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Abstract

The High-Luminosity upgrade of the CERN LHCwill increase the performance of the accelerator and
the potential physics discoveries. The beam intensity will be multiplied by two to increase the collider
luminosity. With such high intensities, collective effects and in particular beam coupling impedance are a
possible performance limitation for the accelerator.
After an introduction to accelerator physics andwake-fields, two collective effects codes will be detailed:

PyHEADTAIL, a time-domainmacro-particle code, and DELPHI, a Vlasov equation solver. Both are important
to estimate coherent beam stability margins in the CERN accelerator complex, therefore a detailed
comparison for different wakes and impedances, including the LHCmodel, will be presented.
The current LHC stability limits will then be investigated with DELPHI simulations. In particular

the Transverse Mode Coupling Instability, a fast instability occurring for high intensity beams with
chromaticities close to zero,will be studied. The resultswill thenbe compared tomeasurements performed
in the accelerator. Beam based measurements of several collimators will also be presented and compared
to predictions from the impedance model. Combining these measurements and their comparison to
simulations, we will estimate the uncertainty on the LHC impedance model.
To copewith the increased beam intensity, the impedance of theHigh Luminosity upgrade of the LHC

will be reduced. The impact of different upgrade scenarios will be studied from the Transverse Mode
Coupling Instability perspective. The potential benefits of an impedance reduction will be demonstrated
throughmeasurements in the LHC.Measurements performed in the LHCon a low impedance prototype
collimator, the key component to the impedance reduction, will also be presented. These simulations
and measurements will confirm the increase in the mode coupling threshold towards a value three times
higher than the nominal bunch intensity.

Résumé

Le projet de LHCHaute Luminosité sera une amélioration majeure de l’accélérateur visant à accroître
ses performances et son potentiel de découvertes. L’intensité du faisceau sera multipliée par deux pour
augmenter la luminosité du collisionneur. À de telles intensités, les effets collectifs et en particulier
l’impédance de couplage du faisceau sont une limitation possible des performances du LHC.
Après une introduction à la physique des accélérateurs et aux effets des champs électromagnétiques

induits, deux codes de simulation des effets cohérents du faisceau seront détaillés : PyHEADTAIL, un code
macro-particulaire temporel, et DELPHI, un solveur de l’équation de Vlasov. Ces derniers sont importants
pour estimer les marges de stabilité dans les accélérateurs du CERN, c’est pourquoi une comparaison
détaillée pour différentes impédances, y compris celle du LHC, sera présentée.
Les limites de stabilité actuelles du LHC seront ensuite étudiées à l’aide de simulations DELPHI. En

particulier, l’instabilité de couplage des modes transversaux, une instabilité rapide se produisant dans
les faisceaux de haute intensité pour des chromaticités proches de zéro, sera étudiée. Les résultats seront
ensuite comparés à des mesures réalisées dans l’accélérateur. Des mesures de plusieurs collimateurs
réalisées avec le faisceau seront également présentées et comparées aux prédictions dumodèle d’impédance.
L’association de ces différentes mesures et leur comparaison avec les simulations nous permettra d’estimer
l’incertitude sur le modèle d’impédance du LHC.
Pour faire face à l’augmentation de l’intensité du faisceau, une réduction d’impédance est prévue

pour le projet de LHC Haute Luminosité. L’impact de différents scénarios sera étudié du point de
vue de l’instabilité de couplage des modes transversaux. L’effet bénéfique d’une réduction d’impédance
sera démontré par des mesures sur le LHC. Les mesures effectuées dans le LHC sur un prototype de
collimateur d’impédance réduite, un élément clé du projet, seront également présentées. Ces simulations
et mesures confirmeront l’augmentation du seuil de couplage des modes à une valeur trois fois supérieure
à l’intensité nominale des paquets.
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1 Introduction

1.1 CERN and the CERN accelerator complex

The European Organization for Nuclear Research was founded in 1954 by 12 European states. It had
the purpose to rebuild the European nuclear physics landscape which had been shattered by the Second
World War, and to share the increasing cost of research instruments among its members. The first
accelerator, the Synchro-Cyclotron (SC), accelerated its first beam in 1957. A second accelerator, the
Proton Synchrotron (PS) was already under construction. In 1959, its first proton beam was accelerated.
While the SC was shutdown in 1990, the PS still runs after 60 years of operation and delivers beams
to fixed target experiments as well as to the Super Proton Synchrotron (SPS) and the Large Hadron
Collider (LHC).
As high energy physics required larger instruments to reach higher energies, a 7 km long accelerator

was designed. In 1976, the Super Proton Synchrotron was inaugurated. Five years later, it was converted
to a proton-antiproton collider, leading to the discovery of theW an Z bosons. More than forty years
after its start, the SPS continues to deliver protons and heavy-ions beams to fixed targets and to the
LHC.
As the understanding of the standard model progressed further, the energy reached by colliders

became insufficient to explore rare phenomena. In consequence, CERN designed in the 1980s the 27
km long Large Electron Positron (LEP) collider. The LEP helped further investigate the properties of
the W and Z bosons discovered beforehand in the SPS.
Meanwhile the first ideas of the Large Hadron Collider (LHC) came to life in the late 1980s. At

the beginning of the 2000s, the LEP was dismantled to make room for the LHC. From the beginning
the LHC design foresaw the use of cutting-edge technologies: 8 T superconducting magnets to guide
the beam along the 27 km ring. The two counter rotating beams are kept separate from one another,
requiring twin-aperture magnets and they are accelerated by superconducting radiofrequency cavities.
The magnets cold bore are maintained at ≈2K with a flow of super-fluid helium created by large
cryogenics plants. Of course the LHC is the last element of the vast complex of CERN accelerators:

1. After the proton source, a linear accelerator, the Linac 2, regroups the protons in bunches and
accelerates them up to a kinetic energy of 50MeV.

2. The Proton Synchrotron Booster accelerates the proton beams from 50MeV to 1.4GeV kinetic
energy. It is also in the Booster that the proton bunches intensities and transverse sizes are defined.

3. The Proton Synchrotron accelerates the beams from 1.4GeV to 26GeV. The PS is also a key
accelerator: thanks to its various RF systems, one bunch can be split in multiples bunches, they
can be merged or shortened to provide finely tuned beams for the SPS and the LHC.

1



1 Introduction

Figure 1.1: The CERN accelerator complex in August 2018 [97]. The circumference and first year of operation of
each accelerator are indicated, as well the particle species which can be accelerated.

4. The Super Proton Synchrotron is the last stage before the LHC: the bunches are accelerated
from 26GeV to 450GeV.

These accelerators also have their own physics program, serving fixed target experiments or antimatter
production. Operation with ion beams is also possible and involves additional accelerators, the Linac 3
and the Low Energy Ion Ring (LEIR) at the beginning of the chain. The beams are then accelerated
in the PS and SPS before reaching the LHC where they can be collided. Other experiments require
antiproton or heavy-ions beams. The full accelerator complex operated at CERN is shown in Fig. 1.1.
The LHC was designed to host 2808 bunches, with 1.15× 1011 protons per bunch (p.p.b.)[39]. The

bunches are injected in the accelerator from the SPS in multiples trains, each containing multiples
batches of proton bunches coming from the PS and PSB before it. Figure 1.2 schematizes the injection
process of the LHC. Once all the trains have been injected, the two LHC beams are accelerated from
450GeV to 6.5 TeV, ramping the magnets from 0.5 T to 7.7 T. After reaching their top energy, the
two beams are brought into collision in the four experiments, ATLAS, ALICE, CMS and LHCb. The

2



1.1 CERN and the CERN accelerator complex

Figure 1.2: The LHC beam injection process. Batches of proton bunches are first accelerated in the PSB and
ejected towards the PS. Once the PS contains two of these batches, they are accelerated and transferred
to the SPS. This process is repeated until the SPS contains four of these PS trains of bunches. These
four trains contain in total 144 bunches which are then accelerated to 450GeV and injected in one of
the two LHC rings. Picture from [55].

beams keep circulating and colliding for∼12 h for the experiments to acquire data. After this period,
if the beam quality is too poor, they are dumped and the magnets fields are ramped down. A new
injection can then start. Figure 1.3 summarises the supercycle for particle physics operations.
A figure of merit for a particle collider is the instantaneous luminosity L. It links the number of

physics events per second dR
dt to the cross-section of this event σevent

dR

dt
= Lσevent . (1.1)

Assuming that the two LHC beams have the same number of bunchesM and that each bunch has the
same number of protonsNb and the same transverse size, the luminosity can be written

L =
f0MN2

b

4πσxσy
F , (1.2)

where f0 is the is the beam revolution frequency and σx and σy are the RMS transverse beam size of the
bunches, assuming those have a Gaussian profile. The transverse beam sizes at the collision point are
determined by the focusing strength applied to the bunches and by the particle distribution divergence.
A reduction factor F is applied because the beams do not collide head-on. Instead they collide with a
small crossing angle which reduces the overlap of the two bunches at the interaction point. In turn the
number of events which could happen is reduced during the crossing. The LHC design peak luminosity
in ATLAS and CMS is 1034 cm−2 s−1.
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Figure 1.3: The LHC cycle as a function of time. The start of the energy ramp is taken as the time reference.
Before this ramp, the machine is configured for injection and then the trains of bunches are injected
from the SPS. Once the ramp is finished, the beams are focused to reduce their size at the experiment
points and are then adjusted in collision. After∼12 h of collisions, the beams are dumped and the
magnets are ramped down to start a new cycle.

In 2018, despite a number of bunches reduced to 2556 compared to the design value of 2808, the
LHC peak luminosity could reach up to 2× 1034 cm−2 s−1. This performance was made possible by
the smaller beam sizes at the collision points, as well as the increased bunch intensities, and thus could
not have been possible without the great flexibility of the CERN accelerators preparing the beam for
the LHC.
An upgrade of the LHC, the High-Luminosity LHC, aims at increasing the peak luminosity as well

as the integrated luminosity, i.e the total number of events recorded by the experiments. This will
allow to further investigate the properties of the Higgs boson, as well as other rare physics processes.
Equation 1.2 shows that to increase the luminosity, different parameters can be improved:

• The number of bunches can be increased: inHL-LHC it will reach 2760 bunches for the standard
beam where the bunches are separated by 25 ns [94].

• The bunch intensity can also be increased: in HL-LHC it will be increased to 2.3× 1011 p.p.b. at
injection, more than two times the design value.

• The transverse beam sizes at the interaction points can also be reduced, which will be achieved in
HL-LHC by using stronger focusing magnets before the interaction points and by reducing the
beam divergence.

• The factor F coming from the crossing angle of the bunches can be optimized. In HL-LHC
specific radiofrequency cavities called crab cavities will deflect the beam before the ATLAS and
CMS detectors so that the two bunches fully overlap at the center of the experiments.

4



1.1 CERN and the CERN accelerator complex

In HL-LHC the top energy of the beam will also be increased from 6.5 TeV to 7TeV after an extensive
training campaign for the superconducting magnets. Most of the hardware implementation for HL-
LHCwill occur during the Long Shutdown 3 in 2024 and 2025.
To obtain these smaller and more intense beams, the LHC injector chain must also be upgraded. In

the framework of the LHC Injectors Upgrade (LIU), major hardware changes to CERN accelerators
will occur during the Long Shutdown 2 in 2019 and 2020:

1. The Linac 2 will be replaced by the Linac 4 which will accelerate H− ions up to 160MeV kinetic
energy.

2. In the Proton Synchrotron Booster the H− electrons will be stripped out and the proton beams
will be accelerated from 160MeV to 2GeV.

3. The Proton Synchrotron will accelerate the beams from 2GeV to 26GeV.

4. The SPS injection and top energy remain unchanged but the accelerating RF cavities power will
be increased to cope with the more intense beams.

This increase in performance of the LHC poses many challenges in different fields. Among those
challenges we can cite:

• Machine protection: each LHC beam has a stored energy of 360MJ, which will rise to 700MJ
in HL-LHC. Collimators are used to protect the superconducting magnets from proton losses.
Newmaterials will be deployed for some of them to increase their robustness against beam losses.
The collimation and protection layout close to the ATLAS and CMS interaction points will also
be redesigned to withstand the damages caused by high energy collisions debris.

• Beam induced heat-load which affects the surrounding environment of the beam when it circu-
lates in the accelerator. It is caused by synchrotron radiation, impedance as well as electron-cloud,
a parasitic avalanche effect generated during the passage of the beam. The cryogenics plants
having a limited cooling capacity, heating must be contained within nominal values.

• Coherent beam instabilities: the charged particle bunches interact with their environment,
creating electromagnetic wakes after their passage. These wakes can then perturb the following
bunches or the bunch itself. As the bunch intensity will increase by a factor of two in HL-LHC,
these fields will become stronger. These perturbations have thus to be reduced through hardware
changes or machine parameters optimisations.

Coherent beam instabilities are indeed one of the major concern for the LHC and HL-LHC as they
can lead to beam quality degradation, beam losses and equipment damage. Their study is therefore of
importance to reach and go beyond the luminosity target. Wewill now introduce elements of accelerator
physics useful to understand how an accelerator works. This will be followed by an introduction to the
concept of wake fields and impedances needed to study coherent beam instabilities.
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1 Introduction

1.2 Principles of accelerator physics

Wewill now derive the equations ofmotion in the transverse and longitudinal planes for a single particle.
Several parameters essential to the study of collective effects such as transverse and synchrotron tune or
chromaticity will be introduced. The full details of the derivations can be found in [52, 56, 74, 75, 87,
148, 149]. These references also provide further insight on single particle dynamics in the presence of
machine imperfections, a critical aspect of beam dynamics.

1.2.1 Equations of transverse motionwithout momentum offset

Let us consider a charged particle travelling at a speed v = βc along a circular orbit of radius ρ. We also
consider an arbitrary position along the orbit as a reference for the curvilinear position s of the particle
at an instant t, we then have s = vt. This reference for the curvilinear position is also used as the zero
for the particle azimuthal angle θ. The reference frame is pictured in Fig. 1.4.

ρ

#–uy

θ(t = 0)
#–ux

#–us

θ(t)

s

Figure 1.4: Coordinate system used to derive the equation of single particle motion. The gray circle represents the
machine circumference on which the reference particle circulates. The coordinate system is defined
with respect to this particle.

Let us now consider an other particle which has a position offset from the reference particle. Its
coordinates with respect to the reference particle are detailed in Fig. 1.5.
The particle position vector with respect to the accelerator center #–r can be written

#–r = (ρ+ x) #–ux + y #–uy + z #–us , (1.3)

and its momentum #–p is decomposed as #–p = px
#–ux + py

#–uy + pz
#–us.

We now assume that the reference particle stays on the design orbit and energy. Its coordinates are
(x = 0, y = 0, z = 0) and its momentum is (px = 0, py = 0, pz = p0). Here p0 = γm0v is the
particle momentum at the design energy, where γ = 1√

1−β2
andm0 is the proton rest mass. This

particle will be referred to as the synchronous particle.
The position offset of the other particle is assumed to be small compared to the machine radius:

x, y � ρ. The transverse momenta are also small compared to the total momentum: px, py � p0.
The particle has a longitudinal offset z. Its total momentum p is assumed to be slightly different from
the design one and is written p = (1 + δ)p0 where δ � 1.
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1.2 Principles of accelerator physics

x

y

#–us

z
#–ux

#–uy

Figure 1.5: Detail of the coordinate system used to derive the equation of single particle motion. The gray
circle represents the machine circumference and the the black dot the reference particle. The mobile
coordinate system is defined with respect to this particle. A blue dot shows a particle with an offset
from the reference particle. It circulates on the blue path called the closed orbit.

The particle state can then be represented by the 6D phase space vector (x, x′, y, y′, z, δ)with

x′ =
dx

ds
=

dx

dt

dt

ds
=
vx
vz

=
px
pz
≈ px

p
, (1.4)

y′ =
dy

ds
=

dy

dt

dt

ds
=
vy
vz

=
py
pz
≈ py

p
, (1.5)

δ =
p− p0

p0
. (1.6)

We will now concentrate on the transverse motion of the particle. It is assumed that there is no
coupling between the longitudinal and transverse plane: the coordinate z with respect to the ref-
erence particle will be taken equal to zero, as well as the momentum deviation δ. We then have
#–r = (ρ+ x) #–ux + y #–uy = r #–ux + y #–uy .

For the particle submitted to a magnetic field
#–

B only we have

d #–p

dt
=

#–

FLorentz = q #–v × #–

B , (1.7)

with q the particle charge. We will assume in the following that q = +e where e is the elementary
positive charge.

The right hand side term can be written

e #–v × #–

B = e(−vzBy #–ux + vsBx
#–uy + (vxBy − vyBx) #–us) , (1.8)

assuming that the magnetic field has only transverse components, and can therefore be written as
#–

B = Bx
#–ux +By

#–uy .

7



1 Introduction

For the left hand side we have #–p = γm0
#–v , and assuming that the particle energy does not change,

its γ remains constant in time. Then the left hand side of the equation becomes

d #–p

dt
= γm0

d #–v

dt
= γm0

#̈–r , (1.9)

where a dot means taking the derivative with respect to time.
The first derivative of #–r can be written

#̇–r = ṙ #–ux + r ˙#–ux + ẏ #–uy (1.10)

= ṙ #–ux + rθ̇ #–us + ẏ #–uy (1.11)

where θ̇ = vs/r. The second derivative is then

#̈–r = r̈ #–ux +
(
rθ̈ + 2ṙθ̇

)
#–us + rθ̇ ˙#–us + ÿ #–uy (1.12)

=
(
r̈ − rθ̇2

)
#–ux +

(
rθ̈ + 2ṙθ̇

)
#–us + ÿ #–uy . (1.13)

Combining Eq. 1.8 and 1.13 we obtain for the projection on the #–ux axis

r̈ − rθ̇2 = −evsBy
γm0

, (1.14)

It was assumed that px, py � p0, and since #–p0 = #–px + #–py + #–pz we get pz ≈ p0, leading in turn to
γm0vz ≈ p0. The former equation becomes

d2r

dt2
− r
(

dθ

dt

)2

= −ev
2
sBy
p0

. (1.15)

At order zero, we must keep the proton on its design orbit r = ρ which requires to have r̈ = 0.
Since x� ρwe obtain r = ρ+ x ≈ ρ. Equation 1.15 then becomes

−ρ
(
vs
ρ

)2

= −
ev2
sB

0
y

p0
, (1.16)

which can be written

B0
yρ =

p0

e
, (1.17)

where B0
y is the constant component of the vertical magnetic field. Equation 1.17 is the basic equa-

tion to design a magnet based circular accelerator. It states that to increase the particle energy E =√
p2

0c
2 +m2

0c
4, either the magnetic field or the machine radius has to be increased. We assume that

the accelerator is planar and thus only the constant vertical magnetic field is used to guide the particles
i.e B0

x = 0. The quantity B0
yρ is often considered as a single value called the magnetic rigidity of

the accelerator and it will be noted (Bρ). The constant vertical magnetic field is provided by dipole
magnets, thus its name of dipolar field.

8



1.2 Principles of accelerator physics

Because the accelerator must host other types of magnets such as quadrupoles or sextupoles, the
radiofrequency cavities to accelerate the beam, the kicker magnets to inject and extract it as well as the
particle detectors, the bending radius ρ is in practice smaller than the accelerator radius itself. We will
have an effective bending radius ρ = ηdipole

Lacc
2π whereLacc is the total accelerator length and ηdipole

is the fraction of it occupied by dipole magnets. Table 1.1 details the magnetic rigidity and the energy
reached by various accelerators operated at CERN, as well as for projected ones [20, 27, 142].

Table 1.1: Magnetic parameters for protons beams of various accelerators in operation or projected at CERN.
Unless noted, the parameters correspond to themaximumenergy reached by the beam in the accelerator.

Accelerator Mag. field / T Lacc / m ηdipole / % (Bρ) / Tm p / GeV/c

LHC 7.731 26 658 66 32 818 6500
LHC injection 0.54 26 658 66 2270 450
SPS 2.02 6911 68 2222 450
PS 1.24 628 70 124 26
PSB2 1.12 157 33 28 2.8
HL-LHC 8.33 26 658 66 35 342 7000
FCC-hh 16 97 750 67 248 920 50 000
1 Magnetic field reached in the main dipoles during Run II (2015-2018). During Run
I (2009-2012), the field was first limited to 4.2 T for an energy reach of 3.5 TeV per
beam. The field was then slightly increased to 4.8 T and the beam energy could reach
4TeV.

2 The beam kinetic energy assumed here is 2GeV/c2. It will be the energy used for
LHC beams extracted to the PS after the LIU upgrade of the machine.

We must now switch from t to s for the independent variable, which leads to

d

dt
=

ds

dt

d

ds
(1.18)

d2

dt2
=

d

dt

(
ds

dt

)
· d

ds
+

ds

dt

d

dt

(
d

ds

)
. (1.19)

Using ds = ρdθ and dθ = vs
r dt yields

ds

dt
=
ρvs
r
. (1.20)

Equation 1.19 then becomes

d2

dt2
=

d2s

dt2
d

ds
+

(
ds

dt

)2 d2

ds2
, (1.21)
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and assuming d2s
dt2

= 0 i.e that the particle is neither accelerated nor decelerated we obtain

d2

dt2
=

(
ds

dt

)2 d2

ds2
=
(ρvs
r

)2 d2

ds2
. (1.22)

The equation of motion 1.15 is now written(ρvs
r

)2 d2r

ds2
− r
(vs
r

)2
= −ev

2
sBy
p0

, (1.23)

and substituting r by r = ρ+ x it can be simplified to

d2x

ds2
− ρ+ x

ρ2
= −eBy

p0

(
ρ+ x

ρ

)2

. (1.24)

The derivation is similar for the vertical plane motion, and yields

d2y

ds2
=
eBx
p0

(
ρ+ y

ρ

)2

. (1.25)

These equations of a single particle motion are valid for any kind of magnetic field
#–

B at a position
s along the accelerator:

#–

B = Bx(x, y, s) #–ux + By(x, y, s)
#–uy . They are generally non-linear. The

magnetic field can be expanded in a Taylor series

Bx(x, y) = Bx(0, 0) +
∞∑
i=0

∞∑
j=0

xiyj

i! j!

∂i+jBx(x, y)

∂xi∂yi

∣∣∣∣
0,0

, (1.26)

By(x, y) = By(0, 0) +

∞∑
i=0

∞∑
j=0

xiyj

i! j!

∂i+jBy(x, y)

∂xi∂yi

∣∣∣∣
0,0

. (1.27)

It is assumed in these equations that the magnetic elements do not generate a field which depends on
the curvilinear position s.

We will now keep only the linear terms in x and y for the magnetic field, as well as for the equations
of motion. The field components can then be written

Bx = Bx(0, 0) +
∂Bx(x, y)

∂x
x+

∂Bx(x, y)

∂y
y , (1.28)

By = By(0, 0) +
∂By(x, y)

∂x
x+

∂By(x, y)

∂y
y . (1.29)
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1.2 Principles of accelerator physics

The terms ∂By∂y and ∂Bx
∂x are assumed to be zero. This is to ensure that there is no coupling between the

two planes of motion: only magnetic fields along the #–uy axis will act on the horizontal motion and
vice-versa. TheBy(0, 0) component is the one entering into the magnetic rigidity formula

(Bρ) = B0
yρ = By(0, 0)ρ =

p0

e
, (1.30)

and it is assumed to be independent of the curvilinear position s.
Maxwell-Ampere’s law in vacuum states that

#  –
rot

#–

B = µ0
#–
j + µ0ε0

∂
#–

E

∂t
(1.31)

and in our case no time varying electric field
#–

E is present, and the current #–
j induced by the single

particle is negligible compared to the fields induced by the accelerator magnets1. Thus we have

#  –
rot

#–

B =

(
∂By
∂x
− ∂Bx

∂y

)
#–us =

#–
0 . (1.32)

Therefore ∂By∂x = ∂Bx
∂y and the fields expressions 1.28 and 1.29 can then be simplified to

Bx =
∂By
∂x

y , (1.33)

By = B0
y +

∂By
∂x

x , (1.34)

which are in turn inserted in the equations of motion 1.24 and 1.25, yielding for the horizontal plane
one

x
′′ − x

ρ2
− 1

ρ
= − e

p0
B0
y

(
1 +

x

ρ

)2

− e

p0

∂By
∂x

x

(
1 +

x

ρ

)2

, (1.35)

Using (Bρ) = B0
yρ = p0

e it can be simplified to

x
′′ − x

ρ2
− 1

ρ
= −1

ρ

(
1 +

x

ρ

)2

− 1

(Bρ)

∂By
∂x

x

(
1 +

x

ρ

)2

. (1.36)

We only keep linear terms, thus
(

1 + x
ρ

)2
≈ 1 + 2xρ and the equation becomes

x
′′

=
x

ρ2
+

1

ρ
− 1

ρ

(
1 + 2

x

ρ

)
− 1

Bρ

∂By
∂x

x

(
1 + 2

x

ρ

)
(1.37)

= −
(

1

ρ2
+

1

Bρ

∂By
∂x

)
x , (1.38)

1This assumption ismade for the derivation of the single particlemotion. Wewill see that electromagnetic fields are generated
by the beam current when considering a collection of particles. These fields can then perturb the beammotion
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where the term in x2 has been neglected to obtain the second line.

A similar derivation for the vertical plane equation 1.25 completes the set of two equations:

x
′′

+

(
1

ρ2
+

1

(Bρ)

∂By
∂x

)
x = 0 , (1.39)

y
′′ − 1

(Bρ)

∂By
∂x

y = 0 . (1.40)

Equations 1.39 and 1.40 are called Hill’s equations and are similar to those of an harmonic oscillator.
The difference with respect to the harmonic oscillator is that the spring constant depends on the
curvilinear position s along the ring. These spring constants will be noted asKx for the horizontal
plane andKy for the vertical plane

Kx(s) =
1

ρ2
+

1

(Bρ)

∂By
∂x

, (1.41)

Ky(s) = − 1

(Bρ)

∂By
∂x

. (1.42)

For the horizontal plane, two terms enter the spring constant: the 1
ρ2

term is a weak focusing coming
from the beam bending alone. The other term

1

(Bρ)

∂By
∂x

, (1.43)

is stronger than the first one especially in large accelerators. These two components are usually created
by different kind of magnets: dipole magnets to bend the trajectory of the beam, quadrupole magnets
to focus it. When writing the expressions of the magnetic fields in Eq. 1.28 and 1.29, coupling and non
linear terms were neglected. In a real machine such fields can be created by magnet misalignments,
manufacturing imperfections or roll angles among others. Higher order magnets such as sextupoles,
octupoles or decapoles and skewed magnets are thus needed to compensate these errors.

In our case the spring constantK is also periodic which means that a distanceL exists such that

K(s+ L) = K(s) (1.44)

The distanceL can be the circumference of the accelerator or a fraction of it. Studied by George Hill in
the 19th century, the solutions for this class of differential equations resemble the ones of a harmonic
oscillator [65]. The results for the horizontal plane and the vertical plane are similar. The solution for
the equation of motion in the horizontal plane can be written as

x(s) =
√
βx(s)Jx cos(µx(s) + µx,0) , (1.45)

x′(s) = −

√
Jx
βx(s)

(αx(s) cos(µx(s) + µx,0) + sin(µx(s) + µx,0)) , (1.46)
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1.2 Principles of accelerator physics

where Jx and µx,0 are integration constants determined by the initial conditions, αx(s) = −1
2β
′
x(s)

and where βx(s) is a periodic function determined by the magnetic elements assembly. The function
µx(s) is the phase advance from the s = 0 position to s and is equal to

µx(s) =

∫ s

0

1

βx(s)
ds . (1.47)

The transverse tuneQx0 is defined as the number of oscillations per turn and derived from the phase
advance

Qx0 =
1

2π

∮
1

βx(s)
ds . (1.48)

From Eq. 1.45 we get cos(µ(s) + µx,0) = x(s)√
βx(s)Jx

which, when inserted in Eq. 1.46 provides

Jx = γx(s)x(s)2 + 2αx(s)x(s)x′(s) + βx(s)x′(s)2 , (1.49)

where γx(s) = 1+αx(s)2

βx(s) . This equation is a parametric representation of an ellipse in the (x, x′)

phase-space. The action Jx is the Courant-Snyder invariant. The three parameters αx, βx and γx are
called the Twiss parameters and they define the ellipse shape and orientation. They are a function of
the curvilinear position s and derive from the magnetic elements configuration. At different locations
along the accelerator, the ellipse will differ in shape and orientation but its area will remain the same.
This area will be noted asA and it results that

A = πJx . (1.50)

Figure 1.6 represents the phase space ellipse at one location of the accelerator and its remarkable
points. The particle ellipse Eq. 1.49 can also be written in a matrix form

X =

(
x
x′

)
(1.51)

Ω =

(
βx −αx
−αx γx

)
, (1.52)

XTΩX = Jx . (1.53)

TheΩmatrix is called the Twiss matrix.

The derivation was made for a single particle, however a real beam is composed at least of several
millions of protons. We can therefore consider a distribution of particles in the (x, x′) phase space. The
covariance matrixΣ of such a distribution is written

Σ =

(
〈x2〉 〈xx′〉
〈xx′〉 〈x′2〉

)
. (1.54)
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Figure 1.6: Ellipse in the (x, x′) phase space described by a particle at a certain location in the accelerator.

The geometric emittance is defined as the square root of the covariance matrix determinant

εgeom =
√

detΣ =

√
〈x2〉〈x′2〉 − (〈xx′〉)2 . (1.55)

The covariance matrixΣ can also be expressed in terms of the Twiss matrixΩ as

Σ = εgeomΩ . (1.56)

A Gaussian beam distribution in x and x′ is often encountered in lepton machines when the beam
has reached an equilibrium state. It is also a good approximation for the LHC hadron beams at high
energy [68, 109]. For these beams, an other definition of the beam emittance can be used: εF is defined
as the area in the (x, x′) phase space which contains a certain fraction F of all the particles. For a
bi-Gaussian beam, the emittance is [56]

εF = −2πσx
βx

ln(1− F ) . (1.57)

where ln is the natural logarithm and σx is the standard deviation of the particle distribution. If the
fraction F = 15 %, then the Gaussian beam emittance εF=0.15 equals the general definition of the
emittance εgeom from Eq. 1.55.
It can be shown that the betatron oscillations amplitude reduces when the particle energy increases

[56, p.84]. Thus the emittance defined previously in Eq. 1.55 is not an invariant of motion if the beams
are accelerated. The normalised emittance εn can be used instead

εn = βγε . (1.58)

The normalised transverse emittance is the one which is preserved throughout the LHC acceleration
chain and we will refer to this definition.
We now have the equation of motion for the ideal synchronous particle and its solution. We also

defined a quantity to characterize an ensemble of particles and found an invariant of motion. We can
now investigate the behavior of a particle with a small offset from the synchronous particle parameters.
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1.2 Principles of accelerator physics

1.2.2 Equations of transverse motionwith momentum offset

We derived fundamental tools to study the unperturbed particle motion when the two transverse planes
are uncoupled. The study was assuming that the longitudinal momentum of the particle was equal to
the one of the reference particle. We will now highlight the effect a small momentum offset can have on
the horizontal motion of the particle.

For this we start from Eq. 1.36, the equation of motion which included the linear terms of the
magnetic field. In this case the particle had an momentum p equal to the reference particle momentum
p0. We now assume that its momentum is slightly different from the reference particle p = p0(1 + δ)
with δ � 1. Equation 1.36 is now written as

x
′′ − x

ρ2
− 1

ρ
= − e

p0(1 + δ)
B0
y

(
1 +

x

ρ

)2

− e

p0(1 + δ)

∂By
∂x

x

(
1 +

x

ρ

)2

. (1.59)

The term e
p0

1
1+δ can be approximated as

e

p0(1 + δ)
≈ e

p0
(1− δ) , (1.60)

and can in turn be expressed as a function of the magnetic rigidity (Bρ) = p0
e of the reference particle:

e

p0(1 + δ)
≈ 1

(Bρ)
− 1

(Bρ)
δ . (1.61)

Equation 1.59 then becomes

x
′′ − x

ρ2
− 1

ρ
=− 1

(Bρ)
B0
y

(
1 +

x

ρ

)2

− 1

(Bρ)

∂By
∂x

x

(
1 +

x

ρ

)2

+ δ
1

(Bρ)
B0
y

(
1 +

x

ρ

)2

+ δ
1

(Bρ)

∂By
∂x

x

(
1 +

x

ρ

)2

.

(1.62)

This equation is similar to Eq. 1.36 except for the last two terms given by the momentum offset δ. The
second or higher order terms are neglected, as well as the terms in xδ for now, leading to

x
′′

+

(
1

ρ2
+

1

(Bρ)

∂By
∂x

)
x =

1

ρ
δ , (1.63)

which is in turn similar to Eq. 1.38 and can also be written

x
′′

+Kx(s)x =
1

ρ
δ . (1.64)
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This equation is the inhomogeneous Hill’s equation. Its solutions are the sum of the deviation from
the closed orbit caused by betatron oscillation xβ(s) and the deviation caused by the momentum offset
xD(s)

x(s) = xβ(s) + xD(s) . (1.65)

The term xβ(s) is the solution of the homogeneous Hill’s equation derived previously. We write
xD(s) = D(s)δ whereD(s) is called the dispersion function which is the solution of equation

D
′′

+Kx(s)D(s) =
1

ρ
. (1.66)

If the mean value of the machine dispersion is positive, a particle with a positive momentum offset
will have a larger bending radius than the reference particle and will therefore travel a longer distance
along the machine. The difference between the path length C = C0 + ∆C of an off-momentum
particle and the one of the reference particle is characterised by the momentum compaction factor αp

∆C

C0
= αpδ . (1.67)

It can be shown that [56]

αp =
1

C0

∮
D(s)

ρ
ds ≈ 1

Q2
x0

. (1.68)

In Eq. 1.64 the terms in δx were neglected. We will now include them in the equation. Since
1
ρ2
� 1

(Bρ)
∂By
∂x we have

2

ρ2
+

1

(Bρ)

∂By
∂x
≈
(

1

ρ2
+

1

(Bρ)

∂By
∂x

)
δ = Kx(s)δ , (1.69)

and Eq. 1.64 can be written

x
′′

+ (Kx(s)− δKx(s))x =
1

ρ
δ , (1.70)

This equation shows that a particle with amomentum offset will have a different focusing strength. This
difference in focusing strength leads to a change of the betatron tuneQx0 by an amount∆Qx0. The
chromaticity ξ characterises the variation of the betatron tune with respect to the particle momentum
offset

∆Qx0

Qx0
= ξδ . (1.71)

The particle tune is then writtenQx = Qx0 + ξQx0δ. The quantityQ′x = ξQx0 will also be called
chromaticity and we will also use the chromatic angular frequencyωξ = Q′xω0, whereω0 is the particle
angular revolution frequency.

16



1.2 Principles of accelerator physics

1.2.3 Smooth approximation in the transverse plane

For the study of beammotion perturbed by intensity effects, we will use the smooth approximation:
the focusing term in Hill’s equation will be considered constant. The average value of the betatron
functions 〈βx,y〉will be used. The wavelength of the particle betatron oscillation is 2π〈βx〉 and the
tuneQx0 simplifies to

Qx0 =
1

2π〈βx〉

∮
ds =

C0

2π〈βx〉
=

R0

〈βx〉
. (1.72)

We derived fundamental concepts of transverse linear motion in a particle accelerator. Notions
such as the Twiss functions, dispersion and chromaticity were introduced. We must now complete the
picture with the motion in the longitudinal plane before introducing the concepts of impedance and
collective effects.

1.2.4 Particle acceleration

The Lorentz force acting on the particle shows that the magnetic field components result in a deflecting
force perpendicular to the particle velocity. The acceleration of the proton beam can therefore only be
performed with electric fields. The Lorentz force acting on a particle submitted to a field

#–E is written

#–

FLorentz = e
#–E . (1.73)

The electric field can be electrostatic or time varying. In high energy accelerators, the field is time
varying and is created by a set of radiofrequency (RF) cavities through which the particle passes every
turn. To accelerate the particles, the electric field must be in the #–us direction:

#–

FLorentz = eEs #–us. The
time varying electric field Es felt by a particle travelling in a cavity of length g can be written

Es = E0 sin(φRF (t) + φ0) = E0 sin(hω0t+ φ0) , (1.74)

where E0 is the electric field amplitude, φRF (t) is the phase of the field in the cavity and φ0 is the phase
angle of the synchronous particle with respect to the RF wave and ω0 is the particle angular revolution
frequency. In the RF phase φRF (t) = hω0t, h an integer called the harmonic number.
The energy∆E0 gained by the synchronous particle during its passage in the cavity is

∆E0 = e

∫ +g/2

−g/2
E0 sin(hω0t+ φ0) d(βct) (1.75)

= eE0βc

∫ +g/2βc

−g/2βc
sin(hω0t+ φ0) dt (1.76)

= eE0g
sin(hω0g/2βc)

(hω0g/2βc)
sin(φ0) . (1.77)

To go from the first to the second line, it was assumed that the particle velocity increase per turn in the
cavity gap is small compared to its longitudinal speed, hence ds = βcdt. Because the particle travels
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through the cavity at a finite speed, the electric field it feels is not constant: it will experience an average
electric field V = E0gT . We call transit time factor T the quantity

T =
sin(hω0g/2βc)

(hω0g/2βc)
. (1.78)

The transit time factor canbe kept close to onebyhaving a small cavity gapg. At eachpassage in the cavity,
the synchronous particle will gain an energy∆E0 = eV sin(φ0). Its energy change rate is therefore
Ė0 = ω0

2πeV sin(φ0), assuming no other device or phenomena affect the particle energy during its
revolution. A particle with a momentum offset will be non-synchronous. It will have a RF phase φ
instead of φ0. Its energy gain will be∆E = eV sin(φ) and its energy change rate Ė = ω0

2πeV sin(φ).
We saw that the momentum compaction factorαp relates the change of the particle path length to its

momentum offset with respect to the reference particle. The slip factor η is an other parameter which
links the change of the non-synchronous particle revolution frequency ω to its momentum offset:

ω − ω0

ω0
= −ηδ . (1.79)

The momentum compaction factor and the slip factor are related: taking the logarithm-differentiate of
the expression ω = 2πv/C = 2πβc/C gives

dω

ω
=

dβ

β
− dC

C0
(1.80)

=
1

γ2

dp

p0
− dC

C0
(1.81)

=

(
1

γ2
− αp

)
dp

p0
, (1.82)

where we used p = βm0c/
√

1− β2 which gives dβ
β = 1

γ2
dp
p . The slip factor can then be written

η = αp −
1

γ2
. (1.83)

A particle with a positive momentum offset will have a higher velocity than the synchronous particle.
However its bending radius is also increased and thus it will travel a longer distance compared to the
synchronous particle. These two effects compete to either increase or decrease the particle revolution
frequency. One can see that the slippage factor η changes sign at a certain energy γt =

√
1/αp. Three

different situations can be distinguished according to the particle energy γ:

1. If γ < γt then η < 0. A momentum increase will lead to an increase of the particle revolution
frequency.

2. If γ = γt then η = 0. At first order, a momentum increase or decrease will not change the
particle revolution frequency.

3. If γ > γt then η > 0. A momentum increase will lead to a decrease of the particle revolution
frequency.
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The last case can seem counter-intuitive: a momentum, and thus a velocity increase leads to a lower
revolution frequency. This is because the path length of the particle has been increased by an amount
that the particle velocity increase can not compensate. The quantity γt is called the transition energy
and it is determined by the optics design, in particular by the dispersion function. For a regular lattice
design based on alternating focusing and defocusing elements, γt ≈ Qx0. The transition crossing, i.e
acceleration from γ < γt to γ > γt requires special measures to avoid beam quality deterioration. In
the LHC the transition energy is at γt ≈ 53 and is therefore never crossed since the injection occurs at
γ = 480. Instead the transition crossing occurs in the PS: the beams are injected at γ = 2.5, extracted
at γ = 27.7 and the transition occurs at γ ≈ 6. Tomitigate instabilities close to this energy, a transition
crossing scheme was put in place [89].

Energy-phase equations

We now have all the elements to obtain the equation of motion in the longitudinal plane. We will
establish a first relation between the particle energy and the RF phase it experiences inside the RF cavity.
Similarly to the derivation done for the transverse motion, we assume that the particle parameters have
a small deviation from the synchronous particle parameters which are denoted with a zero subscript

θ = θ0 + ∆θ , R = R0 + ∆R , E = E0 + ∆E ,
p = p0 + ∆p , ω = ω0 + ∆ω , φ = φ0 + ∆φ ,

(1.84)

with respectively the azimuthal angle, the closed orbit radiusR = C/2π, the energy, the momentum,
the angular revolution frequency and the synchrotronphase. Wehave∆θ = −ω0∆twhere∆t = t−t0
is the time delay between the off-momentum particle and the synchronous particle. Therefore the
delayed proton arrives at the center of the RF cavity with a phase delay ∆φ = hω0∆t. Combining
these two relations gives

∆φ = −h∆θ . (1.85)

In turn we have

∆ω =
d

dt
∆θ = −1

h

d

dt
∆φ = −1

h

dφ

dt
, (1.86)

where it is assumed that the synchronous particle phase φ0 varies slowly in time with respect to φ. Since
∆ω
ω0

= −η∆p
p0

we obtain

∆p =
p0

hηω0

dφ

dt
. (1.87)
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The total particle energy is E2 = E2
rest + (pc)2 so dE = vdp2. The energy deviation ∆E is thus

∆E = v∆p = ω0R0∆p. Combining this relation with Eq. 1.87 we obtain the first energy-phase
equation:

∆E

ω0
=
R0p0

hηω0

dφ

dt
. (1.88)

To obtain the second energy-phase relation, we start from the energy change rate for the synchronous
and off-momentum particles:

Ė =
ω

2π
sin(φ) , (1.89)

Ė0 =
ω0

2π
sin(φ0) , (1.90)

which can be simplified to

R
dp

dt
=

1

2π
sin(φ) , (1.91)

R0
dp0

dt
=

1

2π
sin(φ0) , (1.92)

if we assume that the particle velocity increase per turn is small. These two equations lead to

2π

(
R

dp

dt
−R0

dp0

dt

)
= eV (sin(φ)− sin(φ0)) . (1.93)

The left hand side can be expanded and simplified to the first order

R
dp

dt
−R0

dp0

dt
= (R0 + ∆R)

(
dp0

dt
+

d∆p

dt

)
−R0

dp0

dt
(1.94)

≈ R0
d∆p

dt
+ ∆R

dp0

dt
. (1.95)

Assuming the parameter offsets are small, we have∆R ≈ dR0
dp0

∆p and then

R0
d∆p

dt
+ ∆R

dp0

dt
= R0

d∆p

dt
+ ∆p

dR0

dt
=

d(R0∆p)

dt
, (1.96)

and usingR0∆p = ∆E
ω0

, Eq. 1.93 yields the second energy-phase equation

2π
d(∆E/ω0)

dt
= eV (sin(φ)− sin(φ0)) . (1.97)

2Since d
(
E2

)
= 2EdE on one hand and d

(
E2

)
= d

(
E2
rest

)
+ d

(
(pc)2

)
= 2c2pdp = 2cβEdp on the other hand,

we obtain 2EdE = 2cβEdp.
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1.2 Principles of accelerator physics

Equation of motion for small amplitude oscillations

Combining Eq. 1.88 and 1.97 finally provides

2π
d

dt

(
R0p0

hηω0

dφ

dt

)
= eV (sin(φ)− sin(φ0)) . (1.98)

This is a non linear equation in φ. The synchronous particle parameters inside the left hand term are
also time dependent. However if ones assumes that those parameters are slowly varying in time, the
equation simplifies to

2π
R0p0

hηω0

d2φ

dt2
= eV (sin(φ)− sin(φ0)) . (1.99)

This equation has analytic solutions if one further assumes that the oscillations have a small amplitude.
Since φ = φ0 + ∆φ, the term (sin(φ)− sin(φ0)) can be expanded to the first order in∆φ

(sin(φ)− sin(φ0)) = sin(φ0) cos(∆φ) + sin(∆φ) cos(φ0)− sin(φ0) (1.100)
≈ ∆φ cos(φ0) , (1.101)

and the equation of motion 1.99 simplifies to

d2∆φ

dt2
− eV hηω0 cos(φ0)

2πR0p0
∆φ = 0 , (1.102)

where it was assumed that the synchronous particle phase φ0 varies slowly with time so that φ̇0 ≈ 0.
The motion is stable and the equation corresponds to an harmonic oscillator only if η cos(φ0) < 0.
The angular revolution frequency of the oscillations in the longitudinal plane is called the synchrotron
frequency ωs

ωs =

√
eV hω0|η cos(φ0)|

2πR0p0
, (1.103)

and the synchrotron tuneQs is defined as

Qs =
ωs
ω0

=

√
eV h|η cos(φ0)|

2πv0p0
. (1.104)

This equation was derived by assuming that the phase offset of the particle is small and that the
synchronous particle parameters vary slowly in time. For a larger energy offset or for quick changes in
the longitudinal beam parameters, Eq. 1.99 must be solved numerically. The treatment can of course
lead to important differences in the beam physics results. As we now have seen the elements needed to
understand single particle motion in an circular accelerator, we can investigate the impact of collective
effects on the beam dynamics.
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2 Impedance induced instabilities

We will now study in more detail the effect of the electromagnetic fields generated by the beam itself on
the particles motion. A first part will detail the concept of beam coupling impedance and showcase
simple examples which can be encountered in circular accelerators. The second part will make use
of these examples to study two different beam instability regimes: the head-tail instability which is a
chromaticity dependent effect and the Transverse Mode Coupling Instability, a stronger instability
observed for chromaticities close or equal to zero.

2.1 Notions and examples of beam coupling impedance

2.1.1 Wake fields and impedances

Until now we studied the unperturbed particle motion in the longitudinal and transverse planes. The
study focused on a single particle and we assumed that only the external magnetic and electric fields used
to guide and bunch the particles were present. However the beam is not composed of a single particle
but of several billions of them. It also travels in an environment which is not perfectly conducting, thus
the image currents induced on the beam pipe boundaries will generate parasitic electromagnetic fields.
These fields will in turn perturb the other particles present in the bunch itself or the following bunches
if present. The more particles the bunch contains, the stronger these fields get and thus the stronger are
the perturbations. These perturbations can be included in the equations of motion derived previously
to study their impact on the beam dynamic.
We will now introduce the concepts of wake fields and impedances which are used to describe these

beam induced electromagnetic fields. Detailed explanations of the concept ofwake-fields and derivations
for different structures can be found in [35, 49, 79, 90, 105, 108, 127, 137].
We saw that for the beam to circulate inside the accelerator, a set of external electromagnetic fields is

needed. These fields generate a Lorentz force
#–

F ext which writes

#–

F ext = e
(

#–

Eext + #–v × #–

Bext

)
. (2.1)

This relation is valid for a single particle travelling inside the machine, and the equations of motion
were previously derived in this framework. However the charged particle beam interacts with its
environment, creating images charges and currents in the accelerator components. They generate in
turn electromagnetic fields which will act back on the beam. These fields are called wake fields. We then
have a force

#–

Fwake acting on the beam

#–

Fwake = e
(

#–

Ewake + #–v × #–

Bwake

)
. (2.2)
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2 Impedance induced instabilities

Source (xs, ys, ss)

Test (xt, yt, st)

z

#–us

#–ux

Figure 2.1: Coordinate system used for the source and test particles traveling through an accelerator element.

Letus consider an accelerator equipment throughwhich two chargedparticles are travelling. Figure 2.1
shows the situation under study: a source particle with charge qs enters first the structure. We assume
that it travels with a speed #–v = βc #–us parallel to the structure axis. It also has a transverse offset in both
horizontal and vertical planes #–r s = xs

#–ux + ys
#–uy . During its passage in the structure, the particle

will generate electromagnetic fields and lose some of its energy. Now a test particle with charge qt enters
the structure after the source particle. We assume that its velocity and direction are the same as the
source particle and its offset with respect to the structure axis is #–r t = xt

#–ux + yt
#–uy . In the figure, the

positions along the ring of the two particles are denoted ss and st.
We will make a second assumption: we assume that the wake field perturbation is small enough so

that it does not affect the motion of the beam during its passage in the structure. In this rigid beam
approximation, the distance between the two particles stays constant and is therefore noted z. As
we assumed that the two particles travel at the same speed #–v = βc #–us, we can write ss = βct and
st = βct− z. If z > 0, then the test particle is behind the source particle.
The Lorentz force

#–

Fwake created by the source particle and acting on the test particle is thus a
function of the two particles offsets #–r s and #–r t, of their positions ss and st and of time t

#–

Fwake =
#–

Fwake(
#–r s,

#–r t, ss, st)

= qt

(
#–

Ewake(
#–r s,

#–r t, ss, st) + βc #–us ×
#–

Bwake(
#–r s,

#–r t, ss, st)
)
.

(2.3)

This force will create a momentum change∆ #–p t for the test particle which can be written

∆ #–pt(
#–r s,

#–r t, z) =

∫ +∞

−∞

#–

Fwake ( #–r s,
#–r t, ss = βct, st)|st=ss−z dt , (2.4)

and can be projected on the longitudinal plane∆p‖ and on the transverse planes∆ #–p⊥

∆p‖(
#–r s,

#–r t, z) = qt

∫ +∞

−∞
Ewake,‖(

#–r s,
#–r t, ss = βct, st)

∣∣
st=ss−z

dt , (2.5)

∆ #–p⊥( #–r s,
#–r t, z) = qt

∫ +∞

−∞

#–

Ewake,⊥( #–r s,
#–r t, ss = βct, st)

+ βc #–us ×
#–

Bwake,⊥( #–r s,
#–r t, ss = βct, st)

∣∣∣
st=ss−z

dt ,

(2.6)
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2.1 Notions and examples of beam coupling impedance

The Lorentz force components have been projected on the longitudinal and transverse planes which
for the electric field gives

#–

Ewake = Ewake,‖
#–us +

#–

Ewake,⊥, the magnetic field decomposition being
similar. The wake functions are defined for the longitudinal and transverse planes as

w‖(
#–r s,

#–r t, z) = − βc

qsqt
∆p‖(

#–r s,
#–r t, z) , (2.7)

#–w⊥( #–r s,
#–r t, z) = − βc

qsqt
∆ #–p⊥( #–r s,

#–r t, z) . (2.8)

The wake functions
(
w‖,

#–w⊥
)
can be Taylor expanded if the source and test particles offsets are

small. For the longitudinal wakew‖, the dependence on a transverse offset is neglected and the wake is
expanded to zero order, yielding

w‖(
#–r s,

#–r t, z) = w‖

(
#–
0 ,

#–
0 , z

)
+O( #–r s) +O( #–r t) . (2.9)

Thew‖
(

#–
0 ,

#–
0 , z

)
function will be called the longitudinal wake.

For the transverse wake functions #–w⊥ = w⊥,x
#–ux + w⊥,y

#–uy , the expansion can be made to the
first order, yielding for example in the horizontal plane

w⊥,x( #–r s,
#–r t, z) ≈w⊥,x

(
#–
0 ,

#–
0 , z

)
+
∂w⊥,x
∂xs

∣∣∣∣
#–
0 ,

#–
0

xs +
∂w⊥,x
∂ys

∣∣∣∣
#–
0 ,

#–
0

ys

+
∂w⊥,x
∂xt

∣∣∣∣
#–
0 ,

#–
0

xt +
∂w⊥,x
∂yt

∣∣∣∣
#–
0 ,

#–
0

yt .

(2.10)

In this decomposition, the first term is a constant which is equal to zero if the structure is symmetric. If
not it will cause a shift of the closed orbit path of the particles as they travel through the device [152].
The second and third terms are the dipolar or driving wake fields. These terms correspond to an offset
of the source particle while the test particle remains on axis. For these terms the force experienced by
the test particle is independent of its transverse position, like in a dipole magnet. The fourth and fifth
terms are the quadrupolar or detuning wake fields. These terms correspond to an offset of the test
particle while the source particle remains on axis. In this case the force experienced by the test particle is
proportional to its transverse offset, as in a quadrupole magnet. This force would therefore change the
particle tune, hence its name of detuning wake.

We will use the notations

wx,dip =
∂w⊥,x
∂xs

∣∣∣∣
#–
0 ,

#–
0

, wxy,dip =
∂w⊥,x
∂ys

∣∣∣∣
#–
0 ,

#–
0

, (2.11)

wx,quad =
∂w⊥,x
∂xt

∣∣∣∣
#–
0 ,

#–
0

, wxy,quad =
∂w⊥,x
∂yt

∣∣∣∣
#–
0 ,

#–
0

, (2.12)
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2 Impedance induced instabilities

for the different terms of the Taylor expansion. The cross termswxy,dip andwxy,quad will be neglected
as well since they only become important in asymmetric structures and with large displacements of the
source and test particles [152].
By definition, the wake functions are the response of the device to an impulse excitation, thus

it is equivalent to a Green function. The wake potential
# –

W created by a line charge density λ(z)
travelling inside the structure is therefore the convolution of the distribution with the wake function
#–w( #–r s,

#–r t, z) =
(
w‖, w⊥,x, w⊥,y

)
# –

W ( #–r s,
#–r t, z) =

∫ +∞

−∞

#–w
(

#–r s,
#–r t, z − z′

)
λ
(
z′
)

dz′ . (2.13)

For some element geometries, the wake functions can be computed analytically. Exact derivations are
often limited to simple geometries such as circular or flat beam pipes. For more complex structures such
as cavities or corrugations, approximate models can be found. The wake functions for various elements
are derived in detail in [154] and an overview can be found in [105]. For complex devices installed in
accelerators, the wake functions can also be obtained with simulations codes such as CST Particle Studio
[54]. In this case the source charge can not be a pure impulse: a line charge density is used and the wake
function is computed by deconvoluting the simulation results. The simulation set-up must be carefully
thought of to obtain accurate results in a reasonable computation time.
The beam coupling impedance is defined as the Fourier transform of the wake fields

Z‖(
#–r s,

#–r t, ω) =
1

βc

∫ +∞

−∞
w‖(

#–r s,
#–r t, z)e

jωz/βc dz , (2.14)

Z⊥,x( #–r s,
#–r t, ω) = −j 1

βc

∫ +∞

−∞
w⊥,x( #–r s,

#–r t, z)e
jωz/βc dz , (2.15)

Z⊥,y(
#–r s,

#–r t, ω) = −j 1

βc

∫ +∞

−∞
w⊥,y(

#–r s,
#–r t, z)e

jωz/βc dz . (2.16)

They are defined for negative and positive frequencies and they follow the relations [49]

Z‖(−ω) = Z∗‖ (ω) , (2.17)

Z⊥(−ω) = −Z∗⊥(ω) , (2.18)

whereZ∗ denotes the complex conjugate of the beam coupling impedance function.
The beam coupling impedance, which will be referred to as impedance, is more adapted to circular

machines where the periodicity can help simplify the expressions. Similarly to the wake functions, the
impedance can be Taylor expanded and the same notations apply. Again the main terms considered are
the longitudinal impedanceZ‖, the transverse dipolar impedancesZx,dip andZy,dip and the transverse
quadrupolar impedancesZx,quad andZy,quad.
The longitudinalwake is inunits ofVC−1, the transverse dipolar andquadrupolarwakes inVC−1m−1,

the longitudinal impedance in Ω and the transverse dipolar and quadrupolar impedances in Ωm−1.
We saw that the wake is a space or time domain quantity. Physically, the larger the wake functions

are, the stronger the kicks to the beam will be. If the wake is short-ranged, the particles closer to the
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2.1 Notions and examples of beam coupling impedance

source will be affected. In that case the wake will mainly act on the bunch itself. On the contrary if the
wake is long-ranged, then the following bunches will also be affected. A very long ranged wake can have
a multi-turn effect: the wake generated during a first passage will affect the bunch after it has performed
a full revolution of the machine.

Since the impedance is the Fourier transform of the wake, a short ranges wake will give a broadband
impedance spanning over a large frequency range. On the contrary a long rangedwake will give a sharply
peaked impedance.

We now have an overview of the wake field and beam coupling impedance concepts. Their impact
on the beam dynamics will be further explored in the following parts. Before we will show the wake
and impedance functions for two specific cases, the resistive wall and the broadband resonator. We will
then focus on the LHC transverse impedance model which will be the basis for beam stability studies.

2.1.2 Resistive wall impedance

An accelerator requires a vacuum chamber to keep the beam circulating. Depending on the materials
used, the dimensions and the geometry of the chamber, the main source of wake fields can be caused by
this vacuum chamber. Maxwell’s equations are used to derive analytically the impedance generated by
such element. Details on the derivation are given in [49, 95, 105, 154]. The longitudinal and transverse
dipolar resistive wall impedances for a circular pipe can be written [95]

Z‖,RW (ω) = (1 + j sgn(ω))
L

2πbσcδskin
, (2.19)

Z⊥,RW (ω) = (sgn(ω) + j)µcδskin
L

2πb3
, (2.20)

and the longitudinal and transverse wakes are written

w‖(z) = − βc

4πb

√
µc

πσc

L

|z|3/2
, (2.21)

w⊥(z) = − βc

πb3

√
µc

πσc

L

|z|1/2
, (2.22)

where b is the beam pipe radius andL its length, σc is the beam pipe material conductivity and sgn(ω)

means the sign of the angular frequency ω. δskin =
√

2
|ω|µσc is the skin depth and µ the magnetic

permeability of the beam chamber material. These relations are an exact expression of the chamber
impedance only in a certain range of frequencies [95, 104]

χc

b
� ω � χ−1/3c

b
,

χ =
1

Z0σcb
,

(2.23)
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2 Impedance induced instabilities

whereZ0 is the free space impedance. For the wake function the previous condition becomes

2πbχ1/3 � z � 2πb

χ
. (2.24)

Figure 2.2a shows the transverse wake as a function of the distance between the source and test
particle. Time is used here as a variable since t = z/βc. The corresponding impedance as a function of
frequency f = ω/2π is plotted in figure 2.2b. The vacuum chamber properties used to obtain these
functions are given in Tab. 2.1. Following the conditions given in Eq. 2.23 and 2.24 the resistive wall
model will be valid in the 140Hz to 18.1 THz range, equivalent to a wake ranging between 100 µm and
13× 106m. This specific resistive wall impedance model will later be used in the benchmark of two
instability codes
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Figure 2.2: Left plot represents the resistive wall horizontal dipolar wake function versus time after the source
particle, obtained for a cylindrical copper beam pipe. The right plot represents the corresponding
beam coupling impedance as a function of frequency.

Table 2.1: Beam chamber parameters used to obtain the resistive wall wake and impedance functions.

Parameter Value

Geometry Cylindrical
Radius b 10mm
LengthL 27 km
Material Copper at 300K
Conductivity1σc 58.8MSm−1

1 Conductivity obtained from the copper re-
sistivity at 300K ρc = 17 nΩ m [121].
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2.1 Notions and examples of beam coupling impedance

2.1.3 Broadband resonator impedance

A second simple wake and impedance model is the broadband resonator. It can be used as a first
approximation to account for the various cross-section changes occurring in the vacuum chamber. A
broadband impedance means a quickly decayed wake field. The wake will mainly affect the bunch
itself and not the following ones, leading to so-called single bunch instabilities. The longitudinal and
transverse broadband impedance as a function of angular frequency can be written

Z‖,BB(ω) =
Rs

1− jQ
(
ωr
ω −

ω
ωr

) , (2.25)

Z⊥,BB(ω) =
c

ω

Rs

1− jQ
(
ωr
ω −

ω
ωr

) , (2.26)

where ωr is the angular resonance frequency of the resonator,Rs the shunt impedance,Q the quality
factor. For the wake function, the formulas for the longitudinal and transverse components are [154]

W‖,BB(z) =
Rs,‖ωr

Q
exp
(
−αz
c

)(
cos

(√
|ω2
r − α2|z
c

)
− α

2Q
sin

(√
|ω2
r − α2|z
c

))
,

W⊥,BB(z) =
Rs,‖ω

2
r

Q
√
|ω2
r − α2|

exp
(
−αz
c

)
sin

(√
|ω2
r − α2|z
c

)
,

α =
ωr
2Q

.

(2.27)
Figure 2.3a shows thewake function as a function of the distance between the source and test particles.

The parameters for this wake are ωr = 2π × 2× 109 GHz, Rs = 25 MΩ m−1 andQ = 1. The
time scale in ns highlights that for the broadband resonator the wake quickly decays. This decay time is
comparable to the RMS bunch length of LHC beams: 8.1 cm, equivalent to 0.27 ns. The impedance
function is pictured in figure 2.3b. As highlighted before a short range wake implies a large frequency
range with an impedance extending up to 10GHz.
The broadband resonator model presented here will be used to study single bunch effects and in

particular study and benchmark two codes in the Transverse Mode Coupling Instability regime. We
will now detail the LHC impedance and the elements that compose it. Only the main elements with a
strong impact on the machine impedance will be detailed.

2.1.4 The LHC impedance model

The LHC impedance model was developed in 2012 [103] and has been completed and improved
over the years. It was also extended to cope with the new or upgraded equipments of the High-
Luminosity upgrade of the LHC and now includes a large part of the different elements present
in the machine [8]. The contributions are frequency dependent and are also changing according to the
accelerator configuration. Figure 2.4 shows the transverse impedance as a function of frequency at the
injection energy of 450GeV and the top energy of 6.5 TeV. The impedance at top energy is larger than
at injection energy by a factor of∼10.
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Figure 2.3: Left plot represents the horizontal dipolar wake function of a broadband resonator versus time
after the source particle. The horizontal axis is in ns, highlighting the quick decay of the wake for
these resonator parameters. The right plot represents the corresponding beam coupling impedance
as a function of frequency. For frequencies below 1GHz, the impedance is mainly inductive i.e
<
(
Zdipx

)
≈ 0 and=

(
Zdipx

)
≈ constant.

The real part and imaginary part of the LHC impedance at top energy are detailed in figures 2.5a
and 2.5b. These plots show the impedance functions of the various elements included in the model.
They highlight the major contribution of the collimators and the beam screen on a large portion of the
frequency range. The models used for these two parts will now be further detailed.

The cold beam screen

The cold beam screens are the tubes shielding the magnets cold bore from synchrotron radiation and
beam induced heating from image currents [39]. Figures 2.6b and 2.6a show the assembly of the beam
screen in the cold bore and their location in a dipole magnet. The beam screens are stainless steel tubes
with a 75 µm copper lamination, cooled between 5K and 20K [8]. Thanks to the copper coating and
the low operating temperature, the impedance per unit length of the cold beam screens is small. But
because they cover 21 km out of the 27 km circumference of the LHC [8], their contribution to the
impedance becomes sizeable at injection and top-energy.

Oblong perforations are made on the top and bottom parts of the cold beam screens, as pictured in
Fig. 2.6b. They allow reaching equivalent pressures in the 10−9 Pa to 10−8 Pa range, ensuring a beam
lifetime of∼100 h [39]. They cover 4% of the beam screen surface, and their position and length was
semi-randomised to minimise their impact on longitudinal impedance [39]. Their impedance depends
on the perforations geometry and the beam pipe radius [70, 99]. Their relative contribution at injection
energy is high, in particular for the imaginary part of the impedance. At top energy, the total impedance
of the machine increases because of the collimators and therefore the pumping holes have a smaller
relative contribution.
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Figure 2.4: Transverse dipolar beam coupling impedance of the LHC as a function of frequency. The top plot
shows the horizontal impedance and the bottom plot the vertical impedance. The impedance at
injection energy is plotted with light colors and the one at top energy with dark colors.
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Figure 2.5: Contribution to the horizontal dipolar impedance of the different accelerator elements at top energy
versus frequency. The top plot shows the real part of the impedance whereas the bottom plot shows
the imaginary part.
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2.1 Notions and examples of beam coupling impedance

(a) Cross-section of a LHC dipole magnet [53]. (b) Picture of a cut of the LHC beam
screen inserted in the cold bore [39,
80].

Figure 2.6: The beam screen (left) is a racetrack shaped tube inserted in the magnet cold bore (right). It is cooled
between 5K and 20K and serves as a heating shield for the cold bore, cooled to 2K.

The collimators

In 2018 a single LHC beam had a stored energy of 320MJ (2556 bunches of 1.2× 1011 protons at
6.5 TeV). In HL-LHC this energy will reach 710MJ (2760 bunches of 2.3× 1011 protons at 7 TeV) [94].
Particles at the fringes of the beam core form a halo that may be lost in the superconducting magnet
coils. High loss levels can lead to an unwanted quench, and might damage equipment. The collimators
are beam cleaning devices required to mitigate particle losses. Figure 2.7 shows the assembly of a single
collimator. The two jaws are positioned close to the beam and must be made of robust materials such
as Carbon Fiber-reinforced Carbon (CFC) [39, p. 480].

To improve the cleaning efficiency, 57 of these devices are installed for each of the LHC beam [39, 115].
The system is multi-staged [115]: primary collimators (TCP1) will intercept the main halo, secondary
collimators (TCSG2) located downstream will intercept the secondary halo and the particle showers
created by the interaction of high energy particles with the primary collimators. The principle is
repeated with tertiary collimators (TCT) and particle showers absorbers (TCL and TCLA3). Figure 2.8
schematizes the multistage cleaning principle used in the LHC [1], and Fig. 2.9 shows the location along
the two beams of the collimators.

1The collimator names follow this convention: T stands for target, the general category for the equipment, C for collimator,
the subcategory, P for primary, the type of collimator.

2For a TCSG, S stands for secondary and G for Graphite
3The L designates auxiliary collimators and the A designates absorbers. TCL collimators are located close to the interaction
points and TCLA are located in the betatron and dispersion cleaning regions.
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2 Impedance induced instabilities

Figure 2.7: Top view of an LHC collimator during assembly. The beam trajectory in the device is represented
with the blue arrow. In this picture only the left jaw has been installed. It is made of a CFC block
mounted on stainless steel frame. Once the two jaws are assembled, the beam passes in a tight gap and
the particles in the transverse beam halo are intercepted by the jaws. Picture from [61].

Figure 2.8: Principle of the multi-stage beam cleaning used in the LHC [1, 115].
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2.1 Notions and examples of beam coupling impedance

Figure 2.9: Layout and names of the collimators installed in the LHC, for both ring 1 (blue) and ring 2 (red).
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The collimators apertures are set to intercept the fringes particles without intercepting the beam core.
The physical gap g of each collimator in m is computed from the RMS beam size at the collimator. The
beam size σi in the plane i ∈ (x, y) is given by

σi =

√
βi

ε

βγ
+ (Diδ)

2 , (2.28)

where βi and Di are the Twiss beta and the dispersion values at the collimator position. Only the
betatron part is kept to compute the horizontal and vertical beam sizes in the collimator [38]

σi,coll =

√
βi

ε

βγ
. (2.29)

The collimators are also oriented with an angle θ with respect to the horizontal plane. An effective
beam size in the collimation plane is then computed with the beam sizes from 2.29 and the collimator
angle θ [114, 115]

σcoll =

√
(σx cos(θ))2 + (σy sin(θ))2 . (2.30)

Moreover, the normalised beam emittance used to compute the collimators gaps is fixed to 3.5 µm rad
for the LHC [126] and will be fixed to 2.5 µm rad for HL-LHC [94].
Finally, the collimator jaws are set at a certain number of the effective beamσcoll. Since the collimators

settings are symmetric, this setting is the collimator half-gap g/2

g = 2nσσcoll . (2.31)

The various collimators families (primary, secondary, tertiary and absorbers) will have different gaps
which are then reported in number of effective beam size nσ . Table 2.2 reports a selection of collimators
gaps and the associated beam parameters.

Name Family βx βy θ / rad σcoll nσ g / mm

TCP.B6L7 Primary 142 87 2.215 0.232 5 1.16
TCSG.D4L7 Secondary 333 69 1.571 0.186 6.5 1.21
TCLA.B6R7 Shower absorber 160 76 0 0.284 10 2.84
TCTPH.4L2 Tertiary 85 104 0 0.207 37 7.65

Table 2.2: Example of LHC beam 1 collimator settings with their Twiss beta values βx and βy , their collimation
angle θ, their effective beam size in the collimation plane σcoll, their settings nσ in number of σcoll
and their physical gap g in mm. The settings are taken from the 2017 top energy table [77].

Equations 2.29 and 2.30 show that as the beam energy increases, the beam size at the collimator
decreases. Since the collimators settings are defined for a certain normalized emittance, their gaps must
follow the beam size and therefore are reduced as the energy increases. The collimators then become the
main contributors to the impedance at top energy, as shown in Fig. 2.5.
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2.2 A simplified approach to beam instabilities: the two-particle model

The jawsmaterials are also a key element to explain their predominance on the beam impedance. Most
of them are made of graphite based materials, resulting frommechanical and vacuum compatibility
considerations [39, p. 481]. Their electric conductivity is rather poor: 0.2MSm−1 for CFC [103] against
58.8MSm−1 for copper at room temperature [103, 121]. All-in-all the beam coupling impedance in
LHC is higher at top energy than at injection energy, as can be seen in Fig. 2.4.
Because of their tight gaps, as shown in Table 2.2, each collimator has a measurable impact on the

impedance. Methods were developed to measure their individual contribution which can then be
compared to predictions from the LHC impedance model. The results will be detailed in part 3.3.
Because they are the main impedance source at top energy, the betatron cleaning collimators located

in IR7 will be upgraded in the framework of the HL-LHC project. The scope and the impact of this
impedance reduction on the mode coupling instability will be investigated in chapter 4.
The simple impedance models presented at the beginning of the section and the LHC impedance

model will now be used to study transverse beam instabilities. But before benchmarking two beam
instability simulation codes with those impedance models, we will first give a qualitative overview of
beam instabilities for a model with two particles.

2.2 A simplified approach to beam instabilities: the
two-particle model

The simplest way to study beam instabilities is to use a two-particle model: the bunch is divided in
two macroparticles each containing half the bunch intensity. This approach also enables to derive
approximate formulas which can then be compared tomore involvedmodels. This model was suggested
by R.Kohaupt [69] and R.Talman [138] and detailed derivations can be found in [49, 105].We will first
investigate the beam instability qualitatively before giving the main results from the aforementioned
references.
The study starts by dividing the bunch in two macroparticles, one at the head of the bunch and

one at the tail. Their charge is Nb/2 where Nb is the total number of protons in the bunch . The
particle at the head of the bunch generates a wake field which perturbs the particle at the tail of the
bunch. This initial situation is depicted in Fig. 2.10a. The particles are initially located at z1 = 75 mm,
z2 = −75 mm, x1 = 0.3 µm and x2 = 0.3 µm. Their individual intensity is 2.5× 1011 p.p.b. The
summary of the parameters for these simulation is given in Table 2.3. Macroparticle 1 (MP1) at the head
of the bunch creates a wake field depicted by the solid line. Initially the wake felt by the macroparticle 2
(MP2) trailing behind is small and thus has little impact on its transverse motion.
The two particles execute synchrotron oscillations: they periodically exchange their longitudinal

position, the period being the synchrotron tuneQs. Figure 2.11 shows the longitudinal position of the
two macroparticles as a function of the turn number. For this simple example the synchrotron tune has
been chosen so thatQs = 1/500 i.e the particles execute a full synchrotron oscillation in 500 turns.
Because of the synchrotron oscillations, the trailing particle which was affected by the wake will

become the leading particle after 1/(4Qs) turns. This is depicted in Figs. 2.10b and 2.10c which show
the position of the macroparticles at turn 120 and at turn 130, before and after 1/(4Qs). At turn 120,
MP2 at the tail is strongly affected by the wake created byMP1 at the head, as can be seen in Fig. 2.10b.
It is kicked by the wake as long as it remains behindMP1. At turn 130, the two macroparticles have just
exchanged their longitudinal position. Figure 2.10c shows that MP2 is now at the head and is the one
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Figure 2.10: Transverse and longitudinal positionx and z of the twomacroparticles at different periods of the syn-
chrotron oscillation cycle. They perform a full synchrotron oscillation in 500 turns. The total bunch
intensity in this case is 5× 1011 p.p.b., each particle has half the bunch intensity 2.5× 1011 p.p.b.
The kick felt by the trailing particle is caused by the wake generated by the head particle. It is depicted
here in a solid line the same colour as the macroparticle generating it.
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2.2 A simplified approach to beam instabilities: the two-particle model

Table 2.3: Impedance and beam parameters for the two-particle model simulations.

Parameter Value

Impedance model Transverse broad-band resonator1

Machine
Circumference / m 26 658.8832
Transverse tuneQx0

2 50.2
Momentum compaction factor αc 1.0× 10−4
Synchrotron tuneQs 2× 10−3

Beam
Number of bunches 1
Number of macroparticles 2
4 σ bunch length τb / ns 1.0
Bunch intensity / p.p.b. 1010 and 5× 1011
ChromaticityQ′ 0

1 Resonator impedance with resonance frequency fres = 10 GHz, shunt
impedance Rs = 25 MΩ m−1 and quality factor Q = 1. Only the
horizontal plane is used.

2 This tune value is chosen so that a particle executes a full revolution in
the (x, x′) phase space in five turns (1/0.2 = 5). That is after five turns
the transverse position of the particle is the same if the motion is unper-
turbed. This is impossible to set in a real machine becausemagnet imper-
fections would create a resonance at this tune value.

generating the wake. In turn this wake strongly affects MP1 transverse position. After 1/(2Qs) turns,
MP1 is at the tail of the bunch andMP2 at the head, as showed in Fig. 2.10d. The transverse position of
both macroparticles has been affected by the wake field. While they both started with a transverse offset
of 0.3 µm, they end at∼1 µm after half a synchrotron oscillation. In this case the kicks to the trailing
particle are piling up and create an exponentially growing transverse oscillation. Figure 2.10e shows
the situation after one full synchrotron oscillation. The two macroparticles are far from their original
position: ±2 µm, a factor∼ 7 compared to the 0.3 µm original position.
This simple description highlights the important role of the synchrotron tune in the instability

mechanism. Indeed if the particles exchange their position quickly enough, the trailing particle is
affected for a shorter time. The kicks to the transverse position do not have the time to accumulate and
the beam remains stable.
An other important parameter is of course the bunch intensity. Since the wake strength is propor-

tional to the head particle intensity, the instability is more likely to appear for high bunch intensities.
Figure 2.12 shows the same snapshots of the particles motion at different periods of the synchrotron
oscillation but for a bunch intensity reduced to 1010 p.p.b. The kicks to the trailing particle do not
accumulate and the motion remains stable.
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Figure 2.11: Longitudinal position of the two macroparticles as a function of turn number. The synchrotron
tune isQs = 0.002 and dashed lines at 1/(4Qs)multiples are plotted. As the synchrotron period is
500 turns, each macroparticle comes back to its initial longitudinal position after this period.

The transverse position of the twomacroparticles during 1000 turns are plotted in Figs. 2.13 and 2.14,
for both the unstable and the stable case. In the unstable case, the transverse excursions of the particles
are clearly increasing because of the wake field kicks. In the stable case, these kicks are not strong enough
and the transverse motion remains regular.
The two-particle model can easily be put in equations as detailed in [49, 56, 105], and approximations

can be made using it. The situation presented before is further simplified:

• The two macroparticles are assumed to be separated by a distance z for the first half of the
synchrotron period Ts = 1/Qs. MP1 is at the head of the bunch,MP2 at the tail. At Ts/2, their
longitudinal position are instantaneously switched. MP2 is now at the head of the bunch and
MP1 at the tail.

• The wake forceW dip
x (z) acting on the tail macroparticle located at position z behind the head

particle is assumed to be constant.

• The machine is assumed to be smooth i.e transverse focusing is constant along the accelerator.
The transverse tuneQx0 is then equal toQx0 = C0/2π〈βx〉.

Using these assumptions, the equations of motion of the head and the tail particles are written [49]

ẍ1 + (ωβx)2x1 = 0 , (2.32)

ẍ2 + (ωβx)2x2 =
e2NbW

dip
x

2C0γm0
x1 , (2.33)

where ωβx = Qx0ω0. x1 corresponds to the transverse position of the macroparticle which starts at
the head of the bunch. x2 is the transverse position of the macroparticle which starts at the tail of the
bunch. In the equations, the tail particle MP2motion is perturbed by a force generated by the wake
field of the head particle MP1. This force is also proportional to the charge of the particle.

40



2.2 A simplified approach to beam instabilities: the two-particle model

−100 0 100

z / mm

−0.50

−0.25

0.00

0.25

0.50

x
/µ

m

MP 1
MP 2

−0.5

0.0

0.5

W
d
ip

x
/
V
C
−

1
m
−

1

×1018

W
dip
x

(a) Turn 0

−100 0 100

z / mm

−0.50

−0.25

0.00

0.25

0.50

x
/µ

m
MP 1
MP 2

−0.5

0.0

0.5

W
d
ip

x
/
V
C
−

1
m
−

1

×1018

W
dip
x

(b) Turn 120

−100 0 100

z / mm

−0.50

−0.25

0.00

0.25

0.50

x
/µ

m

MP 1
MP 2

−0.5

0.0

0.5

W
d
ip

x
/V

C
−

1
m
−

1

×1018

W
dip
x

(c) Turn 130

−100 0 100

z / mm

−0.50

−0.25

0.00

0.25

0.50

x
/µ

m

MP 1
MP 2

−0.5

0.0

0.5

W
d
ip

x
/V

C
−

1
m
−

1

×1018

W
dip
x

(d) Turn 500

Figure 2.12: Transverse and longitudinal position of the two macroparticles MP1 andMP2 at different periods
of the synchrotron oscillation cycle. The total bunch intensity in this case is now 1010 p.p.b., each
particle has half the bunch intensity 0.5× 1010 p.p.b. The kicks do not accumulate and the motion
remains stable: the two macroparticles recover their initial position after a full synchrotron period.
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Figure 2.13: Transverse position of the two macroparticles as a function of turn number. The synchrotron tune
is Qs = 0.002 and dashed lines at 1/(4Qs) multiples are plotted. The total bunch intensity is
5× 1011 p.p.b. The effect of the wake field is visible when the two particles are close longitudinally, at
125, 375, 625 and 875 turns. At these time periods, the wake is strong enough to create a displacement
of the trailing particle which accumulates with time.
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Figure 2.14: Transverse position of the two macroparticles as a function of turn number. The total bunch
intensity is reduced to 1010 p.p.b. The wake is therefore weaker and the transverse displacements do
not accumulate. The transverse position of the particles remains in a bounded region and the beam
stays stable.
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After a time Ts/2, the positions of the two particles are switched, and so are the equations

ẍ1 + (ωβx)2x1 =
e2NbW

dip
x

2C0γm0
x2 , (2.34)

ẍ2 + (ωβx)2x2 = 0 . (2.35)

In the first half of the synchrotron period, equations 2.32 and 2.33 govern the particles motion.
Introducing the phasors of the two particles [49]

x̃1,2 = x1,2 − j
1

ωβx
ẋ1,2 (2.36)

allows to write the system of equations in the matrix form(
x̃1(Ts/2)
x̃2(Ts/2)

)
= ejωβxTs/2A

(
x̃1(0)
x̃2(0)

)
. (2.37)

During the second half of the synchrotron period, MP1 andMP2 are simply switched. The corre-
sponding equations 2.34 and 2.35 lead to the matrix system(

x̃1(Ts)
x̃2(Ts)

)
= ejωβxTs/2B

(
x̃1(Ts/2)
x̃2(Ts/2)

)
. (2.38)

Combining the two former systems of equations allows to find the transverse positions of the two
particles after one full synchrotron period(

x̃1(Ts)
x̃2(Ts)

)
= ejωβxTsM

(
x̃1(0)
x̃2(0)

)
. (2.39)

where the matricesA,B andM are written

A =

(
1 0
−jΥ 1

)
B =

(
1 −jΥ
0 1

)
M = B ·A

Υ =
e2NbTsW

dip
x

8ωβxC0γm0
.

(2.40)

The system is stable if the matrix trace |Tr(M)| = |2−Υ2| < 2. This condition leads in turn to
Υ < 2 also written

e2NbTsW
dip
x

8ωβxC0γm0
< 2 . (2.41)

43



2 Impedance induced instabilities

This condition confirms the qualitative observations which were made before. Decreasing the syn-
chrotron period and thus exchanging more often the positions of the head and tail particles helps
stabilize the beam. A higher beam energy also contributes to the stabilization: if the beam is more rigid,
the perturbation caused by the head particle has less impact on the tail. On the other hand an increased
beam intensity or a stronger wake will reduce the beam stability.
This result can be applied to the simple case presented beforehand. The beam parameters entering in

the stability criterion are

W dip
x ≈ 8× 1017 V C−1 m−1 ,

Qs = 1/500 ,

Qx0 = 50.2 ,

ω0 = 2π × 11 250 Hz ,

γ = 6930 ,

m0 = 1.67× 10−27 kg .

(2.42)

Two bunch intensities were considered,Nb = 1010 p.p.b. andNb = 5× 1011 p.p.b. which led re-
spectively to a stable motion and an unstable motion. In the first case Υ ≈ 1 and in the second case
Υ ≈ 51. The stability criteria predicts indeed an intensity threshold for the instability at Υ = 2 which
gives toNb ≈ 1.9× 1010 p.p.b..
We have seen that a two-particle model of the bunch allows to derive a stability criteria which depends

on the bunch intensity, the synchrotron and betatron tunes, the wake field strength and the beam
energy. This model is valid for the zero chromaticity case where the betatron and synchrotron motions
are independent. Chromaticity can however be introduced in the model as showed in [105]. In this case
a two-particle beam can have two oscillation modes: a σ mode where the head and the tail of the bunch
oscillate in phase and a π mode where the head and the tail have opposite phase. The sum of the modes
growth rates is equal to zero so one of the two mode is always unstable [49].
The two-particle model is however limited when more than two degrees of freedom are needed to

describe the bunch behavior. A N-particle model can then be used to simulate the beam dynamics. We
will now briefly introduce the physics underlying one of such code, PyHEADTAIL. The Vlasov formalism,
which is an other approach to treat beam instabilities, will then also be introduced.

2.3 Treatment of coherent beam instabilities

We saw that the perturbation to the beam transverse motion caused by a wake field can be treated
analytically using a simple two-particle model. However analytic models are more difficult to obtain
when more than two degrees of freedom are required. The two-particle model method has therefore
to be extended to a multi-particle problem where the 1011 particles of the bunch are considered. The
movement of each particle is tracked along time, using the single particle equations of motion. The
kicks induced by the wake fields are then applied at every turn to each particle. With this method a
computational limit is quickly encountered: it is impossible to track 1011 particles for enough turns to
see the instability rising. The solution is to regroup them: instead of tracking 1011 particles of charge
e, the code will track for example 106 macroparticles of charge 105 e. Despite the code optimisation
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2.3 Treatment of coherent beam instabilities

and progress made on computing power, simulation time remains the main limitation of this method.
Studyingdifferentmachineparameters formany turns canbe resource-intensive and thus the simulations
parameters have to be carefully chosen. Macroparticle codes can also be extended to include many other
effects such as RF manipulations of the bunches (acceleration, splitting, rotation), direct space-charge,
electron cloud or synchrotron radiation among others. This versatility makes macroparticle codes
powerful tools to study the beam dynamics in accelerators. The code PyHEADTAIL [113] is used at CERN
to study coherent instabilities in the presence of wake fields, space-charge or feedbacks among others.
Its implementation in the case of wake field induced instabilities will be briefly presented in part 2.3.1.
With the macroparticle approach, tracking 106 macroparticles implies that 106 modes of motion will

be studied for each transverse and longitudinal coordinate. The tracking is unconcerned by the fact that
many of these modes describe microscopic motions, thus irrelevant to coherent beam instabilities. It is
the macroscopic motion, i.e modes with wavelengths in the order of the beam pipe or the bunch length
dimensions that are of interest. So instead of considering the beam as a collection of macroparticles in
time domain, the bunch can be studied as a whole and its modes of oscillation can be studied in the
frequency domain. This approach relies on Vlasov equation [145] and was first applied to bunched
beams by F.Sacherer [122, 123, 124, 125]. Different methods to solve the equation were developed along
the years [31, 32, 33, 34, 50, 51, 60, 72, 91].Wewill present the method used in the code DELPHI [100, 143]
in part 2.3.2.

2.3.1 Macroparticle formalism for instability simulations

Wewill briefly introduce theunderlyingmechanismsof PyHEADTAIL interesting for the studyof impedance
induced instabilities. Further details on PyHEADTAIL implementation and functionalities can be found
in [78, 131]. A simulation follows these main steps:

1. Machine initialization: the accelerator parameters (circumference, particle used, Twiss and dis-
persion values) are loaded. The ring is divided intoK segments each separated by an interaction
point IP.

2. Beam initialization: a beam made of N macroparticles is generated at interaction point IP0.
Typically 106 macroparticles are used. The initial transverse and longitudinal distributions of
the macroparticles can be specified. A macroparticle with index i ∈ [1, N ] now has a set of six
coordinates (xi, x

′
i, yi, y

′
i, zi, δi), a charge qi and a massmi.

3. Linear tracking: using Hill’s equation solution detailed in part 1.2.1, the macroparticle transverse
coordinates are transported from IP0 to IP1. This transport for macroparticle i can be written in
a matrix form [56, 74, 75] (

xi
x′i

)∣∣∣∣
1

= M

(
xi
x′i

)∣∣∣∣
0

,

M =

( √
β1 0

− α1√
β1

1√
β1

)(
cos(∆µ0→1) sin(∆µ0→1)
− sin(∆µ0→1) cos(∆µ0→1)

)( 1√
β0

0

− α0√
β0

√
β0

)
,

(2.43)
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whereα0,1 and β0,1 are the Twiss functions values at the IP and∆µ0→1 the phase advance from
IP0 to IP1. The smooth approximation is used in PyHEADTAIL linear tracking so the phase advance
∆µ0→1 = Qx0L0→1/C whereL0→1 is the first segment length.

4. Chromaticity anddetuning effects: these effects are implemented as a change of eachmacroparticle
phase advance. Amplitude detuning is the dependence of the particle tune with its Courant-
Snyder invariant 2Jx,y . It is an important effect for beam stabilization through Landau damp-
ing [64, 73]. The phase advance∆µ0→1 for macroparticle i is derived from the phase advance
∆µ0→1 which was used for all macroparticles

∆µi,0→1 = ∆µ0→1 + (ξxδi + axxJx,i + axyJy,i)
∆µ0→1

2πQx0
(2.44)

where axx and axy are the detuning coefficients, Jx,i and Jy,i the transverse actions of the
particle.

5. Synchrotron motion: the longitudinal coordinates (zi, δi) of the macroparticle are updated
once every turn using the equations of longitudinal motion. The motion can be linear or not
and complex RF systems can be modeled, allowing for bunch acceleration, splitting or rotation
among others.

6. Collective effects: they are applied at each interaction point. PyHEADTAIL implements wake fields
effects but also feedbacks and space charge. For wake fields, we saw that the particles in front
generate a wake which provides a momentum kick to the following particles. The dipolar wake
kick∆x′i on macroparticle i caused by the other macroparticles j is thus

∆x′i = − e2

β2E0

N∑
j=1

W dip
x (zi − zj)∆xj . (2.45)

If the beam is made of 106 macroparticles, applying this formula for each particle, at multiple
interaction points along the ring and for several thousands of turns would be computationally
impossible. Instead the bunch is sliced longitudinally as schematized in Fig. 2.15.

(a) Bunch before slicing. (b) Bunch after slicing.

Figure 2.15: Principle of beam slicing for in PyHEADTAIL. On the left the bunch is represented as a collection of
macroparticles. The effect of the wakefield generated by all the macroparticles on the red onemust be
evaluated. To decrease computation time, the bunch is instead sliced as pictured on the right. Each
slice contains several thousands of macroparticles, and it is the effect of all slices on the red one which
is computed. Pictures courtesy of M.Schenk [131].
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2.3 Treatment of coherent beam instabilities

For thin enough slices, the wake can be considered constant inside the slice. The wake kick ∆x′i
generated by all the slices j located upstream of slice i are then computed and summed to obtain
the wake kick acting on slice i

∆x′i = − e2

β2E0

Nslices∑
j=1

〈x〉jW dip
x (i− j) , (2.46)

where 〈x〉j is the mean value of all the transverse offsets of macroparticles in slice j.

This whole process is then repeated for several thousands of turns depending on the beam revolution
frequency. For example in the LHC the revolution frequency is∼10 kHz, so an instability with a rise
time of 1 s would be seen after 3× 104 turns of simulation. On the other hand in the PSB the revolution
frequency at injection energy is∼1MHz so an instability with the same rise-time of 1 s would require
3× 106 turns of simulation. The simulation length must therefore be chosen carefully to ensure that
eventual instabilities can develop properly. The wake slicing is also crucial since it assumes that the wake
is constant within a slice. If the wake has sharp peaks, a very thin slicing has to be used to resolve it
correctly.
We saw that PyHEADTAIL is a flexible simulation code implementing the particle equations of motion

and adding the chromaticity and the wake field induced effects on top of it. However computing power
remains a limit of such code. Performing large parameters scans and studying slow instabilities can be
time consuming. We will now see an other way to treat the instability problems which relies on Vlasov’s
equation.

2.3.2 Vlasov’s formalism for instability simulations

In the macroparticle approach the beam is treated as a collection of individual particles interacting with
each other and transported along the ring. The limit case would be to consider a beam made of an
infinite number of particles and apply the results to a subsystem of 1011 particles. In this approach the
beam is described as a superposition of modes rather than a collection of particles. The basic tool is
Vlasov’s equation which describes the evolution of an arbitrary distribution of particles along time [49,
105]. The code DELPHI [100] implements this approach which will now be detailed.
Let us consider two conjugate variables q and p, where q is the coordinate and p the momentum.

(q, p) forms the phase space, longitudinal or transverse. Vlasov’s equation states that if we follow a local
particle distributionΨ(q, p, t) along time, the phase space area will not change. It can be written as

dΨ

dt
= 0 . (2.47)

We now consider that the distributionΨ is a function of the horizontal coordinatex andmomentum
px, the longitudinal coordinate z and momentum offset δ and of the curvilinear position along the
accelerator swhich encloses the time dependence as s = vt

Ψ = Ψ(x, px, z, δ, s) . (2.48)
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Equation 2.47 can then be rewritten [49]

∂Ψ

∂s
+ x′

∂Ψ

∂x
+ p′x

∂Ψ

∂px
+ z′

∂Ψ

∂z
+ δ′

∂Ψ

∂δ
= 0 . (2.49)

The transverse plane coordinates can be changed from the position andmomentum variables (x, px)
to the action and angle variables (Jx, θx)

x =

√
2Jx

R

Qx0
cos(θx) ,

px =

√
2Jy

Qx0

R
sin(θx) ,

(2.50)

whereQx0 refers to the transverse betatron tune from single particle dynamics without momentum
offset. Vlasov’s equation 2.47 becomes

∂Ψ

∂s
+ J ′x

∂Ψ

∂Jx
+ θ′x

∂Ψ

∂θx
+ z′

∂Ψ

∂z
+ δ′

∂Ψ

∂δ
= 0 . (2.51)

The HamiltonianH describing the motion of a single particle, including the effect of wake fields,
can be written [49, 100]

H =
Qx
R
Jx −

1

2η

(ωs
v

)2
z2 − η

2
δ2 − xF dipx (z, s)

E0
. (2.52)

The first term describes the transverse betatron motion of the beam in the smooth approximation.
The effect of chromaticity ξ is accounted for inQx = Qx0(1 + ξxδ). The second and third terms
of Eq. 2.52 describe the linear synchrotron motion of the beam. The last term corresponds to the
force created by the dipolar wake field at the position s along the accelerator acting on the particle at
longitudinal coordinate z. The derivatives with respect to s can be expressed

J ′x = −∂H
∂θx

=
∂x

∂θx

F dipx (z, s)

E0
, (2.53)

θ′x =
∂H

∂Jx
=
Qx
R
− ∂x

∂Jx

F dipx (z, s)

E0
, (2.54)

z′ =
∂H

∂δ
= −ηδ , (2.55)

δ′ = −∂H
∂z

=
(ωs
v

)2 z

η
, (2.56)
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2.3 Treatment of coherent beam instabilities

and Vlasov’s equation 2.51 is now written

∂Ψ

∂s
+
F dipx (z, s)

E0

∂x

∂θx

∂Ψ

∂Jx
+

(
Qx
R
− F dipx (z, s)

E0

∂x

∂Jx

)
∂Ψ

∂θx
− ηδ∂Ψ

∂z
+
(ωs
v

)2 z

η

∂Ψ

∂δ
= 0 .

(2.57)

To write the particle Hamiltonian, different assumptions were made. The longitudinal motion is
assumed to be linear, thus the formalism can not handle particles with large synchrotron amplitudes,
accelerated beams or complex beammanipulations. Also only the transverse dipolar wake is taken into
account.

Perturbation formalism

The perturbation formalism will now be used to solve the differential equation. We assume that the
phase space distribution can be decomposed in a sum of an unperturbed distribution ψ0 and a small
perturbation ψ1. This perturbation develops itself at a complex frequency ωc = Qcω0 whereQc is the
perturbed tune value associated with the mode. The total distribution can thus be written [49, 100]

ψ(s, Jx, θx, z, δ) = f0(Jx)g0(r)︸ ︷︷ ︸
unperturbed distribution

+ f1(Jx, θx)g1(z, δ) exp
(
jωcs
v

)
︸ ︷︷ ︸

perturbation to be found

, (2.58)

where r =

√
z2 +

(
ηvδ
ωs

)2
. Using polar coordinates z = r cosφ and δ = ωs

ηv r sinφ, Vlasov’s
equation 2.57 simplifies to(

f1g1
jωcs

v
+
Qx
R
g1
∂f1

∂θx
+
ωs
v
f1
∂g1

∂φ

)
exp

(
jωcs

v

)
=

sin θx
E

√
2Jx

R

Qx0
F dipx (z, s)g0(r)f ′0(Jx) .

(2.59)

The function f1(Jx, θx) can be Fourier expanded as

f1(Jx, θx) =
k=+∞∑
k=−∞

fk1 (Jx)e−jkθx , (2.60)

but only the term fk=1
1 term is non-zero [100]. Therefore f1(Jx, θx) is expressed as f(Jx) exp(−jθx).

The term g1(r, φ) is also Fourier expanded as

g1(r, φ) = exp

(
−jQ

′
xz

ηR

)m=+∞∑
m=−∞

Rm(r)e−jmφ , (2.61)
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whereRm(r) is the azimuthal modem function. This leads to

m=+∞∑
m=−∞

Rm(r)e−jmφ

f(Jx)(Qc −Qx0 −mQs)

f ′0(Jx)
√

2Jx
R
Qx0

 =

R

2E
F dipx (z, s) exp

(
−jQcs

R

)
exp

(
−jQ

′
xz

ηR

)
.

(2.62)

The wake force F dipx (z, s) for a dipolar impedanceZdipx is proportional to

F dipx (z, s) ∝ exp

(
j
Qcs

R

) +∞∑
m=−∞

j−m
+∞∑
p=−∞

[
exp
(
−j(Qc + p)

z

R

)
Zdipx (−ω0(Qc + p))∫ ∞

0
rRm(r)Jm

(
(ωξ − ω0(Qc + p))

r

v

)
, dr

]
.

(2.63)

The transverse damper canbe treated as a single turnwake acting on the dipolemotionof the bunch [100].
A damper force term can be added to the wake force term

F dipx (z, s) ∝ exp

(
j
Qcs

R

) +∞∑
m=−∞

j−m
∫ ∞

0
rRm(r)Jm

(ωξr
v

)
,dr . (2.64)

Combining equations 2.62, 2.63 and 2.64, integrating over φ and taking τ = r
v yields

(ωc −Qx0ω0 −mωs)Rm(τ) =

− κg0(τ)

∞∑
m′=−∞

jm
′−m

∫ ∞
0

d , τ ′τ ′Rm′
(
τ ′
) ( damper term︷ ︸︸ ︷

µ

ω0
Jm(−ωξτ)Jm′

(
−ωξτ ′

)
+

∞∑
p=−∞

Zdipx (ωp)Jm((ωξ − ωp)τ)Jm′
(
(ωξ − ωp)τ ′

)
︸ ︷︷ ︸

impedance term

)
. (2.65)

Equation 2.65 is called Sacherer’s integral equation [72]. It includes as well a damping term treated as
an impedance. It is an eigensystem since the radial functionRm(τ) of azimuthal modem is itself a
function of all the radial functions.
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2.3 Treatment of coherent beam instabilities

Eigenvalues problem

Sacherer’s integral equation 2.65 can be solved for different shapes of the longitudinal phase space
distribution [105]. The code DELPHI assumes that the unperturbed longitudinal distribution is Gaussian
with a RMS bunch length σ

g0(r) =
1

2πσ
exp

(
− r2

2σ2

)
. (2.66)

This type of distribution leads to an expansion over Laguerre polynomials of Sacherer’s integral. It
becomes in the end an eigenvalue problem, which is then solved numerically. The radial functions
g0(τ) andRm(τ) are decomposed over Laguerre polynomials [100]

Rm(τ) =

(
τ

τb

)|l|
e−bτ

2
∞∑
n=0

cm,nL|m|n

(
aτ2
)
, (2.67)

g0(τ) = e−bτ
2
n0∑
k=0

gkL
0
k

(
aτ2
)
, (2.68)

which are then substituted in Eq. 2.65. An integration over the variable τ then leads to an eigenvalue
problem [100, 105]

(ωc −Qx0ω0)cm,n =

∞∑
m′=−∞

∞∑
n′=0

cm′,n′
(
δmm′δnn′mωs + Mm,n,m′,n′

)
, (2.69)

where M is the combined impedance and damper matrix. The eigenvalues problem presents a two
fold infinity with l the azimuthal mode number and n the radial mode number. When the problem is
numerically solved, the matrix is truncated and only some modes are taken into account.

Signal created by the perturbation

The eigenvalue (ωc −Qx0ω0) associated with the mode (m,n) is the complex frequency shift of this
mode. The real part<(ωc −Qx0ω0)will provide the coherent betatron frequency shift of the mode
caused by the impedance. The imaginary part=(ωc)will give the rise or damping time of the oscillation
mode. If=(ωc) < 0, the mode is unstable and the time needed for the oscillation amplitude to grow
by a factor e1 is 1

=(ωc)
. If=(ωc) ≥ 0 the mode remains stable.

The eigenvector associated to mode (m,n) can be used to retrieve the mode frequency spectrum.
After a Fourier transformation, the spectrum gives the signal observable at a fixed location in the
accelerator [5, 9]. This signal represents the bunch shape when it is disturbed by the impedance. The
bunch profile can be obtained from the eigenvectors by reconstructing the transverse perturbation
g1(r, φ). From [49] the distribution spectrum λ̃(ω′) can be written as

λ̃
(
ω′
)

=
ωs
ηc

∫ r=+∞

r=0

∫ φ=2π

φ=0
r exp

(
j
ω′r cosφ

c

)
g1(r, φ) , dr , dφ , (2.70)
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where ω′ = pω0 + ωc and p ∈ Z. Inserting Eq. 2.67 in Eq. 2.70 then yields

λ̃
(
ω′
)

=
ωs
ηc

+∞∑
m=−∞

∫ r=+∞

r=0
rRm(r) ,dr

∫ φ=2π

φ=0
exp

(
−jmφ+ j

(
ω′r

c
− Q′xr

ηR

)
cosφ

)
, dφ .

(2.71)

With the relations

1

2π

∫ 2π

0
exp(jmφ− jx cosφ) ,dφ = j−mJm(x) , (2.72)

J−m(x) = Jm(−x) , (2.73)

we obtain

λ̃
(
ω′
)

=
2πωs
ηc

+∞∑
m=−∞

jm
∫ +∞

0
rRm(r)Jm

(
ω′r

c
− Q′xr

ηR

)
,dr . (2.74)

This function is the spectrum of the unstable mode. A Fourier transform then allows to obtain the time
domain profile of the bunch. The signal can be reconstructed from DELPHI’s output following these
steps:

1. An eigenvalue ωc is selected and its corresponding eigenvector is retrieved.

2. From equation 2.67Rm
(
τ = r

c

)
is reconstructed for each azimuthal modem. The retrieved

eigenvector gives the coefficient cm,n of the decomposition.

3. Equation 2.74 is computed for a range of ω′.

The signals obtained by simulations can be compared to those measured in an accelerator. In the SPS
and the LHC, the head-tail monitor system is used to acquire these beam profiles [76]. It employs a set
of strip-line bunch position monitors to record the bunch longitudinal profile. The baseline profile is
then subtracted to obtain the oscillation pattern of the bunch. We will see in parts 2.4 and 2.5 examples
of profiles for different oscillation modes and instability types.
Vlasov formalism allows for a fast treatment of the instability problem: it is reduced to an eigenvalue

problem, which is computationally interesting. This allows to perform simulation scans over a large
range of beam parameters such as bunch intensity, transverse and synchrotron tunes, chromaticity or
impedance model. However many assumptions have been made during the problem derivation: for
instance only linear synchrotron and betatron motions are kept, the transverse motions are assumed to
be decoupled, and only the dipolar term of the impedance is used. These assumptions will matter when
the results from PyHEADTAIL and DELPHIwill be compared.
We saw that DELPHI fully solves Sacherer’s integral equation, including azimuthal and radial modes.

However some of the modes can be very weak and neglected as a first approximation. We will now give
the results of a simpler treatment of Sacherer’s integral which allows to estimate the mode frequency
shifts and growth rates.
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Figure 2.16: Mode spectra obtained with Sacherer’s formula treatment. The modes are represented here for zero
chromaticity. Mode 0 is peaked at f = 0 GHz whereas the other modes are peaked at f ≈ (|m|+1)

2τb
.

Chromaticity would shift all the modes by fξ .

2.3.3 Approximate solution of Sacherer’s integral equation

In DELPHI, many of the computed matrix elements will correspond to weak modes with very slow
growth rates and frequencies far from the unperturbed tune. In a first approximation, the treatment of
Sacherer’s integral equation 2.65 can be further simplified. Only the modes with the same azimuthal
and radial number are kept. The longitudinal beam distribution can also be considered constant
g0(τ) = 4

π2τ2b
where τ is the longitudinal coordinate expressed in time unit and τb is the full bunch

length i.e τb = 4σz/βc. These assumptions allow to get a simple expression for the complex frequency
shift ωc,m of azimuthal modem for a low intensity bunch and outside the mode coupling regime [90,
105]

(ωc,m −Qx0ω0 −mQsω0) =
1

|m|+ 1

je2Nb

4πγm0cQx0τb

∑+∞
k=−∞ Zx(ωk)hm(ωk − ωξ)∑+∞

k=−∞ hm(ωk − ωξ)
(2.75)

whereZx is the transverse dipolar impedance andωk = (k +Qx0)ω0 +mωs. The modem spectrum
hm is

hm(ωk − ωξ) =
(|m|+ 1)2τ2

b

2π4

1 + (−1)|m| cos((ωk − ωξ)τb)(
τ2b
π2 (ωk − ωξ)2 − (|m|+ 1)2

)2 (2.76)

Figure 2.16 represents the spectra of different azimuthal modes. It is the interaction of these mode
spectra with the impedance which determines the coherent frequency shift of the modes.
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2 Impedance induced instabilities

A quantity called the effective impedance appears in Sacherer’s formula

Zx,eff =

∑+∞
k=−∞ Zx(ωk)hm(ωk − ωξ)∑+∞

k=−∞ hm(ωk − ωξ)
. (2.77)

This value represents the interaction of each mode with the beam coupling impedance. It can be
computed for different modes, chromaticities or bunch lengths and can be used to compare different
machines and their configurations. Sacherer’s formula 2.75 is therefore written

(ωc,m −Qx0ω0 −mQsω0) =
1

|m|+ 1

je2Nb

4πγm0cQx0τb
Zx,eff . (2.78)

A few observations can be drawn from Eq. 2.77 and 2.78

• The mode shifts and growth rates are proportional to the bunch intensity and inversely propor-
tional to the beam energy.

• Azimuthal modes different from zero have a smaller amplitude and an instability is more difficult
to drive.

• The complex mode frequency shift is proportional to jZx,eff . In consequence the imaginary
part (inductive or capacitive) of the impedance will affect the mode frequency shift whereas the
real part (resistive) of the impedance will affect the mode growth rate. An instability can only
appear if the real part of the impedance is non-zero.

Sacherer’s formula 2.78 is useful to obtain a first estimate of the mode frequency shifts for a given
impedance. However, effects such as mode coupling are not taken into account. We will compare the
complex mode frequencies as a function of intensity obtained with DELPHI and Sacherer’s formula to
highlight their differences. We will also compare them to PyHEADTAIL results. However a post-processing
of PyHEADTAIL output is necessary: the code yields time domain data whereas DELPHI and Sacherer’s
formula directly give the mode complex frequencies. We will now detail these post-processing steps.

2.3.4 Post-processing of PyHEADTAIL data

PyHEADTAIL being a tracking code, it records the turn-by-turn positions and momentas for the six phase
space coordinates of all macropaticles. This data must be post-processed to allow comparisons with
DELPHI output
An example of an instability obtained with PyHEADTAIL is plotted in Fig. 2.17. The horizontal mean

position of the bunch is plotted versus the turn number. To obtain the instability growth rate, one
can fit an exponential function to the position signal envelope as shown in the plot. The simulation
was performed with a resistive wall impedance for a chromaticityQ′ = +14 and a bunch intensity of
6× 1011 p.p.b.. This type of instabilitywill be detailed in part 2.4. Wewill see that for this chromaticity
the most unstable mode has an oscillation frequency shifted by 2Qs from the unperturbed tune.
To obtain the frequencies of the beam oscillation modes, a fast Fourier transform of the signal can be

performed. Figure 2.18 shows the frequency spectrum obtained with the instability signal represented
in Fig. 2.17. The amplitude of the Fourier transform A = |F(〈x〉)(t)| is represented. It has been
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Figure 2.17: Example of an instability signal obtained with PyHEADTAIL. The mean value of the bunch horizontal
position is plotted against the turn number in blue. The exponential fit of the signal envelope is
plotted in orange.

normalised to the maximum amplitude valueA0 which corresponds to the most unstable mode. One
can see that the oscillation mode with the largest amplitude develops at a frequency corresponding to
Qx0 − 2Qs. Other modes with smaller amplitudes are present atQx0 − 3Qs,Qx0 −Qs,Qx0 and
Qx0 +Qs.
The mode spectrum can also be obtained with the SUSSIX algorithm [24] or the Harpy code [107].

These tools can provide more accurate results than the FFT for shorter signal lengths, which will be
useful during measurements with the LHC beam for example.
We now have the elements to compare DELPHI and PyHEADTAIL results for different impedance models

and beam parameters. Instability growth rates, modes frequency shifts and head-tail profiles will be
investigated. The first instability studied will be the head-tail one.
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Figure 2.18: Mode spectrum amplitude as a function of the transverse tune frequency. The amplitude A is
normalized to the maximum amplitudeA0. The unperturbed transverse tune isQx0. Positive and
negative synchrotron side-bands are plotted as dashed lines. The most unstable mode is at the second
negative sidebandQx0 − 2Qs. Other modes are present at the other side-bands.

2.4 Head-Tail instability

We saw in the previous part that two main approaches are possible to study beam instabilities: the
macroparticle formalism and the mode formalism. The mode formalism and its implementation in
the solver DELPHI have been detailed. We will now compare DELPHI and PyHEADTAIL for two types of
bunched beam instabilities: the head-tail and the Transverse Mode Coupling Instability. We start with
the head-tail instability: it is a chromaticity dependent instability which was encountered early in the
history of circular accelerators [67, 111, 128]. Indeed we will see that this instability appears for any bunch
intensity and can be quite strong for some chromaticity values.
We will first investigate the case of a purely inductive impedance model. Then in parts 2.4.2 and 2.4.3

the head-tail instability will be studied with a resistive wall impedance model and the LHC impedance
model.

2.4.1 Mode spectra with inductive impedance

The Sacherer integral equation 2.65 written before holds for any bunch intensity and any impedance
function. Approximations can however be made in the low intensity case as shown in [72]. In this
case the different oscillation modes are decoupled. Solving the eigenvalue problem will provide a set
of complex frequency shifts ωc. We saw in part 2.3.3 that the imaginary part of the beam coupling
impedance is responsible for the frequency shift whereas the real part is responsible for the growth rate.
As a result, if the impedance is purely inductive, the oscillation modes only have a frequency shift and
no instability appears.
Let us take a transverse dipolar impedanceZdipx (ω) constant and purely inductive at j25 MΩ m−1.

The code DELPHI was used to obtain the complex frequencies ωc of the oscillation modes, with a
beam intensity of 105 p.p.b. The other relevant beam parameters are detailed in Table B.1 reported in
appendix B. Since the beam intensity is low, the oscillationmodes are independent. TheGaussian bunch
power spectra as a function of frequency for several azimuthal modes are plotted in Fig. 2.19 with the
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Figure 2.19: Azimuthal mode power spectra for a low intensity bunch in a purely inductive impedance, computed
with DELPHI. Several modes are represented, they all have been normalized to their maxima. The
imaginary part of the impedance function is plotted alongside as a dashed line. Each mode frequency
shift and growth rate result from the convolution of its respective spectra with the impedance
function.

constant inductive impedance plotted alongside. All spectra have been normalized to their respective
maxima. This case is for a chromaticityQ′x = 0: all the spectra are centered on f = 0 GHz. The mode
0 spectrum is peaked at zero frequency while the higher order modes have extrema at higher frequencies.
The bunch longitudinal particle distribution is Gaussian with σz = 7.5 cm bunch length. We will
also refer to the full bunch length τb which corresponds to the±2σz extent of the bunch expressed
in seconds. In this case τb = 4σz

βc = 1 ns and we can see in Fig. 2.19 that the mode 0 spectra extends
to 1

τb
= 1 GHz. The modes obtained with DELPHI are similar to those used in Sacherer’s approach

represented in Fig.2.16, except for their amplitude.
The Fourier transform of the spectra provides the bunch profile as explained in part 2.3.2. Figure 2.20

shows a series of 15 consecutive snapshots of the head-tail profile for an observer located at a fixedposition
in the accelerator. The profiles correspond to azimuthalmodes |m| = 0, 1, 2, 3 oscillations. AtQ′x = 0
the mode 0 represented in Fig. 2.20a corresponds to a pure dipolar oscillation of the bunch. Mode 1
represented in Fig. 2.20b corresponds to an oscillation where the head and the tail of the bunch have an
opposite phase which can be inferred by the presence of a single node in the signal. These two modes
can be described with the simple two-particle model developed in part 2.2. Modes 2 and 3 correspond
to more complex motion where multiple fixed points appear along the bunch profile.
When the chromaticity is non-zero, the modes power spectra are shifted by a frequency ωξ = ξ

ωβ
η .

Figure 2.21 represents the samemodes and impedance as in Fig. 2.19 but with a chromaticityQ′ = −10.
The corresponding chromatic frequency shift is therefore fξ = −350 MHz. The shift towards the
negative frequencies can clearly be seen in Fig. 2.21.
This frequency shift affects the longitudinal profile of the bunch as can be observed in Fig. 2.22

for azimuthal modes |m| = 0, 1. In this case the mode 0 is not a pure dipolar oscillation anymore: a
traveling wave pattern is present. The envelope of all the profiles remains however similar to the one
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Figure 2.20: Head-tail profiles obtained with DELPHI atQ′x = 0 in an inductive impedance model. The profiles
corresponding to azimuthal modes |m| = 0, 1, 2, 3 are represented.
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Figure 2.21: Azimuthal modes power spectrum for a low intensity bunch in a purely inductive impedance at
Q′ = −10. All the mode spectra are shifted towards negative frequency values and they interact
with a different frequency range of the impedance function.
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Figure 2.22: Head-tail profiles obtained with DELPHI forQ′ = −10 and an inductive impedance model. The
profiles corresponding to azimuthal modes |m| = 0, 1 are represented.

obtained whenQ′ = 0. The same observation can be made for mode 1: the head and the tail are not in
phase opposition anymore at a specific turn but superimposing multiple signals reveals the single-node
structure observed in theQ′ = 0 case.

These results are similar to those obtained in the past with analytic derivations or measured in the PS
and PSB [59, 72]. In J.-L. Laclare and J.-P.Garnier analytic approach [60, 72] the modes at low intensity
are used as a basis for the high intensity stability eigenvalue problem. This approach was implemented
in the Valsov solver GALACTIC [91].

Wewill now study with DELPHI the head-tail instability for a range of chromaticities. As we saw the
chromaticity shifts the mode spectra, changing their interaction with the impedance. For a certain
chromaticity value, some oscillation modes will interact more strongly with the impedance while others
can be stabilised.

2.4.2 Head-tail instability with a resistive wall impedance

We start the study of the head-tail instability with the resistive wall impedance model. As seen in
part 2.1.2, both impedance andwake functions can bewritten exactly given the beam chamber properties.
Thismodel is valid for an intermediate frequency regime specified in part 2.1.2. For the studywewill take
the same cylindrical copper beam pipe as in part 2.1.2. Its radius is b = 10 mm, its lengthL = 27 km
and copper resistivity at 300K is 1/σc = 17 nΩ m. The impedance and wake functions were plotted in
Fig. 2.2b and 2.2a. The resistive wall impedance is larger at frequencies close to zero: the mode spectrum
sampling this frequency region will drive a strong instability. Changing the chromaticity will shift the
mode spectra and therefore changes the most unstable mode.

The beam and machine parameters for DELPHI and PyHEADTAIL simulations are detailed in Table 2.4.
The PyHEADTAIL and DELPHI convergence parameters are detailed in Table 2.5. They correspond to a
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2 Impedance induced instabilities

modified version of the LHC top energy beam parameters. Both codes use the smooth approximation
for the Twiss beta functions. The average beta functions in the machine are

〈βx〉 =
R

Qx0
=

26658.8832

2π × 62.31
≈ 68.1 m , (2.79)

〈βy〉 =
R

Qy0
=

26658.8832

2π × 60.32
≈ 70.3 m . (2.80)

Table 2.4: Machine and beamparameters for DELPHI and PyHEADTAIL simulations for the head-tail instability study.

Parameter Value

Impedance

Impedance model LHC 2017 flat-top1
Resistive wall2

Machine
Circumference / m 26 658.8832
Transverse tunesQx,y 62.31/60.32
Momentum compaction factor αc 3.48× 10−4
RF voltage / MV 12
Harmonic number 35 640
Synchrotron tuneQs 1.909× 10−3

Beam
Number of bunches 1
4 σ bunch length / ns 1.0
Bunch intensity / 1011 p.p.b. 2 and 63
ChromaticityQ′ −50 to 50

1 Impedance and wake model as described in [8, 103] and available at [143].
2 Resistive wall impedance and wake computed analytically assuming a
27 km long cylindrical beam pipe of radius r = 10 mm, made of copper at
room temperature.

3 An intensity of 2× 1011 p.p.b. was used for simulations with the LHC
impedance model, whereas the intensity was increased to 6× 1011 p.p.b.
for the resistive wall impedance model.

We first investigate the head-tail instability when the transverse damper is deactivated. The study is
made for a fixed bunch intensity, scanning the horizontal chromaticity fromQ′ = −50 toQ′ = 50.
These corresponds to chromatic frequencies of fξ = ±1.6 GHz. The RMS bunch length used is
σz = 7.5 cmwhich corresponds to a full bunch length of τb = 1 ns. The wake field and the impedance
in the vertical plane are set to zero so that the instability develops only in the horizontal plane.
Figure 2.23 represents the real part of themode complex frequency shifts as a function of chromaticity.

DELPHI output is represented with blue dots. The mode with the largest negative imaginary part is
highlighted in the plots. PyHEADTAIL results are plotted in a yellow-purple gradient, where purple
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2.4 Head-Tail instability

Table 2.5: DELPHI and PyHEADTAIL specific parameters for the head-tail instability study.

Parameter Value

PyHEADTAIL

Software version 1.13.1
Number of slices for

the longitudinal distribution 100

Longitudinal cut / σz ±8
Number of macroparticles 106
Number of turns 500× 103

DELPHI

Plane simulated Horizontal
Convergence criterion1 5× 10−3

1 DELPHI convergence criterion crit checks at a given iteration i the imaginary
part of the mode imaginary part. If |=(ωi)−=(ωi−1)

=(ωi−1) | < crit, the computa-
tion is stopped. Otherwise the matrix size is increased by computing new
azimuthal and radial modes.

indicates the modes which have the largest spectral amplitude. The same color scale will be used for
similar plots within the chapter. The modes were obtained using Harpy for the post-treatment [107].
Figure 2.24 shows the growth rates of the modes−=(ωc,x) as a function of chromaticity. For DELPHI

simulations only themost unstablemode growth rate is represented. For PyHEADTAILwe saw in part 2.3.4
that the growth rate is directly obtained with the turn-by-turn transverse position data of the bunch.
The positive chromaticities part is magnified in Fig. 2.25. An excellent agreement between the two
codes over the whole chromaticity range is achieved.
Figure 2.24 shows that for negative chromaticities a quick instability develops. Associated with the

most unstable mode in Fig. 2.23, we can deduce that it is the mode 0 which is the most unstable at
negative frequencies. For negative chromaticities and above the transition energy, the modes spectra
are shifted towards negative frequencies. The mode 0 spectra will therefore sample an impedanceZx
which has<(Zx) < 0 and=(Zx) > 0 as Eq. 2.20 and Fig. 2.2b show. From Sacherer’s formula 2.78,
we saw that the mode complex shift is proportional to jZx so the mode will have a large imaginary
component, hence the quick instability.
For positive chromaticities, mode 0 samples an impedance which has <(Z) > 0 and =(Z) > 0.

The mode frequency will now have a positive imaginary part and therefore will be stable. The higher
order modes however will become unstable as they are now sampling more of the negative frequency
region of the impedance. When the chromaticity becomes higher, the most unstable mode changes and
the instability growth rate becomes smaller.
The head-tail profile of all modes can be obtained with DELPHI and PyHEADTAIL for the different

simulated chromaticities. Figure 2.26 shows a selection of signals for the most unstable mode obtained
with DELPHI. We can see that the profile is modified by chromaticity:

• AtQ′ = −3, mode 0 is the most unstable mode and the profile has no node as seen in Fig. 2.26a.
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Figure 2.23: Real part of the complex mode frequency shifts as a function of chromaticity, comparing PyHEADTAIL
and DELPHI simulations. The resistive wall impedance is used and the damper is deactivated.
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Figure 2.24: Instability growth rate as a function of chromaticity, comparing PyHEADTAIL and DELPHI simulations.
Only the most unstable mode is figured in this case. The resistive wall impedance is used and the
damper is deactivated.
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Figure 2.25: Zoom on the positive chromaticities of the instability growth rate of Fig. 2.24.

• AtQ′ = 5, mode -1 is the most unstable and the profile contains one node as seen in Fig. 2.26b.

• AtQ′ = 25, mode -2 is themost unstable and the profile contains two nodes as seen in Fig. 2.26c.

• At Q′ = 35, mode -3 is the most unstable and the profile contains three nodes as seen in
Fig. 2.26d.

All the signals also exhibit the profile modulation caused by chromaticity. The higher the chromaticity,
the faster this modulation gets.
These signals can be compared to those obtained with PyHEADTAIL. Figure 2.27 shows the comparison

for a chromaticity ofQ′ = −3 and Fig. 2.28 forQ′ = 26. Excellent agreement is also reached on the
head-tail profiles obtained with the two methods.
We will now study the effect of the transverse damper on beam stability. The transverse damper

is a feedback system: it detects the transverse position of a bunch which is becoming unstable, then
computes and applies an electromagnetic kick to restore its transverse position [81, 150]. In an ideal
feedback the kick would be applied right after the position detection and would immediately restore the
bunch position. But because of the hardware limitations, the feedback systemwill apply small kicks over
several turns after a certain delay. The damper provides therefore a momentum kick x′d proportional to
the bunch dipole moment

x′d =
g〈x〉 sinφd

βd
(2.81)

where g is damper gain, 〈x〉 is the mean position of the bunch, φd is the damper phase and βd is the
Twiss beta function value at the damper location. A damper gain g = 0 corresponds to the absence of a
transverse damper whereas a gain g = 1 corresponds to an instantaneous damping. The damping time
τD computed in unit of turns is the inverse of the damping gain τD = 1/g.
In the LHC the transverse damper (ADT) is a bunch-by-bunch feedback: each bunch in the beam

will receive a correction kick. The system bandwidth of 20MHz [66] guarantees that the kick affects
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Figure 2.26: Head-tail profiles obtained with DELPHI for different chromaticities, at a fixed bunch intensity of
6× 1011 p.p.b. The resistive wall impedance is used and the damper is deactivated.
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Figure 2.27: Head-tail profiles obtained with PyHEADTAIL (left plot) and DELPHI (right plot) for a chromaticity of
Q′ = −3. The resistive wall impedance is used and the damper is deactivated.
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Figure 2.28: Head-tail profiles obtained with PyHEADTAIL (left plot) and DELPHI (right plot) for a chromaticity of
Q′ = 26. The resistive wall impedance is used and the damper is deactivated.

only the selected bunch. The ADT was designed to damp injection oscillations and coupled bunch
instabilities [39] but is now routinely used in operation to stabilize both coupled and single bunch
instabilities [66]. It can also be used to excite the beam for measurement purposes and its beam position
monitors can be used to record the turn-by-turn position of all bunches for several thousands of
turns [144].
In the tracking code PyHEADTAIL the behavior of the damper is implemented following the previous

formula. More complex cases are also available: the feedback phase can be changed so that the ADT can
affect the bunch tune or drive an instability.
In DELPHI, the transverse damper is implemented as a delta function impedance [101], corresponding

to a constantwake. Because of the limited bandwidth of theADThardware, the damper ismore efficient
at damping mode 0, a rigid bunch oscillation whenQ′ = 0, than higher order modes of oscillation.
Figure 2.29 shows the real part of the mode frequency shifts as a function of chromaticity when the

transverse damper has been activated. The agreement between DELPHI and PyHEADTAIL is again excellent
over the full chromaticity range. One can see that the transverse damper strongly affects the beam
instabilities by acting on the dipolar motion of the bunch. ForQ′ ∈ [−20, 0], mode 0 is not the most
unstable one anymore. For positive chromaticities, the damper also affects the higher-order modes due
to the dipole moment produced by chromaticity.
Looking at the instability growth rate in Figs. 2.30 and 2.31, we can see that they are reduced compared

to the case without damper. ForQ′ ∈ [−20, 0] the mode 0 growth rate is reduced to almost zero. For
chromaticitiesQ′ < −20, a positive growth rate is still present and comparable to the case without
damper. At positive chromaticities, the growth rates of higher order modes are reduced by a factor∼ 2
compared to the case without damper, as can be observed by comparing Figs. 2.24 and 2.30.
We can examine the head-tail profiles obtained with DELPHI and compare them to those obtained

with PyHEADTAIL. Figure 2.32 shows the profiles for the same chromaticities as the case without damper.
We can see that for the negative chromaticity case in Fig. 2.32a, the most unstable mode obtained with
DELPHI is different from the one obtained when the damper was deactivated in Fig. 2.26a. The transverse
feedback damps the mode 0 oscillation and an other mode becomes the most unstable, but with a much
lower growth rate.
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Figure 2.29: Real part of the complex mode frequency shifts as a function of chromaticity, comparing PyHEADTAIL
and DELPHI simulations. The resistive wall impedance is used and the damper is activated with a
damping time of 100 turns.
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Figure 2.30: Instability growth rate as a function of chromaticity, comparing PyHEADTAIL and DELPHI simulations.
Only the most unstable mode is figured in this case. The resistive wall impedance is used and the
damper is activated with a damping time of 100 turns.
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Figure 2.31: Zoom on the positive chromaticities of Fig. 2.30.
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Figure 2.32: Head-tail profiles obtained with DELPHI for different chromaticities, at a fixed bunch intensity of
6× 1011 p.p.b. The resistive wall impedance is used and the damper is activated with a damping time
of 100 turns.
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Figure 2.33: Head-tail profiles obtained with PyHEADTAIL (left plot) and DELPHI (right plot) for a chromaticity of
Q′ = −3. The resistive wall impedance is used and the damper is activated with a damping time of
100 turns.
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Figure 2.34: Head-tail profiles obtained with PyHEADTAIL (left plot) and DELPHI (right plot) for a chromaticity of
Q′ = 26. The resistive wall impedance is used and the damper is activated with a damping time of
100 turns.

Again the results of DELPHI and PyHEADTAIL are in good agreement for the head-tail profile as can be
observed for example atQ′ = −3 in Fig. 2.33 and atQ′ = 26 in Fig. 2.34.
We have seen with the simple resistive wall impedance model that the two approaches, macro-particle

tracking and Vlasov’s equation solver, provide consistent results both without and with the damper
activated. We can now use the more complex and realistic impedance model of the LHC.

2.4.3 Head-tail instability with the LHC impedance model

As for the previous case we will start the analysis with the damper deactivated. Figure 2.35 compares the
real parts of the modes. The results of a third code, Nested Head-Tail Vlasov Solver (NHTVS) [42]
are also plotted in green triangles. This Vlasov solver uses a different approach from DELPHI to solve
Sacherer’s integral equation. The longitudinal distribution is assumed to be a sequence of equally
charged concentric rings. A basis of head-tail modes is computed for each of these rings and grouped
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Figure 2.35: Real part of the complex mode frequency shifts as a function of chromaticity, comparing PyHEADTAIL
and DELPHI simulations. The LHC impedance is used and the damper is deactivated.

in an eigenvalue problem. Figures 2.36 and 2.37 show the most unstable mode growth rate obtained
with the codes. Both plots confirm the excellent agreement which was obtained in the resistive wall
impedance case. Minor discrepancies on the mode growth rate between DELPHI and PyHEADTAIL are
present for chromaticitiesQ′ ∼ 45. These are potentially caused by DELPHI convergence scheme: the
convergence criteria checks the most unstable mode imaginary part. To reach the convergence on
this value, DELPHI increases both the number of azimuthal and radial modes to be computed. If the
computation is stopped because of too large matrices, the modes remain potentially non-converged.
We can see that bunch behavior is similar to the resistive wall impedance case, with the shift of

head-tail modes at positive chromaticities and the mode 0 dominating the negative chromaticities. The
head-tail profiles are also very similar, and the two codes results are again consistent. Figure 2.38 shows
DELPHI and PyHEADTAIL reconstructions of the profiles forQ′ = −3, and Fig. 2.39 forQ′ = 20.
Activating the transverse damper with the same damping time of 100 turns as done previously results

in a behavior similar to the resistive-wall case. Results are plotted in Figs. 2.40, 2.41 and 2.42.
At negative chromaticities the mode 0 is damped by the feedback forQ′ ∈ [−30, 0], as can be seen

in Fig. 2.40. But when the chromaticity is set to a large negative value, mode 0 becomes unstable again.
Figure 2.43 shows the signal reconstructed with DELPHI for Q′ = −35 and Q′ = −45 The signals
envelope corresponds to a mode 0 instability and the head-tail profiles show a large phase shift because
of the chromaticity value.
Similarly to the resistive wall impedance case, some minor discrepancies remain between the two

codes. In theQ′ ∈ [−30,−10] and in theQ′ ∈ [40, 50] ranges, the growth rate obtained with DELPHI

are different from the ones obtained with PyHEADTAIL. The discrepancy for these chromaticities can also
be observed on the real part of the modes frequencies in Fig. 2.40. The source of these discrepancies
was confirmed to be DELPHI convergence scheme [102]. Overall the agreement between DELPHI and
PyHEADTAIL is excellent for the LHC impedance model for both cases without and with the transverse
damper.
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Figure 2.36: Instability growth rate as a function of chromaticity, comparing PyHEADTAIL and DELPHI simulations
for the LHC impedance without transverse damper. Only the most unstable mode is represented.
The LHC impedance is used and the damper is deactivated.
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Figure 2.37: Zoom on the positive chromaticities of the instability growth rate of Fig. 2.36.
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Figure 2.38: Head-tail profiles obtained with PyHEADTAIL (left plot) and DELPHI (right plot) for a chromaticity
of Q′ = −3 with the LHC impedance model. The LHC impedance is used and the damper is
deactivated.
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Figure 2.39: Head-tail profiles obtained with PyHEADTAIL (left plot) and DELPHI (right plot) for a chromaticity
of Q′ = 20 with the LHC impedance model. The LHC impedance is used and the damper is
deactivated.
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Figure 2.40: Real part of the complex mode frequency shifts as a function of chromaticity, comparing PyHEADTAIL
and DELPHI simulations. The LHC impedance is used and the damper is activated with a damping
time of 100 turns.
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Figure 2.41: Instability growth rate as a function of chromaticity, comparing PyHEADTAIL and DELPHI simulations.
Only themost unstablemode is represented. The LHC impedance is used and the damper is activated
with a damping time of 100 turns.
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Figure 2.42: Zoom on the positive chromaticities of the instability growth rate of Fig. 2.41.
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Figure 2.43: Head-tail profiles obtained with DELPHI at negative chromaticities. The LHC impedance is used and
the damper is activated with a damping time of 100 turns.
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Figure 2.44: Real part of the complex mode frequency shifts as a function of chromaticity, comparing PyHEADTAIL
and DELPHI simulations. The LHC impedance is used and the damper is deactivated. Non-linear
longitudinal motion is activated in PyHEADTAIL.

Effect of non-linear longitudinal motion on the head-tail instability

We saw in part 2.3.2 that DELPHI assumes that the bunch synchrotron motion is linear. In reality
synchrotron motion is non-linear and those effects can be simulated with PyHEADTAIL. The effect of
non-linear synchrotron motion will be investigated with PyHEADTAIL for the LHC impedance without
damper and compared to DELPHI results. Figure 2.44 shows the real part of the modes frequency for the
same beam parameters and chromaticity range as before. The imaginary parts of the modes are plotted
in Figs. 2.45 and 2.46.
The effect of non-linear synchrotron motion is noticeable for chromaticitiesQ′ ≥ 18. In Fig. 2.44

we can observe with DELPHI a shift of the most unstable mode fromm = −1 tom = −2 atQ′ = 18.
With PyHEADTAIL this shift occurs at Q′ = 20. The effect is even more visible for them = −2 to
m = −3 shift: while DELPHI predicts it atQ′ = 26, PyHEADTAIL predicts it atQ′ ≈ 50. In Fig. 2.46,
forQ′ = 10, we see that the growth rate obtained with PyHEADTAIL is reduced by∼20% compared to
DELPHI simulations. The effect of non-linear synchrotron motion is therefore visible, even though the
LHC bunch is rather short (1 ns full bunch length in a 2.5 ns long RF bucket) and thus is less sensitive
to the non-linear synchrotron motion. Since the synchrotron motion affects the longitudinal phase,
and thus the bunch length, the modes spectrum are affected and their interaction with the impedance
affects in turn the modes frequencies and growth rates. This effect could be more important when the
bunch is filling up the RF bucket, for example in the PSB beams [96].
We saw with the head-tail instability a first important type of coherent beam instability. This is in

fact the most commonly encountered in accelerators since the chromaticity is usually different from
zero. For a machine operating above the transition energy, the chromaticity is often chosen to be slightly
positive. Then it is a mode l = −1 or l = −2 which is unstable. These modes can be damped by a
transverse damper as we saw or by the accelerator non-linearities which creates a spread of the particle
tunes.
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Figure 2.45: Instability growth rate as a function of chromaticity, comparing PyHEADTAIL and DELPHI simulations.
The LHC impedance is used and the damper is deactivated. Non-linear longitudinal motion is
activated in PyHEADTAIL.
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Figure 2.46: Zoom on the positive chromaticities of Fig. 2.45.
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2 Impedance induced instabilities

The head-tail instability occurs for any bunch intensity as Sacherer’s formula 2.78 shows. In this
approximation the growth rate and mode frequency shifts are linear with the bunch intensity and the
effective impedance. In the case studied previously, we saw that forQ′ = 0 the instability is much
weaker than forQ′ 6= 0 and therefore easier to mitigate. However atQ′ = 0, when the bunch intensity
is increased, a fast instability can develop. The two codes DELPHI and PyHEADTAILwill now be compared
in this configuration.

2.5 TransverseMode Coupling Instability

We saw that the head-tail instability is chromaticity dependent but occurs for any bunch intensity.
The instability was however weaker for chromaticities close to zero. ForQ′ = 0 we will see that this
observation is valid for a certain intensity range and that above a certain threshold a fast instability, the
Transverse Mode Coupling Instability, appears. We will start the study with the simple broadband
resonator model, comparing the results of PyHEADTAIL and DELPHI without and with the transverse
damper. We will then use this model to investigate the very high intensity behavior where the instability
rise-time becomes comparable to the synchrotron period. Finally we will perform the study with the
LHC impedance model.

2.5.1 TMCI with a broadband resonator impedance

The first comparison between DELPHI and PyHEADTAIL is made for the case of a broadband resonator
impedance. This impedance model was described in 2.1.3 and shown in Fig. 2.3b, and can be used to
study single bunch instabilities. The low quality factor used for the resonator ensures that the wake
fields remaining after the bunch passage are negligible.
The beam parameters are the same as those used for the head-tail instability study found in Table 2.4.

Table 2.6 only lists the parameters which have been modified for this study. The parameters specific to
DELPHI and PyHEADTAIL are listed in Table 2.7.

Table 2.6: Machine and beam parameters for DELPHI and PyHEADTAIL simulations.

Parameter Value

Impedance

Impedance model
LHC 2017 flat-top1
Broad-band resonator2

Beam
Number of bunches 1
4 σ bunch length τb / ns 1.0
Bunch intensity / 1× 1011 p.p.b. 0 to 10
ChromaticityQ′ 0

1 LHC impedance andwakemodel as described in [103] and available at [143].
2 Resonator impedance with resonance frequency fres = 2 GHz, shunt
impedanceRs = 25 MΩ m−1 and quality factorQ = 1.
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2.5 Transverse Mode Coupling Instability

Table 2.7: DELPHI and PyHEADTAIL specific parameters for the TMCI simulations.

Parameter Value

PyHEADTAIL

Software version 1.13.1
Number of slices for the longitudinal

distribution 100

Longitudinal cut / σz ±8
Number of macroparticles 106
Number of turns 70× 103

DELPHI

Plane simulated Horizontal
Convergence criterion 5× 10−3

We saw with the two particle model in part 2.2 that the head and the tail of the bunch regularly
exchange their position, mitigating the destabilizing effect of the impedance. However when the bunch
intensity is too high or the wake field too strong, the bunch becomes unstable. Figure 2.47 shows the
real part of the complex mode frequency shifts obtained with PyHEADTAIL and DELPHI as a function of
bunch intensity. We can see that the mode 0 is shifted down as intensity increases. On the other hand
the mode -1 stays almost constant with intensity. When the bunch intensity reaches 5× 1011 p.p.b., the
two modes have an identical oscillation frequency, they couple and a fast instability arises.
The instability growth rate in Fig. 2.48 confirms this threshold at 5× 1011 p.p.b.. A growth rate of

10 s−1 corresponds to a rise-time of 100ms, whereas the revolution period is T0 = 1
f0

= 89 µs. The
instability therefore develops in approximately 1000 turns. The growth rate increases with the beam
intensity, and at 7.5× 1011 p.p.b., a second step is present. A close examination of the real part of the
modes frequency in Fig. 2.47 shows that a second mode coupling occurs at this intensity, between
modes -1 and -2.
The TMCI intensity threshold can be approximated using Sacherer’s formula 2.78. With this model

the mode 0 frequency shift is linear with intensity and proportional to the effective impedanceZeff,0.
Using Sacherer’s mode expression from Eq. 2.76, for a chromaticity Q′ = 0 we obtain an effective
impedanceZeff,0 = 24.9j MΩ m−1. The mode 0 frequency needs to be shifted by−ωs to reach and
couple with the mode -1 frequency. Using Sacherer’s formula 2.78 this leads to the condition

N thresh
b = −j 1

Zeff,0

4πγm0cQx0τbωs
e2

. (2.82)

This simple formula gives for this first case a threshold intensity of 5.5× 1011 p.p.b., close to the value
of 5× 1011 p.p.b. obtained with DELPHI and PyHEADTAIL. The difference is mainly caused by the fact that
the mode 0 shift is not linear anymore when the intensity is close to the TMCI threshold and that mode
-1 also has a small shift as can be seen in Fig. 2.47.

A series of signals obtained with DELPHI for various bunch intensities are reported in Fig. 2.49. For
an intensity below the TMCI threshold, Fig. 2.49a shows the mode 0 executing a dipolar oscillation,
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Figure 2.47: Real part of the complex mode frequency shifts as a function of bunch intensity, comparing PyHEAD-
TAIL and DELPHI simulations. The broadband impedance is used and the damper is deactivated.
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Figure 2.48: Instability growth rate as a function of bunch intensity, comparing PyHEADTAIL and DELPHI simula-
tions. Only the most unstable mode are compared in this case. The broadband impedance is used
and the damper is deactivated.

78



2.5 Transverse Mode Coupling Instability

−1 0 1

Bunch length / ns

−1

0

1

H
T
sig
./

ar
b.
un

its
×10−3

(a) 0.6× 1011 p.p.b.

−1 0 1

Bunch length / ns

000

H
T
sig
./

ar
b.
un

its

(b) 4.6× 1011 p.p.b.

−1 0 1

Bunch length / ns

−3

0

3

H
T
sig
./

ar
b.
un

its

×10−4

(c) 5.6× 1011 p.p.b.

−1 0 1

Bunch length / ns

−2

0

2

H
T
sig
./

ar
b.
un

its

×10−4

(d) 9.6× 1011 p.p.b.

Figure 2.49: Head-tail profiles obtained with DELPHI for different bunch intensities below and above the TMCI
threshold. The broadband impedance is used and the damper is deactivated.

appearing as a signal with no node and with a standing wave structure turn after turn. As the bunch
intensity increases and becomes close to the TMCI threshold, a travelling wave pattern starts to appear,
as shown in Fig. 2.49b. Above the TMCI threshold, this travelling wave pattern is clearly present as can
be observed in Figs. 2.49c and 2.49d. Below the instability the threshold, the two modes are decoupled
and have an independent standing-wave pattern. When the intensity is increased, the two modes start
to influence each other and the travelling wave appears. Above the mode coupling threshold, the beam
pattern is the superposition of the standing-wave patterns of mode 0 and mode -1.
The signals obtained with the two codes can now be compared. Because below the TMCI threshold

the motion is stable, the oscillation signal obtained with PyHEADTAIL is within the numerical noise. The
two codes have to be compared for intensities above the TMCI threshold.
Figure 2.50 shows the profile for a bunch intensity of 5.6× 1011 p.p.b., just above the TMCI thresh-

old, whereas figure 2.51 shows the profiles for a bunch intensity of 9.6× 1011 p.p.b. Again the two codes
give results in good agreement for this impedance model.
These simulations were also extended to a bunch intensity of 100× 1011 p.p.b.. For such high

intensities, the instability rise time is comparable or faster than the synchrotron period. The mode
coupling instability is then similar to a beam-break-up instability encountered in linear accelerators in
which there is no synchrotron motion [88]. The results of DELPHI and PyHEADTAIL are again in excellent
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Figure 2.50: Head-tail profiles obtained with PyHEADTAIL (left plot) and DELPHI (right plot) for a bunch intensity
of 5.6× 1011 p.p.b. The broadband impedance is used and the damper is deactivated.
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Figure 2.51: Head-tail profiles obtained with PyHEADTAIL (left plot) and DELPHI (right plot) for a bunch intensity
of 9.6× 1011 p.p.b. The broadband impedance is used and the damper is deactivated.
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Figure 2.52: Real part of the complex mode frequency shifts as a function of bunch intensity, comparing PyHEAD-
TAIL and DELPHI simulations. The broadband impedance is used and the damper is deactivated.

agreement for intensities up to 70× 1011 p.p.b., as shown in Figs. 2.52 and 2.53. A discrepancy starts
however to arise at intensities close to 70× 1011 p.p.b..
A simple model describing the instability with two oscillation modes provides a scaling law for the

growth rateGR [88]

GR =
π

Ts

Nb

N thresh
b

, (2.83)

where Ts = 1
Qsf0

is the synchrotron period andN thresh
b the TMCI intensity threshold. In this case, at

Nb = 60× 1011 p.p.b., the scaling law gives

GR = π × 1.909× 10−3 × 11245× 60

7.5
= 540 s−1 (2.84)

whereas the growth rate found with DELPHI and PyHEADTAIL at this intensity is 600 s−1. Figure 2.53
compares the results obtained with the scaling law to those obtain with DELPHI and PyHEADTAIL

Some of the longitudinal beam profile obtained with DELPHI for these high intensities are shown in
figure 2.54. As the intensity is increased, the oscillation amplitude becomes larger towards the tail of
the bunch. This is an other indication that the bunch entered a break-up like regime.
We saw that without damper the bunch motion is stable below a well defined intensity threshold,

found at 5× 1011 p.p.b.. Activating the transverse damper will however introduce a slow instability
of the mode -1 below the TMCI threshold. This instability is created by a coupling of the two modes
through the interactionwith the damper. This result was foundwith theVlasov solverGALACTIC [84]
and the results could be reproduced with DELPHI [3, 7] and NHTVS [17].
Figures 2.55 and 2.56 show DELPHI and PyHEADTAIL results when the transverse damper is activated

with a damping time of 100 turns. The slow instability below the TMCI threshold of 5× 1011 p.p.b. is
clearly visible on Fig. 2.56. Its growth rate is non-zero but remains small in comparison to the values
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Figure 2.53: Instability growth rate as a function of bunch intensity, comparing PyHEADTAIL and DELPHI sim-
ulations. Only the most unstable mode is compared in this case. The broadband impedance
is used and the damper is deactivated. The dashed black line corresponds to the growth rate at
Nb = 60× 1011 p.p.b., the dashed grey line represents the intensity value corresponding to a
540 s−1 growth rate.

reached in the mode coupling regime. Combined with Fig. 2.55, we can see that it is mode -1 which
is unstable while mode 0 is damped by the transverse feedback. The mode 0 and -1 coupling is also
suppressed by the feedback. A stronger instability still appears at 7.5× 1011 p.p.b. when the modes -1
and -2 couple, the transverse damper being less efficient at damping these modes.
An excellent agreement between PyHEADTAIL and DELPHI is again obtained with the mode coupling

instability for the simple broadband resonator model, both without and with the transverse damper
active. We can now perform the same study using the LHC impedance model.

2.5.2 TMCI with the LHC impedance model

For the study with the LHC impedance model, the beam and machine parameters remain the same as
those presented in Tables 2.6 and 2.7. The instability will again be studied for the case without and with
damper. Furthermore, the effect of the horizontal quadrupolar impedance on tune shifts and beam
stability will also be investigated, and compared to Sacherer’s formula.
For the first case of the LHC impedance without damper, the comparison results are shown in

Figs. 2.57 and 2.58. The TMCI threshold is found at 3× 1011 p.p.b.. A second coupling of modes -2
and -3 is found atNb = 9× 1011 p.p.b.with DELPHI but is not observed with PyHEADTAIL.
Agreement between the two codes is good for intensities up to 5× 1011 p.p.b.. For larger intensity

values, a discrepancy which was not seen in the previous broadband resonator case is present. This
discrepancy was addressed by changing then slicing method used for PyHEADTAIL simulations from an
UniformBinSlicer to a UniformChargeSlicer. More details on the different slicing methods and results
of the convergence study can be found in appendix D.
For the bunch profile, the agreement between the codes remains satisfactory, as can be seen in Fig. 2.59

for bunch intensities of 4× 1011 p.p.b. and 9× 1011 p.p.b.. Since the single bunch intensity reached in
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Figure 2.54: Head-tail profiles obtained with DELPHI for high bunch intensities, above the TMCI threshold. The
broadband impedance is used and the damper is deactivated.
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Figure 2.55: Real part of the complex mode frequency shift as a function of bunch intensity, for PyHEADTAIL and
DELPHI simulations. The broadband impedance is used and the damper is activated with a damping
time of 100 turns. Compared to Fig. 2.47, mode 0 is now stable at all intensities. Mode -1 is the most
unstable, and it is coupling with mode -2 at an intensity of 7.5× 1011 p.p.b.
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Figure 2.56: Instability growth rate as a function of bunch intensity for PyHEADTAIL and DELPHI simulations. The
broadband impedance is used and the damper is activated with a damping time of 100 turns. When
the damper is activated, a slow instability appears for intensities below the TMCI threshold of
5× 1011 p.p.b.
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Figure 2.57: Real part of the complex mode frequency shifts as a function of bunch intensity, comparing PyHEAD-
TAIL and DELPHI simulations. The LHC impedance is used and the damper is deactivated.
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Figure 2.58: Instability growth rate as a function of bunch intensity, comparing PyHEADTAIL and DELPHI simula-
tions. Only the most unstable mode is compared in this case.

the LHC after the High-Luminosity upgrade will not exceed 2.3× 1011 p.p.b., the discrepancies found
for higher bunch intensity are not critical.
The transverse damper will now be activated with a damping time of 100 turns. Figures 2.60 and 2.61

show the comparison of the real and the imaginary part of the modes shifts. As in the case without
damper, the agreement between the two codes is good below an intensity of 5× 1011 p.p.b. Beyond
this value, both real and imaginary parts of the modes diverge, as observed already in the previous case
without damper.
The effect of the transverse damper is clear: the mode 0 is no longer the most unstable below the

TMCI threshold previously found. As with the broadband resonator case, there is no sharp threshold
for the mode coupling instability. The bunch is instead unstable at all intensities, and the mode -1 is the
one driving the instability.
The bunch profile obtained for the intensities of 2× 1011 p.p.b., 4× 1011 p.p.b. and 9× 1011 p.p.b.

are shown in Fig. 2.62. For the latter, there is a clear difference with respect to the case without damper
pictured in 2.59b: a node structure remains in the beam profile. This confirms that it is mode -1 which
is the most unstable at all intensities, while the coupling with mode 0 is reduced by the action of the
transverse feedback. We can also see that a travelling wave pattern starts to develop in the bunch for an
intensity of 2× 1011 p.p.b., confirming that a weak coupling of modes 0 and -1 occurs at this intensity
because of the transverse damper.
In the cases presented until now, only the dipolar part of the beam impedance was taken into account.

The quadrupolar part of the impedance has a detuning effect, which can increase or reduce the bunch
tune shift among other effects. As seen previously, the code DELPHI only includes the effect of the
dipolar impedance. PyHEADTAIL can however account for the effect of any component of the wake field.
A comparison of PyHEADTAIL, including the quadrupolar wake of the LHC model, and DELPHI was
thus made. This allows to estimate the error made on the tune shift when simulations are performed
with DELPHI. The simulations were performed without the transverse damper, and also compared to
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Figure 2.59: Profiles obtained with PyHEADTAIL and DELPHI for bunch intensities of 4× 1011 p.p.b.
9.0× 1011 p.p.b. The LHC impedance is used and the damper is deactivated.

0 2 4 6 8 10

Intensity / 1011p.p.b

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

<
(∆
ω
c,
x
/ω

s
)

DELPHI
DELPHI, most unstable
PyHEADTAIL

Figure 2.60: Real part of the complex mode frequency shifts as a function of bunch intensity, comparing Py-

HEADTAIL and DELPHI simulations. The LHC impedance is used and the damper is activated with a
damping time of 100 turns.
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Figure 2.61: Instability growth rate as a function of bunch intensity, comparing PyHEADTAIL and DELPHI simula-
tions. Only the most unstable mode is compared in this case. The LHC impedance is used and the
damper is activated with a damping time of 100 turns.

Sacherer’s formula results which in one case will account only for the dipolar tune shift and in the other
for both dipolar and quadrupolar tune shifts.
Figure 2.63 compares the modes frequency shifts obtained with the two codes. Including the

quadrupolar impedance in PyHEADTAIL (right plot) shifts the mode 0 slightly upward for intensities
below the TMCI threshold compared to the case without the quadrupolar impedance (left plot). For
intensities beyond this threshold, the 0/-1 coupled mode is also shifted upward. This shows that in the
LHC the quadrupolar tune shift partially compensates the dipolar one in the horizontal plane. This
comes from the combination of the collimators impedance. Because of their different orientations and
Twiss beta functions, their dipolar and quadrupolar impedance can add or compensate each other. An
illustrative example is given in appendix A.
The effect on the modes growth rates can be seen in figure 2.63. In this case the TMCI is not much

affected by the horizontal quadrupolar impedance. The growth rates also remain similar in the three
cases for intensities up to 5× 1011 p.p.b.. Above this intensity DELPHI and PyHEADTAIL results start to
diverge, as seen previously. However the quadrupolar impedance only affects the growth rates for
intensities above 7× 1011 p.p.b..
Sacherer’s formula allows to estimate themode frequency shifts by computing the effective impedance

of the machine for the given beam parameters. The formula can also be used to estimate the detuning
effect of the quadrupolar impedance. Applying it to the LHC impedance model, one obtains the
horizontal dipolarZdipeff and quadrupolarZ

quad
eff effective impedances

Zdipeff = 37j MΩ m−1 , (2.85)

Zquadeff = −5.8j MΩ m−1 . (2.86)

(2.87)
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Figure 2.62: Head-tail profiles obtained with PyHEADTAIL and DELPHI for bunch intensities of 2× 1011 p.p.b.,
4.0× 1011 p.p.b. and 9× 1011 p.p.b. The LHC impedance is used and the damper is activated with
a damping time of 100 turns.
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Figure 2.63: Real part of the complex mode frequency shifts as a function of bunch intensity, comparing PyHEAD-
TAIL and DELPHI simulations. The LHC impedance is used and the damper is deactivated. On the
left, PyHEADTAIL simulations include only the dipolar wake and Sacherer’s tune shift is computed for
the effective dipolar impedance only. On the right, PyHEADTAIL simulations include both dipolar and
quadrupolar wakes and Sacherer’s tune shift is computed by adding the dipolar and quadrupolar
effective impedances. In both plots DELPHI only includes the dipolar impedance effect.
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Figure 2.64: Instability growth rate as a function of bunch intensity, comparing PyHEADTAIL and DELPHI simula-
tions. Only the most unstable mode is compared in this case. The LHC impedance is used and the
damper is deactivated.
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2 Impedance induced instabilities

The estimated tune shift ∆ωc,0 for mode 0 induced by the dipolar and quadrupolar impedance is then
proportional to the sum of the effective impedances [127]

∆ωc,0 ∝ jNb

(
Zdipeff + Zquadeff

)
. (2.88)

The left plot of Fig. 2.63 shows the case without quadrupolar impedance. For intensities below
1011 p.p.b., the tune shifts are the same for the three methods. However as the intensity increases, the
mode 0 starts to interact with other modes and its frequency shift diverges from the linear model of
Sacherer’s formula.
The right plot shows the case where the quadrupolar wake is included in PyHEADTAIL and Sacherer’s

formula sums the effective impedances. Mode 0 frequency is shifted upwards because of the quadrupolar
impedance contribution. PyHEADTAIL and Sacherer’s formula results remain in good agreement for
intensities below 1011 p.p.b.. The tune shift obtained with DELPHI is now overestimated by ∼15%,
the ratio of the horizontal quadrupolar and dipolar effective impedances. This ratio obtained with
Sacherer’s formula can therefore be used as a correction for DELPHI simulations.
We studied thehead-tail instability and the transversemode coupling instability for different impedance

models and compared the results of two simulations codes. We saw that they both are in good agreement
except for some specific cases. DELPHI now also permits to reconstruct the beam profile which would
be observed at a fixed location in the accelerator. The signals were cross-checked with those obtained
with PyHEADTAIL for the different studies, validating the implementation. For the head-tail instability
we also investigated with PyHEADTAIL the effect non-linear synchrotron motion can have on beam insta-
bilities and compared the results with DELPHI. Some differences were found, notably for large positive
chromaticity values where the head-tail mode change was affected by the non-linear motion. For the
transverse mode coupling instability, we studied the very high intensity regime where the instability
growth rate becomes linear with the bunch intensity and observed the beam-break-up like behavior
of the bunch. In this regime, the chromaticity is assumed to be perfectly corrected to 0. The effect of
quadrupolar impedance on the mode frequency shifts was also investigated. We could see that in the
LHC impedance case the horizontal quadrupolar component compensates the mode 0 dipolar tune
shift by∼15%. Moreover PyHEADTAIL results are close to those obtained with Sacherer’s formula for low
intensities. Correction factors can therefore be computed using Sacherer’s approximation and applied
to the mode 0 shift obtained with DELPHI.
We will now investigate the impact of impedance on the beam dynamics in the LHC. In particular

the effect of slightly positive chromaticity on the mode coupling regime will be investigated through
simulations. Wewill compare the results of these simulationswith beambasedmeasurements performed
in the accelerator.
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3 The TransverseMode Coupling
Instability in the LHC

We investigated two types of coherent beam instabilities: the head-tail and the transverse mode coupling.
We saw that the two simulation codes used, PyHEADTAIL and DELPHI, are in good agreement and we
investigated their limits. We will now use DELPHI simulations to simulate beam stability margins in
the LHC. They will rely on the accelerator impedance model described in part 2.1.4. The comparison
between measurements and simulations will allow to estimate the uncertainty on the impedance model.
A first part will be dedicated to a general overview of stability limits encountered during the machine

Run II (2015-2018). We will then investigate the Transverse Mode Coupling Instability in the LHC
with simulations and measurements in parts 3.2 and 3.3. Beam based measurements of individual
collimators and head-tail instability measurements at injection energy will also be presented in part 3.3.

3.1 Motivations of the study

We saw in the previous chapter that the transverse damper and chromaticity can be effective ways to
reduce the instability growth rate. However in the LHC the beam configuration process takes several
minutes. The energy ramp takes∼20min, the flat-top phase during which the transverse tunes are
modified takes∼5min, the squeeze and adjust process during which the tranverse size of the bunches
at the interaction points are reduced and the beams brought into collision takes∼30min [135]. The
beams are then stored for several hours, colliding at the experimental points. The beam stability needs
to be ensured at all stages in order to preserve the beam quality.
A mechanism called Landau damping helps keeping the beam stable [64, 73]. A spread in the

individual particle oscillation frequencies i.e the transverse tunes is introduced. When a coherent
excitation of the bunch is applied, the particles cannot organize themselves to provide a coherent
response. Over time their average response is zero and no instability develops.
The frequency spread is introduced by the machine non-linearities resulting from the magnets

misalignment and mechanical errors. But the spread they provide is often not sufficient to keep the
beam stable. Dedicated octupolemagnets called Landau octupoles are therefore installed in themachine.
They provide a frequency spread which is function of the particles betatron oscillations amplitude [18,
58, 140]. In the LHC, 168 of these magnets are installed [39]. The nominal current they can reach is
550A. Because their number and the current they can sustain are limited, they can only stabilize the
beam up to a certain threshold.
The frequency spread needed from the octupoles can be predicted from the coherentmode frequency

shifts [29]. This frequency spread corresponds to a certain current in the octupole magnets. This
simulated current can be compared to the value set during machine operation or the values found
during dedicated measurements [40, 47, 48].
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3 The Transverse Mode Coupling Instability in the LHC

Figure 3.1 compares the results of instability threshold measurements and simulations in terms of
Landau octupoles current as a function of chromaticity. The results are for the horizontal plane of
beam 1 in the year 2017. They show that a systematically higher octupole current than predicted from
the impedance model was required to stabilize the beam.
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Figure 3.1: Current in the Landau octupoles magnets required to stabilize the horizontal plane of beam 1 (solid
lines) as a function of chromaticity during the year 2017. The results for a case without damper (in
blue) and with the transverse damper activated with a damping time of 100 turns (in orange) are
presented. Those are compared to measurements for different chromaticities, represented in the same
color code. A dot denotes a measurement made at the end of squeeze, i.e when the beams are ready to
be collided. A cross represents a measurement made a flat-top, i.e after the end of the energy ramp and
before the tune change. All results have been normalized to a bunch intensity of 1011 p.p.b.

Measurements during Run II (2015-2018) and daily monitoring of transverse beam instabilities in
the LHC during the year 2018 have shown that a factor two on the octupole current is required to
ensure the beam stability [40]. Figure 3.2 shows the octupole current used in LHC operation during
Run II. It is compared to the one predicted with DELPHI simulations. The octupole current margin
could be reduced over the years as the understanding of various instability mechanisms improved [46,
48].
The margin remains however tight to cope with the bunch intensity increase foreseen in HL-LHC.

The octupole current scales linearly with the bunch intensity, therefore a factor two on the bunch
intensity would bring the 2018 operational scenario to the limit of available octupole current. No
margin would be left in case new instability phenomena appear.
The factor two existing between simulations and measurements needs therefore to be investigated.

Impedance effects, including the mode coupling instability mechanism, are possible candidates to
explain a part of this factor. We will now focus on impedance related simulations and measurements
performed in the LHC. This will allow us to estimate the uncertainty on the impedance model.
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Figure 3.2: Octupoles current used in operation (in blue) versus predicted from the impedance model (in red)
during Run II. The maximum current of 550A which can be reached in the magnets is highlighted as
a dashed line. Courtesy X.Buffat [40]

3.2 Simulations of the TransverseMode Coupling in the LHC

As seen in part 2.5, the Transverse Mode Coupling Instability is a fast instability which arises at high
bunch intensity and at a chromaticity corrected to zero. The LHC currently operates with a high
chromaticity ofQ′ ∼ 15 to mitigate electron-cloud induced instabilities [120].Moreover instabilities in
this region of small chromaticities were observed during the LHCRun I (2009-2013) [93]. Operation
at small positive chromaticities would however be preferred to optimize the beam lifetime and reduce
the Landau octupole current. We will now investigate the mode coupling instability in the LHC with
DELPHI simulations for different chromaticities and collimator settings.

3.2.1 Impedance model, beam parameters and assumptions made

The TMCI simulations were performed with the 2017 LHC impedance model. The year indication is
essential since the collimators gaps can be modified during the run to match the beam size reduction at
the interaction points. The collimator gaps for the specified year were provided by the LHCCollimation
team [77]. The simulationparameters are similar to those presented inpart 2.5, only the beamparameters
are different to reproduce the real machine configuration. The parameters correspond to the flat-top
phase, before the tune change and are summarised in Table 3.1.
The TMCI simulations presented in the previous chapter assumed a chromaticity corrected to 0

units. However because of the uncertainty over the parameters set in the accelerator, the chromaticity
has an error range of ±2 units [146]. To guarantee that the beam remains stable, the chromaticity
should be kept at a positive value. Therefore a measurement on the LHC should be performed with a
chromaticity set to∼5 units to keep the beam stable. For the same purpose the transverse damper is
also kept activated. The effect of these two elements, chromaticity and damper, on the TMCI must be
simulated for the LHC in order to plan a machine measurement.
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3 The Transverse Mode Coupling Instability in the LHC

Table 3.1: Machine and beam parameters for TMCI simulations with DELPHI.

Parameter Value

Machine
Impedance model LHC 2017 flat-top1
Circumference / m 26 658.8832
Transverse tunesQx,y 62.31/60.32
Momentum compaction factor αc 3.225× 10−4
RF voltage / MV 12
Harmonic number 35 640
Synchrotron tuneQs 1.838× 10−3

Beam
Number of bunches 1
4 σ bunch length / ns 1.08
Bunch intensity / 1× 1011 p.p.b. 0 to 10
ChromaticityQ′ 0 to 5

1 LHC impedance andwakemodel as described in [103] and
available at [143].

3.2.2 Simulations results for a corrected chromaticity

The first simulations cover the case ofQ′ = 0without the transverse damper. Figure 3.3a shows the
mode frequency shifts and growth rates as a function of bunch intensity. One can see that the TMCI
threshold is reached at an intensity of 2.8× 1011 p.p.b..
Figure 3.3b shows the same simulation but with the transverse damper activated with a damping

time of 100 turns. One can see that the mode frequency shift of the mode 0 remains unaffected by the
damper for low intensities. At intensities closer to the TMCI threshold found before, modes 0 and -1
influence each other but no strong coupling is found. These observations are in agreement with the
ones made for the comparison of DELPHI and PyHEADTAIL in part 2.5.
These results were computed for the case of a chromaticity perfectly corrected to zero units. Since an

uncertainty always remains on the operationally set value of chromaticity, we will now look at the effect
of a positive chromaticity on the TMCI threshold.
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Figure 3.3: Real part of the mode frequency shifts (top plots) and instability growth rate (bottom plots) as a
function of bunch intensity. On the left the damper is deactivated, on the right it is activated with a
damping time of 100 turns. In both cases the chromaticity is corrected toQ′ = 0.

3.2.3 Results for a positive chromaticity

To understand the effect of chromaticity on the TMCI, the same simulations as in the previous part were
performed withQ′ = 5, both without and with damper. Figure 3.4b shows the results forQ′ = 5 in a
case where the damper is deactivated. It is compared to the reference TMCI case at zero chromaticity and
without damper pictured in Fig. 3.4a. The frequency shift of mode 0 remains unaffected for intensities
below the TMCI threshold found before at 2.8× 1011 p.p.b.. A coupling between modes 0 and -1 can
still be observed at a similar bunch intensity as before, 3× 1011 p.p.b.. An examination of the growth
rates shows that below this intensity a slow instability develops: it is the head-tail instability which is
present because of the non-zero chromaticity.
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Figure 3.4: Real part of the mode frequency shifts (top plots) and instability growth rate (bottom plots) as a
function of bunch intensity. Both left and right plots are for a deactivated damper. On the left the
chromaticity is corrected toQ′ = 0 and on the right it is positive atQ′ = 5.
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3 The Transverse Mode Coupling Instability in the LHC

We saw that a small positive value for the chromaticity doesn’t change drastically the mode coupling
behaviour at high bunch intensity. We now need to check the effect of the transverse damper: Fig. 3.5b
depicts the results of simulations for a damping time of 100 turns, withQ′ = 5. It is again compared to
the reference TMCI case without damper and atQ′ = 0 in Fig. 3.5a.
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Figure 3.5: Real part of the mode frequency shifts (top plots) and instability growth rate (bottom plots) as a
function of bunch intensity. On the left the chromaticity is corrected toQ′ = 0 and the damper is
deactivated, on the right the chromaticity is positive atQ′ = 5 and the damper is activated with a
damping time of 100 turns.

The transverse damper, combined with the positive chromaticity, effectively removes the head-tail
instability. The mode 0 frequency remains marginally affected by the presence of the damper and the
positive chromaticity compared to the reference case.
From thedifferent simulations presented, one can conclude thatmeasuring the tune-shift as a function

of intensity is a way to infer the TMCI threshold. Indeed the slope of the mode 0 shift versus bunch
intensity is minimally affected by the inclusion of a positive chromaticity and the transverse damper:
the difference is within 5% which remains within the uncertainties of a tune-shift measurement in the
LHC. Simulations also show that the machine currently operates with bunch intensities largely below
the TMCI threshold. If one wants to try to reach the TMCI threshold, either the beam parameters have
to be modified or the machine impedance should be increased.
From the beam parameters side, the synchrotron tuneQs can be reduced to decrease the TMCI

threshold. We saw with the two particle model that the TMCI threshold value is proportional toQs

N thres
b =

8E0Cωβωs
πe2W0v2

. (3.1)

A reduction of Qs can be obtained by reducing the RF cavities voltage VRF . As Qs ∝
√
VRF , a

reduction of the RF by a factor of 2 would result in a TMCI threshold reduction of only 40%. However
a sharp reduction of the RF voltage could affect in turn the bunch length and increase non-linear effects
from the RF bucket. The measurement could then be affected by this reduction of the RF voltage.
The previous equation shows that a simple way to decrease the TMCI threshold is to increase the

machine impedance, here represented by the wakeW0. This increase can be obtained by tightening the
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3.2 Simulations of the Transverse Mode Coupling in the LHC

IR7 collimators gaps. As the resistive wall impedance of a flat structure is proportional to g−3 where g
is the structure gap, decreasing the collimator gaps by≈25%would increase their impedance by a factor
2. The next part will detail the simulations results obtained for tighter settings of the LHC collimators.

3.2.4 Results for tighter collimator gaps

Simulations with tighter collimators gaps are based on the 2017 LHC impedance model with nominal
gaps. The gaps settings are given in number of transverse beam size σcoll in the plane of collimation.
Since the transverse beam size is different at each collimator because of different Twiss beta functions,
the physical collimator gaps change from one collimator to the other. Figure 3.6 shows the gaps for
three of the LHC collimators and for the different scenarios investigated.
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Figure 3.6: Physical gaps of three of the LHC IR7 collimators in mm for the different scenarios investigated.
The nominal LHC configuration in 2017 is displayed in blue, whereas the other colors show tighter
collimators settings. In the tightest setting presented here the collimator gaps are reduced by≈25%.
The picture for all collimators gaps is reported in part B.2

The LHC impedance simulations were then performed with these tighter gap settings. The resulting
horizontal dipolar impedance as a function of frequency is shown in Fig. 3.7. The collimators have a
strong impact on the real part of the dipolar impedance in the 10MHz to 10GHz frequency range. For
the imaginary part the impact is seen in an even broader frequency range, from 1 kHz to 10GHz.
In this frequency range the impedance can be increased by up to a factor of 2 by closing the primary

and secondary collimators gaps to 4.0σ and 5.0σ. Thus the TMCI intensity threshold could be reduced
by the same factor. To confirm the impact on transverse beam stability, DELPHI simulations were
performed for these sets of tighter collimators gaps. Figure 3.8b shows the results for the 4.0σ and 5.0σ
configuration in the TCP and TCSG collimators. To obtain a clear TMCI effect, the chromaticity is
taken equal toQ′ = 0 and the damper is deactivated. It is again compared to the nominal reference
case with nominal collimators gaps in Fig. 3.8a.
The impact of the impedance increase caused by the tighter gaps in the collimators is clearly visible.

In this tightest configuration the TMCI threshold is reduced to 1.6× 1011 p.p.b.. This bunch intensity
becomes reachable in the accelerator. The mode 0 shift is also clearly affected. A measurement of the
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Figure 3.7: Real and imaginary part of the LHC horizontal beam coupling impedance for different collimator
settings.

LHC tune shift versus intensity for different collimators settings could therefore provide more insight
on the accuracy of the impedance model.
As for the previous study with nominal collimator gaps, a positive chromaticity is required because of

operational uncertainties. The chromaticity is now at 5 units and the transverse damper has a damping
time of 100 turns. Figure 3.9b shows the simulations results for this setup. They are compared to the
results with a corrected chromaticity and no damper for the same tight collimator gaps in Fig. 3.9a.
As seen previously in the case with nominal collimators gaps, the tune shift is only slightly affected

for intensities below the new TMCI threshold of 1.6× 1011 p.p.b.. The presence of both chromaticity
and damper affects however the mode coupling behavior. The fast instability characteristic to mode
coupling disappears even for intensities above the threshold.
We saw that because of operational constraints and limitations, the machine setup used for TMCI

simulations can not be exactly reproduced in measurements. However an observable can help infer the
TMCI threshold value: the tune shift as a function of intensity. Measuring it can help to quantify the
accuracy of the impedance model. This tune shift can also be increased by tightening the collimators
settings, providing more data for an identical set of bunch intensities. A scenario with tight enough
collimators gaps could also bring the TMCI threshold within the intensity reach of the machine. The
next part will detail the measurement performed in the LHC, using the simulations detailed before.
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Figure 3.8: Real part of the mode frequency shifts (top plots) and instability growth rate (bottom plots) as a
function of bunch intensity. Both left and right plots are for a deactivated damper and a chromaticity
corrected toQ′ = 0. On the left the collimator gaps are the nominal ones for 2017 whereas on the
right they are tighter to increase the machine impedance.
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Figure 3.9: Real part of the mode frequency shifts (top plots) and instability growth rate (bottom plots) as a
function of bunch intensity. Now in both left and right plot the collimators gaps are tighter at 5σ/6σ
in the TCP7/TCSG7. In the left plot the chromaticity is atQ′ = 0 and the damper is deactivated. In
the right plot chromaticity is atQ′ = 5 and the damper is activated with a damping time of 100 turns.
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3.3 Assessment of the LHC impedance and stability limits with
beam based measurements

3.3.1 Measurement of the TMCI threshold in the LHC

We saw with simulations that the TMCI threshold in the LHC is predicted to be at an intensity of
2.8× 1011 p.p.b. However this bunch intensity can not be reached in the machine. The measurements
will therefore aim to infer the TMCI threshold. Sacherer’s formula developed in part 2.3.3 showed that
at zero chromaticity, outside the mode coupling regime, the mode zero complex frequency shift ∆ωc,0
is proportional to the effective impedanceZ⊥,eff and the bunch intensityNb

∆ωc,0 ∝ jZ⊥,effNb . (3.2)

The imaginary part of the mode complex shift will determine its growth rate and can be measured
when the beam becomes unstable. The real part of the mode corresponds to the change of betatron
frequency caused by the impedance. We saw in part 2.5 that this frequency change is small since it is in
the order ofQsω0. It can however bemeasured precisely by coherently kicking the bunch and recording
its turn-by-turn oscillations. With a properly controlled kick, these oscillations will then be damped
by the transverse feedback. The transverse tune can be found by performing a Fourier transform or
applying the Harpy algorithm to the bunch transverse position, in the same way as for the processing of
PyHEADTAIL data.
Inmanymachines the impedance at a given energy is fixed and the induced tune shift can bemeasured

by injecting bunches of different intensities, as was done for example in the CERN SPS [25]. If a bunch
becomes unstable and its quality degrade, the quick turn-over time allows to re-inject a new bunch and
perform a newmeasurement.
However, in the LHC, the turn-over time is in the order of the hour. Moreover the time for a

measurement is usually limited to 8 h sincemany different studies have to be performed in the accelerator
during the year. In this limited time, two energy ramps and their consecutive measurements can be
accommodated. Measurement repeatability is therefore limited and the experiment has to be carefully
set-up.
As seen in part 3.1, the collimators have a strong impact on the transverse impedance. As they are

movable devices, they can then be approached or moved away from the beam to increase or reduce the
impedance. The collimators and bunch intensity parameters chosen for the experiment were based on
the simulations detailed in the previous part and the machine limitations.
Moving the collimators allows to repeat the same measurement for different machine impedances,

however it limits the number of bunches which can be injected in the machine. The total beam intensity
must remain below 3× 1011 p.p.b. if the collimators are moved from their nominal position at top
energy. This constraint results from machine protection requirements and failing to keep the beam
intensity within this limit would trigger a beam dump [147].
An experiment to infer the TMCI threshold for different collimator configurations was proposed

and executed in the LHC during theMD block 3 of year 2017 [10], in the night of the 15th of September.
The steps taken during the MDwere the following:

100
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1. Three single bunches of different intensities were injected in both rings. The bunch buckets were
chosen so as no beam-beam effects would occur between the beam 1 and beam 2 bunches. The
bunch intensities were 0.6× 1011, 1.0× 1011 and 1.4× 1011 p.p.b..

2. The energy was ramped-up to 6.5 TeV, keeping the Landau octupoles at maximum current to
provide a sufficient tune-spread ensuring coherent stability.

3. The beam parameters were set-up: chromaticity was reduced toQ′ ∼ 5. This value has been
chosen to stay close to Q′ = 0 while remaining at a positive chromaticity. The transverse
fractional tunes were kept at their injection values of 0.275 and 0.295 in the horizontal and
vertical planes respectively.

4. The bunches were coherently kicked in both planes. The turn-by-turn position of all bunches is
then recorded and the data post-processed to obtain the tune [136].

5. The kicks were then repeated for the configurations with tighter collimator gaps.

The time allocated for the measurement allowed to perform a second ramp for which the procedure
was kept identical. Only the beam intensities used were different, with two bunches of 0.9× 1011 and
1.9× 1011 p.p.b. instead of three bunches. Four different collimator configurations were used to better
probe the impedance model despite a limited number of bunches available. The collimators parameters
are given in Table 3.2.

Table 3.2: Primary and secondary collimators gaps settings used during the tune shift versus intensity measure-
ment.

Collimator setting / σcoll
TCP TCSG Configuration name Remark

5 14 (5/14) Relaxed setting, HL-LHCmock-up
5 6.5 (5/6.5) 2017 nominal setting
5 6 (5/6) Tight settings4.5 6 (4.5/6)

The first configuration presented in Table 3.2 used larger collimator gaps than the nominal configu-
ration. The gaps were chosen to reproduce the equivalent impedance reduction foreseen for HL-LHC.
The results obtained in this configuration will be further detailed in part 4.
We highlighted in the previous parts that the collimators have a strong impact on the impedance.

It is therefore important to obtain the gaps which were present in the machine. Those are logged
in the CERN Accelerator Logging System (CALS) [119] during machine operation. Once retrieved,
the machine impedance can be computed for these real gaps. In Fig. 3.10 the gaps retrieved from the
CALS are compared to the ideal ones resulting from the scaling of the physical collimator gaps with the
number of sigmas used for the configuration. The difference between the predicted gaps and measured
gaps is small but visible. The measurement results will therefore be compared to the results of stability
simulations performed with the impedance models derived from the real machine collimator gaps.

101



3 The Transverse Mode Coupling Instability in the LHC

0.5 1.0 1.5 2.0 2.5

Collimator half gap / mm

TCP.B6L7.B1

TCSG.6R7.B1

TCSG.D4L7.B1

Co
lli
m
at
or
na
m
e

(5/6.5), predicted gaps
(5/6.5), measured gaps

(5/6.0), predicted gaps
(5/6.0), measured gaps

(4.5/6.0), predicted gaps
(4.5/6.0), measured gaps

Figure 3.10: Physical gaps of three of the LHC IR7 collimators in mm for the configurations given in Table 3.2.
The collimator gaps measured in the machine are compared to the one resulting from a scaling with
nσ,coll of the gaps and which were used for instability predictions described in the previous part.
The difference between the gaps measured in the machine and the predicted ones are of the order of
1 %. The picture for all collimators gaps is reported in part B.3

Once the top energy was reached, the tune measurement relied on the transverse damper (ADT).
The bunches were coherently kicked with the ADT. The excitation strength was chosen to obtain clear
bunch oscillations without provoking intensity losses caused by scrapping on the collimators. The
damper gain was also reduced to obtain a longer decoherence time. An excitation was applied to both
horizontal and vertical planes, with a delay of 2000 turns between the two, and all the bunches were
coherently kicked at the same time. Their oscillation signal was recorded using the ADTObsBox [144],
a system which can acquire the bunch-by-bunch and turn-by-turn transverse position of the beams
using the ADT stripline pick-ups. An example of a set of acquired signals is given in Fig. 3.11 where
the vertical axis unit is proportional to the bunch transverse position. The kicks were then repeated
multiple times for each beam, spaced by 10 seconds. The transverse tune is then computed for each kick
signal using a procedure similar to the one described in part 2.3.4 on the post-processing of PyHEADTAIL
data.
Figure 3.12 shows ring 2 collimators gaps and beam parameters as well as the three bunches intensities,

full lengths and vertical emittances over time. The times at which the kicks were sent are highlighted as
well. The procedure started with the ADT setup, then a first set of kicks was applied. The collimators
gaps were then tightened for a second measurement set, and again for a third set of kicks. The beam
intensity losses, emittance growth and bunch lengthening were small during the tune measurements
thanks to the controlled kick strength. A beam instability was induced at the end of the measurement
by closing the gaps to tighter settings, leading to intensity losses and bunch lengthening.
Figure 3.13 shows the data processing steps made once the tune has been computed for each ADT

signal. In the top plot all the vertical tune signals for the three bunches are represented. For each
collimator configuration the values are then averaged. Knowing the individual bunch intensity over
time, the tune shift as a function of intensity can be computed.
Figures 3.14 and 3.15 show the tune shift as a function of intensity compared to predictions from the

impedance model. The unperturbed tuneQ0 has been subtracted from the measurements to allow the
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Figure 3.11: Example of turn-by-turn transverse beam position signals acquired with the ADTObsBox after an
ADT kick. The three bunches present in beam 2 during the first fill are represented. For each bunch,
the horizontal position is plotted with a darker color than the vertical position. All three bunches are
kicked at the same time, first in the horizontal plane and after 2000 turns in the vertical plane. The
bunch oscillations decay in. 500 turns.

comparison of the two fills data and the different collimators configurations. The points represent the
average tune values whereas the lines show the tune shifts predicted from the impedance model.
The tune shifts as a function of intensity are reported in Table 3.3. They have been normalized to

the accelerator synchrotron tuneQs = 1.838× 10−3.
We saw in the TMCI study with PyHEADTAIL and DELPHI done in part 2.5.2 that the quadrupolar

impedance affects the tune shift. As DELPHImodels only the dipolar impedance contribution, a correction
should to be used to account for the quadrupolar impedance effect. The correction is based on Sacherer’s
formula. First the tune shifts induced by the dipolar and quadrupolar impedances, noted∆Qdip and
∆Qquad, are computed separately. The ratio

∆Qdip+∆Qquad
∆Qdip

is then computed and applied to DELPHI

simulations. The results with this correction factor are also reported in Table 3.3.
These measurements can then be used to infer the TMCI threshold. As we saw in the simulations

from part 3.3 this instability results from the coupling of mode 0 and -1. The mode -1 frequency is
weakly perturbed, therefore the TMCI threshold is approximately the intensity at which the real part
of mode 0 and mode -1 complex frequencies cross. From the normalised tune shift versus intensity
∆Q/Qs, the TMCI intensity thresholdN thres

b is approximately found at

N thres
b ≈ − 1

∆Q/Qs
. (3.3)

The thresholds inferred from the measurements presented in Table 3.3 are reported in Table 3.4. The
third column shows the TMCI threshold obtained with DELPHI simulations by reading the intensity
value at which the growth rate becomes non-zero. The fourth and fifth columns give the threshold
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Figure 3.12: Overview of the beam parameters in ring 2 during the first ramp for the tune shift measurement
at top energy on the 15th and 16th of September 2017. The top plot shows the gap of a primary
(TCP.D6R7) and a secondary collimator (TCSG.D4R7). The second, third and fourth plot show
the individual bunch intensities, full bunch lengths and the vertical emittances. The time at which
the ADT kicks were sent are marked with dashed lines.

computed from Eq. 3.3 and using the tune shift obtained with DELPHI and the tune shift corrected for
the quadrupolar impedance contribution. The last column shows the TMCI threshold inferred from
the measurements.
The average ratio between measurements and simulations is calculated for the two beams and planes.

The simulation results are from DELPHIwith the quadrupolar tune shift effect taken into account via
the correction factors. The results are reported in Table 3.5 and show that the tune shifts at top energy
are underestimated by∼20% to 60%.
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Figure 3.13: Tune signals obtained after the post-processing of the ADT kicks signals with SUSSIX (top plot).
The data represented is for beam 2 vertical plane and the corresponding beam parameters shown
in Fig. 3.12. Three collimators configuration, separated by a dashed line, were measured with this
beam. The left part of the plot corresponds to the nominal collimators configuration (5/6.5), the
central part to the tighter TCSG setting (5/6) and the right part to the tighter TCP setting (4.5/6).
The bottom plot shows the average tune for each bunch in the three collimators configurations.

Table 3.3: Measured and simulated tune shifts as a function of beam intensity for the LHC nominal collimator
settings and tighter configurations. The third column reports DELPHI simulations results. The fourth
column is the correction factor to account for the quadrupolar impedance effect and the fifth column
is the simulation results with the correction factor applied.

Tune shift /
(
1012 p.p.b.×Qs

)−1

Conf. Sim. Correction / % Sim. w/ quad. Measured

B1H (5/6.5) −3.03 −12.7 −2.65 −3.37
(5/6.0) −3.42 −13.6 −2.99 −4.12

B1V (5/6.5) −2.34 −8.9 −2.13 −3.77
(5/6.0) −2.66 −8.2 −2.44 −3.84

B2H (5/6.5) −3.16 −12.2 −2.77 −3.70
(5/6.0) −3.56 −13.3 −3.08 −3.87
(4.5/6.0) −3.78 −14.3 −3.24 −4.48

B2V (5/6.5) −2.40 −8.7 −2.19 −2.70
(5/6.0) −2.73 −7.8 −2.51 −2.97
(4.5/6.0) −2.90 −6.2 −2.8 −2.98
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Figure 3.14: Measured tune shift as a function of bunch intensity for beam 1, compared to DELPHI simulations
corrected for the quadrupolar tune shift (dashed lines). The collimator settings measured during the
MD are represented by different line and points colors.
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Figure 3.15: Measured tune shift as a function of bunch intensity for beam 2, compared to DELPHI simulations
corrected for the quadrupolar tune shift (dashed lines). The collimator settings measured during the
MD are represented by different line and points colors.
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Table 3.4: TMCI intensity threshold inferred from the measurements presented in Table 3.3 and from DELPHI

simulations. The third column corresponds to DELPHI results. The fourth and fifth columns are the
thresholds estimated from the mode 0 tune shift, without and with the correction for the quadrupolar
tune shift effect. The last column shows the measurement results.

Threshold / 1011 p.p.b.

Conf. DELPHI DELPHI tune shift DELPHI tune shift corrected Measured

B1H (5/6.5) 2.8 3.3 3.8 2.9
(5/6.0) 2.4 2.9 3.4 2.4

B1V (5/6.5) 3.4 4.3 4.7 2.7
(5/6.0) 3.0 3.7 4.1 2.6

B2H (5/6.5) 2.8 3.2 3.6 2.7
(5/6.0) 2.4 2.8 3.2 2.6
(4.5/6.0) 2.2 2.6 3.1 2.2

B2V (5/6.5) 3.4 4.1 3.5 3.7
(5/6.0) 3.0 3.6 3.0 3.4
(4.5/6.0) 2.8 3.4 2.8 3.3

Table 3.5: Measurement to simulation ratios of the tune shifts versus intensity in the LHC, for both beams and
planes. The measurements for the different collimators configurations are averaged and compared to
simulations results which account for the quadrupolar tune shift.

Horizontal Vertical

Beam 1 1.3 1.6
Beam 2 1.3 1.2
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3.3.2 Measurement of individual collimators impedance at top energy

The measurement of tune shifts versus intensity detailed beforehand allows to compare the total
machine impedance to the model. The effect of the collimators on the tune shift was clearly shown by
closing further their gaps. It is therefore interesting to study the individual collimator contribution to
the overall machine impedance budget. As seen previously, the LHC collimators can be moved from
their nominal position, allowing to change the machine impedance at will. The position setting of a
single collimator can be modified and its impact on the machine transverse tune measured.
Multiple machine development sessions were carried out during the years 2016, 2017 and 2018 to

measure primary, secondary and tertiary collimators [11, 83]. The measurement principle is similar to
the one carried out during the TMCI measurement described in part 3.3.1. For some cases in 2016, the
tune kicker (MKQA) was used [23] instead of using the ADT to excite the beams. The collimator to
be measured is further closed, then a series of kicks is applied. The collimator gap is then opened and
a new series of kicks is made. This process is repeated one more time. Figure 3.16 shows the TCSG
measurement process during the dedicated 2017 machine development. In this case seven different
secondary collimators were measured.
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Figure 3.16: Overview of the secondary collimators measurements performed on the night of 27th to 28th of
October 2016. The top plot shows the horizontal tune obtained from theADTkicks (dots) correlated
with the collimators gaps (solid lines) along time. The center and bottom plots show the full bunch
length and the bunch intensity evolution.

The same process was used tomeasure primary and some of the tertiary collimators. Table 3.6 reports
the names, location, and collimation plane of the collimators which were measured during Run II.
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Table 3.6: List of single collimators measured during Run II.

Type Collimator name Location Collimation plane

Primary D6L7 IR7 Vertical
C6L7 IR7 Horizontal
B6L7 IR7 Skew
6L3 IR3 Horizontal

Secondary A6L7 IR7 Skew
D4L7 IR7 Vertical
B4L7 IR7 Horizontal
B5R7 IR7 Skew
D5R7 IR7 Skew
E5R7 IR7 Skew
6R7 IR7 Horizontal

Tertiary TCTPV IR2 Vertical
TCTPH IR2 Horizontal

Figure 3.16 also shows the beam parameters during one of the machine developments. Significant
bunch intensity losses caused by too strong kicks affected the measurement. The full bunch length
shrinks down and the tune drifts upwards over time. However the effect of the collimator impedance
on the tune can still be observed, as detailed in Fig. 3.17. The tune is changed when opening and closing
the collimator jaws. Similarly to the TMCI measurement data processing, an average tune value is
computed for each period of time when the gaps were opened and close. The difference between the
closed position and opened position can then be calculated and compared to simulations results..
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Figure 3.17: Detail of Fig. 3.16 showing the tune variation during the measurement of two collimators. Despite
the overall upwards tune drift, the effect of the collimator gaps opening and closing remains visible
and the induced tune shift can be computed.

Themeasurements and simulations results for the collimators impedance measurements are reported
in appendixC. Figure 3.18 shows the ratios betweenmeasurement and simulation of the single collimator
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induced tune shifts. The ratios are within a factor two for most of the collimators, which is consistent
with the results of the full machine tune shift measurements.
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Figure 3.18: Ratios between measured and predicted tune shifts induced by individual collimators of ring a and
ring 2 at top energy. The measurement years are indicated by different colors.
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3.3.3 Measurement of the instability growth rate versus chromaticity at
injection energy

The measurements presented beforehand investigated the machine when it is in the most critical phase
stability-wise. These measurements are time consuming and the limited periods dedicated to machine
studies in the LHC reduce the measurement repeatability. The injection set-up, the energy ramp, the
beam parameters and equipment configuration once the top energy is reached reduce considerably the
quantity of data which can be acquired. The number and intensity of bunches present in the machine
must also remain below a certain limit to protect the superconductingmagnets andmachine equipment.
On the other hand experiments performed at injection energy can profit from a quick refilling time
either to reproduce a measurement or to scan a certain parameter space.
Ameasurement of the single bunch instability growth rate as a function of chromaticity was planned

and executed. The measurement took place during the MD block 3 of 2018, on the afternoon of the
14th of September. With nominal bunches at the injection energy, the horizontal chromaticity was
trimmed in the negative range, keeping the vertical chromaticity positive. The ADTwas then switched
off to let an instability develop. The turn-by-turn position signal was then recorded over 64 000 turns
with the ADTObsBox. From these signals the instability rise time was found by fitting an exponential
function.
The experiment was repeated for both beams and planes, and the results compared to DELPHI simu-

lations using the LHC impedance model at injection. Figures 3.19 and 3.20 show the results for the
horizontal and vertical plane of both beams. The impedancemodel for beam 1 and beam 2 being similar,
only one set of DELPHI simulation is presented.
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Figure 3.19: Instability rise time as a function of chromaticity measured in the LHC at injection energy, for the
horizontal plane. The measurements were made for beam 1 (in blue) and beam 2 (in red). They are
compared to DELPHI simulations represented with a solid grey line. The dashed grey line corresponds
to the simulated rise times with a factor two applied.

The results arewithin a factor two from the predictions for both beams and planes, with the exception
of the vertical plane of beam 1. In this case at large negative chromaticities the rise time is larger than
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Figure 3.20: Instability rise time as a function of chromaticity measured in the LHC at injection energy, for the
vertical plane. The measurements were made for beam 1 (in blue) and beam 2 (in red). They are
compared to DELPHI simulations represented with a solid grey line. The dashed grey line corresponds
to the same simulated rise times with a factor two applied.

predicted. For those points the instability signal is less clear and non-linear effects such as space-charge
could play a stabilizing role [85, 92, 106]. An example of such signal is given in Fig. 3.21.

3.3.4 Summary of the impedance related measurements performed in 2016, 2017
and 2018

The results of the various stability measurements performed in the LHC during Run II can be sum-
marized by computing the ratio between measurements and predictions from the impedance model.
Those were shown for the TMCI measurements, the individual collimators measurements and the
instability growth rate at injection energy. Table 3.7 reports those ratios for the different years [4].

Year Measurement B1H B1V B2H B2V

2016 Tune shift vs. IR7 secondary collimators gaps1 1.3 1.4 1.1 1.4

2017 Tune shift vs. bunch intensity2 1.2 1.4 1.3 1.1
Tune-shift vs. bunch intensity3 1.4 1.6 1.4 1.2

2018 Full machine tune shift at flat-top4 1.5 - - -
Growth-rate vs. negative chromaticity 1.4 1.6 1.4 1.2

1 Tune shifts measurements with all IR7 secondary collimators, detailed in [36].
2 Quadrupolar impedance effect not taken into account.
3 Quadrupolar impedance effect taken into account.
4 Measurement from Beam Transfer Function (BTF) detailed in [139].

Table 3.7: List of ratios between measured and predicted tune shifts values for both beams and planes.
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Figure 3.21: Example of a beam 1 vertical position signal. The y-axis is in logarithmic scale. With this scale the fit
should be realized on an linearly growing part. However for this instability signal the part to fit is less
clear as the instability seems to develop at different rates between turn 20 000 and 30 000 and turn
30 000 and 40 000.

Thanks to the different measurements methods, the impedance was investigated from different sides:
individual elements and full machine, imaginary part and real part, injection and top energy. From
3.7 the factor between measurements and simulations can be estimated to be between 30% and 50%.
This value can be compared to the factor two on the Landau octupoles current required to stabilize
the beam: missing elements to the the impedance model need to be found. However the impedance
is not the only contributor to the discrepancy. Studies are currently ongoing to investigate potential
effects detrimental to beam stability: external noise affecting the transverse distribution [57], transverse
damper [41] and its interplay with Landau damping [86] among others.
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4 The TransverseMode Coupling
Instability in future machines

We investigated in the previous chapter the mode coupling instability in the LHC. Measurements
performed in the machine also allowed to estimate the uncertainty on the accelerator impedance. We
concluded from these measurements that the impedance is approximately 30% to 50% higher than
predicted with the current model.
As the High-Luminosity upgrade of the LHC will use bunches with an intensity increased by a

factor of two compared to the current value, impedance will be one of the critical aspects of the project.
The mode coupling instability in the HL-LHCwill be investigated and the impact of the impedance
reduction assessed. We will first present the scope of the collimation upgrade and the simulations results
for different scenarios in part 4.1. Measurements performed in the LHC to showcase the benefits of the
impedance reduction will then be presented in part 4.2. One of the measurement focused on the full
machine tune shift whereas the other characterised the impedance of a prototype collimator for the
collimation upgrade.
We will conclude the chapter with an overview of the impedance and stability estimates realised for

the High-Energy LHC study. The HE-LHC is a proposed collider which could succeed the HL-LHC
and re-use the existing accelerator infrastructures. Part 4.3 will describe the project and the impedance
and beam stability studies performed.

4.1 Simulations of the TransverseMode Coupling Instability
in theHigh Luminosity LHC

The impedance reduction for HL-LHC will target the IR7 betatron cleaning collimators since they are
themain contributors to the impedance at top energy as we saw in part 2.1.4. Selected collimators among
the three primaries and eleven secondaries will be replaced. The overall design of the collimators will
remain similar, but the jaws materials will be changed. During the Long Shutdown 2 in 2019 and 2020,
two primary collimators (TCP) per ring will be replaced in the framework of the LHC consolidation
project. Four secondary collimators (TCSG) per ring will also be replaced by low impedance ones in the
framework of the HL-LHC collimation upgrade [116, 117]. The remaining seven TCSGs per ring will be
replaced during the Long Shutdown 3 in 2024 and 2025.
The new collimators will use a molybdenum-graphite composite [63, 118] instead of carbon-fiber

reinforced carbon for the jaw materials. The upgraded primary collimators, the TCPPM1, will use the
molybdenum-graphite (MoGr) blocks over their 60 cm length. The new secondary collimators, the

1Here the M stands for a metallic material used for the jaws and the second P indicates that a beam position monitor is
embedded in the collimator for orbit control.
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TCSPM, will use molybdenum-graphite for the jaws materials and the blocks will also receive a 5 µm
coating of pure molybdenum (Mo) [20].
These new materials were chosen to meet the challenges presented by both the impedance reduction

and the machine protection. Their resistivities are reported in Table 4.1. The MoGr bulk material has a
resistivity reduced by a factor 5 compared to the current jaw materials and the additional Mo coating
would provide an other factor ∼20 reduction for the jaw resistivities. We saw in part 2.1.2 that the
resistive wall transverse impedanceZ⊥,RW scales as

Z⊥,RW (ω) ∝ δskin(ω) , (4.1)

with δskin the skin depth at the considered frequency. This simplifies in turn to

Z⊥,RW (ω) ∝ √ρc , (4.2)

where ρc = 1/σc is the electrical resistivity. Therefore the use of MoGr will reduce by a factor 2.2 the
transverse resistive wall impedance of the collimators. TheMo coating would provide a factor of∼10
reduction on the resistive wall impedance compared to the current collimator design.

Table 4.1: Resistivity of the materials selected for the LHC collimation upgrade, compared to the current CFC.

Material Resistivity / nΩm

CFC1 5000
MoGr2 1000
TiN2, 3 400
Mo2 54
1 Further data on the electric properties of materials cur-
rently used in the LHC can be found in [103].

2 Further data on these materials can be found in [30, 63]
3 TiN stands for titanium nitride. This material is a possi-
ble alternative to the Mo coating for the MoGr blocks.

The Landau octupole current is a limiting factor for coherent beam stability as we saw in part 3.1.
The impedance reduction will allow to preserve stability margins in HL-LHC with the higher intensity
beams [19, 20]. We will now study the impact of the collimation upgrade on the transverse mode
coupling instability. Table 4.2 shows the different scenarios which were studied. Two additional cases
in which the Mo coating of the secondary collimators is not present were also studied. The HL-LHC
scenarios are compared to two scenarios with the LHC impedancemodel: the first one with the nominal
collimator gaps and the second one with the secondary collimators opened to 14σcoll to simulate an
impedance reduction.
The collimator gaps used in the different simulation scenarios are reported in appendix B.4. The

horizontal dipolar impedance as a function of frequency is plotted in Fig. 4.1 for the different cases.
A clear impedance reduction with respect to the LHC 2017 nominal case can be observed. The final
upgrade with all the TCSGs made of molybdenum coated molybdenum-graphite provides a reduction
by a factor∼5 over the 10 kHz to 10GHz frequency range. The LHC scenario with the TCSGs opened

118



4.1 Simulations of the Transverse Mode Coupling Instability in the High Luminosity LHC

Table 4.2: Scenarios considered for the study of TMCI in HL-LHC. The table shows the materials used for the
different collimators families and the number of collimators upgraded.

Scenario name TCP TCSG

LHC 2017 3 CFC 11 CFC
LHC 2017, TCSGs at 14σcoll 3 CFC 11 CFC
HL-LHC LS2, uncoated TCSGs 2MoGr, 1 CFC 4MoGr, 7 CFC
HL-LHC LS2, coated TCSGs 2MoGr, 1 CFC 4Mo+MoGr, 7 CFC
HL-LHC final, uncoated TCSGs 2MoGr, 1 CFC 11 MoGr
HL-LHC final, coated TCSGs 2MoGr, 1 CFC 11 Mo+MoGr

at 14σcoll, represented in orange, is close to the LS2 scenarios of the HL-HC collimation upgrade,
represented in green and red, for the 10MHz to 10GHz range.
The scenarios were used to study the transverse mode coupling instability in HL-LHC. The beam

parameters used for the simulations are similar to those used for the TMCI simulations in the LHC and
are therefore reported in appendix B.4. The results for the horizontal plane of beam 1 will be reported
since it is themost critical plane from the stability point of view [94, 117]. Figure 4.2 shows DELPHI results
obtained for the LHC 2017 scenario and the HL-LHC final scenario with molybdenum coating. For
the latter case the coupling of modes 0 and -1 still occurs but at an intensity of 8.4× 1011 p.p.b. instead
of 2.8× 1011 p.p.b.
To facilitate the comparison of the different scenarios, the mode 0 shift is linearly fitted in the low

intensity part as showed in Fig. 4.2. The TMCI intensity threshold can be obtained with the instability
growth rate. Figure 4.3 shows the linear fits of the mode 0 real part and the instability growth rate for
the different scenarios.
From these linear fits the tune shifts versus intensity can be computed. They are reported in Table 4.3.

The first stage implementation of the collimation upgrade during the LS2 increases the TMCI intensity
threshold by a factor 2.2, from 2.8× 1011 p.p.b. to 6.3× 1011 p.p.b. The final stage of the upgrade with
the eleven secondary collimators coated in molybdenum increases the TMCI threshold by a factor 3.1
compared to the current LHC case. For all these scenarios the TMCI threshold reaches a value higher
than the maximum bunch intensity of 2.3× 1011 p.p.b. planned for HL-LHC.

Table 4.3: Results of DELPHI simulations for the LHC andHL-LHC impedance reduction scenarios. Both the
tune shift versus intensity and the TMCI threshold are reported.

Scenario Tune shift /
(
1011 p.p.b.×Qs

)−1 TMCI

LHC 2017 −0.32 2.8
LHC 2017, TCSGs at 14σcoll −0.18 5.0
HL-LHC LS2, uncoated TCSGs −0.16 5.7
HL-LHC LS2, coated TCSGs −0.14 6.3
HL-LHC final, uncoated TCSGs −0.13 6.7
HL-LHC final, coated TCSGs −0.11 8.7
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Figure 4.1: Horizontal dipolar impedance as a function of frequency for the different scenarios considered. The
top plot shows the real part of the impedance, the bottom plot the imaginary part.

The molybdenum coating used for the secondary collimators helps to increase the TMCI threshold
by 10% for the LS2 upgrade and by 30% for the final upgrade with respect to the uncoated versions of
the collimators. The tune shifts versus intensity are similarly decreased for the different investigated
cases.
We saw with simulations that the collimation upgrade of the LHCwill increase the TMCI thresh-

old and reduce the machine tune shift. These will provide margins to operate the machine at lower
chromaticity. The benefits of the impedance reduction will now be investigated with beam based
measurements performed in the LHC.
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Figure 4.3: Mode 0 horizontal frequency shifts as a function of bunch intensity (top plot) for all scenarios
considered in Table 4.2. The top plot shows the function fitted on the low intensity region as
presented in Fig. 4.2. The bottom plot shows the associated growth rates obtained with DELPHI.
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4.2 Study of the collimation upgrade impactwith beam
measurements

4.2.1 Measurement of the machine tune shift

We saw in the previous part that the impedance reduction planned forHL-LHCwill have a visible impact
on the coherent beam tune shift. To demonstrate the benefits of the impedance reduction targeted at
the collimators, a measurement was performed in the LHC by opening the secondary collimators gaps.
Simulations detailed in the the previous part showed that opening the secondary collimators of IR7 to
14σcoll reduces the machine impedance to an intermediate level between the nominal configuration
and the LS2 upgrade.
This configuration was measured during the TMCImachine development detailed in part 3.3.1. The

measurement procedure and the data post-treatment method are therefore identical. Figure 4.4 shows
the results for both planes of beam 1 and Fig. 4.5 the results for beam 2. The mode 0 frequency shift
predicted by DELPHI has been corrected for the quadrupolar impedance contribution. In all cases the
tune-shift is reduced compared to the nominal machine configuration.
The resulting tune shifts as a function of intensity are reported in Table 4.4 and the corresponding

TMCI intensity thresholds are reported in Table 4.5. The tune shift is reduced by a factor of∼1.3 in
the horizontal plane and by a factor of∼2 in the vertical plane. The TMCI threshold inferred from
these measurements is increased by the same factors compared to the nominal LHC case.

Table 4.4: Measured and simulated tune shifts as a function of beam intensity for the LHC nominal collimator
settings and the HL-LHCmock-up scenario. The third column reports DELPHI simulations results.
The fourth column is the correction factor to account for the quadrupolar impedance effect and the
fifth column is the simulation results with the correction factor applied.

Tune shift /
(
1012 p.p.b.×Qs

)−1

Conf. Sim. Correction / % Sim. w/ quad. Measured

B1H (5/14) −1.93 −5.9 −1.82 −2.34
(5/6.5) −3.03 −12.7 −2.65 −3.37

B1V (5/14) −1.43 −14.9 −1.22 −1.9
(5/6.5) −2.34 −8.9 −2.13 −3.77

B2H (5/14) −2.06 −4.2 −1.97 −2.9
(5/6.5) −3.16 −12.2 −2.77 −3.70

B2V (5/14) −1.42 −15.6 −1.20 −1.46
(5/6.5) −2.40 −8.7 −2.89 −2.70

This tune shift versus intensity measurement highlights the predominant role of the collimators in
the impedance model. They support the impedance reduction strategy for the HL-LHC collimation
upgrade and the beneficial effect it will have for coherent beam stability.
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Table 4.5: TMCI intensity threshold inferred from the measurements presented in Table 4.4 and from DELPHI

simulations. The third column corresponds to DELPHI results. The fourth and fifth columns are the
threshold estimated from the mode 0 tune shift, without and with the correction for the quadrupolar
tune shift effect. The last column shows the measurement results. The nominal LHC case and the
HL-LHC-like case are presented.

Threshold / 1011 p.p.b.

Conf. DELPHI DELPHI tune shift DELPHI tune shift corrected Measured

B1H (5/14) 5.2 5.2 5.5 4.3
(5/6.5) 2.8 3.3 3.8 2.9

B1V (5/14) 6.8 7.0 8.2 5.3
(5/6.5) 3.4 4.3 4.7 2.7

B2H (5/14) 4.8 4.8 5.1 3.4
(5/6.5) 2.8 3.2 3.6 2.7

B2V (5/14) 6.6 7.0 8.3 6.8
(5/6.5) 3.4 4.1 3.5 3.7
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Figure 4.4: Measured tune shift as a function of bunch intensity for beam 1, compared to DELPHI simulations
corrected for the quadrupolar tune shift (dashed lines). Thenominal LHCconfiguration is represented
in blue, the low impedance configuration in red.
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Figure 4.5: Measured tune shift as a function of bunch intensity for beam 2, compared to DELPHI simulations
corrected for the quadrupolar tune shift (dashed lines). Thenominal LHCconfiguration is represented
in blue, the low impedance configuration in red.
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4.2.2 Measurementwith the low impedance collimator prototype

To further validate the choice of low impedance collimators for the HL-LHC collimation upgrade,
a prototype collimator was installed in the LHC during the 2016-2017 winter shutdown [116]. It
was positioned in a spare slot of beam 2 adjacent to the TCSG.D4R7 [117]. This collimator, the
TCSPM.D4R7, is a vertical collimator. Unlike the production version, this prototype does not have fully
molybdenum coated jaws. As showed in Fig. 4.6, the jaws have three different materials: a molybdenum
coating, the molybdenum-graphite bulk and a titanium-nitride coating. A motor can shift horizontally
the jaws and expose a different stripe to the beam.
This prototype collimator was designed to validate with beammeasurements the choice of materials

for the collimation upgrade. The goal was to measure the tune shifts induced by the three different
materials and compare the results to predictions from the impedance model. The adjacent collimator,
the TCSG.D4R7 was also measured during the procedure.
Amachine development session took place on the 30th of June and 1st of July 2017. Themeasurement

procedure applied was identical to the one described in part 3.3.2 on the single collimator tune shift
measurements. The beam was kicked with the transverse damper and the oscillations recorded with the
ADTObsBox. As showed in Fig. 4.7a a series of kicks was performed for∼2min and the collimator
gap was then changed. The procedure was repeated for a few cycles of the collimator gap. However
the machine tune is also jittering with time. In the TCSPM case the tune jitter is comparable to the
impedance induced tune shift. The measurement method was therefore slightly modified to bypass the
tune jitter effects and reach the desired precision.
For this second attempt the collimator gap was changed in quick successions as showed in Fig. 4.7b.

The beam was kicked in quick series with the ADT, decorrelating the kicks from the collimator gap.
The tune jitter is still present as can be seen in Fig. 4.7b but two distinct lines appear as well in the time
evolution of the tune. The upper one corresponds to kicks which were sent when the collimator gap
was wider, the lower one to kicks applied when the gap was tighter.

The tune jitter effect could be removed and the tune shift induced by the TCSPM different materials
computed [14]. This improved method allowed to reach a tune shift measurement precision in the
order of a few 10× 10−5. The procedure was repeated for different lower positions of the collimation
gap: 3.5σcoll, 4σcoll, 4.5σcoll and 6σcoll. The subsequent data treatment is further detailed in [14,
16]. Figure 4.8 shows the tune shift as a function of the collimator gap for the different considered
materials. From the resistive wall impedance model the tune shifts should scale in 1/n3

σ . The measured
tune shifts include both the resistive wall impedance and the geometric impedance from the collimator
elements. The contribution of the geometric impedance was therefore subtracted from the measured
tune shifts [43, 44]. Themeasurements are compared to simulations results.. For carbon-fiber reinforced
carbon, molybdenum-graphite and titanium-nitride, measurements are lower than predicted whereas
for the molybdenum coating measurements are two times higher than the prediction.
Despite the discrepancy found between the model and measurements, the molybdenum coating on

molybdenum-graphite jaws still provides the largest impedance reduction of all the investigatedmaterials.
Measurements of the electrical properties of molybdenum coatings are ongoing to systematically check
and validate the production series of molybdenum coated blocks [2, 13, 62, 71, 82].
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Figure 4.6: Top view of the prototype TCSPM jaw. Three stripes are visible: the top one is the molybdenum
coating, the central one the molybdenum-graphite bulk and the bottom one the titanium-nitride
coating. One the left a button beam position monitor is embedded in the transition taper. Picture
from [45].
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(a) Measurement with slow cycles of collimator gaps.
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(b) Measurement with fast cycles of collimator gaps.

Figure 4.7: Tune and collimator gap versus time during the TCSPMmeasurement. The solid curves represent
the collimator gaps. The TCSPM (in blue) and the adjacent TCSG (in orange) were both measured.
During the first attempt (top plot), a tune shift induced by the collimator gap change is visible but
the measurement precision is reduced by tune drifts. During the second attempt the collimator gap
was opened and closed in quick successions while kicking the beam with the ADT (bottom plot). A
tune drift was still present but could be fitted and the tune data corrected.
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Figure 4.8: Tune shifts induced by the TCSPM as a function of collimator gap for the three different materials.
Predictions from the impedance model are represented in dashed lines and measurements are repre-
sented with the 1σ error bar. The geometric impedance of the collimators has been removed of the
measured values. Results courtesy of S.Antipov [16].
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4.3 Impedance and beam stability considerations for theHigh
Energy LHC study

We will now investigate the impedance model of the High-Energy LHC (HE-LHC) which was derived
from the HL-LHC one. A quick overview of the Future Circular Collider Study and the HE-LHC
impedance model at injection and top energy will be detailed in part 4.3.1. We will then use this model
to study the mode coupling instability in part 4.3.2.

4.3.1 Impedance model for theHE-LHC

The High-Luminosity LHC is planned to operate until 2040 [20]. To follow it, two collider design
studies have been launched at CERN: the Compact Linear Collider (CLIC), a multi-TeV linear electron-
positron collider [141] and the Future Circular Collider (FCC). In the FCC study three differentmachines
have been considered:

• The FCC-ee, a 100 km long electron-positron accelerator with collision energies ranging from
88GeV to 365GeV [28].

• The FCC-hh, a 100TeVhadron collider (50 TeVper beam)which could follow the lepton collider,
re-using the same infrastructures. High field magnets would be needed to reach the target
energy [27].

• The High Energy LHC, a 27TeV hadron collider which would re-use the LHC infrastructures
with the high field magnets of FCC-hh to reach the collision energy [153].

The hadron colliders rely on high field magnets to obtain the desired energies. These magnets could
reach a magnetic field of 16 T with NbSn3 superconductors instead of the NbTi technology used in the
LHC [26]. The machine protection requirements will become even more stringent as the beam energy
increases. These requirements will in turn pose challenges for coherent beam stability from the very
beginning of the machine design [21, 22].
The HE-LHC transverse impedance was derived from the HL-LHC impedance model [12]. The

same optics function as in HL-LHCwere used but the beam screen was replaced by the FCC-hh one,
pictured in Fig. 4.9. This new beam screen design must cope with an increased synchrotron radiation
power and the subsequent vacuum and cooling constraints [112]while keeping its impedance as low as
possible.
Three injection energies options are considered for HE-LHC. The first at 450GeVwould allow to re-

use the SPS as an injector without further modifications. The second and third options at 900GeV and
1.3 TeV would require to replace the existing SPS by a superconducting machine. These two options are
however more favorable in terms of available aperture for the beam injection [153]. For the impedance
study the 450GeV and the 1.3 TeV injection energies will be investigated.
For the collimators, theHL-LHCcollimation layoutwas used. The collimatormaterialswere assumed

to be those of the fully upgraded HL-LHCwhich was detailed in part 4.1. The collimator gaps have
been scaled with the beam energy and reference emitttance. Because of the higher energy, the transverse
beam size will be reduced compared to LHC and HL-LHC and therefore the collimator gaps will also
be smaller. The gap settings, their physical gaps and the beam parameters for stability simulations are
reported in appendix B.5 and B.6.
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Figure 4.9: Picture of a beam screen prototype for the FCC-hh, and cross-section of the current design. Two slits
are present to allow synchrotron radiation to escape from the main chamber. The pumping holes are
shielded by the central chamber walls. Pictures from [37] and [98]

Figures 4.10 and 4.11 show the horizontal and vertical dipolar impedance at injection energy and top
energy. The effect of the tighter collimator gaps in HE-LHC is clearly visible for both injection energy
options. The collimators become a major contributor to the machine impedance in both cases [6]. For
the 450GeV option, even if the beam size is unchanged compared to HL-LHC, the impedance is higher
because the collimators must be set closer to the beam to protect the magnets.
At top energy the impedance increases by a factor 10 compared to HL-LHC in the 100 kHz to

10GHz frequency range. With a single bunch intensity for HE-LHC similar to the HL-LHC one,
2.3× 1011 p.p.b., the stability margins in HE-LHC must be investigated and mitigation techniques
proposed.
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Figure 4.10: Horizontal (top plot) and vertical (bottom plot) transverse dipolar impedance as a function of
frequency for the theHE-LHC injection energy options. Themodels are compared to the 2017 LHC
and the HL-LHCmodels. Solid lines represent the real part and dashed lines the imaginary part.
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Figure 4.11: Horizontal (top plot) and vertical (bottom plot) transverse dipolar impedance as a function of
frequency for the HE-LHC top energy. The model is compared to the 2017 LHC and the HL-LHC
models. Solid lines represent the real part and dashed lines the imaginary part.
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4.3.2 Mode coupling instability in theHE-LHC

The impedance models were used to estimate the stability limits at the different energies. We will
highlight here the results for the mode coupling instability atQ′ = 0. Additional results on the Landau
damping requirements and multi-bunch stability can be found in [6, 12, 15, 153].
The horizontal instability growth rate as a function of intensity for the different considered energies

are presented in Fig. 4.12. The TMCI intensity threshold is found when the growth rate becomes
non-zero. At the injection energies of 450GeV and 1.3 TeV, the thresholds are found at 8× 1011 p.p.b.
and 6.4× 1011 p.p.b. Compared to the nominal bunch intensity of 2.3× 1011 p.p.b., the two injection
energy scenarios have therefore large stability margins.
The top energy is the most constraining case from the beam stability point of view. The TMCI

threshold is found at 2× 1011 p.p.b. in the vertical plane, a value below the nominal bunch intensity.
Using the transverse damper mitigates the mode coupling instability but as we saw in part 2.5.1, a
slow instability then appears below the threshold. Chromaticity and Landau damping from octupole
magnets can be used to stabilize the beam and mitigate these single bunch instabilities.
However the beam stabilization with Landau octupoles becomemore challenging as the beam energy

increases [140]. The effective frequency spread provided by the octupoles scales as 1/γ2. An HL-LHC
type octupole would therefore be ∼4 times less efficient with an HE-LHC beam. Novel instability
mitigation techniques are therefore being considered. For example an electron lens would create a
frequency spread from the electromagnetic interaction of the proton beam with a high brightness
low energy electron beam [132, 133, 134]. An RF quadrupole is an other option to increase Landau
damping [110, 130].While the octupole magnets create a frequency spread dependent on the transverse
actions of the beam Jx and Jy , an RF quadrupole generates a spread dependent on the longitudinal
action Jz . For higher energies the transverse actions are much smaller than the longitudinal one: for
example in HL-LHC there is a factor∼104 between the two [129].
We saw with the High-Energy LHC study that beam coupling impedance poses a challenge for beam

stability in future high energy machines. New and robust mitigation techniques will be needed to
maintain stability margins and allow for optimal machine operation.
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(a) 450GeV injection energy.
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(b) 1.3 TeV injection energy.
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(c) 13.5 TeV top energy.

Figure 4.12: Instability growth rate in the vertical plane as a function of bunch intensity. The top plot is for
the 450GeV injection option, the central plot for the 1.3 TeV injection option and the bottom plot
for the 13.5 TeV top energy. Three different transverse damper settings are represented: damper
deactivated and damping times of 100 and 50 turns. The mode coupling instability appears for the
cases without the transverse damper, at 8× 1011 p.p.b. and 6.4× 1011 p.p.b. for the two injection
energies considered. At top energy it appears at 2× 1011 p.p.b., an intensity smaller than the nominal
bunch intensity.

136



5 Conclusion

This work presented advancements on the understanding of transverse impedance induced instabilities
in the Large Hadron Collider. In particular the Transverse Mode Coupling Instability was investigated
for the current and future large colliders at CERN.
We first validated the simulation codes for the study of coherent beam instability in the LHC and

highlighted their limitations. This study was performed for two types of instabilities, the head-tail
and the mode coupling ones. The effect of the transverse damper was also included in the simulations.
Different impedance models were used, and in particular the LHC impedance model. The results
showed good agreement between the PyHEADTAIL tracking simulations and the Vlasov solver DELPHI.
Themode coupling instabilitywas then investigated for theLHCwith simulations andmeasurements.

Simulations for differentmachine configurations highlighted the predominant role of the collimators on
themachine impedance and themode coupling instability. TheTMCI intensity thresholdwas predicted
to be found at 3× 1011 protons per bunch, more than two times the single bunch intensity used during
Run II (2015-2018). Measurements of the tune shift as a function of intensity were performed at the
LHC top energy. Different collimator configurations were tested to modify the machine impedance.
From these measurements the impedance induced tune shift was found to be higher than predicted
from simulations by 20% to 60% depending on the beam and plane. Despite the larger tune shifts with
respect to predictions, the TMCI intensity threshold was still higher than the used bunch intensities.
The impedance at top energy of some single collimators were also measured at multiple occasions

during Run II. This measurement method and the subsequent data processing allowed to measure the
impedance induced tune shifts to a level of a few 10−5. The results for the different collimators are
within a factor of two from the impedance model predictions.
Measurements at top energy in the LHC pose time and machine protection constraints. A mea-

surement of the head-tail instability was therefore performed at the injection energy to scan a larger
chromaticity range. The results obtained with this method are also within a factor of two from predic-
tions.
We concluded from the combination of the different measurements that the LHCmodel underesti-

mates the machine impedance by a factor of 1.3 to 1.5. During Run II, the LHCwas operated with at
least two times more Landau octupole current than predicted from impedance and instability simu-
lations. Missing impedance sources can therefore explain a part of this factor, but other destabilizing
mechanisms need also to be investigated.
For the High-Luminosity LHC project, the impedance will be a critical aspect. The beams will be

two times more intense than the design value. To cope with this brightness increase and maintain
margins for coherent beam stability, an impedance reduction of the collimators is planned. We saw with
simulations that in the final stage of the HL-LHC upgrade the mode coupling instability threshold is
at 8.4× 1011 protons per bunch, a value four times higher than the projected single bunch intensity.
Intermediate scenarios corresponding to the staged implementation of the upgrade and to different
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5 Conclusion

collimator jaws materials were also simulated. They all showed an increase of the TMCI threshold, but
still smaller than the one obtained with the full upgrade.
The beneficial effect of the collimators impedance reduction was also demonstrated with measure-

ments in the LHC. A tune shift measurement with a set of opened collimators was performed. The
machine impedance was reduced to a level similar to the one that will be reached during Run III
(2021-2013). We saw that the tune shift versus intensity could be reduced with this configuration.
Moreover the impedance of a single collimator prototype was also measured with beam in the LHC.

This prototype was installed to confirm the choice of new low resistivity metallic materials for the
collimation upgrade. The beneficial effects of these low resistivity materials compared to the current
carbon based collimators has been shown.
Finally, impedance and mode coupling instability simulations were performed for the High-Energy

LHC, a proposed future collider. We saw that because of the machine protection constraints, the
impedance can increase by a factor up to ten over a large frequency range compared to current colliders.
This results from the tight collimator gaps required to protect the machine. In consequence coher-
ent stability margins will be much lower than in the LHC and HL-LHC. Novel beam stabilization
techniques should therefore be investigated.
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A Impedance of two collimators with
different orientations

A.1 Introduction

The LHCmakes use of many collimators to protect the cold magnets from particle losses. Because of
their tight gaps, they contribute to a sizeable portion of the beam coupling impedance at top energy.
These collimators also have different orientations, gaps and Twiss beta functions.

Because of these differences in optics and gaps, the quadrupolar impedancemight increase or decrease
the tune shifts, assuming that those can be derived from the sum of the dipolar and quadrupolar
components of the impedance.
We will derive expressions for the impedance of a combination of two flat structures, the first one

horizontal and the second one vertical. This structure approximate the case of two LHC collimators.
We will rely on simple geometric considerations and on Yokoya factors [151] for flat structures to derive
these simple expressions.

A.2 Simple derivation of the total impedance of the structure

Let S be a source particle of coordinates (xS , yS) and T a test particle with coordinates xT , yT as was
pictured in Fig. 2.1. For a flat, multilayered, axisymmetric structure, the wall impedance can be written

Zx = Zdipx xS + Zquadx xT (A.1)

Zy = Zdipy yS + Zquady yT (A.2)

We now assume that we dispose of two identical flat structures, the first with horizontal plates and
the second with vertical plates. They will be referred as 1 and 2 throughout the paper.
The second structure impedance components are then

Zdipx,2 = Zdipy,1 , (A.3)

Zquadx,2 = Zquady,1 , (A.4)

Zdipy,2 = Zdipx,1 , (A.5)

Zquady,2 = Zquadx,1 . (A.6)

(A.7)
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A Impedance of two collimators with di�erent orientations

Moreover the structure being flat, we have the following relations between dipolar and quadrupolar
impedances [103, 151]

Zdipx,1 = −Zquadx,1 , (A.8)

Zdipy,1 = 2Zquady,1 , (A.9)

Zdipx,1 = Zquady,1 , (A.10)

(A.11)

We can now sum the impedances of structures 1 and 2

Zdipx,tot =

(
βx,1
〈βx〉

)
Zdipx,1 +

(
βx,2
〈βx〉

)
Zdipx,2 , (A.12)

Zquadx,tot =

(
βx,1
〈βx〉

)
Zquadx,1 +

(
βx,2
〈βx〉

)
Zquadx,2 , (A.13)

Zdipy,tot =

(
βy,1
〈βy〉

)
Zdipy,1 +

(
βy,2
〈βy〉

)
Zdipy,2 , (A.14)

Zquady,tot =

(
βy,1
〈βy〉

)
Zquady,1 +

(
βy,2
〈βy〉

)
Zquady,2 . (A.15)

Using the previous relations, the impedances can all be expressed as a function of structure 1 dipolar
impedance component

Zdipx,tot =

(
βx,1
〈βx〉

)
Zdipx,1 +

(
βx,2
〈βx〉

)
Zdipy,1 , (A.16)

Zquadx,tot = −
(
βx,1
〈βx〉

)
Zdipx,1 +

1

2

(
βx,2
〈βx〉

)
Zdipy,1 , (A.17)

Zdipy,tot =

(
βy,1
〈βy〉

)
Zdipy,1 +

(
βy,2
〈βy〉

)
Zdipx,1 , (A.18)

Zquady,tot =
1

2

(
βy,1
〈βy〉

)
Zdipy,1−

(
βy,2
〈βy〉

)
Zdipx,1 . (A.19)

Moreover we haveZdipx,1 = Zquady,1 andZdipy,1 = 2Zquady,1 ,Zdipy,1 = 2Zdipx,1 and the previous equations
become

Zdipx,tot =
1

〈βx〉
(βx,1 + 2βx,2)Zdipx,1 , (A.20)

Zquadx,tot =
1

〈βx〉
(−βx,1 + βx,2)Zdipx,1 , (A.21)

Zdipy,tot =
1

〈βx〉
(2βy,1 + βy,2)Zdipx,1 , (A.22)

Zquady,tot =
1

〈βx〉
(βy,1 − βy,2)Zdipx,1 . (A.23)
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A.3 Impedance of the single vertical collimator

The total impedance for horizontal and vertical planes is thus

Zdip+quadx,tot =
1

〈βx〉
(3βx,2)Zdipx,1 , (A.24)

Zdip+quady,tot =
1

〈βx〉
(3βy,1)Zdipx,1 . (A.25)

(A.26)

A.3 Impedance of the single vertical collimator

A collimator is called vertical when its two jaws have a horizontal orientation because in this case, the
cleaning is made in the vertical plane. In the following examples, it will be referred as collimator 1. In the
LHC, the TCSG.D4L7.B1 is a vertical collimator so we can use its impedance as a base for our examples.
The four componentsZdipx ,Zquadx ,Zdipy andZquady are showed in Fig. A.1.
Figure A.1 shows that the horizontal dipolar and quadrupolar impedance are opposite signs whereas

the vertical quadrupolar impedance is half the dipolar impedance. In this case the horizontal tune shift,
proportional toZdipx + Zquadx would be zero.
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Figure A.1: Collimator impedance before weighting by β functions.

A.4 Case of two collimators with identical Twiss beta
functions

We now take the case of a combination of the two identical collimators described in part A.2. We will
assume that the average horizontal and vertical betatron function 〈βx〉 and 〈βy〉 are equal to 1 in all the
following examples. In this first example we put the β functions equal to 1 for both planes and in both
collimators. The quadrupolar impedance is now zero for both planes and the dipolar impedances are
three times the single vertical collimator of Sec. A.3.
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A.5 Case of two collimators with di�erent Twiss beta functions
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Figure A.2: Example of two collimators with identical β functions.

A.5 Case of two collimators with different Twiss beta
functions

We now take the case of different β functions in both collimators. Figures A.3 and A.4 show two
different cases. In the first case, the horizontal quadrupolar impedance has an opposite sign to the
dipolar impedance. In consequence the tune shift induced by the dipolar impedance will be reduced if
we take the quadrupolar impedance into account. This is can also be seen in the vertical impedance.
Changing the β functions of the second collimator can lead to a very different situation. Figure A.4

doesn’t exhibit this compensation of the dipolar impedance by the quadrupolar component. The
quadrupolar impedance would even worsen the tune shifts in the horizontal plane.
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Figure A.3: Example of two collimators with different β functions. This case mimics an association of two LHC
collimators, the TCSG.D4L7 and the TCSG.B4L7, which are respectively vertical and horizontal
collimators.
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A.6 Conclusion

A.6 Conclusion

We saw that the impedance of a pair of flat structures with different orientations can lead to tune shifts
compensation or adjonction depending on the optics functions used in each structure. For the LHC
and its numerous collimators, this means that the quadrupolar part of the impedance might partially
compensate the effects of the dipolar impedance on the tune shifts. This depends of course as well on
the collimators gaps used.
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B Beam parameters for instability
simulations

B.1 Parameters for simulations with an inductive impedance
model

Table B.1: Machine and beam parameters for DELPHI simulations with an inductive impedance model.

Parameter Value

Impedance
Impedance model Zdipx (ω) = j25 MΩ m−1

Machine
Circumference / m 26 658.8832
Transverse tunesQx,y 62.31/60.32
Momentum compaction factor αc 3.48× 10−4
RF voltage / MV 12
Harmonic number 35 640
Synchrotron tuneQs 1.909× 10−3

Beam
Number of bunches 1
4 σ bunch length / ns 1.0
Bunch intensity / p.p.b. 105
ChromaticityQ′ 0 and −10

Chromatic shift forQ′ = −10

ξ = Q′

Qx0
−10/62.31 = −0.16

η = αp − 1
γ2

3.48× 10−4 − 1/69272 = 3.48× 10−4

fξ = 1
2π ξ

ωβ
η = ω0

2π
ξQx0
η −350 MHz

B.2 Parameters for TMCI simulations with the LHC impedance
model
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Figure B.1: Physical gaps of the LHC IR7 collimators in mm for the different scenarios investigated. The nominal
LHC configuration in 2017 is displayed in blue, whereas the other colors show tighter collimators
settings. Only the primary and secondary collimators of IR7 settings were modified and are thus
showed in the figure. In the tightest setting presented here the collimator gaps are reduced by≈25%.

B.3 Comparison of collimator gaps for the TMCI measurement
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B.4 Collimator gaps and beam parameters for the HL-LHC TMCI simulations

Figure B.2: Physical gaps of the LHC IR7 collimators in mm for the configurations given in Tab. 3.2. The
collimator gaps measured in the machine are compared to the one resulting from a scaling with
nσ,coll of the gaps and which were used for instability predictions described in the previous part. The
difference between the gaps measured in the machine and the predicted ones are of the order of 1 %.

B.4 Collimator gaps and beam parameters for theHL-LHC
TMCI simulations
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B Beam parameters for instability simulations

Table B.2: Gaps in σcoll for the primary and secondary collimators in LHC and HL-LHC

Collimator family LHC1 HL-LHC 1

Primary 5 6.7
Secondary 6.5 9.1
1 The normalised emittance used to compute the collimators gaps are dif-
ferent between LHC and HL-LHC. In LHC εLHCn = 3.5 µm whereas
in HL-LHC εHL−LHCn = 2.5 µm. If the Twiss beta function is
kept constant for the considered collimator, then σLHCcoll /σHL−LHCcoll =√

εLHCn γLHC

εHL−LHCn γLHC
= 1.22. This beam size reduction leads to a larger col-

limator setting to maintain similar physical gaps.

Table B.3: LHC and HL-LHCmachine and beam parameters for TMCI simulations with DELPHI.

Parameter LHC HL-LHC

Machine
Circumference / m 26 658.8832
Transverse tunesQx,y 62.31/60.32
Momentum compaction factor αc 3.225× 10−4 3.455× 10−4
RF voltage / MV 12 16
Harmonic number 35 640
Synchrotron tuneQs 1.838× 10−3 2.04× 10−3

Beam
Number of bunches 1
4 σ bunch length / ns 1.08
Bunch intensity / 1× 1011 p.p.b. 0 to 10
ChromaticityQ′ 0 to 5

B.5 Collimator gaps and beam parameters for theHE-LHC
impedance model and stability simulations at injection
energy
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B.6 Collimator gaps and beam parameters for the HE-LHC impedance model and stability simulations
at injection energy

Table B.4: Gaps in σcoll for the primary and secondary collimators at injection energy in LHC, HL-LHC and
HE-LHC

Collimator family LHC1 HL-LHC 1 HE-LHC 450GeV1 HE-LHC 1.3 TeV1

Primary 5.7 6.7 5.7 9.7
Secondary 6.7 7.9 6.7 11.4
1 The normalised emittance used to compute the collimators gaps are different be-
tween LHC andHL-LHC/HE-LHC. In LHC εLHCn = 3.5 µmwhereas in both
HL-LHC and HL-LHC εn = 2.5 µm.

Table B.5: LHC, HL-LHC and HE-LHCmachine and beam parameters at injection energy.

Parameter LHC HL-LHC HE-LHC 450GeV HE-LHC 1.3 TeV

Machine
Circumference / m 26 658.8832
Transverse tunesQx,y 62.31/60.32
Momentum compaction

factor αc / 10−4
3.225 3.455 3.5

RF voltage / MV 6 8 10 10
Harmonic number 35 640
Synchrotron tuneQs / 10−3 1.838 2.04 6.333 3.748

Beam
Number of bunches - - 1
4 σ bunch length / ns 1.2 1.08 1.2

Bunch intensity
in 1011 p.p.b. - - 0 to 12

ChromaticityQ′ - - 0

B.6 Collimator gaps and beam parameters for theHE-LHC
impedance model and stability simulations at injection
energy
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B Beam parameters for instability simulations

Table B.6: Gaps in σcoll for the primary and secondary collimators in HL-LHC and HE-LHC

Collimator family LHC1 HL-LHC1 HE-LHC1

Primary 5 6.7 6.7
Secondary 6.5 9.1 9.1
1 The normalised emittance used to compute the collimators gaps are different between
LHC and HL-LHC/HE-LHC. In LHC εLHCn = 3.5 µm whereas in both HL-LHC
and HL-LHC εn = 2.5 µm.

Table B.7: LHC, HL-LHC and HE-LHCmachine and beam parameters at top energy.

Parameter LHC HL-LHC HE-LHC

Machine
Impedance model1 LHC 2017 HL-LHC v1.3 HE-LHC
Circumference / m 26 658.8832
Transverse tunesQx,y 62.31/60.32
Momentum compaction factor αc 3.225× 10−4 3.455× 10−4 3.5× 10−4
RF voltage / MV 12 16 16
Harmonic number 35 640
Synchrotron tuneQs 1.838× 10−3 2.04× 10−3 1.472× 10−3

Beam
Number of bunches - - 1
4 σ bunch length / ns 1.08 1.2
Bunch intensity / 1× 1011 p.p.b. - - 0 to 7
ChromaticityQ′ - - 0

1 Impedance models are available at [143].
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B.6 Collimator gaps and beam parameters for the HE-LHC impedance model and stability simulations
at injection energy
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Figure B.3: Comparison of the physical gaps of the LHC and HE-LHC collimators at top energy. Because of the
higher beam energy and therefore smaller beam size, the gaps for HE-LHC are much tighter.
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C Results of collimators measurements

C.1 Results of TCP measurements
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(a) Beam 1 horizontal (b) Beam 1 vertical

Figure C.1: Measurements results of the beam 1 TCP collimators induced tune-shifts.

(a) Beam 2 horizontal (b) Beam 2 vertical.

Figure C.2: Measurements results of the beam 2 TCP collimators induced tune-shifts.
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C.2 Results of TCSG measurements

C.2 Results of TCSGmeasurements
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(a) Beam 1 horizontal, bunch 0 (b) Beam 1 vertical, bunch 0

(c) Beam 1 horizontal, bunch 72 (d) Beam 1 vertical, bunch 72

Figure C.3: Measurements results of the beam 1 TCSG collimators induced tune-shifts.
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C.2
ResultsofTCSG
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(a) Beam 2 horizontal, bunch 7 (b) Beam 2 vertical, bunch 7

(c) Beam 2 horizontal, bunch 79 (d) Beam 2 vertical, bunch 72

Figure C.4: Measurements results of the beam 2 TCSG collimators induced tune-shifts.
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D Effect of beam distribution slicing
in PyHEADTAIL simulations

D.1 Introduction

Stability simulation presented in part 2.5.2 for the LHC impedance and wake model showed a dis-
crepancy at high bunch intensity between the codes DELPHI and PyHEADTAIL. The convergence of the
simulations was therefore checked with the two approaches.

D.2 Slicing in the PyHEADTAIL code

As explained in part 2.3.1, in PyHEADTAIL the bunch is divided in several thousand of macroparticles.
When applying the effect of wakefields, the macroparticles are grouped in longitudinal slices. All
macroparticles within a slice receive the same kick from the wakefield.
The default slicer used for stability simulations with PyHEADTAIL is the UniformBinSlicer. With this

function all slices have the same length and the number of macroparticles per slice varies according to
the bunch charge distribution. Figure D.3 shows the slicing of a bunch made of 1× 106 macroparticles
using 21 slices. The bunch has a Gaussian longitudinal distribution as can be seen in the upper plot
with the number of macroparticles per slice. The slices at the edges of the longitudinal space have a low
number of macroparticles. This is confirmed by the bottom plot of Fig. D.3: the slices with index 0 to 3
and 18 to 20 have no macroparticle.
This absence of macroparticles and the charge difference between slices can introduce numerical

noise in the simulations. Because of the Gaussian shape of the longitudinal distribution, increasing the
number of slices has little effect on the number of macroparticle in the edge slices.
The PyHEADTAIL code also includes a UniformChargeSicermodule. In this case each slice will have a

different length but they will all contain the same number of macroparticles. Figure D.2 shows the
slicing of the same bunchwith this slicer. The top plot shows that indeed all slices have the same number
of macroparticles. However slices at the center of the distribution are much shorter that those located
at the edges of the distribution to ensure the uniform density.
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D E�ect of beam distribution slicing in PyHEADTAIL simulations

Figure D.1: Particle distribution with the UniformBinSlicer in PyHEADTAIL. Top plot shows the number of
macroparticles in each slice, as well as the longitudinal limits of the slices. Bottom plot shows the
longitudinal position of each macroparticle as a function of the slice index.
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D.2 Slicing in the PyHEADTAIL code

Figure D.2: Particle distribution with the UniformChargeSlicer in PyHEADTAIL. Top plot shows the number of
macroparticles in each slice, as well as the longitudinal limits of the slices. Bottom plot shows the
longitudinal position of each macroparticle as a function of the slice index.

163



D E�ect of beam distribution slicing in PyHEADTAIL simulations

D.3 Effect of slicing on the LHC stability simulations

To try understand the discrepancy found between DELPHI and PyHEADTAIL simulations showed in
part 2.5.2, a convergence study was made first using the UniformBinSlicer in PyHEADTAIL. The number
of bins used for the longitudinal slicing was scanned from 100 to 2000 with few steps. Figure ?? shows
the results for this first scan: the most unstable mode growth rate is plotted as a function of bunch
intensity. The curves correspond to the different number of slices used.
The results of the convergence study with the UniformBinSlicer don’t show any improvement

compared to the 1000 bin case.
The UniformChargeSlicerwas then used in PyHEADTAIL. Figures D.4 to D.7 show the resulting mode

frequency shifts and most unstable mode growth-rate for 1000 to 2000 bins. The results are compared
to DELPHI simulation results.
When the number of slices is increased, the results start to converge towards DELPHI simulation results.

Using more than 1600 bins with this slicer type appears to ensure the results convergence.
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D.3 E�ect of slicing on the LHC stability simulations

Figure D.3: Most unstable mode growth-rate versus bunch intensity versus intensity for the LHC impedance
model. The UniformBinSlicer is used, changing the number of bins. No improvement to the
convergence is made even for bin numbers larger than 1000.

(a) Real part (b) Impedance

Figure D.4: Real part of the mode frequency shift (left plot) and most unstable mode growth-rate (right plot)
versus intensity for the LHC impedance model. The UniformBinSlicer is now used, with 1000 bins.

(a) Real part (b) Impedance

Figure D.5: Real part of the mode frequency shift (left plot) and most unstable mode growth-rate (right plot)
versus intensity for the LHC impedance model. The UniformBinSlicer is now used, with 1400 bins.
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(a) Real part (b) Impedance

Figure D.6: Real part of the mode frequency shift (left plot) and most unstable mode growth-rate (right plot)
versus intensity for the LHC impedance model. The UniformBinSlicer is now used, with 1600 bins.

(a) Real part (b) Impedance

Figure D.7: Real part of the mode frequency shift (left plot) and most unstable mode growth-rate (right plot)
versus intensity for the LHC impedance model. The UniformBinSlicer is now used, with 2000 bins.
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D.4 Conclusion

D.4 Conclusion

The convergence studymade with the two beam slicers available in PyHEADTAIL showed a great difference
when applied to the LHC impedance model. With the UniformBinSlicer, results diverge from DELPHI

simulations whereas the UniformChargeSlicer allowed to obtain converges results using at least 1600.
We saw that when the number of slices with the UniformBinSlicer is increased, bins sampling the edges
of the distribution can be empty. This could introduce numerical artefacts leading to the discrepancy
found in part 2.5.2. The issue could be solved by using the UniformChargeSlicer in PyHEADTAIL. With
this slicer, all bins have the same number of macroparticles. With enough slices, results were found to
be close to DELPHI predictions.
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Acronyms

ADT LHC transverse damper
CFC Carbon-fiber reinforced carbon
FCC Future Circular Collider
HE-LHC High Energy LHC
HL-LHC High Luminosity LHC
LHC Large Hadron Collider
MKQA LHC tune kicker
Mo Molybdenum
MoGr Molybdenum-graphite
PS Proton Synchrotron
SPS Super Proton Synchrotron
TCP Primary collimator
TCPPM Primary collimator, MoGr and BPM
TCSG Secondary collimator
TCSPM Secondary collimator, Mo coatedMoGr and BPM
TCTPH Tertiary collimator, horizontal, with BPM
TCTPV Tertiary collimator, vertical, with BPM
TiN Titanium-nitride
TMCI Transverse Mode Coupling Instability
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Glossary

β Particle speed in unit of c
c Speed of light
∆ωc Coherent frequency shift
E =

√
p2c2 +m2

0c
4 Particle total energy. E0 designates the synchronous particle energy

ε Beam emittance
εn = βγε Normalized beam emittance
γ = 1√

1−β2
Particle Lorentz factor

m0 Particle mass
Nb Individual bunch intensity
p0 = γm0v Synchronous particle momentum
q = +e Particle charge, taken as one elementary charge
ρ Beam bending radius
s Particle curvilinear position
θ Particle azimuthal angle along the ring
v Particle velocity
Wx,y Transverse wake field
Zx,y Transverse impedance
x, y, z Position offsets from the synchronous particle
σz RMS bunch length, in m
τb = 4σz

βc Full bunch length, in s
δskin Skin depth
µ0, ε0 Vacuum permeability and permittivity
ρc Material resistivity
Z0 Free space impedance
αx,y, βx,y, γx,y Horizontal/Vertical Twiss parameters
αp Momentum compaction factor
(Bρ) Beammagnetic rigidity
Dx,y Horizontal/Vertical dispersion function
η = αp − 1

γ2
Beam slippage factor

γt =
√

1/αp Transition energy gamma
µx,y Horizontal/Vertical phase advance
ω0 Beam angular revolution frequency
ωβx,y = Qx,yω0 Angular betatron frequency
ωξx,y = Q′x,yω0 Horizontal/Vertical angular chromaticity
Q′x,y = ξx,yQx0,y0 Horizontal/Vertical beam chromaticity

171



Glossary

Qx0,y0 Unperturbed Horizontal/Vertical transverse tunes
ξx,y Horizontal/Vertical beam chromaticity
h RF cavity harmonic number
ωs Beam synchrotron angular frequency
φRF = hωt RF cavity phase
Qs = ωs

ω0
Beam synchrotron tune

Ts = 1
Qs

Synchrotron period
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