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Résumé

Dans cette thèse, nous étudions un modèle de régression avec des entrées de type
distribution et le problème de test d’hypothèse pour la détection de signaux dans un
modèle de régression. Nos modèles ont été appliqués aux données de sensibilité au-
ditive mesurées par otoémissions acoustiques 1, cette mesure biologique contenant
potentiellement des informations annexes sur l’individu (age, sexe, population/e-
spèce).

Dans la première partie, un nouveau modèle de régression de distribution pour
les distributions de probabilité est introduit. Ce modèle est basé sur un cadre
de régression RKHS (Reproducing Kernel Hilbert Space), dans lequel les noyaux
universels sont construits à l’aide de distances de Wasserstein pour les distributions
appartenant à W2(Ω) où Ω est un sous-espace compact de R. Nous prouvons la
propriété de noyau universel de ces noyaux et utilisons ce cadre pour effectuer des
régressions sur des fonctions. Différents modèles de régression sont d’abord comparés
à celui proposé sur des données fonctionnelles simulées. Nous appliquons ensuite
notre modèle de régression aux réponses de distribution des émissions otoascoutiques
évoquées transitoires (TEOAE) et aux prédicteurs réels de l’âge. Cette partie est
un travail en collaboration avec Loubes, J-M., Risser, L. et Balaresque, P..

Dans la deuxième partie, en considérant un modèle de régression, nous abordons
la question du test de la nullité de la fonction de régression. Nous proposons tout
d’abord une nouvelle procédure de test unique basée sur un noyau symétrique général
et une estimation de la variance des observations. Les valeurs critiques correspon-
dantes sont construites pour obtenir des tests non-asymptotiques de niveau α. Nous
introduisons ensuite une procédure d’agrégation afin d’éviter le choix complexe du
noyau et des paramètres de celui-ci. Les tests multiples vérifient les propriétés non
asymptotiques et adaptatives au sens minimax sur plusieurs classes d’alternatives
régulières.

Mots-clés: Régression, reproduction de l’espace de Hilbert du noyau, distance
de Wasserstein, émission otoacoustique évoquée transitoire, taux de séparation, tests
adaptatifs, méthodes du noyau, test agrégé.

1vibrations de nature sonore générées par les mouvements des cellules ciliées externes, situées
le long de la membrane basilaire cochléaire - Wikipédia.
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Abstract

In this thesis, we study a regression model with distribution entries and the test-
ing hypothesis problem for signal detection in a regression model. We aim to apply
these models in hearing sensitivity measured by the transient evoked otoacoustic
emissions (TEOAEs) data to improve our knowledge in the auditory investigation.

In the first part, a new distribution regression model for probability distributions
is introduced. This model is based on a Reproducing Kernel Hilbert Space (RKHS)
regression framework, where universal kernels are built using Wasserstein distances
for distributions belonging toW2(Ω) and Ω is a compact subspace of R. We prove the
universal kernel property of such kernels and use this setting to perform regressions
on functions. Different regression models are first compared with the proposed one
on simulated functional data. We then apply our regression model to transient
evoked otoascoutic emission (TEOAE) distribution responses and real predictors of
the age. This part is a joint work with Loubes, J-M., Risser, L. and Balaresque, P..

In the second part, considering a regression model, we address the question of
testing the nullity of the regression function. The testing procedure is available
when the variance of the observations is unknown and does not depend on any prior
information on the alternative. We first propose a single testing procedure based on
a general symmetric kernel and an estimation of the variance of the observations.
The corresponding critical values are constructed to obtain non asymptotic level-
α tests. We then introduce an aggregation procedure to avoid the difficult choice
of the kernel and of the parameters of the kernel. The multiple tests satisfy non-
asymptotic properties and are adaptive in the minimax sense over several classes of
regular alternatives.

Keywords: Regression, Reproducing kernel Hilbert space, Wasserstein distance,
Transient evoked otoacoustic emission, separation rates, adaptive tests, kernel meth-
ods, aggregated test.
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1.1 Motivation

Dans la modélisation statistique, l’analyse de régression est un ensemble de pro-
cessus statistiques permettant d’estimer les relations entre les variables. Il comprend
de nombreuses techniques pour modéliser et analyser plusieurs variables lorsque
l’accent est mis sur la relation entre une variable dépendante et une ou plusieurs
variables indépendantes (ou "prédicteurs"). Plus précisément, l’analyse de régression
aide à comprendre comment la valeur typique de la variable dépendante (ou "variable
critère") change lorsque l’une des variables indépendantes est modifiée, tandis que
les autres variables indépendantes sont maintenues fixes. Voir par exemple Azaïs
(2006); Kutner, Nachtsheim, and Neter (2004) et les références qui y figurent. Le
plus souvent, l’analyse de régression estime l’espérance conditionnelle de la variable
dépendante en fonction des variables indépendantes, c’est-à-dire la valeur moyenne
de la variable dépendante lorsque les variables indépendantes sont fixes. Moins com-
munément, l’accent est mis sur un quantile ou un autre paramètre d’emplacement
de la distribution conditionnelle de la variable dépendante étant donné les vari-
ables indépendantes. Dans tous les cas, une fonction des variables indépendantes
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appelée fonction de régression doit être estimée. L’analyse de régression est large-
ment utilisée pour la prévision, son utilisation englobant largement le domaine de
l’apprentissage automatique. L’analyse de régression est également utilisée pour
comprendre quelles variables indépendantes sont liées à la variable dépendante et
pour explorer les formes de ces relations. De nombreuses techniques d’analyse de ré-
gression ont été développées. Les méthodes familières telles que la régression linéaire
et la régression des moindres carrés ordinaires sont paramétriques, en ce sens que la
fonction de régression est définie en termes d’un nombre fini de paramètres incon-
nus estimés à partir des données. La régression non paramétrique fait référence à
des techniques permettant à la fonction de régression de se situer dans un ensemble
spécifique de fonctions, qui peut être de dimension infinie.

1.1.1 Le modèle de régression

Le modèle de régression le plus général est y = f(x)+σε, qui indique simplement
que la valeur de y (les réponses) dépend de la valeur de x (les prédicteurs). On peut
supposer que le terme d’erreur aléatoire ε est normalement (et indépendamment)
distribué, de moyenne nulle et de variance σ2; f est la fonction de régression qui
doit être estimée. Dans divers domaines d’application, différentes terminologies sont
utilisées à la place des variables dépendantes et indépendantes.

Un large éventail de modèles de régression ont été proposés lorsque x et/ou y
prennent la forme de courbes ou de fonctions. Il est devenu classique de distinguer
trois situations de base dans ce domaine de régression fonctionnelle (Ramsay (2005),
Chiou, Müller, and Wang (2004)): le premier, les réponses et les prédicteurs sont
des fonctions; le deuxième, les réponses sont des scalaires et les prédicteurs sont des
fonctions; et enfin les réponses sont des fonctions et les prédicteurs sont des scalaires.
Dans ce cadre, différentes stratégies ont été étudiées et utilisées dans plusieurs do-
maines d’application concernant l’analyse de données fonctionnelles (Neter, Kut-
ner, Nachtsheim, and Wasserman (1996), Ramsay and Silverman (2007)). Le cadre
RKHS (Reproducing Kernel Hilbert Space) est récemment devenu populaire pour
étendre les résultats de la théorie de l’apprentissage statistique dans le contexte de
la régression de données fonctionnelles, ainsi que pour développer des procédures
d’estimation de prédicteur fonctionnel f comme dans Preda (2007) et Kadri, Du-
flos, Preux, Canu, and Davy (2010) par exemple. Ce cadre est particulièrement
important dans le domaine de la théorie statistique de l’apprentissage en raison du
théorème du Représentant, qui stipule que chaque fonction peut être écrite comme
une combinaison linéaire de la fonction noyau évaluée aux points d’apprentissage
(Berlinet and Thomas-Agnan (2011)). On obtient ainsi un moyen d’estimer des
fonctions sur un large éventail d’espaces fonctionnels.

Les distributions de probabilités constituent un autre domaine d’intérêt pour la
régression et il est devenu une préoccupation majeure ces dernières années. Sem-
blable à la régression fonctionnelle, le modèle de régression de distribution peut être
classé en trois types selon que les réponses ou les prédicteurs sont des distributions
ou des scalaires. Dans notre cadre, nous cherchons à résoudre le problème de ré-
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gression avec des entrées appartenant à des espaces de distribution de probabilité
dont les sorties sont des valeurs réelles. Une approche commune de ce problème
consiste à examiner le plongement dans un espace de Hilbert à l’aide de noyaux,
en utilisant par exemple le plongement moyen comme dans Smola, Gretton, Song,
and Schölkopf (2007). Voir Muandet, Fukumizu, Dinuzzo, and Schölkopf (2012)
pour d’autre références. Les études de régression avec entrées de type distribu-
tion et réponses réelles sont l’un des sujets de recherche les plus populaires dans
ce domaine, par exemple Póczos, Rinaldo, Singh, and Wasserman (2013) et Oliva,
Neiswanger, Póczos, Schneider, and Xing (2014).

1.1.2 Test d’hypothèses en régression non paramétrique

Une hypothèse statistique, parfois appelée analyse de données de confirmation,
est une hypothèse qui peut être testée sur la base de l’observation d’un processus
modélisé via un ensemble de variables aléatoires. Un test d’hypothèse statistique
est une méthode d’inférence statistique. Généralement, on compare deux ensembles
de données statistiques ou on compare un ensemble de données obtenu par échan-
tillonnage à un ensemble de données synthétiques provenant d’un modèle idéalisé.
Une hypothèse est proposée pour la relation statistique entre les deux ensembles
de données. Cette hypothèse est comparée en tant qu’alternative à une hypothèse
nulle idéalisée ne proposant aucune relation entre deux ensembles de données. La
comparaison est considérée comme statistiquement significative si la relation entre
les ensembles de données constitue une réalisation improbable de l’hypothèse nulle
selon une probabilité de seuil, le niveau de signification. Les tests d’hypothèses
sont utilisés pour déterminer quels résultats d’une étude conduiraient à un rejet de
l’hypothèse nulle pour un niveau de signification prédéfini. Le processus de distinc-
tion entre l’hypothèse nulle et l’hypothèse alternative est facilité en considérant deux
types d’erreurs conceptuels. Le premier type d’erreur se produit lorsque l’hypothèse
nulle est rejetée à tort. Le second type d’erreur se produit lorsque l’hypothèse nulle
n’est pas rejetée à tort.

Dans cette thèse, nous nous sommes intéressés aux tests d’hypothèses pour des
modèles de régression non paramétriques. Ce thème a été considéré dans plusieurs
articles King (1988), Hardle and Marron (1990), Hall and Hart (1990), King, Hart,
and Wehrly (1991) et Delgado (1992). Les tests d’absence d’effet dans la régression
non paramétrique sont étudiés dans Eubank and LaRiccia (1993). Dans le document
de Spokoiny et al. (1996), les auteurs considèrent le cas particulier où σ est supposé
connu. Ils proposent des tests permettant d’atteindre les taux minimax de tests pour
un large éventail de classes de Besov. Baraud, Huet, Laurent, et al. (2003) proposent
un test, basé sur des méthodes de sélection de modèle, pour tester si l’espérance
d’un vecteur gaussien à n composantes indépendantes appartient à un sous-espace
linéaire de Rn par rapport à une alternative non paramétrique. La procédure de
test est disponible lorsque la variance des observations est inconnue et ne dépend
d’aucune information préalable sur l’alternative. Ils obtiennent des taux de test
optimaux allant jusqu’à un facteur log n possible sur différentes classes d’alternatives



14 1. Introduction générale

simultanément. Plus récemment, dans un cadre de processus de Poisson, Fromont,
Lerasle, Reynaud-Bouret, et al. (2012) et Fromont, Laurent, Reynaud-Bouret, et al.
(2013) ont envisagé deux processus de Poisson indépendants. Ils abordent la question
du test de l’égalité de leurs intensités respectives. Ils introduisent des tests basés
sur une seule fonction du noyau et agrègent plusieurs tests basés sur le noyau pour
obtenir des procédures de test adaptatives minimales par rapport à des alternatives
basées sur les boules de Besov ou de Sobolev. Notre deuxième travail est fortement
inspiré du papier de Fromont et al. (2013).

1.2 Objectifs

Comme nous l’avons évoqué, cette thèse concerne la régression du noyau à travers
deux approches. L’une d’entre elles concerne l’introduction d’une nouvelle prédic-
tion de la fonction de régression pour les modèles de régression avec des entrées de
distribution. La seconde aborde la question de tester la nullité de la fonction de ré-
gression sur un modèle de régression. Nous avons appliqué notre première approche
à des données biologiques. Nous avons choisi des profils auditifs (mesurés en Oto-
émissions acoustiques évoquées transitoires - TEOAEs) car ils peuvent contenir en
substance des informations cachées sur des traits de vie individuels (classes d’âge)
et constituent le candidat idéal pour les analyses de régression. Plus précisément,
nous détaillons ci-dessous les deux objectifs de cette thèse.

Pour le premier objectif de cette thèse, nous considérons les noyaux constru-
its en utilisant la distance de Wasserstein (voir Villani (2008)). Dans le papier de
Kolouri, Zou, and Rohde (2015), les auteurs construisent un noyau de Wasserstein
en tranches basé sur la distance de Wasserstein, qui s’est révélé être un noyau défini
positif pour des distributions absolument continues. Plus généralement, pour toutes
les distributions, les auteurs de Bachoc, Gamboa, Loubes, and Venet (2017) ont con-
struit une famille de noyaux définis positifs, définis avec la distance de Wasserstein
pour les distributions sur la ligne réelle. De plus, un noyau étroitement lié à ceux-ci
a été précédemment étudié via les "noyaux universels" dans Steinwart (2001) afin
d’atteindre la richesse de RKHS. Dans le cadre de Christmann and Steinwart (2010),
les auteurs prouvent l’universalité du noyau RBF de type gaussien. De plus, combi-
nant le noyau défini positif construit par Bachoc et al. (2017) avec le noyau Gaussien
radial dans Christmann and Steinwart (2010), nous considérons un noyau universel
basé sur la distance de Wasserstein entre deux distributions de probabilité sur un
espace compact. Plus précisément, cela correspond aux deux étapes prévues dans la
suite de notre travail, Bui, Loubes, et al. (2018). Premièrement, nous considérons
l’espace des distributions comme une variété munie des distances de Wasserstein.
Deuxièmement, nous avons abordé la question des régressions sur les espaces fonc-
tionnels RKHS, et l’avons appliqué à l’étude des liens entre les courbes de sensibilité
auditive et les classes d’âge.

Le contexte applicatif de notre modèle concerne l’exploitation des données audi-
tives, par le biais des otoemissions acoustiques. Les otoémissions sont des fréquences
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émises par l’oreille sur une gamme de fréquences suite à sa stimulation par de mul-
tiples (ici 256) fréquences. Ces stimuli vont faire vibrer les cellules ciliées externes,
situées le long de la membrane basilaire cochléaire, qui vont produire un son en
réponse. Ce phénomène, prédit par Kemp (1978), a été démontré expérimentale-
ment par le physicien David Kemp grâce au perfectionnement de micros ultrasen-
sibles. Chez l’homme, les TEOAEs ont été très utilisées pour évaluer la sensibilité
auditive, mais des études fines portant sur un lien potentiel entre ces courbes de sen-
sibilités et d’autres paramètres biologiques n’ont pas été menées jusque là. C’est en
ce sens que l’objet d’application de notre modèle est original. Les premières études
sur les TEOAE ont été présentées par Johnsen, Bagi, and Elberling (1983); Kemp
and Ryan (1991). La différence dans la structure des courbes TEOAE varie avec
l’age. Par exemple, les amplitudes de TEOAE chez les nourrissons peuvent être plus
grandes que chez l’adulte, dans des conditions d’enregistrement comparables. Les
composantes principales de fréquences peuvent être plus grandes également Prieve,
Fitzgerald, and Schulte (1997b). Le niveau de réponse total au TEOAE diminue
avec l’âge après les 2 premiers mois de la vie, Liu and Wang (2012). Pour cela,
nous avons considéré les données TEOAEs dans un cadre utilisant la géométrie des
données. Les TEOAE ont été considérées comme des objets fonctionnels ayant une
densité indiquant à quelle fréquence une gamme de fréquences a été activée. La
recherche de la relation entre la sensibilité auditive et les groupes d’âge est traitée
en appliquant ce cadre, nous avons prédit l’âge des TEOAE dans la population
humaine mais également en utilisant des données non-humaines, Fowler, Chiasson,
Leslie, Thomas, Beasley, Kemnitz, and Weindruch (2010).

Pour le second objectif de cette thèse, nous avons considéré un modèle de régres-
sion avec des entrées de type fonction et avons abordé la question du test de la nullité
de la fonction de régression, Bui (2019). Nous proposons tout d’abord une nouvelle
procédure de test unique basée sur un noyau symétrique général et une estimation
de la variance des observations. Au lieu de considérer un seul noyau particulier, nous
considérons une collection de noyaux et la collection correspondante de tests, cha-
cun avec un niveau de signification adapté. Nous rejetons ensuite l’hypothèse nulle
lorsqu’il existe au moins un des tests de la collection qui rejette l’hypothèse nulle.
Les procédures de test agrégées sont construites pour être de niveau α et l’erreur
de seconde espèce due à l’agrégation, lorsque elle est inévitable, est aussi petite que
possible. Les propriétés des procédures sont examinées par simulation numériques.
Les résultats sur données synthétiques générées aléatoirement montrent que les tests
proposés maintiennent les taux d’erreur souhaités sous l’hypothèse nulle et ont une
bonne puissance sous l’alternative. Dans l’etat actuel de mes travaux, il n’est pas
possible d’apliquer les tests d’hypothèse proposés ici aux otoémissions parce que
les données ne contiennent pas nécessairement les points (1.3.7) qui permettent
d’estimer la variance des obversations.
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1.3 Présentation des résultats

Cette section est composée de deux parties indépendantes décrites dans des ar-
ticles soumis ou en cours de finalisation. Nous avons brièvement présenté ici nos
résultats de chaque partie.

1.3.1 Régression dans un RKHS pour des distributions: ap-
plication à la prévision de l’age en fonction des courbes
d’oto-émission

Dans cette partie, nous étudions des modèles de régression avec des entrées de
distribution. Ce travail réalisé avec Loubes, J.M., Risser, L. et Balaresque, P. a fait
l’objet de l’article Bui et al. (2018).

Nous voulions résoudre le problème de régression avec des entrées appartenant
à des espaces de distribution de probabilités et des sorties réelles. En particulier,
nous considérons le modèle

yi = f(µi) + σεi, (1.3.1)

où {µi}ni=1 sont les distributions de probabilité sur R, {yi}ni=1 sont des nombres réels,
εi représente un bruit gaussien indépendant et identiquement distribué et σ est le
niveau de bruit. Comme dans les modèles de régression classiques, nous avons besoin
d’observations {(µi, yi)}ni=1.

Pour trouver une estimation de la fonction de régression inconnue f , nous
voulions utiliser le cadre de la minimisation du risque empirique régularisé sur
l’espace de Hilbert à noyau reproduisant (RKHS). Plus particulièrement, nous cher-
chons à trouver la solution du problème de minimisation suivant

f̂ = argmin
f∈F

(
n∑
i=1
|yi − f(µi)|2 + λ ‖f‖2

F

)
, (1.3.2)

où λ ∈ R+ est le paramètre de régularisation et F est un espace de Hilbert à noyau
reproduisant.

Comme nous l’avons présenté dans la motivation de cet article, nous considérons
le noyau Gaussien radial présenté dans Christmann and Steinwart (2010). Il est
défini comme suit

Proposition 1.1. Soit X un espace métrique compact et H un espace de Hilbert
séparable tel qu’il existe une application continue et injective ρ : X → H. Pour
γ > 0, le noyau Gaussien radial kγ : X×X → R est le noyau universel, défini pour
tout x, x′ ∈ X par

kσ(x, x′) := exp(−σ2‖ρ(x)− ρ(x′)‖2
H).

Rappelons ici le résultat suivant, issu de l’article de Bachoc et al. (2017).
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Théorème 1.1. Soit kΘ :W2(Ω)×W2(Ω)→ R avec le paramètre Θ := (γ,H, l) tel
que γ 6= 0 et l > 0 défini comme

kΘ(µ, ν) := γ2 exp
(
−W

2H
2 (µ, ν)
l

)
. (1.3.3)

Alors pour 0 < H ≤ 1, kΘ est un noyau défini positif.

Ces deux résultats permettent de construire un noyau universel de type Gaussien
basé sur la distance de Wasserstein:
Théorème 1.2. Soit kΘ :W2(Ω)×W2(Ω)→ R avec le paramètre Θ := (γ,H, l) tel
que γ 6= 0, H = 1 et l > 0 défini comme

kΘ(µ, ν) := γ2 exp
(
−W

2H
2 (µ, ν)
l

)
. (1.3.4)

Alors le noyau kΘ est universel.

Ensuite, nous pourrions construire facilement un RKHS F à partir d’un noyau
universel. Enfin, en utilisant le cadre RKHS par minimisation du risque empirique
régularisé (1.3.2) impliquant des distributions dans les RKHS (Muandet et al.
(2012)), nous avons résolu le problème de la fonction inconnue f dans le modèle
de régression avec entrée de distribution. La fonction de régression prédite a été
exprimée par

f̂ : µ 7→ f̂(µ) :=
n∑
j=1

α̂jkΘ(µ, µj), (1.3.5)

où α̂ = (C + λI)−1 Y , avec α = (α1, · · · , αn)T , Y = (y1, · · · , yn)T et C =
{(cij)}ni,j=1,

cij = γ2 exp
(
−W

2
2 (µi, µj)
l

)
.

Nous avons utilisé l’erreur quadratique moyenne (RMSE) comme critère pour
montrer la différence de qualité entre notre modèle et d’autres modèles. Dans les
entrées de type distribution en dimension 1, nous avons comparé notre modèle avec
deux autres modèles. L’un d’eux noté par "Legendre" correspond aux modèles de
régression avec entrée de densité lisse et l’autre noté par "Histogram" est introduit
pour l’entrée d’histogramme approximatif. Le critère de qualité est que RMSE
devrait être minimale. Donc, notre modèle surpasse clairement les autres modèles.
On constate dans le Table 1.1 que.

En outre, nous avons comparé la qualité de notre noyau d’ une sorte de noyau
très proche du notre présenté dans Kolouri et al. (2015); Kolouri, Rohde, and Hoff-
mann (2018). Nous avons noté notre modèle en dimension 2 par "Wasserstein2D"
et l’autre par "SlicedWasserstein2D". Dans ce cas, nous avons fait référence à un
noyau universel basé sur la distance de Wasserstein entre deux distributions Gaussi-
ennes en dimension 2 décrit dans Bachoc, Suvorikova, Loubes, and Spokoiny (2018).
Dans la Table 1.2, en se basant sur les valeurs RMSE minimales, le modèle "Wasser-
stein2D" surpasse nettement le modèle "SlicedWassertein2D" lorsqu’il existe beau-
coup de bruit dans le modèle de régression.



18 1. Introduction générale

model RMSE
"Wasserstein" 0.04

"Legendre" order 5 0.15
"Legendre" order 10 0.11

"Histogram" 0.12

Table 1.1: Les valeurs RMSE pour les modèles de régression de distribution "Wasserstein", "Legendre" et "Histogram".

σ "Wasserstein2D" "SlicedWasserstein2D"
1 0.06 0.06
5 0.09 0.33
10 0.1 0.91

Table 1.2: Les valeurs RMSE pour les modèles de régression de distribution "Wassertein2D" and "Sliced-
Wassrstein2D" en fonction du niveau de bruit σ = 1, 5, 10.

Application à l’évolution de la sensibilité auditive

Nous avons examiné 48 profils TEOAE correspondant à 48 individus (âgés de 15
à 50 ans), dans la Figure 1.1. Chaque observation est associée à une courbe d’oto-
émission qui traduit la réponse de la cochlée à plusieurs stimuli fréquences (256
fréquences). Le niveau de réponse dépend de chaque individu et chaque stimulus
doit être normalisé, mais la réaction de chaque individu est caractéristique de ses
caractéristiques physiologiques. Ainsi, à chaque individu est associée une courbe qui,
après normalisation, est considérée comme une distribution µ décrivant la répartition
des réponses pour différentes fréquences allant théoriquement de 0 à 10 kHz.

En utilisant le modèle de régression de distribution, nous avons étudié la relation
entre les réponses évoquées de clics couvrant la plage de fréquences allant jusqu’à
10 kHz et l’âge. Nous avons très bien prédit l’âge de chaque individu en appliquant
notre fonction de régression (Figure 1.2). En particulier, on obtient une bonne
prédiction sur l’échantillon appartenant à la classe d’âge [15, 35].

Perspective

Dans ce travail, nous avons étudié avec succès la courbe TEOAE de chaque
individu dans la population humaine sous forme de distribution après normalisation.
Nous avons ensuite étudié la relation entre l’âge et la courbe TEOAE. L’effet de l’âge
sur l’audition est profondément lié au changement de cochléaire. Il s’agit d’une
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Figure 1.1: Courbes d’oto-émission. 48 courbes de TEOAE sur la gamme de fréquence théorique maximale (0Hz-
10kHz).

Figure 1.2: L’âge exact et l’âge prédit.

nouvelle approche intéressante dans le domaine du traitement statistique de cette
donnée biologique. Nous pensons que notre article aborde un problème important
pour les experts en science des données souhaitant prédire les problèmes de régression
avec les distributions de probabilité en entrée. Nous souhaitons en outre développer
d’avantage l’application de ce modèle à d’autres espèces pour lesquelles les profils
sont bien plus hétérogènes afin de tester la transférabilité de la méthode à d’autres
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sujets. L’extension de ce travail à des distributions en dimension supérieure devrait
être abordée dans un travail ultérieur, en utilisant par exemple comme noyau celui
qui se trouve dans Bachoc et al. (2018).

1.3.2 Tests sur courbes

Cette partie concerne les tests d’hypothèse. Elle a fait l’objet de l’article Bui
(2019).

Problème et test statistique proposées

Considérons (Xi, Yi)1≤i≤n qui obéissent au modèle de régression décrit comme
suit,

Yi = f (Xi) + σεi, i = 1, · · · , n. (1.3.6)
Nous supposons que X = (X1, X2, · · · , Xn) sont des variables aléatoires réelles
i.i.d à valeurs dans un ensemble mesurable E telle que [0, 1] ⊂ E ⊂ R de den-
sité ν par rapport à la mesure de Lebesgue sur E et ε = (ε1, ε2, · · · , εn) sont des
variables aléatoires gaussiennes standard, i.i.d indépendantes de (X1, X2, · · · , Xn).
La fonction f est supposée être dans L2 (E, dν). Nous présumons également que
‖f‖∞ = supx∈E |f(x)| < +∞. Afin d’évaluer σ2, nous avons supposé que nous
avons aussi observé

(
Y
′

1 , · · · , Y
′
n

)
qui obéissent au modèle

Y
′

i = f
(
i

n

)
+ σε

′

i, i = 1, · · · , n, (1.3.7)

où ε′ =
(
ε
′
1, · · · , ε

′
n

)
est indépendant de (X1, · · · , Xn, ε1, · · · , εn).

Étant donné l’observation de (Xi, Yi)1≤i≤n ,
(
Y
′
i

)
1≤i≤n

, nous voulons vérifier
l’hypothèse nulle

(H0) : f = 0,
contre l’hypothèse alternative

(H1) : f 6= 0.

Dans ce travail, pour tester des hypothèses (H0) contre (H1) dans un modèle de
régression, nous avons construit des procédures de test agrégées basées sur le noyau.
Nos statistiques de test étaient basées sur une seule fonction du noyau qui pourrait
être choisie soit comme un noyau de projection ou un noyau Gaussien. Nous avons
proposé une estimation pour la variance inconnue σ2. Nos tests étaient exactement
(et pas seulement asymptotiquement) de niveau α. Nous avons obtenu les conditions
optimales non-asymptotiques dans l’hypothèse alternative qui garantissait que la
probabilité d’erreur de type II etait au plus égale à un niveau prescrit β. Cependant,
nos tests avaient aussi pour but de régler la question du choix du noyau et des
paramètres de ce noyau. Nous avons utilisé une approche d’agrégation, qui était
bien connue dans les tests adaptatifs (Baraud et al. (2003) et Fromont et al. (2013)).
Ce travail est fortement inspiré du papier de Fromont et al. (2013).
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Soit K : E × E → R une fonction du noyau symétrique: satisfaisant∫
E2 K2(x, y)f(x)f(y)dν(x)dν(y) < +∞.
Nous avons introduit le test d’hypothèse VK défini ci-après

VK = TK
σ̂2
n

, (1.3.8)

où
TK = 1

n(n− 1)

n∑
i 6=j=1

K(Xi, Xj)YiYj (1.3.9)

et

σ̂2
n = 1

n

n/2∑
i=1

(
Y
′

2i−1 − Y
′

2i

)2
. (1.3.10)

L’espérance de TK est égale à

E (TK) = 〈K[f ], f〉, (1.3.11)

où
K[f ](x) =

∫
E
K(x, y)f(y)dν(y), pour tout x ∈ E,

et pour tout f, g ∈ L2(E, dν)

〈f, g〉 =
∫
E
f(x)g(x)dν(x) et ‖f‖2 = 〈f, f〉.

D’autre part, E [σ̂2
n] = a2 + σ2, avec a2 := 1

n

∑n/2
i=1

[
f
(

2i−1
n

)
− f

(
2i
n

)]2
.

Ainsi, σ̂2
n est un estimateur biaisé de σ2 avec pour biais a2. Si f est une fonction

régulière, ce biais est faible.
Nous traitons ci-après deux exemples particuliers de fonctions de noyau pour

expliquer pourquoi nous avons choisi le test d’hypothèse VK .
Exemple 1. Quand E = [0, 1], notre premier choix pour K était une fonction

noyau symétrique basée sur une famille {φλ, λ ∈ Λ} orthonormale par rapport au
produit scalaire 〈., .〉,

K(x, y) =
∑
λ∈Λ

φλ(x)φλ(y). (1.3.12)

Pour tous f dans L2([0, 1], dν) nous avons E (TK) = 〈ΠS(f), f〉, où S était le sous-
espace de L2([0, 1], dν) engendré par les fonctions {φλ, λ ∈ Λ} et ΠS indique la
projection orthogonale sur S pour 〈., .〉.
Ainsi, lorsque {φλ, λ ∈ Λ} est bien choisie, TK peut être considéré comme un
estimateur pertinent de ‖f‖2.

Exemple 2. Quand E = R et ν est la fonction de densité par rapport à la mesure
de Lebesgue sur R, notre deuxième choix K est un noyau Gaussien défini par

K(x, y) = 1
h
k
(
x− y
h

)
, pour tous (x, y) ∈ R2, (1.3.13)
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où k(u) = 1√
2π exp (−u2/2) , pour tous u ∈ R et h est la largeur de bande. Alors,

pour tous f ∈ L2(R, dν) nous avons E (TK) = 〈kh ∗ f, f〉, où ∗ est le produit de
convolution par rapport à la mesure ν et kh(u) = 1

h
k
(
u
h

)
, ∀u ∈ R.

Ainsi, lorsque la bande h est bien choisie, TK peut être considéré comme un estima-
teur pertinent de ‖f‖2.

À partir des choix des deux exemples ci-dessus pour K, nous avons vu que le
test d’hypothèse VK peut être considéré comme un estimateur pertinent de ‖f‖2.
Ainsi, il semble être raisonnable de considérer un test qui rejette (H0) quand VK est
"assez grand".

Nous avons défini les valeurs critiques utilisées dans nos tests en définissant,

V
(0)
K =

1
n(n−1)

∑n
i 6=j=1K(Xi, Xj)εiεj

1
n

∑n/2
i=1

(
ε
′
2i−1 − ε

′
2i

)2 . (1.3.14)

Pour α dans (0, 1), on a noté la q(X)
K,1−α le (1− α)-quantile de la distribution de V (0)

K

conditionnellement à X. Nous rejetons (H0) quand VK > q
(X)
K,1−α. La fonction de

test correspondante est définie par

ΦK,α = 1{VK > q
(X)
K,1−α}. (1.3.15)

Probabilités d’erreurs de type I et II

Sous (H0), VK et V (0)
K ont la même distribution conditionnellement à X, pour

tous α ∈ (0, 1), nous avons

P(H0)

(
VK > q

(X)
K,1−α

∣∣∣∣∣X
)
≤ α.

En prenant l’espérance par rapport à X, nous obtenons

P(H0) (ΦK,α = 1) ≤ α.

En notant qαK,1−β/2 le (1−β/2)-quantile du quantile conditionnel q(X)
K,1−α, nous avons

donné la condition pour minorer l’erreur de seconde espèce

Proposition 1.2. Soit α, β les niveaux fixés dans (0, 1). Nous avons

Pf
(
VK ≤ qαK,1−β/2

)
≤ β/2,

sous réserve que

〈K [f ] , f〉 ≥
√

16AK + 8BK

β
+Dn,β q

α
K,1−β/2, (1.3.16)
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avec

AK = n− 2
n(n− 1)

∫
E

(K[f ](x))2
[
f 2(x) + σ2

]
dν(x),

BK = 1
n(n− 1)

∫
E2
K2(x, y)

[
f 2(x) + σ2

] [
f 2(y) + σ2

]
dν(x)dν(y),

Dn,β = σ2 + a2 + 4σ2

n

√√√√(n
2 + na2

σ2

)
ln
(

2
β

)
+ 4σ2

n
ln
(

2
β

)
.

Ainsi nous avons, sous (1.3.16),

Pf (ΦK,α = 0) ≤ β.

De plus, il existe une constante κ > 0 telle que, pour chaque K et n ≥ 32 ln(2/α),

qαK,1−β/2 ≤
2κ√

n(n− 1)
ln
( 2
α

)√2
∫
E2 K2(x, y)dν(x)dν(y)

β
. (1.3.17)

Nous avons également donné une condition sur f pour que le test soit puissant.

Théorème 1.3. Soit α, β les niveaux fixés dans (0, 1), κ une constante positive,
K une fonction de noyau symétrique, et ΦK,α le test défini par (1.3.15). Soit CK
une limite supérieure pour

∫
E2 K2(x, y)dν(x)dν(y). Pour tout n ≥ 32 ln(2/α), nous

avons Pf (ΦK,α = 0) ≤ β, sous réserve que

‖f‖2 ≥ ‖f −K[f ]‖2 +
16
(
‖f‖2

∞ + σ2
)

nβ

+ 4√
n(n− 1)β

(
κDn,β ln

( 2
α

)
+
√

2
(
‖f‖2

∞ + σ2
))√

CK . (1.3.18)

Par exemple, CK peut être pris comme suit.

1. CK = D quand K est choisi comme dans l’Exemple 1, en considérant une base
orthonormée {φλ, λ ∈ Λ} d’un sous-espace D-dimensionnel S de L2([0, 1], dν).

2. CK = ‖ν‖∞
h
√

2π quand K est choisi comme dans l’Exemple 2.

Noyaux de projection.

Considérons le cas particulier où le noyau K est le noyau de projection de
l’Exemple 1 sur l’espace engendré par les fonctions de la base de Haar définies
ci-dessus. Nous visons à évaluer les taux de séparation uniformes sur les espaces de
Besov.
Soit {φ0, φ(j,k), j ∈ N, k ∈ {0, · · · , 2j − 1}} la base de Haar L2([0, 1]) avec

φ0(x) = 1[0,1](x) et φj,k(x) = 2j/2ψ(2jx− k), (1.3.19)
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où ψ(x) = 1[0,1/2)(x) − 1[1/2,1](x). Le sous-espace linéaire S est engendré par un
sous-ensemble de la base de Haar. Plus précisément, on note S0 le sous-espace de
L2([0, 1]) engendré par φ0, et on définit

K0(x, x′) = φ0(x)φ0(x′). (1.3.20)

Nous considérons également, pour J ≥ 1, le sous-espace SJ engendré par {φλ, λ ∈
{0} ∪ ΛJ} avec ΛJ = {(j, k), j ∈ {0, · · · , J − 1}, k ∈ {0, · · · , 2j − 1}}, et

KJ(x, x′) =
∑

λ∈{0}∪ΛJ

φλ(x)φλ(x
′). (1.3.21)

Nous fixons α0 = 〈f, φ0〉 et pour tout j ∈ N, k ∈ {0, · · · , 2j − 1}, αj,k = 〈f, φj,k〉.
Nous présentons maintenant le corps de Besov défini pour δ > 0, R > 0 par

Bδ2,∞(R) =

f ∈ L2([0, 1], dν), f = α0φ0 +
∑
j∈N

2j−1∑
k=0

αj,kφj,k / α
2
0 ≤ R2, ∀j ∈ N,

2j−1∑
k=0

α2
j,k ≤ R22−2jδ

 .
Pour tout J ≥ 0, nous considérons la fonction noyau KJ définie par (1.3.20), (1.3.21)
et la fonction de test associée ΦKJ ,α définie dans (1.3.15) avec K = KJ . Nous
donnons une condition sur ‖f‖2 pour f ∈ Bδ2,∞(R) qui garantit que la puissance de
notre test est supérieure à 1− β.

Proposition 1.3. Soit α, β ∈ (0, 1). Pour tout J ≥ 0, on considère KJ définie par
(1.3.20), (1.3.21) et la fonction test ΦKJ∗ ,α = 1{VKJ∗ > q

(X)
KJ∗ ,1−α} où

J∗ =
[
log2

(
n2/(1+4δ)

)]
. (1.3.22)

Pour tout f ∈ Bδ2,∞(R) tel que

‖f‖2 ≥ C(α, β, σ,R, ‖f‖∞)n−4δ/(1+4δ), (1.3.23)

on a Pf (ΦKJ∗ ,α = 0) ≤ β.

Commentaires.

1. Les limites inférieures non asymptotiques des taux de test en détection de
signal sur des espaces de Besov sont données dans Baraud et al. (2002). Ces
limites inférieures coïncident avec les limites indiquées dans (1.3.23). Notre
résultat est plus optimal dans ce cas.

2. Dans (1.3.22), J∗ dépend de δ, le paramètre de régularité de l’espace de Besov,
ce qui conduit à la question naturelle du choix de ce paramètre. Afin de
proposer une procédure adaptative par rapport à la régularité de la fonction
de régression inconnue f , nous introduisons des tests agrégés.
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Noyaux Gaussiens

Considérons le cas particulier où le noyauK est le noyau Gaussien de l’Exemple 2.
Nous visons à évaluer les taux de séparation uniformes sur les espaces de Sobolev.
Soit E = R et L = N∗. Pour x, y dans R et h = 2−l, pour tout l ∈ L, nous
considérons

Kl(x, y) = 1
2−lk

(
x− y
2−l

)
, (1.3.24)

avec
k(u) = 1√

2π
exp

(
−u

2

2

)
.

Pour δ > 0 on considère l’espace de Sobolev Sδ(R) défini par

Sδ(R) =
{
s : R→ R

/
s ∈ L1(R) ∩ L2(R),

∫
R
|u|2δ|ŝ(u)|2du ≤ 2πR2

}
,

où ŝ dénote la transformée de Fourier de s: ŝ(u) =
∫
R s(x)ei〈x,u〉dx.

Pour tout l ∈ L, nous considérons la fonction noyau Kl définie par (1.3.24) et la
fonction de test associée ΦKl,α définie par (1.3.15) avec K = Kl. Nous donnons une
condition sur f ∈ Sδ(R) qui assure que la puissance de notre test est supérieure à
1− β.

Proposition 1.4. Soit α, β ∈ (0, 1). Pour tout l ∈ L, soit Kl définie par (1.3.24)
et la fonction test ΦKl,α = 1{VKl > q

(X)
Kl,1−α}. Nous fixons

l∗ =
[
log2

(
n

2
1+4δ

)]
. (1.3.25)

Pour tout f ∈ Sδ(R) tel que

‖f‖2 ≥ C(α, β, κ, σ, ‖f‖∞)n−4δ/(1+4δ), (1.3.26)

on a Pf (ΦKl∗ ,α = 0) ≤ β.

Commentaires.

1. Comme dans la proposition 1.3, la condition de minoration de (1.3.26) est une
borne classique pour les taux de séparation des tests par rapport aux classes
régulières d’alternatives telles que les espaces de fonctions höldériennes (voir
Ingster (1993)) pour les taux de test minimax non paramétriques dans diverses
configurations.

2. Les limites inférieures non asymptotiques des taux de test en détection de
signal sur des espaces de Sobolev sont données dans Fromont and Lévy-Leduc
(2006). Ces limites coïncident avec les limites données dans (1.3.26).

3. Dans (1.3.25), comme précédemment, l∗ dépend de δ, le paramètre de régular-
ité de l’espace de Sobolev, cela conduit donc à la question naturelle du choix
de ce paramètre traité par les tests agrégés.
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Tests agrégés basés sur des collections de fonctions noyau

Pour éviter de choisir le noyau et ses paramètres dans les tests simples, nous avons
considéré une collection de fonctions noyau au lieu d’une seule. Nous avons défini
une procédure de test multiple en agrégeant les tests individuels correspondant, avec
un choix adapté des valeurs critiques.
On introduit une collection finie {Km, m ∈M} de fonctions noyau symétriques
définies sur: E × E à valeur dans R. Pour m ∈ M, on remplace K dans (1.3.8) et
(1.3.14) par Km pour définir VKm et V (0)

Km . On pose {wm, m ∈M} une collection
de nombres positifs tels que ∑m∈M e−wm ≤ 1. Conditionnellement sur X, pour
u ∈ (0, 1), nous notons par q(X)

m,1−u le (1 − u)-quantile de V (0)
Km . Etant donné α dans

(0, 1), nous considérons le test qui rejette (H0) quand il existe au moins un m dans
M tel que

VKm > q
(X)
m,1−u(X)

α e−wm
,

où u(X)
α est défini par

u(X)
α = sup

{
u > 0, P

(
sup
m∈M

(
VKm − q

(X)
m,1−ue−wm

)
> 0

∣∣∣∣∣X
)
≤ α

}
. (1.3.27)

Nous avons considéré la fonction test Φα définie par

Φα = 1

{
sup
m∈M

(
VKm − q

(X)
m,1−u(X)

α e−wm

)
> 0

}
. (1.3.28)

Nous avons fourni un contrôle des erreurs de 1ère et de 2ème espèce pour le test Φα.

Théorème 1.4. Soit α, β des niveaux fixés dans (0, 1) et Φα le test défini par
(1.3.28). Nous avons

P(H0) (Φα = 1) ≤ α. (1.3.29)

Et pour toute fonction de régression f , nous avons

Pf (Φα = 0) ≤ β, (1.3.30)

lorsqu’il existe m dansM telle que

P
(
VKm ≤ q

(X)
Km,1−αe−wm

)
≤ β.

Commentaires. Ce théorème montre que le test agrégé est de niveau α, pour
tout n. De plus, dès que l’erreur de 2ème espèce est contrôlée par β pour au moins
un test de la collection, il en va de même pour la procédure agrégée avec le prix
que le niveau α est remplacé par αe−wm pour garantir que la procédure agrégée est
de niveau α.
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Cas d’une collection de noyaux de projection

Spécifions les performances du test agrégé pour une collection de noyaux de
projection.

Corollary 1.5. Soit α, β des niveaux fixés dans (0, 1). Soit {Sm,m ∈M} une
collection finie de sous-espaces linéaires de L2([0, 1], dν), engendrés par les fonctions
{φλ, λ ∈ Λm}. Nous supposons que la dimension de Sm est égale à Dm. Nous posons,
pour tout m ∈ M, Km(x, y) = ∑

λ∈Λm φλ(x)φλ(y). Soit Φα défini par (1.3.28) avec
la collection de noyaux {Km, m ∈M} et une collection {wm,m ∈M} des nombres
positifs tels que ∑m∈M e−wm ≤ 1.

Alors Φα est un test de niveau α. En outre, Pf (Φα = 0) ≤ β si

‖f‖2 ≥ inf
m∈M

‖f − ΠSm(f)‖2 +
16
(
‖f‖2

∞ + σ2
)

nβ

+ 4
√
Dm√

n(n− 1)β

(
κDn,β

(
ln
( 2
α

)
+ wm

)
+
√

2
(
‖f‖2

∞ + σ2
)) , (1.3.31)

où κ > 0 et n ≥ 32 ln(α/2).

Commentaires. En comparant ce résultat avec celui obtenu dans le Théorème 1.3
pour le test simple basé sur un noyau de projection, nous pouvons voir que la
procédure de test multiple permet d’obtenir l’infimum sur tout m dansM dans le
membre droit de (1.3.31) au prix du terme supplémentaire wm.

Considérons maintenant le cas particulier oùM =MJ̄ =
{
J, 0 ≤ J ≤ J̄

}
pour

un certain J̄ ≥ 1 et wJ = 2
(
ln(J + 1) + ln(π/

√
6)
)
.

Nous considérons Φ(1)
α , le test défini par (1.3.28) avec la collection de noyaux{

KJ , 0 ≤ J ≤ J̄
}

où K0, KJ , 0 < J ≤ J̄ défini dans (1.3.20), (1.3.21). Nous
obtenons du Corollaire 1.5 qu’il existe une constante C(α, β, σ, ‖f‖∞) tel que
Pf
(
Φ(1)
α = 0

)
≤ β sous réserve que

‖f‖2 ≥ C(α, β, σ, ‖f‖∞) inf
J∈MJ̄

{
‖f − ΠSJ (f)‖2 + ln(J + 2)2J/2

n

}
. (1.3.32)

Pour tout δ > 0, R,R′ > 0 nous considérons

Bδ2,∞(R,R′) =
{
f : f ∈ Bδ2,∞(R), ‖f‖∞ ≤ R

′}
. (1.3.33)

Corollary 1.6. Fixons α, β ∈ (0, 1). Pour tout J ∈ MJ̄ , nous considérons la
fonction de test Φ(1)

α . En choisissant n tel que ln ln(n) ≥ 1, 2J̄ ≥ n2. Ensuite, pour
tout δ, R,R′ > 0 nous fixons

J∗∗ =
log2

( n

ln ln(n)

) 2
4δ+1

 .
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Pour tout f ∈ Bδ2,∞(R,R′) tel que

‖f‖2 ≥ C(α, β, σ,R,R′)
(

ln ln(n)
n

) 4δ
4δ+1

, (1.3.34)

on a Pf
(
Φ(1)
α = 0

)
≤ β.

Commentaire. Nous obtenons une minoration dans (1.3.34) de l’ordre de
(ln ln(n)/n)4δ/(1+4δ). Ce taux de test s’est avéré optimal pour la détection du signal
dans un bruit blanc gaussien par Spokoiny et al. (1996). En particulier, il a montré
qu’un facteur logarithmique est le prix à payer pour l’adaptation.

Cas d’une collection de noyaux Gaussiens

Nous considérons ici le test agrégé basé sur une collection de noyaux gaussiens.

Corollary 1.7. Soient α, β ∈ (0, 1), {hl, l ∈ L} une collection de fenêtres, nous
considérons {Kl, l ∈ L} une collection de noyaux gaussiens correspondant à la col-
lection ci-dessus où Kl défini dans (1.3.24). Soit Φα défini par (1.3.28) avec la
collection de noyaux {Kl, l ∈ L} et une collection {wl, l ∈ L} de nombres positifs
tels que ∑l∈L e

−wl ≤ 1.
Alors Φα est un test de niveau α. De plus, il existe κ > 0 tel que si

‖f‖2 ≥ inf
l∈L

‖f − kl ∗ f‖2 +
16
(
‖f‖2

∞ + σ2
)

nβ

+ 4 ‖ν‖∞
(2π)1/4

√
n(n− 1)βhl

(
κDn,β

(
ln
( 2
α

)
+ wl

)
+
√

2
(
‖f‖2

∞ + σ2
)) ,
(1.3.35)

nous obtenons Pf (ΦK,α = 0) ≤ β.

Nous considérons le cas particulier où nous prenons L = N?, hl = 2−l et wl =
2 (ln(l + 1) + ln(π2/6)) pour tout l ∈ L. Soit Φ(2)

α le test défini par (1.3.28) avec
la collection de noyaux gaussiens {Kl, l ∈ L} et {wl, l ∈ L}. Nous obtenons du
Corollaire 1.7 qu’il existe C(α, β, σ, ‖f‖∞) tel que Pf

(
Φ(2)
α = 0

)
≤ β sous réserve

que

‖f‖2 ≥ C(α, β, σ, ‖f‖∞) inf
l∈L

{
‖f − kl ∗ f‖2 + wl

n
√

2−l

}
. (1.3.36)

Pour δ > 0, R,R′ > 0 nous considérons

Sδ(R,R
′) =

{
f : f ∈ Sδ(R), ‖f‖∞ ≤ R

′}
. (1.3.37)
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Corollary 1.8. Soient α, β ∈ (0, 1). Pour tout l ∈ L, nous considérons la fonction
test Φ(2)

α et supposons que ln lnn ≥ 1. Pour tout δ > 0, R,R′ > 0, nous fixons

l∗∗ =
log2

( n

ln ln(n)

) 2
4δ+1

 .
Pour tout f ∈ Sδ(R,R

′) tel que

‖f‖2 ≥ C(α, β, σ,R,R′)
(

ln ln(n)
n

) 4δ
4δ+1

,

on a Pf
(
Φ(2)
α = 0

)
≤ β.

Commentaires. Le taux de test est de l’ordre de (ln ln(n)/n)4δ/(1+4δ). Il a été
démontré dans Castillo, Lévy-Leduc, and Matias (2006) que ce taux était optimal
sur les boules de Sobolev périodiques jusqu’au logarithme.

À la fin de la seconde partie, nous avons effectué des tests numériques pour
évaluer la qualité probabilité de commettre une erreur de 1ère espèce et la proba-
bilité de commettre une erreur de 2ème espèce de trois procédure de tests agrégés
multiples. La première Φ(1)

α est basée sur la collection de fonctions noyaux de pro-
jection, la deuxième Φ(2)

α est basée sur la collection de fonctions noyaux Gaussiens
et la troisième Φ(3)

α utilise un mélange des deux précédentes collections (projection
et gaussiens). Les résultats de ces expériences numériques ont montré que les tests
multiples répondent à des propriétés non asymptotiques et puissantes.
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We introduce a new distribution regression model for probability distributions.
This model is based on a Reproducing Kernel Hilbert Space (RKHS) regression
framework, where universal kernels are built using Wasserstein distances for dis-
tributions belonging to W2(Ω) and Ω is a compact subspace of R. We prove the
universal kernel property of such kernels and use this setting to perform regressions
on functions. Different regression models are first compared with the proposed one
on simulated functional data for both one-dimensional and two-dimensional distribu-
tions. We then apply our regression model to transient evoked otoascoutic emission
(TEOAE) distribution responses and real predictors of the age.

2.1 Introduction

Regression analysis is a predictive modeling technique that has been widely stud-
ied over the last decades with the goal to investigate relationships between predictors
and responses (inputs and outputs) in regression models, see for instance Kutner
et al. (2004), Azaïs (2006) and references therein. When the inputs belong to func-
tional spaces, different strategies have been investigated and used in several ap-
plication domains about functional data analysis Neter et al. (1996), Ramsay and
Silverman (2007). The Reproducing Kernel Hilbert Space (RKHS) framework be-
came recently popular to extend the results of the statistical learning theory in the
context of regression of functional data as well as to develop estimation procedures
of functional valued functions f as in Kadri et al. (2010); Preda (2007) for instance.
This framework is particularly important in the field of statistical learning theory
because of the so-called Representer theorem, which states that every function can
be written as a linear combination of the kernel function evaluated at training points
Berlinet and Thomas-Agnan (2011), providing a setting to estimate functions over
a wide range of functional spaces.

In our framework, we aim to solve the regression problem with inputs belong-
ing to probability distribution spaces whose outputs are real values. Specially, we
consider the model

yi = f(µi) + σεi, (2.1.1)

where {µi}ni=1 are probability distributions on R, {yi}ni=1 are real numbers and the
εi represent an independent and identically distributed Gaussian noise and σ is the
level of noise. As in classical regression models, this setting estimates an unknown
function f from the observations {(µi, yi)}ni=1.

Distribution regression problem has become a major concern in the recent years.
A common approach is to look at embedding into a Hilbert space using kernels as
for instance in Smola et al. (2007) with the mean embedding or see in Muandet
et al. (2012) for a review. The studies for regression with distribution inputs and
real-valued responses are one of the most popular research topics in this field, for
instance Póczos et al. (2013) and Oliva et al. (2014). For more information about
distribution regression theoretical properties, we refer to Szabó, Sriperumbudur,
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Póczos, and Gretton (2016) and Muandet, Fukumizu, Sriperumbudur, Schölkopf,
et al. (2017).

In what follows, we will consider kernels built using the Wasserstein distance.
(see in Villani (2008)). Some kernels with this metric have been developed in Kolouri
et al. (2015); Peyré, Cuturi, and Solomon (2016). In studies of Kolouri et al. (2015),
authors built a sliced Wasserstein kernel based on Wasserstein distance, which was
proved be a positve definite kernel for absolutely continuous distributions. More gen-
erally, for any distributions, authors in Bachoc, Gamboa, Loubes, and Venet (2017)
built a family of positive definite kernel based also on Wasserstein distance for dis-
tributions on the real line. The properties of characteristic kernels were explored
further in Sriperumbudur, Gretton, Fukumizu, Lanckriet, and Schölkopf (2008);
Sriperumbudur, Gretton, Fukumizu, Schölkopf, and Lanckriet (2010b); Sriperum-
budur, Fukumizu, and Lanckriet (2011). Besides that, a closely related to these
kernel for achieving the richness of RKHS was previously studied through the so-
called universal kernels in Steinwart (2001). Universality property for kernels is
stronger than the characteristic property. Actually, using results in Sriperumbudur,
Fukumizu, and Lanckriet (2010a) all universal kernels are characteristic. Within
the framework of Christmann and Steinwart (2010), the authors prove universality
of Gaussian-type RBF-kernel. Futher, combining the positive definite kernel built
by Bachoc, Gamboa, Loubes, and Venet (2017) with the Gaussian-type RBF-kernel
in Christmann and Steinwart (2010), we consider a universal kernel based on the
Wasserstein distance between two probability distributions on a compact space.

The paper falls into the following parts. In Section 2.3, we first recall important
concepts about kernels on Wasserstein spaces W2(R). Section 2.4 deals with the
proposed setting of distribution regression models. We then assess the numerical
performance of this method in Section 2.5. The tests are first performed on simulated
generated data in one and two dimensions to compare our model with state-of-the-
art ones. Then, we study the relationship between the age and hearing sensitivity
by using TEOAEs recording that are acquired by stimulating with a very short
but strong broadband stimulus. These recordings are then the ear responses by
emitting a sound track on a given frequency. More precisely, we predict the age of
the subjects, on which they were acquired using the proposed distribution regression
model, from TEOAE data. Discussions are finally drawn Section 2.6.

2.2 Preliminaries

In this section, we recall some basis definitions and properties of the Wasserstein
space and reproducing kernel Hilbert space.

2.2.1 Wasserstein space and barrycenter of a probability in
Wasserstein space

The following is taken mainly from Gouic and Loubes (2016).
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Wasserstein space

Given two points x, y in a metric space (E, d) their mid-point is the point z ∈ E
such that

d(x, z) = d(z, y) = 1
2d(x, y).

Definition 2.1. (Geodesic space) A space (E, d) is called a geodesic space if

1. (E, d) is a complete metric space and

2. every two points x, y ∈ E have a mid-point z ∈ E.

Set p ≥ 1 and let (E, d) be a geodesic space and µ a probability measure on
(E, d) such that ∫

dp (x, x0) dµ(x) <∞, (2.2.1)

for some (and thus any) x0 ∈ E.
The set of all probability measures satisfying (2.2.1) is denoted Wp(E).

Definition 2.2. (Wasserstein space) Set p ≥ 1 and let (E, d) be a metric space.
Given two measures µ, ν ∈ Wp(E), we denote by Π (µ, ν) the set of all probability
measures π over the product set E × E with first, (resp. second) marginal µ (resp.
ν). The transportation cost with a cost function dp between two measures µ, ν in
Wp(E), is defined as

Tp(µ, ν) = inf
π∈Π(µ,ν)

∫
dp (x, y) dπ. (2.2.2)

The transportation cost allows to endow the set Wp(E) with a metric Wp defined by

Wp(µ, ν) = Tp(µ, ν)1/p. (2.2.3)

This metric is known as the p−Wasserstein distance and the metric space
(Wp(E),Wp)is called the Wasserstein space of (E, d).

A probability measure π in Π (µ, ν) performing the infimum in (2.2.2) is called
an optimal coupling. This vocabulary transfers to a random vector (X1, X2) with
distribution π.
The Wasserstein space Wp(E) inherits several properties of the base space E, find
more in Villani (2008).

Theorem 2.1. (Topology of the Wasserstein space) Let E be a complete seper-
able metric space and p ≥ 1. Then the Wasserstein space Wp(E), metrized by the
Wasserstein distance Wp, is also a complete separable metric space.
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Barycenters of a probability in Wasserstein space

Definition 2.3. (Barycenter) Set p ≥ 1 and let (E, d) be a geodesic space and
µ ∈ Wp(E). A point x0 ∈ E is called a p−barycenter of µ if∫

dp (x, x0) dµ(x) = inf
{∫

dp (x, y) dµ(x); y ∈ E
}

Barycenter do not always exists. The following proposition ensure the existence
of a barycenter.

Proposition 2.2. Set p ≥ 1 and let (E, d) be a locally compact geodesic space and
µ ∈ Wp(E). Then, there exists a barycenter of µ.

Considering a random probability measure µ̃ in Wp(E), following a distribution
P. This probability P is chosen in the space Wp (Wp(E)) endowed with metric Wp.
Note that we use the same notation Wasserstein distance over Wp (Wp(E)) and
Wp(E). This if µ̃ ∈ Wp(E) is a-random measure with distribution P, then for all
ν ∈ Wp(E) we can write

W p
p (δν ,P) = E

(
W p
p (ν, µ̃)

)
=
∫
W p
p (ν, µ) dP(µ).

For a probability Wp (Wp(E)), consider a minimizer over ν ∈ Wp(E) of

ν 7→ E
[
W p
p (ν, µ̃)

]
= W p

p (δν ,P) ,

where µ̃ is a random probability of Wp(E) with distribution P. If exists, this prob-
ability measure is a barycenter of P.

Theorem 2.3. (Existence of a Wasserstein barycenter) Set p ≥ 1 and let
(E, d) be a locally compact geodesic space. Hence, for P ∈ Wp (Wp(E)), there exists
a barycenter µP defined as

µP ∈ arg min
ν∈Wp(E)

E
[
W p
p (ν, µ̃)

]
,

for µ̃ be a random measure with distribution P.

2.2.2 Reproducing kernel Hilbert space

Construction of kernels

The following is taken mainly from Steinwart and Christmann (2008).

Definition 2.4. (Inner product) Let H be a vector space over R. A function
〈., .〉H : H×H → R is said to be an inner product on H if

1. 〈α1f1 + α2f2, g〉H = α1〈f1, g〉H + α2〈f2, g〉H ,
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2. 〈f, g〉H = 〈g, f〉H,

3. 〈f, f〉H ≤ 0 and 〈f, f〉H = 0 if and only if f = 0.

We can define a norm using the inner product as ‖f‖H :=
√
〈f, f〉H.

A Hilbert space is a space on which an inner product is defined, along with an
additional technical condition. We now define a kernel.

Definition 2.5. (Kernel) Let X be a non-empty set. A function k : X × X → R
is called a kernel if there exists an R−Hilbert space and a map φ : X → H such that
∀x, x′ ∈ X ,

k
(
x, x

′) :=
〈
φ(x), φ(x′)

〉
H
.

Positive definite of an inner product in a Hilbert space

Definition 2.6. (Positive definite function) A symmetric function k : X ×X →
R is positive definite if ∀n ≤ 1, ∀ (a1, · · · , an) ∈ Rn and ∀ (x1, · · · , xn) ∈ Xn,

n∑
i=1

n∑
j=1

aiajk(xi, xj) ≥ 0.

The function k(., .) is strictly positive definite if for mutually distinct xi, · · · , xn ∈ X ,
the equality only holds for a1 = · · · = an = 0.

Lemma 2.7. Let H be any Hilbert space, X be a non-empty set and φ : X → H.
Then k(x, y) :=

〈
φ(x), φ(y)

〉
H
is a positive definite function.

Reproducing kernel Hilbert space

Definition 2.8. (Reproducing kernel Hilbert space). Let H be any Hilbert
space of R−valued functions defined on a non-empty set X . A function k : X ×X →
R is called a reproducing kernel of H, and H is a RKHS, if k satisfies

1. ∀x ∈ X , k(., x) ∈ H,

2. ∀x ∈ X , ∀f ∈ H, 〈f, k(., x)〉H = f(x), (reproducing property).

Theorem 2.4. (Moore-Aronszajn). Every positive definite kernel k is associated
with a unique RKHS H.

2.3 Kernel on Wasserstein space W2(R)

2.3.1 The Wasserstein space on R

Let us consider the setW2(R) of probability measures on R with a finite moment
of order two. For two µ, ν probability distributions inW2(R), we denote Π(µ, ν) the
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set of all probability measures π over the product set R×R with first (resp. second)
marginal µ (resp. ν).
The transportation cost with quadratic cost function, which we denote quadratic
transportation cost, between two measures µ and ν is defined as:

T2(µ, ν) = inf
π∈Π(µ,ν)

∫
|x− y|2dπ(x, y). (2.3.1)

This transportation cost allows to endow the set W2(R) with a metric by defining
the quadratic Monge-Kantorovich (or quadratic Wasserstein) distance between µ
and ν as

W2(µ, ν) = T2(µ, ν)1/2.

A probability measure π in Π(µ, ν) performing the infimum in (2.3.1) is called an
optimal coupling. This vocabulary transfers to a random vector (X1, X2) with
distribution π. We will call W2(R) endowed with the distance W2 the Wasserstein
space. More details on Wasserstein spaces and their links with optimal transport
problems can be found in Villani (2008).

For distributions in R, the Wasserstein distance can be written in a simpler way
as follows: For any µ ∈ W2(R), we denote by F−1

µ the quantile function associated
to µ. Given a uniform random variable U on [0, 1], F−1

µ (U) is the random variable
with law µ. Then, for every µ and ν the random vector (F−1

µ (U), F−1
ν (U)) is the

optimal coupling (see Villani (2008)), where F−1 is defined as

F−1
µ (t) = inf{u, Fµ(u) ≥ t}. (2.3.2)

In this case, the simplest expression for the Wasserstein distance is given in Whitt
(1976):

W2(µ, ν) = E(F−1
µ (U)− F−1

ν (U))2. (2.3.3)

Topological properties of Wasserstein spaces are reviewed in Villani (2008). Here-
after, compacity will be required and will be obtained as follows: let Ω ⊂ R be a
compact subset, then the Wasserstein spaceW2(Ω) is also compact. In this paper, we
consider Wasserstein spacesW2(Ω), where Ω is a compact subset on R endowed with
the Wasserstein distance W2. Hence for any µ ∈ W2(Ω), we denote Fµ|Ω : Ω→ [a, b]
with [a, b] ⊂ [0, 1] the distribution function restricted on a compact subset Ω. We
also define F−1

µ |Ω as:

F−1
µ |Ω(t) = inf{u ∈ Ω, Fµ|Ω(u) ≥ t}, ∀t ∈ [a, b]. (2.3.4)

Given a uniform random variable V on [a, b], F−1
µ |Ω is a random variable with law

µ. By inheriting properties from W2(R) for every µ and ν in W2(Ω), the random
vector

(
F−1
µ |Ω(V ), F−1

ν |Ω(V )
)
is an optimal coupling. In this case, we consider in

this paper the simplest expression for the Wasserstein distance between µ and ν in
W2(Ω):

W2(µ, ν) = E(F−1
µ |Ω(V )− F−1

ν |Ω(V ))2. (2.3.5)
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2.3.2 Kernel

Constructing a positive definite kernel defined on the Wasserstein space is not
obvious and was recently done in Bachoc et al. (2017). For sake of completeness,
we recall here briefly this construction.

Theorem 2.5. Let kΘ : W2(Ω) × W2(Ω) → R with the parameter Θ := (γ,H, l)
such that γ 6= 0 and l > 0 defined as

kΘ(µ, ν) := γ2 exp
(
−W

2H
2 (µ, ν)
l

)
. (2.3.6)

Then for 0 < H ≤ 1, kΘ is a positive definite kernel.

The proof of this Theorem directly follows Theorem 2.6 and Propositions 2.7. In
this paper we use Theorem 2.5 to study the properties of such kernel in the RKHS
regression framework.

Theorem 2.6. (Schoenberg) Let F : R+ → R+ be a completely monotone func-
tion, and K a negative definite kernel. Then (x, y) 7→ F (K(x, y)) is a positive
definite kernel.

Proof. We refer to Cowling (1983) for more details on completely monotone func-
tions and a proof of Theorem 2.6. We use this result to give a proof of the positive
definite kernel which is presented in Theorem 2.5.

The following proposition which can be found a general version for any distribu-
tion in W2(R) in Bachoc et al. (2017), here we present again a result for our case
in W2(Ω). Finally we give conditions on the exponent H to achieve the negative
definite kernel using exponents of the Wasserstein distance.

Proposition 2.7. The function W 2H
2 is a negative definite kernel if and only if

0 < H ≤ 1.

Proof. One can find in Kolouri et al. (2015) a version of this result for absolutely
continuous distributions in W2(Ω). The proof of this proposition is proved for any
distribution in W2(Ω).
For any µ ∈ W2(Ω), we denote by F−1

µ |Ω the function defined by (2.3.4).
From statements in Section 2.3.1, we well known that given a uniform random
variable V on [a, b], F−1

µ |Ω(V ) is a random variable with a law µ, and furthermore
for every µ and ν in W2(Ω),

W2(µ, ν) = E(F−1
µ |Ω(V )− F−1

ν |Ω(V ))2,

that is to say the coupling of µ and ν given by the random vector(
F−1
µ |Ω(V ), F−1

ν |Ω(V )
)
is optimal.
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Now let us consider every µ1, · · · , µn ∈ W2(Ω) and c1, · · · , cn ∈ R such that∑n
i=1 ci = 0. We have

n∑
i=1

cicjW
2
2 (µi, µj) =

n∑
i,j=1

cicjE(F−1
µi
|Ω(V )− F−1

µj
|Ω(V ))2

=
n∑

i,j=1
cicjE

(
F−1
µi
|Ω(V )

)2
+

n∑
i,j=1

cicjE
(
F−1
µj
|Ω(V )

)2

− 2
n∑

i,j=1
cicjE

(
F−1
µi
|Ω(V )F−1

µj
|Ω(V )

)
.

Using ∑n
i=1 ci = 0 the first two sums vanish and we obtain

n∑
i=1

cicjW
2
2 (µi, µj) = −2

n∑
i,j=1

cicjE
(
F−1
µi
|Ω(V )F−1

µj
|Ω(V )

)

= −2E
(

n∑
i=1

ciF
−1
µi
|Ω(V )

)2

≤ 0.

Thus W 2H
2 is a negative definite kernel for 0 < H ≤ 1.

Now, we give the proof for Theorem 2.5 by using results from both of Schoenberg
theorem and proposition 2.7.

Proof. The proof of Theorem 2.5 follows immediately below from Theorem 2.6 and
Proposition 2.7. Applying Proposition 2.7, we deduce that W 2H

2 (µ, ν) with H = 1
is a negative definite kernel for all µ, ν in W2(Ω).
We can easily see that e−λx with λ positive is a completely monotone function. Let
us then consider a mapping as follows:

F : R+ → R+

x 7→ γ2e−λx,

where γ2 > 0, x = W 2
2 (µ, ν) with λ = 1

l
, l > 0. Then F is also a completely

monotone function. From Theorem 2.6, kΘ is a positive definite kernel.

2.4 Regression

2.4.1 Setting

In this section, we aim to define a regression function with distribution inputs.
The problem of distribution regression consists in estimating an unknown function
f : W2(Ω) → R by using observations (µi, yi) in W2(Ω) × R for all i = 1, · · · , n .
We recall observes in (2.1.1) as follows

yi = f(µi) + εi. (2.4.1)
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To provide a general form for functions defined on distributions, we will use the
RKHS framework. Let kΘ : W2(Ω) ×W2(Ω) 7→ R be defined in Theorem 2.5. For
a fixed valid Θ, we define a space F0 as follows:

F0 := span {kΘ(•, µ) : µ ∈ W2(Ω)} .

And F0 is endowed with the inner product

〈fn, gm〉F0 =
n∑
i=1

m∑
j=1

αiβjkΘ(µi, νj),

where fn(•) = ∑n
i=1 αikΘ(•, µi) and gm(•) = ∑m

j=1 βjkΘ(•, νj). The norm in F0
corresponds to the inner product,

‖fn‖2
F0 =

n∑
i=1

α2
i kΘ(µi, µi). (2.4.2)

Let F be the space of all continuous real-valued functions fromW2(Ω) to R while
F0 consists of all functions in F which are uniform limits of functions of form fn.
The kernel kΘ is said to be universal if it has a property that F0 = F .

From that for all f, g belong in F , the inner product is well defined as following
formula

〈f, g〉F := lim
n→∞
〈fn, gn〉F0 . (2.4.3)

Coming back to our problem, we want to estimate the unknown function f by an
estimation function f̂ obtained by minimizing the regularized empirical risk over the
RKHS F . For this consider, we solve the solution of the minimization problem

f̂ = argmin
f∈F

(
n∑
i=1
|yi − f(µi)|2 + λ ‖f‖2

F

)
, (2.4.4)

where λ ∈ R+ is the regularization parameter. Using the Representer theorem, this
leads to the following expression for f̂ ,

f̂ : µ 7→ f̂(µ) :=
n∑
j=1

α̂jkΘ(µ, µj), (2.4.5)

where {α̂j}nj=1 are parameters typically obtained from training data.

2.4.2 Universal kernel

First, we recall the definition of a universal kernel and the main theorem to
ensure universal properties of positive definite kernels in Theorem 2.5.

Definition 2.9. Let C(X) be the space of continuous bounded functions on compact
domain X. A continuous kernel k on domain X is called universal if the space of
all functions induced by k is dense in C(X), i.e, for all f ∈ C(X) and every ε > 0
there exists a function g induced by k with ‖f − g‖∞ ≤ ε.
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For more information on universal kernel and RKHS, we refer to Chapter 4 in
Villani (2008) and Sriperumbudur et al. (2011), Micchelli, Xu, and Zhang (2006).

Now, we introduce a main contribution of our work which shows that kernels
based on Wassertein distance proposed in Bachoc et al. (2017) are universal, finally,
we get what kernel we need for the setting 2.4.1.
Theorem 2.8. Let choose the parameter Θ in (2.3.6) such that γ 6= 0, l > 0 and
H = 1. The kernel kΘ :W2(Ω)×W2(Ω)→ R defined in (2.3.6) is universal.

To prove this Theorem, we need the two following Proposition 2.9 and Proposi-
tion 2.10. We will give the proof of this result after the two of following statements.
Proposition 2.9. Let an increasing function Fµ|Ω : Ω → [a, b] with [a, b] ⊂ [0, 1]
be the distribution function restricted on a compact subset Ω of R, F−1

µ |Ω be defined
by F−1

µ |Ω(t) = inf{u ∈ Ω, Fµ|Ω(u) ≥ t} for all t ∈ [a, b]. Then Fµ|Ω is continuous
if and only if F−1

µ |Ω is strictly increasing on [inf ranFµ|Ω, sup ranFµ|Ω]. Fµ|Ω is
strictly increasing if and only if F−1

µ |Ω is continuous on ranFµ|Ω, where ranFµ|Ω :=
{Fµ|Ω(x) : x ∈ Ω} denotes the range of Fµ|Ω.

Proof. For the proof of this proposition, we refer to Embrechts and Hofert (2013) for
more theoretical details in the case of the quantile function from [0, 1] to R. Here,
we give the proof for the kind of function F−1

µ |Ω from [a, b] ∈ [0, 1] to Ω be a compact
subset of R.

First, we prove that Fµ|Ω is continuous ⇔ F−1
µ |Ω is strictly increasing on

[inf ranFµ|Ω, sup ranFµ|Ω].
⇒) Assume that Fµ|Ω is discontinuous at x0 ∈ Ω, we need to prove that F−1

µ |Ω is
not strictly increasing on[inf ranFµ|Ω, sup ranFµ|Ω].
In fact, since Fµ|Ω is increasing, this implies that there exist

z1 := Fµ|Ω (x0−) := lim
x↑x0

Fµ|Ω(x)

z2 := Fµ|Ω (x0+) := lim
x↓x0

Fµ|Ω(x),

z1 < z2 and z0 := Fµ|Ω(x0) ∈ [z1, z2] such that z1 < z0 < z2.
Now, there exists z3, z4 ∈ [a, b] such that either z1 < z3 < z4 < z0 < z2 or z1 <
z0 < z3 < z4 < z2 and note that for all z ∈ [z3, z4] ∈ [inf ranFµ|Ω, sup ranFµ|Ω],
z 6∈ ranFµ|Ω.
From that, by definition of F−1

µ |Ω, it is a constant in [z3, z4]. Hence, F−1
µ |Ω is not

strictly increasing on [inf ranFµ|Ω, sup ranFµ|Ω].
⇒) Assume that F−1

µ |Ω be not strictly increasing on [inf ranFµ|Ω, sup ranFµ|Ω], we
need to prove that Fµ|Ω is discontinuous.
In fact, because F−1

µ |Ω is not strictly increasing on [inf ranFµ|Ω, sup ranFµ|Ω], there
exists [z1, z2] ∈ Ω with inf ranFµ|Ω < z1 < z2 < sup ranFµ|Ω such that F−1

µ |Ω(z) =
x, ∀z ∈ [z1, z2] and a x ∈ Ω.
By definition of F−1

µ |Ω, this implies that

Fµ|Ω (x− ε) < z1 < z2 < Fµ|Ω (x+ ε) ,
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for all ε > 0.
Letting ε ↓ 0, we obtain

Fµ|Ω(x−) ≤ z1 < z2 ≤ Fµ|Ω (x+) .

Thus Fµ|Ω is discontinuos at x.
Now, we prove the second statement: Fµ|Ω is not strictly increasing ⇔ F−1

µ |Ω
is discontinuous on ranFµ|Ω.

To prove this statement, we need to use a result (7) in Proposition 2.3 in Em-
brechts and Hofert (2013), we note this result by (*). Here, we recall briefly this
result corresponding to our case as follows.(

F−1
µ |Ω(z−), F−1

µ |Ω(z+)
)
⊆ {x ∈ Ω : Fµ|Ω(x) = z} ⊆

[
F−1
µ |Ω(z−), F−1

µ |Ω(z+)
]
,

where

F−1
µ |Ω(z−) = lim

t↑z
F−1
µ |Ω(t),

F−1
µ |Ω(z+) = lim

t↓z
F−1
µ |Ω(t).

⇒) Now, assume that Fµ|Ω is not strictly increasing, we prove that F−1
µ |Ω is discon-

tinuous on ranFµ|Ω.
In fact, let Az := {x ∈ Ω : Fµ|Ω(x) = z}.
Because Fµ|Ω is not strictly increasing, there exists a x ∈ Ω such that Az contains
an open interval.
From the second statement of above result (*), we have

F−1
µ |Ω(z−) < F−1

µ |Ω(z+).

Thus F−1
µ |Ω is discontinuous at z ∈ ranFµ|Ω.

⇐) Assume F−1
µ |Ω is discontinuous on ranFµ|Ω, we prove that Fµ|Ω is not strictly

increasing.
In fact, because F−1

µ |Ω is discontinuous on ranFµ|Ω, there exists z ∈ ranFµ|Ω such
that F−1

µ |Ω(z−) < F−1
µ |Ω(z+). Using the second statement in the result (*) that

Az contains the open interval
(
F−1
µ |Ω(z−), F−1

µ |Ω(z+)
)

thus Fµ|Ω is not strictly
increasing.

Proposition 2.10. Let X be a compact metric space and H be a separable Hilbert
space such that there exist a continuous and injective map: ρ : X → H. For γ > 0,
the Gaussian-type RBF-kernel kγ : X ×X → R is the universal kernel, where

kσ(x, x′) := exp(−σ2‖ρ(x)− ρ(x′)‖2
H), x, x

′ ∈ X.

Proof. See a part iii) of Theorem 2.2 in Christmann and Steinwart (2010) for the
proof.
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Now, using results of the two above results from Proposition 2.9 and 2.10, we
give a proof for Theorem 2.8.

Proof. From Proposition 2.9 with the conditions including the distribution restricted
on Ω, Fµ|Ω be continuous and Fµ|Ω be strictly increasing on Ω, then there exists a
continuous and injective map

ρ :W2(Ω)→ L2[a, b]
µ 7→ ρ(µ) := F−1

µ |Ω.

F−1
µ |Ω is continuous on [a, b] and strictly increasing on [inf ranFµ|Ω, sup ranFµ|Ω].

We consider a Wasserstein space W2(Ω) metrized by the Wasserstein distance W2
with Ω be a compact subset on R and L2[a, b] be the usual space of square integrable
functions on [a, b]. For σ in Proposition 2.10 is exactly defined by 1/

√
l for all l > 0.

We have
kΘ(µ, ν) = γ2 exp

{
−
‖F−1

µ |Ω − F−1
ν |Ω‖2

L2[a,b]

l

}
is the universal kernel from Proposition 2.10. We complete the proof of Theorem
2.8.

The minimization program in (2.4.4) can be solved explicitely using the repre-
senter theorem of Kimeldorf and Wahba (1971). Note that Schölkopf and Smola
Smola and Schölkopf (1998) give a simple proof of a more general version of the
theorem. Define cij as follows

cij = γ2 exp
(
−W

2
2 (µi, µj)
l

)

and α = (α1, · · · , αn)T , Y = (y1, · · · , yn)T .
Now we take the matrix formulation of (2.4.4) we obtain

min
α

trace((Y − Cα)(Y − Cα)T ) + λtrace(CααT ), (2.4.6)

where the operation trace is defined as

trace(A) =
n∑
i=1

aii

with A = (aii)ni=1.
Taking the derivative of (2.4.6) with respect to vector α, we find that α satisfies the
system of linear equations

(C + λI)α = Y. (2.4.7)
Hence

f̂(µ) =
n∑
j=1

α̂jkΘ(µ, µj), (2.4.8)

with
α̂ = (C + λI)−1Y. (2.4.9)
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2.5 Numerical Simulations and Real data appli-
cation

First we consider the regression model with one-dimensional distribution input.
For this, we train the model and try to estimate the unknown function f using
our proposed methodology. Then we address the regression model but with higher-
dimensional distributions entries. By using the same technique for generating data
in the one-dimensional distribution, we estimate the unknown function f in the
case of 2-dimensional distributions. Finally, we apply our for a real dataset from
biological field.

2.5.1 Simulation in the regression model with one-
dimensional distribution input

Overview of the simulation procedure

In this section, we investigate the regression model for predicting the regression
function from distributions. Particularly, we want to estimate the unknown function
f in model (2.4.1) by using the proposed estimation f̂ in (2.4.8), so we need to
present how we can optimize the parameters in this formula. We then compare the
regression model based on RKHS induced by our universal kernel function to more
classical kernel functions operating on projections of the probability measures on
finite dimensional spaces. We address the input-output map given by

f(ν) = mν

0.05 + σν
, (2.5.1)

where ν is a Gaussian distribution of mean mν and variance σ2
ν . We consider the

ground truth function f that we compare with a predicted function f̂ , such as:

f̂(ν) = γ2
n∑
j=1

α̂j exp
[
−W

2
2 (ν, µj)
l

]
, (2.5.2)

where the Wasserstein distance between two Gaussian distribution is calculated
using:

W 2
2 (µ, ν) = (mµ −mν)2 + (σµ − σν)2,

where µ ∼ N (mµ, σ
2
µ) and ν ∼ N (mν , σ

2
ν).

Each value α̂j is estimated using Eq. (2.4.9) which depends on parameter λ > 0.
Thus our proposed estimation function f̂ depends totally on the three parameters
λ > 0, γ 6= 0 and l > 0. To understand the effects of these parameters on f̂ , we
define reference values of λ, γ and l. We then generate a training set including the
normal distributions νi ∼ N (mνi , σνi) such that cor(νi, νj) 6= 0,∀i, j = 1, · · ·n, with
n be a size of training set. In this simulation, we take n = 200.
From the training set {(νi, f(νi))}n=200

i=1 , we fit three regression models which we
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call "Wasserstein", "Legendre" and "Histogram". "Wassertein" stands for our model,
"Legendre" corresponds to regression models with smooth density input obtained by
projecting onto Legendre polynomial basis while the last "Histogram" is introduced
for the rough histogram input, as detailed later. Then we evaluate the quality of the
two regression models on a test set of size nt of the form {(νt,i, f(νt,i))}nti , where νt,i
is generated in the same way as νi above. We consider the following quality criteria,
that is the root mean square error (RMSE) to see the qualify of our regression model
by

RMSE2(f̂ , f) = 1
nt

nt∑
i=1

[
f(νt,i)− f̂(νt,i)

]2
.

Detail on the regression models

We refer to our model as "Wasserstein" and introduce briefly "Legendre" and
"Histogram" regression models.

The "Wasserstein" model first propose the estimated function as follows

f̂(νt,i) = γ2
n∑
j=1

α̂j exp
[
−

(mνj −mνt,i)2 + (σνj − σνt,i)2

l

]
, (2.5.3)

where νt,i, i = 1, · · · , nt belong to testing set with size nt, and νj, j = 1, · · · , n belong
to training set with size n. The estimated function f̂ depends on three parameters
γ 6= 0, λ > 0 and l > 0.

The "Legendre" model is based on kernel functions operating on finite di-
mensional linear projections of the distributions. For a Gaussian distribution
µ ∼ N (m,σ2) with density fµ(t) = 1√

2πσ exp
(
− (t−m)2

2σ2

)
and support [0, 1], we com-

pute for i = 0, · · · , θ − 1:

ai(µ) =
∫ 1

0

1√
2πσ

exp
(
−(t−m)2

2σ2

)
pi(t)dt,

where pi is the i-th normalized Legendre polynomial, with
∫ 1

0 p
2
i (t)dt = 1. The

integer θ is called the order of the decomposition. Then kL operators on the vector
(a0(ν), · · · , aθ−1(ν) and is of the form

kL(ν1, ν2) = γ2 exp
[
−

θ−1∑
i=0

|ai(ν1)− ai(ν2)|
li

]
. (2.5.4)

Thus the estimated regression function f̂ in this case is calculated by following
function

f̂(νt,i) = γ2
n∑
j=1

α̂j exp
[
−

θ−1∑
i=0

|ai(νt,i)− ai(νj)|
li

]
.

We just consider the orders of the decomposition 5 and 10. We fix li = l for all i =
1, · · · , θ− 1, this estimated function depends also on three parameters γ 6= 0, λ > 0
and l > 0.
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The "Histogram" model is based on a Gaussian RBF kernel with χ2-distance
between the histograms, see Vedaldi, Gulshan, Varma, and Zisserman (2009). More
particularly, for 0 < ζ ≤ 1,

K (ν1, ν2) = exp (−ζχ2 (h1, h2)) ,

where

χ2(h1, h2) =
M∑
r=1

(h1(r)− h2(r))2

h1(r) + h2(r) ,

with hi is the histogram of the ith Gaussian distribution νi, , i = {1, 2} and M is
the number of bins for all histograms hi.
Thus, in this case, the estimated regression function is considered by the following
expression

f̂ (νt,i) =
n∑
j=1

α̂j exp
(
−ζ

M∑
r=1

(h1(r)− h2(r))2

h1(r) + h2(r)

)
.

Result

In the simulations, we observe the effects of parameters λ > 0, γ 6= 0 and l > 0
on RMSE between predicted function f̂(νi,t) and exact function f(νi,t) through the
testing set {(νi,t)}nti=1. We also take two sizes of testing set nt = 500, nt = 700 to see
the changes of RMSE. We just show the detailed presentation about choosing the
optimal parameters on the "Wasserstein" model.

Case of testing set size nt = 500 : Now we consider RMSE in the case of
nt = 500 under the different fixed values γ = 1/2, 1, 10 and running λ > 0 separated
by 30 values from 0.005 to 30, l > 0 separated by 25 values from 0.005 to 20. Let
us see here the values of RMSE with the different cases of γ in following Figure 2.1,
2.2, 2.3.

We realize through three choices of γ = 1/2, 1, 10 that the values γ give the same
impact of RMSE variations, but the smallest RMSE in the case γ = 1. In following
this stimulation, we fix the value of γ = 1 and run the values of λ and l to see the
changes of RMSE in the case of bigger size of testing set.
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Figure 2.1: In the case of nt = 500, fixing a value γ = 1/2, we run λ > 0 separated by 30 values from 0.005 to 30,
l > 0 separated by 25 values from 0.005 to 20. We see the two graphs, one follows values of λ in the left side and l
in the right side. RMSE will be minimized, in which it is lower than 0.08, with 0 < λ < 15 and l big enough. We
note that when 0 < l < 1 RMSE is quite a big value for all λ > 0, so we avoid to chose these values of l.

Figure 2.2: In the case of nt = 500, fixing a value γ = 1, we run λ > 0 separated by 30 values from 0.005 to 30,
l > 0 separated by 25 values from 0.005 to 20. We see the two graphs, one follows values of λ in the left side and l
in the right side. The variations of RMSE in this case is not change significantly with the case of γ = 1/2, however,
it looks smaller than the case γ = 1/2. We also see that RMSE will be minimized by two case: first 0 < λ < 1 and
l big enough; second λ > 1 for all l > 1 and RMSE is quite big at 0 < l < 1 for all λ > 0.

Case of testing set size nt = 700 : Now we consider RMSE in the case of
nt = 700 in Figure 2.4 for a fixed value γ = 1 and running λ > 0 separated by
30 values from 0.005 to 30, l > 0 separated by 25 values from 0.005 to 20. The
parameters λ and l control the smoothness of the estimator. See the Figure 2.5, to
more clearly about our regression model with the exact function defined in (2.5.1).
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Figure 2.3: In the case of nt = 500, fixing a value γ = 10, we run λ > 0 separated by 30 values from 0.005 to 30,
l > 0 separated by 25 values from 0.005 to 20. RMSE in this case looks bigger than two above cases of γ = 1/2 and
γ = 1.

And finally, we consider the different RMSE’s between "Wasserstein" and "Leg-
endre" model by choosing the optimal values γ = 1, λ = 5 and l = 10 under
considering nt = 700. In Table 3.1, we show the values of RMSE quality criteria for
the "Wasserstein" and "Legendre" distribution regression models. From the values of
the RMSE criterion, the "Wasserstein" model clearly outperforms the other models.
The RMSE of the "Legendre" models slightly decreases when the order increases,
and stay well above the RMSE of the "Wasserstein" model.

model RMSE
"Wasserstein" 0.04

"Legendre" order 5 0.15
"Legendre" order 10 0.11

"Histogram" 0.12

Table 2.1: RMSE values of the quality criteria for the "Wasserstein", "Legendre" and "Histogram" distribution
regression models. The "Wasserstein" is based on universal kernel function operating directly on the input Gaussian
distributions, while "Legendre" is based on linear projections of the Gaussian distribution inputs on finite-dimensional
spaces. For "Legendre", the order value is the dimension of the projection space. Beside that, the "Histogram" is
producted by the rough histograms of Gaussian distributions. The quality criteria is the root mean square error
(RMSE) should be minimal. The "Wasserstein" distribution regression model clearly outperforms the "Legendre"
with two orders 5, 10 and the "Histogram".



2.5 Numerical Simulations and Real data application 51

Figure 2.4: In the case of nt = 700, fixing a value γ = 1, we run λ > 0 separated by 30 values from 0.005 to 30,
l > 0 separated by 25 values from 0.005 to 20. RMSE is almost lower than 0.06 when λ > 1 and l > 1. However
for 0 < λ < 1, we can also obtain the small RMSE when l big enough. This figure provides a view about size of
testing set, in which for the big enough of testing set size we will obtain the smaller RMSE under of the optimal
parameters γ, λ and l.

Figure 2.5: Regression function under exact and estimated function. The green line presents an exact function,
which is many more variations, we desire to find the optimal parameters to obtain a more smooth curve. From
Figure 2.4, we can chose these parameters following RMSE, however, in some cases it happens over-smoothing and
under-smoothing. See in this Figure, the blue line looks like have some desirable properties when we chose the big
enough values of λ and l.

Hence from the Figure 2.5 and Table 3.1, we can see that by choosing the optimal
parameters for γ, l and λ we can obtain a very well estimation function f̂ without
under-smoothing or over-smoothing issues. Our regression model stay well above
the RMSE criterion.

Our interpretation for these results is that, because of the nature of the sim-
ulated data (µi, f(µi)) working directly on distributions and with the Wasserstein
distance, is more appropriate than using linear projections. Indeed, in particular,
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two distributions with similar means and small variances are close to each other
with respect to both Wasserstein distance and the value of the output function f .
However,the probability density functions of the two distributions are very different
from each other with respect to the L2 distance in the case that the ratio between
the two variances is large. Hence linear projections based on probability density
functions is inappropriate in the setting considered here.

2.5.2 Simulation in the regression model with two-
dimensional distribution input

In this section, we aim to study the two of estimated regression functions con-
structed by the Wasserstein distance and the Sliced Wasserstein distance in the case
of 2D distribution entries.

Wasserstein distance and Sliced Wasserstein distance of 2D distributions

For the Wasserstein distance between two 2-dimensional Gaussian distributions,
we refer the construction of positive definite kernels by Hilbert space embedding of
optimal transport maps in Bachoc et al. (2018). Firstly, we introduce briefly the no-
tion of Wassertein barycenter. Let P be a distribution inW2 (W2 (Rp)), that is the set
of measures on W2 (Rp) with finite expected variances, and consider µ1, · · · , µn i.i.d
probabilities drawn according to the distribution P. In this frame work, the Wasser-
stein distance between distributions on W2 (Rp) is defined, for any ν ∈ W2 (Rp),
as

W 2
2 (P, δν) =

∫
W 2

2 (ν, µ) dP(µ).

If µ̃ is a random distribution obeying law P, this corresponds to

W 2
2 (P, δν) = Eµ̃∼PW 2

2 (µ̃, ν) .

Note that we use the same notations for the Wassertein distances over distributions
inW2 (Rp) and over distributions on distributions inW2 (W2 (Rp)) because the space
W (W2 (Rp)) inherits the properties of the space W2 (Rp).

We define the Wassertein barycenter of P as a probability measure µ̄ in W2 (Rp)
such that ∫

W 2
2 (µ̄, µ) dP(µ) = inf

{∫
W 2

2 (ν, µ) dP(µ), ν ∈ W2 (Rp)
}
.

The following theorem from Alvarez-Esteban, del Barrio, Cuesta-Albertos, and Ma-
trán (2015) guarantees the existence and uniqueness of this barycenter under some
assumptions.
Theorem 2.11. Let P ∈ W2 (W2 (Rp)). Assume that every distribution in the
support of P is absolutely continuous with respect to Lebesgue measure on Rp. Then
there exists a unique distribution µ̄ ∈ W2 (Rp) defined as

µ̄ = arg min
ν∈W2(Rp)

{∫
W 2

2 (ν, µ) dP(µ)
}
.
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Considering a reference distribution µ̄ ∈ W2 (Rp), for µ ∈ W2 (Rp), let Tµ : Rp →
Rp we refer the optimal transportation maps defined by

Tµ]µ = µ̄,

where f]π = π ◦ f−1 is the push-forward measure of a function f from a measure π,
and

‖id− Tµ‖L2(µ) = W2 (µ, µ̄) .
Note that the map Tµ is uniquely defined when µ is absolutely continuous w.r.t
Lebesgue measure. Futhermore, Tµ is invertible from the support of µ to the support
of µ̄ if also µ̄ is absolutely continuous.

By associating the transport map T−1
µ to each distribution µ and using positive

definite kernel on the Hilbert L2 (µ̄), containing these transport maps, the groups
of authors in Bachoc et al. (2018) introduce the following construction of positive
definite kernels by Hilbert space embedding of optimal transport maps.

Proposition 2.12. Consider a function F : R+ → R such that, for any Hilbert
space H with norm ‖.‖H , the function h1, h2 → F (‖h1 − h2‖H) is positive definite
on H. Let µ̄ be a continuous distribution in W2 (Rp). Consider the function K on
the set continuous distributions in W2 (Rp) defined by

K(µ, ν) = F
(∥∥∥T−1

µ − T−1
ν

∥∥∥
L2(µ̄)

)
. (2.5.5)

Then K is positive definite.

Note that in the particular case of Gaussian distributions, the transport map
is linear. Thus the kernel (2.5.5) based on the optimal transport map of Gaussian
distributions is guaranteed universality. Using this result, we make later the link
to our theory in building an estimated function for the unknown function f in
our model corresponding to two-dimensional Gaussian distribution entries. In the
general dimension of Gaussian distributions, we refer to the section 4.3 in Bachoc
et al. (2018) for more details.

We introduce now the kernel obtained by the Sliced Wasserstein distance, the
one built in Kolouri et al. (2015, 2018). The principal idea of this distance is to first
obtain a family of one-dimensional probability distributions by using the Radon
transforms. Then we calculate the distance between two multidimensional distribu-
tions as the Wasserstein distance of theirs one-dimensional representations.
Let ν and µ be two continuous probability measures on Rd with corresponding the
positive probability density function Iν and Iµ, the Sliced Wasserstein distance is
defined by

K(µ, ν) = exp
(
−ξSW 2 (µ, ν)

)
,

where 0 < ξ ≤ 1 and

SW 2 (µ, ν) =
∫
Sd−1

W 2
2 (RIµ (., θ) ,RIν (., θ)) dθ,

with R is the Radon transform and Sd−1 is the unit sphere in Rd.
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Detail on the simulation procedure

We describe clearly our simulation in this section. We address the input-output
map given by

f(ν) = ‖mν‖2

0.05 + ‖Σν‖F
,

where ν is a two-dimensional Gaussian distribution of meanmν and non-degenerated
covariance Σν , ‖.‖F is the Frobenious norm.
We consider the predicted function f̂ as follows

f̂ (ν) =
n∑
j=1

α̂jK (ν, µj) ,

and we aim to compare the qualify of our estimated function f̂ corresponding to the
Wasserstein distance and the one corresponds to the Sliced Wasserstein distance.

Particularly, the Wasserstein distance between two two-dimensional Gaussian
distributions is defined by

W 2
2 (N2 (m1,Σ1) ,N2 (m2,Σ2)) = ‖m1 −m2‖2

2 + ‖Σ1/2
1 − Σ1/2

2 ‖2
F .

From that, for µ = N2 (mµ,Σµ) and ν = N2 (mν ,Σν) we consider the kernel K such
as

K(µ, ν) = γ2 exp
(
−
‖mµ −mν‖2

2 + ‖Σ1/2
µ − Σ1/2

ν ‖2
F

l

)
,

where γ 6= 0 and l > 0. We call this model by "Wasserstein2D".
For the Sliced Wasserstein distance, let µ = N2 (mµ,Σµ), a slice/projection of

the Radon transform of µ is then a one-dimensional Gaussian distribution Rµ =
N
(
θmµ, θ

TΣµθ
)
, with θ ∈ S1. Then we use the Wasserstein distance for two of

one-dimensional Gaussian distributions. We are interested in the kernel defined in
Kolouri et al. (2015), precisely

K(µ, ν) = exp
(
−ξ

(
‖θmν − θmµ‖2

2 +
∥∥∥∥(θTΣνθ

)1/2
−
(
θTΣµθ

)1/2
∥∥∥∥2

F

))
, (2.5.6)

where ξ > 0. We denote this model by "SlicedWasserstein2D".
Use the same technique in generating a testing and training set the one-

dimensional Gaussian distribution cases. We consider the optimal estimates of both
cases of "Wasserstein2D" and "SlicedWasserstein2D" regression models. More pre-
cisely, we optimize parameters λ > 0, γ 6= 0 and l > 0 in "Wasserstein2D" model
and θ ∈ S1 such as θ =

(
cos

(
cπ
50

)
, sin

(
cπ
50

))
with c ∈ {0, 1, · · · , 50}, ξ > 0, λ > 0

for "SlicedWasserstein2D" model. We consider the RMSE criteria for these models
following the level of noise σ = 1, 5, 10 in the Table 2.2.
Hence from the Table 2.2, we can see that by choosing the optimal parameters

for γ, l, λ and θ for obtaining the RMSE of both regression models, in the low noise
level, the RMSE of both models are the same as quite good, but the "Wasserstein2D"
model looks better than "SlicedWassertein2D" model when the noise is increased.
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σ "Wasserstein2D" "SlicedWasserstein2D"
1 0.06 0.06
5 0.09 0.33
10 0.1 0.91

Table 2.2: RMSE values of the quality criteria for the "Wassertein2D" and "SlicedWassrstein2D" regression models
following the level of noise σ = 1, 5, 10 with two-dimensional distribution entries. Basing on the minimal RMSE
values, the "Wasserstein2D" model clearly outperforms the "SlicedWassertein2D" model when there exists much
noise in the regression model.

2.5.3 Application on evolution of hearing sensitivity

An otoacoustic emission (OAE) is a sound which is generated from within the
inner ear. OAEs can be measured with a sensitive microphone in the ear canal
and provide a noninvasive measure of cochlear amplification (see Chapter: Hearing
basics in Eggermont (2017)). Recording of OAEs has become the main method for
newborn and infant hearing screening (see Chapter: Early Diagnosis and Prevention
of Hearing Loss in Eggermont (2017)). There are two types of OAEs: spontaneous
otoacoustic emissions (SOAEs), which can occur without external stimulation, and
evoked otoacoustic emissions (EOAEs), which require an evoking stimulus. In this
paper, we consider a type of EOAEs that is Transient-EOAE (TEOAE) (see for
instance in Joris, Bergevin, Kalluri, Mc Laughlin, Michelet, van der Heijden, and
Shera (2011)), in which the evoked response from a click covers the frequency range
up to around 4kHz. More precisely, each TEOAE models the ability of the cochlea
to response to some frequencies in order to transform a sound into an information
that will be processed by the brain. So to each observation is associated a curve
(the Oto-Emission curve) which describes the response of the cochlea at several
frequencies to a sound. The level of response depends on each individual and each
stimulus should be normalized, but the way each individual reacts is characteristic of
its physiological characteristic. Hence to each individual is associated a curve, which
after normalization, it is considered as a distribution µ describing the repartition of
the responses for different frequencies ranging from 0 to 10 kHz. These distributions
are shown in Figure 2.6 and Table 2.3.

The relationship between age and hearing sensitivity is investigated in Collet,
Moulin, Gartner, and Morgon (1990); O-Uchi, Kanzaki, Satoh, Yoshihara, Ogata,
Inoue, and Mashino (1994) The results show that when age increases, the presence
of EOAEs by age group and the frequency peak in spectral analysis decreases and
EOAE threshold increases. The differences in EOAE have been also reported be-
tween age classes in humans. These results convey the idea that the response evolves
with age and that the effect of ages in hearing issues is deeply related to the changes
of the cochlear properties. Hence our model uses as input these distributions µ and
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Name Age 0(Hz) 39.06 78. 12 · · · 1171.88 1210.94 · · · 9765.62 9804.69
ABBAS 23 0 0.0006 0.0013 · · · 0.0819 0.0388 · · · 0.0021 0.0015
ADAMS 27 0.0001 0.0010 0.0022 · · · 0.0283 0.0283 · · · 0.0011 0.0006
ADENIYI 30 0.0002 0.0003 0.0014 · · · 0.0231 0.0065 · · · 0.0012 0.0016
DUPLOOY 17 0.0003 0.0005 0.0015 · · · 0.0786 0.1272 · · · 0.0036 0.0031
... ... ... ... ... ... ... ... ... ... ...

TRIMM 20 0.0005 0.0006 0.0026 · · · 0.0133 0.0215 · · · 0.0002 0.0017
VELE 26 0.0001 0.0005 0.0018 · · · 0.1176 0.0859 · · · 0.0003 0.0005
WALLER 40 0.0001 0.0001 0.0003 · · · 0.0178 0.0210 · · · 0.0014 0.0013
WILLIAM 22 0.0002 0.0003 0.0009 · · · 0.0156 0.0656 · · · 0.0014 0.0018

Table 2.3: TEOAE data. 48 individuals are considered in human population, recorded in South Africa, with last
names in first column, their exact ages in second column and the others describe the responses of the cochlea at
several frequencies ranging from 0Hz to 10kHz.

try to build a regression model to link between the age and these distributions repre-
senting the response of the cochlea at frequencies ranging from 0Hz to 10kHz. More
precisely, we estimate the age for each level of response normalized and treated as
a distribution µ by using our proposed function as follows

f̂(µi) = γ2
n∑
j=1

α̂j exp
−∫ 1

0 (F−1
µi

(t)− F−1
µj

(t))2dt

l

 , (2.5.7)

where F−1
µ (U) defined as (2.3.4) and the value of α̂j is chosen by optimal parameter

λ in (2.4.9). We estimate the integral in (2.5.7) by following formula
∫ 1

0
(F−1

µi
(t)− F−1

µj
(t))2dt =

M∑
m=1

[
F−1
µi

(
m

M

)
− F−1

µj

(
m

M

)]2
, (2.5.8)

where we can understand each Fµi is an experimental distribution function of µi and
M is the number of discretized frequencies. As far as we know, each individual is
associated with a curve, which after normalization without lost relationship among
original data, it is considered as a distribution µi. To calculate F−1

µi

(
m
M

)
, we arrange

each curve in ascending order, for instance we denoteXµ(1) ≤ Xµ(2) ≤ · · · ≤ Xµ(M)
following to distribution µ and ∑M

m=1Xµ(m) = 1 , so F−1
µi

(
m
M

)
= Xµi(m). Hence,

we write again the formula (2.5.8)
∫ 1

0
(F−1

µi
(t)− F−1

µj
(t))2dt =

M∑
m=1

(
Xµi(m)−Xµj(m)

)2
, (2.5.9)

where Xµi is a curve X following to distribution µi.
In our simulation, we choose γ = 1, the value of l = 10 and the value of λ > 0.
We aim to study the age in relation with its TEOAE curve of 48 subjects, recorded
on human population in South Africa, with the range of frequency from 0Hz to
10kHz. See the Figure 2.7 to show the differences between the age of 15 to 50 years
old. Following the estimated function in (2.5.7), we take 47 distributions {µj}47

j=1
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Figure 2.6: Oto-emission curves. 48 TEOAE curves following to frequencies ranging from 0Hz to 10kHz.

for training set to calculate estimation value of α̂j and try to estimate real age of a
remaining individual µi with i 6= j. And the results are showed clearly in the Figure
2.8 and Figure 2.9 about the exact age and predicted age.

Hence in figure 2.7 and Figure 2.9, we applied effectively our proposed estima-
tion function in predicting age from its TEOAE data. By choosing the optimal
parameters γ, l and λ we could predict very well the exact ages belonging to the
age class [20, 30] and negligible errors in other age classes. This is quite reasonable
when seeing in the Figure 2.7 that the age distributed diversity almost from 20 to
30 years old, so our proposed estimation function learnt very well to predict age in
this age class. Thus by using the distribution regression model, we investigated the
relationship between the evoked responses from clicks covering the frequencies range
up to 10kHz and its evolutionary ages.
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Figure 2.7: Histogram of real age in a human population. The age distribute diversity from 15 to 30, however, there
is a few of individual of age from 35 to 40 and 45 to 50. And there exists no individual have age from 40 to 45.

Figure 2.8: Histogram of difference between real and predicted age for OAE. In the first column, in which the
difference between real and estimate age is very small closing to zero, this means more accuracy between real and
predicted age. Almost the ages from 20 to 35 lie in this column.
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Figure 2.9: Real and Predicted Age. By using the optimized parameters of γ = 1, l = 10 and λ > 0 depend-
ing on age class, we obtain almost the exacted ages belonging to the age class [20, 30] with λ around 15. For
instance, we can predict very well the exact ages 20, 21, 23, 24, 25, 27, 29 corresponding to the predicted ages
19.50, 21.02, 22.83, 23.87, 24.89, 27.15, 28.76.

2.6 Discussion

In this paper, we have introduced a new estimated function for regression model
with distribution inputs. More precisely, we effectively used class of positive definite
kernel produced by Wasserstein distance, built in Bachoc et al. (2017) by prov-
ing that it is a kind of universal kernel. Researching the universal kernel theories,
we detected a very good property of our universal kernel to build a RKHS. Then
we obtained a particular estimation from Representer theorem for our distribution
regression problem, these works showed that the relation between the random distri-
bution and the real number response can be learnt by using directly the regularized
empirical risk over RKHS. Our proposed estimation is clearly better than state-
of-the-art-ones in simulated data. More interestingly, we researched successfully
TEOAE curve of each individual in human population as a distribution which after
normalization. We then investigated the relationship between age and its TEOAE
that the response involves with age and the effect of age in hearing issues is deeply
related to the change of cochlear. This is a new interesting approach in the field
of Biostatistics, in which we indicated the evolution of hearing capacity under sta-
tistical domain - distribution regression model. We believe that our paper tackles
an important issue for data science experts willing to predict problems in regression
with probability distributions as input. The extension of this work on distributions
for general dimensions should be addressed in a further work, using for instance as
a kernel the one built in Bachoc et al. (2018).
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Part 2: Testing hypothesis





Chapitre 3

Aggregated kernel based tests for
signal detection in a regression
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The results of this chapter are represented in Bui (2019).
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Considering a regression model, we address the question of testing the nullity
of the regression function. The testing procedure is available when the variance of
the observations is unknown and does not depend on any prior information on the
alternative. We first propose a single testing procedure based on a general symmetric
kernel and an estimation of the variance of the observations. The corresponding
critical values are constructed to obtain non asymptotic level-α tests. We then
introduce an aggregation procedure to avoid the difficult choice of the kernel and of
the parameters of the kernel. The multiple tests satisfy non-asymptotic properties
and are adaptive in the minimax sense over several classes of regular alternatives.

3.1 Introduction

We observe (Xi, Yi)1≤i≤n that obey to the regression model described as follows,

Yi = f (Xi) + σεi, i = 1, · · · , n. (3.1.1)

We assume that X = (X1, X2, · · · , Xn) are i.i.d real random variables with values in
a measurable set E such that [0, 1] ⊂ E ⊂ R with bounded density ν with respect
to the Lebesgue measure on E and ε = (ε1, ε2, · · · , εn) are i.i.d standard Gaussian
variables, independent of (X1, X2, · · · , Xn). All along the paper, f is assumed to
be in L2 (E, dν). We also assume that ‖f‖∞ = supx∈E |f(x)| < +∞. In order to
estimate σ2, we assume that we also observe

(
Y
′

1 , · · · , Y
′
n

)
that obey to the model

Y
′

i = f
(
i

n

)
+ σε

′

i, i = 1, · · · , n, (3.1.2)

where ε′ =
(
ε
′
1, · · · , ε

′
n

)
is independent of (X1, · · · , Xn, ε1, · · · , εn).

Given the observation of (Xi, Yi)1≤i≤n ,
(
Y
′
i

)
1≤i≤n

, we want to test the null hypoth-
esis

(H0) : f = 0,

against the alternative
(H1) : f 6= 0.

Hypothesis testing in nonparametric regression have been considered in the papers
by King (1988), Hardle and Marron (1990), Hall and Hart (1990), King et al. (1991)
and Delgado (1992). Tests for no effect in nonparametric regression are investigated
in Eubank and LaRiccia (1993). In the paper of Spokoiny et al. (1996), the authors
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considered the particular case where σ is assumed to be known. They propose
tests that tests achieve the minimax rates of testing [up to an unvoidable log log(n)
factor] for a wide range of Besov classes. Baraud et al. (2003) propose a test, based
on model selection methods, for testing in a fixed design regression model that
(f (X1) , · · · , f (Xn)) belongs to a linear subspace of Rn againts a nonparametric
alternative. They obtain optimal rates of testing are up to a possible log n factor over
various classes of alternatives simultaneously. More recently, in a Poisson process
framework, Fromont et al. (2012, 2013) consider two independent Poisson processes
and address the question of testing equality of their respective intensities. They
introduce tests based on a single kernel function and aggregate several kernel based
tests to obtain adaptive minimax testing procedures over alternatives based on Besov
or Sobolev balls.

Our this work, we propose to construct aggregated kernel based testing proce-
dures of (H0) versus (H1) in a regression model. Our test statistics are based on a
single kernel function which can be chosen either as a projection or Gaussian kernel
and we propose an estimation for the unknown variance σ2. Our tests are exactly
(and not only asymptotically) of level α. We obtain the optimal non-asymptotic
conditions on the alternative which guarantee that the probability of second kind
error is at most equal to a precribed level β. However, the testing procedures that we
introduce hereafter also intended to overcome the question of calibrating the choice
of kernel and/or the parameters of the kernel. They are based on an aggregation
approach, that is well-known in adaptive testing (Baraud et al. (2003) and Fromont
et al. (2013)). This paper is strengly inspired by the paper of Fromont et al. (2013).
Instead of considering a particular single kernel, we consider a collection of kernels
and the corresponding collection of tests, each with an adapted level of significance.
We then reject the null hypothesis when there exists at least one of the tests in the
collection which rejects the null hypothesises. The aggregated testing procedures are
constructed to be of level α and the loss in second kind error due to the aggregation,
when unavoidable, is as small as possible. Then we prove that these multiples tests
satisfy the adaptive minimax properties over several classes of alternatives. At last,
we compare our tests with tests investigated in Eubank and LaRiccia (1993) from a
practical point of view.

The paper is organized as follows. We describe the single tests based on a single
kernel function with the corresponding critical values approximated by a Monte
Carlo method in Section 3.2. In Section 3.3, we specify the performances of the
single tests for two particular examples of kernels and explain the reasons why we
need to aggregate tests based on a collection of kernel functions which are presented
in Section 3.4. We present the simulation study in Section 3.5 and the major proofs
are given in Appendix.



66 3. Aggregated kernel based tests for signal detection in a regression model

3.2 Single tests based on a single kernel.

3.2.1 Definition of the testing procedure.

We assume that we observe {(Xi, Yi)}ni=1 that obey to model (3.1.1). In order
to estimate the unknown variance σ2, we assume that we observe another sample(
Y
′
i

)
1≤i≤n

from the model (3.1.2). We are interested in testing the null hypothesis
(H0) : f = 0 against (H1) : f 6= 0. Let K be a symmetric kernel function:
E × E → R satisfying:

Assumption 1. ∫
E2
K2(x, y)f(x)f(y)dν(x)dν(y) < +∞.

We introduce the test statistic VK defined as follows,

VK = TK
σ̂2
n

, (3.2.1)

where
TK = 1

n(n− 1)

n∑
i 6=j=1

K(Xi, Xj)YiYj (3.2.2)

and

σ̂2
n = 1

n

n/2∑
i=1

(
Y
′

2i−1 − Y
′

2i

)2
, (3.2.3)

where for the sake of simplicity, we assume that n is even. Let us now introduce
some notations. We set Kij = K (Xi, Xj) , fi = f(Xi) and C(a, b) is a constant
depending on a and b, that will be used all along the paper and may vary from line
to line.
The expectation of TK is equal to

E [TK ] = E

E
 1
n(n− 1)

n∑
i 6=j=1

Kij (f(Xi) + σεi) (f(Xj) + σεj)
∣∣∣∣∣X


= E

 1
n(n− 1)

n∑
i 6=j=1

Kijf(Xi)f(Xj)


=
∫
E2
K(x, y)f(x)f(y)dν(x)dν(y).

In the following, we denote for all x ∈ E,

K[f ](x) =
∫
E
K(x, y)f(y)dν(y),

and for all f, g ∈ L2(E, dν)

〈f, g〉 =
∫
E
f(x)g(x)dν(x) and ‖f‖2 = 〈f, f〉.
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Within these notations,
E (TK) = 〈K[f ], f〉, (3.2.4)

whose existence is ensured by Assumption 1. We now compute the expectation of
σ̂2
n.

E
[
σ̂2
n

]
= E

 1
n

n/2∑
i=1

[(
f
(2i− 1

n

)
+ σε

′

2i−1

)
−
(
f
(2i
n

)
+ σε

′

2i

)]2


= 1
n

n/2∑
i=1

[
f
(2i− 1

n

)
− f

(2i
n

)]2
+ 1
n

n/2∑
i=1

σ2E(ε′2i−1 − ε
′

2i)2

= a2 + σ2,

with a2 := 1
n

∑n/2
i=1

[
f
(

2i−1
n

)
− f

(
2i
n

)]2
.

Thus σ̂2
n is a biased estimator of σ2 with bias a2. If f is a regular function this bias

will be small.
We have chosen to consider and study in this paper two possible examples of kernel
functions. For each example, we give a simpler expression of E (TK).

Example 1. When E = [0, 1], our first choice forK is a symmetric kernel function
based on a finite orthonormal family {φλ, λ ∈ Λ} with respect to the scalar product
〈., .〉,

K(x, y) =
∑
λ∈Λ

φλ(x)φλ(y). (3.2.5)

For all f in L2([0, 1], dν) we get

K[f ](x) =
∫ 1

0

∑
λ∈Λ

φλ(x)φλ(y)
 f(y)dν(y)

=
∑
λ∈Λ

(∫ 1

0
φλ(y)f(y)dν(y)

)
φλ(x) = ΠS(f),

where S is the subspace of L2([0, 1], dν) generated by the functions {φλ, λ ∈ Λ} and
ΠS denotes the orthogonal projection onto S for 〈., .〉. Thus

E (TK) = 〈ΠS(f), f〉.

Hence, when {φλ, λ ∈ Λ} is well-chosen, TK can also be viewed as a relevant
estimator of ‖f‖2.

Example 2. When E = R and ν is a density function respect to the Lebesgue
measure on R, our second choice for K is a Gaussian kernel defined by,

K(x, y) = 1
h
k
(
x− y
h

)
, for all (x, y) ∈ R2 (3.2.6)
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where k(u) = 1√
2π exp (−u2/2) , for all u ∈ R and h is a positive bandwidth. Then,

for all f ∈ L2(R, dν) we have

K[f ](x) =
∫ ∞
−∞

1
h
k
(
x− y
h

)
f(y)dν(y) = kh ∗ f(x),

where ∗ is the convolution producer with respect to the measure ν and kh(u) =
1
h
k
(
u
h

)
, ∀u ∈ R. Thus in this case

E (TK) = 〈kh ∗ f, f〉.

Hence, when the bandwidth h is well chosen, TK can also be viewed as a relevant
estimator of ‖f‖2.

From the choices of the two examples above for K, we have seen that the test
statistic VK can be viewed as a relevant estimator of ‖f‖2. Thus, it seems to be rea-
sonable proposal to consider a test which rejects (H0) when VK is as "large enough".
Now, we define the critical values used in our tests.

We define

V
(0)
K =

1
n(n−1)

∑n
i 6=j=1K(Xi, Xj)εiεj

1
n

∑n/2
i=1

(
ε
′
2i−1 − ε

′
2i

)2 . (3.2.7)

Note that, under (H0), conditionally on X, VK and V
(0)
K have exactly the same

distribution. We now choose the quantile of the conditional distribution of V (0)
K

given X as the critical value for our test. This quantity can easily be estimated by
simulations.

More precisely, for α in (0, 1), if q(X)
K,1−α denotes the (1 − α) quantile of the

distribution of V (0)
K conditionally on X, we consider the test that rejects (H0) when

VK > q
(X)
K,1−α. The corresponding test function is defined by

ΦK,α = 1{VK > q
(X)
K,1−α}. (3.2.8)

Notice that in practice, the true quantile q(X)
K,1−α is not available, but it can be

approximated by a Monte Carlo procedure.

3.2.2 Probabilities of first and second kind errors of the test.

Since under (H0), VK and V (0)
K have the same distribution conditionally on X,

for any α ∈ (0, 1), we have

P(H0)

(
VK > q

(X)
K,1−α

∣∣∣∣∣X
)
≤ α.

By taking the expectation over X, we obtain

P(H0) (ΦK,α = 1) ≤ α.
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Let us now consider an alternative hypothesis, corresponding to a non zero re-
gression function f . Given β in (0, 1), we now aim to determine a non-asymptotic
condition on the regression function f which guarantees that Pf (ΦK,α = 0) ≤ β.
Denoting by qαK,1−β/2 the (1− β/2) quantile of the conditional quantile q(X)

K,1−α,

Pf (ΦK,α = 0) = Pf
(
VK ≤ qαK,1−β/2

)
+ Pf

(
VK ≤ q

(X)
K,1−α, q

(X)
K,1−α > qαK,1−β/2

)
≤ Pf

(
VK ≤ qαK,1−β/2

)
+ β/2.

Thus, a condition which guarantees that Pf
(
VK ≤ qαK,1−β/2

)
≤ β/2 will ensure that

Pf (ΦK,α = 0) ≤ β. The following proposition gives such a condition.

Proposition 3.1. Let α, β be the fixed levels in (0, 1). We have that

Pf
(
VK ≤ qαK,1−β/2

)
≤ β/2,

as soon as
〈K [f ] , f〉 ≥

√
16AK + 8BK

β
+Dn,β q

α
K,1−β/2, (3.2.9)

with

AK = n− 2
n(n− 1)

∫
E

(K[f ](x))2
[
f 2(x) + σ2

]
dν(x),

BK = 1
n(n− 1)

∫
E2
K2(x, y)

[
f 2(x) + σ2

] [
f 2(y) + σ2

]
dν(x)dν(y),

Dn,β = σ2 + a2 + 4σ2

n

√√√√(n
2 + na2

σ2

)
ln
(

2
β

)
+ 4σ2

n
ln
(

2
β

)
.

Thus we have, under (3.2.9),

Pf (ΦK,α = 0) ≤ β.

Moreover, there exists some constant κ > 0 such that, for every K and n ≥
32 ln(2/α)

qαK,1−β/2 ≤
2κ√

n(n− 1)
ln
( 2
α

)√2
∫
E2 K2(x, y)dν(x)dν(y)

β
. (3.2.10)

To prove the first part of this result, we simply use Markov’s inequality for the
term TK and an exponential inequality for non-central Chi-square variables due to
(Birgé (2001)) for the term σ̂2

n. The control of qαK,1−β/2 derives from a property of
Gaussian chaoes combined with an exponential inequality (due to De la Pena and
Giné (2012) and Huskova and Janssen (1993)). The detailed proof is given in the
Appendix.

The following theorem gives a condition on ‖f‖2 for the test to be powerful.
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Theorem 3.2. Let α, β be fixed levels in (0, 1), κ be a positive constant, K be
a symmetric kernel function, and ΦK,α be the test defined by (3.2.8). Let CK be
an upper bound for

∫
E2 K2(x, y)dν(x)dν(y). Then for all n ≥ 32 ln(2/α), we have

Pf (ΦK,α = 0) ≤ β, as soon as

‖f‖2 ≥ ‖f −K[f ]‖2 +
16
(
‖f‖2

∞ + σ2
)

nβ

+ 4√
n(n− 1)β

(
κDn,β ln

( 2
α

)
+
√

2
(
‖f‖2

∞ + σ2
))√

CK . (3.2.11)

The right hand side of the above inequality corresponds to a bias-variance trade-
off. For particular choices of the kernel function K, these terms will be upper
bounded in Section 3.3.

3.2.3 Performance of the Monte Carlo approximation.

In this section, we introduce a Monte Carlo method used to approximate the con-
ditional quantiles q(X)

K,1−α by q̂(X)
K,1−α as follows. We consider the set of 2B independent

sequences of i.i.d standard Gaussian variables

{εb, 1 ≤ b ≤ B} and {ε′b, 1 ≤ b ≤ B},

where εb = {εbi}ni=1, ε
′b = {ε′bi }ni=1, 1 ≤ b ≤ B.

We define

V

(
εb,ε
′b
)

K =
1

n(n−1)
∑n
i 6=j=1K(Xi, Xj)εbiεbj

1
n

∑n/2
i=1

(
ε
′b
2i−1 − ε

′b
2i

)2 ,

where X = (X1, · · · , Xn) are observed from model (3.1.2).

Under (H0), conditionally on X, the variables V

(
εb,ε
′b
)

K have the same distribution
function as VK and as V (0)

K . We denote by FK,B the empirical distribution function

of the sample

V
(
εb,ε
′b
)

K , 1 ≤ b ≤ B

, conditionally on X.

∀x ∈ R, FK,B(x) = 1
B

B∑
b=1

1

V
(
εb,ε
′b
)

K ≤ x

 .
Then the Monte Carlo approximation of q(X)

K,1−α is defined by

q̂
(X)
K,1−α = F−1

K,B(α) = inf {t ∈ R, FK,B(t) ≥ 1− α} .

We recall the test function defined in (3.2.8) and we reject (H0) when VK > q
(X)
K,1−α

with q(X)
K,1−α the (1−α) quantile of V (0)

K defined by (3.2.7) conditionally on X. Now,
by using the estimated quantile q̂(X)

K,1−α, we consider the test given by

Φ̂K,α = 1

{
VK > q̂

(X)
K,1−α

}
. (3.2.12)
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For the test defined in (3.2.12), the probabilities of first and second kind errors can
above upper bounded. This is the purpose of the two following propositions, whose
proofs are given in Fromont et al. (2013).

Proposition 3.3. Let α be some fixed level in (0, 1), and Φ̂K,α be the test defined
by (3.2.12). Then,

P(H0)

(
Φ̂K,α = 1

∣∣∣∣∣X
)
≤ Bα + 1

B + 1 .

Proposition 3.4. Let α and β be fixed levels in (0, 1) such that αB = α −√
lnB/(2B) and βB = β − 2/B > 0. Let Φ̂K,α be the test given in (3.2.12). Let

AK , BK , Dn,β and κ as in Proposition 3.1, and let qαBK,1−βB/2 be the (1−βB/2) quantile
of q(X)

K,1−αB . If

〈K[f ], f〉 >
√

16AK + 8BK

β
+Dn,βB qαBK,1−βB/2, (3.2.13)

then Pf
(
Φ̂K,α = 0

)
≤ β. Moreover,

qαBK,1−βB/2 ≤
2κ√

n(n− 1)
ln
( 2
αB

)√2
∫
E2 K2(x, y)dν(x)dν(y)

βB
. (3.2.14)

Comments. When comparing (3.2.13) and (3.2.14) with (3.2.9) and (3.2.10)
in Proposition 3.1, we notice that they asymptotically coincide when B → +∞.
Moreover, if α = β = 0.05 and B ≥ 6000, the multiplicative factor of

κ√
n(n−1)

√∫
E2 K2(x, y)dν(x)dν(y) is of order 1.2 in (3.2.14) compared with (3.2.10).

3.3 Two particular examples of kernel function.

In this section, we specify the performances of the above test for two examples
of the kernels including projection kernels and Gaussian kernels.

3.3.1 Projection kernels.

We assume E = [0, 1]. We consider the projection kernel defined in (3.2.5) and
aim to give a more explicit formulation for the result of Theorem 3.2 under the choice
of this kernel. We also evaluate the uniform separation rates over Besov bodies.

Corollary 3.5. Let α, β ∈ (0, 1) and κ > 0 be a constant. Let ΦK,α be defined in
(3.2.8), where K is the projection kernel defined by (3.2.5). We denote by S the
linear subspace of L2([0, 1] , dν), generated by the functions {φλ, λ ∈ Λ}, and we



72 3. Aggregated kernel based tests for signal detection in a regression model

assume that the dimension of S is equal D. Then n ≥ 32 ln(α/2) if

‖f‖2 ≥ ‖f − ΠS(f)‖2 +
16
(
‖f‖2

∞ + σ2
)

nβ

+ 4
√
D√

n(n− 1)β

(
κDn,β ln

( 2
α

)
+
√

2
(
‖f‖2

∞ + σ2
))

,

then
Pf (ΦK,α = 0) ≤ β.

Let us consider the particular case when the kernel K is the projection kernel
onto the space generated by functions of the Haar basis defined as follows.
Let {φ0, φ(j,k), j ∈ N, k ∈ {0, · · · , 2j − 1} be the Haar basis of L2([0, 1]) with

φ0(x) = 1[0,1](x) and φj,k(x) = 2j/2ψ(2jx− k), (3.3.1)

where ψ(x) = 1[0,1/2)(x) − 1[1/2,1](x). The linear subspace S is generated by a
subset of the Haar basis. More precisely, we denote by S0 the subspace of L2([0, 1])
generated by φ0, and we define

K0(x, x′) = φ0(x)φ0(x′). (3.3.2)

We also consider, for J ≥ 1 the subspace SJ generated by {φλ, λ ∈ {0} ∪ ΛJ} with
ΛJ = {(j, k), j ∈ {0, · · · , J − 1}, k ∈ {0, · · · , 2j − 1}}, and

KJ(x, x′) =
∑

λ∈{0}∪ΛJ

φλ(x)φλ(x
′). (3.3.3)

We set α0 = 〈f, φ0〉 and for every j ∈ N, k ∈ {0, · · · , 2j − 1}, αj,k = 〈f, φj,k〉.
We now introduce the Besov body defined for δ > 0, R > 0 by

Bδ2,∞(R) =

f ∈ L2([0, 1], dν), f = α0φ0 +
∑
j∈N

2j−1∑
k=0

αj,kφj,k / α
2
0 ≤ R2, ∀j ∈ N,

2j−1∑
k=0

α2
j,k ≤ R22−2jδ

 .
For all J ≥ 0, we consider the kernel function KJ defined by (3.3.2), (3.3.3) and
the associated test function ΦKJ ,α defined in (3.2.8) with K = KJ . For an optimal
choice of J , realizing a good compromise between the bias term and the variance
term appearing in (3.2.11), we give a condition of ‖f‖2 for f ∈ Bδ2,∞(R) which
ensures that the power of our test is larger than 1− β.

Proposition 3.6. Let α, β ∈ (0, 1). For all J ≥ 0, let KJ defined by (3.3.2),
(3.3.3) and consider the test function ΦKJ∗ ,α = 1{VKJ∗ > q

(X)
KJ∗ ,1−α} where

J∗ =
[
log2

(
n2/(1+4δ)

)]
. (3.3.4)
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For all f ∈ Bδ2,∞(R) such that

‖f‖2 ≥ C(α, β, σ,R, ‖f‖∞)n−4δ/(1+4δ), (3.3.5)

we have Pf (ΦKJ∗ ,α = 0) ≤ β.

Comments.

1. Non asymptotic lower bounds for the rates of testing in signal detection over
Besov bodies are given in Baraud et al. (2002). These lower bounds coincide
with the bound given in (3.3.5), hence our result is sharp.

2. In (3.3.4), J∗ depends on δ, the regularility parameter of the Besov body,
so it leads to the natural question of the choice of this parameter. In order
to propose a procedure that is adaptive with respect to the regularity of the
unknown regression function f , we introduce aggregated tests in Section 3.4.

3.3.2 Gaussian kernels.

For this second example, we assume that E = R. We consider the Gaussian
kernel defined in (3.2.6) and rewrite the result of Theorem 3.2 under the choice of
this kernel. We also evaluate the uniform separation rates over Sobolev balls for this
test.

Corollary 3.7. Let α, β ∈ (0, 1), κ > 0 be a constant and ΦK,α be the test function
defined in (3.2.8) where K is defined in (3.2.6). For n ≥ 32 ln(2/α) if

‖f‖2 ≥ ‖f − kh ∗ f‖2 +
16
(
‖f‖2

∞ + σ2
)

nβ

+ 4 ‖ν‖∞
(2π)1/4

√
n(n− 1)βh

(
κDn,β ln

( 2
α

)
+
√

2
(
‖f‖2

∞ + σ2
))

. (3.3.6)

We obtain that
Pf (ΦK,α = 0) ≤ β.

Let E = R and L = N∗. For x, y in R and h = 2−l, for all l ∈ L, we consider

Kl(x, y) = 1
2−lk

(
x− y
2−l

)
, (3.3.7)

with
k(u) = 1√

2π
exp

(
−u

2

2

)
.

Let us introduce for δ > 0 the Sobolev ball Sδ(R) defined by

Sδ(R) =
{
s : R→ R

/
s ∈ L1(R) ∩ L2(R),

∫
R
|u|2δ|ŝ(u)|2du ≤ 2πR2

}
,
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where ŝ denotes the Fourier transform of s: ŝ(u) =
∫
R s(x)ei〈x,u〉dx.

For all l ∈ L, we consider the kernel functionKl defined by (3.3.7) and the associated
test function ΦKl,α defined in (3.2.8) with K = Kl. For an optimal choice of l,
realizing a good compromise between the bias term and the variance term appearing
in (3.3.6), we give a condition of ‖f‖2 for f ∈ Sδ(R) which ensures that the power
of our test is larger than 1− β.

Proposition 3.8. Let α, β ∈ (0, 1). For all l ∈ L, let Kl defined by (3.3.7) and
the test function ΦKl,α = 1{VKl > q

(X)
Kl,1−α} we set

l∗ =
[
log2

(
n

2
1+4δ

)]
. (3.3.8)

For all f ∈ Sδ(R) such that

‖f‖2 ≥ C(α, β, σ,R, ‖f‖∞)n−4δ/(1+4δ). (3.3.9)

We have Pf (ΦKl∗ ,α = 0) ≤ β.

Comments.

1. As in Proposition 3.6, we obtain in the right hand term of (3.3.9) a classical
bound for the separation rates of testing over regular classes of alternatives
such as Holderian balls (see Ingster (1993)) for nonparametric minimax rates
of testing in various setups.

2. Non asymptotic lower bounds for the rates of testing in signal detection over
Sobolev balls are given in Fromont and Lévy-Leduc (2006). These bounds
coincide with the bound given in (3.3.9).

3. In (3.3.8), as previously, l∗ depends on δ, the regularity parameter of the
Sobolev ball, so it leads to the natural question of the choice of this parameter
answered through the aggregated tests in Section 3.4.

3.4 Multiple or aggregated tests based on collec-
tions of kernel functions.

In the previous section, we have considered testing procedures based on a single
kernel functionK. However, the following question is natural: how can we choose the
kernel, and its parameters. For instance, the orthonormal family in the projection
kernel in Section 3.3.1, the bandwidth h in the Gaussian kernel in Section 3.3.2.
Baraud et al. (2003) proposed adaptive testing procedures based on the aggregation
of a collection of tests. This idea is presented in a series of papers, among which
Fromont et al. (2013) proposed an aggregation procedure. Following this idea, we
consider in this section a collection of kernel functions instead of a single one. Beside
that, we define a multiple testing procedure by aggregating the corresponding single
tests, with an adapted choice of the critical values.
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3.4.1 The aggregated testing procedure.

Let us describe the aggregated testing procedure by introducing a finite collection
{Km, m ∈M} of symmetric kernel functions: E×E → R. For m ∈M, we replace
K in (3.2.1) and (3.2.7) by Km to define VKm and V (0)

Km and let {wm, m ∈M} be
a collection of positive numbers such that ∑m∈M e−wm ≤ 1. Conditionally on X,
for u ∈ (0, 1), we denote by q(X)

m,1−u the (1 − u) quantile of V (0)
Km . Given α in (0, 1),

we consider the test which rejects (H0) when there exists at least one m inM such
that

VKm > q
(X)
m,1−u(X)

α e−wm
,

where u(X)
α is defined by

u(X)
α = sup

{
u > 0, P

(
sup
m∈M

(
VKm − q

(X)
m,1−ue−wm

)
> 0

∣∣∣∣∣X
)
≤ α

}
. (3.4.1)

We consider the test function Φα defined by

Φα = 1

{
sup
m∈M

(
VKm − q

(X)
m,1−u(X)

α e−wm

)
> 0

}
. (3.4.2)

Using the Monter Carlo method, we can estimate u(X)
α and the quantiles

q
(X)
m,1−u(X)

α e−wm
for all m ∈ M. The following theorem provides a coltrol of the first

and second kind error for the test Φα. The detailed proof is given in the Appendix.

Theorem 3.9. Let α, β be fixed levels in (0, 1) and Φα be the test defined by (3.4.2).
We have

P(H0) (Φα = 1) ≤ α. (3.4.3)
And for all regression function f , we have

Pf (Φα = 0) ≤ β, (3.4.4)

as soon as there exists m inM such that

P
(
VKm ≤ q

(X)
Km,1−αe−wm

)
≤ β.

Comments. This theorem shows that the aggregated test is of level α, for all m.
Moreover, as soon as the second kind error is controlled by β for at least one test in
the collection, the same holds for the aggregated procedure with the price that the
level α is replaced by αe−wm to guarantee that the aggregated procedure is of level
α.

3.4.2 The aggregation of projection kernels.

Let us specify the performance of the aggregated test for a collection of projection
kernels.
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Corollary 3.10. Let α, β be fixed levels in (0, 1). Let {Sm,m ∈M} be a finite col-
lection of linear subspaces of L2([0, 1], dν), generated by the functions {φλ, λ ∈ Λm}
and we assume that the dimension of Sm is equal to Dm. We set, for all m ∈ M,
Km(x, y) = ∑

λ∈Λm φλ(x)φλ(y). Let Φα be defined by (3.4.2) with the collection of
kernels {Km, m ∈M} and the collection {wm,m ∈M} of positive numbers such
that ∑m∈M e−wm ≤ 1.

Then Φα is a level α test. Moreover, Pf (Φα = 0) ≤ β if

‖f‖2 ≥ inf
m∈M

‖f − ΠSm(f)‖2 +
16
(
‖f‖2

∞ + σ2
)

nβ

+ 4
√
Dm√

n(n− 1)β

(
κDn,β

(
ln
( 2
α

)
+ wm

)
+
√

2
(
‖f‖2

∞ + σ2
)) , (3.4.5)

where κ > 0 and n ≥ 32 ln(α/2).

Comments. Comparing this result with the one obtained in Corollary 3.5 for
the single test based on a projection kernel, we can see that the multiple testing
procedure allows to obtain the infimum over all m in M in the right hand side of
(3.4.5) at the price of the additional term wm.

Let us consider the particular case when the collection of kernels {Km, m ∈M}
is the collection of projection kernels based on the constructions in Section 3.3.1.
Let for some J̄ ≥ 1, MJ̄ =

{
J, 0 ≤ J ≤ J̄

}
, and for all J in MJ̄ , wJ =

2
(
ln(J + 1) + ln(π/

√
6)
)
.

We consider Φ(1)
α , the test defined by (3.4.2) with the collection of kernels{

KJ , 0 ≤ J ≤ J̄
}

where K0, KJ , 0 < J ≤ J̄ defined in (3.3.2), (3.3.3). We ob-
tain from the Corollary 3.10 that there exists some constant C(α, β, σ, ‖f‖∞) such
that Pf

(
Φ(1)
α = 0

)
≤ β as soon as

‖f‖2 ≥ C(α, β, σ, ‖f‖∞) inf
J∈MJ̄

{
‖f − ΠSJ (f)‖2 + ln(J + 2)2J/2

n

}
. (3.4.6)

For any δ > 0, R,R′ > 0 we consider

Bδ2,∞(R,R′) =
{
f : f ∈ Bδ2,∞(R), ‖f‖∞ ≤ R

′}
. (3.4.7)

Corollary 3.11. Let α, β ∈ (0, 1). For all J ∈ MJ̄ , we consider the test function
Φ(1)
α . Assuming that ln ln(n) ≥ 1, 2J̄ ≥ n2. Then, for any δ, R,R′ > 0 we set

J∗∗ =
log2

( n

ln ln(n)

) 2
4δ+1

 .
For all f ∈ Bδ2,∞(R,R′) such that

‖f‖2 ≥ C(α, β, σ,R,R′)
(

ln ln(n)
n

) 4δ
4δ+1

, (3.4.8)
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we have Pf
(
Φ(1)
α = 0

)
≤ β.

Comments. We obtain a right hand term in (3.4.8) of order (ln ln(n)/n)4δ/(1+4δ).
This rate of testing was shown to be optimal for the signal detection in a Gaussian
white noise by Spokoiny et al. (1996). In particular, he showed that the logarithm
factor is the price to pay for adaptation.

3.4.3 The aggregation of Gaussian kernels.

We here consider the aggregated test based on a collection of Gaussian kernels.

Corollary 3.12. Let α, β ∈ (0, 1), {hl, l ∈ L} be a collection of positive bandwidths,
we consider {Kl, l ∈ L} a collection of Gaussian kernels corresponding to the above
collection of positive bandwidths, where Kl defined in (3.3.7). Let Φα be defined
by (3.4.2) with the collection of kernel {Kl, l ∈ L} and a collection {wl, l ∈ L} of
positive numbers such that ∑l∈L e

−wl ≤ 1.
Then Φα is a level α test. Moreover, there exists κ > 0 such that if

‖f‖2 ≥ inf
l∈L

‖f − kl ∗ f‖2 +
16
(
‖f‖2

∞ + σ2
)

nβ

+ 4 ‖ν‖∞
(2π)1/4

√
n(n− 1)βhl

(
κDn,β

(
ln
( 2
α

)
+ wl

)
+
√

2
(
‖f‖2

∞ + σ2
)) ,

(3.4.9)

We obtain that Pf (ΦK,α = 0) ≤ β.

For l ∈ L = N\{0}. We consider the particular case where we take hl = 2−l and
wl = 2 (ln(l + 1) + ln(π2/6)) for all l ∈ L. Let Φ(2)

α be the test defined by (3.4.2)
with the collection of Gaussian kernels {Kl, l ∈ L} and {wl, l ∈ L}. We obtain from
Corollary 3.12 that there exists C(α, β, σ, ‖f‖∞) such that Pf

(
Φ(2)
α = 0

)
≤ β if

‖f‖2 ≥ C(α, β, σ, ‖f‖∞) inf
l∈L

{
‖f − kl ∗ f‖2 + wl

n
√

2−l

}
. (3.4.10)

For δ > 0, R,R′ > 0 we consider

Sδ(R,R
′) =

{
f : f ∈ Sδ(R), ‖f‖∞ ≤ R

′}
. (3.4.11)

Corollary 3.13. Let α, β ∈ (0, 1). For all l ∈ L, we consider the test function Φ(2)
α

and assume that ln ln ≥ 1. For any δ > 0, R,R′ > 0, we set

l∗∗ =
log2

( n

ln ln(n)

) 2
4δ+1

 .
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For all f ∈ Sδ(R,R
′) such that

‖f‖2 ≥ C(α, β, σ,R,R′)
(

ln ln(n)
n

) 4δ
4δ+1

,

we have Pf
(
Φ(2)
α = 0

)
≤ β.

Comments. The rate of testing is of order (ln ln(n)/n)4δ/(1+4δ). This rate was
shown to be optimal over periodic Sobolev balls up to the logarithm, by Castillo
et al. (2006).

3.5 Simulation study.

3.5.1 Presentation of the simulation study.

We study our aggregated testing procedures from a practical point of view in
this section. We consider E = [0, 1], n = 100 and choose α = 0.05. In the following
simulation, X1, · · · , Xn are i.i.d uniform random variables on [0, 1].

Let us introduce the collection of symmetric kernel functions and the aggre-
gated testing procedure Φα defined by (3.4.2) as follows. First, we consider the
test Φ(1)

α denoted by P corresponding to a collection of projection kernels. To be
more explicit, we consider the Haar basis {φ0, φ(j,k), j ∈ N, k ∈ {0, · · · , 2j − 1}
introduced in Section 3.3.1. Let K0(x, x′) = φ0(x)φ0(x′) and for J ≥ 1 KJ(x, x′) =∑
λ∈{0}∪ΛJ φλ(x)φλ(x

′) with ΛJ = {(j, k), j ∈ {0, · · · , J − 1}, k ∈ {0, · · · , 2j − 1}}.
Let MJ = {J, 0 ≤ J ≤ 7} and for all J in MJ , wJ = 2

(
ln(J + 1) + ln(π/

√
6)
)
.

We consider Φ(1)
α the multiple testing procedure with the collection of kernels

{KJ , J ∈MJ}.
Second, we also consider the multiple test associated with the collection of

Gaussian kernel functions defined in Section 3.4.3. For L = {1, 2, · · · , 6} we
take {hl, l ∈ L} = {1/24, 1/16, 1/12, 1/8, 1/4, 1/2}, let Kl(x, y) = 1

hl
k
(
x−y
hl

)
with

k(u) = (2π)−1/2 exp (−u2/2). Then taking wl = 1/|L| = 1/6, we consider Φ(2)
α the

multiple testing procedure denoted by G, with the collection of kernels {Kl, l ∈ L}.
At last, we are interested in the collection of both projection and Gaussian

kernels. We define Φ(3)
α denoted by PG, the multiple testing procedure with the

collection of kernels {Kp, p ∈ P =MJ ∪ L}. For p ∈MJ we take wp = ln(J + 1) +
ln(π/

√
6) and for p ∈ L we take wp = 1/12.

We recall that the test rejects (H0) when there exists at least one m inM such
that VKm > q

(X)
m,1−u(X)

α e−wm
. Hence, for each observation X = (X1, · · · , Xn) we have

to estimate u(X)
α defined by (3.4.1) and q

(X)
m,1−u(X)

α e−wm
. Applying the Monte Carlo

method introduced in the Section 3.2.3, these quantities are well approximated.
To be more explicit, we generate 400000 samples of

{
εb
}400000

b=1
and

{
ε
′b
}400000

b′=1
, in
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1st error CI
P 0.0504 [0.033, 0.068]
G 0.0506 [0.032, 0.068]
PG 0.0498 [0.032, 0.0657]

Table 3.1: The probabilities of first kind error of the test for α = 0.05 and the upper and lower bounds of an
asymptotic confidence interval with confidence level 99%.

which we use one half to approximate the conditional probability occurring in (3.4.1)
and other half is used to estimate the distribution of each V

(0)
Km . We note that

u(X)
α is approximated by the bisection method such that the estimated conditional

probabilities in (3.4.1) are as close as possible to α.

3.5.2 Simulation results.

We first study the probabilities of first kind error of each test. We realize 5000
simulations of X. For each simulation, we determine the conclusions of tests P, G
and PG where the critical values are approximated by the Monte Carlo methods
described above. The probabilities of first kind error of tests are estimated by the
number of rejections for these tests divided by 5000. The obtained estimated levels
of tests and the corresponding confidence intervals (CI) are showed in the Table 3.1.

We then study the probabilities of rejection for each test under several alterna-
tives. We first consider the following alternative,

f1,a,ε(x) = ε1[0,a)(x)− ε1[a,2a)(x),

with 0 < ε ≤ 1 and 0 < a < 1. Second, we consider the alternative defined by

f2,τ (x) = τ
∑
j

hj
2 (1 + sgn (x− pj)) ,

with τ > 0, and hj ∈ Z, 0 < pj < 1 for all j. Next, we consider the following
alternative,

f3,c(x) = c cos(10πx),
with c > 0. The last alternative, for which we aim to compare our results with the
results of Eubank and LaRiccia (1993) is defined as follows

f4,%,j(x) = % cos(2πjx),

where % ≥ 0 and j ∈ N∗.
For each alternative f , we realize 1000 simulations of X. For each simulation, we

determine conclusions of tests P, G and PG, where the critical values of our tests are
still approximated by the Monte Carlo method. The powers of tests are estimated
by the number of rejections divided by 1000. The obtained estimated powers of
tests and lower bounds of the asymptotic confidence intervals with the confidence
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(a, ε) (1/4, 0.7) (1/4, 0.9) (1/4, 1) (1/8, 1)
p̂ CI p̂ CI p̂ CI p̂ CI

P 0.876 [0.849, 0.903] 0.986 [0.976, 0.996] 0.996 [0.990, 1.001] 0.699 [0.662, 0.736]
G 0.831 [0.801, 0.861] 0.977 [0.965, 0.989] 0.992 [0.985, 0.999] 0.635 [0.596, 0.674]
PG 0.884 [0.858, 0.910] 0.984 [0.973, 0.994] 0.996 [0.991, 1.001] 0.690 [0.652, 0.727]

Table 3.2: The power of the test for the alternative f1,a,ε corresponding to (a, ε) =
(1/4, 0.7) , (1/4, 0.9) , (1/4, 1) , (1/8, 1) and the upper and lower bounds of an asymptotic confidence inter-
vals with confidence level 99%.

τ
0.05 0.1 0.5

p̂ CI p̂ CI p̂ CI
P 0.218 [0.177, 0.243] 0.654 [0.615, 0.693] 1 *
G 0.208 [0.175, 0.241] 0.668 [0.629, 0.704] 1 *
PG 0.210 [0.177, 0.243] 0.678 [0.639, 0.716] 1 *

Table 3.3: The power of the test for the alternative f2,τ corresponding to τ = 1, 2, 3 and the upper and lower bounds
of an asymptotic confidence intervals with confidence level 99%.

c
1 2 3

p̂ ICI p̂ CI p̂ CI
P 0.35 [0.311, 0.389] 0.90 [0.876, 0.924] 0.98 [0.969, 0.991]
G 0.56 [0.519, 0.600] 0.98 [0.967, 0.991] 1 *
PG 0.34 [0.301, 0.379] 0.89 [0.864, 0.915] 1 *

Table 3.4: The power of the test for the alternative f3,c corresponding to c = 1, 2, 3 and the upper and lower bounds
of an asymptotic confidence intervals with confidence level 99%.

level 99% are represented in the Table 3.2, 3.3 and 3.4. Table 3.5 is proposed for
comparing our tests and the two of tests Tnm denoted by EL1, Tnλ denoted by EL2,
which were proposed in Eubank and LaRiccia (1993). We recall briefly tests Tnm,
Tnλ as follows.

Tnm =
∑′
|j|≤m |ãjn|2 − 2mσ2

2σ2√m
,

and

Tnλ =
n
∑′
|j|≤(n−1)/2 |ajn|2 (1 + λ(2πj)4)−2 − 2σ2∑′

|j|≤(n−1)/2(1 + λ(2πj)4)−2

2σ2
(∑′
|j|≤(n−1)/2 (1 + λ(2πj)4)−4

)1/2 ,

where ∑′ indicates summation excluding the zero index and ãjn are the sample
Fourier coefficients,

ãjn = 1
n

n∑
i=1

yie
−2πj(i−1)/n.

In the three alternatives f1,a,ε, f2,τ and f3,c, the test PG is more powerful than
P and G tests. Our conclusion is that the test PG is a good choice in practice. In
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Test % = 0 % = 0.5 % = 1 % = 1.5
P 0.049 0.606 1 1

j = 1 G 0.048 0.459 0.99 1
PG 0.048 0.441 0.99 1
EL1 0.074 0.837 1 1
EL2 0.062 0.805 1 1
P 0.053 0.224 0.905 1

j = 3 G 0.053 0.630 0.922 1
PG 0.049 0.228 1 1
EL1 0.069 0.718 1 1
EL2 0.058 0.693 1 1
P 0.043 0.134 0.696 0.990

j = 6 G 0.044 0.146 0.741 0.995
PG 0.045 0.134 0.700 0.996
EL1 0.076 0.134 0.428 0.979
EL2 0.056 0.107 0.368 0.961

Table 3.5: The power of the test for the alternative f4,%,j corresponding to % = 0, 0.5, 1, 1.5, j = 1, 2, 3.

Table 3.5, we see in the firt column (ρ = 0), which corresponds to the null hypothesis
that our test is of level α = 0.05, which is not the case for the tests proposed by
Eubank and LaRiccia (1993), which are only asymptotically of level α. This explain
why our test is generally less powerful than the tests EL1 and EL2 for ρ = 0.5. In
the other cases, we obtain as good or better results.

3.6 Appendices

3.6.1 Proof of Proposition 3.1

Let us prove the first part of Prop 3.1. Recall that qαK,1−β/2 denotes the (1−β/2)
quantile of q(X)

K,1−α which is the (1−α) quantile of V (0)
K conditionally on X. We here

want to find a condition on εK = E(TK), ensuring that

Pf
(
VK ≤ qαK,1−β/2

)
≤ β/2.

From Markov’s inequality, we have for all λ > 0

Pf (| − TK + εK | ≥ λ) ≤ E(T 2
K)− ε2

K

λ2 . (3.6.1)

Let us compute E (T 2
K |X). We see that

T 2
K = 1

n2(n− 1)2

 n∑
i 6=j 6=u6=v
i,j,u,v=1

KijKuvYiYjYuYv + 4
n∑

i 6=j 6=u
i,j,u=1

KijKiuY
2
i YjYu + 2

n∑
i 6=j
i,j=1

K2
ijY

2
i Y

2
j

 .
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Then

E
[
T 2
K

∣∣∣X] = 1
n2(n− 1)2

n∑
i 6=j 6=u6=v=1

K(Xi, Xj)K(Xu, Xv)f(Xi)f(Xj)f(Xu)f(Xv)

+ 4
n2(n− 1)2

n∑
i 6=j 6=u=1

K(Xi, Xj)K(Xi, Xu)
[
f 2(Xi) + σ2

]
f(Xj)f(Xu)

+ 2
n2(n− 1)2

n∑
i 6=j=1

K2(Xi, Xj)
[
f 2(Xi) + σ2

] [
f 2(Xj) + σ2

]

Since E [T 2
K ] = E

[
E
[
T 2
K

∣∣∣X]], and since (X1, · · · , Xn) are i.i.d with density ν on E,
we obtain

E
[
T 2
K

]
= (n− 2)(n− 3)

n(n− 1)

∫
E4
K(x, y)K(u, v)f(x)f(y)f(u)f(v)dν(x)dν(y)dν(u)dν(v)

+ 4(n− 2)
n(n− 1)

∫
E3
K(x, y)K(x, u)

[
f 2(x) + σ2

]
f(y)f(u)dν(x)dν(y)dν(u)

+ 2
n(n− 1)

∫
E2
K2(x, y)

[
f 2(x) + σ2

] [
f 2(y) + σ2

]
dν(x)dν(y)

= (n− 2)(n− 3)
n(n− 1) ε2

K + 4AK + 2BK .

Thus
E
[
T 2
K

]
− (n− 2)(n− 3)

n(n− 1) ε2
K = 4AK + 2BK . (3.6.2)

In fact
0 < (n− 2)(n− 3)

n(n− 1) < 1, ∀n > 3.

Then
E
[
T 2
K

]
− (n− 2)(n− 3)

n(n− 1) ε2
K ≥ E

[
T 2
K

]
− ε2

K .

Replacing (3.6.2) into (3.6.1) we obtain

Pf (|εK − TK | ≥ λ) ≤ 4AK + 2BK

λ2 . (3.6.3)

Choosing λ =
√

16AK+8BK
β

, the above inequality leads to

Pf
(
|εK − TK | ≥

√
16AK + 8BK

β

)
≤ β

4 .

This implies

Pf
(
TK ≤ εK −

√
16AK + 8BK

β

)
≤ β

4 . (3.6.4)

Now we consider the term σ̂2
n = 1

n

∑n
i=1 (Y2i−1 − Y2i)2. Following to the Cochran’s

theorem, we consider the orthogonal subspace W of dimension n/2. We denote
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(
e1, · · · , en/2

)
be an orthogonal basis ofW , where for all i = 1, · · · , n/2, eTi is a vetor

includes n elements within two values {0, 1} and its values equal to 1 at two positions
2i and 2i − 1. On the other hand, for Y = (Y1, · · · , Yn), with Yi = f(Xi) + σεi we
have

Y = Nn


 f(X1)
· · ·

f(Xn)

 , σ2In

 .
Using the Cochran’s theorem, we have

‖ΠW⊥Y ‖2 = ‖Y − ΠWY ‖2 ∼ σ2χ2
(
n

2 ,
na2

2σ2

)
,

where a2 := 1
n

∑n/2
i=1

[
f
(

2i−1
n

)
− f

(
2i
n

)]2
and χ2(k, λ) denotes a non central Chi-

square variable with k degrees of freedom and non centrality parameter λ.
Moreover,

‖Y − ΠWY ‖2 =
n/2∑
i=1

(
Y2i−1 −

Y2i−1 + Y2i

2

)2
+
(
Y2i −

Y2i−1 + Y2i

2

)2

= 2
n/2∑
i=1

(
Y2i−1 − Y2i

2

)2
= 1

2

n/2∑
i=1

(Y2i−1 − Y2i)2

= n

2 σ̂
2
n.

Hence
σ̂2
n ∼

2σ2

n
χ2
(
n

2 ,
na2

2σ2

)
.

Now, we consider the variable Z ∼ χ2
(
n
2 ,

na2

2σ2

)
. Using Lemma 8.1 in Birgé (2001),

we have

∀ρ > 0, Pf

Z ≥ n

2 + na2

2σ2 + 2

√√√√(n
2 + na2

σ2

)
ρ+ 2ρ

 ≤ e−ρ.

This implies

∀ρ > 0, Pf

σ̂2
n ≥ σ2 + a2 + 4σ2

n

√√√√(n
2 + na2

σ2

)
ρ+ 4ρσ2

n

 ≤ e−ρ. (3.6.5)

Choosing ρ = ln (4/β), (3.6.5) leads to

Pf
(
σ̂2
n ≥ Dn,β

)
≤ β

4 ,

where

Dn,β := σ2 + a2 + 4σ2

n

√√√√(n
2 + na2

σ2

)
ln
(

4
β

)
+ 4σ2

n
ln
(

4
β

)
.
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Thus
Pf
(

1
σ̂2
n

≤ 1
Dn,β

)
≤ β

4 . (3.6.6)

From (3.6.4) and (3.6.6), we obtain

Pf (VK ≤ UV ) ≤ β/2, (3.6.7)

with

U = εK −
√

16AK + 8BK

β
,

V = 1
Dn,β

.

If qαK,1−β/2 ≤ UV we have Pf
(
VK ≤ qαK,1−β/2

)
≤ β/2.

Therefore, if

εK ≥ Dn,β q
α
K,1−β/2 +

√
16AK + 8BK

β
, (3.6.8)

then
Pf (ΦK,α = 0) ≤ β.

Let us now give an upper bound for qαK,1−β/2. Reasoning conditionally on X, we
recognize in 1

n(n−1)
∑n
i 6=jK (Xi, Xj) εiεj := T

(0)
K be a Gaussian chaos, as defined by

De la Pena and Giné (2012), of the form Z = ∑
i 6=i′ xi,i′ εiεi′ , where xi,i′ ’s are some real

deterministic numbers and (εi)i is a sequence of i.i.d Gaussian variables. Corollary
3.26 of De la Pena and Giné (2012) states that there exists some absolute constant
κ > 0 such that if γ2 = E[Z2] = ∑

i 6=i′ x
2
i,i′

. Then

E
[
exp

(
|Z|
κγ

)]
≤ 2.

Hence by Markov’s inequality,

P
(
|Z| ≥ κγ ln

( 2
α

))
≤ α. (3.6.9)

Applying the result (3.6.9) for T (0)
K with

γ2 = σ4

n2(n− 1)2

n∑
i 6=j=1

K2
ij, (3.6.10)

we have

P(H0)

TK ≥ κσ2

n(n− 1) ln
( 4
α

)√√√√ n∑
i 6=j=1

K2
ij

 ≤ α

2 . (3.6.11)

On the other hand, we have, under H0, σ̂2
n = σ̂2

n,ε where

σ̂2
n,ε = σ2

n

n/2∑
i=1

(
ε
′

2i−1 − ε
′

2i

)2
= 2σ2

n

n/2∑
i=1

(
ε
′
2i−1 − ε

′
2i√

2

)2

∼ 2σ2

n
χ(n/2).
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Since the variables Zi = ε
′
2i−1 − ε

′
2i, i = 1, · · · , n/2 are i.i.d standard Gaussian

variables. Using the Lemma 8.1 in Birgé (2001), we obtain

∀x > 0, P(H0)

(
2σ2

n
χ(n/2) ≤ σ2 − 4σ2

√
2n
√
x

)
≤ e−x. (3.6.12)

Choosing x = ln(2/α), (3.6.12) leads to

P(H0)

σ̂2
n ≤ σ2 − 4σ2

√
2n

√
ln
( 2
α

) ≤ α

2 . (3.6.13)

Moreover, we have

P(H0)

TKσ̂2
n

≥
κσ2

n(n−1) ln
(

2
α

)√∑n
i 6=j=1K

2
ij

σ2
(

1− 2
√

2√
n

√
ln
(

2
α

))
 ≤ P(H0)

TK ≥ κσ2

n(n− 1) ln
( 2
α

)√√√√ n∑
i 6=j=1

K2
ij



+ P(H0)

 1
σ̂2
n

≥ 1

σ2
(

1− 2
√

2√
n

√
ln
(

2
α

))
 .

From (3.6.11) and (3.6.13), we obtain

P(H0)

TKσ̂2
n

≥
κσ2

n(n−1) ln
(

2
α

)√∑n
i 6=j=1K

2
ij

σ2
(

1− 2
√

2√
n

√
ln
(

2
α

))
 ≤ α

2 + α

2 = α. (3.6.14)

This implies

P(H0)

VK ≥
κσ2

n(n−1) ln
(

2
α

)√∑n
i 6=j=1K

2
ij

σ2
(

1− 2
√

2√
n

√
ln
(

2
α

))
 ≤ α

2 + α

2 = α.

Thus the (1− α) quantile of V (0)
K conditionally on X satisfies

q
(X)
K,1−α ≤

κσ2

n(n−1) ln
(

2
α

)√∑n
i 6=j=1K

2
ij

σ2
(

1− 2
√

2√
n

√
ln
(

2
α

)) . (3.6.15)

Taking n ≥ 32 ln
(

2
α

)
, so
√
n ≥ 4

√
2
√

ln
(

2
α

)
, (3.6.15) returns to

q
(X)
K,1−α ≤

2κ
n(n− 1) ln

( 2
α

)√√√√ n∑
i 6=j=1

K2
ij. (3.6.16)
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Hence qαK,1−β/2 is upper bounded by the (1 − β/2) quantile of
2κ√
n(n−1)

ln
(

2
α

)√
1

n(n−1)
∑n
i 6=j=1K

2
ij.

We define
Un = 1

n(n− 1)

n∑
i 6=j=1

K2
ij.

We use Markov’s inequality again for the nonnegative random variable Un, we obtain
for any δ > 0

Pf (Un > δ) ≤ E(Un)
δ

. (3.6.17)

We have
E [Un] =

∫
E2
K2(x, y)dν(x)dν(y). (3.6.18)

Choosing δ = 2
∫
E2 K2(x, y)dν(x)dν(y)/β, (3.6.17) returns to

Pf
(
Un >

2
∫
E2 K2(x, y)dν(x)dν(y)

β

)
≤ β

2 ,

and
qαK,1−β/2 ≤

2κ√
n(n− 1)

ln
( 2
α

)√2
∫
E2 K2(x, y)dν(x)dν(y)

β
,

which concludes the proof.

3.6.2 Proof of Theorem 3.2

For all symmetric kernel function K, we have

E (TK) = 〈K[f ], f〉 = 1
2
(
‖f‖2 + ‖K[f ]‖2 − ‖f −K[f ]‖2

)
. (3.6.19)

On the other hand
AK ≤

(‖f‖2
∞ + σ2) ‖K[f ]‖2

n
.

Let CK be an upper bound for
∫
E2 K2(x, y)dν(x)dν(y), we have

BK ≤
(‖f‖2

∞ + σ2)2
CK

n(n− 1)

From Proposition 3.1, the bounds for AK and BK and the inequality
√
a+ b ≤√

a+
√
b for all a ≥ 0, b ≥ 0, we deduce that Pf (ΦK,α = 0) ≤ β as soon as,

‖f‖2 + ‖K[f ]‖2 − ‖f −K[f ]‖2 ≥ 4
√

2κDn,β ln
( 2
α

)√
CK

n(n− 1)β + 4
√

2
(
‖f‖2

∞ + σ2
)√ CK

n(n− 1)β

+ 8 ‖K[f ]‖
√

(‖f‖2
∞ + σ2)
nβ

.
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By using the elementary inequality 2cd ≤ c2 + d2 with c = ‖K[f ]‖ and d =
4
√

(‖f‖2∞+σ2)
nβ

in the right hang side of the above condition, the above condition
holds if

‖f‖2 ≥ ‖f −K[f ]‖2 + 16 (‖f‖2
∞ + σ2)
nβ

+ 4
√
CK√

n(n− 1)β

(
κDn,β ln

( 2
α

)
+
√

2
(
‖f‖2

∞ + σ2
))

.

3.6.3 Proof of Corollary 3.5 and 3.7.

Under the hypothesis of corollary 3.5,

K(x, y) =
∑
λ∈Λ

φλ(x)φλ(y),

and the linear space S generated by the functions (φλ, λ ∈ Λ) is of dimension D.
Hence, we have ∫

[0,1]2

∑
λ∈Λ

φλ(x)φλ(y)
2

dν(x)dν(y) ≤ D.

Thus, we can take CK = D.
Second, under choice of the Gaussian kernel defined by (3.2.6), we recall that

K(x, y) = 1
h
k
(
x− y
h

)
, for (x, y) ∈ R2 (3.6.20)

where k(u) = 1√
2π exp (−u2/2) , for all u ∈ R and h is a positive bandwidth.

We have∫
R2
K2(x, y)ν(x)ν(y)d(x)d(y) = 1

2πh2

∫
R2
e−

(x−y)2

2h2 ν(x)ν(y)d(x)d(y)

≤ 1
2πh2

∫
R2
e−

u2
2 hduν(x)ν(x− uh)dx

≤ ‖ν‖∞
h
√

2π

(
1√
2π

∫
R
e−

u2
2 du

)(∫
R
ν(x)dx

)

≤ ‖ν‖∞
h
√

2π
.

Hence, we can choose CK = ‖ν‖∞
h
√

2π .

3.6.4 Proof of Proposition 3.6

For all J ≥ 0, we set D = 2J be the dimension of SJ . Let us assume that
f ∈ Bδ2,∞(R), it implies

‖f − ΠSJ (f)‖2 ≤ R22−2Jδ. (3.6.21)
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We obtain from Corollary 3.5 that there exists

C(α, β, σ, ‖f‖∞) > 0,

such that Pf (ΦK,α = 0) ≤ β if

‖f‖2 ≥ C(α, β, σ,R, ‖f‖∞)
[
2−2Jδ + 2J/2

n

]
. (3.6.22)

In this case, we see that the right hand side of (3.3.5) reproduces a bias-variance
decomposition close to the bias-variance decomposition for projection estimators,
with the bias term R22−2Jδ and the variance term 2J/2/n. The optimal choice of J
satisfies

R22−2Jδ = 2J/2
n
.

Thus, we obtain the optimal choice J∗,

J∗ =
[
log2

(
n2/(1+4δ)

)]
,

leading to the desired result.

3.6.5 Proof of Proposition 3.8

Considering (3.3.6), we mainly have to find a sharp upper bound for ‖f−kh∗f‖2

when f ∈ Sδ(R). Plancherel’s theorem gives that when f ∈ L1(R) ∩ L2(R),

(2π)‖f − kh ∗ f‖2 =
∥∥∥(1− k̂h) (f̂)∥∥∥2

=
∫
R

∣∣∣∣∣1− k̂(2−lu)
∣∣∣∣∣
2

(u)f̂ 2(u)du.

We assume that
∥∥∥k̂∥∥∥

∞
< +∞ and

Ess sup
u∈R\{0}

|1− k̂(u)|
|u|

≤ C,

for some C > 0. There also exists some constant C(δ) > 0 such that

Ess sup
u∈R\{0}

|1− k̂(u)|
|u|δ

≤ C(δ).

Then
‖f − kh ∗ f‖2 ≤ C(δ)

2π

∫
R
|2−lu|2δf̂ 2(u)du

and since f ∈ Sδ(R),
‖f − kh ∗ f‖2 ≤ 2−2δlC(δ)R2.
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We obtain from corollary 3.7 that there exists

C(α, β, σ,R, ‖f‖∞) > 0,

such that Pf (ΦK,α = 0) ≤ β if

‖f‖2 ≥ C(α, β, σ,R, ‖f‖∞)
[
2−2δl + 2l/2

n

]
. (3.6.23)

In this case, we see that the right hand side of (3.6.23) reproduces a bias-variance
decomposition with the bias term 2−2δl and the variance term 2l/2/n. The optimal
choice of l satisfies

2−2δl = 2l/2
n
.

Thus, we obtain the optimal choice l∗ as follows.

l∗ =
[
log2

(
n2/(1+4δ)

)]
,

leading to the desired result.

3.6.6 Proof of Theorem 3.9, Corollary 3.10 and 3.12.

We have

P(H0) (Φα = 1) = P
[

sup
m∈M

(
VKm − q

(X)
m,1−u(X)

α e−wm

)
> 0

]

= E
[
E
[
1

{
sup
m∈M

(
VKm − q

(X)
m,1−u(X)

α e−wm

)
> 0

} ∣∣∣∣∣X
]]
.

We have,

E
[
1

{
sup
m∈M

(
VKm − q

(X)
m,1−u(X)

α e−wm

)
> 0

} ∣∣∣∣∣X
]
≤ α,

by definition of u(X)
α , which implies that P(H0) (Φα = 1) ≤ α.

On the other hand, we know that u(X)
α ≥ α. Setting αm = αe−wm , we have

P
(
∃m ∈M, VKm > q

(X)
Km,1−u(X)

α e−wm

)
≥ P

(
∃m ∈M, VKm > q

(X)
Km,1−αm

)
≥ 1− P

(
∀m ∈M, VKm ≤ q

(X)
Km,1−αm

)
≥ 1− inf

m∈M
P
(
VKm ≤ q

(X)
Km,1−αm

)
≥ 1− β,

as soon as there exists m inM such that

P
(
VKm ≤ q

(X)
Km,1−αm

)
≤ β.

We can now apply Corollary 3.5 and 3.7 with αm = αe−wm , so we replace ln(2/α)
by (ln(2/α) + wm) for desired results in Corollary 3.10 and 3.12.
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3.6.7 Proof of Corollary 3.11.

Considering (3.4.6), we aim to find a sharp upper bound for the right hand side
of the inequality when f ∈ Bδ2,∞(R,R′). Let us assume that f ∈ Bδ2,∞(R,R′). Then
f ∈ Bδ2,∞(R), we have

‖f − ΠSJ (f)‖2 ≤ C(δ)R22−2δJ ,

and
C(α, β, σ,R, ‖f‖∞) ≤ C(α, β, σ,R,R′).

Hence (3.4.6) can be upper bounded by

C(α, β, σ,R,R′) inf
J∈MJ̄

{
2−2δJ + ln(2 + J)2J/2

n

}
.

Taking

J∗∗ =
log2

( n

ln ln(n)

) 2
4δ+1

 ,

C(α, β, σ,R,R′) inf
J∈MJ̄

{
2−2δJ + ln(2 + J)2J/2

n

}

≤ C(α, β, σ,R,R′)
{

2−2δJ∗∗ + ln(2 + J∗∗)2J∗∗/2
n

}

≤ C(α, β, σ,R,R′)
(

n

ln ln(n)

)− 4δ
4δ+1

.

That leads to Pf
(
Φ(1)
α = 0

)
≤ β if

‖f‖2 ≥ C(α, β, σ,R,R′)
(

ln ln(n)
n

) 4δ
4δ+1

.

3.6.8 Proof of Corollary 3.12.

Considering (3.4.10), we aim to find a sharp upper bound for the right hand side
of the inequality when f ∈ Sδ(R,R

′). Let us assume that f ∈ Sδ(R,R
′). Similarly,

with regards to the proof of Proposition 3.8, we have

‖f − kl ∗ f‖2 ≤ 2−2δlC(δ)R2,

and
C(α, β, σ, ‖f‖∞) ≤ C(α, β, σ,R′).

Hence (3.4.10) can be upper bounded by

C(α, β, σ,R,R′) inf
l∈L

{
2−2δl + wl

n
√

2−l

}
.



3.6 Appendices 91

Choosing

l∗∗ =
log2

( n

ln ln(n)

) 2
1+4δ

 ,

C(α, β, σ,R,R′) inf
l∈L

{
2−2δl + wl

n
√

2−l

}

≤ C(α, β, σ,R,R′)
{

2−2δl∗∗ + wl∗∗

n
√

2−l∗∗

}

≤ C(α, β, σ,R,R′)
(

n

ln ln(n)

)− 4δ
4δ+1

.

That leads to Pf
(
Φ(1)
α = 0

)
≤ β if

‖f‖2 ≥ C(α, β, σ,R,R′)
(

ln ln(n)
n

) 4δ
4δ+1

.
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Chapitre 4

Conclusion et perspectives

This work has proposed two mathematical frameworks to deal with interesting
information conveyed by weak signals. Firstly, a new estimated function has been
introduced for the regression model with distribution inputs. More precisely, we
have effectively used a class of positive definite kernels produced by Wasserstein
distance. The building in Bachoc et al. (2017) is a such kind of the universal kernel.
Researching the universal kernel theories, we have indicated a very good property of
our universal kernel to build a RKHS. We have then obtained a particular estimation
from Representer theorem for our distribution regression problem: these two pieces
of works have shown that the relation between the random distribution and the real
number response can be learnt by directly using the regularized empirical risk over
RKHS. More interestingly, we have studied the TEOAE curve of each individual
in the human population as a distribution well. We have then investigated the
potential relationship existing between the age of an individual and its TEOAE
response. We have shown that the TEOAE response is clearly a function of the age,
and the effect of age in hearing issues is probably deeply related to the change of
cochlear. This is a new interesting approach in the field of Biostatistics, in which
we have indicated the evolution of hearing capacity under the statistical domain
of a distribution regression model. Moreover, we believe that our paper tackles an
important issue for data science experts willing to predict problems in regression
with probability distributions as an input.

Hearing evolution of non-human primate species

The relationship between the age and hearing sensitivity of non-human primates
is worth further study in the future. For example, Figure 4.1 shows that the real
age (blue points) and predicted age (red points) of Macaca sylvanus (also known as
Rhesus Macaque) calculated by our regression estimation, appears to be less precise
than for humans, despite their statistical significance. The much more variable
response in macaque compare to humans might be the reason for such a difference
between the human and macaque, but the lower number of individuals can also bias
the prediction. More analyses with newly collected data are needed, but what it is
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remarkable is that, despite this not being the first time such kind of data has been
collected and analyzed for macaque, our model seems to predict the age according to
the TEOAE response. For future research, we can better improve the mathematical
model in this paper to be closer to the biological data, particularly, the TEOAE
response of non-human primates.

Figure 4.1: Real and Predicted Age of Macaca Sylvanus by applying our framework.

Multiple distribution regression model with a Reproducing
Kernel Hilbert Space approach

We have studied about the regression model with one-dimensional distribution
entries under a RKHS approach in Part 2. The extension of this work on distribu-
tions for general dimensions should be addressed in a further work. In the general
dimension case, in order to build a positive definite kernel from the Wasserstein
distance, Bachoc et al. (2018) have associated to each input distribution its optimal
transport map to a reference distribution. The authors have then provided positive
definite kernels on the Hilbert space corresponding to these optimal transport maps.
However, we do not know any estimation for optimal transport maps. Recently, Hüt-
ter and Rigollet (2019) have established an estimation of the transport map which
is up to logarithmic factors of the minimax rate. These are the first minimax esti-
mation rates for transport maps in the general dimension. Thus it is appreciated to
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make a link between these studies in future in the domain of regression models with
general dimensional distribution entries.

Secondly, the aggregated kernel based testing procedures has been constructed
for testing the nullity of the regression function. It is available when the variance of
the observations is unknown and does not depend on any prior information on the
alternative. Our test statistics have been based on a single kernel function which
can be chosen either as a projection or Gaussian kernel and we have proposed an
estimation for the unknown variance. Our tests are exactly (and not only asymp-
totically) of level α. We have obtained the optimal non-asymptotic conditions on
the alternative which guarantee that the probability of second kind error is at most
equal to a prescribed level. However, the testing procedure that we have introduced
hereafter also intended to overcome the question of calibrating the choice of kernel
and/or the parameters of the kernel. To avoid these problems, the aggregated test-
ing procedures have been constructed to be of level α and the loss in second kind
error due to the aggregation, when unavoidable, is as small as possible. The multiple
tests satisfy non-asymptotic properties and are adaptive in the minimax sense over
several classes of regular alternatives.

Testing the variability of TEOAEs between males and females

Basing on Part 3, we would be very interested in testing the difference exist-
ing between males and females in the human population but also in non-human
primates. We will consider, the following models,

Y
(1)
i = f (1)(µi) + σε

(1)
i ,

Y
(2)
i = f (2)(µi) + σε

(2)
i ,

where µi is considered as probability distributions corresponding to TEOAE curves,
Y (j), j = 1, 2 instead considered by functional objects, they are considered by
classified objects, for instance, males and females.
We expect to test the hypothesis,

(H0) : f (1) − f (2) = 0,

with the alternative
(H1) : f (1) − f (2) 6= 0.

Resolving this problem could be interesting question for a future project.

Big data analytics

This research investigates analyses of TEOAE profiles from different populations
(Asia, Europe, Africa) with particular interest in investigating human and non-
human primates.
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