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Introduction

La théorie des matrices aléatoires a aujourd'hui de nombreuses rami�cations à la fois en mathéma-
tiques (probabilités libres, aspects combinatoires, physique statistique, ...) et en dehors (ingénierie des
télécommunications, physique quantique, ...). Les matrices aléatoires sont pour la première fois étudiées
par Wishart dans les années 1930 dans [78] puis elles ont réémergé dans le années 1950, motivées par la
modélisation statistique d'atomes au noyaux lourd [76]. C'est au début des années 1960, sous l'impulsion
de Wigner, Dyson, Mehta et leurs co-auteurs que les fondements de la théorie des matrices aléatoires sont
jetés [60].

Cette théorie connaît de nombreux développements en particulier dans le cas des modèles gaussiens.
En e�et, via les formules de Weyl, l'invariance unitaire de ces modèles permet d'expliciter la densité jointe
des valeurs propres [60]. Dans les années 1990, l'étude de l'espacement des valeurs propres à l'intérieur du
spectre via les déterminants de Fredholm fait apparaître des processus determinantaux et l'écart entre le
bord du spectre et la plus grande valeur propre converge à renormalisation près vers la distribution de
Tracy-Widom [66, 67]. L'étude de processus matriciels dont les coe�cients sont browniens fait apparaître
le mouvement brownien de Dyson et permet via le calcul d'Itô de formuler des bornes de grandes déviations
[26]. En remplaçant le terme gaussien e−x

2

par e−V (x) où V est un potentiel, les densités jointes des
valeurs propres du GOE et des GUE peuvent également se généraliser en une famille de modèles appelés
β-ensembles sur lesquels il existe une abondante littérature. Citons par exemple des résultats de grandes
déviations [17], des résultats centraux limites et des analogues discrets qui apparaissent dans certains
modèles de pavage [24]. En théorie des nombres, des liens sont également établis entre le problème de
Riemann et les espacements des valeurs propres du GUE [55].

Les années 1990 voient également des liens profonds entre matrices aléatoires et analyse fonctionnelle
se tisser grâce aux travaux séminaux de Voiculescu [69]. Celui-ci établit que les moments joints de matrices
de Wigner indépendantes convergent vers les moments d'éléments semi-circulaires libres d'un espace de
probabilité non-commutatif. Cette approche fait entre autre apparaître de nombreuses analogies entre
le comportement limite de ces matrices et les variables gaussiennes dans le cas commutatif. Ces liens
permettent d'utiliser les outils de la théorie des probabilités libres pour déterminer le comportement de la
mesure empirique d'un polynôme en des matrices indépendantes. La notion d'entropie non-commutative
qui généralise la notion d'entropie de Shannon au cadre des probabilités libres a également connu nombre
d'utilisations dans des problèmes d'analyse fonctionnelle [75]. Toujours dans ce cadre, les techniques de
linéarisations de polynômes permettent de prouver la convergence du rayon spectral d'un polynôme de
matrices [50] et la notion de liberté par amalgamation sur une sous-algèbre permet de calculer algorith-
miquement la mesure limite d'un polynôme auto-adjoint [14, 15].

Bien d'autres développements et résultats existent en théorie de matrices aléatoires. Citons entre autres
le problème de la plus petite valeur singulière pour les matrices à coe�cients indépendants [61, 32], les lois
circulaires [42, 64], les théorèmes de convergence et les principes d'universalité dans les cas non-hermitiens
[65, 46] et les phénomènes de queues lourdes [23, 5]. La théorie des matrices aléatoires s'étend aujourd'hui
à un très large spectre mathématique qui va de l'algèbre à la physique statistique.

Cette thèse s'intéresse à deux problèmes de la théorie des matrices aléatoires : le problème des grandes
déviations de la plus grande valeur propre ainsi que le problème de la convergence de la mesure empirique
pour des polynômes non-hermitiens de matrices aléatoires.

Le premier chapitre est consacré aux grandes déviations. Après un rappel des principaux résultats
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existants, on expose un résultat de grandes déviations pour la plus grande valeur propre dans le cas de
certaines matrices de Wigner, de Wishart ainsi que des matrices à pro�ls de variance, qui véri�ent un
borne sous-gaussienne sur leur transformée de Laplace. Dans ce chapitre, on expose une méthode nouvelle
pour obtenir un principe de grandes déviations dans le cas de matrices aux coe�cients non-gaussiens en
utilisant une intégrale sphérique. On explore également ce qu'il se passe en dehors des hypothèses sur la
transformée de Laplace avec un résultat de grandes déviations locales pour des grandes valeurs de la plus
grande valeur propre ainsi que pour des valeurs proches du support de la mesure limite. Les résultats
de ce chapitre proviennent de l'article [45] accepté dans Annals of Probability ainsi que sur deux autres
articles [7, 54] qui seront bientôt pré-publiés sur ArXiv.

Le second chapitre s'intéresse au problème de la convergence de la mesure empirique pour des poly-
nômes non-hermitiens de matrices de Ginibre. On verra que l'obtention de ce type de résultat revient
souvent à produire une borne inférieure sur la plus petite valeur singulière de ces polynômes. On expose
une telle minoration dans le cas d'un polynôme de Ginibre de degré 2 et on en déduit le résultat de
convergence de mesures empirique qui lui est associé. Ces résultats viennent d'un article en progrès [34].

En�n, cette thèse comporte une annexe de deux parties rappelant respectivement des bases de la
théorie des grandes déviations et les liens entre théorie des probabilités libres et mesures empiriques de
matrices aléatoires.



Chapitre 1

Grandes déviations pour la plus grande

valeur propre de matrices aléatoires

Résumé du chapitre

Dans ce chapitre, on expose une méthode permettant de démontrer des principes de grandes déviations
pour la plus grande valeur propre pour plusieurs modèles de matrices aléatoires : des matrices de Wigner,
des matrices de Wishart ainsi que des matrices à pro�ls de variance. Ces résultats, qui s'appliquent dans
le cas de coe�cients indépendants non-gaussiens, reposent néanmoins sur une hypothèse de majoration
de la transformée de Laplace.

On rappelle dans la section 1.1 le contexte général concernant les matrices de Wigner et de Wishart
ainsi que les densités jointes des valeurs propres dans les cas gaussiens. On revient sur les principaux
principes de grandes déviations connus dans la littérature, tant pour les mesures empiriques que pour la
plus grande valeur propre, qui dérivent de l'expression de ces densités.

Dans la section 1.2 on présente les résultats de sections 1.3, 1.4 et 1.5 ainsi qu'un survol de leurs
démonstrations.

On expose dans la section 1.3 le principal résultat de ce chapitre tiré de [45]. Ce résultat s'applique
au cas de matrices de Wigner et Wishart dont les coe�cients ne sont pas gaussiens mais véri�ent une
borne supérieure sur leurs transformées de Laplace. Cette démonstration repose sur l'étude d'intégrales
sphériques du type E[exp(Nθ 〈XNe, e〉)] (où e est un vecteur unitaire indépendant des XN ). Dans la
section 1.4 on généralise ce résultat à des matrices à pro�ls de variance et on voit qu'il est alors nécessaire
de faire des hypothèses supplémentaires sur ces pro�ls. Cette généralisation est tirée de [54].

En�n dans la section 1.5 on étudie le cas qui se présente lorsque l'hypothèse de domination de la trans-
formée de Laplace n'est plus véri�ée. Dans ce cas, en étudiant le comportement de l'intégrale sphérique,
on peut néanmoins arriver à des résultats de grandes déviations locales, notamment pour de grandes
valeurs de la plus grande valeur propre. Les résultats de cette partie sont tirés de [7].

1.1 Matrices aléatoires et grandes déviations

1.1.1 Matrices de Wigner et de Wishart

Dans cette section, les modèles de matrices aléatoires dont on étudiera le spectre sont auto-adjoints
et donc diagonalisables. Pour capturer le comportement global du spectre de matrices aléatoires, on
introduit la notion de mesure empirique :

Dé�nition 1.1.1. Soit M une matrice auto-adjointe n × n. On note λ1(M) ≤ ... ≤ λn(M) ses valeurs
propres. On appelle mesure empirique de M la mesure de probabilité µM dé�nie par

7



8 CHAPITRE 1. GRANDES DÉVIATIONS

µM :=
1

n

n∑
i=1

δλi .

La mesure empirique d'une matrice aléatoire est donc une mesure de probabilité elle-même aléatoire.
Un modèle de matrices aléatoires est une suite de variables aléatoires (MN )N∈N telle que MN soit à
valeurs dansMuN ,vN (K) ou K = R or C et où uN , vN tendent vers +∞. La théorie des matrices aléatoires
s'intéresse au comportement asymptotique des quantités algébriques associées aux MN (valeurs propres,
valeurs singulières, vecteurs propres ...) quand N tend vers +∞.

On va rappeler ici les deux modèles historiques de matrices aléatoires ainsi que les résultats de conver-
gence de mesures empiriques et de plus grandes valeurs propres qui leur sont associés. On dé�nit tout
d'abord les matrices de Wigner qui sont un modèle de matrices auto-adjointes avec le maximum d'indé-
pendance possible sur les coe�cients :

Dé�nition 1.1.2. Soit (ai,j)i<j une double suite de variables aléatoires i.i.d. centrées à valeurs dans
K et (di)i∈N une autre suite de variables aléatoires i.i.d. centrées à valeurs dans R indépendante de la
première. Si K = R on suppose E[a2

1,2] = 1 et E[d2
1] = 2. Si K = C on suppose E[|a1,2|2] = 1 et E[d2

1] = 1.
On considère alors pour N ∈ N la matrice aléatoire XN deMN,N (K) dé�nie par :

XN (i, j) =


ai,j√
N

si i < j
di√
N

si i = j
ai,j√
N

si i > j

.

On dit que XN est une matrice de Wigner.

On peut comprendre la renormalisation en
√
N
−1

de la manière suivante : on considère le moment
d'ordre 2 de la mesure empirique µN = µXN en moyenne, c'est-à-dire E[µN (x2)] = N−1E[Tr(X2

N )]. En

développant la trace, on a que la renormalisation en
√
N
−1

est la seule qui donne une limite �nie à
E[µN (x2)]. En d'autres termes c'est la seule renormalisation possible si l'on veut faire apparaître un
comportement limite du spectre qui ne soit pas trivial.

L'autre principal modèle de matrice aléatoire historiquement étudié est le modèle de Wishart dé�ni
comme suit :

Dé�nition 1.1.3. Soit (ai,j)i,j∈N une double suite de variables aléatoires i.i.d. centrées à valeurs dans
K . On suppose E[|a1,1|2] = 1. On considère également (M(N))N∈N une suite d'entiers telle que :

lim
N→∞

M(N)

N
= α ∈ [1,+∞[

On considère alors la matrice N ×M(N), XN dé�nie par :

XN (i, j) =
ai,j√
N

On dit que WN = XN (XN )∗ est une matrice de Wishart.

Le résultat fondamental de la théorie des matrices aléatoires porte sur la convergence de la mesure
empirique des matrices de Wigner :

Théorème 1.1.4 (Théorème de Wigner). Soit (XN )N∈N une suite de matrices de Wigner. On note
µN la mesure empirique de XN . µN converge en probabilité vers la mesure semi-circulaire σ dé�nie sur
l'intervalle [−2, 2] par :

σ :=

√
4− x2

2π
dx
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La démonstration de ce résultat se fait tout d'abord en se ramenant au cas d'une matrice dont les
coe�cients ont des moments bornés puis par une méthode des moments. En e�et la moyenne E[µN (xk)]
du k-ième moment est égale à N−1E[TrXk

N ]. On peut alors développer cette expression en :

N−1E[TrXk
N ] :=

1

N1+k/2

∑
i1,...,ik−1∈[1,N ]

E[ai1,i2 ...aik,i1 ]

A la limite, les termes prépondérants sont ceux tels que le mot i1, ..., ik dé�nisse une partition paire
sans croisement de [1, k] (c'est à dire une partition P de [1, k] en paires telles que pour {a, b}, {c, d} ∈ P ,
on n'a pas a < c < b < d). On en déduit alors que les moments impairs convergent vers 0 et que les
moments pairs convergent vers les nombres de Catalan. On conclut alors à la convergence presque sûre des
moments en prouvant que Var(N−1TrXk

N ) tend vers 0. Grâce à l'équation sur les nombres de Catalan :

CN =

N−1∑
k=1

CkCN−k−1

on obtient l'équation fonctionnelle suivante sur la transformée de Stieljes G de la mesure limite :

G(z) +
1

G(z)
= z

On a donc G(z) = (z −
√
z2 − 4)/2 et on en déduit que la mesure limite est la mesure semi-circulaire.

Avec la même méthode, pour les matrices de Wishart, on a le théorème suivant :

Théorème 1.1.5. Soit (WN )N∈N une suite de matrices de Wishart. On note µN la mesure empirique
de WN . µN converge en probabilité vers la distribution de Marshenko-Pastur de paramètre α notée MPα
dé�nie par sur l'intervalle [b−, b+] par :

MPα :=

√
(x− b−)(b+ − x)

2πx
dx

où b− = (1−
√
α)2 et b+ = (1 +

√
α)2

Ces deux résultats contraignent déjà le comportement des valeurs propres dans l'intérieur du support
de la mesure limite. En particulier pour α ∈]0, 1[, λbαNc converge vers le quantile de niveau α de σ. Une
question naturelle est alors le comportement des valeurs propres extrêmes λ1 et λN , lesquelles peuvent a
priori s'éloigner du support de la mesure limite. Dans le cas où les moments des ai,j véri�ent une inégalité
de la forme E[|ai,j |k] ≤ kCk, Füredi et Komlòs ont prouvé que cela ne pouvais pas être le cas, c'est à dire
que limN λN (XN ) = 2 presque sûrement si XN est une matrice de Wigner (voir [41]). Les hypothèses de
ce résultat ont ensuite été relaxées par Bai et Yin dans le cas Wigner puis par Bai et Sylverstein de le
cas Wishart en la simple existence d'un moment d'ordre 4 :

Théorème 1.1.6. [8] Avec les notations précédentes, si les ai,j et les di ont des lois symétriques et
E[a4

1,2] < +∞, on a presque sûrement que λ1(XN ) et λN (XN ) convergent respectivement vers −2 et 2.

Théorème 1.1.7. [11] Avec les notations précédentes, si les ai,j ont des lois symétriques et E[a4
1,1] < +∞,

on a presque sûrement que λ1(WN ) et λN (WN ) convergent respectivement vers b− et b+.

Maintenant que l'on connaît le comportement limite des mesures empiriques et de la plus grande
valeur propre, on peut s'interroger sur la probabilité de dévier de ces limites. On va exposer dans la
sous-section qui suit le cas des modèles gaussiens ainsi que les principes de grandes déviations qui leur
sont liés.
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1.1.2 Modèles gaussiens, formules de Weyl et grandes déviations

Un cas particulier de matrices de Wigner pour lequel le comportement des valeurs propres à N �xé est
entièrement compris (dans le sens ou l'on a une expression explicite de la loi jointe des valeurs propres)
est le cas où les ai,j sont des variables gaussiennes. Dans ce cas on dit que les matrices XN appartiennent
au GOE (Gaussian Orthogonal Ensemble) dans le cas réel ou au GUE (Gaussian Unitary Ensemble) dans
le cas complexe.

Dé�nition 1.1.8. On considère XN une matrice de Wigner

1. Dans le cas réel, si la distribution des ai,j est N (0, 1) et la distribution des di est N (0, 2), on dit
que les XN appartiennent au Gaussian Orthogonal Ensemble (GOE).

2. Dans le cas complexe, si la distribution des ai,j est telle que les <(ai,j) et les =(bi,j) soient i.i.d. de
loi N (0, 1/2) et les di soient de loi N (0, 1) on dit que les XN appartiennent au Gaussian Unitary
Ensemble (GUE).

L'appellation vient du fait que dans ce cas, la loi des XN est invariante par l'action de conjugaison
du groupe orthogonal ON , respectivement du groupe unitaire UN . Une dé�nition alternative peut être
énoncée en donnant la densité de la loi de XN :

Proposition 1.1.9. Une matrice aléatoire de SN (resp. HN ) appartient au GOE (resp. au GUE) si et
seulement si sa loi µN a pour densité par rapport à la mesure de Lebesgue sur SN (resp. HN ) :

dµN (H)

dH
= (Z

(β)
N )−1 exp

(
−βNTrH2/4

)
où β = 1 (resp. β = 2) et ZβN la constante de renormalisation.

On peut également dé�nir des ensembles gaussiens dans le cas de matrices de Wishart. On les appelle
alors des ensembles de Laguerre :

Dé�nition 1.1.10. Soit WN = XN (XN )∗ une matrice de Wishart.

1. Dans le cas réel, si la distribution des ai,j est N (0, 1) on dit que WN appartient à l'ensemble de
Laguerre réel.

2. Dans le cas complexe, si la distribution des ai,j est telle que les <(ai,j) et les =(bi,j) sont i.i.d. de
loi N (0, 1/2), on dit WN appartient à l'ensemble de Laguerre complexe.

Comme dans le cas du GOE/GUE, si WN = XN (XN )∗ est un matrice de Laguerre, la densité de la
loi µN de XN par rapport à la mesure de Lebesgue peut s'écrire :

dµN (X)

dX
= exp

(
−βM(N)

4
TrXX∗

)
On remarque également que la loi de ce modèle est invariante par l'action du groupe de conjugaison

unitaire. On a même l'invariance de la distribution de XN par l'action de ON ×OM(N) dans le cas réel et
UN ×UM(N) dans le cas complexe donnée par (U, V )X = U∗XV . En�n on rappelle également l'existence
de la mesure de Haar sur le groupe UN .

Proposition 1.1.11. Soit G un groupe compact, il existe une unique mesure de probabilité borélienne µ
sur G telle que pour tout, g ∈ G et A ⊂ G mesurable :

λ(gA) = λ(A)

cette mesure est appelée mesure de Haar sur le groupe G. Dans le cas des groupes ON ,UN , si UN est
distribué selon la mesure de Haar, on parlera de matrice de Haar.
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Pour ces trois cas, on peut exploiter l'invariance unitaire pour déterminer de manière explicite la
densité jointe des valeurs propres. Dans la suite, on note pour tout N ∈ N, U1

N le groupe orthogonal ON
et U2

N le groupe unitaire UN . On rappelle ici les formules d'intégration de Weyl qui permettent de calculer
l'intégrale d'une fonction matricielle invariante sous l'action du groupe unitaire :

Théorème 1.1.12 (Formules de Weyl). Pour x ∈ Rn, on note ∆(x) =
∏
i<j(xj − xi).

� En notant HβN l'espace SN (R) pour β = 1 et HN (C) pour β = 2, on a pour β = 1, 2 et ϕ : HβN → C
tel que ϕ(UAU∗) = ϕ(A) pour tout U ∈ U (β)

N :∫
HβN

ϕ(H)dH =
1

ZN

∫
x∈RN

|∆(x)|βϕ(x)dx

où l'on note pour x ∈ Rn, ϕ(x) la valeur de ϕ(H) pour n'importe quelle matrice H dont le spectre
est x et où dH est la mesure de Lebesgue sur HβN .

� Pour M ≥ N , en notant M(β)
N,M l'espace MN,M (R) pour β = 1 et MN,M (C) pour β = 2, on a

pour β = 1, 2 et ϕ :Mβ
N,M → C tel que ϕ(UAV ) = ϕ(A) pour tout U ∈ UβN , V ∈ U

β
M :∫

Mβ
M,N

ϕ(A)dA =
1

Z ′N

∫
x∈(R+)N

ϕ(x)|∆(x2)|
N∏
i=1

x
β(M−N+1)−1
i dx

où l'on note pour x ∈ (R+)n, ϕ(x) la valeur de ϕ(A) pour n'importe quelle matrice A dont les
valeurs singulières sont x, où dA est la mesure de Lebesgue surMβ

M,N et où x2 = (x2
1, ..., x

2
n).

� Pour N ∈ N et ϕ : UN → C une fonction telle que ϕ(UV U∗) = ϕ(V ) pour tout U ∈ UN :∫
UN

ϕ(U)dU =
1

N !(2π)N

∫
θ∈[′,∈π]\

|∆(exp(iθ))|2ϕ(exp(iθ))dθ

où dU est la mesure de Haar sur UN et exp(iθ) = (eiθ1 , ..., eiθn).
On a les expressions suivantes pour les constantes de renormalisations :

ZN =
uN

N !(u1)n
, Z ′N =

uNuM2βp/2

p!uN1 uM−N2βpq/2

où

un =

n∏
k=1

2(2π)βk/2

2β/2Γ(βk/2)
.

Ces formules de Weyl sont en fait une application de la formule de la co-aire qui permet lorsque l'on
dispose d'une fonction f régulière entre deux variétésM et N d'intégrer une fonction ϕ deM en fonction
des lignes de niveau de f . Pour plus de précisions au sujet de la formule de la co-aire et des démonstrations
des formules de Weyl à un plus haut niveau de généralité, on peut se référer à la section 4.1 de [4] et à
l'annexe F de [4].

A partir de ces formules, il est aisé de déduire les distributions jointes des valeurs propres pour le
GOE, le GUE, les ensembles de Laguerre et les matrices de Haar :

Théorème 1.1.13. 1. Soit XN une matrice du GOE (resp. du GUE) et λ1 ≤ ... ≤ λN ses valeurs
propres. La loi de (λ1, ..., λN ) a la densité suivante par rapport à la mesure de Lebesgue :

1

ZGN
1x1≤...≤xN |∆(x)|β exp

(
−βN

4

N∑
i=1

x2
i

)

2. Soit WN = XN (XN )∗ une matrice de Laguerre et soit 0 ≤ λ1 ≤ ... ≤ λN les valeurs propres de
WN . La loi de (λ1, ..., λN ) a la densité suivante par rapport à la mesure de Lebesgue :
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1

ZLN
10<x1≤...≤xN |∆(x)|β

N∏
i=1

λ
β
2 (N−M(N)+1)−1
i exp

(
−βM(N)

4

N∑
i=1

xi

)
3. Soit UN une matrice de Haar de UN et exp(iθ1), ..., exp(iθn) son spectre avec 0 ≤ θ1 ≤ ... ≤ θN <

2π. La loi de (θ1, ..., θn) a la densité suivante :

1

(2π)N
10<θ1<...<θn<2π|∆(exp(iθ))|βdθ.

Ces expressions rendent alors possible la preuve de principes de grandes déviations pour les mesures
empiriques ainsi que pour la plus grande valeur propre :

Théorème 1.1.14. [17] Si (XN )N∈N est une suite de matrices d'un ensemble Gaussien, la suite des
leurs mesures empiriques µN véri�e un principe de grandes déviations avec vitesse N2 et bonne fonction
de taux Iβ dé�nie par :

Iβ(µ) =
β

2

∫
x2 + y2

4
− log |x− y|dµ(x)dµ(y) +

β

4
log

β

2
− 3β

8
.

(Iβ est éventuellement in�nie).

On pourra se référer à l'annexe A.1 pour des rappels sur les bases de la théorie des grandes déviations,
en particulier sur ce que l'on entend par principe de grandes déviations et fonction de taux.

Heuristiquement, la fonction de taux de ce théorème se comprend en remarquant que l'on peut réécrire
l'expression de la densité de (λ1, ..., λN ) de la façon suivante :

1

ZGN
1x1≤...≤xN exp

(
−N2

[
β

4

∫
x2dµN (x)− β

2

∫
R2−{(x,x)|x∈R}

log |x− y|dµN (x)dµN (y)

])
.

Toujours en utilisant l'expression de la densité jointe des valeurs propres, on peut déduire un autre
principe de grandes déviations pour la plus grande valeur propre de XN

Théorème 1.1.15. Si (XN )N∈N est une suite de matrices du GOE ou du GUE et λNmax la plus grande
valeur propre de XN , les lois de λNmax suivent un principe de grandes déviations avec vitesse N et bonne
fonction de taux Jβ dé�nie de manière suivante :

Jβ(x) = β

∫ x

2

√
t2 − 4dt si x ≥ 2

= +∞ si x < 2.

Ces deux derniers résultats peuvent en fait être généralisés à d'autres modèles où, dans la distri-
bution jointe des λi, on remplace le terme βλ2

i /4 par V (λi) où la fonction V est continue et telle que
lim inf |x|→∞ V (x)/(β′ log |x|) > 1 où β′ ≥ β et β′ > 1. On appelle de tels modèles des β-ensembles et ils
correspondent au valeurs propres d'une matrice aléatoire distribué selon la loi ZVN exp(−Tr(V (H)))dH.
Les formules de Weyl permettent également d'obtenir des principes de grandes déviations pour la mesure
empirique (voir [53]) et pour la plus grande valeur propre (voir [68]) de matrices de Laguerre.

Théorème 1.1.16. Soit WN = XN (XN )∗ une matrice de Laguerre réelle (β = 1) ou complexe (β = 2).
La mesure empirique de WN suit un principe de grandes déviations avec pour vitesse N2 et pour bonne
fonction de taux surM(R+) :

I(µ) =

∫ ∫
1

2α

(
x+ y

2
− α− 1

α
(log x+ log y)

)
− β

α2
log |x− y|dµ(x)dµ(y) +B

(où B ∈ R est telle que min I = 0)
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Théorème 1.1.17. En reprenant les hypothèses du théorème précédent, la plus grande valeur propre de
WN suit un principe de grandes déviations avec vitesse N et bonne fonction de taux sur R+ :

J(x) =
β

4(1 + α)

∫ x

b+

√
(y − b+)(y − b−)

y
dy

En�n dans le cas de matrices unitaires de Haar, le principe de grandes déviations pour la mesure
empirique prend la forme suivante :

Théorème 1.1.18. [52] Soit UN une matrice de Haar, la mesure empirique de UN suit un principe de
grandes déviations avec pour vitesse N2 et pour bonne fonction de taux sur P(S1) :

I(µ) = −
∫ ∫

log |x− y|dµ(x)dµ(y) +B

(où B ∈ R est telle que min I = 0)

Ces principes de grandes déviations pour la mesure empirique font apparaître la quantité Σ(µ) =
−
∫ ∫

log |x−y|dµ(x)dµ(y). Dans le case d'une mesure sur R, Σ(µ) est appelée entropie non-commutative
de µ et on peut voir les résultats de grandes déviations de la mesure empirique pour le GUE et le GOE
comme un équivalent matriciel du théorème de Sanov dans le cas d'une suite de variables gaussiennes.
Cette entropie non-commutative a été introduite et discutée par Voiculescu dans la série d'articles [70,
71, 73, 72, 74] et elle généralise l'entropie de Shannon pour des variables aléatoires non-commutatives.
Elle joue également un rôle dans plusieurs problèmes d'analyse fonctionnelle.

Pour aller plus loin dans l'étude des grandes déviations pour des modèles gaussiens, une quantité qui
joue un rôle important est l'intégrale d'Itzykson-Zuber IN dé�nie pour toutes matrices A,B symétriques
réelles pour β = 1 ou hermitiennes pour β = 2 par :

I
(β)
N (A,B) =

∫
U∈UβN

exp (Tr(AUBU∗)) dU

où l'on intègre par rapport à la mesure de Haar sur le groupe UβN . Pour β = 2, la valeur exacte de cette
intégrale est donnée par la formule d'Harish-Chandra [60, Appendix 5] :

Théorème 1.1.19. En supposant que les valeurs propres de A et B sont simples et en notant λ1 < ... <
λN le spectre de A et λ′1 < ... < λ′N celui de B :

I
(2)
N (A,B) :=

det((eλiλ
′
j )i,j∈[1,N ])

∆(A)∆(B)

où ∆(A) est le déterminant de Vandermonde
∏
i<j(λj − λi) (idem pour ∆(B))

Bien qu'explicite, la complexité du déterminant au numérateur rend cette formule peu exploitable
dans le cas général.

Ces intégrales permettent d'étudier des déformations des modèles gaussiens. En e�et, toujours en
utilisant les formules de Weyl, on obtient les densité jointes suivantes pour plusieurs modèles déformés :

� Soit XN est une matrice du GOE ou du GUE, AN une matrice hermitienne et λ1 ≤ ... ≤ λN les
valeurs propres de XN +AN . La loi de (λ1, ..., λN ) a la densité suivante :

N !

ZN (AN )
IN

(
β

2
NAN , D(x)

)
1x1≤...≤xN |∆(x)|β exp

(
−βN

4

N∑
i=1

x2
i

)

où D(x) = diag(x1, ..., xn)
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� SiWN = XN (XN )∗ est une matrice de Laguerre et TN une matrice dé�nie positive et λ1 ≤ ... ≤ λN
les valeurs propres de TNWNTN . La loi de (λ1, ..., λN ) a la densité suivante :

N !

Z ′N (TM(N))
IN (−M(N)(TN )−2, D(x))10<x1≤...≤xN

|∆(x)|β
N∏
i=1

λ
β
2 (N−M(N)+1)−1
i exp

(
−βM(N)

4

N∑
i=1

xi

)
On voit que les grandes déviations pour ces modèles sont intimement liées aux comportements des in-
tégrales d'Itzykson-Zuber. Ainsi Guionnet et Zeitouni établissent dans [49] en utilisant un principe de
grandes déviations pour le modèle XN +AN que dans le cas où µAN et µBN convergent faiblement vers
des mesures µA et µB , N−2 ln IN (NAN , BN ) converge vers une limite I(β)(µA, µB). De plus, ils se servent
de ce résultat pour prouver un principe de grandes déviations pour la mesure empirique d'une matrice
de Wishart gaussienne déformée du type XNTN (XN )∗.

Le cas où µAN converge faiblement et où le rang M(N) de BN est un o(N) est également étudié entre
autres dans [31, 47] sous certaines conditions sur la matrice BN . En particulier, le cas de la limite de
N−1 log IN (NAN , BN ) où BN est de rang 1 est entièrement résolu par Maïda et Guionnet dans [47]. Ce
résultat, qui sera rappelé dans la section 1.3 est central dans la démonstration des principe de grandes
déviations pour la plus grande valeur propre pour XN +BN lorsque XN est dans le GOE ou le GUE [58]
et pour AN + UNBNUN lorsque UN est une matrice unitaire de Haar [48].

Parmi les autres principes de grandes déviations pour des modèles gaussien présents dans la littérature,
on peut citer par exemple :

� Le cas d'une somme d'une matrice gaussienne et d'une matrice diagonale XN+DN . En considérant
les coe�cients gaussiens comme la réalisation au temps 1 d'un mouvement brownien et en utilisant
le calcul d'Itô A. Guionnet et T. Cabanal-Duvillard montrent une borne supérieure et une borne
inférieure de grandes déviations sur la mesure empirique [26].

� Le cas d'un processus de matrices gaussiennes t 7→ HN (t) dont les coe�cients sont des mouvements
browniens. C. Donati-Martin et M. Maïda prouvent un principe de grandes déviations pour le
processus de la plus grande valeur propre de HN (t) [37].

� Le cas de matrices de Wishart non centrées WN = (XN + AN )(XN + AN )∗, A. Hardy et A.B.J.
Kuijlaars prouvent un principe de grandes déviations pour la mesure empirique [51].

1.1.3 Grandes déviations dans les cas non-gaussiens

Pour des modèles sans invariance unitaire, les λi étant des fonctions complexes des coe�cients de XN ,
les formules explicites pour leurs densités jointes sont rares et d'autres stratégies sont donc nécessaires
pour obtenir des principes de grandes déviations. Dans le cas de matrices de Wigner non-gaussiennes,
d'autres principes de grandes déviations connus concernent le cas où les distributions des coe�cients ont
des queues lourdes dans le sens suivant :

Dé�nition 1.1.20. Soit a, α ∈ R+,∗. On dit qu'une variable aléatoire complexe Y est dans la classe
Sα(a) si

lim
t→∞

−t−α logP[|Y | ≥ t] = a

et si il existe une mesure de probabilité sur le cercle unité v et t0 ≥ 0 telle que pour t ≥ t0 :

P[Y/|Y | ∈ U et |Y | ≥ t] = v(U)P[|Y | ≥ t]

En d'autres termes Sα(a) est la classe des variables aléatoires dont la queue du module se comporte en
exp(−atα) et telles que l'argument et le module soient indépendants quand ce dernier est su�samment
grand. On a alors les deux résultats suivants, dus respectivement à Bordenave et Caputo pour le premier
et Augeri pour le second :
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Théorème 1.1.21. [23] Soit α ∈]0, 2[ et a, b > 0. Si (XN ) est une suite de matrices de Wigner réelles
ou complexes telle que a1,2 soit dans la classe Sα(a) et d1 dans la classe Sα(b). Alors la mesure empirique
µN de XN véri�e un principe de grandes déviations de vitesse n1+α/2 avec la bonne fonction de taux I
suivante :

I(µ) = Φ(ν) si µ = σ � ν

= +∞ sinon

où Φ est une bonne fonction de taux.

Ici � désigne la convolution libre de deux lois de probabilités.

Théorème 1.1.22. [5] Soit α ∈]0, 2[ et a, b > 0. Si (XN ) est une suite de matrices de Wigner réelles ou
complexes telle que a1,2 soit dans la classe Sα(a) et d1 dans la classe Sα(b). Alors la plus grande valeur
propre de XN véri�e un principe de grandes déviations avec vitesse Nα/2 et bonne fonction de taux :

J(x) =


cGσ(x)−α si x > 2

0 si x = 2

+∞ si x < 2

Où c est une constante dépendant uniquement de a, b, α et Gσ est la transformée de Stieljes de la mesure
semi-circulaire σ, c'est à dire :

Gσ(x) =

∫ 2

−2

1

x− t
dσ(t)

Ces deux résultats reposent sur le fait qu'à l'échelle exponentielle considérée, les grandes déviations
sont gouvernées par le comportement d'un petit nombre de grands coe�cients de (XN ) à cause de
phénomènes de queues lourdes. Plus précisément, on prouve par troncature des coe�cients qu'à l'échelle
exponentielle, le comportement de XN est proche de celui de HN +CN où HN est une matrice aléatoire
dont les coe�cients sont inférieurs à (logN)d/

√
N , CN est une matrice de rang �ni et HN et CN sont

indépendantes.
Le problème des grandes déviations de la mesure empirique pour des matrices de Wigner générales

sous-gaussiennes reste ouvert. Dans le cas de distributions véri�ant des inégalités de Sobolev ou étant à
support dans le même compact, on a néanmoins des inégalités de concentration. On va ici considérer le
modèle suivant de matrice aléatoire :

On se donne (ωRi,j)1≤i≤j et (ωIi,j)1≤i<j≤N deux familles indépendantes de variables aléatoires in-
dépendantes et on note (PRi,j)1≤i≤j et (P Ii,j)1≤i<j≤N leurs distributions respectives. On considère A =
(Ai,j)1≤i,j≤N une matrice hermitienne déterministe dont les coe�cients sont bornés par un certain a ∈ R.
On dé�nit alors ωi,j = ωRi,j + iωIi,j si i < j et ωi,i = ωRi,i et on note Pi,j sa loi. On dé�nit en�n XN par :

XN (i, j) =

{Ai,jωi,j√
N

si i ≤ j
Aj,iωj,i√

N
si i > j

Rappelons la dé�nition suivante :

Dé�nition 1.1.23. On dit qu'une mesure ν sur R véri�e une inégalité log-Sobolev avec constante c si
pour toute fonction f dérivable on a :∫

R

f2 log
f2∫

R
f2dv

dv ≤ 2c

∫
|f ′|2dν

Remarque 1.1.24. Une catégorie d'exemple de loi qui véri�e une inégalité log-Sobolev avec constante c
est donnée par les lois de la forme dν = Z−1 exp(−V (x))dx où z =

∫
R exp(−V (x))dx et où V : R→ R∪∞

est tel que V (x) − x2/2c est convexe. En particulier une loi gaussienne standard véri�e l'inégalité log-
Sobolev avec constante 1. [22]
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Les résultats suivants qui s'appliquent quand les distributions P Ii,j et P
R
i,j véri�ent des inégalités log-

Sobolev ou sont supportées dans le même compact sont dus à A. Guionnet et O. Zeitouni dans [49] :

Théorème 1.1.25. [49, Theorem 1.1]

1. Si il existe un compact K de C tel que les Pi,j soient a support dans K (i.e. tel que Pi,j(Kc) = 0
pour tout i, j), alors pour toute fonction f Lipschitz et convexe, on a pour tout δ > δ0(N) :=
8|K|
√
πa|f |L/N

P[N−1 |Tr(f(XN ))− E[Tr(f(XN ))]| ≥ δ] ≤ 4 exp

(
−N

2(δ − δ0(N))2

16|K|2a2|f |L2

)

2. Si il existe c > 0 tel que les PRi,j , P
I
i,j véri�ent une inégalité log-Sobolev avec constante c, alors pour

tout δ > 0 :

P[N−1 |Tr(f(XN ))− E[Tr(f(XN ))]| ≥ δ] ≤ 2 exp

(
− N2δ2

8ca2|f |L2

)
où

|f |L := sup
x 6=y

|f(x)− f(y)|
|x− y|

Dans des problématiques de grandes déviations connexes dans des cas non-gaussiens, on peut égale-
ment mentionner les résultats de Chatterjee et ses coauteurs sur les grandes déviations pour le comptage
de sous-graphe de graphes aléatoires. Le liens entre matrices et graphes aléatoires peut être exprimé ainsi :
Si H = {V,E} est un graphe �xé dont V est l'ensemble des sommets et E ⊂ V 2 est l'ensemble des arêtes
et si G = {W,F} est un graphe aléatoire de matrice d'incidence (Ai,j)i,j≤N , le nombre d'homomorphisme
n(H,G) de graphe de H dans G (i.e. les fonctions injectives ϕ : V → W telles que pour tout i, j tel que
(i, j) ∈ E), alors (ϕ(i), ϕ(j)) ∈ F ) peut s'exprimer de la façon suivante :

n(H,G) =
∑

i1,...,ik∈[1,N ] distincts

∏
(i,j)∈F

Ai,j

En particulier lorsque G est un graphe d'Erdös-Renyi, la matrice d'incidence est alors une matrice dont
les coe�cients sur-diagonaux sont des Bernouilli indépendantes. Pour plus de précisions sur ces sujets,
on pourra se référer par exemple à [28, 30, 38, 29].

Dans la section suivante, on présente les contributions de cette thèse dans le domaine des grandes
déviations.

1.2 Présentation des résultats et perspectives

1.2.1 Présentation des résultats de la section 1.3

La section 1.3 de cette thèse expose les résultats de [45]. Il s'agit d'un résultat de grandes dévia-
tions pour des matrices de Wigner (réelles où complexes) dont la distribution des coe�cients n'est pas
gaussienne mais telle que la transformée de Laplace des coe�cients soit bornée par la transformée de
Laplace du cas gaussien. Le résultat s'étend à des matrices de Wigner dont les coe�cients ne sont pas
identiquement distribués mais dans un souci de concision, on énonce le résultat dans le cas i.i.d. classique.
On va faire les deux hypothèses suivantes sur la loi des coe�cients :

Hypothèse 1.2.1 (Hypothèse technique). On suppose que les lois de a1,2 et de d1, sont
� soit toutes les deux à support compact,
� soit véri�ent une inégalité log-Sobolev et il existe z ∈ C∗ tel que =(za1,2) soit indépendantes de
<(za1,2).
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Hypothèse 1.2.2 (Hypothèse sous-gaussienne). Dans le cas réel, on suppose que Var(d1) = 2 et pour
tout t ∈ R :

E[exp(ta1,2)] ≤ exp(t2/2) et E[exp(td1)] ≤ exp(t2)

.
Dans le cas complexe, on suppose que E[<(a1,2)2] = E[=(a1,2)2] = 1/2, E[|d1|2] = 1 et pour tout

t ∈ R, z ∈ C

E[exp(<(z̄a1,2))] ≤ exp(|z|2/4) et E[exp(td1)] ≤ exp(t2/2)

.

On a alors le résultat suivant :

Théorème 1.2.3. Soit (XN )N une suite de matrices de Wigner (réelles ou complexes) véri�ant les
hypothèses 1.2.1 et 1.2.2 et λmax(XN ) la plus grande valeur propre de XN . Alors λmax(XN ) véri�e un
principe de grandes déviations avec une bonne fonction de taux Iβ identique au cas du GOE/GUE.

Un exemple de distribution des coe�cients qui véri�e les hypothèses 1.2.1 et 1.2.2 est la distribution
de Rademacher dans le cas réel, c'est-à-dire la loi (δ−1 + δ1)/2 pour les coe�cients non-diagonaux et la
loi (δ−

√
2 + δ√2)/2 pour les coe�cients diagonaux .

La démonstration du théorème 1.2.3 est en fait similaire à celle du théorème de Cramer dans Rn
(qui est reproduite dans un cas simple dans la section A.0.3). La di�érence est qu'au lieu d'utiliser des
transformées de Laplace E[exp(〈θ, SN 〉)], on utilise les intégrales sphérique EX,e[exp(Nθ〈e,XNe〉)] où
l'espérance porte sur XN et e un vecteur uniforme de la sphère unité indépendant de XN . Il s'agit en fait
d'un cas particulier d'intégrale d'Itzykson-Zuber. Si l'on se donne une suite AN de matrices N × N et
JN (θ,AN ) = 1

N lnEe[exp(Nθ〈e,ANe〉)], Maïda et Guionnet ont prouvé que si µAN converge faiblement
vers une certaine mesure de probabilité µ, que λmax(XN ) la plus grande valeur propre de AN converge vers
un certain λ et que la plus petite valeur propre λmin(XN ) reste bornée inférieurement alors JN (θ,XN )
converge vers une certaine quantité J(µ, θ, λ). On a de plus uniformité de la convergence en λ pour
d(µBN , µ) ≤ N−κ où d est la distance de Dudley. Mais dans notre cas on peut s'y ramener car suivant les

inégalités de concentration de [49] et l'hypothèse technique on a P[d(µXN , σ) ≥ N−κ] = O(e−N
1+κ′

). De
plus, suivant l'hypothèse sous-gaussienne, pour tout K > 0, il existeM > 0 tel que P[λmin(XN ) ≤ −M ] =

O(e−KN ). Posons Ax,M := {X ∈ HβN : |λmax(X)− x| ≤ δ, d(µX , σ) ≤ N−κ, ||X|| ≤M} et supposons que
limN→∞N−1 logEX,e[exp(Nθ〈e,XNe〉)] existe et soit égale à un certain F (θ). On a alors :

P[XN ∈ Ax,M ] ≤ EX
[Ee[exp(Nθ〈e,XNe〉)]
Ee[exp(Nθ〈e,XNe〉)]

1XN∈Ax,M

]
≤ e−NJ(σ,θ,x)+o(1)EX [Ee[exp(Nθ〈e,XNe〉)]1XN∈Ax,M ]

≤ e−N [J(σ,θ,x)−F (θ)+o(1)]

et donc en optimisant sur θ > 0 :

lim
δ→0

lim sup
N→∞

1

N
logP[|λmax(XN )− x| ≤ δ] ≤ − sup

θ>0
[F (θ)− J(σ, θ, x)]

.
Un point crucial est donc de montrer la convergence de N−1 logEX,e[exp(Nθ〈e,XNe〉)] et c'est ici

qu'intervient l'hypothèse sous-gaussienne. Celle-ci permet en e�et de montrer que la principale contribu-
tion provient des vecteurs délocalisés (c'est-à-dire dont les coe�cients sont un o(N−1/4)).

Pour prouver la borne inférieure, comme pour le théorème de Cramer, on considère les mesures
exponentielles Pθ dé�nies par :
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dPθ(XN ) =
Ee[exp(Nθ〈e,XNe〉)]
EX,e[exp(Nθ〈e,XNe〉)]

dP(XN )

et on veut donc prouver qu'il existe θ tel que limN→∞N−1 logPθ[|λmax(XN ) − x| ≤ δ] = 0. Si pour
un vecteur e de la sphère, on dé�nit la mesure Pe,θ par

dPe,θ(XN ) =
exp(Nθ〈e,XNe〉)

EX [exp(Nθ〈e,XNe〉)]
dP(XN )

.
On a donc :

Pθ =

∫
e∈SβN−1

fθ(e)Pe,θde où fθ(e) =
EX [exp(Nθ〈e,XNe〉)]
EX,e[exp(Nθ〈e,XNe〉)]

.
Les mesures Pe,θ ont alors la densité suivante :

Pe,θ =
∏
i<j

exp(2θ
√
N<(eiejai,j))

E[exp(2θ
√
N<(eiejai,j))

∏
i

exp(θ
√
N<(|ei|2di))

E[exp(θ
√
N<(|ei|2di))

. Ainsi, sous cette nouvelle loi de probabilité, les coe�cients de XN sont toujours indépendants et si on
note Λi,j(z) = logE[exp(<(zai,j)] et Λi,i(t) = logE[exp(tdi)], leurs espérances sont données par :

E[ai,j ] = ∇Λi,j(2
√
Nθeiej) =

√
N

2θeiej
β

+ o(
√
Nθeiej)

E[di] =
√
N

2θ|ei|2

β
+ o(θ

√
N |ei|2)

soit, si e est tel que |ei| ≤ N−1/4−ε,

E[XN ] =
2θee∗

β
+ o(1)

. En fait XN est approximativement une perturbation de rang 1 d'une matrice de Wigner, c'est à dire
qu'il existe une matrice de Wigner X̃N sous Pe,θ telle que :

XN = X̃N +
2θee∗

β
+ o(1)

. La convergence de la plus grande valeur propre de XN fait apparaître un phénomène de BBP-transition
et sa limite x véri�e si θ > 2/β :

lim
N→∞

〈e, (x− X̃N )−1)e〉 =
β

2θ

. En utilisant un théorème de loi locale sur X̃N , on a que limN 〈e, (z−X̃N )−1e〉 = Gσ(z) et donc pour x > 2
�xé, en choisissant θ0 = 2

βGσ(x) , on a que λmax(XN ) converge vers x pour Pe,θ0 pourvu que les coordonnées
de e soient inférieures à N−1/4−ε. En revenant à Pθ, on prouve de même que N−1 lnPθ0 [|λmax(XN )−x| ≤
δ] = 0 et on a donc également la borne inférieure.

Notons, qu'une fois que l'hypothèse 1.2.2 est véri�ée, la fonction de taux ne dépend pas des lois des
coe�cients (et est donc identique à celle obtenue dans le cas gaussien). Un résultat similaire peut être
démontré pour des matrices de Wishart. On e�ectue alors le même type de raisonnement sur les matrices
linéarisées : (

0 XN

(XN )∗ 0

)
.

La principale di�érence intervient dans le calcul de F (θ) et dans l'équation que véri�e la limite de
λmax sous la mesure exponentielle. Ces points sont abordés plus en détails dans la partie suivante.
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1.2.2 Présentation des résultats de la section 1.4

Les résultats de cette partie proviennent de [54]. Dans cette section, on s'intéresse à la même question
pour des matrices ayant des pro�ls de variance. Ces matrices sont de la forme XN = ΣN �WN où WN

est une matrice de Wigner qui véri�e les hypothèses de la section précédente et (ΣN )N∈N une suite de
matrices telles que ΣN (i, j) = σ(i/N, j/N) où σ : [0, 1]2 → R+ et σ(x, y) = σ(y, x) et � est le produit
coe�cient par coe�cient. On considérera deux cas : un cas où σ est une fonction continue et un cas où σ
est constante par morceaux dans le sens où il existe α1, ..., αn ∈ [0, 1] de somme 1 et (σi,j)i,j∈[1,n] tel que

σ(x, y) = σi,j pour x ∈ [γi−1, γi[, y ∈ [γj−1, γj [

où γi = α1 + ...+αi. Notons que contrairement au cas de matrices de Wigner et de Wishart, les résultats
de grandes déviations que l'on va énoncer sont nouveaux même pour le cas gaussien.

Le résultat pour les σ continus s'obtient par approximation par des σ constants par morceaux, et
on s'intéresse donc à ce cas là en premier. On peut alors utiliser le même argument que dans la section
précédente concernant la borne supérieure. Les principales di�érences se trouvent dans le calcul de la
fonction F (θ) et dans l'équation qui détermine la limite de la plus grande valeur propre pour les mesures
exponentielles Pe,θ.

Si l'on suppose XN gaussienne, on a alors en utilisant la transformée de Laplace pour les variables
gaussiennes :

EX,e[exp(Nθ〈e,XNe〉)] = Ee

exp

N θ2

β

N∑
i,j=1

ΣN (i, j)2|ei|2|ej |2


= Ee

exp

N θ2

β

n∑
k,l=1

σ2
k,lβkβl


où βk =

∑
i/N∈[γk−1,γk[ |ei|2. En particulier (β1, ..., βn) est un n-uplet qui suit une loi de Dirichlet de

paramètre (bβγ1Nc/2, (bβγ2Nc−bβγ1Nc)/2, ..., (βN−bβγn−1Nc)/2). En utilisant le fait que (bβγiNc−
bβγi−1Nc)/N → βαi on a que la loi de (β1, ..., βn) suit un principe de grandes déviations de fonction de
taux (t1, ..., tn) 7→ β

2

∑n
i αi(log(ti)− log(αi)). Par le lemme de Varadhan, on a donc que

F (θ) = sup
ψi>0,

∑N
i ψi=1

θ2

β

n∑
k,l=1

σ2
k,lψkψl −

β

2

n∑
k

αk(log(ψk)− log(αk))


.

L'hypothèse 1.2.2 permet de se ramener au cas gaussien, quitte à considérer cette intégrale sphérique
uniquement sur des vecteurs délocalisés. Ayant déterminé l'existence de F (θ), on peut donc conclure la
borne supérieure comme précédemment avec la fonction de taux I(σ, .) dé�nie par :

I(σ, x) = sup
θ≥0

(J(µσ, θ, x)− F (θ))

où µσ est la mesure limite de la suite XN .
De plus, si pour θ donné, on pose (ψθ1 , ..., ψ

θ
n) un argument maximal du problème d'optimisation ci-

dessus, on a que les vecteurs e qui ont une contribution dominante à l'intégrale EX,e[exp(Nθ〈e,XNe〉)]
sont ceux tels que (β1, ..., βn) est proche de (ψθ1 , ..., ψ

θ
n). En particulier, pour le calcul de la borne inférieure,

on cherche à prouver que pour x > rσ (où rσ est la borne supérieure du support de la mesure limite µσ
de XN ), il existe θ > 0 tel que N−1 logPθ[|λmax(XN ) − x| ≤ δ] = 0. Comme Pθ =

∫
e
fθ(e)Pe,θde, les

contributions dominantes seront celles telles que (β1, ..., βn) est proche de (ψθ1 , ..., ψ
θ
n). Lorsque l'on écrit

à présent l'équation de la limite de la plus grande valeur propre sous Pe,θ, pour de tels e, on a :

det(In −D(θ, z)S) = 0
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où S = (σ2
i,j) et D(θ, z) = diag(ψθ1m1(z), ..., ψθnmn(z)) où m1, ...,mn apparaissent comme des transfor-

mées de Stieljes liées à la mesure limite de XN . Pour obtenir à z donné une solution à cette équation, on
a alors besoin de supposer la continuité de D(θ, z) en θ et donc supposer l'existence d'une détermination
continue θ 7→ (ψθ1 , ..., ψ

θ
n) de l'argument maximum. On est alors amené a formuler l'hypothèse suivante :

Hypothèse 1.2.4. Supposons qu'il existe θ 7→ ψθ une fonction continue de R+ dans {x ∈ (R+)n;x1 +
...+ xn = 1} telle que :

θ2

β

n∑
i,j=1

σ2
i,jψ

θ
i ψ

θ
j +

β

2

n∑
k=1

αk(log(ψk)− log(αk)) =

sup
ψ∈(R+)n,

∑
ψi=1

θ2

β

n∑
i,j=1

σ2
i,jψ

θ
i ψ

θ
j +

β

2

n∑
k=1

αk(log(ψk)− log(αk))

 .

Si cette hypothèse est véri�ée, on a :

Théorème 1.2.5. Soit XN = ΣN �WN tel que WN véri�e les hypothèses 1.2.2 et 1.2.1 et ΣN (i, j) =
σ(i/N, j/N). Si σ est constant par morceaux et véri�e l'hypothèse 1.2.4 alors la plus grande valeur propre
λmax(XN ) véri�e un principe de grandes déviations avec la bonne fonction de taux I(σ, .).

On approxime le cas continu uniformément sur [0, 1]2 par des σ constants par morceaux. On a alors
besoin d'une condition similaire, excepté que l'on ne considérera pas des vecteurs ψ positif de somme 1
mais des mesures de probabilités sur [0, 1]. On introduit donc l'hypothèse suivante :

Hypothèse 1.2.6. Supposons qu'il existe θ 7→ ψθ une fonction de R+ dans P([0, 1]) continue pour la
topologie faible telle que :

θ2

β

∫ ∫
σ2(x, y)dψθ(x)dψθ(y) +

β

2
D(Leb||ψθ)

= sup
ψ∈P([0,1])

{
θ2

β

∫ ∫
σ2(x, y)dψ(x)dψ(y) +

β

2
D(Leb||ψ)

}
où D(.||.) est la déviation de Kullback-Leibler.

Le terme D(Leb||ψ) qui vaut
∫

log dψ
dx (x)dx si la mesure de Lebesgue est continue par rapport à ψ et

∞ sinon est l'analogue continu du terme
∑n
k αk(log(ψk)− log(αk)).

Grâce à cette hypothèse, on peut énoncer notre résultat dans le cas σ continu :

Théorème 1.2.7. Soit XN = ΣN �WN tel que WN véri�e les hypothèses 1.2.2 et 1.2.1 et ΣN (i, j) =
σ(i/N, j/N). Si σ est continue et véri�e l'hypothèse 1.2.6 alors la plus grande valeur propre λmax(XN )
véri�e un principe de grandes déviations avec une bonne fonction de taux I(σ, .).

Un exemple de pro�ls qui véri�ent les hypothèses 1.2.4 et 1.2.6 est la classe des σ tel que µ 7→∫ ∫
σ2(x, y)dµ(x)dµ(y) est concave sur P([0, 1]). Dans le cas par morceaux cela s'applique par exemple

aux matrices de la forme (
aX bY
bY ∗ cZ

)
où a, b, c ∈ R+ et tels que a2 + c2 − 2b2 ≤ 0. Dans le cas continu, on peut prendre σ(x, y) = |f(x)− f(y)|
où f est une fonction continue croissant de [0, 1] dans R. On verra également que sans hypothèse sur le
pro�l de variance σ, le résultat précédent est faux sur certains exemples car il ne donne pas une fonction
de taux correcte.
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1.2.3 Présentation des résultats de la section 1.5

Dans cette section, on essaye de généraliser les résultats de la section 1.3 dans les cas où l'hypothèse
1.2.2 n'est plus véri�ée mais où l'on a encore une borne sous-gaussienne du type logE[exp(

√
NθXN (i, j))] ≤

Aθ2/2. Grossièrement, sous certaines hypothèses sur la loi des coe�cients, on montre que pour A < 2
et des valeurs de x proches de 2, il existe des bornes de grandes déviations au voisinage de x avec la
même fonction de taux que le cas gaussien. On montre également que pour de grandes valeurs de x il
existe également des bornes de grandes déviations au voisinage de x mais cette fois la fonction de taux
dépend de la loi des coe�cients. Ces résultats viennent de [7] et sont le fruit d'une collaboration avec A.
Guionnet et F. Augeri.

La généralisation de ces résultats s'opère en étudiant la fonction F (θ) dé�nie précédemment (quand
elle existe). On a tout d'abord le résultat de borne supérieure suivant :

Théorème 1.2.8. Soit XN une matrice de Wigner réelle telle que la famille {
√

2NXN (i, j)}i<j ∪
{
√
NXn(i, i)}i soit i.i.d. et de loi symétrique par rapport à 0. On suppose que XN véri�e l'hypothèse

1.2.1 et que λmax(XN ) soit exponentiellement tendue. λmax(XN ) véri�e alors une borne supérieure de
grandes déviations avec la bonne fonction de taux I égale à +∞ sur (−∞, 2) et pour x ≥ 2 :

I(x) = sup
θ≥0

[J(σ, θ, x)− F (θ)]

où F (θ) = lim supN
1
N logEX,e[exp(Nθ〈e,XNe〉)].

Ce résultat est essentiellement la borne supérieure de la section 1.3 dans un cas plus général. Si on
suppose de plus que la fonction F (θ) est dé�nie sur le fermé Cµ, on a la borne inférieure suivante :

Théorème 1.2.9. On reprend les hypothèses du théorème précédent et on suppose que pour θ ∈ Cµ.

F (θ) = lim sup
N

1

N
logEXN ,e[exp(Nθ〈e,XNe〉)] = lim inf

N

1

N
logEXN ,e[exp(Nθ〈e,XNe〉)] = F (θ)

.
On pose pour x ≥ 2, Θx := {θ ≥ 0, J(σ, θ, x)− F (θ) = I(x)}
Soit x ≥ 2, supposons qu'il existe θ ∈ Θx ∩ Cµ tel que pour tout y ≥ 2 et y 6= x, θ 6= Θy. Alors pour

tout δ > 0 :

lim inf
N

1

N
logP[|λmax(XN )− x| ≤ δ] ≥ −I(x)

.

En e�et supposons l'hypothèse vraie pour un certain x avec un certain θ > 0. Pour démontrer la borne
inférieure, il su�t de prouver que limN→∞ Pθ[|λmax(XN ) − x| ≤ δ] = 1. Or pour tout y > 2 distinct de
x, on a θ′ ∈ Θy\Θx et avec le même AMy,δ que celui dé�ni à la section 1.2 :

Pθ[XN ∈ AMy,δ] ≤
E[1XN∈AMy,δIN (XN , θ)]

EIN (XN , θ)

=
E[1XN∈AMy,δ

IN (XN ,θ
′)

IN (XN ,θ′)
IN (XN , θ)]

EIN (XN , θ)

= e−NJ(σ,θ′,y)−NF (θ)+NJ(σ,θ,y)+No(δ)E[1XN∈AMy,δIN (XN , θ
′)]

≤ e−NJ(σ,θ′,y)−NF (θ)+NJ(σ,θ,y,)+NF (θ′)+No(δ),

= O(e−cN )
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avec une certaine constante c > 0. Pour y < 2, on obtient le même résultat par concentration de la mesure.
On a Pθ[|λmax(XN )− y| ≤ δ] = O(e−cN ) pour x 6= y et donc par tension exponentielle on conclue.

Étant que Θx est contenu dans l'ensemble des points critique de θ 7→ J(σ, θ, x) − F (θ) si F est
di�érentiable, la question de la régularité de F (θ) et du comportement de son sous-di�érentiel est crucial.
En particulier, on a :

Théorème 1.2.10. Dans les hypothèses du théorème précédent, si pour x ≥ 2, il existe θ ∈ Θx ∩ Cµ tel
que F est di�érentiable en θ, alors la borne inférieure est véri�ée pour x.

On s'intéresse donc à l'existence ainsi qu'à la di�érentiabilité de F . On pose alors :

L(x) = logE[x
√
NXN (1, 2)], ψ(x) = L(x)/x2 et A/2 = sup

x∈R+

ψ(x)

.
Pour des valeurs de A inférieures à 2, on a que [0, 1/(2

√
A− 1)] ⊂ Cµ et pour θ ∈ [0, 1/(2

√
A− 1)],

F (θ) = θ2. En utilisant le théorème précédent, on a le résultat suivant :

Théorème 1.2.11. Si A < 2, la borne inférieure de grandes déviations est véri�ée pour x ∈ [2, 1√
A−1

+
√
A− 1]. De plus sur cet intervalle, la fonction de taux I est égale à la fonction de taux du cas GOE.

Pour obtenir l'existence et la di�érentiabilité de F pour de grandes valeurs de θ, on va faire l'hypothèse
suivante :

Hypothèse 1.2.12. On suppose que ψ(x) = L(x)/x2 est une fonction croissante sur R+ et a pour limite
B/2 en +∞.

Un exemple pour la loi des coe�cients qui véri�e l'hypothèse précédente est la loi de bγ ou b est
une Bernoulli de paramètre p et γ une gaussienne centrée de variance 1/

√
p indépendante. On a alors

B = 1/(2p)
Avec les notations ci-dessus, on a pour un vecteur e de la sphère :

1

N
logEX [exp(Nθ〈e,XNe〉)] =

∑
i<j

L(2
√
Nθeiej)

N
+

N∑
i=1

L(
√

2Nθe2
i )

N

= 2θ2
∑
i 6=j

ψ(2
√
Nθeiej)e

2
i e

2
j + 2θ2

N∑
i=1

ψ(
√

2Nθe2
i )e

4
i .

Lorsque l'on examine ensuite les vecteurs e ayant une contribution dominante dans l'intégrale, l'hy-
pothèse 1.2.12 permet de se ramener au cas de e ayant un coe�cient d'ordre 1 et les autres coe�cients
d'ordre 1/

√
N . On peut alors obtenir l'expression suivante :

Théorème 1.2.13. Supposons l'hypothèse 1.2.12. Pour tout θ ≥ 0, F (θ) = F (θ) = F (θ) et :

F (θ) = sup
α1+α3=1
α1,α3≥0

sup
ν1∈P(R)∫

x2dν1(x)=α1

{
θ2α2

1 +Bθ2α2
3 +

∫
L(2θ

√
α3x)dν1(x)−H(ν1)− 1

2
log(2π)− 1

2

}
,

.

Par changement de variable on a alors :

F (θ) = sup
α∈]0,1],ν∈P([0,1])∫

x2dν(x)=α

Hθ(α, ν).

Où pour θ ≥ 0, α ∈ [0, 1], et ν ∈ P(R),

Hθ(α, ν) = θ2α2 + θ2B(1− α)2 +

∫
L(2θ

√
1− αx)dν(x)−H(ν)− 1

2
log(2π)− 1

2
.
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Avec α �xé, on peut alors optimiser sur ν et on obtient que :

sup
ν∈P([0,1])∫
x2dν(x)=α

Hθ(α, ν) = θ2(α2 +B(1− α)2)

+ 4θ2α(1− α)ζa,θ +G(ζa,θ)−
1

2
log(1− α)− log 2θ − 1

2
log 2π − 1

2

où G est la fonction dé�nie sur R+ par G(ζ) = log
∫

exp(L(x)− ζx2)dx et ζα,θ est dé�ni comme étant la
solution de G′(ζ) = −4θ2α(1−α) si 4θ2α(1−α) ≤ − limζ→B/2G

′(ζ) et B/2 sinon. Il su�t donc d'étudier
la fonction

Kθ(α) = θ2(α2 +B(1− α)2) + 4θ2α(1− α)ζa,θ +G(ζa,θ)−
1

2
log(1− α)− log 2θ − 1

2
log 2π − 1

2

pour α ∈ [0, 1]. En examinant les symétrie de Kθ ainsi que ses points critiques, on a que si 4θ2(B−1) ≤ 1,
le maximum est alors atteint en α = 1 et F (θ) = θ2. Si θ2(B − 1) > 1, on a en étudiant Kθ que son
maximum sur [0, 1] est atteint soit en α = 1, soit en αθ ∈]0, 1/2[ l'unique point critique de Kθ sur cet
intervalle et ainsi F (θ) = max{θ2,Kθ(αθ)}. On établit de plus que θ 7→ αθ est di�érentiable, ce qui
permet de démontrer que F est bien di�érentiable pour de grandes valeurs de θ.

On peut alors en déduire le résultat suivant :

Théorème 1.2.14. Supposons l'hypothèse 1.2.12 vraie. Alors il existe θ0 > 0 tel que F soit di�érentiable
sur [1/

√
B − 1,+∞[ sauf éventuellement en θ0. On a de plus l'existence d'une constante κ > 0 telle que

θ0 ≤ κ/
√
B − 1. De plus pour θ ≤ 1/2

√
B − 1, F (θ) = θ2.

Grâce au premier point du théorème précédent on peut démontrer la borne inférieure de grandes
déviations pour de grandes valeurs de x :

Théorème 1.2.15. Supposons les hypothèse du théorème 1.2.8 et l'hypothèse 1.2.12 véri�ées. Alors il
existe une constante universelle κ telle que la borne inférieure de grandes déviations soit véri�ée pour
x ≥ κB et la bonne fonction de taux I.

On peut en�n considérer le cas où ψ atteint son maximum en un point de ]0,+∞[ :

Hypothèse 1.2.16. On suppose que ψ(x) = L(x)/x2 admet pour limite B/2 en +∞, que ψ atteint son
maximum en un unique point m∗ de R+ et que ψ′′(m∗) < 0.

Dans le cas où cette hypothèse est véri�ée (ce qui est notamment le cas pour des lois µ à support
compact qui véri�ent la condition d'unicité du maximum de ψ car B = 0), les contributions dominantes
pour de grandes valeurs de θ proviennent de vecteurs dont environ N1/4 coordonnées sont de l'ordre de
N−1/4

√
m∗/θ et le reste de l'ordre de N−1/2. On a alors le résultat suivant :

Théorème 1.2.17. Supposons l'hypothèse 1.2.16. Il existe θ0 tel que [θ0,+∞[⊂ Cµ et tel que sur cet
intervalle :

F (θ) = sup
[
θ2(A− 1)α2 + θ2 +

1

2
log(1− α)

]

De plus, il existe xµ tel que pour tout x ≥ xµ la borne inférieure de grandes déviations est véri�ée.
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1.2.4 Perspectives

Une des généralisations de la méthode développée dans la section 1.3 serait de regarder les grandes
déviations jointes du k-uplet des k plus grandes valeurs propres de XN . Le seul obstacle théorique de
taille à cette approche est le calcul du comportement asymptotique des intégrales d'Itzykson-Zuber
E[exp(NTr(DN (θ)UANV ))] où DN (θ) = diag(θ1, ..., θk, 0, ...0) qui est particulièrement complexe pour
θ1, ..., θk quelconque.

Concernant les matrices à pro�ls de variances, l'obstacle principal dans le cas général semble être le
fait que l'intégrale sphérique ne capture pas la structure naturelle de la matrice. Par exemple, dans le
cas d'un pro�l de variance constant par morceaux, au lieu de prendre e uniforme sur la sphère, il semble
être plus judicieux d'essayer de déterminer le comportement asymptotique de l'intégrale sphérique quand
les blocs de e ont une norme �xée et sont pris uniforme sur la sphère. Il s'agirait alors de comprendre
de quelles quantités les limites de ces intégrales dépendent. D'autre part, on peut également essayer de
trouver une expression de la fonction de taux I qui soit une fonction explicite du pro�l de variance σ. On
s'attend en particulier qu'à l'image des cas Wishart et Wigner, dans le cas de σ constant par morceaux
cette fonction de taux soit l'intégrale d'une fonction algébrique.

En�n concernant le cas général développé dans la section 1.5, on peut essayer d'étendre l'étude à
d'autres lois µ, notamment les cas où ψ atteint son maximum en +∞ sans pour autant croître. On peut
également étudier la di�érentiabilité de F plus en détail. En particulier, quand la fonction F est bien
dé�nie, on peut se poser plusieurs question sur la forme qu'a l'ensemble des points de non-di�érentiabilité
de F , ce qui pourrait permettre d'obtenir une description plus précise du domaine sur lequel la borne
inférieure de grandes déviations est véri�ée. En�n on peut tenter d'appliquer cette même méthode à
d'autres modèles de matrices aléatoires pour lesquels on peut étudier la fonction F .

1.3 Large deviations for the largest eigenvalue of Rademacher

matrices

1.3.1 Introduction

Very few large deviation principles could be proved so far in random matrix theory. Indeed, the
natural quantities of interest such as the spectrum and the eigenvectors are complicated functions of
the entries. Hence, even if one considers the simplest model of Wigner matrices which are self-adjoint
with independent identically distributed entries above the diagonal, the probability that the empirical
measure of the eigenvalues or the largest eigenvalue deviates towards an unlikely value is very di�cult to
estimate. A well known case where probabilities of large deviations can be estimated is the case where
the entries are Gaussian, centered and well chosen covariances, the so-called Gaussian ensembles. In this
case, the joint law of the eigenvalues has an explicit form, independent of the eigenvectors, displaying a
strong Coulomb gas interaction. This formula could be used to prove a large deviations principle for the
empirical measure in [17] and for the largest eigenvalue [16] (see also [68] for further discussions of the
Wishart case, and [35]). More recently, in a breakthrough paper, C.Bordenave and P. Caputo [23] tackled
the case of matrices with heavy tails, that is Wigner matrices with entries with stretched exponential tails,
going to zero at in�nity more slowly than a Gaussian tail. The driving idea to approach this question
is to show that large deviations are in this case created by a few large entries, so that the empirical
measure deviates towards the free convolution of the semi-circle law and the limiting spectral measure of
the matrix created by these few large entries. This idea could be also used to grasp the large deviations of
the largest eigenvalue by F.Augeri [5]. Generalization to subgraphs counts and the eigenvalues of random
graphs are given in [6, 33, 19]. In the Wishart case, [40] considered the large deviations for the largest
eigenvalue of very thin Wishart matrices W = GG∗, in the regime where the matrix G is L ×M with
L much smaller than M . In the case of Bernoulli entries with parameter p � 1 precise large deviations
could be derived recently for the largest and second largest eigenvalues [19, 33]. Hence large deviations
for bounded entries, or simply entries with sub-Gaussian tails, remained mysterious in the case of Wigner
matrices or Wishart matrices with L of order M . In this article we analyze the large deviations of
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the largest eigenvalue of Wigner matrices with Rademacher or uniformly distributed random variables.
More precisely our result holds for any independent identically distributed entries with distribution with
Laplace transform bounded above by the Laplace transform of the Gaussian law with the same variance.
We then prove a large deviation principle with the same rate function than in the Gaussian case: large
deviations are universal in this class of measures. We show that this result generalizes to complex entries
Wigner matrices as well as to Wishart matrices. We are considering the case of general sub-Gaussian
entries in a companion paper with F. Augeri. We show in particular that the rate function is di�erent
from the rate function of the Gaussian case, at least for deviations towards very large values.

1.3.1.1 Statement of the results

We consider a family of independent real random variables (a
(1)
i,j )0≤i≤j≤N , such that the variables a(1)

i,j

are distributed according to the laws µNi,j . We moreover assume that the µNi,j are centered :

µNi,j(x) =

∫
xdµNi,j(x) = 0

and with covariance:

µNi,j(x
2) =

∫
x2dµNi,j(x) = 1,∀1 ≤ i < j ≤ N, µNi,i(x

2) = 2, ∀1 ≤ i ≤ N .

We say that a probability measure µ has a sharp sub-Gaussian Laplace transform i�

∀t ∈ R, Tµ(t) =

∫
exp{tx}dµ(x) ≤ exp

{ t2µ(x2)

2

}
. (1.1)

The terminology �sharp� comes from the fact that for t small, we must have

Tµ(t) ≥ exp{ t
2µ(x2)

2
(1 + o(t))} .

Then we assume that :

Assumption 1.3.1 (A0). We assume that the µNi,j satisfy a sharp sub-Gaussian Laplace transform.

Remark 1.3.2. From the sub-Gaussian bound, we have the following bound on the moments of µNi,j if
Assumption 1.3.1 is veri�ed and X is a random variable of distribution µNi,j :

E[X2i] ≤ (2i)!(TµNi,j (1) + TµNi,j (1))/2 ≤ (2i)!eµ
N
i,j(x

2)/2

and
E[|X|2i+1] ≤ E[X2i+2]2i+1/2i+2 ≤ ((2i+ 2)!eµ

N
i,j(x

2)/2)2i+1/2i+2.

We have a bound of the form :
E[|X|k] ≤ Ck!

for some universal constant C. From this bound, we have if the µNi,j(x
2) are bounded, for every δ > 0,

there exists ε > 0 that does not depend on the laws µNi,j such that for |t| ≤ ε.

TµNi,j (t) ≥ exp{
(1− δ)t2µNi,j(x2)

2
} .

We have also that the TµNi,j are uniformly C3 in a neighborhood of the origin: for ε > 0 small enough

sup|t|≤ε supi,j,N |∂3
t lnTµNi,j (t)| is �nite.
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Remark 1.3.3. We could assume a weaker upper bound on the Laplace transform for the diagonal entries
such as the existence of A �nite such that∫

etxdµNi,i(x) ≤ exp{t2 +A|t|}, ∀1 ≤ i ≤ N,

see the proof of Theorem 1.3.22.

Example 1.3.4. 1. Clearly a centered Gaussian variable has a sharp sub-Gaussian Laplace trans-
form.

2. The Rademacher law B = 1
2 (δ−1 + δ1) satis�es a sharp sub-Gaussian Laplace transform since for

all real number t
TB(t) = cosh(t) ≤ et

2/2 .

3. U , the uniform law on the interval [−
√

3,
√

3], satis�es a sharp sub-Gaussian Laplace transform
since we have ∫

x2dU(x) = 1 ,

and

TU (t) =
1

t
√

3
sinh(t

√
3) =

∑
n≥0

t2n3n

(2n+ 1)!
.

Since for all n ≥ 0, 3n

(2n+1)! ≤
1

2nn! , it follows that TU (t) ≤ e t
2

2 .

4. If X,Y are two independent variables with distribution µ and µ′, two probability measures which
have a sharp sub-Gaussian Laplace transform, for any a ∈ [0, 1], the distribution of

√
aX+

√
1− aY

has a sharp sub-Gaussian Laplace transform.

Note that many measures do not have a sharp sub-Gaussian Laplace transform, e.g. the sparse
Gaussian law obtained by multiplying a Gaussian variable by a Bernoulli variable, or the well chosen
sum of Rademacher laws. We will also need that the empirical measure of the eigenvalues concentrates
in a stronger scale than N , see Lemma 1.3.16. To this end we will also make the following classical
assumptions to use standard concentration of measure tools.

Assumption 1.3.5. There exists a compact set K such that the support of all µNi,j is included in K for
all i, j ∈ {1, . . . , N}and all integer number N , or all µNi,j satisfy a log-Sobolev inequality with the same
constant c independent of N . More precisely, in the later case and when the entries are complex, we
assume that they are of the form z(x+ iy) with a complex number z, and independent real variables x, y
which satisfy log-Sobolev inequality with the same constant c independent of N .

Remark 1.3.6. All the examples of Example 1.3.4 satisfy Assumption 1.3.5, except possibly for sums of
Gaussian variables and bounded entries.

We then construct for all N ∈ N, a real Wigner matrix N ×N X
(1)
N by setting :

X
(1)
N (i, j) =

{ a
(1)
i,j√
N

when i ≤ j,
a
(1)
j,i√
N

when i > j .

We denote λmin(X
(1)
N ) = λ1 ≤ λ2 · · · ≤ λN = λmax(X

(1)
N ) the eigenvalues of X(1)

N . It is well known [77]
that under our hypotheses the empirical distribution of the eigenvalues µ̂N

X
(1)
N

= 1
N

∑N
i=1 δλi converges

weakly towards the semi-circle distribution σ: for all bounded continuous function f

lim
N→∞

∫
f(x)dµ̂N

X
(1)
N

(x) =

∫
f(x)dσ(x) =

1

2π

∫ 2

−2

f(x)
√

4− x2dx a.s.
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It is also well known that the eigenvalues stick to the bulk since we assumed the entries have sub-Gaussian
moments [41, 4] :

lim
N→∞

λmin(X
(1)
N ) = −2 lim

N→∞
λmax(X

(1)
N ) = 2, a.s.

Our main result is a large deviation principle from this convergence.

Theorem 1.3.7. Suppose Assumptions 1.3.1 and 1.3.5 hold. Then, the law of the largest eigenvalue
λmax(X

(1)
N ) of X(1)

N satis�es a large deviation principle with speed N and good rate function I(1) which is
in�nite on (−∞, 2) and otherwise given by

I(1)(ρ) =
1

2

∫ ρ

2

√
x2 − 4dx .

In other words, for any closed subset F of R,

lim sup
N→∞

1

N
lnP

(
λmax(X

(1)
N ) ∈ F

)
≤ − inf

F
I(1) ,

whereas for any open subset O of R

lim inf
N→∞

1

N
lnP

(
λmax(X

(1)
N ) ∈ O

)
≥ − inf

O
I(1) .

The same result holds for the opposite of the smallest eigenvalue −λmin(X
(1)
N ).

Therefore, the large deviations principles are the same as in the case of Gaussian entries as soon as
the entries have a sharp sub-Gaussian Laplace transforms and are bounded, for instance for Rademacher
variables or uniformly distributed variables. Hereafter we show how this result generalizes to other
settings. First, this result extends to the case of Wigner matrices with complex entries as follows. We
now consider a family of independent random variables (a

(2)
i,j )1≤i≤j≤N , such that the variables a(2)

i,j are
distributed according to a law µNi,j when i ≤ j, which are centered probability measures on C (and on R
if i = j). We write a(2)

i,j = xi,j + iyi,j where xi,j = <(a
(2)
i,j ) and yi,j = =(a

(2)
i,j ). We suppose that for all

i ∈ [1, N ], yi,i = 0. In this context, for a probability measure on C, we will consider its Laplace transform
to be the function

Tµ(z) :=

∫
exp{<(az̄)}dµ(a) .

We assume that

Assumption 1.3.8 (A0c). For all i < j

∀t ∈ C, TµNi,j (t) ≤ exp(|t|2/4) ,

and for all i
∀t ∈ R, TµNi,i(t) ≤ exp(t2/2) .

The Remark 1.3.2 stays true in the complex framework. Observe that the above hypothesis implies
that for all i < j, 2E[x2

i,j ] = 2E[y2
i,j ] = E[x2

i,i] = 1 and E[xi,jyi,j ] = 0. Examples of distributions satisfying
Assumption 1.3.8 are given by taking (xi,j , yi,j) centered independent variables with law satisfying a
sharp sub-Gaussian Laplace transform. Hereafter, we extend naturally Assumption 1.3.5 by assuming
that the compact K is a compact subset of C or log-Sobolev inequality holds in the complex setting.

We then construct for all N ∈ N, X(2)
N a complex Wigner matrix N ×N by letting :

X
(2)
N (i, j) =

{ a
(2)
i,j√
N

when i ≤ j,

a
(2)
j,i√
N

when i > j .
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Again, it is well known that the spectral measure of X(2)
N converges towards the semi-circle distribution

σ and that the eigenvalues stick to the bulk [4].

Theorem 1.3.9. Assume that Assumptions 1.3.8 and 1.3.5 hold. Then, the law of the largest eigenvalue
λmax(X

(2)
N ) of X(2)

N satis�es a large deviation principle with speed N and good rate function I(2) which is
in�nite on (−∞, 2) and otherwise given by

I(2)(ρ) = 2I(1)(ρ) =

∫ ρ

2

√
x2 − 4dx .

We �nally generalize our result to the case of Wishart matrices. We let L,M be two integers with
N = L + M . Let G(β)

L,M be an L ×M matrix with independent entries (a
(β)
i,j ) 1≤i≤L

1≤j≤M
with laws µL,Mi,j on

the real line if β = 1 and on the complex plane if β = 2. The µL,Mi,j satisfy a sharp sub-Gaussian Laplace
transform (with real or complex values) for all i, j ∈ [1, L] × [1,M ], and its complementary uniform
lower bound (Assumption 1.3.1, or Assumption 1.3.8), are centered and have covariance one. We set
W

(β)
L,M = 1

LG
(β)
L,M (G

(β)
L,M )∗. When M/L converges towards α, the spectral distribution of W (β)

L,M converges
towards the Pastur-Marchenko law [59]: for any bounded continuous function f

lim
N→∞

∫
f(x)dµ̂L

W
(β)
L,M

(x) =

∫
f(x)dπα(x) a.s.,

where if α ≥ 1 and aα = (1−
√
α)2, bα = (1 +

√
α)2,

πα(dx) =

√
(bα − x)(x− aα)

2πx
1[aα,bα]dx .

When α < 1, the limiting spectral measure has aditionnally a Dirac mass at the origin with mass 1− α.
We hereafter concentrates on the case M ≥ L up to replace W (β)

L,M by (G
(β)
L,M )∗G

(β)
L,M/M . Again, the

extreme eigenvalues were shown to stick to the bulk [11]. We prove a large deviation principle from this
convergence:

Theorem 1.3.10. Assume that the µNi,j satisfy Assumption 1.3.5. Assume they satisfy a sharp Gaussian
Laplace transform 1.3.1 when β = 1 or 1.3.8 when β = 2, and a uniform lower bounded Laplace transform
1.3.1 when β = 1 or 1.3.8 when β = 2. Assume that there exists α ≥ 1 and κ > 0 so that ML −α = o(N−κ).

Then, the law of the largest eigenvalue λmax(W
(β)
L,M ) of W (β)

L,M satis�es a large deviation principle with

speed N and good rate function J (β) which is in�nite on (−∞, bα) and otherwise given by

J (β)(x) =
β

4(1 + α)

∫ x

bα

√
(y − bα)(y − aα)

y
dy .

where β = 1 in the case of real entries, and β = 2 in the case of complex entries.

This problem can be recasted in terms of Hermitian models with independent entries in the sense that
if we consider the N ×N matrix

X
(wβ)
N =

(
0 1√

N
G

(β)
L,M

1√
N

(G
(β)
L,M )∗ 0

)

the spectrum of the N ×N matrix X
(wβ)
N is given by L eigenvalues

√
L
N λ, L eigenvalues −

√
L
N λ, where

λ are the eigenvalues of W (β)
L,M , and M −L vanishing eigenvalues. Hence, the largest eigenvalue of W (β)

L,M

is the square of the largest eigenvalue of X(wβ)
N multiplied by N/L. X(wβ)

N is, like Xβ
N a Hermitian matrix

which is linear in the random entries, but it has more structure with its zero entries. It is therefore



1.3. LARGE DEVIATIONS FOR RADEMACHER MATRICES 29

equivalent to show a large deviation principle for the largest eigenvalue of X(wβ)
N with speed N and rate

function
I(wβ)(x) = J (β)((1 + α)x2) .

This amounts to consider a Wigner matrix with some entries set to zero. We denote a(wβ)
i,j the entries of

√
NX

(wβ)
N :

a
(wβ)
i,j = 0, if i, j ≤ L or i, j ≥ L+ 1,

a
(wβ)
i,j = a

(β)
i−L,j , i ≥ L+ 1, j ≤ L,

a
(wβ)
i,j = a

(β)
j−L,i, j ≥ L+ 1, i ≤ N.

Again, we denote by µNi,j the law of the i, jth entry of this matrix. Hereafter, we denote by σw the limiting

spectral distribution of X(wβ)
N given for any test function f by∫

f(x)dσw(x) =
1

1 + α

(∫
f(

√
x

1 + α
)dπα(x) +

∫
f(−

√
x

1 + α
)dπα(x)

)
+
α− 1

α+ 1
f(0) . (1.2)

Therefore, we shall prove Theorem 1.3.10 by showing that

Theorem 1.3.11. Assume that the µNi,j satisfy Assumption 1.3.5. Assume they satisfy a sharp Gaussian
Laplace transform 1.3.1 when β = 1 or 1.3.8 when β = 2, and a uniform lower bounded Laplace transform
1.3.1 when β = 1 or 1.3.8 when β = 2. Assume that there exists α ≥ 1 and κ > 0 so that ML −α = o(N−κ).

Then, the law of the largest eigenvalue λmax(X
(wβ)
N ) of X(wβ)

N satis�es a large deviation principle with
speed N and good rate function I(wβ) which is in�nite on (−∞, b̃α), if b̃α =

√
(1 + α)−1bα and otherwise

given by

I(wβ)(x) =
β

1 + α

∫ x

b̃α

1

y

√
(1 + α)2(y2 − 1)2 − 4αdy .

where β = 1 in the case of real entries, and two in the case of complex entries.
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1.3.1.2 Scheme of the proof

The idea of the proof is reminiscent of Cramér's approach to large deviations: we appropriately tilt
measures to make the desired deviations likely. The point is to realize that it is enough to shift the
measure in a random direction and use estimates on spherical intergrals obtained by one of the author
and M. Maïda [47]. To be more precise, we shall follow the usual scheme to prove �rst exponential
tightness:
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Lemma 1.3.12. For β = 1, 2, w1, w2, assume that the distribution of the entries a(β)
i,j satisfy Assumption

1.3.1 for β = 1, w1 and Assumption 1.3.8 for β = 2, w2. Then:

lim
K→+∞

lim sup
N→∞

1

N
lnP[λmax(X

(β)
N ) > K] = −∞ .

Similar results hold for λmin(X
(β)
N ).

This result is proved in Section 1.3.2. Note that in fact the proof of Lemma 1.3.12 requires only
sub-Gaussian tails. Therefore it is enough to prove a weak large deviation principle.

In the following we summarize the assumptions on the distribution of the entries as follows :

Assumption 1.3.13. Either the µNi,j are uniformly compactly supported in the sense that there exists a
compact set K such that the support of all µNi,j is included in K, or the µNi,j satisfy a uniform log-Sobolev
inequality in the sense that there exists a constant c independent of N such that for all smooth function
f ∫

f2 ln
f2

µNi,j(f
2)
dµNi,j ≤ cµNi,j(‖∇f‖22) .

More precisely, in the later case and when the entries are complex, we assume that they are of the
form z(x + iy) with a complex number z, and independent real variables x, y which satisfy log-Sobolev
inequality with the same constant c independent of N . When β = 1, w1 µ

N
i,j satisfy Assumption 1.3.1,

when β = 2, w2, they satisfy Assumption 1.3.8. In the case of Wishart matrices, β = w1 or w2, we
assume that there exists α > 0 and κ > 0 so that |ML − α| ≤ N

−κ for N large enough.

We shall �rst prove that we have a weak large deviation upper bound:

Theorem 1.3.14. Assume that Assumption 1.3.13 holds. Let β = 1, 2, w1, w2. Then, for any real number
x,

lim sup
δ→0

lim sup
N→∞

1

N
lnP

(∣∣∣λmax(X
(β)
N )− x

∣∣∣ ≤ δ) ≤ −Iβ(x) .

We shall then obtain the large deviation lower bound.

Theorem 1.3.15. Assume that Assumption 1.3.13 holds. Let β = 1, 2, w1, w2. Then, for any real number
x,

lim inf
δ→0

lim inf
N→∞

1

N
lnP

(∣∣∣λmax(X
(β)
N )− x

∣∣∣ < δ
)
≥ −Iβ(x) .

To prove Theorem 1.3.14, we �rst show that the rate function is in�nite below the right edge of the
support of the limiting spectral distribution. To this end, we use that the spectral measure µ̂N converges
towards its limit which much larger probability. We denote this limit σβ : σ1 = σ2 = σ is the semi-circle
law and σw1 = σw2 = σw is the symmetrization of Pastur-Marchenko law (1.2). We let d denote the
Dudley distance:

d(µ, ν) = sup
‖f‖L≤1

∣∣∣∣∫ f(x)dµ(x)−
∫
f(x)dν(x)

∣∣∣∣ ,
where ‖f‖L = supx 6=y

∣∣∣ f(x)−f(y)
x−y

∣∣∣+ supx |f(x)| .

Lemma 1.3.16. Assume that the µNi,j are uniformly compactly supported or satisfy a uniform log-Sobolev
inequality, as well as, in the case w1, w2, that there exists κ > 0 such that |MN − α| ≤ N−κ. Then, for
β = 1, 2, w1, w2, there exists κ′ ∈ (0, 1

10 ∧ κ) such that

lim sup
N→∞

1

N
lnP

(
d(µ̂N

X
(β)
N

, σβ) > N−κ
′
)

= −∞ .
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The proof of this lemma is given in the appendix. As a consequence, we deduce that the extreme
eigenvalues cannot deviate towards a point inside the support of the limiting spectral measure with
probability greater than e−CN for any C > 0 and therefore

Corollary 1.3.17. Under the assumption of Lemma 1.3.16, For β = 1, 2 let x be a real number in
(−∞, 2) or, for β = w1, w2, take x ∈ (−∞, b̃α). Then, for δ > 0 small enough,

lim sup
N→∞

1

N
lnP

(
|λmax(X

(β)
N )− x| ≤ δ

)
= −∞ .

Indeed, as soon δ > 0 is small enough so that x + δ is smaller than 2 − δ for β = 1, 2 (resp. bα − δ
for β = w1, w2), d(µ̂N , σβ) is bounded below by some κ(δ) > 0 on the event that |λmax(X

(β)
N ) − x| ≤ δ.

Hence, Lemma 1.3.16 implies the Corollary.
In order to prove the weak large deviation bounds for the remaining x's, we shall tilt the measure by

using spherical integrals:
IN (X, θ) = Ee[eθN〈e,Xe〉] ,

where the expectation holds over e which follows the uniform measure on the sphere SN−1 with radius
one. The asymptotics of

JN (X, θ) =
1

N
ln IN (X, θ)

were studied in [47] where it was proved that

Theorem 1.3.18. If (EN )N∈N is a sequence of N ×N real symmetric matrices when β = 1 and complex
Hermitian matrices when β = 2 such that :

� The sequence of empirical measures µ̂NEN weakly converges to a compactly supported measure µ,
� There are two reals λmin(E), λmax(E) such that limN→∞ λmin(EN ) = λmin(E) and limN→∞ λmax(EN ) =

λmax(E),
and θ ≥ 0, then :

lim
N→∞

JN (EN , θ) = J(µ, θ, λmax(E)) .

The limit J is de�ned as follows. For a compactly supported probability measure we de�ne its Stieltjes
transform Gµ by

Gµ(z) :=

∫
R

1

z − t
dµ(t) .

We assume hereafter that µ is supported on a compact [a, b]. Then Gµ is a bijection from R \ [a, b] to
]Gµ(a), Gµ(b)[\{0} where Gµ(a), Gµ(b) are taken as the (possibly in�nite) limits of Gµ(t) when t → a−

and t→ b+. We denote by Kµ its inverse and let Rµ(z) := Kµ(z)− 1/z be its R-transform as de�ned by
Voiculescu in [72] (de�ned on a neighborhood of the origin, but also on ]Gµ(a), Gµ(b)[). In the sequel,
for any compactly supported probability measure µ, we denote by r(µ) the right edge of the support of
µ. In order to de�ne the rate function, we now introduce, for any θ ≥ 0, and λ ≥ r(µ),

J(µ, θ, λ) := θv(θ, µ, λ)− β

2

∫
log

(
1 +

2

β
θv(θ, µ, λ)− 2

β
θy

)
dµ(y), (1.3)

with

v(θ, µ, λ) :=

{
Rµ( 2

β θ), if 0 ≤ 2θ
β ≤ Hmax(µ, λ) := limz↓λ

∫
1

z−ydµ(y),

λ− β
2θ , if 2θ

β > Hmax(µ, λ).

We shall later use that spherical integrals are continuous. We recall here Proposition 2.1 from [58] (see
[58] for an erratum) and Theorem 6.1 from [47]. We denote by ‖A‖ the operator norm of the matrix A
given by ‖A‖ = sup‖u‖2=1 ‖Au‖2 where ‖u‖2 =

√∑
|ui|2.
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Proposition 1.3.19. For every θ > 0, every κ ∈]0, 1/2[, every M > 0, there exist a function gκ :
R+ → R+ going to 0 at 0 such that for any δ > 0 and N large enough, with BN and B′N such that
d(µ̂NBN , µ̂

N
B′N

) < N−κ, |λmax(BN )− λmax(B′N )| < δ and supN ||BN || ≤M , supN ||B′N || ≤M :

|JN (BN , θ)− JN (B′N , θ)| < gκ(δ) .

From Theorem 1.3.18 and Proposition 1.3.19, we deduce that :

Corollary 1.3.20. For every θ > 0, every κ ∈]0, 1/2[, every M > 0, for any δ > 0 and µ a proba-
bility measure supported in [−M,M ], if we denote by BN the set of symmetric matrices BN such that
d(µBN , µ) < N−κ, |λmax(BN )− ρ| < δ, and supN ||BN || ≤M , for N large enough, we have :

lim sup
N→∞

sup
BN∈BN

|JN (BN , θ)− J(µ, θ, ρ)| ≤ 2gκ(δ)

where gκ is the function in Proposition 1.3.19.

By Lemma 1.3.12 and Lemma 1.3.16, it is enough to study the probability of deviations on the set
where JN is continuous:

Corollary 1.3.21. Suppose Assumption 1.3.5 holds. For δ > 0, take a real number x and set for M
large (larger than x+ δ in particular), AMx,δ to be the set of N ×N self-adjoint matrices given by

AMx,δ = {X : |λmax(X)− x| < δ} ∩ {X : d(µ̂NX , σβ) < N−κ
′
} ∩ {X : ‖X‖ ≤M} ,

where κ′ is chosen as in Lemma 1.3.16 . Let x be a real number, δ > 0 and κ′ as in Lemma 1.3.16.
Then, for any L > 0, for M large enough

P
(∣∣∣λmax(X

(β)
N )− x

∣∣∣ < δ
)

= P
(
X

(β)
N ∈ AMx,δ

)
+O(e−NL) .

We are now in position to get an upper bound for P
(
X

(β)
N ∈ AMx,δ

)
. In fact, by the continuity of

spherical integrals of Corollary 1.3.20, for any θ ≥ 0,

P
(
X

(β)
N ∈ AMx,δ

)
= E

[
IN (X

(β)
N , θ)

IN (X
(β)
N , θ)

1AMx,δ

]
≤ E[IN (X

(β)
N , θ)] exp{−N inf

X∈AMx,δ
JN (X, θ)}

≤ E[IN (X
(β)
N , θ)] exp{N(2gκ(δ)− J(σβ , θ, x))} (1.4)

where we used that x → J(σβ , θ, x) is continuous and took N large enough. It is therefore central to
derive the asymptotics of

FN (θ, β) =
1

N
lnE[IN (X

(β)
N , θ)] ,

and we shall prove in section 1.3.3 that

Theorem 1.3.22. Suppose Assumption 1.3.13 holds. For β = 1, 2, w1, w2 and θ ≥ 0,

lim
N→∞

FN (θ, β) = F (θ, β)

with F (θ, β) = θ2/β if β = 1, 2 and when β = wi, i = 1, 2:

F (θ, wi) = sup
x∈[0,1]

{2θ2

i
x(1− x) +

i

2(1 + α)
ln(1− x) +

iα

2(1 + α)
lnx} − iCα ,

where Cα = 1
2(1+α) ln( 1

1+α ) + α
2(1+α) ln α

1+α .
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We therefore deduce from (1.4), Corollaries 1.3.21 and 1.3.20 , and Theorem 1.3.22, by �rst letting N
going to in�nity, then δ to zero and �nally M to in�nity, that

lim sup
δ→0

lim sup
N→∞

1

N
lnP

(∣∣∣λmax(X
(β)
N )− x

∣∣∣ < δ
)
≤ F (θ, β)− J(σβ , θ, x) .

We next optimize over θ to derive the upper bound:

lim sup
δ→0

lim sup
N→∞

1

N
lnP

(∣∣∣λmax(X
(β)
N )− x

∣∣∣ < δ
)
≤ − sup

θ≥0
{J(σβ , θ, x)− F (θ, β)} . (1.5)

To complete the proof of Theorem 1.3.14, we show in section 1.3.4 that, with the notations of Theorems
1.3.10,1.3.9, and 1.3.11,

Proposition 1.3.23. For β = 1, 2, w1, w2,

Iβ(x) = sup
θ≥0
{J(σβ , θ, x)− F (θ, β)} .

To prove the complementary lower bound, we shall prove that

Lemma 1.3.24. For β = 1, 2, for any x > 2 and for β = w1, w2 for any x > b̃α, there exists θ = θx ≥ 0
such that for any δ > 0 and M large enough,

lim inf
N→∞

1

N
ln

E[1
X

(β)
N ∈AMx,δ

IN (X
(β)
N , θ)]

E[IN (X
(β)
N , θ)]

≥ 0 .

This lemma is proved by showing that the matrix whose law has been tilted by the spherical integral
is approximately a rank one perturbation of a Wigner matrix, from which we can use the techniques
developed to study the famous BBP transition [13]. The conclusion of Theorem 1.3.15 follows since then

P
(
X

(β)
N ∈ AMx,δ

)
≥

E[1XδN∈AMx,δIN (X
(β)
N , θx)]

E[IN (X
(β)
N , θx)]

E[IN (X
(β)
N , θx)] exp{−N sup

X∈AMx,δ
JN (X, θx)}

≥ exp{N(−2gκ(δ) + F (θx, β)− J(σβ , θx, x) + o(1))}
≥ exp{−NIβ(x)−N(o(1) + 2gκ(δ))}

where we �nally used Theorem 1.3.22 and Lemma 1.3.24.

1.3.2 Exponential tightness

In this section we prove Lemma 1.3.12. We will use a standard net argument that we recall for
completness. We denote by SN−1 the unit sphere in CN if β = 2 or RN if β = 1. For N ∈ N, let RN be
a 1/2-net of the sphere (i.e. a subset of the sphere SN−1 such as for all u ∈ SN−1 there is v ∈ RN such
that ||u− v||2 ≤ 1/2). Here the sphere is inside RN for β = 1, w1 and CN for β = 2, w2. We know that
we can take RN with cardinality smaller than 32N . We notice that for M > 0

P[||X(β)
N || ≥ 4K] ≤ 92N sup

u,v∈RN
P[〈X(β)

N u, v〉 ≥ K] . (1.6)

Indeed, if we denote, for v ∈ SN−1, uv to be an element of RN such that ‖uv − v‖2 ≤ 1/2,

‖X(β)
N ‖ = sup

v∈SN−1

‖X(β)
N v‖2 ≤ sup

v∈SN−1

(‖X(β)
N uv‖2 +

1

2
‖X(β)

N ‖)
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so that
‖X(β)

N ‖ ≤ 2 sup
u∈RN

‖X(β)
N u‖2 . (1.7)

Similarly, taking v =
X

(β)
N u

‖X(β)
N u‖2

, we �nd

‖X(β)
N u‖2 = 〈v,X(β)

N u〉 ≤ 〈uv, X(β)
N u〉+ ‖v − uv‖2‖X(β)

N v‖2

from which we deduce that
‖X(β)

N ‖ ≤ 4 sup
u,v∈RN

〈X(β)
N u, v〉

and (1.6) follows. We next bound the probability of deviations of 〈X(β)
N v, u〉 by using Tchebychev's

inequality. For θ ≥ 0 we indeed have

P[〈X(β)
N u, v〉 ≥ K] ≤ exp{−θNK}E[exp{Nθ〈X(β)

N u, v〉}]

≤ exp{−θNK}E[exp

√N
2
∑
i<j

<(a
(β)
i,j uiv̄j) +

∑
i

ai,iuivi

]

≤ exp{−θNK} exp

θ2N

β′
(2
∑
i<j

|ui|2|vj |2 +
∑
i

|ui|2|vi|2)

 (1.8)

where we used that the entries have a sharp sub-Gaussian Laplace transform. In the case of Wishart
matrices, we bounded above some vanishing contributions by a non-negative term. When β = wi, β′ = i,
otherwise β′ = β. We can now complete the upper bound:

P[〈X(β)
N u, v〉 ≥ K] ≤ exp

(
θ2N

β′
||u||22||v||22 + 〈u, v〉2

2
− θNK

)
≤ exp

(
N

(
1

β′
−K

))
where we took θ = 1. We conclude that :

P[〈X(β)
N u, v〉 ≥ K] ≤ exp (N(1−K)) .

This complete the proof of the Lemma with (1.6).

1.3.3 Proof of Theorem 1.3.22

We consider in this section a random unit vector e taken uniformly on the sphere SN−1 and indepen-
dent of X(β)

N . We de�ne FN by setting, for θ > 0 :

FN (θ, β) =
1

N
lnE

X
(β)
N

Ee[exp(Nθ〈e,X(β)
N e〉)]

where we take both the expectation Ee over e and the expectation E
X

(β)
N

over X(β)
N . In this section we

derive the asymptotics of FN (θ, β). F (θ, β) is as in Theorem 1.3.22. We prove a re�nment of Theorem
1.3.22, which shows that under our assumption of sharp sub-Gaussian tails, the random vector e stays
delocalized under the tilted measure.
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Proposition 1.3.25. Suppose Assumption 1.3.1 holds if β = 1, w1 and Assumption 1.3.8 holds if β =
2, w2. Denote by V εN = {e ∈ SN−1 : ∀i, |ei| ≤ N−1/4−ε}. Then, for ε ∈ (0, 1

4 ),

F (θ, β) = lim
N→+∞

FN (θ, β) = lim
N→∞

1

N
lnEe[1e∈V εNEX(β)

N

[exp(Nθ〈e,X(β)
N e〉)]] .

We �rst consider the case of Wigner matrices and then the case of Wishart matrices: in both cases
the proof shows that the above delocalization holds (i.e we can restrict ourselves to vectors e in V εN ) and
we shall not mention it in the following statements.

1.3.3.1 Wigner matrices

In this section we prove Theorem 1.3.22 in the case of Wigner matrices, namely:

Lemma 1.3.26. Suppose Assumption 1.3.1 holds if β = 1 and Assumption 1.3.8 holds if β = 2. Then
for any θ ≥ 0

lim
N→+∞

FN (θ, β) = F (θ, β) =
θ2

β
.

Proof. By denoting Lµ = lnTµ, we have :

E
X

(β)
N

[exp(Nθ〈e,X(β)
N e〉)] = E

X
(β)
N

[exp{
√
Nθ(2

∑
i<j

<(a
(β)
i,j ej ēi) +

∑
i

a
(β)
i,i |ei|

2)}]

= exp{
∑
i<j

LµNi,j (2θēiej
√
N) +

∑
i

LµNi,i(θ|ei|
2
√
N)}

where we used the independence of the (a
(β)
i,j )i≤j . Using that the entries have a sharp sub-Gaussian

Laplace transform (using on the diagonal the weaker bound LµNi,i(t) ≤
1
β t

2 + A|t|) and
∑
e2
i = 1, we

deduce that:

E
X

(β)
N

[exp(Nθ〈e,X(β)
N e〉)] ≤ Ee[exp{2Nθ2

β

∑
i<j

|ei|2|ej |2 +
Nθ2

β

∑
i

|ei|4 +A
√
Nθ
∑
i

e2
i }]

≤ exp(N
θ2

β
+A
√
Nθ) .

Hence, we have proved the following upper bound

lim sup
N→∞

FN (θ, β) ≤ lim sup
N→∞

sup
e∈SN−1

1

N
lnE

X
(β)
N

[exp(Nθ〈e,X(β)
N e〉)] ≤ θ2

β
. (1.9)

We next prove the corresponding lower bound. The idea is that the expectation over the vector e
concentrates on delocalized eigenvectors with entries so that

√
Neiēj is going to zero for all i, j. As a

consequence we will be able to use the uniform lower bound on the Laplace transform (see Remark 1.3.2)
to lower bound FN (θ, β). Let V εN be as in Proposition 1.3.25. We have that :

E[exp(Nθ〈e,X(β)
N e〉)] ≥ Ee[1e∈V εN

∏
i<j

exp{LµNi,j (2
√
Nθēiej/β)}

∏
i

exp{LµNi,i(
√
Nθ|ei|2/β)}]

For e ∈ V εN , 2
√
Nθ|eiej | ≤ 2θN−ε so that :

lim
N→+∞

sup
e∈V εN

|2
√
Nθeiej | = 0 .
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By the uniform lower bound on the Laplace transform of Assumptions 1.3.1 or 1.3.8, we deduce that for
any δ > 0 and N large enough

E[exp(Nθ〈e,X(β)
N e〉)] ≥ Pe[V εN ]eN

θ2

β (1−δ) . (1.10)

We shall use that

Lemma 1.3.27. For any ε ∈ (0, 1/4) we have

lim
N→∞

Pe[e ∈ V εN ] = 1 .

As a consequence, we deduce from (1.10) that for any δ > 0 and N large enough

lim inf
N→∞

FN (θ, β) ≥ (1− δ)θ
2

β
.

Hence, together with (1.9), we have proved the announced limit

lim
N→∞

FN (θ, β) =
θ2

β

which completes the proof of Lemma 1.3.26. Finally we prove Lemma 1.3.27. To this end we use the well
known representation of the vector e as a renormalized (real or complex) Gaussian vector:

e =
g

‖g‖2

where g = (g1, ..., gN ) is a Gaussian vector of covariance matrix IN . By the law of large numbers, we
have the following almost sure limit :

lim
N→∞

||g||2√
N

= 1

We also have by the union bound

P[∃i ∈ [1, N ], |gi| > N1/4−ε/2] ≤ NP[|g1| > N1/4−ε/2] ≤ N exp{−1

4
N1/2−2ε}

from which the result follows.

1.3.3.2 Wishart matrices

In this subsection we prove Theorem 1.3.22 in the case of Wishart matrices, namely:

Lemma 1.3.28. Let β = w1 or w2. Suppose Assumption 1.3.13 holds. Then for any θ ≥ 0, for i = 1, 2

lim
N→∞

FN (θ, wi) = F (θ, wi) = sup
x∈[0,1]

{2θ2

i
x(1− x) +

i

2(1 + α)
ln(x) +

iα

2(1 + α)
ln(1− x)} − iCα ,

where Cα = 1
2(1+α) ln( 1

1+α ) + α
2(1+α) ln α

1+α . Moreover, the supremum is achieved at a unique xθ,α in

[0, 1] (as it maximizes a strictly concave function). xθ,α is the almost sure limit of ‖e(1)‖22, the norm of
the �rst L entries of e, under the tilted law

dPθ(e) =
EX [exp{θN〈e,X(β)

N e〉}]
Ee[EX [exp{θN〈e,X(β)

N e〉}]]
dP(e) .
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Proof. We have, with the same notations than in the previous case :

EXwiN [exp(Nθ〈X(wi)
N e, e〉)] = exp

 ∑
1≤i≤M,1≤j≤L

LµNi,j (
√
N2θe

(1)
i ē

(2)
j )


where e = (e(1), e(2)), that is e(1) is the vector made of the L �rst entries of e and e(2) the vector made of
the M last entries of e. Using that the µNi,j have a sharp sub-Gaussian Laplace transform and a uniform
lower bounded Laplace transform, we deduce that with V εN as in Proposition 1.3.25 we �nd that for any
δ > 0 and N large enough

Ee[1V εN e
(1−δ) 2θ2

i N‖e(1)‖22‖e
(2)‖22 ] ≤ EXwiN [IN (θ, wi)] ≤ Ee[e

2θ2

i N‖e(1)‖22‖e
(2)‖22 ] (1.11)

where ‖e(1)‖22 = 1 − ‖e(2)‖22 follows a Beta law with parameters (iL/2, iM/2). Hence, its distribution is
given by

BetaiM/2,iL/2(dx) = CM,Lx
iL/2−1(1− x)iM/2−11x∈[0,1]dx ,

with CM,L = Γ(iN/2)/Γ(iM/2)Γ(iL/2). Therefore, Laplace method implies that

lim
N→∞

1

N
lnEe[exp{2θ2

i
N‖e(1)‖22‖e(2)‖2}] (1.12)

= sup
x∈[0,1]

{2θ2

i
x(1− x) +

iα

2(1 + α)
ln(1− x) +

i

2(1 + α)
ln(x)} − iCα .

(1.12) thus yields the expected upper bound. To get the lower bound in (1.11), observe that conditioning
by ‖e(1)‖2, e(1) and e(2) follow uniform laws on spheres of appropriate radius so that Lemma 1.3.27
applies. Hence, V εN has probability going to one under this conditionnal measure and we can remove its
indicator function in the lower bound of (1.11). We then apply Laplace method under the Beta law to
conclude. Finally, we see from the above that for any set A, any δ > 0

Pθ(‖e(1)‖22 ∈ A) ≤ exp{−NF (θ, wi) +Nδ}
∫
A

xiL/2−1(1− x)iM/2−1 exp{2θ2

i
Nx(1− x)}dx

from which it follows by Laplace method that the law of ‖e(1)‖22 satis�es a large deviation upper bound
with speed N and good rate function which is in�nite outside [0, 1] and otherwise given by

−2θ2

i
x(1− x)− iα

2(1 + α)
ln(1− x)− i

2(1 + α)
lnx+ F (θ, wi) .

In particular ‖e(1)‖22 converges almost surely towards the unique minimizer xθ,α of this strictly convex
function (which vanishes there).

1.3.4 Identi�cation of the rate function

To complete the proof of the large deviation upper bound of Theorem 1.3.14, we need to identify
the rate function, that is prove Proposition 1.3.23. This could a priori be done by saying that the rate
function corresponds to the one that is well known for the Gaussian case. But for the sake of completness,
we verify directly that we have the same result.
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1.3.4.1 Wigner matrices

We �rst consider the case of Wigner matrices. Recall that we want to prove that for β = 1, 2

Iβ(x) =
β

2

∫ x

2

√
y2 − 4dy = max

θ>0

(
J(σ, θ, x)− θ2

β

)
(1.13)

where J(µ, θ, λ) was de�ned in (1.3). Note that when µ = σ, Rσ(x) = x and Hmax(σ, λ) = Gσ(λ) =
1
2 (λ−

√
λ2 − 4). To prove (1.13), observe �rst that the function

ϕ(θ, x) = J(σ, θ, x)− θ2

β

vanishes when 2θ
β ≤ Hmax(σ, x) = Gσ(x), since then J(σ, θ, x) = β

2

∫ 2
β θ

0 Rσ(u)du = θ2

β (see [47, Page 4]).

For 2θ
β > Gσ(x), the critical points of ϕ(., x) satisfy

2θ

β
= (∂θJ)(σ, θ, x) .

Computing the derivative of J shows that they are solution of

2θx
β

= x− β

2θx

which has a unique solution θx > βGσ(x)/2 which is given by:

2θx
β

=
1

2
(x+

√
x2 − 4) =

1

Gσ(x)
.

Therefore, Iβ(x) = ϕ(θx, x). We can compute the derivative of Iβ and since θx is a critical point of ϕ, we
�nd that

∂xIβ(x) = (∂xϕ)(θx, x) = (∂xJ)(σ, θx, x) = θx −
β

2
Gσ(x) =

β

2

√
x2 − 4 .

This proves the claim since Iβ(2) = 0.

1.3.4.2 Wishart matrices

Let us now consider Wishart matrices and compute

Iwβ (x) = max
θ>0

(J(σw, θ, x)− F (θ, wβ)) .

As in the previous proof, it is enough to compute the point θx where ϕ(θ, x) = J(σw, θ, x) − F (θ, wβ)
achieves its maximal value since then we can compute

∂xIwβ (x) = ∂xJ(σw, θx, x) = θx −
β

2
Gσw(x) .

Note that θx exists as ϕ is continuous in θ, going to −∞ at in�nity. To identify θx we remark that when
it is larger than β

2Gσw(x), it must satisfy the equation of the critical points of ϕ :

x = ∂θF (θ, wβ) +
β

2θ
=: K(θ) .

Our goal is therefore to identify K and in fact its inverse θx = K−1(x).
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We �rst show that K is analytic away from the origin and equals the inverse Kσw( 2θ
β ) of the Stieljes

transform for small θ. Indeed, we claim that θ→F (θ, wβ) is analytic in a neighborhood of ]0,+∞[. We
recall that it is given in Lemma 1.3.28 by

F (θ, wi) = sup
x∈[0,1]

Ψ(θ, x), Ψ(θ, x) =
2θ2

i
x(1− x) +

i

2(1 + α)
ln(x) +

iα

2(1 + α)
ln(1− x) .

The maximiser xθ,α of Ψ(θ, x) is solution of

(∂xψ)(x, θ) =
1

i2
θ2(1− 2x) +

1

(1 + α)x
− α

(1 + α)(1− x)
= 0 .

Clearly x→(∂xψ)(x, θ) takes its zeroes away from 0, 1 and is analytic in a complex neighborhood of
[ε, 1− ε] for any ε > 0. Moreover, ∂ψ can only vanish in a small neighborhood of x = 1/2 when θ is large.
But for <(θ) > δ, the real part of −∂2

xψ(θ, x) is bounded below uniformly by some c(ε) > 0 uniformly
a complex neighborhood Uε of [ε, 1 − ε] provided the imaginary part of θ is smaller than some κε,δ > 0.
Hence, the implicit function theorem implies that θ→xθ,α, and so F (., wβ), is analytic in a neighborhood
of <(θ) ≥ δ for any δ > 0. We next show that for θ small enough,

F (θ, wβ) =
β

2

∫ 2
β θ

0

Rσw(u)du . (1.14)

F is clearly lower bounded by this value as for any M

F (θ, wβ) ≥ lim inf
N→∞

1

N
lnE

X
(wβ)

N

[1
|λmax(X

(wβ)

N )|≤M
IN (X

(wβ)
N , θ)]

so that for 2θ
β ≤ Gσw(M),[47, Theorem 1.6] gives the lower bound. The upper bound is obtained similarly

by using the exponential tightness which permits to restrict oneself to {|λmax| ≤ M}. Therefore, we
conclude that K is analytic in <(θ) > δ and equals

Kσw(
2θ

β
) = Rσw(

2θ

β
) +

β

2θ

for small θ.
We want to �nd the inverse of K. We thus look for an analytic extension of Kσw . But in fact Kσw

satis�es an algebraic equation. Indeed, observe that

Gσw(x) = 2xGπα((1 + α)x2) +
α− 1

(1 + α)x

where it is well known that Gπα , the Stieltjes transform of the Wishart matries, is solution of

(2z)2Gπα(z)2 − 4z(z + 1− α)Gπα(z) + 4z − 8α = 0 .

We deduce that at least for small x, Kσw is solution of

((1 + α)Kσw(x)x+ 1− α)2 − 2(Kσw(x) + 1− α)((1 + α)xKσw(x) + 1− α) + 4(1 + α)Kσw(x)2 − 8α = 0 .

As a consequence, K is also solution of this equation for all x, by analyticity. Now, we are looking for
the inverse of K and so we deduce that θx = K−1(x) is solution of the equation

(
2

β
(1 + α)xθx + 1− α)2 − 2(x+ 1− α)(

2

β
(1 + α)xθx + 1− α) + 4(1 + α)x2 − 8α = 0 . (1.15)

For 2θx
β ≤ Gσw(x), the solution is

2

β
θx =

2α

1 + α

x2 + 1− α−
√

(x2 − 1− α)2 − 4α

2x2
+

1− α
1 + α

1

x
= Gσw(x) .
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but when 2θx
β > Gσw(x) we have to take the other solution of the quadratic equation

2

β
θx =

2α

1 + α

x2 + 1− α+
√

(x2 − 1− α)2 − 4α

2x2
+

1− α
1 + α

1

x
.

As a result, we then have

∂xIwβ (x) = θx −
β

2
Gσw(x) =

βα

1 + α

√
(x2 − 1− α)2 − 4α

x2
,

which completes the proof.

1.3.5 Large deviation lower bounds

Recall that we need to prove Lemma 1.3.24, that is �nd for any x > 2 (or b̃α for Wishart matrices) a
θ = θx ≥ 0 such that for any δ > 0 and M large enough,

lim inf
N→∞

1

N
ln

E[1
X

(β)
N ∈AMx,δ

IN (X
(β)
N , θ)]

E[IN (X
(β)
N , θ)]

≥ 0 ,

where we recall that

AMx,δ = {X : |λmax(X)− x| < δ} ∩ {d(µ̂NX , σβ) < N−κ
′
} ∩ {‖X‖ ≤M} .

For a vector e of the sphere SN−1 and X a random symmetric matrix, we denote by P(e,θ)
N the

probability measure de�ned by :

dP(e,θ)
N (X) =

exp(Nθ〈Xe, e〉)
EX [exp(Nθ〈Xe, e〉)]

dPN (X)

where PN is the law of X(β)
N . We have

E[1
X

(β)
N ∈AMx,δ

IN (X
(β)
N , θ)] = Ee[P(e,θ)

N (AMx,δ)EX [exp(Nθ〈Xe, e〉)]]

≥ Ee[1e∈V εNP
(e,θ)
N (AMx,δ)EX [exp(Nθ〈Xe, e〉)]] (1.16)

where we recall that V εN = {e ∈ SN−1 : |ei| ≤ N−1/4−ε}. The main point to prove the lower bound will

be to show that P(e,θ)
N (AMx,δ) is close to one for delocalized vectors e ∈ V εN and then proceed as before to

show that V εN has probability close to one under the tilted measure. More precisely, we will show that
for ε ∈ ( 1

8 ,
1
4 ), we can �nd θ so that for any x > 2 (resp. x > b̃α) and δ > 0 we can �nd θx ≥ 0 so that

for M large enough,
lim
N→∞

inf
e∈V εN

P(e,θx)
N (AMx,δ) = 1 . (1.17)

This gives the desired estimate since we then deduce from (1.16) that for N large enough so that the
above is greater than 1/2

E[1
X

(β)
N ∈AMx,δ

IN (X
(β)
N , θ)] ≥ 1

2
Ee[1e∈V εNEX(β)

N

[exp(Nθ〈X(β)
N e, e〉)]]

so that the desired estimate follows from Proposition 1.3.25. To prove (1.17), the �rst point is to show
that

Lemma 1.3.29. Take ε ∈ (0, 1
4 ). There exists κ′ > 0 and K large enough so that for any θ,
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�
lim
N→∞

sup
e∈V εN

P(e,θ)
N

(
λmax(X

(β)
N ) ≥ K

)
= 0 .

�
lim sup
N→∞

sup
e∈V εN

P(e,θ)
N

(
d(µ̂N

X
(β)
N

, σβ) > N−κ
′
)

= 0 .

Proof. We hereafter �x a vector e on the sphere. The proof of the exponential tightness is exactly the
same as for Lemma 1.3.12. Indeed, by Jensen's inequality, we have

EX [exp(Nθ〈X(β)
N e, e〉)] ≥ exp{NθEX [〈X(β)

N e, e〉]} = 1

Moreover, by Tchebychev's inequality, for any u, v, e ∈ SN−1, we have∫
1〈X(β)

N u,v〉≥K exp(Nθ〈X(β)
N e, e〉)dPN ≤ exp{−NK}EX [exp(Nθ〈X(β)

N e, e〉+N〈X(β)
N u, v〉)]

≤ exp{−NK} exp{N(θ2 + 1)
∑
i,j

|eiēj + uiv̄j |2}

≤ exp{−NK + 4(θ2 + 1)N}

from which we deduce after taking u, v on a δ-net as in Lemma 1.3.12 that

P(e,θ)
N

(
λmax(X

(β)
N ) ≥ K

)
≤ 92N exp{−1

4
NK + 4(θ2 + 1)N}

which proves the �rst point. The second is a direct consequence of Lemma 1.3.16 and the fact that the
log density of P(e,θ)

N with respect to PN is bounded by θN(|λmax(X)|+ |λmin(E)|) which is bounded by
θKN with overwhelming probability by the previous point (recall that λmin(X) satis�es the same bounds
than λmax(X)).

Hence, the main point of the proof is to show the following lemma.

Lemma 1.3.30. Pick ε ∈] 1
8 ,

1
4 [. For any x > 2 if β = 1, 2 and x > b̃α if β = w1, w2, there exists θx such

that for every η > 0,

lim
N→∞

sup
e∈V εN

P(e,θx)
N [|λmax − x| ≥ η] = 0

Again, we �rst consider the simpler Wigner matrix case and then the case of Wishart matrices.

1.3.5.1 Proof of Lemma 1.3.30 for Wigner matrices

For e ∈ V εN �xed, let X(e),N be a matrix with law P(e,θ)
N . We have :

X(e),N = E[X(e),N ] + (X(e),N − E[X(e),N ])

where E[X] denotes the matrix with entries given by the expectation of the entries of the matrix X. We
�rst show that E[X(e),N ] is approximately a rank one matrix.

Lemma 1.3.31. For ε ∈] 1
8 ,

1
4 [, there exists κ(ε) > 0 so that for e ∈ V εN :

E[X(e),N ] = 2θe e∗ + ∆(e),N

where the spectral radius of ∆(e),N is bounded by N−κ(ε) uniformly on e ∈ V εN .
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Proof of the lemma. We can express the density of P(e,θ)
N as the following product :

dP(e,θ)
N

dPXN
(X) =

∏
i≤j

exp(21i6=jθ
√
N<(eiējai,j)− LµNi,j (2

1i6=jθ
√
Neiēj))

where the ai,j are de�ned as in the introduction, basically a rescaling of the entries by multiplication by√
N .
So since we took our ai,j independent (for i ≤ j), the entries X(e),N

i,j remain independent and their
mean is given in function of the Taylor expansion of L as follows :

(E[X(e),N )])i,j =
L′
µNi,j

(2
√
Nθeiēj)

√
N

=
2θ

β
eiēj +

δi,j(2
√
Nθeiēj)Nθ

2|ei|2|ej |2√
N

if i 6= j, and if i = j

(E[X(e),N ])i,i =
L′
µNi,i

(
√
Nθ|ei|2)
√
N

=
2θ

β
eiēi +

δi,i(2
√
Nθ|ei|2)Nθ2|ei|4√

N

where we used that by centering and variance one, L′
µNi,j

(0) = 0, HessLµNi,j (0) = 1
β Id for all i 6= j,N ,

L′′
µNi,i

(0) = 2
β for all i,N , and where

|δi,j(t)| ≤ 4 sup
|u|<t

max
i,j,N
{|L(3)

µNi,j
(u)|} . (1.18)

Hence, we have

∆
(e),N
i,j = δi,j(2

√
Nθeiēj)

√
Nθ2|ei|2|ej |2, 1 ≤ i, j ≤ N .

In order to bound the spectral radius of this remainder term, we use the following lemma

Lemma 1.3.32. Let A be an Hermitian matrix and B a real symmetric matrix such that :

∀i, j, |Ai,j | ≤ Bi,j .

Then the spectral radius of A is smaller than the spectral radius of B.

Proof. Indeed, if we take u on the sphere such that ||Au||2 = ||A||, then, by denoting A′ the matrix
(|Ai,j |) and u′ the vector (|ui|), we have by the triangular inequality

||A|| = ||Au||2 ≤ ||A′u′||2 ≤ ||Bu′||2 ≤ ||B|| .

Therefore, if we choose C so that C ≥ supN,i,j δi,j(2
√
Nθeiēj)θ

2 and set |e|2 to be the vector with
entries (|ei|2)1≤i≤N , we have

||∆(e),N || ≤ C
√
N |||e|2(|e|2)∗||

Since |||e|2(|e|2)∗|| = |||e|2||22 =
∑
i e

4
i ≤ N−4ε, we deduce that if we take ε′ ∈]1/8, 1/4[ we have with

κ(ε) = 1/2− 4ε :

||∆(e),N || = N−κ(ε) .
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Remark 1.3.33. F. Augeri noticed that a maybe more elegant proof of this point would be to use Latala's
theorem [56]:

E[‖Y ‖] ≤ C sup
j

(
E
∑
i

|Yi,j |2
) 1

2

.

Now we denote :

X
(e),N

:= X(e),N − E[X(e),N ] .

The entries of X(e),N are independent, centered of variance ∂z∂z̄LµNi,j (θeiēj
√
N)/N . Recall that

∂z∂z̄LµNi,j (0) = 1 and that the third derivative of the Laplace transform of the entries are uniformly
bounded so that

∂z∂z̄LµNi,j (θeiēj
√
N) = 1 + δi,j(

√
N |eiej |) = 1 +O(N−2ε)

uniformly on V εN . We can then consider X̃(e),N de�ned by : :

X̃
(e),N
i,j =

X
(e),N

i,j√
∂z∂z̄LµNi,j (θeiēj

√
N)

.

Set Y (e),N = X
(e),N − X̃(e),N . So, we have

(Y (e),N )i,j = X
(e),N

i,j

1− 1√
∂z∂z̄LµNi,j (θeiēj

√
N)

 .

We next show that for all δ > 0 :

lim
N→+∞

sup
e∈V εN

P[||Y (e),N || > δ] = 0 . (1.19)

Indeed, we have the following lemma which is a variant of [4, Theorem 2.1.22 ] :

Lemma 1.3.34. Consider for all N ∈ N a random Hermitian matrix AN with independent subdiagonal
entries which are centered and for all k ∈ N :

rNk = max
i,j

N−k/2E[|ANi,j |k] .

Suppose that there exists N0 ∈ N, C > 0 such that for N ≥ N0 :

rN2 ≤ 1, rNk ≤ kCk .

Then for all δ > 0, P[λmax(AN ) > 2 + δ] goes to zero as N goes to in�nity.

The proof of this lemma is strictly identical to Theorem 2.1.22 in [4] as we only need to estimate large
moments of the matrix, which only requires upper bounds on moments of the entries (and not equality
as assumed in [4]) as soon as the entries are centered.

We apply this lemma to the matrices Y (e),N/δ to derive (1.19): note that the hypothesis on the upper
bound on moments is a clear consequence of our bounds on Laplace transform and are uniform for e ∈ V εN .
Indeed, �rst remark that for all i, j

E[exp(θX
(e),N

i,j )] = TµNi,j (θ +
√
Neiej) exp(−

√
Neiej − L′µNi,j (

√
Neiejθ))

As a consequence, for e ∈ V εN , we have
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E[(
√
NX

(e),N

i,j )2k]

2k!
≤

E[exp(
√
NX

(e),N

i,j )] + E[exp(−
√
NX

(e),N

i,j )]

2

≤ sup
t∈[−(1+N−2ε),1+N−2ε]

TµNi,j (t) exp(N−2ε) exp( sup
t∈[−N−2ε,N−2ε]

|L′µNi,j (t)|)

which is uniformly bounded by Assumption 1.3.8. Therefore we have a found a �nite constant C > 0
such that

sup
e∈V εN

sup
i,j

E[(
√
NX

(e),N

i,j )2k] ≤ C(2k)! (1.20)

Furthermore, by the same arguments as in (1.18), we get

lim
N→∞

sup
e∈V εN

1− 1√
∂z∂z̄LµNi,j (θeiēj

√
N)

 = 0

which readily implies that for any δ > 0, for N large enough, all k ≥ 1,

sup
e∈V εN

sup
i,j

E[(

√
NY

(e),N
i,j

δ
)2k] ≤ C(2k)! (1.21)

Hence, we can apply the previous lemma to deduce that

lim
N→∞

sup
e∈V εN

P[||Y (e),N/3δ|| ≥ 3] = 0

Hence, since

X(e),N = X̃(e),N +
2θ

β
ee∗ + ∆(e),N + Y (e),N ,

we conclude by combining (1.19) and Lemma 1.3.31 that for ε ∈]1/4, 1/8[ and all δ > 0

lim
N→∞

sup
e∈V εN

P(e,θ)
N [||X(e),N − (X̃(e),N +

2θ

β
ee∗)|| > δ] = 0 (1.22)

since all estimates were clearly uniform on e ∈ V εN .
And so, to conclude we need only to identify the limit of λmax(X̃(e),N + 2θ

β ee
∗). It is given by the

well known BBP transition. We collect below the main elements of the argument for completness. To
identify this limit, we easily see as in [18] that the eigenvalues of X̃(e),N + 2θ

β ee
∗ satisfy

0 = det(z − X̃(e),N − 2θ

β
ee∗) = det(z − X̃(e),N ) det(1− 2θ

β
(z − X̃(e),N )−1ee∗)

and therefore z is an eigenvalue away from the spectrum of X̃(e),N i�

〈e, (z − X̃(e),N )−1e〉 =
β

2θ
.

To take the large N limit we will use here the very powerful (and hard) results of [21] but will follow a
more pedestrian moment approach in the Wishart case for completness. It was indeed shown in Theorem
2.15 of [21] that for all z with =z > 0, all v ∈ SN−1, 〈v, (z− X̃(e),N )−1v〉 converges almost surely towards
Gσ(z) This convergence extends to z > 2 �rst by noticing that Gσ is continuous when z goes to the real
axis. And moreover, for any ε > 0, N large enough the operator norm of X̃(e),N is bounded by 2 + ε
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by Kòmlos-Füredi's theorem [4] so that 〈v, (z − X̃(e),N )−1v〉 is continuous in B(0, 2 + ε)c.Therefore we
conclude that the largest eigenvalue λmax(X̃(e),N + 2θ

β ee
∗), must converge towards the solution ρθ to

Gσ(ρθ) =
β

2θ

as soon as it is strictly greater than 2. We �nd a unique solution to this equation: it is given by

ρθ =
2θ

β
+

β

2θ
.

Reciprocally, for any x > 2, we can �nd θx = β
2 (x +

√
x2 − 4) so that x = ρθx . Hence, we have proved

that for any sequence of vectors e ∈ V εN we have the desired estimate for any η > 0

lim
N→∞

sup
e∈V εN

P(e,θx)
N [|λmax − x| ≥ η] = 0

which also entails the convergence of the supremum over V εN and thus the Lemma.

1.3.5.2 Proof of Lemma 1.3.30 for Wishart matrices

We next prove Lemma 1.3.30 for Wishart matrices and �x e = (e(1), e(2)) ∈ V εN . We decompose as in
the previous proof

X(e),N = X̃(e),N + E[X(e),N ] + Y (e),N ,

where the entries of X̃(e),N are centered and with covariance 1/N and Y (e),N goes to zero in norm. We
then �nd by the same argument that

E[X(e),N ] =
2θ

i

(
0 e(1)(e(2))∗

e(2)(e(1))∗ 0

)
+ ∆(e),N

where ‖∆(e),N‖ ≤ N−κ(ε) and e(1) (resp. e(2)) is the vector made of the �rst L (resp. M last) coordinates
of e. Letting

S(e) =

(
e(1) 0
0 e(2)

)
and T (e) =

(
0 (e(2))∗

(e(1))∗ 0

)
we notice that (

0 e(1)(e(2))∗

e(2)(e(1))∗ 0

)
= S(e)T (e) .

Therefore, we need to �nd z > b̃α such that

0 = det(z − X̃N,(e) − 2θ

i
S(e)T (e)) = det(z − X̃N,(e)) det(1− 2θ

i
T (e)(z − X̃N,(e))−1S(e)) . (1.23)

By writing RX̃N,(e)(z) = (z − X̃N,(e))−1 by blocks with X̃N,(e) with upper right L×M block G̃N,(e), we
get :

RX̃N,(e)(z) =

(
R1,1(z) R1,2(z)
R2,1(z) R2,2(z)

)
=

(
zRG̃N,(e)(G̃N,(e))∗(z

2) G̃N,(e)R(G̃N,(e))∗G̃N,(e)(z
2)

R(G̃N,(e))∗G̃N,(e)(z
2)(G̃N,(e))∗ zR(G̃N,(e))∗G̃N,(e)(z

2)

)

where R1,1 is L× L, R1,2 L×M , R2,2 M ×M , we get the simpler equation

det

(
I − 2θ

i

(
〈e(2), R2,1(z)e(1)〉 〈e(2), R2,2(z)e(2)〉
〈e(1), R1,1(z)e(1)〉 〈e(1), R1,2(z)e(2)〉

))
= 0
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Therefore, we need to �nd z such that

|1− 2θ

i
〈e(2), R2,1(z)e(1)〉|2 − 4θ2

i2
〈e(2), R2,2(z)e(2)〉〈e(1), R1,1(z)e(1)〉 = 0 (1.24)

We are going to prove that

Lemma 1.3.35. For any δ, ε > 0

lim sup
N→∞

sup
e∈V εN

P(e,θ)
N

(
sup

z≥b̃α+ε

|〈e(1), R1,1(z)e(1)〉 − z(1 + α)||e(1)||22GMP (α)((1 + α)z2)| > δ

)
= 0 ,

lim sup
N→∞

sup
e∈V εN

P(e,θ)
N

(
sup

=z≥b̃α+ε

|〈e(2), R2,2(z)e(2)〉 − z(1 + α)||e(2)||22GMP (1/α)((1 + α)z2)| > δ

)
= 0 ,

lim sup
N→∞

sup
e∈V εN

P(e,θ)
N

(
sup

=z≥b̃α+ε

|〈e(2), R2,1(z)e(1)〉| > δ

)
= 0 ,

where GMP (α) is the Stieltjes transform of a Pastur Marchenko law with parameter α.

We �rst derive Lemma 1.3.30 assuming that Lemma 1.3.35 holds. We have seen in Lemma 1.3.28 that
‖e(1)‖2 converges towards xθ,α almost surely. Therefore, we arrive to the limiting equation

(1 + α)2z2GMP (α)((1 + α)z2)GMP (1/α)((1 + α)z2) =
i2

4θ2xθ,α(1− xθ,α)
.

Now, we claim that ϕ(θ) = θ2xθ,α(1 − xθ,α) is continuous, increasing, going from 0 to +∞. As xθ,α
is a complicated solution of θ ( solution of a degree three polynomial equation), we use the following
asymptotic characterization which easily follows from the previous large deviation considerations, see
Lemma 1.3.28:

4θ

i
xθ,α(1− xθ,α) = ∂θF (θ, wi) ,

where we use that the derivatives of xθ,α vanishes as it is a critical point of the maximum. We moreover
notice that G(θ) = F (

√
θ, wi) is convex in θ (as a supremum of convex functions). Hence,

ϕ(θ) =
i

4
θ∂θF (θ, wi) =

i

2
θ2G′(θ2) .

It follows that ϕ is smooth as F is and moreover

ϕ′(θ) = i(θG′(θ2) + θ3G′′(θ)) .

But since ϕ is non negative, G′ is non negative and so ϕ′ is non negative for all θ ≥ 0. The fact that ϕ
goes to in�nity at in�nity is clear as xθ,α then goes to 1/2. Moreover, for z > b̃α, z 7→ zGMP (α)((1+α)z2)
and z 7→ zGMP (1/α)((1 + α)z2) are positive and decreasing, and therefore so are their product. Hence,
there exist a θα > 0 so that for every θ ≥ θα , the equation above has a unique solution on [b̃α,+∞[.
Moreover, if we denote ρθ this solution, θ 7→ ρθ is a bijection from [θα,+∞[ onto [b̃α,+∞[.

Proof of Lemma 1.3.35. The �rst two results could be derived from [21] but we here provide a more
pedestrian moment approach to achieve this result, a strategy that we could have also followed in the
Wigner case. We recall that G̃ = GL,M is a L×M matrix with centered entries with covariance one and
sub-Gaussian tails, e = (e(1), e(2)) a unit vector and

R1,1(z) = (z2 − G̃G̃∗)−1, R22(z) = (z2 − G̃∗G̃)−1, R1,2(z) = G̃(z2 − G̃∗G̃)−1.
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In fact G̃ depends a priori on e but we will derive uniform bounds in e ∈ V εN in the following and we will
work conditionnally to e. Moreover to simplify the notations we denote G̃ by G.

The �rst two points of the Lemma are direct consequences of [21, Theorem 2.5]. It remains to see that
〈e(2), R2,1(z)e(1)〉 goes to 0 as N goes to in�nity. Because R2,1(z) = G(z − G∗G)−1 is not the resolvent
of the Wishart matrix, but its multiplication by G, we cannot apply directly [21, Theorem 2.5]. We will
give an elementary proof of this result,based on classical moment computations. Indeed, for ε > 0, we
have already seen thanks to (1.21) and Lemma 1.3.34 that

lim
N→∞

sup
e∈V εN

P (‖G∗G‖ ≥ bα + ε) = 0 .

Moreover, on the set where {‖G∗G‖ ≤ bα + ε}, for z > bα + 2ε we can expand

〈e(2), R2,1(z)e(1)〉 = −
∞∑
k=0

〈e(1), G(G∗G)ke(2)〉
z2k

= −
K∑
k=0

〈e(1), G(G∗G)ke(2)〉
z2k+2

+O

(
1

ε

(
bα + ε

bα + 2ε

)K+1)
and hence it is enough to get the convergence in probability of K moments with K ≥ 2ε−1 ln ε−1,
uniformly in e :

lim
N→∞

sup
e∈V εN

P
(

sup
0≤k≤K

|〈e(1), G(G∗G)ke(2)〉| ≥ δ
)

= 0 .

To this end, it is enough to prove by Tchebycjhev's inequality that :

lim
N→∞

sup
e∈V εN

|E[〈e(1), G(G∗G)ke(2)〉]| = 0 , (1.25)

and then
lim
N→∞

sup
e∈V εN

V ar(〈e(1), G(G∗G)ke(2)〉) = 0 . (1.26)

We �rst prove (1.25). It is clearly true for k = 0 by centering of the entries and so we consider k ≥ 1. Let's
call W2k+1 the set of words (v1, ..., v2k+2) of length 2k+ 1 so that v2j ∈ {1, ..., L} and v2j+1 ∈ {1, ...,M}.
We use the following notation :

Ev = E[av1,v2av2,v3 ...av2k+1,v2k+2
] .

We have

E[〈e(1), G(G∗G)ke(2)〉] =
1

Nk+1/2

∑
v∈W2k+1

e(1)
v1 Eve

(2)
v2k+2

.

Given a word v, we can construct a bipartite graph Gv whose vertices are the {v1, v3, ...} ∪ {L +
v2, L + v4, ...} of whose edges (occasionally multiple) are the (L + v2i, v2i−1) and (L + v2i, v2i+1). We
denote V (1)(v) the number of vertices in Gv lying in {1, ..., L}, V 2(v) the number of vertices in Gv lying
in {L + 1, ..., L + M} and V (v) = V (1)(v) + V 2(v) and A(v) the number of edges of Gv. If e is an edge
of Gv, we denote nv(e) the multiplicity of this edge.

Let's recall that here the entries ai,j of G are independent but not identically distributed, with
distribution eventually depending on e. Nevertheless their variance are 1 and their moments are bounded
uniformly i.e. for every k there exists Ck < +∞, independent of e ∈ V εN (see (1.21)) such that :

sup
N,i,j

E[|ai,j |k] ≤ Ck .
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For every word v of length k, we can de�ne Cv =
∏
j≤k C

l(v,j)
j where l(v, j) is the number of edge of

multiplicity j in Gv. we then have

|Ev| ≤ Cv
We say that two words v, w are equivalent if there exists a bijection ϕ : {1, ..., L} → {1, ...,M} and a

bijection ψ : {1, ...,M} → {1, ...,M} such that v2j = ϕ(w2j) and v2j+1 = ψ(w2j+1). If two words v and
w are equivalent then Cv = Cw.

Let T2k+1 be a the quotient set of words of length 2k + 1 for this equivalency relationship. We have

E[〈e(1), G(G∗G)ke(2)〉] =
1

Nk+1/2

2k+2∑
j=2

∑
t∈T2k+1,V (v)=j

∑
v|v∼t

e(1)
v1 Eve

(2)
v2k+2

.

Notice that if Gv has an edge of multiplicity 1, then Ev = 0 (since the ai,j are independant and centered).
So for Ev to be non zero we need that A(v) ≤ (2k+1)/2 so A(v) ≤ k. Since Gv is connected V (v) ≤ A(v)+
1 ≤ k+1. If v ∈ W2k+1, there exists Nv := (L−1)...(L−V (1)(v)+1)(M−1)...(M−V 2(v)+1) ≤ NV (v)−2

equivalent words w1 provided we �x v1 and v2k+2 so we have the following bound :

E[〈e(1), G(G∗G)ke(2)〉] ≤ 1

Nk+1/2

k+1∑
j=2

∑
t∈T2k+1,V (t)=j

CtNt
∑

1≤v1≤L,1≤v2k+2≤M

|e(1)
v1 e

(2)
v2k+2

| .

By using the Cauchy Schwartz inequality, we have that :∑
1≤i≤L,1≤j≤M

|e(1)
i e

(2)
j | ≤ N‖e

(1)||2 × ||e(2)||2 ≤ N ,

which yields

E[〈e(1), G(G∗G)ke(2)〉] ≤ 1

Nk−1/2

k+1∑
j=2

∑
t∈T2k+1,V (t)=j

CtN
j−2 .

The leading order term here is in N−1/2 for k ≥ 1 and so

lim
N→∞

sup
‖e‖2=1

|E[〈e(1), G(G∗G)ke(2)〉]| = 0 .

We proceed similarly for the covariance (1.26):

Var(〈e(1), G(G∗G)ke(2)〉) =
1

N2k+1

∑
v∈W2k+1,w∈W2k+1

e(1)
v1 e

(1)
w1
Tv,we

(2)
v2k+2

e(2)
w2k+2

,

where Tv,w = Ev,w − EvEw and Ev,w = E[av1,v2av2,v3 ...avk,vk+1
aw1,w2aw2,w3 ...awk,wk+1

] We extend nat-
urally the previous de�nitions to couples of words. Let us now do the same analysis than before with
couples of words. Let's take T̃2k+1 the quotient set for the equivalency relationship for couples of words.
Let (v, w) ∈ T̃2k+1

First, if Gv,w is not connected, since it is the union of two connected graphs Gv and Gw, we have that
Gv and Gw don't have any edges in common and so, by independence of the entries Tv,w = 0. So we can
assume that Gv,w is connected.

Then several cases arise :
First, if v1 6= w1 and v2k+2 6= w2k+2, then if one edge of Gv,w is of multiplicity 1, then Tv,w = 0. So we

can assume that all edges are of multiplicity at least 2. We deduce that A(v, w) ≤ 2k + 1 and V (v, w) ≤
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2k + 2. Let Nv,w be the number of couple of words equivalent to (v, w) provided (v1, w1, v2k+2, w2k+2)
are �xed, we have Nv,w ≤ N2k−2. Hence∑

(u,t)∼(v,w)

e(1)
u1
e

(1)
t1 Tv,we

(2)
u2k+2

e
(2)
t2k+2

≤ N2k(Cv,w − CvCw) .

Then, if v1 = w1 and v2k+2 6= w2k+2 or if v1 6= w1 and v2k+2 = w2k+2, the same reasoning concerning
the edges holds. So, we have V (v, w) ≤ 2k+ 2 and if Nv,w is the number of couple of words equivalent to
(v, w) provided (v1, w1, v2k+2, w2k+2) are �xed, we have Nv,w ≤ N2k−1. If we are in the case v1 = w1 :∑

(u,t)∼(v,w)

e(1)
u1
e

(1)
t1 Tv,we

(2)
u2k+2

e
(2)
t2k+2

≤ N2k||e(1)||2(Cv,w − CvCw) .

And lastly, if v1 = w1 and v2k+2 = w2k+2, we have again Nv,w ≤ N2k and∑
(u,t)∼(v,w)

e(1)
u1
e

(1)
t1 Tv,we

(2)
u2k+2

e
(2)
t2k+2

≤ N2k||e(1)||2||e(2)||2(Cv,w − CvCw) .

Hence, we conclude that

Var(〈e(1), G(G∗G)ke(2)〉) = O

(
1

N

)
.

1.3.6 Appendix: Proof of Lemma 1.3.16

In this section, we want to prove that if µi,j are supported inside a common compact K or satisfy a
log-Sobolev inequality with a uniformly bounded constant c, the empirical measure of the eigenvalues of
the matrices X(1)

N , X
(2)
N , X

(w1)
N , X

(w2)
N concentrates as stated in Lemma 1.3.16. To this end, we will use

two concentration results respectively from [49] and [9].

Theorem 1.3.36. By [49, Theorem 1.4)] (for the compact case) and [49, Corollary 1.4 b)] (for the
logarithmic Sobolev case), we have for β = 1, 2, w1, w2, and for N large enough

lim sup
N→∞

1

N7/6
lnP[d(µ

X
(β)
N

,E[µ
X

(β)
N

]) > N−1/6] < 0

where d is the Dudley distance.

We therefore only need to show that

Theorem 1.3.37. ( [9, Theorem 4.1]) If we let for every N :

F
X

(1)
N

(x) = µ
X

(1)
N

(]−∞, x]) ,

Fσ1
(x) = σ1(]−∞, x]) ,

we have that

sup
x∈R
|Fσ1

(x)− E[F
X

(1)
N

(x)]| = O(N−1/4) .

In order to conclude, we need only to use Lemma 1.3.12 to see that F
X

(1)
N

(−M) and 1 − F
X

(1)
N

(M)

decay exponentially fast in N for some �xed M so that

d(E[µ
X

(1)
N

], σ1) ≤ 4e−N‖f‖∞ + 2M‖f‖L sup
x∈R
|F (x)− E[F

X
(1)
N

(x)]| = o(N−1/6) .

The same results hold in the complex case, see e.g. [12, (8.1.3)]. For Wishart matrices, we rely on [10,
Theorem w.1 and w.2]. Recall that WN = GL,M (GL,M )∗.
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Theorem 1.3.38. ( [10]) Assume that M/N ∈ (1, ε−1) for some �xed ε and M/N converges towards α.
Then

sup
x∈R
|Fπα(x)− E[FWN

(x)]| = O(N−1/10) .

We can as well use Lemma 1.3.12 to conclude that 1−E[FWN
(M)] goes to zero like e−N for M large

enough. Finally, we conclude by noticing that since∫
f(x)dE[µ̂XwN ](x) =

N

N +M

∫
(f(
√
λ) + f(−

√
λ))dµ̂WN

(λ) +
M −N
N

f(0),

we have ∣∣∣∣∫ f(x)d(E[µ̂XwN ]− σw)(x)

∣∣∣∣ ≤ ‖f‖∞(|M
N
− α|+ e−N )

+

∫ M

0

|∂λf(
√
λ)||Fπα(λ)− E[FWN

(λ)]|dλ

≤ ‖f‖L(N−κ + e−N + 2MN−
1
10 ) .

1.4 Large deviations for the largest eigenvalue of matrices with

variance pro�les

1.4.1 Introduction

In random matrix theory, large deviation principles for quantities related to the spectrum are usually
hard to prove. In the case of random Wigner matrices with Gaussian entries, that is matrices from
the GUE, GOE and Gaussian Wishart matrices, the explicit formulas for the joint distributions of the
eigenvalues can be used to establish large deviation principles for the empirical measure and for the
largest eigenvalue (see [16, 17] for the Wigner case and [68, 35] for the Wishart case). But in the general
case, since eigenvalues are complex functions of the entries, such large deviation principles are rather
scarce. There has been nevertheless large deviation-type lower bounds in compactly supported and log-
Sobolev settings by A. Guionnet and O. Zeitouni [49], several recent breakthroughs related for instance
to matrices with entries with heavy-tailed distributions both for the empirical measure and the largest
eigenvalue respectively by C. Bordenave and P. Caputo and by F. Augeri ([5, 23]), and �nally a more
general result for the largest eigenvalue of matrices with Rademacher-distributed entries by A. Guionnet
and the author in [45]. In this article, we will use the techniques developed in [45] and apply them to
Wigner matrices with variance pro�les (also called sometimes "Wigner-type matrices"). The entries of
these matrices verify the same hypothesis as Wigner matrices except their variances may not be equal
to N−1/2 or 2N−1/2 and the matrices of the entries variance converges macroscopically to a function on
[0, 1]2. Such matrices and the limit behaviour of their empirical measures have been thoroughly examined
for instance in [43]. In particular the Stieljes transform of this limit measure is controlled by the so-called
canonical equation. This canonical equation has also been extensively studied for instance in [43, 3].
In the course of this paper, we will adapt the methods of [45] for the setting of Wigner-type matrices
and prove a large deviation principle for the largest eigenvalue under some assumptions for the variance
pro�le. First we will recall in section 1.4.2 the convergence results of the empirical measure we will need
during the proof of the large deviation principle. Then in section 1.4.3 we will introduce the rate function
and the assumption on the variance pro�le we will need in order for our result to work. In sections 1.4.4
to 1.4.7 we will treat the case of matrices with piecewise constant variance pro�le which bears the most
similarities with the models treated in [45]. In section 1.4.8 we will approximate the case of a continuous
variance pro�le with piecewise constant ones. In section 1.4.9 we will illustrate the cases where our result
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applies in the simple context of a piecewise constant variance pro�le with four blocks. In the same section
we will illustrate the limits of our approach and the necessity to make some assumptions concerning the
variance pro�les, with an example of a matrix whose variance pro�le does not veri�es our assumptions
and such that the rate function for the large deviations of the largest eigenvalue does not match our rate
function.

1.4.1.1 Variance pro�les

In the rest of the article, a real x is said to be positive if x ≥ 0 and R+ is the set {x ∈ R : x ≥ 0}.
Our random matrix matrix model will be of the form WN �ΣN , where WN is either a real or a complex
Wigner matrix, ΣN is a real symmetric matrix and � is the entrywise product. First of all, we describe
the matrices ΣN we will be using. These matrices will converge as piecewise constant functions of [0, 1]2

to some function σ on [0, 1]2 we will call a variance pro�le. We will consider here two cases of variance
pro�les : the case where it is piecewise constant and the case where it is continuous.

Piecewise constant variance pro�le : We consider a variance pro�le piecewise constant on rectan-
gular blocks. Let n ∈ N∗, Σ = (σi,j)i,j∈[1,n] a real symmetric n× n matrix with positive coe�cients and
~α = (α1, ..., αn) ∈ Rn such that αi > 0 and α1 + ... + αn = 1. In this context we'll consider ΣN de�ned
by block by :

ΣN (i, j) = σk,l if Ni ∈ Ik and Nj ∈ Il

where :

γj :=

j∑
i=1

αi and Ii = [γi−1, γi[

.
We shall also denote σ : [0, 1]2 → R+ the function piecewise constant de�ned by

σ(x, y) = σk,l if (x, y) ∈ Ik × Il

.
This case will be referred as the case of a piecewise constant variance pro�le associated to the para-

meters Σ and ~α.
Continuous variance pro�le : In this case, we will consider a real non-negative symmetric conti-

nuous function σ : [0, 1]2 → R+ and

ΣN (i, j) := σ

(
i

N
,
j

N

)
.

In both cases, we will call σ the variance pro�le of the matrix model.

1.4.1.2 The generalized Wigner matrix model

The real symmetric case : We consider a family of independent real random variables (a
(1)
i,j )0≤i≤j≤N ,

such that the variables a(1)
i,j are distributed according to the laws µNi,j . We moreover assume that the µNi,j

are centered :

µNi,j(x) =

∫
xdµNi,j(x) = 0

and with covariance :

µNi,j(x
2) =

∫
x2dµNi,j(x) = 1,∀1 ≤ i < j ≤ N, µNi,i(x

2) = 2, ∀1 ≤ i ≤ N .

We say that a probability measure µ has a sharp sub-Gaussian Laplace transform i�
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∀t ∈ R, Tµ(t) =

∫
exp{tx}dµ(x) ≤ exp

{ t2µ(x2)

2

}
. (1.27)

The terminology �sharp� comes from the fact that for t small, we must have

Tµ(t) ≥ exp{ t
2µ(x2)

2
(1 + o(t))} .

Hypothèse 1.4.1 (A0). We assume that the µNi,j have a sharp sub-Gaussian Laplace transform.

Again thanks to the remark 1.3.2, we have that if the µNi,j(x
2) are bounded, for every δ > 0, there

exists ε > 0 that does not depend on the laws µNi,j such that for |t| ≤ ε.

TµNi,j (t) ≥ exp{
(1− δ)t2µNi,j(x2)

2
} .

and also that the TµNi,j are uniformly C3 in a neighbourhood of the origin : for ε > 0 small enough

sup|t|≤ε supi,j,N |∂3
t lnTµNi,j (t)| is �nite.

We will also need that the empirical measure of the eigenvalues concentrates in a stronger scale than
N . To this end we will also make the following classical assumptions to use standard concentration of
measure tools.

Hypothèse 1.4.2. There exists a compact set K such that the support of all µNi,j is included in K for
all i, j ∈ {1, . . . , N} and all integer number N , or all µNi,j satisfy a log-Sobolev inequality with the same
constant c independent of N . In the complex case, we will suppose also that for all (i, j), if Y is a random
variable of law µi,j, there is a complex a 6= 0 such that <(aY ) and =(aY ) are independent.

Given the family (a
(1)
i,j ), we de�ne the following Wigner matrices :

W
(1)
N (i, j) =

{ a
(1)
i,j√
N

when i ≤ j,
a
(1)
j,i√
N

when i > j .

From this de�nition we de�ne X(1)
N a real matrix with variance pro�le VN as :

X
(1)
N := W

(1)
N � ΣN

where for two matrices A = (ai,j)i,j∈[1,n], B = (bi,j)i,j∈[1,n], A�B is the matrix (ai,jbi,j)i,j∈[1,n].

We denote λmin(X
(1)
N ) = λ1 ≤ λ2 · · · ≤ λN = λmax(X

(1)
N ) the eigenvalues of X(1)

N .
The complex Hermitian case : We now consider a family of independent random variables

(a
(2)
i,j )1≤i≤j≤N , such that the variables a(2)

i,j are distributed according to a law µNi,j when i ≤ j, which are

centered probability measures on C (and on R if i = j). We write a(2)
i,j = xi,j + iyi,j where xi,j = <(a

(2)
i,j )

and yi,j = =(a
(2)
i,j ). We suppose that for all i ∈ [1, N ], yi,i = 0. In this context, for a probability measure

on C, we will consider its Laplace transform to be the function :

Tµ(z) :=

∫
exp{<(az̄)}dµ(a) .

We assume that :

Hypothèse 1.4.3 (A0c). For all i < j

∀t ∈ C, TµNi,j (t) ≤ exp(|t|2/4)

and for all i
∀t ∈ R, TµNi,i(t) ≤ exp(t2/2) .
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The same uniform lower bounds and C3 character as in the real case are also implied by this bound.
Observe that the above assumption implies that for all i < j, 2E[x2

i,j ] = 2E[y2
i,j ] = E[x2

i,i] = 1 and
E[xi,jyi,j ] = 0. Examples of distributions satisfying Assumption 1.4.3 are given by taking (xi,j , yi,j)
centered independent variables with law satisfying a sharp sub-Gaussian Laplace transform. We then
construct for all N ∈ N, W (2)

N a complex Wigner matrix N ×N by letting :

W
(2)
N (i, j) =

{ a
(2)
i,j√
N

when i ≤ j

a
(2)
j,i√
N

when i > j

.
As before, we de�ne the complex matrix with variance pro�le VN by :

X
(2)
N := W

(2)
N � ΣN

.

1.4.1.3 Statement of the results

We denote rσ the rightmost point of the support of the limit of the empirical measure of X(β)
N (the

existence of this measure is discussed in section 1.4.2). First of all, we have the following result for the
convergence of the largest eigenvalue of X(β)

N .

Théorème 1.4.4. Suppose that assumption 1.4.1 holds. Both in the piecewise constant case and the
continuous case, we have that λmax(X

(β)
N ) converges almost surely toward rσ.

The proof of this theorem is in fact contained in corollary 2.10 of [2] for a positive piecewise constant
pro�le. We will remind this result in Theorem 1.4.15. The general result will be proved as a consequence
of Lemma 1.4.53.

For the following theorem which states a large deviation principle for λmax(X
(β)
N ), we will need As-

sumptions 1.4.21 and 1.4.25 which are more thoroughly discussed in section 1.4.3. Assumption 1.4.25
states that the following optimization problem for ψ ∈ P([0, 1]) :

sup
ψ∈P([0,1])

{
θ2

β

∫
[0,1]2

σ2(x, y)dψ(x)dψ(y) +
β

2
D(Leb||ψ)

}
has a determination of its maximum argument that is continuous in θ.

Similarly, Assumption 1.4.21 states that the following optimization problem for ψ ∈ (R+)n such that∑
ψi = 1 :

sup
ψ∈(R+)n,

∑
ψi=1

θ2

β

n∑
i,j=1

σ2
i,jψiψj +

β

2

n∑
i

αi (logψi − logαi)


has a determination of its maximum argument that is continuous in θ. Both these assumptions are

necessary to obtain the lower large deviation bound.

Théorème 1.4.5. Suppose Assumptions 1.4.1, 1.4.2 hold. Furthermore suppose that Assumption 1.4.21
holds in the piecewise constant case or that Assumption 1.4.25 holds in the continuous case. Then, the
law of the largest eigenvalue λmax(X

(1)
N ) of X(1)

N satis�es a large deviation principle with speed N and
good rate function I(1) which is in�nite on (−∞, rσ).

In other words, for any closed subset F of R,

lim sup
N→∞

1

N
logP

(
λmax(X

(1)
N ) ∈ F

)
≤ − inf

F
I(1) ,
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whereas for any open subset O of R,

lim inf
N→∞

1

N
logP

(
λmax(X

(1)
N ) ∈ O

)
≥ − inf

O
I(1) .

The same result holds for the opposite of the smallest eigenvalue −λmin(X
(1)
N ).

The following theorem is the analog for the complex case :

Théorème 1.4.6. Assume that Assumptions 1.4.3 and 1.4.2 hold. Furthermore suppose that Assumption
1.4.21 holds in the piecewise constant case or that Assumption 1.4.25 holds in the continuous case. Then,
the law of the largest eigenvalue λmax(X

(2)
N ) of X(2)

N satis�es a large deviation principle with speed N and
good rate function I(2) which is in�nite on (−∞, rσ). Furthermore I2 = 2I1.

Both these rate functions are de�ned in section 1.4.3. Examples of variance pro�les that veri�es our
Assumptions 1.4.21 and 1.4.25 are given in section 1.4.3.

1.4.2 The limit of the empirical measure

In this section, we describe the limit of the empirical measure µσ of the matrices XN . We will also
discuss the stability of this measure in function of σ. Under assumptions of positivity for the variance
pro�le, we will prove that the largest eigenvalue converges toward the rightmost point of the support
of µσ. To describe the limit of the empirical measure we need the following de�nition for the so-called
canonical equation (also called quadratic vector equation). The following de�nition takes into account
both the piecewise constant and the continuous case :

Dé�nition 1.4.7. Let σ : [0, 1]2 → R+ be a bounded symmetric measurable function. We call canonical
equation Kσ the following equation where m is a function from H into H, where H is the complex upper
plane {z ∈ C|=z > 0}, H is the set of measurable m functions from [0, 1] to H and where we suppose for
every z ∈ H that supx∈[0,1] |m(z)(x)| <∞,

− 1

m(z)
= z + Sm(z) (Kσ)

.
Where S is the following kernel operator on H :

Sf(z)(x) :=

∫ 1

0

σ2(x, y)f(z)(y)dy

.

If w is a function from [0, 1] to itself, we denote ||w|| = supx∈[0,1] |wx|. If S is an operator on the space
of functions from [0, 1] to itself, we denote ||S|| the corresponding operator norm. If we denote mx the
function z 7→ m(z)(x), we have the following result concerning the solution of this equation :

Théorème 1.4.8. The equation Kσ has a unique solution m which is analytic in z. Moreover for every
x ∈ [0, 1], the function mx = m(.)(x) is the Stieljes transform of a probability measure vx on R.

This theorem is in fact a direct application of Theorem 2.1 from [3] with X = [0, 1] and S the kernel
operator (which is trivially non-negative).

Remarque 1.4.9. If σ is a piecewise constant variance pro�le with parameters α1, ..., αn and (σi,j)i,j≤n,
then the solution of (Kσ) is piecewise constant on the intervals Ij. This can be viewed directly from Kσ

by noticing that Sf is always piecewise constant on the intervals Ij.

In the rest of the paper, we will denote µσ :=
∫ 1

0
vxdx where vx is given by the preceding theorem.

And so we have that the Stieljes transform of µσ is
∫ 1

0
mxdx. Let us denote µ̂N the empirical measure of

X
(β)
N . The following theorem links the behaviour of the spectrum of X(β)

N and Kσ :
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Théorème 1.4.10. Let us denote σN : [0, 1]2 → R+ the function (x, y) 7→ ΣN (dNxe, dNxe). When N
tends to in�nity, for almost every x we have that with probability 1 :

lim
N→∞

∣∣∣µ̂N (]−∞, x])−
∫ x

−∞
dµσN (x)

∣∣∣ = 0

.

Démonstration. This is in fact a reformulation of [43, Theorem 1.1] (with ai,j =0). It is easy to check
that the variance pro�le we consider do satisfy the hypothesis of the theorem. Furthermore, since σN is
piecewise constant, the solution m of KσN is piecewise constant on the intervals [i/N, (i+ 1)/N ]. Making
the change of variables ci(z) = m(2i−1)/2(z) we have that the equation KσN is equivalent to the matricial
equation given in [43, Theorem 1.1].

And so we are left with determining the convergence of the measure µσN when N tends to +∞. To
that end, we will need the following rough stability results.

Théorème 1.4.11. Let σ : [0, 1]2 → R+ be a bounded measurable function. For every open neighbourhood
V of µσ there is η > 0 such that for every σ̃ bounded measurable function such that supx,y∈[0,1]2 |σ2(x, y)−
σ̃2(x, y)| ≤ η, µσ̃ ∈ V.

Démonstration. This proof is inspired from the proof of [1, Proposition 2.1]. We let S̃ be the kernel
operator with kernel σ̃2. Let Hη = {z ∈ C,=z ≥ η, |z| ≤ η} and D the function de�ned on H2

η by

D(ζ, ω) =
|ζ − ω|2

=ζ=ω

then d := arcosh(1 +D) is the hyperbolic distance on H. For u a function from Hη × [0, 1]→ C we de�ne
Φ and Φ̃ as follows :

Φ(u)(z) := − 1

z + Su(z)

Φ̃(u)(z) := − 1

z + S̃u(z)
.

If Bη := {u : Hη → B([0, 1],H)| infz∈Hη =u(z) ≥ η3

(2+max{||S||,||S̃||})2 , supz∈Hη ||u(z)|| ≤ η−1}, then
following the proof of [1, Proposition 2.1], if u maps Hη × [0, 1] into Hη, then Φ(u) ∈ Bη. Then, if
η < 2 + max{||S||, ||S̃||}, η3

(2+max{||S||,||S̃||})2 ≤ η, Φ maps Bη onto itself and so on for Φ̃.

For x ∈ [0, 1], z ∈ Hη and δ ≥ supx,y |σ2(x, y)− σ̃2(x, y)|

D(Φ(u)x(z), Φ̃(u)y(z)) = D(z + (Su)x(z), z + (S̃u)x(z))

≤ |(S − S̃)ux(z)|2

=z2

≤
δ2 supx∈[0,1] |ux(z)|2

η2

≤ δ2

η4

.
Let m be the solution of Kσ, that is the �xed point of Φ. For every n ∈ N let v(n) = Φ̃(n)(m). We

have for z ∈ Hη :

sup
x∈[0,1]

D(mx(z), v(1)
x (z)) ≤ δ2

η4
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and following again [1],

sup
x∈[0,1]

D(v(n+1)
x (z), v(n)

x (z)) = sup
x∈[0,1]

D(Φ̃(v(n))x(z), v(n)
x (z))

≤
(

1 +
η2

||S||

)−2

sup
x∈[0,1]

D(v(n)
x (z), v(n−1)

x (z))

and so we have :

sup
x∈[0,1]

D(v(n+1)
x (z), v(n)

x (z)) ≤ δ2

η4

(
1 +

η2

||S̃||

)−2n

.
And so for δ small enough, (v(n))n∈N is a Cauchy sequence for the distance

dHη (u, v) = supx∈[0,1],z∈Hη arcosh(1 +D(ux(z), vx(z))) which is converging toward m̃ the �xed point of Φ̃
and

dHη (m, m̃) ≤
+∞∑
i=0

arcosh

(
1 +

δ2

η4

(
1 +

η2

||S̃||

)−2n
)

.
Therefore for every ε > 0 and η > 0, there is δ > 0 small enough such thatsupx,y |σ2(x, y)−σ̃2(x, y)| ≤ δ

implies dHη (m, m̃) ≤ ε.
Since a base of neighbourhood of µσ for the vague topology is given by :

Vη := {λ ∈ P(R)|∀z ∈ Hη, |Gµσ (z)−Gλ(z)| ≤ η}

and since the vague topology and the weak topology are equal on P(R) we have our result since
Gµσ =

∫ 1

0
mxdx and Gµσ̃ =

∫ 1

0
m̃xdx

Corollaire 1.4.12. In the case of a continuous variance pro�le σ, µN converges in probability towards
µσ.

Démonstration. This is a consequence from Theorem 1.4.10 and the preceding proposition by noticing
that limN→∞ supx,y∈[0,1] |(σN )2(x, y)− σ2(x, y)| = 0.

We will also need a similar result for the piecewise constant case :

Théorème 1.4.13. Let s = (si,j)
n
i,j=1 ∈ Sn(R+) and ~α, ~β ∈ Rn two vectors of positive coordinates

summing to one and let γi =
∑i
j=0 αj and γ̃i =

∑i
j=0 βj. Let σ and σ̃ and the two piecewise constant

variance pro�les associated respectively with the couple (s, ~α) and (s, ~β) and m and m̃ the solutions
respectively of Kσ and Kσ̃. for i ∈ {1, ..., n}, let also mi and m̃i be the holomorphic functions such that
mx =

∑n
i=1 1γi−1≤x<γimi and m̃x =

∑n
i=1 1γ̃i−1≤x<γ̃im̃i. Then for every η > 0 there is ε > 0 such that

if supi |αi − βi| ≤ ε, then for all z ∈ Hη , we have supi |m̃i(z)− m̃i(z)| ≤ η.

Démonstration. We use the same notations as in the previous proof. The mi verify the following system :

mi =
−1∑n

j=1 αjs
2
i,jmj + z

and

m̃i =
−1∑n

j=1 βjs
2
i,jm̃j + z

. We let Φ and Φ̃ the following operators on the set of holomorphic functions from Hη to Hnη de�ned by :
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Φ(u)(z) =
−1

Su+ z

and

Φ̃(u)(z) =
−1

S̃u+ z

where S and S̃ are the linear applications de�ned by

∀i = 1, ..., n, (Su)i =

n∑
i=1

αis
2
i,juj and (S̃u)i =

n∑
i=1

βis
2
i,juj

.
As in the preceding proof, if Bη := {u : Hη → Hn| infz∈Hη =u(z) ≥ η3

(2+max{||S||,||S̃||})2 , supz∈Hη ||u(z)|| ≤
η−1}, Φ and Φ̃ maps Bη onto itself for η small enough. For u ∈ Bη, we have as before if δ ≥ (supi,j s

2
i,j)(supk |αk−

βk|), for all i :

D(Φ(u)i(z), Φ̃(u)i(z)) ≤
|(S − S̃)(u)i(z)|

=z2

≤ δ2

η4

Then, using the same reasoning as in the previous case, we have that for every η > 0, there is δ′ > 0 such
that if supi |αi − βi| ≤ δ′ then supz∈Hη supi |m̃i(z)− m̃i(z)| ≤ η.

In order to apply the full results of [39, 2, 3], we will need the following assumption for the piecewise
constant variance pro�le :

Hypothèse 1.4.14. In the piecewise constant case, ∀i, j ∈ [1, n], σi,j > 0.

Under assumption 1.4.14 we have the following convergence result :

Théorème 1.4.15. If Assumption 1.4.14 is veri�ed, we have that for any D > 0 and τ ∈ R

P[|µ̂N ([−∞; τ ])− µσ([−∞; τ ])| ≥ N−3/4] ≤ N−D

for N ≥ N(D) (where N(D) does not depend on τ). Furthermore, if we lN and rN be respectively the left
and right edge of the support of µ̂N and lσ and rσ the left and right edges of the support of µσ, we have
for every δ > 0, D > 0,

P[rN ≥ rσ + δ or lN ≤ lσ − δ] ≤ N−D

for N large enough.

Démonstration. This is in fact an application of corollary 2.10 of [2]. Indeed, up to multiplication by a
scalar, our matrix model veri�es the condition (A) and 1.4.14 gives us (B) and the sharp-sub Gaussian
hypothesis gives (D). For (C) we look to theorem 6.1 of [3], particularly remark 6.2.

1.4.3 The rate function

In this section we will explicit the rate functions I in 1.4.5 and 1.4.6. This function is in fact de�ned
the same way as in [45] as the supremum supθ(J(µσ, θ, x) − F (θ)). In this expression, J(µσ, θ, x) is the
limit of N−1 logE[exp(N〈e,ANe〉)] where e is a unitary vector taken uniformly on the sphere and AN is a
sequence of matrices such that the empirical measures converge weakly to µσ and such that the sequence
of the largest eigenvalues of AN converges to x. F (θ) is the limit of N−1 logE[exp(N〈e,XNe〉)] where the
expectation is taken both in XN and e. We will �rst describe the quantity F (θ).
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1.4.3.1 The asymptotics of the annealed spherical integral

For σ : [0, 1]2 → R+ a bounded measurable function and ψ a probability measure on [0, 1], let us
denote :

P (σ, ψ) :=

∫ 1

0

∫ 1

0

σ2(x, y)dψ(x)dψ(y)

and for θ > 0 :

Ψ(θ, σ, ψ) :=
θ2

β
P (σ, ψ) +

β

2
D(Leb||ψ)

where D(.||.) is the Kullback-Leibler deviation, that is :

D(λ||µ) =

{∫ 1

0
log
(
dλ
dµ (x)

)
dλ(x) if λ is continuous with respect to µ

−∞ if this is not the case

and Leb is the Lebesgue measure on [0, 1].

Lemme 1.4.16. The function :

µ 7→ D(Leb||µ)

is upper semi continuous.

Démonstration. This is due to the fact that the function (λ, µ) 7→ D(λ||µ) is convex in (λ, µ).

We consider here the following optimization problem on the setM1 of probability measures on [0, 1]
with parameter θ > 0 :

F (σ, θ) := sup
µ∈M1

{
θ2

β
P (σ, µ) +

β

2
D(Leb||µ)

}
. (1.28)

First, let us study this problem with the following lemma :

Lemme 1.4.17. In the problem (1.28), if σ is continuous, the sup is a max. Furthermore, in both the
continuous and the piecewise cases, the function F is continuous in θ.

Démonstration. Let us take µn a sequence of measures such that θ2

β P (σ, µn) + β
2D(Leb||µn) converges

toward F (σ, θ). By compacity we can assume that this sequence converges weakly to some µ. By weak
continuity of P , limn P (σ, µn) = P (σ, µ) and by weak upper semi-continuity, lim infnD(Leb||µn) ≥
D(Leb||µ) so that

lim inf
n

{
θ2

β
P (σ, µn) +

β

2
D(Leb||µn)

}
≥ F (σ, θ)

. Furthermore, we have for every µ ∈ M1, |Ψ(θ, σ, µ) − Ψ(θ′, σ, µ)| ≤ ||σ2||∞|θ2 − θ′2|/β and so |F (θ) −
F (θ′)| ≤ ||σ2||∞|θ2 − θ′2|/β.

In section 1.4.6 we will prove that the following limit :

lim
N→∞

N−1 logEe,XN [exp(Nθ〈e,XNe〉)] = F (σ, θ)

holds in the piecewise constant case. In the following subsection, we will discuss the simpli�cations that
occurs in the expression of F (σ, θ) in this case.
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1.4.3.2 Simpli�cations for the piecewise constant case

We consider the piecewise constant case, that is when σ is de�ned with a matrix (σi,j)i,j and para-
meters ~α. In this case, the optimization problem that de�nes F is in fact simpler.

Proposition 1.4.18. We denote by ~P (σ, .) the following quadratic function on Rn :

~P (σ, ψ1, ..., ψn) =

n∑
i,j=1

σ2
i,jψiψj

and

~Ψ(θ, σ, ~ψ) :=
θ2

β
~P (σ, ψ1, ..., ψn) +

β

2

(
n∑
i=1

αi logψi −
n∑
i=1

αi logαi

)
.

We have that

F (σ, θ) = max
ψi≥0,

∑n
1 ψi=1

~Ψ(θ, σ, ~ψ). (1.29)

Démonstration. Let ψ be a probability measure on [0, 1] and let's de�ne for every i ∈ [1, n] :

ψi := ψ(Ii)

then we have :

P (σ, ψ) = ~P (σ, ψ1, ..., ψn).

For every i ∈ [1, n], by concavity of log :

log

(
α−1
i

∫
Ii

dψ

dx
(x)dx

)
≥ α−1

i

∫
Ii

log

(
dψ

dx
(x)

)
dx.

Multiplying by αi and summing over i, we get :

D(Leb||ψ) ≤
n∑
i=1

αi logψi −
n∑
i=1

αi logαi

so we have the inequality ≤.
Then if ψ1, ...ψn ∈ R+ are such that ψ1 + ...+ψn = 1 we de�ne ψ the probability measure de�ned by

its density :

dψ

dx
(x) = α−1

i ψi for x ∈ Ii.

Then we have :

P (σ, ψ) = ~P (σ, ψ1, ..., ψn)

and

D(Leb||ψ) =

n∑
i=1

αi logψi −
n∑
i=1

αi logαi.

and so we have the inequality ≥

The function ~Ψ(σ, θ, .) we seek to maximize tends to −∞ at the boundary of our domain so this
problem has a solution.
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1.4.3.3 De�nition of the rate functions

Now, in order to introduce our rate functions we need �rst to introduce the function J . This function
is linked to the asymptotics of the following spherical integrals :

IN (X, θ) = Ee[eθN〈e,Xe〉]

where the expectation holds over e which follows the uniform measure on the sphere SβN−1 with radius
one. Denoting JN the following quantities :

JN (X, θ) =
1

N
log IN (X, θ)

the following theorem was proved in [47] :

Théorème 1.4.19. [47, Theorem 6]
If (EN )N∈N is a sequence of N × N real symmetric matrices when β = 1 and complex Gaussian

matrices when β = 2 such that :
� The sequence of empirical measures µ̂NEN weakly converges to a compactly supported measure µ,
� There are two reals λmin(E), λmax(E) such that limN→∞ λmin(EN ) = λmin(E) and limN→∞ λmax(EN ) =

λmax(E),
and θ ≥ 0, then :

lim
N→∞

JN (EN , θ) = J(µ, θ, λmax(E))

The limit J is de�ned as follows. For a compactly supported probability measure we de�ne its Stieltjes
transform Gµ by

Gµ(z) :=

∫
R

1

z − t
dµ(t)

We refer to the Theorem 1.3.18 of the preceding section for the de�nition of J . In both cases, we
introduce our rate function I(β) as

I(β)(σ, x) = −∞ for x ∈]−∞, rσ[

and

I(β)(σ, x) = max
θ≥0

(J(µσ, θ, x)− F (σ, θ))

Lemme 1.4.20. For β = 1, 2, I(β)(σ, .) is a good rate function. Furthermore I(2)(σ, .) = 2I(1)(σ, .)

Démonstration. As a supremum of continuous functions, I(β)(σ, .) is lower semi-continuous. We want to
prove that the level sets of I(β)(σ, .), that is the {x|I(β)(σ, x) ≤M} are compacts. It is su�cient to show
that limx→+∞ I(β)(σ, x) = +∞. For any �xed θ > 0, we have limx→∞ J(µσ, θ, x) = +∞. And so since we
have I(β)(σ, x) ≥ J(µσ, θ, x)−F (σ, θ), I(β) is a good rate function. With the change of variables θ′ = θ/2
in the case β = 2, we have that that I(2)(σ, .) = 2I(1)(σ, .).

1.4.3.4 Assumptions on the variance pro�le σ

In order to prove the lower large deviation bound in the piecewise constant case, we will need the
following assumptions on σ :

Hypothèse 1.4.21. There exists some continuous θ 7→ (ψθi )i∈[1,n] such that ψθ is a maximal argument
of the equation 1.29, that is :

θ2

β
~P (σ, ψθ1 , ..., ψ

θ
n) +

β

2

(
n∑
i=1

αi logψθi −
n∑
i=1

αi logαi

)
= F (σ, θ)
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.
As a more practical example, the following assumption implies 1.4.21

Hypothèse 1.4.22. The function ~P (σ, .) restricted to the hyperplane {ψ1 +ψ2 + ...+ψn = 0} is concave.
Remarque 1.4.23. Some variance pro�les that satisfy this assumption are those associated to the pa-
rameters (α1, ..., αn) and (δi6=j)i,j∈[1,n]. In the case n = 2 this a linearisation of a Wishart matrix as in
[45].

Indeed, if such is the case then Assumption 1.4.21 holds :

Lemme 1.4.24. Assumption 1.4.22 implies Assumption 1.4.21.

Démonstration. The function ~ψ 7→ θ2

β
~P (σ, ~ψ) + β

2

∑n
i=1 αi logψi is strictly concave and since it tends to

−∞ on the boundary of the domain, it admits a unique maximal argument ψθ which is also the unique
solution to the following critical point equation :

2θ2

β

 n∑
j=1

σ2
i,jψj


i=1,...,n

+
β

2

(
αi
ψi

)
i=1,...,n

∈ Vect(1, ..., 1).

We now want to apply the implicit function theorem to prove that θ 7→ ψθ is analytic. Letting f(ψ) be
the left hand side of the above equation. We have that

∂fψ(u) =
2θ2

β
Su− β

2

n∑
j=1

uj
ψ2
j

.

It su�ces to show that ∂fψ(u) /∈ Vect(1, ..., 1) for ψ in the domain and u ∈ {u ∈ Rn|u1 + ...+un = 0}.
For such a u, we have

〈u, ∂fψ(u)〉 =
2θ2

β
〈u, Su〉 − β

2

n∑
j=1

u2
j

ψ2
j

Since u ∈ {u ∈ Rn|u1 + ... + un = 0} we have by Assumption 1.4.22 〈u, Su〉 ≤ 0 and therefore
〈u, ∂fψ(u)〉 < 0. So ∂fψ(u) /∈ Vect(1, ..., 1). So we can apply the implicit function theorem.

Example of variance pro�les that satis�es Assumption 1.4.21 but not Assumption 1.4.22 are provided
in section 1.4.9. In the same section, we will also show that without any assumptions on σ, the method
employed may fail as we can have a large deviation principle but with a rate function di�erent from I.

In the continuous case, we will need the following assumptions :

Hypothèse 1.4.25. There exists some continuous θ 7→ ψθ (for the weak topology) such that ψθ is a
maximal argument of 1.28 that is :

F (σ, θ) = Ψ(θ, σ, ψθ)

As for the piecewise constant case, the following assumption implies 1.4.25

Hypothèse 1.4.26. The function P (σ, .) is concave on the set of probability measure on [0, 1].

Lemme 1.4.27. Assumption 1.4.26 implies 1.4.25.

Démonstration. First, since µ 7→ D(Leb||µ) is strictly concave so is Ψ(θ, σ, .) and so the maximum
argument ψθ is unique. Let us prove now that it is continuous for the weak topology. Let θ > 0,
Nε := {ψ ∈ P([0, 1])|Ψ(θ, σ, µ) ≥ F (σ, θ) − ε}. Since µ → D(Leb||µ) is lower semi continuous, Ψ(θ, σ, .)
is upper semi-continuous and so Nε is a compact for the weak topology. Let V a neighborhood of ψθ.
Then since

⋂
ε>0Nε = {ψθ} there is an ε′ > 0 such that Nε′ ⊂ V. We have |Ψ(θ′, σ, µ) − Ψ(θ, σ, µ)| ≤

|θ′2−θ2|
β maxx,y σ

2(x, y). So for |θ′2−θ2| ≤ βε′/3(maxσ2(x, y)), Ψ(θ′, σ, ψθ) ≥ F (θ)−ε′/3 and onN c
ε′ ,Ψ(θ′, σ, µ) ≤

F (θ)− 2ε′/3. Necessarily, ψθ
′ ∈ Nε′ ⊂ V and so we have the continuity.
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Remarque 1.4.28. A family of such σ is given by σ2(x, y) = |f(x)− f(y)|+C where f is an increasing
continuous function and C ∈ R+. Indeed, if f is an increasing and continuous function on [0, 1], there is
a positive measure ν on [0, 1] such that f(x) − f(0) =

∫ x
0
dν(t) and we have σ2(x, y) = C +

∫ y
x
dν(t) =∫ 1

0
τt(x, y)dν(t) + C where τt(x, y) = 1x≤t<y + 1y≤t<x and so

P (σ, ψ) =

∫ 1

0

P (τt, ψ)dν(t) + C

. Since P (τt, ψ) = 2ψ([0, t[)(1− ψ([0, t[), P (τt, .) is concave and so is P (σ, .).

1.4.4 Scheme of the proof

The proof of theorems 1.4.5 and 1.4.6 will follow a path similar to [45] for the piecewise constant case
and then for σ continuous, we will approximate it by a sequence of piecewise constant pro�les. First of
all, the following result of exponential tightness will be proved in Section 1.4.5 :

Lemme 1.4.29. For β = 1, 2, assume that the distribution of the entries a(β)
i,j satisfy Assumption 1.4.2

for β = 1, 2 and Assumption 1.4.3 for β = 2. Then :

lim
K→+∞

lim sup
N→∞

1

N
logP[λmax(X

(β)
N ) > K] = −∞.

Similar results hold for λmin(X
(β)
N ).

Therefore it is enough to prove a weak large deviation principle. In the following we summarize the
assumptions on the distribution of the entries as follows :

Hypothèse 1.4.30. Either the µNi,j are uniformly compactly supported in the sense that there exists a
compact set K such that the support of all µNi,j is included in K, or the µNi,j satisfy a uniform log-Sobolev
inequality in the sense that there exists a constant c independent of N such that for all smooth function
f : ∫

f2 log
f2

µNi,j(f
2)
dµNi,j ≤ cµNi,j(‖∇f‖22) .

When β = 1 µNi,j satisfy Assumption 1.4.1, when β = 2, they satisfy Assumption 1.4.3.

We shall �rst prove that we have a weak large deviation upper bound :

Théorème 1.4.31. Assume that we have a piecewise constant variance pro�le σ and that Assumption
1.4.30 holds. Let β = 1, 2. Then, for any real number x,

lim sup
δ→0

lim sup
N→∞

1

N
logP

(∣∣∣λmax(X
(β)
N )− x

∣∣∣ ≤ δ) ≤ −I(β)(x).

We then prove the following large deviation lower bound :

Théorème 1.4.32. Assume that we are in the case of a piecewise constant variance pro�le σ and that
assumptions 1.4.30 and 1.4.14 holds. Let E : R+ → R+ be a positive function. Suppose that we have a
continuous function θ 7→ (ψE,θi )i∈[1,n] such that :

~Ψ(θ, σ, ψE,θ) ≥ F (σ, θ)− E(θ)

then, if we let Ĩ(σ, x) := supθ≥0 J(µσ, θ, x)− F (σ, θ) + E(θ) , we have for every x ≥ rσ :

lim inf
N→∞

1

N
logP[|λmax(X)− x| ≤ δ] ≥ −Ĩ(σ, x).
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Then, if Assumption 1.4.21 is veri�ed, we can take E = 0 and the result follows. However, when we
deal with the continuous case, since Assumption 1.4.25 for σ will not necessarily imply Assumption 1.4.21
for the piecewise constant approximations, the error E will not be zero. However, it will be small enough
to be neglected ultimately.

To prove Theorem 1.4.31, we �rst show that the rate function is in�nite below the right edge of the
support of the limiting spectral distribution. To this end, we use that the spectral measure µ̂N converges
towards its limit whith much larger probability. We let d denote the Dudley distance :

d(µ, ν) = sup
‖f‖L≤1

∣∣∣∣∫ f(x)dµ(x)−
∫
f(x)dν(x)

∣∣∣∣ ,
where ‖f‖L = supx 6=y

∣∣∣ f(x)−f(y)
x−y

∣∣∣+ supx |f(x)| .

Lemme 1.4.33. Assume that the µNi,j are uniformly compactly supported or satisfy a uniform log-Sobolev
inequality. Then, for β = 1, 2, there exists κ′ ∈ (0, 1

10 ∧ κ) such that

lim sup
N→∞

1

N
logP

(
d(µ̂N

X
(β)
N

, µσ) > N−κ
′
)

= −∞ .

The proof of this lemma is given in the appendix. As a consequence, we deduce that the extreme
eigenvalues can not deviate towards a point inside the support of the limiting spectral measure with
probability greater than o(e−CN ) for arbitrarily large C. And therefore :

Corollaire 1.4.34. Under the assumption of Lemma 1.4.33, For β = 1, 2 let x be a real number in
(−∞, rσ). Then, for δ > 0 small enough,

lim sup
N→∞

1

N
logP

(
|λmax(X

(β)
N )− x| ≤ δ

)
= −∞ .

Indeed, as soon δ > 0 is small enough so that x + δ is smaller than 2 − δ for β = 1, 2, d(µ̂N , µσ) is
bounded below by some κ(δ) > 0 on |λmax(X

(β)
N )− x| ≤ δ. Hence, Lemma 1.4.33 implies the Corollary.

In order to prove the weak large deviation bounds for the remaining x's, we shall tilt the measure by
spherical integrals :

IN (X, θ) = Ee[eθN〈e,Xe〉]

where the expectation holds over e which follows the uniform measure on the sphere SβN−1 with radius
one. The asymptotics of

JN (X, θ) =
1

N
log IN (X, θ)

were studied in [47] where Theorem 1.4.19 was proved.
We shall later use that spherical integrals are continuous. We recall here Proposition 2.1 from [58]

and Theorem 6.1 from [47] where we denote by ‖A‖ the operator norm of the matrix A given by ‖A‖ =
sup‖u‖2=1 ‖Au‖2 where ‖u‖2 =

√∑
|ui|2.

Proposition 1.4.35. For every θ > 0, every κ ∈]0, 1/2[, every M > 0, there exist a function gκ :
R+ → R+ going to 0 at 0 such that for any δ > 0 and N large enough, with BN and B′N such that
d(µ̂NBN , µ̂

N
B′N

) < N−κ, |λmax(BN )− λmax(BN )| < δ and supN ||BN || ≤M , supN ||B′N || ≤M :

|JN (BN , θ)− JN (B′N , θ)| < gκ(δ) .

From Theorem 1.4.19 and Proposition 1.4.35, we deduce that :

Corollaire 1.4.36. For every θ > 0, every κ ∈]0, 1/2[, every M > 0, for any δ > 0 and µ a proba-
bility measure supported in [−M,M ], if we denote by BN the set of symmetric matrices BN such that
d(µBN , µ) < N−κ, |λmax(BN )− ρ| < δ, and supN ||BN || ≤M , for N large enough, we have :
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lim sup
N→∞

sup
BN∈BN

|JN (BN , θ)− J(µ, θ, ρ)| ≤ 2gκ(δ)

where gκ is the function in Proposition 1.4.35.

By Lemma 1.4.29 and Lemma 1.4.33, it is enough to study the probability of deviations on the set
where JN is continuous :

Corollaire 1.4.37. Suppose Assumption 1.4.2 holds. For δ > 0, take a real number x and set for M
large (larger than x+ δ in particular), AMx,δ to be the set of N ×N self-adjoint matrices given by

AMx,δ = {X : |λmax(X)− x| < δ} ∩ {X : d(µ̂NX , µσ) < N−κ
′
} ∩ {X : ‖X‖ ≤M} ,

where κ′ is chosen as in Lemma 1.4.33. Let x be a real number, δ > 0 and κ′ as in Lemma 1.4.33. Then,
for any L > 0, for M large enough

P
(∣∣∣λmax(X

(β)
N )− x

∣∣∣ < δ
)

= P
(
X

(β)
N ∈ AMx,δ

)
+O(e−NL) .

We are now in position to get an upper bound for P
(
X

(β)
N ∈ AMx,δ

)
. In fact, by the continuity of

spherical integrals of Corollary 1.4.36, for any θ ≥ 0,

P
(
X

(β)
N ∈ AMx,δ

)
= E

[
IN (X

(β)
N , θ)

IN (X
(β)
N , θ)

1AMx,δ

]
≤ E[IN (X

(β)
N , θ)] exp{−N inf

X∈AMx,δ
JN (X, θ)}

≤ E[IN (X
(β)
N , θ)] exp{N(2gκ(δ)− J(µσ, θ, x))} (1.30)

where we used that x → J(µσ, θ, x) is continuous and took N large enough. It is therefore central to
derive the asymptotics of

FN (θ, β) =
1

N
logE[IN (X

(β)
N , θ)]

and we shall prove in section 1.4.6 that

Théorème 1.4.38. Suppose Assumption 1.4.30 holds and that σ is a piecewise constant variance pro�le.
For β = 1, 2 and θ ≥ 0,

lim
N→∞

FN (θ, β) = F (σ, θ).

We therefore deduce from (1.30), Corollaries 1.4.37 and 1.4.36, and Theorem 1.4.38, by �rst letting
N going to in�nity, then δ to zero and �nally M to in�nity, that

lim sup
δ→0

lim sup
N→∞

1

N
logP

(∣∣∣λmax(X
(β)
N )− x

∣∣∣ < δ
)
≤ F (σ, θ)− J(µσ, θ, x) .

We next optimize over θ to derive the upper bound :

lim sup
δ→0

lim sup
N→∞

1

N
logP

(∣∣∣λmax(X
(β)
N )− x

∣∣∣ < δ
)
≤ − sup

θ≥0
{J(µσ, θ, x)− F (σ, θ)} . (1.31)

To prove the complementary lower bound, we shall prove that

Lemme 1.4.39. For β = 1, 2, with the assumptions and notations of Theorem 1.4.32, for any x > rσ ,
there exists θ = θx ≥ 0 such that for any δ > 0 and N large enough,

lim inf
N→∞

1

N
log

E[1
X

(β)
N ∈AMx,δ

IN (X
(β)
N , θ)]

E[IN (X
(β)
N , θ)]

≥ −E(θx) .
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This lemma is proved by showing that the matrix whose law has been tilted by the spherical integral
is approximately a �nite rank perturbation of a Wigner matrix, from which we can use the techniques
developped to study the famous BBP transition [13]. The conclusion follows since then

P
(
X

(β)
N ∈ AMx,δ

)
≥

E[1XδN∈AMx,δIN (X
(β)
N , θx)]

E[IN (X
(β)
N , θx)]

E[IN (X
(β)
N , θx)] exp{−N sup

X∈AMx,δ
JN (X, θx)}

≥ exp{N(gκ(δ) + F (θx, β)− E(θx)− J(µσ, θx, x) + oδ(1))}
≥ exp{−NĨβ(x)−Noδ(1)}

where we �nally used Theorem 1.4.38 and Lemma 1.4.39.
The theorem follows in the case of piecewise constant variance pro�le verifying Assumption 1.4.14 by

noticing that if Assumption 1.4.21 is veri�ed then we can choose E = 0. We will relax the Assumption
1.4.14 by approximation as we will treat the continuous case.

1.4.5 Exponential tightness

In this section we prove Lemma 1.4.29. We will in fact prove a stronger and slightly more quantitative
result that will also be useful when we will approximate continuous variance pro�les using piecewise
constant ones (we recall that � is the entrywise product of matrices) :

Lemme 1.4.40. Let β = 1, 2 and AN be the following subset of matrices :

AN := {A ∈ SN (R+)|∀i, j, A(i, j) ≤ 1}.

For every M > 0 there exists B > 0 such that :

lim sup
N

1

N
sup
A∈AN

logP[||A�W (β)
N || ≥ B] ≤ −M.

We will use a standard net argument that we recall for the sake of completeness. Let us denote :

Y
(β)
N := A�W (β)

N .

Where A ∈ AN .
For N ∈ N, let RN be a 1/2-net of the sphere (i.e. a subset of the sphere SβN−1 such as for all

u ∈ SβN−1 there is v ∈ RN such that ||u − v||2 ≤ 1/2. Here the sphere is inside RN for β = 1 and CN
for β = 2). We know that we can take RN with cardinality smaller than 3βN . As in the proof of the
exponential tightness in [45], we notice that for M > 0

P[||Y (β)
N || ≥ 4K] ≤ 9βN sup

u,v∈RN
P[〈Y (β)

N u, v〉 ≥ K]. (1.32)

Indeed, if we denote, for v ∈ SβN−1, uv to be an element of RN such that ‖uv − v‖2 ≤ 1/2,

‖Y (β)
N ‖ = sup

v∈SβN−1

‖Y (β)
N v‖2 ≤ sup

v∈SβN−1

(‖Y (β)
N uv‖2 +

1

2
‖Y (β)

N ‖)

so that
‖Y (β)

N ‖ ≤ 2 sup
u∈RN

‖Y (β)
N u‖2. (1.33)

Similarly, taking v =
Y

(β)
N u

‖Y (β)
N u‖2

, we �nd

‖Y (β)
N u‖2 = 〈v, Y (β)

N u〉 ≤ 〈uv, Y (β)
N u〉+ ‖v − uv‖2‖Y (β)

N v‖2
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from which we deduce that
‖Y Nβ ‖ ≤ 4 sup

u,v∈RN
〈Y (β)
N u, v〉

and (1.32) follows. We next bound the probability of deviations of 〈X(β)
N v, u〉 by using Tchebychev's

inequality. For θ ≥ 0 we indeed have

P[〈Y (β)
N u, v〉 ≥ K] ≤ exp{−θNK}E[exp{Nθ〈Y (β)

N u, v〉}]

≤ exp{−θNK}E[exp

√N
2
∑
i<j

<(A(i, j)a
(β)
i,j uiv̄j) +

∑
i

A(i, i)ai,iuivi

]

≤ exp{−θNK} exp

θ2N

β
(2
∑
i<j

|ui|2|vj |2 +
∑
i

|ui|2|vi|2)

 (1.34)

where we used that the entries have a sharp sub-Gaussian Laplace transform and that |A(i, i)| ≤ 1. We
can now complete the upper bound :

P[〈Y (β)
N u, v〉 ≥ K] ≤ exp

(
N

(
1

β
−K

))
where we took θ = 1. This complete the proof of the Lemma with (1.32).

1.4.6 Proof of Theorem 1.4.38 in the piecewise constant case

We consider in this section a random unitary vector e taken uniformly on the sphere SβN−1 and
independent of X(β)

N . We de�ne FN by setting, for θ > 0 :

FN (θ, β) =
1

N
logE

X
(β)
N

Ee[exp(Nθ〈e,X(β)
N e〉)].

where we take both the expectation Ee over e and the expectation E
X

(β)
N

over X(β)
N . In this section we

derive the asymptotics of FN (θ, β), F (σ, θ) is as in Theorem 1.4.38.
We prove a re�nement of Theorem 1.4.38, which shows that under our assumption of sharp sub-

Gaussian tails, the random vector e stays delocalized under the tilted measure.

Proposition 1.4.41. Suppose Assumption 1.4.1 holds if β = 1 and Assumption 1.4.3 holds if β = 2.Let
ψj :=

∑
i∈Ij |ei|

2 and V εN = {e ∈ SβN−1 | ∀j ∈ [1, n],∀i ∈ Ij , |ei| ≤
√
ψjN

−1/4−ε}. Then, for ε ∈ (0, 1
4 ),

F (σ, θ) = lim
N→+∞

FN (θ, β)

= lim
N→∞

1

N
logEe[1e∈V εNEX(β)

N

[exp(Nθ〈e,X(β)
N e〉)]].

Démonstration. By denoting Lµ = log Tµ, we have :

E
X

(β)
N

[exp(Nθ〈e,X(β)
N e〉)] = E

X
(β)
N

[exp{
√
Nθ(2

∑
i<j

ΣN (i, j)<(a
(β)
i,j ej ēi) +

∑
i

ΣN (i, i)a
(β)
i,i |ei|

2)}]

= exp{
∑
i<j

LµNi,j (2ΣN (i, j)θēiej
√
N) +

∑
i

LµNi,i(ΣN (i, i)θ|ei|2
√
N)}



1.4. MATRICES WITH VARIANCE PROFILES 67

where we used the independence of the (a
(β)
i,j )i≤j . Using that the entries have a sharp sub-Gaussian

Laplace transform (using on the diagonal the weaker bound LµNi,i(t) ≤
1
β t

2 +A|t|) and , we deduce that :

E
X

(β)
N

[exp(Nθ〈e,X(β)
N e〉)] ≤ Ee[exp{2Nθ2

β

∑
i<j

ΣN (i, j)2|ei|2|ej |2

+
Nθ2

β

∑
i

ΣN (i, i)2|ei|4 +A
√
Nθ
∑
i

ΣN (i, i)e2
i }].

Let's denote ψj =
∑
i∈Ij |ei|

2 We have

E
X

(β)
N

[exp(Nθ〈e,X(β)
N e〉)] ≤ exp

(
N
θ2

β
~P (σ, ψ1, ..., ψn)

)
exp(A′θ

√
N).

And so :

FN (θ, β) ≤ 1

N
logEe

[
exp

(
θ2

β
N ~P (σ, ψ1, ..., ψn)

)]
+
A′θ√
N
.

But since e is taken uniformly on the sphere, the vector ψ = (ψ1, ..., ψn) follows a Dirichlet law of

parameters
(
βα1N

2 , ..., βαnN2

)
. We have the following large deviation principle for the Dirichlet Law :

Lemme 1.4.42. Let n ∈ N∗, and βN = (β1,N , ..., βn,N ) ∈ (R+)n be a sequence of vector such that
limN→∞

βN
N = (α1, ..., αn) and αi > 0. The sequence of Dirichlet laws δN = Dir(β1,N , ..., βn,N ) veri�es

a large deviation principle with good rate function I(x1, ..., xn) =
∑n
i=1 αi(log xi − logαi).

Démonstration. We denote fN and f the functions de�ned on D = {x ∈ (R+∗)n|x1 + ...+ xn = 1} by

fN (x) =
∑
i

βi,N
N

log xi

f(x) =
∑
i

αi log xi.

For x ∈ D, let's denote x̃ = (x1, ..., xn−1). We have dδN (x) = Z−1
N exp(NfN (x1, ..., xn−1, (1 − x1 − ... −

xn−1)))dx̃ where

ZN =

∫
D̃

exp(NfN (x1, ..., xn−1, (1− x1 − ...− xn−1)))dx1...dxn−1

We have that on every compact of D̃, fN (x, 1 −
∑
xi) converges uniformly toward f(x, 1 −

∑
xi)

(which is continuous) and furthermore, for every M > 0 there is a compact K of D̃ such that for N large
enough fN (x, 1 −

∑
xi) ≤ −M for x /∈ K. With both those remarks we deduce via a classical Laplace

method that

lim
N→∞

1

N
logZN = max

x∈D
f(x, x−

n−1∑
i

xi) =

n∑
i=1

αi logαi.

Using again classical Laplace methods and the fact that x 7→ x̃ is a homeomorphism between D and
D̃, we have that the uniform convergence of fN and the continuity of the limit f gives a weak LDP with
rate function f(x)−

∑n
i=1 αi logαi and the bound outside compacts gives the exponential tightness. The

LDP is proved.
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Using lemma 1.4.42 and Varadhan's lemma, we have that :

lim
N→∞

1

N
logEe[exp

(
N
θ2

β
~P (σ, ψ1, ..., ψn)

)
] =

sup
ψ1,...,ψn∈[0,1],ψ1+...ψn=1

{2θ2

β
~P (σ, ψ1, ..., ψn)−

n∑
i=1

βαi
2

log(ψi)−
n∑
i=1

βαi
2

log(αi)} = F (σ, θ).

So that we have proved the upper bound that

lim sup
N→∞

FN (θ, β) ≤ lim sup
N→∞

sup
e∈SN−1

1

N
logE

X
(β)
N

[exp(Nθ〈e,X(β)
N e〉)] ≤ F (σ, θ). (1.35)

We next prove the corresponding lower bound. The idea is that the expectation over the vector e concen-
trates on delocalized eigenvectors with entries so that

√
Neiēj is going to zero for all i, j. As a consequence

we will be able to use the uniform lower bound on the Laplace transform to lower bound FN (θ, β). We
have that :

E[exp(Nθ〈e,XN
β e〉)] ≥ Ee[1e∈V εN

∏
i<j

exp{LµNi,j (2
√
NθΣN (i, j)ēiej)}

∏
i

exp{LµNi,i(ΣN (i, i)
√
Nθ|ei|2)}].

For e ∈ V εN , 2ΣN (i, j)
√
Nθ|eiej | ≤ 2ΣN (i, j)θN−ε so that :

lim
N→+∞

sup
i,j∈[1,N ]

sup
e∈V εN

|2
√
NΣN (i, j)θeiej | = 0.

By the uniform lower bound on the Laplace transform of Assumptions 1.4.1 or 1.4.3, we deduce that for
any δ > 0 and N large enough :

E[exp(Nθ〈e,Xβ
Ne〉)] ≥ Ee[1e∈V εN

∏
i<j

exp{2(1− δ)Nθ2ΣN (i, j)2|ei|2|ej |2/β}
∏
i

exp{N(1− δ)ΣN (i, i)2θ2|ei|2/β}]

(1.36)

≥ Ee[1e∈V εN e
N θ2

β
~P (σ,ψ1,...,ψn)(1−δ)] . (1.37)

We shall use that

Lemme 1.4.43. For any ε ∈ (0, 1/4) we have

lim
N→∞

Pe[e ∈ V εN ] = 1

.

And that the event {e ∈ V εN} is independent of the vector ψ. As a consequence, we deduce from (1.37)
that for any δ > 0 and N large enough

lim inf
N→∞

FN (θ, β) ≥ 1

N
logEe

[
exp

(
(1− δ)N θ2

β
~P (σ, ψ1, ..., ψn)

)]
.

So that together with (1.35) and Lemma 1.4.42 we have proved the announced limit

lim
N→∞

FN (θ, β) = F (σ, θ)

which completes the proof of Lemma 1.4.38.
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Finally we prove Lemma 1.4.43. We have the well known fact that if we denote e(j) = (ei)i∈Ij ,
f (j) := e(j)/||e(j)|| is a uniform unitary vector on the sphere of dimension β|Ij |−1. Furthermore all these
fj are independent.

P[V εN ] =

n∏
j=1

P[∀i ∈ Ij , |f (j)
i | ≤ N

−1/4−ε].

The result follows since each of these terms converges to 1.

1.4.7 Large deviation lower bounds

We will now prove Theorem 1.4.32. For a vector e of the sphere SβN−1 and X a random symmetric
or hermitian matrix, we denote by P(e,θ)

N the tilted probability measure de�ned by :

dP(e,θ)
N (X) =

exp(Nθ〈Xe, e〉)
EX [exp(Nθ〈X(β)

N e, e〉)]
dPN (X)

where PN is the law of X(β)
N . Let us show that we only need to prove the following lemma :

Lemme 1.4.44. Suppose that the hypotheses of Theorem 1.4.32 hold. Let (δN )N∈N be some arbitrary
sequence of positive reals converging to 0, WN the subset of the sphere SβN−1de�ned by :

WN := {e ∈ SβN−1 : ∀i
∣∣∣||e(i)||2 − ψE,θi

∣∣∣ ≤ δN}
where E and ψE,θ are as in the hypotheses of Theorem 1.4.32 and e(i) is the i-th block of entries of e.
For any x ≥ rσ, there is θx such that :

lim
N→∞

inf
e∈V εN∩WN

P(e,θx)[X
(β)
N ∈ AMx,δ] = 1

Proof that Lemma 1.4.44 implies Theorem 1.4.32. In fact, we only need to prove that if E,ψE,θxi are as
in the hypotheses of Theorem 1.4.32, we have :

lim inf
N→∞

1

N
log

E[1
X

(β)
N ∈AMx,δ

IN (X
(β)
N , θx)]

E[IN (X
(β)
N , θx)]

≥ −E(θx) ,

where we recall that

AMx,δ = {X : |λmax(X)− x| < δ} ∩ {d(µ̂NX , µσ) < N−κ
′
} ∩ {‖X‖ ≤M} .

We have

E[1
X

(β)
N ∈AMx,δ

IN (X
(β)
N , θx)] = Ee[P(e,θx)

N (AMx,δ)EX [exp(Nθx〈X(β)
N e, e〉)]]

≥ Ee[1e∈V εNP
(e,θx)
N (AMx,δ)EX [exp(Nθx〈X(β)

N e, e〉)]]

where we recall that V εN = {e ∈ SN−1 : |ei| ≤ N−1/4−εψi}. Let

W δ
N := {e ∈ SβN−1 : ∀i,

∣∣∣||e(i)||2 − ψθx,Ei

∣∣∣ ≤ δ}
We have, using using Lemma 1.4.42 that :

lim
δ→0

lim inf
N→∞

1

N
logP[e ∈W δ

N ] =
2

β

n∑
i=1

αi(logψθ,Ei − logαi)
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let (δN )N→∞ be a sequence converging to 0 such that :

lim inf
N→∞

1

N
logP[e ∈W δN

N ] ≥ 2

β

n∑
i=1

αi(logψθx,Ei − logαi)

and let :
WN := {e ∈ SN−1 : ∀i,

∣∣∣||e(i)||2 − ψθx,Ei

∣∣∣ ≤ δN}
We have that for e ∈WN :

lim
N→∞

1

N
logEX [exp(Nθx〈X(β)

N e, e〉)]] = ~P (σ, ψE,θx)

This is in fact identical to (1.37).

Ee[P(e,θx)
N (AMx,δ)EX [exp(Nθx〈X(β)

N e, e〉)]] ≥ Ee[1e∈V εN∩WN
P(e,θx)
N (AMx,δ)EX [exp(Nθx〈X(β)

N e, e〉)]]

≥ Ee[1e∈V εN∩WN
P(e,θx)
N (AMx,δ)e−Nθ

2
x
~P (σ,ψE,θx )+o(N)]

so we have that :

E[1
X

(β)
N ∈AMx,δ

IN (X
(β)
N , θx)]

E[IN (X
(β)
N , θx)]

≥ Ee[1e∈V εN∩WN
P(e,θx)[AMx,δ]]e−N(θ2x

~P (σ,ψE,θx )−F (θx))

≥ P[1e∈V εN∩WN
] inf
e∈V εN∩WN

P(e,θx)[X
(β)
N ∈ AMx,δ]e−N(θ2x

~P (σ,ψE,θx )−F (θx)+o(1))

≥ P[1e∈V εN ]P[1e∈WN
] inf
e∈V εN∩WN

P(e,θx)[X
(β)
N ∈ AMx,δ]e−N(θ2x

~P (σ,ψE,θ)−F (θ)+o(1))

≥ e−N(E(θx)+o(1))

where we used that {e ∈ V εN} and {e ∈W ε
N} are independent and that 1

N log infe∈V εN∩WN
P(e,θx)[X

(β)
N ∈

AMx,δ] converges to 0. So we have our lower bound.

And so it remains to prove the lemma 1.4.44. More precisely, we will show that for ε ∈ ( 1
8 ,

1
4 ), for any

x > rσ and δ > 0 we can �nd θx ≥ 0 so that for M large enough,

lim
N→∞

inf
e∈V εN∩WN

P(e,θx)
N (AMx,δ) = 1 . (1.38)

To prove (1.38), the �rst point is to show that

Lemme 1.4.45. Take ε ∈ (0, 1
4 ). There exists κ > 0 , such that for any θ ≥ 0,

� for K large enough :

lim
N→∞

sup
e∈V εN∩WN

P(e,θ)
N

(
λmax(X

(β)
N ) ≥ K

)
= 0

�
lim sup
N→∞

sup
e∈V εN∩WN

P(e,θ)
N

(
d(µ̂N

X
(β)
N

, µσ) > N−κ
)

= 0 .

Démonstration. We hereafter �x a vector e on the sphere. The proof of the exponential tightness is exactly
the same as for Lemma 1.4.29. Indeed, by Jensen's inequality, we have

EX [exp(Nθ〈X(β)
N e, e〉)] ≥ exp{NθEX [〈X(β)

N e, e〉]} = 1
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Moreover, by Tchebychev's inequality, for any u, v, e ∈ SβN−1, and if M = supi,j σ
2
i,j we have∫

1〈X(β)
N u,v〉≥K exp(Nθ〈X(β)

N e, e〉)dPN ≤ exp{−NK}EX [exp(Nθ〈X(β)
N e, e〉+N〈X(β)

N u, v〉)]

≤ exp{−NK} exp{NM(θ2 + 1)
∑
i,j

|eiēj + uiv̄j |2}

≤ exp{−NK + 4(θ2 + 1)MN}

from which we deduce after taking u, v on a δ-net as in Lemma 1.4.29 that

P(e,θ)
N

(
λmax(X

(β)
N ) ≥ K

)
≤ 9βN exp{−1

4
NK + 4(θ2 + 1)MN}

which proves the �rst point. The second is a direct consequence of Lemma 1.4.33 and the fact that the
log density of P(e,θ)

N with respect to PN is bounded by θN(|λmax(X)|+ |λmin(E)|) which is bounded by
θKN with overwhelming probability by the previous point (recall that λmin(X) satis�es the same bounds
than λmax(X)).

Hence, the main point of the proof is to show that

Lemme 1.4.46. Pick ε ∈] 1
8 ,

1
4 [. For any x > rσ, there exists θx such that for every η > 0,

lim
N→∞

sup
e∈V εN∩WN

P(e,θx)
N [|λmax − x| ≥ η] = 0.

1.4.7.1 Proof of Lemma 1.4.46

For e ∈ V εN �xed, let X(e),N be a matrix with law P(e,θ)
N . We have :

X(e),N = E[X(e),N ] + (X(e),N − E[X(e),N ])

where E[X] denotes the matrix with entries given by the expectation of the entries of the matrix X. We
�rst show that E[X(e),N ] is approximately a �nite rank matrix and X(e),N − E[X(e),N ] is approximately
a Wigner matrix with variance pro�le σ.

Lemme 1.4.47. For ε ∈] 1
8 ,

1
4 [, there exists κ(ε) > 0 so that for e ∈ V εN :

E[X(e),N ] =
2θ

β
ESE∗ + ∆(e),N

where,

E =


e(1) 0 · · · 0
0 e(2) · · · 0
...

...
. . .

...
0 0 · · · e(n)


and :

S := (σ2
i,j)i,j∈[1,n]

The spectral radius of ∆(e),N is bounded by N−κ(ε) uniformly on e ∈ V εN .

Proof of the lemma. We can express the density of P(e,θ)
N as the following product :

dP(e,θ)
N

dPXN
(X) =

∏
i≤j

exp(21i6=jθΣN (i, j)
√
N<(eiēja

(β)
i,j )− LµNi,j (2

1i6=jθΣN (i, j)
√
Neiēj))
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where the a(β)
i,j are de�ned as in the introduction.

So since we took our ai,j independent (for i ≤ j), the entries X(e),N
i,j remain independent and their

mean is given in function of the Taylor expansion of L as follows :

(E[X(e),N )])i,j =
ΣN (i, j)L′

µNi,j
(2
√
NΣN (i, j)θeiēj)

√
N

=

2θ

β
Σ2
N (i, j)eiēj +

ΣN (i, j)δi,j(2ΣN (i, j)
√
Nθeiēj)Nθ

2|ei|2|ej |2√
N

if i 6= j, and if i = j

(E[X(e),N ])i,i =
ΣN (i, i)L′

µNi,i
(
√
NΣN (i, i)θ|ei|2)
√
N

=

2θ

β
Σ2
N (i, i)eiēi +

ΣN (i, i)δi,i(2
√
NΣN (i, i)θ|ei|2)Nθ2|ei|4√

N

where we used that by centering and variance one, L′
µNi,j

(0) = 0, HessLµNi,j (0) = 1
β Id for all i 6= j,N ,

L′′
µNi,i

(0) = 2
β for all i,N , and where

|δi,j(t)| ≤ 4 sup
|u|<t

max
i,j,N
{|L(3)

µNi,j
(u)|} .

Hence, we have

∆
(e),N
i,j = ΣN (i, j)δi,j(2

√
Nσi,jθeiēj)

√
Nθ2|ei|2|ej |2, 1 ≤ i, j ≤ N .

In order to bound the spectral radius of this remainder term, we use the following result which is Lemma
5.4 from [45].

Lemme 1.4.48. Let A be an Hermitian matrix and B a real symmetric matrix such that :

∀i, j, |Ai,j | ≤ Bi,j .

Then the spectral radius of A is smaller than the spectral radius of B.

Therefore, if we choose C so that C ≥ supN,i,j δi,j(2
√
Nθeiēj)θ

2 and set |e|2 to be the vector with
entries (|ei|2)1≤i≤N , we have

||∆(e),N || ≤ C
√
N |||e|2(|e|2)∗||.

Since |||e|2(|e|2)∗|| = |||e|2||22 =
∑
i e

4
i ≤ N−4ε, we deduce that if we take ε′ ∈]1/8, 1/4[ we have with

κ(ε) = 1/2− 4ε :

||∆(e),N || = O(N−κ(ε)) .

Now we denote :

X(e),N := X(e),N − E[X(e),N ].



1.4. MATRICES WITH VARIANCE PROFILES 73

The entries of X(e),N are independent, centered of variance ΣN (i, j)2∂z∂z̄LµNi,j (θΣN (i, j)eiēj
√
N)/N .

Recall that ∂z∂z̄LµNi,j (0) = 1 and that the third derivative of the Laplace transform of the entries are
uniformly bounded so that :

∂z∂z̄LµNi,j (θΣN (i, j)eiēj
√
N) = 1 + δi,j(

√
NΣN (i, j)|eiej |) = 1 +O(N−2ε)

uniformly on V εN . We can then consider X̃(e),N de�ned by :

X̃
(e),N
i,j =

X
(e),N

i,j√
∂z∂z̄LµNi,j (θΣN (i, j)eiēj

√
N)

Set Y (e),N = X
(e),N − X̃(e),N . So, we have

(Y (e),N )i,j = X
(e),N

i,j

1− 1√
∂z∂z̄LµNi,j (θΣN (i, j)eiēj

√
N)

 .

Next, we have that for all δ > 0 :

lim
N→+∞

sup
e∈V εN

P[||Y (e),N || > δ] = 0. (1.39)

This follows the demonstration as in [45]. Hence, since :

X(e),N = X̃(e),N +
2θ

β
ESE∗ + ∆(e),N + Y (e),N ,

we conclude by combining (1.39) and Lemma 1.4.47 that for ε ∈]1/4, 1/8[ and all δ > 0

lim
N→∞

sup
e∈V εN

P(e,θ)
N [||X(e),N − (X̃(e),N +

2θ

β
ESE∗)|| > δ] = 0 (1.40)

since all estimates were clearly uniform on e ∈ V εN .
And so, to conclude we need only to identify the limit of λmax(X̃(e),N + 2θ

β ESE
∗). The largest

eigenvalue of X̃(e),N + 2θ
β ESE

∗ satisfy

0 = det(z − X̃(e),N − 2θ

β
ESE∗) = det(z − X̃(e),N ) det(1− 2θ

β
(z − X̃(e),N )−1ESE∗)

and therefore z is an eigenvalue away from the spectrum of X̃(e),N i�

det(1− 2θ

β
(z − X̃(e),N )−1ESE∗) = 0.

Using the fact that with A ∈Mn,p(K) and A ∈Mp,n(K) we have det(In+AB) = det(Ip+BA), we have
that the preceding equality is equivalent to

det(In − θE∗(z − X̃(e),N )−1ES) = 0.

Lemme 1.4.49. For i, j ∈ [1, n] η > 0, a > rσ, we have :

sup
e∈V εN∩WN

P
[
sup
z≥a

∣∣∣(E∗(z − X̃(e),N )−1ES)i,j − σ2
i,jψ

θ
jmj(z)

∣∣∣ ≥ η]→ 0

Where m is the solution to Kσ and mi are de�ned as in Theorem 1.4.13.
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Démonstration. Let GN (z) := (z − X̃(e),N )−1, MN (z) = diag(m1,N (z), ....,mN,N (z)), where mN
x :=∑n−1

i=0 1Nx∈]i−1,i]mi,N and mN is the solution of KσN (as de�ned in section 1.4.2). If we denote ẽk =
(1j∈NIkej)j=1,...,N the vector e where we zeroed out all entries except for the k-th block.

(E∗(z − X̃(e),N )−1ES)i,j =

n∑
k=1

(ẽi)∗GN (z)σ2
k,j ẽ

k

So since limN→∞ supe∈V εN∩WN

∣∣||ẽk||2 − ψθk∣∣ = 0 we only need to prove that for k, l ∈ [1, n] :

lim
N→∞

sup
e∈SβN−1

sup
z≥a

P[|(ẽk)∗GN (z)ẽl − δk,lmk(z)ψθk| ≥ η] = 0.

To that end, we want to apply the anisotropic local law from [2] but in order to do so, we need to
check its assumptions. (A) is veri�ed since the variance pro�les are uniformly bounded. (B) is veri�ed
with the assumption 1.4.14. (D) is veri�ed with the sub-Gaussian bound. To verify (C), we apply [3,
Theorem 6.1]. Thanks to [2, Theorem 1.13], if we �x some γ > 0, D > 0, ε > 0, for N large enough :

sup
e,f∈SβN−1

sup
z∈C,=z≥Nγ−1

P[|e∗GN (z)f − e∗MN (z)f | ≥ N−1/10] ≤ N−D.

Furthermore following Corollary 1.7 of [2], we have that for a′ ∈]rσ, a[, D > 0, N large enough

P[λmax(X̃(e),N ) ≥ a′] ≤ N−D.

Let e, f ∈ SβN−1 and h : z 7→ e∗GN (z)f and k : z 7→ e∗MN (z)f . On the event {λmax(X̃(e),N ) < a′},
we have that |h(z)|, |k(z)| ≤ 1

(<z−a′) and |h′(z)|, |k′(z)| ≤ 1
(<z−a′)2 for {z|<z > a′} and therefore, for

γ < 1/10, we can in fact assume that our bound holds for any z such that <(z) > a and in particular for
z real. Let

AN := {a+ k/N |k ∈ [0, N2]}.

By union bound, we have that for N large enough :

P[ sup
z∈AN

|(e∗GN (z)f − e∗MN (z)f)| ≥ N−1/10] ≤ N−D+2

Combining this with the Lipschitz bounds and the bound in modulus that is derived from from the
bound on λmax(X̃(e),N ), we get :

P[sup
z>a
|e∗GN (z)f − e∗MN (z)f | ≥ N−1/10] ≤ N−D+2

for N large enough. furthermore, this bound is uniform in e and f . We use Theorem 1.4.13 and the
Lipschitz bounds to conclude that for N large enough and e ∈ V εN ∩WN we have that :

P[sup
z>a
|(ẽk)∗(MN (z))ẽl − δk,lψθkmk(z)| ≥ η|] ≤ N−D+2

where m is the solution of Kσ and mi is the value taken by m on the interval Ii. And so we have :

P[sup
z>a
|(E∗GN (z)SE)i,j −mj(z)σi,jψ

θ
j | > η] ≤ N−D+2 for every i, j ∈ [1, N ].

Let's denote D(θ, z) the diagonal n × n matrix diag(m1(z)ψθ1 , ...,mn(z)ψθn), we have that the above
limit can be rewritten SD(θ, z). From the preceding lemma we have that for η > 0 uniformly in e ∈ SβN−1

that
P[sup
z>a
|det(In − θE∗(z − X̃(e),N )−1ES)− det(In − SD(θ, z))| ≥ η] ≤ N−D
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for N large enough.
So since limz→∞ det(In − SD(θ, z)) = 1, all that remain is to solve the determinantal equation :

det(In − SD(θ, z)) = 0

and the largest solution z > rσ if it exists will be the the limit of λmax. We can rewrite this equation :

det(In − θ
√
D(θ, z)S

√
D(θ, z)) = 0. (1.41)

Let ρ(θ, z) be the largest eigenvalue of
√
D(θ, z)S

√
D(θ, z). Then, the largest z solution of equation

1.41 is the solution of :

θρ(θ, z) = 1. (1.42)

Indeed, with θ �xed, if θρ(θ, z) = 1 then z is a solution of equation 1.41. Since the z 7→ mi(z) are
strictly decreasing, so is ρ(θ, .). So for z′ > z, θρ(θ, z′) < 1 and so z′ cannot be solution of 1.41 for the
same θ. Similarly, if z is a solution of 1.41 then θρ(θ, z) ≥ 1. If θρ(θ, z) > 1 then since z 7→ θρ(θ, z)
is continuous and decreasing toward 0, there exists z′ > z such that θρ(θ, z′) = 1 and z′ is therefore a
solution of 1.41 strictly larger than z.

Therefore, it su�ces to prove that for any x > rσ there is at least one θx such that

θxρ(θx, x) = 1

First, since θ 7→ D(θ, x) is bounded and continuous on R+, then θ 7→ θρ(θ, x) is continuous. For θ = 0
the lefthand side is 0 and for θ →∞, since maxi ψ

θ
i ≥ n−1 we have that

max
i,j

(
√
D(θ, z)S

√
D(θ, z))i,j ≥ n−1(min

i
mi(z))(min

i,j
σ2
i,j)

and so with M := n−1(minimi(x))(mini,j σ
2
i,j), ρ(θ, x) ≥M and so θρ(θ, x) −→

θ→∞
+∞. By continuity,

there is at least one θx such that θxρ(θx, x) = 1 and so Theorem 1.4.32 is proved.

1.4.8 Case of a continuous variance pro�le and relaxing Assumption 1.4.14

for the piecewise constant case

We now choose σ : [0, 1]2 7→ R+ continuous and symmetric and consider the random matrix model
X

(β)
N := ΣN �W (β)

N where

ΣN (i, j) := σ

(
i

N
,
j

N

)
In order to prove a large deviation principle for XN , we will approximate the variance pro�le by a

piecewise constant σ. Namely, for n ∈ N we let σn be the following n× n matrix :

σni,j = n2

∫ i
n

i−1
n

∫ j
n

j−1
n

σ(x, y)dxdy +
1

n+ 1
.

Let's denote X(β),n
N the random matrix constructed with the same family of random variables a(β)

i,j but
with the piecewise constant variance pro�le associated we the the matrix σn and the vector of parameters
( 1
n , ...,

1
n ). Let Fn = F (σn, .), µn := µσn . We will also denote F = F (σ, .) and I = I(σ, .). Even if we

suppose that Assumption 1.4.25 holds in the case of the continuous variance pro�le σ, we don't necessarily
have Assumption 1.4.21 for the variance pro�les σn and so we don't necessarily have a sharp lower bound.
To this end we need to introduce an error term En that will be negligible as n tends to ∞ :

Lemme 1.4.50.

lim
n→∞

sup
θ>0

|Fn(θ)− F (θ)|
θ2

= 0
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Démonstration.

|
∫ 1

0

∫ 1

0

(σn)2(x, y)dµ(x)dµ(y)−
∫ 1

0

∫ 1

0

σ2(x, y)dµ(x)dµ(y)|

≤
∫ 1

0

∫ 1

0

|(σn)2(x, y)− σ2(x, y)|dµ(x)dµ(y).

Since limn→∞ supx,y |(σn)2(x, y) − σ2(x, y)| = 0, we have limn→∞ supψ |~P (σ, ψ) − ~P (σn, ψ)| = 0. The
result follows easily.

Lemme 1.4.51. If the Assumption 1.4.25 is true, then for every ε > 0, there is a sequence of functions
En and continuous θ 7→ (ψθ,E

n

i )i∈[1,n] such that :

~Ψ(σn, θ, ψθ,E
n

) = Fn(θ)− En(θ)

and there is a n0 such that for n ≥ n0 :

∀θ > 0, En(θ) ≤ εθ2.

Démonstration. Since assumption 1.4.25 is veri�ed, there is some measure valued continuous θ 7→ ψθ such
that F (θ) = θ2P (σ, ψθ)/β − βD(Leb||ψθ)/2. Let ψθ,ε := K(ψθ ∗ τε) where ∗ is the convolution, τε the
probability measure whose density is a triangular function of support [−ε, ε] and K the function de�ned
by K(x) = x if x ∈ [0, 1], K(x) = −x if x ∈ [−1, 0] and K(x) = 2− x if x ∈ [1, 2].

ψθ,ε,ni := ψθ,ε
([

i− 1

n
,
i

n

])
we have that for i = 1, ..., n :

ψθ,ε,ni :=

∫
R
(1[(i−1)/n,i/n] + 1[−i/n,(1−i)/n] + 1[2−i/n,2−(1−i)/n])(x)d(ψθ ∗ τε)(x).

So for i = 1, ..., n :

ψθ,ε,ni :=

∫
R
(1[(i−1)/n,i/n] + 1[−i/n,(1−i)/n] + 1[2−i/n,2−(1−i)/n]) ∗ τε(x)dψθ(x)

Since x 7→ (1[(i−1)/n,i/n] + 1[−i/n,(1−i)/n] + 1[2−i/n,2−(1−i)/n]) ∗ τε(x) is continuous and θ 7→ ψθ is

continuous for the weak topology then θ 7→ ψθ,ε,ni is continuous for i = 1, ..., n.
Let us prove the following lemma :

Lemme 1.4.52. For every η > 0, there is ε > 0, n0 > 0 such that for every θ > 0, n ≥ n0

|
n∑

i,j=1

(σni,j)
2ψθ,ε,ni ψθ,ε,nj −

∫ 1

0

∫ 1

0

σ2(x, y)dψθ(x)dψθ(x)| ≤ η

and,

1

n

n∑
i

(
logψθ,ε,ni − log n

)
≥ D(Leb||ψθ).
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Proof of the lemma. Let η > 0 and let us �nd ε > 0 such that :

|
∫ 1

0

∫ 1

0

σ2(x, y)dψθ,ε(x)dψθ,ε(x)−
∫ 1

0

∫ 1

0

σ2(x, y)dψθ(x)dψθ(x)| ≤ η.

Let us take X,Y, Uε, Vε independent random variables of law respectively, ψθ, ψθ and τε, τε. Then we
have

|
∫ 1

0

∫ 1

0

σ2(x, y)dψθ,ε(x)dψθ,ε(x)−
∫ 1

0

∫ 1

0

σ2(x, y)dψθ(x)dψθ(x)| =

|E[σ2(K(X + Uε),K(Y + Vε))− σ2(X,Y )]|.

Using the uniform continuity of σ2, and that |K(X + Uε) −X|, |K(Y + Vε) − Y | ≤ ε almost surely, we
have that there exists an ε > 0 such that the di�erence is lower that η. This bound does not depend on
θ.

Now, let us �nd n0 such that for n ≥ n0,

|
n∑

i,j=1

(σni,j)
2ψθ,ε,ni ψθ,ε,nj −

∫ 1

0

∫ 1

0

σ2(x, y)dψθ,ε(x)dψθ,ε(x)| ≤ η.

We have

|
n∑

i,j=1

(σni,j)
2ψθ,ε,ni ψθ,ε,nj −

∫ 1

0

∫ 1

0

σ2(x, y)dψθ,ε(x)dψθ,ε(x)|

≤
∫ 1

0

∫ 1

0

|(σn(x, y))2 − σ2(x, y)|dψθ,ε(x)dψθ,ε(x)|

where we recall that (x, y) 7→ σn(x, y) is the discretized version of σ. There again, using the uni-
form continuity of σ, we have for every ε > 0 the existence of n0 such that for n ≥ n0, for all
x, y ∈ [0, 1]|(σn(x, y))2 − σ2(x, y)| ≤ η. Combining these two inequalities we get the �rst point. Then
let us show that :

D(Leb||ψθ,ε) ≥ D(Leb||ψθ).

Let fε(x) = max{0, ε−1 − ε−2|x|} and

gε(x, y) = fε(x− y) + fε(y + x) + fε(2− x+ y).

We have that :

dψθ,ε

dx
(x) =

∫
[0,1]

gε(x, y)dψθ(y).

Let us notice that
∫

[0,1]
gε(x, y)dy =

∫
[0,1]

gε(y, x)dy = 1. We have
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D(Leb||ψθ,ε) =

∫ 1

0

log

(
dψθ,ε

dx

)
dx

=

∫ 1

0

log

(∫ 1

0

gε(x, y)dψθ(y)

)
dx

≥
∫ 1

0

log

(∫ 1

0

gε(x, y)
dψθ(y)

dx
dy

)
dx

≥
∫ 1

0

∫ 1

0

gε(x, y) log

(
dψθ(y)

dx

)
dydx

≥ D(Leb||ψθ)

where we used the concavity of log. Finally, using again the concavity, we have for every i ∈ [1, n]

n

∫ i/n

(i−1)/n

log

(
dψθ,ε(x)

dx

)
dx ≤ log

(
n

∫ i/n

(i−1)/n

dψθ,ε(x)

dx

)
≤ log

(
nψε,θi

)
.

Summing over i gives us the result.

Thererefore, using this lemma for ε > 0, there is ε′ > 0 such that

sup
θ≥0

Ψ(θ, σn, ψθ,ε
′,n)− F (θ)

θ2
> −ε

for n large enough and so :

sup
θ≥0

Ψ(θ, σn, ψθ,ε
′,n)− Fn(θ)

θ2
> −ε.

Therefore, taking
En(θ) := Fn(θ)− ~Ψ(θ, σn, ψθ,ε

′,n)

our result is proven.

We can now introduce Inβ and Ĩnβ de�ned on [rσ,+∞[ the rate functions for the upper and lower bound
of the piecewise constant approximations

Inβ (x) := sup
θ

[J(µσn , θ, x)− Fn(θ)]

Ĩnβ (x) := sup
θ

[J(µσn , θ, x)− Fn(θ) + En(θ)] .

We will use for each piecewise constant approximation the approximate lower bound of theorem 1.4.32.
We will need the following result :

Lemme 1.4.53.

lim
n→∞

µn = µ

and if we denote r(n) the upper bound of the support of µn and l(n) its lower bound, we have :

lim
n→∞

r(n) = rσ
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lim
n→∞

l(n) = lσ.

Démonstration. The �rst point is a consequence of theorem 1.4.11.
Let ∆n

N := XN −Xn
N . We have ∆n

N := (ΣN − Σ
(n)
N )�WN . Using theorem 1.4.40 and the fact that

max
N

max
i,j
|(ΣN − Σ

(n)
N )i,j | −→

n→∞
0

we have that for every ε > 0 there is n0 such that for any n ≥ n0 :

P[||∆n
N || > ε] −→

N→∞
0

In particular if we denote λ1,N < ... < λN,N the eigenvalues of XN and λ(n)
1,N < ... < λ

(n)
N,N these of

X
(n)
N , on the event {||∆n

N || ≤ ε} we have maxNi=1 |λi,N − λ
(n)
i,N | ≤ ε.

So, we have lim infn r
(n) ≥ rσ. Let us show that lim supn r

(n) ≤ rσ.
Suppose that r := lim supn r

(n) > rσ, then up to extraction in n there exists ε > 0, n0 such that
r(n) > rσ + ε. We can now choose n1 such that :

P[||∆n1

N || ≤ ε/3] −→
N→∞

1

On the event {||∆n1

N || ≤ ε/3}, we have that maxNi=1 |λi,N −λ
(n)
i | ≤ ε/3. On this event, we can say that

#{i|λi,N > r(n1) − 2ε/3} ≥ #{i|λ(n1)
i,N > r(n1) − ε/3}

Let's now denote AN , BN , CN the following events :

AN := {||∆n1

N || ≤ ε/3}

BN := {
#{i|λ(n1)

i,N > r(n1) − ε/3}
N

≥ µ(n1)([r(n1) − ε/4,+∞])}

CN := {#{i|λi,N > r(n1) − 2ε/3}
N

≥ µ(n1)([r(n1) − ε/4,+∞])}.

We have AN∩BN ⊂ CN . Since µ(n1)
n converge in probability to µ(n1), P[BN ] converges to 1. Furhermore

since µn converge in probability to µσ, µ(n1)([r(n1) − ε/4,+∞]) > 0 and by hypothesis r(n1) − 2ε/3 > rσ,
we have that P[CN ] converges to 0 which is absurd since P[CN ] ≥ P[AN ∩ BN ] and P[AN ] and P[BN ]
converges to 1. We prove the third point identically.

This result enables us to �nally prove the complete version of 1.4.4. Indeed using the Theorem 1.4.33
and its corollary, we have that for every ε > 0, P[λmax(X

(β)
N ) ≤ rσ − ε] = o(e−N ). It su�ces to show

that for all ε > 0, P[λmax(X
(β)
N ) ≥ rσ + ε] = o(N−2). In both the continuous and the piecewise constant

case that does not satis�es Assumption 1.4.14, we can approximate σ by σn strictly positive. And so the
results of Theorem 1.4.53 holds, that is for n large enough, we have rn ≤ rσ + ε/2. For n large enough,
we have P[||∆n

N || ≥ ε/2] = o(exp(−N)). So we have :

P[λmax(X
(β)
N ) ≥ rσ + ε] ≤ P[||∆n

N || ≥ ε/2] + P[λmax(X
(n)
N ) ≥ rσ + ε/2]

= o(N−2)

where we used 1.4.15 for Xn
N . And so 1.4.4 is proved.

Lemme 1.4.54. � For every x > rσ, the function θ 7→ J(µn, θ, x) converges uniformly on all com-
pact set of R+ towards θ 7→ J(µ, θ, x).
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� For every x > rσ
In(x)→ I(x)

.
Ĩn(x)→ I(x).

Démonstration. For the �rst point of the lemma, let's �rst prove that for every x ≥ rσ, θ 7→ J(µn, θ, x)
converges uniformly on every compact towards the function θ 7→ J(µ, θ, x). Let l < r be two reals.
For µ a probability measure on R whose support is a subset of ]l, r[, let Qµ be the function de�ned on
Dr,ε = {(θ, u) ∈ R+×]r,+∞[| 2θβ (r − u) ≤ 1− ε} by

Qµ(θ, u) =

∫
y∈R

log

(
1 +

2θ

β
(u− y)

)
dµ(y)

Qµ is continuous in (θ, u) and for K ⊂ Dr,ε a compact we have that the function µ→ Qµ|K mapping µ
to the restriction of Qµ on K is continuous in µ for the weak topology and µ such that their support is a
subset of ]l, r[ when the arrival space is the set of functions on K endowed with the uniform norm (this
is a consequence of Ascoli's theorem). Let x > rσ and r, l such that l < lσ < rσ < r < x. For n large
enough the support of µn is in ]l, r[. We have that the sequence of functions θ 7→ v(θ, µn, x) converges
to θ 7→ v(θ, µ, x). Indeed if 2θ

β > Gµ(x), then since limn→∞Gµn(x) = Gµ(x), 2θ
β > Gµn(x) for n large

enough and the result is immediate.
If 2θ

β < Gµ(x) then 2θ
β < Gµn(x) for n large enough. Gµn converge towards Gµ on [r,+∞[, for

ε > 0, Kµn is de�ned on ]0, Gµ(r) − ε] for n large enough and Kµn converges toward Kµ and therefore
Rµn( 2θ

β ) converges towards Rµ( 2θ
β ). For θ = Gµ(x) we use that v(θ, µ, x) = Rµn( 2θ

β ) if 2θ
β ≤ Gµn(x) and

v(θ, µ, x) = (x− β
2θ ) if 2θ

β ≥ Gµn(x) and that the limits in both cases are v(θ, λ, x).
Then we have that for 2θ/β ≤ Gµ(x)

2θ

β
(r − v(θ, µ, x)) =

2θ

β
(r −Rµ(2θ/β))

=
2θ

β
(r −Kµ(β/2θ) + β/2θ)

≤ 1− 2θ

β
(r −Kµ(β/2θ)).

Writing 2θ
β = Gµ(y) with y > x we have

2θ

β
(r − v(θ, µ, x)) ≤ 1−Gµ(y)(y − r) ≤ 1−Gµ(x)(x− r)

where we used that y 7→ Gµ(y)(y − r) is increasing.
For 2θ/β ≥ Gµ(x)

2θ

β
(r − v(θ, µ, x)) =

2θ

β
(r − x) + 1

≤ 1−Gµ(x)(x− r).

Taking ε > Gµ(x)(x − r) and using the continuity in µ of µ 7→ Gµ(x)(x − r), we have for n large
enough that

sup
θ∈K′

2θ

β
(r − v(θ, µn, x)) ≤ 1− ε.

Therefore, using the convergence of v(θ, µn, x) and the uniform convergence of Qµn , we have that
J(µn, θ, x) converges towards J(µσ, θ, x). Furthermore, since θ 7→ J(µσ, θ, x) are continuous increasing
functions, by Dini's theorem the convergence is uniform on all compact.
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We now prove the convergence of In towards I. Let us prove that there is A > 0 and n0 ∈ N such
that for n ≥ n0 and θ > 0

Fn(θ)− En(θ) ≥ Aθ2.

We have

Fn(θ) ≥ θ2

β
P (σn, Leb)

≥ θ2

β

∫ 1

0

∫ 1

0

σ2(x, y)dxdy

and −En(θ) ≥ εθ2 for n large enough. Choosing ε <
∫ 1

0

∫ 1

0
σ2(x, y)dxdy we have our result.

Then given that J(µn, θ, x) ≤ θmax(rn, x) we have that for any r > rσ, x > rσ, θ > 0 for n large
enough :

J(µn, θ, x)− Fn(θ) + En(θ) ≤ rθx−Aθ2

Since limθ→∞ rθx − Aθ2 = −∞. and that θ 7→ J(µn, θ, x) − Fn(θ) + En(θ) converges toward θ 7→
J(µσ, θ, x)− F (θ) on every compact of R+, we deduce that for every x > rσ :

lim
n→∞

Ĩnβ (x) = Iβ(x)

and in the same way with En = 0 :

lim
n→∞

Inβ (x) = Iβ(x).

We will now prove that the di�erence between Xn
N and is negligible at the exponential scale.

Lemme 1.4.55. For every ε > 0 and every A > 0, there exists some n0 ∈ N such that :

lim sup
N

1

N
logP[||Xn0

N −XN || ≥ ε] ≤ −A

Démonstration. We can write that

Xn
N −XN = ∆n

N �W
(β)
N

where
∆n
N = ΣnN − ΣN

Let
Mn := sup

i,j
|(∆n

N )i,j |

We have that :
lim
n→∞

Mn = 0

Following lemma 1.4.40, we can write that for every n ∈ N, A > 0 there is B > 0 such that

lim sup
N

1

N
logP[(Mn)−1||Xn0

N −XN || > B] ≤ −A.

For n0 ∈ N such that MnB ≤ ε for all n ≥ n0, our upper bound is veri�ed.
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Let us now prove that we have a local large deviation principle for λmax(XN ) with rate function I for
x > rσ that is for every ε > 0, there is δ > 0.

− I(x)− ε ≤ lim inf
N

1

N
logP[λmax(XN ) ∈ [x− δ, x+ δ]]

≤ lim inf
N

1

N
logP[λmax(XN ) ∈ [x− δ, x+ δ]] ≤ −I(x) + ε.

Let us begin by choosing n0 such that |In(x) − I(x)| ≤ ε and |Ĩn(x) − I(x)| ≤ ε for all n ≥ n0. By
the large deviation upper and lower bounds in the piecewise constant case (that is theorem 1.4.32), we
have the existence of δ > 0 such that :

−Ĩn(x)−ε ≤ lim inf
N

1

N
logP[λmax(Xn

N ) ∈ [x−δ, x+δ]] ≤ lim sup
N

1

N
logP[λmax(Xn

N ) ∈ [x−δ, x+δ]] ≤ −In(x)+ε.

Since :

{λmax(XN ) ∈ [x− 2δ, x+ 2δ]} ⊃ {λmax(Xn
N ) ∈ [x− δ, x+ δ]} ∩ {||Xn

N −XN || < δ}

and

{λmax(XN ) ∈ [x− δ, x+ δ]} ⊂ {λmax(Xn
N ) ∈ [x− 2δ, x+ 2δ]} ∪ {||Xn

N −XN || > δ}

We have

−I(x)−2ε ≤ lim inf
N

1

N
logP[λmax(Xn

N ) ∈ [x−δ, x+δ]] ≤ lim inf
N

1

N
logP[λmax(XN ) ∈ [x−2δ, x+2δ]]

and for n large enough such that lim supN
1
N logP[||Xn

N −XN || > δ] < −I(x)− 2ε :

lim sup
N

1

N
logP[λmax(XN ) ∈ [x− δ/2, x+ δ/2]] ≤

lim sup
N

1

N
logP[λmax(Xn

N ) ∈ [x− δ, x+ δ]] ≤ −I(x) + 2ε (1.43)

Taking ε to 0, we have :

lim
δ→0

lim inf
N

1

N
logP[λmax(XN ) ∈ [x− δ, x+ δ]] = lim

δ→0
lim sup

N

1

N
logP[λmax(XN ) ∈ [x− δ, x+ δ]] = I(x).

Furthermore since exponential tightness is proved the same way as in the piecewise constant case, our
result proves the large deviation principle for continuous variance pro�les.

It only remains to relax Assumption 1.4.14 for the piecewise constant case. Let σ be a piecewise

variance pro�le. We can approximate σ by σn :=
√
σ2 + 1

n+1 . We notice then that

~Ψ(θ, σn, ~ψ) =
θ2

(n+ 1)β
+ ~Ψ(θ, σ, ~ψ)

so that if 1.4.21 is veri�ed for σ, it is veri�ed for σn. And so, as we have just done for the continuous
case, we can prove the same way that the rate functions I(σn, .) converges to I(σ, .) and that the large
deviation principle holds with I(σ, .).
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1.4.9 The case of matrices with 2× 2 block variance pro�les

In this section, we will discuss the case of piecewise constant variance pro�les with 4 blocks (which
are not necessarily of equal sizes) and determine what are the cases where the Assumption 1.4.21 holds.
In particular, we will provide examples where the maximum argument of Assumption 1.4.21 can be taken
continuous without the need for the concavity assumption.

Let's take a piecewise constant variance pro�le de�ned by ~α = (α, 1−α) and σ1,1 = a, σ2,2 = b, σ1,2 =
σ2,1 = c. In order to apply Theorem 1.4.5 we need to study the maximum arguments of :

ψ(x, θ) = ~Ψ(σ, θ, (x, (1− x))) =
θ2

β
[a2x2 + b2(1− x)2 + 2c2x(1− x)] +

β

2
[α log x+ (1− α) log(1− x)].

Since we can change α in 1− α by switching a and b, we can suppose without loss of generality that
α ≤ 1/2.

We have

∂xψ(x, θ) :=
2θ2

β
[a2x− b2(1− x) + c2(1− 2x)] +

β

2

(
α

x
− 1− α

1− x

)
.

Let

xmin :=
c2 − b2

2c2 − a2 − b2

xθ = argmaxx∈[0,1]ψ(x, θ)

and

Φ(x, θ) := x(1− x)∂xψ(x, θ) = (a2 + b2 − 2c2)
2θ2

β
x(x− xmin)(1− x) +

β

2
(α− x).

1.4.9.1 Case with (a2 + b2 − 2c2) ≤ 0

In the case (a2 +b2−2c2) ≤ 0 we have the ψ(., θ) is strictly concave and therefore θ 7→ xθ is analytical
and assumption 1.4.21 is veri�ed.

From now on, we assume (a2 + b2 − 2c2) ≥ 0.

1.4.9.2 Case xmin ≥ 1/2

We look for the zeros of Φ(., θ) in [0, 1]. To this end, we look for the intersection points of the curve

of equation y = x(1− x)(x− xmin) and the line y = Aθ(x− α) where Aθ = β2

4θ2(a2+b2−2c2) .
We notice that there is a critical value θcrit such that for θ ≤ θcrit, there is only one critical point

xθ1 which is on ]0, 1/2[. For θ > θcrit we have the apparition of two other critical points xθ2 and xθ3 that
are such that 1/2 < xθ2 < xθ3 with ψ(xθ2, θ) being a local minimum and ψ(xθ3, θ) a local maximum. For
x ∈]0, 1[, we have :

ψ(x, θ)− ψ(1− x, θ) =

β

2
(1− 2α)(log(1− x)− log x) +

θ2

β
(a2 + b2 − 2c2)[(x− xmin)2 − (1− x− xmin)2].

For x < 1/2, we have ψ(x, θ) > ψ(1 − x, θ) and so the absolute maximum of ψ(., θ) is attained for
x = xθ1. Since θ 7→ xθ1 is analytical, assumption 1.4.21 is veri�ed.
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Figure 1.1 � Case xmin ≥ 1/2

Figure 1.2 � Case xmin ≤ α
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1.4.9.3 Case xmin ≤ α

There is again a critical value θcrit such that for θ ≤ θcrit, there is only one critical point xθ1 which
is on ]α, 1[ and for θ > θcrit we have the apparition of two other critical points xθ2 and xθ3 such that
xθ3 < xθ2 ≤ α. We have furthermore :

ψ(x, θ)− ψ(2α− x, θ) =
β

2
[α log x− (1− α) log(1− 2α+ x)] +

β

2
[(1− α) log(1− x)− α log(2α− x)]

+
θ2

2
(a2 + b2 − 2c2)[(x− xmin)2 − (2α− x− xmin)2].

For x < α, ψ(x, θ) < ψ(2α− x, θ) and there the absolute maximum of ψ(., θ) is attained on ]α, 1[, so
for xθ1. Since θ 7→ xθ1 is analytical, Assumption 1.4.21 is veri�ed.

1.4.9.4 Case α = 1/2 and xmin = 1/2

Then x 7→ ψ(x, θ) is symmetrical in 1/2. Looking at the zeros of Φ(., θ) we have that if we set
θcrit := β

√
2/(a2 + b2 − 2c2) for θ ≤ θcrit there is only one zero a x = 1/2 and for θ ≥ θcrit there is

three zeros in x = 1/2 and x = 1
2 ± δ(θ) where δ(θ) = β

2θ

√
2

(a2+b2−2c2) . Furthermore, for θ ≤ θcrit, ψ(., θ)

has its maximum in x = 1/2 and for θ ≥ θcrit, ψ(., θ) has its maximum at both points x = 1/2 ± δ(θ)
where δ(θ) = 1

2

√
1− 2β2

θ2(a2+b2−2c2) . Therefore the function θ 7→ 1/2 for θ ≤ θcrit and θ 7→ 1/2 + δ(θ) for

θ ≥ θcrit is a continuous determination of the maximal argument of ψ(., θ) and so Assumption 1.4.21 is
veri�ed and the large deviation principle holds. This gives an example where the maximum argument in
Assumption 1.4.21 is neither unique nor C1 but where we can still derive a large deviation principle.

1.4.9.5 Case xmin ∈]α, 1/2[ and pathological case

The graph we obtain is similar to the graph of the �rst case. In this case, we also have a θcrit such
that for θ ≤ θcrit, there is only one critical point xθ1 which is in ]0, α[ and then the apparition of two other
critical points xθ2 and xθ3 that are such that 1/2 < xθ2 < xθ3, ψ(xθ2, θ) being a local minimum and ψ(xθ3, θ)
a local maximum. But in this case for high values of θ, we have that the maximum is attained near 1 so
xθ3 is the maximum argument. We have a discontinuity in the maximum argument and so Assumption
1.4.21 is not veri�ed.

Let us now show that if xmin ∈]α, 1/2[ and c = 0, the largest eigenvalue satis�es a large deviation
principle but with a rate function J di�erent from I.

Our matrix X(β)
N then looks like :(√

aαT
(β)
αN 0

0
√
b(1− α)U

(β)
(1−α)N

)

where (T
(β)
N )N and (U

(β)
N )N are both Wigner matrices. We have :

λmax(X
(β)
N ) = max{

√
aαλmax(T

(β)
N ),

√
b(1− α)λmax(U

(β)
N )}.

But both these quantities satis�es large deviation principles, more precisely, if Iβ is the rate function for

the LDP for aWigner matrix, λmax(
√
aαT

(β)
αN ) follows a LDP with rate αIβ( x√

aα
) and λmax(

√
b(1− α)U

(β)
(1−α)N )

follows a LDP with rate (1− α)Iβ( x√
bα

). Now λmax(X
(β)
N ) follows a LDP with rate Jβ which is :

Jβ(x) := min{αIβ(
x√
aα

), (1− α)Iβ(
x√
bα

)}
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Figure 1.3 � Case with α = 2/3, a = 3, b = 4

In particular, if xmin ∈]α, 1/2[, we have aα > b(1 − α) and b > a, we notice that Jβ(x) = αIβ( x√
aα

)

for x near aα and Jβ(x) = (1−α)Iβ( x√
bα

) for large x. In this case one can notice that Jβ is not a convex
function and therefore cannot by obtained as supθ F (θ)−J(x, µσ, θ) since it is a sup of convex functions.
We have J 6= I. For c > 0 but small enough we can also conclude that the large deviation principle still
does not hold. Indeed, if we denote Ic the rate function we expect and x0 ∈ R+ such that J(x0) ≤ I0(x0)−η
for some η > 0 (x0 does exists using the discussion above). Using the same approximation arguments as
in section 1.4.8, we have that there exists ε > 0 such that for c < ε, Ic(x0) > I0(x0)− η/3 and :

lim
δ→0

lim sup
N

1

N
logP[λmax(XN ) ∈ [x0 − δ, x0 + δ]] ≤ −J(x0) + η/3 < −Ic(x0)

Since Ic is continuous in x0, we have that there cannot be a large deviation principle withe the rate
function Ic.

1.4.10 Appendix : Proof of Lemma 1.4.33

This section is devoted to the proof of Lemma 1.4.33. For this, we will use two concentration results
respectively from [49] and [9].

Théorème 1.4.56. By [49, (Theorem 1.4)] (for the compact case) and [49, Corollary 1.4 b)] (for the
logarithmic Sobolev case), we have for β = 1, 2, and for N large enough

lim sup
N→∞

1

N7/6
logP[d(µ

X
(β)
N

,E[µ
X

(β)
N

]) > N−1/6] < 0

where d is the Dudley distance.

We therefore only need to show that

Théorème 1.4.57. If we let for every N :

F
X

(β)
N

(x) = µ
X

(1)
N

(]−∞, x])

Fµσ (x) = µσ(]−∞, x])
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we have that

sup
x∈R
|Fµσ (x)− E[F

X
(1)
N

(x)]| = O(N−1/10) .

Démonstration. Following the theorem 1.4.15 and the fact that N(D) does not depend on τ we have that
for N ≥ N(D) and x ∈ R,

P[|Fµσ (x)− F
X

(1)
N

(x)| ≥ N−3/4] ≤ N−D

Finally for x ∈ R and N ≥ N(3/4)

|Fµσ (x)− E[F
X

(1)
N

(x)]| ≤ E[|F
X

(1)
N

(x)− Fµσ (x)|] ≤ N−3/4 + 2P[|Fµσ (x)− F
X

(1)
N

(x)| ≥ N−3/4]

≤ 3N−3/4

and so for N ≥ N(3/4)
|Fµσ (x)− E[F

X
(1)
N

(x)]| ≤ 3N−3/4

In order to conclude, we need only to use Lemma 1.4.29 to see that F
X

(1)
N

(−M) and 1 − F
X

(1)
N

(M)

decay in expectation exponentially fast in N for some �xed M so that

d(E[µ
X

(1)
N

], µσ) ≤ 4e−N + 2M sup
x∈R
|F (x)− E[F

X
(1)
N

(x)]| = o(N−1/6) .

1.5 Large deviations for the largest eigenvalue of sub-Gaussian

matrices

1.5.1 Introduction

Understanding the large deviation behavior of the largest eigenvalue of a random matrix is a chal-
lenging question, with many applications in statistics and mobile communications systems, e.g [40, 20].
However, it is in general a di�cult question and very few results are known. It is known since [77] that
the empirical distribution of the eigenvalues of a Wigner matrix converges to the semi-circle law pro-
vided the o�-diagonal entries have a �nite second moment. Following the pioneering work of Kómlos and
F¶redi [41], we know by [8] that assuming the Wigner matrix has centered entries, the largest eigenvalue
converges to the right edge of the support of the semi-circle law if and only if the fourth moment of the
o�-diagonal entries is �nite. Given these two results, one can wonder what is the probability that the
empirical measure or the largest eigenvalue have an unexpected behavior. Large deviation principles were
derived for the empirical distribution of the eigenvalues and the largest eigenvalue of classical Gaussian
ensembles, as the Gaussian Unitary Ensemble (GUE) and Gaussian Orthogonal Ensemble (GOE) in [17]
and [16]. Indeed, in this case, the joint law of the eigenvalues is explicit and large deviations estimates
can be derived by Laplace's method, up to taking care of the singularity of the interaction. In a break-
through paper, Bordenave and Caputo [23] showed that large deviations for the empirical measure of the
eigenvalues can be estimated when the tails of the entries are heavier than in the Gaussian case. These
large deviations have a smaller speed than in the cases of classical Gaussian Ensembles and are due to
a relatively small number of entries of order one. This phenomenon was shown to hold as well for the
largest eigenvalue by one of the authors [5].

Yet, the case of sub-Gaussian entries remained still mysterious. Last year, two of the authors showed
that if the Laplace transform of the Wigner matrix is pointwise bounded from above by the one of the
GUE or GOE, then a large deviations principle holds with the same rate function as in the Gaussian
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case. This special case of Wigner matrices, which was called with sharp sub-Gaussian tails, was shown to
include matrices with Rademacher variables and variables uniformly sampled in an interval. Yet, many
Wigner matrices with sub-Gaussian entries are not with sharp sub-Gaussian tails, as for Gaussian sparse
matrices which are obtained by multiplying entrywise a GOE matrix with an independent Bernoulli
random variable. In this article, we investigate this general setting and derive large deviations estimates
for the largest eigenvalue of Wigner matrices with sub-Gaussian entries. In particular, we show that the
rate function of this large deviations principle is di�erent from the one of the GOE.

We will consider hereafter a N ×N symmetric random matrix XN with independent entries (Xij)i≤j
above the diagonal so that

√
NXij has law µ for all i < j and

√
N/2Xii has law µ for all i. In particular,

the variance pro�le is the same as the one of the GOE. We asume that µ is centered and has a variance
equal to 1. Let

∀x ∈ R, ψ(x) =
1

x2
log

∫
extdµ(t),

and ψ(0) = 0, which de�nes a continuous function on R. Assume that

A

2
:= sup

x∈R
ψ(x) < +∞. (1.44)

The case where A = 1 is the case of sharp sub-Gaussian tails which was solved in [45]. We investigate
here the case where A > 1 and we show the following result.

Theorem 1.5.1. Denote by λXN the largest eigenvalue of XN . Under some technical assumptions, there
exist a good rate function Iµ : R → [0,+∞] and a set Oµ ⊂ R such that (−∞, 2] ∪ [xµ,+∞) ⊂ Oµ for
some xµ ≥ 2 and such that for any x ∈ Oµ,

lim
δ→0

lim inf
N→+∞

1

N
logP (|λXN − x| ≤ δ) = lim

δ→0
lim sup
N→+∞

1

N
logP (|λXN − x| ≤ δ) = −Iµ(x).

The rate function Iµ is in�nite on (−∞, 2) and satis�es

Iµ(x) ∼
+∞

1

4A
x2.

If A ∈ (1, 2), then [2,
√
A− 1 + 1/

√
A− 1] ⊂ Oµ and Iµ coincides on this interval to the rate function of

the GOE, that is,

Iµ(x) =
1

2

∫ x

2

√
y2 − 4dy = IGOE(x). (1.45)

The technical assumptions include the case where ψ is increasing (which holds in the case of sparse
Gaussian entries) and the case where the maximum of ψ is achieved on R. In the later case, Iµ(x) only
depends on A for x large enough.

1.5.1.1 Assumptions

We now describe more precisely our assumptions.

Assumption 1.5.2. Let µ ∈ P(R) be a symmetric probability measure with unit variance. We denote by
L its log-Laplace transform,

∀x ∈ R, L(x) = log

∫
extdµ(t),

and ψ(x) = L(x)/x2. We assume that µ is sub-Gaussian in the sense that

A

2
:= sup

x∈R
ψ(x) < +∞,
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and we de�ne B ≥ 0 by,
B

2
:= lim
|x|→+∞

ψ(x).

We assume moreover that L(
√
.) is a Lipschitz function and that µ does not have sharp sub-Gaussian

tails, meaning that A > 1.

We describe below a few examples of probability measures µ which satisfy the above assumptions. In
each of these cases, the fact that L(

√
.) is Lipschitz is clear and left to the reader.

Example 1.5.3. � (Combination of Gaussian and Rademacher laws). Let

µ(dx) = a
e−

1
2B x

2

√
2πB

dx+ (1− a)
1

2
(δ−b + δ+b)

where a, b, B are non negative real numbers such that a ∈ (0, 1) and aB+ (1− a)b2 = 1. Then, for
all x ∈ R,

Lµ(x) = log
(
ae

B
2 x

2

+ (1− a) cosh(bx)
)
.

If B > 1 and b ∈ (0, 1) we see that our conditions are ful�lled and A = B.
� (Sparse Gaussian case). Let µ be the law of ζΓ with ζ a Bernoulli variable of parameter p ∈ (0, 1)

and Γ a centered Gaussian variable with variance 1/p. For any x ∈ R,

Lµ(x) = log
(
pe

x2

2p + 1− p
)

so that A = B = 1
p .

� (Combination of Rademacher laws). Let

µ =

p∑
i=1

αi
2

(δβi + δ−βi)

with αi ≥ 0 , βi ∈ R and p ∈ N so that
∑
αi = 1,

∑
αiβ

2
i = 1. Since µ is compactly supported

B = 0. The fact that µ does not have sharp sub-Gaussian tails means that there exist some t and
A > 1 such that

p∑
i=1

αi cosh(βit) ≥ eA
t2

2 .

The latter is equivalent to

p∑
i=1

αi
2
e
β2i
2A

(
e−

A
2 (t− βiA )2 + e−

A
2 (t+

βi
A )2
)
≥ 1 .

This inequality holds as soon as αie
β2i
2A ≥ 2 for some i ∈ {1, . . . , p} by taking t = βi

A . This can
be ful�lled if βi is large enough while αiβ2

i < 1. We also see with this family of examples that A
can be taken arbitrarily large (take e.g p = 2, A = β1, t = 1, α1 = (2β2

1)−1, eβ1/2 ≥ 4β2
1 , β

2
2 =

(2− β−2
1 )−1, α2 = 1− α1).

Let HN be the set of real symmetric matrices of size N . We denote for any A ∈ HN by λA its largest
eigenvalue, ||A|| is spectral radius and by µ̂A the empirical distribution of its eigenvalues, that is

µ̂A =
1

N

N∑
i=1

δλi ,

where λ1, . . . , λN are the eigenvalues of A. We make the following assumption of exponential tightness of
the spectral radius and of concentration of the empirical distribution of the eigenvalues at the scale N .
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Assumption 1.5.4. The spectral radius of XN , ||XN ||, is exponentially tight at the scale N :

lim
K→+∞

lim sup
N→+∞

1

N
logP

(
||XN || > K

)
= −∞. (1.46)

Moreover, the empirical distribution of the eigenvalues µ̂XN concentrates at the scale N :

lim sup
N→+∞

1

N
logP

(
d(µ̂XN , σ) > N−κ

)
= −∞, (1.47)

for some κ > 0, where d is a distance compatible with the weak topology and σ is the semi-circle law,
de�ned by

σ =
1

2π

√
4− x21|x|≤2dx.

Remark 1.5.5. 1. From [45, Lemmas 1.8, 1.11], we know that Assumption 1.5.4 is ful�lled if µ is
either compactly supported, or if µ satis�es a logarithmic Sobolev inequality in the sense that there
exists c > 0 so that for any smooth function f : R→ R, such that

∫
f2dµ = 1,∫

f2 log f2dµ ≤ c
∫
‖∇f‖22dµ .

2. If µ is a symmetric sub-Gaussian probability measure on R with log-concave tails in the sense
that t 7→ µ(|x| ≥ t) is a log-concave function, then the Wigner matrix XN satis�es Assumption
1.5.4. In particular, if B is a Wigner matrix with Bernoulli entries with parameter p and Γ is a
GOE matrix, then the sparse Gaussian matrix B ◦Γ/

√
p, where ◦ the Hadamard product, satis�es

Assumption 1.5.4. We refer the reader to section 1.5.7.1 of the appendix for more details.

1.5.1.2 Statement of the results and scheme of the proof

As in [45], our approach to derive large deviations estimates is based on a tilting of the law of the
Wigner matrix XN by spherical integrals. Let us recall the de�nition of spherical integrals. For any
θ ≥ 0, we de�ne

IN (XN , θ) = Ee[eθN〈e,XNe〉]

where e is uniformly sampled on the sphere SN−1 with radius one. The asymptotics of

JN (XN , θ) =
1

N
log IN (XN , θ)

were studied in [47] where the following result was proved.

Theorem 1.5.6. [47, Theorem 6] Let (EN )N∈N be a sequence of N × N real symmetric matrices such
that:

� The sequence of empirical measures µ̂EN converges weakly to a compactly supported measure µ.
� There is a real number λE such that the sequence of largest eigenvalues λEN converges to λE.
� supN ||EN || < +∞.

For any θ ≥ 0,
lim

N→+∞
JN (EN , θ) = J(µ, θ, λE)

The limit J is de�ned as follows. For a compactly supported probability measure µ ∈ P(R) we de�ne
its Stieltjes transform Gµ by

∀z /∈ supp(µ), Gµ(z) :=

∫
R

1

z − t
dµ(t),
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where supp(µ) is the support of µ. For any compactly supported probability measure µ, we denote by rµ
the right edge of the support of µ. Then Gµ is a bijection from (rµ,+∞) to

(
0, Gµ(rµ)

)
where

Gµ(rµ) = lim
t↓rµ

Gµ(t).

Let Kµ be the inverse of Gµ on (0, Gµ(rµ)) and let

∀z ∈ (0, Gµ(rµ)), Rµ(z) := Kµ(z)− 1/z,

be the R-transform of µ as de�ned by Voiculescu in [72]. Then, the limit of spherical integrals is de�ned
for any θ ≥ 0 and x ≥ rµ by,

J(µ, θ, x) := θv(µ, θ, x)− 1

2

∫
log
(
1 + 2θv(µ, θ, x)− 2θy

)
dµ(y),

with

v(µ, θ, x) :=

{
Rµ(2θ) if 0 ≤ 2θ ≤ Gµ(x),

x− 1
2θ if 2θ > Gµ(x).

In the case of the semi-circle law, we have

Gσ(x) =
1

2
(x−

√
x2 − 4), Rσ(x) = x.

We denote by J(x, θ) as a short-hand for J(σ, θ, λ). In the next lemma we compute explicitly J(x, θ),
whose proof is left to the reader.

Lemma 1.5.7. Let θ ≥ 0 and x ≥ 2. For θ ≤ 1
2Gσ(x),

J(θ, x) = θ2.

Whereas for θ ≥ 1
2Gσ(x),

J(x, θ) = θx− 1

2
− 1

2
log 2θ − 1

2

∫
log(x− y)dσ(y).

Moreover, J(x, .) is continuously di�erentiable.

To derive large deviations estimates using a tilt by spherical integrals, it is central to obtain the
asymptotics of the annealed spherical integral FN (θ) de�ned as,

FN (θ) =
1

N
logEXNEe[exp(Nθ〈e,XNe〉)] .

In the following lemma, we obtain the limit of FN as the solution of a certain variational problem. We
denote by F (θ) and F (θ) its upper and lower limits:

F (θ) = lim sup
N→+∞

FN (θ),

F (θ) = lim inf
N→+∞

FN (θ).

For any measurable subset I ⊂ R, we denote byM(I) and P(I) respectively the set of measures and the
set of probability measures supported on I.
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Proposition 1.5.8. Assume XN satis�es Assumptions 1.5.2 and 1.5.4.

F (θ) = lim sup
δ→0,K→+∞

δK→0

sup
α1+α2+α3=1

αi≥0

lim sup
N→+∞

FNα1,α2,α3
(δ,K),

F (θ) = sup
α1+α2+α3=1

αi≥0

lim inf
δ→0,K→+∞

δK→0

lim sup
N→+∞

FNα1,α2,α3
(δ,K) .

FNα1,α2,α3
(δ,K) is the function given by:

FNα1,α2,α3
(δ,K) = θ2

(
α2

1 + 2α1α2 +Bα2
3

)
+ sup

ν2∈M(I2)∫
x2dν2=α2

sup
si∈I3,i≤k

|
∑
i s

2
i
−Nα3|≤δN

{ k∑
i=1

∫
L
(2θsix√

N

)
dν2(x) +

1

2

∫
L
(2θxy√

N

)
dν2(x)dν2(y)

+ sup
ν1∈P(I1)∫
x2dν1(x)=α1

{ k∑
i=1

∫
L
(2θsix√

N

)
dν1(x)−H(ν1)

}
− 1

2
log(2π)− 1

2

}
,

where I1 = {x : |x| ≤ δN1/4}, I2 = {x : δN1/4 ≤ |x| ≤ KN1/4}, I3 = {KN1/4 ≤ |x| ≤
√
Nα3}, and

H(ν) =

∫
log

dν

dx
dν(x),

if ν is absolutely continuous with respect to the Lebesgue measure, whereas H(ν) is in�nite otherwise.

Remark 1.5.9. Note that F and F are convex by Hölder inequality. Since the entries of XN are sub-
Gaussian, F (θ) ≤ Aθ2. In particular F , F are �nite convex functions and therefore they are continuous
on R+.

The above proposition gives quite an intricate de�nition for the limit of the annealed spherical inte-
grals. Yet, for small enough θ it can be computed explicitly.

Lemma 1.5.10. For any θ ≤ 1
2
√
A−1

,

F (θ) = F (θ) = θ2.

Note that for large θ this formula is not valid anymore when A > 1 since F grows like Aθ2 at in�nity
(see the proof of Proposition 1.5.12).

Proof. Using the bound L(x) ≤ Ax2/2 for any x ≥ 0 and the notation of Proposition 1.5.8, we have

FNα1,α2,α3
(δ,K) ≤ sup

α1+α2+α3=1

{
θ2
(
α2

1 + 2α1α2 +Bα2
3 + 2Aα3α2 +Aα2

2 + 2Aα1α3

)
+

1

2
logα1

}
,

where we used the fact that the in�mum

inf{H(ν1) :

∫
x2dν1 = α1, ν1 ∈ P(R)},

is achieved for ν1 = (2πα1)−1/2e−
x2

2α1 dx. As A ≥ 1 and B ≤ A, we have the upper bound,

F (θ) ≤ sup
α∈[0,1]

{
θ2
(
α2 + 2Aα(1− α) +A(1− α)2

)
+

1

2
logα

}
= sup
α∈[0,1]

{
θ2
(
A− (A− 1)α2

)
+

1

2
logα

}
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We deduce that if 2θ
√
A− 1 ≤ 1 then the function

α 7→ θ2
(
A− (A− 1)α2

)
+

1

2
logα,

is increasing on [0, 1]. Thus the supremum is achieved at α = 1, and F (θ) ≤ θ2. Moreover, taking
α1 = 1, α2 = α3 = 0, and ν1 the standard Gaussian law, we �nd that

F (θ) ≥ θ2. (1.48)

Thus, if 2θ
√
A− 1 ≤ 1, we get that F (θ) = F (θ) = θ2.

Although the limit of the annealed spherical integrals may not be explicit for all θ, we can still use it
to obtain large deviations upper bounds as we describe now in the following theorem.

Theorem 1.5.11. Under the Assumptions 1.5.2 and 1.5.4, the law of the largest eigenvalue λXN satis�es
a large deviation upper bound with good rate function which is in�nite on (−∞, 2) and otherwise given
by:

∀y ≥ 2, Ī(y) = sup
θ≥0
{J(y, θ)− F (θ)} . (1.49)

Proof. From Assumption 1.5.4 we know that the law of the largest eigenvalue is exponentially tight at the
scale N . Therefore, it is su�cient to prove a weak large deviations upper bound by [36, Lemma 1.2.18].
Let δ > 0. We have,

P(λXN < 2− δ) ≤ P(µ̂XN (f) = 0),

where f is a smooth compactly supported function with support in (2 − δ, 2). Since supp(σ) = [−2, 2],
we deduce that,

P(λXN < 2− δ) ≤ P(d(µ̂XN , σ) > ε),

for some ε > 0. As the empirical distribution of the eigenvalues concentrates at the scale N according to
(1.47), we get

lim
N→+∞

1

N
logP(λXN < 2− δ) = −∞.

Let now x ≥ 2 and δ > 0. Recall from (1.48) that F (θ) ≥ θ2 for any θ ≥ 0. Therefore,

Ī(x) ≤ sup
θ≥0
{J(x, θ)− θ2}.

From [45, Section 4.1], we know that

sup
θ≥0
{J(x, θ)− θ2} = IGOE(x),

where IGOE is the rate function of the largest eigenvalue of a GOE matrix. In particular I(2) = 0 since
IGOE(2). Therefore we only need to estimate small ball probabilities around x 6= 2. As µ̂XN concentrates
at the scale N , and ||XN || is exponentially tight at the scale N by Assumption 1.5.4 it is enough to show
that for any K > 0,

lim sup
δ→0

lim sup
N→+∞

1

N
logP(XN ∈ V Kδ,x) ≤ −Ī(x),

where V Kδ,x = {Y ∈ HN : |λY − x| < δ, d(µ̂Y , σ) < N−κ, ||Y || ≤ K}, for some κ > 0. Let θ ≥ 0. From [58,
Proposition 2.1], we know that the spherical integral is continuous, more precisely, for N large enough
and any XN ∈ Vδ,x,

|JN (XN , θ)− J(x, θ)| < g(δ),
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for some function g(δ) going to 0 as δ → 0. Therefore,

P(XN ∈ V Kδ,x) = E
(
1XN∈V Kδ,x

IN (XN , θ)

IN (XN , θ)

)
≤ E[IN (XN , θ)]e

−NJ(θ,x)−Ng(δ).

Taking the limsup as N → 0 and δ → 0 at the logarithmic scale, we deduce

lim sup
δ→0

lim sup
N→+∞

1

N
logP(XN ∈ V Kδ,x) ≤ F (θ)− J(θ, x).

Opimizing over θ ≥ 0, we get the claim.

Proposition 1.5.12. Under Assumption 1.5.2, the rate function Ī de�ned in Theorem 1.5.11 is lower
semi-continuous, and growing at in�nity like x2/4A. In particular, Ī is a good rate function.

Proof. Ī is lower semi-continuous as a supremum of continuous functions (recall here that J(θ, .) is
continuous by Lemma 1.5.7 and F is continuous by Remark 1.5.7). It remains to show that its level sets
are compact, for which it is su�cient to prove that Ī goes to in�nity at in�nity. From Assumption 1.5.2,
we know that

∀θ ≥ 0, F (θ) ≤ θ2A.

Let x > 2. Let now C > 0 a constant to be chosen later such that Cx ≥ 1/2. We have by taking θ = Cx

Ī(x) ≥ J(Cx, x)− F (Cx)

≥ Cx2 − 1

2
− 1

2
log

x

A
− 1

2
log x−AC2x2. (1.50)

Taking C = 1/2A, we obtain that there is constant κ > 0 such that

Ī(x) ≥ x2

4A
− o(x2). (1.51)

To get the converse bound, we show that as θ goes to in�nity, F goes to in�nity like Aθ2. We distinguish
two cases. First, we consider the case A = B. Using Proposition 1.5.8, we get the lower bound for θ ≥ 1,

F (θ) ≥ Aθ2
(

1− 1

θ2

)
− 1

4
log θ,

by taking α2 = 0, α3 = 1− θ−2, α1 = θ−2 and ν1 the Gaussian law with variance α1. In the case A > B,
we de�ne m∗ such that ψ(m∗) = A/2. Taking α3 = 0, α2 = 1− θ−2, α1 = θ−2, ν2 = 2θα2

m∗
δ√m∗

2θ

, and ν1

the Gaussian law with variance α1, we obtain,

F (θ) ≥ Aθ2
(

1− 1

θ2

)
− log θ. (1.52)

It follows that for any ε > 0, there exists M <∞ such that for θ ≥M ,

F (θ) ≥ (1− ε)Aθ2.

Therefore

Ī(x) ≤ max

{
sup
θ≥M
{J(θ, x)− (1− ε)Aθ2}, sup

θ≤M
{J(θ, x)− F (θ)}

}
.

But from Lemma 1.5.7 one can see that the second term in the above right-hand side is bounded by
Mx+ C where C is a numerical constant. Besides, using the same argument as in (1.50), we get

sup
θ≥M
{J(θ, x)− (1− ε)Aθ2} ≥ x2

4(1− ε)A
− o(x2).
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Hence, for x large enough,
Ī(x) ≤ sup

θ≥M
{J(θ, x)− (1− ε)Aθ2}.

But, for x large enough and θ ≥ 1/2, J(θ, x) ≤ θx. Thus,

sup
θ≥M
{J(θ, x)− (1− ε)Aθ2} ≤ sup

θ≥0
{θx− (1− ε)Aθ2} =

x2

4(1− ε)A
,

which ends the proof.

Proposition 1.5.13. For any θ ≥ 0, J(θ, .) is a convex function. Therefore, Ī is also convex.

Proof. Let x, y ≥ 2 and t ∈ (0, 1). Let EN be a sequence of diagonal matrices such that ||EN || ≤ 2 and
such that µ̂EN converges weakly to σ. Let ExN and EyN be such that (ExN )i,i = (EyN )i,i = (EN )i,i for any
i ∈ {1, . . . , N − 1}, and

(ExN )N,N = x (EyN )N,N = y.

We have λExN = x and λEyN = y. Then, HN = tExN + (1− t)EyN is such that its empirical distribution of
eigenvalues converges to σ, and λHN = tx+ (1− t)y. By Hölder's inequality we have,

log IN (HN , θ) ≤ t log IN (EN , θ) + (1− t) log IN (DN , θ).

Taking the limit as N → +∞, we get,

J(tx+ (1− t)y, θ) ≤ tJ(x, θ) + (1− t)J(y, θ).

Therefore, J(θ, .) is convex and I is convex as a supremum of convex functions.

To derive the large deviation lower bound, we denote by Cµ the set of θ ∈ R+ such that

F (θ) = F (θ) =: F (θ) .

By Lemma 1.5.10, Cµ is not empty. We observe also that by continuity of both F and F (see Remark
1.5.9), Cµ is closed. Let

∀x ≥ 2, I(x) = sup
θ∈Cµ
{J(x, θ)− F (θ)}

Theorem 1.5.14. For any x ≥ 2, denote by

Θx = {θ ≥ 0 : Ī(x) = J(x, θ)− F (θ)},

where Ī is de�ned in (1.49). Let x ≥ 2 such that there exists θ ∈ Θx ∩ Cµ and θ /∈ Θy for any y 6= x.
Then, I(x) = Ī(x) and

lim
δ→0

lim inf
N→+∞

1

N
logP (|λXN − x| ≤ δ) ≥ −I(x).

We apply this general theorem in two cases. We �rst investigate the case where the function ψ is
increasing, case for which we can check that our hypotheses on the sets Θx holds for x large enough. This
includes the case where µ is the sparse Gaussian law, see Example 1.5.3.

Proposition 1.5.15. Suppose that Assumptions 1.5.2 and 1.5.4 hold. If ψ is increasing on R+, then
Cµ = R+. Moreover, there exists xµ ≥ 2 such that for any x ≥ xµ, the large deviation lower bound holds
with rate function I.

We then consider the case where µ is such that B < A. This includes any compactly supported
measure µ since B = 0. We prove in this case the following result.
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Proposition 1.5.16. Suppose that Assumptions 1.5.2 and 1.5.4 hold. If µ is such that B < A and such
that the maximum of ψ is attained on R+ for a unique m∗ such that ψ′′(m∗) < 0, then there exists a
positive �nite real number θ0 such that for [θ0,+∞[⊂ Cµ. Therefore, there exists a �nite constant xµ such
that for x ≥ xµ, the large deviation lower bound holds with rate function I. Furthermore on the interval
[xµ,+∞) the rate function I depends only on A.

In the case where A is su�ciently small, we can show without any additional assumption that the
large deviation lower bound holds in a vicinity of 2 and the rate function I is equal to the one of the
GOE. This contrasts with Proposition 1.5.12 which shows that the rate function Ī goes to in�nity like
x2/4A at in�nity and therefore depends on A. In other words the �heavy tails� only kicks in above a
certain threshold.

Proposition 1.5.17. Assume A < 2. The large deviation lower bound holds with rate function Ī on
[2, 1/

√
A− 1 +

√
A− 1]. Moreover, Ī coincides with the rate function in the GOE case IGOE, de�ned in

(1.45), on this interval. As a consequence, for all x ∈ [2, 1/
√
A− 1 +

√
A− 1]

lim
δ→0

lim inf
N→+∞

1

N
logP (|λXN − x| ≤ δ) = lim

δ→0
lim sup
N→+∞

1

N
logP (|λXN − x| ≤ δ) = −IGOE(x).

In the next section 1.5.2, we detail our approach to prove large deviations lower bounds. Since
Proposition 1.5.8 is crucial to all our results, we prove it in the next section 1.5.2. Then, we will apply
these results to prove the large deviations lower bounds close to the bulk in section 1.5.4, that is, we give
a proof of Proposition 1.5.17. To prove the large deviations lower bounds for large x, we consider �rst the
case of increasing ψ in section 1.5.5 and then the case of B < A in section 1.5.6. Indeed, the variational
formulas for the limiting annealed spherical integrals di�er in these two cases, as B = A in the �rst case
whereas B < A in the second.

1.5.2 A general large deviation lower bound

We �rst prove Theorem 1.5.14 and will then give more practical descriptions of the sets Θx in order
to apply it.

Proof of Theorem 1.5.14. Introducing the spherical integral with parameter θ ≥ 0, we have

P (|λXN − x| ≤ δ) ≥ E
(
1XN∈V Kδ,x

IN (XN , θ)

IN (XN , θ)

)
,

where V Kδ,x = {Y ∈ HN : |λY − x| ≤ δ, d(µ̂Y , σ) < N−κ, ||XN || ≤ K} for some K > 0 and κ > 0. Using
the continuity of the spherical integral (see [58, Proposition 2.1]), we get

P (|λXN − x| ≤ δ) ≥
E
(
1XN∈V Kδ,x

IN (XN , θ))

EIN (XN , θ)
eNF (θ)−NJ(x,θ)−Ng(δ)−o(N),

where g is a function such that g(δ)→ 0 as δ → 0. It remains to show that we can �nd θx ∈ Cµ such that

lim inf
N→+∞

1

N
log

E
(
1XN∈V Kδ,x

IN (XN , θx))

EIN (XN , θx)
≥ 0.

To this end we will use our large deviation upper bound. Since µ̂XN concentrates at the scale N , and
||XN || is exponentially tight at the scale N by Assumption 1.5.4, it su�ces to prove we can �nd θ = θx
such that for all y 6= x, for δ small enough, and K large enough,

lim sup
N

1

N
log

E[1XN∈V Kδ,yIN (XN , θ)]

EIN (XN , θ)
< 0.
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By assumption, there exists θ ∈ Θx ∩ Cµ such that θ /∈ Θy for y 6= x. We introduce a new spherical
integral with argument θ′ and use again the continuity of JN to show that:

E[1XN∈V Kδ,yIN (XN , θ)]

EIN (XN , θ)
=

E[1XN∈V Kδ,y
IN (XN ,θ

′)
IN (XN ,θ′)

IN (XN , θ)]

EIN (XN , θ)

= e−NJ(y,θ′)−NF (θ)+NJ(y,θ)+Nε(δ)E[1XN∈V Kδ,yIN (XN , θ
′)]

≤ e−NJ(y,θ′)−NF (θ)+NJ(y,θ)+NF (θ′)+Nε(δ),

where ε(δ)→ 0 as δ → 0. We can conclude that

lim sup
N→+∞
δ→0

1

N
log

E[1XN∈V Kδ,yIN (XN , θ)]

EIN (XN , θ)
≤ − sup

θ′
{J(y, θ′)− F (θ′)}+ J(y, θ)− F (θ)

= −I(y) + J(y, θ)− F (θ) (1.53)

By assumption, θ /∈ Θy, and θ ∈ Cµ so that F (θ) = F (θ) hence

−I(y) + J(y, θ)− F (θ) < 0

and the conclusion follows from (1.53).

In a �rst step, we identify a subset de�ned in terms of the subdi�erential sets of F at the points of
non-di�erentiability where the large deviation lower bound holds. Let D be the set of θ such that F is
di�erentiable at θ.

Lemma 1.5.18. The lower bound holds for any x > 2 such that I(x) = Ī(x) > 0 and

x /∈ E :=
⋃
θ∈Dc

( 1

2θ
+ ∂F (θ)

)
, (1.54)

where ∂F (θ) denotes the subdi�erential of F at θ

Note that since F is a convex function, its subdi�erentials are well de�ned.

Proof. Let x > 2 such that I(x) = Ī(x) > 0 and x /∈ E. Since F (θ) ≥ θ2 for any θ ≥ 0 by (1.48) and F
is continuous by Remark 1.5.9, we deduce from Lemma 1.5.7 that θ 7→ J(x, θ)− F (θ) is continuous and
goes to −∞ as θ goes to +∞. Since Cµ is closed, the supremum,

sup
θ∈Cµ

{
J(θ, x)− F (θ)

}
, (1.55)

is achieved at some θ ∈ Cµ. We will show that θ ∈ D.
As Ī(x) 6= 0 we must have θ > 1

2Gσ(x). Indeed, F (θ) ≥ θ2 and J(θ, x) = θ2 for θ ≤ 1
2Gσ(x) by

Lemma 1.5.7 so that
sup

θ≤ 1
2Gσ(x)

{J(θ, x)− F (θ)} = 0.

Since Ī(x) = I(x), we deduce by Fermat's rule that θ satis�es the condition:

0 ∈ ∂J

∂θ
(θ, x)− ∂F (θ) = x− 1

2θ
− ∂F (θ) .

Since x /∈ E, we deduce that F is di�erentiable at θ.
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According to Theorem 1.5.14, to prove that the lower bound holds at x, it su�ces to show that θ /∈ Θy

for any y 6= x. Let y ≥ 2 such that θ ∈ Θy. As F is di�erentiable at θ, it should be a critical point of
both J(y, .)− F and J(x, .)− F . We deduce that,

∂

∂θ
J(y, θ) =

∂

∂θ
J(x, θ).

If Gσ(y) < 2θ, then we obtain by Lemma 1.5.7 and the fact that Gσ(x) < 2θ that x = y. If Gσ(y) ≥ 2θ,
then we have

x− 1

2θ
= 2θ.

Since G−1
σ (ζ) = ζ + 1/ζ for any ζ ∈ (0, 1], we get Gσ(x) = 2θ. As we assumed that 2θ > Gσ(x), we

conclude that θ /∈ Θy for any Gσ(y) ≥ 2θ, which completes the proof.

We are now ready to prove the following result:

Proposition 1.5.19. Assume that there exists θ0 > 0 such that [θ0,+∞[⊂ Cµ and such that F is
di�erentiable on (θ0,+∞). There exists xµ ≥ 2 such that for any x ≥ xµ, I(x) = Ī(x) and the large
deviation lower bound holds for any x ≥ xµ with rate function I(x).

Proof. On one hand,
sup
θ≤θ0
{J(θ, x)− F (θ)} ≤ θ0x+ C,

where C is some positive constant. Since Ī(x) ≥ x2/4A − o(x2) by (1.51), we deduce that there exists
xµ ≥ 2 such that for x ≥ xµ, Ī(x) > 0 and the supremum of J(., x) − F is achieved on [θ0,+∞), in
particular on Cµ. Thus, for any x ≥ xµ, Ī(x) = I(x) > 0. In view of Lemma 1.5.18, it remains to show
that E, de�ned in (1.54), is a bounded set. From the fact that F is di�erentiable on (θ0,+∞) and Lemma
1.5.10, we deduce that

Dc ⊂
[ 1

2
√
A− 1

, θ0

]
.

We observe that since 0 ≤ F (θ) ≤ Aθ2, we have for any ζ ∈ ∂F (θ),

ζθ ≤ F (2θ)− F (θ) ≤ 4Aθ2,

and thus ζ ≤ 4Aθ. Therefore, E is a bounded set, which ends the proof.

1.5.3 Asymptotics of the annealed spherical integral

In this section we prove Proposition 1.5.8. Taking the expectation �rst with respect to XN , we have

FN (θ) =
1

N
logEXNEe[exp(Nθ〈e,XNe〉)]

=
1

N
logEe exp

(
f(e)

)
,

where
f(e) =

∑
i<j

L
(
2
√
Nθeiej

)
+
∑
i

L(
√

2Nθe2
i

)
.

In a �rst step, we will prove the following variational representation of the upper and lower limits of
FN (θ).
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Lemma 1.5.20. Let XN be a Wigner matrix satisfying Assumptions 1.5.2 and 1.5.4. Then for any
θ > 0,

F (θ) ≤ lim inf
N→+∞

FN (θ) ≤ lim sup
N→+∞

FN (θ) ≤ F (θ)

with
F (θ) = lim sup

δ→0,K→+∞
δK→0

sup
c=c1+c2+c3

ci≥0

lim sup
N→+∞

FNc1,c2,c3(δ,K),

F (θ) = sup
c=c1+c2+c3

ci≥0

lim inf
δ→0,K→+∞

δK→0

lim inf
N→+∞

FNc1,c2,c3(δ,K),

where

FNc1,c2,c3(δ,K) = sup
si≥
√
cKN1/4

|
∑
s2
i
−c3N|≤δN

sup
√
cδ≤tiN−1/4≤

√
cK

|
∑
t2
i
−Nc2|≤δN

{θ2

c2
(
c21 + 2c1c2 +Bc23

)
− 1

2

(
c2 + c3

)
+

1

N

∑
i,j

L
(2θsitj√

Nc

)
+

1

2N

∑
i,j

L
(2θtitj√

Nc

)
+ sup

ν∈P(I1)∫
x2dν1(x)=c1

{
Φ(ν, s)−H(ν|γ)

}}
,

and

Φ(ν, s) =

k∑
i=1

∫
L
(2θxsi√

Nc

)
dν(x),

with I1 = [−
√
cδN1/4,

√
cδN1/4].

Proof. We use the representation of the law of the vector e uniformly distributed on the sphere as a
renormalized Gaussian vector g/‖g‖2 where g is a standard Gaussian vector in RN , to write

Ee exp
(
f(e)

)
= E [exp(Σ(g))] ,

where

Σ(g) =
∑
i<j

L
(

2
√
Nθ

gigj∑N
i=1 g

2
i

)
+
∑
i

L
(√

2Nθ
g2
i∑N

i=1 g
2
i

)
.

To study the large deviation of Σ(g), we split the entries of g into three possible regime: the regime where
gi � N1/4, an intermediate regime where gi ' N1/4 and �nally gi � N1/4. Fix some c,K, δ > 0 such
that 0 < K−1 ≤ c ≤ K, and 0 < 4δ < K−1. De�ne I1, I2, I3 as

I1 = [0,
√
cδN

1
4 ]

I2 = [
√
cδN

1
4 ,
√
cKN

1
4 ]

I3 = [
√
cKN

1
4 ,
√
N(c+ 3δ)].

Let for i = 1, 2, 3, Ji = {j : |gj | ∈ Ii} and ĉNi =
∑
j∈Ji g

2
j /N . We will �x the empirical variances ĉNi in a

�rst step. To this end let c1, c2, c3 > 0 such that c1 + c2 + c3 = c. We will compute the asymptotics of

FNc1,c2,c3(θ, δ) = E[exp(Σ(g))1Aδc1,c2,c3
].

where
Aδc1,c2,c3 :=

⋂
1≤i≤3

{|ĉNi − ci| ≤ δ}.

Let

Σc(g) =
∑
i<j

L
(

2θ
gigj√
Nc

)
+
∑
i

L
(√

2θ
g2
i√
Nc

)
.

Using the fact the L(
√
.) is Lipschitz, we prove in the next lemma that on the event Aδc1,c2,c3 , Σc(g) is a

good approximation of Σ(g).



100 CHAPITRE 1. GRANDES DÉVIATIONS

Lemma 1.5.21. On the event Aδc1,c2,c3 ,

Σ(g)− Σc(g) = NoδK(1), as δK → 0. (1.56)

Moreover

|J3| ≤
2
√
N

K
, |J2 ∪ J3| ≤

2
√
N

δ
.

Proof. Note that since µ is symmetric, L(x) = L(|x|) and since we assumed L(
√
.) Lipschitz, for any

x, y ∈ R, |L(x)− L(y)| ≤ L|x2 − y2| for some �nite constant L. Therefore,

∑
1≤i 6=j≤N

∣∣L(2
√
Nθ

gigj∑N
i=1 g

2
i

)− L
(

2θ
gigj√
Nc

)∣∣ ≤ 4Lθ2

N

∑
i,j

g2
i g

2
j

∣∣∣∣ 1

(ĉN1 + ĉN2 + ĉN3 )2
− 1

c2

∣∣∣∣
≤ CNLθ2(c+ 3δ)2 δ

(c− 3δ)3
,

where C is a numerical constant. Since K−1 < c < K, and 4δ < K−1 we get∑
1≤i6=j≤N

∣∣L(2
√
Nθ

gigj∑N
i=1 g

2
i

)− L
(

2θ
gigj√
Nc

)∣∣ = O(NδK),

and similarly for the diagonal terms. The estimates on |J3| and |J2| are straightforward consequences of
Tchebychev's inequality.

We next �x the positions of the set of indices J1, J2, J3. Using the invariance under permutation of
the coordinates of the Gaussian measure, we can write

FNc1,c2,c3(θ, δ) =
∑

0≤k≤2
√
Nδ

0≤l≤2
√
NK

(
N

k

)(
N − k
l

)
F k,lc1,c2,c3 ,

where
F k,lc1,c2,c3 = E

[
exp(Σc(g))1Aδc1,c2,c3∩Ik,l

]
and

Ik,l =
{
J3 = {1, . . . , k}, J2 = {k + 1, . . . , k + l}, J1 = {k + l + 1, . . . , N}

}
.

As the number of all the possible con�gurations of J2 and J3 are sub-exponential in N by Lemma 1.5.21,
that is, for any k ≤ 2

√
N/K and l ≤ 2

√
N/δ,

max
((N

k

)
,

(
N − k
l

))
= eO(

√
N
δ logN),

we are reduced to compute F k,lc1,c2,c3 for �xed k, l. More precisely, we obtain the following result.

Lemma 1.5.22.

logFNc1,c2,c3(θ, δ) = max
k≤2
√
N/K

l≤2
√
N/δ

logF k,lc1,c2,c3 +O
(√N

δ
logN

)
,

To simplify the notations, we denote for any a, b ∈ {1, 2, 3},

∀x, y ∈ RN , Σa,b(x, y) =
1

2N

∑
i∈Ja,j∈Jb

L

(
2θ
xiyj√
Nc

)
,
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if a 6= b, and

∀x, y ∈ RN , Σa,a(x, y) =
1

N

∑
i 6=j∈Ja

L

(
2θ
xiyj√
Nc

)
+

1

N

∑
i∈Ja

L
(√

2θ
xiyi√
Nc

)
,

where now J3 = {1, . . . , k}, J2 = {k + 1, . . . , k + l}, J1 = {k + l + 1, . . . , N}.
Next, we single out the interaction terms which involve either the quadratic behavior of L at 0 or at

+∞.

Lemma 1.5.23. On the event Aδc1,c2,c3 ,

Σ1,1(g, g) + 2Σ1,2(g, g) + Σ3,3(g, g) =
θ2

c2
(
c21 + 2c1c2 +Bc23

)
+ oδK(1) + oK(1),

as δK → 0 and K → +∞.

Proof. Observe that for i ∈ J1, j ∈ J1 ∪ J2, |gigj | ≤
√
NKδc. Since L(x) ∼0 x

2/2, we get,

Σ1,1(g, g) + 2Σ1,2(g, g) = θ2 ĉ
2
1

c2
+ 2θ2 ĉ1ĉ2

c2
+ oδK(1), (1.57)

as δK → 0. Since g ∈ Aδc1,c2,c3 , we have |ĉ
2
i − c2i | = O(δc) for any i ∈ {1, 2, 3}. But c ≥ K−1, therefore

Σ1,1(g, g) + 2Σ1,2(g, g) = θ2 c
2
1

c2
+ 2θ2 c1c2

c2
+ oδK(1).

For i, j ∈ J3, |gigj | ≥ K
√
cN . Since L(x) ∼+∞

B
2 x

2, we deduce similarly that

Σ3,3(g, g) =
(B

2
+ oδ(1)

) θ2

N2c2

(∑
i∈J3

g2
i

)2

= Bθ2 c
2
3

c2
+ oK(1), (1.58)

as K → +∞, which gives the claim.

From the Lemmas 1.5.21 and 1.5.23, we have on the event Aδc1,c2,c3 ,

Σ(g) =
θ2

c2
(
c21 + 2c1c2 +Bc23

)
+ Σ1,3(g, g) + 2Σ2,3(g, g) + Σ2,2(g, g) + oδK(1) + oK(1). (1.59)

Lemma 1.5.24. Let k, l ∈ N such that k + l ≤ N .

logE exp
([

Σ1,3(g, g)+2Σ2,3(g, g) + Σ2,2(g, g)
]
1Aδc1,c2c3∩Ik,l

)
= −N

2
(c2 + c3) + oδ(1) +O

(√N
δ2

log(1/δ)
)

+ max
ti∈I2

|
∑
i t

2
i
−c2N|≤δN

max
si∈I3

|
∑
i s

2
i
−c3N|≤δN

logE
(

exp
[
Σ1,3(g, s) + 2Σ2,3(t, s) + Σ2,2(t, t)

]
1Aδc1

)
,

where

Aδc1 =
{
|
N−k−l∑
i=1

g2
i −Nc1| ≤ Nδ, gi ∈ I1, ∀i ∈ {1, . . . , N − k − l}

}
.
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Proof. Integrating on gi, i ≤ k + l, we have

E exp
([

Σ1,3(g, g)+2Σ2,3(g, g) + Σ2,2(g, g)
]
1Aδc1,c2c3∩Ik,l

)
≤ 1

(2π)
k+l
2

∫
1{| 1N

∑k+l
i=1 g

2
i−(c2+c3)|≤2δ}e

− 1
2

∑k+l
i=1 g

2
i

k+l∏
i=1

dgi

× max
t∈Il2

|
∑
i t

2
i
−c2N|≤δN

max
s∈Ik3

|
∑
i s

2
i
−c3N|≤δN

E
(

exp
[
Σ1,3(g, s) + 2Σ2,3(t, s) + Σ2,2(t, t)

]
1Aδc1

)
,

But,

1

(2π)
k+l
2

∫
1{| 1N

∑k+l
i=1 g

2
i−(c2+c3)|≤2δ}e

− 1
2

∑k+l
i=1 g

2
i

k+l∏
i=1

dgi

≤ 1

(2π)
k+l
2

e−
1
2 (1−δ)(c2+c3−2δ)N

∫
e−

δ
2

∑k+l
i=1 g

2
i

k+l∏
i=1

dgi

≤ e−N2 (c2+c3)+(O(δ)+O(δK))N (
√

2πδ−1)
k+l
2 ,

where we used the fact that c ≤ K. By Lemma 1.5.21 we have k + l = O(
√
N/δ). Therefore,

logE exp
([

Σ1,3(g, g) + 2Σ2,3(g, g) + Σ2,2(g, g)
]
1Aδc1,c2,c3∩Ik,l

)
≤ −N

2
(c2 + c3) +O(δ)N +O(δK)N +O

(√N
δ

log(1/δ)
)

+ max
ti∈I2

|
∑
i t

2
i
−c2N|≤δN

max
si∈I3

|
∑
i s

2
i
−c3N|≤δN

logE
(

exp
[
Σ1,3(g, s) + 2Σ2,3(t, s) + Σ2,2(t, t)

]
1Aδc1

)
.

Hence, we are left to estimate

ΛN1 = E
[

exp
(
NΣ1,3(g, s)

)
1Aδc1

]
,

where s ∈ Ik3 such that |
∑
i s

2
i ≤ δN − c3N |. Let µ̂N = 1

|J1|
∑
i∈J1 δgi . We can write

Σ1,3(g, s) =
|J1|
N

k∑
i=1

∫
L

(
2θxsi√
Nc

)
dµ̂N (x).

The �rst di�culty in estimating ΛN1 lies in the fact that the function

x 7→
k∑
i=1

L
(2θxsi√

Nc

)
,

is not bounded so that Varadhan's lemma (see [36, Theorem 4.3.1]) cannot be applied directly. The
second issue is that we need a large deviation estimate which is uniform in the c|hoice of s ∈ Ik3 such that
|
∑k
i=1 s

2
i − Nc3| ≤ δN . In the next lemma, we prove a uniform large deviation estimate of the type of

Varadhan's lemma. The proof is postponed in the appendix 1.5.7.2.

Lemma 1.5.25. Let f : R → R such that f(0) = 0 and f(
√
.) is a L-Lipschitz function. Let MN ,mN

be sequences such that MN = o(
√
N) and mN ∼ N . Let g1, . . . , gmN be independent Gaussian random
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variables conditioned to belong to [−MN ,MN ]. Let δ,K, c > 0 such that K−1 < c < K, and 2δ < K−1.
Then, ∣∣∣ 1

N
logEe

∑mN
i=1 f

(
gi√
c

)
1{|

∑mN
i=1 g

2
i−cN |≤δN}

− sup
ν∈P([−MN,MN ])∫

x2dν=c

{∫
f
( x√

c

)
dν(x)−H(ν|γ)

}∣∣∣
≤ gL,K(N) + hL(δ),

where gL,K(N)→ 0 as N → +∞ and hL(δ)→ 0 as δ → 0.

Let s ∈ I l3 such that |
∑
i s

2
i −Nc3| ≤ δN . We consider the function,

f : x 7→
k∑
i=1

L
(2θxsi√

Nc

)
.

One can observe that f(
√
.) is 4θ2L-Lipschitz. Using the fact that

1

N
logP(gi ∈ I1,∀i ≤ N − k − l) = oN (1),

and the previous lemma, we deduce that for any c1 ≥ K−1,

∣∣∣ 1

N
log ΛN1 − sup

ν∈P(I1)∫
x2dν(x)=c1

{ k∑
i=1

∫
L
(2θxsi√

Nc

)
dν(x)−H(ν|γ)

}∣∣∣ ≤ gK(N) + hL(δK), (1.60)

where gK(N)→ 0 as N → +∞. Putting together (1.59) and (1.60), we obtain∣∣∣ 1

N
logE

(
exp(Σ(g))1Ac1,c2,c3∩Ik,l

)
−Ψk,l(c1, c2, c3)

∣∣∣ ≤ gL,K(N) + oδK(1) + oK(1),

where

Ψk,l(c1, c2, c3) = Q(c1, c2, c3

)
− 1

2

(
c2 + c3

)
+ max

ti∈I2
|
∑
i t

2
i
−c2N|≤δN

max
si∈I3

|
∑
i s

2
i
−c3N|≤δN

{
Σ2,3(t, s) + Σ2,2(t, t) + sup

ν∈P(I1)∫
x2dν1(x)=c1

{Φ(ν, s)−H(ν|γ1)}
}
,

with

Q(x, y, z) = θ2x
2 + 2xy +Bz2

(x+ y + z)2
,

and

Φ(ν, s) =

k∑
i=1

∫
L
(2θxsi√

Nc

)
dν(x).

By Lemma 1.5.22, we obtain as δ < K−1,∣∣∣ 1

N
logFNc1,c2,c3(θ, δ)− max

k≤4
√
N/K

l≤4
√
N/δ

Ψk,l(c1, c2, c3)
∣∣∣ ≤ g̃K(N) + oδK(1) + oK(1), (1.61)

where g̃K(N)→ 0 as N → +∞.
Let c1, c2, c3 ≥ 0 such that c1 > 0. Let c = c1 + c2 + c3. There exists K > 0 such that K−1 ≤ c1 ≤

c ≤ K. We have for any 0 < 4δ < K−1,

lim inf
N→+∞

FN (θ) ≥ lim inf
N→+∞

1

N
logFNc1,c2,c3(θ, δ).
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Therefore,
lim inf
N→+∞

FN (θ) ≥ lim inf
N→+∞

max
k≤2
√
N/K

l≤2
√
N/δ

Ψk,l(c1, c2, c3)− oδK(1)− oK(1).

To complete the proof of the lower bound of Lemma 1.5.24, one can observe that

Σ2,2(t, t) =
1

N

∑
i,j

L
(

2θ
titj√
Nc

)
+ oN (1),

uniformly in ti ∈ I2 such that |
∑
i t

2
i − c2N | ≤ δN . Indeed, the diagonal terms are negligible in this case

since
1

N

∑
ti∈J2

t4i
Nc2

≤ cδ−1N−1/2 1

N

∑
i∈J2

t2i = O(N−1/2).

To conclude the proof of the upper bound, we will use the exponential tightness of ||g||2 and of ||g||−2
J1
.

More precisely, we claim that

lim
K→+∞

lim sup
N→+∞

1

N
P(||g||2 ≥ KN, ||g||2J1 ≤ K

−1N) = −∞. (1.62)

Indeed, it is clear by Cherno�'s inequality that

P(||g||2 ≥ KN) ≤ Ce−CNK
2

,

where C is a positive numerical constant. Whereas, using Lemma 1.5.21 and a union bound,

P(||g||2J1 ≤ K
−1N) ≤

∑
m≤2

√
N/δ

(
N

m

)
P
(N−m∑
i=1

g2
i ≤ K−1N

)
.

Let Λ(ζ) = logEeθg21 for any ζ ∈ R. By Cherno�'s inequality, we have for any m ≤ N ,

P
(N−m∑
i=1

g2
i ≤ K−1N

)
≤ e−NΛ∗(K−1),

where Λ∗ is the Legendre transform of Λ. Since 0 is not in the support of the law g2
1 , we have Λ∗(0) = +∞.

Since Λ∗ is lower semi-continuous we have Λ∗(K−1) → +∞ as K ↓ +∞. Using the fact that for any
m ≤ 2

√
N/δ, (

N

m

)
≤ eo(N),

we get the claim (1.62).
Using that L(x) ≤ Bx2/2, we have

Σ(g) ≤ Bθ2N.

From the exponential tightness (1.62), we deduce that there exists δ > 0 such that,

E exp(Σ(g))1{ 1
N ||g||2≥K,

1
N ||g||

2
J1
≤K−1} ≤ 1. (1.63)

Let EK = { 1
N ||g||

2 ≥ K, 1
N ||g||

2
J1
≤ K−1}. We have

0 ≤ lim sup
N→+∞

FN (θ) ≤ max
(

lim sup
N→+∞

1

N
logE

(
eΣ(g)1EK

)
, lim sup
N→+∞

1

N
logE

(
eΣ(g)1EcK

))
Since we took K so that (1.63) holds, we have

lim sup
N→+∞

FN (θ) ≤ lim sup
N→+∞

1

N
logE

(
eΣ(g)1EK

)
. (1.64)
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Let now Cδ be a δ-net for the `∞-norm of the set

{(c1, c2, c3) ∈ R3
+ : c1 + c2 + c3 ≤ K, c1 ≥ K−1}.

As |Cδ| = O(K/δ), we have

lim sup
N→+∞

FN (θ) ≤ lim sup
N→+∞

max
(c1,c2,c3)∈Cδ

1

N
logFNc1,c2,c3(θ, δ).

lim sup
N→+∞

FN (θ) ≤ max
(c1,c2,c3)∈Cδ

lim sup
N→+∞

1

N
logFNc1,c2,c3(θ, δ).

From (1.61), we deduce

lim sup
N→+∞

FN (θ) ≤ max
c=c1+c2+c3
c1≥K−1

lim sup
N→+∞

max
k≤2
√
N/K

l≤2
√
N/δ

Ψk,l(c1, c2, c3) + oδK(1) + oK(1).

Taking now the limit as δ → 0 and K → +∞ such that δK → 0, we obtain the upper bound of Lemma
1.5.20.

We are now ready to give a proof of Proposition 1.5.8 . Building on Lemma 1.5.20, we show that we
can optimize on the total norm c in order to simplify the variational problem, and replace the supremum
over discrete measures 1

N

∑
i δti by a supremum over all measures with a certain constraint of support

and second moment.

Proof of Proposition 1.5.8 . We use the notation of Lemma 1.5.20. We make the following changes of
variables:

∀i = 1, 2, 3, αi =
ci
c
, c = c1 + c2 + c3,

ν = ν1 ◦ (x 7→ x/
√
c)−1.

For any ν1 ∈ P(I1) such that
∫
x2dν1(x) = c1 we have,

H(ν1|γ) = H(ν1) +
1

2
c1 +

1

2
log(2π).

Moreover, the density of ν and ν1 are linked by the relation

∀x ∈ R,
dν

dx
(x) =

√
c
dν1

dx
(
√
cx).

Therefore,

H(ν) =

∫
log

dν1

dx
dν1 = H(ν1) +

1

2
log c. (1.65)

We obtain
F (θ) = lim sup

δ→0,K→+∞
δK→0

sup
α1+α2+α3=1

αi≥0

sup
c≥0

lim sup
N→+∞

FNα1,α2,α3,c(δ,K),

and similarly for F (θ), where

FNα1,α2,α3,c(δ,K) = sup
si≥KN1/4

|
∑
s2
i
−Nα3|≤Nδ

sup
δ≤tiN−1/4≤K
|
∑
t2
i
−Nα2|≤Nδ

{
θ2
(
α2

1 + 2α1α2 +Bα2
3

)
− 1

2
c+

1

2
log c

+
1

N

∑
i,j

L
(2θsitj√

N

)
+

1

2N

∑
i,j

L
(2θtitj√

N

)
+ sup

ν∈P(I1)∫
x2dν1(x)=α1

{
Φ(ν, s)−H(ν)

}
− 1

2
log(2π)

}
,
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and

Φ(ν, s) =

k∑
i=1

∫
L
(2θxsi√

N

)
dν(x),

with I1 = [−δN1/4, δN1/4]. We see that we can optimize in c, and �nd that the maximum is achieved
at c = 1 by concavity of the log. We now �x si ∈ S3 such that

∑
i s

2
i = Nα3 and we consider now the

problem of optimizing over the parameters ti ∈ [δN1/4,KN1/4], i ≤ l ≤ N such that
∑
i t

2
i = Nα2, the

function

M(l, (ti, i ≤ l)) =
1

N

∑
i,j

L
(2θsitj√

N

)
+

1

2N

∑
i,j

L
(2θtitj√

N

)
.

We show that we can replace the supremum by the supremum over measures ν2 using the change of
variable

ν2 =
1

N

l∑
j=1

δtj .

Clearly we have the upper bound,

sup δ≤tiN−1/4≤K
|
∑
i t

2
i
−α2N|≤δN

M(l, (ti, i ≤ l))

≤ sup
ν2∈M(S2)

|
∫
x2dν2(x)−α2|≤δ

{ k∑
i=1

∫
L
(2θsix√

N

)
dν2(x) +

1

2

∫
L
(2θxy√

N

)
dν2(x)dν2(y)

}
.

We claim that

sup
ν2∈M(S2)

|
∫
x2dν2(x)−α2|≤δ

{ k∑
i=1

∫
L
(2θsix√

N

)
dν2(x) +

1

2

∫
L
(2θxy√

N

)
dν2(x)dν2(y)

}

= sup
ν2∈M(S2)∫
x2dν2(x)=α2

{ k∑
i=1

∫
L
(2θsix√

N

)
dν2(x) +

1

2

∫
L
(2θxy√

N

)
dν2(x)dν2(y)

}
+ oδ(1). (1.66)

First, we show that the supremum on the right-hand side of the inequality (1.66) can be restricted to
the subset of measures with no atoms. Indeed, as ν2 7→ ν2 ⊗ ν2 is continuous for the weak topology, the
function

ν2 7→
k∑
i=1

∫
L
(2θsix√

N

)
dν2(x) +

1

2

∫
L
(2θxy√

N

)
dν2(x)dν2(y

is continuous for the weak topology. Therefore we can restrict the supremum on the left-hand side of
(1.66) to the dense subset of measures with no atoms, and thus also in the supremum on the right-
hand side of (1.66). Fix now ν2 ∈ M(S2) without any atoms such that |

∫
x2dν2 − α2|. There exists

t ∈ (δN1/4,KN1/4) such that ∫
[t,KN1/4]

x2dν2(x) = |α2 −
∫
x2dν2(x)|.

If we let ν̃2 = ν2 + ν21[t,KN1/4], if
∫
x2dν2(x) ≤ α2 and ν̃2 = ν2 − ν21[t,KN1/4] otherwise, we obtain that

ν̃2(S2) = α2 and for any function f : S2 → R such that f(
√
.) is 1-Lipschitz,∫

fdν(x) ≤
∫
fdν̃2 +O(δ),

which proves (1.66).
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We now prove that

sup δ≤tiN−1/4≤K
|
∑
i t

2
i
−α2N|≤δN

M(l, (ti, i ≤ l))

≥ sup
ν2∈M(S2)

|
∫
x2dν2(x)−α2|≤δ

{ k∑
i=1

∫
L
(2θsix√

N

)
dν2(x) +

1

2

∫
L
(2θxy√

N

)
dν2(x)dν2(y)

}
− oδ(1).

Let ν2 ∈M(S2) such that
∫
x2dν2(x) = α2. As we saw earlier, we can assume without loss of generality

that ν2 does not have any atoms. Let δN1/4 = t0 ≤ t2 ≤ . . . ≤ tm+1 = KN1/4 such that for any
1 ≤ i ≤ m+ 1,

ti = max
{
x ∈ [δN1/4,KN1/4] : ν2([ti−1, x]) ≤ 1

N

}
.

As ν2 does not have atoms, the maximum above is well de�ned. De�ne νN2 = 1
N

∑m
i=1 δti . Since ν2 is

supported on [δN1/4,KN1/4] and
∫
x2dν2(x) ≤ 1, we have ν2(R) ≤

√
Nδ−2, and therefore m ≤

√
Nδ−2.

One can check that for any 1 ≤ i ≤ m,

sup
{∣∣ν2([δN1/4, x])− νN2 ([δN1/4, x])

∣∣ : x ∈ [δN1/4,KN1/4]
}

= O
( 1

N

)
(1.67)

We deduce that

sup
{∫

fdν2 −
∫
fdνN2 : ||f ||BV ≤ 1

}
= O

( 1

N

)
, (1.68)

where ||f ||BV is the bounded variation norm de�ned by

||f ||BV = sup

m∑
k=1

|f(xk+1)− f(xk)|,

where the supremum runs over all �nite sequences (xi)1≤i≤m such that δ = x1 ≤ x2 . . . ≤ xm = K. For
any si ∈ [KN1/4,

√
Nα3], i ≤ k, if we denote by fs : x ∈ S2 7→

∑
i L(2θsix/

√
N), we get

||fs||BV =

∫ KN1/4

δN1/4

|f ′s(x)|dx =
2θ√
N

∫ KN1/4

δN1/4

k∑
i=1

siL
′
(2θsix√

N

)
dx.

But L(x) ≤ Ax2/2 for any x ≥ 0. Therefore, for any x ≥ 0, L′(x) ≤ Cx, where C is some positive
constant, we deduce that ||fs||BV = O(K2) uniformly in si ∈ I3. Thus, using (1.68), we get

k∑
i=1

∫
L
(2θsix√

N

)
dν2(x)−

k∑
i=1

∫
L
(2θsix√

N

)
dνN2 (x) = O

(K2

N

)
. (1.69)

Let x ∈ S2 and de�ne gx : y ∈ I2 7→ L(2θxy/
√
N). A similar argument as above shows that ||gx||BV =

O(K4/
√
N) uniformly in x ∈ S2, therefore∫

L(2θxy)dν2(y)−
∫
L(2θxy)dνN2 (y) = O

( K4

N3/2

)
, (1.70)

uniformly in x ∈ I2. From (1.67) and the fact that ν2(I2) ≤ δ−2
√
N , we get that νN2 (I2) = O(δ−2

√
N).

Thus, integrating the above equation alternatively with respect to ν2 and νN2 , we get∫
L(2θxy)dν2(y)dν2(x)−

∫
L(2θxy)dνN2 (y)dνN2 (x) = O

( K4

δ2N

)
. (1.71)
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Since by construction
∫
x2dνN2 (x) ≤

∫
x2dν2(x) = α2, we deduce from (1.68) that

0 ≤ α2 −
∫
x2dνN2 = O

( K2

√
N

)
.

We can conclude using (1.71) and (1.69) that

k∑
i=1

∫
L
(2θsix√

N

)
dν2(x) +

1

2

∫
L
(2θxy√

N

)
dν2(x)dν2(y) ≤M(m, (ti, i ≤ m)) + oδ(1),

which ends the proof.

1.5.4 The large deviations close to the bulk

We prove in this section Proposition 1.5.17. By Theorem 1.5.14, the large deviation lower bound holds
at every x > 2 such that I(x) = Ī(x) 6= 0 so that there exists θ ∈ Θx which does not belong to any Θy

for y 6= x. In the following lemma, we prove that if F (θ) = F (θ) = θ2 on a interval (0, b) with b > 1/2,
then the large deviation lower bound holds in a neighborhood of 2 and the rate function I is equal to the
one of the GOE.

Lemma 1.5.26. If for θ ∈
(
0, 1

2ε

)
, for some ε ∈ (0, 1), F (θ) = F (θ) = θ2, then for any x ∈ [2, ε+ 1

ε ),

Ī(x) = I(x) = IGOE(x).

As a consequence, ∀x > 2, Ī(x) > 0. Moreover, for x ∈ [2, ε + 1
ε ) the optimizer in I is taken at θx =

1/2G(x) and θx /∈ Θy for all y 6= x.

Proof. As F (θ) ≥ θ2 for any θ ≥ 0, we have that

sup
θ∈[0,1/2ε)

{
J(θ, x)− θ2

}
≤ I(x) ≤ Ī(x) ≤ sup

θ≥0

{
J(θ, x)− θ2

}
.

But if x ∈ [2, ε+ 1
ε ),

IGOE(x) = sup
θ≥0

{
J(θ, x)− θ2

}
,

is achieved at θ = 1/2G(x) ∈ (0, 1/2ε) since G−1(ε) = ε + 1/ε. Therefore, if x ∈ [2, 2ε + 1
2ε ), then we

obtain
I(x) = Ī(x) = IGOE(x).

In particular, I(x) > 0 for any x ∈ (2, 2ε + 1/2ε). As I is convex by Proposition 1.5.13 and I(2) = 0,
we conclude that I(x) > 0 for any x > 2. Moreover, the optimizer in I(x) is taken at θx = 1/2G(x) for
which F (θ) = F (θ) is di�erentiable and clearly θx /∈ Θy for any y 6= x as G is invertible on [2,+∞).

The result of Proposition 1.5.17 then follows from Lemma 1.5.26 and Lemma 1.5.10. We now study
the convergence of the annealed spherical integrals for large values of θ, in which case we need to make
additional assumptions on µ.

1.5.5 Case where ψ is an increasing function

In this section we make the additional assumption that ψ is non-decreasing.

Example 1.5.27 (Sparse Gaussian distribution). Let µ be the law of ξΓ where ξ is a Bernoulli variable
of pararmeter p ∈ (0, 1) and Γ is a standard Gaussian random variable. In that case we have for any
x ∈ R,

ψ(x) =
log[(1− p) + p exp(x2/2p)]

x2
=

∫ 1

0

t exp((xt)2/2p)

(1− p) + p exp((xt)2/2p)
dt.

One can observe that this last expression is indeed increasing in x.
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1.5.5.1 Simpli�cation of the variational problem

We prove in this section that when ψ is increasing on R+ , Cµ = R+ and we can simplify the limit
F (θ) as follows.

Proposition 1.5.28. For any θ ≥ 0, F (θ) = F (θ) = F (θ) where

F (θ) = sup
α∈[0,1]

sup
ν∈P(R)∫
x2dν(x)=α

{
θ2α2 +Bθ2(1− α)2 +

∫
L(2θ

√
1− αx)dν(x)−H(ν)− 1

2
log(2π)− 1

2

}
,

Proof. Recall that we set for any δ,K > 0, and α1 + α2 + α3 = 1,

FNα1,α2,α3
(δ,K) = sup

ν2∈M(I2)∫
x2dν2=α2

sup
s∈Ik3 ,k≥1

|
∑
s2
i
−Nα3|≤δN

{
θ2
(
α2

1 + 2α1α2 +Bα2
3

)

+

k∑
i=1

∫
L
(2θsix√

N

)
dν2(x) +

1

2

∫
L
(2θxy√

N

)
dν2(x)dν2(y)

+ sup
ν1∈P(I1)∫
x2dν1(x)=α1

{ k∑
i=1

∫
L
(2θsix√

N

)
dν1(x)−H(ν1)

}
− 1

2
log(2π)− 1

2

}
,

where I1 = {x : |x| ≤ δN1/4}, I2 = {x : δN1/4 ≤ |x| ≤ KN1/4}, I3 = {KN1/4 ≤ |x| ≤
√
Nα3}. Since ψ

is non-decreasing, we have on one hand for any s ∈ Ik3 such that |
∑
i s

2
i − α3N | ≤ Nδ,

k∑
i=1

∫
L
(2θsix√

N

)
dν2(x) =

4θ2

N

k∑
i=1

s2
i

∫
x2ψ

(2θsix√
N

)
dν1(x)

≤
∫
L
(

2θ
√
α3x

)
dν1(x) + oδ(1).

On the other hand, since ψ is bounded above by B/2,

4θ2

N

k∑
i=1

s2
i

∫
x2ψ

(2θsix√
N

)
dν2(x) +

1

2

∫
L
(2θxy√

N

)
dν2(x)dν2(y) ≤ θ2B(α2

2 + 2α3α2) + oδ(1).

Therefore, we have the upper bound,

F (θ) ≤ sup
α1+α2+α3=1

sup
ν1∈P(R)∫

x2dν1(x)=α1

{
θ2
(
α2

1 + 2α1α2

)
+ θ2B(α3 + α2)2

+

∫
L(2θ

√
α3x)dν1(x)−H(ν1)− 1

2
log(2π)− 1

2

}
.

We can further simplify this optimization problem by showing that the assumption on the monotonicity
of ψ entails that we can take α2 = 0. Indeed, note that ψ(0) = 1/2. Therefore, for any x ≥ 0, ψ(x) ≥ 1/2.
Hence, we deduce that

2θ2α1α2 +

∫
L(2θ

√
α3x)dν1(x) = 2θ2α1α2 + 4θ2α3

∫
x2ψ(2θ

√
α3x)dν1(x)

≤ 4θ2(α2 + α3)

∫
x2ψ(2θ

√
α2 + α3x)dν1(x).

Thus, with the change of variables α3 + α2→α3, we deduce

F (θ) ≤ sup
α1+α3=1

sup
ν1∈P(R)∫

x2dν1(x)=α1

{
θ2α2

1 + θ2Bα2
3 +

∫
L(2θ

√
α3x)dν1(x)−H(ν1)− 1

2
log(2π)− 1

2

}
.
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To prove that F (θ) is bounded from below by the same quantity, we �x α1, α2, α3 such that α1+α2+α3 =
1, α2 = 0, and ν1 ∈ P(R) such that

∫
x2dν1(x) = α1. We take in the de�nition of FNα1,α2,α3

(K, δ), k = 1

and s =
√
α3N

1/4,

ν̃1 =
1

ν1(I1)
ν1(. ∩ I1) ◦ h−1√

λ
, and ν2 = δ√K ,

where h√λ : x 7→
√
λx, and

1

λ
=

1

ν1(I1)α1

∫
I1

x2dν1(x).

We have, on one hand,

2α3

∫
ψ
(
2θsx)dν2(x) + α2

2

∫
ψ(2θxy)dν2(x)dν2(y) = 0.

On the other hand,

4θ2α3

∫
x2ψ

( 2θsx

N1/4

)
dν̃1(x)−H(ν̃1) =

∫
L(2θ

√
α3x)dν̃1(x)−H(ν̃1).

Thus,

FNα1,α2,α3
(K, δ) ≥ θ2

(
α2

1 +Bα3

)
+

∫
L(2θ

√
α3x)dν̃1(x)−H(ν̃1)− 1

2
log(2π)− 1

2
.

which proves the claim.

We next simplify the supremum over ν in the de�nition of F in the last proposition. To this end, we
denote by G : [B/2,+∞)→ R ∪ {+∞} the function given by

∀ζ ∈ [B/2,+∞), G(ζ) = log

∫
exp(L(x)− ζx2)dx . (1.72)

Lemma 1.5.29. Let
l = − lim

ζ→B/2
G′(ζ) ∈ (0,+∞]. (1.73)

For any C ∈ (0, l), there exists a unique ζ ∈ (B/2,+∞) solution to the equation

G′(ζ) = −C .

It is denoted by ζC . For C ≥ l, we set ζC = B/2. Then,

sup
ν∈P(R)∫
x2dν(x)=C

[ ∫
L(x)dν(x)−H(ν)

]
= sup

ν∈P(R)∫
x2dν(x)≤C

[BC
2

+

∫ (
L(x)− B

2
x2
)
dν(x)−H(ν)

]
= CζC +G(ζC)

Proof. De�ne the function

∀ν ∈ P(R), E(ν) = H(ν) +

∫ (B
2
x2 − L(x)

)
dν(x).

We �rst show that
inf

ν∈P(R)∫
x2dν(x)=C

E(ν) = inf
ν∈P(R)∫
x2dν(x)≤C

E(ν). (1.74)
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To prove this equality, we will show that for any ν ∈ P(R) such that
∫
x2dν(x) ≤ C, there exists νε such

that
∫
x2dνε(x) = C, and

lim
ε→0

νε = ν, lim
ε→0

E(νε) = E(ν).

We set νε = (1− ε)ν + εγε where γε is a Gaussian measure of variance 1 and mean mε, de�ned by,

mε =

√
C − (1− ε)D

ε
− 1

With this choice of mε, one can check that
∫
x2dνε(x) = C. Moreover,

νε −→
ε→0+

ν.

for the weak topology. Therefore, for any continuous function f : R→ R such that f = o±∞(x2),∫
fdνε −→

ε→0+

∫
fdν.

Since B
2 x

2 − L(x) = o±∞(x2), we have

lim
ε→0

∫ (B
2
x2 − L(x)

)
dνε(x) =

∫ (B
2
x2 − L(x)

)
dν(x). (1.75)

Besides, since H is convex,
H(νε) ≤ (1− ε)H(ν) + εH(γε).

But,
H(γε) = H(γ),

where γ is a standard Gaussian distribution. Therefore,

lim sup
ε→0+

H(νε) ≤ H(ν).

As H is lower semi-continuous with respect to the weak topology, we can conclude together with (1.75)
that,

lim
ε→0+

E(νε) = E(ν),

which ends the proof of the claim (1.96). The point is that now we are optimizing an upper semi-
continuous function on a compact set and therefore we know that this supremum is achieved. We next
identify this maximizer

For any ζ ∈ [B/2,+∞) such that G(ζ) < +∞, we de�ne νζ the probability measure given by

dνζ =
exp(L(x)− ζx2)∫
exp(L(y)− ζy2)dy

dx.

We will show that
inf

ν∈P(R)∫
x2dν(x)≤C

E(ν) = E(νζC ). (1.76)

Let µ be a probability measure such that H(µ) < +∞ and
∫
x2dµ(x) = D ≤ C. As H(µ) < +∞, we can

write,
µ = (1 + ϕ)dνζC ,

where ϕ is some measurable function such that ϕ ≥ −1 νζC -a.s. and
∫
ϕdνζC = 0. We have,

E(µ) = E(νζC ) +

∫ (B
2
x2 − L(x)

)
ϕ(x)dνζC (x)

+

∫
(1 + ϕ) log(1 + ϕ)dνζC +

∫
log

dνζC
dx

ϕdνζC ,
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where we used the fact that
∫
ϕdνζC = 0. By convexity of x 7→ x log x, we have∫

(1 + ϕ) log(1 + ϕ)dνζC ≥ (1 +

∫
ϕdνζC ) log(1 +

∫
ϕdνζC ) = 0.

Therefore,

E(µ) ≥ E(νζC ) +

∫ (
B

2
x2 − L(x) + log

dνζC
dx

)
ϕ(x)dνζC (x)

≥ E(νζC )

where we used again that
∫
ϕdνζC = 0. This shows that νζC achieves the in�mum in (1.76), and ends

the proof of Lemma 1.5.29.

1.5.5.2 Di�erentiability of the limit of the annealed spherical integral

This section is devoted to the proof of the following proposition.

Proposition 1.5.30. F is continuously di�erentiable on (1/
√
B − 1,+∞) except possibly at the point θ0

such that
θ0 = inf

{
θ : F (θ) > θ2

}
.

Moreover, for any θ ≤ 1/2
√
B − 1,

F (θ) = θ2. (1.77)

The second part of the claim of the above proposition (1.77) is due to Proposition 1.5.10 and the fact
that A = B. From now on, we assume that θ2(B− 1) > 1 and wish to prove the �rst part of Proposition
1.5.30. We de�ne for any α ∈ [0, 1], and ν ∈ P(R),

Hθ(α, ν) = θ2α2 + θ2B(1− α)2 +

∫
L(2θ

√
1− αx)dν(x)−H(ν)− 1

2
log(2π)− 1

2
. (1.78)

By Proposition 1.5.28, we have
F (θ) = sup

(α,ν)∈S
Hθ(α, ν), (1.79)

where

S = {(α, ν) ∈ [0, 1]× P(R) :

∫
x2dν(x) = α}.

We �rst show that we can can restrict the set of parameters (α, ν) to α ∈ [0, 1
2 ]∪ {1}, as described in the

following lemma.

Lemma 1.5.31. If θ2(B − 1) ≥ 1.

F (θ) = max
(

sup
(α,ν)∈S
α≤ 1

2

Hθ(α, ν), θ2
)
.

Proof. Making the change of variable which consists in replacing ν by the push-forward of ν by the map
x 7→ x/

√
α, we get

sup
(α,ν)∈S

Hθ(α, ν) = sup
α∈(0,1]∫
x2dν=1

{H̃θ(α, ν)−H(ν)},

where for any α ∈ (0, 1], and ν ∈ P(R),

H̃θ(α, ν) = θ2α2 + θ2B(1− α)2 +
1

2
logα+

∫
L(2θ

√
(1− α)αx)dν(x)− 1

2
log(2π)− 1

2
.
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We claim that for any ν ∈ P(R) such that
∫
x2dν(x) = 1,

H̃θ(α, ν) ≤ max
(
H̃θ

(1

2
, ν
)
, H̃θ(1, ν)

)
. (1.80)

Indeed, �rst notice that since ψ is increasing, for all α ∈ [0, 1]

2

∫
x2ψ(2θ

√
α(1− α)x)dν(x) ≤ 2

∫
x2ψ(θx)dν(x) .

Denote by m = 2
∫
x2ψ(θx)dν(x). As ψ takes its values in [1/2, B/2], m ∈ [1, B], and we have for any

α ∈ (0, 1],

H̃θ(α, ν) ≤ θ2α2 + θ2B(1− α)2 +
1

2
logα+ 2θ2α(1− α)m− 1

2
log(2π)− 1

2
=: fθ,m(α) .

We �nd that

f ′θ,m

(1

2

)
= θ2(1−B) + 1, f ′′θ,m(α) = 2θ2(B + 1− 2m)− 1

2α2
.

We deduce that f ′θ,m is either increasing, decreasing or decreasing and then increasing. Since f ′θ,m(1/2) ≤
0, we conclude that

max
α∈[ 12 ,1]

fθ,m(α) = max
(
fθ,m

(1

2

)
, fθ,m(1)

)
,

which yields the claim (1.80) since fθ,m(α) = H̃θ(α, ν) at the two points α = 1/2 and 1. To conclude the
proof we observe that since H̃θ(1, ν) = θ2 for any ν ∈ P(R), we have

sup∫
x2dν(x)=1

{H̃θ(1, ν)−H(ν)} = θ2 +
1

2
+

1

2
log(2π)− inf∫

x2dν(x)=1
H(ν) = θ2.

Due to Lemma 1.5.29, we can further simplify the optimisation problem de�ning F (θ) in (1.79) by
optimizing on ν ∈ P(R) such that

∫
x2dν(x) = α, given α ∈ (0, 1).

Corollary 1.5.32. Let R be the function

R : C ∈ (0,+∞) 7→ CζC +G(ζC),

where ζC is de�ned as in Lemma 1.5.29. Denote by

Kθ(α) = θ2(α2 +B(1− α)2) +R(4θ2α(1− α))− 1

2
log(1− α)− log(2θ)− 1

2
log(2π)− 1

2
.

Then, for any θ ≥ 1/
√
B − 1,

F (θ) = sup
α∈(0,1]

Kθ(α) .

Proof. When α < 1, we make the following change of variables which consists in replacing ν by its
pushforward by x 7→ 2θ

√
1− αx. Using (1.65), we �nd that

H(ν) =

∫
log

dν

dx
dν = H(ν1)− 1

2
log(1− α)− log(2θ)

and ν has covariance 4α(1− α)θ2. Thus,

F (θ) = max
(
θ2, sup

(α,ν)∈S′
Kθ(α, ν)

)
, (1.81)
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where

S′ =
{

(α, ν) ∈ (0, 1)× P(R) :

∫
x2dν(x) = 4α(1− α)θ2

}
,

and for any α ∈ (0, 1), ν ∈ P(R),

Kθ(α, ν) = θ2(α2 +B(1− α)2) +

∫
L(x)dν(x)−H(ν)− 1

2
log(1− α)− log(2θ)

− 1

2
log(2π)− 1

2
.

By Lemma 1.5.29, we obtain for any α ∈ (0, 1),

sup∫
x2dν(x)=4α(1−α)θ2

Kθ(α, ν) = θ2(α2 +B(1− α)2) + 4θ2α(1− α)ζα,θ +G(ζα,θ)

− 1

2
log(1− α)− log(2θ)− 1

2
log(2π)− 1

2
,

where ζα,θ = ζ4θ2α(1−α). Hence, if we set, for α ∈ (0, 1),

Kθ(α) = θ2(α2 +B(1− α)2) +R(4θ2α(1− α))

− 1

2
log(1− α)− log(2θ)− 1

2
log(2π)− 1

2
,

we deduce from (1.81) that

F (θ) = max
(
θ2, sup

α∈(0,1)

Kθ(α)
)
. (1.82)

To study the maximum of Kθ, we will need the following result on the limit of R at 0, which will allow
us to compute the limit of Kθ at 1.

Lemma 1.5.33. When C → 0+,

R(C) =
1

2
+

1

2
log(2πC) + o(1).

Proof. For C < l, we have
G′(ζC) = −C. (1.83)

Since we have,
lim

C→+∞
G′(C) = 0,

and G′ is invertible as G′′(x) > 0 on (−∞, l), we get

lim
C→0

ζC = +∞.

From the inequalities, 0 ≤ L(x) ≤ Bx2/2, we deduce that by the de�nition (1.72) of G we have the
bounds

1

2
log

π

ζ
≤ G(ζ) ≤ 1

2
log

π

ζ − B
2

,

which yields,

G(ζ) ∼+∞
1

2
log

π

ζ
. (1.84)

On the other hand, inserting these bounds in the numerator and the denominator of the derivative, we
obtain √

ζ − B
2

ζ

1

2ζ
≤ −G′(ζ) ≤

√
ζ

ζ − B
2

1

2(ζ − B
2 )
.
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We deduce, since ζC → +∞ as C → 0,

G′(ζC) = − 1

2ζC
+ o
( 1

ζC

)
.

Therefore, we get from the de�nition of ζC (1.83) that

ζC ∼0
1

2C
.

Using (1.84), we can conclude that

R(C) =
1

2
+ o(1) +

1

2
log

π

1
2C + o

(
1

2C

) =
1

2
+

1

2
log(2πC) + o(1).

From the previous Lemma 1.5.33, we deduce that

lim
α→1

Kθ(α) = θ2,

so that we can continuously extend Kθ to 1. Therefore, we can write,

F (θ) = sup
α∈(0,1]

Kθ(α).

We now study Kθ and show that it is continuously di�erentiable on (0, 1). This amounts to prove
that R is continuously di�erentiable on (0, 1). On (0, l), it is clear that R is continuously di�erentiable
due to the implicit function theorem. Indeed, ζC is by de�nition the unique solution of the equation

G′(ζ) = −C,

and G is strictly convex. On (l,+∞), R is an a�ne function, therefore it is su�cient to prove that

lim
C→l−

R′(C) =
B

2
. (1.85)

We have for any C < l,
R′(C) = C∂ζC + ζC + ∂ζCG

′(ζC) = ζC ,

which gives (1.85). We deduce that Kθ is continuously di�erentiable on (0, 1) and

∀α ∈ (0, 1), K ′θ(α) = 2θ2(α+B(α− 1)) + 4θ2ζα,θ(1− 2α) +
1

2(1− α)
.

From Lemma 1.5.33, we get,
lim
α→0

Kθ(α) = −∞.

Thus, the supremum of Kθ on (0, 1] is achieved either at 1 or on (0, 1). From Lemma 1.5.31, we have

F (θ) = max
(
Kθ(1), sup

α≤ 1
2

Kθ(α)
)
.

Let us assume that the maximum of Kθ is achieved on (0, 1). We deduce that the maximum of Kθ is
achieved on (0, 1

2 ] at a critical point since Kθ is di�erentiable. The critical points α of Kθ satisfy the
equation,

2θ2(α+B(α− 1)) + 4θ2ζα,θ(1− 2α) +
1

2(1− α)
= 0, (1.86)
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As θ2(B − 1) > 1, 1/2 does not satisfy the above equation so that the critical points of Kθ are the
α 6= 1/2, such that

ζα,θ =
2θ2(α+B(α− 1)) + 1

2(1−α)

4θ2(2α− 1)
:= ϕ(α). (1.87)

We have,

ϕ(α) =
q(α)

8θ2(1− α)(2α− 1)
,

with
q(α) = −4θ2(1 +B)α2 + 4θ2(1 + 2B)α− 4θ2B + 1.

We �nd,

ϕ(α) ≥ B

2
⇐⇒

{
P (α) ≥ 0 if α ≥ 1

2

P (α) ≤ 0 if α ≤ 1
2 ,

with P (α) = 4θ2(B − 1)α2 − 4θ2(B − 1)α + 1. As ζα,θ ≥ B/2, we obtain that the maximum of Kθ is
achieved at α ∈ (0, 1/2) such that P (α) ≤ 0. The roots of P are

α± =
1±

√
1− [θ2(B − 1)]−1

2
. (1.88)

Thus, the maximum of Kθ is achieved on [α−, 1/2]. We will show that Kθ is strictly concave on (0, 1
2 ).

Note that,
4θ2α(1− α) ≥ l⇐⇒ α ∈ [β−, β+],

with

β± =
1±
√

1− lθ−2

2
.

For any α ∈ (β−,
1
2 ), we must have ζC = B/2 and therefore

Kθ(α) = θ2(α2 +B(1− α)2) + 2Bθ2α(1− α) +G
(B

2

)
− 1

2
log(1− α) + Cθ,

where Cθ is some constant depending on θ. Thus, for α ∈ (β−,
1
2 ),

K ′′θ (α) = 2θ2(1−B) +
1

2(1− α)2
< 2θ2(1−B) + 2 < 0.

For any α ∈ (α−, β−), we have

Kθ(α) = θ2(α2 +B(1− α)2) + 4θ2α(1− α)ζα,θ +G(ζα,θ)

− 1

2
log(1− α) + Cθ,

where ζα,θ is such that
G′(ζα,θ) = −4θ2α(1− α).

As G is strictly convex, we deduce by the implicit function theorem that α ∈ (0, β−) 7→ ζα,θ is di�eren-
tiable, and we have

∂αζα,θG
′′(ζα,θ) = −4θ2(1− 2α).

We get that ∂αζα,θ < 0, for any α ∈ (0, β−). Therefore, for α ∈ (0, β−), we obtain

K ′′θ (α) = 2θ2(B + 1)− 8θ2ζα,θ + 4θ2∂αζα,θ(1− 2α) +
1

2(1− α)2
.
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Using that ζα,θ > B/2 and that ∂αζα,θ < 0 for α ∈ (0, β−), we deduce,

∀α ∈ (0, β−), K ′′θ (α) ≤ 2θ2(B + 1)− 4θ2B +
1

2(1− α)2

< 2θ2(1−B) + 2 ≤ 0.

Thus, K ′θ is decreasing on (0, β−) and (β−,
1
2 ). Since K ′θ is continuous, we deduce that K

′
θ is decreasing

on (0, 1
2 ) and Kθ is strictly concave on (0, 1

2 ). Therefore, the maximum is achieved at a unique point on
(0, 1

2 ) which we denote by αθ. We distinguish two cases.

1st case: l ≤ 1
B−1 .

We have,
β− ≤ α− ≤ α+ ≤ β+.

We know that on one hand P (α−) = 0, so that

ϕ(α−) =
B

2
.

On the other hand ζα−,θ = B/2 since α− ∈ [β−, β+]. We deduce by (1.87) that α− is a critical point of
Kθ which lie in (0, 1

2 ). Therefore
αθ = α−.

2nd case: l > 1
B−1 .

We have,
α− < β− < β+ < α+.

Note that 0 ≤ α− < 1
2 < α+ ≤ 1. Since ϕ(α) 6= B/2 for any α ∈ [β−, β+]c, we deduce that αθ ∈ [α−, β−),

and in particular K ′′θ (αθ) < 0. We deduce by the implicit function theorem that θ 7→ αθ is C1, and
therefore θ 7→ Kθ(αθ) is continuously di�erentiable on (1/

√
B − 1,+∞).

In conclusion, we have shown that for any θ2(B − 1) ≥ 1, if l ≤ 1
B−1 ,

F (θ) = max
(
θ2,Kθ(α−)

)
,

where α− is de�ned in (1.88), whereas if l ≥ 1
B−1 ,

F (θ) = max
(
θ2,Kθ(αθ)

)
,

where αθ is the unique solution in (0, β−) such that

G′(ζα,θ) = −4θ2α(1− α).

Moreover, for θ ∈ (0, 1/
√

2(B − 1)), we have by Lemma 1.5.10

F (θ) = θ2.

To conclude that F is continuously di�erentiable on R\[1/(2
√
B − 1), 1/

√
B − 1] except at most at one

point, we show that there exists θ0 such that

∀θ ≤ θ0, F (θ) = θ2, and ∀θ > θ0, F (θ) > θ2.

Since F (θ) ≥ θ2 for any θ ≥ 0, it su�ces to prove that θ 7→ F (θ)− θ2 is non-decreasing. Recall that

F (θ) = lim
N→+∞

FN (θ),
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where

FN (θ) =
1

N
logEe exp

(∑
i

L
(√

2Nθe2
i

)
+
∑
i<j

L
(
2
√
Nθeiej

))
,

and e is uniformly sampled on SN−1. Therefore,

FN (θ)− θ2 =
1

N
logEe exp

(∑
i

2Nθ2
(
ψ
(√

2Nθe2
i

)
− 1

2

)
e4
i +

∑
i<j

4Nθ2
(
ψ
(
2
√
Nθeiej

)
− 1

2

)
e2
i e

2
j

)
.

As ψ is increasing and ψ(0) = 1/2, θ 7→ FN (θ) − θ2 is non-decreasing, and therefore θ 7→ F (θ) − θ2 is
non-decreasing as well.

Proposition 1.5.34. Suppose that θ0 = sup{θ ∈ R+ : F (θ) = θ2} ≥ 1/
√
B − 1. Then F is not

di�erentiable at θ0.

Proof. We let ζ(θ) = ζαθ0 ,θ0 and as in the proof of Lemma 1.5.29 νθ = νζ(θ). We also let :

H1
θ (α, ν) = θ2(α2 +B(1− α)2) +

1

2
logα+

∫
L(2θ

√
1− αx)dν(x)+

2θ2α(1− α)B +H(ν)− 1

2
log 2π − 1

2
(1.89)

where L(x) = L(x)−Bx2/2. Using again the proof of Lemma 1.5.29 we have that :

Kθ(α) = max
ν∈P(R+)∫
x2dν(x)≤α

H1
θ (α, ν).

We have for θ2(B − 1) ≥ 1:
Kθ(αθ) = H1

θ (αθ, νθ).

And so for θ ≥ θ0 :
F (θ) = Kθ(αθ) = sup

α∈]0,1/2[

Kθ(α) ≥ H1
θ (αθ0 , νθ0).

For f a convex function, we denote ∂+f the right derivative and ∂−f the left derivative. For θ ≥ θ0, we
have if g is the function θ 7→ H1

θ (αθ0 , νθ0) that :

∂+g(θ) = 2θ(α2
θ0 +B(1− αθ0)2) + 4θαθ0(1− αθ0)

[
2α−1

θ0

∫
x2ψ(2θ

√
1− αθ0x)dνθ0(x) +B

]
+ 4θ2αθ0(1− αθ0)3/2

∫
x2ψ′(2θ

√
1− αθ0x)dνθ0(x)

≥ 2θ(α2
θ0 +B(1− αθ0)2) + 4θαθ0(1− αθ0)

≥ 2θ + 2(B − 1)(1− αθ0)2θ.

Where we denote ψ = ψ−B/2 and where we used that ψ′ ≥ 0. We have αθ0 < 1/2, we have ∂+g(θ0) > 2θ.
For θ ≤ θ0, F (θ2) = θ2 and so ∂−F (θ0) = 2θ. And so, we have :

∂+F (θ0) ≥ ∂+g(θ0) > ∂−F (θ0)

1.5.5.3 Proof of Proposition 1.5.15

By Proposition 1.5.30, we know that F is di�erentiable on (1/
√
B − 1,+∞) except possibly at θ0.

Using Proposition 1.5.19 we deduce that there exists xµ such that the lower large deviation lower bound
holds with rate function I(x) = I(x) for any x ≥ xµ.
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1.5.6 The case B < A

We consider the case where B exists and is strictly inferior to A and assume that ψ achieves its
maximum A at a unique point m∗ such that ψ′′(m∗) < 0. This includes in particular the case where
the law of the entries have a compact support (since in this case B = 0) and the maximum of ψ is
non-degenerated.

Studying the variational problem arising from the limit of the annealed spherical integral F (θ) and
F (θ) de�ned in Proposition 1.5.8, we will show that for θ large enough we can give an explicit formula
as stated in the following proposition.

Proposition 1.5.35. There exists θ0 > 1/
√
A− 1 such that for any θ ≥ θ0, F (θ) = F (θ) = F (θ) where

F (θ) = sup
α∈(0,1]

V (α),

with

∀α > 0, V (α) = θ2(A− 1)α2 + θ2 +
1

2
log(1− α).

More explicitly,

F (θ) =
θ2

4
(A− 1)

(
1 +

√
1− 1

θ2(A− 1)

)2

+ θ2 +
1

2
log
(

1−

√
1− 1

θ2(A− 1)

)
− 1

2
log 2.

1.5.6.1 Conditions on the optimizers

With the notation of Proposition 1.5.8, we perform the change of variable ν2 into µ2 de�ned as the
unique measure such that for any bounded continuous function f : R→ R,

1

α2

∫
x2f

(√2θx

N1/4

)
dν2(x) =

∫
fdµ2.

By Proposition 1.5.8, we have the following formulation of the limits F (θ) and F (θ). Recall that ψ(x) =
L(x)
x2 .

F (θ) = lim sup
δ→0,K→+∞

δK→0

sup
α1+α2+α3=1

αi≥0

lim sup
N→+∞

FNα1,α2,α3
(δ,K),

F (θ) = sup
α1+α2+α3=1

αi≥0

lim inf
δ→0,K→+∞

δK→0

lim sup
N→+∞

FNα1,α2,α3
(δ,K),

where

FNα1,α2,α3
(δ,K) = sup

µ2∈P(S2)

sup
s∈Sk3 ,k≥1

|
∑
i s

2
i
−α3

√
N|≤δ

√
N

{
θ2
(
α2

1 + 2α1α2 +Bα2
3

)

+
4θ2α2√
N

∑
i

s2
i

∫
ψ
(√

2θsix)dµ2(x) + 2θ2α2
2

∫
ψ(xy)dµ2(x)dµ2(y)

+ sup
ν1∈P(I1)∫
x2dν1(x)=α1

{ 4θ2

√
N

∑
i

s2
i

∫
x2ψ

(2θsix

N
1
4

)
dν1(x)−H(ν1)

}
− 1

2
log(2π)− 1

2

}
,

where I1 = {x : |x| ≤ δN1/4}, S2 = {x : δ/
√
θ ≤ |x| ≤ K/

√
θ}, S3 = {x : K ≤ |x| ≤ N1/4√α3}. To study

the regime zhere θ is large, we will consider a simplifed variational problem F̂ (θ), de�ned as

F̂ (θ) = sup
α1+α2+α3=1

αi≥0

lim sup
δ→0,K→+∞

δK→0

lim sup
N→+∞

F̂Nα1,α2,α3
(δ,K),
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where

F̂Nα1,α2,α3
(δ,K) = sup

µ2∈P(S2)

sup
s∈S3

{
θ2
(
α2

1 + 2α1α2 +Bα2
3

)
+ 4θ2α3α2

∫
ψ
(√

2θsx)dµ2(x) + 2θ2α2
2

∫
ψ(xy)dµ2(x)dµ2(y)

+ sup
ν1∈P(I1)∫
x2dν1(x)=α1

{
4θ2α3

∫
x2ψ

(2θsx

N
1
4

)
dν1(x)−H(ν1)

}
− 1

2
log(2π)− 1

2

}
.

One can observe that for any θ ≥ 0,
F (θ) ≤ F̂ (θ). (1.90)

Indeed, for any µ2 ∈ P(S2), ν1 ∈ P(I1), and s ∈ Sk3 such that
∑
i s

2
i = α3

√
N ,

1√
N

∑
i

s2
i

∫
ψ
(√

2θsix)dµ2(x) +
1√
N

∑
i

s2
i

∫
x2ψ

(2θsix

N
1
4

)
dν1(x) ≤ α3

∫
ψ
(√

2θsx)dµ2(x),

where s is a maximizer of the function

s ∈ S3 7→ α2

∫
ψ
(√

2θsx)dµ2(x) +

∫
x2ψ

( 2θsx

N1/4

)
dν1(x).

However, one can notice that even if one takes k = 1 in the de�nition of F (θ), it is not possible in general
to provide a similar variational formulation for F (θ). Still, we will see that under our assumptions that
B < A and that the maximum of ψ is uniquely achieved at m∗ such that ψ′′(m∗) < 0, the upper bound
F̂ (θ) is sharp when θ is large.

The starting point of our analysis of the variational problem de�ning F̂ (θ) in the regime where θ is
large is the fact that F (θ) and F̂ (θ) behave like Aθ2. More precisely, we know from (1.52) that there
exists θ0 > 0 depending on A for all θ ≥ θ0,

F̂ (θ) ≥ F (θ) ≥ Aθ2 − κ log θ, (1.91)

where κ > 0 is a numerical constant.
As a consequence, we can localize the suprema over (α1, α2, α3) and µ2 in the de�nitions of F̂ (θ) in

some subset of the constraint set, denoted by S, and de�ned as follow,

S =
{

(α, µ2) ∈ [0, 1]3 × P(S2) : α1 + α2 + α3 = 1
}
.

Lemma 1.5.36. There exists a constant θ0 > 0 depending on A such that for any θ ≥ θ0, the suprema
de�ning F̂ (θ) can be restricted to the set Aθ × Bθ ⊂ S de�ned by,

α ∈ Aθ ⇐⇒ α2 ≥ 1− C
√

log θ

θ
, α1 ≤

C
√

log θ

θ
, α3 ≤

C
√

log θ

θ
,

and

µ2 ∈ Bθ ⇐⇒
∫ (A

2
− ψ(xy)

)
dµ2(x)dµ2(y) ≤ C log θ

θ2
.

where C is a some positive constant depending also on A.

Proof. From (1.91) we deduce that we can restrict the suprema in the de�nitions of F̂ (θ) to the parameters
α, s, ν1, µ2 with α1 + α2 + α3 = 1, s ∈ S3,

∫
x2dµ1(x) = α1 such that,

(A− 1)(α2
1 + 2α1α2) + (A−B)α2

3 + 4α2α3

∫ (A
2
− ψ(2θsy)

)
dµ2(y)

+ 2α2
2

∫ (A
2
− ψ(2θxy)

)
dµ2(y)dµ2(x) + 4α3

∫
y2
(A

2
− ψ(2θsy)

)
dν1(y)

+
1

θ2

(
H(ν1) + log

√
2π
)
≤ 2κ log θ

θ2
.
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But

4α3

∫
y2
(A

2
− ψ(2θsy)

)
dν1(y) +

1

θ2

(
H(ν1) + log

√
2π
)
≥ 1

2
log

1

α1
≥ 0.

Therefore,

(A− 1)(α2
1 + 2α1α2) + (A−B)α2

3 + 4α2α3

∫
y2
(A

2
− ψ(2θsy)

)
dµ2(y)

+ 2α2
2

∫ (A
2
− ψ(xy)

)
dµ2(y)dµ2(x) ≤ 2κ log θ

θ2
.

Since each term is non-negative, they are all bounded by 2κ log θ/θ2. Note that this �rst yields with
C = 2κ/min{(A−B), A− 1},

α2
1 ≤

C log θ

θ2
, α2

3 ≤
C log θ

θ2
, α1α2 ≤

C log θ

θ2
. (1.92)

The two �rst estimates imply since α2 = 1− α1 − α3,

α2 ≥ 1− 2

√
C log θ

θ
.

In the next lemma we prove that the optimizers of the optimization problem over µ2 are concentrated
around

√
m∗ if ψ takes its maximum value at m∗ only.

Lemma 1.5.37. Assume that ψ achieves its maximum value at m∗ only and that it is strictly concave
in an open neighborhood of this point. There exists ε0 > 0 such that for any µ2 ∈ Bθ,

∀0 < ε < ε0, µ2

(
|x−

√
m∗| ≥ ε

)
≤ C
√

log θ

θε
,

where C is a positive constant depending on ψ.

Proof. Let µ2 ∈ Bθ. By Lemma 1.5.36 we have,∫ (A
2
− ψ(xy)

)
dµ2(x)dµ2(y) ≤ C log θ

θ2
.

Since ψ is strictly concave in a neighborhood of m∗, and m∗ is its unique maximizer, we deduce that
there exists η0 > 0 such that for all 0 < η < η0,

∀|x−m∗| ∈ [
√
η,
√
η0],

A

2
− ψ(x) ≥ η/c,

for some constant c > 0. As ψ is analytic, it admits a �nite number of local maximum. Therefore, we
can �nd η0 > 0 such that for all 0 < η < η0,

∀|x−m∗| ≥
√
η,

A

2
− ψ(x) ≥ η/c,

Since A
2 − ψ is non-negative, we obtain

∀η < η0, µ
⊗2
2

(
|xy −m∗| ≥ √η

)
≤ C ′ log θ

ηθ2
,

where C ′ ≥ 1 is a constant depending on ψ. For ε <
√
m∗/2, we have

µ2([0,
√
m∗ − ε])2 ≤ µ⊗2

2

(
xy ≤ m∗ −

√
m∗ε

)
.

Therefore, for ε small enough,

µ2([0,
√
m∗ − ε])2 ≤ C ′ log θ

m∗θ2ε2
.

On the other hand,
µ2

(
[
√
m∗ + ε,+∞)

)2 ≤ µ⊗2
2

(
xy ≥ m∗ + 2

√
m∗ε

)
.

Using a union bound, we obtain the claim.
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1.5.6.2 Resolution of the variational problem for large θ

Using Lemma 1.5.37, we will show that the optimization problem over µ2 is asymptotically solved by
δ√m∗ , with an error which vanishes when K, the lower boundary point of S3, goes to +∞.

Lemma 1.5.38. There exists θ0 depending on ψ such that for θ ≥ θ0, such that for any α ∈ Aθ and
s ∈ S3, if the measure µ2 that realizes the maximum:

sup
µ2∈P(S2)

{
2α3

∫
ψ
(√

2θsx)dµ2(x) + α2

∫
ψ(xy)dµ2(x)dµ2(y)

}
is in Bθ, then

sup
µ2∈Bθ

{
2α3

∫
ψ
(√

2θsx)dµ2(x) + α2

∫
ψ(xy)dµ2(x)dµ2(y)

}
=
Aα2

2
+
Bα3

2
+ oK(1).

Proof. Letting ψ(x) = ψ(x)− B
2 , it is equivalent to show that :

sup
µ2∈Bθ

{
2α3

∫
ψ
(√

2θsx)dµ2(x) + α2

∫
ψ(xy)dµ2(x)dµ2(y)

}
=

(A−B)α2

2
+ oK(1).

Let us �x θ ≥ θ0 where θ0 is given by Lemma 1.5.36. Observe that since ψ is bounded continuous,

Z : µ ∈ P(S2) 7→ 2α3

∫
ψ
(√

2θsx)dµ(x) + α2

∫
ψ(xy)dµ(x)dµ(y)

achieves its maximum value in the closed set Bθ. Let µ2 be an optimizer, and therefore a critical point of
this function. Writing that Z(µ2) ≥ Z(µ2 + εν) for all measures ν on S2 such that µ2 + εν is a probability
measure for small ε, we deduce that there exists a constant C > 0 such that,

∀x ∈ S2, α3ψ(
√
θsx) + α2

∫
ψ(xy)dµ2(y) ≤ C, (1.93)

with equality µ2-almost surely. Using Lemma 1.5.37, we get for any ε small enough,∫
ψ(xy)dµ2(y) = ψ(

√
m∗x) +

∫
[
√
m∗−ε,

√
m∗+ε]

(
ψ(xy)− ψ(

√
m∗x)

)
dµ2(x) +O

(√log θ

θε

)
.

Where we notice that our O
(√

log θ
θε

)
is a function that does not depend on δ,K or N . As L is the

log-Laplace transform of a sub-Gaussian distribution, we have that |L′| is bounded. In particular, |ψ′| is
bounded and thus ψ is Lipschitz. Therefore, for any x ≤M ,∫

ψ(xy)dµ2(y) = ψ(
√
m∗x) +O

(
εM +

√
log θ

θε

)
.

Again, the O
(
εM +

√
log θ
θε

)
does not depend on δ,K or N . We choose ε = θ−1/2 and M = θ1/4 so that

the two error term above goes to zero when θ goes to ∞, so that we have for any x ≥ 0,∫
ψ(xy)dµ2(y) = ψ(

√
m∗x) + oθ(1). (1.94)

In particular,

α3ψ(
√
θsx) + α2

∫
ψ(xy)dµ2(y) = ψ(

√
m∗x) + oθ(1).

Taking x =
√
m∗ in (1.93), we get

C ≥ A−B
2

+ oθ(1), (1.95)
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since s ≥ K and 1− α2 ≤ O(
√

log θ
θ ). The terms oθ(1) above do not depend on K, δ or N . We claim that

there exists θ0 such that for any θ ≥ θ0,

µ2([0,
√
m∗/2]) = 0.

Indeed, if x ≤ √m∗/2, we have by (1.94) and the fact that α2 goes to 1 as θ goes to in�nity,

α3ψ(
√
θsx) + α2

∫
ψ(xy)dµ(y) ≤ sup

t≤√m∗/2
ψ(
√
m∗t) + oθ(1),

with supt≤√m∗/2 ψ(
√
m∗t) < (A−B)/2 since the maximum of ψ is uniquely achieved at m∗. From (1.95)

and the fact that equality in (1.93) holds µ2-a.s, we deduce that for θ large enough (and not depending
on δ,K or N) [0,

√
m∗/2] ∩ supp(µ2) = ∅. Therefore,

2α3

∫
ψ
(√

2θsx)dµ2(x) + α2

∫
ψ(xy)dµ2(x)dµ2(y) ≤ (A−B)α2

2
+ 2 sup

y≥K
√
m∗θ
2

ψ(y)

=
(A−B)α2

2
+ oK(1).

Thus,

sup
µ2∈Bθ

{
2α3

∫
ψ
(√

2θsx)dµ2(x) + α2

∫
ψ(xy)dµ2(x)dµ2(y)

}
≤ (A−B)α2

2
+ oK(1).

The reverse inequality is achieved by taking µ2 = δ√m∗ , which completes the proof.

We deduce that for θ large enough, F (θ) = F (θ) = F (θ), where F is a function described in the
following proposition.

Proposition 1.5.39. There exists θ0 depending on ψ such that for any θ ≥ θ0, F (θ) = F (θ) = F (θ),
where

F (θ) = sup
(α,s,ν)∈S′

F(α, s, ν),

with

F(α, s, ν) = θ2
(
α2

1 + 2α1α2

)
+ θ2Aα2

2 + θ2B(α2
3 + 2α3α2)

+ 4θ2α3

∫
x2ψ(2θs

√
α3x)dν(x)−H(ν)− 1

2
log(2π)− 1

2
,

and

S ′ =
{

(α, s, ν) ∈ [0, 1]3 × [0, 1]× P(R) : α1 + α2 + α3 = 1,

∫
x2dν(x) = α1

}
.

Proof. By Lemmas 1.5.36 and 1.5.38, we know that

F̂ (θ) = sup
α∈Aθ

lim sup
δ→0,K→+∞

δK→0

lim sup
N→+∞

F̂Nα1,α2,α3
(δ,K),

where

F̂Nα1,α2,α3
(δ,K) = sup

s∈S3

sup
ν1∈P(I1)∫
x2dν1(x)=α1

{
4θ2α3

∫
x2ψ

(2θsx

N
1
4

)
dν1(x)−H(ν1)

}
+ θ2

(
α2

1 + 2α1α2

)
+Aα2

2 +B(α2
3 + 2α2α3)− 1

2
log(2π)− 1

2
,
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S3 = [K,N1/4√α3]. Using the change of variable s 7→ sN−1/4 we have the upper bound,

F̂ (θ) ≤ sup
(α,s,ν)∈S′

F(α, s, ν).

Let now (α, s, ν) ∈ S ′. Taking µ2 = δ√m∗ , s
′ = N1/4s and ν1 to be the unique probability measure on I1

such that for any continuous bounded function f : R→ R,∫
fdν1 =

1

ν(I1)

∫
I1

f(λx)dν(x),

where λ is such that
∫
x2dν1(x) = α1. With a similar argument as in the proof of Proposition 1.5.28, we

can deduce that
F (θ) ≥ F(α, s, ν).

Since F (θ) ≤ F (θ) and F (θ) ≤ F̂ (θ) by (1.90), this ends the proof of the claim.

We next prove that the supremum is taken at α3 = 0.

Proposition 1.5.40. There exists θ0 depending on A such that for any θ ≥ θ0,

sup
(α,s,ν)∈S′

F(α, s, ν) = sup
(α1,α2,0,s,ν)∈S′

F((α1, α2, 0), s, ν).

Proof. We claim that for any ((α1, α2, α3), s, ν) ∈ S ′ such that α2 ≥ A−1
2A−B−1 , we have

F((α1, α2, α3), s, ν) ≤ sup
ν∈P(R)

F((α1, α2 + α3, 0), ν). (1.96)

Note that

sup
ν∈P(R)

F((α1, α2 + α3, 0), ν) = θ2(α1 + 2α1α2 + 2α1α3) + θ2A(α2 + α3)2 +
1

2
logα1.

Now, for any ((α1, α2, α3), s, ν) ∈ S ′, using the fact that ψ(x) ≤ A/2 for any x ∈ R, we have

F((α1, α2, α3), s, ν) ≤ θ2(α1 + 2α1α2) + θ2Aα2
2 + 2θ2Aα1α3 + θ2B(α2

3 + 2α2α3) +
1

2
logα1.

Therefore, it su�ces to prove that for α2 su�ciently near 1:

(A−B)(2α2α3 + α2
3) ≥ 2(A− 1)α1α3

that is,
2(A− 1)α1 ≤ (A−B)(α3 + 2α2).

A su�cient condition for this inequality to be true is that (A− 1)(1− α2) ≤ (A−B)α2, which ends the
proof of the claim (1.96). By Lemma 1.5.36, we know that for θ ≥ θ0,

sup
(α,s,ν)∈S

F(α, s, ν) = sup
(α,s,ν)∈S

α1,α3≤C
√

log θ/θ

F(α, s, ν).

For θ such that

1− 2C

√
log θ

θ
≥ A− 1

2A−B − 1
,

we obtain from (1.96) that

sup
(α,s,ν)∈S

α1,α3≤C
√

log θ/θ

F(α, s, ν) ≤ sup
((α1,α2,0),s,ν)∈S

F((α1, α2, 0), s, ν).
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We deduce that for θ large enough,

sup
(α,s,ν)∈S

F(α, s, ν) ≤ sup
((α1,α2,0),s,ν)∈S

F(α1, α2, 0, s, ν),

which ends the proof.

We can now conclude the proof of Proposition 1.5.35.

Proof of Proposition 1.5.35. By Propositions 1.5.39 and 1.5.40, and optimizing over ν (at the centered
Gaussian law with covariance α1), we deduce that there exists θ0 > 0 depending on ψ such that for
θ ≥ θ0,

F (θ) = sup
α∈[0,1)

V (α),

where

∀α > 0, V (α) = θ2(A− 1)α2 + θ2 +
1

2
log(1− α).

We can therefore give an explicit expression for F (θ) for θ large enough such that θ ≥ 1/
√
A− 1, using

the fact that the solution of the optimization problem α = αθ should satisfy αθ = 1− oθ(1) according to
Lemma 1.5.36.

1.5.7 Appendix

1.5.7.1 Concentration for Wigner matrices with sub-Gaussian log-concave entries

Proposition 1.5.41. Let µ be a symmetric probability measure on R which has log-concave tails in the
sense that t 7→ µ(x : |x| ≥ t) is concave, and which is sub-Gaussian in the sense that (1.44) holds. Let XN

be a symmetric random matrix of size N such that (Xi,j)i≤j are independent random variables. Assume√
NXi,j and

√
N/2Xi,i have law µ for any i 6= j. There exists a numerical constant κ > 0 such that for

any convex 1-Lipschitz function f : R→ R, and t ≥ 0,

P
(∣∣ 1
n

Trf(XN )− 1

n
ETrf(XN )

∣∣ > t
)
≤ 2e−

κ
AN

2t2 . (1.97)

Moreover, for any t > 0,
P
(
|λXN − EλXN | > t

)
≤ 2e−

κ
ANt

2

. (1.98)

One can take κ = 1/8β2 with β = 1680e.

From these concentration inequalities, one can deduce that a Wigner matrix with entries having
sub-Gaussian and log-concave laws satisfy Assumptions 1.5.4.

Corollary 1.5.42. Assume µ satis�es the assumptions of Proposition 1.5.41 and has variance 1. Then
the matrix XN satis�es the Assumptions 1.5.4.

Proof. Using the concentration inequality (1.98) and the convergence in expectation of the spectral radius
of XN (see [4, Theorem 2.1.22, Exercise 2.1.7]), we obtain that the spectral radius of XN is exponentially
tight at the scale N in the sense of (1.46).

Let K ⊂ R be a compact subset of R and denote by |K| its diameter. Let FLip,K be the set of
1-Lipschitz functions with support in K. From the concentration inequality (1.97), we can deduce by
arguing as in the proof of [49, Theorem 1.3] that for any δ > 0,

P
(

sup
f∈FLip,K

∣∣ 1

N
Trf(XN )− E

1

N
Trf(XN )

∣∣ > δ
)
≤ C |K|

δ
exp

(
− C δ

2N2

|K|2
)
. (1.99)

Let dK be de�ned by

∀ν, µ ∈ P(R), dK(µ, ν) = sup
f∈FLip,K

∣∣∣ ∫ fdν −
∫
fdµ

∣∣∣,
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and let d denote the bounded-Lipschitz distance de�ned by

∀ν, µ ∈ P(R), d(µ, ν) = sup
f∈FLU

∣∣∣ ∫ fdν −
∫
fdµ

∣∣∣,
where FLU is the set of 1-Lipschitz functions uniformly bounded by 1. Let �x K = [−2, 2]. Since
σ(K) = 1, we have

d(µXN , σ) ≤ dK(µXN , σ) + µXN (Kc).

But µXN (Kc) ≤ dK(µXN , σ) by choosing f = 1K. Therefore,

d(µXN , σ) ≤ 2dK(µXN , σ).

From (1.99), we have that for any δ > 0,

P
(
d(µXN , σ) > δ + 2dK(EµXN , σ)

)
≤ 4C

δ
e−C

δ2N2

16 . (1.100)

But, we know by [10, Theorem 4.1] that,

dKS(EµXN , σ) = O(N−1/4),

where dKS denotes the Kolmogorov-Smirnov distance, de�ned by

∀ν, µ ∈ P(R), dKS(µ, ν) = sup
{∣∣µ((−∞, x]

)
− ν
(
(−∞, x]

)∣∣, x ∈ R
}
.

It is a standard fact that the Kolmogorov-Smirnov distance controls the integrals with respect to functions
with bounded variations, that is, for any ν, µ ∈ P(R),

dKS(µ, ν) = sup
{∫

fdµ−
∫
fdν : ||f ||BV ≤ 1

}
,

with ||f ||BV = sup
∑m
i=1 |f(xi+1) − f(xi)|, where the supremum holds over all families (xi)1≤i≤m+1

with m ∈ N such that x1 < x2 < . . . < xm+1. Since for any 1-Lipschitz function f supported on K,
||f ||BV = O(1), we deduce that

dK(EµXN , σ) = O(N−1/4).

From (1.100), we deduce that

lim
N→+∞

1

N
logP

(
d(µXN , σ) > N−κ

)
= −∞,

for any κ < 1/4.

We now give a proof of Proposition 1.5.41. It will be a direct consequence of Klein's lemma (see [4,
Lemma 4.4.12]) and the following concentration of convex Lipschitz functions under µn.

Proposition 1.5.43. Let µ be a symmetric probability measure on R which has log-concave tails in the
sense that t 7→ µ(x : |x| ≥ t) is concave, and which is sub-Gaussian in the sense that (1.44) holds. For
any lower-bounded convex 1-Lipschitz function f : R→ R such that

∫
fdµn = 0 and any t > 0,

µn
(
x : |f(x)| > t

)
≤ 2e

− t2

4β2A ,

where β is numerical constant. One can take β = 1680e.
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Proof. By [63, Corollary 2.2], we know that there exists a numerical constant β such that µn satis�es a
convex in�mum convolution inequality with cost function Λ∗(./β), where Λ∗ is the Legendre transfom of
Λ de�ned by,

∀θ ∈ Rn, Λ(θ) = log

∫
e〈θ,x〉dµn(x).

Moreover, β can be taken to be 1680e. More precisely, for any convex lower-bounded function f : R→ R,(∫
ef�Λ∗(./β)dµn

)(∫
e−fdµn

)
≤ 1, (1.101)

where � denotes the in�mum convolution operator, de�ned by

f�Λ∗(./β)(x) = inf
y∈Rn

{
f(y) + Λ∗

(y − x
β

)}
.

Since µ is sub-Gaussian in the sense of (1.44), for any x ∈ Rn,

Λ∗(x) ≥ 1

2A
||x||2,

where || || denotes the Euclidean norm in Rn. Therefore,

f�Λ∗(./β)(x) ≥ inf
y∈Rn

{
f(y) +

1

2β2A
||y − x||2

}
.

Assume f is L-Lipschitz for some L > 0. Reproducing the arguments of [57, section 1.9, p19] we have
for any x ∈ Rn,

f�Λ∗(./β)(x) ≥ f(x) + inf
y∈Rn

{
− L||y − x||+ 1

2β2A
||y − x||2

}
≥ f(x)− 1

2
β2AL2.

Thus, by (1.101) we deduce that (∫
efdµn

)(∫
e−fdµn

)
≤ e 1

2β
2AL2

. (1.102)

Assume now that f is 1-Lipschitz and
∫
fdµn = 0. Using Jensen's inequality, we get for any λ > 0,∫

fdµn ≤ e 1
2β

2Aλ2

.

Using Cherno� inequality we obtain that for any t > 0,

µn
(
x : f(x) ≥ t

)
≤ e−

t2

4β2A .

Using the symmetry in (1.102) between f and −f , we get similarly that for any t > 0,

µn
(
x : f(x) ≤ −t

)
≤ e−

t2

4β2A ,

which gives the claim.
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1.5.7.2 A Uniform Varadhan's lemma

Lemma 1.5.44. Let f : R → R such that f(0) = 0 and f(
√
.) is L-Lipschitz for some L > 0. Let

MN ,mN be sequences such that MN = o(
√
N) and mN ∼ N . Let g1, . . . , gmN be independent Gaussian

random variables conditioned to belong to [−MN ,MN ]. Let δ ∈ (0, 1) and c > 0 such that K−1 < c < K
and 2δ < K−1. Then,∣∣∣ 1

N
logEe

∑mN
i=1 f

(
gi√
c

)
1|

∑mN
i=1 g

2
i−cN |≤δN

− sup
ν∈P([−MN,MN ])∫

x2dν=c

{∫
f
( x√

c

)
dν(x)−H(ν|γ)

}∣∣∣
≤ gL,K(N) + hL(δK),

where gL,K(N)→ +∞ as N → +∞ and hL(x)→ 0 as x→ 0.

Proof. Let ε = 1/N and l0 be the smallest integer such that (1 + ε)−l0 ≤ ε. De�ne Il0 = [−(1 + ε)−l0 , (1 +
ε)−l0 ] and Bl0 = {i : gi ∈ Il0}. For any k > −l0, we set

Ik = {x ∈ R : (1 + ε)k−1 ≤ |x| ≤ (1 + ε)k} and Bk =
{
i : gi ∈ Ik

}
. (1.103)

Let µk = |Bk|/mN . Let k0 be the smallest integer such that (1 + ε)k0 ≥MN . If gi ∈ [−MN ,MN ] for all
i, then for any k > k0, Bk = ∅.

Lemma 1.5.45. On the event
{
|
∑mN
i=1 g

2
i − cN | ≤ δN

}
,

∣∣∣ 1

mN

mN∑
i=1

f
( gi√

c

)
−

k0∑
k=−l0

µkf
( (1 + ε)k√

c

)∣∣∣ ≤ gL,K(N),

where gL,K is function such that gL,K(x)→ 0 as x→ +∞.

Proof. As f(
√
.) is L-Lipschitz, we have

∣∣ 1

mN

mN∑
i=1

f
( gi√

c

)
−

k0∑
k=−l0

µkf
( (1 + ε)k√

c

)∣∣ ≤ 1

mN

k0∑
k=−l0

∑
i∈Bk

∣∣∣f( gi√
c

)
− f

( (1 + ε)k√
c

)∣∣∣
≤ L

c

k0∑
k=−l0+1

µk(1 + ε)2k
(
1− (1 + ε)−2

)
+
L

c
µ−l0(1 + ε)−2l0 .

Using the fact that (1 + ε)−l0 ≤ ε, we get,

∣∣ 1

mN

mN∑
i=1

f
( gi√

c

)
−

k0∑
k=−l0

µkf
( (1 + ε)k√

c

)∣∣ ≤ 3εL

c

( k0∑
k=−l0+1

µk(1 + ε)2k + 1
)

But, on the other hand

1

mN

mN∑
i=1

g2
i ≥

k0∑
k=−l0+1

µk(1 + ε)2(k−1).

Thus, ∣∣ 1

mN

mN∑
i=1

f
( gi√

c

)
−

k0∑
k=−l0

µkf
( (1 + ε)k√

c

)∣∣ ≤ 3εL

c

(
(1 + ε)2

( 1

mN

mN∑
i=1

g2
i

)
+ 1
)
,

which, as mN ∼ N and c > K−1 gives the claim.
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Let I = {−l0, . . . , k0} and LN be the set,

LN =
{
y ∈ RI+ :

∑
k∈I

yk = 1, ∀k ∈ I,mNyk ∈ N
}
.

We know from [36, Lemma 2.1.6], that for any y ∈ LN ,

(mN + 1)−ne−mNH(y|γmN ) ≤ P(µk = yk, ∀k ∈ I) ≤ e−mNH(y|γmN ), (1.104)

where n = |I| = l0 + k0 + 1,

H(y|γmN ) =
∑
k∈I

yk log
yk

γmN (k)
, with γmN (k) =

γ(Ik)

γ([−MN ,MN ])
,

and Ik = [(1 + ε)k−1, (1 + ε)k].
Let µ = (µk)k∈I . There exists a function hc such that

{
c− δ − hK(ε) ≤

k0∑
k=−l0

(1 + ε)2kµk ≤ c+ δ
}

(1.105)

⊂
{
|
mN∑
i=1

g2
i − cN | ≤ δN

}
⊂ {c− δ ≤

k0∑
k=−l0

(1 + ε)2kµk ≤ c+ δ + hK(ε)},

and hc(ε)→ 0 as ε→ 0. We introduce the sets

A+ =
{
y ∈ LN : c− δ ≤

k0∑
k=−l0

(1 + ε)2kyk ≤ c+ δ + hK(ε)
}
,

and

A− =
{
y ∈ LN : c− δ − hc(ε) ≤

k0∑
k=−l0

(1 + ε)2kyk ≤ c+ δ
}
.

Using (1.104), we have for the upper bound,

EemN
∑k0
k=−l0

µkf
(

(1+ε)k√
c

)
1µ∈A+ ≤

∑
y∈A+

e
mN

∑k0
k=−l0

ykf
(

(1+ε)k√
c

)
e−mNH(y|γmN ), (1.106)

whereas for the lower bound,

EemN
∑k0
k=−l0

µkf
(

(1+ε)k√
c

)
1µ∈A− ≥ (mN + 1)−n

∑
y∈A−

e
mN

∑k0
k=−l0

ykf
(

(1+ε)k√
c

)
e−mNH(y|γmN ). (1.107)

Let y ∈ A+ and de�ne ν ∈ P(R) by ν = ϕdγ, where

ϕ(x) =

k0∑
k=−l0

1x∈Ik
yk
γ(Ik)

.

With this notation, we have

H(y|γmN ) = H(ν|γ)− log γ([−MN ,MN ]).

With the same argument as in Lemma 1.5.45, we also have as y ∈ A+,

∣∣ k0∑
k=−l0

ykf
( (1 + ε)k√

c

)
−
∫
f
( x√

c

)
dν(x)

∣∣ ≤ gL,K(N), (1.108)
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and

c− δ − hK(N) ≤
∫
x2dν(x) ≤ c+ δ + hK(N),

where gL,K(x) and hK(x)→ 0 as x→ +∞. From (1.106), we deduce that

1

N
logEemN

∑k0
k=−l0

µkf
(

(1+ε)k√
c

)
1µ∈A+

≤ mN

N
sup

ν∈P([−MN,MN ]

|
∫
x2dν(x)−c|≤δ+hK (N)

{∫
f
( x√

c

)
dν(x)−H(ν|γ)

}
+

1

N
log |LN |+ gL,K(N).

But, |LN | ≤ mn
N , and n = |I| ≤ C logN , where C > 0 is a numerical constant, so that

1

N
log |LN | ≤ C

(logN)2

N
.

To complete the proof of the upper bound, one can check that as c > K−1,

sup
|
∫
x2dν(x)−c|≤δ+hK(N)

{∫
f
( x√

c

)
dν(x)−H(ν|γ)

}
≤ sup

ν∈P([−MN,MN ]∫
x2dν(x)=c

{∫
f
( x√

c

)
dν(x)−H(ν|γ)

}
+ g̃L,K(N) + hL(δK),

where hL(x)→ 0 as x→ 0 and g̃L,K(N)→ 0 as N → +∞.
For the lower bound, �x ν a probability measure on R such that ν � γ. We set ε = εN such that

M2
N/mN εN → 0, and we de�ne Ik and Bk as in (1.103). De�ne, for k ∈ {−l0 + 1, . . . , k0},

yk =
1

mN
bmNν(Ik)c,

and y−l0 = 1−
∑k0
k=−l0+1 yk. We claim that for N large enough,∫

x2dν(x) = c =⇒ y ∈ A−.

Indeed, one can check that on one hand

k0∑
k=−l0

yk(1 + ε)2k ≤ (1 + ε)2

∫
x2dν(x) + ε2,

and on the other hand
k0∑

k=−l0

yk(1 + ε)2k ≥
∫
x2dν(x)− (1 + ε)2M2

N

mN ε
.

Let
∫
x2dν(x) ∈ [c− δ + h̃K(N), c+ δ − h̃K(N)]. We obtain from (1.107),

logEemN
∑k0
k=−l0

µkf
(

(1+ε)k√
c

)
1µ∈A− ≥ (mN + 1)−ne

mN
∑k0
k=−l0

ykf
(

(1+ε)k√
c

)
e−mNH(y|γmN ). (1.109)

In the next lemma we compare H(y|γmN ) and H(ν|γ).

Lemma 1.5.46.

H(y|γmN ) ≤ H(ν|γ) + oN (1).
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Proof. By de�nition we have,

H(y|γmN ) =

k0∑
k=−l0

yk log
yk
γ(Ik)

+ log γ([−MN ,MN ]). (1.110)

Let f(x) = x log x for x > 0 and f(0) = 0. We claim that

∀0 ≤ x < y, f(x) ≤ f(y) + (y − x). (1.111)

Indeed, either x > e−1 and f(x) ≤ f(y) since f is increasing on [e−1,+∞). Either x < e−1 and by
convexity,

f(x) ≤ f(y) + f ′(x)(x− y).

Since |f ′(x)| ≤ 1 we get the claim. Note that we have for any k > −l0,

ν(Ik)− 1

mN
< yk ≤ ν(Ik),

and

ν(I−l0) ≤ y−l0 < ν(I−l0) +
k0 + l0
mN

.

Thus we deduce from (1.111) that

H(y|γmN ) ≤
k0∑

k=−l0

ν(Ik) log
ν(Ik)

γ(Ik)
+

k0∑
k=−l0+1

γ(Ik)
1

γ(Ik)mN
+ γ(Il0)

k0 + l0
γ(I−l0)mN

+ oN (1)

≤
k0∑

k=−l0

ν(Ik) log
ν(Ik)

γ(Ik)
+

2(k0 + l0)

mN
+ oN (1).

We have k0 = O(log(MN )/εN ) and l0 = O(log(1/εN )/εN ). Since M2
N/mN εN → 0, we get

H(y|γmN ) ≤
k0∑

k=−l0

ν(Ik) log
ν(Ik)

γ(Ik)
+

2(k0 + l0)

mN
+ oN (1).

Since f : x 7→ x log x is a convex function, we have by Jensen's inequality

k0∑
k=−l0

ν(Ik) log
ν(Ik)

γ(Ik)
=

k0∑
k=−l0

γ(Ik)f
( 1

γ(Ik)

∫
Ik

dν

dγ
dγ
)
≤

k0∑
k=−l0

∫
Ik

dν

dγ
log

dν

dγ
dγ,

which ends the proof.

Next, we claim that we can compare
∫
f(x/

√
c)dν(x) and

∑
k=−l0 ykf((1 + ε)k/

√
c).

Lemma 1.5.47. ∣∣∣ ∫ f
( x√

c

)
dν(x)−

k0∑
k=−l0

ykf
( (1 + ε)k√

c

)∣∣∣ ≤ gL,K(N),

where gL,K(N)→ 0 as N → +∞.

Proof. As f(
√
.) is L-Lipschitz, we have on one hand using the same argument as in the proof of Lemma

1.5.45, ∣∣∣ ∫ f
( x√

c

)
dν(x)−

k0∑
k=−l0

ν(Ik)f
( (1 + ε)k√

c

)∣∣∣ ≤ 3Lε

c

(∫
x2dν(x) + 1

)
.
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Therefore, ∣∣∣ ∫ f
( x√

c

)
dν(x)−

k0∑
k=−l0

ν(Ik)f
( (1 + ε)k√

c

)∣∣∣ ≤ hL,K(N), (1.112)

where hL,K(N) → 0 as N → +∞. On the other hand, as |ν(Ik) − yk| ≤ 1/mN for any k > −l0 and
|ν(I−l0)− y−l0 | ≤ (k0 + l0)/mN , we get

k0∑
k=−l0

∣∣∣(yk − ν(Ik))f
( (1 + ε)k√

c

)∣∣∣ ≤ L

cmN

k0∑
k=−l0+1

(1 + ε)2k +
L(k0 + l0)

cmN
(1 + ε)−2l0 ,

where we used the fact that f(0) = 0 and f(
√
.) is L-Lipschitz. There exists a numerical constant κ > 0

such that
k0∑

k=−l0

|yk − ν(Ik)|f
( (1 + ε)k√

c

)
≤ κL

cmN

(M2
N

εN
+ (k0 + l0)ε2N

)
,

As M2
N/mN → 0 and k0 = O(log(MN )/εN ) and l0 = O(log(1/εN )/εN ), we deduce

(k0 + l0)

mN
εN = oN (1).

Since we choose εN such that M2
N/mN εN → 0, we can conclude that

k0∑
k=−l0

∣∣∣(yk − ν(Ik))f
( (1 + ε)k√

c

)∣∣∣ ≤ gL,K(N),

where gL,K(N)→ 0 as N → +∞. Combining the above estimate with (1.108), we get the claim.

Coming back to (1.109), using the results of Lemmas 1.5.46 and 1.5.47, we deduce

EemN
∑k0
k=−l0

µkf
(

(1+ε)k√
c

)
1µ∈A− ≥ (mN + 1)−ne

mN
∫
f( x√

c
)dν(x)−mNgL,δ(N)

e−mN (H(ν|γ)+oN (1)),

which gives at the logarithmic scale,

1

N
logEemN

∑k0
k=−l0

µkf
(

(1+ε)k√
c

)
1µ∈A− ≥

mN

N

(∫
f
( x√

c

)
dν(x)−H(ν|γ)

)
− g̃L,K(N),

where g̃L,K(N) → 0 as N → +∞. As this inequality is true for any ν ∈ P([−MN ,MN ]), such that∫
x2dν = c,

1

N
logEemN

∑k0
k=−l0

µkf
(

(1+ε)k√
c

)
1µ∈A− ≥

mN

N
sup

ν∈P([−MN,MN ])∫
x2dν=c

(∫
f
( x√

c

)
dν(x)−H(ν|γ)

)
− g̃L,K(N).



Chapitre 2

Convergence de la mesure empirique de

polynômes de matrices de Ginibre

Résumé du chapitre

Lorsqu'on s'intéresse non plus à une mais à plusieurs matrices aléatoires indépendantes X1
N , X

2
N , · · · ,

on peut alors regarder le comportement de la mesure spectrale du polynôme PN = P (X1
N , X

2
N , ...).

Notons que dans ce cas le polynôme P est non-commutatif étant donné que l'on n'a pas nécessairement
Xi
NX

j
N = Xj

NX
i
N . En particulier, à l'instar du cas où l'on prend un polynôme en des variables aléatoires

réelles ou complexes indépendantes, on peut se poser la question suivante : La mesure limite de PN
dépend-t-elle uniquement de celles de XN

1 , X
N
2 , ... et si oui comment la décrire ? Dans [69], Voiculescu

répond à cette question si P est un polynôme auto-adjoint et les Xi
N des matrices de Wigner. Dans ce cas

la mesure empirique de PN converge vers la mesure spectrale de P (s1, ..., sn) où s1, ..., sn sont des éléments
semi-circulaires libres d'un espace de probabilité non-commutatif. On pourra se référer à l'Annexe A.2
de cette thèse ou à la section 5 de [4] pour se rappeler les liens entre matrices aléatoires et probabilités
libres. La question qui subsiste alors est : que se passe-t-il dans le cas où P est non-hermitien ? Dans ce
chapitre, on apporte une réponse à cette question dans le cas d'un polynôme P d'une certaine forme en
des matrices gaussiennes :

Théorème 2.0.1 (Corollaire 2.3.3). Soit (X1
N , ..., X

k
N ) un k-uplet de matrices de Ginibre complexes

indépendantes et P un polynôme de degré 2. Alors la mesure empirique de P (X1
N , ..., X

k
N ) converge en

probabilité vers la mesure de Brown de P (c1, ..., ck) où c1, ..., ck sont des éléments circulaires ∗-libres d'un
W ∗-espace de probabilité.

Dans la section 2.1, on dé�nit la mesure de Brown qui généralise la notion de mesure spectrale
à des éléments non-normaux d'un W ∗-espace de probabilité et on cherche à la calculer. Pour cela on
examine tout d'abord le problème du calcul de la mesure spectrale d'un polynôme auto-adjoint en des
variables non-commutatives libres et on expose une méthode algorithmique reposant sur la linéarisation
qui y répond. On généralise ensuite cette méthode pour pouvoir calculer cette mesure de Brown. En�n
on expose les obstacles théoriques qui empêchent d'obtenir la convergence des mesures empiriques de
matrices aléatoires non-hermitiennes et les stratégies employées pour contourner ces obstacles.

Dans la section 2.2 on présente les résultats de la section 2.3, c'est-à-dire un résultat de minoration
pour les plus petites valeurs singulières d'un polynômes de degré 2 en des matrices de Ginibre qui permet
de démontrer la convergence des mesures empiriques de ces polynômes. Ce résultat s'appuie à la fois sur
la philosophie de linéarisation employée par Haagerup et Thorbjørnsen et sur les preuve de résultat de
ce type sur des matrices à coe�cients indépendants dans la veine de [61, 32]. Ces résultats sont tirés de
l'article en progrès [34].
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2.1 Mesure de Brown et matrices non-hermitiennes

2.1.1 Linéarisation et mesure spectrale d'un polynôme en des variables libres

Le problème de la détermination de la mesure spectrale de P (x1, ..., xn) où x1, ..., xn sont des va-
riables non-commutatives libres et auto-adjointes est lié à la théorie des matrices aléatoires. En e�et si
(X1

N , ..., X
n
N )N∈N une suite de n-uplets de matrices de Wigner indépendantes alors si P est auto-adjoint, la

mesure empirique de PN = P (X1
N , ..., X

n
N ) converge vers la mesure spectrale de P (s1, ..., sn) où s1, ..., sn

sont des variables semi-circulaires libres d'un C∗-espace de probabilité. On pourra se référer à l'annexe
B ou à la section 5 de [4] pour un retour sur les liens entre matrices aléatoires et probabilités libres. Pour
étudier les propriétés du polynôme P , on le linéarise, c'est-à-dire que l'on construit une matrice dont les
coe�cients sont des polynôme de degré 1 en les Xi liée à P et plus facile à étudier. Une linéarisation de
P ∈ P est une matrice à coe�cients dans P qui véri�e la dé�nition suivante :

Dé�nition 2.1.1. Soit P ∈ P, on dit qu'une matrice M ∈Ml+1,l+1(P) est une linéarisation de P si les
coe�cients de M sont de degrés inférieurs ou égaux à 1 et :

M =

(
a u
v Q

)
où a ∈ P, u ∈M1,l(P), v ∈Ml,1(P), Q ∈Ml,l(P), Q est inversible et P = a− uQ−1v

Une linéarisation d'un polynôme P permet de relier le spectre de PN à celui d'une matrice linéaire
en les Xi

N dont les propriétés sont plus faciles à étudier. Cette technique est utilisée par Haagerup et
Thorbjørnsen a�n de prouver le résultat suivant :

Théorème 2.1.2. Soit (X1
N , ..., X

n
N )N∈N une suite de n-uplets de matrices indépendantes du GOE ou du

GUE, P ∈ C〈X1, ..., Xn〉 un polynôme non-commutatif auto-adjoint et s1, ..., sn des variables aléatoires
semi-circulaires libres d'un C∗-espace de probabilité. Alors presque sûrement :

lim
N→∞

||P (X1
N , ..., X

n
N )|| = ||P (s1, ..., sn)||∞

où ||a||∞ = limk→∞ ϕ(a2k)1/2k

L'idée de la preuve repose sur la linéarisation suivante de P dé�nie par bloc :

LP :=


0 V1

−Ii2
. . .

Vd−1

Vd −Iid


où V1 ∈ M1,i1(P), V1 ∈ Mi1,i2(P),...,Vd ∈ Mid,1(P) avec P = C〈X1, ..., Xn〉, P = V1...Vd et où les
coe�cients des Vi sont des fonctions a�nes en les Xi.

En posant pour λ ∈ C

Λ(z) :=


λ

0
. . .

0


on a la propriété suivante :

(LP − Λ(z))−1 :=

(
(P − z)−1 · · ·

...
. . .

)
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La linéarisation permet de déduire du comportement des résolvantes (LP (X1
N , ..., X

n
N ) − Λ(λ))−1 le

comportement de λ 7→ (P (X1
N , ..., X

n
N )− λ)−1.

On va exposer dans cette sous-section une méthode de linéarisation qui permet de calculer la mesure
spectrale d'un polynôme P en des variables aléatoires non-commutatives libres. La linéarisation permet
pour étudier le comportement d'un polynôme de se ramener à l'étude d'une matrice dont les blocs sont des
variables aléatoires non-commutatives. Tout d'abord, la propriété de la linéarisation utilisée par Haagerup
et Thorbjørnsen est en fait valable quelque soit la linéarisation de P qu'on prend. En e�et, en posant
alors pour tout z ∈ C Λ(z) la matrice :

Λ(z) =

(
z 0
0 Il

)
on a alors la propriété suivante sur les "résolvantes" de Mp et p :

Proposition 2.1.3. Soit p ∈ P non constant, z ∈ C et Mp une linéarisation de p. Alors (Λ(z)−Mp) est
inversible dansMl+1,l+1(Frac(P)) et ((Λ(z)−Mp)

−1)1,1 = (z− p)−1 où Frac(P) est le corps de fraction
de P.

Si A est une C-algèbre (unitaire) et a1, ..., an ∈ A, en notant p̃ = p(a1, ..., an) et M̃p = Mp(a1, ..., an),
on a que (Λ(z)− M̃p) est inversible si et seulement si z − p̃ l'est et ((Λ(z)− M̃p)

−1)1,1 = (z − p)−1

Cette proposition est en fait une conséquence directe de la formule du complément de Schur. On va
à présent montrer que tout polynôme admet une linéarisation. Cette preuve tient aux deux observations
suivantes :

1. Xi a la linéarisation

(
0 Xi

−1 1

)
et le monôme Xi1 , · · · , Xil a la linéarisation suivante :

Xi

Xi2 −1
...

...
Xin −1


2. Si les polynômes R,S ont les linéarisations respectives

(
a1 u1

v1 Q1

)
, et

(
a2 u2

v2 Q2

)
, alors R+ S a la

linéarisation suivante : a1 + a2 u1 u2

v1 Q1 0
v2 0 Q2


On peut donc linéariser n'importe quel polynôme non-commutatif en empilant les linéarisations des
monômes.

Remarque 2.1.4. Cette méthode de linéarisation tirée de [14] est légèrement di�érente de celle exposée
au début de la section employée dans [50]. Pour un polynôme donné, il existe plusieurs linéarisations
possibles. Si cela n'a guerre d'importance dans l'algorithme que l'on va exposer, trouver une linéarisation
ayant de bonnes propriétés est crucial pour le résultat démontré dans la section 2.3.

Toutefois même si P est hermitien, la linéarisation LP ne l'est pas nécessairement. Or, pour pouvoir
utiliser certains outils de probabilités libres comme une généralisation matricielle de la R-transformée, il
est nécessaire d'utiliser des linéarisations qui soient elles-même auto-adjointes :

Proposition 2.1.5. On rappelle que P = C〈X1, · · · , Xn〉. Soit q ∈ P. Si q a la linéarisation
(
a u
v Q

)
alors

M =

a+ a∗ u v∗

u∗ 0 Q∗

v∗ Q 0


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est une linéarisation de q + q∗

Si Mq est une linéarisation de q, on peut donc l'écrire Mq = b0 ⊗ 1A + b1 ⊗ X1 + ... + bn ⊗ Xn où
b0, ..., bn ∈Ml+1,l+1(C) où pour m ∈Ml+1,l+1(C), a ∈ A,m⊗a est la matrice (mi,ja)i,j deMl+1,l+1(A).

Ainsi, une fois que l'on dispose d'une linéarisation d'un polynôme P , pour obtenir la transformée
de Stieljes de la loi de P (s1, ..., sn) où s1, ..., sn ∈ A sont des variables semi-circulaires libres, il su�t
de connaître la "transformée de Stieljes matricielle" de M̃ = MP (a1, ..., an), c'est à-dire la fonction
b 7→ (ϕ(((b⊗ 1A)− M̃)−1

i,j ))i,j∈[1,l+1] deMl+1,l+1(C) dansMl+1,l+1(C) (où ϕ est l'espérance).
Pour étudier ce type objet, on va étendre la théorie des espaces de probabilités non-commutatifs a

des espérances ϕ qui sont à valeurs dans une sous-algèbre B ⊂ A

Dé�nition 2.1.6. Un C∗-espace de probabilité à valeurs dans B est un triplet (A,B, ϕ) où A est une
C∗-algèbre unitaire, B ⊂ A une sous-algèbre unitaire de Banach et ϕ une espérance conditionnelle, c'est
à dire une application linéaire A → B complètement positive, préservant l'unité et telle que pour tout
a ∈ A, b1, b2 ∈ B, ϕ(b1ab2) = b1ϕ(a)b2.

Dans ce cas pour x ∈ A, on dé�nit la distribution de x comme étant la collection des fonctions
multilinéaires m(n)

x dé�nies de Bn → B par m(n)
x (b1, ..., bn) = ϕ(b1xb2...xbn).

Dans notre cas, si (A, ϕ) est l'algèbre qui contient s1, ...sn des variables semi-circulaires libres, on
prendra l'espaceMl+1,l+1(A) et B =Ml+1,l+1(C). Pour espérance conditionnelle, on prendra la fonction
Id ⊗ ϕ c'est à dire la fonction qui a une matrice d'éléments de A associe la matrice des images des
coe�cients par ϕ. Dans ce cas, on peut étendre la dé�nition de la transformée de Stieljes de la façon
suivante comme fonction d'un domaine de B dans B.

Dé�nition 2.1.7. Dans le contexte de la dé�nition précédente, on note pour b ∈ B, <b = (b+b∗)/2,=b =
(b− b∗)/(2i) et H+(B) = {b ∈ B|=b > 0} (où l'on note b > 0 si B si b est positif et inversible). Si x ∈ A,
on note Gx la transformée de Stieljes de x à valeur dans H+(B) :

Gx(b) = ϕ((b− x)−1)

Fx(b) = Gx(b)−1 l'inverse de la transformée de Stieljes et hx(b) = Fx(b)− b

En�n, pour étendre les résultats sur l'additivité de la R-transformée pour des variables libres, on a
besoin d'étendre la notion de liberté aux espaces de probabilité à valeurs dans B.

Dé�nition 2.1.8. Soit (A,B, ϕ) un C∗-espace de probabilité à valeurs dans B et A1, ...An des sous-
algèbres contenant B. A1, ...An sont dites libres par amalgamation sur B si pour tout l ∈ N, i1, ..., il ∈ [1, n]
tels que ij 6= ij+1 pour j ∈ [1, l − 1] et tout xk ∈ Aik tels que ϕ(xk) = 0 on a

ϕ(x1...xl) = 0

x1, ..., xn ∈ A sont dites libres par amalgamation sur B si les sous-algèbres B(x1), ...,B(xn) engendrées
par les xi et B sont libres par amalgamation.

En particulier dans notre cas, il est aisé de voir que si x1, ..., xn ∈ A sont libres et b1, ..., bn ∈
Ml+1,l+1(C) alors b1 ⊗ x1, ..., bn ⊗ xn sont libres par amalgamation sur B =Ml+1,l+1(C). On a alors le
résultat suivant sur les transformées de Stieljes :

Proposition 2.1.9. [14] Soit (A,B, ϕ) un C∗-espace de probabilité à valeurs dans B et x, y ∈ A auto-
adjointes et libres par amalgamation sur B, il existe ω1, ω2 deux fonctions de H+(B) dans H+(B) Fréchet-
di�érentiables telles que :

1. =ωj(b) ≥ =b pour j = 1, 2 et b ∈ H+(B)

2. Pour tout b ∈ H+(B), Fx(ω1(b)) + b = Fy(ω2(b)) + b = ω1(b) + ω2(b)

3. Pour tout b ∈ H+(B), Gx(ω1(b)) = Gy(ω1(b)) = Gx+y(b)



2.1. MESURE DE BROWN ET MATRICES NON-HERMITIENNES 137

De plus pour b ∈ H+(B), ω1(b) est l'unique point �xe de fb dé�nie par

∀w ∈ H+(B), fb(w) = hy(hx(w) + b) + b

En�n on a ω1(b) = limn→∞ f◦n(w) pour tout w ∈ H+(B) on f◦n désigne les itérées de fb.

On peut voir ce résultat comme une généralisation de l'additivité de la R-transformée dans le cas
classique.

On peut alors répondre au problème du calcul de la distribution de P (a1, ..., an) où P est un poly-
nôme auto-adjoint et a1, ..., an ∈ A des variables non-commutatives auto-adjointes libres en appliquant
l'algorithme suivant (tiré de [14]) :

Etape 1 : On se donne une linéarisation auto-adjointe MP de P et l'on écrit M̃P = MP (a1, ..., an) =
b0 ⊗ 1A + ...+ bn ⊗ an.

Etape 2 : Pour tout j ∈ [1, n], on peut calculer la transformée de Stieljes matricielle de bj ⊗ aj grâce
à la distribution µj de aj du fait que

Gbj⊗aj (b) =

∫
(b− tbj)−1dµj(t) = lim

ε‘→0

−1

π

∫
(b− tbj)−1=(Gµj (t+ iε))dt

Etape 3 : Comme b0⊗1, ..., bn⊗an sont libres par amalgamation, on calcule la transformée de Stieljes
matricielle de M̃P en se servant de la proposition précédente.

Etape 4 : Comme MP est une linéarisation de P , on peut �nalement écrire avec p = P (a1, ..., an) et
z ∈ C tel que =z > 0

Gp(z) = (GM̃P
(Λ(z)))1,1 = lim

ε→0
(GM̃P

(Λε(z)))1,1

Où :

Λε(z) =

(
z

iεIl

)
∈ H+(Ml+1,l+1(C))

On a donc ainsi répondu à la question de la détermination de la distribution de P (a1, ..., an) et donc
à la question du calcul de la limite de la distribution empirique de P (X1

N , ..., X
n
N ) pour X1

N , ..., X
n
N des

matrices de Wigner dans le cas hermitien. Dans les deux sections suivantes on va s'intéresser au même
problème dans le cas où P est non-hermitien.

2.1.2 Mesure de Brown

Par analogie avec le cas hermitien, dans le cas d'un polynôme non-hermitien en des matrices de
Wigner P (X1

N , ..., X
n
N ), on aimerait pouvoir dire que la suite des mesures empiriques converge vers la

mesure spectrale de P (s1, ..., sn) où s1, ..., sn sont des éléments semi-circulaires libres. Toutefois comme
P (s1, ..., sn) n'est pas à priori normal, sa mesure spectrale n'est pas bien dé�nie. On va donc d'abord
dé�nir dans le cas d'un élément non-normal un analogue de la mesure spectrale, la mesure de Brown.
Pour cela on se placera dans le cadre d'un W ∗-espace de probabilité, c'est-à-dire d'une algèbre de Von-
Neumann munie d'une trace que l'on supposera �dèle et normale. On va également généraliser la méthode
de linéarisation précédente pour la calculer.

Dé�nition 2.1.10. Soit (V, ϕ) un W ∗-espace de probabilité. pour x ∈ V on dé�nit le déterminant de
Flugede-Kadison de x par :

log ∆(x) = ϕ(log(xx∗))

Si x n'est pas inversible, la notation précédente doit être interprétée comme la limite de log ∆ε(x) =
ϕ(log(xx∗ + ε2)) quand ε→ 0. On appelle mesure de Brown de x et on note µx le laplacien suivant :

µx =
1

2π

(
∂2

∂<z
+

∂2

∂=z

)
log ∆(x− z)

où ce laplacien est pris au sens des distribution.
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Étant donné que z 7→ log ∆(x − z) est sous-harmonique, µx est bien une mesure et on peut de plus
montrer qu'il s'agit bien d'une mesure de probabilité (voir [25] ). Pour x un élément normal, on a par
calcul fonctionnel que log ∆(x − z) =

∫
log |x − z|dνx(z) où νx est la mesure spectrale de x et donc µx

coïncide bien avec la mesure spectrale de x. On peut de plus approximer µx de la façon suivante. Pour
ε > 0, on dé�nit Gε,x l'approximation de la transformée de Stieljes de la façon suivante :

Gε,x(z) = ϕ((z − x)∗((z − x)(z − x)∗ + ε2)−1)

et le déterminant approché ∆ε de la façon suivante :

log ∆ε = ϕ(log(xx∗ + ε2))

On a alors la formule suivante pour approximer la mesure de Brown de x

µε,x =
1

2π

(
∂2

∂<z2
+

∂2

∂=z2

)
log ∆ε(x− z) =

1

π

∂

∂z
Gε,x(z)

On peut alors écrire :[(
iε z
z̄ −iε

)
−
(

0 x
x∗ 0

)]−1

=

(
−iε

(
(z − x)(z − x)∗ + ε2

)−1
(z − x)

(
(z − x)∗(z − x) + ε2

)−1

(z − x)∗
(
(z − x)(z − x)∗ + ε2

)−1 −iε
(
(z − x)∗(z − x) + ε2

)−1

)

De cette manière, si l'on est capable de calculer la transformée de Stieljes matricielle suivante allant
de H+(M2,2(C)) dans H+(M2,2(C)) :

b 7→ Id⊗ ϕ
(
b−

(
0ε x
x∗ 0ε

))−1

on peut alors déterminer Gε,x en regardant le coe�cient (2, 1). Ainsi, si x = P (a1, ..., an) un polynôme
non auto-adjoint, il su�t de linéariser la matrice :(

0 P (a1, ..., an)
P ∗(a1, ...an) 0

)
On peut a partir de ce point reprendre la même méthode que dans le cas auto-adjoint et il su�t alors

de linéariser les "monômes" matriciels de la forme :(
0 ai1 ...ail

ail ...ai1 0

)
puis d'empiler ces linéarisations.

Or, on peut écrire en posant

Xj =

(
0 aj
aj 0

)
, Yj =

(
aj 0
0 1

)
,

(
0 ai1 ...ail

ail ...ai1 0

)
= Y1...Yk1XkY

∗
k1 ...Y1

On obtient alors une linéarisation auto-adjointe et on peut donc réutiliser les outils de la section
précédente pour calculer la transformée de Stieljes matricielle de(

0 P (a1, ..., an)
P ∗(a1, ...an) 0

)
en fonction des transformées de Stieljes des ai.
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2.1.3 Mesures empiriques de matrices non-hermitiennes

Tout d'abord, rappelons que les moments d'une variable aléatoire non commutative x qui n'est pas
normale ne permettent pas de dé�nir directement une loi sur C étant donné que x et x∗ peuvent ne pas
commuter. Ainsi, si Pn = P (X1

N , ..., X
n
N ) est un polynôme non-hermitien en des matrices de Wigner,

on a la convergence de Pn en ∗-moments, c'est-à-dire la convergence de la distribution non-commutative
de (Pn, P

∗
n) mais pas a priori la convergence de la mesure empirique de Pn. Pire, il existe des suites de

matrices Mn convergeant en ∗-moments vers une variable aléatoire non-commutative normale M mais
telles que les mesures empiriques µMn

convergent vers une limite µ distincte de la mesure spectrale de µ.
Prenons Mn la suite suivante :

Mn =


0 1 · · · 0

. . .
. . .
. . . 1

0


On a alors que Mn converge en ∗-moments vers un élément unitaire dont la mesure spectrale est la

mesure uniforme sur le cercle. Toutefois µMn
= 0 pour tout n ∈ N.

Pour démontrer des résultats de convergence de mesures empiriques d'une suite de matrices aléatoires
Mn vers une certaine mesure µ, on utilise alors la suite des potentiels empiriques hN : z 7→

∫
w∈C log |z −

w|dµMN
(w). Ces preuves procèdent alors en plusieurs étapes :

1. On prouve que pour presque tout z ∈ C, hN converge en probabilité vers une certaine fonction h.

2. On prouve qu'en probabilité, ∆hN converge vers ∆h au sens des distributions, c'est à dire que
pour tout fonction ψ C∞ à support compact, on a en probabilité :

lim
N→∞

∫
z∈C

∆ψ(z)hN (z)dz =

∫
z∈C

∆ψ(z)h(z)dz

3. On identi�e h comme étant le potentiel associé à la mesure µ, i.e. h(z) =
∫
w∈C log |z − w|dµ(w)

Le point (1) est le plus technique et sa démonstration requiert des bornes sur le comportement des
petites valeurs singulières de z −Mn. En e�et, on a

hN (z) =
1

N
log |det(MN − z)| =

1

2N
log |det((MN − z)∗(MN − z))| =

1

2

∫
z∈C

log |x|dνzN (x)

où νzN est la mesure empirique de (MN−z)∗(MN−z). Étant donné que les (MN−z)∗(MN−z) sont auto-
adjoints, on peut alors utiliser une méthode des moments pour prouver que les νzN converge faiblement
en probabilité vers une famille de mesures (νz)z∈C. On veut alors prouver que :

lim
N→∞

1

2

∫ ∞
0

log |x|dνzN (x) =
1

2

∫ ∞
0

log |x|dνz(x)

en probabilité. Comme log n'est pas une fonction bornée, la convergence faible ne permet pas de conclure
immédiatement, on a en particulier besoin de contrôler le comportement de νzN près de la singularité du
log en +∞, ce qui est en général aisé car cela revient à borner en probabilité la norme de MN , et en 0,
ce qui revient à regarder le comportement des petites valeurs singulières de MN − z. C'est cette dernière
estimée qui est la plus ardue, et qui est en général la clé pour démontrer la convergence de la mesure
spectrale de matrices aléatoires. C'est grâce à ce type d'argument que Tao et Vu prouvent le résultat
suivant pour des perturbations de matrices à coe�cients i.i.d. [65][Corollary 1.15] :

Théorème 2.1.11. Soit XN une suite de matrices aléatoires dont les coe�cients sont i.i.d., d'espérance 0
et de variance 1 et AN une suite de matrices déterministes de rang o(N) et telles que supN N

−2||AN ||22 <
∞. On pose MN = XN +AN . Alors la mesure empirique de MN/

√
N converge presque sûrement vers la

mesure uniforme sur le disque unité.



140 CHAPITRE 2. CONVERGENCE DE LA MESURE EMPIRIQUE

Le point crucial est la preuve que pour tout B > 0 il existe de A,C > 0 telles que :

P[σmin(MN − z) ≤ N−A] ≤ CN−B

où σmin(MN−z) est la plus petite valeur singulière de (MN−z). On a en e�et {σmin(MN−z) ≤ N−A} :∫ ∞
0

log |x|dνzN (x) =

∫ ∞
N−A

log |x|dνzN (x)

et on peut alors écrire :

|
∫ ∞
N−A

log |x|dνzN (x)−
∫ ∞
N−A

log |x|dνz(x)| ≤ A logN sup
x∈R+

|FN (x)− F (x)|

où F (x) = νz([0, x]) et FN (x) = νzN ([0, x]). Et il reste à montrer que supx∈R+ |FN (x)− F (x)| = o(N−c)
en probabilité pour n'importe quel c ce qui est possible grâce au résultat de [12].

On peut déduire du comportement de la fonction potentiel h des propriétés sur la mesure limite µ.
C'est par exemple ce que font Guionnet, Krishnapur et Zeitouni dans [46] où ils prouvent la convergence
des mesures empiriques pour des matrices du type UNTNVN où UN et VN sont des matrices de Haar
indépendantes, et où les mesures empiriques des TN convergent. Ils font de plus apparaître à la limite
un phénomène de "single ring", c'est-à-dire que la limite µ est à support dans une couronne du plan
complexe {z ∈ C : 0 < a ≤ |z| ≤ b < 0} :

Théorème 2.1.12. [46, Theorem 1] Soit (UN ), (VN ) des matrices aléatoires unitaires de Haar indépen-
dantes et (TN ) une suite de matrices aléatoires diagonales réelles indépendantes de UN , VN telles que :

1. La suite des mesures empiriques µTN converge faiblement vers une mesure de probabilité Θ sup-
portée sur R

2. Il existe une constante M > 0 telle que :

lim
N→∞

P[||TN || ≥M ] = 0

3. Il existe une suite d'événements (GN )N∈N telle que limN→∞ P[GcN ] = 0 et des constantes δ, δ′ > 0
telles que

E[1GN (log σzn)21σzn<n−δ ] ≤ δ
′

où σzn est la plus petite valeur singulière de z − UNTNVN .
4. Il existe des constantes κ1, κ2 > 0 telles que :

|=E[GµTN (z)]| ≤ κ1 sur {z ∈ C : =(z) ≥ N−κ2}

alors, en posant AN = UNTNVN , on a qu'en probabilité, µAN converge faiblement vers une mesure
de probabilité µA qui véri�e les propriétés suivantes :

1. µA a une densité radialement symétrique ρA par rapport à la mesure de Lebesgue sur C où ρA =
∆z(

∫
log |x|dνz(x)) où νz = Θ̃ � λ|z| où Θ̃ et λ|z| sont les symétrisées de Θ et du Dirac δ|z| par

rapport à 0.

2. le support de µA est une couronne de la forme {z ∈ C : a ≤ |z| ≤ b <∞} et a = 0 si et seulement
si
∫
x−2dΘ(x) =∞.

La conjecture suivante est formulée par Belinschi, Sniady et Speicher dans [15].
Conjecture : Si (X1

N , ..., X
n
N ) est une suite de n-uplet de matrices de Wigner indépendantes et

P ∈ C〈X1, ..., Xn〉. En posant PN = P (X1
N , ..., X

n
N ), on a que µPN converge en probabilité vers µp où

p = P (s1, ..., s2) et s1, ..., sn sont des éléments semi-circulaires libres.
Les résultats de la section 2.3 présentent dans un cas particulier une réponse a�rmative à cette

conjecture.
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2.2 Présentation des résultats et perspectives

2.2.1 Présentation des résultats de la section 2.3

Dans la section suivante, on présente un résultat de convergence des mesures empiriques dans le cas
d'un polynôme PN = P (G1

N , ..., G
n
N ) de degré 2 en des matrices de Ginibre (c'est-à-dire des matrices dont

les coe�cients sont des variables aléatoires gaussiennes i.i.d.) vers la mesure de Brown de P (c1, ..., cn)
où c1, ..., cn sont des éléments circulaires libres en ∗-moments (i.e cj = s2j−1 + is2j où s1, ..., s2n sont
des semi-circulaires libres). Pour ce faire on va comme dans [64] prouver que pour tout z ∈ C, il existe
β, β′ > 0 tels que :

P[σmin(z − PN ) ≤ N−β ] ≤ N−β
′

Pour démontrer ce résultat, on va suivre l'esprit de la preuve de [61] qui prouve une borne similaire pour
des matrices XN ayant des coe�cients indépendants, de variance au moins 1 et de quatrième moment
borné. La démonstration de notre résultat se décompose comme suit :

1. On réduit notre polynôme sous la forme P =
∑k
j=1RjSj + T où les Rj les Sj et T sont des des

formes linéaires de rang k. On aura également également, en identi�ant naturellement V ect(X1, ..., Xn)
à l'espace euclidien Rn, que les {Rj} soit un famille de vecteurs unitaires orthogonaux. On peut
alors faire un changement de variables et remplacer les R1, ..., Rk par X1, ..., Xk en utilisant les
propriétés des vecteurs gaussiens.

2. On se sert de cette réduction pour linéariser P en une matrice L qui est (k + 1)N × (k + 1)N .
On peut alors considérer cette linéarisation comme une matrice de N ×N blocs (k + 1)× (k + 1)
indépendants.

3. En utilisant un argument d'incompressibilité similaire à [61], on se ramène à l'obtention d'une
borne inférieure sur le déterminant det(Q∗(1)L1•), où L1• est le premier bloc de colonnes de L et
Q(1) un système orthonormal de k vecteurs orthogonaux à l'espace des colonnes de la matrice L à
laquelle on a retiré les colonnes de L1•.

4. On remarque alors que comme Q(1) et L1• sont indépendants, conditionnellement à Q(1), la matrice
k × k Q∗(1)L1• est un vecteur gaussien que l'on peut représenter sous la forme HΞ + C où Ξ est
un vecteur gaussien standard et C un vecteur constant. det(Q∗(1)L1•) est donc un polynôme en
des variables gaussiennes. L'inégalité de Carbery-Wright stipule que pour tout polynôme réel
f(g1, ..., gn) de degré d en des variables gaussiennes standard i.i.d. telles que Var(f(g1, ..., gn)) = 1,
on a

sup
t∈R

P[|f(g1, ..., gn)− t| ≤ δ] ≤ C(d)δ1/d

En�n, en écrivant f dans la base de Hermite, on peut écrire, si un des coe�cients dominants de f
est égal à a que

Varf(g1, ..., gn) ≥ c(d)|a|2

Ainsi en écrivant det(Q∗(1)L1•) sous la forme f(g1, ..., gn) il su�t de montrer qu'avec grande pro-
babilité au moins un des coe�cients dominants de f est de l'ordre au moins de N−α pour ensuite
prendre δ = N−α avec α assez grand.

5. On calcule la matrice H et le polynôme f explicitement. On a alors que les coe�cients dominants
de f s'expriment comme des déterminants ∆j(Q) en les colonnes des blocs de Q(1) (où j décrit
un certain ensemble d'indices J). On veut alors prouver qu'il existe un α > 0 tel que l'événement
{∀j ∈ J,∆j(Q) ≤ N−α} soit de faible probabilité.

6. De manière générale, pour prouver que la probabilité que Q soit dans un certain ensemble E est
faible, on procède comme suit. On se donne pour δ > 0 un δ-réseau N (δ) de E pour la norme
euclidienne. En notant Lj• les blocs des colonnes de la linéarisation L, on a par dé�nition de Q(1)

que Q∗(1)Lj• = 0 pour tout j ≥ 2. On a donc
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P[Q(1) ∈ E ] = P[Q(1) ∈ E ,∀j ≥ 2||Q∗(1)Lj•||2 = 0]

≤
∑

Q′∈N (δ)

P[∀j ≥ 2||Q′∗Lj•||2 ≤ δ] +O(e−cN )

≤ |Mβ(δ)|
N∏
j=2

P[||Q′∗Lj•|| ≤ δ] +O(e−cN )

Où l'on s'est servi du fait qu'avec probabilité 1−O(e−cN ), la norme d'opérateur de la matrice L
est bornée, puis de fait que les Lj• sont indépendants. Pour borner P[||Q′∗Lj•||2 ≤ δ], on utilise
la borne d'anti-concentration suivante valable pour tout vecteur gaussien standard Ξ dans Cd et
toute matrice M ∈Md,d(C) :

sup
C∈Cd

P[||MΞ + C||2 ≤ ε] ≤
(Kε)d

det(MM∗)

On peut alors écrire, si Π est un projecteur orthogonal sur un espace de dimension d

P[Q(1) ∈ E ] ≤ |Mβ(δ)| sup
Q(1)∈E

{ (Cδ)d

det(ΠHH∗Π)
}

On a donc une compétition entre l'entropie de l'ensemble E à travers le cardinal |Mβ(δ)| et la
borne d'anti-concentration en (Cδ)d

det(ΠHH∗Π) .

7. Dans un premier temps, on cherche à minimiser la borne d'anti-concentration, c'est a dire qu'on
veut se ramener au cas où det(HH∗) ≥ N−C1 pour un C1 > 0 arbitraire. Pour cela on fait une
disjonction de cas selon le rang e�ectif de H, c'est à dire l'entier maximum d tel qu'il existe un
projecteur Π de rang d tel que det(ΠHH∗Π) ≥ N−C2 . Pour chaque rang d < (k + 1)2 �xé, on
constate alors que la borne d'anti-concentration bat l'entropie. C'est en particulier à cet endroit
de la preuve que sert crucialement la forme sous laquelle on a réduit P . Celle-ci donne en e�et une
matrice H dont le rang est déjà borné inférieurement a priori.

8. S'étant donc ramené au cas d = (k+ 1)2 maximal, on se sert des contraintes ∆j(Q) ≤ N−α avec α
assez grand pour réduire l'entropie du δ-réseau de façon à ce qu'elle soit de nouveau battue par la
borne d'anti-concentration. On prouve donc qu'avec probabilité 1−O(e−cN ) un des déterminants
∆j(Q) est supérieur à N−α. On conclut alors en se servant l'inégalité de Carbery-Wright.

Une fois cette borne démontrée, on conclut à la convergence des mesures empiriques en utilisant la
stratégie exposée dans la section précédente.

2.2.2 Perspectives

Le fait de prendre un polynôme de degré 2 permet de prendre une réduction qui, une fois linéarisée
donne H qui est a priori bien conditionnée, ce qui n'est pas automatique lorsque l'on prend une linéarisa-
tion quelconque pour un polynôme quelconque. Pour pouvoir espérer généraliser la méthode précédente
à d'autres polynômes de degré quelconque, trouver une linéarisation L qui puisse donner une matrice H
bien conditionnée est donc crucial.

Si l'on veut d'autre part pouvoir traiter le cas de polynômes en des matrices du GUE, l'autre obstacle
à franchir est alors le fait que la linéarisation d'un tel polynôme ne conserverait pas l'indépendance des
colonnes qui est centrale pour pouvoir a�rmer que Q(1) est indépendant de L(1•).
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2.3 Lower bound on the smallest singular value for polynomials

of degree 2 in Ginibre matrices

2.3.1 Introduction

A central question in random matrix theory is the convergence of the empirical measure. The seminal
works of Wigner, Marschenko and Pastur answer this question in the case of Wigner matrices and
Wishart matrices via a moment method. For random matrix models involving several independent
Wigner matrices, Voiculescu showed that the theory of free probability gives powerful tools to understand
the limit of the empirical measure of a non-commutative polynomial in those matrices [69]. Indeed, if
XN

1 , ..., X
N
n are independent Wigner matrices and P is a non-commutative self-adjoint polynomial, then

the empirical measure of P (XN
1 , ..., X

N
n ) converges towards the spectral distribution of P (s1, ..., sn) where

s1, ..., sn are n freely independent semi-circular elements of a Von Neumann Algebra. The problem is more
involved in the case of a non-hermitian polynomial since the convergence in ∗-moments does not yield the
convergence of the empirical measure. In this case, the analogue of the spectral distribution for a non-
normal element of a Von Neumann Algebra is the Brown measure and the result one can expect for usual
matrix models is the convergence of the empirical measure toward the Brown measure of P (s1, ..., sn).
There has been recent progress by Speicher, Mai, Belinschi and Sniady who found an algorithm that gives
such Brown measures using linearization techniques and subordination results [14, 15]. In the case of a
matrix with i.i.d coe�cients this result is known as Girko's circular law [42] which was proven in [44, 64].
In order to prove this kind of result, one needs to control the behavior of the smallest singular value of
(P − z)(P − z)∗ for almot every z. In this paper we prove such a result for a polynomial of degree 2 in
independent Ginibre matrices. Our proof uses the so-called linearization trick incepted by Haagerup and
Thorbjørnsen in [50] and then we use the same ideas as in [61] and [32]. As a consequence, we will also
prove that the empirical measure of degree 2 polynomial in Ginibre converges toward the Brown measure
of the associated polynomial in free circular elements.

2.3.2 Staments of the results and overview of the proof

We recall the following de�nition of the complex Ginibre ensemble :

Dé�nition 2.3.1. A random matrix XN is a complex N×N Ginibre matrix if the families (
√
N<(XN )i,j)i,j∈[1,N ]

and (
√
N=(XN )i,j)i,j∈[1,N ] are independent i.i.d. families of random variables of law N (0, 1/2)

We will prove the following lower bound for the smallest singular value of P (XN
1 , X

N
2 ..., X

N
n ).

Theorem 2.3.2. Let XN
1 , X

N
2 ..., X

N
n be n independent complexs Ginibre matrices and P ∈ C〈X1, X2, ..., XN 〉

a (non-commutative) polynomial of degree 2. For almost every z ∈ C, There are β > 0 and β′ > 0 such
that :

P[σ(P (XN
1 , ..., X

N
n )− z) ≤ N−β ] = o(N−β

′
)

where σ(M) is the smallest singular value of M .

From this bound, we will prove the following convergence result for the empirical measure

Corollary 2.3.3. With the notation of the preceding theorem, we have that the empirical measure of
P (XN

1 , ..., X
N
n ) converges almost surely toward the Brown measure of P (c1, ..., cn) where c1, ..., cn are n

∗-free independent circular variables of a W ∗-probability space.

The demonstration will proceed in the vein of [61] as follows. First in the section 2.3.4 we reduce P in
a way that will be useful later by maximizing independence. In section 2.3.5 we will use a linearization
trick similar to [50] to linearize z − P into a larger block matrix L(z) whose smallest singular value is
smaller than the smallest singular value of z−P . In section 2.3.6 we use the techniques of [61] to show that

it su�ces to have a lower bound for the probability P
(
{|det(Q∗(1)(L1•(z)))| ≤ ε} ∩ {σ(Q1) ≥ N−C1}

)
,
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where (L1•(z)) is a block of columns from L(z) and Q(1) a system of columns perpendicular to those
of L(z) where we removed (L1•(z)).In section 2.3.7 we will prove via anti-concentration inequalities and
δ-nets that we can restrict ourselves to the case where Q∗(1)L1• conditioned on Q(1) is a Gaussian vector
essentially of maximal range (that is that its covariance matrix is well-conditioned). Finally in section
2.3.8, seeing det(Q∗(1)(L1•(z))) as a polynomial in Gaussian variable we will use Carbery-Wright inequality
to conclude.

The proof of Corollary 2.3.3 will be delayed to the last section and we will use Theorem 2.3.2 to prove
the convergence of the logarithmic potentials z 7→

∫
log |z −w|dµPn(w) for almost every z in probability

toward the logarithmic potential of the Brown measure and therefore deduce the convergence of the
measures in probability.

2.3.3 Notations

Note :

� We will say that a matrix depending on N is well conditionned if its smallest singular value is
greater than N−α for some α independent of N .
For A ∈Mn,m(C), b ∈Mp,q(C), we will denote A⊗B the following matrix ofMnp,mq(C) :

A⊗B :=


a1,1B a1,2B . . . a1,mB
a2,1B a2,2B . . . a2,mB
...

...
. . .

...
an,1B an,2B . . . an,mB

 .

� C〈X1, . . . Xn〉 is the set of polynomials in n non-commutative indeterminates.
� σ(M) denotes the smallest singular value of a matrix M .

2.3.4 Reduction

Lemma 2.3.4. Let n be an integer, X1, · · · , Xn be independent Ginibre. Let P be a polynomial in
C〈X1, . . . , Xn〉 of degree 2. Then there exists two families of independent linear forms (Ri)i≤k and
(Si)i≤k and a polynmial T of degree 1 or less such that

P =

k∑
i=1

RiSi + T.

Moreover, up to a unitary transformation for the variables X1, X2, ..., Xn, we may assume that V ect(Ri, i ≤
k) = C〈X1, ..., Xk〉, (Ri) is orthonormal and the family (Si) is orthogonal.

In the sequel, given the orthonormality and the properties of Gaussian variables, we may and will
replace the Ri by the Xi.

Proof. Indeed, it su�ces to show that if P is homogeneous of degree 2, it can be written as a sum∑k
i=1RiSi. But we can write

P (X1, . . . , Xn) =

n∑
i,j=1

MijXiXj

where M = UDV by the polar decomposition: U, V are unitaries and D is diagonal with entries given
by the singular values s of M in decreasing order. Hence

P (X1, . . . , Xn) =

n∑
l=1

sl(

n∑
i=1

uilXi)(

n∑
j=1

vljXj)

Putting Rl =
∑n
i=1 uilXi, Sl = sl

∑n
j=1 vljXj yields the claim where k is the rank of the matrix M .
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2.3.5 Linearization

Let us �x a degre two polynomial P

P =

k∑
i=1

RiSi + T

Let us introduce the following (k + 1)N × (k + 1)N linearization matrix

L(z) =


−z + T R1 · · · Rk
S1 −Id · · · 0
...

...
. . .

...
Sk · · · · · · −Id

 .

Lemma 2.3.5. For any complex z

‖L(z)−1‖op ≥ ‖(z − P )−1‖op

Proof. We use the Schur complement formula

M =

(
A B
C D

)
=

(
I BD−1

0 I

)(
A−BD−1C 0

0 D

)(
I 0

D−1C I

)
with M = L(z) and observe that when we take the inverse, the block in position (1, 1) is (z − P )−1.

2.3.6 Reduction to invertibility of bounded-dimensional projections

We set D = k+ 1. Then we can view L(z) = M(z) as an element ofMD(MN (C)) orMN (MD(C)).
We denote Wj the vector space spanned by the jth column vector of the D blocks of M(z): these are the
column vector

Lj•(z) = (Lj,i(z))1≤i≤DN , (LN+j,i(z))1≤i≤DN , · · · (LN(D−1)+j,i(z))1≤i≤DN .

It is a subspace of CDN . Let Q(j) ∈ MDN,D be a matrix whose columns are an orthonormal basis of
the orthocomplement of Wj , the span of the (N − 1)D columns of L(z) outside Lj•, and independent of
Lj•(z). Then, if σ(M) denotes the smallest singular value of a matrix M ,

Lemma 2.3.6. There exists a constant C <∞ such that for any ε > 0,

P(σ(L(z)) ≤ ε) ≤ exp{−N}+NP
(
|det(Q∗(1)(L1•(z)))| ≤ ε(|z|+ C)N1/2

)
.

Proof. Assume that σ(L(z)) ≤ ε, then there exists q ∈ CD×N with norm one such that

‖L(z)q‖2 ≤ ε.

Writing q = (q1, . . . , qN ) and noticing that there exists a j ∈ {1, . . . , N} such that ‖qj‖2 ≥ 1/
√
N and

therefore

‖L(z)q‖2 = ‖
N∑
j=1

Lj•(z)qj‖2 ≥ ‖Q∗(j)Lj•(z)qj‖2 ≥ σ(Q∗(j)(Lj•(z))))/
√
N

whereas
|det(Q∗(j)Lj•(z))| ≤ σ(Q∗(j)(Lj•(z)))‖Q

∗
(j)(Lj•(z))‖

D−1
op .

Moreover,
‖Q∗(j)(Lj•(z))‖op ≤ ‖L(z)‖op ≤ (|z|+ 1) + k2‖M‖op max ‖Xi‖2op
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is bounded by some constant C with probability greater than 1 − e−N for C big enough by the large
deviations bounds for ‖Xi‖op. Hence, for C > 0 big enough

|det(Q∗(j)Lj•(z))| ≤ (C + |z|)σ(Q∗(j)(Lj•(z))) ≤ C
√
Nε

with probability greater than 1− e−N . Hence we conclude that

P(σ(L(z)) ≤ ε) ≤ exp{−N}+

N∑
j=1

P
(
|det(Q∗(j)(Lj•(z)))| ≤ ε(|z|+ C)N1/2

)
and the result follows by symmetry.

Hereafter we bound from above the probability of small determinant:

p = P
(
|det(Q∗(1)(L1•(z)))| ≤ ε

)
.

Let's denote Q1, ..., QD the blocks of Q(1) of dimensions N ×D.

Q(1) =

Q1

...
QD


To this end we �rst restrict the set of Q1 and show that Q1 is well conditioned in the sense that

Lemma 2.3.7. For all M �nite, there exists C1 <∞ such that uniformly on |z| ≤M ,

P
(
σ(Q1) ≤ N−C1

)
≤ e−N

Proof. It is su�cient to show that if q = (q1, . . . , qD)

P
(
∃q ∈ SW⊥1 : ‖q1‖2 ≤ N−C1

)
≤ e−N (2.1)

where we recall that Wj is the span of the (N − 1)D columns of L(z) outside Lj•. To this end recall that
q is so that q∗ is a left null vector of the DN ×D(N − 1) matrix

t r1 · · · · · · rk

T (1,1) − zIN−1 R
(1,1)
1 · · · · · · R

(1,1)
k

s1 01×N−1 0 · · · 0

S
(1,1)
1 −IN−1 0 · · · 0
...

. . . · · · · · · 0
sk 0 · · · · · · 0

S
(1,1)
k 0 · · · · · · −IN−1


where M (1,1) is the matrix M where we have taken out the �rst row and column and m denotes the �rst
row of M without its �rst coe�cient. This implies that for ` ≥ 2, if q = (q1, . . . , qD),

r`q
∗
1(1) + (q∗1)[2,N ]R

(1,1)
` = (q`)[2,N ].

We deduce that, on the event that R` is bounded by C in operator norm, ‖r`‖2 is bounded by C ′ and
{‖q1‖2 ≤ N−C1}

‖(q`)[2,N ]‖2 ≤ N−C1(C + C ′).

Moreover,
tq∗1(1) +

∑
si(q

∗
i )(1) = −(q∗1)[2,N ](T

(1,1) − zIN−1)−
∑

(q∗i )[2,N ]S
(1,1)
i .
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When T (1,1), S
(1,1)
i are also bounded in operator norm by C, and t by C ′, we deduce that

|
∑

(si(q
∗
i )(1))| ≤ (C + |z|)N−C1(C + C ′ + 1)D.

Observe that the k× (N −1) matrix with rows (s1, . . . , sD) has a smallest singular values bounded below
by c > 0 with probability greater than 1− e−N since its entries are independent Gaussian variables with
variance bounded below by s/N for some s > 0. Note that C and C ′ can be chosen uniformly bounded
with probability greater than 1− e−N . Hence, we deduce

max
i
|qi(1)| ≤ (C + |z|)N−C1(C + C ′ + 1)D

and so with probability greater than 1− e−N/2

‖q`‖2 ≤ 2(C + |z|)N−C1(C + C ′ + 1)D

for all `, which is impossible for C1 > 1/2.

The rest of the proof will be devoted to the bound of

p = P
(
{|det(Q∗(1)(L1•(z)))| ≤ ε} ∩ {σ(Q1) ≥ N−C1}

)
. (2.2)

2.3.7 Bound on the probability of small determinant p

Recall
p = P

(
{|det(Q∗(1)(L1•(z)))| ≤ ε} ∩ {σ(Q1) ≥ N−C1}

)
.

We denote H the matrix

H =



Q1 0 . . . 0 M2

0 Q1 . . . 0 M3

...
...

. . .
...

...
0 · · · 0 Q1 Mk+1

0 0 · · · 0 Mk+2

...
...

...
...

...
0 · · · · · · 0 Mn+1


where Mi+1 =

∑k
j=1 si,jQj+1 + tiQ1 where Sj =

∑n
i=1 si,jXi and the ti are such that T =

∑
i tiXi. (We

recall here we assumed without loss of generality that Ri = Xi).
We can see that :

(S̃ ⊗ IN )


Q1

Q2

...
Qk+1

 =


Q1

M2

...
Mn+1


where

S̃ =


1 0 . . . 0
t1 s1,1 · · · s1,k

...
...

. . .
...

tn sn,1 . . . sn,k

 .

In particular, since we have that the matrix (si,j)i,j is of maximal rank, so is S̃ and so there exists a
left inverse W̃ such that W̃ S̃ = Ik+1. and so we have
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
Q1

Q2

...
Qk+1

 = (W̃ ⊗ IN )


Q1

M2

...
Mn+1

 . (2.3)

This expression will be useful later as it shows that �xing the columns and rows of the Qi is essentially
the same thing as �xing the columns and rows of the Mi. Let us identifyMk+1,k+1(C) to R(k+1)2 with
the following application :

c1 c2 · · · ck

 7→


c2
...

ck+1

c1

 .

With this de�nition, if Ξ is a Nn vector of iid standard Gaussian variables, H∗Ξ is a vector whose
entries have the same law as the entries of

√
NQ∗(1)(L1•(z)) after recentering by their mean. Let's take

f : N∗ → R+ an arbitrary strictly increasing function such that for all r > 1, (f(1)+...f(r−1))/f(r) < 1/2
and f(1) = 1. Let's denote coli the k(k+ 1) + i-th column of H, V the span of the k(k+ 1) �rst columns
of H and for i1, ...il ≤ k+ 1, V (i1, ..., il) the span of V and the columns coli1 , ..., colil . for r = 0, ..., k+ 1,
and ε > 0 we consider the following subsets of possible matrices Q,

A0(ε) := {Q| All the coli are at distance at most ε of V }

A1(ε) := {Q| One column coli1 is such that dist(V, coli1) ≥ ε and the rest of the columns

are at distance at most εf(2) of V (i1)}

...

Ar(ε) := {Q|There are r distinct indices i1, ..., ir such that dist(V, colij ) ≥ εf(j) for every j ≤ r
and ∀i ∈ [1, k + 1]\{i1, ..., ir}, dist(coli, V (i1, ..., ir)) ≤ εf(r+1)}

...

Ak+1(ε) := {Q|There are k + 1 distinct indices i1, ..., ik+1

such that dist(V, colij ) ≥ εf(j) for every j ≤ k + 1}.

We will now bound for r = 0, 1, ..., k the probability of {Q ∈ Br(ε)} where we de�ne.

Br(ε) = {Q ∈ Ar(ε), σ(Q1) ≥ N−C1}.

We have

p ≤
k+1∑
r=0

P
(
{|det(Q∗(1)(L1•(z)))| ≤ ε} ∩ {Q ∈ Br(ε)}

)
.

Lemma 2.3.8. There is some γ > 0 and c > 0 such that if we take ε ≤ N−γ , for all r ≤ k,

P ({Q ∈ Br(ε)}) ≤ e−cN .
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Proof. We let Nr(δ) be a δ-net of the set Br(ε). Recall that Q∗(1)(Li•(z)) = 0 for all i ≥ 2. Hence

P ({Q ∈ Br(ε)}) = P
(
{Q ∈ Br(ε)} ∩2≤i≤N {‖Q∗(1)(Li•(z))‖2 = 0}

)
.

We next introduce the δ-net to �x Q and get uniformly on |z| ≤M :

P ({Q ∈ Br(ε)}) ≤
∑

Q′∈Nr(δ)

P
(
{‖Q−Q′‖2 ≤ δ} ∩2≤i≤N {‖Q∗(1)(Li•(z))‖2 ≤ δC}

)
+ e−N

≤
∑

Q′∈Nr(δ)

P
(
∩2≤i≤N{‖Q′(1)

∗
(Li•(z))‖2 ≤ δC}

)
+ e−N

=
∑

Q′∈Nr(δ)

N∏
i=2

P
(
{‖Q′(1)

∗
(Li•)(z)‖2 ≤ δC}

)
+ e−N .

Where we used that the operator norms of the (Li•)(z) are bounded by C with probability O(e−N ).
We next use the anti-concentration estimate for any �xed matrix M and Z a vector of iid standard

Gaussian:

sup
w∈Cd

P(‖MZ − w‖2 ≤ ε) ≤
(Cε)2d

det(MM∗)
(2.4)

Recall that ‖Q′(1)
∗
(L2•)(z)‖2 = ‖H∗Ξ + C‖2 where C is a constant vector. Let's consider Q′ ∈ Nr(δ),

there exists k(k+1)+r columns of H that are well conditionned. Let's denote Π the orthogonal projection
on span(ej |j ∈ {1, ..., k(k + 1)} ∪ {i1, ..., ir}) where ej is the j-th vector of the canonical base. We have
that ‖Q′(1)

∗
(L2•)(z)‖2 = ‖H∗Ξ + C‖2 ≤ ‖ΠH∗Ξ + ΠC‖2

P
(
{‖Q′(1)

∗
(L2•)(z)‖2 ≤ δC}

)
≤ P

(
{‖ΠH∗Ξ + ΠC‖2 ≤

√
NδC}

)
≤ (C

√
Nδ)2(k(k+1)+r)

(N−k(k+1)C1εf(1)+...+f(r−1))2

If we choose δ to be equal to εf(r), we have

P
(
{‖Q′(1)

∗
(L2•)(z)‖2 ≤ δC}

)
≤ (C

√
Nδ)2(k(k+1)+r)

(N−2k(k+1)C1δ(f(1)+...+f(r−1))/f(r))2

≤ (C
√
Nδ)2(k(k+1)+r)

(N−k(k+1)C1)δ

Now we will evaluate the cardinality of the δ-net Nr(δ). For this, we will �x successively �x each
columns of H and count at each step how many choices we must make to δ-cover the set of possible
columns and then by multiplying those choices we will deduce the cardinality of Nr(δ). We �rst need
to �x Q1, as it will �x the �rst k(k + 1) columns of H. It takes at most (1/δ2) by entry so a total of
(1/δ2)(k+1)N . We need then to choose among the remaining k+1 columns r that will be well conditioned
and then �x the entries of those columns. Due to (2.3), �xing these entries amounts to �xing the entries
for the corresponding columns of Q2, ..., Qk+1, for a cost at most (K/δ2)rkN . The remaining colums are
by construction at distance at most εf(r) = δ of the span of the rest. So for each columns, we need only
a cost (1/δ2)(k(k+1)+r) to �x the remaining columns. So we have the following bound on the cardinality
of Nr(δ) :

‖Nr(δ)‖ ≤ NO(N)

(
1

δ2

)(k+1+rk)N+(k(k+1)+r)

And so, we have :
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∑
Q′∈Nr(δ)

N−1∏
i=2

P
(
{‖Q′(1)

∗
(Li•)(z)‖2 ≤ δC}

)

≤ NO(N)

(
1

δ2

)(k+1+rk)N+(k(k+1)+r)
(C
√
Nδ)2(k(k+1)+r)(N−1)

(N−k(k+1)C1)δ

≤ KNO(N)δO(1)+2((k−1)(k+1−r)−1/2)N

For r < k+ 1 we have that there exists some γr such that if δ ≤ N−γr , the above bound is asymptot-
ically lower than e−N . So, if we choose ε := N−γ with γ ≥ γr/f(r) we have the desired bounds.

And so it only remains to bound the probability :

P
(
{|det(Q(1))

∗(L1•(z))| ≤ ε} ∩ {σ(Q1) ≥ N−C1} ∩ {Q ∈ Ak+1(N−γ)}
)
.

2.3.8 Gaussian polynomials calculus

To bound the former probability that determinants are small, we shall use that these determinants
are polynomial in Gaussian variables, for which we know generic results. We �rst have :

Lemma 2.3.9 (Carbery-Wright inequality). [27] Let (g1, · · · , gn) be iid standard gaussian variables and
let f be a real valued degree d polynomial with variance one. Then there exists a �nite constant C(d)
which only depends on d such that

sup
t∈R

P (|f(g1, . . . , gn)− t| ≤ δ) ≤ C(d)δ1/d.

We therefore only need to bound from below the variance of the polynomials to conclude. To this end
we remark, by writing a polynomial in the Hermite basis that :

Lemma 2.3.10. Let (g1, · · · , gn) be iid standard gaussian variables and let f be a real valued degree d
polynomial. Let a be the coe�cient of one of the degree d monomials of f . Then there exists a positive
constant c(d) depending only on d such that

Var(f(g1, . . . , gn)) ≥ c(d)|a|2.

For i = 1, ..., N and j = 1, ...k + 1 let us denote vji the i-th row of Qi and for j = 2, ..., n+ 1, wji the
i-th row of Mj .

Lemma 2.3.11. Let β > 0. Let D(β) be the set of matrices Q such that there exists i1, ..., ik ∈ [1, N ]
distinct and j∈ [1, k],such that :

∆j
i1,i2,...,ik

:= det(v1
i1 , ..., v

1
ij , ..., v

1
ik
, wj+1

ij
) ≥ N−β

or such that there exist i1, ..., ik, ik+1 ∈ [1, N ] distinct and j ∈ [k + 1, n] such that :

∆j
i1,i2,...,ik,ik+1

:= det(v1
i1 , ..., ..., ..., v

1
ik
, wj+1

ik+1
) ≥ N−β

then for β large enough and any β′′, there exists some β′ > 0,

sup
Q∈D(β)

P[|det(Q∗(1)(L1•(z)))| ≤ N−β
′
] = o(N−β

′′
).
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Proof. Recall that we can represent Q∗(1)(L1•(z)) as a vector H∗Ξ + C.

We may write Ξ∗ = (g1
1 , ...g

1
N , g

2
1 , ..., g

n+1
N ). When we compute det(Q∗(1)(L1•(z))), we have

det(Q∗(1)(L1•(z))) = N (k+1)/2 det(
∑
l

g1
l v

1
l + c1, ...,

∑
l

gkl v
1
l + ck,

n∑
j=1

∑
l

gjlw
j+1
l + ck).

Where c1, ..., ck are some constants depending on Q.
By expanding and looking at the term in g1

i1
...(gjij )

2...gkik , for distincts i1, ..., ik ∈ [1, N ] and j ≤ k

we realize that it is equal to the determinant ∆j
i1,i2,...,ik

. Idem if we look at the term g1
i1
......gkikg

j
ik+1

for

distincts i1, ..., ik+1 ∈ [1, N ] and j > k we realize that it is equal to the determinant ∆j
i1,i2,...,ik+1

. And

so, if any of those are ≥ N−β , we have that Var(det(Q∗(1)(L1•(z)))) ≥ KN−2β ,
By using Carbery-Wright, we have that :

P[|det(Q∗(1)(L1•(z)))| ≤ ε] ≤
C(k + 1)

c(k + 1)
Nβ+1/2ε1/(k+1).

By taking ε ≤ N−(k+1)(β′′+β+1/2) we have our result.

Let us look at :

P
(
{|det(Q∗(1)(L1•(z)))| ≤ ε} ∩ {σ(Q1) ≥ N−C1} ∩ {Q ∈ Ak+1(N−γ)} ∩ {Q ∈ D(γ)}

)
.

Since Q and L1•(z) are independant, this probability is bounded by

sup
Q∈D(γ)

P
(
{|det(Q∗(1)(L1•(z)))| ≤ ε} ∩ {σ(Q1) ≥ N−C1} ∩ {Q ∈ Ak+1(N−γ)}

)
which is a o(N−β

′
) if ε = N−β for β large enough.

Now we will it remains to bound :

P
(
{|det(Q∗(1)(L1•(z)))| ≤ ε} ∩ {σ(Q1) ≥ N−C1} ∩ {Q ∈ Ak+1(N−γ)} ∩ {Q ∈ D(β)c}

)
Lemma 2.3.12. For β large enough :

P
(
{|det(Q∗(1)(L1•(z)))| ≤ ε} ∩ {σ(Q1) ≥ N−C1} ∩ {Q ∈ Ak+1(N−γ)} ∩ {Q ∈ D(β)c}

)
≤ e−N

Proof. By using the same method as before, we can use a δ-net on the set {Q : σ(Q1) ≥ N−C1} ∩
Ak+1(N−γ) ∩ D(β)c. Here the anticoncentration gives us a bound in :

NO(N)δ2(k+1)2N

Let Mβ(δ) be a δ-net of {σ(Q1) ≥ N−C1} ∩ Ak+1(N−γ) ∩ D(β)c and let's bound the cardinality of
Mβ(δ). Since Q1 is well conditioned, we can suppose that v1

1 , .., v
1
k are such that σ(Q1,[1,k]) > N−2C2 for

some C2 > 0 where Q1,[1,k] is the matrix Q1 where we extract the k �rst rows.

Let i′ be such that the i′ + 1-th row of S̃ is non-null, we then have wi
′+1
j =

∑
l∈[1,k] si,lv

l+1
j + ti′+1v

1
j .

Then if i′ ≤ k , for every γ, if |∆i′

1,2,..i′−1,j,i′+1...,k| ≤ N−β for N large enough, then

1. either dist(v1
j , span(v1

1 , ..., v̂
1
i′ , ..., v

1
k)) ≤ N−(β−(k−1)C2)/2

2. or dist(wi
′+1
j , span(v1

1 , ..., v
1
k)) ≤ N−(β−(k−1)C2)/2.
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And so, if we take δ ≥ N−(β−(k−1)C2)/2, once we have �xed vij for i ∈ [1, k + 1], j ∈ [1, k], for each j > k,

either (1) and then we have a cost of O(1/δ2)(k+1)2−2 to pay in order to �x all the vij since v
1
j lies in a

space of dimension k − 1 or (2) and then we have a cost of O(1/δ2)((k+1)2−1) since the non-trivial linear
combination wi

′+1
j of the vij lies in a space of dimension k.

If k+1 ≤ i′ ≤ n, since the columns v1
1 , ..., v

1
k are well conditionned. We have that dist(wi

′+1
j , span(v1

1 , ..., v
k
1 )) ≤

N−(β−kC2), and N large enough. We are therefore back to (ii).
In total, the cardinality of the net is at most NO(N)O((1/δ2)N((k+1)2−1)) and is beaten by the anti-

concentration bound.

Putting both previous bounds together, we have proved the following proposition :

Proposition 2.3.13. For any β′′ > 0, we can �nd some β′ > 0, such that :

P
(
{|det(Q(1))

∗(L1•(z))| ≤ N−β
′
} ∩ {σ(Q1) ≥ N−C1} ∩ {Q ∈ Ak+1(N−γ)}

)
= o(N−β

′′
).

Using this proposition in conjunction with Lemma 2.3.7 and Lemma 2.3.8, we have :

Proposition 2.3.14. For any β′′ > 0, we can �nd some β′ > 0, such that :

P
(
{|det(Q(1))

∗(L1•(z))| ≤ N−β
′
}
)

= o(N−β
′′
).

Finally, using 2.3.6 we prove our result.

2.3.9 Proof of the Corollary 2.3.3

We let for z ∈ C νzN := µ(zIN−PN )(zIN−PN )∗ where µA is the empirical measure of A. Here are our
the steps of the proof:

1. For almost every z ∈ C, we will prove that νzN converges weakly in probability towards some
identi�able probability measure νz.

2. Using our lower bound in Theorem 2.3.2, we will show that for alomost every z ∈ C, in probability∫
ln |x|dνzN (x) converges toward

∫
ln |x|dνz(x).

3. We will prove that in probability, z 7→
∫

ln |x|dνzN (x) converges in L1 toward z 7→
∫

ln |x|dνz(x),
and therefore in the sense of distribution µPN converges toward µp.

Proof of (1). We can writeXj = Y1+iZj where Yj , Zj are independent GUEmatrices. So (zIn−Pn)(zIn−
Pn)∗ is a self adjoint polynomial in GUE matrices. Following the convergence in law of independent GUE
matrices toward free independent semi-circular elements, we have that νzN converges in probability toward
the law νz of (z − P )(z − P )∗ where P = P (c1, ..., cn) where c1, ..., cn are free circular elements.

Proof of (2). The subtlety resides in the fact that log is not a bounded function. There is M > 0 such
that limN→∞ P[||PN || ≥ M ] = 0. Given that νzN converges weakly in probability towards νz, it su�ces
to prove that for every δ, δ′ > 0 there is 1 > ε > 0 such that :

lim sup
N→∞

P[|
∫ ε

0

log xdνzN (x)| ≥ δ] ≤ δ′

Denoting GN = {||PN || ≤M,σ(z − PN ) ≥ N−β}, it su�ces to show that

lim
ε→0

lim sup
N→∞

E[1GN

∫ ε

0

| log x|dνzN (x)] = 0.

Indeed by Markov's inequality :
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P[1Gn

∫ ε

0

| log x|dνzn(x) > δ] ≤
E[1Gn

∫ ε
0
| log x|dνzn(x)]

δ
.

If we choose 0 < α < β we can write :∫ ε

0

log xdνzn(x) =

∫ N−β

0

log xdνzn(x) +

∫ N−α

N−β
log xdνzn(x) +

∫ ε

N−α
log xdνzn(x).

On the event GN the �rst term is obviously 0 and the second term is bounded by βN−α logN , so we
only need to �nd α > 0 such that :

lim sup
n→∞

E[|
∫ ε

N−α
log xdνzn(x)|] ≤ δ′.

Denoting ν̄zn = E[νzn], g the Stieljes transform of νz and gn the Stieljes transform of ν̄zn, we will prove the
following lemma :

Lemma 2.3.15. There exist c1, C,N0 > 0 and 1 > c2 > 0 such that for N−c1 ≤ η ≤ 1 and N ≥ N0 :

=(gN (iη)) ≤ Cη−c2

We postpone the proof of this lemma to the end of this section. This lemma implies that ν̄zn([−x, x]) ≤
2x=(gn(ix)) ≤ 2Cx1−c2 for x ≥ N−c1 .

Denoting Fn(x) = ν̄zn([0, x]) we have for α < c1 et ε < 1:

E[|
∫ ε

N−α
log xdνzN (x)|] = −

∫ ε

N−α
log xdν̄zN (x)

=

∫ ε

N−α

1

x
Fn(x)dx− log(ε)FN (ε) + log(N−α)FN (N−α)

≤ 2

∫ ε

N−α

1

x
FN (x)dx− 2 log(ε)ε1−c2 + 2CN−α(1−c2) log(N−α)

≤ 2C

∫ ε

N−α
x−c2dx− 2 log(ε)ε1−c2 + 2CN−α(1−c2) log(N−α)

≤ 2C
ε1−c2

1− c2
− 2 log(ε)ε1−c2 + 2CN−α(1−c2) log(N−α)

And so limε→0 limN→∞ E[|
∫ ε
N−α

log xdνzN (x)|] = 0.
So, denoting hN (z) :=

∫
log |x|dνzN (x) and h(z) =

∫
log |x|dνz(x). We have that for almost every

z ∈ C, hN (z) converges in probability towards z.

Proof of (3). We can write :

hN (z) = 2π

∫
w∈C

log |z − w|dµPN (w)

and since νz is the spectral measure of (z − p)(z − p)∗, by de�nition of the Brown measure :

h(z) = 2π

∫
w∈C

log |z − w|dµp(w)

where p = P (c1, ..., c2) and µp is the Brown measure of µp. Let K ⊂ C a compact. Since the
support µp is included in {z : |z| ≤ ||p||} and on the events AN = {||PN || < M}, µPN 's support is in
{z : |z| ≤ M} and noticing that the functions z 7→ log |z − w| are uniformly bounded on L2(K) for
w such that |w| ≤ max{M, ||p||} , we have that the family (hN1AN )N∈N and h, viewed as functions of
Ω×K endowed with the measure P⊗Leb (where (Ω, T ,P) is the ambient probability space) are uniformly
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bounded in L2(Ω ×K,P ⊗ Leb). Therefore if we prove that hN1AN converges in measure toward h, we
will have convergence in L1(Ω×K,P⊗ Leb). But for every δ > 0, we have by dominated convergence :

lim
N→∞

∫
z∈K

P[|1ANhN (z)− h(z)| ≥ δ] = 0

where we used the convergence in probability of hN toward h for almost every z ∈ C. Therefore we have

lim
N→∞

∫
z∈K

E[1AN |hN (z)− h(z)|] = 0

that is

lim
N→∞

E[1AN

∫
z∈K
|hN (z)− h(z)|] = 0

Therefore, in probability hN converge toward h in L1(K,Leb) and so µPN = ∆hN converge toward µp in
the sense of distributions on K. Again, taking K that contains the support of µp and µPN , we have the
convergence in the sense of distribution implies the weak convergence and the result is proved.

It remains to show the lemma 2.3.15

Proof of the lemma 2.3.15. We will use two results. The �rst one is [62, Theorem 1.1], mainly point (6)
which has for consequence that the Stieljes transform Gνz of νz behave on {z|=z > 0} like C(rl(z))

k/zp for
some C ∈ C, k, p ∈ N near 0 where rl is the standard determination of the l-th root and so =g(iε) ≤ Kεq
for some q ∈ Q and K > 0. Then following [62][Corollary 1.2], since νz has no atoms, we have that
q > −1. We will now use [4][Lemma 5.5.4]. We have that for N−c1 ≤ =z ≤ 1 and N large enough :

|g(z)− gN (z)| ≤ c2
N2(=z)c3

And so, for 1 ≥ =z ≥ N−max{2/c3,c1}, and N large enough |g(z) − gN (z)| ≤ 1. Combining those
results, we get lemma 2.3.15



Annexe A

Grandes déviations

Dans cette annexe, on fait quelques rappels sur la théorie générale des grandes déviations. Pour des
preuves plus détaillées des résultats de cette section, on pourra se référer au livre [36].

A.0.1 Dé�nitions et premiers résultats

Une fois que l'on a prouvé une loi des grands nombres pour une suite de variables aléatoires (XN )N∈N,
c'est-à-dire un résultat de convergence du type limN P[XN ∈ Vx] = 1 pour tout voisinage Vx d'un certain
point x donné, il est naturel de vouloir aller plus loin. Une direction possible est un résultat central
limite où l'on prouve la convergence en loi de f(N)(XN − x) où limN f(N) = +∞. Par exemple si
les XN = SN/N où SN est la somme de N variables réelles i.i.d de variance �nie σ2, le résultat bien
connu donne la convergence en loi de

√
N(XN − E[X]) vers une gaussienne N (0, σ2). Mais plutôt que

de "zoomer" près de la limite à la bonne échelle pour observer un comportement non trivial, une autre
direction possible pour ra�ner la loi des grands nombres est de quanti�er la probabilité que XN soit
éloigné de sa limite. Un exemple simple est par exemple le cas où XN = SN/N où SN est une somme de
gaussiennes centrées indépendantes. XN est alors une gaussienne de loi N (0, σ2/N) dont la densité est
x 7→ N exp(−Nx2/(2σ2))/

√
2πσ et pour x dans R on a heuristiquement :

P[XN ∼ x] = exp

(
−N

(
x2

2σ2
+ o(1)

))
On dira alors que la variable XN véri�e un principe de grandes déviations de vitesse N et on appelle
x 7→ x2

2σ2 la fonction de taux.
A partir de cette heuristique, on donne une dé�nition de ce qu'est un principe de grandes déviations

en toute généralité :

Dé�nition A.0.1. On se place dans (X , T ) un espace topologique. Soit I : X → [0,∞]. On dit que I
est un fonction de taux si I est semi-continue inférieurement ( i.e pour tout α ∈ [0,∞], I−1([0, α]) est
fermé). On dit que I est une bonne fonction de taux si pour tout α ∈ [0,∞[, I−1([0, α]) est compact.

Soit (µN )N∈N une suite de mesures de probabilité sur (X ,B(T )) où B(T ) est la tribu des borélien. On
dit que (µN )N∈N véri�e un principe de grandes déviations de vitesse v(N) et de bonne fonction de taux
I si :

∀O ouvert de X , on a − inf
x∈O

I(x) ≤ lim inf
N→∞

logµN (O)

v(N)

∀F fermé de X , on a − inf
x∈F

I(x) ≥ lim sup
N→∞

logµN (F )

v(N)
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Dans la dé�nition précédente, on appelle la première inégalité la borne inférieure de grandes déviations
et la seconde inégalité la borne supérieure de grandes déviations. Commençons par énoncer un résultat
d'unicité sur la fonction de taux. On rappelle qu'un espace topologique est dit Haussdorf si pour tout
x, y distincts, il existe des voisinage de x et y disjoints et qu'un espace topologique est dit régulier si pour
tout fermé F et tout point x /∈ F il existe deux ouverts O1 et O2 disjoints tels que x ∈ O1 et F ⊂ O2.

Proposition A.0.2. Si µN véri�e un principe de grandes déviations avec vitesse v(N) pour deux bonnes
fonctions de taux I et J et que (X , T ) est Haussdorf et régulier, alors I = J .

Souvent, le degré de généralité de cette dé�nition la rend peu pratique en particulier concernant la
borne supérieure qui peut porter sur des fermés très "gros". On introduit donc une dé�nition intermédiaire
plus faible où l'on restreint la borne supérieure sur les compacts :

Dé�nition A.0.3. Soit (µN )N∈N une suite de mesures de probabilité sur (X ,B(T )). Supposons que tout
les compacts de (X , T ) soient dans B(T ). On dit que (µN )N∈N véri�e un principe de grandes déviations
faible de vitesse v(N) et de fonction de taux I si la borne supérieure est véri�ée pour tout compact K tel
que supx∈K I(x) <∞ et si la borne inférieure est véri�ée pour tout ouvert.

Pour pouvoir traduire un principe de grandes déviations faible en un "vrai" principe de grandes
déviations, on a donc besoin de contrôler à l'échelle exponentielle la mesure µN (Kc) pour de grands
compacts K.

Dé�nition A.0.4. Soit (µN )N∈N une suite de mesures de probabilité sur (X ,B(T )). On dit que (µN )N∈N
est exponentiellement tendue (pour la vitesse v(N)) si pour tout M > 0, il existe un compact KM tel
que :

lim sup
N

1

v(N)
log(µN (Kc

M )) < −M

Pour les suites de mesures exponentiellement tendues qui véri�ent un principe de grandes déviations
faible on a alors le résultat suivant :

Proposition A.0.5. Si (µN )N∈N est exponentiellement tendue pour la vitesse v(N) et véri�e un principe
de grandes déviations faible pour la fonction de taux I, alors I est une bonne fonction de taux et (µN )N∈N
véri�e un principe de grandes déviations avec (bonne) fonction de taux I.

En pratique on utilise souvent la caractérisation suivante, qui ne requiert de regarder le comportement
de µN que sur des voisinages des points de X :

Proposition A.0.6. Soit A une base de la topologie T , si on on a pour tout x ∈ X l'égalité :

sup
A∈A|x∈A

[
− lim sup

N

1

v(N)
logµN (A)

]
= sup
A∈A|x∈A

[
− lim inf

N

1

v(N)
logµN (A)

]
Alors (µN ) véri�e un principe de grandes déviations faible avec pour fonction de taux I dé�nie :

I(x) = sup
A∈A|x∈A

[
− lim sup

N

1

v(N)
logµN (A)

]
Par exemple, pour véri�er ce critère dans un espace métrique, il su�t de véri�er que pour tout x ∈ X :

lim
δ→0

lim sup
N

1

v(N)
logµN (B(x, δ)) = lim

δ→0
lim inf
N

1

v(N)
logµN (B(x, δ)) = −I(x)

Si l'on dispose d'un principe de grandes déviations pour une certaine suite de mesures de probabilité
X et d'une fonction continue de X dans Y, alors on peut énoncer un principe de grandes déviations pour
les mesures images.
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Théorème A.0.7. Soit (X , T ) et (Y, T ′) deux espaces topologiques Hausdor� et f : X → Y une fonction
continue. Soit I : X → [0,∞] une bonne fonction de taux. Alors la fonction I ′ : Y → [0,∞] dé�nie par :

I ′(y) = inf
x∈X|f(x)=y

I(x)

est une bonne fonction de taux. De plus si I est la bonne fonction de taux associée à un principe de grandes
déviations d'une suite de mesures de probabilité (µN )N , alors la suite des mesures images (f∗µN )N véri�e
un principe de grandes déviations de bonne fonction de taux I ′.

A.0.2 Lemme de Varadhan et lemme inverse de Bryc

Une des principales applications du principes de grandes déviations est l'étude du comportement
asymptotique des intégrales de Laplace du type

∫
ev(N)ϕ(x)dµN (x) où ϕ est continue.

Proposition A.0.8 (Lemme de Varadhan). Soit (µN )N satisfaisant un principe de grandes déviations
avec bonne fonctions de taux I et ϕ une fonction continue de X satisfaisant la condition suivante :

lim
M→∞

lim sup
N

1

v(N)
logE[ev(N)ϕ(XN )1ϕ(XN )≥M ] = −∞

et la condition de moments suivante pour un γ > 1 :

lim sup
N

1

v(N)
logE[eγv(N)ϕ(XN )] <∞

Alors

lim
N→∞

1

v(N)
logE[ev(N)ϕ(XN )] = sup

x∈X
{ϕ(x)− I(x)}

(où la loi de XN est µN ).

On peut voir ce théorème comme une extension de la méthode de Laplace pour les intégrales réelles.
Une version inverse du lemme de Varadhan permet de démontrer que, si l'on connaît le comportement des
intégrales de Laplace pour su�samment de fonctions ϕ, on peut obtenir un principe de grandes déviations
pour µN :

Proposition A.0.9 (Lemme inverse de Bryc). Soit (µN )N∈N une suite de mesures de probabilité sur
(X ,B(T )) exponentiellement tendue et telle que pour tout f ∈ Cb(X ) la limite suivante existe :

Λf = lim
N→∞

1

v(N)
log

∫
ev(N)f(x)dµN (x)

alors (µN )N∈N satisfait un principe de grandes déviations avec pour bonne fonction de taux :

I(x) = sup
f∈Cb(X )

{f(x)− Λf}

A.0.3 Théorème de Cramer et théorème de Sanov

On va à présent citer deux résultats classiques de la théorie des grandes déviations : le théorème
de Cramer qui porte sur la somme renormalisée de variables aléatoires i.i.d. dans un espace vectoriel
topologique et le théorème de Sanov qui porte sur la mesure empirique d'une suite i.i.d. de variables
aléatoires.

Tout d'abord on se �xe µ une mesure de probabilité borélienne sur (X , T ) un espace vectoriel topo-
logique réel Hausdor� et localement convexe et on dé�nit pour λ ∈ X ∗ une forme linéaire continue sur
X :

Λ(λ) = log

∫
X
e〈λ,x〉dµ
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et Λ∗, la transformée de Fenchel-legendre de Λ c'est-à-dire la fonction dé�nie sur X par :

Λ∗(x) = sup
λ∈X∗

(〈λ, x〉 − Λ(λ)) ∈ [0,∞]

On peut alors énoncer le théorème de Cramer :

Théorème A.0.10 (Théorème de Cramer). Soit (Xi)i∈N une suite de variables aléatoires i.i.d. de loi µ
à valeurs dans un espace vectoriel topologique réel (X , T ) Hausdor� localement convexe. On pose µN la
loi de (X1 + ...+XN )/N . On suppose :

1. Il existe E ⊂ X fermé et convexe tel que µ(E) = 1 et tel que E muni de la topologie induite peut
être muni d'une distance qui en fait un espace polonais.

2. L'enveloppe convexe fermé de tout compact K ⊂ E est compact.

Alors (µN )N∈N véri�e un principe de grandes déviations faible de vitesse N , avec fonction de taux Λ∗ et
de plus pour tout ouvert convexe O ⊂ X ,

lim
1

N
logµN (O) = − inf

x∈O
Λ∗(x)

Un corollaire du théorème précédent est le cas de variables aléatoires à valeurs dans Rn

Corollaire A.0.11. Si X = Rd, (µN )N∈N véri�e un principe de grandes déviations faible avec fonction
de taux Λ∗. Si il existe un voisinage V de 0 tel que supλ∈Rn Λ(λ) < ∞, (µN )N∈N véri�e un principe de
grandes déviations avec bonne fonction de taux Λ∗.

De plus dans ce cas les formules donnant Λ et Λ∗ se trouve simpli�ées par le fait qu'on peut identi�er
X ∗ à Rd et 〈., .〉 au produit scalaire usuel.

On peut voir ce résultat comme une simple spécialisation du théorème de Cramer général. Sous des
hypothèses plus fortes, on peut néanmoins le démontrer de manière beaucoup plus élémentaire. On donne
ici une démonstration succincte dans le cas où DΛ = {θ ∈ Rn|Λ(θ) < ∞} = Rn et supp(µ) = Rn (le
support de µ est Rn tout entier). La démonstration fait entre autre apparaître de manière plus claire
l'origine de l'expression de Λ∗.

Démonstration. On se donne (Xi)i∈N une suite de variables aléatoires i.i.d. de loi µ véri�ant les hypothèses
précitées. On pose Sn = X1 + ...+Xn

Tension exponentielle : Notons pour x ∈ Rd, |d|1 :=
∑
i |xi|. On a

exp(|x|1) ≤
∑
i

(exp(〈x, ei〉) + exp(−〈x, ei〉))

où les ei sont les vecteurs de la base canonique. On a donc :

E[exp(|Sn|)] ≤
∑
i

(E[exp(〈Sn, ei〉)] + E[exp(−〈Sn, ei〉)])

En utilisant le caractère i.i.d. des Xi, on a E[exp(〈Sn, θ〉)] = E[exp(〈X1, θ〉)]n d'où :

E[exp(|Sn|)] ≤
∑
i

(E[exp(〈X1, ei〉)]n + E[exp(−〈X1, ei〉)]n)

En passant au log et a la limite on a :

lim sup
n

1

n
logE[exp(|Sn|)] ≤ max

i
{Λ(ei),Λ(−ei)} < +∞

On pose C := maxi{Λ(ei),Λ(−ei)}

P[|Sn/n| ≥M ] exp(nM) ≤ E[exp(|Sn|)]
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Et en passant au log,

lim sup
n

1

n
logP[|Sn/n| ≥M ] ≤ C −M

On véri�e alors la tension exponentielle en prenant M assez grand
Borne supérieure :
Soit K un compact de Rn. Pour tout θ ∈ Rn, on a par l'inégalité de Markov

P[|Sn/n− x| ≤ δ] ≤ e−nmin|y−x|≤δ〈θ,y〉E[exp(〈θ, Sn〉)]

Prenons θ tel que 〈θ, x〉 − Λ(θ) ≥ Λ∗(x) − ε. On peut alors choisir δ > 0 tel que min|y−x|≤δ〈θ, y〉 ≥
〈θ, x〉 − ε, on a alors du fait que E[exp(〈θ, Sn〉)] = E[exp(〈θ,X1〉)]n :

1

n
logP[|Sn/n− x| ≤ δ] ≤ −〈θ, x〉+ Λ(θ) + ε ≤ −I(x) + 2ε

On a bien

lim
δ→0

lim sup
n

1

n
logP[|Sn/n− x| ≤ δ] ≤ −I(x)

Borne inférieure :
Commençons par remarquer que l'hypothèse que supp(µ) = Rn implique que pour tout θ ∈ Rn,

il existe A ∈ R tel que Λ(x) ≥ 〈θ, x〉 + A pour tout x ∈ Rn. On en déduit que pour tout x ∈ Rn,
θ 7→ Λ(θ)−〈θ, x〉 tend vers +∞ quand |θ| → ∞. De cette façon comme θ 7→ Λ(θ)−〈θ, x〉 est di�érentiable,
il existe un point critique θ0 de cette fonction qui véri�e donc ~∇Λ(θ0) = x. Or, on a en calculant le gradient
sous l'intégrale que

~∇Λ(θ0) =
E[X1 exp(〈θ0, X〉)]
E[exp(〈θ0, X〉)]

On pose alors Pθ0 la mesure dé�nie par rapport à P de la manière suivante :

dPθ0
dP

=
exp(〈θ0, Sn〉)

E[exp(〈θ0, Sn〉)]
=

n∏
i=1

exp(〈θ0, Xi〉)
E[exp(〈θ0, Xi〉)]

Comme la densité de cette nouvelle est un produit de la même fonction en les Xi, ceux-ci restent i.i.d.
sous la nouvelle mesure et leur moyenne est donc ∇Λ(θ0) = x. On a alors par la loi des grands nombres
pour tout δ > 0 limn Pθ0 [|Sn/n− x| ≤ δ] = 1. On a de plus

Pθ0 [|Sn/n− x| ≤ δ] =
E[1|Sn/n−x|≤δ exp(〈θ0, Sn〉)]

E[exp(〈θ0, Sn〉)]

≤ P[|Sn/n− x| ≤ δ] exp(n(〈θ0, x〉+ oδ(1)))]

E[exp(〈θ0, X1〉)]n

(où oδ(1) désigne une quantité qui tend vers 0 quand δ tend vers 0).
En passant au logarithme :

1

n
logP[|Sn/n− x| ≤ δ] ≥

1

n
logPθ0 [|Sn/n− x| ≤ δ] + Λ(θ0)− (〈θ0, x〉+ oδ(1))

et donc

lim
δ→0

lim inf
n

1

n
logP[|Sn/n− x| ≤ δ] ≥ Λ(θ0)− 〈θ0, x〉 ≥ −I(x)

et la borne inférieure est véri�ée
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L'esprit de cette preuve est très similaire a la démonstration des résultats des sections 1.3 et 1.4,
excepté qu'au lieu des transformées de Laplace E[exp(〈θ, Sn〉)] on utilise les intégrales d'Itzykson-Zuber
Ee[exp(Nθ〈e,XNe〉)].

En�n, un autre résultat classique de grandes déviations est le théorème de Sanov concernant la mesure
empirique donnée par une suite de variables i.i.d.. On se �xe ici Σ un espace Polonais et µ une mesure
de probabilité sur Σ.

Théorème A.0.12 (Theorème de Sanov). Soit (Xi)i∈N une suite i.i.d. de loi µ. Pour N ∈ N, on dé�nit
YN = (δX1

+ ... + δXN )/N . Soit µN la loi de YN . Alors µN véri�e un principe de grandes déviations
sur P(Σ) l'ensemble des mesures de probabilité boréliennes muni de la topologie faible de vitesse N et de
bonne fonction de taux H(.|µ) donnée par :

H(λ|µ) :=

{∫
f log fdµ si λ est absolument continue par rapport à µ et f = dλ

dµ

+∞ sinon

La quantité H(λ|µ) est aussi appelée entropie relative de λ par rapport à ν ou déviation de Kullback-
Leibler. On peut voir le théorème de Sanov comme une simple application du théorème de Cramer sur
l'espace des mesures (signés) de masse �nie muni de la topologie faible et E est l'ensemble des mesures
de probabilité.



Annexe B

Probabilités libres et matrices aléatoires

B.0.1 Espaces de probabilités non-commutatifs

On peut ramener l'étude de la convergence de la mesure empirique d'une matrice de Wigner à l'étude
de la convergence des moments de cette mesure. Ce problème est donc équivalent à la question : quelle est
la limite des momentsN−1Tr(Xk

N ) ? Dans le cas des matrices de Wigner, ils convergent vers les nombres de
Catalan qui sont les moments de la mesure semi-circulaire. Mais cette question peut être généralisée au cas
d'un n-uplet de matrices de Wigner indépendantes : si (X1

N , ..., X
n
N ) est un tel n-uplet, vers quelle quantité

converge N−1Tr(Xi1
NX

i2
N ...X

ik
N ) où i1, ..., ik ∈ [1, n] ? Pour capturer le comportement asymptotique de ce

types de quantités et en particulier le caractère non commutatif des matrices en question, on va faire
appel aux outils de la théorie des probabilités libres. Les liens entre matrices aléatoires et probabilités
non-commutatives ont été mis au jour par Voiculescu dans [69]. Les résultats de cette sous-section peuvent
être trouvés notamment dans [4][section 5].

Théorème B.0.1. Soit (X1
N , ..., X

n
N ) un n-uplet de matrices de Wigner indépendantes et i1, ..., ik ∈ [1, n].

N−1Tr(Xi1
N ...X

ik
N ) converge vers σ(n)(Xi1 ...Xik) où σ(n) est une forme linéaire sur l'espace des polynômes

non-commutatifs.

Tout comme les moments de la loi semi-circulaire, les σ(n)(Xi1 ...Xik) peuvent se comprendre de façon
combinatoire de la manière suivante : si l'on donne à chaque entier j de [1, k] la couleur ij , on peut
regarder NC2(i1, ..., ik) l'ensemble des partitions paires sans croisement P qui respectent la coloration
de [1, k], c'est à dire telles que si {a, b} ∈ P alors ia = ib. On a alors σ(n)(Xi1 ...Xik) = #NC2(i1, ..., ik).
Cela est à comparer au cas des moments joints d'une famille de gaussiennes indépendantes où l'on a la
même formule excepté que les partitions paires peuvent avoir des croisements.

Dans la suite on note C〈X1, ..., Xn〉 l'algèbre des polynômes non-commutatifs dotée de l'involution
∗ qui est dé�nie sur les monômes par (zXi1 ...Xil)

∗ = z̄Xil ...Xi1 . La forme linéaire σ(n) véri�e de plus
que σ(n)(1) = 1 et σ(n)(PP ∗) ≥ 0. Elle a donc des propriétés similaires à l'espérance vue comme forme
linéaire sur un certain espace des variables aléatoires. Dans cet esprit on va introduire la notion d'espace
de probabilité non-commutatif :

Dé�nition B.0.2. Un espace de probabilité non commutatif est un couple (A, ϕ) où A est une C-algèbre
unitaire et ϕ une forme linéaire sur A telle que ϕ(1) = 1. Ses éléments sont appelés des variables aléatoires
non-commutatives.

On va à présent dé�nir la loi d'un k-uplet de variables aléatoires non-commutatives :

Dé�nition B.0.3. Soit a1, ..., ak ∈ A des variables aléatoires auto-adjointes non-commutatives d'un
espace de probabilité non commutatif. La loi de (a1, ..., ak) est la forme linéaire µa1,...,ak sur C〈X1, ..., Xk〉
dé�nie par :

µa1,...,ak(P ) = ϕ(P (a1, ..., ak))

161
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On dit que la suite an = (an1 , ..., a
n
k ) de k-uplet de variables aléatoires auto-adjointes non-commutatives

converge en loi vers un k-uplet a = (a1, ..., ak) si µan(P ) cnverge vers µa(P ) pour tout P .

Là encore dans le cas des probabilités classiques, cela revient à caractériser la loi d'une variable
bornée par ses moments. On introduit ensuite la notion de C∗-espace de probabilité non-commutatif (en
rappelant d'abord la notion de C∗-algèbre) :

Dé�nition B.0.4. Une C∗-algèbre (A, ||.||, ∗) est une triplet où (A, ||.||) est une algèbre de Banach et ∗
est une application semi-linéaire qui véri�e

1. (ab)∗ = b∗a∗

2. (a∗)∗ = a

3. ||a∗|| = ||a||
4. ||aa∗|| = ||a||2

Une forme linéaire ϕ sur (A, ||.||, ∗) est un état si ϕ(e) = 1 (où e est l'élément neutre de l'algèbre) et
ϕ(aa∗) ≥ 0. Un C∗-espace de probabilité (A, ||.||, ∗, ϕ) est une C∗-algèbre munie d'un état ϕ. Si ϕ véri�e
de plus ϕ(ab) = ϕ(ba) pour tout a, b ∈ A, on dit que ϕ est une trace.

On dit de plus que a est auto-adjointe si a = a∗ et a est normale si aa∗ = a∗a. Par comparaison
avec le cas des probabilités classiques cette approche revient à aborder la théorie des probabilités en
étudiant l'algèbre des variables aléatoires complexes bornées sur un certain espace de probabilité et à
munir cette algèbre de l'espérance E. La structure supplémentaire apportée par les C∗-algèbres permet
d'utiliser entre autres les outils issus du calcul fonctionnel La remarque suivante permet de faire le lien
entre loi non-commutative et la loi d'une variable aléatoire dans le cas classique.

Remarque B.0.5. Si a est une variable aléatoire non-commutative auto-adjointe dans un C∗-espace de
probabilité, le calcul fonctionnel donne un isomorphisme de C(sp(a)) dans A qui à une fonction f associe
f(a) ∈ A. On a en particulier une forme linéaire λa de C(R) dans R donné par λa(f) = ϕ(f(a)). λa
est positive et λa(1) = 1. Ainsi par le théorème de représentation de Riesz, il existe une unique mesure
de probabilité µ sur R telle que λa(f) =

∫
fdµ. Ainsi, pour tout polynôme P , ϕ(P (a)) = µa(P ) =∫

P (x)dµ(x).

Ainsi la loi d'une variable aléatoire non-commutative auto-adjointe est bien une mesure sur R. Voici
quelques exemples de C∗-algèbres :

1. Probabilité classique : Si (Ω, T , µ) est un espace de probabilité et A = L∞(Ω, T , µ) l'espace des
variables aléatoires complexes bornées alors (A, ||.||∞, z 7→ z̄,E[.]) est un C∗-espace de probabilité .
En particulier dans ce cas, les éléments de A commutent et pour une variable aléatoire réelle X, la
loi de X dé�nie dans la cas classique est bien la même que celle dé�nie dans le cas non-commutatif.

2. Matrices : Pour tout n ∈ N (Mn,n(C), ||.||, ∗, n−1Tr(.)) (où ||.|| est la norme d'opérateur sur
l'espace euclidien classique) est un C∗-espace de probabilité. La loi deM hermitienne est la somme
renormalisée des Dirac en ses valeurs propres.

3. Matrices aléatoires : Si (Ω, T , µ) est un espace de probabilité, n ∈ N et A =Mn,n(L∞(Ω, T , µ)),
alors (A, ||.||, ∗, n−1E[Tr(.)]) est (où ||.|| est la norme d'opérateur subordonnée à la norme hermi-
tienne ||.||2 sur (L2(Ω, T , µ))n donnée par ||X||22 = E[||X||2eucl]) est C∗-espace de probabilité. La
loi d'une matrice aléatoire hermitienne M est la moyenne des mesures empiriques de M i.e E[µM ].

4. Algèbre de Von Neumann : Soit H est un espace de Hilbert et B(H) l'algèbre de Banach
des opérateurs bornés de H pour la norme subordonnée à la norme hilbertienne. On dit qu'une
∗-algèbre A ⊂ B(H) qui contient l'identité de H est une algèbre de Von Neumann si elle est
fermée pour la topologie faible (c'est-à-dire la plus petite topologie qui rend continue la famille
d'applications ξ 7→ 〈x, ξy〉 pour x, y ∈ H ). Si ϕ est un état sur A qui s'écrit ϕ(ξ) = 〈u, ξu〉 pour un
certain vecteur u ∈ H alors on dit que (A, ||.||, ϕ) est uneW ∗-espace de probabilité. En particulier,
il s'agit d'une C∗-espace de probabilité. On reviendra plus tard plus en détails sur cet exemple.
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On a de plus la condition su�sante pour qu'une certaine forme linéaire sur C〈X1, ..., Xn〉 soit la loi
d'un n-uplet de variables aléatoires non-commutatives auto-adjointes dans un C∗-espace de probabilité.

Théorème B.0.6. Soit α une forme linéaire sur C〈X1, ..., Xn〉 telle que α(1) = 1, α(PP ∗) ≥ 0 pour
tout P et telle qu'il existe R ∈ R∗ tel que pour tout l ∈ N et i1, ..., il ∈ [1, n]

|α(Xi1 ...Xil)| ≤ Rl

Alors il existe un C∗-espace de probabilité tel que α est la loi d'un n-uplet d'éléments a1, ..., an auto-
adjoints

Remarque B.0.7. Si la notion de C∗-algèbre donne accès aux outils du calcul fonctionnel et permet
de dé�nir f(a) pour f une fonction réelle continue bornée et a un élément auto-adjoint, la notion de
W ∗-espace de probabilité nous permet d'aller plus loin. Si T est un opérateur auto-adjoint de B(H) , le
théorème spectral nous donne une résolution de l'identité χ : B(R)→ B(H) telle que :

T =

∫
R
λdχ(λ)

On peut alors dé�nir f(T ) comme étant
∫
R f(λ)dχ(λ) pour toute f mesurable bornée et la mesure spectrale

de T est ϕ ◦χ = 〈u, χ(.)u〉. La notion de W ∗-espace de probabilité permet donc de faire du calcul borélien
sur les variables aléatoires non-commutatives. En particulier, il est possible d'utiliser la notion d'opérateur
a�lié et la théorie des opérateurs non-bornés dans ce contexte pour étudier des variables aléatoires non-
commutatives non-bornées ainsi que leurs lois. On peut dé�nir des analogues des espaces Lp dans le cas
non-commutatif.

On va à présent énoncer un résultat de représentation de C∗-espaces de probabilité. Cette construction
montre que l'étude d'un C∗-espace de probabilité peut en fait se ramener à celle d'un W ∗-espace de
probabilité :

Théorème B.0.8 (Construction de Gelfand-Naimark-Segal). Soit α un état sur une C∗-algèbre unitaire
(A, ||.||, ∗) engendrée par une famille dénombrable {ai}i∈I d'éléments auto-adjoints de A. Alors, il existe
un Hilbert séparable (H, 〈., .〉), π : A → B(H) un ∗-morphisme faisant décroître la norme et ξ1 ∈ H tels
que :

1. {π(a)ξ1 : a ∈ A} est dense dans H.

2. En posant ϕα(x) = 〈ξ1, xξ1〉 pour x ∈ B(H). Alors pour tout a dans A :

α(a) = ϕα(π(a))

3. La loi non-commutative des {ai}i∈I dans le C∗-espace de probabilité (A, ||.||, ∗, α) est égale à la loi
des {π(ai)}i∈I dans le W ∗-espace de probabilité (B(H), ϕα).

4. Soit W ∗({ai}i∈I) l'algèbre de Von-Neumann engendrée par les {π(ai)}i∈I . Si α est une trace, alors
la restriction de ϕα à W ∗({ai}i∈I) est aussi une trace. Celle-ci véri�e de plus les deux propriétés
suivantes :
� ϕα est �dèle, c'est-à-dire que pour tout x ∈W ∗({ai}i∈I), ϕα(xx∗) = 0 implique que x = 0.
� ϕα est normale, c'est dire que que pour tout treillis (aβ) monotone décroissant vers 0, on a

limβ ϕα(aβ) = 0

B.0.2 Liberté et R-transformée

Dans ce cadre des probabilités non-commutatives, la notion d'indépendance se généralise en la notion
de liberté :
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Dé�nition B.0.9. Soit (A, ϕ) un espace de probabilité non-commutatif et A1, ...,Ak des sous-algèbres
de A. On dit que A1, ...,Ak sont libres si pour tout l ∈ N, i1, ..., il ∈ [1, k] tels que i1 6= i2,...,ik−1 6= ik et
tout a1, ..., al tels que aj ∈ Aij et ϕ(aj) = 0 :

ϕ(a1...al) = 0

Les variables aléatoires non-commutatives (X1, ..., Xk) sont dites libres si les sous-algèbres qu'elles en-
gendrent sont libres.

Là encore, cette dé�nition est à comparer avec l'indépendance dans le cas des probabilités classiques.
Dans le cas classique, on a que X1, ...Xk sont indépendantes si et seulement si pour toutes fonctions conti-
nues bornées f1, ..., fk telles que E[fj(Xj)] = 0 on a E[f1(X1)...fk(Xk)] = 0. A l'instar du cas classique
dans lequel la loi d'un k-uplet de variables aléatoires indépendantes ne dépend que des marginales, on a
la propriété suivante :

Proposition B.0.10. Si a1, ..., an ∈ A sont des variables aléatoires non-commutatives auto-adjointes
libres, alors la loi du n-uplet ne dépend que des lois de a1, ..., an ∈ A.

Cette proposition peut se démontrer par récurrence sur le degré des moments joints en remarquant
que pour tout l ∈ N, i1, ..., il ∈ [1, k] tels que i1 6= i2,...,ik−1 6= ik et P1, ..., Pl ∈ C[X], on a :

Φ((P (ai1)− ϕ(P (ai1)))...(P (ail)− ϕ(P (ail)))) = 0

On peut alors obtenir les moments joints de a1, ..., an en fonction de moments de degré plus petit.
Cette notion de liberté permet de décrire plus précisément la loi σ(n) qui apparaît dans le théorème

B.0.1 :

Proposition B.0.11. La loi σ(n) dans le théorème B.0.1 est la loi de n variables libres chacune de loi
semi-circulaire.

Au matrices de Wigner du théorème B.0.1, on peut également ajouter des matrices constantes qui
convergent en loi :

Théorème B.0.12. Soit (X1
N , ..., X

n
N ) une suite de matrices de Wigner indépendantes et (D1

N , ..., D
k
N )

une suite de matrices constantes telles que la loi du k-uplet (D1
N , ..., D

k
N ) dans (MN,N (C), ||.||, ∗, N−1Tr)

converge une certaine loi non-commutative µD. De plus on suppose :

D := sup
i∈[1,k],l∈N,N∈N

1

N
Tr(|DN

i |l)1/l <∞

Alors on a :

1. La loi µ̄N de (X1
N , ..., X

n
N , D

1
N , ..., D

k
N ) dans l'espace (MN×N (L2(Ω)), N−1E[Tr.]) converge vers

la loi µ de (s1, ..., sn, (d1, ..., dk)) où s1, ..., sn et (d1, ..., dk) sont libres, la loi de chacun des sj est
une semi-circulaire et la loi du k-uplet (d1, ..., dk) est µD.

2. Presque sûrement, la loi µ̂N de (X1
N , ..., X

n
N , D

1
N , ..., D

k
N ) dans l'espace (MN×N (C), N−1Tr) converge

vers µ.

On peut également comprendre la loi limite µ en utilisant la notion de dérivée non-commutative sur
l'anneau de polynôme A = C〈X1, ..., Xn, D1, ..., Dk〉. Pour tout i ∈ [1, n], on dé�nit ∂Xi : A → A ⊗ A
comme l'application linéaire dé�nie sur les monômes q par :

∂Xiq =
∑
q1,q2

q=q1Xiq2

q1 ⊗ q2

On a alors la caractérisation suivante de la mesure µ :
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Proposition B.0.13. En reprenant les hypothèses du théorème précédent, la loi µ est caractérisée par :

1. ∀P,Q ∈ A, µ(PQ) = µ(QP )

2. ∀i ∈ [1, n],∀P ∈ A, µ(XiP ) = µ⊗ µ(∂XiP )

3. ∀R ∈ C〈D1, ..., Dk〉, µ(R) = µD(R)

Les équations précédentes sont souvent appelées équations de Schwinger-Dyson. Là encore, on peut
les comparer au cas gaussien classique. En e�et si X est une variable gaussienne standard et si f est une
fonction C1 telles que |f | et |f ′| soit bornée par un polynôme, on a :

E[Xf(X)] = E[f ′(X)]

L'utilisation de ces équations de Schwinger-Dyson ne se limite pas au cas de la distribution limite de
matrices de Wigner. Elles décrivent également la distribution limite pour des matrices de Haar indépen-
dantes (voir [4, Theorem 5.4.10]) et pour des modèles avec potentiel. Ainsi la notion de liberté permet de
décrire complètement la distribution limite d'un polynôme en des matrices de Wigner. On va à présent
exposer les outils classiques utilisés pour déterminer la distribution de la somme de deux variables libres.

En d'autres termes si a et b sont deux variables aléatoires non-commutatives auto-adjointes de lois
respectives µ et ν, on cherche a déterminer la loi de la somme a + b. On notera cette loi µ � ν et on
l'appelle la somme libre des lois µ et ν.

A l'instar de la théorie des cumulants en probabilité classique, il existe une théorie des cumulants
non-commutatifs :

Dé�nition B.0.14. Soit (A, ϕ) un espace de probabilité non-commutatif. Il existe une collection kn de
fonctions multilinéaires de An dans C telle que pour tout a1, ..., an ∈ A :

ϕ(a1...an) =
∑

π∈NC(n)

∏
{i1,...il}∈π
i1<...<il

kl(ai1 , ..., ail)

où NC(n) est l'ensemble des partitions sans croisements de [1, n].

La propriété suivante est l'analogue de la propriété des cumulants classiques dont l'annulation carac-
térise l'indépendance :

Proposition B.0.15. Soit (A, ϕ) un espace de probabilité non-commutatif et A1, ...,An des sous-algèbres
de A. Alors A1, ...,An sont libres si et seulement si pour tout l ∈ N, i1, ..., il ∈ [1, n] et i1 6= i2... 6= il et
a1, ..., al tels que aj ∈ Aij :

kl(a1, ..., al) = 0

On peut alors démontrer la relation suivante pour les cumulants d'une somme libre :

Proposition B.0.16. Soit a et b deux variables aléatoires non-commutatives libres. En posant kn(a) =
kn(a, ..., a) on a :

kn(a+ b) = kn(a) + kn(b)

Comme le logarithme de la transformée de Fourier-Laplace qui caractérise la loi dans le cas classique
et dont les coe�cients dans le développement en série entière sont les cumulants, on construit la R-
transformée d'une loi µ de la façon suivante grâce aux cumulants non-commutatifs :

Dé�nition B.0.17. Soit a une variable aléatoire non commutative de loi µ, on note Rµ la série entière
suivante :

Rµ(z) =

+∞∑
n=1

kn(a)zn

Cette série est la R-transformée de la mesure µ
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On déduit alors naturellement de la proposition précédente que pour toute mesure de probabilité µ, ν,
on a (au moins au sens des série formelles) :

Rµ�ν = Rµ +Rν

Il reste maintenant à donner une expression de Rµ directement en fonction de µ. Rappelons que si µ
est une mesure de probabilité, sa transformée de Stieljes Gµ est dé�nie pour z ∈ C en dehors du support
de µ par :

Gµ(z) :=

∫
1

z − t
dµ(t)

On note Kµ son inverse formel en + ∞, c'est à dire la fonction telle que Gµ(Kµ(z)) = z, on a alors
que Kµ est de la forme :

Kµ(z) =
1

z
+

∞∑
n=1

Cnz
n−1

On a alors la résultat suivant :

Proposition B.0.18. Si µ a un support compact, les Cn sont les cumulants non-commutatifs de µ et :

Rµ(z) = Kµ(z)− 1

z

On a donc un moyen de calculer la somme libre µ� ν. En particulier on a que la R-transformée d'une
mesure semi-circulaire de variance σ2 est :

Rσ(z) = σ2z

La somme libre de deux semi-circulaires est une semi-circulaire dont la variance est la somme des deux
variances. La semi-circulaire est donc un analogue non-commutatif de la loi gaussienne.
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Résumé :
L’un des principaux objets d’étude de la théorie des matrices aléatoires est le spectre de matrices

dont les coefficients sont des variables aléatoires et dont la dimension est grande. Dans cette thèse,
on s’intéresse à deux questions concernant le spectre de matrices aléatoires : les grandes déviations
de la plus grande valeur propre et la convergence de la mesure empirique.

En dehors des cas où les coefficients sont à distributions gaussiennes ou à queues lourdes, peu de
principes de grandes déviations sont connus en théorie des matrices aléatoires, tant pour la mesure
empirique que pour la plus grande valeur propre. Dans la première partie de cette thèse on présente
une série de principes de grandes déviations pour la plus grande valeur propre des matrices de
Wigner, de Wishart et des matrices à profils de variance ayant des coefficients dont la distribution
vérifie une borne sous-gaussienne.

Dans la seconde partie de cette thèse, on s’intéresse à la convergence de la mesure empirique pour
des polynômes de matrices aléatoires. Dans le cas de polynômes auto-adjoints en des matrices de
Wigner indépendantes, les travaux de Voiculescu permettent de voir la limite de la mesure empirique
comme la mesure spectrale d’un polynôme en des éléments semi-circulaires libres. Toutefois dans le
cas général, il est nécessaire d’avoir un contrôle sur les plus petites valeurs singulières pour conclure.
On présente un tel résultat pour le cas particulier d’un polynôme de degré 2 en des matrices de
Ginibre ainsi que la preuve de la convergence de la mesure empirique.

Mots-clé : Matrices aléatoires, grandes déviations, plus grande valeur propre, mesure de Brown,
polynôme de matrices aléatoires.

Abstract :
One of the main objects of random matrix theory is the spectrum of matrices of large dimension

and whose entries are random variables. In this thesis, we concern ourselves with two questions :
the large deviations of the largest eigenvalue and the convergence of the empirical measure.

Apart from the case of coefficients with Gaussian or heavy-tailed distributions., few large de-
viation principles are proved in random matrix theory, for the empirical measure or the largest
eigenvalue. In the first part of this thesis, we prove a series of large deviation principles for the
largest eigenvalue of Wigner matrices, Wishart matrices and matrices with variance profiles with
coefficients whose distributions satisfy a sub-Gaussian bound.

In the second part of this thesis, we examine the question of the convergence of the empirical
measure of polynomials of random matrices. In the case of self-adjoint polynomials in independent
Wigner matrices, thanks to the results of Voiculescu, we can see the limit measure as the spectral
measure of a polynomial in independently free semi-circular elements. But in the general case, it is
necessary to control the smallest singular values in order to conclude. We present such a control for
polynomials of degree 2 in Ginibre matrices and we prove the convergence of the empirical measure.

Keywords : Random matrices, large deviations, largest eigenvalue, Brown measure, polynomial
in random matrices


