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RÉSUMÉ

Titre : Contribution à l’étude de la conversion d’énergie magnétostrictive : du matériau
au dispositif.

Résumé : Dans cette ère du tout électrique, la demande en technologie électrique
est en nette augmentation dans plusieurs secteurs (automobile, ferroviaire et aé-
ronautique). Malheureusement, le bruit et les vibrations d’origine magnétiques
provenant de ces technologies restent une problématique préoccupante dans ces
moyens de transports, perturbant ainsi le confort des passagers. Sachant que le
fonctionnement de ces dispositifs électriques comme les moteurs, les générateurs,
les transformateurs. . . repose en grande partie sur les matériaux ferromagnétiques,
les principales sources d’émission acoustiques sont la magnétostriction et les
forces magnétostatiques. Les travaux de thèse discutés dans ce manuscrit visent
à améliorer les connaissances actuelles sur les propriétés magnétiques et magné-
tostrictives des matériaux ferromagnétiques (NO Fe-3%Si) dans une perspective
de compréhension et de maitrise de leur comportement sous différentes sollici-
tations (contrainte mécanique, effet des fréquences d’excitation. . . ). L’étude pré-
sentée offre une approche complète d’investigation partant du matériau jusqu’au
dispositif électrique. Un premier volet expérimental présente les caractérisations
magnétiques et magnéto-élastiques effectuées sur des tôles magnétiques et sur une
structure stratifiée. S’ajoute à cela, une étude sur la résonance mécanique induite
par la magnétostriction dans une structure stratifiée ressemblant à un transfor-
mateur. Un deuxième volet traite de la modélisation du comportement magnéto-
élastique de la magnétostriction et de son intégration dans un outil basé sur la
méthode des éléments finis pour permettre de prédire la magnétostriction sur une
structure plus complexe qu’une simple tôle. Enfin, une étude impliquant l’inter-
action de la magnétostriction avec les forces de magnétiques est décrite avec une
comparaison des résultats de simulation avec une méthode analytique et avec des
mesures expérimentales.

Mots clés : Magnétostriction, forces de Maxwell, matériaux ferromagnétiques, cou-
plage magnéto-élastique, vibromètre laser, caractérisation, structure stratifié, si-
mulation éléments finis, modélisation, analyse modale expérimentale.
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ABSTRACT

Title : Contribution to the study of magnetostrictive energy conversion : from material
to device

Abstract : In this era of all-electric, the demand for electrical technology is clearly
increasing in several sectors (automotive, rail and aeronautics). Unfortunately,
magnetic noise and vibrations originating from these technologies remain a wor-
rying issue in these means of transport, thus disrupting passenger comfort. Kno-
wing that the operation of these electrical devices such as motors, generators and
transformers...relies largely on ferromagnetic materials, the main noise sources
are magnetostriction and magnetic forces. The thesis works discussed in this ma-
nuscript aim to improve the current knowledge on the magnetic and magnetos-
trictive properties of ferromagnetic materials (NO Fe-3% Si) in a perspective of
understanding and control of their behavior under different solicitations (mecha-
nical stress, frequencies ...). The presented study offers a complete investigation
approach from the material to the electrical device. A first experimental part pre-
sents the magnetic and magneto-elastic characterizations carried out on magnetic
sheets and on a laminated structure. A study on the magnetic resonance induced
by the magnetostriction including on an experimental modal analysis is presented
as well. A second part deals with the modeling of the magneto-elastic behavior of
magnetostriction and its integration into a finite element tool to predict the impact
of the magnetostriction on a more complex structure than simple electrical sheet.
Finally, a study of a possible interaction of magnetostriction with magnetic forces
is described with a comparison of simulation results with an analytical method
and experimental measurements.

Keywords : Magnetostriction, Maxwell forces, ferromagnetic materials, magneto-elastic
coupling, laser vibrometer, characterization, laminated structure, finite element si-
mulation, modeling, experimental modal analysis, homogenization methods.
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INTRODUCTION

Context and technological issues

For several years, electricity consumption has been growing steadily. This situation is
due to new uses of electricity (electro-mobility, building techniques and appliances),
which replace or complement those of other energy sources such as oil and natural gas
in the field of heating and mobility. Electricity will therefore become more important
in the future for energy supply and thus also for the economy and society. Having elec-
tricity available at all times has become a matter of course, but it is easy to forget that
this complex task cannot be carried out without the electricity transmission network.
Indeed, electricity grids play a key role in this supply. Among the electrical systems
involved in electrical transport there are electrical transformers. Transformers are es-
sential components in the transmission, distribution and conversion of electrical energy.
Today, in the age of the all-electric era, they are increasingly used in electric means of
transport such as trains and airplanes (figure 0.0.1).

Figure 0.0.1: Transformer in train locomotive (VonRoll website).

Unfortunately, these electromagnetic devices can generate, through their operation,
very annoying acoustic noise, which causes noise pollution that can disturb passengers
in all circumstances. The main sources of noise in such system are traditionally classi-
fied into two types:

• Mechanical sources
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• Electromagnetic sources

However, the noise from electromagnetic sources is the most typical noise component
of transformers and electrical machines. Besides the contribution of Laplace forces
in conductors (in the coils), electromagnetic noise in these electrical devices is caused
mainly by magnetostriction (in the ferromagnetic core) and Maxwell forces (near the
air gap). As a consequence, noise and vibration are inherent characteristics of electrical
devices and can not be completely eliminated. This work focuses on vibration from the
transformer core considered as the dominant sources of noise in transformer.

The transformer core is made of stacked electrical steels which are fabricated from
ferromagnetic material. Consequently, when they are magnetized, a deformation takes
place creating undesirable vibration of the core called magnetostriction. In fact, fer-
romagnetic materials constitute the main elements in magnetic circuits, therefore, they
must satisfy several requirements, with priorities that depend on the specific applica-
tion, such as high magnetic permeability, low hysteresis losses and so on. The demand
for smaller, lighter, more powerful and more efficient electrical machines is the driving
force for the development of efficient electrical steel sheets. The most common alloys
are iron, cobalt (aerospace industry), Nickel and some rare earths. However, because
of their good quality-price ratio, iron alloys are by far the most used. In the context of
this thesis, we will be interested in the study of 3%Si-Fe non-oriented grain materials.
Non-oriented electrical steel sheets are incorporated into a wide range of equipment,
from the simplest domestic appliances to hybrid and pure electric train. However, their
magnetic and magnetostrictive properties can be harmfully influenced by mechanical
stress whose sources can be various and varied (manufacturing process, cutting, assem-
bly ...). In the work of this thesis, we seek to understand this magneto-elastic coupling
and identify its effect on the magnetic and magnetostrictive behavior of the material.

In addition to the magnetostriction, following the assembly of magnetic circuit, small
air gaps are involuntarily created, which gives rise to the creation of magnetic forces of
Maxwell type. These forces are attractive and can be present in the plane of the sheets
(assembly UI, EI ..) or out of plane (overlaps of sheets at corners). As a result, the noise
generated by Maxwell forces is added to that of magnetostriction. Knowing that the
two phenomena are quadratic functions of the magnetization, the determination of the
main source of vibration is often difficult as they are always present and not separable in
a magnetic circuit. The study presented here initially concerns magnetostriction alone
and then its interaction with Maxwell forces later on. Then, we will see that the magne-
tostriction can interact with the dynamic behavior of a laminated structure (transformer
type) and can be at the origin of a mechanical resonance.
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Scientific challenges and objectives

Scientific challenges and objectives

The study presented here concerns the magneto-elastic coupling which reflects the stress
effect on the magnetostrictive deformation and the magnetic properties of ferromagnetic
materials. This coupling is very difficult to model and especially to observe and explain
the mechanism that governs it. Another difficulty lies in the state of stress applied, a
material subjected to a multi-axial stress (as in rotating machine) differs from that of a
material subjected to uniaxial loading. Since the focus in this work is on transformer
application, the stress state applied will be mainly uniaxial.

In addition to the stress effect, there is the anisotropy effect introduced by the manu-
facturing process of the materials. Whether it is a magnetic or magnetostrictive anisotropy,
the description of this effect requires huge experimental means (e.g. many samples cut
in different directions) which introduces a technical complexity in the modeling. To the
difficulty of modeling the two phenomena in a distinct way is added that of modeling
both phenomena together. That is to say, the response of the materials in different di-
rections of magnetization (anisotropy effect) and under uniaxial loading (stress effect).
The coupling of anisotropy and the stress effect has been less studied and constitute one
of the main topic of this thesis.

For this investigation not to be limited to the study of the material alone, it seemed
necessary to extend it to a device that is closer to an industrial application (transformer).
This strategic choice involves an additional difficulty that lies in considering other phe-
nomena in addition to the previously mentioned effects, of which the main ones are:
the cutting effect, the assembly, the dynamic behavior, the magnetic forces. We took
care for decreasing as much as possible the cutting effect by adopting a cutting of ferro-
magnetic sheets by water jet to generate the least residual stresses and a clean cut. For
the others, each effect has been studied in a targeted and precise way. Besides, a finite
element tools is developed to validate on a the ferromagnetic structure, in addition to
magnetostriction, some of these effects such as anisotropy and magnetic forces.

The main objective of this thesis is to gain a better understanding of the electromag-
netic phenomena that cause vibration and noise, mainly due to magnetostriction and
then to Maxwell forces. This step is essential to then allow the creation of model and
software tools to lead to efficient methods of vibration and noise reduction on sets of
electromagnetic components (transformers or others ...).

Scope of the thesis work

The thesis focuses on the contribution to the development of a model for predicting
magnetostrictive deformation, considered as one of the causes of electromagnetic noise
from electromechanical devices. These noises can also come from the Maxwell forces
present in the gap (transformer and electric motor). This work takes into account the
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interaction between the two phenomena in terms of vibrations generated on a laminated
structure approaching more a transformer core and seeks to establish solutions that can
be applied as early as the assembly stage. The present dissertation is divided into four
chapters:

In a first chapter, a state of the art relating to magnetic materials is presented as well as
the theory that governs the magnetization and magnetostriction processes within these
materials. Then, the influence of mechanical stress on these processes is described at
microscopic and macroscopic scales. Also, the different sources of mechanical stresses
are discussed. Finally, the different modeling approaches used to predict magnetostric-
tion are exposed.

In the second chapter, the magneto-elastic behavior of the plates in 3%Si-Fe electri-
cal steel is characterized. Measurements under mechanical stress are made on different
samples cut in several directions relative to the rolling direction (0°, 10°, ..., 90°) to take
into account the effect of magnetic and magnetostrictive anisotropy. Then, the results of
these measurements are analyzed and the variations of the magnetic and magnetostric-
tive properties of the material are discussed. Moreover, the studied model is presented
and the consideration of the mechanical stresses effect in addition to the anisotropy is
detailed. The different assumptions and parameter identification operations are illus-
trated. Finally, the modeling results are compared to the measurements and allow us to
conclude on the robustness of the model.

In the third chapter, a laminated structure without gaps is designed from the same
material previously characterized. Magnetic and magnetostrictive measurements under
mechanical stresses and under two types of excitations (voltage or imposed current)
are carried out. Then, two methods of measuring the magnetostriction deformation are
confronted. The limits of each method are discussed. Moreover, a second structure inte-
grating this time air gaps is set up to study the interaction between the magnetostrictive
deformation and the Maxwell forces. The model already integrated in the finite element
tool is developed to take into account also the influence of the Maxwell forces generated
in the air gap in addition to the magnetostrictive deformation. The simulation results are
initially compared with results from an analytical approach and then with measurements
made on the structure.

In the fourth chapter, a study of magnetostriction-induced mechanical resonance in a
laminated structure is presented. A model of the studied structure is developed including
the contact effect between the sheets. Finite element calculations lead to frequencies
and eigen modes. An experimental modal analysis is performed and the measurement
results are compared to the simulation results. To further approach the behavior of the
structure (in frequencies and modes), a numerical model based on the homogenization
principle is developed. Finally, mechanical resonance due to magnetostriction is studied
and the results are described.
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“What one man calls God,
another calls the laws of
physics.”

(Nicolas Tesla)





CHAPTER 1

MAGNETOSTRICTION AND
MAGNETO-ELASTIC COUPLING

1.1 Introduction

This introductory chapter will focus on literature review related to magnetic materials.
For enabling the readers who might not be familiar with the theory behind, all basic
notions are detailed as well as magnetization and magnetostriction process. Then, an
emphasis is put on the influence of mechanical stress on magnetization and magne-
tostriction behavior of magnetic materials, from microscopic and macroscopic points of
view. Next, the main sources of stress are presented and an overview of measurement
techniques is described. Finally, different modeling approaches found in literature are
detailed.

1.2 Basic notions on ferromagnetic materials

For a good understanding of the specific characters of ferromagnetic materials, we
present in this part in the simplest possible way the basic principles that govern their
behavior.

Atomic moments in ferromagnetic materials such as Iron (Fe), Nickel (Ni) and Cobalt
(Co) present very strong inter-atomic interactions (figure 1.2.1a). These quantum ex-
change interactions give birth to parallel or anti-parallel alignment of atomic magnetic
moments which leads to spontaneous magnetization even in absence of external mag-
netic field [113]. The parallel alignment of magnetic moments in one direction is sub-
divided into small regions (microscopic) within a material, known as «domains» (Pierre
Weiss 1907 [119]) in order to minimize the magneto-static stray field energy of the sys-
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tem (figure 1.2.1b). Adjacent domains are separated by domain boundaries or walls
called Bloch walls (in-plane rotation of walls) or Neel walls (out of plane rotation
of walls) in which the direction of the magnetic moment gradually and continuously
changes from one domain to adjacent domains (figure 1.2.1c).

(a) Atomic dipoles

Domains Domain wall 

(b) Magnetic domains

      Wall 
 

(c) Domain wall

Figure 1.2.1: Description of atomic dipoles, domains and domain walls in ferromag-
netic materials.

The state of magnetic equilibrium of the ferromagnetic material can be explained by
the competition of different energy terms (microscopic scale):

Etotal = Eexch +Eani +Ed +Eσ +Ez (1.2.1)

• Eexch means Exchange energy

• Eani means Magneto-crystalline anisotropy energy

• Ed means Demagnetizing field energy
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• Ez means Zeeman energy

• Eσ means Magneto-elastic energy

All the energy terms presented thereafter are energy densities (energy per volume unit).
This total energy depends on the magnetization state of the material, and always tends

towards an equilibrium state with a minimum energy value. A brief description of the
main energy terms will be explained here but for more detailed description, you can see
[65] and [120]. Every magnetic domain is characterized by its magnetization vector that
can be written as follows:

−→
M = Ms

−→
α = Ms

t [α1,α2,α3] = Ms

 sin(θ)cos(φ)
sin(θ)sin(φ)

cos(θ)

 (1.2.2)

with:

−−→
||M||= Ms (1.2.3)

−→
α is a unity vector whose direction is defined by its direction cosines α1,α2 and α3

(α2
1 +α2

2 +α2
3 = 1), figure 1.2.2.

𝟎𝟏𝟎 

𝟏𝟎𝟎 

𝟎𝟎𝟏 

𝜽 

𝝓 𝜶𝟏 

𝜶𝟑 

𝜶𝟐 

𝑴 

Figure 1.2.2: Magnetization vector in the cubic crystal reference frame.

Exchange energy

The exchange energy quantifies the exchange interactions between neighboring atomic
spins which align moments:

Eexch = A.(grad−→α )2 (1.2.4)

9



Magnetostriction and magneto-elastic coupling

Where A is the exchange constant, depending on the material. This energy is equal to
zero when spatial variations of magnetization direction are null. Hence, this energy is
generally supposed to be negligible in a magnetic domain, but plays a role in the domain
wall energy, which mainly results from exchange and anisotropy energies.

Anisotropy energy

Figure 1.2.3 shows that the work (W =
´ −→

Md
−→
H ) required to saturate the magnetization

depends on the crystallographic direction. It is therefore possible to identify «easy direc-
tions». This extra energy obeys to material symmetries. Hence, for a cubic structures, a
two parameters equation is generally used:

Eani = K1(α
2
1 α

2
2 +α

2
2 α

2
3 +α

2
3 α

2
1 )+K2(α

2
1 α

2
2 α

2
3 ) (1.2.5)

Where αi (i = 1,2,3) corresponds to the local magnetization direction with respect
to the crystallographic direction of the material (α1 = cos(~M,< 100 >),α2 = cos(~M,<
010 >),α3 = cos(~M,< 001 >)) . The anisotropy coefficients K1 and K2 are energy
densities by volume (For Iron (Fe) K1 = 4,8.104J/m3 and K2 = 5.103J/m3). They
decrease very quickly with temperature and can vary according to the metallurgical
preparation and in case of application of large stresses on the material.
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Figure 1.2.3: Magneto-crystalline anisotropy: Cubic crystal lattice of iron showing the
easy magnetization directions (< 100 >), the medium (< 101 >) and the
hard magnetization directions (< 111 >) [61].
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Demagnetizing field energy

By contrast to the exchange energy (interaction of narrowed atoms), the demagnetiz-
ing field energy corresponds to the interaction between magnetic moments of distant
atoms. These interactions tend to cancel the overall polarization of the material. In
other words, avoid the alignment of magnetic moments in the same direction, hence the
name of demagnetizing energy [47]. Therefore, a demagnetizing field

−→
Hd linked with

the magnetization
−→
M is defined (equation (1.2.6)). This field created by and opposite

to magnetization (
−→
Hd = −α

−→
M , −→α is the direction vector), tends to demagnetize the

material. −→
∇ .
−→
Hd =−

−→
∇ .
−→
M (1.2.6)

If we consider the
−→
H as the magnetic field modified by the material presence, the

work of magnetization
−→
M can be written as follow:

W =

ˆ
µ0
−→
H d
−→
M =

ˆ
µ0
−→
H0d
−→
M +

ˆ
µ0
−→
Hdd
−→
M (1.2.7)

where
−→
H0 is the external magnetic field and

−→
Hd is the magnetic field due to the material

magnetization (
−→
Hd =−α

−→
M ). Thus equation (1.2.7) becomes:

W =
´

µ0
−→
H0d
−→
M −
´

µ0α
−→
Md
−→
M

=
´

µ0
−→
H0d
−→
M − µ0

2 αM2

=
´

µ0
−→
H0d
−→
M + µ0

2
−→
Hd
−→
M

(1.2.8)

Consequently, the demagnetizing field energy is defined as:

Ed =−
ˆ

µ0
−→
Hdd
−→
M =−1

2
µ0
−→
Hd.
−→
M (1.2.9)

Zeeman energy

This potential energy reflects the interaction between the external magnetic field (
−→
H )

and the magnetization of the material, different from the demagnetizing field energy.

Ez =−µ0.
−→
H .
−→
M (1.2.10)

Magneto-elastic energy

As its name indicates, this energy comes from the interaction between the elastic and
magnetic properties of the material. In fact, it is known that the deformation of the
magnetic material, whatever its origin (magnetic forces or following the application of
mechanical stress) induces a variation of its anisotropy coefficients [112] and hence, a
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variation of the magnetization state of the material. In other words, there is a magneto-
crystalline anisotropy energy induced by crystal. Such energy can be described as fol-
lows:

Eσ =−
=
σ :

=

ε
µ (1.2.11)

Where
=
εµ is the magnetostrictive strain tensor and

=
σ the applied stress tensor. In

the case of a material with cubic symmetry, three parameters are sufficient to describe
the magnetostriction deformation. Moreover, assuming the hypothesis of isochoric de-
formation [47], the number of these parameters is reduced to two (λ 100 and λ 111).
Thus, the magnetostriction deformation is written in the crystallographic reference (CR:
[100],[010],[001]):

=

ε
µ =

3
2

 λ100(α
2
1 −

1
3) λ111α1α2 λ111α1α3

λ111α1α2 λ100(α
2
2 −

1
3) λ111α2α3

λ111α1α3 λ111α2α3 λ100(α
2
3 −

1
3)


CR

(1.2.12)

where λ 100 and λ111 denote both magnetostrictive constants, λ 100 (or λ 111) being
equal to the deformation of magnetostriction measured in the direction < 100 > (or
< 111 >) of a single crystal when it is magnetized at saturation in that direction.

All energy terms constituting the total energy Etotal (equation (1.2.1)) have been dis-
cussed. The equilibrium state of the material is the result of this total energy. There is
an interaction between all the different contributing energy terms and they are balanced
with each other to ensure a minimal total energy. Any change such as a variation in the
applied external magnetic field, an applied external stress or a temperature, disrupts the
equilibrium and causes a change in these factors. Thus, once again all energy terms are
competing to achieve a new balance and keep the total energy minimum.

Magnetic domains formation

Domains distribute themselves to minimize the magneto-static energy (equation (1.2.9)
and equation (1.2.10)) due to the leakage field during the demagnetization process as
shown in figure 1.2.4. At the demagnetized state, domains re-arrange themselves with
narrower domains and flux-closure domains arise to provide return paths for the spon-
taneous magnetization of the main domains.

Imagine for example the simple model shown in figure 1.2.4, the configuration (a)
minimizes exchange energy but magneto-static energy is important due to distance be-
tween the north and south poles. Hence, there is a single domain material and large
stray fields are introduced in the surrounding air. The formation of domain walls sep-
arating two anti-parallel bar domains are shown in figure 1.2.4 (b)-(c), they are called
180° domain walls [18]. They correspond to the boundaries where the magnetic mo-
ments change their direction and alignment, leading to an increase of exchange energy,
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however, the magneto-static energy is greatly decreased. Finally, additional domains
named closure domains appear (classified as 90°domain wall) and cancel the magneto-
static energy by removing the poles (figure 1.2.4 (d)-(e)). The appearance of the closure
domains takes place early in the domain formation process and disappears late in the
saturation process.

Weiss domains arise spontaneously from the competition between the exchange en-
ergy and the magneto-static energy, which oppose to the appearance of positive and
negative poles. The pattern in figure 1.2.4 (e) favors reaching the minimum energy state
explained in the previous paragraph.

Domain wall (180°) 90° domain wall Closure domains 

(a) (b) (c) (d) (e) 

Figure 1.2.4: Magnetic domains formation at the demagnetized state with the aim of
the minimum energy level.

1.3 Magnetization process

In the absence of external field H= 0 (figure 1.3.1, configuration a), the domains are
oriented in such a way that the macroscopic magnetization of the material is equal to
zero (minimum energy principle). This magnetization is aligned spontaneously in the
direction of easy magnetization (figure 1.2.3). When a magnetic field is applied, the
magnetic equilibrium is modified by movement of the magnetic walls (figure 1.2.1c) and
two distinct mechanisms of magnetization appear: first, by size change of the domains,
and then by rotation of the magnetization inside domains. At lower field, the domains
lying more or less in the direction of the applied field start to grow at the expense of
other domains until most favorably oriented domains remains when the external field is
high enough (figure 1.3.1, configuration b). Further increase in the magnetic field causes
domains to rotate and align parallel to the applied field (figure 1.3.1, configuration c and
d). At this stage the material is saturated as shown in figure 1.3.1, configuration d. It is
worth noticing that during the growth of magnetic domain there has been no change in
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the magnitude of the local magnetization, only the domain walls move and the external
field provides the force required for this movement.

Reversible domain mouvement 

Irreversible domain mouvement 

Domain rotation 

Saturation state 

H (A/m) 

M (A/m) 

(a) 

(b) 

(c) 

(d) 

(a) (b) (c) (d) 

𝐻 

Figure 1.3.1: Magnetization process (first magnetization curve) and corresponding do-
main configurations (microscopic mechanism).

It is possible to link the microscopic mechanisms of wall movement and rotation
with the magnetization process seen on a macroscopic scale. This is illustrated in fig-
ure 1.3.1. Point c on the figure corresponds to the "bend" of the magnetization curve
which announces the beginning of magnetization rotation in the domains. In this zone,
two magnetization mechanisms are superimposed: wall movement and magnetization
rotation. From practical point of view, it is an interesting area because we obtain a strong
magnetization without having to push the magnetic field to higher magnitude. That is
why, the operating point of the electric machines (transformer and rotating machines) is
often found in this bend where the two magnetization mechanisms are superimposed.

Magnetic Hysteresis

The hysteresis loop express a non linear and irreversible relationship between the mag-
netization M and the applied magnetic field H. This irreversibility is essentially linked
with:

• For low frequency: the pinning of the magnetic domain walls to the material de-
fects. The unpinning induces high speed motion of the domain wall, and generates
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micro Eddy currents.

• For high frequency: macroscopic Eddy currents induced by magnetic field varia-
tions, which lead to an additional dissipation.

A typical hysteresis loop for a ferromagnetic material is shown in figure 1.3.2. The
shape of this loop depends also on the shape of the excitation wave of magnetic field.

H 

M 

𝑀𝑠 

−𝑀𝑠 

𝑀𝑟 

−𝑀𝑟 

−𝐻𝑐 𝐻𝑐 

o 

First magnetization curve 

Figure 1.3.2: Typical hysteresis loop of a ferromagnetic material.

Point o (origin) presents the demagnetized state of the material, with increasing ap-
plied field H in positive direction, the favorable domains of the material start to increase
in the direction of H as shown in figure 1.3.2 from o to Ms. With increasing external
field, the magnetization M in the material reaches a saturated state denoted Ms, by align-
ing all domains in the direction of H. Further increase in the external field produce no
significant change in the magnetization M. The first curve from the demagnetized state
(point o) to the saturation point Ms is called «first magnetization curve» of the M(H)
hysteresis. After saturation, when the external field H is reduced to zero the magneti-
zation M does not reduce to zero but it retains in a remanent state which is known as
remanence (Mr). To demagnetize the material, that means to reduce Mr to zero, the ex-
ternal field H has to be applied in the negative direction. This negative value of H where
the magnetization M becomes zero is described by Hc and is called coercive field or
coercivity. A further increase of H in the negative direction can saturate the material but
in the opposite direction (-Ms). If now the negative H field reduces to zero, the material
achieves again a remanent magnetization (-Mr). The hysteresis loop traced out from Ms
to −Ms is called the major hysteresis loop. If the field H is not sufficient to saturate the
sample, the formed loop is called minor loop.
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Barkhausen noise

As mentioned above, the magnetization process in a ferromagnetic material is governed
by the movement of the Weiss domains which are separated by Bloch walls. Subjected
to a variable magnetic field H, the magnetic structure of this material changes, accom-
panied by Bloch wall movements. These movements are at the origin of the creation of
a "magnetic noise" called Barkhausen noise (figure 1.3.3). When the Bloch walls meet
a micro-structural defect, they tend to be retained, we speak then of anchoring (fig-
ure 1.3.3, configuration 2). When released, the wall generates an electromagnetic wave
(Barkhausen noise) and discontinuities in the hysteresis cycle appear (stair shape in fig-
ure 1.3.3). These discontinuities can be observed as electrical voltage pulses across
an induction circuit surrounding the ferromagnetic sample. Depending on the micro-
structure and the state of stress in the material, wall movements are more or less facili-
tated or slowed down, and generate very different noises.

H 

M H 

H 

H 

1 

2 

3 

Barkhaussen noise 

Figure 1.3.3: Generation of Barkhausen noise due to Bloch wall movement.

1.4 Magnetostriction process

In 1942, the physicist Joule discovered that an iron rod subjected to a longitudinal mag-
netic field extended along this field, at the same time it contracted transversely, as under
the effect of a mechanical traction. He called this phenomenon magnetostriction [57]. In
general sense of term, magnetostriction can be presented as the set of relations linking
the mechanical state of a material to its magnetic state. Looking at microscopic scale,
besides saturation magnetostriction λ s we distinguish two principal phenomena:

• Spontaneous magnetostriction λ 0

• Joule magnetostriction
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Spontaneous magnetostriction λ 0

When the temperature decreases below the Curie point, the material becomes ferromag-
netic and magnetic domains are formed. At the same time, a spontaneous strain appears
corresponding to spontaneous magnetostriction λ 0. In the para-magnetic phase, above
the Curie temperature, the material is composed of a disordered spherical regions of
isotropic solid, figure 1.4.1 (configuration (a)). When the material becomes ferromag-
netic and ordered, this sphere becomes ellipsoids (figure 1.4.1, configuration (b)). This
transition is accompanied with a spontaneous strain of the domain s. According to au-
thor in [17] the change in length with respect to the magnetization direction with an
angle θ can be written as follow:

s(θ) = scos2(θ) (1.4.1)

The sum of the spontaneous magnetostriction of each domains in the material corre-
sponds to the total spontaneous magnetostriction λ 0 :

λ 0 =
´

π/2
0 scos2(θ)sin(θ)dθ

λ 0 = s
´ 1

0 x2dx (x = cos(θ))
λ 0 =

s
3

(1.4.2)

𝒔

𝟑
 

s 

(a) 

(b) 

(c) 

Figure 1.4.1: Sphere used to model ferromagnetic material: (a) A disorder behavior in
para-magnetic regime (above Curie temperature). (b) Ordered behavior
in ferromagnetic regime (below Curie temperature). (c) ferromagnetic
regime with completely aligned domains with respect to the magnetic
field.

Saturation magnetostriction λ s

When a magnetic field is applied, an increase in the length of the material is observed
due to the rotation of domains in the field direction producing the total strain s (fig-
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ure 1.4.1, configuration (c)). A further increase in the magnetic field leads to magneti-
zation saturation state and consequently the magnetostriction saturation λ s is reached.
The latter can be compared to strain in demagnetized state from the relation:

λs = s−λ0 =
2
3

s (1.4.3)

At saturation all domains are completely aligned with the direction of the magnetic
field (figure 1.4.1, configuration (c)). The combination of equation (1.4.2) and (1.4.3)
gives us the saturation magnetostriction for an isotropic material (with no preferred
orientation of the crystal axis) with respect to the applied field with an angle θ :

λ s(θ) =
3
2

λs(cos2(θ)− 1
3
) (1.4.4)

Magnetostriction of single crystal

Magnetostriction strain of a single crystal can be obtain by:

λ =−→n .
=

ε
µ .−→n (1.4.5)

where −→n is a vector corresponding to the field direction along which the saturation

magnetostriction is measured and
=
εµ is the magnetostriction strain tensor:

=

ε
µ =

3
2

 λ100(α
2
1 −

1
3) λ111α1α2 λ111α1α3

λ111α1α2 λ100(α
2
2 −

1
3) λ111α2α3

λ111α1α3 λ111α2α3 λ100(α
2
3 −

1
3)


CR

−→n =

 β1
β2
β3

 (1.4.6)

When dealing with single crystal structure, the equation (1.4.4) defining the saturation
magnetostriction must be generalized to take into account the crystal axis along which
the magnetization lies. According to equation (1.4.5), it can be expressed as follow:

λs =
3
2

λ100(α
2
1 β

2
1 +α

2
2 β

2
2 +α

2
3 β

2
3 −

1
3
)+3λ111(α1α2β1β2+α2α3β2β3+α3α1β3β1)

(1.4.7)

where λ 100 corresponds to saturation magnetostriction along the <100> direction and
λ 111 corresponds to saturation magnetostriction along the <111> direction. αi and βi re-
spectively denotes the direction cosines relative to the domain magnetization orientation
and the field direction along which the saturation magnetostriction is measured.

A positive value of λ100 and λ 111 corresponds to an elongation and negative value to
a contraction. Gersdorf’s measurements on pure iron (Fe) gives an order of magnitude
of magnetostriction constants [121]:
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λ100 = 2.410−5,λ111 =−2.310−5

Joule Magnetostriction (poly-crystal)

The joule effect is the most important magnetostrictive phenomenon. It corresponds to a
∆l elongation of a ferromagnetic material of length l subjected to a magnetic field. This
magnetostrictive strain depends strongly on the crystal structure of the material. Figure
1.4.2 shows the magnetostrictive strain of some ferromagnetic materials.

Figure 1.4.2: Longitudinal joule effect or longitudinal magnetostriction of some ferro-
magnetic materials versus magnetization [34].

We have seen in section 1.3, figure 1.3.2, that after the application of a magnetic
field, a magnetization is created in the material following a first magnetization curve
(dotted line) and then, it describes an hysteresis cycle. The longitudinal joule effect also
presents an hysteresis while keeping the same sign whatever the direction of the field.
The variations of ∆l

l with the applied field are shown in figure 1.4.3, curve (b). These
variations take a different shape if they are plotted as a function of the magnetization M
(figure 1.4.3, curve (c)). ∆l

l varies practically like the square of the magnetization M:

λ =
∆l
l
=

∞

∑
i=1

αiM2i (1.4.8)

where α i (i = 1,2,3) is the local magnetization with respect to the crystallographic
direction of the material. If the magnetization M�Ms, equation (1.4.8) becomes:

λ =
∆l
l
= α1M2 ∝M2 (1.4.9)
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if the magnetization frequency is fM, magnetostriction will occur at double this fre-
quency fλ =2× fM. Thus, magnetostriction strain will contain only even harmonics of
magnetization frequency.

Figure 1.4.3: Magnetic hysteresis: (a) hysteresis loop, (b) magnetostriction as a func-
tion of the magnetic field H and (c) magnetostriction as a function of the
magnetization M [45].

Besides the influence of magnetic field, the sign and the amplitude of magnetostric-
tion strain are significantly affected by several factors, whose the most relevant are:
fabrication process, material structure, harmonics, excitation mode (current/voltage),
frequency and stress. The latter is one of the main factors affecting the magnetic and
magnetostrictive properties of ferromagnetic materials.

1.5 Influence of stress

The first observations on the influence of stress on ferromagnetic materials behavior
were carried out by Villari in 1865 when he applied stresses to ferromagnetic samples.
The châtelier’s principal (equation (1.5.1)) states that the change in magnetization can
be linked to the stress dependence on magnetostriction, saturation magnetization and
the crystallographic anisotropy [14].(

∂λ

∂H

)
σ

=

(
∂B
∂σ

)
H

(1.5.1)
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1.5.1 Effect of stress on magnetization

The application of stress causes elastic deformation which induces magneto-elastic
anisotropy in the material. This stress affects the behavior of magnetization and con-
sequently the magnetic properties especially at low and medium fields. Dependence of
magnetic behavior on applied stress has been extensively studied in the past ([20, 13,
58, 83]). They proved that there is a strong link between stress, magnetization and mag-
netostriction. When a uniaxial stress σ is applied, these three quantities are involved in
the expression of magneto-elastic energy that can be written in the case of cubic crystal
lattice as follow:

Eσ =−
=
σ :

=
εµ

Eσ =−3
2λ100σ(α2

1 γ2
1 +α2

2 γ2
2 +α2

3 γ2
3 )

−3λ111σ(α1α2γ1γ2 +α2α3γ2γ3 +α3α1γ1γ3)

(1.5.2)

where α1,α2,α3 and γ1,γ2,γ3 are the direction cosines of magnetization M and the di-
rection cosines of stress σ with respect to the cube axes, respectively. λ100 and λ 111 are
the saturation magnetostriction in < 100> direction and < 111> direction respectively.
Thus, a stress σ applied parallel to an easy magnetization direction (γ1 = 1,γ2 = γ3 = 0)
and forming an angle θ with the magnetization M causes the appearance of an additional
anisotropy that is equivalent in case of axial symmetry to:

Eσ =−3
2

λ100σα
2 =−3

2
λ100σ cos2(θ) (1.5.3)

Relation (1.5.3) will allow to determine the effect of stress on magnetic behavior. In
fact, the material’s response to stress depends only on the sign of the product λ100σ .
If the product λ100σ is positive, as it is the case for iron (λ100> 0) under tension or
for nickel (λ100< 0) under compression, the magneto-elastic anisotropy favors direction
[100] over the other two crystal directions [110] and [111] (figure 1.2.3). The opposite
happens when the product λ100σ is negative. This magneto-elastic energy reaches its
minimum (or maximum) when the magnetization M is parallel to stress direction pro-
viding that λ100σ is positive (or negative) [104]. Eσ is zero when M and σ are at right
angles (θ =±π

2 ).
Figure 1.5.1 illustrates the effect of tensile stress on magnetic properties of iron and

nickel. These two materials have magnetostriction constants of opposite signs. It is
obvious that the application of the same tensile stress has an opposite effects on these
two materials.

Under low magnetic field conditions, in the case of iron, when the tensile stress is
parallel to the direction of applied field, the permeability (or susceptibility) improves,
while it degrades for compressive stress. In the case of nickel, the magnetostriction be-
ing negative, the application of a tensile stress makes the magnetization more difficult
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and leads to a degradation of permeability (or susceptibility). The curves crossing in fig-
ure 1.5.1a corresponds to the Villari inversion, and can be related to the non-monotonic
behavior of magnetostriction curves for iron.

(a) Poly-crystal of iron (Fe).
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(b) Poly-crystal of nickel (Ni).

Figure 1.5.1: Stress effect on magnetization [22].

Villari effect application

The Villari effect is a consequence of the changes in magnetization due to the ap-
plied stress (figure 1.5.1a). It is due to many mechanisms that are coupled (magneto-
mechanical effect) and it is also called inverse magnetostriction. This changes or varia-
tions is equivalent to the level of the applied stress (if low magnitude stress) and can be
detected by a pickup coil for sensing applications (figure 1.5.2).

(a) Villari effect [64]. (b) Magnetostrictive force sensor based on the
Villari effect [29].

Figure 1.5.2: Villari effect : (a) principal, (b) application.
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1.5.2 Effect of stress on domain structure
The mechanism of figure 1.5.3 describes the transformation of four magnetic domains
structure under stress, configuration (a) in figure 1.5.3 represents the unstressed state.
When a tensile stress is applied (figure 1.5.3, configuration (b)), the domain walls start to
move in such a way to increase the volume of domains parallel to the direction of stress
to the detriment of domains perpendicular to the direction of stress (closure domains
90°). The latter completely disappear in case of high tensile stress. The opposite occurs
when a compression is applied (figure 1.5.3, configuration (c)). The stress direction
becomes a hard axis as the volume of 90° domains increases, much more energy will
be needed to rotate the magnetization of 90° domains in the magnetic field direction
(applied parallel to the stress direction). Therefore, if the field is in the direction of
stress, for iron, tensile stress makes the magnetization easier and the compression stress
makes it harder. The opposite is true for Nikel.

Compression 

180° domain wall 

90° domain wall 

𝜎 

𝜎 

Tension 

Unstressed state (a) 

(b) (c) 

Low stress 

High stress 

Figure 1.5.3: Magnetic domains: magnetization process under stress of a material with
positive magnetostriction like iron (λ100 > 0) .

As we have seen, stress has an effect on magnetization and domain structure of fer-
romagnetic materials. It also alters magnetostrictive strain.

1.5.3 Effect of stress on magnetostriction
It has been shown up to now that when a compressive or tensile stress is applied to a
ferromagnetic material, it causes a change in the magnetization process. This introduces
also in addition to the deformation created by elasticity, a variation of the magnetostric-
tive deformation; this is well illustrated by measurements results shown figure 1.5.4.
Non-oriented steel sample cut in the rolling direction were subjected to uniaxial tensile
and compressive stresses, then the longitudinal magnetostriction strain was measured.
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Figure 1.5.4a shows that a tensile stress reduces the maximum magnetostriction and
at a stress of about 25 MPa, the magnetostriction is nearly null, beyond that value of
stress, magnetostriction becomes negative and saturates for high tensile stresses. On the
other hand, compression increases the maximum magnetostriction, and at -40 MPa, it
becomes 1.5 times greater than the magnetostriction value at unstressed state.
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(a) Maximum magnetostriction variation under mechanical
stress λmax(σ).
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(b) Magnetostrictive deformation λ (M) under
different stresses (Si-Fe).

Figure 1.5.4: Magnetostrictive deformation behavior under uniaxial stress for non ori-
ented 3%Si-Fe steel cut in the rolling direction (RD) [106].

Considering the magnetic domain structure under stress shown in figure 1.5.3, do-
mains with 180° domain walls grow and the closure domains (90°) decrease under ten-
sile stress. Therefore, the sample will be brought to saturation mostly by 180° domains
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walls movements, which produces no magnetostrictive change in length. However, for
compressive stress, the structure (iron based) is strongly affected because we favor 90°
domains walls that are stress sensitive as illustrated in configuration (c), figure 1.5.3.
This explains the high magnetostriction deformation when a compressive stress is ex-
erted and the lower magnetostrictive deformation when tensile stress is applied (fig-
ure 1.5.5).

𝑀 (𝐴/𝑚) 

𝜀𝜇 

𝑀𝑠 
Compressive stress  σ<0 

Tensile stress   σ>0 

Figure 1.5.5: Magnetostriction evolution under compressive and tensile stress (
−→
M par-

allel to σ ).

The magnitude variation of the curves representing λ (M) in figure 1.5.4b is due to the
magneto-elastic energy which modifies the anisotropy of the material and hence its mag-
netostrictive deformation at demagnetized state. As stated before, the magneto-elastic
energy for a single grain can be defined by the equation (1.5.3). Thus, the increase
or the decrease of this energy depends on the product λ sσ . Assuming that saturation
magnetostriction is positive for iron sample (λ s > 0), when a tensile stress is applied
it can be deduced that no increase in magneto-elastic energy happens and therefore no
increase in magnetostriction:

if λs > 0 and σ > 0 then Eσ < 0
if λs > 0 and σ < 0 then Eσ > 0 (1.5.4)

At medium amplitude of tensile stress, closure structure leads to small magnetostric-
tion and for high tensile stress, a small negative strain appears. But, when compressive
stress is applied, the magneto-elastic energy increases leading to the appearance of clo-
sure domains resulting in increase of magnetostrictive strain.

4E effect

Another consequence of stress is the dependence of Young modulus E of magnetic
materials on its state of magnetization. When a demagnetized ferromagnetic material
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is submitted to a tensile test, we observe a nonlinear variation in the curve σ(ε) due to
magnetostriction strain, figure 1.5.6a. Thus, magnetostriction leads to an apparent loss
of linearity in the elastic behavior of demagnetized magnetic samples, called ∆E effect
[23].

∆E 𝝈 

𝜺 

Magnetized  
at saturation Demagnetized 

(a) σ(ε): Non linearity in ferromagnetic mate-
rial due to mechanical stress.

(b) εµ(σ): Influence of stress on the longitudinal
and transverse magnetostrictive strain (Ms =
1.9×106A/m) [51].

Figure 1.5.6: 4E effect illustration.

In the case of uniaxial stress applied to a demagnetized material, two types of defor-
mation are generated:

• Elastic deformation εel which occurs in any material, magnetic or not.

• Magnetostriction deformation εµ , due to the reorientation of domain structure by
application of stress σ .

As a consequence, the apparent Young modulus of a ferromagnetic material in the de-
magnetized state is equal to :

Ed =
σ

εel + εµ
(1.5.5)

When a strong magnetic field is applied, magnetostriction saturation is reached, no
reorientation of domain is possible, therefore, magnetostriction strain εµ is zero. The
Young modulus at saturation state is written as :

Ed =
σ

εel (1.5.6)
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Equations (1.5.5) and (1.5.6) give the expression of the ∆E effect as a function of
elastic and magnetostrictive deformation:

∆E
E

=
Es−Ed

Ed
=

εµ(σ)

εel(σ)
(1.5.7)

A description of the effect of stress on the longitudinal and transverse magnetostric-
tive strain behavior εµ(σ) is reported in figure 1.5.6b.

Figure 1.5.7 shows a device based on ∆E effect employed as an acoustic wave-guide.
The principle of operation of the sensor is the following: the magnet interacts with the
magnetostrictive wave-guide and locally changes its material properties. These material
property change can be detected by the stiffness discontinuity produced by the magnet
(4E effect) which partially reflects back an acoustic pulse sent by the emitter. This
sensor can be used to measure fluid levels by connecting the magnet to a float or for
generic position sensing [29].

Figure 1.5.7: Magnetostrictive wave-guide position sensor based on ∆E effect [29].

1.5.4 Different sources of stress

It has been established that magnetostriction and magnetization of electrical steel sheet
are stress sensitive. Nevertheless, various factors cause mechanical stress to appear,
starting from the manufacturing process to the assembling of electrical steel. Let’s focus
on factors that have relevance in being the main sources of stress such as cutting process,
coating, clamping and magnetic forces.
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1.5.4.1 Cutting induced stress

Electrical steel sheets have to be cut in order to produce rotating machines and trans-
formers components. However, cutting operations induce stresses in electrical steels;
consequently magnetic properties are partially deteriorated: the magnetic losses in-
crease and permeability decreases [33, 62, 63]. Figure 1.5.8 shows the edge profiles
of a non-oriented electrical steel samples cut by four methods. Plastic deformation can
be observed for guillotine and punching and the deformed area seems to extend for
about 0.3 mm, the deformed grains recrystallize after annealing. On the other hand,
the laser technique caused no deformation on the grains. While, the sample cut by
photo-corrosion had a sharp edge of approximately 0.2 mm and grain deformation is
not observed either.

Figure 1.5.8: Optical micro-graph of a non-oriented Si-Fe electrical steel cut by differ-
ent techniques: guillotine, punching, laser and photocorrosion [33].

Figure 1.5.9 illustrates the magnetic results obtained on non-oriented (NO) electrical
steel sheets 300 mm x 100 mm magnetized in a Single Sheet Tester (SST) at 50 Hz and
cut into strips in different width and a length of 100 mm. It can be observed that the
B(H) curves at 50 Hz deteriorated progressively as the width of the strips decreased.
Similar degradation of the B(H) curves was found at 400 Hz.

29



Magnetostriction and magneto-elastic coupling

Figure 1.5.9: Variation of B(H) characteristics caused by guillotine cutting [83].

1.5.4.2 Coating stress

The coating of electrical steel sheets has the benefit of electrically insulating them, and
reduces the losses generated by eddy currents. It also protects them against corrosion.
More interesting, it turns out that the coating has an effect of imposing a beneficial ten-
sile elastic stress in the rolling direction (RD) which reduces the magnetostriction strain
[110, 42]. Figure 1.5.10 shows the effect of coating stress on two types of electrical
steel (NO and GO). The magnetostriction strain decreases for both materials because
of the coating. However, the reduction of magnetostriction deformation is much larger
for GO than NO steel sheets. In fact, for GO steel, the majority of domains are aligned
with the rolling direction of the material, and just a few closure domains (90° domain
wall) exist. By applying the coating, a tensile stress is generated which helps remove the
rest of closure domain (figure 1.5.10a). But for non-oriented steel, there is no preferred
direction for the domains, and much more closure domains are still present when the
steel sheets are coated, and hence, the effect of tensile stress induced by coating is less
striking (figure 1.5.10b).

The cutting method used for the electrical steel under study in this PhD work is called
water jet technology. It uses high pressure water flow in combination with air injected
abrasive particles. It has a high accuracy of cutting with a minimum applied stress on
the electrical steel.
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(a) Grain-oriented electrical steel (GO)

(b) Non-oriented electrical steel (NO)

Figure 1.5.10: Effect of coating on magnetostrictive strain of electrical steel sheets (B
=1T, f = 50 Hz) [42].
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1.5.4.3 Clamping stress

Clamping is an important element in the assembly of transformers since it allows the
assembly of the magnetic circuit to be maintained. This pressure will also influence
the performance of the magnetic core. In fact, excessive tightening torque will tend to
increase the iron losses and deformation of the magnetic circuit. Also, imperfections
in clamping due to lack of care when assembling are one of the main source of stress.
Depending on the type of clamping, the stress generated can be advantageous or not. A
well adjusted compressive stress applied in the normal direction of the sheets to hold
them together (called C-clamping), helps to reduce the air gap in the z-direction and
lowering the noise level due mainly to magnetic forces in this direction [91]. But in the
case of compression in the rolling or transverse direction (in the plane of the sheets),
the magnetostriction deformation increases dramatically leading to more vibration and
noise in the transformer [79]. Figure 1.5.11 shows a general schematic of the mechanism
for applying compression to a limb.

Figure 1.5.11: Schematic of the mechanism for applying compression to a limb [79].
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1.6 Magnetostrictive strain measurements
methods

Magnetostrictive deformation is a magneto-mechanical quantity of very small ampli-
tude, in the order of micrometer per meter, which cannot be directly measured as it is
(deformation). The magnetostrictive deformation measurement is often carried out by
converting the deformation into an electrical quantity. This signal will then be measured
and reconverted to evaluate the deformation. In addition to the small strain scale, the
sensitivity of such measurements to any external stress requires an accurate method. The
following paragraphs are devoted to classify the deformation measurement methods ac-
cording to the principles of conversion, and more concretely, according to the physical
phenomenon at the origin of which the transduction of physical quantities takes place.

1.6.1 Contact techniques

1.6.1.1 Strain gauge

This is the most widely used method in the field of strain sensors. The deformation
causes a proportional variation in the resistance of the gauge, which is then translated
into a signal by an electronic circuit. As illustrated in figure 1.6.1, the strain gauge
consists of a thin film with a wire attached to it, which meanders over an area of the
film. The electrical resistance of the wire changes in proportion to the amount of strain
it undergoes. This coefficient of proportionality is called Gauge Factor GF :

GF =
4R
R
4l
l

=
4R
R
ε

(1.6.1)

The terms 4R
R and 4l

l represent the relative changes in resistance and in wire length,
respectively. The gauge factor is simply the ratio of these percentage changes, with the
length variation term corresponding to mechanical strain. Therefore, the strain gauge’s
change in resistance as a function of strain is:

4R = GF×R× ε (1.6.2)

Gauge factor values are approximately 2, though they can deviate from this value by
several percent.

However, as the variation of strain is very small, an electronic circuit is necessary
to amplify the signal. To carry out more accurate measurement, a dummy gauge can
be used for calibration to compensate for temperature change. The advantage of this
method can be stated as:
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Figure 1.6.1: A strain gauge for one direction strain measurement.

• It can be applied to the measurement of magnetostriction on samples of a variety
of shapes and geometries.

• In the case of thin laminated samples, errors due to bending can be eliminated by
applying gauges on both sides of the sample and connecting them in series.

• Regions over which strain measurements are made are small so that variables such
as end effects, shearing stresses and non-uniformity are eliminated.

• The effect of temperature variations and other ambient variables are eliminated
by the use of a dummy gauge.

• Possibility of a closed magnetic path setup may be used, assuring a greater uni-
formity of flux distribution (easy access).

• Easy repeatability of the measurements

1.6.1.2 Piezoelectric strain sensor

The piezoelectric effect is based on the fact that quartz generates, under a pressure load,
an electrical charge directly proportional to the force introduced. Using an amplifier,
this load is then converted into a proportional output voltage. Piezoelectric accelerom-
eters are generally used for vibration measurement. They are not suited for static or dc
applications because the electrical charge produced decays with time due to the inter-
nal impedance of the sensor and the input impedance of the signal conditioning circuits.
However, they are well suited for dynamic or ac applications. Axial sensors are typically
used to measure dynamic forces while flexional sensors are used to measure changes in
strain (like magnetostriction) and curvature (figure 1.6.2). The measured quantity is
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acceleration, displacement is obtained by double integration of acceleration. The defor-
mation can be deduced by the relative variation of displacement divided by the initial
length of the sample. Authors in [1] have reported setups to measure magnetostriction
deformation based on the piezoelectric effect.

Figure 1.6.2: A piezoelectric stack and plate strain sensor: (a) Axial sensor (b) flex-
ional sensor [36].

Nevertheless, the procedure of applying strain gauge or piezoelectric sensor is a del-
icate task and should be done by an experienced person, because it demands that the
coating of the sample to be removed (to stick better to the sample) which may affect
the reliability of magnetostriction measurements. Furthermore, at very low amplitude
of magnetization, the accuracy is limited because of measurement noise [42]. To over-
come these drawbacks of strain gauges and piezoelectric sensor, a non contact method
based on interferometry principle can be a good alternative.

1.6.2 Non-contact techniques: optical means

The optical method is a non-contact measurement approach: no contact is required
between the probe and the sample. Given the small magnetostriction strain (10−6),
optical application permits the measurements of magnetostriction in tiny sample with
high accuracy.

Most of the existing optical methods are based on laser interferometers, being the
basic part of a number of them [87, 97]. The general operating principal is based on
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Michelson interferometer, figure 1.6.3. A coherent laser beam is split into two paths
with a self-transparent mirror. The first goes to the reference arm and reflects from the
reflector Z1; the second goes to the measurement arm and reflects from the reflector Z2.
The reflected beams meet again on the detector. Because these beams come from the
same and coherent source, they will interfere. When the moving reflector (Z2) is being
displaced, the frequency of the reflected beam in the measurement arm changes. The
detector counts the frequency difference between reflected beams fD (figure 1.6.3). The
measured value of the displacement is obtained according to:

L = fD×
λ

2
(1.6.3)

where λ is the light wavelength.

Detector

Z

Coherent
light

source

Reference
reflector

Moving
reflector

fDf1

f1

f1f1

x fD

Z1

Z2

f1

- frequency resulting from
the Doppler effect

fD

v
c2 f1fD =

Figure 1.6.3: Measuring principle of interferometer based on Michelson assembly.

However Michelson interferometer does not determine the sign of the displacement
of the moving object (positive or negative). To overcome this problem, other laser in-
terferometers are used that allow to get also the direction of the movement. There are
two methods depending on the number of light frequencies (wavelengths) used in the
interferometer, the first is called homodyne method (one frequency) and the second
heterodyne method (two frequencies). The optical technique used in this PhD work is
based on the homodyne method, the principle will be discussed in chapter 2. Ghalames-
tani [42] has designed a new setup based on the second technique. The setup was made
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to measure the magnetostriction strains of an uncoated sample using two tiny pieces of
aluminum attached on it as mirrors. The laser beams are pointed at the mirrors, so when
the magnetic field is applied, the difference between the velocity signals of the two mir-
rors delivers the relative change of the sample, corresponding to the magnetostriction
strain. Figure 1.6.4 shows the general principal of this measurement method.

Figure 1.6.4: General principal of the magnetostriction measurement setup using dual-
laser heterodyne interferometer [42].

Figure 1.6.5 represents a comparison between the strain gauge and the optical tech-
nique measurements (heterodyne interferometer). A very large noise can be observed in
the strain gauge measurement. The amplitudes also differs a lot between the two meth-
ods. According to the authors, it can be due to coating removing when measuring with
strain gauges.

It is clear that the laser setup has some advantages compared to the strain gauge :

• The measurements of magnetostrictive strain at very low amplitude with high
accuracy.

• The sample preparation for the laser setup does not require any experience.

• The possibility to measure on surfaces that are difficult to access such as sheets in
laminated structure where it is difficult to attach a strain gauge or a piezoelectric
sensor.
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Figure 1.6.5: Measurements of longitudinal magnetostriction strain in a non-oriented
electrical steel (B=0.8T and f=50Hz) [42].

However, repeatability of measurement by laser setup is low due to possible out of plane
movement in case of SST measurements [43]. Also, the cost of such setup is expensive
compared to other sensors.

We have seen some of the most common techniques for the measurements of the
magnetostrictive deformation. These techniques are direct measurements. They are
also indirect measurements techniques based on the Villari effect (Subsection 1.5.1),
but they are not in the scope of the present work. More details about these indirect
measurements techniques can be found in [32].

The present PhD work will only focus on direct techniques, particularly strain gauges
and optical methods.

1.7 Magnetic forces

Magnetic or Maxwell forces are present when a magnetic flux passes through two
medium of different permeabilities, figure 1.7.1. In rotating machines, they are par-
ticularly present at the interface between air gaps and stator teeth (they pull the rotor
teeth towards the stator), figure 1.7.1a. In the case of a transformer, this phenomenon is
essentially found in the joints since the assembly of magnetic core requires the presence
of air gaps in these areas. As shown in figure 1.7.2, there are two potential sources of
Maxwell forces: in plane forces due to the distributed air gap of the step lap arrangement
and out of plane forces due to the air gap brought by sheet stack [118, 70]. The pref-
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erence of the magnetic flux to flow in the plane or out of plane depends on the level of
induction in the corners of the laminated structure and the configuration of the overlaps
[52], as well as the anisotropy of used magnetic materials, figure 1.7.3.

(a) Maxwell forces exerted on a stator tooth
[111].

(b) Maxwell forces on the contact surface of iron bodies (e.g. inductor) [103].

Figure 1.7.1: Maxwell forces illustrations: (a) rotating machine (b) inductor core.

In order to estimate the Maxwell forces present in the air gap, many methods exists
[5]. However, two methods are generally used to calculate Maxwell forces:

• Virtual Work method

• Maxwell’s tensor method

1.7.1 Virtual Work method

This method presented by [99, 10] is based on the virtual work principle. The principle
states that the variation of the electrical energy Wel due to a variation of the magnetic
flux equilibrates with the variation of the stored magnetic energy Wmag and the work
done by the magnetic force Fmag on a displacement of a system [122] :
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Figure 1.7.2: In-plane and out of plane Maxwell forces [90].

Figure 1.7.3: Single step lap (a); Side view of single step lap with two laminations per
step (b). Multi-step lap (c), Side view of multi-step lap with two lamina-
tions per step (d) [94].
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dWel = dWmag +Fmagdu (1.7.1)

with the electrical energy:

dWel = IUdt = I(
dφ

dt
)dt = Idφ (1.7.2)

where I is the current, U is the voltage, φ is the magnetic flux and dt the time unit.
We can deduce that the magnetic force applied to a system is equal to the derivation

of the magnetic energy Wmag with respect to the displacement u at constant flux :

Fmag =−
∂Wmag

∂u φ=Cste
(1.7.3)

or by the derivation of the magnetic co-energy W ∗mag with respect to the displacement
at constant current:

Fmag =
∂W ∗mag

∂u I=Cste
(1.7.4)

The equation linking energy to co-energy is written:

Wmag +W ∗mag = φ I (1.7.5)

1.7.2 Maxwell stress tensor method
This method uses Maxwell tensor divergence to obtain surface densities of the magnetic
force:

−→
F = div(

=
σ

Maxwell
) (1.7.6)

It is worth mentioning that
=
σ

Maxwell
is not a stress tensor, but a tensor whose diver-

gence (if it is not null) leads to the appearance of magnetic forces
−→
F . For instance, in

vacuum
=
σ

Maxwell
6= 0 however div(

=
σ

Maxwell
) = 0, hence, no applied stress in vacuum.

The electromagnetic tensor is a function of the induction B and the magnetic field H,
it is written in a general way in the form:

=
σ

Maxwell
= B⊗H− 1

2
HB

=
I =

1
µ
(B⊗B− B2

2

=
I ) (1.7.7)

which can be expressed as:

=
σ

Maxwell
=

1
µ

 B2
x− 1

2B2 BxBy BxBz
ByBx B2

y− 1
2B2 ByBz

BzBx BzBy −1
2B2

 (1.7.8)
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Assuming that the magnetic permeability is constant and plane conditions of the flux
density B (figure 1.7.4), the Maxwell tensor in the (−→n ,−→t ) reference frame (−→n = −→x ,−→t =−→y ) can be written in the following form:

=
σ

Maxwell
=

1
µ

 BnBn− 1
2B2 BnBt 0

BtBn BtBt− 1
2B2 0

0 0 −1
2B2

 (1.7.9)

with:

B2 = B2
n +B2

t (1.7.10)

Bn and Bt are the normal and tangential components of the magnetic flux density in
the air-gap, unit Tesla (T).

𝑛 

𝑡  

Medium: 𝜇 = 𝜇0𝜇𝑟  
Medium: 𝜇 = 𝜇0 

Magnetic field  Boundary 

Figure 1.7.4: Reference frame (−→n ,−→t ) at the boundary of two different medium.

Knowing that in the air gap, the permeability is equal to the vacuum permeability µ0=
4π×10−7H/m, and the normal and tangential stress expressions will be written:

σ
Maxwell
n =

=
σ

Maxwell
.−→n =

(B2
n−B2

t )

2µ0
(1.7.11)

σ
Maxwell
t =

=
σ

Maxwell
.
−→t =

BtBn

µ0
(1.7.12)

σMaxwell
n and σMaxwell

t are expressed in N/m2.
The Maxwell forces are the highest at the material-air gap surface due to lower mag-

netic permeability (µ0 instead of µ0µr) when flux lines are crossing perpendicularly the
air gap, equation (1.7.11). As stated, these forces results in a magnetic pressure σMaxwell

n
along the flux lines direction, which act as a tensile/compressive stress on the limbs of
the laminated core, generating vibration along the normal axis direction of the contact
surface of iron bodies. Therefore, Maxwell stress can be an additional source of stress
that can influence magnetic and magnetostrictive behavior among sources mentioned in
subsection 1.5.4.
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The magnetostrictive strain and Maxwell forces can act in the opposite directions
along a magnetic flux path with air-gap, figure 1.7.5. Consequently, there might be an
optimal air gap length or material to reduce vibrations by canceling the effects due to
magnetostriction and Maxwell forces [100]. The geometry of the structure has to be
considered because the distributions of these forces are in general not same.

Figure 1.7.5: Displacement of an inductor due to: (a) magnetostriction (factor scale:
80000) and (b) Maxwell forces (factor scale: 30000) [100].

1.8 Mechanical resonance induced by
magnetostriction and Maxwell forces

Magnetostrictive strain and Maxwell forces cause the dimension of the core lamina-
tions to change and vibrate when the core is magnetized by an alternating field, which
can lead to mechanical resonance [95, 78, 108, 69]. As these two phenomena are both
quadratic functions of the flux density B, it is hard to quantify how much Maxwell
forces are greater or lower than magnetostriction. In [100], it is shown that there is no
general rule regarding the respective contribution of magnetostriction and the Maxwell
forces, and that a structure (inductors in this case) can be excited by both phenomena.
However, authors in [108], showed that only magnetostriction can induce resonance of
a strip of non-oriented electrical steel. As it can be observed in figure 1.8.1, at magnetiz-
ing frequency of 2250 Hz, mechanical resonance due to the fundamental component of
magnetostriction occurred at 4500 Hz (the mechanical frequency response is twice the
electrical frequency excitation). The averaged value of peak-to-peak magnetostriction at
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resonance (21.5 µm/m) is 14 times higher than that at 500 Hz. Moreover, they demon-
strated that the magnetostriction due to pulse-width modulation voltage harmonics can
excite a structural resonance.

Figure 1.8.1: Peak-to-peak magnetostriction as a function of magnetizing frequency at
B = 1T [108].

On the other hand, the same authors have characterized the interaction between mag-
netostriction and mechanical resonance under pulse width modulation (PWM) excita-
tion used in inverter-fed induction motors. In this case, the excitation waveform of flux
density B contains high harmonics components that can lead to higher magnetostrictive
deformation, up to 28% higher than that at sinusoidal excitation as shown in figure 1.8.2.
Knowing that fsw corresponds to the switching frequency and that mi is the modulation
index, it can be observed that peak-to-peak magnetostriction under PWM excitation are
higher than those under sinusoidal excitation (the mechanical resonance occurs at 4500
Hz).
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Figure 1.8.2: Butterfly loops of magnetostriction deformation under sinusoidal and
PWM excitation at B=1T, f0=25 Hz.

Despite these existing research on mechanical resonance induced by magnetostric-
tion, there was no detailed investigation on a device similar to a transformer structure.
In this thesis we will investigate in details the mechanical resonance and demonstrate
that it can be induced by only magnetostrictive deformation in a laminated structure.

1.9 Magneto-elastic modeling strategies

The modeling of magneto-elastic coupling has been the focus of several authors. Many
models have been proposed to describe the behavior of magnetic materials under stress.
For the seek of simplicity, these models can be summarized into two categories depend-
ing on the scale observation and reversibility:

• Macroscopic modeling

• Multi-scale modeling
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1.9.1 Macroscopic modeling
There are several macroscopic models to predict the magnetic and magnetostrictive be-
havior in magnetic materials. In this section, we will describe the most used and widely
known models based on energy approach, taking into account the magneto-elastic cou-
pling besides the magnetic behavior.

1.9.1.1 Jiles-Atherton model

Principal

Jiles Atherton’s model [54, 56] uses energy approaches to describe the hysteretic behav-
ior of a ferromagnetic material subjected to an external field. The total energy provided
to the material can be written as the sum of a dissipated reversible energy and a stored
one:

dEtotal = dEdissipated +dEstored (1.9.1)

The energy dissipated is due to the attachment to the defects (dislocation, inclusions)
of the domains walls during the displacement. If the distribution of the defects is uni-
form, the energy dissipated due to the displacement of the walls will be proportional to
the quantity of defects and therefore to the variation of the magnetization, hence :

dEdissipated = µ0k.dM (1.9.2)

The k parameter characterizes the default density (energy dissipated by default). It
influences the width of the hysteresis cycle. Likewise, the variation of the total and
stored magnetic energy can be defined as:

dEstored = µ0M.dH (1.9.3)

dEtotal = µ0Manh.dH (1.9.4)

In the case where the material presents no default (no hysteresis, therefore no dissipa-
tion), the stored energy corresponds totally to that supplied. This ideal material has an
anhysteretic behavior law Manh that can be modeled by the Langevin function usually
used for paramagnetic materials :

Manh = MS

(
coth

(
H
a

)
− a

H

)
(1.9.5)

where Manh is the anhysteretic magnetization, and a is a fitting parameter, that can be
written as:

a =
kbT
µ0m

(1.9.6)
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kb is the Boltzmann constant, T is the temperature in Kelvin and m is the local mag-
netic moment.

Consequently, we can write the following expressions:{
dEdissipted = dEtotal−dEstored

µ0k.dM = µ0Manh.dH−µ0M.dH
(1.9.7)

from equations in relation (1.9.7) we can deduce the following law of hysteretic be-
havior:

dM
dH

=
Manh−M

k
(1.9.8)

For a more realistic description of the hysteresis behavior, Jiles considers a local mag-
netic field proportional to the magnetization representing interactions between domains.
The result is an effective field He that derives from a thermodynamic potential, and is
written as a function of H and M :

He = H +αM (1.9.9)

The parameter α characterizes the magnetic micro-structure. The field He is intro-
duced in equation (1.9.5).

By combining the derivative with respect to the field H of the equation (1.9.9) and the
relationship (1.9.8), we find in a general form the behavior law introduced by the model
:

dM
dH

=
Manh−M

k−α (Manh−M)
(1.9.10)

By introducing a reversible magnetization term which allows to take into account the
reversible deformation of walls pinned on defects, magnetization M is defined as the
sum of a reversible Mrev and irreversible Mirr components such as [54] :{

M = Mrev +Mirr

Mrev = c(Manh−Mirr)
(1.9.11)

where c is a parameter representing the elasticity of magnetic wall.
From the relations (1.9.10) and (1.9.11), the total magnetization law can be written

as follow :

dM
dH

=
Manh−Mirr

kδ −α (Manh−Mirr)
+ c
(

dManh−dMirr

dH

)
(1.9.12)

where δ takes the values +1 or −1 respectively for an increasing (dH
dt > 0) or a

decreasing (dH
dt < 0) magnetic field.
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Thanks to this differential formulation (equation (1.9.12)) and after parameters iden-
tification, the Jiles-Atherton model can easily describe the hysteresis phenomenon (fig-
ure 1.9.1a). However, the dissipative term (equation (1.9.2)) takes into account only
the interaction between the walls and the defects, which can limit the model to quasi-
static regimes. Furthermore, the scalar formulation limits the model to one-dimensional
problems.

Magneto-elastic modeling

The Jiles-Atherton model has been improved to take into account the effect of stress on
magnetization by adding an equivalent magnetic field Hσ in the formulation of anhys-
teretic magnetization [101]:

He = H +αM+Hσ (1.9.13)

Based on the thermodynamic equilibrium, in the case of isotropic poly-crystalline
materials, a scalar formula gives the expression of Hσ :

Hσ =
3
2

σ

µ0

(
dλ

dM

)
σ

(1.9.14)

where σ represents the applied uniaxial stress and λ the magnetostrictive strain in the
direction of applied field. Considering that the magnetostriction λ is an even function
of the magnetization, we can write:

λ =
∞

∑
i=0

aiM2i (1.9.15)

where ai are the magnetostriction coefficients when σ = 0.

The use of the concept of equivalent field Hσ is, however, restrictive. In fact, the
deformation values are measured in the absence of stress (σ = 0), which is contradic-
tory with experience. This approach must therefore be limited to low stress amplitudes
unless the magnetostriction coefficients ai are a function of the stress (figure 1.9.1b).
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(a) B(H) loop at σ = 0 MPa. (b) B(H) loop at σ = 70 MPa.

Figure 1.9.1: Measured and modeled B(H) loop by SJA model: (a) σ = 0 (b) Original
model (Hσ ) and proposed model (Hσ +ai(σ)) [106].

The Sablik-Jiles Atherton (SJA) model is a macroscopic model, even if it claims to
describe microscopic behavior. The use of a Langevin function is not justified for the
description of ferromagnetic systems. Besides, the identification of the model param-
eters is based on experimentation. Nevertheless, it allows modeling of the magnetic
behavior of the ferromagnetic material taking into account of the stress effect (uniaxial
stress).

1.9.1.2 Preisach model

Principal

The Preisach-type models constitute a family of macroscopic models that is widely used
in the literature [96]. It is based, like the SJA model, on phenomenological approach.
This approach considers an hysteretic material as an assembly of several elements that
are independent of each others called hysterons γαβ . These hysterons have a bistable
state behavior parameterized by (α,β ) (equation (1.9.16)) and asymmetric with respect
to the excitation (figure 1.9.2). In the case of a magnetic system, the asymmetry of
the hysteron loop is explained by the existence of a magnetic field interaction between
hysterons [107].

γαβ =


1 for H(t)≥ α

−1 for H(t)≤ β

h for β ≤ H(t)≤ α

(1.9.16)
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where t corresponds to time and h is defined as:

h =

{
1 for H(t−)> α

−1 for H(t−)< β
(1.9.17)

The history of the material is considered by the parameter h, t−corresponds to the last
instant for which H(t) /∈ [α,β ]: previous value of γαβ .

Under an applied magnetic field H(t), the macroscopic magnetization corresponds
to the average of the hysterons γαβ weighted by a distribution function µ(α,β ) in the
Preisach plane (α,β ):

M (t) =
¨

γαβ (H(t))µ (α,β )dαdβ (1.9.18)

The distribution function of Preisach µ(α,β ) characterizes the number of hysterons
participating in the magnetization process. This distribution is defined on a triangle
of surface S in the Preisach plane (figure 1.9.2b), divided into two domain S+and S−

separated by a line L(t). Depending on the evolution of the magnetic field, the line L(t)
also evolve and hence the magnetic state.

(a) Hysteron cycle. (b) Preisach plan.

Figure 1.9.2: Preisach Hysteron [74].

Magneto-elastic modeling

The effect of uniaxial stress σ on magnetization and magnetostriction deformation can
be taken into account by the distribution function µ(α,β ,σ) shown in equation (1.9.19)
[9] which is based on a Gaussian distribution, or by acting on the values of the operator
γαβ (equation (1.9.16)), [8]. Modeling the magneto-elastic coupling with this model
seems possible, however, the proposed solutions require a great number of parameters
identification under stress, which makes the modeling very difficult to achieve.
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µ(α,β ,σ) =

{
exp( (α−β−(c+gσ))2

10a+eσ − (α+β−(d+hσ))2

10b+ f σ ) α +β ≤ 0

exp( (α−β−(c+gσ))2

10a+eσ − (α+β+(d+hσ))2

10b+ f σ ) α +β > 0
(1.9.19)

where a, b, c, d, e, f, g and h are model parameters to be identified from experimental
data.

1.9.1.3 Helmholtz energy based model (HE)

In this model, the constitutive equations to describe the magneto-elastic behavior of the
material are derived from the Helmholtz free energy density named ψ [37, 38]. This
energy density is defined as a function of two independent state variables which are the
magnetic flux density

−→
B and the total strain tensor

=
ε . The magnetization

−→
M and the

magneto-elastic stress tensor
=

σme are expressed as partial derivatives of the Helmholtz
free energy density ψ with respect to

−→
B and

=
ε :

−→
M(
−→
B ,

=
ε) =−∂ψ(

−→
B ,

=
ε)

∂
−→
B

(1.9.20)

=
σme(
−→
B ,

=
ε) =

∂ψ(
−→
B ,

=
ε)

∂
=
ε

(1.9.21)

The magnetic field strength is then obtained as
−→
H =

−→
B
µ0
−−→M . The magneto-elastic

stress tensor
=

σme includes elastic and magnetostrictive stress contributions.
Considering an isotropic material, the Helmholtz free energy ψ can be expressed by

the following six scalar invariants:

I1 = tr(
=
ε) I2 =

1
2tr(

=
ε

2
) I3 = det(

=
ε)

I4 =
−→
B .
−→
B I5 =

−→
B .(

=
ε
∼
−→
B ) I6 =

−→
B .(

=
ε

2

∼
−→
B )

(1.9.22)

The first three invariants describe purely mechanical loading, whereas the fourth in-
variant I4 describes anhysteretic magnetic behavior. Invariants I5 and I6 describe the
magneto-elastic coupling , and are written using the deviatoric part of the strain in order
to eliminate the effect of hydrostatic pressure on magnetic behavior in I5and I6:

=
ε
∼
=

=
ε − 1

3
tr(

=
ε)

=
I (1.9.23)

The Helmholtz free energy density ψ(I1, I2, I3, I4, I5, I6) is then written as:

ψ = 1
2λ I2

1 +2GI2− 1
µ0
( I4

2 +Σ
nα−1
i=0

αi
i+1 Ii+1

4 + ...

Σ
nβ−1
i=0

βi
i+1 Ii+1

5 +Σ
nγ−1
i=0

γi
i+1 Ii+1

6 )
(1.9.24)
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where λ and G are the Lamé constants of the material, µ0 is the permeability of free
space and αi, βi and γi are the fitting parameters to be determined from the measure-
ments under uniaxial stress applied along the magnetization direction. Since in linear
elasticity is assumed, ψ does not depend on I3. The number of model parameters nα ,
nβ and nγ are material dependent. They are determined by fitting the model to uniaxial
B(H) curves using various numbers and choosing the best fitted case.

The first two terms in equation (1.9.24) yield Hooke’s law and account for the purely
mechanical behavior, whereas the last three terms account for the magneto-elastic cou-
pling. The summation term in the middle (with nα > 1) accounts for the nonlinear
−→
M(
−→
B ,

=
ε) relation. Finally, the quadratic dependence of invariant I6 on

=
ε allows model-

ing the decreasing permeability under both compressive and high tensile stresses.

Figure 1.9.3 shows the modeling results for the anhysteretic magnetization and mag-
netostriction curves obtained using the Helmholtz energy based model under four uni-
axial stress levels. As can be seen, the model is able to take into account the non-
monotonic dependency of the permeability on the stress. In addition, flipping of the
magnetostriction curve with respect to the axis of abscissa at high tensile stress is also
successfully modeled.

Figure 1.9.3: Comparison of measured uniaxial stress dependent anhysteretic magne-
tization and magnetostriction on non-oriented (NO) Si-Fe electrical steel
sheets with modeled results from HE model. (a) Anhysteretic magnetiza-
tion and (b) anhysteretic magnetostriction results [4].
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1.9.1.4 Polynomial tensor model

This model is part of the so-called phenomenological approaches that describe the mag-
netostrictive phenomena based on experimental results at a macroscopic scale to deduce
empirical laws of behavior. This model has been used to predict the magnetostrictive be-
havior of Terfenol-D [39], which is a material with a giant magnetostriction leading to a
strong magneto-elastic coupling. It is often used with uniaxial compression prestressing
in transduction applications.

From the experimental results on Terfenol-D presented in figure 1.9.4a, the author
uses the following assumptions in order to simplify the model:

• Magnetostriction as a function of the flux density for a given stress has a parabolic
shape (εµ ∝ B2): this assumption is acceptable below saturation. Experiments
on different Terfenol-D materials show that magnetostriction decreases for large
inductions.

• The magnetostrictive behavior is isotropic: this hypothesis is not totally correct.
In fact, the multi-directional magnetization measurements on Si-Fe samples made
and presented in this work later on show that magnetostriction is very sensitive to
the direction of magnetization.

• The magnetostrictive deformation seems to no longer depend on the stress from
a prestressing level relatively low σ re f =−20MPa, figure 1.9.4b: In case of ma-
terials with giant magnetostriction (high magneto-elastic coupling coefficients),
the magnetostriction is very sensitive to the applied stress. However, this effect
saturates very quickly, unlike conventional materials (Si-Fe for example).

This particular behavior of this type of material (Terfenol-D) allows the author to
use the equivalent field approach to consider the effect of stress on magnetostrictive
and magnetic behavior. This approach (field equivalent to an applied stress) used in
[55] allows to deduce a magnetic field due to a stress thanks to the Maxwell1 equalities
relations and a set of magnetization curves at different stresses. Equation (1.9.25) is
then obtained by linearization of the Maxwell equality (equation (1.9.26)).

Hi

(−→
B ,

=
σ

)
= Hi

(
−→
B ,

=
σ

re f
)
−

∂ε
µ

kl (B)
∂Bi

∆σ︷ ︸︸ ︷(
σkl−σ

re f
kl

)
︸ ︷︷ ︸

equivalent f ield dueto∆σ

(1.9.25)

∂Hi

∂σkl

∣∣∣∣∣−→
B

=
∂ε

µ

kl
∂Bi

∣∣∣∣∣=
σ

(1.9.26)

1Set of equations from thermodynamic potentials. They lead to the piezo-electric and magnetic coupling
coefficients.
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(a) Magnetostriction of Terfenol-D rod under
stress εµ(B).
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(b) ∆E effect of Terfenol-D rod.

Figure 1.9.4: Magnetostrictive deformation measurements: (a) Anhysteretic magne-
tostriction of a Terfenol-D rod as a function of induction at different com-
pression stresses, (b) magnetostriction (at zero field) due to compression
of a Terfenol-D sample [39].

Let
−→
B be the magnetic induction at a point of the material, then the magnetostrictive

deformation tensor at this point with respect to the reference associated to
−→
B such that−→

B = [ B‖ B⊥1 B⊥2 ]T is given by:

=
ε

µ

=

εµ‖ 0 0

0 ε
µ⊥

1 0

0 0 ε
µ⊥

2


= ∑

N
n=0 βn‖

−→
B ‖2(n+1)

1 0 0
0 −1

2 0
0 0 −1

2


(1.9.27)

Thanks to the Euler transformation, the magnetostrictive deformation tensor with re-
spect to the reference of the material in which

−→
B = [ B1 B2 B3 ]T is given by:

=
ε

µ

= ∑
N
n=0 βn‖

−→
B ‖2n
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2+B2

3
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= 1

2 ∑
N
n=0 βn‖

−→
B ‖2n(3

−→
B ⊗−→B −−→B .

−→
B

=
I )

(1.9.28)

Magnetostriction parameters β n can be calculated from the model and the experi-
mental results by the least squares method [39]. This approach has the advantage of be-

54



Magneto-elastic modeling strategies

ing simple, three-dimensional and easy to implement. However, the model is isotropic
and the approach used to take into account stress limits the model to only Terfenol-
D material. In this particular case, good matches with the experiments are observed
(figure 1.9.5).

(a) B(H) curves.

𝜀
𝜇
‖
(1
0
−
6
) 

(b) Magnetostriction curves εµ‖(H).

Figure 1.9.5: Comparison between measurements and simulation (dashed lines) of the
flux density and magnetostriction under compressive stress of a Terfenol-
D sample [39].

1.9.1.5 Macroscopic model of magnetostriction based on energy
minimization

Domain walls displacement and rotation of the magnetic moment in ferromagnetic
sheets lead to a magnetization variation at a macroscopic scale. These processes re-
sults from the interaction between different energy terms [77] that we can discern at a
mesoscopic scale:

• Exchange energy

• Magneto-crystalline anisotropy energy

• Magneto-elastic energy

• Magneto-static energy: Zeeman and demagnetizing field energy

This model aims to minimize the total energy composed by the energies quoted before,
with respect to the magnetization. Nevertheless, during the interaction, the term of
exchange energy is so big in ferromagnetic materials that leads to the alignment of the
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magnetic moments of neighboring atoms inside domains. Although, this term is the
same in all domains, and does not vary while magnetizing the sheet. Consequently,
macroscopic magnetization depends on the domains volumes and the magnetization
orientation insides domains. By considering isothermal process, and by choosing the
demagnetized and unstressed state as the reference, the total energy of a ferromagnetic
volume can be decomposed as follow [75]:

Etotal (k,θ) = Ez +Ed +Ean +Eσ (1.9.29)

where:

• Ez: refers to the Zeeman energy.

• Ed: refers to the demagnetizing field energy.

• Ean: refers to the macroscopic anisotropy energy.

• Eσ : refers to the magneto-elastic energy.

The author assumes a planar magnetization giving the small thickness of the ferromag-
netic sheet compared to other dimensions which favors a magnetic flux parallel to the
sheet plane. Hence, the magnetization of the medium is described in polar coordinates
by the couple (k,θ):

−→
M/

‖
−→
M‖= k.MS with 0≤ k ≤ 1(
−̂→
RD,
−→
M
)
= θ with −π ≤ θ ≤ π

(1.9.30)

Ms corresponds to the magnetization saturation and
−→
RD represents the rolling direc-

tion.
In the next chapter (chapter 2), the total energy terms will be presented in detail.

1.9.2 Multi-scale modeling

The multi scale model is part of the family of so-called medium-field or homogenization
models [15]. It uses an energetic approach at the domains scale that relies on free energy
to describe the macroscopic behavior (discussed in section 1.2). It involves changes of
scale with localization operation (fields and stress at the local scale) and homogenization
(averages). First, the microscopic behavior at the domain scale is found. Then, the
behavior at the mono-crystal scale by homogenization is deduced. Finally, a last change
of scale makes it possible to describe the behavior at the poly-crystal scale (figure 1.9.6).
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Grain (10−6) 

Polycrystal (10−3) 

Magnetic moment 

Electrical steel (100) 

 (meter) 

Figure 1.9.6: Different modeling scale.

1.9.2.1 Microscopic scale

The microscopic scale corresponds to the magnetic domains scale. In a magnetic do-
main named α , the magnetization inside

−→
Mα is assumed to be uniform and directed in a

direction −→γα with respect to the crystallographic direction of the material. The magneti-
zation and the magnetostriction deformation of the domain are defined by:

−→
Mα = Ms

−→
γα = Ms

t [γ1
αγ

2
αγ

3
α ] (1.9.31)

=
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(1.9.32)

where γ i
α are the direction cosines of the magnetization in the crystallographic refer-

ence frame CR, λ100 and λ 111 are the saturation magnetostriction in the < 100 > and
< 111 > directions respectively.

The energy of a magnetic material is the consequence of microscopic interactions
within the material or with its external environment. These interactions can be of
electrostatic origin (magneto-crystalline anisotropy energy related to the distribution of
charges in the material) or magnetic (related to the presence of the magnetic moments
of atoms). The free energy Eα of a domain α is assumed to be uniform and can be
expressed as the sum of four energy contributions:

Eα = Ed
α +Eani

α +Eσ
α +Econ f

α (1.9.33)
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These energy terms have already been presented, we will recall their expression in
the following.

The magneto-static or demagnetizing field energy Ed
α

In order to simplify the expression, we assume that the magnetic field is uniform in the
domain and that it is equal to the magnetic field applied to the grain (

−→
H α =

−→
H g). Under

these conditions the magneto-static energy can be expressed as:

Ed
α =−µ0

−→
H g.
−→
Mα (1.9.34)

where µ0 is the vacuum permeability.

The anisotropy energy Eani
α

Eani = K1((γ
1
αγ

2
α)

2 +(γ2
αγ

3
α)

2 +(γ3
αγ

1
α)

2)+K2(γ
1
αγ

2
αγ

3
α)

2 (1.9.35)

where K1 and K2 correspond to the anisotropy constants of the material.

The magneto-elastic energy Eσ
α

With the hypothesis of homogeneous strain in the single crystal [26], it can be assumed
that the magnetostriction deformation and stress are homogeneous. The magneto-elastic
energy at the domain scale can be written as:

Eσ
α =−

=
σα :

=

ε
µ

α (1.9.36)

σα and ε
µ

α are respectively the stress and the magnetostriction deformation tensors in
the magnetic domain.

The configuration energy Econ f
α

The configuration effect was introduced to account for the anisotropy of the magne-
tostrictive behavior of rolled sheets as in the case of non oriented 3%Si-Fe, whose
magnetostriction deformation in the rolling direction is different from that in the trans-
verse direction (figure 1.9.7a). Without considering this effect, the model does not suc-
ceed in predicting the anisotropic behavior of the non-oriented grain (NO) material,
figure 1.9.7b. In the case where this effect is integrated, there is a better match between
measurements and simulations (figure 1.9.7c). In order to take this effect into account,
a term called configuration energy is introduced.

In addition, this energy term is defined to take into account the possible non-randomness
of initial domain configuration α , due for instance to plastic deformation [48] or to sur-
face effect [49]. The chosen formulation corresponds to a magneto-mechanical form.
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(a) Measurements.
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(b) Model: without configuration effect.
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(c) Model: With configuration effect.

Figure 1.9.7: Magnetostriction strain of NO 3%Si-Fe: Comparison between measure-
ment and modeling results, with and without the consideration of the con-
figuration effect [48].
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This configuration term can be considered as the effect of a residual stress uniform σc
in the material. It is also equivalent to a demagnetizing energy [28], its expression is
given by:

Econ f
α =−

=
σc :

=

ε
µ

α (1.9.37)

1.9.2.2 Single crystal scale

A single crystal is divided into several magnetic domains α . Each domain is charac-
terized by an orientation of a uniform magnetization

−→
Mα . By knowing the direction

−→
γα of the latter using the minimization of free energy (equation (1.9.33)), we can de-
termine the magnetic state of the magnetic domain. This minimization is obtained by
considering a large number of magnetic domains describing the best the behavior of the
single crystal. There are two minimization approaches, a global minimization based on
the Neel model (rigorous technique) and a second technique based on the Boltzmann
function. For the sake of saving calculation time, we use an explicit formulation which
is based on the Boltzmann function [15] to compute the volume fractions fα of the
magnetic domains:

fα =
exp(−As.Eα)

∑α exp(−As.Eα)
(1.9.38)

where As is a material parameter that can be written as a function of the initial sus-
ceptibility, the vacuum permeability and magnetization at saturation Ms [26]:

As =
3χ0

µ0M2
s

(1.9.39)

Assuming that the elastic behavior of the mono-crystal is homogeneous and the mag-
netization (and the magnetostriction deformation) of the mono-crystal is equal to the
average of the magnetizations (and the magnetostriction deformations) of the domains,
then:

=

ε
µ
g =<

=

ε
µ

α >= ∑
α

fα

=

ε
µ

α (1.9.40)

−→
Mg =<

−→
Mα >= ∑

α

fα

−→
Mα (1.9.41)

Finally, for a given loading (magnetic field
−→
H g and stress

=
σg), average magnetization

and magnetostriction deformation of the crystal are computed.
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1.9.2.3 Poly-crystal scale

In the case of a poly-crystal, the different crystallographic orientations between two
neighboring grains causes heterogeneity of stresses and deformations. The distribution
of the crystallographic orientations, called the texture, is then an important data to model
these heterogeneity. In order to take into account the effects of the poly-crystalline
structure, the multi-scale model presented here, consists of a succession of computation
and change of scale (figure 1.9.8). Thus, from a given macroscopic loading, stress

=
σ

and/or magnetic field
−→
H , it makes it possible to calculate the macroscopic behavior of

total deformation
=
εµ and magnetization

−→
M of the sample.

𝝈/ 𝑯 𝝈𝒈/ 𝑯𝒈 𝜺𝒈/ 𝑴𝒈 𝜺/ 𝑴 

Localization Homogenization 

Grain scale 
Macroscopic  

response 

Macroscopic  

loading 

Figure 1.9.8: Multi-scale modeling approach.

A first so-called localization step, allows from a specific operators to pass from
macroscopic loading to mono-crystal scale loading (equations (1.9.42) and (1.9.43)).
Considering the mono-crystal (grain) as an ellipsoidal inclusion in a homogeneous
medium and assuming that the mechanical and magnetic behaviors of the latter are
isotropic, Eshelby shows that the deformation and stress of a mono-crystal are uniform.
This hypothesis makes it possible to calculate the stress and the magnetic field seen by
the mono-crystal (σg, Hg) from the macroscopic loading (σ , H) using the following
equations:

=
σg =

≡
Bg :

=
σ +

≡
Lg : (

=

ε
µ −

=

ε
µ
g ) (1.9.42)

−→
Hg =

=
Ag.
−→
H +

=
Mg.(
−→
M −−→Mg) (1.9.43)

≡
Bg and

=
Ag: are the elastic and magnetic localization operators.

≡
Lg and

=
Mg: are the elastic and magnetic incompatibility tensors.

Once the assumed uniform loading inside the single crystal is calculated in function
of the external loading, the magnetization and the deformation of the mono-crystal cor-
respond to the average of the magnetizations and deformations of the magnetic domains
constituting it (equations (1.9.40) and (1.9.41)). By homogenization approach the poly-
crystal response is calculated by averaging the response of the mono-crystals. Thus, we
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obtain the macroscopic magnetization
−→
M and the magnetostriction deformation

=
εµ of

the poly-crystal:

−→
M =<

=
tAg.
−→
Mg > (1.9.44)

=

ε
µ =<

≡
tBg :

=

ε
µ
g > (1.9.45)

The multi-scale model simulates complex magnetic and mechanical loading across
three scales (domain, mono-crystal and poly-crystal) while maintaining physical coher-
ence. This distinction of the scales and the different rules of localization as well as the
assumptions made, make it possible to simplify the calculations. It is able to take into
account the effect of stress on the magnetic and magnetostrictive behavior of a material
of different textures [27, 115]. But, in the case of NO Si-Fe, the effect of a tensile stress
on the magnetization is not monotonous, something that the model with the current con-
figuration of energies does not predict. To solve this problem, author in [98] proposed
the addition of an energy term to the energy balance of a domain α . It will allow to take
into account the evolution of the micro-structure in domains under stress. He called it
energy of configuration demagnetizing field, it is defined by the following equation:

ED
α =−µ0

−→
Mα .
−→
Hg

σ (1.9.46)

where
−→
H σ

g is the configuration demagnetizing field (the magnetic field is assumed
to be uniform in the grain:

−→
H σ

g =
−→
H σ

α ). It depends on the stress state, the following
expression is proposed [28]:

−→
Hg

σ =−
=

Nd
g(

=
σg).
−→
Mg = η(Ng−

1
3
).
−→
Mg (1.9.47)

=

Nd
g is the demagnetizing effect tensor and η is a material parameter. Ngis the compo-

nent of the tensor
=

Nd
g in the same direction as the magnetization M:

Ng =
1

1+2exp(−Kσ
eq
g )

(1.9.48)

where K is a material parameter that is proportional to the initial slope of the un-
stressed anhysteretic magnetization curve and to the saturation magnetostriction in <

100 > direction (equation (1.9.49)). σ
eq
g is the equivalent stress for

=
σg [25], corre-

sponding to the projection along the magnetic field direction of the deviatoric part of
=
σg. The expression of the equivalent stress is given in equation (1.9.50), h is a unity
vector corresponding to the direction of the magnetic field Hg. In case of uniaxial stress
σ

eq
g = σg.
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K =
3
5

Asλ100 =
3
5
.(

3χ0

µ0M2
s
).λ100 (1.9.49)

σ
eq
g =

3
2
−→
h .(σg−

1
3

tr(σg)I).
−→
h (1.9.50)

This new energy term modifies the distribution of domain fractions when the material
is subjected to mechanical stress. The figure 1.9.9 shows the results of the magnetization
curves of Si-Fe GO without and with the consideration of the configuration demagne-
tizing field term. It can be clearly seen that the modeling of the magnetization curves
with this energy term takes into account non-monotonicity under high tensile stress.

(a) Without the configuration demagnetizing field. (b) With the configuration demagnetizing field.

Figure 1.9.9: Modeling of 3%Si-Fe behavior: Anhysteretic magnetization curves under
tensile stress of a mono-crystal in < 011 > direction [98].

1.10 Conclusion

In this chapter different aspects of magnetic materials were discussed at different scales
including the effect of stress on the magnetic and magnetostrictive properties: the mag-
netic and magnetostrictive behavior originate from the interactions between magnetic
domains generated by an energy equilibrium. This equilibrium evolves under the appli-
cation of a magnetic field or mechanical stress. It can be seen from the presented part
that the magneto-elastic behavior in magnetic materials is complex and its improvement
is still in progress.

As seen, many authors have tried (and still) to model the magneto-elastic coupling
with different approaches of which the widely used are multi-scale and phenomenolog-
ical modeling. The first approach is a physical approach based on a scale changes to
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describe the macroscopic behavior, while the second relies more on the experimental
measurements with easy incorporation in computation code and few parameter identifi-
cation. Our model is based on the two approaches to fulfill a good compromise between
the material physics and experimental behavior laws.

The next chapter will focus on magnetic and magnetostrictive measurements under
uniaxial mechanical stresses. These experimentations are made on ten samples cut at
different angles with respect to the rolling direction to study the anisotropy effect and
stress dependency. Afterword, the in-house model is described and the contribution
made in this thesis will be discussed.
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CHAPTER 2

MAGNETO-ELASTIC BEHAVIOR:
EXPERIMENTAL CHARACTERIZATION
AND MODELING

2.1 Introduction

In this chapter, the magneto-elastic behavior of non-oriented electrical steel is charac-
terized, then the measurements and modeling results are compared. First, the material
under study is presented from a magnetic and mechanical point of view. Secondly,
the measurement setup and instrumentation used are introduced. Next, the measure-
ments under mechanical loading are performed and the results are discussed. These
measurements are made on 10 samples cut in different directions with respect to the
rolling direction. Based on the measurements results, the influence of the mechanical
state on the magnetic and magnetostrictive behavior of non-oriented silicon iron alloys
is analyzed, as well as the consequences of magneto-elastic coupling on the magnetic
performances of these materials. The main purpose of these measurements is to build
an extensive database of magnetic and magnetostrictive behaviors that will be useful for
the identification and validation of the model.

The second part of this chapter will be dedicated to a presentation of the model stud-
ied in this thesis. We will then detail the contributions and modifications retained to ac-
count for the effect of mechanical stresses in addition to the effect of anisotropy, which
consists of one of the expectations of this thesis. The modeling results are compared
with the experimental results in terms of magnetic and magnetostrictive anhysteretic
behaviors.
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Experimental characterization

2.2 The studied material

Si-Fe non-oriented (NO) magnetic sheets are inexpensive soft magnetic materials, which
make them largely used in applications of electrical engineering, such as rotating or
static electrical machines (transformers), as well as certain actuators, sensors and in-
ductors. These materials resulting from traditional metallurgy, become after rolling
more or less textured (anisotropy) and alloyed in silicon according to the application
requirements. The addition of silicon (Si) makes possible to improve the physical and
mechanical characteristics of pure iron, to correct certain deficiencies (electrical resis-
tivity, mechanical properties, etc.) and to propose a family of materials having different
properties of use.

The studied material contains about 3% of silicon and other elements in very small
shades summarized in table 2.1a to reduce the magnetic aging. It is a body centered
cubic alloy (Fe-Si), it has a high and positive magneto-crystalline anisotropy constant
K1(table 2.1b). The direction of easy magnetization corresponds to < 100 >, difficult
magnetization is along < 111 > direction, which means that a strong energy is needed
to go from one direction to another (36 kJ.m−3). The other main property is the mag-
netostriction deformation, which is a consequence of the magneto-elastic coupling be-
tween the deformation of the material and its magnetization state, characterized by two
constants λ 100 and λ 111 which are different in amplitude (table 2.1b).

The electrical sheets of the studied material belong to the family of so-called "fully
processed" sheets. These sheets are usually used in rotating machines and low power
transformers due to their low magnetic losses (table 2.1c). Particular care is taken to
magnetically optimize the re-crystallization and the grain growth (figure 2.2.1), and
also to electrically isolate the surface with a layer adapted in composition and thickness
to the needs of the application. In tables 2.1c and 2.1d, the magnetic and mechanical
characteristics of this material are shown. As it will be seen in the chapters that follow,
these magnetic performances are strongly affected by the mechanical stress.

Non-oriented electrical steels have been among the steel products that benefit most
from texture optimization for the improvement of magnetic properties. The texture is
a population of crystallographic orientations whose individual components are linked
to their location within the micro-structure. The ESBD (Electron Backscatter Diffrac-
tion) technique is used to determine the crystallographic information in non-oriented
electrical steel sheets and other materials as well. The result of this technique is named
pole figure (figure 2.2.2). On the right of figure 2.2.2 is illustrated pole figure of GO
Si-Fe texture (so-called Goss texture). A strong anisotropy can be observed between the
rolling (RD) and transverse direction (TD) explained by a higher probability of mag-
netic domains to be oriented along RD. Compared to GO Si-Fe, NO Si-Fe has a more
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Shades Si Mn C S P

wt% 3 0.1 0.005 0.003 0.01

(a) The chemical composition of 3%Si-Fe NO [98].

Constants Value Unit

K1 36 kJ.m−3

λ 100 23 µm/m

λ111 5 µm/m

(b) Anisotropy and magnetostriction
constants.

Properties Value Unit

Specific total loss at 50 Hz - 1.5T 2.25 W/kg

Magnetic induction at H=2500 A/m 1.53 T

Relative permeability at 1.5 T 610 H/m

Coercivity 35 A/m

Anisotropy of loss 10 %

(c) Magnetic properties.

Properties Value Unit

Density 7600 kg/m3

Resistivity 59 µΩcm

Young’s Modulus RD 185 GPa

Young’s Modulus TD 200 GPa

Poisson coefficient 0.27 -

Yield strength 460 MPa

Tensile strength 580 MPa

(d) Mechanical properties.

Table 2.1: Magnetic and mechanical characteristics of Si-Fe 3% NO of thickness 0.35
mm (Source: Cogent Power Ltd).
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Figure 2.2.1: A typical micro-structure of a fully processed and non-oriented electrical
steel sheet : 3%Si-Fe NO [98].

complex texture characterized by random cube texture where each grain has the [100]
plane in the sheet plane, leading to isotropic properties. However, looking to the pole
figure of NO Si-Fe material (figure 2.2.2 on the left) still some degree of anisotropy
exists with a Goss 110 < 001 > component, but not with the same magnitude as GO
Si-Fe.

(a) NO 3% Si-Fe (b) GO 3% Si-Fe

Figure 2.2.2: Pole figures obtained from electron back scattered diffraction (EBSD).
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2.2.0.1 Electrical sheets sampling: motivations

In order to highlight the effect of anisotropy and stress on the magnetic and magne-
tostrictive properties of the studied material (3%Si-Fe NO), a number of samples were
cut in different directions with respect to the rolling direction as shown in figure 2.2.3.
Thereby, 10 samples of 150 mm long, 30 mm wide and 0.35 mm thick are obtained.
The chosen dimensions of the sample favor a uniform magnetization along its length
[3, 35]. This choice makes it possible to validate the assumption of a unidirectional
magnetization to identify parameters of the model. Moreover, characterizing samples
of the same size minimizes the form effect. Hence, any variation of behavior (magnetic
or magnetostrictive) from a sample to another, is purely the anisotropy effect of the ma-
terial. Finally, the rectangular shape of the sample ensures a uniform stress when it is
subjected to a tensile or compressive stress. Despite all this precautions, some difficul-
ties related to buckling persisted when measuring magnetostrictive deformation under
compressive stress. A detailed description of this issue will be given in the following
section.

TD 

0° 

10° 

20° 

30° 

40° 

80° 90° 

50° 

60° 

70° 

RD 

Figure 2.2.3: 10 steel sheets samples cut along different directions with respect to the
rolling direction by water jet cutting machine.
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2.3 Magnetic and magnetostrictive behavior
characterization under mechanical stress

2.3.1 Description of the set-up

2.3.1.1 Single Sheets Tester (SST)

The characterization of magnetic steel sheets is usually done by two methods: the Ep-
stein frame and the single sheets tester. The Epstein method requires the sample to be
cut into the shape of strips, the mandatory multiple of 4 standard dimensions are then
trimmed, weighed and annealed according to specific standards. These strips are then
stacked inside the solenoids so as to form joints in the double overlap angles. However,
these operations involve a long and tedious manipulation. Moreover, the overlaps of the
strips at the "corners" can be a source of other deformations than magnetostriction (e.g.
magnetic forces).

In order to avoid these problems and for the sake of simplicity, we will use an adapted
SST characterization method (figure 2.3.1). It ensures a better homogeneity of the mag-
netic field all along the sample. The SST is equipped with a special mechanism of yoke
in order to insert and remove the tested steel sheets easily and to ensure the magnetic
flux closure. The simplicity of the method can be however, a source of dispersion of the
measurements due to the change of sample or instrumentation (strain gauge and gauge
gluing).

NO Sheet 
Tightening 

B coil 

Ferrimagnetic yoke 

Excitation  
winding 

Strain gauge 

              

              

Mobile clamp Static clamp 

Retention sheet 

Figure 2.3.1: Device used for magnetic and magnetostrictive measurements on steel
sheets samples (SST).

Figure 2.3.1 gives a detailed description of the characterization SST device. The
ferromagnetic yoke in Silicon Iron allows the magnetic flux closure created by the exci-
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tation winding (two windings in series, 70 turns each). The yoke has a magnetic mean
path of 250 mm, a section of 30×30 mm2 and an end-to-end length of 125 mm. The
B-coil allows the measurement of the magnetic flux flowing in the sample. This flux
is estimated by integration of the voltage across the B-coil. The magnetic field H cre-
ated around the sample can be evaluated in first approximation by Ampere’s theorem.
Whereas, the magnetostriction deformation measurements are made using strain gauge
disposed on the top of the specimen. The strain gauge measures only longitudinal mag-
netostriction deformation εµ (parallel to the direction of the applied field H) as shown
in figure 2.3.2. All elements are arranged in a stress application device (figure 2.3.3)
for imposing a mechanical loading in addition to the magnetic loading. To avoid buck-
ling during measurements when a compressive stress is applied, retention plates were
placed on the steel sheet surface on both sides (figure 2.3.1). To minimize the damping
effect on magnetostriction, the retention plates were oiled before put in place. Leaving
the sample free to move generates a variation of the air gap that can cause magnetic
forces of Maxwell type to appear. A suitable tightening is applied to avoid air gaps and
therefore, reduce the effect of these magnetic forces.

𝐻 

𝜃 
RD 

Figure 2.3.2: Direction of applied stress and magnetic field for samples cut at θ =
(0°,10°...90°) with respect to the rolling direction.

Figure 2.3.3 shows the mechanism used for applying in-plane uniaxial stress. It offers
the possibility to exert both tensile and compressive stress up to ±50 MPa for a 30 x 0.35
mm cross-sectioned SST sample. To apply the required force, a manual locking screw
system is used (clamping crank in figure 2.3.3). Also, to better control the stress levels, a
compression spring is considered. Thus, a stress resolution of 0.1 MPa can be achieved.
Furthermore, clamps with a grinded surface are used to ensure proper gripping of the
SST sample. Guide rails passing through the lower part of the clamps and fixed to the
rigid back wall, ensure the in-plane application force. Finally, all the components of the
stressing mechanism are made of non-magnetic stainless steel to avoid any flux leakage
path.
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Load sensor 

Guide rails 
NO sheet Spring 

Clamping crank 

Clamping jaws 
(Static) 

Figure 2.3.3: Description of the stressing mechanism [106].

2.3.1.2 Excitation system

Since the relationship between the flux density B and the magnetic field H is nonlinear,
the induced magnetic flux density in the sample differs from the one generated initially
by the excitation. If we assume sinusoidal magnetization waveform of the excitation, the
measured flux density B has a different waveform in amplitude and shape (figure 2.3.4).
In order to overcome this issue and obtain a sinusoidal magnetic flux density B in the
SST sample, a programmable power source controlled by an algorithm is set up to it-
eratively correct the magnetic flux density B. The schematic diagram of the excitation
control system is shown in figure 2.3.5.

The excitation control system was developed in Aalto university [106]. A programmable
power source (AMETEK CSW 5550VA) and a data acquisition system (DAQ-NI USB-
6251 BNC) with analog output are operated by a PC to control the magnitude and the
waveform of the supply voltage so as to obtain a sinusoidal flux density in the SST
sample. Then, an algorithm programmed using MATLAB/DAQ toolbox control the
feedback of the excitation voltage. Low-noise/high-gain signal amplifiers are also used
to amplify the signal obtained from the B-coil. In addition, a high sampling rate DAQ
system (DEWETRON 50 khz) controlled by PC/DEWE software is used to retrieve the
measured signal for the flux density. The complete process to magnetize the sample and
iteratively feedback control can be described as follows:

1. Excitation: Start from a sinusoidal voltage shape with amplitude depending on
the magnetic flux density level and excitation frequency.

2. Induced voltage in the search coil may not be sinusoidal when the sample saturates
i.e. at higher amplitudes of the flux density (figure 2.3.4).
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Figure 2.3.4: The curve of one period of the measured B (blue line) and wanted B (red
line) signals.
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Figure 2.3.5: Schematic representation of the magnetizing and control system.
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3. Amplitude Control: The amplitude correction, within the user-defined tolerance,
is done by acting on the input signal to the power amplifier and based on the am-
plitude error (εamp) between the measured and the wanted magnetic flux density
(Bmeasured and Bwanted).

4. Waveform Control: Second the waveform control is done. However, during the
waveform control if the error in amplitude exceeds the user defined tolerance, the
amplitude and waveform control will be done again.

5. Termination Criteria: Both the controls are iterated until the convergence crite-
ria in equation (2.3.1) are met.

errorrelative =
||Bmeasured−Bwanted||

||Bwanted||
6 user specified tolerance (2.3.1)

Further details on the sequence control can be found in [106]. The general view of the
experimental device for the magnetic and magnetostrictive measurements under stress
is shown figure 2.3.6.

Data acquisition system 
(DAQ-NI USB-6251 BNC)    

Stressing device 

Programmable  
power source 

(AMETEK CSW 5550VA) 

DAQ system 
(DEWETRON)    

Amplifier of B-coil 
signal 

Force  
display    

Amplifier of strain 
signal 

The Single 
Sheet Tester 

Figure 2.3.6: General view of the experimental set-up.
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2.3.2 Magnetic measurements

2.3.2.1 Magnetic flux density measurements

The search coil or B-coil sensor method is a common approach to measure the magnetic
flux density B induced in a magnetic steel sheet (figure 2.3.7). The search coil should
feel the same flux as the sample, that is why it is wound directly around it to avoid
measurement errors. The induced voltage in the coil sensor Vbcoil is proportional to the
magnetic flux variation passing through the coil (dφbcoil(t)

dt ) and the number of turns of
the coil sensor Nbcoil according to Faraday’s law:

Vbcoil(t) =−Nbcoil.
dφbcoil(t)

dt
(2.3.2)

The integration of the induced voltage Vbcoil at the B-coil terminals allows to deter-
mine the magnetic flux density B:

B =
−1

NbcoilS

ˆ
Vbcoildt−µ0

Sbcoil−S
S

H (2.3.3)

where S and Sbcoil correspond respectively to the sample and B-coil sensor cross
section. The second term of equation (2.3.3) considers the magnetic flux between the
B-coil sensor and the sample. Given its small value for our experiments, it will be
neglected and only the first term is used to calculate B.

2.3.2.2 Magnetic field measurement

The magnetic field H is measured either directly or indirectly. With the direct method,
an H-coil sensor is used to measure locally the magnetic field at the top surface of
the sample (figure 2.3.7), assuming that the tangential component of the magnetic field
is continuous across the sample. The second approach is the indirect magnetic field
measurement that calculate the magnetic field by knowing the magnetization current.
According to Ampere’s law, if a current I is going through a magnetization winding
made of Nwin turns in a closed magnetic circuit of a magnetic mean path of lm, the
magnetic field can be calculated by the following formula:

H =
NwinI(t)

lm
(2.3.4)

To obtain a satisfactory result by this technique, the magnetic path should be clear
and well defined, and the potential drop should be completely on the sample. The un-
certainty in the determination of lm in the ferromagnetic frame decreases the accuracy
of this method, since lm can vary with the peak magnetic flux density, excitation fre-
quency, shape of the excitation waveform - whether it is sinusoidal or not - and the
material anisotropy [72]. The advantage of the current method (I) is that the measured
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signal is relatively large and almost free of distortion compared with signal obtained
by the direct method (H-coil sensor). Nevertheless, this method is not recommended in
rotational core magnetization where the magnetic flux path is not well known.

Before using the two sensors (H-coil and B-coil) for magnetic properties measure-
ments, a calibration was carried out to estimate their sections, the details of this study
can be found in the appendix A. A comparison between H-coil sensor method and Am-
pere’s law method showed that the latter gives better and accurate measurements (ap-
pendix A.2). Hence, this method will be used for magnetic field measurements.

H-coil 

B-coil 

Sample 

Figure 2.3.7: Examples of B-coil and H-coil sensors.

2.3.3 Magnetostriction measurements

The magnetostrictive strain was measured by means of two methods: strain gauges and
laser vibrometer. The setup of each methods will be described. However, measurements
of magnetostriction strain on single sheets samples were exclusively done by the strain
gauge method because of the complexity of setting up the laser vibrometer method. But
for the laminated structure, both methods were used and compared (chapter 3).

Strain gauge

The strain gauge has become a common technique because of the simplicity of strain
measurement. After the insulation coating has been removed to prepare the surface for a
better contact with the sample, the strain gauge is bonded to the sample surface using an
epoxy resin on the top surface and in the middle of the samples to locally measures the
longitudinal magnetostrictive deformation parallel to the magnetization direction. Then,
the output wires of the gauge are soldered to the gauge terminals. Then, the strain gauge
is connected with an electronic circuit (DPM-900/950) in a quarter bridge configuration
(figure 2.3.8) to amplify and filter the noise signal. The main characteristics of the strain
gauge used in this PhD work are summarized in Table 2.2.
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(a) Electronic amplifier
DPM-900/950.

𝑅1 

𝑅3 

𝑅2 

+ 

- 

V 

Strain gauge 

(b) Wheatstone bridge in quarter bridge configura-
tion.

Figure 2.3.8: Electronic amplifier and bridge configuration for strain gauge.

Gauge reference KFN-2-350-C9-11

Gauge factor 1.93 ± 2.0 %

Gauge length (mm) 2 mm

Gauge width (mm) 3 mm

Gauge resistance (Ω) 350 ±1.8

Table 2.2: Characteristics of used strain gauge.

Despite the numerous advantages of the strain gauges (repeatability, accuracy, sim-
plicity ... etc), this method has some disadvantages. Measurements at low amplitudes
are very noisy and even by filtering, the signals obtained remain unusable. Also, the
fact of removing the coating introduces another source of variability that can influence
the measurement of magnetostriction deformation. Moreover, measurements by strain
gauges are very local. For geometries where the field is parallel to the strain measure-
ment, this raises no problem, however, for structures such as the transformer core, a
global measurement is more appropriate because of the presence of rotating field in the
corners for example. To overcome these limitations, a non-contact strain measurement
approach based on laser interferometry is proposed. SIOS SP-S vibrometer sensor was
chosen for our new magnetostrictive strain measurement setup, which will be explained
in details further on in chapter 3.
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2.3.4 Demagnetizing process

For the reliability of the magnetic and magnetostrictive measurements results, a de-
magnetization process is carried out on the electrical steel samples before starting any
magnetic and magnetostrictive measurements. The demagnetization principle works
with a controlled alternating magnetic field, passing through a maximum value and
then reduced to zero. Besides, this demagnetization curve guarantees the elimination
of any residual magnetic field. The working principle of this process is illustrated in
figure 2.3.9.

Residual magnetism  
after demagnetization 

Residual magnetism  
before demagnetization 

Decaying alternating 
field 

Figure 2.3.9: Description of demagnetization process.

First, to overcome the coercive force and reverse the polarity of the magnetic mo-
ments in the material, we need a high intensity. Moreover, in order to reduce the induced
currents and help the magnetic field penetration, a low frequency is required. Second,
the high number of the demagnetizing pulse oscillations make it possible to reach all
magnetic moments. Finally, a good result is then obtained only if the pulse stops prac-
tically with a zero current. Otherwise, a sudden interruption of the magnetic flux leads
to a measurable residual magnetism.
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2.3.5 Average or anhysteretic magnetic and magnetostrictive
curves extraction

After applying the mechanical stress σ to the electrical steel sample, an elastic de-
formation εe and a magnetostrictive deformation εµ appear according to the following
equation:

σ = E.ε
′
= E.(εe + ε

µ) (2.3.5)

Before starting the magnetostrictive and magnetic measurements, the deformation ε
′

signal is set to zero thanks to the electronic circuit (figure 2.3.8a). Furthermore, re-
setting the Wheatstone bridge to zero before the cyclic measurement maintains a high
measurement sensitivity of the magnetostrictive deformation and measures only mag-
netostrictive changes at zero magnetization.

We are particularly interested in anhysteretic curves because of their relevance. They
will also be used to characterize the model parameters offering an easy comparison with
the anhysteretic model results. The measured signals are first filtered with low pass fil-
ter (7 harmonics) to reduce noise and averaging is performed over 10 periods. Then,
the obtained branches of magnetostrictive deformation or magnetic cycles are averaged
point by point to result in anhysteretic or averaged curves. Figure 2.3.10 shows the sig-
nal conditioning applied for extracting the anhysteretic magnetic and magnetostriction
curves.

Figure 2.3.10: Signal conditioning applied to obtain anhysteretic magnetic and mag-
netostrictive curves.
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2.4 Results: multi-directional measurements
under uniaxial stress

As previously mentioned, to illustrate the magnetic and magnetostrictive behavior under
stress, we have considered the median curve between the branches of the hysteresis
cycle (averaged over several periods) as the anhysteretic curve. After removing the
strain corresponding to the elastic deformation, the magnetostriction curves have been
extracted following the same process, by calculating the median curve of the butterfly
loops. This procedure of calculating the median curve can be used for low frequency
measurements, which is the case in the present work [41].

2.4.1 Magnetic measurements

Magnetic measurements were carried out under various mechanical loading from -15
MPa (compression) to 50 MPa (tension), with a sinusoidal flux density and a frequency
of 6 Hz. It is worth noticing that the measurements were done on a non-oriented steel
sheets (3% Si-Fe alloy) for many directions with respect to the rolling direction θ =
(0°,10°...90°) as it will be discussed afterwards.

Figures 2.4.1 and 2.4.2 show the B(H) curves of the NO Fe-Si samples under tensile
and compressive stresses from the rolling to the transverse direction with 10° step. In
general trends, the magnetization curves reveal that the permeability increases under
tensile stress and decreases under compressive stress. Similar behavior has also been
observed in [98, 4, 93, 92] for NO electrical steel under uniaxial stress in the rolling
direction. However, the measurements carried out show a different behavior for the
other directions particularly under tensile stress (figures 2.4.1 and 2.4.2). These figures
indicate that the sample is more sensitive to the effect of tensile stress as the direction
go from 0° to 90° direction with respect to the rolling direction, whereas, compressive
stress decreases the permeability for all samples cut in different direction. For sample
in 0° direction (rolling), the curves at 0 and 10 MPa are superimposed, which reveals
that the permeability has improved in this interval; beyond 10 MPa the permeability
decreases, while for 10° direction, it decreases starting from 10 MPa stress. Samples
cut at 20° and 30° direction have their permeabilities improved by tensile stress up to
30 MPa, beyond that, it starts decreasing. For 40° and 50° direction samples, the same
behavior as 10° direction sample is observed. The permeability start to increase again
for 60° direction sample, a significant amelioration is noticed at 10 MPa. The same
observation is noticed for 70° direction sample but less striking. Similar trends are
found for 80° and 90° direction samples, the permeability improves up to 30 MPa this
time. Independently of the magnetization direction, the compressive stress deteriorates
the permeability even at low magnitude (-5 MPa).
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Figure 2.4.1: Anhysteretic magnetic behavior under stress in different direction with
respect to the rolling direction (1.4 T, 6Hz): θ = (0°...50°).
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Figure 2.4.2: Anhysteretic magnetic behavior under stress in different direction with
respect to the rolling direction (1.4 T, 6Hz): θ = (60°...90°).

This variation of permeability with the sample direction with respect to RD can be
explained by the anisotropy effect. In fact, it is known that a tensile stress favors mag-
netization along easy axis which is close to the applied stress direction. Besides, at
unstressed state, the electrical sheet steel exhibits some magnetic anisotropy and it is
non monotonic with the magnetization direction [50, 77]. Regarding the rolling and
transverse direction; the magnetization is higher in the rolling direction because of the
fabrication process; also most of the grains are oriented in this direction leading to a
small improvement in the magnetization at small tension. Whereas in the transverse
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direction, the easy axis is total perpendicular to the magnetization direction. When
applying a tensile stress, it improves the magnetization since less energy is needed to
orientate the magnetic domains. Consequently, a close connection is pointed between
stress and magnetization at different directions of cut, referred commonly to magneto-
elastic effect.

Looking to the figure 2.4.1 ((a) and (b) for instance), some curves cross each others at
particular field magnitudes; they correspond to what is called Villari effect [31, 88]. This
effect can be analyzed by considering the cross derivative equality based on Maxwell
relations and defined by: (

∂λ

∂H

)
σ

=

(
∂B
∂σ

)
H

(2.4.1)

for a small stress σ , equation (2.4.1) can be written as:

δB =

(
∂λ

∂H

)
σ=0
×σ (2.4.2)

Where B is the flux density, λ is the magnetostrictive strain; σ corresponds to the ap-
plied stress and H to the magnetic field. The subscripts σ and H mean that the derivative
is made at constant values of these quantities, i.e., when a mechanical stress is applied
at a particular field strength, there is an increase or a decrease in the magnetic flux
density in the sample. In the case of Si-Fe sample, saturation magnetostriction λ s is
positive, thus, when the product

(
∂λ

∂H

)
0
×σ is positive (tensile stress), the flux den-

sity B increases. At compressive stress,
(

∂λ

∂H

)
0
×σ is negative and the flux density B

decreases.
Figure 2.4.3 shows the relative permeability curves for NO samples cut in different di-

rection with respect to RD and under uniaxial stress. In addition to the explanation given
above and taking the unstressed state as reference (σ=0 MPa), relative permeability de-
creases rapidly with compressive stress as well for all studied directions. This might be
due to the domains wall movement that is prevented because of stressing, which makes
it more difficult to magnetize the samples. On one hand, it is observed that for each
cutting direction, the relative permeability does not evolve in a monotonous way with
applied stress. On the other hand, starting from an easy magnetization direction (RD) to
the transverse direction, the relative permeability curves have a non-monotonic behavior
over the whole stress range (curves crossing). When a tensile stress is applied, for sam-
ples cut at 30°, 50° and 70° the magnetization increases slightly up to σ=10 MPa before
decreasing again. Moreover, for 90° direction, the relative permeability increases from
σ=0 MPa to σ=20 MPa and starts decreasing after. For 0° and 10° direction samples,
going from σ=0 MPa to σ=10 MPa, relative permeability decreases. However, if we
had a finer discretization step, we should see an improvement of the magnetization at
smaller values of tensile stress [42].
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Figure 2.4.3: Stress sensitivity of permeability in NO Fe-3%Si samples, when magne-
tized at 1T, 6Hz (RD, 10°,30°, 50°,70° and 90°).

The saturation magnetostriction in a cubic crystal in a direction defined by the di-
rection cosines β 1,β 2,β 3 relative to the crystal axes, when it changes from the demag-
netized state to saturation in a direction defined by the direction cosines α1,α2,α3 is
given by:

λ = 3
2λ100(α

2
1 β 2

1 +α2
2 β 2

2 +α2
3 β 2

3 −
1
3)+

3λ111(α1α2β1β2 +α2α3β2β3 +α3α1β3β1)
(2.4.3)

where λ 100 and λ111 are saturation magnetostriction when crystal is magnetized, and
the strain is measured, in the directions < 100 > and < 111 >, respectively. Since the
magnetostrictive strain is measured in the same direction as the magnetization (β 1 =
β 2 = 0,β 3 = 1), the equation (2.4.3) is reduced to:

λ =
3
2

λ100(cos2(θ)− 1
3
) (2.4.4)

where θ is the angle between the saturation magnetostriction λ100 and the magnetic
field direction.

To determine the effect of stress on magnetic behavior, we assume an isotropic mag-
netostriction (λ100 = λ111 = λs). Hence, in the case of uniaxial stress σ acting upon a
single magnetic domain, the magneto-elastic energy Eσ can be written as follow [13]:

Eσ =−σλ =−3
2

λsσ cos2(θs) (2.4.5)
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Where λ s is magnetostriction at saturation and θs is the angle between the saturation
magnetization Ms and the stress direction. For iron (Fe), λ s and σ are both positive,
which lead to a minimum energy when tension is aligned with the saturation magneti-
zation (θs = 0, Eσ = −3

2λsσ ). We note that the way in which a material responds to
stress depends only on the sign of the product of λs and σ . The application of a small
tensile stress to the demagnetized specimen, will cause domain walls to move in such a
way as to decrease the volume of domains magnetized at right angles to the stress axis
(closure or 90° domains), because such domains have a high magneto-elastic energy.
These domains are totally eliminated by some higher value of the stress. Consequently,
the volume of domains magnetized parallel to stress axis increases making the magne-
tization improved by small tensile stress (sample cut at 30° and beyond). When σ is
negative, the process is reversed and the magnetization decreases whatever the angle of
magnetization.

2.4.2 Magnetostrictive strain measurements

As one would expect, the stress has also an important influence on the magnetostriction
strain. Figures 2.4.4 and 2.4.5 show 3D curves of the longitudinal magnetostrictive de-
formation as a function of the flux density B and stress σ for 10 directions of cut with
respect to the rolling direction θ=(0°, 10°...90°). The curves were obtained by inter-
polation based on 9 experimental measurement (9 stress levels). As general trends, it
can be seen that for all direction of cut, compressive stress increases the magnetostric-
tion strain while tensile stress tends to decrease it, and even turn it negative for high
tensile stress. We also observe that a high tensile stress tends to saturate magnetostric-
tion rapidly because we reduce considerably 90° domain walls that are responsible of
magnetostriction. These observations were confirmed as well by authors in [2, 98]. A
close look to the figures 2.4.4 and 2.4.5 show that the shape of the measured deforma-
tion under stress is different from one direction to another. Considering the magnetic
domain structure under stress of each direction of cut, we can assume the following:
The application of a small tensile stress to the demagnetized sample leads to a decrease
of 90° domain volume (figure 2.4.6, H = 0) because they have high magneto-elastic
energy (equation (2.4.5)). These domains can completely be eliminated at higher value
of tensile stress. However, this value of tensile stress depends also on the direction of
cut of the sample. In these conditions, only a small applied field is required to saturate
the sample because the magnetization process is accomplished mainly by 180° domain
walls (figure 2.4.6, H 6= 0). Nevertheless, for compressive stress, the structure (iron
based) is strongly affected because we favor 90° domains walls that are stress sensitive
as illustrated in figure 2.4.6. This explains the high magnetostriction deformation for all
direction when a magnetic field is applied (figure 2.4.6, H 6= 0).
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Figure 2.4.4: Anhysteretic magnetostrictive behavior under stress in different direction
with respect to the rolling direction (1.4 T, 6Hz): θ = (0°...50°).
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Figure 2.4.5: Anhysteretic magnetostrictive behavior under stress in different direction
with respect to the rolling direction (1.4 T, 6Hz): θ = (60°...90°).

To further investigate the influence of stress on magnetostriction strain, the variation
of maximum magnetostriction with the direction of cut (0°...90°) and with the applied
stress is plotted in figure 2.4.7. The results confirm the previous observations for all
directions. A compressive stress increases the magnetostriction strain, while tensile
stress decreases it and make it even negative for high value of tensile stress. Further-
more, the magnitude of magnetostriction under stress has a non-monotonous variation
with angle with respect to RD of the samples between RD (0°) and TD (90°) due to
crystallographic anisotropy. This anisotropic behavior was observed as well in previ-
ous work under unstressed conditions (σ= 0 MPa) in [50, 77] (figure 2.4.8). Similarly,
we notice that the anisotropic behavior remains valid under uniaxial stress conditions.
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State 

(a) Tension (b) Compression 

180° domain wall 

90° domain wall 

H H 

H=0 H=0 

Figure 2.4.6: The stress induced domain reorientation and 90°-180° domain walls il-
lustration.

We can clearly see from figure 2.4.7 that the non-monotonous behavior is still present
for medium stresses (σ = 20 MPa and σ= -10 MPa) and starts to become less striking
for high tensile stresses. This proves that the relative effect of crystallographic texture
(compared to unstressed state) is strongly decreased at high stress amplitudes for all the
directions. Thus, at σ= 50 MPa we start achieving the saturation state of magnetostric-
tion deformation and the crystal anisotropy is nearly zero. In this state, most of the
closure domains (90° domains) are removed (figure 2.4.6). Under compressive stress,
the highest magnitude of magnetostriction is found for the transverse direction and the
lowest at 20°. Furthermore, at 10 MPa, magnetostriction at 90° direction is three times
larger than magnetostriction at 20° direction.

Let figure 2.4.6 represents a small portion of the sample containing four domains.
Under applied stress, the growth of the domains either parallel to the tensile stress or
perpendicular to the compressive stress induces the additional magnetostriction (4ε

‖
µ )

to the elastic strain. Providing constant volume of magnetostrictive deformation, we can
write:

ε
‖
µ = λv‖− λ

2
v⊥ (2.4.6)

where v‖ and v⊥ are relative volumes of the small portion of the sample linked by the
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Figure 2.4.7: Variation of peak magnetostriction with angle of cut in NO Fe-3%Si for
applied compressive and tensile stresses σ= [-15, -10, -5, 0, 10, 30, 50]
MPa, when magnetized at 1.4 T, 6 Hz.
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Figure 2.4.8: Variation of peak magnetostriction with angle of cut in NO Fe-3%Si at
σ = 0 MPa, when magnetized at 1.4T [50].
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relation: v⊥=1-v‖. Hence, the equation (2.4.6) can be expressed as:

ε
‖
µ =

3
2

λ (v‖− 1
3
) (2.4.7)

Under an applied field H, the induced variation of deformation is written as:

4ε
‖
µ =

3
2

λ4v‖ (2.4.8)

Consequently:{
Under tensile stress :

Under compressive stress:
4v‖ ∼ 0→
4v‖ ∼ 1→

small4ε
‖
µ

large4ε
‖
µ

(2.4.9)

When the sample is magnetized, magnetostriction occurs as a result of the motion
of the 90° domain walls. Thereby, if the sample is magnetized parallel to the stress
direction as in the present measurements the maximum magnetostriction decreases with
tensile stress (few 90° domain walls) and increases with compressive stress (increase
of 90° domain walls). As shown in figure 2.4.7, the effect of compressive stress is
more pronounced for sample cut in RD (0°) because we create more 90° domain [85].
However, for all 10 samples, magnetostrictive strain saturation is reached rapidly when
a tensile stress is applied.

2.4.3 ∆E effect
The measurements of ∆E effect are obtained from magnetostrictive measurements under
stress. The procedure is based on an assumption of magnetic saturation of magnetostric-
tion: Whatever the uniaxial stress level, magnetostriction at saturation is the same (same
domain configuration at saturation). First, a stress value is applied resulting in an elastic
strain εe(σ) and a magnetostrictive strain εµ(M = 0,σ) according to equation (2.4.10):

ε
′
(M = 0,σ) = ε

e(M = 0,σ)+ ε
µ(M = 0,σ) (2.4.10)

However, after demagnetization, the magnetostrictive strain εµ(M = 0,σ) is very dif-
ficult to measure as it is much lower than the elastic one. Hence, the deformation ε

′
is

put to zero (initialization). Next, we proceed to magnetostriction measurements under
quasi-static conditions corresponding to a variation of deformation ε” due to magne-
tization at constant stress (equation (2.4.11)). Because the elastic strain is the same
(εe(M,σ) = εe(M = 0,σ)), the measurements agree now to the following equation:

ε”(M,σ) = ε
′
(M,σ)− ε

′
(M = 0,σ)

= εµ(M,σ)− εµ(M = 0,σ)
(2.4.11)
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From equation (2.4.11), we can deduce that ε”(M = 0,σ) is always zero whatever
the stress level. If we assume that the magnetization saturation Ms is reached at high
field, then the domain configuration and hence the magnetostriction strain is the same
regardless of the stress level. Which means that ε”(Ms,0) = εµ(Ms,0). Consequently,
εµ(Ms,0) is considered the reference point that all strains ε”(M,σ) must reach (mag-
netic saturation of magnetostriction). By proceeding to a shift between ε”(Ms,0) and
ε”(M,σ) as illustrated in figure 2.4.9 we obtain the magnetostriction at zero magnetic
field corresponding to a point of ∆E effect curve.

Magnetization 𝑀 𝑀𝑠 

𝜀′′ 

𝜀′′(𝑀, 0) 

𝜀′′(𝑀, σ) 

Curve shifted 

𝜀µ(0, 𝜎) 

Figure 2.4.9: Schematic extraction procedure of ε”(0,σ) (∆E effect).

From the two figures 2.4.4 and 2.4.5, the evolution of magnetostrictive deformation
with zero magnetization, so-called ∆E effect, can be plotted. Looking at the ∆E effect
curves (figure 2.4.10a), we observe that they depend on the direction of cut, moreover,
the evolution from one direction of cut to another is non monotonic.
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Figure 2.4.10: ∆E effect: influence of stress on longitudinal magnetostriction at differ-
ent directions with respect to RD.
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To further investigate the ∆E effect, we represented differently the ∆E curve (fig-
ure 2.4.10b). We notice as general trends that for tensile stress ∆E effect is positive and
negative for compressive stress. For tensile stress, magnetostrictive deformation tends
to saturate and maintain the same amplitude at around σ= 30 MPa. For compressive
stress, it seems that the saturation state have not been reached yet at -10 MPa (buckling
problem beyond). However, we expect a saturation state beyond -10 MPa as found in
[98, 24]. Under compression, a higher magnitude of ∆E effect (than tensile stress) is ob-
served at saturation for all directions, because at σ= -10 MPa we have already reached
the order of magnitude of saturation state corresponding to a tensile stress of σ=50 MPa.

The saturation of ∆E effect under tensile stress is not the same for all directions of
cut. The lowest value was obtained for 20° and 30° samples and the highest for 90°
sample. As explained before, this non monotonous behavior can be related to domain
reorientation under stress.

2.4.4 Frequency influence on magnetostriction under stress
Figure 2.4.11 shows a bar graph describing the variation of the maximum magnetostric-
tion strain with the applied stress and with the frequency for many angles of cut with
respect to RD. All samples were magnetized at 1,4 T and two frequencies f = 6 and 50
Hz.

Figure 2.4.11: Peak magnetostriction of stressed samples cut at different directions and
magnetized at 6 and 50 Hz (B=1.4T).

It is worth mentioning that magnetostriction measurements are highly sensitive to the
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different disturbances that may impact the measurement results because of the small de-
formations involved. The fact that some variations (measurements uncertainty, sample
to sample variations. . . ) may interfere with the measurements is not totally excluded,
however, this variation cannot be attributed mainly to the sheet dispersion or the uncer-
tainties given that a consistent trends in the studied direction is observed.

We first note that at σ = 0 MPa, the effect of frequency is almost invisible and no
significant variation of magnetostriction is observed for all samples cut in different di-
rection. A higher variation in frequency (frequency gap) is needed to observe changes
at unstressed state [86]. However, when σ 6= 0 MPa the magnetostriction behavior
changes with frequency. In the rolling direction (0°), a compressive or tensile stress
seems to increase the effect of frequency. Furthermore, for the same direction, when we
increase the frequency from 6 to 50 Hz, the magnetostriction strain decreases. Never-
theless, for 20°, 50°, 60° and 70° samples, the trend is reversed. A compressive stress
induces a slighter increase of magnetostriction strain, while a smaller magnetostriction
variation is observed when a tensile stress is applied. For 80° sample, the magnetostric-
tion strain at 50 Hz is greater than the one at 6 Hz for a certain applied stress, but the
difference of magnetostriction strain between the two frequencies becomes smaller and
stabilizes. Finally, for 90° sample, the magnetostriction strain is greater at 50 Hz than
at 6 Hz when a compressive stress is applied. Whatever the frequency (6 or 50 Hz), as
we evolve from 0° to 90° direction, a greater tensile stress is needed to make the mag-
netostriction negative, because of the domains orientation under stress as mentioned be-
fore (figure 2.4.6). Besides, the variation of magnetostriction with frequency of stressed
sample has a non-monotonous behavior. Since no effect of frequency on magnetostric-
tion strain was observed for unstressed samples, the reasons of magnetostriction strain
variation with frequency under stress can be assumed to be the combination of the skin
effect (at high frequency domains closer to the surfaces will be more greatly activated
and a large volume of material remains demagnetized) and domain reorientation (due to
stress). In addition, as mentioned in [86], under free stress state and depending on the
sample thickness, when the frequency increases, the domains closer to the surface will
be more activated and a large volume of material remains demagnetized (skin effect).
However, this process (skin effect) seems to be more pronounced when applying stress
on the sample as illustrated in figure 2.4.11, even with low variation of frequency (6
to 50 Hz). As noted in [104], other effects can be involved in this process like surface
effects and domain walls bowing. However, further studies with larger gap in frequency
and under mechanical loading are still needed to confirm these observations.
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Magnetostriction modeling

2.5 Magnetostriction model: Macroscopic and
anhysteretic energy based model

The magnetostriction model presented in this section is based on Serigne Mbengue’s
thesis work [77]. The model has been developed in the present thesis to take into account
the effect of mechanical stress (compression and traction) keeping the consideration of
the magnetic and magnetostrictive anisotropic behavior, which is the strongest point of
the model. First a brief description of the model is detailed and the energy terms are
described. Later on, we explain the procedure of stress effect integration to the model
and the modifications made on energy terms affected by stress loading. Then, modeling
results are compared to measurements made on samples cut in many directions with
respect to the rolling direction (magnetic and magnetostrictive anisotropy). Finally, the
limitations of the model with its new configuration are discussed.

2.5.1 Model description
Since ferromagnetic sheets are characterized by a small thickness, the magnetic flux
circulates mainly in the plane. Thus, the proposed model considers a plane magneti-
zation. Moreover, in order to consider a homogeneous magnetization in the sheet, the
magnetization process is described at the macroscopic scale. Finally, the demagnetized
and unstressed state will be taken as the reference state. Under these conditions, the
total energy that governs the magnetic equilibrium of the ferromagnetic material can be
written as the sum of the following energetic terms:

Etotal (k,θ) = Ez +Ed +Ean +Eσ (2.5.1)

where:

• Ez: refers to the Zeeman energy.

• Ed: refers to the demagnetizing field energy.

• Ean: refers to the macroscopic anisotropy energy.

• Eσ : refers to the magneto-elastic energy.

The magnetization of the medium is described in polar coordinates by the couple (k,θ):

−→
M/

‖
−→
M‖= k.MS with 0≤ k ≤ 1(
−̂→
RD,
−→
M
)
= θ with −π ≤ θ ≤ π

(2.5.2)
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Ms corresponds to the magnetization saturation and
−→
RD represents the rolling direc-

tion.

Zeeman energy

The definition of the Zeeman energy was presented in chapter 1. We remind here the
expression:

Ez =−µ0.
−→
M .
−→
H (2.5.3)

µ0 refers to the vacuum permeability.

Demagnetizing field energy

We have seen in chapter 1 that the demagnetizing field
−→
H d is linked to the magnetization−→

M by the following equation:

−→
H d =−Nd.

−→
M (2.5.4)

where Nd is a demagnetizing factor. In fact, because of the difference in behavior
between the neighboring crystals and magnetic domains, a local magnetic field appears
and creates some heterogeneity in the total magnetization. This effect is rather important
in the beginning of the magnetization as the difference in local behavior is big and starts
to decrease rapidly as the magnetization increases. The expression of the demagnetizing
factor depending on the magnetization variable k and the initial susceptibility χ i(θ)
(depends on direction of cut θ ) is given by:

Nd =
1

χi(θ).(1− k2)
(2.5.5)

In general, the magnetization M can be written as a function of the internal field Hi
and the susceptibility χ by the following equation:

M = χ(Hi).Hi (2.5.6)

The internal field Hi results from the field due to the free currents H0 (external field)
and that due to the magnetization of the material itself −Nd.M:

Hi = H0−Nd.M (2.5.7)

The equations (2.5.6) and (2.5.7) allow us to write the magnetization as a function of
the external magnetic field:

M =
χ(Hi)

1+Nd.χ(Hi)
.H0 (2.5.8)
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Due to the very high initial anhysteretic susceptibility (theoretically in finite for weak
Hi) of soft ferromagnetic materials, we can write for the quasi-linear part of the magne-
tization:

Mχ→∞→
1

Nd
.H0 (2.5.9)

On the other hand, we introduce an amplitude susceptibility (commonly known as se-
cant susceptibility) χa =

M
H0

(figure 2.5.1). In the case of anhysteretic magnetization, the
susceptibility χa for a given field direction can be estimated by the initial susceptibility
and the magnetization variable k:

χa = χi.(1− k2) (2.5.10)

This expression of the susceptibility χa is not unique, it can take a more complex
form.
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Figure 2.5.1: Normalized amplitude susceptibility χa (deduced from dotted measure-
ments [50] and modeled in solid lines) for a given magnetic field direc-
tion.

Thus for a given external field direction, the demagnetizing field factor is given
by Nd = 1

χi.(1−k2)
. This demagnetizing factor Nd is valid for low field levels (equa-

tion (2.5.9)) and allows the magnetization curve to be influenced before the "bend".
The energy associated with this demagnetizing effect becomes:

Ed =
1
2
.µ0.Nd.‖

−→
M‖2 (2.5.11)
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Macroscopic anisotropy energy

The magnetocrystaline anisotropy energy is caused by the magnetic moments which
are not aligned along the crystallographic easy direction (< 001 > for a cubic crystal
lattice of iron), figure 2.5.2a. Whereas the macroscopic anisotropy energy Ean takes into
account the preference of the material to be magnetized according to certain directions
at macroscopic scale. As illustrated in figure 2.5.2b, the ferromagnetic poly-crystal NO
Si-Fe exhibits macroscopic anisotropy due to the material texture (rolling operation)
[19, 109].

Assuming that the influence of the anisotropy on the magnetization rotation is π-
periodic and even, then the associated energy can be decomposed into a modulated
Fourier series by an increasing exponential function according to the magnetization
(equation (2.5.12)). This exponential function (adjusted by the variable α) is intro-
duced to influence the magnetization for high magnetic fields (above the bend of the
magnetization curve).

To model the described behavior of the anisotropy energy the following expression
has been adopted:

Ean = [exp(kα)−1]

[
∞

∑
n=0

An.cos(n.θ)

]
(2.5.12)

where:

(k,θ ): represent model variables

α: fitting variable at high magnetic field

n: pair index

An: model parameters to be identified (describe the macroscopic magnetic anisotropy
due to texture).

The significant number of anisotropy parameters An varies from one texture to an-
other. For example, if we consider the obtaining conditions of figure 2.5.2b, then for a
strongly textured sheet of type SiFe GO the significant An are more important than for
non-oriented grain sheet (figure 2.5.3). The identification of An parameters is detailed
in [76].

The anisotropy described in equation (2.5.12) increases with k and reaches its mini-
mum for k = 0.
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(a) Spatial distribution of the magnetocrystaline
anisotropy energy [98].

(b) Polar representation of the magnetic field at 4 magnetiza-
tion levels (NO (non-oriented) 3%Si-Fe) [76].

Figure 2.5.2: Magnetocrystaline and macroscopic anisotropy of Si-Fe material.

Magneto-elastic energy

When an external stress is applied to a magnetic material, it induces a change in the
domain structure, leading to a variation in the total magnetization. This coupling ef-
fect between the magnetic and the mechanical phenomena is named magneto-elastic
coupling and the associated energy is written as:

Eσ =−
=
σ :

=
ε

µ

(2.5.13)
=
σ and

=
ε

µ

refer respectively to the applied stress and magnetostrictive strain tensors
in the materiel reference frame

(−→
RD,
−→
T D
)

.
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Figure 2.5.3: Macroscopic anisotropy parameters An for two sheets (GO and NO) from
the data in figure 2.5.2b.

=
σ =

[
σRD σRT D

σRT D σT D

]
(2.5.14)

From the isochoric assumption, the anisotropic magnetostriction strain tensor in the
reference frame of magnetization

−→
M is written as:

=
ε

µ
−→
M = g(k2n,θ).

[
1 0
0 −1

2

]
(2.5.15)

where g(k2n) is an anisotropic function representing magnetostriction at saturation
(k→ 1) that can have the following form:

g(k2n,λi(θ)) = λ1 (θ) .k2 +λ2 (θ) .k4 +λ3 (θ) .k6 +λ4 (θ) .k8 (2.5.16)

λ1 (θ) ...λ4 (θ) are model parameters, which can be identified from unidirectional
measurements on samples cut on different angle θ with respect to the rolling direction.

Magnetostrictive deformation is anisotropic and depends on the orientation of the
magnetization [23]. In other words, its saturation value (k→ 1), which is an intrinsic
property of the material, changes and is a function of θ . Thus, the functions λ1 (θ) ...λ4 (θ)
are expressed thanks to the deformation measurements following different directions
and a simple identification of polynomial coefficients from equation (2.5.18). In fact,
the measured deformation (supposed magnetostrictive) in a direction β is given by:

λ
µ

β
=

∆l
l
cβ = Σ

i, j
ε

µ

i jβiβ j (2.5.17)
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Thus, assuming that β ≈ θ for low fields, the measured magnetostriction is given by
the equation (2.5.18). This hypothesis (β ≈ θ ) is true if the longitudinal magnetostric-
tion is measured on a rectangular sample whose length is greater than the width (type
SST device). In this type of device, the effect of the sample shape favors a magnetization
close to the longitudinal direction.

λ
µ

β
=

∆l
l
cβ=θ = λ1 (θ) .k2 +λ2 (θ) .k4 +λ3 (θ) .k6 +λ4 (θ) .k8 (2.5.18)

Using the transformation matrix R from the reference frame of magnetization
−→
M to

the material frame reference
(−→

RD,
−→
T D
)

:

=
ε

µ

= R.
=
ε

µ
−→
M .R−1 (2.5.19)

with:

R =

[
cosθ −sinθ

sinθ cosθ

]
(2.5.20)

The parameters used in the macroscopic model are summarized in table 2.3. They
are evaluated experimentally whatever the angle θ from magnetic M(H) and magne-
tostrictive λ µ(M) curves at different direction (θ = 0°...90°, 10 angles). Based on fig-
ure 2.5.3 and given that the studied material is a non-oriented grain SiFe, a maximum
index of n = 12 was chosen for the An parameters because it seems representative of
the anisotropic behavior of the material. For λ i.k2n parameters, a maximum numbers
of i = 4 and n = 4 were chosen because a polynomial of order 8 is enough to obtain
a magnetostriction curve similar to that obtained by measurement. The corresponding
identification procedure is described in [77].

Parameter number Description

χi(θ) 1 Initial susceptibility

α 1 Dimensionless material parameter

An(θ) 12 Anisotropy coefficients

λn(θ) 4 Magnetostriction coefficients

Ms - Saturation magnetization

Table 2.3: Parameters of the macroscopic model.

By definition [107], the anhysteretic magnetization curve represents a succession of
states or configurations, each of which corresponds to the lowest energy for a given
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excitation. Hence, the reconstitution of the anhysteretic behavior (magnetization, indi-
rectly the magnetostriction) can be presented as a problem of global minimum search
of the total energy (equation (2.5.1)) with a given excitation (figure 2.5.4):

min(Etotal (k,θ))/

{
k ∈ [0,1]
θ ∈ [−π,π]

(2.5.21)

Experimental magnetic and 

magnetostrictive characterization 

Magnetostriction Model Macroscopic  

loading 
Minimization of the total Energy  

(Magnetic field)  

𝐻 
𝑀𝑎𝑛ℎ𝑦 

χ𝑖 θ , 𝐴𝑛(θ), λ𝑖(θ),α 

𝜀  
𝜇
𝑎𝑛ℎ𝑦 

Macroscopic  

response 

(Magnetization & 

Magnetostriction)  
𝐸𝑡𝑜𝑡𝑎𝑙(𝑘, 𝜃) 

Figure 2.5.4: The computation process of the magnetization and magnetostriction de-
formation.

2.5.2 Application of the macroscopic model without
mechanical loading

The proposed anisotropic model is based on an energy approach, allowing it to best
represent the physics that governs the magnetic and magnetostrictive properties of mag-
netic materials. However, this model is macroscopic unlike the multi-scale approach
that is based on the interactions between three different scales, starting from the domain
scale to the grain scale, and using homogenization to describe the material behavior.
On the other hand, the proposed model emphasizes the influence of the magnetic and
magnetostrictive anisotropy, which according to experimental studies on electric motor
and transformer [118, 80] is a source of vibration in these structures.

Figures 2.5.5 to 2.5.8 show a comparison between the measurement and the modeling
results of magnetic and magnetostrictive behavior of a non-oriented grain Si-Fe material
in different magnetization directions (with respect to the rolling direction). Measure-
ments and model are in good agreement. We observe that the model respects the trends
related to the effect of magnetic anisotropy with a maximal error not exceeding 5.6%.
With regard to the magnetostrictive behavior, the effect of a non-monotonic anisotropy
according to the magnetization direction is well restored.
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Figure 2.5.5: Comparison between measurements and modeling results: M(H) on the
left, λ µ(M) on the right.
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Figure 2.5.6: Comparison between measurements and modeling results: M(H) on the
left, λ µ(M) on the right.
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Figure 2.5.7: Comparison between measurements and modeling results: M(H) on the
left, λ µ(M) on the right.
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Figure 2.5.8: Comparison between measurements and modeling results: M(H) on the
left, λ µ(M) on the right.

We describe in the following the main modifications that have been made to the model
during this thesis.

2.5.3 Modeling the magneto-elastic effect
We initially had a version of the anhysteretic anisotropic model corresponding to the
detailed description in section 2.5.1. Nevertheless, the proposed approach did not take
into account the influence of mechanical loading on the magnetic and magnetostrictive
behavior of the studied material. Accordingly, we propose a modified version of the
energy based model by making changes to certain energy terms that are directly or
indirectly related to this magneto-elastic coupling.

In fact, many studies have highlighted the existence of a strong coupling between
magnetostrictive and magnetic properties on one hand, and the application of mechan-

105



Magneto-elastic behavior: experimental characterization and modeling

ical stress on the other hand [4, 28]. In the case of the material which is studied (NO
3% Si-Fe), a general trend is observed: for an applied compressive stress, an increase of
the magnetostriction deformation and a degradation of the magnetic permeability and
this, whatever the amplitude. On the other hand, when a tensile stress is applied, the
magnetostriction decreases and reaches saturation quickly. Besides, the permeability
is improved for small amplitudes of tensile stress but deteriorated in the case of large
amplitudes [69]. Despite the existence of these works, the modeling of magnetostric-
tion under stress was limited to the rolling direction [4, 28]. The anisotropy effect of
both the magnetization and the magnetostriction was not taken into consideration in the
modeling. Aware of this weakness we propose a more complete modeling, describ-
ing more accurately the anisotropic behavior of non-oriented materials as well as the
magneto-elastic effect.

2.5.3.1 Proposed magneto-elastic energy term Eσ

As detailed previously the magneto-elastic energy term takes into account the effect of
mechanical stress on the magnetostriction deformation and the magnetic properties of
the ferromagnetic material. To integrate the influence of stress, a function h(σ) will be
added to scale g(k2n,λi(θ)) (equation (2.5.16)) depending on the stress level and nature
(compression or traction). Hence, the magnetostriction strain in the reference frame will
be written as follows :

=
ε

µ
−→
M = g(k2n,λi(θ ,σ)).h(σ).

[
1 0
0 −1

2

]
(2.5.22)

λi(θ ,σ) are know identified depending on angle of magnetization θ and applied
stress σ as well. h(σ) corresponds to the stress dependence function and is given by:

h(σ) =
a− exp(bσ)

c+2exp(bσ)
+d (2.5.23)

a, b, c, d are fitting parameter which can be identified from unidirectional measure-
ments under compressive and tensile stress for each magnetization direction θ with
respect to the rolling direction. The function h(σ) scales g(k2n,λi(θ ,σ)) depending on
the stress σ . It was obtained by observation of the variation of maximum magnetostric-
tion with respect to stress, the expression in equation (2.5.23) is similar to the hyperbolic
tangent function which has the same evolution as the measurements. Figure 2.5.9 shows
the fitted and measured magnetostriction deformation at maximum flux density (k→ 1)
for different values of stress along RD (0°), TD (90°) and 50°, others angles are reported
in appendix B. It can be seen that the function h(σ) fits best our measurements for all
directions of magnetization with respect to the rolling direction (0°....90°).

In the expression of function g describing the magnetostriction strain, the functions
λi were originally dependent only on θ , the angle of magnetization with respect to the
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Figure 2.5.9: Fitted (h(σ)) and measured maximum magnetostriction λ max(σ) at dif-
ferent mechanical stress in the rolling direction.
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rolling direction. Now they depend also on the applied stress σ . Since our model is
anisotropic and to best fit the experimental curves, we suggest three fitting functions
instead of only one: a first function for compressive stress, a second function for tensile
stress and a last function for 0 MPa. In these conditions, the general expression of
function g can be written as follow:

g(k2n,λi(θ ,σ)) =
1
2
[gσ<0.(sign(σ)−1).sign(σ)+gσ>0.(sign(σ)+1).sign(σ)

−2.gσ=0.(sign(σ)−1).(sign(σ)+1))]
(2.5.24)

The identification of the functions λi is done depending on θ and the nature of stress
σ :

at


σ =−10MPa
σ = 50MPa
σ = 0MPa

for
gσ<0

gσ>0

gσ=0

(2.5.25)

2.5.3.2 Proposed macroscopic anisotropy energy term Ean

We have seen in paragraph 2.5.1 that the macroscopic anisotropy energy without me-
chanical loading can be written:

Ean = (exp(kα)−1)

(
∞

∑
n=0

An.cos(n.θ)

)
(2.5.26)

Nevertheless, it is well known that the applied stress introduces a supplementary
anisotropy to the material [23]. To describe the effect of stress on the macroscopic
anisotropy, a small modification will be made on the first term of the equation (2.5.26)
to make the anisotropy energy high or low depending on the stress and the magnetiza-
tion direction with respect to the rolling direction. In order to extend this expression to
higher number of angles with respect to the rolling direction, it has been adapted to take
two formulations depending on the angle by introducing a function L(θ):

Ean = (exp(kα)+L(θ))

(
∞

∑
n=0

An.cos(n.θ)

)
(2.5.27)

where the function L(θ) is introduced to consider the influence of the anisotropy
effect depending on the angle θ with respect to the rolling direction. It takes two values
1 or −1 depending on the angle θ :

L(θ) =

{
1
−1

for
for

θ = 0...30°
θ = 40...90°

(2.5.28)
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hence,

{
for angles = 0...30◦

for angles = 40◦...90◦
Ean = (exp(kα)+1)(∑∞

n=0 An.cos(n.θ))
Ean = (exp(kα)−1)(∑∞

n=0 An.cos(n.θ))
(2.5.29)

2.5.3.3 Proposed demagnetizing factor energy

As explained in paragraph 2.5.1, the demagnetizing energy can be written as:

Ed =
µ0

2
Nd ‖

−→
M ‖2 (2.5.30)

Nd =
1

χ i(θ).(1− k2)
(2.5.31)

Nd is named demagnetizing factor and it was established for unstressed state. To de-
scribe the effect of stress (especially at compressive stress) on the initial domain struc-
ture, a configuration demagnetizing field Hσ

d has been introduced by [98], to be added
to the initial field H with a new demagnetizing factor:

−→
H σ

d = η .(Nσ
d −

1
3
).
−→
M (2.5.32)

where η is a material parameter,
−→
M is the magnetization and Nσ

d is the stress demag-
netizing effect.

In the case of uniaxial stress σ applied in the same direction as the magnetic field H,
Nσ

d can be written as follows:

Nσ
d =

1
1+2× exp(−Kσ)

(2.5.33)

K is a material parameter that is defined by other modeling parameters [28]:

K =
3
2

Asλ100 =
9.χi(θ).λ100

µ0M2
s

(2.5.34)

χi(θ) : is the initial susceptibility as a function of magnetization angle θ .
λ 100: is the saturation magnetostriction in the < 100 > cubic axis.
µ0: is the vacuum permeability.
Ms : is the saturation magnetization.
As the stress demagnetizing field is now defined, it will be integrated to the demag-

netizing energy by the expression of magneto-static energy that can be divided into two
contributions (Zeeman and demagnetizing field energy):
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Ems = Ez +Ed =−µ0.
−→
M .
−→
H −µ0.

−→
M .
−→
H d

Ems =−µ0.
−→
M .
−→
H + 1

2 µ0(Nd−2η .(Nσ
d −

1
3)) ‖

−→
M ‖2 (2.5.35)

If a single crystal ferromagnetic material with no applied field is considered, the
magneto-static energy (Ems) will be equal to the energy of the demagnetization field
(Ed).

The demagnetizing field energy is then defined as:

Ed =
µ0

2
(Nd−2η .(Nσ

d −
1
3
)) ‖ −→M ‖2 (2.5.36)

To take only the effect of compressive stress, the expression in equation (2.5.36)
becomes:

Ed =
µ0

2
(Nd +η .(sign(σ)−1).(Nσ

d −
1
3
)) ‖ −→M ‖2 (2.5.37)

The equation (2.5.37) corresponds to the expression of the demagnetizing field energy
under mechanical stress. This expression is reduced to equation (2.5.30), when there
is no applied stress (Nσ

d = 1
3 ) or under tensile stress ((sign(σ)− 1) = 0 for σ > 0).

However, the non-monotonic behavior at very high tensile stress is not considered.

2.5.4 The model parameters
The model parameters are identified from anhysteretic magnetic and magnetostrictive
measurements under uniaxial stress. The identification has been done for non-oriented
(NO) electrical steel in 10 directions of cut with respect to the rolling direction. The
samples were loaded by uniaxial stresses varying from -10 MPa to 50 MPa. In order to
identify the model parameters, the measured anhysteretic magnetization curves under
free stress are used to describe the macroscopic anisotropy. Whereas, the anhysteretic
magnetostriction curves under uniaxial stress levels of -10 MPa, 0 MPa and 50 MPa
are used to reproduce the magnetostriction behavior. The parameters retained resulting
from the identification are grouped in the table 2.4.

Parameter Ms λ100 η α

Value 1,3.106 23.106 1.10−4 20

Unit A/m - - -

Table 2.4: Model parameters.

The parameters presented in the table 2.4 were simply chosen to reproduce accurately
the unidirectional experimental results obtained under stress on samples cut in different
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directions. To these parameters is added those of h(σ) function a, b, c, d which can be
identified from unidirectional measurements under compressive and tensile stress for
each magnetization direction θ .

The coefficients An (anisotropy coefficients), the anisotropic functions λi (magne-
tostriction constants at saturation), as well as the initial susceptibility χ i(θ) are identi-
fied respectively from experimental characterization thanks to the following equations:

∑
∞
n=0 An.cos(n.θ) = µ0.

(
1

exp(1α)−1

)
︸ ︷︷ ︸

kexp≈0.6 ∀α

.MS.
√

H2
0RDexp

+H2
0T Dexp

= Eanexp (θ)


A0 =

〈
Eanexp j

〉
= 1

N ∑
N−1
j=0 Eanexp j

An = 2
N ∑

N−1
j=0 Eanexp j

cos
(
n.θexp j

)
(2.5.38)

where N and θexp j are respectively the number and the measurement angles.

χi =
dM
dH

(2.5.39)

λi =
1
2

[
d2λ µ(k)

dk2i

]
k=0

(2.5.40)

λ µcorresponds to the measured magnetostriction deformation: λ µ = λ1k2 +λ2k4 +
λ3k6 +λ4k8.

In order to integrate these functions in a minimization algorithm, we need to gener-
alize them to ensure their continuity whatever the angle of cut θ . By considering these
functions π-periodic and even, we obtain the generalized version shown in figure 2.5.10
for each function. Considering the red vertical line as the symmetry axis, the results on
the right were obtained by symmetry based on the measurements results on the left. It
is worth noticing that the functions λ i in figure 2.5.10c were plotted under -10 MPa and
50 MPa in addition to σ = 0 MPa.
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Figure 2.5.10: Evaluation of model parameters in different direction of cut at σ =
0 MPa.

The modeling process is described in figure 2.5.11. Given that the anhysteretic mag-
netization curve represents a succession of states which each one corresponds to the
lowest energy for a given load (magnetic field and/or stress), the reconstitution of anhys-
teretic behavior (magnetization and magnetostriction deformation) may be represented
as a problem of global minimum search for total energy (equation (2.5.1)).
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Figure 2.5.11: The computation process of the magnetization and magnetostriction de-
formation under stress.

2.6 Results of modeling and comparison to
measurements

This section describes the modeling results that will to be compared to experimental
measurements. The material parameters used for the modeling were presented in the
previous paragraph (subsection 2.5.4). It is reminded that the direction of uniaxial me-
chanical loading is parallel to the magnetic and magnetostrictive measurements. The
magnetization and magnetostriction evolution are modeled under stress with σ ranging
from -10 MPa to 50 MPa. In order to better observe the anisotropy of the magnetic and
magnetostrictive behavior, the measurements are shown for a maximal external mag-
netic field value of 500 A/m.

2.6.1 Magnetic behavior

The figures 2.6.1, 2.6.2 and 2.6.3 describe the experimental and modeled magnetization
curves for samples cut in different direction with respect to the rolling direction. For
each sample, the experimental curve is on the left (dashed line) and the modeled is on
the right (continuous line). As a general trends, the modeled effect of tensile stress on
the magnetic behavior is well restored and reasonably accurate for the studied directions.
However, the prediction of the behavior under compressive stress is not sufficiently ac-
curate. In addition, a compressive stress leads to a very significant drop in the magnetic
permeability, whereas a tensile stress has a much slighter effect. This evolution of mag-
netic properties with the stress nature is in agreement with the measurements. In some
directions, the tensile stress leads to an improvement of the magnetic permeability as
it is the case for 90° direction sample (figure 2.6.3a). Also, the model is able to take
into account the non-monotonic dependency of the permeability on the stress at low and
medium tensile stress for certain directions but not for all (figure 2.6.1). This problem
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could probably be overcome by involving the expression of the demagnetizing field fac-
tor (Nσ

d ) for tensile stresses (not considered for tensile stress in the equation (2.5.37)).
But this may increase the relative error between the experimental and the modeled re-
sults. In all directions, at compression, a bowing of the anhysteretic curve of magneti-
zation is observed (figure 2.6.1a). Phenomenologically, this could be explained by the
increase of 90° domains under compressive stress as discussed in section 2.4.1.
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Figure 2.6.1: Anhysteretic M(H) behavior of the NO steel along different direction of
magnetization and under uniaxial stress θ = (0°, 10°,20°): Experimental
results (left), modeling results (right).

115



Magneto-elastic behavior: experimental characterization and modeling

50 100 150 200 250 300 350 400 450 500
Magnetic field H(A/m)

0

2

4

6

8

10

12
M

ag
ne

tiz
at

io
n 

M
(A

/m
)

105

-10 MPa
-5 MPa
0 MPa
10 MPa
20 MPa
30 MPa
50 MPa

50 100 150 200 250 300 350 400 450 500
Magnetic field H(A/m)

0

2

4

6

8

10

12

M
ag

ne
tiz

at
io

n 
M

(A
/m

)

105

-10 MPa
-5 MPa
0 MPa
10 MPa
20 MPa
30 MPa
50 MPa

(a) 30° with respect to RD

50 100 150 200 250 300 350 400 450 500
Magnetic field H(A/m)

0

2

4

6

8

10

12

M
ag

ne
tiz

at
io

n 
M

(A
/m

)

105

-5 MPa
0 MPa
10 MPa
20 MPa

50 100 150 200 250 300 350 400 450 500
Magnetic field H(A/m)

0

2

4

6

8

10

12

M
ag

ne
tiz

at
io

n 
M

(A
/m

)

105

-5 MPa
0 MPa
10 MPa
20 MPa

(b) 40° with respect to RD

50 100 150 200 250 300 350 400 450 500
Magnetic field H(A/m)

0

2

4

6

8

10

12

M
ag

ne
tiz

at
io

n 
M

(A
/m

)

105

-10 MPa
-5 MPa
0 MPa
10 MPa
20 MPa
30 MPa

50 100 150 200 250 300 350 400 450 500
Magnetic field H(A/m)

0

2

4

6

8

10

12

M
ag

ne
tiz

at
io

n 
M

(A
/m

)

105

-10 MPa
-5 MPa
0 MPa
10 MPa
20 MPa
30 MPa

(c) 60° with respect to RD

Figure 2.6.2: Anhysteretic M(H) behavior of the NO steel along different direction of
magnetization and under uniaxial stress θ = (30°, 40°,60°): Experimen-
tal results (left), modeling results (right).

116



Results of modeling and comparison to measurements

50 100 150 200 250 300 350 400 450 500
Magnetic field H(A/m)

0

2

4

6

8

10

12
M

ag
ne

tiz
at

io
n 

M
(A

/m
)

105

-5 MPa
0 MPa
10 MPa
20 MPa
30 MPa
50MPa

50 100 150 200 250 300 350 400 450 500
Magnetic field H(A/m)

0

2

4

6

8

10

12

M
ag

ne
tiz

at
io

n 
M

(A
/m

)

105

-5 MPa
0 MPa
10 MPa
20 MPa
30 MPa
50 MPa

(a) 80° with respect to RD
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(b) The transverse direction: 90°

Figure 2.6.3: Anhysteretic M(H) behavior of the NO steel along different direction of
magnetization and under uniaxial stress θ = (80°, 90°): Experimental
results (left), modeling results (right).

2.6.2 Magnetostrictive behavior

The comparison between modeled and experimental results is shown in figures 2.6.4 and
2.6.5. The figures have been plotted so that all the curves start from zero. It appears first
of all that the pace and the general trends of the magnetostrictive curves are correctly
represented by the model. The model, however, tends to overestimate the magnetostric-
tive behavior in certain directions. Furthermore, we observe that the model reproduces
well the effect of macroscopic and stress anisotropy. Hence, the trends correspond to
the experimental observations. While under compression magnetostriction increases,
magnetostriction decreases for tensile stress and a reversal is observed from positive to
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negative when high tensile stress is applied. On the other hand, the inversion of the
direction of magnetostrictive deformation variation reproduced by the model for certain
directions of magnetization (figure 2.6.4a) corresponds to a stage where the magnetic
state becomes essentially driven by the rotation of the magnetization in the domains.
This reversal of the direction of variation also occurs experimentally if measurements
are made for more intense magnetic fields.
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Figure 2.6.4: Anhysteretic magnetostrictive behavior λ µ(M) of NO steel different di-
rections of magnetization and under uniaxial stress: Modeling and ex-
perimental results θ = (0°...30°).
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Figure 2.6.5: Anhysteretic magnetostrictive behavior λ µ(M) of NO steel different di-
rections of magnetization and under uniaxial stress: Modeling and ex-
perimental results θ = (40°, 60°, 80°, 90°).

These comparisons between model and measurements allow us to conclude that the
modeling is capable of representing correctly the anhysteretic magneto-elastic coupling
and anisotropy effects for different directions of cut. Comparisons reveal some gaps
and limitations, such as the difficulties to reproduce behaviors under high compression
stress, as well as, the non-monotonic behavior under high tensile stress for certain di-
rections of cut with respect to the rolling direction.
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2.7 Conclusion

Measurements were carried out on a non-oriented grain iron alloy with 3% of sili-
con. The magnetic and magnetostrictive behaviors were characterized under mechani-
cal stresses for samples cut in different directions with respect to the rolling direction.
This constitute the originality brought by our measurements. The results of magnetic
and magnetostrictive behavior on the samples showed that the anisotropy effect remains
dominant under low and medium stresses but tends to disappear for very high stresses.
On the other hand, a strong link has been established between permeability, magne-
tostrictive deformation and stress. In some particular configuration of stresses, one can
have improvements in the magnetic properties and the decrease of the magnetostriction
deformation, as is the case for the transverse direction under tensile stress.

The second part was devoted to present the recent developments which allowed the
improvement of the model. These improvements concern in particular the accounts of
the effect of the stress on the magnetic and magnetostrictive properties. Comparisons
between experimental and modeling results show a qualitative agreements. However,
more adjustment are needed to achieve a quantitative comparison. The advances com-
pared to the old version of the model are certain, but the modeling remains imperfect.
Considering the stress effect coupled with the macroscopic anisotropy (due to texture)
seems to be difficult to predict for all angles of cut in the present configuration of the
model, other expressions are to be added and some energy terms are to be modified in
future work. Besides, the model requires high number of material parameters (around
21), a reduction of the number of parameters seems necessary for easier use and ex-
ploitation.
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CHAPTER 3

FROM SINGLE SHEET TO LAMINATED
STRUCTURES

3.1 Introduction

Since the aim of this PhD work is to extend the work from material to a transformer-
type device, the present chapter deals with the magnetic and magnetostrictive behavior
of laminated structures.

In this chapter the measurement results obtained on two types of structure will be pre-
sented and compared to results obtained with a finite element approach. First, the results
of magnetic and magnetostrictive behavior of the laminated structure without air gap
under two different magnetization conditions are presented depending on the voltage
or current magnetization mode. Also, a comparison is made between the strain gauge
method and the laser vibrometer setup in term of magnetostriction measurements, then,
the contribution of each method is discussed. Next, measurement results under uniax-
ial compressive stress will be described and the magneto-elastic coupling highlighted.
Next, an overview of the 2D FE method for the computation of the deformation of the
structure due to magnetostriction will be detailed. For the computation of magnetostric-
tive deformation, the energy based model presented in chapter 2 is used. After that, the
FE results will be compared to measurement results. The second part of the chapter
will be devoted to study the structure with air gaps to investigate the interaction be-
tween magnetostriction and the Maxwell forces. For the FE computation, in addition to
the magnetostrictive deformation, Maxwell forces are calculated by the Maxwell stress
tensor. An analytical approach is also established to make a comparison with the FE
calculation. Later on, the FE and measurements results will be compared and discussed
in details. Based on these results, the effect of the air gap material hardness on the total
displacement will be discussed.
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3.2 Description of the laminated structures under
study

The ferromagnetic structure under study can be assimilated to a single phase trans-
former core of dimension 250×250 mm and 15 mm width leg. The core consists of 40
impregnated iron sheets with a total thickness of 15 mm where each sheet is 0.35 mm
thick.

In a first place, to study only magnetostrictive deformation, a simple ferromagnetic
frame assembly has been considered, figure 3.2.1a. This choice of cutting (frame shape)
allows, in addition to the elimination of air gaps, the possibility of studying the magne-
tostriction in the direction of rolling and transverse for the same magnetic flux and the
same structure. In a second place, a laminated structure made of U and I cores shape
was assembled with the same dimensions as the previous one. The introduction of two
air gaps in the flux path helps in the production of large magnetic forces, figure 3.2.1b.
Materials with different mechanical properties and width are inserted in the air gap to
evaluate their effect on the magnetostrictive deformation.

In the air gaps, the magnetic flux lines are mainly perpendicular to the air gaps surface
resulting in a perpendicular magnetic stress pressure. Therefore, magnetic forces result
only in tensile/compressive stress in the legs where the air gaps are present.

16 mm 

15 mm 

(a) The laminated structure without air gaps

RD 

Airgap 15 mm 

(b) The laminated structure with air gaps

Figure 3.2.1: The laminated structures under study: without air gaps (a), with air gaps
(b).

3.3 Magnetic and magnetostrictive measurements
conditions

In the framework of this work the magnetic and magnetostrictive measurements on the
laminated structure are performed under unidirectional excitation. It means that the
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magnetic field is always unidirectional along the legs of the laminated structures where
the measurements are made, figure 3.3.1a. The excitation winding creates the magnetic
field in the laminated structure, magnetostrictive deformation occurs and is measured
by a strain gauge. Thereafter, the magnetic field and the magnetic flux density are
retrieved by coil sensors (H− coil, B− coil). Each measurement was carried out five
times to evaluate the repeatability error using Student Law and the average was kept.
The confidence level of the measured values is 95%. Figure 3.3.1b shows a picture of
the studied structure with the measurements and excitation elements.

H-coil sensor 

B-coil sensor 

Strain gauge 

Excitation 
Windings 

Laminated 
Structure 

(a) Excitation and measurements elements on the laminated structure

(b) Picture of the laminated structure without air
gaps

Figure 3.3.1: The laminated structure with all elements for sensing magnetic flux den-
sity and magnetostriction strain

Considering the limitations of the strain gauge measurements method due to the con-
tact with the sample, an non-intrusive approach using a laser Doppler vibrometer has
been used in addition to strain gauges. This technique overcome the drawbacks of the
strain gauge since no contact with the sample is required.
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3.3.1 SIOS SP-S laser interferometric vibrometer
Laser interferometric vibrometers are used to measure precisely and without contact the
change of position over time of an object or surface of any degree of roughness. The
SP-S1 laser vibrometer was chosen for more precise magnetostriction measurements. It
belongs to the family of single-point vibrometer with a fixed focal length as it allows
to measure an object’s vibrations in the direction of the laser beam (figure 3.3.3a). The
working principle is based on Laser Doppler Vibrometry (LDV). This method offers
better displacement and velocity resolution compared to the strain gauge technique and
is used in many fields of basic science. The technology is based on the Doppler effect
(figure 3.3.2); sensing the frequency shift of back scattered light from a moving object.
If the object under investigation is moving with the speed Vob ject in the measurement
axis of the interferometer, then the maximum oscillation frequency fdoppler of the mea-
surement signal can be calculated using the Doppler effect:

fdoppler = 2.
Vob ject

λHe−Ne
(3.3.1)

where λHe−Ne is the wavelength of He-Ne laser (632.8 nm).

Low frequency High frequency 

Object moving  to the left with a velocity 𝑉𝑜𝑏𝑗  and at frequency 𝑓𝑜𝑏𝑗   

λ′′ =
(V−𝑉𝑜𝑏𝑗) 

𝑓𝑜𝑏𝑗
 λ′ =

(V+𝑉𝑜𝑏𝑗) 

𝑓𝑜𝑏𝑗
 

𝑉𝑜𝑏𝑗 

𝑉 is the propagation velocity of the wave 

Figure 3.3.2: Doppler effect: frequency shift phenomenon that occurs whenever a wave
source and an observer are moving with respect to one another.

All optical parts of the laser vibrometer are located within the sensor head and bal-
anced (figure 3.3.3b). First, The beam of a helium-neon laser is split by a beam splitter

1SP-S: Single Point-Serie
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BS-I into a reference beam and a measurement beam. After passing through a second
beam splitter BS-II, the measurement beam is focused onto the vibrating object, which
reflects it. This reflected beam is now deflected downwards by BS-II, is then merged
with the reference beam by the third beam splitter BS-III and is then directed onto the
detector.

Moving object 

Measuring beam 

Sensor head 

Measurement direction 

Base plate 

Base alignment 

Direction  
alignment 

Focal length 

(a) Sensor head pointing to the object to be measured

(b) Schematic description of the arrangement of sensor head.

Figure 3.3.3: SP-S vibrometer sensor head.

As the path length of the reference beam (RB) is constant over time (with the excep-
tion of negligible thermal effects on the interferometer RB = Cste), a movement of the
object under investigation (OB2 = OB(t)) generates a dark and bright pattern typical of

2OB: Object Beam
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interferometry on the detector (fringe). One complete dark bright cycle on the detec-
tor corresponds to an object displacement of exactly half of the wavelength of the light
used. In the case of the helium-neon laser used almost exclusively for vibrometers, this
corresponds to a displacement of 316 nm.

Changing the optical path length per unit of time manifests itself as the Doppler
frequency shift of the measurement beam. This means that the modulation frequency
of the interferometer pattern determined is directly proportional to the velocity of the
object (equation (3.3.1)). As object movement away from the interferometer generates
the same interference pattern (and frequency shift) as object movement towards the
interferometer, this setup cannot determine the direction the object is moving in. For
this purpose, an acoustic-optic modulator (Bragg cell) is placed in the reference beam,
which shifts the light frequency by 40 MHz (by comparison, the frequency of the laser
light is 4.74×1014Hz). This generates a modulation frequency of the fringe pattern of
40 MHz when the object is at rest. If the object then moves towards the interferometer,
this modulation frequency is reduced and if it moves away from the vibrometer, the
detector receives a frequency higher than 40 MHz. This means that it is now possible
not only to detect the amplitude of movement but also to clearly define the direction
of movement. Nevertheless, the direction information depends on the laser head and
software used for measurements acquisition.

Figure 3.3.4: Overall view of SP-S series vibrometer.

The SP-S laser interferometric vibrometer consists of three basic components (fig-
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ure 3.3.4):

• The compact, fiber optic coupled sensor head.

• The modular Supply and Evaluation Unit (SEU) with an integrated He-Ne laser.

• The personal computer with control software INFAS Vibro.

The main characteristics of the SP-S vibrometer are summarized in table 3.1.

Property Value

Focal distance 240 mm

Laser spot diameter 100 µm

Resolution 0.1 nm

Frequency range 0...500 kHz

Sampling frequency range 1...1000 kHz

Measurement range ≤±20 mm

Table 3.1: Technical data of the vibrometer SP-S.

3.3.2 Excitation system
To create a sinusoidal voltage or sinusoidal current waveforms, two setups were used
depending on the quantities imposed (current or voltage), hereafter named as volt-
age magnetization and current magnetization. Since a proportional relationship ex-
ists between the magnetostrictive deformation and the magnetization waveform (λ =
f (M)=λ 0 +λ2.M2), the aim of the excitation systems is to generate different magnetic
induction waveforms B in the structure and observe the effect on the magnetostrictive
deformation waveforms.

3.3.2.1 Voltage magnetization

The excitation setup for voltage magnetization and electrical quantities are shown in fig-
ure 3.3.5 and figure 3.3.6 respectively. Since the setup is fully controlled manually, the
signal amplitude can be adjusted using an auto-transformer. First, the voltage coming
from the grid (the default frequency is 50 Hz ) is reduced and then, the voltage signal is
sent to the magnetization coil of the laminated structure thanks to an auto-transformer.
Later on, the magnetic induction B, the magnetic field H and the magnetostriction strain
signals are then measured. Afterwards, all the measured signals are sent to the oscil-
loscope and saved. All the signal calculations, post-processing and the visualization of
the signals are further processed in the MATLAB software.
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Transformer 
(220v/24v) 

Auto-transformer 

Powermeter 

Figure 3.3.5: Voltage magnetization set-up.
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Figure 3.3.6: Voltage magnetization: voltage and current waveforms.

3.3.2.2 Current magnetization

The set-up composition for current magnetization and the electrical quantities are il-
lustrated in figure 3.3.7 and figure 3.3.8 respectively. A signal generator generates a
sinusoidal wave u(V ) with a variable amplitude and frequency f (Hz), then, the signal
is sent to a power amplifier. Next, the output current i(A) is sent to the excitation wind-
ing (N = 80 turns) surrounding the laminated structure. Hence, a magnetic field H is
established in the ferromagnetic structure. This excitation system is equipped with a
filter with adjustable cutting frequency and a signal amplifier of B− coil and H− coil
sensors.
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Signal generator 

Oscilloscope 

Power amplifier 
Current probe 

Filter & amplifier 

Figure 3.3.7: Current magnetization set-up.

−0.2 −0.1 0 0.1 0.2

−6

−4

−2

0

2

4

6

Time (s)

C
ur

re
nt

 (
A

)

−0.2 −0.1 0 0.1 0.2
−10

−5

0

5

10

Time (s)

V
ol

ta
ge

 (
V

)

 

 

1A
2A
3A
4A
5A
6A

Figure 3.3.8: Current magnetization: current and voltage waveforms.
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3.3.3 Stressing device for the laminated structure

In order to study the effect of compressive stress on the magnetostrictive strain (like
in transformer assembly), the laminated structure is stressed in lamination direction by
means of a clamping vise shown in figure 3.3.9, a description on the clamping vise is
reported in appendix C. The use of rigid polymer parts (equivalent in size to the section
of the structure leg) make it possible to apply the force uniformly to the structure leg.
The variation of the magnetostrictive deformation in the structure is retrieved by means
of a strain gauge. Due to accessibility issues the laser vibrometer could not be used
when the structure is under stress. In fact, the setting up of the vise prevents the laser
beam from reaching the surface of the bar under compressive stress. All the parts which
constitutes the device for applying stress are non-magnetic so as not to alter the magnetic
field circulating in the ferromagnetic structure.

Laminated 
structure 

Air gap 
adjustment 

Clamping  
screw 

Excitation 
windings 

Support 

Clamping  
vise 

Polymer parts 

Figure 3.3.9: General view of the clamping device.

In order to apply a precise effort through the vise, torque wrenches are used to control
the tightening torque (figure 3.3.10). The work done by the tightening torque C after
one turn is written as follows:

Wtorque =C.θ =C.2π (3.3.2)

On the other hand, the work done by a screw can be written as:

Wscrew = Fs.p (3.3.3)

where Fs is the stressing force and p the pitch of the screw.
If we make the assumption of a negligible friction (difficult to establish), the work

of the torque should be equal to the work done by the screw, hence, we obtain the
equation (3.3.4) to make the connection between the torque applied, the screw of the
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vice and the stressing force applied to the laminated structure:

Fs =
2πC

p
(3.3.4)

where Fs is the stressing force, C is the applied torque on the torque wrench and p
corresponds to the trapezoidal pitch of the screw (p=3 in this case).

Figure 3.3.10: Tightening the screw with the torque wrench.

Two torque wrenches (CL2NX8D and CL5NX8D) provide a tightening torque rang-
ing from 0.4 N.m to 5 N.m with a precision step of 0.05 N.m. Since the surface un-
der pressure of the structure leg is small (s = 2.25× 10−4m), we can reach interesting
compressive stress levels with the presented stressing device up to σ =−50MPa. Fur-
thermore, the risk of buckling is very small as the leg has a bigger section compared
to the single sheet. Unfortunately, this stressing device does not allow the application
of a tensile stress, despite the fact that tensile stress has a small effect on magnetic and
magnetostrictive behavior of non-oriented electrical steel as it has been discussed in the
chapter 2.

3.4 Study of the laminated structure without air
gaps

3.4.1 Measurement results without mechanical loading

3.4.1.1 Strain gauge results

Figure 3.4.1 shows the selected points for the longitudinal magnetostrictive strain mea-
surements. Only RD and TD directions can be present in the laminated structure in
the measurement locations (A and B). Besides, the assembly of the structure was done
randomly, independently of the cutting direction (RD or TD) in order to validate the
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anisotropic assumption of the non-oriented grain material. This being said, it is as-
sumed from the obtained results that TD sheets are predominant in location B and RD
sheets are predominant in location A.

B-coil senors (B) 

Strain gauge (B) 

Excitation coil 

Wheatstone bridge 

Frame Support  (POM) 

(A) 

Strain gauge (A) 

B-coil senors (A) 

Figure 3.4.1: Selected points for local magnetostrictive strain measurements.

Voltage magnetization at 50 Hz

Figure 3.4.2 shows the hysteretic magnetic behavior (B(H) loops) retrieved from the
laminated structure at point B and the corresponding waveform of the magnetic field H
and the magnetic flux density B at several magnitude of excitation.

Figure 3.4.2: Waveforms of magnetic field H and magnetic flux density B (left), and the
B(H) loops (right).
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The B(H) loops measurements of the laminated structure are performed under a mag-
netization with peak magnetic field of 1000 A/m and a frequency of 50 Hz. The results
illustrated in figure 3.4.3 show a small anisotropy of the magnetic behavior due to the
cutting angle of the samples with respect to the rolling direction (RD or TD) but the dif-
ference seems negligible. If we assume isotropic behavior for non-oriented material, the
ferromagnetic structure assembly should have almost the same magnetic characteristics
in every direction including RD and TD (locations A and B). However, we notice a small
magnetic anisotropy that can be due to the random assembly of the structure (mixture
of RD and TD sheets), or due to a small magnetic flux leakage given the position of the
B-coil sensors at point A and B respectiveley (figure 3.4.1).
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Figure 3.4.3: Comparison of B(H) curves at points A and B of the laminated structure.

The local magnetostriction strain obtained on the laminated structure is shown in
figure 3.4.4. The longitudinal strain at the two measured locations (A and B) is positive
which was expected as the studied material is Si-Fe. Moreover, the magnetostrictive
behavior is non-linear and hysteretic. At saturation, we notice that the magnetostrictive
strain at location B ε

||
B = 5.8× 10−6 is higher than the strain measured at location A,

ε
||
A = 4.23×10−6.

According to the material behavior measured on single sheet (Chapter 2), the magne-
tostrictive strain along RD is smaller than the magnetostrictive strain along TD. How-
ever, on the laminated structure the magnetostrictive strain at location A (more RD
sheets than TD) is greater than the one at RD on the single sheet. While the magne-
tostrictive strain at location B (more TD sheets than RD) is of the same magnitude as
the one found on the single sheets in TD. The increase of strain magnitude at location
A can be explained by the presence of some TD sheets as the laminated structure was
randomly assembled. In fact, as we observed in Chapter 2, the magnetostrictive defor-
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Figure 3.4.4: Hysteretic behavior: Local magnetostrictive strain of the laminated
structure at 50 Hz.

mation in TD is greater than the one in RD direction. As explained, this is due to the
predominant presence of 90° domains in TD than in RD when magnetizing along the
length of the sample. In the case of our structure, the presence of small proportion of
TD sheets among the RD sheets, causes an increase of the total deformation in the bar
inducing an increase of the strain in location A compared to only RD sheets. Of course,
since the deformation of the RD sheets is lower than the TD sheets, the deformation in
location B (where TD sheets are predominant) is mainly driven by TD sheets.

This findings confirm the anisotropic behavior of non-oriented grain steel and that
considering it isotropic in assembled structure like transformer or electrical machine
may lead to more deformation and as a consequence to more vibrations.

Since the behavior at the two locations is similar in terms of magnetic and magne-
tostrictive behavior, only location B is considered for further discussion.

Comparison between voltage and current magnetization

The longitudinal magnetostrictive deformation and the B(H) loops have been measured
in location B for both excitation systems. Figure 3.4.5 and 3.4.6 show the results av-
eraged over five measurements, current magnetization results (denoted c) are shown on
the left and the voltage magnetization results (denoted v) on the right. Due to excita-
tion device limitation, saturation could not be achieved for the current magnetization.
Nevertheless, a comparison can still be made at magnetic induction around B = 1T.
Assuming that the frequency effect is negligible [86] (10 to 50 Hz), the magnetic be-
havior between the two magnetization is very similar: at B = 1T, the maximum field
achieved for current magnetization and voltage magnetization is Hc

max = 168A/m and
Hv

max = 169A/m respectively. The same observation for the coercive field Hc
c = 46A/m
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and Hv
c = 48A/m. As the magnetic behavior, the magnetostrictive behavior versus the

magnetic induction B and the magnetic field H is non linear. Furthermore, at B = 1T
the amplitudes of magnetostrictive strain are very close: εc

B = 3.9×10−6(current mag-
netization) and εv

B = 4.05× 10−6. Looking at the waveform of εc
B(H) and εv

B(H) for
current and voltage magnetization, they are slightly different, which was expected given
the different waveforms of excitation modes. We can observe in figure 3.4.6c some
measurement noise of magnetostriction curves at low frequency excitation.
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(a) Current magnetization: B(H) loops.
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Figure 3.4.5: Hysteretic behavior: B(H) loops at point B.
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(b) Voltage magnetization: ε ||(B).
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(c) Current magnetization: ε ||(H).
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(d) Voltage magnetization: ε ||(H).

Figure 3.4.6: Hysteretic behavior: longitudinal magnetostrictive strain at point B.

Although we obtained different waveforms of magnetostrictive deformation depend-
ing on the magnetization mode, the magnetostrictive deformation amplitude remains
almost unchanged. It can be concluded that the magnetization mode has a small ef-
fect on the magnetostrictive deformation amplitude. However, further studies are still
needed for understanding in details the influence of the magnetization mode on magne-
tostrictive deformation amplitude.

3.4.1.2 Frequency dependence on magnetostriction

To investigate the frequency effect on the magnetostrictive strain, the laminated structure
was excited with two different frequencies (10 and 50 Hz). To avoid any influence
related to B and H waveforms, the same excitation system is used for both frequencies
(current magnetization, figure 3.3.7). Figure 3.4.7 illustrates the effect of frequency
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on the magnetic and the magnetostrictive behavior. At higher frequency, the hysteretic
behavior is larger. Despite the fact that the frequency gap is not large, magnetostriction
at 50 Hz shows less deformation than magnetostriction at 10 Hz, which indicates that the
magnetostriction decreases as the frequency increases. Of course, more the frequency
gap is significant, the larger is the impact on magnetostriction as observed in Moses
work [86].
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Figure 3.4.7: Point B: Magnetostrictive strain and hysteresis at two different frequen-
cies.

Figure 3.4.8 shows the hysteresis loops at several excitation frequencies of the ferro-
magnetic structure at point B. The maximum magnetic field that could be achieved was
H = 25A/m (limitation of excitation system). The results demonstrate that as the fre-
quency increases, the hysteresis cycles tilt and the magnetic induction level decreases.
These loops are called Rayleigh cycles, they appear at low magnetic field and they occur
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because of magnetic domain walls displacements (reversible behavior).
Given the low amplitude of magnetic field, the magnetostrictive strain measurements

were highly influenced by noise and thus the results were inaccurate to draw any dis-
cussion.
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Figure 3.4.8: Frequency dependence of the hysteresis cycles (Hmax = 25A/m).

3.4.1.3 Laser vibrometer results

Considering the noise issue of magnetostrictive strain measurements obtained by strain
gauge especially at low magnetic field amplitude, a high resolution measurements method
was needed to confirm the obtained measurements. Besides, given the architecture of
the laminated structure, the strain gauge setup could not afford deformation information
along the lamination height. Consequently, a single point laser vibrometer is used to
perform magnetostriction strain. The principle of such a vibrometer has been presented
in section 3.3.1.

A general schematic view of the magnetostriction deformation measurements setup
using the laser vibrometer is shown in figure 3.4.9. In contrast to the strain gauge setup,
only voltage magnetization was used ( f = 50Hz). The displacement due to magne-
tostrictive strain is measured in addition to the magnetic induction B and the magnetic
field H. The laser head point a laser beam on one leg (where point B is positioned)
of the structure at three different location along the height as shown in figure 3.4.10.
The motivations for such measurements is to analyze the global deformation of several
layers along the lamination surface.
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Figure 3.4.9: A schematic view of the magnetostrictive strain measurements setup
based on the interferometric laser vibrometer technique.
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Figure 3.4.10: Measurement locations on the laminated structure.
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The results of the magnetostrictive behavior of the structure at the defined locations
and under different levels of magnetic induction is shown in figure 3.4.11. Since we are
interested in the deformation, the displacement obtained is divided by the length of the
leg (L = 0.25m):

ε =
∆L
L

(3.4.1)

(a) The top. (b) The middle.

(c) The bottom.

Figure 3.4.11: Magnetostriction measurements by laser vibrometer at three locations
along the lamination surface ( f = 50Hz).

The measurement results at the top of the leg lamination (figure 3.4.11a) show that
the magnetostrictive deformations obtained by laser vibrometer are close to those ob-
tained by the strain gauge in terms of amplitudes for all magnetic induction levels but
not exactly the same. On one hand, this is because the measurements by laser vibrom-
eter are global (ends of the lag) and those of strain gauge are local (middle of the leg).
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on the other hand, the measurements point on the top is located at the corner of the
structure where the magnetic field turns (rotational field), which can lead to additional
deformation compared to parallel field (strain gauge). In contrast to the measurements
of the strain gauges influenced by noise, the magnetostrictive deformation curves ob-
tained by laser vibrometer show a high accuracy and a smooth behavior even at low
peak amplitudes. Regarding the other locations (the middle and the bottom), the mag-
netostrictive deformation decreases by 1 µm/m as the measured point moves from the
top to the bottom. This variation might be originated from the random assembling of the
structure (mixture of RD and TD sheets). As previously confirmed, non-oriented steel
sheets shows some magnetostrictive anisotropy (figure 3.4.4). Hence, when assembling
non-oriented randomly, inhomogeneous displacement along the lamination may appear.

The results clearly demonstrate that the laser vibrometer allows to reveal information
that the strain gauge can not with high accuracy. However, the first measured quantity is
displacement, which can affect the accuracy of the magnetostriction deformation value
compared to the strain gauge (direct measurements). Furthermore, adjustments (laser
head re-installation, calibration) are needed at every measurements which makes the
measurements tedious and very time consuming.

3.4.2 Measurements results under mechanical loading

As observed in chapter 2, the application of an external stress modifies the magnetic and
magnetostrictive properties of electrical steel sheets. The aim of this section is to study
the influence of stress on a laminated structure constituted of impregnated single sheet
(frame shaped).

3.4.2.1 Setup scheme

The general principle of the magnetostriction measurements setup under stress is shown
in figure 3.4.12. Once a stress level is applied by a clamping device and the elastic
deformation removed by initializing the Wheatstone bridge of the strain gauges, a mag-
netization waveform (voltage magnetization) is generated by the power source and sent
to the magnetization coil in the laminated structure. Then, the magnetic induction B, the
magnetic field H and the magnetostrictive strain ε are measured. After acquisition, all
signals are processed under MATLAB software.
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V / I 
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Figure 3.4.12: Schematic description of the magnetostriction measurement under
stress.

3.4.2.2 Validation of the clamping device by simulation

As one would expect, applying clamping stress on one side of the laminated structure
could be influenced by the free part of the latter (figure 3.4.13). For this reason, the
aim here is to validate by simulation the clamping device in terms of stress transmission
and absence of buckling for the studied range of applied stress. Besides, for the seek of
simplicity and to save computation time, we consider the continuity of the displacements
at the interfaces between the laminated structure and the clamping screw (figure 3.4.13).

Laminated 

structure 

Compression Vise 

Clamping screw  

Figure 3.4.13: Models of clamping device and the laminated structure.
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Figure 3.4.14 shows the simulation results of the isolated ferromagnetic structure
under stress computed in Ansys workbench. It can be observed that the maximum com-
pressive stress in the column is located at the contact zone with the clamping device
(surrounded zone in figure 3.4.14). This stress concentration will not disturb the stress
distribution in the measurement zone where the uniformity of the mechanical stresses
is ensured over almost the entire column under stress (figure 3.4.14). A small in-plane
buckling effect is observed, it will have a negligible effect on magnetostrictive measure-
ments since the strain gauge measures the longitudinal component of the magnetostric-
tion.

𝟖, 𝟕𝟏𝐞𝟕 
  7,74e7  
6,77e7 
5,80e7 
4,83e7 
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2,90e7 
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𝟏, 𝟕𝟐𝟓  

Contact 1 

Contact 2 

𝑥 

𝑦 

Figure 3.4.14: Von-Mises stress distribution (Pa) in the laminated structure for an ap-
plied force F = 5.6kN.

Assuming that the stress σ can be expressed as a function of the stressing force Fs
and the column section Sc :

σ =
Fs

Sc
(3.4.2)

For a stressing force Fs = 5600N and a section of Sc = 2.24× 10−4 m, the applied
compressive stress is estimated to:

σ =
5600

2.24×10−4 = 25MPa (3.4.3)

which correspond to the stress value found by simulation. Hence, the stressing force
applied to the screw thanks to the torque wrench can be assumed to be totally transmitted
to the column structure.
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The maximum stress level that could be reached by this clamping device is σ =
−50MPa. Furthermore, for each experience, five measurements were performed and
the average data have been considered for discussion.

3.4.2.3 Results of magnetic and magnetostrictive behavior under
compressive stress

Voltage magnetization at f = 50Hz

Figure 3.4.15 shows the measurement results of the hysteresis cycles under compressive
stress at locations A and B respectively. First, we make the clamping on the leg where
point A is located, once the measurements are made, we dismount the vise, then the leg
where the point B is located is clamped and the measurements are made. Unlike the
unstressed situation where only one point was discussed (location B), this time the two
measurement locations (A and B) are described. This “on purpose” redundancy makes
it possible to confirm the tendency found under mechanical compressive stress.

Hysteresis curves under stress represented in figure 3.4.15 show that a compressive
stress decreases slightly the permeability in a monotonous way until σ = −50MPa.
Besides, at maximum value of magnetic field (Hmax = 1000 A/m), the difference in
magnetic flux density between hysteresis curves at σ = 0MPa and σ =−50MPa corre-
sponds to the Villari effect. In this respect, the change in flux density is proportional to
the level of the applied stress. We also notice that the coercive field Hc does not change
with the compressive stress.
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(a) Hysteresis cycle B(H) at point A.
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(b) Hysteresis cycle B(H) at point B.

Figure 3.4.15: Voltage magnetization: hysteresis cycles under compressive stress at
Hmax = 1000 A/m.

Figure 3.4.16 shows the measurement results of the longitudinal magnetostrictive
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strain (parallel to the magnetic field H) at point A and B. For comparison, the mag-
netostrictive strain at free stress state (σ = 0MPa) is shown in red. We observe that
the magnetostrictive strain increases significantly with increasing compressive stress at
point A location as well as at point B location. At σ = −50MPa, the magnetostrictive
strain has increased of about 2.5 µm/m at location A and increased of 3.5µm/m at loca-
tion B compared to the unstressed state. The magnetostrictive deformation at location
B shows around 30% more deformation increase, which confirms that at this location,
among the 40 sheets constituting the laminated structure, there is more TD than RD
sheets. Actually, as we have observed in chapter 2 for single sheet under stress, sample
cut in RD are more sensitive to compressive stress than sample cut in TD. The reason
behind seems to be the creation of more 90° domain walls leading to an increase of
magnetostrictive strain. It can be seen also from the figure 3.4.16 that when achieving a
compressive stress of σ = −30MPa (in blue) and beyond, the magnetostriction curves
begin to get closer to each other, indicating that magnetostrictive saturation is being
reached.
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(a) Magnetostrictive deformation at point A:
ε
||
A(B)
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(b) Magnetostrictive deformation at point B:
ε
||
B(B)
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(c) Magnetostrictive deformation at point A:
ε
||
A(H)
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(d) Magnetostrictive deformation at point B:
ε
||
B(H)

Figure 3.4.16: Voltage magnetization: magnetostriction deformation under compres-
sive stress at Hmax = 1000A/m.

Current magnetization at f = 10Hz

Figure 3.4.17 shows the hysteresis cycles at 10 Hz under several magnitude of com-
pressive stress, respectively at point A and at point B of the laminated structure. The
measurements were carried out at a maximum magnetic field of Hmax = 275 A/m. The
results clearly show that compressive stress decreases the permeability since it prevents
the process of magnetization. Whereas, the coercive field seems not to be influenced by
the stress and remains the same for all applied stress.
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(a) Hysteresis cycle at point A: B(H)
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(b) Hysteresis cycle at point B: B(H)

Figure 3.4.17: Current magnetization: hysteresis cycle under compressive stress at
Hmax = 275 A/m.

Figure 3.4.18 represents the longitudinal magnetostrictive strain behavior under com-
pressive stress. We observe that the evolution of the magnetostrictive strain is mono-
tonic. Also, the magnetostriction function ε ||A,B(B) has a parabolic shape. In addi-
tion, a close look shows that the curves get closer as the compressive stress increases
due to saturation of magnetostriction mechanism at high compressive stress (around
σ = −30MPa). Moreover, the slight decrease of magnetic permeability as a function
of the compressive stress is followed by a decrease in the magnetic induction peak (fig-
ure 3.4.17). This process is also well noticed in the evolution of the magnetostriction
as a function of the magnetic induction (see the zoomed area of figure 3.4.18a and fig-
ure 3.4.18b). Moreover, due to compressive stress σ = −50MPa the magnetostrictive
deformation shows an increase around 36% at location A and around 44% at location B.
As for the voltage magnetization, magnetostriction variation due to compressive stress
is larger at point B.
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(a) Magnetostrictive deformation at point A:
ε
||
A(B)
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(b) Magnetostrictive deformation at point B:
ε
||
B(B)
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(c) Magnetostrictive deformation at point A:
ε
||
A(H)
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(d) Magnetostrictive deformation at point B:
ε
||
B(H)

Figure 3.4.18: Current magnetization: magnetostriction deformation under compres-
sive stress at Hmax = 275A/m.

Longitudinal ∆E effect

The extraction method of the ∆E effect has been presented in Chapter 2. The same
procedure has been followed for the laminated structure. Figure 3.4.19 shows the ∆E
effect of the longitudinal deformation parallel to the magnetic field H. The ∆E effect
was obtained from the magnetostriction curves under a maximum compressive stress of
σ =−50MPa. It can be observed that the ∆E effect at location B is greater than the one
at location A of approximately 1µm/m. Besides the magnetostriction strains ε ||A,B(σ)
exhibit a non-linear behavior and tend to saturate at high compressive stress.
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Figure 3.4.19: ∆E effect: ε ||(σ) at location A and B of the laminated structure.

To conclude, we can say that once a laminated structure is magnetized, the mag-
netostrictive strain depends only on the magnitude of the excitation field and not on
the excitation mode (voltage or current mode). Although non-oriented electrical steel
are globally isotropic compared with the grain-oriented materials, still some degree of
anisotropy exists in the magnetostrictive properties of these materials. Magnetostriction
measurements by laser vibrometer have shown higher accuracy compared to the strain
gauge setup. The laser setup provides some achievement that could not be reached by
strain gauge, like measurements along the height of the lamination. Next, measurements
under compressive stress confirmed that non-oriented materials are stress sensitive and
may lead to more vibration due to an increase of magnetostrictive deformation under
compressive stress. In the following, from these experimental measurements and based
on the magnetostriction model (chapter 2), a FE tool has been developed that reproduces
as accurately as possible the obtained measurements by considering the anisotropy ef-
fect related to magnetic and magnetostrictive behavior. Nevertheless, the stress effect is
not considered.

3.4.3 FE modeling

3.4.3.1 Description of the ferromagnetic structure modeling

To model the structure, we have made 2D hypothesis in the same way as our devel-
oped model which is based on plane magnetization assumption (chapter 2). Next, the
structure was modeled as four glued columns, figure 3.4.20. It is worth mentioning that
the finite elements results are not influenced by the gluing configuration of the columns.
Unlike the real structure where the assembly of the sheets is random, the model contains
long RD sheets in one bar and only TD sheets in the other (without mixing). From a
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magnetic point of view, the software (ANSYS) does not allow to take into account both
anisotropy and non-linearity of the magnetic behavior. Thus, for a more realistic simu-
lation, we chose four magnetically isotropic columns with different non-linear behavior
(figure 3.4.21). From a mechanical point of view, the four columns are isotropic and
have the same elastic behavior (same Young modulus E and Poisson ratio ν).

TD 

TD 

RD RD 

Figure 3.4.20: 2D model of the ferromagnetic structure with the excitation coil and
RD/TD directions (no air gaps).
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Figure 3.4.21: Magnetic behavior law for magnetic simulation.

The software used for magnetic and mechanical simulations has the advantage of
being multi-physical since it provides elements that can be used in coupled physics
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simulation (electromagnetic and mechanic). Consequently, we were able to maintain the
same mesh for both magnetic and mechanical calculations avoiding meshing problems
related to the change of physics. In this thesis work, the element "PLANE13" allowing
to make magnetic and mechanical simulations is used (figure 3.4.22). It also gives the
possibility to include magnetic forces: Lorentz and Maxwell forces.

X

Y Z

x 

y 

1 2 

3 4 

PLANE 13 element 

Figure 3.4.22: Model mesh: PLANE13 element.

3.4.3.2 Magnetic resolution

The aim of magnetic simulation is to calculate the distribution of magnetic field and
magnetic flux density in the ferromagnetic structure. That is to say, it will calculate the
average of magnetic field of each element of the modeled ferromagnetic structure. To
do so, we impose a current density js calculated from the measured current Imes and the
section of excitation winding Scopper ( js= Imes

Scopper
). Knowing that the magnetostriction is

even and our model is anhysteretic, a quarter period of the current is simulated for mag-
netic and magnetostrictive distribution at maximum current, figure 3.4.23. However, for
comparison with measurements the entire period is simulated. The magnetic charac-
teristics of the electrical steel sheets in the rolling and transverse direction are injected
figure 3.4.21, and parallel magnetic flow conditions are adopted.

Due to relatively low frequency usually used in applications like rotating machines
and transformers (50 Hz), the approximation of magneto-static regime is adopted (mag-
netic scalar potential formulation). This leads to the resolution of the following equa-
tions:

−→
∇ ×−→H =

−→
J (3.4.4)
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Figure 3.4.23: Simulation: current injected in the ferromagnetic structure.

−→
∇ .
−→
B = 0 (3.4.5)

The results of magnetic field distribution (average field of the elements) will be used
to calculate the equivalent nodal forces.

3.4.3.3 Nodal magnetostrictive forces computation

Equivalent nodal forces is an approach often used to solve magneto-mechanical cou-
pling problems in finite element [81, 46, 53, 40]. The general principle of this method is
to calculate the equivalent forces (fictive forces) in a mechanical analysis (section 3.4.3.4)
in order to reproduce the deformations and displacements (due to magnetostriction or
Maxwell forces...). These nodal forces are function, inter alia of magnetic quantities
such as the distribution of calculated magnetic field (section 3.4.3.2). In general, the
computation of the nodal forces is fulfilled in two stages: computation and assembly of
the elementary forces [75].

Elementary forces computation

It is inherent to the Finite Element Method that nodes are shared by multiple elements.
However, unassembled nodal forces obviously belong to a single element instead of
them being a sum of contributions from multiple elements (figure 3.4.24). Thus, these
nodal force components constituting an element form an elementary force vector de-

noted
−→
Fµ

e (equation (3.4.6)). In our case, our structure has been meshed thanks to the
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"PLANE 13" elements (figure 3.4.22). Each element has 4 nodes, each with 2 DOFs3.

Hence, the vector of elementary force
−→
Fµ

e will have the following form:

−→
Fµ

e =
[

Fµ
n1x Fµ

n1y Fµ
n2x Fµ

n2y Fµ
n3x Fµ

n3y Fµ
n4x Fµ

n4y
]T

(3.4.6)

n1 
n2 

n3 n4 
e1 

𝐻 

x 

y 

n1 n2 

n3 n4 

𝐹𝑛4𝑦 
µ µ 

µ µ 

µ µ 

µ µ 

𝐹𝑛1𝑦 𝐹𝑛2𝑦 

𝐹𝑛3𝑦 

𝐹𝑛2𝑥 

𝐹𝑛3𝑥 𝐹𝑛4𝑥 

𝐹𝑛1𝑥 

Figure 3.4.24: Illustration of nodal forces before assembling.

According to [16, 21], the elementary forces is defined as:

−→
Fµ

e =−
ˆ

Ve
[N]T
−→
f µ
V dV (3.4.7)

• Ve denotes the element volume.

• [N] denotes the shape matrix.

•
−→
f µ
V denotes the volume force equivalent to magnetostriction.

The calculation of the elementary forces from equation (3.4.7) requires knowledge of

the shape matrix [N] and
−→
f µ
V . The shape matrix depends on the used element type and

contains Ni shape functions (interpolation functions). In the case of PLANE13 element
consisting of 4 nodes 2 DOFs each (i = 1..4 ) , the matrix [N] is written:

[N] =

[
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4

]
(3.4.8)

The volume force
−→
f µ
V can be deduced from the fundamental relationship of dynamics

defined by:

−→
∇ .

=

σ
µ +
−→
f µ
V = ρm

∂ 2−→u
∂ t2 (3.4.9)

3Degree of Freedom
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where
=

σµis the 2nd order of stress tensor induced by magnetostrictive deformation,
ρm is the mass density, and −→u is the displacement field.

Given the assumption of magneto-static regime (low frequency) to predict magne-
tostriction in our model, the equation (3.4.9) is reduced to :

−→
∇ .

=

σ
µ +
−→
f µ
V =
−→
0 (3.4.10)

Since the model is a two dimension system with two degrees of freedom, the expres-
sion of the volume force can be written as follows:

−→
f µ
V =−[∂ ] :

=

σ
µ =−

[
∂

∂x 0 ∂

∂y
0 ∂

∂y
∂

∂x

] σ
µ
xx

σ
µ
yy

σ
µ
xy

 (3.4.11)

Consequently, the combination of equation (3.4.7) and (3.4.11) leads to the elemen-
tary forces that can be expressed in the following form:

−→
Fµ

e =

ˆ
Ve
[N]T [∂ ] :

=

σ
µdV =

ˆ
Ve
[B]T :

=

σ
µdV (3.4.12)

where [B] is a matrix containing the derivative of shape functions:

[B] = [∂ ]T [N] =

 N1,x 0 N2,x 0 N3,x 0 N4,x 0
0 N1,y 0 N2,y 0 N3,y 0 N4,y

N1,y N1,x N2,y N2,x N3,y N3,x N4,y N4,x

 (3.4.13)

Hence, the magnetostrictive deformation
=
εµ can be deduced from the general expres-

sion (3.4.14):

=

σ
µ =

=
=
C :

=

ε
µ (3.4.14)

where
=
=
C is a forth-order stiffness tensor as a function of Young modulus and Poisson

ratio.

Elementary forces assembling

After calculating the elementary forces, the elements are reassembled and connected to
each other to calculate the nodal forces for mechanical resolution. The reassembling
process implies the sum of all elementary forces associated to the node as detailed in

equation (3.4.15). As illustrated in figure 3.4.25, the nodal force
−→
Fµ

n1 is the contribution
of the four elements (e1, e2, e3, e4).
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Figure 3.4.25: The element assembly process for nodal force calculation.

−→
Fµ

n1 =

[
Fµ

e1x
+Fµ

e2x
+Fµ

e3x
+Fµ

e4x

Fµ

e1y
+Fµ

e2y
+Fµ

e3y
+Fµ

e4

]
=

[
Fµ

n1x

Fµ

n1y

]
(3.4.15)

Once the nodal forces equivalent to the magnetostrictive deformation are calculated
for all nodes of the structure, they are used as a loading for the mechanical resolution.

3.4.3.4 Mechanical resolution

The mechanical resolution was done under ANSYS as the magnetic resolution. Given
the small values of magnetostrictive deformation (10−6 for Si-Fe), the mechanical be-
havior of the structure is considered elastic. However, in contrary to the magnetic res-
olution where the behavior is assumed anisotropic (B(H)RD 6= B(H)T D), the elastic be-
havior is supposed isotropic (same Young modulus E and Poisson ratio ν) due to the
lack of detailed information from the electrical steel supplier: Young modulus and Pois-
son ratio evolution the with angle of cut in the sheet plane is missing.

There are two types of formulations that can be used to solve 2D elastic problem:
plane stress or plane strain formulations. Since the studied model is a 2D problem and
given the geometry of the electrical steel (small thickness), the loading is mainly in the
plane of the sheets, thus, the plane stress formulation is more suitable.

3.4.3.5 FE model results

In the following, the distribution of magnetic (H and B) and mechanical quantities
(σ µ and εµ ) will be presented. In order to make a comparison, the numerical sim-
ulation are carried out under the same condition as the experimental ones. Besides,
figure 3.4.27 shows the selected evaluation lines where the magnetostrictive deforma-
tion results are drawn. To avoid rigid body movement during simulation (z-axis rotation
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Figure 3.4.26: The global simulation strategy.

of the structure, translation following x and y), boundary conditions are applied to the
structure while leaving the structure free to deform under magnetostrictive deformation
(figure 3.4.27).

Position: 80 mm Position: 160 mm 

Position:  
80 mm 

Position:  
160 mm 

Evaluation line: TD 

Evaluation line: RD Position:  
35.3 mm 

Position: 0 mm 

Corner  
Evaluation Line 

Figure 3.4.27: 2D model: the mechanical boundary conditions and evaluation lines
along RD, TD and the corner for simulation results.

Magnetic results

Figure 3.4.28 shows the magnetic induction and the magnetic field distribution at peak
current amplitude (figure 3.4.23). The magnetic induction is almost uniform in the fer-
romagnetic structure except in the corners where there is a gradient decrease towards the

158



Study of the laminated structure without air gaps

outside of the corners, this is due to the concentration of the field lines in the inner side
of the corner, this would explain the rounded shape at the corners of some transformers.
There is also an intense localized induction level due to the presence of the coil in the
upper horizontal column. The induction level obtained in the evaluation line (RD and
TD) is around B = 1,5T. The same observations were noticed for the magnetic field.
The maximum magnetic field obtained is H = 1500 A/m (excitation coil location).

Figure 3.4.29a shows an homogeneous distribution of the magnetic field along the
columns. Besides the magnetic anisotropy behavior is well reproduced (HRD = 1100A/m
and HT D = 500A/m for B = 1.5T ). Figure 3.4.29b shows the leakage magnetic field
lines.

X
Y Z

.005577

.177879

.35018

.522482

.694784

.867085

1.03939

1.21169

1.38399

1.58091

(a) Magnetic induction B(T).
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(b) Magnetic field H(A/m)

Figure 3.4.28: Magnetic behavior in the ferromagnetic structure at a peak of current (t
= T

4 ).
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(a) Magnetic field distribution at peak of current. (b) Leakage flux lines.

Figure 3.4.29: Magnetic field distribution: maximum magnetic field distribution and
the flux line leakage (t=T

4 ).

Magnetostrictive deformation and induced stress results

The longitudinal components ε
µ
xx, ε

µ
yy and ε

µ
xy of the magnetostrictive deformation gen-

erated in the structure for a maximum magnetic induction (B = 1.47T) are shown in
figure 3.4.30 on the left. We observe a larger deformation in the transverse direction
ε

µ
xx = 4.92×10−6 compared to the rolling direction ε

µ
yy = 0.65×10−6. The anisotropic

effect is well reproduced by the simulation, the deformation along TD is 6 times larger
than RD. Besides, the shear deformation is particularly high at the internal corner of the
structure ε

µ
xy = 3.47× 10−6. This is due to the fact that the magnetic field sweeps all

angles as it switches from RD column to TD column (or vice versa). Also, given the
positive magnetostrictive deformation of Si-Fe, the extension of the two legs (RD and
TD) creates at the corner a high shear deformation.

Stress components σ µ
xx, σ

µ
yy and σ µ

xy induced in the structure for a maximum mag-
netic induction (B = 1.47T) are shown in figure 3.4.30 on the right. The stress level
- given at instant t = T

4 - varies depending on regions (RD or TD). Firstly, the stress
distribution is uniform along the length of the legs. Next, the stress generated in the x-
direction corresponds to the transverse direction σ xx = 0.92MPa, and in the y-direction
corresponds to the rolling direction σ yy = 0.12MPa. This stress difference is due to the
difference in magneto-elastic behavior between TD and RD. On the other hand, shear
stress is particularly significant in the corner of the structure (σ xy =±0.26MPa).

Figure 3.4.31 represents the magnetostriction deformation as a function of the mag-
netic induction at the different evaluation lines (figure 3.4.27). These results show
that the deformation is homogeneous in the middle of the RD and TD columns (fig-
ure 3.4.31a and 3.4.31b). It is observed that the maximum magnetostriction does not
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correspond necessarily to a peak of magnetic induction (εRD = 0.72×10−6 and εT D =
5.5×10−6 at B = 1.4T ). In addition, the magnetostrictive anisotropy effect is very well
predicted since each column contains only sheets with a single cutting direction RD or
TD (figure 3.4.31c). However, the comparison of simulation results with experimental
measurements can not be easily made. Indeed, the laminated structure is composed of
several square-shaped sheets randomly assembled, hence the increase observed on the
point A (presence of TD sheets). In this case, an homogenized model would be more
appropriate and close to the real behavior of the structure.
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Figure 3.4.31: Longitudinal magnetostrictive strain in the structure.

In order to test the robustness of the model and its ability to reproduce the mag-
netostrictive behavior on a structure at different angles between RD and TD, a rep-
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Figure 3.4.30: Induced magnetostrictive strain and stress in the structure at peak of
current (t = T

4 ).
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resentation of the magnetostrictive strain in the corner of the structure seems to be a
suitable area. In fact, in the corner the magnetic flux sweeps all directions with respect
to RD, which will give us a magnetostrictive behavior that evolves depending on the
angle between magnetization and RD. Figure 3.4.32 shows the result of the equivalent
magnetostrictive deformation εcorner

eqv in the corner of the modeled structure along the
evaluation line and as a function of the flux density B. It can be seen that the model
reproduces the magnetostrictive anisotropy between RD and TD, the evolution of the
magnetostrictive strain εcorner

eqv seems to be continuous when the magnetic flux sweeps
the angles between RD and TD at the corner.
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Figure 3.4.32: The equivalent magnetostrictive strain εcorner
eqv in the corner (from RD to

TD).

3.5 Study of the laminated structure with air gaps

Transformer core are build from a stack of electrical steel sheets shaped in different
forms (E-I core, U-I core...), creating necessarily involuntary small air gaps. Neverthe-
less, these air gaps can be voluntary created as in the case of inductors (chokes). When
the magnetic field meets the air gaps, magnetic forces (Maxwell forces) appears generat-
ing noise and vibration besides the magnetostriction. However, unlike magnetostriction
that occurs in the magnetic core, Maxwell forces act mainly at the interfaces between
materials with different permeabilities (iron-air) inducing additional displacement of the
structure. The present study focuses on the magnetic forces generated in the plane of
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the electrical steel of a U-I shaped core and their contribution with the magnetostrictive
deformation to the total displacement.

3.5.1 Structure and procedure description

Whether it is a transformer or an inductor, air gaps exist; in the case of transformers, the
small air gaps are involuntary replaced by a non-magnetic medium like air or resin, but
in the case of inductor, these air gaps are created on purpose filled by some materials
immune to saturation to allow higher levels of magnetic flux. Unfortunately, these air
gaps are a source of magnetic forces besides magnetostriction generating noise and
vibration.

In order to study the effect of the magnetic forces in addition to the magnetostrictive
deformation on the total displacement, a second ferromagnetic structure including air
gap has been developed, figure 3.5.1. The structure assembly consists of U-I stacked
core of non-oriented material (3%Si-Fe) without any lap joint assembly (no attractive
inter-laminar forces). Hence, only attractive forces in the plane of the structure ex-
ist. The introduction of two air gaps in the flux path helps in the production of these
magnetic forces, figure 3.5.1. These air gaps are parallel to the rolling direction (RD).
Furthermore, materials with different mechanical properties and thickness are inserted
in the air gap to evaluate their effect on the total displacement. The typical mechanical
properties of the chosen air gap materials are described in table 3.2.

RD 

Airgap 15 mm 

𝑥  

𝑦  

𝑃1 

𝑃2 

RD 

RD 

TD 

TD 

(a) Schematic view: dimensions and measurements
points.

(b) A picture of the studied structure.

Figure 3.5.1: Laminated structure with air gaps.
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Material
type

Width (mm) color Young
Modulus

(GPa)

Poisson
ratio

Density
(Kg/m3)

Glass mat 1 White 10 0.38 1800

AEM
elastomer

1.9 Black 0.013 0.5 1266

Table 3.2: Mechanical properties and width of the tested air gap materials.

The structure is excited by a voltage magnetization system used previously (fig-
ure 3.3.5). A current Imax = 10.5A at f = 50Hz is then imposed to the feeding winding
of 110 turns creating a magnetic field. Accordingly, a displacement due to magnetostric-
tion and magnetic forces takes place. Like magnetostrictive strain, Maxwell forces oc-
cur at a fundamental frequency twice the excitation one. Several air gap materials are
tested to study their influence on the total displacement. Given the small displacement
magnitude in operation and for the seek for accuracy, the displacement measurements
are obtained using the laser vibrometer. The displacement is measured at two key points
on the I-shaped core (P1, P2) in the direction −→y (figure 3.5.1a).

To maintain the assembly of the magnetic circuit (I-U stacked sheets), a mechanical
clamping is applied on each column of the core (figure 3.5.2). The clamping pres-
sure is carefully chosen to keep together the different parts (U-shaped sheets, I-shaped
sheets and the air gap material) without inducing a significant stress that can change the
magneto-elastic behavior of the structure.

Separated clamps 

Figure 3.5.2: The U-I stacked core with clamps.
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3.5.2 Finite Element Simulation

3.5.2.1 Consideration of Maxwell forces in the air gap

To calculate the magnetic forces applied to the structure, several mathematical expres-
sions of electromagnetic tensors exist including the Maxwell tensor (Minkowski, Ein-
stein & Laud...). The Finite Element software ANSYS calculates the magnetic forces
at the air-iron interface by the Maxwell stress tensor approach. Then, these forces are
used as loads in the structural analysis in addition to the magnetostriction forces. In
the following we remind the expression of the Maxwell tensor and some simplifying
assumptions.

Maxwell stress tensor method

The electromagnetic tensor is a function of the induction B and the magnetic field H, it
is written in a general way in the form:

T = B⊗H− 1
2

HBI (3.5.1)

I corresponds to the identity tensor.
The surface forces density is then defined as the product:

~fs = [T ] �~n (3.5.2)

where~n is the normal vector on the surface (figure 3.5.3).

𝑛 
Vacuum: 𝜇0  Medium: 𝜇  

Figure 3.5.3: Illustration of magnetic forces at a separation surface between two
medium of different permeabilities.

The classical expression of the Maxwell tensor for a magneto-static conducting medium
corresponds to the expression of the tensor in a non-magnetic medium (vacuum or ma-
terial of negligible susceptibility):
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T
Maxwell

=
B⊗B

µ0
− 1

2
B2

µ0
I (3.5.3)

Thus, in case of normal interface to the magnetic induction (~B=B~ex and~n=~ex), there

is no variation of Maxwell tensor T
Maxwell

at the transition from an interface normal to
the induction, so no force. However, if we consider an interface between vacuum and
a medium of high permeability (assumed infinite), ~n being oriented to the vacuum, we
obtain:

~fs '−
B2

2µ0
~ex (3.5.4)

If the medium is magnetic (µmedium >> µ0), the estimation of the pressure by the
Maxwell stress tensor is of the order of MPa.

Simulation strategy

The global simulation strategy including air gaps is summarized in figure 3.5.4. First,
once the magnetic forces are obtained by the Maxwell stress tensor, they are added to
the magnetostrictive equivalent force calculated by the energy based model in a second
step. Then, as detailed in section 3.4.3.3, these forces are transformed to nodal forces
concentrated on the nodes of the mesh, and are used as a loading to be applied to the
structure for the mechanical resolution. Nevertheless, the obtained deformation ε tot ,
induced stress σ tot and displacement U depend on one hand on the air gap width (mag-
netic forces magnitude) and on the mechanical properties of the material inside the air
gap (soft or hard material).

Magnetic resolution Forces computation Structural resolution 

Magnetic field  
and induction 
computation 

Magnetostriction 
equivalent forces  

+ 
Magnetic forces 

Strain 
Stress  

Displacement 

𝑯,𝑩 𝑭𝒏
µ 

𝜀𝑡𝑜𝑡, 𝜎𝑡𝑜𝑡 𝐼 

𝐵(𝐻)𝑅𝐷 𝐵(𝐻)𝑇𝐷 𝐸, ν, ρ 

Mechanical properties Magnetic properties 
Model parameters 

𝑭𝒏
𝒎 𝑭𝒏

𝒎 

Structure: 

Air gap: 𝐸𝑔𝑎𝑝, ν𝑔𝑎𝑝, 𝜌𝑔𝑎𝑝 Air gap width 
+ 

𝑈 

Figure 3.5.4: The global simulation strategy including air gaps (magnetic forces).
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3.5.3 Estimation of displacement due to Maxwell forces and
magnetostriction by analytical approach

Figure 3.5.5 gives a schematic view of the U-I shaped core and air gap material of
thickness e subjected to a stress σ corresponding to a compressive stress due to Maxwell
forces. Providing uniaxial conditions of stress, the components of stress tensor σ and
strain tensor ε in the structure reference frame (−→x ,−→y ) can be written as:

σ =

[
0 0
0 −σ

]
; ε = σ

E

[
ν 0
0 −1

]
(3.5.5)

where E is the Young modulus and ν is the Poisson ratio of the air gap material. The
elongation of the air gap material of thickness e in the −→y direction can be written as:

εyy =
−σ

E
=

∆e
e

(3.5.6)

From equation (3.5.6) and considering e as the thickness of the air gap, the displace-
ment can be estimated by equation:

∆e =
−σ × e

E
(3.5.7)

e 

-σ 

σ 

x 
y y 

x 

Winding 

Air gap Material I-shaped sheets 

𝑙𝑐 

Figure 3.5.5: Schematic view of the U-I shaped structure and equilibrium of air gap
material under a stress σ .

In our study the stress σ = σMaxwell corresponds to the Maxwell forces interacting
in the air gap between the I-shaped sheets and U-shaped sheets. It can be expressed by
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equation (3.5.4):

σMaxwell =
B2

2µ0
(3.5.8)

where B corresponds to the air gap magnetic induction and µ0 is the vacuum perme-
ability.

Consequently, the equation (3.5.7) becomes:

∆yMaxwell
air gap =

B2

2µ0Eair gap
e−→y (3.5.9)

Similarly, Assuming that the magnetostrictive deformation takes place only in the
magnetic core, the displacement due to magnetostriction in a column of length lc (fig-
ure 3.5.5) can be written:

∆ymagnetostriction =−λ
µ

long(B)lc
−→y (3.5.10)

where λ
µ

long(B) is the longitudinal magnetostrictive strain as a function of the mag-
netic induction B. The sign (−) means that the displacement is in the opposite direction
of the −→y axis.

Thus, the total displacement can be expressed as the sum of equations (3.5.9) and
(3.5.10), [100]:

∆y =−λ
µ

long(B)lc +
B2

2µ0Eair gap
e (3.5.11)

Similarly, the flux density B can be estimated analytically. Figure 3.5.6 illustrates the
U-I stacked core and the equivalent magnetic circuit. This procedure is known as the
mean path approximation and according to Hopkinson’s law it can be represented by
the equation (3.5.12):

NI = (RUI core +Rairgap)φ (3.5.12)

where RUI core and Rairgap are respectively the reluctance of the UI core and the air
gaps, while φ corresponds to the magnetic flux :

RUI core =
lUI core

µSUI core

Rairgap =
2e

µ0Sairgap

φ = BS

(3.5.13)

Given that the air gap thickness is usually smaller than 5% of the length of the mag-
netic circuit, the air gap simplification Sairgap = SUI core can be made. In this case, the
magnetic induction can be obtained by the equation :
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B = NI
µ0µr

2µre+ lUI core
(3.5.14)

y 

x 

Winding 

Air gaps 

Mean path 

ℛ𝑎𝑖𝑟 𝑔𝑎𝑝 

ℛ𝑈𝐼 𝑐𝑜𝑟𝑒 

Magneto-motive force 

ℱ = 𝑁𝐼 

Figure 3.5.6: A magnetic equivalent circuit representing the U-I core.

Description value

Turn number (N) 110

Vacuum permeability (µ0) 4π10−7

Relative permeability (µr) 20000

Air gap thickness (e) 1-1.9 mm

Core length U+I (lUI core) 0.94 m

column height (lc) 0.235 m

Section of core U+I (SUI core) 2.25.10−4

Table 3.3: Geometry and material properties
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3.5.4 Discussion of finite element, analytical and
experimental results

3.5.4.1 FE computation Results

To investigate the deformation and displacement generated in the U-I shaped core be-
cause of magnetostriction and Maxwell forces in the air gap, two key points were chosen
on the structure where the results have been extracted (figure 3.5.7). Given the structure
symmetry, only the left leg of the structure will be discussed, the right leg has shown the
same behavior. As the real structure, the rolling direction is along the vertical legs and
hence the magnetization, while the top and bottom leg are along the transverse direc-
tion. To observe the contribution of each phenomena, the simulation results are shown
when the deformation and the displacement are only due to magnetostriction, only due
to Maxwell forces and due to the sum of both phenomena. Contrary to real samples
(two air gap materials), three types of air gap materials were computed on the structure,
from a relatively hard material equivalent to “glass mat” (Young modulus E = 10GPa)
to a soft material equivalent to a rubber (Young modulus E = 13MPa). Between the
two, a material of Young modulus E = 0.5GPa (Teflon PTFE) is also computed.

Symmetry axis 

M 

P1 

y 
x 

Air gap 

RD RD 

TD 

TD 

Figure 3.5.7: Evaluation location: magnetostriction and displacement.

Magnetic results

Figure 3.5.8 shows the distribution of the flux density B and the Maxwell forces for 1
mm air gap thickness at Imax=10.5 A. The flux density is nearly uniform in the structure
and the average value in the left leg is 0.84 T. The average of flux density obtained ana-
lytically by equation (3.5.14) is around 0.75 T, which is rather very close. The flux den-
sity at the air gap is around 0.7 T. The Maxwell forces in the air gaps produce uniformly
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distributed compressive stress applied on both side of the iron sheet (figure 3.5.8b). For
the 1.9 mm air gap, the tendency is the same between simulated and analytical approach
but in lower magnitude (0.55 T and 0.4 T respectively), whereas, the magnetic induction
at the air gap is around 0.38 T.

X
Y
Z

.029686

.159898

.290111

.420323

.550536

.680748

.81096

.941173

1.07139

1.2202

(a) Magnetic flux density distribution (T).

X
Y
Z

0

41.8515

83.7031

125.555

167.406

209.258

251.109

292.961

334.812

382.643

(b) Maxwell nodal forces in the air gap (N/m), equivalent to
a pressure of σ = 0.2MPa.

Figure 3.5.8: Magnetic flux density and Maxwell forces in the air gap (1mm air gap).

Displacements results

Figure 3.5.9 shows the computed total displacements at point P1 due to magnetostric-
tion, Maxwell forces and the sum of both of them over one period of current and for
three different air gap materials. The results are shown for two air gaps thickness (1mm
and 1.9 mm), nevertheless, the tendencies are the same. Hence, the discussion will focus
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on only the 1 mm air gap.
In general, in all three figures (figures 3.5.9 a, c and e) and whatever the air gap

material, the displacement due to magnetostrictive strain is the same and has a nega-
tive sign. In fact, whatever the hardness of the air gap material, the magnetostrictive
deformation is transmitted from one side of the air gap material to the other side and
hence, to the free leg (I-shaped sheets). As the I-shaped leg is free to move, nothing
prevent the expansion of magnetostrictive deformation (in one direction). The negative
sign means that the displacement takes place in the opposite side of y-axis. Looking at
the displacement due to Maxwell forces, the amplitudes decreases progressively with
the increase of the air gap material Young modulus. Furthermore, unlike the displace-
ment due to magnetostriction, displacement due to Maxwell forces is positive (attractive
forces). Which means that the two phenomenon act in the opposite direction along the
air gap thickness. This is more visible on the displacement due to both magnetostriction
and Maxwell forces. The harder is the air gap material (Young modulus increase), the
less it compresses under the effect of Maxwell forces and therefore the associated dis-
placement is decreased (figure 3.5.9 a, c and e). Since the displacement due to Maxwell
forces acts in the opposite direction to that of magnetostriction, the total displacement
will depend mainly on the Young modulus of the air gap material. Thus, with an appro-
priate and optimal Young’s modulus value (for a fixed air gap thickness), it is possible
to compensate both phenomena and nearly cancel the total displacement.

As it can be seen from figure 3.5.9, the total displacement changes sign when mov-
ing from E = 0.5GPa to E = 10GPa, Thus, the optimal value is situated in this inter-
val. In the same excitation conditions, this value is estimated to an air gap material of
E = 1.49GPa for 1 mm air gap and E = 1.68GPa for 1.9 mm air gap.

3.5.4.2 Analytical approach results and comparison with FE computation
results

The FE simulation results were compared with the results obtained with an analytical
approach using the relation described in equation (3.5.11). Similarly, in analytical cal-
culation the two phenomena were estimated separately then the sum of both estimated
too. The comparison results are summarized in figure 3.5.10. Except some qualitative
differences, the results obtained by the analytical approach are very satisfactory and
close to those obtained by FE simulation. In this respect, the results have the same
order of magnitude and follow the same tendency. Going from a hard Young modulus
to a soft one, the influence of magnetostriction decreases in favor of magnetic forces
(Maxwell forces) and this for the two air gaps thickness. Furthermore, this comparison
confirms that the FE model reproduces accurately the structural behavior of the structure
including magnetostriction and magnetic forces phenomena.
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(a) 1mm air gap:E = 13MPa (AEM).
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(b) 1.9mm air gap:E = 13MPa (AEM).
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(c) 1mm air gap:E = 0.5GPa (Teflon).
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(d) 1.9mm air gap:E = 0.5GPa (Teflon).
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(e) 1mm air gap:E = 10GPa (Glass mat).
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(f) 1.9mm air gap:E = 10GPa (Glass mat).

Figure 3.5.9: Total displacements of I-shaped sheets at point P1 over one period of
excitation current: 1mm air gap (left), 1.9 mm air gap (right).

174



Study of the laminated structure with air gaps

-1,30E-07
-1,14E-07

1,95E-08
3,01E-08

-1,11E-07

-8,42E-08

-1,4E-07

-1,2E-07

-1E-07

-8E-08

-6E-08

-4E-08

-2E-08

0

2E-08

4E-08

Analytic Simulation

Di
sp

la
ce

m
en

t (
m

)

Magnetostriction Magnetic forces Both

(a) 1mm air gap:E = 10GPa (Glass mat).
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(b) 1.9mm air gap:E = 10GPa (Glass mat).
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(c) 1mm air gap:E = 0.5GPa (Teflon).
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(d) 1.9mm air gap:E = 0.5GPa (Teflon).
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(e) 1mm air gap:E = 13MPa (AEM).
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(f) 1.9mm air gap:E = 13MPa (AEM).

Figure 3.5.10: Comparison of total displacements between analytical and computa-
tional approach at point P1: 1mm air gap (on the left), 1.9 mm air
gap on the right).
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3.5.4.3 Measurements results and comparison

Figure 3.5.11a shows the displacement results of the structure with an air gap thickness
of 1.9 mm (AEM). Theoretically, according to symmetry, point P1 and P2 should present
almost the same displacement. However, it can be observed that the displacement at P1
is larger than displacement at P2. This may come from the unbalanced clamping. In
fact, the two side of the structure are clamped separately by two clamps (figure 3.5.11b),
which can create unbalanced clamping. The same experience repeated and made this
time on purpose by clamping more on one side than the other confirmed the same ob-
servations.
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(a) Peak to peak displacement of points P1andP2.

Separated clamps 

(b) Picture of the structure clamped with two
separate clamps.

Figure 3.5.11: Displacement at two measuring points of the U-I structure (clamps).

To reduce the effect of unbalanced clamping, a second solution of clamping is adopted.
As shown in figure 3.5.12a, thanks to a linear slide, the air gap value can be adjusted
with an accuracy of 0.01 mm over the entire length of the I-shaped core, leading to a
more uniform clamping. The displacement results obtained by the second solution of
clamping are shown figure 3.5.12b, the difference between the two point is less striking.
On second thoughts, there would be probably some magnetic field leakage leading to
unbalanced magnetic forces and hence, different displacements. Besides, because of the
imperfection of the single sheet assembly (inaccuracy of process tolerance ), the contact
of the U-shaped core, the air gap material and the I-shaped core is not perfect as it can
be seen on figure 3.5.13.

176



Study of the laminated structure with air gaps
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(a) Second solution of clamping the structure.
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(b) Peak to peak displacement of points P1 andP2.

Figure 3.5.12: Displacement at two measuring points of the U-I structure (linear slide).

Air gap material 

I-shaped core U-shaped core 

Figure 3.5.13: Misalignment at the air gap.

This solution will be retained for the upcoming displacements measurements. It is
reminded that the air gap materials samples are: 1.9 mm (AEM) and 1 mm (glass mat).
Figure 3.5.14 represents the comparison of measurements results with the FE simulation
and the analytical calculation results for these two materials at point P1. It is observed
that for the AEM materials (E = 13MPa), the measurement results are consistent with
the simulation and the analytical calculation despite a small difference. On the other
hand, for the glass mat (E = 10GPa), the measurement results are much higher than
those obtained by simulation or by analytical calculations. This difference can be ex-
plained by two main reasons. The first reason is the true Young modulus. Indeed, the
true value of the latter was not provided by the manufacturer and its value was estimated,
which can induce errors regarding the material hardness. The second is the misalign-
ment observed during the contact of the air gap material with the U-I shaped core. The
absence of a perfect contact coupled with the magnitude of the Maxwell effort which is
2 times greater than that of 1.9 mm air gap can cause displacements increase. To some
extent, the contact misalignment between I and U core in the case of the hard air gap
material (10 GPa), creates a pivot behavior which can explain the higher displacements.

177



From single sheet to laminated structures

In the case of a soft material (13 MPa), this pivot behavior due to the misalignment is
"absorbed".
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(b) 1 mm air gap: E=10GPa.

Figure 3.5.14: Displacement due to magnetic forces and magnetostriction for two air
gap materials.

On the basis of these measurements, the following observations are pointed out:

• The total displacement of the structure depends greatly on the tightening per-
formed.

• A separate clamping can lead to unbalanced displacement of the structure, which
can be a source of additional vibration. To avoid this issue, an uniform clamping
is advised.

• The assembly precision of a U-I core structure, can have a great impact on the
total displacement of the latter during its operation (e.g. misalignment at the air
gap).

• Under optimal conditions of assembly and tightening, an optimal choice of air
gap materials can significantly reduce the displacement of the structure and con-
sequently its vibration.

3.6 Conclusion

Magnetic and magnetostrictive characterization of a laminated structure made of non-
oriented electrical steel using strain gauges and laser vibrometer have been presented.
A comparison between two types of magnetization (current and voltage) shows similar
amplitudes of magnetostrictive deformation, nevertheless the current or voltage wave-
form of the excitation were different. Moreover, magnetostrictive deformation results
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measured by strain gauges have shown acceptable agreement with laser vibrometer re-
sults. The laser vibrometer setup afford some advantages that strain gauges method
can’t, like measurements along the height of the lamination and accurate measurements
under low magnetization. Besides, magnetic and magnetostrictive behavior under com-
pressive stress were measured and showed similar trends to the single sheet results.

Next, a two dimensional FE computation method to predict magnetostrictive defor-
mation in a frame structure was presented. This method considers the magnetic and
magnetostrictive anisotropy of the studied material and requires the energy based model
presented in chapter 2. The Finite Element results were compared to measurement
results obtained previously on a laminated structure. The results have shown good
agreement on the transverse direction, however, due to the random assembly of the
laminated structure, the comparison on the rolling direction did not give satisfactory
agreement. Nevertheless, the magnetostrictive measurement results obtained on the
laminated structure show larger deformation compared to single sheet (RD). This re-
veals that the isotropic hypothesis for non-oriented materials during a sheet assembly
can lead to an increase in the overall deformation of the structure: Because of the pres-
ence of some sheets in TD among the RD sheets, even if the percentage is small, their
influence remains significant.

A second laminated structure including air gaps inducing magnetic forces in addition
to the magnetostrictive deformation is presented. The aim of this study was to inves-
tigate the interaction between magnetostriction and magnetic forces by acting on the
hardness of the air gap material. Displacements measurements using laser vibrometer
were obtained for different materials and compared to FE and analytical results. First,
the FE method calculation was developed to include Maxwell forces in addition to mag-
netostriction. Then, a validation is performed by analytical approach. The FE method
showed similar results to the analytical method in terms of displacement. However,
when compared to the measurement results, a good agreement was found for only one
material. An improvement of the experimental setup or of the model still needed to
achieve better matching.

To conclude, going from a simple single sheet to a simple assembled structure like a
transformer core is not obvious. This complexity lies in several parameters: assembly
precision, resin, magnetostriction and magnetic forces interaction, stress.... All these
mechanisms may influence the vibration of the structure. In the next chapter, we will
investigate the interaction between magnetostriction and mechanical resonance of the
structure.
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CHAPTER 4

INVESTIGATION ON MECHANICAL
RESONANCE INDUCED BY
MAGNETOSTRICTIVE DEFORMATION

4.1 Introduction

This chapter deals with the investigation of mechanical resonance induced by magne-
tostrictive deformation in a laminated structure. First, the background of the study and
a short description of the modal analysis will be given. Then, the estimation of the mag-
netostriction strain and Maxwell forces contributions to the total displacement of the
structure is presented. For the computation of the eigenfrequencies and eigenmodes, a
mechanical model of the structure is developed. This model includes the friction contact
interactions between the neighboring laminated sheets. After that, the finite element cal-
culations will be compared to the experimental modal analysis results. Based on these
results, the following section will detail the development of a numerical model based on
analytical and numerical homogenization to better approach the real dynamic behavior
of the structure. In the last section, the magnetization at resonance procedure will be
presented and the magnetostriction strain induced resonance results will be described
and discussed in details.

4.2 A general overview

4.2.1 Background
The most typical noise component of transformers and rotating machines is the noise
coming from electromagnetic sources. Besides the contribution of Laplace forces in
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conductors (e.g. coils), electromagnetic noise in these electrical devices is caused
mainly by magnetostriction (e.g. ferromagnetic core) and Maxwell forces (e.g. air gap).
As a consequence, noise and vibration are inherent characteristics of electrical devices
and can not be completely eliminated. According to authors in [80], magnetostriction
could be responsible for up to 50% of the total electromagnetic forces. That’s why it
remains a preoccupying source of noise in rotating machines and transformers as shown
in these studies [7, 82, 84]. Due to magnetostriction, structure lamination like trans-
former and rotating machine can resonate under magnetization, increasing the vibration
and the acoustic noise. Despite that, there are few works that deal with the interaction
of magnetostriction with the structure vibration of electrical devices [60, 108, 78].

4.2.2 Modal analysis
The fundamental notion that usually intervenes in vibration problem is the notion of
natural frequency. As a matter of fact, when a structure (rotating machines, transform-
ers, etc.) with low damping is excited by a periodic forces of frequency f , it may
undergoes resonance vibrations if the excitation frequency matches one of the eigenfre-
quencies of the structure (mode at frequency f ). Modal analysis provides information
on the dynamic characteristics of structural elements at resonances, and thus helps in
understanding of their dynamic behavior. Each vibration mode is linked to a natural
frequency, the modal representation in mathematical terms consists of using the basis of
the eigenfrequencies and the eigenforms of the structure vibration. The dynamic behav-
ior of a multiple degree of freedom system can be represented by a linear second-order
differential equation with constants coefficients matrices [M], [C] and [K] which can be
written as:

[M]{ẍ}+[C]{ẋ}+[K]{x}= {F} (4.2.1)

where:
[M] is the mass matrix
[C] is the damping matrix
[K] is the stiffness matrix
{F} is the exciting force vector
{x} ,{ẋ} ,{ẍ}: the displacement vector, and its first and second derivatives with re-

spect to time, (.)≡ d
dt .

For the calculation of the FE technique, an undamped system is usually considered.
Hence, The equation (4.2.1) consists only of mass M and stiffness K. The equation of
free vibration will be written as:

[M]{ẍ}+[K]{x}= 0 (4.2.2)

Assuming a solution type in the following form:
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{x}= {X}exp( jωt) (4.2.3)

and inserting the solution (4.2.3) into equation (4.2.2) yields:

([K]−ω
2[M]).{X}exp( jωt) = 0 (4.2.4)

Which is an eigenvalue problem. The solution to this problem is the eigenvalues
(eigenfrequencies fi = 2πωi) and the corresponding eigenvectors (eigenforms φ i for
i = 1, 2, ..., N). The relationships between the natural frequencies and the modes shapes
can be represented by the equation:

([K]−ω
2
i [M]){φi}= 0 (4.2.5)

The above eigenvalue problem shows that the problem of determining natural fre-
quencies and mode shapes could be solved if one had a way to measure the mass and
stiffness matrices. Such measurements are, however, difficult to accomplish. Instead,
one can measure transfer functions in the frequency domain which hold enough in-
formation to extract the modal properties. Such measurements will be described in
subsection 4.4.2.

4.2.3 Mechanical resonance
To understand the basis principle of mechanical resonance, we consider the example of
an embedded-free bending beam (figure 4.2.1). The equation of bending motion of the
beam is expressed in equation (4.2.6) as a function of the eigenpulses ωn (or eigenfre-
quencies) that represent the temporal dependence, and the eigenmodes φ n representing
the spatial dependence:

w(x, t) = ∑
∞

n=1(Ansin(ωnt)+Bncos(ωnt))φn(x) (4.2.6)

where:
w(x, t) is the transverse displacement (magnitude of deflection)
x, t represent the spatial and temporal dependence
n is an integer representing the mode number
An,Bn are two constants that depend on the initial conditions
φ n(x) is the deformed eigenmodes of mode n
For instance, if the beam is submitted to a traction-compression loading at a frequency

close to the flexion mode natural frequency it will not induce a flexion resonance. Be-
cause, resonance is possible only if the excitation forces are capable of inducing a de-
formation close to the eigenmode shape: modal appropriation. Hence, the dynamic
behavior of the mechanical structure assumes that a resonance occurs if and only if both
of the following conditions are fulfilled:
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𝐹0𝑒
𝑗𝜔𝑡 

Mode 1 

Mode 2 

Figure 4.2.1: The first two bending modes of the fixed-free beam (on the top) and the
beam subjected to periodic force (on the bottom).

• A matching between both the spatial order of the force wave and the mode number
of the structure.

• A matching between the force frequency of the wave and the structure mode nat-
ural frequency.

Magnetostriction induced resonance in NO steels has been studied in [95, 108], however
the sample they worked on seems to have a simple geometry and far from a laminated
transformer core. As demonstrated by authors in [73], structure laminations may have
a strong influence on the vibrational behavior of the structure, which is also true if the
excitation force is coming from magnetostriction deformation [53]. Similarly, other
authors make the finding of mechanical resonance but do not detail the reasons (mag-
netostriction, Maxwell forces or both) with certainty [123, 70]. Despite these existing
research on mechanical resonance induced by magnetostriction, there was no detailed
investigation on a device similar to a transformer structure.

4.3 Magnetostriction and Maxwell forces

4.3.1 Structure under study: Brief description
Figure 4.3.1 shows the ferromagnetic structure under study. The structure was already
described in details in the previous chapter (chapter 3). We remind that to study only
magnetostrictive deformation, a simple assembly of electrical sheets of frame shape
without any lap joint has been considered. In fact, a lap joint assembly, overlapping the
laminations in the corner, is often used as it allows the flux to always circulate in the
rolling direction of the material. However, the flux lines that go from one lamination
to another pass through small inter-laminar air gaps which create magnetic attractive
forces. Therefore, in addition to vibrations due to magnetostriction, vibrations due to
magnetic forces of the joint regions of the laminated can be generated as well [117,
118]. Consequently, the ferromagnetic structure laminations were cut out of one piece,
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so that there would be no air gap or overlaps along the flux path (representing only
the magnetostrictive vibration). The structure is set in horizontal position as shown
in figure 4.3.1. An excitation winding in black was set on one leg to magnetize the
ferromagnetic structure.

16 mm 

15 mm 

(a) (b)

Figure 4.3.1: (a) schematic description of the ferromagnetic frame core. (b) the struc-
ture with the magnetization winding and B-coil sensors.

4.3.2 Estimation of the displacement due to
magnetostriction and Maxwell forces

Magnetostriction is a magneto-mechanical phenomenon that appears in ferromagnetic
materials when the domains have to align along the direction of the magnetic field, re-
sulting in a strain with constant volume, taking place twice the fundamental frequency
of the magnetic field [32]. However, In many works, magnetostriction has been mod-
eled as a force [77, 68, 71]. According to these two statements, magnetostrictive forces
can be defined as the equivalent force field which creates the same strain as the mag-
netostrictive strain. Furthermore, the spatial distributions of magnetostrictive forces is
inhomogeneous and difficult to interpret [105], because there is no established model
for 3D magnetostriction capable of describing the spatial order decomposition of mag-
netostriction equivalent force. In contrast, the spatial decomposition of magnetic forces
can be easily predicted as in the case of rotating machines (figure 4.3.2). Magnetostric-
tive strain causes the dimension of the core laminations to change and vibrate when the
core is magnetized by an alternating magnetic field, which can lead to mechanical reso-
nance [60, 108]. Moreover, the Maxwell forces present in the air gap can be responsible
for higher noise if resonance happens [59, 89, 11]. As these forces occur at the same
frequencies as magnetostriction [66], it is hard to quantify how much Maxwell efforts
are greater or lower than magnetostrictive efforts. To make this difference, as men-
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tioned earlier, we worked on a structure without any air gaps or overlaps and the only
Maxwell forces that will be present, will appear at the circumference of the ferromag-
netic structure. These forces can be due to magnetic field leakage lines or the presence
of a magnetizing coil as shown in figure 4.3.3. Thereby, the Maxwell tensor σMaxwell
due to leakage magnetic field can be expressed as follows:

σMaxwell =
B2

leakage

2µ0
(4.3.1)

where Bleakage is the magnetic flux density of leakage magnetic field lines (e.g. cor-
ners, coil) and µ0 = 4π10−7H/m is the vacuum permeability. As the circumferential
magnetic flux density is very low in magnitude (except the coil position), the pressure
or stress induced is weak, particularly, in the measurements positions (the lower part of
the structure, figure 4.3.3).

Figure 4.3.2: Magnetic pressure due to Maxwell forces (left) and generated deforma-
tion of stator (right) [44].

The magnetostriction model used for the computation of the magnetostrictive strain
εµ was described in chapter 2. We remind that the proposed model aims to minimize
the free energy inside the material.

In the finite element calculation, the magneto-elastic coupling is assumed to be weak.
First, the magnetic simulation is carried out and the distribution of the magnetic field
in the structure is produced. Then, a magneto-elastic problem is formulated by using
the equivalent nodal method [114, 46, 81]. The general principle of this method is to
calculate the equivalent forces to be applied to the nodes of the mesh in a structure
calculation in order to reproduce the magnetostrictive deformation. These nodal forces
are naturally functions, among others, of magnetic quantities initially calculated. The
calculation of the nodal forces is done in two stages: computation and assembly of the
elementary forces. These nodal forces equivalent to the magnetostriction are calculated
for all the nodes of the problem and constitute the loading to be applied in the structural
computation.

Figure 4.3.4 shows the results of simulation carried out on the structure. The com-
putation has included Maxwell forces calculation and magnetostriction model to calcu-
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Figure 4.3.3: Computed Maxwell forces (N/m) distribution on the ferromagnetic struc-
ture.

late equivalent forces due to magnetostriction. These results show that at the measure-
ment zones far from the excitation coil (top horizontal bar) the displacement due to the
magnetostrictive strain is ten times greater than the displacement due only to Maxwell
forces (due to leakage) UMagnetostriction=10×UMaxwell . Therefore, the displacement due
to Maxwell forces UMaxwell caused by the magnetic field leakage, can be neglected in
front of the displacement due to magnetostrictive strain Umagnetostriction. Hence, only
magnetostriction will be considered as the main source of mechanical resonance in our
study.

4.4 Mechanical part: determination of resonance
frequencies of the ferromagnetic structure

This section presents the simulation and experimental modal analysis results conducted
as part of a research collaboration with the acoustic and vibration team at the Roberval
laboratory at UTC [67].

4.4.1 Simulated modal analysis

4.4.1.1 Description

In order to identify the eigenmodes of the structure, a modal analysis simulation has
been carried out by the Finite Element Analysis (FEA). The software ANSYS was used
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(a) Only magnetostriction. (b) Magnetostriction and Maxwell forces.

Figure 4.3.4: Simulated displacement of the ferromagnetic structure in (m): due to only
magnetostriction (a), due to magnetostriction and Maxwell forces (b).

to perform the calculations. Since the structure is a set of laminated frame sheets, and
to get close as possible to its real vibrational behavior, the structure is modeled as an
assembly of 40 frame sheets of thickness 0.35 mm (the same as the real structure),
with a contact condition between the sheets corresponding to a given friction coefficient
(figure 4.4.1a). Based on measurement and by acting on this coefficient by fitting, we
can best simulate the behavior between the sheets. In our case, it corresponds to 0.3
(steel-steel friction). Some experiments have shown that the vibrational behavior of a
laminated structure is quite different from that of an homogeneous thick structure [116].
In this respect, another finite-element model is built, called homogeneous model made
of homogeneous medium (isotropic) without any layers (figure 4.4.1b). To obtain both
the in-plane modes and the out-of-plane modes at the same time, both models were
modeled as a collection of three-dimensional block.

The material constants used in the calculations are shown in table 4.1. The same con-
ditions as experimentation were respected (no boundary conditions) because the natural
frequencies are very sensitive to the simple difference of boundary conditions.

3% Si-Fe NO Grade M235-35A

Conventional density (kg.m−3) 7600

Poisson ratio ν 0,3

Young Modulus (GPa) 200

Table 4.1: Typical physical properties.

188



Mechanical part: determination of resonance frequencies of the ferromagnetic structure

(a) Laminated FE model. (b) Homogeneous FE model.

Figure 4.4.1: Finite-element models of the ferromagnetic structure.

The vibration of the ferromagnetic structure can be classified into in-plane vibrations
modes and out-of-plane vibrations modes. Results of the modal analysis of the lami-
nated finite-element model are shown in figure 4.4.2 for in plane displacements and in
figure 4.4.3 for out of plane displacements. Similar mode shapes are obtained for the
homogeneous model, except for out of plane modes where the eigenfrequencies shows a
significant gap. The comparison of obtained eigenfrequencies of the two finite-element
models will be discussed in subsection 4.4.2.2.

In the investigated frequency range (0-3.5 [kHz]), we obtain six in-plane modes and
six out-of-plane modes. The mode shapes of the out-of-plane modes are much more
complicated than those of the in-plane modes. These results from FE simulation will be
compared with the experimental modal analysis results in the following section.

4.4.2 Experimental modal analysis

In this part the dynamic behavior of the structure is studied without any electrical exci-
tation at the magnetizing coil terminal. First the measurements made on a real structure
are presented. Then, the experimental natural frequencies and modes shapes are de-
tailed. At the end, the comparison between the experimental and the numerical modes
is discussed.

4.4.2.1 Experimental set-up and procedure

Given the geometry of the structure, the modes are divided in two categories : the
in-plane modes, in the (xOy) plane, and the out-of-plane modes with a z component.
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Figure 4.4.2: Simulated in-plane modes shapes of the ferromagnetic frame in the range
[0-3.5] kHz.
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Figure 4.4.3: Simulated out-of-plane modes shapes of the ferromagnetic frame in the
range [0-3.5] kHz.

191



Investigation on mechanical resonance induced by magnetostrictive deformation

Two different experimental setups were used to measure all these modes between 0 and
3.5 kHz.

Transfer function

The transfer function is a mathematical model defining the input-output relationship in
the frequency domain of a linear physical system. Figure 4.4.4 shows a block diagram of
a single input-output system. System response (output) is caused by system excitation
(input). The causal relationship is loosely defined by the equation (4.4.1):

Hi j(ω) =
Xi(ω)

Fj(ω)
(4.4.1)

where ω is the excitation frequency, Xi(ω) is the Fourier transform of the response
xi(t) in DOF1 i, and Fj(ω) is the Fourier transform of a force fi(t) acting in DOF number
j.

Input Force 

(Mass, Damping, stiffness) (Amplitude, Frequency, 

Phase)  

Vibration 

(Amplitude, Frequency, 

Phase)  

Frequency Response 

𝐹𝑗(𝜔) 𝐻𝑖𝑗(𝜔) 𝑋𝑖(𝜔) × = 

Figure 4.4.4: Definition of the transfer function.

An estimation of all mode shapes of the laminated structure can be obtained from
only one row or one column of the transfer matrix [H]. A row of transfer functions can
be obtained from an experiment by measuring the response in all DOFs, while the point
of excitation is fixed to one DOF. To obtain a column of [H], the response is measured
in one DOF while the point of excitation is moved between all DOFs. The second
procedure is used to obtain all mode shapes for the structure under study.

In-plane modes

To conduct this in-plane measurements, a mono-directional accelerometer and a ham-
mer with an impedance head were employed. The frequency response functions "ac-
celeration over force" were measured on the four sides of the structure plane (see fig-
ure 4.4.5). Note that the accelerometer was fixed at the reference point 11, while the
hammer moved over 48 points.

1Degree Of Freedom
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Figure 4.4.5: Experimental set-up for in-plane modes.

Out-of-plane modes

The out-of-plane measurements were done with a scanning laser vibrometer (figure 4.4.6
on the left). The excitation force, measured with an impedance head, was applied by a
shaker fed with a white noise (figure 4.4.6 on the right). On the other side, the scanning
vibrometer measured the acceleration over 1088 points.

Figure 4.4.6: Experimental set-up for out-of-plane modes.

4.4.2.2 Comparison between simulated and experimental results

In figure 4.4.7, the mean Frequency Response Function (FRF) averaged over the 48
points is presented for the in-plane modes. We clearly see six resonant peaks over the
studied range (0-3.5 kHz). The corresponding mode shapes are the same as simulation
(figure 4.4.8). Similarly, the mean FRF of the out-of-plane experiment presented in
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figure 4.4.9 shows also six resonant peaks. The corresponding mode shapes obtained by
modal extraction, are shown in figure 4.4.10. Two legs of the ferromagnetic structure
have a strange behavior in the modes 3 to 6. One could think that this result is related
to measurement noise. However, the same measurements have been done a second time
after having rotated the structure a quarter turn, and the same legs exhibit this behavior.
We can therefore conclude that the local phenomena observed on these two legs are
related to the structure itself. This could be explained by some local detachment of the
layers inside the structure.
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Figure 4.4.7: Experimental mean FRF (acceleration) for in-plane modes: vertical lines
correspond to simulated frequencies (laminated model).
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Figure 4.4.8: In-plane modes shapes (measured).
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Figure 4.4.9: Experimental mean FRF for out-of-plane modes: vertical lines corre-
spond to simulated frequencies (laminated model).
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Figure 4.4.10: Out-of-plane modes shapes (measured).

Table 4.2 summarizes and gives a comparison between experimental and computed
values of natural frequencies for laminated and homogeneous finite-element models.
The results show that the natural frequencies of the in-plane vibrational modes obtained
from the two models are very similar and all of the predicted modes were obtained
with a good frequency accuracy by experiment. Moreover, authors in [116, 12] have
shown that the natural frequencies of the in-plane modes are independent of the thick-
ness of the laminations and a homogeneous medium model would be sufficient. For
the out-of-plane modes however, except the first mode, the natural frequencies are quite
different from simulation but remains acceptable for the laminated finite element model.
In reality, the structure sheets assembly is maintained by varnish, this could modify the
mechanical properties of the structure (steel + varnish). Structure with inter-laminar
slip is much more complicated because of both the mutual elastic effects of adjacent
laminations and the presence of varnish between them, which can lead to an increase
or a decrease of the resonance frequency [6, 30]. On the other hand, the homogeneous
finite-element model exhibits larger eigenfrequencies than those found by experiment
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for out-of plane modes. As a result, the frequency dependence on the out-of-plane
modes and thus, on the structure thickness should be considered to study the dynamic
behavior of a laminated structure.

Thereby, to model the dynamic behavior of a laminated structure, the establishment
of a unique model to predict the vibrational behavior can be a challenging task because it
depends on many parameters like sliding, friction, clamping and impregnation. Hence,
to study the effect of impregnation, a numerical model based on two different homog-
enization techniques is used. First, the numerical modal analysis is presented. Then, a
comparison between the experimental and the numerical modes is discussed.

Modes
Frequency (Hz)

Measured Computed
(laminated

model)

Computed
(homogeneous

model)

1 367 370 (0.81%) 366 (-0.27%)

2 619 620 (0.16%) 617 (-0.32%)

3 1230 1230 1228 (-0.16%)

4 1433 1430 (-0.2%) 1432 (-0.07%)

5 2528 2620 (3.6%) 2622 (3.7%)

6 3055 3060 (0.16%) 3061 (0.2%)

(a) In-plane behavior.

Modes
Frequency (Hz)

Measured Computed
(laminated

model)

Computed
(homogeneous

model)

1 200 199 (-0.5%) 431 (115%)

2 407 566 (39%) 1191 (192.6%)

3 714 949 (37.1%) 1995 (67.3%)

4 1099 1222 (11.2%) 2435 (121.5%)

5 1891 2181 (15.3%) out of range

6 2158 2504 (16.3%) out of range

(b) Out-of-plane behavior.

Table 4.2: Comparison between measured and computed eigenfrequencies.
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4.4.3 Numerical model of a homogenized structure
In this part the structure is modeled as a stack of 40 layers of steel separated by 39
layers of varnish perfectly bonded, i.e. with the continuity of the displacements at the
interfaces, as shown in figure 4.4.11. Each material is considered as isotropic linear and
elastic (table 4.3).

Steel Varnish

Young modulus E(GPa) 200 7

Density ρ(kg.m−3) 7600 3058

Poisson ratio ν 0.3 0.37

Thickness (mm) 0.35 0.046

Table 4.3: Material properties of the steel and varnish layers.

In order to model this multilayered structure with the finite element method using 3D
solid elements, the domain has to be discretized with a very refined mesh. Indeed the
maximal element size is limited by the thinnest layer thickness, i.e. 46 µm. With this
size, more than 70 million elements are required to model the full structure. This is not
reasonable. Therefore, instead of modeling all the layers, it is interesting to see if the
multi-layer material can be homogenized and represented by an equivalent orthotropic
material with Ex=Ey 6=Ez and Gxz=Gyz 6= Gxy. To do so we used two different techniques.
The first one is purely numerical and the second one is analytical.

Steel sheet Varnish layer

Figure 4.4.11: laminated model with steel and varnish layers.

4.4.3.1 Numerical method of homogenization

Here a small section of the frame is considered (Lx= 1 mm, Ly= 0.2 mm, Lz= 15.8
mm). All the layers are modeled with a refined mesh. We assume that all the layers
are perfectly bonded together with the continuity of the displacements. The equivalent
elastic modulus are then obtained with adapted configurations. For example the Young
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modulus along the x-axis is obtained with a tensile test in the X direction. Each test is
represented in figure 4.4.12.

x

z

Ux=0 Ux

(a) Tensile test in X direction (Ex).
x

z

Uz=0

Uz

(b) Tensile test in Z direction (Ez).

x

z

Uz=0 Uz

(c) Out-of-plane shear test (Gxz).

x

y

Uy=0

Uy

(d) In-plane shear test (Gxy).

Figure 4.4.12: Numerical tests used to get the equivalent elastic modulus.

For each test the total strain energy is calculated. Then a homogeneous model is used
to estimate the equivalent elastic modulus to have the same strain energy. The results are
presented in table 4.4. Finally, the homogenized density ρ , Poisson ratio ν and Young
moduli are obtained with a simple rule of mixture.

4.4.3.2 Analytical method of homogenization

Assuming that the Poisson’s ratio is defined as the negative of the ratio of the normal
strain in the transverse direction εT to the normal strain in the longitudinal direction εL:

ν =−εT

εL (4.4.2)

and the volume fraction of steel and varnish defined by:

µV =
VV

V
(4.4.3)

µS =
VS

V
(4.4.4)

where V is the total volume made of steel volume VV and varnish volume VS.
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Analytical expressions of the equivalent elastic modulus are given by Juraj Sarlosi et
al. [102], (S for steel and V for varnish):

Ex = Ey = µSES +µV EV (4.4.5)

Ez =
1

µS
ES

+ µV
EV

(4.4.6)

Gxz = Gyz =
GSGV

µV GS +µSGV
(4.4.7)

The other mechanical properties are obtained with rules of mixture (mean value) as
follows:

ρ = µSρS +µV ρV (4.4.8)

ν = µSνS +µV νV (4.4.9)

Gxy = µSGS +µV GV (4.4.10)

Results of the homogenization are summed-up in table 4.4.

Numerical
homogenization

Analytical
homogenization

Ex(GPa) 177.6 177.6

Ez(GPa) 34.55 23.6

Gxy(GPa) 19.2 68.3

Gxz(GPa) 22.6 8.7

ν 0.308 0.308

ρ(kg.m−3) 7082 7082

Table 4.4: Equivalent elastic moduli.

Almost all the estimated equivalent modulus are similar with both methods, except
Gxy that are significantly different. However, in the following this modulus has no
significant effect on natural frequencies (see Table 4.5).
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4.4.3.3 Comparison between the two homogenization

The ferromagnetic structure is now modeled as a homogeneous material with the previ-
ous equivalent properties. The natural frequencies and modes shapes are calculated with
free boundary conditions. The results are presented and compared to the experimental
results in table 4.5 (the percentage represents the frequency relative errors).

Modes
Frequency

(Hz)

Measured Numerically
homogenized

Analytically
homogenized

1 367 354 (-3.5%) 380 (3.5%)

2 619 631 (1.9%) 638 (3.1%)

3 1230 1198 (-2.6%) 1271 (3.3%)

4 1433 1330 (-7.2%) 1483 (3.5%)

5 2528 2584 (1.7%) 2707 (3%)

6 3055 2884 (-5.6%) 3160 (3.4%)

(a) In-plane modes.

Modes
Frequency

(Hz)

Measured Numerically
homogenized

Analytically
homogenized

1 200 197 (-1.5%) 179 (10.5%)

2 407 641 (57.5%) 625 (53.6%)

3 714 1057 (48%) 1012 (41.7%)

4 1099 1377 (31.6%) 1338 (28.2%)

5 1891 2746 (45.2%) 2544 (34.5%)

6 2158 3630 (68.2%) 3303 (53.1%)

(b) Out-of-plane modes.

Table 4.5: Comparison between measurements, numerically and analytically homoge-
nized models.

First of all, the tendencies are similar with both homogenized set of parameters. Then,
calculations match very accurately the experiment for in-plane modes. Besides, the cal-
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culations give an accurate estimation for the first out-of-plane mode. However for higher
out-of-plane modes the relative differences between measurements and calculations are
important. These differences could be explained by some detachments between the lay-
ers, as mentioned previously. These local phenomena inside the structure could indeed
reduce the stiffness of the structure and decrease the experimental natural frequencies
for the modes that present a flexural behavior near the detachments.

The laminated structure model response was close to the experimental one. Despite,
some differences for out of plane modes, the results of simulated modal analysis and the
experimental measurements have shown a good agreement. Next, a numerical modal
analysis has been presented and compared to experimental results. In the next section,
magnetostriction induced resonance will be studied for the found modes.

4.5 Magnetization part: magnetostriction induced
resonance

4.5.1 Magnetizing at resonance procedure

Figure 4.5.1 shows the experimental set-up used to study the influence of magnetizing
frequency on the ferromagnetic structure displacement. The waveform and the ampli-
tude of the current are adjusted by means of a signal generator which is connected to a
power amplifier. Then, the current signal flows to the excitation coil of the ferromag-
netic structure and a magnetic field is established, which in turn causes magnetostrictive
strain in the stacked sheets. A differential and a current probes were used to monitor
the voltage and the current respectively as the frequency increases. The laser inter-
ferometric vibrometer has the ability to measure magnetostriction deformation at low
excitation [43], it can measure displacement up to a resolution of 0.1 nm. If we consider
the dimension of the ferromagnetic structure, this corresponds to a strain resolution of
0.4 nm/m and a measurable frequency range of 0-3 MHz, which is largely enough for
the displacement measurement in this manipulation.
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Signal Generator 

Power Amplifier 

SIOS 

Laser sensor 

Supply and Evaluation unit Excitation Coil 

Acceleration 
Velocity 

Displacement 

Frequency and Magnitude  
Variation  

(Time and frequency 
 domain) 

Data analyzed using SIOS Software and  
processed using Matlab 

Ferromagnetic structure 

Figure 4.5.1: A schematic diagram of the displacement measurement due to magne-
tostriction and magnetizing system.

The ferromagnetic structure was magnetized under a maximum magnetic excitation
of H = 35 A/m. Low current excitation is used since it is necessary to proceed in iso-
excitation (same amplitude) for the studied frequency range. Furthermore, the interest
is also to prove that the mechanical resonance due to magnetostriction can take place at
low amplitudes of magnetic field.

4.5.2 Mechanical resonance excited by magnetostriction

The ferromagnetic structure can resonate at many frequencies with different modes
shapes as it has been shown previously. Furthermore, a mechanical resonance can take
place only if the force distribution of magnetostrictive strain and the structure mode
shape are consistent in terms of spatial order and frequency. In the same way, to ob-
serve resonance that can be excited by magnetization, a frequency sweep of current is
applied to the coil terminals producing a magnetic field in the ferromagnetic structure
and a strain corresponding to magnetostriction strain appears. Pictures of the displace-
ment measurements environment are shown in figure 4.5.2.

To illustrate the mechanical resonance induced by magnetostrictive strain, we se-
lected the following vibration modes (see table 4.5):

• Modes 1, 2, 3 and 4 for in-plane modes.
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Investigation on mechanical resonance induced by magnetostrictive deformation

• Modes 1, 3 and 4 for out-of-plane modes.

It is known that magnetostriction λ = ∆L
L occurs mainly at twice the excitation fre-

quency f [32, 88]. Hence, for instance, in order to magnetically excite a mechanical
resonance frequency of 1430 Hz (in-plane mode number 4), the magnetizing frequency
has to be equal to 715 Hz. To do so, we will perform a magnetic frequency sweep below
and above the resonant frequency, and the evolution of the response of the ferromagnetic
structure displacement will be measured instantaneously.
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Magnetization part: magnetostriction induced resonance

(a) In-plane displacement measurements

(b) Out-of plane displacement measurements.

Figure 4.5.2: Measurements of displacements due to mechanical resonance by laser
vibrometer.

205



Investigation on mechanical resonance induced by magnetostrictive deformation

Figure 4.5.3 shows the results for the in-plane modes. We notice that peak-to-peak
displacement at the resonance makes a significant increase. Moreover, the displacement
at resonance varies from 2.3 to 14 times the displacement due just to magnetostriction
(out of resonance). Due to resonance, at 394 Hz, the displacement is increased by a
factor of 200 %, by 120 % for 640 Hz, 200% for 1250 Hz and 1300% for 1430 Hz. As
shown in figure 4.5.3d, the so-called “breathing mode” (1430 Hz) is the most important
in term of displacement.

(a) Mode 1: 394 Hz. (b) Mode 2: 640 Hz.

(c) Mode 3: 1231 Hz. (d) Mode 4: 1430 Hz.

Figure 4.5.3: In-plane behavior: displacement as a function of magnetizing frequency
of the ferromagnetic frame (3% Si-Fe).
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Magnetization part: magnetostriction induced resonance

Figure 4.5.4 illustrates the resonance peak displacement of the out-of-plane modes.
As explained in the mechanical part, the simulated out-of-plane vibrational modes are
different from the experimental one due to local phenomena (detachments of the layers
inside the structure). For the chosen out of plane modes, the resonance occurs at the
experimental natural frequencies. It can be seen that natural frequencies are slightly
shifted of a few hertz, this is assumed to be due to boundary conditions (horizontal po-
sition of the ferromagnetic frame). As expected, the results presented in figure 4.5.4,
confirm the mechanical resonance of the ferromagnetic structure in the out-of-plane di-
rection. The peak displacement at resonance is notably significant, it has been increased
by 263% for 215 Hz, by 533% for 780 Hz and by 214% for 1096 Hz.

(a) Mode 1: 215 Hz.

(b) Mode 3: 780 Hz. (c) Mode 4: 1096 Hz

Figure 4.5.4: Out-of-plane behavior: Displacement as a function of magnetizing fre-
quency of the ferromagnetic frame (3% Si-Fe).
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Figure 4.5.5 and figure 4.5.6 shows the peak amplitude of displacement spectrum
below, at and above the resonance frequency for the in-plane and out-of-plane modes
respectively. Likewise, the Fourier analysis confirms the same finding: at mechanical
resonance, the spectrum line corresponding to resonance frequency tends to be very pro-
nounced due to magnetostriction deformation generated in the ferromagnetic structure.
Since the structure is excited with fexcitation =

fresonance
2 , in some spectrum (figure 4.5.5a),

we can clearly see the magnetizing frequency.

(a) Resonance frequency: 394 Hz (b) Resonance frequency: 640 Hz

(c) Resonance frequency: 1231 Hz (d) Resonance frequency: 1430 Hz

Figure 4.5.5: In-plane behavior: The spectrum of the displacement of the ferromagnetic
frame below, at and above the resonance
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(a) Resonance frequency: 215 Hz.

(b) Resonance frequency: 780 Hz. (c) Resonance frequency: 1096 Hz.

Figure 4.5.6: Out-of-plane behavior: The spectrum of the displacement of the ferro-
magnetic frame below, at and above the resonance.

4.6 Conclusion

This chapter has presented an investigation on mechanical resonance excited by magne-
tostrictive strain in an impregnated laminated structure, with an assembly without any
lap joints or air gaps. The displacements of the structure due to resonance were mea-
sured by using the laser vibrometer, allowing measurements of the nanometer scale. The
Finite Element results showed good agreement with the experiment in terms of eigenfre-
quencies and modes shapes for the in-plane modes shapes. Whereas, some differences
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have been noticed for the out-of plane modes due to local phenomena (detachment of
the layers inside the structure) leading to a lack of accuracy in calculating the eigen
modes. To face this issue, a numerical homogenization has been proposed. Despite
that, the differences between experiment and calculation last for higher out-of-plane
modes that present flexural behavior near the detachments. The main conclusions are
recalled hereafter:

1. Despite some frequency differences in out-of-plane modes, the experimental and
the simulated laminated model have shown similar results. Nevertheless, the pro-
posed homogenized model could not properly model the out-of-plane behavior,
neither by numerical nor analytical methods, although the two methods have
shown good agreement between them. More investigation is needed to under-
stand these differences.

2. The increase of peak to peak displacement of the ferromagnetic structure at res-
onance is due to deformation of magnetostriction, for in-plane and out-of-plane
directions.

3. The study reveals that magnetostriction alone is likely to excite all the resonances
of the ferromagnetic structure when the frequency of magnetostriction excitation
is consistent with a natural frequency of the ferromagnetic structure without nec-
essarily knowing the spatial distribution of this deformation.

4. Resonance occurs even at very low excitation amplitude. Hence, the presence of
harmonics (e.g. non linearity of the material, pulse width modulation (PWM) ex-
citation) even with small amplitude of the magnetizing field can induce resonance
at frequencies far from the fundamental frequency. It is necessary to consider
their influence on magnetostriction deformation.
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General conclusions

Magnetostrictive materials provide a conversion of electromagnetic energy into mechan-
ical energy. These materials see also their magnetic state influenced by mechanical
stress, so they can be used in many mechatronic or electrical devices such as: actuators,
sensors, transformers, energy harvesting systems and many other applications. The
choice of these materials, the control of their behavior and their integration in devices
requires not only a knowledge of their properties of use, but an understanding of their
evolution under different types of solicitations: stress effect, frequency effect, type of
excitation and so on. This thesis work was an opportunity to provide an answer to these
scientific and technological issues. The work focuses on the study of magnetostriction
in non-oriented Si-Fe alloy materials used for transformer application in a perspective
of reducing vibration and noise.

The ultimate goal of the work presented here is to study magnetostriction phenomenon
from two points of view: material (electrical steel) and device (laminated structure). Be-
sides, an interaction between modeling and experimental approach has been conducted
as well on two scales (material and device). In this respect, this thesis work offers a
more complete study regarding existing works and made the link between the material
and the device in term of behavior.

In the first chapter a state of the art was presented describing the magnetic and mag-
netostrictive behavior of ferromagnetic materials by making the connection between
their micro structure and their response at the macroscopic scale with an emphasizes of
the stress effect on these behaviors. It was noticed that these magneto-elastic effects are
complicated and depend on several parameters. It has also been found that their model-
ing has been the subject of several studies with different approaches whose most used
are phenomenological and multi-scale approaches.

Next, in the second chapter, after detailing the measurement procedures, an ex-
perimental characterization under uni-axial mechanical stress of magnetic and magne-
tostrictive behavior of Si-Fe material was presented. In addition to the stress, to study
the anisotropy effect, 10 samples cut in several directions were used. These measure-
ments have made it possible to identify the magneto-elastic response of the materials
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in terms of magnetic induction and magnetostrictive deformation. The results obtained
showed a strong dependence of the magnetic and magnetostrictive properties on me-
chanical stress. Also, the evolution of these properties also depends on the direction of
the samples highlighting the anisotropy of the behavior even under mechanical stress.
Furthermore, measurement results under stress and with two distinct excitation frequen-
cies have highlighted the coupled effect of frequency and stress on magnetostrictive
deformation.

At the end of this characterization, we created a rich experimental base allowing an
identification of the model parameters and an in-depth confrontation with the model-
ing. The existing model based on an energetic, macroscopic and anisotropic approach
has been improved and extended to take into account the effect of mechanical load-
ing on magnetic and magnetostrictive properties. The modeling results showed a good
agreement with those of the measurements for most of the studied directions. The main
limitations of this modeling approach remain the large number of parameters and the
bad restitution under large value compressive stress. It seems necessary to look into the
optimization of certain energy terms and especially those related to the anisotropy and
demagnetizing field because they control respectively the influence of the anisotropy
and the stress effect magnetically speaking.

The third chapter had for ambition to study a laminated structure without and with air
gaps respectively assembled with the previously characterized material. This approach
going from the material to a device approaching a transformer structure is one of the
strong points of this PhD work.

First of all, a simple laminated structure of square form was designed so that only
magnetostriction takes place (without the magnetic forces). Magnetic and magnetostric-
tive measurements under two types of excitation (current and imposed voltage) and
without applied stress have shown that the magnetostriction deformation obtained in
both cases remains unchanged. These measurement results performed so far by strain
gauges were compared to those obtained by the laser vibrometer and similar orders of
magnetostriction magnitude were observed. The laser technique is a new measurement
technique used in this thesis that allowed making measurements which could not be
possible with the strain gauge. Namely, measurements along the height of the structure
laminations which revealed that the deformation was not uniform throughout the lam-
ination and could induce an increase in the magnetostrictive deformation when using
non-oriented grain materials to manufacture transformer core. Next, the finite element
calculation tool has been validated on a structure similar to the real one. The FE results
showed a good match on the transverse direction but were not satisfying for the rolling
direction. On the latter we found a larger deformation in experimentation than in the
finite elements calculations. This is due to the random assembly of the structure and can
be explained by the presence of TD sheets among the RD ones, which leads to higher
deformation compared to the only RD sheets case. Then, a characterization under uni-
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axial mechanical compressive stress was presented. The results of these measurements
showed a significant increase in magnetostriction deformation and a degradation of the
magnetic properties in the structure, hence, care must be taken about the importance of
transformer assembly to avoid more noise and vibration.

A second structure including this time air gaps was set up to study the contribution
of Maxwell forces and the magnetostriction to the total displacement of the structure.
It was observed that the two phenomena can interact and interfere in an opposite way,
and can even lead to a cancellation the total displacement with good control of the air
gap material (Young modulus). The FE method which took into account just the magne-
tostrictive deformation was expanded to consider Maxwell forces as well. Also, an an-
alytical calculation has been developed to quantify the total displacement of Maxwell’s
forces and magnetostriction. The results showed good agreement between them. On the
other hand, the measurement results showed a partial agreement. Further steps in this
direction should be considered later to conclude.

Staying in this vision of reducing noise and vibration caused by magnetostriction, in
the last chapter, we established that the mechanical resonance induced by magnetostric-
tive strain in a laminated structure (e.g. transformer core) can have a significant influ-
ence on the magnitude of structure vibrations and, consequently, on the acoustic noise
generated. Firstly, the vibration eigen modes were calculated by the FE method with
a 3D model to obtain in-plane and out-of-plane modes. The results of simulation were
validated by an experimental modal analysis (EMA) on the laminated structure. The in-
plane modes have shown a good agreement between modeling and experiment, however,
out-of-plane modes showed some differences. To address this problem, a numerical ho-
mogenization method has been proposed, despite that, the matching with experiment
still not satisfying. These differences could be explained by some detachments between
the layers observed in experiment. Secondly, the results showed that the structure would
likely to resonate due to magnetostriction if magnetized at resonance frequencies imply-
ing excessive vibrations. Even worse, if harmonics are predominant in the magnetizing
signal or a Pulse width modulation excitation (PWM) used in inverter, this may further
increase the presence of resonance and hence high vibrations. Consequently, more care
should be taken in such cases to control or avoid the phenomenon.

Prospects for future work

The contribution to the study of the magnetostriction phenomenon brought by this thesis
work remains modest and incomplete, and needs to be further enriched. Given the
limitations expressed by the simulation and experimentation results, extensions for our
work can be found in the paragraphs that follow.

The model in its current configuration is limited to anhysteretic description of the
magnetic and magnetostrictive behaviors. This limitation prevents its description of the
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hysteresis phenomena, strongly present in the behavior of ferromagnetic materials. This
can be interesting to estimate hysteresis losses in electrical machines. The use of the
Sablik-Jiles-Atherton (SJA) model from the obtained anhysteretic curves is a possible
solution. The question is whether it is easily integrated into our model or not.

Considering the stress effect coupled with anisotropy in the model has shown its lim-
its. The current configuration of energy terms does not allow a satisfactory reproduction
especially under compressive stress. An improvement of the energy terms, in particular,
that of anisotropy is to be expected. It would be necessary also to consider a state of
multi-axial stress; it would make the model more complete.

Also, it would be interesting to incorporate the model including the stress effect in the
finite element tool and validate the results by comparing them with the measurements.
The next step could be to enhance the finite element tool to predict acoustic emissions
in order to conclude on the parameters influencing acoustic noise in electrical devices.

For experimental aspects, it seems essential to develop a device to apply a uni-axial
and multi-axial stress on single sheet to target a wide range of electrical device appli-
cations. For larger structures, the limited tools of applying stress should be disregarded
and more suitable applying stress devices must be considered, allowing the applied
forces to be controlled precisely.

Measurements of the magnetostrictive deformation by the laser vibrometer are inter-
esting but the setting up and the repetitive manipulation are time consuming. Moreover,
vibrations of low frequencies appear probably due to building movement, making the
measurements at low frequencies not possible. One of the solutions could be to develop
a setup allowing an easy manipulation of the laser head for a quicker adjustment and a
more adapted environment for making measurements by laser vibrometer (anti-vibration
table or others). Also, in order to obtain more accurate magnetostrictive characteriza-
tions under mechanical stress, the laser vibrometer has a great potential for it. Provided,
developing a setup adapted to overcome the difficulties related to accessibility, imple-
mentation and acquisition.
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APPENDIX A

CALIBRATION OF H-COIL AND
B-COIL SENSORS

The calibration of the sensors consists of an estimation of their real cross section. To do
so, we place our sensors inside a solenoid which has a uniform magnetic field, and then
we measure the induced voltage of H-coil or B-coil.

Function  
Generator 

Power 
amplifier (10A) 

Current 
sensor 

Signal 
amplifier (x625) 

Data acquisition 

Oscilloscope 

Solenoid 

Current I 

H-coil or B-coil 

H-coil or B-coil 
signal 

Figure A.1: Description of the calibration procedure of sensors.

A calibration procedure is executed using a 761 turns solenoid with a length of 542
mm and a diameter of 64 mm, as illustrated in figure A.1. At one end of the solenoid
whose length is large compared to its radius, the magnetic field strength is given by:

Hs =
Ns.Is

Ls
(A.0.1)

• Ns : Number of turns of the solenoid
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• Ls : The length of the solenoid

• Is : The excitation current in the solenoid

The induced voltage between the sensors terminals is described by applying Lens’s law:

Vinduced(t) = NH/B−coil.µ0.SH/B−coil.
dHs

dt
(A.0.2)

• NH/B−coil :The number of turns of the H-coil or B-coil

• µ0 :The vacuum permeability

• SH/B−coil:The desired section of the H-coil or B-coil

In the alternative regime, the current is linked to the induced voltage by:

V̂induced = NH/B−coil.µ0.SH/B−coil.
Ns.Îs

Ls
.2π f (A.0.3)

In table A.1 we summarize the numerical values of the parameters needed for the
calculation of sensors sections:

Description Value

Ns 761

Ls 0.562 m

NH−coil , NB−coil 100, 80

µ0 4π.10−7H.m−1

f 50, 200, 500, 1000 Hz

Imax 0.5 A

Table A.1: Numerical values of parameters used for calibration

For each frequency we calculated the sections of sensors. As the induced voltage of
the H-coil is very small, it has been amplified by a factor of 625 during the experiment.
Each measurement was carried out 3 times to confirm the repeatability principal (A.1)
and the average is taken (table A.2).
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Frequency SB−coil(m²) SH−coil(m²)

50 2.811×10−4 1.758×10−5

200 2.903×10−4 1.744×10−5

500 2.826×10−4 1.756×10−5

1000 2.886×10−4 1.440×10−5

Table A.2: The average section sensors measurement depending on frequency

The sections of the sensors that will be taken for magnetic measurement are the fol-
lowing: {

SB−coil = 2.85 ×10−4m²
SH−coil = 1.75 ×10−5m²

(A.0.4)

These values correspond to the averaged values of the calculated cross section of the
sensors independently of the frequency.

A.1 Evaluation of the uncertainties on H-coil and
B-coil sections with the student law

As every measurement is prone to error, it is often stated that a measurement result is
complete only when accompanied by a quantitative statement of its uncertainty. This
uncertainty assessment is required in order to decide if the result is adequate for its
intended purpose and to ascertain if it is consistent with other similar or previous results.

Here, we aim to estimate the section of coil sensors (H-coil and B-coil) from 3 tests
(measurements for section calibration), as this number is small, Student’s t-distribution
is a good approach to construct confidence interval, which will enable us to say how
confident we are that a given range would contain the true mean value of section.

Let n be the number of tests for section calibration that give us a value of section Xi
and S2 the variance.

The mean value on section calibration is :

X̄ =
1
n

n

∑
i=1

Xi (A.1.1)

And the variance is written:

S2 =
1

n−1

n

∑
i=1

(Xi− X̄)2 (A.1.2)
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The confidence interval CI for the mean value of coil sensor section at a confidence
level of 1−α is given by:

CI1−α = [X̄− tα .
S√
n

; X̄ + tα .
S√
n
] (A.1.3)

tα is a correction coefficient extracted from Student table depending on degree of
freedom ν = n−1 .

For the calibration made to find the coil sensors section, the uncertainties are given
in the figures A.1-A.2 for a number of test n = 3 and two confidence levels 1−α =
0.95(95%)and0.99(99%). The calibration was made for frequencies: 50, 200, 500 and
1000 Hz.

Figure A.1: Uncertainty on H-coil sensor.
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Figure A.2: Uncertainty on B-coil sensor.

A.2 H-coil and ampere’s law comparison

After the calibration was carried out on the H-coil, the real section has been determined
(SH−coil = 1.7510−5m²). Next, the measurements of the magnetic field strength by H-
coil (tangential component) will be compared to the measurements by ampere’s law.
The results of this comparison is shown in figure A.1. We remind that the H-coil was
made of 100 turns. It can be observed that the magnetic field strength is almost the same
for low and medium field, however, at high field strength the difference is significant.
This difference can be explained by the magnetic field lines leakage, which correspond
to a important quantity of the magnetic field according to the results of figure A.1.
Hence, for the estimation of the magnetic field, we will use the ampere law.
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Figure A.1: Comparison of the magnetic field measured by H-coil (a) and by ampere’s
law (b).
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APPENDIX B

FITTED AND MEASURED
MAGNETOSTRICTION DEFORMATION
FOR OTHERS DIRECTIONS
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Fitted and measured magnetostriction deformation for others directions
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(a) 10° direction
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(b) 20° direction
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(c) 30° direction
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(d) 40° direction

-20 0 20 40 60 80 100
Stress (MPa)

-5

0

5

10

15

20

25

M
ag

ne
to

st
ri

ct
io

n 
m

ax
(µ

m
/m

)

Measurements
Fitting function "h"

(e) 60° direction
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(f) 80° direction

Figure B.1: Comparison between fitted and measured magnetostriction deformation for
direction of cut: 10°, 20°, 30°, 40°, 60°, 80°
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APPENDIX C

OVERALL DRAWING OF THE
CLAMPING DEVICE
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Overall drawing of the clamping device

(a) Front view

(b) Left view

(c) Clamping screw with trapezoidal thread

Figure C.1: Clamping device part and dimension in (mm)
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