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PSEUDO-RELATIVISTIC KINETIC ENERGY

MICHAEL C. HARTIG

ABsTrACT. We consider a multiatomic system where the nuclei are assumed
to be point charges at fixed positions. Particles interact via Coulomb poten-
tial and electrons have pseudo-relativistic kinetic energy. We prove the van
der Waals-London law, which states that the interaction energy between neu-
tral atoms decays as the sixth power of the distance |D| between the atoms.
We rigorously compute all the terms in the binding energy up to the order
|D|~? with error term of order O(|D|~10). As intermediate steps we prove ex-
ponential decay of eigenfunctions of multiparticle Schrédinger operators with
permutation symmetry imposed by the Pauli principle, new estimates of the

localization error.
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1. STRUCTURE OF THE THESIS

This thesis starts with a french introduction, that will be repeated in english.
We give a general and non-rigorous introduction to quantum mechanics and mul-
tiparticle spectral analysis in french in Chapter 2 and 3. We proceed to motivate
and present the main result in Chapter 4 and 5.

The corresponding english version of this introduction is given in Chapter 6 and
7. In Chapter 8 we present the physical problem that is discussed in the core part of
this thesis together with a brief overview on the literature of mathematical physics
on the topic. The results presented in Chapter 9 to Appendix F are based upon
a collaboration with Jean-Marie Barbaroux (Aix-Marseille Univ et Université de
Toulon), Dirk Hundertmark (KIT, Karlsruhe), and Semjon Vugalter (KIT, Karl-
sruhe). In Appendix G we discuss some representation theoretical results that are
related to the Pauli explusion priciple and questions of symmetry. We discuss in
Appendix H possible generalizations to the method that was derived in Chapter 9ff
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and application thereof to other models. We elaborate an application of the method
to the Brown-Ravenhall operator in Appendix T and give an outline of the proof
adapted to this model. The results obtained in Appendix I are in large based on
the works by Morozov [30, 31] and Morozov Vugalter [32].

2. MECANIQUE QUANTIQUE

Dans cette courte introduction a la mécanique quantique nous suivons essen-
tiellement le livre de Gustafson et Sigal [17] sur les éléments fondamentaux de la
mécanique quantique en nous attardant plus particuliérement sur le cas de systémes
A une particule.

Nous donnerons un apercu des résultats les plus importants pour le cas de sys-
témes & plusieurs particules qui permettra de batir un cadre adapté & la compréhen-
sion des résultats démontrés dans cette thése. Compte tenu de la complexité du
sujet qu’est la mécanique quantique, nous ne ferons qu’écorcher le sujet en nous
concentrant sur les aspects étudiés ici. Pour une introduction plus détaillée, le
lecteur pourra consulter par exemple [17].

En mécanique quantique, comme le montre 'expérience des fentes de Young,
I’électron et les autres particules élémentaires ont un comportement d’ondes et ne
possédent pas de position déterministe, contrairement au cas de la mécanique clas-
sique dans laquelle un objet posséde, au moins & une certaine échelle, une position
et une impulsion exacte. Dans le cadre classique on peut exprimer des quantités
mesurables, comme par exemple l’énergie cinétique, ’énergie potentielle ou des
quantités similaires, comme des fonctions qui dépendent de propriétés détermin-
istes telle la position la masse ou I"impulsion.

En mécanique quantique, la position d’une particule est donnée en terme de
distribution de probabilité.

L’état d’une particule est décrit par une fonction de la position et du temps, a
valeur complexe, 9(z,t) avec x € R? et t € R. On normalise cette fonction comme
suit

/ [ (2, t)[Pde =1 (2.1)
R?»

et on interpréte [¢(-,t)|* comme la densité de probabilité de la position de la par-
ticule au temps t. On notera que dans certains cas il suffit d’avoir ¢ (-, ) € L?(R3),
qui implique que la fonction est normalisable au sens de (2.1). Par ailleurs, pour
justifier le nom de fonction d’onde, cette fonction devra étre solution d’une équation
des ondes. Dans notre cas, il s’agit de I’équation de Schrédinger suivante:

‘ 2

Loy

zha = Hv (2.2)
avec condition initiale

¥|,_y = %o (2.3)
ou

H=T+YV (2.4)

est le Hamiltonien de Schrédinger ou opérateur d’énergie agissant sur 1’espace de
Hilbert H. Le premier terme dans l’équation (2.4) est 'opérateur d’énergie cinétique
et le terme V', opérateur de multiplication par la fonction V' (z), est le potentiel.

2.1. Observables. Les propriétés mesurables expérimentalement, appelées observ-

ables, doivent étre évaluées de maniére non déterministe. Cela signifie que chaque

valeur peut étre observée avec une certaine probabilité et jamais avec une certitude

absolue. Cela implique que ces mesures classiques sont exprimées & 1’aide de vari-

ables aléatoires comme en théorie des probabilités. Dans I’approche de Schréodinger,

les observables sont des opérateurs qui agissent sur les fonctions dans L?(R?). De
3



plus, on requiert le caractére auto-adjoint de ces opérateurs; avec cette propriété,
on s’assure entre autres que les observables ont un spectre de valeurs réelles.

2.2. Evolution temporelle. Dans cette section, on aborde la notion de caractére
auto-adjoint, en particulier pour 'opérateur énergie du systéme qui correspond
a lobservable donnée par l'opérateur de Schrodinger H. Si on ne pouvait pas
assurer le caractére auto-adjoint de H, 'interprétation physique des résultats serait,
au mieux, discutable. On aborde ici les implications du caractére auto-adjoint.
On verra plus tard dans le Chapter 2.6 pourquoi les opérateurs de la forme (2.4)
que nous étudierons sont auto-adjoints. Sans entrer dans les détails, et de fagon
mathématiquement non rigoureuse, nous allons motiver ici certains des résultats
fondamentaux de la mécanique quantique. La solution canonique d’une équation
différentielle du type

d )
1) = ik (0) (2.5)

pour un certain k € R, est f(t) = ¢’** f(0). Nous aimerions utiliser une approche
similaire si on remplace k par un opérateur H dans ’équation différentielle (2.2).
Pour un opérateur borné B sur ’espace de Hilbert H, on peut définir I’exponentielle
e*B a laide de la série convergente

, >, (it)"B"

B = Z % (2.6)
n=0

Pour un opérateur non borné A, comme c’est le cas pour notre Hamiltonien H, on

ne peut pas utiliser une telle série. On peut cependant définir 'opérateur e®*4 par

le calcul fonctionnel & aide du théoréme spectral, voir par exemple [40, Chapter

VII], pour lequel le caractére auto-adjoint de A est requis.

Un second théoréme clef en mécanique quantique qui repose sur le caractére
auto-adjoint de H est le théoréme de Stone (|40, Theorem VIIL.8]). Ce théoréme
montre une correspondance bi-univoque entre opérateurs auto-adjoints H et un
groupe unitaire & un paramétre U(t). Pour tout temps ¢ € R, 'opérateur U (t) est
unitaire, fortement continu, et pour un état 1o € L?(R3) on peut dériver U(t)io par
rapport a t, avec 0;U (t)y = iH1. Ceci justifie 'interprétation physique d’évolution
temporelle avec toutes les propriétés attendues d’un opérateur de la forme e, Par
abus de notation, on écrira U(t) = e et pour un état 1y € L?(R?) on appellera
P(x,t) = U(t)o(z) ’évolution au temps ¢ de 'état 1.

2.3. Spectre d’un opérateur. Le spectre d’un opérateur est défini par
o(A)={\¢€ (C]A — A n’est pas inversible (n’a pas d’inverse borné)}. (2.7)
On notera que pour un opérateur auto-adjoint A, le spectre est réel (c(A) C R).
On dira que X est une valeur propre isolée de A si )\ est une valeur propre de A
pour laquelle il existe € > 0 tel que (A — e, A +¢) No(4) = {A\}. Typiquement,
dans ’analyse spectrale des Hamiltoniens des systémes atomiques ou moléculaires,

on s’intéresse a deux types de valeurs dans le spectre. On définit d’abord le spectre
discret comme

odisc(A) := {\ € 0(A)|\ is an isolated eigenvalue with finite multiplicity}. (2.8)

Et on définit le spectre essentiel comme

Oess(A) = 0(A) \ gaisc(A4). (2.9)
Il existe d’autre fagons de décomposer le spectre. La décomposition en spectre
discret et spectre essentiel est utilisée dans le cas des Hamiltoniens atomiques et

moléculaires pour la stabilité du spectre essentiel pour une certaine classe de per-
turbations.



On va se concentrer dans cette partie introductive sur le cas d’opérateurs de
Schrédinger H avec opérateur énergie cinétique —A et potentiel de Coulomb V.

Les valeurs propres F € oqisc(H) correspondent aux niveaux d’énergie qui sont
réalisés par une fonction 1) € D(H), ou D(H) est le domaine de I'opérateur H. Ces
niveaux d’énergie sont visualisés par le spectre de raies d’absorption d’un atome.
Ces raies d’absorption correspondent aux différences d’énergies entre ’énergie de
I’état fondamental et celles des états excités d’un atome.

2.4. Etats liés et états de diffusion. Dans ce paragraphe, nous motivons la clas-

sification du spectre en spectre discret et spectre essentiel. Les définitions suivantes

sont extraites de [17, §6.2], assorties de quelques remarques supplémentaires.
Regardons les solutions de ’équation de Schrédinger

L oY
— =H 2.1
i = Hy (2:10)
de condition initiale
¥,y = o (2.11)

Supposons que ¥y € {espace engendré par les fonctions propres de H}. Alors une
solution de (2.10) est donnée par 1 (x,t) = U(t)1o(z), pour le groupe unitaire a un
parameétre U (t) décrit dans le paragraphe 2.2, formellement identifié¢ & ’'exponentielle
e~ #*H  Alors par [39, Theorem XI.115] pour tout € > 0 il existe un R tel que

inf/ [(z,t)Pde > 1 — . (2.12)
t Jiz|<R
Un état ¢ qui vérifie (2.12) est appelé un état lié, puisqu’il reste essentiellement
localisé dans une méme région de ’espace pour tout temps.

On note que pour une fontion propre ¢y de H correspondant i ’énergie E on a

d(x,t) = e 5 o (x) = e~ 5 F gy () (2.13)
et donc la distribution de probabilité |¢(-,t)|? est constante dans le temps ce qui
implique aussi

/ 6z, t)|2dx :/ (o () 2dz — 0 (2.14)
|z|>R |z|>R
quand R — oo.
D’autre part, si ¢y € {espace engendré par les fonctions propres de H}+ I'évo-
lution temporelle » = U(t)1y sortira de toute boule de rayon R. Plus précisément

T
. L 2 _
Jim /0 /z@ (b (z, ) [2dadt = 0. (2.15)

De tels états sont appelés états de diffusion puisqu’ils décrivent une particule qui
se déplace a l'infini.

La discussion ci-dessus, basée sur les théorémes de Wiener et RAGE (voir [39,
p.340ff]) est associée a la décomposition du spectre en spectre ponctuel et spectre
continu. Pour les modéles d’atomes et de molécules, lorsqu’on est interessé par
I’état fondamental ou par les états excités, comme c’est le cas dans la présente
thése, la décomposition naturelle est celle en spectre discret et essentiel, comme
discuté dans le paragraphe 2.3. Dans ce cas, toute fonction propre associé a une
valeur dans le spectre discret est dans le spectre ponctuel et donc vérifie (2.12)
et est un état lié. En fait tout état d’énergie dans le spectre discret satisfait la
propriété plus forte (2.13).

Remark 2.1. Pour un Hamiltonien quelconque il est possible d’observer des valeurs
propres plongées dans le spectre essentiel. Ce n’est pas l’objet de cette thése d’étudier
ce type de valeurs propres et d’en donner une interprétation physique.
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2.5. L’approximation du noyau fixe. La masse d’un noyau comparée a la masse
d’un électron est trés importante. Dans de nombreux cas, il est alors possible de
simplifier ’étude d’un systéme en supposant les noyaux fixes, i.e. la position des
noyaux est traitée comme un parameétre, puisque 1’énergie cinétique des noyaux est
négligeable. La discussion qui suit est une discussion qui n’est pas mathématique-
ment rigoureuse sur les motivations de considérer les noyaux comme fixes.

Dans un systéme ot deux corps sont en rotation 1’'un autour de ’autre, comme
c’est le cas par exemple dans ’atome d’hydrogéne classique, 'impulsion des deux
corps doit avoir la méme valeur. Classiquement, ’énergie cinétique d’une particule
est donné par Fy, = %, ol m est la masse de la particule et p est son impul-
sion. Dans le cas d’un atome d’hydrogéne, les impulsions de ’électron et du noyau
(constitué d’un proton) ont la méme valeur. Donc, la relation entre les énergies
cinétiques est

B my: = BGime (2.16)
ou les indices pr et e sont utilisés pour désigner respectivement le proton et 1’élec-
tron. Comme my, ~ 2-103m,, on a les relations inverses pour les énergies cinétiques.
Pour des atomes plus importants, cette différence entre les énergies cinétiques du
noyau et de l’électron sont encore plus marquées. Ceci pour deux raisons: tout
d’abord, le noyau d’un atome plus gros contient aussi des neutrons qui rendent le
rapport des masses encore plus important; en fait, le tableau des éléments mon-
tre qu’approximativement, les 20 premiers éléments contiennent a peu prés autant
de neutrons que de protons, alors que pour les éléments suivants il y a plus de
neutrons que de protons. La seconde raison est que I'impulsion d’un noyau dans
un atome croit au plus linéairement avec le nombre d’électrons car la croissance
linéaire correspondrait au cas ou tous les électrons seraient groupés en un méme
point. En général, 'impulsion du noyau croit donc moins vite que linéairement car
les électrons ont tendance & s’étaler, et les effets que les électrons ont sur le noyau
peuvent donc s’annihiler partiellement entre eux.

Puisque l'on a considéré le noyau comme fixe, la masse du noyau est donc es-
sentiellement sans effet sur le systéme. Par un changement d’échelle du systéme on
peut s’abstraire du préfacteur sur I’énergie cinétique de 1’électron. Soit —e la charge
d’un électron. Le Hamitonien d’un systéme & un électron de position z € R3 inter-
agissant via le potentiel de Coulomb avec un noyau de charge eZ dont la position
est fixée a origine est donné par

e

H? = —A+ 2]

(2.17)
Pour Z = 1, lopérateur dans (2.17) décrit I’atome d’hydrogéne. Pour les autres
valeurs entiéres de Z, un tel systéme est dit hydrogénoide ou bien atome hy-
drogénoide. L’indice sur H dans (2.17) indique le nombre d’électrons du systéme,
qui est dans cette discussion fixé pour l'instant & un seul.

L’approximation de noyau fixe deviendra encore plus pertinente pour des grands
systémes, et tout spécialement dans le cas de multiples noyaux, qui seront discutés
plus tard dans la Section 3.

2.6. Caractére auto-adjoint du Hamiltonien. Pour avoir un systéme en mé-
canique quantique qui est bien défini, on doit s’assurer que 'opérateur H est auto-
adjoint. Nous n’entrerons pas dans le détail de la preuve du caractére auto-adjoint
pour les Hamiltoniens considérés, car les preuves sont un peu techniques et bien
connues des spécialistes. Nous rappelons cependant le fameux théoréme de Kato-
Rellich, dont la formulation choisie est celle dans [37, Theorem X.12] auquel le
lecteur peut se référer pour une preuve. Le théoréme de Kato-Rellich permet
d’obtenir le caractére auto-adjoint de Hamiltoniens H dans de nombreux cas.
6



Definition 2.2. Soient A et B deux opérateurs de domaine dense sur un espace
de Hilbert H. Supposons que

e D(B) D D(A)

e Pour deuzx valeurs réelles a and b et pour tout ¢ € D(A),

| Bell < allAgl| + bl|«]|- (2.18)

Alors B est dit A-borné. L’infimum des valeurs a est appelé borne relative de B
par rapport a A.

Theorem 2.3 (Kato-Rellich theorem). Supposons que A est auto-adjoint et B est
symétrique, et supposons de plus que B est A-borné, de borne relative a < 1. Alors

A + B est auto-adjoint sur D(A) et essentiellement auto-adjoint sur tout coeur de
A.

Ce théoréme garantit que si on ajoute & un opérateur auto-adjoint A une pertur-
bation B “pas trop grande” par rapport & A, alors A+ B reste auto-adjoint. Pour le
cas de notre opérateur HZ & une particule on a que 'opérateur —A sur L?(R?) est
auto-adjoint, et le caractére auto-adjoint de H# est obtenu par le corollaire suivant,
du théoréme de Kato-Rellich:

Corollary 2.4. Soit V € L*(R3?) + L>(R®) un potentiel réel. Alors —A +V est
auto-adjoint.

Ce corollaire garantit le caractére auto-adjoint pour une grande variété de poten-
tiels physiques intéressants. Nous n’aborderons pas l'interprétation physique con-
cernant le caractére auto-adjoint. Nous allons plutot discuter d’une question trés
concréte liée & ce caractére auto-adjoint: la question de la stabilité de la matiére.
Plus particuliérement: “Qu’est-ce qui empéche un électron de s’effondrer sur le
noyau"?

2.7. Stabilité de la matiére. Nous avons discuté ci-dessus deux scénarios possi-
bles pour I’évolution temporelle d’un état quantique pour un systéme a un électron:
le cas d’un état lié ou ’électron reste pour tout temps essentiellement localisé dans
une région compacte, et les états diffusifs dans lequel un électron s’échappe a l'infini.
Nous n’avons pas abordé le cas d’un électron qui s’approcherait infiniment prés du
noyau. Un tel scenario est appelé Instabilité de premier type.

Definition 2.5. Un systéme décrit par le Hamiltonien quantique HZ agissant sur
L2(R?) a la propriété de stabilité de premier ordre si

inf o (HY) > —oo. (2.19)

Alors que 'opérateur énergie cinétique est un opérateur positif, le potentiel de
Coulomb peu a priori conduire & des valeurs négatives, aussi grandes que ’on veut en
valeur absolue pour certains états. Une violation de (2.19) semble donc théorique-
ment possible pour un état dans lequel I’électron serait localisé arbitrairement preés
du noyau avec probabilité non nulle.

Cependant, 'opérateur énergie cinétique controle la singularité du potentiel de
Coulomb. Dans [25, Part III], la preuve de la stabilité de premier type pour un
opérateur HZ tel que défini par (2.17) utilise une inégalité de Sobolev

IVel? =3 (5) " le@)ls (2.20)

ott (1) = [)|? est la densité de probabilité de présence de 1’électron et ||-||3 désigne
la norme dans L?(R?). De plus on a

(¥, Vi) = _62Z/R3 é)(1|2)(J;)clsc. (2.21)



Ces deux inégalités impliquent

3
otz it {3(3) el -z [ 2% (2.22)
0>0 2 R3 ‘I|
llelli=1
dans laquelle on autorise toute fonction positive p telle que ||g||; = 1. La minimi-
sation du membre de droite de (2.22) implique
etz?

(W, H{) > ———. (2.23)

Malheureusement, cette preuve n’apporte pas un éclairage complétement conva-
incant du fait que l’électron ne s’effondre pas sur le noyau. En s’inspirant de
Pexplication heuristique faite dans [25], examinons la relation entre 1’énergie ciné-
tique et I’énergie de Coulomb pour une famille de fonctions gaussiennes

JET
pr(z) = Cre” # . (2.24)
La fonction ¢y, est principalement localisée dans une bande de largeur k£ autour de
l’origine. Pour I’énergie cinétique, on a

1
(pr, —Apr) ~ w2
et pour I'énergie de Coulomb

e27Z
(0r: Vipr) ~ T

Ainsi, pour que I’électron puisse se rapprocher de l'origine et donne une énergie de
2
Coulomb de 'ordre de —%, le prix & payer en énergie cinétique est de l'ordre de
k—lz. Ce dernier terme est clairement dominant par rapport a la partie Coulombienne
our les petites valeurs de k. Ceci explique heuristiquement pour un Hamiltonien
b p pliq q b
de type HY que I’électron ne s’effondre pas sur le noyau.

3. SYSTEMES MULTI-PARTICULES

Jusqu’ici, nous n’avons observé que des fonctions d’onde décrivant le comporte-
ment d’une seule particule. Nous abordons maintenant le cas de systémes & plusieurs
particules. Dans cette thése, nous modéliserons les noyaux comme des particules de
position fixe, négligeant leur énergie cinétique dans le calcul de I’énergie totale du
systéme. Par contre, nous ne négligerons pas les interactions électrostatiques entre
elles, et avec les autres particules. Nous allons introduire un systéme permettant
de décrire les atomes et les molécules. Soient M noyaux positionnés respectivement
en X1,---, Xy € R3 et de charge eZy, - - - eZ), qui interagissent via des potentiels
de Coulomb avec N électrons de positions respectives z1,--- ,zx € R? ayant pour
masse m, et charge —e. On note par la lettre calligraphique Z = (Z1, -+, Zpy) le
vecteur décrivant les nombres atomiques des M noyaux. L’opérateur de Schrédinger
pour un tel systéme, sur L?(R3V), est alors donné par

z pj 62Zm 62

HE =) 5 -2 2 moxa" [P—— (3.1)
- - _ Tj — m| 1§i<j§N|x7'_xJ|

ot pj = —ihV,; est I'impulsion du j-éme électron. On distingue bien ici les no-
tations H% and HZ. Dans le premier cas, on fait référence & un systéme de N
électrons qui interagissent avec un seul noyau, alors que dans le second, il s’agit
d’un systéme de N électrons qui interagissent avec M noyaux.

Pour une fonction 1 € L?(R3Y) la densité de probabilité de présence des N
électrons respectivement aux points x1,--- , oy est donnée par [t)|?.
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La premiére question naturelle pour un tel opérateur est de savoir s’il est auto-
adjoint. Dans le cas d’un systéme & un électron, le théoréme de Kato-Rellich
et ses applications ont suffit & conclure que pour des potentiels V tels que V =
L2(R3) + L>°(R?) (ce qui inclut les potentiels de Coulomb), I'opérateur —A +V est
auto-adjoint. Une généralisation canonique pour des potentiels pour IV électrons
V = L?(R3N) + L (R3*Y) n’est possible que si on néglige les interactions électron-
électron. Pour un opérateur du type (3.1) dans lequel les interactions électron-
électron sont prises en compte, on utilise le théoréme KLMN, voir [37, Theorem
X.17]. Heuristiquement le caractére relativement borné du potentiel requis dans le
théoréme de Kato-Rellich peut étre remplacé par la condition plus faible de borne
relative au sens des formes, ce qui permet d’étendre I’ensemble des potentiels que
I'on peut considérer &4 V = R + L>®(R3), ot R est I'ensemble des potentiels de
Rollnik, défini dans [37, p. 170] de la fagon suivante:

Definition 3.1. Une fonction mesurable V sur R> est appelée potentiel de Rollnik

VI = /R V@IV 140 < oo, (3.2)

|z —yl?

On notera que les interactions électron-électron sont des potentiels de Rollnik.
Le théoreme KLMN s’applique donc et implique que 'opérateur défini par (3.1) est
essentiellement auto-adjoint, i.e. avec une extension auto-adjointe unique.

On peut aussi étendre la propriété de stabilité de premier type pour un systéme
a4 N électrons en utilisant la propriété de borne relative au sens des formes pour le
potentiel de Coulomb & plusieurs particules.

Dans le cas général, la construction d’une solution d’une équation de Schrédinger
pour plusieurs particules n’a jamais été obtenue. Cependant ’analyse du spectre de
lopérateur énergie donne des informations trés intéressantes sur le systéme. Cer-
taines de ces propriétés ont été discutées dans les Chapitres 2.3 et 2.4. Le spectre
essentiel, et plus particuliérement le bas du spectre essentiel peut par exemple nous
donner une information sur la stabilité du systéme. Comme nous I’avons vu dans
(2.13), un état orthogonal & ’ensemble des états propres correspond & un état dif-
fusif, ce qui signifie qu’au moins un électron du systéme s’échappe a linfini. On
notera qu’il peut exister des fonctions propres avec des valeurs propres plongées
dans le spectre essentiel. Savoir si de tels états correspondent & des états stables
ou instables est difficile. En effet, I’évolution temporelle d’un tel état est station-
naire. Mais un gain d’énergie du systéme, méme infime, peut, selon le systéme
étudié, conduire cet état a diffuser. De tels cas ne seront pas rencontrés dans les
Hamiltoniens étudiés dans cette thése.

Dans les systémes atomiques et moléculaires que ’on considére, les résultats
permettant de caractériser le spectre essentiel et le spectre discret sont le théoréme
HVZ, le théoréme d’existence d’un état fondamental et les théorémes sur le nombre
de valeurs propres sous le bas du spectre essentiel, incluant le théoréme de Zhislin
et ses généralisations. Avant de donner les énoncés rigoureux de ces résultats, nous
essayons d’abord de les expliquer simplement et d’en donner les implications.

Le théoréme HVZ a deux implications. Premiérement 'infimum du spectre es-
sentiel inf oess(H) d’un systéme avec un noyau de charge eZ, qui interagit avec
N < Z électrons est égal a I’énérgie la plus basse du systéme dans lequel N — 1
électrons sont proches du noyau et un électron bouge librement sans influence des
autres particules. En plus le théoréme implique que pour un tel systéme, le spectre
essentiel est de la forme oess(H) = [inf oess(H ), +00). En particulier, le spectre
essentiel ne contient pas de lacunes.

La premiére partie de I’énoncé justifie le terme seuil d’ionisation pour I'infimum
du spectre essentiel. Un systéme physique tend vers un état ou 1’énergie totale
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est minimale. Une énergie au-dessus de ce seuil d’ionisation provoquera pour le
systéme ’envoi d’un des électrons vers 'infini pour réduire ’énergie du systéme et
obtenir une énergie totale de ¥ = inf o455 (H).

Le deuxiéme théoréme important est I'existence d’un état fondamental. Cela im-
plique l'existence d’une énergie minimale pour un systéme et permet la construction
d’un état lie. Une autre classe de résultats traite du nombre de fonctions propres
isolées au-dessous du spectre essentiel, donc le nombre des états excités qui sont
stables.

3.1. Caractérisation du spectre essentiel. On a déja discuté 'importance du
théoréeme HVZ et ses implications pour la structure des atomes et des molécules
d’une maniére non-rigoureuse. Pour énoncer le résultat précisément on doit intro-
duire le concept de décomposition en clusters et une notion connexe, la localisation.
Par souci d’une notation plus facile on discutera le cas d’un seul noyau, une général-
isation pour M noyaux étant assez simple.

L’idée d’une décomposition en clusters est de partitionner ’ensemble {1,--- , N}
d’indices des électrons. On décompose I’ensemble en sous-ensembles Cop, - -+ ,Cr_1
disjoints tels que

k—1
Ua=1{,-- N} (3.3)
=0

Un sous-ensemble C; s’appelle un cluster et la collection (Co,---,Cx—1) s’appelle
une décomposition en k clusters. Soit D% I'ensemble de toutes les décompositions
possibles de {1,---,N} en k clusters. A chaque cluster C;, on allue und région
telle que les particules dans des clusters différents sont loin I'une de ’autre. Dans
le cas d’un noyau de charge eZ positionné a l'origine, le systéme est décrit par le

Hamiltonien
N 2 2 2
p; e Z e
H]%, = E 2T+ E _ (3.4)
2 |z ; — T

X
j=1 1<i<j<N i

On consideére les décompositions en 2 clusters D3;, dans lesquelles les électrons dans
le cluster Cy ne sont pas associés & un noyau. Pour une décomposition 3 € D%, on
définit linteraction intercluster

e2Z €2
=5 22 ¢ .
P P i) Bh oy (35)

i€Co i€Co
jeC1
et le Hamiltonien du cluster 3
Hg:= HE — I5. (3.6)

Theorem 3.2 (Théoréeme HVZ). Soit 3 € D% une décomposition en clusters. On
définit pg :=inf o(Hp) et X := mingcp2 pg. Alors
Co#0

Oess(HE) = [2, 00). (3.7)

Pour expliquer l'idée de la preuve on va introduire un outil important de la
mécanique quantique multi-particules.

Definition 3.3. Un ensemble de fonctions J C C*(R3*N;[0,1]) tel que
Z J2(z) =1 pour tout x € R¥N (3.8)
JeJ

s’appelle une partition de l'unité dans R3V,
10



On rappelle qu’on partitionne par rapport a la somme des carrés des fonctions
de troncature, ce qui implique pour ¢ € L?(R3") et une partition de 'unité J que
I’on a

117 = () = (D TPw.0) = Y 179 (3.9)

Jeg JeJ

Il existe une multitude de partitions de I'unité. Pour des applications différentes on
a besoin de choisir une partition spécifique pour chaque scénario. Pour la preuve du
théoréme HVZ on choisit une partition de I'unité donnée par la classe des fonctions
{Js} pep2, telle que sur le support de la fonction Jg, la distance entre les particules
dans des clusters differents est au moins R, ou R est un paramétre ajustable. De
fagon détaillée, pour = (z1,--- ,2n) € supp(Jg) on a |z; —x;| > R VieCy, j€
Cy. En plus on suppose que, indépendemment du parameétre R, on a

Y Jp=1 (3.10)

BED?,

Un exemple d’une partition qui satisfait ces conditions est une partition de l'unité
Ruelle-Simon, voir [13, p.32] pour une définition et la preuve de l'existence d’une
telle partition.

On va exposer I'idée de la preuve du théoréme HVZ d’une maniére non rigoureuse.
Voir [13] pour une preuve rigoureuse avec énergie non-relativiste, ou chapitre A pour
une preuve rigoureuse pour le cadre pseudo-relativiste.

On peut démontrer I'inclusion oess(H%) 2 [, 00) par une construction explicite
d’une suite de Weyl pour toute valeur A € [X, co) arbitraire. Pour cette construction
il y a plusieurs approches, on présentera une idée attribuée & Hunziker [20], qui aide
A comprendre les propriétés spectrales.

Pour la décomposition minimisant 8 qui donne I’énergie ¥, il existe une fonction
normalisée ¢ € C5°(R3YN) telle que pour un quelquonque € > 0

I(Hp = 2)9l| <€ (3.11)

puisque C§° est une partie dense de L?. On souhaite augmenter 1’énergie cinétique
par le facteur (positif) A —¥. On remarque que par ’application de la transforma-
tion unitaire e~?*i & un état, on augmente ’énergie cinétique du j-éme électron
par la quantité p2. Comme le potentiel de Coulomb est invariant par rapport &
cette transformation e % qu’on appelle une translation dans l’espace des mo-
ments, on a construit une fonction propre approximative de Hg qui correspond &
la valeur A = pu+ .

La deuxiéme partie de la construction est liée & 'interprétation physique du spec-
tre essentiel. Pour ’évolution des fonctions dans la suite on va "imiter" I’évolution
temporelle d’un état dans lequel les électrons du cluster Cy tendent vers 'infini. La
translation simultanée de tous les électrons du cluster Cy par un vecteur a € R3
laisse toutes les parties de ’énergie totale inchangées, sauf 'interaction interclus-
ter Ig. Pour vérifier cela, on remarque que —A est invariant par translation et la
répulsion entre deux électrons dépend de la position relative des électrons qui n’est
pas changeée.

Pour récapituler, par I’application d’une translation dans I’espace des moments &
la fonction ¢, on a obtenu une fonction propre approximative 1y correspondant a la
valeur A. Puis, en choisissant une translation dans I’espace de position qui repousse
le cluster Cy de plus en plus loin, on construit une suite (1;);en de fonctions propres
approximatives de sorte que |[(Hg — A);|| — 0 et || Ize]| — 0, puisque la distance
entre les clusters augmente. Le choix précis des translations |a;—1| < |a;| cause une
convergence faible vers zéro. Donc toutes les conditions du critére de Weyl sont
satisfaites.
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Pour une construction rigoureuse en suivant la méme idée dans un scénario un
peu différent, voir chapitre A. Pour une preuve alternative qui utilise des opérateurs
d’ondes, voir [38].

L’inclusion o5 (H) C [%, 00) utilise le concept d’une partition de I’espace d’états
par Papplication d’une partition de 'unité définie en (3.8), appliquée & ’espace
L?3(R3N) (ou de maniére équivalente aux opérateurs sur cet espace). On obtient

HY = Y J3(Hs+1Ip)
BED3,

= > JgHgJs+ Y J3ls— Y Js(HpJs— JsHp),

BEDY, BeD?, BeD?,

(3.12)

ou le troisiéme terme dans le membre de droite s’appelle erreur de localisation. On
remarque que la fonction Jg commute avec le potentiel Coulombien, donc

N N
Js(HgJg — JgHg) = Js Y [=8;,Js] = > |V, Js]*. (3.13)
j=1 j=1
La décomposition en (3.12) ainsi que 'identité (3.13) s’appelle formule de locali-
sation IMS d’aprés Ismagilov, Morgan et Simon. Pour plus de détails concernant
Porigine et 'application de la formule voir [13, p.28] et les références incluses.

On cherche & démontrer que les "perturbations" Jgfg et Zjvzl |V;J5]? de I'opé-
rateur HZ sont suffisamment "faibles" pour laisser le spectre essentiel invariable,
qui implique que

Oess(HE) = 0oss(Hp) C [, 00). (3.14)
L’opérateur ngﬂ est "petit", par la propriété de changement d’échelle en 1/R
du potentiel Coulombien, et car les fonctions de troncature de paramétre R des
fonctions Jg vérifient alors J5Is ~ R™.

L’erreur de localisation, déterminée par la norme de V.J3 dépend du choix de la
troncature. Cette dépendance du terme d’erreur est prise en compte pour le choix
de la troncature. En général on peut choisir la fonction de troncature telle que
|VJ5|2.x ~ CR™2 pour une constante C' > 0.

Ces deux inclusions prouvent ’énoncé (3.7). On remarque qu’il existe plusieurs
formulations légérement différentes du théoréme HVZ. Une différence significative
est que la valeur ¥ qui marque l'infimum de 0. (HZ) est explicitement donnée par
I’énergie de l’état de repos du Hamiltonien HZ |, qui décrit un noyau avec le méme
numéro atomique interagissant avec N — 1 électrons. Dans cette excursion dans la
preuve du théoréeme HVZ, la partition de l'unité est formulée comme un objet
assez vague. Dans le prochain chapitre, on va essayer d’établir une compréhension
pratique de la phrase "partition de ’espace d’état".

3.2. Partition de D’espace d’état, ou localisation. La partition de I’espace
d’état est un des outils principaux qu’on utilise pour obtenir des bornes pour
lespérance de I’énergie totale. C’est par exemple le cas si on estime ’énergie totale
de deux atomes & une distance "assez grande" l'un de l'autre, dans le sens ou les
atomes ne sont pas considérés comme formant une molécule. Dans une perspective
physique on s’attend a ce que les interactions entre les électrons contenus dans des
atomes distincts sont plus faibles que les interactions entre des particules au sein
d’un atome. En termes mathématiques, cela n’est pas tout a fait clair. Bien que
I'on dit qu’un électron "tourne autour du noyau", la mécanique quantique n’est
pas déterministe et méme pour un état lié, un électron peut étre dans n’importe
quelle position dans ’espace avec une probabilité strictement positive. Comme le
potential Coulombien de deux électrons posséde une singularité, méme une petite
probabilité pour deux particules d’étre proches pourra introduire des problémes
12



pour une estimation rigoureuse. C’est 1a qu’une localisation par rapport & une
partition de 'unité est trés utile.

Soit ¢ € L*(R%) un état arbitraire qui décrit deux électrons qui bougent dans
un potentiel d’un noyau de charge 2e positionné & ’origine. Une possibilité pour
estimer ’énergie de cet état est l'utilisation d’une fonction de localisation u €

C(R3;10,1)) telle que
1 if|z|<R
u(z) = { 0 if|2] > 2R (3.15)
et une fonction v € C*(R?;[0,1]) telle que u? + v?> = 1. En utilisant ces deux

fonctions on peut définir une partition de l'unité dans R® composée des quatre
fonctions

Ji(z1, 22) = u(z1)u(zs)
Ja(z1, 22) = u(z1)v(xe)
J3(z1,72) = v(z1)u(zs) (3.16)
Jy(z1,x0) := v(x1)v(22)

Evidemment JZ =1 et on peut utiliser ces fonctions pour décomposer n’importe
quelle fonction dans I'espace d’état L?(R%). On note que

4 4 4
1l1? = O J2e.w) = D (. Ji) = 1Tl (3.17)
i=1 i=1 i=1
En gros, J11 est la partie de 1’état v ou les deux électrons sont proches du noyau.
On s’attend & ce que I’énergie de cette partie soit quelque part dans le spectre
discret d’'un atome d’hélium. Pour les parties Jot et J3i on s’attend & ce que
I’énergie soit dans le spectre d’un ion He™.

Envisageons donc le Hamiltonien H3 qui décrit I’énergie d’un tel systéme. L’én-
ergie moyenne d’un état ¢ € L?(R®) est donnée par (v, H29). En utilisant la
partition de 'unité définie au-dessus on obtient

4 4
(0, H3) = Y _{Jop, Hy Ja) + ) IV il (3.18)
i=1 i=1
Comme nous ’avons discuté au-dessus, la localisation nous donne quelques infor-
mations: on connait en gros les valeurs moyennes pour les énergies de J;7. Mais
la décomposition vient avec l'introduction d’un terme positif, I’erreur de localisa-
tion. En régle générale, plus on gagne d’informations, plus grande est 'erreur de
localisation.

3.3. Les valeurs propres discrétes. Pour la structure des atomes et molécules,
le spectre discret coincide avec les niveaux d’énergie des états qui sont physique-
ment pertinents. L’étude du spectre discret est la détermination du nombre de
valeurs propres discrétes, leur localisation et la dimension des espaces propres cor-
respondantes. La valeur propre minimale du Hamiltonien, qui est I’énergie de I’état
de repos, est particuliérement intéressante.

On va examiner le Hamiltonien HZ défini en (3.4) qui décrit un noyau qui
interagit avec N électrons.

En général il y a trois cas distincts. Un nombre infini de valeurs propres dans
oaisc(H f,), un nombre fini de valeurs dans le spectre discret, et le cas ou le spectre
discret est vide. Il existe des exemples pour tous les cas.

Pour des atomes, donc N = Z, le spectre discret de ’opérateur H g est fini. Pour
le cas avec un noyau fixé qu’on considére, on peut obtenir ce résultat directement
du théoréme de Zhislin quand on tient compte de 1’énergie cinétique des noyaux,
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voir [38, Theorem XIIL.7]. L’énoncé est adapté & la notation utilisée dans cette
introduction.

Theorem 3.4 (Théoréme de Zhislin). Soit HZ(M) un Hamiltonien "atomique"
de la forme

A2 7z V-V, 1
HZ M) = __J _ J ’ Nl
o Z( 2m |5fj|>jL 2 M- (3.19)

1<i<j<Z

ot m est la masse d’un électron et M la masse du noyau.
Alors ogisc(H? (M)) est infini.

Remark 3.5. Cela implique Uinfinitude de adiSC(Hg) st on laisse M — oo, par un
changement d’échelles du systéme qui conduit aux unités atomiques, et qu’on utilise
dans la définition (3.4) de l'opérateur HZ.

Intuitivement, si on met de plus en plus d’électrons proches d’un noyau, & un
moment donné la répulsion des électrons ’emporte sur ’attraction du noyau, et
cela cause I’évasion d’un électron. Cela suggére l'existence d’une valeur Nyax(2), le
nombre maximal d’électrons, qui peut étre retenu par un noyau de nombre atomique
Z. Le théoréme de Ruskai-Sigal nous donne une borne supérieure

Nrnax(Z)

lim sup < 2. (3.20)

Z—00

Cette borne n’est pas assez significative pour le cas physique. Pour des détails
sur des améliorations, voir la discussion aprés [13, Theorem 3.15] et les références
incluses. L’ameélioration de Lieb de la borne Ny.x(Z) < 2Z + 1 donne la valeur
critique qui est expérimentalement attendue seulement dans le cas de ’hydogéne.
Dans la nature la négativité des ions, en général, ne dépasse jamais la valeur 2. Les
résultats théoriques pour une estimation de Nyax(Z) d’une maniére rigoureuse sont
loin de la valeur attendue. D’apreés [33] la conjecture d’ionisation: Nypax(Z) < Z+1
ou Nyax(Z) < Z + 2 pour tout Z n’a pas encore été démontrée, sauf dans le cas
7 =1 discuté ci-dessus.

La collection des résultats suivants est basée sur un article de revue de Nam, voir
[33]. Il est connu que le principe de exclusion de Pauli est une condition nécessaire
pour la conjecture d’ionisation. Pour des électrons "bosoniques", il existe une borne
inférieure de Benguria et Lieb [10] qui contredit la conjecture dans ce cas la. La
neutralité asymptotique des atomes

N’ITLG.CL’ Z
lim sup #

=1 3.21
Z—00 Z ( )

a été prouvé par Lieb, Sigal, Simon et Thirring [26]. Fefferman, Seco [15] et Seco,
Sigal, Solovej [41] ont montré que

Nonaw(Z) < Z +CZ7.

C’est la meilleure borne pour des atomes grands. Pour les atomes de moyenne
taille, c’est & dire si Z > 6, la borne

Npao(Z) < 1.22Z + 325

par Nam [34] est une amélioration du résultat de Lieb.

En général le nombre des valeurs propres dans le spectre discret de H f, pour
des ions positifs et négatifs est discuté en [13, §3.9] et dépasse le contexte de cette
introduction. L’existence d’un spectre discret dans le cas N < Z est prouvée a
I’aide d’une construction facile donnée dans le chapitre suivant.
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3.4. Energie au-dessous du spectre essentiel. Dans ce chapitre on va constru-
ire un état avec une énergie au-dessous du spectre essentiel de HZ pour des atomes
et des ions positifs (N < Z). Cela implique que le spectre discret ogis.(HZ) n’est
pas vide et en particulier, comme le Hamiltonien H f, est semi-borné inférieurement,
I’existence d’une énergie de repos avec un espace propre de dimension finie.

D’aprés une autre formulation du théoréme HVZ qui donne plus d’informations
sur le bas du spectre essentiel du Hamilonien quand N < Z, on a

inf oos(HZ) = inf o (HZ_,).

On utilise cette équation pour démontrer inductivement l’existence d’un état de
repos pour un Hamiltonien qui décrit des ions positifs HZ, pour k = 1,--- , Z. A
partir d'un état de repos de HZ dans L2(R3%), k < Z, on construit un état produit
dans L?(R3*+1) tel que I’énergie du nouvel état est strictement inférieure, ce qui
implique I'existence d’une valeur propre au-dessous du spectre essentiel.

Theorem 3.6. Soit HZ le Hamiltonien défini en (3.4), alors pour n’importe quel
N < Z, le spectre discret n’est pas vide.

Encore une fois, on ne va pas présenter une preuve rigoureuse. On va essayer
d’expliquer 'orientation générale d’une maniére compréhensible. On remarque que
I’énoncé de ce théoréme est une conséquence immeédiate de la finitude ou infinitude
du spectre discret, voir p. ex. [13, §3.9] pour une preuve rigoureuse et compléte.

On définit

i =info(HZ) et BF :=inf o (HY).
Pour k = 1, le spectre discret est infini, voir [38, Theorem XIII.6]. On suppose que
I’assertion est prouvée pour un k < Z quelquonque fixé. On choisit une fonction
propre approximative, normalisée, ¢(zy,--- ,x1) € C5°(R3*) associée a la valeur
propre uZ, avec support sur la boule de rayon 6R, § < 1, centrée & l'origine telle
que

(6, (H{ = 1i)¢) < d(0R) (3.22)
pour une fonction d(§R) pour laquelle on va démontrer que, pour ¢ fixé, la fonction
d(0R) est suffisamment faible pour R grand. On note que

k
AV e2Z e?

2 ok o

HkZ+1 = HkZ - (3.23)

< |2 = o]

On veut trouver une fonction avec une petite valeur moyenne pour les trois derniers
termes de (3.23). A cet effet on prend une fonction normalisée f € C§°(R?) sup-
portée sur la région ot 1 < |zgy1| < 2. Heuristiquement on peut imaginer une
"bosse" lisse sur [1,2]. On définit une fonction similaire & f, étalée sur l'intervalle
R < |zk+1| < 2R, sans changement de la norme de f:

frlere) = RT3 F(F22). (3.24)

On souligne la similitude avec I’exemple de la fonction Gaussienne du chapitre 2.7.
Le comportement de I’énegrie cinétique de la fonction fr est

(fr, —Dps1fr) ~ CR72

Dans la prochaine étape on va utiliser la positivité de ’ion décrit par HkZ et ¢.
Puisqu’on a k < Z, la partie du potentiel concernant le (k + 1)-éme électron est
négative, de ’'ordre ~ —cR~! étant donné § < % On note que c’est juste, seulement
si les deux fonctions ¢ et fr sont supportées sur des régions ot la distance minimale
est proportionnelle & R. On omet les détails pour une telle borne, les détails sont
données dans le chapitre B.
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Comme discuté au-dessus pour 1’état produit

Yr(®1, - Tp1) = (@1, 2k) fR(T41) (3.25)
on a une valeur moyenne de ’énergie

C c
(r, (H{ = p)Yr) S AOR) + 25 = 5. (3.26)
Il reste & démontrer que d(6R) est dominé par le terme négatif —£ pour R grand.
Cette propriété dépend du comportement asymptotique des états de repos. Dans
le prochain chapitre nous allons analyser ce comportement asymptotique et nous

allons voir que d(JR) est en fait exponentiellement petit en R.

3.5. Comportement asymptotique pour les états liés. Dans la discussion sur
le spectre nous avons établi pour nos modeéles que les fonctions propres associées aux
énergies dans le spectre discret correspondent & des états dans lesquels les électrons
restent essentiellement localisés dans une région confinée autour du noyau; et il
est improbable de trouver un électron loin du noyau car nous avons vu dans la
construction d’une fonction test dans le théoréme HVZ que les états pour lesquels
au moins un électron s’échappe a l'infini sont associés a des énergies dans le spectre
essentiel. Ainsi, les états propres dans le spectre discret correspondent bien & la
physique dans laquelle on n’observe pas d’électron qui quitte I’entourage du noyau
pour y revenir sans action extérieure au systéme. Cette propriété pour les états
liés donne & son tour des informations pour les états diffusifs. De plus, cela permet
d’estimer plus précisément les interactions entre atomes étant donnés des atomes
dans un état d’énergie basse.

Le résultat le plus connu concernant le comportement asymptotique des états
bornés pour les opérateurs de Schrodinger & plusieurs particules est le fameux ré-
sultat dd & Agmon. Pour le cas discuté en introduction, voir par exemple [2,
Theorem 6.4]. Nous donnons ici le résultat tel qu’il est présenté dans [16]

Theorem 3.7 (Agmon). Soit HZ le Hamiltonien ¢ N-corps donné par (3.4), soit
¢ une fonction propre correspondant ¢ une valeur propre A < %% = inf aess(Hf,),
et choisissons B > 0 tel que > < X% — \. Alors

2 1
e e e L (3.27)
N

ot C est une constante universelle.

On notera que (3.27) suggére que les états liés de faible énergie décroissent plus
rapidement que les états d’énergie proche du spectre essentiel.

Nous avons donné un apergu général des résultats les plus importants pour les
opérateurs de Schrodinger & plusieurs particules H ﬁ Dans la suite, nous dis-
cuterons du cas ou l'opérateur énergie cinétique —A est remplacé par un opérateur
qui prend en compte le changement de masse pour des particules qui approchent la
vitesse de la lumieére.

3.6. L’opérateur d’énergie relativiste. Jusqu’ici, ’énergie cinétique des élec-
trons a été modélisée par l'opérateur —A déduit de la mécanique newtonnienne.
La fameuse équation d’Einstein pour I’énergie totale d’une particule

Etot =/ p202 + m2ct (328)

postule ’augmentation de la masse m pour un objet se déplagant & une vitesse
proche de la vitesse de la lumiére c. En soustrayant 1’énergie Fy = mc? d'une
particule au repos, on obtient la partie cinétique, qui donne, dans le contexte de la
mécanique quantique, ’opérateur énergie cinétique relativiste

Trai(p) := /p?c® + m2ch — mc?. (3.29)
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Cette correction relativiste devient pertinente dans le cas d’atomes lourds dans
lesquels les atomes des couches internes proches du noyau possédent une énergie
cinétique élevée, voir [25, Part VII|. Pour de faibles impulsions p, 'opérateur Tyq

se comporte de fagon similaire & I’opérateur non relativiste %, alors que pour les
impulsions p élevées, les énergies ont un comportement de 'ordre de |p|. D’aprés les
équations du mouvement de Newton, la vitesse v d’une particule d’énergie cinétique
T'(p) est donnée par

d
=T 3.30
V= 2T (3.30)
et en injectant ’opérateur énergie cinétique T,¢(p) défini par (3.29) on obtient
2
pe

Urel \/]m. (3.31)
On peut alors voir que e LN ¢, et que la vitesse de la lumiére est une borne
supérieure pour la vitesse, en accord avec la relativité spéciale. On notera bien
cependant que ce n’est pas une théorie relativiste de la mécanique quantique,
I'implémentation de la relativité spéciale dans la mécanique quantique restant un
des grands problémes non résolu en physique théorique.

Nous nous concentrerons sur le probléme purement mathématique que ’on ob-

tient lorsqu’on remplace opérateur % par lopérateur \/p2c2 + m2c* — mc?, et
on fera référence aux modeéles ayant cette derniére énergie cinétique comme des
modéles ou systémes pseudo-relativistes. De fagon similaire au cas non-relativiste,
on peut effectuer un changement d’échelle tel que dans les unités atomiques on ait
Tie1 = v/p?>+1— 1. Nous noterons dans ce chapitre par ﬁﬁ l'opérateur pseudo-
relativiste correspondant & 'opérateur HZ défini dans (3.4). Explicitement, cela

donne
N

ez e?
5%::Z(W/p§+1—1—>+ Z D — (3.32)
= |5 (< TFen 1Ti 2]
Les résultats qui ont été introduits pour le Laplacien dans les sous-sections précé-
dentes ne peuvent pas étre utilisés directement pour 'opérateur $%. Cela inclut
en particulier les preuves du caractére (essentiellement) auto-adjoint et les résul-
tats sur la structure du spectre. La preuve du caractére auto-adjoint était basée
sur la borne relative du potentiel de Coulomb par rapport au Laplacien. A un
niveau fondamental de 'analyse des opérateurs correspondants, on distingue deux
différences cruciales entre le cas d’opérateurs non-relativiste et le cas d’opérateurs
pseudo-relativistes.

La premiére différence est que Ty n’est pas un opérateur local. Cela signifie que
pour obtenir la valeur de T2 en un point z € R3 | cela ne suffit pas de connaitre les
valeurs de 1 dans un voisinage de x, contrairement au cas du Laplacien. A priori,
cela signifie que la manipulation des états, comme la localisation par exemple, peut
avoir un effet global non trivial sur ’énergie. Ceci est important en particulier car
dans la preuve du théoréme HVZ et dans celle de I'existence d’un état fondamental,
dans le cas non-relativiste, on peut modifier I’état “loin” du noyau sans changer ses
propriétés cinétiques prés du noyau.

La seconde différence est que si I’on a une fonction a support compact sur laquel-
le on effectue un changement d’échelle dans la variable d’espace, on passe pour
I’énergie cinétique d’un facteur qui est l'inverse du carré du paramétre de change-
ment d’échelle dans le cas non-relativiste & simplement 'inverse du paramétre dans
le cas relativiste. On peut facilement voir ceci par exemple dans le cas des fonctions
gaussiennes que ’on a contractées pour illustrer la stabilité de premier type dans
le chapitre 2.7. Donc, dans le cas relativiste, ce changement d’échelle donne un
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facteur d’échelle du méme ordre que celui pour le potentiel Coulombien, et donc on
ne peut pas utiliser le méme argument de stabilité que dans le cas non-relativiste
pour espérer que I’énergie cinétique controle la singularité du potentiel de Coulomb,
sans contrainte sur les constantes de couplages. Dans la litérature, le Hamiltonien
pseudo-relativiste .6% est souvent dénommé Hamiltonien de Herbst. Herbst a été le
premier & étudier cet opérateur. Dans [19], il démontre que le Hamiltonien $7 qui
décrit un atome hydrogénoide est auto-adjoint sur ’espace de Sobolev fractionnaire
H'?(R3) si le numéro atomique pour le noyau satisfait inégalite Z < 2~ 87,
ol a ~ ﬁ est la constante de structure fine de Sommerfeld. On notera que la
méme valeur critique apparait lorsque la stabilité d’un Hamiltonien & plusieurs
particules % est discutée par Lieb et Yau dans [28]. Ces derniers montrent que
tout Hamiltonien de la forme .V)ﬁ est stable si et seulement si Z; < % pour tout
i =1,---,M. Ici, la stabilité dont il est question est la stabilité de second type
que nous n’évoquons pas ici, mais qui implique en particulier la stabilité de premier
type du Chapitre 2.7 et le caractére auto-adjoint.

Une partie de ’article central de cette thése est dédié a I’estimation de ’erreur de
localisation. Voir (3.12) pour le cas non-relativiste pour lequel on utilise la formule
de localisation IMS. Dans le cas pseudo-relativiste on peut utiliser une approche
similaire, mais I’estimation obtenue est alors trés différente. Généralement ’erreur
de localisation pour un Hamiltonien H = T+V d’énergie cinétique T et de potentiel
multiplicatif V' pour une partition de l'unité {Jz} est donné par

> JsIT, Jg). (3.33)
B

On notera que l'erreur de localisation est un opérateur. Mais la terminologie est
aussi utilisée pour désigner les quantités

> (W, (T, Ts])
E

que 'on devrait plus précisément appeler erreur de localisation dans 1’état .

Prendre T' = —A dans (3.33) donne lieu & opérateur |VJﬁ|2 qui est supporté
dans une région ou 0 < Jg < 1. Par la propriété de localité de 'opérateur lapla-
cien, 'augmentation de I’énergie moyenne due a la coupure dépend de la densité
de probabilité de I’état dans la région de la coupure. Ce n’est pas le cas pour
I’énergie cinétique relativiste qui donne lieu & un opérateur de localisation global.
L’estimation de l'erreur de localisation (pour I’énergie) devient alors une tiche plus
compliquée que dans le cas non-relativiste.

Beaucoup des résultats concernant la structure spectrale de Hamiltonien de
Schrédinger avec une énergie cinétique non-relativiste que ’on a mentionnés jusqu’ici
seront démontrés dans le cas non-relativiste qui nous intéresse, dans les résultats
centraux de cette thése, pour des classes spécifiques d’états physiquement pertinents
pour notre probléme.

Pour l'opérateur $%, dans le cas plus simple oti on néglige les symétries du
systéme et le fait que les électrons sont des particules identiques indiscernables,
certains des résultats sont connus et sont discutés dans cette thése. Le cas des
états physiquement pertinents est discuté dans le paragraphe suivant. La prise en
compte mathématiquement rigoureuse des ces états est traitée dans les résultats
centraux de cette thése & partir du Chapitre 4.

3.7. Considérations de symétries. Un aspect important des résultats de cette

thése est la prise en compte des restrictions de I'espace des états & des sous-espaces

qui tiennent compte du principe d’exclusion de Pauli qui postule que deux élec-

trons ne peuvent pas se trouver dans le méme état quantique. La formulation en
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mécanique quantique de ce principe d’exclusion donne une condition mathématique
qui nous permet d’exclure des états physiquement impossibles. Le Chapitre G.3
contient des détails sur les symétries de permutation et une introduction & la théorie
des représentations, ainsi que ses utilisations en physique mathématique et en anal-
yse spectrale.

Dans ce paragraphe, il nous suffira d’énoncer que pour obtenir un modéle en
accord avec la réalité physique, on restreint l’espace des états quantiques a certains
espaces mutuellement orthogonaux que I'on peut classifier en fonction de leurs pro-
priétés de symeétrie de permutation. On considérera alors séparément les Hamil-
toniens restreints & chacun de ces sous-espaces physiquement pertinents. Selon
la structure du spectre, cette approche va nous donner beaucoup d’informations.
Souvenons-nous par exemple que la décroissance des états liés ne s’applique pas
aux états plongés dans le spectre essentiel. De plus, on ne sait pas montrer le car-
actére fini ou pas pour la dimension des sous-espaces propres correspondant & des
valeurs propres plongées dans le spectre essentiel. Si on étudie nos Hamiltoniens
restreints aux sous-espaces physiquement pertinents, cela pourra conduire & trans-
later & droite I'infimum du spectre essentiel et alors permettre I’étude des valeurs
propres qui nous intéressent et qui étaient, sans considération de symétrie, au dessus
de l'infimum du spectre essentiel.

Dans [50] il est énoncé que si I'on néglige les interactions de Coulomb électron-
électron dans H%, alors, pour N > 4, “all the eigenvalues corresponding to a real-
izable symmetry lie in the continuous spectrum. One would expect this is also true
for the complete operator H”. Cette phrase est & comprendre dans le sens ot toutes
les valeurs propres correspondant & une symétrie physique, qui correspondent donc
aux états liés réels, sont celles qui se trouvent dans le spectre continu de ’opérateur
sans restriction de symétrie, et que de plus, cette propriété devrait rester vraie si
on inclut les interactions électron-électron. L’étude des valeurs propres plongées
n’étant pas possible avec les outils standards de ’analyse spectrale, cela souligne la
pertinence de la décomposition de ’espace des états en tenant compte des symétries
physiques.

Dans la partie suivante, nous aimerions introduire le probléme qui motive le
coeur de cette thése. Notre étude des forces de van der Waals-London dans le con-
texte pseudo-relativiste en tenant compte des symétries physiques dues au principe
de Pauli a mis en évidence que certains des résultats principaux de ’analyse spec-
trale des opérateurs & plusieurs particules en mécanique quantique n’avaient pas
été démontrés dans le cas pseudo-relativiste, ou bien avaient été énoncés sans
preuve. Pour démontrer nos résultats, nous utiliserons généralement des techniques
bien établies que nous adapterons aux besoins spécifiques des opérateurs pseudo-
relativistes et des symétries de permutation considérées. Certaines de ces méthodes
ont déja été expliquées de fagcon non rigoureuse dans le Chapitre 3, servant ainsi de
guide dans la compréhension des preuves détaillées et rigoureuses présentées dans
la suite, dans lesquelles des notations compliquées, intrinséques au probléme, sont
nécessaires pour rédiger les démonstrations mais peuvent avoir tendance & entraver
la compréhension des idées directrices.

4. LA FORCE DE DISPERSION DE VAN DER WAALS-LONDON

La force de van der Waals joue un role vital dans de nombreux phénomeénes
naturels. C’est I'un des aspects clefs qui permet de comprendre les liaisons molécu-
laires. Pour donner quelques exemples, la force de van der Waals est nécessaire
pour expliquer la condensation de la vapeur, la stabilité structurelle de ’ADN ou
les liaisons entre différentes couches de graphéne dans le graphite.
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La force de van der Waals a une importance qui ne se restreint pas aux aspects
microscopiques. Elle est utilisée pour expliquer certains processus biologiques. I y
a aussi de nombreux efforts faits en nanotechnologies pour prendre avantage de ces
forces attractives. Pour des exemples, voir 'introduction de I’article [3].

On notera qu’a ce point, il y a une certaine ambiguité dans le terme “force de van
der Waals”. Plusieurs interactions inter-atomiques ou inter-moléculaires causées par
des effets différents sont appelés “forces de van der Waals”. Cela inclut les inter-
actions entre atomes et molécules possédant des monopoles ou multipoles perma-
nents et la répulsion causée par les interactions électron-électron inter-atomiques.
Dans ce cas précis, on parlera d’effet de dispersion ou force de dispersion de van
der Waals-London (vdW-L). C’est donc une interaction inter-atomique ou inter-
moléculaire méme en ’absence de polarité permanente. La description physique de
ce phénoméne dans le cas de deux atomes est que les mouvements des électrons
dans les différents atomes se synchronisent, créant ainsi des “quasi-dipoles”; parfois
appelés dipoles temporaires, non-permanents ou induits, qui interagissent entre eux.
Afin de coller & la terminologie usuelle, on appellera cette énergie d’interaction la
force de vdW-L.

De maniére surprenante, il existe trés peu de résultats mathématiquement rigou-
reux concernant la force de van der Waals. Dans [29], J. D. Morgan et B. Simon
ont obtenu un développement asymptotique de I’énergie d’interaction et ont noté
que pour des atomes, en ’absence de moment dipolaire ou quadrupolaire, le terme
dominant était en O(|D|~9), ot |D| est la distance entre les deux noyaux.

Un autre résultat concernant les interactions de van der Waals a été obtenu dans
[27] par E. H. Lieb et W. E. Thirring qui ont construit une fonction test qui montre
que D’énergie attractive entre deux atomes sans polarité permanente est au moins
de —C|D|=% ot C est une certaine constante positive.

Ce résultat a été amélioré par I. Anapolitanos et I. M. Sigal dans [3], qui ont
obtenu sous certaines restrictions que nous discuterons plus tard, que le terme
dominant est de I'ordre de |D|~® pour I’énergie entre clusters, dans le cas non
relativiste, avec une erreur en O(|D|~7).

On notera que tous les résultats précédents ne sont établis que dans le cas d’'une
énergie cinétique non-relativiste. Pour les atomes lourds il est nécessaire d’inclure
les effets relativistes pour les électrons. C’est le but essentiel du travail présenté ici.
La méthode de preuve dans [3] est basée pour sa majeure partie sur une méthode
de Feshbach-Schur. Notre approche est purement variationnelle et similaire & celle
utilisée dans [6, 7, 8, 9, 43, 44, 45] pour obtenir I’asymptotique des valeurs propres
pour des opérateurs de Schrodinger & plusieurs particules prés du bas du spectre
essentiel.

Expliquons maintenant, dans un langage heuristique, 1’idée de notre approche
dans le cas d’un systéme diatomique . Nous allons essayer de gagner de 'information
sur le spectre discret d’un systéme diatomique en étudiant le spectre discret de
deux atomes identiques, mais isolés I’'un de ’autre. Nous estimerons alors I'impact
des interactions inter-atomiques en terme d’une énergie d’ensemble minimale. On
exprimera la plus petite énergie pour le systéme diatomique en interaction en terme
du développement asymptotique en puissances négatives de |D| “autour” de I’état
fondamental du systéme constitué des deux atomes isolés I’'un de ’autre.

Par comparaison avec [3], nous obtenons des termes de plus haut degré dans le
développement, et de meilleures estimations pour les restes, que ce soit dans le cas
relativiste ou pseudo-relativiste. De plus, notre méthode conduit & une expression
explicite des constantes pour les termes jusqu’a l'ordre |D|~% pour I'asymptotique
de I’énergie intercluster. Nous avons en outre obtenu une différence notable dans
le développement asymptotique pour des systémes avec plus de deux noyaux. On
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montre par exemple que dans le cas deux noyaux, le terme d’ordre |D|~9 est nul,
alors que pour trois noyaux ou plus, ce terme n’est a priori pas nul. Voir la discussion
dans les remarques aprés le Théoréme 9.4.

5. MODELE, NOTATIONS ET RESULTAT PRINCIPAL

On considére une molécule de N électrons de charge —e et de spin 2, et M noyaux
de charges eZ; modélisés par des points fixés (approximation de Born-Oppenheimer)
de positions X; € R3. On suppose que le systéme est neutre. Cela veut dire que
2%1 Z, = N. Le Hamiltonien est

27, e? e*Zx2)
H:= S — AL (5.0)
Z ( Z i — Xl') 1<i<Zj<N @i — 2 131;94 X — X

et I'opérateur d’énergie cinétique du k-éme électron est

2+1—-1 dansl do-relativist
Tk ::{ \/ka ans le cas pseudo-relativiste (52)

% dans le cas non-relativiste

Le domaine de forme de H est H'/?(R3N) dans le cas pseudo-relativiste et H*(R3M)

dans le cas non-relativiste. Comme d’habitude p, = —iV,, désigne le moment du k-

éme électron. Si T}, est pseudo-relativiste, on suppose que Z;e? < % Cela implique
que le Hamiltonien est semi-borné inférieurement, voir [14, 28].

Dans la partie principale de cet article on va se concentrer sur le cas pseudo-

relativiste T, = +/p7 +1 — 1 (voir [19] et références incluse) bien que tous les

2

résultats sont vrais de méme pour T} = %’“. Le Hamiltonien est donné en utilisant
des unités atomiques ot c=h=m = 1.

L’espace des phases d’un systéme de N électrons, prenant en compte le principe
de Pauli, est donné par le produit tensoriel antisymétrique de N copies de L?(R3; C?),
a savoir l'espace /\N L?(R3; C?) de fonctions antisymétriques par rapport aux trans-
positions de paires des variables de position et de spin (z;, s;) et (z;,s;) pour @ # j.

L’opérateur H qu’on considére dépend des variables de position z; et ne dépend
pas des variables de spin s;. Donc on étudie H agissant sur la projection de
/\N L?(R3; C?) sur 'espace des fonctions dependant seulement des coordonnées,
c’est-a-dire 'espace Hyermi défini par

2 1 1N
Hrermi = { (5, W)l € AL2®:C),s: { - 2,01 ¢} (59)

ol
(8, U)gpin := 25(51, coo  SN) Y (2, 81, TN, SN)-
S
On note que Hpermi est un sous-espace de L2(R3V).

La condition d’antisymétrie par rapport aux transpositions des variables des
particules implique certaines propriétés symétriques concernant les permutations
des variables coordonnées, aprés découplage des variables de spin. En particulier,
les permutations des électrons transforment les fonctions d’aprés les diagrammes
de Young avec deux colonnes au maximum, voir la description en [18, § 7.3.].

De maniére plus précise, soit Sy le groupe des permutations de N électrons.
Pour tout m € Sy on définit T : Hrermi — HFermi OU

Trp(w1, -, 2N) == P(Tr-11), 5 Tem1()) (5.4)

est 'opérateur qui réalise une permutation des variables de coordonnée.
Soit « n’importe quelle représentation irréductible du groupe Sy et P% la pro-
jection sur le sous-espace des fonctions qui sont transformées par les opérateurs
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Tx selon la representation «.. Ces projections décomposent I’espace Hpermi €n une
infinitude de sous-espaces orthogonaux H* := P*Hperm; tels que

HFermi = @ Haa (55)
acA

ou A est ’ensemble de toutes les representations irréductibles du groupe Sy décrit
par les diagrammes de Young de deux colonnes au maximum. On note que pour un
tel & on a P*Hpermi = PO‘LQ(RSN). En fait, I’étude de 'opérateur H sur les sous-
espaces PYL?(R3Y) nous donne toutes les informations sur le spectre de 'opérateur
sur Hrermi- Pour cela on définit

H® := HP® (5.6)
lopérateur restreint sur ’espace H® et
E?XU--,XM) = info(HY). (5.7)

Dans cet article on va calculer ’énergie d’interaction pour les positions fixées des
noyaux, qui est la différence entre EE’XU__ Xar) €t la somme des énergies de repos des
atomes. Considérons le cas le plus simple d’une molécule diatomique, i.e. M = 2.
Pour le cas général voir 9.2 dans la partie anglaise.

5.1. Molécules diatomiques. Soit C C {1,--- , N}, C # (§ un sous-systéme d’un
systéme de N électrons. On appelle R(C) I’espace vectoriel des vecteurs de positions
(;)icc des particules dans C. On note que cet espace est isomorphe & R3¢ ou #C
est le nombre d’éléments de C. On note L?(R(C)) I'espace des fonctions L? avec
arguments dans R(C). Soit L?(R(C))~ le complément orthogonal de L?(R(C)) dans
L2(R3N),

L’interaction des particules dans C avec un noyau fixé & l'origine de charge eZ
via un potentiel Coulombien est décrit par le Hamiltonien

IR = D 59
CTET Sul A '
ieC ieC i,j€EC
i<j
sur l'espace L?(R(C)). On étend l'opérateur sur L2(R(C))* par I'identité pour que
'on puisse appliquer I'opérateur & une fonction dans L*(R3*Y). On va représenter
ces deux opérateurs par la notation HCZ .
Soit S(C) le groupe de permutations de C. Evidemment S(C) est un sous-groupe
de Sy. On considére une représentation irréductible ac de S(C).

Definition 5.1. Pour un type de représentation irréductible a de Sy on dit que
ag est induit par «, noté a, < «, si ap est contenu dans la restriction de o sur
S(C), wvoir [18, p. 94-98].

Dans le méme esprit que pour la décomposition de Hperm; €n sous-espaces H®
on peut décomposer le sous-espace de Fermi correspondant de L?(R(C)) en sous-
espaces P2 L?(R(C)) pour toutes représentations irréductibles ac de S(C) décrites
par un diagramme de Young avec deux colonnes au maximum.

On considére une décomposition en deux clusters 5 = (C1,C3) du systéme d’élec-
trons {1,---,N} telle que C; UCy = {1,--- ,N} et C; NC2 = (. On définit D%,
comme ’ensemble de toutes telles décompositions. On dit qu’une décomposition
est atomique si pour le nombre des électrons en Cy, #C; = Z; et pour le nombre
des électrons en C on a fCy = Z5. L’ensemble de ces décompositions atomiques est
noté D C D%,.
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Pour la décomposition 8 = (Cy,Cz2) on définit 'interaction inter-cluster

—e ZQ —6221 622122
I := (5.9)
z; |zi — Z ;= Xa Z% |xz—$a| [ X — X1
g€l

et le Hamiltonien de cluster § par
Hg:=H — Is. (5.10)

En d’autres termes, Hg est 'opérateur ot les particules des sous-systémes differents
n’interagisent pas. On note que pour tout B € D% on a L*(R(Cy))*+ = L?(R(C2)).
Le groupe de symétrie de ce Hamiltonien qu’on considére est le groupe Sg :=
S(Cy) xS(C2) C Sy de permutations qui laisse la décomposition en clusters intacte.
On utilise la méme notion d’induction de représentations qu’au-dessus. Comme Sy
est un produit direct de deux groupes, les représentations irréductibles agz de Spz
sont des produits également. En particulier, pour toute représentation irréductible
a}; < a de Sp il existe une paire unique ap, < « et ag, < a telle que

O/Cl Y O/CZ = 05237 (511)

voir [18, p. 110-114]. Soit P la projection de Hperm; sur les fonctions de type de
symétrie ;. On pose

Hg" = HgP* et Hg := Z HY?, (5.12)
<a

on définit ,

p := min inf O’(Hgﬁ) (5.13)
ag=a
et

¥ = min ug. 5.14
W= iy i (5.14)

Par invariance par rotation et translation du Hamiltonien pour M = 2, E(O‘X1 Xa)
dépend seulement de |D|, ou D := X3 — X;. On écrira Elobl au lieu de E(X1 X)-
Dans les deux cas, non-relativiste ou pseudo-relativiste, il n’est pas difficle de voir
que p® = lim|p| o0 Efbl.

Pour un point fixé X € R3, qui représentera la position de 1'un des noyaux, et
pour la variable z € R3Y, on définit la translation unitaire par X dans la variable
pour la i-éme particule comme

G LQ(RSN) N L2 (RBN)
Uu (i) (5.15)
Uy p(x) = (1, w1, 7 + X, Zig1, 0, TN)-
Pour 8 = (C1,Cs) € D% et X, X étant les positions respectives des noyaux, on
définit 'opérateur de translation
=TT ul [T us) (5.16)

i€Cq JECo
On pose .
Hﬁ = UﬂHﬂu;. (517)
On notera que Hp est unitairement équivalent a Hp et
Ay = B + B2

On définit, pour B € D% les fonctions fa, f3 € C°(R3Y) par

fo(x) = Z —e*(3(z; - ep)(zj - ep) — i - x;5), (5.18)

1€Cq

JEC2
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fa(z) == Z % (3(%1 —Zj)-ep [2(362 ~x;) — 5(x; - ep)(z; - eD)]
i (5.19)

+ 3|2l (2 - ep) — 3laj|* (w: - eD)),

ol ep = I%\ est le vecteur unitaire dans la direction de X; vers X>. On notera
que les fonctions fs, f3 dependent de la décomposition en clusters 3.

A partir de maintenant, fixons 3 € D*. Nous montrerons dans 1’Appendice B
que p* est une valeur propre discréte de Hg. Par équivalence unitaire, u® est aussi
une valeur propre discréte de

~ ~ o ~ /
Hg:= > Hg":= Y HzP% (5.20)
Ot/ﬁ<(¥ <«
ol la somme est sur toutes les représentations irréductibles induites O/B < a. On
désigne par Wg C M le sous-espace de H § qui correspond & p® et on définit
= 1
ay(f) := max ||(Hg — u) "2 fog|*. (5.21)
PEWS
lloll=1
Bien que p® soit une valeur propre de H 3, la valeur aq (8) est bien définie car fo¢ est
orthogonal au sous-espace correspondant (voir Lemma E.2). On définit Vg C Wg

comme le sous-espace de tous les ¢ tels que ||(Hs — 1) "2 f20)12 = a1(B) et

az(f) = max ||(Hg — p®) "% fs0]%. (5.22)
PEVS
lloll=1

De fagon similaire, le Lemme E.2 assure aussi que az(f) est bien défini. Par la
symétrie de permutation, pour tout 31,82 € D on a a1(B1) = a1(B2) et az(B1) =
as(f2). Ainsi, on omettra ’argument 5 dans la définition et on écrira a; et as dans
la suite. Pour les molécules diatomiques, notre résultat principal est

Theorem 5.2 (Interaction de Van der Waals pour les molécules diatomiques). Soit
« une représentation irréductible de Sy correspondant a un diagramme de Young
avec au plus deux colonnes et supposons que les conditions suivantes sont vraies:
1) Pour tout B € D%, \ D¢
pg > pe
2) Pour tout 8 € D™ et toute représentation irréductible g du groupe Sg avec
oy < o tel que PQZWBO‘ £ 0,
dim(P*sW§) = dim a.
Alors

a a9 _
—ﬁ -~ O +O(|D|719) (5.23)

ot ay and ay sont respectivement définis par (5.21) et (5.22).

Ejp| —n* =
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6. QUANTUM MECHANICS

In this small introduction to quantum mechanics, we follow the book by Gustafson
and Sigal [17] for the fundamentals of quantum mechanics. We will start with the
comparatively simple case of one particle. After establishing a foundation, we give
an overview of the most important results for the multiparticle case to construct
a framework for the results that are proven in our paper, which constitutes the
core part of this thesis. Given the format, we can only scratch the surface of the
topic. For a more indepth introduction to quantum mechanics with proofs and
many useful explanations we refer to the above mentioned book.

As the famous double-slit experiments show, electrons and other elementary par-
ticles exhibit wave-like behaviour and do not have a deterministic position, whereas
in classical mechanics an object has an exact position and momentum (at least on
a relevant scale). In the classical framework we can express measurable quantities
such as kinetic energy, potential energies and the likes as functions that depend on
deterministic properties of the object such as position, mass or momentum.

To accurately replicate reality, the position of a quantum mechanical particle
must be given in terms of a probability distribution.

The state of a particle is described by a complex-valued function of position and
time 1 (z,t) with 2 € R?, ¢t € R. We normalize this function such that

/ (e, ) 2dz = 1 (6.1)
R3

and interpret [¢(-,t)|> as the probability distribution of the particle position at
time ¢. Note that for many appications it is sufficient to require (-, ) € L?(R3),
which implies that the function is normalizable instead of it being normalized as it
is stipulated in (6.1). Furthermore, to justify the name wave function, it should be
a solution of some wave equation. In our case the Schrédinger equation:

9y

ih—e = H (6.2)
with initial condition

¢’t:0 = %o (6-3)
where

H=T+YV (6.4)

is the Hamiltonian, Schrodinger or energy operator acting on a Hilbert space H.
The first summand in (6.4) describes the kinetic energy of a particle and V is a
potential. For our purpose we consider the Hilbert space L?(R?). The operators T’
and V will be specified later, there are several possibilities and the specific choice
depends on which properties are the subject of interest.

6.1. Observables. The experimentally measurable properties must mathemati-
cally be evaluated in a non-deterministic way. That is, each value is observed with
a certain probability and never with absolute certainty. So we have to express the
classical observables in a probabilistic context, where the values are assessed with
respect to the probability distribution |¢(-,)|? for a state 1. In the Schrédinger
setting the development of the system over time is modelled purely in the change
of the wave function. Thus we realize these observables as (time independent) op-
erators acting on functions in L?(R3). Furthermore we require self-adjointness; by
requiring self-adjointness, among many other properties, we ensure that the opera-
tor has purely real-valued spectrum (so that they correspond to some measurement
in the real world). Such an operator is called a (quantum mechanical) observable.
The restriction to self-adjoint operators will become clearer as we progress further
into the topic.
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6.2. Time evolution. In this section we talk more about self-adjointness, in par-
ticular for the energy of a system which corresponds to the observable given by
the Schrodinger operator H. If we can not ensure self-adjointness of H, the stan-
dard "machinery" of quantum mechanics would fail and the physical interpretations
would be questionable at best. We will address the question of self-adjointness for
operators of the form (6.4) in Chapter 6.6.

Without going too much into the detail we will motivate some of these funda-
mental results of quantum mechanics in a non-rigorous way. The canonical solution
of a differential equation of the form

d .
1) = ik (0) (6.5)

for some k € R is f(t) = e?*' f(0). We would like to use a similar approach when
we replace k by an operator H in the differential equation (6.2). For a bounded

operator B on the Hilbert space H we can define the exponential e*? via the
convergent power series
o0 .
; it)"B"
pits 5 ("B 6.6
; o (6.6)

For an unbounded operator A (as is the case for our operator H), the convergence of
such a power series is not clear. Nonetheless we can formally define the operator ¢4
via functional calculus with the help of the spectral theorem, see [40, Chapter VII],
and Stone’s theorem [40, Theorem VIIL.8]. These results rely on self-adjointness
of H and give rise to the so-called one parameter unitary group U(t), in addition
they prove a one-to-one correspondence between a self-adjoint operator H and U (t).
Furthermore, for all times ¢t € R the operator U(t) is unitary, strongly continuous
and for a state 1)y in the domain of H we can even differentiate U (t)y with respect
to t with 0,U(t)y = iHt. This justifies the physical interpretation as a time
evolution and has all the properties that we would expect from an operator of
the form . In abuse of notation we define €'l := U(t) and we call ¢(z,t) =
U(t)o(x) the time evolution of the state 1.

6.3. Spectrum of an operator. The spectrum of an operator A is defined as
o(A) = {\ € C|A — X is not invertible (has no bounded inverse)}. (6.7)

Note that for a self-adjoint operator A the spectrum lies on the real axis, o(A) C R.
We say that A € o(A) is an isolated eigenvalue if X is an eigenvalue such that for
some € > 0 we have (A — e, A\ + €) No(A) = {A}. Typically in spectral analysis of
atomic and molecular systems, we distinguish two types of values in the spectrum.
We define the discrete spectrum as

oaise(A) = {1 € J(A)})\ is an isolated eigenvalue with finite multiplicity}. (6.8)

The essential spectrum is defined as
Oess(A) := 0(A) \ 0aisc(4). (6.9)

There are several ways to categorize the spectrum. This breakdown into essential
and discrete spectrum is the preferred choice for spectral analysis of atoms and
molecules, since the essential spectrum is stable under some class of perturbations,
unlike other classifications.

We will focus our attention to a Schrodinger operator H with (non-relativistic)
kinetic energy operator —A and Coulomb potential V. In this case the potential V'
is viewed as a perturbation of the kinetic energy operator that consequently does
not influence the essential spectrum of the kinetic energy operator. Note that the
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kinetic energy operator has purely essential spectrum coinciding with the positive
real axis: gess(—A) = [0, 00).

The eigenvalues E € oqisc(H) correspond to energy levels that are realized by
some normalizable function ¢» € L?(R3). These "energy levels" are visualized by
the spectral absorption lines of an atom, as they are depicted in highschool level
physics books. These absortion spectra correspond to the energy difference between
the ground state and the first excited states of an atom.

6.4. Bound States and Decaying States. In this section we will discuss the
classification into bound states and decaying states. The following definitions are
from [17, §6.2] with some additional remarks.

Let us look at solutions of the Schrédinger equation

o
ih e Y (6.10)
with initial condition
¥, = o (6.11)

Assume that ¢y € {span of eigenfunctions of H}. Then a solution of (6.10) is
given by ¢ (x,t) = U(t)yo(z), for the one parameter unitary group U(t) described
in Chapter 6.2, formally identified with the exponential e~ %/, Then by [39, The-
orem XI.115] for any e > 0 there is an R such that,

inf [ (x,t)|?de > 1 —e. (6.12)
t Jiz|<r
A state 1 that fulfills (6.12) is called a bound state, as it remains essentially localized
in space for all times.
Note that for an eigenfunction ¢y of H corresponding to the energy E we have

Pz, 1) = e 7 o (z) = e #F g () (6.13)
and consequently the probability distribution |¢(-,¢)|? is constant in time and thus
[ oopd= [ o)z -0 (6.14)

|z|>R |z|>R

as R — oo.
On the other hand, if 1y € {span of eigenfunctions of H}* the time evolution
¥ = U(t)o will leave any ball of radius R. To be precise

1 T
lim 7/ / |4 (, t)|?dx dt = 0. (6.15)
0 |lz|<R

T—oo T

Such states are called decaying states, since they describe a particle "moving away
to infinity".

The above discussion, based on the Wiener and the RAGE theorem (see e.g.[39,
p-340ff]) is associated to a decomposition of the spectrum into point spectrum and
continuous spectrum. For models of atoms and molecules, when we are interested
in ground states and excited states, as it is the case in the thesis at hand, the
natural decomposition is the one into discrete and essential spectrum as discussed
in Paragraph 6.3. In this case, any eigenstate associated to a value in the discrete
spectrum is in the point spectrum, thus fulfils (6.12) and is a bound state. Indeed,
any state with energy in the discrete spectrum enjoys the much stronger property
(6.13).

Remark 6.1. A priori there might be eigenvalues embedded in the essential spec-
trum. With the methods discussed in this paper it is however not possible to study
the eigenvalues in the essential spectrum or decide on their relevance for the physical
system.

27



6.5. Fixed nucleus approximation. The mass of a nucleus in comparison to the
mass of an electron is huge. In many cases we can simplify the investigation of a
system, by assuming that a nucleus is fixed in place, i.e. the nucleus position is
treated as a parameter, since the kinetic energy contribution of the nuclei to the
total energy of the system are negligible. The following discussion is a non-rigorous
motivation for the fixed nucleus approximation.

In a system of two bodies rotating around each-other, as would be the case for a
hydrogen atom, the momenta of the bodies must have the same value. Classically,
the kinetic energy of a particle is given by Ey, = %, where m is the mass of the
particle and p is it’s momentum. For a hydrogen atom modelled classically as a
two-body problem this would imply equal momenta for the electron and the nucleus
(consisting of one proton). Thus the relation between the kinetic energies is

B my = BGime (6.16)
where indices pr and e stand for proton and electron respectively. Since m,, ~
2 - 10%>m,, we have the inverse relation for the kinetic energies. For bigger atoms
this difference in kinetic energy is even greater. This has two reasons: Firstly, the
nucleus of a bigger atom contains neutrons which makes the difference in mass more
severe, in fact the table of elements shows that roughly the first 20 elements contain
about one neutron for each proton, while larger atoms contain more neutrons than
protons.

Secondly, the momentum of a nucleus of an atom would increase at most linearly
with the number of electrons. Linear scaling would require that all electrons are
clumped at one place and move synchronously. In general the nucleus momentum
increases much slower, since electrons tend to "spread out" and the effect that the
momenta of electrons have on the nucleus can cancel out.

Since we have fixed the nucleus position we are in a setting, where the mass of
the nucleus is mostly irrelevant. By changing the length scale of the system by the
factor 22 we can get rid of the prefactor for the kinetic energy of the electron. Let
—e denote the charge of an electron. The Hamiltonian of a system with one electron
with position vector € R3 interacting via Coulomb potential with a nucleus of
charge eZ that has it’s position fixed at the origin is given as

HIZ::— —62—Z

. 6.17
For Z = 1 the operator in (6.17) describes the hydrogen atom. For other integer
values of Z such a system is called hydrogen-like. The subscript in (6.17) indicates
the number of electrons in the system, for now we stick to the case of one electron.

The fixed nucleus approximation becomes more important for bigger systems,
especially in the case of multiple nuclei that will be discussed in Section 7 where
this approximation reduces the complexity of the system significantly.

6.6. Self-adjointness of the Hamiltonian. In order to have a well-defined quan-
tum mechanical system we need to ensure that H is self-adjoint. We will not give
any detail concerning the proof of self-adjointness for Hamiltonian operators, since
the proofs are rather technical and very well known. We shall nonetheless state the
famous Kato-Rellich theorem. We use the formulation as in [37, Theorem X.12] to
which we refer for the proof. The Kato-Rellich theorem proves self-adjointness for
a wide class of relevant operators.
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Definition 6.2. Let A and B be densely defined linear operators on a Hilbert space
H with domains given respectively by D(A) and D(B). Suppose that

e D(B) D D(A)

e For some a and b in R and all ¢ € D(A),

1Bl < allAgll + blje]l- (6.18)

Then B is said to be A-bounded. The infimum of such a is called relative bound of
B with respect to A.

Theorem 6.3 (Kato-Rellich theorem). Suppose that A is self-adjoint, B is sym-
metric, and B is A-bounded with relative bound a < 1. Then A + B is self-adjoint
on D(A) and essentially self-adjoint on any core of A.

This theorem says that if we perturb the self-adjoint operator A in a sufficiently
n n H 3 3
gentle" way by the operator B, the resulting operator A + B is essentially self-
adjoint. For the one particle case, note that the operator —A is self-adjoint on the
Sobolev space H?(R3). The self-adjointness of Hf is obtained from a corollary of
the Kato-Rellich theorem:

Corollary 6.4. Let V € L*(R3) + L>(R3) be real-valued. Then —A +V is essen-
tially self-adjoint on L?(R3).

This ensures self-adjointness for a variety of physically interesting potentials. We
will not go into detail regarding the physical interpretation of self-adjointness, but
we will discuss a physically more concrete problem which is somewhat related: the
question of stability. In particular the question of: "What keeps the electrons from
falling into the nucleus?" This relation that we refer to is based on the observation
that the kinetic energy "controls" the potential energy, which is the fundament of
the stability discussed in the next section.

6.7. Stability of matter. We have so far discussed two possible scenarios for the
time evolution of states describing a one-electron system: bound states, where the
electron remains essentially localized for all times and decaying states, where an
electron moves away to infinity. But we did not discuss the possibility that an
electron comes very close to the nucleus, potentially falling into the nucleus. Such
a scenario is called instability of the first kind.

Definition 6.5. A system described by the quantum Hamiltonian HZ acting on
L?(R3) ezhibits stability of the first kind iff

inf o(HY) > —oc. (6.19)

While the kinetic energy operator is non-negative, the Coulomb potential can
yield (a priori huge) negative energies for a state. A violation of (6.19) is thus
theoretically possible for a state where an electron can be located arbitrarily close

to the nucleus with non-vanishing probability. This would cause the energy to be
e’z

B
However, the kinetic energy operator controls the (negative) singularity of the

Coulomb potential. In [25, Part IIT] the proof of stability of the first kind for an

operator H{ as defined in (6.17) uses a type of Sobolev inequality to prove that

very negative, due to the singularity of the Coulomb potential V(z) :=

3
N
19612 23 (5) " llew)lls (6.20)
where o(1)) = |1/|? is the probability density of the electron position, furthermore
(), Vp) = —622/ o)) ;. (6.21)
rs 2]
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In particular

wor) > i {3 (5) tolls =22 [ o (6.22)

X
lplla=1 | ‘

where we allow any non-negative function with ||p|[; = 1, i.e. not necessarily a
probability density obtained from a wave function. Minimization of the right hand
side of (6.22) yields

472

e*Z

Now unfortunately this proof is not particularly enlightening with regards to funda-
mentally understanding why the electron would not fall into the nucleus. Inspired
by the heuristic explanation in [25] let us investigate the relation between kinetic
energy and Coulomb energy for a family of normalized Gaussian functions

(6.23)

- 2
or(x) = Che™ v . (6.24)
The function ¢, roughly has the width k. For the kinetic energy we have
1
(Pr, —Apr) ~ =
and for the Coulomb energy
2
Z
(or, Vior) ~ _T'

So in order for the electron to be closer to the origin to lower the Coulomb energy
2

by the factor € kZ the "price" in kinetic energy gain is around ,712 The latter will

obviously dominate the Coulomb energy for small values of k.

7. MULTIPARTICLE SYSTEMS

So far we have only looked at a wave function describing the behaviour of a single
particle. We will extend the model so that we can describe systems with multi-
ple electrons and nuclei. Throughout the thesis we will model nuclei as particles
with fixed position, neglecting their kinetic energy in the computation of the total
energy of the system. We do not however neglect their electrostatic interaction
with other particles. We will introduce a system we can use to describe atoms and
molecules. Let us study the case of M nuclei at fixed positions X1, -+, Xy € R?
and charge eZ1, - - - eZ) interacting via Coulomb potential with N electrons at po-
sitions z1,--- ,xy € R? with identical mass and charge —e. We denote by the
caligraphic Z = (Zy,- -+, Zps) the vector containing the atomic numbers of the M
nuclei. The Schrédinger operator acting on L?(R3%) is given by

62 GQZ Zk
D e RD DI o

m| 1<i<j<N i — a4 1<m<k<M
(7.1)

where p; = —ihV,, is the momentum of the jth electron. We distinguish here the
notation H{ and HZ. In the first case we refer to a system of N electrons inter-
acting with a single nucleus with atomic number Z, where the latter Hamiltonian
refers to a system with M nuclei with sizes given by Z = (Z1,---,Zp). For a
function ¢ € L?(R3Y) the probability density of the electrons being in positions
x1,- -+ ,xN is given by [1]?.

One of the first questions that arises is whether such an operator is self-adjoint.
In the one particle case the Kato-Rellich theorem and applications thereof yield that
for a class of potentials V = L%(R3) + L>°(R3) (which includes the Coulomb poten-
tial), the operator —A+V is (essentially) self-adjoint. The canonical generalization
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of the proof to N particle potentials V = L?(R3Y) + L>(R3*") only includes the
case where electron-electron interaction is neglected. For an operator of the form
(7.1), we have to show in addition, that the electron-electron interactions are rela-
tive bounded with respect to the Laplace operator. This relative bound is equal to
zero and the Kato-Rellich theorem yields essential self-adjointness of HZ, defined
in (7.1).

Similarly, the relative boundedness of the multiparticle Coulomb potential can
be used to extend the stability of the first kind for the one particle case to the IV
electron case.

The construction of a solution of a multiparticle Schrodinger equation has so far
not been achieved. But the analysis of the spectrum of an operator can give us
a great deal of information about the system. Some of them have been discussed
in Chapters 6.3 and 6.4. The essential spectrum, in particular the bottom of the
essential spectrum can for example give us information about the scattering and
decaying properties of a system. On the discrete part of the spectrum, comparing
the ground state energies for varying fixed nucleus positions allows to determine
molecule structures, as the system will generally tend towards an allocation that
minimizes overall energy. As we have seen in (6.15), a state which is orthogonal to
the eigenspaces corresponds to a decaying state, meaning that at least one particle
of the system will move to infinity. Note that there might exist eigenfunctions with
eigenvalues embedded in the essential spectrum, the question whether such states
are to be considered as stable or unstable is difficult to decide. Theoretically the
time evolution of such a state is locally contained. On the other hand a tiny amount
of perturbation in the energy could cause such a state to scatter. The answer
depends on the spectral structure of a specific system and can not be decided in a
general way and is beyond the scope of this thesis.

In the atomic and molecular systems that we consider, the results that allow such
conclusions about atomic and molecular structure are the HVZ theorem named af-
ter Hunziker, van Winter and Zhislin, the existence of a ground state and the
theorems on the number of discrete eigenvalues below the essential spectrum, in-
cluding Zhislin’s theorem and generalizations thereof. Before giving the statements
of the respective results we try to describe the statements in words and discuss the
implications.

The HVZ theorem has two implications. The first is that the infimum of the
essential spectrum inf oess(H) of a system with one nucleus with charge eZ inter-
acting with N < Z electrons is given by the lowest energy of the system where
N — 1 electrons are located around the nucleus and one electron moves freely with-
out influence of the other particles. Furthermore it states that for such a system the
essential spectrum has the form oess(H) = [inf 0ess(H), 00). That is, the essential
spectrum has no gaps.

The first part of the statement justifies the term ionization threshold for the
bottom of the essential spectrum. Since a system tends to a state where the overall
energy is minimized, an energy above this threshold would cause the system to
shed one of the electrons to overall lower the energy and obtain the energy ¥ =
inf oess(H).

The second important theorem is the existence of a ground state. This implies
the existence of a minimal energy for a system, which in turn allows the construction
of a bound state. Another important class of results is concerned with the number
of isolated eigenvalues below the essential spectrum (thus the number of stable
excited states).
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7.1. Characterization of the essential spectrum. We have already discussed
the importance of the HVZ theorem and it’s implications for the structure of atoms
and molecules in a non-rigorous way. In order to give the accurate statement we
need to introduce the concept of a cluster decomposition and the related concept
of localization. For the sake of easier notation we will stick to the one nucleus case.
Extention for M nuclei is rather straightforward.

The idea of a cluster decomposition is that we devide the set of electron labels
{1,---, N} into pairwise disjoint subsets Cy,--- ,Cr_1 such that

k—1
Ua={-- N} (7.2)
=0

Such a subset C; is called a cluster and the collection (Cy,--- ,Cr—_1) is called a
k cluster decomposition. Let Dﬂ“\, denote the set of all possible decompositions of
{1,---,N} into k clusters. The idea of this decomposition is that we allocate a
region to each cluster C; such that particles in different clusters are far from each-
other. In the case of one nucleus with charge eZ located at the origin, the system
is described by the Hamiltonian

N 2 2 2
z pj e“Z e
HN_Z 2z + Z lzi — ;] (7.3)
j=1 J 1<i<j<N 7" J

We consider 2 cluster decompositions D% and electrons in cluster C; are gathered
with the nucleus, whereas electrons in cluster Cy are not associated with a nucleus.
For any cluster decomposition 3 € D%, we define the intercluster interaction

2 2
]B = zg: —-$;§?-+ EE: igfg“‘f (7/0

i€Co i€Co | e $]|
Jj€C1
and the cluster Hamiltonian
Hp := HZ — I5. (7.5)

Theorem 7.1 (HVZ theorem). For a cluster decomposition 3 € D%, define up :=
info(Hg) and ¥ := mingep2 pg, then
6075(2)

Cess(HE) = [£,00). (7.6)

To explain the idea of the proof we will introduce an important tool of multi-
particle quantum mechanics.

Definition 7.2. A set of functions J C CY(R3MN;[0,1]) with
Z J*(x) =1 for all x € R3N (7.7)
JeJg

is called a partition of unity or a partition of one on R3V.

Note that we partition one with respect to the square sum of the cutoff functions,
such that for ¢ € L?(R3") and a partition of unity J we have

117 = () = (D TPw.0) = Y 179 (7:8)
Jeg Jeg
There exist countless different partitions of unity, as different applications require
a specific choice of such a partition. In order to prove the HVZ theorem we choose
a partition of unity given by the family of functions {Js}scpz such that on the
support of the function Jg, the distance between particles in different clusters is at
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least R for some adjustable parameter R. More explicitly for x = (z1,--- ,zn) €
supp(Jg) we have |z; —x;| > R Vi € Cy, j € Ci. Furthermore we require

Y Jp=1 (7.9)

BeD3

independently of the choice of R. An example of a partition that satisfies the
requirements is a so-called Ruelle-Simon partition of unity, see [13, p.32] for the
definition and the proof of the existence of such a partition.

We will sketch the idea of the proof for the HVZ theorem in a non-rigorous way.
See [13] for the rigorous proof with nonrelativistic kinetic energy, or Chapter A for
a rigorous proof for the pseudo-relativistic setting.

The inclusion gess(H%) 2 [, 00) can be shown by explicit construction of a Weyl
sequence for any A € [X,00). For this construction there are different approaches,
we will present an idea attributed to Hunziker [20], which illustrates some important
ideas of spectral analysis in a comprehensible way.

For the minimizing decomposition § yielding the energy X, there exists a nor-
malized function ¢ € C§°(R3N) such that for any € > 0

I(Hp — )¢l <€ (7.10)

since C§° lies dense in L2. We now want to raise the kinetic energy of the state by
the (positive) factor A — X. Note that by applying the (unitary) transform e=#%i
to a state, we increase the kinetic energy of the jth electron by the amount p2.
Since the Coulomb potential is invariant under this unitary transform e~%%j which
is sometimes referred to as a shift in momentum space, we have constructed an
approximate eigenfunction of Hg corresponding to the value .

The second part of the construction is linked to the physical interpretation of
the essential spectrum. For an increasing index in the terms of the sequence we
will "mimic" the evolution in time of a state where the electrons in cluster Cy
move away to infinity. Simultaneous translation of all electrons in cluster Cy by
some vector a € R? leaves all parts of the total energy unchanged, except for the
intercluster interaction Ig. To verify this, note that —A is translation invariant
and the electron-electron repulsion depends on the relative position of the electrons
which is left unchanged.

To recapitulate, by applying a shift in momentum space to ¢, we obtain a func-
tion vy approximating the energy A. By then choosing a shift (in position space)
that drives the cluster Cy further and further away, we construct a sequence (¢;);en
of approximate eigenfunctions with ||[(Hg — A\);|| — 0, while for the intercluster
interaction ||Iz1;|| — 0 since the distance between the clusters increases. The accu-
rate choice of bigger and bigger shifts (|a;—1| < |a;|) causes the sequence to weakly
converge to zero, thus satisfying all condition of Weyl’s criterion.

For a rigorous construction following the same idea in a sightly different scenario,
see Chapter A. For an alternative proof using wave operators, see [38§].

The inclusion oess(H) C [X, 00) uses the concept of partitioning the state space
by applying a partition of unity, defined in (7.7), to the state space L?(R3") (or
equivalently to the operators acting on this space) to get

Hf = > J3HE
BeD?,
— 4 Z Z
= Y JsHRJs — Y Js(HEJs — JsHE).
BED3, BeD?,
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Similarly, replacing HZ = BeD?, H%J 5 and summing the two resulting equalities
we obtain

1
Hf = Y JsHRJs+5 Y s 15 HR] (7.12)
BEDY, BEDY,

where the second term on right hand side is called the localization error. Note that
the function Jg commutes with the Coulomb potential and thus

[Js, (g, HR) = [Js, [J3, —A]] = =2|V.J5/|*. (7.13)

The decomposition in (7.12) together with the identity (7.13) is called IMS localiza-
tion formula named after Ismagilov, Morgan and Simon. For details on the origin
and use of the formula see [13, p.28] and references therein.

We aim to show that the "perturbations" Jé[g and Zjvzl (V,;J3)? of the operator
H% are sufficiently "gentle" so that they leave the essential spectrum invariant,
which then implies that

Oess(HE) = 0oss(Hg) C [2, 00). (7.14)

The operator JEI g is "small", since by the scaling of the Coulomb potential and
the scaling parameter R in the cutoff functions, we have JEIB ~ R7L.

The localization error, determined by the absolute value of V.Jg depends on the
choice of the cutoff. This dependence of the error term is taken into account in
the choice of the cutoff. Generally the cutoff function can be chosen such that
|VJg|2 0 ~ CR™2 for some constant C > 0. Consequently, by letting R tend to
infinity we prove the second inclusion as it is stated in (7.14).

These two inclusions yield equality in (7.6) and prove the theorem. Note that
there exist several slightly different formulations of the HVZ theorem. One notable
formulation is the one, where the value ¥ marking the infimum of oess(H ﬁ) is ex-
plicitly proven to be the ground state energy of the Hamiltonian HZ _,, describing
a nucleus with the same atomic number interacting with NV — 1 electrons. In this
excursus on the proof of the HVZ theorem, the partition of unity has been formu-
lated as a rather vague object. In the next chapter we will try to establish a more
demonstrative view on a partition of the state space.

7.2. Partition of the state space, or localization. The partitioning of the state
space is one of the main tools that we use to obtain bounds on the expected value of
the total energy. For example, if we were to estimate the total energy of two atoms
at a "reasonably large" distance one to the other (in the sense that they would not
be considered to form a molecule). From a physical perspective we expect that the
interactions between electrons in different atoms should be much weaker than the
interactions of particles within the same atom. Mathematically, this is a priori not
clear: Even though we say that the electron "moves around the nucleus", quantum
mechanics is not deterministic and even for a bound state an electron can be at any
location in space with nonzero probability. Since the Coulomb potential for two
electrons has a singularity, even a very small probability of two particles being very
close to each-other might cause problems. This is where localization by a partition
of unity comes in handy.

Let us consider an arbitrary state ¢ € L?(R%) describing two electrons moving
in the potential of a nucleus of charge 2e located at the origin. A possibility to
estimate the energy of this state is to use a localization function u € C*(R?;[0, 1])

with
1 if|z|<R
u(z) := { 0 if|z] > 2R (7.15)
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together with a function v € C1(R?;[0,1]), such that u? + v? = 1. With these two
functions we can define a partition of unity on RS consisting of the four functions

J2($1,1‘2) = u(xl)v(mz)
J3(xy, w2) := v(w1)u(r?) (710)
Ji(xy, 22) 1= v(w1)v(22)

Obviously >~ J? =1 and we can use these functions to decompose any function in
the state space L?(R®) by noting that

4 4

4
[l = O TP, vy =Y (Jatp, Jip) = > | Jp|1*- (7.17)
=1

i=1 i=1

Very crudely speaking, J11 is the part of the state ¢ where both electrons are close
to the nucleus. We would thus expect the energy of this part somewhere in the
discrete spectrum of a helium atom. The parts Jyt and J31 would be expected to
have the energy within the spectrum of a He™ ion.

Let us look at the Hamiltonian H3 that describes the energy of such a system.
The expected energy of a state 1) € L*(R®) is given by (¢, H31). Using the partition
of unity defined above, we get

4

4
(P, H3) = > (Jpp, H3Jp) + > [V I (7.18)

i=1 i=1

As discussed above the localization yields some information, we know roughly what
the expected energy values of J;1 should be. But the decomposition comes with
the introduction of a positive term, the localization error. As a rule of thumb, the
more information the localization yields, the bigger is the localization error.

7.3. The discrete eigenvalues. For the structure of atoms and molecules, the
discrete spectrum coincides with the energy levels of the physically relevant states.
The investigation of the discrete spectrum is concerned with determining the num-
ber of discrete eigenvalues, their location and the dimension of their corresponding
eigenspaces. Of particular interest is the lowest eigenvalue of the Hamiltonian, the
ground state energy.

Let us look at the Hamiltonian HZ defined as in (7.3) describing a nucleus with
atomic number Z located at the origin interacting with IV electrons.

Generally there are three main cases that are distinguished. An infinite number
of eigenvalues in oqisc(H% ), a finite number of eigenvalues in the discrete spectrum,
and the case where the discrete spectrum is empty. There are examples for all
cases.

For atoms, that is for N = Z, the discrete spectrum of the operator HZ is
infinite. For the fixed nucleus case that we consider this result can be obtained
from Zhislin’s theorem, where the kinetic energy of the nucleus is considered, see
[38, Theorem XIII.7], the statement is adapted to the notation of this introduction.

Theorem 7.3 (Zhislin’s theorem). Let HZ (M) be an "atomic” Hamiltonian of the
form

7
A A V,; -V 1
HZM _ =3 _ L J 1
(M) Z( om m)* 2 < M *m—m) (7.19)
=1 1<i<j<Z
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where m is the mass of an electron and M the mass of the nucleus in a system,
where the center of mass motion is removed.
Then cgisc(HZ (M)) is infinite.

Remark 7.4. This implies the infiniteness of oaisc(HZ), by letting M — oo and
rescaling the system to the atomic units that we use in the definition of the operator

Intuitively, if we put more and more electrons close to a nucleus, at some point
the repulsion of the electrons should outscale the attraction of the nucleus, causing
one electron to scatter to infinity. This suggests the existence of Nyax(Z), the
maximal number of electrons that a nucleus of atomic number Z can bind before
one electron is hurled to infinity. The Ruskai-Sigal theorem, see [13, Theorem 3.15]
proves that this critical value Nyax(Z) exists in the sense that for N > Nyax(2)
the spectrum of HZ contains no discrete spectrum. The Ruskai-Sigal theorem also
gives an upper bound

lim sup Nmax(Z) <2. (7.20)

Z—00 Z

This bound is not particularly significant for the physical cases. For details on the
refinements of this bound see the discussion after [13, Theorem 3.15] and references
therein. The refinement due to Lieb that yields Npy.x(Z) < 2Z + 1 yields the
experimentally expected critival value only for hydrogen. In nature the negativity
of ions does generally not exceed 2. The theoretical results that estimate Npax(Z)
in a rigorous way are all far from the anticipated value. According to [33] the
ionization conjecture, which can be stated as Nyax(Z) < Z+4+1or Nyax(Z2) < Z+2,
for all Z has not been proven, except for the case of Z = 1, as we have discusse
above.

The following collection of results is based on the review by Nam, see [33]. It is
known that the Pauli exclusion principle is a necessary condition for the ionization
conjecture, since for "bosonic" electrons there exists a lower bound by Benguria and
Lieb [10] which shows, that the conjecture could not be true for bosonic matter.
The asymptotic neutrality of atoms

Nmaz Z
lim sup #

=1 7.21
Z—00 Z ( )

has been proven by Lieb, Sigal, Simon and Thirring [26]. Feffernam, Seco [15] and
Seco, Sigal, Solovej [41] show that

Npar(2) < Z+CZ7

which is the best-known bound for large atoms. For "medium" atoms with Z > 6
the bound

Npao(Z) < 1.22Z + 325

by Nam [34] is an improvement to the bound by Lieb.

The general number of eigenvalues in the discrete spectrum of HZ for positive
and negative ions of overall charge e(Z — N) is discussed in [13, §3.9] and exceeds
the context of this introduction. The existence of discrete spectrum in the cases
N < Z can be answered by a rather straightforward construction shown in the next
chapter.

7.4. Energy below the essential spectrum. In this section we will construct a

state with energy below the essential spectrum of H% for atoms and positive ions

(N < Z). This implies that the discrete spectrum og;sc(H%) is not empty and

in particular, since the Hamiltonian HZ is semi-bounded below the existence of
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a ground state energy and finite dimensionality of the corresponding ground state
space.

By an alternative formulation of the HVZ theorem, which reveals slightly more
information about the bottom of the essential spectrum of a Hamiltonian with
N < Z we get that

inf oes(HZ) = inf o (HZ_ ).
We use this equation to prove inductively the existence of a ground state for Hamil-
tonians describing non-negative ions HkZ, fork=1,---,Z. Based on a ground state
of H?, k < Z in L*(R3*) we will construct a product state in L*(R3*+1)) such
that the energy of the new state is strictly smaller, thus yielding the existence of
an eigenvalue below the essential spectrum.

Theorem 7.5. Let HZ be defined as in (7.3), then for any N < Z the discrete
spectrum s not empty.

Again, we will not reproduce a rigorous proof, but try to explain the general
approach in a comprehensible way. Note that this theorem is an immediate conse-
quence of the finiteness or infiniteness of the discrete spectrum, for a complete and
rigorous proof thereof the reader can see e.g. [13, §3.9].

Let us define

pZ =info(HZ?) and ©Z :=inf oe(HY).

For k = 1 the discrete spectrum is infinite, see for example [38, Theorem XIII.6].
Assume that the assertion has been proven for arbitrary but fixed k < Z. We pick
an approximate normalized eigenfunction ¢(z1,--- ,xx) € C5°(R3*), supported on
a ball of radius 6R, § < 1 around the origin, corresponding to the eigenvalue
with

(¢, (H — pif)¢) < d(3R) (7.22)
for some function d(0R). We will later see that for some fixed d, the function d(JR)
is sufficiently small for big R. Notice that

AV
HZ — HZ o +
ek 2 ka+1\ Z |$J

(7.23)

We aim to find a function that is small regardlng the expected value of the last
three terms in (7.23). For this purpose we take a normalized function f € C§°(R?)
that is supported in the region where 1 < |z441| < 2 (imagine a smooth "bump"
[1,2] for example). We define a function similar to f, that is spread to the interval
R < |xg+1| < 2R and has the same norm as f:

frleie) = RT3 f (F2). (7.24)

Note that similar to the example of the Gaussian functions in Chapter 6.7, the
behaviour of the kinetic energy of fg is

(fr, —Apki1fr) ~ CR™2.

In the next step we will use the positivity of the ion described by HZ and ¢. Since
k < Z the part of the potential concerning the (k + 1)st electron is overall negative
of order ~ —cR~! under the condition that § < % Note that this is only true,
since both ¢ and fr are compactly supported on regions with minimal distance
that scales linearly in R. The details to obtain such a bound rigorously are omitted
here, since they are given in Chapter B.

By the above discussion, the product state

Yr(zr, - Zeg1) =01, 2k) fR(TR41) (7.25)
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yields an energy

C c
(Wn, (Hy = pil)vn) S dOR) + 45 — & (7.26)
We are left to show that d(JR) is dominated by the negative term —% for large R
which depends on the asymptotic behaviour of bound states that we will discuss in

the next chapter. We will see that d(JR) is in fact exponentially small in R.

7.5. Asymptotic behaviour of bound states. In the discussion of the spectrum
we have established, that for eigenfunctions corresponding to the energies in the
discrete spectrum, the electrons are very likely found in some region around the
nucleus where the potential energies are relatively small. It is highly unlikely that
they are found very far from the nucleus, since states where one electron is sent
far away will yield an energy in the essential spectrum as we have seen in the
construction of a trial state for the HVZ theorem. A result which shows that
the probability density of a bound state is small far from the nucleus would be
in accordance with the physical world, where we do not observe electrons leaving
and re-entering the surrounding of the nucleus on a regular basis without external
influence. Such a result for bound states yields in turn useful information about
scattering states as a counterpart. Furthermore it allows to estimate interactions
between atoms more accurately, given that the atoms are in a low energy state.

On the field of asymptotic behaviour of bound states for multiparticle Schrédinger
operators, the most famous results are due to Agmon. Concerning the case dis-
cussed in this introduction, see [2, Theorem 6.4]. We give the statement similar to
the way it is presented in [16].

Theorem 7.6 (Agmon). Let HZ be the N-body Hamiltonian in (7.3) and let ¢ be
an eigenfunction corresonding to the eigenvalue A < X%, = inf 0os(H%) and choose
B >0 with %2 < %% — \. Then

2 1
e e e L (r.27)
N

for some constant C.

Note that the (7.27) suggests that bound states with low energy decay faster
than states with energy close to the essential spectrum.

We have now given an overview of the most important results for the multipar-
ticle Schrédinger operator HZ. In the next part of the introduction we will discuss
the case where the kinetic energy operator —A is replaced by an operator that
accounts for the change of mass for velocities approaching the speed of light.

7.6. Relativistic kinetic energy operator. So far we have modelled the kinetic
energy for electrons by the operator —A deduced from Newtonian mechanics. The
famous equation by Einstein for the total energy of a particle

Eiot = /P22 + m2ct (7.28)

postulates the increase of mass m for an object moving at velocities close to the
speed of light c. By subtracting the energy of a particle at rest Ey = mc? we
obtain the kinetic portion of the total energy, or in the context of distributions and

expected values, the relativistic kinetic energy operator

Trel(p) := \/Im — mc2. (7.29)

This relativistic correction becomes relevant in the context of larger atoms, where
the innermost electrons have high kinetic energy, see [25, Part VII|. For small
2
momenta p, the operator T} behaves similar to the nonrelativistic case 2—, whereas
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for large momenta the energy scales like |p|. By Newton’s equation of motion the
velocity v of a particle with kinetic energy T'(p) is given by

d

=T 7.30
V= 2T (7.30)
and by plugging in the kinetic energy operator T,e(p) defined in (7.29) we get
2
pe

Urel \/W. (7.31)
We can see that ve LA ¢, and the speed of light is an upper bound for the
velocity in accordance with special relativity. Note that this is not a relativistic
theory of quantum mechanics, the implementation of special relativity into the
theory of quantum mechanics is still one of the big unsolved problems of theoretical
physics.

We will focus on the purely mathematical problems that arise if we replace the
operator % by the operator \/p2c2 + m2ct — mc?, we will refer to models with the
latter kinetic energy operator as a pseudo-relativistic model or system. Similar to
the nonrelativistic case we can rescale the system, such that in atomic units we have
Tyl = v/p? +1 — 1. We will denote in this chapter by 5’31% the pseudo-relativistic
equivalent to the Hamiltonian HZ defined in (7.3). More explicitly

N 2 2
e‘Z e
92 = (1 [p2+1—1— ) + — (7.32)
N Z J |2, Z |z — x4

j=1 1<i<j<N

The results that were introduced for the Laplacian in the previous subsections of
the introduction can not be used directly for the operator $%. That includes the
proof of (essential) self-adjointuness and the results on the spectral structure. The
proof of self-adjointness was based on the relative boundedness of the Coulomb
potential with respect to the Laplacian. On the fundamental level of the analysis
of the operator there are two crucial differences between the nonrelativistic and the
relativistic operator.

The first being that T is not a local operator. This means that in order to
obtain the value of T,% at some point & € R? it is not sufficient to know the values
in a small neighborhood around z, as is the case for the Laplacian. A priori this
means, that manipulations of a state, such as localization for example, might have
a global effect on the expected energy of the state. This is in particular relevant
as in the proofs for the HVZ theorem and the existence of a ground state we could
modify the state "far away" from the nucleus without changing the energy of the
state close to the nucleus.

Secondly, if take a function on some compact support and spread the function
similar to the construction in (7.24), instead of a square inverse scaling in the
nonrelativistic case we get a linear inverse scaling in the relativistic case. Compare
also the example of the contracted Gaussian function that we used to illustrate
the stability of the first kind of the Hamiltonian in Chapter 6.7. Consequently
the scaling of the relativistic kinetic energy operator is of the same order as the
Coulomb potential. In that sense we can not expect the kinetic energy to control
the singularity of the Coulomb potential without constraints.

In the literature the pseudo-relativistic Hamiltonian Jﬁf, is often called the Herbst
Hamiltonian. Herbst was one of the first to study this operator, in [19] he shows that
the Hamiltonian $7 describing a hydrogen-like atom, can be self-adjointly realized
on the fractional Sobolev space H'/?(R®) if the atomic number of the nucleus
satisfies Z < % ~ 87, where « is the Sommerfeld fine structure constant. Note that
the same critical value appears, when the stability of a multiparticle Hamiltonian
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$H% is discussed by Lieb and Yau [28]. They prove that the Hamiltonian of the form
H% is stable if and only if Z; < % for all i =1,--- , M. Here, stability implies in
particular stability of the first kind discussed in Chapter 6.7.

A substantial part of the paper is the estimate of the localization error (compare
(7.12) for the relativistic case where we use the IMS localization formula). We can
use a very similar approach, but the resulting localization error will be different.
Generally, the localization error for a Hamiltonian with kinetic energy operator T'
and multiplicative potential V for the partition of unity {Jg} is given by

> " Js[T, ). (7.33)
B

Note that the localization error is an operator, however the terminology is used
interchangably for both the operator and

> (. JsIT, Jg))
E

which should accurately be called the expected localization error energy of the state
. Setting T'= —A in (7.33) gives rise to the operator |V.Js|? which is supported
in the region where 0 < Jg < 1. By locality of the Laplacian the expected energy
increase due to the cutoff depends on the probability density of the state in the
region of the cutoff. This is not the case for the relativistic kinetic energy T
that gives rise to a globally supported localization error operator. Estimating the
localization error (energy) thus becomes a more difficult task.

Many of the results regarding the spectral structure of the Schrédinger Hamil-
tonian (with nonrelativistic kinetic energy) that we have mentioned and discussed
in the introduction will be proven over the course of this thesis for a specific class
of physically relevant states. For the operator $% where we neglect the fact that
electrons are identical particles and subject to the Pauli exclusion principle these
results are known and will be discussed in a later section. The restriction to phys-
ically relevant states is discussed shortly in the next part and the extention of the
known results to this physically relevant setting is tackled in the core part of the
thesis.

7.7. Symmetry considerations. A defining part of this thesis is the considera-
tion of a restriction of the state space to subspaces that are in accord with the Pauli
exclusion principle, which postulates that two electrons can never be simultaneous
in the same quantum mechanical state. The quantum mechanical formulation of
the exclusion principle gives a mathematical condition that allows us to exclude the
physically impossible states from our considerations. Chapter G.3 contains more
detail on permutation symmetry and an introduction to representation theory for
it’s application in mathematical physics and spectral analysis.

At this point it shall suffice to state that in order to have a model that is in better
accordance with reality, we restrict the state space to certain mutually orthogonal
subspaces that can be classified by their permutational symmetric properties. We
will consider the reduced Hamiltonians for each of these physically relevant sub-
spaces separately. This will give us complete information of the spectrum for the
collection of physically relevant states. Depending on the structure of the spectrum,
this approach can reveal more information about the spectral properties of the sys-
tem. Recall that exponential decay of bound states does not apply to eigenvalues
embedded in the essential spectrum, furthermore we do not get finite dimension-
ality of the corresponding eigenspace for embedded eigenvalues. In general, the
restriction of the state space will yield bigger values for the spectrum. In partic-
ular, the bottom of the essential spectrum will be further to the right on the real
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line. This process could thus "unembed" (or isolate) certain eigenvalues of finite
multiplicity and show that the corresponding eigenfunctions enjoy the properties
shown for states with energy in the discrete spectrum, like exponential decay.

In [50] it is stated that neglecting the electron-electron Coulomb interaction in
H% and for N > 4 "all the eigenvalues corresponding to a realizable symmetry lie
in the continuous spectrum. One would expect this is also true for the complete
operator H". In this case, the "realizable symmetry" refers to a states that satisfies
the Pauli exclusion principle and "the continous spectrum" in which these values are
embedded refers to the spectrum of the operator on the full state space. Studying
the embedded eigenvalues is not possible with the usual tools of spectral analysis,
which emphasizes the relevance of this decomposition of the state space.

In the next part we would like to introduce the problem that motivates the core
of this thesis. The attempt to study the van der Waals-London dispersion in the
context of the pseudo-relativistic operator and state space restrictions according
to the Pauli principle, have revealed that some of the main results in spectral
analysis of multiparticle quantum mechanics have not been proven for this specific
case, or have been announced without proof. We generally use established methods
adapted to the specific requirements of the pseudo-relativistic operator and the
permutational symmetry considerations. Some of these methods have already been
explained in Chapter 7 in a nonrigorous way. These explanations are supposed to
serve as a guiding principle for the case that a rather complitated notation which
is intrinsic to this type multiparticle quantum mechanics obstructs the view on the
essentials.

8. THE VAN DER WAALS - LONDON DISPERSION

The van der Waals force plays a vital role in many natural phenomena. It is a
key aspect of understanding molecular bindings. To give a few examples, the van
der Waals force is needed to explain the condensation of water from vapor, the
structural stability of DNA, and the binding between several layers of graphene to
form graphite.

The importance of the van der Waals force is not restricted to the microscopic
scale. The van der Waals forces are used to explain some biological processes and
there are efforts in nanotechnology to take advantage of this attractive force. For
further examples, see the introductory discussion in [3].

Let us note at this point, that there is a certain degree of ambiguity in the term
"van der Waals force". Several interatomic and -molecular interactions caused
by different effects are collectively called "van der Waals force". This includes
interactions of atoms and molecules with permanent mono- and multipoles and
the repulsion caused by interatomic electron-electron interactions. In this context
we will talk about the so-called wvan der Waals-London (vdW-L) dispersion. An
interatomic and -molecular interaction even in the absence of permanent polarity.
The physical discription of the phenomenon in the example of two atoms is that
the movements of the electrons in different atoms will synchronize, thus creating
"quasi-dipoles", sometimes referred to as temporary, non-permament or induced
dipoles that interact with each-other. In order to stick to the usual terminology, we
will abusively call this interaction energy the vdW-L force. Note that the vdW-L
force is also present for molecules with permanent multipoles.

Surprisingly enough there are only few mathematically rigorous results concern-
ing the van der Waals force. In [29], J. D. Morgan and B. Simon obtain an as-
ymptotic expansion of the interaction energy and notice that for atoms with the
absence of dipole and quadrupole momentum, the leading behaviour is O(|D|~9),
where |D| is the distance between two nuclei.
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Another result concerning van der Waals interaction is obtained in [27] by
E. H. Lieb and W. E. Thirring where they constructed a trial function to show
that attractive energy between two atoms without permanent polarity is at least
—C|D|~5 for some positive constant C.

This result was improved by I. Anapolitanos and I. M. Sigal in [3], who obtain
under some restrictions, which we will discuss later, the leading term of order |D|~6
for the intercluster energy in the nonrelativistic case with an error O(|D|~7).

Note that all previous results only hold for nonrelativistic kinetic energies. For
heavy atoms one should include relativistic effects for the electrons. This is the main
goal of the work at hand. The method of the proof developed in [3] is based in its
essential part on the Feshbach-Schur method. Our approach is purely variational
and similar to the one used in [6, 7, 8, 9, 43, 44, 45] to obtain asymptotics of
eigenvalues of multiparticle Schrodinger operators near the bottom of the essential
spectrum.

Let us explain the idea of the approach for a diatomic system in a heuristic
language in a diatomic setting. We will try to gain information about the discrete
spectrum of the diatomic (interacting) system, by looking at the discrete spectrum
of the same, but isolated (non-interacting) atoms. We then estimate the interatomic
interaction by comparing the lowest energy of the isolated system to the minimal
overall energy for the interacting system. We will find that the lowest energy for the
interacting diatomic system can be expressed in terms of an asymptotic expansion
in negative powers of |D| "around" the ground state energy of the isolated system.

In comparison to [3], we get higher order terms in the asymptotic expansion and
better estimates for the remainder terms in both, the nonrelativistic and the pseudo-
relativistic case. Furthermore, our method yields an explicit expression for the
coefficients for terms up to the order |D|~? in the intercluster energy expansion. In
addition, we have obtained a remarkable difference in the asymptotic expansion for
a system with more than two nuclei. While in the case of two nuclei the coefficient
of order |D|~? is zero, for three or more nuclei it is a priori not. See the discussion
in the remarks after Theorem 9.4.

9. THE MODEL, NOTATIONS AND MAIN RESULTS

We consider a molecule with N electrons of charge —e and spin %, and M
pointwise nuclei with charges eZ; located at positions X; in R?, which we suppose
to be fixed (Born-Oppenheimer approximation). We assume that the system is

neutral, which means that Zf\il Zy = N. The corresponding Hamiltonian is

N M 2 2 2
e Zl (& e ZkZl
H=Y (- — Yot Y L (9
; ( |$1—Xl|> - e |mi — x4 - | X3, — X1 6.1
i=1 =1 1<i<j<N 1<k<I<M

with k-th electron kinetic energy operator

2 4+1—1 in the pseudo-relativistic case
T, :_{ \/]F n pseudo-r 1vist1 (9‘2)

142 in the nonrelativistic case

and form domain H'/?(R3M) in the pseudo-relativistic case and H'(R3N) in the
nonrelativistic case. As usual p, = —iV,, denotes the momentum of the k-th
electron. If T}, is pseudo-relativistic, we assumed Z;e? < %, which ensures that the
Hamiltonian is semi-bounded from below, see [14, 28].

In the main part of the paper we will focus on the pseudo-relativistic kinetic
energy case Ty = /pi +1 —1 (see [19] and references therein) although all the

2
results hold for T}, = %’C likewise. Here the Hamiltonian is written in atomic units,
ie.c=h=m=1.
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The phase space for a system of N electrons, taking into account the Pauli-
principle, is the antisymmetric tensor product of N copies of L?(R?;C?), namely
the space A" L2(R3;C2?) of functions in @" L2(R3;C2) that are antisymmetric
with respect to transpositions of pairs of position and spin particle variables (z;, s;)
and (z;,s;), for i # j.

The operator H we consider does only depend on the coordinate variables x;,
but not on spin variables s;. Hence we consider H to act on the projection of
/\N L?(R3; C?) onto the space of functions depending on coordinates alone, that is,
on the space Hperm;i defined by

2 1 1N
Hrormi = { (5, W)l € AL2®REC),s: { -2, 01—} (09)

where

(8, U)gpin := Zﬁ(sl, <o, sn)W(z1, 81, , TN, SN)-
S
Note that Hpermi is a subspace of L2(R3N).

The condition of antisymmetry with respect to transposition of the particle vari-
ables implies certain symmetry properties for permutations of coordinate variables
after decoupling of the spin variables. Namely, permutations of electrons transform
the functions according to a Young pattern with at most two columns as described
in [18, § 7.3.]. Note that for more than two particles a function which is completely
symmetric under transposition of coordinate variables can never be antisymmetric
under transposition of the full particle variables, since the spin can only attain two
values.

More precisely, let Sy be the group of permutations of N electrons. For any
m € Sy let Tr : HFermi — HFermi With

7;¢($1a"' 7'TN) = 1/)(1‘71'*1(1)7"' 7'T7T*1(N)) (94)

be the operator that realizes a permutation on the particle variables.

Let a be an irreducible representation of the group Sy and P the projection on
the subspace of functions transformed under the action of operators 7, according
to the representation «. These projections decompose the space Hpermi into a finite
number of orthogonal subspaces H* := P*Hpermi Such that

HFermi = @ Hav (95)
acA

where A is the set of all irreducible representations of the group Sy correspond-
ing to a Young pattern with at most two columns. Note that for such «, we
have P*Hpermi = PYL? (R3N). In fact, studying the operator H on the subspaces
PeL?(R3N) gives us complete information on the spectrum of the operator on
Hpermi- 10 that end let

H® := HP® (9.6)
be the operator H restricted to the space H* and
E(OéXl,“-,X]VI) = lnfU(Ha) (97)

In the work at hand, we will compute the interaction energy for fixed positions of
the nuclei, which is the difference between E( e Xar) and the sum of ground state
energies of atoms. Let us start with the 51mplest case of a diatomic molecule, i.e.
M =2.
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9.1. Diatomic molecules. Let C C {1,--- , N}, C # () be an arbitrary subsystem
of a system of N electrons. We define R(C) as the vector space of position vectors
(7;)iec of particles in C. Note that this space is isomorphic to R**¢| where #C is
the number of elements in C. We let L?(R(C)) be the space of L2-functions with
arguments in R(C). Denote by L2(R(C))* the orthogonal complement in L?(R3M)
of L2(R(C)).

For particles in C interacting via Coulomb potential with a nucleus at the origin
of charge eZ we define the Hamiltonian

HY = "T;— ZII Z _x‘ (9.8)
iec iec 17 zly<ejc !

acting on L?*(R(C)). We extend the operator by the identity in L?(R(C))* to an
operator acting on functions in L?(R?*"). In abuse of notation we will write E[CZ for
both, the one acting on L2(R(C)) and the operator acting on L?(R(C))® L*(R(C))*.

Let S(C) be the group of permutations within C. Obviously S(C) is a subgroup
of Sy. Consider a¢ to be an irreducible representation of S(C).

Definition 9.1. For a a type of irreducible representation of Sy, we say that ol is
induced by a and write o, < «, if af is contained in the restriction of o to S(C),
see [18, p. 94-98].

In the same way as the space Hpermi can be decomposed into the spaces H<, the
corresponding Fermi subspace of L%(R(C)) can be decomposed into subspaces

P L*(R(C))

where a¢ runs over all irreducible representations of S(C) corresponding to a Young
pattern of at most two columns.

We will consider a cluster decomposition 8 = (Cy,Cz) of the original system
{1,---, N} into clusters C; and Cq such that C; UCy = {1,--- ,N} and C; N Cy = 0.
Define D3, as the set of all such decompositions. Decompositions where the number
of electrons in Cy, #C; = Z; and the number of electrons in Co, Co = Z5 will be
called atomic decomposition D* C D3.

For the decomposition 8 = (C1,Cs) we define the intercluster interaction

—e Zg —e 21 €271 Zs
_ 9.9
=2 lz; — Z ' e — Z |$z - 33;| | X2 — Xy (©:9)

1€Cq

]Ecz

and set the cluster Hamiltonian Hg to be
HB ::H—IB. (910)

In other words, Hp is the operator where particles from different subsystems do
not interact. Note that for each 8 € D3 we have L2(R(C;))*+ = L?*(R(Cs)) . The
symmetry group of this Hamiltonian we consider is Sg := S(C1) x S(C2) C Sn, the
group of permutations which leave the cluster decomposition § intact. We use the
same notion of inducing of representations as above. Since Sj3 is a direct product
of two groups, the irreducible representations ag of Sg are direct products too. In
particular, for any irreducible representation O/B < «a of S3 there exists a unique
pair ap < a and ap, < « such that

alcl & Cvlc2 = a%, (9.11)
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see [18, p. 110-114]. We take P to be the projection in Hpermi onto functions of
symmetry type aj;. Letting

’

Hy" = HyP*s and H§:= Y Hy’, (9.12)
ag<a

we define )

f3 := min inf O’(H;ﬂ) (9.13)
ag=<a
and

¥ = min ug3. 9.14
p = iy i (9.14)

By translation and rotation invariance of the Hamiltonian for M = 2, Eflxl, X2) only
depends on |D|, where D := X5 — X;. We will write Efp instead of Efy v ). In
both, the pseudo-relativistic and the nonrelativistic, cases it is not difficult to see
that ,u’l = hm\D\%oo ElaDI

For some fixed point X € R3, which will be the position of one of the nuclei, and
the variable z € R, we define the unitary shift by X in the i-th particle variable
as

i L2 (R3N) N L2 (R?)N)
uy { ()
Z/{X 90(35) = So(xla e, Ti—1, T4 + Xa Ti41y" " 7xN)~
For 8 = (C1,C2) € D% and X1, X» being the positions of the nuclei we define the
shift operators

(9.15)

us = [Tuf T ud- (9.16)
i€Cy JEC2
We set
Hg = UsHpllj;. (9.17)

Note that Hp is unitary equivalent to Hg and
Ay = B2 + B2,
We define for 3 € D% the functions fa, f3 € C*°(R3*Y) as

fa(x) = Z —e*(3(z; - ep)(zj - ep) — i - x5), (9.18)
p=eh
fa(z) == Z % (3(;&- — ;) - ep[2(xi - ;) — 5(xi - ep)(x; - ep)]
jo (9.19)

+ 3l (a; - e) — Bl P - en))

where ep = I%I’ a unit vector in the direction from X; to Xs. Note that the
functions fs, f3 depend on the cluster decomposition /.

For now, let us fix any 8 € D*. We will show in Appendix B that p® is a
discrete eigenvalue of Hg. By unitary equivalence p® is also a discrete eigenvalue

of
Hy =Y Hy’ =Y HzP (9.20)
0‘23<04 o
where the sum is over all induced irreducible representations o/ﬁ < «. Denote by
Wg C H® the eigenspace of Hg‘ corresponding to u® and let
a1(8) = max |[(Hp — )" fo0|*. (9.21)
$eWy

lloll=1
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Although p® is an eigenvalue of ﬁg the value a;1(8) is well-defined since fa¢ is
orthogonal to the corresponding eigenspace, see Lemma E.2. We define V§ C Wg

as the subspace of all ¢ such that ||(Hs — 1) "2 f20)12 = a1(8) and
az(6) = max (g — p™) 2 f30]|*. (9.22)

evs
lloll=1
Similarly, Lemma E.2 ensures that also as(53) is well-defined. Due to permutational
symmetry, for any 31,82 € D we have a1(31) = a1(B2) and ax(B1) = a2(B2).
Hence we omit the argument § in the definition and write a; and ay throughout
the paper. For diatomic molecules our main result is

Theorem 9.2 (Van der Waals interaction for diatomic molecules). Let o be an
irreducible representation of Sy corresponding to a Young pattern with at most two
columns and let the following conditions hold:
1) For all B € D% \ D*

wg > pe
2) For each 8 € D and each irreducible representation aj of the group Sz with

o < a such that P“EWE‘ #0,
dim(P*sW§) = dim o}
Then . ) @ a0 Y
\D| — H =—W—W+0(IDI ) (9.23)
where a1 and az are defined in (9.21) and (9.22) respectively.

Remarks 9.3.

e Conditions 1) and 2) of Theorem 9.2 are the same as in the previous work
[3] by I. Anapolitanos and I. M. Sigal, where they obtained an asymptotic
expansion of EIOICDI — p® in the nonrelativistic case with an error of order
O(|D|77).

e The physical meaning of Condition 1) is that the lowest energy of the non-
interacting system occurs when the electrons are allocated neutrally. It is
important to mention that if Condition 1) does not hold, then Elobl — u®

is dominated by Coulomb interaction which decays like |D|~' and is thus
much stronger than the van der Waals-London interaction. FExperimental
data suggests that for any tuple of stable atoms this condition is true, see
the discussion in the introduction of [3]. Further detail concerning this
condition can be found in Chapter H of this thesis.

e Condition 2) is only needed in the proof of the lower bound for the vdW-
L interaction. It imposes restrictions on the rotational symmetry of the
atoms in the diatomic molecule. In particular the ground state space of ﬁ[g
only contains functions which transform according to the irreducible repre-
sentation of the group SO(3) of degree ¢ = 0. To see this, notice that the
Hamiltonian ﬁg‘ is invariant under rotations R € SO(3). Thus for any
eigenfunction ¢ € P“;*Wg‘ the rotated function Tro is an eigenfunction
corresponding to the same value. Rotation and permutation operators com-
maute, thus Tro € P“%‘Wg. So by [18, §3.19] the dimension of P“%Wg is
an integer multiple of the dimension of O/B and the dimension of a repre-
sentation of the SO(3) group. By Condition 2) dim(P"‘gWg‘) = dimaj so
the dimension of the representation of SO(3) describing the symmetry of ¢

is one. So it must be the irreducible representation of degree ¢ = 0.
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o Qur method allows to obtain the expansion of Elobl — u™ up to arbitrary
negative power of |D|. In particular, for diatomic molecules this expansion
does not include odd powers |D|~" and |D|~° in both the pseudo-relativistic
and nonrelativistic case. This seems to be new and unknown even in the
physics literature on the van der Waals force.

e In the definition of functions fa, f3 and therefore in the definition of a1 and
as, we use the vector ep. By the SO(3) symmetry of ffﬂ and Condition
2), the values of a1 and as will not change if we replace ep in (9.18) and
(9.19) with an arbitrary normalized vector in R3.

e The functions fa, f3 are, respectively, the second- and third-order coeffi-
cients in the Taylor expansion of the intercluster interaction (see Appen-
diz D). They are invariant under permutations in Sg and hence for any
irreducible representation a'ﬁ < o of Sg, we have flPO‘Z3 = P%fl, for
1=2,3.

e Numerical calculations in [47] for the coefficients of the interaction energy
of H, He and Li are consistent with the statement and predict the behaviour
given in (9.23).

Strategy of the proof of Theorem 9.2 To prove the main result, we derive
estimates of the difference E‘“D| — p® from above and from below. These bounds
coincide up to an order O(|D|~1?). To get an estimate from below for the interaction
energy, we apply a partition of unity to the configuration space, and minimize the
functionals in the corresponding regions. To obtain an upper bound, we construct
a suitable trial function.

More precisely, let 8% = ({1,---,Z1}, {Z1 +1,--- ,N}). By permutation sym-
metry of the operator Ngo, the ground state space Wgo of H go can be written as
a direct sum of subspaces transforming according to the induced irreducible repre-
sentations a%o < «, more explicitly

Wo = @ P,
a;}o—<a

Thus there is at least one ago < « such that there exists ¢ € P%so WE‘O that realises

the maxima a; and ay with ||¢]| = 1. For such a ¢ € P*#° Vs, we define

T xo<x>{¢<x> i) (5 + %Tg’)m} (9.24)

where x,(x) is a smooth function which localizes each particle in a ball of radius
|D|%, centered at the origin. As a trial function, which yields the required estimate
of Eﬁj‘ — p® from above, we define Yy, 1= P%{gOT.

To prove the estimate from above, we need to show that applying the cutoff
function x,(z) increases the energy only by an exponentially small amount. To this
end we need to prove exponential decay of ¢, (Hgo—u®) =" fagp, and (Hgo —p®) = f3,
which is done in Section 10. In addition, we need a suitable estimate for the so-
called localization error for the pseudo-relativistic kinetic energy. Such an estimate
is obtained in Section 11. In both cases, the proof of exponential decay and the
estimate of the localization error, the main difficulty arises from the non-locality of
the pseudo-relativistic kinetic energy operator.

For the estimate from below we consider all possible cluster decompositions into
three clusters 8 = (Cp,C1,C2). Some of the clusters may be empty. Particles in Cy
are far from the nucleus. Electrons in C; and Cs are close to X; and X5 respectively.
We apply a partition of unity of the configurations space with smooth functions J3
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cutting the configuration space according to the clusters in 3. If Cy # 0 or if C; and
C5 are not neutral atoms, the infimum of the spectrum of the cluster Hamiltonian
corresponding to this 8 on the subspace HOs is, by assumption, strictly greater
than p for all ajy < . For sufficiently large |D|, this implies

(Jptp, (H* — p*)Jprp) = 0.
Now consider 3 for which Cy = ), and (C1,Cs) € D*. Similar to [6, 7, 8, 9, 43, 44, 45]
we define a bilinear form

(o, )1 = (o, (Hg — p*))

and the corresponding semi-norm

lell? := (@, @)1
Then we project the state /3.J31 onto the ground state subspace Wg‘ of the operator
gg“ to get
U =+ R
for a normalized state ¢ € Wg‘ We proceed by projecting the rest term R onto the
functions .
_ _ o\ —1
¢2 - (-I?'ﬁ Moé)71 f2¢7 (9.25)
¢3 = (Hg—p*)"" f3¢
consecutively, with respect to (-,-);. Note that by Corollary E.3 these states are
well-defined. For the state Jgvy we arrive at the following representation

Jah =US (716 + |D| P20 + |D| " 363 + g) (9.26)
for a suitable function g. We substitute (9.26) into the quadratic form of
(H — ,U,a)Pa = (Hﬂ — ,U,a + Ig)PQ.
Then we expand Iz as a Taylor series and do a simple minimization in parameters
Y1, Y2,73, using orthogonality relations proven in Appendix D. It turns out that | g||
will be very small and 71, 2, v3 close to the coefficients of the trial function, which
we used to get the upper bound, when 1 is close to a minimizer of the energy.

Finally, in analogy to the estimate from above, the localization error is small on
¢, 2, and ¢3 due to their exponential decay.

9.2. Extension to M-atomic molecules. We can extend the result of Theo-
rem 9.2, stated for a diatomic molecule, to larger systems.

We will assume that the distances between atoms are simultaneously scaled by a
parameter d > 0. For all 1 <k <1< M, we write X, — X; =: dDy,;, where vectors
Dy, ; are assumed to be fixed. The scaling parameter d will tend to infinity. The
operator H can be written as

N M 2 2 2
e Zk (& (& Zk;Zl
H = E T, — E —_— E E— E . (9.27
i=1 ( el Xk) " " 4| D %20

rcigen Bl
We let
Ef :=info(H®) (9.28)
denote the infimum of the spectrum of H restricted to the space H* = P*HFormi-
Consider the cluster decomposition Sy := (C1,--+,Cps) of the original system

into M clusters such that in:l Cr={1,--,N}and C, NC, =0 for all k # 1. We
define the set DY as the collection of all such decompositions. Let

M
Hg, = HE* (9.29)
k=1
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where ffi’“ defined according to (9.8), acting on the space L%(R3"). The symmetry
group of this Hamiltonian is Sg,, := S(C1) x --- x S(Cp) C Sy, the group of
permutations which leave the cluster decomposition (8, intact. Once again, the
irreducible representations of Sg,, can be expressed as direct products of irreducible
representations ag of S(C). In particular, for any irreducible representation aj; <
a of Sg,, there exists a unique M-tuple of irreducible representations aék < « such
that

M
! ~Y /
® ap, =al, . (9.30)
k=1

We take p%M to be the projection in Hpem; onto functions belonging to the

irreducible representation a%M. Letting ﬁ;}i Mo.— Ff Bt P we define

(3, = min info(f{;f]M) (9.31)
aBN[<a
and
Y = min ug§ . 9.32
Har BueDy KBy ( )
Similar to the diatomic case u$; = limg_oo . We define the functions fz(k’l),

fék’l) € C®(R3N) as

K,
() =" —€*(3(xi - ep, ) - ep,,) — 3 x5), (9.33)
1€Cy
JEC
2
E,l e
$0 @) = 5(3(%‘ — ;) -ep,, [2(xi - 75) = 5(zi - ep, ) (@ - epy.,)]
e (9.34)

+ 8lail(; - ep,.) = Blas (@i - epy,) )

Dy - . . N
where ep, , := 527 is the unit vector in the direction from nucleus % to nucleus I.

The functions fQ(k’l) and fék’l) are related to the second- and third-order coefficients
in the Taylor expansion of the intercluster interaction of cluster k& with cluster [,
see Appendix D for details.

The value p$; defined in (9.32) is a discrete eigenvalue of the operator ﬁgM, see

Theorem B.1. Denote by WEM C H® the eigenspace of ﬁgM corresponding to p§;
and let

ad _1 _
all == max [[(Hp, —p§)"2 Y [Dra 0l (9.35)
¢|\E¢T\VEA14 1<k<I<M

We define f/gM C WgM the subspace of all ¢ such that

. a -1 —3 p(k,l
I(Hpy — 15072 > [Deal 2 55V 9)|? = !

1<k<I<M
and
- _1 —4 p(k
ad! = max [(Hg, —p§) "2y |Dral 7 Vol (9.36)
(T‘i}‘}il\f 1<k<I<M

Slightly abusing notation, for 3 € D we write 3 € D iff for all k € {1,---, M}
one hase 1Cr = Zj.
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Theorem 9.4. Let « be an irreducible representation of Sy corresponding to a
Young pattern with at most two columns and let the following conditions hold:
1°) For all B € DX\ D

WGy > M- (9.37)
2’) For each induced irredducible representation agp, <o of the group Sy such that
Por g #0,

dim(P**n WS, ) = dimas,,. (9.38)

Then

o o al @M oM _
where

% o \—1 gk, In) 7 o \—1 r(n,k

° pwr 8] Dyt || Din | D e 2
l#n,n#k

Remarks 9.5.

e The term of order d=% is a sum of the corresponding terms in Theorem 9.2.
Again no term of order d~7 appears. The main difference to the diatomic
case is the appearance of the term of order d—°. This term stems from an
interaction of three atoms. Fach of the atoms induces dipole momenta in
the other two atoms of this triplet. Their interaction is proportional to d°.

e In the diatomic case the result will not change if we replace the vector ep
in the definition fa, f3, (9.18) and (9.19) by an arbitrary normalized vector.
In contrast to that, in the multi-atomic case the term of order d=° depends
on the angles between vectors Dy, Dy, and D, ..

The paper is organized as follows.

In Section 10 we prove exponential decay of functions ¢, (Hﬁ — u®)"1fa0, and
(1:15 — u®) =1 f3¢, which play a crucial role in the proof of Theorems 9.2 and 9.4.

In Section 11 we prove a localization error estimate for the pseudo-relativistic
kinetic energy, which shows that outside the region, where the derivative of the
cutoff function is non-zero, the localization error is exponentially small.

In Sections 12 and 13 we prove Theorems 9.2 and 9.4 respectively.

In Appendix A and B we prove the HVZ theorem for atoms and atomic ions and
the existence of a ground state for pseudo-relativistic atoms and positive ions on
spaces with fixed permutation symmetry. This result was announced by G. Zhislin
in [49]. For convenience of the reader we give a complete proof of these statements.

In Appendix C and D we prove several technical estimates, which we use in
Sections 10 and 12, respectively.

Finally, in Appendix E we prove orthogonality relations, which are due to the
symmetry of functions ¢ and Ig.

10. EXPONENTIAL DECAY OF EIGENFUNCTIONS

In the nonrelativistic case, exponential decay of eigenfunctions with given permu-
tation symmetry is well-known (see e.g. [2]). The exponential decay of eigenfunc-
tions of a Hamiltonian with pseudo-relativistic kinetic energy proved by Carmona,
Masters and Simon in [12] does not apply for Coulomb potentials, however. For
pseudo-relativistic kinetic energy and Coulomb potentials, exponential decay of
eigenfunctions was shown by Nardini in [35] for the two body case. He extended
his results to the N-body case in [36]. However, in the proof he uses a method
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which destroys permutational symmetries. To prove Theorem 9.2 we need expo-
nential decay of ground states ¢ € Wg of H g and exponential decay of functions
of the form (ﬁg —pu®) "L fi, 1 = 2,3 where ¢ € WE‘ is a ground state. To this end
we will apply a modification of Agmon’s method (see [2]), adapted to the nonlocal
presudo-relativistic kinetic energy, which preserves symmetry.

Let a¢ be an irreducible representation of S(C). We define

Seci= lim it ol 2w, HEY), (10.1)
Roooyeporc HY2(R(C))
supp(¢)NBr(0)=0

where Bgr(0) is the ball in R(C) of radius R centered at 0 and HZ was defined
in (9.8). Everywhere in this section we treat the pseudo-relativistic kinetic energy

operator T; = y/p? +1 — 1 only.

Theorem 10.1. For any fized p < X%¢, assume that T € HY?(R(C)) satisfies
PoeY =Y and (HZ — p)Y =T, where T is a function with e®''T" € L?(R(C)) for
some a > 0. Then there exists b > 0 such that

T e LA(R(C)). (10.2)

Remark 10.2. ChoosingI' = 0 in the above theorem implies that any eigenfunction
T of HCZ with associated eigenvalue p < X%¢ is exponentially decaying.

In addjtion to Theorem 10.1 we will need a similar statement for cluster Hamil-
tonians Hg corresponding to a cluster decomposition 3 into two clusters.

Proposition 10.3. Let ag be an irreducible representation of Sg and let

= i i (o, H 10.

D Jim Wep%gllfm(w) el =, Hpp), (10.3)
supp(p)NBr(0)=0

where Br(0) is the ball in R3N with mdiqs R c~entered at 0. For any~ﬁa:ed p< X,

assume that T € L*(R3*YN) satisfies P**Y =T and (Hz — i)T =T, where T is a

function with e®"'T € L2(R3YN) for some a > 0. Then there exists b > 0 such that

T e L2(R3NY). (10.4)
The proof of Proposition 10.3 follows immediately from Theorem 10.1.
Corollary 10.4. Let 8 € D* and Wg be the ground state subspace of the Hamil-

tonian ﬁg = ]:IL;PO‘ corresponding to the energy pu®. Then for any normalized

function ¢ € Wg‘ the functions ¢, ¢o = (ﬂg —uN) "L a0, and ¢35 = (1{]5 —u) "L f30
with fa, f3 defined in (9.18),(9.19) and some by, bs, b > 0 holds

1o, eFlgy, etllgy € L2(RY). (105)

Since ¢ is a ground state, the existence of a by > 0 follows immediately from
Proposition 10.3. Notice that for [ = 2,3 we have

(Hg — p*)r = (Hg — ) (Hg — ™) fip = frgp (10.6)
The functions f; grow at most polynomially in |z;| which is controlled by the ex-

ponential decay of ¢ so we can apply Proposition 10.3 with I = fi1¢ to obtain the
result.

Proof of Theorem 10.1. Let k := C be the number of electrons in the cluster C. To
simplify the notation assume C = {1,--- ,k}. Let T € H'/2(R(C)) be a solution of
the equation (HZ — p)Y =T and & € C®(R(C);R) be a family of functions with
the following properties:
e £ is bounded for any € > 0
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e &, is invariant under all permutations of the variables z; € R3
e supp(&) N Bgr(0) = 0 for some R > 0, which will be chosen later
o |&| < Ce3ll for some constant C' > 0, independent of €

By the definition of ¢ in (10.1) and since supp(&.) N Br(0) = 0, there exists a
function ¥(R) such that limg_, Y(R) = 0 and

(Z%¢ = u = O(R))IEY|? < (&, (HE — p)é). (10.7)
Since (HZ — )Y =T, we can write
(€T, (HE = m)ET) = Re(€X, (HE — &)
= R6<T, £62F> + Re<€ET’ [567 FICZ]T>

where the absolute value of the first term on the r.h.s. is bounded above by C1||Y||
for some constant C; < oo, since e?'IT" € L2(R(C)). Together with (10.7) we get

(2 — = (R)[IET(* < Co||Y|| + | Re(&c T, [Ee, HE]T)I. (10.9)
We now specify the choice of £.: For v € (0, §) and for € € (0,1) we set

(10.8)

vr

F(r)y=F,. = . 10.1
(r) = Fuelr) 1= 1o (10.10)
Given R > 0 pick hr € C*°(R4;[0,1]) such that
1 if r<R
a(r) "{ 0 if r>2R
and define for z € R3* the function xzr € C*(R3*;[0, 1]) with
k
xr(z) =1 - [] hr(zi). (10.11)
i=1
Let
k
Ec(@) = xn(z) » _eflwh, (10.12)
i=1

To estimate the second term on the r.h.s. of (10.9) we will use the following lemma,
which is proved in Appendix C.

Lemma 10.5. Let the functions F, ., and & be as in (10.10) and (10.12). For
fized R > 0 and arbitrary 6 > 0 there exists vy > 0 and Cyy,r < 00 such that for
all v € (0,vp), all e € (0,1), and all p € H'/2(R(C))

k
| Re(Eep, €, HE L) < 8] Y eFrelmDo)| 4 Cyy rllol|*. (10.13)

i=1
Substituting (10.13) in (10.9) yields
(2% — p = I(R))[l&T |

k
< Gl + 811 Y e =02 4 Cop ] TP

i=1

k
< GNP + 811 = xr) Y e 0= DT|2 + Gy r]| T

i=1
for any v < 1. Moreover for all i € {1,--- ,k} we have (1 — xg)ef (=) < 2,
Hence

(8¢ — p = ARDIEXN < CLlIT |+ lIET? + 6k F|IT|* + Cug, rlI T
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which is equivalent to
(5°¢ = u = (R) = O)[IEX|* < CLIT|| + k2™ B T|? + Cu rl Y17, (10.14)

Choosing R > 0 such that ¥(R) < za(;_” and picking é such that § < 2%3_“, we
arrive at

. Yo _
(2%¢ — y— 9(R) — §) > T“ -
From (10.14) we get
VET? < Cal[ Y + 6k || 0|1* + Cup 1| Y12 (10.15)
and deviding by ~ on both sides yields
Ch k25 R 4 Cy g
1€ X% < 7\\T\| + %HTIIQ- (10.16)

Note that the bound (10.16) is uniform in . Since &, converges monotonically to e¥!!
as € — 0, the monotone convergence theorem completes the proof of Theorem 10.1.
O

11. LOCALIZATION ERROR ESTIMATE

In the proof of Theorem 9.2 and Theorem 9.4 we will use a partition of unity
of the configuration space. In addition to this, we use a cutoff function in our
construction of the trial function which we will use to bound the intercluster energy
from above (see introduction in Section 9). To obtain the required upper bound
we need to show that cutting the ground states of the subsystems leads to an
exponentially small increase in the expectation value of the intercluster energy.
Therefore we need a suitable estimate of the so-called localization error. Note that
in contrast to the nonrelativistic kinetic energy operator, the pesudo-relativistic
operator is not local. Consequently the localization error is non-zero everywhere,
including the regions where derivatives of the cutoff functions vanish. Of course,
there exist several estimates for the localization error of the pseudo-relativistic
kinetic energy. However none of them are precise enough for the proof of the van der
Waals-London law. The main difference between the estimate for the localization
error given below in Theorem 11.3 and the known results (see for example [11, 21,
22, 24, 28)]) is, we show that the localization error decays exponentially with the
distance to the support of the derivatives of the cutoff functions.

Let u, € C*(R?;[0,1]) such that

1 if e < g
Up(2) = { 0 if]z] > 2 (11.1)
and pick v, € C*(R%[0,1]) such that u% + v2 = 1 and h € H'/2(R?), the one

electron localization error £E1[h] is given by

LE1[h] = (uph, Tiuph) + (vph, Tyvph) — (h, Tih) (11.2)

where T = /p? — 1+ 1.

Theorem 11.1 (Localization error estimate for one electron). For any fized pg > 0
there ezists a constant C < oo depending on pg, such that for all p > po and for
all h € H'/?(R3)

1 _e
£&x ] < (g Ixphl” + e A1) (11.3)

where
1 if3p/32 < |2| < 9p/32
Xp(2) = { 0 elsew/here . . / (11.4)
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Remark 11.2. The first term in the r.h.s. of (11.4) corresponds to a region slightly
bigger than the region where the derivatives of the cutoff functions u, and v, are
supported. It is important that the localization error is exponentially small outside
of this region.

Proof. According to [28, Theorem 9] we have

Ka(lz1 — 2)
redm2|z1 — 292

L&) = [(up(zl)—up(ZQ))Q-i- (vp(zl)—vp(ZQ))z}h(zl)@dzld@.

(11.5)

This integral is invariant under permutation of z; and 23, so we can consider only
the region where |z3| < |21]. Let us define the following sets covering the region
22| <[]

A1 = {(zth) S Rg X R3“22| < |Zl|7 |21| < B}

8
Ay = {(21,20) € R® x B3|z < |z1| <lal <y —wm < 2
32 ) 647 (11.6)
As —{ 21,22 ERSXR3“22|<|Z1I <|2’1‘ ‘Zl 2:2|_64
Ay 7{ 21, 22) €R3><R3||22|<|21|, <|zl|, <\21722|}
We define
Ks(|z1 — 22]) 2 2 —
Iy, = T ap [(u,,(zl)_up(ZQ)) +(0p(21) —0p(22)) ]h(zl)h(zz)dzldzz.
(11.7)
For (z1,22) € A1 we have uy(21) = up(22) = 1 and we find
T4, =0. (11.8)
Next, by the scaling in the cutoff functions we have
1
lup(z1) — up(22)] < ;|Zl — 2 sup [Vup(§)],
and a similar inequality for v,. Using these estimates we obtain
C
Ha,| < P Ks(|z1 — 22|)|h(21)| |h(z2)|dz1dze (11.9)
As

for some constant C. Note that K (|- |) e LY(R3) (for details see [1]). For (21,22) €
Ay we have x,(22) = 1and § < 2] < 2 which, together with Young’s convolution
inequality, yields

Bl g [ el ([ Kol = sz ) dx

/8<|z1|<9p/32 (11.10)
< Sl Dl bl
Similar to the integral over the region A;, we get
Iy, =0. (11.11)

In the region A4 we use

(up(21) — up(22))” + (vp(21) — vp(22))” < 2
54



to get
1 K2(|Zl —2:2|)

Ia | < —
|A4|—27T2 " |2’1*Z ‘2

h(z1)] [h(z2)[dz1dz,

k(|- ) (11.12)
La>&)
< 3.2 / |h(z1 6|4 7 ) * |h\] (z1)dz1.
Using Young’s convolution 1nequahty for the r.h.s. of (11.12) we get
Lo Ks(|z1])

T € 3P [ 2 = (11.13)

From [1, (9.7.2)] and the remark after [1, (9.7.4)], for large r € R
Ky(r) < 10e". (11.14)

For more detail on the asymptotic expansion of Bessel functions see [4, §4.8] and
[4, (4.12.6)]. By (11.14) there exists a constant C' < oo such that

|1a,] < C||h[Pe . (11.15)
Collecting (11.8), (11.10), (11.11) and (11.15) concludes the proof. O

Theorem 11.1 can be used to estimate the localization error introduced by the
partition of unity of the configuration space in the proof of Theorem 9.2 and The-
orem 9.4. We will only prove this for the case of two nuclei (Theorem 9.2). The
generalization to the case of M nuclei is straightforward.

11.1. Multiparticle localization error estimate. Let D3; be the collection of
decompositions 3 of {1,---, N} into three clusters (Cy,C1,Cs), with Cx NC; = ) for
all k #1 and Ui:o Cr={1,---,N}. We will assume that Cy contains particles far
from both nuclei. Clusters C; and Co contain electrons localized near X; and X5
respectively. For z € R?, using u, defined in (11.1) with p = |D|%, we set

wy(z) == U pd (z — X1)
wa(z) = Up 3 (z — X2)

and pick wy(z) € C1(R?;[0,1]) such that w3 +w? +w? = 1. For # € R*N we define
a family of cutoff functions Jz € C*(R3M; 0, 1]) with

(11.16)

- H wi(z:) H w2(z;) H wo(zk)- (11.17)
i€y jECa keCo
It is easy to see that these functions form a partition of unity, such that for all
r € RV
> Ji@) =1 (11.18)
BEDY,

The localization error for some state ¢ € H'/2(R3*V) and the partition of unity
defined by the functions Jg € C1(R3*V;[0,1]) is given by

LEW) = Y (Jgth, HIgeh) — (v, HY). (11.19)

BED3,

For z € R? we set

. 3 3
(D) )1 if 3|D|1/32 < |z| <9|D|1/32
X { 0 elsewhere (11.20)
and for z € R3N we define
K@) = (P = X1) + X P)(; — X)) - (11.21)
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Theorem 11.3 (N electron localization error estimate). There exists C > 0 such
that for any ¥ € H'/?(R*N) we have

N 3
MSW]sc70D|%Ejnﬂ”wﬁ+eéw“|ww>. (11.22)
=1

For the proof of this theorem we need the following result.

Proposition 11.4. Let wg, w1, wy € C1(R3;[0,1]) be as defined in (11.16). Then
there ezists Do > 0 and a constant C < oo, such that for all |D| > Dy and for all
h € HY?(R?)

2

1> (wih, Tywih) — (b, T1h)|
=0 (11.23)

2 L
< O(IDI73] (P = X10) + XD = Xo))h|| + e )

Proof. According to Theorem 11.1 we have
[(wih, Ty ) + <\/1 — wh, Tiyf1 - wih) = (b, Tih)|

< C(IDI# X P2 = Xyl + e 121 ) 2).

(11.24)

Applying Theorem 11.1 once more for /1 — wih € H'/2(R?) and the cutoff func-
tion we € C1(R3;[0,1]) we get

‘<w2\/1 — wih, Tywgy/1 — w%h>— <\/1 —wih, Th\/1 — w%h>‘
+<\/(1 —wd)(1—wdh Ty /(1 —wd)(1 - wi)h) (11.25)
< (1D P2 = Xa)y/1 = wdh]|* + e # P 1= win)?).

Since supp(w;) N supp(wsy) = O we find

’LUQ\/l — W1 = W2

and

V1= wd)(1 - wh) = wp.

Notice that ||/1 — w?h||? < ||h||?, together with (11.24) and (11.25) this yields the
result. g

Proof of Theorem 11.3. The Coulomb potential, as a multiplicative operator, com-
mutes with the functions Jg. The operator T}, only acts in the k-th particle variable,
meaning that it commutes with functions w;(z;) for { = 0,1,2 and j # k and we
have

N 2
wmgﬂ?}mmmmmmwwmw> (11.26)
i=1 \1=0
Applying Proposition 11.4 for each term on the r.h.s. yields the result. [l

12. PROOF OF THEOREM 9.2

12.1. Estimate from below. Let ¢ € H® with ||| = 1 and ay,as defined in
(9.21) and (9.22). We have to show that there exists a constant 0 < C' < oo such

that o
a ai az
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We decompose an arbitrary state ¢ € H* with respect to the partition of unity
given by Jz defined in (11.17) according to the cluster decompositions in D3; to get

(W, (H = p®)) = Y (Jpth, (H = ) Jpth) — LE] (12.2)
BED3,
where LE[Y] is the localization error defined in (11.19). By Theorem 11.3 there
exists a constant 0 < C' < oo such that
N , L3
- LEWY) > —C <|D|—g D IxOp|* + emesl P W) (12.3)
i=1

where x(*) was defined in (11.21). Let

N 3
LJgy] := (Jptp, (H — p*)Jgp) = C (IDI_g > IO T + e el P ||JB¢||2>

i=1
(12.4)

with C given by (12.3). According to (11.18) we have
91 =Y Is9l? (12.5)

BeD3,
and from (12.2),(12.3) and (12.4) we get
(W, (H = p®)) > Y LIJgy]. (12.6)
BED3,

Slightly abusing notation, we say 3 = (0,C1,C2) € D if §C; = Z; and {Cy = Zo
From (12.6) we have

D LUsul= Y Llgvl+ D LIJsyl. (12.7)
BeDY, BeDt BeDR\D

We start with estimating the second sum in the r.h.s. of (12.7).
For 6 = (Co,cl,CQ) € D3 we set

—e2Z
I= ) xe : i Z +Z .
|1 ‘1 ]‘

1€CoUCy j€CoUC2 ’LE(é
J€ECa
12.8
+ Z 62 (& Z1Z2 ( )
= el [ X = X
1€C1UC2

the sum of Coulomb interactions between particles belonging to different subsystems
and let
Hﬁ :ZH—Iﬁ. (12.9)

Then we can write
(Jpib, (H — p®)Jpp) = (Jptp, (Hg — p®)Jpib) + (Jpt, I Jp1)). (12.10)

12.1.1. Non-neutral decompositions. If 5 is a non-neutral cluster decomposition,
ie. B € D} \ D, on the support of the function Jg1, the distances between a
particle in subsystem 1 to a particle in subsystem 2 grows in |D|. The same is true
for an electron in Cy and both of the nuclei.

Hence, since the interaction is small when the clusters are far apart, there exists

€/p| > 0 with € pj —— 0 such that
|D|— 00

(Jap, 1gJa1p) > —€p) 1 Js > (12.11)
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As the next step, we find that for 3 € D3, \ D%, for some § > 0 independent of
and |D| we have

(o, (Hp — p*)Jg) = 0| 0| (12.12)
For Cy(B) = 0 the inequality (12.12) follows from Condition 1) in Theorem 9.2. If
Co(B) # 0, the inequality follows from the fact that for all irreducible representations
of Sy, Hamiltonians of neutral atoms have discrete eigenvalues at the bottom of
their spectrum (Theorem B.1). Removing an electron will increase the energy of
the system, according to Theorem A.1. Combining (12.11) and (12.12) yields

N
_3 i -1 b1
LJs¢] = (6 — o) Js¢l* = C (IDI 2 X Tl + e 5P IIJ/ﬂ/)IIZ)
=1
>0
(12.13)

choosing | D| big enough. We can now begin to estimate the functionals L[.Jg1)] for
B € D,

12.1.2. Neutral decompositions. Let 3 € D, which implies §C; = Z; and #Cs = Z5.
For this 8 and ¢, € H® recall that the weighted bilinear form was defined as

(o, )1 = (i, (Hg — p® ) (12.14)

and the corresponding semi norm

[91F = (b, ) (12.15)
where Hg was defined in (9.17). Let WE‘ C H® be the ground state space of ﬁg
corresponding to u®. Note that Wg # () by Theorem B.1. We project the function
UgJg1p onto the space Wg with respect to the standard L?(R3M)-inner product
where U was defined in (9.16). For some v; € C with [y1| < 1 and ¢ € W§ with
¢l =1 we get

Usdgp =1+ G. (12.16)

As the next step we project G in the sense of the bilinear form (-,-); consecutively
onto the functions

¢2 := (Hg — p®) " fadb (12.17)
and

¢3 == (Hg — )7 fso. (12.18)
We will prove in Lemma E.2 that the function ¢, because of its rotational symmetry,
is orthogonal to fo¢ and f3¢ with respect to the standard L?-inner product, which
ensures that the functions ¢ and ¢3 are well defined. Furthermore we show in
Corollary E.4 that ¢, ¢o, ¢3 are mututally orthogonal with respect to the bilinear
form (-,-);. After this decomposition we have

Jah = Uz (¢ + |D|*ya¢2 + | D] 33 + g), (12.19)
where

(9,9) = (9, P2)1 = (9, #3)1 = 0. (12.20)

By definition of the functions ¢, ¢2, ¢3, and g and their orthogonality with respect
to (-,-)1 we have

(Jst, (Hpg — pn®)Jpp) = UpJptp, U HaUs — p*)Us J1p)
= U o, (Hp — i*)UpJp¥) (12.21)

|’Y2|2 |’Y3|2
= WH@H% + WH%H% +lgl3-
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Now we turn to the term with the intercluster interaction Ig. In Lemma D.5 we
prove that for any 6 > 0 there exist C' > 0 such that for |D| sufficiently big

(Jo, 15 J5®) > 2|D|~° Rev172ll¢2[{ + 2| D~° Re sl dsll3

7?4 yel® + sl sllali2 (12.22)

Summing (12.21) and (12.22) we arrive at

|32 + 2Re 1173
|D|®

[72)? + 2Re 172
[l 22N gl +

1?4 1el? + sl
|D|10

Let  be the distance between ground state energy and the next higher eigenvalue

of Hs. By Theorem B.1 x > 0 and, since g is orthogonal to W§, we have ||g[|7 =

(9, (Hp — u*)g) > kl|g||?. Taking § < 5 we get

(Jpab, (H — pu®)Jgp) > ¢33

(12.23)

-C = dllgl* + llgl3-

lgllt = sllgl> = Flgl> (12.24)
Note that
172]? + 2Rev1%s = |71 + 72l — | |? (12.25)
and
31> + 2Re ¥z = I + 3 — Im > (12.26)

Summing the bound for (Jgy, (H — p*)Jgy) yields

a P+ +el? [l + [y + sl

Clml?+ el + sl | &y e
D[ + 5 llgll®

(12.27)

We now minimize the expression on the r.h.s. of (12.27) with respect to 2 and 3.
We aim to show that for |D| large enough, minimization in v yields

I +l® el |’)’2|2 4CIm [?
|D|6 H¢2H1 |D|10 2> - |D|10 : (1228)
Assume that |y2| > 2|y1], then
1 +72? Clyl* _ zhel Clya/?
|D|6 H¢ Hl |D|10 |D|6 H¢ ||1 \D|10 (12'29)
which is positive for large |D|.
Whereas for |y2] < 2|v1| we have
Im+l® + 72l Cly|? AC|m 2
=17 — 2 - (12.30)

Dl [D[** = [D[1?
which is obviously smaller than the expression on the r.h.s. of (12.29). Minimizing
similarly in s, for |D| large enough we get

w2 Chsl® o ACI

(D TP Do = [Dpo

Plugging (12.30) and (12.31) into (12.27), taking into account that |y;|> < ||.Jz¢||?
we arrive at

(12.31)

<J1/J(H* a)J q/)>> 7H¢2H%7H¢3”%70|D|710 H‘] ¢||2+E” ||2 (1232)
PR =T DE T [DP SLUIFLL
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Now we turn to the estimate of the term coming from the localization error, that
is,

N 3
C<DI3§3M@&WW+6&W“wmwF>. (12.33)
i=1
The second term of this expression is exponentially small. For the first term we
have

1 i)7 % 2
XI5l < 250045 (6 + 02 +

3

2 .
pds) |+ 2 e (239

The functions x( are supported in the region where |z; — X;| > 3—32|D|’% for
I =1,2. According to Corollary 10.4, ¢, ¢o,and ¢3 are exponentially decaying, for
normalized 1 we get
. . 1
XD T5yl* < 20xPusgl* + O(e™P1%). (12.35)
Thus
3 N . 1 3
-C (IDI2 D IxD Ty 4 emwl P ||J51/1|2>
i=1
N
. ) 1 12.36
> ~CIDIF Y I OUsgl? + 0171 (1230
i=1
1
> —C|D|":N|gll” + O™ ).
Substituting this into (12.4), together with the estimate for (Jge, (H — p®)Jge) in
(12.32) we get

a1 az —10 2 -2 K 2
L >|—-—==-—==-0C|D —CN|D = . (12
[hw](|Dp B~ CID) )thﬂ+(<7 T+ 5) lgll® (12:37)
For |D| sufficiently large, the last term is positive and we arrive at
ai az —-10 2
L|J >|—-——=-—x-C|D J, . 12.38
a0 2 (=15 = s = €D ) 13 (1239
This inequality is true for any § € D%. Recall from (12.6) the bound
(W, (H—p™)) > > LIJgy]. (12.39)
BED3,
By (12.13) for all 8 € D3, \ D¢
L[Jgy] = 0. (12.40)

Since 3 5cpar | J590)1* < [[9]]* = 1, gathering (12.6), (12.13), and (12.38) we obtain

C
(W, (H = p®)p) > —|gl|6 = ﬁs - (12.41)

12.2. Estimate from above. We aim to construct a trial function ¢y € H* with
lvo]l = 1 such that

a1 a9 C
H—p® < - — —
<w07( H )¢0> = |D|6 |D|8 ‘D|10
where a1 and as are defined in (9.21) and (9.22). Fix some 3 € D, Wg‘ denotes
the ground state space of E[g By permutation symmetry of H s we have

Ws= @ P*Pwyg, (12.43)

a’(B)<a
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thus there is at least one o*(f8) < « such that there exists ¢ € P"‘*('B)Wg that
realises the maxima a; and ay with ||¢|| = 1. For such a ¢ € PO‘*(B)WE‘ we set

5 . (Hg — p®) L2 (Hg— )" 30
=U - -

et g o)
ey P2 ¢3
_uﬁ( _|D|3 |D|4)’

by definition of ¢o and ¢3 in (12.17) and (12.18). With P% being the projection
onto H* and the cutoff function Jg defined in (11.17), we define the trial state as

o = —Je%0_ (12.45)
[P Jgibo|
12.2.1. As a first step, we will show
Jato, (H — 1) J g
(o, (H — o) = $28%0 FL = 1) Tsbo). (12.46)

17535012

Let x&_, denote the character of the element 71 € Sy in the representation a. For
T defined in (9.4), and || denoting the dimension of the irreducible representation
a, by [18, p. 113] the projection operator onto H® is given by

o _ o o
P =" > Xea T (12.47)
TESN

Following [50] we write the r.h.s. of (12.47) as two sums. In the first sum we
collect the permutations which only permute particles within the subsystems of 5.
The second sum contains permutation which change at least one pair of particles
belonging to different subsystems of 5. We get

pe |0‘| > T +— YT (12.48)

77655 m Te€SN\Ss

For o/(3) < o we set

ZH!ZQ! \a|
o () 1= -2 . 12.49
®="N W) (1249
Note that for m € Sg
S oxg® (12.50)
o’ (B)<=a
and
po'® = 1B - 12.51
Zu 7l D Xao O, (12.51)
TESp
Let us define
= Y bu@pPr?® (12.52)
o (B)<a
and
> XEaT (12.53)
" T€SN\Ss
Then following [50] we rewrite (12.48) as
P =P + Py, (12.54)
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To prove (12.46) we first compute ||[P*Jg¢)||2. Since (P*)2 = P, by (12.54) we
have

1P Jgihol|* = (P + P5') Jstho. Jgtho)

’ ~ ~ o ~ ~
= 3 i (PP o o) + Y X (Tt Tt

a’/(B)=a " w€SN\Ss

(12.55)

The function Js is invariant under permutations in Sg, thus Jsty belongs to the
same symmetry type a*(8) as the function ¢. The projectors P* (%) are mutually
orthogonal for different o’(3). Hence for the first term on the r.h.s. of (12.55) we
get

7 Oariay (PO o, Tatho) = Oa- (s Ttk (12.56)

a’(B)<a

The last sum on the r.h.s. of (12.55) is zero, as the functions 7;J51/30 and ng/AJo are
supported on different domains (for details see Appendix F). Thus

1P* b0 )|* = O (s) | 5200l (12.57)

Note that (12.49) implies 0, () # 0, which yields, in particular, P*Jgtpg # 0.
As the next step we would like to show

(P Jgtbo, (H — pi*)Jgtbo) = b= (s) (Jatbo, (H — p)Jgtbo)- (12.58)
To this end we split P as in (12.54) and get

(P Jgtbo, (H — ) Jgtho)

= (PP Jgtbo, (H — p)Jgtbo) + (P5' Tgtho, (H — p®)Jgtho).

Let us show that the second term on the r.h.s. of (12.59) is zero. Since for all
m € Sg, T=Jpto and IgJg1y have disjoint support

(12.59)

(Ps Jgtho, I Tgtho) = 0. (12.60)
Furthermore Hpg is the sum of two operators
Hg =U3H? Us + USHIUp. (12.61)

The first operator acts only on particles in C; and the second operator acts only
on particles in Cy. The localization function Jg is supported in the region, where
particles in C; are located near X; and particles in Cy are near X, with distances
to the corresponding nucleus X; and X much smaller than |D| = |X; — X3|. We
can apply Lemma F.1 to see

(Ps Jgtho, USHE Us Tgibo) = 0 (12.62)
and

(Ps* Jatbo, U HZ*Us Tg1)0) = 0 (12.63)
since the respective functions have disjoint support (see Appendix F). Equalities
(12.60), (12.62) and (12.63) imply

(Ps Jgtbo, (H — ) Jgtho) = 0. (12.64)
Now we turn to the first term on the r.h.s. of (12.59). The operators (Hg —
u®) and Iy are invariant under permutations in Sg, thus (H — u®)Jzio belongs

to the representation «*(8). By orthogonality of functions belonging to different
irreducible representations, we get

(PP Jgtbo, (H — pi*)Jgtbo) = o= (s) (Jatbo, (H — p)Jgtbo)- (12.65)
This proves (12.46).
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12.2.2.  Our next goal is to estimate
(Tgto, (H — ) Jtb0). (12.66)
We substitute H = Hg + I3 to get
(Jatbo, (H — ) Jgtbo) = (Jatbo, (Hp — p*)Jatbo) + (Jgtho, IsTatbo).  (12.67)
For the first term on the r.h.s. of (12.67) we write
(Jotbo, (Hp = 1) Jgibo)

= (o, (Hp — p*)o) — (/1 = J3dho, (Hg — p)y /1 = T3xo) + LE g[ta],
(12.68)

where £E[¢)] is the localization error coming from the partition of unity with cutoff
functions Jz and /1 — J3. Similar to Theorem 11.3, this can be estimated as

N .
|LE[tho]| < C (IDI‘S > lxDajo|? + e~ w1 ||¢0||2> , (12.69)

i=1
By Proposition 10.3 the function o decays exponentially, which implies
~ 1
|LEs[o]| = O(e™1P1*). (12.70)

The operator (Hg — (%) is semibounded from below, thus for some constant C' > 0
we get

~ A~ N 1
(/1= J2¢o, (Hg — p®)y/1 = J3iho) > —C||\/1 = T3o* > —Ce™ P12 (12.71)
taking into account exponential decay of 1/30. This together with (12.68) yields

(Jatbo, (Hp — 1) Jgtho) < (o, (Hg — p®)ho) + Ce™ P12 (12.72)
Once again, by exponential decay of 1/30
1Ts30]* = [[do]|* + O(e™1P1%) (12.73)
and since ¢ is orthogonal to ¢2 and ¢3, we get
[l = 1+ O(D|~°). (12.74)
Combining (12.72), (12.73) and (12.74) yields
1580l 2 (Tgtho, (Hg — ) Jatbo) = (tbo, (Hp — p*)bo)(1+ O(|D|~%) (12.75)
= (g2l + Igsl1) (1 + O(ID|~°)).
Applying (12.75) in (12.46) we get

(o, (H — u*)vo) = ((Jbo, s Jtbo) + [ 62llf + l|95]17) (1 +O(DI7%)).  (12.76)

Similar to the estimates done in Lemma D.5, with simplifications coming from the
fact that we have v = 1, 79 = 3 = —1 and g = 0, we obtain

(Jato, L5 Jgtbo) = —2[| b2} — 2ll¢s ]I} +O( D7) (12.77)

which completes the proof of Theorem 9.2.
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13. PROOF OF THEOREM 9.4

The proof of Theorem 9.4 is very similar to the proof of Theorem 9.2.

We start with the estimate from below. Define cluster decompositions Sy, =
{Co,- -+ ,Cprr} into M + 1 clusters, such that particles which are far from all nuclei
belong to the subsystem Cy. As the next step we define the cutoff functions Jg,,
corresponding to the cluster decompositions 3;. The estimate of the localization
error is not different from the diatomic case.

Similar to the proof of Theorem 9.2 one can show that if 35 is not a decompo-
sition into M neutral atoms, for ¥ € H* we have the inequality

<‘]ﬂM¢? (H - N%/[)JﬂMT/)> > 0.

Now we turn to the estimate of the quadratic form (Jg,, ¢, (H — u®)Jg,, ) for
decompositions Sj; corresponding to M neutral atoms (c.f. Section 12.1.2).

We defined ﬂ'gM,WgM and functions fQ(k’l), fék’l) in equations (9.29)- (9.36). Let
Ug,, be the shift operator defined analogous to Ug in (9.16). Similar to (12.19) we
write

o =Us,, (Mo +d 202 +d 33 + g). (13.1)
where ¢ € Wg =~ and the functions ¢o, ¢3 are given by
02 = (Hp, — i) Y 1Dia 150 (13.2)
k<l

and
r] a \— — N
03 = (Hay — u§) ™ D IDral 4156, (13.3)
k<l
Note that by the same reasons as in the diatomic case we have

<¢)a ¢2> = <¢a ¢)2>1 = <d)a ¢3> = <¢a ¢3>1 = <¢27¢3> = <¢27¢3>1 =0. (134)

With the above definitions we get the same epression as (12.21) for the expected
value of (Hg,, — 13, )-

We now estimate the expectation value of the interaction I,, of particles belong-
ing to dofferent clusters (Jg,, ¥, Ig,, J5,,%). Our goal is to generalize the estimate
(12.22), which is proven in Lemma D.5, to the case of M atoms. Let xg,, be the
characteristic function of the support of Jg,, and let

I;;M = I,BMX,@M' (135)

Note that
<JBZ\/Iw7IBAI JBM¢> = <JBAIQZ)7 IEM JBAIQZ)>

* o * 2 Re Y2 * o *
— Iy 2 (U, 6, 18, U5, 0) + — T2 s 6o, 15, UE, )

d3
2Re ’71% * o * 72 2 * o *
+ d4 <uﬁM b3, IﬁMuﬁM (b) + | d6| <uﬁM b2, IﬁMUﬁM ¢2>

2Re27s3 ,, . o g% vl . o 7%
d7 <UBM ?3, IBMuﬁM ¢2> + | ‘ <uﬁM b3, I,BMU,BJ\/I ¢3> (136)

a8
* o * 2Re 72 * o *
+2Rem <uBMg7IﬂMuﬂM¢> + 3 <ul3Mg7IﬂMuﬂM¢2>
2Re V3 * ) * )
+ d4 <u51v197]51uuﬁ1\/1¢3> + <Z/[BMQ7IBMU5MQ>
= B + By + By + (U5,,9,15,,U5,,9),

where BM contains the first three terms of the r.h.s. of (13.6), B3 the second triple
and B third triple on the r.h.s. of (13.6). We define analogously to the diatomic

case the functions fik’l), fék’l), see Appendix D. Let z € R3*" and |- | denote the
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standard norm in this space. On the support of Jg,, we have |z| < C(Dod)7 with
Dy = miny; | Dy | and some constant C. We can expand IgM as a Taylor series for
large d arriving at

) (k.0) (k.0) )
’Io _Z UBMf2 _Z Us,, I3 _Z Us,, J4 _Z uﬁMf ‘ |33\6 )
Pm D PdS £ 2Dy|tdt £ 2|DyPd5 £ 2| Dy |50 (Dod)7

(13.7)

As the first step, we note that for BM, similar to Proposition D.6 we have,

2Re ’)’173

2R€’)’172 |W1\2 + [72l* + hsl?
> ||¢2”1 ||¢3||1 10 :

To prove (13.8) we substitute (13.7) into the expression for I3 —in By and follow
the same steps as in the proof of Proposition D.6, replacing orthogonality relations
from Lemma E.6 with the following proposition.

BM (13.8)

Proposition 13.1. Let Condition 2°) of Theorem 9.4 be fulfilled. Then for n,m =
2,3,4,5, n#m and all k,1 =1,--- M, k # 1 we have

(&, 1PV 6) =0 (13.9)
where

. FED g

_ 13.1
2|Dkl|m+1 ( 3 0)
k#l ’

¢m = ('E[ﬂM - M%)i

Proof. By Condition 2’), the state ¢ belongs to the irreducible representation of the
SO(3) group corresponding to the degree ¢ = 0. The functions fék’l) belong to the
irreducible representation of the SO(3) group corresponding to the degree £ = n,
see the proof of Lemma E.7. Consequently, ¢,, and f,(lk’l)qzﬁ are orthogonal as two
functions belonging to different irreducible representations of the SO(3) group. O

For B we have

r k,l) (I,n) _ n,k
gy a—pg) 300, £ (o, — 150" 1Y)
T o 8|Dk,z|3|Dz,n| [ D, k[?
I#n,n#k (13.11)

. C‘%|2 + 2l

(Dod)™0
To prove (13.11) we proceed similar to the proof of Proposition D.7 except the
remark after (D.50), which says that for M = 2 we have (¢2, fo¢2) = 0. For M >3

the argument of Lemma E.7 yields

7 a \—1 g(m,m’ k&) £ a \—1 (L1
<(H/5M_N’M) 1f2( m)¢af2( )(HﬁM_:U'M) 1f2( )¢>:O (1312)

only if at least one of the indices m,m/, k,k’,1,1' appears an even number of times.
Consequently the terms with each of the indices m, m’, k, k', 1,1’ coming twice con-
tribute to the estimate of B37.

The bound for B} is not different from the one given in Proposition D.8 for
M =2.

To get the upper bound, analogous to the diatomic case let a < « such that

there is a function ¢ € P*%u WgM with ||¢|| = 1 that realises the maxima a?/ and

adt. We set

(k 1) (k 1)

bo i= U H (13.13
wO B (d) ( Bm — :U’M kzd |Dkl|3 5M :u“M kzd |Dkl|4 )
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and take as a trial function
PaJﬁMfJJO
”Pajﬁqu[}OH

and follow the same steps as in the proof of Theorem 9.2.

Py = (13.14)

ApPPENDIX A. THE HVZ THEOREM

In Appendix A and B we prove two fundamental facts regarding the spectra of
a pseudo-relativistic Hamiltonian of an atom or positive ion, which are of crucial
importance for Theorems 9.2 and 9.4.

In Appendix A we prove a HVZ-type theorem, which gives the location of the
essential spectrum for an arbitrary type of permutational symmetry. In Appendix
B we prove that Hamiltonians of pseudo-relativistic atoms and positive ions for
any type of permutational symmetry have discrete eigenvalues at the bottom of the
spectrum. Both results were announced earlier without proof by G. Zhislin in [49].
For the convenience of the reader, we give complete proofs in these appendices. In
the nonrelativistic case both results are well-known. The first one, which is called
HVZ theorem (see [13, p. 34] ), was first proven without symmetry considerations
in 1960 by G. Zhislin [48], and later generalized by Sigalov and Zhislin to the case
of subspaces with fixed permutational symmetry [50]. The second one, which is
known as Zhislin’s theorem was proven in the same publications [48, 50].

For multiparticle Schrodinger operators with pseudo-relativistic kinetic energy
the HVZ-type theorem was proven earlier in [22], where systems with finite particle
masses and fixed total momentum were considered. The result needed for Theo-
rems 9.2 and 9.4 is different from [22], because on one hand we have a particle with
infinite mass, the nuclei, which makes the situation easier. On the other hand we
need to include the permutational symmetry.

The method we use in the proof is a straightforward modification of the method
by Sigalov and Zhislin, with necessary modifications related to the fact that the
pseudo-relativistic kinetic energy operator is non-local, which also requires a differ-
ent estimate of the localization error.

For any k € N and Ze? < 2 we set

k

k
H,f::ZT Z + > i—le (A.1)

i=1 zi| 1<i<j<k

acting on L2(R3%), where T, denotes the pseudo-relativistic kinetic energy opera-
tor for the i-th electron. Let aj be an irreducible representation of the group of
permutations of k electrons S;. We set

pc = inf o (HZ PO*%). (A.2)
Denote by aj,_, < aj an irreducible representation of Si_; induced by ay. We

define
ppk, = min inf a(HkalPa;vfl). (A.3)

’
ay_<ag

2

= and for any irreducible

Theorem A.l. For subcritical nucleus charge Ze? <
representation oy of Sk,

UESS(HIeZPak) = [Ugip“‘oo)-

Proof. The proof is split into two parts.
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A.0.1. "Fasy part": Let us first show that
UGSS(HIeZPak) = [Ugip“‘oo)- (A.4)

To do so, for arbitrary A > up*,, we give the construction of a Weyl sequence
(V) men C P L2(R3F) with [|¢,|| = 1, tm — 0 and

lim |[(HZ = X)¢ml| = 0.
m—r 00
Let af_; < aj be an irreducible representation of Si_; such that
inf o(HF_ Po=1) = &% .

Since C°(R3**~1) is dense in the domain of HZ | P¥-1, for any ¢ > 0 there exists
a function ¢, € P*-1C5°(R3* 1) with ||¢|| = 1 such that

o €
”(sz—l - Mki1)¢e”2 < § (A.5)

Let R, be such that
supp(¢e) C {z = (x1, -+ ,xp_1) € R3(k—l)||xi| <R, i=1,---,k—1}. (A.6)

The spectrum of T}, is the positive real axis and C§°(IR?) is dense in the domain of
Ty. Thus for any e > 0 there exists () € C3°(R?) with ||f(¢)|| = 1 such that

[T = = = D) < 5

Let us consider a decreasing sequence €, — 0 and the functions ¢., , f (ém) chosen
accordingly as described above. For each of the e,, we will pick a vector 4,, € R?
and define the shifted function

Fam e (1) = [ (2 + Apn).

The sequence of shifts A,, is chosen such that supp(fa
that

)N Bag, =0, and such

m€m

m—1
SUpp (fa,,,e,) N ( | supp (fA,,q)) =0.
1=1
Because the kinetic energy operator is translation invariant we get

«@ 2 €m

H [Tk -(A= luk‘il)}fAmyenz < 9 (A7)

We set
Om(T) := ¢, (T1,- - vxk—l)fAWGm (7x) (A.8)

and let
Ym(x) 1= P @, (x). (A.9)

Similar to the proof in Section 12.2 we have

[$ml1? = 1P oml|* = Oy, 1Pesn fam,enlls (A.10)

where f,: > 0 is a constant depending on aj_; and ay only (see Section 12.2).
By choice of A,,, the functions ., have disjoint support and thus 1, — 0.

We will now estimate ||(HZ — \)9p,||. The Hamiltonian HZ commutes with the
projection operator P+, and since |[P“¢|| < 1 we get

I(HZ = NP @ = [P (HT = Noml* < |(HY — Nl
We split (HZ — )) into three parts
e? ez

(HZ = A) = (HE, = i)+ (T = =) + (D Jog — i Jawl

1<i<k

).
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On the support of ¢, we have

2 2
Z
S o] < (A.11)
1<i<k i — x| ok
Together with (A.5) and (A.7) this yields
I(HE = NP o * < e (A.12)

This shows that A € o, (HZ P**), and since A € [ug* |, +00) was chosen arbitrarily
this proves the inclusion.

A.0.2. "Hard part": We will show that
Uess(HkZPak) - [,Uzil,‘i’oo)- (A13)

We prove this inclusion by induction in k. For k = 1, the hydrogen-like case,
this is well-known. We fix an arbitrary k¥ < Z and assume that for any k¥’ < k
(A.13) is true. Take any A € oess(HZP*) and a corresponding Weyl sequence
(¥1)1en C P2 L2(R?F). Our aim is to show that

lhm <wl7Hk;Z¢l> 2 /J/(]:il
— 00

By Weyl’s criterion this implies (A.13).
Let ur € C*°(R?;[0,1]) such that

1 if[z|<R
ur(2) = { 0 if|z] >2R (A.14)
and for any C C {1,--- ,k} we define
Fe(x) := HUR(xi) H V1= u%h(x)). (A.15)
iec jgc
With this definition we have
Y =1 (A.16)
CcC{1,-,k}
Let C* :={1,--- , k}; observe that
k

supp (Fe+) C ® Béll)%.
i=1
We apply a weakened form of Theorem 11.3 to estimate the localization error and
get

(1, HE 1) = (Feetu, HY Fe-tn) + Y (Fetou, HY Feir) — LE
cAC

= (Fe-tou, HE Fe=tpi) + Y _ (Fehy, HY Feby) + O(R™?).
c#C

For the first term on the r.h.s. of (A.17) the definition of u®*, see (A.2), implies
(Festhr, HY Fe-ty) > p* || Fe-111?
= Ht [ Fesull* + (0 — pih )| Fethl|>.

QZ 2

ieC i€C i,jeC
1<j

(A.17)

(A.18)

Let

68



For each summand of the second term on the r.h.s. of (A.17) we write

(Fetn, Hif Few) = (Feby, HE Febr) + > (Feuyy, Ty Fed)

iy - (A.20)
+ Y (Fet, ( | | Zﬁ)wo
jgc i i |

Each term in the second sum on the r.h.s. of (A.20) is non-negative. For the
summands in the third term on the r.h.s. of (A.20), by construction of Fg, there
exists a constant C' > 0 such that

e?Z e? 9
Z (Fet, (— — + Z 7)FC¢Z> > —*||F(ﬂ/}l\| (A.21)
; |5 2|z; — ]
jgc
It is obvious that for any C C { 1, -+« k} the function F¢ is invariant under permuta-

tions in S(C). This implies, that for ¢ € P L2(R3*) the function F¢1) necessarily
has a symmetry corresponding to an induced representation ap; < ay, of S(C). Thus
for any C # C* we have

<Fc¢z,HcZFc¢z>2a¥n<ig inf o (HE Poe)| Fel* > ™ [| Fewn | (A.22)
c=ay

by the induction assumption, since HCZ Pac s unitarily equivalent to HZ P for
= #C and some ayr < ap. Gathering (A.17), (A.18) and (A.20)-(A.22) we get
that for some constant C' > 0 independent of [ € N we have

C
(b, HE ) > gt ZHFCW =t )| Fetl® - % (A.23)

%,_/
=1

It remains to show that ||Fe«1]|? 1220, 0. The operators Hy := Z \T; and HY
are semi-bounded from below, thus there exists a constant ¢ > 0 such that (Hop+c¢)
and (H7 + c) are positive operators. We write

Fethy = Fe- (Hi? 4 ¢) " (HF + ¢). (A.24)

Firstly we claim that the sequence ((HkZ +C)¢l)l€N
(¢1)1en is a Weyl sequence, (HZ — Ay, converges to zero in norm and

(H + )y = (HE = N+ (c+ Ve
—_— —

—0 —0

converges weakly to zero. Since

Our next goal is to show that the operator Fe-(HZ + ¢)~! is compact. We write
Fe-(HE +¢)™' = Fe- (Ho + ¢) "2 (Ho + )5 (HZ + ¢) 2 (HZ +¢)7 2.

Since (HZ + c)_% is the inverse of a strictly positive operator, it is bounded. To
obtain a bound of (Hy+¢)2 (HkZ +c¢)~z. Let V be the sum of Coulomb potentials
in Hk , such that

H? = Hy+ V.
Since V is relative Hyp-bounded, there exist 1 > a > 0 and b > 0 such that for all
v € D(Hy) ND(V) we have
{0, V)| < alp, How) + bl|pl|.
By this inequality, for all ¢ € D(Hp) we get
(0, (Ho +¢)p) = (¢, (Ho + V + ¢)p) = (¢, V)

< ¢, (HF + c)p) + a{p, Hop) + bllo|*.
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Since a < 1, this is equivalent to

(e, (Ho + 09)) < —=— (o, (H +)o) + == ]

“1—a

In particular, setting ¢ = (HZ + ¢)~z4) this yields
|(Ho + )2 (H + )7 20l1* = ((H +¢)" v, (Ho + ) (H{ +¢)*4)

1 9 b—ac 7 _1 9
< — —|(H z9)||”.
I+ T (HE + ¢ hy)

Together with boundedness of (HZ +¢)~ 2 this implies that (Ho+¢)2 (HZ +¢)~2 is
bounded. Finally note that the operator Fe«(Hy + c)_% is compact, being a norm
limit of Hilbert-Schmidt operators

B, = Fe-(Ho + ¢)"'x(Hy < n). (A.25)
Thus
1Fe- | = |[Fe- (Ho + ) ™% (Ho + ¢)* (HZ + ¢) "3 (HF + ¢)wi]|* =25 0. (A.26)
Recall from inequality (A.23) that

o C
(W, H ) 2 ity + (0 = it )| Fe vl = .
Picking R and [ large yields A > pp*,, where X\ was an arbitrary value in the

essential spectrum of HZ P*. O

APPENDIX B. EXISTENCE OF A GROUND STATE FOR ATOMS AND POSITIVE IONS
Let HZ, Sk, and ay be the same as in Appendix A and let k < Z.

Theorem B.1. For any irreducible representation oy, of the group Sk, the operator
HZ P has a discrete eigenvalue at the bottom of its spectrum.

Proof of Theorem B.1. We prove the theorem by induction in k = 1,--- ,Z. For

k =1 we have ) ) )
Ze Ze
HZ =\ pPr1-1-25 <22
[z =2 ]
Ze?
]
the existence of a negative eigenvalue for HZ. Note that for one electron we do not
have restrictions regarding its symmetry.

For fixed but arbitrary k& < Z, let us assume that for each irreducible represen-
tation a1 of the permutation group Si_1, the operator HkZ_lPC“’C*1 has a ground
state.

We will construct a trial state ¢y € P H'/2(R3*) for arbitrary irreducible
representation «y of Si such that

4ol =2 (4o, HE o) < inf oess(HE PO*).

Let af_; < aj be an irreducible representation of Si_; such that

2
The operator - —

has an infinite number of negative eigenvalues, which yields

info(Hf ,P*-1) = min inf U(H,CZ_lpo‘;c—l) =:ppk . (B.1)

’
Q<o

By the induction assumption, there exists a state ¢ € Pt H'/2(R3( 1) with

(6 Hi_19) = s |14l (B.2)
Let f € C§°(R®) with || f|z2 = 1 and supp(f) C {z € R3|1 < || < 2}, and let
fr(2) = R™%f(zR™Y), (B.3)
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so that ||fr|| = 1. For u € C*°(R3; [0, 1]) with
1 i)z <d
u(z) = { 0 |z >1 (B.4)

we define the cutoff function
k—1

Z+1
Crz(@, e mp 1) = 1:[1u(:c ). (B.5)
This cutoff function localizes each particle i = 1,--- ,k — 1 in a ball of radius ZL;I
and is invariant under permutations in Si_1. We define
do(x) = (Crzd)(x1, - xu1) frlzr) (B.6)
and the trial state
Poky)
Py = Mo (B.7)
([ Pk aho |
Following the same argument as in Section 12.2, we have
(o, HZ P*<)y) _ (Yo, HZ o) (B.8)
[ Pk abo [ [0l |2
We split the Hamiltonian HZ into three parts
2 2Z
HZ =HE |+ +( ei—e—). B.9

1<i<k

Using the exponential decay of the eigenfunction ¢, similar to (12.72), we get

(Croz, Hi 1Crz0) = 1t 0] + O(e™eF) (B.10)

for some constant ¢ > 0. Note that for xj, € supp(fr) we have |zx| = (1 + )R for
some 6 € [0,1] and by choice of (g, z, for x € supp(¢y) we get

2 2

€ &
_ e e
1;’“ i =l = 1<Z';k || — |l
N Y (B.11)
ek-1)(Z+1)
T (Z+Z0+0)R
and
e2Z e27
TJwl T O+ OR B.12
|| (1+0)R (B.12)
Using (B.11) and (B.12), and k < Z, we arrive at
> e ez e0+1+20)
S Jri—ad ol T ROU+0)(Z+20+0)
(B.13)
e’ e2Z0

< .
= " R(Z+20+0) RO+0)(Z+20+0)

The first term on the r.h.s. is increasing in 6 and the second term is non-positive,
which yields the bound

- e? e?Z e? 5 g
(W0, ( Z Tz —za] m)¢0> < *m”ﬁ’o” ‘ (B.14)

1<i<k 70
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Furthermore, for the particle k£ we have

(o, Tibo) = ||Cr,z0|1*(fr, T fR)

2
p
< ICr, 2811 (fr, ?kfzﬁ (B.15)
[GN
< 5190l
Collecting (B.8), (B.10), (B.14) and (B.15), we get
(Yo, H{P*po) _ 0,  C e? o
Wo Rk Vo) e 4o 2 © k B.16
[Peedal? =M R T @z R <M (B16)
for sufficiently large R. By Theorem A.1 we have
pit | = inf oess (HZ POF). (B.17)

So (B.16) shows that the discrete spectrum of H,CZP"’“ below ;% is not empty, in
particular a ground state of HZ P exists. O

AprpPENDIX C. PROOF OF LEMMA 10.5
To prove Lemma 10.5 we start with some auxiliary results.

Lemma C.1. For a bounded function & € C1(R3), T = \/p>+1—1 and any
function ¢ € H'/?(R3) we have

[Re(ep. 6716 < 1 [ FXE D 6(0) - €)Ploto)] elapds (€1

where Ko is the modified Bessel function of order two.

Proof. Since T is self-adjoint we can write

Re(éw,[6,Tp) = (5 Rel€6, T) + 5 Relp, TE%) — (60, Teg).  (C2)
For two functions f,g € H'/?(R?) one has

Kollz — -
L[ Bl 9D Re ((4@) - £ @ = s))dedy. (C3)

Re(f,Tg) = —
To prove (C.3) notice that according to [24, Theorem 7.12] we have

72 Jps x—yl
for o € H'/2(R?). If f,g € H'/?(R?) then
Re(f,Tg) = 1 ((f +0.T(F +9) ~(f~0T(F~g)).  (C)
Using (C.4) in the r.h.s. of (C.5) we get
1 [ K|+ - (e
0 g ] oo T oo
1 K-y -9 - (F-9w)
1672 /Rs |z — y|? dedy,
and taking
G+ 0@~ (F+ 0w - (- 9@ - (7 - W)

= Re ((f(x) ~ f)o@) — 9(0)))
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into account, we arrive at (C.3).
Applying (C.3) for each of the three summands in (C.2) we have

Re(€p, [, Tlp)
= 8*12 W Re [(€2¢(x) - €6(v) (¢() — o)) | dyda
w2 Jre |T —
b [ B g (o) - o) @ol) - o) dyas 7
872 Jpe |z —y|

Cdn? Jpe o Ja—yP?
By multiplying out the expressions in the square brackets in (C.7) one sees

L[ E(z—yl)
472 Jre |z —y|?

Re(¢e, [¢, Tle) = [(€(@) — €9))" Re (p(@)p()) | dyde

(C.8)
which yields (C.1), because the modified Bessel function K(] -|) is positive. O

For convenience of the reader we recall

Lemma 10.5. Let the functions F, ., and & be as in (10.10) and (10.12). For

fized R > 0 and arbitrary 6 > 0 there exists vy > 0 and Cyy.r < 00 such that for
all v € (0,vp), all e € (0,1), and all p € H'/2(R(C))

k
| Re(éep, [6c, HE o) < 811D ™0V 4 Cyq 0] (10.13)

i=1

Proof of Lemma 10.5. Since the Coulomb potential is a multiplicative operator, the
commutator of & with V is zero. Thus

Re(éeo, (&, HE Jp ZRe (e, [€e, Tilep). (C.9)
=1
Given x = (21, -+ ,xx), we set Y= (T1,- L1, Yis Tig1, -, Tk) € R3%. By

Lemma C.1 we get

| Re<§e@a [56; HCZ]90>|

"1 Ka(|zi — yil) )2 i

S S g 60 S s
k

::ZI(@)

Let us estimate the term with ¢ = 1 in the r.h.s. of (C.10). The estimate for all
other terms is similar. We begin by splitting the integrand into two parts, using
the bound

(&) = &(u")* = (xnl Z”'“ )(eF<lyll>+§k;eF<ml>))2

k
§2<XR(x)eF<|m1|>,XR(yl)eFu.yu)) +2(xale) - )2 DIED
=2

(C.11)
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We define the integrals

K2(|I1 - yl‘) F(\ |) 1 F(\ 2
(1) .= LA . T z1]) _ v1l) Yidurd
1) /RSkJrs 47T2|.’)31 — y1‘2 (XR(JJ)B Xr(y)e ) lp(@)|le(y”)|dyr dz

(C.12)
and
K2(|ZIZ1 _y1|) F(| 1
I 1 = _— a:, )
2( ) R3k+34’/T2|£C1 —y1|2 (XR( Ze ||§0( )|dy1d$
(C.13)

In Lemma C.2 below we will prove the following estimate for Z; (1): For any § > 0
there exists a constant Cy(R) < oo such that

nL(1) < ||6 Do(@)|? + Cu®) ). (C.14)

In Lemma C.6 below we will prove that there exists a constant Cy(R) < oo such
that

I(1) < Co(R) |- (C.15)
So

b
I() < T(1) + To(1) < [l Vep(a)[* + (CL(R) + Ca(R)[ll*. (C.16)
Together with the inequality
leF =D p(a))|* < IIZGF("”’ ol Vie {1, k} (C.17)
1=1

we get that for any § there exists a constant Cr > 0

: ok
) .
(1) < A > eFUmDo)? 4 Crllp|®. (C.18)
i=1
Using this, and similar bounds for Z(i), for ¢ = 2,--- , k in (C.10), summation over
i=1,---,k proves Lemma 10.5. O

Lemma C.2. For Zy(1) defined in (C.12) and any 6 > 0 there exists a constant
C1(R) < oo such that for all v < vy

T(1) < *Ile WD o(@)|? + CuB) o). (C.19)

For the proof of Lemma C.2 we will need some preparation. We will split the
area of integration into three regions. For this purpose, define

1 Ks(|zy — 1) F(lz1)) 1\ F(lg )\ 2 .
ar? Jo |z —y]? (e(w)e Xr(y)e ) lo(@)e(yh)|dyrday
(C.20)

for a Borel set 2 C RS. Note that for = RS the integral Z{}(1) is symmetric under
the permutation of z; with y;. Consequently for Q = RS it suffices to estimate this
integral over the region {(z1,71) € RS | |z1| < |y1|}. We will cover this region by
the three regions A;, Ay, A3 defined as

Ar = {(1,11) € R |z1| < |, |z1 — | > R}
Ay = {(z1,31) €RY| |11| < [pn| S 2R+ R, |a1 — 1| < R} (C.21)
Az = {(z1,11) € R®| 2R < |z1| < |1, |&1 —w1| < R},

() =

where R is a fixed positive parameter. The corresponding integrals are estimated
separately in Lemmata C.3-C.5.
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Lemma C.3 (bound in region A;). We have
152 - D2, g
A1) < / Pl 2y, (C.22)
M) < W . e 2y

Proof. The function F(-) = F, () is monotone increasing and since |z1| < |y1| and
xr < 1, one has

(XR(I)SFGCHD _ XR(yl)eF(lyll))Q < 2F(uil) (C.23)
Furthermore, using monotonicity of F' and the triangle inequality
F(lz +yl) < F(lz)) + F(lyl)

we obtain
eFlul=lz1i—v1]) < eFlzl)

Moreover, for 0 < 11 < ro we have F(ry) — F(r1) < v(re —r1). Therefore

F(lyil) < F(ly] = a1 = wil) + vz —wl-
Gathering these bounds yields
2F(nl) < oFuih) o F(jzal) grler—ya (C.24)

Substituting (C.23) and (C.24) into Z;"* (1) we get

M(XR(I)QFGM erM) e DY (@) oy dardys

M (1) =
1 ( ) A 47T2|.T1 _y1|2

Ko(lz1 = 411) _r(aal) Pl 1) pvlas—oa] 1
@ vlw dw1dyy.
[T e cF i etes o) oy o

(C.25)

Since for (x1,y1) € Ay one has |z — y1| > R, the r.h.s of (C.25) can be estimated
as

Ka(Jz1 — 1)
A, Az — i ?
1 - xT
Ry / Ky (|1 — yu])er 1 =0l (@) =10 oy e (91D | dary dys
412 R2 JRre
Note that for v sufficiently small Ky(|-|)e’I'l € L*(R3) which, together with Young’s
inequality for the y; integration implies

1ol e 2
TA (1) < / FaD |2 g, .
M) < WR? o [d,

Pl evler=vil) o (2)||p(y*) | day dyy
(C.26)

O

Lemma C.4 (bound in region Ay). Let R, R,v > 0 be fized. For all € € (0,1) we
have

792(1) < ([xrller + )2 CRR K (|- )1 ey / o(x)Pdzy,  (C.27)

Proof. Using the mean value theorem we have

. 2
(XR(SE)SF(‘ 1) _ XR(yl)eF(lyl\))

N2 (C.28)
< lor =y ((lIxrller + xr((@® @, ) F/ (")) )e"(1D)
for some z* with |z1] < |z*| < |y1|. Since ||F'||c < v, we obtain
2
_ 2 * ’ * F(|z™|)
T + x* xe, - xp) F (| )e )
o= o ((Icaller +xa((@ 2o o) F' (o) (©29)

)22 (o).
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Using (C.28) and (C.29) we arrive at

K (|21 — y1])
Ax — 22\l 7 I F(lz1]) _ (ly1l) 1
7 ) = [ G (eala)e 1) a0 ooty o

< (Ixrllcr +v)?

) B Ko(|z1 — y1])e2E Do) | o (y) |dz1 dy,
2

(C.30)

Due to monotonicity of F' and since |y;| < 2R + R, the r.h.s. of (C.30) can be
bounded as

X 14+ v 2 >
{xnller £0) aransr) /A Ka(le1 = y1)le(@)llp(y"ldardys

+v
< Qbanbor £ 2P ovars iy sy [ ot

- 472
In the last step, we applied Young’s inequality and the fact that F(r) < vr for all
r > 0. This concludes the proof of the lemma. O

Lemma C.5 (bound in region As). Let R, R,v > 0 be fized. For all e € (0,1) we
have

2 vR K .
1{43(1) S v-e || 2(| D”LI(R3) / |(p€F"’€(‘x1D|2dCL'1. (031)
47'('2 R3

Proof. Since xg(7) = xr(y') in the region Az and yr < 1, we get

M(m(z)emm —er )Y (@) oy dardys

A, Am2 |z — 1 ]?

221 = w1l) ( F(iar)) _ P 1
Tl CHR plx dzidy; .
A, A2 y1|2( ) lp(@)]le(y")|dz1dy

7i*(1) =

By mean value theorem and monotonicity of F', we obtain

Ks(|z1 — -
M(e“' D — P D) ()] () [darrdyn
, 4m? |z — |
(C.32)
<1 / Ka(J21 — 1) 00D (@) (") [dardys.
Using (C.24) this implies
L2
W/ Ka(le1 — 1)) 1D p(@) o (y') | d1 dys
(C.33)
= 47T2/ Ka(lz1 —yu])|e" Do) [ 1D (yh)] e1o = dy dys.
Applying Young’s inequality together with the bound e¥!*1—%1l < evi yields
iz [ Rallar = DI (o) ety 4
2 vR (C.34)
vée .
< TN Dllargesy [ le(@)eR oD e,
7 R3
U

Proof of Lemma C.2. By the definition of Z;(1) we have

T,(1) < 2/ (If‘lu) + T2 (1) +I{43(1))d:v2~-~dxk.
RSK*S
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Summing (C.22), (C.27), and (C.31) and integrating against variables xg,- -,z
we arrive at

) < (U DMy | 2o R - Dllarwey oot
R 2wk 2m? (C.35)
(Ixrllor +v)2e CRAB| Ko (|- D rmsy | o
53 2.

Given 6 > 0 we choose R sufficiently large and v sufficiently small such that for
all v € (0,19) one has

(||K2(| : |)eu"‘||%1(R3) N VQ@”RHKz(\ ‘ |)||L1(]R3)) < § (C.36)
212 R2 272 k’ '

For this fixed R, the choice

(Ixrller + v0)?e2 0 CRER Ky (|- )] 1 (roy
2m?

Ci(R) := (C.37)

completes the proof of Lemma C.2. O

As the next step we will estimate the integral Zo(1) defined in (C.13).

Lemma C.6 (bound of the integral Z5(1)). There exists a constant C2(R,v) > 0
such that

I>(1) < Co(R,v)|lo]?

Proof. Recall

Ky (|1 — 1) INV2(S P ()2
I5(1) = — — () Y| dyy de.
0= [, g () = x 1) (00 (ool
(C.38)
By definition of xr, we have
Xer(@) = Xr(W") = Loy j<2r  Liapj<2r(Xr(®) — XR(Y")).
Using F(|z;|) < 2vR for [ = 2,--- , k and the mean value theorem, we get
(xr(x) = xRy )2 (712D 4 eFU2D)? < (yp(a) — xR(y")) K2R

< IxrlE ket oy — .

Together with Young’s inequality this yields

Ka(lz1 —wl) a
220 T Sl F( \m) du-d
R3k+34ﬂ'2|$1 - y1\2 (XR(f ;6 (@)l (y )‘ Yyrax

- 472

_ Il (k= 1% "

- 472

Il (k= 1)
< rle /  Eallen = D le@)llply dyados - dan

182 (] Dl syl
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APPENDIX D. INTERCLUSTER INTERACTION IN DIATOMIC MOLECULES

In this part we estimate the term (Jgv, IgJzt)) which is an important part in
the proof of Theorem 9.2. For these estimates we will use orthogonality relations,
which will be proven in Appendix E.

Denote by P,(z),n € N,z € R the n-th degree Legendre polynomial, these
polynomials are generated by (1 — 2zt + t2)*% (see [1, 22.9.12]), more explicitly for
—1 < z<1and |t| <1 we have

VI—2: 182 Z (D-1)
Consequently, for D, h € R? with h < D we get
1 = h DY\ |n"
= P’I’L _ s = . D.2
PERY (1 1) e (B-2)

In particular for n = 2, 3,4 we have

1
g(35z4 — 30z +3). (D.3)

Let 8 be a decomposition into two clusters C; and Cs with 4C; = Z; and #Cs =
The intercluster interaction is given by

(& Z2 e Zl €2Z1Z2
. (D4
e T M Z \xz—m oy - P

Py(z) = %(322 —1), Ps3(2)= %(523 —3z), Pu(z)=

For i, € C; we define

FD (z Z |z:|" P, (9:1 |D|) (D.5)

1€Cq

A S () w0

j€C2
and
—z; D
() P, — . D.7
]: Z|x7f Jf]| (|ZL'Z—£CJ| D) ( )
1€Cq
J€EC2
Let
fulz) = = Zo FV () — 22, FP (2) + 2 F P (2). (D.8)

Note that for n = 2,3 the functions defined in (D.8) are the same as fo and f3 in
(9.18) and (9.19). Observe that = € supp(Jg) implies |x; — X1| << |D| for i € C;
and |z; — Xa| << |D| for j € C3 and the Taylor series of Iz converges. This yields

Us fn(a e2Z Z
5/n( 142 )
Z |D|”+1 D Vz € supp(Ja) (D.9)
where Ug is defined in (9.16).
Lemma D.1. For any decomposition 3 € D%
U3 folx 27,7
@) DD g f@) =0, (D.10)

D] |D|
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Proof. For B € D* we have §C; = Z; and {Cs = Z». Since Py(z) = 0, by (D.5) -
(D.7) we get

FP (@)= 20, FP() = Zo, and F(2) = 21 2. (D.11)
By definition of fj in (D.8) this implies
ung(JC) = UE(*(EQZQZO = 22,7, (D.12)
which proves the first part of the lemma. Since Pi(z) = z, writing ep := \%I we
have
]:1(1)(33) = Z Zi €D,
i€Cq
(D.13)
";TQ)(x) = j{: —Tj €D
J€EC2
and
F @)= (@i — ;) ep. (D.14)
1€Cy
JEC2

By definition

Uz fi(x) = ME(— Z e?Zy(xi-ep)— Z e*Zy(—xj-ep)+ Z 62[(ZE¢—$]‘)'6D]) =0.
1€Cq JjECo 1€Cy
JEC2

(D.15)

(]

In the next lemma we will establish a bound of the remainder in the Taylor
expansion of Ig. Let us define the potential

I5(x) == (Isxs,)(2) (D.16)
where x s, () is the characteristic function of the support of J3.

Lemma D.2. Let 8 € D%, then for any k > 2 there exists a constant 0 < C < oo
such that for x € supp(I§) we have

Z | <ol (D.17)
where )
- ( SN - xi?)7 (D.18)
1=1,2i€C,

Remark D.3. Notice that dg(-) characterizes how far away the particles in C1 and
Cy are from their respective nucleus. This norm does not depend on the distance
|D| between the nuclei. In particular

Updg() = Il (D.19)

Proof. Note that for k¥ = 2 the sum on the l.h.s of (D.17) is the empty sum which,
by convention, is zero. The k-th summand of the Taylor expansion of I is

I/{(—BQZQZ ( .D> |l 12 ( ) |z]*
7 | D[R+ R | DR+

1€Cy
D.20)
+é? Py ( . eD) g )
72(;1 |lzi — ;] | D|F+1
JEC2
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We apply the Taylor theorem with a remainder in Lagrange form. Since the Le-
gendre polynomials take values between —1 and 1 on the interval [—1,1], the La-
grange form remainders are bounded above by one. Consequently

2 k 2 k
Usfn €2 Zs|x; — X1 27|z — Xo|

I E E — E —

B |D|n+1 = |D|k+1 | D|k+1

Jj€C2
1) = (z; — Xo)[*
+ Z |D|k+1
i€Cq
jEeC2

and there exists a constant C' such that

LU fu dg(z))"
Z |§)J|fn+1 ’ < ﬂg?:-i)-)l Va € supp(/3). (D.21)

d

Corollary D.4. Let 8 € D and ¢1, o2 € L*(R3N) such that there ezists b > 0
and Aoy with
o2 (e 2 < Aollpa]. (D.22)

Then for any k > 2 there exists a constant Cy(b, Ag) < 0o such that

T ]
(Ui (13- Z|D‘jn+1)um>\§ck|faw EDllor] el (D23)

Proof. To prove (D.23) we apply Lemma D.2 to get

(s, (13- Z |DTn+1)uﬁ¢2>] < Cltzer, o uﬁ 2| (D.24)
and by (D.19) we arrive at
ds ()"
D[

Now (D.23) follows, using the Cauchy-Schwarz inequality and the exponential decay
of ¢o from assumption (D.22). O

(R

ClWUsipn, \220)

To simplify the notation in the remainder of the section, we set

G =Usp, do=Usps, ¢3:=Ujps and §:=Ujg. (D.26)

Lemma D.5. Let ¢, ¢2,¢3,9 € H* and ~v1,72,73 € C be as defined in (12.16)-
(12.19). For any fized 6 > 0, there exist C' > 0, Dy > 0 such that for |D| > Dy

(Ja, 15 Js®) = 2|D|~° Rev172ll¢2§ + 2| D|~° Re s I3

2 2 2 D.27)
nl® + el + Iy (
— C| 1| ||D2|10 | 3| _ (ngH2
Proof. Note that by definition of 5 in (D.16) one has
(T, IsJpt) = (S, I3 Jp0), (D.28)

and, according to (12.19),
Jath =Uj (716 + | D *ya¢2 + [ D] " 3 + g)

=m¢ +|D|3y2ds + |D| 33 + G
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Using this we can split the expression on the r.h.s of (D.28) into the terms
(Jpab, 15 J50)

< o 2Remiye 2Rev173
= |’71|2<¢)3Iﬂ¢> |D|§ 2<¢2a1—ﬁ¢> |D|i 3<¢)3a1—ﬁ¢>
- 0T o 2Re
+ﬂww@4mwﬂ§#w%%@> mﬁww&%@> (D.30)
2Revs . .o~ 2 ~ 2Revs . ., ~ - o~
+|DP%%%@>|5Fw&B%> D (91569 + (5, 139)

= B1 + By + B3 + (3, 139),

where
- 2Re 2Re
By = Im[*(, I59) + 4ﬂ%ﬂwm%@ —ﬁﬁﬂwm%@ (D-31)
el* - o7\, 2Rem s sl - oz
By = I I I% D.32
2 |D|6 <¢2, B¢2> |D|7 <¢)37 ,8¢2> |D|8 <¢37 ﬁ¢3> ( 3 )
and
o o Revys . ., - Revs . 7
Bs :=2Rey; <g,Iﬁ¢> =+ |T|:,:Y2<Q7Iﬁ¢2> + |D7|473<9a IB¢3>- (D.33)

In Propositions D.6, D.7 and D.8 we bound these three terms separately. We obtain

2Rev172 2Rem17y3 |’71|2 + |2 + |ys)?
By > —Dp o213 + “DF lpsll? — DJI0 ; (D.34)
2 2
_l’_
By > —CW (D.35)

and we show that for any ¢ > 0 there exist C, Dy > 0 such that for all |D| > Dy

we have
2

M [2l? s> 8, o
By > —C -C - C — ZlglI2. D.36
=Y D|o | D12 |D|14 5 19l (D-36)

For the term (g,137) in (D.30) we use the fact that on the support of Jg, the
distance between particles belonging to different subsystems grows proportionally
to |D|. Thus for any 6 > 0 we can choose Dy > 0 such that for |D| > Dy

= o 0. )

(9. 189) > =5 1g11” = =5 llal* (D.37)
Collecting the estimates (D.34) - (D.37) proves the lemma. O
Proposition D.6 (Estimate of By). We have

2Re1173

Ivll2 + |2 + |ys)?
D '

|D|10

B, > 2Rev172

= |D|6 ||¢2||1 ||¢)3||1

(D.38)
Proof. By Condition 2) of Theorem 9.2, for each o/ < «, the functions in P‘I,Wg‘
transform according to the ¢ = 0 degree irreducible representation of SO(3). In
particular the one electron densities are spherically symmetric with respect to their
associated nucleus, see [3]. Due to mutual orthogonality of the spaces P Wy for
different o/, all functions in Wg have this property. Applying Newton’s theorem
([24, Theorem 9.7]) we get

(@, 189) = 0. (D.39)
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For the second term of (D.31), by Lemma D.1 and Lemma D.2 we get
<¢~2,I§<ZB> > |D|7%(¢a, (Uj f2)o ) + |D|~*(¢2, (Uéfs)@ + D[ (2, (ubkfzx)@

(ds(-)°
+ DI, @ 59) — €| (2, 2 o)
(D.40)
Notice that for [ = 2,3,4,5 we have
(b2, Uz F)0) = (U2, UL 1) UZ)) = ($2, 1) (D.41)

We will use the following orthogonality relations between ¢, and fiop, | = 3,4,5
from Lemma E.6:

(P2, f30) = (P2, fad) = (b2, f5¢) = 0. (D.42)
This implies
6
15¢) > |D|~3 ~-C 50)) 5 D.43
(62, I50) > | D" (¢, f20b) — ¢)23 |D|7 ?)|- (D.43)
Note that by Remark D.3 and due to exponential decay of the function ¢ we have
(45())" ; .
C|ié2, o] < DI o] (D.44)
By definition of the semi-norm, see (12.15), (g2, fo®) = ||¢2||? and since 2 Re v, 75 <
7112 + el we get
2Rem72 2R67172 |71|2 + el

Now we estimate the last term in (D.31). Since ¢ decays exponentially we can
apply Corollary D.4 with k¥ = 5 and proceeding as in (D.41) yields

(63, 15) > |D|™*(¢3, f20) + |DI™*(¢3, f36) + DI "*(d3, fag) — CIDI" |2l 4
(D.46)
According to Lemma E.6 the first and third summand of (D.46) are zero and we
get
2Re ’}/1’}/3
D

ol + sl
|D[10

2Re ")/1"}/3

|D|4 <¢3alﬁ¢>

losll¥ — (D.47)

O

Proposition D.7 (Estimate of Bg). There exists a constant C > 0 such that

172l + s l?
By > -C——«n———— D.48
2 = |D|10 ( )
Proof. Recall that
|72l 2Re73 |s?
B 1 _— 1 I D.49
2 = |D|6 <¢27 ﬁ¢2> |D|7 <¢3a ,B¢2> |D|S <¢37 [3¢3> ( )

For the first term on the r.h.s. of (D.49), since ¢o decays exponentially (see Corol-
lary 10.4), we can use Corollary D.4 with & = 3 and the analogous to (D.41) we
get

(f2, I5d2) > |D|*(¢a, faip2) — C|D|*||a|>. (D.50)
By Lemma E.7 we have (@2, fa¢2) = 0 which implies
2
g ’Y
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To bound the second and third term on the r.h.s. of (D.49) we apply Corollary D.4
with &k =2 to get

2Re2 Vs, = o r 72| + |3 ?
W@%Jg@) > —Cw (D.52)
and
|’y3|2 g o I |’y3|2 D
D (p3, [503) > _C|D|11' (D.53)
O

Proposition D.8 (Estimate of Bs). For any fized 6 > 0 there exist C > 0 and
Dy > 0 such that for |D| > Dy we have

I f? [ ]? [vsl> 0, e
B3 > —C -C -C — =llgll” D.54
3 = |D|10 |D|12 |D|14 2”9” ( )
Proof. Recall
~ o 1 2Re’y ~ o L 2Re ~ oL

For the first term, by Corollary D.4 with k£ = 4 and the analogous to (D.41) we get
2Rev1(g, 136) = 2Rem|D| (g, f20) + 2Rem|D| g, fs6) — ClnID||gllli¢]

(D.56)
where by definition of g we have
(9, f20) = (g, p2)1 =0 (D.57)
and
(9, f3¢) = (9, ¢3)1 = 0. (D.58)
This implies R
2Re1(7, 1§6) = —ClmlID["®|lgllll¢]- (D.59)
By Corollary D.4 with k = 2 we get
2Revs . ~ _
DP (9, I5¢2) = —Clrl|DI"®|lgllll¢2]| (D.60)
and 9 R
Y3 . o~ _
‘TVLS<97[/3¢3> > —Clvs| D" Tllglll #s]l- (D.61)

Applying Young’s inequality for products in (D.59)-(D.61) yields the result. O

APPENDIX E. ORTHOGONALITY RELATIONS

In this subsection we prove several orthogonality relations, which follow from the
symmetry properties of functions in Wg. Let PO L2(R3Y) — L2(R3N) such that

(PO (x) := (@1, ,Tim1, —Ti, Tip1, - IN) (E.1)
and define
Pe, = H P,
i€Cy
As usual we say that a function ¢ € L2(R3YN) is Pe,-symmetric iff Pe,o = . A
function ¢ € L%(R3YN) is called Pc,-antisymmetric iff Pe,¢ = —p. Similarly, we

define the operator P¢, and set
1%hc2lz=¢%1¢k2.
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Lemma E.1. Let o/ < « an irreducible representation of Sg be such that P("/Wg #+
0. For Pe = Pc,,Pc,, Pe,c, we have
either: all functions ¢ € PO‘,WB‘ are Po-symmetric

or: all functions ¢ € PQ/WE‘ are Po-antisymmetric.

Proof. From the definition of H s it is apparent that P H 8 Pe = H 3. Consequently
the Po-symmetric and the P,-antisymmetric functions are invariant subspaces of
Hgs. By Condition 2) we have dim(P“/Wg) = dim«a/ and since ' is irreducible it
can not contain nontrivial invariant subspaces, so either all functions in P“/Wg are

Po-symmetric or all functions in P“/Wg are Po-antisymmetric. O
Lemma E.2. For any ¢ € Wg we have

Proof. Recall the definitions

fa(x) = Z —e*(3(z; - ep)(z; - ep) — x; - 7;) (E.3)

1€Cq
JEC2
and
2
f3(z) = Z % (3(:101 —zj;)-ep [2(% ~x;) — 5(x; - ep)(z; - eD)]
1€Cq
j€ECo (E4)

+3la*(@; - ep) = 3la,[*(@; - ep) ).

It is easy to see that fy is Pc,-antisymmetric and Pc,-antisymmetric. Note that
f2 is invariant under permutations in S which preserve the cluster decomposition
(. Hence multiplication by f; commutes with the projection P*'. Since the spaces
P“,Wg‘ are mutually orthogonal for different o, for all ¢ € Wg we have

(6, f20) = Y (P ¢, 2P ). (E.5)
o' <a

Since [P ¢|? is Pe,-symmetric and f; is Pe, -antisymmetric we get

(P9, fP'¢) = 0. (E.6)
Similarly, from the explicit expression of f3 in (E.4) follows
Peie,fs = —13 (E.7)

which yields
(6, Fs0) = D _(PY¢, fsP¢) = > (P¥¢,(Peye, fs)P¥¢) =0. (B8

a’'<a o' <a
O
Corollary E.3. For any ¢ € Wg the functions
¢ = (Hf —p®) " fup, k=23 (E.9)

are well defined.

Proof. This is an immediate consequence of Lemma E.2, since it states that fr¢ is
orthogonal to ¢. O

Corollary E.4. For any ¢ € Wg we have
<¢7 ¢2>1 = <¢7 ¢3>1 =0. (E].O)
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Lemma E.5. For any ¢ € Wg we have
(P2, f22) = 0. (E.11)

Proof. By the same argument used in Lemma E.2; since f> appears three times in
the expression

(B2, faa) = (Hg — p*) "' f29, fo(Hp — ) ™" fa0) (E.12)

applying Pe, results in a change of sign which yields the result. O

Lemma E.6. For any ¢ € Wg and with ¢o, ¢3 defined in Corollary E.3 we have
i) (P2, ¢3) = (P2, f39) = (d2, f5¢) =0

i0) (B2, £26) = (n, fa8) = 0. (B4
Proof. Notice that the Legendre polynomials fulfill
P,(—z) = (-1)"P,(2). (E.14)
In particular for h, D € R? we get
—-h D h D
(it o) =0 (i o) (1
and thus
(Peycs fn) (@) = (=1)" fu(). (E.16)
Hence
(f20, [30) = ((Pcrca f2) @, (Peyes f3) @) = —(f20, f39) = 0. (E.17)
Analogously
(f20, f50) = (f30, fad) = 0. (E.18)

Since Hjz commutes with Pe,c,, so do (Hz — pu®) and (Hg — p®)~'. Hence by the
same argument we also get

(P2, 93) = (B2, f30) = (P2, [50) = (93, f20) = (#3, fa) = 0. (E.19)
O

In the next lemma we will use the SO(3) symmetry of the system.
Lemma E.7. For any ¢ € W‘é‘ and ¢y = (Hg — ™)~ fop we have
(¢2, fad) = 0. (E.20)

Proof. As afirst step we notice that the functions f> and f, are the sums of Legendre
polynomials of degrees 2 and 4 respectively. For the Legendre polynomials Py of
order k and the spherical harmonics Y,” we have

47 0

Yy (0,0).

Py(cosf) = ES

Note that in (D.5)-(D.7), leading to the definition of f, in (D.8), for Y we

have cosf = —‘;‘?‘ . —‘g‘, for ./'-,(12) we have cosf = —I_;’l . —‘B‘ and in .77(13) we have
i J
cosf = ‘i:? [ —lgl respectively. Consequently the Legendre polynomials of order
i T

¢ are transformed according to the irreducible representation of degree ¢ under the
actions of the SO(3) group, see [18].

By Condition 2) of Theorem 9.2, the state ¢ belongs to the irreducible repre-
sentation of degree ¢ = 0 of the group SO(3). Thus the products fa¢ and f4¢ are
transformed according to the representations of degree ¢ = 2 and £ = 4 respectively.
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By rotational invariance of the operator I;TB, the function (ﬁg — )" fa¢ has
the same symmetry a fo¢, namely it transforms according to the irreducible repre-
sentation of degree ¢ = 2.

But functions belonging to two different irreducible representations are orthog-
onal. This proves the lemma. O

APPENDIX F. REMARK ON ACTIONS OF THE PERMUTATION GROUP

Let g € L*(R3™*")) be a function depending on position vectors of (m + n)
particles. Let A be an operator on L?(R3*™) and g € D(A ® 13"), so that A ® 13"
acts on g as a function of the first m positon vectors.

Lemma F.1. Assume that for some R > 0 we have supp(g) C {& € R3 ™+ || <
Ri=1,---,m,|¢| > 2R j > m+1}. Let Sp,4rn be the permutation group of (m+n)
particles and m € Sy, 4y such that m ¢ S, ®S,,. In other words m exchanges at least
one of the first m particles with a particle labelled by 7 > m + 1. Then

supp ((A ® 113")g) N supp (7;9) =0 (F.1)
where 7:1'9(6) = g(gﬂ_l(1)7 T 7671'_1(m+n))'

Proof. For local operators A this relation was first used by Sigalov and Zhislin to
prove existence of an eigenvalue of atoms with arbitrary types of rotational and
permutational symmetry [50]. If the operator is local, (F.1) can be rewritten as

supp(g) Nsupp (T=g) = 0. (F.2)

If A is a non-local operator, (F.1) is still true, because for at least one particle
ig > m + 1 we have

|€&,] > 2R on supp ((A ® ]13")9) (F.3)

and
&, < R on supp (Trg). (F.4)
O

APPENDIX G. SPIN, SYMMETRIES AND REPRESENTATION THEORY

In the following section of this thesis we will give a brief introduction to the
discovery of the electron spin followed by a description of the mathematical imple-
mentation into the quantum mechanical theory.

We give a summary of some of the important results of representation theory
in an attempt to shed some light on this algebraic topic, that might lie within
unfamiliar territory for mathematical physicists.

It is beyond the scope of this section to rigorously deduce the theory of group
representations. The aim of the discussion is to convey some of the underlying
concepts so that the applications of representation theory in the context of quantum
mechanics can at least heuristically be understood without a profound knowledge
of group theory.

G.1. Quantum numbers. Quantum numbers come from the formal description
and enumeration of observed atomic spectra. Physicists attempted to give a formal
description of the energy levels of an atom. The result were formulas that replicated
the different energy levels in the observed atomic spectrum. Initially physicists used
two integer variables and the charge of the atomic nucleus to desctribe an atomic
spectrum. More explicitly, introducing the fine structure constant

a=— (G.1)



Sommerfeld came up with a formula for the energy levels of the relativistic hydrogen
energy spectrum

1 a? 1 3 4
En,l = *Ry |:n2 -+ ﬁ <l+1 - 4n):| + O(Oé ) (G2)

using two integer valued variables n = 1,2,--- and | = 0,1,--- ,n — 1 and the
Rydberg constant Ry.

These first formulas could only reproduce the rough structure of the spectrum.
It was then observed, that the spectral lines would split under the influence of an
external magnetic field. An effect known as the Zeeman effect. To accomodate
for this spectral line splitting, more variables needed to be introduced. This is the
origin of the quantum numbers as they are known today. These numbers did not
come with a physical interpretation right away. Only later have these variables
been associated to physical properties.

These quantum numbers are a 4-tuple consisting of the principal quantum num-
ber n, indicating the electron shell attributed to the electron which is directly linked
to the distance to the nucleus; the azimuthal quantum number £ linked to the angu-
lar momentum of the electron; the magnetic quantum number m, which describes
the orientation of the orbital of an electron relative to a fixed direction; and the
spin projection quantum number mg describing the spin of a quantum state.

The famous exclusion principle due to Pauli was formulated with the help of
these quantum numbers. Pauli attempted to formalize the spectrum of alkali met-
als when he found that certain energy levels that were theoretically possible did not
show on the measured spectral lines. He observed that for two electrons with an-
gular momentum £ = 0 there are four possible states if they have different principal
quantum number (i.e. are in different electron shells) but only one possible state
when their principal numbers agree. His explanation was that each state charac-
terized by the four quantum numbers (n, £, my, s) can be occupied by at most one
electron.

With the discovery that the wave-particle duality does not only apply for pho-
tons, but also for electrons, quantum mechanics changed significantly, shifting from
the use of quantum numbers to utilizing a wave function ¢ € L?*(R3N C*V) de-
pending on position and spin of electrons to describe a quantum mechanical state
for N electrons. Consequently the Pauli exclusion principle needed to be refor-
mulated. In this setting the Pauli exclusion principle can be implemented as a
restriction of the state space to the subspace A} L2(R?, C2) of functions that are
antisymmetric with respect to any transposition of two particle variables. Before
we discuss this specific antisymmetry restriction we will take a short detour to the
general symmetric properties of the physical system and the implications thereof
for the quantum mechanical system.

G.2. Symmetries of the physical system. The symmetries of a physical system
should always be replicated by the theoretical model that is used to study the
system or predict natural phenomena. By neglecting the intrinsic symmetries we
could possibly artificially create dependences where there should not be any, which
could lead to false conclusions and predictions. For example, the attraction of two
massive objects should only depend on their relative distance and their masses
and not on the point of view of the observer. We want similar properties for the
quantum mechanical model of an atom. The specific requirements are discussed in
this section.

We will look at the quantum mechanical model of a time-independent N electron
wave function ¢ depending on N particle variables (to be specified later) that
describe every relevant property of the electron. The energy associated with a state
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is modelled by a Hamiltonian operator H. More precisely, the expected value of
the energy of a given state modelled by a state function v is given by the quadratic
form
(v, Hyp). (G.3)
The first requirement with respect to symmetry of the system is, that the point
from which the system is observed should not have an impact on the energy of
the system. So the system should be invariant under rotations of the space. The
second requirement is that electrons should be viewed as identical particles, so
interchanging electrons with identical properties should not alter the result.
Let us focus on the Hamiltonian of NV electrons of charge —e with position vectors

x1, -+ ,xn € R? interacting with a nucleus of charge eZ located at the origin
N 2 2
e‘Z e
oS (a Sy
; il 1§z’<zj§N |25 — ;] (G.4)
=—A+V

acting on L2(R3Y) where V is the collection of Coulomb interactions. This Hamil-
tonian depends solely on the electron position (relative to the nucleus) and does
not depend on their spin. Let us now find a mathematically rigorous way to express
the symmetries of the physical system in this mathematical model.

Exchange of particles is modelled by the permutation group and rotations of
the system are modelled by the group of rotations in R3. However a quantum
mechanical state is not described by a collection of elements that we can permute,
but wave functions depending on the particle variables. We need to represent a
permutation m € Sy of a set of N elements by an operator 7, acting on the
space L? which transforms the wave function in the same way as the "physical"
exchange of electrons according to the permutation © would. Analoguously we need
to formalize how a rotation of the physical system should translate to the quantum
mechanical model.

The definition of such operators is rather straightforward. We realize a rotation
of a vector in R? by a unitary matrix transform with determinant 1, that is R €
SO(3). To implement the rotation for the state function, we apply the rotation
matrix R to each of the position variables x1,--- ,zy € R3. More explicitly, we set

TRdj(xlv"' ,l'N) = 1/’(R171’ ,RI'N) (G5)

By defining the composition Tg7Ts := Tgr we ensure that the collection of these
operators form a group, which is isomorphic to SO(3), the group of rotations in
R3.

We want to proceed similarly for the permutation group Sy. Let m € Sy be
such a permutation. We define the operator

7;71/}(‘%17"' ,Z'N) = 1/)(1’7‘._1(1),'” )‘:Uﬂ"_l(N)) (GG)

and the composition 7; 7, := Trow.

"The symmetry of a body is described by giving the set of all those transforma-
tions which preserve the distance between all pairs of points of the body and bring
the body into coicidence with itself. Any such transformation is called a symmetry
transformation. It is clear that this set forms a group, the symmetry group of the
body." (see [18, p. 32])

This is a very general definition and it applies not only to physical objects, but
also abstract objects such as geometric shapes, metric spaces and even operators
in a canonical way. To determine the symmetry group of the Hamiltonian defined
in (G.4) note that the Laplacian in three dimensions is invariant under rotations.
Permutation invariance of —A is obvious, since the Laplacian in R3Y is a sum of
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Laplacians in R3. The Coulomb potential depends only on relative distances which
are left unchanged by permutations and rotations. So as desired, the symmetry
group of the Hamiltonian defined in (G.4) is the product group SO(3) x Sy. Fur-
thermore, elements of the group of rotations SO(3) and the permutation group Sy
commute.

This symmetric property of the Hamiltonian implies that for an eigenfunction
¢ € L2(R3N) of H corresponding to the eigenvalue F and a rotation R € SO(3)

H(Tr¢) = TrRH¢ = TrE¢ = E(Tro). (G.7)

So for an eigenfunction ¢ of H and any R € SO(3), the functions Tr¢ are eigen-
functions of H corresponding to the same energy E. The same is true if we replace
the rotation R in (G.7) by a permutation 7w € Sy, or even a combination of the two
transformations.

In general, the functions 7,¢ are linearly independent for different g € SO(3) x
Sn- Physically speaking, the states resulting one from another by the operations
of the symmetry group of H are not fundamentally different states. Hence linear
dependence does not do a good job at identifying this equivalence.

In the case of quantum numbers, this matter is clearer. Except for the so-
called principal quantum number, the quantum numbers are directly linked to the
representations of the to aforementioned groups.

Or as Weyl [46] writes: "Two groups, the group of rotations in 3-dimensional
space and the permutation group, play here the principal role, for the laws govern-
ing the possible electron configurations grouped about the stationary nucleus of an
atom or ion are spherically symmetric with respect to the nucleus, and since the
various electrons of which the atom or ion is composed are identical, these possible
configurations are invariant under a permutation of the individual electrons. The
investigation of groups first becomes a connected and complete theory on the theory
of the representation of groups by linear transformations, and is exactly this math-
ematically most important part which is necessary for an adequate description of
the quantum mechanical relations."

G.3. Representation theory. In this chapter we will discuss a very narrow field
of representation theory. We will focus purely on the permutation group and repre-
sentations on the space of L2(R3") functions. Compared to the representations of
the permutation group, the representation theory for the rotation group is rather
straightforward.

In mathematical physics, when dealing with N fermions, we usually consider the
space /\f[ L?(R3,C?) which is built by the antisymmetric tensor product of copies
of the space L?(R3®,C?). This means that for N electrons we are dealing with
2N possible configurations of spin. Such an array of information complicates the
notation and carries information which is basically not relevant for the investigation
of a Hamiltonian of the form (G.4). The spin of the electrons affects the energy only
indirectly (if no magnetic field is present). Neither kinetic energy nor the Coulomb
energy depend on the spin of an electron, so we are tempted to neglect the spin of
an electron. However experimental data suggests that two electrons spinning in the
same direction never occupy the same orbit, whereas two electrons with opposite
spin can. The latter spin configuration would thus allow a lower energy, whereas
in the first case one of the electrons would need to enter a higher orbit resulting in
higher total energy.

So if we want to "forget" about the spin of the electrons we need to accomodate
for this phenomenon in another way. Requiring full antisymmetry of the wave
function, restricting the search for solutions to the Schrodinger equation to the
space /\f[ L?(R3) would only allow solutions which correspond to states where all
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electrons spin in the same direction, thus overestimate the energy. Allowing any
function in L*(R3") would predict too low energies, since an arbitrary number of
electrons could occupy a low orbit. The sweet spot is somewhere inbetween. Recall
that according to Sigalov Zhislin [50] all eigenvalues of the atomic Hamiltonian for
4 electrons corresponding to realizable symmetries are embedded in the continuous
spectrum if we neglect electron-electron interaction.

In the case where we neglect the Pauli principle and search for solutions of the
spin independent Schrédinger equation on L2(R3Y), the predicted ground states
would suggest that atoms would become smaller with increasing atomic number
and volume would not increase proportionally to the number of particles. The
Pauli exclusion principle is a necessary condition for stability of matter of the
second kind, see [25, Part IV]. Consider an operator of the form (G.4), extended
canonically to the space /\iv L?(R3,C?). If a function 1 € /\iv L3(R3,C?) is an
eigenfunction corresponding to the eigenvalue A, then component wise for every

spin configuration s € {—1, 11V we get

2732

(H—My(z,s) =0. (G.8)
Meaning that an eigenfunction ¢ € /\f[ L?(R3,C?) gives rise to a family of eigen-
functions in L?(R3M).

Let ¢ € /\iv L?(R3,C?) be given in the form of a 2¥-dimensional vector valued
function

(o, s) = (de(@)) - (G.9)
Define the family of maps £y, : A} L2(R?,C?) — L2(R?*N) with
Ly (¢(z,5)) == (). (G.10)

The maps Ly, are not surjective. In fact, the vector space spanned by the ranges
span{Ran(Ly), k = 1---2}

of this map is a strict subspace of functions in L?(R3M) with certain symmetric
properties, that we will specify later.

Note that for any function ¢ € /\iv L?(R3,C?) which is a solution to some wave
equation in coordinate variables, we can find a pair of functions f : {—3,3}Y — C
and ¢ € L*(R3Y) with

1/1(501751,"' ,.ZN,SN) = f(sla"' aSN)(z)(xl?"' 7xN)' (G]']')

Another way of asking the question: "Which state is physically relevant?" is:
"From which class of functions ¢ € L?(R3Y) can we construct a function 1 €
/\iv L?(R3,C?) by choosing a suitable function f depending on the spin variables
alone".

At first glance it looks as if we are restricted to completely antisymmetric func-
tions in L2(R3*Y). But note that for a symmetric function ¢(z1,72) € L?*(RS),
we can choose the antisymmetric spin function f(s1,s2) := $1 — s2 and get that
fo € L?(R3,C?) A L2(R3,C?).

Another example with three electrons illustrates that there are functions in
L?(R3N) from which we can not construct a function in the space /\iv L3(R3,C?).

Example G.1. The permutation group S3 is generated by the three transpositions

(12), (23) and (13). We claim that a function ¢ € L?(R%) which is symmetric under

these three transpositions is not in the image of Ly for any k, where Ly, is defined

in (G.10). In other words, there exists no function f : {—%,3}® — C such that

of € /\f L2(R3,C?). Since ¢ is symmetric, the antisymmetry condition on the
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product state f¢ imposes restrictions to the function f. We have
Taz) (f(s1, 82, 83) (w1, 22, 23)) = f(s2, 51, 83)P(w2, 21, 3)
= f(s2,51,83)0(x1, 22, 23) (G.12)

!
= 7.}(‘(517 52, 53)¢(I1,$27I’3)7

1
"n_

where the last equality sign " should be read as "is required to be equal to”. This

implies

f(s1,52,83) = —f(s2,51,53). (G.13)
Analogously we get

F(s1,s2,85) = —f(s1, 53, 52) (G.14)
and

F(s1,52,83) = —f(s3, 52, 51). (G.15)

Since the spin is a binary variable, at least two of the spin variables have the same
value and thus (G.13)-(G.15) imply f = 0.

Now that we have established a heuristic view on the matter, let us introduce
some formal definitions and notation. The way in which a function ¢ € L?(R3V)
transforms under certain symmetry operation 7, for 7 € Sy is given by the collec-
tion of functions

K? = {T.¢|m € Sn}. (G.16)
We will fix some order of these N! elements, where the first element corresponds to
the identity permutation such that

K¢:{¢17¢27"' aqu!} (Gl?)
with ¢1 = ¢. We will use this ordered set to span a vector space of N!-tuples
(a1, -+ ,an) corresponding to the linear combination Zi\’:'l a;¢;. By the group

structure of Sy, the space V¢ := span(K?) is an invariant subspace of the opera-
tors T, for any 7 € Sy. In fact, by using the ordered set K¢ one can express any
permutation acting on an element in V' as a matrix transformation with respect to
the ordered set K?. In this notation, each permutation is represented by a matrix
with only ones and zeroes, in each row and column there is exactly one nonzero
entry. The collection of matrices {D*%(x)|w € S} is called the regular representa-
tion ap and we already know this type of matrices as permutation matrices (of size
N!). But this is just the starting point. It might very well happen, that the set K¢
is not linearly independent. In fact, the dimension of V¢ depends on the symmetric
properties of ¢. It is easy to see that if ¢ is fully symmetric (or fully antisymmetric)
with respect to permutations, then the vector space spanned by 7.¢ has only one
dimension. Let us choose a basis of V¢, we get a new representation ap if we
express the matrices with respect to the basis B®. Obviously this process decreases
the size of the transformation matrices. The matrices of the regular representation
have N! rows and columns.

To simplify these matrices further, we can try to block-diagonalize the matrices.
We search for subspaces of V? which are invariant under all permutations. By
changing the basis, we can then simultaneously block-diagonalize the N! matrices
D<5B(r) (this is possible since the subspace is required to be T;-invariant for all
permutations w € Sy) and get

T DB ()T — (Da(u)(w) Dag(ﬁ)) (G.18)

where the blocks D () have same size for each = € Sy. This process is called re-
ducing of a representation and we repeat this process for the block-matrices D ()
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and D% () until there are no further invariant subspaces. For any element 7 € Sy,
the matrix D5 () can be brought to the form

DUx) 0 ... 0

ripermr=| O DU ' (G.19)
: " . 0
0 e 0 D% (m)

where each collection of N! matrices D () is a representation «; on some invariant
subspace of V?. Note that simultaneous block-diagonalization implies that the
transformation matrix 7" must be the same for all N! permutations.

For an arbitrary matrix representation « of the group Sy, we denote by n, the
size/dimension of the matrix D*(w). We call n,, the degree or dimension of the
representation «. If the invariant subspace corresponding to any representation «
contains no proper invariant subspace, then the representation « is called an irre-
ducible representation. In particular, the representations aq, - - - , oy are irreducible
representations. Note that a representation is always a collection of (in this case
N') matrices, one for each element of the group Sy.

We call two representations o and o equivalent, if there exists a matrix T such
that for all 7 € Sy we have T-2D*(n)T = D* (). As usual we can choose any
element of the equivalence class {«} to label this class of representations. Now that
we have potentially the same name for representations that act on different spaces
we need to clarify that the invariant subspace corresponding to « refers, if not
stated explicitly, to the collection of invariant subspaces corresponding to represen-
tations in the equivalence class of a. The invariant subspace of V¢ corresponding
to irreducible representation «; is a strict subspace of the invariant subspace of L?
corresponding to the irreducible representation «;.

In the case of L? the invariant subspace corresponding to the regular represen-
tation ag is all of L2. This abuse of notation is justifiable in the sense that we use
this label only to describe the symmetric property. In our construction of represen-
tations, they are very closely linked to the vector spaces that they act on. This is
not an necessary framework for the representations but a helpful framework for us.
Since we are dealing with the finite groups Sy, each irreducible representation « is
finite-dimensional and we can always find an equivalent irreducible representation
ay, € {a} for which all matrices D () are unitary matrices. Such a representation
is called a unitary representation.

The representations obtained in the way described above are a priori different for
each function ¢ that we use as a starting point. However, it is clear that if we start
with any fully symmetric function, the permutations will span a one-dimensional
vector space and the matrix representation on this space is the identity in one
dimension, called the trivial representation or identity representation. Thus the
construction will yield an equivalent representation if we start with any symmetric
function. The invariant subspace (of L?) corresponding to the identity representa-
tion thus contains all fully symmetric functions of L2.

By starting with a fully antisymmetric function we will obtain a one-dimensional
vector space, where the matrix representation is given by the sign of the permutation
sgn(m), called the alternating representation or sign representation.

An irreducible representation describes how a permutation acts on a specific
space of functions, thus it describes nothing less than the "type of symmetry" that
is shared among the functions in the corresponding space. For the case N = 2 it
is clear that each function can be written as the sum of a fully symmetric function
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and a fully antisymmetric function, thus the method discussed above will yield at
most two nonequivalent irreducible representations.

Intuitively, if the number of particles increases, so should the complexity of possi-
ble symmetric properties, or the number of "symmetry types" needed to accurately
describe these symmetric properties.

The goal is to express any function ¢ as a sum of functions ¢ which transform
according to the irreducible representation «;. From this sum we can then deduce
the symmetric properties of the initial function ¢ by looking at the irreducible
representations that are needed to express ¢. It is fundamental, that a finite group
has finitely many nonequivalent irreducible representations. This result is discussed
in the next section. To avoid getting lost in vague explanations and fishy definitions
it is necessary to dive a bit more into representation theory. The concepts are not
complicated, but require some notation and explanation.

G.4. Projection onto irreducible representations. An irreducible representa-
tion is an abstract object, that can have many faces. A more algebraic view on
irreducible representations will be discussed in Chapter G.5. This chapter however
is dedicated to an alternative interpretation, with the upside that mathematical
physicists are more familiar with the objects involved and it can help us to under-
stand the matter. The downside is that it does not reveal a lot of the algebraic
structures beneath it, and thus the vast theory of representations and groups re-
mains somewhat unused.

For many of the applications in mathematical physics we can think of irreducible
representations as their corresponding invariant subspaces of L? which contain func-
tions with certain symmetric properties and that decompose the space L? into or-
thogonal subspaces. We will construct projection operators that are based on a
linear combination of the operators 7,. The coefficients in this linear combination
depend on the matrices in the representation, in particular on the traces of the
matrices. The character x& of the group element 7 in the representation « is de-
fined as the trace of the matrix D(®) (7). Let n, denote the dimension of a. The
projection operator onto the invariant subspace corresponding to the irreducible
representation « is given by

o Na «@
P = > X Tx (G.20)
TESN
For a more general group G, the prefactor N! = #(Sy) is replaced by #(G), the
number of elements in the group G. Note that if we consider unitary representations

XZ_; = X5 where the overbar denotes the complex conjugate.

For a set of nonequivalent irreducible representations {aq, -+ ,ax} of Sy we
have

P P = §,,P% for p,q € {1,--- ,k} (G.21)

and if {a1, -, ax} includes every irreducible representation of the group Sy, then

k
> P =1, (G.22)
i=1
Equation (G.21) is due to the orthogonality relations for the representation matrices

N !
ST DS (1) DR (1) = o 618 pe- (G.23)
TESN Xid
By clever multiplication of matrix components Df(7) and summations, taking ad-
vantage of certain group properties, relation(G.23) yields all the desired properties
for the projection operators defined in (G.20), see for example [18, p. 111ff]. Note
that this is an orthogonal decomposition with respect to permutation invariant
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subspaces. Since the Hamiltonian H is also permutation invariant, the eigenspaces
of the Hamiltonian are direct sums of invariant subspaces corresponding to the ir-
reducible representations {a1,...,a;}. Thus we gain complete information about
the spectrum of H if we study the operator on each of these invariant subspaces
separately.

We will now proceed to discuss which of the irreducible representations in the
set {aq,---,ar} correspond to physically relevant states. This is done in the next
section by introducing Young diagrams.

G.5. Young diagrams. In this subsection we try to give a geometric meaning to
the abstract notions of irreducible representations. We categorize every possible
irreducible representation with the help of Young diagrams and describe how to
evaluate these objects in order to attribute a symmetric property, or symmetry
type to each irreducible representation.

We will start this subsections by one of the fundamental results of representation
theory, [18, §3-17].

Theorem G.2. The number of nonequivalent irreducible representations of a (fi-
nite) group is equal to the number of classes in the group.

For the permutation group, the cycle type of a permutation m determines the
conjugacy class to which it belongs. Furthermore, the number of distinct cycle
types in Sy is equal to the number of partitions of V. In fact there is a one-to-one
relation between partitions of N and the irreducible representations of Sy. This
relation is best illustrated using Young diagrams.

A Young diagram is a graphical expression of a partition A = (A1, Aa, -+, Ag)
with Ay > --- > A, using an arrangement of empty boxes, where one puts A;
boxes in the jth row. For example, the Young diagram associated to the partition
(5,4,2,2) is

|

HEEN (G.24)

A Young diagram corresponding to the partition A of N in which we label the boxes
with numbers from 1 to N is called a Young tableau. If we label the boxes in a
strictly increasing order with respect to rows and columns the tableau is called a
standard Young tableau A. For example

1]2]510[11]

3]4]612
1 (G.25)

8113

is a standard Young tableau, whereas

2[1[5]10[11]
3[4]6]12

G.26
813

is not a standard Young tableau since the labelling decreases in the first row from
2to 1.

In fact each standard Young tableau A with shape A\ will give us a technique to
construct one of the basis vectors of the irreducible representation A. For the tableau
A we define the row subgroup R of permutations that permute only elements within
the same row and the column subgroup C) which permutes only the elements within
the same column. We will then symmetrize with respect to permutations in the
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row subgroup Rj and antisymmetrize with respect to permutations in the column
subgroup Cy. The corresponding operation is given by an element of C[Sy], the
algebra over the group Sy, which contains linear combinations of group elements
m € Sy. Specifically, for a fixed Young tableau A we define the A-symmetrizer as

DA = Z . (G.27)
TERA

We can realize the element py € C[Sy] as an operator on L? by representing 7
via the linear operators 7. The operator that symmetrizes an L?-function with
respect to the group Sy will also be called A-symmetrizer and is given by

Pri= )Y Tx (G.28)

TERA

acting on L2. Similarly we define the A-antisymmetrizer

g =Y sgn(m)mw (G.29)

TeCu
and the corresponding operator
Qn= > sgu(m)Ts. (G-30)
meCa

The element y = pq is a generator of a left ideal in the algebra of permutations. If
the Young tableau is standard, then the left ideal is minimal, meaning that it con-
tains no proper sub left ideal, which means that the corresponding representation
is irreducible. The Young operator corresponding to the tableau A is given by the
product of the A-symmetrizer and the A-antisymmetrizer

Yy = QAPs. (G.31)

The image of this operator is a subspace of L? containing functions with symmetric
properties corresponding to the Young tableau A. That is, antisymmetric with
respect to the column subgroup Cy and symmetric with respect to the row subgroup
R). The symmetry classes (types) categorized in this way have the property that
"the symmetry of the tensors (functions) belonging to it cannot be further increased
by the addition of further symmetry conditions - such an additional condition either
reproduces all the tensors of the class or reduces them all to 0." [46, p. 359] Which
is excatly the categorization that we want.

We will illustrate this process with the help of the group S; and the partition of
4. The Young diagrams corresponding to the partitions of 4 are

w B P )

@4 G1 (22 211 1,L11)

The diagram (4) can only be filled in one way, that is A§4) = [12[3[4]. So we
symmetrize with respect to the row subgroup, which in this case is the group S;.
The A§4)—symmetrizer is
Pyw = Tr (G.33)

TESN

The A§4)—antisymmetrizer is the identity operator and thus Y, = P . Obvi-
1 1
ously a function in the image of Y, ) is completely symmetric as desired. For the
1
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alternating representation with diagram (1,1,1,1) = (1)%, there is only one stan-
4
dard tableau Agl) . Thus the row subgroup only contains the identity permutation
4
(R, s = {Id}) and the Agl) -antisymmetrizer is
1

4 s = Z sgn(m)m (G.34)
! TESy
with corresponding operator
Q¢ = Y sen(m)Tx. (G.35)
! TESy
For the shape (2,1,1) = (2)(1)? there are three standard Young tableaux
1]2] 1]3] 1]4]
2 2 2
APOE g AR gt A (G.36)
4] 4] 3

We will express permutations in cycle form, i.e. (134) refers to the permutation
2
with 1 — 3, 3 = 4 and 4 — 1. The tableau AEZ)(D yields the operators

PA<12><1>2 = Id+7(12) (G.37)
QAgz)u)Z =1Id —T13)y — Ta1ay — T3a) + T(134) + T(143) (G.38)

and the Young operator is
Yiew? = ([d+Taz) ([d=Tas) = Taa = T + Tasy + Taag)) . (G:39)

The construction of the Young operators YA<2)<1)2 and YA<2)<1>2 are very similar. The
2 3

diagram (2,2) will yield antisymmetrizers of a slightly different form. The diagram
H} can be filled in two standard ways:

2% 1|2 2?2 _|1]3
A = i A7 = T4 (G.40)
and we get
Py =W+ Ty + Tan) + Tan o = (4 47T02) (1 +Tap). (G

From the factorized form on the right hand side of (G.41) we can better see the
group structure of the row subgroup: RA(2)2 = Sf1,2) X S¢3,43- This direct product
1

group is isomorphic to Ss x Sy. Similarly

QA§2)2 =1Id —7—(13) - 7—(24) + 7—(13)(24) = (Id _7—(13))(Id _7-(24)) (G-42)
and CA(2>2 = S{1,3y X Sg2,4y. The Young operator is thus
1
Yie = (Id =T(13)) (Id =T(24)) (Id +T(12)) (1d +T34))- (G.43)
For the second tableau we get the operators
PA<12)2 = (Id +7-(13))(Id +7224)) (G44)
QAgzﬂ = (Id+T(13))(Id +T24)) (G.45)
and
YA;W = (Id +7(13)) (Id +T(24)) (Id =T (12)) (Id =T (34))- (G.46)

This construction shows naturally the symmetry type that is associated with a
certain Young diagram.

Remark G.3. Note that the matriz representation on the bases obtained in this
way are not the unitary matrices that we discussed on the previous chapter.
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Heuristically speaking, the construction via Young tableaux gives rise to irre-
ducible representations where the basis vectors are in the spotlight, whereas the
construction discussed in the previous chapter via matrix reduction puts emphasise
on the matrices of the representation. Both methods have their legitimization and
there is no strictly superior choice.

We now try to build the bridge back to the physical application of the insight
we have gained. As we have seen in the example of three electrons (example G.1),
a function that is physically relevant can be symmetric with respect to at most
two particles. Permutation symmetry of ¢ € L?(R3V) with respect to a triplet of
particles would, by the same argument as in example G.1, immediatly yield that
the function can not arise from a projection of ¢ € AY L2(R3,C2) onto L2(R3N)
via the maps £, defined in (G.10).

This means that if we study the energy of the Hamiltonian H we only consider
those functions that belong to spaces categorized by a Young diagram with at most
two columns.

Let A be the collection of nonequivalent irreducible representations that corre-
spond to a Young diagram with at most two columns, then the subspace of L?(R3)
which contains all states that respect the Pauli exclusion principle is given by

HFermi = @ PQLQ(R3N>- (G47)
acA

APPENDIX H. PROSPECT: GENERALIZATION AND APPLICATION OF THE METHOD

We will discuss some mathematical and physical problems that are related to the
results of Theorem 9.2 and Theorem 9.4. This includes for one part the discussion
of the conditions that we require in the proof of the main result. We will also
examine the applicability of the methodology to other models.

Let us briefly recall the assumptions of Theorem 9.2 without restating the re-
spective definitions:

Condition 1) For all 8 € D%, \ D

pg > pt.
Condition 2) For each 8 € D and each irreducible representation aj of the group
Sp with aj < a such that P”’ZVVg £ 0,
dim(PO‘ZWg) = dim aj.

Condition 1) implies that the lowest energy for a non-interacting system occurs
when the electrons are allocated neutrally. Note that in order to obtain an upper
bound for the van der Waals energy we do not need this condition. There are
no mathematically rigorous results that we know of that confirm or contradict this
assumption. But we can compare the assumption to physical data and observations.

While there exist many examples in nature where ionic bounds are formed, this
observation does not contradict the physical validity of the assumption. These
ionizations are caused by the interaction between the two atoms at relatively small
distances. We need to compare the combined energy of an isolated Na™ ion and
an isolated CIl~ ion to the combined energy of the respective isolated atoms Na
and Cl. This comparison can be done by looking at the ionization energies and
electron affinities of the two elements. The electron affinity of chloride (C1) is
measured at around 348k.J/mol, whereas the ionization energy for sodium (Na)
is approximately 496k.J/mol, see e.g. [23]. To find possible cases that contradict
the condition, we have to compare the ionization energy to the electron affinity for
different elements. If there exists a tuple of elements where the ionization energy
for one element is bigger than the electron affinity of the other, this combination of
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elements would not satisfy condition 1). As it turns out chloride is the element with
the highest ionization energy at around 348k.J/mol. The element with the lowest
electron affinity is caesium (C's) with a value of approximately 375kJ/mol which
is still above the ionization energy of chloride. So for any collection of interacting
atoms this seems to be a reasonable assumption.

Since our investigation focuses on a pseudo-relativistic model, the interesting
cases are larger atoms or even molecules interacting via van der Waals-London
dispersion. In the setting of molecules we have not done such a comparison of
experimental data and it is probably not reasonable to do so.

Condition 2) is used to prove that the intercluster interaction of two atomic
ground states is zero. We use it to obtain spherical symmetry of the one-electron
densities of the atomic ground state around the respective nucleus. By Newton’s
theorem spherically distributed charges can be viewed as point charges located at
the center of the distribution for all points outside the support of the distribution.

Mathematically the spherical symmetry is true for the ground states of non-
relativistic hydrogen. For other atoms there exist, at least to our knowledge, no
rigorous results on the rotational symmetry of the ground states.

In the orbital model that we have discussed briefly in Section G.1 and that is
still used in quantum chemistry the one-electron densities are modelled by orbitals.
Mathematically these orbitals are described by the spherical harmonics Y,”, in
particular, the s orbital is described by the spherical harmonic of degree £ = 0, the
p orbital by the spherical harmonics of degree ¢ = 1 and so on. In this model, the
condition would be fulfilled for atoms up to atomic number Z = 4. For atoms with
bigger atomic number, only some of the one-electron densities would be spherically
symmetric, i.e. for those electrons that are in an s orbital.

However, as the name suggests these spherical harmonics Y, are harmonic func-
tions, in particular the mean value property is true for ¥, for any ¢ € Nand |m| < £.
This mean value property of harmonic functions could possibly be used to obtain a
similar "Newtonesque theorem" that would allow us to view the electrons as point
charges located at the respective nucleus. Or at least to gain some information
about interaction of multipoles for states with one-electron densities described by
spherical harmonics of finite degree. We have so far not investigated this topic in a
rigorous way since it has only recently come to our attention.

In the next section we will evaluate another possible generalization of the result.
We aim to use the same underlying idea to obtain a similar result for another
quantum Hamiltonian.

APPENDIX I. THE BROWN-RAVENHALL OPERATOR

In this chapter we discuss the possibility to apply the developped method to an-
other pseudo-relativistic model, the Brown-Ravenhall operator. The main difficulty
will again be the nonlocality of the operator.

I.1. Introduction to the model. The N-electron Brown-Ravenhall Hamiltonian
for M nuclei of charge eZ; at fixed positions X, interacting with N electrons of
charge —e and position vector z; € R? is given by

O O S S D <y It
A& lz; — Xi |33 ;] Xy, — X/

j=1 1<i<j<N 1<k<I<M
(L.1)

Here D; is the Dirac operator given by

D;=—ia-V;+ B (1.2)
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where @ = (a1, a2, a3) and S are the four Dirac matrices,

ak:(o %’“), k=123, (1.3)

Ok

with o} denoting the k** Pauli matrix

I ) R (R B

and
1 0 0 0
0 1 0 0
B= 00 -1 0 (L5)
00 0 -1

The operator HBF defined in (I.2) is well-defined as the semibounded closed form
on AY HY2(R3N C*N) for

-1
2
27 < 2 (W + ) forall [ =1,---, M. (L6)
2 7

The operator Af is a projection on the positive spectral subspaces of the Dirac
operator in each direction, namely

N
AY =AY (L.7)
=1

where AS:) the projection onto the positive spectral subspace of D;. This projection

is called a Casimir projection, in [5, (2.3.3)] the one electron projection is given by

1 a-p+p
Ay =S+ F ————=7,
2 2y/Ipl*+1
where F is the Fourier transform. More important for the use in this thesis will be
the following integral representation for a function f € C§(R3,C*).
M), 4 [ (sl e

(aep@ =19 L e 1o D o -l ) Sy

(18)

@Y g (o — ) fly)dy

27T2 R3 | ‘

(1.9)
where the prefix PV indicates an integral in the Cauchy principle value sense,
since due to the singularity it is a priori not well-defined in the Lebesgue sense.
The functions Ky and K; are modified Bessel functions of the second kind.

We will study the case M = 2 and unlike in the main result, we do not decompose
the state space with respect to subspaces with certain symmetry types. For D :=
X9 — X, we define

E|p| := info(HPF). (1.10)
We adapt the notations for cluster decompositions from the Herbst case. Simi-
larly, for a two cluster decomposition 3 = (C1,Cs) € D3, we define the intercluster

interaction
—e Z1 €271 2y
+ (L11)
; |$z 2| ];cz |z — ; \xz—%\ [ Xo — X
JEC2

and IF% := AN IzAY. The cluster Hamiltonian is defined as

HER = HPR — PR (1.12)
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We define the lowest energy for a given decomposition 3 € D%, as

g = infa(HgR) (1.13)

and
‘= min pug. 1.14
#i= iy pg (1.14)

Recall that we denote by D C D% the atomic decompositions, i.e. 3 € D3 such
that §C1(8) = Z1 and #C2(53) = Zs.

Theorem I.1 (The vdW interaction in the Brown-Ravenhall model). Let the fol-
lowing conditions hold:
1) For all B € D% \ D*

g > [ (I.15)
2) The ground state space of HéBR transforms according to the irreducible represen-
tation of weight £ = 0.

Then there exists ¢ > 0 such that
c

~1DF +0O(|ID|77). (L.16)

Ep —p=
Remark 1.2. Condition 2) implies spherically symmetric one particle densities for
the ground states of HBBR and is analogue to the second condition, if we do not
decompose the state space with respect to different symmetry types.

The modification to the localization estimate is the key point in proving the
above theorem. We will give a rather detailed proof for the localization error
estimate, while using the existing results and estimates from [32], whenever they
fit the purpose.

The idea for the proof of the theorem is on a fundamental level very similar to the
proof of Theorem 9.2, but we will deviate from the proof for the sake of briefness.
We did not find a reason that would argue against using the more accurate method.
In fact, the presented method is rather close to the original idea that lead to the
refinement presented in the main part.

1.2. Localization error estimate modified. The aim of this discussion is to
modify a localization error estimate established in [32], to yield exponentially small
localization error for exponentially decaying wave functions.

We use mostly the notations and results of [32]. By slight modifications to the
proofs in the spirit of the localization estimate for the Herbst operator, we obtain
a slightly stronger result. With this we can use the decaying nature of the wave
function far from the nucleus to estimate the intercluster interaction energy.

For the estimate of the localization error we will need the following result from
[42]. We state it here, without proof, for convenience of the reader.

Theorem 1.3. Let K : R™ — C be measurable such that

K(@)| < Blal™, @ #£0, (1.17)
[ K@-y-K@lay<B, 0< (L18)
[z[>2]y]
and
/ K(z)dr =0, forall 0< Ry < Rs < oo. (1.19)
Ri<|z|<R2
For an arbitrary f € LP(R™), 1 < p < oo, let
L. = [ DK@y, >0 (1.20)
Yy|=€
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Then
ITe(Hllp < Apllfllp (I.21)

with A, independent of f and e. Furthermore the limit ¢ — 0 exists and the same
bound is true.

We define the cutoff function y € CZ(R3,[0,1]) such that

(z) = 1, for all || < R
XETZ9 0, for all |z] > 2R

and smooth inbetween. Define the set  := {z € R¥|R - 6R < |z| < 2R+ §R} and
the corresponding indicator function 1g.

(1.22)

Lemma 1.4. Let x € CZ(R3,[0,1]) be defined as above. Then for any function
[ € L*(R3,CY
I Aslfllm < C (R + R72)1afllz +e P fl2) .- (I.23)
Proof. Note that
106G AL f Ty = DG AL F N2 + 11V DG AL f 2. (I.24)

We bound both summands separately. For the first summand on the right hand
side, we use the integral representation of [y, A;] to get

[, At]f(z) =
1 Ky (| — S
yrol ( 1|§Jx y|y|) “Tx(xyPy)KO(m —y|)> (x(2) = x()) f (v)dy
j Ax — DK (lz —
s gy [ 2B () (1) i
(1.25)
Define the function K € L'(R3) with
K K i - % -
) Tl 4 22 Kol + 22 K. (1.26)
By this definition from (I.25) and split R? into two regions to get
Kz —
i@ =g [ I ) - ) sy
4m lz—y|<éR |.T} y| (I 27)

1 K(z—y)
42 lt—y|>6R |JI - y|

To bound the absolute value of the first integral, note that in the region |z —y| < éR
we have

(x(@) = x(v)) f(y)dy.

x(@) = x(y) = La(y) (x(z) — x(1))- (1.28)
By the mean value theorem
Ix(z) = x()] < [Vxlloolz — yl. (1.29)

For the first integral on the right hand side of (I1.27) this yields

/ M (x(z) = x(v)) f(y)dy
|lz—y|<SR |LE y|

<19l [ 1K@ = )10 )] dv.

(1.30)
Since K € L*(R?), we can use Young’s inequality for convolutions to get

< IVxllol K1l 1a fll2- (1.31)

|z =y )

‘ / K@ =9) () () £ () dy
|z—y|<SR
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For the second integral on the right hand side of (I.27) use exponential decay of
the modified Bessel functions of the second kind. Since x < 1 and f € L? we get

< Ce B f]|s. (1.32)

/ M(X(@ —x) f(y)dy
lz—y|>6R |$ y|

2
This finishes the first part of the proof and we have
1D A+Lfll2 < CUIVXlsolLafll2 + e f1l2) (1.33)

Now let us bound ||V]x, A1]f|l2. We estimate this norm in three parts, define the
functions

1 BEL([z —y])

Ii(z) :== An2 s W(X(m) - x(y))f(y)dy
Iy(z) = # 5 o (@ ]f_@i’x — v (x(@) = x(v)) f(y)dy (1.34)
B = 5 [ ST () - x(0) i
Note that
VI AL fllz < C(IVLl2 + [V L2z + [V I5]|2). (1.35)

the first two terms can be bounded by a similar approach as in the estimate of
Ix, As]fll2- We have

agx(j) = # /Rs ol Z{fc)i)j'gm 4 (x(@) = x(y))f(y)’ dy
* ﬁ /RB 52(% - f;)f{yl(g'x 4 (x(z) - X(y))f(y)‘ dy (1.36)
1 Ko(|lz —yl)
oz [ |50 )| av

Again we look at two regions separately. For |z — y| < R we have

Ix(z) = x()| = Ix(z) = x()11a(y) < |Vxllelr — yl1la(y) (1.37)
and

|0ix()] = Lo )]0z, x ()] < [VXllso1a(y). (1.38)

Using Young’s convolution inequality yields the desired bound. Since the modified
Bessel functions of second kind decay exponentially, the integral where |z —y| > dR
are exponentially small in dR. Since |9;x| ~ R™! we get

IVIills < CR™ Y1 fll2 + C(1 + R™He™ | fllo. (1.39)

!

In the second part, the singularities of the kernels are "well-behaved" and analo-

gously we get
IVI2]l2 < CR™Y[1aflla + C(L+ R™H)e | f]2. (L.40)

The third part has a kernel with a more severe singularity. The partial derivative
of I3(x) in the jth coordinate is given by

g [ (oMl tl) e Gl v Kol )
2m? R3 |z —yl? |z —y|*

o (z— y)(éj_—yy'g)m(lx = yl)) (x(z) — x()) fly)dy (L41)
PV a-(z—y)(r; _yj)KO(‘m_y|)8jx(x)f(y)dy
212 R3 |1} - y|4

7

+
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where the integrals are to be understood in the Cauchy principle value sense. The
singularity of the kernel

(o - z)x; Ko(lz|)

|[*

around the origin can once again be cancelled out by taking the mean value estimate
of x(z)—x(y). We proceed as above to get the desired upper bound on the respective
L?-norm. Exponential decay of the Bessel functions yields exponential small bounds
for the region |z —y| > 6 R. It remains to bound the integral in the region |z —y| <
§R, where once again we have x(z) — x(y) = (x(z) — x(v))1a(y). We use Taylor
expansion of x(x) around y to get

(L42)

1

X(@) = x(y) = (2 = ye)Oex(@) = 52k = ye) (21 = y1)Opx (€) (1.43)

for some vector £ on the line segment connecting « and y. Substituting (1.43) into
(I.41) for the region |z —y| < 0R we get

D) py (aj _ dalr—y)(o; - yﬂ')) Kol = oD@ =) 1, 1))y
|[z—y|<OR

2 lz —yl lz —y[3
10;x () / a-(z—y)Ki(|z —y|)
+ L2 PV ) ;
2 le—y|<6R |z —y|3 (Laf)(y)dy

,L/ <a,4a~(my)(fﬂjyj)) Ki(lz —yl)
472 lz—y|<éR ’ |.’IJ - y|2 |l‘ - y‘?’

X (zx = yr) (@ — y)Fx (&) (Laf) (y)dy.
(L44)

The last integral in (1.44) is a convolution with a L' function and can thus be
bounded from above by

Clo*xlll1af 2. (L.45)
For the first two integrals in (1.44) we will use Theorem 1.3. Obviously 1o f is a L?
function. Condition (I.17) is true since for non-negative r € R we have

rKo(r) < % and rKi(r) <1. (1.46)

Condition (I.19) is true since the kernel is a product of a spherical symmetric
function and an antisymmetric function. To verify that the kernel also satisfies
(I.18) note that, according to [42], the condition

VK (z)| < Blz|™* (1.47)
implies (I.18). Note that since
Ko(r) = —Ki(r) (1.48)
and
K (r) = —Ko(r) — 210 (149)

inequalities (I.46) give an easy way to check that condition (1.47) is fulfilled. Hence
the L? norm of the (I1.44) is bounded above by

C (10°xl0 + IV Xllso) 1fl2- (L.50)

Note that [|0%x]lc ~ R72 and ||[Vx|l« ~ R™!. Exponential decay of the Bessel
functions yields

[VIs]lz < C(R™' + R72)| 1 fll2 + Ce % |2 (151)

]
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Note that this result implies in particular, that for any f € L?
1D Al < C((R™H+ R72)|[Lafll2 + e T f]2) (1.52)

The following lemma is the analogue to the localization estimate [32, Lemma 6].
We use the refined estimate on the localization error to obtain a suitable bound.
In the following it will be necessary to distinguish the operators with and without
projections A%, let HB% be such that

N /BRAN BR
ANHERAN = F
for HP® as in (1.1). Similarly let H " be such that
N BRAN BR

with HER defined in (I.12). Let lg) be the function 1g in the jth electron direction
extended by identity to the whole space.

Lemma 1.5 (Localization error Brown-Ravenhall). Let {Jg}geps be a partition
of unity that is constructed from one-electron cutoff functions satisfying the con-
ditions of Lemma I.4. Then there exist C < oo and a > 0 such that for any
¢ € ANHY2(R3N C*N) we have

(W, (HPR = pyp = > (AN Tgp, (HPR — ) AY Jg0h)

PPy Ny (153)
<0 Y (DI +1D172) SIS Jswl + e 1Pl Jgu) 2.
BeD3, i=1
Proof. Note that following the proof in [32] we have
(0, (HPT = p)py = > (AN Tgp, (HPR = ) AY Jg0h)
BEDS,
= > ((HPR = )T, AVT, TpAYw) + > (AN Taw, (PR — )T, AY0).
BeDY, BeDS,
(1.54)

First we use Cauchy-Schwarz inequality, then since HF" is form bounded in the
H'/?, see the proof of [32, Lemma 6] norm we get

((HPR = )T, AR, Ja AR ®) + (AT Tao, (KT — ) [J5, AT W) |

< C\Jp, AVl a2l Jstoll2 + CIIAY Tapllal|[Tg, AX T 12 (1.55)
Note that AY ¢ = 1) since ¢ € AY HY/2(R3N C4V) and using (1.52) we get
C|[ T, AN sz || Tso || vz + CNAY Tetd|| sz || [T, AN 10| grose
<c((pI '+ |D\*2)§: 119 I + e lPl| ggu]]2). (1.56)
=1
O

As in the main part, we need to partition the state space with respect to three
cluster decompositions. Let {Jz}geps be a partition of unity as defined in Chapter
11.1. In abuse of notation we will not define the unitary shifts of the system. It’s
correct implementation can be seen in the main part.
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Remark I.6. In abuse of notation we omit the shifting of the system towards the
origin as we do in the Herbst case. Notions such as exponential decay, rotational
symmetry and questions of support have to be undestood with respect to the relative
electron positions. That is, if we say that a ground state ¢ € AN HY2(R3N CAN)
of HER s exponentially localized, we mean that ¢ is exponentially localized around
X1 in coordinates j € C1 and around Xso in directions i € Co. This is particularly
relevant for the intercluster expansion, where we require the relative positions to be
small with respect to |D|.

1.3. Estimate from below. We will proceed similar to the Herbst case. Let us
define the energy functionals L[.J31)] where we compare the mean value of (HBF — )
for the localized state with the localization error similar to (12.4).

More explicitly, for 1 € HY/?(R3N,C*N)

(@, (HP® — )y = >~ LJs¢), (L57)

BEDY,

where the energy functional is given by
L[Jgy] = (Jat, AT (HPT — ) AT T)
+ (<¢7 (HBR - :U’)Q/J - <J5wu Af(HBR - M)Af‘]ﬁd]>)

The second line is the full localization error for the operator HB%. Once again, we
will distinguish between the three cases.

Case 1: Decompositions 3 € D3; such that Co(8) # 0

Case 2: Ionic decompositions 3 € D3, with Co(8) = 0 and £C1(8) # Z1

Case 3: Atomic decompositions 8 € D%

For the first case, where Cy(3) # 0, there is at least one electron that is far from
both the nuclei. This is the setting that is studied in the proof of the HVZ theorem.
Thus the energy functional L[Jz1] must be non-negative for large |D|. The HVZ
theorem in the Brown-Ravenhall case, [30, Theorem 6] thus yields

L[Jgy] >0 for all 8 with Co(8) # 0. (1.59)

For an ionic decomposition, that is Co(8) = 00 and #C;(8) # Z1, we will use Condi-
tion 1) in Theorem I.1 which ensures that we have d = ug — p > 0, independently
of |D| and . This yields
L{Jgy] = (Jou, AX (HE® — ) AY Jawp) + (T, AV I AY ) + LE[T5¢)
> d||Js||* + (T, AY IgAY Tap) + LE[T1].

(L58)

(.60)

Similar to the Herbst case, the term L£E[Jg1)] is the portion of the localization error
attributed to Jzt. Notice that for the two last terms in the second line of (I1.60)

there exist € (|D]), e2(|D]) > 0 with €1 2(|D]) P12 6 such that
(Ja, AY IsAY Jg9) = —e1 (D)) T (L.61)
and
LE[Tgy] > —ea(| D)) T3 (1.62)

The latter follows from Lemma 1.5, this crude estimate is sufficient in this case.
Thus, since d is independent of |D|, going back to (1.60) we get that for large |D|

L[Jsvp] > 0 for all B € D3 with Co(8) = 0 and #C1(B) # Zi. (1.63)

In the third case, the estimates have to be handled with more care. We will fix an
atomic decomposition 3 € D% and similar to the Herbst case, will project the state
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Jp onto the ground state space of HﬁBR, we thus get a complex valued v and a
normalized ground state ¢, together with a remainder g 1 ¢ such that

Jgp =v¢ +g. (1.64)
Recall that we aim to bound the energy functional
LTgy) = (Jpuo, AY (HE™ — ) AY Tat) + (Jpuo, AN TNy Jp) + LE[Tpy].  (1.65)
We will use the decomposition of (I.64) for the first term of (I.64) to get

(To, AY (HE™ = AT Tg0) = (v, AY (HET — ) AY~9)
+2Re(g, AY(HET — ) AT v9) (1.66)
+ (g, AN (HER — A g).

The first two terms on the right hand side of (I.66) are zero as ¢ is a ground state
and thus

(g, AN (HET — AN Jgw) = (g, A (HE" — n)AY g). (1.67)

The second term of the energy functional in (I.60) is the intercluster interaction
term. We have

(L68)

Remark 1.7. Note that the potential Ig is not locally supported. This is necessary
in order to ensure that the multipole expansion converges and that we can apply
Newton’s theorem. We can write J3 = 1gJg, where 13 1is the indicator function of
supp(Jg). If we then commute Jg towards the states i we can keep the indicator
functions besides the potential. By this small sleight we can identify Ig with the
local potential 1513.

The ground state space is contained in the positive spectral subspace onto which
Af projects. Thus Aﬂfqﬁ = ¢. By Condition 2) and Remark 1.7 we can apply
Newton’s theorem and get

(v, AN Iz AN v¢) = 0. (1.69)

We will use the multipole expansion for the intercluster potential Ig. We will use
exponential decay of the ground state ¢, see [31], to bound the remainder in the
intercluster potential expansion, compare Lemma D.2 and Corollary D.4. For the
functions f; defined in (D.8) we get that for any k& > 3

k N
2Rev(g, AY feg)
2Re{g, A I5AY ) = E : |D|e+;r

=2

+ il D7 2 lygllllg].  (L.70)

Note that for ¢ > 3 we can use Young’s product inequality to get

2Re~(g, AY ’ “IAY feol?
evlg AYfed) o lol* _ WPIAY Fol (L71)
Dp DR DR

Since ¢ decays exponentially, for any ¢ € N there is a constant Cp such that
[AY fedl| < Cil|¢||l. Overall, expanding the intercluster potential up to the term
k =5 yields

_Cligl® _ Cligllivel _ Clivell*
| D |DJ7 |D|7
(L.72)

2Rev(g, AV IsAY ¢) > 2|D| "2 Re (g, AY f20)
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By Young’s inequality the term —C|D|~7| g||||v¢]| is dominated by the two adjacent
terms for large |D| and we get

Clgl*  Clhvell?

D D"
For the first summand on the right hand side of (1.73) we would like to apply the
operators (HER — u)i% to g and AY fo¢ respectively. Notice that (HﬂBR — ) is
a positive operator on the orthogonal complement of the ground state space to
which both fo¢ and g belong. For ¢ this is clear and for fs¢ this follows from the
rotational symmtery of fo¢, which is discussed at length in the Herbst case. We
thus have

2|D|* Re (g, AY f26) = 21D 7* Re((HF™ — p)*g, (HF® — )" *AY f20). (L74)
Together with a fraction (of order b=2 < 1) of the term

(g, (HFR — p)g) = |(HE® — p)z g||?

(173)

2Re (g, AVIzAY ¢) > 2|D| " Re~(g, AY f20) —

we obtain
1 1 _ 1 _1
;\I(HBR— 1)2gl* +2|D| " Rey(HF™ — )z g, (HE" — )72 AY fo9)

_1 1 1 1
|D|6||( ) 2Aff2¢||2+||g(Hé3R_M)2 |D|3(H 14) 2Aff2¢H2
> —WMHBR — )" 2AY fa0)*.

(1.75)

Remark 1.8. Note that this estimate holds for any value of b, thus one might be
tempted to conclude that choosing very large b will minimize the energy. In this
case however the non-negative term will be very positive if we choose a big value
for b. In fact, in the estimate from above we will see that the optimal choice is
b=1+e¢c. We will choose b> = 2, this will prevent us from obtaining the optimal
coefficient for the vdW interaction, but it is sufficient to prove the result.

To finish with the bound of the intercluster potential, we note that the first
term in the intercluster expansion is of order |D|=3. Furthermore, since Js1) is
locally supported and ¢ decays exponentially, the equation g = Jg9p — Jgv yields
exponential decay of g outside the support of Jg. Which allows us to estimate the
expected intercluster energy of the state g as

(Mg, IsAYg) > IAY gll*. (L.76)

IDI3
This estimate contains only the remainder estimate, since the terms ¢ = 0 and
¢ =1 in the expansion are zero. The inequality uses that the second term in the

second line of (I.75) is non-negative. Coming back to (I1.66), gathering bounds in
(1.67),(1.69),(1.70),(1.76) and (I1.75) we get

2’)/2 1
LUs0] = =TI = ) A ool -
_Cllal?_ ClIAYgl?
DI~ [Dp

By Lemma 1.5, the localization error is bounded by

Clel

B+ I g

(L77)

— LET].

N
— LEWgy) = =C (DI + 1DI7%) Y e sl Jstll + =PV Jp0)|?).  (1.78)
=1
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Using the orthogonal decomposition Jgiy = y¢ + ¢g and the fact that the terms
||18)¢H are exponentially small in |D| we obtain

— LE[Jgy] = —C(IDI7" + e~ P g||* = Ce=IPl||yg]?). (L.79)

We will gather the terms that depend on the norm of g and contribute to the energy
functional formally as L[g] where

1 1 o 1Al
zlal = gl - wior? - o (Y 4 1

D] BE + e_“|D|||g||2> ) (1.80)

The lower bound of the operator (HBBR — )2 is independent of |D|. For large |D|
the first (positive) factor on the right hand side will dominate the latter negative
contributions to the energy. Overall for large | D| the energy functional L[g] is thus
non-negative

Lig] > 0. (1.81)
This yields that for sufficiently large |D| we get
2|v|? 1 Clvell? —c
L] 2 ~TDE ™ — )i ool - 265 — cePlpop?. 1s)

Summation over all decompositions 3 € D% yields the bound from below.

1.4. Estimate from above. For the construction of a trial function we pick one
atomic decomposition 3 € D* and a normalized ground state ¢ of the Hamiltonian
HéBR. We will set

o = ¢ — |D| 7 (HFT — )7 AL fog (1.83)
and calculate
<1/}07 (HBR - N)¢0>
= (¢, (HF" = 1)¢) + (6, 15" ¢) — 2Re((HF " — p) ' AY fo0, (HF™ — 1))

s Re((HE™ = ) A 20, IE70) + s (HE — 107 AY o AY oo
+ g " = )7 AN fa0. 7).

(L.84)

By the ground state properties of ¢, the terms in the first line on the right hand
side of (I.84) are zero, that is

(&, (HF" —p)d) = (6, IF ") = 2Re((HF " —p) "' AY foo, (HF — p)¢) = 0 (1.85)

We will once again apply a multipole expansion for the intercluster potential. For
the last term in (I.84), since the expansion starts with a term of order |D|~3 we get

1 - ClI(HER = u) =2 AY o9

W«HgR*N) "AY 20, 157 9) < Z DpP = : (1.86)
The other intercluster interaction term yields
2 _
“1Dp Re((HET — 1) 'AY fo0, 157 ¢)

(1.87)

2 _ Cllo|*

< “1Dp Re((HégR — 1) TAY fogp, A fo) + |%|U .
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Let us go back to (1.84), note that the term of order |D|~% in (I1.85) is dominated
for large |D|, with (I1.87) we get

2
(s (P — ) < — 2 Rel(HE® — )~ 'AY fog, AY fog) + 1O
+ ﬁ«HﬁR _ 1) AY o6, A fa).
This yields
L C 2
(o (P = i) < =5 NS = £ A% ool + &j& . asy)

Note that || (HER—M)_%AffgqﬁHQ is finite since the resolvent is bounded and |1 || =
1+ ﬁ. Dividing by [|10/|? in (1.89) yields the bound from above which finishes
the proof.
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Loi de van der Waals-London pour les systemes d'atomes et de
molécules relativistes

On considere un systeme constitué de plusieurs atomes ou les noyaux sont supposés fixes et ponctuels. Les
particules interagissent via le potentiel de Coulomb et les électrons ont une énergie cinétique pseudo-relativiste
donnée par (p*+m?)!”>-m. On démontre la loi de van der Waals-London qui dit que I'énergie d'interaction entre
atomes neutres décroit comme |D|® o1 |D| est la distance entre atomes. Nous calculons rigoureusement tous les
termes de I'énergie de liaison jusqua l'ordre |D|” avec un terme derreur en O(|D[!). Comme étape
intermédiaire, nous établissons la décroissance exponentielle des fonctions propres de l'opérateur de
Schrodinger a plusieurs particules avec les symétries imposées par le principe de Pauli, et des estimations sur
le terme d'erreur de localisation. Nous montrons de plus la loi de van der Waals-London pour 1'opérateur de
Dirac projeté connu sous le nom d'opérateur de Brown et Ravenhall. Dans ce dernier cas on obtient un terme
d'erreur en O(|D|7).

Mot clés : loi de van der Waals-London, énergie cinétique pseudo-relativiste, erreur de localisation.

Van der Waals-London interaction for atoms with pseudo-relativistic kinetic energy

We consider a multiatomic system where the nuclei are assumed to be point charges at fixed positions.
Particles interact via Coulomb potential and electrons have relativistic kinetic energy given by (p*+m?)?-m.
We prove the van der Waals-London law, which states that the interaction energy between neutral atoms
decays as the sixth power of the distance |D| between the atoms. We rigorously compute all terms in the
binding energy up to order |D[° with error term of order O(|D[!?). As intermediate steps we prove exponential
decay of eigenfunctions of multiparticle Schrodinger operators with permutation symmetry imposed by the
Pauli principle and new estimates of the localization error. In addition we prove the van der Waals-London law
for the projected Dirac operator, known as the Brown-Ravenhall operator. In this case we do not calculate the
coefficients explicitly and we obtain an error term of order O(|D|7).

Keywords : Van der Waals-London forces, pseudo-relativistic kinetic energy operator, localization error.
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