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« The important thing is not to stop questioning. Curiosity has its own
reason for existence. One cannot help but be in awe when he contemplates
the mysteries of eternity, of life, of the marvelous structure of reality. It is
enough if one tries merely to comprehend a little of this mystery each day. »

Albert Einstein
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Abstract

In this thesis, we consider first the problem of low dimensional signal subspace estimation in a
Bayesian context. We focus on compound Gaussian signals embedded in white Gaussian noise,
which is a realistic modeling for various array processing applications. Following the Bayesian
framework, we derive algorithms to compute both the maximum a posteriori and the so-called
minimum mean square distance estimator, which minimizes the average natural distance between
the true range space of interest and its estimate. Such approaches have shown their interests
for signal subspace estimation in the small sample support and/or low signal to noise ratio
contexts. As a byproduct, we also introduce a generalized version of the complex Bingham
Langevin distribution in order to model the prior on the subspace orthonormal basis. Numerical
simulations illustrate the performance of the proposed algorithms. Then, a practical example of
Bayesian prior design is presented for the purpose of radar detection.

Second, we aim to test common properties between low rank structured covariance matrices.
Indeed, this hypothesis testing has been shown to be a relevant approach for change and/or
anomaly detection in synthetic aperture radar images. While the term “similarity” usually refers
to equality or proportionality, we explore the testing of shared properties in the structure of
low rank plus identity covariance matrices, which are appropriate for radar processing. Specif-
ically, we derive generalized likelihood ratio tests to infer i) on the equality/proportionality of
the low rank signal component of covariance matrices, and ii) on the equality of the signal
subspace component of covariance matrices. The formulation of the second test involves non-
trivial optimization problems for which we tailor efficient Majorization-Minimization algorithms.
Eventually, the proposed detection methods enjoy interesting properties, that are illustrated on
simulations and on an application to real data for change detection.
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Résumé

Dans un premier lieu, nous considérons le probléme de l’estimation de sous-espace d'un sig-
nal d’intérét & partir d’'un jeu de données bruité. Pour ce faire, nous adoptons une approche
Bayésienne afin d’obtenir un estimateur minimisant la distance moyenne entre la vraie matrice
de projection UU¥ et son estimée UU. Plus particuliérement, nous étendons les estimateurs
au contexte Gaussien composé pour les sources ot ’a priori sur la base U sera une loi com-
plex generalized Bingham Langevin. Enfin, nous étudions numériquement les performances de
I’estimateur proposé sur une application de type space time adaptive processing pour un radar
aéroporté au travers de données réelles.

Dans un second lieu, nous nous intéressons au test de propriété communes entre les matrices
de covariance. Nous proposons de nouveaux tests statistiques dans le contexte de matrices de
covariance structurées. Plus précisément, nous considérons un signal de rang faible corrompu
par un bruit blanc Gaussien additif. Notre objectif est de tester la similarité des composantes
principales & rang faible communes & un ensemble de matrices de covariance. Dans un premier
temps, une statistique de décision est dérivée en utilisant le rapport de vraisemblance généralisée.
Le maximum de vraisemblance n’ayant pas d’expression analytique dans ce cas, nous proposons
un algorithme d’estimation itératif de type majoration-minimisation pour pouvoir évaluer les
tests proposés. Enfin, nous étudions les propriétés des détecteurs proposés a I’aide de simulations
numeériques.
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Introduction

0.1 Motivations

Signal estimation/detection systems must frequently operate in environments that are difficult
to characterize with precise statistical models. Thus, it is of interest to develop signal detection
procedures that are insensitive to moderate deviations from the assumed signals and noise.
During the past two decades, the estimation of the parameters of interest from a high dimensional
data set in the presence of noise, clutter or interference is an active research topic that raises
many difficulties:

e First, one of the most challenging issues is estimating the parameters of interest in high
dimensional settings (i.e., in the case where the data dimension is close to or larger than the
sample size). As a remedy, the low-rank approach can robustly and efficiently handle high-
dimensional data. Indeed, in many large data sets, relevant information often lies in a subspace
of much lower dimension than the ambient space. Thus, the aim of many algorithms can be
broadly interpreted as trying to find or exploit this underlying “structure” that is present in
the data. As an example, a structure that is particularly useful both due to its wide-ranging
applicability and efficient computation is the low-rank structured covariance matrix where the
signal of interest lies in low-rank subspace.

e Second, a selection of an appropriate data model is favorable for the robustness of signal
detection procedure. One of the simplest and probably most extensively used model is the
Gaussian one which is not always realistic and can lead to poor estimation performance due to
the presence of possible disruptive outliers or non-Gaussian observations. Therefore, the widely
used hypothesis of a Gaussian model may not be valid, in some cases, e.g. as in most high
resolution array processing applications. For that purpose, non-Gaussian models for the data
have to be considered. To this end, we propose the use of the so-called compound Gaussian that
is generally chosen for its statistical properties and for its good fit to empirical distributions. This
modeling encompasses many classical distributions as for example the Gaussian, the Student-t
or the K-distributions.

0.2 Thesis purpose and manuscript organization

0.2.1 Thesis purpose
The contributions of this thesis are centered around two axes:
e First, we consider the problem of low dimensional signal subspace estimation in a Bayesian

context. Indeed, adding a prior information to the signal subspace can improve the estimation
process in some critical cases, e.g., low signal to noise ratio or/and small sample support. We



focus on compound Gaussian signals embedded in white Gaussian noise. This modeling has
been widely used in several array processing applications for its robustnesses to the presence of
outliers, possibly caused by heavy tailed impulsive noise. Following the Bayesian framework, we
derive two algorithms to compute the maximum a posteriori estimator and the so-called minimum
mean square distance estimator. As a byproduct, we also introduce a generalized version of the
complex Bingham Langevin distribution in order to model the prior on the subspace orthonormal
basis.

e Second, we study the problem of testing whether the set under test shares common prop-
erties with the secondary sets. To this aim, we propose novel detectors based on testing the
similarity between the low-rank principal components for the following reasons: i) Incorporating
the low-rank structure in covariance matrices equality testing offers an improvement of the de-
tection performance (especially for small local windows) such as ensuring a low probability false
alarm in local anomaly detection in the context of change detection. i) The low-rank based
approaches allow to increase the spatial resolution of the detection process, as they can operate
in lower sample support. In this context, we make use of the generalized likelihood ratio test
based on the binary hypothesis test in the context of low-rank structured covariance matrix.

0.2.2 Manuscript organization

The presented document is divided in three parts:

e Part I gives an overview of some commonly used distribution and presents a particular
structure of the covariance matrix. Specifically, in Chapter 1, we present briefly some com-
monly used statistical models such as Gaussian, compound Gaussian and mixture model
(compound Gaussian plus white Gaussian noise) distributions. In order to incorporate a
prior knowledge into the estimation of the basis of interest, Chapter 2 gives an overview on
the main directional distributions for orthonormal basis, such as real Bingham Langevin,
real Bingham and real Langevin. Then, we introduce a generalization of the aforemen-
tioned distributions to the case of random matrix variables with complex entries, i.e., the
complex generalized Bingham Langevin distribution, and we propose a practical sampling
method adapted to the proposed distribution. In Chapter 3, we present a specific model
named low-rank structured covariance matrix which is common for radar processing and
is used in the following chapters as our parametric data model.

e In Part II, we are particularly interested in signals being contained in a low-rank sub-
space. i) First, we propose new Bayesian subspace estimators (maximum a posterior and
minimum mean square distance based estimators) in the context of compound Gaussian
distributed sources embedded in white Gaussian noise. To this aim, we assign to the signal
subspace the complex generalized Bingham Langevin distribution. i) Second, in order to
be robust to the possible presence of outliers, we design our estimators taking into account
the compound Gaussian distributed sources embedded in heterogeneous noise (compound
Gaussian outliers plus white additive Gaussian noise). Specifically, we develop algorithms
to compute the maximum a posterior estimator for the aforementioned models based on
the majorization minimization algorithm. Then, we derive Gibbs-sampler based algorithm
to compute the minimum mean square distance estimator for each data model. The inter-
est of the proposed approach is illustrated by comparing the detection performance of the
newly proposed low-rank adaptive normalized matched filter on a real data set for a space
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time adaptive processing application in challenging configurations, i.e., for small sample
support and/or in presence of outliers.

e In Part III, we derive three new statistical tests in the context of structured covariance
matrices. Specifically, we consider low-rank signal component plus white Gaussian noise
structure. Our aim is to test the similarity between the principal components of a group of
covariance matrices where the information usually lies in. The proposed detection schemes
are derived using the generalized likelihood ratio test. As the formulation of the pro-
posed tests implies a non-trivial optimization problem, we derive appropriate majorization
minimization algorithms in order to evaluate them. Finally, the benefits of the proposed
methods are illustrated for a change detection application on a UAVSAR dataset.
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Distributions and matrix structures






Chapter 1

Distributions on vectors

1.1 General settings

In signal processing applications, the received data is generally composed of multiple contribu-
tions, that can be modeled by random processes. Typically, z € CV denotes a sample vector
of probability density function (p.d.f.) f(z|@) where 6 is an appropriate vector of parameters,
involved in the parametric model of z. The estimation of the parameter 8 is at the cornerstone
of a plethora of applications and algorithms. To name a few, here are some examples where an
estimation step is required:

e In direction of arrival (DOA) estimation, the parameter to be estimated 6 is the set of
angle of arrival of the sources [1].

e In principal component analysis (PCA), 8 denotes the eigenvectors of the covariance matrix

2]

e In adaptive filtering or adaptive detection, @ corresponds generally to the covariance matrix
of the samples [3]. An estimate of this parameter can then be used as a plug-in in the
formulation of standard filters/detectors [4].

e In the context of change detection, several sample sets (e.g., observations at different times)
are gathered and indexed by ¢. The problem then consists in deciding if a change occurred
in the unknown parameter of interest 8; for the corresponding set i [5].

In order to derive estimation processes, the distribution of the vector z has to be set depending
on the application. An accurate representation of the underlying physics will obviously condition
the performance (e.g., estimation accuracy) that will be eventually achieved. Therefore, the
choice of the data model and its p.d.f. is crucial. In the following, we present some standard
distributions of the data vector z that are commonly used in the literature. Specifically, we
consider the Gaussian, compound Gaussian (CG) and mixture model (CG plus white Gaussian
noise (WGN)) distributions.

1.2 Complex multivariate circular Gaussian distribution

In statistical signal processing communities, the complex multivariate Gaussian distribution |6]
(also referred to as Normal distribution) is probably the most commonly invoked distribution
for random measurements. Indeed, it has a practical formulation, it has a strong theoretical
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justification given by the central limit theorem [7] and it has a good empirical fit with numerous
empirically measured data distribution.

Definition 1.2.1 The complex multivariate Gaussian distribution
A given random vector z follows complex multivariate Gaussian (normal) distribution if its p.d.f.

reads as .

f(z) = mexp{—(z—u)l{z_l(z—u)} (1.1)
where
i) w is the mean of the random vector z, i.e., E{z} = p.

ii) X € ”H,E 1s the covariance matriz, which presents the correlations and the variances between
entries of z, also referred to as the second order moment, i.e.,

% = E{(z — u)(z — w)"} (1.2)

We denote:
z~CN(u,X) (1.3)

The majority of signal processing algorithms derived in the literature assume that the additive
noise has a Gaussian distribution. As an example, this provides a good empirical fit to thermal
noise in electronic systems. However, various studies [8,9] have shown that signals in most high
resolution array processing applications are non-Gaussian and exhibit impulsive characteristics.
Unfortunately, conventional signal processing algorithms developed for Gaussian noise are known
to perform poorly in the presence of non-Gaussian noise [10].

A possible solution is to develop statistical signal processing algorithms adapted for non-
Gaussian distributed observations. Specifically, we will consider the CG distributions.

1.3 Compound Gaussian (CG) distribution

The CG distribution [11,12] has been widely employed in the statistical signal processing liter-
ature e.g., in image processing [13-15], and for modeling radar clutter [16,17]. A given random
variable having a CG distribution is also referred to as spherically invariant random vector [11].
Such family of distributions provides a good fit to non-Gaussian real data, and allows to develop
robust estimation procedures [18-20].

Remark 1.3.1 We note that the CG is a spectal case of the complex elliptically symmetric
(CES) [12]. The CES distributions constitute a wider class of distributions that include, among
others, the class of CG distributions as special cases. We will focus on CG because it has a simple
and practical stochastic representation and it still covers a large panel of standard non-Gaussian
distributions. Furthermore, the interest of this modeling is reinforced by a good correspondence
with empirical distributions of real data [16,17].

Definition 1.3.1 Compound Gaussian distribution

A N-dimensional CG observation is represented as a product of two statistically independent
components, i.e., if z € CN follows a CG distribution, denoted z ~ CG(w, X, f-), it has the
following stochastic representation

z L p+7d, (1.4)

where
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i) W is the mean of the random vector z, i.e., E{z} = p.

ii) T is a positive random scalar, called texture, of p.d.f. fr. This parameter is statistically
independent of d.

ii1) d follows a zero-mean multivariate compler Gaussian distribution of covariance matriz X,
denoted, d ~ CN(0,X). The parameter X € 7-[;(, is referred to as the scatter matric.

Notice that if E{T} < oo, the covariance matriz of z exists and is proportional to the scatter
matriz, i.e., B{(z — p)(z — p)¥} = E{r}Z.

Remark 1.3.2 We note that CG distributions are not uniquely defined. Indeed, let us consider
z~CG(n, X, fr) and 2’ ~ CG(p,cX, frr) with 7' = T and c € RY, then, z 4 5. Consequently,
for a fized mean p, the couples (X,7) and (cX, %T) define the same distribution. In order to
avoid any ambiguity, we may impose an arbitrary constraint on the scatter covariance matriz 3
such as Tr{X} =1, or on the texture parameter T for instance E{T} =1 (when E{7} < o0). In
this thesis, we will use the texture constraint in our simulations, i.e., E{T} = 1.

The p.d.f. of a random vector z ~ CG(u, X, f;) is defined as

2) — M3 Ooq_fMeX —(z— )X Yz — p) dr
f@) =zt [ p{ }f7< )d (15)

T

Conditionally to the texture, the random vector z has thus the following distribution:
z|T ~ CN(p, 7X) (1.6)
The CG encloses some usual multivariate distributions [12] such as:

Example 1.3.1 The compler multivariate Gaussian distribution

A random wvector z is said to have the complex multivariate Gaussian distribution, if z ~
CN(p,X), we have z ~ CG(w, X, f-) where

(1) =6:1 (1.7)

Example 1.3.2 The K-distribution
A random vector z is said to have the multivariate K-distributed, if the texture follows a Gamma
distribution of p.d.f.,

VI exp{—v7}

f(Tv V) = F(I/)

(1.8)
denoted T ~ T'(v,1/v) with v > 0 represents the shape parameter.

Remark 1.3.3 The Gaussian distribution is a limit case of the K-distribution when v — oo, If
v — 0, the resulting K-distribution is heavy tailed.

Example 1.3.3 The student t-distribution
A random vector z is said to have the complex multivariate student t-distribution with degrees of

freedom v, if it has the CG representation (1.4) where the texture T 4 v/z with x ~T'(v/2,2) or
equivalently stated 771 ~ T'(v/2,2/v).
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Depending on f, the CG representation can lead to various standard multivariate distri-
butions for z (as given in aforementioned examples). In order to design algorithms that are
robust to this whole family of distributions, we will generally consider that the texture 7 is un-
known and deterministic [21-25]. Indeed, in most applications, a strong prior information on
the texture distribution is not available. Thus, this assumption has been widely used in several
array processing applications [26-29] since it offers an interesting robustness-performance trade
off [18,30,31]. This model will be denoted as below

Example 1.3.4 CG distribution with unknown deterministic texture
Consider a set of secondary data {zy} following CG distribution while assuming a deterministic
texture Ty for each sample z. We denote this model by

zi, ~ CG(p, 2,0, 7, ), or equivantely, zy|Ti ~ CN(u, 71X), Vk (1.9)

This model is also referred to as mizture of scaled Gaussian.

1.4 Mixture Model (CG plus white Gaussian noise (WGN))

In this thesis, an other focus will be on the additive mixtures of CG and WGN. This modeling
has been considered in many modern robust signal processing applications, as it can account
for local power fluctuations of the sources, as well as the thermal noise. As an example, this
formulation is useful to model clutter plus thermal noise. In practice, this modeling has been
used for detection in heterogeneous environment [32,33]| and for robust structured covariance
matrix estimation in [30,34].

Definition 1.4.1 CG plus WGN mazture model
For this mixture model, the sample vector z is drawn as

Zz=s+n (1.10)
where

e s follows the CG distribution, i.e., s ~ CG(w, X, fr). For instance, such signal may model
the ground response when considering correlation and/or power fluctuations.

e n ~ CN(0,0%Iy) is an additive WGN which represents the contribution of the thermal
noise.

We note that the signal s conditionally to the texture parameter 7 has a multivariate Gaussian
distribution

s|T ~ CN(p, 7X) (1.11)
Eventually, the data vector conditionally to 7 is drawn as z|7 ~ CN(u, X;) where
Y, =718+ 0%Iy (1.12)
Its p.d.f. reads as
Flalr) = g 1o {5 — )" (- )} (113)
V|2,

Then, the p.d.f. of the data vector z is obtained as

ﬂwzijﬂﬁvmf (1.14)
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Remark 1.4.1 This distribution is not a particular case neither of CG nor of CES except when
the CG distribution is a Gaussian one.

Remark 1.4.2 The derivation of the above p.d.f. is not obvious and may introduce non closed
form expressions. Furthermore, in order to develop a robust algorithm to various multivariate
distributions, the texture T will be assumed unknown and deterministic in our derivations.

Definition 1.4.2 Mizxture model with unknown deterministic textures

Let us consider independent {zy} following a CG plus WGN see definition 1.4.1. For assumed
unknown deterministic texture of the CG component (as in example 1.3.4), the likelihood of {zy}
reads

K Ko
11 flme) = 1] WGXP{_(Zk — Wz - p)} (1.15)
k=1 k=1 Tk

To conclude, this chapter presented several distributions that can account for various phys-
ical phenomenon such as impulsiveness. The distribution presented in definition 1.4.1 offers
an interesting and realistic choice for modeling the samples in array processing applications,
as it accounts for a mixture of (possibly non-Gaussian) contributions. Moreover, without addi-
tional information, choosing to model the textures as unknown deterministic offers an interesting
performance-robustness trade off on the whole class of CG distributions.

The next chapter will present distributions on orthonormal basis, which will play a central
role in this thesis.
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Chapter 2

Distributions on orthonormal basis

In this chapter, we present distributions on orthonormal basis as well as their corresponding
sampling techniques. First, let us introduce some distributions from the field of directional data
analysis.

The subscript ~ will denote a real quantity (matrix or vector). Furthermore, we define the
following spaces:

Definition 2.0.1 Real Stiefel manifold UL(R)
Uﬁ(R) denotes the set of N X R semi-unitary matrices, i.e., tall matrices whose columns form
an orthonormal basis,

URR) = {U e RVFIUTU =15}

Definition 2.0.2 Complex Stiefel manifold Z/{]I\?
L{]@ denotes the set of N x R complex semi-unitary matrices, i.e., tall matrices whose columns

form an orthonormal basis,
UR = {U e VM HUMU = 15}

Probability distributions and statistical inference for data in U£(R) and UL have been developed
primarily in the spatial statistics literature [35], starting with the circle 23 (R) and the sphere
Ui(R), then extended to higher dimensions. Overviews of directional probability distributions
can be found in [35,36]. In the following, we present some distributions that will be used in this
thesis.

2.1 Real Bingham Langevin distribution

Definition 2.1.1 Real Bingham Langevin (RBL) distribution

The RBL distribution (also called Bingham von Mises Fisher distribution) [37] is parametrized
by the matrices A € SK,, B € RE*E gnd C € RV*E where B is a diagonal matriz. The matriz
U e UR(R) is said to follow a RBL distribution, denoted U ~ RBL(A,B,C), if its p.d.f. is
given as

pRBL(fj) = CRBL(éa A, ]~3)etr {CT[NI + BﬁTAﬁ} (21)
where CRBL(C, A,B) is the normalizing constant so that prpy, defines a p.d.f. [36].

Remark 2.1.1 In general case, the normalizing constant of the RBL does not have a closed
form expression. The evaluation of crpr(C, A, B) is theoretically investigated in [38, 39] and
references therein. Nevertheless, this constant will not be needed in the derivation of this thesis.

13
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The RBL distribution encompasses several special cases, such as :

Example 2.1.1 Real Bingham distribution

The real Bingham is a special case of the RBL distribution for which C =0 and B = I;.
The matriz U e U]}\?(R) is said to have a real Bingham distribution with parameter A, denoted
U ~ B(A), if its p.d.f. reads

11 - S
pp(U) = 1Fi(5R, §N,A)_1etr{UTAU} (2.2)

where A € SJ'G characterizes the center of distribution and 1F1(%R, %N, A) 1s an hypergeometric
functions of matriz argument defined in [36].

Example 2.1.2 Real Langevin distribution

The real Langevin is a special case of the RBL distribution for which A =0adB =

The matriz U € UR(R) is said to have real Langevin distribution (also called von Mises Fzsher
distribution) with parameter C, denoted U ~ L(C ), if its p.d.f. reads as

1 17~ ~
pL(U) = 0F1(§N,iCTC)_1etr{CTU} (2.3)

where C characterizes the center of distribution and OFl(% %é C) is the hypergeometric func-
tion of matriz argument defined in [36].

Remark 2.1.2 Notice that as defined in (2.2) and (2.3), pg is invariant by rotation U’ = UQ,
vQ € Z/{g while, pr, 1s not. Hence, the Bingham distribution pp characterizes a distribution for
the range space of U (cf. Section 8.2), whereas the Langevin distribution pr, characterizes the
distribution of the orthogonal basis U.

To illustrate these distributions, Table 2.1 displays the p.d.f. of the real Bingham distribution
u ~ B(kaa?) (2.4)

and the real Langevin distributions
u ~ L(ku) (2.5)

on a unit circle U3 (R) where @ = [1/4/2,1/v/2] defines the center of distribution and & is a
concentration parameter. We note that for high value of Kk € RY, ie., k = 50, the generated
samples u ~ L(ku) are more concentrated around the center u. For real Bingham distribution,
the samples are gathered on both sides i and —, since, this distribution characterizes the
quantity uu” (cf. previous remark).

2.2 Complex generalized Bingham Langevin (CGBL) distribu-
tion

In this section, we present the CGBL distribution as a generalization of the aforementioned
usual directional statistics to the case of matrix variables with complex entries: the CGBL is a
probability distribution on the set of the Stiefel manifold U ]I\? which combines linear and quadratic
terms.
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Table 2.1: The p.d.f. of Bingham and Langevin distributions for various values of concentration
parameter  and for a prior center @ = [1/v/2,1/+/2] on a unit circle and 100 samples generated

according to these distributions
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Definition 2.2.1 Complex generalized Bingham Langevin (CGBL) distribution
The CGBL is parametrized by the set of Hermitian matrices {A,} C HY and the matriz C =
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[c1,...,cg]. We denote U ~ CGBL(C,{A,}) when the p.d.f. of U= [uy,...,ug] on UE reads

R
peasr(U) = coaL(C, {A,})exp {Z Re{cf'u,} + u? Arur} (2.6)

r=1

where ccgBL(C, {A,}) is a normalizing constant.

Remark 2.2.1 From (2.6), pcgpr, promotes the concentration of each vector w, around c, and
each range space u,ull around the subspace associated to the strongest eigenvalue of the Hermitian
matriz A,. Typically, if A, = A, Vr € [1, R], the range space UUH tends to be close to the
dominant space of A.

Remark 2.2.2 Notice that for the quadratic forms involved in the CGBL definition, we used

the formulation Zle u’ A,u, rather than the immediate counterpart of the real distribution

Tr{BUY AU}. This offers a more general parameterization that will be necessary in the deriva-
tions of Part 1.

In the following, we list some special cases of the CGBL distribution [35]:

Example 2.2.1 Complez invariant Bingham (CIB) distribution
The CIB is a special case of the CGBL where C = 0 and A, = kUU", Vr ¢ [1, R] where
Ue U]]\? represents the center of the distribution and k denotes the concentration parameter. We

denote U ~ CIB(rk, UUH) when U has as p.d.f. of the form
pcis(U) = corp(k, U)etr {HUHGGHU} (2.7)
in which ccrp(k, U) denotes the normalizing constant.

Remark 2.2.3 As for the real case, note that the porp(U) is invariant by rotation U = UQ,
vQ € L{g. This means that porp characterizes a distribution for the subspace represented by the
orthogonal projector UUH | which will be its main interest.

Example 2.2.2 Complex Langevin (CL) distribution

The CL is a special case of the CGBL for which {A, = 0} and C = kU where U is the center
of distribution and r is the concentration parameter. We denote U ~ CL(k, U) when U has as
p.d.f. of the following form

1 1y _
ra(U) = oFi(5N, ZUHU)’letr {kRe{U"U}} (2.8)
with oFy (3N, UTU) 1 is the normalizing constant for this distribution.
Example 2.2.3 Complex generalized Bingham (CGB) distribution

The CGB is a special case of the CGBL distribution for which C = 0. We denote U ~
CGB({A,}) when its p.d.f. is defined as

R
pceB(U) = coca({Ar})exp {Z quATuT} (2.9)

r=1

in which ccg({A.}) denotes the normalizing constant of pcGB-
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2.3 Sampling of the CGBL distribution

In the literature, several sampling methods are proposed in order to simulate random matrices
drawn from the aforementioned distribution. Such approaches are based on Markov Chain Monte
Carlo (MCMC) methods [40] and/or acceptance rejection schemes [41]. In Appendix A, we
present a general method to draw samples as U ~ CGBL(C,{A,}). The proposed sampling
technique is based on the results of [40] and [41] and summed as follows:

i) The generation of U is obtained as a Markov chain on the columns {u,}, as proposed
in [40,42].

i1) The generation of each u, is obtained by using the results of [41]. In [41], the authors
rely on an acceptance rejection method to sample {u,}. Notice that for sampling a vector
following a RBL distribution, [40] proposed a Markov chain on the entries of the vectors.
Both methods allow to sample the desired distribution, however, the acceptance rejection
scheme from [41] allows to reduce significantly the computation time.

i71) Notice that [40] and [41] proposed methods adapted to real distributions. In order to
generalize these sampling techniques to the case of complex distributions, we resort to the
change of variables proposed in [35] (refer to Appendix A for more details).
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Chapter 3

Low rank structures

This chapter presents a particular structure of covariance matrix and related parameterizations.
Notably, we introduce the so called low rank structured matrices, which are common for radar
processing. These structures have been successfully studied and applied to the context of radar
detection [43-45].

3.1 Preliminary definitions

In the following, we list some useful preliminary definitions:

Definition 3.1.1 Singular value decomposition (SVD)
The SVD of a given matriz A € CM*N s given as

YD ysvH (3.1)

with U € L{%, S is a diagonal M X N matriz where its diagonal entries are known as the singular
values of A and 'V € Z/{J]VV.

Definition 3.1.2 Figenvalue decomposition (EVD)
For an hermitian matriz A € CV*N | we can group the eigenvalues of A in an N x N diagonal
matric A = diag({\n}) and their eigenvectors in a N x N unitary matriz E = [e1,...,en], then,

AE = EA (3.2)

Furthermore, A can be factorized as

YD EAEH (3.3)

In order to avoid any ambiguity in this definition, we assume ordered eigenvalues as A\ > «+- >
An > 0, and an arbitrary element of each e; (e.g., the first entry) can be assumed to be real
positive.

Definition 3.1.3 Rank of a matrix

Let A be a matriz. The rank of A is the mazimal number of linearly independent column vectors
in A. Equivalently, it corresponds to the number of non zero singular values in the SVD of A.

19
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3.2 Subspaces
In order to represent a subspace in this thesis, we need to define the following notions:

Definition 3.2.1 Range space of matriz
Let A = [ay,...,ag| be a N x R complex matriz where rank(A )=R, then the range of A is the
linear space generated by the column vectors {a,}, denoted

R
span(A) = {X e CVix = Zarar; Vo, € C} (3.4)

r=1

Remark 3.2.1 Notice that for a given space full rank matriv A € CVN*R there exists an or-
thonormal basis, i.e., U € Uﬁ such that

span(A) = span(U) (3.5)

in which U is an orthonormal basis of span(A). However, the existence of U is not unique, i.e.,

span(U)=span(UQ), VQ € UE.

Definition 3.2.2 The set of orthogonal projection matrices g}@
The set of orthogonal projection matriz gﬁ, from N-dimensional space onto R-dimensional space
(R < N) is defined as

Gk = {uu|u euf) (3.6)

Remark 3.2.2 et U € Zx[ﬁ be an orthonormal basis that spans a linear space of dimension
R. Notice that the existence of U is not unique as shown in remark 3.2.1. Nevertheless, its
corresponding projection matriz TL = UUH s unique, i.e., UUH = UQQYU¥H, since QQY =
Ir, VQ € UE.

Consider U € UY that can be splited as U = [Ug|U%], where Ug € U and Ug € Uy
is the orthogonal complement of the orthonormal basis U. Denote Il = URUg S Qﬁ, and its

orthogonal complement IT+ = UJéUJRH € gﬁ—R. We have the following properties:

M- =Iy—II

Ui = Up

IIII = I1

MU =0

I =0 (3.7)

3.3 Structured covariance models
Let us start with the definitions of the following sets:

Definition 3.3.1 The set of N dimensional Hermitian matrices of rank R
’Hﬁ, denotes the set of Hermitian semi definite matriz of size N and rank R, i.e.,

HE = {Zr € HY|rank(ZR) = R} (3.8)
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Thus, each Xp € "Hﬁ, can be represented by its low rank SVD as

Ar O
0 0

= UprArUH (3.9)

SVD

S [URruﬁ[ }[UR\UaH

where Up € Z/l]]\? and A € REXE s o diagonal matriz with positive entries.

Definition 3.3.2 Low rank plus identity structured matrices
HﬁR denotes the set of low rank component plus scaled identity matriz given as

’H%gR: {2R+021NE(CNXN|ERE'H§} (3.10)

where the quantities N, R and o2 allow to define various sets (and are left implicit for the ease
of notation).

The low rank plus identity structured matrices is common for radar processing. Indeed,
this structure appears naturally for lows dimensional signals embedded in thermal noise. For
example, if we consider the model of CG plus WGN in Definition 1.4.1, the covariance matrix of
the signal belongs to ’H]L%R if the covariance of the CG component belongs to Hf}.

3.4 List of operators

We define, in this section, some operators which will be needed in our derivations:

Definition 3.4.1 Pr{.}
The operator Pr{.} extracts the first R eigenvectors from a given matriz in ’H—’]\}, 1s defined by

. + R
SVD

M L [Ug|UL] D [Ug|ULH — Pp{M} = Us. (3.11)

Definition 3.4.2 Rr{.}
Rr{.} is the range space spanned by the R principal eigenvectors of a given Hermitian semi
definite matriz defined as

Rr: HE — gR
SVD

3.12
3 "= [Ug|U{D[UR|URH — URUH (312)

Definition 3.4.3 Ppyoc{.}
The operator Pproc 18 the projection onto the complex Stiefel manifold see (cf. definition 2.0.2),
defined as

Pproc : CNxR ? uj}\;

TSVD

3.13
z™YP UDVH s Ppoo{Z} = UVH (3.13)

where 2P defines the thin-singular value decomposition of a given matriz, i.e., the SVD that

only keeps non-zero eigenvalues.

Definition 3.4.4 Tr{.}
This operator associates to any Hermitian matriz 3 € 7-[?(, 1ts projection on HﬁR where
Tr: ML —  HY

= *X [U|u] [AOR 0 }[U|UL]H — Ta{Z}°F [U[UY] [AR 0

0 YInN-r

3.14)

D |
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where ¢ € R is assumed known and

[Alii =

)

{

max([A]i,i, 1/)),

¥,

1t <R

3.15
1> R ( )



Chapter 4

Conclusion

In this first part, we presented the definitions of the distributions and matrix structures that are
used in this thesis. Chapter 1 presented several distributions for vectors observations including
Gaussian, CG and and their mixture. Chapter 2 introduced several distributions on the Stiefel
manifold (set of semi-unitary matrices). In Chapter 3, we focused on Hermitian matrices modeled
as a sum of low rank component (where the signal of interest lies in) and we presented several
matrix structures. The following of this thesis is divided into two parts that propose adaptive
signal processing methods:

In Part 11, first, we consider the problem of low dimensional signal subspace estimation in
a Bayesian context. We focus on CG signals embedded in WGN, which is a realistic modeling
for various array processing applications. We propose algorithms to compute various Bayesian
subspace estimators in this context. In order to introduce the prior information on the subspace
basis (required for deriving Bayesian estimators), we make use of the CGBL distribution. Such
approaches have shown their interests for signal subspace estimation in the small sample support
and/or low signal to noise ratio (SNR) contexts. Numerical simulations illustrate the perfor-
mance of the proposed algorithms. Finally, some practical examples of Bayesian prior design are
presented for the purpose of radar detection.

Part IIT deals with testing the similarity of covariance matrices from groups of observations
in the context of low rank structured covariance matrix. Such approach has been shown to be a
relevant for change and/or anomaly detection in synthetic aperture radar (SAR) images. While
the term "similarity" usually refers to equality or proportionality, we explore the testing of shared
properties in the structure of covariance matrices as specified in Chapter 3 in Part 1, i.e., low
rank component plus scaled identity matrix. Specifically, we derive generalized likelihood ratio
tests (GLRTS) to infer:

i) on the equality of the low rank signal component of covariance matrices,
i1) on the proportionality of the low rank signal component of covariance matrices,
ii1) on the equality of the principal subspace component

The formulation of these tests involves non-trivial optimization problems for which we tailor effi-
cient maximization minimization (MM) algorithms. Eventually, the proposed detection methods
enjoy interesting properties, that are illustrated on simulations and on an application to real
data for change detection of SAR images.
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Part 11

Bayesian subspace estimation
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Chapter 1

Subspace estimation

Subspace estimation is an ubiquitous problem in signal processing, as it is often required to
infer the low-dimensional space where information lies in. It is considered as the cornerstone
of a plethora of applications and algorithms such as PCA [2], DOA estimation [1,46,47] and
for adaptive filtering/detection and interference cancellation [3,28,48-54]. The performances of
the aforementioned applications depend on the accuracy of subspace estimation. Nevertheless,
the latter becomes a challenging problem in the presence of non-standard conditions such as low
sample support, low SNR, non-Gaussian observations or presence of outliers in the training set,
which motivated the present work.

Along this Part, N denotes the size of the data, K represents the number of samples and R
is the rank of the signal subspace (R < N). We denote by {z;} (columns of Z € CV*K) the
sample vectors, U € Uﬁ an unknown orthonormal basis of the signal subspace, S € CEXK the
matrix containing the signal of interest and N € CN*X the additive noise.

1.1 The subspace estimation problem

1.1.1 General formulation and motivation

In signal processing application, the information in samples {z} often lies in low dimensional
structures, i.e., {z;} can be well represented by a low dimensional signal embedded in a high
dimensional ambient space. For this model, z; € CV are drawn as:

Zj = S + ny (1.1)

where s; denotes the signal of interest, which lies in low rank subspace of dimension R < N,
spanned by the semi unitary matrix U € Uﬁ and nyg is an additive noise.

Our main interest is to estimate the subspace from the data set {z}. Several approaches exist
to respond to this problem. From a geometric perspective, subspace estimators can generally be
seen as minimizers of a distance d, defined between the samples and U, i.e.,

K

5 _ - 1.2
U argm&n;d(U,zk) (1.2)

1.1.2 Notes on rank estimation

The problem of determining the dimension of the subspace R from the observations will be re-
ferred to as rank estimation. It can be casted into a classical model order selection problem
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that arises in a variety of important statistical signal and array processing systems. In [55,56],
the problem of optimal rank estimation is investigated in the context of the standard array ob-
servation model with additive WGN. The latter studies demonstrated the existence of a phase
transition threshold, below which eigenvalues and associated eigenvectors of the sample covari-
ance matrix (SCM) fail to provide any information on population eigenvalues. As such, the
majority of algorithms for rank estimation are based on analysis of the eigenvalues of the SCM.
For instance, before performing a given processing (as for the multiple signal classification (MU-
SIC) algorithm [1]), the number of sources is assumed known. To do so, methods to detect
the number of sources have also been developed both in the statistics and signal processing
communities [57].

In other cases, the determination of R may be directly obtained by integrating physical
prior knowledge on this parameter [58] (e.g., this is the case for space time adaptive processing
(STAP)). Indeed, the disturbance in STAP [59] is generally known to be composed of a low rank
clutter plus an additive WGN where the rank can be evaluated from [60].

In this thesis, we will always assume that the rank R is known or pre-established (e.g. by
one of the cited references).

1.2 State of the art of subspace estimators

1.2.1 Probabilistic PCA and sample covariance matrix (SCM)

Most commonly, the signal subspace is estimated through the strongest eigenvectors of the SCM.
This corresponds to the maximum likelihood estimator (MLE) for the classical model with ad-
ditive WGN [61]. The SCM estimate is given as

K
~ 1
Uscm = Pr {K Z zkzkH} (1.3)

k=1

where the definition of the operator Pr{.} is given in Definition 3.4.1 in Part L.

The SCM provides an accurate estimator for high SNR and/or for large number of samples.
Nevertheless, it shows its limits outside these asymptotic regimes. The latter is also known to
be sensitive to miss-modeling, e.g., presence of outliers or non-Gaussian observations.

1.2.2 Fixed point estimator (FPE)

To overcome the robustness issue, a possible alternative is to consider the CG modeling [16]. This
approach leads to new subspace estimator, built from the SVD of a robust covariance matrix
estimator [18,26]. For example, one can use Tyler’s estimator, defined by

K

BN N 7z
Sppp = Y ek (1.4)
K i1 21 Spppzk

This estimator is an approached MLE of the covariance matrix for full rank CG component, i.e.,
z ~ CG(0,3, 1), its corresponding subspace estimator is

Urpg = Pr{Zrpre} (1.5)

The latter is popular thanks to its robustness and it is employed in several array processing
applications such as radar detection (see [12] and references therein). Nevertheless, this esti-
mation process requires a number of samples K > N. For under-sampled configurations, i.e.,
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K < N, |62-64] proposed to regularize this covariance matrix estimator by a diagonal-loading
technique. This estimator is referred to as shrinkage fixed point estimator (SFPE) reads,

N N X
Esrre(8) = (1 - F) % >
k=1

H
VAN A

— =k 4 BTy (1.6)

2y, YgpppZk

where 8 € [max(0,1 — K/N), 1] and its corresponding subspace estimator is

Usrrr = Pr{Zsrpe) (1.7)

We note that for small number of samples (K < N), existence conditions [65] impose the
introduced bias to be inherently significant.

Remark 1.2.1 The Tyler estimator (1.5) may not be the most appropriate for the considered
model of low-rank CG component plus WGN for two reasons: First, its corresponding model does
not take into account the low-rank structure of the CG component. Therefore, it may lead to a
loss of performance. Secondly, this estimator requires K > N secondary data to be computed,
which is a problem for high-dimensional data. Moreover, this requirement does not allow to take
full advantage of the low-rank assumption in the cases where 2R < N.

1.2.3 MLE for CG sources embedded in WGN

In [19,45], the MLE for the signal subspace is derived for the CG plus WGN of definition 1.4.1
of Part I, i.e., s ~ CG(0,%,7;) and n; ~ CN(0,02%). In these works, the CG component is
assumed to lie in a low rank subspace spanned by U € L{ﬁ (see Section 1.1.1), so its scatter
matrix ¥ = UAUY where A € R is a diagonal matrix. Algorithms to compute this MLE
are proposed in [19,45].

1.2.4 MLE for CG sources embedded in heterogeneous noise

In [30], a MLE based subspace estimator is designed for data modeled as a CG distributed signal
of interest embedded in heterogeneous noise (CG outliers plus WGN) where each sample vector
7y is modeled as

Zi = Si + ng + o (1.8)

with s; + ng follows the same mixture model as described in the previous Section 1.2.3 for
which ¥ = UU¥. However, [30] considered the potential presence of outlier og, modeled as
o, ~ CG(0,ULUL" 3,) where UL € UY T denotes the orthogonal complement of the or-
thonormal basis U. This modeling allows to develop robust estimation procedure to various
noise distributions and to outliers and its MLE reads

K

Uwmie = Pr {Z (UL, Zk)ZkaH} (1.9)

k=1

where the function ¢ is defined in [30].

1.2.5 Bayesian subspace estimation methods: maximum a posteriori proba-
bility (M AP) and Minimum mean square distance (MMSD)

The aforementioned estimators were not derived in a Bayesian setting, in the sense that they
did not assume a prior on the subspace of interest. In this context, a prior distribution of the
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subspace orthonormal basis can be assumed to integrate a prior knowledge on the basis of interest
U denoted by p(U). Indeed, assuming p.d.f. p(Z|U,8) and p(U) yields various estimators such
as the MAP or the MMSD (where 6 denotes side/nuisance parameters in the model of Z).

The MAP estimation has been adopted as a standard approach for solving many high di-
mensional inverse problems where a prior knowledge is available. This estimator has been used
in subspace estimation context in e.g. [66] and [67], where the MAP is proposed assuming Bing-
ham /Langevin as a prior distributions on U. Its generic definition is the following:

Definition 1.2.1 Mazimum a posteriori probability (MAP) for U
Assuming a parametric model a distribution p(Z|U, @) and a prior distribution U ~ p(U), the
MAP is defined as

Unap = argmax p (U|Z,6) = argmax p(Z|U,0) p(U) (1.10)

The MMSD minimizes the expected distance between the true projection matrix and its
estimate [66,68|. The latter is an intuitively appealing method, as it is based on a natural metric
in the complex Grassmann manifold [36]. In the context of subspace estimation, the MMSD has
been introduced in [66,68]. More specifically, [66] derives a practical formulation of the MMSD
estimators when the subspace of interest is parameterized by its orthonormal basis.

Definition 1.2.2 Minimum mean square distance (MMSD)
Assuming a parametric model a distribution p(Z|U, 0) and a prior distribution U ~ p(U), the
MMSD is defined as

Uuusp =argmin Eugz {| 007 - vu” |3}
U

=argmax Ey z{ Tr{UHuUun
U

—agmax [ | [ 501U DUz (2)02 (L11)

— arg max / Tr{UHUU"U}p(U|Z)dU
U

— arg max Tr{ﬁH [/ UUHp(U|Z)dU] ﬁ}
U
which can be obtained as
Cmasso = Pr { / Uqu<U|Z>dU} — Py {M(p(U|2))} (1.12)

in which
M(p(U|Z)) :/UUHp(UyZ)dU (1.13)

Remark 1.2.2 The expression of the MMSD depends on p(U|Z), which is specified based on
both the data model and the prior distribution assigned to the parameters. Usually, there is no
closed form solutions to compute M(p(U|Z)). However, (1.12) can still be evaluated using the
so-called induced arithmetic mean (IAM) [66] of the semi-unitary matriz, as

1 Npi+Nr
07~ H
UxPriw 2. UwUn (1.14)
r n=DNp;+1
where U, are sampled from p(U|Z), Ny; stands for the burn-in samples (number of thrown
samples from the Markov chain), and N, is the number of samples used to evaluate the integral.
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Example 1.2.1 MMSD estimator

We present an example of the MMSD estimator for linear model described in [66] involving
the uniform prior for the sources distribution with real entries, i.e., zp ~ N(O,fJfJT + o?Iy),
Ue UR(R) and real Bingham prior for the basis of interest, i.e., U ~ B(A). This MMSD has
the following closed form expression

~ 1
Unmmsp-Lm-B = Pr {A + MZZT} (1.15)

where o2 is the variance of an additive WGN.

1.3 List of following contributions

e In Chapter 2, we consider the low rank CG sources embedded in WGN. The novelty in
our statistical model, is to incorporate a prior knowledge on U, i.e., U ~ CGBL(C, {A,}).
We develop an algorithm to compute the MAP estimator for the proposed model based on
the MM algorithm [69]. Then, we derive a Gibbs-sampler based algorithm to compute the
MMSD estimator, which follows the framework of [66].

e In Chapter 3, we consider the same model as Chapter 2 with an added outlier component.
This modeling has been successfully used in [30] in order to develop robust estimators in
a non Bayesian context. We extend this work to the Bayesian framework and propose the
corresponding MAP and MMSD estimators.

e In Chapter 4, numerical simulations show that the inclusion of a Bayesian prior on the
subspace orthonormal basis can significantly improve the performance of the estimation
process. The design of this prior depends, of course, on the considered application and
comes from appropriate physical considerations/models. In this scope, we also illustrate
the practical use of the proposed methods for STAP detection. The proposed application
directly leverages the physical model of [70] in order to improve the performance of low
rank detectors [32,33] at low sample support.
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Chapter 2

Bayesian subspace estimators

In this chapter, we focus on the context of low rank CG sources embedded in white Gaussian
noise described in Definition 1.4.1 of Part I. This choice is motivated by the fact that the CG
distribution has been considered in many modern robust signal processing applications. Hence,
the considered model can accurately describe clutter (or power-fluctuating sources) plus thermal
noise observations, which are common in plethora of signal processing application [19, 69, 71].
However, these studies were never brought to a Bayesian context, in the sense that they did not
incorporate a prior knowledge into the estimation process of signal subspace. We fill this gap by
deriving new Bayesian estimators in the context of CG distributed sources embedded in WGN
where we assign to the basis of interest U the CGBL distribution.

2.1 Data model and problem statement

We rely on the data model in (1.4.1) namely, the mixture model. This formulation is useful
to model clutter (or power-fluctuating sources) plus thermal noise in several array processing
applications, such as radar [19,32,33,69,71]. For this model, the samples {z;}2* | (the columns
of Z) are drawn as

Zj, = S + ng (2.1)

where

e s, ~ CG(0,X, 1) are the low rank CG distributed sources. Moreover, the source scatter matrix
is parameterized by its low-rank SVD as

1[5 oo 2.2
In addition,

i) {71} are the CG textures assumed to be positive unknown deterministic.

i) A = diag({)\,}) is the matrix containing the scatter matrix eigenvalues, which are assumed
to be positive unknown deterministic.

i) Ueld f\? are the eigenvectors of the scatter matrix, whose columns spans the signal subspace
basis. The latter follows the distribution U ~ CGBL(C, {A,}).
e n; ~ CN(0,0%Iy) is an additive WGN of known or pre-estimated variance 0.

The data matrix can be therefore written as

Z=UST+N (2.3)

33



34 CHAPTER 2. BAYESIAN SUBSPACE ESTIMATORS

with the columns of S € CE*X distributed as 8§, ~ CA(0,A) and T = diag({,/7x}). The latter
reads as a modified linear model, with unknown power fluctuations for each sample gathered in
the matrix T.

Remark 2.1.1 In this section, we consider the hybrid Bayesian model because our main interest
1s incorporating a prior knowledge on the signal subspace in the estimation process. Conversely,
we choose not to specify the p.d.f. of the texture parameters {1} (and the eigenvalues {\.})
which are assumed unknown and deterministic. By doing so, we ensure more robustness to any
prior mismatch w.r.t. these parameters. Moreover, this assumption also allows for computational
tractability since including a prior distribution on {11} in the considered model leads to integral
functions that are complex to handle [72]. In the following, for sake of conciseness and with
an abuse of language, the ML-MMSD hybrid Bayesian estimator (respectively ML-MAP) will be
simply referred to as MMSD (respectively MAP).

By denoting
¥, = v UAUT + 021y Vk € [1,K] (2.4)

we have for each sample the conditional representation, z;|U, A, 7 ~ CN (0, X}), leading to the
conditional p.d.f. of the sample set Z as

K K exp {—ZHEflzk}
p(Z|U, {)‘7’}7 {Tk}) = Hp(Zk‘U, {)‘T}v Tk) X H det]sz’; (25)
k=1

k=1

where det(Xy) = o2(V-1) ]_[f”:l(m)\r + 0?).
Thanks to the Sherman Morrison Woodbury lemma [73,74], the expression of 2,;1 is simplified
as

¥ =07 UT,UX (2.6)
where T, = 021z — (71, A + 0%Ig) ! is a diagonal matrix of entries

TEA

2(rih, + o) 27

[I‘k]r,'r = Vkor =

From (2.6) and (2.5), some manipulations allow to the posterior probability of U to be rewritten
as

K exp {—zkH (=) 'z
p(U|Z, {11}, {\}) x p(Z|U, {7k}, { \})PcaBL(U) x H det(Z)
k=1

K R 1
X H (H ) exp {—zkH(—UI‘kUH + 072IN)Z]€} pCGBL(U)

pcesL(U)

K
exp {Z ZEUFkUHZk} pcasL(U)

K R 1
H H W) exp {Z ungur} pcaeL(U)

r=1

K R 1 R
Il ) e {Z Re{c/u,} +ul [A, + M, ur} (2.8)

r=1
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with
K

M, = v, 72, (2.9)
k=1
where 7y, ,. is given in (2.7).
In this chapter, we aim to develop Bayesian estimators of the subspace orthonormal basis
U according to the data model (2.1). The first proposal is a MM algorithm to compute the
MAP estimator. The second is an algorithm to evaluate the MMSD through MM iterations
and a Gibbs sampling scheme. Additionally, we present a special case, referred to as “simplified
model” where we consider all the non null eigenvalues of the scatter matrix are all equal to 1
and U ~ CIB(k,A). We note that for this special case the MAP and the MMSD estimators
coincide, and can be obtained through closed form updates. Considering these approaches, the
properties of each method are listed below:

e Theoretically, the MMSD approach offers best performance in terms of expected distance
between the estimated and true signal subspace projection matrices. Nevertheless, the
computation of the MMSD estimator usually requires a Gibbs sampler scheme which can
be computationally expensive.

e The MAP is theoretically sub-optimal (compared to the MMSD), but can generally reach
good performance in practice. Moreover, the proposed algorithm to compute this estimator
only involves closed form updates, which significantly reduces the computation time.

e The MMSD for the simplified model is interesting because it does not require a Gibbs
sampling scheme to be computed. The assumed simplification is not necessarily realistic
and introduces a mismatch w.r.t. the true model, however, numerical simulations will
illustrate the interest of the approach.

2.2 Maximum a posterior probability estimator

In this section, we derive a subspace MAP estimator for the data model (2.1) that maximizes
the posterior probability. The latter reads as the solution of

maximize p(ﬁ\Z, {e}, {})
U7{7—k}7{)‘7“}

subject to 7 >0VEk, A\, >0 Vr (2.10)
UHU =15
From (2.8) and (2.10), this problem can be recasted as
K
‘maximize Z Re{cd,} +af [A, + M, ]G, Z In(mp\ + 0?)
ICO RIS RO — 1
subject to T > 0VEk, A\, >0Vr
U0 = IR with U = [ty]...[dR]

Tk;)\ H
M.,
Z o (TpAr + 02)Zkzk

(2.11)

To solve this problem, we derive an iterative based MM algorithm that sequentially updates
the variables U?, {71}, {A\L} at the t-th iteration. Specifically, we make use of the block MM



36 CHAPTER 2. BAYESIAN SUBSPACE ESTIMATORS

algorithm [75]| for this problem. This algorithm performs a block coordinate update of the
parameters by minimizing the surrogate (majorizing) function of the objective. The interest of
the majorization lies in the possibility to obtain closed form updates and to ensure a monotonic
decrement of the objective value at each step. There are general no results on the convergence
towards the global minimum, but good performance is observed in practice. Furthermore, the
convergence of the objective function is guaranteed under certain mild conditions [76].

The resulting algorithm is summed up in the box Algorithm 1. A brief explanation of the
derivations is given below.

2.2.1 Algorithm derivation

First, the variables ﬁ, {\+}, and {71} are initialized. This initialization can, for example, be
taken from the R strongest eigenvectors and eigenvalues of the SCM for U and {\,} and the
norm of the samples for 7.

2.2.1.1 Update of the basis U

By fixing {A\L}, {%}, the update of the basis of interest U't! is obtained by solving

R
ma?irr}lize Z Re{c/d,} + 0/ (A, + ML) G,
ur r=1

(2.12)
subject to UMU =1z with U = [y]...[d5]

t\t
TR

AT This problem has not a trivial solution due to

K
with M! = > 727Tzkz,€H and v, . =
k=1

the semi-unitary constraint. Therefore, we apply the MM procedure in order to obtain closed form
updates that improve the value of the objective at each iteration. An update of the orthonormal
basis can be obtained thanks to Proposition B.1 in Appendix B. This update reads as

U = Ppyoc(HY) (2.13)

where

H'=S'+1/2C and S'=[(A;+M)u! | ... | (Ag + My)uby ] (2.14)

with u! is the r-th column of the matrix U! and the operator Pproc is defined in Definition 3.4.3
in Part L.

2.2.1.2 Update of the texture parameter

The optimization problem in (2.11) w.r.t. {7x} for other fixed variables can be expressed as
separable sub-problems in 7, as

R
minimize Z In (T AL + 02) —

Tk

Tk)\f« t+1
TN 4 o2 R (2.15)

r=1

subject to 7, >0

with zj 1 = |[zful*!||2. This problem has no direct solution but a closed form update can be

obtained thanks to (B.11) from Proposition B.2 in Appendix B for which we identify 7, = a,
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M =b, R=P,s,= zl’;tl and of, . = 0. Consequently, the update reads

R tJ,»l t t
1 Z kT Tt)\t—‘,—o'? Z 0 TZAt-‘rO'Q
t+1 & r=1 r=1 (2 16)
Tk‘ - R R . .
Z O‘k,r)‘r'
t\t 2
= TRAL o

2.2.1.3 Update of the eigenvalues

By fixing the remaining variables, the optimization problem (2.11) w.r.t. {\.} is equivalent to
the optimization of the following sub-problems

K PP
minimize E In TtH)\ +0o ) — Jirzlitl
Ar Pt T A+ o2 " (2.17)

subject to A, >0

Similarly to the update of texture and by using (B.11), we can apply Proposition B.2 in Appendix
B with A\, = a, 7'?_1 =b,, K = P and Bfw. =0,, z,t;;} = sp. The updates of )\, are then given by

K t+1yt t
t+1 T Ar
Rk t+’f)\t — E o? t+1>\t 2
1 =1 Ty ~to +o

t+1 _ 1
N = o (2.18)
2 i

Algorithm 1: MAP for the general model (2.1) Upap
input :Z,C,{A,},0% R K, N
output : MAP estimators of U, {7}, {\+}
initialize: U°, {70} and {\’}

1 fort=0...T—-1do

2 | Update Ut! = Pp,.(H?), with H in (2.14)

3 | Update 7/t Vk with (2.16)

4 | Update AL Vr with (2.18)

5 end

2.3 Minimum mean square distance estimator

2.3.1 The subspace MMSD estimator for CG distributed sources

We recall that according to the data model in (2.1), U ~ CGBL(C, {A,.}) and z;, ~ CN(0, 7, UAU +

0?Iy). Based on (1.11) and (2.4), the MMSD estimator of U is expressed as the solution of the
following optimization problem

minimize Ey gz {H uu —uut H%}
Uv{Tk}7{’\’V'}
subject to 7 >0VEk, A\, >0Vr

U0 =1

(2.19)
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In order to solve this optimization problem, we derive in the following an iterative algorithm
that sequentially updates the variables U, {r),} and {\.}. The update of U requires a Gibbs
sampling scheme, while for updating both the texture {74} and the eigenvalues {\,}, we use the
MM procedure from Section 2.2. The overall algorithm is summed up in the box Algorithm 2.

2.3.2 Algorithm derivation

The initialization of the variables UY, {2\ and {79} is done as for the MAP estimator. The
updates of the blocks U, {\,} and {7} are detailed below:

A~

2.3.2.1 Update of the basis U

For fixed blocks {1} and {A\L}, the update Ut is obtained by solving the following problem

minimize Eygz {H uu? - uuf ||%}
: (2.20)
subject to UHU =1j

The latter corresponds to the MMSD estimation process. Thanks to the expression (1.12), the
update is obtained by

U = PR {M(p(U|Z, {1}, {\:})} (2.21)
with
M(p(U|Z, {7}.}, {\}) = /UUHP(U!Za{TZ}»{)\i})dU (2.22)

The posterior probability in (2.8) is recognized as (U|Z, {rt}, {\!}) ~ CGBL(C,{GL}) with
G! = A, +ML, Vr € [1, R]. With this general distribution, there is no closed form for computing
the integral in (2.22). Nevertheless, the update can be evaluated by the IAM as given in (1.14)
where Ul(tn) are sampled as Ufn) ~ CGBL(C, {GL}). In order to do so, an efficient Gibbs
sampling procedure to draw the CGBL distribution is given in Appendix A. Special cases for the
sampling scheme required on this update are given in Table 2.1.

2.3.2.2 Update of the eigenvalues and the textures

For fixed IAJtH, the update of the eigenvalues and the texture is equivalent to solve respectively
(2.17) and (2.15). Consequently, the updates of {7471} and {\:*!} are obtained respectively
from (2.16) and (2.18).

2.4 Simplified model

In this Section, we focus on a special case that we refer to as simplified model, where ¥ = A\UU.
The following considered relaxation from the true model, e.g. used in [72], allows for interesting
simplifications that significantly reduce the computation time of the estimation procedure. Note
that any scaling on the scatter can be absorbed in the textures parameters as 7 = Ar, so we can
assume X = UU¥. For this model, z;|U, 7, ~ CN(0,X}), thus, the covariance reads

>, = 1 UUH 4+ 021y (2.23)
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Table 2.1: Posterior distributions for standard priors on U under simplified (SM) and general

(GM) models

The prior complex distribution of U

Posterior distribution p(UJZ) for a given model (SM/GM) [ to be sampled for MMSD |

Generalized Bingham CGB({¢(r)A})

p(U) o< exp { /L, o(r)ull Au, | SM: p(U|Z)su o exp { i uff ($(r)A + wm} CGB({6(1)A + W})
=
GM: p(U|Z)gm o< exp { i uf (p(r)A + Mr)ur} CGB({¢(r)A + M, })

Langevin CL(xk, C)

p(U) x etr {kCUH} SM: p(U|Z)sm x etr {Re{rCHU} + UHWU}

CBL(kC,Ig, W)

P
GM: p(U|Z)am x expi > Re{wcHu,} +ufM,u,
p=1

|

CGBL(kC, {M,})

Invariant Bingham CIB(k, A)

p(U) x etr {kUZ AU} SM: p(U|Z)sm x etr {UH (kA + W)U}

Closed form Pr{xA + W}

I
GM: p(U|Z)gm x exp { S ull (kA + Mr)ur}
p=1

CGB({rkA + M, })

Algorithm 2: MMSD for the general model (2.1) Upnvsp

input :7Z,C, {A,}, 02, R, K, N, Ny;, N,
output : Unmsp, {7x}, {M\}
initialize: U°, {70} and {\!}
1fort=0...T—1do
2 for n=1... Ny; + N, do
3 Sample U,y = CGBL(C, {G!t}) ccf Appendix A
4 end
5| Update U1~ P { 4= 00 U UGy
6 | Update 7/t Vk with (2.16)
7 Update Xt vr with (2.18)
8 end

Using the Sherman Morrison Woodbury lemma, E,;l reads as

S = (R UUH 402 =0 20— —— £ UUH, vk 2.24
k (Tk +o ) g 02(Tk n 0_2) ) ( )
Then, the p.d.f. p(Z|U,{7x}) reduces to
K K Hs -1
exp {—zk 3 zk}
p(2IU. (7)) o T (el U.m) oc ] P2
k=1 k=1
K - K
k H 2\—R
X exp — - U 2,2, U (T +07)
K
x etr {UTWU} <H(7‘k - 02)_R> (2.25)
k=1
where W = ZBZ" and B = diag ({UQ(TTllJrJQ) UQ(T;K+02) }) In order to obtain closed form

expression, we assign to U a conjugate prior of (2.25), i.e., U ~ CIB(k, A), thus its p.d.f. reads
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as pcis(U) o etr{ kU7 AU}.

2.4.1 The MMSD estimator for the simplified model

In this case, the MMSD estimator of the basis U is defined as the minimizer of the following
problem
minimize Ey gz {H uU —uu” H%}
U7{7-k}
subject to 7 >0, Vk

UHU =15

(2.26)

Following the previous lines, we develop an iterative estimation method by solving (2.26)
w.r.t. U and {71} sequentially. The box Algorithm 3 sums-up the main steps of the estimation
process which are detailed in the following.

2.4.1.1 Update of the basis U

Now, we assume that the block {7‘2} is fixed, consequently, the updated U+ is the solution of
the following problem

minimize Ey.z {H UUH - uuX ||%}
19} (2.27)
subject to UHU =1p
In this case, the updated basis U1 is derived as the MMSD estimator in (1.12) leading to
U = Pr {M(p(U|Z, {7i})} (2.28)
where
M(p(UIZ {1}})) = [ UU"p(UIZ {1}})dU (2:29)

From (2.25), the posterior probability p(U|Z, {}}) reads as

p(U|Z,{7},}) < p(Z|U, {r.Dpcis(U) o etr {kUT AU} etr {UTW'U}  etr {U” (kA + W' U}
(2.30)

Tt Tt

with Wt = ZB'ZH and B! = diag ({ S e }) Using Proposition 1 from [66],

o?(ti+0?) o?(th+0?)

we notice that the updated basis admits the following closed form expression

U = Py {/ UU etr {U (kA + W)U} dU} =Pr{rA+ W'} (2.31)

This specific model provides a closed form solution with an interesting interpretations. Indeed,
this MMSD appears naturally as the principal subspace of the sum of the SCM using scaled
samples and scaled prior subspace projector.
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2.4.1.2 Update of the texture parameter
For fixed U1, the update of {74} is obtained by maximizing the p.d.f. p(Z|U, {r}.}) as

maximize p(Z|ﬁt+1, {7%})
xdm (2.32)
subject to T >0, Vk

with 2, = 7, U0 4+ 621y, Vk. Minimizing the negative log-likelihood is equivalent to

solve
K

minimize I (det(5)) +#f! (5) " ay
Tk k=1

subject to T, >0, Vk

(2.33)

which leads to

Hﬁt+1ﬁt+1H
i = max (Zk 7 % _ 0,0, Vk (2.34)

2.4.2 The MAP estimator for the simplified model
From (2.30), the update of the basis of interest is the solution of the following problem

maximize U (kA + WHU
U o (2.35)
subject to UHU =1p

Given that kA + Wt € H]J\“,, the updated basis for the MAP estimator is

Ut = Pr{kA + W'} (2.36)

which corresponds to (2.31). Furthermore, we can notice that the MAP update of {75} is iden-

tical to (2.34). Therefore, in this case, the MAP estimator coincides with the MMSD estimator.

Algorithm 3: MMSD estimation of subspace for the simplified model Ugyisp
input  :Z, A, o, R, K, N, &
output : Ugmsp, {7x}

initialize: U°, {79}
1 while stop criterion unreached do
2 | Update U' = Pg {rA + W'}

~ o~ H
ZkHUtUt Z

3 Update 7}, = max (R — o2, 0)

4 end
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Chapter 3

Bayesian subspace estimators in the
presence of outliers

The newly proposed subspace estimators in Chapter 2 have been derived in the context of CG
sources embedded in WGN. These estimators may show poor robustness to the introduction of
outliers. Notably, samples corrupted by outliers are distorting the dominant eigensubspace of
the SCM (phenomenon also referred to as subspace swap [77]). As a remedy, we aim to build an
estimate of the basis of interest that is robust to outliers. We derive in the following, the MAP
and the MMSD estimators in the context of CG sources embedded in heterogeneous noise (CG
outliers plus WGN).

3.1 Adding outliers to the CG plus WGN model

The data is modeled as a sum of CG sources s, WGN nj and CG outlier og. For this model,
the samples {zx} reads as
zy, = Si + o +ng, Vk € [1, K] (3.1)

For each of the parameters, we will assume the following distributions

e The signal s ~ CG(0,%,7) lies in low rank subspace of dimension R which is as-

sumed pre-established. The SVD of the source scatter matrix is assumed to be X SYb
[U|U+] [Ié% 8 [U|ULH. Notice that, as done in [30,72], the non-null eigenvalues of 3

are assumed to be equal to 1. The hypothesis of eigenvalues equality is a relaxation that
is made for tractability purposes but still offers interesting performance in practice [30].
Additionally, any scaling of the signal covariance matrix is absorbed in the textures 7y of
the CG distribution.

e The signal subspace orthonormal basis is distributed as U ~ CGBL(C, {A,}).

e The potential outlier is distributed as oy ~ CG(0, X,, 8;), with a covariance matrix defined
by 3, = Iy — UUH = ULULH, where U+ is orthonormal complement of the source sub-
space basis. This outlier model is interesting in terms of robustness since it corresponds to
the less-informative prior, as well as the worst-case outlier in terms of subspace estimation.

e The additive noise ny, is distributed as n; ~ CN(0,0%Iy). For the sake of clarity the

variance o2 is assumed pre-estimated.

43
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These hypotheses lead to zy |7k, 85, U ~ CN (0, y) with
%) = 7 UUY 4+ 8, U U 4 021y (3.2)

Then, the p.d.f. of Z conditional to {74}, {8}, U with Z = [z1, ..., zk], reads

K
P2 () 0) = [T tantri 50 H ool o T ) 33)

Thanks to the Sherman Morisson Woodbury lemma, the expression of E,;l is given by

_ 1 Ty — B
1 k k H
= I-— Uuu
Fo24 8, (024 Tr)(0% + By)
1 Tk H B H
= I-— vt + ———0UU 34
o2+ By o?(o? + 1) o%(0? + B}) (34

From (3.3), the posterior probability of U|Z, {74}, {5} is expressed as

p(UIZ, {7k}, {Bx}) o< p(Z|U, {71}, {Bx}) pcarr(U)

o~ ﬁ exp {—zkHﬁlzlzk}

pcarr(U)
k)

P det(X
K
k JAUUH _ B Hyr1H
x kl_Il hrexp {02(02 — z;; UU Zk} kl_[lexp { 2007 + 5k)Zk uUu zk}pCGBL(U)

K R
x <H hk> etr{UPMU}exp {Z Re{cu,} + quATuT}

k=1 r=1
K R
x <H hk> exp {Z Re{cu,} + ufl (A, + M)ur} (3.5)
= r=1
with
b — 1
E T (ke + 0o)E(By + 02N
. - b TK — Pk H
M = Zdiag <<a2 TR B Rt R0 +6K>> 4

3.2 MAP estimator

In this section, we aim to develop the MAP of the sul/o\space orthonormal basis U according
to the data model in (3.1). This subspace estimator U maximizes the posterior probability
p(U|Z, {7y}, {B}). Our proposed MAP estimator reads as the solution of the following problem

maximize p(ﬁ|Z, {763 {Bk})
U {71} .{B}

subject to T >0, 8, > 0Vk (3.6)
U0 =1
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This problem is equivalent to minimizing the negative log (p(ﬁ]Z, {7k}, {Bk})) For (3.6) and

(3.5), this optimization problem is recasted as following

K R
minimize Z Rin(ty + %) + (N — R)n(B, + o?) — Z Re{c/d,} +a (A, + M1,
Uv{‘rk}v{/gk} k=1 r=1

subject to T >0, 8, > 0 Vk
UHU =15

(3.7)

This formulation involves non-trivial optimization problem due to the unitary constraint. We
propose an iterative algorithm which updates sequentially the parameters U, {74} and {8}
For updating U, we make use of the MM algorithm for solving the above problem w.r.t. U and
while fixing the remain variables. Whereas, for updating {7} and {5, }, we obtain closed form
updates for both of them. The main steps of the estimation process are summed up in the box
Algorithm 4.

3.2.1 Update of the basis U

Considering U while fixing the remain variables, the objective of (3.7) w.r.t. the variable U can
be expressed as

R
maximize Z Re{ctt,} +all(A, + M),
U = (3.8)
subject to U0 = Ir
with
t Bt
M = Zdiag ({ Tk — Pk }) zH (3.9)
(02 + 7} (0 + B})

where the subscript .! denotes the updated value at iteration t. The above problem does not
have a trivial solution. As an alternative, we apply the MM algorithm in order to obtain closed
form updates in each step while incrementing the objective value. Using the Proposition B.1,
the update of U is obtained as

U = Ppoo(FY) (3.10)

where
F'=S"+1/2C and S'=[(A;+M)u} | ... | (Agp+M")uk | (3.11)

with ul is the r-th column of the matrix U".

3.2.1.1 Special case for the Bingham distribution

We present a special case (C is a null matrix and A, = kA, Vr), i.e., U ~ CIB(k, A) for which
the MAP estimator is obtained directly (rather than using a MM update). The above problem
(3.8) reduces to

R
maximize Z all (kA + MY,

U (3.12)

subject to U0 = Ir
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Equivalently, this problem is expressed as

maximize Tr {IAJH(KA + Mt)ﬁ}

1§} (3.13)
subject to UHU =1p
As the matrix kA + M? € 7-[}, the updated basis of interest has the following expression
U = Pr{kA + M!} (3.14)

We present an iterative algorithm to compute this estimator for this case in the box Algorithm
5.

3.2.2 Update of textures

For fixed basis U™, the update of texture {74} and {8, } are the solutions of the problem
maximize p(Z\IAJ'tH, {me}, {B})
subject to T, >0, 8, >0 VEk

The above problem is equivalent to minimizing the negative log-likelihood as

K

minimize In (det(Zy)) + 2z 2, 1z,
{reh 8} ; (Aeb(e)) + 2 2

subject to 7 >0, B, >0 Vk

(3.16)

The objective function is separable in the 71’s and the 8;’s. Following the same methodology as
in [30], the blocks {74!} and {4} are updated as

Hﬁt+1ﬁt+1H
7 = max (zk - Zk 02,0) | Vk (3.17)
and
ZHﬁJ‘t+lﬁJ‘t+lHZ
B = max [ =& N F_o20], vk (3.18)

3.3 Minimum mean square distance estimator

According to the data model (3.1) and the generic expression of the MMSD (1.11), the subspace
estimator of U is expressed as the solution of the following optimization problem

minimize Ezy {|| oUH — uuH H%}
U {ri}.{Br}
subject to 7 >0, B, >0 Vk

U0 =1

(3.19)

This problem is hard to solve due to the non-convex constraints and the expectation function.
Therefore, we propose a block coordinate descent algorithm that updates sequentially the basis
of interest U and the texture parameters {7} and {3,}. The algorithm has a guaranteed
convergence in terms of objective value and is summed up in the box Algorithm 6.
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Algorithm 4: MAP for the outlier model (3.1) Upap.om
input :Z, C,{A,},0% R K, N
output : MAP estimators of U, {71}, {\+}
initialize: U°, {r%} and {57}

1 fort=0...T—-1do

2 | Update Ut! = Ppoc(F?), with F! in (3.11)

LAt
3 Update TZH = max (’“’“ — 02,0

R

N—-R

H
ZAOLTOLT 5,
4 Update BZH = max | & E_ 62,0

5 end

3.3.1 Update of the basis U
For fixed texture {7}} and {B},}, the update of U is obtained by solving the following problem

minimize [Egzy {H uuf - uu# ||%}
19} (3.20)
subject to UHU =1p

From (3.5) and (1.12), the expression of the updated orthonormal basis Ut reads

0t = { [ VOO, (o (3100

R
=Pr {/ UU etr {Z Re{cu,} +ufl (A, + Mt)uT} dU} (3.21)

r=1

The above posterior probability p(U|Z, {r%}, {B}}) is recognized as the CGBL(C, {L.}), in
which L! = A, +M¢, Vr. In this case, there is no closed form of the MMSD estimator. Therefore,
a Gibbs sampler scheme can be used to update the basis U*! using the so-called IAM as shown

below
Nbi+Nr

. 1
1 H
U™t = Pg A > UpUp ), (3.22)
" n=Ny;+1

where U,y ~ CGBL(C, {L.}). Special cases of posterior distributions under the data model
(3.1) for standard priors of U are given in Table 3.1.

3.3.1.1 Special case for the Bingham distribution

Consider the special case of the CIB distribution, defined by C = 0 and A, = kA, Vr € [1, R].
This case is denoted U ~ CIB(k, A), i.e., pcis(U) o etr{xU? AU}. We have

Ut = Py {/UUHp(U|Z)dU}
=Pr {/UUHP(Z!U, T)pCIB(U)dU}

=Pr {/ UUetr {U (kA + MU} dU} : (3.23)
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Algorithm 5: MMSD for the outlier model (3.1) Uyvisp-om
iHPUt : Z)\ 07 {Ar}7 027 R, K, N, Ny, Ny
output : Unnvspowm, {7k}, {Bk}
initialize: U°, {79} and {\!}

1 fort=0...T—1do

2 for n=1... Ny; + N, do
3 Sample U,y = CGBL(C, {L.}) ccf Appendix A
4 end
- Npi+N;
5 Update UH—I ~ PR {Nir Znij\;bi+l U(n)U(n)H}
~ ~,  H
6 Update Tfjl = max <Z£Umgt+1zk — 02, 0)
gL g,
7 Update 8} = max | 2 02,0

8 end

Table 3.1: Posterior distributions for standard priors on U under outlier model (OM)

The prior complex distribution of U Posterior distribution p(U|Z) for OM to be sampled for MMSD
P
Generalized Bingham CGB(A, ®) OM: p(U|Z)om o exp { > ufl (¢(r)A + M)u, CGB({¢(r)A + M})
p=1
Langevin CL(C) OM: p(U|Z)owm x etr {Re{CTU} + U'MU} CBL(C,Ir, M)
Invariant Bingham CIB(x, A) OM: p(U|Z)om o etr {UT (kA + M)U} Closed form Pr{xA + M}

Using Proposition 1 of [66] extended to the complex case, we can obtain a closed form solution
of the update as

Ut = pr {M! + xUUH} (3.24)

We note that under these circumstances the MMSD (3.24) and the MAP (3.14) coincide. This
closed form expression can be a practical tool, as it alleviates the computational cost of both the
Gibbs scheme and the MM algorithm.

3.3.2 Update of textures

The updates of these variables {71} and {f3,} are equivalent to the solutions of the following
problem (3.16) given respectively in (3.17) and (3.18).
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Algorithm  6: MMSD estimation of subspace for the special case, ie., U ~
CIB(k, UUH) Uyvsp-om-B

input :ZA,A, 0, R, K, N, k
output : Unnyspoms, {7k}, {8k}
initialize: U°, {79}, {57}

while stop criterion unreached do

2 Update U? = Py {kA +M'}

ZHﬂ-t+1ﬁt+1HZ
3 Update TZH = max ("Rk — 02,0

[uny

H
AL oL,
4 Update ,BZH = max ( b N} k62,0

5 end
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Chapter 4

Simulation and applications

4.1 Simulations

4.1.1 Setup

To illustrate the performance of the proposed estimators, we evaluate their average fraction of
energy (AFE) through Monte Carlo simulations. The AFE is considered as an adequate criteria
of performance for subspace estimation, since it evaluates the closeness of the true range space
UUH towards its estimate UU. The AFE of a given estimator U is expressed as:

AFE(U) = E{Tr{UYUU"U}}/R (4.1)

The samples are generated from the model in (2.1), i.e., z; ~ CN(0,7,UAU 4 ¢2I). The
texture parameters {7} follow a Gamma distribution parameterized by its shape v which reflects
the heterogeneity of the sources, i.e., 7 ~ (v, 1), Vk (thus E{r} = 1). We set [A],, =
(R+1— r)/(Zf;l i) and o2 to fix the SNR as SNR= Tr{A}/o%. We consider different scenarios
for the distribution of U:

e S1: U follows the complex Langevin distribution U ~ CL(k, U),

e S2: U follows the complex generalized Bingham distribution U ~ CGB({x¢, UU}) where
¢r,7“ = (R +1- T)/(Zil Z)v

e S3: U follows the complex invariant Bingham distribution U ~ CIB(x, UUH),

where U € Z/lﬁ, are the first vectors of the canonical basis and the concentration parameters

(k and @) are set so that AFE(U) has the same value for all the scenarios. We compare the
following estimators:

i) Usenm = Pr{ZZ}, the estimator built from the SVD of the SCM.

i7) IAJMLE is the subspace estimates based MLE, in Section 1.2.3, computed with eigenvector
block majorization minimization (EBMM) algorithm from [69].

ii1) Upap denotes the proposed MAP estimator, computed with Algorithm 1.
iv) ﬁMMSD represents the proposed MMSD estimator computed with Algorithm 2.

) ﬁSMMSD is the simplified MMSD estimator, that assumes A =TI and U ~ CIB(k, [_J'[_JH),
computed with Algorithm 3. This estimator is evaluated for S2 and S3 but the relaxation
is not suited for S1 (where the true prior is a complex Langevin).

ol
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Vi) ﬁMMSD_OM denotes the MMSD estimator derived in presence of outliers in Chapter 3,
evaluated with Algorithm 5 suited to S1 and S2.

vii) Unmap.om is the MAP estimator for the outlier model (3.1) computed with Algorithm 4,
suited to S1 and S2.

) [AJMMSD_OM_B stands for the MMSD estimator where we assume presence of outliers and
U follows the CIB distribution. We note that under these specific circumstances, the
expression of both the MAP and the MMSD estimators coincide. The estimation process
is summed up in Algorithm 6. This estimator is suited to S3.

iz) U is the center of the prior distribution on U.

4.1.2 Simulations results

Figure 4.1 displays the AFE in function of SNR for various sample size K in scenario S1. In
this case, the SCM exhibits good performance in the standard regimes (high SNR and/or large
K). The textures parameter is v = 0.5 so the sources are mildly impulsive. Therefore the
MLE exhibits performances close to the SCM as it can be expected (differences will be observed
in the following). However, both show their limits at low SNR. In this challenging context,
Bayesian estimators can leverage the prior information and exhibit better performance in terms
of AFE. Interestingly, for the complex Langevin prior, the MMSD outperforms the MAP and
the MMSD-OM, which reach both performances close to SCM/MLE as the SNR increases.

Figure 4.2 displays the AFE in function of SNR for various sample size K in scenario S2. The
same general observations as in the previous figure can be drawn. For the complex generalized
Bingham prior case, the MMSD still outperforms the MAP, but not as significantly as in the
scenario S1. We also observe that sMMSD, which assumes equals eigenvalues and a mismatched
(averaged) prior, offers an interesting performance versus computational time trade-off when it
comes to estimate only the signal subspace. By construction of the true prior, the first column-
vectors of U exhibits less variance than the last ones. By uniformly averaging the prior for
each vectors, sMMSD introduces a bias towards the center of distribution, which explains its
performance close to U at low SNR.

Figure 4.3 displays the AFE in function of SNR for various sample size K in scenario S3.
Here, the sMMSD assumes the true prior and is only mismatched by assuming equals eigenvalues.
In this scenario the sSMMSD exhibits performance almost identical to the MMSD, which suggests
that it is acceptable to relax the eigenvalue estimation when it comes to estimate only the signal
subspace. The MMSD-OM-B shows close performance to the remaining Bayesian estimators.

Figure 4.4 displays the AFE in function of SNR for various sample size K in the actual
simplified model, i.e., the scenario S3 where A = 1. In this context, the MMSD and the MAP
coincide and we still observe the interest of the Bayesian approach in challenging contexts (low
SNR and/or K). We note that the sMMSD outperforms the MMSD-OM-B; since this estimator
is derived in the context of corrupted samples by presence of outliers which mismatches the
simplified model.

4.1.3 Robustness to the concentration parameter and the signal distribution

First, we study the effect of a miss-selected concentration parameter x on the AFE of the proposed
Bayesian estimator. The setup of Figure 4.5 is the same as for Figure 4.4 and displays the AFE
of the MMSD estimator w.r.t. the assumed &, while the true concentration parameter rq is fixed.
This figure illustrates that, for a reasonable range of x, the AFE of the MMSD estimator remains
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== Uscm
= %= UMmLE

== Unmapr

AFE
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Figure 4.1: AFE w.r.t. SNR for R—5, N = 20, U ~ CL(x,U), x = 80, v = 0.5, from top to
bottom: K =3R, K =4R and K = 6R

almost unchanged. Thus, the proposed method appears robust to a reasonable miss-selection of
the concentration parameters of the assumed prior distribution.

Second, we study the performance of the proposed method w.r.t. the signal distribution,
parameterized by the shape v. The setup of Figure 4.6 is the same as for Figure 4.4 and
displays the AFE of the MMSD estimator w.r.t v for various SNRs. When v — 0.5, the signal
tends to be more impulsive (i.e., heavy tailed distributed). In this context, we can notice a
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Figure 4.2: AFE w.r.t. SNR for R=5, N = 20, v = 0.5, U ~ CGB({ko, UU}), ko = 300
from top to bottom: K = 3R, K =4R and K = 6R

slight difference between the SCM and the MLE, which illustrates the interest of taking the
non-Gaussianity into account. Interestingly, the performance drop happens at lower v for the
Bayesian estimator, which shows the interest of exploiting both the non-Gaussian assumption
and the prior knowledge.
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Figure 4.3: AFE w.r.t. SNR for R=5, N = 20, v = 0.5, U ~ CIB(k, UUH), s = 50, from top
to bottom: K = 3R, K =4R and K =6R

4.1.4 Robustness to outliers

4.1.4.1 Setup

The data matrix Z is generated according to the model in (3.1). The WGN is generated as

n; ~ CN(0,02I). The signal follows a CG distribution as in (1.4) with sy, 4 Tregr Yk, T ~
(v, %), gr ~ CN(0,aUU), and SNR=log(%). When outliers are present in a sample, they
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Figure 4.4: AFE w.r.t. SNR for R=5, N = 20, k = 50, v = 0.5, for the simplified model from
top to bottom: K = 2R, K =3R and K = 4R

are generated as oy 4 VBidi Yk, B, ~ T, %), dg ~ CN(0,7(I — UUH)), and outlier to
noise ratio ONR—log(J;).

4.1.4.2 List of estimators

° GSCM denotes the estimator built from the SVD of the SCM.
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Figure 4.5: AFE of the MMSD w.r.t. assumed w for various SNR, R=5, N =20, v = 1,
K = 30, U ~ CIB(ko, UUH), with true parameter kg = 60 for the simplified model,
MMSD=sMMSD=MAP

e UniLeout represents the estimator from [30], corresponding to the MLE estimator for the
considered context, while assuming no prior distribution on the orthonormal basis U Sec-
tion 1.2.4.

° IAJMMSD_U is the MMSD estimator for uniformly distributed sources (1.15).
° ﬁMMSD_G stands for the MMSD estimator in presence of Gaussian sources [78§].
° ﬁMMSD_OM_B denotes the proposed MMSD estimator detailed in Algorithm 6.

e U is the center of distribution on U (non adaptive estimator).

4.1.4.3 Simulation results

Figure 4.7 displays the AFE of the different estimators w.r.t. the number of corrupted samples
where we distinguish two types of samples: the corrupted ones, generated as z; = s + o + ng,
and the non corrupted ones, generated as zp = S, + ng. In this context, the non-robust estima-
tors USCM, UMMSD U, and UMMSD a exhlblt poor performances due to the presence of outliers.
Conversely, the estimators UMLE out and UMMSD OM-B, show a better resistance to_ sample cor-
ruptions since they account for outliers in their derivation. The proposed estimator Unmsp.oM-B
reaches a better AFE than IAJMLE_Out thanks to the inclusion of the prior information.

Figure 4.8 displays the AFE in function of ONR where the data are generated as: zp =
sk + ng, Vk € [1, K — 1] and only the last sample contains an outlier as zx = sx + ox + ng.
In this scenario, the same conclusion as in Figure 4.7 can be drawn. Interestingly, the proposed
estimator fJMMSD_OM_B can exploit both the Bayesian prior information and the outlier modeling
to resist high ONR contexts.

4.2 Applications to radar detection

The inclusion of a Bayesian prior can significantly improve the performance of an estimation
process. However, the design of this prior depends on the considered application and comes from
appropriate physical considerations/models on the system. In the following, we illustrate the
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practical use of the proposed methods for the context of radar detection. In this application,
the clutter (response of the environment) lies in a low dimensional subspace that needs to be
estimated to perform adaptive interference cancellation [48,49]. We consider the approach that
directly leverages the physical model of [70] in order to improve the performance of low-rank
detectors [32,33] at low sample support. We illustrate the interest of the proposed approach on
a real data set.

In the following, we illustrate the interest of the proposed MMSD estimator for STAP on a
real dataset provided by the French agency DGA/MI [79]. STAP is applied to airborne radar in
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order to detect moving target [70]. We consider the hypothesis test

{’Ho:zk:ck—i—nk, Vk € [[O,K]] (4 2)

Hi:z9=d+co+ng, zp=cy+n Vke Hl,Kﬂ

where the secondary data z;, € CV, Vk € [1, K] are assumed to be ii.d.. The additive noise
in each sample is the sum of clutter ground response ¢ plus WGN n. The tested cell zg may
potentially contain a moving target d = app where ag is the amplitude and p is the steering
vector. We also consider the potential presence of an outlier in the secondary data by adding a
sample zx 1 which contains the response of moving target and the additive noise, i.e., zg 11 =
d+ciy1+ng41. We note that the secondary data {z}, which can be recasted in matrix form
as Z = I1.C + N with C = [c1]...|cx], N = [n1]...|nk] and where IT. = U.UX is the clutter
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subspace projector (CSP) of known rank R < N where the columns of U, € UL} span the clutter
subspace basis. In this context, the ground clutter rank R can be evaluated from the Brennan’s
rule [60].

We make use of the low rank adaptive matched filter (LR-ANMF) to assess the performance
of various CSP estimators: N
|dH TT  z|? 7;1

'l/lj - = H,\ <
|dHTII ||z T 2| o

(4.3)

where chcL =1- ﬁc is an estimate of the orthogonal complement of the CSP. We compare the
following detectors:

i) W5°M is the LR-ANMF built from the SVD of the SCM of the secondary data.

ii) @WSFPE is the LR-ANMF built from the SVD of the SFPE [65] with regularization parameter
~ selected manually to obtain the best results.

iii) w9 MUSIC s the LR-ANMF using [80,81] to estimate the quadratic forms associated to the
CSP.

iv) @MMSP denotes the LR-ANMF built from the MMSD estimator for the simplified model
computed with Algorithm 3.

v) @MMSP-OM gtands for the LR-ANMF built from the MMSD estimator in presence of outliers
where the basis of interest follows CIB distribution.

vi) WMMSP-G ig the LR-ANMF where the CSP is built from the MMSD estimator in presence
of Gaussian sources [78].

Remark 4.2.1 For the MMSD estimators, we leverage the physical model of [70], that allows
to build a prior of the CSP basis U from the SVD of the STAP covariance matriz model. The
physical model of [70] allows to build a theoretical prior of the sources covariance matriz . From
this matriz, we construct the center of the prior subspace distribution as Pgr {2}

Since the concentration parameter « is unknown, we display the output of the detectors (sMMSD,
MMSD-G and MMSD-OM) for different values of the parameter 8 denoted by:

2
Notice that the MMSD detectors present a trade off between the SCM/MLE detector (§ = 0)
and the prior only (8 — o0).

The tested cell contains the response of 10 moving targets to be detected in presence of
ground clutter response (and possibly in presence of outliers in the secondary data). The accurate
position of these targets is given in [79]. We note that the introduction of outliers is done by
inserting the tested cell into the secondary data. We test the aforementioned detectors in the
following scenarios

e Figure 4.9 displays the output of the detectors in the asymptotic regime (K > N) without
outliers in the secondary data.

e Figure 4.10 displays the output of the detectors at low sample support (K = R < N)
without outliers in the secondary data.
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e Figure 4.11 displays the output of the detectors at low sample support (K = 2R < N)
with outliers in the secondary data.

According to Figure 4.9, all of the detectors allow for target detection for K > N. Nevertheless,
in non standard regimes, i.e., for small number of samples and/or in presence of outliers (Figure
4.10 and Figure 4.11), several detectors do not allow for target detection and/or exhibit high
false alarm rates.

Notably, the SCM detector shows its limited detection performances with a relatively low
false alarm rate due to the small number of samples K. In Figure 4.11, the latter does not detect
any moving target and does not cancel the interference due to the outliers in the secondary
data. These results can be explained by the fact that the SCM is known to be sensitive to
missmodeling.

Thanks to its robustness properties, the SFPE detector exhibits better performances com-
pared to the SCM one. However, for undersampled configuration (K < N), the SFPE subspace
estimator suffers from being biased due to a higher regularization parameter v. The G-MUSIC
detector appears robust to outliers in terms of detection but leads to a high false alarm rate.

Conversely, the MMSD detectors (sMMSD, MMSD-G and MMSD-OM) allow for interference
rejection and reliable target detection which illustrate the interest of introducing some prior
information in an adaptive subspace estimation process. These detectors enjoy best of both
SCM detector and prior one for appropriate values of 8. Thus, as prospects of this work, it will
be interesting to develop adaptive methods for the selection of the parameter £, e.g. from the
results of [82]. According to Figure 4.11, the MMSD-OM detector outperforms the remaining
MMSD detectors estimators. Indeed, the MMSD-OM detector allows for interference rejection
when more than one sample is corrupted, thanks to a robust formulation that also includes prior
knowledge.
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Chapter 5

Conclusion and perspectives

In this Part, we considered a Bayesian approach for subspace estimation. First, we cited some
standard subspace methods including both deterministic and Bayesian ones. Second, we formu-
lated the MAP and the MMSD estimators of the signal subspace in the context of CG distributed
sources and CGBL distributed subspace. Then, in order to develop Bayesian subspace estimators
that are robust to presence of impulsive and/or heavy-tailed noise, we derived both the MMSD
and the MAP subspace estimators in the context of CG sources embedded in heterogeneous
noise (CG outliers plus an additive WGN). Afterwards, simulations illustrated the interest of
the proposed approach in critical regimes (low SNR and/or low sample size). Finally, we inves-
tigated the practical use of the proposed methods for the context of radar detection where we
constructed the prior from a physical model.

Among the possible future prospects which naturally follow this work, we can mention the
following points:

e [t is interesting to develop adaptive methods for the selection of the parameters matrices of
the CGBL distribution. For instance, the estimation of the real Bingham and real Langevin
distributions parameters is well investigated theoretically in [82].

e The application of the subspace estimation methods developed in this thesis can be applied
to other contexts (e.g. the Low rank filtering for communications can be envisioned).

e In most cases, the rank of principal subspace is unknown and must be estimated in advance
[55,56,60]. It would therefore be interesting to investigate the problem of rank estimation
for the considered context.

e [t would seem particularly useful to derive the GLRT of detectors in the context structured
covariance matrices where we consider a prior for the principal subspace e.g. CGBL, CL
and Bingham distributions.
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Chapter 1

State of the art on the covariance
matrices change detection

1.1 Introduction and motivations

Statistical testing of covariance matrix equality (or proportionality) has received increasing in-
terest in the context of signal and image processing [5]. Indeed, this well established hypothesis
test has been successfully studied and applied to change/anomaly detection and classification
for a plethora of applications as the SAR image processing. Notably, equality testing has been
proposed for change detection in SAR image time series [83-90]. A clear overview and statistical
analysis of this topic is proposed in [5]. The extension to proportionality testing has been pro-
posed in [91,92]. In this scope, elliptical noise modeling has also been studied to develop robust
covariance matrix-based image processing in [93-96].

In this part of the thesis, we propose new statistical tests for the context of structured co-
variance matrices. Indeed, the covariance matrix of radar measurements usually exhibit inherent
structures. In a very general case, the samples can be modeled as in the Part II of this thesis,
i.e., a realizations of a low rank signal component plus WGN. This leads to a covariance matrix

structured as
S =3p+0l (1.1)

where X p is the low rank signal covariance matrix. Taking this prior knowledge in the detection
process offers several advantages

i) Introducing relevant prior information (here, the low rank covariance matrix structure) in
the model improves detection performances.

i1) Low rank structured models allow to deal with low sample support issues, since less samples
are required to estimate the covariance matrix. Especially, it allows to perform tests when
the SCM is not invertible, while this condition is restrictive for standard tests.

ii1) The considered formulation can go beyond equality and proportionality testing. For exam-
ple, consider a local power fluctuations of ground response modeled as

Y, =7;3p+ 0’1 (1.2)
with 7; € R™ and ¢ denotes the index of a homogeneous set. For i # j, such model leads
to

i #X;
3 kX
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If the goal is to detect a signal anomaly in g, detectors based on covariance matrix
equality /proportionality testing may lead to excessive false alarms.

Specifically, we propose in the following two novel GLRTs that account for the considered low
rank structure, with assumed known rank. Formally, these detectors re-express the equality and
proportionality tests, but only on the signal low rank component 3 of the total covariance
matrix. Then, we are interested in designing a third detection test that is only sensitive to a
signal subspace variation. The derivation of both the second and the third tests require to solve
some non-trivial optimization problems, for which we tailor appropriate MM algorithms.

Finally, the performance of the proposed detectors are illustrated on simulated data, where
they exhibit interesting properties. Furthermore, the benefits of the proposed methods are also
illustrated for a change detection application on a UAVSAR dataset (courtesy of NASA /JPL-
Caltech, https://uavsar.jpl.nasa.gov).

1.2 State of the art

In this Section, we present two standard GLRTs used for testing the similarity of covariance
matrices. The first test is for the equality of covariance matrices, while the second one is derived
for the proportionality testing between covariance matrices in the complex-valued Gaussian case.
We consider I + 1 independent sets of samples z} € CN,i€[0,I], k € [1, K], with K; samples
for each set i. The samples z} ~ CN(0, ;) are assumed i.i.d. and their corresponding SCM are
denoted by S;

1 1,0

1.2.1 Equality testing

The general problem of testing covariance matrix equality [97] in the complex-valued Gaussian
case is analyzed in e.g. [5]. The hypothesis test reads as

Ho: Xog=2%, EZZEVZG[[LIH (14)
Hi: To#%, ;=% Vic[l,I] )
The GLRT for this hypothesis test, denoted tg, reads
SH Hi
P 2 Ogie (1.5)
(159, 0|53, 1) 7o
with the quantities
I
K=>) K
i=0
I
K,=K-Ky= Z K;
i=1
po = Ko/K
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and the SCMs s
23’7'-10 = Z S’L/K
i=0

%, = So/Ko (1.6)
I
= Z Si/ Kx
=1

1.2.2 Proportionality testing

The general problem of testing covariance matrix proportionality [98] in the complex-valued
Gaussian case is analyzed in e.g. [91]. The hypothesis test is

Hi: Zo# BoX, Ti= 6,2 Vie[l,1] '
The GLRT on proportionality, denoted tp, is given as
B\ L (1
H H
e I > 05, (1.8)
29,

1]
i=1 |5H1 P Ho

where

i) {B;{O} and ﬁl%ﬁlg are proportionality coefficients and shape matrix estimated with the gen-
eralized fixed point estimator (GFPE) [92] applied on the set {S;}ic[o,1

I
seto _ N K;

H 7
B B (1.9)

B = Tr{S zgfp }

i1) {B;ﬁ} and E%ﬂf are obtained from the GFPE on the set {S;}icpi,1

N < K;

sefp S.
2 ofp—1 7
K= Tr{s; 38>} (1.10)

Hi
X 1 ~ gfpfl
By, = NTr{SiZH1 }

ii1) 2%1 is the SCM as
39, = So/Ko (1.11)
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Chapter 2

The proposed detectors for structured
models

In this chapter, we propose detectors in the context of low rank structured covariance matrices.
The newly proposed detectors are only sensitive to the low rank principal component. To this end,
we derive the GLRT to infer on the equality/proportionality of the low rank signal component
and on the equality of the principal subspace of signal of interest.

2.1 Structured covariance matrices general model

We consider I + 1 independent sets of samples z; € CN, i€ [0,1], k € [1, K], with K; samples
for each set i. The samples {z}} are assumed i.i.d. w.r.t. the following model:

zi = si +ni, (2.1)

e The signal s} ~ CN(0, %), in which the unknown scatter matrix, of rank R < N, is denoted
as X4, = UiRiUZH where U; € L{ﬁ represents a signal subspace basis and R; € CRXE ig the
signal covariance matrix in this space. The rank R is assumed pre-established. For example, such
signal may model the ground response when considering correlation and/or power fluctuations
(w.r.t. ).

e The WGN ni, ~ CN(0,0%I) represents the contribution of thermal noise.

Eventually, the samples are drawn as Zz ~ CN(0,%;), in which, 3; has the following expression:

% = URUY + 0212 5, + 021 (2.2)
where 02 is assumed pre-estimated or known. Consequently, the likelihood of the data set {Z}g}
reads as: ,
< etr{—8;21(0)}
L({z,}10) = % (2.3)
O =11 50y 1w

where S; = 25:21 z};z}f and @ is an appropriate covariance matrix parameterization of the set
{%;}. For the general model in (2.2)-(2.3), we turn to the problem of testing whether the covari-
ance matrix of the sample set under test ¢ = 0 shares some common properties with the secondary
sets ¢ € [1,I]. These properties are related to the parameters of the decomposition in (2.2) (i.e.
U; and R;) and will be specified depending on the proposed test. This problem is relevant to
detect, e.g., a local anomaly in the patch,i.e., small rectangular image regions typically squares,
w.r.t. adjacent patches, or a temporal change in the last sample of a time-series. We derive
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in the following the GLRT of the three detectors, namely the low rank proportionality /equality
and the low rank subspace. Some of these GLRTSs involves non-trivial optimization problem. In
order to evaluate them, we design in the following block-coordinate descent algorithms. As in
Part II, we make use of the block MM algorithm for these problems.

2.2 Low rank equality detector

In this section, we develop a GLRT that is sensitive to a variation of any parameter of the low
rank signal covariance matrix in the set ¢ = 0. Thus, for the covariance matrix model in (2.2),
consider the following hypothesis test

2% =2k Vi€ [0,1]
S =%pVic[l,1] (2.4)

Hy
=% # Zr,

that reads almost identical to a standard equality testing, except that the covariance matrices
belong to ’HI];LR. Hence, the hypothesis test can be recasted as

Ho: | =gy, +021 = By, € HER, Vie[0,1]

>

o =X%y, +0°1 = 8%, € H?

5, € HEY, Vie [L,1]

1>

3 = Shy, +0°1
The expression of the GLRT is therefore
maxgyn £ ({z}H1,057) 2,

> oF 2.5
max gy L({zk}ﬂ-lo,@hE) o o 29

with sets 1 E
r *
{27'[1’ 7'[1}
1rE — {E’Ho}

In the context of Gaussian data, the MLE of low rank structured covariance matrix is obtained
by thresholding the eigenvalues of the SCM [99] with the operator T defined in Definition 3.4.4

in Part I where ¢ = 02. We recall what T stands for:

Pproc : CNXE — Ug
i N (2.6)

zZ TS:VD UDVH — 7DProc{Z} = UVH
Tr: My — HY .
k ¥ A 0 2.7
N [ L e Rl /e AP TS
with 2
A = max([A];;,0%), i<R -
1,0 0_27 i N R )

Therefore, it can be easily shown that

91;5 {TR{EA}HO}}

~IrE

O, = { TS, 1, Tl S, } |
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with ZA]H(J, 2’01'-11 and 2;{1 defined in (1.6). Finally, the GLRT for testing the equality of low rank

structured matrices, denoted tlﬁR, reads as
. ~IrE
L{z}H1,0y,) " g
5. = Ogh (2.9)

[=}

L({z }[Ho, 03,) *

2.3 Low rank proportionality detector

In this section, we derive a GLRT to infer on the proportionality of the low rank signal component
of the covariance matrix. Notice that this test differs from strict proportionality testing. Indeed,
scaling fluctuations should only apply on the low rank part of the signal covariance matrix, and
not to the identity, related to the thermal noise. For the covariance matrix model in (2.2), this
leads to the following hypothesis test

Ho : |23’~2 =T1; %R Vi € [[O,I]]
S =73g Vi€ [1,1] (2.10)

Hq:
20 # 10ZR

which reads as signals sharing the same covariance matrix structure, but with fluctuating power
7; w.r.t. sample set . The above test can be recasted as

Ho |2 = 7:UpAwy (Up)? + 0%L, Vi € [0,1]
3o = Uy, RY, (U7 +0°1 (2.11)

Ha T * * \H 2 ;
21 = TZUH1 Ha (U,Hl) + o I, Vi € [171]]

where RY, = 7iA%w,, Vi € [0,I] and R}, = miA%,,, Vi € [1,] (that are diagonal matrices).
The expression of the corresponding GLRT, denoted t{sR is given by

; 1
maXol;le L ({Z2}|H1’0?ﬁ) Hi

A oo (2.12)
T < Ir»
maxger L({z}}[Ho, 03) #o *

with sets of parameters

0%, = {{7i}icto.11> Uror Ao } »

05, = {{ri}icp,m Ulyy» A%y, UYL RY, T

It is clear that the maximization of the likelihood function is not trivial, due notably to the
unitary constraints on the eigenvectors. To overcome this issue, we propose the use of the block-
MM algorithm and from the Part II of this thesis. The MM algorithm is described in Section
B.1 in Appendix B and useful surrogates for our considered problem are derived in Section B.3
in Appendix B.

Eventually, these algorithms allow to evaluate the MLEs 9;?0) and équ and the GLRT as

(2.13)

~1IrP

L({z}}[H1,04,) Top
~IrPp. < Yglr

L({z}}[Ho, 03,) o

(2.14)
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2.3.1 MLE of 91;[{)’ under H,
Under Hg, we have the following optimization problem

maximize  L£({z}|Ho, 0%
64
subject to  7; >0, Vi € [0, I] (2.15)
[AHO]T‘J‘ >0, Vr e [[1,R]]
(UHO)HUHO =L
This problem is equivalent to maximizing the negative log-likelihood as
C .. I 1
mlr‘;}?r{rlronze Yico [Kz In(|%;]) + Tr {SiEi }]
0
subject to  3; = 7, Uy Ay, (UHO)H + 0'217 Vi € HO, I]]
T7; >0, Vi € [0,1]
[AHO]M >0, Vr € [1,R]
(UHO)HUHO =1,

(2.16)

for which we derive MM updates in the following. The corresponding algorithm is summed up
in the box Algorithm 7.

~lIrP
Algorithm 7: MM algorithm to compute 0;[0 for tIF“,R

1 Input: {S;, K;} for i € [0, 1], R, and o2.
2 Repeat

s3t—t+1

4 Update {7\"}, Vi € [0,1] with (B.15)

Update {A\"}, ¥r € [1, R] with (2.21)
Update ﬂg_?o with (2.24)

7 Until Some convergence criterion is met.

~lrP N - A
8 Output: 63, = {{n}ieﬂo,f]], Uy, AHO}

o

[

2.3.1.1 Update {7;}

First, remark that 2;1 can be expressed thanks to the matrix inversion lemma as

S = (1 Vi Ay (Vi) 2+ 0°T) 71 = 0721 — Vg T (Vg ), Vi € [0, 1] (2.17)
with
Iy = diag (a1, ..., iR)
TiA
ir= 5t Yre[l,R], Vie[0,I :
a;, o7 ey Wy r € [1,R], Vi€ [0,I] (2.18)
A = [Asg),,, Vr € [1,R]

For other variables fixed, the problem in (2.16) is separable for each 7;. After some direct
calculus, the objective of (2.16) w.r.t. the variable 7; only can be obtained as

R K; r
LT Ap ST
Li(1i) ZZ Kiln (1:\r + o) —Zﬁ + const. (2.19)
r=1 k=1 YT
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with sf , = vzl ziHv, and where Vy, = [v1, ..., vg]. With this formulation of the objective
over 7;, we can directly apply Proposition B.3 in Appendix B to obtain the update of all 7;’s as

in (B.15).

2.3.1.2 Update Ay,

First recall that Ay, is diagonal and that we have the notation A, = [Ay,],,., Vr € [1,R].
Following the derivations of the previous section, the objective of (2.16) is separable in A, and
reads for each A\, as

! W
Le(A) = |Kiln(ride +0%) = ) ’

=1 k=1

_— t. 2.20
At o7 + cons (2.20)

Thus, one can note that {7;} and {\,} play similar role in the objective. We can therefore obtain
a surrogate by adapting the formulation in Proposition B.4 in Appendix B. The resulting update
for these variables is given as

D,C,
AAHD = e 2.21
T (Ar _ Dr)Br ( )
with
K; NG K; N0 !
Br = stL V=K + 52,# A = A
Z ; trad o2 l ; fral 4 g2 ' ; Z
ZI ViTi ZI V5o I (2:22)
i=1 _ (D) i=1 ~ (D)
B’r = —z ITZAT r+02 Cr = —Z IT’L)W r+02 Dr = Z B:
dic1 Vi dic1 Vi i=1

2.3.1.3 Update Uy,
Using (2.17), the objective in (2.16) w.r.t. Uy, fixing remaining variables is expressed as

1
Ly(Up,) = = > Tr{(Upy, ) #SiUs, T} + const. (2.23)
1=0

with T; in (2.18). Thus, we can directly apply Proposition B.3 in Appendix B to obtain the
update

I
. TSVD
U = U Uflye, with Y (SURE) "2 Ui DU, (2.24)

=0

2.3.2 MLE of 01@}1’ under H;

Under H;, we have the following optimization problem

ma:gl?ir{rglize L({zi}H1,05)
1
subject to  7; >0, Vi € [1,I]
[A],, 20, Vre LR (2.25)
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This problem is equivalent to two separate ones in respectively {{i}icp1,rj, A3, Uy, } and

{ﬁg{l, ﬂ%l}, for which we derive appropriate solutions in the following. The corresponding

global algorithm is summed up in the box Algorithm 8.

~lr
Algorithm 8: MM algorithm to compute 07{}: for 51

1 Input: {S;, K;} for i € [0,1], R, and o2.

2 Call Algorithm 7 on the restricted set {S;} for i € [1, I], the output is {7;}, A;{pﬂ;—h

3 Compute figﬁ and ﬂ%l with (2.29)
~IrP R N A N N
1 Output: Oy, = { {Fikicpn, Uy Agy, 09, R, |

2.3.2.1 Update {7;}ic1,15 A3y, > and U3, under H,

This problem requires solving

. . . I 71
1 | K In(|35; Tr ¢S;3;
(imize Mo G IR0 + T {8357

subject to % = U3, A5, (U5, )7 + 071, Vie [1,1]

7 >0, Vi€ [1,1]
[A;ﬁ]m >0, Vr € [1,R]
(U3,)"03, =1,

(2.26)

which is identical to (2.16) except that the set ¢ = 0 is excluded. Hence, we can directly apply

Algorithm 7 to obtain the solutions {7}, A’;{l,fj;‘{l.

2.3.2.2 Update f{%l and ﬁg-tl under H;

This problem requires solving
e -1
%};{m%(fe KoIn(|Zo]) + Tr {SoXq '}
1 1
subject to ¥y = U%hRO;,_[1 (U%I)H + 0’1
Ry, ] >0, vre[l,R]
(U, )"uy, =1

(2.27)

The solution corresponds to the MLE of low rank structured covariance matrix in the context of

Gaussian data. Let us denote the SVD of the SCM as follows

SO/KOSlD[URUH [DR 0 MURUﬂH

0 Dn-r

The solution is given as (cf. section IV.A. in [100] and [99]).

[R%l} = max([Dgl,, — o2, 0), Vr € [1,R]

T

0%, = Un

(2.28)

(2.29)
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2.4 Low rank subspace detector

The aforementioned detectors are based on covariance matrix equality or proportionality testing.
Conversely, we focus here on the signal subspace equality testing, i.e., we aim to build a test that
accounts only for a change in the signal subspace for covariance matrices as in (2.2). Specifically,
we test the following hypothesis

Ho : |Rr{Zi} = Rr{=}, Vi € [0,1]
|Rer{Zi} = Rr{=}, Vie[1,1] (2.30)

MR e (20} £ Re{s)

where Rp{.} is the operator that extracts the dominant range space of a matrix (defined in
Definition 3.4.2 of part I).

Remark 2.4.1 This proposed test can assess for a specific underlying physical mechanism. For
example, in a radar context the source power and correlations can fluctuate (change in the signal
covariance matrices R; in (2.2)) while spanning the same signal subspace. This leads to both

20 7& Ei and 20 Q( Ei, \4) (2.31)

and
Rr{X¥o} = Rr{%i}, Vi (2.32)

Notice that (2.31) is considered as Hi for the standard tests (1.5) and (1.8) while the relation
(2.32) gives Ho for the test (2.30). Thus, the proposed detector is insensitive to the sources
correlations/power fluctuations, which can lead to lower false alarm rates in specific detection
applications [91].

We test whether the sample sets share the same principal subspace. From (2.2) and (2.30),
the hypothesis test can be reformulated as

Ho : |2 = UpRYy, (Up) ™ + 071, Vi € [0, 1]
. % = U, Ry, (U5 )" + 01, Vi e [1,1] (2.33)
o = U3, Ry, (UY)7 + oI

where Uy, (U, ), Uy, (U3, ) and U%l (Ug{1 ) correspond to the range spaces of respectivgly
the secondary sets under Ho, under H; and of the tested set under H;. The quantities Ry, , Ry,
and Rg—tl denote the signal covariance matrix in low rank subspace of respectively the secondary
sets under Hg, under H; and the tested set under H;. The GLRT for principal subspace equality
is given as

maxgen £ ({2} H1,05) %

s e (2.34)

) Ho

sub

maXgab L({z} }|Ho, 65,

with sets of parameters
b ,
Oy = { (Rinicpoy - U}

b ' ) (2.35)
03—?1 = {{Ré-ll}ie[[o,[]] 7U%1’UH1}
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and where functions £ ({z}|H1,05), £ ({ZZHHQ,Q?}&?) denote the likelihood of the dataset
{ZZ} under respectively Hy and Hg. Then, the GLRT for the proposed test reads as

i ~sub
() o

(2.36)

~sub

. <
L({z}}[Ho, 03,) o

~sub ~sub
where 0231 and 93:0 are the MLE of respectively 0%‘19 and 03_}1(?. In order to evaluate this GLRT,

we design in the following block-coordinate descent algorithms to compute the MLE of 03%3 and

02_‘[110. Specifically, we make use of the block MM algorithm [101] for this problem.

2.4.1 MLE of 63" under H,

Under H, the likelihood optimization reduces to

max L({z}}[Ho, 034,
0510
subject to R, =0, Vi€ [0,1] (2.37)
Ul Uy, =1
This problem is equivalent to minimizing the negative log-likelihood as
P S [Kin(|Zi]) + Tr {8,271
O .
subject to 3 = Uy, Ry, (Up) ™ + 0?1, Vi € [0, 1] (2.38)
R >0
HO
UHOUHU == I

To solve this problem, we derive an iterative alternating algorithm that sequentially updates the
variables {R%_lo} and Uy,. The main steps of the estimation process are summed up in the box
Algorithm 9, and are briefly explained in the following.

Algorithm 9: MM algorithm to compute 93_12:

Input : {S;} forie€[0,1], K, R and o2
1 Repeat
2t t+1
3 Update R}, Vi € [0, I] with (2.41)
4 Update Ug?o with (2.46)

5 Until a convergence criterion is met

~sub AL ~
Output: 07—10 = {{Rz"{“}ie[[o 1 ,UHO}

=]

2.4.1.1 Update {R}, }

Considering {R%O} while fixing the remain variables, the problem in (2.38) is separable for each
R%{O. The objective of (2.38) w.r.t. the variable R%'—Lo can be expressed as

£,(Riy,) = Ki In| (R, + 0*1)| Tr {Si(Rjy, + 1) 7'} (2.39)
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with S; = UgOSiUHO. The minimizer of this objective w.r.t. R?HO corresponds therefore to the
MLE of a structured covariance matrix for dimension reduced Gaussian variables. Denoting the
SVD of the dimension reduced SCM as

/i talerl [0 Y lQuialf” (2.40)

Thus, the update is given as

i(t+1)
{ = QrDrQi (2.41)
[Dglrr = max([Dg],, — 0, 0), Vr € [1, R]
2.4.1.2 Update Uy,
First, remark that Zi_l can be expressed thanks to the matrix inversion lemma as
21 = (UpRiy, (Up,) ! +0°D)7
=0 21— Uy, o *((Ry,) ' +07°I)"" Ujj, (2.42)

-~

W,
After some calculus, the objective in (2.38) w.r.t. Uy, for other fixed variables can be expressed

1

F(Uno) = Y Tr{(Uspy)"SiUs, Wi} (2.43)
=0

An update of Uy, can be obtained in closed form by following the MM approach [101]. Applying

the proposition B.1 in Appendix B, the objective can be majorized with equality at point Ug_?o
as

F(Ungg) < g(Usy[UY)) (2.44)
with

9(Uy, [UY), 2236 [Tr{(UHO) Si(Up,) Wi}
=1

Then, Ug_t[j;l) is obtained as the minimizer of the following problem

min g(UHo\U(t))
Uy
subject to UHOUHO =1 (2.45)

Solving this optimization problem under the orthonormality constraint leads to an update of the
form

U = Ui UL (2.46)

with Ul and UH are the left and right eigenvectors of the TSVD, that is

right

I
Z (S U(t) ) TSVD UleftDU
1=0

right (247)
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2.4.2 MLE of 63" under H,

Under H;, the optimization problem reads

max E({z};}\?—[l, 02}2}’)
o3°
subject to  R%, >0 (2.48)

0 \HT10 _
(Ui_ll)HUi_[l =1
(UHI) UHl - I

which is separable in {{Rf;.{l}ie[“’]ﬂ, Uy, } and {RY ¥ Ug-h}’ for which we derive appropriate
solutions in the following. The corresponding algorithm is summed up in the box Algorithm 10
and a brief explanation of the procedure updates are given below.

Algorithm 10: MM algorithm to compute 93_1213
input : {S;} fori € [0,I], K, R and o2 )
1 Call Algorithm 9 on the restricted set {S;} for i € [1, ], the output is {Rj,, }iep,rp and
Uy, ) )
2 Compute R}, and UY, with (2.51)
3 Output: 63, = {{Rj, }icpo s, Up,, 03, |

2.4.2.1 Ubpdate {{R}, }icpi.1p. U3, } under H;

This problem is identical to (2.38) except that the set ¢ = 0 is excluded. Hence, we can directly
use Algorithm 9 to obtain the solutions {Rj, }icp,rp and Uy, .

2.4.2.2 Update {RY iy Ugﬂ} under #;

This problem reduces to

: -1
o K;In(|%;]) + Tr {S; %'}
Hi? T Ha
subject to 29 = U, RY, (U}, ) + 0’1 (2.49)
R -0

(uy,, )HUQH1 =1

Then, the solution corresponds to the MLE of the low rank structured covariance matrix in the
context of Gaussian data [99]. Let us denote the SVD of the SCM as follows

Sy /Ko S [UR UH [DOR D]\(T)—R:| [UR UL }H (2.50)

The solution reads

[f{%l}w = max([DR]T’r — o2, 0), Vr € [1, R] (251)

Uy, =Ug



Chapter 3

Simulations and applications

In the following, we illustrate the performance detection of the proposed methods through sim-
ulated data. Furthermore, we assess the interest of these detectors for a change detection appli-
cation on a SAR dataset.

3.1 Simulations

3.1.1 Simulation setup

This section presents numerical simulations to assess the performance of the following detectors:
e tg stands for the GLRT for the equality testing [5].
° tIER denotes the GLRT for the low rank structured covariance matrix equality testing.
e tp denotes the GLRT for the proportionality testing.

° t{sR is the GLRT for testing the proportionality of low rank signal covariance matrix com-
ponent.

o o1 stands for the GLRT detector for the subspace equality.

To this end, we consider, N = 20, R =5, K; = K = 25, Vi € [0,I], I = 3, the samples z}; are
drawn from i.i.d. complex normal distribution, i.e., z} ~ CN(0,%;) and ¥; = 7, U;AUH + 621
where U; € U, 7; € R* and A is a diagonal matrix. The eigenvalues [A],, = a(R+1—7), the
signal to noise ratio SNR = Tr{A}/Ro? with 02 = 1. As comparative criteria, we consider the
receiver operating characteristic curve (ROC) for the following scenarios:

e Scenario 1: Under Ho and H1, 7; = 1 and U; = U, Vi € [1,I] where U € Uﬁ is built
from the R first elements of the canonical basis. The covariance matrix of the tested set,
under H;, reads as Xy = UOAUgl + 0?1 where Ug € Z/{f\? is generated by changing the
first 2 eigenvectors of U, i.e., Uy # U so that Rr{3¢} # Rr{%;}, Vi. This change is
occurred by inverting the order of the eigenvalues of 3;. This scenario corresponds
to a strict change in the covariance matrix where all the secondary sets are homogeneous.

e Scenario 2: Under Ho and Hi, 75 ~ I'(v,1/v) (with v = 1) and U; = U, Vi € [1,I]
where U € Z/{ﬁ is built from the R first elements of the canonical basis. Under H;, the
anomaly in the covariance matrix of the tested set 3o = UgAUZ + 0?1 is generated again
by changing its principal subspace, i.e., Rr{Z0} # Rr{Xi;}, Vi as in Scenario 1. This

81
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Figure 3.1: ROC curves for Scenario 1 to 3 (from left to right column) where SNR = 0dB (top)
and SNR = 5dB (bottom).

scenario accounts for power fluctuations of the signal w.r.t. the batches i. Hence, the
signal covariance matrix are proportional under Hp, but the total covariance matrices are
not identical.

e Scenario 3 : Under Hg and Hy, 7; ~ ['(v,1/v) (with v = 1) and U; = UQ,, Vi € [1,I]
where U € U% is built from the R first elements of the canonical basis and {Q;} is a set of
R x R rotation matrices. We note that, under Ho, we have (2.31) while the relation (2.32)
is also satisfied. The covariance matrix of the tested set is X = UOAUg + 0?1, under H1,
which corresponds to a change in its principal subspace where Rp{X¢} # Rr{%;}, Vi as
in the other scenarios. Scenario 3 aims to test a specific physical phenomenon as discussed
in Remark 2.4.1.

3.1.2 Results

Figure 1 presents the ROC of the different detectors under various scenarios and SNRs:

e The first column (left) displays the ROC curves of the detectors for Scenario 1 for respec-
tively SNR=0dB (top) and SNR=5dB (bottom). Under this setting, tp and tg appear to
have identical performance. The proposed detector tg,, outperforms tp and tg since it ex-
ploits the low rank structure information. However, the detectors tIf,R and tIER outperform
all the others. This result was to be expected since these two detectors are specifically
suited to this scenario (t£® corresponds to the GLRT for this exact setting). We note that
at SNR= 5dB, the change detection problem is not especially challenging in this setting,
thus all detectors show high performance, i.e., probability detection (PD)a 1 for probabil-

ity false alarm (PFA)~ 1074,
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e The second column (central) displays the ROC curves of detectors for Scenario 2 for respec-
tively SNR=0dB (top) and SNR=5dB (bottom). In this setting low rank proportionality
detector t{;R corresponds to the most appropriate GLRT, thus it outperforms the other
detectors. An explanation is that even under Hg, the total covariance matrices of the
different batches verify (2.31) (non-equal and non-proportional). Thus, tg, tp, and tE
require a high detection threshold to ensure a low PFA. It is worth mentioning that we
are mostly interested in the performance of the detectors for low PFA (below 0.1). In this
range, tsup also offers interesting performance since it is, as tIf)R, designed to be insensitive
to power fluctuations of the low rank signal covariance matrix.

e The third (right) column displays the ROC curves of detectors for Scenario 3 for respectively
SNR=0dB (top) and SNR=5dB (bottom). In this setting, the proposed detector tgyup
outperforms tg, tIﬁR, tp and t{;R, since equality, low rank equality, proportionality and low
rank proportionality detectors do not directly infer on the equality of signal subspace in
the context of low rank structure covariance matrices. For the considered scenario, the
correlation between the signal components change w.r.t. i even under Hy. However, (2.32)
is satisfied so tgyp is not sensitive to this type of heterogeneity. Therefore, this detector
allows to reduce the PFA as discussed in Remark 2.4.1.

3.2 Applications: change detection on real data

In this section, the performance of the proposed detectors is illustrated for change detection on
a UAVSAR dataset. This application has been done in collaboration with Ammar Mian from
SONDRA.

3.2.1 Setup

The considered dataset is SanAnd 26524 03 Segment 4, of coordinates (top left pixel) [2891, 28891],
with 2 acquisition dates : April 23, 2009 and May 11, 2015. The ground truth for change de-
tection is taken from [102] and presented in Figure 3.2. For one acquisition, the initial data
cube size is 2360 x 600 x 3 and is is pre-processed using the wavelet-decomposition transform
presented in [103]. This transformation, which allows to decompose a SAR image into canals cor-
responding to a physical behaviour of the scatterers, have been shown to increase the detection
performance [103]. This transformation increases the size of a sample from N = 3 to N = 12.
The detectors are applied using 5 x 5 pixel patches.

3.2.2 Compared detectors

We compare the same detectors as in the previous section. The proposed LR detection methods
are using a rank R = 1, and the white Gaussian noise power is adaptively estimated locally by
using the mean of the (N — R) last eigenvalues of the SCM of all samples in the patch. To show
the benefits of the multivariate setting, we also compare the results with a standard monovariate
detector applied to the summed entries of each pixel, denoted t,.

Remark 3.2.1 We note that for R =1, the detector for the subspace equality tgp coincides with
the low rank proportionality detector tILDR 80 tup s not displayed.
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Figure 3.2: UAVSAR Dataset in Pauli representation. Left: April 23, 2009. Middle: May 15,
2011. Right: Ground Truth for change detection.

3.2.3 Results

Figure 3.3 displays the detectors output. The ROC curves of the different detectors is displayed in
Figure 3.4. For this example, tIéR offers an improvement of the detection performance compared
to the standard equality testing tg. This result underlines the interest of the proposed LR
formulation. t{sR offers similar performance, but only for low false alarm rate. Intuitively, a
power fluctuation seems interesting to capture when it comes to change detection. Therefore,
proportionality testing (not sensitive to this change) may not be the most appropriate for this
application, as illustrated by the performance of tp. However, this detector is still interesting for
other purposes, such as local anomaly detection [91].

For each detector, Figure 3.5 displays the PD w.r.t. the spatial window size vK with
fixed PFA = 5%. Up to a reasonable window size, the detection performance increases w.r.t.
K. However, this is at the detriment of the spatial resolution of the process. This figure
hence illustrates the interest of the proposed LR methods, as they offer an improvement of the
performance/resolution trade-off. Notably, the proposed methods allow for K < N, where other
standard covariance based detectors are not defined (due to non-invertible SCMs).
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tm € {0,196}dB  tg € {0,25}dB  tp € {0,23}dB  tEk? € {0,2e3}dB LR € {-50,0}dB

Figure 3.3: Output (dynamic range in dB indicated on top) obtained for the different detectors
on the UAVSAR dataset.

0.2 0.4 0.6 0.8 1

Figure 3.5: PD versus spatial window size VK for fixed PFA = 5% of the different detectors on
the UAVSAR dataset.
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Chapter 4

Conclusion and perspectives

We proposed detectors in the context of low rank structured covariance matrices. The newly
proposed detectors are only sensitive to the low rank principal component. To this end, we
derived the GLRT to infer on the equality/proportionality of the low rank signal component and
on the equality of the principal subspace of signal of interest. The GLRT of detectors namely the
low rank proportionality and the low rank subspace detectors involved non-trivial optimization
problem. In order to evaluate these GLRTSs, we designed in the following block-coordinate descent
algorithms to compute the aforementioned detectors. Specifically, we made use of the block MM
algorithm for these problems. Finally, the performance detection of the proposed methods were
illustrated on simulated data. Furthermore, the interest of these detectors were also assessed for
a change detection application on a SAR dataset.
In the following, we list some possible future prospects related to this works:

e In this part of thesis, we focused on GLRT formulations, it would be interesting to integrate
low rank structures in other statistics (e.g. Rao, Wald, or Gradient), or in other detection
paradigms (e.g. matrix distances based, or Information Theory based).

e The use of local adaptive rank selection is also left as potential extension. For more details
we refer to the Section 1.1.2 in Part II.

e We may adopt the data model in Chapter 2 in Part II (i.e., adding Bayesian priors) to derive
a detection scheme by testing common properties between low rank structured covariance
matrices.
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Appendix A

(Generation of complex generalized
Bingham Langevin (CGBL)
distribution

In this appendix, we show how to sample a unitary random matrix U € Uﬁ from the CGBL, i.e.,
U ~ CGBL(C, {A,}), where, C € CV* and {A,} is a set of Hermitian matrices. The p.d.f. of
U is given by:

R
pcaBL(U) o exp {Z Re{c/u,} + qurur} (A1)

r=1

where, u, and c, stand for the r-th column of respectively U and C.

A.1 The real vector Bingham Langevin (vBL) distribution

The vBL distribution [40] is a probability distribution on the set of unitary real vectors which
combines linear and quadratic terms. For instance, a given real unitary vector u follows the vBL
distribution, i.e., a ~ vBL(¢, A). Its p.d.f. reads as

pepL (1) o exp{c’a + aT Au} (A.2)

where A € 8;\“, and ¢ is a real vector. An acceptance rejection method is proposed and investi-
gated in [41] to generate random vector following real Bingham distribution. Inspired from this
scheme, we derive a new sampling technique for the vBL distribution as detailed below. First,
let us define the acceptance rejection scheme.

A.1.1 Acceptance rejection method

Consider two known p.d.f. f(u) and g(u). Suppose it is possible to simulate from ¢ and it is
desired to simulate random variable from f. The key requirement is that there is a known bound
of the form

f(u) < Mg(u) (A.3)

where M is a known scalar and u € RY. The acceptance rejection algorithm proceeds as follows:
e Step 1: Simulate u~ g
e Step 2: Simulate u ~ Unif(0, 1).
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e Step 3: if u < f(u)/(Mg(u)), then accept u

e Step 4: Otherwise go back to Stepl.

It is worth mentioning that the bound M should satisfy the following condition M > 1. The
efficiency is defined by 1/M. For high efficiency, the bound M should be as close to 1 as possible.

A.1.2 Acceptance rejection method for the real Bingham distribution

In [41], an acceptance rejection scheme is proposed to sample the real Bingham distribution with
an angular central Gaussian (ACG) envelope. This sampling technique is summed up in the box
Algorithm 1 and a brief explanation of the sampling procedure is given below. The p.d.f. of
the real Bingham distribution reads as

fe() = cgexp{—al Aa}, fi(i) = exp{—al Au} (A.4)

where, cp is a normalizing constant, u is unit real vector and A€ S;{,. The ACG distribution is
denoted as ACG(€2) with € is a symmetric positive definite matrix, its p.d.f. is given below

faca(t) = eaca(@TQa) 2, fiog() = (@7 Qa) ™2, cacq = Q|2 (A.5)

with cacc is a normalizing constant. Cousidering w = a’Ad and Q =1+ 2A/b, b > 0, the
following inequality is achieved

Fi (@) = exp{—w}

N/2
< ep(-(V = 0/2) (120 7y)
< exp{—(N = b)/2}(a" Q@) "2
< exp{~(N — B)/2HN/D) 2 (@) (A6)
Then,
() < M(B) Fico(® (A7)

with M(b) = exp{—(N — b)/2}(N/b)N/2. The function log(M (b)) is convex in b admitting a
unique minimizer b* satisfying

N
R — Al
;b*+2)\,~ (4.8)

where the set {\;} denotes the eigenvalues of the matrix A. The generation of random vector

u ~ ACG(2) [35] is given as follows:
e Step 1: Sample y ~ N(0,Q71) i
e Step 2: Compute u = y/||y|| where u ~ ACG(€2)

A.1.3 The proposed sampling method for the vBL distribution
The vBL distribution takes the form:
fopL() = eyprexp{ela + al Aa}, fig (1) = exp{c’a + al Au}. (A.9)

where, cypr, is a normalizing constant. Inspired from [41], we aim to derive a new sampling
technique. Let us start first with introducing an inequality between the densities ff(1) and
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Algorithm 11: Acceptance rejection sampling scheme for the real Bingham distribution

input : A

output : u

Compute b* satisfying (A.8)
Compute © = I+ 2A/b*
Compute M (b*) = exp{—(N — b*)/2}(N/b*)N/2
Repeat

Sample § ~ N'(0,Q271)

Compute = y/[|y||

Compute fioq(@) = (a7 Qa)~N/?2
Compute f(@1) = exp{—a’ Aa}
Sample u ~ Unif(0, 1)

Until u < f(8)/(M(5) f00 (@)
Accept u

© W N Otk W N =

e
= o

*51,(1). By considering y = ¢’ and (1 — y)? > 0, we have
fapL (@) = exp{y + 0" Au}
< exp{1/2(1 + %) +ulAa} = exp{1/2(1 + ulce’na) + ul Aa}
< exp{1/2}exp{al (A + 1/2”T)u} = exp{1/2}exp{—al (—A — 1/2e¢T)u}exp{—y +~}

< exp{1/2 + y}exp{—ul (41 — A — 1/2¢eT)a}

< exp{1/2+7}fp(0)

< exp{1/2 +y}exp{—(N = b)/2}(N/D)™ fica (1) (A.10)
with v = max(elg(A + 1/2c ), fACG(~) = (@"Qa)" N2 Q@ =1+ (2/b)(1I — A — 1/2eeT).
Given that A € S]J\r,, /I — A —1/2¢¢" is a symmetric matrix and its elgenvalues are positive.

Finally, we have
fepr(@) < My (b) faca(1) (A.11)

where M;(b) = exp{1/2 + y}exp{—(N — b)/2}(N/b)N/?|Q|~'/2. In this case, b* satisfies the
following equality

N
> (A.12)
b +2>\

where the set {)\ } defines the eigenvalues of 71 — A — 1/2¢¢”. The Algorithm 2 details the

sampling technique of the vBL distribution.

A.2 The vector Complex Bingham Langevin (vCBL) distribution

Let us start first with defining the relation between the vCBL distribution and the vBL dis-
tribution. Based on [41], for a given complex unitary random vector u € CY such that
u ~ vCBL(c, A) and its p.d.f. reads as

pyepL(u) o exp {Re{c”u} + u’ Au}



A.2. THE VECTOR COMPLEX BINGHAM LANGEVIN (VCBL) DISTRIBUTION 93

Algorithm 12: Acceptance rejection sampling scheme for the vBL distribution

input : A, ¢

output : u

Compute v = max(eig(A + 1/2¢e7))
Compute b* satisfying (A. 12)

Compute Q = I+ (2/b*)(vI — A — 1/2¢e7)
Compute M;(b*) = exp{1/2 + ’y}exp{—( — b*)/2}(N/b*)N/2| Q| 1/2
Repeat

Sample § ~ Ny (0, Q1)

Compute @ = y/||y|]

Compute fioq(@) = (a7 Qa)~N/?2
Compute fi; (1) = exp{e”a + a” Ad}
Sample u ~ Unif(0, 1)

Until u < fig (a)/(M1(b") fice (D))
Accept u

©C 00 N O ok W N

-
N = O

where A is an Hermitian matrix and c is a complex vector. We denote by

u = uj + iy

A=A +iAy

C = C1 + 1Co (A.13)
where u;, €1 are respectively the real parts of u, ¢ and 19, ¢ are respectively the imaginary
parts of u, c. The matrix A; is symmetric and A, is a skew-symmetric matrix. In the following,

we alm to introduce a relation between the vBL distribution and the vCBL distribution. We
notice that,

pvepL(u) o exp {Re{cu} + u’ Au}
ox exp {Re{ (&1 + i) (81 + ifiz)} + (1 + i) ¥ (Ay + iAg) (@ +itiz) }
o exp {é{ﬁl v &lay +alAvay +ial Aty + iaf Aoty — 6l Agtty — z‘ﬁgAlﬁl}
exp {ﬁQTAlﬁg +al Agiy + iﬁQTAgﬁg}

o exp {élTﬁl v &lay +alAray — aF Agiy + 0l Aty + ﬁ§A2ﬁ1} (A.14)
Given that A; a symmetric matrix and Asa skew-symmetric matrix, we have:

al Aytiy = 0
al Ay =0

al Ay =al Aja

Then,
pvept(u) o exp{e’a + a’ Aa} (A.15)
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with
u’ = [af, a;]
¢’ =[e], &3]
- A, —A,
A= |= :
[A2 Ay ]
Finally, 3
u ~ vOBL(c, A) = @ ~ vBL(g, A) (A.16)

with @ € RV, & € R?N and A € SQJ“N. The Algorithm 3 details the generation of the unit
complex random vector u ~ vCBL(c, A).

Algorithm 13: The generation of the unit complex random vector u ~ vCBL(c, A)
input :c, A
output : u

Compute the 2N real unit vector u from the vector u
Compute the 2N real unit vector ¢ from the vector c

Compute the 2N x 2N real symmetric matrix A from the matrix A

Sample the real unit random vector i = vBL(¢, A)
Sample the complex unit random vector u from u

U b W N R

A.3 The matrix CGBL distribution

Using the same methodology as in [40], a Markov chain is generated which converges to CGBL(C, {A, })
in such a way the random unitary matrix U ~ CGBL(C,{A,}). The procedure is detailed in
Algorithm 4.

Algorithm 14: The generation of the unitary matrix U ~ CGBL(C, {A,})
input : C, {A,}
output : U
initialize: UW© « Uipnit (2 unitary matrix)
while stop criterion unreached do
for r € {1,..., R} in random order do
Compute the null space N of the matrix U} _

Compute the unit vector u = NHUM
Compute ¢ = kN¢c, and A = NFA,N
Update the complex unit vector u = vCBL(¢, A)
Update u,, = Nu
end
end

© o N o oA W N




Appendix B

MM algorithm

B.1 Block Majorization-Minimization algorithm

To solve further-coming optimization problems, we adopt the block MM algorithm framework,
which is briefly stated below. For more complete information, we refer the reader to [75]. Consider
the following problem:
minimize  f(6)
o (B.1)
subject to 0 € O,

where the optimization variable @ can be partitioned into m blocks as @ = (64,...,80,,), with
each n;-dimensional block 8; € ®; and ©® = [[;%, ©;. At the (¢t + 1)-th iteration, the i-th block
0, is updated by solving the following problem:

inimi (0.100
minimize  g; (91\0 ) (B.2)
subject to 0; € ©;,

with ¢ = (¢ mod m) + 1 (so blocks are updated in cyclic order) and the continuous surrogate

function g; (0i|0(t)> satisfies the following properties:

(o) -
f(agt),...,a,.,...,eﬁ
7 (69d?) = g (6 dile®)

vo\" +d; € ®;,
d? £ (0;...;d;;...;0),

o (617167)
(92|9 ) Vo, € ©,,
(6

3=
~
INA

where f/(0;d) stands for the directional derivative at @ along d. In short, at each iteration, the
block MM algorithm updates the variables in one block by minimizing a tight upperbound of
the function while keeping the other blocks fixed.

B.2 Surrogates and updates for the algorithms of Part 11

In the following, we derive two propositions needed for the algorithms design. These propositions
are generic. Specifically, the first proposition will be useful to derive updates w.r.t. positive
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scaling factors and eigenvalues of the structured covariance matrices. The second proposition
will be useful for the update of eigenvectors.

proposition B.1 Let U = [uy,...,ug] €UZ, Q=[ai,...,qr] € CV*E and {Y,} C H. The
function:

R
f(U) =" Re{q/u,} + ul [Y,]u, (B.3)
r=1

is lower bounded at Ut as:

R
f(U) > Z uﬁ(Yrui +1/2q,) + (uanYr + I/Qqﬁ)ur + const

r=1
> Tr{UPH"} + Tr{H'" U} + const
> —||U — HY||% + const
with equality when U = U = [ut,... u}] and H' = 1/2Q + [Y1u!, ..., Yguk]. The surrogate

function reads as:

f(UUY) = —||U - H'|[% (B.4)
Mazximizing the above function under unitary constraints is equivalent to solve:

minimize ||U — H'||%.
U

o (B.5)
subject to UHU =15
which is an orthogonal Procrustes problem [69] that has a unique solution given as:
ﬁt—H = 7DPv"oc(I_It) (BG)
where the projection onto the set L{ﬁ is denoted by the operator:
Pproc : CN*FE — Ul (B.7)
Z "YPUDVH s PpfZ} =UVH '

with TP defines the thin-singular value decomposition of a given matriz.

proposition B.2 Let us consider a, {b,} and {s,} where a >0, b, >0 and s, >0, Vp € [1, P].

The objective function
P

_ 2 abpsp
1S upper bounded by
g(a) < Aln(Ba + C) — Din(a) (B.9)
with
¢ atbp d ¢
9p21+5pm A:;HP
P 0tb P ot
2= hatre? 2l hat?
yre T xR
p=1"p p=1"p
P t
a'b
D= P
f °p atb, + o

p=
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then, the surrogate function reduces to

g(ala’) = Aln(Ba + C) — Din(a) (B.10)

with equality at a = a'.

as

The minimizer of the above function under positivity constraint is given

1 (Zspatb +02> <ZU atb :—0'2>

P P gty

St
= atbp+o2

DC
B(A— D)

t+1 _

(B.11)

Proof: The proof of Propositions B.1 and B.2 are similar to [69].

B.3 Surrogates and updrates for the detectors of Part 111

In the following, we derive two propositions needed for the algorithms design. Specifically, the
first proposition will be useful to derive updates w.r.t. positive scaling factors and eigenvalues
of the structured covariance matrices. The second proposition will be useful for the update of
eigenvectors.

proposition B.3 Let 7; € RY, and sets of real parameters {\.} with A\, > 0, Vr € [1, R], {s};z}
with sy, ; > 0, Vi € [1,1], ¥r € [1, R], Yk € [1, K;], and 0 > 0. The function

& o RN T A ST
r=1 k=1
is upper bounded at the point Tgt) as
Li(ri|™") < AjIn (Bi7; + C;) — D;In (74) (B.13)
where
(t) ) A, R
K+Z$m Zskz A= i
i Ar + 02 i Ar 40 r=1
ZR 'Yi “Ar ZR ’Yi R (B14)
r=1 T5t>Ay-+0'2 r=1 ’Tgt))\r-‘rO'Q -
Bi:R—',- Ci:R—T Di:zﬁi
2re1 Vi el r=1

()

with equality at 7; = 7;. The above surrogate function has a unigue non-negative minimum that
leads to the following MM update:

t+1) _ DG

= G oDoIE (B.15)

Proof. The first part of the proof follows the lines of Proposition 1 in [45]. First, we construct
an inequality by the first order Taylor expansion of In as:

K;
- E Skz
k=1

TZ(-t)/\T

(14 In(7;Ar) — In(m; A + 0%)] + const. (B.16)

Tgt) A + 02
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The cost function L; is therefore majorized by a first surrogate as:

z a0 N (S o
TZ|T Z:: ( 1; kﬂTl(t))\r—i-JQ) n(ride+ o) (,;Sk’zTgt))\r—FaQ) n(n)]
(B.17)
that reads
R
Z [ In (7 +0%) — B In(ry)] (B.18)

with 7] and ] in (B.14). Second, thanks to the Jensen’s inequality, we have:

R Tz)\r+0'

R R PDRBE ORI
Z vE In (1A 4+ 0%) < va In T . + const. (B.19)
r=1 r=1 Zr:l Vi

that splits into

R A R Yion
R R Dol TH Yol T
2 Ar+o? i Arto?
g ~vi In (TMT + 02) < ( g 7{) In }; T—HT Ti+ RT‘ T+J + const.  (B.20)
r=1 r=1 Zrzl 71‘ Zrzl ’Yi

Finally, we have the second surrogate function

with A;, B;, C; and D; in (B.14). The proof concludes by directly applying Proposition 2 of [45],
that states that the above majorizer is quasi convex and has a unique minimizer given in (B.15).
|

proposition B.4 Let V.€¢ CM*E pe q unitary matriz, {B;}, with B; € HEJr, Vi € [1,I] and
{A;}, with A; € HH“, Vi € [1,1]. The function

I
f(V)==> Tr{V7A;VB;} (B.22)
i=1
is upper bounded at point V) as
I
VASRESSY [Tr{VH A VOB} + Tr{VOH AiVBi}] + const. (B.23)
=1

with equality at VW = V. The above surrogate function has a unique minimum on the set of
unitary matrices, that leads to the following MM update

VD = U UL (B.24)
where Uy and Urlght are the left and right eigenvectors of the thin-SVD

I
S (A vOB) 2P U DUL,, (B.25)
=1
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Proof. The function f in (B.22) is concave so it can be majorized by its first order Taylor
expansion, which is the surrogate given in (B.23). Minimizing (B.23) under unitary constraints

is equivalent to solve
2
I .(t>4)_ H
minimize H (lel A, VYB,;| -V - (B.26)
subject to VHV =1

which is an orthogonal Procrustes problem [45] that has a unique solution given in (B.24). W



Appendix C

Résumé étendu

C.1 Introduction

Les systémes d’estimation/détection de signaux doivent souvent fonctionner dans des environ-
nements difficiles & caractériser avec des modéles statistiques précis. Il est donc intéressant de
développer des traitements peu sensibles aux écarts entre les observations et les modéles supposés.
Au cours des derniéres décennies, 'estimation des parameétres d’intérét a partir d’un ensemble
de données bruitées est resté un sujet de recherche actif, car il souléve encore de nombreuses
difficultés:

e Tout d’abord, un des problémes difficiles est celui de 'estimation des parameétres d’intérét
dans le contexte des données de grande dimension (c’est-a-dire, dans le cas ou la dimension des
données est proche ou supérieure a la taille de I’échantillon). En guise de solution, 'approche
de rang faible offre la possibilité de traiter de maniére robuste et efficace des données de grande
dimension. En effet, dans de nombreux cas, les informations pertinentes résident souvent dans
un sous-espace de dimension beaucoup plus faible que I'espace ambiant. Ainsi, I'objectif de
nombreux algorithmes peut étre interprété, au sens large, comme d’exploiter cette structure
présente dans les données. Un exemple de structure récurrente en traitement du signal est celui
d’une matrice de covariance de rang faible, apparaissant lorsque le signal est contenu dans un
sous-espace.

e En second lieu se pose le probléme du choix de modéle statistique & apposer aux données.
L’un des modéle le plus utilisé est le modele gaussien, qui n’est cependant pas toujours réaliste.
Ce choix peut donc nuire aux performances des traitements développés lorsque les données sont
de nature impulsives, ou présentent des valeurs aberrantes. Ainsi, le modéle choisi doit étre
robuste a l’éventualité de signaux non gaussiens. A cette fin, nous considérons I'utilisation du
modéle gaussien composé, généralement choisi pour sa flexibilité et pour son adéquation avec des
jeux de données réelles. Cette modélisation inclut de nombreux cas particuliers usuels, comme
par exemple, les cas gaussiens, Student-t, ou encore K-distribués.

Les contributions de cette thése se concentrent autour de deux axes:

e Nous examinons d’abord le probléme de I'estimation du sous-espace signal dans un contexte
bayésien. En effet, 'ajout d’une information a priori sur le sous-espace signal peut améliorer le
processus d’estimation dans certains cas critiques, comme par exemple, un faible rapport signal
sur bruit et/ou un faible support d’échantillons. Nous nous concentrons sur le cas de signaux
gaussiens composés noyés dans le bruit blanc gaussien. Cette modélisation a été largement util-
isée dans plusieurs applications de traitement du signal pour sa robustesse a la présence de valeurs
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aberrantes, éventuellement causée par un bruit impulsif. Suivant le cadre bayésien, nous dérivons
deux algorithmes pour calculer respectivement I’estimateur maximum a posteriori et I'estimateur
dit du minimum de distance quadratique moyenne. Dans ce contexte, nous introduisons égale-
ment une version généralisée de la distribution de Bingham-Langevin afin de modéliser 1’a priori
sur la base orthonormée du sous-espace signal.

e En second lieu, nous étudions le probléme de savoir si un jeu de données sous test partage
des propriétés communes avec un ensemble de données secondaires. A cette fin, nous proposons
de nouvelles statistiques basées sur le test du similarité entre les composantes principales des
jeux de données. Dans ce contexte, nous formalisions plusieurs tests de rapport de vraisem-
blance généralisé basés sur des matrice de covariance & structure rang faible. Les intéréts de
cette approche dans des applications telles que la détection de changement sont multiples: i)
Incorporer une structure de rang faible un test d’égalité de matrice de covariance peut offrir une
amélioration performances de détection. i) L’hypothése de rang faible permet d’augmenter la
résolution spatiale du processus de détection car ce dernier peut alors étre mis en ceuvre avec
moins d’échantillons.

C.2 Estimation bayésienne de sous-espace signal en présence de
sources gaussiennes composées

C.2.1 Introduction

L’estimation de sous-espace est un probléme omniprésent en traitement du signal. Le but étant
d’estimer le sous-espace, de généralement de rang faible, ol se trouve 'information générée par
les signaux d’intérét. Ceci représente une étape clé dans de nombreuses applications, comme
Pestimation des directions d’arrivée [1], 'annulation d’interférence [3,48-50], etc.

Nous considérons un modéle linéaire largement utilisé dans la littérature : la matrice de don-
nées est modélisée sous la forme Z = US + N, ot U représente la base du sous-espace d’intérét,
S est le signal d’intérét et N est un bruit additif. Le probléme adressé est d’estimer U a partir
des observations Z. La méthode la plus courante est d’estimer le sous-espace U par décomposi-
tion en valeurs singulieres (DVS) de la sample covariance matriz (SCM), c’est-a-dire au travers
des vecteurs propres prédominants de la SCM. Ceci fournit généralement un estimateur précis
de ’espace R(U) (généré par U) pour un rapport signal /bruit (RSB) élevé et/ou pour un grand
nombre d’échantillons. Cependant, cette méthode montre ses limites en dehors de ces régimes
asymptotiques. Une solution serait d’intégrer certaines connaissances a priori dans le processus
d’estimation, comme proposé dans [66] et [68|. Par exemple, le cadre bayésien permet de dériver
des estimateurs tels que 'EMDM, qui vise & minimiser la distance entre la vraie matrice de
projection UUH et son estimée UU¥ [66,68]. Plus particuliérement, dans [66], "'EMDM est
proposé pour différents modeles ou I’a priori sur S est uniforme. Nous étendons le travail de [66]
pour un modéle linéaire olt S suit une loi gaussienne composée et N est un bruit blanc gaussien.
Ce choix est motivé par le fait que la distribution gaussienne composée a été adoptée dans de
nombreuses applications de traitement de signal robustes, car elle peut prendre en compte les
fluctuations de puissance locales et présente un bon accord avec plusieurs ensembles de données
réelles [16,17]. Notons que cette famille couvre un large panel de distributions telles que Student
t-, K- et Weibull (cf. [16] et références dans celles-ci). Par conséquent, le modéle considéré peut
décrire avec précision un fouillis (o Pon tient compte des fluctuations de puissance des sources)
perturbé par un bruit thermique. A titre d’exemple, ce modeéle a été utilisé pour la détection en
environnement hétérogéne [32,104| et pour 'estimation de matrice de covariance dans |30, 34].
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En particulier, concernant le probléme d’estimation de sous-espace, [19,69] a proposé des algo-
rithmes maximum de vraisemblance (MV) pour ce contexte, et des bornes limites sur la précision
d’estimation ont été dérivées dans [71]. Cependant, ces études n’ont jamais été conduites dans
un contexte bayésien, en ce sens que ils n’ont pas apposé d’a priori sur le sous-espace d’intérét.

Afin de combler cette lacune, nous dérivons de nouveaux estimateurs bayésiens dans le con-
texte des sources suivant la loi gaussienne composée, noyées dans un bruit blanc additif gaussien.
Tout d’abord, notre développement nécessite d’étendre les distributions utilisées dans [66] pour
des données avec des entrées complexes. Dans ce but, nous introduisons une généralisation de la
distribution réelle de Bingham-Langevin (également appelée Bingham-von-Mises-Fisher). Nous
proposons également une méthode de génération des matrices semi-unitaires adaptée cette distri-
bution (en appendice A du manuscrit complet). Deuxiémement, nous développons un algorithme
pour calculer estimateur du maximum a posteriori (MAP) pour le modeéle considéré, basé sur
Palgorithme mazimization minimization (MM) [45]. Troisiémement, nous dérivons un algorithme
d’échantillonneur de Gibbs pour calculer l'estimateur EMDM, qui suit la formalisation de [66].
Dans le chapitre I1.4 du manuscrit complet, nous étudions numériquement les performances des
I'estimateurs proposé, et illustrons leur applicabilité sur une problématique de détection STAP
(par un radar aéroporté) avec des données réelles.

C.2.2 Etat de art
C.2.2.1 La loi gaussienne composée

La distribution gaussienne composée est un outil reconnu dans la littérature de traitement de
signal robuste [12]. Ce modeéle est polyvalent, car il englobe de nombreuses distributions usuelles
telles que les distributions gaussienne, Student -, K- et Weibull. Une observation qui suit
une loi gaussienne composée (CG) de dimension N est représentée comme un produit de deux
composants statistiquement indépendants. Plus précisément, si s € CV suit une distribution CG
centrée, notée s ~ CG(0, X, f;), il a la représentation stochastique suivante :

s L /7d, (C.1)
ou

i) T est un scalaire positif, appelé texture, ayant comme une fonction de densité de probabilité
fr. Ce paramétre est statistiquement indépendant de d. En fonction de f,, nous pouvons
obtenir diverses distributions multivariées standard pour s [12]. Afin de concevoir des
algorithmes robustes & toutes ces distributions, nous considérons ici ce paramétre comime
déterministe inconnu pour chaque réalisation. Cette distribution sera donc notée s ~
CG(0,3, 7) pour chaque observation k € [1, K]. Nous notons également 7 le vecteur qui
agrége les parameétres {7} pour un ensemble donné d’observations {s}.

i1) d suit une distribution gaussienne complexe multivariée de moyenne nulle et de matrice de
covariance X, notée, d ~ CN(0,X). Le paramétre 3 € ”Hﬁ est appelé matrice de disper-
sion. Notons que si E{7} < 0o, la matrice de covariance de s existe et est proportionnelle
4 la matrice de dispersion, c’est-a-dire E{ss’’} = E{r}X.

C.2.2.2 La distribution complexe Bingham-Langevin généralisée (CBLG)

Afin de modéliser les a priori sur les sous-espaces, nous nous intéressons dans la suite a la distribu-
tion par rapport a I’ensemble U ﬁ. Parmi les distributions les plus utilisées sur U ]}\? figurent les dis-
tributions de Bingham et de Langevin [35,40,41]. Nous présentons la distribution CBLG comme
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une généralisation des statistiques directionnelles habituelles susmentionnées au cas de variables
matricielles & entrées complexes. La CBLG est une distribution de probabilité sur I’ensemble
des matrices semi-unitaires qui combine des termes linéaires et quadratiques, paramétrés par un
ensemble de matrices {A,} C H} et la matrice C. Nous notons U ~ CBLG(C, {A,}) € CN*E
lorsque la densité de probabilité de U sur L{ﬁ est donnée par

R
pesra (U) o exp {Z Re{c/u,} +uf! Arur} , (C.2)

r=1

ou ¢, et u, représentent le r™° vecteur colonne de, respectivement, C et U.

Remarque C.2.1 Dans (C.2), pepra favorise la concentration de chaque vecteur u, autour
de c, et u,ull autour du sous-espace associé auz valeurs propres les plus fortes de la matrice
Hermitienne A,. En guise d’exemple, si A, = A et ¢, =0, Vr € [1, R], l’espace engendré par
UUX tend a étre proche de Uespace propre dominant de A pour chaque réalisation.

C.2.3 Modéle des observations

Les données sont modélisées comme une somme de sources gaussienne composées, résidant dans
un sous-espace de rang faible, incorporées dans un bruit gaussien blanc. Cette formulation
est utile pour modéliser le fouillis ainsi que le bruit thermique dans plusieurs applications de
traitement de signal, telles que radar [19,32,33,69,71]. Pour ce modéle, les échantillons {z;}5_,
(les colonnes de Z) sont représentés sous la forme suivante

Zj, = Sk + Ny (03)

ou
e s, ~ CG(0,3, 71) réeside dans un sous-espace de rang R < N. De plus, la matrice de dispersion
est paramétrée par sa DVS
> Y5 yau# (C.4)
i) L’ensemble des scalaires {71} représente les textures qui sont supposées étre positives et
déterministes inconnues.

ii) A = diag({\,}) € R est une matrice diagonale contenant les valeurs propres de la
matrice de dispersion, supposées positives et déterministes inconnues.

i) Ueld ]@ sont les vecteurs propres de la matrice de dispersion, dont les colonnes représentent
une base orthonormée du sous-espace du signal. Cette base suit la distribution U ~
CBLG(C,{A,}).

e n; ~ CN(0,02Iy) est un bruit blanc additif Gaussien de variance connue (ou pré-estimée) o2.

Remarque C.2.2 Dans ces travauz, nous considérons un modéle hybride bayésien car notre
principal intérét est d’intégrer une connaissance préalable du sous-espace du signal dans le pro-
cessus d’estimation. Inversement, nous choisissons de ne pas spécifier la densité de probabilité des
parameétres de texture {Ty} (et des valeurs propres {\,}), supposés ici inconnus et déterministes.
Ce faisant, nous garantissons une robustesse du processus pour toute distribution sous-jacente de
ces paramétres. De plus, cette hypothése permet également de proposer des méthodes tractables :
Uinclusion d’une distribution préalable sur {1} dans le modéle considéré conduit en effet a des
fonctions intégrales complezes & manipuler et calculer en pratique [72]. Dans ce qui suit, par
souci de concision, Uestimateur hybride bayésien MV-EMDM (respectivement MV-MAP) sera
simplement appelé EMDM (respectivement MAP) par abus de langage.
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En désignant
¥, = 1 UAUT 4 021y Vk € [1,K] (C.5)

nous avons pour chaque échantillon la représentation conditionnelle z;|U, A, 7 ~ CN (0, Xg),
conduisant & la densité de probabilité conditionnelle de la série d’échantillons Z

p(Z[U, (A}, {r)) = Hp 2e[U, (), 74) o H =P {deik;; e} (C.6)

Grace au lemme de Sherman-Morrison-Woodbury |73, 74|, 'expression de E,;l est simplifiée
comme

¥ =071 UL UX (C.7)
ot Ty, = 0721 — (T4 A + 0?Ig) ! est une matrice diagonale d’entrées

TrAr

o?(TAr + 02) (C-8)

[Fk]r,r =V =
A partir de (C.7) et (C.6), 'expression de la probabilité postérieure de U est redonnée par

K exp {—zkH (Ek)_l Z,

P(UIZ, {73, () o oI, (i, (0 Do (0) o s rema(V)
k=1
K
< |1 (H P Uz) exp { —2{ (-UTxU" + 0~ ?1y)z. } popra (U)
k=1
K
X H ( Tk)\ T O' ) exp{ UI‘kUHZk}pCBLg(U)
o
o <1}:[11_[1 P W ) exp {Zu M uT}pCBL(;(U)
K B
x <H]‘[TkA —3 )exp{ZRe{c u,} +u [A, +M,|u } (C.9)
k=1r=1
avec .
M, = Z’Yk,rszkH (C.10)
k=1

ou 'expression de 7y, est donnée dans (C.8).

Notre objectif est de développer des estimateurs bayésiens de la base orthonormale de sous-
espace U pour le modele de données (C.3). La premiére proposition est un algorithme majoration-
minimisation (MM) pour calculer 'estimateur MAP. Le second est un algorithme permettant
d’évaluer 'EMDM au moyen d’itérations MM et d’un échantillonneur de Gibbs. De plus, nous
présentons un cas spécial, appelé “modéle simplifié¢”, pour lequel les estimateurs MAP et EMDM
coincident et peuvent étre calculés avec un faible cout. Les propriétés de chaque méthode sont
énumérées ci-dessous :

e Théoriquement, ’approche EMDM offre les meilleures performances en termes de dis-
tance moyenne entre les matrices de projection des sous-espace estimé et réel. Néanmoins,
I’évaluation de l'estimateur EMDM nécessite généralement un échantillonneur de Gibbs
qui peut étre coliteux en temps de calcul.
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e Le MAP est théoriquement sous-optimal (par rapport & "TEMDM), mais peut généralement
atteindre de bonnes performances en pratique. De plus, I'algorithme proposé pour calculer
cet, estimateur n’implique que des mises & jour explicites, ce qui réduit considérablement
le temps de calcul.

e ’EMDM du modéle simplifié est intéressant car il ne nécessite pas d’échantillonneur de
Gibbs. La simplification du modéle n’est pas nécessairement réaliste et introduit un dé-
calage au vrai modele. Cependant, des simulations numériques (dans le chapitre 11.4 du
manuscrit complet) illustrent la robustesse et I'intérét de approche en pratique.

C.2.4 L’estimateur maximum a posteriori (MAP)

Dans cette section, nous dérivons un algorithme pour calculer I'estimateur MAP dans le contexte
de modele donné (C.3). Le calcul du MAP requiert de résoudre le probléme suivant :

maximize p(ﬁ\z, {61 {M})
U7{7—k}7{>‘7'}

subject to T >0 Vk, \. >0 Vr (C.11)
U0 =15

A partir de (C.9) et (C.11), ce probléme est exprimé comme suit

R K
‘maximize Z Re{cd,} +af [A, + M,]1d, — Z In(7p\, + 0?)
(@b {reh i} 1

subject to T > 0VEk, A\, >0Vr
UlU = IR with U = [d]... |45

Tk;)\ H
M.,
Z o (TpAr + 02)Zkzk

(C.12)

Pour résoudre ce probléme, nous dérivons un algorithme itératif en appendice B.2 du manuscrit
complet. Cet algorithme se base sur la méthode MM [75,76], qui effectue une mise a jour des blocs
de paramétres en minimisant une fonction de substitution (majoration) de 'objectif. L’intérét
de cette méthode réside dans la possibilité d’obtenir des mises a jour sous forme explicite et
d’assurer un décrément monotone de la valeur de 1’objective & chaque étape.

C.2.5 L’estimateur minimisant la distance moyenne (EMDM)
C.2.5.1 Définition

L’EMDM vise & minimiser la distance euclidienne moyenne entre la vraie matrice de projection
UU# et son estimateur en supposant une distribution préalable sur la base du sous-espace. En
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étendant directement la formulation de [66] au cas complexe, TEMDM est exprimé par :
ﬁEMDM =arg mAin EUZ {H ﬁﬁH — UUH H%}
U

= arg max EUVZ{Tr{ﬁHUUHﬁ}}
U

—agmae [ | [ T@IUUTBYUN U] )0 ©.13)

= arg max /Tr{ﬁHUUHfJ}p(U|Y)dU
U

= arg max Tr{fJH [/ UUHp(U|Y)dU} ﬁ}
18]

qui peut étre obtenu en tant que
Toon = P { [ UUTHUNIU | = i (M(p(U12))} (C.14)

Dans lequel

M(p(U|Z)) = /UUHp(UyZ)dU (C.15)

Remarque C.2.3 L’expression ’EMDM dépend de p(U|Z), qui est spécifié en fonction du mod-
éle de données et de la distribution a priori attribuée auzr paramétres. Généralement, il n’eziste
pas de solution de forme explicite pour calculer M(p(U|Z)). Cependant, (C.14) peut toujours
étre évalué a laide de la moyenne arithmétique induite (IAM) [66], comme

sz"l'Nr
UrPrqy— > Ug, (C.16)
7”'rL Nb7,+1

ot Uy sont générées suivant p(U|Z). Une méthode de génération de cette loi est proposée en
appendice A du manuscrit complet. Ici, Ny; représente le nombre d’échantillons nécessaires a
wnitier la chaine de Markov, et N, est le nombre d’échantillons utilisés pour évaluer l’intégrale.

C.2.5.2 EMDM dans le contexte des sources gaussienne composée

Nous rappelons que, selon le modéle de données de (C.3), U ~ CGBL(C,{A,}) et z; ~
CN (0,7, UAU 4 5%Iy). En se basant sur (C.13) et (C.5), estimateur EMDM de U définit la
solution de probléme d’optimisation suivant

minimize Ey gz {H uu? - uu HF}
U,{Tk},{)\r}
subject to 7 >0VEk, A, >0Vr

UlU =1

(C.17)

Pour évaluer une solution de probléme, nous dérivons dans le chapitre 11.2.3.2 un algorithme
itératif qui met a jour séquentiellement les variables U {Tx} et {\}. La mise a jour U nécessite
un échantillonneur de Gibbs. Les mises a jour des des textures {74} et les valeurs propres {\,}
mettent en ceuvre une procédure MM identique & celle de 'estimateur map.
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C.2.6 Modéle simplifié

Dans cette section, nous nous concentrons sur un cas particulier appelé modéle simplifié, dans
lequel ¥ = AUU?. Cette relaxation du vrai modeéle, par exemple utilisé dans [72], permet des
simplifications intéressantes qui réduisent considérablement le temps de calcul de la procédure
d’estimation. Notons que toute mise & 1’échelle peut ici étre absorbée dans les paramétres de
texture comme ¥ = A7. On peut donc supposer ¥ = UU. Pour ce modéle, z;|U, 1) ~
CN(0,X), ainsi, la matrice de covariance est donnée par

¥, = 1, UUH 4+ 021y (C.18)

En utilisant le lemme Sherman-Morrison-Woodbury, E,;l est exprimée comme

Tk

-1 _ H_ 21 _ —27 _
3, = (i UU" +0°1) " =071 e+ 07)

Uu? vk (C.19)
Puis, la densité de probabilité p(Z|U, {7}) est réduite a

71U ﬁ U ﬁ exp {—zkHZI;lzk}
(@0 (7)) o Tl o TT =0

o exp {i{: TkUszku} <ﬁ(7’k + 02)R>
o?(T + 02)

k=1 k=1

K

x etr {UTWU} (H(Tk + 02)_R> (C.20)

k=1

ot W = ZBZ! et B = diag ({ ;25777 -
forme explicite des solutions, nous affectons & U la distribution complexe Bingham invariant,
i.e., U~ CIB(k, A), ainsi sa densité de probabilité est pcip(U) o< etr{xU” AU}.

T . .
o] ey }) Pour obtenir une expression sous

C.2.6.1 EMDM et MAP dans le contexte de modéle simplifié

Dans ce cas, 'EMDM de la base U est défini comme le minimiseur du probléme suivant

minimize Eyz {H uu? - uut ||%}
U {7}
subject to 7 >0, Vk

UHU =1

(C.21)

Dans la section I1.2.4.1, nous développons une méthode d’estimation itérative en résolvant (C.21)
par rapport & U et {7} séquentiellement. Il est ensuite montré en section 11.2.4.2 que le MAP
coincide avec TEMDM pour ce cas. Notons aussi que ce modéle spécifique fournit une solution
avec une interprétation intéressante : 'EMDM apparait naturellement comme le sous-espace
principal d’une SCM utilisant des échantillons normalisés selon leur distance au sous-espace
recherché.
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C.2.7 Estimateurs bayésiens de sous-espace en présence de valeurs aberrantes

Les nouveaux estimateurs de sous espace proposés ont été dérivés dans le contexte des sources
gaussiennes composées intégrées dans un bruit blanc gaussien. Ces estimateurs peuvent se révéler
peu performants face & 'introduction de valeurs aberrantes dans les données secondaires. Ce,
au méme titre que des échantillons altérés par des valeurs aberrantes faussent le sous-espace
dominant de la SCM [77]. Nous avons donc souhaité proposer des estimateurs robustes a la
présence de telles données aberrantes en intégrant ces derniéres dans le modéle de signal. Nous
proposons ci-aprés des estimateurs MAP et EMDM dans le contexte de sources gaussienne com-
posées noyées dans un bruit hétérogéne (i.e. des données aberrantes qui suivent la loi gaussienne
composée plus un bruit blanc gaussien).

C.2.7.1 Ajout de valeurs aberrantes au modéle gaussienne composé plus un bruit
blanc additif gaussien

Les données seront modélisées comme une somme de sources gaussiennes composées sy, un bruit
blanc gaussien nj; et des valeurs aberrantes gaussiennes composées ci. Pour ce modéle, les
échantillons {zj} est donnée par

zp = S + ¢ +ng, Vk € [1,K]] (0.22)
Pour chacun des paramétres, on supposera les distributions suivantes:

e Lesignal sy ~ CG(0, X g, 7k) réside dans un sous espace de rang faible R qui est supposé pré-

estimé. La DVS de la matrice de dispersion est ¥ p xS [U|U4] {Ié% 8] [U|U+]#. Notons

que, comme cela a été fait dans [30,72] et le modeéle simplifié précédemment considéré, les
valeurs propres non nulles de 3 sont supposées étre égales & 1. L’hypothése de I'égalité
des valeurs propres est une relaxation réalisée a des fins de simplification de calcul, mais
offre néanmoins des performances intéressantes dans la pratique [30].

e La base orthonormale de sous-espace de signal est distribuée comme suit: U ~ CGBL(x, C, {A,}).

e La valeur aberrante potentielle est distribuée comme ¢ ~ CG(0, X, B;), ot sa matrice de
covariance est définie par ¥, = Iy — UUH = ULULH, ot Ut est un complémentaire or-
thonormeé de la base du sous espace source. Ce modéle de valeurs aberrantes est intéressant
en termes de robustesse, car il permet de considérer des valeurs aberrante pour, défavorable
en termes d’estimation de sous espace signal.

e Le bruit additif n est distribué comme ny, ~ CN'(0,02Iy). Par souci de clarté, la variance
o2 est supposée pré-estimée.

Ces hypotheses conduisent a zg |7k, 85, U ~ CN (0, Xi) avec
¥ = 7, UUY 4 8, U0 + 621y (C.23)

Ainsi, la densité de probabilité Z conditionnelle a {74}, {F:}, U avec Z = [z1,...,zk], est

K
p(21{r2). (4 0) = [ ptoutrc 1.0 H il dezfz:) 2} (C.24)
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Grace au lemme the Sherman-Morisson-Woodbury, I’expression de 2,;1 est donnée par

L Tk — Py
o+ B4 (02 + 71) (02 + ;)

= UuH (C.25)

e (C.24), la probabilité a posteriori U|Z, {7y}, {5} est exprimée comme

p(UIZ, {7i}, {Bi}) o< p (20U, {7k}, {Bk}) poasL(U)

~ ﬁ exp {—zkHElzlzk}

det(35) pcasL(U)

k=1

K
Tk 7H H By H H
x | | h — 77 UU | | -y UU U
kXD {02(02 +Tk) 7k Zk} Pt P { o2(0? + ﬂk)yk Yk}pCGBL( )

R
( ) etr{UYMU}exp {Z Re{cu,} + u,{{Arur}

k=1 r=1
K R
<H ) exp {Z Re{cu,} +ufl (A, + M)ur} (C.26)
k=1 r=1
avec 1
hy, = —
(Th + o) B(By, + 02)N -1
o 1= b TK — Bk H
M= 2 (S et )

C.2.7.2 Estimateurs
Pour ce modéle d’observations, nous proposons de nouveaux estimateurs
e Un algorithme permettant de calculer le MAP est proposé en section 11.3.2..
e Un algorithme permettant de calculer 'TEMDM est proposé en section 11.3.3..
De plus, une précision est détaillé pour un prior Bingham-invariant, car MAP et TEMDM coin-
cident pour ce cas.
C.2.8 Applications

les performances et la robustesse des méthodes proposées sont illustrées via des simulations
numériques dans le chapitre I1.4. du manuscrit complet. De plus, une application a la détection
radar est illustrée sur des données réelles.

C.3 Détection de changement de sous-espace signal de matrices
de covariance structurées

C.3.1 Introduction et motivations

Le test statistique de 1’égalité (ou de la proportionnalité) de la matrice de covariance suscite un
intérét croissant dans le contexte du traitement du signal et des images [5]. En effet, ce test
d’hypothése bien établi a été étudié et appliqué & la détection de changements d’anomalies et &
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la classification pour une pléthore d’applications comme traitement d’images Synthetic Aperture
Radar (SAR). Des tests d’égalité ont notamment été proposés pour la détection des changements
dans les séries temporelles d'images SAR [86-88]. Une vue d’ensemble et une analyse statistique
de ce sujet sont proposées dans [5], et le cas du tests de proportionnalité a été considérée dans
[91,92].

dans cette partie de la thése, nous proposons de nouveaux tests statistiques pour le contexte
de matrices de covariance structurées. En effet, la matrice de covariance des mesures radar
présente généralement des structures inhérentes. Nous considérons le traitement des matrices de
covariance modélisées par la somme d’une composante de rang faible (ou se trouve 'information
géneérée par des signaux d’intérét) plus une matrice d’identité (représentant la contribution d’un
bruit blanc additif). Cette structure particuliére des matrices de covariance a été exploitée dans
le contexte de détection radar [43,45].

En particulier, nous proposons ci-aprés trois nouveaux tests du rapport de vraisemblance
géneéralisée (TRVG) qui tiennent compte de cette structure rang faible. Formellement, les deux
premiers détecteurs ré-expriment des tests d’égalité et de proportionnalité, mais uniquement sur
la composante principale du signal d’intérét. Le troisiéme test propose une détection sensible
uniquement & une variation du sous-espace du signal. La dérivation des deuxiéme et troisiéme
tests nécessite de résoudre certains problémes d’optimisation non triviaux, pour lesquels nous
dérivons des algorithmes MM appropriés.

C.4 Modéle des observations

Nous considérons le jeu de données total partitionné en I + 1 sous ensembles indépendants.
Pour chaque sous-ensemble, i € [0, ], nous disposons de plusieurs observations i.i.d., notées

{z};}ke[[l, K] et chacune de taille N. De maniere trés générale, ces données sont modélisées par:
zi = sk +nk (C.27)

e Le signal d’intérét si ~ CA(0,X%), sa matrice de covariance est de rang R < N et notée
2’1'{ = UiRiUZ-H ou U; € U]@ représente une base orthonormale engendrée par le sous-espace
signal et R; € CEX est la matrice de covariance correspondante dans cet espace.

° nz ~ CN(0,0°T) désigne un bruit blanc additif gaussien.

° s}; et n}‘C sont deux vecteurs aléatoires indépendants.

En conséquence, la distribution des observations est :

zj, ~ CN(0,%;) avec 2; = U;R'U/ + 0’1 (C.28)
; I exptr{—S;=71(0)

On notera £({z}}0) = [[,_, PAGIL
matrice de covariance empirique et 8 le parameétre d’intérét définissant {¥;}.

! , la vraisemblance des données {z}}, ou S; est la

C.4.1 Etat de l’art

Nous présentons deux TRVG standard utilisés pour tester la similarité des matrices de covariance.
Le premier test concerne 1’égalité des matrices de covariance, tandis que le second est dérivé pour
le test de proportionnalité entre les matrices de covariance dans le cas gaussien. Nous considérons
I+1 ensembles d’échantillons indépendants ZZ e CV,ie[0,I], K € [1, K], avec K; échantillons
pour chaque ensemble 7. Les échantillons z}AC ~ CN(0,X;) sont supposeés étre i.i.d. et leur SCM
correspondant sont notés S;.

1 Ko H
Si= & ; 77!, (C.29)
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C.4.1.1 test d’égalité

Le probléme général du test de I’égalité de la matrice de covariance [97] dans le cas gaussien a
valeur complexe est analysé, par exemple dans [5]. Ce test d’hypothése se formule comme

Ho: =%, ;=32 Vie[l,I] (C.30)
Hi: g #X, E,ZEVZE[[LIH .
Le TRVG pour ce test d’hypothése, noté tg, est donné par
b H
[Z,| > o8 (C.31)

<‘2 |P0|2 |P*) Ho

avec les quantités

I
K=> K,
=0

K,=K—-Kj
po = Ko/K
p*:K*/K

et les SCMs s
EHO = Z SZ/K
i=0

I
;'[1 = Z SI/K*
=1

C.4.1.2 Test de proportionnalité

Le probléme général du test de la proportionnalité de la matrice de covariance [98] dans le cas
gaussien est analysé dans par exemple [91]. Le test d’hypothése est formulé comme

{Ho L 3 =B, B = B2 Vie[l,]] (©39
Hi: o # [oX, X, =p,2Vie[l,I]
Le TRVG sur la proportionnalité, noté tp, est donné par
‘BHOngp‘ Ko I |BH ngp| K; ” )
I > Op, (C.34)

£
=5, i=1 |5H1 &P Ho
avec
i) {B;{O} et ﬁ]%_l?g sont les coefficients de proportionnalité estimés avec le generalized fized point

estimator (GFPE) [92] appliqué sur 'ensemble {S;};cpo.1]

I
~ N K;
sip _ i )
2?—[0 T K Z Te{S; zgfp Si
i—o Tr{S:iX3, } (C.35)

By = Tr{S 2ng }
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i1) {B;_h} et ﬁl%‘f sont obtenus a partir de I'estimateur du point-fixe généralisé (GFPE) sur
Pensemble {S;}icp1,1
I

R N K
R
= ofp—1 7
B Te{S; %5 '} (C.36)
X 1 2 ofp—1
B, = NTT{SZE%? }
i11) 29{1 est la SCM donné comme
9, = So/Ko (C.37)

C.4.2 Détecteurs proposés pour les modéles structurés
C.4.2.1 Test d’égalité rang faible

Nous développons un TRVG sensible & une variation de tout paramétre de la matrice de covari-
ance du signal & structure rang faible dans I’ensemble ¢ = 0. Ainsi, pour le modéle de matrice
de covariance structurée, considérons le test d’hypothése suivant

Ho: |B% =g Vie[0,I]
Y =% Viec[l1,I] (C.38)
X% # Zg,

qui est donc similaire & un test d’égalité standard, sauf que les matrices de covariance apparti-
ennent & HI;-ER. Par conséquent, le test d’hypothése peut étre reformulé comme suit:

Hy -

Ho: |8 =Spp, +021 2 Sy, € HER, vie [0,1]
Yo=3%y, +01 = Y e HE
Y =Xy, +0°1 = 5%, € HEY, Vie [1,]]
L’expression de TRVG est donnée par

maxgg‘El L ({Zz}’Hlvegg) Ha

| > e, C.39
max s L({z}}[Ho. 055 0 B (C.39)

avec les ensembles
07 = {Z3.,, Ty, }
03 = (S}
Dans le contexte des données gaussiennes, l'estimateur de maximum de vraisemblance (EMV)
de la matrice & structure rang faible est obtenue en seuillant les valeurs propres de la SCM [99].
Par conséquent, on peut montrer que
~IrE

O3, = { Tl Suo} |

~IrE

O, = { TS, 1, Tl S, } |

Enfin, la TRVG pour tester ['égalité des matrices & structure rang faible, notée tI]::R, est

. ~IrE
LUz} H1,05,) ",
i T > sl (C.40)

L({z}}[Ho, 05,) Ho
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C.4.2.2 Test de proportionnalité rang faible

Nous proposons un TRVG qui pour tester la proportionnalité de la composante signal dans une
matrice de covariance a structure rang faible. Notons que ce test differe d'un test de propor-
tionnalité strict. En effet, les fluctuations d’échelle s’appliquent ici que sur la partie signal rang
faible de la matrice de covariance (et non sur la composante identité, liée au bruit thermique).
Pour le modele matriciel de covariance dans (C.28), ceci conduit au test d’hypothése

Ho: |Bh =7m3g Vie[0,1]
S =7;3p Vi [1,1] (C.41)

Hq :
2%#7’02]%

Le test ci-dessus peut étre réécrit comme

Ho : |2 = 77UpApy (Up) ™ + 0°1, Vi € [0, 1]
3o = U, Ry, (UL )" + 0’1 (C.42)

1 -
3 = 7, U5, Ay, (U )" + 0%, Vi€ [1,1]

avec ’ensemble de paramétres

0%‘33 = {{7i}ticro.17> Urtos Ao } »
03, = {{ritien.nn> Usyy» A%y, Usy RY,

Afin d’évaluer ce TRVG, nous utilisons a nouveau ’algorithme MM par blocs [101]|. Les algo-

rithmes proposés pour calculer les EMVs des paramétres Blﬂz et 9%?; sous chaque hypothése sont

détaillés dans le chapitre III du manuscrit complet.

(C.43)

C.4.2.3 Test d’égalité de sous espace

Nous nous concentrons maintenant sur la propriété d’égalité de sous-espace principal. Nous visons
A construire un test uniquement sensible au changement du sous-espace signal des matrices de
covariance structurées comme en (C.28). Formellement, nous allons tester ’hypothése suivante:

Ho : |Rr{Z:} = Rr{Z}, Vi€ [0,1]
| Rr{Zi} = Rr{=}, Vi€ [1,1] (C.44)
CIRrR{Z0} # Rr{Z}

1

avec Rp{} l'opérateur défini par:

Rr : 'HXI — GOr
DVS

C.45
VS (U [ULD[UR[ U+ URUZ (C.45)

Remarque: Ce test permet d’étudier un meécanisme physique spécifique. Par exemple, les
puissances et les corrélations des sources peuvent fluctuer tout en engendrant le méme sous-
espace signal. Cela conduit & la fois aux relations:

et
Rr{Zo} = Re{Z:}, Vi (C.47)

Notons que (C.46) est considérée comme #; pour les tests standards (C.30) et (C.33) tandis que
la relation (C.47) donne Hy pour le test (C.44). Ainsi, le détecteur proposé sera insensible aux
variations de corrélations inter-sources et aux fluctuations de leurs puissances. Cette propriété
peut s’avérer utile pour diminuer le taux de fausses alarmes dans des applications spécifiques [91].
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C.4.3 Dérivation du test
En reprenant (C.44) avec la structure en (C.28), le test d’hypothése peut étre reformulé :

Ho : | i = UpgRiy, (Up)™ + 071, Vi € [0, 1]
3 = Uj, RYy, (U5 + 071, Vi € [1,1] (C.48)

Ha 0 o0 0 \H 2

3o = Uy, Ry, (Ugy,)” + 071
ott Uy, (Uy ), Ux, (UL, )H et UY, (UY, ) représentent les sous-espaces engendrés respec-

U Uzio (Uao) ™ Yay (Ui U Py p P 5 p
tivement par les données secondaires sous Hy, sous H; et par 'ensemble sous-test sous Hy. Les
quantitées Ry, , Ry, et Rg—tl désignent les matrices de covariance dans les sous-espaces engendrés

respectivement par les données secondaires sous Ho, sous H; et par I’ensemble sous-test sous H;.
Le TRVG pour le test considéré est donné par:

maxgeu L ({2} H1,05) w0, }
: ) 2 Ogi (C.49)
Ho

maxe;;f; L({Z2}|H0793‘f§
oll on notera £ ({zi}|H1,057) et L ({zi.}|Ho,65%>) les vraisemblances des données {z}c} sous re-
spectivement H; et Ho. Les paramétres 0?}[‘? et O3> désignent 63> = {{R%O}i cfo] ,UHO} et
05> = {{Réh}ie[[o 1 ,U;{I,Ugﬁ}. Afin d’évaluer ce TRVG, nous utilisons une fois de plus un al-
gorithme MM par blocs [101], dont la dérivation est détaillée dans le chapitre 11T du manuscrit
complet.

C.4.4 Applications

les performances et les propriétés des détecteurs proposées sont illustrées via des simulations
numériques dans le chapitre I11.3. du manuscrit complet. De plus, une application pour la
détection de changements dans une série temporelle d’images SAR est conduite sur des données
réelles.

C.5 Conclusion

Dans un premier lieu, nous avons proposé des estimateurs MAP et EMDM du sous-espace de
signal dans le contexte de sources suivant la loi gaussienne composée et sous-espace suivant
la loi CBLG. Ensuite, afin de développer des estimateurs bayésiens de sous-espaces qui soient
robustes a la présence de bruit impulsif, nous avons dérivé de nouveaux estimateurs pour le
contexte de sources suivant la loi gaussienne composée noyées dans bruit hétérogénes (valeurs
aberrantes suivant la loi gaussienne composée plus un bruit blanc gaussien). L’intérét pratique
de ces estimateurs a été illustré en simulation et pour une problématique de détection radar sur
des données réelles.

Dans un second lieu, nous avons proposé des détecteurs de changements pour des groupes de
matrices de covariance structurées. Ces nouveaux détecteurs ne sont sensibles qu’a des variations
dans le sous-espace principal de la matrice de covariance et généralisent les tests de proportionnal-
ité/eégalité précédemment établis. L'intérét pratique de ces détecteurs a été illustré en simulation
et pour une problématique de détection de changements dans une série temporelle d’images SAR
sur des données réelles.
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