € E¢,,,, we have

1 in
7,(0) = F | ———In 2
Nu(w) l"L“
psq (W)—pu(w)

) jin @ A))
ng ~11
< Cow Ty h|1-| ==

in
u

7.(0) - 7

= % < 1. Recall that 0 < 2t < 1. Hence,

in
Eam

Hsq (w)_ﬂu(w)
.“'u(w)
estimate (6.37) is a consequence of the above inequality.

Moreover, using (3.14), we get that «

Control of the coordinate T, (i € {1,2}). Let C = Cy, n 2 ng and (w, h,z,%) € E¢,,. According
to (6.5), Z,, is a solution of the following first order linear differential equation of variable y:

!

Yy = _ﬂsi(jc)y + Xsi (i‘)i‘sz

where
def

X, (2) = X7 (@)%, + X7 (@)T,, + X7 (2)2,

Using variation of parameters, we get an implicit expression of &, (0), which can be written as follows:
o, (0) = F0 = Ay + Ay

where
0] ~ ~ .
A= (GLm(i””"‘”_“Si(IC(w))dw - 1)33‘“

and 0
0 ~ -~
Ay = J el R @0y (5 00))F, (w) duw

T (%,w,h®)
Control of |A;|. Applying (6.27c) once again on the time interval [Tin(i‘,w, h*), 0], we get that
for every T € [Tin(i,w, hs),O]7

i) =3 +h<2n (6.38)

|Ze(T) —w| <

There exist C; = Cy and ny = ng such that for every C' = Cy, every n = nq and every 0 < h < (C’wn)_l,

we have 2h < 16_—:‘. It follows from (6.38) and (6.10) that for every C = C1, every n = ny and every
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(w,h,z,z) € E¢,,, we have

~in a“82(:>
iy e (Felw) 1' 1 o @mEeny [ B )
Hence,
) ausz(w)
~in o (w)
|4 <h|1- (x—g)
xu
Moreover, we have the elementary fact
for every 0 < z < 1 and every v >0, 1—2" <max(1,v)(1 - z) (6.39)
Let us apply (6.39) with z = % and v = % = a(l +w) = 1. It gives:
-%gl 1 in ~in
| A sha(l+w)(l—3)s2whﬁ Ty — Ty (6.40)
:I;’U/ xu

Control of |As|. According to (6.10), for every C' = Cy, every n = ny and every (w, h,z,2) € Ec ,,
we have

o e Ee(@)do _ o (@hw

Hence, according to (4.13) and Proposition 6.15, there exist Cy = C; and ny = ny such that for every
C = Oy, every n 2 ny and every (w,h,z,%) € E¢ ,, we have

| A

IA

0
Cow™™? n’ J' O (D0 g,
7 (&,w,h°)

9 . ﬂ#sl(w)
- ngnz h ) 5331 Hu(w)
aps, (w)

in
Ly

Let us apply (6.39) with z = i% and v = % = a“T“’. One can remark that v < 1 for every w large
enough and /5, (W) ~4o400 g It follows that there exist C3 = C5 such that for every C' = C3, every

n 2 ng :=ny + 1 and every (w, h,z,%) € E¢,,, we have

nsq 2 1 in ~in
|Ay| < Csw'™®h 7|xu - Ty
‘Tu

< h% |z = 7| (6.41)
x’LL

It follows from (6.40) and (6.41) that for every C' = Cs, every n = ng and every (w,h,z,T) € Ec,,
we have

~in

~in in
Ty = Ty

jsi (0) - Zg,

1
< 3wh?
Ty,

so estimate (6.36) holds true with C' = max(Cj3,3) and n = ng. O

We are now going to prove the main technical result of this section. The following proposition gives
Lipschitz estimates on the distance between two synchronized orbits when intersecting the section
Sg’hu. We prove that the Lipschitz constant mostly depends on the distance between their initial
conditions in the section Si,hs and the Mixmaster attractor.

Proposition 6.26 (Lipschitz estimates in the section Sg,hu). There exist two constants C' > 0 and

n € N such that for every w € 1, +00[, every 3/4 < a < 1, every 0 < h < (1 — a)(Cw™)™", every
0 < h; < min(h,d(w)), for h® = (h, hy,min(h,d(w))), h* = (h,h,2R) and for every pair (x,%) of
(Si)hs,Sz’hu)—synchronized orbits, we have the following estimates:
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(Lipschitz estimate in the direction transverse to the Mixmaster attractor)

~m

| xom—iomnl < (hl)%Cwnh_% 2" - F |Do (6.42)
(Lipschitz estimate in the direction tangent to the Mixmaster attractor)
H(:Cout _ j:out) _ (xin _ izn)”// < Ownh | xin _ jin |J_ + C’wnhL ||xm _ jin |// (643)

Proof. We can assume that 2™ # 7. Otherwise, the orbits 7 — z(7) and 7 — #(7) coincide and the
estimates in Proposition 6.26 are trivial.

Notations. For every C' > 0 and every n € N, we denote by E¢ , the set of all (w,a,h,hy,x, )
such that w € J1,400[, 3/4<a<1,0<h < (1-a)(Cw™) ™", 0<h; <min(h,d(w)) and (z,7) is a

pair of (S, 1=, Sey nv )-synchronized orbits, where h® = (h, h;,min(h,d(w))) and h* = (h, h, 2h)). Let
Cy > 0 and ny € N be large enough such that we can apply Proposition 4.8 and Lemma 6.25 with

these two constants. For every C' 2 Cy, every n = ng and every (w,a, h,z,%) € E¢ p, let

ou 1 h ou ou ~
L = ™ (r,w, k) = 7 (Fw, h)
,uu(w) Qf}un
de(T) < JT de. (2) - %(3) dz for every T € [0 TOUt]
¢ 0 dT dT )
dy(7) def |3331(7') - 5651(7')| + |ac82(7) - Iy, (7')| for every T € [0, TOUt]
def (1= a)py (W) + apg, (W)
Qn =
fis, (W)
1 def 1_20[0!‘11,(("}) + H%Nsl (w)
Qgy =
fos, (W)
First, remark that ‘ o — g Ik do(7°"). Secondly, remark that
11—«
l—ag=12 (6.44)
e («) (@)
s, (W (usl w ) Q
o -1=a -1|== 6.45
(@) (@) @ (6.45)

Idea of the proof. We are looking for upper bounds of d.(7°") and dy(7°"*). The idea is to obtain
cross estimates on both d.(7) and d,(7), and then to progress step by step to some controls that are
independant from each other by using Gronwall estimates.

Step 1: control of dy(0). According to (6.36), for every C = Cj, every n = ny and every
(w,a,h,z,2) € Ec,,, we have

in ~in
£E82 - £E82

~in
T,

in ~in
Xy — Ty, ’ +

+

in
Ty, —

1
Ty,

Step 2: control of |z.(7) — Z.(7)| for T € [0,7°""]. According to (6.37), for every C' = Cy, every
n = ng and every (w, o, h,z,2) € E¢,,, we have

|xc(7-) - jc(T)l = dc(T) + |xc(0) - i'c(o)l

~ ~in in ~in
<d.(1) + |2.(0) — Z, | + |z, — T,
G . . .
n mn ~11 mn ~ 11
<d. (1) + Cow Ohx—i“n|xu — Ty | + |Te — 22

u
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~in
n
oreover, Cyw <land 2 <1so
M , Cow™h = 1and 22 < 1
u

~in

in in
+ ™ - 2
1

P (6.47)

|2e(7) = Fo(7)] < de(r) + |

/

Step 3: a control of ds(1) depending on d.(7). From now on, 7 will often be implicit in the
estimates. Those estimates are valid for every 7 € [0,7°"]. By definition, we have

dd, _ Ts, — Ts, (diﬁsl dxsl) Ts, — Ts, (da?s,z dxs,z)

dr dr

dr ~ |x51 - j51| |$52 - jszl dr dr

According to (6.5),

dzs, dwxg, ~ o ~ _ ~
dr - dr = ~Hw,sy (xc)(xsl - xsl) + (ﬂw,sl (xc) - ﬂw,sl(xc))xsl

+ Xw,sl (iz)(:zsl - wsl) + (Xw,sl (j) - Xw,sl (f))xsl (648)

where X, 5, (z) = X5 (@)z, + X050 (2)zg, + X730 (2),. According to (6.27¢), there exist C; = Cj

w,S1 w,S1 w,S1
and n; = ng such that for every C = Cy, every n = n; and every (w, o, h,x,2) € E we have
1 0 1 1 5 Gy Iy Ly C,n»

1-«a
Te —w| € ———— 6.49
e =l = T ) (6.49)
Using (6.49) with (6.44) and (6.11), we get
- - 1+«
~ Huw,s, (ch) = _04:)“51 (w) = - 9 O,usl (w) (650)

According to the expression of fi, s, (see (4.12)) and formulas (3.14), for every C' = C}, every n = ny
and every (w, o, h,z,%) € E¢,, we have

|/lw,sl (xc) - ﬂw,sl(i’c)l <6 |£UC - i'cl (651)
According to (4.13), for every C = C}, every n = ny and every (w,a, h,z,Z) € E¢,, we have

|XW751(‘%)| |‘T51 - j.sll = Cownoh |x81 - jsl'

? o ~ ~ (6.52)
|Xw,sl(1') - Xw,sl ($)| Ts,y = C'OW (”l‘ - x”J_ + |xc - xcl)xsl

dZ,, dzg,

We can control in the same way the terms that appear in the expression of . = It follows from
(6.48), (6.50), (6.51) and (6.52) (and similar estimates for s, instead of s;) that there exist Cy = Cy
and ny = ny such that for every C' = Cy, every n = ny and every (w,a, h,x, %) € E¢ ,, we have

dds <_].+Ol0

dr — 2 Msl (w)ds + CQan |xc - -%c| (xsl + xSQ) + CQan hds

+ C’2(")n2 (“1‘ - i'“J_ + |xc - fcl) (xsl + l'sz)

For every 7 € [0,7°"], we have z,(7) = Z,(r). Hence, ||z — ||, < d,. Using (s, + x5,) < 2h, it
follows that for every C' = Cy, every n = ny and every (w,a, h,x, %) € Ec,,, we have

dds _1+040
2

phs, (W) + 302wn2h> ds +205w™ |z, — T, (s, + 2s,)

Using (3.14), we get
2
ps, (w) = 5 (6.53)
According to (6.44) and (6.53), there exist C3 = 2Cy and n3 = ns such that for every C' = Cs, every
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n 2 ng and every (w, o, h,x,%) € E¢,,,, we have

n 1-
3Cow *h < 2a0 s, (w)

Hence, for every C' = C3, every n = ng and every (w,a, h,z,) € E¢,,, we have

— < —ops, (w)ds + Cyw™ |z, — &l (zs, + xs,) (6.54)

According to (6.44), there exist Cy = 2C3 and ny = ngz such that for every C = Cy, every n = ny and
every (w,a, h,x,T) € E¢ ,, we can apply the control (6.27b) to (w, ap, h,x) and obtain the following
control on (zy, + x,):

(24, (7) + 24, (7)) < " (2 (0) + 2, (0)) (6.55)

Plugging (6.47) and (6.55) into (6.54) and using the fact that (x4, (0) + z,,(0)) < 2h, we get that for
every C = Cy, every n = ny and every (w, o, h,z,%) € Ec,,

%(TV —aopts, (W)ds(7) + Caw"*he 1 (q (7) + || - &

~in

in
+ " -
N x x

/
which can be rewritten in the form

s (1) 4 g, (@)e™ A (7) 5 O™ h (d(r) + [l - 37+ [Jo -

/ )

ds(7) in the left side of the above inequality. By integrating

. . . agpts, (W
We recognize the derivative of e 0ty (W)

between 0 and 7, we find:

dy(7) < e "7 g (0)

+ C4wn3he_a°“”(w)7 (JT d(z)dz + 1 (”xm - ~1m”
0

~in‘

)) (6.56)

Step 4: an integral inequation for d.(7). According to (6.5) and the fact that z,(7) = Z,(7) for
every 7 € [0,7°"], we have

dd w2y (a R EED
T = X @), =) + (X)X (@),
FXD (@), = w) + (XO2(E) = X (@), |

According to the estimate (4.13) on the non linear terms, there exist C5 = Cy and ns = ny such that
for every C' = Cj, every n = ns and every (w,a, h,z,%) € Ec,, we have

dd,

- icl (msl + mSQ)) (657)

Plugging (6.47) and (6.55) into (6.57), using the formula 2, () = ¢"*()"z™ and the estimate
(z5,(0) + 24,(0)) < 2h

we get that, for every C' = Cs, every n = n; and every (w, o, h,x,%) € E¢ ,:

ns /Ju(w)T md (7_)

~in

-

~m

+ 2C5wn5he(““(w)_a°“”(w))Tan ( .

|) (6.58)

Plugging (6.56) into (6.58), there exist Cg = Cy and ng = n5 such that for every C' = Cg, every n = ng
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and every (w, o, h,z,Z) € E¢,, we have

dd,
dr

(T) < Cﬁwnee(#u(w)—aoﬁsl(w))‘fle[ds(o)

in ~in
r -

+h (dC(T) + LT d(z)dz + (1+7) ]

=)
For any C' = C, any n = ng and any (w, o, h,z,%) € Ec,, let

T(x,7) & sup{t >0|Vre[0,¢],de(r) < ||l =2, + [|+™ - fi“||//} >0

T(z, %) € min (T(z,7),7°")

By definition of T'(x,z), for every C' = Cg, every n = ng, every (w,a,h,x,T) € E¢, and every
7 €[0,T(x,7)], we have

dd n w)—a w))T in
dTC(T) SCGUJ 6h6(#u( ) o#sl( )) xudc('r)

in ~in

+ ZCGwnﬁe(”“(w)_%”“(w))TziJl (dS(O) +h(l+7) (’lxin — "

Lt

)

and by using formula (6.45) under the form p,, (w) — agps, (W) = —a(ps, (W) = py(w)), we get

dd n —o(pgq (w)— w))T _in
dTC(T) < O he (psq (W)= po (w)) 2d (1)

2y 0 DT (4 0y 4 (147 ([l = 2+ [l - 2

) e

Using the fact that d.(0) = 0, integration of the inequality (6.59) between 0 and 7 gives

dMM%W+KWMM@®

where

~in

in ~in
r —x €T

+ Hzin _

v (7) = QC'Gw"G:ciun (ds(O) + h(| ||l

)) [ i o0 (@)= (@))z g
/ 0

+ QOﬁwnGIZIh“'xin _ jin”L + ||xin _ jin ) J'T Ze_a(usl(w)—uu(w))z dz
v 0

and .
yo(7) = Cﬁw"Ghe_a(“”(w)_”“(w))Txf

Using Gronwall’s lemma, we obtain the following control of d.(7) for 7 € [0,T(x, &)]:

T

MﬂsMﬂ+L%www£“W“m (6.60)

Here, the proof is essentially complete. Indeed, (6.60) is an explicit estimate on d.(7) and by plugging
it in (6.56), we obtain an explicit estimate on d (7). We are left to find upper bounds on the explicit
functions ; and .

Step 5: controls of v, and 5 on [0,T(x,Z)]. Using (3.14), we get

2

/J'sl(w) - Mu(w) = E
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Hence, for every C' = Cg, every n = ng, every (w,a, h,z,%) € E¢, and every 7 € [0,T(z,%)], we have

J om0l @)@z g 1 <22
0 a(ps, (W) = pu(w)) ~ 3
: : ) (6.61)
J pem ol (D)2 g o < §w4
0 a*(ps, (w) = pu(w))

According to (6.61) and using the fact that xm < h, there exist C7 = Cs and ny = ng such that for
every C' 2 Cr, every n = ny, every (w,a, h,x,&) € Ec,, every 7 € [0,7(z,Z)] and every 0 < z < T,
we have

J Yo(o)do < Cow™ (6.62)

z

According to (6.61), there exist Cg = C7 and ng 2 ny such that for every C' = Cy, every n 2 ng, every
(w,a,h,z,%) € Ec,, and every 7 € [0,T(x, )], we have

n(r) s Gy (4,(0) + h ([l = 2", +[|=" - 2"

)) (6.63)

Plugging (6.46) into (6.63), it follows that there exist Cgy = Cg and ng = ng such that for every C' = Co,
every n = ng, every (w,a, h,z,z) € Ec, and every 7 € [0,7(z,Z)], we have

ng Ln(
Step 6: control of d. and proof of (6.43). Plugging the estimates obtained in the preceding step

into (6.60), it follows that there exist Cjy = Cy and nig = ng such that for every C' = Cy, every
n = ny, every (w, o, h,x,&) € E¢, and every 7 € [0,T(x, )], we have

in ~in
LTe — e

in ~in
1332 - 1332

in ~in
s1— Tsy

in

n
°h|x, —

+

+

71(7) = Cow x ) (6.64)

in ~in
Te c

in ~in
.’1352 - QZ‘SZ

in ~in
R xsl

dc(T) < C’wwn

in ~in n in
Ty — Ty, ’ + Cow 'z, (

+

+

) (6.65)

Let Cy; = 2Cyp and nqy = nyg. For every C' = Cyy, every n = ny; and every (w,a, h,z,%) € Ec ,, we
have

T

n 1
Clow Yh < 6 (666)

Let C' 2 Cy1, n 2 ny; and (w, o, h,z,%) € E¢,,. Assume that T'(z, %) < 7" Using (6.65) and (6.66),
we have,
)

Since d.. is well defined and continuous (at least) on [O, Tout], the above inequality contradicts the

Nin

do(T(x,7)) < %(”xn i

maximality of T'(x,Z). It follows that
T(z,&) = 7 (6.67)

By definition of d., we have

< d (""" + |7.(0) - " (6.68)

(@ =) - (@ = 2

Plugging (6.65) into (6.68) and using (6.37), it follows that there exists Ci5 = Ci; and ny5 = ny; such
that for every C' = C4o, every n = ny5 and every (w,a, h,z,%) € E¢,, we have

o - 20%) - (o - 57)

Hence, (6.43) holds true.

in ~1n

T

in ~in
— i ‘

|// < Clgw 12h|
//

' +C12w 12hJ_|

7
1

Step 7: control of dy and proof of (6.42). According to (6.67) and (6.56), for every C' = Cy,, every
n = nyy, every (w, o, h,x,%) € E¢, and every T € [0,7°""], we have

~in

dy(7) < TG (0) + 20, hre 7 (|2 - 3| -

) (6.69)

Plugging (6.46) into (6.69), it follows that there exist Ci3 = C15 and ny3 = nyo such that for every
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~ t
C = Cy3, every n = ny3, every (w, o, h,z,%) € Ec,, and every 7 € [0,77""], we have

in ~in
-

dy(7) < Clgwn”’he_aou“(w)T

. (;Ui;l + T) (6.70)

It remains to evaluate this inequality for ¢ = 7°"*. According to formula (6.45), we have

ksq(w)
Hau (w)

in 0
Ty,

h

out ~out
- X

x N < Cl3wn13h(

in  .in 1 1 h
" - & Hoo(x—ifmlng)

h xin thin
1- Y n =~
- ( p () o )
Moreover, z + z1nz is bounded on [0,1] and 1, (w) ~,o100 6/w (see (3.14)) so there exist Cy4 = C13
and ny4 = ny3 such that for every C' = Cy, every n = nyy and every (w,a, h,z, &) € E¢,,, we have

Hence, (6.42) holds true. ]

g\p%

in
n X in ~in
< Cigw " (Tu ||x -

out ~out <« n < in ~in
x  —-Z ||J_ < (hy)* Cuw "h™ = ||:v -

(6.71)

| oo

6.3 Control of the transition maps T, ps pu

Recall that 1
d(w) = =

Proof of Proposition 6.1. Let Cy > 0 and ng € N be large enough such that we can apply corollary 6.16
and Proposition 6.26 with these two constants.

Proof of (6.1) and (6.2). There is nothing to prove when x, = 0 since in that case the left hands
of the inequalities vanish (see (5.10)). For every C' > 0 and every n € N, we denote by E¢, the

set of all (w,h,h ,x) such that w € ]1,+o00[, 0 < h < (C’wn‘)_l, 0 < h; <min(h,d(w)) and x is an
orbit of the local vector field X, whose initial condition =™ := x(0) belongs to the section Sj,hs

where h® = (h, h, min(h, d(w))) and such that 2™ # 0. For every C = Cj, every n = n, and every
(w,h,hy,z) € Ec,, we denote h® := (h,h),min(h,d(w))) and h* := (h,h,2h) and T := T, 5 yu.

For every w € ]1, +00[, let
def w 4
OZ(W) = max m,g
Observe that
X o1 1y
—alw) =min| 7505 ) 2 5
Set Cy = 5Cy and ny =ng+ 1. Let C 2 Cy, n 2 ny and (w,h,h,,x) € Ec,,. Observe that

h< 1 < 1-a(w)
Cw™ Cowno

It follows that we can apply corollary 6.16 to (w, a(w), h, h|,z). This yields

_alw)

14 o)
FEXC

| < hihCow™

||T($m) _ TA(LL'in)
||T(J}m) _ TA(J,‘in)
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Moreover, we have

M<1,
w
a(w) L wt2

1+ T w1’

and 0 < h; < 1. Hence,

a(w) w+2

alw) -
(h ) BT <hYTh
This concludes the proof of (6.1) and (6.2).

1

Continuity of Y. Recall that for every z € S;, s such that z, = 0, we have Y(z) = (h,0,0, z.)
(see (5.10)). According to (6.1) and (6.2), for every z € S, ,+ such that z, = 0, we have

lim Y(z) = (h,0,0,z,) = T(z2)

so T is continuous at z.

Proof of (6.3) and (6.4). By symmetry, we can reduce the problem to the case where %, < x,.
By continuity of the map T at points z such that z, = 0, we can reduce the problem to the case
where 0 < &, < x,,. For every C' > 0 and every n € N, we denote by F y the set of all (w,h,hy,z, %)
such that w € J1,400[, 0 < h < (Cw™) ™', 0 < hy < min(h,d(w)) and (z,7) is a pair of (S5 hes Sernw )-
synchronized orbits, where h® := (h, h, min(h,d(w))) and h" := (h, h,2h). For every C = C,, every
n = n; and every (w,h,hy,z,%) € Fc n, we have

ny—1 1- a(w)
h < (C’w ) < W
Hence, we can apply Proposition 6.26 to (w, a(w), h, h,x), which yields

a(w)

a(w) . )
— ng g — in ~in
< w w —
|J__(hJ_) Cow °h |x T ||oO

n in ~in n in ~in
|”SC’0w 0h”:v -z ||L+C’0w OhLHx -
v

T - 1)
||(T(£L’in) _ T(‘%m)) _ (xin _ {Ein)

/

a(w)

One can remark that there exists 4/5 < d < 1 such that for every w € ]1, + o0,
for every Cy = Cy and every ns = nq such that

< d. Moreover,

Cy 4 2Cy and no(l-d)=mng

a(w)

every w € ]1,+00[ and every 0 < h < (Cow™ )", we have Cow™h™ « < h™'. Hence, for every
C 2 Cy, every n 2 ny and every (w,h,hy,x, ) € Fo N, we have

1
wi1 -1 -
|, <n7h 7 e = 2l

n in ~in
|//SC’0w Oh”x -
//

™) - T@E")
(v - v@E™) - (" - &)

Lt Cow"h me "

Since
RE———
||(T(i)’]in) _ T(jm)) _ (xin _ i‘in)”//

this concludes the proof of (6.3) and (6.4). O

(

T(‘rm) -7 jin)) _ (TA(xin) _ TA(jin))”L
(T -7

(
(iin)) _ (TA(xin) _ TA(:%in))

Va



Chapter

Dynamics in the neighbourhood of a type Il
orbit

The goal of this section is to give some estimates on the transition map ¥, pu s (see definition 5.23).
We will show that this map is “very close” to the Kasner map f. Recall that ¥, yu s describes the
behaviour of the orbits of the Wainwright-Hsu vector field X in the neighbourhood of the type II orbit
Op,-p oy More precisely, Wy, pu ne is the transition map from the section S:fyhu (which intersects
Op, P, close to its “initial point” P,,) to the section S}, e (which intersects Op_ _p, ., close to
its “final point” Py(,) Observe that the situation is quite different from those of chapter 6. We are no
more studying the local dynamics of a vector field in the vicinity of a singular point, but rather the
large scale dynamics of a non-linear vector field. As a consequence, the estimates proven here for the
map V¥, pu ps will be far less precise than the ones obtained in Proposition 6.1 for the map Y, ps pe.
Define, for any w € ]1,+oo[ \ {2},
def {1 %f w>2 (7.1)
2 ifl<w<?2

Recall that for any w € ]1, +0o[ \ {2}, the type Il orbit Op_ _p,, is tangent to the direction J, at

Si(w)
the final point Py(,). As a consequence, by continuity of the flow, if the section Siihu is sufficiently
Si(w)

FACOR
For a technical reason explained below, we will often encounter the quantity min (1, (w- 2)2) in
the estimates. Hence, we introduce the notation

small, the orbits starting in Sfj)hu will intersect the section S;‘(w),hs for the first time in S

m(w) ef min(l, (w - 2)2)

Recall that Proj, is the projection on the Mixmaster attractor (see definition 5.1) and recall that
\Ilﬁ_’hu’hs = WU, hu ns © Projs. Moreover, the map ‘I’ih“,hs admits an explicit expression (see (5.12)).
We can now give a formal statement of the main results of this section.

Proposition 7.1 (Control of the transition map W, hu ns). There exist two constants Cy =1 and
fy € N such that the properties below hold for w € ]1,+00[ \ {2}, 0 < R < (Chw™)™ 0 < <
(Crf(w)™)™, b =min (h*,h%),0< hy <<, h" = (h“, hom(w), hClwm(w)) andh® = (h°, h°, h°).
The transition map

Uohe b ¢ Sone = Stw)he
is well defined and takes its values in S;((:))h Moreover, for every y,y € S’(Z,hu we have the following
estimates, where ¥ 1= W, yups and ¥ 1= U, pups:

(Control of the distance to the Mixmaster attractor)
. A —C’lw
disteo (U(y), 4) = || ¥(y) = € W)[|, < huh (7.2)

93
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(Control of the drift tangential to the Mixmaster attractor)
o) - v @), < hun= (7.3)
(Lipschitz control in the direction transverse to the Mixmaster attractor)
e - @) - (v @) - @), = Uy =alle+ b lly =3l )" (74)
(Lipschitz control in the direction tangent to the Mixmaster attractor)
(v - v@) - (v @) - v @), < Uy =gl +hully=3l,) 07 (75)

Remark 7.2. Proposition 7.1 describes the behaviour of the orbits of the Wainwright-Hsu vector field
X traveling from a section Sg,hu to a section S;(MLhS. The vector field is non-linear and the traveling
time is very long (it tends to infinity as h — 0 or w — +00). As a consequence, to ensure that an orbit
starting in S‘ff’hu will cut the section S;(w)’hs, the size of the section S&m must be very small. This is
why, in Proposition 7.1, the size

hclwm(w)

of the section Sgﬂhu is “extremely small” compared to the parameters A" and h°, especially when w is
very large, i.e. when the type II orbit Op__p,  is “close” to the Taub point.

Remark 7.3 (Technical detail). The quantity m(w) appear in the upper bound of the size of the section
Sg’hu for some purely technical reasons. If w = 2, the type II orbit O, arrives at the point Py of
Kasner parameter f(w) = 1. However, the local coordinate system & = (z,, s, , Zs,, Z.) is not defined
in the neighbourhood of this point. For this reason, we do not want the section S&hu to cross the
hyperplane w = 2.

The second result of this section will be used in Chapter 11 to prove that certain orbits shadow a
heteroclinic chain.

Proposition 7.4 (Shadowing of a type II orbit). For every e > 0, there exists n > 0 such that
for w € 11, +00[ \ {2}, 0 < h" < (Cw™)™', 0 < h® < (Cyf(w)™)™, h = min(n",h°), h" =
(hu,nhclwm(w),nhclwm(w)), h® = (r°,h°,h%) and q € S, v, the Hausdorff distance between two

(minimal) orbit segments joining the section Sy pv and the section S,y pe (in that order) is less than
€.

We now define a hitting time with the section S}, e for the orbits in B".

Definition 7.5 (Hitting time). Let w € ]1,+oo[ \ {2}, * > 0 and h® = (A", h°,h”). Assume that
SJSC(WLhS is included in the range of the local coordinates £, so that the geometrical section S;(WLhS is
well defined. For every q € BY, we define

def . t s
Tw e (q) = inf {t > 0] Xf(q) € Sf(thS} € 10, +0o0]

Remark 7.6. With the notations of Proposition 7.1, for g € S:j’hu, Tw.he (q) is the traveling time between
¢ and its image by the transition map ¥, yu s . In particular, Tw,hs(Pihu) is the traveling time of
the type IT orbit Op__p, between the sections S, pu and Sp,) ps-

Organization of the proof of Proposition 7.1. The main difficulty is to find some estimates on
the traveling time 7, -. Once we will have proven these estimates on 7, s, we will easily deduce
the estimates on the transition map ¥, p« s using Gronwall’s lemma. To study 7, s, we proceed as
follows:

1. We first obtain an estimate on 7,, s (P, ) using directly the Wainwright-Hsu equations (2.16a).
This is possible because Tw7hs(77ﬁ7hu) is the traveling time of the type II orbit Op,-P; ., between
the sections S, v and S}, e and this orbit is explicit.
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N(t)

0 tl t2 Tend

Figure 7.1 — Graph of ¢ = Ny (t). Tuna = Tu,ns (Pig v )-

Si(w)

2. Then we construct a flow box in the neighbourhood of the point P () h and we bound the flow

box coordinates. Recall that P;EZJ)),W = XT“”hS(PZ’hu)(PLL,h“) = f_l o W, pu e © E(Po ).
3. Finally, we use a formula for ¥, y« > depending on X, the traveling time 7, 5, (Pﬁﬁu) and the
flow box to get the desired estimates on ¥, pu .

7.1 Traveling time of type II orbits

Recall that Tw,hs(,PZj,h“) is the traveling time of the type Il orbit Op__p, , from the section S:j?h“ to
the section S;(w)yhs.

Proposition 7.7 (Estimates on the traveling time of type II orbits). There exist two constants Cy>0
and 7is € N such that for every w € ]1,+00[, every 0 < h* < (Cow™) ™, every 0 < h* = (Cof(w)™) ™!
and for h = min (hu, hs), the traveling time satisfies
Ni < 7o pe (PY ) < Cow ln(l) (7.6)
Cy 7 ’ h
Proof. According to Proposition 4.2, there exist Cy > 0 and ng = 1 such that for any w € ]1, +0o[, the
range U of the local coordinate system contains the ball B, ¢, »,. We can and we will assume that
Co 2 2000. Let w € ]1,+00[, 0 < h* < (Cow™) ™", 0 < h® < (Cof(w)™) ™" and h = min (h*,h°). To
control the traveling time 7, ;s (Pif’hu), we can lift the type II orbit Op_.p, , into %" . Recall that
Op_-P;., has six lifts in %" . Two of these lifts are such that Ny > 0, Ny = 0 and N3 = 0. We choose

one, denoted by
le ﬁ(t) = (Nl(t)a Oa 07 E1(2‘:)v EQ(t)v E3(2‘:))

Using a time translation, we can and we will assume that &(0) is a lift of P:j’hu. This property is
equivalent to N;(0) = h* and N;(0) > 0. With this parametrization, Tw.he (P pe) is the unique time

T verifying N1(T) = h° and N;(T') < 0. Moreover, O (T s (P pw)) is a lift of P;((:))hs See figure 7.1.
Denote by £2,, the lift of P,, such that & starts at 22, i.e. lim,_,_o, O(t) = Z,,. Recall that near the
point #,, Ny = z,,, while near the point 7 (%), Ny =z, ;.

Recall the evolution equations

1

Ny =—-(g+2%,)V; (7.7)

1
) 6Nf(z1 +4) (7.8)
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where ¢ = % (E? + 23 + Eg) To control the traveling time, one must control the quantities ¢ + 23

and N12 . Next lemma shows that these two quantities cannot be simultaneously “too small”.

Claim 1. For every point (N1,0,0,X,Xs, X3) in the type II orbit O, either N, >
1

w

1
Tooos O lg +2%,] =

Proof of claim 1. Let (N1,0,0,%1,35,%X3) be a point in the type II orbit &. Let M =
(0,0,0,%;,X5,%3) be its projection onto the (X, X9, ¥3)-plane. Denote by d the Euclidean dis-
tance on R”. The proof essentially follows from the formula

1
q+2%; = 3d(M, Q)" -2 (7.9)
which proves that ¢ + 2%, varies as a squared distance. Using (3.14) and the fact that at the point

Z,,, the quantity —(q + 2X,) coincide with the unstable eigenvalue of the Wainwright-Hsu vector field
—(2 + 2%,), it follows from (7.9) that

AP, Q1) -2 2% (7.10)

E

Analogously, we have

v

WF(2),Q) -2| > 2 (7.11)

5

Recall the constraint equation (3.4):

2

1
6 -3¢ = 5Ny (7.12)

and observe that 3q is the square of the distance between the point M and the center of the Kasner
circle and 6 is the square of the radius of the Kasner circle. The constraint equation (7.12) implies
that, if Ny is small, then M is very close to the Kasner circle. Since M belongs to the projection of
the type II orbit &, M must be close to one of the two end points £, and .#(42,). More precisely,

one easily checks that if N7 < 1000 , then
1
3 a7
min (d (M, 2,,),d(M,F(2,))) < ST (7.13)
Using (7.10), (7.11) and (7.13), we get that if Ny < 1000 , then ‘ d(M,Q,)* - 2| % The claim
follows from (7.9). O

We know that N; is increasing and then decreasing along the type II orbit. Moreover, re-

call that N;(0) = A" and Ni(Twns(Pope)) = h° (see figure 7.1). Hence, |N;(0)| < 10010w and

[Ny (7o e (P e )| < —=— 1000 . It follows that there exist 0 < ¢1 < to < 7, s (Ps =) such that

1. On [0,t;], Ny is increasing and Ny(t) < _1030w'

2. On Jty,ta[, Ni(t) > o= 1000w

3. On [tQ’Tw’hs(P:j’hu)], N, is decreasing and N;(t) < _10300.1'

Upper bound for t; and 7, s (P pu) — to. Using the evolution equation (7.7) and claim 1 on [0, ],
we get that for every t € [0,#], |N{(t)' > %Nl(t). By integrating this inequality between 0 and ¢,
we get

1 1
t1<w1nh—uSwlnE (7.14)

By an analogous reasoning on [t27 T ks (P )], we get

1 1
Twns (Papu) —tg <wln 75 < wln 7 (7.15)

Lower and upper bounds for to — t.
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Claim 2. For every point (N1,0,0,X,35,Y3) in the type II orbit O, we have

Proof of claim 2. Let (N,0,0,%X,%5,%X3) be a point in the type II orbit ¢. Let M =
(0,0,0,%;,%,,%3) be its projection onto the (X;,Xs,33)-plane. The projection of & onto the
(31, X9, 33)-plane is explicitly known: it is the chord whose end points are &2, and .%(£,,). Using
the coordinates of &, and Z(42,), one can get that d(2,, F(2,)) < M Hence, d(M, %) < 100.

Recall that 3¢ is the square of the distance between the point M and the center of the Kasner circle

and 6 is the square of the radius of the Kasner circle. It follows that 3¢ = 6 — 1‘?}# and, using the

constraint equation (7.12), we get Np < @ This concludes the proof of claim 2. O

We are left to find some lower and upper bounds for the variation of 3 on ]t;,#;[. According
to the constraint equation (7.12), q(t;) = ¢(t3). According to claim 1, (¢ +2%1) (t5) = i and

(g+2%7) (t;) < —%. Hence,
1
Ei(te) = Ei(t) = 5 (7.17)

Moreover, ¥ is increasing along the type II orbit and its variation X;(ty) — X (#;) is smaller than its
variation between &, and .7 (Z2,,). Using (3.14), we get

Si(ts) - Sh(t) < = (718)

Using the estimate (7.16), the fact that 2 < 3; + 4 < 6 and the evolution equation (7.8), we get that
for every t € Jty,ts],
10*
< t) < — 7.19
T IOrE (1.19)
Integrating (7.19) between t; and t,, estimates (7.17) and (7.18) give
w 9
W Sty —t; =10w (720)
Estimates (7.14), (7.15) and (7.20) give the desired control on 7,, 4+ (P, ;). This concludes the proof
with Cy := max(CO, 1010) and 79 = ng. O

7.2 Construction of a flow box

Given w € ]1,+0o0[, i € {1,2} and a small constant h > 0, we are going to construct a flow box in a
neighbourhood of the point PZ 5. The usual flow box theorem states that, since 73 ', 18 a non singular
point for X, there exists a neighbourhood of ’Pw’h (called a “flow box”) and a local coordinate system
on this neighbourhood such that the integral curves of the vector field X are parallel straight lines in
this local coordinate system.

The following lemma, in addition to give a precise statement of the flow box theorem in our context,
gives estimates about the size of the flow box and the C®-norm of the local coordinate system.

To study the map map ¥, pu s, we will apply this lemma at f(w) instead of w.

Lemma 7.8 (Construction of a flow box). There exist two constants Cy = Cy and g = 71y such that
for every w € J1,+00[, every i € {1,2}, every 0 < h < (Csw™)™", for

0T . = Mgy~ -1
P = mm(hz(ng ) 1,%)
hboz - (hvrboz7rboz)

there exist a neighbourhood V,, , of P h in BY and a C* -diffeomorphism

b box boxz]2 b b 4
Ou Vo = [—’I“ o 01] X [O,r Ol} X [—r o w] cR
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with the following properties. If we denote by (x1,x2,T3,74) the coordinates on the space R* where
0., n takes its values, then

w

1. 0,5 (P5) = (0,0,0,0).

and aw,h maps Sj@ to {O} x [077’b01:|2 % [_rboz’rboz]‘

. . S;
2. V,,n contains the section S Lbos

w7hbom
3. 0., straightens the vector field X onto the vector field ﬁ,
1

w

4. The C?-norm of by, admits an upper bound which is polynomial in 3

. More precisely:

ngng
h2
ngng

) h6

[1Dusnlo =

(7.21)

|%6..n

5. The C*-norm of 0;71;1 admits an upper bound which is polynomial in w. More precisely:

'|9;}h| < Cyw™ (7.22)

w

6. For every 0 < r < TbOI, 0;71,5 ([—r',r'] X [O,r']Q X [—r',r']) contains the ball B (Psfh,rbozr') open
in U and

9;}h ({O} X [0,7“']2 X [—T',T’:D = Szi(h,r',r’) CVon (7.23)

Remark 7.9. Items 2 and 3 imply that for every y € V, 5, —21(0,,(y)) is the unique time t €
[—rbox,rbox] such that X*(y) € Szihhox. In particular, for a flow box around the point 77;((:)) po if
=10y (1)) > 0, then 71, (y) = —21 (05 1(9)).

In order to make the proof of Lemma 7.8 easier to read, we extract here an independant result

that will be used in the course of the proof. Roughly speaking, this result states that the orbits of the
Wainwright-Hsu vector field X’ crossing a section Szi,h do not cross it again “too fast”.

Lemma 7.10 (No loop in small time). There exist two constants C > 0 and n € N such that
the following property holds for w € ]1,+00[ and 0 < h < (Cw™)™'. Let t — q(t) be an orbit of
the Wainwright-Hsu vector field X whose initial condition q(0) belongs to the section SZ,h where
h = (h7 %, %) Then, q is well defined (at least) on the time interval [0, l;’—;] and does not cross the
section Sfj’h forte ]0, 1;1—22}

Proof. Let Cy > 0 and ng € N be large enough such that we can apply Proposition 6.15, Proposition 6.18
and corollary 6.19 with these two constants. Let w € J1,+00[, 0 < h < (Cow™)™" and t = ¢(t) be an

orbit of the vector field X whose initial condition q(0) belongs to the section S;h where h = (h, %, %)
Let 4™ := £(¢(0)) € S, n and denote by ¢ = y(t) the orbit of the vector field X = &, X with initial
condition y(0) = y™. Remark that y = £ o ¢ whenever y is well defined.

Case y;n = 0. In that case, the orbit y converges exponentially fast to the point (0,0,0,y.) and

according to (6.29), for every ¢ > 0 and every i € {1,2}, y;(¢) < h/2. This implies that for every ¢t > 0,
y(t) € S, n- Hence, g does not cross the section S, ), for ¢ > 0.

Case y'™ > 0. Denote by ¢ — z(t) the orbit of the renormalized local vector field X, = v,,.X (see
definition 4.10) with initial condition £(0) = y"". Remark that z is a reparametrization of the orbit y.

According to Proposition 6.15, z is at least defined for ¢ € [0, 7'°°] where

loc 1 h In2
= n—— = —
pru(w) Yu' 6

Using the estimate (4.27) about the renormalization function ~,,, we get that the orbit y is at least

defined for ¢ € [O, 1?—22] and there exists a Cl-map st [0, l;’—;] - [0, l%} such that s(0) = 0 and
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for every t € [0, %], y(t) = x(s(t)). Moreover, z intersects the section S, ;, at most one time (see

corollary 6.19) so y intersects the section Sf;,h at most one time on [0, 1?—;] It follows that ¢ intersects

the section S:,h at most one time on [0, 111—22] This concludes the proof. O
Proof of Lemma 7.8. To fix the ideas, we will only treat the case ¢ = 2, that is, we will construct a
flow box around the point ’Pffh = (0,0, h,w).

For every C' > 0 and every n € N, we denote by E¢ ,, the set of all (w, h) such that w € ]1, +0o[ and
0<hs=s (Cw")fl. Let Cy = 100 and ny € N be large enough such that we can apply Proposition 4.2
and Lemma 7.10 with these two constants.

We will use several times in this proof that the vector field X is bounded on every compact subset
of B for the C*-norm. In particular, even if it means taking Cy, larger, we can assume that || l|cz = Co
on a compact set containing all the orbits playing a role in this proof.

For every C = Cy, every n 2 ng and every (w,h) € E¢,, let

e w1
rd:efmin(hz(Cw ) 1,—w2 )

d,

Il

h = (hr,7)
DY [0, r]2 X [=r,7]

let .
D - S,

X+ =
(xuaxslaxc) = g (l‘u,l‘sl,h,$c+W)

and let
[-rr]xD — U

v (tz) » X'(x(2))

where X" denotes the flow of the Wainwright-Hsu vector field X. The map x is a bijective c?
parametrization of the section Sffh such that x(0) = Z2h The map ¢ is a c? map such that, for
every z € D, t = ¢(t,2) is a (local) parametrization of the orbit of the Wainwright-Hsu vector field
X passing through the point x(z) € Sfjh at t = 0. Note that the domain of ¢ depends on C, n and
(w, h). Roughly speaking, the map 6,, , will be obtained as the inverse of .

Claim 1. For every C = Cy, every n = ny and every (w,h) € Ec,,, ¢ is injective on [—r,r] X D.

Proof of claim 1. Let C = Cy, n 2 ng and (w,h) € Ec,,. Let (¢,2), (t',2") € [-r,7] x D and assume
that ¢(t,z) = Lp(t', z'). By symmetry, one can assume that ¢ < . We have x(z) = X' _t(x(z')) and

since r < %, we have 0 < t' —t < % According to Lemma 7.10, we necessarily have ¢ = ¢'. It follows
that y(z) = x(z') and since y is injective, we have z = 2'. It follows that ¢ is injective. O

Claim 2. There exist C1 = Cy and ny = ng such that for every C = Cy, every n = ny and every
(wa h) € EC,n; ”90”02 = Clwnl'

Proof of claim 2. Let C = Cy, n 2 ng and (w, h) € E¢,. The first and second derivatives of the flow
(t,y) — X'(y) are controlled by the C*-norm of X (which is bounded by Cy) and the size of the time
interval on which we study the flow. This time interval is [—r, 7] so its size is bounded independantly
of (w,h). Moreover, according to the estimate (4.5) about the adapted system of local coordinates &,
we have ||x||g2 < Cow™™. Since ¢(t,z) = X'(x(z)), this leads to the desired result. O

Claim 3. There exist Cy = Cy and noy = ny such that for every C = Cy, every n = ny and every

(w,h) € Ec,y,, the derivative Dp(0) is invertible and ||(D<p(0))_1|| < 02:;”2

Proof of claim 3. Let C 2 C1, n 2 n; and (w,h) € E¢,,. Observe that

Dp(0) = ((X(PZ) | L (PR |2 (PR | % (r))

0z gy
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and

w

X(P2,) = DN (PR X (P2,)

Recall from the formula (4.6) that X (szh) is collinear to the vector 60 . It follows that
s Tso
X(P,) = Nl (P2) (7.24)
w,h 6.1352 w,h .
for a certain a € R and
|det Dp(0)] = |a] |det DE™' (P32, (7.25)

According to (4.5), there exist C"l > (7 and n'1 > nq such that for every C' = C'l,n > n'l, for every
(UJ, h‘) € EC,na

|det DET(P2)| 2 C"jﬂ’l (7.26)
and i
‘ gi— (P22)|[ = Clo™ (7.27)
52
According to (4.1a) and the expression of the vector field X induced by (2.16a), we have
o (¥(P)) = N (P2)" (5 (P22) +4)
= %hQ (2., (P22) +4)
> %h2
so 2
P2 = 5 (7.28)

Using (7.24), (7.25), (7.26), (7.27) and (7.28), we find that for every C = C}, every n = ny and every
(w,h) € E¢,y, we have

|det Dp(0)] = |det DET(P2,)| 2 (7.29)

JxPz)||
|2 (2]

In particular, Dp(0) is invertible. Denote by ‘Co(A) the adjugate of a square matrix A. Using (7.29),
the standard formula

-1 1 "
Dp(0 = ————— "Co(Dy(0
(De(0) = G Dy CoP#(0))
and claim 2, it follows that there exist Cy = Cy and ny = nq such that for every C' = Cy, every n = no
— n2
and every (w,h) € Ec,,, Dip(0) is invertible and ||(Dp(0))™"|| = <24—. -

Next claim relies on a standard argument for the local inversion theorem. Denote

def
Vw,h = (p([—’l",T’] X D)

Claim 4. There exist C3 = Cy and n3 = ny such that for every C = C3, every n = n3 and every
— n3

(w,h) € Ecp, @ is a C?-diffeomorphism from [—r,r]x D onto Vw.n and HD<p 1”oo < th—“z

Proof of claim 4. Let C' =2 Cy, n 2 ny and (w,h) € E¢ . Let u = Dp(0) and n = Dp(0) — Dyp. We

have Dy = u(Id —u"'7n). According to claim 2 and the mean value theorem, ||n||,, < Ciw™ 7. According

to claim 3, ||u_1 “ < CQ;:;W . It follows that, for every C = C5 := 2C1C5, every n = ng := ny + ny and

-1
every (w,h) € Ec p, ”u nHm < % Hence, for every C = C3, every n = n3 and every (w,h) € Ec,,
2C5w"™? Cyw™?
e = TR

Dy is invertible on [—r,7] X D and HD(p_IHOO < . Recall from claim 1 that ¢ is
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injective. So, according to the global inversion theorem, ¢ is a C*-diffeomorphism from [—7,r] X D to
Vo h- O

Let us denote by 6 the inverse of . By construction, it is clear that 6 (Pzzh) = (0,0,0,0). Next
claim is also a standard computation for the local inversion theorem.

Claim 5. There exist Cy = C3 and ny = ns such that for every C = Cy, every n = ny and every

(w.h) € Ecpn, |DO]lo < 25— and || D0 = S22

Proof of claim 5. Let C = C3, n =2 ng and (w, h) € E¢,,. Let us denote by I : M + M ™" the inversion
in GL(R"). We have D8 = I o Dp o § and D0 = DI(Dyp o 6)D*p(0)D6. According to claims 2 and 4
and the inequality || DI(Dy o 0)||., < ||D0||%,, we get the desired result. O

Next claim is a double statement. First part is a standard consequence of the mean value theorem.
Second part is a direct consequence of the definition of ¢ and 822( Bt 1)

Claim 6. For every C = Cy, every n = ny, every (w,h) € Ec, and every 0 < r o< r,

gt ([—r',r'] X [O,T'T X [—r', 7"]) contains the open ball B (PS

w?h,rr') in Ue and
9;’1,1 ({0} X [077"':|2 X [—r',r’D = Sfj(h,r’,r') CVun

Proof of claim 6. Let C =2 Cy, n 2 ny, (w,h) € E¢,, and 0 < 7 < r. Let us denote by R the supremum
of every ¢ > 0 such that

B@z 0 <o ([T x 0T <[]

Recall that 60 (732211) =(0,0,0,0). Using the mean value theorem and claim 5, we get that

' < ||D8|, R < O"}Lﬁm R
Hence,
R
Rz2r T >rr
Moreover,
9;,1h ({O} X [0,7"]2 X [—T',’I’,:I) = <p({0} X [0,7"]2 X [—T',’I’,:I)

= X([O,r’f X [—r',r'D

= 5_1 ([077“']2 x {h} X [—r',r’D

= S:?(h,r',r') c wah
This concludes the proof of claim 6. O

As a particular case with P o= 7, it follows from claim 6 that 6, ; maps the section Sfjh to

{0} x [0,7]* x [=r,7]. Moreover, by definition of ¢, Z—f(t, 2) = X(p(t, 2)) so DO(p(t, 2))X(p(t,2)) =
o)
oy .

This shows that Lemma 7.8 holds with C5 := C4 and n3 = ny. O

Hence, 0, j, straightens the vector field A onto the vector field 8%1.

7.3 Hitting time

Lemma 7.11 (Hitting time). There exist two constants Cy = C'g and 1y = ng such that the properties
below hold for w € ]1,+00[ \ {2}, 0 < A" < (Cw™)™, 0 < b® < (Cuf(w)™)™, 0<n =<1,

h = min (h*, 1), h" = (h",r;hc4wm(w),nhc4“m(w)) and h® = (h*,1°, h°).

(



102 CHAPTER 7. Dynamics in the neighbourhood of a type II orbit

1. For every q € S&hu, the forward X -orbit of q intersects the section Sﬁ(w),hs and its first intersection

i(w)

point belongs to S;(w),hs' Moreover,
Tw,hS ’P:: s
T (@) = e (Pl ) = 1 (0 e (A7 T2 ()) (7.30)

2. For every q € S, v and every t € [0,27, 5:(q)], we have
ds (X'(q), X' (P ) <1 (7.31)

Proof. Setting. For every C' > 0 and every n € N, we denote by E¢,, the set of all (w, h",h®,n) such
that w € J1,+00[ \ {2}, 0 < h* < (Cw™) ™, 0 < h* = (Cf(w)") " and 0 < 5 < 1. Let Cy = Cy and
ng = ng be large enough such that we can apply Proposition 4.2, Proposition 7.7 and Lemma 7.8 with
these two constants.

For every C' 2z Cy, every n = ng and every (w,h",h*,n) € Ec,, let h = min(h"*,h"), h" =
(hu, nhcwm(w),nhcwm(w)), h® = (h°,h°,h") and define the map g : S, ,» — R by the formula

9(q) = Twps (P pv) — 11 (af(w),h*“’ (Xm’hﬁ(ﬁ’hu)(@))

Remark that g(q) is well defined if and only if XT“"hS(P:h“)(q) belongs to the flow box Vy(y) pe-
According to remark 7.9, if g(q) is well defined then X% (q) € S;(w)’hbox C S}(w).ne Where

Jbox _ min( (h*)?  f(w) - 1)

Csfw)™s’ 2
box)

)

hbox - (hs7 Tbox r
We are going to prove that
1. If C and n are large enough, then, for every ¢ € S;; v, g(q) is well defined and g(g) > 0 (claim 1).

2. If C and n are large enough, then, for every ¢ € Sgyhu, g(q) is the first time such that the forward

X-orbit of ¢ intersects the section 8;(“))7[]5 (claims 2 and 3). More precisely, first we prove that
g(q) is the first time such that the forward X-orbit of ¢ intersects a small section S;T((:)) i, (defined
below) and then we extend this result to our initial section S;(w)_’hs.

As an immediate consequence of these results, we will get that g = 7, ,« on Sg,hu. Inequality (7.31) will
be proved along the way. The main arguments are the logarithmic upper bound (7.6) of 7, s (Pif_yhu),
Gronwall’s lemma, and the lower bound on the size of the flow box V() pe.

Using (3.15), it is straightforward to check that for every w € ]1, +00[, we have

F) =12 |w=2|

Hence, there exist C; = Cy and ny = ng such that for every C' = Cq, every n = n; and every
(w,h",h*,n) € Ec,,, we have

(h°)*

box)2
Crf(w)™

1
m(w) < 3 (7"

(Cof(w)™)? (7.32)

For every C = C, every n = n; and every (w,h",h",n) € Ec,,, let

(n°)*
Crf(w)™
h = (h",7,7)

g m(w)
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Claim 1. There exist Cy = C; and fy = nq such that for all C = Cy, n = iy, (w,h",h°,1) € Ec.p,

and q € Sy, g(q) is well defined, g(q) >0 and Xg(q)(q) € S;E(:)) i C S;E(:))h

Proof of claim 1. Since X is bounded on every compact, Gronwall’s lemma implies that there exist
Cy 2 Cy, ng 2 ny and A > 0 such that for every C = Cs, every n = ny, every (w,h",h",n) € Ec,,
every q € S, v« and every t € [0,47,, s (P pu)], we have

dis (X'(0), X' (Pljp)) s o Ponsdq (g, P8 ) (7.33)

By definition of the size of the section Sj; j,» in the direction transverse to the Mixmaster attractor, the

distance between ¢ and the Mixmaster attractor in local coordinates is less than nhcwm(w). Hence,
according to the estimate (4.5b) on the derivative of the local coordinate system and the mean value
theorem,

dg (q, P;ﬁhu) < C'Ownonhcwm(w) (7.34)
Recall from (7.6) that
" . 1
Tushe (Py pu) < Cowln (E)

Take C3 = Cy and n3 = ny such that for every C = C3, every n = nz and every (w,h",h°,n) € Ec.p,
we have

B ™R < 1 (7.35)
It follows from (7.33), (7.34), (7.35) and (7.6) that for every C' = Cs, every n = ns, every (w,h", h",n) €
Ec p, every q € S;, v and every t € [0,47, 4+ (P pv)], we have
dp (X" (q), X' (PL ) = nm(w) (7.36)
Using (7.36) with n = h(C_C?’)w, we get that there exists Cy = Cj such that for every C' = C,, every
n = iy = ng, every (w,h",h° 1) € Ec,,, every q € S, v and every ¢ € [0,47,, s (Ps )], we have

1 ~ box

d (X' (q), X' (Pl ) < 2 Cof(w)™

(7.37)

In particular, for ¢ = 7,, s (P, ju), We obtain

w18 (P pu Siw _ w1 (Po pu w.ns (Py pu - b
dg (XT 25 (Pi.n )(Q)>,Pf(ij))’hs) = dg (XT ws (Py )(q),XT ws (P )(,P;L’hu)) < FpPox
Using point 6 of Lemma 7.8, it follows from the above inequality that for every C' = Cy, every n = iy,
every (w,h*,h",1) € Ec,, and every q € S, ,« we have

Tw,ns (Pl pu - . - .
xTer Pend gy € 070 pe ([=7, 71 % [0,71 % [=7,7]) € Vyguyne

Hence, g is well defined on S, ,,«. Moreover, using (7.23), we get that x99g) e S;(ij))fl C Sfwyne-

Now, remark that according to the lower bound (7.6) on 7, s (P, ),

1 u
— < §Tw’hs (Pw,hu) (738)

|x1 (wa),hs (XTN,,LS(PZ:,M)(Q))” i< %rbox % < : < =

IA

It follows that g(q) > 0. Hence, the forward X-orbit of g intersects the section S]S(‘(w)’hs. This concludes
the proof of claim 1. O

Let us fix C > Cy, n > fig, (w,h",h°,1) € E¢,, and q € S, n+ until the end of this proof.

Claim 2. g(q) is the time of first intersection of the forward X -orbit of q with the section S;z(:)) o

Proof of claim 2. Let us denote by t;n € [0, g(q)] the time of first intersection of the forward X-orbit
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Si(w)

of ¢ with the section Sf(w),ﬁ

. We have t,;, = g(q) if and only if

tuwin = T (PLpn) = =21 (O (A7 =4 (9)))

Moreover

tmin=Tw, b (Pe pu) ¢ 4Tw,ns (Py pu) _ yptmin Fiw) Silw)
X (X (0)) = X" () € 5, ) iy € Spioymbon

and —z; <9f(w),hs (XT“”LS(PLL’““)(q))) is, according to remark 7.9, the unique time ¢ € [—rbox, rbox]

such that Xt(XT‘“’hS(P“L”)(q)) € S;(f; Lbex- Hence, it is sufficient to prove that
b
|tmin = Tw,h® (Pg,h“)l <r . (739)

According to (7.38), we have

u Tw. hS PS w u
tunin < 9(0) < e (Pl ) + [0 (050 e (277 P200()))] < 27 e (PL ) (7.40)

Using (7.37), (7.32), the estimate (4.5b) on the local coordinate system £ and the mean value theorem,
we get

i (X (P ) PR o) < dis (X0 (0), P e ) + s (X1 (0), X0 (P o)) < ()

Hence, using point 6 of Lemma 7.8, X fmin (P ne) € Viw),ne- Moreover, the type II orbit Op, P

passes through the section S;(t}”)) i exactly one time so, according to remark 7.9,

- (Qf(w),hs (Xt“““(PZi,hu )))

is the unique time ¢ € R such that Xt(é\?t"““(?ﬁ’hu)) € S;z(:)) i and it satisfies
tmin box
|l”1 (05rne (X (Pﬁ,hu)))| <r’” (7.41)
Since P )t . P ) g g
XTw,h w,h¥ mm(X min (P:ihu)) - XTw,h w,h¥ (Pg,h“)) - sz(‘,:j))7hﬁ € szf::))il

it follows that .

Tw,h*® (,P:ih”) - tmin =—I (ef(cu),hS (X o (,P:ih”))) (742)
Hence, (7.39) is a consequence of (7.41) and (7.42). This concludes the proof of claim 2. O

We now extend claim 2 to the full section S,y p-

Claim 3. g(q) is the time of first intersection of the forward X-orbit of q with the section S;‘(w)’hs.

Proof of claim 3. Let j(w) = 2 if i(w) = 1 and j(w) = 1 if i(w) = 2. By definition, 7, ,:(q) < g(q).
Assume that 7, ,:(¢) < g(g). This implies that either XTW"‘S(q)(q) € S;J(E:; e OF XT“)"LS(Q)(Q) €

S;E(:; ne \ S;l((:)) ;.» otherwise it would contradict claim 2. According to (7.40), we can use (7.37) to get

1 ~ box

dg (X7 (q), ™ PP )

According to the estimate (4.5b) on the local coordinate system &£ and the mean value theorem, we
have

e (2™ (@) = g (2™ D PL))||,, = Cof(w) ™ dis (X7 D (q), X7 (P ) (7.44)

We are now going to treat the two cases differently.
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Case X™h* (q)(q) €S fJ(fj)) ne- Remark that the orbit of the Wainwright-Hsu vector field & starting
Si(w)

at ’Pwyhu is a type II orbit passing through the section Sf(w) ne- Hence,

P (A =, (0L = [l (@) e (L )y
(7.45)

h’ <

It follows from (7.43), (7.44) and (7.45) that h° < 27 "%, which is absurd.

2"

Case X hS(Q)(q) € sz(:) » \sz(w)) ;- In that case, we have

e (=) = Pl > 7

and

Tsiw) (§ (XTW’hS(q)(q))) = Tsiw) (P;Z:d)),hs) =0
Moreover, since the orbit of the Wainwright—Hsu vector field X starting at P:jyhu is a type II orbit
passing through the section Sf( ) e at the point Pf((:)) ne» it follows that f(XT“*’”S (q)(Plhu)) and
szifim have the same coordinates except for the coordinate z, . Hence,

(2™ g)) = g (a7 D (PL )|, > 7 (7.46)
It follows from (7.43), (7.44) and (7.46) that 7 < %frbox, which is absurd. This concludes the proof of
claim 3. O

It follows that 7, ,:(q¢) = g(g). To finish the proof, remark that (7.31) is a consequence of
estimates (7.36) and (7.38). O

7.4 Control of the transition map ¥, pups

With the context and notations of Lemma 7.11, item 1 of Lemma 7.11 implies that the map ¥, pu ps
is well defined at every point of the section Sihu and is C°. Recall that for every y € Sj:?hu,

A .
\Ilw,h“,hs (yuv Ysi>Ysys yc) = \I’w,h“,hs ° PrOJA(yua Ysi9Ysqys yc) = \Ilw,h“,hs (y'm 07 Oa yc)

Using standard Hadamard’s lemma, we get that there exists a c! map \I/ﬁhu)hs from S, ,» into the
space of (4 X 2) real valued matrices such that for every y € S, v,

A A
\I/w,h“,hs (ym Ysy9Ysqys yc) = \Pw,h“,hs (yu7 Ysyr Ysys yc) + \I/w,h“,hs (ym Ysy9Ysqys yc)-(ysl ) ySQ) (747)

One can think about the map \Ilﬁhu’hs as a tool to measure the “deviation” of the transition map

W, he pe from the map \1’37hu7hs. Since the map \P£7hu,hs is essentially the Kasner map f, it amounts
toAstudy the deviation of generic orbits from type II orbits. Next lemma gives some estimates on

Wy e he -

Lemma 7.12 (Control of \I/f,hru7hs). There exist two constants C' > 0 and n € N such that for every
w € J1,+00[ \ {2}, every 0 < h* = (Cw™)™", every 0 < h* < (Cf(w)")™", for h = min (b, h%),
h" = (hu,hcwm(w),hcwm(w)) and h® = (h°,h°,h°), we have

<h (7.48)

A
9l

Proof. For every C' > 0 and every n € N, we denote by E¢ , the set of all (w, h",h*) such that
we ]l +oo[ \ {2}, 0< " < (Cw™ ™ and 0 < h* < (Cf(w)™)™". For every C = Cy, every n = i, and
every (w,h",h") € Ec,,, define h, h* and h® as in Lemma 7.12.

According to the standard Hadamard’s lemma, estimates on the k-th derivative of \I/uAj’hu’hs follow
from estimates on the (k + 1)-th derivative of ¥, yu ps. By definition of the transition map W, pu ps
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and the hitting time 7, ,+, for every ¢ € S pu,

¢ o Wy, pupe 0£(q) = XD (g)

Hence, estimates on ¥, p« s are consequences of estimates on the local coordinate system ¢, the flow
of the Wainwright-Hsu vector field and the hitting time 7, .

According to Proposition 7.7, 7, s (Pﬁh) < —CywIn h. Moreover, X is bounded on every compact.
Hence, Gronwall’s lemma implies that there exist C; = Cy and nq = ng such that for every C' = C7,
every n = ny, every (w,h",h’) € Ec,, every q € S, ,u and every ¢ € [0,27, 5+ (P, 4= )], we have

|Deg X" (@)|| =™ and || D X" (q)|| = ™ (7.49)

According to the expression of the hitting time (7.30), the estimate (7.21) on the derivative of the flow
box coordinates and the preceding control on the flow of the Wainwright-Hsu vector field X, there
exist Cy = Cy and ny = ng such that for every C' = Cy, every n = ng, every (w,h",h’) € E¢,, and
every q € S&hu, we have

[D7uns ()| < 79 and || D70 ()] < 7 (7.50)

Using (7.49) and (7.50), we get some estimates on the first and second derivatives of W, pu ps: there
exist C3 = Cy and ng = ny such that for every C = C3, every n = ng, every (w,h",h") € Ec, and
every q € 857h1L, we have

—Cw

D€ 0 Wypune 0 )@ = h77 and || D*(€7" 0 Wy pupe 0 €)(a)|| < b (7.51)

Estimates (7.51) together with estimates (4.5) on the local coordinate system ¢ yield some estimates on
the first and second derivatives of W,, p« ps. These estimates give the desired estimates on \Ilﬁhu,hs. O

At this point, Proposition 7.1 on the transition map ¥, pu = must be seen as a straightforward
consequence of Lemma 7.12.

Proof of Proposition 7.1. Let Cy = C, and ny = 4 be large enough such that we can apply
Lemma 7.12 with these two constants. For every C' > 0 and n € N, we denote by E¢ n the set
of all (w,h", h° hy,y,7) such that w € J1,+00[ \ {2}, 0 < A" < (Cw™)™, 0 < h® = (Cf(w)™) 7,
0<h, <h® andy,j € Se ne where h = min (h“,2") and h" = (hu, him(w), hcwm(w)). For every
C =z Cy, every n = ng and every (w,h",h*,hy,y,7) € Ecn, we use the notations h® = (h°,h*,h%),
U= W, e, U4 = 00 0 pe and U2 = U0 e
Let C = Cp, n = ng and (w, h*,h°,hy,y,7) € Ec n. According to Lemma 7.11, U is well defined.
According to (7.47), we have .
(

U(y) — U (y) = U2 9y, .,

where ys, 5, = (Ys,,Ys,). Hence, using (7.48), we get

A( < h—thl

<[l

||\Ij(y) -V y) i = ||\IIA(y)ysl752 / fol ||y51,32||oo

This proves estimate (7.3). Estimate (7.2) is proven analogously. According to (7.47), we have

(W(y) - @) - (¥ @) -0 @) = (P2 W) = U2 D)) Yy + Y7 @) (Usr 5 = Tsross)

Moreover,

o= [
= []v7]

(2 ) = 2 0)) veyss + T2 @) (Usy,00 = Tssa) o (g = lloo b+ N1ty 53 = T lloo)

o Uy =gl b + Mly = 31l 1L)
—Cw ~ ~
<20 (lly =9l , ho + lly = 31l L)
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using (7.48). There exist C; = Cj and n; = ng such that for every (w,h",h°, h),y,§) € Ec y, we have
2h—Cow < h—Clw

This proves estimates (7.4) and (7.5). This shows that Proposition 7.1 holds true with Cy := C; and
Ny i=nq. O

We finish this section with a short proof of Proposition 7.4.

Proof of Proposition 7.4. Using the notations of Proposition 7.4, this is a straightforward consequence
of the Gronwall’s estimate (7.31) and the fact that 7, 5+ (¢) is uniformly arbitrary close to 7, s (P )
when 7 is taken small enough. O
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Chapter

Dynamics along an epoch

The goal of this chapter is to give some estimates on the epoch transition map @, n ) (see
definition 5.17). Recall that this map describes the behaviour of the orbits of the Wainwright-Hsu
vector field between the sections Sf)}hu and S;(w)7hf " In other words, it describes the behaviour of
the orbits between the moment they arrive in the neighbourhood of the point P, and the moment
they arrive in the neighbourhood of the point Pg(.).
Our first task will be to prove that we can write the epoch transition map Py, by, 85 a
composition
Py, b = Yontnge, © Toh, he (8.1)

of the transition maps ¥, pu n, ., and Ty, 1 pe studied in the two preceding chapters. This amounts to
prove that, for h,, h" and h #(w) Well chosen, any orbit starting in the section Sfj’hw will pass through
the section Sg’hu before hitting the section S]Sc(w)7hf(w).

Once the relation (8.1) will be proven, we will be able to combine the estimates proven in the two
preceding chapters and deduce from them some estimates on the map @,y n,,- More precisely, we
will show that this map is a strong contraction in the direction transversal to the Mixmaster attractor
while it is very close to the Kasner map f in the direction tangential to the Mixmaster attractor. The
key point is the fact that the super-linear contraction of T, y,  n« in the direction transversal to the
Mixmaster attractor dominates everything else.

From now on, we will systematically use the continued fraction expansion of the Kasner parameter w.
This will make our results easier to formulate and to read. Recall that we denote by [ko; k1, ko, ks, ... |

the unique (infinite) continued fraction

ko +
ki +
k

1
4+
2 k‘3+...

Moreover, we denote by [ko(w); ki (w), ka(w), ... ] the continued fraction expansion of a real number
w € 10, +00[ \ Q. Also, recall that

. 2 . 1 ifw>2
m(w) =min (1, (w—2 (w) =
() ( ( )>’ () {2 ifl<w<?2
Remind that Proj, is the projection on the Mixmaster attractor (see definition 5.1) and (I):l,hw,h =
q)w7hw7hf(w) o PI'OjA.
Now, let us introduce some constants that will be used to quantify the dilatation properties of the
Kasner map. Define, for w € ]1, +oo[ \ Q,
36 - 5
def |57 ifl<w< 3
K (w) = 25 3 8.2
r) {1 ifw> 2 (8:2)

109



110 CHAPTER 8. Dynamics along an epoch

) def 16k1(w)2 ifl<w<?2
Lipy(w) = 8.3
Dy () {1 ifw>2 (83)
and ,
. def | 128k (w)” ifl<w<?2
Lipp(w) = 8.4
ipy(w) {0 if w> 2 (84)

We will prove that, on the one hand, K¢(w) is a local expansion constant for the Kasner map and, on
the other hand, Lip;(w) and Lip fr(w) are some local Lipschitz constants for the Kasner map and its
derivative in the neighbourhood of w.

Proposition 8.1 is the main result of this chapter, it shows that the decisive parameter to control the
epoch transition map is the size h; of the section S’Z,hw in the direction transverse to the Mixmaster
attractor. Its proof does not require new ideas, it is just the concatenation of Proposition 6.1 and
Proposition 7.1.

Proposition 8.1 (Control of the epoch transition map). There exist two constants Cs = 1 and

fis € N such that the properties below hold for w € J1,+00[ \ Q, 0 < h,, < (Csw™)™", 0 < Py <
~ ~ ~ 3 ~

(Csf(@)™)™, b = min (hy, b)), 0 < hy = KSR ), by, = (hw,hbhcsk“(“)m(w)) and

by = (hfw), M), ) If ko(w) = k1 (w) = 1, assume that hy, = hy(,). The epoch transition map

. as s
P hyhyy  Owhy, = SFw)

. . . Si(w ~
1s well defined and takes its values in S’f(ij;’hf(w). Moreover, for every x,T € Sz’hw, we have the

. . A A
following estimates, where ® 1= @, p, ., and @7 = Py -

(Control of the distance to the Mixmaster attractor)

ko(w)+4

diste, (0(2), A) = ||@(2) - " (2)|| | = h]" (8.5)
(Control of the drift tangential to the Mixmaster attractor)
|@(x) - @A(m)H// < 2h) Lip(w) (8.6)

(Contraction in the direction transverse to the Mixmaster attractor)

1

[(x) = @(@)llL < h1" " llo = llo (8.7)

(Lipschitz control in the direction tangential to the Mixmaster attractor)
~ A A, m ~ . ~
[(@(@) - 2(@)) = (@" (&) = 0 @)|| | = 1™ llo = &lloo + Livg(w) e =2l (88)
(Expansion in the direction tangential to the Mixmaster attractor)

1

12(z) = (@)l , 2 Kj(w) lle = &l , = h1" Nl = lloo = Csko(w)ho llz =2l (8.9)

(Global lipschitz constant)

|@(2) — () loo = 4Lips(w) [l - Z|leo (8.10)

8.1 Some estimates about the Kasner map

In this section, we explore two properties of the Kasner map f: the fact that it is locally expansive
and the fact that it is locally Lipschitz. Those properties are direct consequences of the explicit
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formula (3.15). We detail them because we need a precise local control of the Kasner map. Next
proposition shows that K¢(w) (defined by formula (8.2)) is a local expansion constant for f in the
neighbourhood of w.

Proposition 8.2 (Local expansion constant for f). For w € ]1,+0o[ \ Q, the Kasner map f is

K ¢(w)-expansive on the interval Jw —n,w + n[ where n = min (“’T_l, Iw;2| )

Proof. We divide the proof in three cases: w > 2, g <w<2and 1 <w< % If w> 2, then f =1d on
Jw = n,w + n[ according to (3.15). Using (3.15), remark that for every = € ]1, 2],

1
(z-1)?

and f is monotonous on |1,2[. Let ,4 € Jw —n,w +n[. If g < w < 2, then

fl(z)=-

F@) = f@) = min @y =l = |7 @) ly =312 Ky ly - 31

If1<w<§7then

S =@l _min (7@ lr=t= |7 (5 )[lo= il 2 Ky -

w—n,w
Hence, Proposition 8.2 has been proved for all w. O

Next proposition shows that Lip;(w) and Lip s (w) (see (8.3) and (8.4)) are some local Lipschitz
constants for f and its derivative f' in the neighbourhood of w.

Proposition 8.3 (Local lipschitz constant for f and f'). For w € ]1,+00[ \ Q, the Kasner map f
is Lip¢(w)-Lipschitz and its derivative fis Lip y1(w)-Lipschitz on the interval Jw —n,w + n where
= min(252, 52 ),
Proof. If w > 2, then f =1d on Jw —n,w + n[ according to (3.15). If 1 < w < 2, then (3.15) implies
that

1 I 4
max |f(:c)|s’f (wgl)’s(w_l)Qslﬁik%

z€]w—n,w+n[

and ) 6
1 nfw+ 3
ma < < < 128k
sl ’f (x)| d ( 2 ) (w=1)* '
The statement follows immediately from these inequalities and the mean value theorem. O

8.2 Travels along an epoch

In this section, we state a proposition that gives some conditions under which we can write &, = ¥ _,o07T,.
Equivalently, we give some conditions on h,,, h" and h f(w) under which every orbit starting in the
section Suihw will pass through the section Sz)hu before hitting the section S;(w),hﬂwy There are
essentially two cases depending on w = [kq; k1, ko, ... ] € ]1, +oo[ \ Q: the first case is when kg = ky = 1
and the second case is when either kg = 2 or (kg = 1 and k; = 2). For the first case, we use the
contraction in the direction transversal to the Mixmaster attractor. For the second case, we use the
gap between the sections S, and S;(w) in the direction tangential to the Mixmaster attractor. The
first case is special, in the sense that we need to choose more carefully the parameters for the sections
than in the second case.

Lemma 8.4. There exist two constants C > 0 and n € N such that the properties below hold true
for w € 12,+00[ \ Q, 0 < hy, < (C’wn)_l, 0 < hyu) < (Cf(w)n)_l, h = min(hw,hf(w)), h, =

(B o m(w), K@), 0 = (hy, h m(w), K m(w)) and By = (g, by re)-
If ko(w) = k1(w) = 1, assume that h,, = hy). The epoch transition map

S S
Do by by b Swhy, = SHw)
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i(w)

s well defined and takes its values in S;(w)7hf(w).

The map ¥y e by, © T b, he 18 also well defined

. s
on the section S,y . Moreover,
Do by = Ponnge © Ton, b

Proof. For every C' > 0 and every n € N, we denote by E¢,, the set of all (w, by, hf(w)) such that
w = [ko; k1, ko, ... ] € 11, +00[ \ @, 0 < hy, < (Cw™) ™, 0 < hyryy < (CF(w)™)™" such that hy, = hp.,
if ko(w) = k1(w) = 1. We also define h, h,,, h*, hy(,) as in Lemma 8.4. Let C; = 100 and ny € N be
large enough such that we can apply Proposition 6.1, Proposition 6.15 and Proposition 7.1 with these
two constants. Take Cy = Cj such that for every C' = C1, every n 2 ng and every (w, h,, hf)) € Ec p,
we have

(hgkom(w))m hl < hflwm(w) (8.11a)
hgkom(w) (hoCow™ +1) = hflwm(w) (8.11b)

Let C 2 Cy, n =2 ng and (w, by, b)) € Ecy. According to Proposition 7.1, U, pu is well
Si(w)

defined on Sz’hu and takes its values in Sf(w) by According to Proposition 6.1, we know that

)
Yy n,.(he,.hy2h,) 18 Well defined so T,y pu is well defined if

Yo (hoi2h) (S, ) € Sipe (8.12)
Let z € S, ), . According to (6.1) and (8.11a), we have

e s @) = T oy @], < (RS m(@)) ™ 12 < hS“miw)

According to (6.2), we have

Ck
1T he (e h2ny (@) = 2|, < A m(w)he, Cow™

so, using (8.11b), we get

||Tw,hw,(hw,hw2hw)(l‘) - P:ihw || ;S ”Tw,hw,(hw,thhw)(m) - 33“// + ||95 - P:f,hw || ,
V/4 V4 /i

< hSkom(w)thowno + hgkom(w) < hflwm(w)
It follows that for every C' = C, every n = ng and every (w,hy, hy)) € Ec,p, (8.12) holds true.
Hence, the maps T, , p« and ¥, pe o Ty, n, ne are well defined on the section Sihw. Moreover,

Si(w)

, © Ty p, v takes its values in Sf(w) by This implies that the epoch transition

hipe)
the map \Ilw,h“,hf(w

map Py, g, is well defined. We are left to prove that Pouhy by = Ywht by, © Yin, ne- Let
xr € S:,hw'

First case: x, = 0. According to (5.8), (5.10) and (5.12),
q)w,hw,hf(w)(x) = \Ilw,h“,hf(w) o Tw,hw,hu (.I')

Second case: x,, # 0. By definition of W, yu ., we only need to prove that the orbit ¢ — y(t) of
the locally renormalized Wainwright-Hsu vector field X, starting from x does not intersect the section
S;(w)’hﬂw) before it intersects the section Sijhu.

Assume that kg = k; = 1. It follows from (6.27b) that during its travel between S, j, and S e,
the orbit y satisfies ys, (t) < hy, and ys, (t) < hy,. Since hy, = hy(.), y(t) does not belong to the section

S} .
flw)hy,)
Assume that ky = 1 and ky = 2. It follows from (6.27c) that during its travel between S, 3, and
Se e, the orbit y satisfies |y.(t) —w| < Zh?(w) < %. Hence, y.(t) < %. Moreover, hy(,) < % and

f(w) =2 so any point z belonging to the section S;(w),hﬂw) must satisfy z, =2 — % = %. Hence, y(t)
does not belong to the section S;(w),hf(w)'
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Assume that kg = 2. Having in mind that in this case, f(w) = w — 1, one can repeat the above
argument.

This shows that Wy, e, © T, n, he(x) is the first intersection point of y with the section
S;(W)vhf(w)' Hence (bw7hw7hf(w)(x) = \I’w,h“,hf(w) o Tw,hw,h“(x)~ ]

8.3 Control of the epoch transition map RN

In this section, we prove Proposition 8.1 using the decomposition ®, = ¥, o T, (see Lemma 8.4),
the estimates on T, proven in Chapter 6 (see Proposition 6.1) and the estimates on ¥, proven in
Chapter 7 (see Proposition 7.1).

Proof of Proposition 8.1. For every C' > 0 and every n € N, we denote by Eg, the set of
all (w,hy,hpw),hi,x &) such that w = [koiky,ko,...] € J1,400[ \ Q, 0 < h, < (C’wn)_l7
0 < hy) < (Cf(w)™)™" such that hy, = hygy if ko(w) = ky(w) = 1, 0 < hy < K m(w) where
h = min (hy, hf)) and z,& € S}, where h,, = (he, by, h9"m(w)). Let Cp > 0 and ng € N be
large enough such that we can apply Proposition 6.1, Proposition 7.1 and Lemma 8.4 with these two

constants. For every C' 2 Cj, every n 2 ngy and every (w, hy, by, hi,®,T) € Eg,,, define h" and

h;,) as in Proposition 8.1 and let T := Ty, pu, ¥ i= Wy pun,,, and @ =Py, 4, -

Step 1: estimates (8.5) and (8.6).
Let C 2 Cy, n 2 ng and (w, hy,, hy), by, @, ) € Ec,,. Recall that
A .
[@(2) = 2" (2)|| | = distes (®(2), 4) = [|B(z) =yl

Si(w)

for any y € Sf(w),hf(w) N A. Hence,

[@(z) - @ ()|, =||[wo (@) - wor’ ()|,
=||wor(z)- v or(a)|,

using Lemma 8.4

It follows that

2(2) - 2" ()|, < || x(@) - @), using (7.2)

< hS 7 hG'hT

Crev using (6.1) (8.13)

To simplify the estimate found above, let us fix C; = Cy such that for every C' = Cy, every n = ny and
every (w,hy, by, hi,x,T) € Ec,,, we have

ko+4

< h°"” (8.14)

w+2

hs T hy hT

Ciw

Plugging (8.14) into (8.13), we get that estimate (8.5) holds true.

According to (6.2), there exists Cy = C; such that for every C' = Cy, every n = ng and every
(w,h, hywy, hi,z,2) € Ec,,, we have

(8.15)

Cfw=1 |w=2|
|T(x)c—w|5mln( T3 )
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Let C 2 Cy, n 2 ng and (w, he, hy(), hi,x,T) € Ec,. We have
[@(2) - 2" ()] |
= H\Il o Y(x)-T"o TA(x)H// using Lemma 8.4

<||[wor(z)-vto T(a;)”// +[[et o () - ¥ o T ()

<||r@) -t @), 2 + Lipy(w) || (2) - ()],

using (7.3), (8.15) and proposition 8.3

<hi* h;lh_élw + Lipf(o.))hﬂLwCO(,unO using (6.1) and (6.2)
ko+4

<h|*"* +hy Lips(w) using (8.14)

<2h Lip,(w)

Hence, estimate (8.6) holds true.

Step 2: estimates (8.7), (8.9) and (8.10). Using estimates (6.1), (6.3) and (6.4) and taking Cj
large enough, we get that
~ A ~ -Chw
(@) = @), + || @) = 14@)||, 1) - Y@, h

1 w+2 -
< (hj”h;l + R (14 Cow™hy, + cow"%l)) B e = 7o (8.16)

1
<h i7" |l = 7l

Plugging (8.16) into (7.4), we get that there exists C4 = C3 such that for every C = Cy, every n = ng
and every (w, by, by, hi,x,&) € Ec p,, we have

1 1
|®(x) - @@L < h° 7™ |la = &l < 277 ||z = 2|

Hence, estimate (8.7) holds true.

Plugging (8.16) into (7.5), we get that

[(@(2) - @(2)) = (¥ 0 T(2) - ¥ o T(2))|| = hﬁh‘cm llz - Z||o, (8.17)

/
Recall that U™ is essentially the Kasner map (see remark 5.25), hence

|&(x) — ®(2)]l,
> H\IIA oY(z)-T"o T(i:)“// - |‘(<I>(x) —a(2)) - (¥ o T(z) -0 o T(i«))|

/
1
2Kp(w) | (z) =Y (@), - hio* p~Caho |z — Z|| o using (8.15), proposition 8.2 and (8.17)
It follows that

() - (@),
2K (w) llz = 2|l , - Kf(w)Cow" hy [l = 2| . = K(w)Cow™ hy |l — 2|,

-Cy

_1
— BT 1p — F||,, using (6.4)

1
>K(w) ||z = &||, = Csko by llz = 2l — R "R la = 2|, for Cs large enough

According to the above inequality, there exists Cg = max(Cy, C5) such that for every C' = Cj, every
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n = ng and every (w, by, hywy, hi,2,%) € Ecy,, we have

1

le(x) = @(@)l, = Kp(w) llz = &Il , = Csko"ho Il = 2l L = A1 [l = 2l

Hence, estimate (8.9) holds true.
We have

|&(x) - ®(2)l,
< ||\1/A oY (z)—T"o T(i)”// + ||(<I>(x) - a(7)) - (¥ o T(2) -0 o T(a?))”

1
. - or3 5 ~Cak -
< Lip(w) [1T(2) = T@)II, + h1"* 7 |lo - 2l
using (8.15), Proposition 8.3 on the Kasner map and (8.17)
< (hjoﬁh_%ko + 3Lipf(w)) |z — Z|| oo using (6.4)
<4 Lip,(w) ||z = Z| s for C = C4

It follows from the above inequality and (8.7) that estimate (8.10) holds true.

Step 3: estimate (8.8). Let C'2 Cg, n 2 ng and (w, hy,, hpwy, hi,2,%) € Eg . We have

(@) - 2(@)) - (@ () - 24 (@), = [|(@(x) - 2(@)) = (¥ 0 T(@) - ¥ 0 Y(@))]| +
(2o r(z) - 0" 0 1(2)) - (Wo T (2) - Wo TA(i))”// (8.18)

The first term of the right hand side of (8.18) is controlled by (8.17). To control the second term of
the right hand side of (8.18), let us define the map

Az oY) —WoY(2)

where T = Proja oY. Remark that the second term is equal to [|A\(z) — A(Z)]| , so we are left to
apply the mean value theorem to A. Remark that A is continuous on Sz,hw and smooth on Int Sz7hw
(we do not know if it is smooth on the hyperplane {z, = 0}). Let us identify the tangent space
T, Szl’hw = Vect 6%“ ® Vect % ® Vect 8%6 with R (and analogously for T, Sifhw7 permuting the

roles of s; and s3). Assume that z,Z € Int Sf),hw and z # . We will only prove estimate (8.8) in the
case where ||z — Z[|| < ||z — |, (this is the only case useful later on and the other case is similar).

Let v = (v1,v2,v3) € R? such that ||(vy,v2)]|e < a |vs|, where o = % We have

DX(z)w = (DW(T"(2)) - D¥(T"(2))) DY*(x).v + DU(Y*(2)) (DY (x).0 - DT (x).0)

Recall that
Tu(x) = (hw7 07 07 T(x)c)

Using (5.12), (6.4) and Proposition 8.3 (with (8.15)), we get
| Dw (x4 (2)) (DY (@) - DY (2)0)|| | < Lips(w) || DT ().0 = DY (2).0
< Lipy(w) (a + Cownohj_) 10| oo

/

Using (5.12), (6.2), (6.4) and Proposition 8.3 (with (8.15)), we get

|(Dw(T"(2)) - DY(T"(2))) DTu(x).v”// < Lipp(w) IT(2) = 2]l , ||DY"(2).0]|,
< Lipfr(w)hlthowno (1 + Cow" (hy,a + hJ_)) 10| oo

There exist Cg = C7 2 Cg such that for every C' 2 Cyg, every n = ng and every (w, he,, hy), hy,z,2) €
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Ec¢ ., we have

Lip ;(w)Cow™ < b7

Lipf:(w)hwcowno (1+ Cow™ (hya+hy)) < pCrko

1 1
ko+2 *C7k70 ko+3
307 h <hh

Applying the mean value theorem to the last coordinate of A, it follows that

[[(@(2) - &(2)) - (@ (2) - 8" (2))
<h PP RTOR | = | + Lip (W) [l = El| L+ 2h0h ™ | = #|| o

1

v

<h (" ||z = &||o + Lipp(w) [l = &l .

Hence, estimate (8.8) holds true on Int Siuhw and then on S;:hw by continuity. To conclude, Proposi-

tion 8.1 holds true with Cs = Cy and 5 = ny.

O
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Dynamics along an era

The goal of this section is to give some estimates on the era return map ®, : S, — S), and the double
era return map <i>h 1 Sy = S, (see definitions 5.8 and 5.9). Recall that @), : S;, = S}, is essentially the
first return map of the orbits of the Wainwright-Hsu vector field on the global section S}, and that
dy 1Sy - Sy is just the square of ®.

Our first task will be to prove that, for any w € ]1,2[ \ Q, we can write the era transition map
®,, 1, as a composition of k(w) epoch transition maps,

(i)w,h = (I)kl(w)—l 0:--0Qd (91)

where ®; is the epoch transition map from a section S;j(w) n, at the entrance of a neighbourhood of
Pyi(.) to a section S;j+1<w),hj+1 at the entrance of a neighbourhood of Pyi+1(,.

Once the relation (9.1) will be proven, we will be able to use the estimates proven in the preceding
section on the epoch transition maps (see Proposition 8.1) to get some estimates on the era transition
map <I>w7h (see Proposition 9.4). The main technical difficulty will be to set up an induction on the
length of the era. Analogously to the epoch transition maps, we will show that the era transition map
<I>w’h is a strong contraction in the direction transversal to the Mixmaster attractor while it is very
close to the era Kasner map f (see (3.16)) in the direction tangential to the Mixmaster attractor.

We want to prove that the era transition map éw’h admits some hyperbolic properties. Unfortunately,
it does not expand enough in the direction tangential to the Mixmaster attractor. Indeed, the era
transition map is “close” to the era Kasner map f in the direction tangential to the Mixmaster attractor
and f does not expand uniformly in the neighbourhood of w = 2. Nevertheless, since f expands
uniformly on every interval ]1,2 — €[ and since f (]2 —¢,2[) € ]1,2 — €[ for € small enough, it follows
that f := f o f expands uniformly on ]1,2[. This is the reason why we introduce the double era
transition map (i)w7h.

Before we give the estimates on the double era transition map @w,h, we need some definitions. Let
IA(]a 1= %. Let us explain why K # is a local expansion constant for the double era Kasner map f .
Recall that we denote by K¢(w) a local expansion constant for the Kasner map f in the neighbourhood
of w (see Proposition 8.2). Let w = [1;ky,ko,...] € ]1,2[ \Q and 1 < j < k; — 1. Using formula (8.2),
we get that A

Ky (f () =1
Hence,
ky—1

[ [ & (W) = Ep(w)
j=0

As a consequence, K ;(w) is also a local expansion constant for the era Kasner map f in the neigh-

bourhood of w. As a consequence, K;(f(w))K¢(w) is a local expansion constant for the double era
Kasner map f in the neighbourhood of w. Using formula (8.2), it is easy to check that

K (f(w)Kf(w) 2 Kf

117
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We are going to prove that the double era transition map is, as the double era Kasner map, expansive
in the direction tangent to the Mixmaster attractor with a slightly lesser constant, say

dff 1+Kf

L 9.2)

Later on (see chapter 10), we will show that there exists a cone field invariant by the double era
transition map, say of width . This invariant cone field will allow us to define a graph transformation
that maps 6-Lipschitz graphs to 6-Lipschitz graphs. We will construct a local stable manifold for the
double era transition map as an invariant graph for the graph transformation. The condition for this
transformation graph to be a contraction mapping is

K. (1-6%)>1 (9.3)

Hence, we fix now a positive constant & satisfying (9.3) and we will prove an expansion estimate for
the double era transition map that is adapted to this particular constant. Remark that & < 1/2.

Definition 9.1. For any w € ]1,2[ \ Q, let us define

53(w) E k(W) + ka(w)” + ka(w)® + ky(w)’

sa(w) E k(W) + k(@) + kg (W) + Ea(w)*

Define, for any w € ]1,2[ \ Q,

(9.4)

e 1 i Ey(w) = 2
iw) = {2 if kp(w) = 1

Proposition 9.2 (Double era transition map). There exist two constants Cs =1 and h>0 sych that
the properties below hold for every w € 11,2[ \ Q and 0 < h; < e O et h = (iz, h, eicgsz(w)).

The double era transition map
un:SonCSy— S

is well defined and takes its values in Sz;’(w), Moreover, for every x,Z € Sf,’h, we have the following

estimates, where o= éw’h and & := @ﬁ,h:

(Control of the distance to the Mixmaster attractor)

14 Rale) | ko(w)

distes (B(2), 4) = ||&(2) = &% (@)|| < hy, * (9.5)

(Control of the drift tangential to the Mixmaster attractor)

[|@(x) - @A(x)H// < 306h Ky (w) ko (w)? (9.6)

(Contraction in the direction transverse to the Mixmaster attractor)

ka(w)

d(z) - @) < hi()i lz - 7| (9.7)
1

(Lipschitz control in the direction tangential to the Mixmaster attractor)

||((<i>(a:) - &()) - (¢ () - i)A(g:«))H <
Va

1 1
(hjﬁ’”“” + hj‘”“?“”) llz = @l + 167k (w) ko (w)* |lz — Z]| . (9.8)
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(Expansion in the direction tangent to the Mixmaster attractor)

K;i-K,

||(i)($)_(i)(.i')“//zkf”m_j”//_ 141

llz = Z]|o (9-9)

9.1 Control of the era transition map CIDw,h

The purpose of this section is to give some estimates on the era transition map ti)%h. Proposition 9.4
below shows that the decisive parameter to control the era transition map is the size h of the section
Sj,yh in the direction transverse to the Mixmaster attractor.
Recall that for all w € ]1,+oo[ \ Q,
m(w) = min (1, (w-— 2)2)

and define for all w € ]1,2[ \ Q,

Lemma 9.3. For allw € ]1,+00[ \ Q,

1 if ko(w) =1

(4k2(w))?
m(w) = m if ko(w) = 2 (9.10)
Forallw e ]1,2[ \ Q,
m(w) = ;2 (9.11)
(4ka(w)ks(w))

Proof. Estimate (9.10) is straightforward. Let w € ]1,2[ \ Q. Remark that ko(f’(w)) = 3 for
1<j<k —2and

ko(f" 7 (w)) =2 kr (f7 7N W) = ks
ko(f™ (w)) = 1 k(" (w)) = ks
Hence, (9.11) follows from (9.10). O

Recall that ns is a constant fixed in Proposition 8.1.

Proposition 9.4 (Era transition map). There exists a constant C'G > Cs such that the properties

5
~ 7 n ~ 3
below hold for w € 11,20\ Q, 0 < h < Cg', h = hky(w)™™, 0 < by < KPP 5002 Let
h= (h,hLiLCG(kl(w)H)m(w)Q). The era transition map

&)w,h : Sf,yh c S —S;

is well defined and takes its values in Szg(“). Moreover, for every x,T € Sf,,h, we have the following
estimates, where ® = éw’h and ®* = @f)h:
(Control of the distance to the Mixmaster attractor)

14 E1lw)

disto, (B(2), A) = ||®(z) - ()|, <h, * (9.12)

(Control of the drift tangential to the Mixmaster attractor)

| @) - <i>"‘(m)||// < 34h, k; (w)? (9.13)
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(Contraction in the direction transverse to the Mixmaster attractor)

k1(w)

[(@(z) - @(@)]|, <h,” llz—Zlle (9.14)

(Lipschitz control in the direction tangential to the Mixmaster attractor)

1

|((®(2) - @) = (8 (2) = 8" (@))|| | < hI Nl = Flloo + 16k1 (@) lz =2, (9.15)

(Control of the expansion in the direction tangent to the Mixmaster attractor)

1

[8(2) = @(2)]| , = Ky(w) llz = 2l , = "™ Nz = &lloo = hC |l = 2l (9.16)

(Global lipschitz constant)

|2(z) - (@), < 4" k(W) |2 = #]l oo (9.17)

First, we will show that the map (i)w,h can be expressed as a composition of several epoch transition
maps. Once this is done, we will be left to apply recursively Proposition 8.1 to obtain the estimates on
the era transition map.

From now on, assume that C; = 1, Cs = 1000C, and 75 = 1000. Fix w € 11,2[\Qand 0 < h < C~'5_1
For the remainder of this section, We now proceed to define the epoch transition maps that we will be
using to decompose the era transition map. Let h := hk;(w) "® and

) dﬁf{h if1<j<k(w)-1

J h ifj=0orj=k(w)
Define, for 0 < j < ky(w), the section parameters

~C -3 3 ef ~Cx w)—7 _
hjt def 7, Cs (k1 (w)=j+1) m(w)z’ h,, def 7,5 (k1(w) j+1)m(w)2

and » o
h; = (hj, hji,hj,), h; = (hy, by, h;)

J = VRRAVE URRAVERAS ]
We will use the epoch transition maps

;= Ppiuyn b, ¢ Spiw)h, = Spriyn,, 07 Ski(w)-1

J+1

Define, for 0 < j < ky(w) — 1,

* def *A def

;= o 0B, P ®7 o Proj

J J

Our goal is to prove that

*
Qo ny = Phy(w)-1
To simplify the notations, let

S def

Sj = Stieyn,,  0sisk(w)

Remark that the sections we consider become larger as j increases from 0 to k;(w). The departure
section S; and the arrival section S}zl(w) are at distance h from the Kasner circle. The intermediate

sections S; (0 < j < k1(w)) are chosen much closer to the Kasner circle, at distance h < h.

Lemma 9.5. For every 0 < j < ky(w) — 1, the epoch transition map ®; is well defined on the section
S3.

J
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Proof. Remark that
ko(f' () =ki(w)—j+1, foralll=<js<k(w)
and min(h, h) = h. Moreover, recall that
m(w) < m(f(w)),  forall 0<j<k(w)
Hence, Lemma 9.5 is a direct consequence of Proposition 8.1. O
Lemma 9.6. For every 0 < j < ky(w) — 1, ®;(S}) € Sin
Proof. Let x € S;. According to (8.5),
5
distes (®o(2), A) = || @o(z) - @5 (2)||, <hg, < hor <hiy

According to (8.6) and Proposition 8.3 on the local Lipschitz constant for the Kasner map,

L(w)
”%(x Pri. )h” < [|@o() - H@O (@) = Py, )h”
< 2hg 1 Lipp(w) + Llpf(w)ho
< 16k, (w) ( O tka(@)+1)° iﬁ”“““”””)m(w)2 using Lip;(w) = 16k (w)?

< RO 5(0)? x 48k ()R

Since Cs = 1000 and 715 = 1000, one can check that 48k1(w)2i~zé5 < 1. Hence,

= hl,//

”(I)O(‘T) P

and we can conclude that ®,(S5) € S7. Now, fix 1 < j < ky(w) — 1 and = € Sj. According to (8.5),

ki (w)- 3+5

disto, (®;(2), A) = [|®;(2) = @7 ()|, = B/ < hyju < hjur

According to (8.6) and Proposition 8.3 on the local Lipschitz constant for the Kasner map,

'l@(x) f’()h” ”q’j(””)_q’f(x)" Hq’ (x) - fJ()hH

< 2h; 1 Lip;(f7 () + Lip (7 (@)hy,,
(ths(]ﬁ(w) j+1)° hcs(k1(w)—j+1)) m(w)Q using Lipf(fj(w)) -1

Ncﬁs
< hjr,, X 3h

< hja,y
Hence, ®; (S;) C S;H. This concludes the proof of Lemma 9.6. O
Define, for any w € ]1,2[ \ Q,
of |1 ifk =2
i) |l TR (W) (9.18)
2 if kl(UJ) =1

Corollary 9.7. The map @zl(w)_l is well defined on the whole section S, and takes its values in the

global section S,

Proof. Recall that S, = S;' U S, where

def
Syt = = (v, 24, 25,, ) |25, =h, O0<z,<h, Oz, <h 1<z.<2}
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and analogously for S;>. The fact that @Zl(w)_l is well defined on the section Sj is a direct consequence
of Lemma 9.6. Moreover, Lemma 9.6 informs us that @Zl(w)_l takes its values in the section S}Zl(w).
Hence, for any z € S,

H‘I’Zl(w)—l(fﬂ) - ‘1’1*;ﬁ¢4;)—1(30)||L < hiy(w),L < h

and

Flw)h

flw) -1 2—f(w))
2 T 2

H‘I’Zl(w)—l(fﬂ) - P; ||/ = Doy (), S %m(w) = min(

Since 1 < f(w) < 2 and =, (P;Ef:; h) = f(w), the above inequality implies that

1<z, ((I)Zl(w)—l(z)) <2

Hence, @Zl(w)_l(x) € S},. More precisely, Proposition 8.1 implies that @Zl(w)_l takes its values in
S, -

Lemma 9.8. The era transition map ‘i)w,ho is well defined on the whole section Sy and takes its values
in S;"“. Moreover,

Dung = Py (w)-1 = Phy(w)-1 0+ 0 Bg (9.19)

Proof. In this proof, we will denote k; = k;(w) and we will assume that k; = 2. Indeed, if k; = 1,
the era transition map coincide with the epoch transition map and Lemma 9.8 is a straightforward
consequence of Proposition 8.1.

Claim 1. The era transition map @y, is well defined on Sy N Brx and ®,, () = @5, _1(x) for
every x € Sy N Bix.

Proof of claim 1. Let x € S; N Brx and ¢ be the orbit of the Wainwright-Hsu vector field X with
initial condition ¢(0) = £ '(z). Let ¢" = ¢ '(z) and ¢’ = 5_1(4);_1(:1:)) for any 1 < j < ky. Since
x € Bix, we have z,, # 0, x5, # 0 and z,, # 0. It follows by induction that for any 0 < j < k; — 1,
we have qi # 0 and qj *1 is the first intersection point of the orbit of the Wainwright-Hsu vector field
X starting at qj with the section S;H =& (S;-H). Hence, qk1 is a point belonging both to the orbit

starting at q0 = §_l(x) and to the global section S;,. This proves that the era transition map i’w,ho is
well defined on S; N Brx.

We are now going to prove that ®,, , (z) = @1, _; (), i.e. that §_I(<I>Zl_1(x)) is the first intersection
point of the orbit ¢ with the section S;,. Let t; = 0 and let ¢, be the first time ¢t > 0 such that ¢(t) € Sfi,h;)-
By induction, define, for every 1 < j < ky — 1,

t; = min{t > t?_1 lq(t) € SJS}
= min {t >t | q(t) € S}LJ(thz}

th, = min{t > g,y | q(t) = & (Ph,1(2))}

u
J

t.

With these notations, we are left to prove that for any ¢ € ]0, tzl[7 q(t) does not belong to Sj,. The
general idea is simple: either ¢(t) is close to a type II orbit that is far away from the section S, or
q(t) is close to the Kasner circle and we can use the local estimates of chapter 6.

Case t € ]t;,t?], 0 <7<k —1. According to Proposition 6.15 and corollary 6.16, g5, and g,, are
exponentially decreasing. Hence, g, (t) < g5, (¢;) < h and g, (t) < g5, (¢7) < h. This implies that q()
does not belong to the section Sy,.

Case t € ]tg, tﬂ Recall that the local coordinates (z,,zs,, Zs,, .) are defined on the open ball
B, ¢. 7y -6 By ¢, 7. C Ue (see definition 4.1). Let 0" be the first time ¢ > ¢ when the orbit £ o ¢
leaves the open ball B, ¢, 7.. On }tg, tgm], q is strictly increasing and ¢, (ty) = h so q(t) does not
belong to the section S,.
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Let us denote by p the (type II) orbit with initial condition p(ty) = P, . For every t € Jtg,t]], we
have

l€Ca(t6)) = Poall,
ﬁé‘*“’m(w)
(ho. )= b
< —
hC“m(w)

ﬁCS(k1+1)3m(w)2

d (q(t),p(t)) < using (7.31)

using (6.1)

ﬁéwm(w)
< 1% (w)
P S
Csf(w)"swns 1000

(9.20)

out

According to (9.20) and the control (4.5b) on the local coordinate system &, for every ¢ € ]tg, to }, we
have £ o p(t) € B, ¢, 7, C Ue. It follows from the evolution equations (6.5) that p, is increasing on

out out

:ltg, to ] Since p is a type IT orbit, p(t) = (p,(t),0,0,w) on ]tg, to ] As a consequence, estimate (9.20)
together with the control (4.5b) on the local coordinate system £ imply that
1 w-—1

out .
e —w| < min — ——
e ( 0 ) ‘ (205(&}”5 2 )

out

1 out 1
slt < =~ = ) s t < =~ =
qs,(to ) 2C- s, (to ) 2Cows

5w"° n

Recall that the orbit £ o g leaves the open ball B, 56, 5. at time ¢ = 0", Hence, q, (tg") = zérlwﬁs > 3h.
Using (9.20) together with (4.5b) once again, we get that p,(t3"") = 2h. It follows that for every

out

telt

,ti], one of the three following properties hold:

1. p,(t) = 2h (roughly, before p leaves Uy)

2. p(t) $ u€

3. pe(t) = f(w) (roughly, after p re-enters Uy)

out ,s

Let t € [to ,t‘l] and assume that ¢(t) € S;,. Estimate (9.20) implies that p(¢) belongs to the domain
Ug of the local coordinates system &. If p, (t) = 2h, then we get g, (t) > h using (9.20) with (4.5b). If
p.(t) = f(w), then we get
flw) -2
l0.(6) ()] s L) =2
using (9.20) with (4.5b) once again. Since f(w) > 2, it follows that g.(¢t) > 2. In both cases, q(t) ¢ S,
so this is absurd.

Case t € [t?7t;+1], 1 <j < ky—2. Let us denote by p the (type II) orbit with initial condition
p(t;) = ’P}Lj(w) ;.- Recall that

ki—j+1<f(w)=[k—j+1ky,...]<k —j+2
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For every t € [t},t},1 ], we have

letattn - Pl ill,
RO Om((f7(w))

£y

(hj1) 7t
Bé4ff(w)m(fj(w))
Bés(kl—j+1)3m(w)2
RCS (3 (w))

1 h

< — - m
Cr f(w)s fi+1(w)7s 1000

ds (q(t),p(t)) = using (7.31)

1

using (6.1)

IA

(w) (9.21)

Let t € [t},tj;,] and assume that ¢(t) € Sj,. It follows from (9.21) and the control (4.5b) on the
local coordinate system & that p(t) € U. Since p is a type IT orbit, we have either p.(t) = f/(w) or

pe(t) = 77 (w). Moreover, estimate (9.21) together with the control (4.5b) on the local coordinate
system implies that

J+1 _
0.0 - pe()] = T2

Since 2 < 7™ (w) < f(w), it follows that q.(¢) > 2. This contradicts the fact that g(¢) belongs to the
section Sj,.
Case t € [tzl_l,tzl]. Assume that there exists t € [tzl_l,tzl[ such that ¢(t) € S,. Then it must
satisfy q(t) € Sp, \S}(w) by o because 5‘1(@,’21_1@)) is the first intersection point of the orbit starting
B
at q(ty,—1) with the section S}(W)vh'kl(w)' But estimate (9.21) with j = k; — 1 is also valid on [, _1, %, ]
and implies that ¢(t) € S}(w) w - This is absurd.

k1(w)

This concludes the proof of claim 1. O

Claim 2. The era transition map i)%ho is well defined at every point of Sy N By and i)w,ho(a:) =
@y, _1(z) for every x € Sy N Byy.

Proof of claim 2. Let x € S; N Byy. In particular, z,, = 0. Iteration of formula (5.8) gives

(07,0, f* (2)) if ky =2

Phale) = {(o,o,h,f’wc» itk = 1

Morevoer, if we denote by [1;kq(z.), ko(x.), ... ] the continued fraction associated with z., formula
(5.6) can be rewritten as follows:

(0,h,0, FF (@) if by (2,) 2 2

(bw,h('r) = {(0707h,fk1(16)(xc)) if kl(xc) =1

We are left to prove that kq(z.) = k;. This is a consequence of Proposition B.6 together with the fact
that |z, —w| < hy , < (10k; (w)?ka(w)ks(w)) ™", This concludes the proof of claim 2. O

Claim 3. The era transition map (i)uwho is well defined at every point of S N By, and @w,ho(x) =
@y _1(z) for every xz € Sg N By, .

Proof of claim 3. This is a mix of claim 1 (before the orbit starting at = converges to a point of the
Kasner circle) and claim 2 (after the orbit starting at = converges to a point of the Kasner circle). O

This concludes the proof of Lemma 9.8, since Sg = (Sp N Byp) U (Sp N By, ) U (Sg N Brx)- O

Proof of Proposition 9.4. As in the preceding proof, we will denote k; = k;(w) and we will assume
that k; = 2. The proof of Proposition 9.4 relies on the decomposition (9.19) of the era transition
map P, p, as a product of k; epoch transition maps, together with the estimates on these epoch
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transition maps stated in Proposition 8.1. In other words, estimates (9.12), ..., (9.16) will be obtained
by applying k; times the corresponding estimates of Proposition 8.1. More precisely, we are going to
prove Proposition 9.4 for a restriction of the map @, 1,,. Let C = C5 and define

d=ef }”Lé's(kl(w)+1)m( 2

- of ~ 3
h,O,J_ d=f hC(k1+1) m(w)Q’ h07/7 W)
Let 0<hy <hgy,h=(hhy,h,) =i¢€ Sons ® =0, and 3" = (I)fuh' We are left to prove the
following statement: provided that C' is large enough, estimates (9.12), ..., (9.16) hold true. From
now on, we will use the notation ®, := ® W, - Beware of the fact that this is the restriction of the

former epoch transition map ®, to the smaller section S, j,.

Proof of estimate (9.12). Define ag = h; and

%= s [®7-(@) -®A @), . 1sish

Claim 1. For all1 < j < kq,

5 _ki+4

a; <h ™7 (9.22)

Proof of claim 1. Recall that ko(w) = 1. Applying (8.5) to the epoch transition map ®(, we get that
5 _ki+4

ap < hr Assume that a; < h4 M7 for some 1 < j < ky —1. We are now going to apply Proposition 8.1

with hy = a;. More precisely7 we apply (8.5) to the epoch transition map ®; restricted to the section

S
Sfj(w),(hj’aj,hj’//). We get that

ko (9 (w))+4 k1-j+5 5 ki+4
ko (f7(w))+3 _ k1-j+4 4 k1-j+4
ajs1 < aj =a, <h,

By induction on j, claim 1 holds true. O

Since ® = @5, _;, estimate (9.12) is a direct consequence of estimate (9.22) with j = k.

Proof of estimate (9.13). Define

b= swp [[@i(2) - 24| . 1s<ish
€S n K

Using (8.6) and the fact that Lip,(w) = 16k> (see the explicit formula (8.3)), we get
by < 2, Lip,(w) < 32k1h, (9.23)
We are now going to find a relation between b;,; and b;. Let 1 < j < k; — 1. Remark that

@] () - @*

SH<I>j(@;_1(3;))—<I)}4(@;_l(x))‘|//+||q)?(@;_1(3;‘))— (@34 (x) || (9.24)

As a direct consequence of estimate (8.6) applied to the epoch transition map ®, restricted to the

section Sfj(w) (hayhy ) Ve get that

@5 (71(2)) = 7 (2]1())||, = 20, Liv, (/) (@) = 20 (9.25)

since f’(w) > 2 implies that Lipf(fj(w)) =1 by the explicit formula (8.3). Moreover, recall that the

z.-coordinate of <I>}4 is essentially the Kasner map (see (5.9)). Hence, Proposition 8.3 implies that
A A2 xA . j A
@5 (@7-1(2)) - @5 (@]4(@))|| | = Lipp(f (@) || @51 () - 235 )| <8 (9.26)

Pluging (9.25) and (9.26) in (9.24), we get that b;,; < 2a; + b;. Hence, using (9.22) and (9.23), it
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follows that for all 1 < j < kq,
j-1
<2 Z ay +by < 2k hy +32k°h, < 34K°h, (9.27)
r=1
Since ® = @, _,, estimate (9.13) is a direct consequence of estimate (9.27) with j = k;.

Proof of estimate (9.17). Let 0 <1 < ky — 1. Recall that ®; is defined as the product of [ + 1 epoch
transition maps. Using [ + 1 times inequality (8.10), we obtain the following Lipschitz estimate for P

l .
@7 (z) — @} (@), < (1‘[4Lipf<ff<w>>) ll = &l]co
=0

Recall that Lip,(.) is defined by the explicit formula (8.3) which yields

l .
(H4Lipf(f](w))) = 4"116k7
5=0

since f/(w) > 2 for 1 <j < k; — 1. Hence, we obtain

|0 (2) = @] (&)], < 4%k ||z - | (9.28)

Taking | = k; — 1, we obtain the desired estimate (9.17) for the era transition map ® = @Zl_l.

Proof of estimate (9.14). Let us turn to the contraction estimate (9.14). The idea is to decompose
the era transition map ® = @kl_l as @, ;0 (Dkl_g and to use the contraction estimate (8.7) for the
epoch transition map ®;,_; restricted to the section S as well as the Lipschitz

estimate (9.28) for @ . For 1 <l<k -1,

FF1(w), (h, Ay -1,k -1,/)

|97 (2) - &/ (@),
= [|@,(®7-1(2)) = @(D_1 ()|,
Sal’m(fl(w))+3 |®7 1 (2) — &1 (2)]] using (8.7) for ®; restricted to ij’(w),(ﬁ,a,,h, N
<

1
<a 4R o - 7| using (9.28) and ko(f'(w)) =k —1+1  (9.29)

Taking | = k1 — 1, we get

1
~ 5 k1+1,2 ~
||(I)Zl—1(x)_‘1’zl—1(x)|h Sa}il_14 v kl ”(E—{E”oo

5 k1,2

< hPEATE |7 = 7] using (9.22)
k1

<h? ||z — 2|6 provided that C' is large enough

Since ® = ®; -1, estimate (9.14) is a direct consequence of the above inequality.

Proof of estimate (9.16). The idea is to decompose the era transition map ® as the product of the
k1 epoch transition maps ®; and then to apply recursively the expansion estimate (8.9) to these epoch
transition maps. Define,

Ay = 2k a, R Cg,/f?%hl

1
A; _4J+1k1( S ”4+C’5(k1—j+1)”0h o ) 2<j<k -1
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According to (8.9), we have

1 -
190(2) = o(2)], 2 Ky(w) |z = &[], = b1 llz = Zlle = Csh |l = 2|,
Let 1 = j < k; — 1. Remark once again that
||(I);<(.’E) - (I);(i‘)“// = ||(I)J ((b;—l(x)) - cI)j (q);—l(j))ll//

Hence, expansion estimate (8.9) applied to the epoch transition map ®; restricted to the section

SfJ(w) (Fray.hy ) S1VES

125 (2) - @5 (&

> Kp(f (w)) ||®]-1(2) - ‘I’;—l(j)”//
— a7 |97 1 (@) = 974 (@)]], = Csky =5+ 1) R[]y () = @71 ()],

Remark that f/(w) > g, hence Kf(fj (w)) = 1 by the explicit formula (8.2). If j = 1 use (9.28) to
estimate the term ||<I>;_1(9c) -0, 1(w)|| and (8.7) to estimate the term ||<I>] 1(z) = ;- 1(x)||J_ This
gives

@1 (x) = @1(D)]|, = [|[®5(2) = @5(D)]| , = Ay ||z = &l

If2 < j <k —1, use (9.28) to estimate the term ||®j_,(z) — ®;_,(Z)||,, and (9.29) to estimate the
term [|®7_;(2) — ®;_1(&)|| . This gives

|5 () = @5 (@), 2 [|97-1(2) = @51 (D), = A llz = Fll

By induction on j, it follows that

y k-l )
107, 1 (2) = @5, 1 (3|, 2 Ky (w) [l = 2], - (hi Yy Aj) lla = #llo = Csh [l = 2],
=1

Using (9.22), one can see that if C' is large enough, then

L k-1

hi+ Z A <h"“4

Hence, if C is large enough, then

1
@, 1(2) = @k, 1 (D], 2 Kp(w) llo =2, = ™ |2 = &l = Csh ||z = ]|,

which is precisely the desired estimate (9.16).

Proof of estimate (9.15). Define, for 0 < j < ky — 1,

N, = [(@] (@) - @5(@)) - (25" (=) - 27" @)],

Let 1 < j < k; — 1. Decompose @; as ®; o ‘13;_1 and <I>;-<A as @, o @;:41. Using standard triangle
inequality, we get

Ny, = [ (@007 1(2)) = @,(@51(2))) - (@7 (@)1 () - @7 (@51 (2)))]|,

+ || (2@ (@) - @5 (@7 1(@))) - (@5 (@774(2)) - 07 (@55 (@))||, (9:30)

Let us begin with the second term. Recall that the x.-coordinate of <I>3-4 is essentially the Kasner map
f (see (5.9)). Moreover, f(u) = u—1 for all u = 2 and the z,-coordinates of the four points ®;_;(x),
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7, (7), ‘I);fl(x) and @;141(5:) are all greater than 2. Hence,

(25 (25-1(2)) - @5 (@7-1(2))) - (87 (2] (2)) - @5 (@55(2)))|
= [|(@-1(2) = @]_1(3)) — (@54 (2) - @JA(

S

)

Let us now turn to the first term. Using the Lipschitz estimate (8.8) with the epoch transition map ®;
restricted to the section S, = we get
f (w)v(h a]vh],//)

(9.31)

Vi - Jj=1,/

[[(25(@51 () = @,(271(2))) = (25 (271 (2) - 25 (@7 1(2)))| | =

P
k1-j+4

|07, (2) = @)1 (F)||, + Lin, (f7 (@) [| @1 () — @51 (2)]],

Since f?(w) < 2, explicit formula (8.3) implies that Lipf(fj(w)) = 1. Now, use (9.22) to estimate
1

a;”_jﬂ and (9.28) to estimate ||<I>;<_1(x) - @;_1(53)”00. We obtain

[[(25(@51 () = 2,(271(2))) = (@5 (271 (2)) - 27 (87_1(2)))| | =

5_1
hikr]*“l J+2k,1 ||.’17 ;1;“00+ ||‘bj 1(-’15) J l(j)||l

If j =1, use (8.7) to estimate the term ||(I>;_1(x) - @;_1(i)||J_. This gives

[(@1(@5(2)) - @1(25(2))) - (1 (@5 (2)) - @7 (25 (2)))

(h‘“‘“34 i +hl) |z = %]

/

<h““34 ki llz —Z|l,  (9.32)

If2<j<k —1, use (9.29) to estimate the term ||®}_;(z) - @;_1(i)||l. This gives

[(25(25-1(2)) = 2,(25-1(2))) = (5 (@5-1(2) - &5 (@5-1(@)|,

< (h3k11j+44j+2k% Jk11(7 1)+44g+1 ) ”x _ 59”00

5_1
<h"PATR e -]l (9.33)

Plugging (9.31), (9.32) and (9.33) into (9.30), we get

j // < h4 k1+34]+3k1 ||Jf - 53”00 + Nj—l

By induction on j, it follows that

Ny, -1, h P e =l + Noy

As a direct consequence of the Lipschitz estimate (8.8) applied to the epoch transition map @, we get

1
1 ~ 2 ~
No,; < hj |lz = 2|l + 16k ||z — Z[|

s/
Hence, provided that C' is large enough,

_1

~ 2 ~
Niy-1,y s hi™ o = @llo + 16k7 |l — 2],

which is the desired estimate (9.15).
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This concludes the proof of Proposition 9.4. O

A

9.2 Control of the double era transition map &,

Proof of Proposition 9.2. Let us fix h > 0 small enough such that

hCg< - —L—° (9.34)

Let w=1[1:ky,ko,...]€]1,2[\Q. Let h = (ﬁ,hl,e_csz(w)), where 0 < h) < ¢~ O%4) and C is some
large constant. The idea is to decompose the double era transition map <i>w7h as

(i)w,h = (i)f(w),h‘f(w) o (bw,h (935)

where

)C‘G(k2+1)3 )és(kzﬂ)

Sofa g _ .z 2 (4, s _ 2
by = (b (i m(F)? (b (7))
One should remark that the section S;h is much more smaller than what we need. Indeed, recall from
Lemma 9.3 that m(w) = m and m(f(w)) = m. Hence, according to (9.12) and (9.13), it

would be enough to take h equal to

C(ky+1) (ﬁk;ﬁs)C(kQH)

PPN C(k1+1)3 A i C(k +1)3 B 2_ , = 2 (5, -y B 2 _ , = 2
(A ™) (™) e m ) (107 () f())
with C' large enough for (9.35) to hold true. Nevertheless, computations will be much more easier with
our choice of size for the section Sf,yh. While being smaller than needed, it will still be large enough
for the graph transformation to be implemented.

Since, for C' large enough, the map <f>w7h maps the section Sf,yh into the section S}(w)’h, where
of [~ 1+5 & \Cg(ka+l _
(" (™) )

one can apply Proposition 9.4 twice to get Proposition 9.2: once with i)f(w),hf(w) restricted to the
section S'}(w) w and once with @%h. O

9.3 Shadowing of a heteroclinic chain along an era

Let w € ]1,2[ \ Q. Let us call the point P:h the center of the section SZih. The following proposition

states that if z € Sj, is close to the center P:fh of the section SZ’ih, then the orbit segment [z, ®,, n(z)]

passes through the sections S}2, S5*, ..., S,Z(w)_l close to their respective centers, i.e. the intersection
points of [z, ®,, ,(z)] with the sections S;-l(j) (where I(j) =2if j =1 and I(j) =1 if j = 2) and the
intersection points of the heteroclinic chain starting at Pjih with the sections S;l(j) are respectively

close to each other. Moreover, the estimates can be made uniform on w. Recall that <I>; =dj0--:0d.
Recall that 715 is a constant fixed in Proposition 8.1. Recall that s,(w) and s4(w) are defined by (9.1).

Proposition 9.9 (Shadowing along an era). There exists a constant Cy = Cy such that the property

below holds for w € 11,2[\Q, 1 € {1,2} and 0 < e < 1. Letx € SZih where h = (h,e_égs“(w),e_éssz(w)).
If

—C’sw
< cp~Cosa(@)

— p%i.
||x w7h

then, for any 1 < j < ky(w) — 1,

)ésfj(w)

O (z) =07 (P )| < e(hki™ m(f (w)) (9.36)
|| ( W,h)”oo (
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Proof. There exists a constant Cy = Cg such that for every w = [1;kq, ks,...] € ]1,2[ \ Q and every
1<j<k—1, we have ‘
—Closa(w P Csf(w j

50k2e™ 1) < (k™) 1 (w)) (9.37)
Let 0<e<1,w=[1ky,ky,...]€1,2[\Qand z € S = (hy e Canale) (~Casale)
<1, w=[1;k, ko,... , and z € S}, where h = (h, e ,e . Assume

that

=~ 72
e=Cosalw)
Let 1 < j < k; — 1. Using estimate (9.22) with h; = ||x - Pjiﬂ”l’ we get
5
* * S; s; ||
o310 = aia (2], = o - 22
< 66—6'954(0-’)
i \Cs S (w ; .
< e(hk1 ") o )m(f](w)) using (9.37)

Remark that

#5102 - @ (£2)

=@ -2 @] + o5 (o) - @7 (22)

/7

Using estimate (9.27) with h) = ||73 - Pji;}

t
ll,we ge

|27-1(2) - ®34 @)], < 347 [ - P, Gooa)

| < 34k%ee
L
Using Proposition 8.3 on the local Lipschitz constant for the Kasner map, we get

—6984(&’)

j-1
A s; . l S 2
H(I);_l (z) — @;_1 (Pwﬁ)H , < (l | Lip,(f (w))) ”9: -P ‘// < 16kjee
! =0 ’

Hence, using (9.37), we get

|

This concludes the proof of Proposition 9.9. O

C~'5fj(w)

m(f (w))

6005 ()] 50t 5 (i)

Next proposition allows one to use Proposition 9.9 twice during a double era.

Proposition 9.10 (Shadowing along two eras). There exists a constant Cho = Cy such that the property
below holds for w € 11,2[\Q, i € {1,2} and0<e<1. Letx € Siih where h = iL,e_Css“(w),e_CSSZ(w)).
Let (i = (i)w,h' If

_é SgqlWw
< 1054(w)
[o¢)

Si
”x—P .

w,h

then, o
||<I>(x) 3 (ijl)H < ee Cooa(P@) (9.38)

Proof. This is a straightforward consequence of (9.12) and (9.13). Computations are similar to the
ones in the proof of Proposition 9.9.
O
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Local stable manifolds of the double era
return map

The purpose of this chapter is to construct some local stable manifolds for the double era return
map = i,- These local stable manifolds play a central role in the proof of our main Theorem. In
Chapter 11, we will prove that any type IX orbit whose starting point lies in the local stable manifold
of a point p will shadow the heteroclinic chain starting at p. In Chapter 12, we will prove that the
union of these local stable manifolds over a positive 1-dimensional Lebesgue measure subset of the
Kasner circle has positive 3-dimensional Lebesgue measure. Their construction rely on the estimates
proven in Chapter 9.
Recall that for any w € ]1,2[ \ Q,

s2(w) = k1 (w)? + ka(w)? + ka(w)? + ky(w)?

sa(w) = k1 ()" + ka(w) + ka(w)" + ky(w)"

Recall that we have fixed a constant h in the preceding section (see (9.34) and Proposition 9.2).
According to Proposition 9.2, the double era return map ® is well defined on the set

) Sin cSi
we]1,2[\Q

where h,, = (iL,e—C'ssA;(w)’e—C‘ng(w))'

Recall that P, = (0,0,0,w) denotes the point (in local coordinates) of Kasner parameter w on the
Kasner interval K. Moreover, P:Iiz =(0,h,0,w) and szh = (0,0, h,w) denote the intersection points

of the two type II orbits arriving at P, with the global section Sj, (see definition 5.10).

Definition 10.1 (Local stable set). Let w € ]1,2[ \ Q, ¢ € {1,2} and 1 > 0. We call local stable set of
Pjiﬁ of size n and we denote by W, (Pji}}’ fi>) the set of all 2 € Sj, such that for every n = 0, " (z) is
well defined and satisfies ’ l

We want to prove that for Lebesgue almost all w € ]1,2[ and for 1 small enough, the local stable

#(@) =" (7], =

set W, (P:ih’ <i>> contains a Lipschitz graph.
Definition 10.2 (Rooted graph). Let w € 11,2[ and 0 < a < h. A graph of size a rooted at lefz is a
set v C S;Ll of the form

7 = Graph® (¢) T {(z b 7, (20, 2,)) | (s 2s,) € [0,0]°}

131
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where ¢ : [0,a]* - R is a map such that ¢(0,z4,) = w for all z,, € [0,a]. We define analogously the
graphs rooted at szf}'

Remark 10.3. We say that v = Graph®™ (¢) is a graph rooted at leh because leh = (0, h, 0, ((0,0)).

Remark 10.4. Recall from Proposition 4.2 that the local coordinates x,,, x5, and x,, are positive. This
is why the map ( is defined on [0, a]’.

The map (¢ is entirely determined by v = Graph® (¢). Recall that & is a constant that has been
fixed in the preceding section (see (9.3)). We say that a graph v is 6-Lipschitz if it is associated to a
&-Lipschitz map ¢ (for the infinite norm).

We can now state the main theorem of this chapter, which describes the local stable manifolds of
the double era return map d. We refer to Theorem 10.20 for a version that characterizes the size of
the local stable manifolds. Recall that C’S is the constant fixed in Proposition 9.2 on the double era
transition map.

Theorem 10.5 (Local stable manifolds of the double era return map). There exists a full Lebesgue

measure set Qgrapn C 11, 2[ with the following properties. For all w € Qgyqpy, and all i € {1,2}, forn
small enough, the local stable set W, (P:?‘i17

rooted at Pjiﬁ. Moreover, for all x belonging to this graph and alln = 0,

~ 2n 5 ~
Remark 10.6. Note that e~ ©8 21 k(@) o ,=2Csn. Hence, we have a super exponential convergence to
the Mixmaster attractor for the orbits starting in those graphs.

<i>) of Pjiﬁ of size m contains a &-Lipschitz graph of size n

~ 2n 5
e CsLimki(@) (10.1)

()-8 (P )| = [l - B

A

We are going to prove Theorem 10.5 using the so-called Hadamard graph transformation method.
Let us describe informally our strategy, which may not be the most standard one.

The first step is to show that the double era return map d satisfies some hyperbolic properties. We
prove the existence of two invariant cone fields, namely: the unstable cone field containing the direction
tangent to the Mixmaster attractor and the stable cone field containing the direction transverse to
the Mixmaster attractor. The unstable cone field is forward invariant while the stable cone field is
backward invariant. Moreover, the map P expands the length of the vectors in the unstable cone field
and contracts the length of the vectors in the stable cone field. See Proposition 10.8.

Once we know that the double era return map d satisfies some hyperbolic properties, we can show

that the preimage of a 6-Lipschitz graph rooted at P;;i‘j; s by the double era transition map )

a 0-Lipschitz graph rooted at P:"};. To make this statement correct, one must carefully choose the size

it 19

of the graph rooted at P;(if:)) i and the size of the section Sih See Lemma 10.11.

Next step consists in constructing a space I' of families of 6-Lipschitz graphs invariant by the preim-
age procedure described in the above paragraph. For Qg.pn € 11,2[ \ Q and Ay @ Qgpapn — 10, +00[
fixed, define

def A, . - s
r= {fy = ('Ywﬂ)weﬂgmph,ie{la} | Vw,i is & 6-Lipschitz graph of size h (w) rooted at Pjﬁ}

Roughly speaking, the graph transformation ®* : T - I is defined as follows. For v €T, (é*y)w ; is the

)

preimage of 7, ;) by a suitable restriction of the double era return map fiJISSih (see definition 10.17).
Our goal is to find a full Lebesgue measure set Qg,pn C ]1,2[ invariant by the double era Kasner map

f and a function h 1 ¢ Qgraph — 10, +00[ such that the graph transformation ®* defined above is well
defined. See definition 10.14 and Proposition 10.15.

Using the hyperbolic properties of d, the graph transformation ®* will be proved to be a contraction
mapping. The standard contraction mapping theorem will provide a fixed point 4 = ('Aywl) erl.

Final step consists in checking that 4, ; is contained in the local stable set of the point Pjih for the

double era return map @ for all w and i.
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10.1 Cone field invariant by the double era return map

Recall that & has been fixed in the preceding section (see (9.3)). This parameter will serve as the angle
of the invariant cone field.

Definition 10.7 (Cones). Let w € ]1,2[ \ Q, h = (il,hj_,h//) with min(h,,h,) > 0, ¢ € {1,2} and
T € S‘i’;h. We define the tangential cone at x as

/ def (. _ . .
L @) E e S | lz -2l <5 lle -2}

As usual in hyperbolic dynamical system theory, we define the interior of Vuj/hl (z) as

It V), (2) S {2y o e STy | llz—all <o lle -l }

In other words, Int :hz (x) is the union of the topological interior of Vj:h,i (z) and its vertex {x}.
Analogously, we define the transverse cone at x as

L def | - i - . -
Vo (@) S {z e Sinl llo—all, <o lle—all,}
and the interior of VwJ:h,i (z) as
1 def ~ i ~ ~ ~
Int Vi (z) € {zyu{z eSSyl lz—all, <o lla— 2, }
Recall that K, > 1 is an explicit constant fixed in the preceding section (see (9.2)).

Proposition 10.8 (Hyperbolic properties of the double era return map). There exists a constant
Ch1 = Cho such that the properties below hold for w € 11,2[\Q, i € {1,2}, h = (ﬁ, 6—01134(@’ 6_0882(“))
and h' = (ﬁ,iz,iz)
(Forward invariance of the tangential cone field) For all x € Sj‘;h,

o (v

w,h,i

(x)) C Int vj{(w)7h,ﬁ(w) (8(2)) (10.2)

(Backward invariance of the transverse cone field) For all z € Szih,

< L1 5 L
(9155, ) (Viemice (8(2))) € It Vo i () (10.3)
(Expansion in the tangential cone field) For every x,% € Sjih, if T € Vofh,i (x), then
o) - 0@, 2 K. lle - 2], (10.4)

(Contraction in the transverse cone field) For every x,z € Sff;h, if ®(%) € VfJEw),h',%(w) (@(x)),
then

~Cy(k1(w)° +ka(w)?) |

@) - (@), <e lv — &, (10.5)

See figures 10.1 and 10.2.

Proof. Let C' = 100Cs such that

_ < 1 -1 R
e 100 (1 + E)KC <O (106)
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S; Si(w)
Sw>h . Sf(w) h'
P

R
o Vi (x)

Figure 10.1 — Forward invariance of the tangential cone field.

Si Si(w)
Sw ,h Sf(w) h'

X~ ®(x)

~ -1
(91sz:.)

(8(2)) Vit mie (2@))

h n f(w) h'i(w)
Figure 10.2 — Backward invariance of the transverse cone field.

Recall that 6 < 1. Hence,

TE Vz,://,h,i (.’E) == ”(E - ‘%”oo = ”(E - ‘%”// (107&)
~ 1 ~ ~
T€Voni(z) = llo—Ille = llz—-2llL (10.7b)

Ezxpansion estimate (10.4). According to (10.7a), if & € Vlh’i (z), then
- - 1 .
Iz = 2lleo = llz =2l , < {1+ = |llo - 2],

Hence, expansion estimate (9.9) implies that the expansion estimate (10.4) holds true.

Forward invariance of the tangential cone field (10.2). If & € Vu:/,h,i (z), then

- - ~Csa(w) (105 +105) - :
(OB IC] NG I = &l using (9.7)
< 6_% |z =z, using (10.7a)
< e_%Kc_l Hi)(x) - using (10.4)
<6 H@)(w) - (%) p using (10.6)
Hence, ®(#) € Int Vm i) (8(2)).

Backward invariance of the transverse cone field (10.3). Assume that ||z — Z||; < i |z -2z,
Hence,

1 -
o=l < (143 ) o =2, (10.8)
As a consequence, the expansion estimate (10.4) remains true in that case:

||(i>(x) -é(@)”// 2 K, |z -z, (10.9)
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Hence,
A 2, —Csy(w (1 +1k2) =~ 1
|@(x) = d(@)|| | = (7N I 2 — 7 using (9.7)

_c 1

< ¢ 100 (1+5)||m_j||// using (10.8)
_c 1 _ ~ ~

<e 1(50 (1 + E)Kcl ||(I)(:L') _ (b(j)”// using (109)

<L |@(x) - () using (10.6) and & < 1 (10.10)
a' /7 B 6'

Backward invariance of the transverse cone field is a straightforward consequence of (10.10) by
contraposition, i.e. (10.3) holds true.

Contraction estimate (10.5). Assume that ®(z) € V. j( )b (w) (@(m)) By backward invariance of

the trasnverse cone field, we have T € Vw_’h,i (x). Hence,

I TP Cr) S T using (9.7)
< e‘%(k?”g) |z - z||, using (10.7b)
T T using C = 100Cy
which is the desired estimate (10.5). O

Remark 10.9. Let us describe precisely how we will use Proposition 10.8. The forward invariance of
the tangential cone field (10.2) together with the expansion estimate (10.4) are used two times:

1. To show that the preimage of a &-Lipschitz graph is a graph.

2. To show that the graph transformation is a contraction mapping.

Si(w)
Fw)h
map (I)t S50 is a graph rooted at P , the backward invariance of the transverse cone field (10.3)

Knowing that the preimage of a 6-Lipschitz graph rooted at P ;.- by the double era transition

implies that this graph is also - Llpschltz This property is essential to show that the set of -Lipschitz
graphs families is invariant by the graph transformation.

Finally, the contraction estimate in the transverse cone field (10.5) is used to prove the exponential
convergence (10.1) for a point in a graph constructed as the fixed point of the graph transformation. It
also proves that this graph is contained in the local stable set of some point for the double era return
map.

10.2 Local graph transformation

Our next task is to understand the preimage of a 6-Lipschitz graph by the double era return map P.
This is the purpose of Lemma 10.11 below. To make the computations in coordinates easier to follow,
let us identify the section S;l with a subset of RS, forgetting the coordinate x4, which is constant

equal to h on SZI. More precisely, we identify the point (z,, h, Tg,,T.) € S;l with (z,,z,) € R®* xR
where z, = (z,,2,,) and x, = z.. We will use the same notation in 822, letting x; = (@, ,,). We
will not work in both sections at the same time, hence thls notation will not be ambiguous. Remark
that with these coordinates, a graph of size a rooted at P ; lsa subset v of R? X R of the form

Graph(¢) = {(IJ_,C(ZEJ_)) |z, € [O’Q]z}

where ¢ : [0,a]” — R satisfies ¢(0, z) = w for all z € [0, a].
Remark 10.10. Recall from Proposition 4.2 that the local coordinates x,, x5, and x,, are positive.
This is why the map ¢ is defined on [0, a]*.
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R -1
S; 5 STL’(w)
Sw,h ((I) S ) (Graph (7)) Sf(w) W Graph (v)
~ *
0 (‘I’ S ) 0
oz ) Oz
L 54 1 R b5i(w)
2 Vima (P23) 0 Vit (Frori)
83;// 8:6//
;i S%?w)

L F(w),h

Figure 10.3 — The graph transformation.

Lemma 10.11 (Graph transformation over one point). There ezists a constant 6'12 > C’H such that
the property below holds for w € 11,2[ \ Q, i € {1,2}, 0 < a < 6_01284(w), a = ae_cs(kl(w)d+k2(w)o) and

h = (ﬁ, a, e_cgsz(w)). If v is a 6-Lipschitz graph of size a' rooted at P;(r))h, then its preimage by the

double era transition map ® s, isa 6-Lipschitz graph of size a rooted at Piih. See figure 10.3.

Remark 10.12. Beware of the fact that, in Lemma 10.11, v denotes a single graph and not a family of
graphs as in the definition of T'.

Before we prove Lemma 10.11, let us state a simple property of the 6-Lipschitz graphs.

Lemma 10.13. Letw € ]1,2[ \ Q, i € {1,2}, h = (ﬁ,e_éss“(w),e_éssz(w)), 0<ase @ 4ng 0%
be a graph of size a rooted at P:i}»l. The graph ~ is 6-Lipschitz if and only if for all x € ~,

L
v C Vw,h,i (.’E)

Proof of Lemma 10.13. This is a straightforward consequence of the definition of the cone le,hﬂv ().

Proof of Lemma 10.11. Take Cy5 = 4C;; large enough so that for every w € ]1,2[ \ Q,

~ [ —Crass(w) 1+%+% -Cras4(w) 2 2 ~Cysa(w)
G (e ) + 306e ki(w) ko(w)” < 4de (10.11)
Fix w = [1;ky, ko, ... ], 4, a, ' and ~ as in the statement. There exists a unique map ¢ : [0,a]*> > R

A
Si .
Su'n

To prove that (®°)™" () is a graph of size a rooted at P:iiz’ we first need a technical claim. Define

I = [w _ e—éssz(w) w+ e—éssz(w)].

such that v = Graph™®) (¢). Let h = (ﬁ, a, 6_0882(“’)), h' = (iz, h, iz), % =P e and = ¢

Claim 1. Fiz z, € [0,a]’. Define a map X : I, » R by the formula

Nz) (0% (@r,e))) = (8% (1,2)),)

The map X is well defined. Moreover, A (w + 6_6852(“))) >0 and A (w - 6_6882(“))) < 0. See figure 10.4.

Proof of claim 1. Recall that Cyo = 4Cy; = 4Cs. According to (9.5), for every x, € I, we have

k1+ko _ A 5 5
12k Cs (k7 +K3) 1

||<i>si(acj_,x/,)—éA’s'i(xL,x//) <a <ae <a

R
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Si ~Cgsa(w) Si(w)
Serh e 7 S 2=

rTe----tT|

fffff L N

w4 e Oo5ale) ¢ (B(a).) B(a),

Figure 10.4 — Interpretation of the map A\. If x, = w + e_cssg(w), then ®(Z) is on the right side of ~. If

T, =w-— e 95*2(%) then &(#) is on the left side of 7.

fs 2
This means that (CDS'L(xl,:c//))J_ € [0, a'] . Since 7 is a graph of size a', the map \ is well defined.

Roughly speaking, since x| is “small”, (i)si(xl, x//))ﬂ is close to f(x//) and (ési(xl, 3://))l is close to

1/

(0,0). Using this approximation and the fact that v is a graph rooted at P;EE:; ;0 We get

A (w + e_CBSQ(w)) > f(w + e_cssz(w)) - f(w)
Using the fact that f is increasing on I, (see Proposition B.7), we get
A (w + 6_0882(w)) >0

We are now going to make rigorous this computation. Remark that

A (oJ + eiégsZ(w)) = [(és (wl,w + eiégsZ(w)))/ - f(w + eégsz(w))}

a{or ) [ =e{(8 (o) )

We will compare the three terms in the right-hand side of the above equation. Recall from (5.7) that

54 () = {(o, O F) k(e 22 e ]

(0a07ﬁ’f(x6)) if kQ(wC) =1
Hence, estimate (9.6) gives

‘((fs (wl,w + e_égsz(w)))// - f(w + e_égsz(w)) < 306ak1(w)2k2(w)2 (10.12)

According to Proposition B.7 about the Gauss transformation, we have the expansion estimate
lf(w 4o Gl f(w)‘ > 4o Cs52 () (10.13)

Moreover, using the fact that « is a graph rooted at P;zij))’ i We get

|f(w) - ((és (ml,w + eiégsZ(w)))LN = 'C(O, 0)-¢ ((ifs (a:l,w + eiégszw)))l)‘ (10.14)
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Since 7 is ¢-Lipschitz, it follows that

0.0 = ¢[(8 (a0, + ) = o (7 (w0 7))

NI ~Cyg: 2 As; -Cg:
SUHQQ” (zL,w+e Cs?zw})—@ S (xi,w+e CSQZ(W))HL

(10.15)
According to the estimate (9.5), we have
~ A ~ ~ k1| k2
||<I>Si (rrow+e @) =™ (2w e‘CSSz(“))” AR (10.16)
1
Putting together (10.14), (10.15) and (10.16), we get
P 2 S, -C SolWw ~ L L

|f(w) - C((@S’f (xl,w 4o el )))L)| <ga T (10.17)

It follows from (10.12), (10.13), (10.17) and (10.11) that

[ s 2)) = O (8 ) )

/
Va

Hence, A (w + 6_0882(w)) and (f (w + e_cssg(w)) - f(w)) have the same sign. Since f is increasing on

1,,, we get that A (w + e_CSS2<w)) > 0. The arguments are analogous for A (w - 6_0852(“})) O

Claim 2. (®*)7" (v) is a graph of size a rooted at Pjiﬁ.

Proof of claim 2. Fix z, € [0, a]2. First, let us prove that there exists a unique =, € I, denoted by
(& )*¢(2,), such that % (z, x,) € . This will show that

(6°)7 () = {(22. () ¢(a1)) | . € [0.a]°} = Graph™ ((6°)"¢)

Remark that for = (z,,2,) with z, € I,
¢ (2) €y = (¢7(0)) =¢((¢7(@),) = AMz)) =0

Since (¢ is 6-Lipschitz and % is continuous, A is continuous on I,. According to claim 1 and the
intermediate value theorem, there exists x, € I, such that A(x,) = 0.

Let z,,z, € 1, such that A(z,) = A\(Z,) = 0. Set z = (z),z,) € Sff’h and 7 = (z,,%,) € SZih.
By definition of the tangential cone, we have

F eV, (@)
and by forward invariance of the tangential cone field (see (10.2)), we get

Ci)Si (j) € V]g/(/w),h',;(w) (Ci)SL (x))

Moreover, % (z) and ®° (#) both belong to v which is a 6-Lipschitz graph so Lemma 10.13 implies
that

280~ L 28
(7)€ Vi) i (27 ()
It follows that R R
O (%) = ()
Using the expansion estimate (10.4) in the direction tangent to the Mixmaster attractor, we get

Ty =2,

/e
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Let z € [0,a]. We have
C((#7((0.2).0)) ) = €(0,0) = flw) = (" ((0,).)

Hence, ° ((0, z),w) € 7. By uniqueness, we get that (®)*¢(0,z) = w. This concludes the proof of
claim 2. 0

Claim 3. (®*)7" (v) is a 6-Lipschitz graph.

Proof of claim 3. Let 21,7, € [0,a]’. Set

v= (21, (@) C(x1)) € (@) (1) and 7= (2,(8%)"((21)) € (@) (1)
The graph « is 6-Lipschitz so Lemma 10.13 implies that

2850~ 1 28
() € Vigy it (27 (2))

and by backward invariance of the transverse cone field (see (10.3)), we get
€ Vo (@)
Using Lemma 10.13 once again, we get that (®*)™" (v) = Graph™ ((@S)*Q) is 6-Lipschitz. O

This concludes the proof of Lemma 10.11. O

10.3 The set of admissible points for the graph transformation

According to Lemma 10.11, we have a graph transformation over one point w € ]1,2[ \ Q, pulling-back

a graph rooted at P;(%ij)) i Recall that our goal is to define a graph transformation over a full-measure

set Qgrapn C 11,2[ \ Q, ‘called the set of admissible points for the graph transformation. To do this,
we need to iterate the procedure described in Lemma 10.11. This means that the set {5, must be

invariant under the Kasner double era map f. Hence, it is a reunion of orbits (w, f(w), f*(w),...).
Roughly speaking, the idea is to attach a graph to each point w € {451 and to replace the graph

rooted at P:iiz by the preimage of the graph rooted at P;Z:)) i by the double era return map d. If we

go into the technical details, there are two sections S.! and S.? above each point w € Qgraph S0 We
need to consider two graphs rooted at each point. Let us temporarily simplify the discussion by acting
as if there were only one section, say S, .

The graph transformation acts above the orbit (w, f(w), f>(w),...) as follows: for all n = 0, the

graph rooted at Pﬁn(w) ;, 1s replaced by the preimage of the graph rooted at P;"ﬂ(w) ;, by the double era

return map. Informally, the graph transformation is well defined above the orbit (w, f(w), f2(w),...)
if there exists a sequence (a,, ),=o of positive real numbers such that for any family (v, ), Where 7,
is a ¢-Lipschitz graph of size a,, rooted at P;’ (@) the following property holds: for all n = 0, the
preimage of the graph 7,1 by the double era return map defines a 6-Lipschitz graph of size a,, rooted

at P;”(w) ;- Remark that for all n > 0, kv (f" (@) = kons1 (W), k2(f"(w)) = kopso(w), etc. Hence,

Lemma 10.11 gives a sufficient condition: if there exists a sequence (a,, ), of positive real numbers
such that for every n = 0,

a, < 8—01284(f"(w)) — e—élz(kznﬂ(W)4+k2n+2(w)4+k2n+3(w)4+k2n+4(w)4)

and

ane—és(kmnl(w)5+k2n+2(w)5) - ane—ég(kl(f"(w))5+k2(f"(w))5) < ap.

then the graph transformation is well defined above the orbit (w, f(w), f>(w),...). This leads to the
following definition.
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Definition 10.14 (Admissible points for the graph transformation). Let w € ]1,2[ \ Q and h; > 0.
We associate with w and h, a sequence (a,(w,h))),so defined by

{ ag(w,hy)=hy

~ 5 5
aps1(w,hy) = an(w’hL)e—Cs(kznu(w) +hans2(w)®)

We say that w is admissible (for the graph transformation) if there exists h; > 0 such that for every

n=0,a,(wh )< ¢ Cr2salf™ @) g ) i admissible, we define
hy(w) def sup {hJ_ >0|Vn=0, a,(w,h) < 6_01284(fn(w))} (10.18)

We denote by Qgapn the set of all admissible points in ]1,2[ \ Q.

Proposition 10.15. The set of the admissible points is invariant in the future and the past by the
Kasner double era map, i.e. f_l(ngph) = Qgraph-

Proof. One can remark that for every w € ]1,2[ \ Q, for every h; > 0 and for every n = 0,
Qn (f(OJ), al(w7 hl)) = an+1(wa h_L) (1019)
Proposition 10.15 is a straightforward consequence of formula (10.19). O

Recall that w € ]1,2[ \ Q is said to satisfy the moderate growth condition if

kn+4(w)4 = On—+oo (Z kl(w)s) (MG)

Also, recall that the moderate growth condition is Lebesgue generic (see Lemma B.1).

Proposition 10.16 (Genericity of the admissible points). Any point w € ]1,2[ \ Q satisfying the
moderate growth condition (MG) is admissible. In particular, Qg,qpp is a Lebesgue full measure subset

of 11,2\ Q.
Proof. Let w € ]1,2[ \ Q. Observe that
-Cs fol Ei(w)®

an(wvhJ_) =he ,

As a consequence, w € §lgap, 88 SOON aS

2n
$1(f"(@)) = 0nroo (Z ki(w)5> (10.20)

On the other hand, (MG) clearly implies (10.20). O

. X
10.4 Global graph transformation ¢
Now that the set Qgpapn and the function hy: Qgraph = 0, +00[ are defined, recall that
P {y = () | 704 is a 6-Lipschitz graph of size f; (w) rooted at P*
= 17 = (wi)weq, . icqi,2y | Vi is a 6-Lipschitz graph of size hy (w) rooted at P 'y

Beware of the fact that in this definition, v is not a graph but a family of graphs.
For w € ]1,2[ \ Q, define a “canonical” triplet of parameters

h, et (iL, hy(w), e_GSSQ(w))

The double era return map defines a natural transformation O*:T > T.
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Definition 10.17 (Graph transformation). The graph transformation ®* : T - I is defined by the

formula i
((i)*fy)w,i = ((i) Sz’lﬁw ) (’yf(w),i(w))

for all v € T, all w € Qyyapn and all i € {1,2}.

Proposition 10.18. The graph transformation O* : T - T is well defined.

Proof. This is a straightforward consequence of Lemma 10.11 and Proposition 10.15. O

10.5 Local stable manifolds of the double era return map

For ~ € T, there exists a unique family of maps ¢ = (Cw,i) where ¢, ; is a map from [O, hy (w):|2 to R
and 7, ; = Graph™ ((,;). We will denote v = Graph (¢).
We endow I' with the distance
e def =
dgrapn (Graph (¢), Graph (¢)) = sup  ||¢ui = o

WEQgrapn,i1€{1,2}

oo,[O,lAu(w)]Z

where def
o -
w,[O,iLl(w)r = sup i ||Cw,i($J_) - Cw,i(xl)”m
QILE[O,’ALL(Q))]

HCw,i - Cw,i

Remark that (F, dgmph) is a complete space.

Lemma 10.19 (Fixed point of the graph transformation). The graph transformation ®* is a contraction
mapping of the complete metric space (F, dgraph) with

) 1
Lipd* < —
P K.(1-52)

As a consequence, ®* admits a unique fized point in T, denoted by 4 = Graph (CA)

Proof. Let v = Graph (¢),4 = Graph (Q:) € I'. We are going to prove that

2 %k 2k o 1 ~
dgraph (q’ v, ® 7) < mdgraph (7,%)

If we denote Graph(fi)*g) = <i>*'y and Graph(@*f) = <i>*’y, then it is enough to prove that for all
W € Qgraph and all ¢ € {1,2},

[(2%¢)... - (2"0),,

Let w € Qgrapn, @ € {1,2} and y € [0, h) (w)]?. Consider two points with the same first coordinate:

1 -
00,[0,h, ()] = K.(1-62) ”Cf(w)ﬁ(w) h Cf(w)ﬁ(w)”oo,[o,ﬁl(f(w))f

(10.21)

z = ‘ﬁ(ﬂ?) € Vi(w),i(w)
i= (y (fﬁ*i)w (y)) € (@*ﬁ)w,i 2= 0(F) € V() itw)

Since x; = &, we have ||z — Z|| | = 0. Tt follows that & € Vjﬁ z(nc) By forward invariance of the

tangential cone field (see (10.2)), we have z € V/,

)by i) (z) which means

==zl = ollz-2ll, (10.22)
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Hence,
12 =211, = [Chn it (20) = G it (1)
< |Cf(w)j(w)(2¢) —'Cf(w)j(w)(ii)|'+ ”Cf(w)ﬂ(w) _-5f(“)j(w)|Lw,“Lﬁl(f(w)ﬂ2
sqllz -zl + ||Cf(w),%(w) = i) ||oo,[0,iu(f(w))]2
<6” 1z = 20, + || ¢y - 5f<w>,%<w>Hoo,[o,mf(w))]z using (10.22)
or equivalently

1

Iz -2, = 1_52 ”Cf(w),%(w) - Cf(‘*")i(“")||oo}|:0’}2l(f(w))j|2 (10.23)

Recall that = € Vlﬁ ; (z). By expansion in the tangential cone field (see (10.4)), we have

||Z - 2”// 2 Kc ||LIJ _jll/o/ = Kc

(#7¢),,, (21) = (87C),, (w1)] (10.24)

Using (10.23) and (10.24), we get

~ 5 1 C
|(87¢),,, (@2) = (870),, (a1)| = K.(1-467) l¢eericor - Cf(wﬁ(w)”om[ofuf@nf

Hence, (10.21) holds true. According to (9.3), K, (1 - 6—2) > 1so ®* is a contraction mapping. Using

the standard contraction mapping theorem, we get that d* admits a unique fixed point in I'. This
concludes the proof. O

Theorem 10.20 (Local stable manifolds of the double era return map). For every w € g4y, and every
1 € {1,2}, the local stable set of Pjih of size hy(w) contains a Lipschitz submanifold of dimension 2.
More precisely,

Y € Wi, (P50 9)
Moreover, the convergence is exponential in the graph: for every x € 4,, ; and everyn 2 0,

. . . N O k()P
”q»"(x)—d)" (Pwh)H < H;z:—PwiiL e Ce T ki@ (10.25)

.

Proof. Let w = [1;k1,ka,...] € Qgapn, @ € {1,2} and = € 4,,; = Graph™ (fwl) By definition,
4 = ®*4. Hence, for every n = 0 and every j € {1,2},

® (A w)g) C AFn (@it @)

Using the fact that 5fn+1(w),z(fn(w)) is 6-Lipschitz with 6 < 1, we get that for every n = 0,

V@i @) © S (w) fpnnn

S

By induction, we get that for every n = 0, @”(;p) is well defined and belongs to Sf"(w) By

Let n = 0. Since ""'(z) and " (Pjh) both belong to jn+1(,)i(fn(w)), it follows from
Lemma 10.13 that . . )
T n+ *n+ S;
¥ (@) € Vi wigiion (87 (P24)

where h' = (iz, fL, ﬁ) Hence, the contraction estimate (10.5) in the transverse cone gives

&7 @)= (P2, <]

" () - " (PM)”L ¢ Co(knan +hines) (10.26)
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Moreover,

= ||§f”"+1(w>,%(f"<w>) (2" @) ) = Cprorunicinon ((‘I’M (ijh))l)H

<6 ||<i>’”1(x) — (ijfl)”i (10.27)

6" (z) - " (P2

Vi

Using (10.26), (10.27) and the fact that 6 < 1, we get that for every n = 0,

By induction, we get that for every n = 0,

|
(72

i
w,h’

(i)n+1(x) _ (i)n+1 P < e—és(kgn+1+kgn+2)
w,h /o

() - " (P )|,

= 2n 5
e O Lini kilw) (10.28)

(@)= o" (P2 )| = -2

A

Hence, x € qu(w)

of Theorem 10.20.

<i>) and the convergence is exponential in the graph. This concludes the proof

O

10.6 Continuity of the local stable manifolds

We want to show that the graphs 4, ; depend continuously on w € Qg,p,. Equivalently, we can
show that the maps éwﬂ- depend continuously on w € Qg,pn. Now remark that if ijh and P;fh
are close to each other, then ¢ = j. Hence, we can fix ¢ = 1 and discuss the regularity of the map
Grwe Qgraph = (1

Recall that for all w € Qgyaph, CAWJ : [0, ﬁL(w)}Q — R is a d-Lipschitz map such that (Aw,l(O, 2)=w
for all z € [O, ﬁl(w)] We want to compare two different maps éw and 6@)1 when w and @ are close

. . . . 2
together. The most natural way to compare (,, 1 and (g ; is to restrict them to [O, min (hJ_ (w), hl(@))]
and then to use the sup-norm. We do not want the function min (ﬁl (W), hy (d})) to collapse to 0 while

@ tends to w so we will restrict ourselves to points w that satisfy iLJ_ (w) = h; where hy > 0 is an
arbitrary fixed number. This leads us to define the following subset of Qgap:

Qgraph (hl) = {w S Qgraph | Bl(w) = h_L}

One should note that Qgapn = Un21 Qgraph (%) According to Proposition 10.16, for h; small
enough, Qgapn (A1) has positive Lebesgue measure. In the following proposition, Lip;,, denotes the
set of all real valued 6-Lipschitz map defined on [0, h ]*.

Proposition 10.21. For every h; > 0, the map éth P w € Qgrgpn (hy) = (é“,’l) € Lip,,, is

[[0,h1]?
continous for the sup-norm topology on Lipy, .

Proof. Let € >0, hy >0 and Kparam = [1;ky, ks, ... ] € Qgrapn (h1). We are going to show that
there exists 7 > 0 (depending only on € and w) such that for all ©@ € Qgapn (hy ), if |w —@| < 7, then

H(AWJ - 5@71”00 < € (where the sup-norm is to be understood over [0, h,J_]2). Let v = Graph(¢) € T

be the “constant” graph family, defined by ¢, ; = z for all z € Qgapn and all i € {1,2}. Since P is a
contraction mapping (see Lemma 10.19), there exists an integer n such that

dgraph ('AY’ ((i)*)n 7) se€
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From now on, we fix such a n. Denote (<i>* )n ~v = Graph ((@* )n C). We then have

o = Gaall,
<[l = (&) )+ @) ) = (B |+ (@) ), - o
<[ (@) ), - (7)), |+ 2e
One can remark that for every Graph (A) € I" and every z,% € Qgraph (h) close enough, we have

|| (‘i)*A)z,l B ((i)*A)E,l

. This inequality follows from the very same argument as in Lemma 10.19. One

| (o)

|m,[o,m2 RYLVEr Af”(fm||oo,[o,hle—éswzﬁwzuw)]2 (10.29)

where A\ = m
just needs to check that if Z is close enough to z, we can indeed use the invariant cone field from
Proposition 10.8. Now remark that if & is close enough to w, then for every 0 < j < n, fj (@) is close
enough to f7(w) so that estimate (10.29) holds true with z = f’(w) and z = f’(@). By induction, we
get

[(CORIE(CHORI

‘m,[omz < X" [[¢mnicrron = Cf”(@)i(f"-l(o))||m,[0,hlefcsz$:1 o
<\ fM(w) - (@)

Moreover, if @ is close enough to w, then

@)= £ ) and @) = £ @)

Hence, using Proposition 8.3 on the Kasner map, we get that

2n
R W (R W I 0 ) [

)

Take 1 > 0 such that n ()\" ]_[12:1 16k1v2) <e If |w—&| <7, then

||Cw,1 - C@,l”oo < 3e

which concludes the proof. O
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Shadowing of heteroclinic chains

If p is a point of the Kasner circle .#, let us denote by Shad(p) the union of all the type IX orbits in
%" shadowing the heteroclinic chain .7 (p) starting at p. Recall that w € ]1, +0o[ \ Q satisfies the
moderate growth condition if

kn+4(w)4 = Op—+oo (Z ki(w)5) (MG)

We are now ready to prove the first part of Theorem B stated in the introduction. Let us recall the
statement.

Theorem 11.1 (Theorem B, first part). Let p be a point of the Kasner circle. If w(p) verifies the
moderate growth condition (MG), then Shad(p) contains a 3-dimensional ball Lipschitz embedded in
the phase space B .

We will reduce Theorem 11.1 to a more technical statement, see Theorem 11.4 below. Let us
recall some notations. For any w € ]1,2[ \ Q, we denote by P, the unique point belonging to the
Kasner interval Ky whose Kasner parameter is w and by H (w) the heteroclinic chain starting at P,,
(see definition 3.7). Recall that 4 = (4,,;) denotes the fixed point of the graph transformation, that

is, the graph family invariant by the double era return map d constructed in Chapter 10. Roughly
speaking, we will prove that the orbits starting in 4, ; will shadow the heteroclinic chain H (w) (see
definition 1.2). In practice, we need to impose a stronger condition on w : the moderate growth
condition (MG).

Definition 11.2. We denote by .4 the set of all the points w € ]1,2[ \ Q satisfying the moderate
growth condition (MG).

Proposition 11.3. Q.4 C Qgpqpn (see definition 10.14) and Qgpqq is a Lebesgue full measure subset
of 11,2[ \ Q. Moreover, if w € Q pqq, then

2n
Fna1 (@)1 + kana2(@)! + kanas (@) + Eanea(w)® = 04ioo (Z ki<w)5) (1L.1)

=1

Proof. The first part of Proposition 11.3 is a direct consequence of Proposition 10.16 and Lemma B.1.
The fact that (MG) implies (11.1) is straightforward. O

11.1 Shadowing theorem

Recall that 4 = (9,,;) denotes the fixed point of the graph transformation. Recall that the type IX
points are those satisfying, in local coordinates, the condition

z, >0, zs, >0, zs, >0

In particular, any point in the interior of 4, ; is of type IX. Recall that Shad(w) is the union of all the
type IX orbits in B* shadowing H (w).

145
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Theorem 11.4 (Partial description of the shadowing sets). For every w € Qg,q4, every i € {1,2}

and every point qy € f_l ('Ay%i) of type IX, the orbit of the Wainwright-Hsu vector field starting
at qo shadows the heteroclinic chain H (w). In particular, the shadowing set Shad(w) contains a
3-dimensional injectively immersed Lipschitz manifold, namely the set

J X (67" (Bui) 0 Bix)

teR
where X" is the flow of the induced Wainwright-Hsu vector field X .

Proof of Theorem 11.4. The proof relies on the following ingredients: Theorem 10.20, Proposition 9.10,
Proposition 9.9, Proposition 7.4 and Proposition 6.8. To make the proof easier to read, we will
sometimes identify a point in U C B with its image by the local coordinate system £. Let w =
[1:ky, ka,...] € Qunaa, i € {1,2}, g0 € € (4.:) be a type IX point and g : ¢t = g(t) be the forward
X-orbit of ¢q.

Our goal is to prove that g : ¢t — ¢(t) shadows the heteroclinic chain H (w). Recall that H (w)
is the concatenation of the type II orbit Op _p, , with Opf(w)_,'pfz(w) and so on. Hence, the orbit

(Wn)nso = (w7 f(w), FP(w), ... ) will play a fundamental role. It will be convenient to gather the terms
of this sequence by eras, that is, to look at it as the double sequence

(wi)Gner, = (Woo =w,wo1 = f(w),...,wo k-1 = A7 w),
wio = W) wig = F(F@)), e swipr = 27 (F(w)),
wao = [ (w),wan = f(FA(W)),...)

where

E,={(.) eN"[0=1=kj -1}

is endowed with the lexicographical order. We will alternate between those two points of view, using
the increasing bijection ¢ : E, — N defined by

J
PG =1+ ) ki
m=1

In other words, we associate with any formal sequence (a,,),en @ sequence (a;;)(;.1er, Where a;; :=
a5,y and conversely.

According to Theorem 10.20, ¢y belongs to the local stable manifold of Pj"ﬁ of size h) (w). In

particular, ®’(go) is well defined for all j = 0 and, a fortiori, ‘i’%(%) is also well defined for all j = 0.
Let T = 0, T3 9, T 0, . - . be the successive times when the orbit g intersects the section Sj,. For j = 0,

~Crosa(f (w 7 ~Cgsa(fi (w s
deﬁne hJ_,2j,0 =€ 1084 (/7 )), hgj’o = (h,hl’gj’o,e ss2(f( ))) and ng’() = Sfj(w),hgj,o'

Claim 1. For all j 20, X™°(gy) € Sy 0.

Proof of claim 1. Recall that izl(w) < hj 0o and éw,i is 6-Lipschitz, hence the claim is trivial for j = 0.
For j = 1, remark that

T ~d i1 ~
X7%%(qo) = ' (qy) € Graph®iF/ ™' (ij(w),i(fjfl(w))) C S;,-(w),ﬁ S0

fi(w)
O

670954(f2j+1(w))

,@882@%1(@)) and

For j = 0, define hy 9110 = , haji = (h7h¢,2j+1,0,€

— QS
82j+1=0 . Sf21+1(w),h2j+1,o'

Claim 2. For all j 20, X™"°(qy) € Sy;41.0-

Proof of claim 2. This is an immediate consequence of claim 1 and Proposition 9.10. O
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—ﬁs)ésfl(fj(w))

For j 2 0 and 1 =1 < kj;q — 1, define hy ;; = (ﬁ 41

J

-
m(f (' (w))), hy,

(Ek;fihl’j’hhl’j,l) and S;; = S;L(f_‘j(w)),hj'l. Let 5 = 0. According to Lemma 9.8 and Proposi-
tion 9.9, the orbit segment [XTJ’O(qO),XTj“"’(qO)} passes through all the sections S; 1, Sjo, ...,

Sjk;. -1 in that order. We denote by

Tjo <Tja <+ <Tjpyn-1 < Tjrr

J+1

the successive first times 7}; such that XT“(qO) € §;; foralll <1 < kj,; —1. More precisely,
Tja < -++ <Tjy,,,-1 are defined recursively as follows
7}71 = min {t > 7},0 | Xt(qO) € S,‘71}
. t
1—}’2 = min {t > /—Tj,l | X (qO) € Sj,Z}

. t
T} ;-1 = min {75 > Tjp,-2 1 X (q0) € Sj,km—l}

Let (P,),s0 be the sequence of the successive intersection points of the heteroclinic chain H (P:h)

with the sections Sy, S, etc. According to Proposition 9.10, if XT2j’°(q()) is close to Pyj ¢ (relatively
to the size h, 50 of the section Sy in the direction transverse to the Mixmaster attractor), then

X240 (40) is close to P10 (relatively to the size hy o;41,0). More precisely, if

‘|XT2j'O(QO) - sz,o”Oo
<e€

hy 250

with 0 < € < 1, then
”XT””’O((]O) - P2j+1,0||00 -
<e¢

hi2i+1,0

According to Proposition 9.9, if XTj’O(qO) is close to P; (relatively to the size h, ), then, for
every 1 <1< kjq—1, x5 (go) is close to P;; (relatively to the size hy j,;). For (j,1) € E,,, define

h if1=0
hjgp=13. _a; .
hk,.y ifl=1

J

and .
* n
by = Tn + Tpngo)h, (X (QO))

where 7" is defined in Proposition 6.8. According to Proposition 6.8 together with Proposition 6.1 and
Proposition 7.4, if X" (qq) is close to P, (relatively to the size hj ,,), then

1. X" (qo) is close to Pin(w)-

2. The orbit segment [XT”(qO), x T (qo)] is close to the heteroclinic chain segment [P, P,,41] for
the Hausdorff distance.

Hence, we are left to prove that the ratio between ||XT2j’°(q0) - P2j70||oo and hj ;0 tends to 0 as
Jj tends to +00. One can rewrite (10.25) as follows:

Ty, ~Cs Yol 1 ki
||X 2]‘0((10)—1323',0||005 llgo = Poll e 2=

Hence,
T, :
”X 299(q0) = Pajo

|| ~ £ _A 2j 5
h 00 < ||q0 _ P0||L€CIOS4(f (UJ)) Cy Zm=1 Ko
1,250
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To conclude, recall that w € Qg.q. Equation (11.1) implies that

lim Crosa(F@N-Cs Tk _

j—o+00
Hence, the orbit ¢ : ¢ = ¢(t) shadows the heteroclinic chain H (w). This concludes the proof since
Shad(w) is clearly invariant by the flow of the Wainwright-Hsu vector field X. O

Proof of Theorem 11.1. Let p be a point of the Kasner circle such that w(p) verifies the moderate
growth condition (MG). One can find an iterate .#’(p) such that w(.#’(p)) € 11,2[ \ Q. Moreover,
Shad(p) = Shad(.-#’(p)) and w(.-#’(p)) verifies the moderate growth condition (MG). Hence, one can
assume that w = w(p) € ]1,2[ \ Q without loss of generality. According to Proposition 11.3, w € Qgpaq-
Remark that 4, ; N Brx is a 2-dimensional Lipschitz manifold. Since the local coordinate system § is a
diffeomorphism, it follows that

5_1 (%,z‘) N Brx

is a 2-dimensional Lipschitz manifold as well. According to Theorem 11.4, for all point ¢y € & - (,%”)
of type IX, the orbit of the Wainwright-Hsu vector field starting at gy shadows the heteroclinic chain
H (w). In other words

L&' (67 (Bu.i) N Bix) ¢ Shad(w)

teR

Moreover, for € > 0 small enough, the set

U (5_1 (Fw,i) N BIX)

te€]—e,el

is a 3-dimensional ball Lipschitz embedded in the phase space B*. Hence, the shadowing set Shad(w)
contains a 3-dimensional ball Lipschitz embedded in the phase space B*. Recall that B” is a quotient
of B* (see section 3.6). As a consequence, Shad(p) contains a 3-dimensional ball Lipschitz embedded
in the phase space Z". This concludes the proof of Theorem 11.1. O
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Absolute continuity of the stable manifolds
foliation

If p is a point of the Kasner circle 2, recall that we denote by Shad(p) the reunion of all the type IX
orbits in #" shadowing the heteroclinic chain starting at p. The purpose of this last chapter is to
prove the second part of Theorem B stated in the introduction. Let us recall the statement.

Theorem 12.1 (Theorem B, second part). If & C & has positive 1-dimensional Lebesgue measure,

then Upeg’ Shad(p) has positive 4-dimensional Lebesque measure in the phase space A" .

We can reduce Theorem 12.1 to the following proposition. Recall that Qgnaqa € Qgrapn € 11,2[. In
Chapter 10, we constructed a graph included in the local stable set of Pji}} for all w € Qgpapn, denoted
by 4.,i (see Theorem 10.20). For F' C Qyapn and i € {1,2}, let

W (F.8) = | | A

weF

Proposition 12.2. If E C Q44 has positive 1-dimensional Lebesque measure, then W™ (E, <i>) has

positive 3-dimensional Lebesque measure. The same result holds true with W *? (E, i))

Proof of Theorem 12.1 using Proposition 12.2. Assume that Proposition 12.2 holds true. Fix & ¢ &
of positive 1-dimensional Lebesgue measure. Let w(&) := {w(p) | p € &}. Since the map w - P,
is absolutely continuous, we get that w(&) has positive 1-dimensional Lebesgue measure. As in
the proof of Theorem 11.1, one can assume that w(&) N ]1,2[ has positive 1-dimensional Lebesgue
measure without loss of generality. Recall from Proposition 11.3 that €),.4 is a Lebesgue full measure
subset of ]1,2[. Hence, F := Qg,.q N w(&) has positive 1-dimensional Lebesgue measure. Now apply
Proposition 12.2 with the set E. We get that

W (B,@)c s

has positive 3-dimensional Lebesgue measure. Since the local coordinate system ¢ is a diffeomorphism,
it follows that )
- S z S1
& (W (E.d))cs;

has positive 3-dimensional Lebesgue measure as well. Hence, the set

X (e (w™ (£.2)))

teR

has positive 4-dimensional Lebesgue measure in B°. Moreover, according to Theorem 11.4,
U, cp Shad(w) contains the above set. Recall that B* is a finite quotient of Z* (see chapter 3.6). As
a consequence, UpE & Shad(p) contains a 4-dimensional Lebesgue measure set. Hence, Theorem 12.1
holds true. O

149
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SZI’h M\

Yy

’Yw.,l 'Yw',l

€

Figure 12.1 — The map H,,.

To prove Proposition 12.2, we will use a strategy due to Pesin, which consists in considering the
holonomy along the “foliation” in local stable manifolds, and proving that this holonomy is made of
absolutely continuous maps. This strategy is well-known in the context of non-uniformly hyperbolic
maps. We call “foliation” in local stable manifolds the set

{&w,i |w € Eal S {172}}

According to Proposition 10.21, the map éw depends continuously on w. Now let us explain why
Proposition 12.2 is not a direct consequence of this continuity. Consider a set E C .4 of positive

~ 92
1-dimensional Lebesgue measure. For y € [O, h] , introduce the horizontal line

def B s
Ly = {(Iu,h,I52,llfc) € S}”Zl | (xuv'ISQ) = y}

Recall that /| (w) is the “size” of the graph Yw.i (see definition (10.18) and Theorem 10.20). To simplify
the discussion, assume that there exists h; such that for all w € E, the graph 4,, ; has a size larger than

hy,i.e. IA"Ll(w) > h, . According to Fubini’s theorem, the set W™ (E, <i>) has positive 3-dimensional

L2
Lebesgue measure if and only if there exists a set Y C [0, h] of positive 2-dimensional Lebesgue
measure such that forally € Y, L, N W (E, <i)) has positive 1-dimensional Lebesgue measure. For
y € [0,h, ], define the map Hy:E—L,nW" (E,i)) by the formula

Hy(w) = éw,l(y)

See figure 12.1. Remark that
H,(E)=L,nW" (E, )

If one wants to deduce the fact that W** (E, ‘iJ) has positive 1-dimensional Lebesgue measure from
the fact that I has positive 1-dimensional Lebesgue measure using the maps H,, one needs to show
that these maps send positive Lebesgue measure sets onto positive Lebesgue measure sets for all
yeY c[o, hl]2 where Y has positive 2-dimensional Lebesgue measure. However, Proposition 10.21
only implies that H,, is a homeomorphism and it is well known that not all homeomorphisms send positive
Lebesgue measure sets onto positive Lebesgue measure sets. In other words, some homeomorphisms
send non-zero Lebesgue measure sets onto zero Lebesgue measure sets. Hence, Proposition 12.2 is not
a straightforward consequence of Proposition 10.21. We must show that the maps H, send positive
Lebesgue measure sets onto positive Lebesgue measure sets using another method. Let us now describe
this method, which is due to Pesin.

From now on and until the end of this section, we fix a set E C {y,.q4 of positive 1-dimensional
Lebesgue measure. We are going to replace E by a subset E such that we have some uniform estimates
on the continued fraction expansion of points of E and such that E still has positive 1-dimensional
Lebesgue measure. Define

F*E 5, |we B}
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S; W (E,®)

z

m(y)  w(z) w(z)
Figure 12.2 — The projection map .

Remark that Q.4 is totally disconnected, hence F*' is the family of connected components of
Wt (E, <I>). Even if F** is not a foliation of the section S;Ll, we will call F*! the local stable manifolds

“foliation” of the double era return map ®. Remark that the F*' is leaf-invariant by ®. The uniform
estimates on points of E will be crucial to prove that the local stable manifolds “foliation” of the double
era return map d is absolutely continuous. We now proceed to define E. According to Lemma B.1,
there exists ng and [y such that the set

2n
1
Vn = ng, Zki(w)g) >n’ 10
Elver o ) \ L oaa (121
Vn = ng, kons1(w)” + Eopio(w)” + kopasg(w) + kopra(w) sn 10

V1<n<2ng, kn(w) <y
has positive 1-dimensional Lebesgue measure. Remark that the quantity

66'1254(f"(w))—08 Zf:o kz‘((—d)5

is uniformly bounded from above for w € E. Hence, according to the very definition of h 1 (w)

(see (10.18)),

510 % inf hy(w)>0 (12.2)
weFE

In other words, the size of the graph 4, ; is uniformly bounded from below by ¢, ( for w € E.
In a second time, let us introduce a projection map 7 which is somehow the inverse of H,. Roughly

speaking, we will project points of W* (E, i)) onto the Mixmaster attractor along the foliation F'*!
and then project to the last coordinate. See figure 12.2.

Definition 12.3 (Projection map). The projection map 7 : W*! (E, (i>) = ||, ez w1 — R is defined
by m(z) = w for all € 4, ;.

Remark 12.4. The restriction 7|z~ of the projection map is the inverse of H,.

Remark 12.5. To make the reading easier, we will make the abuse of notation to write 7(G) instead of
W(G nw? (E,‘P)) for any set G C Sj,.
We denote by Leb,, the n-dimensional Lebesgue measure. Lemma 12.6 states precisely that the

~q2
projection map 7 is absolutely continuous in restriction to horizontal lines. For y € [O, h:| , let m, be
the restriction of 7 to the horizontal line L.

Lemma 12.6. There exists 0 < hy < 6y ¢ such that for all y € [0, h1? and all G € L,nWw* (E, <i>),
Lebi(G) =0 = Leb, (7(G)) = 0 (12.3)

Proof of Proposition 12.2 using Lemma 12.6. Assume that Lemma 12.6 holds true. Take0 < h; < d, o
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as in the statement of Lemma 12.6. Assume that
Lebs (W™ (E,8)) =0

This implies that
Lebs (W™ (E,®)) =0

Using Fubini’s theorem, we get that for Lebesgue almost all y € [0, h J_:]2,
Leb; (L, nW*™ (E,®)) =0 (12.4)
Fix such a transversal L.

Claim 1. 7, (W* (E,®)) = E.

Proof of claim 1. The inclusion (WS1 (E, é)) C E is obvious by definition of 7. Let w € E. Since

hy <4, o, the size h) (w) of the graph Yw is larger than h, (see (12.2)). Hence, 4,1 intersects the
horizontal line L, exactly one time, say at x. By definition, we have m,(2) = w. This concludes the
proof of claim 1. O

According to (12.3) and (12.4), we have

Using claim 1, we get that

This is the desired contradiction. Hence,
Lebs (W™ (E,®)) >0
and Proposition 12.2 holds true. O

We are left to prove Lemma 12.6. Let us explain the general strategy of the proof. Consider a set

GcL,n W (E, @) such that Leb, (G) = 0. We will cover G by a countable union of little horizontal
segments. We need two definitions to make this idea precise.

Definition 12.7 (Diameter). Let G € Sj;,. We define the diameter (in the direction tangential to the
Mixmaster attractor) of G by

def ~ ~
G sup Jlw =, = sup |, - |
z,T€G z,T€EG

Definition 12.8 (Horizontal segment centered above w). Let w € E and D C S;l. We say that D is

<92
an horizontal segment if there exists y € [0, h} such that D is a compact and connected subset of L,,.
If this is the case, there exists a unique pair (z,Z) € L, such that |D| = Z, — .. In other words,

D={z=(2uh. 2. 2) € S; | (2ur25,) = Y, 7 < 2 < i}

N 2
We call x and & the end points of D. Moreover, we say that D is centered above w if y € [0, hl(w)]
and if the middle of the segment [z, Z.] coincides with v., where v denotes the intersection point
between L, and 4, ;. See figure 12.3.

Since G has zero 1-dimensional Lebesgue measure, one can find a countable family (D;)ien of
horizontal segments centered above points of E covering G and satisfying

+00
Z Lebl(Dl) <€
=0
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S ~
S Yw,1

Figure 12.3 — Segment D centered above w with its end points.

where € is an arbitrary fixed positive number. Assume that there exists a constant M (independant of
the choice of the segments D;) such that for all ¢ € N,

Lebl(’ﬂ' (Dl)) < MLebl(DZ)

We get that 7(G) is covered by the countable union of sets m (D;) whose total measure is arbitrary
small. As a consequence, 7(G) has zero 1-dimensional Lebesgue measure. Hence, we are left to control
the projection of an horizontal segment D by the map 7. Informally, we will prove the following
statement.

Informal statement. There exists a constant M > 0 with the following property. Take an horizontal
segment D centered above a point w € E. If D is sufficiently close to the Mixzmaster attractor and has
a sufficiently small diameter, then

Leb1(7r (D)) < MLebl(D)

As stated earlier, the strategy used to prove the above statement is borrowed from Pesin’s work
on non-uniformly hyperbolic dynamical systems. First, remark that if D has a diameter J, and is
positioned at distance J; from the Mixmaster attractor with 6; < ,, then the above result is easy
to prove. Indeed, recall that the graphs 4, ; are all %—Lipschitz. Hence, the projection 7 (D) has a
diameter less than §; +d, < 26,. For the general case, one can try to “push by ®” the horizontal
segment D so that <i>n(D) is in the configuration of the previous situation. Indeed, recall that )
contracts the direction transverse to the Mixmaster attractor and expands the direction tangent to the
Mixmaster attractor. Hence, for n large enough, @"(D) will have a “large” diameter and will be “close”
to the Mixmaster attractor. As a consequence, the result should hold true if we replace D by @n(D)
To conclude, one needs to tackle two difficulties.

The first one is the ability to “come back to D”. In other words, we need to prove that if the result
holds true for " (D), then it holds true for D as well. This amounts to prove the following thing: ®"
expands D in the tangent direction to the Mixmaster attractor and f " expands 7 (D) with almost the
same factor, independantly of n. This is the distorsion estimate proved in Proposition 12.10.

The second one is the fact that n must be “well chosen”: large enough so that @"(D) has a “large”
diameter and is “close” to the Mixmaster attractor but not too large because we need to ensure that
forall 0 < j < n, &’ (D) is contained in a small section S’ 7 () b (@) where all the objects of interest are
well defined and well controlled. ’

12.1 Distorsion estimate

Recall that we introduced a constant 012 in Lemma 10.11, when we described the preimage of a
6-Lipschitz graph by the double era return map d. Let us ﬁx Ci5 = C5 large enough so that for all
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a1
128%a% 9 < 3 (12.5)
For w € ]1,2[ \ Q and j = 0, define

m(w) € sa(F(@)) + max ki(w),

- ’

h; (w) def (il, 6—01384(f'7(w)) e—Clsmj(w))
and the interval def [ o B B -
I(w) € [P @) =@, Py + O]
Remark 12.9. mg(w) = so(w).

For w € ]1,2[ \ Q, D an horizontal segment and n a positive integer, define the property

f7(w).hj(w)

( ). [Y0sisn-1, (D) c 8
w,Dn) ¢ Vo<j<n-1, fj(ﬂ-(D))CIj(W)

Property (H,, p,,) implies that all the objects playing a role in the distorsion estimate are well defined
and well controled for n iterates. Next proposition gives a precise statement about the distorsion
estimate we need.

Proposition 12.10 (Distorsion estimate). There exists a constant A = 1 and a constant 61 o > 0

such that the following property holds true for w € E, Yy € [0,(5J_’2]2 andn = 0. Let D C L, be an
horizontal segment centered above w. If (H, p,) holds true, then

oD, _Inl
|/ (e (D))~ 1w (D)

Roughly speaking, the distorsion estimate means that D and 7 (D) are “similarly” expanded by ®"
and f" respectively, uniformly with respect to n.

The first step to prove this distorsion estimate is to show that under the hypotheses of Propo-
sition 12.10, the j-th iterate of the horizontal segment D by the double era return map is almost
horizontal.

Recall that Cy is the constant defined in Proposition 9.2 on the double era transition map. Remark
that .

01,0 < inf ¢ Casalw)
welE

For w € E and n = 0, let

—Jn
def er

(W) = 4 X 16%kap41(w)?kanso(w)?

For w € 11,2[ \ Q, let

)

hw d=ef (}AL, e—C854(w) e—CgSg(w))

Proposition 12.11 (Decreasing angle with the Mixmaster attractor). There exists 0 < 611 <01 ¢
such that the following property holds for w € E, y € [075J_,1:|27 x,% € L, and n = 0. Suppose that both

&7 () and (%) are well-defined and belong to the section S;j(w) hpi, for0<j<n-—1, then

|7 () = 8"(@)]| | = an(w)]|@"(2) - 2" (2)]| (12.6)

Va

[,

Remark 12.12. The ratio CEBEmE| measures the angle between the segment [ti)"(x), <i>"(:E)] and
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the horizontal direction (the direction tangent to the Mixmaster attractor). Proposition 12.11 states
that this angle decreases at a rate of a “stretched exponential”.

Proof of Proposition 12.11. The proof relies on the fact that the double era return map @ contracts
the direction transverse to the Mixmaster attractor and expands the direction tangent to the Mixmaster
attractor. We begin with the definition of the size 0, ;. For any w = [1;k1,ks,...] € E and any j = 0,

let .
Eg 27 1.5
def —=E 351 ki

Bl’j =e =t
Using the uniform estimates (12.1) for points 0f~E~’, we get that there exists n; = ng (depending only
on ng) such that for every w = [1; k1, ko, ... ] € E and every j = ny, we have
Ef";ﬁ + ﬁf’sﬁ < %

and N .
_k2jer | kojen 1 9 9 9 1 1
hiy " = 5(4X 167k sk2504) e = 5+1(w)
Since the coefficients ki (w), ..., ka,, (w) of any point w € E admit a uniform upper bound depending

only on ng and ny (see (12.1)), one can find a constant 0 < §, ; < §; o such that for every w =
[1;k1,ks,...] € F and every j = 0, we have

SO . 1 1
(5l71hl7j)26k2j+1 + (5l71hl7j)26k2j+2 < 1 (1273)
and
~ k2j+1 | k2j+2 1
(5L,1hL7j) < §aj+1(w) (12.7b)

Let w=1[1;ki,ks,...] € E, Yy, T, T as in the statement of Proposition 12.11. Assume that = # . Let
n = 0 such that for every 0 < j <n — 1, we have

¥ (z) € S5 and (@) es

S
fj(w)vhfj(w) fj(w)vhfj(w)

For 0 = j < mn, let
ey = max (||#7(2) - (@Y @)]|, . [# @) - @Y (@) ,)
h,, = O )
“‘fj(x) - éj(;z)“l
[#@) -o @),

J

According to (9.5) and the fact that both & (2) and ®’(&) belong to the section Sjgj(w) b, for
SFT (4
0 <j <n—1, we get by induction on j that for every 0 < j < n,
_C8 2 ;5
hyy<byge s 2o n (12.8)

Claim 1. For all0 < j < n, a; < oj(w).

Proof of claim 1. By hypothesis, z and & belong to a same horizontal line, hence ||z — Z||;, = 0. In

other words, ap = 0 s0 ap < ap(w) holds true. Fix 0 < j < n — 1 and assume that a; < a;(w) holds

true. We apply (9.8) to the map ® restricted to the section Sfj(w)’(ﬁ’hu’h//’j):

(8 (2'()) - @ (#'@)) - (8% (¢'(2)) - &° (&' ()

1 1
26k2j+1 26k2j+2 2,2 2 i 250~

<
//
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Plugging (12.8) into (12.7a), we get
1 1 1
26k2j+1 26k2j4+2
hy ;70 A hy <3 (12.10)
Using the hypothesis a; < a;(w), we get
2,2 2 1
16 k2j+1k2j+2aj < Z_l (1211)
Plugging (12.10) and (12.11) into (12.9), we get

(@ (2’ (@) - @ (¢'(2))) - (¢" (#'(2)) - 2" (¢’ (@)

Moreover, the Kasner map being expansive (see Proposition 8.2), we have

L pw-de.

|67 (&7 (x)) - " (éj(@))||// > ||#7(2) - () = |97 () - 7(a)]| (12.13)
It follows from (12.12) and (12.13) that
|67 @) - &' = 2| @) - ¢ @) (12.14)

S

Now we apply (9.7) to the map ® restricted to the section Sff(w),(ﬁ,hl,j,h//,j)

kaj

PN N a k2ji1 | k2je2 .
@ (7)) =@ (¥ @)||, =hT ™ [|#'(x) - ¥ (@), (12.15)
Plugging (12.8) into (12.7b), we get
k2j+1+k2j+2 1
(hy ) o "0 < §ajH(W) (12.16)
Plugging (12.16) into (12.15), we get
A4l A e, 1 5 j 25~
|67 (2) - 97" (@)]|, = gaa@) ¥ (2) - (@) (12.17)
According to (12.14) and (12.17), we have
Qjy1 < i (w)
This concludes the proof of claim 1. O

In particular, o, < a,(w) holds true, which is the desired result. This concludes the proof of
Proposition 12.11. O

Proof of Proposition 12.10. We begin with the definition of the size §| 5. For w = [1;ky,ks,...] € E
and j = 0, recall that
ilJ.,j = 6_% T

Using the uniform estimates (12.1) for points ofNE, we get that there exists ny = ng (depending only
on ng) such that for every w = [1;ky, ko, ... ] € E and every j = ny, we have the following estimates

1 1
= 26k2j4+1 = 26k2j4+2 1 _ﬁ
. . < —
hJ_,] + hlJ < ge
L
4

= 2,3 3
hy j128%kyj41k2542

IA

Since the coefficients ki (w), ..., kap, (w) of any point w € F admit a uniform upper bound depending
only on ng and ny (see (12.1)), one can find a constant 0 < §, 5 < 0, ; such that for every w =
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51 A s ’Ay?j w),i
Sw,h Yow,1 Sfj(w)>hj(w) P,

Figure 12.4 — Iteration of the two horizontal segments. To avoid clutter, we denote i = i( 7~ (w)).

[1;kq,ks,...] € E and every j = 0, we have

1 1
7 S6koa1 I ErTvessy 1 —/q
(6J_72h_1_,j)26k2j+1 + (6J_72h_l_,j)26k2j+2 < Ze Vi (1218&)
- . . 1~
612h1 j128°K3 1 Kjn < go Vi (12.18b)

Fix w € F and Yy € [0,5J_,1:|2. Fix D C L, an horizontal segment centered above w. Fix n = 0 such
that (H, p,) holds true. Denote by x and Z the end points of D. Analogously, let 2" = inf7 (D)
and & = supm (D). The forward invariance of the tangential cone field and the expansion estimate
(10.4) imply that, for all 0 < j < n, ®’ (D) is an arc “almost horizontal” in the section S;j(w)7hj(w). In
particular, its diameter satisfies the relation

&7 (D)] = ||=; - 3],

where z; := ﬁﬂ(x) and Z; := éj(j) Using the expansion of the double era Kasner map (see
Proposition 8.2), one has an analogous result for 7 (D), letting x; := f7(2) and QE'] := (&), See
figure 12.4.

. . ~ 1 ~1 .
Using the points z;, Z;, *; and Z;, one can write

~1

2" D) ey [®"@-"@, |-z

/)| 1PL =@l ) - )

e RS ES S P
=0 Mlei=3ll, e | - £

_ ﬁ ||(i>(xj) - é)(ij) p n-1 ||(i>A($j) - &)A(jj) P |l’; - 5:;|
=0 |¢>A(xj)—(f"4(§:j) , =0 ||xj _jj”// ’f(xlj)_f(i’;”

= RiR, (12.19)

where
w1 ||d () - 03| oot |64 (ay) - 04|, Jo -

P VICAESIEH]

J=0 J=0

R d=ef ! _ q R d=ef
1 1_[|1<1>A(wj)—<1>/*(5cj)||// N e
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For 0 < j <n, let
hig= max [|87() - (@) ()],

h = e—clsmj(w)
/3

According to (9.5), we get by induction on j that for every 0 < j < n,

— SRR

hJ_’j < (SJ_’2€ 4 (1220)

Let

def

l\')lH

+00
1

Claim 1. Ry <e

Proof of claim 1. Let 0 < 5 < n — 1. We apply (9.8) to the map d restricted to the section
Sfj(w),(il,hL,j;h//,j):

(300 366) - () - ')

1 1
(hii?jﬂ +hy ) |2 = %5l oo + 16% K21 kdjue ||z — 25|, (12:21)

Plugging (12.20) into (12.18a), we get

T e s e (12.22)
According to (12.6),
162h2 1 k2o [|2; = 35, = 162K, 1k2 00, (w) ||y — 51|, < e ||y — 2| (12.23)
25+1725+2 7 JllL = 27+1M25+205 J Jally = 4 7 I 1lloo .

where we used [|z; - &;|| = ||lz; — ]| - Plugging (12.22) and (12.23) into (12.21), we get

(B - 8(2)) - (4 () - @) = 5677 llay - &l (12.24)

/

Recall that the map & is essentially the double era Kasner map (see (5.7)). Moreover, the Kasner
map is expansive (see Proposition 8.2), hence

[ ) = @) | 2 Moy =25, = oy - &5l (12.25)
It follows from (12.24) and (12.25) that
oG -2, -

p— S —
|94 ) - 24|, ?
As a consequence of the above estimate, we get

n-1 ||¢>(xj)—¢>(x]
InRy = Zl ||¢)A(a:)—¢>A(a:j

1
P

This concludes the proof of claim 1. O
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Recall that K, > 1 is the expansivity constant in the tangential cone field (see (10.4)). Let
C der 1 JioK_j + ;To_oe_ﬁ
2 4\ ¢ - c L
j= j=

Claim 2. R, < 2.

Proof of claim 2. Recall that the last coordinate of the double era return map restricted to the
Mixmaster attractor is exactly the double era Kasner map, hence
|$ ;= ZL‘]

b |7 (@)e) = F (@) |
=0 N@de= @)l |fGa)) - F()]

-1

! ~l|

:l

Applying the mean value theorem to the function f , we get that

L1 f'(25)
EO[| |

el
where z; € [(z;)., (Z;).] and z; € [xj,:c]} (see figure 12.4). Let 0 < j < n — 1. According to
Proposition 8.3,

P 5 2,3 .3
|f’(zj) - f’(Z;)| < 128 kg p1kaj40 ‘Zj - Z;‘
Let us denote by v the intersection point of D with 4, ;. Let v; = &’ (v). Remark that (v;)c €
[(%;)e, (&).] and f(w) e [x'],:i';] According to the above estimate,

|F'(2) = ()] = 128°K3 101k 502 (127 = (0)e] + | (0)e = F(@)] + | (w) = 2}])
< 128k ke ([l2; = 2511, + | (v))e = F ()| + |2 - 7)) (12.26)

According to the forward invariance of the tangential cone field and the expansion estimate (10.4),

lz; = 2|, < K277 gy = Epall, < K2 Cromnn @) (12.27)
One has an analogous estimate for |33; —5@;| Putting together (12.27) and (12.5) (with a =
maxi<<on ki), we get
2,3 3 - +1-n
128% k31 kg (|2 = 35|, + | - 75]) < 4Kj (12.28)

Since v belongs to the graph 4, 1, (10.25) implies that

A ~Cs ¥ 15
|(0))e = 7 ()| = 600e” 2
Using (12.18Db), it follows from the above estimate that
P 1 _
1282k:23j+1k§j+2 |(Uj)c - f](w)| = 1° Vi (12.29)
Plugging (12.28) and (12.29) into (12.26), we get

. R 1 ivien 1 _f3
|7 = P ()] < K27 4+ g7V



160 CHAPTER 12. Absolute continuity of the stable manifolds foliation

Since f is expansive (see Proposition 8.2), it follows that| f’(z;)| >1 and

|F'(2)) 1
— 1] < 1
|7'()]
As in the proof of claim 1, we get as a consequence of the above estimate that
1 n—1 n—1 \f 1 n—1 n—1 f
1en _, » o~
lnstz(;Ki +Z)e J)SZ<Z)KCJ+Z)e J)sCQ
j= j= j= j=

This concludes the proof of claim 2. O
Using claim 1 and claim 2 together with (12.19), we get that

|<i)n(D)‘ |7T(D)| SeC1+Cz
|/ (= (DY) 1D

Hence, Proposition 12.10 holds true with A := 1tz O

12.2 Absolute continuity of the projection map 7w

Define N
-Ci3s2(w)
Y
weE 2

4,

Va

For G a subset of S;Ll, define the “maximal gap” between G and the Mixmaster attractor by

dist; (G, A) def sup disteo (2, A) = sup max (z,, x5, )
zeG zeG

and analogously if G is a subset of S’ZQ.

Next lemma gives a sufficient condition so that we can control all the iterates &’ (D),0< Jjsn—1,
for a time n sufficiently large so that the distance between the Mixmaster attractor and ®" (D) is
smaller than its diameter in the direction tangential to the Mixmaster attractor.

Lemma 12.13. There exists a constant 0 < §; 3 < §; o such that the following property holds for
weFE andye [076J_¢3:|2. Let D C L, be an horizontal segment centered above w. If

Dl <6,
then there exists an integer n (D) 2 0 such that the property (H,, p n(p)) holds true and such that
dist, (¢"” (D), 4) < |87 (D) (12.30)
Proof. We begin with the definition of the size §, 3. For w = [1;ky,ks,...] € E and j = 0, recall that

- _Cs8 25 45
hJ_’] =e 4 Zz:l 7

Using the uniform estimates (12.1) for points of~E, we get that there exists n; = ng (depending only
on ng) such that for every w = [1;ky, ko, ... ] € E and every j = ny, we have the following estimates

P < —61334(fj(w))
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Since the coefficients ki (w), ..., ka,, (w) of any point w € E admit a uniform upper bound depending
only on ny and n; (see (12.1)), one can find a constant 0 < J; 3 < min (5//, 51_72) such that for every

w =[1;ky, ks,...] € E and every j = 0, we have

5y shy ;< e Cramall) (12.31a)
N e—éwmj(w)
drahL; s —5— (12.31b)

Fix w = [1;k1,ko,... ] € E~'7 Yy € [0,(&73]2 and D C L, an horizontal segment centered above w.

Assume that
|D| <9,

Recall that
1) = [ (@) = e 0o, fil) 4 e Oum]
hj(w) - (iL, 6—01354(1”(“1))7e—Clsm]‘(w))

Define

def L e Cizm;(w)
n (D) = max nEN|VOSan—l,|<I>j(D)|5T

def
N (D) = max{nEN|VO<] <n-1,4 (D)CSfJ(w)h(w)}
N (7 (D)) d=efmax{n eEN|VO<j<n—-1f (x(D))c Ij(w)}
Saying that (H,, p ,(p)) holds true amounts to saying that N(D) = n(D) and N(7 (D)) = n(D).
According to (9.5), we get by induction on j that for every 0 < j < N (D),
~ _Cs v2i .5 ~
disty (&7 (D), A) <8¢+ 22" =6, 5k (12.32)

Claim 1. N(D) = n(D).

Proof of clatm 1. We need to prove that for all 0 < j < n(D) — 1,

]
&7 (D) € 530y, )

For 0 < j < n(D) — 1, define the property
J
(Pj): &’ (D) c Sf,(w) b, (w)
Recall that D is centered above w. Hence, for all z € D,

|z, —w| < |ze —ve| + |ve—w| <6, +0, 320,

where v denotes the intersection point of D with 4, ;. Using (12.31a) and the definition of §,,, we get
that D C S;, p, ()- Hence, (Py) holds true. Fix 0 <1 < n(D) -2 and assume that for all 0 <j<l,
(P;) holds true. It follows that [ + 1 < N(D). Let « € D. Plugging (12.32) into (12.31a), we get

N A pl+1
||<I>l+1 ((chx)z+1(x)||l < ¢ Crasall (@)
By standard triangle inequality, we get

chln ) - (i’Hl(P:,lﬁ)” ||¢)z+1 z) - ‘%“1(1))“ ”(I)Hl ‘il“(Pj,lh)/
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S; NGO () 3

01 3h1 N(=(DY)

(i)N(TF(D))(D)

/ \

/ \
Py Py

J

Figure 12.5 — 7 (@N(ﬂ(D)) (D)) c J with |J| = |(i>N(7T(D)) (D)| + §l)3l~1l7N(w(D)). To avoid clutter, we
denote i = g(fN(W(D))_l(w)).

According to (10.25),

N ~ _A 2(1+1) 1 5
||(Dl+1(v) _ (I>l+l (P:’lfl) // < ||’U _ Pjvl}‘l N e Cy Zi:l k;
A 2(l+1) 5
< 5_]_’36 Calioy "hi
e—élamzu(w)
S using (12.31Db)
Moreover,
2 1+1 241 2 1+1
6" (z) - & (v) = |8 (D)

-C
e 13m41(w)

IA

using [ +1 < n(D) -1

2
It follows that
_élamHl(W) —élsmln(w) ~
2 1+1 _ &l S € € -Cizmy1(w)
||<1> (z) — (PM) E : + : <e
Hence, '™ (z) € S]sn”(w),hlﬂ(w) and (P;q) holds true. By induction, we get that for all 0 < j <
n(D) — 1, (P;) holds true. This concludes the proof of claim 1. O

Claim 2. N(x (D)) = n(D).

Proof of claim 2. Assume that N(m (D)) < n(D). Recall that the local stable manifolds “foliation”

F®* of the double era return map ® is made of 6-Lipschitz graphs with ¢ < % (see (9.3)). Using (12.32)

with j = N(7w (D)) < N (D) (see claim 1), we get that
|7T(‘i>N(ﬂ(D)) (D))| = "i)N(ﬂ(D)) (D)‘ + 01 sh1 N(x(D))

See figure 12.5. Since N (7 (D)) < n(D),

6_0137”N(7r(D))(W)

|<i)N(7T(D)) (D)| 5

IA

According to (12.31Db),
6_61377LN(7\-(D))(W)

81 .3h1 N@=(DY) 5

IA
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It follows that . .
|7T (q)N(ﬂ'(D)) (D))| < e—clsmN<7r(D))(w)

Recall that the local stable manifolds “foliation” F*' is leaf-invariant by . Hence, 7 semi-conjugate &

andf:
mod =form

AS a consequence, ~
|fN(7T(D)) (7 (D))| < e_Cl3mN(7r(D))(W)

Moreover, fN(ﬂ(D)) (w) € fN(ﬂ(D)) (w (D)), hence
FYE) (7 (DY) € Ingaon (@)

This contradicts the maximality of N (7 (D)) and this concludes the proof of claim 2. O

It follows from claim 1 and claim 2 that (H,, p ,(p)) holds true. Using (12.32) with j =n (D) <
N (D) (see claim 1), we get that

disty ("7 (D), A) = 0151 w(p)

By definition of n(D), we have

—~Ciazmy(py(w)

6" (D)| > 5 (12.33)
According to (12.31b) and (12.33), we have
51 sh 8" (D)
1,301 n(D) =
Hence,
dist, (¢"” (D), 4) < |87 (D)
This concludes the proof of Lemma 12.13. O

Proposition 12.14 (Absolute continuity of the projection map). Let w € E,ye [0,5l73]2 and
D c L, be an horizontal segment centered above w. If

|D| <46,

then
Leb; (7 (D)) < 2A Leb, (D) (12.34)

Proof. According to Lemma 12.13, we can apply Proposition 12.10 to get

") o]
| /P (DY)~ I (D)

Hence,

|72 (x (D))

"D < A T )

D (12.35)
Claim 1. | /") (x (D))| < 2|¢"" (D).

Proof of claim 1. Recall that the local stable manifolds “foliation” F** of the double era return map
& is made of 6-Lipschitz graphs with & < 1 (see (9.3)). Hence, estimate (12.30) implies that

|7 ("2)(D))] = [8" (D)| + dist (€"7) (D), 4)
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Now recall that the integer n(D) was chosen so that dist; (@n(D) (D),A) < 'i)n(D) (D)| (see
Lemma 12.13) so we get
2n(D 2n(D
|7 ("7 (D))] = 2|¢"" (D)

The conjugacy relation 7 o ® = f o 7 implies that 7 ((i)n(D) (D)) = fn(D) (w (D)). This concludes the
proof of claim 1. O

Claim 1 together with (12.35) gives
|7 (D)] < 2A|D]
Remark that Leb; (7 (D)) < |7 (D)| and Leb, (D) = |D|. Hence
Leby (7 (D)) < 2A Leb, (D)
which is the desired estimate. This concludes the proof of Proposition 12.14. O

Proof of Lemma 12.6. Let y € [0,(&73]2 and G C L, n wH (E, <i>) Assume that Leb; (G) = 0. To
show that Leb; (7(G)) = 0, cover G by a countable union of small horizontal segments and use the
estimate (12.34). O



Appendix

Statement of the main theorem in the entire
phase space

In this appendix, we explain how to extend Theorem B to type VIII orbits. To this end, we show how
some objects defined in the introduction (especially type II orbits, the Kasner map and heteroclinic
chains) can be generalized to the entire phase space. A technical complication arises since most abstract
heteroclinic chains cannot be shadowed by any type VIII or IX orbit for elementary reasons. This will
lead us to introduce a notion of coherent heteroclinic chain.

Type II orbits. Recall that in 2", for every point p of the Kasner circle that is not a Taub point,
there is exactly one type II orbit starting at p. When looking at the full phase space %, we have the
following result. For every point p of the Kasner circle that is not a Taub point, there are exactly two
type II orbits starting at p. These two orbits are exchanged by the symmetry

(N1, No, N3, %1,%5,33) = (=Ny, =Ny, —N3, %1, %9, %3)

fixing the points of the plane (N; = N, = N3 = 0) containing the Kasner circle. As an immediate
consequence, these two type II orbits converge to the same point of £ in the future.

Kasner map Let p be a point of the Kasner circle which is not a Taub point. When we restrict
ourselves to Z", there is exactly one type II orbit starting at p and this orbit converges to a point
denoted by % (p) (the image of p by the Kasner map). This is indeed how we defined the Kasner
map (see section 3.5). As stated above, in %, there are two (symmetrical) type II orbits starting at p.
Since they are symmetrical, they both converge to the same point of the Kasner circle, that is, the

point .Z (p). We will denote these two type II orbits by ﬁ;_,y(p) and O, z(,); ﬁ;_,g(p) being the one

entirely contained in .

Coherent heteroclinic chains

Definition A.1 (Heteroclinic chains). Let p be a point of the Kasner circle (such that, for every k = 0,
F* (p) is not a Taub point). A heteroclinic chain (starting at p) is a concatenation of one type II orbit

starting at p and arriving at .Z(p), then one type II orbit starting at .% (p) and arriving at .Z>(p),
etc. Formally, this is a sequence of the form

€0 €1 €2
(952 20 O3 )52 O 321720 ) (A1)

where €,, € {£} corresponds to a choice of one of the two symmetrical type II orbits starting at .#" (p).

As we will see, some heteroclinic chains cannot be shadowed by type VIII or type IX orbits. First,
let us recall the definition of shadowing, generalized to the full phase space in a straightforward manner.

165
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Definition A.2 (Shadowing). Let t — &(t) be a type VIII or IX orbit in %, p be a point of the
Kasner circle (such that, for every k = 0, % *(p) is not a Taub point) and ## be a heteroclinic
chain (A.1) starting at p. We say that & shadows S (or S attracts €) if there exists a strictly
increasing sequence (t,,),en C R, such that
L d(o(t,), 7" (p)) —— 0.

n—+00
2. The Hausdorff distance between the orbit interval {€(t) | t,, < t < t,4+1} and the type II orbit

€n
O Gy gn+i(y) tends to 0 when n — +oo.

Recall that any type II orbit is contained in a subset of the phase space of the form
{Ni>0,Nj=OaNk=0} or {NL‘<0,N]‘=O,N]€=O}

where {7, j,k} = {1,2,3}. Consider for example a heteroclinic chain made of an infinite number of
type II orbits traveling in {N; > 0, Ny = 0, N3 = 0} and an infinite number of type II orbits traveling
in {Nl < O,NQ = O,Ng = 0} Let t — ﬁ(t) = (Nl(t),Ng(t),Ng(t),El(t), Eg(t),zzg(t)) be a type VIII
or IX orbit. Recall that the signs of the variables N; are constant. Hence, it is obvious that & cannot
shadow this heteroclinic chain, as it would violate the fact that the sign of Ny is constant along &.
This means that any heteroclinic chain “alternating” between two signs as in the example above has
zero chance to attract some type VIII or IX orbits.

This leads us to the definition of coherent heteroclinic chains. Recall that the Mixmaster attractor
is the union of three ellipsoids and each of these ellipsoids is the union of two symmetrical hemiellipsoids
(they correspond to opposite signs for one of the three variables IV;). In other words,

1,+ 1,- 2,+ 2,— 3,+ 3,—
o =RBy VB UAB, UBy UB UL

where
'@Iler d=ef{(N17N2,N3>21722723) € B| Ny >0,Ny = N3 =0}
1,— def

Py = {(N1, Nay, N3, 31,59, %3) € B | N; <0, Ny = N3 = 0}
and analogously for the other hemiellipsoids.

Definition A.3 (Coherent heteroclinic chain). A heteroclinic chain of type II orbits is coherent if it
is included in the union of three hemiellipsoids (in three different directions) bounded by the Kasner
J, that is, if it is included in a set of the form

1l,eq 2,€e9 3,63
By T UBL T UBCUX

For every point p of the Kasner circle (such that, for every k = 0, & k(p) is not a Taub point),
there are exactly eight coherent heteroclinic chains starting at p corresponding to the eight different
choices of three hemiellipsoids (or, analogously, corresponding to the eight different choices of three
signs for the variables N;). One should remark that a type VIII orbit cannot shadow the same coherent
heteroclinic chain than a type IX orbit. Among the eight coherent heteroclinic chains starting at p, six
can be shadowed by type VIII orbits and two by type IX orbits.

Having this definition in mind, it is clear that Theorem B must be generalized by replacing the
unique heteroclinic chain in %" starting at p by one of the eight coherent heteroclinic chains in 2
starting at p. Recall that J#(5;q) denotes the set of all the points p € J# such that w(p) verifies the
moderate growth condition (MG).

Theorem C. Let p be a point of the Kasner circle and let 7€ be a coherent heteroclinic chain starting
at p. If w(p) verifies the moderate growth condition (MG), then the union of all the type VIII or IX
orbits shadowing the heteroclinic chain € contains a 3-dimensional ball D(p, ) Lipschitz embedded
in the phase space B*. Moreover, for any & C Hme) of positive 1-dimensional Lebesgue measure,
the union of all the balls D(p, ) for p € & and H a coherent heteroclinic chain starting at p has
positive 4-dimensional Lebesgue measure.
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Continued fractions

In this appendix, we gather the results about continued fractions that are used in the memoir. The
main result is Lemma 1.5. We also prove a result on the expansivity of the Gauss transformation.
We first need to introduce some notations. Set Q = [0,1]\ Q. For every z € (Q, there exists a

unique sequence (k, (z)),»; of integers larger than 1 such that z = lim,,_, ;o [k1(Z), ..., k,(z)] where
1
[kl(x)avkn(x)] = 1
ki(z) +
ko(z) + 1
k@)

We use the notation ot
[kl(m)a kg(l'), cee ] = nEIPoo[kl(x)v ey kn(‘r)]

Lemma 1.5 is a straightforward consequence of the following lemma.

Lemma B.1. For Lebesgue almost every x € ), there exists ng € N such that for every n = ny,

Zki(x)5 > 710 (B.1)
i=1
and 4 4 4 4 4+3
i1
kons1(x)” + kopso(x)” + kopss(x)” + kopsa(x) sn 10 (B.2)

Inequality (B.1) is a consequence of a standard fact: for Lebesgue almost every point € Q, the
sequence (k;(x));xo of the partial quotients does not grow “too fast” (see corollary B.3). Inequality
(B.2) is a consequence of a less standard result: for Lebesgue almost every point 2 € 2 and for every
n € N large enough, there is at least one partial quotient among k(z), ..., k,(z) that is “large” (see
Proposition B.4). More precisely, the standard result can be rigorously stated as follows.

Proposition B.2. Let ¢ : N* = RY. Either the set

B, {n € N* | ky(x) 2 o(n)}

is finite for Lebesgue almost all x € ), or it is infinite for Lebesgue almost all x € Q). More precisely,
this dichotomy depends on ¢ as follows:

1. Ify ﬁ is divergent, then for Lebesgue almost all x € Q, there exists infinitely many n € N* such
that k,(z) = p(n).

2. If Y. ﬁ is convergent, then for Lebesque almost all x € Q, there exists no(x) € N* such that for
every n = no(x), k,(x) < ¢(n).
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Proof. See [Khi64]. O

Corollary B.3. Let € > 0. For Lebesgue almost every point x € §2, there exists ng € N such that for
every n = ng, kn(z) <n'™e

Proof. For any € > 0, the serie ¥ n~'~ is convergent. O

We now give a precise formulation of the second result needed to prove Lemma B.1.

Proposition B.4. For Lebesque almost all x € Q, for every € > 0, there exists no(x,€) = 1 such that
for every n = ng(x, €), there exists an integer 1 < j < n such that kj(z) zn " °.

Let us introduce some tools that will be needed to prove Proposition B.4. We denote by 7: Q — Q
the Gauss transformation defined by 7(z) = {i} where {z} = z — | 2] denotes the fractional part of x.
The very definition of 7 implies that, for every continued fraction [k, ks, ... ],

T([klak%"']) = [k2ak37"‘]

In other words, 7 is conjugated to the left shift on the space of sequences (k,,),>1 of integers larger
than 1.
Let us denote by v the Gauss measure, defined by

1 1
va(A) = s Ll o dA(x) for every Borel set A of [0,1] (B.3)
where A denotes the Lebesgue measure. One can remark that the Gauss measure v is equivalent to
the Lebesgue measure A on [0,1]. The fundamental fact is that ¢ is 7-invariant, i.e.

ole (7'_1 (A)) =g (A) for every Borel set A of [0,1].

For any map f :[0,1] - C, let

n—1
var f £ sup ) | f(tin) = £(1)]
=1

where the supremum is taken on all the finite sequences 0 < t; < -+ <t, <1, n = 2. If var f < +00,
then we say that f is of bounded variation. For any map f € LY ([0,1]), we call essential variation of
f and we denote by v(f) the number inf var f where the infimum is taken on all the maps f equal
to f mod 0. If v(f) < +00, then we say that f is of bounded essential variation. Let us denote by
BEV([0,1]) the set of all maps f € L3 ([0,1]) such that v(f) < +00. Let us equip BEV([0,1]) with
the norm

/Iy = o(f) + [1£111

We define the Perron-Frobenius operator U as the “dual” of the composition operator induced by 7.
More precisely, U is defined as the unique bounded linear operator L ([0,1]) — L3 ([0,1]) satisfying,
for every f € Ly([0,1]) and for every g € LY ([0,1]),

1 1
f (907)'fdvG=J g-Ufdyg
0 0

Proposition B.5 (Spectral gap for the Perron-Frobenius operator). The Perron-Frobenius operator
has a spectral gap: there exists 0 < a < 1 and C > 0 such that, for every f € BEV([0,1]),

U - [01 fdve

< Ca" I fllgev
1

Proof. See [IK13]. O
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Proof of Proposition B.4. ! Let us define, for n = 2 and € > 0 small:

Xpe= {x €N | ki(x) < nl—e}
Yoe= {x €N|V1<j<nki(zr)< nl—e}

According to the Borel-Cantelli lemma, it is enough to prove that

> 6 (Ya,e) < +00 (B.4)

nz1

One can remark that

"L

0<

SO

1n-1 )
)= [Tix., o7 @)

7=0

Let ¢ = [ iJ and K = { < J We can estimate the above integral by keeping only the terms whose

2
indices are multiples of c¢:

<] [Tix.. o7 date)

- [(1.@. ((1‘[ X0 ) or%:c)) da()

= [ (U1x, . (2)) (1__[ 1x,.° ch(fﬂ)) dyg(z)
0 =0

However, the family (1Xw)n is uniformly bounded by 2 in BEV([0,1]) and 1—[]_1:)1 1x,.© ¢ is
bounded by 1 in L5 ([0,1]) so according to the Proposition B.5,

1 K-1

’YG(Yme = ne J l_[]-X,LSOT (x)deG(m)-i'On—»oo( C)

By induction, we get
)K+1

Y6 (Yne) =76 (Xn)* ™ + Onosoo (Ka)

However, X,, . = Qn ] 1[ and using (B.3), we get that

1
[nt=c]+1”

1 1 1 1 1
’YG(Xn,e)zmjll x+1d$=l—m+0n—>+w(ﬁ>

Int7€]+1

Moreover,
(252 o i ()~ # st
Hence, .
e (Xn,e)K+1 o e—ﬁnj
and vg (Xn,e)K+1 is the general term of a convergent series. Analogously, Ka° is the general term of
a convergent series. Hence, (B.4) holds true. This concludes the proof of Proposition B.4. O

Proof of Lemma B.1. Inequalities (B.1) and (B.2) are straightforward consequences of corollary B.3

'We would like to thank Sébastien GouizeL for explaining to us how to use the Perron-Frobenius operator here.
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and Proposition B.4 respectively, with € = 1072 O

The following result provide some explicit conditions ensuring that the continued fraction expansion
of two nearby real numbers start by the same integer. It is used to prove Lemma 9.8. In particular,
it is useful to find a sufficiently small size for the section Sz7hw so that all the points (in fact, their
coordinate x.) in Sf)’hu have the same first partial quotient.

Proposition B.6. For z,z' € (Q, if

RN
10 k1($)2k2($)]€3(ﬂ7)

I
o=
then ky(z') = ki (2).

Proof. Fix x = [ky,ks,...] € Q. Let 2' = [ky, ks, ...] € Q such that
p—x1<1—;L—
3 kikaks
One can remark that
(k1 + 1] < [k1, ko, ks + 1] <@ < [k, ko, k3] < [K1]
By a straightforward computation, one get
k1] — [k1, ko, k3] 2 —5——
(k1] = [k1, k2, ks3] e

and 1
kikoks+ 1] —[k1 +1] 2 ———
(K1, ko, kg + 1] = [k + 1] 02k

It follows that
[k +1] <2’ < [ki]

Hence, k:'l =k O

The following result provide some explicit conditions ensuring that the continued fraction expansion
of two nearby real numbers start by the same first two integers. Moreover, it shows that the double
Gauss transformation 7° is expansive. It is particularly useful to prove Lemma 10.11.

. . 2 .
Proposition B.7 (Expansivity of 7°). For z,x €Q, if

1
<2 ky(2)?ko(2)?ks(2)ky(x)

o=
then ki(z') = ki (2), ko(z') = ko(z) and
|7'2(£L') - 72(x')| >4 |x - x’|

Proof. Fix z = [ky,ko,...] € Q. Let 2’ = [k}, kb, ...] € Q such that

1 1

=< g,

One can remark that

(k1 ko] < [k1, ko, ks, kal < @ < [Fy, ko, kg, kg + 1] < [ky, ko + 1]
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By a straightforward computation, one get

1+ (ks —1)(ky +1)
(k1(ky + 1) + 1) ((kikoks + ks + k) (kg + 1) + k1ky + 1)
L S
24 12 k2 ks key

(ki ko + 1] = [y, ko, ks, ky + 1] =

and
ky
[k1, ko, k3, ka] — [E1, ko] =

 (kikg + 1) ((kyky + 1) (kaky + 1) + kyky)
1 1

Z —_—
10 k3 k3 ks

It follows that
[k1, ko] < @' < [hy, by + 1]

Hence, k'l =k, and k’2 = ko. Writing

1 | 1
r=——m—— & =

by + —L

1 ko+72(x)

leads to ) 0
! T (I)—T (x)

- (k’lkg + k1T2(.'L') + 1)(k1]€2 + 1{3172(.’1}’) + 1)

r—x

Since ki1ky + 1 = 2, we get
|7'2(a?) - 7'2(37')‘ >4 |x - x'|
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Appendix

Stable manifold theorem with parameters

In this appendix, we investigate the standard stable manifold theorem in the context of a partially
hyperbolic singularity of a vector field depending on a parameter. As stated in the introduction,
we need some precisions on this theorem in order to construct the local coordinate system & used
throughout this memoir. We will prove some estimates on the size of the neighbourhood where the
local stable manifold is known to be the graph of a function, and some estimates about the derivatives
of all orders of this function. We will make explicit the different constants arising and their dependance
on the vector field. As an application, we consider the situation where a vector field vanishes on a
submanifold N and contracts a direction transverse to N. We prove some estimates on the size of the
neighbourhood of N where there are some charts straightening the stable foliation while giving some
controls on the derivatives of all orders of the charts.

C.1 Introduction

Fix a smooth' vector field Y on a Riemannian manifold M and let 2 be a singularity of the vector
field Y, that is, a point of M such that Y (z) = 0. For any v < 0 and for any n > 0, the local ~y-stable
set W;W(l', Y) of z for Y is the set of points in M whose forward orbit under the flow of Y stay in
the 7-neighbourhood of z and converge to z faster than ¢’* as t » +00 (see (C.3d)). This is one of
the most fundamental objects when one tries to understand the asymptotic dynamics of the flow of Y’
near z. Its geometry is very well understood in the context of a hyperbolic (or partially hyperbolic)
singularity, as explained in what follows.

C.1.1 Stable manifold theorem

Assume that the singularity z is partially hyperbolic: up to replacing Y by —Y, this means that there
exists a non trivial decomposition T, M = F & G of the tangent space at x such that F' and G are
stabilized by DY (z) and there exists a negative real v such that the real parts of the eigenvalues of
DY (z)|p are strictly less than v and the real parts of the eigenvalues of DY (x)|¢ are strictly more
than . In this context, the Stable Manifold Theorem asserts that for any positive 7 small enough,
the local y-stable set W,? ""(2,Y) is an embedded submanifold of M tangent to F at z, called the
local «-stable manifold. It can be seen as the graph of a smooth map ¢ : U C FF = V C G, from
a neighbourhood U of 0 in F' to a neighbourhood V of 0 in G, satisfying ¢(0) = 0 and D$(0) = 0.
Moreover, if Y depends smoothly on a parameter p € R*, then this is also the case for the local y-stable
set W7 (,Y), that is, ¢,,(2) = ¢(z, u) is smooth as a map of the two variables z € U, u € R®.
Though this standard theorem has been presented and generalized in many articles (see e.g. [Irw70],
[HP70]) and books (see e.g. [KH97], [Irw01], [Rue89], [Rob99], [BS02] for classical introductory readings
and [HPS06] for a deeper treatment but a tougher reading), we have not found a version of this result
that gives explicit estimates on the C* norms of é(z, 1) (k € N*) and on the size of the neighbourhood
where these estimates hold true. In most of the books, authors state that if Y is C", then ¢, is also

1Recall that in this work, smooth stands for C*.

173



174 APPENDIX C. Stable manifold theorem with parameters

C" and p + ¢, is a continuous map from R” to the space of C" maps equipped with the C" topology,
which is a weaker statement than saying that ¢(z, 1) is smooth. The closest result to what we were
looking for has been found in [Chu+98] (chapter 5). In that book, it is proven that the map ¢(z, u) is
smooth but do not provide explicit estimates. This reference has been the main starting point of this
appendix, whose purpose is to give such estimates. Since we are only interested by local estimates, we
may (and do) assume that M = R" and x = 0 (it suffices to work in a local chart and to multiply the
vector field by a smooth plateau map in the neighbourhood of 0).

The classical stable manifold theorem (which can be found in the above references) can be stated
as follows:

Theorem C.1 (Stable manifold theorem with parameters). Let X = (X,,),ers be a smooth family of
smooth vector fields on R™ such that

1. For every u € R®, the origin of R" is a singularity of X, ie.

X,(0)=0

2. The endomorphism A := D, X(0,0) admits a partially hyperbolic splitting R" = F & G such that
Az (Ajp) < min (0, Apin (4)6))

where X, qz (A|F) (resp. Amin (A|G)) denotes the mazimum (resp. minimum) of the real parts of the
eigenvalues of Ajp (resp. Ajg). Let v € ])\maz(A|F) , min (O,Amm (A|G))[. Then there exists € > 0
and 1 > 0 such that for every ju € Brs(0,€), the local y-stable set W7 (0,X,,) is the graph of a smooth
function ¢, : F — G intersected with the ball Bg~(0,7n). Moreover, the map

0 (21) € F x By (0,6) > 6,(2) € G
is smooth, for every pu € Bgs(0,€), ¢,(0) =0 and D¢y(0) = 0.

As explained above, our goal is to supplement this result by providing explicit estimates on the
constants € and 7 and on the derivatives of all orders of ¢. What we prove is summarized in the
following addendum (for a precise version, see Theorem C.19):

Addendum C.2. For every r >0, one can find a radius €, a size n and a map ¢ as above satisfying
the following properties:

e the radius € is linear in r, polynomial on the distance between v and the real part of the spectrum of

A, inversely linear on the norm of the second derivative of X on the closed ball Brnygs(0,7) and
inversely polynomial on the norm of A and the angle between the generalized eigenspaces of A.

e the size n is linear in r, polynomial on the spectral gap min (O, Amin (A|G)) — Anas (A|F), inversely

linear on the morm of the second derivative of X on the closed ball Brnyrs(0,7) and inversely
polynomial on the norm of A and the angle between the generalized eigenspaces of A.

e the norm of the k-th derivative of ¢ on Br(0,1) X Bg+(0,n) is a polynomial function of degree = nk”
depending on the norm of A, the angle between the generalized eigenspaces of A, the inverse of r,
the norms of the (k + 1) first derivatives of X on the closed ball Brnygrs(0,7) and the inverse of
the spectral gap.

Remark C.3. The parameter r describes quantitatively how the local «-stable manifold is, indeed, a
local object. It allows one to get some information on the size of the local y-stable manifold when one
is only using a control of X over the ball of radius 7.

Remark C.4. The strategy used to prove Theorem C.1 is standard. We find the orbits contained
in a stable manifold as the fixed points of an “integral” operator (depending on the parameter u)
on a suitable space of functions. The construction of the operator is natural and gives the desired
description of the stable manifolds as graphs of some family of maps ¢,,. This is the technique used in
[Chu+98], but with a major simplification. We directly prove that on the one hand the operator is
smooth with respect to all variables including the parameters and on the other hand it is a contraction
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mapping with respect to the space of functions, thus we obtain that the family of graphs ¢ is smooth
with respect to the variable in the phase space and the parameter, using a global version of the implicit
function theorem (which can be seen as a contraction mapping theorem with parameters). This makes
the proof easier and more natural compared to the one in [Chu+98]. Indeed, in this reference, the
authors do not prove that the operator is smooth and thus need to use a family of truncated operators
to obtain the smoothness of the fixed point.

C.1.2 Vector fields vanishing on submanifolds

Theorem C.1 allows us to describe the stable foliation associated with a normally contracted submanifold
on which a vector field vanishes. The context is as follows. Let M be a smooth manifold of dimension
n and let NV be a smooth submanifold of M. Let Y be a smooth vector field on M vanishing on N such
that for every point x € N, there exists a direction transverse to T,, N which is stabilized and contracted
by DY (z). Recall that, given x € N, the stable set W*(x,Y) of = for Y is the set of points in M
whose forward orbit under the flow of Y converge to x. It is well known (this is an easy consequence of
Theorem C.1) that the family of stable manifolds (W®(z,Y)),en foliates a neighbourhood W of N
and the stable foliation
F W (2, Y)W |z e N}

can be locally smoothly straightened.

Fixing a point € N and a local chart (independantly of Y) centered around x which straightens
N, and looking at the situation in this chart, we “can assume that” M is an open set Q of R"” and N is
the set Qy := QN G # @ where G is a linear subspace of R”. The standard result explained above can
be stated as follows:

Theorem C.5 (Straightening of a stable foliation). Let  be an open set of R", G be a linear subspace
of R" and Y : Q —» R" be a smooth vector field such that

1. Y wanishes on Qy := QN G;

2. For every p € Sy, there exists a decomposition F,, & G = R" stabilized by A, = DY (p) and such
that

>\mam ((AH)|FM> <0

Let g € Q. Then there exists a smooth local coordinate system & defined on a ball B := Brn (ug, R)
such that the family of stable manifolds (W?°(p, Y)) pe0onBan (uo,r) foliates B and is straightened by &:
for every p € Qqy N B,

EW (u,Y)NnB)=(u+F,)NnE(B)

We emphasize the fact that Theorem C.5 is a straightforward consequence of the stable manifold
theorem. Once again, our goal is to provide some explicit estimates on the radius R and on the
derivatives of all orders of £ and & ~! What we prove is summarized in the following addendum (for a
precise version, see Theorem C.22):

Addendum C.6. For every r > 0 such that Brn(pg,7) C Q, one can find a radius R and a local
coordinate system & on Bgn(ug,r) as above satisfying the following properties:

e The radius R admits a lower bound which is linear in r, polynomial in the spectral gap
|>‘max ((A;LO )lFuo )
ball Bgn(pg, 1), inversely polynomial in the norm of A, and the angle between the generalized
eigenspaces of A,,,. This lower bound depends only on the parameters listed above.

, inversely linear in the morm of the second derivative of Y on the closed

e For every € > 0, £ restricted to Brn (119, €R) is e-close to the identity in C'-norm.

e The norms of the k-th derivatives of & and 5_1 admit an upper bound polynomial in the norm
of A, . the angle between the generalized eigenspaces of A, and the norms of the (k + 1) first

derivatives of Y on the closed ball Bgrn(pg,7) and inversely polynomial in the spectral gap and r.
Moreover, this upper bound depends only on the parameters listed previously.
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Remark C.7. In order to get such estimates on R and &, one must choose a compact ball B(ug,r) C
on which one controls the derivatives of all orders of Y. There is no canonical choice and one can use
the parameter r to make a choice depending on his/her needs.

This appendix is organized as follows. Section C.2 compiles some notations used throughout the
appendix. In section C.3, we prove Theorem C.1. We first treat the global case (see Proposition C.8),
which is the main technical result of this appendix, and then we apply it to the local case. In chapter C.4,
we prove Theorem C.5 using Theorem C.1. Appendix C.5 recalls some well-known estimates of linear
algebra that are extensively used throughout this appendix.

C.2 General notations.
For any n € N, we denote by ||.|| the Euclidean norm on R". For any family (Eq, ||.|[,),-- -, (B, |I1l,.),
(F, |||l p) of normed vector spaces (possibly of infinite dimension), for any continuous r-linear map

L:E; X+ X E, > F, we will usually denote by |||L||| its subordinate norm, that is,

|L(zy, .zl
LI = sup T
(21, )E[ 111 Es Hi:l II$1||1

For any linear subspaces F,G of R", let us recall that the angle between F and G, denoted by
< (F,G), is defined as the minimal (unsigned) angle between a vector in F' and a vector in G. The
angle between F and G is strictly positive if and only if F'n G = {0}. If this is the case, let

def 2 %
m (F,G) = (l—cos<t(F,G))

We generalise this notion by defining the angle between a finite family F,..., E, of linear subspaces
of R" as follows:

1<jsr

<(Ey,...,BE) % min <(Ej,i§jEi)

For A € M, (R), define

def

A A) = A C.1
max (A) Aersrﬁﬁ)fie( ) (C.1a)
def
Amin (A4) = in  Re(\), C.1b
(4) = dnin | Re(A) (C.1b)
2 r=1
def 2
A) = 2
m (4) (1—cos<t(E1,...,ET)) (C.2a)
where E,..., E, are the generalized eigenspaces of A,
def n—
M(A) = max (1, [|AlIN"" m (A) (C.2b)
where |||.||| is the subordinate norm with respect to the Euclidean norm, and
M(A) €222 — )" M (A) (C.2¢)

Given a Riemannian manifold M with distance d, a smooth vector field Y on M with flow Y' and
a singularity x of Y, we define the following stable sets:

e The global stable set W*(x,Y) of x for Y is the set of points in M whose forward orbit under the
flow of Y converge to x, that is,

W(x,Y) = {y € M| tEfféod(Yt(y)’x) = O} (C.3a)

e For any v < 0, the global v-stable set W*7 (2,Y) of z for Y is the set of points in M whose forward



C.3. Estimates for the stable manifold theorem with parameters 177

orbit under the flow of Y converge to x at least as fast as e”t, that is,

W (2, Y) = {ye Md(Y'(y),2) = Opreo (¢7)} (C.3b)

e For any n > 0, the local stable set W, (x,Y) of = for Y is the set of points in W*(z,Y’) whose
forward orbit under the flow of Y stay in the n-neighbourhood of x, that is,

Wy (2,Y) ={y e W'(z,Y) |Vt 20, d(Y'(y),2) < n} (C.3¢)

e For any v < 0, for any n > 0, the local v-stable set W;’W(x, Y) of x for Y is the set of points in
W*7 (z,Y) whose forward orbit under the flow of Y stay in the n-neighbourhood of z, that is,

Wy (2, Y) = {y e W (2,Y) |Vt 20, d(Y'(y),2) < n} (C.3d)

One can remark that if one chooses a distance d’ equivalent to d, then the stable sets for d' coincide
with the stable sets for d.

C.3 Estimates for the stable manifold theorem with parameters

C.3.1 Setup

Fix an integer n = 2 and an integer s € N*. We define a smooth family of vector fields (X, ) pers as a
smooth map
R" xR®* — R"

(z,p) +» Xu(x)
where R" is the phase space and R® is the set of parameters. Given such a X, let us consider some
hypotheses:

X:

Hypothesis 1. For every i € R®, the origin is a singularity of X, ie.
X,(0)=0

Hypothesis 2. The endomorphism A := D, X(0,0) admits a partially hyperbolic splitting (F,G),
i.e. there exists a non trivial decomposition R" = F & G such that F and G are stabilized by A and

)\maz (A|F) < min (07 )\mm (A|G))

Given such a partially hyperbolic splitting, we will consider the interval:

IN def JAmax (A7), min (0, Amin (416))[ (C.4)

and the “inverse of the spectral gap”:
o (A) € min (1, min (0, Amin (41¢)) = Amax (A1) " (C.5)

Hypothesis 3. Given a partially hyperbolic splitting (F,G), the first derivative of X satisfies
-1

sup (1D, X (2, 1) — Alll = (277 (n - 1)"7'V2 M(A)o (4))
(z,u)ER™XRS

Hypothesis 4. The derivatives of all orders of X are bounded, i.e. for every k = 1,

sup
(z,pn)ER™ XRS

‘DI;,NX(JT,/,L)”' < 400

In subsection C.3.2, we will assume that X satisfies all the above hypotheses and we will prove a
global stable manifold theorem with global estimates while in section C.3.3, we will only assume that
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the first two hypotheses hold true and we will prove a local stable manifold theorem where we make
explicit the local estimates and the size of the neighbourhood where these estimates hold true. The
local theorem will be a consequence of the global one. The idea is to multiply the non linear part of X
by a smooth plateau map on a small neighbourhood of (0,0) such that the new X satisfies all the
above hypotheses.

C.3.2 Global estimates

In this section, we state and prove a (global) stable manifold theorem with parameters for smooth
families of vector fields (X,),ers satisfying the hypotheses 1, 2, 3 and 4. For such a X, let

def
M (X)=  sup  |IDX(x,u) - Alll
(x,u)ER™XRS

where A := D, X(0,0), and for every integer k > 2, let

M, (X) et sup sup
22j<k (z,u)eER™ XR®

D} X ()|

and
M, (X) € max (1, My (X))

Let us recall that in the current context, for any p € R® and v < 0, the global v-stable set of 0 for X 1
is
W7 (0,X,) = {zo € R" | || X).(20)|| = Otosoo (")} (C.6)

For any ~ < 0, let
def . n—
da(7) = min(1,d (7, Re(Spe(4))))"

where d is the usual distance on R.

Proposition C.8 (Global estimates for the stable manifold theorem with parameters). There exists a
positive constant C' and a sequence of positive constants (Cy y)ren (depending only on the dimension
n of the phase space) such that for every smooth family of vector fields (X,),ers satisfying the
hypotheses 1, 2, 8 and 4, and every partially hyperbolic splitting (F,G) of A := D,X(0,0), there exists
a unique smooth map
.| FxR® - G
P ) e 6

such that

1. Graph structure of the global y-stable set: for every u € R® and every v € 14 (see (C.4)) satisfying

1 da(y)
My (X) = a3

(C.7)

where Cy = 22" (n=1)"""/2, the stable set W*" (0,X,,) is exactly the graph of the map ¢, : F — G.
In particular, W*7 (O,XH) does not depend on the choice of such a 7.

2. Local ~y-stable set: for every v € I4 satisfying (C.7), every u € R®, every n > 0 and every

n
0<ds= CM(A)o(A)’

W;77(07XM> N BR'ﬂ(O, 5) = Graph(d)u) N B]Rn((),(S) (08)

3. Controls on ¢: for every (z,1u) € F X R®,
Iz, 1)l = Cr oo (A) M(A)M, (X)) [|2]] (C.9a)
IID-¢(z, | = Cr 10 (A) M(A)M, (X) (C.9Db)
1D,¢(z, i)l < Cra0 (A) M(A)M, (X) |2l (C.9¢c)
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and more generally, using the norm ||(z, p)|| = ||z|| + ||| on F X R®, we have, for all k = 2,

)2k—1

I|D* 6z ||| = € (o (A)* M(AY Mgy (X) max (1, |21]]) (C.9d)

where o (A) is defined by (C.5).

Remark C.9. If one is working with a different norm than the Euclidean one, one will have the same
result but with different constants Cy,C10,C1 1, .-

Remark C.10. Hypothesis 3 is not fundamentally necessary for Proposition C.8 to be true. This
hypothesis implies that there exists a v € I 4 satisfying (C.7) in item 1, so it is only a convenient and
explicit sufficient condition for the proposition to not be empty. When proving the local version in
section C.3.3, we will not check that hypothesis 3 holds true, we will directly work with a given v and
check that (C.7) holds true.

The proof of Proposition C.8 is heavily based on the contraction mapping theorem, applied in the
Banach space introduced in definition C.12 below.

Definition C.11 (y-norm). For any v € R and (z,v) : [0, +00o[ = R” x R?, we define the vy-norm of
(z,v) by
def -
(2, 0)11, = supmax(|l(], l(®)l])e " € [0,+00]

Definition C.12 (Function space H'). Let v € R. Denote by H" the vector space of continuous
maps (z,v) : [0, +00[—> R” x R? whose y-norm are finite. The vector space H” endowed with the
~y-norm is a Banach space.

Remark C.13. For any v <+, H” ¢ H” and for every (z,v) € H”, 1(z, )l < lI(z,0)]l,-

Remark C.14. It will be useful to see H,) := H” as the cartesian product H; X Hg when n = p +q.

Proof of Proposition C.8. Before we make explicit the strategy of the proof, we need some preparatory

work. Fix a smooth family of vector fields (X,),ers satisfying the hypotheses 1, 2, 3 and 4 and a

partially hyperbolic splitting (F,G) of A := D, X(0,0). Let p = dim F and ¢ = dimG. Fix v € I
satisfying

1 da(v)

M (X) =<

(0 92n (1 — 1)7=1y/2 M(A)

Conjugation of X. We start by conjugating X in such a way that F' and G become orthogonal

linear subspaces of R". For that purpose, let us fix an isomorphism L : R" — R" =~ R x R? such that

Lp (resp. L) is an isometry from F (resp. G) to R” x {0} = R” (resp. {0} x R? =~ R?). According

to Lemma C.24,

(C.10)

ILI < m(F,G), ||27]| = V2 (C.11)

We now define
RPXxRIxR® — RPxR?

(zyv,1) L(XH(L_l(z,v))) (C12)
One can remark that for every k = 1,
My (X) < V2 m (F,G) M (X) (C.13)
Let i .
A% D, ,X(0,0,0) = LAL™" = ( o A2)

where A; = Amp and A, = flqu, with respect to the canonical basis. Using the fact that L is an
isometry in restriction to F' and G, we have the following properties on A; and As:

Spc(Al) = Sp(C(AIF)v Spc([lz) = SpC(AlG) (C.14a)
m(fll) =m(A|F), m(AQ) = m(A|G) (C.14b)
M(Ay) = M(AjF), M(Ay) = M(Ajg) (C.14c)
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Property (C.14a) implies that dz(v) = da(v).

Differential equation view-point. Let u € R®. The differential equation associated with the vector
field X, can be written in the following form

, -
=Az+
Z' le f(Z,'U,,LL) (015)
v = AQU*‘Q(Z,’U,,U/)
where (f,g) : R? x R? x R® —» R” x R? is a smooth map defined by
f(zvvvﬂ) v _ v
[J0t0) = X ) = D2 X0.0)210)
and satisfying
(f,9)(0,0,1) =0 for all x € R® (C.16a)
D(f,9)(0,0,0) =0 (C.16b)
I|1D..o(f, 9) (20, w)||| = My (X) for all (z,v,u) € R x R x R®  (C.16¢)
‘“Dk(ﬁg)(z,v,,u)‘” < My (X) forall N 22, 2<k<N and (z,v,u) € R xR x R® (C.16d)
Property (C.16a) implies that
VueR’, VEeN, Di(f,g)(0,0,u) =0 (C.16e)

Estimates on exponential of matrices. We now state an estimate that will be used several times
throughout this proof. Let

’Y+>‘max (A|F) 7+)\min (A|G)
g Ay

o =

According to Lemma C.26 and (C.14c), we have, for every s = 0,

| o ll B M(Ajr) Jas

d‘i‘(w% (C.17)
|||e—sA2 < M(Ag) B

dA(V)Z%ll

where M(.) is defined by (C.2c). Beware of the fact that the integer n must be replaced by p (resp. q)
for M(A ) (resp. M(A|q))-

Main operator of the proof. Let us define the operator

o H" xR xR®* - H'

((z,0),w,p) + O u(z,0)

by the formula i i

Mw Ié e(tfszAlf(z(s), v(s),p)ds
A CORIONDEE

where A;, Ay, f and g are defined in (C.15).

Obu(z,0)(t) = (

Strategy of the proof. Fix u € R®. We want to prove that the global 7-stable set W™ (O,f(u)
is a graph over R”. This amounts to prove that for every w € R”, there exists a unique vy € R?
such that (w,vy) € W*7 (0, Xu)' This is also equivalent to say that, for every w € R”, there exists a
unique solution (z,v) of (C.15) such that 2(0) = w and (z,v) € H'. We introduced the operator O], ,
because its fixed points are exactly the solutions (z,v) of (C.15) such that 2(0) = w and (z,v) € H'
(see Lemma C.18). Hence, it is enough to prove that Olw admits a unique fixed point in H”, denoted
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Rq

(25,1(0),v5,,,(0))

RP

*

Figure C.1 — (2, ,, ’U:’M) is the unique orbit of Xﬂ contained in the global y-stable set W*7 (O7 Xu)
with initial condition of the form (w,vg), vy € RY.

by (z(:#, v:,,#) (see Lemma C.16). See figure C.1. The estimates on the graph follow from estimates

on vy, , (see Lemma C.16) which themselves follow from estimates on ©” (see Lemma C.15).

W,

Technical details of the proof. We now state and prove three lemmas which constitute the main
part of the proof.

For every k = 0, we denote by Ly, (H’Y x R?, Hv) the space of k-linear maps from (ny X Rs)k to
H" and we define the operator

Ap:HXR = £, (H xR, H")
by the following formula: for every ((z,v),u) € H' X R®, ((2;,v;), pi)1<i<k € (H” X Rs)k, t=0,

JE DR £(2(s), v(5), ). ((2i(5), vi(5)), 1) ds

A ((z,0), 1).((z5,v;), us )(t) = +00 —(s—t
k((2,0), 0).((2i5v3), i) (2) (—L e DA Dk (6) (), 1) ((2i(8), 0i(s)), 1a) ds

We also define the operator
RP - H’Y

)

In the next lemma, we will use the following norm on H’ X R” x R”:
1((z,v), w, )l = lI(z, o)l + llwll + |l
Lemma C.15. The operator O7 is smooth. For all k = 1, ((z,v),w,u) € H x R” x R® and
((25,v3),w;, i )1<i<k € (HY X R” x Rs)k,

I(wi) + A ((z,0), 1)-((21,01), 1) if k=1

A ((z,0), 1) (2,025 1) k=2 (C.18)

Dk O’Y((z7’U)vw7p“)'((zi7vi)vwiaHi) = {

Moreover, the derivatives of O7 satisfy the following estimates: for every ((z,v),w, ) € H' x RP x R?,
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1

1D-. O7((z,0),w, ]|, < 5 (C.19a)
M(Ajr)
1D O™ ((z0), 0, Il = ——5 (C.19D)
da(y)nT
2max (M(A), M(Ajg)) i
11D, 0" (0,0, < - My (X) 112, ), (C.190)
where |||.|Il, denotes the standard norm of continuous linear maps from H” (resp. R”, resp. R®) to

H” and, for every k = 2,

211129L><(]\21'(A|F)7 M(A|G))
da(7)

|p* o”((z,v),w,u)|||7 < (M (X) + My (X) (2, 0)1l,)  (C.19d)

where |||.|||., denotes the standard norm of continuous k-linear maps from (H” x R” x Rs)k to H”.

Proof of Lemma C.15. One can remark that O7 is the sum of two operators, the first one being the
linear map I' and the second one being A,. Since R” is a finite dimensional vector space, I is smooth.
It follows that we only need to prove that the operator Ay : H' X R* - H" is smooth to prove the
first part of the lemma. Using the classical algebraic identification

Ly (H' xR H")=L(H" xR, L, (H' xR*,H"))

we are going to prove that for every k = 0, A, is differentiable and D A, = Aj,q.

Step 1. For every k = 0, Ay, is well defined and for every k = 1 and ((z,v),n) € H' x R?,
AL ((z,v), 1) s a continuous k-linear map. Let k =0, ((z,v), 1) € H' xR* and ((2;,v;), fti)1<i<k €
(HﬁY X Rs)k. For every s 2 0,

D*(f.9)(=(s), v(s), 1)-((2:(), v5(8)), i )r<isi =
> DL DL (£, 9)(2(5), v(8), m)-(0( (200 v3) i<z )

0<l<k
ceS (1)
where
U-((Zia vi)a Hi)lsisk = ((Za(l)(s)a Ua(l)(s)) yerey (Za(l)(s)a vo’(l)(s)) y Mo (l+1)y -+ -+ 5 ﬂo’(k}))
and &,(1) is the set of all permutations of {1, ..., k} which are increasing on both the integer intervals

[1,1] and [I + 1,k]. Using estimates (C.16) and the mean value theorem, we obtain the following
estimates. For all s = 0,

(£, 9)(2(s),0(s). Il < My (X) [I(2(s), (s Nl < €7 My (X) [1(2,0)l,

1D-.0(f,9)(2(8),0(8), 1) -(z1(5), 01 () < My (X) (21 (8), 01 ()] < €7 My (X) |Gz, 00)
1D, (£, 9)(2(s), 0(8), p)-pun ]| = M (X) [1(2(8) 0D Ml ll = €7 My (X) |Gz, 0 Ml |



C.3. Estimates for the stable manifold theorem with parameters 183

Forall s20,0<l<kand o € &;(),

|| D20 D (£,9) (=), v(5), 1)-(0-( (20, v0), pi 1<z |

l k
< My (X) | TG (), vem NI T T el
i=1 j=l+1
. _ l k
<My ()| TGt vea)ll, [T el
i=1 j=l+1

When [ = 0, the above estimate is not useful since there is no exponential decay, so we replace it with
an estimate using My, (X) instead of M (X):

k
HDﬂﬁmu@»mwwyw»m“|stmXﬂuaww@»nfhmm

< ¢ My (X) 1z, 0)]] rhmm

We now summarize the above (useful) estimates, using the inequality e'”* < ¢* for [ # 0. For any
$s20,0<l<kandoce &), we get

|02 D5 (£, 9)(2(5), v(5), 1).(0-((2i,v3), 1<z )| <

{e My (X) T Ilmall 1€z )11, ifk=01=0
M. (X)T1

: (C.20)
[Tics 1oty vo)Il, T ol i k2 1,0%0

It follows from (C.20) that the map s — e_(s_t)A2Dkg(z(s),v(s),u).((zi(s),vi(s)),,ui)lsisk is inte-
grable on [t,+00[, so A}, is well defined.

According to (C.17) and (C.20), and using the inequality ¢'”* < e7*, we have, for every ¢ = 0,

<

HL}Wﬁ&DW@@%M@MAG%&Lw@»#ﬂmgds

1 M(A , if k=0
L) [0 ()l k =0 o
v adA(fy)n—l ( )+Mk+1 (X)”(Z,’U)”,Y)l_[?:l||((Z“Ul),,ul)|| ifk=1
where we used the equality
k k
> rTW%umdﬂHITHmmH=rKW%wMH+WMD=rH«%wme
g(e)g:](cl) =1 =1 =1
Of course, we have an analogous estimate for g: for every ¢ = 0,
T (s=t)Ay ok
‘ J; e *D7g(2(s),v(s), 1)-((2i(5),vi(5)), pi)r<i<k ds|| <
M(A X if k=0
1 M( IG)1 s ( Mzl . i (©.22)
B=7 d,(y) My (X) + My (X) ||(Z)U)||y) [Tz N(Cziyv), eIl if k21
According to (C.21), (C.22) and the fact that max(p,q) <n —1,
2 max M(A|F),M(A|G) -
1A ((2,v), I, < ( )M1 (X) 1z 0l (C.23a)

da(v)
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and for all k£ > 1,

||Ak((z7v)7u)'((ziavi)a ,U'i)lsisk”fy =
2max (M(Ajp), M(A))
da(7)

k
(M (X) + Myt (X) 1201, ) T TG0 02), )1l (C.23D)
i=1

According to (C.23b), for every k = 1, Ap((z,v), 1) is a continuous k-linear map whose subordinate
norm satisfies

2max(M(A|F), M(AlG))
da(7)

AL((z,0), )l < (M, (X) + My (X) 1I(2,0)11,) (C.24)

Step 2. For every k = 0, for every ((z,v),n) € H' X R*, A, is differentiable at the point
((27’0)’:“) and DAk((Z,’U),,U,) = Ak+1((z7v)au)' Let k = 0, ((Z7U)?M)7 ((AZ7AU)aA:U/) € H' xR’ and

((2i,v3), pi)r<isk € (H X Rs)k. According to Taylor-Lagrange formula, for every s = 0,

| D" (£, 9)(2(5) + Az(s),v(s) + Av(s), 1o+ Ap)-((2i(5), vi(8)). 1) r1=izi—
DM(f,9)(=(s), v(s), 1)-(((2:(5), vi ), pi)r<isk )=
D*H(£,9)(2(5),0(), 1)-(((2i(5), 03()), i )rsizhr (A2(s), Av(s), Ap))|| <

1
2 5[]

where @ (w) is the second derivative with respect to w of the real function w +— ®,(w) defined by

k
P, (w) = D7(f,9)((2(s),v(s), p) + w(Az(s), Av(s), Ap)).((z:(s), vi()), pi)1<i<k
By (C.20) and computations similar to the ones done in the preceding step,

k
sup || @5(w)|| < € Oaz a0.am-0 (11002, A0), AP [ T I(Czv:), )l

wE[O,l] i=1

SO

IAR(((z,0), 1) + (A2, Av), Ap)) = Ak((2,0), 1) = Mg ((2,0), 1) (A2, Av), Ap) Il =
O((az.a).am-o (I1((Az, Av), Ap)|[*)

By a staightforward induction on k, this implies that Ag is smooth and for every k = 1, Dk Ao = Ay,
As a further consequence, O is smooth and formula (C.18) holds true.

Step 3. Proof of estimates (C.19). First, notice that estimate (C.19d) is a direct consequence
of (C.24) and estimate (C.19b) is a direct consequence of (C.17) and (C.18). To prove (C.19a) and
(C.19¢), let ((z,v),w,pu) € H' x R” x R® and ((Az, Av),Au) € H” X R®. According to (C.18), we
have

Dz,v O’Y((za U)>wa /J/)(AZ? AU) = Al((zv U)7 ,U,)((AZ, AU)) 0)

By (C.20) and similar computations to the ones done in the first step,
2max (M(A), M(Ajg))
da(v)

so, by (C.10), (C.13), (C.2c) and the fact that max (M(A|r), M(A4jc))m (F,G) < M(A), we have

”Al((Z,U),M)((AZ, A’U),O)”,Y = Ml (X) ”(AZ,AU)”,Y

2 max (M(A|F),M(A|G))
da(v)

My (X) = (C.25)
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so estimate (C.19a) holds true. By similar computations, we obtain

2max (M(A), M(Ajg))
da(7)
which implies the estimate (C.19¢). This concludes the proof of Lemma C.15. O

1A1((2,v), 1)-((0,0), Al = My (X) 11z, o)1 1l Aull

Lemma C.16. For every (w,u) € R? x R®, the opemtor (’)Zhﬂ admits a unique fized point, which is
independant of the choice of v and is denoted by (=, 7#). This fixed point satisifes the following
inequality: for everyt = 0,

w;u

2\/§M(A|F)
||(Z:“u a Uy ,u( || =T 7 p1 ||(Z:,u(0)av:,p(0))” (026)
da(y)=
Moreover, the map
(Z* ’U*)’ R? xR® — HPY
’ ' (UJ,,U) = ( R, U ,,u)
is smooth and, using the norm ||(w, u)|| = ||w|| + ||| on R? x R®, we have the following estimates:

for every (w, ) € R x R®,

AM (A )M (A 5
05, < ( C'liiw( ) p, (X) lwll (C.27a)

. AM (Ajp)M(A N
1l < S () (Ca)

. 8M (A r)M(A 5
Dl < A a () o (0270

and, more generally, for every k = 2,
2k-1

max ( M (A ,M A ? _ -
(A, M (A My (X)) max (1, [J]]) (C.27d)

oz, o7

< ag
~

where ay, is a positive constant independant of X, (F,G), w and p.

Remark C.17. To conclude the proof of Proposition C.8, we only need estimates on v*, this is why we
did not give estimates on z* in the above statement. Such estimates will be used in the following proof
though.

Proof of Lemma C.16. According to (C.19a) and the contraction mapping theorem, for all (w, u) €
R” x R”, O], , admits a unique fixed point

* *
(20,10 Uy o)

Let 7' €A max (A1), min(0, Apin (4;c))[ satisfying (C.10). According to remark C.13, we have
Hmin(%v') c HmaX(%W')

max(7, W) By uniqueness, this

so the fixed point ( Zmin(y,) w0 U rtlin(%v'),w,u) is also a fixed point of O,
proves that the two fixed points coincide. Denote this unique fixed point by (Z:,u’ vf:, u)
To prove that the fixed point depends smoothly on (w, i), the idea is to apply the global inverse

function theorem to the map

H" xRP xR* - H” xR xR®

G’Y: ((Z7U)7w7ﬂ) i (OZ,M(Z’,’U) —(z,v),w,,u)
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Indeed, according to Lemma C.15, G” is smooth and according to (C.19a), G is injective and its
differential is at any point invertible. According to the global inverse function theorem,

VY € G(HY xR x RY)

is an open set of H” X R? x R®, the map G : H” x R” x R® —» V" is a diffeomorphism and its inverse
is smooth. Denote by
(@M Vv > B

the first coordinate of (GW)_l. By definition of (2, v"), for every (w, ) € R? x R,

G (2 Vo )s w0, 1) = ((0,0),w, 1)
S0
(22 wl) = (G ((0.0), . )
Since (Cf’)_1 is smooth, this completes the first part of the proof of Lemma C.16.
Fix (w, ) € R x R*. From the fixed point equation

* *

(Zw7ua Uw,p,) = OZ),;}, (z:,pav::,u) (028)
and (C.17), (C.23a), it follows that for all ¢ = 0,

2max(M(A|F), M(AlG))

1G] < AR oy
e da(7) da(y)

Ml (X) e’Yt ||(Z:.<J,M) U:;,p,)”,y

. . . t t
so, according to (C.25) and the inequality e™ < e,

. . M (Ar)
||(2"w7;u’Uc;.z,p,)”,y = |;f1 ||OJ|| (029)
da(y)nr

Plugging (C.22) (case k = 0) into (C.28), we obtain, for all ¢ = 0,

* 1 M(A|G) S * *
||Uw7lt(t)|| = 5 _ ,V dA('y)% eﬂ/tMl (X) ||(Zw,ﬂ7vw,u)||7 (030)

Plugging (C.29) into (C.30) and using p + ¢ = n, we obtain estimate (C.27a). Note that (C.26) follows
from (C.29).

Taking the derivative of (C.28) with respect to the variable w and using (C.19a) and (C.19b), we
get
2M(Ar)
p-1
da(y)nr
Moreover, taking the derivative of (C.28) with respect to the variable w, we obtain, for every w; € R”
and every t = 0,

Do el ) < (©31)

*

+00 ~
—(s—t)Ay
Dwvw,u-wl(t) = _Jt € (o=1) (Dz,vg(zz,u(s)vv:,u(s)a,L")~Dw(zut,u7v:,u)-w1(s)) ds
so using (C.17) and (C.20), we obtain
1 M(Ag)

B=Yd s

1Dovs I,

IA

My (X) I1Dw (250 02,1, (C.32)

Plugging (C.31) into (C.32) and using p + g = n, we get estimate (C.27b).
Taking the derivative of (C.28) with respect to the variable u and using (C.19a) and (C.19¢), we
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get . «
4maX(M(A|F), M(A|G))

da(7)

Moreover, taking the derivative of (C.28) with respect to the variable u, we obtain, for every u; € R®
and every t = 0,

*

My (X) (120 v )l (C.33)

|||DM(Z:),M’U:7N)”|7 =

+00 -
—(s—t)A
Dk (t) = —L e T (D, gk (8), 08 (8), 1)-Dy (2 o0l ) (5)) ds
+ 00 ~
—(s—t)A
- j O (DR ()00 (), )ty ) s
so using (C.17) and (C.20), we obtain

N OO

Plugging (C.33) into (C.34), we get

|||DMU (Ml (X) |||Du(z:,wvz7u)”|7 + M, (X) ||(z$,,“vZ,u)||7) (C.34)

; 1 M(AG) oy, e amax (M(Ap), M(Ag))
D S ——F My (X 1 My (X
1Dl < CEEpeE 2 (X) 1G5 vl | 1+ 0 1 (X)

Using (C.2¢), (C.10), (C.13), the inequality

max (M (Ajr), M(Aig)) m (F,G) < M(A)
and the inequality max(p, ¢) < n, we get

4max(M(A|F),M(A|G))M (X)=<1
da(v) ' -

0 .

* 1 M(AlG) > * *

NIDuvs,lll, = QB——WWMQ (X 10 v, )1 (C.35)

Plugging (C.29) into (C.35) and using p + ¢ = n, we get estimate (C.27c).

We are now going to prove (C.27d). To avoid clutter with constants independant of X, (F,G), w
and p in the following estimates, we introduce the following notation: for any real positive functions
01,09 depending on (X, F, G,w, u) we define the order relation < by

51 ~ 52 — 3C > 0, 51 < 052 (036)
For every k = 2 and (w, ) € R X R”) let

aer max (M (Ajp), M(A)g))
- da()

Note that (uy) is increasing. We are going to prove by induction on k that, for every k = 1,

Uy, max(l,||(zz)wv:7u)||7)]\_4k (X) (C.37)
|0 Gl vl ], = i (C.38)
Inequalities (C.31) and (C.33) yield

|||D(z:,/u U:,M)”Ly < Ug
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which proves (C.38) in the case k = 1. Let k& = 2. Deriving (C.28), we get

k k
D (Z:),;uvz,y) = Dz,v OW((Z:’H7U:7#)7LU,/J,).D (Z:;,;“UZ,H)

k
+ Z Z Cil,‘..,ijD] 07((ZZ,M7U:7M),¢U;M)~

3=2 d,ei21
iy teetij=k

(D™ (20,0 v )0y 1), DY (24000, ) w0, 1)) (C39)

where the C;, i; are the constants appearing in the standard Faa di Bruno’s formula. According

to (C.19d), for all j = 2 '
|27 @V((Z;;WU;;M),w,#)|||V < Ui (C.40)

Plugging estimates (C.19a) and (C.40) into (C.39) and using the induction hypothesis, we get

J
k, * * 24;—-1
< . .
|||D (zw,pavw,u)‘”,y ~ 221?5); Uj+1 | |uzl+1
i1yenyis21 =1
iy +eeetig=k

Y11(2i-1)
SUker mAX Uy
i1yeenyi21
ip+eetii=k
2k-1
= U1

which proves (C.38) for all & = 1 by induction. According to (C.29),

max(M(A|F), M(AIG))

max (1, Z: ,1}:, < max (1, ||w Cc.41
(112 eZ01) 0 (L. llwll) (C.a1)
Plugging (C.41) into (C.38), we finally obtain estimate (C.27d). This concludes the proof of Lemma C.16.

O

Let us define the map
R’ x R* — R?
(W) = Gulw) = v5,(0)

Lemma C.18. For every u € R, the global y-stable set W*" (O,Xﬂ) is exactly the graph of the
map ¢, R? — R?. Moreover, ¢ is smooth and for every k = 0, every (w, ) € R x R® and every

(wi, i ) 1<i<k € (]Rp X Rs)k, the following formula holds:

D*§(w, n)-(wiy pi)1isk = D0 (wis p13)12021(0) (C.42)

Proof of Lemma C.18. Fix u € R®. Let (w,vy) € R” x RY. We are going to prove the following
equivalence: R B
(w,vg) € W7 (O,Xu) = vy = ¢, (w)

Let (z,v) : [0,+00) — R” x R? be a continuous map such that z(0) = w. By a straighforward
computation, (z,v) is an orbit of X,, (that is, a solution of (C.15)) if and only if for every 0 <t < 7,

2(t) = e+ J e(t_S)Alf(z(s),v(s),u)ds
0
v(t) = e_(T_t)A%(T) - L e_(s_t)A2g(z(s)7v(s)7u)ds

If we assume that (z,v) € H”, then, according to (C.16a), (C.16¢) and (C.17), the second integral
above converges as T goes to +00. Letting 7 tend to +00, we get that (z,v) € H” and (z,v) is a
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solution of (C.15) if and only if (z,v) € H” and for every t > 0,

2(t) = etAlw + Jt e(t_s)Alf(z(s),v(s),u)ds
0 (C.43)

o(t) = - fm e (), (), 1)

i.e. if and only if (z,v) is a fixed point of O, ,
From now on (z,v) denotes the orbit of Xu starting from (w,vg) at t = 0, that is, (2(¢),v(t)) =

XZ(w, vg). We have the following equivalences:

(w,v) € W7 (O,f(ﬂ)

= (z,v) € H’ by (C.6)
< (z,v) is a fixed point of OZ, u by the above reasoning
= (z,v) = (Z::,wvlu) by Lemma C.15
< (2(0),v(0)) = (z:’”(O), vZ)M(O)) by uniqueness in Cauchy-Lipschitz theorem
= (w,v0) = (w, qu(w)) by definition of (;NSH

which conclude the first part of the proof. Let Ej be the “evaluation at time ¢t = 0” map

H] - R

Eo: v = 2(0)

By definition of the y-norm, Fy is a linear continuous map (with ||Ey|| < 1) and as such is smooth.
Since ~
¢=FEyou

it follows from Lemma C.15 that ¢ is smooth and (C.42) holds true. This concludes the proof of
Lemma C.18. O
Plugging estimates (C.27) into (C.42) and using (C.13), (C.2¢) and the fact that
M(Ap)M(Ajc)m (F,G) < M(A)

we have, for every (w, ) € R? x R®,

ot ] = -3 GOl (C.44a)
Pt = 32300 (0 (C.44)
ll2udtomll = T 08, () e (C.440)
and, more generally, for every k = 2,
946, 0)| = (M(A’ Moo (X (L)) (C.44d)

where < is defined by (C.36). Let us now define
G
L

F xR°® i
7 (Gu(L(w)))

(w,p) +

One can remark that ~
L (Graph ¢) = Graph ¢
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and, according to (C.12), we have, for every pu € R”,
OV (0.%,)) = W7 (0,5,

so, according to Lemma C.18, we get that item 1 of Proposition C.8 holds true.

We are now going to prove estimates (C.9). According to the fact that Ljp and (L_l)URq
are isometries, it follows that estimates (C.44) hold true for ¢ instead of ®, up to a formal re-
placement of w € R” by z € F. To conclude, it suffices to remark that these estimates are
valid for all v € I, satisfying (C.10). It is straightforward to check that the function d(7v)
defined for all v €]A\nax (A|F),min(0,)\min (A|G))] satisfying (C.10) is maximal at the point
min (0, (Apax (A|F) + Amin (A|G)) /2) and its maximum is more than (2n_10 (A))_l7 where o (A)
is defined by (C.5). Letting v tend to min (0, (Apax (A|F) + Amin (A|G)) /2) in estimates (C.44), it
follows that estimates (C.9) hold true for some constants C; o,Cy 1, ... independant of X, (F,G), w
and p.

It remains to prove item 2. Fix u € R*. Let (z,v) be an orbit of X,,. By definition of XW L(z,v)
is an orbit of Xﬂ. According to (C.26), we have, for all ¢ = 0,

M(A
1L, o)l = 22245 oy, vo)
da(y)n1
so, using (C.11), we get
1 uenll < ARm G oy ol

da(y)T

Letting ~ tend to min (07 (A max (A|F) + Anin (A|G)) /2) in the above estimate, there exists a positive
constant C' (independant of X, (F,G), w, u and (z,v)) such that for all ¢ = 0,

1(2(8), vl = CM(A)o (A) | (2(0), (O]

The above estimate implies that for every n > 0 and every 0 < § < m,

W*>7(0,X,) N Bg(0,6) c W,;"7(0,X,,) N Bgr(0,6)

The other inclusion being straightforward, item 2 follows. This concludes the proof of Proposition C.8.

O

C.3.3 Local estimates

In this section, we state and prove a precise version of the local stable manifold theorem. This version
is given by Theorem C.19 below. Recall that we defined four hypotheses on smooth families of vector
fields in subsection C.3.1. Given a parameter 7 > 0 and a smooth family of vector fields (X,,), ers
satisfying the hypotheses 1 and 2, let

def
M (X,r) = sup Nl DX (1) — Alll
(@,n)€B((0,0),r)

where A := D, X(0,0), and for every integer k = 2, let

M (X,r)E sup  sup [P X ()|
2232k (2,11)e B((0,0),)

where B((0,0),r) is the closed ball in R" x R” of center (0,0) and radius r and let
_ d

My (X, ) € max (1, My, (X, 7)) (C.45)

Theorem C.19 (Local estimates for the stable manifold theorem with parameters). There exists
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a positive constant Cy 2 1 and a sequence of positive constants (Cay)ren (both depending on the
dimension n) such that for every smooth family of vector fields (X,,) ers satisfying the hypotheses 1
and 2, every partially hyperbolic splitting (F,G) of A := D,X(0,0) and every r > 0,

1. Uniqueness of the stable sets: for every v,~' € I4 (see (C.4)) and every p € R® such that

min(dA(’Y)vdA(’Y’)) .
M(A)M, (X,r)

1.
lell = 7 min

one has ’
W (O,XH) =W (O,Xﬂ) (C.46)

2. Graph structure: there exists a (non unique) smooth map

. FxR - G
o Ge) e du(z)

such that for every v € I4, every u € R® such that

- _ min(dA(’y),a(A)_l)
Il = S B TS am

every 0 < n <7 and every 0 < § < m, the following equality holds:

W;’A’(O, X,,) N Bg~(0,68) = Graph (¢,,) N Bg~(0,6) (C.47)

where
1

f= o min((a (A) M(A)M, (X,r))_1 ,r) (see (C.2b) and (C.5))

3. Controls on ¢: for every (z,u) € Bp (O,S) X Bps (075),

16z, )1l < Ca 00 (A)* M(AY My (X, 7) (N1l + Il NIzl (C.48a)
D6z, Il < Conor (A)? M(A) My (X, ) (|I2]] + [|l]) (C.48b)
D¢z, m)||| < Coro (A) M(A)M; (X, 7) ||=]] (C.48¢)
where i 1 ) B
5= Wmin((a(/l) M(A)M, (X,7))" 7)
and more generally, using the norm ||(z, w)|| = ||z|| + ||| on F x R®, for all k = 2,
D" 6z m||| < Co (7 (A)° M(A)* max (o (A4) M(A)N, (X, 7), 7Y M (X,r))%_l
(C.484)

Remark C.20. If the singularity is hyperbolic (i.e. Apin (A|G) > 0), then the global ~-stable set
W*™7(0,X,) coincide with the global stable set W*(0,X,,) (for x sufficiently small).

Remark C.21. If one is working with a different norm than the Euclidean one, one will have the same
result but with different constants Cy,Cs0,C2 1, - ..

Proof of Theorem C.19. Fix a smooth family of vector fields (X, ) ers satisfying the hypotheses 1
and 2, a partially hyperbolic splitting (F,G) of A = D, X(0,0) and r > 0. Fix a smooth plateau map

x : [0,+00] = [0,1] such that
1 if0<sus=<l
x(u) =

0 ifu=2
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For every k = 1, let a;, = max(l, SUDy»0 X(k)(u)D. For any 0 < £ < 1, let us define the “truncated”

smooth family of vector fields (Xﬁ) uers by
n s || (=, N)”Q
V(z,p) € R" XR*, X* (2, 1) = Av + x (5—2 0, 1)

where 0(z, 1) = X (z, u) — Az. We now state a claim about X°.

Claim 1. There exists a sequence of constants (ci)rs1, ¢ = 1, independant of X, (F,G) and r, such
that for every 0 < € < min(1,7/v?2),

1. X% is a smooth family of vector fields satisfying the hypotheses 1, 2 and 4.
2. D,X%(0,0) = A.
3. The derivatives of x* satisfy
M,y (X®) < €M (X, 1) (C.49a)
Vk 22, M, (X%) < €7 My (X, r) (C.49b)

Moreover, for every v € I4, every 0 < £ < &£(vy) where

def (1 da(y) r ) .
= 2 ,— | e o, 1,7/V2 C.50
€)% min A ) € Jomin(1,r/V3)] (©:50)
every u € R® such that ||u|| < £/2, every 0 < n < £/2 and every 0 < § < m, the following

equality holds:
W;(0,X,) 0 Bgo (0,6) = W™ (0, X5) 0 B (0,6) (C.51)

Proof of claim 1. Fix 0 < £ < min(1,7/v2). Let (x, 1) € R" x R®. By definition of y,

X(x,p) i [|(z, )|l <€

dr i [l )] = V2 (C:52)

X, p) = {

It follows from (C.52) that D,X*%(0,0) = A and X* satisfies the hypotheses 1, 2 and 4.
We are now going to prove estimates (C.49). According to (C.52), we only need estimates on the

derivatives of X¢ on Bgnygs(0,£v2). As in the proof of Lemma C.16 (see (C.36)), we introduce a
notation to avoid clutter with constants independant of X, &, r, x and p in the following estimates:
for any real positive functions d;,d, depending on (X, &, r, z, ) where 0 < ¢ < min(1,r/v/2) and
(z, 1) € B(0,£v2), we define the order relation < by

51 < (52 — 4C > 07 (51 < 0(52 (C53)

Using 6(0,0) = 0, DA(0,0) = 0 and D*0 = D" X for all &k = 2, if follows from the mean value theorem
that

16z, )| = €M, (X, 7)
DOz, )| 5 €My (X, 1) (C.54)
Yk =2 M, (0) = M, (X,?")

For every (z, ;1) € B(0,£v/2), let

2
[ICDII
52
and let X£ =xo N&. Using the standard Faa di Bruno’s formula, we obtain, for all j > 1,

Nz, p) =

o7 @l = €7 (C.55)
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Using estimates (C.54) and (C.55), we get
(DX, ) - A|| = €77 M (X, 7) + €My (X, 7) = €My (X, 1)

Since A = D, X 5(0, 0), it follows that estimate (C.49a) holds true for some constant ¢; = 1 independant
of X, (F,G), &£ and r. Using Leibniz formula and estimates (C.54), (C.55), we obtain, for all k = 2,

1D ), || = €7 M (X, )

Since Dk(Xgﬂ) = D"X* for all k = 2, it follows that (C.49b) holds true for some constant ¢ = 1
independant of X, (F,G), £ and 7.

Now, let us fix v € I4. Let 0 < £ < &(7y) (see (C.50)). According to (C.49a), condition (C.7) is
satisfied for v and X ¢ 50 according to item 2 of Proposition C.8, we obtain, for every p € R*, every
77>()zaundeve1ry()<(5sm7

W70, X5) 0 Ben(0,8) = W*7 (0, X)) n Bz (0,6)
According to (C.52), for every pu € R” such that ||u|| < £/2 and every 0 < n < £/2,
W0, X,,) = W0, X5)
Hence, (C.51) holds true. This concludes the proof of claim 1. O

According to claim 1, for every 0 < ¢ < min(1,r/v2), X% is a smooth family of vector fields
satisfying the hypotheses 1, 2 and 4 and (F,G) is a partially hyperbolic splitting of D, X*(0,0) = A.
Denote by ¢§ the smooth map associated with X* and (F,G) by Proposition C.8 (well defined for all
¢ small enough by (C.49a)).

Let 7,7 € I4. Let &€ = min(£(y), (7)) (see (C.50)). Estimate (C.49a) implies that v and ~'
satisfy (C.7) for X°. In particular ¢° is well defined. Let p € R® such that ||u|| < £/2,0 < n < £/2
and 0< ¢ < m. We have

Wy7(0,X,) N Ba(0,6) = W (0, X5) N Bgr (0,5) using (C.51)
= Graph (qﬁi) N Brn(0,9) using item 1 of Proposition C.8

and since the above computation holds true for ’y' as well, it follows that

W (0, X,) 0 Bz (0,6) = W7 (0.X,,) 0 By (0,6)

and finally,
w7 (0,X,)=w> (0,X,) (C.56)
It follows that item 1 of Theorem C.19 holds true.
Let

5/ def )‘max (A|F) + min (07 /\min (A|G))
- 2

One can remark that . 1
da(7) 2 (2" 0 (4))
Let

£ min((c1012n_10 (A) M(A)M, (X,7) ) <¢(7) (C.57)

Let ¢ wf qbé. Estimate (C.49a) implies that 4 satisfies (C.7) for x¢ 5o ¢ is well defined. According

to Proposition C.8 and claim 1, for every u € R® such that ||u|| < /2, every 0 < < £/2 and every

n
0<ds= CM(A)o(A)’

W, 7(0, X,,) N Bgn(0,8) = Graph (¢,,) n Bg»(0,6)
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According to (C.56), it follows that for every v € I4, every p € R® such that |[u]| < min(¢, £(7))/2,
every 0 <n < ¢/2 and every 0 < 4 < m,

W, (0, X,) N Bgn(0,8) = Graph (¢,) N Bgr (0,6) (C.58)

Hence, item 2 of Theorem C.19 holds true.

We are now going to prove estimates (C.48). Using (C.51), one can remark that for every 0 < £ < 3
and every ||ul|| < £/2,

Graph (¢,,) N B~ (0,8(€)) = Graph (6}, ) N Bg(0,8(€))

where
def f

2CM(A)o (A)
It follows that for every 0 < € < &, every ||u|| < €/2 and every z € F such that Iz + ¢,.(2)|| <6(8),

5(¢) =

$u(2) = ¢5.(2)

In order to obtain the estimates about ¢ and its derivatives at a given point (z, ), the idea is to
remark that it will be the same estimates for ¢° for some well chosen & = £(z, ). Plugging (C.49a)
into (C.9a), we obtain, for every (z,u) € F X R,

llo(z, wl = 2]l

2" 10

It follows from the previous estimate that for every (z, ) € F x R* \ {(0,0)} such that

1. 1 _ 1 r
21l < (CM(A)o ()™ min| ey (o (4) M(A)M; (X, 1)) Ty
1. 1 _ 1T
il < (CMCA) (A i (b (o () MY (X)) )
(C.59)
the number
€€z = 4000 () (1 gk a1+ (60
satisfies 0 < £(z, 1) < € and the following property: for every (', 4') € F x R®,
(71 < 2= and 'l <2016ll) = (|| + 6@ < 8¢z n)) and ||| < &z, m)/2)

Let us now fix (z,u) € F xR\ {(0,0)} satisfying (C.59). According to the above arguments, the

maps ¢ and ¢£(z,u) coincide on B (0,2 ||z||) X Bg:(0,2||p]|), in particular all their derivatives at the
point (z, u) coincide. Hence, we get

¢z mll = [|6°5" (2. )|
< Cr o0 (A) M(A)M, (XFE9) ||z using (C.9a)
< ¢1Cy 0 (A) M(A)E(2, ) Mo (X, 7) ||| using (C.49a)

C
< 46,100 (14 b )0 () MO, CCR Il (1l + ) wing (C60)
1

so estimate (C.48a) holds true (for some different constants). By the same arguments, we obtain
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estimates (C.48b) and (C.48c¢). Using (C.49b), we get, for all k = 2,
Mk+1 (XE) = maX(l, Ck+1£1_kMk+1 (X))
= Ck+lgl_kMk+1 (X,7)

Using (C.57), we get, for all k = 2,

3 k-1 [ /2 ht
M1 (Xg) < Cpy1MAx (01012n_10(14) M(A)Mz(X,T)) ) ’<7) )Mkﬂ (X,7)

< 41 Max ((01012n_1)k_1 , \/§k_l) max (O’ (A) M(A)M, (X, ) ,r_l)k_l My (X,7)

Plugging this estimate into (C.9d) applied to (;55 = ¢, it follows that (C.48d) holds true. This concludes
the proof of Theorem C.19. O

C.4 Estimates for vector fields vanishing on submanifolds

Fix n € N and a linear subspace G of R". Denote by ||.|| the Euclidean norm on R". Let Q be an
open neighbourhood of 0 in R”. Fix a smooth vector field Y :  — R". Assume that

1. Y vanishes on j := QN G;

2. For every p € (g, there exists a decomposition F, ® G = R" stabilized by A, = DY () and such
that

)‘max ((A,u,)|F#) <0

For every p € Qy, let

B(w) ef min(l, )n_l (see (C.1a)) (C.61)

Amax ((Au)|F“ )

Let F*° be the stable foliation associated with the contracted subspace G on which the vector field
Y vanishes, that is, the partition

F W (1, Y) | 1€ Q)

where the stable manifolds W*(u,Y’) are called the leaves of the foliation F°.
For every integer k = 2, every u € Qg and every r > 0 such that Bgn(u,r) C Q, let

M (Vo)< s s [0V

25j=k yeByn (u,r)

and - ot
Mk (Yaﬂﬂ’) = maX(LMk (Y,,Ll,,?"))

Our next theorem states that in this context, the foliation F° can be locally smoothly straightened
in the neighbourhood of any point p € Q.

Theorem C.22 (Local straightening of the stable foliation of a vector field). There exists two positive
constants Cy = Cy = 1, a sequence of positive constants (C5.5)k=2 and a sequence of integers (Nj)p»2
(all independant of Y') such that for every map r : Qo — ]0,1] satisfying

Vu €y, Brr(p,m(p))cQ
there exists

e two families (U,) eq, and (V,)ueq, of open sets of R";
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Figure C.2 — The local coordinate system &, straightens the stable foliation induced by F * on U,

e a family of smooth diffeomorphisms

(€ 2 U = Vi e,

satisfying the following properties. Given g € Qq:

1.

Both U,, and V,, are neighbourhoods of py. More precisely, they both contain the open ball
Bgn (,uO,RMO) where

def B(1o) i B(p0)
C3m (FMD7G)2 M(AMO) M(AMD)MZ (Y7 [LQ,’I"(/JJ()))7

Ho

T(Mo)) (C.62)

and M(A,,) is defined by (C.2b).

F* foliates U,, and &, is a local coordinate system straightening the stable foliation F* (see
figure C.2). More precisely,

U= || Wy)nU,
neQNU

and, for every p € Qo N U, ,

E#o (WS(M7Y) n UMO) = (M + FHO) n V#o

Moreover, for every p € Qo nU,,,

W Y) N U, = W (1Y),

Ho

where

- ( B(po)

T M\ M (A (Y, 10,7 (o))

ch 7’(#0))

Identifying R" and F,, X G, the local coordinate system has the following form:

€uo (2 1) = (2,12) + (0,6 (2, 1))

where EHO(O, wu) =0.

. For every 0 < e =1, §,, restricted to Bgn (Mm GRMO) is e-close to the identity with respect to the
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1
C" -norm:

€., — Id||01 <€ in restriction to Bgn (1o, €R,,)
¢ — 14

o S€ in restriction to Bgn (,uo, ERMO)

5. The C*-norms have a sub-polynomial growth with respect to B(,uo)_l: more precisely, for every

k=2,
M( Ay ) Mgy (Y, o, 7(0)) )
ﬂ(#o)r(uo)

165l |50

o < C3,k

6. For every py € g, &, and &, “coincide” on U, N U,, modulo the choice of the direction on which
the stable manifolds are projected. More precisely, if we denote by w, the linear projection along G

onto Iy, for every p € Qy, we have

Epo — &y = Ty — Ty, 0 restriction to U, NU,,

Remark C.23. The charts (§,,),,e0, do not form a foliation coordinate atlas because ¢, straightens
the leaf W*(u,Y)NU, 1, onto the affine subspace p+ F), ) which depends on py. Nevertheless, identifying

R"™ and F,,, x G, one only needs to compose &, with (7 Flg Idg) where 7 denotes a linear projection

along G onto a fixed complement of G (for example Gl) to obtain a foliation coordinate atlas. This
would change the estimates on the norms of the derivatives of f;j by a factor m (F e G ) and would
make £, close to (7T|FHO,IdG) in item 4. We did not make this choice for two reasons: there is no

canonical complement of G and we want to obtain the fact that £, can be made arbitrarily close to
Id with respect to the C'-norm.

Proof. Presentation of the proof as a consequence of Theorem C.19. Fix a map r : £y — ]0,1]
satisfying
V,u € QOv B(,LL,T(/J)) cQ

Fix pg € Qy. Even if it means translating the vector field Y, one can assume that pg = 0. So, we will
prove the desired result in the neighbourhood of 0. Recall that we want to straighten, for all p € G
small enough, the local stable manifold W,f (u,Y) for some 1 depending on u. This leads us to define,
for every u € G and x € R" such that u + x € €,

def

X)X, (2) = ¥ (u+ )

We will prove later on that the local stable manifolds of Y coincide with the local y-stable manifolds
for some v < 0 well chosen (see (C.66)). Hence, we focus on the description of those local v-stable
manifolds. The local y-stable manifold of 1 € Qg for Y is exactly the translation of the local ~-stable
manifold of 0 for X, by ¢, : x = p + 2. More precisely, for every u € Q and every 0 < § < (1),

po W (0,X,) = W5 () (C.63)

According to the above equation, we are left to straighten the local y-stable manifolds W; 70, X ) for
1 small enough.
Construction of £,,,. We are now going to extend X so that we can apply Theorem C.19. One

can remark that X is well defined on a neighbourhood of the closed ball Brryg((0,0),7(ug)/2).
Multiplying X by a smooth plateau map equal to 1 on Brnyx((0,0),7(po)/2) and vanishing outside of

a small neighbourhood of Bgryg((0,0),7(19)/2), we obtain a smooth family of vector fields (as defined
in subsection C.3.1) defined on R" X G, still denoted by X. With this new smooth family of vector
fields, equation (C.63) implies: for every p € G such that ||p|| < 7(ug)/4 and every 0 < § < 7(uqg)/4,
we have

po W (0,X,) = W57 () (C.64)

By hypothesis 1 on Y, for every € G, X,,(0,0) = (0,0). By hypothesis 2 on Y, (F},,, G) is a partially
hyperbolic splitting of 4, = D, ,X(0,0,0) so X := (X,),ec is a smooth family of vector fields
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satisfying the hypotheses 1 and 2. Using the estimate
Vk =22, M (X,r(u0)/2) < My (Y, p0,7(p0))  (see (C.45))
it follows from Theorem C.19 applied to (X, F}, , G) with r = r(uy)/2 that there exists a smooth map

” F,,xG - G
(zop) = du(z)

such that for every u € Bg (0,7), every 0 < i <7 and every 0 < § < %,
HO
W,7(0,X,,) N Bgn(0,6) = Graph (¢,,) N Bgn(0,9) (C.65)
where
e )‘max (A )
et P i 720) (C.66)
_def 1 | B(ko)
= ——min = , (o) see (C.2b C.67
16, ™\ M, )3 (Vo o) ")) 50 (020) (€67
Moreover, for every (z,pu) € Bg,, (075) X Bg (0,5),
6(z, )| < CooB(pt0) "M (A, ) My (Y, 1o, 7(120)) (Nl 2l + Nl 1121l (C.68a)
D¢z, il < Co1Buo) > M (A )’ My (Y, 1,7 (1)) (=1l + Nl all) (C.68b)
1D,6(z, )|l = Co1Bho) ™ M (A, )M (Y, 10,7 (110)) ||zl (C.68c)
where
5 det Blo) min —B(HO) (po)
4C,M(AL,) M (A, )M (Y, po, (o))’
and more generally, using the norm |[(z, p)|| = ||z]| + ||| on F,, X R®, we have, for all k > 2,
19 ot ] = o (22"
’ ’ B(po)
M( A, )My (Y. i, (10)) - "
) ) 2 —
max - 2 fo. 21 s Mk+1 (Y7 Ho, T(MO)) (C68d)
Bko) 7(to)
Let
" F,xG - F, xG (C.69)

(z,p) B (2 m+d(2,1))

One can rewrite (C.69) as ¢ = Id +h where h(z,u) = (0,¢(z,1)). According to (C.68a), (C.68b),
(C.68¢) and the mean value theorem, there exists a constant K = 1 (independant of Y, r and p) such

that for every 0 < € < 1 and every (z,u) € Bp (0, 5—15) X Bg (0, %S), we have

HO

IIDRCz, mIIl < [I1DS(z, Il < % (C.70)

and

NS>

V,,, C Bpgn (o, ) (C.71a)

U,, C Bgn (o, (C.71b)

NS>
SN~—
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where

_det 15(po0)

~ CM(A,,)

and L : F, x G - R" is the canonical isomorphism (z,u) = z + p. According to Lemma C.24, we
have

Ll <1 [||27|| < m (B, G), (C.72)

the linear spaces R", F, u, and G being equipped with the Euclidean norm and the linear space F,) X G
being equipped with ||(z, 1)|| = ||z]| + ||p]|. Using (C.70) with € = 1, we get that 1 is injective on V#o
and according to the global inverse function theorem, 1 is invertible on V#o‘ Let us define EHO as the
local inverse of ):

>~ def -1~ =
5llo = (¢|Vm) : U#o - Vllo
and let ~ )
guo =Lo 5#0 oL : UMO - Vuo (0'73)

Proof of item 2. The first thing to remark is the fact that v is constructed so that it maps straight
lines to the graphs induced by ¢: more precisely, we have, for every u € G,

¥ (Fuo x {u}) = (0, ) + Graph ¢, (C.74)

Identifying Graph ¢, C F,, X G with its image in R", we have, for every u € Bg (O, %),

(u + Graphd)u) NU, =p+ (Graphd)u) N (UN0 0 using (C.71b)
L1
CBgn (0,7)

= (,u + W;”Y(O,X“)) nU,, using (C.65)

so, using (C.64), we get that
(1 + Graph¢,) N U,y = Wy (1, Y) N U, (C.75)

Since the family (W;ﬁ(/.j,, Y)) is pairwise disjoint, the family

MeBG(o,%)

((‘LL + Graph ¢M) n UMD)MEBG(O;%)



APPENDIX C. Stable manifold theorem with parameters

200
is also pairwise disjoint. The preceding remark allows us to write

UHO = 5;(} (VHO)

=£;3 I_I (M+FHU)OVIL0
ueBG(O%)
= | gGulw+By)nv,) by injectivity of &,
MGBG(O,%)
C |_| (u+ Graph¢,)NU,, using (C.74)
HEBG 0,%)
using (C.75)

W (1, Y) N Uy,

c|_|_

HEBG(O, )

c Uﬂo
where LI denotes a disjoint union. It follows that all the preceding inclusions must be equalities. As

=

consequences, we get that the family (W;’V(u, Y))HeBG(O 1) foliates U,
K
Uw= || W'(wy)nU,, (C.76)

Ho )
neBa(0,£)

(C.77)

and for every u € Bg (0, %),
Fuo) n Vuo) = W;’Y(M’Y) N U,

-1
5#0 ((
Since any orbit contained in W*(u,Y) must eventually enter U,,, it follows
(C.78)

Let 41 € Bg (o%)
from (C.76) and the fact that such an orbit converges to p, that
W (u,Y)nU,, =W (u,Y)NU,,

According to (C.77) and (C.78), we have, for every 1 € Bg (O, %),

glzol (('U’ + FMO) n VMO) = Ws(:uvy) n UMO

so item 2 holds true.
Proof of item 8. This is a direct consequence of (C.69) and the fact that ¢(0, 1) = 0 (see (C.68a))
(C.79)

Proof of items 1 and 4. We have Dé;ol =1Id+Dh so
DE,, =1d+ Y (-1)" (Dh)"
k=21
&
07 E)a

Using (C.70), it follows that for every 0 < € < 1 and every (z,u) € Bp, | (0, %) X BG(
(C.80)

6, -1 <
According to (C.71b), (C.80), the mean value theorem and the fact that ¢(0,0) = (0,0), there exists a

contant K' > K (independant of Y, r and o)) such that
5 5 .
BFM) 0, ? X Bag | 0, E cU, n Vl‘o
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Then, we use (C.72) to obtain that, for every 0 < € < 1,

¢ ) € 5
Bgr(0,eR L{B 0, ——————— Bg |0, ———— U %
L O O R ) LS

Ho> Ho)
where R, is defined by (C.62) for some constant C; large enough (independant of Y, 7 and ). The

above inclusion with € = 1 proves that item 1 holds true. Even if it means taking C3 larger, item 4 holds
true as well, using (C.70), (C.72), (C.80), the mean value theorem and the fact that ¢(0,0) = (0,0).

Proof of item 5. This is a consequence of (C.79), (C.69), (C.68d), (C.72) and the fact that the
sequence (M, (Y, po,7(19))) k=2 is increasing.

Proof of item 6. One can construct, for any 1 € €, a local coordinate system &, satisfying items 1-5
in the same way than £, (and with the same constants). Let pq € €2y. By construction of £, and &,,
(see (C.69) and (C.73)), for all p € Qo NnU,, NU,, and for all y € W;"W(y, Y)nU, nU,

1o 1, » We have

§uo(y) = p+ 7 (y)
() = p+mu(y)

where 7, denotes the linear projection along G onto F),. It follows that for all y € U, N U, , we have
guo(y) - glh (y) = Tug (y) — Ty, (y)
so item 6 holds true. This completes the proof of Theorem C.22. O

C.5 Some linear algebra lemmas

We recall here some elementary facts of linear algebra used throughout this appendix. We refer to
section C.2 for the notations.

Lemma C.24. Let n € N and let F,G be two linear subspaces of R" such that F n G = {0}. For
everyx =xp +xg € F & G,
lzrlly + llzglly = m (F,G) [zl

[

Proof. Recall that m (F,G) = (#W)Q Let z = zp + zg € F & G. Tt is sufficient to prove the
straightforward inequality

a® +b% + 2ab - 2

a?+b%—2abc~ 1-c

where a = ||zp]|5, b = |lz¢||2 and ¢ = cos < (F,G) € [0, 1[. O

Lemma C.25. Let n € N and A € M,(R). Let R" = @&, F; be the decomposition of R" as
the direct sum of the generalized eigenspaces of A. Accordingly, for any x € R", we will use the
decomposition x = 2;1 x; where x; € E;. The following control holds true for every x € R":

> Nlailly < m (A) |zl
=1

Proof. The proof is a straightforward induction on the number r of generalized eigenspaces of A, using
Lemma C.24. O

Lemma C.26. Letn € N and A € M,,(R). We have, for every o > A (A) and every s = 0,

Proof. Fix Apax (A) < @ € Apax (A) + 1 and s = 0. Let

—imax (1, [l A[ll)" " m (A4) s

6sA Sl
min (1a a = )\maa: (A))

|, =2 ' (n-1)"

R" = ©1<i<r Ker (A —p; Id)di
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be the decomposition of R" as the direct sum of the generalized eigenspaces of A. Fix x = Z:zl z; € R",
where z; € Ker (A — p; Id)di. For every 1 =i < r,

|65A$i ) _ | ESM’ Ides(A—,uiId)Ii ,
s,u, Id « ]
= [l Y 2 (A= 1),
7=0 2
d;-1 §
< R ), Y —<2|||A||| y
j=0

a d;—1 d;—1 s(Re(p;)—« d;—1
& Nlzilly 2% max (1, [l Afll) 57 e PWm (1 4 )

IA

where we used the fact that |u;| < ||| A|||s by Browne theorem. By a straightforward computation, we
obtain

(di-1)%! S , o
max et(Re(ui)—a)(l + t)di_l < (a_Re(M))drl if Re(ﬂz) = d’L 1
=0 1 if a —Re(p;) >d;—1
It follows that
sA san—1 n—1 max(l |||A|”
||e*|, = e* 2" (n - 1) Zu illy

min (1, @ = Apax (4))"

Using Lemma C.25, we obtain the desired inequality. O
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CHAOTIC DYNAMICS OF SPATIALLY HOMOGENEOUS SPACETIMES
Abstract

In 1963, Belinsky, Khalatnikov and Lifshitz have proposed a conjectural description of the asymptotic geometry
of cosmological models in the vicinity of their initial singularity. In particular, it is believed that the asymptotic
geometry of generic spatially homogeneous spacetimes should display an oscillatory chaotic behaviour modeled
on a discrete map’s dynamics (the so-called Kasner map). We prove that this conjecture holds true, if not for
generic spacetimes, at least for a positive Lebesgue measure set of spacetimes.

In the context of spatially homogeneous spacetimes, the Einstein field equations can be reduced to a system of
differential equations on a finite dimensional phase space: the Wainwright-Hsu equations. The dynamics of
these equations encodes the evolution of the geometry of spacelike slices in spatially homogeneous spacetimes.
Our proof is based on the non-uniform hyperbolicity of the Wainwright-Hsu equations. Indeed, we consider the
return map of the solutions of these equations on a transverse section and prove that it is a non-uniformly
hyperbolic map with singularities. This allows us to construct some local stable manifolds & la Pesin for this
map and to prove that the union of the orbits starting in these local stable manifolds cover a positive Lebesgue
measure set in the phase space. The chaotic oscillatory behaviour of the corresponding spacetimes follows.
The Wainwright-Hsu equations turn out to be quite interesting and challenging from a purely dynamical system
viewpoint. In order to understand the asymptotic behaviour of (many of) the solutions of these equations, we
will in particular be led to:

e carry a detailed analysis of the local dynamics of a vector field in the neighborhood of degenerate non-
linearizable partially hyperbolic singularities,

e deal with non-uniformly hyperbolic maps with singularities for which the usual theory (due to Pesin and
Katok-Strelcyn) is not relevant due to the poor regularity of the maps,

e consider some unusual arithmetic conditions expressed in terms of continued fractions and use some rather
sophisticated ergodic properties of the Gauss map to prove that these properties are generic.

Keywords: non-uniformly hyperbolic dynamical systems, general relativity, cosmological models, ordinary
differential equations, lorentzian geometry, continued fractions

DYNAMIQUE CHAOTIQUE DES ESPACES-TEMPS SPATIALEMENT HOMOGENES
Résumé

En 1963, Belinsky, Khalatnikov et Lifshitz ont proposé une description conjecturale de la géométrie asymptotique
des modéles cosmologiques au voisinage de leur singularité initiale. En particulier, il y est avancé que la géométrie
asymptotique des espaces-temps spatialement homogénes « génériques » devrait avoir un comportement
oscillatoire chaotique modelé sur la dynamique d’une application discréte : ’application de Kasner. Nous
démontrons que cette conjecture est vraie au moins pour un ensemble d’espaces-temps de mesure de Lebesgue
strictement positive.

Dans le contexte des espaces-temps spatialement homogénes, ’équation d’Einstein de la relativité générale se
réduit & un systéme d’équations différentielles sur un espace des phases de dimension finie : les équations de
Wainwright-Hsu. La dynamique de ces équations encode 1’évolution de la géométrie des hypersurfaces spatiales
dans les espaces-temps spatialement homogénes. Notre preuve est basée sur I’hyperbolicité non-uniforme
des équations de Wainwright-Hsu. Nous considérons 'application de Poincaré associée aux solutions de ces
équations sur une section transverse au flot et nous démontrons qu’il s’agit d’une application non-uniformément
hyperbolique avec singularités. Ceci nous permet de construire des variétés stables locales « & la Pesin » pour
cette application et de montrer que la réunion des orbites passant par ces variétés stables locales recouvre
une partie de I'espace des phases de mesure de Lebesgue strictement positive. Le comportement oscillatoire
chaotique des espaces-temps correspondant & ces orbites est une conséquence de cette construction.

Du point de vue des systémes dynamiques, les équations de Wainwright-Hsu se révélent étre trés riches et
posent un certain nombre de défis. Pour comprendre le comportement asymptotique d’un nombre conséquent
de solutions de ces équations, nous serons amenés 4 :

e faire une analyse fine de la dynamique locale d’'un champ de vecteurs au voisinage d’une singularité
partiellement hyperbolique dégénérée et non linéarisable,

e travailler avec des applications non-uniformément hyperboliques ayant des singularités, pour lesquelles la
théorie usuelle (due a Pesin et Katok-Strelcyn) ne s’applique pas a cause de la faible régularité de ces
applications,

e considérer des conditions arithmétiques exotiques exprimées en termes de fractions continues et utiliser des
propriétés ergodiques quelque peu sophistiquées de 'application de Gauss pour montrer que ces propriétés
sont génériques, etc.

Mots clés : systémes dynamiques non uniformément hyperboliques, relativité générale, modéles cosmologiques,
équations différentielles ordinaires, géométrie lorentzienne, fractions continues
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