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Résumé

Lobjectif principal de cette thése est de comprendre les interactions entre les agents financiers
et le carnet d’ordres. Elle se compose de six chapitres inter-connectés qui peuvent toutefois
étre lus indépendamment.

Nous considérons dans le premier chapitre le probléme de contréle d’un agent cherchant a
prendre en compte la liquidité disponible dans le carnet d’ordres afin d’optimiser le placement
d’un ordre unitaire. Pour ce faire, il peut soit rester dans le carnet d’ordres pour conserver
son emplacement stratégique ou bien annuler son ordre afin de retarder son achat s’il pense
pouvoir bénéficier d’un meilleur prix dans le futur. A la fin du temps imparti, si ’agent ne
parvient a exécuter son ordre, il accepte de payer un coit de transaction et lance un ordre
marché pour forcer ’achat. Notre stratégie permet de réduire le risque de sélection adverse:
acheter alors que le prix baisse. Néanmoins, la valeur ajoutée de cette approche est affaiblie
en présence de temps de latence: prédire les mouvements futurs des prix est peu utile si le
temps de réaction des agents est lent.

Dans le chapitre suivant, nous étendons notre étude a un probléme d’exécution plus général
ou les agents traitent des quantités non unitaires afin de limiter leur impact sur le prix. On
considére donc un agent représentatif qui se demande quelle est la meilleure maniére d’acheter
une quantité donnée pendant une durée déterminée en utilisant des ordres de marché, des
ordre limites ou des annulations? Pour résoudre ce probléme, on introduit une formule qui
permet un calcul efficace de I'impact sur le prix. On utilise ensuite cette formule pour obtenir
une tactique qui produit de meilleurs résultats que les stratégies d’exécution classiques.

Dans le troisiéme chapitre, on s’inspire de 'approche précédente pour résoudre cette fois
des problémes de market making plutot que des problémes d’exécution. Le role des market
makers est de produire de la liquidité. Pour ce faire, ils proposent des prix a 'achat en
général plus bas que ceux a la vente ce qui leur permet de réaliser des profits. Ainsi, ils
utilisent surtout des ordres limites et envoient des ordres de marché en principe pour gérer leur
inventaire uniquement. La résolution de ce probléme nous permet de proposer des stratégies
pertinentes compatibles avec les actions typiques des market makers. Ensuite, nous modélisons
les comportements des traders haute fréquence directionnels et des brokers institutionnels
dans le but de simuler un marché ou nos trois types d’agents interagissent de maniére optimale
les uns avec les autres.

Nous proposons dans le quatriéme chapitre un modéle d’agents ou la dynamique des flux
dépend non seulement de I’état du carnet d’ordres mais aussi de I'historique du marché. Pour
ce faire, nous utilisons des généralisations des processus de Hawkes non linéaires. En effet, le
modeéle pour le carnet d’ordres introduit dans les parties précédentes est réaliste et permet
d’estimer les quantités d’intérét. Toutefois, il présente quelques restrictions. Tout d’abord, les
décisions prisent par les agents dépendent uniquement de I’état du carnet d’'ordres alors que les
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stratégies des market makers et traders haute fréquence peuvent étre plus complexes. Ensuite,
les agents sont agrégés en trois groupes: market makers, traders haute fréquence directionnels
et brokers institutionnels. Il est donc difficile d’analyser les différences de comportement entre
les acteurs qui appartiennent au méme groupe. Pour dépasser ces difficultés, on présente
un modéle plus général qui permet de calculer en fonction de flux individuels plusieurs
indicateurs pertinents. Il est notamment possible de classer les market makers en fonction de
leur contribution a la volatilité.

Pour résoudre les problémes de contréle soulevés dans la premiére partie de la thése, nous
avons développé des schémas numériques. Une telle approche est possible lorsque la dy-
namique du modéle est connue. Lorsque 'environnement est inconnu, on utilise généralement
les algorithmes itératifs stochastiques. Dans le cinquiéme chapitre, nous proposons une méth-
ode permettant d’accélérer la convergence de tels algorithmes.

Les approches considérées dans les chapitres précédents sont adaptées pour des marchés
liquides utilisant le mécanisme du carnet d’ordres. Cependant, cette méthodologie n’est plus
nécessairement pertinente pour des marchés régis par des régles de fonctionnement spécifiques.
Pour répondre a cette problématique, nous proposons, dans un premier temps, d’étudier le
comportement des prix sur le marché trés particulier de I'électricité.






Abstract

This thesis aims at understanding the interactions between the market participants and the
order book. It consists of six connected chapters which can however be read independently.

In the first chapter, we tackle the control problem of an agent who wishes to exploit the order
book liquidity to optimise the placement of a unit limit order during a fixed time period.
To do so, the agent can insert limit orders to keep its strategical placement or cancel its
already insert limit order and delay the execution hoping to get a better execution price in
the future. When the order is not executed at the end of the period, the agent sends a market
order and crosses the spread to guarantee the execution. We show that our optimal tactic
reduces the adverse selection risk: the execution of a buy limit order followed by a price
decrease. Nonetheless, the added value of taking into account order book liquidity is eroded by
latency: being able to predict future price moves is less profitable if agents reaction time is large.

In the next chapter, we extend our study to more general execution problems where agents
handle non-unit quantities to mitigate their price impact. For this, we consider an agent who
aims at finding the optimal way to buy a given amount of assets over some fixed time interval
using limit orders, market orders and cancellations. To solve this problem, we introduce a
closed-form formula which enables an efficient computation of the price impact. Using this
formula, we derive the agent optimal tactic and show that it outperforms significantly standard
execution strategies.

The third chapter adapts our previous approach to solve market making issues. The role of
the market makers is to provide liquidity. For this, they propose bid and ask prices and make
money out of the difference between these two prices. Thus, they use mainly limit orders and
should somehow send market orders only for inventory management purpose. The resolution
of this problem enables us to propose relevant strategies which are consistent with typical
market makers behaviours. After that, we model the behaviours of directional high frequency
traders and institutional brokers in order to simulate an order book driven market with our
three classes of agents interacting optimally with each others.

We introduce in the fourth chapter an agent-based model where the dynamics of the flow
depend not only on the order book state but also on the history of the market. For this, we
use generalisations of non-linear Hawkes processes. Although we introduce in the previous
chapters a realistic agent-based model which enables to estimate the quantities of interest,
such approach still have some limitations. First, agents decisions depend on the market history
only through the last order book state while market makers and directional high frequency
traders strategies may be more intricate. Second, agents are aggregated into three groups:
market makers, directional high frequency traders and institutional brokers. Consequently, it
is difficult to disentangle disparities among behaviours of market participants belonging to the
same group. To overcome these difficulties, we propose a general order book model which
allows us to compute several relevant microstructural indicators in terms of the individual
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flows. It is notably possible to rank market makers according to their own contribution to
volatility.

To solve the control problems appearing in the first part of the thesis, we develop numerical
schemes. This is possible when the dynamics of the model is known. To tackle control
problems in an unknown environment, it is common to use stochastic iterative algorithms. In
the fifth chapter, we propose a method that accelerates the convergence of such algorithms.

The approaches built in the previous chapters are appropriate for liquid markets that use
an order book mechanism. However our methodologies may not be suitable for exchanges
with very specific operating rules. To investigate this issue, as a first step, we study the price
behaviour of the very particular intra-day electricity market.
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Introduction

The goal of this thesis is to study some control problems faced by market participants and
to understand the interactions between financial processes such as order flows, liquidity,
prices and volatility at different time scales (i.e. starting from the microsecond accuracy to
several years). We aim at simultaneously proposing useful models and building estimation
procedures for them. These models have to reproduce the most important features of the
markets and enable us to design helpful tools for financial agents and regulators. Let us be-
gin with presenting and motivating the different questions on which we want to shed some light.

Motivations

In general, market participants can take three elementary actions to buy a given number of
shares. First, they can send a market order to get immediate execution. However they have to
pay a trading cost which corresponds to the bid-ask spread. Second, they can insert a limit
order to avoid crossing the spread. In that case, they delay the execution. Third, they can
cancel an already inserted limit order hoping to get a better acquisition price in the future.
Nevertheless they postpone even more the execution. We choose to focus, as a first step, on
the optimal placement problem of a unit buy order using only cancellations and insertions. A
market order can only be sent at the terminal time if needed. In such case, the agents wonder
how to find the right balance between fast execution and avoiding adverse selection: if the
price has high chances to go down, the probability to be filled is high but it may be better to
wait a little more to get a better price. Additionally, it is well known that the state of the order
book, in particular the imbalance, is a key factor in the prediction of the short-term price
move which is closely related to the adverse selection effect. Thus, we might ask ourselves the
following question:

Question 1. How to take advantage of our understanding of order flows to optimise elementary
decisions in execution algorithms by reducing the adverse selection risk?

Addressing Question 1, we highlight the disparities between the different classes of agents and
illustrate how their actions depend on the imbalance. We also show that taking into account
the order book dynamics, mainly through the imbalance, allows us to mitigate adverse selec-
tion effects, which improves the performance of trading strategies. Nonetheless, the added
value of exploiting this order book liquidity is eroded by latency. Indeed, being able to predict
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future price moves is of less use if one does not have enough time to cancel and reinsert limit
orders.

In this first study, we consider a simple situation where the agent handles a unit quantity and
can send a market order only at the end of the period. This framework is simple and enables
us to carry on easy computations. However, it is natural to extend our model to more general
optimal execution issues where agents use market orders, buy non-unit quantities and split
their orders to reduce their price impact. In addition to that, we want to replace the linear
approximation of the price impact used to answer Question 1, by an exact formula. Note that
we choose to minimize the price impact instead of the acquisition price since it is the crucial
variable for agents such as brokers who interact thousands of times per day with the order
book. This pushes us to consider the following question:

Question 2. How to construct, within an order book model, tractable optimal execution algorithms
that reduce price impact?

When answering this question, we propose an order book model inspired from the queue-
reactive approach and prove its convergence towards a stationary regime. In this framework,
we provide a closed-form formula for the endogenous price impact which allows us to com-
pute the sequence of orders solving the execution problem of the agent. In addition, we show
that our optimal tactics outperform significantly standard execution strategies.

After confirming the relevance of our approach for the optimal execution problem, we wonder
how to extend our methodology to the dual problem of high frequency market making. The
market makers (MMs) provide liquidity by proposing bid and ask prices and make money
out of the difference between these two prices (i.e. the bid-ask spread). They use mainly
limit orders and should somehow send aggressive orders only for inventory management
purpose. After that we turn to the trading issue of a directional high frequency trader (DHFT).
The DHFTs are agents that use their low latency technology to catch temporary arbitrage
opportunities. The resolution of these control problems allows us to consider a market with
three classes of agents, namely institutional brokers (IBs), MMs and DHFTs who interact with
each other’s in an order book driven exchange. This constitutes a first building block towards
a better understanding of the interactions between the different market participants and the
order book. Therefore, we raise the following question:

Question 3. How to exploit our previous methodology for market making and DHFTs problems and
use it to reproduce a realistic agent-based order book market?

As an answer to Question 3, we propose reformulations of our model that are consistent with
actual MMs and DHFTs issues and solve them numerically. This enables us to exhibit sophis-
ticated optimal strategies that coincide with typical MMs and DHFTs behaviours. Then, we
build a realistic market simulator where IBs, MMs and DHFts interact optimally with each
other’s. This market simulator can be used to estimate market statistics for any given distri-
bution of the agents and to back-test market participants strategies.
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Although we consider a realistic agent-based model enabling us to forecast quantities of
interest, the preceding approach still have some limitations. First, agents decisions depend on
the market history only through the last order book state while MMs and DHFTs strategies
may be more intricate. Second, agents are aggregated into three groups: IBs, MMs and
DHFTs. Consequently, it is difficult to disentangle disparities among behaviours of market
participants belonging a priori to the same group. This is of paramount importance for
regulators who aim at understanding how each participant affects the market. To capture
entirely such effect, we want to propose a more general model and to build a simple estimation
procedure that quantifies the impact of each agent on market quality. This leads us to the
following question:

Question 4. How to build a tractable path dependent model accounting for the interactions between
market participants strategies and the order book and use it to assess the contribution of each agent
to market quality?

Investigating Question 4, we design a general agent-based order book model where the order
flows interact with each other through the order book state and the history of the flows. We
also prove new ergodic and limit theorems for this framework that enable us to build an
estimation methodology for the agents trading flows (insertion, cancellation and aggressive
orders) and to derive a mathematical link between the individual behaviour of each partic-
ipant and the market quality, measured for example through the volatility. Thanks to this
relation, we propose a ranking methodology for high frequency market makers in term of
their role in the stability of the market.

To answer Questions 1, 2 and 3, it is necessary to solve control problems. One can develop
numerical schemes to solve them when the parameters governing the dynamics of the model
are known or the dimension is not too large. However, when the dynamics of the model are
unspecified, this approach is no longer valid. To overcome this difficulty, it is common to use
stochastic iterative algorithms. These algorithms appear in many applications that involve
finding zeros of a partially known function or minimising an average cost. Furthermore
they require mild convergence conditions: no convexity requirements, weak regularity and
partial knowledge of the cost function. In such algorithms the step size yi is crucial for the
convergence. This quantity represents the maximum amount to move along a given search
direction at step k. Hence, we consider the following question:

Question 5. How to dynamically select the step size (Y1) k=0 to improve the convergence of stochastic
iterative algorithms?

The tools developed in the answers of the previous questions are designed for liquid markets
using an order book mechanism. However it is not clear whether our approaches are suitable
for markets with very specific operating rules. To tackle this issue, we propose, as a first
step, to study the price behaviour of the intra-day electricity market. This market is unique
since agents trade forwards contracts with a lifetime (i.e. the duration between the issue
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and delivery date) smaller than one day. We aim at conducting a global study of the price
variations and trading activity to determine the most relevant features of such market and
build a toy model for them. Hence, the last question addressed in this thesis is the following:

Question 6. What are the main properties of the price in the electricity intra-day market and how
to build a model that reproduces them?

Outline

Each chapter of this thesis addresses one of the questions above.

In Chapter I, we answer Question 1 by studying partially labelled trades data to analyse how
the decisions of each class of market participants depend on liquidity imbalance. This al-
lows us to formulate a control problem where agents aim at buying a unit quantity of an
asset and control limit orders by exploiting order book liquidity, in order to reduce adverse
selection (i.e. the execution of a buy limit order followed by a price decrease). This is of
great importance for the optimal placement issue of limit orders where the key point is to
find the right trade-off between fast execution and avoiding adverse selection. Next, we solve
our control problem and show how the obtained strategies can improve the performance of
trading algorithms. Finally, we highlight that the outcome of our liquidity-based strategies is
harmed by latency: the ability to predict future liquidity-consuming flows is deteriorated by
the incapacity to react fast enough to order book moves. This underlines the importance of
speed advantage in the reduction of adverse selection.

In Chapter II, we tackle Question 2 by first conducting an empirical study that details how
market orders, limit orders, limit orders within the spread and cancellations depend on order
book liquidity. This study is different from the one of Chapter I since it focuses on the order
type instead of the market participant class. Based on these observations, we propose an
order book model inspired from the queue-reactive dynamics, in reduced dimension, with
state-dependent regeneration and non-constant spread, and show its ergodicity. Within this
framework, we provide a closed-form formula for our endogenous price impact. This allows
us to solve the execution problem of an agent who wants to minimize its impact and derive
the associated optimal strategy. In addition, we show that our optimal tactic enables us to
outperform significantly standard execution strategies.

Answers to Question 3 lie in Chapter III. We model the behaviour of three classes of agents
namely institutional brokers (IBs), market makers (MMs) and directional high frequency
traders (DHFT5s) using an order book model. On the one hand, the MMs and DHFTs de-
termine their optimal strategy by maximising the expected utility of their terminal wealth
within a framework inspired by the one of Chapter II. In this study, the main difference be-
tween DHFTs and MMs strategies is that DHFTs exploit the correlation between two stock
prices to generate profit. On the other hand, IBs have a pre-scheduled task to buy or sell
many shares of the considered asset. Then, we derive the equations satisfied by the value
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function of each agent and explain how to deduce the optimal control strategies from them.
Finally, we provide an illustration of the interactions that can take place between these differ-
ent market participants by simulating an order book model in which each of them applies his
own (optimal) strategy.

We address Question 4 in Chapter IV. For this, we restrict ourselves to the modelling of
the best bid and ask limits. We propose an approach based on the individual behaviours of
market participants modelled by non-linear and state-dependent Hawkes like processes. Our
model encompasses the well-known Poisson, Queue-reactive and Hawkes Queue-reactive dy-
namics for order books. Under mild assumptions, we prove the ergodicity and diffusivity of
our model. We also derive semi-closed formulas for the spread, imbalance and market volatil-
ity in terms of the intensities of the flows of the different market participants. Thanks to these
results, we are for example able to rank market makers according to their contribution to
volatility. This ranking is illustrated on several CAC 40 assets. Interestingly the obtained
rankings are quite homogeneous from one asset to another.

Question 5 is answered in Chapter V. This chapter investigates to what extent one can im-
prove reinforcement learning (RL) algorithms. Our study is split into three parts. First, we
show that the classical asymptotic convergence rate O(1/v/N) is pessimistic and can often be
replaced by O((log(N)/N)ﬁ) with % <f <1 and N the number of iterations. Second, we pro-
pose a dynamic optimal policy for the choice of the learning rate (yi)r=o used in stochastic
approximation. We decompose our policy into two interacting levels: the inner and the outer
level. In the inner level, the algorithm PASS operates. This algorithm builds a new sequence
(Y;'C)kzoa based on a predefined sequence ('}/Z)kzg, whose error decreases faster than the pre-
defined one. In the outer level, we propose an optimal methodology for the selection of the
predefined sequence (YZ) k=0. These two levels are interacting in the sense that the algorithm
PASS influences the construction of the sequence (}/Z) k=0. Third, we show numerically that
our selection methodology of the learning rate outperforms significantly standard RL algo-
rithms in the three following applications: the estimation of a drift, the optimal placement of
limit orders and the optimal execution of a large number of shares.

Question 6 is discussed in Chapter VI. To do so, we investigate the price behaviour in the spe-
cific intra-day electricity market. This market is non-standard since it has unique operating
rules. We first propose a descriptive analysis of the price fluctuations and exchanged volumes
in such market. Then, we investigate the price impact generated by a power plant break-
down, study some price properties and finally propose a model that reproduces the different
observed features. This work constitutes a first step towards the conception of optimised
trading strategies in the intra-day electricity market.
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1 Chapter I - Limit order strategic placement with adverse
selection risk and the role of latency

In Chapter I, we answer Question 1: How to incorporate the dynamics of the order book
in trading algorithms to reduce the adverse selection risk? We start our study by analysing
the dependence between elementary decisions of the various types of agents and order book
liquidity. To do so, we use partially labelled trade data that is a direct feed from NASDAQ-
OMX.! Based on our observations, we propose a stochastic control framework where, in
the process of buying a unit quantity, agents optimise limit orders by exploiting liquidity
imbalance, to reduce adverse selection. For limit orders, we need optimal strategies essentially
to identify situations when it is more suitable to stay in the order book and keep its queue
priority (i.e. accelerates the execution) than to cancel its order and wait for better conditions
to reinsert it. Thus, we use cancellations mainly to avoid adverse selection: having a buy limit
order filled just before a price decrease. Then, we show that latency reduces the efficiency of
using liquidity imbalance: it is less interesting to predict future price moves when the agent
is not fast enough to catch temporary profit opportunities that he may detect.

11 Empirical evidences

We first analyse our data to emphasize the predictive power of the imbalance and then
illustrate how agent’s decisions depend on order book liquidity.

Predictive power of the imbalance. The imbalance Imb; at time ¢ is the easiest way to
summarize the state of the order book. It is defined as follows:

Bid Ask
Qt _Qt

Imb; :=¢;(————
Bid Ask’
Qtl +Q[S

()

with QB4 (resp. QA5F) the available quantity at the best bid (resp. ask) and €, the event sign
(ie. €, =1 when it is a buy order and €, = —1 otherwise). Figure .L.a shows the imbalance
on the x-axis and the average mid price move after 50 trades on the y-axis. We see that the
imbalance is highly positively correlated to the price move after 50 trades. Figure .1.b shows
the distribution of imbalance just before a change in the order book state. We remark that
agents are highly active at extreme imbalance values. This is because they identify a profit
opportunity to catch or on the contrary an adverse selection effect to avoid.

1NASDAQ—OMX is the primary market in the MiFID sense on the considered stock, see [145] for details
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Chapter I - Limit order strategic placement with adverse selection risk and the role of
latency
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Figure .1 - (a) The predictive power of imbalance on stock Astra Zeneca: Imbalance (just
before a trade) on the x-axis and the expected price move (during the next 50 trades) on the
y-axis. (b) Distribution of the imbalance just before a trade from 2013-01-02 to 2013-09-30
(accounts for 376,672 trades).

Agent’s decisions depend on order book liquidity. On the one hand, Figure .2.a shows
the average state of the imbalance for four classes of agents when they “accept” to transact

via a limit order. On the other hand, we compute in Figure .2.b the average midprice move

immediately before and after a class of participant accepts to transact via a limit order. In
these two graphs, one can clearly see that the state of the imbalance and the price profiles
are different across classes:

o Institutional brokers accept transactions when the imbalance is largely negative, i.e.

they buy using a limit order when the price is going down as shown in Figure .2.b
(and conversely when they sell). They suffer from a large adverse selection: had they
wait a little more, the price would have been more competitive. They make this choice
because they have to buy/sell fast from risk management reasons of their clients’ orders.

High Frequency participants (here high frequency market makers and high frequency
proprietary traders) trades via limit orders correspond to the less negative imbalance.
They are the most opportunistic agents: look more at the order book state, have enough
speed advantage to benefit from this information and their decisions are less driven by
urgency considerations. Figure .2.b indeed shows that the price goes up before they buy
with limit orders. This implies that they insert limit orders shortly before the trade.

Global Investment banks are in between. Three reasons may explain such behaviour:
first, their activity is a mix of client execution and proprietary trading; second, they have
specific strategies to accept transactions via limit orders; third, they invest a little less
than high frequency participants in low latency technology, but more than institutional
brokers.
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Figure .2 - (a) Neutralized order book imbalance and (b) Average mid price move when
a limit order is executed for institutional brokers, global investment banks, high frequency
market makers and high frequency proprietary traders. Data are from AstraZeneca (2013-01
to 2013-09).

1.2 Problem formulation

We place ourselves in the case of an agent who aims at buying a unit size quantity g. The
order book state is modelled by Uf, = ( gefore’#,Q,?fter’ﬂ,Q,?pp'“,Pz) where QB¢foreH jg the
quantity having priority on the order g, QA/?"# is the quantity posted after the order g,
QOPPH is the first opposite limit quantity, Pl is the mid price, p is the control of the agent
and the integer n represents the event time, see Figure .3. The agent uses two possible
controls:

o s (like stay): stay in the order book and keep its strategic placement,

¢ ¢ (like cancel): cancel the order and wait for a better order book state to reinsert it at
the top of the best bid queue, see Figure .3,

to find the right balance between fast execution (i.e. control s) and avoiding adverse selection
(i.e. control c).
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Figure .3 - Diagram of flows affecting our order book model.

Optimal control problem. We fix a finite horizon time f <oco and want to compute

V¢(0,U) = supE[APL], 2)
I

where:

o U=(ghefore, qafter qopP p) is the initial state of the order book.

. ngxec =inf{n =0, s.tQEefare"u =0, Un = S} A f represents the execution time.

« AP = r}ggo (P, —Pff M) represents the long-term underlying gain of the trader, where

Exec
. . Exec, . Exec, o s .
the execution price P, " satisfy P, ““" = Pl —% when the limit order is executed

before f and P,b;xec'” = pl +% otherwise. Indeed, if at f the order has not been
executed, we cross the spread to guarantee execution.

We consider the following approximation:

Same Opp
o Qn ~—Nn

Py, =E[lim PY\F, =P, + —- <2 <" 3

where F,, denotes the filtration generated by the order book process Ul and a >0 a pa-
rameter representing the sensitivity to the imbalance. This approximation is consistent with
our empirical observations since the imbalance can predict quite accurately the price future
moves, see Figure .1.a. In Chapter II, we present a more rigorous computation of this quantity.
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1.3 Numerical resolution

Numerical scheme. Using Approximation (3), we have

E[APL) = E(Zpe 1,

with Z;, = P, n—Pfxec’“ , Poo,n defined in (3) and Psxec'” defined above. We can then compute
V¢ using the following result.

Result 1. Using the dynamic programming algorithm we have

Gf=Zf,
Gn :maX(PCGn+1’PSGn+1)) VnE{O,l,..‘,f—l},

where V5 (0,Up) = Go(Uyp), PC (resp. P*) is the transition matrix of the Markov chain Uﬁ when the
initial decision is c (resp. s).

Methodology. We assume that the order flow intensities are linear functions of the im-
balance and we compare our optimal solution with another standard strategy denoted by

(NC)

* (NC) corresponds to the case where no control is adopted (i.e. we always stay in the
orderbook and “join the best bid” each time it changes).

* We call (OC) our optimal placement strategy: controls "c" and "s" are considered.

Relevance of our strategy. Let u° (resp. u*) be the control under NC (resp. OC). Figure .4.a
represents the variation of Ey - [APL] and Eup,pe [APL,] when the initial imbalance of the
order book varies. Here Uy refers to the initial order book state and APL, is defined in (2). As
expected the strategy OC provides better results than NC. A remarkable effect is the way the
optimal control anticipates adverse selection. When imbalance is highly negative, OC cancels
first to take advantage of a better future opportunity.

Latency price. The Markov chain U corresponds to a market participant enabled to
change his control at each period. A slower participant will not react at each limit order
book move. Hence, he can be modelled by a Markov chain U, where 7 € N* corresponds
to a latency factor. We define V]f (0,Up) in the same way as V(0,Up), see (2), but where the

underlying order book process Ul is replaced by Uf,. In such case, the latency cost of a
participant corresponds to

Latencyy, s(t) = V§(0,Up) — ij (0, Up), V1 eN*.

Figure .4.b shows the variation of the latency cost with respect to the latency factor 7. We
observe that

 The latency cost obviously increases with the latency factor 7.

10
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Figure 4 - (a) Ey,u» [APL,] and Evy, e [APL,] when intensities are linear functions of the
imbalance and (b) latency cost as a function of the latency factor 7 for different values of a.

 The latency cost is higher when the sensitivity to adverse selection a (see (3)) increases.

In this chapter, we show the relevance of our approach for the optimal placement problem
of unit order. We wonder now how to extend our methodology to more realistic optimal
execution contexts where the agent handles non-unit quantities and can send market orders
at any time. These modifications generate additional difficulties since we need to take into
account the splitting of the orders. In addition to that, in Chapter I, the price impact was
approximated by a linear function of the imbalance. We now want to provide a proper
formula for the computation of this quantity. Thus, we address in Chapter II the following
question: How to extend this model to develop suitable general optimal execution algorithms
that aim at reducing the price impact?

2 Chapter II - Optimal liquidity-based trading tactics

In this chapter, we tackle Question 2: How to construct, within a realistic order book model,
optimal execution algorithms that reduce price impact? We start our study with an empirical
analysis that describes how market participants decisions, namely market orders, cancella-
tions, limit orders and limit orders within the spread are related to order book liquidity.
Based on these observations, we adapt the approach of Chapter I to propose an order book
model with state-dependent regeneration and non-constant spread and we show its ergodic-
ity. We provide a closed-form formula of the endogenous price impact that allows for fast
computation. Using this result, we solve the execution problem of a buying agent who aims
at minimizing its impact and derive the associated optimal strategy. Finally, numerical results
show that our optimal tactic enables us to outperform standard execution strategies.

11
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2.1 Order book modelling

2.11 Empirical evidences

We start our analysis by investigating how market participants act when liquidity varies. To
do so, we use data from Bund futures on Eurex exchange Frankfurt. This database records
during one week from 1 to 5 September 2014, the state of the order book (i.e. available
quantities and prices at best limits) event by event with microsecond accuracy. The database
accounts for 3 407 574 events.

Let ¢ be the current time. Figure .5 shows the average imbalance value for each event type. We
give the interpretation of Figure .5 in the case of a buy limit/limit mid?/cancellation/market
order, since the event sign is taken into account in the expression of the imbalance Imby, see
(). Note that Figure .2.a differs from Figure .5 since it focuses on the type of the orders instead
of the class of the agents. We see that market participants insert limit orders when imbalance
is negative (execution highly probable), cancel or send limit orders within the spread when
imbalance is positive (less chance to be executed) and use market orders when imbalance is
highly positive (rushing for liquidity when it is scarce).

) II
2021

0.01

Limit limit mid ~ Cancel Market

Order type

Figure .5 - Average imbalance before Limit/Limit mid/Cancel/Market order.

2.1.2 The model

The order book state is modelled by the Markov process U; = (Q}, %,St) € U where Q%
(resp. Q?) is the best bid (resp. ask) quantity and S; is the spread. The dynamics of U, are
described through a Markov jump process in the spirit of Chapter I. Within this framework,
we incorporate a state-dependent regeneration which is so that the new order book state after
a depletion depends on the order book state just before the depletion and the depleted side
(i.e. best bid/ask). We also enforce the classical bid-ask symmetry relation that ensures no
statistical arbitrage and allows us to aggregate bid and ask side data in the calibration of the
model’s parameters. Finally, we denote by P} (resp. P?) the best bid (resp. ask) price and P,
the mid price. The mid price variations will be describe later.

2 A limit mid order is a limit order inserted within the spread.

12



2. Chapter II - Optimal liquidity-based trading tactics

213 Ergodicity

Under mild conditions, the considered order book process Uy is ergodic. Indeed, we have the
following result.

Result 2 (Ergodicity). Under mild assumptions, the process U, is ergodic (i.e. converges towards a
unique invariant distribution). Additionally, we have the following speed of convergence:

IIPL() =7ty < B(w)p?,

with ||.||7v the total variation distance, P! (.) the Markov kernel of the process U; starting from
the initial point ue U, i the invariant distribution, p <1 and B(u) a constant depending on the
initial state u.

This theorem is the basis for our asymptotic study of the order book dynamics, since it
ensures the convergence of the order book state towards an invariant probability distribution.
Thus the stylized facts observed on market data can be explained by a law of large numbers
type phenomenon for this invariant distribution.

214 Long-term price move computation

We provide the computation methodology of the long-term price D(u) starting from the initial
state u € U defined as follows:
D(u) = tlim Eu[P:— Pol, (4)
—00

The computation of D(u) is interesting for at least two reasons. First, it allows us to predict
the long-term average mid price move for any initial order book state u. Second, the quantity
D(u) is crucial for the computation of the price impact.® To compute D(u) we need to specify
the price dynamics.

Price dynamics. The mid price after the n-th order book event P, satisfies P, = Py +
Z?:l AP; with AP; = P;—P;_;. The price jumps AP; are a deterministic function of the order
book state before the jump and the order book event causing the jump. For example, we can
consider the simple case where the mid price decreases (resp. increases) by one tick when the
best bid (resp. ask) is depleted. We have the following result.

Result 3 (Price impact). Under mild assumptions, the vector D satisfies
D=(I-A)"F

where the matrix A encodes transition probabilities to the different order book states after the
first regeneration and the vector F represents the different average mid price moves after the first
regeneration. They are defined in detail in Chapter III. Figure .6 gives a numerical computation of
the vector D.

3The connection between the computation of the price impact and Equation (4) is detailed in Chapter II.

13



Introduction

0.008

0.006

0.004

0.002

0.000

Ask size

—0.002

—0.004

—0.006

—0.008

10 20 30 40 50
Bid size

Figure .6 - Price move tlirn Ey, [P — Po] in percentage of the tick 6 =1 cent. Q! and Q? are
—00

divided by the average event size.

2.2 Optimal control problem
2.2.1 Problem formulation

We express the agent control problem for a buy order of size ¢°. It can be changed to a sell
order in an obvious way. The agent state is modelled by the process

Tl _ (ABefit Aqap AAfLE A24 o1t o pi pExecu
O = (/™ @M, Q" Qi 1F St PY, pETECH),

where Q?’” is the size of agent’s limit order inserted at the best bid, Qfef H is the quantity
inserted before Q?’“ , ff bt represents orders inserted after Qf’” , Pfxec’”
rice of ¢° — I'u, I" is the agent’s inventory and u = { t, £ < T} is the control of the agent.
p q to At g y H=p g
We recall that Q?’“ is the best ask limit, P}’ is the mid price and S} is the spread. Then,

Qi’” = Qfef H +Q?’” + fo bH is the total volume at the best bid. It is split into three quantities
to take into account the order placement. The regeneration of the order book after the total
consumption of a given best limit still depends on the depleted side (i.e. ask/bid) and the
order book state before a depletion.

is the acquisition

At every decision time, the trader can do nothing or take three possible decisions:

 [: He can insert a fraction of I* at the top of the bid queue or within the spread if not
already inserted.

* ¢ He can cancel his already existing limit order Q“¥. By acting this way, the trader
can wait for a better order book state. This control will essentially be used to avoid
adverse selection, i.e. obtaining a transaction just before a price decrease.

o m: He can send a market order to get an immediate execution of a fraction of I*.

Every decision of the agent is also characterized by a price level p and an order size q. The
price level is equal to p =0 when the order is inserted at the limit price Pl + min(p, S) with
P! the best bid price and S the spread.

14



2. Chapter II - Optimal liquidity-based trading tactics

Optimal control problem. We fix a finite horizon time T < oo and we want to compute

Tgxec
Vr(0,u) = supE[ f(im E[APY 1w 1) —yf 1ds],
u §—00 Exec ) 0

final constraint running cost
where
o y= (qbef, q%, q“ft, q%,i,s, p, p®*°°) is the initial agent state.
. Tgxec = inf{t >0, s.t I’f = 0} A T represents the final execution time.

« AP =(q°P' - Piffec'” ) represents the price impact and ¢° is the initial order size.

Exec

* v is a non-negative homogenization constant representing the waiting cost or the risk
aversion of the agent and f:R — R is a Lipschitz function.

We solve the agent’s control problem in two situations: when decisions are taken at fixed
frequency A~ and when they can be taken at any time. However, we present only the results
for the second situation in this introduction.

2.2.2 Decision taken at any time

We define the value function V7 of the control problem such that
. “ TSXL’C # - #
Vr(t,u) = sip[E[f(leIglo[E[APs 1T 1) —yft ¥ ds|TY = u].

We provide the system of equations satisfied by V7 when decisions are taken at any time and
show how to approximate it.

Result 4. Let u= (qbef,q“,q“ft, qz, i,8,p, p°*¢°) be an initial state and t € [0, T]. Then V (¢, u)
satisfies in the viscosity sense and almost everywhere

o When i>0 and p < P*:

max |/ V(t,.)—yLsup Vé(t,.)-V(t,.)|=0, (5)
eck
where V(t,.) and VE(t,.) are vectors such that V(t,.); = V(t, ui)5 and Ve(t,.); =E[V (t, uf)]
with u; the new order book state when the decision e is taken.S Equation (5) should be
understood coordinate by coordinate.

4Here P is a fixed threshold such that the agents liquidates its inventory for risk management reasons when
the mid price gets beyond P.

Here u; is the unique state associate to the index i.

6We use the expected value E[V (¢, uf)] since the control e may lead to several states because of the regeneration.
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o When i=0 or p=P (execution time condition):
Vitbu)=gw), V=T,
with g(u) = f( lim Eu[AP]).
—00

o The terminal condition is
V(T,u) = g(uw), (6)

with g(u) = f(E[}iIIoloEumr[APt]]) and the decision m" represents the liquidation of the

remaining inventory. We keep in mind that the control m may lead to several states because
of the regeneration.

To solve numerically the preceding equations, we consider the following discrete framework.

Discrete-time Markov chain approximation. Let UJ be a Markov chain with the transi-
tion matrix P** defined by

P = PlUr=ulUp=u),  VY(uu)el?
with U, the process defined in Section 2.1.2.7 In this approximation, U2 is viewed as the

market evolution without the intervention of the agent. Associated to this new market, we
introduce the controlled discrete-time Markov chain

=N, Bef, a, Aft, 2, Exec,
Op* = (QueT Qi Qul ™, QRF 1, Sty Ph, PR,

by using the same construction as in Section 2.2.1.% Finally, for every k =0, we define the
piecewise constant process UM associated to U,e'“ such that:

l"’]tA!IJ — UI?’IJ’ VtE [kAy (k+ I)A)’

and we denote by VA(t,U) the value function of the control problem 2.2.1 where the process
U* is replaced by U™ and the agents takes its decisions only at times kA with k € N.

Solving numerically the optimal control problem in the discrete framework. We de-
note by V2(n, u) the value function associated to the discrete control problem (i.e. the state
process US’“ ), with n the period and u the order book state. The dynamic programming
principle provides a numerical scheme to compute backward V2(0,u) starting from the ter-
minal condition.” Thus, we can estimate VA(nA, u) since VA(nA, u) = VA (n, u).

Let uOPt (resp. uOP') be the optimal control associated to the process U (resp. U). Then
we have the following error estimate result.

’Given the infinitesimal generator Q of U, the transition matrix P*® can be easily computed since P** = eAQ.

8In addition to that, the price impact PIOA0 in this discrete-time approximation can be computed by following
the approach of Section 2.1.4

o compute efficiently the value function, the dynamic programming scheme can be parallelized.
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2. Chapter II - Optimal liquidity-based trading tactics

Result 5. Under mild assumptions, V> converges pointwise towards V. Additionally, we have the
Jollowing error estimate:

|VA(t,u) - V(t,u)| < R(T - 1A, v, uw), (7)

Opti,A

with R >0 a positive constant. Moreover, the control u converges towards u°P"" and for A

small enough we have the equality uOP'"> = uOr' a.s.

The above result provides an error bound for the approximation V2(t,u) and ensures the
convergence of the controls.

2.3 Numerical experiments

Decisions taken at any time. Figure .7 shows the value function at time zero (i.e. average
gain of the optimal strategy) in red and the one of the strategy stay at the best bid in blue
in percentage of the tick 6 = 1 cent using the discrete approximation. When imbalance is
highly negative, it is optimal to cancel the order to avoid adverse selection, when imbalance
is highly positive it is optimal to send a market order or stay in the order book. In our case,
stay in the order book is interesting when imbalance is highly positive since the priority value
is important. When the imbalance is close to 0, it is optimal to send a market order to reduce
the waiting cost. We note that the profit and loss of the optimal strategy is significantly higher
than the one of the strategy stay at the bid.
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Figure .7 - The gain per tick of the optimal strategy in red and the one of the strategy join
the bid in blue for different values of the initial imbalance. Initial imbalances are obtained
with QB¢ =0, Q' =11 and Q? from 1 to 11. Then, we fix Q> =11 and vary Q! from 10
to 1. Initial parameters are as follows: the time step is equal to A =1 second, there are 10
periods, arrival rate are constant (i.e. A"+ = 1> =0.06) consumption rates are constant (i.e.
AL~ =227 =0.12), the new bid (resp. ask) is set to 5 and the new ask (resp. bid) to 3 after
the total depletion of the bid (resp. ask) limit, the quantity ¢° = 1, the waiting cost ¢ = 0.0085,
the price increases (resp. decreases) by 6 =1 cent when the ask limit (resp. bid limit) is totally
consumed and the function f is the identity.

We emphasize in this chapter the relevance of our approach for optimal execution issues. We
now aim at extending our methodology for market making and high-frequency pair trading
strategies. The resolution of these two problems will allow us to propose a market simulator
with three classes of agents who interact with each other’s in an order book driven exchange.
Thus, we consider the following question: How to exploit the previous approach for market
making and DHFTs problems and use it to reproduce a realistic agent-based order book
driven market?

3 Chapter III - Optimal inventory management and order book
modeling

Chapter III addresses the following question: how to exploit our previous approach to solve
MMs and DHFTs problems and use it to simulate an order book driven exchange? Unlike
brokers, MMs do not aim at acquiring or liquidating a given number of shares. They provide
liquidity by proposing buy and sell prices and generate profit from the difference between
these two prices (i.e. bid-ask spread). To do so, they are supposed to mainly use passive
orders. Nonetheless, they can send aggressive orders to manage their inventory risk. In our
context, the main distinction between MMs and DHFTs lies in the fact that DHFTs include
the correlation between two stock prices in their decision making process. In this study, we
adapt our previous approach to formulate and solve the MM and DHFT control problems.
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3. Chapter III - Optimal inventory management and order book modeling

We also use the standard Cartea-Jaimungal framework to solve the control problem of our
last market participant, the IB, who needs to buy or sell a given number of shares. Numerical
simulations exhibit strategies that coincide with typical MMs, DHFTs and IBs behaviours.
After that, we construct a market simulator where IBs, MMs and DHFTs interact optimally
with each other’s and provide an illustration of the type of features that can emerge.

3.1 MM control problem
3.11 Problem formulation

The MM state is modelled by the Markov process

t <t

H_ (LB A2H pLE p2H i ~E aLE A0 pLE p2p i
Zt_(Q PP I G N N, B By ’]t)’

where Q}'“ (resp. Q?’”) is the best bid (resp. ask) quantity, Pi’# (resp. P?'“) is the best bid
(resp. ask) price, If is the MM inventory, Gf is the MM wealth, Ntl H (resp. Ntz’“ ) is the size of
agent’s limit order inserted at the best bid (resp. ask), B; H (resp. B?’“ ) is the quantity inserted

before the agent’s limit order at the best bid (resp. ask) and Ji' is the number of decisions
taken by the MM.!*

At any time, the MM can take the same type of actions as presented in the control problem
of Chapter II. The aim of the MM is to maximise the expected utility

—E[exp (-n{U(Z}) - 0j})],
with
U :=g+itp'—i p?*—x((it—qg" 1" +1li" - q*1),

for any z = (pl,pz,ql,qz,g,i,nl,nz,bl,bz,j) € Dy with Dy the set of admissible values for
z' Here, r* and r~ respectively refer to the positive and negative part of any real number
r. In the above, >0 is the absolute risk aversion parameter, and x >0 is a penalty term.
The quantity U(z) represents the Mark-to-Market value of the MM portfolio. It is the sum of
two components the current wealth of the agent g and the liquidation value of its inventory
itpl—ip?—x(i* - q'1" +[i” — g*1*). We incorporate a liquidity premium through the
parameter k: the agent pays higher transaction costs when he executes quantities that exceed
the best limits. We also add the coefficient p = 0 to penalize the number of actions taken by
the MM. This is the analogous of the inventory risk term in the classical Cartea-Jaimungal
framework, see [52].

3.1.2 Problem resolution

We provide the equations satisfied by the MM value function v and the numerical scheme
used to approximate the solution. We define v such that

v(t,2) = supE[U(Z})| Z} = 2],
u

10We record this quantity since it may induce a cost.
UThe set D is described more in detail in Chapter III
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for any (¢,2) € [0, T] x Dz and we denote by v, and v* respectively the lower-semicontinuous
and upper-semicontinuous envelopes of v. We consider the following notations:

Fo(t, 2) :=[(ercp(t,Z)—(p(t,Z))d,B(elp,q) and A (t,2):= sup HEp(t,2),
ceC(z)

for any z = (pl,pz,ql,qz,g,i,nl,nz,bl,bz,j) € Dz where e € C(z) is an event triggered by
other market participants, p = (p!, p®) are the prices at the best quotes, g = (¢}, g%) are the
volumes at the best limits, S(.|p,q) is a non-negative kernel representing the instantaneous
arrival rate of an event e conditional to the current state (p, q), ¢ represents the MM action,
C(z) is the set of admissible actions and

K C(t, 2):=Elo(t,z5)], (8)

with z{ the new agent state when he applies the control c to the current state Z; = z at time
12
t.

Thus, the partial differential equation characterizing v is given by
min{-0:p— L, — K} =0, on [0,T) x Dy,

. B 9)
min{¢p-U,9¢— Z ¢} =0, on {T} x Dy.

We show the following result.

Result 6. Under mild assumptions, the function v, (resp. v*) is a viscosity supersolution (resp. sub-
solution) of (9). Moreover, the value function v is the unique continuous viscosity solution of (9) in
the class of (discontinuous) solutions that belongs to 127 13

We move now to the numerical scheme for (9). For this, we introduce a classical fully explicit
finite difference scheme (V’,;) k,n=1, with 7 and k are respectively time and space discretization
parameters, and show its convergence.

Result 7. Under mild assumptions, the sequence (V%) n=1 converges pointwise to v on [0, T) x D
as k,n — oo.

We also prove that the sequence of controls derived in a standard way from the numerical
scheme is asymptotically optimal.

3.1.3 Numerical experiment

Figure .8 shows a simulated trajectory for the optimal strategy starting from a symmetric
configuration of the order book with queue lengths equal to 6.1 For this path, Figure .8
records the evolution of the MM controls, the order book state, the agent’s inventory and his
wealth during a trading period T =59 seconds. The time step here is 1 second. The MM’s
decisions are mainly driven by inventory management constraints and predictions of the next

2Note that we use an expectation in (8) since an action may lead to different states.
3The set of functions Loy’ is defined in Chapter III
Y4 Our unit here is 1/2 of the ATS (i.e. mediAn Trade Size).

20



3. Chapter III - Optimal inventory management and order book modeling

price moves through the imbalance variable. For example, the MM first sends limit orders of
size 3 on both sides of the order book. At time 8, an aggressive buy order consumes 2 of the
3 limit orders that he posted at the best bid. He decides then to cancel the last remaining
buy limit order to avoid increasing his inventory. To assess the performance of our strategy,
we provide in Figure .9 the distribution of the gain of the MM for 10° simulated paths. We
can see the median gain of the MM is around 0.6 which represents 6 times the tick.
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..

T T T T T T 1
-0.4 -0.2 0.0 0.2 0.4 0.6 0.8

Return

Figure .9 - Density estimation of the gain made by the Market Maker.

3.2 DHFT control problem

3.2.1 Problem formulation

The optimisation problem of the DHFT is quite similar to that of MM. However the major
difference is that the DHFT trades a second asset which corresponds to the futures of the
same stock. Thus, we keep the same notations of the previous section and describe only the
dynamics of the new added variable F; associated to the future reference price

b Pl+p?
t= 2 + St;
where S; is a mean-reverting process
t t
S;=8y +f0 p(§—Su)du+f0 o(S,)dw,. (10)

Here, p is the strength of the mean reversion, § is the average mean reversion level and
0 :R— R is a Lipschitz bounded function representing the volatility of the process.

The strategy of the DHFT is described by the same quantities as the one of the MM in the
previous section. The key distinction lies in the fact that he constantly holds a number equal
to —I units of the futures F. Additionally, we assume that buying/selling the futures leads to
the payment of a proportional cost x = 0.

The aim of the DHFT is to maximise the expected utility
E[-exp (-n{U(St, Z5) — o j})],
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with
U(s,2):=g+i A —i A2 —x([i* —¢" 1" +1i" - g°1™),
for any z = (pl, pz, ql, qz,g, i,nt,n% b, bz,j) € Dy where the new variables A}_r and A_zt satisfy

1, 2 1, 2
P 2p —siK,Ai::pz—p Zp

A}_r =p' - —-s*x.

The resolution of this optimization problem is very similar to that of the MM. Thus, the partial
differential equation satisfied by the value function in the viscosity sense, the convergence of
the numerical scheme and the one of the approximate controls still hold for the DHFT control
problem. Furthermore, we repeat for the DHFT the same kind of experiments made for the
MM. We find that the DHFT strategy consists in mainly making money out of the spread
between the asset price and the futures price since his position in stocks is always covered by
a symmetric position in the futures.

3.3 1B control problem

We now turn to our last market participant. The IB faces an execution problem. He needs
to buy I shares from the stock within a time interval [0, T]. To solve the IB control problem
we consider two types of strategies: a volume strategy and a Volume Weighted Average Price
(VWAP) strategy. However, we only show the results for the VWAP one in this introduction.

3.31 VWAP strategy

We now present a VWAP based strategy. The VWAP is defined as follows:

wT

VWAP =
v(0,T)

. T
where w::f vePidt and v(-, T) ::f vsds, (1)
0 )

with v; the traded volume on the market and P; the stock price. We model the broker state
through the process Uf = (Pf,lf,Gl;) where I; refers to its inventory, G is its wealth and p;
corresponds to the agent’s control. The IB chooses its instantaneous trading speed (u;) ;=0 to
maximise the expected utility

E[ - exp[-n{Gr + It (Pr — R I7) ~IoVWAPT}],

for some & >0 which represents a penalty in case the inventory does not match 0 at T. We
have the following formula for v.

Result 8. The IB value function defined such that

v(t,p,i,g w) = supE| —exp[-n{Gr + It (Py — K I7) — Iy VWAPT}|F/],
I

satisfies the semi closed formula

v(t, p, i,g, w) = _efn{gfrhwfpv(t,T)rh)Jri(pffd)} x eho(t)+h1(t)i+hg(t)i2’

where the functions hy, hy and hy are fully characterized by ODEs.
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3. Chapter III - Optimal inventory management and order book modeling

3.3.2 Numerical experiment

Figure .10 shows a simulated path for a broker with a VWAP strategy. It presents the variations
of the brokers inventory, the cost of a unit share during the execution, the brokers controls
and the order book state. We can see that a small number of market orders are sent. Thus, the

liquidity imbalance created by this execution algorithm is the main driver of the price upward

trend. Figure .11 provides an histogram of the relative error (in %) of the VWAP obtained by
both the volume and the VWAP strategies with respect to the VWAP of the whole market.®
One can see that actually the VWAP strategy performs better than the market on average.
This is an expected result since the VWAP strategy is built in order to beat the VWAP of the

market.
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Figure .10 - Simulated path of the VWAP strategy.
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Figure .11 - Histogram of the VWAP percentage error with respect to the VWAP of the market
for the VWAP strategy. Histogram based on 10* simulated paths.

3.4 Full market simulation

We now propose an illustration of possible interactions that may happen between several
market participants acting optimally. To do so, we consider a market made of 6 agents: 1
MM, 1 DHFT, 2 IBs playing a volume strategy to execute a fixed quantity (one buys and the
other sells), 2 IBs playing a VWARP strategy to execute a fixed quantity (one buys and the other
sells). At each time step, each participants sends its optimal decision given the current state
of the order book. The control of the DHFT is executed first, followed by the one of the MM
and finally the actions of the volume and VWAP IBs. This procedure is a first building block
towards a realistic market simulator that can be used to back-test strategies or estimate the
quantities of interest in a simulated market with a given composition of the agents (i.e. the
type of participants and their number), etc. More details are given in Chapter IIL

Now we want to compare individual market participants, notably in term of their contribution
to market quality. This is why we aim at proposing a model based on the individual behaviour
of agents, allowing us to rank them with respect to the impact of their trading on market
stability.

4 Chapter IV - From asymptotic properties of general point
processes to the ranking of financial agents

Chapter IV answers Question 4: How to build a model for the interactions between strategies
of individual market participants and use it to assess their contribution to market quality?
Instead of aggregating agents into groups as in the approach of Chapter III, we want to
model the specific flows of each agent taking part in the market. To do so, we restrict
ourselves to the modelling of the best bid and ask dynamics. We propose a very general
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financial agents

framework where individual behaviours are modelled using point processes that can be seen
as state-dependent and non-linear Hawkes-type processes. The well-known Poisson, Queue-
reactive and Hawkes Queue-reactive dynamics for order books are particular cases of our
setting. Using this approach, we establish theoretical results allowing us to assess the specific
contributions of agents to market quality.

4.0.1 Modelling of the best bid and ask dynamics

We use an event by event approach. Each event is characterised by (T, X;) € (R", E) where:
e T), is the time of the n‘" event.
¢ X, is a variable encoding the characteristics of the event:

— size s an integer representing the order size.

— price py: equals to k € N when the order is inserted at the price best bid +k7y,
where 1 is the tick size.

— direction dj: + if it provides liquidity and — when liquidity is removed or con-
sumed.

— type t;: 1 (resp. 2) when the bid (resp. ask) is modified.

agent a,: the market consists in N agents.

The order book state is modelled by the process U; = (Q},Q%,S;) where Q] (resp. Q?) is the
best bid (resp. ask) quantity and S; is the spread.

Generalised intensity and market reconstitution. The intensity A;(e) associated to an
event e € E can be informally defined by

P[#{Ty € (t,t+61], Xy = €} = 1|F;]
Ar(e) = lim )
5t—0 ot

where &; is the sigma-algebra representing information from the history of the market. We
assume it depends on the past event and current state of the market in the following way:

A =y(e,Ur,t, ), ¢le,Ur,t—T;, X)),

Ti<t

where vy is a possibly non-linear function, U;- is the order book state relative to the last
event before ¢ and ¢ is the Hawkes-like kernel representing the influence of the past events.
The functions ¢ and ¥ are both R, -valued. In absence of the kernel ¢, this corresponds
to the Queue-reactive model (and to the zero-intelligence Poisson model when ¥ does not
depend on U;-). When ¢ is non-zero, ¥ represents the interaction between the past events
and the current order book state. Moreover, we allow ¥ to have polynomial growth while
in the literature it has typically at most linear growth. In this case, this model generalises
the Hawkes Queue-reactive approach. Note that this intensity also encompasses Quadratic
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Hawkes processes with a separable quadratic kernel. In this setting, one can recover the
market intensity 12 (e’) of an anonymous event ¢’ (¢/ does not contain the agent identity)
using the formula below

M) =Y A€, @)

asN

Ergodicity. Our first theoretical result is relative to the ergodicity of our limit order book
model.

Result 9. Under suitable assumptions, U, = (QL,Q?,S;,A,) is ergodic: there exists a probability
measure (L such that (exponential speed of convergence)

lim Py(u, A) = Py(, A), Vu, VA,
—00

where Pi(u,.) is the probability distribution of U; given the initial condition u € Wy and u
represents all the past events up to time 0. Thus, u is a sequence indexed by N~ for past events and
valued in Ry x E. The measure u is a probability distribution defined on the space (Wo, #)'® and
Pi(u, A) = fWO P (x, A)pu(dx) is the probability distribution of U; starting from the random initial
condition |.

From the ergodic property, we can derive asymptotic results for the long-term behaviour of
our system.

Scaling limits. The reference price after n jumps P, writes P,, = Py +Z?:1 AP; where AP; =
P;—P;_1 =n; and E[n;] =0. We now assume that 7; is centred with n; = f(U;) for some
measurable function f and consider the process

Pyng
Xn(t)z_, Yt=0.

Vvn

The next result describes the behaviour of the price at the macroscopic scale (in event time,
the result in calendar time is very similar and also provided in the core of Chapter IV).

Result 10. Under the stationary distribution u, see Result 9, the quantity X,(t) satisfies the
Jollowing convergence result:

X (1) Z oW,
with 0% = Eu [n%] +2¥ k=1Eunonk] and p the stationary distribution.

This result relates the individual order flow intensities and the macroscopic volatility of the
asset. It enables us to rank market participants according to their contribution to volatility.
We now explain how empirical computations of relevant quantities can be made.

16 A detailed description of this space is given in Chapter IV.
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4. Chapter IV - From asymptotic properties of general point processes to the ranking of
financial agents

4.0.2 Explicit computations of market quantities

In this model, we can derive semi-explicit formulas for the stationary distribution of the
order book, the expected spread, the price volatility and intensities of the fluctuations of the
cumulated imbalance. In the following, we provide those relative to the stationary distribution,
expected spread and the price volatility.

Stationary probability distribution of the order book. Let 7(.) = P(u,.) be the stationary

distribution of Uy, see Result 9. Then, we can compute 7 by solving the following equation.

Result 11. The distribution v satisfies
tQ=0,

nl=1, (12)

where the infinite dimensional matrix Q verifies

Quu)= Y  EuA@I,

ecE(u,u’)
with E(u,u') the set of events directly leading to u' from u.

In order to compute Q(u, u'), we take two states u and u' such that u # u’ and define

wu' _ i u _ .
Nl' = Z 6u'u/, t - Z ATllUTi_lzuy
T;<t T;<t

with &¢

u,u’'
the following way.

= 1UT,-_1:uv Ur,=u' and AT; = T; — T;_1. Therefore, one can estimate the matrix Q in

Result 12. We have

u,u
O, u) = ;u t:OOQ(u,u'), a.s. (13)

Note that the estimator of Q(u, u/) := Nt”’u /t*, and hence 7, does not depend on the model.

Spread computation We recall that the spread S is a state variable since U = (Q1,Q?,5).
Thus, the expected value of the spread S under the stationary distribution satisfies

S=E,(S1= ). n(q",q*9)s.
q'.q%s

We end with the computation of the volatility in practice when restricting ourselves to the
Markov case (for simplicity here).
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Price volatility computation in the Markov case. In the Markov case, the second term
in the volatility formula introduced in Result 10 can be easily computed from the marginal
stationary distribution 7. Indeed, the transition matrix P of the Markov chain U (transitions
after one jump) satisfies:

—Q(u, uNI1Q(u,w), if u#u' and Q(u,u) #0,

P — Oy if Q(u) u) 7501
wi' =17, if u#u' and Q(u,u) =0,

and Py, :{ 1, if Q(u,w=0,

for any u and u'. In this setting, we have (recall that n; = f(U;)):

Eulnonkl = Exlnonil = Y m() fEulng), Eulnel =Y PL , f). (14)

4.0.3 Numerical experiments

Using Result 10 and placing ourselves in the Markov case, we propose a ranking of the nine
main market makers based on their impact on volatility. For this, we use four large tick assets
(for which the model is very suitable): Air Liquide, EssilorLuxottica, Michelin and Orange,
on Euronext, over a one year period: from January 2017 till December 2017.

For each asset, we compute first the liquidity provision and consumption intensities relative
to the whole market using Equation (13). Then, we estimate the stationary measure of the
order book using Equation (12). Finally we obtain the macroscopic volatility using Equation
(14). We give in Figure .12 the results relative to Air Liquide.

(a) Intensity of the market (b) Stationary measure Q!

0.08 1

e | iquidity consumption
Liquidity provision
0.06 1

0.04

0.02 4

(3 % 1‘0 1‘5 2‘0 2‘5 3‘0 6 é 1‘0 1‘5 2‘0 2‘5 3‘0
Long-term price volatility o2 = 0.227.

Figure .12 - (a) Liquidity insertion and consumption intensities (in orders per second) with re-
spect to the queue size (in average event size) and (b) the corresponding stationary distribution
of (Ql) with respect to the queue size (in average event size), proper to Air Liquide.

Thereafter, for each market maker, we estimate the new market volatility o>V in a situation
where we suppose that he withdraws from the market and compare it with the market volatil-
ity 0>M when all the participants are involved: If >N > g®M | this means that the market
maker in question decreases the volatility (i.e. stabilizes the market) otherwise he increases

30



5. Chapter V - Improving reinforcement learning algorithms: towards optimal learning rate
policies

the volatility (i.e. destabilises the market). Thus, the agent who increases volatility (resp.
decreases) the most is ranked first (resp. last). In the following table, we establish the ranking
of market makers which is actually quite stable across assets.

Market Ranking Market Ranking Market Ranking | Market | Ranking | Market
maker Air share Air | Exilor- share Michelin share Orange share
Liquide Liquide | Luxottica | Exilor- Michelin Orange
Luxottica
MMI1*** 4 4% 3 3% 3 4% 3 3%
MM2 9 1% 9 1% 9 1% 7 1%
MM3 6 5% 6 5% 7 4% 5 4%
MM4 5 1% 4 1% 4 0% 4 1%
MMb 7 5% 8 5% 8 5% 9 5%
MMG6**** 1 3% 2 3% 1 3% 1 4%
MM7**** 2 7% 1 12% 2 9% 2 7%
MM8* 3 9% 5 5% 5 5% 6 4%
MM9 8 2% 7 2% 6 2% 8 2%

Table .1 - Market share and ranking of markets makers. We put the symbol * next to the
name of the market maker each time he is decreasing the volatility of an asset.

In Questions 1, 2 and 3, we solve some control problems faced by different classes of financial
agents using numerical schemes. Such approach is appropriate when the model and its
parameters are known. However, in many situations the dynamics of the model are not clearly
stated. A classical way to overcome this problem is to use stochastic iterative algorithms.
These algorithms appear in many applications and require weak convergence conditions.
Hence, we address in the next chapter the following question: How to dynamically choose
the learning rate in order to improve the convergence of stochastic iterative algorithms?

5 Chapter V - Improving reinforcement learning algorithms:
towards optimal learning rate policies

In this chapter, we answer Question 5: Is there an optimal policy for the selection of the
learning rate in order to improve the convergence of reinforcement learning algorithms? We
start our work by investigating to what extent one can improve the classical asymptotic con-
vergence rate O(1/v/N). Indeed, we show that this rate is pessimistic and can be replaced in
many applications by O((log(N)/N)ﬁ) with % < pf <1 and N the number of iterations. Next,
we propose a dynamic optimal policy for the choice of the learning rate (yi)r=o used in
stochastic approximation. For this, we first introduce the algorithm PASS that modifies the
values of a predefined sequence (y}) k=0 using the sign variations of the past observed errors.
This algorithm accelerates the convergence of standard stochastic iterative algorithms with
the step size (y})k=0. Second, we propose an optimal methodology for the construction of
an appropriate piecewise constant sequence (y})k=o. Third, we combine this method and Al-
gorithm PASS to improve the convergence of stochastic iterative algorithms. Finally, we show

31



Introduction

that our selection methodology of the learning rate provides better convergence results than
standard RL algorithms in three numerical examples: the estimation of a drift, the optimal
placement of limit orders and the optimal execution of a large number of shares.

5.1 Improvement of the asymptotic convergence rate

Let us first formulate our problem. We aim at finding g* € R% solution of the equation
M(q,2z) =E[m(q,X(2),2)] =0, VzeZ={l,...,d},

where X(z) € R¥ is a random variable with an unknown distribution and m is a function
from R? x R* x Z to R. Although the distribution of X(z) is unspecified, we assume that

we can observe some variables (Z;);>1 valued in Z and (Xn (Zn)) drawn from the same

nz1
distribution of X(Z,). In such context, reinforcement learning (RL) addresses this problem

through the following iterative procedure:

qdn+1 (Zy) = dn (Zy) — Yn (Zn)m(qn» Xn+1(Zn), Zn), (15)

with g a given initial condition and (y,),=0 € R% a component-wise non-negative sequence.
The asymptotic convergence speed of stochastic iterative algorithms is in general O(1/V'N).
We aim at investigating how one can extend and improve such asymptotic rate for (15). Note
that, the function g* is solution of the minimization problem

min g(q),
qgeRk

with g(q) = IM (q)llz.17 Since we do not have a direct access to the distribution of X(z),
we use that at time 7 one keeps memory of a training sample of 7(z) independent variables
(X)i=1..n(z) drawn from X(z) distribution. Here n(z) is the number of times when the process
Z,, visited z. We define g" as a solution of

i , 16
min gn(q) (16)

with g,(q) = IM™()I> and M"(q,2) = E"[m(q,X(2),2)] = 75 L") m(q,X;(2),2) the ex-

j=1
751) 8x;(z)- After that, we denote by g}

an approximate solution of the problem (16) given by an optimization algorithm after k itera-
tions. Thus, we can decompose our total error into the estimation error and the optimization

pected value under the empirical measure y = ﬁz

error as follows:

0=E[g(q;)-8(a"] <E[g(g" - g(q")] +E[Ig(g™) - g(g)I].

~
estimation error optimization error

7When M is the gradient of a function f (i.e. Vf = M), one can show that ¢* minimises a convex and
differentiable function g(q) = Z;.izl E[L(q, X(i),1)] with L a well defined operator.

32



5. Chapter V - Improving reinforcement learning algorithms: towards optimal learning rate
policies

5.11 Estimation error

We focus now on the first source of error.

Slow convergence rate. Standard uniform convergence results ensure that

vn

with ¢ >0 a positive constant. This result allows us to derive the pessimistic bound 26\% for

1
Elsup|g(q) — gn(@ll = c—,
q

the estimation error.

Fast convergence rate. Many authors obtain fast statistical convergence rate in the follow-

ing form:

log(n)) B
n

E[sup (8(4) — gn(@))] < c( : (17)
q
with % < B <11 These fast statistical estimations are established under regularity and
boundedness conditions of the function M, see [19, 58] or when the data distribution satisfies
some noise conditions, see for instance [19, 150]. Inequality (17) enables us to derive a bound
08

for the estimation error proportional to (l#)ﬁ .

512 Optimization error

We turn now to the optimization error. Since g is replaced by the empirical mean g, which
is known, there are many algorithms in the literature that approximate g”. Under suitable
assumptions one can expect an exponential convergence speed for such algorithms. In un-
favourable situations, it is possible to ensure a convergence rate of O(1/N).

513 Conclusion
We have decomposed our initial error into
¢ Estimation error: its convergence is O(\/Lﬁ) in pessimistic cases. In the other situa-
tions, the convergence is faster (i.e. O(log#)ﬁ) with % =p=<1.

e Optimization error: the convergence is exponential under suitable conditions. In
unfavourable cases, the convergence rate is O(%).

The comparison of these error sources shows that the estimation error is the dominant com-
ponent. In addition to that, we can overcome the O(\/LN) asymptotic speed, in some situations,

by improving the estimation error.

181t is possible to get rid of the log(n) factor in the above inequality using the “chaining” technique, see [40].
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5.2 Optimal policy for the learning rate

We consider now Algorithm (15) and propose an optimal way to choose the learning rate yy.
This type of algorithms appears in many contexts: stochastic iterative algorithms, gradient
methods, fixed point iterative techniques, etc. It is well known that the choice of yi plays a
key role for the convergence. Thus, we focus only on the step size and present a selection
policy for (yi) k=0 decomposed into two interacting levels

» The inner level: we define the algorithm PASS inspired from line search that uses a pre-
defined sequence (Yz)kzo and the sign variations of m(qy, Xi+1(Zg), (Zy)) to construct
a new sequence (Vx)k=0- lhis new sequence improves the convergence of Algorithm

(15).
* The upper level: we propose an optimal methodology for the selection of a piecewise
constant predefined sequence (y})k=o-
5.21 The inner level

For any predefined sequence (y{)ren, we introduce the following version of the algorithm
PASS that is adapted to reinforcement learning (RL) issues. This is the version used for our
numerical experiments.

Algorithm 1 (PAst Sign Search (PASS) for (RL)). We start with an arbitrary q° and define by
induction q, and v,

* If m(qn, Xn+1(Zn), Zn) x m(qyr, Xyn41(Zyp), Zpn) 2 0, then do

An1(Zn) = qn(Zp) = h(¥n(Zn), Y n(Zn))m(Gn, Xn+1(Zn), Zn),
')A’n+1(Zn) = h('}?n(zn)»Yn(Zn))»

with 1" is the index of the last observation when the process X visits the state X,,.

o Else, do

qn(Xy) — l(f’n (Xn),Yn (Xn)) m(qn, Xn, Xn+1),
L7 n(Xn),Yn(Xn).

gn+1(Xy)
?n+1 (Xn)

We have other versions of this algorithm where the vector g, is modified entirely and not
component-wise. We define the total error E¥ such that E¥ = Zgzl(qk(z) - q*(z))z. We first
compare the error EX of PASS with the one of (15) and show that it decreases faster. This
enables us to derive the convergence of PASS.

Result 13. Under mild assumptions, Algorithm PASS converges in the sense that

E[E"] — O.
n—oo
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5. Chapter V - Improving reinforcement learning algorithms: towards optimal learning rate
policies

5.2.2 The outer level

To select the initialisation learning rate (yz) keN, wWe construct a sequence of integers (k;);en
such that yz is constant within each interval I; = [k;, k;+1[ with i € N. Then, we choose the

“best” constant y} such that the total error EXi decreases as fast as possible by at least a

factor a during the time period I; in the sense that E[EF+1] < aE[EX ).

We place ourselves in the interval [;. In such case, the step size y} =7 is fixed. Inside this
interval, we show that

Result 14. Under mild assumptions, IM > 0, B € [0,1) such that the error E" verifies
E[E" ) < c(y)(1 - @™ + @"ME[EN], V& < max(B, a(y)), (18)
with c(y) =y*R, a(y) =1~ f(y), f(x) =2Lx— Bx* and (R,L,B) € R3 positive constants.

The above result ensures that the error converges exponentially towards the constant c(y).
Thus, the main idea is to select y such that c(y) < aEXi. This gives a set [0,y™®] of potential
values for y with y™® a fixed constant. Then, we select among this set the unique value of y
that maximises a(y). After fixing the value of y, we give ourselves an error precision r and
define kji1 = k; + j; with j; the first index n such that E[E" ki) < aE[E* (1 + r). Inequality
(18) provides an estimation for j;.

Using the above methodology, we define recursively the sequence (k;)jen and (yi,)ien as
follows:

log(—%—)
20+ M .
kivi=ki+ [ —————— ¥, = L, Yi=0,
i+1 i+l log(aki) 1 Ykin _ayk_z l
ko=0 Yk =Y1V T2

where a, =1 f(y,). The quantities y; and y» are two suitable initialisation constants that
ensures the decrease of the error during the first iterations. We show that the convergence
speed of the algorithm is exponentially fast as long as i < i* with i* a fixed threshold.
However, when i > i* we recover a slow convergence rate of O(%ﬁ).

5.3 Numerical experiments

In Chapter V we consider three numerical examples: the drift estimation, the optimal place-
ment of limit orders and the optimal execution of a large amount of shares. As an illustration,
we choose here to present only the results associated to the optimal placement problem.

Optimal placement. We consider an agent who aims at buying a unit quantity using limit
orders and market orders. In such case, the agents wonder how to find the right balance
between fast execution and avoiding trading costs associated to the bid-ask spread. The
agent state at time # is modelled by X; = (QBef‘”e,QAf[er,P) with QBefore the number of
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shares placed before the agent’s order, Q%" the queue size after the agent’s order and P,
the mid price, see Figure .3. The agents wants to minimise the quantity

TV Texec

ELF (X o) + f cds),
0

where
o T =inf{t =0, P; =0} the first time when the limit order gets a transaction.
* 7 the first time when a market order is sent.
o X = (QBefore QAfter py the state of the order book.

* F(u) is the price of the transaction (i.e. F(u) = p+v when the agents crosses the spread
and F(u) = p otherwise).

Using the classical dynamic programming principle, one can solve this control problem using
(15) since the Q function is a zero of a certain operator, see Chapter V. Figure V.4 shows three
control maps: the x-axis reads the quantity on “same side” (i.e. Q%€ = QBefore . QAfter)
and the y-axis reads the position of the limit order in the queue, i.e. QB%/°", The color and
numbers give the control associated to a pair (Q**¢,QB¢/%7¢): 1 (blue) means “stay in the
book”, while 0 (red) means “cross the spread” to obtain a transaction. The panel (at the left)
gives the reference optimal controls obtained with a finite difference scheme, the middle panel
the optimal controls obtained for the Algorithm (15) where the step-size (yi)r=o is derived
from the upper level of our optimal policy and the right panel the optimal control obtained
with our optimal policy (i.e. upper level and inner level combined). It shows that after few
iterations our optimal policy already found the optimal controls. Figure V.5 compares the
log of the L? error, averaged over 1000 trajectories, between the different algorithms. We see
clearly that our methodology improves basic stochastic approximation algorithms.

a) Theoretical optimal control b) step_ cste optimal control c) PASS optimal control

Figure .13 - Comparison optimal control after 300 iteration for different methods: left is the
optimal control, middle is basic RL with a step size derived from the upper level and right is
our optimal policy for the step size (i.e. upper level and inner level combined).
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6. Chapter VI - Price impact study on the electricity intra-day market

[?-error against the number of iterations
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Figure .14 - The log L*-error against the number of iterations.

The applications studied in the previous chapters are appropriate for liquid markets where the
order book mechanism is well developed such as equity markets. Nonetheless, our methodol-
ogy may be less adapted to markets with very specific operating rules. To address this issue,
we study in the next chapter the price variations of the intra-day electricity market. Thus, we
tackle our final question: What are the main price features in such market and how to design
a model that reproduces them?

6 Chapter VI - Price impact study on the electricity intra-day
market

In this last chapter, we address the following question: What are the main properties of the
price in the electricity intra-day market and how to build a model that captures them? We
propose a general empirical study of price fluctuations and trading activity in this market.
This allows us to capture the most important characteristics of the electricity market. Then,
we focus on the price impact generated by a power plant breakdown. This is of great im-
portance for market participants that face several power plant failures per year and need to
include this cost in their trading strategies. After that, we investigate some further properties
of the price variations and finally propose a model consistent with our observations.
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6.1 General empirical analysis

6.1.1 Description of the intra-day electricity market

Here we give a description of the electricity intra-day market runned by Epex Spot in France.
Every day at 3 p.m, Epex Spot opens trading sessions!” where agents trades forward contracts.
The specificity of these forward contracts is that they should be delivered on the following
day. Each trading session is associated to a unique time period and buying a forward contract
in one given session ensures the supply of 1 MW of energy during the related time period.
Each of those sessions remains open until 30 minutes before the beginning of the delivery.
When a session for a given delivery period is open, trading can occur continuously and is
run using an order book mechanism.

6.1.2 Databases description

We use two databases. The first one comes from the electricity intra-day market runned by
Epex Spot in France. This database records, during two years from the Ist January 2017 to
the 31th January 2019, the trades executed in the intra-day electricity market event by event
with a minute accuracy for each forward contract. The second database reports all the power
plants breakdowns that happened in the same period. The first database accounts for 1 146
777 events and the second 12 109 breakdowns.

6.1.3 Features of the intra-day electricity market

After describing the breakdowns distribution, we study the intra-day volume variations and
the price seasonality.

Intra-day volumes. The exchanged volume is at its lowest level for early maturities when
the need of energy supply is low, it attains its highest level during afternoon maturities and
then stabilizes for late maturities. It is important to note that for each forward contract the
market activity sharply accelerates close to the delivery hour (i.e. maturity).

Price seasonality. For each forward contract, we show that the weighted price at the intra-
day level have the same variations of the daily exchanged volume. At the weekly scale, the
weighted price decreases during the weekend since economic activity is reduced. In addition
to that, at the year level, the weighted price is low during the summer since the clients
consumption is weak and becomes high in the winter when the clients need more energy.

Y There are trading sessions for the 24 hours and 48 half hours in both France and Germany. For Germany,
there are also 96 sessions for the quarters of an hour

38



6. Chapter VI - Price impact study on the electricity intra-day market

6.2 Price study

Price impact. We deal only with unexpected power plant breakdowns with a minimum
level of 150 MW energy loss. Thus we keep only few thousands breakdowns. We compute, for
each one of the considered breakdowns, the quantity

pP,—-P
ur VtE[t(), tl])
Py

0

AP;=¢€;
where P; is the transaction price, €, is the sign of the transaction (i.e. €; =1 for buy market
orders and —1 otherwise) and the times #, and #; are defined as follows:

* I is the first transaction time after the beginning of the breakdown.

e 1 is the minimum time between the ending time of the breakdown, the end of the day
and the closure time of the forward contract.

Finally, we define the price impact I; as the empirical average of AP; over all the breakdowns

and the rescaled time s such that s(¢) = [_t;’o for any t € 1, t1].

th—

Aggregated price impact profile. Figure .15 shows that the aggregated price impact curve
(i.e. for all the forward contracts) is linear. We choose to plot the aggregated impact since
we have more observations however we check that our conclusions remain valid for the most
important maturities (i.e. with high exchanged volume). A linear price impact means that
agents behaviours remain unchanged during the whole execution of the meta-order. This
can be explained by their incapacity to detect the variations in the order book dynamics
generated by the liquidation of a meta-order or by their unwillingness to react to the meta-
order execution. Thus, the interactions between agents decisions are weak and their actions
are mainly triggered by exogenous information like market announcements.
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Figure .15 - Price impact profile for aggregated maturities.

Price impact profiles for different regimes. We investigate the connection between the
price impact curve and the amplitude of the energy loss during a breakdown (i.e. size of
the breakdown). We choose this variable since it is the analogous of the size of the meta-
order when dealing with execution issues. Many empirical studies have already explored the
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relation between these two last variables. They show that the price impact I generated by a
meta-order of size Q follows the “square root law” (i.e. I = (V%)a with 6 >0 and Vp the daily
volume). Our study consists in decomposing our initial data in three buckets with the same
number of observations using quantiles. Figure .16 plots the price impact associated to each
one of these buckets. We can see that the global shape of the impact curve is unchanged when
the energy loss varies since the impact is linear for all the buckets. However, its magnitude
increases with the breakdown size which is an expected result. Indeed, to thwart a huge
energy loss, market participants buy large quantities from the intra-day market and therefore

increase the price.
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Figure .16 - Price impact for different initial price regimes.

Trade signs autocorrelation. Let [ € N. We also study the autocorrelation function C(I)
between the trade signs €; defined such that

C(l) =Eleseo] — Ele;]Eleo],

with €; = 1 for buy market orders and —1 otherwise. In liquid markets, one expects typically
to observe a strong correlation between trade signs. However, we show the existence of
a negative correlation only between the first trade and its successor. Thus it suggests the
absence of memory since the long-term correlation between the trade signs is weak.

Response function autocorrelation. Let / € N. We study the response function R(I) be-
tween the price moves and the trade signs €; defined such that

R(I) = El(p1 = po)€ol,

with Z = z—[E[z] for any process z. We reveal a power law decrease for the response function
and show that the response function remains always higher than a positive bottom level.

Price diffusion. We study the regularity of the price process through the Hurst exponent
H. To estimate H we place ourselves in the following framework. Let Z; be a process which
satisfies

dzZ;,=cdwll,  vit=o,
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where o is a constant volatility and W/? is a fractional Brownian motion (fBm) whose Hurst
exponent is H. Then, there exists a constant C = 0 such that

El| Zien — Z:19) = CATY, Vt=0,YA=0,Yq=0.

This shows that
yi=AuA+C) (19)

with yZ = log(Ellpr+a — pel9D), A;] = Hq and C' =log(C). Figure .17.a plots yZ against A
when the underlying process Z is the price. We see that the linear relation (19) is satisfied.
Figure .17.b plots Aj, for different values of g and estimates the slope of this curve which
represents the Hurst exponent. The estimated Hurst exponent is close to 0.48 = 0.5 which
was not an obvious result in this very specific market.

(a) yZ vs A for the price (b) A% against g for the price
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Figure .17 - (a) Plot of yZ against A during the years 2017-2018, (b) Plot of A, against g and
estimation of the Hurst exponent for the price process associated to the maturity 22h.

6.3 Price modelling

We can build a price model consistent with our observations. This model is inspired from
the propagator model introduced in [39]. We show how to carry computations and calibrate
this model in our specific setting. Such model is useful for prediction and estimation of the
quantities of interest. We consider the following dynamics for the price at time n:

Pn=po+HUnn+ Z G(n- ke,
k=sn-1

with p a real constant representing the price trend, G : Ry — R, the impact function that
represents the influence of a single transaction on the price, €, is the sign of the n-th trade.
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6.3.1 Properties of the model

When the autocorrelation between the trade signs is weak, we show that this model can
reproduce a linear price impact. Moreover, we recover the power law decrease of the response
function R. Finally, we study the diffusivity of the price process and link its Hurst exponent
with the asymptotic behaviour of the trade signs autocorrelation function C(n) and the impact
function G.
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CHAPTER I

Limit order strategic placement with
adverse selection risk and the role of
latency

Abstract

This paper is split in three parts: first, we use labelled trade data to exhibit how market
participants decisions depend on liquidity imbalance; then, we develop a stochastic control
framework where agents monitor limit orders, by exploiting liquidity imbalance, to reduce
adverse selection. For limit orders, we need optimal strategies essentially to find a balance
between fast execution and avoiding adverse selection: if the price has chances to go
down the probability to be filled is high but it is better to wait a little more to get a better
price. In a third part, we show how the added value of exploiting liquidity imbalance is
eroded by latency: being able to predict future liquidity-consuming flows is of less use if
you do not have enough time to cancel and reinsert your limit orders. There is thus a
rationale for market makers to be as fast as possible to reduce adverse selection. Latency
costs of our limit order driven strategy can be measured numerically.

To authors’ knowledge this paper is the first to make the connection between empirical
evidences, a stochastic framework for limit orders including adverse selection, and the
cost of latency. Our work is a first step to shed light on the role played by latency and
adverse selection in optimal limit order placement.

1 Introduction

With the electronification, fragmentation and increase of trading frequency, order book dy-
namics is under scrutiny. Indeed, a deep understanding of order book dynamics provides
insights on the price formation process. There are essentially two approaches for modelling
the price formation process. First, general equilibrium models based on interactions between
rational agents who take optimal decisions. General equilibrium models focus on agents be-
haviours and interactions. For example, investors split their metaorders into large collections
of limit orders (i.e. liquidity-providing) and market orders (i.e. liquidity-consuming) (see [14],
[105], [148]) while (high frequency) market makers mostly use limit orders to provide liquidity
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I. Limit order strategic placement with adverse selection risk and the role of latency

to child orders of investors (see [31]). Second, statistical models where the order book is seen as
a random process (see [39], [83], [90], [114] and references herein). Statistical models focus on
reproducing many salient features of real markets rather than agents’ behaviours and interac-
tions. In this paper, we consider a statistical model where the arrival and cancellation flows
follow size dependent Poisson processes. Using this model, we propose an optimal control for
one agent targeting to obtain the “best price” by maintaining optimally a limit order in the
order book .

In practice, market participants use optimal trading strategies to find a balance between
at least three factors: the price variation uncertainty, the market impact and the inventory
risk. For example, an asset manager who took the decision to buy or sell a large number
of shares needs to adapt its execution speed to price variations. The simplest case would
be to accelerate execution when price moves in its favor. He needs to consider the mar-
ket impact too and in particular the price pressure of large orders: fast execution of huge
quantities consumes order book liquidity and increases transaction costs. Finally, there is an
inventory risk associated to the orders size: it is riskier to hold a large position than a small
one during the same period of time. A fast execution reduces this inventory risk. The asset
manager should then find the optimal balance between trading slow and fast. Models for
these strategies are now well known (see [50, 52, 79, 80, 84, 85] ). Recent papers introduce
a risk term in their optimisation problem. Moreover, some papers combine even short term
anticipations of price dynamics inside these risk control frameworks. For example, in [11],
authors include a Bayesian estimator of the price trend in a mean-variance optimal trading
strategy. In [51], authors include an estimate of future liquidity consumption - p in their pa-
per shoud be compared to our consuming intensities A>~ - in macroscopic optimal execution.

In this paper, we consider an optimal control problem where the agent faces the price varia-
tion uncertainty and the market impact but there is no inventory risk since we consider one
limit order. The idea is to propose optimal strategies that can be plugged into any large scale
strategy (see [145, Chapter 3] for a practitioner viewpoint on splitting the two time scales of
metaorders executions) by taking profit of a short term anticipation of price moves.

After some considerations about short time price predictions and empirical evidences show-
ing that market participants decisions depend on the imbalance (see Section 2), we show that
optimal control can add value to any short term predictor (see Section 4) in the context of
simple controls (cancel or insert a limit order) for a “large tick” stock. This result can thus be
used by investors or market makers to include some predictive power in their optimal trading
strategies. Then we show how latency influences the efficient use of such predictions. Indeed,
the added value of the optimal control is eroded by latency. It allows us to link our work to
regulatory questions. First of all: what is the “value” of latency? Regulators could hence rely
on our results to take decisions about “slowing down” or not the market (see [44] and [67] for
discussions about this topic). It sheds also light on maker-taker fees since the real value of
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limit orders (including adverse selection costs), is of great importance in this debate (see [87]
for a discussion).

This paper can be seen as a mix of two early works presented at the “Market Microstructure:
Confronting Many Viewpoints” conference (Paris, 2014): an optimal control driven one [124]
and a data-driven one focused on the predictive power of order books [146]. Our added val-
ues are first a proper combination of the two aspects (inclusion of an imbalance signal in an
optimal control framework for limit orders), and then the construction of our cost function.
Unlike in the second work, we do not value a transaction with respect to the mid-price at
t =0, but with respect to the microprice (i.e. the expected future price given the liquidity
imbalance) at ¢ = +oo. We will argue that the difference is of paramount importance since it
introduces an effect close to adverse selection, that is crucial in practice.

As an introduction of our framework, we will use a database of labelled transactions on NAS-
DAQ OMX (the main Nordic European regulated markets) to show how order book imbalance
is used by market participants in a way that can be seen as compatible with our theoretical
results.

Hence the structure of this paper is as follows: Section 2 presents order book imbalance as a
microprice and illustrates the use of imbalance by market participants thanks to the NASDAQ
OMX database. Once these elements are in place, Section 3 presents our model and Section 4
shows how to numerically solve the control problem and provides main results, especially the
influence of latency on the efficiency of the strategy.

2 Main Hypothesis and Empirical Evidences

2.1 Database presentation

The data used here is a direct feed from NASDAQ-OMLX, that is the primary market! on the
considered stock. Capital Fund Management feed recordings for AstraZeneca account for
72% of market share (in traded value) for the continuous auction on this stock over the con-
sidered period. Surprisingly, there is currently no academic paper comparing the predictive
power of imbalances on different trading venues. It is outside of the scope of this paper to
elaborate on this. We will hence consider that the liquidity on our primary market represents
the state of the liquidity on other “large” venues (namely Chi-X, BATS and Turquoise on the
considered stock). If it is not the case one can adapt our result relying on statistics on each
venue, or on the aggregation of all venues. We did not aggregate venues ourselves for obvious
synchronization reasons: we do not know the capability of each market participant to syn-
chronize information coming from all venues and do not want to add noise by making more
assumptions. Our idea here is to use the state of liquidity at the first limits on the primary
market as a proxy of information about liquidity really used by participants.

lie. the regulated exchange in the MiFID sense, see [145] for details.
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Venue AstraZeneca | Vodafone
BATS Europe 7.16% 7.63%
Chi-X 19.27% 20.02%
Primary market 72.24% 61.09%
Turquoise 1.33% 11.26%

Table 1.1 - Fragmentation of AstraZeneca (compared to Vodafone) from the 2013-01-02 to the
2013-09-30

We focus on NASDAQ-OMX because this European market has an interesting property: mar-
ket members’ identity is known. It implies that transactions are labelled by the buyer’s and
the seller’s names. Almost all the trading activity on NASDAQ Nordic stocks was labelled
this way until the end of 2014. Note that members’ identity is not investors’ names; it is the
identity of brokers or market participants large enough to apply for a membership. High
Frequency Participants (HFP) are of this kind. Of course some participants (like large asset
management institutions) use multiple brokers, or a combination of brokers and their own
membership. Nevertheless, one can expect to observe different behaviours when members
are different enough. We will here focus on three classes of participants: High Frequency
Participants (HFP), global investment banks and institutional brokers.

2.2 Stylized fact 1: the predictive power of the order book imbalance

Short term price prediction utility. Academic papers (see [39] or [90]) and brokers’ re-
search papers (see [30]) document how the sizes at first limits of the public order book?
influence the next price move. It is worthwhile to underline that the identified effects are
usually not strong enough to be the source of a statistical arbitrage: the expected value of
buying and selling back using accurate predictions based on sizes at first limits does not beat
transaction costs (bid-ask spread and fees). See [95] for a discussion. Nevertheless:

o For an investor who already took the decision to buy or to sell, this information can spare
some basis points. For very large orders, it makes a lot of money and in any case it
reduces implicit transaction costs.

* Market makers naturally use this kind of information to add value to their trading pro-
cesses (see [65] for a model supporting a theoretical optimal market making framework
including first limit prices dynamics).

The easiest way to summarize the state of the order book without destroying its informational
content is to compute its imbalance: the quantity at the best bid minus the one at the best ask
divided by the sum of these two quantities:

Bid Ask
Qt - Qt

Imbt = - .
Qfld'i‘Q?Sk

()

2Limit order books are used in electronic market to store unmatched liquidity, the did size is the one of passive
buyers and the ask size the one of passive sellers, see [145] for details.
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The nature of the predictive power of the imbalance. The predictive power of the order
book imbalance is well known (see [113]). The rationale of this stylized fact (i.e. the midprice
will go in the direction of the smaller size of the order book) is outside of the scope of this paper.
We just give here some clues and intuitions to the reader:

 The future price move is positively correlated with the imbalance. In other terms
E[(Ps+6¢ — Pt) x sign(Imb;)[Imb,] > 0,

where P; is the midprice (i.e. P; = (Pfid +PtASk)/2, where PB4 and PASK are respec-
tively the best bid ans ask prices) at ¢ for any 6¢. Obviously when 6t is very large, this
expected price move is very difficult to distinguish from large scale sources of uncer-
tainty. See for instance [113] for details on the “predictive power” of such an indicator
(our Figure IL2 illustrates this predictive power on real data).

o Within a model in which the arrival and cancellation flows follow independent point
processes of the same intensity, the smallest queue (bid or ask) will be consumed first,
and the price will be pushed in its direction. See [90] for a more sophisticated point
process-driven model and associated empirical evidences.

e Another viewpoint on imbalance would be that the bid vs. ask imbalance contains
information about the direction of the net value of investors’ metaorders: first, in a
direct way if one is convinced that investors post limit orders; second, indirectly if one
believes that investors only consume liquidity and in such case bid and ask sizes are
indicators of market makers net inventory.

The focus of formula (1) on the first two limits weaken the predictive power of the bid vs. ask
imbalance. For large tick assets® it may be enough to just use the first limits, but for small
tick ones it certainly increases the predictive power of our imbalance indicator to take more
than one tick into account. Since the predictive power of the imbalance is outside the scope
of the paper, we will stop here the discussion.

Empirical evidences on the predictive power of the imbalance. Figure II.2.a shows
the imbalance (1) on the x-axis and the midprice move after 50 trades on the y-axis. In
Figure II.2.a, we recover that the imbalance is highly positively correlated to the price move
after 50 trades. Figure I1.2.b shows the distribution of the imbalance just before a change in
the order book state. In Figure IL.2.b, agents are highly active at extreme imbalance values.
People become highly active at extreme imbalances because they identify a profit opportunity
to catch or at the opposite an adverse selection effect to avoid. Another explanation may
come from the predictive power of the imbalance (see Figure II.2.a). In fact, participants start
to anticipate the next price move when the imbalance signal becomes strong while they are
inactive when they have no view on the next price move (i.e. the signal imbalance is weak).

3For a focus on tick size, see [60].
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(a) (b)

Figure L1 - (a) The predictive power of the imbalance on stock Astra Zeneca: imbalance (just
before a trade) on the x-axis and the expected price move (during the next 50 trades) on
the y-axis. (b) distribution of the imbalance just before a trade. From the 2013-01-02 to the
2013-09-30 (accounts for 376,672 trades).

This paper provides a stochastic control framework to post limit orders using the information
contained in the order book imbalance. In such context, we will call P, (#) the microprice
seen from t and defined it such that

Pioo(t) = 5 lim E(Pi5¢Pr, Imby).

t—+oo

2.3 Stylized fact 2: Agent’s decisions depend on the order book liquidity

2.31 Agent’s decisions depend on the order book imbalance

We expect some market participants to invest in access to data and technology to take profit
of the informational content of the order book imbalance. A very simple way to test this
hypothesis is to look at the order book imbalance just before a transaction with a limit
order for a given class of participant. We will focus on three classes of agents (i.e. market
participants): Global Investment Banks, High Frequency Participants (HFP), and Regional
Investment Banks or Brokers. Table 1.2 provides descriptive statistics on these classes of
participants in the considered database.

We focus on limit orders since information processing, strategy and latency play a more im-
portant role for such orders than for market orders (market orders can be sent blindly, just to
finish a small metaorder or to cope with metaorders late on schedule, see [145] for elabora-
tions on brokers’ trading strategies).
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Order type Participant type Order side | Avg. Imbalance Nbe of events

Limit Global Banks Sell 0.35 62,111
Buy -0.38 63,566

HFP Sell 0.32 52,315

Buy -0.33 46,875

Instit. Brokers Sell 0.57 6,226

Buy -0.52 4,646

Table 1.2 - Descriptive statistics for our three classes of agent. AstraZeneca (2013-01 to
2013-09).

For the following charts, we use labelled transactions from NASDAQ-OMX* and thanks to
timestamps (and matching of prices and quantities) we synchronize them with order book
data (recorded from direct feeds by Capital Fund Management). It enables us to snapshot the
sizes at first limits on NASDAQ-OMX just before the transaction.

For a given participant (i.e. agent) a the quantity at the best bid (respectively best ask) is
QBid(g) (resp. QA%%(a)) just before a transaction at time 7 involving a limit order owned
by a. We write Q5%™¢(q) := QBi(g) (resp. QPP*'"*(q) := Q4% (a)) for a buy limit order
and Q*"(a) := Q2% (a) (resp. Q?ppome(a) := QBid(q)) for a sell limit order. We normalize
the qua.ntities by the best opposite to obtain p;(a) = (Qﬁ”me(a) - ?ppOSite(a))/(Qiame(a) +

PP os”e(a)). It is then easy to average over the transactions indexed by timestamps 7 to

obtain an estimate of this expected ratio for one class of agent:

same _ opposite
R(a):; Y pel@),  lim R =E, Q;""(a) - Q; (a)

Card(9) /o7 Card(9)—+o0 ;)pposite(a) +Q$pposite(a) .

It is even possible to control a potential bias by using the same number of buy and sell
executed limit orders to compute this “neutralized” average:

1
~ Card(J (buy)) 2

1€9 (buy)

R'(a) p:(a).

1
Card (T (sell)) Z

T€T (sell)

p'r(a) +

Figure 1.2.a shows the average state of the imbalance (via some estimates of R'(a), on As-
traZeneca from January 2013 to August 2013) for each class of agents (see Table 1.3, Table 1.4,
Table 1.5 for some lists of NASDAQ-OMX memberships used to identify agents classes). One
can see the state of the imbalance is different within each class:

o Institutional brokers accept a transaction when the imbalance is highly negative, i.e.
they buy using a limit order while the price is going down. It generates a large adverse
selection: had they wait a little more, the price would have been cheaper. They make
this choice because they have to buy fast for risk management reasons.

4For each transaction, we have a buyer ID, seller ID, a size, a price and a timestamp.
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Figure L2 - Comparison of neutralized order book Imbalance R’(a) at the time of a trade
via a limit order (a) for institutional brokers, global investment banks and High Frequency
Participants. (b) Shows a split of HFP between market makers and proprietary traders. Data
are the ones of AstraZeneca (2013-01 to 2013-09).

» High Frequency Participants (HFP) accept a transaction when their imbalance is ap-

proximately the half of the Institutional brokers one. For sure they look more at the
order book state before taking a decision. Moreover, they can be more opportunistic
(i.e. ready to wait the perfect moment) instead of being lead by urgency considerations.
If we split HFP between more market making-oriented ones and proprietary trading

ones on Figure 1.2.b we see

- market makers (probably for inventory reasons: they have to alternate buys and
sells), accept to trade when the imbalance is more negative than the average of
HFP. They are probably paid back from this adverse selection by bid-ask spread
gains (see [119]);

- proprietary traders are the most opportunistic participants of our panel, leading
them to have the less intense imbalance when they trade via limit orders: they
seem to be the ones that suffer the less from adverse selection.

Global Investment banks are in between. Three reasons may explain such behaviour:
first, their activity is a mix of client execution and proprietary trading (hence we per-
ceive the imbalance when they accept a trade as an average of the two categories);
second, they have specific strategies to accept transactions via limit orders; third, they
invest a little less than HFP in low latency technology, but more than institutional

brokers.

The main effect to note is that each class of agents seems to exploit differently the state of
the order book before accepting or not a transaction.
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2.3.2 The added value of imbalance for market participants

Since we know that classes of agents take into account differently the state of the order book
in their decision making process, we may ask ourselves what could be the value of such a “Aigh
[requency market timing”?. We attempt to measure this value with a combination of NASDAQ-
OMX labelled transactions and our synchronized market data. To do this, we compute the
midprice move immediately before and after a class of participant a accepts to transact via a

limit order as follows:
mid _ pmid

APRId(7,q) = LT ¢ (a),
v
where €;(a) is the “sign” of the transaction (i.e. +1 for a buy and -1 for a sell) and ¥ is the
average bid-ask spread on the considered stock. A “price profile®” around a trade is the
averaging of this price move as a function of 6 ¢ (between -5 minutes and +5 minutes); it is an
estimate of the “expected price profile” around a trade:

Y APSma), lim  pa6n =EAPSq, .

T Card(9)—+00

(61—) — ;
Pa "~ Card(9)

(2) (b)
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Figure 1.3 - Midprice move relative to its position when a limit order is executed for (a) a
High Frequency Market Maker, an investment bank, and an institutional broker; (b) makes
the difference between HF market makers and HF proprietary traders. AstraZeneca (2013-01
to 2013-09).

Figure 1.3.a and 1.3.b show the price profiles of our three classes of participants, exhibiting
real differences beween them. First of all, it confirms the conclusions we draw from Figure 1.2.
Since it is always interesting to have a look at dynamical measures of liquidity (see [110] for a
defense of the use of more dynamical measures of liquidity instead of plain averages):

5Note this “price profiles” are now used as a standard way to study the behaviour of high frequency traders in
academic papers, see for instance [42] or [31].
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o It is clear that Institutional brokers (green line) are buying while the price is going
down. Had they bought later, they would have obtained a cheaper price. As underlined
early they probably do it by purpose: they can have urgency reasons or they are using a
“trading benchmark” that does pay more attention to the executed volume than to the
execution price (see [145, Chapter 3] for details about brokers’ benchmarks).

e We can see that the difference between High Frequency Participants (HFP) and Global
investment banks comes from the price dynamics before the trade via a limit order: for
Investment banks the price is more or less stable before the execution and goes down
when the limit order is executed. For HFP the price clearly go up before they bought with
a limit order. It implies that they inserted their limit order shortly before the trade. In
our framework we will see how cancelling and reinserting limit orders can be a way to
implement an optimal strategy.

* On Figure 1.3.b we see the difference between HF market makers and HF proprietary
traders: the latter succeed in inserting buy (resp. sell) limit orders and obtaining
transaction while the price is clearly going up (resp. down). After the trade, one can
read a second difference between them and HF market makers: proprietary traders
suffer from less adverse selection (the cyan curve is a little higher than the red one).

These charts show that there is a value in taking liquidity imbalance into account. In Sec-
tion 4, we show the added of controlling a limit order by exploiting the order book imbalance.

The role of latency. Without a fast enough access to the servers of exchanges, a participant
could know the best action to perform (insert or cancel a limit order), but not be able to im-
plement it before an unexpected transaction. Since low latency has a cost, some participants
may decide to ignore this information and do not access to fast market feeds, order books
states, etc.

In the following sections we will not only provide a theoretical framework to “optimally”
exploit the order book dynamics for limit order placement, but also study its sensitivity to
latency, showing how latency can destroy the added value of understanding the order book
dynamics. In our theoretical framework, we can explore situations in which the participant
know the best action but cannot implement it on time.

3 The Dynamic Programming Principle Applied to Limit
Order Placement

To set a discrete time framework, we focus on the simple case (but complex enough in terms
of modelling) of one atomic quantity g, to be executed in T units of time (can be order book
events, trades, or seconds). It will be a buy order, but it is straightforward for the reader to
transpose our results for a sell order.
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From zero to T the trader (or software) in charge of this limit order can: cancel it (i.e. remove
it from the order book) and insert it at the top of the bid queue, or do nothing. If the trader
did not obtain an execution thanks to its optimal posting policy at Tr, we force him to cancel
his order (if any) and send a market order to obtain a trade. For simplicity, we consider a
model adapted to large tick stocks (i.e. for which the spread equals to one tick). However,
our construction can be adapted to a small tick stock by enlarging the control space. For
example, we can add the possibility to post a limit order in between the best bid and the
best ask. Since we consider a small size order, sending a limit order in between first limits
highly increases the adverse selection risk. Consequently, we neglect, as a first approximation,
such a control in our model. In a more general framework, other limits should be taken into
account and more controls can be considered.

3.1 Formalisation of the Model

Let g¢ be a small limit order inserted at the first bid limit of the order book. The order book

state is modelled by

efore, After, Opp,
Uf:( tf ” tf M’Q[Wu’P?)’

where QB¢/0Té# is the quantity having priority on the order g, Q" is the quantity posted
after the order g., QOPPH is the first opposite limit quantity, P’g is the mid price, p is the
control of the agent and ¢ is the current time. For simplicity, we neglect the quantity ¢,:

QSame,u — QBefore,u + QAfter,u‘

Limit order book dynamics. Since we do not differentiate cancellations and market orders,
the order book dynamics can be modelled by four counting processes (see Figure IV.1):

. NtOW’+ (respectively N> ™" with an intensity A2PP* (QOPP, Q54€) (resp. AS4me+(QOPP, @Same))
representing the inserted orders in the opposite limit (resp. same limit).

. NtOpp,— (resp. Nfame'_) with an intensity A0PP=(QOPP (Same) (resp. ASame=(QOprp Qsame))
representing the cancelled orders in the opposite limit (resp. same limit).

In this model, these four counting processes depend only on quantities at first limits. At each
event time, an atomic quantity q is added or canceled from the order book. Moreover, we
assume the following bid-ask symmetry relation:

AOpp,-%—(QOpp QSame) :ASame,+(QSame QOpp)
{ AOpp,—(QOpp,QSame) — ASume,—(QSame,QOpp).
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l/lOpp&
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Figure 1.4 - Diagram of flows affecting our order book model.

Hence, the size of the first limits can be written as follows when none of them is negative:

Opp,u _ Opp,u Opp,+ Opp,—

: ; = Q""" +qgAN, —gAN; ,

Beforeu Beforeu Same,—

¢ = ( t —qAN; ) 1fof"""”2q’ 2)
After,u _ After,u Same,+ Same,—

t - = +qANt _qlosofffore,p<qANt .

What happens when QA//¢7H QBeforer or QOPPH js totally consumed: First of all,
we neglect the probability that at least two of these three events happen simultaneously. When
one of the two queues fully depletes, we assume that the price moves in its direction. Thus
we introduce a discovered quantity QPS¢ to replace the deleted first queue and an inserted
quantity Q'™ to be put in front of QP?¢. These quantities are random variables and their
law are conditioned by the order book state before the depletion. In detail:

1. When Q?pp’” =0. The price increases by one tick (keep in mind for a buy order, the
opposite is the ask side). Then, we discover a new opposite limit and a new bid quantity
is inserted into the bid-ask spread (on the bid side) by other market participants (see
Figure L5). It reads

Opp, i Opp, Same,
h pPp,H — QDlsc(Qt—pp M’Qt‘ I‘)’
Before,un I Opp,it ~Same,u
Q = Q(QTT, QT
After,u  _ 0
¢ = .

QPis¢ is the “discovered quantity” and Q™ the “inserted quantity”.
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Before price moves up

S : .
Y pcamet After price moved up

O

e M QP

QBefore D QOpp
Same t Prlce Qms i

3 ¢ Same Opp Prl(,‘e
ASame,— AOpp,—

Figure 1.5 - Diagram of a upward price change for our model.

2. When Beforep =0. The limit order is executed. This case is considered in Equation

(2)-

t
3. When moreover Qtf ek —

=0. The price decreases by one tick. Then, we discover a
new quantity on the bid side and market makers insert a new quantity on the opposite

side:
Opp,u Ins OPP HSame,p
t = QU(QATT,QTT),
Before, (@] Same,
Q! forep  _ Qmsc(Q ppu Q¥ oy
After,n 0
" = 0.

If the limit order was in the order book: it has been executed. Otherwise the price
moves down and the trader has the opportunity to reinsert a limit order on the top of
QPi5¢ (see Figure 1.6 for a diagram).

Before price moves down

After price moved down

Ins
3 10pp.+ Q
ASume+
QAfter D D QOpp D D
Disc
Przce R S P Plt) i
Same Opp Price

41«
ASame,— AOpp,—

Figure 1.6 - Diagram of an downward price move in our model.

The control. We consider two types of control C = {s, c}:

55



I. Limit order strategic placement with adverse selection risk and the role of latency

* s (like stay): stay in the order book.

¢ ¢ (like cancel): cancel the order and wait for a better order book state to reinsert it at
the top of Q%™ (Q¥'® for our buy order). This control is essentially used to avoid
adverse selection, i.e. avoid to buy just before a price decrease.

Optimal control problem. We fix a finite horizon time T < oo and we want to compute:

Vr,(0,U) = supE[APL,].
u

Where:

o U= (qgbefore, qafter qopP p) is the initial state of the order book.

. Tgxec =inf{r >0, S.thefore'“ < g, pt; = s} ATy represents the first execution time. Once

the order executed, the order book is frozen.

« APS = tlirn (P —P?ffec’” ) represents the gain of the trader, where the execution price
—00

Exec

Pfxec'# satisfy Pfxec'” = P?—% when the limit order is executed before Tr and P
pY +% otherwise. Indeed, if at T the order hasn’t been executed, we cross the spread

Exec,u _
P =

to guarantee execution.

Choice of a benchmark. We compare the value of the obtained shares at ¢ to its expected
value at infinity, i.e. E(Pioo(t)[Imb;) since it is not attractive to buy at the best bid if we
expect the price to continue to go down. Indeed, it is possible to expect a better future price
thanks to the observed imbalance. It thus induces an adverse selection cost in the framework.
This is not a detail since the trader will have no insentive to put a limit order at the top of
a very small queue if the opposite side of the book is large. We will see in Section 4 using
empirical evidences that this is a realistic behaviour. Such a behaviour cannot be captured
by other linear frameworks like [124]. To solve the control problem, we introduce in the next
section a discrete time version of the initial problem whose value function can be computed

numerically. In this discrete framework, tlim (Pl - ngec’” ) is computed using the imbalance.
—00

Exec

3.2 Discrete time framework

Let A; be the time step and T be the final time. Let to =0< 1 <... <1 <ty = Ty different
instants at which the order book is observed, such that t, = nA; for all n€ {0,1,---, f}. Under
the assumption that between two consecutive instants ¢, and #,; for all n € {0, L, f— 1},
only five cases can occur:

* 1 unit quantity is added at the bid side;
* 1 unit quantity is consumed at the bid side;

* 1 unit quantity is added at the opposite side;
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3. The Dynamic Programming Principle Applied to Limit Order Placement

* 1 unit quantity is consumed at the opposite side;
« nothing happens.

We neglect the situation where at least two cases occur during the same time interval (the
probability of such conjunctions are of the orders of A2, hence our approximation remains
valid as far as (Ad1)? is small compared to Adt).

Framework 1 (Our setup in few words.). In short, our main assumptions are:

o only one limit order of small quantity q, is controlled, it is small enough to have no influence
on order book imbalance;

o decrease of queue sizes at first limits is caused by transactions only (i.e. no difference between
cancellation and trades);

o queues decrease or increase by one quantity only;

o the intensities of point processes (including the ones driving quantities inserted into the bid-ask
spread and driving the quantity discovered when a second limit becomes a first limit) are
functions of the quantities at best limits only;

o no notable conjunction of multiple events.

(@)

We introduce the following Markov chain U = (Qfefore’“, Q,?ftew, Q. pp'”,Pﬁ,Execn) where:

o Qsefore,;t is the QBef"’e’“ size at time f,, that takes value in N.
. ;?fter'” is the QAS1eH size at time 1, that takes value in N.

o Qgpp,u is the QOPP# size at time ¢, that takes value in N.

. Pif is the mid price at time .

» Execy, is an additional variable taking values in {-1,0,1}. Exec, equals to 1 when the
order is executed at time f;, 0 when the order is not executed at time ¢, and -1 (a
“cemetery state”) when the order has been already executed before #,,. We set Execy =0.

In the same way, we define N;jame’Jr, N,f‘””e", N,?pp'+ and N,?pp’_ as the values of the count-
ing processes Ntsume’+, Nfame’_, N?pp’Jr et NtOpp,— at time f,. The transition probabilities of
the Markov chain U!; are detailed in Appendix LA.
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I. Limit order strategic placement with adverse selection risk and the role of latency

The terminal constraint. The microprice Py, ;, = E[Pl %] is defined such as:

o S a Same _ ’?PP
Poon = F(Q; PP, Q54 Py =P, + > m, Vne{o,1,---, f}
Qn"+Qy
Where %, is the filtration associated to U, such that %, = 0 (U, k < n) and «a is a parameter
that represents the sensitivity of future prices to the imbalance. The execution price Pgxec,n

is defined Vne {0,1,--, f} such that:

P, + %, when Exec, =0,
Pixecn =4 Pn+3, when Exec,, € {~1,1} and P,;41 — P, #0,
Pn—%, when Exec,, € {-1,1} and P;,,; — P;, = 0.

Let ko be the execution time: ng =inf(n = 0,Exec;, = 1) A f. Then, the terminal valuation can
be written

Zko = Poo,ng - PExec,no- (3)

Let % be the set of all progressively measurable processes p:= {uy, k < f} valued in {s, c}.
This problem can be written as a stochastic control problem:

f-1
Vio,f =sup E [Zy,]=sup E | Y gi(Uspi)+grUy) |,
pea Yok pex Vol | i3

where g;(U;,u;) = Z; when Exec; =1 and y; = s and 0 otherwise for all i € {1,--- f - 1}.
We write g¢(Ur) = Zr when Execr € {0,1} and 0 otherwise. We want to compute Vj, r =

sup E (Zg,) using dynamic programming algorithm:
UEXU Uo,

Gr=2y, (4)
Gn :maX(PCGI’H-l!PSG}’H-l)) VI’ZE{O,I, )f_l})

where P¢ and P* are the transition probabilities of the Markov chain U}, when the initial de-
cisions are respectively ¢ and s. Equation (4) provides an explicit forward-backward algorithm
that can be solved numerically:

o Step 1 Forward simulation: starting from an initial state u, we simulate all the reachable
states during f periods.

* Step 2 Backward simulation: at the final period f, we can compute Gy for each reachable
state. Then, using the backward equation (4), we can compute, recursively, G; knowing
G4 to get Go.

For more details about the forward-backward algorithm see Appendix LA.
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4. A Qualitative Understanding

4 A Qualitative Understanding

In this section, we present and comment the simulation results. We are going to compare two
situations:

* The first one called (NC) corresponds to the case when no control is adopted (i.e. we
always stay in the order book and “join the best bid” each time it changes).

n H

* The second one called (OC) corresponds to the optimal control case: controls "c¢" and

n.n

s" are considered.
Moreover, our simulation results are given for two different cases:

* Framework (CONST): intensities of insertion and cancellation are constant: ﬂti“me’+ =

APPT = 0.06 and 439" = A0PPT = 0.5 Yk e {0,1,-+, f}. Under (CONST), the in-

serted quantities Q' and discovered quantities QPS¢ are constant too.

o Framework (IMB): intensities of cancellation and insertion are functions of the imbal-
ance such as Yke {0,1,--- ,f}:

Opp, Opp HSame ASame+ Same OPP) _ 1+ 4 g+ QUP”
%% A Q)= A3+ B e g
Same
Opp, (QOPP’QSame) Aiam& (QSame’QOPP) /1(;+ﬁ_ (QOPQP+QSame)’
k k

where Aj refer to both basic insertion and cancellation intensities and f* are pre-
dictability parameters representing the sensitivity of order flows to the imbalance.
Moreover, under (IMB), inserted and discovered quantities are computed in the fol-
lowing way:

- When Qkpp is totally consumed, we set QD”C = [qol“+0dl$c Qsame] and

Qs = I'q”“ +0ins- Qsame'l Where 6,;5. and 0;, are coefficients associated to

disc ins

liquidity and [.] is the upper rounding. The quantities ¢ are the

basic discovered and inserted quantities.

and ¢,

- Similarly when Qs“me is totally consumed, we set QP?¢ = [qd’”+9d isc Qk
(0]
and ans — (l)ns+91ns Q PP

This kind of relations is compatible with empirical findings of [90] and different from [55] in
which QP#5¢ = Q' is independent of the liquidity imbalance.

4.1 Numerically Solving the Control Problem

4.11 Anticipation of Adverse Selection

The cancellation is used by the optimal strategy to avoid adverse selection. For instance,
when the quantity on the same side is extremely lower than the one on the opposite side, it
is expected to cancel the order to wait for a better future opportunity. The optimal control
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I. Limit order strategic placement with adverse selection risk and the role of latency

takes in consideration this effect and cancels the order when such a high adverse selection
effect is present.

We keep the same notations of Section 3. Let p:= {,uk, k< f} a control, we define Ey, , (AP|Exec) =
Evu (Zk,). The quantity Eg, , (AP|Exec) depends on the control g, the initial state of the
order book Up and the terminal period f. This variable can be directly computed by a for-
ward algorithm that visits all the possible states of the Markov chain U’. For more details
about the transition probabilities of the Markov chain U4 see Appendix LA. The quantity
[Eonlt (AP|Exec) is interesting since it corresponds to the quantity to maximize in our optimal
control problem and it represents as well the profitability/trade of an agent.

Let pu* the control where the agent always stays in the order book (i.e. NC) and u* the optimal
control (i.e. OC). Figure 1.7.a represents the variation of Ey, ;,+ (AP|Exec) and Ey, s (AP|Exec)
when the initial imbalance of the order book moves under (CONST). In Figure 1.7.a, blue
points are initial states where it is optimal to stay in the order book at the initial time (i.e.
t = 0) while red points are initial states where it is optimal to cancel the order at ¢ = 0.
Initial parameters are fixed such that AS4me+ = 10PP+ = 0,06, A54me~ = \OPP~ = 0.5, a = 4,
QPisc =6, QIS = 4, f =20, g=1 and Py =10. Moreover, the initial imbalance values are
obtained by varying QOO PP from 2 to 12 and Qg‘ T rom 1 to 11 while Qg efore i kept constant
equal to 1. Figure L7.b is the analogous of Figure I.7.a but under the framework (IMB). In
Figure 17.b, initial parameters are fixed such that Aj =0.06, A; = 0.5, " =0.075, f~ = 0.25,
qdisc =6, qi" =2, 04i5c =3, Oaisc = 0.5, @ =4, f =20 and Py = 10. Similarly, initial imbalance
values are obtained by varying QOO PP from 2 to 12 and Qaq TP from 1 to 11 while Q(If erore i

kept constant equal to 1.

(a) (b)

- NC
1.5H = oc

@®@ [Iirst action is stay
1.0He®e First action is cancel

)
Ut

<)

(APIE

J(AP|Exe

Eu,

E
\
&

m— NC
— OC
@09 [irst action is stay  []
@®@ First action is cancel

<10 —0.5 0.0 0.5 1.0 =1.0 —0.5 0.0 0.5 1.0

Initial Imbalance Initial Imbalance

Figure 1.7 - (a) (resp. (b)) Ey,,u* (AP[Exec) and Ey, ;s (AP|Exec) when intensities are constant
(CONST) (resp . (4)).

The main effect to note on these curves is the way the optimal control anticipates adverse
selection. When imbalance is highly negative, we cancel first the order (red points) to take
advantage from a better futur opportunity. We notice that under the framework (IMB), the

60



4. A Qualitative Understanding

agent cancels earlier than under the framework (CONST) since more weights are given to
cancellation events. This point is detailed in **. Appendix I.C explains the downward slopes
at the left of Figures 1.7.a and 1.7.b.

4.12 Price Improvement comes from avoiding adverse selection

As expected, results obtained by the optimal control (OC) case are better than the ones of
the non-controlled (NC) case: by cancelling and taking into account liquidity imbalance, one
can be more efficient than just staying in the order book. Figure 1.8.a shows the variation of
the price improvement (resp. Eyj, ,+ (AP|Exec) —Ey, us (AP|Exec)) when the initial imbalance
moves, under both frameworks (CONST) and (IMB). We kept the same initial parameters of
Figures 1.7.a and 1.7.b.

Similarly, Figure 1.8.b represents the variation Eyy -+ (P, |Exec) — Ey, us (Pk,/Exec) when the
initial imbalance moves, under both frameworks (CONST) and (IMB). The quantity Py, is the
mid price at the execution time ky. We kept the same initial parameters of Figures I.7.a and

L7D.

(2) (b)

2.0 T T : 0.1
_ = = constant intensities (CONST) |
B *‘ ’ = = variable intensities (IMB) 3 0.0 - ’.'" "'{*
S 1.5+ v i —0.1 Fonsn & %
&) X S !
LOp | I
L 5, ]
’ “ ‘\ s —0.3F o
h % * B ) .
T 05¢ T ‘\ g 04y ]
5 \\\ i —0.5¢ * "
<~ 0.0 ¥ ko e et e e e ok ke s —0.6f+ ool
8 5 X = = constant intensities (CONST)
0.5 —0.7¢ ; = = variable intensities (IMB)
—0.5 i i i
= _ —0.8 i T -
10 0.5 0.0 05 Lo =10 —0.5 0.0 0.5 1.0

Initial Imbalance
Initial imbalance

Figure 1.8 - (a) Ey,,u* (AP|Exec) — Ey, us (AP[Exec) move relative to initial imbalance under
(CONST) and (IMB). (b) Ey, .+ (Pk, [Exec) —Eq,, us (Pk, [Exec) move relative to initial imbalance
move relative to initial imbalance under (CONST) and (IMB).

Figure 1.8 deserves the following comments. As expected, the optimal control provides bet-
ter results than a blind “join the bid” strategy. In Figure 1.8.a the price improvement is
non-negative since our control maximizes Ey, , (AP). When the initial imbalance is highly
positive, the price improvement is close to 0 however when the initial imbalance is highly
negative the price improvement becomes higher than 0 by avoiding adverse selection. Sim-
ilarly, Figure 1.8.b shows that the optimal strategy allows us to buy with a low average price
when imbalance is highly negative by preventing from adverse selection.’

6Indirectly, maximizing Ey, ,, (AP|Exec) leads to the minimization of the price.
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I. Limit order strategic placement with adverse selection risk and the role of latency

4.1.3 Average Duration of Optimal Strategies

In brief, the optimal strategy aims to obtain an execution in the best market conditions (i.e.
with a low adverse selection risk). It can be read on the average lifetime (i.e. "duration”) of the
strategy. Figure 1.9.a compares the average strategy duration in both settings (NC) and (OC)
when intensities are constant (CONST). We keep the same initial parameters of Figure 1.7.a.
Figure 1.9.b is the analogous of Figure 1.9.a but under the framework (IMB). Finally, Figure 1.9.c
shows the "stay ratio” (i.e. the proportion of stay decisions under the optimal strategy) under
both settings (NC) and (OC) when intensities depend on the imbalance (IMB). Figure 1.9.b and
I.9.c are computed with the same initial parameters of Figure 1.7.b.

(a) (b)

25 - 20 -
D | =—NC = NC
. - OC 181 - OC
B 20+ H | @®@ First action is stay  [] 16 | @®® First action is stay |
= | |@®® First action is cancel 2 14l i |@®e@ First action is cancel | |
< 15} : : H
P % 12}
Z10b
10+
£ 8t
sl - * o
; 4t
() 1 1 2 1 1

-1.0 —0.5 0.0 0.5 1.0 1.0 —0.5 0.0 0.5 1.0

Initial imbalance Initial imbalance

Stay ratio

= of stay under NC

% of stay under OC
0.5}¢ @@ First action is stay

%0

First action is cancel

=10 —0.5 0.0 0.5 1.0

Initial imbalance

Figure 1.9 - Average strategy duration as a function of (a) the initial imbalance under (CONST)
and (b) the initial imbalance under (IMB). (c) Stay ratio as a function of the initial imbalance
under (IMB).

In both Figures 1.9.a and 1.9.b, the average strategy duration of the optimal control is always
higher than the non-optimal one. It is an expected result since the optimal control cancels
the order and hence postpone the execution. Moreover, the algorithm cancels the order when
high adverse selection is present (i.e. the imbalance is highly negative under IMB 7). In such

7 close to t =0, the optimal strategy is free to cancel its limit order; but when T is close, it has to think about
the cost of having to cross the spread in few steps.
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case, the average strategy duration of the optimal control is strictly greater than the non-
optimal one (see Figures 1.9.a and 1.9.b).

** In Figure 1.9.b, when intensities depend on the imbalance (IMB), the average strategy
duration has an increasing trend. In fact, under (IMB), when imbalance is highly positive,
more weights are given to events delaying the execution. For example, when imbalance is
highly positive, the bid queue is a way larger than the opposite one. Then, the probability to
obtain an execution on the bid side is low: that’s why it is expected to wait more. Moreover,
Figure 1.9.c shows that the agent become more active when high adverse selection is present.
Indeed, when the imbalance is negative (i.e. high adverse selection), the "stay ratio” decreases
and consequently the "cancel ratio” increases.

414 Influence of the Terminal Constraint

In this section, we want to shed light on two stylized facts:

1. the optimal strategy performs better under good market condition when there is more
time left.

2. the optimal strategy becomes highly active close to the terminal time.

(2)

=== Constant intensities

[| === Variable intensities

o)
—

Figure 110 - (a) Ey,, , (AP|Exec) move relative to remaining time under (CONST) and (IMB).
(b) stay cancel ratio move relative to remaining time to maturity under (IMB).

Figure 1.10.a compares the variation of Ey, , (AP|Exec) as a function of the remaining time
under frameworks (CONST) and (IMB). The initial imbalance is fixed equal to 0.5. Thanks
to the Figure 1.10.a, we can see that the more time remaining, the better for the optimal
strategy. However, the concavity of the curve shows that the marginal performance a[E(aAtP)[ is
decreasing. Moreover, Figure 1.10.a shows also that Ey, ;« (AP|Exec) may converge to a limit
value when maturity time tends to infinity. Since the Markov chain Uy, is ergodic (cf. [90]), we

believe that this limit value is unique and independent of the initial state of the order book

and could lead to an “almost ergodic” regime.
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I. Limit order strategic placement with adverse selection risk and the role of latency

In Figure 1.10.b, we present the percentage of times when the optimal strategy cancels its
order and the percentage of times when it decides to stay in the order book as a function of
remaining time under (CONST) and (IMB). The initial imbalance is fixed to 0.5. Thanks to
Figure L.10.b, we conclude that it is optimal to be more active close to £ = T¢. In Figures 1.10.a
and I.10.b, we keep the same initial parameters of Figures I.7.a and 1.7.b

4.2 The Price of Latency

In Section 3, we define the Markov chain U, that corresponds to a market participant enabled
to change his control at each period. A slower participant will not react at each limit order
book move. Hence, he can be modelled by the markov chain U, where 7 corresponds to
a latency factor such as 7 € N*. Using notations of previous sections, we define Z; ; as the
final constraint associated to the Markov chain U¥,. Thus, we define the latency cost of a
participant with a latency factor 7 such as:

Latencyy,, r(t) = Vuy, = Vu, f,00 VT eN¥, (5)
where Vi, .+ = supEy, u(Z;,f). By adapting the same numerical forward-backward algo-
UEU

rithm, the cost of latency can be computed numerically. This cost can be converted into a
value: it is the value a trader should accept to pay in technology since he will be rewarded in
term of performance.

Figures I.1l.a and L11.b show the variation of the latency cost with respect to the latency factor

7 under both frameworks (CONST) and (IMB) for different values of @. The initial imbalance
is fixed equal to 0.5 with an initial state lefm = 2,Q§efore =1 and Q(()Jpp =1. We keep the

same initial parameters of Figure 1.7.a and Figure 1.7.b. Numerical results show:
 The latency cost increases with the latency factor 7 (cf. Figure 1.11.a).

 The latency cost is higher when sensitivity to adverse selection increases (i.e. a is big)
(cf. Figures I.1l.a and L1Lb).

Consequently, the relevance of exploiting a knowledge on liquidity is eroded by latency: being
able to predict future liquidity-consuming flows is of less use if you one cannot cancel and
reinsert his limit orders at each change of the order book state. For instance, when two agents
act optimally according the same criterion, the faster will have more profits than the slower.

5 Conclusion

We have used NASDAQ-OMX labelled data to show how market participants accept or refuse
transactions via limit orders as a function of liquidity imbalance. It is not an exhaustive study
on this exchange from the north of Europe (we focus on AstraZeneca from January 2013 to
September 2013). We first show that the order book imbalance has a predictive power on
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Figure L1l - (a) Latency cost as a function of the latency factor T under (CONST). (b) Latency
cost as a function of the latency factor 7 under (IMB) for different values of a.

future mid price moves. We then focus on three types of market participants: Institutional
brokers (IB), Global Investment Banks (GIB) and High Frequency Participants (HFP). Data
show that IB accept to trade when the imbalance is more negative (i.e. they buy or sell while
the price pressure is downward or upward) than GIB, themselves accepting a more negative
imbalance than HFP. Moreover, when we split HFP between high frequency market makers
and high frequency proprietary traders (HFPT), we see that HFPT achieve to buy via limit
orders when the imbalance is very small. We complete this analysis with the dynamics of
prices around limit orders execution, showing how strategically participants use their limit
orders.

Then we propose a theoretical framework to control limit orders where the liquidity imbal-
ance can be used to predict future price moves. Our framework includes potential adverse
selection via a parameter a. We use the dynamic programming principle to solve it. We show
that our solutions have commonalities with our empirical findings.

In a last Section we show how the capability of exploiting the imbalance predictability using
our optimal control decreases with latency: the trader has less time to put in place sophisti-
cated strategies, hence he cannot take profit of any strategy gain.

The difficult point of using limit orders is adverse selection: if the price has chances to go
down the probability to be filled is high but it is better to postpone execution to get a better
price. However, when a market participant cancels his limit order (to postpone execution), he
takes the risk to never obtain a transaction: the reinsertion of the order will be on the top of
the bid queue. Furthermore, the price may go up again before the execution of the limit order.
Our framework includes all these effects and our optimal strategy makes the choice between
waiting in the queue or leaving it when the probability that the price goes down becomes too
high. To do this, the position of the limit order in the queue is taken into account by our
controller.
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I. Limit order strategic placement with adverse selection risk and the role of latency

This leads to a quantitative way to understand market making and latency: if a market
maker is fast enough, he will be able to play this insert, cancel and re-insert game to react
to his observations of liquidity imbalance. In our framework we use the difference between
the sizes of the first bid and ask queues as a proxy of liquidity imbalance. In the real
world market participants can use a lot of other information (like liquidity imbalance on
correlated instruments, or real time news feeds). In such context, the speed can be seen
as a protection against adverse selection, potentially reducing transaction costs. Within this
viewpoint, high frequency actions do not add noise to the price formation process (as opposite
to the viewpoint of [44]) but allows market makers to offer better quotes. At this stage, we do
not conclude speed is good for liquidity because:

e We only focus on one limit order. We should go towards a framework similar to the
one of [80] to conclude on the added value of imbalance for the whole market making
process, but it will be too sophisticated at this stage.

o It is not fair to draw conclusions from a knowledge of the theoretical optimal behaviour
of one market participant; to go further we should model the game played by all
participants, similarly to what have been done in [106]. Again it is a very sophisticated
work. Nevertheless, this paper is a first step. We are convinced it is possible to obtain
partially explicit formula, to enable more systematic explorations of the influence of the
parameters (currently our simulations are highly memory consuming). It should allow
to confront our results with observed behaviours (especially using observed values for
our parameters a, f3, QPisc Qs and As).

* Last but not least, any conclusion on the added value of low latency and high frequency
market making should take into account market conditions. Its value could change with
the level of stress of the price formation.

This work shows that imbalance is used by participants, and provides a theoretical framework
to play with limit order placement. It can be used by practitioners. More importantly, we hope
other researchers will extend our work in different directions to answer to more questions,
and we will ourselves continue to work further to understand better liquidity formation at the
smallest time scales thanks to this new framework.
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ILA Transition probabilities of the markov chain U,

When first limits are totally consumed, new quantities QD¢ and QI are inserted in the

order book. We introduce then ¢, the joint distribution of the random variables QL5

et QIS at time t,. We assume these two variables are independent from their past and

independent from the counting processes NS#me+  NSame= NOPP.= and NOPP*+, However,
Disc and QI can be correlated at time f,.

Let n€{0,1,---,f}, peRy, g’ €N, g/ €N, g°PP €N, q¥*° €N, g'" €N and e € {-1,0,1}

* When the order has been executed before t, (i.e. e=1 or e = —1),then:
[FD (UVH'l = (p! qbefr qaft) qopp; _]-)/Un = (pv qbef) qaft) qopp, e)) = ]--

When the order is executed a dead center is reached and both quantities and the price
remain unchanged. In such case, the control has no more infuence.

* When the order isn’t executed at 7, (i.e. e=0), we set:
A unit quantity is added to QPPP. Under control "s", the transition probability
is the following:

PO (Ups1 = (p,q",q"",(q°PP +1),0)|Un = (p, "', q"", g7, 0))
- P({No”p'+ ~ NOPPF - 1} n {No”p" ~ NOPPT 0}

n+1 n+l1
Same,+ Same,+ _ Same,— _ nrSame,— _
n{ngeret - Ngamer = o n {NSereT - Njame” = of)

= A0PPFp, (1 - AS””"At) (1-ASame=p ) (1 - ASamep ).
Under control "¢

PO (Uns1 = (p, (qbef + q“f’),O, (g°PP +1),01Uy, = (p, 4", g%, q°PP, )

= AP A (1= AP (1= A5 A) (1= 257 A ).

A unit quantity is cancelled from Q°PP. We differentiate between two cases:

1. When ¢°PP > 1, under control "s":

PO (Upsr = (0, q%T, g, (q°PP 1), @)Uy = (p, q"%F, gV, °PP , €))
=N - NPT =of NPT - NPT =1

n+1 n+1
Same,+ Same,+ _ Same,— _ arSame,— _
n{ngames — NSamer < of o {nSeme - NSeme = o}y

= AP A (1= AP A) (1= A5 A (1= A5e A).
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I. Limit order strategic placement with adverse selection risk and the role of latency

Under control "c":
PO (Unar = (0, (q" +q°"),0,(q°PP ~1), @) 1Un = (p. 4", g/, q°PP &)
= A0PP7A, (1 - AS””'*At) (1-AS@me=p,) (1= AS@metp,).
2. When g°PP <1, the price increases by one tick under control "s":
PO (Uper = (p+1,4",0,445, ) | Up = (p, 47, g7 1, )
= AP (L= AP A (L= A5 A) (1= A5 A) fnin (69, ™).

Under control "c", the last formula does not change.

A unit quantity is added to Q5% | under control "s" we have:
PO(Ups1=(p,g"7, g™ +1,q°P7, &)Uy = (p, ", g, q°PP )
= ASame+ (1 —AS””*A,) (1 —A,‘Z””"A[) (1-ASame=p,).
Under control "c":
PO (Uns1 = (p, (6" + g7 +1),0,°PP, @)U, = (p, 4", q°T*, g7 )
= A5emet A (1= AP A ) (1= A0PP7 A ) (1= A5mem A ).

A unit quantity is cancelled from Q5¢"¢, We distinguish again three cases:
1. When (qbef >land g% > 0) or (qbef =landg%* > 1), under control "s":
P(C)(Unﬂ — (p,qbef— anft, qopp,e”Un — (P, qbef’qaft’qopp’e))
= ASame=p, (1 —ASP’HAI) (1 —AS””"AI) (1= ASametp,).

. A .
We suppose that our order is executed when an "’ is consumed. Under control

n.n,

C
PO (Uns1 = (p, (6" + g7 =1),0,°PP, @)U, = (p, 4"/, g“T*, g7 ©))
= ASame—p, (1 - AQ””’*At) (1 - AS””"At) (1-ASametp ).
2. When ¢/ =0and g%/ > 1, under control "s":
PO (Uni1 = (p,0,(q = 1), 4P, DU, = (p, 4"/, g, 477 ©)
= ASame=p, (1 —AS’”’”At) (1 —AS”’”"A[) (1-ASametp )
Under control "c":
P (Uner = (p, (4 =1),0.6°P7, 0010w = (p.6"  4*/",4°PP )

= A/flﬂme,—At (1 _ Agppy-FAt) (1 _ Agppv_At) (1 _ Aflame&At) .
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3. When %%/ + g*/* = 1, under control "s":
PO (Ups1 = (p,q75¢,0,4"™, D1U, = (p, g7, g7, 4°PP )
= A5 A (1= A7 A (1= A7) (1= 2577 A ) b (75, 4.
Under control "c":

IP(S) (Un+1 = (p; qdiscr 07 qins, 0)|U}’l = (pv qbef) qﬂft’ qopp) e))
— Aflume,—At (1 _ Agpp'-'—At) (1 _ A’?PP'—At) (1 _ )Lflame,+At) ¢n+l(qdisc, qins)'

Nothing happens in the limit order book with probability
PO (Upy1 = UplUp) = (1 - AS4mem ) (1 - AS””'*A[) (1 - A‘,f””"At) (1-ASametp,).

o For all the remaining cases we assume the transition probability neglectibe. We hence

set it to zero.

Remark. By taking in consideration the different cases and neglecting the terms with
order strictly superior than 1 in A;, we have for any control i € {c, s}:

y f PO W1 Un) pia(dg¥i*,d ™)
states U, N
states Uy 41

_ Opp,+ Opp,—
x 1+ ASamet N pASame= N 4 AVPPTA L 4 APPT A,

Consequently, if Aiame’JrAt +/1;gl“me’_At + AS”’“At +)Lff”’”"At =0(1) ( which is true when A;
is small), we end up with for any control i € {c, s}:

Y PO (Ups1/Un)pns1(dg?*c,d g™™) = 1.

N 2
states U, (N-)
states Uy 41
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IB Composition of market participants groups

High Fequency Traders
Name NASADQ-OMX | Market Prop.
member code(s) | Maker Trader
All Options International B.V. AOI
Hardcastle Trading AG HCT
IMC Trading B.V IMC, IMA Yes
KCG Europe Limited KEM, GEL Yes
MMX Trading B.V MMX
Nyenburgh Holding B.V. NYE
Optiver VOF OPV Yes
Spire Europe Limited SRE, SREA, SREB Yes
SSW-Trading GmbH IAT
WEBB Traders B.V WEB
Wolverine Trading UK Ltd WLV

Table 1.3 - Composition of the group of HFT used for empirical examples and the composition
of our “high frequency market maker” and “high frequency proprietary traders” subgroups.

Global Investment Banks

Name NASADQ-OMX
member code(s)
Barclays Capital Securities Limited Plc BRC
Citigroup Global Markets Limited SAB
Commerzbank AG CBK
Deutsche Bank AG DBL
HSBC Bank plc HBC
Merrill Lynch International MLI
Nomura International plc NIP

Table 1.4 - Composition of the group of Global Investment Banks used for empirical examples.

I.C Extreme Imbalances

The decreasing slope at the right of the curve in Figure 1.7.a and 1.7.b when imbalance
is highly positive (i.e. Q5¢"¢ > QOPP ~1). In this situation, the order will be executed in
general before the final time T without being followed by a price move (1) or will be executed
at Ty and followed by a price move (2). In both cases, the final constraint AP is positive (see
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Institutional Brokers

Name NASADQ-OMX

member code(s)
ABG Sundal Collier ASA ABC
Citadel Securities (Europe) Limited CDG
Erik Penser Bankaktiebolag EPB
Jefteries International Limited JEF
Neonet Securities AB NEO
Remium Nordic AB REM
Timber Hill Europe AG TMB

Table 1.5 - Composition of the group of Institutional Brokers used for empirical examples.

Graph L12). Given that AP in case (2) is lower than AP in case (1) and situation (2) occurs
more frequently when imbalance is highly positive, it is expected to find a decreasing slope
at the right of the curve.

if order executed before T (1) if order executed at Ty (2)
QDisc
QAfter QAfter 2 ans
9=
Same A s
! | Qeme. Same ol Opp o Price
Same Pl Opp Price 1 T
— PExec Poo
Piyee  AP>0 P AP>0

Figure 1.12 - AP when Imbalance highly positive
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CHAPTER II

Optimal liquidity-based trading tactics

Abstract

We consider an agent who needs to buy (or sell) a relatively small amount of assets over
some fixed short time interval. We work at the highest frequency meaning that we wish
to find the optimal tactic to execute our quantity using limit orders, market orders and
cancellations. To solve the agent’s control problem, we build an order book model and
optimize an expected utility function based on our price impact. We derive the equations
satisfied by the optimal strategy and solve them numerically. Moreover, we show that our
optimal tactic enables us to outperform significantly standard execution strategies.

Keywords: Market microstructure; limit order book; high frequency trading; queuing model;
Markov jump processes; ergodic properties; adverse selection; execution probabilities; market
impact; optimal trading strategies; optimal tactics; stochastic control.

1 Introduction

Most electronic exchanges use an order book mechanism. In such markets, buyers and sellers
send their orders to a continuous-time double auction system. These orders are then matched
according to price and time priority. Each submitted order has a specific price and size and
the order book is the collection of all submitted and unmatched limit orders. This is illus-
trated in Figure IL1, which shows a classical representation of an order book at a given time.
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II. Optimal liquidity-based trading tactics

Bid side Ask side

Bid f“k
>

cancellation

Ask
3

market order

mid price O\ [ ... 7.

time

priority

- . = I “““““““ 1 ,,,,,,,, | ,,,,,,,, FOUTURTR Price
P:fld Pé‘?ld Pfld P

Figure II.1 - Order book representation at a given time. Here Plf“k (resp. PlB id) with i = 1 are
the sellers (resp. buyers) limit prices and they are increasingly (resp. decreasingly) ordered.
For a given price PI.AS’C (resp. Pfid), the limit Q;“k (resp. ind) is the available selling (resp.
buying) quantity.

In this limit order book setting, we consider the following issue: an agent has to buy or sell a
given quantity of asset before a fixed time horizon. During the execution process, the agent
can take four elementary decisions:

o Insert limit orders in the order book, hoping to avoid crossing the spread. We will
assume that the agent does not place limit orders above the best limits however he can
insert them within the spread.

o Stay in the order book with an already existing limit order, to keep his tactical place-
ment.

* Cancel existing limit orders.
» Send market orders to get immediate execution.

Note that this is the microstructural version of the classical Almgren-Chriss optimal execu-
tion problem for the liquidation of a large quantity of asset over a time interval [0, T], see
[10, 29, 74] and [47, 48, 49, 51, 52, 76, 82, 85] for various extensions. In the setting of [10],
[0, T is split in sub time windows (typically a few minutes per window) and one derives the
number of shares to be executed in each window. In our case, we want to specify how to act
optimally within each window. Indeed, our buyer or seller reacts to every order book move
and handles reasonably small quantities during short periods of time.

In order to solve this problem, we of course need to model the order book dynamics. There

are essentially two order book modelling approaches in the litterature. First, “equilibrium
models”, based on interactions between rational agents who take optimal decisions, see
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1. Introduction

[66, 134, 139]. Second, “statistical models" where the order book is seen as a suitable ran-
dom process, see [2, 3, 20, 55, 57, 83, 106, 107, 144]. Statistical models focus on reproducing
many salient features of real markets rather than individual agents behaviours and interac-
tions between them. In this paper, we use a statistical model. In such models, the arrival and
cancellation flows often follow independent Poisson processes. The Poisson assumption allows
for the derivation of simple, and often closed-form, formulas, for example for the probabilities
of various order book events, see [2, 57, 83, 106, 129].

However, as clearly shown in [90], this assumption is not realistic and it is necessary to
take into account accurately the local state-dependent behaviour of the order book. So
in [90, 91], the authors introduce the Queue-Reactive order book model where order flows
follow a Markov jump process. They also provide ergodicity conditions and model parameters
calibration methodology.

Order book model. Here we refine the Queue-Reactive model to make it compatible with
a stochastic control framework enabling us to solve important practical issues. To do so,
we only consider the best bid and ask limits to work with a reasonably small state space.
Furthermore, in order to get a truly good fit to real order book dynamics, we focus on the so-
called regeneration process which models the order book state right after the total depletion
of a limit. In our setting, when a limit is totally depleted, the order book is regenerated in a
new state whose regeneration law depends on the order book state just before the depletion.
In general, order book models consider several bid and ask limits and use a regeneration
process independent from the order book state, see [3, 57, 90]. Here, we model the order
book by a three-dimensional Markov jump process (Q!,Q?,S;) where Q! is the available
quantity at the best bid, Q? is the available quantity at the best ask and S; is the spread. In
addition, we provide a dynamics for the mid price P; which depend on the order book state.

The agent control problem. Let us now introduce the agent’s control problem. We for-
mulate it for a buy order of size g (it can be changed to a sell order in an obvious way).
From time zero to the final time T, we assume that, at every decision time, the buyer can do
nothing or use one of the three following actions: insert a fraction of the remaining quantity
to buy (if not already inserted) at the top of the bid queue or within the spread (decision 1),
cancel the already inserted limit orders (decision c) or send a market order (decision m) for a
fraction of the remaining quantity. If the agent does not obtain the total execution of g* at
time T, he cancels the remaining quantity in the order book and send a market order. Thus,
the trader’s strategy is modelled by the sequence u = (7;,v;);>¢ of random variables where
(Ti)i=0 is a sequence of increasing stopping times that represents the optimal decision times
and v; € E=T x N x P refers to the optimal decision. Here, the set T = {/,c, m} indicates the
type of the order, the set N specifies the order size and P determines the order posting price.!
The agent aims at determining the optimal sequence of decisions to reduce its price impact

ISee Section 3.1 for a detailed description of the control p and the set P.
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II. Optimal liquidity-based trading tactics

PI%, which is defined such that

PIg = - lim E[q“ P} - pExecH] 1)
—00

with Pf the mid price, pExect the acquisition price of the quantity g%, t the current obser-
vation time and g, the agent’s control which remains constant when the user does nothing.?

Let I'' be the agent’s inventory, that is the remaining quantity he has to buy at time 7.5 We
denote by Pfxec'u the acquisition price of the quantity g% —TI f and T

Exec
totally executed. To take into account the waiting cost, the sensitivity to the price impact and

the time where g% is

to work in a slightly more general setting, we consider the following optimisation problem:

TP
. E : Exec
stltp[E[f(tlggoE[q“Pi‘—PTgif”/%gxec]) —on I ds],

v V
final constraint running cost

where f:R — R is a Lipschitz function and y is an homogenization non-negative constant
representing the waiting cost. Here we use a conditional expectation to account for the
fact that agents collect information along their own trading. Note that optimal execution
problems, in general, minimize the acquisition price (resp. liquidation) of the quantity to buy
(resp. sell) called here PE,)feC’” . However because of the price relaxation typically following the

Exec

end of the metaorder execution, this acquisition (resp. liquidation) price is not an appropriate
benchmark for agents who need to sell (resp. buy) back at least a portion of the executed
shares in the future. This is the case of brokerage companies who execute a large number of
clients metaorders everyday. In this work, we place ourselves in a setting where we can define
a notion of the price after the relaxation (i.e. expected long term value) PL, = tlLIEo E[PY] and

use it as a benchmark. Our trading has an influence on P that we will be able to compute.
Note that, we send ¢ to co to get the new stationary value of the price after our execution.
Thus, infinity should be seen as the scale of time where the resilience of the market takes
place. This notion of resilience after order executions has been studied in the literature, see
[71]. In our case, its order of magnitude corresponds to few hours. We stress that the reduction
of the price impact is crucial for brokers. As a matter of fact, they do not only execute one
given (meta-)order, but interact thousands of times per day with the order book to execute
hundreds of metaorders, which will all be subjected to the impact of previous orders. We
study this problem in two cases. First, when agent’s decisions are taken at fixed frequency
A~!. This enables us to investigate latency effects and moderately high frequency trading
issues. Second, when agent’s decisions are taken at any time, to handle the situation where
one has access to ultra high frequency trading technology.

21f the agent has no order in the order book and does nothing at the beginning of the period, we consider he
starts with control c.
31n the latter, we slightly improperly call T ItJ the inventory of the agent.
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2. Order book modelling

Positioning of the paper. This paper is obviously not the first work where a stochastic
control framework involving limit orders, market orders and cancellations is used to solve
a high frequency trading problem. For example in [79, 108, 82] and Chapter I, the authors
consider the problem of optimal posting of a limit order while market making issues are
adressed in [13, 52, 80, 84] and Chapter III. The problem of optimal execution using limit
and market orders is also investigated in [45, 50, 56, 75, 78]. However the interactions between
market participants decisions, liquidity and behaviour of the order book are not really taken
into account. In our work, the decision of the agent depends on its current position in the
queue and the available liquidity on the order book. Some of the few papers considering an
approach close to ours are [81, 94] and Chapter I. Beyond a slightly more general setting,
compared to these papers, our main contribution is to optimize our trading tactic not only
with respect to its local profit and loss but also to the endogenous price impact it generates.
This is of primary importance for any market participant with intense trading activity.

Results. In this paper, we propose an order book model in reduced dimension, with state-
dependent regeneration and non-constant spread. Within this framework, we provide a
closed-form formula for the endogenous price impact. This allows us to compute the se-
quence of orders solving the optimal execution problem for an agent who wants to minimize
its impact. When the trading frequency is fixed, an explicit expression is obtained for the
value function of the agent. When decisions can be taken at any time, we explain how to
design simple and efficient numerical methods and provide accurate error estimates. We even
show that the optimal control in continuous time is exactly obtained when the discretization
mesh of the numerical scheme is small enough. We also prove the ergodicity of our order
book under mild assumptions on the intensity functions.

The paper is organized as follows. In Section 2, we introduce our order book model, prove
its ergodicity and provide the formula for the price impact. In Section 3, we formulate the
agent’s control problem. Our main theorems including the equations satisfied by the value
function and the numerical methodology to solve them are provided in Section 4. Finally,
numerical experiments are given in Section 5. The proofs are relegated to an appendix.

2 Order book modelling

In this section, we first confirm on data that agents behaviours depend on order book liquidity,
see [90, 111] and Chapter I for closely related results. Then, we describe the order book
dynamics.

2.1 Preliminary: Empirical evidences

One specificity of our work is that we wish to carefully model the interactions between market
participants and liquidity. We first show on real data that market participants act differently
when facing different liquidity conditions.
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Database presentation. Data used here are from Bund futures on Eurex exchange Frank-
furt. We focus on this product since it is a good example of a very liquid and large tick asset.
The database records during one week from 1to 5 September 2014, the state of the order book
(i.e. available quantities and prices at best limits) event by event with microsecond accuracy.
For each day, our data cover the time period from 8 a.m to 10 p.m Frankfurt time. Each event
has a type, a side (i.e. bid/ask) and a size. We consider three types of events: insertion of

limit orders, cancellation of existing limit orders and market orders. The database accounts
for 3 407 574 events.

Let ¢ be the time when an event happens in the order book. We define the imbalance Imb,
and the mid price move 6 seconds after the event time ¢, APé”id(t), by

1 2
Qt _Qt
1 2’
Q; +Qf
. Ps., —P;
APg’“d(t) — €t6+t—’
St

Imb[=€[

where Q! (resp. Q?) is the available quantity at the best bid (resp. ask), P; is the mid price, €,
is the event sign (i.e. €, =1 when it is a buy order and -1 otherwise) and s; is the spread (i.e.
s; = PAsk — pBid yith pASK the best ask price and PB¢ the best bid price).

We want to confirm that agents decisions depend on the order book liquidity. A simple way
to do so is to summarize the state of the order book liquidity through the imbalance. Fig-
ure II.2.a shows the average imbalance value for each event type. We give the interpretation
of Figure I1.2.a in the case of a buy limit/limit mid*/cancellation/market order, since the event
sign is taken into account in the expression of Imb,;. We see that market participants in-
sert limit orders when imbalance is negative (execution highly probable), cancel orders when
imbalance is positive (less chance to be executed) and use market orders when imbalance is
highly positive (rushing for liquidity when it is scarce).

Figure I1.2.b shows the distribution of imbalance just before a liquidity provision event (i.e..
insertion of limit orders) and a liquidity consumption event (i.e.. cancellation of limit orders
or market orders). We see that agents are highly active at extreme imbalance values.® Indeed,
in these cases, they identify a profit opportunity to catch or on the contrary an adverse
selection effect to avoid (for example buying just before a price decrease). This is related to the
predictive power of the imbalance. As can be seen in Figure II.2.c, APg”id(t) after 2 minutes
(ie. 6 =2min) is highly correlated to the imbalance. This means that market participants
use the imbalance as a signal to anticipate next price moves.® Hence, our empirical results
clearly confirm that agents decisions depend on the order book liquidity.

4Limit order inserted within the spread.

5The high rate of liquidity provision for very positive imbalance can be surprising at first sight. However it
may be due to orders inserted within the spread creating a new best limit.

6Q{uoting Sasha Stoikov: Imbalance is the least well hidden secret of high frequency trading.
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(a) Average imbalance before (b) Imbalance density before
Limit/Cancel/Market order liquidity provision/consumption event

0.8

0.0

0.2 — - —
Limit limit mid ~ Cancel Market —1.0 =0.5 0.0 0.5 1.0

Order type Tmbalance

(c) Average price move after 2 minutes against imbalance

0.4

0.2

—0.5 0.0 0.5

Imbalance

Figure IL.2 - Some statistics about the imbalance.

Bid-ask symmetry assumption. It links buyers and sellers behaviours. To formulate the
bid-ask symmetry relation, we denote by U; = (Q%, QZ,Pt) the process modelling the state of
the order book. We recall that Q} (resp. Q?) is the available quantity at the best bid (resp. ask)
and P; is the mid price. For a buyer, Q! represents the waiting queue before the execution
and Q? the available buying quantity. For a seller, roles of Q! and Q? are interchanged: Q?
is the waiting queue and Q! the available liquidity. Additionally, buyers and sellers decisions
depend on the reference price value: a buyer (resp. seller) aims to be executed at the lowest
(resp. highest) price. Thus, we define Utsym = H(U;) = (Q?,Ql,-P;) the symmetric process of
U; where the function H moves us from the buyer point of view to the seller one or conversely.
The symmetry assumption ensures that

Ut ium e gy, Ve=o. )

We assume the bid-ask symmetry relation since it ensures no statistical arbitrage
E[AP:] =0, Vi=0. (3)

with AP; = P;—Py. When a stationary distribution exists, we also have [E[APOO] = 0. Addition-
ally, when P; is a Markov process, Equation (3) proves that P; is a martingale. Finally, when P;
is a right continuous Markov process Equation (3) ensures absence of arbitrage opportunities
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II. Optimal liquidity-based trading tactics

in the market. Finally, in our Markovian framework, the bid-ask symmetry assumption allows
us to derive the optimal control for a seller directly from the buyer one.

To illustrate the bid-ask symmetry, we present, in Table IL1, basic statistics about the time
between two consecutive events happening in the order book. According to Equation (2),
the mean value between two consecutive events at the best bid and the best ask side should
be equal. In Table IL1 column names correspond to the event type, for example in column
“Global” (resp. “Bid”) we study the time between two consecutive events happening in the
order book (resp. best bid) and so on. In our case, cancellation includes market orders.
Table II.1 shows that the mean value between two consecutive limit/cancellation/global events
at the best bid and the best ask are close.

‘ ‘ Global ‘ Bid ‘ Ask ‘ BidCancel ‘ AskCancel ‘ BidLimit ‘ AskLimit ‘

Mean (1072 sec) | 1.62 2.37 2.33 2.61 2.65 4.26 4.12
Nb.Events 3.38.10% | 1.67.10° | 1.71.10% | 8.66.10° 8.86.10° | 8.08.10° | 8.21.10°

Table II.1 - Median value of the time distribution between two consecutive events. Events
associated to price moves are removed.

2.2 Order book framework

Let (Q,%,(%),P) be a filtered probability space with %, the trivial o-algebra. The order
book state is modelled by the Markov process U, = (Q1,Q?,S;) where Q! (resp. Q?) is the best
bid (resp. ask) quantity and S; is the spread. We denote by P} (resp. P?) the best bid (resp.
ask) price, P; the mid price and 7¢ the tick size. The mid price dynamics will be described
in Section 2.4 and in this section we focus on the dynamics of U;. For simplification, we take
the state space U= (N*)? x 7oN* ./

The Markov process U is characterized by its the infinitesimal generator 2. For u =
(@', q*9eU,u' =(q",q%s)el, neN*, ke(l,--, -1}, e1 = (1,0), e = (0,1) and i € {1,2},
we consider the following form for U;:

2(4,9),(g+nes,s) = A"wn)  + R(u,(q+ne;,s), .
2(q,9,(q-ner,s) = A" (w,n,00 + R(u(qg-ne;s) Jifgi>n
24,9+ (n-gers—kro) = AR (u, n) + R(u,(g+(n—ge;,s—ktpy) ,if s> 1o, (4)
2(4,9,(q',5 = R(u,(q,s)) ,if §'# s,

with 2, = -Y w2 20w, 4= (G, 9%, 4 = (q'',q"*) and

o AN (u, n) (resp. A2 (u, n)) represents the arrival rate of limit orders of size n at the
best bid (resp. ask) when the order book state is u.

"However we can work on the following state space U= ([Rf';)3 and recover similar results.
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e AY7(u,n,0) (resp. A>~(u,n,0)) is the arrival rate of liquidity consumption orders of
size n that do not deplete the best bid (resp. ask), when the order book state is u.

o AYK(u,n) (resp. A?*(u,n)) represents the arrival rate of buying (resp. selling) limit
orders of size n within the spread at the price P! + k7 (resp. P? — k7).

o AY7(u,n,u') (resp. A% (u,n,u')) represents the arrival rate of liquidity consumption
orders of size n that deplete the best bid (resp. ask) and lead to a new state ©’ when
the order book state is u.

e R(u,u’) verifies R(u,u') = Z?zlzmzqi A~ (u, m, u) and represents the order book re-
generation component.

Order book regeneration. In our framework, when one limit is totally depleted, the order
book is regenerated in a new state whose law depends on the order book state just before
the depletion and the depleted side (i.e. best bid/ask). The regeneration of the process U is
described through the quantity R(u, u') where u’ € U is the order book state after the depletion
and u is the order book state before the depletion. A simple choice is to consider the case
where the spread increases by one tick when the best bid or ask are depleted and to draw
new best bid and ask quantities from a fixed stationary distribution, see [55].

Symmetry relations. Additionally, for every u = (ql, qz, s)eU,u = (q'l, q’z, sHel, neN*
and k < T—SO —1, we assume the following bid-ask symmetry relations:

At = AR,
Mo = Ak, 5
AV (u,nu) = A2 W™ n, U/,

with ©SY™ = (qz,ql,s). This classical bid-ask symmetry relation ensures no statistical ar-
bitrage and allows us to aggregate bid and ask side data in the calibration of the model’s
parameters.

2.3 Ergodicity

We now provide a theoretical result on the ergodicity of the process U, = (Q!,Q?,S,) under
three general assumptions. A definition of the ergodicity is given in Appendix ILB.

We denote by AiQ’+ (resp. /liQ’_) and A (resp. Aj) the arrival rate of events that increase

(resp. decrease) by n the size of the limit Q' and the spread S for any i € {1,2}. For sake of
completeness, we give an explicit expression for ﬂg—r and /1;—r

Aai(u, n= Y Luq,)1gizgisn Aswnmy = ) 2uygs)ly=stn, YUu= (q',q°,5) €U, Vn=1.
(q',seU (§s)eU
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Assumption 1 (Negative individual drift). There exist three positive constants Cpoyng, 2o > 1
and & >0 such that for any u= (g, g% s) eU

Enso(zy = DA (w,m) = Ay (u,m)z) < =8, when 4" = Cpouna,

Yrso(zg® DAL k) - A5 (1, K =) <=0,  when 5= Chound.
0

Assumption 1 ensures that the queue size and the spread value tend to decrease when they
become too large. Using Equation (), we also have

_ 1
Y 2y = DAG () = AG (u, W) <=8, ¥q* = Cpound-
n=0 0

Assumption 2 (Local bound on the incoming flow). There exists zy > 1 such that for any B =0
we have
2 120 z{’/lb*(u, n)< HB, when q' <B,

2 k=0 Zf“kflg(u, k)< HB,  when s<B,
with u= (ql, qz, s)eU and HE a positive constant.

Assumption 2 ensures no explosion in the system: the order arrival speed stays bounded

within any bounded set of U. Using the symmetry relation, we have )_ z{’/lgr(u, n) < HB
n=0
when g? < B. For example, Assumption 2 is satisfied in the particular case when both the size

of the best limits and the the spread cannot get beyond a maximum threshold. Assumption 1
and 2 are close to those used in [91] and slightly more general. We have the following result.

Theorem 1 (Ergodicity). Under Assumptions 1 and 2, the process Uy is ergodic (i.e.. converges
towards a unique invariant distribution). Additionally, we have the following speed of convergence:

IIPL() = 7llry < B(wp",

with ||.||7v the total variation distance, PL(.) the Markov kernel of the process U; starting from
the initial point u €U, it the invariant distribution, p <1 and B(u) a constant depending on the
initial state u, see Appendix II.B.

Remark 1. 70 prove the ergodicity we do not require the intensities to be uniformly bounded.

This theorem is the basis for the asymptotic study of the order book dynamics in Section 2.1,
since it ensures the convergence of the order book state towards an invariant probability
distribution. Thus the stylized facts observed on market data can be explained by a law of
large numbers type phenomenon for this invariant distribution. The proof of this result is
given in Appendix ILB and it is quite inspired from [90, 91].
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2. Order book modelling

2.4 Computation of the long-term average price move
In this section, we provide the computation methodology of the following quantity:
D(u) = tlLr&[Eu[Pt - Py], (6)

with u € U. The computation of D(u) is interesting for at least two reasons: first, it allows us
to predict the long-term average mid price move for any initial order book state u. Second,
the quantity D(u) is useful for the computation of the price impact PI%, defined in (1), see
Section 4.1 for a detailed connection between the computation of PI, and Equation (6). To
compute numerically D(u), we need to bound the domain U. Hence, we replace Assumption 2
by slightly less general assumptions.

Assumption 3 (Insertion Bound). There exists a positive quantity Q™** such that for any
u=(q",q*,9)eVu' e, n20and k=< -1,

AM*(u,n) =0, when gq'+n>Qm%,
Ak, n) =0, when g!'+n>Qmax
AV=(u,n,u')=0, when q'>Q™Mex,

This assumption is not restrictive since quantities at the best limits remain essentially bounded.
Using the symmetry relation, we have as well, for any u = (ql,qz,s) eU,ueU, n=0 and
k=s=-1
To
A2t () =0, when q2 +n> QM
{ A2~ (u,n,u’) =0, when q2 > QMmax,

Assumption 4 (Regeneration bound 2). There exists a positive constant Q™ such that for all
(u,u) e U* and i € {1,2}, we have

A (u,n,u') =0,  when |[u/]lo > Q™%
with |1x|lco = SUP j< v |1 for any vector x € RN,

Under the symmetry relation, Assumption (4) needs to be satisfied for only one i € {1,2} .

Price dynamics. The mid price after the n-th order book event P, satisfies P, = Py +

;‘:1 AP; with AP; = P;—P;_;. The price jumps AP; are a deterministic function of the order
book state before the jump and the order book event causing the jump. For example, we can
consider the simple case where the mid price decreases (resp. increases) by one tick when the
best bid (resp. ask) is depleted.

Assumption 5 (Mid price bound). The process Uy, see Section 2.2, is irreducible® and there exists
a state u € U such that D(u) < oo.

Remark 2. When D(u) = too for all u e U, there is nothing to prove. Additionally, since U; is
irreducible, Assumption 5 implies that D(u) < oo for all ueU.

8 To ensure that Uy is irreducible we only need the intensity functions to be positive when Assumptions 3 and
4 are not satisfied.
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Computation methodology of the price impact: A mid price move can be caused by
only one of the following events:

* event 1: depletion of the best bid or sell limit order within the spread.
* event 2: depletion of the best ask or buy limit order within the spread.

Let t; (resp. #2) be the first time when an event of type 1 (resp. 2) happens. At #; (resp. #2) the
mid price moves on average by a; = Ey, [AP;] (resp. @] =Ey,[AP;,]) and the order book is
regenerated according to a distribution d; (resp. d7). Here we assimilate the initial state U;
to its unique index i. We consider the following notations:

* q;; =Py lin < }n{Us = Upll and qi+i’ =Py, l{t = i} n{Us; = Ui}l They represent
respectively the probability that f; < # or conversely and the exit state is Uj.

. dz‘lk (resp. d? k) are transition probabilities from the state U; to Uy when £ < 5.

s qi=Yi(q},a} +q;,a;) and pix =X (q;ri’dz%,k + qi_i,dl.l,,k) represent respectively the
average mid price move after the first regeneration and the probability to reach the
state Uy starting from the initial point U; right after the first regeneration.

Uisym = (qz, ql,s) is the symmetric state of U; = (ql,qz,s) and i5Y™ is the index of the
. sym
symmetric state U,;”", see ().
e D is a vector satisfying D; = tlim Ey, [P — Pyl for every state U; = (ql,qz,s) €9. We
— 00
write 92 for the set 9 = {(ql,qz,s); ql > qz}.9

» A is a matrix defined such that A;; = %
i,i i,0

(Ui, Up) € 2210 Note that the matrix I — A is invertible.

when i # k and A;; =0 for any

We have the following result.

Proposition 1 (Price impact). Under Assumptions 3, 4 and 5, the vector D satisfies
D=(I-A7'F
The vector F satisfies F; = m for any U; € 2'°.

The proof of this result is given in Appendix II.C.1. A numerical computation of the vector D
is given in Section 2.5, Figure II.3.

Remark 3. 7o compute D, we need to estimate the regeneration distributions d*, d*, a* and q*.
The quantities d', d* and a* can be estimated from the order book empirical distribution after a
price change. Then, we only need to estimate q;—'i,. The estimation methodology ofq;—'l., is detailed in
Lemma II.C.3 of Appendix II.C.

9Note that D; = —Djsym under the symmetry relation (5), thus it is enough to know the values D; for any
U, i€ 2.
10 Recall that we assimilate the state U; to its unique index i.
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2. Order book modelling

2.5 Numerical application

In this section, we compute numerically the price impact using Propostion 1. We also assess
the model by comparing the theoretical and empirical distributions of (Q!,Q?) at long term
and short term horizon.

Approximation of tlLrgo Ey, [Pt — Pol. Figure I1.3 shows tlggo Ey,[P: — Pyl defined in Sec-
tion 2.4 and computed using Proposition 1, for different values of the initial state Uy =
(QI,QZ,TO) where the spread is equal to one tick. Figure I.3 shows the predictive power
of the imbalance: when the imbalance is positive the price increases on average and con-
versely. We also note that the bid-ask symmetry relation is respected.

Price impact lim Ey, [Pt — Pol
t—o0

0.008

0.006

0.004

0.002

0.000

Ask size

—0.002

—0.004

—0.006

—0.008

10 20 30 40 50
Bid size

Figure II.3 - Price impact tlim Ey,[P; — Pyl in percentage of the tick size §. Q! and Q? are
—00
divided by the average event size and the tick 6 = 0.01.

Model approximation at short-time horizon. Figures II.4.a and IL.4.b show respectively
the empirical and theoretical distributions of Q! after 20 events. We choose 20 events since it
is coherent with the duration of our control. The estimation of the theoretical distribution is
based on a Monte-Carlo simulation of the order book. We can see that both distributions are
close and consequently that our model is consistent with the empirical order book dynamics
at least during the control duration. The model is also consistent with empirical data on long
term horizon, see [90].

Model approximation at long-term horizon. Figure IL.5.a and Figure IL.5.b show respec-
tively the empirical and the theoretical distribution of Q! and Q2. Both distributions are
close.
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(a) Empirical Q' distribution (b) Theoretical Q! distribution
after 20 events after 20 events

3

10 20 30 40

10 20 30 40
Bid size Bid size

Figure I1.4 - (a) Empirical distribution of Q! after 20 events and (b) theoretical distribution of
Q!. The quantities Q' and Q? are divided by the average event size.

(a) Empirical distribution of (QY, Q% (b) Stationnary distribution of (QY, Q%
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Figure I1.5 - Empirical distribution of Q' on x-axis and Q? y-axis in (a) and theoretical one

in (b).

3 Optimal tactic control problem

3.1 Presentation of the stochastic control framework

We express the control problem for a buy order of a size g°. It can be changed to a sell order
in an obvious way.

Order book dynamics. The agent state is modelled by the process

TH _ (ABefit Aal AAfLE A20 gl ot pit pExecu
Ut_( t »y Nt VQt er ylt)StVPt)Pt )

where Q7" is the size of agent’s limit order inserted at the best bid, Qfef # is the quantity

inserted before Qf'ﬂ , ff bH represents orders inserted after Q?'u (see Figure IV.1), Pfxec’” is
the acquisition price of g°—I', I!' is the agent’s inventory and p = {;, t < T} is the control of
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3. Optimal tactic control problem

the agent. We recall that Q?'” is the best ask limit, P! is the mid price and S} is the spread.
Then, Q;'” = Qfef H Q?'“ + fo b# is the total volume at the best bid. It is split in three
quantities to take into account the order placement. We add minor changes to the order book
dynamics:

¢ Arrival rates: for the best bid, we differentiate market orders consumption rate A},
from limit orders cancellation rate )Li’_. Cancellation orders consume fo bt first, and

market orders Qfef’” first.I!

+ Regeneration: the regeneration of the process Ul is deduced from that of U} =
(Q%’” ,Q?"u ,S’;) and P* which are described in Section 2.2. Here, we explain the re-

. . Bef, , Aft,u . 2,
generation of the three variables Q, ef K ?/1 and Q, TOF since the one of Q; K S’; and

P! is detailed in Section 2.2. After a regeneration Q;"*' =0 when the best bid is totally
depleted and remains unchanged otherwise. Furthermore, the quantity fo by Qfef H
is equal to the regenerated best bid'? and the position of Q?’” is drawn from a distri-
bution (!, depending on the order book state just before the regeneration u and the
depleted side i (i.e. best ask in our case). A natural choice is to set fo "M =0 and

fef # equal to the new best bid when the best bid is depleted or the price moves, and

keep the quantities Qfef QM and Q:‘f "M unchanged when the best ask is depleted
with no price move.

The symmetry relation (5) satisfied by (Qi'“, Q?’” ,St) is unchanged.

)

Aft,u
t

a,u
t

Bef, 2,1
. fou Q

Bid Iit > Price
i

Figure IL.6 - Diagram representing the position of the agent order.

Trader’s controls. At every decision time, the trader can do nothing or take three decisions:

UThis modelling is conservative since we delay the order execution as long as possible. It corresponds to the
worst case scenario for the user.

2The best bid Qi"u after a depletion is defined in Section 2.2.
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 [: He can insert a fraction of I* at the top of the bid queue or within the spread if not
already inserted.

e ¢ He can cancel his already existing limit order Q“*. By acting this way, the trader
can wait for a better order book state. This control will essentially be used to avoid
adverse selection, i.e.. obtaining a transaction just before a price decrease.

o m: He can send a market order to get an immediate execution of a fraction of I*.

Every decision of the agent is also characterized by a price level p and an order size g. Thus,
the trader’s control is modelled by the sequence p = (7;,v;);>9 of random variables where
(Ti)iz0 is a sequence of increasing stopping times (with respect to the filtration generated by
U*) that represents the optimal decision times and v; € E is the optimal decision. We define
the set E such that E=T xNxP with T = {l,c,m} and P = 79N. If the agent has no order
inserted in the order book and does nothing at the beginning, the initial control is ¢.!* The
price level is equal to p = 0 when the order is inserted at the limit price Pl + min(p, S). We
focus on strategies that satisfy the condition below.

Assumption 1 (Admssible strategies). There exists a fixed constant P such that the agent liqui-
dates its remaining quantity when P* = P (i.e. uy = (m,S;, If)lpfzp).

The above assumption ensures the boundedness of the execution price PEX¢CH,

Trader’s inventory and liquidation price. Let e=(0,p,q) € E be a market event. When e
is sent by another market participant, the processes Q?’” , I and Pfxec'” jump as follows:

i (U QP QH,
s = I +10=mAQMH,
Exec,n Execy Wt S
P! = prroet At -3,
with min((qg—Q,- Bef, ., Qr'“) the quantity bought at the best bid price P S , AX; = Xp—X;4-
for any cadlag process X and (x); = max(x,0). When e is sent by the agent, the processes

P 1 and PtExeC'” are updated such that

?’# = 1o:lq+10:mQ?lu,
s = I —1,.,min(q, I}' - Q"M
prrect - PE’“““ AIM[PH —+a( AT - QPM),],

where the parameter a represents a linear temporary price impact. At the end of the execution
we have the following terminal condition (i.e. liquidation of the remaining inventory):

a,p _
¥ oo
I%xec - O,Exec 2
Pt = PR I [P+ S +alh - Q7]

3T track only the first limits, we assume that the agent follows the best bid.
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4. Theoretical results

Optimal control problem. We fix a finite horizon time T < oo and we want to compute

Tgxec
Vr(0,u) = supE[ f(im E[APY 1w 1) —yf 1ds],
u §—00 Exec ) 0

final constraint running cost
where
o y= (qbef, q%, q“ft, q%,i,s, p, p®*°°) is the initial agent state.
. Tgxec = inf{t >0, s.t I’f = 0} A T represents the final execution time.

. APf = (quf - Piffec'u) represents the price impact and ¢° is the order size.!

Exec

* v is a non-negative homogenization constant representing the waiting cost or the risk
aversion of the agent and f:R — R is a Lipschitz function.

We solve the agent’s control problem in two situations: when decisions are taken at fixed
frequency A™! and when they are taken at any time.

4 Theoretical results

In this section, we compute tlim E[APY/Zw |, discuss the existence, uniqueness and regu-
—00 Exec

larity of the solution of our control problem and give equations satisfied by the value function.

41 Price impact computation

In this section Assumptions 3, 4 and 5 are satisfied. Let U*, be the order book state at the

Exec

end of the execution, we split AP} in two quantities

AP =(q P} =P ") = (P} ~4°PY, )+ (q"Ph, — Pl

Exec Exec Exec Exec

— qOAP;’ﬂ + (qOPu _ PExec,,u)’

u u
TExec TExec
where
. . . . . Exec,
« P!, is the mid price at the execution (ie. P, and P_;°“" are known at the
Exec . Exec Exec
execution).

« AP/ =P~ P!, is the long term mid price move after the execution.

Exec

H4we will see that tlirn [E[AP? / gT“ ] is well-defined and an explicit computation of this quantity is given in
—00 Exec
Section 4.1.
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Thus, we only need to compute AP,*. Since we place ourselves after the execution, we have

Q;f =0 and Q?{ ¥ = 0 which means that QlTﬁ‘ = Q?ﬁf #. Since the price jumps are a deter-

Exec Exec Exec Exec

ministic function of U* before each jump and U* is Markov!®, we have tlim [E[AP;’“/ Fo | =
—00

Exec
lim Eju [AP;’“ |. Proposition 1 provides an explicit formula for the computation of Jim E e [APH].

t—oo M
Exec Exec

4.2 Existence and uniqueness of the optimal strategy, regularity properties

In the rest of the article, Assumptions 1, 3, 4 and 5 are in force. In this section, we discuss
existence and uniqueness of the optimal strategy and show regularity results for the state
process U* and the value function. First, for a finite horizon time T, we define the value
function

Tuxec -
Vr(t, @) = supE[ f(im E[APY/ Fw ])—ny 1 ds|\0! = i),
u §—00 Exec t

with0=t<T, 1eU=N® x7oN* x (£2)? and T;* =inf{s>t,s¢ If=0}ATI
Existence - uniqueness of the optimal control. The optimal strategy exists in the two
frameworks (i.e. decisions taken at fixed frequency and at any time) but for different reasons.
When decisions are taken at fixed frequency A~! the optimal strategy exists since we have
a finite number of available strategies. When decisions are taken at any time, the sequence
of optimal controls (7;,v;);>0, where 7; is the optimal decision time and v; is the optimal
decision, satisfies

T9=0,  vp=argmax{E[Vr(0,0})]},

rek N R
Ti1 =inf{t>71;Vr(t,0) = sup E[Vr(t,(T1))]}, )
(E[E,r;évi
Vi1 = argmaX{[E[VT(Tm, (Uflfﬂ)r)]},

rekuv;#r

where " is the new state when the agents takes the decision r and current state is i and
fi=(t,v})j<; for any state @i and control r. Since Vr is continous, the optimal control is well-
defined. The proof of (7) is given in Appendix IL.E. However, there is a priori no uniqueness
of the optimal strategy in the two frameworks.

Regularization of the problem. To force the uniqueness of the optimal strategy, we present
a practical criterion. First, we define an order relation between trader’s decisions ¢ </ < m.
The intuition behind is that m is the least risky decision because we get direct execution, / is
riskier than m but less risky than ¢ because there is no delay of the execution. Then, we order
sizes (resp. prices) increasingly (resp. decreasingly) since a large size accelerates the liquida-
tion of the inventory and a small posting price reduces instantaneously the impact. Finally, we

LYK does not depend on p after the execution since the agents leaves the market.
16The results remain valid when U = [Ri xR x (R)2.
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consider the following order relation between x = (x1,...,x,) € R"”, and y = (31,..., yn) € R™
x<yiff (x1 <y1) or (x1=y1 and (x2,...,Xp) < (¥2,..., ¥n))-

Hence, we can choose the least risky decision among the optimal ones in the above sense.

Regularity of the state process and the value function. The agent state process U and
the value function V7 are Lipschitz in space and time. The proofs of these results are given
in Appendix ILD in the more general case where U=R> x R* x (R)?.

4.3 Decisions taken at fixed frequency A™!: dynamic programming equation

In this section, we provide and solve the system of equations satisfied by the value function
Vr of the optimal control problem. The constant P is defined in Section 3.1. We have the
following result.

Theorem 1. Let u = (qbef,q“,q“ft,qz,i,s, p, pe*¢€) be an initial state and t € [0, T). Then
V(t,u) satisfies

o Wheni>0 and p < P:

- At the decision time t = kA< T:

V(kA,.) :SUp(Ve((kA)+,.)), (8)

eckE

where V(t,.) and VEe(t,.) are vectors such that V(t,.); = V(t,u;)* and Ve(t,.); =
E[V (¢, ul?)], where uf is the new order book state when the decision e € E is taken.
Equation (8) should be understood coordinate by coordinate.

- Att#kA<T:
0=—yI+V(t,.), 9)

where of =0, + Q is the infinitesimal generator of the process U

o When i=0 or p =P (execution time condition):

V(tu)=gw),Vi<T, (10)
with g(u) = f( lim Eu[AP]).
o The terminal condition is:
V(T,u) = gw), (11)

with g(u) = f(E[}L%Euﬂ,r [APt]]) and the decision m* represents the liquidation of the

remaining inventory. We keep in mind that a control m may lead to several states because of
the regeneration.
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The proof of this result is given in Appendix ILE.

Remark 1. At every decision time, as long as the order is not executed, the agent compares the
value function given by each control and takes the highest one, see Equation (8). When, the order is
executed, the agent gain is §(u) with u the order book state at the end of the execution. If the order is
not executed before T, the agent send a market order to obtain immediate execution and earn g(u).

Remark 2. Without the control c and 1, Equations (8), (9) and (T1) are equivalent, in dimension 1,
to the classical problem of finite horizon Bermudean options.

Explicit solution. It is possible to exhibit a solution V for equations of Theorem 1 under a
mild assumption. The solution is constructed backward and step by step within each interval
[kA, (k+1)Av T) with k < ky = [£] an integer.

o Step 1- Initialization: We take k = k; and place ourselves in [kA, (k+1)AvV T). Note that
we can reformulate equations of Theorem 1 to obtain that V satisfies

{ V(T u) = g(u),

0=—yI+§+V, Vre[kA (k+1DAVT), (12)

where the vector g incorporates the execution time constraint associated to (10) and
o =0;+Q. The operator Q is obtained by removing all the transitions to states
where the inventory is zero or the price exceeds P. We can give the following explicit
expression for § and Q:
g~(u) =140 p<p + Lghes 1+ gezn<g! An (u,n,0)§ (1) + 1,40, p<B Lt ,nzq" An (u,n, u)g(u)),
Qu, ') = Quty t!) Lz pep, o
where u = (%, q*(), gt ¢, i, s, p, p™°©) € U, U = (q'7%f, ¢'%, q'*T ', 2, 1", s, p', o) €
U and ql = qbef +q%+ q“ft. Let Im(Q) and Ker(Q) be respectively the image and the
kernel of Q. We consider the assumption —yI+g € Im(Q)+ K er(Q) which means that

~YI+8=81m) +Exer (@)

with &, € Im(Q) and Eker) € Ker(Q). Since Eim©) € Im(Q), there exists Z such
that Qz=§ Im(@)- Then, we can check that the following variable is solution of (12):

VP =T (T = 08ypr(g)— 2 VI € (KA, TI, (13)
where g is the vector such that g; = g(U;). Indeed, we have
&thO = atvto + Q~Vt0 = _ée(T_t)Qg_gKer(O)
+ Q“e(T—t)Qg +(T-1) QgKer(O) _Qz
=0
=~[Bker @)+ E1m@] =YI-8&

which ensures that V2 is solution of (12).

17 This assumption verified for instance when Q is revertible or symmetric.
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o Step 2 - Iteration: At time kA, the agent can take a decision. So he compares expressions
of Equation (8) and takes the maximum. After that, he reiterates Step 1 with new initial
values and k=k; —1.

4.4 Second approach: Decisions taken at any time

Let us now consider the case where the agent takes a decision at any time. In this section,
we provide the system of equations satisfied by the value function and we also introduce a
simplified control problem whose value function can be easily computed numerically, and
converges towards the one of the initial optimal control problem.

4.41 Dynamic programming equation

We keep the same notations as in Theorem 1. We have the following result for the value
function in this setting.

Theorem 2. Let u = (qbef,q“,q“ft,qz,i,s, p, p¥°) be an initial state and t € [0, T]. Then
V(t, u) satisfies in the viscosity sense and almost everywhere

o Wheni>0 and p < P:

max |/ V(t,.)—yLsupVé(¢,.) - V(t,.) | =0. (14)

ect
o When i=0 or p =P (execution time condition):

Vit,bu)=gw),vVet<T.

o The terminal condition is:
V(T,u) = g(u). (15)

The proof of the result is given in Appendix ILE. Since 0,V is a priori not continuous, we
use the notion of viscosity. However we show that 8;V is continuous except on the boundary

of {V = g} and the above equations are satisfied pointwise except on this boundary, see
Appendix ILE.

Remark 3. When there is no control ¢ and 1, Equations (14) and (15) are equivalent, in dimension
1, to the classical problem of finite horizon American option.
4.4.2 Numerical resolution of the optimal execution problem

To solve numerically the preceding optimal control problem, we consider a discrete frame-
work. We show here how this discrete framework can be used to approximate the solution of
the continuous control problem. Furthermore, an error estimate is provided.
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II. Optimal liquidity-based trading tactics

Discrete-time Markov chain approximation. Let U4 be a Markov chain with a transition
matrix P® defined by

P = PlUN=UIUy=u], VY(uu)el?
with U; the process defined in Section 2.2. Given the infinitesimal generator 2 of U, the
transition matrix P** can be easily computed since P** = Q. In this approximation, U% is
viewed as the market evolution without the intervention of the agent. Associated to this new
market, we introduce the controlled discrete-time Markov chain

A, Bef, a, Aft, 2, Exec,
U, = (Qn f#» Qn #) an M’Qnﬂylﬁrsg’Pern #)’

by using the same construction as in Section 3.1. Additionally, the price impact PI3 in this
discrete-time approximation can be computed by following the same approach of Section 4.1.
Finally, for every k > 0, we define the piecewise constant process U** associated to U,? # such

that
O =Ut,  Vielkd, (k+DA).
We denote by VA(t,U) the value function of the control problem 3.1 where the process U* is

replaced by UM* and the agents takes its decisions only at times kA with k € N.
P y g y

Solving numerically the optimal control problem in the discrete framework. We de-
note by VA(n, u) the value function associated to the discrete control problem (i.e. the state
process U4), with n the period and u the order book state. The dynamic programming
principle reads

VAG,u) = supE (VA (@ + D, U )~y INUM = u i = e, (16)
with the terminal constraint VA(nf, u) = g(u), I the agent’s inventory, u the control of the
agent and 7y the final period. Equation (16) provides a numerical scheme to compute VA, u).
At the final time T, we can compute VA(n ) for each reachable state. Using the backward
Equation (16), we can compute VA, w) knowing VAG+1,u) to get the initial value VA0, w).
Thus, one can estimate V2(nA, u) since V2(nA, u) = V2(n, u). The numerical results of sim-
ulations are presented in Section 5. To compute efficiently the value function, computations
can be carried on in parallel. Let us consider the following assumption.

Assumption 1. There exists a constant D such that
|PA = P*2||p < DA?,
with ||.||F the Frobenius norm.

Remark 4. The finite difference scheme associated to the equations of Theorem 2 is the application
of the discrete-time approximation with a Markov chain U% whose transition matrix P = I+ QA.
Note that P® satisfies Assumption 1.
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5. Numerical experiments

Let uOP!A (resp. uOP'") be the optimal control associated to the process (7?’” (resp. U*) and

H an upper bound for the intensity functions that exists under Assumptions 3 and 4. Note
that g is bounded by ||glle since we focus on strategies that liquidate the whole inventory
when the mid price get beyond P. Then we have the following error estimate result.

Theorem 3. Under Assumption 1, VAL, w) converges towards V (t,u) for every (t,u) € [0, T] x U.
Additionally, we have the following error estimate:

VA, u) = V(t,w)| < R(T - DA, 17
(17)

Opti,A Opti

with R =4cq®H + D||g|leo. Moreover, the control u
we have the equality uOP'"* = uOpr'i a.s.

converges [ and for A small enough

The proof of this result is given in Appendix ILF.

5 Numerical experiments

In this section, we show the relevance of the optimal strategy in both frameworks: when
decisions are taken at fixed frequency A~! and when they are taken at any time. To do so, we
compare the optimal gain given by our strategy and the one given by the standard strategy
join the bid: stay in the order book at the best bid until the final time. Here, we write Q'
(resp. Q?) for the best bid (resp. ask) limit.

5.1 Computation of the optimal gain: decisions taken at a fixed frequency
A_l

Figure I1.7 shows for an order of size 1 the difference between the average gain (i.e. the initial
value function) of the optimal strategy and the one of the strategy join the bid for different
values of the initial Q! and Q?. The gain of the optimal strategy is obviously always higher
than that of the strategy stay in the order book. However, because of the priority value, that is
the advantage of a limit order compared with another limit order standing at the rear of the
same queue, it is more useful to be active (i.e. cancel the order or send a market order) when
imbalance is highly positive than when it is negative. Finally, note that the optimal strategy
reaches the maximum value of 2.4 ticks (since the tick 6 =1 cent).
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Figure IL.7 - Difference between the optimal gain of the optimal strategy and the one of the
strategy stay at the best bid. The initial parameters are fixed as follows: the time frequency
is equal to A =10 seconds, the final time T = 100 seconds, arrival and consumption rates are
estimated on data (see Appendix II.A), the new bid (resp. ask) is set to 5 and the new ask
(resp. bid) to 3 after the total depletion of the bid (resp. ask) limit, the quantity q° =1, the
waiting cost ¢ = 0, the price increases (resp. decreases) by 6 =1 cent when the ask limit (resp.
bid limit) is totally consumed and the function f is equal to the identity.

5.2 Computation of the optimal gain: decision taken at any time

Figure II.8 shows the value function at time zero (i.e. trader’s gain) of the optimal strategy
in red and the one of the strategy stay at the best bid in blue in percentage of the tick 6 =1
cent using the discrete approximation. The points colors refer to the initial decision given by
the strategy: green points means stay in the order book at the beginning is the best decision,
red points means cancel is the best initial decision and black points means send a market
order is the best initial decision. When imbalance is highly negative, it is optimal to cancel
the order to avoid adverse selection, when imbalance is highly positive it is optimal to send a
market order or stay in the order book. In our case, stay in the order book is interesting when
imbalance is highly positive since the priority value is important (i.e. Q® ef is fixed equal to
1). In mid cases (i.e. imbalance close to 0), it is optimal to send a market order to reduce the
waiting cost. We note that the gain of the optimal strategy is significanlty better than the one
of the strategy join the bid.
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—— StayStrategy

—— OptiStrategy
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. @® Initial decision : stay
@ Initial decision : cancel

Initial decision : market

0.251

0.00 1

—0.251

—0.501

—0.5 0.0 0.5

InitImbalance
Figure II.8 - The gain per tick of the optimal strategy in red and the one of the strategy join
the bid in blue for different values of the initial imbalance. Initial imbalances are obtained
with QB¢ =0, Q! =11 and Q? from 1 to 11, and Q? = 11 and Q! from 10 to 1. Initial
parameters are as follows: the time step is equal to A =1 second, there are 10 periods, arrival
and consumption rates are constant A" = 1> =0.06 and A~ = 1%~ = 0.12, the new bid
(resp. ask) is set to 5 and the new ask (resp. bid) to 3 after the total depletion of the bid (resp.
ask) limit, the quantity q° =1, the waiting cost ¢ = 0.0085, the price increases (resp. decreases)
by 8 =1 cent when the ask limit (resp. bid limit) is totally consumed and the function f is the
identity.

The authors gratefully acknowledge the financial support of the ERC grant 679836 Stagamof
and the Chair Analytics and Models for Regulation.

ILA Model parameters estimation

The estimation methodology of the arrival and cancellation rates of limit orders is similar to
that in [90]. The regeneration distribution of the order book is estimated from the empirical
distribution of order book states after a depletion. In what follows, we provide the calibration
results of our order book model using the database described in Section 2.1. Here, we write
Q: = (Q},Q%) with Q! (resp. Q?) the best bid (resp. ask) quantity and consider that intensities
and regeneration distributions depend only on Q.

Intensities estimation. For every Q = (Q!,Q?), we write 75*(Q) = A'*/AY™ and t2%(Q) =
AT /A1™ respectively for the bid and ask side growth ratios. Given the bid-ask symmetry
relation, we can aggregate data and focus on the bid side only. Figures I1.9.a, I1.9.b, I1.9.c
and I1.9.d show respectively A", AL~ 71" and 727" for different values of Q. As expected,
we can see that participants insert more limit orders when the imbalance is negative (see
Figure I1.9.a when Q? > Q!) while they cancel more when the imbalance is positive (see

97



II. Optimal liquidity-based trading tactics

Figure I1.9.b when Q' > Q?). Finally, Figure IL9.c (resp. Figure I1.9.d) shows that T!'* (resp.
72%) is high when imbalance is negative (resp. positive) and becomes low when imbalance
is positive (resp. negative) which means that the bid limit (resp. ask limit) tends to increase
(resp. decrease) when Q! <« Q? and tends to decrease (resp. increase) when Q! > Q2.

(a) AV (b) A~
13.2 2
12.0 21
10.8 18
9.6 15
z 8.4
& 95 5 12
6.0 )
] B4 6
10 15 20 25 30 35 40 45 30 10 15 20 25 30 35 40 45 3
Ask size Ask size
(C) T1’+
1.38 1.38
1.26 1.26
1.14 1.14
1.02 1.02
0.90 0.90
0.78 0.78
0.66 0.66
: ! 0.54 0.54

10 15 20 25 30 35 40 45 40 45

Ask size Ask size

Figure IL9 - (a) AV*, (b) A1, (c) 7% and (d) 727 for different values of (Q!,Q?). Q' and Q?
are divided by the average event size.

Quantities after depletion. When one limit is depleted, we write QV¢%! (resp. QN¢%?)

for the new best bid (resp. ask). Figures IL10.a, I1.10.b and IL10.c show respectively QV¢¥1,
New,
QNew2 and the ratio r(Q;, Q) = QN—ewl for different values of Q' and Q? before the mid

price move. Since we aggregate data, the bid queue is always the depleted queue and the ask
limit is the non-consumed limit. Figures I110.a and IL.10.b show that QV¢*'! depends mainly
on Q? while QN2 depends on both Q' and Q?. However, the interesting point is that r*
reach its maxima in two cases, see Figure I.10.c. The first case, when the bid is low and the
ask is high, can be explained by a mean reversion effect while the second one, when both
queues are initially high, is due to the arrival of a large order consuming market liquidity.
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Figure IL10 - (a) QNVew!, (b) QNV¢®?2 and (c) r* for different values of Q! and Q2. Q! and Q?

are divided by the average event size.
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ILB Ergodicity of the process (U;)

II.LB.1 Outline of the proof

Let Z; be a Markov process defined on the probability space (Q,%,%;,P) and valued in
(W, %) and P;(x, A) the probability transition of Z;.

Definition II.B.1 (Ergodicity). The process Z; is ergodic if there exists an invariant probability
measure T which satisfies
tli,%lo”Pf(x’ J=nOllrv =0,

where ||u—'ll7v = sup|u(A) — ' (A)l.
AeF

To prove that U; is ergodic, we design a Lyapunov function V : U — (0,00), on which the
following negative drift condition is satisfied for some ¢>0 and d > 0:

V(g =s-cV(g)+d,

2 be the infinitesimal generator of U;. Then, using Theorem 6.1 in [122], the Markov process
U; is non-explosive and V-uniformly ergodic. Furthermore, by Theorem 4.2 in [122], it is
Harris positive recurrent.

II.B.2 Proof

Let u= (ql, qz,s) € U and z = min(zg, z1), we define

V(u) = Z Zqi_Clmund + ZS_Cbound‘
i€{l,2}

To simplify notations we do not write the dependence of Agi(n) and A;—'(n) on u. For any
t =0, we have

2VWw=)Y 2. |[VW)-Vw).

u#u

By rearranging the above terms, we get

2
2Vw=>) )

i=11<n

+ Z [/"/g(n) (Zs+nT()_Chound _ Zs_Chound) + A/E(n) (Zs_nr()_chnund _ Zs_Cbound)]
1=n

2 .
— Z qu_cbmmd Z (Zn — 1)
i=1

1=n

i i _ i_ - iy i_
//lle+(n) (Zq +n Chuund _ Zq Cbound) + /’llQ' (n) (ZCI n Cbound _ Zq Cbmmd)]

. . 1
)Lg(n) —Ag (n)z—n

+ ZS_Chound Z (znTO _ 1)
1=n

1
A$(n) - Ag(n) ] : (18)

Zi’l‘[o
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ILB. Ergodicity of the process (Uy)

Step (i). When g’ < CP°“"d the quantity 29" ~Coound is bounded and the intensities are
bounded by Assumption (2). Hence, there exist ¢! >0 and d'! > 0 such that

< Zqi_cbaund( Z Z"A6+(n))

. . 1
Ag(n) —}L’Q’ (n);

Zqi_cbound Z (Zn _ 1)
1<n 1=n
< ¢!z~ Crouna 4 gt (19)
Similarly, when s < C??%"4_ we have
- - 1 -
2% Chound 3" (2" — 1) | AE () — A5 (n) i —ct 2 Chound 4 gt (20)

1=<n
Step (i7). Using Assumption (1), we deduce that
21~ Coomi 31 (2" = 1) [ A () = Al (n) & | < =2629'~Conna, - wehen g > CPound, o
25 Crouna ¥y, (2" = 1) [AF (n) = A5 (n) o | < =262 Chownd, when s> CPound,

Step (iii). By combining Inequalities (26), (20) and (27), we have
2,V(u)<-cV(u)+d,

with ¢ = min(c!,28) and d = d'. This completes the proof.
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II.C Proof of the computation of the long-term average price
move

II.C.1 Proof of Proposition 1

For simplification, we fix the spread equal to one tick. Hence, #; (resp. ) are the first
depletion of the best bid (resp. ask). Under Assumptions 3 and 4, the number of reachable
states N is finite. For any 7,i’ € Ny with Ny ={1,..., N} and (s,7) € Ry x {1,2}, we denote by
,ulfi,(s) the density of tl.rl., the first depletion time of the limit r when the initial state is U; and
the state before the depletion is U;. We write p;, (resp. u;,) for the density of 7, (resp. )
the first time when the bid (resp. ask) limit is consumed before the ask (resp. bid) one and
where the initial state is U; and the state before the depletion is Uj.

Lemma II.C.1. There exist my >0 and mo >0 such that

mps mys

,u;l.,(s)Smle_ , u;—’i,(s)Smle_ , VSER+,Vr€{1,2},V(i,i')€|\l%,.

The proof of Lemma II.C.1 is given after the proof of Proposition 1. Let i € Ny, s =0 and

D! =Ey,[Ps— Pol. We denote by ;! (resp. uf}!) the density of 7/ (resp. /) the first time

lower than ¢ where the bid (resp. ask) limit is depleted before the ask (resp. bid) one and

when the initial state is U; and the state before the depletion is Uy. Under Assumption 5,

we have D(’;o = tlirn Ey, [P; — Pyl < oo at least for one i. Since Uy is irreducible it means that
—00

D! < oo for all i. We have the following result:

Lemma II1.C.2.

lim () (DX - DX yds=0, V(i k) eNS,Vre(l,2).
ull —s

The proof of Lemma II.C.2 is given at the end of this section. Let us prove Proposition 1.

P[7%, < £] for £ =0. We can write

i’ —

Proof of Proposition 1. Let AP} = P;— Py and g3/ =

Ey, [AP?] = Eyp, [APY1 <, <] + Ep, [APO1 4 <1,
= Ey, [EIAPY 1 %111 <1y <) + By [E[APY 1 11 4 < y<f] (22)

- aitlai+ [ w2 & D asl+ Taitlay + [ wit o X af 0k as
i =1 i’

1)

~

- t
:Zq ,+Zd fp”,(s)Dkds +Zq” a; +Zd foui_i,t(s)D’fds)
l’

(g)

~

+Zq (af + Z d f ,u”,(s)Alesds)+Zq” (a7 + Z dj ,u”,(s)AD’fsds)
ll
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II.C. Proof of the computation of the long-term average price move

with AD’;}S = D¥ .- DF. Using Lemma I1.C.2, the quantity (2) goes to 0 when ¢ tends to
infinity. Hence by sending ¢ to infinity in (22), we find

N
thl’al’+qll’al’+ Z Z(C]”,dlz k+qll k)Déco:qi-i_ Z pl’rkDéCO' (23)
=11 k=1
Additionally, using the symmetry relation, we have Dl = Dlxym. We write & for the set

9 = {(ql, qz,s); p=0, ql > qz}. Consequently, Equation (23) reads
DL~ (pii—piivm) = qi+ Y. (Pik— Piksm)DE
ke
Given that 0 < p; ; <1 (the price moves with a non-zero probability when one limit is totally
consumed), we have (1 — (p;,; — pi,isvm)) > 0. This proves the result of Proposition L OJ

Proof of Lemma IL.C.7. Let i,i' € Ny and r € {1,2}. Under Assumptions 3 and 4, the intensities

are bounded by a constant Ao. Let Ny be the Poisson process which admits Ao as an

intensity. We have
Pylt<sh <t Us

- 1

=U]]<P[N; - Nt #0, Vte[tt]]_fA e AeS g, Vt, teR;.

Consequently, we get

_ d oS
i = lfijngUi [t=< tlfs_t;Utl =U)] S lgii‘%ft ﬂtoofe_E ds _ "
By following the same methodology, we also have
i < Aooe ML,
This completes the proof. ]
Proof of Lemma I1.C.2. Using Lemma II.C.1, we have
PIF: < 5] = PIEE, < s|EE, < 1] = Plip=sl _me™ o4,

PlEL <t 4

with q”, [P[t”, < t]. Under Assumptions 3 and 4 the intensities are bounded and the price
jumps are also bounded since the state space is finite. Hence, there exists m3 >0 such that

D¥<mst, vrzo.

Since hm D¥ < 00 is finite, we have €, = SUp,< ¢ |ID¥-D ’f_sl - 0 Consequently, we have

hrnl[ u”, (S)(D’[C )ds|< hmetf U5 ,(s)ds+[ ,u”,(s)IDk ’f_slds

< lime,+

t—o00 *io

ii' 2

t
ms —-m,
tf mie ™5ds
3

. 2mimoms  _ ot
< lime, + ———t(e mal _ g=M23y =,
—o00 Tl

i’

with % a fixed positive number such that q+t° > 0. This completes the proof. O
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I1.C.2 Computation methodology of g,

The reader can skip this part for a first reading. For simplification, we fix the added/cancelled
quantity g =1 and the spread constant. To take into account non-unitary jumps, we can
simply fill the zero values of the matrix Q* with the right probabilities, see Equation (24).

Let R=[R™,R"] be the matrix such that R, = q;,, and R}, = q,. To compute the matrix R,
we first fix the price P =0 since there is no price move before the total depletion of a limit
and model the order book state by u = (g, g% with g' (resp. g?) the best bid (resp. ask)
quantity. Then, we introduce the absorbing states Uy 4 (resp. Uy o) with g’ =1 associated to
the cases u' = (0,q')(resp. u' = (g',0)) where Q' (resp. Q?) is consumed before Q? (resp. Q!).
We want to compute the probabilities to visit Up ¢ and Uy with g’ =1 starting from U;. To
do this, we consider the infinitesimal generator Q* of the Markov process QL Q% (the price
P =0 is fixed)

[ Ogua 0

Lo Qe )

where 0y¢max is the zero square matrix of size 2Q™%*, Q™ encodes transitions to the absorbing
states Up,;» and Q" encodes transitions to the absorbing states Uy with 1< g’ < Q™" and
Q* is similar to the infinitesimal generator of the process U; without regeneration. The matrix

Q*

Q* has the following form:

~A*,(1) A%, (1)
Q}k 2) 92 2) O~* 2) 0
5 Q, Q. Q. 0
o= ) : (24)
0 0 ,.,;’(QWHJX) Qr,(QmaX)

where QS’U) encodes transitions from level Q' = [ to level Q' = [ + 1, matrix Q;’(l) encodes
transition from level Q' =1 to Q! =1 —1 and matrix Q;‘ ‘D encodes transitions within level
Q! =1. Q™M4* is the maximum quantity available on each limit. Within each sub-matrix Q;’(l)
with i € {0,1,2}, Q! is equal to [ and Q? vary from 1 to Q™%*. The sub-matrices Q:’(l), for
i =0,1, can be written
AV (1, 1) AR
~ (1 . A, (1
oy = 3 and Q" = 3
)Ll’+(l, Qmax) /11’_(1, Qmax)

Let A*(1,1) = %:1 ABH(L )+ AB (1, 1) for every [,I'e {1,---,Q™%*}. For [ < Q™% we have

AL, A®Y(L1D 0 0

el A2(1,2) -A*(1,2) A®Y(1,2) 0O
=1 . . . .

0 0 A2 (1,QMaxy  —A*(1,QMmax)

Finally, we define the matrix Q™ such that Q;; = Ab=(1,1) for 1 <i < Q™% and 0 otherwise,

and the matrix Q" such that Q;Q,,mﬂ 1= A%~ (i,1) for 0< i< Q™% —1 and 0 otherwise.
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II.C. Proof of the computation of the long-term average price move

Lemma II.C.3 (Computation of q;—'l.,). Let R=[R™,R"] be the matrix such that R, =q;; and
R} =q},. Then, R is a solution of the equation

O*R — —Zl,
where Q* is defined in (24) and z' = [Q™, Q"] with Q™ and Q" defined (25). The solution of this
equation is unique since Q* is invertible.

The proof of this lemma is given below.

Example 1. The case where the best bid dynamics are independent from the one of the best ask is a
classical setting that was studied in [90]. In such situation, the matrix Q* is diagonalisable, see
Appendix ILCIL.C.3. Additionally, when the intensities are constant, we have a closed closed-form
formula for the diagonalisation of Q*, see Appendix ILCILC.3.

Proof of Lemma II.C.3. Using Theorem 3.3.1 in [131], for every absorbing state U;s we have

- + — - — + —
{qUo,q,Uo,q Loag,,u, =% qy,u, =% 4qy,,u,=

Zj Q;jq;i’ =0 Vie [ZQmax +1, (Qmax)z +2QmaX].

1, with g € {1,Q"%*},

In the above equations, we use a slight abuse of notation and do not differentiate the state
Ui and the index i’. The equation above reads

Q"R=-z', (25)

with z! = [Q7,Q"] and R = [R™,R*] the matrix such that R>, = qd;; and R;rl., = q;’i,. The

i’
solution of this equation is unique since Q* is invertible. When queues are independent

Q* is diagonalisable, see next sub-section. In the simple case of constant intensities, Q*
diagonalisation is explicitely computable. O

II.C.3 Diagonalisation of Q*
II.C.3.1 Symmetrization of Q* under the assumption of independent queues

The idea is to find a matrix P such that P~'Q* P is symmetric with P = LH. First, we consider
the bloc-diagonal matrix H = diag{H, Ho,... Home:} where every H; is a square matrix of
size Q™%* such that

Hy =1,

e (N[~ (1 -1
Hl-H:Hl-\/Q;'(”(Qg’(’_D) . Vil

Here /- refers to the square root of a matrix. The existence of such a matrix in this case is
trivial since Q; ' and Q; =1 are diagonal with strictly positive coefficients.
Next, we consider the bloc-diagonal matrix L = diag{L,,L;,...L;} where L; is a diagonal

35O (111,
w for all
Q" (,i+1)

for all i = 1. Finally, we

matrix with diagonal coefficients L;(1,1) =1 and L1(i +1,i +1) = Ly (i, )
i =2 1. Given that queues are independent we have Qf’(m = Q;ﬁ’(o)

remark that P~1Q* P, with P = LH, is symmetric.
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I1.C.3.2 Diagonalisation of the symmetric matrix P~1Q* P: constant coefficients

In the simple case of constant coefficients, the matrix P defined in Appendix II.CII.C.311.C.3.1
satisfies

Ala,b) V 0 0 0 a b 0 0
B 14 A(a,b) V 0 0 b a b 0 ..
p'Q*p=| . . . and A@b=|. . . . . |
0 0 0 V Alab ... 00 b a

where V = BI with B >0 and a and b are some fixed constants. In such framework, the
eigenvalues of P"1Q* P are

kj km jT[ .
/la,bﬁ—a+2bcos(n+1)+2ﬁcos(m), Vi<k,j<n,

and the associated eigenspace is generated by the eigenvector X%/ = (l/{ X, Ué xk... vémaxXk),

where v/' satisfies

. b4
vi =sin(r J
n+l

), Visrj=<n,

and X¥ is a vector such that

k
xk=sinl—=), Visklsn
n+l

ILD Generalities about the state process U and the value
function

For simplification, we fix the added/cancelled quantity g =1 and the spread constant equal
to 1 tick. In this section we take U = Ri x (R)? and Assumptions II.D.1 and IL.D.2 are in force.
When U =N° x (%Z)z, the results of this section remain valid but for different values of the
constants and Assumptions IL.D.1 and IL.D.2 are not needed.

ILD.1 Regularity of the regenerative process U!'

The regularity of our regenerative process is not trivial. In fact, if we consider two processes
U* and U satisfying the same order book dynamics (see Section 3.1) but starting from two
different initial points uo and u, as long as there is no regeneration, for every order flow
trajectory, the error ||[U* — U™"|| is equal to the initial error ||ug — ugl|. However, when one
of the two processes is regenerated before the other, the regenerated one starts a new cycle
from a random position and the error ||[U* — U'*|| is no longer bounded by ||ug— u(’)ll. Hence,
the irregularity mainly comes from the regeneration. In our case, since the regeneration law
depends on the killing state, it may introduce strong irregularities. Consequently, we need an
assumption to ensure that regeneration distributions are similar when exit points are close
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enough. We denote by d!, the regeneration distribution of Ut when the depleted side is i and
the state before the depletion is u. We give here a result on the regularity of the state process
under two general assumptions.

Assumption IL.D.1 (Regeneration smoothness). There exist positive constants K, qo, g1 < 1A qo
and B such that for any u,u’ = (q'**f, q'*, q'“*,q"%,i', p', p'®*¢) € U,

1y, = dyyllzv < Klu=u'll)?,
d.(u')=0, when min(q",q") < qo,
Y AT @+ AT (wu)1 i) < B,

1

with " = "¢/ + g'* + q'“", |lp- p'lirv = sup |p(f) — p'(A)| and |||, the L, norm with
AEF
p=1

Assumption ILD.1 is a Lipschitz type inequality to ensure that regeneration distributions are
almost similar when exit states are close enough. Furthermore, we add a support constraint
to guarantee that regenerated limits have a size higher than a fixed minimum quantity qo and
consider a boundedness assumption for the intensities. We also add the following assumption.

Assumption IL.D.2 (Exit dynamics). Yu = (ql, qz) eU= IR_ZF and i € {1,2}, there exists a positive
constants B~ such that Ve >0, g, >0,

Z)Li’_(u, u’)lqisq > '6—
u' € €

For small size queues (ie. g’ < g.), Assumption ILD.2 ensures that intensities of depletion
are high (ie. A"~ = 1) while other intensities are bounded. Such assumption avoids critical
situations where the order book goes far away from an exit state after being too close to it.
It is also consistent with empirical evidences since a limit disappears almost instantaneously
when it becomes lower than a given bound g.. We have the following result proved in
Appendix ILDIL.D 4.

Theorem IL.D.1 (Regularity of the state process). Under Assumptions 2, 3, 4, 5, [L.D.1and I1.D.2,
the process Ut satisfies

E[(11UY - UH11,)P] < Koe© T (1Us — Ugllp)P,  YUo, Uy €U, Y€ [0,T), (26)

where Ut (resp. U;# ) is the Markov process starting from the initial state Uy (resp. U(') ), T is the
final time, Ky and Cy are constants defined in Appendix IL.DIL.D.4.
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II.LD.2 Regularity of the value function

In this section, we fix p =1 and write ||.|[, = [|.||. Since f is Lipschitz, the function g(u) =
fEy, [AP&]) is Lipschitz as well, see Lemma IL.D.3. When the state process is valued in
NP x (TZ—OI\I”‘)2 we only need g to be bounded which is always satisfied under Assumptions 3, 4
and 5. Then, we have the following regularity properties proved in Appendix ILDILD.5.

Proposition ILD.1. Let T be the final horizon, the value function V is
o Lipschitz in space:
\Vr(t,U)) - Ve, Un)| < Ae“T DU - Unll, VUL U2 €U, ¥1€(0,T],  (27)
with A and Cy constants respectively defined in Appendix ILDILD.5 and Theorem II.D.1.
o Lipschitz in time:
\Vr(t,Un) = Vet ,UDI < Lolt —tl, YU €U, Vt,¢ €0, T), 28)

with Lo = cq®+ Ae“"=DC and C a constant defined in Appendix ILDILD.4.

ILD.3 Execution time inequalities

Here again we also fix p =1 and write |.||, = ||.||. We recall that TEt’feC is defined in Section 4.2
for any control p. We provide here two execution time inequalities. First, when agent’s

decisions are taken at a fixed frequency A~!, we have the following inequality.

Proposition ILD.2. Let Uy, U be two initial states and ,u?p” (resp. ,ugp”) the optimal strategy
for the process starting from Uy (resp. Us). Then, we have

£, Opti L, Opti _ _
E|ITg — T || < AeC T DUy ~ Unl| + AK((T— 1), VU, U2 €0, V€0, T],

with C, = bg# +Co, K1 =4 and Cy and Ky defined in Appendix IL.DIL.D.4.

Proposition II.LD.2 shows that both initial states and agent’s latency A affect the optimal
execution time. We have a second inequality when decisions are taken at any time.

Proposition ILD.3. Let Uy, Uy be two initial states and p?mi (resp. ,ugpti) the optimal strategy
for the process starting from Uy (resp. Uz). Then, we have

t,ﬂ;)pti t,ﬂ?nli , _
E|IT —TM || <K)IUL - Unll, YU, U e, Vrelo,T], (29)

Exec Exec

with K(') =1og(Ky). The constant Ky is given in Theorem ILD.].

Proofs of Propositions I1.D.2 and IL.D.3 are given in Appendix IL.D.6.
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II.D.4 Proof of Theorem I1.D.1

Notations: Let Uy, Ué €U, U (resp. U;“) the process starting from Uy (resp. U}), T the
final time horizon, P the maximum mid price value, PE*¢¢ the upper bound for the execution
price and QM = max(Q™*, QM P). Let 71, (resp. 7| _) be the first time where the best bid
(resp. ask) is totally consumed, 71+ (resp. 7} ,) the first time where the best ask (resp. bid) is
depleted and 71 =71 _ ATy 4 (resp. 7] = T’L— A T’1,+) the first regeneration time of the process

Uf (resp. U;”). Finally, we write 75 for 75 =7, v7]. Let € = (||Up - U(;Ilp)p > 0, there exists
0 < ge = qo satisfying conditions of Assumption I1.D.2. We fix p =1 and write IRIPERIRIE

Step I:  Assume ||Up — Ugl| > ge. Let us show that

E[ sup [|UX - UMIP] <377 11Uy - UylIPetT, (30)
0<t<T

with C = %, C = [6(Q™*)P + (PE*¢¢)P] and B is defined in Assumption ILD.2.

Proof of Equation (30). We write SU* = U* — Uy and 56U} = UF — Uj. Then, we have
1UE = UFIP =3P~ (ISULIIP + 18U IP +11Us - UGIIP).

Since E[ sup [I6UY(IP] < [6(Q™&)P + (PE¥¢)P] BT, we have
0=<t=<T

E[ sup IU¥ -UHIP]=CT +B,
0=t=T

with C = 3p_léﬁ and B =3P71|Uy - U(;Ilp. Since ||Up — U(’)II > (e, we have B > 3”_1615. The
latter leads to the following inequality:

E[ sup |U* - U¥|IP] < CT+B < BeC”,
0<t=<T

with C = i—f. The last inequality comes from ax+ b < be®?* when b > by. O]

Step 2: Assume ||[Up— Uéll < gc. First, let us show that

EIlUL, - UA1IP < x| Uy — U7, (31)
with x = Kléﬁ +2v2x%RK, k! = M,
R defined in Appendix I1.D.4.1.

k2 =x'CB+1, K defined in Assumption ILD.1 and

Proof of Inequality (37). We assume that 71 > 7| a.s. The general case uses the same lines of
argument. We have

W @)

/ ! ! !/ N !/ N
UL, - ULNP = 11UF = UZ NP < U = UIP + 11Uy, - UL1IP.
1 1
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e Part (1) satisfies
ENUL - U;‘,I‘H"J < CPElT -7}l = Cpx[|Uy - UGIP. (32)
In the second inequality, we use E[|7; —7][] < x| Uy — U}lIP, see Lemma ILD.1 below.

 For Part (2), let X = [O,QA’"‘”C]6 x [0, PEX€C] There exists a Borel function s valued in
[—1,1], see Appendix II.D.4.1 at the end of the proof, and a positive contant R such that

llx—yIIP < Rls(x) — s()I, V(x,y) € X2,

Let us denote by d, the regeneration distribution of U! (i.e. dy=d} (resp. dy = d?)
when the best bid (resp. ask) is totally depleted). Finally, we denote by .# the set of
Borel functions on X that take values in [—1,1]. In such case, we have

E[IlUY - U;fllll”] < RE[|s(UE) - s(U;‘,l‘n] =R [E[[E[f[ls(x) = slldyr (Odyu (y) dxdyl Fy,1]
< VZRE[E]] f 1500l dye (d) - f sy (@dy)l] ]

< V2RE[E[ sup {fgdUu (dx)—fgdU/u (dx)}l/gn]]
geM ! L

0

=2V2R [E[lldel_ —dyn llrv] <2V2RKE[||IU: - UiP].
1

In (*) we used the total variation distance property 2||u—v||7y = sup [ gdu— [ gdv.
geM

Given that [E[IIUTHI_ - U;‘LII’”] <«?||Uy - U(’)II”, see Lemma I1.D.2 below, we have
1

[E[IIUfl—UZ:II”] < 2V2RK«?||Uy - UY|IP. (33)
By combining Inequalities (32) and (33), we get the result. O
Lemma ILD.1. We have
Ellz -7yl <10 = Ugll?,
with 1 = 037D

Proof of Lemma ILD.1. First, we assume that 7, > 7| a.s and consider the following notation.

For every state u, we write u>* (resp. uz’_) for the new state of the order book when a
quantity g =1 is added to (resp. cancelled from) Q®. The same reasoning holds for Q!. We
have

EllT: — 7111 = E[EllTy = 711/ Fp+ 1] =E[E[#1/Fp: 1] = E[E[£1/U 1] = E[R(UL )],

where 1 =171 — 7/ is also the first regeneration time of U! but starting from the initial point
Uf,l and h(x) = [E[T/Uél = x] where 7 is the first regeneration time of U# when Uél = x. Since

2, .
# < q. Let us consider the case where

n . . 1,
Ut“ is regenerated at time 7'y, then QT,I_” < (g or QT,1
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Q;l,’,“ < ¢g. The case Q
1

12, . . . /

r’;ﬂ < ¢ is solved using the same arguments. Since ||Uf,1, - Uri,ll, | = ||U6‘—
. . . 1,

U(/)” || (i-e. the error is unchanged before the first regeneration), we have Qr,ft < IIUSt —U(,)” | < ge.

We note u; = Uf,l. By considering the possible transitions of the process U¥, we have

1+ AY () h(uy ™) + A% () h@d ™) + A2 () h(e ™) = A () h(ur) =0,

with 1% = Zﬂl“ + AT Using Assumption IL.D.2 and h(u) < T, for every initial state u, we
have

1 +A1’+(u1)h(ui’+) +AZ’_(ul)h(u%_) +/12’+(u1)h(u§’+) < (1 +3Tﬁ)€

h(ul) <
A*(u1) B
=«!|[Uo = Ugll?,
with x! = 3370 The case when the condition 71 > 7} a.s is not satisfied uses the same
arguments. This proves the result. O

Lemma ILD.2. We have
ENUY. - UL IP1 < %10 = UglIP,

with k> =x'CH+1.

Proof of Lemma II1.D.2. By following the same methodology as for Lemma ILD.1, we first note
that

ENUY. = Uy 1PV < E[ENUE - U 1P 1 %0, )]+ E(IUF - U 11P]
=E[ElIU- -~ Uy 171U, 1] +11Uo = Ugll”
< CPE[EN#11/U} 1] +11Uo = UglIP < CBE[ (UYL )] +11Uo = Ug|1”,

where 71 = 71 — 7] is the first regeneration time of UY but starting from the initial point
Uf,l and h(x) = E[T/U(’)l = x] where 7 is the first regeneration time of Uf when Ug‘ =x. In

the proof of Lemma IL.D.l, we show that [E[[E[h(Uf,l)]] < «x|Uy - U(’)||P. Hence, we have
[E[||Uff - U;’,‘_||P] <x2||Up — U}||P, with x? =x'Cp + 1. This proves the result. O
1

Step 3: Assume ||Up — U{l| < ge. Let us show that
ENUY - U M1P <%eC T[Ty - UYIIP, (34)
for any t < oo, where C' = (f(x — 1))+ and K =1 V.

Proof of Inequality (34). Let t < oo, we denote by Nfegen (resp. N;Re‘gen) the random variable

representing the number of regenerations of U (resp. U;” ) before . Let f1,---, [yregen be
the regeneration times of U;t and #],---, tI’V,Regen the regeneration times of U;” . We build the

sequence f, such that 7, = f; v 1] and

th = infi; > Eyie{l,--, NSEY
2 = inf{e)>yie(l,-, N E

fae1 = thvii
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Let Nfegen be the first index n when one of the sets Qf ={t;>tiefl,- ,Nfegen}} or

Qf = {tl’. >f;i€edl,--- ,N;Regen}} is empty. We adopt the convention 7, = ¢, Vn > Nfegen.
Thus, we have
(%)

A

m Iv# _ i ,v# NRegen u /'IJ o i /,/J NRegen
EllU; - U, ||P_[E[||UENRW - ;ngenllp] <E[x™ Uy = U I1P] < 11Uy = UM IIPE[™ ],
t t
where (**) is obtained by using Inequality (31) and the conditional expectation argument.
When « > 1, we denote by N* the Poisson process with constant intensity . Thus, we have

[E[’KNfRegen] < IE[e(N;‘H)log(K)] — Ke—ﬁt(l—x) < oo,

N <1 and consequently, [E[KNfegen] < 1. This proves Inequality
(34). By combining Inequalities (30) and (34), we complete the proof of Theorem ILD.1 with

Ky=%v3and Co=CvC. O

When x <1, we have «

II.D.4.1 Existence of s

Let us first consider the function s71 = —alog(a) defined in [0,1]. The function s~ 1is con-

tinuous in [0,1] and bijection in the subinterval [0, e~ !]. Moreover, it is a Holder function
satisfying s~ Y (@) —s~1(b)|| < Rllla—blli, Y(a,b) € [0,1]2. We denote by s! the inverse of s71
defined in [0,e7!]. The function s! is continous and valued in [0,1]. Additionally, s1 satisfies
lla—b||P < R'|s'(a) - s'(b)|,V(a, D) € [0,e71]2.
). X — [0,e7Y)

X)) = (S, s 0), 2 (x0), s2(xT)
2

where 2, 55 and s2 are three auxiliary functions for normalization defined such as

Then, we define the normalization function s

s%(x) = . It is simple to see that s satisfies

X 2 X d 2
—_—, $5(X) = ——— and S;(X) = ——
Qmax’ 2( ) e—lQmax 3( ) e—1pExec

e—l
llx=ylI” < R?||s?(x) - s (0)IP, Y (x, ) € X%, with R? = min(Q™®, (¢*Q™*(3 + @))). Finally, we
define s(x) = Zl?:l Is1(s2(x))]. Using the inequality

YN =y = V2IEN X' = XN 17N, we have [|x - yIIP < R*R'v/2|s(x) - s(y)], ¥ (x, y) € X*.

ILD.5 Regularity of the value function
Lemma I1.D.3. The function g is Lipschitz.

Proof of Lemma IL.D.3. Since f is Lipschitz, it suffices to prove that (i) = PI = tlim Ey, [P: —
—00

Py] is Lipschitz where P; is the mid price. Let U; be an order book state. We denote by
(P!);20 and (U!) ;> respectively the mid price and the order book processes starting from U;.
Using Theorem IL.D.1, we have

|PIL - PI'| <E[|P! - PV ) +|Pl - PL | <E[UL = UL 1N+ 11U; - Unll
< (Kpe®! + 1| |U; - Uy, (35)
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with Plf =[Ey, [P — Po]. Since PI; o PIC’;O, there exists fmax such that for any ¢ = 5 and
—00
state i, we have |PI; — PI} | < ||U; — Uy||. Using (35), we have
\PIL, — PIL| < |PIi,~ PIL |+|PIL —PIl |+|PIl,~PIl |<(2+Koe®"™)||U;~Uyll.

tmax

This completes the proof. O

Proof of Inequality (27). We write Utl'” (resp. Utz’“) for the process such that Utl'” = Uj (resp.
Uf’“ = Us). Using the fact that g is Lipschitz and Inequality (26), we have

Lp 2, I T A
|g(UTW ) g(UTW )+ cq | TExecl TEXGCZ |
Execy Execy

|Vr(t,Ur) = Vr(t,Us)| < supE
u

1, 2, t, L,
ss%p[E[|g(UTf,L ) =gk, I+1gUs., )-gWUs., )|+cq“|TE5m—TEfeCZ|]

Execy Execy Execy Execy

< SUPE | gi1ip Koe T DI|UL = Unll + 811ipI Cl Thte,, = Tgter | +€q°1 Tyt = Tite, ||
n

Exec, * Exec Exec, Exec,
Co(T- Co(T-
<10 - Uall(giripi Koe " ™ + KGC) < Ae“ Uy - Unll,

where C = gi1i»C +cq“, C is a constant, Kj = log(Kp), ,u?pti (resp. ,u;)pti) is the optimal
control when Uj (resp. Us) is the starting point and A = g1, Ko + K;C. In the penultimate
inequality, we use Inequality (29) to complete the proof. O

Proof of Inequality (28). Inequality (28) is proved using the dynamic programming principle
and Inequality (27). O
ILD.6 Proofs of Propositions II.D.2 and I1.D.3

Proof of Proposition II.D.2. We fix A >0 and prove the result by recurrence on n =0 for every
T € [0, nAl.

‘ #Opn‘ ¢ ﬂOpti
o Initialisation: Case n = 0, in this case T, 2 =T, =0.

o Jteration: Let us assume the result true for 7 € [0,nA]. Let T € [0,(n + 1)A]. When
T € [0, nAl, the result is true using the recurrence assumption. When T € (nA, (n+1)A],
we can write

¢ #Opti ¢ quti ¢ quti
Mo _ Mo ) Mo _ . .
TExec - TEXEC ]_ t'uzOptz + (TEXEC A) 1 Hé)ptt + Al Hé)ptt
<A T =A T =A

Exec Exec Exec

Let U be the process following the same dynamics as U* but with initial value UK and

ending at T — A with a control fi; = tir+a. Then, we have classically Tgxec = Tgfec -A
and V(A,u) = VI=2(0, w). Thus, we can write

0 2
Opti Opti - Opti Opti S ~Opti ~Opti A
Ly B £y b ' L i
lE[lTExec TExec |]_[E[|TExec 1 t,uzo’m TExec 1 z,p?”” |]+IE[|TExec TExec |]
Exec = Exec -
3)
+AE||1 Opti -1 Opti .
[ ey T zAl]

Exec
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- For Part (1), we have

‘ quti ‘ quti ‘ quti ¢ /JOpti
Ha . _ThH ) < Ha . Hy )
[E[l TExec 1 z,u?”” TExec 1 1.;110””.1 I] = [E[l TExec 1 z,ug’m |] + [E[| TExec 1 :,ulo’”” |]
Exec <A Exec =A Exec =A Exec =A

<AE[L o J+E[1 op ]) = A%28.
<A

Exec Exec

- For Part (2), using the recurrence assumption and Inequality (26), we have

i

)] < AeCTHRE UL - UR ] + KIA(T - £ = A)
< AKoeC T~ CA 11y — Uy ||+ Ky A(T - £ - A).

[E[(Tﬂg s

Exec Exec

- For Part (3), using the same arguments of Part (2), we have

2
A[E[Ith'ugszA —1 omi |]=A°2p.
Exec = Exec -
Finally, since C; = log# + Cp, we have
AT ATl 2 C1(T—(t+A)+CoA
E[T52 —Tgree | <4A°B+KoAe™ XUy = Uall + Ky A(T — £ = A)

< KIA(T — 1) + KoAeCO TGl 1y _ |
= A(K (T - D)+ T 1Uy - Uall).

O
Proof of Proposition II.D.3. Using Proposition I.D.2, we have
E[ngi::'t - Tg;f::’f] < A(1U1 = Ualle©T=0 + Ky (T - 1))
= lim CoA[|U; — Uell + log%AHUl — Wl + KiA(T - 1)
= KollUy = Ul
O

ILE Resolution of the optimal control problem

II.LE.1 Proof of Theorem 1

First, let us assume that the time derivative 0,V is continuous is each sub-interval (kA, (k +
1)A). Then, we can show classically that V satisfies the equations of Theorem 1 by applying
Ito’s formula. Thus, it suffices to exhibit a solution and use a verification argument to con-
clude. Equation (13) in Section 4.3 provides a solution that satisfies the required regularity of
0;V. Thus, we conclude using a verification theorem as in Theorem 4.1 in [133].
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II.LE.2 Proof of Theorem 2

Let G = (10, Q™))" x [0, PE¥¢¢], Gy = ([0, Q™% x {0} x [0, Q)% x [0, PE¥¢¢] | u ([0, Q15

[P, Q™3] x [0, PExec]), and g and g are Lipschitz functions representing respectively the

boundary and final constraints. We denote by Omax = max(Q™®, Q™ P), P the maximum
mid price value and PE* the upper bound for the execution price. Equations satisfied by V
can be formally derived by assuming that V is smooth and using the dynamic programming
principle

max(@tv+Qv,sup,€Eer— v) =0, onl0,T)xG,

v=3g, on [0, T) x Go, (36)

w(T,)=g, on G,

with 2 f(u) = [ f(u')—- f(u)dQ(u'; u) the infinitesimal generator of the state process, £ f(u) =
J fW)dk" (u';u) for every continuous and bounded function f, state u and control r € E.
Since a control r may lead to several states, we write k" (u'; u) for the probability to reach the
state u' starting from u after taking the decision r.

Existence, uniqueness of the solution: Uniqueness of the solution comes from a standard
comparison principle using the same arguments as in [33, Theorem 2.2]. Existence of the
solution can also be derived following [33, Theorem 2.3].

Regularity of the solution: Let us show that 9,V is continuous except on the boundary of
{V = g}. We denote by V the continuous and Lipschitz viscosity solution of (36).

Let r be the control which modifies the agent’s state when it exists. Let O be the open
set O={V>max(Z"V,g)tui(t,u); V>g, k" (u;u) =1}. On O, we have 0,V = -2V in the
viscosity sense. Hence, by considering a sequence of smooth functions converging uniformly
towards V, we have 8;V is continuous on O, see [37, Corollary 5.6] for a close construction.

Let Oy ={# "V =V, V > g} and O; its interior assumed non-empty, otherwise there is nothing
to prove. Since V is Lipschitz, 9,V is essentially bounded. To show that 0,V is uniquely

defined on O;, we assume the opposite and consider a point xo = (fy, upg) where 9,V admits
two possible values. We have

Vixg)=X"V =fV(to, uHYdk" (' up).

There exists at least one u(’) satisfying kr(u(’); up) >0 and (1o, u(')) € O. To see this, let us take
uy = argmax{V (o, '), k" (u';up) > 0}. Since V(fy,up) = V(xo) > g, we have (to,uy) ¢ {V =
gl. If (to,u)) € O, it is exactly the needed result. If (f,uy) ¢ O, then V(ty,up) = £V =
S V(tg, udk" (u'; u) < V (1o, uy). Hence, the only possibility is k" (ug; uy) = 1 which provides
the needed contradiction.

Since u(’) € O, then 0,V (1, u6) is uniquely defined and 0,V is continuous around (to,u(’)).
Hence, the function 0,V, with V =V — k" (ugy; )V (., ug), is not uniquely defined in xo and 174
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satisfies
Vix))=A"'V=">3 Vit u)k" (;up).
u',u'#uy
Since the sum in the above equation is finite, we can apply the same arguments as before
several times to find that the null function is not uniquely defined which provides the needed
contradiction. Hence 0,V is uniquely defined on O;. Furthermore, since 0,V is continuous
on O, we can prove by contradiction and using the same arguments that 0,V is continuous

on O; and thus on O;.

Let O, = On Oy, where O is the closure of O; and x be a point on Oz. Thus, x is the limit
point of (x,),=0 and (x,lq)nzo, such that (x,),, € O and (x,lq)n € O;. Let [ (resp. ;) be the limit
value of nlirn 0:V(xy) (resp. r}im 0,V (x1)). Hence, we can check

—00 —00

= lim 8,V (x,) = lim QV(x,) = QV(x) = lim QK" V(x}) = K" lim QV(x}) = K" lim 8,V (x}) = .
n—oo n—oo n—oo n—oo n—oo

Thus, dV is continuous on O3 = OU O7. On the set Oy = {V = g}, 9,V is clearly continuous
since 0;V =0.

Finally, we consider the set Os =90, and x a point on Os. Here again, x is the limit point of
(X) n=0 and (x,li)nzo, such that (x,); € O3 and (x}l)n € Oy4. Let [ (resp. [;) be the limit value
of Y}EgoatV(xn) (resp. r}i_{{.loatV(x}l)). Thus, the condition [ = [; is equivalent to Qg = 0. This

relation is not necessarily satisfied.

Conclusion: Equation (36) is satisfied almost everywhere by V. Since 0,V is continuous
except on the set O5 = d{V = g}, Equation (36) is satisfied pointwise except on Os.
ILE.3 Optimal strategy

Let TZ.T =1;ATH Since V satisfies Equation (14), we have

Exec’
B B i 07
[E[g(UT},; )=cq“Tg,,.] —[E[V(TExec,UTg )]

i=0

=VO,U)+Y [E[f'r V(s U - 0q) ds+ [V, Uk P - Vi, UL )|
Ti
=V (0, Up).

Since, by construction, [E[V(T,-, (U“l._)ﬁ") -V(ry, U}ui_)] =0, and LV (.,U)—cq® =0, this shows
that this policy satisfies [E[g(U?u )—cq® T" 1=V, Uy), and is therefore optimal, by defi-

L e Exec
nition of V (0, Uy).
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II.LF Proof of Theorem 3

ILF.1 Proof of Inequality (17)

Let us fix A and show the result by recurrence on n for every T € [0, nAl.
Initialisation: in this case we have V' =V = g.
Iteration: let us assume the result true for 7. Let T € [0, (n+ 1)A).

e When T € [0, nAl: the result is true using the recurrence assumption.

e When T € (nA,(n+1A]: let t €[0,T]. When ¢ € (A, T, the result is true by using
V(t,U) = Vr_;(0,U), VA(t,U) = ‘774_[(0, U) and the recurrence hypothesis. Let us take
t€[0,A, T). Using the dynamic programming principle, we have

TR 1

Exec

VA0t u) = V(¢ )] < |supE [eq“( gk, ~ 1117
u

Exec HSt+A T [ T <r4n)

Exec

A LA 1L
+ anA(le[fec>t+A - 1Té’f >t+A) + (VT—t(A’ UA )= Vr-:(4, UA))] |

ec

- First we have

=11 Ly 2
E[l(TExec_t)lelfeCSHA_(TExec_t)lT[’”CsHAl] = A[E[lTéfECSHA_'_lT};f <t+A] <A"2H.

Exe ec—

- Second, using (4.4.2), we have
E[(VA, A, T8 = ve_ (A, UD) |1 = 13 [P, VR (A, u) ~P[Us = u/|Up = u] Vr, (A, )] |
"
<) [P;:ﬁ,l(VTA_t(A, u') = Vr_ (A, u)] + DIIgllooA’
”
< R(T —t—A)A+ D]||gllcoA%.
- Finally, we have
anA[E“ngfec»m - 1T,§fﬂ>t+A|] = anA[E[lngfeCSHA + lfgfecstm'] <cq"A”2H.
By combining above inequalities, we conclude
\VR(t,u) = Vr_¢(t,w)] < R(T — t — A)A+ RA? < R(T - D)A.
ILF.2 Proof of the stationary convergence of u°r4

Let u9PtA be the piecewise constant optimal control associated to the process U”’A. We
u p p p t

say that a sequence of functions f” converges to f in a stationary way when 3ng such that
Yn=ng, f"=f.
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II. Optimal liquidity-based trading tactics

Outline of the proof: First, we prove the existence of a subsequence (¢;) ;=0 such that
uOPLAm () T ) in a stationary way, where f[i(w) is a piecewise constant function.
—00

OptiBom | there exists 11

Then, using V2(¢,U) o V(t,U) and the stationary convergence p

~ Agim i - ~Agim, Opti,A(p(n) . Opti,Ad)(n)
such that Y = no, EIg(U 1" =cq Ty, ) =ElgW )k, - )=cq“The 1 = V(5,U).
. =

Exec E
xec

Since U* is right continuous, i is optimal.

Proof of the stationary convergence: First, let us prove that there exists € > 0 such that
OptiBgam () which is stationary in [a, a +¢).
Let a € [0, T), since the space € = {l,c,m} is compact, we can extract a subsequence (p“(n)
such that pOp tLBgam) () (a) converges towards a given limit p(w)(a). Since € is finite the
sequence qu t8gam () (@) is stationary. Let €(w) > 0 be the minimum time between two
consecutive jumps in [0, T]. Hence, ,quti’AW‘("’ (w)(a) is constant in [a,a+€). Consequently,
pOPEAgm (@) (x) = H()(a), Yx€[a,a+e) in a stationary way.

for every a€ [0, T], we can find a subsequence

T .
Let m, = [;J. For every i € {0,---, m,}, there exists ¢'¢ such that

PN (@) ()~ p(w)(ie), Y€ [ie, (i + De).

We define the piecewise constant limit function fi(w) such that
flw)(x) = plw)(ie), Vxelie, (i+1e).

By construction, there exists ¢(n) (constructed by a finite number of ¢%(n) compositions),
the sequence pOPIL g (¢) s f(w) in a stationary way.
—00
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CHAPTER III

Optimal inventory management and order
book modeling

Abstract

We model the behaviour of three agent classes acting dynamically in a limit order book of
a financial asset. Namely, we consider market makers (MM), high frequency directional
trading (DHFT) firms, and institutional brokers (IB). Given a prior dynamics of the order
book, similar to the one considered in the Queue-Reactive models [565, 90, 91|, the MM
and the HFT define their trading strategy by optimizing the expected utility of terminal
wealth, while the IB has a prescheduled task to sell or buy many shares of the considered
asset. We derive the variational partial differential equations that characterize the value
functions of the MM and HFT and explain how almost optimal control can be deduced
from them. We then provide a first illustration of the interactions that can take place
between these different market participants by simulating the dynamics of an order book
in which each of them acts optimally.

Key words: Optimal trading, market impact, optimal control.

MSC 2010: 49L20, 49L25.

1 Introduction

The comprehension of the order book dynamics have become a fundamental issue for all
market participants and for regulators that try to increase the market transparency and ef-
ficiency. A deep understanding of the order book dynamics and agents behaviours enables:
market makers to ensure liquidity provision at cheaper prices, high frequency traders to
reduce arbitrage opportunities, investors to reduce their transaction costs, policy makers to
design relevant rules, to strengthen market transparency and to reduce market manipulations.
Moreover, modelling the order book provides insights on the behaviour of the price at larger
time scales since the price formation process starts at the order book level, see e.g. [54] for
Brownian diffusion asymptotic of rescaled price processes. Recently, the widespread market
electronification has facilitated the access of high quality data describing market participants
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III. Optimal inventory management and order book modeling

decisions and interactions at the finest time scale, on which statistics can be based. The avail-
ability of the order book data certainly allows a better understanding of the market activity.
On the other hand, the recent market fragmentation and the increase of trading frequency
rise the complexity of agents actions and interactions.

The main objective of the present paper is to propose a flexible order book model close to
the one of [55, 90, 91] and Chapter II, construct a first building block towards a realistic order
book modelling, and try to better understand the various regimes related to the presence of
different market participants. Instead of considering pure statistical dynamics as in e.g. [55],
we construct a structural endogenous dynamics, see e.g. Chapter I and Chapter II, based on
the optimal behaviour of agents that are assumed to be rational. For numerical tractability,
we simplify the market in three classes of (most significant) participants: the market makers
(MM), the directional high frequency trading (DHFT) firms, and the institutional brokers (IB).
Each of them decides of his policy in an optimal way, given prior statistics, and then interact
with the others given the endogenous realizations of the market.

More precisely, they assume that the market dynamics follow an order book model similar
to the one suggested by the Queue-Reactive approach [90], see also [1, 55, 81], in which we
restrict ourselves to the best bid and ask queues': limit and aggressive orders arrive with
certain intensities, when a queue is depleted it is regenerated according to a certain law and
possibly after a price move, the spread can take two different values.” Importantly, we also
take the imbalance into account in the modelling of the different transition probabilities, see
e.g. Besson et al. [30].

The market participants can either put limit or aggressive orders. The aim of a market maker
is to gain the spread. He should therefore essentially insert limit orders, aggressive orders
being used when his inventory is too unbalanced. In our model, he can only act on the
given order book. The directional high frequency trader is assumed to play on the correlation
between the order book dynamics, viewed as the stock price, and the price of another asset,
called futures hereafter. Indeed, he believes that the difference between the stock and the
futures prices is mean-reverting. Whenever he buys/sells one unit of the stock, he sells/buys
back one unit of the futures. We do not handle the order book associated to the futures but
simply model the price of the futures as the mid-price of the stock to which a mean-reverting
process is added. Still, we introduce a (possibly equal to 0) transaction cost proportional to
the size of the transaction. As the market-makers, he seeks for a zero inventory at the end
of the trading period. Finally, institutional brokers are simply assumed to play VWAP (Vol-
ume Weighted Average Price)- or Volume-based strategies (trading algorithms). Again, they
essentially use limit orders and become aggressive when they are too late in their schedule.

IThis limitation is for numerical tractability. It is already enough for most markets.
20ne could consider a larger set of possible spreads in theory, but refrains to doing this for numerical
tractability.
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1. Introduction

To solve the IB control problem we follow the Cartea-Jaimungal approach, see [52] and its
various extensions [47, 48, 49, 50, 51].

We focus on the derivation of the optimal strategies of the market makers and the high fre-
quency traders, and on how they can be computed numerically by solving the associated
variational partial differential equations. Note that it is important to consider their strategies
within a dynamical model as current actions impact the order book and therefore may modify
its futures dynamics. We will actually see that, in certain situations, participants can place
aggressive orders or limit orders in the spread just to try to manipulate the order book in
a favorable way. Note that the dimension of our control space is higher than in [1, 81] and
Chapters I and II since more complex decisions are required to tackle the market making
problem.

However, the ultimate goal of this work is to provide a market simulator. In the last sec-
tion, we already present simulations of the market behaviour given the pre-computed optimal
strategies of the different actors. More precisely, we will only simulate the evolution of the
mean-reverting process (driving the difference between the stock and the futures price) to-
gether with the reconstruction of the queues when prices move, and let the participants play
their optimal strategies given the evolution of the order book due to their different actions.
This should allow us to study how these different market participants may interact with each
others when they act optimally. In particular, one should observe different market regimes
depending on the proportion of the different participants in the total population, on their risk
aversion, etc. First simulations are provided in this paper, a more throughout study is left for
future research.

Our approach therefore lies in between two current streams of literature. The first one is
based on “general equilibrium models”, including economic models, where the market ac-
tivity is generated by interactions between rational agents who take optimal decisions that
interact through the market netting process, see e.g. [66, 134, 139]. The second stream of lit-
erature considers purely statistical models where the order book is seen as a random process,
see e.g. [2, 3, 20, 55, 57, 77, 83, 82, 90, 91, 106, 107, 144]. The statistical models focus on
reproducing many salient features of a real market rather than agents behaviours and inter-
actions.

We end this introduction with an outline of our paper. In Section 2, we present the general
order book dynamics. The market maker control problem is studied in details in Section 3.
Therefore, we present the equations satisfied by their optimal strategy and propose a numeri-
cal solution for this problem, together with numerical illustrations. In Section 4, we formulate
the directional high frequency trader control problem and perform a similar analysis. The
institutional broker strategy is described in Section 5, where we restrict ourselves to VWAP
and Volume liquidation problems. Finally, in Section 6, we simulate a realistic market using
the three agent’s optimal trading strategies.
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III. Optimal inventory management and order book modeling

2 General order book presentation and priors of the market
participants

As mentioned above, we focus on a single order book and only model the best bid and ask
prices, in a similar way to [55]. In this section, we describe the general market mechanisms as
well as the priors on which the optimal strategies of the agents are based. We fix a terminal
horizon time T and consider a probability space (Q,[?). Here, Q:=Q; x Qy and P:=P; Py,
where Q; is the space of R'!-valued cadlag paths on [0, T] endowed with a probability mea-
sure P} with full support on Qi, and Q, is the one dimensional Wiener space endowed with
the Wiener measure P,.

We denote respectively by (P?)tzo and (P})=o the best bid offer and the best ask offer pro-
cesses on the market. They are valued in 0Z where 0 > 0 is the tick size. We denote by (Q?)tzo
and (Qf) ;=0 the sizes of the corresponding queues valued in N*. To simplify the notation,
we introduce P := (Pb,P“), Q:= (Qb,Qa) and define the spread process as P := P — pb,
Moreover, we assume® that 0P, €{0,20} for all t=0.

We denote by (7;);>) the times at which orders are sent to the market. We assume that this
sequence is increasing and that #{i e N:7; < T} < co a.s. The market participants can send
different types of orders at each time 7;:

o Aggressive orders of size a? eNNJOo, Qb] at the bid or of size a? e NN [0,Q" at the ask:

the size of the corresponding queue, Q° or Q%, decreases by the size of the aggressive

order, a?

a
i or al..

* Limit orders of size L? €N at the bid or of size L} € N at the ask: the size of the
corresponding queue, Q° or Q° increases by the size of the limit order, L? or L.

1 1
e When 6P = 20: limit orders of size L?'z €N at the bid or of size L?’Z e N at the ask: the
order is placed inside the spread, at the price P?+0 = P% -0, which generates a new

. . b3 a3 .
queue at the bid or at the ask, of size L;"* or L,’*, and a price move.

e Cancellations: cancellations of Ml[J e NN [0, Q[’] orders at the bid or of M? eNN[0,Q%
orders at the ask. The difference between cancellations and aggressive orders is that
aggressive orders consume the bottom of the limit while cancellations consume the top
of the limit first.

3The extension to more possible spread values is straightforward. We stick to this setting for notational and
computational simplicity. Note that this limit is also justified by empirical evidences for many stocks, see [55].
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2. General order book presentation and priors of the market participants

b,l ’l

The sequence (a?,a?,L?,L?,Li 2,L? 2
1

ability one, on the state space C, defined as the collection of elements (a®, a®, 0°, 0% 0%z,

1
%2, m®, m%) eN® such that

,M?,M?) i=1 is a random variable leaving, with prob-

a’a®=0,

0% = ¢% =0 if max{a® a"} =1,

%% =0 if max{a®,a® ¢} > 1,

¢%: = 0if max{a®,a®, ¢ =1, ¥
m® =0 if max{a®, a®, ¢°,¢>3} > 1,

m® = 0if max{a®,a®,¢%, (%3} > 1.

We interpret the above expression as follows. First, aggressive orders cannot be sent simulta-
neously at the bid and at the ask. Next, limit orders (at the current bid/ask prices) cannot be
placed when aggressive orders are already sent. Finally, one cannot insert limit orders within
the spread if limit orders at the current bid/ask prices are placed. Because we only consider
the first limits, these conditions are natural whenever one presumes that orders of different
market participants do not arrive exactly at the same time.

Depending on the arrival of orders, queues can be depleted. In this case, new queues can
be re-generated, at the same prices or at different prices, and possibly with a change of the
spread value. To model this, we introduce a sequence of random variables (€l‘,€?,€?)i21 with
values in {0,1} x (N*)2. The sequence (€;);>1 describes possible jumps of the bid/ask prices,
while the sequence (6‘? ,€7)i=1 describes the new sizes of the queues when they are re-generated
after a depletion. More precisely, we postulate that

Pfi = PEH +0

Lei=n (_I{Qllji—lzdib} + 1{5PU-1:20}1{Q?1~,1 :d?}) - 1{L?'%>0}] ,

PS = P +d :

Ti-1

(2)

2 b_ b
=@ Liape —op T (€5 = Qr, )L iape sojuiat=qe_ )

1
b _ b b b3 b
QTi - QTi—l +Li + (Li QTi—l)l{L:_"%>0}

1
a, s A
Qr = Q. +Li+(L;" - Q'?i—l)l{L‘."% S0 a;1iapg =0 + (€7 = Q7 ) Liaps zojuias=05, b

for i =1, where

d?/a = a?/a_'_M?/a’

with
(PS, PY,Q5, Q%) € Dpg :={(p°, p*, q) € 02)* x (N*)?: p° — p° € {0,203},

and the convention 7o = 0—. Note that (1) ensures that these dynamics are consistent. In
particular, prices can move only if one of the queues is depleted because of the arrival of ag-
gressive orders and cancellations or if a new limit order is inserted within the spread. These
two situations cannot occur simultaneously. The ask price can move by 0 when the ask queue
is depleted. If the spread was already 20, then the bid price moves up as well. The other way
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III. Optimal inventory management and order book modeling

around if the bid queue is depleted. In the following, we extend the dynamics of (B Q) by
considering it as a step constant right-continuous process on [0, T].

We now denote by & the N'2-valued step constant right-continuous process defined by
b,4 L .
A8y, :=8,—&r, | = (a?,a?,L?,L?,Li Z,L? Z,M?,M?,e,-,e?,e‘;,l), i=1,
with &7, := &y :=0. Later on, we shall only write

(P‘[l'! Q‘[i) = *JTRQ(PT,',UQT[?l’AéaTi)) (3)

in which the map Jp is defined explicitly by (1).

The process & models the flow of all the orders on the market. From the viewpoint of a
market participant, it corresponds to its own orders and to the other participants’ orders that
we denote by &. The process & has jump times (7;);>1 < (7;)i=1 of sizes

Aéf:’ = Z 1{f,~:1j}Aéij, Vi=1. (4_)

j=z1

It induces a counting measure V(dt,de). For a market participant, a prior on this mea-
sure is given by the compensator fi of ¥ under P. We assume that it is state-dependent.
More precisely, we consider a Borel kernel (p,q) € Dpg — f(:|p,q) € A4 ([0, T] x N®), where
([0, T] x N®) denotes the collection of non-negative measures on [0, T'] x N8, In particular,
it can depend on the order book’s imbalance, as observed in e.g. [30]. To be consistent with
the constraints imposed above, it satisfies

fi|p, q) is supported by C,, for all (p,q) € Dpg. )

Additionally, the aggressive orders and cancellations are never bigger than the corresponding
queue size. This assumption is more explicit in our numerical example sections, see Sec-
tion 3.4.

Next, we shall denote by &% the flows corresponding to the trading strategy of either a market
maker, a directional high frequency trader, or an institutional broker. Thus, they face a global
flow & = & + &?. Moreover, for simplicity, we assume that fi is of the form

dfi(c,e,€% €%, dtlp, q) = dA(e, €%, €% p, q,c)dB(clp, g)dt, (6)

in which A and B are bounded Borel non-negative kernels and (without loss of generality)

fd)l,(e,sb,eulp, q,¢)=1, forall (p,q,c) € Dpg x C.. 7)

bt ql )
Later on, when an order (a?,a’?,L?,L?,Li 2 ,Lll.1 2 ,M?,M?) is sent by a MM, an HFT or an IB,
we shall also assume that the conditional law of (ei,e?,e‘l’.‘) is given by A.
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3. Market maker’s optimal control problem

Remark 2.1. Let y(p,q) := [dpB(cIp,q). Then,y is uniformly bounded by the above assumption.
Let T be a stopping time and fix h > 0. Since A integrates to one, it follows that P#{t € [t,T+ h]:
AE; # 0} = 1|F;] = hy(Pr, Qp) + o(h) and P[#{t € [1,7+ h] : A&; # 0} > 1|%;] = o(h). Moreover,
the process counting the number of jumps of & is dominated by a Poisson process with intensity y :=
supy <oco. Hence, P[#{t < T:AE; #0} = k1 < y¥T/k, for k=1, by Markov’s inequalzty Similarly,

if § is a non-decreasing Borel map, then E[g(#{t € [0, T]: A&; # OD] < ¥ k=1 (k)L (YT) e 7T,

3 Market maker’s optimal control problem

In this section, we describe the optimal control problem of the market maker, the key tools to
characterize the solution and how to numerically approximate the optimal control.

3.1 Market maker’s strategy and the state dynamics

The market maker typically places limit orders in order to make profit of the spread but can
turn aggressive when his inventory is too important. At the end of the trading period [0, T,
the later should be zero. In the following, we denote by G his gain process and by I his
inventory. We also need to keep track of the sizes of the orders that he already placed at the
bid queue, N, and at the ask queue, N*. For simplicity, we impose that new orders cannot
be inserted at the bid (respectively at the ask) if he already placed a limit order at the bid
(respectively at the ask). Then, his position at the bid (resp. at the ask) is completely described
by NP (resp. N%) and the number of units B® before him in the bid-queue (resp. B* before
him in the ask-queue). Later on, we only write N = (N® N%) and B = (BY, BY).

To define the market maker’s control, we assume that he faces the exogenous process &
described in Section 2. For him, a control is a sequence of random variables ¢ = (T(f,c(ip)izl

where (T(,-P)izl is an increasing sequence of times and each

= @, 100, 100 920 1920 0P oy,

c—(a i 0

is C,-valued, see below for more implicit restrictions. The quantities (T(l-p)izl are the de-
cision of the MM and c(l.b his actions. The components of the vector c(l.p have the same
meanings as in Section 2. Given his own orders and the other participants’ orders, the
sequence of times at which orders are sent to the market is (7;);>; where 7 := 0— and
Ti+1 =min{T; > 74, j=1} Amin{rf > 14, j =21}, see (4) and above.

¢

We denote by &% the cadlag process that jumps only at the times 7;'s with jump size

6% = () Y epefeple, ) Vizl,
1 ]>]

so that*
&=6%+8,

4We keep in mind that & also depends of ¢ but dot not make this explicit for ease of notations.
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from his point of view. As usual, we impose that &% is predictable for the (completed) filtration
F¢ = (9;[) )¢=0 generated® by &. We will also keep in mind the number of actions

]:: Z 1{‘[(.05‘}'

i=1 '

from time O on, as it may induce a cost.

We now impose a minimum and maximum inventory size, denoted by (—I*,I*) € (-N) x N,
and that
#{T(l./) <Tiz1l}<kpAJ a.s., for some ky €N,

for some J, € NU{oo}. The constraint on the inventory is classic. The constraint on the
number of operations can be justified by operational constraints. In the case J, = oo, it
just means that each control should be of essentially bounded activity, but the bound is not
uniform on the set of controls and can be as large as needed. To be admissible, a control ¢

should therefore be such that each c(ip is C(Z ¢_)-valued, where
Z:=(PQ,X) with X:=(G,I,N,B,])),

and, for any z = (pb,pa,qb,q“, g,i,nb,n“,bb,ba,j), C(z) is the collection of elements ¢ :=
(@®, a®, b, 09,0%, 0%, m®, m%) € C,\ {0} such that:

a® Smin{i+l*—ba; qb} ,aaSmin{I*—i—bb; qa},
0O < (I* = D)1 gy, 00 < (i + 1) 1oy,

1 . T
02 < (I = D)L po_po gy Loy » €77 <+ T e oy Lino=o),

b b

m’<n’, m*<n,

c=0ifj=J..

Note that the constraints on the first three lines correspond to the fact that we do not want
to take a position that could lead to an inventory out of the limits —I* and I* if it was sud-
denly executed. The indicator functions correspond to additional constraints on the controls,
imposed for numerical tractability: no new limit order can be sent on a side if one has not
been executed or has not cancelled the position on the same side before, no limit order can
be sent in the spread if it is not equal to two ticks. In this case, we write ¢ € €(0,Zy-). The
dynamics of X are given by

X;, = Tx(Pr, Qe ) Xey , AEDIT { +Tx(Pr, Qe Xeo , AE)

A8Y #0} 8! =op (8)
in which I, Jx : R?? — 0Z x N x N* x N. More precisely, consider the map

exe(a,n,b):=min{(a-—b)",n}, a, b,neN.

SNote that this creates a dependence of the filtration on the control itself, which is similar to [16].
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3. Market maker’s optimal control problem

It represents the number of stocks set at a limit that are executed when an aggressive order
of size a arrives, that the position in the queue is b, and the size of the posted block at this

position is 7. Then, having in mind the constraints encoded in C(:) above, see also (1), we
can write

'JO—X = (*JO—G)LO/—I)LOTN"’S)—N“HJTB[’):)TBC‘)LOT]) ’ =JOLX = (LO/LG)LO/LI»JN%LO/LNQ’S)LBI’»jBC‘»‘gL]);

where

N

c(p,q,%,6) = g+ (a® — exe(a®, n® b*)) p°® - (a® — exe(a®, n®, b*) p°,

(P, G, %,6) =i — (a® — exe(a®, n® b)) + (a® — exe(a®, n®, b%)),

S

9

1
Nh/a(p, q,x,5) — nb/a + wb/a_ nb/a]+ +€b/a,§ _ mb/a —exe(db/a,nb/a,bb/a),

S

_ 1,b/a b/a b/a b/a b/a b/a b/a
Bb/u(p, q,x,5) =b +(q -b )1{gh/u¢0}_b ]_{mb/a:nb/a}_(b Na )1{ab/a¢0}_b 1{[(1/0’%?50},

Ii(p,q,x,0)=j+1,
and
I6(p,q,x,0) = g—exe(ab,nb,bb)pb +exe(a®, n", b p*,

AL

(p,q,x,6)=i+ exe(a®, n®, b®) — exe(a®, n, b%),

Q.

ol (P, q,x, 5) — nb/a _ exe(ab/a, nb/a, bb/a)’

Q

Bb/a (p’ q, x’a) — [bb/a _ ab/a]+1{m[7/a:0} + (bb/a _ [mb/a _ (qh/a _ bb/ﬂ _ nb/a)]+)+1{mb/a¢0},
](p; q, x:é) = 0)

Q

for any x = (g, i,n% no, bb,ba,j), 0= (ab,a“,ﬁb,fc‘,ff”%,[“'%, m® m% e eb %), p= (pb,pa) and
a=1"q" .

Remark 3.1. 1t follows from (6) and the constraint that &% is predictable that the probability that
&% and & jump at the same time on [0, T] is zero. This justifies the formulation (8).

For later use, note that it follows from (1) and (8) that

Zey =T Zey  DED g Loy + T (Zey  DEDT o 9)

in which

3.2 The optimal control problem

The aim of the market maker is to maximize his expected utility

E[U(Z7)],

127
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in which
U(z) := —exp (—n{g+ TPt =it k(T — gt + [ — %) - Qj}), (10)

for any z = (pb, p°, q[’, q°, 8,1, n® n® bo, b%, j). In the above, 1 > 0 is the absolute risk aversion
parameter, and k > 0 is a penalty term taking into account that liquidating the current inven-
tory may lead to a worse price than the one corresponding to the best bid or ask: the quantity
i*p®—i~p® corresponds to the liquidation value of the inventory if the bid and ask queues
are big enough to absorb it, the expression starting from « takes into account the number of
shares that will not be liquidated at the best limit. The coefficient p = 0 penalizes the number
of actions taken by the market maker. To define the corresponding value function, we now
extend the definition of our state processes by writing
Z[,Z,¢ — (p[,Z,Qb’ Qt,Z,(I)’Xt,Z,(P)’

for the process satisfying (1)-(8) under the control ¢ starting from the initial condition Ztt’_z’d) =
z € Dz where Dy is the collection of elements (pb, p°, qb, q*, 8,1, n® n% o, b%, j) €DpoxdZ x
{=1*,..., "} xN* x{0,..., Jo} such that
n+i<sr*,i-n%>-rI*,
P +n°<q®, b*+n<q"

The corresponding set of admissible controls is €(t,z), and the filtration associated to ¢ €
€(t,z) is F**?_ We then set

v(t,z):= sup J(t,z;¢), for (t,2) €[0,T] x Dy,
PEE (1,2)

where
J(t,z:¢) := E[U(ZE"7)).

Remark 3.2. For later use, observe that
v(t,z)=e "18u(t, pb, P, qb, q%,0,1i, n® n® o, bY, ),
forallt<T and z= (pb,p“,qb,q“,g, i,n, n“,bb,b“,j) € Dz. Moreover, if ], = oo, we also have
v(t,2) = e 1870 (1, z) := e 1€ CD (1, p°, p®, 4°, ¢°,0,i,n°, n®, b®, b%,0).

Remark 3.3. Note that v is bounded from above by 0 by definition. On the other hand, for all
z=(p" p% q° q% g i,n°,n% b, b, j) € Dy,

v(t,2) = minje -, E[U(PE*°,0,0,,1,0,0,0,0, /)]
= e 18D minie_p+ 1+ E[U(PL*,0,0,0,,0,0,0,0,0)],

where PY*0 corresponds to the price dynamics when the MM does not act on the order book up to T.
Moreover, it follows from (10) that

ELU(P%*°,0,0,0,7,0,0,0,0,0)] = —¢! 1P IE (¢! (PF™" =P I+2040))
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3. Market maker’s optimal control problem

where

sup E[e" P71 240) < o,
pbevz

by Remark 2.1 and thepfact that the price can jump only by O when a market event occurs. Thus, v
belongs to the class L.of of functions ¢ such that @/ L is bounded, in which

L(Pb,g,j) = e_n(g_l*lphl_pj).

for any (p°, g, j) €0Z xVZ % {0,..., J.}.

3.3 The dynamic programming equation

The derivation of the dynamic programming equation is standard, and is based on the dy-
namic programming principle. We state below the weak version of Bouchard and Touzi [37],
and let v, and v* denote the lower- and upper-semicontinuous envelopes of v.

Proposition 3.1. Fix (t,z) € [0,T] x Dz and a family {94’,(/) € 6(t,2)} such that each 09 is a
(t, T]-valued [Ft’z"l’-stop[)ing time and IIZ(;('I,Z”(I)IIL00 < oo. Then,

sup E|v. (0%, Z;f’(p)
Pe€(t,2)

<vt,2)< sup E[v"©0% 2,79

PeEE(1,2)
Proof. The right-hand side inequality follows from a conditioning argument, see [37]. The left-
hand side is more delicate because the set of admissible controls depends on the initial data.
However, it can be easily proved along the lines of Baradel et al. [16] when {09, € € (t,2)} is
[t, TIN (NU{¢, T}-valued. Then, the general case is obtained by approximating [, T]-valued
stopping times from the right (recall that Z is right-continuous). U

One can then derive the corresponding dynamic programming equation. For any z = (p, g, x) €
Dz, ce C(z), t < T, and a continuous and bounded function ¢, we set

L(t,z):= f(%cw(t,z) —@(t,2)dB(clp,q) and F @(t,z):= sup K @(t,z),
ceC(z)

where we use the convention that %% = sup @ = —oco, and
HE(t,2) = f(p(t,f/—(z, c,e,€%,e)dAle, %, % p, g, 0),

recall (6), (7) and (9). The partial differential equation characterization of v is then at least
formally given by

min{-0:p— F@,p— K p} =0, on [0,T) x Dy, 1
min{¢p - U,p— Z ¢} =0, on {T} x Dy. W

In order to ensure that the above is correct, we need two additional conditions.

Assumption 3.1. For all upper-semicontinuous (resp. lower-semicontinuous) ¢ € L) the map
(t,2) €[0,T] x Dz — (S, X)@(t, 2) is upper-semicontinuous (resp. lower-semicontinuous) and be-
longs to 138
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III. Optimal inventory management and order book modeling

Assumption 3.2. There exists a Borel function y that is continuously differentiable in time and
such that

(i) 0=0,w+ Iy, on [0,T) x Dy,
(i) y—Fw=1 0nl[0,T] x Dy, for some 1> 0,
(i) w=U, on{T}x Dz,

(i) li’%ninf(l///L)(tn,zn) =00 if |zy| = 00 as n — oo, for all (ty,2,)p=1 < [0,T] x Dy.
— 00

Then, one can actually prove that v is the unique solution of (11) in the class Loy’ defined in
Remark 3.3.

Theorem 3.1. Let Assumption 3.7 hold. Then, v (resp. v*) is a viscosity supersolution (resp. subso-
lution) of (11). If moreover Assumption 3.2 holds, then v is continuous on [0,T) x Dz and is the
unique viscosity solution of (11), in the class of (discontinuous) solutions in 1340

Proof. In view of Proposition 3.1, the derivation of the viscosity super- and subsolution prop-
erties is very standard under Assumption 3.1, see e.g. [16, 37]. As for uniqueness, let us
assume that v and w are respectively a super- and a subsolution. Let ¥ be as in Assumption
3.2. Then, (v—w —vy)(ty, z,) converges to —oo if |z, — co as n — oo, for any sequence
(tw,2n)n=1< 10, T1 x Dz, and showing that v = w on [0, T] x Dz can be done by, e.g., following
the line of arguments of [16, Proposition 5.1]. Finally, v*, v, € Loy’ by Remark 3.3. il

Remark 3.4. If J, < oo and the supports of A(-|p,q,c) and y(:|p,q) are bounded, uniformly in
(p,q,c) € 02)*> xN? x C., then it is not difficult to see that the function defined by

2n(1+1%)|z| e

w(t,z):=e “TURD ) for z=(p,q,g,i,n,b,j)eDy and t< T,

satisfies the requirements of Assumption 3.2, for r large enough. Verifying Assumption 3.2 in the case
Jo = 00 seems much more difficult. On the other hand, the sequence of value functions associated to a
sequence (J1)) n=1 increases to the value function associated to J, = oo as JJ} — oo. which provides a
natural way to construct a convergent numerical scheme for the computation of v and the optimal
control policy, see Sections 3.4 and 3.5 below. Standard arguments based on this approximation
would also imply that v. = v and that v is the smallest supersolution of (1), in the class of
(discontinuous) solutions in Léf,p.

3.4 Dimension reduction, symmetries and numerical resolution

Before providing a converging numerical scheme for (11), let us first recall that the variables g
(and j if Jo = 00) can be omitted, see Remark 3.2. If moreover, the transition kernels depend
on prices only through the spread (which is a natural assumption at least on a rather short
horizon time), then one more dimension can be eliminated.

Assumption 3.3. The kernel (p,q,c) € DpoxC— (A(Ip,q,c), BGIp, q)) depends on p = (pb, Y
only through the value of the half-spread 5p := (p® — p°) /2.
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Indeed, if Assumption 3.3 holds, then one easily checks that
e P i(1,~6p,6p, 4% %,0,1,) = B(t, p° = 5p, p° +6p, 4%, 4°,0,i,")
= D(t,p[’,p“,qb,q“,O,i,~),
with p°:= (p®+ p®)/2, so that
e””’”‘”r‘s’”)1‘/(t,p[’,pb +26p,4°,4%0,i,-).

does not depend on p® but only on §p. The resolution of the equation can also be simplified
by using potential symmetries, in the sense of the following assumption.

Assumption 3.4. For all (p,q) € Dpg, c:= (a[’,aa,fb,ﬁa,éb’%, [“’%, m®, m®) € C and all Borel
sets 0 {0,1}, 0%, 0° c N,

f dA(e, €% e%p, q,c) =[ dA(e, €% €% p,q,0),
0x0bx0% 0Ox0%x0b

where p = (—pa,—pb), q= (qa,qb) and ¢ = (aa,ab,éa,fb,éa’%,ﬁb'%,mu,mb). Moreover, for all
Borel sets O = OF x O x O? x Oy x O;% x O;% x 08 x 0% N8,

| apecin.ar= [ apeeip.a,
0 0
whereO::OC‘aXOZXO;XOEXO;% XO;% x 0%, x 05,

The above assumption implies that the transition probabilities of the order book are symmet-
ric at the bid and at the ask, whenever the configurations are. Then, v admits a symmetry
which can be exploited to reduce the complexity of the numerical resolution of (11). Namely,
under Assumption 3.4, we have

l_}(typb)pa,qb,qayoy i)nb) na) bby ba,j) = l_}(t)_pav_pb,qa) qbyoy_i) na) nb) baybb)j)-

Let us now turn to the definition of a numerical scheme for (11). We now make the additional
assumption that the supports of A and 8 are bounded (not that they are already discrete, by
nature).

Assumption 3.5. ], < 0o and there exists finite Borel sets Oy = N® and Oy = N3 such that B(-|p, q)
is supported by Oy and A(-|p, q,c) is supported by Oz, for all (p,q,c) € Dpg x C.

Then, the operators .# and £ are explicit. Hence, the only required discretization is in time.
For a time step T/n >0, we define a time grid 7, := {tlﬂ, i < n} where tl.” =iT/nfor i< n. We
next consider the sequence of space domains Dé :=Dyn[-k, k1" for k=1, and we let v’,i be
the solution of
T
vkr, ) = max{y’,j(tﬂ Y+ =Lkl ), m(%%c’"v’,;(tinﬁ,-)} =0, on DY, isn-1,
n ceC(-

i+1’

(12)
vk —U =0, 0on (T} x DEYU (T, x (D2\ DLY),
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where T
KON = K+ —FoHC.
n

This fully explicit scheme is convergent.

Proposition 3.2. Let Assumption 3.5 hold, then the sequence (VX) . n=1 converges pointwise to v on
[0,T)x Dy as k,n — oo.

Proof. First note that (vX/L)j =, is uniformly bounded, where L is defined in Remark 3.3.
This follows from Assumption 3.5 and a simple induction argument, compare with Re-
mark 3.3. Then, standard stability results, see e.g. [17] and [15, Section 3.2], imply that
the relaxed upper-limit ¥ and lower-limit of Ve, of (VX) =1 are respectively sub- and su-
persolution of (11) and belong to the class Eqy . The comparison result mentioned in the proof
of Theorem 3.1, see Remark 3.4, thus implies that vo, = v = v*>° while vy < v™° by definition.

g

3.5 Approximate optimal controls

In the following, we estimate the optimal control in a classical way. For each i < n, we choose
a measurable map é’,; (tl.", -) such that

¢ (tl ,+) € argmax{# " v k(t Y1), c€C(H)}, on DZ,
ekt ) =0, on Dz\ D%,

and define the sequence of stopping times

0 = min(ef i 20, > 1K, - A SR NL Z55 = 0 20,
with Tnk. 0—, and in which Zmk — (pnk Q”k X™k) is defined as in (9) for the initial

condition Zy_ at 0 and the control associated to (,b’fl : T” ok Ak(‘f” ok Al nk ))i>1 in a Markovian

way. This provides a sequence of controls that is asymptotically optlmal.

Proposition 3.3. Let the conditions of Proposition 3.2 hold. Then,

lim [E[U(ZT )] =v(0, Zp-).

n—»oo

Proof. Let y(p,q) := [dP(clp,q) and recall that y is uniformly bounded by assumption, as
well as the sequence (Vﬁ)k,nzl- Then, it follows from Remark 2.1 that
T . A
vk, 2 + = ka(tm,z’i’“) =vn(ey 2R - —y (P, Q)

i+

oL f AL 2R APl P, Q)

tT’

=Elo5(17}, T (2" 0y ))I9 "+ o(n),

l+1’
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and, similarly,

Ankznk )

GG T, T
H Tk k ) =E[vk (f"k+— g (2K A8 T))|9‘¢’",C J+o(n™h,

A{L k T ’
with the convention that  (-,0) is the identity. Let HI'C’ be the first time when Z™F exists the
domain Dé. In view of (12), Assumption 3.5 (in particular that Jy < co) and Remark 2.1 (see
the arguments at the end of Remark 3.3), an induction implies that

VN (0, Zop-) = [E[U(Z;,k;kn +0n(1) =EUZ]] + 0a(1) + 0k (1),

in which 0, (1) and 0 (1) go to 0 as 7 — oo and k — oo. It remains to appeal to Proposition 3.2.
O

3.6 Numerical experiments

We now turn to a numerical experiment. We compute an approximation of the optimal con-
trol as described in Section 3.5, using the simplifications detailed in Section 3.4.

Let us first describe a realistic prior distribution for the evolution of &. The coefficients we
use are inspired from the behaviour of the stock Société Générale (GLE FP)® and from [30].
As for the prior on the dynamics of the market. We simply consider that both market and
limit orders arrive according to a Poisson process. Both limit and aggressive orders arrive
with an intensity of 0.6 per second. When a limit order arrives, it is assigned to the bid or
the ask with probability 1/2. When a market order arrives, we assign it to the bid or the ask
according to the statistics described for big caps in [30, Chart 8 p.10]. Namely, if

Q-
Q2 +Qs
is the order book imbalance at the time T; at which the market order arrives, then it arrives

at the ask with probability 0.5+ 0.35 x Imbz,. To describe the size of the orders and of the
inventory, we take 1/2 of the ATS (mediAn’ Trade Size) as the unit.

Il’l’lb-[—l. =

)

The size of the market orders is also assumed to be dependent on the order book imbalance.
We use [30, Chart 16 p.10] to estimate that the size of the trade arriving at the ask (if it arrives
at the ask), represents a percentage of the queue (that we round to an integer number, by
above). Namely, we set fu :=0.7+0.3 x Imbz,, and assign a (conditional) probability of 60%
that the order is of size round f‘} x Q7 ] and the same probability that the executed volume
deviates from the latter by one unit (w1th equal probability to be by one more and one less
unit - if quantities are negative or bigger than the size of the queue, we obviously set them to
0 or to the size of the queue).

6We thank Kepler-Cheuvreux for providing us these data.
"Following [30, Page 23].
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We use a simpler modelling approach for the limit orders. With 55% probability a limit order
(if it arrives) is of size of 2 (recall that the unit is 1/2 of an ATS). It is of size 3 with probability
10% and of size 1 with probability 35%. Again, it is based on [30].

When a queue is depleted, the probability of a price move is set to Ple; = 1|.%;,] = 75%. If
the bid is depleted but the bid price does not go down, the size of the new bid queue is
set to 2 units with probability 60%, 1 unit with probability 25% and 3 units with probability
15%, otherwise it is set to 10 units with probability 60%, 5 units with probability 25% and
12 units with probability 15%. The same applies to the ask price if this is the ask queue
that is depleted. If both ask and bid prices move, recall (3), we take the same distribution
for both queues and consider them as being (conditionally) independent. The distribution
corresponds to the one of a price move, as described above.

When the spread is equal to two ticks, the next limit order arrives in the spread with proba-
bility 90%. This models the fact that a spread of two ticks is not common, see e.g. [55]. To be
consistent with the probability of arrival of market orders at the bid or at the ask, we assume
that a new bid limit is created in the spread with probability 0.5+0.35 x Imbs, (otherwise, this
is a new ask limit). The size of this new limit is 2 with 55%, of size 3 with probability 10%
and of size 1 with probability 35%. This corresponds to the behaviour of the stock Société
Générale (GLE FP). We do not change the dynamics of aggressive orders with the size of the
spread.

Let us now describe the other parameters of the Market Maker’s optimal control problem. We
set the bid price to 10 at time 0—, the spread is one tick, and the tick equal to 0.01, recall from
Section 3.4 that only the spread size matters (because we have here the required symmetry)
and observe that the latter can be rescaled together with the level of risk aversion, which is
here fixed to = 1. We take x = 0.02 and o = 1072°. The horizon time is T =59 seconds, and
the time step is 1 second. We keep a small horizon time for a better visibility of the evolution
of the order book. We do not consider cancellations from the rest of the market for simplicity.
Moreover, in order to reduce the computation time, we add the additional constraint that the
MM cannot cancel only part of position in a queue, he can only cancel the whole position.
We also fix a maximal queue size of 12 and fix the maximal absolute value of the inventory
to I* =7. The size of the limit and market orders sent by the MM are constrained to be less
than 3. This corresponds to adding an additional constraint in the definition of € (-) which
does not change the above analysis.

In Figure III.2, we provide a simulated path of the optimal strategy, starting from a symmetric
configuration of the order book, with queue lengths equal to 6. In this simulation, the MM
always play before the other (random) players.® The top left graphic describes the control
played by the MM. Triangles pointing outward (with respect to the zero line) correspond to
limit orders, the number of triangles giving their size. Arrows with triangles pointing inward
are cancellations, again the number of triangles gives the size. Aggressive orders are symbol-

8This is just a convention, since the transition probabilities do not depend on time.
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ized by lines with squares, while limit orders within the spread correspond to the lines with
dots. The top right graphic gives the state of the order book just after the MM action, and
before the nature (i.e. the other players) plays. The size of the lines gives the total length
of each queue, while the dots symbolize the position of the MM in the queue. The middle
left graphic describes the state of the order book after the nature decision. The bottom left
graphic gives the value of the portfolio of the MM if he had to liquidate (by sending aggressive
orders) his stock holding at the best bid/ask price. The final value gives the “true” liquidation
value of the book. In the case that the final inventory cannot be liquidated at the best bid/ask
price, we liquidate the remaining part at the best bid/ask price minus/plus one tick. The
middle right graphic is the inventory just before he plays and the bottom right one is the bid
and ask prices just after he plays. Figure IIL.1 provides the distribution of the gain made by
the MM, it uses 10° simulated paths.

His strategy can seem difficult to interpret at first sight. But, we have to remember that he
believes that the imbalance plays an important role in the book order dynamics, and that he
not only should take care of it but that he can actually use it: some limit orders are sent not
to be executed but to influence the evolution of the price in a favorable direction. Also note
that he should avoid a price decrease/increase when his inventory is positive/negative. Having
this in mind, it is not surprising that he can be sometimes at the limit of a price manipulation
strategy, if he is big enough with respect to the market, which is the case in these simulations.
Finally, we have to keep in mind that his strategy is constrained. He sometimes cancels
positions to be free to react more quickly to a more favorable market configuration later on.

Not surprisingly, the MM first sends limit orders of equal sizes on both sides of the order book.
Nothing happens until time £ =9. At this time is inventory is 2 and his position at the ask is
still far from the beginning of the queue. In order to avoid increasing again his inventory, he
cancels his remaining position of one unit at the bid. He puts a new position at the bid at time
10 after the queue has slightly increased, because of an exogenous limit order. Unfortunately
for him, this new position is immediately executed, and his inventory jumps to 5. After the
queue is regenerated, he immediately puts a limit order of size 2 at the bid. His reasoning
is the following: 1. this position has little chance to be executed immediately, he does not
take a risk of again increasing his inventory; 2. by doing this he increases the imbalance and
therefore the probability of being executed at the ask so has to gain the spread and reduce
his inventory. This strategy is successful since immediately 2 units of his positions at the ask
are executed. The imbalance is still good even if he cancels his last unit at the bid, so as to
be free to play the control he wants once his last unit at the ask will be executed. In fact, it
does not work and he decides to refresh his global position at time 16 by cancelling his final
unit at the ask and putting limit orders again at time 17 in a symmetric way. This is a limit
spread order at the bid. This makes sense since he has to avoid the stock price to go down,
because he has a positive inventory. The fact that just after he alternates between putting and
cancelling limit orders at the ask is probably a numerical artifact: on the one hand, he wants
to have a limit position at the ask because his inventory is large, on the other hand he does
not want to increase the imbalance to avoid having a too big probability of being executed at
the bid and of seeing the price go down. Similarly, he wants to keep a position at the bid to
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III. Optimal inventory management and order book modeling

avoid a downward price move, while he really does not want to be executed on this side. The
aggressive order at the bid at time 19 is just a partial cancellation, that is completed at time
20. He just does not want to be executed. By doing so, he unfortunately causes a downward
jump of the bid, which is not good for him. Just after he sends a limit spread order at the bid
to fight against this downward pressure, and then cancels it once the bid is back at a distance
one tick of the ask. This strategy is successful. The rest of his orders can be interpreted in
a similar manner. Just note that he starts to be aggressive at the bid side at time 49 because
his inventory is too big and the maturity starts to be quite close, in particular the first market
order of size 3 compensates the execution of a position of size 3 at the bid just before (so that
the graphic of the inventory does not move, although the inventory temporary jumps to the
upper limit 7).

Histogram of Market Maker return

Density

o)l MM ..

T T T T T T 1
-0.4 -0.2 0.0 0.2 0.4 0.6 0.8

Return

Figure IIL1 - Density estimation of the gain made by the Market Maker.
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Figure III.2 - Simulated path of the optimal strategy of the Market Maker.
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4 High frequency pair trading problem

We now turn to the DHFT strategy. We consider a pair trading strategy where the trader
invests in the difference of two highly correlated assets. Here, we choose the futures price of
the stock to be the second asset. The order book defined in Section 2 represents the dynamics
of the stock. Whenever the trader buys/sells 7 units of stocks (being by an aggressive order
or by the execution of a limit order), he sells/buys immediately 7 units of the futures. His
inventory should be fully liquidated at T.

4.1 The optimal control problem

We assume that the reference price F of the futures is given by

P+ p°
F= +35, (13)
2
where S is a mean-reverting process
S:SO+f p(§—St)dt+f O'(St)th. (14)
0 0

Here, p is the strength of mean reversion, § is the average of mean reversion and o :R+— R is
a Lipschitz bounded function representing the volatility of the process. In the following, we
shall assume that

the support of o is bounded. (15)

Remark 4.1. The above implies in particular that S lies in a certain compact set Ds as soon as Sy
does. This could clearly be relaxed to the price of a finer analysis.

The strategy of the DHFT is described by the same quantities used for the MM case, see
Section 3. The only difference lies in the fact that he constantly holds a number equal to —I
units of the futures F. We assume that buying/selling the futures leads to the payment of a
proportional cost x = 0. Then, the dynamics of the corresponding state process X are given
by

X = ‘JO—X(STHPTFN QTi—l’XTi—l’Aéaﬁ)]‘

+39x(Sz;, Pr,yy Qry )y Xep ), AE ) 16)

a&f #0} et =op (
with Ix and Jx now defined such that

c(5,p,q,x,8) = g+ (a® —exe(a®, n®, b*))A® — (a° — exe(a®, n®, b*)A?,

N

(5,0, q,%,6) =i — (a® —exe(a’, n®, b®) + (a® — exe(a®, n®, b%)),

1
vora (S, P, 4, x,6) = nb/a + [éb/a_ nb/a]+ +€b/a,2 _ mb/a—exe(ab/a, nb/a’bb/a)’

S9N 8

(s,p,q,x,0)=j+1,
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and

6(5, 0, q,%,6) = g —exe(a®, n®, b*)A® + exe(a®, n®, b*)A?,

Q

1(8,p,q,x,6) =i+ exe(a®, n® b®) — exe(a®, n, b%),

NG

T yvia(s, p, q,x,8) = n®'% - exe(a®®, n®® pb'o),
JBh/ﬂ (p’ q’ x’a) — [bb/a _ ab/a]+1{mb/u:0} + (bb/ﬂ _ [mb/ﬂ _ (qb/a _ bb/a _ nb/u)]+)+1{mb/a#0},
J7(5,p,q,%,8) =0,

i

in which )
+ a
Ai:=pb—p 219 —s+x, A} =p"—

p’+p°
2

- S*K.

In the above, we use the notations x = (g,i,n% n% b, b%, ), & = (@, a®, b, 0%, ¢%z2, 0% m®,
m®, €€ %), p= (pb,p“) and g = (qb,qa). The set of admissible controls €(0, Sg, Zy—_) is
defined as in Section 3 but with respect to the (completed) filtration F = (9? )r=0 generated
by (S,8).

We also assume that DHFT has an exponential type utility function, with risk aversion pa-
rameter 7 > 0. Then, she wants to maximize over ¢ € € (0, S, Zp-) the expected utility

ELU(ST, Z9)],
where
U(s, z) := —exp (—n{g+ iTAY — A k(T - g1+l — g™ - Qj}), (17)
for any z = (pb,p“,qb, q°,g,i, nb,na,bb,b“,j), and where Ag and Af are defined as above.
As in Section 3, we next extend the definition of our state processes by writing

(St,S’ZI,S,Z,qD) — (St,S,Pt,S,Z,(b, QI,S,Z,QD,XI,S,Z,QD)’

for the process satisfying (1)-(8)-(14) under the control ¢ and the initial condition (S}, ZZ’_S’Z’(I’)
= (s,2) € Dsx Dz. The corresponding set of admissible controls is €(t, s, z), and the filtration
associated to ¢p € €(t,s,z) is Fis2¢ = (gst’s’z’(ﬁ)se[tj]. We finally define the value function

v(t,s,z):= sup J(t,$,z;¢) for (¢,5,2)€[0,T] x Dsgx D,
Pe€ (1,5,2)

where
Jt,5,2¢) = ELU(SES, 2Ol

We close this section with Remarks that are the counterparts of Remarks 3.2 and 3.3.
Remark 4.2. For later use, observe that
v(t,s,2) = e 187051, z) = e 18 €N y(1,5,p° p* q° q°,0,i,n° 1", b°, b°,0),
forall t<T, se Ds and z= (p°, p*,q° q° g,i,n° n® b, b% j) € D.
Remark 4.3. Note that v is bounded from above by 0 by definition. It also follows from (15) that

S takes values in the compact set Dg so that v € L by the same reasoning as in Remark 3.3.
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4.2 The dynamic programming equation

As in Section 3.3, we first provide a dynamic programming principle. Again, we let v, and
v* denote the lower- and upper-semicontinuous envelopes of v.

Proposition 4.1. Fix (t,5,2) €[0,T] x Ds x Dz and a family 09, b eC6(t,s,2)} such that each

0% is a [t, T1-valued F">*9 -stopping time and || (Sg;, Z05aPy loo <00. Then,
sup  E|v.(09,850, 20 ") | < vit,s,2)<  sup [E[v 07,855, 2,57 .
PeEE (t,x,9) PeEE (t,x,9)

Proof. Let 61 (¢, x, z) be the set of controls ¢ satisfying the additional constraint #{T(ip, i=1}<
k a.s., and let v be the corresponding value function, for k = 1. Then, it is not difficult to
see that vy is continuous, and the arguments of [37] imply that

o E ve(0%,855, 2,7 | < vi(t,5,2)
k\LA,

< sup [E[Uk(G‘/’S(Sg,Z”Z(p)
PEB(L,x,2)

< sup [E[U(G‘I’SW, ”Zd’)
PeE (1,x,2)

Since by definition v =limy_, 1 v and 6(f,x,2) = U= 6x (2, X, 2), sending k — oo in the
above leads to the required result, recall Remark 4.3. O

The partial differential equation associated to v is then at least formally given by

min{-L¢p—-Lp,p—Hp}=0,0n[0,T) x Dsx Dy,

. (18)
min{@ - U, - & ¢} =0, on {T} x Dg x D,

in which Z is the Dynkin operator associated to (14):

1
Lo=0;p+p(S—35)0;¢+ Eazaistp.

To fully characterize the value function, we need the additional assumption, similar to As-
sumption 3.2.

Assumption 4.1. There exists a Borel function v € C2([0, T] x Ds x D7) such that

(i) 0=Ly+ 2y, on [0,T) x Dsx Dy,

(i) y—Fw=1 0nl[0,T]x Dsx Dy for somei>0,

(i) w=U, on{T} x Dsx Dy,

(i) liﬂglf(w/L)(tn,sn,zn) =00 if |zy| — 00 as n — oo, for all (t,, Sp,2n)n=1 <[0,T1 x Dgx Dy.

Theorem 4.1. Let Assumption 3.1 hold. Then, v (resp. v*) is a viscosity supersolution (resp. subso-
lution) of (18). If moreover Assumption 4.1 holds, then v is continuous on [0,T) x Dz and is the
unique viscosity solution of (18), in the class 13
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Proof. In view of Proposition 4.1, the derivation of the viscosity super- and subsolution prop-
erties is very standard under Assumption 3.1, see e.g. [37]. As for uniqueness, this follows
from a comparison principle that can be proved in the class L5’ by arguing as in the proof
of Theorem 3.1. g

As for the MM problem, Assumption 4.1 is easily checked when J, < oo.

Remark 4.4. If ], < oo and the supports of A(-|p,q,c) and y(:|p,q) are bounded, uniformly in
(p,q,c) € (02)2 xN2 x C,, then the function v defined in Remark 4.4 also satisfies the requirements
of Assumption 4.1, for r large enough.

4.3 Dimension reduction, symmetries and numerical resolution

As in Section 3.4, one can use specificities of the value function to reduce the complexity of
the resolution of (18). First, the variable (g, j) can be omitted, see Remark 4.2. Moreover, if
Assumption 3.3 holds, then one easily checks that

o(t,s,p° p° +26p,q° q°,0,i,n° n b®, b%,0),

does not depend on p°. The difference with the relation obtained in Section 3.4 is due to (13)
and the fact that the HFT always holds a symmetric position in the stock and the futures (he
is protected against evolutions of the mid-price). The other symmetry relations described in
Section 3.4 do not hold because of the dependence on the process S.

Let us now turn to the definition of a numerical scheme for (18). Recall that, under Assump-
tion 3.5, the operators .# and £ are explicit. Hence, the only required discretization is in
time and in the variable s. We shall consider separately the diffusion part and the obsta-
cle part of the PDE. More precisely, we fix a time and a space grid #} := {¢]",i < n;} and
my = {s!',i < ns} where t' =iT/n; for i < n; and s} = s+i(s—$)/ns, i < ns. Here, s and 5 are
such that Dg = [s, 5], recall Remark 4.1, and n:= (n;,ng) € N2. We next define the sequence of
space domains Dg :=Dyn -k, k' for k=1, and we let U’,§ be defined by

vk = max{D’,i,Zr)’,j} =0 ,0n 77 x 77 x DY,

(19)
vk —U =0, 0on (T} x 2" x DEYu (! x 2 x (D£\ DY)).
Here, for i = n,—1 and i’ < ny,
. ths)) T
Rt s ) =Bl (1, p,(S 1+ ;ﬂv’,ﬁ(t{il, s,-), on D%, (20)

where p,, is the left-hand side projection operator on 7}. Note that the above numerical
scheme is not fully explicit as it requires to compute conditional expectations. This can how-
ever be easily performed either by a finite difference scheme or by Monte-Carlo techniques in
a very classical way. Note in particular that the randomness in these conditional expectations
only comes from a one dimensional factor.

Proposition 4.2. Let Assumptions 4.1 and 3.5 hold, then the sequence (V)1 converges pointwise
to v as ng, ng, k — oo.
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Proof. Note that Assumption 4.1 ensures that comparison holds for (18) in the class Loy', see
e.g., [16, Proposition 5.1]. Thus, as for Proposition 3.2, the result is an easy consequence of
the stability result of [17]. U

4.4 Approximate optimal controls
The optimal control can be numerically estimated as in Section 3.4. We first extend (Un, Vk)
to ' x Dg x Dz by setting (Uk Vk)( S,:) = (vk Vk)( P,,(8),-). Then, we choose a measurable

map C,’i(tl”, -) such that

ek (el ) e argmax{# vk (¢h,s,-), ce C()}, on Dgx DY,
én(t]',) =0, on D x (Dz\ DY),

and define the sequence of stopping times

~n,k

T].H::min{t 1020, >f7k( — K (tl,))(tlysz" Zr”)—O}» j=z0,

with T = 0—, and in which zmk — (pnk Q" k Xmk) is defined as in (9) (14) for the initial

~n,k Ak(An k

conditlon Zy— and the control associated to ¢k := (T; Fks ka ))i=1 in a Marko-

vian way. Again, this provides a sequence of controls that is asymptotlcally optimal.
Proposition 4.3. Let the conditions of Proposition 4.2 hold. Then,

lim lim E[U(St, Z")] = v(0, So, Zo-),

k—o0 N, Ns—00

in which the limit is taken along sequences n such that n>n;' — 0.

Proof Let y(p,q) := [dB(clp,q) and recall that y is uniformly bounded by assumption. The
family {(v,’i, ﬁﬁ)/L}k,nzl is uniformly bounded, compare with Remark 4.3. Also note that
(s,2) € Dg x Dé — U is Cg-Lipschitz, for some Cj >0 that only depends on k. By induction
(recall that the component s is projected on 7%),

105,85, = 05,8, )1 < CLlls = §'1 + n,0(n; Y], for all 5,5 € Ds, on D%,

for some C; >0 that does not depend on ne N. Since S is 1/2-Holder in time in Ly, together
with Assumption 3.5, this implies that

ﬂ

_1
s, 2) = K ELF IR (L! ‘f’,z)1+ok(nt2)+ntok(n;1),

(t z+1’

i+1’

I’l Vl t z,c

_1
E[v (tm,s“ 1.z, )+ Ox(n, )+ n,;Or(n;Y) for ze DX, ce C(a),

in which the exponent ¢ in Z% ¢ means that the impulse ¢ is given at t', and we use
Remark 2.1 again. In the above, O(¢) is a function, that may depend on k, but such that
¢ eR\ {0} — |Or(&)/¢ is bounded in a neighborhood of 0. By the arguments already used in
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the proof of Proposition 3.3, it follows that

n n n n n n
kin n _ ko.n LSy 12,0 ki.n LSy e
v, (7,8, 2) —[E[l/n(tl-Jrl,Stin+1 ,Ztin+1 )]VCrenca(>Z<)E[vn(ltl,rl,sti,:1 ,Zt;l+1 )]

+or(n; M)+ nOp(nyh,

and therefore

UR(0, S0, Zo-) = ELU Sy, Z53)) + 0}y (1) + Onn’)

N

=E[U(ST, Z}M) + 0k (1) + Ox(n? i) + 0r (1),

by induction, in which 0,’2(1) goes to 0 as 1 — oo, 0k (1) goes to 0 as kK — oo, and 9,’; is as in
the proof of Proposition 3.3. It remains to appeal to Proposition 4.2. O

4.5 Numerical experiments

We use the same model as the one described in Section 3.6. As for the new parameters, we
take § =0, p =50 and o = 0.2, in particular the mean reversion parameter is taken to be large.
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Figure III.3 - Simulated path of the optimal strategy of the High Frequency Trader.
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We approximate the behaviour of the spread process S by a trinomial tree based on the
transition probabilities associated to the diffusion (14), so that the expectation in (20) can be
computed explicitly. More precisely, we consider a centered 6 points grid with mesh equal to
half a tick (i.e. 0.005).

The graphics in Figure III.3 have the same interpretation as in Section 3.6 except that we
now also provide the evolution of the Futures process F, this is the dashed line in the bottom
right graphic. Remember that the HFT does not gain from the evolution of the mid-price, as
his position in stocks in always covered by a symmetric position in the futures. He only gains
from the evolution of the spread process S or from the bid-ask spread of the stock if S does
not move. Not surprisingly, his behaviour is quite different from the one of the MM described
in Section 3.4.

As the MM, the DHFT starts with a symmetric position because the spread with the future is
0. Then he tries selling at time 4 by sending a limit sell order in the spread to buy the futures
whose price (compared to the mid-price of the stock) decreases. He is starting to play on the
stock-futures spread and follows this strategy until time 14. He plays in a more symmetric
way after this until time 35, with a slight tendency to resume his inventory. At time 35, he
decides to clearly sell stocks again and buy the futures whose price is again very low. From
time 40 on, he inverts his position on the book to try buying the stock and thus sells the
futures whose price went up. He finally inverts his position again at time 50 when the futures
price goes back to the mid price, to liquidate his position on the pair. Compared with the
MM in Figure III.2, DHFT positions are clearly driven by the stock-futures spread. The DHFT
also does not seem to try to control the stock’s mid-price as the MM did. In Figure II1.4, we
provide an estimation of the density of the gain of the HFT based on 10° simulated paths.

Histogram of HFT return

Return

Figure II1.4 - Density estimation of the gain made by the High Frequency Trader.
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5 Institutional broker strategies for portfolio liquidation

We now turn to the Institutional Broker problem. We consider in the following two common
strategies for buying/selling a block of stocks. We focus on the buying side, selling being
performed in a symmetrical way.

5.1 Volume strategy

We first consider a simple volume strategy. We fix a participation rate f € (0,1). It corre-
sponds to the percentage of the total traded volume executed by the broker between 0 and the
end of the execution. This means that the agents should buy the percentage f/(1— f) of the
other market participants trades volume. To acquire Iy, the IB splits [0, T] into subintervals
(£, ti+1] of Ry. At the beginning of each subinterval, he estimates the conditional probability
P+ that a trade arrives at the best bid, given that a trade arrives and given the order book
state at f;. Then, he inserts a buy limit bid order of size (f/(1 —f))Q}i/pij+1 at t;. Here, the
quantity Q;,-/Pi,i +1 Tepresents the average number of trades needed to deplete the best bid
and (f/(1— f)) is the percentage of this traded volume that the IB want to buy. In the mean-
time, the IB compares the realized volume AI:=1- I, with the total traded volume on the
market 7(0,-) + Al If AI(1 - f) > f7(0,-) + 0y with 67> 0 a given threshold, the broker stops
adding limit orders and cancels the already inserted limit orders. If AI(1 - f) < f7(0,-) -0y,
the agents sends an aggressive order so as to turn to a position AI(1 - f) = f7(0,-) - 67 as
soon as possible. The IB leaves the market when I = 0.

For our numerical experiment, we take the same model as in Section 3.6, we consider a par-
ticipation rate f =0.2 and simply take p; ;,; = 1/2. The time intervals [#;, #;+1] have a length
of 60 seconds and the time step is 1/2 second. We take 67 =4 (i.e. 2 ATS). The number of
units to buy is I, = 250 units. A simulated path of the strategy is provided in Figure IIL5.
In the top left graphic, the dashed lines correspond to the target volume +6;, while the
solid curve is the volume traded by the IB. The top right graphic gives the control of the
IB: lines with inward pointing arrows are limit orders, lines with squares are market orders.
The bottom left graphic provides the evolution of the average price at which stocks have been
bought by the IB from time 0 on. The bottom right graphic gives the evolution of the bid
and ask prices. One can see that this very simple strategy is quite efficient in the sense that
only a limited number of market orders are sent. On the other hand, the systematic position
of the IB at the bid limit creates an important imbalance that contributes to push up the price.

Figure III.6 provides an histogram of the relative error (in %) of the VWAP obtained by this
strategy with respect to the VWAP realized at the level of the whole market.” It is based on
10* simulated paths. One can see that this average price is typically slightly higher than the
VWAP of the market.

9Namely, (VWAPy,] — VWAPMket)/ VWAP) ket in Which VWAPy,; is the VWAP obtained by the IB by
playing his volume strategy.

146



5. Institutional broker strategies for portfolio liquidation
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52 VWAP

We now present a VWAP (Volume Weighted Average Price) based trading strategy frequently
practiced by institutional brokers. Suppose that, at initial time 0, an institutional broker
decides to buy a quantity Ip € N of a tradable asset using a VWAP based strategy, i.e. by
trying to obtain an average execution cost not more than

~v(0,7)

) T
T where wzzf viPidt and v(-, T) :zf veds, (21)
0 .

in which v is a deterministic non-negative continuous process such that fOT vidt >0, which

represents the trading volume of the market, and P models the stock price.1”

5.2.1 Abstract continuous time resolution

Following the seminal work of Almgren and Chriss [9], see also [76, Section 4.4], we first
consider the idealized world in which trading is done continuously at a bounded intensity,
the trading speed 9, taken as a process in the class € of non-negative processes adapted
to the (completed) filtration generated by W. He assumes that the dynamics of the asset
reference price P have a permanent linear price impact generated by the agent’s trading
activity, see [9]. More precisely, he assumes that the stock price evolves according to

dP[Zﬁﬁtdt‘l‘O'th, (22)
with B, 0 > 0, while his inventory I follows the dynamics
dl,=9.dt,

with the initial condition Iy = —Ip, meaning that he is short at 0 of Iy stocks that he has to buy
on [0, T]. He also assumes that his wealth G is affected by a temporary linear market impact
x9, for some x >0, i.e.

th:—'ﬁt[P["F'KlL)t]dt. (23)
The goal of the agent is to maximise over J € € the expected utility

wr

E[ - exp[-n{Gr + I7(Pr —&I7) -1
[ - exp[-n{Gr + Ir(Pr —KIr) 0.T)

nl, (24)

for some & >0 which represents a penalty in case the inventory does not match 0 at T. This
type of problems has been widely studied, see the books [76, 82] for references. In the present
form, it can be solved explicitly by using a verification argument. We have the following
result.

0We take it deterministic for simplicity. In practice, it generally corresponds to a market volume curve
estimated by the broker.
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Theorem 5.1. The IB value function defined such that
v(t,p,i,g w) =supk[ —exp[-n{Gr + It (Pr — K I7) — Iy VWAP 1| F¢ ],
u

satisfies the semi closed formula

v(t, p, i,g, w) = _e—n{g—rhw—pl/(t,T)rh+i(p—1?i)} x eho(t)+h1(t)i+h2(t)i2

)

where the functions ho and hy are fully characterized by ODEs

1 , T)m)?
d:ho = ——a2(mu(t, T)m)2+(h1+ﬁnv(t ymy
2 4xn

- 2Nk +2h
1l = aPn?u(t, Ty + (hy + (e, Ty L 2K 222,
2xn

U [-Bn +2n& + 21,

O0thy =—
1 2 4xn

The above result shows that the optimal control policy is given by

A

19 = ﬁ() I)’
where

l,)(t l) L ﬁapv(tr p; i) gr w) +all}(tv pr irgy w) - pagv(t, pr irgr w)

2x0gv(t,p,i,8, W)
Bli —v(t, T)m] —2&Ki—[h1(£) +2h2(0)il/n
2K '

One can check that the function hy has the following form:

hz(t) = C4r

c1+cres(T-0
in which the constants cj,...,cs can be computed explicitly by using the above differential

equation and the terminal condition hy(T) = 0. Namely, set
2P 1

2 2 = 2
2K —
_T’O- +T’(K ﬁ))al- y A2 = ’
2 4x K KN

ag =

and let , be a root!! of

(4apay — af)y2 + (a? —4apap)y+apa =0,

then
a) ap Yo 1
3= y C4 = y(1=—, 0= ——0C.
1-2y, (I-yo)cs Cy Cy
Existence of y, is guaranteed since
) 252
aj —4apay = >0.

UThe function hy does not depend on the choice of the root.
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Proof of Theorem 5.1. The value function v satisfies the following Hamilton-Jacobi-Bellman
equation:

1
0=sup|d,p+ Eazaf,p(p + 0w+ u(Bopp+0ip— pdgp) — u’xdgp| , on [0, T) x R*

u=0
with terminal condition
@(T,p,i,g w)=—e MEHWTKD=MW for (p,i,g,w)eR?,

where
m:=1y/v(0,T).

To simplify the above, we first write v in the form
v(t,p,i,g w) = e NEM—PrLDM 54 1 i)y with d(t, p, 1) := v(t, p, i,0,0),

so that ¥ formally solves

1 (B, + Brv(t, TYmep +0;9 + npp)?
O:at<p+502(a§,p<p+2nu(r,T)map<p+n2v(r,T)2m2<p)— POy + P ProwpTIPY

4xne

on [0, T) x R*, with terminal condition
O(T,p,i,g w)=—e NP for (pi,g,w)eRE

One possible solution is given by

ﬂ(t, P, l) — _e—T]{i(P—ki)}eho(t)+h1(t)i+h2(l’)i2y

in which hg, 1, and hy solve? on [0, T)

(hy + Bnu(t, T)m)?
4xn

)

1
0:hy = —Eaz(nv(t, T)m)? +

—,67]+21]1~<+2h2

d:hy =a’n?v(t, TYm+ (h t, T
thy =0 nv(t, T)m+ (hy + Pnv(t, T)m) 2%

nzaz N [—ﬂn+2n1?+2h2]2

O0thy =—
the ppos

’

with ho(T) = hy(T) = ha(T) = 0. Then, hg, h; and hy are fully characterized. We complete
the proof with an easy verification argument. O

12‘]ust insert the above in the PDE of 7 and match the orders in the i variable.
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5.2.2 Strategy in practice and simulations

In practice, this optimal strategy cannot be implemented within an order book. We there-
fore consider a “discrete” version. In this version, we assume that the IB tries to keep his
inventory I equal to the optimal inventory [:= [;8,dt—L. To do this, he fixes a time grid
{t;;i < n} with tp =0 and t,, = T. At time ¢;, he estimates that she has to execute a volume of
Viisl:= ft?“ 0(t,I;)dt on [t;, tj+1] while the volume of the market will be Viie1= ft?“ vedt.
Then, he follows a volume strategy with threshold 6 = +o0, see Section 5.1 above, on [#;, t;+1]
with a target participation rate of f = Vi,i+1/(Vi,i+1 +Viit1). When AI:'=1-1p> I+6;, for
some &7 > 0, orders are cancelled and he waits until AT < [+8;. In the case where AI < [-§,
he send market orders to reduce to the difference [ —8; — AT as fast as possible.

For our numerical experiment, we take the same configuration as in Section 5.1, with 51 =4,
i.e. 2 ATS. The optimization of the VWAP strategy is done with a time horizon of 30
minutes and a flat volume curve (so that the control does in fact not depend on it). The
number of units to buy is I, = 250 units. The additional parameters13 aresetton=1,0=0.2,
B =0,0004, x =0.003 and & =« *60. The latter corresponds to the cost incurred when buying
the remaining shares I in 1 additional minute after T, at a flat intensity in the theoretical
continuous time model of Section 5.2.1. The volume intensity v corresponds to 0.6 ATS per
second, i.e. 1.2 units per second.

The interpretation of the different graphics in Figure IIL.7 is the same as in Section 5.1, except
that the dashed lines in the top left graphic correspond now to the optimal VWAP trading
curve +2 ATS. Again, we see that only a limited number of market orders were needed to
be sent, but that the imbalance created by the VWAP trading algorithm drives the price up.
Figure IIL.8 provides an histogram of the relative error (in %) of the VWAP obtained by this
strategy with respect to the VWAP of the whole market.!* It is based on 10* simulated paths.
One can see that he actually typically performs better than the market. Not surprisingly, this
strategy performs better than the volume strategy in terms of VWAP.

3The coefficients 8 and « are estimated for our book dynamics. Given priors with simulate a bunch of paths
and estimated them by a moment matching approach based on (22)-(23). We then use the updated values to
simulate a new bunch of paths and we re-estimate them. And so on, until convergence.

UNamely, (VWAPyv — VWAPfarket)/ VWAPM ket in which VWAPypy is the VWAP obtained by the IB by
playing his optimal VWAP strategy
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6 Simulation of the full market

We now provide an illustration of possible interactions of several market participants. Again,
a more realistic and general study is left for future research.

The prior and parameters of the participants are the same as the one that have been used in
the above numerical experiments. More precisely, we consider one MM, one DHFT and four
IB. Among the IB, two are playing volume strategies (a buy and a sell) and two are playing
WVAP strategies (a buy and a sell). At each time step, each participant decides of his optimal
control given the current state of the order book. They send their orders at the same time.
The control of the DHFT is executed first, then the one of the MM, and finally the controls
of the Volume and VWAP trading algorithms are executed (we choose the order among them
randomly, according to a uniform distribution).

The exogenous randomness only comes from the simulation of the stock-futures spread pro-
cess S and from the new queues created when one queue is depleted. If the bid queue is
depleted, then the bid price moves down. If the bid-ask spread is equal to two ticks, then the
ask price moves down as well. The other way round if the ask queue is depleted. If the bid
(resp. the ask) price moves down (resp. up), we consider that this is a discovered limit and its
size is chosen as in Section 3.4: 10 units with probability 60%, 5 units with probability 25%
and 12 units with probability 15%. If the bid (resp. the ask) price move up (resp. down), which
can happen if the bid-ask spread is already of two ticks, we consider that this is a created
limit and its size is chosen again as in Section 3.4: 2 units with probability 60%, 1 unit with
probability 25% and 3 units with probability 15%. There is no other randomness. The rest of
the dynamics is generated by the HFT, the MM and the four other trading algorithms.

Note that only the VWAP trading algorithms are forced to trade, when they reach the (upper
or lower) limit of their prescribed inventory path. In principle, the MM plays aggressive orders
only when he needs to adjust quickly his inventory. For a typical path of the stock-futures
spread, the HFT also has no incentive to send aggressive orders, except to adjust his inven-
tory. Without trades, the Volume trading algorithms do not act as well (because the market
volume does not move). Therefore, if the MM and the HFT have a zero initial inventory, we
expect to have to wait for the VWAP trading algorithms to initiate first aggressive orders, and
starts the whole dynamics. In our illustration, we start with an initial state in which the HFT
and the MM have a zero initial inventory. Each VWAP trading algorithm has to buy/sell 75
stocks within 5 minutes of trading. This corresponds to an average of 0.5 trades per second,
which is consistent with the priors of the MM and the HFT.

The Figures II1.9, I11.10, IIL11, IIL.12, IIL.13 and III.14 have the same interpretation as in Sec-
tion 3.4 except that now the position of the agent in the queue is in blue in the top right and
middle left graphics (the black part corresponding to the other participants). The top right
graphic is the state of the book just after the control of the agent is executed, the middle left is
the state of the order book after the controls of all the participants have been executed. Note
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that the trades are surprisingly due to the VWAP trading algorithms, to which the Volume
trading algorithms need to adjust. The aggressive orders sent by the HFT and the MM are
either cancellations or corrections of their inventory near the terminal time, except around
time 35 at which the HFT clearly wants to take a position on the stock-futures spread because
it is very low.

7 Conclusion

We have proposed a simplified but still realistic modelling of an order book, whose dynamics
depend on the current imbalance. We have derived optimal strategies for three key actors:
Market Makers, High Frequency Traders and Institutional Brokers (volume and VWAP trading
algorithms). In this model, optimal strategies can be estimated numerically. Simulations show
how complex optimal strategies are when actors believe that the imbalance actually has an
impact on the dynamics of order flows. Our numerical simulations show that the construc-
tion of a realistic market simulator is feasible. A desirable next step would be to consider
realistic proportions of market participants for the simulations proposed in Section 6 and to
see whether the market statistics used to calibrate the different strategies can be retrieved
through the simulated interactions of the various players. If this is the case, one can imagine
trying to exhibit different market patterns depending on the nature and proportions of actors
currently acting.
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CHAPTER IV

From asymptotic properties of general
point processes to the ranking of financial
agents

Abstract

We propose a general non-linear order book model that is built from the individual
behaviours of the agents. Our framework encompasses Markovian and Hawkes based
models. Under mild assumptions, we prove original results on the ergodicity and diffusivity
of such system. Then we provide closed-form formulas for various quantities of interest:
stationary distribution of the best bid and ask quantities, spread, liquidity fluctuations
and price volatility. These formulas are expressed in terms of individual order flows of
market participants. Our approach enables us to establish a ranking methodology for the
market makers with respect to the quality of their trading.

Keywords: Market microstructure, limit order book, high-frequency trading, market making,
queuing model, Hawkes processes, ergodic properties, volatility, regulation.

1 Introduction

In the last two decades, the development of electronic and fragmented markets has lead to
a deep disruption in the landscape of market participants. In particular, traditional market
making institutions have been largely replaced by high-frequency market makers. Market
makers are intermediaries between buyers and sellers. In an electronic limit order book, they
provide liquidity to market participants willing to trade immediately by simultaneously post-
ing limit orders on both sides of the book. Market makers undergo different types of risk,
mainly adverse selection and inventory risks. To avoid adverse selection risk, they must be
able to update very frequently their quotes in response to other order submissions or cancel-
lations. To minimise their inventory risk, they need to use smart algorithms enabling them to
hold positions for very short time periods only, see for example [115].
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IV. From asymptotic properties of general point processes to the ranking of financial agents

High-frequency traders (HFTs) are now the only market participants that are indeed able to
play the role of market makers on liquid stocks, see [98]. This is achieved thanks to an intense
use of speed (co-location) and technology. They are supposedly capable to maintain a strong
presence at best price limits and control adverse selection at the same time, see [99], while
operating efficient inventory management in an increasingly fast-moving market, see [5, 18].
This is to the extent that HFTs are described as the new market makers in [120].

Since the arrival of these new market makers, academics, regulators and practitioners aim at
understanding whether their activity is harmful or beneficial for markets. On the one hand,
some argue that HFTs have a positive impact on markets: the competition between market
makers leads to an increase in market depth, to narrower bid-ask spreads which is equivalent
to reduced trading costs for other investors, see [88, 99] and to better price discovery, see
[88, 137]. On the other hand, others assert that high-frequency market makers have toxic con-
sequences. For example, they worsen market volatility during flash crashes by aggressively
liquidating their long positions, see [101, 116].

One important common point in most studies analysing the behaviour of HFTs is that they
try to measure how HFTs impact the market as a group, without investigating individual be-
havioural disparities among them. Chapters I and II shed light on the fact that all HFTs do
not behave similarly, showing for example that they have very different levels of aggressiveness
and liquidity provision. In this paper, we wish to participate to the debate about the role of
HFTs on market quality by bringing some new quantitative elements enabling regulators and
exchanges to assess the individual effects of each high-frequency market maker operating on
the market. In particular, we want to be able to rank market makers according to the quality
of their trading.

We use several metrics for market quality such as spread and liquidity fluctuations, but a
particular focus is given to the price volatility. This idea of disentangling market participants
contribution to volatility is used in [136]. In this work, the authors nicely model the inter-
actions between the various orders of the different market participants using linear Hawkes
processes. This model is very interpretable: an order of type A of Agent i raises the likelihood
of an order of type B of Agent j by a certain amount. Consequently, the authors naturally
define the contribution of Agent A to the volatility by the weighted sum over all possible types
of orders of Agent A of the squared mean price jump triggered by each of these orders, the
associated weight being the intensity of the corresponding order type.

Our focus here is on market makers. Thus one crucial element to take into account is the
well-known fact that the main market driver of any market making strategy is the state of the
limit order book (and not single individual orders of other market participants), see [90, 125]
and Chapter I. Therefore, in the spirit of the Queue-reactive model of [90], we assume that
the state of the order book, which is a common component, affects the interactions between
our high-frequency market participants. However, to get a really accurate modelling of the
behaviour of the agents, we also let their individual actions depend on their own past ones
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and on those of other participants, in the spirit of [136]. We allow for strong non-linearities
in the dependences with the past, leading to a much generalised version of Hawkes-Queue-
reactive type order book models, see [126, 153].

In this extended and non-Markovian framework, we are able to prove the ergodicity and
diffusivity of our system, see [91] for inspiring ideas. Furthermore, we provide asymptotic
expressions for market quantities such as spread, liquidity fluctuations or price volatility in
terms of the individual order flows of market participants. This notably enables us to forecast
the dynamics of the market in case one market makers leaves it. The idea is that we consider
that market makers interact with the market through their algorithms which are specified for
example in term of average event size or in term of relative quantities such as the imbalance.
If we remove one market participant while the others do not modify their algorithms, we can
for instance compute a new volatility. If it is larger (smaller) than the actual one, we can say
that the considered market maker has a stabilising (destabilising) effect on the market. This
eventually leads us to a ranking of market makers with respect to the quality of their trading.

Let us now give a brief description of our model. Let n be a positive integer representing the
index of the n-th order book event e,,. Each event e, happens at time T}, and is characterised
by a variable X,, that encodes all the needed information to describe e;,. For example, X},
contains the order size, the type of the order (limit order, liquidity-consuming order such
as market order or cancellation), the order posting price and the identity of the agent. A
detailed description of the sequences (T};,);>1 and (X;) =1 is given in Section 2.2. The order
book state is modelled by the process U, = (Q),Q%,S,) with Q}, the available quantity at
the best bid, Q? the available quantity at the best ask and S, the spread at time T,. For a
detailed description of the dynamics of U,,, see Equation (1). Here we focus on the first limits
to reduce the dimension of the state space and keep a tractable model.! Finally, we use a
general approach to infer the behaviour of the price process from that of (Up), in the spirit
of [91] and Chapter II, see Section 4 for the detailed formulation. We define the non-linear
Hawkes-Markovian arrival rate 1;(e) of an order book event e (e containing the identity of
the involved agent) at time ¢ € R, as follows:

A’t(e) = 1//(8, Ut’, t) Z (P(e) Ut’r r— Ti,Xi)),
T;<t

where ¥ is a non-linear function, U;- is the order book state relative to the last event before
t and ¢ is the Hawkes kernel representing the influence of past events. The functions ¢
and ¥ are both R,-valued. In absence of the kernel ¢, the function ¥ leads to a classical
Markovian approach since the arrival rate of an event e depends essentially on the order
book state U;-. When ¢ is non-zero, ¥ controls the interactions between the past events and
the current order book state. Note that we allow ¥ to have a polynomial growth while in the
literature, it has at most a linear growth, see [41]. Additionally, we do not impose ¥ and ¢ to
be continuous, which means that a sudden change of regime in the order book dynamics are

THowever, we can model deeper limits by enlarging the dimension of the state space.
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also incorporated in our modelling. Finally, we propose an agent-based model since market
participant identities are contained in the order book events e through the variables (X;);>;.

Our framework is a generalised order book model where the arrival rate of the events follows
a non-linear Hawkes-type dynamics that depend on the order book state. This approach cov-
ers most existing bid-ask order book models. It is a natural extension of the Poisson intensity
models, see [2, 83, 144], the Markovian Queue-reactive model introduced in [90] and the
Hawkes based models such as [3, 126, 136]. In this setting, under mild assumptions, we pro-
vide new ergodic results and limit theorems, expressing all the limiting quantities in terms of
the individual flows of market participants. Furthermore, we build an estimation methodology
for the intensity functions which turns out to be similar to the one used in the Queue-reactive
case, see [91], although the model here is much more general and non-Markovian. These
theoretical results for our point processes, which largely extend classical ergodicity properties
limited to the Markov case, are the basis for the assessment of the role of the different market
participants on market quality as explained above.

The paper is organised as follows. First, we introduce in Section 2 our order book model and
describe how to recover the market dynamics from the individual behaviours of each agent.
Then, we prove the ergodicity of our system in Section 3 and its diffusivity in Section 4. In
Section 5, we provide the needed formulas to compute the order book stationary distribution,
the price volatility and the liquidity fluctuations. Finally, numerical results and ranking of
market makers on several assets are provided in Section 6. Proofs and additional results are
relegated to an appendix.

2 Market modelling

In this section, we describe the order book model and show how to recover the market
dynamics given the agents individual behaviours.

2.1 Introduction to the model

In the order book mechanism buyers and sellers send their orders to a continuous-time double
auction system. Market participants orders have a specific size that is measured in average
event size (AES)? and the orders can be sent to different price levels that are separated by
a minimum distance which is the tick size. In our model, we only consider the price levels
between the best bid and ask prices to reduce the dimension of the state space. Additionally,
we assume that the agents can take three elementary decisions:

o Insert a limit order of a specific size at the best bid or ask price, hoping to get an
execution.

¢ Insert a buying or selling limit order of a specific size within the spread.

2AES is the average size of events observed in the limit order book.
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 Send a liquidity-consuming order of a specific size at the best bid or ask price. Cancel-
lation and market orders have the same effect on liquidity. Thus, they are aggregated
to constitute the liquidity consumption orders.

The size of the orders is not constant in the model. Finally, the mid price is valued on the set
ToZ where T is the tick size. A simple example is to consider the case where the mid price
decreases (resp. increases) by one tick when the best bid (resp. ask) is totally depleted. Here,
the mid price jumps size may be larger than one tick. In the rest of the article, we take the
mid price as our reference price for simplification. The dynamics of the model are illustrated
in Figure IV.L

Q?

; Ii » Price
Bid t Ask

L Le

Figure IV.1 - Diagram of flows affecting our order book model. The quantity il (resp. i?)
represents the insertion of limit orders at the best bid (resp. ask). The quantity il (resp. i2)
2

2
is associated to buying (resp. selling) limit orders within the spread. The quantities ¢! and c?
refer to the orders that consume respectively the liquidity at the best bid and ask.

Notations. We consider the following notations:
e The current physical time is .
+ The mid price is Py, the best best bid price is P} and the best ask price is P?.
+ The spread is S; = P2 — P! and a is the tick size.

+ The available quantity at the best bid (resp. ask) is Q} (resp. Q?).

2.2 Order book dynamics

Let (Q, %) be a measurable space and (T}) 4=1 a non-decreasing sequence of random variables
such that T,, < T,,+1 on the event {T, < oo}. We associate to each T,, a random variable X,
taking its value on a measurable space (E,&). In our case, T), is the time when events
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happen in the order book and X, are variables describing each event. We endow Q with the
filtration (%;) ;>0 defined as #;, =0 ({T, € C} x{X,, € B}, Ce B(R)N (-0, t], B€ &). Each event
is characterised by:

o The size of the order: is an integer representing the minimum quantity that can be
inserted in the order book.?

+ The price of the order: equals to k € N when the order is inserted at the price P! +kay.

» The direction of the order: equals to +1 if it provides liquidity and —1 when liquidity
is removed.

+ The type of the order: equals to 1 (resp. 2) when it modifies the bid (resp. ask)* side.
e The identity of the agent: is valued in {1,..., N} since the market consists in N agents.

Since we track only the first limits, we add the following variables to describe the new order
book state when one of these limits is depleted: Q' (resp. Q?) the new bid (resp. ask) queue
and S the new spread after a depletion. Note that when there is no depletion, the random
vector (Q!, Qz, S) is arbitrary5 and its values are not used. Finally, we record the order book
state after an event to add a dependence between the arrival rate of the events and the past
order book states. The order book dynamics are described below. Hence, we consider the
following form for E=NxT xS xBxUxUx A with:

o N=N*: the set where the orders size is valued.

o T =N: the set where the price levels are valued.

S ={+1,-1}: the set where the orders direction is valued.

B = {1,2}: the set where the orders type is valued.
o U={N?x agN}\U: the set where the order book states after a depletion are valued.®

e U= {I\I2 X aol\l} \ U the set where the order book states after an event are valued.

A ={1,...,N}: the set where the agents identity is valued.
o U2 ={0}% x agN: the set of unreachable order book states.

Example 2. We place ourselves in the case where the minimum order size is a quarter of the
AES and (Q',0?,5) = ¢ when there is no depletion with c is a fixed constant. Thus, a buy limit
order of size 0.5 AES inserted at the best bid price +1 tick by the agent 5 when the best bid size is
Q} =1 AES, the best ask size is Ql? =3 AES and the spread S =2 ticks is represented by the event
e=(2,1,+1,1,c,u,5) with u=(2,12,1).

3In practice, the minimum quantity can be taken as a quarter of the the average event size (AES).

‘A buy (sell) limit order within the spread, a liquidity consumption at the bid (resp. ask) or a limit order at the
bid (resp. ask) modify the bid side first.

5To fix the ideas we can take (Q1,?,8) = ¢ with ¢ a fixed constant when there is no depletion.

OThe state where the best bid or ask size is zero is fictitious state that allow us to model the price changes, see

Remark 5.8.
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2. Market modelling

Order book dynamics. The order book state is modelled by the process U; = (Q},Q7,S;)
where Q! (resp. Q?) is the best bid (resp. ask) quantity and S; is the spread. The dynamics of
the reference price are going to be deduced from the one of the process (Uy) =0, see Section 4.
The process U; is defined in the following way:

U= ) AU, AU;j=U;-Uj-,
T;<t

with U; = (Q},Q?,Si) € U the order book state after the i-th event (we write U; for Ur, when
no confusion is possible). Thus, we only need to describe the variables (U;);j=;. Let i =1
and X; = (n;, t,-,s,-,bi,ﬁi,Ul-,ai) € E with n; € N, LET, s;€8, b; €B, [7,' = (Q},le,gl) el
U;= (Q%, ?,S,-) € U and a; € A. The variable U; satisfies

Si= le=0Si-1— (8] + 1)+ 1,18,
1, -, L3 ~
Q= Le=0Qp,+ (" —ny” +1, %) +1621Q), (1)

2 2 2,+ 12— 2’% A2
Qi = lfiZOQi—l +(7’ll- —I’ll. +ni )+1€i:1Qi’

where €; is a price move indicator (i.e. € =0 when there is no depletion and € =1 otherwise),
the variable ¢! (resp. t7) is the spread variation when a buy (resp. sell) limit order is inserted

1 . 1+ 24 1- 2,+ L3 2,3
within the spread. The variables n;™ (resp. ny""), n;" (resp. n;"") and n;* (resp. n,?)
are respectively the best bid (resp. ask) increments when a buy limit order is inserted at the
best bid (resp. ask), when a consumption order is sent at the best bid (resp. ask) and when
a buy (resp. sell) limit order is inserted within the spread. We now explain how the previous

quantities can be written in terms of the state variables:

€j - 1{3i=—1}ﬂ({bizl,niEQ;—ﬁU{bi:Z'niEQl{l})’
t = min(Z;@, Si-1 ~ @0) Lip;=1, 1,201

t;:g = (Sj_1- tiaO)+1{bi:2, xi;ésg—;‘}’

ng(z)’+ nil{si:+1,ti:0(s%1),bz:l(z)}’

n;(Z)’_ = nil{s,:—l,t[:()(sz)l),bi=1(2)'”i<Qz!£21)}y

nf @1z = nil{si:+1,fiﬁ{or%}’bizl(z)}.

We denote by A; the intensity of the point process (T, X,,). For e € E, A;(e) corresponds to
the arrival rate of an event of type e conditional on the past history of the process and it is
defined informally as

P[#{T, € (s, t+61], X, = e} = 1|F]
A:(e) = lim
5t—0 ot

with #A is the cardinality of the set A. We consider the following expression for the intensity:

/l't(e) :1//(6, Ut’)t’ Z (l)(e) Ut’) - Ti’Xi))» (2)
Ti<t
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IV. From asymptotic properties of general point processes to the ranking of financial agents

where ¢ and ¢ are R, -valued functions. The individual behaviour of each agent is encoded
in the functions ¥ and ¢ through e and (X;);>1, see Equation (2).

Note that we can recover the full definition of the intensity of the process N = (T, X};) using
the following proposition:

Proposition 2.1. For any Be & and t € R, we have

P[#{Tp € (t,t+61], X, € B} = 1|F]

. _ 3
61}310 5 YocpAi(e). 3)

The proof of Proposition 2.1 is given in Appendix IV.A. The existence and the uniqueness of
a probability measure ° on the filtered probability space (Q,%,%;) such that (3) is satisfied
and A; verifies Equation (2) is ensured as soon as Y ,cg A(e) is locally integrable, see [93]. We
prove that } ,cpA;(e) is locally integrable in Appendix IV.C.

2.3 Market reconstitution

We can recover the market intensity A using the corollary below.

Corollary 2.1. When A, verifies Equation (2), the market intensity A (e') of an event €' (€' does
not contain the identity of the agent) in the exchange is given by

P{#{T, € (t,t+6t], X € (e, A} =1|F
A€ = lim [#T ! 7] Y A, a), (4)
6t—'0 6t GEA

foranye € ' =NxTxSxBxUxU.

The proof of Corollary 2.1 is a consequence of Proposition 2.1.

2.4 Some specific models

Poisson intensity. We introduce here a simple version of the Poisson intensity model where
the variable X,, = (1, t9, S, b, Un, Uy, an) with Uy, = (QL, Q2,S,,) satisfies
e the order size n, = 1: all the events have the same size 1 AES.

Sn

o the price level ¢ € {0, a—o}: orders are inserted at the best bid or ask.

« the law of U, is unchanged: when one limit is depleted, the new state is drawn from
the stationary distribution of the order book.

For any e = (n,t%s,b,i,u,a) € E with u = (Ql,Qz,S), we can recover Poisson models by
taking the following choice of the parameters:

wie u,t,2) = h(s,b, D,y e, V2 LERS,
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2. Market modelling

with /2 a deterministic function valued on R,. Thus, the expression of the intensity becomes
/117(@) = fl(s, b; a)ln:l,toe{(),i}'
ag

Such modelling was introduced in [2, 55, 144].

Queue-reactive intensity. In the Queue-reactive model, the arrival rate of the events de-
pends only on the current order book state. For any e € E and u € U, we take

vieu,t,z)= h(e,u), Vzte R,

to reproduce the Queue-reactive dynamics with 7 a deterministic function valued on R,.
Hence, the intensity reads
Ar(e) = hie, u).

Such modelling was studied in [90, 91].

Hawkes Queue-reactive intensity. In the Hawkes framework, the arrival rate of each event
depends fully on all the past market events. For any e € E and u € U, we generate the Hawkes
Queue-reactive dynamics by taking

vieu t,z)=hleut)+z, Vz,teR,.
Thus intensity has the following expression

A@)=h(e, U, 0)+ Y ¢ple,Us,t—T;, X;).
Ti<t

Close modelling was used [3, 14, 95, 126, 136].

Quadratic Hawkes process. The quadratic Hawkes processes generalise the linear Hawkes
processes by adding an interaction term between the pairs of past events. In the classical
one-dimensional case, the intensity function of a quadratic Hawkes process reads

A@=h(+ ) ¢u—-Td+ ), K(-T;,t-T)),

Ti<t T;,Ti<t

with K :R; xRy — R, the quadratic kernel. We can recover a simple case of the quadratic
Hawkes models when K is separable (i.e. K(f,s) = k(#)k(s) with k a non negative function) by
taking v of the following form:

vieu,t,z)=hleut)+ zz, Vz, teR,.
Hence, the expression of the intensity becomes

M@ =hieUr, 0+ Y ¢*(eUr,t-T;, X)+ Y ¢pleUr,t— T, Xde, U, t =T}, X)).
Ti<t T;,T)<t

Quadratic Hawkes models were introduced in [34, 132].

Remark 2.1. In our modelling, the linear term is necessarily ¢*>. However, to overcome this
limitation we can add a new argument to the function w which differentiates the linear kernel from
the quadratic one. This will not modify the proofs.
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IV. From asymptotic properties of general point processes to the ranking of financial agents

3 Ergodicity

3.1 Notations and definitions

Let Z; be a process defined on the probability space (Q, %, %;,P) and valued in (Wp, #p).
We consider another process V; defined on (W, #5) and valued in (X,%) and we denote
by P;(x,.) the probability distribution of VtO ¥ starting at 0 with the initial condition x € Wj.
For any measure p defined on (W, #) viewed as a random starting condition, we denote by
P, ) = [y, Pe(x, )u(dx).

Definition 3.1 (Invariant distribution). The measure p is invariant if the probability distribution
P(u,.) does not depend on the time t.

This definition is consistent with the one given in [41, 86, 123]. The process V; starting with
the initial distribution p is stationary if and only if y is invariant. We define the total variation
distance between two measures 7 and 7’ such that ||7 —7'|| 7y = sup e 9 [7(A) — 7' (A)].

Definition 3.2 (Ergodicity). Let C € #y. The process V; is C-ergodic if there exists an invariant
measure [ such that for any x € C, we have P¢(x,.) P Py(u,.) in total variation.
—00

Remark 3.1. This definition is consistent with the one given in [123]. Ergodicity is interesting since
it ensures the convergence of the order book process U; towards an invariant probability distribution.
Thus the stylized facts observed on market data can be explained by a law of large numbers type
phenomenon for this invariant distribution.

Remark 3.2. In this section, we work with a continuous time processes Z; and V; with t € R,.
However, all the definitions are similar for a discrete time processes Z, and V, with n € N. We just
have to replace t by n in the definitions above.

The space Q and the filtration &; considered here are defined in Section 2.2, & = Z,
the filtered space Wj is the space of sequences indexed by N~ and valued on Ry xE , X =
Ux (Ry)E and & = % x BR,)®E with % the o-algebra generated by the discrete topology
on U, B[R,)®E the cylinder o-algebra for (R+)E, 2 (R,) the borel o-algebra of R, and
o = (BR) x 6")®N with & the o-algebra generated by the discrete topology on E. We need
to work on the space Wy since the dynamics of the process depend on its whole past.

3.2 Ergodicity

In this section, we assume that the process U, is irreducible and provide under general as-
sumptions a theoretical result on the ergodicity of the process U;= (Q%, %, St, Ay) with A; the
intensity defined by (2).

We denote by AiQ'Jr (resp. Ag_) and AJ (resp. Ag) the arrival rate of the events that respectively

increase (resp. decrease) the limit Q' and the spread S for any i € B. Let U, = (Q}, ?,St) be
the order book process and e € E be a market event, the quantities /lai and A5 are defined
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3. Ergodicity

by the following formulas:

A Uem= Y Mo, AWU~k= Y Ao, (5)
e€Eg* (Us-,n) e'eEZ (U;-,k)

with n €N, ke N and

Egi(Ut-,n) = {eeEst AQl=xnj

6
Ei(Ut—,k) = {e€E;s.t AS;==k}, (©)

with AX; = X;— X;- for any process X;. For simplicity and since there is no ambiguity, we do
not write the dependence of /1 * and A5 on the current time ¢. For any 7€ N*, we write

Pmn) =k, =1k,... ke N st kg+...+kpy=n meN"},
for the set containing all the partitions of n.
Assumption 3.1 (¢ growth). We assume that there exist c=0, d =0 and ny € N such that

V(e z) < cle)+d(e)z™,
SupeeE{d(e) Y kP (ny) ””“GZZ) Jan T2, o*kite,s) dsi} <1,

with (e, 2) = SUP, neuxp, ¥(€ U, 1,2), P* (e, ) = sup ey Lrer Ple, u, s, X) and (l’(’z) = (k "u/k )=

1reeer m
Ty!
kil...km!”

Assumption 3.1 is natural. To see this, we take a 1-d stationary non-linear Hawkes process N;
with an intensity A; that verifies

t
At:c+d(2¢(t—Ti))”"’:c+d(f G(t—$s)dNs)", VieR;.
T;<t —00

By stationarity, we have

I3
A=E[A;] =c+ dE[(f G(t—s)dNy)™]

=c+d Z 1/m! nwf H(Pki(t—si)[E[stl...st] ,
k, (—00,0)™ j=1 "

k€2 (ny)

with (;Z‘”) an enumeration factor. In fact, if we have ny possible events divided in m groups
such that the j-th group is composed of k; events, then the quantity (;'*) counts the number
of possible groups. Here each group represents the jumps that happen at the same time.
Since the jumps have a unit size, the Brascamp-Lieb inequality ensures that E[d Ny, ...d N, ] <

17, ElaN Y™ = [T E[dNg Y™ =17 E[A,]Y™ = A which leads to
A<c+ql,

with g=d/m!Y Egz(nw)( )LR+)m [T 1¢k (e,s;) ds;. The condition g <1 of Assumption 3.1

guarantees that A is finite.
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IV. From asymptotic properties of general point processes to the ranking of financial agents

Remark 3.3. Non linear Hawkes process are studied mainly when the function v admits at most a
linear growth (i.e. ny <1). When ny =1, we recover the classical condition

supd(e){f (/)*(e,s)ds} <1.
ecE R+
When ny, = 2, Assumption 3.1 becomes
sup d(e) {(f P* (e, 8)ds)’ +f ¢* (e, s)zds} <1.
ecE R, R,

Assumption 3.2 (Negative drift). There exist positive constants Cpoyna, 20 > 1 and 6 such that

Znz0(2) ~DAG W, m) = Ag U, m) ) <=8, a.s when Q}- = Chouna, :
T rz0(z8* ~ V(AL U, k)~ A5 (U, k)za%) <-6, a.s when St = Chouna, )
0

foranyieB and U; = (Q%, Q?,S;) €U where ay is the tick size.

Assumption 3.2 ensures that both the size of the first limits and the spread tend to decrease
when they become too large. Same kind of hypothesis are used in [90] and Chapter II but
when the order book dynamics are Markov.

Remark 3.4. In practice, Assumption 3.2 is verified when the following conditions are satisfied:

Y=oz —D(wg wn, 6,2 -y wn,t,2)2) <=6,  when G' = Chouna,

iz
0

an()(zg()k - 1)(1//§(uy k; t; Z) _wg(u) k; t) Z)ﬁ) = _5» when Si = Cbound,
%o

(pg+(u, ntx) < (pgf(u, nt,x), when qi = Chound> (8)
o5 (u, k, t,x) < g (u, k, t,x), when s' = Cpound,
v(eu,t,z), isnon-decreasing in z, when q' = Cpound,
wle,u,t,z), is non-decreasing in z, when s' = Cyound,

where u=(q',q% )€U, i eB and wgi, v, gbiQ'i and ¢ are functions defined such that

i+ _ ) i,+ _ )
WQ (u) n, tr Z) - ZeEEgi(u,n) W(er u, t) Z); (’bQ(S)(u’ n, t) x) - SuPeEEg-&)(u,l’l) (P(e; u, t) x)v
wg(u» k’ t’ Z) = ZeeEéf(u,k) W(e) u, t’ Z)y (pé(s)(uy k’ t; x) = infe(—:E(’?(S)(u,k) (,b(e’ u, t) x))
with (n,k,t,z) € N? x IR_%. Although Inequalities (7) and (8) are not equivalent, there is a large
panel of functions that satisfy (8). A proof of this result is given Appendix IV.B.

Assumption 3.3 (Bound on the overall flow). We assume that there exist z1 > 1, M and y >0
satisfying

c* = Yecgc(e) <oo,

I = Yeekkpe(ny) d(e)/m!(lf:l) fM 17, o*Fi(e,sj)dsj < oo,

Qo = Tnen(a! - DE[AG (w,m) - % z(u " <m, when q' < Coouna,
Ale) = YeepAile)zy, 1 s
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with c(e), d(e) and ¢* defined in Assumption 3.7, i € B, x€ Wy and Cpouna defined in Assumption
(3.2). Similar assumptions are considered in [90] and Chapter II in the Markov case.

Assumption 3.3 ensures no explosion in the system since it forces the arrival rate of orders,
the size of the limits and the spread to stay bounded.

Remark 3.5. In practice, we can find pathwise conditions similar to those used in Remark 3.4 such
that the inequalities Q.. < M, Soo <M and A,(e) 2, a.s are satisfied.

Theorem 3.1 (Existence). Under Assumptions 3.1, 3.2 and 3.3, the process U, = (Q}, %,S HAe)
admits an invariant distribution.

The proof of this result is given in Appendix IV.C.

Assumption 3.4 (Regularity). We assume that v is a cadldg function continuous with respect to
z, ¢ is a positive cadldg function and there exist 1Ry — Ry and ny € N such that

lwie u,s,x)—wieus Y| <|yx)—w()l, Vieusxy)eExUxRS,

and
() — (P < Klx—yllL+x™ + ™|, V(x,y)eR?,

with K a positive constant.
Remark 3.6. Assumption 3.4 is satisfied in the special case where ¥ is a polynomial.
We have the following result.

Theorem 3.2 (Ergodicity). Under Assumptions 3.1, 3.2, 3.3 and 3.4, the process U, is Wy -ergodic,
which means that there exists an invariant measure [, see Definition 3.1, that satisfies

lim P,(x, A) = Po(p, 4), Ve Wp, A,
— 00

where P;(x, A) is the probability that U, € A starting from the initial condition x. Additionally, we
have the following speed of convergence:

1P:(x,.) = Po(u, Miry < Kie ™!, Vxewy,
with Ky, Ko are positive constants and ||.||7v the total variation distance.

The proof of this result is given in Appendix IV.D. We can construct pathwise the point
process N = (T, X;,) defined in Section 2 using the following algorithm.

Remark 3.7 (Pathwise construction of N). Using the thinning algorithm proposed by Lewis in
[112] and Ogata in [132], the point process N = (T, X,,) defined in Section 2 satisfies N = lim N™

nm—oo
where N™ is defined as follows
AT+ (e) = (e UM t,Lrme;ple, UM, t—T™, X"™) 1 pmeyepme + AT (€)1 icrm,

N™*1((0,1] x B) Jirm pmetyeg N*(dEx (0,A7*1 (e)] x de)1 s pm + N™((0, £ A T™] x B),
Tm+l sup{t > T™;  [igm yxe N*(dtx (0,A](e)] x de) = 0},

with U™ the order book process generated by N™ and described in (1), N* = (T,;,R;,, X;,) a Poisson
process valued on R% x E which admits dtdzv(de) as an FN' intensity and v =Y o .
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IV. From asymptotic properties of general point processes to the ranking of financial agents

This is a well known result that were used in many contexts, see [41, 59, 109, 112, 132]. The
proof of Theorem 3.1 ensures that the above algorithm is well defined.

4 Limit theorems

Let n be the index of the n-th jump, (7,),=0 be a process satisfying 7, = f(U)i<n, (Yi)i<n)
with f a measurable function valued on (R, B(R)), (Y;);>, is a geometrically ergodic sequence,
see 15.7 in [121], independent of (U;);>,. Here, we write fi for the invariant measure of the
joint process (U, Y)Y, V= Y i mkand Sy =37 (i —Ealngl). We denote by

Sint)
vn'

Assumption 4.1. Under the invariant measure fi, the sequence (1);) >0 is stationary and Ej[|no|] <
Q.

Xn(t) = Vi=0.

Assumption 4.2. Under the invariant measure fi, we have Eg[(no —Eg [170])2] <1.

Proposition 4.1. Under Assumption 4.7, we have

Vi
— — Eglnol, a.s. (9)

n n—oo

Moreover when both Assumptions 4.7 and 4.2 are verified, the quantity X, (t) satisfies

Xu(0) Zeaw,, (10)
with 0% = Eg [17(2)] +2Y k=1 Ealnonk] and fi the invariant measure of (U;,Y;) and W; a standard
brownian motion.

Note that 02 < co under Assumption 4.2. The proof of this result is given in Appendix IV.E.

Remark 4.1. The leading term in the expression of 0% is EglnZ). Numerically, it can be computed
as soon as we have an estimate of the stationary distribution of 0o, see Proposition 5.1.

Proposition 4.1 ensures that the large scale limit of S in event time is a brownian motion.
However, it is more relevant to study the large scale limit of the process S in calendar time.
Thus we now consider the process

SN
vn'

The following proposition provides the large scale limit of the process Syus).

X,(t) = Vt=0.

"Recall that U is the process U= (QI,QZ,S, A).
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5. Formulas

Proposition 4.2. Under Assumption 4.7, we have

Vnmy _ Ealnol
n  n—co Eg[ATy]

a.s. (1)

Moreover when both Assumptions 4.1 and 4.2 are verified, the quantity X,,(t) satisfies
o

. —
VEATT

with 0 = Eg[n3l + 2 ¥ k=1 Eglnonkl, fi the invariant measure of (U;,Y;), AT, = Ty, — Ty the
inter-arrival time between the n-th and (n—1)-th jump and W; a standard brownian motion.

PO (12)

The proof of this result is given in Appendix IV.E.

Remark 4.2. The mid price after n jumps Py, satisfies P, = Po+Y."" | AP; with AP; = (P;—Pj_1) =

PN(nt

ni. When (n;)i=0 verifies Assumptions 4.7 and 4.2, the rescaled price process P,(t) = ) converges

towards a Brownian diffusion.

5 Formulas

In this section, we provide a calibration methodology for the intensities and computation
formulas for the quantities of interest: the stationary distribution of the order book, the price
volatility and the fluctuations of liquidity.

5.1 Stationary probability computation

In this section, we denote by u the invariant measure of U= (Ql, Qz, S, A) defined on (W, #),
see Theorem 3.2. Let {; = f((U;)1,<¢) be a stationary process under p with f a measurable
function valued in (Z,Z), Z a countable space and 7 the stationary distribution of {;. The
proposition below provides a fixed point formula satisfied by 7.

Proposition 5.1. The stationary distribution 7 satisfies

nQ=0,
nl=1. (13)
where the infinite dimensional matrix Q verifies
Qz,2)= ). EulA@)I{o=2], (14)

e€E(z,2))
with E(z,z') the set of events directly leading to z' from z.
The proof of this result is provided in Appendix IV.F.
Remark 5.1. When {;=U, = (Q},Q?,S,), Proposition 5.1 provides a fixed point equation for the

computation of the stationary distribution 7w of the order book.
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IV. From asymptotic properties of general point processes to the ranking of financial agents

Remark 5.2. The operator Q is the infinitesimal generator of the process { defined such that
Pulls = 2100 = 2]
0

Q(z,2) = (lsirr(l) for any z # z'. The proof of this result is given in Equation (61) of

Appendix IV.F.

5.11 Markov framework

In the Markov case, it is a well known result that Q satisfies (13), see [131]. In this case, the
coefficients of Q are parameters of the model and can be estimated using (15).

5.1.2 General case

Let us take two states z and z’ such that z # z’. We define Ntz’z’ and t? such that

2,2 _ i z_ )
Nt - Z 6z,z” = Z ATll{(Ti_1=Z}’
Ti<t Ti<t

with 5; 7= I{CT,‘-FZ'(TI‘:Z/} and AT; = T; — T;—;. We have the following result.

Proposition 5.2. When (6; izl satisfies Assumption 4.1, we have

Qz,2) = N~

— Q(z,2), as. (15)

1% t—oo

The proof of this result is given in Appendix IV.G.

Remark 5.3 (Confidence interval). We can compute a confidence interval for the estimator Q(z, z'),
see Appendix IV.G for the details.

Remark 5.4. When (;=U; = (Q}, Qf, S1), Proposition 5.2 provides an estimator for the operator
Qu, u") with u,u' €U and u+# u'.

Remark 5.5. In the Markov case and when (; = U;, see [91], the authors used the estimator
presented in Proposition 5.2 to evaluate Q(u, u').

Remark 5.6. Let (z,z') € U? such that z # z' and a € A, we consider the quantity Q(z,z,a) =
Y ecE(z,2)nE(a) EIA(@) o = 2] with E(a) the set of events generated by the agent a. This quantity
represents the infinitesimal probability that the agent a sends an order that moves { from z to 2. It
can be estimated by Q(z, 7', a) = Nf‘zr'“/ t* which satisfies

!

z,2,a

Q(z,7,a) = — — Qz,7,a), a.s, (16)
1< t—o0
with Nf’zr’a = ZT[<t6i 2 q and 5; o0 =Vr,_ =20r,=2,A=a) Where A; is the identity of the agent

causing the i-th event. The quantity Q(z,z',a) allows us to infer the market dynamics (i.e. the
operator Q) for a specific combination of the agents, see Equation (14).
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5.2 Spread computation

Since the process U; is ergodic the spread S; has a stationary distribution. Then, we can
compute E;[So] where 7 is the stationary distribution of U. The computation formula
for m is detailed in Proposition 5.1 and the estimation methodology of Q is described in
Proposition 5.2.

5.3 Price volatility computation

We place ourselves in the case of Remark 4.2 and assume that the mid price moves (17;);>0
are valued in { = @¢Z with aq the tick size. In such situation, the limit theorem of Section 4
ensures the convergence of P, (t) towards

Po(t) Z oW,

with 02 = Eg [17%] +2¥ k=1Ea[nonkl and fi the invariant measure of (U,Y), see Section 4. The
quantity of interest is 2. To compute 0, we need to evaluate Ej[non] for all k = 0. We have

Ealn3] = Lner 7tny (17,

17
Ealfloni] = Lyeg o (DAERINEIN0 = 1), k21, 17

with 7y, () = Palno = nl. Thus we need to estimate 7y, and Eg[nilno =7l to evaluate o2
The computation of the leading term Ej[n3] requires only the knowledge of the stationary
distribution 7;),. The latter is evaluated using Proposition 5.1. To estimate Ey[n|no = n] with
k =1, we use the following proposition.

Proposition 5.3. Let us take k=1, ne€{ and

(k) _ j k)
Ny = Z oy

jsn

with 5#’6) =1, =n) and n" = stné,]%(k). When both (17,-5,1.7(’“)),'21 and (Gé(k))izl satisfy Assump-
tion 4.7, we have

To (k)

Emo, k) = ’111" = Eglnemo=mnl,  a.s. (18)

The proof of this result is similar to the one of Proposition 5.2.

Remark 5.7 (Markov case). When the dynamics of U are Markov and n; = fo(U;) for any i =0
with fo a deterministic function, see Remark 5.8. We have

Ex[nonkl = )_ m(wno(WEu(nkl, (19)

uel
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IV. From asymptotic properties of general point processes to the ranking of financial agents

where 1 is the stationary distribution of U that can be computed using Proposition 5.1 and
Eulngl = (Pk « N0)u =X uweu P’lj u,no(u’) with P* the k-th power of the Markov chain P associated
to the process U and which satisfies

p _ { _Qu,u’/Qu,u» lfu # u' and Quu #0,
u,u'

1o ifu#u and Qu, =0,
_ 0; 1fQu,u # O»
Pu={ o Ts 20

where the quantity Py, represents Py, = P[Uy = u'|Up = ul with U, the state of the order book
after one jump.

Remark 5.8. In Section 6, for any u=(g', g2, s), we consider the following function:

-1, ifg'=0and q*>0,
fow={ +1, ifq*>=0andq'>0,
0, otherwise ,

for the numerical simulations. Note that the states where g* =0 or g* =0 are fictitious states that
are not observable in practice. These states are introduced to handle the price changes. Indeed, the
states where g* =0 (resp. g = 0) correspond to a price decrease (vesp. increase) by one tick and the
states where both q' =0 and g =0 are unreachable.

5.4 An alternative measure of market stability

Another way to look at market stability is to investigate the behaviour of the disequilibrium
between offer and demand. This equilibrium can be for example measured through the cu-
mulative imbalance N; = V? — V# where V? (resp. V) is the net number of inserted limit
orders at the bid (resp. ask). From no arbitrage argument, we know that the dynamics of N,
are closely related to that of the price [95, 100]. Consequently, it is natural to view the long
term volatility of this object as an alternative measure of market stability.

In this section, we follow the same methodology used in Section 5.3. The cumulative imbal-
ance after n jumps N, satisfies N, = N0+Z?:1 AN; where AN; = N;— N;_; = n;. Hence, when
(ni)i=o satisfies Assumptions 4.1 and 4.2, we have the following convergence result:

with 6% = E,[n3] + 2¥ k=1 Exlnong] and p the stationary distribution of U given by Theo-
rem 3.1. The quantity E,[ngni] can be computed using the same methodology of Section 5.3.
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6. Numerical experiments

6 Numerical experiments

In this section, we propose a ranking of the market makers for four different assets, based
on their impact on volatility. For each asset, we compute first the liquidity provision and
consumption intensities relative to the whole market using Equation (15).8 Then, we estimate
the stationary measure of the order book, see Equation (13), and use it to compute the two
following estimators of the market volatility:

gz; = Eun3l,
o™ = Exlmgl+ 2%k Exlnon;),

where y is the invariant measure of U given by Theorem 3.2, 7 is the stationary distribu-
tion of U when the order book dynamics are Markov and 7n; = fo(U;) with fy defined in
Remark 5.8. The estimator 0> is computed by applying Equation (17) and cri’M is evaluated
using Remark 5.7. Thereafter, for each market maker, we compute its own intensities using
Equation (16). After that, we estimate the new market intensities in a situation where we sup-
pose that he withdraws from the exchange by subtracting the agent intensity from the market

2.6 and o>M

one, see Corollary 2.1. We finally compute the new market volatility estimators o P

corresponding to this new scenario using Equation (17) and Remark 5.7 again.

Remark 6.1. In the simple case where the order book dynamics are Markov and the queues are
independent, see Section 2.3.3 in [90], minimizing the first order approximation of the price
volatility 0% ~ Ex (03] is similar to selecting the agent with the highest ratio insertion/ consumption
AP
insertion/ consumption ratio greater than the one of the market. The proof of this result is given in
Section IV.H.

This condition is a well-known result which means that the new agent needs to have an

Remark 6.2. The reconstruction methodology of the market assumes that other participants will
not modify their behaviours when an agent leaves the market. In practice, this assumption is
satisfied since agents react to global variables such as the imbalance and not to a specific agent-based
information. Additionally, when an agent leaves the market, the other participants do not have
enough order flow history to calibrate all the parameters of their models.

Remark 6.3. The reconstruction methodology of the market takes into account the volume exchanged
by each agent since this information is included in the estimated intensities. Indeed, the intensity of
an agent who trades a large volume is high because he either interacts frequently with the market or
generates significant changes in the order book state.

6.1 Database description.

We study four large tick European stocks: Air Liquide, EssilorLuxottica, Michelin and Or-
ange, on Euronext, over a year period: from January 2017 till December 2017. The data
under study are provided by the French Regulator Autorité des marchés financiers. For each

8A liquidity provision (resp. consumption) event is assimilated to an increase (resp. decrease) of the best bid or
ask size by 1 unit. To fix the ideas, one (AES) is our unit here.
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IV. From asymptotic properties of general point processes to the ranking of financial agents

of these assets, we have access to the trades and orders data. Using both data, we rebuild the
Limit Order book (LOB) up to the first limit of both sides, whenever an event (an order inser-
tion, an order cancellation or an aggressive order) happens on one of these limits. Note that
we remove market data corresponding to the first and last hour of trading, as these periods
have usually specific features because of the opening/closing auction phases. We present in
Table IV.I some preliminary statistics on the different considered assets.

Asset Number of Number of Number of Ratio of Average
insertion cancellation aggressive cancellation spread (in
orders (in orders (in orders (in orders number ticks)
millions of millions of millions of over aggressive

orders) orders) orders) orders number

Air Liquide 2.36 2.40 0.21 11.4 107

EssilorLuxottica 3.90 3.96 0.34 11.6 L1l

Michelin 3.81 4.01 0.32 12.5 114

Orange 6.60 6.66 0.47 14.1 114

Table IV.1 - Preliminary statistics on the assets.

Table IV.1 shows that the number of insertion orders is lower than that of cancellation orders.
A priori, this seems contradictory, but what happens in practice is that some agents insert
orders that they cancel partially and progressively at a later stage by sending multiple can-
cellation orders, which leads to a number of cancellation orders higher than that of insertion
orders.

The considered market makers, that we aim at ranking, are the Supplemental Liquidity
Providers (SLP) members. The SLP programme imposes a market making activity on pro-
gramme members, including order book presence time at competitive prices. In return, they
get favorable pricing and rebates in the form of a maker-taker fees model directly comparable
to those of the major competing platforms. This programme includes 9 members. Some of
them have at the same time SLP activity and other activities, such like proprietary or agency
activity. In our analysis, we only analyse the SLP flow of these members. We denote the
market makers by MMI to MM9.

6.2 Computation of the intensities and the stationary measure

We compute the liquidity consumption and provision intensities at the first limit relative to
the whole market according to the queue size, the corresponding stationary measure and the
long term volatility for Air Liquide. Results relative to EssilorLuxottica, Michelin and Orange
are relegated to Appendix IV.I. The estimation methodology of the intensities is based on
Proposition 5.2. To apply this proposition, we record, for every event occurring in the LOB
at the best limits (best ask and bid), the type of this order (insertion or consumption), the
waiting time (in number of seconds) between this event and the preceding one occurring at
the same limit and the queue size before the event. The queue size is then approximated by
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6. Numerical experiments

the smaller integer that is larger than or equal to the volume available at the queue, divided
by the stock average event size (AES) computed for each limit on a daily basis. In practice,
the spread cannot be equal to one tick all the time. This is why we exclude from our analysis
all the events that occur when the spread is higher than one tick.

(a) Intensity of the market (b) Stationary measure Q'

0.08 1

e Liquidity consumption
Liquidity provision
0.06 1

0.04 4

0.02 1

24 0.00

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Long term price volatility 0% = 0.035, U?E)M =0.227.

Figure IV.2 - (a) Liquidity insertion and consumption intensities (in orders per second) with
respect to the queue size (in AES) and (b) the corresponding stationary distribution of Q!
with respect to the queue size (in AES), proper to Air Liquide.

We can see that for all these assets, the liquidity provision intensity is approximately a de-
creasing function of the queue size. This result reveals a quite common strategy used in
practice: posting orders when the queue is small to seize priority (for further details about
the priority value, see Chapter III). For all assets, the consumption intensity is an increasing
function when the queue size is large. For small queue sizes, we notice a slight decrease of
this intensity, see Figure IV.2. Indeed, the increasing aspect corresponding to large queue
sizes is explained by market participants waiting for better price when liquidity is abundant.
The decreasing aspect associated to small queue sizes is due to aggressive orders sent by
agents to get the last remaining quantities available at the first limits: market participants
rushing for liquidity when it is rare. The lower the ratio of cancellation orders number over
aggressive orders number is, the clearer the decreasing shape for small queue sizes stands
out, see Table IV.l and Figures IV.2, IV.4, IV.5 and IV.6.

6.3 Ranking of the market makers

For each of the assets and for each one of the market makers, we compute the liquidity
consumption and provision intensities, and the corresponding price volatility Ui'M that we
would obtain in a situation where the studied market maker withdraws from the market. Since
26 and J?bM give the same ranking, we choose to show the values for U?bM
alone. We show next the results relative to Air Liquide; those of EssilorLuxottica, Michelin

and Orange are relegated to Appendix IV.L.

the estimators o
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IV. From asymptotic properties of general point processes to the ranking of financial agents

Intensities and U%bM when one market maker leaves the market

vol without MM1 : 0.232 [4] vol without MM2 : 0.199 [9] vol without MM3 : 0.215 [6]
° — Liquidity consumpﬁon‘ 6 6
Liquidity provision
5 s 5
3 . 41
TN AL N
2 5 2
vol without MM4 : 0.224 [5] vol without MM5 : 0.201 [7] vol without MM6 : 0.296 [1]
7
/ 6 |
6
5 5
5
4 44
4
3 34
3 \-/\ , \/\ | \/\
2
vol without MM7 : 0.295 [2] vol without MM8 : 0.244 [3] vol without MM9 : 0.2 [8]
7 6 64
6 5 51
5 4 44
4
B \/\ 2 2
0 5 0 5 10 15 20 25 30

0 5 10 15 20 25 30 10 15 20 25 30

Figure IV.3 - Liquidity insertion and consumption intensities (in orders per second) with
respect to the queue size (in AES) and U%bM when one market maker is ejected from the

market for the stock Air Liquide.

Based on the previous results, we carry out for each asset the ranking of the different market
makers according to their contribution to volatility. To do so, we compare the expected
volatility when removing each market maker from the market to the actual one when all
the market makers in the market: if the expected volatility is higher (resp. lower) than
the actual one, this means that the market maker into question decreases (resp. increases)
market volatility. The market maker who decreases” (resp. increases'®) volatility the most
is ranked first (resp. last). In the following table, we add a star next to market makers
decreasing volatility: a zero star (resp. a four stars) means that the market maker increases
(resp. decreases) the market volatility of the 4 studied assets.

9The expected volatility of the new market without this market maker is the highest.
0The expected volatility of the new market without this market maker is the lowest.
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IV.A. Market reconstitution

Market Ranking Market Ranking Market Ranking | Market | Ranking | Market
maker Air share Air Exilor- share Michelin share Orange share
Liquide Liquide | Luxottica Exilor- Michelin Orange
Luxottica
MM1*** 4 4% 3 3% 3 4% 3 3%
MM2 9 1% 9 1% 9 1% 7 1%
MM3 6 5% 6 5% 7 4% 5 4%
MM4 5 1% 4 1% 4 0% 4 1%
MMb5 7 5% 8 5% 8 5% 9 5%
MM E*** 1 3% 2 3% 1 3% 1 4%
MM7**** 2 7% 1 12% 2 9% 2 7%
MM8* 3 9% 5 5% 5 5% 6 4%
MM9 8 2% 7 2% 6 2% 8 2%

Table IV.2 - Market share and ranking of markets makers

IV.A Market reconstitution

Proof of Proposition 2.1. Let ¢ =0 be the current time. For any B € &, we denote by T"¢ the
first time greater than ¢ when an event e € B happens given %; and T»® = mingcp T"¢ the
time of the next market event. Thus, we have

P[#{Ty € (t,t +61], Xn € B} = 1|F]

B)=1i
At( ) 5%1_1}0 61’
PIT"P € (1, 1+ 611}|.F]
= lim .
5t—0 ot

We write f%¢ for the density function of T"¢ and Fé’e(S) = P[(mingep\ (¢ Tt'é) > s|TH® < 5] for
any s = 0. Using the monotone convergence theorem, we have

PUT et 48T Tees SO Fres)FLe(s) ds
5t—0 ot 5t—0 ot
= Y lim S e ) ds
scpot—0 ot

=Y fPOFF @ =Y Ale),

eeB eeB

since ;’e’(t) = A¢((¢', a)) using Equation (2) and Ff,'e’(t) =1 by definition. This completes the
proof. OJ
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IV. From asymptotic properties of general point processes to the ranking of financial agents

IVB Proof of Remark 3.4

Proof of Remark 3.4. Let N = (Ty, X;,) be the point process defined in Section 2 and i € B =
{1,2}. We define gbg—rn in the following way:

¢g+,n

SupeEEé*(u'n) ZT,-<))¢(6; Ut_) n,t— Ti: Xi)v
i,—,n
¢q

infeGEé{(u,n) ZTi(t()[)(e? Ut_v n,t— Tl!Xl)r

with Uy = (Qt, Q S;). When Qi_ = Cpound, using that ¥ is non-decreasing in z, we have

n i, i, i— 1
2 (25 = D(Ag U, m) = Ay U m)— ) 2z =Dy WUe,n,tpg™" = Ay Ui, m—)

n=0 n=0 0
1
_ i,+,n l+Yl
_;O(zg—l)(wo Ueyn, 6,57 =w” (U, n, 1,7 zg)
+,;o(1__)(% (U, 1,057 = AG (U=, m) = () + (0.

Using Equation (8), we have

1
(=) (zf - 1)(wQ (U, n, t, ¢’Q+ ”)—wQ (Us-,n, t, (,le+n p —)=-6, as, (21)
n=0 0

when Q}- = Cpoyna. Moreover, using that ¢ is non-decreasing in z, we have

1 .
(ll) = Z(l__n) Z (1//(3, Ut’) n, t)(,bl’_hn)_u](e) Ut’) n, tr Z (,b(ey Ut’) n, - Ti)Xi)))

nz0 %0 e€E(, (u,n) Ti<t

1 . .
<Y U-=) Y (veU-ntd""" -y Us-,ntd"""), as,

nz0 0 eeEé)‘(u,n)

when Qi, > Cpouna- Since Equation (8) ensures that ¢"" < ¢*™", a.s and ¥ is non-
decreasing in z, we deduce that

(ii) = Z(l——)(wo Uen, 6,5 ™" =AY (U, m) <0, a.s, (22)

n=0

when Qif = Cpound- Using Equations (21) and (22), we get

, 1
Y (g - ()U (U, n) - Ag_(Ut—, n—)<-6, as
n=0 Zo

when QI_ > Cpoyna- By following the same methodology, we also get

Y (@ -V WU m - Ay U, m—;) <=6, aus,

n=0 &)

when S;- = Cpoyung- This completes the proof. ]
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IV.C Proof of Theorem 3.1

IV.C1 Preliminary results

For any k =1, we denote by T}, (e), T’ (k) and T’ (k) respectively the arrival time of the

first event e, eg(k) € E’QJr and e tk)e Es greater than T,. The sets EQ‘ and Es are defined
in Equation (6). They contain the events that increase or decrease the best bid, best ask and

spread by k.
Lemma IV.C1. Let n=0 and i € B. The order book increments satisfy the following formulas:

PIAQ),, = £k] = E[f A6,k Za(0) ),

P[AS,+1 = +k] :[E[f A5 (t,k) Zy (1) dt],
R, "

with AQ! ., = Q' ,, —Q\, ASyi1=Sps1— Sy and
Zp(1) = e Zely Mnlest Ty ds, A, k) = Lecrt (e, t+Th),
gn(t)k)zzeeEgi(k) An(e;t'f'Tn)» A (ey t) :1//(6) UTn»t)ZTisTn(p(e» UTn)t_Ti)Xi))) VtZO

Proof of Lemma IV.C.1. We write ATy1(e) = Tp+1(e) — T, for any event e € E and AT"J—r (k) =
T’+ (k) Ty. Using Remark 3.7, the increments (ATj41) ;=0 are independent given gn and
ATnH(e)Ign follows a non homogeneous exponential distribution with an intensity A,(e,.).
Thus, we have

PIAQh,, = £k = EPIATSE (k) <ATyii(e), Ve Ey (k)| F)
Z[E[f AQy;(ty k) e_fo Qn(S,k)ds dt H (f 1t<te/ln(e, te)e_fote/ln(e,s)dsdte)]
R+ eﬁElQi(k) R+
:[E[fR Afjf(t, k)e—[zefof/ln(e,s)ds]dt] :E[fR Agf(t,k)zn(t)dt]_ (23)

By following the same methodology used in Equation (23), we get
P[ASp+1 = £k :[E[/ A5 (1,k) Z, (1) dt],
R. n

which completes the proof. O

Let 74 be the first entrance period of Ni = (Ti+j, Xi+j)j<o to the set @ € #y, Cpouna de-
fined in Assumption 3.2 and 1 < z < min(zy,z;) with zp and z; are respectively defined in
Assumptions 3.2 and 3.3.
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IV. From asymptotic properties of general point processes to the ranking of financial agents

Lemma IV.C.2 (Drift condition). Under Assumptions 3.2 and 3.3, the process U, = (Q}, Q%,Sy)
satisfies the following drift condition:

[E[ZQ£1+1_CbDurld11@2n+l] = /I[E[ZQL_CP'WM 11@2n+l] + B[E[lr@2n+1]’

E[25m1™Coounaq, o 1] < AE[25n™ Coounaq, 1]+ BE[17,2n41], vneN,Vie,

with A <1 and B two constants.

Remark IV.C.1. We define

VCbound (u) = Z qu_clmund + ZS_Cbound, Vuel. (24’)
i€{1,2}

Using Lemma IV.C.2, we deduce that

E[VCuna Uns ) rgzns1] < AE[Veya Un)lig=ns1] +3BE[Lrg=ns1], VREN,

Proof of Lemma IV.C.2. We write E[X] = E[X1;,>,+1] for any random variable X to simplify
the notations and V instead of V¢, , ., since there is no possible confusion. We have

E[z% |9, =E[z%1Z, ]+ Y BIQL,, = 1]
w#U,

27 - zQZ] .
Using Lemma IV.C.1, we get

PIAQ!,, = +k] = [E[fR+ At (k) Za (D) ],
which leads to

E[z%] =E[z%] +E

f& Zn(D) { Y AT k) |29k = 2% 3 A ) |29k - 2] } dt] :

k=1 k=1

B[] +[E[f Za(0{24(1, U} dt], (25)
Ry

with 2,(t,Uy) = Y j>1 AiQ':(t, k) [zQiﬁk —zQil] + ksl /18;(1,‘, k) [zQi_k - ZQZ?]. By rearranging
the above terms, we get

Qu(t; Un) = Zoiz_cbOltnd Z (Zk _ 1)
1=k

i+ i 1
Agrt k) =Ag (¢, k)—zk] :
We write E[ fp, Z,(£)124(t,Up)} dt] = Ty + T, with

TIZ[E[\A; Zn(t)lozscbuund {Qu(tyUn)}dt]’

T2 = [E[ 0 Zﬂ(t)lel>CbO””d {Qu(ty Un)} dt]
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We first handle the term T;. When Q < CP%%"d_ the quantity 2@~Cround < 1 is bounded.
Additionally, we have } ,cpAn(e, s+ Ty) = ¥ > 0 under Assumption 3.3. This ensures that

Zn(t) < eV, a.s. Thus, there exist ¢! >0 and d! > 0 such that
T sf e VIE[{2,(t, Uy} dt] < —cle[zQi‘Cboundei<Cbo,,,m +d'. (26)
R, "
In the last inequality we used Assumption 3.3 again. For the term T», we use Assumption 3.2
and Z,(t) < e %!, a.s, to deduce that

6.1 o
T2 < _E[E [ZQn_Cbound IQ;">Cbuund] . (27)

By combining Inequalities (26) and (27), we have

| f Zn(D12u(t, Up)} di] < —cE[2%Cromd] 4 E[d],
R

with ¢ = min(c!, %) and d = d' which proves the first inequality of Lemma IV.C.2. By follow-
ing the same steps, we also prove the second inequality. This completes the proof. O

IV.C.2 Outline of the proof

To prove the existence of an invariant distribution, we first construct N as a limiting process
of the sequence N defined in Remark 3.7. This construction is based on the thinning
algorithm. After that, we show, in Steps (ii) and (iii), that N is well defined. Then, we introduce
the process U™ = esssup,.,U; which dominates U; and prove that is does not explode in
Step (iv). This ensures the tightness of the family U;~oU;. Additionally, the process U satisfies
the Feller property since E is a countable space and E[|| U,lll is uniformly bounded. Thus, we
deduce that U admits an invariant distribution and complete the proof.

IV.C.3 Proof
Proof of Theorem 3.1. Let us take N* and U™ the processes described in Remark 3.7 with

V=) oeg0e. For clarity, we forget the dependence of Ex[.] on the initial condition x € Wj.

Step (i): In this step, we prove that the process N, defined by Equation (3), exists as a
limiting process of the sequence N™. To do so, we first introduce some notations. We define
recursively the processes A" and N as in Remark 3.7. Note that U™ = (le,sz,Sm) can
be decomposed in the following way:

P Q- QT sp= syt - s (28)

with
i+ ' - _ '
Q" =Xt AQ Mpgring QT =Xrmar AQT Lygpicoy

+ -
Smt = ):Tm<tASmt1AS’”t>0» Smt = ZTm<tASmt1AS’"t<O,
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with i € B and AZ; = Z; — Z;- for any process Z. Yor all w € Q, each one of the processes
N™ A™ QMi* and S™* is non decreasing with m by induction. Hence, they admit limiting
processes N, A, Q'@* and S*. This implies that U™ converges towards U. To ensure that
N admits A as an intensity, we need to prove that } ,cpA;(e) and U are both finite a.s, see
Steps (ii)-(iii).

Step (ii): In this step, we prove by induction on m that sup,E[Y .cpA}*(e)] is uniformly
bounded which ensures that sup,E[} ,cg A;(e)] is finite and that } .. A;(e) does not explode.
We write 17 (e, 1) = A’tn(e)lTé”QST,Z’il' For m =0, we have E[A}](t,e)] =0 since A}*(e) =0 for
any £ =0. We have by construction

E[AT* (e, 1)] =E[A™ (e, £)], when n<m,
E[A"*1(e, 1)] =0, when n>m+1.

for any t = 0. Thus, we only need to study the case n = m+1. Using Remark 3.7 and
Assumption 3.1, we have

SupE[A"" 1 (e, ] < c(e) +d(e)supE[( Y. ¢ple,t—T/", X™)"™]
t t

"<t
n k.
=c@+d@esup Yy Um| V| [19% (e t—si, x))EIAN]" ... AN,
I {knteP(ny) k ) xe gk (mo0,0F j=]

with (e, t,x) = sup,ecuPle u, t,x) and (ﬁ'}‘c’) = klln—w'kk' Using the above equation and the

Brascamp-Lieb inequality, we have

k
supE[A" 1 (e, )] < c(e) +d(e)sup Y. um!(”‘”) Y f [1¢"% (e, t = si, x1) (SUpEIAT (x;, HD Y * dis;
! I kpeP(ny) k | xe gk Y (—o0, 0% j=1 tn

k
_ am Ny rki . .
=cle)+A"d(e) Y, 1/m!( k) > | T1e%esixnds

ke (ny) xe EFIRY =1
<c(e)+qA™, (29)
with A = sup, , ,E[A) (e, )] and q = sup,{d(e) Li,em(n,) 1/m!(l’fk”) Jrx M, ¢ Fi(e, s dsi)
where ¢* is defined in Assumption 3.1. Using (29), we deduce that

_ c _ _
Am+1 < + qm+1/10 =i

Since g < 1 under Assumption 3.1, it ensures that A = sup,,A™ is finite. To complete the
proof, we use (29) and Assumption 3.3, to get the following inequality:

k
supE[) A (@]<c*+A ) d(e)/m!(zw) Y| TTéN e r—si xi)dsi <oo.

! eeE e€E, ke P (ny) k ) xepe /RS i=1
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Step (iii): We write U} = (QI? Q,’;’Z,Sm) = Um We prove here that [E[Q"” ] and E[S)"] are
uniformly bounded for all m >0 and 7> 0 to ensure that S and Q' do not explode. Let us
prove that

E[z%%] < AE[z%"']+B, VYn=m-1,m=1. (30)
with z <min(zy,z;) and zg and z; are respectively defined in Assumption 3.2 and 3.3, 1 <1
and B =0. Let m = 1, we have by construction

E[zQ ] = E[z%], when n<m—1.

Thus, we only need to investigate the case n = m. This is proved in Lemma IV.C.2. Using
Inequality (30), we get

mi B
E[z% ]<—+7L" %" Yn=m, (31)

with 2@ fixed. Thus, E[QF i ] is uniformly bounded. Using similar lines of argument, we
also have E[S!"] uniformly bounded. Hence, the limiting processes U does not explode.

Step (iv): First, note that the process N is well defined since A; is locally integrable, see
Step (ii)-(iii) and [93]. Additionally, we can construct it pathwise using the thinning algorithm,
see Remark 3.7.

Let U; be the process described in Theorem 3.1 and for which we just proved the existence.
This process is dominated by the process U™ = (U®,1°) = esssup,. Us. In this part, we
prove that both E[U°] and E[A*°] are finite.

First, we prove that E[U™] <oco. Let A<p < ,01 <1,C>0, # theset ={uelU;u>C,cwl}

where c.w means component-wise and § a set § € % < .. Since Uyply,esc is bounded

a.s, we only need to show E[U°°] is finite with U = esssup e Uy and U = Uply,es.

Usmg the Doob’s decomposition, we have U; = M; + A3, with M; a martingale and Aj =
1 ([E[U;glgk_l] k—1) a predictable process. Thus, we get

[E[U°°'5] < [E[esssup Mﬁ] + E[esssup Afl], c.W.

n=0 n=0
The Doob’s inequality and Fatou’s Lemma ensure that E[sup,.o M;] < 2nlim [E[Mﬁz]%, c.w.
- —00

Using the martingale property of M; and the Doob’s decomposition of Uy, we find

E[(Mp)?] —E[(Mg)*1 = Y E[(M - M_ ), Mi—M;_, = Uy —ElU;|F], cw.
k=1

We have

EI(M; — M{_)?] = EI(U;, - E[U 1P 11)%] < 2(ENUD? + EIENUD? | Fr-1 1) < 4ELUD, c.w.
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Let us prove that } ;g [E[(U,g)z] < oo. Using Lemma IV.C.2 and by taking & = {(T}, X;) j<o €
Wo; Xj = (nj, tj,bj,tij,uj,a;) € E and up = C, c.w.}, we have

E[VeWn+ )1, e5.0,e5] SE[VeWUniDly,es] < AE[Ve(Un)ly,es] +E[Bly,es].  (32)

By following the same lines of arguments used to prove (25) in Lemma IV.C.2 and basic
approximations, we have the following inequality:

[E[ZQ£‘+1_C1{U,L+1€5,U,ZESC}] < [E[ZQZ_CI{U,HIGS,UWESC}] +[E[f[R Zn(t)l{UHlES,UnES”} {Qu(t, Un)} dt]

+

In the set {U, € 5}, we have Q) < C which implies 24 C < 1. Additionally, we have
Y ecpAn(e, s+ Ty) =y >0 under Assumption 3.3. This ensures that Z, (1) < e”¥?, a.s. Thus,
using Assumption 3.3, there exists B! such that

[E[ZQ'Z;_CI{UVLHE.S,UnE.SC}] + [E[\II\Q Zn(t)l{Um-lES,UnESC} {Qu(t’ Un)} dt] = [E[Bll{UnHES,UnESC}]'
(33)
We take C=C* = max(log( 2B 7+ 1), log( 1) Chound) to ensure that
[B-(p-MVc(Up)|1ly,es <0, a.s.
[B!-(1-pHVe(U,+D]|1y,,,es<0,  a.s.
By combining Inequalities (32) and (33) and taking C = C*, we deduce that

P E[Ve(Uns D)1y, es5) < PE[Ve(Un)1y,es] +E[(B— (p— M Ve (Un))1u,es]
+E[(B' - (1 - pYVe Wiy, 5]
< pE[VeUn)1y,es),

which ensures that IE[VC(UnH)lU,,Hes] < rE[VC(Un)IUnES] with r = ﬁ < 1. Since (U“g)2 <
01VC(U ), this proves that Zk>0[E[(U5) ] < clzk>0[E[VC(U5)] < Cl < oco. Hence, we get

a1

Elesssup,,-o My] < (725

)2, c.w. We also have
n n

Ay <A Z [E[UR1Fk1] - Up_y 1 <2 ) ELNULI, cw,
k=1 k=1

- 1

with Afl a colmponent-wise non—decreasing process. Since [E[IU;I] < ([E[(Ui)Z])z, we get
E[An] < ( Clp)i. Hence, we deduce that E[esssup,-q A3l < (f_—lp)E, c.w which ensures that
E[U*4] < oo.

Second, we prove that E[A*°] is finite. Let t=0 and F ={fp=0<f <...<t; =t} bea
partition of [0, f]. Using the monotone convergence theorem, we have

n Y2 (-t - - fLf7ds  [lEfT1ds
[E[ZMtk—At,Hns[E[k-lflmtk—Atk,lnztE[ s
k=1

’
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with fg- = Zzzl Ay, = At 114 <i<t,- Since E[|Az, — Ay 1] <2sup,E[|A4]] < ﬁ < 0o, we get
L c
E[) Ay —Agy ] < —— <o0.
k=1 l-q

We can then apply Bichteler-Dellacherie theorem to write A; = M+ As with M a martingale
and Ay a predictable process with almost surely finite variation over finite time intervals such
that

Elvar;(A)] = E[var;(M)] + E[var,(A)],
where var;(Z) is the variation of any process Z over the interval [0, f]. Since

E[A°] < E[esssup M;] + E[esssup Ag], esssup M <var,;(M), esssup As <var,(A),
N N S<t S<t

and sup, E[var;(1)] < co, we deduce that E[1°*°] < co. Finally, we have E[|| U lll < E[IT®]]] < oo,
for all £ =20. Thus, the family u =0, is tight. Moreover, the process U, satisfies the Feller
property since U and E are countable states and E[||U;|]] is uniformly bounded. Thus the
process U admits an invariant distribution g which completes the proof. O

IVD Proof of Theorem 3.2

IVD.1 Preliminary result
Lemma IV.D.1. Let (F)n=0 be a sequence of o-algebras such that F, o Foo With F o a
—00

o -algebra and (X,) >0 be a sequence of random variables valued in R such that X, o X, a.s,
—00

Xy, is Foo-measurable, X is Foo-measurable and sup, F[X2] < co. Then, we have

E[Xn|Fn] X as.

Remark IV.D.1. In the above Lemma IV.D.1, we can replace the condition sup, E[X2] < co by the
condition E[sup,, X,] < oo and recover the same result.

Proof of Lemma IV.D.1. Let m and n be two positive integers. We write X' = E[X,,|%,].

Step (i): Since sup,, E[X?] < oo, we can apply a conditional dominated convergence theorem
to show that X e X, =E[X|%,], a.s.

—00
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IV. From asymptotic properties of general point processes to the ranking of financial agents

Step (ii): Since Foo = r}im n, there exists a sequence (A,)u=0 such that A, € &, and
—00
A, — A. By definition, we have

n—oo
E[X,14,]=E[X1y4].
Note that the family (X,,) ;>0 is tight. Indeed, using Doob’s and Jensen’s inequalities, we have

E[sup ;1] < E[(sup|Xil)]* = E[sup X?]? = 2E[ X2] .

I=n I<n I=n
Then, using Fatou’s Lemma, we get E[sup;-, X;| < 2(supn[E[X,2l])% < oo which ensures that
(Xn)n=o is tight. Thus, we can extract a sub sequence (X, )k=o such that X, T Z a.s.
—00
Since sup,, E[X?] < oo, we can use the dominated convergence theorem to get
E[Z14) = lim E[X, 14, | = im E[X1,, ] =E[X14].
k—oo "k k—o0 "k
Thus, we have Z = X, %o, — a.s. Since all the variables X} are %,,-measurable, the variable
Z is also &-measurable for any n = 0. Given that Z and X are both % -measurable,

we deduce that every accumulation point Z of (X,),»0 satisfies Z = X, a.s. Finally, we get

limm—oo X" = X, a.s. and we can use a composition argument, to deduce that E[ X,| ] W
n—oo —00

X, a.s. O
We borrow the following definition from [41].
Definition IV.D.1 (Coupling). Two point processes N and N' couple if and only if
}LI&P[NS =N;, Vse(t,00]=1.

Lemma IV.D.2. Let N be a point process and A its intensity. We have

PIN;—N,; =0, Vse(t00)|F,]=Ee /i tulauds| g,
with Ay ={N,—N;=0} forallu=t.
Proof. See Lemma 1 in [41]. O

Lemma IV.D.3. Two point processes N and N' which admit respectively A and A' as intensities
couple if and only if
(e o]
f supE[|As(e) — Aj(e)l] ds < co.
0

eeE

Proof Let ;= FN v FN'. Using the canonical coupling, the point process |N — N’| admits
|A;— A}l as an F;-intensity. Using Lemma (IV.D.2) and Jensen’s Inequality, we have
P[sup|Ns(e)~ Ni(e)| =0, Vse (t,00)] =E[e™ /i uPeAl@-A(@lds) 5 o= [T supc Ells(e)-Ai(ellds,
e
Since [y sup,E[IAs(e) — Ay(e)l] ds < oo, we have [;°sup,E[|As(e) — Aj(e)l] ds .= 0 which
—00

implies that
P[sup|Ns(e) - Ng(e)| =0, Vse (,00)] = 1.
e —00

This completes the proof. O
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IVD.2 Uniqueness
IVD.21 Odutline of the proof

Let N*° = (Tl?o,X;?o) be the stationary process constructed in Theorem 3.1 and N = (T3, X;)
be a point process whose intensity satisfies (2). We write A (resp. A°°) for the intensity
of N (resp. N°). To prove the uniqueness of the invariant distribution, we only need
to show that fooosupeeE[E[l/ls(e) —A‘;O(e)l]ds < 0o, see Lemma IV.D.3. To do so, we first
show that (Uy);=0 is f-geometrically ergodic, see Lemma IV.D.6. The proof of this result
requires Lemmas IV.D.4 and IV.D.5. Using this result, we prove, in Lemma IV.D.7, that
f)= supe[E[IYLt(e) - A‘;o(e)l] satisfies the following inequality:

t
f < u+ csG(f h(t-s)f(s)ds),
0

L 1 .
with u(f) = E[||U; - UL+ a1 E[|U; — UP|PP] P2, G(1) = t7 and h(t) = sup,,, , (e u, 1, x)
with ¢1, ¢2, ¢3, f>1 and p > 1 positive constants. Then, we use Theorem 3 in [21] and the
above inequality, to show that fR+ f(#) dt < oo which ensures the uniqueness.

IVD.2.2 Proof

Let A <1 given by Lemma IV.C.2 and A < p < 1. We denote by s = {(T}, Xj) j<0 € Wo; X; =
(nj,tj,bj,ij,uj,a;) € E and V(up) < %+1} and by a a set @ € #p < s. We have the following
lemma.

Lemma IV.D.4. Under Assumptions 3.2 and 3.3, the function f =V +1 with V defined in
Equation (24) and r > 1 such that

Ta
supEx[ )" f(U)r"] <oo.
xeW n=1

Proof- The proof is similar to Theorem 6.3 in [121]. O

Let &, and F<j<, be respectively defined in the following way &, = U(Tj xXj,Vj< n),
Fl<jsn = O'(Tj xXj,Vl=sj< n) We also write p,’cl as follows:

prw) = |PU, = ulFr<j<n-1] —PlUp = ulFj<p1ll, VneNVksn-1,Yuel.
Lemma IV.D.5. Under Assumptions 3.1, 3.3 and 3.4, we have

pp=supptu) — 0, a.s. (34)
uel k—oo
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Proof. Using Lemma IV.C.], we have

pr(uw) = I[E[f[R Zn(OAn(w, ) At F < j<pn-1] —E[f Zn(OAn(w, 1) dt|F j<p1ll

+ +

= IIE[\[[R Zn(O) A, (U, t)dtlgksjsnfl] _L Zn(OAp(u, 1) dtl,

with An (4, 1) = Xecpw,_,,w An(e 1), An(e, ©) =w(e,Up—1, t+Tn-1,1n(8)), rn(t) = ¥ j<p-1 P(e,Up-1, 1+
t

Tooy = T}, X;) and Zy(1) = e~ L Zetntesids],

Since pj = sup,ecy pZ(u), we can construct a sequence (1) j>o such that pZ(uj) j:»oo p,’cl, a.s.

We write u; = (qll., qu.,sj). Without loss of generality, we can consider that (qjl.) j=0 is mono-

tonic by taking a sub-sequence of (qjl.) j=0. Hence, there exists a limiting process g, such that

qjl. — (e, a.s. By repeating this argument several times, we can always construct (u;) such
J—0o0

that

p,’cl(uj)j:oopk, Uj = Uoo, a.s.

]—’OO
Let us prove that A,(uj, 1) — A,(Uso, ), a.s. To do so, we distinguish two sets A; = {w €
j—oo

Q; Uso(w) < oo} and Ay = {w € Q; Uso(w) = 0o}. When Uy, < 00, we have uj = Uy, for j large
enough since U is countable. This ensures that E(Uy-1,u;) = E(Up-1, U), a.s for j large
enough. Thus, we get

An(uj, )1a, — Y. wleUn1,t+Tho1,mn(D)1y, a.s.

J70 e E(Up-1,Ueo)

When uy, = 0o, we have ¥ cp, ,,u) An(e ) =0since E(Up -1, Uso) = &. Using ZeeE/lnj(e, 1<
0o, a.s, see Step (ii) in the proof of Theorem 3.1, we deduce that } ccpw, ¢ An;(e, 1) P 0,
J —00

a.s with C° ={ueU; u>c, c.w}, ¢c>0 and c.w means component-wise. Since EUy;-1,uj) ©
E(Unj_l,CC) for j large enough, we get ZeeE(Un.,l,uj) /1nj (e,t) — 0, a.s which means that
J j—

o0

An(uj» t)lAg e Z W(e’ Ul’l—ly r+ Tn—l» rn(t))lAz :0, a.s,

J=0 e E(Up-1,tic0)
and proves A, (uj, 1) — Ay(Ueo, 1), a.s.
J]—00

Additionally, we have E[sup,, ;3. An(e,$)] < oo, see Step (iv) in the proof of Theorem 3.1.
Thus, we get Elsup,, , sAn(u,$)] <oo. Since }..An(e,s) =¥ under Assumption 3.3, we have

Zy(t) < e_yt, a.s. Then, we can apply the dominated convergence theorem to show that
f Zn(OAn(t,uj)dt — f Zn(OAn(t us) dt, a.s.
R, j—oo Jr,
Furthermore, we have

[E[supf Zn(t)/ln(uj,t)dt]s[E[/ supe_ﬂt/ln(uj,t)dt]F“Eni[ e Y'E[sup An(uj, 0] dt,
i Jr. R, j R, j
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with [E[sup j An(uj, t)] < oo. Hence, we can use the conditional dominated convergence to
show

E| fR 2y, 0 Al Fzrna] = fR Zon(0) Ao (thowy ) Al Feram1].
+ —oo +

Finally, since Fr<r<n—1 o Fr<n—1, we can apply Lemma IV.D.1 to deduce that
—00

py — 0,a.s.
k—o0

This completes the proof. O

Let ATy, = T, — Ty—1 be the inter-arrival time between n-th jump and the n—1-th jump with
Ty, the time of the n-th event. Let N°° = (T7°,X7°) be the stationary process constructed
in Lemma 3.1 and N = (T3, X;) be a point process whose intensity satisfies (2). We write
© = (Q',Q%™,5%) (resp. U =(Q',Q?9)) for the order book state associated to N (resp.
N). We denote by A% (resp. A) the intensity of N°° (resp. N). We have the following result.

Lemma IV.D.6. Under Assumptions 3.1, 3.2, 3.3 and 3.4, the process (Uy) n=o is f-geometrically
ergodic, see 15.7 in [123], in the sense that there exists r > 1 such that

sup Y Ex[Ilf(Un) = FUD "] < 00

xeWp n=1

Proof. Let P"(x, A) be the probability of being in the set A = {(fx, Xx) k<0 € Wo; Xk = (N, i, b, Sk Ui, Uk, Ak), U €
a}, a€ 9, with % the o-algebra generated by the discrete topology on U, after n jumps con-
ditional on x = (£, Xx) k<o € Wp = (R, x E)N'. Let y € Wy. We write n for the stationary
d1str1but10n of the process UL = (Q', Q%5,,S%) and 74« for the first entrance time of U to

the set ak = {ze Wy; Z_k+1<j<0 = Y-k+1<j<0}. Using the first-entrance last-exit decomposition
of P"(x, A), see Section 8.2 in [123], we have

n j . . .
P"(x,A) = kP X, A+ ) ). [[H f P X, du)P! ™ (0, dv) (e P (v, A)]
j=li=1 JU cak
n j . . .
= #P"x A+ Y [[H f P X, du)PI ™ (u,dv) .« P (y, A)]
j=li=1 U ok ! ok

n j
+ Z Z fU , f akP &, dw)P/ " (u,dv) |k P (v, A) = kP (y, AI]. (35)
]: :

with ,P*(X, A) = P[(Tk, Xi) k<o =X, Uy € A, Tye = 1] and U ok = ={ze ak; (zi) k=i =x}. Using
Ex[Tox] < oo for all x€ S and the arguments used in the proof of Theorem 10.2.1 in [123], we
deduce that the stationary distribution admits the following representation:

m(A) = Ey[t ] 'E [Z 15, c4l = (@) Zakpf(y,A) (36)
j=1 j=1
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By combining (35) and (36), we get

P(x,A)—n(A) = (+P"(x,A) +

((+P(X) % P(a¥) — m(a®)) * akp(y)] (A +7a@®) Y Py, A)

jzn+1

+ (@t P®X) * P(ab)) * (oeP(a¥) = o1 P(y), (A). (37)

with * the integrated Cauchy product between two sequences which is defined as follows:

[wB) * v (A=Y | wi(B,duyv,_;(u,4), V(B,C, A€ #),

with (¢,)n=0 and (v;)n=0 two sequences such that u,,v, : (#,)? — R. Let f be the func-
tion defined in Lemma IV.D 4, 7(f) = [, n(duw) f(u) < oo, Ex[f(Un)] = [, P"(x,du) f(u) and
|P"(x,.) =7l = |E[f (U] =7 (f)I. Using (37), we have
P"(x,) = 7l < Ex[F(Up) Ly, =] + [ PX) % P(@¥) = m(a®)] * 1]
+n(@) Yt +1,P0)  Pa¥) AL, (38)

jzn+1

with 1}, = Ey[f(Un)1r,2n] and AL}, ) = Ey[f (U1 ,2n] ~ 14). To prove geometric ergodicity
we have to show

sup ) |P"(x,.) —7|pr" < oo, (39)

X n=1

with 7 > 1. Let us take 72 € N* and the delay k(72) € N associated to ak depending on 7. Using
(38), we have

Z|P"<x,)—n|fr <Z[E [f UL y=n]r" +Z|(akP(x)*P(a’c) @) = i

n=1 n=1 n=1

+7( )Z 3 tfr”+z [ P®) * P(ab)] = Aelr = (1) + (if) + (idi) + (iv) .

nzlj=n+l nzl
The error term (i) can be dominated by
ZI[Ex fUDL i 2plr" < erEx[f(Un)lr cznlr" = Ex Z fwnrt]. (40)
= n=
The error term (iii) can be bounded by
e )r;u;n:ﬂ fjr" <nta )n;lj>2n:+1 (= )S p[E"[ Z fwwrt). (41)

Now we move to the error term (iv). We have

(akP(x)*P(ak))*At,j;S Y [fu]_ﬂ, y Wakpi(x,du)pl'—i(u,dv)]Aakpn—f(dw)f(w),
j=<n,i<j XU xW

ua X,a
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with Age P/ (dw) = | (e P (v,dw) — 4« P" " (y,dw)|. Using Equations (35) and (36), we get

Agk PV (dw) < gk PV (v, dw) + P (y, dw),

Tijzmizillu it on P %, du) P~ (w,dv)] ox P (v, dw) f(w) < Ex[ f(Un)T"] <00,

TisnisiUyi i an o+ PIx, dw) P/~ (u,dv)] o P (y, dw) f (w) < Ey| f(Upn-)r"] < oo,

Since AP o 0, see Lemma IV.D.5, the dominated convergence theorem ensures that
—00

(PO * P(a¥)) * At 0.

—00

Thus, there exists k(7) such that (aP(x) * P(a)) * At,]; <e(n) for any k = k(7). Hence the error
term (iv) can be majorated by

fl+l_1

n
Zl[akp(x) « P * Al s e’ , (42)

r—1

which means that we have to choose €(f1) < ¢; ==1>~ with ¢] a positive constant. Finally, using
ritl—1
the property
lim (v * v),, = lim u, x lim v,, (43)
n—oo n—oo

n—oo

we dominate the error term (ii) by

n T,k
1Y (#P®) * P@b) = (@) = e 1" < (1], PO * P(@¥)], (@¥) = (@) r") supEy| Y. F(U"].
n=1 n=1 v n=1
(44)

Additionally, we have

[+ P®) % P(@)], (@F) = (™) = |[ o P®) * (P(aF) - m(@®))] (@) - 7(@®) Y P xab)

izn+1

= [t P®) * (P(a®) = P(y))] ,(&F) + [« P& * (P(y) — m(a¥))] , (@")

—n@®) Y wP'xab)

izn+1

< [ #P®) * |P(y) - P(a")[] ,(@") + [ PX) * |P(y) — w(aM)]] , (@)

+7(a®) Y P, ab),
i=zn+1
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for any n e N. Using Equation (43), we get

i i

> [lgtP® * P(@®) —m(@M)]] ,(@")r" < Y [ o P@) % [PY(@") - P(@M)]] , (a®)r"
nx=1 nx=1

+ Y [arP® * [P(y) - (@] (@O " +7@®) Y P (x,ab)r"

i
=( Zl P, &) ) ( Zl sup [P"(y, ob)— P(w, afyr")
+ (;;_1 kP (X, ak)r")(ng_’1 |P"(y, a®) - (b))
+n(;r’“) 21 Y akPi(X,_ak)r”:(1)+(2)+(3).
nzli=zn+1

The term (2) is bounded by

) < Ex[r™]sup()_ IP"(y, @) —n(a)|r").
Y n=1

Since the Kendall theorem ensures that Ex[rrak] <ooand Y -1 |P"(x, a®) = (a®)|r" < oo are
equivalent, the quantity (1) is finite if and only if sup, Ey[r"«* | < co. The term (1) is majorated
by

(1) < Ex[r"«]( Y sup |P"(w,a’) - P"(y,a®)Ir").

n=1weak

To ensure that the sequence v(77) = Zzzlsupweak |P"(w, ak) —P"(y,ak)lr” is bounded, the
put a dependence k and 7. Let €!(72) > 0. By following the same arguments used in the proof
of Inequality (42), there exists k!(72) such that for any k> k' (1), we have
rﬁ+1 -1

r—1

n
Y sup [P"(y,a") - P"(w,a")|r" < €' ()

n=lweak

By taking el(n) < clr,-ﬂ;ll_l, we get (1) < ¢ supx[Ex[rTak]. Furthermore, the term (3) can be
dominated by (3) < [EX[rTak]. Thus, we deduce that

Tak
(i) < aEx[r™*](L+sup ) |P"(v,a) —w(@)|r")supEy[ Y f(U)r"]. (45)
V. n=1 v n=1

By combining Inequalities (40), (41), (44) and (45T), we have (39) when SupXEX[Z;"‘:k1 fwnrt]
and sup, Ex[r"«*| are both finite. Since Ex[Y¥,%, f(U,)r"] < oo implies Ex[r"e*]| < 0o, we
only need to prove

Tak
Ex[ Y. fUp)r"] <oo.
n=1
This last inequality is satisfied thanks to Lemma IV.D 4. O
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Lemma IV.D.7. Under Assumptions 3.1, 3.3 and 3.4, the process U is ergodic.

Proof of Lemma IV.D.7. For simplicity, we write c1, ¢, and c3 for positive constants and forget
the dependence of Ex[X] on the initial state x for any random variable X. Let N*° = (Tl9°, X;?O)
be the stationary process constructed in Lemma 3.1 and N = (T}, X;) be a point process whose
intensity satisfies (2). We write U* = (Qloo, QZOO, S§%) (resp. U = (Qh, Q?, S)) for the order book
state associated to N°° (resp. N). We denote by A* (resp. A) the intensity of N*° (resp. N).
To prove the uniqueness, we need to show that N and N*° couple which is satisfied when

f supE[IA(e) — A°(e)l] dt < oo,
0 e
thanks to Lemma IV.D.3. We write f(f) = supe[E[Mt(e) - A?o(e)l] for any £ =0.

Step (i): For any y = % > 1 with p,q € N* and B such that %+ % = 1. Let us first prove that
[ -
f(t)su(t)+g1(t)G(f0 h(t—s)f(s)ds), (46)

with u(f) = c3E[|U; — U] + 1 E[|U; — U§°||ﬁp]ﬁ [1+2B(0)], g1(8) = c2(1 + 2B(1), G(1) = 17,

(1) = Supq,, (e 1, £,%) and B(2) = UPy<pep, 1 [Bk()|”" with Be(1) defined in Equation

(560). The quantities c1, ¢z and c3 are positive constants. We have

f(t) = E[l’ll’(e) Ut’ tr rt) —1//(3, Utooy t) rl?o)”
= E[|W(e) Ut’ L rt) —1//(@, U?O» I, rt)'] +[E[|W(ev U?O) L, rt) _W(er U?o’ I, r?O)l]
=1 +(2),

with 1, = [ ¢(e, Uy, t— s, X5) dNg and r° = [/ ple, U®, £~ s, X°) dN. Let us first handle the
term (2). Using Assumption 3.4, we have

E[lw(e, UP, t,r) —w(e, U, t, 1| <E[1y(r) —w ()]
< KE[lr, =1+ + r?onl 1]

(i) (i)

- nle

< KE[lre— PP+ 1741 1]
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IV. From asymptotic properties of general point processes to the ranking of financial agents

The term (i) can be dominated by
t
E[ir; - rolf]s s[E[|f Ble, Uy, t -5, X)dN, - ple, U, t — 5, X, AN|P|7
<27 E[| f dle, Uy, t— 5, X)dN — e, U, t— 5, Xs)dNy|P]?

+2 ﬁT fh(t §)|dN; — dN°°|) ]‘é

B-1

27 E[|U, - U°°||ﬁ|f h(e, t - s,Xs)stlﬁ]ﬁ+2ﬁ [f h(t—s)f(s)ds]?

SZT[E[IIU[—Ufollﬁ”]W[E[lf file, t — 5, Xo)dNy|P7) P +2ﬁ7[f h(t—$)f(s) ds]?
0

=aE[IU; - lelﬁp]ﬁﬁ +0 [ h(t- s)f(s)ds]% (47)
with h(s) = sup, ,xPle, u, s, x), he, s, x) = msupucp(e u,s,x) and min(ap,1) repre-

sents the minimum distance between two elements in the countable space U. The quantity
E[| /i file, t — 5, X5)dN5|P] is bounded since

t t
[E[If h(e,t—s,Xs)stlﬁ"]s[E[lf hile, t — 5, Xs)dNy| 9]
0 0

m 1
S{ Z Z (q)xf [E[Hfl(e,t—si,xi)sti]}ﬂ
k€2 (q) X€eE™ km (—oo,1)™ :

i=1

s{ > oy (kq)xf ]_[fl(e,t—si,xi)[E[/lsi]dsi}E<oo.
m (=00, ]

K€ (q) X€E™

The term (ii) satisfies
n 1 r-1 1 n 1
E[I1+7" +7r® W< 37 (L+EQr ™Y +E[rg° 7)), (48)
with y = g and p, g € N*. We have
Ellr" ] <Ellr" [P

t 1
— El( f d(e, Uy, t— 5, Xg)dNy) " P)
0

p
12,500
K €2(p) e Em \Xm (—o0,1)™

with (/_)(t, X) =sup, , (e, u,t,x) and p = nyp. Using (49) and the Brascamp-Lieb inequality,
we have

m

%
]‘[ (t- si,xi)sti]} , (49)

1
q

P
Ellr,"|7] <

Y, X (ki)xf(_ | ﬁﬁb(l‘—sirxi)[E[/lsi];’dsi]

k€2 (p) XeE™ 00,1)™ ;=1
1
=X ¥ k” Rm(r)] = By (1)1, (50)
k€2 (p) XeE™
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IV.D. Proof of Theorem 3.2

with Ry (8) = [(_oo,pym [T/2, (8 = 5i, x)E [Ag, | ™" ds; and Bi(f) = L,,em(p) Lzerm (kl?n)Rm(t)-
Similarly, we also have

ELr" 9] < B(0)7. (5)

Using Inequalities (48) and (50), we deduce that (ii) verifies

B[+ + 7" 7)Y <37 (142 sup [Bk(t)] (52)
0<k=ny-1

By combining inequalities (47) and (52), we deduce that

—1 1 t 1
(2)ss%[cltE[uUt—U?"uﬁ”]W+Cz[f0 gt-s)f(s)ds]?|[1+2 sup [Bk(t)]””]

O<k=ny—
Using Theorem 3.1, we have sup, ,E[sup, ¥ (e, u, t,1)] is finite. Thus, there exists K such that
(1) < sEllU: = U, (54)

Thus using Equations (53) and (54), we prove (46).

Step (ii): By_a density argument, there exist continous sequences of functions (up)pzl,
(gf)pzl and (h”)p>1 such that u”(r) oo u(t) and u < uP, gf(l‘) o gi(t) and g < gf and

h? L h and h < h”. Thus, we have

p—00

t -
f(O<uP( +gf(r)G(fO hP(s) f(s) ds).
Using a density argument again, we can find a sequence of functions ( fk)kzl converges

uniformly towards f. By affording ourselves to use sub-sequences, we can always consider
that

P < aP(p) +gf(t)G(fO[fl"’(s)fp(s)ds),
with @7() = P (£) + | f = fPlco. Using Theorem 3 in [21] and Inequality (46), we have
FP) < vP(OFP (1) {1 +GlH f hP(s)g" (s)ds)]}

with H(s) = f3 54, v (1) = max(Gy (@) (1),1), FP (1) = max(Gi(g})(1),1) and

G1(w) (1) = w(1) (1 +f0t w(s)hf’(s)eﬁ’h’”g“”ds).
By sending p to infinity, we deduce that

() < v(OF@) {1 +G[H_1(f0tfl(8)g1(5)ds)]}, (55)
with v(#) = max(Gy (v)(¢),1) and F(¢) = max(G;(g1)(1),1).
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IV. From asymptotic properties of general point processes to the ranking of financial agents

Step (iii): Let us prove that [, u(f)dt<oo. Since B(t) is uniformly bounded, we only need
to prove that
Jo, E[IU: = Ul] dt < oo,
{ Jio, E[1U = USIP] 77 d 1 < oo.

Since 0 <y =inf, ;,sup,v¥(e u,t,r) < Ay, we have

Tt
[E[fIR ||Ut—U‘t’°||dt]=s[E[Z||Un—U,‘§°||fT dt|

n=0
=E[ ) 1Un = UL IE[Tys1 = Tyl Fnl]
n=0
1
<E[ Y U, -UPl=].
nz=0 ﬂ

Using Lemma IV.D.6, we have [E[ano WU, — U,‘;OII] < oo which ensures that [E[ fR+ WU, —
Ul dt] < o0o. By using a similar methodology and the fact that }_,,>¢ [E[ U, — U,‘;Ollﬁp] r'" <oo

1
with 7 > 1, see Lemma IV.D.6, we also have f[R+ [E[II U, - U‘t’ollﬁp]W dt < oo.

Step (iv): Since g is bounded and fot h(s)ds < oo, the functions F(¢) and
{1 + G[H_l(fot h(s)g1(s) ds)]} are bounded as well. Moreover, f[R+ u(t) dt < oo thanks to the
previous step. Thus, by applying Inequality (55), we have that [ f(#) df < oo which completes

the proof. O
IVD.3 Speed of convergence
Lemma IV.D.8. We have the following error estimate:
1P (w,) - llry < Kie”™', Vwew,
with K3 >0 and K, > 0.

Proof of Lemma IV.D.8. We forget the dependence of Ex[X] on the initial state x for any ran-
dom variable X. We have

II1P¢(w,.) = 7ll7v <P[sup|Ns— N°| #0,  Vse (£,00)]
e

=(l—IP[supNs:N§’°, Vse€ (t,00)]] = (i).

Using Lemma IV.D.2 and Jensen’s Inequality, we have
(i) <1-e /T /O,

with f(£) = sup,E[|A;(e) — A3°(e)|] for any ¢ = 0. Using Inequality (55) and the boundedness
of Fand {1+ G|H(fy h(s)gi(s) ds) |}, we have

(D) < clf u(t)dt, (56)
t
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IVEE. Proof of Propositions 4.1 and 4.2

with ¢; a positive constant. Let us now prove that
u(t) < cre %, (57)
with @ a positive constant. We have
ENU: = U1 =EllUN — URpo(n 11 SEUNUN@ — U 11+ EUNUR ) — Ueo i l11-

Using the fact that Y51 E[|U, — UllIr" < oo, there exists a >0 such that E[|U, — U°|l] <

Ae™®". Let us denote by Uf°'6 the 6-translated process defined such that Uf°'6 =U}s By

applying Lemma IV.D.7 to the process U?, we also have supg (¥ ,=1 EIl U;°'5— UX1r") < oo
which ensures that E[|| U,;'O’é —UPll < Ae”*". Using Lemma IV.D.9 below and the uniqueness

of the stationary distribution, we have @ = [En[iTﬂ and No;(t) = En[éTI]’ a.s. Thus, we
deduce that
E[U, - UX|l] < cre”*". (58)
Using the same lines of argument, we also have
i
E(U; — UP|PP150 < e, (59)

By combining Inequalities (58) and (59) and using the expression of u(#), we recover Inequality
(67) which ensures that

(i) < cre .

This completes the proof. ]
Lemma IV.D.9. For any initial state u €U, the process AT, satisfies

T AT

— Eu[AT] a.s,
n n—oo

with | the unique stationary distribution of the point process N.

Proof. Since there exists A >0 such that inf; ;Y .cpAs(e, u, 1) > A, we have E[AT,] < % for
any n = 1. Thus, AT, admits a finite stationary distribution. Using the Theorem 17.1.2 in
[123], we complete the proof. ]

IVE Proof of Propositions 4.1 and 4.2

Proof of Proposition 4.1. The proof of Equation (9) is a direct application of Theorem 2 in [63].
Since (Up) is f-geometrically ergodic, see Lemma IV.D.6, (Y},) is g-geometrically ergodic and
U, and Y, are independent, the process (Up, Y},) is f -geometrically ergodic with f (u,y) =
f(w) +g(y). Let g and h be two functions such that g2, h? < f, u the stationary distribution
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IV. From asymptotic properties of general point processes to the ranking of financial agents

of (U,Y) and 7 = v—E,[v] for any function v. By following the same lines of argument of
Lemma 16.1.5 in [123], we have

Ex (2 §(Zni)]| < RERLf(Zo)17¥,

with Z, = (Uy,Yy), r <1 and R a positive constant. The quantity E; [f(Zo)] is bounded by
Lemma IV.C.2. Thus Z is a geometric mixing and Theorems 19.1 and 19.2 in [32] give the
result. O

Proof of Proposition 4.2. Using Lemma IV.D.9 and Proposition 4.2, the proof of this result is
analagous to the proof of Theorem 4.2 in [9]]. O

IVF Stationary distribution computation

Proof of Proposition 5.1. Let z€ Z and z' € Z such that z # z'. Since ( is stationary under g,
we have

'Zz N wdw) P (w, A*) = fw wdw)P(w, A®) = u(A*), Vr=0, (60)

with P;(w,.) the probability distribution of { ?’w starting from the initial condition w and A® =
{(wy)s<0 € Wo; {'" = z}. Since [, p(dw)Pe(w, A%) = Pull; = z,{o = 2] = Pulo = Z1Pul{; =
zl{o = Zz'] and p(A®) =P, = z], the quantity 7(z) = u(A®) defined in Section 5.1 satisfies

Y 2@ Pull =2l =2 =n(2), V=0,

zZ'eZ

which also leads to the following equation:

Y 7(2)Qz,2)=0, ) m(z)=1,
z'eZ z'eZ
Pulls = 210 = 2]
9]

with Q(z,2) = (lsin}) . The quantity Q(z,z/) satisfies

PulUs = 2'|Up = 2] i PuliTy <6, e1 € E(z,2)}l{o=2] +€

o
Q)= =i, 5
L Eu[P[{T1 <9, e1 € E(z,2)}|FI{o = 2] +€
G 5
~ PUTy <6, e1 € E(z,2)} %] €
ST =

€
=Eul Y. Aolello=2] +lim=

e1€E(z,2")

€
= [E = 1 )
) ulAo(er)lCo = 2] + lim

e1€E(z,2)
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IV.G. Proof of Proposition 5.2

where € is an error term associated to the cases when at least two events happen in the
interval [0,6]. Since Y., cgEuldo(e1)] is finite, we have € < c16% with ¢; a positive constant.
We deduce that
Qzz)= ) Euldole, w]=Q(z,2). (61)
e1€E(z,2)

This completes the proof. O

IV.G Proof of Proposition 5.2

Proof of Proposition 5.2. We write ALt =y Ewu)As(e) and E(u,u') the set of events that
moves the order book from the state u to u’. We have
N B Jo As83, s . N =[5 As8S,
t t t
Since (As) =0 is stationary under 7 and Ez[A;] < oo, the Theorem 2.1-chapter X in [63] ensures
that

ds
. (62)

[EAS
o Aluuds - Exldody, 1= 3 Ealdo(@d) 1= 3 Exldo(@)8y, ,1Uo = tlP[Up = ul
4 = ecE(u,u’) ecE(u,u’)
=PzlUp=ul ) Ezldo(@)|Up=ul
ecE(u,u’)
=Pz[Uo = ulQ(u,u'), a.s. (63)

. ! t ! . . !
Moreover, since N;"" — [ A{"" ds is a martingale and sup.,, ,» E[15"" ] < 0o, we have

uu _ /1 65 /
fot ke t—» 0, a.s. (64)
—00
u,u’

Hence, by combining (62), (63) and (64), we prove B P#(Up = ulQ(u,u), a.s. On the
—00

other hand, we have
r 53 ds
= fo—”' (65)
t t
Since (Us)s=0 is stationary under 7 and Ez[03,] < oo, the Theorem 2.1-chapter X in [63] ensures
that

fo85ds
TM = Ex (6% =Pz[Up=ul, a.s. (66)
Thus, we deduce that
Nu,u’
. t
u,u JRE S
N =—L . Quu), as
tu tu t—00 ’ ’ bt
t
which completes the proof. O
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IV. From asymptotic properties of general point processes to the ranking of financial agents

Proof of confidence interval computation. By applying Theorem 4.1 to the sequence of 1, =
As63, ,, and use basic inequalities to approximate f by its integer part [£], we have

u,u’

Vi tt —P:[Up = ulQ(u, ) = o' wy, (67)

with 0'% = [E#[(/lo(sg u,)z] +2Y k=1 Ey [/1052 u,/lké"lj ) and W; a standard brownian motion. Sim-

ilarly, by using the same arguments, we also have

u

\/;(T_Pﬁ[U(): u]) g’gzwb (68)

with 05 = E4[(6%)%1+2 X k1 Ey [696%]. Using (67) and (68), we have with asymptotic probability
95% that
N%Y 1960, NV 1960,
+ » - ’
t VT t Vi (69)
t 1960, t t 1960, ¢
Pz (Up=ul™! € [—+

X —, —— x —]J.
tH Vi o Vit tu

Equation (69) ensures that we have with probability 90%

Pz(Up=ulQ(u,u') € |

_— [(N;"”’ 1960y t 1960y ¢ (N;"”' 1960y 1960, ¢
u,u')e + —+ x —), (——— —— x —)].
Q t N Vit tu t N Vit tu

IVH Proof of Remark 6.1

Proof- We assume that the insertion (resp. consumption) intensity A* (resp. A7) is constant
and focus on the best bid limit Q. The stationary distribution 70 of Q! verifies

+

q=1

with g > 1 the size of Q'. We add to the market a new agent whose insertion (resp. consump-
tion) intensity A*'¢ (resp. 17%) is also constant. The stationary distribution 77%¢% of Q! in
the new market satisfies

HHGW( ) _ nnew(o)( I’ZEW)q HVLQW(O) _ (1 + i( I’ZEW)q)—l new __ w (71)
q) = P ) = = P N T
with g =1 the size of Q'. Using Equations (70) and (71), we can write
P = %1+ R(A,AY), 7"V = (1+ Y (07 +RAAND) 7, (72)

q=1
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IVI. Supplementary numerical results

with 1= (AF,47), A% = (AH%, A% and R(A,AY = (1+47)/(1+45) 1. We want the new
introduced agent to reduce the volatility of the old market which at the first order reads

[ new [1]%] =< [Enold [17(2)] (73)

Using Equation (72), we can reformulate Inequality (73) in the following way:

(0y(1+ R, A9))" oldyg

(
=y —2

) ) ~175(4), (74)
T (14552, (0°M)i(1+ R, A9) ) 7 (1452, (00

for any function 7. To satisify Inequality (74) we need R(A,1%) =0 which leads to

/1+,a A+
>

A—a= 2

This condition is a well-known result which ensures that the new agent needs to have an
insertion/consumption ratio greater than the one of the market. O

IVI Supplementary numerical results

The three next figures show the liquidity consumption and provision intensities at the first
limit relative to the whole market according to the queue size, the corresponding stationary
measure and the long term volatility, respectively for EssilorLuxottica, Michelin and Orange.

(a) Intensity of the market (b) Stationary measure Q'

0.08 1

81 = Liquidity consumption
Liquidity provision

0.06

0.04 4

0.02 1

2 0.00 1

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Long term price volatility %% = 0.038, Ui)M =0.26.

Figure IV.4 - (a) Liquidity insertion and consumption intensities (in orders per second) with
respect to the queue size (in AES) and (b) the corresponding stationary distribution of Q!
with respect to the queue size (in AES), proper to ExilorLuxottica.
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(a) Intensity of the market

(b) Stationary measure Q!

0.10
e |iquidity consumption 0.08 1
Liquidity provision
0.06 1
0.04
0.02 4
—
0.00 1
0 5 10 15 20 25 30 0 5 10 15 20 25 30

. o1s 2,G _ 2,M _
Long term price volatility o=* = 0.075, 07 =0.490.

Figure IV.5 - (a) Liquidity insertion and consumption intensities (in orders per second) with
respect to the queue size (in AES) and (b) the corresponding stationary distribution of Q!
with respect to the queue size (in AES), proper to Michelin.

6.0

5.5 1

5.0 1

4.54

4.0

3.5

3.01

2.54

(a) Intensity of the market

= Liquidity consumption
Liquidity provision

0 5 10 15 20 25 30

0.08

0.06

0.04 1

0.02

0.00

(b) Stationary measure Q!

0 5 10 15 20 25 30

. o1s 2,G _ 2,M _
Long term price volatility o=* = 0.065, o7, =0.453.

Figure IV.6 - (a) Liquidity insertion and consumption intensities (in orders per second) with
respect to the queue size (in AES) and (b) the corresponding stationary distribution of Q!
with respect to the queue size (in AES), proper to Orange.

For each of the market makers, we compute the liquidity consumption and provision intensi-
ties, and the corresponding stationary measure that we would obtain in a situation where the

studied market maker withdraws from the market and the other market participants do not
change their behaviour. We show respectively the results relative to EssilorLuxottica, Michelin
and Orange.
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IVI. Supplementary numerical results

Intensities and U?bM when one market maker leaves the market: stock EssilorLuxottica

vol without MM1 : 0.271 [3]

vol without MM2 : 0.219 [9]

vol without MM3 : 0.246 [6]

-1

7 8
7 = Liquidity consumption
Liquidity provision 7
6 6
6
5 5 5
4 4 N 4
IS 3N 3 \_/_\
2 2 2
vol without MM4 : 0.258 [4] . vol without MM5 : 0.224 [8] vol without MM6 : 0.29 [2]
8
8 7 B
7 6 R
6
5 5
5
4 4
4 . N
31 N— 3 3 IS,
2 2 = 2
vol without MM7 : 0.537 [1] vol without MM8 : 0.246 [5] vol without MM9 : 0.236 [7]
8 ; 7
7 . 6
© 5
5 5
4 4 4
3 3 ==, 3NN
NG 2 o — 2 —
0 5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30

Figure IV.7 - Liquidity insertion and consumption intensities (in orders per second) with

respect to the queue size (in AES) and o7

2,M
0

market for the stock EssilorLuxottica.

when one market maker is ejected from the
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Intensities and U%bM when one market maker leaves the market: stock Michelin

vol without MM1 : 0.492 [3] vol without MM2 : 0.427 [9] vol without MM3 : 0.457 [7]
’ == Liquidity consumption 6 7
6 Liquidity provision
6l
5 5
5]
4 4
Al
M ~—~ M~ 3
2 2 2
vol without MM4 : 0.49 [4] vol without MM5 : 0.434 [8] vol without MM6 : 0.631 [1]
8
7 7

& 0 o
P

w
w

3 —— N T~

vol without MM7 : 0.526 [2] . vol without MM8 : 0.484 [5] vol without MM9 : 0.472 [6]

~
IS w o

w
w
w

Figure IV.8 - Liquidity insertion and consumption intensities (in orders per second) with
respect to the queue size (in AES) and U?bM when one market maker is ejected from the

market for the stock Michelin.

210



IVI. Supplementary numerical results

Intensities and U%’OM when one market maker leaves the market: stock Orange

vol without MM1 : 0.457 [3] vol without MM2 : 0.405 [7] vol without MM3 : 0.43 [5]
— 60 6
5.5 m— Liquidity consumption 55
5.0 e Liquidity provision so
4.5 45 °
4.0 4.0 4
35 35
3.0 3.0 3
25 25
vol without MM4 : 0.451 [4] vol without MM5 : 0.382 [9] vol without MM6 : 0.77 [1]
6 5.5
5.0 5
5 4.5
4.0 4
4 35
3.0 3
3 25
2.0 2
vol without MM7 : 0.478 [2] vol without MM8 : 0.424 [6] vol without MM9 : 0.404 [8]
5.0 55 5.0
4.5 50 a5
4.0 4.5
4.0
35 4.0
3.0 35 35
25 30 3.0
2.0 2.5 25
15 2.0
0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30

Figure IV.9 - Liquidity insertion and consumption intensities (in orders per second) with
respect to the queue size (in AES) and U?bM when one market maker is ejected from the

market for the stock Orange.
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CHAPTER V

Improving reinforcement learning
algorithms:towards optimal learning rate
policies

Abstract

This paper investigates to what extent we can improve reinforcement learning algorithms.
Our study is split in three parts. First, our analysis shows that the classical asymptotic
convergence rate O(1/v/N) is pessimistic and can be replaced by O((log(N)/N)P) with
% <=1 and N the number of iterations. Second, we propose a dynamic optimal policy
for the choice of the learning rate (y4)x=o used in stochastic algorithms. We decompose
our policy into two interacting levels: the inner and the outer level. In the inner level,
we present the PASS algorithm (for “PAst Sign Search”) which, based on a predefined
sequence (yz) k=0, constructs a new sequence (72) k=0 whose error decreases faster. In
the outer level, we propose an optimal methodology for the selection of the predefined
sequence (y}7)k=0- Third, we show empirically that our selection methodology of the
learning rate outperforms significantly standard algorithms used in reinforcement learning
(RL) in the three following applications: the estimation of a drift, the optimal placement
of limit orders and the optimal execution of large number of shares.

1 Introduction

We consider a discrete state space Z =N or Z ={1,...,d} with d e N*. We are interested in
finding ¢* € 2 =RZ solution of

M(q,2) =E[m(q,X(2),2)] =0, Vze Z, )

with X(z) € & a random variable with an unknown distribution and m a function from
2 xX xZ to . Although the distribution of X(z) is unspecified, we assume that we can
observe some variables (Z;,);>1 valued in Z and (Xn(Zn))n21 drawn from the distribution of
X(Zy,). Reinforcement learning (RL) addresses this problem through the following iterative
procedure:

qdn+1 (Zp) = qn (Zn) — Yn (Zn)m(q;z; Xn+1(Zn), Zy), (2)
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V. Improving reinforcement learning algorithms:towards optimal learning rate policies

where o is a given initial condition and each y, is a component-wise non-negative vector
valued in RZ. The connection between RL, problem (1) and Algorithm (2) is detailed in
Section 2. It is possible to recover the classical SARSA, Q-learning and double Q-learning
algorithms used in RL by taking a specific expression for m and X,.;. Note that Algo-
rithm (2) is different from the standard Robbins-Monro (RM) algorithm used in stochastic
approximation (SA)

dn+1 = qn—YnM(qn, Xn+1), (3)

with m(q, x)(2) = m(q, x(2),z) and y, =0, mainly because, as it is frequent in RL, we do not
observe the entire variable (Xn+1(z)) ze7) but only its value according to the coordinate Z,.
Indeed, the way (Z,) > visits the set Z plays a key role in the convergence of Algorithm (2)
which is not the case of Algorithm (3). RM algorithm was first introduced by Robbins and
Monro in [138]. After that, it was studied by many authors who prove the convergence of g,
towards g*, see [24, 28, 35, 104]. The asymptotic convergence rate has also been investigated
in many papers, see [24, 103, 140]. They show that this speed is in general proportional to
1/V/N with N the number of iterations.

In this work, we give a special focus to RL problems. Nowadays RL cover a very wide collec-
tion of recipes to solve control problems in an exploration-exploitation context. This literature
started in the seventies, see [151, 152], and became famous mainly with the seminal paper of
Sutton, see [147]. It largely relied on the recent advances in the control theory developed in
the late 1950s, see [22]. The key tool borrowed from this theory is the dynamic programming
principle satisfied by the value function. This principle enables us to solve control problems
numerically when the environment is known and the dimension is not too large. To tackle the
curse of dimensionality, recent papers, see [143], use deep neural networks (DNN). For exam-
ple, in [92], authors use DNN to derive optimal hedging strategies for finance derivatives and
in [117] they use a similar method to solve a high dimensional optimal trading problem. To
overcome the fact that environment is unspecified, it is common to use RM algorithm which
estimates on-line quantities of interest. The combination of control theory and SA gave birth
to numerous papers on RL.

Our contributions are as follows. We first conduct an error analysis to show that the classical
asymptotic rate O(1/v/'N) is pessimistic and can be enhanced in many situations. It is indeed
possible to get a O((log(N)/N)P) asymptotic speed with 1/2< <1 and N the number of
iterations. Then, we present our main result. It consists in proposing a dynamic policy for
the choice of the step size (yi)x=0 used in (3). Our policy is decomposed into two interacting
levels: the inner and the outer level. In the inner level, we propose the PASS algorithm,
for “PAst Sign Search”. This algorithm builds a new sequence (Y;'C)kzo, using a predefined se-
quence (YZ)]CE() and the sign variations of m(qn, Xn+1(Zy), Zy). The error of ()/;'C) k=0 decreases
faster than the one of (y{)k=0. In the outer level, we propose an optimal methodology for
the construction of a piecewise constant predefined sequence (y{)x=o. These two levels are
interacting in the sense that PASS influences the construction of ('}’Z)kzo- Finally, we show that
our selection methodology provides better convergence results than standard RL algorithms
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2. Reinforcement learning

in three numerical examples: the drift estimation, the optimal placement of limit orders and
the optimal execution of a large number of shares.

The structure of this paper is as follows: Section 2 describes the relation between RL and
SA. Section 3 reformulates the problem (1) in terms of a minimisation issue and defines with
accuracy the different sources of error. This enables us to exploit the most recent convergence
results for each source of error to show that the slow convergence speed O(1/v'N) can be
replaced by O((log(N)/N)ﬁ) with 1/2 < <1 and N the number of iterations. Section 4
contains our main contribution. We start by defining the Algorithm PASS, comparing it with
two other schemes and proving its convergence. Then, we describe our outer level policy
and discuss its speed of convergence. Finally, we explain our selection methodology of the
learning rate (y{)x=0 which combines the PASS Algorithm with the outer level to enhance the
convergence of (3). The last Section 5 provides numerical examples taken from the optimal
trading literature: optimal placement of a limit order and the optimization of the trading
speed of a liquidation algorithm. Proofs and additional results are relegated to an appendix.

2 Reinforcement learning

We detail in this section the relation between SA and RL since we are interested in solving
RL problems. RL aims at estimating the Q-function which quantifies the value for the player
to choose the action a when the system is at z. Let ¢ be the current time, U; € % be a process
defined on a filtered probability space (Q2, %, %;,P) which represents the state of the system
and A; € of the agent action at time f. We assume that the process (U, A;) is Markovian.
The agent aims at maximizing

T
[E[f0 P f(s,Us, A9 ds+p” g(Ur)], (4)

with g the terminal constraint, f the instantaneous reward, p a discount factor and T the
final time. Let us fix a time step A >0 and allow the agent to take actions only at times! kA
with k € N. The Q-function satisfies

T
Qt,u,a) = sup[E[f pC O f(s,Us, A ds+p " P gUpIUs = u,Ar=al, Y(t,u,a) Ry xU x o,
A t

with A={A;,? < T} a possible control process for the agent. We view the agent control A as
a feedback process (i.e. adapted to the filtration %;). The Q-function satisfies the classical
dynamic programming principle (DPP)

Q(t, u, @) = E[Rpsn + p™ sup Q(t + A, Upra, @)Uy = u, A; = al, (5)
a'eof

1We recall the following classical result: when A goes to zero, the value function and the optimal control of
this problem converges towards the one where decisions are taken at any time.
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with Ryyp = ftHA =0 f(s,Us, Ag) ds. Equation (5) reads that the optimal expected gain when

the agent starts at « and chooses action a at time ¢ is the sum of the next expected reward
R+ plus the value of acting optimally starting from the new position U4 at time £+ A. By
reformulating (5), we obtain that Q solves equation

Elm(q, X7, 5,21 =0, Vz=(tu,a)eZ=[0,TIxUx, (6)

where X7\ = (U?, \,R7, \) €X =% xR, U; and Ry are respectively the conditional random
variables U; and R; given the initial condition (U7, A?) = (u,a) with z = (f,u,a) € Z and m

is defined as follows:

m(q,x,z") = H(q,x,2") — q(z"),  H(q,x,z")=r+p"sup q(t' + A, u,a),
aed

for any x = (u,r) € Z and z = (t',u',a') € Z. Thus, one can use stochastic approximation
tools to solve (6).

Actions of the agent. Note that Equation (6) shows that one can study Q only on the time
grid2 D7 ={nA,n<T/A}. Thus, we define Ay and U} such that Ay = Apa and Uy = Upp for
any k € N. The key variable to study is not the agent decision Ay but Zy = (k, Ui, Ax). Thus,
the rest of the paper formulates the results in terms of Z; only.

Moreover, it is important in practice to visit the space D1 x % x «f sufficiently enough. Thus,
to learn Q, it is common to not choose the maximising action®, but to set the conditional
distribution of the random variable Ay such that

SELZD)

P[A; = alFi] = ,  Vaed, (7)

Y e
with Z,? = (k,Ug,a), ék(Z,?) = ﬁ(Z]?)Zar ek(Uijfl,a'), B:Z — R, a discount function and

er(2) = |m(qr,.(2), Xr.(2)+1(2),2)|, when the state z is already visited,
kiel = b, otherwise,

where b >0 encourages the exploration, g satisfies (2) and ri(z2) is the last observation time
of the state z. Beside, to give more importance to the maximizing action, one may consider
the following policy:

eBrUDar(Z)

P[Ak=6l|gk] = Vae o, (8)

¥, PO

with By : % — Ry a discount function. Any mixture of these two procedures can an also be
considered.

2Here, we take T = n* A with of n* € N*. Such approximation is not restrictive.
3The maximising action a* for a state u is defined such that a* = argmax e s q(u, a).
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3. Improvement of the asymptotic convergence rate

3 Improvement of the asymptotic convergence rate

In [25, Part 2, Section 4], [103, Section 10] and [104, Section 7], the authors show a central
limit theorem for the procedure (3) which ensures a convergence rate of O(1/v/N) where N is
the number of iterations. In this section, we extend such convergence rate to Algorithm (2)
and aim at understanding how one can improve it. For this, we decompose our total error
into two components: estimation error and optimization error.

3.1 Error decomposition

In this section, the space Z ={1,...,d} is finite with d € N*. In such case, we view g and
M(q) as vectors of RZ (i.e. M(q)[z] = M(q,z) for any z € Z). Moreover, the process (Z,)n=1
is Markovian. We consider the following assumptions.

Assumption 3.1 (Existence of a solution). There exists a solution q* of Equation (1).

Assumption 3.2 (Pseudo convexity). The function M satisfies

(M(@)-M(q),q-q)=0, VqeR? Vq eR?.

The above assumption is natural since the gradient of any real valued convex function f
satisfies Assumption 3.2.

Assumption 3.3 (Pseudo strong convexity). There exists L >0 such that

(M@ -M(q),qg-q)=LIg-q 1>, YqeR* Vg eR?.

Assumption 3.3 replaces the strong convexity condition. Under Assumption 3.1, the function

q*

is solution of the minimization problem
min g(q) ( )

with g(q) = |M(q)|1%.

Remark 3.1. Note that, in the special case where M is the gradient of a given function f (i.e.
Vf = M), the quantity g* minimises a convex and differentiable cost § =Y ,c 7 E[L(q, X (2),2)]
with

1
L(q,x,2) :f (92 -q* (@) xm(q* +r(g—q"),x,z)dr, Vge2,Vze Z,VxeX.
0

and Vg = M. Thus, we can replace g by § and all the results of this section hold. In the rest of this
section, we use g instead of g.
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V. Improving reinforcement learning algorithms:towards optimal learning rate policies

In our context we do not have a direct access to the distribution of X(z) because we are in the
case of “on-line” RL. Nevertheless, we assume that at time 7 we keep memory of a training
sample of n(z) independent variables (Xl.z),-:l...n(z) drawn from the distribution X(z) where
n(z) is the number of times the Markov chain Z,, visited z. We define " as a solution of

. ’ .
gégzlgn(q) (10)

with g,(g) = IM"(@)|I* and M"(q) = E"[m(q,X(z),2)] = (Z;lfl)m(q,x,-(z),z))/n(z) the ex-
pected value under the empirical measure p = (Z;lizl) 0 Xj(z))/ n(z). We finally define g;’ as
an approximate solution of the problem (10) returned by an optimization algorithm after k

iterations. Thus, we can bound the error g(ql'C’) by

0<E[(g(ap) - g(a")2)] <E[(s(a™ - g(a"))(2)] +E[|g(a™ - gla)
estimat;gn error C optimiz;t?on error

@),

since ¢* minimizes g.

3.2 Convergence rate of the estimation error
3.2.1 Slow convergence rate

We have the following result.

Proposition 3.1. We assume that the Markov chain Z,, is irreducible. There exists ¢y >0 such that

1
Elsuplg(q) — gn(PI(2)] = c1—.
quq 8nlq 1\/ﬁ

The proof of this result is given in Appendix V.D. This result allows us to derive the following
bound for the estimation error

El(g(g™ - g(q")) (2] =E[(g(g™) — gn(g™) (@] +E[(82(g™) — gx(g™) (2] +E[(g(g*) — 8n(q™))(2)]
<0

1
<2E|suplg(q) — gn(Pl(2)]| =2c1—. 11
This bound is known to be pessimistic.

3.2.2 Fast convergence rate
We obtain the following fast statistical convergence rate.

Proposition 3.2. Assume that the Markov chain Z,, is irreducible and

log(ii(2)) )ﬁ

E -g5 = < /(
[sgplg(q) g @@ @] = | ==
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with 5 <f<1, ¢ >0 and 11(z) = n(z) A1. Then, there exists c; >0 such that

1
2

1 B
El(g(g™ - g(g")(2)] < Cz( Og(")) .

The proof of this proposition is given in Appendix V.E. The condition (12) is established when

e The loss function g satisfies regularity conditions, of which the most important are:
Lipschitz continuity and convexity, see [19]. Moreover under the strong convexity as-
sumption, the constant f is equal to 1.

e The data distribution satisfies some noise conditions, see for instance [19, 150] in the
pattern recognition problem.

 The function m has a bounded moment «a (i.e. E[m*(q)] < oo) with a > 1, see [58].

3.3 Convergence rate of the optimization error

We turn now to the optimization error. This means that expected value in (9) is replaced by
the empirical mean which is known. In such case, one can use many algorithms to find g,.
We present in the table below the most important properties of some gradient methods. Note
that the results of Table V.1 remain valid when strong convexity is replaced by Assumption 3.3
and in general when convexity is replaced by Assumption 3.2.4

Algorithm Cost of one Iterations to achieve an € precision Time to reach an € precision
iteration
Convex Strongly convex Convex Strongly convex

2

o o) o3 oftog () o ol 10 ()
d d

SGD o(d) o ;2) o %) o) o)

Proximal o) o(%) o log(%)) o(g) O(dlog(%))

Acc. prox. o o] oftog () oA ofarog ()

SAGA o(d) o(%) O(log(%)) o(?) O(dlog(%))

SVRG o) O(log(%)) O(dlog(%))

Table V.1 - Asymptotic properties of some gradient methods. Note that d is the dimension
of the state space Z and € is a desired level of accuracy. Here ¢ corresponds to 1/n. GD
stands for Gradient Descent, SDG for Stochastic Gradient Descent, Proximal for Stochastic
proximal gradient descent [53, 141], Acc. prox. for accelerated proximal stochastic gradient
descent [130, 141], SAGA for Stochastic accelerated gradient approximation [61], and SVRG
for stochastic variance reduced gradient [97].

4Assumption 3.3 is the analogous of the strong convexity condition and convexity can be replaced by
Assumption 3.2 in many cases.
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3.4 Conclusion

Following the formalism of [36], we have decomposed our initial error into

o Estimation error: its convergence is O(1/ \/N) in pessimistic cases. In the other situa-
tions, the convergence is faster (i.e. O((log(N)/N)ﬁ)) with 1/2<f<1.

o Optimization error: the convergence is exponential under suitable conditions. In
unfavourable cases, the convergence rate is O(1/N).

The comparison of these error sources shows that the estimation error is the dominant com-
ponent. Thus, we can overcome the O(1/v N) asymptotic speed, in some situations, by
improving the estimation error.

4 Optimal policy for the learning rate y when is countable
In this section, we take Z =N and consider the following type of algorithms:

Qn+1(Zn) = 6fn(Zn) _Yn(Zn)m(qn»Xn+1(Zn); Zn), VneN.

One can recover the classical SARSA, Q-learning and double Q-learning algorithms used in
RL by considering a specific expression for m and Xj,+;. In such algorithms the choice of
Yn is a crucial point. One can find in the literature general conditions that guarantee the
convergence such that

kz Yi(z) =00, a.s, kz ﬁc(z) <oco, a.s, VzelXZ. (13)
>0 =0

However, since the set of processes (y;)n=0 satisfying these conditions is large in general
and may even be empty when (Z;) ;>0 is not recurrent. Thus, to be more specific, many au-
thors suggest to take y, proportional to 1/n% for stochastic approximation algorithms. The
exponent a¢ may vary from 0 to 1 depending on the algorithm used, see to cite [68, 128].
Nonetheless, such a choice may be sub optimal. For example, Figure V.1.a shows that the blue
curve is a way higher than the orange one. Here, the blue curve represents the variation of
the logarithm of the L?-error when y, =1/n, whereas the orange curve stands for a constant
learning rate (i.e. Y, =7y). We choose the constant 7 that ensures the fastest convergence for
the blue curve.

In this paper, we propose to use a stochastic learning rate (yy)r=o; our learning policy is
decomposed into two interacting levels: the inner and the outer level. In the inner level, we
use the PASS algorithm, for “PAst Sign Search”. This algorithm builds a new sequence (y;c) k=0,
based on a predefined sequence (Yz)kzo and the sign variations of m(qn, Xn+1(Z,), Zy), whose
error decreases faster than the predefined one. In the outer level, we propose an optimal
methodology for the selection of a piecewise constant predefined sequence (y{)x=o. These
two levels are interacting in the sense that the PASS algorithm influences the construction of
the sequence (y})k=o-
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M
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Figure V.I - L2-error for the estimation of the drift when Y} is constant in orange and when
Yk X % in blue.

4.1 The inner level
411 The algorithms

In this part, we introduce three algorithms. We start with our benchmark which is the standard
algorithm used in RL. Then, we present a second algorithm inspired from SAGA [61], which
is a method used to accelerate the convergence of the stochastic gradient descent. SAGA
reduces the optimization error exponentially fast. Finally, we describe the PASS algorithm
that modifies the learning rate (yi)xen based on the sign variations of m(qy, Xn+1(Zn), Zy).
The main idea is to increase (yi)ren as long as the sign of m(qy, X;+1(Zy,), Z,) remains
unchanged. Then, we reinitialize or lower Yy using a predefined sequence (yz) xeNn When
the sign of m(qy, Xn+1(Zy), Z,) switches. This algorithm can be seen as an adaptation of
the line search strategy, which determines the maximum distance to move along a given
search direction, to stochastic iterative methods. Actually, the line search method requires
a complete knowledge of the cost function because it demands to evaluate several times the
difference g(qk+7fM(qk)) —g(qx) for different values of y with g and M defined in Section 3.1.
However, stochastic iterative models have neither access to g nor M. They can only compute
m(qn, Xn+1(Zn), Z,) when the state z = Zj is visited. Moreover, to get a new observation they
need to wait® for the next visit of the state z = Z;. Nevertheless, they have instantaneous
access to the previously observed values. Thus, the main idea here is to use these past
observations although it adds a small memory cost. Some theoretical properties of these
algorithms are investigated in Section 4.1.3.

Algorithm 2 (RL). We start with an arbitrary q° € 2 and define by induction q*

a1z = Gz - yiZmgk, X (Z0), Zp).

SThis waiting time may be very long depending on the dimension of the state space Z and the properties of
the process (Z}) k>o-
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Algorithm 3 (SAGA). We start with an arbitrary g° € 2, M° = 0°, n® = 0 and define by induction
qk, M* and n*

(XL, n*12k, 1M1 2 1)

' Z0 = 420 - 12 | m(qN X (Ze), Zi) - MF(Zg, 1) + C o ze) )
MM Zy i) = mg®, X (Ze), Zi),
ki = 1,

with i picked from the distribution p = (Zf’ll nk(k,i16; )/(ZM1 nkk, jD. The quantity nk(k, jl
records the j-th time when the process Z visits the state Zj beﬁme the k-th iteration.

For the next algorithm, we give ourselves a predefined sequence (y)x>0, an increasing func-
tion i : R, — R, and a non-increasing function /: R, — R,. The function £ is used to increase
the learning rate and hence to accelerate the descent, while the function [ is used to go back
to a slower pace. A typical way to do it is to use a predefined learning rate.

Algorithm 4 (PASS). We start with an arbitrary q° and define by induction q* and 7.

 If m(qn, Xn+1(Zn), Zn) x m(qyp, Xy 41( Zpp), Zyn) 2 0, then do

qn(Zn) — h(?n (Zu)¥n (Zn)) m(qn, Xn+1(Zn), Zn),
h(7n(Zn), Yn(Zn)),

gn+1(Zy)
)’}n+1(Zn)

with r{* is the index of the last observation when the process X visits the state X,,.

o Else, do

qn(Xy) — l(f’n (Xn),Yn (Xn)) m(qn, Xn, Xn+1),
U7n(Xn),Yn(Xn).

Gn+1(Xyn)
?n+1 (Xn)

412 Assumptions

In this section, we present the assumptions needed to prove our main result about the con-
vergence of Algorithms RL, SAGA and PASS. We consider the following assumptions:

Assumption 4.1 (Existence of a solution). There exists a solution qg* of (1)
We write m* for the vector m* = m(q*) e  x Z with g* solution of (1).

Assumption 4.2 (Pseudo strong convexity 2). There exists a constant L >0 such that
(Exlm(qic Xies1(Zi), Zi) = m” (Xiea1 (10, Z0)) (qx(Zi) - 47 (Z0) = L{q(Zi) - 47 (Z)?, (14)

with q* of (1) and Ex[X] =E[X|F] for any random variable X.

6Here MO is the zero function in the sense that MO[Z, i]=0forany ze Z and i € {1,..., M.
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Recall that Assumption 4.2 is natural in the deterministic framework. For instance, if we
take a strongly convex function f and call m its gradient (i.e.m = Vf). Then, m satisfies
Assumption 4.2. Additionally, the pseudo-gradient property (PG) considered in [28, Section
4.2] is close to Assumption 3.2. However, Assumption 3.2 is slightly less restrictive than PG
since it involves only the norm of the component (qx — q*)(Zy) instead of the norm of the
vector (qr—q*). To get tighter approximations, we will also need the quantity Li defined as
follows:

Ex[m(qi, Xi+1(Zk), Zi) — m™ (Xis1(Z), Zi)]
. It g% - g (Zp) #£0,
Ly = C]k(Zk) —q*(Zp) q K)—4q k

0, otherwise.

Note that Ly = 0 under Assumption 4.2. It is also the biggest constant that satisfies (14) for a
fixed k. In particular, this means that Ly = L.

Assumption 4.3 (Lipschitz continuity of m). There exists a positive constant B >0 such that for
any random variables X and X' valued in & we have

Ex[(m(qr X, Zt) - m* (X', Z))*] < B{1+ (g (Z) — 4" (Z0))* +Ex [ (X - X')*]},  (15)

with Ex[X] = E[X|F] for any random variable X.

Assumption 4.3 guarantees that m is Lipschitz. Authors in [28, Section 4.2] use a similar
condition. To get better bounds, we introduce By

[Ek[(m(qk» X) Zk) -m* (X’, Zk))z]
k= _
1+ (qi(Zi) - 4% (Zp)” +E[(X - X)]

We have By < B since By is the smallest constant satisfying (15) for a fixed k. We finally
need an assumption on the learning (yi)i=o that describes indirectly how the process Z
communicates with its different states.

Assumption 4.4 (Learning rate explosion). For any z € Z, there exists a non-negative determin-
istic sequence (YZ(Z))keN such that

Ye@ 282 and Y yl(@)=c0, VzeZ.
k=1

When the process Z is Markovian and y(z) is bounded, Assumption 4.4 ensures that Z is
recurrent. The boundedness assumption of y(2) is not restrictive and can always be fulfilled.
Indeed, since Yk (2) is bounded, there exists a positive constant A such that yi(z) < A, a.s for
all k=1. Thus, we get Y -1 Elyx(2)1z,=2] < AY 4>1P[Z; = z]. Since the left hand side of the
previous inequality diverges under Assumption 4.4, we have Y ;~; P[Z; = z] = co which proves
that Z is recurrent.
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4.1.3 Main results

In this section, we compare the algorithms RL, SAGA and PASS and prove the convergence
of PASS. Let ¢ be a positive constant and k € N. We define the error function for the different
algorithms as follows:

k (Gr(2) — g* (2))?, for algorithms RL and PASS,
(2= i Aafle, j1 (M Lz, 1~ m*(2))° +c(qr(2) - q*(2))%,  for algorithm SAGA,

for all ze Z with flk[z,j] = (nk[z,j])/(zg1 nk[z, ]]) for any j€{l1,..., M} and the total error
E* such that EX = ||e¥|. We also use the following notations:

L
p(x) =2Lx - Bx?, pi(x) = 2L x — Bix?, Y =argsup pi(l) = 3 VxeR.
leR k

Proposition 4.1. Let z€ Z. Under Assumptions 4.1, 4.2 and 4.3, and when there exists r1 = 1 such
that

Y2 < l(y1,72), and h(y1,72) <1y, V(y1,y2) € R?,
we have

1Bl (2)] < 1a[are’(2) + My ], (16)

with A=1{Z. = z}. The values of the constant ay and My vary from an algorithm to another as
Sollows:

[1-p(yr(2)], for algorithm RL,
ak(z1) = max(l —p(yr@) + 11— (37 - 674 (2) c)), for algorithm SAGA, (17)
{1-pr(r}) +d'vi(@1ez1}, for algorithm PASS,

Ex[7k(@m(g*, Xi+1(2), 2)]
Yr(2)Er[m(gk, Xi+1(2), 2)]

with ¢ = LYy = k(D V Tk d' = (r; —1)?By. and
Byi(z) 2+ vp), for algorithm RL,

My =3 3BYy:(2)2+wvy),  for algorithm SAGA, (18)
B(cx7r)* @+ i), for algorithm PASS,

where v is the variance of Zy.

Equation (16) reveals that the performances of algorithms RL, SAGA and PASS depend on the
interaction between two competing terms:

* On the one hand the slope aj controls the decrease of the error from one step to the
other,

¢ On the other hand the quantity M} gathers two sources of imprecision: the estimation
error and the optimization error. Both sources of imprecision have a term in the
variance v, (because the distribution of Z is unknown) and a positive constant (coming
from the noise generated by the noisy nature of observations).
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There is a competition between these two terms: to decrease M} we need to send yj towards
zero while the reduction of aj requires a relatively small but still non-zero value of yg. Thus,
Yk should satisfy a trade-off in order to ensure the convergence of the algorithms. The RM
conditions (13) are a way to address this trade-off. Now, in order to analyse the properties of
each algorithm, we compare for a given yy their respective values for ay and My in Table V.2.
For sake of clarity, we choose to present the variable (1 — aj) instead of ay in this table; note
that a large value of 1 — a; means that ay is small and thus induces a fast convergence.

Algorithms 1-ag) My
Value Comparison Value Comparison
with Algo 1 with Algo 1
RL (Algo 1) 2yez)L = BY:(z1) — By2 2+ vg) —
SAGA (Algo 2) (Zyk(zl)L - B}/i(zl) - %) v (ﬁ - GYi(zl)c) smaller 3Bﬁc(2 + i) larger
PASS (Algo4) | 2y;Ly - B (ZZ)Z +d' i1z larger B(crr) @+ vp) larger

Table V.2 - Comparison of the algorithms RL, SAGA and PASS.

The result below holds only for Algorithms 2 and 4.
Theorem 4.1. Let the Assumptions 4.7, 4.2, 4.3 and 4.4 be in force. Algorithms 2 and 4 verify

o When Y i>o [E[ﬁc](z) < oo forall ze Z, we have

EolE"] — 0. (19)

n—oo

o When yi(2) =yliz.=z for all (k,2) e NxZ withy >0 a positive constant, for any positive
number r there exist two constants B € [0,1) and M >0 which satisfy

EolE") <c(+r)(1-a"+a"ME’,  Va<max(f,a), VneN, (20)

r’M
withc:l ,a=1—v and M =sup, M.
-

4.2 The upper level

In practice, to apply PASS we need an appropriate predefined sequence (y)ken. It is possible
to take y proportional to 1/k% with a € (0,1] as proposed in [128, 138]. However, in this
section, we present a piecewise constant policy for the selection of the learning rate (y)ken-
To do so, we construct a sequence of integers (k;)jen such that y is constant within each
interval I; = [k;, ki1 with i € N. Additionally, we choose the “best” constant yi, such that
the error E[E"] decreases the fastest possible by at least a factor a during the time period I;
in the sense that E[EXi+1] < aE[E¥]. Here the factor « is a fixed constant.

First, note that the function f(x) =2Lx— B? with L defined in Assumption 4.2 and B intro-
duced in Assumption 4.3 reaches its maximum value at the point y; = % = 0. Since we need
f(yo) to be the largest possible for a fast convergence, we take y( as close as possible to
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0

#)LBEO where E° is the initial total error,
m = supy M/ yi is uniformly bounded of y, and the ratio Mk/)/i is defined in Proposition
4.1. To guarantee a decrease of the error by a factor @ during the first iterations, we also need

Yo < ¥2. Thus, we define recursively the sequence (k;);en and (yg,)ien as follows:

Y1. Let r >0 be a precision factor and y» =

log(2 ar__)
ki1 =k WOMY e =aye, Yi=0,
iv1=ki+1[ log(ax,) 1 Yk =AYk i> @)
ko =0 Yk =Y1 V72

with ap, =1-7g, and M defined in Theorem 4.1. The proposition below provides a non-
asymptotic approximation of the number of steps k; needed to reduce the error by the factor
a’ with i e N.

Proposition 4.2. Under Assumptions 4.1, 4.2 and 4.3, we have
ki<Lyi+Lo(i—i*)y+Lg(a” V77D _ 1),

Lb

—L
log(B)’ Ly = 2qLA-byY)’ Ls

with i* = sup{i = 0, ay, < B}, B defined in Theorem 4.1, L; =

_ 7_ B _ 1
L=og(5 )l b= 21 and =575

L
2qLyo(1-a)’
The proof of the above result is given in Appendix V.H. Proposition 4.2 shows that the con-
vergence speed due to (21) is exponentially fast as long as i <i* (i.e.k; < L;i). In such case,
the leading term is L;i. This means that we need around L;i steps to reduce the error by a
factor @'/27 However, when i > i*, the dominating term becomes Lsy(a~@="+D+ 1), This
means that after a number k of iterations proportional to k o< a~! we reduce the error by
1/Vk = al’?. Then, we recover the slow convergence rate of o1/Vk).

Since the constants L and B are unknown in practice, a first solution consists in starting
with arbitrary values for B and L and generating a sequence of learning rates. If the error
m(qn, Xn+1(Zn), Zy) increases, one can take a larger value for B and a smaller one for L
otherwise he keeps B and L unchanged. A second solution consists in directly averaging the
error m(qu, Xn+1(Zy), Z,) over the lasts p visit times with p €N fixed by the controller. If this
average error does not decrease, Equation (21) reduces the value of the step size by a factor
a.

4.3 Extension
The results of this section still hold when the descent sequence (2) is replaced by
Gn+1(2) = gn(2) =y n(@m(qn, Xn+1(2), 2), Vze Z,VneN. (22)

When y,(z) =0 if z # Z,, we recover (2). Thus, Equation (22) is slightly more general.
Moreover, Algorithm (22) appears in many contexts: stochastic iterative algorithms, gradient
methods, fixed point iterative techniques, etc. The results of this section can be directly
transposed to (22). We present in Appendix V.A an adaptation of the Algorithm PASS for
(22).

"Recall that a’ is the square of the error.
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5 Some examples

51 Methodology

In this section, we compare four algorithms. The two first ones are two different versions of
RL. In the first version, the learning rate yj is taken such that yj = % with 1 > 0 selected
to provide the best convergence results. In the second version, the step size follows the
upper level policy, described in Section 4.2. The third algorithm is SAGA where the step
size is derived from the upper level policy. Finally, we use the PASS algorithm (for “PAst
Sign Search”) presented and studied theoretically in the previous sections. We consider three
numerical examples to compare the convergence speed of these algorithms: drift estimation,
optimal placement of limit orders and the optimal liquidation of shares.

5.2 Drift estimation

Formulation of the problem. We observe a process (Sy),=0 which satisfies
Sn+1 :Sn+fn+1+Wnr (23)

with W), a centred noise with finite variance. We want to estimate the quantities f; with
i€{l, -, npmax}. Using (23) and E[W;] =0, we get

[E[Si+l_si_fi+l]:0y Vie {0, -+, Nmax — 1}

Thus, we can estimate f; using stochastic iterative algorithms. The pseudo-code of our
implementation of PASS for this problem can be found in the Appendix V.B under the name
Implementation 1.

Numerical results. Figure VL3 shows the variation of the L?-error when the number of
iterations increases. We can see that the algorithm PASS outperforms standard stochastic
approximation algorithms. Moreover, other algorithms behave as expected: the standard RL
decreases very slowly (but we know it will drive the asymptotic error to zero), the constant
learning rate and SAGA provides better results than RL, while PASS seems to have captured
the best of the two worlds for this application: very fast acceleration at the beginning and the
asymptotic error goes to zero.
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L2-error against the number of iterations

@~ step_cste

1/n
=fe= SAGA
=4 PASS

Log L2 - error

6 1|0 2I0 3I0 4IO SIO
Number of iterations

Figure V.2 - The L2-error between f* and f for different numerical methods averaged over
1000 simulated paths.

5.3 Optimal placement of a limit order

Formalisation of the problem. We consider an agent who aims at buying a unit quantity
using limit orders and market orders (see Chapter I for detailed explanations). In such
case, the agents wonder how to find the right balance between fast execution and avoiding
trading costs associated to the bid-ask spread. The agent state at time ¢ is modelled by
X, = (QBefore QAfter py with QBefo7¢ the number of shares placed before the agent’s order,
QAT the queue size after the agent’s order and P; the mid price, see Figure V.3. The agents
wants to minimise the quantity

TV Texec
E[F(erTexeC)+f cdsl,
0

where
o T =inf{t =0, P; =0} the first time when the limit order gets a transaction.
* 7 the first time when a market order is sent.
o X = (QBefore QASter py the state of the order book.

o F(u) is the price of the transaction (i.e. F(u) = p+1 when the agents crosses the spread
and F(u) = p otherwise).

We show in Section 2 that the Q-function is solution of (6). Thus, we can use Algorithms RL,
SAGA and PASS to estimate it. The pseudo-code of our implementation of PASS is available
as Implementation 2 in Appendix V.B.
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Same Pi” Opp H

Figure V.3 - The state space of our limit order control problem.

Numerical results. Figure V.4 shows three control maps: the x-axis reads the quantity on
“same side” (i.e. Q"¢ = QBefore 4 QASter) and the y-axis reads the position of the limit
order in the queue, ie. QP¢/°"® The color and numbers gives the control associated to
a pair (Q*¥"¢,QBefore). 1 (blue) means “stay in the book”, while 0 (red) means “cross the
spread” to obtain a transaction. The panel (at the left) gives the reference optimal controls
obtained with a finite difference scheme, the middle panel the optimal controls obtained for a
RL algorithm where the step-size (yr) k=0 is derived from the upper level policy, and the right
panel the optimal control obtained with our optimal policy (i.e. upper level and inner level
combined). It shows that after few iterations our optimal policy already found the optimal
controls. Figure V.5 compares the log of the L? error, averaged over 100 trajectories, between
the different algorithms. We see clearly that our methodology improves basic stochastic ap-
proximation algorithms. Again, the other algorithms behave as expected: SAGA is better than
a constant learning rate that is better than the standard RL (at the beginning, since we know
that asymptotically RL will drive the error to zeros whereas a constant learning rate does not).

a) Theoretical optimal control b) step_cste optimal control c) PASS optimal control

Figure V.4 - Comparison optimal control after 300 iteration for different methods: left is the
optimal control, middle is RL with a step size derived from the upper level and right is our
optimal policy for the step size (i.e. upper level and inner level combined).
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L2-error against the number of iterations
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1/n
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== PASS
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Log L2 - error
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1.01
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Number of iterations

Figure V.5 - The log L*-error against the number of iterations averaged over 1000 simulated
paths.

5.4 Optimal execution

Formalisation of the problem. An investor wants to buy a given quantity go of a trad-
able instrument (see [52] and [145] for details about this application). The price S; of this
instrument satisfies the following dynamics:

dS;=adt+odB;y,

where @ € R is the drift and o is the price volatility. The state of the investor is described
by two variables its inventory Q; and its wealth X; at time . The evolution of these two
variables reads

{ dQ;=v.dt, Qo = 4o, (24)
th:—'Vt(St'i"K'Vt)dt, W():O,

with v, the trading speed of the agent and x > 0. The term kv, corresponds to the temporary
price impact. The investor wants to maximize the following quantity

T
Wr +Qr(St— AQT) —<Pft Qids,

it represents its final wealth X7 at time T, plus the value of liquidating its inventory minus a
running quadratic cost. The value function V is defined such that

T
V(t,w,q,s) =supE[Wr+ Qr(St— AQr) —gb/ Qds|W;=w,Q;=q, S; = s].
1% t
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We remark that v(¢, w,q,s) = V(¢t,w,q,s) — w— qs verifies

T
v(t,w,q,s) = supE[ (Wr — Wy) + (QrST — Q:S) —AQ4 — ¢f Q ds\W;=w,Q;=q,S;=5].
v ~ ~~ - t
=M,
(25)

Using (24), we can see that the variable M. is independent of the initial values W;, S; and
Q:. This means that v is a function of only two variables the time ¢ and the inventory g. The
dynamic programming principle ensures that v satisfies

t+A

U(t,CI):SUP[E[MttJrA_(P Q?dﬁ' v(t+A,Qmn)lQ: =q]. (26)
v t

We fix a maximum inventory q. Let k = (k7,k;) € (N*)2, A=T/kr, D = {th; i <kr} and
Dy = {ql{c"; i < kg} with tl{cT =iA and qf“ =-4+2iqlky. To estimate v we use the numerical
scheme (Uﬁ)nzlykE(N*)z defined such that

U1 (Zn) = U (Zn) + Y (Z)[ sup ){Mzﬂ —pAQL+ VN(Zy ) - vR(Z}],
VE n

with Z, = (nA,Qua) and A(Z,) € Dy is the set of admissible actions.® When the final time
T is reached (i.e. n = kr), we pick a new initial inventory from the set D, and start again
its liquidation. At a first sight, it is not clear that vX approximates v. However, we show
in Appendix VI that vX converges pointwise to v on Dy x Dy when n — oo and k — oo.

see Appendix V.B for a detailed implementation of the algorithm with the corresponding
pseudo-code (as Implementation 3).

Numerical results. Figure V.6 shows the value function v for different values of the elapsed
time ¢ and the remaining inventory Q;. The panel (at the left) gives the reference value
function. It is computed by following the same approach of [46]. The middle panel the value
function obtained obtained after 120 000 iterations for RL algorithm where the step-size
(Yi) k=0 is derived from the upper level of our optimal policy, and the right panel the value
function obtained with our optimal policy (i.e.upper level and inner level combined). It shows
that our optimal strategy leads to better performance results. We also plot, in Figure V.7, a
simulated path for the variations of the log L? error for different algorithms. Here again, we
notice that our methodology improves the basic RL algorithm and that the ordering of other
approaches is similar to the one of the “drift estimation” approximation (i.e. SAGA and the
constant learning rate are very similar).

8We do not allow controls that leads to states where the inventory exceeds §.
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a) Theoretical value function  b) step_ cste value function  c¢) PASS value function

Figure V.6 - Comparison value function between methods.
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Figure V.7 - The log L?-error against the number of iterations averaged over 1000 simulated
paths.

V.A Extension of the PASS Algorithm

First, we can adapt Algorithm PASS to (22) by considering component-wise version which
consists in applying Algorithm 4 introduced in Section 4.11 to all the visited coordinates of
qn. Next, we also propose a more direct approach with the algorithm below.

Algorithm 5 (PASS for (22)). We start with an arbitrary qo and define by induction gy and ¥y,
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o If im(qn, Xn+1), m(Gn-1,Xn)) =20, then do

dn+1 = Qn_h(?n»Yn)m(Qn»Xnﬂ),
?n+1 = h(?n»)’n)-

o Else, do

dn+1 = Qn_l(?n)Yn)m(Qn,Xnﬂ),
Yne1 = l(?nrYn)-

V.B Implementations

We give here the pseudo code used for each one of the three numerical examples considered
in Section 5.

Drift estimation. We consider the following expression for the functions / and I:

h()/, Ybase) = MIN(Y + Ypases 3V base) l('}” Ybase) = MaX(Y — Ybase>Ybase)» Y (V) Ybase) € Ry

We use Implementation 1 for the numerical experiments.

Optimal placement of limit orders. We consider the following expression for the functions

h and I:

h(y,Ybase) = max(min(y+2/3Ypase;3Y base)» Ybase)» LY Ybase) =Max(y—2/3Ypase;Ybase)» V(¥ Ybase) € Ry
(27)

We use Algorithm 2 for the numerical experiments. Note that we do not need to send a

market order to know our expected future gain.

Optimal execution of a large number of shares. To solve this problem we use the same
functions h and [ considered in the previous problem, see (27). Then, we apply Algorithm 3.
In this problem, it is crucial to select actions according to the policy (7) in order to encourage
exploration. The coefficient 8 used by the agent to select its actions is taken constant equal
to B =5. We consider the same policy for all the tested algorithms.

V.C Additional results: optimal execution

Authors in [46] show that v satisfies
v(t,q) = ho(t) + hi (Dq - ha(D)12G%, Vte(0,T], VqeR, 28)

with hgy, h; and hy are three real valued functions. Here, we want to estimate hg, h; and hy
using the ersatz (28) and Equation (26). We use Equations (26), (49) and (28) and we neglect
the terms of second order (i.e. 0(Ay)) to get

v(t,q) = SUpE[VA;(hy — qhy) —v? Ak + gAS — pg* + v(t + Ay, q). (29)
v
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Algorithm 1 PAst Sign Search (PASS) for (RL) drift estimation problem

1. Algorithm parameters: step size (Y°),=0 € (0, 1], number of episodes n

initial guess qo, past error value Ejqs;
Initialise 7o = yg
2: for episode in 1: 71 do
3 for t€{0,...,nmax— 1} do
4 Observe AXjext = S+1— Sy
5: if the first visit time to ¢ then
6: Go(t) — qo(t) = Yo (&) m(qo, AXnexs, t)
7 else if m(qo, t, AXpext) X Epast(t) 20 then
8 To(8) — h(F0(),y° (D)
9 Ggo(t) < qo(2) _?O(I)m(qm AXnext, t)

10: else if m(qo, t, AXpexr) X Epast(t) <0 then

11: Fo(t) — 1(70(8),Y°(D))

12: Go(t) — qo(t) — Yo () m(qo, AXnexs, 1)

13: end if

14: Epast(t) — m(qo, t, AXnext)

15: end for

16: Save the norm [ E|| of the vector Ejgs¢(£).

17: if the average value of | E|| over the last w =5 episodes is not reduced by p = 1%
then

18: yO(t) — max(y°(t)/2,0.01) (this is done each w episodes)

19: end if

20: end for

By maximising the above expression over v, we get the optimal control v* = % Finally,
Using (28), we can split Equation (29) in three parts

(ha(t+Ap)?
hz(t)zhz(f+At)—2¢+T, ho(T) =2A,
ho(t+A)h(t+ A
3 hi(0) = hy(t+A,) +E[AS] — 2( tz)Kl( 2 hy(T) =0, (30)
(h1(t+Ap)?
ho(f)=h0(t+At)+T, ho(T) =0.

Thus, we can use Algorithm RL to estimate hg, h; and hy. The results are given in Figures V.8
and V.9.
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Algorithm 2 PAst Sign Search (PASS) for (RL) optimal placement problem

1: Algorithm parameters: step size (Y°) =0 € (0, 1], number of episodes n
initial guess qo, past error value Epqs;
Initialise 7o = y{

2: for episode in n do

3 Select initial state X

4 for each step within episode do

5: Take the action stay in the order book

6: Observe the new order book state X,;0¢

7 for a €{0,1} do

8 if the first visit time to Xj,y; then

9 qo(Xo, @) — qo(Xo, @) — Yo (Xo, ) m*(qo, Xo, Xnext)

10: else if m“(qo, Xo, Xnext) X Epast(Xo, @) = 0 then
11: Y0 (Xo, @) — h(F0(Xo, a),y°(Xo, @)
12: qo(Xo, @) — qo(Xo, @) — Yo (Xo, @) m*(qo, Xo, Xnext)
13: else if m“(qo, Xo, Xnext) X Epast(Xo, a) <0 then
14: Fo(Xo, @) — I(F0(Xo, @),7° (X0, @)
15: qo(Xo, @) — qo(Xo, @) — Yo (Xo, A) m?(qo, Xo, Xnext)
16: end if
17: Epast(Xo, a) — m®(qo, X0, Xnext)
18: end for
19: Xo — Xnext
20: end for
21 Save the norm [ E|| of the vector Ejg4s:(£).
22: if the average value of ||E|l over the last w =40 episodes is not reduced by p =5%
then
23: yO(t) — max(y°(t)/2,0.01) (this is done each w episodes)
24: end if
25: end for
(a) Hil(2) (b) ril(p) (c) hil(t)
(@) ho(0) b)) I (8 (©) ha(®)
o000 0 25 50 75 100 125 150 175 200 o0 0 25 50 75 100 125 150 175 200 o 0 25 50 75 100 125 150 175 209 5

Figure V.8 - (a) The quantity h{)l(t), (b) h{l(t) and (c) h;l(t) computed using the (RL) procedure.
(@’) The quantity ho (1), (b’) h1(#) and (¢’) ha(f) computed using an explicit numerical scheme.
The (RL) approximations are close to the one of the numerical scheme.
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Algorithm 3 PAst Sign Search (PASS) for (RL) optimal execution problem

1. Algorithm parameters: step size (Y°),=0 € (0, 1], number of episodes n

initial guess qo, past error value Epqs;
Initialise 7o = y{

2: for episode in n do

3
4
5:
6:
7
8
9

10:
11
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:

Select the initial inventory Qg
for t € {0,...,nr—1} do

Observe the new price state S;¢x; and set Xo = (£, Qo)
Observe the new price state Syex;
if the first visit time to X, then
qo(Xo) — qo(Xo) —Vo(Xo) m(qo, Snext, Xo)
else if m(qo, Snexs, Xo) X Epast(Xo) =0 then
F0(Xo) — h(70(X0),7°(X0))
qo(Xo) < qo(Xo) —Yo(Xo)m(qo, Snext, Xo)
else if m(qo, Spext, Xo) x Epast(Xo) <0 then
Fo(Xo) — 1(70(X0),7°(X0))
qo(Xo) — qo(Xo) —70(Xo)m(qo, Snext, Xo)
end if
Epast(Xo) — m(qo, Snext, Xo)
Select an action A and observe Qyex;

QO - Qnext

end for
Save the norm | E|| of the vector Ejgs:(£).
if the average value of | E|l over the last w =300 episodes is not reduced by p = 1%

929: y°(t) — max(y°(t) —0.01,0.01) (this is done each w episodes)
23: end if
24: end for

(a) Url(t, q) (b) Uthe()(t’ q)
236

Figure V.9 - (a) The quantity v"(0, g) is estimated using the (RL) approach and (b) the quantity
vz, q) is computed by following [46]. Both approximations vrl(O, q) and ptheo(qg q) are close.



V.D. Proof of Proposition 3.1

V.D Proof of Proposition 3.1

Proof of Proposition 3.1. Let z€ Z. Standard uniform convergence results ensure that

1
NCIGITNN

with ¢ >0 a positive constant. Since the Markov chain (Z,) ;> is irreducible and the set Z is

Elsuplg(q) — gn(@l(D)In(2)] =c a.s.
q

finite, the sequence (Z,) ;=1 is positive recurrent and we have

n(Z) ZZZI 1Zk:Z
= — PulZ,=21>0=p(2),
n n n—o0

with p the unique invariant distribution of (Z;)>1. Thus, we have
1

n
V nz)Al| n—oo V@

This shows that u,(z) is bounded by () and ensures that

un(z) =k > 0.

1
Elsuplg(q) — gn(PI(2)] < ¢1(2) —,
quq 8nlq 1 vn

with ¢1(2) = cuoo(2). The constant ¢; can be taken independent of z since Z is finite. O

V.E Proof of Proposition 3.2

Proof of Proposition 3.2. Let z€ Z. We follow the same approach used in the proof of Propo-
sition 3.1 to get

1

nz)/n

1

log(ﬁ(z))/log(n))ﬁ -
n—oo p(z)ﬁ

vn(2) =E|( <E|( )P >0.

nz)/n

This shows that v, (z) is bounded by v (z) and ensures that

1
E - < —,
[sgplg(q) gn(q)|(z)]<02(z)\/ﬁ

with ¢2(2) = ¢’ Voo (2). The constant ¢, can be taken independent of z since Z is finite. Using
the same manipulations of (11), we complete the proof. O

V.F Proof of Proposition 4.1
Proof of Proposition 4.1. Let k =0, A the set A= {Z; =z} and m(qy) € RZ such that m(qy)(2)) =

m(qx, Xx+1(2'),2") for any z' € Z. We split the proof in three steps. In each one of these steps,
we prove (16) for a given algorithm.
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Step (i): In this step, we prove (16) for Algorithm RL. We have

1AEL[(Grs1 — 4% (D] = LaEr(qr — Yim(qr) — 4% (2)]

=147 (qc = 4")" (@ =2yExlm(qo](qi — 47) (&) +yE Exlm(qi)’ (2]

:‘((i) :E;i)

Using Assumption 4.2 and Ex[m*] =0, we get (i) < —2Lylqx — q*lz(z). Since Ex[m*] =0,
Assumption 4.3 gives

(i1) = Ex[(m(qp) - Exlm(qo))’ ()] + (Exlm(qr) — m*1)*(2)
<B(1+vp) + B+ (gk — %) (2)).

Thus, we deduce that

LAEL((Grs1 — 2@ <143 A =2yxL+ By (g - ¢7)* (@) + Y2 (2) B2+ vp) ¢,
M,
==—pye) =M

which shows (16) for Algorithm RL.

Step (ii): Here we show (16) for Algorithm SAGA. Let M*(z) = Zj]vil i*(z, jiIMF(z, j] and
i*(z, j1 = nF(z, 1/ M nk(z, j']. Using Ex[m*] =0 and Ex[M¥(z,i]] = M*(z), we have
J WX J g

LAE[ (@1 - 4") ()] = 14{(qk - 4°)°(2) + 2Ex[Gr+1] - 90 (Gk — 4°)(2) + Ex[(Grs1 — q1)* (21}
=1a{(qx~ 4" (@) — 2(yEx[m(qr) - m* D (g~ 47)(2)
+Y?<[Ek[(m(61k)(z) - M¥(z, i1+ M"(z))z]}

= L (1-2Lye) (g - 07)* (@) + Y2 Ex[(m(g") (2) = MF [z, 1] + M (2))?]
Assumption 4.2 ) :Tl) ’

(31)

We first dominate the term (1). Since Ex[m*](z) =0 and

B | (M2, 11 - m*)*(2)] = ¥ 2k L, jIE [ (MFLz, j1 - m* 2))F],
j
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we have

2

k|(m(qe) —Exlm™1)(2) - (M¥(z,i) = m* () + (X ¥ (2, jI (M [z, j] - m* (2)))
J

<3[[E %12 . * -~k . k . * 2
<3[E [m(g0) - m* ] (@) + B [ (MF 12,11 - m* )| + B[ (X 71, M1z, 1 - m* )]
J

D=

= 3B (m@0-m"? @] +E [ (MFz 11 - (@) + X Akl 1 | (MF 12, 1 - m* @)
Jensen's inequality j

= 3[Ex | (m(q0) - Exlm(@o))’ (2| + [Eclm(qo - m"1@) +2Y ¥ (2, jIE | (M (2, j1- m* ()] ]
J

= 3Bl (ae-a') @) +2X Al IE | (M2 j1 - m” ()]
Assumption 4.3 1

=3B(2+v¢) +3B (qk - 4")° (2 + 6 1 i1z, jIEk | (MF (2, 1 - m* (2))?] |. (32)
j
By combining (31) and (32), we get
LAkl Grar — g* 1P (2] <14 {(1 —2y4(2)L+3BY2(2)(qx - ¢7)° (2)
+62 ﬁk[z,j][Ek [(Mk[z,j] - m*(z))z] +3BYi(Vk +2)(Z)}. (33)
j
Moreover, we have
1
14E Z (2, jI(M** [z, jl - m* (2))?] = {M[Ek[(m(qk) -m*)*(2)]
1 M _ . k . * 2
+(1-—=) ) 1"z, jIEk[(M"[z, j]—- m™(2))°]
< 1A{£(1+(qk—q*)2(z))
M

1 M
+(1-—) Y ¥z jIEL[(MF(z, j1 - m* (2)?] .
M o

(34)
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Thus using (33) and (34), we conclude

B
14Exle" (2] <143 (1 -2y, L+3By2 + v c(ge-a*) 2

[

=a,

1 2
(1= +675(2)0) Y [z, jIEx| (M*1z, 1= m* @) ] p +3Brie+ 2 (2)
. by

~
az

<1aae(2) +3By; (v +2)(2),

with @ = max(ai, a») € [0,1).
Step (iii): In this final step, we show (16) for Algorithm PASS. We have

1AE (i1 — 452 (2)] = LaAER[(gk — Tem(qr) — g% (2)]

=144 (4x - ")’ (2) ~2Ex [fxm(q)) (qk = 47) (2) + Ex 75 (m(q10)* (2)]
=(i) =(ii)

For the term (i), using Assumption 4.2 and Ex[m*] = 0, we have (i) = —2¢cxyi(qk — q*)z(z) with
_ Ex[femiqr)(2)]
~ YkEc[m(gi) (2)]°

Using Assumption 4.3 and Ex[m*] =0, we get
(1) = GVAE Mm@ ()] = 74 (Ex[(m(@i) — Exlm(q0)(@)] + (Exlm(qi) - m*1)*(2))
< G (Bl + v+ Bl + (g — 4)2(2)

Thus, we deduce that

1AEL(Grs1 — 2@ <143 A =2¢k7rLi + Bi(cifi) ) (k- %) (2) + 272(2) Be 2+ vy)
N ) —_————

==pr(ckyk) =M

(35)

We write )/k for the quantity Y= = CkYk V Yk Since Vi € [Yk, 1Yk, we have ck¥i € [Yi, 11Ykl-

When c¥x €]yk, Til, we have Pk(Yk) = prlckYr) > pr(yr) = 0. When cryk €7k 11yl (ie.
¢k = 1), we use that

|P(eeTr) = Py )| = | pr(cke) = prT)l < Bi(ckTi =710 < Be(rye—vi)* = vid',

with d! = (r; — 1) B. Thus, using (35), we conclude

LAELL(G" = g (@] = 1ad (1= prly ) +77d 1e20(0" - 47)" () + ;7 (2) Be2 + vp)
B M,
=M

This completes the proof. O
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V.G. Proof of Theorem 4.1

V.G Proof of Theorem 4.1

V.G.1 Preparation for the proof of Theorem 4.1

We introduce the following notations. Let j € N and (1,);>1 a real sequence, we write

(ﬂ{l)nzl for the delayed sequence uj, = u j+n for any n>1. Additionally, we define recursively
the sequence (aﬁ)nzl as follows:

n
ale, and af;H:,uananH_la;‘, Vn=1. (36)
=1

Lemma V.G.1. By convention, an empty sum is equal to zero. Let (V) =1 be the sequence defined
as follows:

n-1
Un=€n+Hn( ) an-jvj), Vn=1,
j=1

where (€n)n=0 and (Lp)n=0 are two real sequences and ¥ j>oa;j = 1. Then, we have

vn:Za“j €; Vn=1. (37)
=1

Proof of Lemma V.G.1. Let us prove the result by induction on n = 1. By definition, Equation
(37) is satisfied for n =1. By applying the induction hypothesis (37) to all j < n, we get

n+l

n n j .
Unat = 1x€nt +pnat (Y anei-jv) =@ enii+pner () anei-j )b, el
j=1 j=1 =1

n

1 n n !
= di‘ ) €nt+1 t [Z,Un+1(z an+1—ja7+1_l)€l]
=1 j=l1

nt n—Il+1

1 n 1
=ay  enii+[ X tner( Y an-rr2-jal Jei]
I=1 j=1

@ n ul n+l ul
=a; €p+1t IZI Ay i€1= Zl Any2-j€i
= ]:

O

Lemma V.G.2. Let neN, (Uy)n=0 be a positive sequence, (@) =0 be the sequence defined in (36)
and rp,=1-py.

o WhenY ;¢ 'n = 0o, we have

n—oo
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V. Improving reinforcement learning algorithms:towards optimal learning rate policies

o When Y 50 Tn =00 and there exists B € [0,1) such that Y ,>oB" a, < oo, we have

B'ay — 0. (39)

Proof of Lemma V.G.2. We need to introduce the following notations. Let n € N* and (1) =1
be a real sequence. We define respectively the translation operator T and the aggregation
operator T» as follows T1(u), = up—11y=2 and To(w), = (2121 alul)lnzl. We denote by
(wk)kzl the sequence

wh=elpm, W=+ Wb,  Vk=1,vn=1. (40)

Our construction ensures that vy, = W]f+1 = U1 1> (wk),. In the sequel, we first prove (38)
then show (39).

Step (i): Here, we demonstrate (38). We first handle the case where a; = 1. In such case, we
have

n n
vn=pnvn-1 = ([Tu)vr = ([Ja-r))nise =", — 0,
i=2 i=2 e
since } ;5o 17 = 00. Now we place ourselves in the case where a; < 1. Using (40), we have
w’ = [H;lz_ll (Tl + 41 Tg)]Wl which gives

n-1

V= B[ [T (M +pn D) v =pa o[ Y Y TR,
I=1 k=(k1, ", km)EPp_1 i=(i1,,im)€{1,2}"

with 2,1 ={k = (ky,--, k) € N*)™; s.t ky +---+ k;, = n—1} the set containing all the parti-

tions of (n—1) and ﬁ;‘ = Hledik t1. Note that each integer [ € {1,---,n—1} belongs to a group

pi (ie. p;= Zf’zl kp<l< Zf;l k) and the set esziik ={le{l,---,n—1}; s.t ip, = 2} refers to the

groups where we select the operator T» instead of T7.

Let € >0 and m € N*. Using that W!lle = suplzllwlll is finite, we have Tngm(wl)l =
Yismal alwl1 < (Zizms1 al)llwllloo. Since Y ;=7 a; < oo, there exists ng € N such that when
m = ng, we have T Tlm(wl)l < % We write a for the quantity @ = max;<,, a;. Since a; <1
and Y ;=7 a; =1, we have a@ < 1. Thus there exists n; € N such that for all m = n;, we have
ams=s.

We denote by kTt = Y r=1,s.ti,=1 kr the integer that counts the number of times the operator
Ty is chosen. When k™' < ngn;, we have #{I, 1 ¢ &fik} < npny, which gives

fh= 1 = T a-rpse ) 2 g _ o(mpan)omm (g
lestk leotk
since r; < 1. Thus, there exists 71, € N such that for all m = n,, we have ,l]i‘ < %
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V.G. Proof of Theorem 4.1

We take now 1 = ng = (ngn1) A no. When k' > nony, we differentiate two cases. First, if
there exists r such that k, = ny and i, = 1. In such case, since T>(u) < To(u) with Too (1), =
lltt]loo1 =1, we have

_ €
To(Ty o T3 (W = To(Ty o T Ty T whhy < S To(T - TS Ty T ) (wh
(42)

Second, when we cannot find such r, then necessarily k> > 2 > n; with k’ =Y r=1,s5ti,=2 kr
represents the number of times the operator T is selected. Slnce W1 =€11,=1 and k; < ko
whenever i; = 2, the coefficients a; with [ > ky never appear. In such situation, we get
T>(u) = aTwo(u) using basic inequalities. The inequalities T>(u) < aToo(u) and ak? <am < g
ensure

1T €
TZ(T.];’" T why = ak” TZ(T{k’”--- Tl..’fl)(wl)l < ETZ(T;C'""'T{]?)(WI)L (43)

m

with i, = imli,=1+ool; —». When kT < nony, we use (41) and n = ny to get

AT (T T ) vy < (T.’“m---:r.’“l)(wl)l. (44)

Im i

By combining the inequalities (42), (43), (44) and T>(u) = Too(u), we conclude

€ €
== (Ti]fn’"-~~Ti]f‘)(wl)1]+§[ > (T{’C'”---Tl-,kl)(wlh]
kT1<n0n1 kN>nomy " !
€ - € €
5 H (T1+ p1a1 T2) | (w0 )1+ H(T1+pl+1T )Jowhy < 5 556

which proves (38).
Step (ii): Let us prove (39). Note that (hy) ;=0 = (ﬁ”aﬁ)nzo verifies

n
ho=0,  hpi = unﬂlzo(ﬁ”“" b V=0,
= () N —
=8n+1-1
with (gn)n=0 the sequence defined such that g, = B"al. This means that h, = gh. Thus a
straightforward application of (38) to the sequence (gh)n=o gives (39). This completes the
proof. O

Lemma V.G.3. Let Z be a finite space and (z,z;) € Z2. Under Assumption 4.4, there exist two
constants B € [0,1) and d > 0 such that

an(z1) =Pt 7>, < B"d, VneN. (45)

Proof of Lemma V.G.3. Let (z,21) € Z? and Az =1{2 e Z;P(Z1 = 2112y = Z'] = 1} the states
that leads to z; with probability 1. To avoid the states z' € Z where the quantity P[Z; #
z11Zy = 2’1 = 0, we first show (45) for the Markov chain Zp = anZne:Azl + ZlZ;zeAq' Then, we
prove (45) in the general case.
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V. Improving reinforcement learning algorithms:towards optimal learning rate policies

Step (i): We prove (45) by induction on 1 € N* for the Markov chain Z. We denote by T}?
1

the first visit time of the Markov chain Z to the state z;. For n =1, we have

Pelry, =11 =Pl 2 = 21 < max[max(Px 21 = 211, P2 21 £ 21])] = B

Note that S € [0,1) since P,[Z; = z1] < 1. Let us take now 1> 1. We have

[FDZ[T}Z <n]= Pz[r}z =11+ Y P(z, z’)uﬂg[r}?1 <n-1],
£z
with P(z,z) =P[Z; = z'|Zy = z]. The induction assumption gives |13>Z[rj27 <n-1=1-p"1
1

which ensures
Pz[rjz;l snlz(1-P )+ (1-p" )P e =1-p",

with Pz,zf =P[Z; # 2112y = z]. Thus, we get [P’Z[T}? >n] < p".
1

Step (ii): Let us now prove (45) for Z. Since Z reaches z; at most one iteration after Z, we
have

Pzlty, snlsPelty sn-1<p""' =

Recall that T}ZI is the first visit time of the Markov chain Z to the state z;. This completes
the proof. O

V.G.2 Propagation of the error

As a first step, we consider the case where the process (Zy)g»1 is Markovian. For any z; € Z,
we write T}Zl =inf{l > 0, Z; = z;} for the first visit time of (Z;) > to the state z;. Moreover, we

define the sequence (ay)i=o such that ai(z;) = I]:"[T}Z1 = k|%p]. We have the following result.

Proposition V.G.1. Let (Zy)k>1 be a Makov process, z1 € Z and n € N*. Under Assump-
tions 4.7, 4.2, 4.3 and 4.4, we have

n-1 .
Eole"(z)] <€n+ Y an-ja;jEole’ (z1)],
j=1

Eolarjel (z1)]

ith €,, = e! "la,_iMiand @ = ————
with ep = e (z1)an(z1) + L2, an-jMj and @; Eole (20)]

]_
M; are given by (17) and (18).

1g,(ei(z)10- The variables aj and
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V.G. Proof of Theorem 4.1

Proof of Proposition V.G.1. Let (z,z1) € Z? and n € N*. Using the last-exit decomposition, see
Section 8.2.1 in [123], we have

n-1

Ezle”(z0)] = Ezle" (217, 5] + Zl Ezle” (01, -, z=z)]
]:
n—1

1 j+1
= [Ez[e (Z])]_Tallen] + ]ZZI [Ez[e]+ (Zl)]‘{T_llen—j,Zj:Zﬁ]
. n-1 )
S Eele!@ln, ol Y Eallajel G+ MLy, 2z
Proposition 4.1 J=
n-1 .
=Ezle’ (2011 o, + ) Ecl(@jel (21) + M)1lizj=zElL1 oy )| 5]
1 : 1
j=1

n-1 .
<e' (2)Ezl1, 5pl + ) P (5,20 jIE:l(@je! (21) + M})]
j=1
n-1 )
=€n+t Z an—jaj[Ez[eJ(Zl)]y
j=1

with a;(z1) =Py, [T}Zl = jl, ‘L'}Zl =inf{l >0, Z; = z1} and @, and M, defined in Proposition 4.1.

In the second equality, we use that e”(z;) does not change as long as the state z; is not
reached. This completes the proof. O

We turn now to the general case. However, we use the same kind of arguments needed
in the Markov setting. Let n € N* and (z,...,2,) € Z". For any i € {1,...,n}, we denote
by A’ the set A' ={Z, = z1,...,Z; = z;}. Moreover, we write "> =inf{l > 0, Z;;,, = z1} and

Z
a,’cl = P[T}?k = k|,]. We have the following result.

Proposition V.G.2. Under Assumptions 4.1, 4.2, 4.3 and 4.4, we have
n-1 .
Eole"(z)1anl s€n+ ) a, ;a;Eole’ (z1)1an],
j=1

Eolaje’ (z1)1 0]

with e, =e (z2))a(z)+Y" 1 a" M;anda;= :
n (21) n( 1) 21:1 n—j'" J [Eo[e](zl)lAn]

a; and M; are given by (17) and (18).

Eoled (21)1 4n]#0- The variables
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V. Improving reinforcement learning algorithms:towards optimal learning rate policies

Proof of Proposition V.G.2. We have

n-1
Ezle"(2)1an] = Ezle"(21) 11, >, AmZth[e R P )
j=
n-1
_[Ez[e (Zl)l L =, Anl+ Z E.l e]+ (Zl)l{r] =n—j,Zj=z, A”}]
j=1
n-—1
J
s Elel @)l spal+ erEz (@jel @)+ MPLy sy ]
Proposition 4.1 J= i
n—
<[Ez[e (z1)1; L zn, anl+ Z [Ez[(a]e](zl)'f'M])l Zi=zy, A"}[E[l{rj sn— ]}|=g‘:n]]

j=1
<e' (2Bl 0+ Z Plry 1 FalEsl(@je (e1) + Mj) L]
1 ]:1 -

n-1
<en+ ) a, ;a;Elel(z1)1an],
j=1
In the second equality, we use that e”(z;) does not change as long as the state z; is not
reached. This completes the proof. O

V.G.3 Proof of Theorem 4.1

Proof of Theorem 4.1. We split the proof in two steps. We first show (19) and (20) when Z is
finite then when Z is countable.

Step (i): In this part, we prove (19) and (20) when the space Z is finite. For clarity, we first
proof the results when (Zy)r>o is Markovian then we explain how to show it for the general
case.

Sub-step (i-1): Here we demonstrate (19) when the space Z is finite. Let z; € Z and neN*.
Using Proposition V.G.], the sequence v,(z;) = @,(z1)E[e"(z;)] verifies
n-1
vn(21) S€n(21) + @nl21) ), an-j(z1)vj(21),
j=1
with €,(z1) = @, (z1)€,(21). For clarity and since there is no ambiguity, we forget the depen-
dencies to z; in the rest of the proof. Thus, using Lemma V.G.1, we get

Za e],

with (@) >0 defined in (36). We can assimilate the sequence € to the measure =) >0€x0k
with 0 the Dirac measure at k. Since e = e (Zl)ak+z an tEIMi], Yk arx <00, Y k=0 [E[)/k]
oo and E[M] = O([E[)/k]) for all the algorithms, we get Z k=0€k <00 using the properties of

A
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the Cauchy product between two sequences. This property ensures that the measure u has

a finite mass. Additionally, using Lemma V.G.2, we have a’,ﬁ] W 0 for any j = 0. Thus, the
—00

dominated convergence theorem ensures that v, — 0.
n—oo

When (Zp)i=o is not Markovian, one can show using the same methodology above and
Proposition V.G.2 that for any sequence z = (zx)ren+ € Z the quantity i, = E[e"(z1)1 2]
converges towards 0 with A} = {7} = z,..., Z, = z,}. Since e"1 n < eolAg, we use the
dominate convergence theorem to get

lim E[e"] =) lim E[e"1 1] =0,

n—oo ZES n—oo

where S is the set of sequences valued in Z and A} ={Z, =2, ..., Z, =2,} for any z€ &.

Sub-step (i-2): In this step, we show (20) when the space Z is finite. Since yr(2) = yliz.=z
for all (k,z) € Nx Z, the quantity aj is constant (ie. ap = a). Let M =sup, M,. Using
a direct induction and Proposition V.G.l, we get u, = E[e"(z1)] < ¢ with ¢ solution of the

2
equation ¢ = Y?M +ac (ie. c= %) We define (m,,) ;>0 as follows:
=a,
——~ n
My =y*M+ (€' (z1))an(z)) +a Y ans1-jv;, Vn=0.
~ " d ]:1
-b,

By direct induction, we have u, < m;, for all n=0. Lemma V.G.1 gives

n !

aZl_l)+(Za” a), V¥Yn=0,

M=

n !
Mmp=) aﬁ_lbl =y*M(
1=0

n-1I
1=0 =0
1
Using a direct induction and (36), we check that aZ_l = a”_la:‘lf;l. The sequence a*! is
defined recursively such that a’!' = a,, and a}'*! = (a*' x @), = Z;‘;ll a:‘lil_jaj for any neN.

!
Using this expression of aZ _p we get

n

1 n
YM(Y a' ) =y*M(Y a')=y*M
1=0 =0

an
=1-a"c.
a

1-—

Thanks to Lemma V.G.3, we know that a,(z;) < "d with B €[0,1) and d > 0 which gives
Y07 dn(z1) < oo for any r < % Let r <min(1/6,1/a). Using the properties of the Cauchy

product between sequences, we have

n

Y'Y aﬁl_lﬁl) <) (ér"‘la”_lrlal) <(). r"a™)( ). r'ay) <oo. (46)

n=1 [=0 n=1 n=1 n=1

- ! _
Inequality (46) ensures the existence of M >0 such that (Z?ZO al’i_lfll) < a"M for any @ <
max(B, a). This shows that m, < (1 -a")c+ @"Me'(z;) which completes the proof when Z
is finite.
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To handle the case where (Z;)r=o is not Markovian, we first show using Proposition V.G.2
and the methodology above that for any sequence z = (zi)ren+ € Z we have E[e"14n] <
(1-a™ c+a"Me' (z;)E[1 4n] with Al ={Z) =2, ..., Zy = z,}. Then, we use the same approach
of Section Sub-step (i-1) to deduce that u, < (1-a")c+ a"Me'(zy).

Step (ii): Now we assume that Z is countable. We prove the result when (Z;) x>0 is Marko-
vian then we explain how to extend it in the general case.

Sub-step(ii-1): Let € > 0. Since E' = Y ;> e!(zx) < oo, there exists kg € N such that for all
k = ko, we have } -, el(zp) < % We write Ay, for the set Ay, = {zy, k < ko}. Since Ay, is
finite, we use Sub-step (i —1) to show the existence of k; € N such that for all k = k;, we have
2 k<ko ek (zx) < % Let us now take k = k;. Using (el(z))lzl is non-increasing for any z € Z,
we get EX = Yksk € (2k) + X ek, €' (21) < f+5=ec

Sub-step(ii-2): Let M =sup, M, and € = (1 - a@)y>Mr > 0. Since E! = ¥ ;-1 el(z;) < oo,
there exists kg € N such that for all k = ky, we have Zkzkoel(zk) <e. We write Ay, for
the set Ay, = {zx, k < ko}. Since Ay, is finite, we use Sub-step (i —2) to show that for all
neN, we have e"(zr) < (1 - &™) c+ a*Me'(z;) with z; € Ag,. Using € = (1- a)y*Mr <
(l—a)ﬁ—A;r = (1—a)cr and (e'(2));21 is non-increasing for any z € Z, we deduce that
e oo = max(supk>k0 el(zk),supksk0 el(zx)) <max((1-a@™"c+a"Me'(z)),e) < (1—ac(l+
r)+aMel(z). O

V.H Proof of Proposition 4.2
Lemma V.H.1. Under Assumptions 4.1, 4.2 and 4.3, we have

l.MYo(l-l-r)

E[EF ) <
u—Byo

. VieN. (47)

Proof of Lemma V.H.1. Let us show the result by induction on i € N. Since the proof for the
initialisation step and the induction step are similar, we only show the induction step. We
assume that (47) holds for a given i —1. We consider the delayed error sequence ul,ii =
Ele"*ki|Z;,]. By following the same methodology used in the proof of Proposition V.G.1, we
get

k-1
u§i56§i+aki Zaki+k_ju?i, VkeN*.
j=1

This allows us to use Theorem 4.1 in order to exhibit a dominating sequence M which verifies
ki n r n ki
[Ezl.[un]s(l—aki)(1+E)ci+ozkiMul , VneN,
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Yi N My M1 +1)y

with ¢; = 32— < i+l and u1 < @' ————— under the induction hypothesis. Thus,
(1=ay) u—-Byo u—Byy
by taking ki+1 = k; + [M] and nj. = kj+1 — ki, we check that a’*'M < ar
log(ag,) ki 2(1+71)
which gives
. "k M(l +71)Yo
Ez "] =E,, [un,ﬂ] =1+ —)Cz + 2u1 <a'* U—BYO.
This completes the proof. O

Proof of Proposition 4.2. Let L= |log(2(1+r)M

fyk,) = (1 —p)), we use the inequality log(1 — x) < —gx, for all x € [0,1~- ] with g = ﬁ’ to
get

)l and i* =sup{i 20, ak, < p}. When ay, >,3(1e

k<L Y Ly — !

—_— + —_—
Yk;ZY log(ﬁ) YE; <Y IOg(l - f(Ykr))
-1 L 1

— Ly Ly >

+ = SR
Log(B) SFaftvk)  [Selog(B)  qu S vy, (1 - byy,)

with b = £, Then, we use that e b =% + —— to deduce
Li—L - Lb oL !
" Tlog(p) T qu - by  quisi v

Since yi, = a'yo, we conclude that

ki<Lyi+Lp(i—i*)s+Ly(a U7 +Ds _ 1),

L, = LB-_ and L3 =

. _ _-L
Wlth Ll = Tog(B)° 2 qu(l—byl)

W. This completes the proof. O

VI Proof of the convergence of (VX),-1 eqe)

In this section we prove the following result.

Proposition V.L1. The sequence (vX),51 k=1 converges pointwise towards v on Dt x Dy when
n— oo and k — oo.

Proof of Proposition V.IL1. We prove this result in three steps. First we show that v can be
approximated by a numerical scheme #¥. Then, we replace 7 by another scheme v¥ that
also converges towards v. Finally, we show that vX tends to v* when n — oco.
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V. Improving reinforcement learning algorithms:towards optimal learning rate policies

Step (i): We start with our initial control problem where the agents may choose its trading
speed at any time. It was studied by many authors, see for example [46], who show that the
optimal trading speed verifies

hi(t) — qha(2)

2K ’ (48)

v(t,q) =
with h; :[0,T] — R and hy : [0, T] — R, a positive function. The above equation shows that
when ¢ is large enough v has the opposite sign of g. Let us take such a large enough g and
place ourselves in S; = [-q,q] with g =24. In such case, Equation (48) ensures that v is
bounded by ¥ on S;. This show that we can replace the initial set of controls R by the subset
D c [-V, V] where the sign of v positive is (resp. negative) when the inventory is —¢g (resp. §g).
Now, we approximate this problem in a classical way using the numerical scheme #* defined
such that

7% (n,ng) = sup [E[Mn o ¢Qi,A[A+ k(e +1, Ny )1Qna, = nghgl,  Y(ny,ng) € Drx Dy,

veD,

n _ agnA nv _ . .
with Mn’Jrl MA;(nt+1)’ g+ the index such that Q(n +DA, q+1A€{ and D, =Dn{iAg i€

Z}. Note that the set D, is contained in our admissible set of controls A(n;As, nyA,) when
A is small enough. This shows that we can substitute A(n;A;,nzA4) to D, without any
restriction. The convergence of (ﬁk)kze(,\,*)z towards v on the set D1 x Dy when k — oo is
standard.

Step (ii): We denote by v* the numerical scheme

v (ng,ng) = [E[s.up{Mn+1 ¢Q% A A+ v (i +1,nY, )HQpa, = ngAg],  Y(n4,ng) € Dy x Dy.

Let us show that 7¥ and v* have the same limit. For this, we use a backward recurrence.
For the moment, we assume that IsupV[E[Mn +1] — Elsup,, MZ:H]I < KA% and we will prove

it at the end of Step (ii). We want to show that Ivk(nt,nq) - vk(nt,nq)l < K(T-1tA; for all
(n¢,ng) € Dt x Dy. At the terminal time 7% and v* coincide. We move now to the induction
part. We have

105 (1, ng) = v¥(n, ng)l = ISUpELM;!, —hg° A+ 7 (n+1,n4,41)]
—[E[supMn T A+ VR + 1, g,
< |sup[E[Mn a1l

<E[sup{KA?+K(T —t-Ap)A}]
v

=K(T-1)A;.
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VI. Proof of the convergence of (Vs)nzl,ke(r\l*)z

In the third inequality, we use the induction assumption to complete the proof. Now, let us
show that |sup, E[M,’, ]~ Elsup, M,’, 1| < KA7. We write ¢ = 1n;Ar, AQ = Qrsa, — Qr = VA,

AS=Sn,—Srand AS = f[HA‘(SS Sy ds. Thus, we have

Mn 1= Weea = W) + (Qr+aSe4a — Q1 Se)
= —VAS—AQS, — KV, + Q,AS+ AQS; + AQAS

= —VAS—xV*A; + Q;AS + VA,AS. (49)

. n,  _ (A;AS—AS)? . _
The above equation shows sup, M, ', | = =77=—+ Q;AS. Using E[AS] = aA; and

B t+A
E[AS] :f a(s—t)ds=ar?/2,
t
we get

2 3 2A3 O.ZAZ
+aQtAt and [E[supM 4

n+1]_

supk -—— 14
Vp[ ol 16x 12«

Thus we deduce that |sup, E[M,’, ] -Elsup, M,’, 1| < KA? with K = {3

n +1]

Step (iii): Theorem 4.1, proves that vX converges towards v*. Thus by composition we have
vk converges pointwise towards v when 1 — oo and k — co which completes the proof.  [J
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CHAPTER VI

Price impact study of the electricity
intra-day market

Abstract

We propose the first analysis of the price behaviour in the intra-day electricity market.
This market is unique since it has very specific operating rules. We first conduct a global
descriptive study of the price variations and the trading activity in such market. Then,
we investigate the price impact generated by a power plant breakdown, study the price
structure and finally propose a model to reproduce these properties.

1 Introduction

The growth of electronic and fragmented exchanges generated deep changes in the financial
markets during the last 20 years. In particular, it facilitated the access to high-quality data that
describes the actions and interactions of market participants. This data has been thoroughly
analysed in many equity markets, see [12, 14, 43, 73, 118, 127, 149]. However, none of these
studies concern the intra-day electricity market since agents had access to such data only
“few” years ago and the current operating rules in such market reduce the usefulness of this
data. This market is maintained in a rudimentary competitive state by strong operating
constraints that inhibit the development of substantial market making or arbitrage. Indeed,
an agent needs, for example, to buy and sell back the asset during a short time window to
generate profit since the lifetime of the asset is lower than one day (i.e. the longest trading
period opens at 3 p.m and ends the day after at 11.30 p.m). Additionally, the trading activity in
such markets is low compared to the one of electronic venues (i.e. small daily traded volume
and low trading frequency) since they attract mainly market participants with economically
driven decisions, see the website of Epex Spot.! This paper is, to the best of our knowledge,
the first one to conduct a detailed, in-depth academic study of the price structure in the
intraday electricity market which is a unique example of exchanges that are close to the
old non-electronic markets and where empirical studies are possible since transactions are
recorded.

Wttp://uww.epexspot . com/, visited on May 3™, 2019
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VI. Price impact study of the electricity intra-day market

The price impact is an important feature of financial markets since it describes how the price
absorbs a new information. It is defined as the average price move conditioned on a starting
event. It is natural to think that some particular starting events will impact the price in a
specific way. For example, one may expect that initiating buy orders tend to increase the
price while initiating sell orders tend to drive it down. The empirical characterization of the
price impact and its theoretical understanding are a major issue from practitioners point of
view, see [26, 38, 102, 142]. On the one hand, a robust prediction of the market impact allows
an accurate estimation of the transaction costs used by financial agents to build their trading
strategies, see [12, 14, 102, 127]. On the other hand, the market impact shape may penalize
big investment funds since it represents trading costs and therefore it contributes to selecting
the size distribution of agents, see [26, 142]. Finally, a precise prediction of the price impact
reflects the lack or excess of demand and thus it indicates to market participants the potential
existence of profit opportunities, see [38].

The vast majority of conducted studies addressed the problem of the market impact for the
initiating event: liquidation of metaorders, see [12, 14, 27, 43, 73, 118, 149]. The initiating event
considered in this paper is the announcement of a power plant breakdown in the electricity
intra-day market runned by Epex Spot in Europe. This incident is similar to a metaorder
execution since the owner of the plant needs to buy large quantities during the whole break-
down period. Indeed, after a power plant failure, the electricity distributor suffers from a lack
of energy provision. Since he must provide his clients with their exact consumption at every
minute and the electricity is not storable at large scales, the distributor sends immediately buy
orders to compensate this lack. The literature has already paid attention to electricity intra-
day markets, mainly with the scope of a renewable power plant owner seeking to reduce his
imbalance, see for instance Garnier and Madlener [69], Henriot [89], and Aid et al. [4]. The
latter focuses on optimal trading in such market and uses the linear permanent/instantaneous
market impact model of Almgren and Chriss [10] to incorporate the transaction costs that a
producer may face while buying energy after a power plant outage.

The impact on the price is not the only important aspect of financial markets. In this paper,
we also investigate the three following properties: the trade signs autocorrelation, the response
function, see [39], and the price diffusivity. For the first two aspects (i.e. the trade signs and
the response function), their characterization allows a better understanding and modelling of
the price impact, see [39], which is in itself a crucial issue as discussed before. Additionally,
these two first aspects can also be used as signals that trigger trading decisions. Here, we
describe the price diffusivity through the Hurst exponent. This quantity determines the
balance between two competitive ingredient of the price variations: the mean reversion (i.e.
sub-diffusivity) and the price capacity to follow a trend (i.e. super-diffusivity). The Hurst
exponent is also useful in the price modelling since it fixes the regularity of the fractional
Brownian motion (fBm) that generates the dynamics of the price volatility, see [96]. Finally,
the Hurst exponent value may indicate the existence or not of a long memory for the price
process, see [70]. Based on our empirical study, we propose a model, inspired from the
propagator approach in [39], to whom we add a drift component and the impact of exogenous
information. This model is consistent with the four investigated properties and allows the
estimation and prediction of the quantities of interest.
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2. Descriptive analysis of the intra-day electricity market

After a first descriptive analysis that describes the trading activity, the price distribution
and the price seasonality in the electricity intra-day market, we show that the price impact
generated by a power plant breakdown is linear. Then, we exhibit a short term correlation
between the trade signs (i.e. the next trade sign depends mainly on the current one) and a
power law decrease of the response function. After that, we study the diffusivity of the price
process and show that the value of its Hurst exponent is H = 0.38. Finally, we propose a
model for the observed price which reproduces the four investigated market properties.

The paper is organised as follows. First, we describe the intra-day electricity market and
conduct a general descriptive analysis in Section 2. Then, we estimate the price impact
generated by a power plant breakdown and investigate its variations for different price regimes
in Section 3. In Section 4, we compute the autocorrelation function between the trade signs,
the response function and the Hurst exponent of the price process and its volatility. Finally,
we propose a price model consistent with the numerical results in Section 5 and draw our
conclusions in Section 6. Proofs and additional results are relegated to an appendix.

2 Descriptive analysis of the intra-day electricity market

2.1 Description of the intra-day electricity market

Because of the non-storability of electricity, consumption must be equal to production when
aggregated over an interconnected physical network. Thus, within each country, the Trans-
mission System Operator (TSO) is the one in charge of implementing the equilibrium. To do
so, the TSO pays agents to be responsible for the equilibrium over a part of the network, since
the latter has millions of consumption units. These agents must ensure equilibrium otherwise
they face penalties given by the TSO.

In continental Europe, all such registered agents can access a continuous-time market called
the intra-day market, where they can buy or sell forward contracts (that is, a commitment to
deliver energy during a specified time frame) for the next hours. Here we give a description
of the electricity intra-day market runned by Epex Spot in France. A comparison with, say,
Nordic markets can be found in the modeling article by Benth and Koekebakke [23]. Every
day at 3 p.m, Epex Spot opens trading sessions? where agents trades forward contracts. The
specificity of these forward contracts is that they should be delivered on the following day.
Each trading session is associated to a unique time period and buying a forward contract
in one given session ensures the supply of 1 MWh of energy during the related time period.
Each of those sessions remains open until 30 minutes before the beginning of the delivery.
When a session for a given delivery period is open, trading can occur continuously and is
run using an order book mechanism.

While a session for a given delivery period is open, trading can occur continuously and is run
using order books. Thus, an agent that is responsible for the equilibrium between production
and consumption faces a choice when there is an outage in one of the plants in his portfolio:

2There are trading sessions for the 24 hours and 48 half hours in both France and Germany. For Germany,
there are also 96 sessions for the quarters of an hour

255



VI. Price impact study of the electricity intra-day market

he can switch another plant on if it is available or he can buy power in the intra-day markets.
The choice is dictated by the costs of each solution and by the delay required to start the
plants. Because of transparency rules, producers must inform all market participants of the
outages in their production as soon as it happens. For that reason, market participant, who
knows the production means of other members, may infer, with a reasonably high rate of
success, whether a competitor facing an outage will buy energy in the intra-day market or
not.

We end this presentation by describing the agents in the French and German intra-day elec-
tricity markets. According to the website of Epex Spotl, in 2019, there are 98 markets
participants in France and 193 in Germany. Those participants are energy utilities, oil com-
panies, aggregators of renewable production, banks and financial institutions. Market makers
are thus present in the intraday markets.

2.2 Description of the database

We use two databases. The first one comes from the electricity intra-day market runned by
Epex Spot in France. This database records, during two years from the 1st January 2017
to the 31th January 2019, the trades executed in the intra-day electricity market (i.e. the
transaction price, the size of the transaction and the region of the transaction) event by event
with a minute accuracy for each forward contract. The market is composed of 24 forward
contracts and each one of them has a unique delivery hour (i.e. maturity) between 1 a.m and
12 p.m. Every day, trading sessions open at 3 p.m. In these sessions, agents can buy or sell
forward contracts for maturities that vary from 1 a.m to 12 p.m of the day after. The second
database reports all the power plants breakdowns that happened in the same period in the
France market. This database enables us to select the observations of the intra-day market
that occur during the breakdown periods. The first database accounts for 1 146 777 events
and the second 12 109 breakdowns.

2.3 Features of the intra-day electricity market

Breakdowns distribution. There are two types of breakdowns: planned breakdowns and
unexpected ones. For the planned ones, agents have enough time to take in advance mea-
sures that reduces the impact of the lack of energy provision generated by the breakdown.
For the unexpected ones, agents react right after the power plant failure to compensate the
under-supply of energy. Our database contains 25 853 planned breakdowns and 7831 un-
expected ones. On average breakdowns last few hours and they generate an average loss of
energy provision of 202 MW. Table VI.1 summarizes basic statistics about the power plant
breakdowns.
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2. Descriptive analysis of the intra-day electricity market

Type Number of breakdowns | Mean energy loss (MW) | Duration (Hours)
Planned 2716 260 14
Unexpected 9393 177 10.5

All 12 109 202 11

Table VL1 - Most important statistics of the power plant breakdowns.

Next, we focus on unexpected breakdowns and analyse for each forward contract the average
number of transactions and the average exchanged volume during the breakdowns. The
results are presented in Figure VI.I. We consider the maturities 18h, ..., 22h since they have
the highest average daily volume, see Figure VI.1.

a) Average exchanged volume b) Average number of transactions
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Figure VL1 - (a) Average exchanged volume during breakdowns for each maturity, (b) Average
number of transactions during breakdown for each maturity.

Intra-day volumes. Figure VI.2.a describes the daily average exchanged volume for each
forward contract. The daily exchanged volume is at its lowest level for early maturities when
the need of energy supply is low, it attains its highest level during afternoon maturities and
then stabilizes for late maturities. It is important to note that for each contract the market
activity accelerates close to the delivery hour (i.e. maturity), see Figure VI.2.b for the forward
contract 20h.

Price seasonality. For each forward contract, Figure VI3 shows some seasonality features
of the weighted price (i.e. price normalized by the transaction volume). On average, the
weighted price is low for early maturities, it begins to increase starting from the forward
contract 9 a.m, reaches its highest level for afternoon maturities and stabilizes again for late
delivery hours. Figure VI.3.b shows that the aggregated weighted price decreases during
the weekend since the economic activity is reduced. Finally, Figure VI.3.b reveals that the
weighted price during is low during the summer since the clients consumption is weak and
becomes high in the winter when the clients need more energy supply.
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(a) Average daily volume/maturity (b) Number of transactions for the maturity
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Figure VI.2 - (a) Average volume for breakdowns, (b) Average number of breakdowns for each
maturity.

(a) Average weighted price by maturity (b) Average weighted price by days of the week
55

70
60
5 50
o
G 50
g
= % 45
]
o
@ 30
2 40
=
x 20
£
10 35
0
0 5 10 15 20 b 01, . : T T T T
Heure de livraison 0 1 2 3 4 5 6

(c) Average weighted price by month

70

Prix pondéré du MW en Eur

Mois

Figure VI.3 - (a) Average weighted price by maturity, (b) Average weighted price by days of
the week, (c) Average weighted price by month.
3 Estimation methodology and definitions

Although the price impact curve during the execution may vary from a market to another
one, its shape provides insight into the distribution of the agents composing the market. Here,
we focus on the three following properties of this curve:

258



3. Estimation methodology and definitions

 Linear: a linear price impact means that the interaction between agents actions is weak
since the impact mainly comes from exogenous information like market announcements.
Such shape is expected in elementary market where the arbitrage and market making
activity is not well developed or when the impact of all the agents is aggregated, see

[135].

e Convex: a convex price impact means that agents detect the liquidation of a metaorder
and react to it. In such case, the interaction between market participants decisions is
strong and agents are ready to provide liquidity when other participants require it. This
is expected in liquid equity markets, see for example [12, 14, 43, 118, 127].

* Concave: a concave price impact also means that agents identify the execution of a
metaorder and reply to it. Thus, the interaction between agents decisions is strong
however market participants avoid providing liquidity now. Such behaviour is expected
when there is a financial crisis.

3.1 Estimation methodology

First, we select only unexpected ones since agents cannot take measures in advance to reduce
the impact the power plant failure. Then, we require a minimum level of 150 MW energy loss
for each breakdown otherwise its effect is not significant. After this first filter, we compute,
for each one of the remaining breakdowns, the quantity

P;— Py
APtZEt—; Vte[t()) tl])
Io

where P; is the transaction price, €; is the sign of the transaction (i.e. €; =1 for buy market
orders and —1 otherwise) and fy and f; are defined as follows:

* Ip is the first transaction time after the beginning of the breakdown.

e 11 is the minimum time between the ending time of the breakdown, the end of the day
and the closure time of the forward contract.

Note that the transaction price is not defined everywhere. In such case, P; is the price of the
last transaction before . Finally, we define the price impact I; as the empirical average of

AP; over all the breakdowns and the rescaled time s such that s(¢) = t_t‘:] for any t € [, 1.

h—t

3.2 Price impact profiles

3.21 Aggregated price impact profiles

Figure VI.4.a shows that the aggregated price impact curve (i.e. for all the forward contracts)
is linear. We choose to plot the aggregated impact since we have more observations however
we check that our conclusion remain valid for the most important maturities (i.e. with high
exchanged volume). As discussed before a linear price impact means that the interaction
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between agents decisions is weak and their actions are mainly triggered by exogenous in-
formation like market announcements. Note that Figures VL.4.b and VI.4.c consolidates the
shape of Figure VI.4.a. Indeed, the size of the transactions increases during the execution but

the trading speed decreases (i.e. less transactions). This creates a balance that keep the slope
of the price impact curve constant during the execution.?

(a) Price impact profile for aggregated maturities (b) Trading speed profile for aggregated

maturities
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Figure V1.4 - (a) Price impact profile , (b) trading speed profile and (c) transactions size profile
for aggregated maturities .

3.2.2 Price impact profiles for different regimes

In this section, we investigate the connection between the price impact curve and the am-
plitude of the energy lost during a breakdown (i.e. size of the breakdown). We choose this
variable since it is the analogous of the size of the meta-order when dealing with execution
issues. Many empirical studies have already explored the relation between the price impact

at the end of the execution and the size of the meta-order, see [|. They show that the price

impact I generated by a meta-order of size Q follows the “square root law” (i.e. I= (3)6

v
with 6 >0 and the daily volume). ’

3For example, in a situation, where both the transaction size and the trading speed decreases during the
execution, the slope of the price impact curve will mechanically decreases.
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4. Price study

We start by decomposing our initial data in three buckets with the same number of obser-
vations using quantiles. Figure VL5 plots the price impact associated to each one of these
buckets. Figure VI.5 shows that the global shape of the impact curve is unchanged when the
energy loss vary since we observe a linear impact for all the buckets. However, the magni-
tude of impact increases with the size of the breakdown which is an expected result. Indeed,
to compensate the energy loss of a huge breakdown, market participants need to buy large
quantities from the intra-day market which increases the price.

Price impact for different initial regimes of the energy loss
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Figure VL5 - Price impact for different initial price regimes.

4 Price study

4.1 Trade signs autocorrelation

Let € N. In this section, we study the autocorrelation function C(I) between the trade signs
€; defined such that
C(l) = Elese0] — Ele]Eleo],

with €; = 1 for buy market orders and —1 otherwise. Figure V1.6 shows the existence of a
negative correlation between the first trade and its successor. Figure VI.6 also suggests the
absence of memory since the long-term correlation between the trade signs is weak.
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Trade signs autocorrelation
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Figure VI.6 - The autocorrelation plot between trade signs.

4.2 Response function autocorrelation

Let I € N. In this section, we study the response function R([) between the price moves and
the trade signs €; defined such that

R(I) = E[(p1 = po)€al,

with Z = z—[E[z] for any process z. Figure VL7 reveals a power law decrease for the response
function. Figure V1.7 also shows that the response function is higher than a bottom level close
to 0.001.
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Figure V1.7 - Response function associated to the maturity 22h.

4.3 Price diffusion

In this section, we study the regularity of the price process and the volatility through their
Hurst exponent H. Let Z; be a process with the following dynamics:

dzZ;=cdw}l, V=0,

where o is a constant volatility and W/ is a fractional Brownian motion (fBm) whose Hurst
exponent is H. Then, there exists a constant C = 0 such that

El|Zssa — Z:9 = CAHY, Vt=0,YA=0,Yqg=0.
This shows that
ye=A,A+C 1)

with yZ = log(Ellps+a — p:19]), Ay = Hq and C' =1og(C). Figures VL8.a plots J’Z against
A when the underlying process Z is the price. We see that the linear relation 1 is verified.
Figures VL.8.b plots A, for different values of g when the underlying process Z is the price and
estimates the slope of this curve which represents the Hurst exponent. For both processes, the
estimated Hurst exponent is close to 0.48 = 0.5 which shows that W is a Brownian motion.
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(a) yZ vs A for the price (b) A7 against g for the price
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Figure VL.8 - (a) Plot of yZ against A during the years 2017-2018, (b) Plot of A% against ¢
and estimation of the Hurst exponent for the price process associated to the maturity 22h.

5 Price modelling

In the literature, many authors have addressed the problem of modeling the market impact.
First introduced models use a linear price impact, see [10, 13, 52, 80, 105], since it is the
simplest theoretical setting where round-trip execution strategies (zero terminal inventory)
with negative execution costs (profit making) are excluded. Additionally, when the impact is
linear, it is possible to solve the optimal liquidation problem of a metaorder and to derive
closed-form formulas for the solutions, see [10, 13, 80, 52]. After that, econophysicists start
to tackle this problem and found that the market impact is non-linear using an empirical
approach. In many of their articles they show that the price impact curve is concave and
it can be well approximated by a square root function, see [12, 14, 43, 73, 118]. This new
feature led to the development of several models to reproduce a non-linear impact. These
approaches can be decomposed in three following categories:

» Hawkes/propagator models: the underlying idea behind Hawkes and propagator
models is similar. Indeed, in the Hawkes framework, the arrival rate of each event
depends fully on all the past market events, see [3, 14, 95]. While in the propagator
model, it is the next price move which fully depends on all the past market events, see
[39]. A link between these two types of models has been established in [95]. Additon-
ally, we can solve, under both setting, optimal execution problems and derive optimal
liquidation strategies, see [7, 6, 8].

e Equilibrium models: the market dynamics arise from interactions between rational
agents acting optimally: each agent chooses the decision that maximizes its own utility.
They were first introduced by economists with representative agents models, see for
example the seminal work of Kyle [105] and the pioneer paper of Glosten and Milgrom
[72] but also [66, 134, 139]. Since that, these models were extended to more general
frameworks where a martingale condition is in force, see [64, 95, 100]. Such condition
ensures no-arbitrage opportunities and a zero overall profit, see [64, 95, 100].
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5. Price modelling

o Statistical models: the order flows of events are modeled by an appropriate random
process in order to reproduce salient features of real markets, see [2, 3, 20, 55, 57, 106,
107, 144]. Such setting enables efficient computation of quantities of interest such as:
trading costs, market impact or execution probabilities. Additionally, authors added,
within such framework, rational agents that maximizes their own utility in order to
solve liquidation problems, see Chapter II, or investigated the impact of transaction
costs on Walrasian auctions?, see [62].

These three methodologies propose a large panel of possibilities and it is always possible to
design, for each approach, a model that reproduces a relevant property of the price impact
curve.

5.1 Description of the model

We can build a price model consistent with our observations. This model is inspired from
the propagator model introduced in [39]. We show how to carry computations and calibrate
this model in our specific setting. Such model is useful for prediction and estimation of the
quantities of interest. We consider the following dynamics for the price at time 7:

Pn=po+uan+ ), Gn-kkey, 2)
k<n-1

with p a real constant representing the price trend, G: Ry — R, the impact function that
represents the influence of a single transaction on the price, €, is the sign of the n-th trade.

5.2 Properties of the model

Price impact. Empirical evidences for the electricity market, see Figure VI.6, suggest that
C)<0, C(=0, Vi=2 (3)
In such case, the price impact at time 7n verifies
In =E[(pn— polenl = pnén+G()CA), Vn>1,

with e = E[e,]. Thus, we recover a linear price impact consistent with numerical observations,
see Figures VL.4.a and VL5. More generally, we always have

n-1
In=punén+ ) G)C(k),Yn=0.
k=0

When the trades autocorrelation function and the kernel function satisfy a power law decrease
which means

c Ko G il 4
(n)= By (n) = m, 4)

*In Walrasian auctions the asset price is the point where the supply and demand curves intersect.

265



VI. Price impact study of the electricity intra-day market

with (Ko, K1) €R2, he R, and (y, B) € R%, we get

n-l KoKy KoKy .
In=ppen+y ————— ~ppén+ ———(h+n)' b,
izo (h+n)Y(h+n)f oo 1-y-p
We deduce that the shape of the price impact can vary from a linear to a power law function
depending on the interaction between three factors: the price trend associated to p, the
trade signs autocorrelation function C(n) and the impact function G.

Response function. We first assume that C satisfies (3) which is consistent with empirical
evidences. Since C(1) <0 and G is non-negative, we find

R =El(Pn+1—Prlenl =G+ CAIGU+D+G(I-D -G =GO +COIGU+D+G(-D]+ay,

with p, = py —Elpn] and a; = C(1)G(1). Note that the constant a; represents the basis

response level. Figure VI.4 shows that a; is close to 0.01. Additionally, when the impact

function G has a power law decrease which means that there exists K; =0 and 8 = 0 such that
K;

Gn) ~ — ©)

Zoo b’

(HZ?# + a;. This ensures the power law decrease of R; —a; which is

we get Ry o

consistent with the empirical observations, see Figure VI.4. In the general case, both the
impact function and the response function provide information about each other. Indeed,
using Equation (2), we have

-1
Ri=) GU-kCK)+ ) [GI+k) —G(k)]C(k) (a)

k=0 k=1
1

=Y GIICUI-k)-Cl+ )Y GEICKk-1D-Ck)] (b) . (6)
k=1 k=1+1

Using Equation (6).a we can recover the response function using the impact function G. In
particular, when both G and C verifies (4), we get R; i % with Kp a non-negative
—00

constant. Conversely, when the response function is given, Equation (6).b shows that the
impact function is solution of a linear system.

Price and volatility diffusion. We assume that C verifies (3) and G satisfies (5). These
choices are consistent with the numerical observations. In such case, we use Equation (3) to
get

{ Pn =Y 12 G(n— ke,
Pnti—Pn = Z;C_:lo Gn+1-KEp+Xi=111[Gn+1-k) - G(n— k)€,

with pr = pr —Elpkl, €k = €x —Eleg]. This gives

A1 =El(Bnsi— )1 = Y, [(GR?+2CMGLG, ],
k<l
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6. Conclusion

with G_]lC =G(-k)—G(=k)1<p. Since G satisfies (4), we deduce that A; l ~ % with h=1-28
—00
and Ka a non-negative constant. The empirical study of Section 4.3 gives an estimation of

the exponent k. Thus, we can use this estimation to select . In the more general case, we
have

A=Y (Gh2+2 Y C(K'-kGLGL.
k<l-1 k<k'sl-1

When G and C satisfy (4), we deduce that A; o % with h=1-28—-v and Kx a given non-
—00

negative constant. Using an empirical estimation of the exponents & and y, see Section 4, we
can approximate f3.

6 Conclusion

We propose the first analysis of the price behaviour in the intra-day electricity market. This
market is unique since it has very specific operating rules.

We find that the price impact is linear.
There is a very short term correlation between trade signs: Absence of memory. The response
function has a power law. The price satisfies the EMH hypothesis since the Hurst exponent

is close to 0.5.

We propose that reproduces these different properties which is inspired from . This model for
prevision and estimation of the quantities of interests.

267






Bibliography

[1]  Frédéric Abergel, Come Huré, and Huyén Pham. Algorithmic trading in a microstruc-
tural limit order book model. arXiv preprint arXiv:1705.01446, 2017.

[2]  Frédéric Abergel and Aymen Jedidi. A mathematical approach to order book modeling.
International Journal of Theoretical and Applied Finance, 16(05):1350025, 2013.

[3] [Frédéric Abergel and Aymen Jedidi. Long-time behavior of a Hawkes process-based
limit order book. SIAM Journal on Financial Mathematics, 6(1):1026-1043, 2015.

[4] René Aid, Pierre Gruet, and Huyén Pham. An optimal trading problem in intraday
electricity markets. Mathematics and Financial Economics, 10(1):49-85, 2016.

[5]  Yacine Ait-Sahalia and Mehmet Saglam. High frequency market making: Optimal
quoting. Available at SSRN 2331613, 2017.

[6] Aurélien Alfonsi and Pierre Blanc. Dynamic optimal execution in a mixed-market-
impact hawkes price model. Finance and Stochastics, 20(1):183-218, 2016.

[7]  Aurélien Alfonsi and Pierre Blanc. Extension and calibration of a hawkes-based optimal
execution model. Market Microstructure and Liquidity, 2(02):1650005, 2016.

[8] Aurélien Alfonsi and Alexander Schied. Capacitary measures for completely monotone
kernels via singular control. SIAM Journal on Control and Optimization, 51(2):1758-1780,
2013.

[9] Robert Almgren and Neil Chriss. Value under liquidation. Risk, 12(12):61-63, 1999.

[10] Robert Almgren and Neil Chriss. Optimal execution of portfolio transactions. Journal
of Risk, pages 5-39, 2000.

[11] Robert Almgren and Julian Lorenz. Bayesian adaptive trading with a daily cycle. The
Journal of Trading, 1(4):38-46, January 2006.

[12] Robert Almgren, Chee Thum, Emmanuel Hauptmann, and Hong Li. Direct estimation
of equity market impact. Risk, 18(7):58-62, 2005.

arco Avellaneda an asha Stoikov. igh-frequency trading in a limit order book.
13] M Avellaned d Sasha Stoik High-freq y ding 1 der book
Quantitative Finance, 8(3):217-224, 2008.

269



Bibliography

[14]

[15]

[16]

[17]

(18]

[19]

20]

21]

[22]

23]

[24]

25]

[26]

27]

28]

270

Emmanuel Bacry, Adrian Tuga, Matthieu Lasnier, and Charles-Albert Lehalle. Market
impacts and the life cycle of investors orders. Market Microstructure and Liquidity, 1(2),
December 2015.

Nicolas Baradel, Bruno Bouchard, and Ngoc Minh Dang. Optimal trading with online
parameter revisions. Market Microstructure and Liquidity, page 1750003, 2016.

Nicolas Baradel, Bruno Bouchard, and Ngoc Minh Dang. Optimal control under uncer-
tainty and bayesian parameters adjustments. SIAM Journal on Control and Optimization,
56(2):1038-1057, 2018.

Guy Barles and Panagiotis E Souganidis. Convergence of approximation schemes for
fully nonlinear second order equations. Asymptotic analysis, 4(3):271-283, 1991.

Matthew Baron, Jonathan Brogaard, Bjorn Hagstromer, and Andrei Kirilenko. Risk
and return in high-frequency trading. Journal of Financial and Quantitative Analysis,
54:993-1024, 2019.

Peter L Bartlett, Michael I Jordan, and Jon D McAuliffe. Convexity, classification, and
risk bounds. Journal of the American Statistical Association, 101(473):138-156, 2006.

Christian Bayer, Ulrich Horst, and Jinniao Qju. A functional limit theorem for limit
order books with state dependent price dynamics. The Annals of Applied Probability,
27(5):2753-2806, 2017.

Paul R Beesack. On some Gronwall-type integral inequalities in n independent variables.
Journal of Mathematical Analysis and Applications, 100(2):393-408, 1984.

Richard Bellman and Stuart Dreyfus. Functional approximations and dynamic program-
ming. Mathematical Tables and Other Aids to Computation, pages 247-251, 1959.

Fred Espen Benth and Steen Koekebakker. Stochastic modeling of financial electricity
contracts. Energy Economics, 30(3):1116-1157, 2008.

Albert Benveniste, Michel Métivier, and Pierre Priouret. Algorithmes adaptatifs et ap-
proximations stochastiques: théorie et applications a I'identification, au traitement du
signal et a la reconnaissance des formes. 1987.

Albert Benveniste, Michel Métivier, and Pierre Priouret. Adaptive algorithms and stochas-
tic approximations, volume 22. Springer Science & Business Media, 2012.

Jonathan B Berk and Richard C Green. Mutual fund flows and performance in rational
markets. Journal of political economy, 112(6):1269-1295, 2004.

Nataliya Bershova and Dmitry Rakhlin. The non-linear market impact of large trades:
Evidence from buy-side order flow. Quantitative Finance, 13(11):1759-1778, 2013.

Dimitri P Bertsekas and John N Tsitsiklis. Neuro-dynamic programming, volume 5. Athena
Scientific Belmont, MA, 1996.



Bibliography

[29] Dimitris Bertsimas and Andrew Lo. Optimal control of execution costs. journal of
Financial Markets, 1(1):1-50, 1998.

[30] Paul Besson, Stéphanie Pelin, and Matthieu Lasnier. To cross or not to cross the spread:
that is the question! Technical report, Kepler Cheuvreux, Paris, June 2016.

[31] Bruno Biais, Fany Declerck, and Sophie Moinas. Who supplies liquidity, how and when?
Technical report, BIS Working Paper, May 2016.

[32] Patrick Billingsley. Convergence of probability measures. Wiley Series in Probability and
Statistics: Probability and Statistics. John Wiley & Sons Inc., New York, second edition,
1999. A Wiley-Interscience Publication.

[33] Imran H Biswas, Espen R Jakobsen, and Kenneth H Karlsen. Viscosity solutions for
a system of integro-pdes and connections to optimal switching and control of jump-
diffusion processes. Applied mathematics and optimization, 62(1):47-80, 2010.

[34] Pierre Blanc, Jonathan Donier, and Jean-Philippe Bouchaud. Quadratic Hawkes pro-
cesses for financial prices. Quantitative Finance, 17(2):171-188, 2017.

[35] Julius R Blum et al. Approximation methods which converge with probability one. 7%e
Annals of Mathematical Statistics, 25(2):382-386, 1954.

[36] Léon Bottou and Olivier Bousquet. The tradeoffs of large scale learning. In Advances in
neural information processing systems, pages 161-168, 2008.

[37] Bruno Bouchard and Nizar Touzi. Weak dynamic programming principle for viscosity
solutions. SIAM Journal on Control and Optimization, 49(3):948-962, 2011.

[38] Jean-Philippe Bouchaud, Doyne J Farmer, and Fabrizio Lillo. How markets slowly digest
changes in supply and demand. In Handbook of financial markets: dynamics and evolution,
pages 57-160. Elsevier, 2009.

[39] Jean-Philippe Bouchaud, Yuval Gefen, Marc Potters, and Matthieu Wyart. Fluctuations

and response in financial markets: the subtle nature of ‘random’price changes. Quanti-
tative finance, 4(2):176-190, 2004.

[40] Olivier Bousquet. Concentration inequalities and empirical processes theory applied to
the analysis of learning algorithms. 2002.

[41] Pierre Brémaud and Laurent Massoulié. Stability of nonlinear Hawkes processes. The
Annals of Probability, pages 1563-1588, 1996.

[42] Jonathan Brogaard, Matthew Baron, and Andrei Kirilenko. The Trading Profits of High
Frequency Traders. Technical report, August 2012.

[43] Xavier Brokmann, Emmanuel Serie, Julien Kockelkoren, and J-P Bouchaud. Slow decay
of impact in equity markets. Market Microstructure and Liquidity, 1(02):1550007, 2015.

271



Bibliography

[44]

[45]

[46]

[47]

48]

[49]

[50]

[>1]

[52]

[53]

[>4]

[55]

[56]

[57]

>8]

272

Eric Budish, Peter Cramton, and John Shim. The High-Frequency Trading Arms Race:

Frequent Batch Auctions as a Market Design Response. Quarterly Journal of Economics,
130(4):1547-1621, November 2015.

Brian Bulthuis, Julio Concha, Tim Leung, and Brian Ward. Optimal execution of limit
and market orders with trade director, speed limiter, and fill uncertainty. International
Journal of Financial Engineering, 4(02n03):1750020, 2016.

Pierre Cardaliaguet and Charles-Albert Lehalle. Mean field game of controls and an
application to trade crowding. Mathematics and Financial Economics, 12(3):335-363,
2018.

Alvaro Cartea, Ryan Donnelly, and Sebastian Jaimungal. Algorithmic trading with
model uncertainty. SIAM Journal on Financial Mathematics, 8(1):635-671, 2017.

Alvaro Cartea, Ryan Donnelly, and Sebastian Jaimungal. Enhancing trading strategies
with order book signals. Applied Mathematical Finance, 25(1):1-35, 2018.

Alvaro Cartea, Luhui Gan, and Sebastian Jaimungal. Trading co-integrated assets with
price impact. Mathematical Finance, 29(2):542-567, 2019.

Alvaro Cartea and Sebastian Jaimungal. Optimal execution with limit and market or-
ders. Quantitative Finance, 15(8):1279-1291, 2015.

Alvaro Cartea and Sebastian Jaimungal. Incorporating order-flow into optimal execu-
tion. Mathematics and Financial Economics, 10(3):339-364, 2016.

Alvaro Cartea, Sebastian Jaimungal, and José Penalva. Algorithmic and High-Frequency
Trading (Mathematics, Finance and Risk). Cambridge University Press, October 2015.

Patrick L Combettes and Jean-Christophe Pesquet. Proximal splitting methods in signal
processing. In Fixed-point algorithms for inverse problems in science and engineering, pages
185-212. Springer, 2011.

Rama Cont and Adrien De Larrard. Order book dynamics in liquid markets: limit
theorems and diffusion approximations. Available at SSRN 1757867, 2012.

Rama Cont and Adrien De Larrard. Price dynamics in a Markovian limit order market.
SIAM Journal on Financial Mathematics, 4(1):1-25, 2013.

Rama Cont and Arseniy Kukanov. Optimal order placement in limit order markets.
Quantitative Finance, 17(1):21-39, 2017.

Rama Cont, Sasha Stoikov, and Rishi Talreja. A stochastic model for order book dy-
namics. Operations research, 58(3):549-563, 2010.

Corinna Cortes, Spencer Greenberg, and Mehryar Mohri. Relative deviation learning

bounds and generalization with unbounded loss functions. Annals of Mathematics and
Artificial Intelligence, 85(1):45-70, 2019.



Bibliography

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

71

[72]

[73]

Daryl ] Daley and David Vere-Jones. An introduction to the theory of point processes: volume
II: general theory and structure. Springer Science & Business Media, 2007.

Khalil Dayri and Mathieu Rosenbaum. Large Tick Assets: Implicit Spread and Optimal
Tick Size. Market Microstructure and Ligquidity, 01(01):1550003, 2015.

Aaron Defazio, Francis Bach, and Simon Lacoste-Julien. Saga: A fast incremental
gradient method with support for non-strongly convex composite objectives. In Advances
in neural information processing systems, pages 1646-1654, 2014.

Jonathan Donier and Jean-Philippe Bouchaud. From walras’ auctioneer to continuous
time double auctions: A general dynamic theory of supply and demand. Journal of
Statistical Mechanics: Theory and Experiment, 2016(12):123406, 2016.

Joseph L Doob. Stochastic processes. Wiley Classics Library. John Wiley & Sons Inc., New
York, 1990.

J Doyne Farmer, Austin Gerig, Fabrizio Lillo, and Henri Waelbroeck. How efficiency
shapes market impact. Quantitative Finance, 13(11):1743-1758, 2013.

Pietro Fodra and Huyén Pham. Semi-markov model for market microstructure. Applied
Mathematical Finance, 22(3):261-295, 2015.

Thierry Foucault. Order flow composition and trading costs in a dynamic limit order
market. Journal of Financial Markets, 2(2):99-134, 1999.

Daniel Fricke and Austin Gerig. Too fast or too slow? determining the optimal speed
of financial markets. Quantitative Finance, 18(4):519-532, 2018.

Sébastien Gadat and Fabien Panloup. Optimal non-asymptotic bound of the ruppert-
polyak averaging without strong convexity. arXiv preprint arXiv:1709.03342, 2017.

Ernesto Garnier and Reinhard Madlener. Balancing forecast errors in continuous-trade

intraday markets. Energy Systems, 6(3):361-388, 2015.

Jim Gatheral, Thibault Jaisson, and Mathieu Rosenbaum. Volatility is rough. Quantita-
tive Finance, 18(6):933-949, 2018.

Jim Gatheral, Alexander Schied, and Alla Slynko. Exponential resilience and decay of
market impact. In Econophysics of order-driven markets, pages 225-236. Springer, 2011.

Lawrence R Glosten and Paul R Milgrom. Bid, ask and transaction prices in a specialist
market with heterogeneously informed traders. Journal of Financial Economics, 14(1):71-
100, 1985.

Carla Gomes and Henri Waelbroeck. Is market impact a measure of the information
value of trades? market response to liquidity vs. informed metaorders. Quantitative

Finance, 15(5):773-793, 2015.

273



Bibliography

[74]

[75]

[76]

[77]

[78]

[79]

(80]

[81]

[82]

83]

[84]

8]

86]

[87]

(88]

89]

274

Richard C Grinold and Ronald N Kahn. Active Portfolio Management: A Quantitative
Approach for Producing Superior Returns and Controlling Risk; 2nd ed. McGraw-Hill, New
York, NY, 2000.

Olivier Guéant. Optimal execution and block trade pricing: a general framework.
Applied Mathematical Finance, 22(4):336-365, 2015.

Olivier Guéant. The Financial Mathematics of Market Liquidity: From optimal execution to
market making, volume 33. CRC Press, 2016.

Olivier Guéant. Optimal market making. Applied Mathematical Finance, 24(2):112-154,
2017.

Olivier Gueant and Charles-Albert Lehalle. General intensity shapes in optimal liqui-
dation. Mathematical Finance, 25(3):457-495, 2015.

Olivier Guéant, Charles-Albert Lehalle, and Joaquin Fernandez-Tapia. Optimal portfolio
liquidation with limit orders. SIAM Journal on Financial Mathematics, 3(1):740-764, 2012.

Olivier Guéant, Charles-Albert Lehalle, and Joaquin Fernandez-Tapia. Dealing with the
inventory risk: a solution to the market making problem. Mathematics and financial
economics, 7(4):477-507, 2013.

Fabien Guilbaud and Huyen Pham. Optimal high frequency trading with limit and
market orders. Quantitative Finance, 13(1):79-94, 2013.

Xin Guo, Adrien De Larrard, and Zhao Ruan. Optimal placement in a limit order book:
an analytical approach. Mathematics and Financial Economics, 11(2):189-213, 2017.

Xin Guo, Zhao Ruan, and Lingjiong Zhu. Dynamics of order positions and related
queues in a limit order book. arXiv preprint arXiv:1505.04810, 2015.

Xin Guo, Howard Shek, Tze Leung Lai, and Samuel Po-Shing Wong. Quantitative
trading: algorithms, analytics, data, models, optimization. Chapman and Hall/CRC, 2017.

Xin Guo and Mihail Zervos. Optimal execution with multiplicative price impact. SIAM
Journal on Financial Mathematics, 6(1):281-306, 2015.

Martin Hairer. Ergodic properties of a class of non-markovian processes trends in
stochastic analysis (London Mathematical Society Lecture note series vol 353), 2009.

Larry Harris. Maker-taker pricing effects on market quotations. Unpublished working
paper. University of Southern California, San Diego, CA, 2013.

Terrence Hendershott, Charles M Jones, and Albert ] Menkveld. Does algorithmic
trading improve liquidity? 7%e Journal of Finance, 66(1):1-33, 2011.

Arthur Henriot. Market design with centralized wind power management : handling
low-predictability in intraday markets. The Energy Journal, 35(1):99-117, 2014.



Bibliography

[90]

[91]

Weibing Huang, Charles-Albert Lehalle, and Mathieu Rosenbaum. Simulating and
analyzing order book data: The queue-reactive model. Journal of the American Statistical
Association, 10(509), December 2015.

Weibing Huang and Mathieu Rosenbaum. Ergodicity and diffusivity of Markovian order
book models: a general framework. SIAM Journal on Financial Mathematics, 8(1):874-
900, 2017.

[92] James M Hutchinson, Andrew W Lo, and Tomaso Poggio. A nonparametric approach to

pricing and hedging derivative securities via learning networks. The Journal of Finance,
49(3):851-889, 1994. bibtex*[publisher=Wiley Online Library].

[93] Jean Jacod. Multivariate point processes: predictable projection, Radon-Nikodym

[94]

[99]

[96]

[97]

98]

[99]

[100]

[101]

[102]

[103]

derivatives, representation of martingales. Zeitschrift fiir Wahrscheinlichkeitstheorie und
verwandte Gebiete, 31(3):235-253, 1975.

Antoine Jacquier and Hao Liu. Optimal liquidation in a level-i limit order book for
large-tick stocks. SIAM Journal on Financial Mathematics, 9(3):875-906, 2018.

Thibault Jaisson. Market impact as anticipation of the order flow imbalance. Quantita-
tive Finance, 15(7):1123-1135, 2015.

Thibault Jaisson, Mathieu Rosenbaum, et al. Rough fractional diffusions as scaling
limits of nearly unstable heavy tailed hawkes processes. The Annals of Applied Probability,
26(5):2860-2882, 2016.

Rie Johnson and Tong Zhang. Accelerating stochastic gradient descent using predictive
variance reduction. In Advances in neural information processing systems, pages 315-323,
2013.

Charles M Jones. What do we know about high-frequency trading? Columbia Business
School Research Paper, (13-11), 2013.

Boyan Jovanovic and Albert ] Menkveld. Middlemen in limit order markets. Available
at SSRN 1624329, 2016.

Paul Jusselin and Mathieu Rosenbaum. No-arbitrage implies power-law market impact
and rough volatility. arXiv preprint arXiv:1805.07134, 2018.

Andrei Kirilenko, Albert S Kyle, Mehrdad Samadi, and Tugkan Tuzun. The flash crash:
high frequency trading in an electronic market. The Journal of Finance, 72(3):967--998,
2017.

Robert Kissell, Morton Glantz, and Roberto Malamut. Optimal trading strategies: quanti-
tative approaches for managing market impact and trading risk. PublicAffairs, 2003.

Harold Kushner and G George Yin. Stochastic approximation and recursive algorithms and
applications, volume 35. Springer Science & Business Media, 2003.

275



Bibliography

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[13]

[114]

[115]

[116]

[117]

[118]

276

Harold Joseph Kushner and Dean S Clark. Stochastic approximation methods for con-
strained and unconstrained systems. Springer, 1978.

Albert P. Kyle. Continuous Auctions and Insider Trading. Econometrica, 53(6):1315-1335,
1985.

Aimé Lachapelle, Jean-Michel Lasry, Charles-Albert Lehalle, and Pierre-Louis Lions.
Efficiency of the Price Formation Process in Presence of High Frequency Participants: a
Mean Field Game analysis. Mathematics and Financial Economics, 10(3):223-262, June
2016.

Peter Lakner, Josh Reed, and Sasha Stoikov. High frequency asymptotics for the limit
order book. Market Microstructure and Liquidity, 2(01):1650004, 2016.

Sophie Laruelle, Charles-Albert Lehalle, and Gilles Pagés. Optimal posting price of
limit orders: learning by trading. Mathematics and Financial Economics, 7(3):359-403,
2013.

Giinter Last. On dependent marking and thinning of point processes. Stochastic processes

and their applications, 45(1):73-94, 1993.

Charles-Albert Lehalle. Towards dynamic measures of liquidity. AMF Scientific Advisory
Board Review, 1(1):55-62, September 2014.

Charles-Albert Lehalle and Eyal Neuman. Incorporating signals into optimal trading.
Finance and Stochastics, 23(2):275-311, 2019.

Peter A W Lewis and Gerald S Shedler. Simulation of nonhomogeneous Poisson pro-
cesses by thinning. Naval research logistics quarterly, 26(3):403-413, 1979.

Alexander Lipton, Umberto Pesavento, and Michael G Sotiropoulos. Trade arrival dy-
namics and quote imbalance in a limit order book. arXiv preprint arXiv:1312.0514, 2013.

Andrew W. Lo, Craig MacKinlay, and June Zhan. Econometric models of limit-order
executions. Journal of Financial Economics, 65(1):31-71, July 2002.

Ananth Madhavan. Market microstructure: A survey. Journal of Financial Markets,
3(3):205-258, 2000.

Ananth Madhavan. Exchange-traded funds, market structure, and the flash crash. Fi-
nancial Analysts Journal, 68(4):20-35, 2012.

Iuliia Manziuk and Olivier Guéant. Deep reinforcement learning for market making in
corporate bonds: beating the curse of dimensionality, June 2019.

Iacopo Mastromatteo, Bence Toth, and Jean-Philippe Bouchaud. Agent-based models
for latent liquidity and concave price impact. Physical Review E, 89(4):042805, 2014.



Bibliography

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

127]

[128]

[129]

[130]

Albert J. Menkveld. High Frequency Trading and The New-Market Makers. Journal of
Financial Markets, 16(4):712-740, November 2013.

Albert ] Menkveld. High frequency trading and the new market makers. Journal of
Financial Markets, 16(4):712-740, 2013.

Sean P Meyn and Richard L Tweedie. Stability of Markovian processes i: Criteria for
discrete-time chains. Advances in Applied Probability, 24(3):542-574, 1992.

Sean P Meyn and Richard L Tweedie. Stability of Markovian processes iii: Foster-
lyapunov criteria for continuous-time processes. Advances in Applied Probability,

25(3):518-548, 1993,

Sean P Meyn and Richard L Tweedie. Markov chains and stochastic stability. Springer
Science & Business Media, 2012.

Ciamac C. Moallemi. The Value of Queue Position in a Limit Order Book. In Market
Microstructure: Confronting Many Viewpoints, Paris, December 2014. Louis Bachelier
Institute.

Ciamac C Moallemi and Kai Yuan. A model for queue position valuation in a limit
order book. Columbia Business School Research Paper, (17-70), 2016.

Maxime Morariu-Patrichi and Mikko S Pakkanen. State-dependent hawkes processes
and their application to limit order book modelling. arXiv preprint arXiv:1809.08060,
2018.

Esteban Moro, Javier Vicente, Luis G Moyano, Austin Gerig, Doyne J Farmer, Gabriella
Vaglica, Fabrizio Lillo, and Rosario N Mantegna. Market impact and trading profile of
hidden orders in stock markets. Physical Review E, 80(6):066102, 2009.

Eric Moulines and Francis R Bach. Non-asymptotic analysis of stochastic approximation
algorithms for machine learning. In Advances in Neural Information Processing Systems,
pages 451-459, 2011.

Ioane Muni Toke. Stationary distribution of the volume at the best quote in a poisson or-
der book model. International Journal of Theoretical and Applied Finance, 20(06):1750039,
2017.

Atsushi Nitanda. Stochastic proximal gradient descent with acceleration techniques. In
Advances in Neural Information Processing Systems, pages 1574-1582, 2014.

[131] James R. Norris. Markov Chains (Cambridge Series in Statistical and Probabilistic Mathe-

[132]

matics). Cambridge University Press, July 1998.

Yosihiko Ogata. On Lewis’ simulation method for point processes. IEEE Transactions on
Information Theory, 27(1):23-31, 1981.

277



Bibliography

[133]

[134]

[135]

[136]

[137]

[138]

[139]

Bernt Karsten Qksendal and Agnes Sulem. Applied stochastic control of jump diffusions,
volume 498. Springer, 2005.

Christine A. Parlour. Price Dynamics in Limit Order Markets. The Review of Financial
Studies, 11(4):789-816, 1998.

Felix Patzelt and Jean-Philippe Bouchaud. Universal scaling and nonlinearity of aggre-
gate price impact in financial markets. Physical Review E, 97(1):012304, 2018.

Marcello Rambaldi, Emmanuel Bacry, and Jean-Francois Muzy. Disentangling and
quantifying market participant volatility contributions. Quantitative Finance, pages 1-13,
2019.

Ryan Riordan and Andreas Storkenmaier. Latency, liquidity and price discovery. Journal
of Financial Markets, 15(4):416-437, 2012.

Herbert Robbins and Sutton Monro. A stochastic approximation method. The annals of
mathematical statistics, pages 400-407, 1951.

Ioanid Rosu. A dynamic model of the limit order book. The Review of Financial Studies,
22(11):4601-4641, 2009.

[140] Jerome Sacks. Asymptotic distribution of stochastic approximation procedures. 7he

[141]

[142]

Annals of Mathematical Statistics, 29(2):373-405, 1958.

Mark Schmidt, Nicolas L Roux, and Francis R Bach. Convergence rates of inexact
proximal-gradient methods for convex optimization. In Advances in neural information
processing systems, pages 1458-1466, 2011.

Yonathan Schwarzkopf and | Doyne Farmer. Time evolution of the mutual fund size

distribution. arXiv preprint arXiv:0807.3800, 2008.

[143] Justin Sirignano and Konstantinos Spiliopoulos. Dgm: A deep learning algorithm for

[144]

[145]

[146]

[147]

278

solving partial differential equations. jJournal of Computational Physics, 375:1339-1364,
2018.

Eric Smith, Doyne ] Farmer, Laszlo Gillemot, and Supriya Krishnamurthy. Statistical
theory of the continuous double auction. Quantitative finance, 3(6):481-514, 2003.

Laruelle Sophie and Lehalle Charles-albert. Market Microstructure in Practice. World
Scientific, 2018.

Sasha Stoikov. Time is Money: Estimating the Cost of Latency in Trading. In Frédéric
Abergel, Jean-Philippe Bouchaud, Thierry Foucault, Charles-Albert Lehalle, and Math-
ieu Rosenbaum, editors, Market Microstructure: Confronting Many Viewpoints, Paris,
December 2014. Louis Bachelier Institute.

Richard S Sutton, Andrew G Barto, et al. Introduction to reinforcement learning, volume
135. MIT press Cambridge, 1998.



Bibliography

[148] Bence Toth, Zoltan Eisler, Fabrizio Lillo, Julien Kockelkoren, J-P Bouchaud, and J Doyne

[149]

[150]

[151]
[152]

[153]

Farmer. How does the market react to your order flow? Quantitative Finance, 12(7):1015-
1024, 2012.

Bence Toth, Yves Lemperiere, Cyril Deremble, Joachim De Lataillade, Julien Kockelko-
ren, and Jean-Philippe Bouchaud. Anomalous price impact and the critical nature of
liquidity in financial markets. Physical Review X, 1(2):021006, 2011.

Alexander B Tsybakov et al. Optimal aggregation of classifiers in statistical learning.
The Annals of Statistics, 32(1):135-166, 2004.

Christopher John Cornish Hellaby Watkins. Learning from delayed rewards. 1989.

Paul ] Werbos. Building and understanding adaptive systems: A statistical/numerical
approach to factory automation and brain research. IEEE Transactions on Systems, Man,

and Cybernetics, 17(1):7-20, 1987.

Peng Wu, Marcello Rambaldi, Jean-Fran¢ois Muzy, and Emmanuel Bacry. Queue-
reactive hawkes models for the order flow. arXiv preprint arXiv:1901.08938, 2019.

279



universite

PARIS-SACLAY

Ecole doctorale
de mathematiques
Hadamard (EDMH)

Titre: Controle optimal et apprentissage statistique pour la modélisation du carnet d’ordres

Mots clés: Carnet d’ordres, trading optimal, modéle de file d’attente, processus de Hawkes, propriétés ergodiques,

apprentissage par renforcement.

Résumé: Lobjectif principal de cette thése est d’étudier
certains problémes de controle rencontrés par les agents
financiers et de comprendre les interactions entre les dif-
férentes quantités d’intérét tels que les flux d’ordres, la
liquidité, les prix et la volatilité a différentes échelles de
temps (c’est-a-dire partant de la microseconde jusqu’a
plusieurs années). On cherche a la fois a proposer des
modéles utiles et & construire des estimateurs pour leurs
paramétres. Ces modéles permettent de reproduire les
principales caractéristiques des marchés et de concevoir
des outils utiles pour les agents et les régulateurs.

Dans les premiers chapitres de cette thése, on a étudié
des problémes de controle rencontrés par différents types
d’agents: brokers institutionnels, market makers et les
traders haute fréquence. La résolution de ces problémes a
produit des stratégies d’achat et de vente en accord avec
les comportements de ces agents. On utilise ensuite ces
stratégies pour simuler un marché ou les brokers institu-
tionnels, les market makers et les traders haute fréquence
intéragissent de maniére optimale les uns avec les autres.
Le modéle introduit dans les chapitres précédents est
réaliste et utile, mais il présente certaines restrictions.
Par exemple, les décisions prisent par les agents dépen-

dent uniquement de I’état du carnet d’ordres alors que les
stratégies de certains acteurs peuvent étre plus complexes.
Pour dépasser ces difficultés, on présente un modéle plus
général qui permet de calculer en fonction de flux indi-
viduels plusieurs indicateurs pertinents. Il est notamment
possible de classer les market makers en fonction de leur

contribution a la volatilité
Pour résoudre les problémes de controle soulevés dans

la premiére partie de la thése, nous avons développé des
schémas numeériques. Une telle approche est possible
lorsque la dynamique du modéle est connue. Lorsque
I'environnement est inconnu, on utilise généralement des
méthodes d’approximation stochastique. Dans le cin-
quiéme chapitre, nous proposons un algorithme permet-
tant d’accélérer la convergence de telles méthodes.

Les approches considérées dans les chapitres précédents
sont adaptées pour des marchés liquides utilisant le mécan-
isme du carnet d’ordres. Cependant, cette méthodologie
n’est plus nécessairement pertinente pour des marchés
régis par des régles de fonctionnement spécifiques. Pour
répondre a cette problématique, nous proposons, dans un
premier temps, d’étudier le comportement des prix sur le
marché trés particulier de I’électricité.

Title: Optimal control and statistical learning for order book modelling

Keywords: Limit order book, optimal trading, queuing model, Hawkes processes, ergodic properties, reinforcement

learning.

Abstract: The goal of this thesis is to study some control
problems faced by market participants and to understand
the interactions between financial processes such as order
flows, liquidity, prices and volatility at different time scales
(i.e. starting from the microsecond accuracy to several
years). We aim at simultaneously proposing useful models
and building estimation procedures for them. These mod-
els have to reproduce the most important features of the
markets and enable us to design helpful tools for financial
agents and regulators.

In the first three chapters of this thesis, we tackle con-
trol problems faced by different types of agents namely
institutional brokers, market makers and high frequency
traders. The resolution of these problems enables us to
propose trading strategies consistent with typical market
participants behaviours. Then, we use these strategies
to simulate a market where institutional brokers, market
makers and high frequency traders interact optimally with
each other’s.

The market model introduced in the previous chapters is
realistic and useful however it has some limitations. For
example, agents decisions depend on the market history

only through the last order book state while strategies
of some market participants may be more intricate. To
overcome such restriction, we propose a general order
book model which allows us to compute several relevant

microstructural indicators in terms of the individua] flows.
It is notably possible to rank market makers according to

their own contribution to volatility.

In the first part of the thesis, we develop numerical
schemes to solve agents control problems. This is possible
when the dynamics of the model is known. To tackle con-
trol problems in an unknown environment, it is common
to use stochastic approximation algorithms. In the fifth
chapter, we propose a method that accelerates the conver-
gence of such algorithms.

The approaches built in the previous chapters are appropri-
ate for liquid markets that use an order book mechanism.
However our methodologies may not be suitable for ex-
changes with very specific operating rules. To investigate
this issue, as a first step, we study the price behaviour of
the very particular intra-day electricity market.

Université Paris-Saclay
Espace Technologique / Immeuble Discovery
Route de 'Orme aux Merisiers RD 128 / 91190 Saint-Aubin, France



	Contents
	Introduction
	Motivations
	Outline
	Chapter I - Limit order strategic placement with adverse selection risk and the role of latency
	Empirical evidences
	Problem formulation
	Numerical resolution

	Chapter II - Optimal liquidity-based trading tactics
	Order book modelling
	Optimal control problem
	Numerical experiments

	Chapter III - Optimal inventory management and order book modeling
	MM control problem
	DHFT control problem
	IB control problem
	Full market simulation

	Chapter IV - From asymptotic properties of general point processes to the ranking of financial agents
	Chapter V - Improving reinforcement learning algorithms: towards optimal learning rate policies
	Improvement of the asymptotic convergence rate
	Optimal policy for the learning rate
	Numerical experiments

	Chapter VI - Price impact study on the electricity intra-day market
	General empirical analysis
	Price study
	Price modelling


	Limit order strategic placement with adverse selection risk and the role of latency
	Introduction
	Main Hypothesis and Empirical Evidences
	Database presentation
	Stylized fact 1: the predictive power of the order book imbalance
	Stylized fact 2: Agent's decisions depend on the order book liquidity

	The Dynamic Programming Principle Applied to Limit Order Placement
	Formalisation of the Model
	Discrete time framework

	A Qualitative Understanding
	Numerically Solving the Control Problem
	The Price of Latency

	Conclusion
	Transition probabilities of the markov chain Un
	Composition of market participants groups
	Extreme Imbalances

	Optimal liquidity-based trading tactics
	Introduction
	Order book modelling
	Preliminary: Empirical evidences
	Order book framework
	Ergodicity
	Computation of the long-term average price move
	Numerical application

	Optimal tactic control problem
	Presentation of the stochastic control framework

	Theoretical results
	Price impact computation
	Existence and uniqueness of the optimal strategy, regularity properties
	Decisions taken at fixed frequency -1: dynamic programming equation 
	Second approach: Decisions taken at any time

	Numerical experiments 
	Computation of the optimal gain: decisions taken at a fixed frequency -1
	Computation of the optimal gain: decision taken at any time

	Model parameters estimation 
	Ergodicity of the process (Ut)
	Outline of the proof
	Proof

	Proof of the computation of the long-term average price move
	Proof of Proposition 1
	Computation methodology of qpmii'
	Diagonalisation of *

	Generalities about the state process Ut and the value function
	Regularity of the regenerative process Ut
	Regularity of the value function
	Execution time inequalities
	Proof of Theorem II.D.1
	Regularity of the value function
	Proofs of Propositions II.D.2 and II.D.3

	Resolution of the optimal control problem
	Proof of Theorem 1 
	Proof of Theorem 2
	Optimal strategy

	Proof of Theorem 3 
	Proof of Inequality (17)
	Proof of the stationary convergence of Opti,


	Optimal inventory management and order book modeling
	Introduction
	General order book presentation and priors of the market participants
	Market maker's optimal control problem
	Market maker's strategy and the state dynamics
	The optimal control problem
	The dynamic programming equation
	Dimension reduction, symmetries and numerical resolution
	Approximate optimal controls
	Numerical experiments

	High frequency pair trading problem
	The optimal control problem
	The dynamic programming equation
	Dimension reduction, symmetries and numerical resolution
	Approximate optimal controls
	Numerical experiments

	Institutional broker strategies for portfolio liquidation
	Volume strategy
	VWAP

	Simulation of the full market 
	Conclusion

	 From asymptotic properties of general point processes to the ranking of financial agents
	Introduction
	Market modelling
	Introduction to the model
	Order book dynamics
	Market reconstitution
	Some specific models

	Ergodicity
	Notations and definitions
	Ergodicity

	Limit theorems
	Formulas
	Stationary probability computation
	Spread computation
	Price volatility computation
	An alternative measure of market stability

	Numerical experiments
	Database description.
	Computation of the intensities and the stationary measure
	Ranking of the market makers

	Market reconstitution
	Proof of Remark 3.4
	Proof of Theorem 3.1
	Preliminary results
	Outline of the proof
	Proof

	Proof of Theorem 3.2
	Preliminary result
	Uniqueness
	Speed of convergence

	Proof of Propositions 4.1 and 4.2
	Stationary distribution computation
	Proof of Proposition 5.2
	Proof of Remark 6.1
	Supplementary numerical results

	Improving reinforcement learning algorithms: towards optimal learning rate policies
	Introduction
	Reinforcement learning
	Improvement of the asymptotic convergence rate
	Error decomposition
	Convergence rate of the estimation error
	Convergence rate of the optimization error
	Conclusion

	Optimal policy for the learning rate  when is countable
	The inner level
	The upper level
	Extension

	Some examples
	Methodology
	Drift estimation
	Optimal placement of a limit order
	Optimal execution

	Extension of the PASS Algorithm
	Implementations
	Additional results: optimal execution
	Proof of Proposition 3.1
	Proof of Proposition 3.2
	Proof of Proposition 4.1
	Proof of Theorem 4.1
	Preparation for the proof of Theorem 4.1
	Propagation of the error
	Proof of Theorem 4.1

	Proof of Proposition 4.2
	Proof of the convergence of (vkn)n 1, k (N*)2

	Price impact study on the electricity intra-day market
	Introduction
	Descriptive analysis of the intra-day electricity market
	Description of the intra-day electricity market
	Description of the database
	Features of the intra-day electricity market

	Estimation methodology and definitions
	Estimation methodology
	Price impact profiles

	Price study
	Trade signs autocorrelation
	Response function autocorrelation
	Price diffusion

	Price modelling
	Description of the model
	Properties of the model

	Conclusion

	Bibliography

