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Introduction

La théorie des matrices aléatoires a aujourd’hui de nombreuses ramifications a la fois en mathéma-
tiques (probabilités libres, aspects combinatoires, physique statistique, ...) et en dehors (ingénierie des
télécommunications, physique quantique, ...). Les matrices aléatoires sont pour la premiére fois étudiées
par Wishart dans les années 1930 dans [78] puis elles ont réémergé dans le années 1950, motivées par la
modélisation statistique d’atomes au noyaux lourd [76]. C’est au début des années 1960, sous 'impulsion
de Wigner, Dyson, Mehta et leurs co-auteurs que les fondements de la théorie des matrices aléatoires sont
jetés [60].

Cette théorie connait de nombreux développements en particulier dans le cas des modéles gaussiens.
En effet, via les formules de Weyl, I'invariance unitaire de ces modéles permet d’expliciter la densité jointe
des valeurs propres [60]. Dans les années 1990, I’étude de I’espacement des valeurs propres a I'intérieur du
spectre via les déterminants de Fredholm fait apparaitre des processus determinantaux et ’écart entre le
bord du spectre et la plus grande valeur propre converge & renormalisation prés vers la distribution de
Tracy-Widom [66, 67]. L’étude de processus matriciels dont les coefficients sont browniens fait apparaitre
le mouvement brownien de Dyson et permet via le calcul d’It6 de formuler des bornes de grandes déviations
[26]. En remplacant le terme gaussien e’ par e~V () oil V est un potentiel, les densités jointes des
valeurs propres du GOE et des GUE peuvent également se généraliser en une famille de modéles appelés
[B-ensembles sur lesquels il existe une abondante littérature. Citons par exemple des résultats de grandes
déviations [17], des résultats centraux limites et des analogues discrets qui apparaissent dans certains
modeles de pavage [24]. En théorie des nombres, des liens sont également établis entre le probléme de
Riemann et les espacements des valeurs propres du GUE [55].

Les années 1990 voient, également des liens profonds entre matrices aléatoires et analyse fonctionnelle
se tisser grace aux travaux séminaux de Voiculescu [69]. Celui-ci établit que les moments joints de matrices
de Wigner indépendantes convergent vers les moments d’éléments semi-circulaires libres d’un espace de
probabilité non-commutatif. Cette approche fait entre autre apparaitre de nombreuses analogies entre
le comportement limite de ces matrices et les variables gaussiennes dans le cas commutatif. Ces liens
permettent d’utiliser les outils de la théorie des probabilités libres pour déterminer le comportement de la
mesure empirique d’un polynéme en des matrices indépendantes. La notion d’entropie non-commutative
qui généralise la notion d’entropie de Shannon au cadre des probabilités libres a également connu nombre
d’utilisations dans des problémes d’analyse fonctionnelle [75]. Toujours dans ce cadre, les techniques de
linéarisations de polyndémes permettent de prouver la convergence du rayon spectral d’'un polynoéme de
matrices [50] et la notion de liberté par amalgamation sur une sous-algébre permet de calculer algorith-
miquement la mesure limite d’un polynome auto-adjoint [14, 15].

Bien d’autres développements et résultats existent en théorie de matrices aléatoires. Citons entre autres
le probléme de la plus petite valeur singuliére pour les matrices a coefficients indépendants [61, 32], les lois
circulaires [42, 64], les théorémes de convergence et les principes d’universalité dans les cas non-hermitiens
[65, 46] et les phénomeénes de queues lourdes [23, 5]. La théorie des matrices aléatoires s’étend aujourd’hui
a un trés large spectre mathématique qui va de l'algébre a la physique statistique.

Cette thése s’intéresse & deux problémes de la théorie des matrices aléatoires : le probléme des grandes
déviations de la plus grande valeur propre ainsi que le probléme de la convergence de la mesure empirique
pour des polynomes non-hermitiens de matrices aléatoires.

Le premier chapitre est consacré aux grandes déviations. Aprés un rappel des principaux résultats
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existants, on expose un résultat de grandes déviations pour la plus grande valeur propre dans le cas de
certaines matrices de Wigner, de Wishart ainsi que des matrices & profils de variance, qui vérifient un
borne sous-gaussienne sur leur transformée de Laplace. Dans ce chapitre, on expose une méthode nouvelle
pour obtenir un principe de grandes déviations dans le cas de matrices aux coefficients non-gaussiens en
utilisant une intégrale sphérique. On explore également ce qu’il se passe en dehors des hypothéses sur la
transformée de Laplace avec un résultat de grandes déviations locales pour des grandes valeurs de la plus
grande valeur propre ainsi que pour des valeurs proches du support de la mesure limite. Les résultats
de ce chapitre proviennent de article [45] accepté dans Annals of Probability ainsi que sur deux autres
articles [7, 54] qui seront bientot pré-publiés sur ArXiv.

Le second chapitre s’intéresse au probléme de la convergence de la mesure empirique pour des poly-
noémes non-hermitiens de matrices de Ginibre. On verra que ’obtention de ce type de résultat revient
souvent & produire une borne inférieure sur la plus petite valeur singuliére de ces polynémes. On expose
une telle minoration dans le cas d’un polynéme de Ginibre de degré 2 et on en déduit le résultat de
convergence de mesures empirique qui lui est associé. Ces résultats viennent d’un article en progres [34].

Enfin, cette thése comporte une annexe de deux parties rappelant respectivement des bases de la
théorie des grandes déviations et les liens entre théorie des probabilités libres et mesures empiriques de
matrices aléatoires.



Chapitre 1

Grandes déviations pour la plus grande
valeur propre de matrices aléatoires

Résumé du chapitre

Dans ce chapitre, on expose une méthode permettant de démontrer des principes de grandes déviations
pour la plus grande valeur propre pour plusieurs modéles de matrices aléatoires : des matrices de Wigner,
des matrices de Wishart ainsi que des matrices & profils de variance. Ces résultats, qui s’appliquent dans
le cas de coefficients indépendants non-gaussiens, reposent néanmoins sur une hypothése de majoration
de la transformée de Laplace.

On rappelle dans la section 1.1 le contexte général concernant les matrices de Wigner et de Wishart
ainsi que les densités jointes des valeurs propres dans les cas gaussiens. On revient sur les principaux
principes de grandes déviations connus dans la littérature, tant pour les mesures empiriques que pour la
plus grande valeur propre, qui dérivent de ’expression de ces densités.

Dans la section 1.2 on présente les résultats de sections 1.3, 1.4 et 1.5 ainsi qu’un survol de leurs
démonstrations.

On expose dans la section 1.3 le principal résultat de ce chapitre tiré de [45]. Ce résultat s’applique
au cas de matrices de Wigner et Wishart dont les coefficients ne sont pas gaussiens mais vérifient une
borne supérieure sur leurs transformées de Laplace. Cette démonstration repose sur I’étude d’intégrales
sphériques du type Elexp(N8 (X e, e))] (ou e est un vecteur unitaire indépendant des Xy). Dans la
section 1.4 on généralise ce résultat & des matrices a profils de variance et on voit qu’il est alors nécessaire
de faire des hypothéses supplémentaires sur ces profils. Cette généralisation est tirée de [54].

Enfin dans la section 1.5 on étudie le cas qui se présente lorsque I’hypothése de domination de la trans-
formée de Laplace n’est plus vérifiée. Dans ce cas, en étudiant le comportement de I'intégrale sphérique,
on peut néanmoins arriver & des résultats de grandes déviations locales, notamment pour de grandes
valeurs de la plus grande valeur propre. Les résultats de cette partie sont tirés de [7].

1.1 Matrices aléatoires et grandes déviations

1.1.1 Matrices de Wigner et de Wishart

Dans cette section, les modéles de matrices aléatoires dont on étudiera le spectre sont auto-adjoints
et donc diagonalisables. Pour capturer le comportement global du spectre de matrices aléatoires, on
introduit la notion de mesure empirique :

Définition 1.1.1. Soit M une matrice auto-adjointe n x n. On note A\; (M) < ... < A\, (M) ses valeurs
propres. On appelle mesure empirique de M la mesure de probabilité iy définie par

7
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1 n
MU = E;(;Al

La mesure empirique d’une matrice aléatoire est donc une mesure de probabilité elle-méme aléatoire.
Un modéle de matrices aléatoires est une suite de variables aléatoires (My)nen telle que My soit a
valeurs dans M, o, (K) ou K =R or C et ol uy, vy tendent vers +oo. La théorie des matrices aléatoires
s’intéresse au comportement asymptotique des quantités algébriques associées aux My (valeurs propres,
valeurs singuliéres, vecteurs propres ...) quand N tend vers +oo.

On va rappeler ici les deux modéles historiques de matrices aléatoires ainsi que les résultats de conver-
gence de mesures empiriques et de plus grandes valeurs propres qui leur sont associés. On définit tout
d’abord les matrices de Wigner qui sont un modéle de matrices auto-adjointes avec le maximum d’indé-
pendance possible sur les coefficients :

Définition 1.1.2. Soit (a;;)i<; une double suite de variables aléatoires i.i.d. centrées & valeurs dans

K et (d;)ien une autre suite de variables aléatoires i.i.d. centrées a valeurs dans R indépendante de la

premiére. Si K =R on suppose Elai o] = 1 et E[d}] = 2. Si K = C on suppose E[|a12|*] =1 et E[d}] = 1.
On considére alors pour N € N la matrice aléatoire Xn de My n(K) définie par :

@i,

si1<j

=

Xn(ij) = { S sii=j

2

S}
.
IS

¥

S$i1 >
On dit que X est une matrice de Wigner.

-1
On peut comprendre la renormalisation en VN ~ de la maniére suivante : on considére le moment
d’ordre 2 de la mesure empirique puy = px, en moyenne, c’est-a-dire E[uy(2z?)] = N~ 'E[Tr(X%)]. En
-1
développant la trace, on a que la renormalisation en v N  est la seule qui donne une limite finie a
E[un(z?)]. En d’autres termes c’est la seule renormalisation possible si 1'on veut faire apparaitre un
comportement limite du spectre qui ne soit pas trivial.

L’autre principal modéle de matrice aléatoire historiquement étudié est le modéle de Wishart défini
comme suit :

Définition 1.1.3. Soit (a; ;)i jen une double suite de variables aléatoires i.i.d. centrées a valeurs dans

K . On suppose E[la1 1|*] = 1. On considére également (M(N))nen une suite d’entiers telle que :
M(N
i M)

N—o0

On considére alors la matrice N x M(N), Xy définie par :

=a € [l,4o0]

@i,
VN

On dit que Wy = Xn(Xn)* est une matrice de Wishart.

XN(Z?]) =

Le résultat fondamental de la théorie des matrices aléatoires porte sur la convergence de la mesure
empirique des matrices de Wigner :

Théoréme 1.1.4 (Théoréme de Wigner). Soit (Xn)nen une suite de matrices de Wigner. On note

un la mesure empirique de X . pn converge en probabilité vers la mesure semi-circulaire o définie sur
Uintervalle [—2, 2] par :

V4 — 22
o= ———dx
2T
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La démonstration de ce résultat se fait tout d’abord en se ramenant au cas d’une matrice dont les
coefficients ont des moments bornés puis par une méthode des moments. En effet la moyenne E[uy (z%)]
du k-iéme moment est égale & N~ E[TrX%]. On peut alors développer cette expression en :

_ 1
N IE[TI‘X]]%] = W Z E[ai17i2 "'aik,il]
il,uqik—le[l»N]

A la limite, les termes prépondérants sont ceux tels que le mot i1, ...,7; définisse une partition paire
sans croisement de [1, k] (c’est & dire une partition P de [1, k] en paires telles que pour {a,b},{c,d} € P,
on n'apas a < ¢ < b < d). On en déduit alors que les moments impairs convergent vers 0 et que les
moments pairs convergent vers les nombres de Catalan. On conclut alors & la convergence presque sire des
moments en prouvant que Var(N ~1TrX J’if) tend vers 0. Grace & ’équation sur les nombres de Catalan :

N-1

On =) CiCn-r-
k=1

on obtient I’équation fonctionnelle suivante sur la transformée de Stieljes G de la mesure limite :

G(z)—i—%:z

On a donc G(z) = (2 — V22 — 4)/2 et on en déduit que la mesure limite est la mesure semi-circulaire.
Avec la méme méthode, pour les matrices de Wishart, on a le théoréme suivant :

Théoréme 1.1.5. Soit (Wy)nen une suite de matrices de Wishart. On note uyn la mesure empirique
de Wi . un converge en probabilité vers la distribution de Marshenko-Pastur de paramétre « notée M P,
définie par sur Uintervalle [b_,by] par :

Va0t -0,

MP, =
o 2rx

o b_ = (1—+/a)? etb, =(1++/a)?

Ces deux résultats contraignent déja le comportement des valeurs propres dans l'intérieur du support
de la mesure limite. En particulier pour o €]0, 1], A 4 converge vers le quantile de niveau o de 0. Une
question naturelle est alors le comportement des valeurs propres extrémes A\ et Ay, lesquelles peuvent a
priori s’éloigner du support de la mesure limite. Dans le cas ol les moments des a; ; vérifient une inégalité
de la forme E[|a; ;|*] < k¥, Fiiredi et Komlos ont prouvé que cela ne pouvais pas étre le cas, c’est a dire
que limy Ay (X ) = 2 presque strement si X est une matrice de Wigner (voir [41]). Les hypothéses de
ce résultat ont ensuite été relaxées par Bai et Yin dans le cas Wigner puis par Bai et Sylverstein de le
cas Wishart en la simple existence d’un moment d’ordre 4 :

Théoréme 1.1.6. [8] Avec les notations précédentes, si les a; ; et les d; ont des lois symétriques et
Elat o] < 400, on a presque sirement que A\ (Xy) et Ay(Xn) convergent respectivement vers —2 et 2.

Théoréme 1.1.7. [11] Avec les notations précédentes, si les a; j ont des lois symétriques et Eat ;] < 400,
on a presque sirement que A\ (Wy) et An (W) convergent respectivement vers b_ et b..

Maintenant que l'on connait le comportement limite des mesures empiriques et de la plus grande
valeur propre, on peut s’interroger sur la probabilité de dévier de ces limites. On va exposer dans la
sous-section qui suit le cas des modéles gaussiens ainsi que les principes de grandes déviations qui leur
sont liés.
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1.1.2 Modéles gaussiens, formules de Weyl et grandes déviations

Un cas particulier de matrices de Wigner pour lequel le comportement des valeurs propres & IV fixé est
entiérement compris (dans le sens ou l'on a une expression explicite de la loi jointe des valeurs propres)
est le cas ot les a; ; sont des variables gaussiennes. Dans ce cas on dit que les matrices X appartiennent
au GOE (Gaussian Orthogonal Ensemble) dans le cas réel ou au GUE (Gaussian Unitary Ensemble) dans
le cas complexe.

Définition 1.1.8. On considére Xy une matrice de Wigner

1. Dans le cas réel, si la distribution des a;; est N'(0,1) et la distribution des d; est N'(0,2), on dit
que les X appartiennent au Gaussian Orthogonal Ensemble (GOE).

2. Dans le cas complexe, si la distribution des a; ; est telle que les R(a; ;) et les (b, ;) soient i.i.d. de
loi N(0,1/2) et les d; soient de loi N'(0,1) on dit que les X appartiennent au Gaussian Unitary
Ensemble (GUE).

L’appellation vient du fait que dans ce cas, la loi des X est invariante par ’action de conjugaison
du groupe orthogonal Oy, respectivement du groupe unitaire Uy. Une définition alternative peut étre
énoncée en donnant la densité de la loi de Xy :

Proposition 1.1.9. Une matrice aléatoire de Sy (resp. Hy ) appartient au GOE (resp. au GUE) si et
seulement si sa loi ¥ a pour densité par rapport G la mesure de Lebesgue sur Sy (resp. Hy) :

dp™ (H
Ld; ) (20) " exp (—BNTrH? /1)

ot B=1 (resp. 5 =2) et Z]ﬁv la constante de renormalisation.

On peut également définir des ensembles gaussiens dans le cas de matrices de Wishart. On les appelle
alors des ensembles de Laguerre :

Définition 1.1.10. Soit Wy = Xn(Xn)* une matrice de Wishart.

1. Dans le cas réel, si la distribution des a;; est N'(0,1) on dit que Wy appartient & l’ensemble de
Laguerre réel.

2. Dans le cas complexe, si la distribution des a; ; est telle que les R(a; ;) et les I(b; ;) sont i.i.d. de
loi N'(0,1/2), on dit Wy appartient a I’ensemble de Laguerre compleze.

Comme dans le cas du GOE/GUE, si Wy = Xy (Xn)* est un matrice de Laguerre, la densité de la
loi 4V de X par rapport & la mesure de Lebesgue peut s’écrire :

V(X)) (—BM(N). .
—ax exp <4TrXX >

On remarque également que la loi de ce modéle est invariante par 'action du groupe de conjugaison
unitaire. On a méme I'invariance de la distribution de X par I'action de Oy x Oy () dans le cas réel et
Un X Ups(ny dans le cas complexe donnée par (U, V)X = U*XV. Enfin on rappelle également 'existence
de la mesure de Haar sur le groupe Uy .

Proposition 1.1.11. Soit G un groupe compact, il existe une unique mesure de probabilité borélienne
sur G telle que pour tout, g € G et A C G mesurable :

A(gA) = A(A)

cette mesure est appelée mesure de Haar sur le groupe G. Dans le cas des groupes On,Un, si Uy est
distribué selon la mesure de Haar, on parlera de matrice de Haar.
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Pour ces trois cas, on peut exploiter l'invariance unitaire pour déterminer de maniére explicite la
densité jointe des valeurs propres. Dans la suite, on note pour tout N € N, U3, le groupe orthogonal Oy
et U%, le groupe unitaire Uy. On rappelle ici les formules d’intégration de Weyl qui permettent de calculer
I'intégrale d’une fonction matricielle invariante sous I’action du groupe unitaire :

Théoréme 1.1.12 (Formules de Weyl). Pour z € R, on note A(z) = ][, _,;(

— En notant ’H]‘i, Vespace Sy (R) pour f =1 et Hy(C) pour 8 =2, on a pour B =1,2 et ¢ : Hzﬁv NG
tel que p(UAU*) = o(A) pour tout U € U :

| etmar = o= [ ja@)Pew

8
N

T —x;).

ot ’on note pour x € R™, o(x) la valeur de o(H) pour n’importe quelle matrice H dont le spectre
est x et ou dH est la mesure de Lebesgque sur H]‘i,.

— Pour M > N, en notant Mg\?)M lespace My p(R) pour 8 =1 et My p(C) pour 8 =2, on a
pour B=1,2 et p: M’]B\,,M — C tel que p(UAV) = p(A) pour tout U € Uﬁ,,V € Z/I]@ :

N
1 B(M—N+1)—1
P(A)dA = - (@) A@?) ] ) dr
/M‘jm Zy Jremyn il

ou 'on note pour x € (RT)", ¢(z) la valeur de p(A) pour nimporte quelle matrice A dont les

valeurs singuliéres sont x, ot dA est la mesure de Lebesgue sur /\/lf/[,N et ot 2 = (2%, ...,22).
— Pour N € N et ¢ : Uny — C une fonction telle que o(UVU*) = (V) pour tout U € Uy :

1 NN (2 .
Lo = sy [ I

ot dU est la mesure de Haar sur Uy et exp(if) = (%1, ..., e'n).
On a les expressions suivantes pour les constantes de renormalisations :

unN r UN’UJ]\42ﬁp/2

IN = —— 7N =
N Nlu)™ ™ 7 pluluy,_ n2804/2

o
W ﬁ 2(2m)Pk/2
n= .
iy 20721 (Bk/2)

Ces formules de Weyl sont en fait une application de la formule de la co-aire qui permet lorsque 1’on
dispose d’une fonction f réguliére entre deux variétés M et N d’intégrer une fonction ¢ de M en fonction
des lignes de niveau de f. Pour plus de précisions au sujet de la formule de la co-aire et des démonstrations
des formules de Weyl & un plus haut niveau de généralité, on peut se référer & la section 4.1 de [4] et &
lannexe F de [4].

A partir de ces formules, il est aisé de déduire les distributions jointes des valeurs propres pour le
GOE, le GUE, les ensembles de Laguerre et les matrices de Haar :

Théoréme 1.1.13. 1. Soit Xy une matrice du GOE (resp. du GUE) et A1 < ... < Ay ses valeurs
propres. La loi de (M1, ..., \N) a la densité suivante par rapport o la mesure de Lebesgue :
N
1 BN
F]IIIS“.SIL’N |A(‘r)|ﬂ €Xp <_4 Zx3>
N i=1

2. Soit Wy = Xn(Xn)* une matrice de Laguerre et soit 0 < Ay < ... < Ay les valeurs propres de
Wy . La loi de (A1, ..., AN) a la densité suivante par rapport a la mesure de Lebesgue :
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N N

1 B(N=M(N)+1)—1 BM(N)

o1 Loco < <an[A@)° [T A7 exp | == — >

N i=1 i=1

3. Soit Uy une matrice de Haar de Uy et exp(iby), ...,exp(i,) son spectre avec 0 < 01 < ... <Oy <
2. La loi de (61, ...,0,) a la densité suivante :

1 .
——Lo<o,<...<6, <2x|A(exp(if)) |Bd9-

(2m)N
Ces expressions rendent alors possible la preuve de principes de grandes déviations pour les mesures
empiriques ainsi que pour la plus grande valeur propre :

Théoréme 1.1.14. [17] Si (Xn)nen est une suite de matrices d’un ensemble Gaussien, la suite des
leurs mesures empiriques (1 vérifie un principe de grandes déviations avec vitesse N2 et bonne fonction
de tauz Iz définie par :

2 2
Ig(p) = g/x Iy —loglx—yldu(:v)du(y)Jrglogg—g.

(Is est éventuellement infinie).

On pourra se référer 4 'annexe A.1 pour des rappels sur les bases de la théorie des grandes déviations,
en particulier sur ce que ’on entend par principe de grandes déviations et fonction de taux.

Heuristiquement, la fonction de taux de ce théoréme se comprend en remarquant que I’on peut réécrire
Pexpression de la densité de (A1, ..., Ay ) de la fagon suivante :

1 B B
—c Loi<...<an €XP (—N2 [4/$2dﬁw($) - 5/1@2 I log |z —yduzv(x)duzv(y)D :
N —(z,x)|lre

Toujours en utilisant ’expression de la densité jointe des valeurs propres, on peut déduire un autre
principe de grandes déviations pour la plus grande valeur propre de Xy

Théoréme 1.1.15. Si (Xx)yen est une suite de matrices du GOE ou du GUE et AN, la plus grande
valeur propre de Xy, les lois de AN, suivent un principe de grandes déviations avec vitesse N et bonne

fonction de taux Jg définie de maniére suivante :

Jﬁ(m)zﬁ/ V2 —4dt six > 2
2
=400 st x < 2.

Ces deux derniers résultats peuvent en fait étre généralisés & d’autres modéles ou, dans la distri-
bution jointe des \;, on remplace le terme S\?/4 par V()\;) ou la fonction V est continue et telle que
lim inf |0 V(2)/(B log |z]) > 1 ot B’ > B et ' > 1. On appelle de tels modeles des 3-ensembles et ils
correspondent au valeurs propres d’une matrice aléatoire distribué selon la loi ZX exp(—Tr(V(H)))dH.
Les formules de Weyl permettent également, d’obtenir des principes de grandes déviations pour la mesure
empirique (voir [53]) et pour la plus grande valeur propre (voir [68]) de matrices de Laguerre.

Théoréme 1.1.16. Soit Wy = Xn(Xn)* une matrice de Laguerre réelle (8 = 1) ou complexe (8 =2).
La mesure empirique de Wy suit un principe de grandes déviations avec pour vitesse N2 et pour bonne
fonction de tauz sur M(R™) :

1 -1
1) = [ [ 5 (552 = 5 g+ 1ogn)) = 2ol — ylduta)d(s) + 5

(ot B € R est telle que minT =0)
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Théoréme 1.1.17. En reprenant les hypothéses du théoréme précédent, la plus grande valeur propre de
Wi suit un principe de grandes déviations avec vitesse N et bonne fonction de tauw sur RT :

B *(y—by)(y—b-)
0= ), Y dy

Enfin dans le cas de matrices unitaires de Haar, le principe de grandes déviations pour la mesure
empirique prend la forme suivante :

Théoréme 1.1.18. [52] Soit Un une matrice de Haar, la mesure empirique de Uy suit un principe de
grandes déviations avec pour vitesse N2 et pour bonne fonction de tauz sur P(S') :

160 =~ [ [1ogle ~ ylduta)duty) + B
(o2 B € R est telle que minI =0)

Ces principes de grandes déviations pour la mesure empirique font apparaitre la quantité X(u) =
— [ [log |z —y|dpu(z)du(y). Dans le case d’'une mesure sur R, X(p) est appelée entropie non-commutative
de p et on peut voir les résultats de grandes déviations de la mesure empirique pour le GUE et le GOE
comme un équivalent matriciel du théoréme de Sanov dans le cas d’une suite de variables gaussiennes.
Cette entropie non-commutative a été introduite et discutée par Voiculescu dans la série d’articles [70,
71, 73, 72, 74] et elle généralise I’entropie de Shannon pour des variables aléatoires non-commutatives.
Elle joue également un role dans plusieurs problémes d’analyse fonctionnelle.

Pour aller plus loin dans I’étude des grandes déviations pour des modéles gaussiens, une quantité qui
joue un roéle important est I'intégrale d’Itzykson-Zuber I définie pour toutes matrices A, B symétriques
réelles pour S = 1 ou hermitiennes pour § = 2 par :

194, B) = /  exp (Te(AUBU™)) dU
veus

ol l'on intégre par rapport & la mesure de Haar sur le groupe Uﬁ,. Pour 8 = 2, la valeur exacte de cette
intégrale est donnée par la formule d’Harish-Chandra [60, Appendix 5] :

Théoréme 1.1.19. En supposant que les valeurs propres de A et B sont simples et en notant A\ < ... <
AN le spectre de A et X} < ... < Ny celui de B :

det((eX) )ijel1,N])

(2) L
VA B) = = A(p)

ot A(A) est le déterminant de Vandermonde [[;_;(\; — Ai) (idem pour A(B))

Bien qu’explicite, la complexité du déterminant au numérateur rend cette formule peu exploitable
dans le cas général.
Ces intégrales permettent d’étudier des déformations des modéles gaussiens. En effet, toujours en
utilisant les formules de Weyl, on obtient les densité jointes suivantes pour plusieurs modéles déformés :
— Soit X est une matrice du GOE ou du GUE, Ayx une matrice hermitienne et \; < ... < Ay les
valeurs propres de Xy + Ay. Laloi de (A1, ..., A\y) a la densité suivante :

N! N
Zn(An) ™ (iNAN’D@) Levs.. <o |A(2)| exp (—i z)

ou D(x) = diag(z1, ..., xy)
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— Si Wy = Xn(Xn)* est une matrice de Laguerre et T une matrice définie positive et Ay < ... < Ay
les valeurs propres de TyWxTy. La loi de (A1, ..., Ax) a la densité suivante :

N!

—r < IN(=M(N)(Tn) 7%, D(2))Lo<a <...<an
ZN (TM (N))

\A(x)|ﬁ ﬁ /\g(NfM(N)Jrl)fl exp ( BM(N) ix>

i=1 ' 4 i=1 l

On voit que les grandes déviations pour ces modéles sont intimement liées aux comportements des in-
tégrales d’Ttzykson-Zuber. Ainsi Guionnet et Zeitouni établissent dans [49] en utilisant un principe de
grandes déviations pour le modéle Xn + Ay que dans le cas ot pa, et up, convergent faiblement vers
des mesures f14 et g, N~ 2InIn(NAy, By) converge vers une limite I¢®) (4, up). De plus, ils se servent
de ce résultat pour prouver un principe de grandes déviations pour la mesure empirique d’une matrice
de Wishart gaussienne déformée du type XnyTn(Xn)*.

Le cas ou p4, converge faiblement et ot le rang M (N) de By est un o(N) est également étudié entre
autres dans [31, 47] sous certaines conditions sur la matrice By. En particulier, le cas de la limite de
N=llogIN(NAn,By) out By est de rang 1 est entiérement résolu par Maida et Guionnet dans [47]. Ce
résultat, qui sera rappelé dans la section 1.3 est central dans la démonstration des principe de grandes
déviations pour la plus grande valeur propre pour Xy + By lorsque Xy est dans le GOE ou le GUE [58]
et pour Ay + UnBnUp lorsque Uy est une matrice unitaire de Haar [48].

Parmi les autres principes de grandes déviations pour des modéles gaussien présents dans la littérature,
on peut citer par exemple :

— Le cas d’'une somme d’une matrice gaussienne et d’'une matrice diagonale Xy + Dy . En considérant
les coefficients gaussiens comme la réalisation au temps 1 d’'un mouvement brownien et en utilisant
le calcul d’It6 A. Guionnet et T. Cabanal-Duvillard montrent une borne supérieure et une borne
inférieure de grandes déviations sur la mesure empirique [26].

— Le cas d’un processus de matrices gaussiennes ¢t — H (t) dont les coefficients sont des mouvements
browniens. C. Donati-Martin et M. Maida prouvent un principe de grandes déviations pour le
processus de la plus grande valeur propre de Hy (t) [37].

— Le cas de matrices de Wishart non centrées Wy = (Xy + An)(Xn + An)*, A. Hardy et A.B.J.
Kuijlaars prouvent un principe de grandes déviations pour la mesure empirique [51].

1.1.3 Grandes déviations dans les cas non-gaussiens

Pour des modéles sans invariance unitaire, les \; étant des fonctions complexes des coefficients de X,
les formules explicites pour leurs densités jointes sont rares et d’autres stratégies sont donc nécessaires
pour obtenir des principes de grandes déviations. Dans le cas de matrices de Wigner non-gaussiennes,
d’autres principes de grandes déviations connus concernent le cas ou les distributions des coefficients ont
des queues lourdes dans le sens suivant :

Définition 1.1.20. Soit a, € RY*. On dit qu’une variable aléatoire compleze Y est dans la classe
Sala) si

lim —t “logP[|Y| >t =a

t—o0

et si il existe une mesure de probabilité sur le cercle unité v et tg > 0 telle que pourt > tg :

PlY/|[Y| €U et |Y| > t] = v(U)P]Y] > {]

En d’autres termes S, (a) est la classe des variables aléatoires dont la queue du module se comporte en
exp(—at®) et telles que 'argument et le module soient indépendants quand ce dernier est suffisamment
grand. On a alors les deux résultats suivants, dus respectivement & Bordenave et Caputo pour le premier
et Augeri pour le second :
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Théoréme 1.1.21. [23] Soit o €]0,2[ et a,b > 0. Si (Xn) est une suite de matrices de Wigner réelles
ou complezes telle que aq 2 soit dans la classe S, (a) et di dans la classe S, (b). Alors la mesure empirique
un de Xy vérifie un principe de grandes déviations de vitesse n'T%/2 avec la bonne fonction de taux I
sutvante :

I(p)=P(v) sip=cHBv
= 400 sinon
ot ® est une bonne fonction de tauz.
Ici B désigne la convolution libre de deux lois de probabilités.

Théoréme 1.1.22. [5] Soit o €]0,2[ et a,b > 0. Si (Xn) est une suite de matrices de Wigner réelles ou
complexes telle que a1 2 soit dans la classe Sy(a) et di dans la classe S, (). Alors la plus grande valeur
propre de X vérifie un principe de grandes déviations avec vitesse N*/? et bonne fonction de tauz :

cGo(x) ™ siax>2
Jx)=<K0six=2
+o00 six <2

01 c est une constante dépendant uniquement de a,b, « et G, est la transformée de Stieljes de la mesure
semi-circulaire o, c’est a dire :

21
Go(a) = [2 L do(t)

Ces deux résultats reposent sur le fait qu’a I’échelle exponentielle considérée, les grandes déviations
sont gouvernées par le comportement d’un petit nombre de grands coefficients de (Xy) & cause de
phénomeénes de queues lourdes. Plus précisément, on prouve par troncature des coefficients qu’a I’échelle
exponentielle, le comportement de X est proche de celui de Hy + Cn ot Hy est une matrice aléatoire
dont les coefficients sont inférieurs a (log N)?/v/N, Cy est une matrice de rang fini et Hy et Cy sont
indépendantes.

Le probléeme des grandes déviations de la mesure empirique pour des matrices de Wigner générales
sous-gaussiennes reste ouvert. Dans le cas de distributions vérifiant des inégalités de Sobolev ou étant a
support dans le méme compact, on a néanmoins des inégalités de concentration. On va ici considérer le
modele suivant de matrice aléatoire :

On se donne (wﬁj)lgig et (%I,j)léKjSN deux familles indépendantes de variables aléatoires in-
dépendantes et on note (P%)i<i<; et (P/;)1<i<j<n leurs distributions respectives. On considére A =
(Aij)1<i,j<n une matrice hermitienne déterministe dont les coefficients sont bornés par un certain a € R.
On définit alors w; j = wf 5+ iw] jsit<jetw; = wfl et on note P; ; sa loi. On définit enfin Xy par :

S

i,jWi,g

D<o
o A Y
XN(%]){A]-JWJ-J SlZ> .
VN J

Rappelons la définition suivante :

Définition 1.1.23. On dit qu’une mesure v sur R vérifie une inégalité log-Sobolev avec constante c si
pour toute fonction f dérivable on a :

2 2
/flngRf2d dv<2c/|f|d1/

Remarque 1.1.24. Une catégorie d’ezemple de loi qui vérifie une inégalité log-Sobolev avec constante c
est donnée par les lois de la forme dv = Z~ ' exp(—V (z))dz ot z = [ exp(—V (x))dz et 0tV : R — RUoco
est tel que V(x) — 22 /2c est convexe. En particulier une loi gaussienne standard vérifie 'inégalité log-
Sobolev avec constante 1. [22]
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Les résultats suivants qui s’appliquent quand les distributions H{ ; et Pf}- vérifient des inégalités log-
Sobolev ou sont supportées dans le méme compact sont dus & A. Guionnet et O. Zeitouni dans [49] :
Théoréme 1.1.25. [{9, Theorem 1.1]

1. Si il existe un compact K de C tel que les P; ; soient a support dans K (i.e. tel que P; ;(K°) =0
pour tout i,j), alors pour toute fonction f Lipschitz et convexe, on a pour tout 6 > Jo(N) =

8|K|v/malfle/N

PN Te(f(Xn)) — E[Te(f(Xn))]| > 6] < dexp <_1‘72(5—W>

16|K|2a2|f|£2

2. Siil existe ¢ > 0 tel que les P%, P! vérifient une inégalité log-Sobolev avec constante c, alors pour

0,507 4,7
tout 6 >0 :
N2§2
PN [Tr(f(Xn)) — E[Te(f (X)) > 8] < 2exp <_2>
8ca?|f e
o
|flz := sup w
Ay lz -yl

Dans des problématiques de grandes déviations connexes dans des cas non-gaussiens, on peut égale-
ment mentionner les résultats de Chatterjee et ses coauteurs sur les grandes déviations pour le comptage
de sous-graphe de graphes aléatoires. Le liens entre matrices et graphes aléatoires peut étre exprimé ainsi :
Si H = {V, E} est un graphe fix¢ dont V est '’ensemble des sommets et 2 C V2 est I'ensemble des arétes
et si G = {W, F'} est un graphe aléatoire de matrice d’incidence (A4; ;); j<n, le nombre d’homomorphisme
n(H,G) de graphe de H dans G (i.e. les fonctions injectives ¢ : V- — W telles que pour tout i, tel que
(i,7) € E), alors (¢(i),¢(j)) € F) peut s’exprimer de la facon suivante :

n(H,G) = > IT 4

i1,...,i€[1,N] distincts (¢,5)€F

En particulier lorsque G est un graphe d’Erdos-Renyi, la matrice d’incidence est alors une matrice dont
les coefficients sur-diagonaux sont des Bernouilli indépendantes. Pour plus de précisions sur ces sujets,
on pourra se référer par exemple a [28, 30, 38, 29].

Dans la section suivante, on présente les contributions de cette thése dans le domaine des grandes
déviations.

1.2 Présentation des résultats et perspectives

1.2.1 Présentation des résultats de la section 1.3

La section 1.3 de cette thése expose les résultats de [45]. Il s’agit d’un résultat de grandes dévia-
tions pour des matrices de Wigner (réelles ou complexes) dont la distribution des coefficients n’est pas
gaussienne mais telle que la transformée de Laplace des coefficients soit bornée par la transformée de
Laplace du cas gaussien. Le résultat s’étend & des matrices de Wigner dont les coefficients ne sont pas
identiquement distribués mais dans un souci de concision, on énonce le résultat dans le cas i.i.d. classique.
On va faire les deux hypothéses suivantes sur la loi des coefficients :

Hypothése 1.2.1 (Hypothése technique). On suppose que les lois de a1 2 et de di, sont
— soit toutes les deux a support compact,
— soit vérifient une inégalité log-Sobolev et il existe z € C* tel que I(za1,2) soit indépendantes de

R(za1,2).
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Hypothése 1.2.2 (Hypothése sous-gaussienne). Dans le cas réel, on suppose que Var(dy) = 2 et pour
toutt € R :

Elexp(tai 2)] < exp(t2/2) et Elexp(tdy)] < exp(t2)

Dans le cas compleze, on suppose que E[R(a12)?] = E[S(a12)?] = 1/2, E[|d1]?] = 1 et pour tout
teR,zeC

Elexp(R(2a1,2))] < exp(|z[*/4) et Elexp(tdy)] < exp(t*/2)

On a alors le résultat suivant :

Théoréme 1.2.3. Soit (Xy)n une suite de matrices de Wigner (réelles ou complexes) vérifiant les
hypothéses 1.2.1 et 1.2.2 et Anax(Xn) la plus grande valeur propre de Xn. Alors Apmax(Xn) vérifie un
principe de grandes déviations avec une bonne fonction de tauz I® identique au cas du GOE/GUE.

Un exemple de distribution des coefficients qui vérifie les hypothéses 1.2.1 et 1.2.2 est la distribution
de Rademacher dans le cas réel, c’est-a-dire la loi (§_1 + d1)/2 pour les coefficients non-diagonaux et la
loi (0_ 5+ /3)/2 pour les coefficients diagonaux .

La démonstration du théoréme 1.2.3 est en fait similaire a celle du théoréme de Cramer dans R™
(qui est reproduite dans un cas simple dans la section A.0.3). La différence est qu’au lieu d’utiliser des
transformées de Laplace E[exp({¢, Sn))], on utilise les intégrales sphérique Ex .[exp(N8(e, Xnye))] ou
I’espérance porte sur Xy et e un vecteur uniforme de la sphére unité indépendant de Xy . Il s’agit en fait
d’un cas particulier d’intégrale d’Itzykson-Zuber. Si 'on se donne une suite Ay de matrices N x N et
In(0, Ax) = % InEc[exp(N6(e, Aye))], Maida et Guionnet ont prouvé que si pu4, converge faiblement
vers une certaine mesure de probabilité 1, que Apmax(X ) la plus grande valeur propre de Ay converge vers
un certain A et que la plus petite valeur propre Apin(Xn) reste bornée inférieurement alors Jy (6, Xy)
converge vers une certaine quantité J(u,6,A). On a de plus uniformité de la convergence en \ pour
Ay, ) < N7% ou d est la distance de Dudley. Mais dans notre cas on peut s’y ramener car suivant les

inégalités de concentration de [49] et ’hypothése technique on a Pld(ux,,0) > N~7"] = O(e’NlH/). De
plus, suivant ’hypothése sous-gaussienne, pour tout K > 0, il existe M > 0 tel que P[Apin(Xn) < —M] =
O(e KN). Posons A, pr :={X € Hﬁ, Amax(X) — 2| < 6,d(ux,0) < N7* || X|| < M} et supposons que
limy 00 N1 log Ex c[exp(N6({e, X ye))] existe et soit égale & un certain F(6). On a alors :

E.lexp(N6{e, Xne))]
Ee[exp(NO(e, Xye))| N A=
< eiNJ(Uﬁ’z)JrO(l)EX [Ee [eXp(N9<6, XNe>)]]]‘XN €AL M

< e~ NU(@.0,2)=F(6)+o(1)]

P[Xy € Ay 1] < Ex [

et donc en optimisant sur 6 > 0 :

lim lim sup % log P[| Amax(Xn) — x| < d] < —sup[F(0) — J (0,0, x)]

=0 N0 0>0

Un point crucial est donc de montrer la convergence de N~1logEy .[exp(N6(e, Xne))] et cest ici
qu’intervient ’hypothése sous-gaussienne. Celle-ci permet en effet de montrer que la principale contribu-
tion provient des vecteurs délocalisés (c’est-a-dire dont les coefficients sont un o( N—1/4)).

Pour prouver la borne inférieure, comme pour le théoréme de Cramer, on considére les mesures
exponentielles P? définies par :
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, _ Eclexp(NO(e, Xne))]
dP (XN) - EX,e[exp(N9<€7XNe>)]

et on veut donc prouver qu'il existe 0 tel que limy oo N~ log P?[|Amax(Xn) — 2| < 8] = 0. Si pour
un vecteur e de la sphére, on définit la mesure P*? par

dP(Xy)

e,0 _ exp(N@(e, XN6>)
P (X)) = IEX[exp(N9<e,XNe>)]dP(XN)

On a donc :

B . . _ Ex[exp(N6(e, Xne))]
B [, SO e 0 1700 = g e

Les mesures P? ont alors la densité suivante :

[ P2V ReE5T) 1 _exp0VNR(ei )
Elexp(20v NR(eie5:)) - Elexp(0VNR(Je; )

3
. Ainsi, sous cette nouvelle loi de probabilité, les coefficients de Xy sont toujours indépendants et si on
note A; ;(z) = log Elexp(R(za; ;)] et A;;(t) = log E[exp(td;)], leurs espérances sont données par :

Pe,@ _

i<j

Blai] = VAo (2VNbeids) = V2o o VN beics)
Eld:] = \/N%‘ei'z + 0(6V'Nles)?)
soit, si e est tel que |e;| < N—1/4—e
E[Xy] = 2926* o(1)

. En fait Xy est approximativement une perturbation de rang 1 d’une matrice de Wigner, c’est a dire
qu’il existe une matrice de Wigner X sous P*? telle que :

20ee*
B

. La convergence de la plus grande valeur propre de X fait apparaitre un phénoméne de BBP-transition
et sa limite x vérifie si § > 2/ :
lim (e, (x — Xn)"1)e) b

N—oo - %

Xy =Xy + +o(1)

. En utilisant un théoréme de loi locale sur Xy, on a que limy (e, (z— X )~ 'e) = G4(2) et donc pour z > 2

fixé, en choisissant 6y = 5%@, on a que Ayax (X ) converge vers z pour P*% pourvu que les coordonnées

de e soient inférieures & N~'/4=¢, En revenant a PY, on prouve de méme que N1 InP% [| A (X ) — 2| <
5] = 0 et on a donc également la borne inférieure.

Notons, qu’une fois que I’hypothése 1.2.2 est vérifiée, la fonction de taux ne dépend pas des lois des
coefficients (et est donc identique & celle obtenue dans le cas gaussien). Un résultat similaire peut étre
démontré pour des matrices de Wishart. On effectue alors le méme type de raisonnement sur les matrices

linéarisées :

La principale différence intervient dans le calcul de F'(6) et dans I’équation que vérifie la limite de
Amax Sous la mesure exponentielle. Ces points sont abordés plus en détails dans la partie suivante.
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1.2.2 Présentation des résultats de la section 1.4

Les résultats de cette partie proviennent de [54]. Dans cette section, on s’intéresse a la méme question
pour des matrices ayant des profils de variance. Ces matrices sont de la forme Xy = Xy © Wy ou Wy
est une matrice de Wigner qui vérifie les hypothéses de la section précédente et (X y)nen une suite de
matrices telles que X (i,j) = o(i/N,j/N) ot o : [0,1]> = R et o(x,y) = o(y,z) et ® est le produit
coefficient par coefficient. On considérera deux cas : un cas ou o est une fonction continue et un cas ol o
est constante par morceaux dans le sens ot il existe ay, ..., a,, € [0, 1] de somme 1 et (0y ;)i je[1,n] tel que

o(x,y) =05  pour = € [vi—1,%[,y € [vj—1, 7

ol 7v; = aj + ... + ;. Notons que contrairement au cas de matrices de Wigner et de Wishart, les résultats
de grandes déviations que ’on va énoncer sont nouveaux méme pour le cas gaussien.

Le résultat pour les ¢ continus s’obtient par approximation par des ¢ constants par morceaux, et
on s’intéresse donc a ce cas la en premier. On peut alors utiliser le méme argument que dans la section
précédente concernant la borne supérieure. Les principales différences se trouvent dans le calcul de la
fonction F() et dans I’équation qui détermine la limite de la plus grande valeur propre pour les mesures
exponentielles Pe-?.

Si 'on suppose Xy gaussienne, on a alors en utilisant la transformée de Laplace pour les variables
gaussiennes :

2 N
Ex c[exp(NO{e, Xne))] = E. |exp E Z (1,7)°|es]*|e;]?

=[E, |exp Z Uk lﬂkﬁl

k,l=1

ol B = Zi/Nem_lmc[ le;|?. En particulier (81, ..., 8,) est un n-uplet qui suit une loi de Dirichlet de
parameétre (| Sy N|/2,(|vN|—[187mN])/2,...,(BN — | 8yn—1N])/2). En utilisant le fait que (|8v;N | —
|8vi-1N|)/N — Ba; on a que la loi de (f, ..., 8r,) suit un principe de grandes déviations de fonction de
taux (t1,...,tn) — gz? a;(log(t;) — log(a;)). Par le lemme de Varadhan, on a donc que

F(0)=  sup Z o rr — Zak(log(%) — log(ax))
k

>0, 3N ;=1 k=1

L’hypothése 1.2.2 permet, de se ramener au cas gaussien, quitte a considérer cette intégrale sphérique
uniquement sur des vecteurs délocalisés. Ayant déterminé 'existence de F'(6), on peut donc conclure la
borne supérieure comme précédemment avec la fonction de taux I(o,.) définie par :

(0, x) = sup(J (po, 0, 2) — F(0))
0>0

ol . est la mesure limite de la suite Xy.

De plus, si pour 6 donné, on pose (¥, ...,1?) un argument maximal du probléme d’optimisation ci-
dessus, on a que les vecteurs e qui ont une contribution dominante & l'intégrale Ex .[exp(N6(e, Xne))]
sont ceux tels que (B, ..., B ) est proche de (19, ..., 4%). En particulier, pour le calcul de la borne inférieure,
on cherche & prouver que pour x > r, (o r, est la borne supérieure du support de la mesure limite x,
de Xy), il existe 6 > 0 tel que N ™' logP?[[Amax(Xn) — 2| < 6] = 0. Comme P? = [ f%(e)P*de, les
contributions dominantes seront celles telles que (531, ..., 3,) est proche de (9, ...,4?%). Lorsque I’on écrit
A présent I’équation de la limite de la plus grande valeur propre sous P*?, pour de tels e, on a :

det(I, — D(0,2)S) =0
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ou S = (07,) et D(0,z) = diag(¢p{ms(2), ..., ¥§mu(2)) ot my, ..., m, apparaissent comme des transfor-

meées de Stieljes liées & la mesure limite de X . Pour obtenir & z donné une solution & cette équation, on
a alors besoin de supposer la continuité de D(8, z) en 6 et donc supposer I'existence d’une détermination
continue @ + (¢, ...,9¢) de I'argument maximum. On est alors amené a formuler I’hypothése suivante :

Hypothése 1.2.4. Supposons qu’il existe 6 — 1° une fonction continue de R* dans {x € (RT)";z; +
e+ =1} telle que :

92 n n
T o utul+ 5> anllog(in) ~ log(an)) =
i,j=1 k=1

92 2 10,0 B -
sup - o; iy + 5 > au(log(yy) — log(ak))
ve@®H)n, =1 | B i,j2=1 J ) ;

Si cette hypothése est vérifiée, on a :

Théoréme 1.2.5. Soit Xy = X © Wy tel que Wi vérifie les hypothéses 1.2.2 et 1.2.1 et ¥ n(i,5) =
o(i/N,j/N). Si o est constant par morceauz et vérifie I’hypothése 1.2.4 alors la plus grande valeur propre
Amax (X ) vérifie un principe de grandes déviations avec la bonne fonction de taux I(o,.).

On approxime le cas continu uniformément sur [0, 1]? par des o constants par morceaux. On a alors
besoin d’une condition similaire, excepté que 1’on ne considérera pas des vecteurs v positif de somme 1
mais des mesures de probabilités sur [0, 1]. On introduit donc 'hypothése suivante :

Hypothése 1.2.6. Supposons qu’il existe 0 — ¢ une fonction de Rt dans P([0,1]) continue pour la
topologie faible telle que :

2] [ it @at )+ 5 o)

_ sugyl]){eg [ [ st + Sowain |

PeP(
ot D(.||.) est la déviation de Kullback-Leibler.

Le terme D(Leb||) qui vaut [log %(m)d:ﬂ si la mesure de Lebesgue est continue par rapport a ¢ et
oo sinon est I’analogue continu du terme Y7 ay(log(¢x) — log(ax)).
Gréce a cette hypothése, on peut énoncer notre résultat dans le cas o continu :

Théoréme 1.2.7. Soit Xy = Xn @ Wy tel que Wiy vérifie les hypothéses 1.2.2 et 1.2.1 et Xn(i,5) =
o(i/N,j/N). Si o est continue et vérifie I’hypothése 1.2.6 alors la plus grande valeur propre Amax(Xn)
vérifie un principe de grandes déviations avec une bonne fonction de tauz I(o,.).

Un exemple de profils qui vérifient les hypothéses 1.2.4 et 1.2.6 est la classe des o tel que p —
[ [o?(z,y)du(x)du(y) est concave sur P([0,1]). Dans le cas par morceaux cela s’applique par exemple

aux matrices de la forme
aX bY
bY* cZ

ot a,b,c € R et tels que a® + c? — 2b> < 0. Dans le cas continu, on peut prendre o(z,y) = |f(z) — f(y)|
ou f est une fonction continue croissant de [0,1] dans R. On verra également que sans hypothése sur le
profil de variance o, le résultat précédent est faux sur certains exemples car il ne donne pas une fonction
de taux correcte.
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1.2.3 Présentation des résultats de la section 1.5

Dans cette section, on essaye de généraliser les résultats de la section 1.3 dans les cas ot I'hypothése
1.2.2 n’est plus vérifiée mais ot ’on a encore une borne sous-gaussienne du type log Efexp(v N0X y (i, §))] <
A6? /2. Grossiérement, sous certaines hypothéses sur la loi des coefficients, on montre que pour A < 2
et des valeurs de x proches de 2, il existe des bornes de grandes déviations au voisinage de = avec la
méme fonction de taux que le cas gaussien. On montre également que pour de grandes valeurs de z il
existe également des bornes de grandes déviations au voisinage de x mais cette fois la fonction de taux
dépend de la loi des coefficients. Ces résultats viennent de [7] et sont le fruit d’une collaboration avec A.
Guionnet et F. Augeri.

La généralisation de ces résultats s’opére en étudiant la fonction F'(6) définie précédemment (quand
elle existe). On a tout d’abord le résultat de borne supérieure suivant :

Théoréme 1.2.8. Soit X une matrice de Wigner réelle telle que la famille {V2NXn(i,5)}i<; U
{VNX,(i,i)}; soit i.i.d. et de loi symétrique par rapport i 0. On suppose que Xy vérifie I’hypothése
1.2.1 et que Amax(XnN) soit exponentiellement tendue. Amax(Xn) vérifie alors une borne supérieure de
grandes déviations avec la bonne fonction de taux I égale & +o00 sur (—oo,2) et pour x > 2 :

I(x) = suplJ (o,6,) - F(0)]

ou F(0) = limsupy + log Ex c[exp(N6(e, Xye))].

Ce résultat est essentiellement la borne supérieure de la section 1.3 dans un cas plus général. Si on
suppose de plus que la fonction F'(0) est définie sur le fermé C,, on a la borne inférieure suivante :

Théoréme 1.2.9. On reprend les hypothéses du théoréme précédent et on suppose que pour 6 € C,,.
= . 1 .1
F(0) = limsup N logEx, clexp(NO{e, Xne))] = thlnf N logEx, clexp(N8(e, Xne))] = F(0)
N

On pose pour © > 2, O, := {0 >0,J(0,0,2) — F(0) = I(z)}
Soit x > 2, supposons qu’il existe 0 € O, NC,, tel que pour tout y > 2 et y # x, § # ©,. Alors pour
tout § >0 :

.1
tim nf - 1og [ Amax (X) — 2] < 8] > ~1(2)

En effet supposons ’hypothése vraie pour un certain x avec un certain > 0. Pour démontrer la borne
inférieure, il suffit de prouver que imy o0 PY[|[Amax(Xn) — 2| < 8] = 1. Or pour tout y > 2 distinct de
z, on af € 0,\0, et avec le méme A)’; que celui défini & la section 1.2 :

E[lxNEAfJV{éIN(XNv 9)]
Elyx (XN, 9)
In(Xn,0
E[lxNeA?f){é%IN(XNﬁ)]
Ely (XN, 9)
_ 67NJ(0"0’7y)7NF(9)+N.](U,9,y)+No(5)EDXNGAyﬁIN (XN, 0/)]

PlXny € A)] <

< o= NJ(0,0"y)=NF(0)+N.J(0,0,y,)+NF(0")+No(5)
— Y

=0(e™ M)
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avec une certaine constante ¢ > 0. Pour y < 2, on obtient le méme résultat par concentration de la mesure.
On a PY[|Apax (Xn) — y| < 8] = O(e=Y) pour = # y et donc par tension exponentielle on conclue.

Etant que ©, est contenu dans ’ensemble des points critique de 0 — J(0,0,2) — F(6) si F est
différentiable, la question de la régularité de F'(0) et du comportement de son sous-différentiel est crucial.
En particulier, on a :

Théoréme 1.2.10. Dans les hypothéses du théoréme précédent, si pour x > 2, il existe 6 € ©, NC,, tel
que F' est différentiable en 0, alors la borne inférieure est vérifiée pour x.

On s’intéresse donc a l'existence ainsi qu’a la différentiabilité de F'. On pose alors :

L(z) = log E[zvVNXn(1,2)],¢(x) = L(x) /2> et A/2 = sup ¢(x)

zERT

Pour des valeurs de A inférieures a 2, on a que [0,1/(2v/A —1)] C C, et pour 6 € [0,1/(2vVA —1)],
F(0) = 6. En utilisant le théoréme précédent, on a le résultat suivant :

Théoréme 1.2.11. Si A < 2, la borne inférieure de grandes déviations est vérifiée pour x € [2, \/% +
VA —1]. De plus sur cet intervalle, la fonction de taux I est égale a la fonction de taux du cas GOE.

Pour obtenir I’existence et la différentiabilité de F' pour de grandes valeurs de 6, on va faire I’hypothése
suivante :

Hypothése 1.2.12. On suppose que ¢(x) = L(z)/z? est une fonction croissante sur R et a pour limite
B/2 en +o0.

Un exemple pour la loi des coefficients qui vérifie ’hypothése précédente est la loi de by ou b est
une Bernoulli de parameétre p et v une gaussienne centrée de variance 1/,/p indépendante. On a alors
B=1/(2p)

Avec les notations ci-dessus, on a pour un vecteur e de la sphére :

Z L(2V/Nbe;e;) N zN: L(V2N0e?)

— N ; N

1<J i=1
N

= 262 Z 1,[)(2\/N06,’6j)6?6? + 2602 Z Y(V2NBe2)et,
i=1

i#j

% log Ex[exp(NO(e, Xne))]

Lorsque ’on examine ensuite les vecteurs e ayant une contribution dominante dans l’intégrale, 1’hy-
pothése 1.2.12 permet de se ramener au cas de e ayant un coeflicient d’ordre 1 et les autres coefficients
d’ordre 1/v/N. On peut alors obtenir I’expression suivante :

Théoréme 1.2.13. Supposons l’hypothése 1.2.12. Pour tout 0 > 0, F(0) = F(0) = F(0) et :

F(9) = sup sup {92a§ + Bb%a2 + /L(29\/07333)du1 () —H(n) — %log(%r) - 1},

ajtag=1 v €P(R) 2
a1,a320 14224y (2)=aq

Par changement de variable on a alors :

F(9) = sup Hy(a,v).
a€]0,1],v€P([0,1])
Ja2dv(z)=a

Ou pour 6 > 0, a € [0,1], et v € P(R),

Ho(a,v) = 620 + 02B(1 — a)? + /L(Zex/l —ar)dv(z) — H(v) — %log(Zﬂ') - %
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Avec « fixé, on peut alors optimiser sur v et on obtient que :

sup  Hyp(a,v) = 6%(a* + B(1 — a)?)
veP([0,1])
[x2dv(z)=a

+46%a(1 — @)Cap + G(Cap) — %log(l —a) —log20 — %log 27 — %

ot G est la fonction définie sur RT par G(¢) = log [ exp(L(x) — (z?)dz et (49 est défini comme étant la
solution de G'(¢) = —46*a(1—a) si 40%a(1 — o) < —lim¢_, g5 G'(¢) et B/2 sinon. 1l suffit donc d’étudier
la fonction

1 1 1
Ko(a) = 0*(a® + B(1 — a)?) + 460%a(1 — a)lap + G(Cap) — 3 log(1 — o) — log 20 — 3 log 27 — 3

pour « € [0, 1]. En examinant les symétrie de Ky ainsi que ses points critiques, on a que si 40*(B—1) < 1,
le maximum est alors atteint en o = 1 et F(0) = 62. Si (B — 1) > 1, on a en étudiant Ky que son
maximum sur [0, 1] est atteint soit en o = 1, soit en «ay €]0, 1/2[ 'unique point critique de Ky sur cet
intervalle et ainsi F'(f) = max{6?, Ky(ag)}. On établit de plus que 6 — ay est différentiable, ce qui
permet de démontrer que F est bien différentiable pour de grandes valeurs de 6.

On peut alors en déduire le résultat suivant :

Théoréme 1.2.14. Supposons Uhypothése 1.2.12 vraie. Alors il existe 0y > 0 tel que F' soit différentiable
sur [1/v/B —1,4+00[ sauf éventuellement en 6y. On a de plus ’existence d’une constante k > 0 telle que

0o < k/v/B — 1. De plus pour § <1/2/B — 1, F(6) = 2.

Gréace au premier point du théoréme précédent on peut démontrer la borne inférieure de grandes
déviations pour de grandes valeurs de z :

Théoréme 1.2.15. Supposons les hypothése du théoréme 1.2.8 et I’hypothése 1.2.12 vérifiées. Alors il
existe une constante universelle k telle que la borne inférieure de grandes déviations soit vérifiée pour
x > kB et la bonne fonction de taux I.

On peut enfin considérer le cas ou ¢ atteint son maximum en un point de ]0, +oo[ :

Hypothése 1.2.16. On suppose que 1(x) = L(x)/x? admet pour limite B/2 en +o0o, que v atteint son
mazimum en un unique point m, de RT et que ¢ (my) < 0.

Dans le cas ou cette hypothése est vérifiée (ce qui est notamment le cas pour des lois p & support
compact qui vérifient la condition d’unicité du maximum de ¥ car B = 0), les contributions dominantes
pour de grandes valeurs de # proviennent de vecteurs dont environ N'/4 coordonnées sont de I’ordre de
N=Y4/m. /0 et le reste de I'ordre de N=1/2. On a alors le résultat suivant :

Théoréme 1.2.17. Supposons Uhypothése 1.2.16. Il existe 0y tel que [0y, +oo[C C,, et tel que sur cet
intervalle :

1
F(0) =sup |6%(A —1)a* + 6% + 3 log(1 — )

De plus, il existe x,, tel que pour tout x > x, la borne inférieure de grandes déviations est vérifiée.
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1.2.4 Perspectives

Une des généralisations de la méthode développée dans la section 1.3 serait de regarder les grandes
déviations jointes du k-uplet des k plus grandes valeurs propres de X . Le seul obstacle théorique de
taille & cette approche est le calcul du comportement asymptotique des intégrales d’Itzykson-Zuber
Elexp(NTe(Dn(0)UANV))] ot Dy (0) = diag(bs, ..., 0k, 0,...0) qui est particuliérement complexe pour
01, ...,0; quelconque.

Concernant les matrices & profils de variances, 1’obstacle principal dans le cas général semble étre le
fait que l'intégrale sphérique ne capture pas la structure naturelle de la matrice. Par exemple, dans le
cas d’un profil de variance constant par morceaux, au lieu de prendre e uniforme sur la sphére, il semble
étre plus judicieux d’essayer de déterminer le comportement asymptotique de 'intégrale sphérique quand
les blocs de e ont une norme fixée et sont pris uniforme sur la sphére. Il s’agirait alors de comprendre
de quelles quantités les limites de ces intégrales dépendent. D’autre part, on peut également essayer de
trouver une expression de la fonction de taux I qui soit une fonction explicite du profil de variance . On
s’attend en particulier qu’a 'image des cas Wishart et Wigner, dans le cas de ¢ constant par morceaux
cette fonction de taux soit I'intégrale d’une fonction algébrique.

Enfin concernant le cas général développé dans la section 1.5, on peut essayer d’étendre 1’étude a
d’autres lois u, notamment les cas oil ¥ atteint son maximum en 400 sans pour autant croitre. On peut
également étudier la différentiabilité de F' plus en détail. En particulier, quand la fonction F' est bien
définie, on peut se poser plusieurs question sur la forme qu’a ’ensemble des points de non-différentiabilité
de F', ce qui pourrait permettre d’obtenir une description plus précise du domaine sur lequel la borne
inférieure de grandes déviations est vérifiée. Enfin on peut tenter d’appliquer cette méme méthode a
d’autres modeéles de matrices aléatoires pour lesquels on peut étudier la fonction F.

1.3 Large deviations for the largest eigenvalue of Rademacher
matrices

1.3.1 Introduction

Very few large deviation principles could be proved so far in random matrix theory. Indeed, the
natural quantities of interest such as the spectrum and the eigenvectors are complicated functions of
the entries. Hence, even if one considers the simplest model of Wigner matrices which are self-adjoint
with independent identically distributed entries above the diagonal, the probability that the empirical
measure of the eigenvalues or the largest eigenvalue deviates towards an unlikely value is very difficult to
estimate. A well known case where probabilities of large deviations can be estimated is the case where
the entries are Gaussian, centered and well chosen covariances, the so-called Gaussian ensembles. In this
case, the joint law of the eigenvalues has an explicit form, independent of the eigenvectors, displaying a
strong Coulomb gas interaction. This formula could be used to prove a large deviations principle for the
empirical measure in [17] and for the largest eigenvalue [16] (see also [68] for further discussions of the
Wishart case, and [35]). More recently, in a breakthrough paper, C.Bordenave and P. Caputo [23] tackled
the case of matrices with heavy tails, that is Wigner matrices with entries with stretched exponential tails,
going to zero at infinity more slowly than a Gaussian tail. The driving idea to approach this question
is to show that large deviations are in this case created by a few large entries, so that the empirical
measure deviates towards the free convolution of the semi-circle law and the limiting spectral measure of
the matrix created by these few large entries. This idea could be also used to grasp the large deviations of
the largest eigenvalue by F.Augeri [5]. Generalization to subgraphs counts and the eigenvalues of random
graphs are given in [6, 33, 19]. In the Wishart case, [40] considered the large deviations for the largest
eigenvalue of very thin Wishart matrices W = GG*, in the regime where the matrix G is L x M with
L much smaller than M. In the case of Bernoulli entries with parameter p < 1 precise large deviations
could be derived recently for the largest and second largest eigenvalues [19, 33]. Hence large deviations
for bounded entries, or simply entries with sub-Gaussian tails, remained mysterious in the case of Wigner
matrices or Wishart matrices with L of order M. In this article we analyze the large deviations of
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the largest eigenvalue of Wigner matrices with Rademacher or uniformly distributed random variables.
More precisely our result holds for any independent identically distributed entries with distribution with
Laplace transform bounded above by the Laplace transform of the Gaussian law with the same variance.
We then prove a large deviation principle with the same rate function than in the Gaussian case: large
deviations are universal in this class of measures. We show that this result generalizes to complex entries
Wigner matrices as well as to Wishart matrices. We are considering the case of general sub-Gaussian
entries in a companion paper with F. Augeri. We show in particular that the rate function is different
from the rate function of the Gaussian case, at least for deviations towards very large values.

1.3.1.1 Statement of the results
(1)

We consider a family of independent real random variables (ag}j))ogig j<N, such that the variables a; ;

are distributed according to the laws ,ufvj We moreover assume that the ufvj are centered :

@) = [ dul (@) =0

and with covariance:
py (%) = /xQduﬁYj(:c) =LVI<i<j<N, pl@®)=2 VI<i<N.

We say that a probability measure p has a sharp sub-Gaussian Laplace transform iff

Vt e R, T,(t) = /exp{ta:}dp(x) < exp {@} . (1.1)

The terminology “sharp” comes from the fact that for ¢ small, we must have

7,(0) > exp{ ) (14 o).

Then we assume that :
Assumption 1.3.1 (A0). We assume that the ,ufvj satisfy a sharp sub-Gaussian Laplace transform.

Remark 1.3.2. From the sub-Gaussian bound, we have the following bound on the moments of M@N] if
Assumption 1.8.1 is verified and X is a random variable of distribution uZNJ :

E[X*] < 20T~ (1) + T,x (1))/2 < (2i)lerss (=*)/2
and
EHX‘QH_I} < E[X2i+2]21‘+1/2i+2 < ((2’L+ 2)!eltfj(xz)/2)21'+1/2i+2-
We have a bound of the form :
E[|X|¥] < Ck!

for some universal constant C. From this bound, we have if the uivj (x2) are bounded, for every & > 0,
there exists € > 0 that does not depend on the laws ufvj such that for |t| <e.

(1-0)?ul;(2?)
2 b

T, (1) > exp

We have also that the T, ~ are uniformly C? in a neighborhood of the origin: for € > 0 small enough
N,
SUp|y| < SUp; ;v |07 In Tux, ()| is finite.



26 CHAPITRE 1. GRANDES DEVIATIONS

Remark 1.3.3. We could assume a weaker upper bound on the Laplace transform for the diagonal entries
such as the existence of A finite such that

/emduf\fi(a:) <exp{+Altl}, VI<i<N,

see the proof of Theorem 1.3.22.
Example 1.3.4. 1. Clearly a centered Gaussian variable has a sharp sub-Gaussian Laplace trans-
form.

2. The Rademacher law B = %(5,1 + 01) satisfies a sharp sub-Gaussian Laplace transform since for
all real number t )
Tp(t) = cosh(t) < et /2.

8. U, the uniform law on the interval [—/3,V/3], satisfies a sharp sub-Gaussian Laplace transform

since we have
/xQdU(as) =1,

and
Ty(t) = L sinh(tV/3) = Z s
v 3 7n>0 @2n+ 1)
Since for all n > 0, m < an,, it follows that Ty (t) < eé.

4. If X,Y are two independent variables with distribution u and p', two probability measures which
have a sharp sub-Gaussian Laplace transform, for any a € [0, 1], the distribution of \/aX++/1 —aY
has a sharp sub-Gaussian Laplace transform.

Note that many measures do not have a sharp sub-Gaussian Laplace transform, e.g. the sparse
Gaussian law obtained by multiplying a Gaussian variable by a Bernoulli variable, or the well chosen
sum of Rademacher laws. We will also need that the empirical measure of the eigenvalues concentrates
in a stronger scale than N, see Lemma 1.3.16. To this end we will also make the following classical
assumptions to use standard concentration of measure tools.

Assumption 1.3.5. There exists a compact set K such that the support of all ,ufvj is included in K for

all i,j € {1,..., N}and all integer number N, or all ufvj satisfy a log-Sobolev inequality with the same
constant c independent of N. More precisely, in the later case and when the entries are complex, we
assume that they are of the form z(x + iy) with a complex number z, and independent real variables x,y
which satisfy log-Sobolev inequality with the same constant ¢ independent of N.

Remark 1.3.6. All the examples of Example 1.3.4 satisfy Assumption 1.3.5, except possibly for sums of
Gaussian variables and bounded entries.

We then construct for all N € N, a real Wigner matrix N x N Xz(\}) by setting :

e
o Y0 when i < j,
X](\/:'l)<l7.7):{ 1
TN when ¢ > 7.

oSk

We denote A (X (1)) =X <)y - <Ay = )\max(X(l)) the eigenvalues of X(l). It is well known [77]
that under our hypotheses the empirical distribution of the eigenvalues 'ux“) =% Zfil 0y, converges

weakly towards the semi-circle distribution o: for all bounded continuous function f

lim /f dNX(1> /f Ydo(x /f \/—7x2dx a.s.

N —o0
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It is also well known that the eigenvalues stick to the bulk since we assumed the entries have sub-Gaussian
moments [41, 4] :

Hm Apin (X)) = =2 Hm Amax(X() =2, a.s.

N—oc0 N —o0

Our main result is a large deviation principle from this convergence.

Theorem 1.3.7. Suppose Assumptions 1.3.1 and 1.3.5 hold. Then, the law of the largest eigenvalue
)\max(XJ(\})) of X](\}) satisfies a large deviation principle with speed N and good rate function IY) which is
infinite on (—o0,2) and otherwise given by

1D (p / Va2 — 4dz .

In other words, for any closed subset F' of R,

1
lim sup N In P ()\max(Xj(\})) € F) < —i%fl(l),

N —oo

whereas for any open subset O of R
.. 1 (1) . (1)
— > — .
1%11 inf —InP ()\maX(XN )€ O) > 1rolfI

The same result holds for the opposite of the smallest eigenvalue —)\mm(X](\;)).

Therefore, the large deviations principles are the same as in the case of Gaussian entries as soon as
the entries have a sharp sub-Gaussian Laplace transforms and are bounded, for instance for Rademacher
variables or uniformly distributed variables. Hereafter we show how this result generalizes to other

settings. First, this result extends to the case of Wigner matrices with complex entries as follows. We

(2)
i,j

distributed according to a law vaj when i < j, which are centered probability measures on C (and on R

if i = j). We write a(Qj) = x;; + 1y;; where z; ; = R(a j) and y;; = S(a (J)) We suppose that for all

i € [1,N], y;,; = 0. In this context, for a probability measure on C, we will consider its Laplace transform
to be the function

now consider a family of independent random variables (ag))1<l<]< ~, such that the variables a,”/ are

Tu(z) = /exp{ﬂ%(ai)}du(a).
We assume that

Assumption 1.3.8 (AOc). For alli < j

2
Vt € QTM (t) < exp(|t|*/4),
and for all i
2
vt € R, Ty~ (1) < exp(t”/2).

The Remark 1.3.2 stays true in the complex framework. Observe that the above hypothesis implies
that for all i < j, 2E[27 ;] = 2E[y7 ;] = E[27,] = 1 and E[z; jy; ;] = 0. Examples of distributions satisfying
Assumption 1.3.8 are given by taking (x; ;,v; ;) centered independent variables with law satisfying a
sharp sub-Gaussian Laplace transform. Hereafter, we extend naturally Assumption 1.3.5 by assuming
that the compact K is a compact subset of C or log-Sobolev inequality holds in the complex setting.

We then construct for all N € N, XJ(\?) a complex Wigner matrix N x N by letting :

a®

\/% when ¢ < j,

X, j) :{ _
2

ﬁwhenz’>j.
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Again, it is well known that the spectral measure of Xz(\?) converges towards the semi-circle distribution
o and that the eigenvalues stick to the bulk [4].

Theorem 1.3.9. Assume that Assumptions 1.5.8 and 1.3.5 hold. Then, the law of the largest eigenvalue
)\max(X](\?)) of X](\?) satisfies a large deviation principle with speed N and good rate function I®) which is
infinite on (—o00,2) and otherwise given by

P
I (p) =21V (p) :/ Va2 —4dx .
2

We finally generalize our result to the case of Wishart matrices. We let L, M be two integers with
N =L+ M. Let G(LB%VI be an L x M matrix with independent entries (agg)) 1<i<r with laws uﬁ}-M on

J1gi<m
the real line if § = 1 and on the complex plane if 5 = 2. The ufj}M satisfy a sharp sub-Gaussian Laplace
transform (with real or complex values) for all ¢,j € [1,L] x [1,M], and its complementary uniform
lower bound (Assumption 1.3.1, or Assumption 1.3.8), are centered and have covariance one. We set
Wéﬂ 1)v1 = %G(LB 3\4(G(Lﬁ 3\4)* When M/L converges towards «, the spectral distribution of W,-Eﬂ 1)\/1 converges
towards the Pastur-Marchenko law [59]: for any bounded continuous function f

lim /f(x)dﬂévyg;w(x):/f(x)dwa(x) a.s.,

N—o00

where if a > 1 and a, = (1 — /a)?,b, = (1 +/@)?,

Wa(dl') _ \/(b(X - 1’)(]} - aOé)

2rx

]l[aa,ba]dx .

When a < 1, the limiting spectral measure has aditionnally a Dirac mass at the origin with mass 1 — «.

We hereafter concentrates on the case M > L up to replace Wg?/[ by (GSJB}VI)*G(L[?W/M Again, the
extreme eigenvalues were shown to stick to the bulk [11]. We prove a large deviation principle from this
convergence:

Theorem 1.3.10. Assume that the ,ufvj satisfy Assumption 1.8.5. Assume they satisfy a sharp Gaussian
Laplace transform 1.8.1 when =1 or 1.83.8 when = 2, and a uniform lower bounded Laplace transform
1.3.1 when 8 =1 or 1.3.8 when 5 = 2. Assume that there exists @ > 1 and & > 0 so that %—a =o(N~").

Then, the law of the largest eigenvalue )‘maX(Wgz)vI) of Wéﬁj)w satisfies a large deviation principle with
speed N and good rate function J®) which is infinite on (—oo,bs) and otherwise given by

* - Yo — Oq
J(’B)(SC) _ 4(1ia) /b V (y by)(y )dy.

where B =1 in the case of real entries, and 8 = 2 in the case of complex entries.

This problem can be recasted in terms of Hermitian models with independent entries in the sense that
if we consider the N x N matrix

1 ~(B)
K ws) _ 0 IwCLM
YooK E@h) o

the spectrum of the N x N matrix XI(\;U[” is given by L eigenvalues \/%)\, L eigenvalues —,/ %)\, where

A are the eigenvalues of Wéﬂ 134, and M — L vanishing eigenvalues. Hence, the largest eigenvalue of Wéﬁ])w

is the square of the largest eigenvalue of X ](\}UB ) multiplied by N/L. X](\}”ﬁ) is, like X ]ﬁv a Hermitian matrix
which is linear in the random entries, but it has more structure with its zero entries. It is therefore
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(8) with speed N and rate

equivalent to show a large deviation principle for the largest eigenvalue of X
function

1) (z) = TP (1 4+ a)z?).

This amounts to consider a Wigner matrix with some entries set to zero. We denote a( %) the entries of

(w5),
VNX:

a" = o, ifi,j<Lorij>L+1,
(ws) e , ,

a = WP i L41,j<I,
o = a? ., j>L+1i<N.

Again, we denote by ,u . the law of the 7, jth entry of this matrix. Hereafter, we denote by o, the limiting

spectral distribution of XJ(\, 2

F@)dow(@) = —— ([ f¢ dro(@) + [ £ Jara(z) ) + S22 p0). (12)
J 1) = (f sy yimator+ [ ey i@ +

Therefore, we shall prove Theorem 1.3.10 by showing that

given for any test function f by

Theorem 1.3.11. Assume that the ,ufvj satisfy Assumption 1.8.5. Assume they satisfy a sharp Gaussian
Laplace transform 1.8.1 when =1 or 1.8.8 when 3 = 2, and a uniform lower bounded Laplace transform
1.3.1 when 8 =1 or 1.3.8 when § = 2. Assume that there ea:ists a > 1 andk > 0 so that %—a =o(N~").

Then, the law of the largest eigenvalue )\max(X(wB ) of X satisﬁes a large deviation principle with

speed N and good rate function I(8) which is infinite on (—oo, a); if by = (1+ a)~ b, and otherwise
given by

Iws) (g 1+a/ —/ (A +a)2(y? —1)2 — dady .

where B =1 in the case of real entries, and two in the case of complex entries.
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1.3.1.2 Scheme of the proof

The idea of the proof is reminiscent of Cramér’s approach to large deviations: we appropriately tilt
measures to make the desired deviations likely. The point is to realize that it is enough to shift the
measure in a random direction and use estimates on spherical intergrals obtained by one of the author
and M. Maida [47]. To be more precise, we shall follow the usual scheme to prove first exponential
tightness:
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(ﬂ)

Lemma 1.3.12. For f = 1,2, w1, w2, assume that the distribution of the entries a,”; satisfy Assumption

1.8.1 for = 1,w; and Assumptzon 1.8.8 for B = 2,wy. Then:

lim limsup N lnIP[/\max(X(’B)) > K| =—00.

K—+00 Nooo
Similar results hold for )\min(X](\,ﬁ)).

This result is proved in Section 1.3.2. Note that in fact the proof of Lemma 1.3.12 requires only
sub-Gaussian tails. Therefore it is enough to prove a weak large deviation principle.
In the following we summarize the assumptions on the distribution of the entries as follows :

Assumption 1.3.13. FEither the ,ufvj are um'formly compactly supported in the sense that there exists a

compact set K such that the support of all /% .15 included in K, or the l% . satisfy a uniform log-Sobolev
inequality in the sense that there exists a constant c independent of N such that for all smooth function

/
/ P f2 L < (V).
5.]

More precisely, in the later case and when the entries are complex, we assume that they are of the
form z(x + iy) with a complex number z, and independent real variables x,y which satisfy log-Sobolev
inequality with the same constant c independent of N. When 8 = 1,w; ,ufvj satisfy Assumption 1.8.1,
when B = 2,ws, they satisfy Assumption 1.3.8. In the case of Wishart matrices, 8 = wy or wsy, we
assume that there exists a > 0 and x > 0 so that |% —a| < N% for N large enough.

We shall first prove that we have a weak large deviation upper bound:
Theorem 1.3.14. Assume that Assumption 1.8.18 holds. Let f = 1,2, w1, ws. Then, for any real number
x’

1
limsuplimsupﬁ InP (‘)\max(XJ(V@)) - a:‘ < 5) < —Ig(z).

§—0 N—o0
We shall then obtain the large deviation lower bound.
Theorem 1.3.15. Assume that Assumption 1.8.18 holds. Let f = 1,2, w1, ws. Then, for any real number
x’

1
lim inf im inf — In P (‘Amax(xj(f)) - x‘ < 5) > Is(z).

§—0 N—oo

To prove Theorem 1.3.14, we first show that the rate function is infinite below the right edge of the
support of the limiting spectral distribution. To this end, we use that the spectral measure /iy converges
towards its limit which much larger probability. We denote this limit 03: 01 = 02 = 0 is the semi-circle
law and oy, = 0y, = 0y is the symmetrization of Pastur-Marchenko law (1.2). We let d denote the

Dudley distance:
[ t@aua) - [ syt

where |[£]12 = sup, , | £ 4 sup, |7(@)]

d(,uv = Ssup
lFlle<1

Lemma 1.3.16. Assume that the ,ufvj are uniformly compactly supported or satisfy a uniform log-Sobolev

inequality, as well as, in the case wl,wg, that there exists k > 0 such that |% —a| < N7 %, Then, for
B =1,2,w1,wy, there exists ' € (0, = 15 /\ k) such that

1 ,
limsup - InP (d(ggﬁ),aﬂ) > N" ) o

N —o0
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The proof of this lemma is given in the appendix. As a consequence, we deduce that the extreme
eigenvalues cannot deviate towards a point inside the support of the limiting spectral measure with
probability greater than e~ "N for any C' > 0 and therefore

Corollary 1.3.17. Under the assumption of Lemma 1.8.16, For 3 = 1,2 let x be a real number in
(—00,2) or, for B =wy,ws, take x € (—00,by). Then, for § > 0 small enough,

1
lim sup N InP (|/\max(X](\,B)) —x| < 5) = 0.

N—o0

Indeed, as soon ¢ > 0 is small enough so that x + ¢ is smaller than 2 — ¢ for 5 = 1,2 (resp. b, — J
for 8 = w1, w2), d(fin,0p) is bounded below by some £(d) > 0 on the event that |/\maX(X](\f)) — x| <.
Hence, Lemma 1.3.16 implies the Corollary.

In order to prove the weak large deviation bounds for the remaining z’s, we shall tilt the measure by
using spherical integrals:

IN(X, 0) _ Ee[60N<e,Xe>] ,

where the expectation holds over e which follows the uniform measure on the sphere SN¥~! with radius
one. The asymptotics of

1
JN(X79) = — IIIIN(_X7 9)
N
were studied in [47] where it was proved that

Theorem 1.3.18. If (En)nen is a sequence of N X N real symmetric matrices when 8 =1 and complex
Hermitian matrices when 8 = 2 such that :
— The sequence of empirical measures ﬂgN weakly converges to a compactly supported measure p,
— There are two reals Amin(E), Amax(E) such that imy_ oo Amin (En) = Amin(E) and impy_ oo Amax(En) =
Amax(E))
and § > 0, then :
lim JN(EN, 9) = J(/.L, 9, )\max(E)) .

N —o0

The limit J is defined as follows. For a compactly supported probability measure we define its Stieltjes
transform G, by

1
Gu(z) = /]R P tdu(t).

We assume hereafter that p is supported on a compact [a,b]. Then G, is a bijection from R\ [a, b] to
|Gu(a),G,(b)[\{0} where G (a),G,(b) are taken as the (possibly infinite) limits of G (t) when t — a~
and t — b". We denote by K, its inverse and let R,(z) := K, (z) — 1/z be its R-transform as defined by
Voiculescu in [72] (defined on a neighborhood of the origin, but also on |G, (a), G, (b)[). In the sequel,
for any compactly supported probability measure u, we denote by r(u) the right edge of the support of
w. In order to define the rate function, we now introduce, for any 6 > 0, and A > r(p),

T 0.7) = 00(0,13) = 5 108 (14 2000, = 00 ) ity (13)

with

oo ) Bu(30), 0 <5 < Hua(p, A) = Timap [ 5 du(y),
'U( s Ky ) T \— 2%7 if 2% > Hmax(.uﬂ /\)

We shall later use that spherical integrals are continuous. We recall here Proposition 2.1 from [58] (see
[58] for an erratum) and Theorem 6.1 from [47]. We denote by || A|| the operator norm of the matrix A

given by | A]| = supj . | Aull> where [[ulls = v/ uil®.
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Proposition 1.3.19. For every 6 > 0, every x €]0,1/2[, every M > 0, there exist a function g, :
Rt — R* going to 0 at 0 such that for any & > 0 and N large enough, with By and Bl such that
Ay iy ) < N5 [Amax(BN) = Amax(By)| < & and supy ||By|| < M, supy || Byl < M -
|JN(BN,9) — JN(B§V,0)| < gn(é) .
From Theorem 1.3.18 and Proposition 1.3.19, we deduce that :

Corollary 1.3.20. For every 6 > 0, every x €]0,1/2[, every M > 0, for any § > 0 and p a proba-
bility measure supported in [—M, M], if we denote by By the set of symmetric matrices By such that
d(ppy, 1) < N7% [Amax(Bn) — p| < 9, and supy ||By|| < M, for N large enough, we have :

limsup sup |Jn(Bn,0) — J(u,0,p)| < 294(6)
N—oo BNEBN

where g, is the function in Proposition 1.3.19.

By Lemma 1.3.12 and Lemma 1.3.16, it is enough to study the probability of deviations on the set
where Jy is continuous:

Corollary 1.3.21. Suppose Assumption 1.8.5 holds. For § > 0, take a real number x and set for M
large (larger than x + ¢ in particular), A%& to be the set of N x N self-adjoint matrices given by

AM = IX P (X) — 2 < 3N {X : d(@¥,05) < N™¥I0{X 1 | X < M},

where k' is chosen as in Lemma 1.3.16 . Let x be a real number, 6 > 0 and k' as in Lemma 1.3.16.
Then, for any L > 0, for M large enough

P (‘)\max(X](f)) - x( < 5) P (X}f’ e AQ{(;) +O(eNE).

We are now in position to get an upper bound for P (XJ(\’?) € Ai%). In fact, by the continuity of
spherical integrals of Corollary 1.3.20, for any 6 > 0,

. [m(xz(f%e)l ]
(B) AL
IN(XN ) 0) '

P (Xl(vﬂ) S Aﬁﬂ;)

< E[In(XY,0)lexp{~N _inf Jxn(X,0)}
< E[In(XY),0)] exp{N(2gx(8) — J(05,0,2))} (1.4)

where we used that x — J(og,0,z) is continuous and took N large enough. It is therefore central to
derive the asymptotics of

1
Fx(0,8) = 5 mEln (X, 0)],
and we shall prove in section 1.3.3 that

Theorem 1.3.22. Suppose Assumption 1.8.18 holds. For § =1,2,wi,ws and 6 > 0,

with F(0,8) = 0%/8 if B=1,2 and when B = w;, i = 1,2:
2

26
FO,w)= sup {—z(1—2)+ ——
( ) 16[0,1]{ ? ( ) 2(1+a)

) Q0

ln(l —x) + mh’ll’} —ZCQ,

_ 1 1 « «a
w}le're Ca = 72(14»04) hl(m) + 72(14»01) 1n m



1.3. LARGE DEVIATIONS FOR RADEMACHER MATRICES 33

We therefore deduce from (1.4), Corollaries 1.3.21 and 1.3.20 , and Theorem 1.3.22; by first letting N
going to infinity, then ¢ to zero and finally M to infinity, that

limsuplimsup%m]}" (‘)\max(X](\?)) - IE‘ < 5) <F(0,8)—J(os,0,x).

§—0 N—o00

We next optimize over 6 to derive the upper bound:

1
limsuplimsup — InP (’)\maX(X](VB)) - x’ < 6) < —sup{J(og,0,xz) — F(6,0)}. (1.5)
§5—0 Nooo IV >0

To complete the proof of Theorem 1.3.14, we show in section 1.3.4 that, with the notations of Theorems
1.3.10,1.3.9, and 1.3.11,

Proposition 1.3.23. For 8 =1,2, w1, ws,

Ig(x) = 21;13{«](057979:) —F(0.8)}.

To prove the complementary lower bound, we shall prove that

Lemma 1.3.24. For 8 =1,2, for any = > 2 and for § = wy,ws for any x > by, there exists 0 = 0, > 0
such that for any § > 0 and M large enough,

E[1 In(x{,0))

xeam,

liminf — In
Nooo N E[Iy (X, 0)]

This lemma is proved by showing that the matrix whose law has been tilted by the spherical integral
is approximately a rank one perturbation of a Wigner matrix, from which we can use the techniques
developed to study the famous BBP transition [13]. The conclusion of Theorem 1.3.15 follows since then

Eflxg cay, NN 6:)]

P(x{) eals) > Blle P o) ElIn (X, 0,)] exp{—N 2 In(X,0,)}
> exp{N(-29x(0) + F(0s,8) — J(0p,0,,2) +o(1))}
> exp{—NIs(z) — N(o(1) + 20x(s5))}

where we finally used Theorem 1.3.22 and Lemma 1.3.24.

1.3.2 Exponential tightness

In this section we prove Lemma 1.3.12. We will use a standard net argument that we recall for
completness. We denote by SV~ the unit sphere in C if 3 =2 or RV if 3 = 1. For N € N, let Ry be
a 1/2-net of the sphere (i.e. a subset of the sphere SV~ such as for all u € S¥~! there is v € Ry such
that ||u — v||2 < 1/2). Here the sphere is inside RY for 8 = 1,w; and CV for 3 = 2, ws. We know that
we can take Ry with cardinality smaller than 32N 'We notice that for M > 0

PIXP| > 4K] <92V sup P(Xu,0) > K. (1.6)
u,vERN
Indeed, if we denote, for v € S¥~1, u, to be an element of Ry such that |Ju, —v|2 < 1/2,

1
IX8 1= sup X3 vle < sup (XK wlla + XKD
veSN -1 veSN -1



34 CHAPITRE 1. GRANDES DEVIATIONS

so that
1531 < 2 sup X3 ull> (1.7)
uERN

Similarly, taking v = , we find

||X<’” n
X8 ulla = (0, X3 u) < (up, X3 u) + o — uy |21 X$ 0]l

from which we deduce that

X <4 sup X(B)u,v

[ v

u,vERN

and (1.6) follows. We next bound the probability of deviations of (Xj(f)v,u) by using Tchebychev’s
inequality. For § > 0 we indeed have

PUXPu,0) > K] < exp{—ONK}E[exp{NO(X P u,v)}]
< exp{—ONK}E[exp 22% uzvj —&—Zaz U Vs ]
i<j i
< exp{-ONK}exp | —— Z|ul| |UJ|2+Z|uz| lvg|) (1.8)
i<j

where we used that the entries have a sharp sub-Gaussian Laplace transform. In the case of Wishart
matrices, we bounded above some vanishing contributions by a non-negative term. When 8 = w;, 8’ =1,
otherwise 8 = 3. We can now complete the upper bound:

IA

2 2 2 2
PXPur) > K] eXp<9N||u|2||v|2+<u7v> _(,NK>

B 2

Se)

PU(XPu,v) > K] < exp (N(1 - K)) .

IN

where we took 8 = 1. We conclude that :

This complete the proof of the Lemma with (1.6).

1.3.3 Proof of Theorem 1.3.22

We consider in this section a random unit vector e taken uniformly on the sphere SV—1!

dent of XJ(\?). We define Fy by setting, for 6 > 0 :

and indepen-

1
= — 1nEX%3>]Ee[exp(N9<e, XJ(VB)6>)]

where we take both the expectation E. over e and the expectation E (s over XI(\’,B). In this section we
N

derive the asymptotics of Fx(6,5). F(0,0) is as in Theorem 1.3.22. We prove a refinment of Theorem
1.3.22, which shows that under our assumption of sharp sub-Gaussian tails, the random vector e stays
delocalized under the tilted measure.
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Proposition 1.3.25. Suppose Assumption 1.3.1 holds if B = 1, w1 and Assumption 1.3.8 holds if 8 =
2,ws. Denote by Vi = {e € SN=1 1 Vi, |e;| < N™YV4=¢}. Then, for e € (0, 1),

F(6.5) = \lm Fy(6,5)= lim —lnE 1 eevﬁEX%a)[exp(NH(e,X](Vﬁ)@)]].

We first consider the case of Wigner matrices and then the case of Wishart matrices: in both cases
the proof shows that the above delocalization holds (i.e we can restrict ourselves to vectors e in V) and
we shall not mention it in the following statements.

1.3.3.1 Wigner matrices
In this section we prove Theorem 1.3.22 in the case of Wigner matrices, namely:

Lemma 1.3.26. Suppose Assumption 1.3.1 holds if 5 =1 and Assumption 1.3.8 holds if § = 2. Then
for any 0 >0
2
i P09 = F0.9) = 5.

Proof. By denoting L, = InT),, we have :

IEX%a)[exp(NWe,Xj(f)e))] = EX%g)[exp{\/NQ(QZER (ﬂ)e]el +Za(5)|el|
i<j
= exp{ZL (208;¢,V'N +ZL (0)e;|>VN)}
i<j
©)

where we used the independence of the (a;)i<;. Using that the entries have a sharp sub-Gaussian

i,§
Laplace transform (using on the diagonal the weaker bound L~ (t) < %tQ + Alt]) and Y e? = 1, we

deduce that:

E (s [exp(NO(e, X))

IN

92
exp{—D iPlesl + =5 X leal + AVNO 3 e

1<j

< exp(NQ; + AVNG).

Hence, we have proved the following upper bound

2
limsup Fiy(0,8) < limsup sup lnE ® [exp(NH(e,X](Vﬂ)e»] < 0— (1.9)
N—o00 N—oco ecSN-1 N XN B

We next prove the corresponding lower bound. The idea is that the expectation over the vector e

concentrates on delocalized eigenvectors with entries so that v/N. e;€; is going to zero for all 7,5. As a

consequence we will be able to use the uniform lower bound on the Laplace transform (see Remark 1.3.2)

to lower bound Fy (0, 3). Let V§ be as in Proposition 1.3.25. We have that :

Efexp(NO(e, X\e))] > Ee[leevy, [ [ exp{L,~ VN Hezey/ﬁ}HeXp{L (VNOle:*/8)})

1<J
For e € Vg, 2v/Nf|eje;| < 20N~ so that :

lim sup |2V Nfe;e;| =0.
N—+o00 eeve
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By the uniform lower bound on the Laplace transform of Assumptions 1.3.1 or 1.3.8, we deduce that for
any 0 > 0 and N large enough
2
Elexp(N0(e, XV e))] > P [V5)eN 710 (1.10)
We shall use that

Lemma 1.3.27. For any € € (0,1/4) we have
]\IIEHOOPG[B eVyl=1.
As a consequence, we deduce from (1.10) that for any § > 0 and N large enough
02
lim inf Fiv (6, 5) > (1 — 6)ﬁ :
Hence, together with (1.9), we have proved the announced limit

92
lim Fn(0,8) = —
which completes the proof of Lemma 1.3.26. Finally we prove Lemma 1.3.27. To this end we use the well
known representation of the vector e as a renormalized (real or complex) Gaussian vector:

_ 9
e— 2

gl

where g = (¢1,...,gn) is a Gaussian vector of covariance matrix I. By the law of large numbers, we
have the following almost sure limit :

Nl

N%m\/]vil

We also have by the union bound

1
P[3i € [1,N],|gi| > N'/47¢/2] < NP[|g;| > N'/*7</2] < NeXp{_ZNl/Q—QE}

from which the result follows.

1.3.3.2 Wishart matrices

In this subsection we prove Theorem 1.3.22 in the case of Wishart matrices, namely:

Lemma 1.3.28. Let 5 = wy or wa. Suppose Assumption 1.3.13 holds. Then for any 0 > 0, fori=1,2

20?2 i i
li Fn (0 i :Faa i) = - 1-— —1 —— In(1 — _.Ca7
i Fy (6, wi) = F(6,w;) le[lol?l]{ —r(l-a)+ 50+ a) n(w)+2(1+a) n(l—a)} —i
where Co = 72(13-00 ln(ﬁl-a) + 72(1‘1&) In t$5. Moreover, the supremum is achieved at a unique Tg,o in

[0,1] (as it mazimizes a strictly concave function). g, is the almost sure limit of ||eV)||2, the norm of
the first L entries of e, under the tilted law

Ex [exp{0N (e, X Pe)}]
E.[Ex[exp{6N (e, X{'e)}]]

dP?(e) = dP(e) .



1.3. LARGE DEVIATIONS FOR RADEMACHER MATRICES 37

Proof. We have, with the same notations than in the previous case :

Exu[exp(NO(X(e )] = epd 3 L (VN20elVel?)

1<i<M1<j<L

where e = (M), e(?), that is e(!) is the Vector made of the L first entries of e and e(? the vector made of
the M last entries of e. Using that the l% have a sharp sub-Gaussian Laplace transform and a uniform
lower bounded Laplace transform, we deduce that with V as in Proposition 1.3.25 we find that for any
0 > 0 and N large enough

6202 Nl 1212 20% N (1o )12 ]1(2) )12
Eo[Lyg e~ E NIV IIDE] < B, [I(8, wy)] < B [e™F Ve 1E1<V1E) (1.11)

where ||eM]|3 =1 — || ||3 follows a Beta law with parameters (iL/2,iM/2). Hence, its distribution is
given by

BetaiM/QyiL/g(dm) = CM’inL/Q_l(]. - x)iw[/2_1ﬂ16[071]d$,

with Ca = T(iN/2)/T(iM/2)I'(iL/2). Therefore, Laplace method implies that

lim —lnE [exp{ N||e(1)|| le®]2}] (1.12)

N—oco N

2

20
= sup {—z(1l—2)+ ———
ze[o,l]{ 4 ( ) 2(1+ )

e i
In(1—2z)+ M ta) In(z)} —iCy, .

(1.12) thus yields the expected upper bound. To get the lower bound in (1.11), observe that conditioning
by [[eM)|2, e and e® follow uniform laws on spheres of appropriate radius so that Lemma 1.3.27
applies. Hence, Vy has probability going to one under this conditionnal measure and we can remove its
indicator function in the lower bound of (1.11). We then apply Laplace method under the Beta law to
conclude. Finally, we see from the above that for any set A, any § > 0

2
P/(leM]2 € A) < exp{—NF (0, w;) + N§}/ L2711 - g)iM/21 exp{ﬂNx(l —z)}dx
A 2

from which it follows by Laplace method that the law of ||e(1)||3 satisfies a large deviation upper bound
with speed N and good rate function which is infinite outside [0, 1] and otherwise given by

262 )
—ix(l — ) Lo

. —mln(l—x)—

1
— L mz+FO,uw).
dita) 0T (0, w:)

In particular |e(V)||2 converges almost surely towards the unique minimizer x4, of this strictly convex
function (which vanishes there).
O

1.3.4 Identification of the rate function

To complete the proof of the large deviation upper bound of Theorem 1.3.14, we need to identify
the rate function, that is prove Proposition 1.3.23. This could a priori be done by saying that the rate
function corresponds to the one that is well known for the Gaussian case. But for the sake of completness,
we verify directly that we have the same result.
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1.3.4.1 Wigner matrices

We first consider the case of Wigner matrices. Recall that we want to prove that for 5 =1,2

Iyz) =2 m\/2 4dy = J(o,0 o 1.13
ﬁ(x)*g/z Y% — yglgg{((m ,w)—ﬁ) (1.13)

where J(u, 0, A) was defined in (1.3). Note that when p = o0, Ro(x) = z and Hyee(0,A) = Go(N) =
(A = VA2 = 4). To prove (1.13), observe first that the function

02

B

vanishes when % < Hpoz(o,x) = G, (x), since then J(o,6,2) = gfo eRg(u)du = %2 (see [47, Page 4]).
For % > Gy (), the critical points of ¢(., x) satisfy

p(l,2) = J(0,0,x) —

o

2’?0 = (0pJ)(0,0,x).

Computing the derivative of J shows that they are solution of

20, B
B~ 20,

which has a unique solution 6, > G, (z)/2 which is given by:

20 1 1
r - 2 —
5 2(;zc-k x2 —4)

Therefore, Ig(x) = ¢(6,, ). We can compute the derivative of Ig and since 6, is a critical point of ¢, we
find that

0u15(2) = (0,0) s, ) = (007)(0.00,2) = b, — D Golw) = /a7~ 1.

This proves the claim since Ig(2) = 0.

1.3.4.2 Wishart matrices

Let us now consider Wishart matrices and compute

Iy, (x) = max (J(ow,0,2) — F(0,wg)) .

As in the previous proof, it is enough to compute the point 6, where ¢(8,z) = J(0w,0,z) — F(0,wg)
achieves its maximal value since then we can compute

B
Opluwy () = 02 (0w, 0, 7) = 0, — §Gow (x).
Note that 6, exists as o is continuous in 6, going to —oo at infinity. To identify 6, we remark that when
it is larger than gGgw (x), it must satisfy the equation of the critical points of ¢ :

b _ k).

xr = 69F(9,w5) + 20 =:

Our goal is therefore to identify K and in fact its inverse 6, = K~ 1(x).
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We first show that K is analytic away from the origin and equals the inverse ng(%e) of the Stieljes

transform for small 0. Indeed, we claim that 6—F(0,wg) is analytic in a neighborhood of ]0, +oco[. We
recall that it is given in Lemma 1.3.28 by

20?2 1 (1e%
€[0,1]
The maximiser zg o of ¥(6, ) is solution of
1 5 1 o
L) (2, 0) = —0%(1 — 2 — —0.
(Oav)(@,6) = 5671 =200+ T T —a)

Clearly z—(0,%)(x,0) takes its zeroes away from 0,1 and is analytic in a complex neighborhood of
[e,1 — €] for any € > 0. Moreover, ¢ can only vanish in a small neighborhood of z = 1/2 when @ is large.
But for R(#) > 4, the real part of —9%¢(6, ) is bounded below uniformly by some c(€) > 0 uniformly
a complex neighborhood U, of [¢,1 — €] provided the imaginary part of 6 is smaller than some k. s > 0.
Hence, the implicit function theorem implies that §—xzg o, and so F'(., wg), is analytic in a neighborhood
of ®(0) > § for any § > 0. We next show that for # small enough,

B [
F(0,u5) =2 / Ro (w)du. (1.14)
0
F is clearly lower bounded by this value as for any M

1
F(0,wg) > liminf i InE [1

N—o0 Xs\;uﬁ)
so that for %0 < Gy, (M),[47, Theorem 1.6] gives the lower bound. The upper bound is obtained similarly
by using the exponential tightness which permits to restrict oneself to {|Amax| < M}. Therefore, we
conclude that K is analytic in £(6) > ¢ and equals

20 20 B

Kou(G3) = Rou(5) + 55

20

for small 6.
We want to find the inverse of K. We thus look for an analytic extension of K, . But in fact K,
satisfies an algebraic equation. Indeed, observe that

G, (2) = 220G (1 + a)a®) + ﬁ

where it is well known that G, the Stieltjes transform of the Wishart matries, is solution of
(22)2Gr. (2)* —42(2+1 - )Gy, (2) + 42— 8a = 0.

We deduce that at least for small x, K, is solution of

(1+)Ky, (2)r+1—a)? —2(K,, (z) +1—a)(1+a)zK,, (v)+1—a)+4(1+a)K,, (v)> —8a =0.

As a consequence, K is also solution of this equation for all x, by analyticity. Now, we are looking for
the inverse of K and so we deduce that #, = K ~!(z) is solution of the equation

2 2
(B(l + o)z, +1—a)? —2(x+1 - a)(B(l +a)zl, +1—a)+4(1+a)z? —8a=0. (1.15)
For % < G,,(z), the solution is
2, _ 2 2+l-—a—/(2-1-a)P—4a 1-al e, ().

Y 1+a 212 l+azx
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but when % > G, (z) we have to take the other solution of the quadratic equation

2, _ 20 J;2—|—1—a—|—\/(x2—1—a)2—40¢+17041
8 1+4+a 222 l+ax’

As a result, we then have

B B _ pa \/(xQ—l—a)Q—éla
O Ly () = 04 Goy,(x) = +o =

)

which completes the proof.

1.3.5 Large deviation lower bounds

Recall that we need to prove Lemma 1.3.24, that is find for any x > 2 (or b, for Wishart matrices) a
6 = 60, > 0 such that for any § > 0 and M large enough,

E[1, MIN(X](\?)ve)]
liminf — In XN s

N=oo N E[In(X}).0)]

>0,

where we recall that
Ay = {X  Panax(X) — 2| < 8} {d(X, 05) < N™"} 0 {| X || < M}

SN—l

For a vector e of the sphere and X a random symmetric matrix, we denote by IP’S\?’G) the

probability measure defined by :

(e,6) _ exp(NO(Xe,e))
Py (X) = Ex[exp(NO(Xe,e))]

dPn(X)
where Py is the law of X](Vﬁ). We have

E[1 INXY,0)] = EJ[PY”(AM)Ex[exp(NO(Xe,e))]]

(B) M
XN €AY

> Eelleevg Ply” (AM)Ex [exp(NO(Xe, e))] (1.16)

where we recall that V5§ = {e € SN~! : |e;| < N~1/4~¢}. The main point to prove the lower bound will

be to show that PE\?’G)(A%S) is close to one for delocalized vectors e € V§ and then proceed as before to
show that V7 has probability close to one under the tilted measure. More precisely, we will show that
for e € (4,1), we can find 6 so that for any z > 2 (resp. = > b,) and § > 0 we can find 6, > 0 so that

for M large enough,
lim inf P (AM) = 1. 1.1
M it P () (1.17)
This gives the desired estimate since we then deduce from (1.16) that for N large enough so that the
above is greater than 1/2
E[1

1
x@ean IV 0] = SElleevi By [exp(NO(X e, )]

so that the desired estimate follows from Proposition 1.3.25. To prove (1.17), the first point is to show
that

Lemma 1.3.29. Take € € (0, i) There ezists k' > 0 and K large enough so that for any 0,
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lim sup ]P’Es’g) <)\max(X](\’,8)) > K) =0.

N—=ooeeve

limsup sup ]P’S\f’e) (d(ﬂg(m,alg) > N”‘“/) =0.
N

N—oo eeVy

Proof. We hereafter fix a vector e on the sphere. The proof of the exponential tightness is exactly the
same as for Lemma 1.3.12. Indeed, by Jensen’s inequality, we have

Ex[exp(NO(X e, e))] > exp{ NOEx[(X e, e)]} = 1

Moreover, by Tchebychev’s inequality, for any u,v,e € S¥~1, we have

/]1<X](§)u7v>ZKexp(NG(X}@e,e))d}PN < exp{—NK}IEX[eXp(NMX](VB)e,6)—I—N(X](\,B)u,v))]

IN

exp{—NK}exp{N(6?+ 1) Z leiej + uiv;]?}
2%

< exp{—NK +4(6> + 1)N}

from which we deduce after taking w,v on a é-net as in Lemma 1.3.12 that
e 1
Pie?) (Amax(X](f)) > K) < 9*Vexp{—NK +4(6° + 1)N}

which proves the first point. The second is a direct consequence of Lemma 1.3.16 and the fact that the

log density of ]P’gf}’g) with respect to Py is bounded by 0N (|Amax(X)| + |Amin(E)|) which is bounded by
0K N with overwhelming probability by the previous point (recall that Ay, (X) satisfies the same bounds
than Apax(X)).

O

Hence, the main point of the proof is to show the following lemma.

Lemma 1.3.30. Pick € 6]%, %[ Foranyz>2if B=1,2 and x > by if B = w1, ws, there exists 0, such
that for every n > 0,
lim sup P [[Anax — 2 > 1] =0

N—o0 ecVy

Again, we first consider the simpler Wigner matrix case and then the case of Wishart matrices.

1.3.5.1 Proof of Lemma 1.3.30 for Wigner matrices
For e € V5 fixed, let X(©:N be a matrix with law P{¢? . We have :

x (N — E[X(E)JV] + (X(E)JV _ E[x(e)yN])

where E[X] denotes the matrix with entries given by the expectation of the entries of the matrix X. We
first show that E[X(¢)-V] is approximately a rank one matrix.

Lemma 1.3.31. For ¢ €], 1[, there ezists r(€) > 0 so that for e € Vg :

E[X(©)N] = 20ee* + AN

where the spectral radius of AN s bounded by N~ wuniformly on e € Va-
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Proof of the lemma. We can express the density of PS’G) as the following product :

dPi”)
dPx

(X) = H CXp(21i7éj Hx/N%(eiéjai’j) - L#I_\f' (21i¢j9\/ﬁeiéj))
i,
i<j
where the a; ; are defined as in the introduction, basically a rescaling of the entries by multiplication by

VN.

So since we took our a; ; independent (for ¢ < j), the entries Xi(Z-)’N remain independent and their
mean is given in function of the Taylor expansion of L as follows :

’ 5. _
(]E[X(E)’N)])' _ Lﬂfj (2\/N96161) _ 2—96-5' n 5i,j(2\/ﬁ6‘€iej)N02|€i|2‘€j|2
I VN g VN

if i # j, and if i = j
Lix (VNOleil?) 99 5.4 (2v/N6|es|2) N 62|, |

(e); N1y, — i _ 2.
(E[X ])m \/N 3 e;e; + \/N

where we used that by centering and variance one, L;,LN (0) =0, HGSSLMV,]- (0) = %Id for all i # j, N,

LZN_ 0) = % for all ¢, N, and where 1

16:.5(8)] < 4 sup max{|L (u)|}. (1.18)
, lu|<t ©IN i

Hence, we have
AEZ)’N = (5,’7]'(2\/]\[961‘6]')\/ N92|€i|2|€j|2, 1 < i,j < N.
In order to bound the spectral radius of this remainder term, we use the following lemma
Lemma 1.3.32. Let A be an Hermitian matriz and B a real symmetric matriz such that :
Vi, j, | Ai il < Bij -

Then the spectral radius of A is smaller than the spectral radius of B.

Proof. Indeed, if we take u on the sphere such that |[Aulls = ||A||, then, by denoting A’ the matrix
(|A4;,;]) and «’ the vector (Ju;|), we have by the triangular inequality

1Al = l|Aullz < [|A%|]2 < [|Bu'[]2 < [B]].-
O

Therefore, if we choose C' so that C' > supy ; ;0 ;(2V Nbe;e;)0% and set |e|* to be the vector with
entries (|e;|?)1<i<n, we have

1N < CVNllef ()"

Since ||le]?(le|®)*|] = [llel*|]3 = Y., e} < N7%, we deduce that if we take ¢ €]1/8,1/4] we have with
k(e) =1/2 —4e :

@] = N~
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Remark 1.3.33. F. Augeri noticed that a maybe more elegant proof of this point would be to use Latala’s
theorem [56]:

2

E[[[Y]] < Csup (EZ IYz-,j|2>
J i

Now we denote :
X(e) N X(e) N E[ (e),N] )

The entries of XN are independent, centered of variance 8.9; L,~ (961ej V/N)/N. Recall that
0.0z L,,~ ( ) = 1 and that the third derivative of the Laplace transform of the entries are uniformly

bounded so that
0:0:L,~ (0eig;VN) = 1+ 8, 5(VNleiej) = 1+ O(N %)

uniformly on V. We can then consider X (©:N defined by : :

- XN

v \/83L Hetejf).

)N

Set V()N = x* X(©:N_ So, we have

(YN, = YEE‘)’N
\/8 9:L,~ Heze]\/»)

We next show that for all 6 > 0 :

li P[||Y N > 48 =0. 1.19
N S (i 1> 9] (1.19)

Indeed, we have the following lemma which is a variant of [4, Theorem 2.1.22 ] :

Lemma 1.3.34. Consider for all N € N a random Hermitian matriz AN with independent subdiagonal
entries which are centered and for all k € N :

ry = max N“*2E[|AN|"].
Z’j
Suppose that there exists No € N,C > 0 such that for N > Ny :

rév <1, r,]cv < kCF
Then for all § > 0, PAmax(AYN) > 2+ 8] goes to zero as N goes to infinity.

The proof of this lemma is strictly identical to Theorem 2.1.22 in [4] as we only need to estimate large
moments of the matrix, which only requires upper bounds on moments of the entries (and not equality
as assumed in [4]) as soon as the entries are centered.

We apply this lemma to the matrices Y(e)’N/é to derive (1.19): note that the hypothesis on the upper
bound on moments is a clear consequence of our bounds on Laplace transform and are uniform for e € V.
Indeed, first remark that for all , j

[GXp(eX(e )] = Tﬂﬁ\,’j (9 + \/Neiej) exp(—\/ﬁeiej — L;N (\/Neie]ﬂ))

7

As a consequence, for e € Vy, we have
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B[(VEX ™)) Elexp(vNX )] + Efesp(~— VAT )]
2k! 2

sup Ty (H)exp(N"*)exp( sup  [Li v (t)])
te[—(1+N-2¢),14N-2¢] "/ te[-N—2¢ N—2¢]  THJ

IN

which is uniformly bounded by Assumption 1.3.8. Therefore we have a found a finite constant C' > 0
such that
sup sup E[(VNX, )" )2k] < C(2k)! (1.20)
eeVy 4,J

Furthermore, by the same arguments as in (1.18), we get

1
lim sup =0

N0 cevy \/a 0-L,v (0eie;v/N)

which readily implies that for any § > 0, for N large enough, all £ > 1,

VNY N
sup sup E[(———=L—

ecVy 1,j 0

)2k] < O(2k)! (1.21)

Hence, we can apply the previous lemma to deduce that

lim sup P[||Y©N /36| >3] =0

N—00 ¢ VE
Hence, since

XN _ FeN | 2736@* + AN N

we conclude by combining (1.19) and Lemma 1.3.31 that for e €]1/4,1/8] and all § > 0

e > 20

hm sup IP( 6)[\|X(e)’N —(X©N L Zee®)|| > 0] =0 (1.22)
N—ooeevg B

since all estimates were clearly uniform on e € Vj.

And so, to conclude we need only to identify the limit of /\max()?(e)’N + %ee*). It is given by the
well known BBP transition. We collect below the main elements of the argument for completness. To
identify this limit, we easily see as in [18] that the eigenvalues of X () + %ee* satisfy

- 20 ~ 20 =~
0= det(z — XN — Eee*) = det(z — XN det(1 — ?(z — XNy =loe)

and therefore z is an eigenvalue away from the spectrum of X (N iff

B

20

To take the large N limit we will use here the very powerful (and hard) results of [21] but will follow a
more pedestrian moment approach in the Wishart case for completness. It was indeed shown in Theorem
2.15 of [21] that for all z with Sz > 0, all v € SN, (v, (2 — X(©)N)~1y) converges almost surely towards
G, (z) This convergence extends to z > 2 first by noticing that G, is continuous when z goes to the real
axis. And moreover, for any ¢ > 0, N large enough the operator norm of X (N is bounded by 2+ ¢

(e, (z — )?(e)’N)_le> =
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by Komlos-Fiiredi’s theorem [4] so that (v, (z — X (©N)~1y) is continuous in B(0,2 + €)°.Therefore we
conclude that the largest eigenvalue Apax (X (e),N 4 %eee*), must converge towards the solution pg to

Golpo) = o

as soon as it is strictly greater than 2. We find a unique solution to this equation: it is given by
20 B
Lo 3 20

Reciprocally, for any x > 2, we can find 0, = g(x + vx? —4) so that = py,. Hence, we have proved
that for any sequence of vectors e € V5 we have the desired estimate for any n > 0

lim sup PS\?)QE)H)\rnax —z[>n=0

N—o0 ecVy

which also entails the convergence of the supremum over V5 and thus the Lemma.

1.3.5.2 Proof of Lemma 1.3.30 for Wishart matrices

We next prove Lemma 1.3.30 for Wishart matrices and fix e = (6(1), 6(2)) € V5. We decompose as in
the previous proof
x(©@.N _ x(e),N +]E[X(e)7N] +Y@©N

where the entries of X (9N are centered and with covariance 1/N and YN goes to zero in norm. We
then find by the same argument that

26 0 e (e)y*
E[x (€N — =2 A(e),N
[ ] 1 (6(2)(6(1))* 0

where [|A()N]| < N=%(9) and e (resp. e(?) is the vector made of the first L (resp. M last) coordinates

of e. Letting
® 0 0 (e))*
@ — (€ (&) — e
S = ( 0 6(2)> and T = ((6(1))* 0 )

0 6(1)(6(2))* (©(e)
(e<2>(e<1>)* 0 = 59T

we notice that

Therefore, we need to find z > b, such that
g0 _ 20 geypie) TN () 20 1) (5 _ VA1 g(e)
0=det(z — X' — —=59T) =det(z — X'¥)det(l — —T'(z — X'¢)7 59, (1.23)
1 i

By writing R, (2) = (2 — XV(¥))~1 by blocks with X™-() with upper right L x M block GN-(*), we
get :

Rowo(2) = <RL1(Z) Rl,z(Z)> _ 2R @n.oy-(27) GV OR Gw,o)- g (27)
N (e) - AN, (e)\*
X Ry1(2) Ra32(2) R Gn.o)-Gr.e (22)(GN-(e) ZR(@V,(&))*@N,(@)(ZQ)

where Ry 1 is L x L, Ri 2 L x M, Ry o M x M, we get the simpler equation

det (1- % (€, Ry 1(2)eM)) (€@, Rya(2)e®)\ _ 0
7 <€(1),R171(2)6(1)> <e(1)7R172(Z)6(2)>
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Therefore, we need to find z such that

20 462
[1— —_(6(2), R2)1(2>6(1)>|2 - Z,—2<e(2)7 R272(z)e(2)>(e(1), Rl,l(z)e(1)> =0 (1.24)
We are going to prove that
Lemma 1.3.35. For any d,e >0
lim sup sup IP’S\?’G) ( sup (e, Ry 1(2)eM) — 2(1 +Oé)”6(1)”§G1\/[P(a)(<1 +)2?)| > 5) = 0,
N—oo e€Vy 225a+5
lim sup sup ]P’g\f’o) ( sup  [(e®, Ryo(2)e®) — 2(1 —&—a)He(Q)H%GMp(l/a)((l +)2?)| > 5) = 0,
N—oo eeVy S2>bote
lim sup sup IP’E\?’Q) sup (e Ry (z)eM) >8] = o0,
N—oo e€Vy S2>bo+e

where G rrp(a) is the Stieltjes transform of a Pastur Marchenko law with parameter .

We first derive Lemma 1.3.30 assuming that Lemma 1.3.35 holds. We have seen in Lemma 1.3.28 that
]|z converges towards x4, almost surely. Therefore, we arrive to the limiting equation

i2

- 402.’1/'0)&(1 — ,T@’a) '

(14 a)*2*Grrp) (1 + a)zz)G’Mp(l/a)((l + )2?)

Now, we claim that p(8) = 6%zg (1 — zg,) is continuous, increasing, going from 0 to +o0o. As g
is a complicated solution of 6 ( solution of a degree three polynomial equation), we use the following
asymptotic characterization which easily follows from the previous large deviation considerations, see
Lemma 1.3.28: 10

7379,04(1 —Zg,0) = 0 F(0,w;),
where we use that the derivatives of xg o, vanishes as it is a critical point of the maximum. We moreover
notice that G(6) = F(v/0,w;) is convex in 6 (as a supremum of convex functions). Hence,

0(0) = ie&)F(G,wi) - %9%'(92).
It follows that ¢ is smooth as F' is and moreover
©'(0) = i(0G'(6%) + 63G"(9)) .

But since ¢ is non negative, G’ is non negative and so ¢’ is non negative for all § > 0. The fact that ¢
goes to infinity at infinity is clear as zg , then goes to 1/2. Moreover, for z > ba, z — zGMp(a)((H-a)zQ)
and z — 2Grrp(1/a)((1 + @)2?) are positive and decreasing, and therefore so are their product. Hence,
there exist a 6, > 0 so that for every 6 > 0, , the equation above has a unique solution on [Ea, +ool.
Moreover, if we denote pg this solution, 6 — py is a bijection from [0, 4+00[ onto [by, +ool.

Proof of Lemma 1.3.85. The first two results could be derived from [21] but we here provide a more
pedestrian moment approach to achieve this result, a strategy that we could have also followed in the
Wigner case. We recall that G=aG LM is a L x M matrix with centered entries with covariance one and
sub-Gaussian tails, e = (e(!), e(?) a unit vector and

R171(Z) = (22 - éé*)_l, RQQ(Z) = (2’2 — é*é)_l, RLQ(Z) = G(ZQ — G*é)_l.
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In fact G depends a priori on e but we will derive uniform bounds in e € Vy in the following and we will
work conditionnally to e. Moreover to simplify the notations we denote G by G.

The first two points of the Lemma are direct consequences of [21, Theorem 2.5]. It remains to see that
(e Ry 1(2)eM) goes to 0 as N goes to infinity. Because Ry 1(2) = G(z — G*G)~! is not the resolvent
of the Wishart matrix, but its multiplication by G, we cannot apply directly [21, Theorem 2.5]. We will
give an elementary proof of this result,based on classical moment computations. Indeed, for ¢ > 0, we
have already seen thanks to (1.21) and Lemma 1.3.34 that

lim sup P(||G*G|| > by +¢) =0.

N—=ooeevy

Moreover, on the set where {||G*G|| < by + €}, for z > b, + 22 we can expand

<€(2)7R271(Z)6(1)> _ _i <6(1 G(G*G) 6(2>

ZQk
B _§<e<1>,G(G*G)ke<2>>+O 1 bate )M
o 22k+2 € \ by + 2¢
1

and hence it is enough to get the convergence in probability of K moments with K > 2e7!lne!,
uniformly in e :

lim supﬁ»( sup (60, GGG )| 2 5) =o.

N—ooceve 0<k<K

To this end, it is enough to prove by Tchebycjhev’s inequality that :

lim sup [E[(eV), G(G*G)re@)]| =0, (1.25)
N—=ooeevg
and then
lim sup Var((e),G(G*G)ke?)) =0. (1.26)
N—ooeevg

We first prove (1.25). It is clearly true for k = 0 by centering of the entries and so we consider k > 1. Let’s
call W41 the set of words (v1, ..., vag42) of length 2k + 1 so that ve; € {1,..., L} and voj41 € {1, ..., M }.
We use the following notation :

E, = E[avlﬂ)zaw,vs"'a02k+171}2k+2] .

We have

E[(eM, G(G*G)ke?)] = Nkil 7 > VB .
VEWak 41
Given a word v, we can construct a bipartite graph G, whose vertices are the {vy,vs,..} U{L +
vg, L + vy, ...} of whose edges (occasionally multiple) are the (L + wva;,v9;,—1) and (L + v, v9;41). We
denote V() (v) the number of vertices in G,, lying in {1,..., L}, V?(v) the number of vertices in G,, lying
in {L+1,...,L+M}and V(v) = VI (v) + V2(v) and A(v) the number of edges of G,. If e is an edge
of G,, we denote n,(e) the multiplicity of this edge.
Let’s recall that here the entries a;; of G are independent but not identically distributed, with
distribution eventually depending on e. Nevertheless their variance are 1 and their moments are bounded
uniformly i.e. for every k there exists Cj < 400, independent of e € V5 (see (1.21)) such that :

sup E[|a”| 1< Cy.
N,i,j
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1(v.5)

For every word v of length k, we can define C, = [[, <, C; where (v, j) is the number of edge of

multiplicity j in G,. we then have

|Ev‘ < Cv

We say that two words v, w are equivalent if there exists a bijection ¢ : {1,....,L} — {1,..., M} and a
bijection ¢ : {1,..., M} — {1,..., M} such that vy; = p(ws;) and va;11 = P (waj4+1). If two words v and
w are equivalent then C, = C,,.

Let Tor41 be a the quotient set of words of length 2k + 1 for this equivalency relationship. We have

2k+2

E[(eV), G(G*G)Fe?)] = Nk+1/2 Z Z Z e(l)E eglﬁ.

J=2 t€Tap+1,V (v)=j v|v~t

Notice that if G, has an edge of multiplicity 1, then E, = 0 (since the a; ; are independant and centered).
So for E, to be non zero we need that A(v) < (2k+1)/2so A(v) < k. Since G,, is connected V(v) < A(v)+
1 < k+1. Ifv € Wy, there exists N, := (L—1)..(L—V® (v)+1)(M —1)...(M —=V?(v)+1) < NV()—2
equivalent words w; provided we fix v; and wvo42 so we have the following bound :

k+1
E[(eM, G(G*G)Fe?)] < Nk+1/2 Z Z C, N, Z |e(1) 1(1221+2|.
J=2t€Tar11,V (£)=J 1< <L,1<vap2<M

By using the Cauchy Schwartz inequality, we have that :

S 1P < NeDlly x [le®|l; < N,
1<i<L,1<j<M

which yields

k+1
E[(eV, G(G*G)Fe®)] < N 1/22 > CyNI~2,

J=2t€T2k+1,V (t)=j
The leading order term here is in N=1/2 for k > 1 and so

lim  sup |E[(e), G(G*G)*e@)]| =0.

N=0|je||,=1

We proceed similarly for the covariance (1.26):

Var((e), G(G*G)Fe®)) = — ) M, @) (@)

N2k+1 €, Cw, ”wevszrz W2k+42 ?
VEW2k 41, WEWag 41

where Ty = Eyw — EyEy and Ey oy = B[y, 0y Guy v -Goy o1 Gwy wy Guws ws -G wye s ] We extend nat-
urally the previous definitions to couples of words. Let us now do the same analysis than before with
couples of words. Let’s take 75]@4_1 the quotient set for the equivalency relationship for couples of words.
Let (v,w) € Tag+1

First, if G, 4, is not connected, since it is the union of two connected graphs G, and G,,, we have that
G, and G, don’t have any edges in common and so, by independence of the entries T}, ,, = 0. So we can
assume that G, ,, is connected.

Then several cases arise :

First, if v; # wy and vag42 7# wak+2, then if one edge of G, is of multiplicity 1, then T}, ,, = 0. So we
can assume that all edges are of multiplicity at least 2. We deduce that A(v,w) <2k + 1 and V(v,w) <
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2k + 2. Let N, be the number of couple of words equivalent to (v, w) provided (v1, w1, Vakt2, Wakt2)
are fixed, we have N, ,, < N?*~2. Hence

> eVeVT, yel? o) < N(C, 0 — CyCl) .

U2k +2 et2k+2
(u,t)~(v,w)

Then, if v;1 = w1 and vep o # wWwaok42 or if v1 # wy and vog1o = wor42, the same reasoning concerning
the edges holds. So, we have V(v,w) < 2k +2 and if N, ,, is the number of couple of words equivalent to
(v, w) provided (v1, w1, Va2, Wakt2) are fixed, we have N, ,, < N?*~1. If we are in the case v; = wy :

1 2
ST eWeNT, we? el < NPF|eW|2(Cy o — CuClu) .-

(w,t)~(v,0)

And lastly, if v1 = w; and vap12 = wak42, we have again N, ,, < N2k and

Z egll)eg)Tv)we(Z) (2) < N2k‘|e(1)||2He(2)”2(cu,w _ Cvcw) )

U2f+2 et2k+2
(u,t)~(v,w)

Hence, we conclude that

Var((e, G(G*G)Fe®)) = O (;V) .

1.3.6 Appendix: Proof of Lemma 1.3.16

In this section, we want to prove that if y; ; are supported inside a common compact K or satisfy a
log-Sobolev inequality with a uniformly bounded constant ¢, the empirical measure of the eigenvalues of

the matrices X](\}), X](\?)7X](\7,ﬂ1)7 X](sz) concentrates as stated in Lemma 1.3.16. To this end, we will use
two concentration results respectively from [49] and [9].

Theorem 1.3.36. By [49, Theorem 1.4)] (for the compact case) and [49, Corollary 1.4 b)] (for the

logarithmic Sobolev case), we have for § = 1,2, w1, w2, and for N large enough

. 1 ~1/6
h]{fnjgop N6 ln]P)[d(I”LXI(f)’]E[MX](\f)]) >N"/°l<0

where d is the Dudley distance.
We therefore only need to show that
Theorem 1.3.37. ( [9, Theorem 4.1]) If we let for every N :

Fy (@) = iy (] = 00,2]),
Fy,(2) = 01(] = 00, 2])
we have that
sup |y, () ~ BFy 0 (#)]] = O(N /1)
z€R N

In order to conclude, we need only to use Lemma 1.3.12 to see that F, o) (—M) and 1 — F\ o) (M)
N N

decay exponentially fast in NV for some fixed M so that

d(Elpy ], 01) < 4™V flloo +2M| || SgglF(ﬂf) —E[Fyo(@)]] = o(N~V0).

The same results hold in the complex case, see e.g. [12, (8.1.3)]. For Wishart matrices, we rely on [10,
Theorem w.1 and w.2]. Recall that W = G pm(Gr,m)*.



30 CHAPITRE 1. GRANDES DEVIATIONS

Theorem 1.3.38. ([10]) Assume that M/N € (1,e~1) for some fized ¢ and M/N converges towards c.
Then

Sup | Fr, (¢) — E[Fwy (@] = OV /).

We can as well use Lemma 1.3.12 to conclude that 1 — E[Fyy, (M)] goes to zero like e~ for M large
enough. Finally, we conclude by noticing that since

[ t@aslixgln) = 5357 [FVR) + HVR i () + L 10),

we have

[ @a@lixg] - on@| < W - al+ )

M
+/0 105 F (V)| Fro, (A) — E[Fyyry (A)]]dA

IfllL(N"F+e N 4+ 2MN~T).

IN

1.4 Large deviations for the largest eigenvalue of matrices with
variance profiles

1.4.1 Introduction

In random matrix theory, large deviation principles for quantities related to the spectrum are usually
hard to prove. In the case of random Wigner matrices with Gaussian entries, that is matrices from
the GUE, GOE and Gaussian Wishart matrices, the explicit formulas for the joint distributions of the
eigenvalues can be used to establish large deviation principles for the empirical measure and for the
largest eigenvalue (see [16, 17] for the Wigner case and [68, 35] for the Wishart case). But in the general
case, since eigenvalues are complex functions of the entries, such large deviation principles are rather
scarce. There has been nevertheless large deviation-type lower bounds in compactly supported and log-
Sobolev settings by A. Guionnet and O. Zeitouni [49], several recent breakthroughs related for instance
to matrices with entries with heavy-tailed distributions both for the empirical measure and the largest
eigenvalue respectively by C. Bordenave and P. Caputo and by F. Augeri ([5, 23]), and finally a more
general result for the largest eigenvalue of matrices with Rademacher-distributed entries by A. Guionnet
and the author in [45]. In this article, we will use the techniques developed in [45] and apply them to
Wigner matrices with variance profiles (also called sometimes "Wigner-type matrices"). The entries of
these matrices verify the same hypothesis as Wigner matrices except their variances may not be equal
to N=1/2 or 2N~1/2 and the matrices of the entries variance converges macroscopically to a function on
[0,1]2. Such matrices and the limit behaviour of their empirical measures have been thoroughly examined
for instance in [43]. In particular the Stieljes transform of this limit measure is controlled by the so-called
canonical equation. This canonical equation has also been extensively studied for instance in [43, 3].
In the course of this paper, we will adapt the methods of [45] for the setting of Wigner-type matrices
and prove a large deviation principle for the largest eigenvalue under some assumptions for the variance
profile. First we will recall in section 1.4.2 the convergence results of the empirical measure we will need
during the proof of the large deviation principle. Then in section 1.4.3 we will introduce the rate function
and the assumption on the variance profile we will need in order for our result to work. In sections 1.4.4
to 1.4.7 we will treat the case of matrices with piecewise constant variance profile which bears the most
similarities with the models treated in [45]. In section 1.4.8 we will approximate the case of a continuous
variance profile with piecewise constant ones. In section 1.4.9 we will illustrate the cases where our result
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applies in the simple context of a piecewise constant variance profile with four blocks. In the same section
we will illustrate the limits of our approach and the necessity to make some assumptions concerning the
variance profiles, with an example of a matrix whose variance profile does not verifies our assumptions
and such that the rate function for the large deviations of the largest eigenvalue does not match our rate
function.

1.4.1.1 Variance profiles

In the rest of the article, a real z is said to be positive if z > 0 and R* is the set {x € R : z > 0}.
Our random matrix matrix model will be of the form Wy ® X, where Wy is either a real or a complex
Wigner matrix, Y. is a real symmetric matrix and © is the entrywise product. First of all, we describe
the matrices ¥ we will be using. These matrices will converge as piecewise constant functions of [0, 1]?
to some function o on [0,1]? we will call a variance profile. We will consider here two cases of variance
profiles : the case where it is piecewise constant and the case where it is continuous.

Piecewise constant variance profile : We consider a variance profile piecewise constant on rectan-
gular blocks. Let n € N*, ¥ = (05 j); je[1,n] @ real symmetric n X n matrix with positive coefficients and
a=(aq,...,a,) € R" such that o; > 0 and a3 + ... + @, = 1. In this context we’ll consider ¥ defined
by block by :

EN(i7j) = Ok, if Ni € I, and Nj el

where :

J
= Zal and IfL = ['72'717’71'[
i=1

We shall also denote o : [0,1]> — R* the function piecewise constant defined by

U(l‘,y) = Ok, if (LL',:I/) e I, x I

This case will be referred as the case of a piecewise constant variance profile associated to the para-
meters X and a.

Continuous variance profile : In this case, we will consider a real non-negative symmetric conti-
nuous function o : [0,1]2 — R* and

i o (41)
In both cases, we will call o the variance profile of the matrix model.

1.4.1.2 The generalized Wigner matrix model

The real symmetric case : We consider a family of independent real random variables (ag,lj))ogigjgj\[,

() are distributed according to the laws ,ufvj We moreover assume that the ufvj

©,J

such that the variables a
are centered :

@) = [ dul (@) =0

and with covariance :
vag($2) = /de,uﬁ\fj(x) =1,Vl1<i<j<N, val(g;Q) =2 VI<i<N.

We say that a probability measure p has a sharp sub-Gaussian Laplace transform iff
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2
The terminology “sharp” comes from the fact that for ¢ small, we must have

2 1.2
T,(0) > exp )

Vt e R, T,(t) = /exp{tm}du(w) < exp{tzu(xQ) b (1.27)

(I+o(t))}.
Hypothése 1.4.1 (A0). We assume that the ,uiVJ have a sharp sub-Gaussian Laplace transform.

Again thanks to the remark 1.3.2, we have that if the ﬂiv] (22) are bounded, for every § > 0, there
exists € > 0 that does not depend on the laws y;"; such that for [t| <.

(1 - )24, (a?)
2 }

and also that the 7~ are uniformly C? in a neighbourhood of the origin : for ¢ > 0 small enough

T () = exp{

»J
SUp|y <. Sup; ; v |07 T~ (t)] is finite.
< s b
We will also need that the empirical measure of the eigenvalues concentrates in a stronger scale than

N. To this end we will also make the following classical assumptions to use standard concentration of
measure tools.

Hypothése 1.4.2. There exists a compact set K such that the support of all ,ufvj is included in K for

all i,7 € {1,...,N} and all integer number N, or all ufvj satisfy a log-Sobolev inequality with the same
constant ¢ independent of N. In the complex case, we will suppose also that for all (i,7), if Y is a random
variable of law p; ;, there is a complex a # 0 such that X(aY) and I(aY) are independent.

Given the family (agl)

i.7), we define the following Wigner matrices :

alM .
>L when ¢ < j,
1
@i

\/}vwheni>j.

2

wiPi.g) = {

.

From this definition we define X](\}) a real matrix with variance profile V as :

xP=w osy
where for two matrices A = (aiyj)me[l’n], B= (bi,j)i,je[l,n]a A ® B is the matrix (aiyjbiyj)me[l’n].
We denote /\mm(X](\})) =M< <Ay = )\maX(XJ(\})) the eigenvalues of X](\}).
The complex Hermitian case : We now consider a family of independent random variables
(2

(a;zj))lgigjgj\], such that the variables a; ; are distributed according to a law y;Y; when i < j, which are

centered probability measures on C (and on R if ¢ = j). We write al(»?j) = x; j +1y; ; where z; ; = %(ag?)

and y; j = %(al(zj)) We suppose that for all ¢ € [1, N], y;; = 0. In this context, for a probability measure
on C, we will consider its Laplace transform to be the function :

T.(z) = /exp{%(aé)}du(a).
We assume that :
Hypothése 1.4.3 (AOc). For all i < j

V€ €, T () < explIt2/4)

and for all i
vVt € R, Tuﬁ\,’i (t) < exp(t2/2) .
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The same uniform lower bounds and C? character as in the real case are also implied by this bound.
Observe that the above assumption implies that for all i < j, 2E[z7,] = 2E[y;;] = E[z};] = 1 and
Elz; jvi;] = 0. Examples of distributions satisfying Assumption 1.4.3 are given by taking (z; ;,v: ;)
centered independent variables with law satisfying a sharp sub-Gaussian Laplace transform. We then
construct for all N € N, W](\,2 ) a complex Wigner matrix N x N by letting :

o \/%whenigj
W) = {

\/% when ¢ > j
As before, we define the complex matrix with variance profile Vi by :

xP =w oxy

1.4.1.3 Statement of the results

We denote r, the rightmost point of the support of the limit of the empirical measure of X](\,ﬁ) (the

existence of this measure is discussed in section 1.4.2). First of all, we have the following result for the
convergence of the largest eigenvalue of X](f).
Théoréme 1.4.4. Suppose that assumption 1.4.1 holds. Both in the piecewise constant case and the

continuous case, we have that )\maX(XI(\?)) converges almost surely toward r,.

The proof of this theorem is in fact contained in corollary 2.10 of [2] for a positive piecewise constant
profile. We will remind this result in Theorem 1.4.15. The general result will be proved as a consequence
of Lemma 1.4.53.

For the following theorem which states a large deviation principle for /\max(XI(\?)), we will need As-
sumptions 1.4.21 and 1.4.25 which are more thoroughly discussed in section 1.4.3. Assumption 1.4.25
states that the following optimization problem for ¢ € P([0,1]) :

62 g
sup { [ oads@in) + 2D(Lebnw}
per(o,1) | B Jo.2
has a determination of its maximum argument that is continuous in 6.

Similarly, Assumption 1.4.21 states that the following optimization problem for ) € (RT)™ such that

D=1

sup = o0 + 5 ) ai(logy; —logay
YERT)™, S =1 B 121 J 72 21: ( )

has a determination of its maximum argument that is continuous in 6. Both these assumptions are
necessary to obtain the lower large deviation bound.

Théoréme 1.4.5. Suppose Assumptions 1.4.1, 1.4.2 hold. Furthermore suppose that Assumption 1.4.21
holds in the piecewise constant case or that Assumption 1.4.25 holds in the continuous case. Then, the
law of the largest eigenvalue )\max(XI(\})) of XJ(\}) satisfies a large deviation principle with speed N and
good rate function IV which is infinite on (—o0,74).

In other words, for any closed subset F' of R,

1
limsup — log P (AmaX(X}V”) e F) < —inf 1,

N —o0
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whereas for any open subset O of R,

el (1) g 7D
— > _
liminf — logP ()\max(XN )€ O) inf I\ .

N —oc0

The same result holds for the opposite of the smallest eigenvalue —)\mm(Xj(\})).
The following theorem is the analog for the complex case :

Théoréme 1.4.6. Assume that Assumptions 1.4.8 and 1.4.2 hold. Furthermore suppose that Assumption
1.4.21 holds in the piecewise constant case or that Assumption 1.4.25 holds in the continuous case. Then,
the law of the largest eigenvalue )\max(XJ(\?)) of XJ(\?) satisfies a large deviation principle with speed N and
good rate function I which is infinite on (—oo,r,). Furthermore I? = 2I*.

Both these rate functions are defined in section 1.4.3. Examples of variance profiles that verifies our
Assumptions 1.4.21 and 1.4.25 are given in section 1.4.3.

1.4.2 The limit of the empirical measure

In this section, we describe the limit of the empirical measure u, of the matrices Xy. We will also
discuss the stability of this measure in function of o. Under assumptions of positivity for the variance
profile, we will prove that the largest eigenvalue converges toward the rightmost point of the support
of py. To describe the limit of the empirical measure we need the following definition for the so-called
canonical equation (also called quadratic vector equation). The following definition takes into account
both the piecewise constant and the continuous case :

Définition 1.4.7. Let o : [0,1]> — RT be a bounded symmetric measurable function. We call canonical
equation K, the following equation where m is a function from H into H, where H is the complex upper
plane {z € C|Sz > 0}, H is the set of measurable m functions from [0,1] to H and where we suppose for
every z € H that sup,¢ o 47 |m(z)(z)| < oo,

1

) =z + Sm(z) (Ky)

Where S is the following kernel operator on H :
1
SH@) = [ o0 f) )y
0

If w is a function from [0, 1] to itself, we denote ||w|| = sup,¢(o 1] |wz|. If S is an operator on the space
of functions from [0, 1] to itself, we denote ||S|| the corresponding operator norm. If we denote m, the
function z — m(z)(x), we have the following result concerning the solution of this equation :

Théoréme 1.4.8. The equation K, has a unique solution m which is analytic in z. Moreover for every
x € [0,1], the function m, = m(.)(z) is the Stieljes transform of a probability measure v, on R.

This theorem is in fact a direct application of Theorem 2.1 from [3] with X = [0, 1] and S the kernel
operator (which is trivially non-negative).

Remarque 1.4.9. If o is a piecewise constant variance profile with parameters o, ..., an and (0 ;)i j<n,
then the solution of (K,) is piecewise constant on the intervals I;. This can be viewed directly from K,
by noticing that Sf is always piecewise constant on the intervals I;.

In the rest of the paper, we will denote u, := fol vydx where v, is given by the preceding theorem.
And so we have that the Stieljes transform of pu, is fol mgdz. Let us denote [iy the empirical measure of
Xj(vﬁ). The following theorem links the behaviour of the spectrum of X[(\,ﬁ) and K, :
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Théoréme 1.4.10. Let us denote oy : [0,1]> — RY the function (z,y) — Sy ([Nz],[Nz]). When N
tends to infinity, for almost every x we have that with probability 1 :

x

fim_ ()~ o0.2]) = [ day ()] =0

N—oco o

Démonstration. This is in fact a reformulation of [43, Theorem 1.1] (with a, ; =0). It is easy to check
that the variance profile we consider do satisfy the hypothesis of the theorem. Furthermore, since oy is
piecewise constant, the solution m of K, is piecewise constant on the intervals [i/N, (i + 1) /N]. Making
the change of variables c;(z) = m(2;—1)/2(2) we have that the equation K, is equivalent to the matricial
equation given in [43, Theorem 1.1]. O

And so we are left with determining the convergence of the measure p,, when N tends to +o00. To
that end, we will need the following rough stability results.

Théoréme 1.4.11. Let o : [0,1]> — RT be a bounded measurable function. For every open neighbourhood
V of po there isn > 0 such that for every ¢ bounded measurable function such that sup, (0,12 lo?(z,y)—

% (x,y)| <, ps € V.

Démonstration. This proof is inspired from the proof of [1, Proposition 2.1]. We let S be the kernel
operator with kernel 2. Let H, = {z € C, 3z > 1,|z| < n} and D the function defined on H? by

2
D) = 5]

then d := arcosh(1 + D) is the hyperbolic distance on H. For v a function from H,, x [0,1] — C we define
® and ¢ as follows :

D(u)(z) = _z—i—%u(z)
B(u)(z) == Héu(z)

n®

If B, := {u: H, — B([0,1], H)|inf.cp, Su(z) > G| STTEE SWP=e, u(z)|| < n~'}, then
following the proof of [1, Proposition 2.1], if u maps H, x [0,1] into H,, then ®(u) € B,. Then, if

n < 2+ max{||S]|, [|S]]}, (2+maX{\7\7;H7II§H})2 <7, ® maps B, onto itself and so on for ®.

For z € [0,1], z € H,, and 6 > sup, , [0*(z,y) — 6*(z,y)|

D(®(u)a(2), ®(u)y(2)) = D(z + (Su)a(2), 2 + (Su)a(2))

8= ()P

S22
< 6 SUPze0,1] |ug (2)]?
< o
52
=

Let m be the solution of K, that is the fixed point of ®. For every n € N let v(™ = &) (m). We
have for z € H,, :
52
sup D(my(2),080(2)) < —
z€[0,1] n
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and following again [1],

sup D(o{"V(2),00"(2)) = sup D(®(u™),(2),0{" (2))
z€[0,1] z€[0,1]

2 _2
< <1+-77> sup D™ (2), 0" V(2))
st S

and so we have :

(nt1) () () 6 7
sup D)o)€ o (1475
z€[0,1] n* S]]

And so for § small enough, (v(™), ey is a Cauchy sequence for the distance ~
du,, (U, v) = SUP,e(o 1, 2em, arcosh(l + D(uz(2), vx(2))) which is converging toward m the fixed point of ®
and

+oo 52 "72 —2n
dy, (m,m) < Zarcosh 1+ p (1 + |§||>

Therefore for every e > 0 and 77 > 0, there is § > 0 small enough such thatsup, , [0*(z,y)—6>(z,y)| <0
implies dy, (m,m) < e.
Since a base of neighbourhood of p, for the vague topology is given by :

Vy i={A € P(R)|Vz € H,;, |G, (2) — GA(2)| < n}
and since the vague topology and the weak topology are equal on P(R) we have our result since

G, = fol mgdr and G, = fol My dx
O

Corollaire 1.4.12. In the case of a continuous variance profile o, pun converges in probability towards
Mo

Démonstration. This is a consequence from Theorem 1.4.10 and the preceding proposition by noticing
that limy o0 SUPz ye[0,1] |(JN)2(xa y) - 0'2(;5’ y)| =0. ]

We will also need a similar result for the piecewise constant case :

Théoréme 1.4.13. Let s = (s;;)};_ € S, (RT) and &,B € R"™ two vectors of positive coordinates
summing to one and let v; = Z;‘:o aj and 7y; = Z;‘:o Bj. Let 0 and & and the two piecewise constant
variance profiles associated respectively with the couple (s,&) and (5,5) and m and m the solutions
respectively of K, and K. for i € {1,...,n}, let also m; and m; be the holomorphic functions such that
My =Y iy Loy i <aocymy and my = > 15, <ucs5,m;. Then for every n > 0 there is € > 0 such that
if sup, |o; — Bi| < €, then for all z € H,) , we have sup; [m;(z) —m;(2)| < 7.

Démonstration. We use the same notations as in the previous proof. The m; verify the following system :

-1
m; = ) 2
Ej:l sy iMj + 2
and
- -1
m; =

n 2 ~
> i Bisimy + 2

. We let ® and ® the following operators on the set of holomorphic functions from H,, to Hj; defined by :



1.4. MATRICES WITH VARIANCE PROFILES o7

and .
2(u)(z) = Su + 2

where S and S are the linear applications defined by

Vi=1,..,n,(Su); = Zais?’juj and (Su); = Zﬁisf’juj
i=1

i=1

3
. : : L - : & 7 ;
As in the preceding proof, if B, := {u : H,, — H"|inf.cn, Su(z) > Erma ST SUP=cH, [lu(2)]| <

7'}, ® and ® maps B, onto itself for 1 small enough. For u € B,, we have as before if § > (sup; ; sf)j)(sup,c | —
Bk|), for all 4 :

D(®(w)i(2), ®(u)i(2)) < '(S_?W
52

,,74

<

Then, using the same reasoning as in the previous case, we have that for every n > 0, there is ¢’ > 0 such
that if sup; | — B;| < ¢’ then sup, g, sup; [m;(z) — mi(2)] < n.
O

In order to apply the full results of [39, 2, 3], we will need the following assumption for the piecewise
constant variance profile :

Hypothése 1.4.14. In the piecewise constant case, Vi, j € [1,n],0;; > 0.
Under assumption 1.4.14 we have the following convergence result :

Théoréme 1.4.15. If Assumption 1.4.14 is verified, we have that for any D > 0 and 7 € R
P(ljin ([—003 7)) — o ([—00;7])| = N™*/*] < N™P

for N > N(D) (where N(D) does not depend on 7). Furthermore, if we ly and v be respectively the left
and right edge of the support of iy and l, and r, the left and right edges of the support of 1., we have
for every 6 >0, D > 0,

Pry > 75406 orly <l, =6 < NP

for N large enough.

Démonstration. This is in fact an application of corollary 2.10 of [2]. Indeed, up to multiplication by a
scalar, our matrix model verifies the condition (A) and 1.4.14 gives us (B) and the sharp-sub Gaussian
hypothesis gives (D). For (C) we look to theorem 6.1 of [3], particularly remark 6.2. O

1.4.3 The rate function

In this section we will explicit the rate functions I in 1.4.5 and 1.4.6. This function is in fact defined
the same way as in [45] as the supremum sup,(J(us, 0, ) — F(0)). In this expression, J(uq,0,x) is the
limit of N~!log Elexp(N (e, Anye))] where e is a unitary vector taken uniformly on the sphere and Ay is a
sequence of matrices such that the empirical measures converge weakly to p, and such that the sequence
of the largest eigenvalues of Ay converges to z. F(6) is the limit of N~!log E[exp(N (e, X ye))] where the
expectation is taken both in X and e. We will first describe the quantity F(6).
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1.4.3.1 The asymptotics of the annealed spherical integral

For o : [0,1]> — RT a bounded measurable function and ¢ a probability measure on [0, 1], let us
denote :

P, 1) = /0 /O o2 (2, )dib (@) dib ()
and for 6 > 0 :

62 B
W(0.0.) = 5 P(0.) + § D(Lebl[v)

where D(.||.) is the Kullback-Leibler deviation, that is :

fol log (%(m)) d\(x) if X is continuous with respect to u
—oo if this is not the case

D(A[|n) = {

and Leb is the Lebesgue measure on [0, 1].

Lemme 1.4.16. The function :

p = D(Leb||)

1S upper semi continuous.
Démonstration. This is due to the fact that the function (A, p) — D(A||p) is convex in (A, u). O

We consider here the following optimization problem on the set M of probability measures on [0, 1]
with parameter 6 > 0 :

2
F(0,0) := Nsetja {%P(U, w) + §D(Leb|,u)} . (1.28)

First, let us study this problem with the following lemma :

Lemme 1.4.17. In the problem (1.28), if o is continuous, the sup is a max. Furthermore, in both the
continuous and the piecewise cases, the function F is continuous in 0.

Démonstration. Let us take p, a sequence of measures such that %QP(U, tn) + gD(LebH ln) CONVErges
toward F'(o,6). By compacity we can assume that this sequence converges weakly to some p. By weak
continuity of P, lim, P(o,u,) = P(o,u) and by weak upper semi-continuity, liminf, D(Leb||u,) >
D(Leb||u) so that

n

o 02 B
lim inf {ﬁP(U, tn) + 2D(Leb|/in)} > F(o0,0)

. Furthermore, we have for every u € My, |¥(0,0,u) — (¢, 0, 1) < ||0?]]|o0|0? — 0"|/8 and so |F(0) —
F(0")] < (1000 — 0"2[/B.
O

In section 1.4.6 we will prove that the following limit :
]\}lm N_l log ES,XN [exp(NG(e, XN6>)] = F(O’, 9)
—00

holds in the piecewise constant case. In the following subsection, we will discuss the simplifications that
occurs in the expression of F(o,6) in this case.
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1.4.3.2 Simplifications for the piecewise constant case

We consider the piecewise constant case, that is when o is defined with a matrix (o; ;); ; and para-
meters @. In this case, the optimization problem that defines F' is in fact simpler.

Proposition 1.4.18. We denote by 173(07 .) the following quadratic function on R™ :
ﬁ(0-7 1/}17"'7’(/}1’1) = Z Uiﬂ/ﬂ/’g
i,j=1

and

N . 02 . /8 n n

(0, 0,¢) = EP(@%’ o) + 5 > ailogy; — Y ailoga; | .

i=1 i=1

We have that

-,

F(o,0) = T(0,0,1). (1.29)

max
;20,557 Pi=1
Démonstration. Let ¢ be a probability measure on [0, 1] and let’s define for every i € [1,n] :

i = (1)

then we have :

P(o,9) = P91, .. Yn).
For every i € [1,n], by concavity of log :

log (ail /L ?ﬁ(m)dm) >a; ! /Ii log (ﬁ(m)) dx.

Multiplying by «; and summing over i, we get :

D(Leb|[) <> ajlogthi — Y alogay

i=1 i=1

so we have the inequality <.
Then if v, ...10,, € RT are such that 91 + ... +1,, = 1 we define 9 the probability measure defined by
its density :

%(x) = a; 'y for x € ;.

Then we have :

P(Ua 1/}) = ]3(0', 1;[}17"'71/}77,)

and

D(Leb||y) = Zai log v; — Zai log a;.
i=1 i=1

and so we have the inequality > O

The function \f'(o,é', .) we seek to maximize tends to —oco at the boundary of our domain so this
problem has a solution.
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1.4.3.3 Definition of the rate functions

Now, in order to introduce our rate functions we need first to introduce the function J. This function
is linked to the asymptotics of the following spherical integrals :

IN(X7 9) _ Ee[69N<e,Xe)]

where the expectation holds over e which follows the uniform measure on the sphere S#V~1 with radius
one. Denoting Jy the following quantities :

1
JN(Xa 9) = NlogIN(Xa 0)

the following theorem was proved in [47] :

Théoréme 1.4.19. [{7, Theorem 6]
If (En)nen is a sequence of N X N real symmetric matrices when 8 = 1 and complex Gaussian
matrices when 8 = 2 such that :
— The sequence of empirical measures ﬂgN weakly converges to a compactly supported measure p,
— There are two reals Apin(E), Amax(E) such that imy o0 Amin (EN) = Amin(E) and imy_ oo Amax(EN) =
)\max(E);
and § > 0, then :
lim Jy(En,0) = J(p, 0, Amax(E))
N—o0

The limit J is defined as follows. For a compactly supported probability measure we define its Stieltjes
transform G, by

Gulz) = [ utt

R”R— t
We refer to the Theorem 1.3.18 of the preceding section for the definition of J. In both cases, we
introduce our rate function %) as
IP) (0, 2) = —o0 for €] — o0, 74

and

I (0, 2) = max (J (o, 0, x) — F(0,0))

6>0
Lemme 1.4.20. For 3 =1,2, I'®)(0,.) is a good rate function. Furthermore I'?(c,.) = 21 (0, .)

Démonstration. As a supremum of continuous functions, I%)(c,.) is lower semi-continuous. We want to
prove that the level sets of 1(%)(q,.), that is the {z|I(?) (¢, 2) < M} are compacts. It is sufficient to show
that lim,_, o I¥) (0, 2) = 400. For any fixed 6 > 0, we have lim,_,, J(io, 0, z) = +00. And so since we
have ¥ (o, 2) > J (o, 0, 2) — F(0,0), I?) is a good rate function. With the change of variables 8’ = 6/2
in the case 8 = 2, we have that that 1(?(c,.) = 21V (g, .). O

1.4.3.4 Assumptions on the variance profile o

In order to prove the lower large deviation bound in the piecewise constant case, we will need the
following assumptions on o :

Hypothése 1.4.21. There ezists some continuous 6 — (wf)ie[l,n] such that % is a mazimal argument
of the equation 1.29, that is :

0;}3(0,@5?,,1/12) +§ (Zal longe 72041' 10gai> = F(O’,@)
i=1 1=1
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As a more practical example, the following assumption implies 1.4.21
Hypothése 1.4.22. The function ]3(0, .) restricted to the hyperplane {11 + 13+ ...+, = 0} is concave.

Remarque 1.4.23. Some variance profiles that satisfy this assumption are those associated to the pa-
rameters (au, ..., ) and (8i25); jen,n)- In the case n = 2 this a linearisation of a Wishart matriz as in

[43].
Indeed, if such is the case then Assumption 1.4.21 holds :
Lemme 1.4.24. Assumption 1.4.22 implies Assumption 1.4.21.

Démonstration. The function 7,[7 — %13(0, 77/7) + g St a;log; is strictly concave and since it tends to

—o0 on the boundary of the domain, it admits a unique maximal argument v? which is also the unique
solution to the following critical point equation :

20% [, 5
o DL > () € Vect(1, ..., 1).
’ =1 i=1,...,n 2 Vi gl

We now want to apply the implicit function theorem to prove that 6 ~— 1 is analytic. Letting f(1) be
the left hand side of the above equation. We have that

2
dfy(u) = %Su——Z—.

It suffices to show that 0 fy(u) ¢ Vect(1,...,1) for ¢ in the domain and v € {u € R"|uq +... +u, = 0}.
For such a u, we have

(u, Ofp(u)) = 292 (u, Su) 772
T 3

Since u € {u € R"|ug + ... + u, = 0} we have by Assumptlon 1.4.22 (u,Su) < 0 and therefore
(u, 0fy(u)) <0.80 dfy(u) ¢ Vect(1,...,1). So we can apply the implicit function theorem. O

Example of variance profiles that satisfies Assumption 1.4.21 but not Assumption 1.4.22 are provided
in section 1.4.9. In the same section, we will also show that without any assumptions on o, the method
employed may fail as we can have a large deviation principle but with a rate function different from I.

In the continuous case, we will need the following assumptions :

Hypothése 1.4.25. There exists some continuous 0 — ¢ (for the weak topology) such that ° is a
mazximal argument of 1.28 that is :

F(0,0) = ¥(0,0,¢%)
As for the piecewise constant case, the following assumption implies 1.4.25
Hypothése 1.4.26. The function P(o,.) is concave on the set of probability measure on [0,1].
Lemme 1.4.27. Assumption 1.4.26 implies 1.4.25.

Démonstration. First, since p — D(Leb||n) is strictly concave so is ¥(#,0,.) and so the maximum
argument 1)y is unique. Let us prove now that it is continuous for the weak topology. Let 6 > 0,
N = {y € P([0,1))|¥(0,0,u) > F(o,0) — €}. Since u — D(Leb||n) is lower semi continuous, ¥(6,a,.)
is upper semi-continuous and so N, is a compact for the weak topology. Let V' a neighborhood of ¢?.
Then since (.o Ne = {1} there is an ¢ > 0 such that Vv € V. We have |¥(0',0,u) — (0,0, )| <

720 e, ,, 02(2,y). So for [02—67| < Be /3(max o*(z,y)), V¢, 0,4%) > F(6)—¢ /3 and on NG, (8, 0, ) <

F(0) — 2€' /3. Necessarily, v € N C V and so we have the continuity. O
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Remarque 1.4.28. A family of such o is given by o%(z,y) = |f(x) — f(y)| + C where f is an increasing
continuous function and C' € R*. Indeed, if f is an increasing and continuous function on [0,1], there is
a positive measure v on [0,1] such that f(z) — f(0) = [, dv(t) and we have o*(z,y) = C + [’ dv(t) =
fol Te(x,y)dv(t) + C where 7(x,y) = Ly<icy + Ly<i<s and so

P, ) = /0 P, )du(t) + C
. Since P(1,v) = 2¢([0,¢])(1 — ([0, ¢t]), P(7,.) is concave and so is P(o,.).

1.4.4 Scheme of the proof

The proof of theorems 1.4.5 and 1.4.6 will follow a path similar to [45] for the piecewise constant case
and then for o continuous, we will approximate it by a sequence of piecewise constant profiles. First of
all, the following result of exponential tightness will be proved in Section 1.4.5 :

Lemme 1.4.29. For 8 = 1,2, assume that the distribution of the entries az(-ﬁ-) satisfy Assumption 1.4.2
for B =1,2 and Assumption 1.4.3 for § =2. Then :

1
lim limsup Nlogp[)\max(X](\]B)) > K| = —o0.

K—+00 Nooo
Similar results hold for )\min(X](\,B)).

Therefore it is enough to prove a weak large deviation principle. In the following we summarize the
assumptions on the distribution of the entries as follows :

Hypothése 1.4.30. Fither the ,usJ are uniformly compactly supported in the sense that there exists a
compact set K such that the support of all ufvj 1s included in K, or the ui\]j satisfy a uniform log-Sobolev
inequality in the sense that there exists a constant ¢ independent of N such that for all smooth function

f:

2
| 1P rom s < a1V 115).
2,]

When 5 =1 ufvj satisfy Assumption 1.4.1, when 3 = 2, they satisfy Assumption 1.4.5.
We shall first prove that we have a weak large deviation upper bound :

Théoréme 1.4.31. Assume that we have a piecewise constant variance profile o and that Assumption
1.4.30 holds. Let B =1,2. Then, for any real number x,

1
lim sup lim sup — log P ())\max(X](f)) — 96‘ < 5) < —I(B)(JU)-
50 Nooo N

We then prove the following large deviation lower bound :

Théoréme 1.4.32. Assume that we are in the case of a piecewise constant variance profile o and that
assumptions 1.4.80 and 1.4.14 holds. Let E : R™ — R™ be a positive function. Suppose that we have a
continuous function 0 — (1/1?’0)16[1@] such that :

T(0,0,4"%) > F(0,0) — E(0)
then, if we let I(o, x) := Supp>o J (o, 0,7) — F(0,0) + E(0) , we have for every x > 1, :

1
liminfﬁ log P[| Amax(X) — x| < 8] > —I(0, x).

N—o00
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Then, if Assumption 1.4.21 is verified, we can take E = 0 and the result follows. However, when we
deal with the continuous case, since Assumption 1.4.25 for ¢ will not necessarily imply Assumption 1.4.21
for the piecewise constant approximations, the error E will not be zero. However, it will be small enough
to be neglected ultimately.

To prove Theorem 1.4.31, we first show that the rate function is infinite below the right edge of the
support of the limiting spectral distribution. To this end, we use that the spectral measure jiy converges
towards its limit whith much larger probability. We let d denote the Dudley distance :

/facd,u /f Ydv(z

where £z = sup, , | £ + sup, |7(@)]

d(pv) = sup
Ifllz<1

Lemme 1.4.33. Assume that the /%,j are uniformly compactly supported or satisfy a uniform log-Sobolev

inequality. Then, for B = 1,2, there exists ' € (0, 15 /\ k) such that

lim su —lo P(d , > N7F ) —00.
N_mp N o8 (i Fx@ )

The proof of this lemma is given in the appendix. As a consequence, we deduce that the extreme
eigenvalues can not deviate towards a point inside the support of the limiting spectral measure with
probability greater than o(e~“¥) for arbitrarily large C. And therefore :

Corollaire 1.4.34. Under the assumption of Lemma 1.4.33, For = 1,2 let x be a real number in
(=00,75). Then, for § > 0 small enough,

1
limsup — log P (|)\max(X](\§3)) —z| < 5) = —00.
N—o00 N
Indeed, as soon ¢ > 0 is small enough so that x + ¢ is smaller than 2 — § for § = 1,2, d(iin, po) is
bounded below by some £(5) > 0 on |)\max(X1(Vﬁ)) — 2| < 4. Hence, Lemma 1.4.33 implies the Corollary.
In order to prove the weak large deviation bounds for the remaining x’s, we shall tilt the measure by

spherical integrals :
IN(X, 9) _ Ee[€6N<e’Xe>]

where the expectation holds over e which follows the uniform measure on the sphere S#V—1 with radius
one. The asymptotics of

1
In(X,0) = NlogIN(X, 0)

were studied in [47] where Theorem 1.4.19 was proved.
We shall later use that spherical integrals are continuous. We recall here Proposition 2.1 from [58]
and Theorem 6.1 from [47] where we denote by || A|| the operator norm of the matrix A given by ||A|| =

SUp| o1 [[Aullz where [[ullz = /3 [ui?.

Proposition 1.4.35. For every 6 > 0, every x €]0,1/2[, every M > 0, there exist a function g, :
RT — RT going to 0 at 0 such that for any 6 > 0 and N large enough, with By and B\ such that
d(ﬂngﬂg’ ) < N7, [Amax(BN) = Amax(Bn)| < 6 and supy || By|| < M, supy HB;\[H <M:

| I (B, 0) — In(Bly, 0)] < g, (9) .
From Theorem 1.4.19 and Proposition 1.4.35, we deduce that :

Corollaire 1.4.36. For every 6 > 0, every x €]0,1/2[, every M > 0, for any 6 > 0 and p a proba-
bility measure supported in [—M, M], if we denote by By the set of symmetric matrices By such that
dppy, 1) < N7 [Amax(BN) — p| < §, and supy || By || < M, for N large enough, we have :
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limsup sup |JN(BN70) - J(,u707p)| < 2gﬁ(6)
N—oo BNnEBN

where g, is the function in Proposition 1.4.35.

By Lemma 1.4.29 and Lemma 1.4.33, it is enough to study the probability of deviations on the set
where Jy is continuous :

Corollaire 1.4.37. Suppose Assumption 1.4.2 holds. For § > 0, take a real number x and set for M
large (larger than x + ¢ in particular), A%& to be the set of N x N self-adjoint matrices given by
AMS = (X Panax(X) — 2] < 83N {X 1 d(i@¥ pe) < NTIN{X 1 | X < M},

where k' is chosen as in Lemma 1.4.33. Let x be a real number, § > 0 and k' as in Lemma 1.4.33. Then,
for any L > 0, for M large enough

i ()Amax(X](f)) - x( < 5) —P (X}Vf” e ,43{5) +O(eNE).

We are now in position to get an upper bound for P (X](\?) S A%;). In fact, by the continuity of
spherical integrals of Corollary 1.4.36, for any 6 > 0,

)
In(X
P(x(eAls) - E [INEX%)’ Z; 1 Ayél
N N '
() :
ElIx(XY,0) exp{~N _inf Jn(X,0
Un(XN" Oexp{-N inf Jn(X,6)}

x,8

< Eln(XY.0)] exp{N(29.(8) — J (10,6, 7))} (1.30)

IN

where we used that x — J(us,0, ) is continuous and took N large enough. It is therefore central to
derive the asymptotics of

1
Fy(6,8) = 5 g E[In (X1, 0)
and we shall prove in section 1.4.6 that

Théoréme 1.4.38. Suppose Assumption 1.4.30 holds and that o is a piecewise constant variance profile.
For 3 =1,2 and 6 > 0,
lim Fy(0,8) = F(o,0).

N —oc0

We therefore deduce from (1.30), Corollaries 1.4.37 and 1.4.36, and Theorem 1.4.38, by first letting
N going to infinity, then ¢ to zero and finally M to infinity, that

1

lim sup lim sup — log P (‘)\max(X](VB)) - x’ < 6) < F(0,0) — J(us,0,x) .
50 N—oo IV

We next optimize over 6 to derive the upper bound :

1
lim sup lim sup — log P (’)\max(XI(\’?)) - x’ < 5) < —sup{J(po,0,x) — F(0,0)}. (1.31)
550 Nooo IV 6>0

To prove the complementary lower bound, we shall prove that
Lemme 1.4.39. For 8 = 1,2, with the assumptions and notations of Theorem 1.4.32, for any x > 7, ,
there exists 0 = 0, > 0 such that for any 6 > 0 and N large enough,

E[1 In(x{,0))

(8)
Xy eAM;

ElIy(X{,0)]

> *E(ex) .

P
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This lemma is proved by showing that the matrix whose law has been tilted by the spherical integral
is approximately a finite rank perturbation of a Wigner matrix, from which we can use the techniques
developped to study the famous BBP transition [13]. The conclusion follows since then

EfLxg cay, NN 60)]

P(x{ eals) > TGN E[In (X, 0,)] exp{—N o, In(X,6,)}
> exp{N(gx(9) + F(0:, ) = E(0:) = J (1o, 0, ) + 05(1)) }
> exp{—NIg(z) — Nos(1)}

where we finally used Theorem 1.4.38 and Lemma 1.4.39.

The theorem follows in the case of piecewise constant variance profile verifying Assumption 1.4.14 by
noticing that if Assumption 1.4.21 is verified then we can choose £ = 0. We will relax the Assumption
1.4.14 by approximation as we will treat the continuous case.

1.4.5 Exponential tightness

In this section we prove Lemma 1.4.29. We will in fact prove a stronger and slightly more quantitative
result that will also be useful when we will approximate continuous variance profiles using piecewise
constant ones (we recall that ® is the entrywise product of matrices) :

Lemme 1.4.40. Let f = 1,2 and Ay be the following subset of matrices :
An = {A € Sy(RM)|Vi, j, A(i, j) < 1}.
For every M > 0 there exists B > 0 such that :
: 1 () _
limsup — sup logP[||[A® WL"'|| > B] < —M.
N N AcAn

We will use a standard net argument that we recall for the sake of completeness. Let us denote :

v = Aow®),

Where A € Ay.

For N € N, let Ry be a 1/2-net of the sphere (i.e. a subset of the sphere S#N~! such as for all
u € SPN=1 there is v € Ry such that ||u — v|[2 < 1/2. Here the sphere is inside RY for 8 = 1 and CV
for B = 2). We know that we can take Ry with cardinality smaller than 3°Y. As in the proof of the
exponential tightness in [45], we notice that for M > 0

PVl > 4K] < 9% sup PV u,v0) > K]. (1.32)

u,vERN

Indeed, if we denote, for v € S®V =1, to be an element of Ry such that |ju, — v|s < 1/2,

1
IVi7Il= sup Vel < sup (VA w4 S IYA )
vESBN -1 vESBN—1
so that
71 <2 sup [V ullo. (1.33)
u€ERN
.. . vy ®)

Similarly, taking v = —f5——, we find

1Y ull2

1P ulls = (0, VP u) < (g, VP u) + o — w2 YA 0]l
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from which we deduce that
YV <4 sup (VP u,0)

u,VERN

and (1.32) follows. We next bound the probability of deviations of <X1(Vﬁ)v,u> by using Tchebychev’s
inequality. For 8 > 0 we indeed have

PIYPu,0) > K] < exp{—ONK}E[exp{NO(Y P u,v)}]
< exp{—ONK}E[exp 2 Z R(A (ﬁ)u i05) + Z A(iyi)a; ju;v; ]
i<j i
< exp{—ONK}exp Z |wi|?[v;]? + Z g ?|vi|?) (1.34)
i<j

where we used that the entries have a sharp sub-Gaussian Laplace transform and that |A(4,7)] < 1. We
can now complete the upper bound :

PV Pu,0) > K] < exp (N (; - K))

where we took 6 = 1. This complete the proof of the Lemma with (1.32).

1.4.6 Proof of Theorem 1.4.38 in the piecewise constant case

BN-1

We consider in this section a random unitary vector e taken uniformly on the sphere S and

independent of Xj(f). We define Fy by setting, for 6 > 0 :
Fi(0,6) = 1 108 o Belexp(N6(e, X))

where we take both the expectation E. over e and the expectation E (s, over XI(VB). In this section we
N

derive the asymptotics of Fn (0, 3), F(o,0) is as in Theorem 1.4.38.
We prove a refinement of Theorem 1.4.38, which shows that under our assumption of sharp sub-
Gaussian tails, the random vector e stays delocalized under the tilted measure.

Proposition 1.4.41. Suppose Assumption 1.4.1 holds if 8 =1 and Assumption 1.4.8 holds if B = 2. Let
)= Zielj lei> and Vi = {e € SPN=1|Vj € [L,n],Vi € I, |e;| < \/1h;N~V4=<}. Then, for e € (0,3),

F(o,0) = NgglooFNw 8)

: B
= Jim_ N log Ee[Leevg E (o [exp(NO(e, xWen].

Démonstration. By denoting L, = logT),, we have :

IEXJ(\?)[exp(Nﬂe,X](f)e))] = Eyolexp{VNO@2) En(i, )R R(ae;e;) +22N i,1)a? lei|))]

1<J

= exp{ZL (2% (i, 7)0Eie; VN +ZL (Sn (i, 1)0)e;*VN)}

1<J
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where we used the independence of the (agﬁ))igj. Using that the entries have a sharp sub-Gaussian
Laplace transform (using on the diagonal the weaker bound L~ (t) < %tz + AJt|) and , we deduce that :

ING?2
E,[exp(NO(e, X)) < E exp{—zzwj leil?le; |

1<J

2
+% D Sn(ii) el + AVNG Y S (iyi)ed}.

®
XN

Let’s denote 1; = 3=, ;. |e:|> We have

2
E o lexp(Note, XPe))] < exp(N9

B

®
XN

P(o, v, ..., z/)n)) exp(A'0VN).

And so :
2

0 A'9
FN(avﬁ)S%IOgEC |:eXp <ﬁ \/N

But since e is taken uniformly on the sphere, the vector ¢ = (v, ...,1,) follows a Dirichlet law of

Nﬁ(av 1/117 7wn)):| +

parameters (M, e M) We have the following large deviation principle for the Dirichlet Law :
Lemme 1.4.42. Let n € N*, and By = (Bi,ns -, Bnv) € (RT)™ be a sequence of vector such that
limy_ o0 BWN = (a1, ...,ap) and o; > 0. The sequence of Dirichlet laws 6n = Dir(81 n, ..., Bn,N) verifies

a large deviation principle with good rate function I(z1,...,x,) = > 1, a;(logz; — log ).

Démonstration. We denote fx and f the functions defined on D = {x € (R™*)"|zy + ... + x, = 1} by
= Z Bi log z;
- N
= Z a; log x;.

For z € D, let’s denote & = (1, ..., #,_1). We have ddn(z) = Zy" exp(N fx (21, ooy Tp_1, (1 — 21 — .. —
Zp—1)))dZ where

ZN = / exp(N fn(z1, s @1, (1 — 21 — ... —2p—1)))dz1...dTp_1
b

We have that on every compact of D, fy(z,1 — > ;) converges uniformly toward f(z,1 — > ;)
(which is continuous) and furthermore, for every M > 0 there is a compact K of D such that for N large
enough fy(z,1—> x;) < —M for x ¢ K. With both those remarks we deduce via a classical Laplace
method that

n—1
1
A}gr})oﬁlogZN_maxf( Z Zazlogaz

Using again classical Laplace methods and the fact that z — Z is a homeomorphism between D and
D, we have that the uniform convergence of fy and the continuity of the limit f gives a weak LDP with
rate function f(z)— > ", a;loga; and the bound outside compacts gives the exponential tightness. The
LDP is proved. 0
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Using lemma 1.4.42 and Varadhan’s lemma, we have that :

o1 0% -
ngnoo N logEe[eXp (NP(J7 wla ad}n))] -

B
260° 5 = By = Ba;
sup {7P(0'7 d)lv 71/) ) - lOg(i/}) - IOg(Oé)} = F(Uv 0)
Gt U €10, 1] 1 ot =1 D ! ; 2 ' ; 2 '
So that we have proved the upper bound that
1
limsup Fiy (0, 5) < limsup sup N logEX<;3>[exp(N@(e,X](Vﬁ)em < F(o,0). (1.35)
N

N—o0 N—oo ecSN-1

We next prove the corresponding lower bound. The idea is that the expectation over the vector e concen-
trates on delocalized eigenvectors with entries so that v Ne;€; is going to zero for all 4, j. As a consequence
we will be able to use the uniform lower bound on the Laplace transform to lower bound Fy (6, 3). We
have that :

Elexp(NO(e, Xj'e))] > Ee[Leevg, [ [ exp{L,x 2VNOEN(i, j)eie;)} Hexp{Lug\{i(EN(i, D)V NO|e;|*)}].

1<j
For e € Vi$, 25N (i, 5)V NO|eie;| < 28N (i,5)0N € so that :

lim sup sup \2\/NEN(Z'7]')9€¢6J| = 0.
N=+00 je1,N] eV

By the uniform lower bound on the Laplace transform of Assumptions 1.4.1 or 1.4.3, we deduce that for
any 6 > 0 and N large enough :

Elexp(N0(e, X§e))] > Ee[leevg [ [ exp{2(1 — 6)NO*Sn (i, 5)2[esl*le;1?/8} [ [ exp{ N (1 — 6)Sn (i, 9)20%|es|?/8Y]
- 1 (1.36)
> B, [Loeyg e F @000 (1.37)
We shall use that
Lemme 1.4.43. For any e € (0,1/4) we have

And that the event {e € V5 } is independent of the vector 1. As a consequence, we deduce from (1.37)
that for any § > 0 and N large enough

liminf Fx (0, 8) > %logEe {exp ((1 — 6)N9;13(U, 1, ,wn)>} .

N—oc0

So that together with (1.35) and Lemma 1.4.42 we have proved the announced limit

lim Fx(0,8) = F(0,0)

which completes the proof of Lemma 1.4.38.
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Finally we prove Lemma 1.4.43. We have the well known fact that if we denote el = (e;)ie I
) := e /||eW)]| is a uniform unitary vector on the sphere of dimension 3|I;| — 1. Furthermore all these
f; are independent.

PVy] = [[ BIvi € 1, | £ < N71/4=e),
j=1

The result follows since each of these terms converges to 1.

1.4.7 Large deviation lower bounds

We will now prove Theorem 1.4.32. For a vector e of the sphere S’~N~! and X a random symmetric

(e,0)

or hermitian matrix, we denote by P, the tilted probability measure defined by :

exp(NO(Xe,e))

(e0)
BN = Ex[exp(NO(XPe,e))]

dPn(X)

where Py is the law of Xl((,g). Let us show that we only need to prove the following lemma, :

Lemme 1.4.44. Suppose that the hypotheses of Theorem 1.4.32 hold. Let (On)nven be some arbitrary
sequence of positive reals converging to 0, Wy the subset of the sphere SPN~'defined by :

Wy = {e € SV Vi |[|eD]]? — | < 6n}

where E and V"% are as in the hypotheses of Theorem 1.4.32 and ) is the i-th block of entries of e.
For any x > r,, there is 0, such that :

lim  inf  PESX e AM) =1
N—oo e€VENWy '

Proof that Lemma 1.4.44 implies Theorem 1.4.32. In fact, we only need to prove that if E,wZE’e* are as
in the hypotheses of Theorem 1.4.32, we have :

E[1 In(XY,0.)]

B)
Xy €AY

E[In(X{,0,)]

e - _
1}\1{1;1ng log > —FE@,),

where we recall that
Al = {X : Pmax(X) — 2| < 6} N {d(AX, po) < N~"} 0 {|| X[ < M}.
We have

E[1 INXY,0.)] = B[P (AM)Ex [exp(NO, (X (e, )]

X](\?)E.AMJ
e,0,
> Eelleevy Py (A Ex[exp(NO (X e, €))]]
where we recall that Vg = {e € SN71: |e;] < N™1/4=¢y;}. Let

W3 = {eeSN1 v,

]2 = w="| < 6}

We have, using using Lemma 1.4.42 that :

lim hm 1nf — log Ple €¢ W3] =

6—0 N—oo

Q\w

Z (log 4] —log ;)
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let (6n)N—o0o be a sequence converging to 0 such that :

Lol d s - 0.:.E
1}\1&1?; N logPle € W] > Z;ai(log ;" —log ;)

™| N

and let :
Wi = {e € S¥71o 3, [[le®|? — g~ | < o}

We have that for e € Wy :

o1 3 .
lim —log Ex [exp(N0 (X (e, e))] = Pla, ")

This is in fact identical to (1.37).

E [P (AM)Ex [exp(NO (X e, e))]] > Eelleevgnwy Py (AY)Ex [exp(NO, (X e, e))]]

0 — 2p oo o
> Ee[lecvgrwy P (AMy)em N0ePlowmio)+e()]
so we have that :

E[1 In(X$),6,)]

(8)
XN eAM;

2B E,04
> Ee[Leevgnwy PO [AY e N P lod ™) =F(0:))
ElIn(Xy,0.)] N

> Plleevgrwy] _inf  PEO[X(D € Al Jem NP5 ") PO o)

eeViNWn
. e,0, () M 1, —N(02P(0,F0)—F(8)+o(1
Z ]PJ[]IEEVISI]IP[]IQEWN] eevglr-f]‘WN ]P( )[XN & Az,(s]e ( ( ) ( ) ( ))

> ¢~ N(B(0:)+o(1)

where we used that {e € Vg } and {e € W} are independent and that  log infeeve nwy ple.0) [X](\f) €
AL5] converges to 0. So we have our lower bound. O

And so it remains to prove the lemma 1.4.44. More precisely, we will show that for € € (3, 1), for any
x> 1, and 6 > 0 we can find 6, > 0 so that for M large enough,

lim inf PO (AM) = 1. (1.38)

NS00 e€VENWy
To prove (1.38), the first point is to show that

Lemme 1.4.45. Take € € (0, i) There exists k > 0 , such that for any 6 > 0,
— for K large enough :

lim  sup P (Anax(XY)) 2 K) =0

N—=oo eeVENWy

limsup sup PR (Al o) > N77) = 0.
N—oo eeViNWn N

Démonstration. We hereafter fix a vector e on the sphere. The proof of the exponential tightness is exactly
the same as for Lemma 1.4.29. Indeed, by Jensen’s inequality, we have

Ex [eXp(NH(XJ(VB)e,@)] > eXp{NHEXKX](VB)e,e)]} =1
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Moreover, by Tchebychev’s inequality, for any u,v,e € SPN=1, and if M = sup, ; 07 ; we have

/]l<X1(\f)u,v>2Kexp(N9<Xj(f)e,e))dIPN < exp{—NK}IEX[exp(NWX](f)Qe)+N<X](\f)u,v>)]

IN

exp{—NK}exp{NM (6> + 1) Z lei&; +u;v;]?}
.3

< exp{—NK +4(6* + 1)M N}

from which we deduce after taking u,v on a é-net as in Lemma 1.4.29 that
PED (A X)) > K) < 98N exp{— LN K + 4(62
N max(AN ") = < p{ 1 +4(0° +1)MN}

which proves the first point. The second is a direct consequence of Lemma 1.4.33 and the fact that the
log density of Pgi")) with respect to Py is bounded by 0N (| Amax(X)| 4+ [Amin(E)|) which is bounded by
0K N with overwhelming probability by the previous point (recall that A\, (X) satisfies the same bounds
than Apax(X)).

O

Hence, the main point of the proof is to show that

Lemme 1.4.46. Pick E]%, %[ For any x > r,, there exists 0, such that for every n > 0,

lim  sup PE&’GZ)[IAmax —x|>n]=0.
N—=o0ecvenWy

1.4.7.1 Proof of Lemma 1.4.46

For ¢ € Vg fixed, let X(©-N be a matrix with law P{O? . We have :

x (N E[X(e)’N] + (X(E)’N _ E[X(S)JV])

where E[X] denotes the matrix with entries given by the expectation of the entries of the matrix X. We
first show that E[X(¢):N] is approximately a finite rank matrix and X (¢)N — E[X(¢):N] is approximately
a Wigner matrix with variance profile o.

Lemme 1.4.47. For ¢ €], 1, there egists r(c) > 0 so that for e € Vg :

2
E[X ()N = gESE* + AN
where,
e 0 ... 0
0 e@ ... 0
E=
0 0 .- e
and :

S = (Uzz,j)i,je[l,n]

The spectral radius of AN is bounded by N~ uniformly on e € Va-

Proof of the lemma. We can express the density of ]P’g\?’e) as the following product :

v
(0 = [[ep@»05x (0, ) VNR(eicjal]) — Ly, (21200, ) VNee;))

i<j
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are defined as in the introduction.

where the a(,ﬂ )

,J
So since we took our a; ; independent (for ¢ < j), the entries XZ»(E»)’N remain independent and their
mean is given in function of the Taylor expansion of L as follows :

O En(5) Ly (2VNZn (i, j)beie;)
(E[X )]s = i =

20 N
FE?V(%J)BWJ' +

EN(i,j)(;id(2EN(i,j)\/N06¢éj)N02|6i‘2‘€j|2
VN

if i # j, and if i = j

ElX©N]) | — SN (i )L,y (VNS (i, )flel”)
E[X V), = - B

2’?92?\7(2, i)eiéi +

ZN(’L', 1)52’1(2\/N2N(Z, i)9|€i|2)N92|6i|4
VN

where we used that by centering and variance one, LLN (0) =0, HessL,~ (0) = %Id for all ¢ # j, N,
K2V}

B¢
LZN‘ (0) = % for all 4, N, and where

81,3 (8)] < 4 sup max{|L'Y ()]}
lul<t 3N Hid

Hence, we have
Ag?’N = EN(i7j)é@j(2\/N0i’j96iéj)m92|ei|2|€j‘2, 1 < Z;J < N.

In order to bound the spectral radius of this remainder term, we use the following result which is Lemma
5.4 from [45].

Lemme 1.4.48. Let A be an Hermitian matriz and B a real symmetric matriz such that :
Vi, j, |Ai ;| < Bij-
Then the spectral radius of A is smaller than the spectral radius of B.

Therefore, if we choose C' so that C' > supy ; ; 0;,;(2V Nfe;e;)0% and set |e|* to be the vector with
entries (|ei‘2)1SiSN’ we have

AN < CVNl[ef(el?) ]l

Since ||le[*(le]?)*]| = [|le?||3 = X, e} < N7*¢, we deduce that if we take € €]1/8,1/4] we have with
k(e) =1/2 —4de :

IAON || = o).

Now we denote :

XN = XN _g[x(©:N],
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The entries of X () are independent, centered of variance Xy (i,5)?0,0:L,,~ (HEN(Z j)eiejVN)/N.
Recall that 0.0;L,~ (0) = 1 and that the third derivative of the Laplace transform of the entries are
uniformly bounded S0 that :

0:0:L,~ (9 (i, j)eiejVN) = 146, (VNEN (i, j)leiej|) = 1+ O(N ™)

uniformly on V5. We can then consider X(©:N defined by :

N
TN _ Xij

" \/a 0:L,n (03w (i, j)eiejVN)

),N

Set Y(©)-N — X X(©:N_So, we have

(YO, =X (1 =
\/88L (0ZN (i, j)eie;VN)

Next, we have that for all § > 0 :

lim  sup P[||[Y©N]|| > 6] =0. (1.39)
N—=tooeeve

This follows the demonstration as in [45]. Hence, since :
> 20
XN = XN 4 EESE* + AN Ly (N

we conclude by combining (1.39) and Lemma 1.4.47 that for e €]1/4,1/8[ and all § > 0

e, = 20
lim sup PCOXEON - (XON L ZRSEY)|| > 6] =0 (1.40)
N—o00 EEVS ﬂ

since all estimates were clearly uniform on e € V.
And so, to conclude we need only to identify the limit of Apya (XN + 2—B‘QESE*). The largest

eigenvalue of X@N 4 %ESE* satisfy

~ 2 > 2 >
0= det(z — XN — gESE*) det(z — XN det(1 — g(z — X©M-IpsE*)

and therefore z is an eigenvalue away from the spectrum of X (N if

det(1 — %(z — X©OMN-1ESE*) =0

Using the fact that with A € M,, ,(K) and A € M,, ,(K) we have det(I,, + AB) = det(I, + BA), we have
that the preceding equality is equivalent to

det(I, — 0E*(z — X(N)~1ES) = 0.

Lemme 1.4.49. Fori,j € [1,n] n >0, a > r,, we have :

(E*(z — X(e)’N)_lES)i,j — UZJz/}JOmJ(Z)‘ > 77:| —0

sup P [sup
EEVZf, NWx z>a

Where m is the solution to K, and m; are defined as in Theorem 1.4.13.
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Démonstration. Let Gy (z) == (z — X©ON)=1 My(2) = diag(my n(2),.....my n(2)), where mY =

nol Inzeti—ramin and m? is the solution of K _~ (as defined in section 1.4.2). If we denote &* =
i=0 z€li—1,4] 1Y,
(Ienr,€j)j=1,.. .~ the vector e where we zeroed out all entries except for the k-th block.

(E*(z — X(e)’N)_lES)i,j = Z(éi)*GN(Z)Ui,jék
-1

So since limy o0 SUP,cve qwy |[1€°]1> — 4| = 0 we only need to prove that for k.1 € [1,n] :

lim  sup supPl(E) G (2)e" — dami(2)6] = 1] = 0.
N—00 ccgN-1 z>q
To that end, we want to apply the anisotropic local law from [2] but in order to do so, we need to
check its assumptions. (A) is verified since the variance profiles are uniformly bounded. (B) is verified
with the assumption 1.4.14. (D) is verified with the sub-Gaussian bound. To verify (C), we apply [3,
Theorem 6.1]. Thanks to [2, Theorem 1.13], if we fix some v > 0, D > 0, ¢ > 0, for N large enough :

sup sup Plle*Gn(2)f — e*My(2)f| > N"YP) < NP,
e, fESAN—1 zeC,Iz>N7—1

Furthermore following Corollary 1.7 of [2], we have that for a’ €]r,,a[, D > 0, N large enough

PAmax(X@N) > a/] < N~P.

Let e, f € SNV and h: z = e*Gn(2)f and k : z — e*My/(2)f. On the event {Apax(X(©N) < '},
we have that |h(z)],|k(2)] < m and W/ (2)], K (2)] < W for {z|Rz > o'} and therefore, for
v < 1/10, we can in fact assume that our bound holds for any z such that $(z) > a and in particular for

z real. Let
Ay = {a+k/N|k € [0, N?]}.

By union bound, we have that for NV large enough :

P[sup [(e*Gn(2)f — € My(2)f)| = N-V1] < NPH2
zEAN
Combining this with the Lipschitz bounds and the bound in modulus that is derived from from the
bound on Apax (X V), we get :

Plsup|e*Gn(2)f — e*Mn(2)f| = N~/ < N~P#2
z>a
for N large enough. furthermore, this bound is uniform in e and f. We use Theorem 1.4.13 and the
Lipschitz bounds to conclude that for IV large enough and e € Vi N Wy we have that :

Plsup |(6%)* (M (2))é" — 6 190fmi(2)| > 5] < N~P+2

z>a

where m is the solution of K, and m; is the value taken by m on the interval I;. And so we have :

Plsup |(E*Gn(2)SE); ; — mj(z)ai)jz/)ﬂ > n] < N~P+2 for every i,5 € [1, N].

z>a

O

Let’s denote D(f,z) the diagonal n x n matrix diag(m1(2)¥?,...,m,(2)1?), we have that the above
limit can be rewritten SD(f, z). From the preceding lemma we have that for > 0 uniformly in e € S#N -1
that

Plsup | det(, — 0E*(z — X ON)"1ES) — det(I, — SD(8,2))| > n] < N~P

z>a
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for N large enough.
So since lim,_, det(I,, — SD(0, z)) = 1, all that remain is to solve the determinantal equation :
det(I, — SD(8,2)) =0

and the largest solution z > r, if it exists will be the the limit of A,.x. We can rewrite this equation :

det(I,, — 0+/D(0,2)S\/D(0, z)) = 0. (1.41)

Let p(0, z) be the largest eigenvalue of \/D(6,2)S+/D(6, z). Then, the largest z solution of equation
1.41 is the solution of :

0p(0,z) =1. (1.42)

Indeed, with 6 fixed, if 6p(0,2) = 1 then z is a solution of equation 1.41. Since the z — m;(z) are
strictly decreasing, so is p(6,.). So for 2’ > z, 0p(6,z") < 1 and so 2z’ cannot be solution of 1.41 for the
same 6. Similarly, if z is a solution of 1.41 then 6p(6,z) > 1. If 6p(6,2) > 1 then since z — 0p(0, z)
is continuous and decreasing toward 0, there exists z’ > z such that 0p(0,2’) = 1 and 2’ is therefore a
solution of 1.41 strictly larger than z.

Therefore, it suffices to prove that for any = > r, there is at least one 6, such that

0.p(0,,2) =1

First, since  — D(0, z) is bounded and continuous on RT, then § — 0p(6, z) is continuous. For § = 0
the lefthand side is 0 and for § — oo, since max; ¢! > n~! we have that

max(y/D(0, 2)S /DB, 2))s; > n~ (minmi () (mino?,)
0 i i
and so with M := n~"'(min; m;(z))(min, ; 67 ), p(6, z) > M and so 0p(6, x) i +00. By continuity,
60— o0

there is at least one 6, such that 6,p(0,,z) =1 and so Theorem 1.4.32 is proved.

1.4.8 Case of a continuous variance profile and relaxing Assumption 1.4.14
for the piecewise constant case

We now choose o : [0,1]2 — R continuous and symmetric and consider the random matrix model

X =5y oW where
En(i,j) =0 (N’ ]{7)

In order to prove a large deviation principle for X, we will approximate the variance profile by a
piecewise constant o. Namely, for n € N we let ¢™ be the following n x n matrix :

i j
w [n 1
O’Zj =n? /Q /Q o(z,y)dxdy + R

Let’s denote X y; (B} the random matrix constructed with the same family of random variables a(ﬁj) but
with the piecewise constant variance profile associated we the the matrix o™ and the vector of parameters
(2,..,1). Let F" = F(o™,.), " := pon. We will also denote F = F(0,.) and I = I(0,.). Even if we
suppose that Assumption 1.4.25 holds in the case of the continuous variance profile o, we don’t necessarily
have Assumption 1.4.21 for the variance profiles ™ and so we don’t necessarily have a sharp lower bound.

To this end we need to introduce an error term E™ that will be negligible as n tends to oo :

Lemme 1.4.50.

lim sup O —FOI _

n—oo 6>0 02
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Démonstration.

|// (v, y)dp(o // (2, ) dpa()da(y)|
//I Y(x,y) — o (z,y)|du(z)du(y).

—

Since limy, o0 sup, , [(6")*(z,y) — o*(z,y)| = 0, we have lim, o sup,, |P(o,v) — P(o™,1)| = 0. The
result follows easily.
O

Lemme 1.4.51. If the Assun}Lption 1.4.25 is true, then for every ¢ > 0, there is a sequence of functions
E™ and continuous 0 — (wf’E )ie[1,n) such that :

G(o",0,9""") = F"(6) — E"(0)
and there is a ng such that for n > ng :
VO > 0, E™(0) < 6.
Démonstration. Since assumption 1.4.25 is verified, there is some measure valued continuous @ — ¢ such
that F(0) = 02P(0,v?%)/8 — BD(Leb||y?)/2. Let %€ := K(¢ x 7.) where * is the convolution, 7. the

probability measure whose density is a triangular function of support [—¢, €] and K the function defined
by K(z)=zifz€[0,1], K(z) = —zifz €[-1,0] and K(z) =2 -z if x € [1,2].

Gen. 0,e 2_11
e ([553])

G = /R(ll[u—l)/n,i/n} + L (mifn,1=ip/n] + Lzmifn2— 1=y /n)) ()7 % 70) (2).

we have that for i = 1,...,n

Sofori=1,...,n
O,en
Yo" = /R(ﬂ[(iq)/n,i/n] + Li/m(1—iy/m) T Lpmifno—(1—i)/n)) * Te(@)dy) (2)

Since = = (Li—1)/m,i/n] + Li—i/n.(1—i)/m] T Li2—i/n,2—(1—i)/n]) * Te(x) is continuous and 6 Y? is

6,e,n .

continuous for the weak topology then § — ;""" is continuous for ¢ = 1,...,n

Let us prove the following lemma :

Lemme 1.4.52. For every n > 0, there is € > 0,19 > 0 such that for every 0 > 0,n > ng

1 1
|Z 2gfiemyfen _ / / o (@, y)dy’ (2)dy’ ()| <1

1,j=1

and,

n

=3 (log e~ togn) = D(Leb] )

g
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Proof of the lemma. Let n > 0 and let us find € > 0 such that :

|// (2, ) () () // 2z, y)dy® () dp? ()| < 7.

Let us take X, Y, U., V. independent random variables of law respectively, 1»?, 1? and 7., 7.. Then we
have

|// (2, 9) () A () // 2(a, ) )dw% )| =

Using the uniform continuity of o2, and that |K(X + U.) — X|,|K(Y + V.) — Y| < € almost surely, we

have that there exists an € > 0 such that the difference is lower that n. This bound does not depend on
6.

Now, let us find ng such that for n > ny,

n ) ) 11
| D (o) e */O /O o (&, y)dg” (x)dy" ()] < .
ij=1

We have

| (o, Putenyten // 2z, y) () Ay ()

1,7=1

< /0 /0 |(O’"($, y))2 _ 02(557y)|d1/)9’€(x)d¢976(x)‘

where we recall that (z,y) — o"(x,y) is the discretized version of o. There again, using the uni-
form continuity of o, we have for every ¢ > 0 the existence of ny such that for n > ng, for all
x,y € [0,1]|(c™(z,y))? — 0%(x,y)| < 1. Combining these two inequalities we get the first point. Then
let us show that :

D(Leb|[*) > D(Leb|[¢?).
Let f.(z) = max{0,e! — e 2|z|} and

ge(x,y) = fe(x —y) + fe(y +2) + fe(2 — 2+ y).

We have that :

d¢0’€ _ 0
G @= [ atnao)

Let us notice that f[o 1 ge(z,y)dy = f[o 1) 9e (y,z)dy = 1. We have
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1 d¢0,e
D(Leb||p%) = [ 1
(Lelo?) = [ 1ox (%) ds

/
/o1 o (/01 ge x’y)dw(y)) de
/
/

(
(

v

110g (/Olge z,y) W( )dy>d
/ ge(z,y log<d¢d( ))d dz

D(Leb|[4?)

v

where we used the concavity of log. Finally, using again the concavity, we have for every i € [1,n]

z/n 0,e Z/TL 0,e
T (wu) 4o < log ( / dw<>>
(i—1)/n dx (i-1)/n dx

< log (nl/ff’o) :
Summing over 4 gives us the result.
O
Thererefore, using this lemma for € > 0, there is ¢ > 0 such that
U(, 0™, %" — F(0
p PO FO)
0>0 0
for n large enough and so :
(6. o™ 0,e'\n — F" (6
i YO )
0>0 0
Therefore, taking
E™0) = F"(0) - ¥(0,0", " ")
our result is proven. O

We can now introduce I and fg defined on [ry, +o0[ the rate functions for the upper and lower bound
of the piecewise constant approximations

I5(@) = sup [ (o 0,2) = " (0)]

Ig(x) = Sl;p [J(pon,0,2) — F™(0) + E™(0)].

We will use for each piecewise constant approximation the approximate lower bound of theorem 1.4.32.
We will need the following result :

Lemme 1.4.53.
lim p" =p
n—oo
and if we denote r™ the upper bound of the support of u" and 1) its lower bound, we have :

lim 7" =,
n— oo
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lim (™ =1,.
n—oo

Démonstration. The first point is a consequence of theorem 1.4.11.
Let A% := Xx — X7 We have A% := (Sy — £0") © Wy. Using theorem 1.4.40 and the fact that

_y(n)y
maxmax |(Xy — Xy )il —2 0
we have that for every € > 0 there is ng such that for any n > ng :
P[I[AY][ > ¢ — 0
N—oo
In particular if we denote A\; y < ... < Ay, n the eigenvalues of Xy and )\(1"1)\, <. < /\E\T,L)N these of
X on the event {||A%|| < €} we have max¥, |\; v — )\573\),\ <e
So, we have liminf,, 7™ > r_. Let us show that lim sup,, rm <.

Suppose that r := limsup,, r(™ > r_, then up to extraction in n there exists ¢ > 0, ng such that
r > ro + €. We can now choose nj such that :

ni <
PIIAK < /3] — 1
On the event {||AY|| < €/3}, we have that max[¥ ; |\; y — )\E”)| < ¢/3. On this event, we can say that
#{il Aoy > ) = 2¢/3} > #{AY > rm) —¢/3)
Let’s now denote Ay, By, Cn the following events :

Ay = {|[AN |l <€/3}

#HNW > ) —ef3}

N A () = /4, +oc)))

BN Z:{

i\ (n1) _
Cy = {#{2|A1,N >]7;[ 2¢/3} > ﬂ(nl)([r(nl) — e/4, +00])}.

We have AyNBy C Cy. Since ug“) converge in probability to ("), P[By] converges to 1. Furhermore
since j,, converge in probability to g, u™) ([r(™) — ¢/4, +00]) > 0 and by hypothesis r(") —2¢/3 > r,,
we have that P[Cx] converges to 0 which is absurd since P[Cy] > P[Ay N By] and P[Ay] and P[By]

O

converges to 1. We prove the third point identically.

This result enables us to finally prove the complete version of 1.4.4. Indeed using the Theorem 1.4.33
and its corollary, we have that for every ¢ > 0, P[)\max(X](\?)) < 1, —¢€ = o(e”N). It suffices to show

that for all € > 0, ]P’[)\maX(X](\é)) > r, + €] = o(N~2). In both the continuous and the piecewise constant
case that does not satisfies Assumption 1.4.14, we can approximate o by o™ strictly positive. And so the
results of Theorem 1.4.53 holds, that is for n large enough, we have r,, < r, 4+ €/2. For n large enough,
we have P[||A%|| > €/2] = o(exp(—N)). So we have :

PAmax(X$) > 1o + € < P[|A%]] > €/2] + PDmax (X)) = 70 + ¢/2]
=o(N7?)
where we used 1.4.15 for X};. And so 1.4.4 is proved.

Lemme 1.4.54. — For every x > r,, the function § — J(u™,0,x) converges uniformly on all com-
pact set of RT towards 0 — J(u,0,x).
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— For every x > r,
I"(x) — I(x)

I"(x) — I(z).

Démonstration. For the first point of the lemma, let’s first prove that for every « > r,, 8 — J(u™, 0, )
converges uniformly on every compact towards the function 6 — J(u,0,z). Let I < r be two reals.
For p a probability measure on R whose support is a subset of ]I, 7], let @, be the function defined on
D, ={(0,u) € Rt x]r, +oo[|%(r —u) <1—¢} by

Qu(0,u) = / o (1+ % w-0) duts)

@, is continuous in (#,u) and for K C D, . a compact we have that the function p — QMK mapping u
to the restriction of (), on K is continuous in p for the weak topology and y such that their support is a
subset of |/, [ when the arrival space is the set of functions on K endowed with the uniform norm (this
is a consequence of Ascoli’s theorem). Let > r, and r,l such that | < I, < r, < r < x. For n large
enough the support of p” is in ]I, r[. We have that the sequence of functions 8 — v(6, ™, x) converges
to 6 — v(0, p, x). Indeed if % > G (z), then since lim,, oo Gun(z) = Gp(x), % > Gy (z) for n large
enough and the result is immediate.

If %9 < Gu(z) then % < Gun(x) for n large enough. G~ converge towards G, on [r,+oo], for
€ >0, K, is defined on ]0,G,(r) — €] for n large enough and K~ converges toward K J and therefore
Run(%o) converges towards RH(%). For 0 = G, (x) we use that v(0, u,x) = Run(%‘)) if % < Gyn(x) and
v(@,p,z) = (x — 2%) if %9 > Gy (x) and that the limits in both cases are v(0, A, ).

Then we have that for 20/5 < G, (z)

20 20

F(T - ’U(@,[L,ZE)) = E(T - R;t(QG/B))
- %% ~ K,(5/20) + B/26)
<1- %% K,(8/20)).

Writing %9 = G,(y) with y > = we have

%(r —v(l, ) <1-Gu(y)ly—71) <1 —=Gulz)(z—71)

where we used that y — G, (y)(y — r) is increasing.
For 20/8 > G, (x)

%(r —v(l,p,x)) = %9(7“ —x)+1

< 1=Gu()(z —7).

Taking € > G, (x)(x — r) and using the continuity in p of u — G,(z)(x — ), we have for n large
enough that
26 n

sup —(r —v(f,u",x)) <1-—e

oek’ B
Therefore, using the convergence of v(f, ™, x) and the uniform convergence of Q,», we have that
J(u™,0,x) converges towards J(us,0, ). Furthermore, since § — J(u,,0,z) are continuous increasing
functions, by Dini’s theorem the convergence is uniform on all compact.
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We now prove the convergence of I"™ towards I. Let us prove that there is A > 0 and ng € N such
that for n > ng and 8 > 0

F"(6)—-E"() > AB?.
We have

92
F™(0) > —P(c", Leb)

5
1 1
>9;/0 /o o?(x,y)dzdy

and —E"(0) > €6? for n large enough. Choosing € < fol fol o?(x,y)dzdy we have our result.
Then given that J(u",0,z) < @ max(r,,x) we have that for any r > ro,z > r,,0 > 0 for n large
enough :

J(u",0,z) — F™(0) + E™(0) < rfx — AH?

Since limg_,o 707 — A% = —c0. and that 6 — J(u",0,2) — F"(0) + E"(0) converges toward 6
J(pe,0,2) — F(0) on every compact of RT, we deduce that for every x > r, :

nhﬁrréo I5(x) = Is(x)
and in the same way with E” =0 :
lim [5(v) = Ig(x).

n— oo

We will now prove that the difference between X7, and is negligible at the exponential scale.

Lemme 1.4.55. For every ¢ > 0 and every A > 0, there exists some ng € N such that :
. 1 n
limsup — logP[||X* — Xn|| > €] < —A
N N
Démonstration. We can write that

Xi— Xy =A% oW

where
N =3y XN
Let
M, == sup [(AR)i,;]
i,3
We have that :
lim M, =0
n—oo

Following lemma 1.4.40, we can write that for every n € N, A > 0 there is B > 0 such that
1
lim sup — log P[(M,,) || X3 — Xn|| > B] < —A.
N

For ng € N such that M, B < ¢ for all n > ng, our upper bound is verified.
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Let us now prove that we have a local large deviation principle for Apax(X ) with rate function I for
T > 1, that is for every € > 0, there is § > 0.
R |
—I(z)—e< hn}vlnf i log PAmax(Xn) € [ — 9§,z + d]]
1
< limNinf N log PAmax(Xn) € [x — 6,2+ 6]] < —I(z) + e
Let us begin by choosing ng such that |I"(z) — I(z)| < € and |I"(z) — I(z)| < € for all n > ng. By

the large deviation upper and lower bounds in the piecewise constant case (that is theorem 1.4.32), we
have the existence of 4 > 0 such that :

~ 1 1
—I"(z)—e < lin}vinfﬁ log P[Amax(X ) € [z—6, 2+6]] < limsup N log PAmax(Xy) € [x—0, z4+0]] < —I"(x)+e.
N
Since :

{Amax(Xn) € [ — 25,2+ 20]} D {Amax(XN) € [z =,z + 0]} N {|| Xy — Xn]|| < I}

and

{Amax(Xn) € [x — 6,2+ 0]} C {\max(XR) € [x — 20,2 + 2]} U{|| XN — Xn|| > 6}
We have

—I(z)—2 < lirnNinf % log PAmax(Xy) € [x—0,2+6]] < limNinf % log P[Amax(Xn) € [x—26, x+26]]

and for n large enough such that limsupy = log P[|| X% — Xn|| > 6] < —I(z) — 2¢ :

1
lim sup N log PAmax(Xn) € [ —6/2,2+6/2]] <
N
1
lim sup i log P Amax(Xy) € [z — 0,2+ 6] < —I(z)+2¢ (1.43)
N
Taking € to 0, we have :

1 1
lim lim inf — log P[Amax(Xn) € [ — d,2 + §]] = lim limsup — log P[Amax(XN) € [z — 6,2 + 0]] = I(x).
50 N N -0 n N

Furthermore since exponential tightness is proved the same way as in the piecewise constant case, our
result proves the large deviation principle for continuous variance profiles.

It only remains to relax Assumption 1.4.14 for the piecewise constant case. Let o be a piecewise

variance profile. We can approximate o by " := /02 + 5. We notice then that

0? L
m+1)B +V(0,0,1)

so that if 1.4.21 is verified for o, it is verified for ™. And so, as we have just done for the continuous
case, we can prove the same way that the rate functions I(c™,.) converges to I(c,.) and that the large
deviation principle holds with I(o,.).

U(,0™,4) =
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1.4.9 The case of matrices with 2 x 2 block variance profiles

In this section, we will discuss the case of piecewise constant variance profiles with 4 blocks (which
are not necessarily of equal sizes) and determine what are the cases where the Assumption 1.4.21 holds.
In particular, we will provide examples where the maximum argument of Assumption 1.4.21 can be taken
continuous without the need for the concavity assumption.

Let’s take a piecewise constant variance profile defined by & = (a,1 —«) and 011 = a,022 = b, 012 =
02,1 = c¢. In order to apply Theorem 1.4.5 we need to study the maximum arguments of :

Y(z,0) = U(0,0, (z, (1 — ) = e—[azxz + 02 (1 — )% 4 2c22(1 — 2)] + g[a logz + (1 — «)log(l — z)].

g
Since we can change a in 1 — a by switching a and b, we can suppose without loss of generality that
a<1/2.
We have

Dy(z,0) = %[a% S a)+ 21— 2]+ (a 1o a) |

T 1—x

Let
o 62 _ b2
Famin 1= 2c2 — g2 — b2

29 = argmax, e o 1y (, 0)
and

2
®(z,0) := (1 — )0, (x,0) = (a® + b* — 2@2)%:5(33 — Tpin)(1 — ) + g(a —x).

1.4.9.1 Case with (a® +b? —2¢%) <0

In the case (a? +b% —2¢?) < 0 we have the (., ) is strictly concave and therefore 6 — x4 is analytical
and assumption 1.4.21 is verified.
From now on, we assume (a? + b% — 2¢2) > 0.

1.4.9.2 Case Zyi, > 1/2

We look for the zeros of ®(.,6) in [0, 1]. To this end, we look for the intersection points of the curve
2

of equation y = z(1 — z)(x — Zmin) and the line y = Ag(x — a) where Ay = m.

We notice that there is a critical value 6..;; such that for 8 < 0.,.;;, there is only one critical point
2§ which is on ]0,1/2[. For § > 6.+ we have the apparition of two other critical points 2§ and x§ that
are such that 1/2 < 2§ < z§ with +(29,0) being a local minimum and % (z$,6) a local maximum. For
x €]0, 1], we have :

¢(l‘a 9) - 1/)(1 - Z, 9) =
2
g(l —2a)(log(l — z) — logz) + %(az + 0% =23 [(2 — Tin)? — (1 — & — Tpin)?].

For © < 1/2, we have ¢(z,6) > ¥(1 — x,60) and so the absolute maximum of (., ) is attained for

x = z9. Since § > 29 is analytical, assumption 1.4.21 is verified.
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0.1
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FIGURE 1.1 — Case Zpyin > 1/2
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FI1GURE 1.2 — Case Tmin < «



1.4. MATRICES WITH VARIANCE PROFILES 85

1.4.9.3 Case 2,,in, < «

There is again a critical value 0..;; such that for 8 < 6..;;, there is only one critical point m? which
is on Ja, 1[ and for § > 6..;; we have the apparition of two other critical points x4 and x§ such that
28 < 24 < a. We have furthermore :

(x,0) —(2a —x,0) = g[a logz — (1 — a)log(l — 2o+ )] + g[(l —a)log(l —z) — alog(2a — x)]

2
+ %(a2 + b2 = 2A)[(x — Tpmin)? — 20 — & — Tpin)?].

For z < o, 9(x,0) < ¢¥(2a0 — z,0) and there the absolute maximum of (., #) is attained on |a, 1], so
for 9. Since 6 + x¢ is analytical, Assumption 1.4.21 is verified.

1.4.9.4 Case a =1/2 and xyi, = 1/2

Then z +— (x,0) is symmetrical in 1/2. Looking at the zeros of ®(.,0) we have that if we set
Orir = 6\/2/(a2 + b2 — 2¢?) for 6 < 0., there is only one zero a x = 1/2 and for 6 > 6,,.;; there is

three zeros in # = 1/2 and @ = § + §(0) where §(0) = 2%, /m. Furthermore, for 6 < 8.1, ¥(.,0)
has its maximum in z = 1/2 and for 6 > 0., 1¥(.,0) has its maximum at both points x = 1/2 £ 6(0)

where 6(6) = %\/1 - 92@%;72&‘)' Therefore the function 6 — 1/2 for § < ..;+ and 6 — 1/2 + §(0) for

6 > 0., is a continuous determination of the maximal argument of 1 (.,0) and so Assumption 1.4.21 is
verified and the large deviation principle holds. This gives an example where the maximum argument in
Assumption 1.4.21 is neither unique nor C! but where we can still derive a large deviation principle.

1.4.9.5 Case i, €]a, 1/2] and pathological case

The graph we obtain is similar to the graph of the first case. In this case, we also have a 6..;; such
that for 6 < 0,4, there is only one critical point z{ which is in ]0, o[ and then the apparition of two other
critical points 9 and z§ that are such that 1/2 < 2§ < 2, ¥(29,0) being a local minimum and (9, §)
a local maximum. But in this case for high values of 8, we have that the maximum is attained near 1 so
2% is the maximum argument. We have a discontinuity in the maximum argument and so Assumption
1.4.21 is not verified.

Let us now show that if 2, €]a,1/2[ and ¢ = 0, the largest eigenvalue satisfies a large deviation
principle but with a rate function J different from 1.

Our matrix XJ(\@ then looks like :

\/aaTé@ 0 )
0 \/b(l—a)U(l_a)N

where (T](Vﬂ))N and (U](VB))N are both Wigner matrices. We have :

)\maX(X](\/B)) = max{\/@)\max(T](Vﬁ))v \/m/\max(U](vﬁ))}

But both these quantities satisfies large deviation principles, more precisely, if I is the rate function for

the LDP for a Wigner matrix, Amax(\/aaTg;\;) follows a LDP with rate alg( \/%) and Apax(1/b(1 — a)U((lﬁza)N)

follows a LDP with rate (1 — a)IB(\/%). Now )\max(X](\,B)) follows a LDP with rate J? which is :

I (@) = minfals(—). (1= ) 5(Z=)}
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b(1 — u))

FIGURE 1.3 — Case with « =2/3,a=3,b=4

In particular, if oy, €]a, 1/2[, we have aa > b(1 — ) and b > a, we notice that J5(z) = alg(\/%)
for x near aa and J#(x) = (1 — a)IB(\/%) for large 2. In this case one can notice that J is not a convex

function and therefore cannot by obtained as sup, F(0) — J(z, f1r, ) since it is a sup of convex functions.
We have J # I. For ¢ > 0 but small enough we can also conclude that the large deviation principle still
does not hold. Indeed, if we denote I, the rate function we expect and zq € R such that J(zg) < Io(x9)—7
for some 1 > 0 (z¢ does exists using the discussion above). Using the same approximation arguments as
in section 1.4.8, we have that there exists ¢ > 0 such that for ¢ < €, I.(z¢) > Io(z¢) —1/3 and :

1
lim lim sup — log P[Amax(Xn) € [0 — 6,20 + 0]] < —J(z0) +1/3 < —I.(x0)
6—0 N N

Since I. is continuous in z(, we have that there cannot be a large deviation principle withe the rate
function I..

1.4.10 Appendix : Proof of Lemma 1.4.33

This section is devoted to the proof of Lemma 1.4.33. For this, we will use two concentration results
respectively from [49] and [9].

Théoréme 1.4.56. By [49, (Theorem 1.4)] (for the compact case) and [49, Corollary 1.4 b)] (for the
logarithmic Sobolev case), we have for f = 1,2, and for N large enough

1

lim su
N—>oop N7/6

10gP[d(MX§f)’E['uXJ(f)]) > N_l/G] <0
where d is the Dudley distance.
We therefore only need to show that

Théoréme 1.4.57. If we let for every N :

Fng)(x) = /JXJ(\;)Q — 00, 7])

Fua('r) = MU(] - OO,J?])
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we have that

sup |F,, (z) — E[F o (2)]] = O(N~1/10).
z€R N

Démonstration. Following the theorem 1.4.15 and the fact that N (D) does not depend on 7 we have that
for N > N(D) and z € R,

Py, () = F

@) 2 N7 < NP

Finally for x € R and N > N(3/4)

B, (&)~ E[Fyo ()] < E[[Fy o (@) = Fy, (@)l] < N4 4 2B([B, (&) — Py (@)] > N4

S 3N73/4

and so for N > N(3/4)

|y, (@) = E[Fyo ()] < 3N~

O

In order to conclude, we need only to use Lemma 1.4.29 to see that Fy o) (—M) and 1 — F o) (M)
N N

decay in expectation exponentially fast in IV for some fixed M so that

d(E[ﬂX](Vl)], o) < 4e™N +2M sup |F(x) — E[FX](\})(:C)” = o(N"/9).
HAS

1.5 Large deviations for the largest eigenvalue of sub-Gaussian
matrices

1.5.1 Introduction

Understanding the large deviation behavior of the largest eigenvalue of a random matrix is a chal-
lenging question, with many applications in statistics and mobile communications systems, e.g [40, 20].
However, it is in general a difficult question and very few results are known. It is known since [77] that
the empirical distribution of the eigenvalues of a Wigner matrix converges to the semi-circle law pro-
vided the off-diagonal entries have a finite second moment. Following the pioneering work of Kémlos and
Fiiredi [41], we know by [8] that assuming the Wigner matrix has centered entries, the largest eigenvalue
converges to the right edge of the support of the semi-circle law if and only if the fourth moment of the
off-diagonal entries is finite. Given these two results, one can wonder what is the probability that the
empirical measure or the largest eigenvalue have an unexpected behavior. Large deviation principles were
derived for the empirical distribution of the eigenvalues and the largest eigenvalue of classical Gaussian
ensembles, as the Gaussian Unitary Ensemble (GUE) and Gaussian Orthogonal Ensemble (GOE) in [17]
and [16]. Indeed, in this case, the joint law of the eigenvalues is explicit and large deviations estimates
can be derived by Laplace’s method, up to taking care of the singularity of the interaction. In a break-
through paper, Bordenave and Caputo [23] showed that large deviations for the empirical measure of the
eigenvalues can be estimated when the tails of the entries are heavier than in the Gaussian case. These
large deviations have a smaller speed than in the cases of classical Gaussian Ensembles and are due to
a relatively small number of entries of order one. This phenomenon was shown to hold as well for the
largest eigenvalue by one of the authors [5].

Yet, the case of sub-Gaussian entries remained still mysterious. Last year, two of the authors showed
that if the Laplace transform of the Wigner matrix is pointwise bounded from above by the one of the
GUE or GOE, then a large deviations principle holds with the same rate function as in the Gaussian
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case. This special case of Wigner matrices, which was called with sharp sub-Gaussian tails, was shown to
include matrices with Rademacher variables and variables uniformly sampled in an interval. Yet, many
Wigner matrices with sub-Gaussian entries are not with sharp sub-Gaussian tails, as for Gaussian sparse
matrices which are obtained by multiplying entrywise a GOE matrix with an independent Bernoulli
random variable. In this article, we investigate this general setting and derive large deviations estimates
for the largest eigenvalue of Wigner matrices with sub-Gaussian entries. In particular, we show that the
rate function of this large deviations principle is different from the one of the GOE.

We will consider hereafter a N x N symmetric random matrix Xy with independent entries (X;;);<;
above the diagonal so that \/NX”» has law p for all ¢ < j and y/N/2X;; has law p for all i. In particular,
the variance profile is the same as the one of the GOE. We asume that p is centered and has a variance
equal to 1. Let

1
Vo € R, (z) = = log/e“d,u(t)7

and ¢(0) = 0, which defines a continuous function on R. Assume that

A
— :=sup(z) < +oo. (1.44)
2 z€R

The case where A = 1 is the case of sharp sub-Gaussian tails which was solved in [45]. We investigate
here the case where A > 1 and we show the following result.

Theorem 1.5.1. Denote by Ax, the largest eigenvalue of Xn. Under some technical assumptions, there
ezist a good rate function I, : R — [0,+00] and a set O, C R such that (—o0,2] U [z,,+00) C O, for
some x,, > 2 and such that for any x € O,,

oo e 1L . 1
lim lim inf -7 log P (]Axy — o] < 0) = ;grél]lvnﬁlilgﬁloglp(lkm -z < 6) = —Lu(x).

The rate function I, is infinite on (—00,2) and satisfies

L oo
u(@) o aA"

If Ae(1,2), then 2,VA—-1+4+1/vVA—1] C O, and I, coincides on this interval to the rate function of

the GOE, that is,
1 x
I(x) = 5/ Vy? —4dy = Igor(x). (1.45)
2

The technical assumptions include the case where v is increasing (which holds in the case of sparse
Gaussian entries) and the case where the maximum of 9 is achieved on R. In the later case, I,(z) only
depends on A for z large enough.

1.5.1.1 Assumptions

We now describe more precisely our assumptions.

Assumption 1.5.2. Let u € P(R) be a symmetric probability measure with unit variance. We denote by
L its log-Laplace transform,

Vz € R, L(z) = log/e“tdu(t),

and Y(x) = L(x)/z%. We assume that u is sub-Gaussian in the sense that

A
— =sup¥(z) < +o0,
2 zER
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and we define B > 0 by,
B = lim ¢(x).

2 |z| =400
We assume moreover that L(\[) is a Lipschitz function and that p does not have sharp sub-Gaussian
tails, meaning that A > 1.

We describe below a few examples of probability measures p which satisfy the above assumptions. In
each of these cases, the fact that L(,/) is Lipschitz is clear and left to the reader.

Example 1.5.3. — (Combination of Gaussian and Rademacher laws). Let
1 2
(d2) = 0 d + (1 — ) = (6 + 644)
1% J2nB 9 —b +b

where a,b, B are non negative real numbers such that a € (0,1) and aB + (1 —a)b* = 1. Then, for
all z € R,

L, (z) =log (aeg””2 +(1—a) cosh(bx)) .
If B>1 and b € (0,1) we see that our conditions are fulfilled and A = B.

— (Sparse Gaussian case). Let p be the law of (T' with ¢ a Bernoulli variable of parameter p € (0,1)
and T a centered Gaussian variable with variance 1/p. For any x € R,

1,2
L, (z) =log (pe? + 1 —p)
so that A= B = 1.

P
— (Combination of Rademacher laws). Let

p
(07
M=Z§z dg, +0-p,)
=1

with a; >0, B; € R and p € N so that Y a; = 1, ;32 = 1. Since p is compactly supported
B =0. The fact that u does not have sharp sub-Gaussian tails means that there exist some t and
A > 1 such that

Zazcosh Bit) > e t?.

The latter is equivalent to

2
This inequality holds as soon as aie% > 2 for some i € {1,...,p} by taking t = % This can
be fulfilled if B; is large enough while o; 32 < 1. We also see with this family of ezamples that A
can be taken arbitrarily large (take e.gp = 2, A = B1,t = 1,01 = (28?)71, %/2 > 4p3 53 =
(Q—ﬂl ) 042_1—(11)

Let Hy be the set of real symmetric matrices of size N. We denote for any A € Hy by A4 its largest
eigenvalue, ||A|| is spectral radius and by fi4 the empirical distribution of its eigenvalues, that is

1 N
=—N 6,
N; Ai

where A1,..., Ay are the eigenvalues of A. We make the following assumption of exponential tightness of
the spectral radius and of concentration of the empirical distribution of the eigenvalues at the scale V.
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Assumption 1.5.4. The spectral radius of Xy, ||Xn]||, is exponentially tight at the scale N:

1
lim i —logP(||Xy]|| > K) = —c0. 1.4
lim_limsup 5 log (XNl > K) = —c0 (1.46)

Moreover, the empirical distribution of the eigenvalues [ix, concentrates at the scale N:

1
limsup — logP (d(fix,,0) > N~ %) = —o0, (1.47)
N—+o0 N

for some k > 0, where d is a distance compatible with the weak topology and o is the semi-circle law,

defined by
1
0= V4 — 221, <odx.
. <

Remark 1.5.5. 1. From [45, Lemmas 1.8, 1.11], we know that Assumption 1.5.4 is fulfilled if p is
either compactly supported, or if p satisfies a logarithmic Sobolev inequality in the sense that there
exists ¢ > 0 so that for any smooth function f :R — R, such that [ f2dp =1,

[ 108 < e [ 19513dn.

2. If p is a symmetric sub-Gaussian probability measure on R with log-concave tails in the sense
that t — p(|z| > t) is a log-concave function, then the Wigner matrix X satisfies Assumption
1.5.4. In particular, if B is a Wigner matriz with Bernoulli entries with parameter p and T is a
GOE matriz, then the sparse Gaussian matriz BoT'/\/p, where o the Hadamard product, satisfies
Assumption 1.5.4. We refer the reader to section 1.5.7.1 of the appendix for more details.

1.5.1.2 Statement of the results and scheme of the proof

As in [45], our approach to derive large deviations estimates is based on a tilting of the law of the
Wigner matrix Xy by spherical integrals. Let us recall the definition of spherical integrals. For any
0 > 0, we define

IN(XN7 0) — ]Ee[eeN(e,XNe)}

where e is uniformly sampled on the sphere S¥~! with radius one. The asymptotics of
1
IN(XnN,0) = NlOgIN(XNae)

were studied in [47] where the following result was proved.

Theorem 1.5.6. [47, Theorem 6] Let (En)nen be a sequence of N x N real symmetric matrices such
that:

— The sequence of empirical measures [ig, converges weakly to a compactly supported measure (.

— There is a real number A\g such that the sequence of largest eigenvalues A\g, converges to Ag.

— supy ||En|| < +oo.
For any 60 > 0,

li IN(En,0) = J(u, 0,2
N—1>I£oo ~N(EN,0) (1,0, Ag)

The limit J is defined as follows. For a compactly supported probability measure p € P(R) we define

its Stieltjes transform G, by

1
z—1t

Ve ¢ supp(p). Gol2) 1= | —ult),
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where supp(u) is the support of p. For any compactly supported probability measure i, we denote by 7,
the right edge of the support of y. Then G, is a bijection from (r,,+00) to (0,G(r,)) where

Gu(ry) = tlirrn Gu(t).

Let K, be the inverse of G, on (0,G (7)) and let
Vz e (0,Gu(ry)), Ru(z) = K,(z) —1/z,

be the R-transform of p as defined by Voiculescu in [72]. Then, the limit of spherical integrals is defined
for any # > 0 and « > r,, by,

1
J(u,0,2) = 0v(p,0,x) — 3 /log (1 + 20v(p, 0, ) — 20y)du(y),
with

i < <
o(1.6.7) = {RM(QG) if0<20<G,(x),

r— 55 if 20> Gu(x).

In the case of the semi-circle law, we have

We denote by J(x,0) as a short-hand for J(o,6,A). In the next lemma we compute explicitly J(x,8),
whose proof is left to the reader.

Lemma 1.5.7. Let 0 >0 and x > 2. For 6 < %Gg(x),
J(0,2) = 6.

Whereas for 0 > 3G, (),

1 1 1
J(x,0) = 0x — 5~ 510g29 ~5 /log(x —y)do(y).

Moreover, J(x,.) is continuously differentiable.

To derive large deviations estimates using a tilt by spherical integrals, it is central to obtain the
asymptotics of the annealed spherical integral Fy(0) defined as,

Fn(0) = %log]EXNEe[eXp(N9<e,XNe>)].

In the following lemma, we obtain the limit of Fly as the solution of a certain variational problem. We

denote by F'(8) and F(0) its upper and lower limits:

F(0) = limsup Fy(0),
N—+4o00

E(0) = liminf Fy (0)

For any measurable subset I C R, we denote by M(I) and P(I) respectively the set of measures and the
set of probability measures supported on 1.
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Proposition 1.5.8. Assume X satisfies Assumptions 1.5.2 and 1.5.4.

= . 3 . N
F(0) = limsup sup  limsup F,| 4, o, (0, K),
5—0,K—+o00 ajtastaz=1 N—s+4oco
§K—0 ;>0

_ .. . N
F)=  sup sl%n}(glfw limsup F o, 05 (0, K) .
ajtaztazg=1 SK 0 N—+o0
;>0

FN (6, K) is the function given by:

Q1,002,003

FN
1,002,003

(6,K) = 62 (a% + 2009 + Ba%)

k

20s;x 1 20xy

+ su su { /Lidux—i—f/L( )du:}:du

swp s 2_: (T )vata) + 5 ~ ) dva(@)dva(y)
Ja2dvg=ay |T;s?-Nagl<sn  '7

where I = {x : || < SNV4Y, Iy = {x: 6NV/* < |z| < KNY*}, Iy = {KNY* < |z| < /Nas}, and

H(v)= /log %du(x),

if v is absolutely continuous with respect to the Lebesgue measure, whereas H(v) is infinite otherwise.

Remark 1.5.9. Note that F and F are convex by Holder inequality. Since the entries of Xy are sub-
Gaussian, F(0) < A02. In particular F,F are finite convex functions and therefore they are continuous
on R,.

The above proposition gives quite an intricate definition for the limit of the annealed spherical inte-
grals. Yet, for small enough € it can be computed explicitly.

1
Lemma 1.5.10. For any 6 < ONEESE

F(0) =F() = 6>

Note that for large @ this formula is not valid anymore when A > 1 since F grows like A6? at infinity
(see the proof of Proposition 1.5.12).

Proof. Using the bound L(z) < Az?/2 for any z > 0 and the notation of Proposition 1.5.8, we have

1
(0,K)<  sup {92 (of 4+ 2102 + Baj + 2Aasas + Aaj + 2Aaias) + 3 log oq},

aitaz+az=1

FN

Qq,02,03
where we used the fact that the infimum

inf{H (11) : /m2dV1 =a1,11 € P(R)},

."1:2
is achieved for v; = (2ma;)~Y/2e 2% dz. As A>1 and B < A, we have the upper bound,

1
F(#) < sup {92 (0 4+ 240(1 — @) + A(1 — )?) + = log a}
agl0,1] 2

1
= 02(A— (A—1)a?) + =1
S {4 (410 + g 1oga
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We deduce that if 201/ A — 1 < 1 then the function
1
a2 (A-(A-1)”) + glogoz7

is increasing on [0,1]. Thus the supremum is achieved at o = 1, and F(6) < 2. Moreover, taking
a1 = 1,a9 = az = 0, and v; the standard Gaussian law, we find that

F(9) > 62 (1.48)

Thus, if 20/A — 1 < 1, we get that F(0) = F(0) = 6°.
O

Although the limit of the annealed spherical integrals may not be explicit for all 6, we can still use it
to obtain large deviations upper bounds as we describe now in the following theorem.

Theorem 1.5.11. Under the Assumptions 1.5.2 and 1.5.4, the law of the largest eigenvalue Ax,, satisfies
a large deviation upper bound with good rate function which is infinite on (—o0,2) and otherwise given
by:

¥y > 2, 1) = sup{J(5.0) - F(9)}. (1.49)
Proof. From Assumption 1.5.4 we know that the law of the largest eigenvalue is exponentially tight at the
scale N. Therefore, it is sufficient to prove a weak large deviations upper bound by [36, Lemma 1.2.18].
Let 6 > 0. We have,

P()\XN <2 —6) < P(ﬂXN(f) = 0)’

where f is a smooth compactly supported function with support in (2 — 4,2). Since supp(o) = [-2, 2],
we deduce that,
]P(/\XN <2- 6) < ]P)(d(ﬂXNva) > 6)7

for some € > 0. As the empirical distribution of the eigenvalues concentrates at the scale N according to
(1.47), we get

) 1
NLHEOO i logP(Axy <2—0) = —o0.

Let now x > 2 and § > 0. Recall from (1.48) that F(6) > 62 for any § > 0. Therefore,

I(x) < sup{J(z,0) — 6}
>0

From [45, Section 4.1], we know that

sup{J(z,0) — 6°} = Igor(),
0>0

where Igog is the rate function of the largest eigenvalue of a GOE matrix. In particular 1(2) = 0 since
Icor(2). Therefore we only need to estimate small ball probabilities around x # 2. As jix, concentrates
at the scale N, and || X || is exponentially tight at the scale N by Assumption 1.5.4 it is enough to show
that for any K > 0,
lim sup lim sup = logP(Xn € V&) < —I(x),
50 Notoo IV '

where V% ={Y € Hn : [A\y — 2| < §,d(jiy,0) < N7%,||[Y|| < K}, for some £ > 0. Let > 0. From [58,
Proposition 2.1], we know that the spherical integral is continuous, more precisely, for N large enough
and any Xy € Vs 4,
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for some function g(d) going to 0 as § — 0. Therefore,

In(Xn.6
P(Xy € VES) = E(1yyeype 20N

2N ) <E[In (X, 6)]e N/ @@ =Na(),
JLIN(XN,Q))_ [N( N )]6

Taking the limsup as N — 0 and § — 0 at the logarithmic scale, we deduce

1 _
lim sup limsup — log P(Xy € V&) < F(0) — J(0, ).
50  N—oo IV ’

Opimizing over 6 > 0, we get the claim. O

Proposition 1.5.12. Under Assumption 1.5.2, the rate function I_ideﬁned in Theorem 1.5.11 is lower
semi-continuous, and growing at infinity like 2 /4A. In particular, I is a good rate function.

Proof. I is lower semi-continuous as a supremum of continuous functions (recall here that J(6,.) is
continuous by Lemma 1.5.7 and F is continuous by Remark 1.5.7). It remains to show that its level sets
are compact, for which it is sufficient to prove that I goes to infinity at infinity. From Assumption 1.5.2,
we know that

Vo >0, F(6) < 6?A.

Let > 2. Let now C' > 0 a constant to be chosen later such that Cz > 1/2. We have by taking § = Cx

I(x) > J(Cz,2) — F(Cx)
z 1

1 1
> Ca? — 573 logz —3 logz — AC?2?. (1.50)

Taking C' = 1/2A, we obtain that there is constant x > 0 such that

2
I(z) > %4 — o(2?). (1.51)
To get the converse bound, we show that as 6 goes to infinity, F' goes to infinity like A62. We distinguish
two cases. First, we consider the case A = B. Using Proposition 1.5.8, we get the lower bound for 6§ > 1,

1
— —log¥,

F(0) > A92(1 - i) ;

02

by taking ap = 0, a3 = 1 — 072, a; = 672 and v, the Gaussian law with variance ;. In the case A > B,

we define m, such that ¢(m,) = A/2. Taking az3 =0, ag =1 — 072, a; =072, vy = anﬁé\/m, and 1y
T

the Gaussian law with variance «;, we obtain,
1
F(9) > A02<1 - 97) — log . (1.52)
It follows that for any € > 0, there exists M < co such that for § > M,
F(6) > (1— ) A2,

Therefore

I(x) < max { sup {J(0,z) — (1 — €)A0?}, sup {J(0,2) — F(O)}} .
0>M o<M
But from Lemma 1.5.7 one can see that the second term in the above right-hand side is bounded by
Max + C where C is a numerical constant. Besides, using the same argument as in (1.50), we get

sup {J(0,2) — (1 - )A6?} > - v

sup 7(1 Y — o(z?).
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Hence, for = large enough,

I(z) < sup {J(0,z) — (1 —€)A?}.
0>M

But, for = large enough and 6 > 1/2, J(0,z) < fx. Thus,
2

sup {7(6,2) = (1 €)AP*} < sup{0r — (1 - €)A6°} = 41— A

which ends the proof.

Proposition 1.5.13. For any 0 >0, J(0,.) is a convex function. Therefore, I is also conver.

Proof. Let x,y > 2 and t € (0,1). Let Enx be a sequence of diagonal matrices such that ||En|| < 2 and
such that i, converges weakly to o. Let E% and E¥ be such that (E%);; = (EX)i; = (En)i, for any
ie{l,...,N—1}, and
(Ex)vy =z (BX)NN =Y
We have Apg =z and Agy =y. Then, Hy =tEF + (1 —t)EY; is such that its empirical distribution of
eigenvalues converges to o, and Ay, = tx + (1 — t)y. By Holder’s inequality we have,
IOgIN(HN,Q) < thg[N(EN,H) + (1 — t) 10gIN(DN,9).
Taking the limit as N — +o0, we get,
Jtz+ (1 —t)y,0) <tJ(z,0)+ (1 —1¢)J(y,0).

Therefore, J(0,.) is convex and I is convex as a supremum of convex functions. O

To derive the large deviation lower bound, we denote by C,, the set of # € R such that

By Lemma 1.5.10, C, is not empty. We observe also that by continuity of both F and F (see Remark
1.5.9), C, is closed. Let
Vo > 2, I(x) = sup {J(z,0) — F(0)}
oec,

Theorem 1.5.14. For any x > 2, denote by
0,={0>0:1(x)=J(z,0)— F()},

where I is defined in (1.49). Let x > 2 such that there exists 0 € ©, NC,, and 0 ¢ ©, for any y # =.
Then, I(x) = I(x) and
1
im lim inf — — 2| <8 > —I(z).
lim lim inf = log P (|Axy — 2| < 8) 2 ~I(x)
We apply this general theorem in two cases. We first investigate the case where the function ) is

increasing, case for which we can check that our hypotheses on the sets ©, holds for x large enough. This
includes the case where p is the sparse Gaussian law, see Example 1.5.3.

Proposition 1.5.15. Suppose that Assumptions 1.5.2 and 1.5.4 hold. If v is increasing on Ry, then
C, = R*t. Moreover, there exists x,, > 2 such that for any x > z,,, the large deviation lower bound holds
with rate function I.

We then consider the case where p is such that B < A. This includes any compactly supported
measure p since B = 0. We prove in this case the following result.
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Proposition 1.5.16. Suppose that Assumptions 1.5.2 and 1.5.4 hold. If u is such that B < A and such
that the mazimum of v is attained on R for a unique m, such that ¥ (m,) < 0, then there exists a
positive finite real number 0y such that for [0y, +00[C C,. Therefore, there etists a finite constant x,, such
that for x > x,, the large deviation lower bound holds with rate function I. Furthermore on the interval
[, +00) the rate function I depends only on A.

In the case where A is sufficiently small, we can show without any additional assumption that the
large deviation lower bound holds in a vicinity of 2 and the rate function I is equal to the one of the
GOE. This contrasts with Proposition 1.5.12 which shows that the rate function I goes to infinity like
22/4A at infinity and therefore depends on A. In other words the “heavy tails” only kicks in above a
certain threshold.

Proposition 1.5.17. Assume A < 2. The large deviation lower bound holds with rate function I on
[2,1/vVA—14+A—1]. Moreover, I coincides with the rate function in the GOE case Igog, defined in
(1.45), on this interval. As a consequence, for all x € [2,1/v/A—1+ VA —1]

lim lim inf % logP (|Axy —a[ <0) = }igg)l]ivrgitg % log P (|Axy — 2| <6) = —Igoe(x).

In the next section 1.5.2, we detail our approach to prove large deviations lower bounds. Since
Proposition 1.5.8 is crucial to all our results, we prove it in the next section 1.5.2. Then, we will apply
these results to prove the large deviations lower bounds close to the bulk in section 1.5.4, that is, we give
a proof of Proposition 1.5.17. To prove the large deviations lower bounds for large x, we consider first the
case of increasing 1 in section 1.5.5 and then the case of B < A in section 1.5.6. Indeed, the variational
formulas for the limiting annealed spherical integrals differ in these two cases, as B = A in the first case
whereas B < A in the second.

1.5.2 A general large deviation lower bound

We first prove Theorem 1.5.14 and will then give more practical descriptions of the sets ©, in order
to apply it.

Proof of Theorem 1.5.14. Introducing the spherical integral with parameter 6§ > 0, we have

In(Xn,0
P(JAxy — ] <0) > E(ﬂxNevéim)’

where V&, = {Y € Hy : [\y — 2| < 6,d(jiy,0) < N7, || Xn]|| < K} for some K > 0 and & > 0. Using
the continuity of the spherical integral (see [58, Proposition 2.1]), we get

E(Lyyevy In(Xn,0))
Eln(Xx,0)

P(P\XN _ x‘ < 5) > NE(@)fNJ(:c,O)7Ng(5)7o(N)7

where g is a function such that g(6) — 0 as § — 0. It remains to show that we can find 6, € C, such that

lim inf — 1 E(Lxvevys Iv(Xn. b)) >0
Nofes N 08 Ely(Xx,0y) =

To this end we will use our large deviation upper bound. Since fix, concentrates at the scale IV, and
|| X || is exponentially tight at the scale N by Assumption 1.5.4, it suffices to prove we can find 6 = 0,
such that for all y # z, for § small enough, and K large enough,

. 1 E[]IXNeVSK, In(Xn,0)]
lim sup — log ¥
N

N Ein(Xn.0) 0
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By assumption, there exists § € ©, NC, such that 6 ¢ ©, for y # x. We introduce a new spherical
integral with argument 6’ and use again the continuity of Jy to show that:

0
E[lxyevs INXn 0] Ellxgevs Arioce) In(Xn,0)]
Ein(Xn,0) - Elny(Xy,6)

efNJ(y,G )7NE(0)+NJ(y,9)+N6(6)E[1XNGV;’; Iy (XN7 9/)]

< e NJWO)=NE@O)+NJ(y,0)+NF(6")+Ne(9)

where €(§) — 0 as § — 0. We can conclude that

IN

L Bl INO9)
11m sup — 10
Nt N T ElIn(Xy,0)

5§—0

—sup{J(y.0') = F#)} + J(4.6) - E(6)

= —I(y)+J(y.0) - £(0) (1.53)
By assumption, 6 ¢ ©,, and 6 € C,, so that F(6) = F(0) hence
~I(y) + J(y,0) — F(0) <0
and the conclusion follows from (1.53). O

In a first step, we identify a subset defined in terms of the subdifferential sets of I" at the points of
non-differentiability where the large deviation lower bound holds. Let D be the set of 6 such that F' is
differentiable at 6.

Lemma 1.5.18. The lower bound holds for any x > 2 such that I(x) = I(z) > 0 and

¢ E= | (2—19 + aF(e)), (1.54)

6eDe
where OF (0) denotes the subdifferential of F at 0
Note that since F is a convex function, its subdifferentials are well defined.

Proof. Let x > 2 such that I(z) = I(z) > 0 and « ¢ E. Since F(0) > 62 for any 6 > 0 by (1.48) and F
is continuous by Remark 1.5.9, we deduce from Lemma 1.5.7 that 0 — J(x,0) — F() is continuous and
goes to —oo as 0 goes to +oo. Since C,, is closed, the supremum,

sup {J(0,z) — F(0)}, (1.55)
0eC,

is achieved at some 6 € C,,. We will show that 0 € D.
As I(z) # 0 we must have § > 1G5 (z). Indeed, F(#) > 6% and J(0,z) = 62 for § < 1G,(z) by
Lemma 1.5.7 so that
sup {J(0,z) —F(0)} = 0.
0<3Go(2)

Since I(x) = I(z), we deduce by Fermat’s rule that 6 satisfies the condition:

0J — 1 _

Since z ¢ E, we deduce that F is differentiable at 6.
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According to Theorem 1.5.14, to prove that the lower bound holds at z, it suffices to show that ¢ ¢ 0,
for any y # z. Let y > 2 such that § € ©,. As F' is differentiable at 6, it should be a critical point of
both J(y,.) — F and J(z,.) — F. We deduce that,

0 0
If G,(y) < 26, then we obtain by Lemma 1.5.7 and the fact that G,(z) < 20 that x = y. If G,(y) > 20,
then we have

1
Y
)
Since G;1(¢) = ¢ + 1/¢ for any ¢ € (0,1], we get G,(x) = 20. As we assumed that 20 > G, (), we
conclude that 6 ¢ O, for any G,(y) > 26, which completes the proof. O

We are now ready to prove the following result:

Proposition 1.5.19. Assume that there exists 6y > 0 such that [0y, +0oo[C C, and such that F s
differentiable on (0y,+00). There exists x,, > 2 such that for any x > xz,, I(x) = I(z) and the large
deviation lower bound holds for any x > x, with rate function I(x).

Proof. On one hand,

sup{J(0,z) — F(0)} < 6oz + C,
9<8o

where C' is some positive constant. Since I(z) > x2/4A — o(2?) by (1.51), we deduce that there exists

x, > 2 such that for x > z,, I(z) > 0 and the supremum of J(.,z) — F is achieved on [y, +0o0), in

particular on C,,. Thus, for any x > z,, I(z) = I(z) > 0. In view of Lemma 1.5.18, it remains to show
that E, defined in (1.54), is a bounded set. From the fact that F' is differentiable on (g, +00) and Lemma
1.5.10, we deduce that

1
D¢ C | =—=—,00|-
[2\/,4 —1
We observe that since 0 < F() < A#?, we have for any ¢ € 9F(0),
CO < F(20) — F(9) <4467

and thus ¢ < 4A460. Therefore, E is a bounded set, which ends the proof.

1.5.3 Asymptotics of the annealed spherical integral

In this section we prove Proposition 1.5.8. Taking the expectation first with respect to X, we have
1
Fn(9) = N log Ex, Eclexp(N6{e, Xne))]

%log Ee exp (f(e)),

where
fle) = Z L(2\/N96i6j) + Z L(\/ﬁ%?).

i<j i

In a first step, we will prove the following variational representation of the upper and lower limits of
Fn(0).
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Lemma 1.5.20. Let Xy be a Wigner matriz satisfying Assumptions 1.5.2 and 1.5.4. Then for any
6 >0, _
F(0) < liminf F(0) < limsup Fy(0) < F(6)

N—+o0 N—+o00
with B
F() = limsup sup limsup FCl en.05 (05 ),
§—0,K—+oo c=cy+catcg N—+4o00
SK—0 ¢;>0
E@)= _ S ,minf - lim inf FY ey e (6, K),
¢;>0 §K—0
where
62 1
01,02703 (6,K) = sup sup { 5 (¢i +2c1c0 + Be3) — 5(62 + c3)
s;>VeRNL/4 Vo<t N—1/4<eR &
|Zs2chN\<5N \Zt2—Nc2\<5N
20s;t; ) (29tt )
su ®(v,s) — H(v },
Z ( oN Z uep(%) {2(v,s) (v}
[ x2dvy (z)=cq
and

(v,5) Z / 293051 dv(z),

with I = [—/cONY*, \JeSN'/4].

Proof. We use the representation of the law of the vector e uniformly distributed on the sphere as a
renormalized Gaussian vector g/||g||2 where g is a standard Gaussian vector in RY, to write

Ecexp (f(e)) = E [exp(3(g))] ,

where

Sg)=Y L (2\F9 Jids ) Sr ( 2).

1<J z_ gv i =1 gz

To study the large deviation of X(g), we split the entries of g into three possible regime: the regime where
gi < N'Y* an intermediate regime where g; ~ N'/* and finally g; > N'/4. Fix some ¢, K,§ > 0 such
that 0 < K!' < ¢ < K, and 0 < 45§ < K~!. Define I, I, I5 as

L = [0,VcdN7]
I, = [VedN#i,VeKN7]
Is = [VeKN7, \/N(c+30)].

Let for i =1,2,3, J; = {j : |g;] € I,} and &} = dier g2/N We will fix the empirical variances ¢ in a
first step. To this end let ¢y, ca, c3 > 0 such that ¢; + ¢o + ¢3 = ¢. We will compute the asymptotics of

FY y,(0,0) = Elexp(2(9))1as 1.

c1,¢2,¢3 C1.c.c3

where

‘Agl,cmcs = ﬂ {‘éiv _ci| < 5}

Let

Zc(g):ZL< 09 9191 ) +ZL(\H)\FC).

Using the fact the L(,/.) is Lipschitz, we prove in the next lemma that on the event A9
good approximation of 3(g).

Y.(g) is a

C1,C2,C37
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Lemma 1.5.21. On the event A°

C1,C2,C37
Y(g) — 2c(9) = Nosk (1), as 6K — 0. (1.56)
Moreover JE JE
2V N 2V N
|J3|ST’ |J2UJ3|§T.

Proof. Note that since p is symmetric, L(z) = L(|x|) and since we assumed L(,/-) Lipschitz, for any
2,y €R, |L(x) — L(y)| < L|z? — y?| for some finite constant L. Therefore,

9i9; 9i3j 4LG? 2 2 1 1
S |n(2vNe Sy 1(260990) | < =2 N @2 | —
1§z’;ﬁj§N’ ( 2?2191'2 ( VNC)’ N i Ty v v e
0
< CNLO*(c+30) ———
= (c+30) 55y

where C' is a numerical constant. Since K ! < ¢ < K, and 46 < K1 we get

L(2vNoJi%_y _ (2099 | = o(NSK),
o SIS~ (0 ) | = o)

and similarly for the diagonal terms. The estimates on |J3| and |J3| are straightforward consequences of
Tchebychev’s inequality.
O

We next fix the positions of the set of indices Ji, Js, J35. Using the invariance under permutation of
the coordinates of the Gaussian measure, we can write

N\ /N —k
FCIY7C2,63 (6’6) = Z (k) ( l )Fckl,,lcz,CS’

0<k<2VN3s
0<I<2VNK
where
k,l _
Fc1,cz,cs =E {exp(zc(g))]lAﬁl,C27C3ﬁIk,l]
and

Tia={J={1... kY, o={k+1,... . k+1}, i ={k+1+1,...,N}}.

As the number of all the possible configurations of Jo and J3 are sub-exponential in N by Lemma 1.5.21,
that is, for any k < 2¢/N/K and [ < 2v/N /5,

max ((JZ), (N ; k)) = eO(@logm,

we are reduced to compute F¥!, . for fixed k,l. More precisely, we obtain the following result.
Lemma 1.5.22.
N k,l VN
log I} ¢, e (0,6) = kgrzn\;aﬁX/K L O(T log N)’
1<2v/N/§

To simplify the notations, we denote for any a,b € {1,2, 3},

1 iy
v RN, 2, = L (2022
T,y € ’ ,b(x7y) IN Z ( \/ﬁC) )

i€Jq,JEIp
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if a # b, and

Va,y € RN, Yoa(z,y) = ZL(% Zyj)—i—ZL(\f@gczyl)

l#JEJa

where now Js = {1,...,k}, o ={k+1,...,k+1}, 1 ={k+1+1,...,N}.
Next, we single out the interaction terms which involve either the quadratic behavior of L at 0 or at
+00.

Lemma 1.5.23. On the event A%

c1,C2,c37

92
Z11(9:9) +2%1,2(9,9) + Ba.3(9:9) = -5 (¢f +2ciea + Be3) + 05 (1) + 0k (1),

as 0K — 0 and K — +o0.

Proof. Observe that for i € Jy, j € Jy U Ja, |9ig;| < VNKdc. Since L(z) ~o x2/2, we get,

$11(9,9) + 251.2(g, 9) = 92 +292ﬂ + o5 (1), (1.57)

A2

as K — 0. Since g € A% we have |¢? — ¢Z| = O(dc) for any i € {1,2,3}. But ¢ > K1, therefore

c1,C2,C3?

c
S11(g,9) +2812(9,9) = 92 5420752 o5 (1).
For i,j € Js, |gigj| > KVeN. Since L(x) ~1o S22, we deduce similarly that

Sa(0.0) = (5 + 0s()) 1az (30 2) = B2 + (1), (159

1€J3

as K — 400, which gives the claim.

O
From the Lemmas 1.5.21 and 1.5.23, we have on the event Agl ca.c5
Y(g) = ié(cf + 2ci1c0 + Bcg) +213(9,9) +2823(9,9) + X2,2(9,9) + 05k (1) + 0k (1). (1.59)
Lemma 1.5.24. Let k,l € N such that k+1 < N.
log Eexp ([21,3(97g)+222,3(9,9) + 22,2(9’9)} Tas L2L3mzk,,>
= N eat e+ 0s(1) + (Y t0g1/5))
+ max max logE(eXp [2173(9, s) 4+ 2%95(t, s) + o 2(t, t)} ]lAil)v

|34 t2—caN|<N | 5; s?7—e3N|<EN

where

AL ={1 > ¢l-Nal<Nb gieh, Vie{l,....N—k-1}}.
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Proof. Integrating on g;,7 < k + [, we have

Eexp ([21,3(979)+222,3(97 g9) + ¥22(9, )}]1 A3 CMnIkJ)

k+l1

1 k2
’““/ 14 S —errenizony® 2 [ [ dgi
1=
X max max E(exp {21,3@, s) 4+ 2%23(t, s) + Lo 2(t, t)} ﬂA5l)a
tel sel <
155 t?*czZN\ssN 155 s?*c;N\saN
But,
1 sk g2 T
(2m)F /1{\% Sh (a2} T 1Hdg,
1 - zk+l
1
<1 ef§<176><c2+c3726>1v/ SR TT dos
- (27r)% U gi

<e & (c2+c3)+(0O(8)+0O(SK)) (\/76 ) k'H
where we used the fact that ¢ < K. By Lemma 1.5.21 we have k + 1 = O(v/N/6). Therefore,

log E exp ([21,3(9, 9) +2%2.3(9, 9) + X2.2(9, g)} Lgs . nzk,l)

< Nier+ ) + OGN + 0GR + o(§1og<1/a>)

t;€ly s;€l3
|5 t2—coN|<SN |5 82—z N|<6N

+ max max logE(exp {21,3(9, s) 4+ 2%53(t, ) + Lo o(t, t)} Las, )

Hence, we are left to estimate
A{V = E[exp (NZLg(g, 3))HA§1]7

where s € I§ such that | 35, s7 < 0N — c3N|. Let fiy = 77 2;e 5, 0, We can write

T a(0.5) 7\J1|Z/ (29%1) i (a).

The first difficulty in estimating AY' lies in the fact that the function

o Z (209552)’

is not bounded so that Varadhan’s lemma (see [36, Theorem 4.3.1]) cannot be applied directly. The
second issue is that we need a large deviation estimate which is uniform in the c|hoice of s € I¥ such that
|El 182 — Neg| < 6N. In the next lemma, we prove a uniform large deviation estimate of the type of
Varadhan’s lemma. The proof is postponed in the appendix 1.5.7.2.

Lemma 1.5.25. Let f : R — R such that f(0) = 0 and f(,/7) is a L-Lipschitz function. Let My,my
be sequences such that My = o(\/ﬁ) and my ~ N. Let gi,...,9m, be independent Gaussian random
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variables conditioned to belong to [—My, My]. Let 6, K,c > 0 such that K~ < ¢ < K, and 26 < K~1.
Then,

L ogmeZ F ()1, _ . _ |
10gE6 VeIl sy g2 onj<sNy s {/f(\/a)du(x) H(”W)}

[ x2dv=c

< gr,xk(N)+hr(6),

where g1, k(N) = 0 as N — +o00 and hr(6) — 0 as 6 — 0.
Let s € I} such that |}, s? — Neg| < SN. We consider the function,

fizw— ZL(QQ%SZ).

One can observe that f(,/7) is 49 L-Lipschitz. Using the fact that

1
Nlog]P’(gi €e1,Vi<N—-k—1)=o0n(1),

and the previous lemma, we deduce that for any ¢; > K1,

1 N k 20xs;
| logAY s {; / r( m{))du(w%ff(uw)}\ggK<N>+hL<5K>, (1.60)

Ja2dv(z)=cy

where g (N) — 0 as N — +oo. Putting together (1.59) and (1.60), we obtain

1
’N logE(exp(E(g))]lACl,CNBQIM) — Uy (e, co, 03)’ < gLk (N)+o0sx(1) + ok (1),
where

1
Upa(cr,co,c3) = Q(01,02,C3) - 5(02 + c3)

+ max max {22’3(t, s) + Xa2(t, t) + sup {®(v,s) — H(V|fyl)}},
t; €Iy s; €I veP(Iy1)
|5 t2—coN|<SN | 5; 82—z N|<6N [ o2dvy (@) =cy
with ) )
x4+ 2xy + Bz
oy z)=02"—— "2 7
and

(v,8) Z / 20%91 ().

By Lemma 1.5.22, we obtain as § < K1,

*10g N s (0,0) — j e Uy, 1(01,02703)’ < gr(N)+ o5k (1) + ox (1), (1.61)
1<4vVN /6

where g (N) — 0 as N — +oo0.
Let c1,ca,c3 > 0 such that ¢; > 0. Let ¢ = ¢ + ¢2 + c3. There exists K > 0 such that K—! < ¢; <
¢ < K. We have for any 0 < 46 < K1,

liminf Fy(0) > liminf N log FY (0,9).

C1,C2,C
N —4o00 N —+o00 162,63
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Therefore,

lim inf F' > lim inf v - 1) - 1).
AR V) 2 fminl o eilenencs) —osx(D) ~ oxe(l)
1<2vVN/$§

To complete the proof of the lower bound of Lemma 1.5.24, one can observe that
Eggtt NZL( )+0N()

uniformly in ¢; € I5 such that | >, t? — coN| < §N. Indeed, the diagonal terms are negligible in this case

since
-1 1/2 2 —1/2
*ZNQ_ N2 ST = 0N,

ti€Ja ’L€J2

To conclude the proof of the upper bound, we will use the exponential tightness of ||g||* and of ||g\|}12.
More precisely, we claim that

tim_limsup (ol > KN [lgll3, < K7N) = —oo. (1.62)
K—+o00 N

Indeed, it is clear by Chernoff’s inequality that
B(llg|l* > KN) < Cem NI,

where C' is a positive numerical constant. Whereas, using Lemma 1.5.21 and a union bound,

P(llglf3, <KT'N) < Y <N>P( S g <KON).

m<2vVN /8

Let A(¢) = log Ee%:i for any ¢ € R. By Chernoff’s inequality, we have for any m < N,

N—m
P(Y of < KIN) < e MM,

i=1

where A* is the Legendre transform of A. Since 0 is not in the support of the law g%, we have A*(0) = +oo.
Since A* is lower semi-continuous we have A*(K 1) — +o0o as K | +oco. Using the fact that for any

m < 2V N/§,
I < 6o(N)
m) ~ ’

¥(g) < B#*N.

we get the claim (1.62).
Using that L(z) < Bx?/2, we have

From the exponential tightness (1.62), we deduce that there exists § > 0 such that,

Eexp(X(9) 112>k -3 <L (1.63)

Fllgll3, <K

Let €x = {Hllgll” > K, £lgll3, < K="}, We have

0 < limsup Fn(6) < max (hmsup — logE( E(9)]15K) hmsup— logIE( Z9)q g ))
N—+o0 N—too N Notoo IV
Since we took K so that (1.63) holds, we have

1
lim sup Fy(0) < limsup — log]E(eE(g)]ng). (1.64)
N—+oo Notoo NV
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Let now Cs be a d-net for the /*°-norm of the set
{(c1,c2,c3) ERY te1+ea+e3 < K,ep > K1

As |Cs| = O(K/6), we have

limsup Fy(f) <limsup max — log (0,0).

Cc1.,C2,C
N—+o0 N—s+oo (c1,e2,¢3)€Cs N 162,63

1
limsup Fy(f) < max  limsup i log F, 0,9).

N—+oo (c1,¢2,¢3)€Cs N—+c0

From (1.61), we deduce

Cl c2, 03(

limsup Fy(0) < max limsup max Wy, (c1,co,c3) + 0sx (1) + ok (1).

N—+4oo = C1+62+03 N—+4oo k<2VN/K
c1=2K™ 1<2VN/$§

Taking now the limit as § — 0 and K — +o00 such that 6 K’ — 0, we obtain the upper bound of Lemma
1.5.20. O

We are now ready to give a proof of Proposition 1.5.8 . Building on Lemma 1.5.20, we show that we
can optimize on the total norm c¢ in order to simplify the variational problem, and replace the supremum
over discrete measures % > ;¢ by a supremum over all measures with a certain constraint of support
and second moment.

Proof of Proposition 1.5.8 . We use the notation of Lemma 1.5.20. We make the following changes of
variables: ‘.
Vi=1,2,3, oy = —, c=c1 + co + c3,
c

v=wvo(xrax/ye) !

For any 11 € P(I;) such that [ 2?dv;(z) = ¢; we have,

1 1
H(v|y)=H(n)+ §c1 + 3 log(2m).

Moreover, the density of v and v; are linked by the relation

d d
Vo R, 2(a) = Ve (Vew).
x
Therefore,
dv 1
Hv) = /log d—;dz/l =H(n)+ 3 logc. (1.65)
We obtain

F(#) = limsup sup  suplimsup F (6, K),

a1 ,2,x3,C
§—=0,K—+oo ajtagtaz=1l ¢>0 N—+oo

SK—0 a; >0

and similarly for F(0), where

1 1
fOJX an.ancl0, ) = sup sup {Qz(a% + 2a1a9 + Bag) ——c+ - logc
e s;>KN1/4 s<t;N—l/4<k 2 2

| s?2—Nag|<N§ | T tZ2—Nag|<N§

NZ (P s QNZ D)+ s {BWs) = H)} - glos2m)}

veP(I)
Ja2dvy(z)=0
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and

B k 20xs; S
<1><v,s>—i§_;/L(ﬁ)d<>,

with I; = [-dN/4 §N'/4]. We see that we can optimize in ¢, and find that the maximum is achieved
at ¢ = 1 by concavity of the log. We now fix s; € S3 such that >, s? = Naz and we consider now the
problem of optimizing over the parameters t; € [{NY/4 KN/4], i <[ < N such that }_,#? = Nas, the

function
M, (t;,1 < 1)) NZL<208t ) QNZ (29tt )

We show that we can replace the supremum by the supremum over measures v5 using the change of

variable
1
=N 20
=1

Clearly we have the upper bound,

SUP s5<¢,n—1/4<K M(l7 (ti,i < l))

| t2—agN|<SN

< sup {i/L(io/S%r)dVQ(x)—i-;/L(%\/%y)dug(x)dyz(y)}.

vo EM(S2)
| [@2dvy(@)—ag|<s

We claim that

k 20s;x 1 202y
lfzzu;vesj(\u;};)ii » {;/L( \/N )dV2(-'17) + 5 /L( \/N)dyg(x)dy2(y)}

— sw {i/L(Z%)dyg(x)—i-;/L(any)dw(x)dyg(y)}+05(1). (1.66)

va€M(S3) VN

[ x2dvgy(z)=an

First, we show that the supremum on the right-hand side of the inequality (1.66) can be restricted to
the subset of measures with no atoms. Indeed, as vs — 5 ® 5 is continuous for the weak topology, the

function .
20s;x 1 20xy
Vo E /L — dVQ(I)-F*/L —= )dve(z)dra(y
pt ( VN ) 2 ( ~/N)

is continuous for the weak topology. Therefore we can restrict the supremum on the left-hand side of

(1.66) to the dense subset of measures with no atoms, and thus also in the supremum on the right-

hand side of (1.66). Fix now v5 € M(S2) without any atoms such that | [ 22dvs — az|. There exists
€ (ONY* KN'/*) such that

/ 2dvo () = |y — /xle/g(a:)|.
[t, KN1/4]

If we let 0y = 19 + volly v/, if f:vzdz/g(x) < ag and 2 = vo — vl g y1/4) Otherwise, we obtain that
72(S2) = az and for any function f : Sy — R such that f(,/?) is 1-Lipschitz,

[ tiv@ < [ am+ 06,

which proves (1.66).
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We now prove that

SUP s5<i,n—1/4<K ./\/l(l, (tiyi < l))

|3 t7—agN|<6N

> uZeSEI()sy {i/L(2%>dyg(m) +;/L(2\i%/)dyg(x)dy2(y)} —o05(1).

| J22dvg (@) —az|<8

Let vy € M(S3) such that [ z?dvs(z) = as. As we saw earlier, we can assume without loss of generality
that v, does not have any atoms. Let N4 = t5 < ty < ... < typ1 = KNY4 such that for any
1<i<m+1,

1
t; = max {x € [5N1/47KN1/4] cva([tiz, z]) < N}
As v, does not have atoms, the maximum above is well defined. Define v} = £ 3", §;,. Since vy is

supported on [JN'/4 KN'/4) and [ 2%dvs(z) < 1, we have v5(R) < v/N§~2, and therefore m < v/N§—2.
One can check that for any 1 <1i < m,

sup {|pa (N4, 2]) — v (BNV4 2))| - w € [FNV/4 KN4} = o(%) (1.67)
We deduce that .
SUI){/de2—/fUZVéV1Hf||Bv§1}=O(N)7 (1.68)

where ||f||pv is the bounded variation norm defined by
1fllBv = sup Y |f(zr1) = @),
k=1

where the supremum runs over all finite sequences (x;)1<;<m such that 6 = z; < ... <z, = K. For
any s; € [KN'4 \/Nag), i <k, if we denote by fs:x € Sy +— >, L(20s;2/V'N), we get

1/4 g
KN 20s;x

KN4 2
s = !(z)|dx = —/ s; L' dz.
A =y >t ()

But L(z) < Ax?/2 for any > 0. Therefore, for any z > 0, L'(x) < Cz, where C is some positive
constant, we deduce that || fs||pv = O(K?) uniformly in s; € I3. Thus, using (1.68), we get

i/L(Q%)duz(x)—i/L(z\e/‘%fﬂ)dué\’(:ﬁ) :O<KW2), (1.69)

Let x € Sy and define g, : y € I v L(20xy/v/N). A similar argument as above shows that ||g.||py =
O(K*/+/N) uniformly in z € S, therefore

[ 1@yt - [ Leompad )=o),

(1.70)
uniformly in x € Ir. From (1.67) and the fact that v5(l5) < 6=2v/N, we get that v’ (I2) = O(6-2V/'N).
Thus, integrating the above equation alternatively with respect to vo and v, we get
K* )

/L(ZQxy)dVQ(y)dl/g(x) - /L(QGmy)duéV(y)duév(x) = O(m (1.71)
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Since by construction [z2dvd(z) < [ 2%dvs(x) = az, we deduce from (1.68) that
K2
0<ay — /x2d1/év = O(—)

VN/'
We can conclude using (1.71) and (1.69) that

_Zk:/L(Qj‘%x)dVQ(x) + %/L(%)dw(x)dw(y) < M(m, (13,7 < m)) + 0s(1),

which ends the proof.

1.5.4 The large deviations close to the bulk

We prove in this section Proposition 1.5.17. By Theorem 1.5.14, the large deviation lower bound holds
at every @ > 2 such that I(z) = I(z) # 0 so that there exists § € ©, which does not belong to any O,
for y # x. In the following lemma, we prove that if F(§) = F(0) = 6? on a interval (0,b) with b > 1/2,
then the large deviation lower bound holds in a neighborhood of 2 and the rate function I is equal to the
one of the GOE.

Lemma 1.5.26. If for § € (0, 5-), for some € € (0,1), F(0) = F(0) = 62, then for any x € [2,e+ 1),

I(x) = I(x) = Ioos(x).

As a consequence, ¥x > 2,1(z) > 0. Moreover, for x € [2,¢ + %) the optimizer in I is taken at 0, =
1/2G(z) and 0, ¢ ©, for all y # x.

Proof. As F(6) > 6?2 for any 6 > 0, we have that

sup  {J(0,2) —6°} < I(z) < I(z) <sup{J(0,z)— 0%}
0€[0,1/2¢) 6>0
But if z € [2,e + 1),
Icop(z) = 21;[0) {J(éhx) — 92},

is achieved at 6 = 1/2G(x) € (0,1/2¢) since G~'(e) = € + 1/e. Therefore, if z € [2,2¢ + ), then we
obtain
I(z) = I(z) = Igoe(x).
In particular, I(z) > 0 for any = € (2,2¢ + 1/2¢). As I is convex by Proposition 1.5.13 and 1(2) = 0,
we conclude that I(x) > 0 for any = > 2. Moreover, the optimizer in I(x) is taken at 0, = 1/2G(z) for
which F(0) = F(0) is differentiable and clearly 0, ¢ ©, for any y # z as G is invertible on [2, +00).
O

The result of Proposition 1.5.17 then follows from Lemma 1.5.26 and Lemma 1.5.10. We now study
the convergence of the annealed spherical integrals for large values of 8, in which case we need to make
additional assumptions on .

1.5.5 Case where ¢ is an increasing function

In this section we make the additional assumption that v is non-decreasing.

Example 1.5.27 (Sparse Gaussian distribution). Let u be the law of £T° where £ is a Bernoulli variable
of pararmeter p € (0,1) and T is a standard Gaussian random variable. In that case we have for any
z € R,

_ log[(1 —p) +pexp(z?/2p)] /1 texp((w)®/2p)
o ( '

¥(z)
2 1 —p)+ pexp((at)?/2p)
One can observe that this last expression is indeed increasing in x.
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1.5.5.1 Simplification of the variational problem

We prove in this section that when 1 is increasing on Rt , C, = R* and we can simplify the limit
F(0) as follows.
Proposition 1.5.28. For any 6 > 0, F(0) = F(0) = F(0) where
1 1
F(9) = sup sup {9%42 + BO*(1 — ) + /L(29\/1 —ax)dv(z) — H(v) — 3 log(27) — }7

a€l01) | per) 2

[ 22dv(z)=c

Proof. Recall that we set for any §, K > 0, and a; + as + a3 =1,

N 2 2 2
For an,a5(0, K) = sup sup {9 (of + 20102 + Baj)
V2€M(12) serk k>1
Je2dvy=ay |Z<2—Na3|<5N

+Z/L(2\0/¥)dug(x)+;/L(%)dl/ﬂx)d”ﬂy)

k

20s;x 1 1

+ su { /L( )dl/ x)— H(v }—710 277—7},

oo X [ (7 )t - Hon - ostem) -5
Jo2dvi(@)=a; T

where I} = {z : |z| < SNV}, I = {x : SNV/* < |z| < KN4}, I3 = {KN'Y* < |z| < v/Naz}. Since ¢
is non-decreasing, we have on one hand for any s € I¥ such that |}, s? — agN| < N6,

K
S ot 52 [ Y
< /L(QQ\/ngx)dul(x) +05(1).

On the other hand, since v is bounded above by B/2,

2 ST x
40 Z / w2 291 v (2 )+;/L(Q:jﬁy)dyg(m)dug(y)3023(04§+2043a2)+05(1).

Therefore, we have the upper bound,

F(9) < sup sup {92 (0F + 2a102) 4+ 6°B(as + )
ajtast+az=1 f 2”367(’(]1)%)
z4dvy (z)=aq

/ (26/@50)dun () — H (1) — 5 og(27) — 3 ).

We can further simplify this optimization problem by showing that the assumption on the monotonicity
of 1 entails that we can take o = 0. Indeed, note that ¥(0) = 1/2. Therefore, for any > 0, ¢ (z) > 1/2.
Hence, we deduce that

20%aq a9 + /L(20\/@x)dul(x) = 20%0109 + 492a3/x2w(29\/073m)dul(x)
< 46% (g + a) /me(%\/ag + azz)dv (z).

Thus, with the change of variables a3 + as—ag3, we deduce

_ 1 1
F(0) < sup sup {9204% +0*°Ba3 —|—/ (20\/azz)dvy () — H(1n) — = 10g(27r) - f}.
ardaz=1 1 eP®) 2
[ x2dvy (2)=aq
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To prove that F () is bounded from below by the same quantity, we fix a1, as, ag such that oy +as+ag =

1,a; =0, and v1 € P(R) such that [ 2?dvi(z) = 1. We take in the definition of FY , . (K,8), k=1
and s = \/az N4,
- 1 -1
vy = Vl(Il)I/l(. ﬂll) Ohﬁ, and Vo = 5\/?,
where h 52— vz, and
1 1 )
—-—= xdv(x).
)\ 1/1(11)041 ~/11 1( )
We have, on one hand,
2ai3 /¢(295m)d1/2(x) + a2 /w(QQxy)duz(:r)dyg(y) =0.
On the other hand,
9 9, (208N - - -
40°as | x ¢<W)dy1(x) — H(n) = | L(20/asx)dv (x) — H(D).
Thus,
TN ancs (K, 8) > 6% (af + Bas)
1 1
+ /L(20s/a31)d171(x) — H() — B log(27) — 3
which proves the claim. O

We next simplify the supremum over v in the definition of F' in the last proposition. To this end, we
denote by G : [B/2,4+00) = RU {400} the function given by

Ve € [B/2,+00), G(C) = log/exp(L(x) — a?)da. (1.72)
Lemma 1.5.29. Let
l=— ggg}/z G'(¢) € (0, +0x). (1.73)

For any C € (0,1), there exists a unique ( € (B/2,+00) solution to the equation
¢'(¢) = —C.

It is denoted by (. For C > 1, we set (¢ = B/2. Then,

BC B
sup [/L(x)dz/(x) —H(v)| = sup {— —|—/ (L(x) — —:r2)du(:r) — H(V)}
vEP(R) vEP(R) 2 2
[ a2dv(z)=C [a2dv(z)<C

= C¢c + G (o)

Proof. Define the function

Vv e P(R), E(v) = Hv) +/ (gaﬂ - L(;z:))du(x).

We first show that
inf E(v)= inf E(v). (1.74)

vEP(R) veP(R)
J22dv(z)=C [a2dv(z)<C
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To prove this equality, we will show that for any v € P(R) such that [ 2?dv(z) < C, there exists v, such
that [ 2?dv.(z) = C, and

limv. =v, lim E(v.) = E(v).
e—0 e—0

We set v, = (1 — €)v + ey, where 7, is a Gaussian measure of variance 1 and mean m., defined by,

mé_\/c-a—e)pl

€

With this choice of me, one can check that [ z?dv.(z) = C. Moreover,

Ve — V.
e—0t

for the weak topology. Therefore, for any continuous function f: R — R such that f = o4 (2?),

/fclu6 €J:/fdy.

Since Z2% — L(z) = 0100(2?), we have
lig(l) (gxz - L(x))dyg(x) = / (gxz - L(x))du(x). (1.75)

Besides, since H is convex,
H(ve) < (1 —e)H(v) + eH(7e).

But,
H(ye) = H(v),

where + is a standard Gaussian distribution. Therefore,

limsup H(v.) < H(v).

e—0t
As H is lower semi-continuous with respect to the weak topology, we can conclude together with (1.75)
that,

lim F =F

Jim Eve) = E(v),
which ends the proof of the claim (1.96). The point is that now we are optimizing an upper semi-
continuous function on a compact set and therefore we know that this supremum is achieved. We next
identify this maximizer

For any ¢ € [B/2,+00) such that G({) < +oo, we define v the probability measure given by
exp(L(x) — ¢2?)

dys = dzx.
“T Texp(L(y) — Cy?)dy ™

We will show that
inf  E(v)=E(ve). (1.76)

vEP(R)
[ z2dv(z)<C

Let 41 be a probability measure such that H(u) < 400 and [ 2?du(z) = D < C. As H(u) < 400, we can
write,
p=(1+ LAD)dVCcv

where ¢ is some measurable function such that ¢ > —1 v¢,-a.s. and [ pdre, = 0. We have,

B(u) = Blvee) + [ (50 = Lia) )o(e)dve (o)

d
+ /(1 + ) log(1 + ¢)dve, + /log ZCC pdve,,

€T
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where we used the fact that [ pdye, = 0. By convexity of « — zlog z, we have

/u+wn%u+¢chzu+/¢w@n%u+/@w%>:o

Therefore,

E(p)

Y

Blveo) + [ (52~ L) +105 % ) pta)ave o)

> E(VCC)

where we used again that [ ¢dve, = 0. This shows that v¢, achieves the infimum in (1.76), and ends
the proof of Lemma 1.5.29. O

1.5.5.2 Differentiability of the limit of the annealed spherical integral

This section is devoted to the proof of the following proposition.

Proposition 1.5.30. F is continuously differentiable on (1//B — 1,+00) except possibly at the point 6y
such that
0o = inf {0 : F(0) > 6*}.

Moreover, for any 6 < 1/2y/B —1,
F(0) = 0> (1.77)

The second part of the claim of the above proposition (1.77) is due to Proposition 1.5.10 and the fact
that A = B. From now on, we assume that §?(B — 1) > 1 and wish to prove the first part of Proposition
1.5.30. We define for any a € [0, 1], and v € P(R),

1 1
Ho(o,v) = 0262 + 62B(1 — a)? + /L(Qex/l ~aa)dv(a) ~ H(v) — 5 log(27) 3. (1.78)
By Proposition 1.5.28, we have
F(0)= sup Hy(a,v), (1.79)
(a,v)€S

where

S = {(a,v) € [0,1] x P(R) : /zzdu(a:) —al.

We first show that we can can restrict the set of parameters (a,v) to o € [0, 2] U {1}, as described in the
following lemma.

Lemma 1.5.31. If0*(B—1) > 1.

F9) = max( sup Hg(a,y),GQ).
(a,v)ES
aﬁ%

Proof. Making the change of variable which consists in replacing v by the push-forward of v by the map
x = x/\/a, we get )
sup Hyp(a,v)= sup {Hg(o,v)— H(v)},
(a,v)ES f‘fg((lo’l_]l

where for any a € (0, 1], and v € P(R),

1 1
Hy(a,v) = 0% +0°B(1 — a)® + %bga + /L(?H\/ (1 - a)ax)dv(z) — 3 log(27) — 7
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We claim that for any v € P(R) such that [z?dv(z) =1,

. .1 .

Hy(a,v) < max (H@ (5, V),Hg(l, 1/)) (1.80)

Indeed, first notice that since 4 is increasing, for all « € [0, 1]

2/3621#(29\/@(1 —a)z)dv(z) < 2/x21/1(9x)du(33).

Denote by m = 2 [ z?y(6z)dv(z). As 1 takes its values in [1/2, B/2], m € [1, B], and we have for any
a € (0,1],

- 1 1 1
Hy(a,v) < 0?0 +6?B(1 —a)® + B log a + 20%a(1 — a)m — B log(27) — 5 = fom(a).

We find that
£ (1) PO —B)+1, f (a)=202(B+1—2m)— ——.
A2 room 202
We deduce that fj , is either increasing, decreasing or decreasing and then increasing. Since f; ,,(1/2) <
0, we conclude that

max fg (@) = max (fﬁ,m(%)af@,m(1)> )

a€gld,1]
which yields the claim (1.80) since fj () = Hy(a, v) at the two points o = 1/2 and 1. To conclude the
proof we observe that since Hy(1,v) = 62 for any v € P(R), we have
3 2 L 1 ~ 2
sup {Hp(l,v)—H@@)} =60+ -+ -log(2r)— inf H(v)=06"
[ z2dv(z)=1 2 2 J #2dv(z)=1

O

Due to Lemma 1.5.29, we can further simplify the optimisation problem defining F(6) in (1.79) by
optimizing on v € P(R) such that [ z?dv(z) = «, given a € (0,1).

Corollary 1.5.32. Let R be the function
R:C € (0,400) = Clc + G(¢o),

where (o is defined as in Lemma 1.5.29. Denote by

Ko(a) = 62(a2 + B(1 — a)?) + R(46%a(1 — a)) — %log(l — a) — log(20) - %log(27r) _ %

Then, for any 6 > 1//B —1,
F(9) = sup Ky(a).
a€e(0,1]

Proof. When o < 1, we make the following change of variables which consists in replacing v by its
pushforward by = — 26+/1 — az. Using (1.65), we find that

H(v)= /log %dy =H(n) — %log(l — a) — log(20)

and v has covariance 4a(1 — )62, Thus,

F(6) = max (92,( up Kg(a,l/)), (1.81)
a,v)eS’
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114
where
S ={(a,v) € (0,1) x P(R) : /xQdu(x) = 4da(1 — )0},
and for any o € (0,1),v € P(R),
Ko(a,v) = 6%(a® + B(1 — a)?) + /L(x)du( )—H(v)— %log(l — a) — log(20)

1

1
By Lemma 1.5.29, we obtain for any « € (0, 1),
sup Ko(a,v) = 0%(a® + B(1 — a)?) +46%a(1 — a)Ca0 + G(Ca0)
1 1 1
o log(1 — a) — log(26) — B log(2m) — X

[ 22dv(z)=4a(1—a)6?

where (o9 = (192a(1—a). Hence, if we set, for a € (0, 1),
Kp(a) = 0*(a® + B(1 — a)?) + R(46%a(1 — a))

1 1 1

~3 log(1l — a) — log(26) — 3 log(27) — 3

(1.82)

F(0) = max (9 ) Z?Opl) K@(a)).

we deduce from (1.81) that
To study the maximum of Ky, we will need the following result on the limit of R at 0, which will allow

us to compute the limit of Ky at 1.
(1.83)

Lemma 1.5.33. When C — 07,
1 1
R(C) = 513 log(27C) + o(1).

G'((c) = —C.

Proof. For C < [, we have
Since we have,
lim G'(C)=0,
C—4o00
and G’ is invertible as G”(x) > 0 on (—o0,1), we get
li = .
Jim 6o = o0

—_

<21 T
Og C_
(1.84)

1 ™
ilogZSG(C)f 9

|ty

From the inequalities, 0 < L(z) < Bx?/2, we deduce that by the definition (1.72) of G we have the

bounds
T

G(Q) ~1o0 5 108 .

which yields,
1 ) ¢ 1

— < -G < _—

)= Ve-%20¢-%)

2 =

e[y
vl

On the other hand, inserting these bounds in the numerator and the denominator of the derivative, we

C_

obtain
¢
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We deduce, since (¢ — +o00 as C' — 0,

G'(Ceo) = —% + O(Cic)'

Therefore, we get from the definition of ¢ (1.83) that

1
CC ~0 %
Using (1.84), we can conclude that
1 1 1 1
R(C) = = +0(1) + = log ————— = = + = log(27C) + o(1).
2 2 1 + 0<L) 2 2
2C 2C
O
From the previous Lemma 1.5.33, we deduce that
lim Ky(a) = 62,
a—1
so that we can continuously extend Ky to 1. Therefore, we can write,
F) = sup Ky(a).
ae(0,1]
O

We now study Ky and show that it is continuously differentiable on (0,1). This amounts to prove
that R is continuously differentiable on (0,1). On (0,1), it is clear that R is continuously differentiable
due to the implicit function theorem. Indeed, (¢ is by definition the unique solution of the equation

G,(C) = 707

and G is strictly convex. On (I, +00), R is an affine function, therefore it is sufficient to prove that
lim R'(C) = —. (1.85)

We have for any C < [,
R'(C) = CI(c + (e + 0cG'(Cc) = (e,
which gives (1.85). We deduce that Ky is continuously differentiable on (0,1) and

1

Vo€ (0,1), Ky(a) =26%(a+ B(a— 1)) +46*Ca0(1 — 20) + W —a)

From Lemma 1.5.33, we get,
limo Ky(a) = —o0.
a—r

Thus, the supremum of Ky on (0, 1] is achieved either at 1 or on (0,1). From Lemma 1.5.31, we have

F(8) = max (Kg(1), sup Ko(c)).

1
a<ljyz

Let us assume that the maximum of Ky is achieved on (0,1). We deduce that the maximum of Ky is
achieved on (0, %] at a critical point since Ky is differentiable. The critical points « of Ky satisfy the
equation,

1

26*(a+ Bl = 1) +46%Cao(1 = 20) + 57—

=0, (1.86)
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As 0*(B — 1) > 1, 1/2 does not satisfy the above equation so that the critical points of Ky are the
a # 1/2, such that
202(ov + B(ar — 1)) + 52—

Card = 10220 — 1) 2= = p(a). (1.87)
We have,
(@) = S —qc(jgm 1y
with
q(a) = —46*(1 + B)a® + 46*(1 + 2B)a — 4B + 1.
We find,

s B [P@z0 ifaz
=5 Pla)<0 ifa<

D= D=

)

with P(a) = 40*(B — 1)a® — 46%(B — 1)a + 1. As (49 > B/2, we obtain that the maximum of Kj is
achieved at o € (0,1/2) such that P(a) < 0. The roots of P are

_ 1+ V1-[62(B - 1)1

5 (1.88)

ot

Thus, the maximum of Kj is achieved on [, 1/2]. We will show that Ky is strictly concave on (0, 1).
Note that,
40%a(l —a) > 1 <= a € [B_, B4,

with
1++v/1-16-2
—

For any a € (8_, 3), we must have (¢ = B/2 and therefore

B+ =

B 1
Ko(a) = 6%(a? + B(1 — a)?) + 2B6%a(1 — ) + G(E) — 5 log(1—a) +Co,
where Cy is some constant depending on . Thus, for a € (5—, %),

K} (a) =26%*(1 — B) + 5 <20°(1-B)+2<0.

2(1 - a)?
For any o € (a_, 8_), we have
Kp(a) = 0%(a® + B(1 — )?) +46%a(1 = a)Cap + G(Casp)
it w v
where (, ¢ is such that
G'(Cap) = —46%a(1 — a).

As @ is strictly convex, we deduce by the implicit function theorem that o € (0, 8_) — (a0 is differen-
tiable, and we have

000G (Cap) = —46%(1 — 2a).
We get that 9,(a,9 <0, for any « € (0, ). Therefore, for a € (0, 5_), we obtain

1

" _ 2 _ 2 2 _
Ky(a) =20%(B+1) — 80“Ca0 + 40°0,(a,0(1 — 2a) + ST —az
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Using that (¢ > B/2 and that 9,(q¢ < 0 for a € (0, 6-), we deduce,

1

" < 902 _ 4H2 -
Vo€ (0,8-), Ky(a) <20°(B+1)—46"B + 201 — )2

<20*(1-B)+2<0.

Thus, K} is decreasing on (0,3_) and (B_, 1). Since K} is continuous, we deduce that K} is decreasing
on (0, %) and Ky is strictly concave on (0, %) Therefore, the maximum is achieved at a unique point on
(0, 3) which we denote by ay. We distinguish two cases.

15t case: | < =—.

1
B-1
We have,
B—§a7§a+§ﬁ+~

We know that on one hand P(a_) = 0, so that

On the other hand (, ¢ = B/2 since a_ € [B_, B+]. We deduce by (1.87) that a_ is a critical point of
Ky which lie in (0, ). Therefore

Qg = .
27d case: [ > 1.

B-1
We have,
o < B < By <oy

Note that 0 < a— < § < ay < 1. Since p(a) # B/2 for any a € [B_, B4]%, we deduce that o € [a—, B_),
and in particular K[ (ap) < 0. We deduce by the implicit function theorem that 6 — «p is C', and
therefore 6 — Ky(ay) is continuously differentiable on (1/v/B — 1, +00).

In conclusion, we have shown that for any 62(B — 1) > 1, if | < 71~

B-1°
F(0) = max (02, Kg(a_)),
where o is defined in (1.88), whereas if | > 1,
F(0) = max (6, Kg(a)),
where ay is the unique solution in (0, 5_) such that
G'(Cap) = —46%a(1 — a).
Moreover, for 6 € (0,1//2(B — 1)), we have by Lemma 1.5.10
F() = 6°.

To conclude that F' is continuously differentiable on R\[1/(2v/B —1),1/v/B — 1] except at most at one
point, we show that there exists 6y such that

VO < 0y, F(0) =02 and VO > 6y, F(0) > 6>
Since F'(#) > 6% for any 6 > 0, it suffices to prove that 6 — F(6) — 62 is non-decreasing. Recall that

()= lim_Fy(0).
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where
Fn(9) = % log E. exp (ZL(\/QNH@?) + ZL(Q\/NHeiej)),
i i<j

and e is uniformly sampled on SN ~!. Therefore,

Fn(0) — 62 = %nge exp (;2N€2 (w(\/ﬁeef) )e;* v ;41\792 (¢(2\/Neeiej) - 1)e§e§).

1
2 2

As 9 is increasing and ¥(0) = 1/2, 8 — Fx(6) — 6? is non-decreasing, and therefore 0 — F(0) — 62 is
non-decreasing as well.

Proposition 1.5.34. Suppose that 6y = sup{f € R* : F(0) = 0*°} > 1/\/B—1. Then F is not
differentiable at 0.

Proof. We let ((0) = Cagy,00 and as in the proof of Lemma 1.5.29 vy = v¢(g). We also let :

1 —
Hi(o,v) = 0%*(a® + B(1 — a)?) + 5 log o + /L(29\/1 — az)dv(z)+
1 1
20%a(1 — a)B + H(v) — 3 log 27 — 3 (1.89)

where L(z) = L(z) — Bx?/2. Using again the proof of Lemma 1.5.29 we have that :

Ko(a) = ,max. Hj(a,v).
Je2dv(z)<a

We have for §2(B — 1) > 1:
Ke(ag) = H;(Oée,ug).

And so for 8 > 6, :

F(0) = Ko(ap) = sup Ky(a) > Hel(ago,l/go).
@€]0,1/2]

For f a convex function, we denote O f the right derivative and 8~ f the left derivative. For § > 6y, we
have if g is the function 6 — Hj (ag,, ve,) that :

9% g(0) = 20(ag, + B(1 — ag,)?) + 40, (1 — ag,) {2049_01 /xZ@(ZQ\/l — ag,x)dvg, (z) + B

+ 46%a, (1 — g, )3/? /xzw'(QG\/l — ag,z)dvg, ()
> 20(ag, + B(1 — ag,)?) + 400, (1 — ag,)
> 20+ 2(B — 1)(1 — ag, )?0.

Where we denote 1) = 1)— B/2 and where we used that ¢’ > 0. We have ay, < 1/2, we have " g(6y) > 26.
For 6 < 6y, F(6%) = 62 and so 9~ F () = 20. And so, we have :

9 F(0) > 9" g(0ho) > 0~ F(6o)

1.5.5.3 Proof of Proposition 1.5.15

By Proposition 1.5.30, we know that F is differentiable on (1/v/B — 1,400) except possibly at 6.
Using Proposition 1.5.19 we deduce that there exists z,, such that the lower large deviation lower bound
holds with rate function I(x) = I(z) for any z > x,,.
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1.5.6 The case B< A

We consider the case where B exists and is strictly inferior to A and assume that ¢ achieves its
maximum A at a unique point m* such that ¢”’(m.) < 0. This includes in particular the case where
the law of the entries have a compact support (since in this case B = 0) and the maximum of ¢ is
non-degenerated.

Studying the variational problem arising from the limit of the annealed spherical integral F'(f) and
F(0) defined in Proposition 1.5.8, we will show that for § large enough we can give an explicit formula
as stated in the following proposition.

Proposition 1.5.35. There exists 6y > 1/\/A — 1 such that for any 6 > 6y, F(0) = F(0) = F(0) where

F) = sup V(a),
a€e(0,1]

with )
Ya >0, V(a) =60*(A—1)a? + 6% + B log(1 — «).

More explicitly,
Foy=La D1+ 1 ¥)2+92+11 (1= /1= ) — 5 log?
7 02(A_ 1) it R2A_1)) 2%8°
1.5.6.1 Conditions on the optimizers

With the notation of Proposition 1.5.8, we perform the change of variable v5 into us defined as the
unique measure such that for any bounded continuous function f: R — R,

L sz(ﬂ>dl/2(I):/fd,u2.

Qa2

By Proposition 1.5.8, we have the following formulation of the limits F(6) and F(6). Recall that ¢ (z) =

L(x)
2 - o
F(0) = limsup sup  limsup .7-'(11 s s (05 ),
§—=0,K—+o0 ajtaztaz=l N—4o0
5K —0 ;>0
F@)=  sup liminf limsup .7-'0{\1 as.as (0, K),
ajtagtaz=1 6ﬁgé{ﬁ+m N—+o0
a; >0
where
f(ﬁ,027a3(5,K) = sup sup {92(a5+2a1a2+3a§)
pa€P(S2) sesk k>1

1T s2—agVN|<6VN

A O‘QZ /z/; (V205:)dpsa () + 202 /w o) dpis(x)dpas (y)

1

+  sup Z / 205$ Vl(:lc)—H(ul)}—%log(2w)—§},

vi€P(I1)
[ x2dvy (z)=aq

where I = {2 : |2| < SNV}, So = {x:6/V0 < || < K/VB}, S3 = {z: K < |z| < NY* /az}. To study
the regime zhere 6 is large, we will consider a simplifed variational problem F(Q), defined as

F0) = sup limsup limsup FY (6, K),

Q1,002,003
ajtagtag=1l §—=0,K—+cc N-—+4oc0

;>0 §K—0
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where

fﬁ’az,ag(é, K)= sup sup {62 (of 4+ 20102 + Baj)
112 EP(Ss) €53

+ 46 agag/qjj \ﬁsx)dpg( + 202 /1/) xy)dpe(x)dus(y)
+  sup {492a3/ ¢(298I)dul( ) — H(I/l)} ok log(2m) — 1}

v1eP(I7) 2
[ x2dvy (z)=aq

One can observe that for any 6 > 0, B .
F(6) < F(0). (1.90)

Indeed, for any us € P(Ss), v1 € P(I1), and s € S¥ such that 8= asVN,

1 1 20s;x
ﬁ 223512 /w(\/@six)dug(x) + \/—N zl:sf/z%[;( N1 )dul(x) < as /1/1(\/%3@(1#2(33),
where s is a maximizer of the function

s € S~ ag/w(\/@sm)dug(x) —l—/ w(?\?f/gfl)dul(x).

However, one can notice that even if one takes £ = 1 in the definition of F'(#), it is not possible in general
to provide a similar variational formulation for F(6). Still, we will see that under our assumptions that
B < A and that the maximum of ¢ is uniquely achieved at m* such that " (m*) < 0, the upper bound
F(0) is sharp when 6 is large.

The starting point of our analysis of the variational problem defining F(G) in the regime where 0 is
large is the fact that F(0) and F(6) behave like A92. More precisely, we know from (1.52) that there
exists 6y > 0 depending on A for all § > 0,

F(0) > F(0) > A0% — klog ), (1.91)

where x > 0 is a numerical constant. .
As a consequence, we can localize the suprema over (ay,as,a3) and ps in the definitions of F(6) in
some subset of the constraint set, denoted by S, and defined as follow,

S = {(g,ug) S [0,1]3 X P(Sg) rop o +az = 1}

Lemma 1.5.36. There exists a constant 6y > 0 depending on A such that for any 6 > 0y, the suprema
defining F'(6) can be restricted to the set Ag x By C S defined by,

C\/log0 Cylogh CyIogd

QE-Ae(:)OQZl—TvOélST’QBS 9 )

and

Clog6

piy € By <= / (g - w(xy))duz(x)duz(y) S

where C' is a some positive constant depending also on A.

Proof. From (1.91) we deduce that we can restrict the suprema in the definitions of F'(#) to the parameters
a, 8,1, e With a1 +as + az3 =1, s € Ss, fxzdul(:c) = a3 such that,

(4= 103 + 2a105) + (A= B)ad + dazas [ (5 = v(2050))dialy)

+ 203 [ (5 = 0(20m))dnalw)dia(a) + 40 [ 42(5 — 02050) ) ()

2k log 9
62

+ 91 (H(V1)+logr)
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But
1

aq

dag /y2 <§ - 1/)(205y))d1/1(y) + 9712(]{(1/1) +log v2r) > %log > 0.

Therefore,

(A—1)(aF 4 20102) + (A — B)aj + 4042a3/y2(§ - ¢(298y))du2(y)

A log 0
+203 [ (5~ ve))dua(w)dua(a) < 2255

Since each term is non-negative, they are all bounded by 2xlogf/62. Note that this first yields with
C =2k/min{(A - B),A—1},
2<Clog9 2<C’log9 Clog6

TS T S T < 2 (1.92)
The two first estimates imply since as =1 — a3 — a3,
v/C'log6
ap>1— 287
0
O

In the next lemma we prove that the optimizers of the optimization problem over o are concentrated
around ,/m, if ¢ takes its maximum value at m™ only.

Lemma 1.5.37. Assume that 1 achieves its mazimum value at m* only and that it is strictly concave
in an open neighborhood of this point. There exists €9 > 0 such that for any us € By,

— Vl1og 6
V0<6<60, /142(|3'J* m*|26)§CT0ga

where C' is a positive constant depending on 1.
Proof. Let us € By. By Lemma 1.5.36 we have,

/ (g — ley) ) dpa(@)dpia(y) < Clgozge.

Since 1 is strictly concave in a neighborhood of m,, and m, is its unique maximizer, we deduce that
there exists ng > 0 such that for all 0 < 7 < ng,

Ve —m.| € VIVl 5 — i) 2 n/e,

for some constant ¢ > 0. As ¢ is analytic, it admits a finite number of local maximum. Therefore, we
can find ng > 0 such that for all 0 < n < o,

A
A

Since 4 — 1) is non-negative, we obtain

. C'log0
v <o, py”(ley —m*| > /i) < T

where C” > 1 is a constant depending on 1. For € < \/m../2, we have

a([0, V/is — €))? < p§2 (wy < m. — Jimze).

Therefore, for € small enough,
C'logd
2
H2([07 VM — 6]) < m*9262 .

On the other hand,

p2 ([v/ms + ¢, +OO))2 < uS? (zy > ma + 2y/mye).
Using a union bound, we obtain the claim. O
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1.5.6.2 Resolution of the variational problem for large 6

Using Lemma 1.5.37, we will show that the optimization problem over 9 is asymptotically solved by
d /sy, with an error which vanishes when K, the lower boundary point of S3, goes to +ooc.

Lemma 1.5.38. There exists 0y depending on ¢ such that for 0 > 0y, such that for any o € Ay and
s € Ss, if the measure po that realizes the mazimum:

sup ){2@3/7&(@5&3)@12(@") +042/’(/J(Iy)d/,62(l')du2(y)}

1o €P(S2

is in By, then

uilelge {2&3/1/}(\/%533)@12(:3) + an /w(my)dug(x)dug(y)} = % + % + ok (1).
Proof. Letting ¢(z) = ¢(x) — %, it is equivalent to show that :
sup {2 [ G(VEsa)da(o) + 0 [ Fan)dma(adints)} - )

Let us fix 6 > 6y where 6 is given by Lemma 1.5.36. Observe that since v is bounded continuous,

Z :pu € P(S2) — 2as /E(\/ 20sx)dp(x) + oo /@(xy)d,u(m)d,u(y)
achieves its maximum value in the closed set By. Let us be an optimizer, and therefore a critical point of

this function. Writing that Z(ug) > Z(us + €ev) for all measures v on Sy such that ps + ev is a probability
measure for small €, we deduce that there exists a constant C' > 0 such that,

Vo € Sy, ash(VOsz) + ay /@(my)d,ug(y) <C, (1.93)

with equality po-almost surely. Using Lemma 1.5.37, we get for any e small enough,

[ Pt = v+ [ (o) ~ (i) () + 0 VB,

(/s —€pn/n +€]

Where we notice that our O( Vl;’fo) is a function that does not depend on 6, K or N. As L is the

log-Laplace transform of a sub-Gaussian distribution, we have that |L’| is bounded. In particular, |¢’| is
bounded and thus % is Lipschitz. Therefore, for any x < M,

/E(my)duz(y) = (Vm*zx) +0(6M+ \/1906@)

Again, the O(eM + 7”;’59) does not depend on 6, K or N. We choose € = /2 and M = 6'/* so that

the two error term above goes to zero when 6 goes to 0o, so that we have for any = > 0,

[ Fandusty) = (o) + on(0). (1.94)
In particular,
aB(VBs2) + s [ loy)dna(y) = B(via) + o).
Taking = = \/m, in (1.93), we get

A-B
C > == +o(1), (1.95)
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since s > K and 1 — g < O(—Vlgfge). The terms o0g(1) above do not depend on K, or N. We claim that
there exists 6y such that for any 6 > 6,

p2([0, v/m/2]) = 0.
Indeed, if © < \/m. /2, we have by (1.94) and the fact that «s goes to 1 as € goes to infinity,
s B(Vis2) +ax [ Blaendn() < swp B(imat) + on(D),
1</ /2

with supy< sm=/2 (y/mxt) < (A— B)/2 since the maximum of 1) is uniquely achieved at m.. From (1.95)
and the fact that equality in (1.93) holds ps-a.s, we deduce that for 6 large enough (and not depending
on §, K or N) [0, /m/2] Nsupp(uz) = 0. Therefore,

_ _ A— B _
20y [ U(VEsa)dae) +az [ Tendm@in) < S 12 s )
Now
y>K¥Y——
A—B
= % + OK(l).
Thus,
_ —_ A— B)a
sug {Zag/w(@sx)d,ug(x) +a2/w(xy)d,u2(x)d,u2(y)} < % + ok (1).
p2€Bg
The reverse inequality is achieved by taking p2 = d_ /m;, which completes the proof. O

We deduce that for 6 large enough, F(0) = F(0) = F(6), where F is a function described in the
following proposition.

Proposition 1.5.39. There exists 0y depending on v such that for any 0 > 0y, F(0) = F(0) = F(0),
where
FO)= sup Fla,s,v),

(a,s,v)esS’
with
Fla, s,v) = 0%(af + 20102) + 0% A3 + 0°B(aj + 2asaz)
1 1
+46% a3 /x21/1(295./a3x)du(:v) —H{) - 3 log(2m) — 3
and

S = {(g,s,y) €01 x [0,1] x P(R) : oy + ag + a3 = 1,/x2d1/(z) = ozl}.

Proof. By Lemmas 1.5.36 and 1.5.38, we know that

A~

F(0) = sup limsup limsup F.Y (6, K),

Q1,002,003
acAy 6—0,K—+00 N—+4o00
§K—0

where

20sx
N1

FY s (6, K) = sup sup {492a3/$21/)<
Y sSES3 v1€P(I1)
J@2dvy (z)=aq

)dyl(x) - H(yl)}

1 1
+60%(af + 2a100) + Aaj + B(a3 + 20003) — 3 log(2m) — X
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S = [K, N/, /az]. Using the change of variable s — s N~!/4 we have the upper bound,

FO) < s Fla,sv),
(a,s,v)€S’

Let now (a, s,v) € §'. Taking us = 8 s s’ = N'/%s and v, to be the unique probability measure on I;
such that for any continuous bounded function f: R — R,

1
/fdul = m : fQx)dv(z),

where A is such that fodul(as) = «1. With a similar argument as in the proof of Proposition 1.5.28, we

can deduce that
F(0) > Fa,s,v).
Since F(#) < F(#) and F(0) < F(#) by (1.90), this ends the proof of the claim. O
We next prove that the supremum is taken at ag = 0.

Proposition 1.5.40. There exists 0y depending on A such that for any 0 > 6,

sup Fla,s,v) = sup F((a1,a9,0),s,v).
(a,s,v)€S’ (a1,a2,0,s,v)ES’

Proof. We claim that for any ((ay, 2, a3),s,v) € 8’ such that as > M{%, we have

F(ag,az,a3),s,v) < sup F((ar,az + as,0),v). (1.96)
veP(R)

Note that
1
sup F((ai,as + as,0),v) = 0*(aq + 20100 + 201a3) + 02 A(as + a3)? + 3 log ay.
veP(R)
Now, for any ((a1, a2, a3),s,v) € §’, using the fact that ¢(z) < A/2 for any x € R, we have

1
F((aq, a9, a3),s,v) < 0*(a + 2a1az) + 02 Aaz + 207 Aayas + 02 B(a2 + 2ana3) + B log 1.

Therefore, it suffices to prove that for a, sufficiently near 1:
(A — B)(QO&QO&g + Oé%) > Q(A — 1)(110(3
that is,
2(A — 1)0[1 < (A — B)(ag + 20[2).

A sufficient condition for this inequality to be true is that (A — 1)(1 — a3) < (A — B)asg, which ends the
proof of the claim (1.96). By Lemma 1.5.36, we know that for 6 > 6,,

sup  F(a,s,v) = sup Fla,s,v).
(a,s,v)ES (a,s,v)€S
a,a3<C+log 0/6

For 6 such that

vlog 6 A-1
1-2 >
¢ g —24-B-1’
we obtain from (1.96) that
sup Fla,s,v) < sup F((a1,a9,0),s,v).
(a,5,v)€S ((a1,22,0),8,v)€S

a1,a3<C/Tog /6



1.5. SUB-GAUSSIAN MATRICES 125

We deduce that for 6 large enough,

sup F(a,s,v) < sup Flag,a2,0,s,v),
(a,s,0)ES ((a1,02,0),8,0)ES

which ends the proof. O
We can now conclude the proof of Proposition 1.5.35.

Proof of Proposition 1.5.35. By Propositions 1.5.39 and 1.5.40, and optimizing over v (at the centered
Gaussian law with covariance 1), we deduce that there exists 6y > 0 depending on % such that for
6 > 6o,
FO) = sup V(a),
a€l0,1)
where L
Ya >0, V(o) =0%(A—1)a® + 6% + 3 log(1 — «).

We can therefore give an explicit expression for F(6) for 6 large enough such that § > 1/+/A — 1, using
the fact that the solution of the optimization problem « = «y should satisfy ap = 1 — 04(1) according to
Lemma 1.5.36. O

1.5.7 Appendix

1.5.7.1 Concentration for Wigner matrices with sub-Gaussian log-concave entries

Proposition 1.5.41. Let p be a symmetric probability measure on R which has log-concave tails in the
sense that t — p(x : |x| > t) is concave, and which is sub-Gaussian in the sense that (1.44) holds. Let Xn
be a symmetric random matriz of size N such that (X, ;)i<; are independent random variables. Assume
\/JVXZ'J- and \/N/2X, ; have law p for any i # j. There exists a numerical constant k > 0 such that for
any convex 1-Lipschitz function f : R — R, and t > 0,

P(‘%Trf(XN) - %ETrf(XN)y > t) < Qe AN, (1.97)

Moreover, for any t > 0,
P(|Axy — Edxy| > t) <2e”aNt (1.98)

One can take k = 1/83% with 3 = 1680e.

From these concentration inequalities, one can deduce that a Wigner matrix with entries having
sub-Gaussian and log-concave laws satisfy Assumptions 1.5.4.

Corollary 1.5.42. Assume p satisfies the assumptions of Proposition 1.5.41 and has variance 1. Then
the matriz X satisfies the Assumptions 1.5.4.

Proof. Using the concentration inequality (1.98) and the convergence in expectation of the spectral radius
of X (see [4, Theorem 2.1.22, Exercise 2.1.7]), we obtain that the spectral radius of Xy is exponentially
tight at the scale NV in the sense of (1.46).

Let £ C R be a compact subset of R and denote by |K| its diameter. Let Frip x be the set of
1-Lipschitz functions with support in K. From the concentration inequality (1.97), we can deduce by
arguing as in the proof of [49, Theorem 1.3] that for any § > 0,

1 1 K| 52N2
P(fes;iin | Te/ (Xn) = ETrf(Xn)| > 5) < =l exp ( - C%p ) (1.99)

[ v [ sau,

Let dx be defined by

Vv, u € P(R), di(p,v) = sup
fE€FLip,x
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and let d denote the bounded-Lipschitz distance defined by

Vv, € P(R), d(p,v) = sup
f€FLU

[ v [ o

where Fry is the set of 1-Lipschitz functions uniformly bounded by 1. Let fix K = [-2,2]. Since
o(K) =1, we have

b

d(,LLvaa) < d}C(MXN? U) + BX (’CC)

But px, (K¢ < di(pxy,o) by choosing f = 1x. Therefore,
d(/iXmU) < 2d’C(/’LXN7U)'
From (1.99), we have that for any § > 0,

]P)(d(p’XNvo—) > + 2d}C(EMXN,U)) S %6_0%,

(1.100)
But, we know by [10, Theorem 4.1] that,
dKS(E,uXJ\mU) = O(N_1/4)a

where di s denotes the Kolmogorov-Smirnov distance, defined by

Vv, 1 € P(R), dxs(u,v) =sup {’u((—oo,x]) — 1/((—00733])

,J:GR}.

It is a standard fact that the Kolmogorov-Smirnov distance controls the integrals with respect to functions
with bounded variations, that is, for any v, u € P(R),

dis(u) =su { [ gan [ fav:|7lsv <1},

with ||f||pvy = sup > v, |f(zit1) — f(zi)|, where the supremum holds over all families (z;)1<i<m+1
with m € N such that 1 < o < ... < Xyy1. Since for any 1-Lipschitz function f supported on K,
[lfllBv = O(1), we deduce that

dic (Bpxy,0) = O(N~Y4),
From (1.100), we deduce that

: 1 —r
N1—1>r-1;-1<>c N IOg]P(d(/.LXN,U) >N ) = =00,

for any x < 1/4. O

We now give a proof of Proposition 1.5.41. It will be a direct consequence of Klein’s lemma (see [4,
Lemma 4.4.12]) and the following concentration of convex Lipschitz functions under p".

Proposition 1.5.43. Let p be a symmetric probability measure on R which has log-concave tails in the
sense that t — p(x : |x| > t) is concave, and which is sub-Gaussian in the sense that (1.44) holds. For
any lower-bounded convez 1-Lipschitz function f: R — R such that [ fdu™ =0 and any t > 0,

(o |f(2)] > 1) < 27T,

where B is numerical constant. One can take 5 = 1680e.
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Proof. By [63, Corollary 2.2], we know that there exists a numerical constant 8 such that p™ satisfies a
convex infimum convolution inequality with cost function A*(./8), where A* is the Legendre transfom of
A defined by,

Vo € R", A(f) = log / el dur (z).

Moreover, 8 can be taken to be 1680e. More precisely, for any convex lower-bounded function f : R — R,

(/efDA*(./ﬁ)d'un)(/effd'un) <1, (1.101)

where [0 denotes the infimum convolution operator, defined by

Nt -, 1+ (457

Since p is sub-Gaussian in the sense of (1.44), for any = € R",

1
A (z) > —||z|]?
OEEE

where || || denotes the Euclidean norm in R™. Therefore,

SOAN(./B)(@) = inf {f(y)+

1 2
Jeln m”y*fﬂ }

Assume f is L-Lipschitz for some L > 0. Reproducing the arguments of [57, section 1.9, p19] we have
for any x € R",

FON(/8)(a) 2 f@) + int { = Llly=all + g5y =l
> f(a) - 52 AL2

Thus, by (1.101) we deduce that

(fou)( o ra zeien

Assume now that f is 1-Lipschitz and [ fdu™ = 0. Using Jensen’s inequality, we get for any A > 0,
/fd/t” < 3fPAN

Using Chernoff inequality we obtain that for any ¢ > 0,

+2

p(z: flz) >t) <e 74,

Using the symmetry in (1.102) between f and —f, we get similarly that for any ¢ > 0,

+2

(s flw) < —t) < e TR,

which gives the claim. O
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1.5.7.2 A Uniform Varadhan’s lemma

Lemma 1.5.44. Let f : R — R such that f(0) = 0 and f(,/) is L-Lipschitz for some L > 0. Let
Mpy,mpy be sequences such that My = o(\/ﬁ) and my ~ N. Let g1,...,9m, be independent Gaussian
random variables conditioned to belong to [—My, My]. Let § € (0,1) and ¢ > 0 such that K~! <c < K
and 26 < K~'. Then,

1 >y (%) / x

— log Ee~i=t "\Ve/ 1| m _ — su { (—)dum —H(v H

N g | SN g2 —cN|<6N VGP([}MR’MND f NG (z) (v]7)
[x?dv=c

<gr,xk(N)+hr(0K),
where gr, k(N) = +00 as N — 400 and hy(x) = 0 as  — 0.

Proof. Let ¢ = 1/N and [y be the smallest integer such that (1+¢)~% < e. Define I;, = [—(1+¢)7l, (1 +
e)~l] and By, = {i: g; € I, }. For any k > —ly, we set

Ii={zeR:(1+e" ' <|z|<(1+e*} and By = {i: g € I;}. (1.103)

Let u; = |By|/mn. Let ko be the smallest integer such that (14 ¢)k0 > My. If g; € [~ My, My] for all
i, then for any k > kg, By = 0.

Lemma 1.5.45. On the event {| 31" g? — ¢cN| < 0N},

LS55 3 () 2 ),
i=1 k=—lo

where g1, i s function such that gr x(x) — 0 as © — Fo0.

Proof. As f(,/7) is L-Lipschitz, we have

1 & g o 1+ e 1 ; (1+e)*
o 27 () = 22 i (5 )\Smk;m&\f(%)—f( 7o)
<L S 14 O* (1= (14972

L _
+ Zu—lo(l =+ 6) Qlo'

Using the fact that (1 +¢)~% < ¢, we get,

1 KX,/ ko (1+€)* 3el ko
}72“7)_ > ukf( )IS—( > Mk(1+€)2k+1)
MmN 3 ve k=—lo Ve ¢ =Tt
But, on the other hand
1 mn ko
TN ST ST
i=1 k=—lo+1

Thus,

mn

ko myN
i 2 ()~ X (2001 < 0 PG L)

which, as my ~ N and ¢ > K~! gives the claim. O
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Let I ={-ly,...,ko} and Ly be the set,

Ly ={yeR ) y=1, Vk eI, myy: € N}.
kel

We know from [36, Lemma 2.1.6], that for any y € Ly,
(my +1)" e~ MmN Hlvmy) < P =y, Ve e I) < e—mNH(yI’)'mN)7
where n = |I| =1lp + ko + 1,

v(Ix)
Y([-Mn, My])’

H (Yl Y ) Zyklog )7 with 5, (k) =
kel

and I, = [(1+ )1 (1 +e)¥].
Let 1 = (ug)rer- There exists a function h. such that

ko
{c—6—hx(e) < Z (1+e)* u, <c+4d}
k=—lo
ko

C{\%g?—(ﬂﬂﬁdN}c{c_(Sg Z(1+€) k<C+5+hK()}

=1 k:*lo

and h.(e) — 0 as ¢ — 0. We introduce the sets

ko
Ay ={yeLly:c—6< Z(l—i—e) Yo < c+ 06+ hg(e)},
k=—lo
and
ko
_={yeLn:ic—06—hele) < Z(l—l—e)%ykgc—&—&}.
k=—lo

Using (1.104), we have for the upper bound,

+ok
N ) (;fvtz\rH(fJ\vmzv)7

k . k
REe™ Zkifzo ka((l-f—[ )]1u€A+ < Z MmN Zkiflo ykf((l
yEAL

whereas for the lower bound,

k (a+ok
EemN Zkoz_lo ltkf( NG )]lueA > mN + 1 Z emN Zk*—lo ykf(
yeEA_

Let y € A4 and define v € P(R) by v = ¢dy, where
Z ]]-:EGIk
k=—lo
With this notation, we have
H(ylymy) = H(v|y) —logy([=My, My]).
With the same argument as in Lemma 1.5.45, we also have as y € A,

3 nt (B Py - () avta)] < ().

k=—lo

9% = H ()

129

(1.104)

(1.105)

(1.106)

(1.107)

(1.108)
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and
c—6—hg(N) < /x%lu(x) <c+d+hg(N),

where g7 g (x) and hg(z) — 0 as  — +o0. From (1.106), we deduce that

1 ko (He)’“) my T

— log Ee™ Xk=-1 ”"'f( ve /1 < —= su / (—)du z) - H

v log peds S 3 S {7 7 (r) = H(vlv)}
| [22dv(x)—c|<8+hg (N)

1

N

log |[Ln| + gL,k (N).
But, |[Ly] < mR;, and n = |I| < C'log N, where C > 0 is a numerical constant, so that

1 log N)?
N10g|EN| SC%.

To complete the proof of the upper bound, one can check that as ¢ > K1,

sup ){/f(\%)du(x) — H(v]y)}

| [ @2dv(z)—c|<é+hk (N

X

< 2V av(z) - H + Gr.x(N) + hy(0K),

< o A H(Z)avta) = B} + a1k () + hi6K)
Jz2dv(z)=c

where hr(z) - 0asz — 0 and gr x(N) = 0 as N — +oo.
For the lower bound, fix v a probability measure on R such that v < v. We set ¢ = ey such that
M% /myen — 0, and we define I and By as in (1.103). Define, for k € {—lp +1,...,ko},

v = —— [mnv(Ti),
my

and y_;, =1— ZZ(’:_ZOH yr. We claim that for N large enough,
/xzdu(:r) =c=yecA_.

Indeed, one can check that on one hand

ko

> w0+ 0? [dvla) + &
k=—1lo
and on the other hand
ko 2772
1 M
> i+ > [ - LEIHY
P mye

Let [2%dv(z) € [c — 6+ hi(N), ¢+ 6 — hx (N)]. We obtain from (1.107),

(+ek

X k
i SRt (SF) 1 > (my + 1) e Do v f (B

log Ee ) e=mn H W) (1.109)

In the next lemma we compare H (y|vm, ) and H(v|y).

Lemma 1.5.46.
H(ylvmy) < H(vly) +on(1).
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Proof. By definition we have,

H(ylymy) = Z i log
k=—1o

+1og*y([ My, My)). (1.110)

Let f(z) = zlogx for z > 0 and f(0) = 0. We claim that

o<z <y, f(x) < fly)+(y—a) (1.111)

Indeed, either # > e~! and f(z) < f(y) since f is increasing on [e~!,+00). Either 2 < e~! and by
convexity,

f@) < fly) + f(2)(@ —y).

Since |f'(x)] < 1 we get the claim. Note that we have for any k > —lo,

1
v(Iy) — o SV < v(Iy),

and o+ 1
V(I*lo) <Yy < V(I*lo) + (;nN 0'
Thus we deduce from (1.111) that
W) € 3 <Ik>1og + 3 )~ + 900 yRoth )
e k=—lo k=—lo+1 mN ’ W(I*lo)mN
ko
V(Ik) 2(k0 + lo)
< v(Ig)lo + 4+ on(1).
k;g (1) log ) i ~(1)

We have ko = O(log(My)/en) and lop = O(log(1/en)/en). Since M% /myen — 0, we get

k
0 V(L) 20k +1o)
H(ylymy) < k;O v(Ix)log ’Y(IZ) + TOnN 2+ on(1).

Since f : x — zlogz is a convex function, we have by Jensen’s inequality

ko ko
v(Ik) 1 dV
Z v(Ix)log = Z YUk) f 7/ —log
k=—lo ’Y(Ik) k=—1o <7( ) Iy d’Y ]k
which ends the proof. =

Next, we claim that we can compare [ f(z//c)dv(z) and 37, yrf((1 + €)k/\/c).
Lemma 1.5.47.

| [ #(Z )t - 5 0d (F25) < g,
k=—I

where g1, k(N) = 0 as N — 4o0.

Proof. As f (\[) is L-Lipschitz, we have on one hand using the same argument as in the proof of Lemma

1.5.45,
ko

[ 1wt — 3 war(CE) | < ([t +1).

k=—lo
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Therefore,

F22)dv(z) — f: (1) (D0 < (v, (1.112)
Ve W Ve

where hr x(N) — 0 as N — 4o0o0. On the other hand, as |v(I) — yx| < 1/mpy for any k > —lp and
W(I-1y) = Y-1o| < (ko +lo)/mn, we get

y ki
o= v (ALY« L S5 gy g g Mol g o
k_z_:lo’(yk (Ik))f( 7 )‘ < onm k:§£+1(1+ P T (e,

where we used the fact that f(0) =0 and f(,/-) is L-Lipschitz. There exists a numerical constant x > 0
such that

ko
(14 ¢€)F kL (M2 ,
- < N

k; g — v (DL ( NG )< o ( (ko + k).

As M12v/mN — 0 and kg = O(log(My)/en) and Iy = O(log(1/en)/en), we deduce
ko +1

Gotlo) o o).

mn

Since we choose € such that Mf\,/mNeN — 0, we can conclude that

f: ‘(Z/k - I/(Ik))f((l j;g)k)’ <grx(N),
k=—lo

where g7, g (N) — 0 as N — +o00. Combining the above estimate with (1.108), we get the claim. O
Coming back to (1.109), using the results of Lemmas 1.5.46 and 1.5.47, we deduce

™V Z’,ﬁi,lo Mkf((ljr/%)k ) Lpea > (mN + 1)—nem1\1 J f(%)du(a:)*mNgL,a(N)eme(H(u\7)+oN(1))’

which gives at the logarithmic scale,

1 ma S p(ato® N
L oger S md (58 1,0, > %(/f(%)du(m) ~ Hh)) — (V).

where gr xk(N) — 0 as N — +o00. As this inequality is true for any v € P([—Mpn, My]), such that
[ 2?dv =c,

1 ko (He)k) my T
— log Ee™ Zr=-10 e ( ve /1 > su (/ (7>dy z) - Hv )
v log peAl Z N oswp f 7 () — H(v|7y)

[ x2dv=c

— g,k (N).



Chapitre 2

Convergence de la mesure empirique de
polynomes de matrices de Ginibre

Résumé du chapitre

Lorsqu’on s’intéresse non plus & une mais & plusieurs matrices aléatoires indépendantes X3, X%, -,
on peut alors regarder le comportement de la mesure spectrale du polynome Py = P(X%,X%,...).
Notons que dans ce cas le polynéme P est non-commutatif étant donné que l’on n’a pas nécessairement
X4 X4, = X4 X% En particulier,  I'instar du cas ot 'on prend un polynoéme en des variables aléatoires
réelles ou complexes indépendantes, on peut se poser la question suivante : La mesure limite de Py
dépend-t-elle uniquement de celles de XiV, X2, ... et si oui comment la décrire? Dans [69], Voiculescu
répond a cette question si P est un polynome auto-adjoint et les X% des matrices de Wigner. Dans ce cas
la mesure empirique de Py converge vers la mesure spectrale de P(sy, ..., $,) Ol $1, ..., S, sont des éléments
semi-circulaires libres d’un espace de probabilité non-commutatif. On pourra se référer & ’Annexe A.2
de cette thése ou a la section 5 de [4] pour se rappeler les liens entre matrices aléatoires et probabilités
libres. La question qui subsiste alors est : que se passe-t-il dans le cas ou P est non-hermitien ? Dans ce
chapitre, on apporte une réponse a cette question dans le cas d’'un polynéme P d’une certaine forme en
des matrices gaussiennes :

Théoréme 2.0.1 (Corollaire 2.3.3). Soit (X}V,...,X]]ﬁ,) un k-uplet de matrices de Ginibre complezes
indépendantes et P un polynome de degré 2. Alors la mesure empirique de P(X%, ..., X%) converge en
probabilité vers la mesure de Brown de P(cy,...,ck) 0t c1, ..., cx, sont des éléments circulaires x-libres d’un
W*-espace de probabilité.

Dans la section 2.1, on définit la mesure de Brown qui généralise la notion de mesure spectrale
a des éléments non-normaux d’un W*-espace de probabilité et on cherche & la calculer. Pour cela on
examine tout d’abord le probléme du calcul de la mesure spectrale d’'un polyndme auto-adjoint en des
variables non-commutatives libres et on expose une méthode algorithmique reposant sur la linéarisation
qui y répond. On généralise ensuite cette méthode pour pouvoir calculer cette mesure de Brown. Enfin
on expose les obstacles théoriques qui empéchent d’obtenir la convergence des mesures empiriques de
matrices aléatoires non-hermitiennes et les stratégies employées pour contourner ces obstacles.

Dans la section 2.2 on présente les résultats de la section 2.3, c’est-a-dire un résultat de minoration
pour les plus petites valeurs singuliéres d’un polynémes de degré 2 en des matrices de Ginibre qui permet
de démontrer la convergence des mesures empiriques de ces polynémes. Ce résultat s’appuie a la fois sur
la philosophie de linéarisation employée par Haagerup et Thorbjgrnsen et sur les preuve de résultat de
ce type sur des matrices a coefficients indépendants dans la veine de [61, 32]. Ces résultats sont tirés de
larticle en progrés [34].
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2.1 Mesure de Brown et matrices non-hermitiennes

2.1.1 Linéarisation et mesure spectrale d’un polynéme en des variables libres

Le probléme de la détermination de la mesure spectrale de P(z1,...,2,) o0 Z1,...,2, sont des va-
riables non-commutatives libres et auto-adjointes est lié & la théorie des matrices aléatoires. En effet si
(X% -y X¥) Nen une suite de n-uplets de matrices de Wigner indépendantes alors si P est auto-adjoint, la
mesure empirique de Py = P(X}, ..., X%) converge vers la mesure spectrale de P(s1, ..., 8,) OU 81, ..., Sy,
sont des variables semi-circulaires libres d’un C*-espace de probabilité. On pourra se référer a I’annexe
B ou a la section 5 de [4] pour un retour sur les liens entre matrices aléatoires et probabilités libres. Pour
étudier les propriétés du polynéme P, on le linéarise, c’est-a-dire que ’on construit une matrice dont les
coefficients sont des polynome de degré 1 en les X; liée & P et plus facile & étudier. Une linéarisation de
P € P est une matrice a coefficients dans P qui vérifie la définition suivante :

Définition 2.1.1. Soit P € P, on dit qu’une matrice M € M;11,41(P) est une linéarisation de P si les
coefficients de M sont de degrés inférieurs ou égaux o 1 et :

a u
u= )
ot a € Pyu€ My (P),v € Mi1(P),Q € M (P), Q est inversible et P =a —uQ v

Une linéarisation d’un polynéme P permet de relier le spectre de Py & celui d’une matrice linéaire
en les X} dont les propriétés sont plus faciles & étudier. Cette technique est utilisée par Haagerup et
Thorbjgrnsen afin de prouver le résultat suivant :

Théoréme 2.1.2. Soit (X4, ..., X¥)Nen une suite de n-uplets de matrices indépendantes du GOE ou du
GUE, P € C(X;y, ..., X,) un polynéme non-commutatif auto-adjoint et s, ..., s, des variables aléatoires
semi-circulaires libres d’un C*-espace de probabilité. Alors presque sirement :

i ([P(X Gy, XRI = (1P (51,0 80) oo
— 00

01 ||a||oe = limg_ o0 @(a?F)1/2k
L’idée de la preuve repose sur la linéarisation suivante de P définie par bloc :
0 W
Lp:= _I’iz
Vi1
Vd _Iid

ou V] € Ml,il(P)a Vi€ Mil,iQ(’P),-u,Vd € Mid,l('P) avec P = C<X1,...,Xn>, P = Vi..Vg et ou les
coefficients des V; sont des fonctions affines en les X;.
En posant pour A € C

on a la propriété suivante :
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La linéarisation permet de déduire du comportement des résolvantes (Lp(X3, ..., X%) — A(X)) ! le
comportement de A — (P(X 5, ..., X%) —\)~%

On va exposer dans cette sous-section une méthode de linéarisation qui permet de calculer la mesure
spectrale d’un polynéme P en des variables aléatoires non-commutatives libres. La linéarisation permet
pour étudier le comportement d’un polynéme de se ramener & I’étude d’une matrice dont les blocs sont des
variables aléatoires non-commutatives. Tout d’abord, la propriété de la linéarisation utilisée par Haagerup
et Thorbjgrnsen est en fait valable quelque soit la linéarisation de P qu’on prend. En effet, en posant
alors pour tout z € C A(z) la matrice :

z 0
Az) = (0 Iz)

on a alors la propriété suivante sur les "résolvantes" de M), et p :

Proposition 2.1.3. Soit p € P non constant, z € C et M, une linéarisation de p. Alors (A(z) —M)) est
inversible dans Mii1,1+1(Frac(P)) et (A(z) — M,)™1)11 = (2 —p)~! o Frac(P) est le corps de fraction
de P.
Si A est une C-algébre (unitaire) et ay,...,a, € A, en notant p = p(ay, ...,a,) et Mp = My(as, ..., an),
on a que (A(z) — M,,) est inversible si et seulement si z — p Uest et (A(z) — My)™')11 = (2 —p)~!
Cette proposition est en fait une conséquence directe de la formule du complément de Schur. On va

a présent montrer que tout polyndéme admet une linéarisation. Cette preuve tient aux deux observations
suivantes :

1. X, a la linéarisation (_01 1’) et le mondéme X;,,---,X;, a la linéarisation suivante :
X
X, -1

X;, -1

n

2. Si les polynomes R, S ont les linéarisations respectives @ , et a2 U2 ,alors R+ S ala
v Q1 ve Q2

linéarisation suivante :

a1 +az up U
vy Q1 O
U 0 @2

On peut donc linéariser n’importe quel polynéme non-commutatif en empilant les linéarisations des
mondmes.

Remarque 2.1.4. Cette méthode de linéarisation tirée de [14] est légérement différente de celle exposée
au début de la section employée dans [50]. Pour un polynome donné, il existe plusieurs linéarisations
possibles. Si cela n’a guerre d’importance dans l’algorithme que I’on va exposer, trouver une linéarisation
ayant de bonnes propriétés est crucial pour le résultat démontré dans la section 2.3.

Toutefois méme si P est hermitien, la linéarisation Lp ne I’est pas nécessairement. Or, pour pouvoir
utiliser certains outils de probabilités libres comme une généralisation matricielle de la R-transformée, il
est nécessaire d’utiliser des linéarisations qui soient elles-méme auto-adjointes :

Proposition 2.1.5. On rappelle que P = C(X1,---,X,,). Soit ¢ € P. Si q a la linéarisation (g u>

Q
alors
at+a* u v*
M = u* 0 Q*
v* Q 0
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est une linéarisation de q + q*

Si M, est une linéarisation de g, on peut donc I’écrire My = by ® 14+ b1 ® X1 + ... + b, ® X,, ol
bo, ..., bn € Mit1,41(C) ot pour m € My41,41(C),a € A, m®a est la matrice (m; ja); ; de Myyq1,41(A).

Ainsi, une fois que 'on dispose d’une linéarisation d’un polynéme P, pour obtenir la transformée
de Stieljes de la loi de P(sq,...,8,) ou s1,...,8, € A sont des variables semi-circulaires libres, il suffit
de connaitre la "transformée de Stieljes matricielle" de M =M p(al,...,ay), c’est a-dire la fonction
b= (p((b®14) — M);;))Me[l,lH] de Mi41,41(C) dans M;41,41(C) (ou ¢ est espérance).

Pour étudier ce type objet, on va étendre la théorie des espaces de probabilités non-commutatifs a
des espérances ¢ qui sont a valeurs dans une sous-algébre B C A

Définition 2.1.6. Un C*-espace de probabilité & valeurs dans B est un triplet (A, B,¢) ot A est une
C*-algébre unitaire, B C A une sous-algébre unitaire de Banach et o une espérance conditionnelle, ¢’est
a dire une application linéaire A — B complétement positive, préservant l'unité et telle que pour tout
a € ./4, bl, bg € B, ga(blabg) = blgp(a)bQ.

Dans ce cas pour x € A, on définit la distribution de x comme étant la collection des fonctions
multilinéaires mé”) définies de B" — B par mgn)(bl, ey b)) = @(b12bs...xby,).

Dans notre cas, si (A, p) est lalgébre qui contient s1,...s,, des variables semi-circulaires libres, on
prendra 'espace M;41 141(A) et B = M;11,41(C). Pour espérance conditionnelle, on prendra la fonction
Id ® ¢ c’est a dire la fonction qui a une matrice d’éléments de A associe la matrice des images des
coefficients par . Dans ce cas, on peut étendre la définition de la transformée de Stieljes de la facon
suivante comme fonction d’'un domaine de B dans B.

Définition 2.1.7. Dans le contexte de la définition précédente, on note pour b € B, b = (b+b*)/2,3b =
(b—0*)/(2i) et HY (B) = {b € B|Sb > 0} (ou l’on note b > 0 si B si b est positif et inversible). Si x € A,
on note G, la transformée de Stieljes de x a valeur dans H*(B) :

Go(b) = @((b—2)7")
F,(b) = G(b)~! Uinverse de la transformée de Stieljes et h,(b) = F,(b) — b

Enfin, pour étendre les résultats sur I'additivité de la R-transformée pour des variables libres, on a
besoin d’étendre la notion de liberté aux espaces de probabilité & valeurs dans B.

Définition 2.1.8. Soit (A, B, ) un C*-espace de probabilité ¢ valeurs dans B et Ay, ... A, des sous-
algébres contenant B. Ay, ...A,, sont dites libres par amalgamation sur B si pour toutl € N, iy, ...,4; € [1,n]
tels que i; # ij41 pour j € [1,1 — 1] et tout xx € A;, tels que p(zr) =0 on a

o(ry..w) =0

X1y .y Tn € A sont dites libres par amalgamation sur B si les sous-algébres B(x1), ..., B(x,) engendrées
par les x; et B sont libres par amalgamation.

En particulier dans notre cas, il est aisé de voir que si zq,...,x, € A sont libres et by,...,b, €
Mii1,41(C) alors by ® x4, ..., b, ® x,, sont libres par amalgamation sur B = My ;41(C). On a alors le
résultat suivant sur les transformées de Stieljes :

Proposition 2.1.9. [14] Soit (A, B, ¢) un C*-espace de probabilité & valeurs dans B et x,y € A auto-
adjointes et libres par amalgamation sur B, il existe w,ws deuz fonctions de H' (B) dans H'(B) Fréchet-
différentiables telles que :

1. QSw;(b) > Sb pour j =1,2 et b e H(B)
2. Pour tout b € HY(B), Fy(w1(b)) + b= Fy(w2(b)) + b = wi(b) + w2 (b)
3. Pour tout b € H'(B), Gy(w1(b)) = Gy(w1(b)) = Guiy(b)
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De plus pour b € H (B), w1 (b) est l'unique point fize de f, définie par

Yw € HT(B), fy(w) = hy(he(w) +b) +b
Enfin on a wy(b) = lim, o [ (w) pour tout w € HT(B) on f°" désigne les itérées de fp.

On peut voir ce résultat comme une généralisation de I’additivité de la R-transformée dans le cas
classique.

On peut alors répondre au probléme du calcul de la distribution de P(ay,...,a,) ot P est un poly-
nome auto-adjoint et ay,...,a, € A des variables non-commutatives auto-adjointes libres en appliquant
lalgorithme suivant (tiré de [14]) :

Etape 1 : On se donne une linéarisation auto-adjointe Mp de P et 'on écrit Mp = Mp(a,...,a,) =
b0®1,4+...+bn®an.

Etape 2 : Pour tout j € [1,n], on peut calculer la transformée de Stieljes matricielle de b; ® a; grace
a la distribution p; de a; du fait que

Gy, (0) = [ (b= th) iy (0) =l =+ [ (b= 10,)719(G (e + i)

e€—0 T

Etape 3 : Comme by®1, ..., b, ®a,, sont libres par amalgamation, on calcule la transformée de Stieljes
matricielle de Mp en se servant de la proposition précédente.

Etape 4 : Comme Mp est une linéarisation de P, on peut finalement écrire avec p = P(ay, ..., a,) et
z € C tel que Sz >0

Gp(2) = (G, (A(2))11 = Im (G, (Ae(2)))10

Ou :
Ac(2) = (Z idZ) € Hf (My41,141(C))

On a donc ainsi répondu a la question de la détermination de la distribution de P(ayq, ..., a,) et donc
a la question du calcul de la limite de la distribution empirique de P(Xy, ..., X%) pour X}, ..., X% des
matrices de Wigner dans le cas hermitien. Dans les deux sections suivantes on va s’intéresser au méme
probléme dans le cas oit P est non-hermitien.

2.1.2 Mesure de Brown

Par analogie avec le cas hermitien, dans le cas d’un polynéme non-hermitien en des matrices de
Wigner P(X},...,X%), on aimerait pouvoir dire que la suite des mesures empiriques converge vers la
mesure spectrale de P(sq,...,$y,) Ol 81, ..., S, sont des éléments semi-circulaires libres. Toutefois comme
P(s1,...,8,) n'est pas & priori normal, sa mesure spectrale n’est pas bien définie. On va donc d’abord
définir dans le cas d’un élément non-normal un analogue de la mesure spectrale, la mesure de Brown.
Pour cela on se placera dans le cadre d’'un W*-espace de probabilité, c’est-a-dire d’une algébre de Von-
Neumann munie d’une trace que ’on supposera fidéle et normale. On va également généraliser la méthode
de linéarisation précédente pour la calculer.

Définition 2.1.10. Soit (V,¢) un W*-espace de probabilité. pour x € V on définit le déterminant de
Flugede-Kadison de x par :

log A(x) = p(log(az"))

Si x n’est pas inversible, la notation précédente doit étre interprétée comme la limite de log A (xz) =
o(log(zx* + €2)) quand € — 0. On appelle mesure de Brown de = et on note u, le laplacien suivant :

1 [ 9 02

ot ce laplacien est pris au sens des distribution.



138 CHAPITRE 2. CONVERGENCE DE LA MESURE EMPIRIQUE

Etant donné que z — log A(x — z) est sous-harmonique, u, est bien une mesure et on peut de plus
montrer qu’il s’agit bien d’une mesure de probabilité (voir [25] ). Pour x un élément normal, on a par
calcul fonctionnel que log A(z — z) = [log|z — z|dv,(2) ol v, est la mesure spectrale de z et donc p,
coincide bien avec la mesure spectrale de . On peut de plus approximer pu, de la facon suivante. Pour
e > 0, on définit G, I'approximation de la transformée de Stieljes de la fagon suivante :

Geal(2) = p((z = 2)"((z = 2)(z — 2)" + )71

et le déterminant approché A. de la facon suivante :

log A, = p(log(zz* + €?))

On a alors la formule suivante pour approximer la mesure de Brown de =

1 92 52 10
Hew =5 (amzz + asz) log Acle = 2) = 75, Geal?)

On peut alors écrire :

[(ie z ) _ (O I):|_1_ —i€ ((zfx)(zfx)*JreZ)il (z —x) ((Z*Z')*(Z*.T)+E2)71
zZ  —ie z* 0 (z —x)* ((z—;v)(z—:zc)*—i—e%i1 —ie ((z—x)*(z—x)—&-ez)fl

De cette maniére, si ’on est capable de calculer la transformée de Stieljes matricielle suivante allant
de H* (M2 2(C)) dans HT (M3 5(C)) :

0e z\\ "
etao - (% )

on peut alors déterminer G. , en regardant le coefficient (2, 1). Ainsi, si x = P(aq, ..., a5 ) un polynoéme
non auto-adjoint, il suffit de linéariser la matrice :

(ot ey "57)

On peut a partir de ce point reprendre la méme méthode que dans le cas auto-adjoint et il suffit alors
de linéariser les "monomes" matriciels de la forme :

0 Ay ... Qg
gy oo Ay 0

puis d’empiler ces linéarisations.
Or, on peut écrire en posant

o 0 aj o aj 0
o=(o, )= (5 1)

0 Ay ...Qy; o *
(ail a ; ) = V1. Y5 XYY

On obtient alors une linéarisation auto-adjointe et on peut donc réutiliser les outils de la section
précédente pour calculer la transformée de Stieljes matricielle de

(ot ey 57)

en fonction des transformées de Stieljes des a;.
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2.1.3 Mesures empiriques de matrices non-hermitiennes

Tout d’abord, rappelons que les moments d’une variable aléatoire non commutative x qui n’est pas
normale ne permettent pas de définir directement une loi sur C étant donné que z et z* peuvent ne pas
commuter. Ainsi, si P, = P(X}%,..., X%) est un polynome non-hermitien en des matrices de Wigner,
on a la convergence de P, en x-moments, c’est-a-dire la convergence de la distribution non-commutative
de (P,, P¥) mais pas a priori la convergence de la mesure empirique de P,. Pire, il existe des suites de
matrices M,, convergeant en x-moments vers une variable aléatoire non-commutative normale M mais
telles que les mesures empiriques g7, convergent vers une limite p distincte de la mesure spectrale de p.
Prenons M,, la suite suivante :

1
0

On a alors que M,, converge en *x-moments vers un élément unitaire dont la mesure spectrale est la
mesure uniforme sur le cercle. Toutefois p157, = 0 pour tout n € N.

Pour démontrer des résultats de convergence de mesures empiriques d’une suite de matrices aléatoires
M, vers une certaine mesure u, on utilise alors la suite des potentiels empiriques hy : z — wa(C log |z —
wldpar, (w). Ces preuves procédent alors en plusieurs étapes :

1. On prouve que pour presque tout z € C, hy converge en probabilité vers une certaine fonction h.

2. On prouve qu’en probabilité, Ahy converge vers Ah au sens des distributions, c’est & dire que
pour tout fonction ¥ C*> & support compact, on a en probabilité :

N—oc0

lim /zec AY(2)hy(2)dz = /zec AY(2)h(z)dz

3. On identifie » comme étant le potentiel associé a la mesure p, ie. h(2) = [, _~log|z — w|d,(w)

Le point (1) est le plus technique et sa démonstration requiert des bornes sur le comportement des
petites valeurs singuliéres de z — M,,. En effet, on a

1 1 . 1 2
hn(z) = —=log|det(My — 2)| = == log | det((My — 2)*(Myx — 2))| = = log |z|dvi ()
N 2N 2 J.ec
oil v% est la mesure empirique de (My —z)*(My — z). Etant donné que les (My — 2)*(My — 2) sont auto-
adjoints, on peut alors utiliser une méthode des moments pour prouver que les v%; converge faiblement
en probabilité vers une famille de mesures (v*).cc. On veut alors prouver que :

1 [ 1 [
lim f/ log |z|dv (x) = 7/ log |z|dv®(x)
2Jo 2 Jo

N— 00

en probabilité. Comme log n’est pas une fonction bornée, la convergence faible ne permet pas de conclure
immédiatement, on a en particulier besoin de controéler le comportement de v}, prés de la singularité du
log en +00, ce qui est en général aisé car cela revient & borner en probabilité la norme de My, et en 0,
ce qui revient & regarder le comportement des petites valeurs singuliéres de My — z. C’est cette derniére
estimée qui est la plus ardue, et qui est en général la clé pour démontrer la convergence de la mesure
spectrale de matrices aléatoires. C’est grace a ce type d’argument que Tao et Vu prouvent le résultat
suivant pour des perturbations de matrices & coefficients i.i.d. [65][Corollary 1.15] :

Théoréme 2.1.11. Soit X une suite de matrices aléatoires dont les coefficients sont i.i.d., d’espérance 0
et de variance 1 et Ay une suite de matrices déterministes de rang o(N) et telles que supy N 2||An|[3 <
00. On pose My = Xy + An. Alors la mesure empirique de MN/\/N converge presque sirement vers la
mesure uniforme sur le disque unité.
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Le point crucial est la preuve que pour tout B > 0 il existe de A, C > 0 telles que :

Plomin(My —2) < N"4) < CON™B

Ol T ymin (M — 2) est la plus petite valeur singuliére de (My —z). On a en effet {omin(My—2) < N~4}:

/ log [z]dv (z) = / loglaldvi (x)
0

et on peut alors écrire :

| / log [z]dv () — / log |zdv* (2)| < Alog N sup |Fy(x) — F(z)|
N—A N—A

r€RT

ou F(z) = v*([0,z]) et Fx(x) = v%([0,]). Et il reste & montrer que sup,cp+ |Fn(z) — F(z)| = o(N~°)
en probabilité pour n’importe quel ¢ ce qui est possible grace au résultat de [12].

On peut déduire du comportement de la fonction potentiel i des propriétés sur la mesure limite pu.
C’est par exemple ce que font Guionnet, Krishnapur et Zeitouni dans [46] ot ils prouvent la convergence
des mesures empiriques pour des matrices du type UnyTnVn ou Uy et Vi sont des matrices de Haar
indépendantes, et ou les mesures empiriques des T convergent. Ils font de plus apparaitre a la limite
un phénomeéne de "single ring", c’est-a-dire que la limite p est & support dans une couronne du plan
complexe {z€ C:0<a<|z] <b<0}:

Théoréme 2.1.12. [46, Theorem 1] Soit (Un), (V) des matrices aléatoires unitaires de Haar indépen-
dantes et (Tn) une suite de matrices aléatoires diagonales réelles indépendantes de Uy, Vy telles que :

1. La suite des mesures empiriques [T, converge faiblement vers une mesure de probabilité © sup-
portée sur R

2. 1l existe une constante M > 0 telle que :

lim P[|[Ty || > M] =0
N—o0

3. Il existe une suite d’événements (Gy)nen telle que limpy_,o P[GS] = 0 et des constantes 6,0' > 0
telles que

E[]IGN (log 0'727,)2]lcrf,y<n*5] <¢
ot o, est la plus petite valeur singuliére de z — UnTN V.

4. Il existe des constantes k1, ko > 0 telles que :

ISE[Gur, (2)]] < k1 sur {z € C:3(z) > N™"}
alors, en posant Ay = UNTnVN, on a qu’en probabilité, pa, converge faiblement vers une mesure
de probabilité s qui vérifie les propriétés suivantes :

1. pa a une densité radialement symétrique pa par rapport a la mesure de Lebesgue sur C ot pa =
AL ([log|zldv®(x)) ou v = OB\, ot O et A, sont les symétrisées de © et du Dirac 6|, par
rapport a 0.

2. le support de pa est une couronne de la forme {z € C:a < |z| <b < oo} et a =0 si et seulement
si [272dO(z) = .

La conjecture suivante est formulée par Belinschi, Sniady et Speicher dans [15].

Conjecture : Si (X4,..., X%) est une suite de n-uplet de matrices de Wigner indépendantes et
P € C(Xy,...,X,). En posant Py = P(X},...,X%), on a que pp, converge en probabilité vers s, ou
p = P(s1,...,82) et s1, ..., 8, sont des éléments semi-circulaires libres.

Les résultats de la section 2.3 présentent dans un cas particulier une réponse affirmative a cette
conjecture.
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2.2 Présentation des résultats et perspectives

2.2.1 Présentation des résultats de la section 2.3

Dans la section suivante, on présente un résultat de convergence des mesures empiriques dans le cas
d’un polynome Py = P(GY, ..., G%) de degré 2 en des matrices de Ginibre (c’est-a-dire des matrices dont
les coefficients sont des variables aléatoires gaussiennes i.i.d.) vers la mesure de Brown de P(cq,...,cy)
ol ci,...,cp sont des éléments circulaires libres en *-moments (i.e ¢; = s9;—1 + iS2; Ol 1, ..., S, sont
des semi-circulaires libres). Pour ce faire on va comme dans [64] prouver que pour tout z € C, il existe
3,8 > 0 tels que :

Plowmin(z — Py) < N F] < N°F

Pour démontrer ce résultat, on va suivre 'esprit de la preuve de [61] qui prouve une borne similaire pour
des matrices Xy ayant des coefficients indépendants, de variance au moins 1 et de quatriéme moment
borné. La démonstration de notre résultat se décompose comme suit :

1. On réduit notre polynome sous la forme P = Zle R;S; +T ot les R; les S; et T sont des des
formes linéaires de rang k. On aura également également, en identifiant naturellement Vect(Xy, ..., X,,)
a Pespace euclidien R”, que les {R;} soit un famille de vecteurs unitaires orthogonaux. On peut
alors faire un changement de variables et remplacer les Ry, ..., Ry par Xi,..., X} en utilisant les
propriétés des vecteurs gaussiens.

2. On se sert de cette réduction pour linéariser P en une matrice L qui est (kK + 1)N x (k + 1)N.
On peut alors considérer cette linéarisation comme une matrice de N x N blocs (k+ 1) x (k+ 1)
indépendants.

3. En utilisant un argument d’incompressibilité similaire & [61], on se rameéne & l'obtention d’une
borne inférieure sur le déterminant det(Q?l)Ll.), ol L4 est le premier bloc de colonnes de L et
Q1) un systeme orthonormal de k vecteurs orthogonaux & I’espace des colonnes de la matrice L &
laquelle on a retiré les colonnes de L1,.

4. On remarque alors que comme (1) et L1, sont indépendants, conditionnellement & Q(1), la matrice
kxk Q?l)Ll. est un vecteur gaussien que ’on peut représenter sous la forme H= 4+ C ou Z est
un vecteur gaussien standard et C' un vecteur constant. det(Q’{l)Ll.) est donc un polynéme en
des variables gaussiennes. L’inégalité de Carbery-Wright stipule que pour tout polynome réel
f(g1, ..., gn) de degré d en des variables gaussiennes standard i.i.d. telles que Var(f(g1,...,gn)) = 1,
on a

supP(| £ (g1, .-, gn) — t| < 8] < C(d)5*/*
teR

Enfin, en écrivant f dans la base de Hermite, on peut écrire, si un des coefficients dominants de f
est égal & a que

Varf(gu, ..., gn) > c(d)|al?

Ainsi en écrivant det(Q’(*l)Ll.) sous la forme f(g1, ..., g,) il suffit de montrer qu’avec grande pro-
babilité au moins un des coefficients dominants de f est de I’ordre au moins de N ~¢ pour ensuite
prendre 6 = N~¢ avec « assez grand.

5. On calcule la matrice H et le polynoéme f explicitement. On a alors que les coefficients dominants
de f s’expriment comme des déterminants A;(Q) en les colonnes des blocs de Q) (o j décrit
un certain ensemble d’indices J). On veut alors prouver qu’il existe un a > 0 tel que I’événement
{Vj e J,A;(Q) < N~“} soit de faible probabilité.

6. De maniére générale, pour prouver que la probabilité que @ soit dans un certain ensemble £ est
faible, on procéde comme suit. On se donne pour § > 0 un J-réseau N'(d) de € pour la norme
euclidienne. En notant Lje les blocs des colonnes de la linéarisation L, on a par définition de Qi)
que Q’(*l)Lj. = 0 pour tout j > 2. On a donc
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PlQu) € E] =P[Q) € &,V > 2/|Q(1) Lje||2 = 0]

< > PV 22/|Q 7 Lyell2 < 8]+ O(e™N)
Q'eN(9)
N
< [Mp@®)| T PUIQ"Ljell < 8] + O(e™N)

Jj=2

Ot lon s’est servi du fait qu’avec probabilité 1 — O(e=¢V), la norme d’opérateur de la matrice L
est bornée, puis de fait que les L, sont indépendants. Pour borner P[||Q"*Lje||2 < &], on utilise
la borne d’anti-concentration suivante valable pour tout vecteur gaussien standard = dans C¢ et
toute matrice M € My 4(C) :

- (Ke)?
PIIME+Clls <€l < —————F—
52& [l o< e < det(M M*)

On peut alors écrire, si II est un projecteur orthogonal sur un espace de dimension d

PIQu) € &] < [M3(0)] sup {04
== RO P N det(ITH H-TH)

On a donc une compétition entre I’entropie de ’ensemble £ & travers le cardinal [Mg(0)] et la
(Co)?

. .
borne d’anti-concentration en Ter (M -

. Dans un premier temps, on cherche & minimiser la borne d’anti-concentration, c’est a dire qu’on

veut se ramener au cas ou det(HH*) > N —C1 pour un C7 > 0 arbitraire. Pour cela on fait une
disjonction de cas selon le rang effectif de H, c’est a dire ’entier maximum d tel qu’il existe un
projecteur I de rang d tel que det(ITHH*II) > N2, Pour chaque rang d < (k + 1)? fixé, on
constate alors que la borne d’anti-concentration bat ’entropie. C’est en particulier a cet endroit
de la preuve que sert crucialement la forme sous laquelle on a réduit P. Celle-ci donne en effet une
matrice H dont le rang est déja borné inférieurement a priori.

. S’étant donc ramené au cas d = (k+ 1)? maximal, on se sert des contraintes A;(Q) < N~ avec o

assez grand pour réduire ’entropie du §-réseau de facon a ce qu’elle soit de nouveau battue par la
borne d’anti-concentration. On prouve donc qu’avec probabilité 1 — O(e~Y) un des déterminants

A;(Q) est supérieur & N~“. On conclut alors en se servant I'inégalité de Carbery-Wright.

Une fois cette borne démontrée, on conclut a la convergence des mesures empiriques en utilisant la

stratégie exposée dans la section précédente.

2.2.2 Perspectives

Le fait de prendre un polyndéme de degré 2 permet de prendre une réduction qui, une fois linéarisée

donne H qui est a priori bien conditionnée, ce qui n’est pas automatique lorsque 1’on prend une linéarisa-
tion quelconque pour un polyndéme quelconque. Pour pouvoir espérer généraliser la méthode précédente
a d’autres polynomes de degré quelconque, trouver une linéarisation L qui puisse donner une matrice H
bien conditionnée est donc crucial.

Si ’on veut d’autre part pouvoir traiter le cas de polynomes en des matrices du GUE, autre obstacle

a franchir est alors le fait que la linéarisation d’un tel polynéme ne conserverait pas 'indépendance des
colonnes qui est centrale pour pouvoir affirmer que Q) est indépendant de L q,)-
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2.3 Lower bound on the smallest singular value for polynomials
of degree 2 in Ginibre matrices

2.3.1 Introduction

A central question in random matrix theory is the convergence of the empirical measure. The seminal
works of Wigner, Marschenko and Pastur answer this question in the case of Wigner matrices and
Wishart matrices via a moment method. For random matrix models involving several independent
Wigner matrices, Voiculescu showed that the theory of free probability gives powerful tools to understand
the limit of the empirical measure of a non-commutative polynomial in those matrices [69]. Indeed, if
XV, ..., XN are independent Wigner matrices and P is a non-commutative self-adjoint polynomial, then
the empirical measure of P(X{", ..., X) converges towards the spectral distribution of P(sy, ..., s,) where
§1, .++y S, are n freely independent semi-circular elements of a Von Neumann Algebra. The problem is more
involved in the case of a non-hermitian polynomial since the convergence in x-moments does not yield the
convergence of the empirical measure. In this case, the analogue of the spectral distribution for a non-
normal element of a Von Neumann Algebra is the Brown measure and the result one can expect for usual
matrix models is the convergence of the empirical measure toward the Brown measure of P(s1,...,s,).
There has been recent progress by Speicher, Mai, Belinschi and Sniady who found an algorithm that gives
such Brown measures using linearization techniques and subordination results [14, 15]. In the case of a
matrix with i.i.d coefficients this result is known as Girko’s circular law [42] which was proven in [44, 64].
In order to prove this kind of result, one needs to control the behavior of the smallest singular value of
(P — 2)(P — 2)* for almot every z. In this paper we prove such a result for a polynomial of degree 2 in
independent Ginibre matrices. Our proof uses the so-called linearization trick incepted by Haagerup and
Thorbjgrnsen in [50] and then we use the same ideas as in [61] and [32]. As a consequence, we will also
prove that the empirical measure of degree 2 polynomial in Ginibre converges toward the Brown measure
of the associated polynomial in free circular elements.

2.3.2 Staments of the results and overview of the proof
We recall the following definition of the complex Ginibre ensemble :

Définition 2.3.1. A random matriz X is a complex Nx N Ginibre matriz if the families (\/NSVE(XN)Z-,j)q;VjG[LN}
and (\/NS(XN)i,j)i,je[l)N] are independent i.i.d. families of random variables of law N(0,1/2)

We will prove the following lower bound for the smallest singular value of P(X{V, X2V..., XN).

Theorem 2.3.2. Let XV, X3 ..., X ben independent complexs Ginibre matrices and P € C(X1, X2, ..., XN)
a (non-commutative) polynomial of degree 2. For almost every z € C, There are 8 > 0 and ' > 0 such
that :

Plo(P(XY, s XY) = 2) < N7 = o(N#)
where o(M) is the smallest singular value of M.
From this bound, we will prove the following convergence result for the empirical measure

Corollary 2.3.3. With the notation of the preceding theorem, we have that the empirical measure of
P(XN, ..., XN) converges almost surely toward the Brown measure of P(cy,...,c,) where cy,...,c, aren
x-free independent circular variables of a W*-probability space.

The demonstration will proceed in the vein of [61] as follows. First in the section 2.3.4 we reduce P in
a way that will be useful later by maximizing independence. In section 2.3.5 we will use a linearization
trick similar to [50] to linearize z — P into a larger block matrix L(z) whose smallest singular value is
smaller than the smallest singular value of z— P. In section 2.3.6 we use the techniques of [61] to show that

it suffices to have a lower bound for the probability P ({| det(Qf;) (L1e(2)) < e} N{o(Q1) = N*Cl}),
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where (L14(2)) is a block of columns from L(z) and Q) a system of columns perpendicular to those
of L(z) where we removed (L14(2)).In section 2.3.7 we will prove via anti-concentration inequalities and
d-nets that we can restrict ourselves to the case where Q?l)Ll. conditioned on Q1) is a Gaussian vector
essentially of maximal range (that is that its covariance matrix is well-conditioned). Finally in section
2.3.8, seeing det(Q?l) (L14(2))) as a polynomial in Gaussian variable we will use Carbery-Wright inequality
to conclude.

The proof of Corollary 2.3.3 will be delayed to the last section and we will use Theorem 2.3.2 to prove
the convergence of the logarithmic potentials z — [log |z — w|dup, (w) for almost every z in probability
toward the logarithmic potential of the Brown measure and therefore deduce the convergence of the
measures in probability.

2.3.3 Notations

Note :
— We will say that a matrix depending on N is well conditionned if its smallest singular value is

greater than N~ for some « independent of N.
For A € M,,,»(C),b € M, ,(C), we will denote A ® B the following matrix of M, ;4(C) :

a17lB a172B ce a17mB

a271B a272B [P a27mB
A®B = . .

ana1B apn2B ... apmB

— C(X1,...X,) is the set of polynomials in n non-commutative indeterminates.
— o(M) denotes the smallest singular value of a matrix M.

2.3.4 Reduction

Lemma 2.3.4. Let n be an integer, X1, -, X, be independent Ginibre. Let P be a polynomial in
C(X1,...,X,) of degree 2. Then there exists two families of independent linear forms (R;)i<i and
(Si)i<k and a polynmial T of degree 1 or less such that

k
P:ZRiSiJrT.

i=1
Moreover, up to a unitary transformation for the variables X1, Xa, ..., Xy, we may assume that Vect(R;,i <
k) =C(X1, ..., X&), (R;) is orthonormal and the family (S;) is orthogonal.

In the sequel, given the orthonormality and the properties of Gaussian variables, we may and will
replace the R; by the X;.

Proof. Indeed, it suffices to show that if P is homogeneous of degree 2, it can be written as a sum
S | R;S;. But we can write
n
P(Xy,...,X,) = Z M XX
i,j=1
where M = UDV by the polar decomposition: U,V are unitaries and D is diagonal with entries given
by the singular values s of M in decreasing order. Hence

n n n

P(X1,...,X,) = Z Sl(z qui)(Z 01 X;)

=1 =1 j=1

Putting B, = > 1 uyX;, S = 5 Z;‘L:1 v; X yields the claim where k is the rank of the matrix M. [
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2.3.5 Linearization
Let us fix a degre two polynomial P

k
P:ZRiSi—&—T

i=1

Let us introduce the following (k + 1)N x (k 4+ 1)N linearization matrix

—2+T Rl Rk

S1 —Id --- 0

L(z) = . . ) .
S .

Lemma 2.3.5. For any complex z
IZ() " lop = lI(z = P) " lop

Proof. We use the Schur complement formula

v (28)-() ()

I

0

D-C T

145

)

with M = L(z) and observe that when we take the inverse, the block in position (1,1) is (z — P)~1. O

2.3.6 Reduction to invertibility of bounded-dimensional projections

We set D = k + 1. Then we can view L(z) = M (z) as an element of M p(Mn(C)) or My (Mp(C)).
We denote W; the vector space spanned by the jth column vector of the D blocks of M(z): these are the

column vector

Lje(2) = (Lji(2))1<i<pN, (LN+4,i(2))1<i<DN, -+ (LN(D-1)44,i(2))1<i<DN -

It is a subspace of CPV. Let Q) € Mpn,p be a matrix whose columns are an orthonormal basis of
the orthocomplement of W, the span of the (N — 1)D columns of L(z) outside Lj,, and independent of

Lje(%). Then, if o(M) denotes the smallest singular value of a matrix M,

Lemma 2.3.6. There exists a constant C < oo such that for any e > 0,

P(o(L(2)) < &) < exp{-N} + NP (| det(Qy (L1a(2)))] < 2(]2] + C)NY2).

Proof. Assume that o(L(2)) < ¢, then there exists ¢ € CP*" with norm one such that

[L(2)qll2 < e.

Writing ¢ = (¢1,-..,9n) and noticing that there exists a j € {1,..., N} such that ||g |2 > 1/v/N and
therefore

N

IL(2)all2 = 1Y Lis(2)gjll2 > Q7 Lye(2)as]l2 = o(QF (Lje(2))))/VN

j=1

whereas
| det(Q(j)Lje(2))| < 0(Q;)(Lje(2))IQF;) (Lje(2))]

Moreover,

Q%) (Lie(Nllop < IL(2)lop < (2] + 1) + B[ M]|op max || X; ][5,
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is bounded by some constant C' with probability greater than 1 — e~ for C big enough by the large
deviations bounds for ||X;||,p- Hence, for C' > 0 big enough

| det(Q{;) L (2))] < (C +[2)0(Qfj (Lja(2))) < CVNe
with probability greater than 1 — e~ . Hence we conclude that
N
P(o(L(2)) <€) < exp{~N} + 3P (1det(Q( (Lya ()] < &(]2] + CON'2)
j=1
and the result follows by symmetry. O

Hereafter we bound from above the probability of small determinant:

p="P (| det(Qy) (L1 () < ¢)
Let’s denote Q1, ..., @p the blocks of @y of dimensions N x D.
@1
Quy=| :
®@p
To this end we first restrict the set of Q; and show that )y is well conditioned in the sense that
Lemma 2.3.7. For all M finite, there exists C1 < oo such that uniformly on |z| < M,
P(o(@Q) <N ) <e ™
Proof. 1t is sufficient to show that if ¢ = (q1,...,¢p)

P (aq €Sy :llarll < N‘Cl) <e N (2.1)

where we recall that W is the span of the (N — 1)D columns of L(z) outside L;o. To this end recall that
q is so that ¢* is a left null vector of the DN x D(N — 1) matrix

t 71 e e Tk
T — 21y, RUY o .o RUY
s1 Oixnv—1 0 - 0
i “In.y 0 - 0
Sk 0 0
S,gl’l) 0 B

where M (11D ig the matrix M where we have taken out the first row and column and m denotes the first
row of M without its first coefficient. This implies that for £ > 2, if ¢ = (¢1,...,9p),

regi (1) + (@) B = (a0)p.n-

We deduce that, on the event that R, is bounded by C in operator norm, ||r¢||2 is bounded by C’ and
{llgrlla < N~=C1} 3
[(ge)z,nllz < N=9H(C + C7).

Moreover,
tgr (1) + > silg))(1) = —(@)pm (T = 2Iv_1) =3 (@) S0
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When 711, 51(171) are also bounded in operator norm by C, and t by C’, we deduce that
1> (silg)) ()] < (C+ [z )N~(C + C" +1)D.

Observe that the & x (N — 1) matrix with rows (s1,...,sp) has a smallest singular values bounded below
by ¢ > 0 with probability greater than 1 — e~ since its entries are independent Gaussian variables with
variance bounded below by s/N for some s > 0. Note that C and C’ can be chosen uniformly bounded
with probability greater than 1 —e~~. Hence, we deduce

max|q;(1)] < (C + [ )N~(C+ C" +1)D

and so with probability greater than 1 — e~ N/2

lgell2 < 2(C + |2|) N~ (C+C' +1)D

for all ¢, which is impossible for C; > 1/2.

The rest of the proof will be devoted to the bound of
p =P ({1 det(Qy)(L1a(2)] < £} N {or(@1) = N=}) . (2:2)

2.3.7 Bound on the probability of small determinant p

Recall
p=P ({ldet(@fy) (Lua(2))] < €} N {o(Q) > N=O1}).

We denote H the matrix

Q. 0 ... 0 M
0 Qi ... 0 M
H=|0 - 0 Q1 Mgy
0 0 -+ 0 Mo
0 -+ o 0 My

where M1 = Z?Zl 5i,iQj+1 +tiQ1 where S; = Z?Zl 5i,;X; and the ¢; are such that 7' =", 1; X;. (We
recall here we assumed without loss of generality that R; = X;).
We can see that :

Q1 Q1
. Q2 My
(S®IN) ) = .
Qr+1 M1
where
1 0 ... 0
_ tp s11 ot S1k
S =
tn Sp1 -.. Snk

)

In particular, since we have that the matrix (s; ;); ; is of maximal rank, so is S and so there exists a
left inverse W such that WS = Ij41. and so we have
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Q1 Q1
Q2 . M,
: =W ®In) : . (2.3)
Qr+1 M1

This expression will be useful later as it shows that fixing the columns and rows of the Q); is essegtially
the same thing as fixing the columns and rows of the M;. Let us identify Mj41 54+1(C) to RE+D™ with
the following application :

ci Co - Cl —
Ck+1
C1

With this definition, if = is a Nn vector of iid standard Gaussian variables, H*Z is a vector whose
entries have the same law as the entries of VNQ[,,(L1s(2)) after recentering by their mean. Let’s take

f : N* = R an arbitrary strictly increasing function such that for all » > 1, (f(1)+...f(r—1))/f(r) < 1/2
and f(1) = 1. Let’s denote col; the k(k + 1) 4 i-th column of H, V the span of the k(k + 1) first columns
of H and for iy,...i; < k+1, V(iy,...,4;) the span of V and the columns col;, , ..., col;,. for r =0, ...,k +1,
and € > 0 we consider the following subsets of possible matrices @,

Ap(e) := {Q| All the col; are at distance at most € of V'}

Ai(€) := {Q| One column col;, is such that dist(V,col;;) > € and the rest of the columns

are at distance at most ¢/® of V(iy)}

A (€) := {Q|There are r distinct indices i1, ..., 4, such that dist(V,col;;) > ) for every j <r
and Vi € [1,k 4+ 1\{iy, ..., i, }, dist(col;, V (i1, ..., i,)) < /TTD}

Ap11(€) := {Q|There are k + 1 distinct indices 41, ..., 1x41
such that dist(V,col;;) > 79 for every j < k+1}.

We will now bound for r = 0,1, ..., k the probability of {Q € B,.(¢)} where we define.
B,(e) ={Q € Ay(€),0(Q1) > N_Cl}'

We have
k41

p< 3P ({]det(@fy (Lie(2)] <} N {Q € Bo()).
r=0

Lemma 2.3.8. There is some v > 0 and ¢ > 0 such that if we take e < N77, for all r < k,

P({Q € B,(e)}) < eV,
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Proof. We let N,.(§) be a d-net of the set B,.(€). Recall that Q’(kl)(Li.(z)) = 0 for all 7 > 2. Hence

PUQ € B(2)}) =P ({Q € Br()} Masizw {1Qn)(Lia(2))]l2 = 0}).

We next introduce the d-net to fix @ and get uniformly on |z| < M :

P({QeBr(ﬁ)}) < Z P({HQ_Q/HQ §5} ﬁgSiSN {”Q’(kl)(L"(z))”Q S(SC}) +€_N
Q'eEN(5)
< Y P(xenlllQ) (L)l < 6CY) + e
Q'EN-(5)
- Z H]P ({”Q (1) (Lie)(2)[|2 < 56’}) +e N,
Q'EN.-(§

Where we used that the operator norms of the (L;,)(z) are bounded by C with probability O(e=%).
We next use the anti-concentration estimate for any fixed matrix M and Z a vector of iid standard
Gaussian:

2d
sup P(|MZ — wl]s < &) < —C9

e =)= et (MM (24)

Recall that ||Q'(1)*(L2.)(2)H2 = |H*Z + C||2 where C is a constant vector. Let’s consider Q' € N,.(d),
there exists k(k—+1)+r columns of H that are well conditionned. Let’s denote II the orthogonal projection

on span(ej l7€{1,....,k(k+1)} U{i1,...,3,}) where e; is the j-th vector of the canonical base. We have
that [|Q(;)" (L2s)(2 Y2 = |H'E + Clly < [TTHE + T3

P({IQ) (L)) <9C}) < P({IMHE+TC]2 < VNIC})
(C\/]V5)2(k(k+1)+r)

= (N1 f D+ F(r—1))2
If we choose § to be equal to /(") we have
(CV/N§)2k(kt1)4r)
({”Q(l (L2e)(2)[l2 < 50}) S (N —2k(E+1)C1 §(F(D+.+f (r=1))/£(r) )2

(Cfé) (k(k+1)+r)
= (N—k(E+1)C1)§

Now we will evaluate the cardinality of the d-net N,(d). For this, we will fix successively fix each
columns of H and count at each step how many choices we must make to d-cover the set of possible
columns and then by multiplying those choices we will deduce the cardinality of N, (§). We first need
to fix Q1, as it will fix the first k(k + 1) columns of H. It takes at most (1/6%) by entry so a total of
(1/6%)(E+DN We need then to choose among the remaining k+ 1 columns 7 that will be well conditioned
and then fix the entries of those columns. Due to (2.3), fixing these entries amounts to fixing the entries
for the corresponding columns of Qs, ..., Q4 1, for a cost at most (K/§2)"™*N. The remaining colums are
by construction at distance at most /(") = § of the span of the rest. So for each columns, we need only
a cost (1/62)(F(E+D+7) to fix the remaining columns. So we have the following bound on the cardinality
of N,.(9) :

1\ 1R Nk (B (k1) +7)
.0l < 8o ()

And so, we have :
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N—-1
> TP (e @l < 6ch)

Q'EN(6) 1=2

< NON) 1 (k+147k) N+ (k(k+1)+7) (CV/N§)2(k(k+D)+r)(N-1)
- 62 (N—k(R+1CL)§
< KNOW) OM+2((h=1)(k+1-1)=1/2)N

For r < k+ 1 we have that there exists some +,. such that if 6 < N77" the above bound is asymptot-
ically lower than e=V. So, if we choose € := N~ with v > ~,/f(r) we have the desired bounds.
O

And so it only remains to bound the probability :

P ({ldet(Qq))* (L1e(2))] < €} N{o(Q1) 2 N"} N {Q € Apa(N77)}) .

2.3.8 Gaussian polynomials calculus

To bound the former probability that determinants are small, we shall use that these determinants
are polynomial in Gaussian variables, for which we know generic results. We first have :

Lemma 2.3.9 (Carbery-Wright inequality). [27] Let (g1, ,gn) be iid standard gaussian variables and
let f be a real valued degree d polynomial with variance one. Then there ezists a finite constant C(d)
which only depends on d such that

supP (| f(g1,- .. gn) —t| <8) < C(d)5*/7.
teR

We therefore only need to bound from below the variance of the polynomials to conclude. To this end
we remark, by writing a polynomial in the Hermite basis that :

Lemma 2.3.10. Let (g1, - ,gn) be iid standard gaussian variables and let f be a real valued degree d
polynomial. Let a be the coefficient of one of the degree d monomials of f. Then there exists a positive
constant c(d) depending only on d such that

Var(f(g1, ... gn)) = c(d)]al*.

Fori=1,...,N and j = 1,...k + 1 let us denote vf the -th row of Q; and for j = 2,...,n + 1, wf the
i-th row of M;.

Lemma 2.3.11. Let 8 > 0. Let D(B) be the set of matrices Q such that there exists i1, ...,ix € [1, N]
distinct and je [1, k],such that :
AJ

01,82, 050

1 1 1, j+1 -
L= det(vy s v v W] y>NF

sy Uiy ij

or such that there exist iy, ...,i, 1511 € [1, N] distinct and j € [k + 1,n] such that :

j ,_ 1 1o, g+l -
A i ipingy = etV v w] ) > N B
then for B large enough and any 3", there exists some 3’ > 0,

sup P det(Q7;)(L1e(2)))] < N=7] = o(N~7"),
QeED(B)
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Proof. Recall that we can represent Qfl)(Ll.(Z)) as a vector H*Z + C.
We may write Z* = (g1, ...g&» 93, -, g +). When we compute det(Q(;)(L1e(2))), we have

det(Qf1(Lia(2))) = NE2det(3 ghof + ey 3 gbol + e, 3.3 glwi ™ + ).
1 l j=1 1

Where cy, ..., c; are some constants depending on Q.

By expanding and looking at the term in gill...(ggj)Q...gf;c, for distincts iy, ...,7% € [I,N] and j < k
we realize that it is equal to the determinant A] ; . Idem if we look at the term g} .....gf g/, | for
distincts 41, ...,9x41 € [1,N] and j > k we realize that it is equal to the determinant Agl,@,.,,,zﬂl- And
so, if any of those are > N, we have that Var(det(Q’(*l)(Ll.(z)))) > KN—%,

By using Carbery-Wright, we have that :

Clk+1
P det(Q’(kl)(Ll.(z))” <¢< c((kil))NﬁH/zel/(kH)'

By taking e < N~(+D("+6+1/2) e have our result.

Let us look at :
P ({1det(Qf)(Lia(2)] < £} N {0(Q1) = N™C} 01{Q € A (N} {Q € D(3)}) -
Since @ and Li4(z) are independant, this probability is bounded by

sup B ({1 det(@fy) (Lre(2)] < ) N {o(@1) 2 N™} n{Q € Ara(N7)})
QED(v)
which is a o(Nfﬁl) if e = N=7 for § large enough.
Now we will it remains to bound :

P ({1det(Qfy)(La (=) < £} N {0(Q1) = N™C}N{Q € A (N} N{Q € D(B)Y)

Lemma 2.3.12. For (3 large enough :
P ({1 4et(Q7y) (L1e ()] < £} N {0(Q1) = N} N {Q € A (N} n{Q € D(B)}) < e

Proof. By using the same method as before, we can use a d-net on the set {Q : 0(Q1) > N~} N
Ar+1(N77)ND(B)°. Here the anticoncentration gives us a bound in :

NO(N)52(k+1)2N

Let Mg(8) be a d-net of {o(Q1) > N~} N Ap1(N-7) N D(B)¢ and let’s bound the cardinality of
M(9). Since Q1 is well conditioned, we can suppose that v1, .., v} are such that o(Qy,[1,5) > N2 for
some Cy > 0 where Q1[5 is the matrix Q; where we extract the k first rows.

Let i/ be such that the 7/ + 1-th row of S is non-null, we then have w;l+1 = Y iernn si’lvéﬂ + tiry10}.

Then if i’ < k , for every v, if |Ali/,z,..i’—l,j,i/-s-l...,k‘ < N~# for N large enough, then

1. either dist(vj, span(vy,. ol ey vp)) < N-B=(k=1)C2)/2

cey Ugry

2. or dist(w?“, span(vi,...,v})) < N~ (k=1)C2)/2,
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And so, if we take § > N~(F=(-=1)C2)/2 4nce we have fixed vl for i € [1,k +1],j € [1, k], for each j > k,

either (1) and then we have a cost of 0(1/52)(’6“)2*2 to pay in order to fix all the v since v} lies in a

space of dimension k — 1 or (2) and then we have a cost of O(1/62)((**1)*~1) gince the non-trivial linear

-/ .
combination w; 1 of the v; lies in a space of dimension k.

If k+1 < 4 < n, since the columns v{, ..., v}, are well conditionned. We have that dist(w;/ﬂ, span(vi, ..., vt

N—(B=kC2) "and N large enough. We are therefore back to (ii).
In total, the cardinality of the net is at most NO)O((1/62)N((x+1)*~1)) and is beaten by the anti-

concentration bound.
O

Putting both previous bounds together, we have proved the following proposition :

Proposition 2.3.13. For any 5" > 0, we can find some B8’ > 0, such that :
P ({14et(Qu)* (Lua ()] < N7} 1 {0(@1) = N} 1 {Q € A (N)}) = o(N ")

Using this proposition in conjunction with Lemma 2.3.7 and Lemma 2.3.8, we have :

Proposition 2.3.14. For any 5" > 0, we can find some 5’ > 0, such that :
P ({\ det(Q))" (L1e(2))] < N“’/}) = o(N~8").

Finally, using 2.3.6 we prove our result.

2.3.9 Proof of the Corollary 2.3.3

We let for z € C v¥ = p(zry—Py)(2In—Py)* Where p4 is the empirical measure of A. Here are our
the steps of the proof:

1. For almost every z € C, we will prove that v} converges weakly in probability towards some
identifiable probability measure v~.

2. Using our lower bound in Theorem 2.3.2, we will show that for alomost every z € C, in probability
J In|z|dvi (x) converges toward [ In|z|dv*(x).

3. We will prove that in probability, z — [ In|z|dvi (x) converges in L' toward z — [ In|z|dv®(z),
and therefore in the sense of distribution pp, converges toward .

Proof of (1). We can write X; = Y1 +iZ; where Y}, Z; are independent GUE matrices. So (zI,,—P,)(zI,—
P,)* is a self adjoint polynomial in GUE matrices. Following the convergence in law of independent GUE
matrices toward free independent semi-circular elements, we have that v3, converges in probability toward
the law v, of (z — P)(z — P)* where P = P(cy, ..., ¢c,) where ¢y, ..., ¢, are free circular elements. O

Proof of (2). The subtlety resides in the fact that log is not a bounded function. There is M > 0 such
that imy_, o P[||Pn|| > M] = 0. Given that v% converges weakly in probability towards v?, it suffices
to prove that for every §,6’ > 0 there is 1 > € > 0 such that :

limsupIP’H/ log xdvi (z)] > 8] < &
0

N —oc0

Denoting Gy = {||Px|| < M,a(z — Py) > N~P}, it suffices to show that

lim limsupE[]lgN/ |log z|dvy (2)] = 0.
0

=0 Noo

Indeed by Markov’s inequality :

k

) <



2.3. SMALLEST SINGULAR VALUE 153

Bllg, [y |logz|dv;(x)]
5 :

Pllg, / |log zldvi (x) > 8] <
0

If we choose 0 < a < B we can write :

€ N8 N—“« €
/ log zdv(z) = / log zdv(z) + / log zdvi (z) + / log zdv; (z).
0 0 —a

N-8
On the event Gy the first term is obviously 0 and the second term is bounded by SN ~%log N, so we
only need to find a > 0 such that :

€

lim sup E[| log xdvi (x)|] < 4.

n— 00 N—«

Denoting 72 = E[v7], g the Stieljes transform of v* and g,, the Stieljes transform of 7Z, we will prove the
following lemma :

Lemma 2.3.15. There exist ¢1,C,Ng > 0 and 1 > co > 0 such that for N~ <n <1 and N > Ny :
S(gn(in)) < Cn~

We postpone the proof of this lemma to the end of this section. This lemma implies that 7 ([—z, z]) <
223(gn (ix)) < 20z~ for © > N—°1.
Denoting F,(z) = vZ([0, z]) we have for a < ¢; et e < 1:

E[ log zdvy, (z)|] = 7/ log xdvy, ()

/.
= /NA iFn(I)dI — log(e)Fx (€) + log(N~®)Fy(N~9)

|
< 2/ —Fy(x)dz — 2log(e)e! = + 20N ~*17¢2) og(N~9)

N-a &
<20 2 dx — 2log(e)e! = + 20N ~17¢2) Jog(N~9)
N—o
1—02
< 2C’16 — 2log(e)e! 72 4+ 20N ~1=c2) Jog(N~)
“

And so lime_,0 limy o0 B[] [ o log zdvi (z)]] = 0.

So, denoting hn(z) := [log|z|dvi(x) and h(z) = [log|z|dv*(x). We have that for almost every
z € C, hn(z) converges in probability towards z. O
Proof of (3). We can write :

() =27 [ toglz = wldpp, (u)
we

and since v* is the spectral measure of (z — p)(z — p)*, by definition of the Brown measure :

h(z) = 27r/ log |z — w|dp,(w)
weC

where p = P(ci,...,c2) and p, is the Brown measure of p,. Let K C C a compact. Since the
support p, is included in {z : |z| < ||p||} and on the events Ay = {||Pn|| < M}, up,’s support is in
{z : |z| £ M} and noticing that the functions z +— log|z — w| are uniformly bounded on L?(K) for
w such that |w| < max{M,||p||} , we have that the family (hx1 .4, )nen and h, viewed as functions of
Q x K endowed with the measure P® Leb (where (2, T, P) is the ambient probability space) are uniformly
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bounded in L?(2 x K,P ® Leb). Therefore if we prove that hx1 4, converges in measure toward h, we
will have convergence in L*(2 x K,P® Leb). But for every § > 0, we have by dominated convergence :

lim Plllayhn(z) —h(z)| >8] =0

N—o0 zeK

where we used the convergence in probability of hy toward A for almost every z € C. Therefore we have

lim E[lay|hn(z) —h(2)]] =0
N —oo 2eK

that is
lim IE[]IAN/ lhn(2) = h(2)]] =0
N—oo

zeK
Therefore, in probability hy converge toward h in L'(K, Leb) and so pp, = Ahy converge toward f, in
the sense of distributions on K. Again, taking K that contains the support of p, and pp, , we have the
convergence in the sense of distribution implies the weak convergence and the result is proved. O

It remains to show the lemma 2.3.15

Proof of the lemma 2.3.15. We will use two results. The first one is [62, Theorem 1.1], mainly point (6)
which has for consequence that the Stieljes transform G- of v* behave on {2|3z > 0} like C(ry(2))* /2P for
some C € C, k,p € N near 0 where r; is the standard determination of the I-th root and so Sg(ie) < Ke?
for some ¢ € Q and K > 0. Then following [62][Corollary 1.2], since v* has no atoms, we have that
g > —1. We will now use [4][Lemma 5.5.4]. We have that for N~° < Sz < 1 and N large enough :

9() = 9w ()] < 3

Sz)es

And so, for 1 > Sz > N—m@{2/es.ei}and N large enough |g(z) — gn(2)| < 1. Combining those
results, we get lemma 2.3.15 O



Annexe A

(GGrandes déviations

Dans cette annexe, on fait quelques rappels sur la théorie générale des grandes déviations. Pour des
preuves plus détaillées des résultats de cette section, on pourra se référer au livre [36].

A.0.1 Définitions et premiers résultats

Une fois que I'on a prouvé une loi des grands nombres pour une suite de variables aléatoires (X n)nen,
c’est-a-dire un résultat de convergence du type limy P[Xx € V,] = 1 pour tout voisinage V, d’un certain
point x donné, il est naturel de vouloir aller plus loin. Une direction possible est un résultat central
limite ot l'on prouve la convergence en loi de f(N)(Xy — z) ou limy f(N) = +oco. Par exemple si
les Xy = Sy/N ou Sy est la somme de N variables réelles i.i.d de variance finie 02, le résultat bien
connu donne la convergence en loi de v/N(Xy — E[X]) vers une gaussienne N(0,02). Mais plutot que
de "zoomer" prés de la limite & la bonne échelle pour observer un comportement non trivial, une autre
direction possible pour raffiner la loi des grands nombres est de quantifier la probabilité que Xy soit
éloigné de sa limite. Un exemple simple est par exemple le cas ot Xy = Sy /N ou Sy est une somme de
gaussiennes centrées indépendantes. Xy est alors une gaussienne de loi N(0,0%/N) dont la densité est
x + Nexp(—Nz?/(20%))/v/270 et pour z dans R on a heuristiquement :

P[Xy ~ 2] = exp (—N (;:2 + 0(1)>>

On dira alors que la variable Xy vérifie un principe de grandes déviations de vitesse N et on appelle
T — % la fonction de taux.

A partir de cette heuristique, on donne une définition de ce qu’est un principe de grandes déviations
en toute généralité :

Définition A.0.1. On se place dans (X,T) un espace topologique. Soit I : X — [0,00]. On dit que T
est un fonction de taux si I est semi-continue inférieurement ( i.e pour tout o € [0,00], I71([0,]) est
fermé). On dit que I est une bonne fonction de tauz si pour tout o € [0, 00[, I71([0,a]) est compact.

Soit (un)Nen une suite de mesures de probabilité sur (X,B(T)) ot B(T) est la tribu des borélien. On
dit que (LN ) Nen Vérifie un principe de grandes déviations de vitesse v(IN) et de bonne fonction de taux
I si:

1 0]
YO ouwvert de X, on a — inf I(z) <lim infoguiN()
el Nooo  o(N)

1 F
VF fermé de X, on a — ;ggl(x) > li]{[njctlop(%

155
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Dans la définition précédente, on appelle la premiére inégalité la borne inférieure de grandes déviations
et la seconde inégalité la borne supérieure de grandes déviations. Commencons par énoncer un résultat
d’unicité sur la fonction de taux. On rappelle qu'un espace topologique est dit Haussdorf si pour tout
x,y distincts, il existe des voisinage de z et y disjoints et qu’un espace topologique est dit régulier si pour
tout fermé F et tout point = ¢ F il existe deux ouverts O; et Oy disjoints tels que z € Oy et F C Os.

Proposition A.0.2. Si uy vérifie un principe de grandes déviations avec vitesse v(N) pour deux bonnes
fonctions de taux I et J et que (X,T) est Haussdorf et régulier, alors I = J.

Souvent, le degré de généralité de cette définition la rend peu pratique en particulier concernant la
borne supérieure qui peut porter sur des fermés trés "gros". On introduit donc une définition intermédiaire
plus faible o 'on restreint la borne supérieure sur les compacts :

Définition A.0.3. Soit (un)nen une suite de mesures de probabilité sur (X,B(T)). Supposons que tout
les compacts de (X, T) soient dans B(T). On dit que (un)Nen vérifie un principe de grandes déviations
faible de vitesse v(N) et de fonction de tauz I si la borne supérieure est vérifiée pour tout compact K tel
que sup,c i I(x) < 0o et si la borne inférieure est vérifiée pour tout ouvert.

Pour pouvoir traduire un principe de grandes déviations faible en un "vrai" principe de grandes
déviations, on a donc besoin de controler a l’échelle exponentielle la mesure py(K€) pour de grands
compacts K.

Définition A.0.4. Soit (in)Nen une suite de mesures de probabilité sur (X,B(T)). On dit que (un)NeN
est exponentiellement tendue (pour la vitesse v(N)) si pour tout M > 0, il existe un compact Ky tel
que :

1
li 1 K¢ -M
msup s og(un(Kjy)) <

Pour les suites de mesures exponentiellement tendues qui vérifient un principe de grandes déviations
faible on a alors le résultat suivant :

Proposition A.0.5. Si (un)nen est exponentiellement tendue pour la vitesse v(N) et vérifie un principe
de grandes déviations faible pour la fonction de tauz I, alors I est une bonne fonction de tauz et (un)Nen
vérifie un principe de grandes déviations avec (bonne) fonction de taux I.

En pratique on utilise souvent la caractérisation suivante, qui ne requiert de regarder le comportement
de puy que sur des voisinages des points de X :

Proposition A.0.6. Soit A une base de la topologie T, si on on a pour tout x € X [’égalité :

1 1
sup —limsup —— log un (A ] = sup {— liminf —— log un (A }
AcAlzeA N v(N) “) AcAjzeA N v(N) )

Alors (un) vérifie un principe de grandes déviations faible avec pour fonction de tauz I définie :
I(x)= sup [— lim sup b log ,uN(A)]
AcAlzeA N v(N)
Par exemple, pour vérifier ce critére dans un espace métrique, il suffit de vérifier que pour tout € X" :
lim lim sup L log pun (B(z,0)) = lim lim inf L log un (B(z,0)) = —I(x)
6—~0  n  v(N) i—»0 N w(N)

Si 'on dispose d’un principe de grandes déviations pour une certaine suite de mesures de probabilité
X et d’une fonction continue de X dans ), alors on peut énoncer un principe de grandes déviations pour
les mesures images.
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Théoréme A.0.7. Soit (X, T) et (¥, T') deux espaces topologiques Hausdorff et f : X — Y une fonction
continue. Soit I : X — [0, 00] une bonne fonction de tauz. Alors la fonction I' : Y — [0, 00] définie par :

I = inf I(x
) z€X|f(z)=y (@)

est une bonne fonction de taux. De plus si I est la bonne fonction de taux associée a un principe de grandes
déviations d’une suite de mesures de probabilité (un) N, alors la suite des mesures images (f*un)n vérifie
un principe de grandes déviations de bonne fonction de taux I'.

A.0.2 Lemme de Varadhan et lemme inverse de Bryc

Une des principales applications du principes de grandes déviations est 1’étude du comportement
asymptotique des intégrales de Laplace du type [ e"™)?(@)dyy(z) ot ¢ est continue.

Proposition A.0.8 (Lemme de Varadhan). Soit (un)n satisfaisant un principe de grandes déviations
avec bonne fonctions de taux I et @ une fonction continue de X satisfaisant la condition suivante :

1
lim limsup log E[ev(N)cp(XN)

A P Lotxmpzu = —o0

et la condition de moments suivante pour un v > 1 :

1
lim sup —— log E[e"?(M)¢(XN)] « oo
sup s log [ ]

Alors

1
lim —— log E[e?N)¥(Xn)] — oy z)—I(x
Jim o log | = sup () - I(2)

(o6 la loi de X est pun).

On peut voir ce théoréme comme une extension de la méthode de Laplace pour les intégrales réelles.
Une version inverse du lemme de Varadhan permet de démontrer que, si ’on connait le comportement des
intégrales de Laplace pour suffisamment de fonctions ¢, on peut obtenir un principe de grandes déviations

pour pn :

Proposition A.0.9 (Lemme inverse de Bryc). Soit (un)nen une suite de mesures de probabilité sur
(X,B(T)) exponentiellement tendue et telle que pour tout f € Cy(X) la limite suivante existe :

1
- lim —— v(N) f (@)
Ay A}gn o )log/e dun(x)

alors (uN) Nen satisfait un principe de grandes déviations avec pour bonne fonction de tauz :

I(z) = sup {f(z)—As}
FECy(X)

A.0.3 Théoréme de Cramer et théoréme de Sanov

On va a présent citer deux résultats classiques de la théorie des grandes déviations : le théoréme
de Cramer qui porte sur la somme renormalisée de variables aléatoires i.i.d. dans un espace vectoriel
topologique et le théoréme de Sanov qui porte sur la mesure empirique d’une suite i.i.d. de variables
aléatoires.

Tout d’abord on se fixe u une mesure de probabilité borélienne sur (X,7) un espace vectoriel topo-
logique réel Hausdorff et localement convexe et on définit pour A € X* une forme linéaire continue sur
X

AN = log/ N dy
X
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et A*, la transformée de Fenchel-legendre de A c’est-a-dire la fonction définie sur X par :
A*(z) = sup ((A,z) = A(})) € [0, 0]
Aexs
On peut alors énoncer le théoréme de Cramer :
Théoréme A.0.10 (Théoréme de Cramer). Soit (X;)ien une suite de variables aléatoires i.i.d. de loi p

@ valeurs dans un espace vectoriel topologique réel (X,T) Hausdorff localement convexe. On pose uy la
loi de (X1 + ...+ Xn)/N. On suppose :

1. 1l existe E C X fermé et convexe tel que u(E) = 1 et tel que & muni de la topologie induite peut
étre muni d’une distance qui en fait un espace polonais.

2. L’enveloppe convexe fermé de tout compact K C £ est compact.

Alors (un)Nen vérifie un principe de grandes déviations faible de vitesse N, avec fonction de taux A* et
de plus pour tout ouwvert convere O C X,

.1 . .
hmﬁloguN(O) = fwnelg/\ (x)

Un corollaire du théoréme précédent est le cas de variables aléatoires & valeurs dans R"

Corollaire A.0.11. Si X = R?, (un)nen vérifie un principe de grandes déviations faible avec fonction
de tauz A*. Si il existe un voisinage V de 0 tel que supycpn A(X) < 00, (Un)Nen vérifie un principe de
grandes déviations avec bonne fonction de taux A*.

De plus dans ce cas les formules donnant A et A* se trouve simplifiées par le fait qu’on peut identifier
X* a R et (.,.) au produit scalaire usuel.

On peut voir ce résultat comme une simple spécialisation du théoréme de Cramer général. Sous des
hypothéses plus fortes, on peut néanmoins le démontrer de maniére beaucoup plus élémentaire. On donne
ici une démonstration succincte dans le cas ot Dy = {6 € R"|A() < oo} = R™ et supp(p) = R™ (le
support de p est R™ tout entier). La démonstration fait entre autre apparaitre de maniére plus claire
lorigine de ’expression de A*.

Démonstration. On se donne (X;);en une suite de variables aléatoires i.i.d. de loi p vérifiant les hypothéses
précitées. On pose S, = X1 +... + X,
Tension exponentielle : Notons pour z € R, |d|; := Y, |2;|. On a

exp(|zf1) < Z (exp((z, €:)) + exp(—(z, e:)))

K2

ot les e; sont les vecteurs de la base canonique. On a donc :
Elexp(|Sn )] < Z (Elexp((Sn €i))] + E[exp(—(Sn, €:))])
En utilisant le caractére i.i.d. des X;, onza Elexp({Sh,8))] = E[exp({X1,6))]™ d’ou :
Elexp(|Sa /)] < Z (Elexp((X1, €:))]" + Elexp(— (X1, €:))]")
En passant au log et a la limite on a : Z
limnsup % log E[exp(]Sy|)] < miaX{A(ei),A(—ei)} < 400
On pose C := max;{A(e;), A(—e;)}

P[|Sn/n| > M]exp(nM) < Elexp(|Sn])]
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Et en passant au log,

1
limsup — logP[|S,/n| > M| < C - M
nooon

On vérifie alors la tension exponentielle en prenant M assez grand
Borne supérieure :
Soit K un compact de R™. Pour tout # € R™, on a par l'inégalité de Markov

P[|Sn/n — x| < 8] < e~ Mtv-ei<s D Elexp((9, Sn))]

Prenons 6 tel que (0, z) — A(f) > A*(z) — e. On peut alors choisir 6 > 0 tel que minj,_z<s(6,y) >
(0, 2) — €, on a alors du fait que E[exp((6, S,))] = Elexp({8, X1))]™ :

%logPHSn/n —z| <) < —(0,z) + A(0) + e < —I(x) + 2¢

On a bien )
lim lim sup — log P[|S,,/n — x| < §] < —I(x)
6—0 n n

Borne inférieure :

Commencons par remarquer que I'hypothése que supp(u) = R™ implique que pour tout 6 € R™,
il existe A € R tel que A(z) > (0,z) + A pour tout z € R™. On en déduit que pour tout z € R,
0 — A(0)— (0, z) tend vers +o0o quand |f| — co. De cette facon comme 6 — A(0)— (0, x) est différentiable,
il existe un point critique 6y de cette fonction qui vérifie donc ﬁA(GO) = . Or, on a en calculant le gradient
sous l'intégrale que

6/\(90) _ E[X; exp({6o, X))]
Elexp((00, X))]

On pose alors P% la mesure définie par rapport & P de la maniére suivante :

de%  exp({fo, Sn)) H _exp({00, X))
dP JE[GXP(WO, Sn>)]

Comme la densité de cette nouvelle est un produit de la méme fonction en les X;, ceux-ci restent i.i.d.
sous la nouvelle mesure et leur moyenne est donc VA(fy) = x. On a alors par la loi des grands nombres
pour tout § > 0 lim,, P%[|S,,/n — 2| < 6] = 1. On a de plus

E[1s, /n—z|<s exp({fo, Sn))]

Elexp((6o, Sn))]
< PlSn/n — x| < 8] exp(n((fo, ) + 05(1)))]
B Elexp((fo, X1))]"

Po[| Sy /n — x| < 0] =

(ot 05(1) désigne une quantité qui tend vers 0 quand J tend vers 0).
En passant au logarithme :

1 1
~logP[|Sy/n — | < 8] 2 —logP[[S,/n ] < 8]+ A(6o) = ({fo,) + 03(1))
et donc

lim lim inf 1 log P[|Sn/n — x| < 8] > A(Oy) — (0o, ) > —I(z)
=0 n n

et la borne inférieure est vérifiée O
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L’esprit de cette preuve est trés similaire a la démonstration des résultats des sections 1.3 et 1.4,
excepté qu’au lieu des transformées de Laplace E[exp((#, S,))] on utilise les intégrales d’Itzykson-Zuber
E.[exp(Nb{e, Xne))].

Enfin, un autre résultat classique de grandes déviations est le théoréme de Sanov concernant la mesure
empirique donnée par une suite de variables i.i.d.. On se fixe ici ¥ un espace Polonais et p une mesure
de probabilité sur X.

Théoréme A.0.12 (Theoréme de Sanov). Soit (X;);cn une suite i.i.d. de loi . Pour N € N, on définit
Yy = (0x, + ... + 0xy)/N. Soit un la loi de Y. Alors pn vérifie un principe de grandes déviations
sur P(X) l’ensemble des mesures de probabilité boréliennes muni de la topologie faible de vitesse N et de
bonne fonction de tauz H(.|n) donnée par :

J flog fdu si X est absolument continue par rapport a p et f = %

H(\p) =
(Alw) {+oo sinon

La quantité H(\|u) est aussi appelée entropie relative de A\ par rapport a v ou déviation de Kullback-
Leibler. On peut voir le théoréme de Sanov comme une simple application du théoréme de Cramer sur
Pespace des mesures (signés) de masse finie muni de la topologie faible et £ est ’ensemble des mesures
de probabilité.



Annexe B

Probabilités libres et matrices aléatoires

B.0.1 Espaces de probabilités non-commutatifs

On peut ramener 1’étude de la convergence de la mesure empirique d’une matrice de Wigner a ’étude
de la convergence des moments de cette mesure. Ce probléme est donc équivalent a la question : quelle est
la limite des moments N ~1Tr(X% ) ? Dans le cas des matrices de Wigner, ils convergent vers les nombres de
Catalan qui sont les moments de la mesure semi-circulaire. Mais cette question peut étre généralisée au cas
d’un n-uplet de matrices de Wigner indépendantes : si (X}, ..., X %) est un tel n-uplet, vers quelle quantité
converge NflTr(X}GX}e...X};}C) ol iy, ...,7, € [1,n]? Pour capturer le comportement asymptotique de ce
types de quantités et en particulier le caractére non commutatif des matrices en question, on va faire
appel aux outils de la théorie des probabilités libres. Les liens entre matrices aléatoires et probabilités
non-commutatives ont été mis au jour par Voiculescu dans [69]. Les résultats de cette sous-section peuvent
étre trouvés notamment dans [4][section 5].

Théoréme B.0.1. Soit (X%, ..., X)) un n-uplet de matrices de Wigner indépendantes et iy, ...,i € [1,n].
N7ITr(X3...X ) converge vers o™ (X, ... X)) 0w o™ est une forme linéaire sur l’espace des polynomes
non-commutatifs.

Tout comme les moments de la loi semi-circulaire, les U(”)(Xi1 ...Xi, ) peuvent se comprendre de facon
combinatoire de la maniére suivante : si 'on donne a chaque entier j de [1,k] la couleur i;, on peut
regarder NCs(i1,...,4) I'ensemble des partitions paires sans croisement P qui respectent la coloration
de [1, k], c’est a dire telles que si {a,b} € P alors i, = ip. On a alors o (Xiy - Xip) = #NC (i, .oy ig).
Cela est & comparer au cas des moments joints d’une famille de gaussiennes indépendantes ot l'on a la
méme formule excepté que les partitions paires peuvent avoir des croisements.

Dans la suite on note C(X7y, ..., X,,) l’algébre des polynémes non-commutatifs dotée de I'involution
* qui est définie sur les monémes par (2X;,...X;,)* = 2X;,...X;,. La forme linéaire ¢(™) vérifie de plus
que 0™ (1) = 1 et o™ (PP*) > 0. Elle a donc des propriétés similaires & I’espérance vue comme forme
linéaire sur un certain espace des variables aléatoires. Dans cet esprit on va introduire la notion d’espace
de probabilité non-commutatif :

Définition B.0.2. Un espace de probabilité non commutatif est un couple (A, ¢) ot A est une C-algébre
unitaire et ¢ une forme linéaire sur A telle que (1) = 1. Ses éléments sont appelés des variables aléatoires
non-commautatives.

On va & présent définir la loi d’un k-uplet de variables aléatoires non-commutatives :

Définition B.0.3. Soit ay,...,ax € A des variables aléatoires auto-adjointes non-commutatives d’un
espace de probabilité non commutatif. La loi de (ay, ..., ax) est la forme linéaire g, ... a0, sur C(Xy, ..., Xj)
définie par :

k

/'l’al,-«~7ak(P) = @(P(a'lv "'7ak))
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On dit que la suite a™ = (af,...,a}) de k-uplet de variables aléatoires auto-adjointes non-commutatives
converge en loi vers un k-uplet a = (ay, ..., ax) si pan (P) cnverge vers pq(P) pour tout P.

La encore dans le cas des probabilités classiques, cela revient & caractériser la loi d’une variable
bornée par ses moments. On introduit ensuite la notion de C*-espace de probabilité non-commutatif (en
rappelant d’abord la notion de C*-algebre) :

Définition B.0.4. Une C*-algébre (A, |.||,*) est une triplet ot (A, ||.||) est une algébre de Banach et *
est une application semi-linéaire qui vérifie

1. (ab)* =b*a*

2. (a*)*=a
3. lla*l = lJal
4. |laa*[| = |al?
Une forme linéaire ¢ sur (A,||.||,*) est un état si p(e) = 1 (o e est ’élément neutre de l’algébre) et

p(aa*) > 0. Un C*-espace de probabilité (A, ||.||, *, ) est une C*-algébre munie d’un état . Si ¢ vérifie
de plus p(ab) = p(ba) pour tout a,b € A, on dit que ¢ est une trace.

On dit de plus que a est auto-adjointe si a = a* et a est normale si aa* = a*a. Par comparaison
avec le cas des probabilités classiques cette approche revient & aborder la théorie des probabilités en
étudiant 1’algébre des variables aléatoires complexes bornées sur un certain espace de probabilité et a
munir cette algébre de 'espérance E. La structure supplémentaire apportée par les C*-algébres permet
d’utiliser entre autres les outils issus du calcul fonctionnel La remarque suivante permet de faire le lien
entre loi non-commutative et la loi d’une variable aléatoire dans le cas classique.

Remarque B.0.5. Sia est une variable aléatoire non-commautative auto-adjointe dans un C*-espace de
probabilité, le calcul fonctionnel donne un isomorphisme de C(sp(a)) dans A qui & une fonction f associe
f(a) € A. On a en particulier une forme linéaire A\, de C(R) dans R donné par A\.(f) = ¢(f(a)). Aa
est positive et \,(1) = 1. Ainsi par le théoréme de représentation de Riesz, il existe une unique mesure
de probabilité p sur R telle que N\(f) = [ fdu. Ainsi, pour tout polynéme P, ¢(P(a)) = pqo(P) =
| P(a)du(x).

Ainsi la loi d’une variable aléatoire non-commutative auto-adjointe est bien une mesure sur R. Voici
quelques exemples de C*-algébres :

1. Probabilité classique : Si (2, T, 1) est un espace de probabilité et A = L>°(Q, T, u) 'espace des
variables aléatoires complexes bornées alors (A, ||.||oc, 2 — Z,E[]) est un C*-espace de probabilité .
En particulier dans ce cas, les éléments de A commutent et pour une variable aléatoire réelle X, la
loi de X définie dans la cas classique est bien la méme que celle définie dans le cas non-commutatif.

2. Matrices : Pour tout n € N (M, ,(C),||.||,*,n"1Tr(.)) (ot ||.|| est la norme d’opérateur sur
Pespace euclidien classique) est un C*-espace de probabilité. La loi de M hermitienne est la somme
renormalisée des Dirac en ses valeurs propres.

3. Matrices aléatoires : Si (2, T, 1) est un espace de probabilité, n € Net A = M,, ,(L=(Q, T, i),

alors (A, ||.|[, *,n1E[Tr(.)]) est (ot ||.|| est la norme d’opérateur subordonnée & la norme hermi-
tienne ||.||2 sur (L*(Q, T, u))"™ donnée par ||X||3 = E[||X]||?,.;]) est C*-espace de probabilité. La

loi d’une matrice aléatoire hermitienne M est la moyenne des mesures empiriques de M i.e E[us].

4. Algébre de Von Neumann : Soit H est un espace de Hilbert et B(H) l'algébre de Banach
des opérateurs bornés de H pour la norme subordonnée & la norme hilbertienne. On dit qu’une
x-algébre A C B(H) qui contient l'identité de H est une algébre de Von Neumann si elle est
fermée pour la topologie faible (c’est-a-dire la plus petite topologie qui rend continue la famille
d’applications & — (x, y) pour x,y € H ). Si ¢ est un état sur A qui s’écrit p(§) = (u, {u) pour un
certain vecteur u € H alors on dit que (A, ||.||, ¢) est une W*-espace de probabilité. En particulier,
il s’agit d’'une C*-espace de probabilité. On reviendra plus tard plus en détails sur cet exemple.
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On a de plus la condition suffisante pour qu’une certaine forme linéaire sur C(Xjy, ..., X,,) soit la loi
d’un n-uplet de variables aléatoires non-commutatives auto-adjointes dans un C*-espace de probabilité.

Théoréme B.0.6. Soit a une forme linéaire sur C(Xq,...,X,) telle que a(l) = 1, a(PP*) > 0 pour
tout P et telle qu’il existe R € R* tel que pour tout ] € N et iq,...,4 € [1,n]

lo(X;,...X;,)| < R!

Alors il existe un C*-espace de probabilité tel que « est la loi d’un n-uplet d’éléments aq,...,a, auto-
adjoints

Remarque B.0.7. Si la notion de C*-algébre donne accés aux outils du calcul fonctionnel et permet
de définir f(a) pour f une fonction réelle continue bornée et a un élément auto-adjoint, la notion de
W*-espace de probabilité nous permet d’aller plus loin. Si T est un opérateur auto-adjoint de B(H) , le
théoréme spectral nous donne une résolution de lidentité x : B(R) — B(H) telle que :

T:/RAdX()\)

On peut alors définir f(T) comme étant [, f(N)dx(X) pour toute f mesurable bornée et la mesure spectrale
de T est pox = (u, x(.)u). La notion de W*-espace de probabilité permet donc de faire du calcul borélien
sur les variables aléatoires non-commutatives. En particulier, il est possible d’utiliser la notion d’opérateur
affilié et la théorie des opérateurs non-bornés dans ce contexte pour étudier des variables aléatoires non-
commutatives non-bornées ainsi que leurs lois. On peut définir des analogues des espaces LP dans le cas
non-commutatif.

On va & présent énoncer un résultat de représentation de C*-espaces de probabilité. Cette construction
montre que I’étude d’'un C*-espace de probabilité peut en fait se ramener & celle d’'un W*-espace de
probabilité :

Théoréme B.0.8 (Construction de Gelfand-Naimark-Segal). Soit o un état sur une C*-algébre unitaire
(A, |].]], %) engendrée par une famille dénombrable {a;};c; d’éléments auto-adjoints de A. Alors, il existe
un Hilbert séparable (H,(.,.)), = : A — B(H) un x-morphisme faisant décroitre la norme et & € H tels
que :

1. {m(a)t1 : a € A} est dense dans H.
2. En posant v (x) = (1, 2&1) pour x € B(H). Alors pour tout a dans A :

a(a) = ¢a(m(a))

3. La loi non-commutative des {a;}icr dans le C*-espace de probabilité (A, ||.|[,*,a) est égale a la loi
des {m(a;)}icr dans le W*-espace de probabilité (B(H), vq ).

4. Soit W*({a; }ier) Ualgébre de Von-Neumann engendrée par les {m(a;)}icr. Si « est une trace, alors
la restriction de o ¢ W*({a;}icr) est aussi une trace. Celle-ci vérifie de plus les deux propriétés
suivantes :

— g est fidéle, c’est-a-dire que pour tout x € W*({a; ticr), @o(zz®) = 0 implique que x = 0.
— o est normale, c’est dire que que pour tout treillis (ag) monotone décroissant vers 0, on a
limg @a(ag) =0

B.0.2 Liberté et R-transformée

Dans ce cadre des probabilités non-commutatives, la notion d’indépendance se généralise en la notion
de liberté :
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Définition B.0.9. Soit (A, p) un espace de probabilité non-commutatif et Ay, ..., A des sous-algébres
de A. On dit que Ay, ..., Ay, sont libres si pour toutl € N, iq,...,4; € [1,k] tels que i1 # ia,...,ix—1 7 ik €t
tout ay, ..., a; tels que aj € A;; et p(a;) =0 :

p(ay...a;) =0

Les variables aléatoires non-commutatives (X1, ..., Xi) sont dites libres si les sous-algébres qu’elles en-
gendrent sont libres.

La encore, cette définition est & comparer avec I'indépendance dans le cas des probabilités classiques.
Dans le cas classique, on a que X1, ... X} sont indépendantes si et seulement si pour toutes fonctions conti-
nues bornées fi,..., fi telles que E[f;(X;)] = 0 on a E[f1(X1)...fr(Xk)] = 0. A l'instar du cas classique
dans lequel la loi d’'un k-uplet de variables aléatoires indépendantes ne dépend que des marginales, on a
la propriété suivante :

Proposition B.0.10. Si ay,...,a, € A sont des variables aléatoires non-commutatives auto-adjointes
libres, alors la loi du n-uplet ne dépend que des lois de ay,...,a, € A.

Cette proposition peut se démontrer par récurrence sur le degré des moments joints en remarquant
que pour tout [ € N, iy, ...,4 € [1,k] tels que i1 # ia,...)ip—1 # i €t P1,..., P, € C[X],on a:

((P(aiy) = p(P(ai,)))-(Plai,) — (P(ai,)))) = 0

On peut alors obtenir les moments joints de az, ..., a, en fonction de moments de degré plus petit.
Cette notion de liberté permet de décrire plus précisément la loi ¢(™ qui apparait dans le théoréme
B.0.1:

Proposition B.0.11. La loi 0\ dans le théoréme B.0.1 est la loi de n variables libres chacune de loi
semi-circulaire.

Au matrices de Wigner du théoréme B.0.1, on peut également ajouter des matrices constantes qui
convergent en loi :

Théoréme B.0.12. Soit (X4, ..., X%) une suite de matrices de Wigner indépendantes et (DY, ..., D)
une suite de matrices constantes telles que la loi du k-uplet (DY, ..., D%;) dans (My n(C),||.||,*, N~1Tr)
converge une certaine loi non-commutative up. De plus on suppose :

1
D= sup —Tr(IDN Y < o
i€[1,k],leN,NeN

Alors on a :

1. La loi iy de (X%, ..., X%, DX, ..., D%) dans lespace (Mpyxn(L%()), N~ E[Tr.]) converge vers
la loi pv de (s1, ..., Sn, (d1, ..., di)) O S1,..., Sp €t (di,...,dg) sont libres, la loi de chacun des s; est
une semi-circulaire et la loi du k-uplet (dy,...,dy) est up.

2. Presque sirement, la loi iy de (X%, ..., X%, D%, ..., DX,) dans Uespace (M« n(C), N~1Tr) converge
vers .

On peut également comprendre la loi limite p en utilisant la notion de dérivée non-commutative sur
Panneau de polynéome A = C(Xy, ..., X,,, D1, ..., Di). Pour tout 7 € [1,n], on définit dx, : A > AR A
comme ’application linéaire définie sur les monomes ¢ par :

Ox.4= Y, Q®g

q1,92
a=q1 X;q2

On a alors la caractérisation suivante de la mesure p :
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Proposition B.0.13. En reprenant les hypothéses du théoréme précédent, la loi p est caractérisée par :

1. VP,Q € A, u(PQ) = n(QP)
2. Vie[l,n|,VP € A, u(X,;P) = p® p(0x, P)
3. VR € C(Dy, ..., Dy}, u(R) = pup(R)

Les équations précédentes sont souvent appelées équations de Schwinger-Dyson. La encore, on peut
les comparer au cas gaussien classique. En effet si X est une variable gaussienne standard et si f est une
fonction C! telles que |f| et | f’| soit bornée par un polynome, on a :

E[X f(X)] = E[f'(X)]

L’utilisation de ces équations de Schwinger-Dyson ne se limite pas au cas de la distribution limite de
matrices de Wigner. Elles décrivent également la distribution limite pour des matrices de Haar indépen-
dantes (voir [4, Theorem 5.4.10]) et pour des modéles avec potentiel. Ainsi la notion de liberté permet de
décrire complétement la distribution limite d’un polyndéme en des matrices de Wigner. On va & présent
exposer les outils classiques utilisés pour déterminer la distribution de la somme de deux variables libres.

En d’autres termes si a et b sont deux variables aléatoires non-commutatives auto-adjointes de lois
respectives p et v, on cherche a déterminer la loi de la somme a 4+ b. On notera cette loi  H v et on
I’appelle la somme libre des lois p et v.

A Tinstar de la théorie des cumulants en probabilité classique, il existe une théorie des cumulants
non-commutatifs :

Définition B.0.14. Soit (A, @) un espace de probabilité non-commutatif. Il existe une collection k, de
fonctions multilinéaires de A™ dans C telle que pour tout ay,...,a, € A :

ola...an) = Z H ki(ai,, ..., a;)

weNC(n) {i1,.--ij}em
i1<...<4;

ot NC(n) est l’ensemble des partitions sans croisements de [1,n].

La propriété suivante est ’analogue de la propriété des cumulants classiques dont ’annulation carac-
térise I'indépendance :

Proposition B.0.15. Soit (A, p) un espace de probabilité non-commutatif et Ay, ..., A,, des sous-algébres
de A. Alors Ay, ..., A, sont libres si et seulement si pour tout | € N, iy,...,4; € [1,n] et iy # is... £ i; et
ai,...,a tels que aj € A;; -

kl(al, ceey al) =0

On peut alors démontrer la relation suivante pour les cumulants d’une somme libre :

Proposition B.0.16. Soit a et b deux variables aléatoires non-commutatives libres. En posant ky(a) =
kn(a,...,a) on a :
kn(a+b) = kp(a) + kn(b)

Comme le logarithme de la transformée de Fourier-Laplace qui caractérise la loi dans le cas classique
et dont les coefficients dans le développement en série entiére sont les cumulants, on construit la R-
transformée d’une loi i de la fagon suivante grace aux cumulants non-commutatifs :

Définition B.0.17. Soit a une variable aléatoire non commutative de loi u, on note R, la série entiére
suivante :

+oo
R, (z) = Z kn(a)z™
n=1

Cette série est la R-transformée de la mesure u
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On déduit alors naturellement de la proposition précédente que pour toute mesure de probabilité u, v,
on a (au moins au sens des série formelles) :

RyEEu =R,+R,

Il reste maintenant & donner une expression de R, directement en fonction de u. Rappelons que si u
est une mesure de probabilité, sa transformée de Stieljes G, est définie pour z € C en dehors du support
de u par :

Gul) = [ dutt)

z—1

On note K, son inverse formel en + oo, c’est & dire la fonction telle que G, (K,(z)) = 2, on a alors
que K, est de la forme :

1 oo
K,(z) = - + Z Cpz" 1
n=1

On a alors la résultat suivant :

Proposition B.0.18. Si i a un support compact, les C,, sont les cumulants non-commutatifs de p et :

On a donc un moyen de calculer la somme libre pHv. En particulier on a que la R-transformée d’une
mesure semi-circulaire de variance o2 est :

Ry(2) = 0%z

La somme libre de deux semi-circulaires est une semi-circulaire dont la variance est la somme des deux
variances. La semi-circulaire est donc un analogue non-commutatif de la loi gaussienne.
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Résumé :

L’un des principaux objets d’étude de la théorie des matrices aléatoires est le spectre de matrices
dont les coefficients sont des variables aléatoires et dont la dimension est grande. Dans cette these,
on s’intéresse a deux questions concernant le spectre de matrices aléatoires : les grandes déviations
de la plus grande valeur propre et la convergence de la mesure empirique.

En dehors des cas ot les coefficients sont a distributions gaussiennes ou a queues lourdes, peu de
principes de grandes déviations sont connus en théorie des matrices aléatoires, tant pour la mesure
empirique que pour la plus grande valeur propre. Dans la premiere partie de cette these on présente
une série de principes de grandes déviations pour la plus grande valeur propre des matrices de
Wigner, de Wishart et des matrices a profils de variance ayant des coefficients dont la distribution
vérifie une borne sous-gaussienne.

Dans la seconde partie de cette these, on s’intéresse a la convergence de la mesure empirique pour
des polyndémes de matrices aléatoires. Dans le cas de polyndmes auto-adjoints en des matrices de
Wigner indépendantes, les travaux de Voiculescu permettent de voir la limite de la mesure empirique
comme la mesure spectrale d'un polynéme en des éléments semi-circulaires libres. Toutefois dans le
cas général, il est nécessaire d’avoir un controle sur les plus petites valeurs singuliéres pour conclure.
On présente un tel résultat pour le cas particulier d’'un polynéme de degré 2 en des matrices de
Ginibre ainsi que la preuve de la convergence de la mesure empirique.

Mots-clé : Matrices aléatoires, grandes déviations, plus grande valeur propre, mesure de Brown,
polynoéme de matrices aléatoires.

Abstract :

One of the main objects of random matrix theory is the spectrum of matrices of large dimension
and whose entries are random variables. In this thesis, we concern ourselves with two questions :
the large deviations of the largest eigenvalue and the convergence of the empirical measure.

Apart from the case of coefficients with Gaussian or heavy-tailed distributions., few large de-
viation principles are proved in random matrix theory, for the empirical measure or the largest
eigenvalue. In the first part of this thesis, we prove a series of large deviation principles for the
largest eigenvalue of Wigner matrices, Wishart matrices and matrices with variance profiles with
coefficients whose distributions satisfy a sub-Gaussian bound.

In the second part of this thesis, we examine the question of the convergence of the empirical
measure of polynomials of random matrices. In the case of self-adjoint polynomials in independent
Wigner matrices, thanks to the results of Voiculescu, we can see the limit measure as the spectral
measure of a polynomial in independently free semi-circular elements. But in the general case, it is
necessary to control the smallest singular values in order to conclude. We present such a control for
polynomials of degree 2 in Ginibre matrices and we prove the convergence of the empirical measure.

Keywords : Random matrices, large deviations, largest eigenvalue, Brown measure, polynomial
in random matrices



