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Introduction

La présente these se propose d’étudier des processus de Markov généraux absorbés par
une zone de l’espace d’état qui bouge au cours du temps. Nous nous intéresserons
plus particulierement aux comportements asymptotiques de tels processus. Une notion
naturelle a considérer alors est celle de quasi-stationnarité. Cette introduction est donc
décomposée en trois parties, la premiere d’entre elles étant une présentation de la théorie
de la quasi-stationnarité au sens classique, c’est-a-dire lorsque le bord absorbant est
immobile, la seconde introduit le cas a frontiere mobile, la troisieme présente plus en
détails le contenu de la these.

0.1 Introduction a la quasi-stationnarité

0.1.1 Distributions quasi-stationnaires

Considérons (€2, (Ft)ier, (Xt)ter, (Pz)zepu{oy) un processus de Markov homogene défini
sur l'espace d’état E U {0} ou (E, &) est un espace mesurable et 0 ¢ F est un élément
absorbant de X, c’est-a-dire

Xt == 8, Vi Z 7O,

ou 7y est le temps d’atteinte de {0}:
Tp :=inf{t € I : X; = 0}.

I représente l'espace de temps sur lequel X est indexé tel que 0 € I (typiquement N ou
Ry). Pour toute mesure de probabilité p sur £2U {0}, on définit P, := [,y p(dz)Py
de telle maniere que, pour toute loi p, P, (Xo € -) = p.

Ces processus absorbés suscitent un grand intérét dans de nombreux domaines. Par
exemple, ils apparaissent naturellement lorsqu’on s’intéresse aux dynamiques de pop-
ulations. On peut penser alors au processus de naissance et de mort qui représente
Pévolution d’une taille de population au cours du temps (un processus a valeurs en-
tieres qui croit ou décroit en fonction des naissances et des morts se réalisant de facon
aléatoire), ou encore au processus de Galton-Watson qui décrit I’évolution du nombre
d’individus par génération. Pour ces deux processus, £ = N* et 9 = 0 puisque X; = 0
signifie que, au temps ¢, il n’y a plus d’individus pour procréer. Un autre exemple concret
sera traité plus loin dans 'introduction (sous-section 0.2.2).
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De maniere générale, lorsque l'on veut étudier un processus de Markov, il est assez
habituel d’étudier son ergodicité, c’est-a-dire son comportement asymptotique. Il est
bien connu que si le processus (X¢)ier converge en loi vers une mesure de probabilité ,
alors 7 est une mesure stationnaire (ou invariante), c’est-a-dire une mesure vérifiant

P.(X;€:)=m, Vtel. (1)

Ainsi, une maniere d’accéder au comportement asymptotique d’un processus de Markov
est de travailler sur les mesures stationnaires qui, contrairement aux mesures limites,
ne sont pas définies a partir d’'une propriété asymptotique du processus. L’ensemble
des mesures stationnaires d’un processus sera alors I’ensemble des limites possibles. La
raison de cette propriété est la propriété de Markov : en effet, notant p; = P, (X, € -),
la propriété de Markov implique que, pour tout s,t € 1,

frys = P, (Xt € ). (2)

Ainsi, on constate naturellement que, en faisant tendre s vers I'infini et en invoquant la
continuité de p — P, (X; € -) pour la convergence étroite, la limite de (u)wer (si elle
existe) doit satisfaire la relation de point fixe (1).

Dans notre cas, nous allons faire I’hypothése que, quel que soit le point de départ
x € F, le processus X atteint P,-presque stirement 0 en un temps fini:

Py(tg <o0)=1, Vxelk. (3)

En l'occurence, la limite de la loi de X; est vite trouvée puisqu’il s’agit de la mesure
de Dirac dy. C’est par ailleurs 'unique mesure de probabilité stationnaire de X, car on
rappelle qu'une mesure stationnaire ne charge que les points récurrents.

Cette mesure de Dirac limite ne présente, pour ainsi dire, que peu d’intérét en
pratique. Si on reprend ’exemple d’un processus de naissance et de mort satisfaisant la
condition d’absorption (3), il existe d’autres phénomenes asymptotiques beaucoup plus
pertinents a étudier lorsqu’on s’intéresse a I'extinction d’une population. C’est le cas,
par exemple, du phénoméne de plateau de mortalité: il s’agit d’étudier la probabilité
que la population s’éteigne dans une tranche de temps [t,t + h|, sachant qu’elle n’était
pas éteinte jusque-la. Le phénomeéne de plateau se réalise alors lorsque cette probabilité
conditionnelle se stabilise autour d’une valeur limite quand la tranche de temps se rap-
proche de l'infini. Nous renvoyons le lecteur a I'introduction de these de D. Villemonais
[55] ou plusieurs références sont données concernant 1’étude du taux de mortalité d’une
population.

Pour rendre compte mathématiquement de ces phénomenes de plateau, ’étude des
lois marginales du processus ne nous est d’aucune utilité. L’idée est alors de travailler,
non pas sur la loi de X3, mais sur la loi de X; conditionné & ne pas avoir été absorbé au
temps t, puis de travailler sur le comportement asymptotique de cette loi. Notamment,
si la loi conditionnelle converge, la limite sera appelée distribution quasi-limite (QLD) :
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Definition 1. a) Une distribution quasi-limite est une distribution « & support dans E
telle qu’il existe une loi initiale p telle que

lim P, (X; € |19 > 1) = a. 4
Pauol u( t | o} ) ( )
ou la convergence est a comprendre au sens de la convergence étroite des mesures.

b) Le domaine d’attraction d’'une QLD «, note D(«a), est 'ensemble des lois initiales
pour lesquelles on a la convergence (4).

¢) On dit que la QLD « est universelle lorsque son domaine d’attraction est ’espace
des mesures de probabilité définies sur F.

Lorsque la convergence (4) a lieu pour p = d, pour tout x € F, on parle alors de
limite de Yaglom? :

Definition 2. « est une limite de Yaglom si, pour tout z € E,
L
Py (X: € -|19 > t) — a.
t—o00

Autrement dit, o est une limite de Yaglom si
{0z, € E} C D().

L’existence d’une distribution quasi-limite semble, de maniére générale, plus difficile a
démontrer que la convergence en loi du processus (X;)ies & cause du conditionnement,
d’autant plus que I’événement par lequel on conditionne est lui méme dépendant du
temps. Néanmoins, on peut observer que ces probabilités conditionnelles vérifient aussi
une propriété de type (2). En effet, notant cette fois-ci py := P, (X; € :|79 > ¢), on a,
pour tout s,t € I,

Py(Xiys €79 >t +5)

Pu(m9 >t+s)
Eu(1ryssPx, (X € -, 79 > 1))
Eu(Lry>sPx, (19 > 1))
E,(Px,(X: € -, 79 > t)|T5 > 5)
E.(Px, (19 > t)|19 > s)

P ( Xy €19 > 1)
P> 1)
= ]Pus(Xt € -|Tg > t).

Htt+s =

Donc, de la méme maniere que pour les mesures stationnaires, on s’attend a ce que ces
distributions quasi-limites soient un point fixe des applications p — P, (X; € -|79 > 1),
pour tout ¢t € I. Ces points fixes sont alors appelés distribution quasi-stationnaire.

2Cette appellation provient du mathématicien A.M. Yaglom, qui a commencé & étudier ces types
d’objets dans le cadre d’un processus de Galton-Watson sous-critique dans [57]
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Definition 3. On dit que la mesure de probabilité « est une mesure quasi-stationaire
(QSD) si pour tout t € I,
Po(X: € |19 > t) = . (5)

De par I'égalité s = P, (X; € -|79 > t) établie ci-dessus pour tout s,¢t € I, on
remarque que les notions de distribution quasi-limite et quasi-stationnaire sont équival-
entes, si bien que nous obtenons la chaine d’implication suivante:

Limite de Yaglom = QSD < QLD.

Une autre maniere de voir les distributions quasi-stationnaires est de considérer, pour
une mesure de probabilité u sur E, le processus de Markov (X}');e; défini comme suit :

o (X!")ier se comporte comme (X;)es dans F
e Lorsqu’il atteint 9, il est réinjecté dans E suivant la loi p.

Alors a est une mesure quasi-stationnaire pour (X )ser si et seulement si « est une mesure
invariante pour le processus (Xf')icr. Cette interprétation est notamment utilisée dans
les articles de M. Benaim et B. Cloez [4] et M. Benaim, B. Cloez et F.Panloup [6],
traitant d’algorithmes d’approximation de QSD basés sur ce principe.

Dans les parties suivantes, nous allons donner quelques méthodes permettant de
démontrer 'existence, et parfois I'unicité, de distributions quasi-stationnaires. Loin de
pouvoir exposer la théorie dans son intégralité, nous renvoyons le lecteur curieux au livre
de P. Collet, S. Martinez, J. San Martin [19] et au survey de S. Méléard et D.Villemonais
[42]. Tl existe aussi une bibliographie rédigée par P.Polett? présentant une liste exhaustive
de travaux portant sur les distributions quasi-stationnaires.

0.1.2 Approche spectrale

Notant (Q¢)ter le semi-groupe associé au processus X et en utilisant la notation

pQp :=Pu(Xy € )

pour toute mesure de probabilité u et pour tout ¢ € I, la relation (1) est alors équivalente
a

Qi =m, Vtel.
Autrement dit, la mesure invariante w peut étre vue comme un vecteur propre "a gauche"
commun & tous les (); de valeur propre commune égale a 1. De la méme maniere, nous
allons voir qu’une mesure quasi-stationnaire peut étre aussi vue comme un vecteur propre
"a gauche" commun & tous les Py, ou (FP;)¢er est le semi-groupe défini par, pour tout ¢ € I,

P f(x) =E;(f(X¢)1ry>t), V[ mesurable borné ,Vx € E. (6)

3https://people.smp.uq.edu.au/PhilipPollett /papers/qsds/qsds.pdf

16



Ce semi-groupe est alors dit sous-markovien, c’est-a-dire que 'on a P;1 < 1 pour tout
t € I. Ce semi-groupe agit aussi par dualité sur ’espace des mesures de probabilité a
support dans F et on adopte la notation

P, ::/ p(dx)Py (Xt € -, 19 > ).
E

La prochaine proposition énonce que, sous P, le temps d’atteinte 75 suit une loi expo-
nentielle d’un certain parametre A > 0. Dans la littérature, la proposition est énoncée
en ces termes :

Proposition 1 (Proposition 2, [42]). Si « est une QSD, alors il existe X\ > 0 tel que
pour tout t € I,
Po(r9 > t) = e M. (7)

En combinant (5) et (7), on démontre la proposition suivante:

Proposition 2. o est une mesure quasi-stationnaire si et seulement s’il existe X > 0 tel
que
=t
aP,=e " a, Vi>0.

La constante X\ est alors celle définie dans la relation (7).

Autrement dit, pour tout t > 0, la QSD « est un vecteur propre de P; (agissant
"a gauche') de valeur propre e . On comprend alors que l'utilisation de la théorie
spectrale de ce type d’opérateurs peut étre un outil pertinent pour démontrer 1’existence
de distributions quasi-stationnaires.

Temps discret : ] =N

Dans le cas I = N, la proposition 2 devient : « est une distribution quasi-stationnaire si
et seulement s'il existe p € (0, 1) tel que

aP) = pa.

Py est alors Popérateur de transition sous-Markovien de (X,,)nen.

Dans le cas ou E est un espace d’état fini, P; est alors est une matrice sous-
stochastique de taille finie, que 1'on appelle sous-matrice de transition. Dans ce cas,
I'existence et I'unicité de la QSD est une conséquence directe du théoreme de Perron-
Frobenius appliqué a cette sous-matrice P;. Si de plus on suppose que P; est apériodique,
alors la distribution quasi-stationnaire est universelle (cf. Définition 1. c)). Ce résultat
a été démontré par J.N. Darroch et E. Seneta dans [20].

Dans le cas ou E est un espace dénombrable infini, E. Seneta et D. Vere-Jones
démontrent dans [50] que, si P; est irréductible et apériodique, 'existence d’une distri-
bution quasi-limite est équivalente a la R-positivité du processus X au sens défini dans
[54] : pour tout (i,7) € E?, la suite (R"P;(X,, = 7,79 > n))nen De converge pas vers
0, c’est-a-dire que P(X,, = j,79 > n) ne va pas plus vite vers 0 que toutes les suites
géométriques.
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Temps continu : I =R

Considérons maintenant le cas ou I = R.. Il nous est possible de caractériser la distri-
bution quasi-stationnaire via le générateur du semi-groupe (P;)>0.

Notons D(L) := {f mesurable bornée : lim;_, w existe pour tout x}. Le
générateur L est alors 'opérateur linéaire défini par, pour tout f € D(L),
Pf—
Lf =Ilim M
t—0 t

au sens de la convergence simple. 11 est alors démontré dans [42] la proposition suivante

Proposition 3 (Proposition 4, [42]). Supposons qu’il existe D C D(L) tel que, pour tout
A C E mesurable, on peut trouver une suite de fonctions (f)nen uniformément bornées
dans D convergeant simplement vers 1 4.

Alors « est une distribution quasi-stationnaire de X si et seulement s’il existe X > 0
tel que, pour tout f € D,

/ Lf(z)a(de) = —X / f(x)a(dz). (8)
E E

La constante X est alors celle definie dans la relation (7).

Autrement dit, a est une distribution quasi-stationnaire si et seulement si « est un
vecteur propre de 'opérateur

p (1 [ Li@n(ao)

de valeur propre —\. Dans le cas ou «a(dx) = f(z)u(dz), la relation (8) est équivalente
a dire que la fonction densité f est une fonction propre de L* de valeur propre —\, ou
L* Yopérateur adjoint de L pour le produit scalaire (f,g) = [ f(z)g(z)p(dz).

Dans le cas ou E est un espace d’état fini, on peut aussi introduire ’'opérateur L, qui
est alors une matrice finie et « est peut étre vu comme un vecteur propre a gauche de L
associé a la valeur propre A. Dans ce cadre, J.N. Darroch et E. Seneta ont démontré dans
[21] existence et I'unicité d’une QSD quand L est irréductible et que cette QSD est une
QLD universelle lorsque L est de plus apériodique. Tres similaire au cas "temps discret",
les résultats reposent sur le théoreme de Mandl [40, Théoréme 1] et la décomposition

spectrale des matrices P, = et

Processus de naissance et de mort

Dans le cas d’un processus de naissance et de mort unidimensionnels vivant sur £ = N*
et absorbé en 0, le générateur L est une matrice de taille infinie. Si on associe & chaque
état i € N un taux de naissance \; et un taux de mort p;, alors, en notant z = () pen=,
on a

(L) = piwi—1 — (N + pi) @i + Niip1
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Il nous est possible d’obtenir une décomposition spectrale par le biais des polynoémes
orthogonaux de S.Karlin et J.L.McGregor, introduits dans [33], qui sont les polynémes
(Qn)nen définis par le systéme d’équations suivant: pour tout x € R,

Qo(.T) =1
—2Qo(z) = —(Ao + o) Qo(z) + AoQ1(7)
—2Qn(z) = ptnQn-1(2) — (A + ) Qn(2) + AnQns1(x), Vn =1
Ainsi, utilisant ces polynémes orthogonaux, ’existence de distributions quasi-stationnaires

peut étre démontrée spectralement. Nous renvoyons le lecteur a la série de travaux initiés
par Cavender [12], Kijima & Seneta [34] et Van Doorn [52].

Diffusions unidimensionnelles

Si le processus est une diffusion unidimensionnelle vivant sur R et absorbée en 0, le
générateur L est alors un opérateur différentiel. Dans le cas particulier ou le processus
(Xt)t>0 suit PEDS suivante

dX; =dB; — V(X3)dt 9)
ou V est C; sur (0, 00), alors le générateur du processus (X¢)¢>0 est 'opérateur différentiel
1
Lf() = 5f"(2) = V(2)f'(z), VfeCHRy), f(0) =0.

En définissant alors
v(z) == 2/ Viy)dy et  pu(dr):= 6_7($)dm,
1

il est bien connu que p est une mesure réversible de L, c¢’est-a-dire que 'opérateur L est
symétrique pour le produit scalaire (f,g) — [;° f(z)g(z)u(dz). 11 est démontré dans
[11] que, sous I'hypothése que
— inf V*x)-V'(z)<oo et lim V3(z) — V'(2) = +oo,
z€(0,00) T—00

le générateur L admet un spectre discret dont toutes les valeurs propres sont strictement
négatives et il existe une fonction propre 7; associée a la plus grande valeur propre qui
est strictement positive sur (0,00). Cette propriété permet alors de démontrer que, si
de plus 1 € LY(1) et Py (10 < Too) = 1 pour tout z > 0, alors la mesure

_ m(x)p(dz)
oddr) = 15 m(y)p(dy)

est une distribution quasi-stationnaire pour (X;)¢>o et
{Mesure de proba. a support compact dans (0,00)} C D(«). (10)

De maniere générale, la quasi-stationnarité de diffusions unidimensionnelles a suscité un
grand intérét. Nous renvoyons par exemple aux articles [38, 36, 51, 41], qui utilisent tous
des arguments spectraux.
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0.1.3 Conditions de Champagnat-Villemonais

Malgré la grande efficacité des méthodes spectrales pour démontrer 'existence de dis-
tributions quasi-stationnaires et la convergence des processus conditionnés vers celle-ci,
on ne peut l'utiliser que pour des opérateurs de transition P; (dans le cas I = N) ou
des générateurs L (dans le cas I = R ) dont la décomposition spectrale est connue. Or,
pour des processus trés intéressants, la décomposition de I'opérateur en question peut
s’avérer relativement difficile a obtenir.

Dans cette partie, nous allons donner d’autres méthodes permettant de démontrer
I'existence d’une distribution quasi-stationnaire pour les processus de Markov absorbés.
Ces méthodes ont été introduites et développées par N. Champagnat et D. Villemonais
et sont inspirées de méthodes de type Lyapunov (ou condition de drift) exposées par
exemple dans le livre [43] de S.P. Meyn et R.L. Tweedie. Une de ces méthodes repose
sur la condition de Doeblin pour le processus non conditionnée, qui est explicitée ci-
dessous:

Condition de Doeblin. Il existe ty € I, ¢ > 0 et une mesure de probabilite v tels que
Py(Xy, €) >cv, Vxe€E.

Cette condition assure alors une ergodicité exponentielle uniforme en variation totale,
c’est-a-dire qu’il existe une mesure stationnaire 7, ainsi que deux constantes C' > 0 et
~v > 0 telles que, pour toute loi initiale w,

IPu(Xe € ) = llry < Ce* (11)

ou 'on définit la distance en variation totale entre deux mesures de probabilité pu et v
comme suit:

l[u —vl|[rv :== sup
[[fllo<1

[ S@ntdn) = [ f(awida)

En particulier, la décroissance (11) implique qu’il y a unicité de la mesure stationnaire
et que la famille (P,(X; € -))ier converge étroitement vers celle-ci, et ce quelque soit la
mesure initiale .

Dans [14], N. Champagnat et D. Villemonais ont établi des conditions directement
inspirées de la condition de Doeblin impliquant aussi une décroissance exponentielle de
la distance en variation totale entre le processus conditionné et 'unique distribution
quasi-stationnaire du processus. Les conditions sont exprimées en ces termes :

Conditions fortes de Champagnat-Villemonais. Il existe une mesure de probabilité
v a support dans E, tg € I et deux constantes c1,ca > 0 telles que

(A1)

P.(Xy, € “|T9 > t0) > v, VreE

(A2)
P(1t9g > t) > coPy(19 > t), VzeENtel
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Si (A1) est la version conditionnelle de la condition de Doeblin, il est nécessaire de
supposer en plus une inégalité de type Harnack (A2). On a alors le théoréme suivant :

Théoréme 1 (Champagnat-Villemonais, [14]). (A1) et (A2) < Le processus (Xi)ier
admet une distribution quasi-stationnaire o et il existe C,y > 0 tels que, pour toute
mesure initiale p et t € I,

IPu(Xt € |19 > t) — a|rv < Ce 1t (12)

De méme que pour la condition de Doeblin, les conditions (A1) — (A2) impliquent
l'unicité et I'universalité de la QSD.

Il est intéressant de rapprocher ces conditions de celles fournies par R. Knobloch et
L. Partzsch dans [35] puisque 'on retrouve aussi dans cet article la condition de Doeblin
conditionnelle (A1), mais I'inégalité d’Harnack est remplacée par une condition portant
sur l'existence d’une fonction propre "a droite" du semi-groupe sous-Markovien associé
au processus bornée sur E (voir condition (C) p.112 dans [35]).

Les processus qui satisfont ces conditions de Champagnat-Villemonais sont "mor-
alement" les processus apériodiques (& noter qu'une T-périodicité serait contradictoire
avec (Al)), vivant sur des compacts ou ayant la propriété de revenir rapidement sur les
compacts. Cette derniére propriété est notamment vérifiée par les processus descendant
de l’infini dans le cas unidimensionnel, c’est-a-dire des processus définis sur R vérifiant
la propriété suivante

Jy e R, 3t >0, lim P,(1, <t) >0
T—00

ou, de maniére équivalente (voir [3]),

sup E;(70) < 00

>0
ol 7, est le temps d’atteinte de y par le processus. Par exemple, si (X;)i>0 est la
diffusion en (9), il faut "moralement" que le drift V' soit sur-linéaire. Notamment, le
processus d’Ornstein-Uhlenbeck (V(x) = Az) ne satisfait pas cette propriété de descente
de l'infini. Du reste, M. Lladser et J.San Martin ont démontré dans [39] qu'un processus
d’Ornstein-Uhlenbeck admet une infinité de QSD.

I1 est alors intéressant d’affaiblir ces conditions (A1) — (A2) afin de traiter des cas
plus généraux. Dans [53], A. Velleret a donné des critéres, directement inspirés de ces
conditions, qui permettent d’obtenir une borne dépendant de la mesure initiale. Plus
précisement la constante C' dans (12) dépend de p, c’est-a-dire que 'on a

IPu(X¢ € 70 > t) — allry < Cu)e™ (13)

avec un v ne dépendant pas de . Plus précisément encore, les critéres de Velleret en-
trainent aussi I'unicité et I'universalité de la distribution quasi-stationnaire «, puisqu’en
fait application yu — C(p) ne prend pas de valeurs infinies. Par ailleurs, contrairement
au conditions (A1) — (A2), ces critéres permettent des phénomenes du type : il existe
une suite (u)ier, telle que

[Py, (Xt € |19 > 1) = Pu(Xs € |19 > t)||7v > €
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ou u est une certaine mesure de référence et € > 0 un certain seuil.

De méme, N. Champagnat et D. Villemonais ont introduit d’autres criteres dans
[15], faisant appel cette fois-ci & des fonctions de Lyapunov, permettant d’obtenir un
controle du type (13) avec cette fois-ci une fonction p — C(u) qui peut prendre des
valeurs infinies pour certaines mesures initiales :

Conditions faibles de Champagnat-Villemonais. [l existe des réels strictement
positifs vy1,72, 1,2 et cs, t1,ta € I, une fonction mesurable ¢ : E — [1,+00), et une
mesure de probabilite v sur un sous-ensemble mesurable L C E tel que

(F0) (Propriété de Markov forte). Définissant
T =inf{t >0: X, € L}, (14)

on suppose que pour tout x € E, X;, € L, P,-presque surement sur [’événement
{T < o0} et pour tout t > 0 et pour tout f: EU{J} — Ry mesurable,

Eaz [f(Xt)]]-TLSt<Ta] = Em []lrLgt/\‘r@EXTL [f(thu)]ltfu<Ta]|u:TL] .

(F1) (Condition de Doeblin locale). Yz € L,

Py (Xy, €) > cv(-NL).

(F2) (Fonction de Lyapunov). On a vy < v2 <1 et

Eo($1(Xes) Li<ryary) < 201 (2), Vo € E

Eo(¢1(Xy)Li<r,) < 2, Yz € L, Vt € [0,19],
—t

vy Pr(X: € L) T oo Vx € L.

(F3) (Inégalité d’Harnack locale). On a

supyer, Py (t < 79)
sup - S
>0 infyer Pyt < 79)

et ils démontrent le théoréme suivant.

Théoréme 2 (Champagnat-Villemonais, [15]). Sous les hypothéses (F'), (Xi)ier admet
une QSD «. De plus, il existe v > 0 et C' > 0 tels que, pour toute mesure de probabilité
p sur E satisfaisant [ (x)p(de) < oo et u(L) > 0,

Jp (@) p(dx)

P, (X, €-|t<Ty) — <Ce M ,
FulXee-lt<m) =ely < €y, )

Vtel, (15)

ol Po(x) = % >rdo fygth]P’z(thQ € L) pour ng > 1 suffisamment grand.
2
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En d’autres termes, la fonction p — C(u) s’exprime explicitement comme

d
Oy olei@ntdo)
Ji 2()p(dx)
et notamment cette fonction prend des valeurs infinies lorsque [ ¥1(x)p(dx) = oo
et/ou [po(x)p(dz) = 0. De plus, (15) implique que a est 'unique distribution quasi-
. . . [ 1 (@)ade)
stationnaire satisfaisant T b2 @atd) < 00 et

{,u mesure de proba. : Jpr(@)uldz) < oo} C D(a)

Jg ¥2(z)p(dx)
Par conséquent, il n’est pas obligatoire dans I'absolu d’avoir unicité de la distribution
quasi-stationnaire. Notamment, le processus d’Ornstein-Uhlenbeck (dont on rappelle
qu’il ne satisfait pas (A1) — (A2)) satisfait les conditions (F).

Avant de définir la notion de QQ-processus, remarquons que cette théorie de la quasi-
stationnarité peut étre développée pour des semi-groupes non-conservatifs, au sens ou
l'on a P1g # 1 pour tout temps t > 0. En particulier, les méthodes de N. Champagnat
et D. Villemonais se généralisent bien pour ce type de semi-groupes. Concernant les
conditions globales (A1)-(A2), la quasi-ergodicité de semi-groupes non-conservatifs a été
étudié par V. Bansaye, B. Cloez et P. Gabriel dans [1]. Par ailleurs, ces mémes auteurs
et A. Marguet ont étendu treés récemment leurs résultats aux conditions locales (F') dans
Particle [2]. Enfin, mentionnons l'article [24] de G. Ferré, M. Rousset et G. Stoltz,
dans lequel les auteurs étudient la quasi-ergodicité de semi-groupes de Feynman-Kac
satisfaisant des critéres de type Hairer-Mattingly (voir [26]).

0.1.4 (-processus

Nous allons maintenant introduire le @Q-processus d’une chaine de Markov : Le Q-
processus d’'une chaine (Xy);e; est tout simplement la loi du processus (X¢)iesr sous
la loi (Qz)zer, ou Qg est la mesure de probabilité définie par :

Qu(D) = lim Py(Tlro > T), ¥t >0,9T € F,
—00

En l'occurence, la notion de Q-processus n’est pas bien défini si la famille T — P, (:|79 >
T') ne converge pas étroitement.

Le Q-processus peut alors étre interprété comme la loi de (Xy)ie; conditionné a
ne jamais étre absorbé par 9. Il est alors assez naturel d’étudier un tel objet dans
le cadre de la quasi-stationnarité, mais le ()-processus d’un processus de Markov peut
trés bien étre défini alors que le processus n’admet pas de distribution quasi-stationnaire.
L’exemple le plus connu sans doute est le mouvement brownien unidimensionnel absorbé
en 0 : ce processus n’admet pas de mesure quasi-stationnaire, mais admet pourtant un
Q-processus, qui est le processus de Bessel 3, défini comme étant le processus (Y7)i>0
suivant ’équation différentielle stochastique

1
dY; = dB; + —dt
t t+Y%
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ot (Bi)t>0 désigne un brownien unidimensionnel.
En toute généralité, comment démontre-t-on 'existence d’un @-processus? Prenons
reFE teletD € F. Alors, pour tout T > ¢,

P, (L, 75 > T)
Px(Ta > T)

) 1 IP)Xt(T(‘)>T—t)
— Lz I'ro>t Pz (7-8 > T) ’

P,(Tjrp >T) =

ou la derniere égalité résulte de la propriété de Markov. Si 'on veut aller plus loin, en
réutilisant la notation
e = Px(Xt S '|T8 > t),

on peut méme écrire :

Iprysr P Tt
Px(r|ra>T)=Ex< Lrp>t P (70 > )> (16)

Py(t9 > t) Py, (19 > T —t)

ol, une fois de plus, on a utilisé la propriété de Markov. Cette réécriture permet de voir
assez facilement que 'existence d’un Q-processus est intimement liée a la convergence
d’objets du type

PM (T 9 > t)

Py(19 > 1)

quand t tend vers l'infini, pour p et v des mesures de probabilité sur E. Une telle
limite est appelée dans la littérature "mean ratio limit'". Lorsque I'approche spectrale le
permet, on peut montrer, en utilisant le fait que P, (19 > t) = uP;1g, que le mean ratio

P, (15>1) Jon@p(dz) s 1 -
BL(rosy) converge vers @) ol 77 est un vecteur propre "a droite" du semi-groupe

(P;)¢>0 défini en (6) et tel que
Pn=eMpy, Vtel, (17)

ol A est la constante définie dans la formule (7). Notamment, si le passage a la limite
sous l'espérance dans la formule (16) est permis, alors nous avons pour tout I' € F; et
pour tout x € E,

. _ IlF,‘Fa>t U(Xt)
Tlgrgol[bx(f‘ha >T)=E, (Pz(m >1) [ n(x)ut(dx)>
B n(X1)
= EI (]1F776>t Ex(n(Xt)]lTa>t)>

puisque, pour tout t € I,
Ee(n(X:)1ryst) = Pin(z) = e Mn().
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Le Q-processus est alors la h-transformée (ou la transformée de Doob) du processus
(X¢)eer relatif & la fonction 1. Par conséquent, le Q-processus est lui aussi un processus
de Markov. De plus, si le processus X admet une distribution quasi-stationnaire «, alors
la mesure de probabilité 5 définie par

__n(z)a(dr)
Bldz) = —————~
Jgn(x)a(dr)

est une mesure stationnaire pour le ()-processus. Autrement dit, I'existence de quasi-
stationnaire n’indique rien sur I'existence d’un QJ-processus mais nous renseigne sur son
ergodicité.

Le @Q-processus est bien défini lorsque les conditions de Champagnat-Villemonais
(fortes ou faibles) sont satisfaites. En particulier, si un processus vérifie les conditions
(A1) — (A2), alors nous avons le résultat suivant :

Proposition 4 (Proposition 2.3, [14]). Sous (A1) —(A2), il existe une fonction n stricte-
ment positive sur E telle que

Py
n(z) = lim eMP, (19 > t) = lim Palro > 1)

1
t—o0 500 Pa(Ta > t)’ ( 8)

ot la convergence est uniforme sur E. De plus, la fonction n ainsi définie satisfait (17)
et la relation a(n) = 1.

De fait, par cette proposition, il est clair que la "mean ratio limit" évoquée plus
haut converge bien vers le ratio u(n)/v(n). L’existence du @Q-processus s’en déduit en
utilisant un théoréme de pénalisation de B.Roynette, P.Vallois et M.Yor ([47]). De plus,
sous les conditions (Al) — (A2), le @-processus est Harris-récurrent et admet comme
unique mesure (de probabilité) invariante la mesure 3 définie par

Bldx) = n(x)o(dz).

Dans le cas o les conditions (F') sont satisfaites, nous obtenons le méme genre de résultat
que sous les conditions (A), excepté que :

e la convergence (18) n’est plus uniforme sur F, mais a lieu pour la norme f —

— || L

f 1 oo () == le =

e le (Q-processus n’est défini que pour des états initiaux appartenant a I’ensemble
E':={x € E:n(x) # 0}. En particulier, pour tout x € E’, pour tout t € I,

A (Xe)
n(x)

Qx(Xt € ) = Ew <1Xt€-,73>t6 > = 5;t]5t

De plus, la mesure définie sur E’ par

Bldx) = n(x)o(dz)

est une mesure invariante pour le semi-groupe (P et, pour tout u sur E’,

[Py — BllTv =20

25



0.1.5 Distribution quasi-ergodique

Le dernier concept que nous allons définir dans cette premieére section est la notion de
distribution quasi-ergodique :

Definition 4. On dit que § est une distribution quasi-ergodique s’il existe une loi initiale
u telle que, pour toute fonction f mesurable bornée sur F,

w5 [ 5(xds

Autrement dit, la convergence (19) est une version conditionnée du théoreme er-
godique pour les processus de Markov non absorbés. Dans ce dernier cas, le théoreme
ergodique stipule que, pour tout f, si le processus est Harris-récurrent, la moyenne
empirique % fg dx.ds converge presque stirement vers sa mesure invariante. De par la
nécessité de conditionner par la non-absorption, la convergence vers la distribution quasi-
ergodique n’a de sens qu’étroitement.

De plus, contrairement au théoreme ergodique non conditionné, la distribution quasi-
ergodique differe de la distribution quasi-stationnaire. Les premiers résultats d’existence
de distribution quasi-ergodique dans la littérature concernent les chaines de Markov a
temps discret sur des espaces d’état finis et ont été démontré par J.N.Darroch et E.Seneta
dans [20]. De méme que pour les mesures quasi-stationnaires, en utilisant le théoréme
de Perron-Frobenius, ils démontrent la convergence (19) pour les chaines irréductibles
apériodiques avec

0> t) = [ f@)pd). (19)

Bldx) = n(z)a(dz),

ou 7 est le vecteur propre a droite de Perron-Frobenius de la sous-matrice de transition
Py vérifiant [, n(z)a(dr). Notons alors que, dans cet exemple précis, la distribution
quasi-ergodique coincide avec la mesure stationnaire du Q-processus (voir la sous-section
précédente). Le méme genre de résultat a été démontré spectralement par G.He et
H.Zhang (voir [27]) pour des diffusions unidimensionnelles satisfaisant les conditions de
Littin (cf. [38]).

On peut penser alors que cette notion de distribution quasi-ergodique est étroitement

liée avec celle de @-processus. Le premier résultat allant dans ce sens est certainement
celui de L.Breyer et G.Roberts ([9]):

Théoréme 3 (Breyer-Roberts, [9]). Si le Q-processus est Harris-récurrent et admet pour
mesure invariante B, alors, pour tout x € F,

1t c
;/0 Po(X, € |y > t)ds 5 B (20)

Lorsque les conditions (A1)-(A2) sont satisfaites, il est démontré dans [13] que la
convergence (20) a lieu en variation totale, et qu'’il existe une constante C' > 0 telle que,
pour toute mesure initiale p,

<

C
vt

Hi /OtIPM(XS € Jrp > t)ds — B (21)
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Un controle similaire a (21) peut étre établi lorsque le processus satisfait les conditions
(F). Nous le verrons dans le chapitre 4.

Remark 1. D’autres critéres généraux (voir [58]) ne portant pas sur la notion de Q-
processus implique 'existence de distributions quasi-ergodiques.

0.2 Quasi-stationnarité pour des semi-groupes inhomogenes
et applications aux frontiéres mobiles

0.2.1 Processus de Markov inhomogeéenes

Apres avoir défini le concept de distribution quasi-stationnaire dans le cadre homo-
géne, ainsi que les autres concepts tournant autour de cette notion (quasi-limite, quasi-
ergodique, Q-processus), il est possible d’étendre ces notions dans le cadre inhomogene.

Considérons alors un processus (£, (Fst)s<t, (@st)s<t, (Xt)ter, (Pe.s)zcE ser) inhomo-
géne en temps vivant sur £ U {0} ou 0 ¢ E est un élément absorbant de (X;)ic;. En
particulier, pour tout s € I et z € F, P, est une mesure de probabilité telle que
P; s(Xs =) = 1. En mimant les définitions de la section précédente, on appelle :

e mesure quasi-stationnaire toute mesure « vérifiant

Pos(Xi € g >t) =, Vs<t, (22)

e mesure quasi-limite toute mesure « telle qu’il existe une mesure initiale p et un
temps s € I telle que

Py s(Xi € o|rg > ) = a, (23)

o (Q-processus la loi de (Xy)ier sous (Qqs)zeE,s>0, OU, pour tout x € E et s € I,

Qm,s(r) = Tlgréo P:p,s(rh—a > T), VI e Fs,ta (24)

o distribution quasi-ergodique toute mesure 3 telle qu’il existe une loi initiale p et
s € I telle que

1 t
. / Pus(Xo € |75 > t)du 55 6. (25)

A cause de I'inhomogénéité, on s’attend a ce que la notion de distribution quasi-stationnaire
soit mal définie, sauf cas exceptionnel (par exemple lorsque le processus en question est
un processus de Markov homogene dont on a changé le temps de fagon non linéaire). De
méme, la notion de quasi-limite ne semble étre bien définie que lorsque I'on a une sta-
bilisation de 'inhomogénéité a I'infini (le lecteur peut consulter les notes de cours de M.
Benaim [5] traitant de la notion de pseudotrajectoire asymptotique, tres liée avec cette
propriété de stabilisation). De plus, I’équivalence entre QSD et QLD bien connue dans le
cadre homogéne n’est plus vérifiée dans le cadre inhomogeéne : s’il est toujours vrai que
I'on a I'implication QSD = QLD, nous perdons la réciproque puisque la quasi-limite ne
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s’interprete plus comme point fixe d’opérateurs particuliers. En revanche, il est difficile
de savoir si les notions de Q-processus ou de distribution quasi-ergodique sont robustes
et s’étendent au cas inhomogene.

Une premiére réponse est apportée par N.Champagnat et D.Villemonais dans ’article
[18]. En adaptant les conditions (A1) — (A2) définies plus t6t, ils démontrent que, sous
certaines conditions, on peut obtenir une propriété de mélange (ou quasi-ergodicité faible)
pour un processus de Markov inhomogene, ainsi qu'un Q-processus. Ces conditions,
adaptées des conditions (A1) — (A2), sont les suivantes : Il existe une famille de mesures
de probabilité (vs)ses sur E telle que, pour tout s € I,

(A’1) il existe ¢1.s > 0 tel que

Py s(Xst1 €19 >s+1) > c1 50541, VreE,

(A’2) et il existe ca s > 0 tel que

P, s(19 > 1) > cosPrs(m9 >1), VoeEVt>0

Sous ces conditions, nous avons le résultat suivant :

Théoréme 4 (Champagnat-Villemonais,[18]). Sous les conditions (A'1) — (A’2), pour
tout p1, o mesures de probabilité sur E, pour tout s < t,

[t—s|—1

[Py s(Xe € 1o > t) =Py (X €-fro > O)llrv <2 [[ (1 - crp—rcai—)
k=0

La propriété de mélange est définie par le fait que la distance en variation totale entre
P s(Xe € |19 > t) et Pu, o(Xy € -|T9 > t) tende vers 0 quand ¢ tend vers l'infini. En
particulier, si ¢ s et ca s ne dépendent pas de s, la propriété de mélange est géométrique,
au sens ou la convergence ci-dessus est géométrique. Le théoréme précédent autorise des
propriétés de mélange polyndmial, pourvu que les coefficients c; s et c2 s ne tendent pas
trop vite vers 1 quand s tend vers 'infini.

Le deuxiéme résultat important du papier [18] concerne le Q-processus :

Théoréeme 5. Sous I’hypothése de convergence suivante:

[t—s]|—1

H (1 —=cip—reai—i) =0,
k=0

lim inf
=00 C14Cot

il existe un Q-processus pour la chaine (X¢)ier, ¢’est-a-dire que la mesure de probabilité
Qus (définie comme en (24)) est bien définie pour tout v € E et s € I.

En revanche, les auteurs ne se sont pas intéressés a 'existence de la distribution
quasi-ergodique. De plus, a part cette contribution treés générale de N.Champagnat et
D.Villemonais, la quasi-stationnarité pour des processus de Markov inhomogenes a sus-
cité peu d’intérét pour le moment. Citons tout de méme le travail de P. Del Moral et
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D.Villemonais [22], s’intéressant & la propriété de mélange pour des diffusions inhomo-
genes; ainsi que larticle [1] de V.Bansaye, B.Cloez et P.Gabriel, qui s’intéresse entre
autre a la quasi-ergodicité de semi-groupes inhomogeénes non-conservatifs lorsque ces
derniers admettent une propriété d’homogénéité asymptotique (définition (H’0) dans [1,
Sous-section 3.1]).

0.2.2 Lymphocytes T cytotoxiques et nodule tumoral

Afin d’introduire la problématique de cette thése, prenons un modele concret issu du
domaine de la biologie. Plus particulierement, nous allons considérer le modele de partic-
ules introduit par P. Cattiaux, C. Christophe et S. Gadat dans le papier [10] concernant
le comportement trajectoriel de lymphocytes T cytotoxiques (CTL) absorbés par un
nodule tumoral. En notant N le nombre de lymphocytes, nous numérotons les lympho-
cytes de 1 & N et nous notons (Z}):>o la trajectoire du i-iéme lymphocyte. Quant a lui,
le nodule tumoral sera representé par la boule A; := B(0, R;) de R3, ou R; est le rayon
du nodule qui peut bouger au cours du temps.
Maintenant introduisons la dynamique des N lymphocytes :

e A linstant initial, les N particules bougent de maniére indépendante en suivant
les équations differentielles stochastiques suivantes

dz] = dB! —aZldt, V1<j<N,

otta > 0 et (BY)1<j<n sont N mouvements browniens mutuellement indépendants.
e Lorsqu’'une premiere particule atteint le nodule, elle est alors "absorbée", et les

N — 1 particules restantes suivent indépendamment les unes des autres

j j b\
N
ou b > 0. Autrement dit, au moment ou la premiere particule a été absorbée, on
a "intensifié" le parametre d’Ornstein-Uhlenbeck d’un incrément %.

e Lorsqu’une deuxieme particule est absorbée, on intensifie encore d’un increment
% le paramétre d’Ornstein-Uhlenbeck des N — 2 particules restantes. Les EDS

deviennent alors %
dZ} = dB] — (a + N) Zdt.

e On continue ce procédé d’intensification jusqu’a ce que toutes les particules soient
absorbées.

Pour tout 1 < 57 < N, notons Ti le temps que met la j-eme particule pour atteindre le
nodule. Alors la dynamique avant absorption de la j-ieme particule sera modelisée par
I’EDS

. , . t p N ‘ ,
Zt‘j = Z(j) +Bt] —/0 <a+N;1Ti<S> ngs, Vt <Tj,
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et nous remarquerons au passage que la dynamique présentée ci-dessus est inhomogene
en temps.

Puisqu’il y a absorption, la question de la quasi-stationnarité apparait naturellement.
Par exemple, nous pouvons nous intéresser a la quasi-stationarité de la premiere particule
7 = 7" absorbée apres le temps Ty := T}‘.

Sans parler du fait que le processus est inhomogene dans cet exemple précis (on peut
considérer a la place une dynamique homogene), le fait que le bord absorbant bouge au
cours du temps provoque en soi de I'inhomogénéité pour le semi-groupe associé a (Z;)>o.
Par exemple, imaginons maintenant que le processus (Z;)¢>0 soit un processus homogene;
on peut alors lui associer un triplet ((F;):>0, (Qt)t>0, (Pz)zecr3). La famille d’opérateurs
(Pt)e>0, ou Pif(z) = Ex(f(Z¢)1r,>¢), n’est pas un semi-groupe. En revanche, on peut
construire un semi-groupe (Ps¢)s<; inhomogene, défini par : pour tout R3, s <t f:
R3 — R bornée borélienne,

Ps,tf(x) = ]Ex(f(Zt—s)l]-TAogs>tfs)v
ou O est l'opérateur de translation : pour tout h défini sur R,
ho@s:t— h(t+s).

Si la dynamique (Z;);>0 est inhomogene, définie par le triplet ((Fs¢)s<t, (@s,t)s<ts (Pe,s)zer3 s>0),
on définit alors le semi-groupe (Ps¢)s<; comme suit : pour tout R3,s<t f:R®=R
bornée borélienne,

Ps,tf(x> = Em,S(f(Zt)]lTA>t)-

0.2.3 Quasi-stationarité avec frontieres mobiles

Le but de cette these est donc d’éclaircir, autant que faire se peut, la notion de quasi-
stationnarité pour des processus (homogenes ou non) absorbés par des frontiéres mobiles.
Dans toute cette theése, nous allons supposer que les frontiéres bougent de maniére déter-
ministe. Considérer des frontieres mobiles aléatoires, indépendantes du processus ou non,
permet d’imaginer de nombreux modeles plus réalistes que le cas de frontieres mobiles
déterministes (en particulier, dans ’exemple des CTL, I’évolution du rayon du nodule
Ry est solution d’une EDO dépendant de I'espérance du nombre de CTL absorbés). Ce
cas n’est pas traité ici et peut étre l'objet de développements futurs.

Plus précisément, I’objectif de cette theése est de comprendre quelles notions définies
dans le cadre de la quasi-stationnarité (quasi-stationnaire, quasi-limite, quasi-ergodique,
Q-processus) sont robustes pour le cas du conditionnement avec frontiéres mobiles. La
prochaine section a pour but de détailler, chapitre par chapitre, les avancées de com-
préhension ainsi que les principaux résultats de cette these.

0.3 Description détaillée des chapitres de la these

Cette these se décompose en quatres chapitres. Les trois premiers sont basés sur des
articles publiés ou soumis. Le dernier chapitre est un projet en cours, en processus de
finalisation.
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0.3.1 Chapitre 1 : Quasi-stationarité et quasi-ergodicité pour des chaines
de Markov a temps discret absorbées par une frontiére périod-
ique

Ce premier chapitre correspond a l'article [45] publié dans ALEA Lat. Am. J. Probab.
Math. Stat. en 2018. Il s’intéresse principalement aux chaines de Markov a temps discret
définies sur des espaces d’état finis absorbées par des frontieéres périodiques.

Tout d’abord, il est démontré que, dans le cas ou le mouvement du bord "se fait res-
sentir" (voir la condition (1.3) du chapitre 1), la notion de distribution quasi-stationnaire,
telle que définie dans (22), est mal posée (Proposition 5). Ce résultat est démontré dans
le cas de chaine & temps discret sans hypothése concernant le mouvement du bord et
la nature de ’espace d’état; une version peut étre adaptée pour des processus a temps
continu, ce qui rend ce résultat en fait tres général.

Il est ensuite démontré que, lorsque le bord est périodique, il ne peut exister de
distribution quasi-limite (Proposition 6). De méme, la nature des espaces d’état et de
temps ne rentre pas en ligne de compte.

Ensuite, ce chapitre s’attaque a la notion de distribution quasi-ergodique pour une
chaine de Markov (X, ),en irréductible définie sur un espace d’état fini F, absorbée par
une frontiére périodique, de période 7. Il y est démontré (Théoreme 3) que, démarrant
d’une certaine loi initiale u, si la chaine (X,,7),en (o0 72 correpond a n modulo )
définie sur E x Z/~vZ vérifie une certaine condition vis-a-vis de cette loi u, alors il existe
une mesure [ telle que

1 n
EN (n Z :[]‘Xk:x

k=0

TA > n) =2 B(x), VxekFE (26)

Cette mesure 8 n’est autre que le projeté sur I’espace F de la distribution quasi-ergodique
de (Xp,M)nen dont 'existence est prouvée au Théoreme 2. Cette derniere chaine est une
chaine absorbée par un sous-ensemble de 'espace d’état E x Z/~Z fixe. 11 suffit donc
d’appliquer les résultats portant sur ’existence d’une distribution quasi-ergodique dans
le cas homogene. Cependant, I’article [20] qui traite des chaines de Markov définies sur
des espaces finis ne s’intéresse qu’au cas ou la chaine est irréductible apériodique. Il a
fallu donc dans un premier temps généraliser leurs travaux sur les distributions quasi-
ergodiques pour des chaines réductibles et pouvant présenter une certaine périodicité sur
les ilots d’irréductibilité.

A noter que, dans le cas ou la période de la chaine et la période v du bord sont
des entiers premiers entre eux, la convergence (26) a lieu quelle que soit la mesure
initiale p, ce qui implique notamment 1'unicité de la mesure quasi-ergodique (Corollaire
1). Cela vient du fait que cette condition de primalité sur les périodes est équivalente a
lirréductibilité de la chaine (X,,,7),en. En dehors de ce cas, nous n’avons pas unicité de
la distribution quasi-ergodique et/ou la convergence (26) n’a pas lieu pour toute mesure
initiale p. En particulier, 'exemple traité dans ce chapitre possede deux distributions
quasi-ergodiques et la moyenne conditionnelle converge vers I'une ou 'autre suivant que
la mesure initiale charge ou non I’ensemble des nombres impairs.
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L’existence du Q-processus découle ensuite naturellement des travaux sur les distri-
butions quasi-ergodiques. On démontre, entre autre, que, pour tout état initial x en
dehors de I’ensemble absorbant, la convergence

Qu( Xy, €y, Xy, €9) :Tli_r&IPx(th €., Xy, €-lta>T)

est bien définie pour tout t; < ... < t,. En particulier, le Q-processus de (X,)nen est
une chaine de Markov inhomogene.

0.3.2 Chapitre 2 : (-processus et propriétés asymptotiques de pro-
cessus de Markov conditionnés a ne pas atteindre de frontiéres
mobiles

Le Chapitre 2 est basé sur le preprint [44], soumis en 2018. L’ambition de cet article
est de retrouver les résultats obtenus dans le Chapitre 1 pour des espaces d’états et
de temps plus généraux. En particulier, en fin de chapitre, nous nous intéressons a la
quasi-stationnarité de diffusions unidimensionnelles absorbées par une frontiére mobile.

Les démonstrations du chapitre 1 utilisées pour le Q-processus et la distribution
quasi-ergodique utilisent fortement la théorie spectrale. Ceci est possible car la chaine
(Xn)nen étant définie sur un espace fini, la chaine (X,,,7),cn est également définie sur un
espace fini. Sion veut étendre cette méthode au cas d’une diffusion (X¢):>0, le processus
markovien (X, %)¢>0 est homogene, mais est une diffusion dégénérée, pour laquelle la
théorie spectrale n’est pas connue et difficile & mettre en place. Ce chapitre 2 va par
conséquent s’inspirer des conditions fortes de Champagnat-Villemonais pour établir les
hypotheses clés du chapitre.

Plus exactement, les hypothéses de base du chapitre sont les conditions (A’1)-(A’2)
(introduites précédemment dans la sous-section 0.2.1) pour lesquelles les coefficients c;
et ca s ne dépendent pas de s. Comme on I’a vu précédemment, cette hypothese entraine
une propriété de mélange géométrique et l'existence du @-processus, mais il n’y a pas
de résultat concernant Iexistence de distribution quasi-ergodique.

Pour obtenir I'existence d’une distribution quasi-ergodique, nous allons suivre le
méme raisonnement que celui de N.Champagnat et D.Villemonais dans [17] dans le cas
homogene : On établit tout d’abord une convergence exponentielle en variation totale
de P, (X4 € :[79 > t) vers la loi du Q-processus Q. (X|g 4 € -) du type

1Qu(Xjo,q) € *) = Pul(Xfo,5) € |70 > t)llzv < Ce 707,

/t e =) s
0

puis on s’en sert pour établir I'inégalité

<

1t 1t
H/ Qx(Xs € )dS - */ Px(Xs S '|Ta > t)ds
tJo tJo TV

~lQ ~1Q

IN

Ainsi, l'existence d’une distribution quasi-ergodique résulte du théoréme ergodique du
@-processus, qui est Harris récurrent sous les hypotheses (A1)-(A2).
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Le premier résultat du chapitre 2, qui traite donc du cas inhomogene, est que, pour
tout s <tetx € FEs:=FE\ As, il existe v > 0 tel que pour tout 7' > ¢t

||QCE,S(X[S,t] € ) - ]P)x,s(X[s,t] € '|7—A > T)”TV < Cs,t,xe_V(T_t)-

ou le coefficient C;, < oo est explicité dans le Théoréme 9. De plus si, pour tout s € 1
et x € By, Cs 4 = SUpP;> Cs.t0 < 00, alors

1t 1t
’ 7/ Qx S(Xu S )du - */ ]Px S(Xu S ‘|7’A > t)du
tJs 7 tJs 7 TV

Par conséquent, s’il existe un théoreme ergodique pour le ()-processus inhomogene, on
en déduit la forme de la distribution quasi-ergodique pour (X;);er. Cette distribution
quasi-ergodique est par ailleurs unique, et la convergence vaut pour toute loi initiale p.

Au sein de ce chapitre, on étudie plus spécifiquement deux types de comportements
de frontieres mobiles. Le premier est celui d’une frontiére périodique. Dans ce cas, les
coefficients Cy ; , sont tous majorés par 1, ce qui entraine que l'on a (27). Pour conclure
a l'existence et I'unicité de la distribution quasi-ergodique, nous utilisons un résultat
type théoréme ergodique concernant les processus de Markov inhomogenes périodiques
di a R.Hopfner et H.Kutoyants dans [29] (le méme genre de résultat se retrouve dans
les deux articles [30, 31] écrits par R. Hopfner, E. Locherbach et M. Thieullen). Ce
résultat d’existence et d’unicité de distribution quasi-ergodique pour le cas de frontieres
périodiques n’est rien d’autre que le Théoreéme 10 du Chapitre 2.

Le second comportement étudié est la décroissance du bord (A;)ier (au sens de
I'inclusion) jusqu’a stabilisation vers un ensemble fixe A. A ¢a, il faut ajouter quelques
hypotheses, notamment que les conditions (A1)-(A2) sont vérifiées pour le processus
(X¢)ter absorbé en As. Sous ces conditions, nous démontrons 'existence et l'unicité
d’une distribution quasi-limite (Théoreme 12), ainsi que 'existence et 'unicité d’une
distribution quasi-ergodique (Théoréme 13). De plus, ces objets sont universels.

< Cz’z. (27)

0.3.3 Chapitre 3 : Quasi-stationarité pour le mouvement brownien
"renormalisé"

Le chapitre 3 est tiré du preprint [46], soumis en 2018. L’idée ici est un peu différent
des chapitres 1 et 2 puisqu’il s’agit cette fois-ci d’étudier la quasi-stationarité au sens
classique (quand le bord ne bouge pas) d’un processus de Markov inhomogene en temps.
L’ambition premiére de cette étude était néanmoins d’étudier une sorte de quasi-stationarité
d’un mouvement brownien unidimensionnel absorbé par les bords fuyants t — {—(t +
1)%, (t4+1)"}, ol k est un nombre strictement positif. Au lieu de cela, nous avons préféré
travailler sur le processus inhomogene (X;);>o défini par

Xo= Pt i
(t+ 1)~
absorbé en {—1,1}, que nous nommons mouvement brownien "renormalisé’. Dans
ce chapitre, nous démontrons qu’il y a une transition de phase concernant la quasi-
stationarité du mouvement brownien renormalisé. Plus précisément (voir Théorémes 14,
15 et 17),
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e Pour k > % - phase sur-critique - le processus conditionné convergence en loi vers
la mesure de Dirac en 0.

e Pour k = % - phase critique - le processus conditionné converge en loi vers la
distribution quasi-stationnaire d’un processus d’Ornstein-Uhlenbeck absorbé en
{—1,1} associé au générateur

1 1

Lf(z) = 5"() - 501 (2).

e Pour k < % - phase sous-critique - le processus conditionné converge en loi vers la
distribution quasi-stationnaire d’'un mouvement brownien absorbé en {—1,1}.

Dans les trois cas, les distributions quasi-limites sont toutes universelles.

Les résultats du cas £ = 1 se déduisent du fait que le processus X; = —Z est,

2 T+1

en loi, un processus d’Ornstein-Uhlenbeck changé en temps de fagon non—lirl/éaTire (le
changement est ¢ — log(t 4+ 1)). Ainsi, les résultats standard sur ce processus homo-
gene concernant la quasi-limite et le Q-processus se transportent bien. Cependant, la
distribution quasi-ergodique de (X¢);>0 n’est pas égale a la distribution quasi-ergodique
du processus d’Ornstein-Uhlenbeck. Plus précisément, en notant (Z;):>o le processus
d’Ornstein-Uhlenbeck et 77 := inf{t > 0 : |Z;| = 1}, la distribution quasi-ergodique de
(Xt)t>0 est absolument continue par rapport a la mesure quasi-stationaire de (Z;)i>0 et
sa densité est la fonction z — E, (7).

Pour le cas sous-critique, on démontre la convergence vers la quasi-stationnaire d’un
mouvement brownien en établissant une propriété de type "pseudotrajectoire asymp-
totique" avec le processus Y; = fg ﬁst, qui est égal en loi & un mouvement brownien
changé en temps. Cette propriété de pseudotrajectoire asymptotique va nous permettre
de transporter les propriétés asymptotiques de (Y;);>0, en particulier (X;) et (Y%)i>o0
auront la méme distribution quasi-limite et la méme distribution quasi-ergodique. On
démontre aussi I'existence d'un @Q-processus inhomogene pour le processus (X¢)ser, , qui

sera une pseudotrajectoire asymptotique du Q-processus de (Y;)i>0.

0.3.4 Chapitre 4 : Quasi-stationnarité pour des semi-groupes sous-
Markovien inhomogenes et fonctions de Lyapunov

Ce dernier chapitre correspond & un travail en cours en collaboration avec N. Champag-
nat et D. Villemonais.

L’idée de ce chapitre est de reprendre les conditions faibles de Champagnat-Villemonais
pour des semi-groupes inhomogenes du type

Ps,tf(x) = Ex,s(f(Xt)]lTA>t)

ot (X¢)r>0 est un processus inhomogene et (A;);>p est une frontiere mobile. Dans un
premier temps, nous considérons des conditions (F’) pour lesquelles la seule donnée
dépendant du temps de départ s est la famille de fonctions de Lyapunov . Cette
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dépendance est nécessaire lorsque 1’'on veut passer du cas "temps discret' au cas "temps
quelconque’.

La premiére propriété démontrée sous les hypotheéses (F”) est la propriété de mélange
en variation totale pour les semi-groupes inhomogenes. Plus exactement, prenant deux
mesures p et po au temps s, la distance en variation totale entre #”1 ﬁsjﬂ et lﬁ; 2;: f;t]l est
majorée par une borne du type

ot [Jp Vs @mldr) | g, Y1 (@)pa(dr)
Jp, Y2.s@)pa(de) — [p, bas(x)pa(dr)

ou C, v ne dépendent pas de fi1, j12, s et 12 5 est construit explicitement dans le chapitre
4.

Ce

Le deuxiéme résultat important concerne I'existence du Q-processus. Pour ce faire,

nous démontrons que le ratio

P s (Ta >1)

Py, s(Ta > t)
converge, pour tout s € I et © € Ey, quand t — oo vers ns(z). Puis nous utilisons ce
résultat pour démontrer 'existence d’un Q-processus partant d’un point de E’, := {z €
Es : ns(x) # 0}. Plus exactement, on démontre qu’il existe C, v (pas nécessairement les
mémes constantes évoquées lors de la propriété de mélange) tels que

¢1,s (33) @Zjl,s (.’E)
@ ) 7s(@)

H]P’x,s[X[s,t} € |lta>T]— Q%S(X[s’t] € Nlrv < Ce—1(T—1) <

pour tout s <t < T et x € E.. Ce controle exponentiel nous permet ensuite de contrdler
la distance en variation totale entre %fst Pus(Xy € <|T4 > t)du et %fst Qu.s(Xjsq € -)du
et d’obtenir une vitesse de convergence en 1/t.

35






Chapter 1

Quasi-stationarity and
quasi-ergodicity for discrete-time
Markov chains with absorbing
boundaries moving periodically

This chapter is based on the paper [45], published in ALEA in 2018.

Abstract

We are interested in quasi-stationarity and quasi-ergodicity when the absorbing bound-
ary is moving. First we show that, in the moving boundary case, the quasi-stationary
distribution and the quasi-limiting distribution are not well-defined when the boundary
is oscillating periodically. Then we show the existence of a quasi-ergodic distribution for
any discrete-time irreducible Markov chain defined on a finite state space in the fixed
boundary case. Finally we use this last result to show the quasi-ergodicity in the moving
boundary case.

1.1 Introduction

Let (2, A,P) be a probability space and let X = (X,,),en be a Markov chain with a
finite state space (E, &), € being the o-algebra containing all the subset of E. Let P, be
the probability measure such that P,(Xo = z) = 1 and, for any measure p on E, define
P, = [Pdu(z). Denote by M (E) the set of probability measures defined on E.

We define, for each time n > 0, a subset A, C E called killing subset at time n and
we denote by F, the complement of A, called survival subset at time n. We will call
(Ap)nen the moving killing subset or the moving killing boundary. We denote by 7 the
random variable defined as follows

T:=inf{n >0:X, € A,} (1.1)
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For any subset B C F, we define 75 as follows
g :=inf{n > 0: X,, € B}

and, to make the notation easier, for any m € N, we denote by 7,, the random variable
defined by
Tm =Ta,, =inf{n >0: X, € A} (1.2)

This chapter will deal with quasi-stationary, quasi-limiting and quasi-ergodic distribu-
tions that we define as follows.

Definition 5. v is a quasi-stationary distribution if for any n > 0
P, (X, €7 >n)=v()
Definition 6. v is a quasi-limiting distribution if there exist some p € M;(E) such that
Pu(X, € |7 >n) = v(-)

Definition 7. v is a quasi-ergodic distribution or a mean-ratio quasi-stationary distri-
bution if for any u € M;(E) and any bounded measurable function f

1n71
E, (an(Xk)yT > n> = /fdu
k=0

We will also be interested in the existence of a Q-process, which can be interpreted
as the process X conditioned never to be absorbed by (A )nen.

In the case where the sequence (A, )nen does not depend on the time, the existence
of these probability measures was established under several assumptions. See for ex-
ample [19, 42] for a general review on the theory of quasi-stationary distributions. For
modelling purpose, some recent works (see [10]) introduce some Markov processes ab-
sorbed by moving boundaries and the classical theory on quasi-stationary distributions
does not allow anymore to describe the asymptotic behavior of the process conditioned
not to be absorbed. Our purpose is therefore to check whether these probability meas-
ures are still well-defined when (A,),>0 depends on the time or not.

In all what follows, we will assume that for any = € Ey,
Pyt < o0) =1
and will also assume that the following hypothesis of irreducibility holds
Vn € N,Va,y € E,,3m € NP (Xpunr, =y) >0 (1.3)

Quasi-stationary distribution will be studied for general moving killing boundaries.
However, in a significant part of this chapter we will deal with moving killing boundaries

38



(Ap)nen which are y-periodic with v > 2.

In this chapter, we will actually show that there are no quasi-stationary distributions and
quasi-limiting distributions in the sense of Definitions 5 and 6 when the boundaries are
moving periodically. However, we will show that the notion of quasi-ergodic distribution
and Q-process still makes sense even when the boundary is moving. In particular, we
will show the following statement.

Theorem 1. Assume that (Ap)nen s y-periodic. Then, for some initial law p € P(E)
and under assumptions which will be spelled out later, there exists a probability measure
n such that, for any bounded measurable function f,

1n—1
E, (nkzzof(m 7> n) =2 [ fan

The proof is divided to several steps. First we reduce the problem to the study of
quasi-stationary distribution in a non moving domain, but for a periodic Markov chain.
Then we extend the result proved by Darroch and Senata (see [20]) in the aperiodic case
to the periodic situation (y € N*).

This chapter ends with an application of this theorem to random walks absorbed by
2-periodic moving boundaries.

1.2 Quasi-stationary distribution with moving killing sub-
set

The following proposition shows that the notion of quasi-stationary distribution as
defined in Definition 5 is not relevant when the killing boundary is moving.

Proposition 5. Assume there exist ,m € N such that A; # A,,. Then there is no
measure v € My (FE) satisfying the following property:

VneN, P, (X,€ |Tr>n)=v() (1.4)
Proof. For any n € N, denote by f, : Mi(F) — M;(F) the function defined by
foip — P, (X1 € |1 >1) (1.5)
where 7, is defined in (1.2) and denote by p,, the probability measure defined by
pn =Pu(Xy € |7 > n) (1.6)
By the Markov property, we have for any n € N*
fn =Py, (X1 € |70 > 1) = frlpn—1)
Thus, by induction, we obtain for any n € N

Pu(Xn €t >n) = fao...0 fi(n)
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We deduce from this equality that

VneN, P(X,€-|r>n)=v()<=VVneN, f,(v)=vr
<~ VneN, P (X; € |m>1)=v()

In other words, v is a quasi-stationary distribution in the moving sense if and only if
it is a quasi-stationary distribution in the non-moving sense for all the subsets A,. In
particular, if v satisfies (1.4),

v()=P, (X1 € >1)and v(-) =P (X1 € |1y > 1)

where [ and m have been mentioned in the statement of the proposition. However, since
the assumption of irreducibility (1.3) holds, the previous statement is impossible since
the support of the quasi-stationary distributions are different. O

Remark 2. Proposition 5 can be extended to any general Markov process defined on any
space state. In particular, for continuous-time Markov processes defined on a metric
space (E,d), we may replace the assumption of irreducibility (1.3) by the following
assumption

Vt € Ry, Va,y € Ey,Ve > 0,3ty € Ry, Pp(Xionr, € B(y,€)) >0

where B(y,€) :={z € E : d(y, z) < €}.

Notice moreover that we did not need any assumption about the behavior of (A;)nen-
In all what follows, we consider that (A, )nen is y-periodic with v > 2.

1.3 Quasi-limiting distribution when the killing subset is
moving periodically

We are now interested in knowing whether the definition of quasi-limiting distribution
given in definition 6 is meaningful when the killing subset is moving or not. In the usual
case, it is well known (see [42] p. 345) that quasi-stationary distribution and quasi-
limiting distribution are equivalent notions. This implies that the non-existence of a
quasi-stationary distribution implies the non-existence of any quasi-limiting distribution.
However, this equivalence does not hold anymore in the moving case. Consider for
example (A;)n,>0 such that there exists ng such that for any n > ng, A, = A, and
assume that there exists a quasi-stationary distribution v, (in the non-moving sense)
such that for any probability measure p on E,,

P (X, € -|Tny > 1) =2 Vno

Thus, by the Markov property, for any p € M;(E) such that P,(r > k) > 0 for all
k € N and any n > 0,

IP,U«(Xn+n0 € "T >n+ n()) = ]P):“"o (X” € "TA"O = n) njo Vo
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where fi, is defined in (1.6) for any n € N.

From now on, we will assume that (A, ),en is periodic and will denote by + its period.
We will show that quasi-limiting distribution is not well defined when the killing subset
is moving periodically.

Proposition 6. Assume (Ap)nen is y-periodic and there exist 0 < I,m < v — 1 such
that A; # Am,.
Then there is no v € M1(E) satisfying the following property:

dp e My(E), P, (X, € |T>n) =2 v()
Proof. Consider again the functions f,,, defined in (1.5):
fm i —Pu(Xy € |1 > 1)

Then using the periodicity of (A, )nen and by the Markov property, for any k& € {1,...,v},
m € N* and p € My(E)

Pu(Xkpmy € |7 >k +my) = gp o [ (1) (L.7)
with
g = fro...of1
f=fyo...0f1

Assume that there exists p € M (FE) such that the sequence (P (X, € |7 > m))men
converges to its limit v. Then

v= lim P,(Xyy € -[T > m7)

m—00

= lim f™(u)

m—r0o0

So for any k € {1,...,~}
v=gr(v) =P, ( Xy € |7 > k)
In other words, for any k € {1,...,~},
v=fr(v)
We thus may conclude in the proof of proposition 5. O

The previous statement implies therefore that the quasi-limiting distribution as
defined in Definition 6 is not well-defined when the moving killing subset is periodic.
However, according to the proof of the previous proposition, it seems that the sequence
of these conditioned probabilities could have some limit points.

The following proposition allows us to pass from a moving problem to a non-moving

problem. The existence of limit points will be therefore a consequence of the existence
of classical quasi-stationary distributions for the transformed Markov chain.
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Proposition 7. For any 0 < m < vy —1 and p € My(E), there is a Markov chain
(Xflm))neN such that

Pu((Xinis Xontys -+ s Xongy) € |7 > meny) = By (X5, X0, X0 € 7l > n)
(1.8)
where fy, is defined in (1.6) and mm inf{n e N: x{™ e A}

Proof. According to the Markov property, it is enough to show that for any y-periodic
sequence of subsets B = (By,)nen and any measure u € M (FE), there exists a Markov
chain (Z,)nen such that

P.(Xy, ..., Xny) €|7(B) > nvy) =P, ((Z1,...,2Zn) € -|TB, > 1) (1.9)

where 7(B) = inf{m > 0: X,,, € By} and 75, = inf{n € N: Z,, € By}. Denote Fy the
complement of By. For any = € Fj define p(z,-) by

plz, A) =P (X, € A, 7 > ), VAC Fy

p(l’, BO) =1- p(x, FO)

and we denote by (Z,)nen the Markov chain for which the transition kernel is p. We
will show by induction that, for any ¢1,..., ¢, bounded measurable functions,

Eu(d’l (Xv) s ¢n(Xn7)ﬂT(B)>n'y) = EM(¢1(Z1) s ¢n(Zn)ﬂ?BO>n)

By definition of (Z,),en, for any probability measure p and any bounded measurable
function ¢,

Eu(¢(Z1)1%BO>1) = Eu(¢(Xv)ﬂT(B)>fy)

which entails the base case. Now assume that the equality for n — 1 is satisfied. Let
o1, .., o, be some bounded measurable functions. Then

Eu(#1(X5) -+ 0n(Xny) Lr(Bysny) = Eu(d1(X5) 1r(ysy Ex, (92(X5) - - - 00X (n—1)7) Lr(B)>(n—1)7))
=Eu(01(21) 155 1Bz, (f2(21) - - - on(Zn-1)17p >(n-1)))
= Eu(¢1(Zl) ce ¢n(Zn)1%BO>n)

This concludes the proof. O

1.4 Existence of quasi-ergodic distribution with periodic
moving killing subsets

In this section, our aim is to show the existence of a quasi-ergodic distribution as defined
in Definition 7 when the boundary is moving periodically. This section will be split into
three parts :

1. We will first study quasi-ergodicity in the non-moving case (when A, = Ay, Vn €
N) for irreducible Markov chains.
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2. Then we will use the results obtained in the first part to deduce quasi-ergodicity
for general Markov chains (irreducible or not), but still considering non-moving
boundaries

3. Finally we will show the existence of quasi-ergodic distribution when (A,,)nen is
moving periodically.

1.4.1 Quasi-ergodic distribution in the classical non-moving sense for
irreducible periodic Markov chains

In this subsection we will study the quasi-ergodicity of one irreducible Markov chain
Y = (Y,)nen in the classical non-moving sense, that is when the killing edge does not
move. Without loss of generality, assume Y is defined in the state space Ey = {0, ..., K}
and that the cemetery is {0}. In this subsection and the following, 7 will be defined as
(1.1) but refering to Y, that is

T=1inf{n >0:Y, =0}

Denote by P the transition matrix of Y. Since 0 is an absorbing state for Y, P has the
following form

where Q is the sub-transition matriz. We will assume that @ is irreducible (i.e. Va,y €
Ep,3n € N,Q"(x,y) > 0). As a result we can define T, the period of x as

T, :=gcd{n € N: P, (Y,, = z,7 > n) > 0}

where gcd refers to the greatest common divisor. By irreducibility of @, all the x have
the same period and we denote by T' this common period.
The existence of quasi-ergodic distributions has already been proved by Darroch and
Seneta in [20] when 7" = 1. However we will see that this result is not enough for our
purpose and we need to extend it to periodic Markov chains.
Due to the periodicity of @, there exist (C;)o<i<r—1 a partition of Ep such that if
the support of the initial distribution p is included in Cy, then for any n € N and
0<k<T -1,

P,u(yk—&—nT €Cr,T>k+nT)=1

Without loss of generality, we construct (Cj)o<i<r—1 such that 1 € Cy. Formally
(Ci)o<i<r—1 are defined by
Co:={ye Ey: e N P(Yor=y,m>nT) >0} (1.10)
Vi<i<T -1, C;:= {y € Ey:3x € Ci_l,]P)x(Yl = y) > 0} (1.11)
For each j € {0,...,T — 1} and any v € C¥, we will denote by v the sub-vector of v

restricted to Cj.
It is well known by the Perron-Frobenius theorem that the spectral radius

p:=max{|\| : XA € Sp(Q)}
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is a simple eigenvalue of ) and that one can find a left-eigenvector v = (v(j))1<j<x and
a right-eigenvector £ = (£(j))1<j<k for p (i.e. vQ = pr and Q§ = p€) such that v(j) >0
and £(j) > 0 for all j € {1,..., K}. We may choose v and £ such that

<v,l>=<p,&>=1
where < -, > is the usual Hermitian product on C¥. Moreover, since @ is T-periodic,
{ Mk ::pe% 0<k<T-1} C Sp(Q)

and each A\ is simple. For each Ay we can obtain a left eigenvector vi and a right-
eigenvector wy, from v and £ with the following transformation

27k 2njk

vy €{0,....,T — 1},1),(3) = ¢ "7 ) and w,gj) =T £(j) (1.12)

See Theorem 1.7 in [[49],p.23-24] for more details.
The vectors (v;)o<i<7—1 are linearly independent. We can complete this family into a
basis V = (v;)o<i<kx—1 such that v; € Span*(vo, ...,vp_1) for all T < i < K — 1 where

Span*(vo, ..., vr_1) = {veCl .<vv;>=0,Viec{0,..., T —1}}

Let us denote by R the matrix representing the change of basis from the canonical basis
to V. Then we have the following decomposition

Ao

0|

O
Il
=

AT—1

0 Qo

where Qo is a (K —T) x (K — T') matrix. We define the matrix Q' by

;5[0 0
Q_R<O QO)Rl

Proposition 8. Let f: {1,...,K} — R be a bounded measurable function. Then for
any x € {1,..., K} and n € N*,

n—1 T-1
- <1Zf<yk>n7>n> = 7)o T < by >< w1 > Fo(p")
L 1=0
where
K
o(f) =D _fliv(i)&(i)
=1
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Proof. Let f : {1,...,K} — R be a bounded measurable function. In this proof we

will consider probability measures on {1,..., K} and functions defined on {1,..., K} as
K-vectors. Thus for any = € {1,..., K} we can say

Ey (f(Yn)lrsn) =< 6,Q", f > (1.13)
where §,, is the Dirac measure on z. For any = € {1,..., K}, define (ay(z))o<r<r—1 the
unique family of CX such that there is j, € Span™(vo,...,vp_1) such that

T—1
0p = Zak(:ﬂ)vk + p
k=0

We will use the following lemma whose proof is postponed after the proof of the theorem.

Lemma 1. Forany 0 < k<T —1,

(ar(7))2er, = Wk

where wy, is defined in (1.12)

Thus we can write

T-1
0y = Zwk(x)vk + g (1.14)
k=0

So, using (1.13) and (1.14), for any n € N
T-1
Ex (f(Xn)Llrsn) =< Y _wi(@)ueQ", f > + < paQ", f >
k=0

T-1
= > Nwp(z) < v, f >+ < pa(Q)", f >
k=0

Now, using the Markov property, for any k£ < n,

E,u(f(yk)]l‘r>n) = Eu(ﬂfr>kf(yk)PYk (T >n— k)) (1'15)
= Eu(17>kgk,n(f)(yk)) (1~16)

where, for any y € Ej,

Then,
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Define, for any k € {0,...,7 — 1} and n € N,

9i(f) 1y = fFy)w(y)
wn(f) 1y = fy) < py(Q)" 1 >
Then, using (1.16), for any k& < n,

Ex(f(yk)]lf>n) =< 590kagk,n(f) >

T-1
= > Mwi(x) < v, gon(f) > + < 12(Q)F, gen(f) >
1=0
= Ak,n + Bk,n + Ck,n + Dk,n
where

T-1T-1

Ak,n = Z Z)\;C)\:Lnikwl(x) < Ul’gm(f) >< U, 1>
1=0m=0

T-1
Bk,n = Z)\fwl(x) < vlawn—k(f) >
=0

T-1
Crm= 3 A ¥ <vm, 1 >< 12(Q)", gm(f) >
m=0

Dk’,n =< NI(Q,)ka wnfk(f) >

Hence for any n € N*
n—1 n—1 n—1 n—1 n—1
ZEJ}(f(Yk)]lT>TL) = ZAk,n + ZBk,n + ch,n + ZDk,n (117)
k=0 k=0 k=0 k=0 k=0

n—1

i) Study of Y Apn
k=0

For any n € N*,

n—1 T—-1T-1 /n—1
ZAk7TL = Z Z (Z}\f)\%{k) QUZ($) < ’Ulv.gm(f) >< U, 1>
k=0

I=0m=0 \k=0

T-1 -
)\TL _ )\TL
= Zn)\l"wl(x) <wv,q(f) ><wv,1> +Z)\m <>\l>\m> wi(z) < v, g (f) >< v, 1>
=0 I#m I = A\m

On the one side,

T-1

-1 _
> Aty (x) < v, gi(f) >< v, 1 >= npnzeleTl wy(z) < v, g(f) ><wv,1>
1=0 1=0
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On the other side, for any 0 <1 #m <T — 1,

(TR e (e et
>\m v - p€ 2ilm _ 2imm
)\l - )\m pe” T — pe -

_ 2inlm _ 2inmm
2imm e T —e T
= ’Vle— T
p _ 2w _ 2imm
( € )

T —e T

2imm _ Qi%lﬂ' _ QinTm‘/r
(e T (6 ————— )) is bounded, hence
e T neN

_ 2inlw _ 2inmw

1 _ 2imm e T —e T

—Xe T - - — 0
€

_ 2ilw _ ZI;LW Nn—00

We deduce that, for any 0 <l #m < T —1,

_ 2inlw _ 2inmw
2imm e T — e T
n_ — =7 — n
pe T ( il —2imn > = o(np")
e

T —e T

and therefore

Z)\ (}\l :n >wl(aj)<’l)l,gm(f) > Uma]l >= o(np”)
l#m

since this is a finite sum. Hence

inlrt ————
ZAkn—np Ze 0 x) <v,g(f) ><wv, 1> 4o0(np")

it) Study of ZBkn
ForannyE nENand0<l<T—1

n-1l n—1
> Mwn_ k()W) = Fy) <y (ZV(Q’)"’“) 1>
k=1 k=0
= f(y) < pyQ NIk — Q) (AN k — (Q)"), 1 >

where I is the K x K-identity matrix. For any 0 <1 < T —1 and n € N,

2imnl

ANk = (Q)" =p"(e T I = p"(Q)")

2imnl

and (e T
p. Hence

I — p7™(Q")")nen is bounded since the spectral radius of @’ is smaller than

e T Ik—pfn(Q/)”) — 0

n—o0

1 ( 2innl
n
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where 0 is understood as the zero matrix, and we deduce that
< iy Q (Nl — Q)M K — (@)), 1 >= o(np")
As a result, for any n € N,

n—1_
> Awn-i(H)y) = o(np")
k=1

Hence for any n € N

n—1 -1 n—1_
> Bin =Y wi(z) <v, Y MNw,_i(f) >=o(np")
k=0 =0 k=0
n—1
iii) Study of Y Cip
k=0
n—1
In the same way as ) By n,
k=0
n—1 n—1T-1
> Cin =Y A <o, 1 >< pa(Q)F, gm(f) >
k=0 k=0 m=0

T-1 n—1
=) <om, 1>< g (Z A%_k(Q')k> ,gm(f) >
m=0 k=0

Forany 0 <m <T —-1and n > 1,
n—1
DAY = A x Al — Q) (A Ik — (@)
k=0
We already showed that forany 0 <m <T —1andn >1
Amlx — Q") NIk — (Q)") = o(np™)
Finally,

n—1

ch,n = O(npn)

k=0

n—1
i) Study of > Dy
k=0

Finally, let us denote by (q’)gz), fori,j € {1,...,K — T} and n € N, the coefficient of

(Q")™ located at the ith row and the jth column. Then for any n € N

n—1 n—1
S Din= 3 (i) f(i)mi(m) <Z<q'>£’;l“(q'>§§’> (1.18)
k=0

i,3,l,m k=0
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Let 4,7,l,m € {1,..., K}. By definition of the matrix @', the spectral radius of @’ is
strictly smaller than p. We deduce from this

(@) = o™, (a1 = olp") (1.19)
In particular there is a positive number C such that for any n € Nand m,l € {1,..., K},

()M < op

Hence,
[T PN R (h
n— —
D @)y (@i <CY ") (1.20)
k=0 k=0
w (1= kg 8
=Cnp *ZP (q )i,j (1.21)
n
k=1
However, by (1.19), p*”qu.) — 0 when n tends to infinity and using Cesaro’s lemma,
L= kg (8)
— /
EZP (q )z] o 0
k=0
Thus using (1.18) and (1.21), we deduce that
n—1
ZDk,n = O(npn)
k=0

Hence, gathering all these results and using (1.17),

n—1 T—1
2inlm
S Eo(f(Yi)lrsn) =np™> e 1 wi(x) <v,gi(f) ><wv, 1> +o(np”)  (1.22)
k=0 =0
However we have for any [ € {0,...,7 — 1}
K e —
<o, gl(f) > =Y fulw())
j=1
T-1
= f(x)u(z)wi(x)
Jj=0zeC;
T-1 - -
= flx)e " T v(x)e' T &(x)

As a result,

n—1 T—1

2inly ——————

E. (Zf(Yk)L>n> =np" < wo,go(f) > Ze‘ T wy(x) < v, 1 > +o(np™)
k=0 1=0
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Now we prove Lemma 1 quoted in the previous proof.

Proof of Lemma 1. Let us start by proving that ¢; is a right-eigenvector associated to ;.
Since @ is a real matrix, it is equivalent to show that @j is a right-eigenvector associated
to )\7

First remind that ¢4 is defined by the relations

for any k € Ey and with §;, € Span=(vo, ...,vr_1). This implies for any k

T—1
< Oy Uy, >= Zal(k‘) < vy, Uy >

=0

or, in other words,
< Ok, vg > <wvg,v9 > ... <vp_1,vp> ap(k)
< 5k7'UT—1 > <v9,V7—-1 > ... <UT_1,VU7—1 > OzT_l(kJ)
Denote by A the matrix
< Vg, V9 > < V7r_-1,V0 >
A= : :
<wg,Ur-1> ... <Upr_—1,Vr—1 >

A is simply the Gram’s matrix of the basis (v;)o<i<7—1. Thus the determinant det(A)
is positive and for any x € Ejy

1 < Vg, Vg > < Oz, V0 > < vVr—1,v9 >
() — ) ) )
1) det(4 : : : :
<V, UP—1 > oo < Op,U7_1> ... <VUP_1,U7_1>
where the column (< 0,,v9 >, ..., < 6z, vr_1 >)T is the I-th columns of the matrix. We

want to show now that «; is a right-eigenvector associated to A;, that is
Vo e CE <v,Qag >= X\ < v, > (1.23)

In fact it is enough to show (1.23) when v is one of left-eigenvectors and when v €
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Span*(vo, ...,vr_1). In the case where v = vy, for k € {0,...,T — 1}

K < v9,V9 > <5j,’l)0> < vr—1,v9 >
<Uk’m>zzvk(])det(/l)
j=1 < v9,V7-1> ... < (5]‘,UT,1 > ... <VUr_1,U7-1 >
1 < Vg, Vg > < Vg,V > < Vr_-1,09 >
~ det(A) : : :
<v9,V7-1 > ... <Vg,Ur—1> ... <VUP_1,V7r—-1>

)1 ifl=k
"] 0 otherwise
We deduce from this

<vpQag >=N<uvp, >, VO<k<T-1

Finally, for any v € Span(vo, ...,vr_1)*,
) < vg, vy > ... 0 ... < V7-_1,v9 >
< v, >= : : =0
T det(A) - ~ ~
<wvg,vr—1> ... 0 ... <vr_i,vp_1>

Thus we have

<v,Qa; >=0= X\ < vg, a7 >
because Qv € Span(vy, ... ,ur_1)t.
Hence for each k € {0,...,T — 1}, there is 8y € C such that oy = Srwy (where wy is

defined at the beginning of the subsection). We will show that 8y = 5y = 1 for any k.
T

Remark that A can be written as ) a;—1FP,, where Py, is the permutation matrix of o;
i=1

where o; = (ii4+1 ... i—2i—1) and ap > 0 and ay,...,ar—1 € C. In other words, A
is of the following shape

a a, az ... ar—i1
A ar—1 ag ai ... ar—»9
ai as az ... ag
withag > 0and a,...,ar_1 € CT~1. Moreover, since 1 € Cp, < 01, v; >=< 61,09 >= 11
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for any [ € {0,...,T — 1}. As a result, for any [ € {0,...,T — 1},

ap ... Vi ... ar—1
det(Aan() = |: . : (1.24)
a ... v ... a
v(l) a1 oo .. a1
Sl (1.25)
v(l) ajpe .. ... @
v(l) a1 ... ... ap—1
S (1.26)
v(l) az ... ... ao
= det(A)ap(1) (1.27)

Indeed, from (1.24) to (1.25), we applied a circular permutation for the columns in order
to put the vector *(v(1),...,v(1)) at the first column, and the determinant stays the
same after this transformation. From (1.25) to (1.26), we did a circular permutation on
the rows, which does not affect either the determinant.

We deduce from this equality that g = [y for any k € {0,...,T — 1} because wy(1) =
wp(1). Concerning the fact that Sy = 1, remark that

K K
Zu(z)ag(z) = Zvo(z)ao(z)
i=1 i=1
1 < Vg, Vg > < V7_-1,V0 >
~ det(A
< v, V-1 > <vr-1,Vr-1 >
=1
And
K K
> wli)ao(i) = fod_v()EE) =1
i=1 =1

O

The statement of Theorem 1 is meaningful provided the coefficient of the leading
term p" is not equal to 0. In the following proposition we prove that this coefficient is
actually not 0.

Proposition 9. For any n € N and any x

T-1

2inlm
Ze* T < wp,ly ><uv,1l>#0
=0
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Proof. Let x € Ey. Then there exists k € {0,...,T — 1} such that z € Cj. Thus, for
any n € N,

T-1 -1
inlmw ————— 2i(nth)in >7T T
> e 5w () <ul>=) e s ZZGQTUV@)
= 1=0 J=0yeCl;
T-1
2177(n+k )1
= Z 3 &(x) (Ze )
Jj=0yeC; !
T Y Y €y
T|n+k—jy€C;
imntntk—(@-) sin(r(n + k — §))
FY Y @y e
Tin+k—jy€C; Sm(w)

=T Y D &@w(y) >0

T|n+k—jy€C;

d

1.4.2 Quasi-ergodic distribution for the classical non-moving sense in
the general case

Now assume that the sub-transition matrix ) is not necessarily irreducible. For each
x €{1,..., K}, we denote by D, the subset of {1,..., K} defined by

Dy:={ye{l,....,K}:3In,m e N, P,(Y,, =y) >0 and Py(Y, = z) > 0}

It is well-known that (Dx)xe{lw_7 K} are equivalence classes. Note that, for each z, the
restriction of Y on D, is irreducible. Thus we can associate, for each D,, a period 7.
We can also associate to D, a spectral radius p, and some left and right-eigenvectors
(vz1)o<i<T,—1 and (wy)o<i<T,—1 constructed in the same way as in the subsection 1.4.1.
Particularly, for every z € {1,..., K}, vy := vz and &, := wy o are vectors whose all
the components are positive and such that < v,, 1 >=< v,,&, >= 1. We define also,

for any z,
| Dz

f%Zf (4)

where |D,| is the number of elements in D,. Now fix u € M;({1,...,K}). Denote by
Supp(u) the support of . Then we can define

B={xe{l,...,K}: Supp(n)N D, # 0}

Pmazr = Max POy
reB
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and we define B,,4, as follows
Binar = {z € B: po = pmac}
We set the following hypothesis
Hypothesis 1. There exists mar € {1,..., K} such that
Biaz = Doy

Under this hypothesis, the following notation will be used

Vmaz = Vrmaz (128)
émaz — §:pmm (129)
Spmacc = (Pxnuz:c (130)

In all what follows, we have to keep in mind that the definition of Bj,q,; implicitly
depends on the initial distribution g (more precisely on the support of p).
The following statement explains therefore that the quasi-ergodic distribution exists if
the Hypothesis 1 holds.

Theorem 2. Let p € Myi({1,...,K}). Then, if the Hypothesis 1 holds, the following
convergence holds for any measurable bounded function f:{1,..., K} — R,

n—1
E, (LS00l >n) — omanlf)
nk:O n—oo

Proof. According to Proposition 8, giving the fact that Y is irreducible on each D,, we
have for any z € {1,..., K}

ln_l -1 2inlw
E. (an(Yk)]lT>n> = pg@r(f)ze_T < Wy I, 596 >< Vg 1, 1> +0(p7xl) (131)
k=0 =0
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Thus, for any p € My(F)

T

p)E; (35 10010

k=0

n—1
E, (;Zﬂmv > n> -
k=0

K
Zlu(j)Pj(T >n)
J:
K Tj—1 _ 2inirx
2 13)ef (1) ze Y <wj, 6 ><wjg, 1> +o(py)
= =
K Tj—1 _ 2inix
leu’(j)p? lz:(] o< Wy 1, 5x >< Uyl 1> +O(p?)
= -

T;—1 _ 2inix
> pi(fud)

e i <wj, 0, ><wvj;, 1> +o(1)
jeBmaz =0

T]' —1 _ 2inlw

A l; w(g) IZO T <wjg, 0, >< vy, 1> 40(1)
J1E€EDmax =

Tj -1 _ 2inlm

Omaz(f) X n(d) EO e U <wji,dp >< vy, 1> +o(1)

_ J€Bmaz
- Tj—l _ 2inlw
Y () ze B < wjg, 6 ><wjg, 1> +o(1)
je max =0

where the Hypothesis 1 was used for the last equality, implying that ¢;(f) = ©maz(f)
for all j € B,,4.. Note moreover that this hypothesis is useful only to make this equality
right.

Then using Proposition 9, we can conclude

n—1
E, (LS 00l >n) — omanlf)
nk:[) n—oo
]

1.4.3 Quasi-ergodic distribution with periodic moving killing subset

In this subsection we are interested in the quasi-ergodicity of the chain X defined in the
Introduction considering that the boundaries are moving y-periodically. We denote by
Y = (Y;)nen the Markov chain defined on E x Z/~Z by

Y, = (X, 7) (1.32)

where 7 is the residue of n, modulo 7. Y is therefore a Markov chain defined on a finite
space state, which is irreducible if and only if ged(T(X),v) = 1, where T'(X) is the
period of (X,,)nen. If the chain Y is actually irreducible, the associated period is

T = LCM(T(X),7)
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where LCM (-, -) refers to the least common multiple.
Moreover we have

T=inf{n>0:X,€A,}=inf{n>0:Y, €9}
with
0 :={(x,k) : x € Ay}

Remark that O is a non moving killing subset for the chain Y. Thus we can apply
Theorem 2 to the process Y which yields the following theorem

Theorem 3. Let 1 € Mi(Ey). Assume that (Ay)nen is periodic and 'Y defined in (1.32)
satisfies the Hypothesis 1. Then, for any measurable bounded function f,

00
(z,y)EEXZ/~Z—0

n—1
E# <i2f(Xk)‘T > n) n? Z f(m)l/maz(xay)gmam(l',y)
k=0

where Vmay and Emay are the probability measures defined in (1.28) and (1.29) relatively
toY.

We can also give the following corollary which requires assumptions on X and
(An)nEN'

Corollary 1. Assume that (Ap)nen is y-periodic and that ged(T,~y) = 1 (where T' is the
period of X ). Then there exists n € M1(E) such that, for any p € M1(Ey) and any f
bounded measurable,

n—1
E, (ikz:%f(w > n) =2 [ rdn

Proof of Theorem 3. It is enough to apply Theorem 2 to the chain Y defined on (1.32)
and to deduce the results on X thanks to the following equality

1 n—1 1 n—1 ~
E, <Zf(Xk)|T > n) = Eugs; (Zf(YkNT > n) , Vn>1
n n
k=0 k=0
where f is the projection on the first component. O

1.5 Existence of Q-process with boundaries moving peri-
odically

In this section, we are interested in the Q-process, which can be interpreted as the law
of the process X conditioned never to be killed by the moving boundary. As before, we
still consider that the boundary moves periodically period ~.

To show the existence of the Q-process, we will consider again the Markov chain Y
defined in (1.32), that is defined by

Y, = (X,,7), ¥ne€N
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and we take back the notation introduced in subsection 1.4.2 associated to Y.

The following statement ensures the existence of a Q-process even when the boundary
moves. However, it is interesting to observe that we lose the homogeneity of the Q-
process because of the movement of the killing boundary.

Theorem 4. For any n € N and any x € Ey, the probability measure Qy defined by
Qu(X1 €y Xn €)= lim Py(Xy €00, Xy € 7 > m)

is well-defined and, under the probability Q, (Xp)nen @ a time-inhomogeneous Markov
chain such that for any n € N, for any (y,2) € E,—1 X Ey

&x(z,m)
X — X 1 = = ]P X — <, > 1
Qx( n Z‘ n—1 y) prm(y,n — 1) y( 1 Z,TA, )
Proof. For any m,n € N, for any f1,..., f, measurable bounded functions and for any

x € Ey,

Ex(fl(yl) s fn(Yn)]lT>n+m)
P.(t >n+m)

= 5, (1i00) . £ AT

(1.33)

) (1.34)

According to the equality (1.31) applied to the function equal to 1, for any y € E x
Z/yZ — 0 and n € N,

_ 2inlw

T,—1
Py(r >n) = py Z e v <wyy, by >< vy, 1> +o(py)
=0

Thus, using this in (1.34),

Ty, —1 _ 2imir
Lrsnpy > e o <wy,y,dy, ><vwy,;, 1> +o(py)

=
g Ex fl (Yl) “ e fn(Yn) T171 21(n+m)l7r
pr Y e T < wgy, 0y >< v, 1> +o(pp™)
=0
(1.36)
Tp—1 _ 2imliw
Lrsnpy' > € T < wgy,dy, >< vz, 1> +o(py')
1=0
=E, | iY1)... fu(Yy) S e ———
PRTT NN T T < Wy, 0p >< Vg, 1 > +o(pt™)
1=0
(1.37)
Ty—1 _ 2imlim
Trsn > To < Wy, Oy, >< Uy, 1 > +o(1)
=0
=B | iN) - V) = s (1.38)
Pg Z a Tz < wx,l7633 >< Vg, 1y 1> +O(p2)
=0
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The passage from (1.36) to (1.37) is due to the fact that, for any n € N, Y, € D, almost
surely and the quantities T}, p;, w,; and v, ; depends only on D,.
Since the restriction of the chain Y on D, is irreducible, we can construct as in the
subsection 1.4.1 some clusters (C})o<j<7,—1 such that z € Cy and

Py (Yeint, € Cp, 7>k +nT,) =1, Vke{0,...,T, —1},Yn e N

For any y € D,, denote by j(y) the integer such that y € Cj(,)- Then we deduce from
the equality (1.12) in the subsection 1.4.1 that for any y € E x Z/~vZ — 0 and n € N,

_ 2inlx _ 2im(n+i(y))l

e Tr < Wy, by >=e T &x(y)
Thus, according to (1.38) and the previous equality,

E.(fi(Y1) ... fn(Yn)|T >m+n)

Tp—1  2in(m+i(Yn))l

]17>n§x<Yn) ( ZZ:O e T < Vg 15 1> +0(1)>

- E:c fl(Yl) .. fn(Yn)

Tp—1  2in(mtnti(z))l

prés () ( Yoe T T <wgy, 1> —i—o(l))

=0
However, for any n € N,
j(Yn) =j(x) +n mod Ty, a.s.

and for any m,n € N,
Tz—1 _ 2im(mtntj(z))l

Ze Tz <, 1 >#0
1=0

Since the state space E x Z/~Z is finite, we may first consider function f;(y) = 1y—a,,
so that quantities in the ratio except 1, are fixed. This justifies that we can exchange
the expectation and the limit as n — oo in the previous expression. We deduce that,

]lT>n£$ (}in) )
P& (,0)

The statement on X is obtained using projection functions and we can deduce from it
the transition kernel of the Q-process.

E(fi(Y1)... fuY)l7 > m+n) — E, (fl(Yl) o fa(Y)

O]

1.6 Example : discrete-time random walk

We shall illustrate the previous results by looking at a discrete-time random walk. Let
p €]0,1[. We denote by (MP),cn the Markov chain defined on Z such that

P(ME,, = ME+1|ME)=1—p
P(Myq = M{ —1[Mp) =p
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Before dealing with the quasi-ergodicity with moving boundaries, let us recall some
properties about quasi-stationarity concerning random walks. For any K > 1 we define

T =inf{n >0: MP € (—o00,0] U [K +1,00)}

The sub-Markovian transition matrix associate to (Mg/\TK)TLGN is the matrix Qg €
Mg (R) defined by :

0 1-p O .. 0 0
P 0 1—p ... 0 0
0 0 ... 0 0
QK: . . . . .
0 0 0 ... 0 1-p
0 0 0 ... p 0

For any K > 1, denote by Pk (X) the characteristic polynomial of Q. Using standard
algebraic manipulations, one can show that for any K > 1, the following recurrence
relation is satisfied

Pr(X) = =X Pr11(X) — p(1 — p) Pr(X)

with Py (X) = —X and Py(X) = X2 — p(1 — p). We set Py(X) = 1.
For any K > 0, define

1 K
Ug(X) = <_p(1—p)> P (2\/]9(1 —p)X)

Then the following equation is satisfied
Uk+2(X) =2XUkg1(X) — Uk (X)

for which Up(X) = 1 and U;(X) = 2X. In other words, the sequence (Ux)r>o are the
Chebyshev’s polynomials of the second kind and we have for any 8 € R

Up (cos(6)) = W

The set of roots of Uk, hence of Py, is thus well-known. It follows

sp(@i0) = [ =2y = preos (L1 ) i e 1.k}

We are interested now in the eigenvectors of Q.

Proposition 10. Let K > 1. Then, foranyj € {1,..., K}, Ker(Qx—\;I;) = Span(z;)
where

(i) = (_1)i_1pi1(xj) :( lfp)i_l :z Ei; vie{l,.. K}

—

99



Proof. Let A € Sp(Q k). We want to find all the eigenvectors = (z(7))1<i<x associated
to A such that z(1) = 1. We will prove the proposition by double induction.

Base case: According to the relation Qg = Az, we have
Az(l) = (1 —p)x(2) (1.39)

Having x(1) = 1, we will have therefore x(2) = 1%1; = —ﬁPl()\), which conclude the
base case

Inductive step: Let i € {3,...,K — 1}. We assume that the equality is satisfied
for ¢ — 1 and 7 — 2, so we have

2(i—2) = (—1>i3 P s(\)
2(i—1) = (—)H Pro(\)

Using Az = Qkx,
Ax(i— 1) =px(i — 2) + (1 — p)x(7)

So
x(i) = 1% (Az(i —1) — px(i — 2))
i—2
_ 11p (A <_1ip) P s(\) = pa(i - 2))
1 i—1
— (_1_])) (=AP,_o(\) — p(1 — p)Pi_3(\))
i—1
= <—1ip) Plfl()\)
which concludes the proof. -

The previous proposition gives us left and right eigenvectors of Qx : if we denote
by (vi)1<i<k (respectively (w;)1<i<k) the left (respectively right) eigenvectors satisfying
v;QK = A\v; (respectively Qgw; = A\jw;), then

o= (%) S
- ()

“+a+

D +
v\_/\_/v
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In particular, considering the spectral radius A1, the quasi-stationary distribution v and
the right-eigenvector £ associated to A satisfying < v,£ >=1 are as follows:

) - L E) s ()
K gkl
k;(\/;) sin (1)

K k—1
S
- Wi5) = (&%)

™
\ﬁ

() =

We are interested now in moving boundaries. Let N > 1 and consider the simplest case
where (Ay,)nen is defined by

_ ) (=00,0]U[2N, 00) if n is even
= { (—00, 1JU[2N —1,00) if n is odd (1.40)

Recall the previous notation
VP = (Mjrm. 1) (1.41)

with 7 € Z/2Z. The chain is not irreducible (if M{ is even, then for any n, MP have the
same parity as n). It admits exactly two irreducible subsets:

1. P={(z,y) € E:x+yiseven}
2. ZT=A{(z,y) € E:xz+yisodd}

But, as we can see in Figure 1.1, the chain YP behaves as a random walk on each
irreducible subsets:

1. On P, YP has the same behavior as a random walk on Z starting from [2,2N — 2]
absorbed by {1,2N — 1}.

2. On Z, Y? has the same behavior as a random walk on Z starting from [1,2N — 1]
absorbed by {0,2N}.

Denote by Y3 (respectively Y7) the Markov chain such that for any p € M;(P) (re-
spectively M (Z))

P, (Y € ) =P,((Yp)1 € ) (respectively P, (Y € -) =P, ((YF)1 € )

Let 4 € M1(E x Z/27Z). Then there are A € [0, 1] and up, ur € M1(P) x M1(Z) such
that

p=Aup + (1= A)puz

Hence we see that two cases are possible
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Figure 1.1: The black dots represent the states in 0. The irreducible subsets P and 7
are represented respectively by the dashed path and the filled path. On each path, we
see that YP behaves as a random walk.

Proposition 11. 1. if A = 1, Bpax = P. Then pmaz = 2+/p(1 — p) cos (2(]\?71)),

and ((‘ n )
171 2N -2 ' sin? QJJ;_IF

e (30 =) o X gy

k=0 J=2 >, sin? (2(N7L1))

k=1

2. if N# 1, Brae =Z. Then pmex = 21/p(1 — p) cos (5), and

= IN—-1 sin? (ﬂ)
(Sonr) = Eron S
= Jj= sin ﬁ

When (A;,)nen is moving as (1.40), the quasi-ergodic distribution is the same as the
non-moving quasi-ergodic distribution for one random walk absorbed at {0,2N} except
when the support of the initial distribution is included in the set of even numbers. As a
matter of fact, if the chain starts from the set of even numbers, it can be absorbed only
by {1,2N — 1}. Remark also that the quasi-ergodic distribution of one random walk
does not depend on p anymore.

We have also the existence of a Q-process according to Theorem 4 which is the time-
inhomogeneous Markov chain (ZF),ecn defined by

sin (36505

Po(ZF =y+ 1|2 _ =y) =
2sin (et ) eos (zi )

with K(y,n) = 2N — 1+ (=1)"Y,
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Chapter 2

Q-process and asymptotic
properties for Markov processes
conditioned not to hit the moving
boundaries

This chapter is based on the paper [44], submitted in March 2018.

Abstract

We investigate some asymptotic properties of general Markov processes conditioned not
to be absorbed by the moving boundaries. We first give general criteria involving an
exponential convergence towards the QQ-process, that is the law of the considered Markov
process conditioned never to reach the moving boundaries. This exponential convergence
allows us to state the existence and uniqueness of quasi-ergodic distribution consider-
ing either boundaries moving periodically or stabilizing boundaries. We also state the
existence and uniqueness of quasi-limiting distribution when absorbing boundaries sta-
bilize. We finally deal with some examples such as diffusions which are coming down
from infinity.

2.1 Introduction

Let (€2, A,P) be a probability space and let (X¢):er be a Markov process (where I = Z,
or R, ) defined on a state space E. We associate to E a o-algebra £. For any t € I,
denoted by F; = 0(X;,0 < s <t € I) the o-field generated by (X;)o<s<ter. Let (Py)zer
be the probability distribution of X such that, for any x € E, P,(Xo = ) = 1 and,
for any measure p on E, define P, = [P,du(x). We naturally denote by E, and E,
the corresponding expectations. For any subset F' C E, denote by M;(F) the set of
probability measures defined on F' and B(F') the set of the bounded measurable function
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f:F—=R

We define, for each time ¢t € I, a subset A; € & called absorbing subset at time t and
we denote by E; the complement set of A; called survival subset at time t. We will call
t — Ay the moving absorbing subset or the moving absorbing boundary. We denote by
T4 the random variable defined as follows

T4 :=inf{t € I : X; € A}

Moreover, for any s € I, we denote 6, the shift operator, that is the function from I to
I defined by
Os:t— s+t

Hence, for any s € I, we define
Tacp, ‘= Inf{t € I : X} € Apys}

In all what follows, assume that, for any s € I, 7409, is a stopping time for the filtration
(Ft)ter- This assumption holds when, for example, the Markov process (X¢)ier, defined
on a metric space, is continuous and all the sets (A;);er are closed.

In this chapter, we will deal with the so-called Q-process, quasi-limiting distribution
and quasi-ergodic distribution of X:

Definition 8. Definition of Q)-process, quasi-limiting distribution and quasi-ergodic dis-
tribution

(i) We say that there is a Q-process if there exists a family of probability measures
(Qs,2)ser,zek, such that for any s,t € I, x € Ej,
P, (X )y @ X
:c( [0, € "TAOHS >t+T) TEI,—i)oo Qs,z( [s,5+t] € )
where, for any u,v € I, X, ,) is the trajectory of (X¢)ier between times u and v
and where (d) refers to the weak convergence of probability measures. Then the
Q-process is the law of (X;)ier under (Qsz)s>0.2¢cE, -

(ii) We say that « € M1 (E) is a quasi-limiting distribution if, for some pu € My (Ey),

d
P, (X, € |74 > 1) tel%oo a

(iii) We say that f € M;(FE) is a quasi-ergodic distribution if there exists some p €
M (Ep) such that,

1 & d
=3 Pu(X) € |ta>n) n%oﬁ
" =0

if1=7.
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/t]P) Xs € |14 > t)ds —>() /8
n u( s | A ) ‘

In the case where (A;)icr does not depend on the time ¢, Q-process, quasi-limiting
and quasi-ergodic distribution are strongly related to the theory of quasi-stationary
distributions, i.e. probability measures « such that

Pu(Xi € lta>t)=a, Vtel (2.1)

The aim of this chapter is to provide some results about existence and uniqueness of
Q-process, quasi-limiting and quasi-ergodic distribution when (A;)c; does depend on
time. It has been already shown in [45] that the quasi-stationary distributions defined as
in (2.1) do not exist when A is moving under the following assumption of irreducibility:

Vte I,Vo,y € Ey,Ve > 0,3ty € I,PI(XtO/\TAt € B(y,e)) >0 (2.2)

where 74, ;= inf{s € I : X, € A;} and B(y,€) :={z € E :d(z,y) < €}.

When (A;)er does not depend on ¢, quasi-stationary distributions and quasi-limiting
distributions are equivalent. When A depends on time, these two notions are not equi-
valent anymore and quasi-limiting distributions could exist even if quasi-stationary dis-
tributions do not. It is shown in [45] that quasi-limiting distributions do not exist if
we assume that A is periodic (still assuming the assumption of irreducibility in (2.2)),
but a characterization of the existence of quasi-limiting distributions according to the
behavior of the moving boundary is still an open question. In what follows, we will deal
with quasi-limiting distributions considering converging moving boundaries.

In the non-moving case, existence of quasi-limiting distributions and @Q-processes
have been shown for several processes : Markov chains on finite state space and count-
able space, birth and death processes, diffusion processes and others. See [42, 19] for
an overview. In the same way, existence of quasi-ergodic distributions has been also
shown for such processes. The reader can see [28, 58, 9] for the study on quasi-ergodic
distribution in a very general framework.

In this chapter, the study of @Q-processes, quasi-limiting and quasi-ergodic distri-
butions will be based on Champagnat-Villemonais type condition : when A does not
depend on ¢, Champagnat and Villemonais show in [14] that if there exists v € M (E)
such that

(A1) there exist typ > 0 and ¢; > 0 such that

Vo € Eo, ]P):L'(Xt() S "TA > to) > cv

(A2) there exists co > 0 such that : Vo € Ey, Vt > 0,

P,(14 >1t) > coPy(14 > 1)
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then there is an exponential convergence to a unique quasi-stationary distribution and
there exists a @Q-process. In the recent paper [17], they improve significantly their previ-
ous results showing an exponential convergence of P, (X (0,5] € |TA >t + s) towards the
Q-process, which entails a uniform convergence of the conditioned mean ratio (starting
from any initial law) towards the unique quasi-ergodic distribution. We will use this
reasoning to study the notions defined in Definition 8 when (A;);cs is moving,.

2.2 Assumptions and general results

From now we assume that (A;);e; could depend on time and that, for any s,t € I and
r € b,
Py (Ta0p, < 0) =1, and Py (7400, > t) > 0.

We introduce now the main assumption adapted from the Champagnat-Villemonais
conditions introduced in [14]:

Assumption 1. There exist (vs)secr a sequence of probability measures (vs € Mi(FEy)
for each s € I), and ty,c1,co > 0 such that

1. Vs e I,Vx € Ej,
Px(Xto S '|7_A005 > t(]) > C1Vs+t

2. Vs, t € I,Vx € Fj,
IP,/S (TAOQS > t) > CQPI(TAOQS > t)

In this section, the main results and contributions in this chapter are presented. For
a general behavior of (A;)¢cr, we will show the following theorem

Theorem 5. If Assumption 1 holds, then there exists a Q-process (Definition 8 (i)).
Furthermore, for any s,t, T € I and x € E

[Pz (Xjo,q € |TAc0, >t +T) — Qs 2(X[s 145 € )TV

1 IP’$(TA098 > t)
< (0102)3]P’r (TAOQS > to) SupyeEStho Py(TA095+tO > t)

(1 — 6102) {%J

where the total variation norm || - ||7v is defined as
k1 = p2llrv = sup |1 (B) — p2(B))]
Be&

In what follows, we will specifically study two types of behavior for the boundary. In
particular, we will consider (A;)tcs as a non-increasing nested sequence of subsets (i.e.
for any s <te I, A C Ag). In this case, define

As =) A (2.3)

tel

Then the notion of convergence for non-increasing sequence of subsets is defined as
follows.
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Definition 9. We say that the non-increasing sequence (A;)ier converges if Ao # 0.
Then Ay is the limit of (A¢)er

Denote by E,, the complement of A,,. Then,
Ey = U L,
tel
Let us now set the following assumptions :

Assumption 2. 1. Strong Markov property: For any T stopping time of F; = 0(Xs,0 <
s <t) and for any x € E,

Po(Xryt)ter € -7 < 00| Fr) = LrcooPx, (Xi)ter € -)

2. Convergence in law for the hitting times : For any x € Ey, (Taop,)s>0 converges
in law towards T4, under P, where 74 == 1inf{t > 0: X; € Ay }.

3. Continuity at time: For any s > 0 and x € Ey, the functions t — Py(Tacp, > t)
and t — Py(7a,, > t) are continuous.

4. Continuity at state: For any t € I, the function x — Py(Ta,, > t) is continuous.

Then the existence anf the uniqueness of the quasi-limiting distribution for converging
boundaries is stated in the following theorem.

Theorem 6. Assume that (A¢)ier is a non-increasing nested sequence of subsets con-
verging towards Ao, # 0. Assume moreover that Assumption 1 and 2 hold, and that the
Champagnat-Villemonais criteria (Al) — (A2) hold for the non-moving boundary A
(we recall that the assumptions (A1) and (A2) are introduced in the section 2.1).
Then there exists a unique probability measure « such that, for any u € Mi(Ep),

d
Pu(X¢ € -|Ta > 1) t%o o

The next results concern quasi-ergodic distribution. We show the existence and the
uniqueness of the quasi-ergodic distribution for (X;)ier when (A;)ier is non-increasing
and converges, but also when (A;).c is periodic. The statement is the following :

Theorem 7. Assume that Assumption 1 holds.
a) If (A¢)ier is y-periodic with v > 0,
b) or if the assumptions of Theorem 6 are satisfied

Then there exists a unique probability measure 3 such that, for any p € Mi(Ey),

d .
« ISP Pu(Xiedmasn) D op =2,

d .
* %ngu(Xs € -|Ta > t)ds t%o B, if I =Ry

In the last part of this chapter, we show that the Assumption 1 are satisfied for
some one-dimensional diffusion processes which are coming down from infinity. In par-
ticular, @-process and quasi-ergodic distribution exist for the two behaviors of moving
boundaries described above.
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2.3 Exponential convergence towards ()-process and quasi-
ergodic distribution

First, we recall Proposition 3.1. and Theorem 3.3. of [18]. In their paper, N.Champagnat
and D.Villemonais took a time-inhomogeneous Markov process and (Zs+)s<+ a collection
of multiplicative nonnegative random variables (i.e. satisfying Zs,Z,; = Zs;, Vs <r <
t) such that, for any s <t € I and x € Es, E;(Zs1) > 0 and supyep, Ey(Zs) < 0. In
our case, (X¢)ier is time-homogeneous, however the penalization (Z;)s<; we shall use
is given by

Zs,t = ]]-TAo@s>t—87 Vs <t

and is time-inhomogeneous because (A;);c; depends on t. Adapting their notation, we
define (¢s¢)s<¢ the non-linear semi-group defined by : Vs < t, € My (Ey), f € B(Ey)

Ps () (f) = Bpu(f(Xi—s)[Ta00, >t = 5)

Let to € 1. For any s > tg and x1,x2 € Es_4,, define vs 5, 5, and v, as follows

Vs,x1,m9 = ]2{112 ¢s—to,s(5xj) (2.4)
Vs = ZGHEl,irth (bs—to,s((sz) (25)

where the minimum of several measures is understood as the largest measure smaller
than all the considered measures. Finally, for any s > tg, define

P'Us,acl,xQ (TAOGS > t)

ds = inf 2.6

s tzo,m,lageEs_zo SUpP,e g, Pu(Ta00, > 1) (2.6)
P o t

¢ = inf —Pva(Taco. > 1) (2.7)

>0 sup,ep, Pr(Ta00, > 1)

3.3. of [18] in our situation (see [18] for a more general framework) :

In particular, vy < vs 4, 2, and d < ds. We can now state Proposition 3.1. and Theorem

Proposition 12 (Proposition 3.1. ([18])). For any s € I such that d,, >0 and y € Es,
there exists a finite constant Cs, only depending on s and y such that, for all x € Ej
and t,u > s+ tg with t < wu,
\"Ut—s
1

0 J_l
H (1 - dv—k) (28)

k=0

Py(Tac0, >t —5)  Py(Tac, > u—3)
Py(Tac0, >t —5) Py(Tac0, >u—3)

, =]
Jminf k];[ﬂ (1—dik) =0 (2.9)

< C,

in —
Y velst+tot] d

In particular, if
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for all s > 0, there exists a positive bounded function ns : Es — (0,00) such that

1i P:C(TAOGS >t —3) _ ns()
1m =
t—oo0 IP)y (TAOGS >1— 8) Ns (y)

,  Va,y € Eq

where, for any fized y, the convergence holds uniformly in x. ns satisfies for all x € Ej
and s <tel,

Ew(lmoesﬂfsnt(thS)) = ns(7)
In addition, the function s — ||ns||so is locally bounded on [0, c0).

Theorem 8 (Theorem 3.3 ([18])). Assume that
]

1 -
it 5 11 0= diw =0,

Then there exists (Qs.z)scrzcE, such that

d
Po(Xpog € 7400, > t+7T) TG% Quu(Xjpesy €°), VsteLz€E,

and Qs is given by

]17',40.93 >t—sTt (Xt—s)
Eq (HTAOGS St—snt(Xe—s))

Furthermore, under (Qsq)serzck,, (Xt)ter s a time-inhomogeneous Markov process.
Finally, this process is asymptotically mixing in the sense that, for any s <t € I and

x € E,
%)

||Qs,x(Xt € ) - Qs,y(Xt S ')HTV <2 H (1 - dt—k)
k=0

Qs (X5 € ) = Eqg <]1X[0’t$]e. ) , Vs<tel,xeFEs (2.10)

We proceed now with the proof of Theorem 1, hence we assume that Assumption 1
holds for the process (X;)ier. Let tg € I as defined in Assumption 1 and, considering such
a choice of ¢, define vs 4, 2,,vs,ds and d as in (2.4), (2.5), (2.6) and (2.7) respectively.
As a result, by Assumption 1, for any s €

ds > d; >c1c9 >0 (2.11)

Hence, by Proposition 12, (2.8) is satisfied and we have for any s < s + ¢y < ¢ < u and
z,y € Ei,

]P’ o t _ ]P) o _ 1 t—s
Px(m 0, >t—35) Pu(Ta00, >u—35) <Oy x ——(1- 6102){ - J (2.12)
y(Taco, >t —35)  Py(Tace, > u—s) cics

From this last equation, we can expect an exponential convergence of the family of
probability measures (P(Xjo, € -[Tacg > T +t))r>0 towards the Q-process. In the
following theorem, we show this exponential convergence and we provide some general
assumptions for the existence of quasi-ergodic theorem.
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Theorem 9. Let (X;)i>0 be a Markov process satisfying Assumption 1.
1. Then, for any s,t,T € I and x € Fj,

[IP2( X0, € “ITa00, >t +T) = Qs o( X544 € )TV

1 P, (TAOQS > t)
= (c162)Pa(Tacs, > to) subyep, ,, Py(Ta00,sy, > 1)

(1 — 0102) {%J

where Qs is defined by (2.10) in Theorem 8

2. If moreover
P >t
Ve € Ey  sup o4 > 1) < 00 (2.13)
10 SUPyc g, Py(Ta00,, > 1)

and if the Q-process satisfies a mean ergodic theorem, i.e. there exists a probability
measure 3 such that for any x € Ey,

1/lt Qo (Xs € )d —>(d) B (2.14)
t Jo 0,2\ s S ; .
Then for any x € Ey,

1 t
7/ Po(X, € |ra > t)ds % 5
t Jo t—00

The statement of this theorem is implicitly written for I = R;. Obviously, the
statement holds when I = Z, and, from now, we will confuse integral and sum to deal
with quasi-ergodic distributions when the time space I will not be specify.

Proof of Theorem 9. First we will show the exponential convergence towards the Q-
process essentially thanks to (2.12). In the second step, we will show the existence and
uniqueness of quasi-ergodic distribution using a method similar to that used in [17].

Step 1 : Exponential convergence towards the ()-process

We may extend (2.12) to general initial law p and 7 : putting moreover 1/c¢jcy
inside the constant, there exists Cs r > 0 only depending on s and 7 such that,
for any s > 0 and any 0 <t < u,

Pu(racs, >u)  Pu(Ta00, > t)’ LLJ
) - - < Csr(1— 0
‘Pﬂ'(TAOBS > u) PW(TAoé)S > t) > UL, ( 0102)

Thus, by Theorem 8 and letting u — oo,

p(ns)  Pu(Tace, > t) o {% J
(1) ]P)Z(TAoeS > t)’ < Csn(l - crc2) (2.15)
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where, for a general 1 € M;(F), and for any f € B(E),

p(f) = /Efdu

Using twice the Markov property, for any s,t,T € I and for any = € Ej,

L7 tPx (TAOGS > T)
]Px(X[O,t] € |Tacp, > T +1t) =E, (JIXME. TAogs >t Xt +t

Py(Tacg, > T +t)
L7 g, >tPx; (TA0H, ., > T) )
o(Lrop, >tPx, (TA00, . > T))
Px, (TAcp,., > T) )

- ECE :[]'X[O,t]e'E

=E,

Iy o1
[0,t]€ TA005>t]P>x(TA095 > t)P¢S,t,z (TA°68+t > T))

N N

where
¢s,t,x = Px(Xt S "TAOQS > t) (216)

Using this last equality and (2.10), for any s,¢,7 € I, for any x € E5 and any
Beég,

P (X0 € Blace, > T +1) — Qe u(Xjsr1s € B)‘

]]-X[Oﬂt]EB]lTAogs>t PXt (TAQQS_H > T) - 773+t(Xt)
’ ]Px (TAOQS > t) P¢s,t,w (TA005+t > T)) ¢5,t,33 (TISJFt)

% L geBLrac, >t
< Csttger. (1 —cre2) LOJ E, < [0,§€B * 74005 >

P, (TAOQS > t)

where the last inequality follows from (2.15). Moreover, for any s,t € I,

( ]lX[o,z] GB]]-TAOQS >t
X

=P, (X BT 40 t) <1, B
P (Ta00, > 1) ) ( 0.1] € 7400, > ) VBe &

Hence, for any s,t € I, z € E; and B € &,

T
Po(Xjog € Blracs, > T +1) = Qua(Xjsyps) € B)| < Costp (1 crc2) &

Note that [18] provides an explicit formula of Cs, in the proof of Proposition
3.1. for s and y fixed. Adapting this formula for a general probability measure
m and recalling that we put the term 1/cicp inside Cs », one explicit formula of
Csx for s € I can be

1 sup,ep, P.(Tacp, > vs — S)
77.( -
cica  d, Pr(Ta00, > vs — 5)

C, (2.17)
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Step 2

where vg € I is the smaller time v > s+t such that d], > 0 (with d}, as defined in
(2.11)). Since sup,cp, P.(Ta0p, > vs —s) < 1 and dj, > cica > 0 by Assumption
1 for any v € I, then, for any s € I and m € M;(Ej),

1
(c162)?Pr(Tacn, > Vs — )

Csr <

)

In our case, by Assumption 1, d,, > ¢1co > 0 for any time v, which implies that
vs = s+ to for any s € I. As a result, for any s € I and m € M;(Ej),

1
Cs,Tr < 2
(clcg) Pﬂ(TAogs > to)

Thus, for any s,t € I and = € Fj,

1

C < 2.18
s+t,¢s,t,2 (6102)2P¢5,t@ (TAOGS+,5 > tO) ( )

According to Markov property, for any s,t € I and x € Ej,

P (7400, >t +t0)
Py, , . (T4o >tp) = = 2.19
¢.s,t,1 (TA 98+t 0) PZ(TAQOS > t) ( )

Moreover, by Assumption 1, for any s,t € I and x € Ej,

Py (Ta00, >t +to) = Pu(Ta00, > tO)P¢S,tO,z (TA09s+t0 > 1) (2.20)
> 1Py (Ta00, > to)]P’,,Stho (TAogs+t0 > t) (2.21)
> c16Py(Tac0, > to) sup  Py(Tace, ., > 1) (2.22)

YEEs 14
Hence, combining equations (2.18), (2.19) and (2.22), for any s,t € [ and = € Ej,

]P)x(TAo@S > t)
6102)2]P$(TA095 >t 4 to)
1 ]P)I(TAOQS > t)
< (0102)3]?96(7'14093 > to) Sllpye]_qs_~_tO Py(TAO9s+t0 > t)

Cs+t:¢s,t,z S (

This conclude the first step

: Convergence towards the quasi-ergodic distribution

We just proved that for any 0 < s <t and = € Fy,

||Px(Xs € '|TA > t)_@(),a:(Xs € ')HTV (2.23)

1 Py(1a > s)
= (c162)3Py (T4 > to) SUDyc s, Py(TAoeto > 3)

(1 — 6162) {t;SJ

(2.24)
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By the assumption (2.13), for any x € Ejy, there exists C, < oo such that
PZ(TA > 8)

< C Vs >0
SUDyc 5, Py(TAogtO > 3) )

As a result for any 0 < s <'t,

1 st 1 st
H/Pd&e¢m>w®—/(%ﬂ&e)®
t Jo t Jo

TV

- (Clcg)BPI(TA > 1

I — C CZ S

B < Cuto ) 1—(1—ciea)®
(c1¢2)3(1 — c1e) log(1 — c12)Py (T4 > to) t
Let [ as defined in (2.14). Then for any x € Ey and f € B(E),
3 [ m > 0ds— 50|
H /PXG\TA>tds——/Q0xXe ‘ /IE s))ds — B(f)
< C to ) 1— (1 — clcg)to
< X
- (c1¢2)3(1 — c1e9) log(1 — c102)Py (T4 > to) t

+|7 [ B8 Cxas - 5)

where ng is the expectation with respect to Qp . Then, using the ergodic
theorem for the ()-process,

‘/E X,)|ra > t)ds — B(f)

— 0
t—o00

d

Some behaviors of moving boundaries and quasi-ergodicity

In this section, we will focus on two types of behavior for the moving boundaries

1. when A is y-periodic with v > 0

2. when A is non-increasing and converges at infinity towards A. # )

Under Assumption 1, the existence of the Q-process is provided by Theorem 8 (The-
orem 3.3, [18]) and we get moreover an exponential convergence towards the Q-process
provided by Theorem 9. Now we want to investigate on the existence of quasi-ergodic
distribution in the two cases described above.
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2.4.1 Quasi-ergodic distribution when A is y-periodic

In this subsection, we will work on periodic moving boundaries and we will assume
that the Markov process (X;)tcs satisfies the Assumption 1. In particular, considering
Assumption 1 for s =0, for any z € Fp and t € I,

1. ]P)w(Xto S '|7‘A > t(]) > C1l,
2. Pyy(1a > t) > c2Pyr(74 > )

It is always possible to choose ty in Assumption 1 such that tg = N, since every time t;
greater than tg suits. As a matter of fact, for a given ¢y for which Assumption 1 holds
and t; > tg, by Markov property, for any x € F, one has,

Px(th € '|7'A003 > tl) = P¢s,s+t1—t0(5m)(Xt0 € '|TA095+t1—t0 > to), (225)

where we recall that, for any s <t and p € My (Ey), ¢s:(1t) := Pu(Xi—s € :[Tacp, > t—5).
Then, writing the first condition of Assumption 1 at time s+¢; —tp and y € Esi4, ¢, a8

Py(Xto € " TAoOstq —t, > tO) > cll/5+t1Py(TAoes+t17to > tO)?

integrating over ¢g si¢,—t,(z)(dy) and dividing by ]P)Qbs,ertlfto((;z)(TAoeertlfto > tp), it
follows from (2.25) that
Po(Xt, € -[Tac0, > t1) =Py, o (6.)(Xto € |Ta00,44, 4y > T0)
> C1Vst, -
From now, ty will be taken such that ¢y = ngy with ng € N. Moreover, by periodicity of

A, it is easy to see that (v5)s>0 can be chosen as a y-periodic sequence. As a result, one
has

Vty = Vnoy = Y0

In all what follows, we will consider such a choice of (v5)s>0. The aim is to obtain the
convergence of the conditioned mean ratio towards a quasi-ergodic distribution which
will be unique. Let us state the result.

Theorem 10. Assume A is y-periodic with v > 0, and assume that Assumption 1 is
satisfied. Then for any x € Ey,

1 [t @ 1 [
g/o P, (Xs € |74 > t)ds = ’y/o Qo5 (X5 € -)ds
where [ is the invariant measure of (Xpy)nen under Qo.., i.e.

WneN, By =Qop (X €)= /E B, (d) Qo0 (X; € ).
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Proof. Since A is vy-periodic and ty9 € yN, one has Ey = E;, and for any x € Ejy and
tel,
P,(74 > t) < Py(74 > t)

suPye g, Py(Taco,, >t) = Po(Tacs,, > 1)

Hence the condition (2.13) is satisfied. Now we want to show an ergodic theorem for
the time-inhomogeneous Markov process (X¢)¢>0 under (Qsz)s>0,2cE,- Since (Ag)i>o is
~-periodic, for any 0 < s < ¢, for any « € Ej,

Qsthya(Xeghy € ) = Qeu(Xi € 1), VEEZy (2.26)

Moreover, for any n € Z,

Qo,z(Xny € ) = tl_iglopz(Xm € [ta >t)

= li P, (X, .
mEZ.E?I}l—mo a:( ™~ < |TA >m7)

= lim Py(Y, € |9 >m)

MEZL4 ,m—00

where 75 is defined by

_Jinf{n>1:3t e ((n—1)y,nv],Xr € A} ifYyeEy
= 0 if Yo € Ao

and (Y, )nez, is the time-homogeneous Markov chain defined by

v Xpy forn < 7y
"] 8 otherwise

where O plays the role of an absorbing state for (Y;,)nez,. In other words, 75 is an
absorbing time for (Y,)nez, and, under (Qoz)zcE,, the chain (X, ),ez, is the @Q-process
of (Yn)nEZ i

By Assumption 1 and recalling that we chose (vs)s>0 as y-periodic, (Y;,)nez, satisfies
the following Champagnat-Villemonais type condition :

1.
Ve € Ey, Pg(Yn, € |79 > no) > cip
Vo € Eg,Vn € Zy, Py (19 >n) > caPyr(15 > n)

where we recall that ng = %0. Hence, by Theorem 3.1 in [14], there exists 5, € M1 (Eyp),
C >0 and p € (0,1) such that for any n € Z,

H@O,x(Xn'y € ) - B'yHTV < Cpn, Va € By
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This implies that, under Qq., (X, )nen is Harris recurrent. We can therefore apply
Theorem 2.1 in [29] and deduce that, for any nonnegative function f,

/ f(Xs)ds = Egﬁv ( / f(X d5> » Qo -almost surely, Vx € Ey

where Eg u(G) = [ GdQp,, for any measurable nonnegative function G and p € M;(Ep).
It extends to f € B(F) using f = fy — f— with fi, f_ non negative functions. Thus, by
bounded Lebesgue’s convergence theorem, for any = € Ey and for any f € B(FE),

/ EY ))ds — Egs (i /(:f(XS)ds)

Hence the condition (2.14) is satisfied. We conclude the proof using the second part of

Theorem 9.
O

Remark 3. In [29], Hopfner and Kutoyants claimed their results for Markov processes
with continuous paths. It is easy to see using their arguments that the statement in
Theorem 2.1. can be generalized to any time-inhomogeneous Markov processes (X;)icr
such that the condition of periodicity (2.26) is satisfied and the chain (X, )nez, is Harris
recurrent. Other statements are made in Proposition 5 of [31]. See also the formula (2.2)
in [30].

2.4.2 Quasi-ergodic distribution when A converges at infinity

In this subsection, we assume that A is non-increasing and let A, as defined in (2.3).
We assume that A # 0.
We recall that E, is the complement of A.,. Define

Ta,, =inf{t >0:X; € A}
and set the following assumption :
Assumption 3. there exists voo € M1(Eo) such that

1. there exist too > 0 and c1,00 > 0 such that

Py(Xt € |Tay > too) > CloolVoo, VX € Eng

2. there exists co o > 0 such that

Py (Ta, >1t) > c2.00Pr(Ta, >t), Vre€Ey,Vt>0
In what follows, we will first state the existence and uniqueness of a quasi-limiting

distribution under Assumptions 1, 2 and 3. Then we will deal with quasi-ergodic distri-
bution.
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Quasi-limiting distribution

First we state the following proposition which will be useful to prove the theorem on the
existence and the uniqueness of the quasi-limiting distribution.

Proposition 13. Under Assumptions 1 and 3, for any B € &, the quantities

limsup P, (X; € B|Tacs, > t) and liminf P, (X; € B|7Tacp, > t)
t—o00

t—o0
do not depend on any couple (s, ) such that u € My (Es).

Proof. We recall the part of Theorem 2.1 in [18] adapted to our case:

Theorem 11 (Theorem 2.1., [18]). For any s € I, for any pi, pe € My(Es), for any
t> s +to,
i

Py (Xe—s € “Tacs, >t = 8) = Ppy(Xyms € -|Tac0, >t =8)llrv <2 [ (1 —dyi)
k=0

(2.27)

Let B € £. First we remark that, for s fixed, limsup;_, o P, (X; € B|Tacp, > t) does
not depend on p € M;(E;). This is straightforward since, thanks to (2.27), for any
s >0 and any p1, p2 € My (Es),

1Py (Xt € -[Tac0, > 1) = Puy (X € |Ta00, > t)llTv 2 0

which implies that for any s > 0 and u1, o € M1 (Es)

limsup P, (Xt € B|Taop, > t) = limsup P, (X € B|Tacp, > t) (2.28)
t—o0

t—o00

Now for any u > 0, denoting p, := Pu(Xy € |Tacg, > u) for any p € My (Ey),

limsup P, (X; € B|Tacs, > t) = limsup P, (Xiyu € B|Tacs, >t + u) (2.29)
t—00 t—o0
= limsupP,, (X; € B|Tacp,,, > 1) (2.30)
t—ro0
= limsup P, (X; € B|T4cp,,, > 1) (2.31)

t—o00

where we used first Markov property, and then (2.28) with a given probability measure
IS Ml(Es+u)-
Hence (2.28) and (2.29),(2.30), (2.31) show that limsup; ., P,,(X; € B|Tacs, > t) does
not depend on any couple (s, u) satisfying s € I and u € M;(FEs). A similar reasoning
shows that liminf, oo P, (X € B|T40, > t) does not depend on s and p either.

O
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Before showing the existence of quasi-limiting and quasi-ergodic distribution, let us
state the following proposition providing a uniform-in-time convergence of the time-
inhomogeneous conditioned semi-group towards the time-homogeneous limit semi-group

Proposition 14. Assume Assumptions 2 and 3. Then for any x € Ey,

lim sup ||Pz(X: € <|Tacp, > t+T) —Pp(Xy € -|Ta, >t+T)||l7y =0 (2.32)
1

$—00 4 e
Proof. Let x € Ey. Then, for any s,t,7 € I and B € £,

Py (X: € BlTacg, >t +T) —Py(X; € Blra, >t+1T)]
‘ Pyo(ta, >t+T) Py(Xi € B,Tacp, >t+T1T) Po(Xi€B,7a, > t+T)‘

Py (Tacp, >t +T) Py(ra, >t+1T) Py(ra, >t+1T)
‘ Pu(ta, >t+T) Pu(Xy € B, Taop, >t +T) Pu(X; € B, Taco, > t+T)’

IN

Pu(Tace, >t +T)  Pu(ra, >t+7T) Pe(ta >t+T)
P.(X; € B,Taog, >t+T) Pu(X; € B,1a, > t+T)’

Py(ta, >t+1T) Py(ta, >t+1T)

<‘]P)x(TAoo>t+T) P.(X: € B,Tacg, >t+T)

T Py(Ta0p, > t+T) Py(ta, >t+1T)

N P.(X: € B,Tacp, >t +T) —Pyu(Xy € B, 74, > t+T)’
Pm(TAOO >t+T)

<‘]P>$(TAOO>t+T) _1‘ Po(Taco, <t+T < Ta)

- Pm(TAogs > t—I—T) ]P)ﬂf(TAoo > t—‘rT)

—1‘><

where we used several times the fact that A,, C Ay for any t (in particular to say that
Py(Tacp, > u) < Py(1a,, > u) for any u € I). Hence it is enough to prove that

Po(Ta00, <t < Tay)

W R o 2
As a matter of fact, (2.33) is equivalent to
P o9, >t
sup —m(TA b ) -1 — 0
tel PI(TAOO > t) 57700

and it is easy to check that, for general functions (s,t) — f(s,t), (f(s,-))ser converges
i 3 also converges
) S

.t
uniformly towards the constant function equal to 1 if and only if (

I el

uniformly towards 1.
Since A is non-increasing, for any s < s’ and t € I,

]P>ac('7_AoGS <t< TAOO) Pl‘(TAOGS/ <t< TAoo)
Py(1a, >1t) - Py(ta, >1t)
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Moreover, using the convergence in law for the hitting times of Assumption 2, one has,
for any t € I,
PZ(TAOOS <t < TAoo) 0
P, (7‘,400 > t) s—00
Finally, by the strong Markov property of Assumption 2, for any t € I,

]P):E(TAOQS <t < TAOO) = Ex(]]-TAOQS §t¢(XTA098 ) TAoesat))

where ¢(-,-,-) is defined as follows

Vz € Exo, V0 <u<t, ¢(z,u,t)=P,(ta, >t—u)

By Assumption 3, there exists a unique quasi-stationary distribution oy, for the process
(Xt)ter absorbed at Ao, (Theorem 2.1., [14]). Then we recall (see [42, 19]) that there
exists Ay > 0 such that

P (Ta, >t)=e >t Vel

In [14] it is shown (Proposition 2.3.) that there exists a positive bounded function 7.
defined on EF, such that

Noo(z) = lim e)“X”tIP’QE(TAoo >t), Vaé€ FEy (2.34)

t—o0

where the convergence holds for the uniform norm on E.,. Thus, by [Proposition 2.3,
X TAobsot) . .

[14]], L7440, St% is uniformly bounded and converges almost surely towards

Ao TAobOg Moo (XTAOQS )

Lryop, <oo€ ) Then, by the bounded Lebesgue’s convergence theorem,
for any s € I,

o Pu(Tacy, St <Ta,) .. P( X710, 5 TAH, 5 1)

lim = lim E, 117',4 0. <t

t=oo  Pu(Ta,, >1t) t—o0 T Pa(Tan > 1)

Moo (X740, )
=K 1 )\ooTAOGS oYs
: < e Moo (@)

X o S
For any s € I, we can therefore define t — W

I'U{oo} setting

on the Alexandroff extension

Pu(Ta09, <00 <7Ta,) .. Pu(Tacs, <t <Ta,) Aot ang. Moo (Xraco,)
— llm = El‘ :[]'TAOQ <OO€ oblsg —_—~ "797
Py(Ta,, > 0) t—00 Py(Ta, >t) s Moo ()

. PZ(TAOQSSOO<’TAOO)) . . . . .
Then, like any t € R, ( Fo(rin>09) ,> 18 non-increasing and since 7~ vanishes on

Ao and 1) is continuous (this is due to the continuity at state of Assumption 2 and the
uniform convergence (2.34)),

lim Pa(Ta0p, < 00 < 7a) = lim lim Py (Tacs, <1 <7Ta)

=0
500 Py(1a,, > 00) 5500 t—500 Py (14, >t)

We conclude to the uniform convergence (2.33) using Dini’s theorem for a decreasing
sequence of functions. O
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Let us state the theorem on existence and uniqueness of quasi-limiting distribution.

Theorem 12. Assume that (A¢)i>0 i a non-increasing nested sequence of subsets con-
verging towards Ao # 0 and assume Assumptions 1, 2 and 3.
Then there ezists a unique o € Mi(Ex) such that, for any p € Mi(Ep),

(d)
Pu(X¢ € -|Ta > 1) A
Proof. Fix B € £ and note that, by Assumption 3, for any u € M;(Fx)

limsup P, (X; € Blta,, >t) =liminf P, (X; € B|ta, > 1) = ao(B)
t—o0 t—o0

where we recall that oo is the quasi-stationary distribution of (X;)tc; absorbed at

As. By Proposition 13, for a given s € I, limsup; ., P, (X; € Bl|racp, > t) and

liminf; o P, (X; € B|Tacp, > t) do not depend on p € M;(E,). Denote therefore by

Fgup and Fj, ¢ the functions defined by, for any s € I and any p € My(E;) ,

Foup(s) = limsup P, (X; € B|Tacg, > t) = limsup P,(X; € B|Tacp, > 1)
t—o00 t—o00

Fing(s) = ligg}f P,(X: € BlTacg, > t) = litrg(i)glf]P’x(Xt € B|Tacp, > t)

for a given & € Ey. Then Fj,;, and Fj,; do not depend on s either (by Proposition 13),
hence for any s € I,

Foup(s) = uh_}rlgo Foup(u)

Fing(s) = lim Fj,p(u)

U— 00

Moreover, by the uniform convergence (2.32) of Proposition 14,

Jim Foup(u) = Jim hﬁf;ﬁlp P, (X: € B|Tacg, > 1)
= limsup P, (X; € Blra, >1t)
t—r00
= ax(B)

Similarly,
Jim Fingp(u) = aco(B)

Hence, for any s € I and p € M;(Ey),

limsup P, (X; € B|Tacs, > t) = litm inf P, (Xy € B|Tacs, > 1) = too(B)
—00

t—o0
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Quasi-ergodic distribution
Now we can state the existence and uniqueness of the quasi-ergodic distribution :

Theorem 13. Under the assumptions of Theorem 12, for any x € Ey,

/}P’XG|TA>t) ﬁoo

where Boo is the unique invariant measure of the Q-process of (Xt)t>o absorbed by A

Proof. Since A is non-increasing, for any « € Ey and t € [,

Py(ta > 1) < Py(14 > 1)

<1
supye g, Py(Taco,, >t) = PelTace,, >1) ~

Hence the assumption (2.13) in Theorem 9 holds.
Now, we will show that the Q)-process converges weakly towards a probability meas-
ure. Fix B € £. Since we have the following inequality shown in Theorem 3.3 of [18]

%]
HQs,m(Xt c ) - Qs,y(Xt S ')HTV S 2 H (1 - dtfk)
k=0

where we recall that d is defined in (2.6) and we define, for any s € I, and u € M;(FEs),
Qs u(Xt € 1) i= [, 1(dr)Qs (Xt € -). We get therefore that for any ui, ps € Mi(Es)

lim sup Qs , (X¢ € B) = limsup Qs ., (X € B)
t—o00 t—o00
and we can therefore use the reasoning of the proof of Proposition 13 to show that, for
any s,u € I, for any p,v € Mi(Eg) x My (Esty),

lim sup Qs ,(X; € B) = limsup Qg4 (X; € B)

t—o00 t—o00

In particular, for any s € I, u € M1(Es) and = € Ej,

limsup Qs ,(X; € B) = uhm lim sup Q,, . (X: € B)

t—00 —0  t 00

By the uniform convergence (2.32) of Proposition 14, for any s € I, u € M;(Es) and
x € Ey,

lim sup Qs ., (X; € B) = hm limsup Q, »(X: € B)

t—o00 t—o00

= lim limsup hm P, (X: € BlTacg, >t+1T)

u—>oo t—00

—hmsupThm P, (X: € Blta, >t+1T)

t—o00

= limsup Q°(X; € B)

t—o0
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where for any x € F
QX (X, € B) = Tlim P, (X; € Blta, >t+1T)
—00

is well-defined by [Theorem 3.1, [14]] under Assumption 3. This theorem states moreover
that (X¢)ier admits under (QS°),c g, a unique invariant measure o and for any = € E

T
tliglo Q;O(Xt S ) = Boo
Thus, for any B€ &, s € [ and x € E;

lim sup Qs »(X¢ € B) = fo(B)

t—o00

= liminf Q, ,(X; € B)
t—o0

Finally, thanks to the convergence in law of the Q-process we just prove, we can deduce
the weak ergodic theorem using Cesaro’s rule

o1
lim —
t—oo ¢t

[ Qoux, € s = e

Hence the condition (2.14) holds. As a result we can apply the second part of Theorem

9 and conclude the proof. O

2.5 Example : Diffusion on R

Let (X¢)¢>0 be a diffusion on R satisfying the following stochastic differential equation
dXy = dWy — V(Xy)dt (2.35)

where (W;)ier, is Brownian motion on R and V € C'(R) non-negative on R;. We
assume that, under P, there exists a strongly unique non explosive solution of (2.35)
such that Xy = = almost surely.

Let h be a positive bounded C'-function. We define 73, the random time defined by

T, = inf{t > 0: X; = h(t)}
and more generally, for any s > 0, we define 75,09, by
Thoo, = Inf{t > 0: Xy = h(t +s)}

2.5.1 Assumptions and preliminaries

We assume that (X;);er, comes down from infinity (in the sense given in [11]), that is,
there exists y > Rpaz = Supg>o h(s) and ¢ > 0 such that

Jim Py(ry <t)>0 (2.36)
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where, for any z € R,
T, :=inf{t > 0: Xy =z}

In this case, as remarked in the subsection 4.5.2. of [13], one has

1 1 Y
1 o)
/0 v (ya:llfl(m)] Az(y)/z (&) m( 5)) v < o0

where, for any z > 0, A is the scale function of X satisfying A,(z) = 0 and defined by

Ay(x) = / 2o V©de gy o > 2 (2.37)
and m is the speed measure of (X;);>¢ defined by

m(dg) = 2¢2Js VEE g

In particular, for any z > 0, the process Y := (A,(Xt))t>0 is a local martingale and,
since X is solution of (2.35), by Itdé’s formula, for any ¢ > 0,

t
V=Y [ ALAS ).
0

Note that A, = Aj = 2 Jo VOE g any z. So denoting for any x,z > 0 o,(z) :=
AL(AZY) = Aj(ASY), one has
AV} = 0. (Y7)dW,

Adapting [Theorem 4.6.,[13]] for general diffusions, we deduce that for any ¢t > 0,
there exists A7 < oo such that

P.(t <1y) < A7A.(x), Vx>z
So let wy > 0 arbitrarily chosen. One has for any z > 0,
Py(up < 7)) <AL A (2), Vo>=2 (2.38)

or, equivalently,
]P’AZ_1(x)(u1 <7) <Ay r, Vr>0

Denoting, for any r > 0 and for any process (R;)i>0, 7r(R) := inf{t > 0: R, = r}, one
has for any z > 0 and x > 7,

Prorpy(ur <7pyo1y) =P (7 (Y7) > w Yy =)

Since z — A;!(z) is increasing for any z > 0 and A is non-decreasing (because V is
non-negative on R, ), then, for any x > 0 and for any z > 2/,

o,(x) > 0(x) (2.39)
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Thus, using the same reasoning as in the proof of Lemma 4.2. in the paper [18], it is
possible to show that (2.39) implies that, for any z > 2’ and x > r

P(r(Y?) > ul‘YO‘Z/ =z) > P (n (V") > u1’}702 =)
or, equivalently,
Taking 2/ = r = 0, for any = > 0,
IP’Agl(l,)(ul <71y) < PAgl(I)(ul <79) < Aglx, Vo >0
In conclusion, one has, for any z > 0,
Py(ug < 7) < AglAz(m), YV >z (2.41)
One set A := A) . Let us now state and prove the following lemma.

Lemma 2. There exists ug > 0, k > 0 and a family of probability measures (1/12)26[07,17%%]
such that, for any z € [0, hymaz),

Py (Xy € |75 > u) > Kp,, Vo > z,Vu > g (2.42)

The difference between this lemma and [13, Theorem 4.1] is that the time ug and
the constant x do not depend on z. The sketch of the proof is inspired from the proof
of the Theorem 4.1 presented in [13, Subsection 5.1].

Proof. The following proof is divided into three steps.

Step 1. : Mimicking the Step 1 in the proof of [13, Theorem 4.1]
The aim of this first step is to prove that there exist €, ¢ > 0 not depending on z such
that
Pr(A(Xyy) > €|me >u1) > e, Ve>z (2.43)

Since, for any z € [0, hynaz), Az (X) is a local martingale, one has for any = € (2, A;71(1)),

A (z) = Ex (A, (XU1/\TZ/\TAZ—1(1) )

=Py(7, > ul)]E-%(AZ(Xul/\TAfl(U”TZ > up) + Pm(TAZ—1(1) <7, <wu)

By the Markov property,

]P)aj(TA;l(l) < Tz S ul) S E$(17A21(1><Tz/\UIPA;1(1) (Tz S Ul))
< ]P)x(TAz_l(l) < TZ)]P)AZ_I(I) (’TZ < ul)
= Az (@)Py -1y (72 S 1)
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where the following identity is used

Pu(1q < 1) =

1
Eo(1=Au(Xinr 1< T) S1— o
z z

where A/, := A/]PA;1(1)(U1 < 7). But, since z € [0, hmag], the inequality (2.40) applied
to r = 0 implies that

hmax

So, defining A’ := A/P, 1 (1)(u1 < Th,...), One has

hmax

1 B
Eo(1 = Ax(Xuinr, 4 ur <7:) 1=, Vo€ (2,A71(1)

Thus, using the Markov inequality,

1
TZ>U1>§1_M

1
P, <Az(Xu1/\TAZ_1(1)) < oA 1

Then, since A’ > 1 by (2.41), 1/(2A" — 1) < 1. Thus, for any € € (0,1/(24’ — 1)) and
€ (2,A71(1/(24' - 1)),

Pr(AL(Xyy) > 6,7 > up)
2 Po(Th10yarry) SWATH T g 000 00 > W Tz ea-1y)
= PalTp100ar-1y) <A TIPA 1)) (Taz1 () > w1)

> P, (AZ(Xul/\TAzl(l)/\Tz) >1/(24" - 1)) Prta/@ar—1)) (Tazig > 1)
Px(Tz > ul)
—oa Partwea-) Tz > w)
Pu(7, > uq)
Z oA I aea-n (T o> )

>

wh.er'e (2.40.) is uéed again. So, if € is chosen such that IP’A;;LM (1/2a-1) (TA;:”M © > /ul) >
0 (it is possible since ]P)Aﬁfn (1/(214,71))(7'3 > up) > 0), then there exist € € (0,1/(24’—1))

ax

and ¢ > 0 (not depending on z) such that, for any = € (2, A;1(1/(24" —1))),

Pr(AL(Xy,) > €lt: >up) > ¢
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For x > A;1(1/(24" — 1)),

Pr(Ay(Xyy) > €] > up) > Pr(Ay(Xyy) > 6,72 > up)

=Pz jear) Moz > 1)

2Py a9 > 1) >0

Finally, there exist € € (0,1/(24" — 1)) and ¢ > 0 (not depending on z) such that, for

any r > z,
Pr(AL(Xy,) > €lt: >up) > ¢

Step 2. Mimicking the steps 2 and 3 in the proof of [13, Theorem 4.1].

Now, taking the exact same reasoning as the one presented in the second step of the
proof of Theorem 4.1 [13, Subsection 5.1], one can prove that, for any z € [0, hpqz], for

all x > ¢,
IP)Az_l(e) (Az(Xuz,z) €T > UQ,Z) > Cl,zl/)z

where
® uy . can be any time satisfying

inf P U =: ¢, 0
v y(Tz < 2,z) 1z =

/
c1z =) Pyo1 o (T2 > uaz)

Up =Py (Ao (Xuy ) € |72 > u2z)
In particular, for z = 0, one choose ug g such that

;I;%Py(’ro < ’U,Q’()) >0

Hence, for any z € [0, hpmaz| and = > z,

Pm(TZ < UQ,()) > Pm(To < 'LLQ’()) > ;I;%Py(’ro < UQ’O) = 0/1,0

Hence, for any z € [0, hpmasl,

C’l = inf Pm(TZ < 'U/Q’O) > 0/1,0

E x>z

In other words, we can set for any z € [0, hnaq]

U2,z = U20
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Hence, one can define for any z € [0, hpaz],
€1, = Cll,z]P)Agl(g)(Tz > u2,0), Uy 1= PA;1(€)(AZ(XUZ’O) S -’TZ > uzo)

As a result, doing the same computation as those presented in Step 3 of the proof of
Theorem 4.1 in [13], and defining ug := uj + uzp, for any = > z,

Pr(AL(Xyy) € |72 > up) > 1 200, > CC/LOIP’A;:”M&) (Thimas > 12,0)02

In conclusion, to get (almost) (2.42), one has to set xk := CC/LO]P)A;I © (Thmee > ©2,0)
and 1, := }P’A;1(e) (Xuso € “|72 > u20) and one has "
Pyp(Xuy € |72 > up) > Kby, Vo >z (2.45)

Step 8 : Conclusion
By (2.45) one has for any x > z,

Py (Xuy € -T2 > ug) > K0Pr(72 > up)
Integrating the above equality over pu(dx), we deduce that for any u € Mj((z,0)),
Pu(Xuy € -, 72 > ug) > KPP, (12 > o)

that is to say
Pu(Xuy € |72 > uo) > Kz, VY€ Mi((z,00))

In particular, using Markov property and denoting ¢, y—uyz = Po(Xuy—u, € ‘|72 >
u — up), for any u > up and x > z,

Po(Xy € 1y > u) = Po. g (Xuy € |72 > ug) > K1,

which is (2.42) O

Before showing that the Assumption 1 is satisfied when h is periodic or converging,
we will need to give some hypothesis on the function V' as defined in (2.35). In the both
case we will deal with, the absorbing function h will be Lipschitz, i.e.

L= sup PO RO
s<t |t — s

Now we state the assumption we need on the function V'

Assumption 4 (Hypothesis on V). e V is such that the process X satisfying (2.35)
comes down from infinity

e V is positive and increasing on [—Lug, 00) (where ug is mentionned in Lemma 2)
e sup,cp V'(7) — V3(z) < 00

Note that the functions V : x — (z+¢)® with @ > 1 and ¢ > 0 are suitable functions.
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2.5.2 Periodic absorbing function

In this subsection, we will assume that h is y-periodic (v > 0) and we want to show
the existence of Q)-process and quasi-ergodic distribution for diffusion processes coming
down from infinity.

Proposition 15. Under the assumptions described in Subsection 2.5.1, Assumption 1

1s satisfied. In particular, we obtain the exponential convergence towards the @QQ-process
of Theorem 9.

Proof. We will show that the four points in Assumption 1 are satisfied.

1. Denote by Tmae the set defined by

where we recall that hpa. = supg>g h(s). The main part of this proof is to show
that there exists Ciuq, > 0 such that, for any s € Ty, and any u € [ug, ug + 7]

Px(Xu S -’Thogs > u) > Chaz¥n, VY > hmaz (2.46)

max?

where up and vy, are defined in Lemma 2. Then we will generalize (2.46) to any
s > 0 using Markov property.

First step : Proof of (2.46)
Let s € Tpae. For any o > hpas, for any ¢ > 0,

Px(Th > t)
Pr(X; € |Thep. > t) > ——22— P, (X; € - >t
x( t € ‘Th 0s ) = Pz(Thoes > t) -73( t € |Thmarc )

Using the Champagnat-Villemonais type condition (2.42) for z = hpqs, for any

u 2 U,
P, (Xy € |Th,,., > u) > Kp,..., V&€ (hmaz,o0)

Then we obtain for any vy < u < ug + 7,

Po(Th,,0e > w)

]P)z(Tho@S > u)

Pm(Thmax > ug + ’Y)
P (Thop, > o)

Py (Xy € |1 > u) > Kn, .

K/whmar

[h(t)=h(s)]

Recalling that h is Lispchitz and that we defined L = sup,<, =]

S (hmaxa OO),

, for any

]Pfr (Thmaz > Ug —+ ﬂ)/)
Pz(ThOHS > UO)

Po(Tu—shmaw—Lu > U0)

>

where
Tu*)hmaz*Lu = lnf{t Z 0 : Xt = hmax _ Lt}
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To show that
inf P, (Thmax > ug + 7)

>0
€ (hmaz,00) ]P)Z‘(Tu—>hmaw—Lu > UO)

using a continuity argument, it is enough to show that

]Pm (Thmax > uo + ’Y)

lim inf 2.47
xl—lgwlnrzln P, (Tu—>hmam—Lu > UO) =0 ( )
and P,
lim inf (Thimar > o +7) >0 (2.48)

T—00 Px(TU%hmaz_Lu > UO)

(2.48) is obvious since

P
lim inf 2 (Thinae > U0 +7) > lim Py(rp,,,,.. >ug+7y) >0

T=200 PJ}(Tu—mmM—Lu > UO) T—00

Thus let us focus on (2.47). Our strategy will be to reduce the study to the case of
a Brownian motion. Denote by (M;);>0 the exponential local martingale defined
by, for any t,

Mt—exp( /V W—f/v2 )
= exp (F(Wo) — FOW) + 5 [ (v/0w) - VA(W.))ds)

where F' is a primitive of V' that we choose as a positive function on [—Lug, co) (it
is possible since F' is necessarily non-decreasing by the assumptions on V). Under
P, for € (hmazs hmaz + 1], Wo = x almost surely. Moreover denote by 7'};‘; i and

W

weshoas— L the following random times

T,IL/I:WI =inf{t > 0: Wi = hinas }

Tu”i)l“bmaszu = inf{t > 0: W = hyae — Lt}

Thus, since F' is non-decreasing, the stopped local martingale (M, AuoATW )0

u—>hmar—Lu’ —
is almost surely bounded by exp (F (hmaz + 1) + % sup,ep V' (y) — V3(y )) and is
therefore a martingale. Likewise, the stopped local martmgale (Mip, Al )tzo
is also a martingale. By Girsanov theorem,

PI(Thmaz > uo + ’Y) o Ex (]‘T"::/naz >u0+’yMu0+’y/\Tf‘:‘:naz)
]P);L’(Tu%hmaszu > U()> E,; (

u%hmaz Lu>u0 UO/\T u—>hmax — Lu)

Eﬂ?( e >ug+y u0+’7>
Ry, )

Tu—»hmax —Lu
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For any z € (hmaz, hmae + 1],

Ex(]lem>uO+7 uo+y) ( Thomaz U0 Mugt~Lsup,cio,ug 14 Ws<hmaz+2>

On the event {sup,cpo uo+y Ws < himaz + 2},

uo + 7y ) N B
2 Se[heraiI}}fmax+2}(v (S) V (S))> —- Mu0+’7

Mg+~ > exp (—F(hm,m +2)+
As a result,
EI(J]-T}‘;KT/;LM: >U0+7Mu0+’y) Z M’U,0+')/Ea: <]].7_}‘l/[7/nax >U0+’Y]]'SUP36[O,uO+'y] nghmam-i-Z)

> M, P, (77 >wg+ inf P su Ws <h + 2
Z Mayg4~ x( hmaz 0 'Y) v (hmanhmas+1] y sE[O,uE—&-'y] s > Nmax

TlK;az > ug + ’7)
Noting that

lim P, sup Wy < hpmas + 2
y_>hmaac SG[O,’U{rF'y}

T%M >uo+'y> :]P’< sup W5+<2> >0
s€[0,up+7]

where (W;");>0 is a Brownian meander (see [23], Theorem 2.1.), we deduce finally
that there exists ¢ > 0 such that for any = € (hmaz, Pmaz + 1]
E.(1 w >uo+vMuo+V) > Py (T}L/‘Tfnam > uo + 7)

T
max

On the other side, as we said before, (M, \,w )t>0 is almost surely

u—hmax—Lu
bounded by exp (F(hmw +1) + % sup,ep V'(y) — V3(y )) Hence there exists d >
0 such that, for any = € (hmaz, Pmaz + 1],
E, (]l w _Lu>u0M ) < dP ( Tu—shmaz—Lu > UO)

u—>hma'r
As a result, for any (hmazs Pmaz + 1],

E ]P’;C(T]ZYMI > Uo+’}’)
dP,(tW > ug)

Uu—hmaz—Lu

Pz(Thmm > Ug + ’}’)
PI(Tuﬁhmaz—Lu > UO)

>

For any z > hmax, denote by pmaw (z,-) and p¥, homas— Lu(T> +) the density functions

of T}‘L/Yn ., and ™ wesh,.. L, Which are known to be equal to
—h —h 2
oY () = Lo g (27 Pman)”
max 27Tt3 2t

x—h 1
Pushmas (¥ 1) = —=5= exp (—Qt(x — mag + Lt)Z)
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Then, for any = € (hmaz, Pmaz + 1],

Po(riV >0 +7)  Janiy Pl (@, 1)dl
Px(’ryi’hmax_l’u > UQ) f;)(? py—)hmax—Lu(x7 t)dt

By I’'Hopital’s rule,

PI(TIE/ZM > U +’7) quoo—',-—y &Up}?;az (JU,t)dt

lim = lim

e=hmas Po(TY ) 1y > U0)  w—hmas [ Oep g (@, t)dt
— flto(f+'Y axphwnm,:c (hmax’ t)dt > 0
fuo(? 8a:pzv_>hmaz_Lu(hmaxa t)dt
As a result,
P > P. (7 >wug+
lim inf 2(Thinar > U0 + ) > ¢ lim x(mf}m“‘” 0+7) >0
T—hmaz Px(Tuahmaz—Lu > 'LLO) d z—=hmaz Pw(Tuﬁhmaw—Lu > u(])
. . P (Thppae >U0+7) . -
In conclusion, inf > 0 and (2.46) holds with Chep =

2€ (hmaz,00) Po(Tu— hymae — Lu>U0)

Po (Thypas >U0+7)
Py (Tu—>hmaw —Lu>U0)

K X inf
2€(hmaz,00)

Second step : Generalization and conclusion
Now let s > 0. Then there exists s’ > 0 such that s + s € Tae. As a result we
can construct a function g : Ry — Ry as follows

g(s)=inf{s' >0:s+5 € Thas} (2.49)

In particular, g(s) = 0if s € Tpyqz. Since h is a continuous function, s+¢(s) € Tmax
for any s > 0. Moreover, since h is y-periodic, then for any s > 0, g(s) < 7.
Thus for any z € Ej,

Po(Xugty € |Thop, > 1o +7) = Py, ) . (Xugtr—g(s) € “|Thot, o) > 0 +7 = 9(s))
thanks to Markov property, where we recall (see (2.16)) that
gbs,g(s),x = PCE(Xg(S) € '|Th095 > g(s)) € Ml((hmama OO))
Now by (2.46), for any = > h(s),
Pf(XUO""Y € .‘Thoes > Uup -+ FY) = Pd)S,g(S),cc (XUO‘F'Y*Q(S) € "Th093+g(s) > to + 7= g(S))
2 Cwuwcwhmaz

since ug + v — g(s) € [uo,up + 7). As a result the first condition in Assumption 1
holds denoting for any s > 0,

Vs = ,l/}hmaz
to =7+ ug (250)
c1 = Cnaa
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2. For the second condition of Assumption 1, we will use some part of the proof of
[Theorem 4.1, [13]]. First we recall [Lemma 5.1.,[13]]

Lemma 3 (Lemma 5.1., [13]). There exists a > hpqz such that ¢y, ([a,00)) >0
and, for any k € N,
IP)a(AXVk:uo/\Thmam > CL) > e Pkuo

with p > 0.

So let a as in the previous lemma. It is shown in [13] that we can choose b > a

large enough such that

supE;(e’™) < oo (2.51)
z>b

Using Markov property,
]P)a(t < Thoﬁs) > ]PG,(XSQ/\T}Lmaz > b)Pb(t < ThOQS)

for any ¢ > 0 and any sqg = koy with kg € N . Then, for sg > 0 fixed, C' :=
1/Po(Xsonry,... > b) < 00, and for any ¢t > 0 and any s > 0,

Pyt < Thop,) < CP(t < Thop,)
Thanks to Markov property again, for any u <t € Ry
Po(Xunm,,,, = @)Pa(t —u < Thop,,,) < Pa(t < Thop,)
According to Markov property, for any u € R,

]P)a(Xu/\‘rhmaz >a) > IP)a(XL > Q)Pa(X(u—L%Juo)/\Thmaz > a)

> C/]P)G(XL%JUO/\Thmaz > CL)

u
%J uO/\Thma.r

where

C'i= inf Po(Xon, >a)>0
vE[0,uo] mar

since v — Po(Xyar,, . > a) is continuous and Py(Xyar, > a) > 0 for any
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v € [0,up]. Gathering all these inequalities and using also Lemma 3, for any x > b,

t
Px(t < Thogs) < ]P’;,;(Tb > t) +/ ]P’b(t —u< Th095+u)]P)x<Tb S du)
0

t
< sup B, (eP™)e P! 4 C /0 Pa(t — 4 < Thoo,.,)Pa(m € du)

x>b
< sup By (™) P L/ uoluo
- z>b
Pa( ) t 1 Po(my € du)
—|——at<7h095/ =\ € du
Cl 0 PQ(XLU/HOJUOAThmaCL‘ Z a)

uw C

_ P | t
< supE.(ef™)e e p({“OJ ) + 5Pa(t < Thogs)/ eP'Pr(1p € du)
0

x>b

< sup E, (e”™)e”  Po(X (|t fuo |+ 1)yuorn,,,, = @)
=z

C t
+ S Palt < Then,) / PP, (7, € du)
0

C t
< supE,(e’™)eP Py (Thop, > t) + a]P’a(t < Thod,) / eP'Py(1y € du)
>b 0

We deduce from (2.51) that, for any ¢t > 0,

Suppx(t < Tho,gs) < C”Pa(t < Thogs)
z>b

where

C
" = (epuo -+ /) supE,(e’™) < oo
C r>b

Since ¥y, ([a,00)) > 0, we conclude the point 2. of Assumption 1 setting

()
2= c

2.5.3 When h is decreasing and converges at infinity

Now we consider h as a decreasing C'-function going to 0 as t goes to infinity. In
particular, hp,q, = h(0).

Since this is a diffusion process on Ry, (X;);>0 satisfies the strong Markov property

and the two assumptions of continuity presented in Assumption 2. Moreover, since

t — Xi is continuous almost surely and, for any s > 0, 7,(,) is the hitting time of the

closed set [—1,h(s)], then 75 —2 70 almost surely, which implies that Thos, — 70
S o S o

almost surely. This entails the convergence in law of the hitting times of Assumption 2.

Now let us state and prove the following proposition.
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Proposition 16. Assumption 1 holds. In particular, we obtain the exponential conver-
gence towards the Q-process of Theorem 9. Moreover, since Assumptions 2 and 3 hold,
there exist a unique quasi-limiting distribution and a quasi-ergodic distribution.

Proof. 1. Adapting exactly the same reasoning as Proposition 15, we can show that
for any s > 0 and any z > h(s),

Pm(Xuo € "77100S > UO) > dsﬁowh(s)

where we recall that ug, ko and 1, are such that (2.42) holds, and where ds is
defined by

5 IP)ac(Th(s) > UO)
ds =
IP)x(7-u~>h(s)fLu > U()>
‘We have therefore to show that

inf d; > 0
s>0
For any z € [0, h(0)] define (Xt(z))tzo by the solution of

dx\? = daw, — V(X + z)at
(0) @

In particular, X' = X. Likewise, for any y € R and z € [0, h(0)], we denote by
Téz) =inf{t > 0: Xt(z) =y} and quiy—Lu =1inf{t > 0: Xt(z) =y — Lt}. Since V

is positive and increasing on [— Lug, 00), then, using Theorem 1.1 in [[32], Chapter
VI, p.437], we can show that for any = > 0 and z € [0, h(0)],
Px(Téz) > ug) > ]P’m(Téh(O)) > ug)
and that
0
Po(ri) g, > o) < Pu(ri_p, > uo)

Then, for any « > 0 and s > 0,

Pyt n(s)(This) > u0) = Pu(rs")

> Py (15" > up)
P, (") > )
TP (Y > )

u——Lu

> up)

IP)ac—l—h(s) (Tu—>h(s)—Lu > uO)

P (Téh(0)> >ug)

P ( (0)

To conclude, it is enough to see that inf,~g
Tu—>—Lu>u0)

> 0 using the same

techniques as the point 1 of Proposition 15.
As a result the first hypothesis of Assumption 1 holds setting for any s > 0,

0 if s < g
Vg = .
wh(sfuo) if s > wo
to = uog

c1 = ko X inf d.
1 0 520 s
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2. Noting that for any z € [0,h(0)] and any y > h(0), ¢,([y,00)) > 0, then, by
Lemma 3, there exists a > h(0) such that, for any z € [0, h(0)], ¥.([a,o0)) > 0 and
for any k € N

]Pa(Xkuo/\Th(O) > (I) > e—pkuo

where p > 0. We deduce that for any s > 0
PQ(X]{'U()/\T;L(S) 2 a) Z eipkuo
As in the proof of Proposition 15, we can choose b > a large enough such that

supE;(e’™) < oo
z>b

Since h is non-increasing, for any s,t > 0 and sg > 0,
Py(Thoty .y > 1) = Po(Thos, > t)
Hence according to Markov property,

]P)a(t < Thoes) > IEDa(AXVso/\'rh(S) > b)]P)b(t < 777,005)
> Pa(Xso/\Th(O) > b)Pb(t < ThoGS)

for any ¢ > 0 and any sg > 0. Hence, for sg fixed, C := Pl L < o0, and

Pa(Xsgnry(g)=b)
for any t > 0,
Pyt < Thop,) < CP(t < Thop,)

According to Markov property again, for any v <t € Ry
Po(Xunm,y = @)Pa(t —u < Thop,,,) < Palt < Thoo,)
Thanks to Markov property, for any u € Ry,
Po(Xunm, ) 2 @) 2 PalX | 2 jugar, ) = O)Pa(Xu-| 2 ug)rmy () = @)
> Pa(X| 2 jugamyo) = OPalX (w2 Jug)rmy () = @)

Z C/PG(XL%Juo/\Th(S) 2 CL)

where

C' = inf P,(X,

>a)>0
vE[0,uo]

/\Th(O)

since v = Py (Xynr, > @) is continuous and Pg(Xyar, > a) > 0 for any v € [0, ug).
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Hence, gathering all these inequalities, for any = > b,

t
Px(t < Thogs) < ]P)m(Tb > t) —I—/ Pb(t —u < Th093+u)Px(Tb S du)
0

t
< supE,(e!™)e Pt + C/ Po(t —u < Thop, ., )Pz (T € du)
x>b 0

< sup Ex(epr)e—PL%JUO
z>b
[ :
° 0 ]P)G(XL%JU()/\T;I(S) Z a’)

P,(m € du)

t

_ t 1 C t
< sup E;(ef™)efe p({“0J+ )uo + =Pt < Thogs)/ PPy (1 € du)
0

&b ¢’
< Sup Ea(e”™)e”  Pa(X (1t /uo] +1)uonmn s = @)

C t
+ S Palt < Thon,) / PP, (1, € du)
0

t
< sup Ez(e?™)eP Py (Thop, > t) + gIP’a(t < Thogs)/ e Py (1 € du)
z>b 0

We deduce from (2.51) that, for any ¢ > 0,

sup P (t < Thop, ) < C"Py(t < Thos,)
z>b

where

C
C" = (epuo + /> supE;(e’™) < oo
C x>b

Since 9y,(5)([a, 00)) > 0 for any s > 0, we conclude the proof of the point 2 setting

insz[O,h(O)] ¢Z([a7 OO))
C//

Cy =
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Chapter 3

Quasi-stationarity for
one-dimensional renormalized
Brownian motion

This chapter is based on the paper [46], submitted in September 2018.

Abstract
We are interested in the quasi-stationarity of the time-inhomogeneous Markov process
B
X = —=
(t+ 1)~

where (Bt)>0 is a one-dimensional Brownian motion and & € (0, 00). We first show that
the law of X; conditioned not to go out from (—1,1) until the time ¢ converges weakly
towards the Dirac measure §g when x > % as t goes to infinity. Then we show that
this conditioned probability converges weakly towards the quasi-stationary distribution
of an Ornstein-Uhlenbeck process when x = % Finally, when « < %, it is shown
that the conditioned probability converges towards the quasi-stationary distribution of
a Brownian motion. We also prove the existence of a Q-process and a quasi-ergodic

distribution for Kk = % and Kk < %

3.1 Introduction

3.1.1 Introduction of the problem and quasi-stationarity

In this chapter we are interested in some notions related to quasi-stationarity for a
one-dimensional Brownian motion (Bi):>¢ killed when crossing the moving boundaries
t— (—(t+1)%, (t+1)"%), with k € (0, 00). Quasi-stationarity with moving boundaries was
studied in [44] and [45] for periodic or converging boundaries, but expanding boundaries
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were not yet considered. Actually, instead of considering the process B absorbed at
t— (—(t+1)"%, (t+1)"), we will study the quasi-stationarity of the process X = (X;)1>0
absorbed at (—1,1)¢ and defined by

B,

Xy =——,
T+ 1)k

Vt<T X
where 7x :=inf{t > 0: | X{| = 1}.

The process X is a time-inhomogeneous Markov process. For any x € R and s > 0,
denote by P, s the probability measure satisfying P, (X = =) = 1, and denote by E, s
its corresponding expectation. Also, for any measure pu, for any s > 0, one denote by
P, = [gPrsp(de) and E, s = [g Ep op(dr).

A quasi-stationary distribution of X absorbed at (—1,1)¢ is a probability measure «
supported on (—1,1) such that

Pos(Xi € ltx >t) =a, Vs<t

We refer the reader to [19, 42] for more details on the theory. Note however that
these references only deal with the time-homogeneous setting and that quasi-stationary
distributions for time-inhomogeneous Markov processes do not exist except for particular
cases (especially we will see that the existence of one quasi-stationary distribution holds
only for k = 3).

Usually, in the literature dealing with quasi-stationarity, mathematicians are inter-
ested in showing the weak convergence of marginal laws of Markov processes conditioned
not to be absorbed by a cemetery set. The corresponding limit is called quasi-limiting

distribution. For our purpose, we define a quasi-limiting distribution as follows

Definition 10. « is a quasi-limiting distribution of X if for some initial law u supported
on (—1,1) and for any s > 0,
tl_ifgopu,s(Xt € lrx >t)=a

where the limit refers to the weak convergence of measures. In [42] it is noted that, in
the time-homogeneous setting, quasi-stationary distribution and quasi-limit distribution
are equivalent notions. In the time-inhomogeneous setting, this equivalence does not
hold anymore. More particularly a time-inhomogeneous Markov process could admit
a quasi-limit distribution without admitting a quasi-stationary distribution. However
every quasi-stationary distribution is necessarily the quasi-limiting distribution.

Quasi-limiting distribution is not the only thing of interest in the theory of quasi-
stationarity. Another thing of interest is the Q-process, which can be considered as the
law of the considered Markov process conditioned not be absorbed. Concerning the
process X, we define the Q-process as follows

Definition 11. We say that there is a Q-process for X if there exists a family (Qu,s)ze(-1,1),s>0
of probability measure defined by : for any x € (—1,1) and for any s <t

lim Py (Xpsy €T < 7x) = Qus(X[s g € )

T—o0
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where, for any u < v, X[, ) is the trajectory of X between times v and v. Then the
Q-process is defined as the law of X under (Qq,s)ze(—1,1),5>0-

In general, the Q)-process is also a Markov process and the theory of quasi-stationarity
allows to get some results of ergodicity for the Q)-process.

Finally, a third concept to study is the existence of a quasi-ergodic distribution defined
as follows

Definition 12. § is a quasi-ergodic distribution of X if for some initial law u supported
on (—1,1) and for any s > 0,

¢
tllglo% i Pus(Xu € -|7x > t)du = f

In the literature, this notion is also called mean-ratio quasi-stationary distribu-
tion. The references [19, 42] does not deal with quasi-ergodic distribution. See for
example [9, 17] which provide general assumptions implying the existence of quasi-
ergodic distribution for time-homogeneous Markov processes, and see [45, 44| for the
time-inhomogeneous setting.

Some general results on quasi-stationarity for time-inhomogeneous Markov process
are established, particularly in [18], where it is shown that criteria based on Doeblin-type
condition implies a mixing property (or merging or weak ergodicity) and the existence
of the ()-process. However it will be difficult to apply these results for our purpose. See
also [56, 22, 45, 44] for a few results about quasi-stationarity in the time-inhomogeneous
setting, and [1] for ergodic properties for general non-conservative (time-homogeneous
and inhomogeneous) semi-group.

Now let us come back to our process X. As we can expect, the existence of quasi-
limiting, @-process and quasi-ergodic distribution will strongly depend on k. More
precisely, three regimes are identified :

° K> %, we will say that X is supercritical

1

[} Hzi’

we will say that X is critical

° K< %, we will say that X is subcritical

The aim of this chapter is therefore to show the existence of quasi-limiting, ()-process
and quasi-ergodic distribution for each regime. More precisely, it will be shown in a first
step that, for any probability measure p on (—1,1) and s > 0,

tliggPMS(Xt € |ltx >t)=10do

in the supercritical regime. This regime is of little interest and the existence of a Q-
process and a quasi-ergodic distribution will not be shown. In a second step, the existence
of quasi-limiting, ()-process and quasi-ergodic distribution will be stated in the critical
regime and these probability measures are connected to the quasi-stationarity of an
Ornstein-Uhlenbeck process absorbed at (—1,1)¢. Finally, the existence of these three
notions will also be established in the subcritical regime where the quasi-stationarity of
X is linked with the quasi-stationarity of a Brownian motion on [—1,1].

99



3.1.2 A few notation

For any E' C R, one denotes by M;(E) the set of the probability measures supported
on FE and, for any measurable bounded function f on (—1,1) and u € M;((—1,1)), one
denotes by

p(p)e= [ S

For a general Markov process (Q, (F')i0, (At)i>0, (Pﬁs)zeﬂ&szo), one denote, for any
probability measure p on R and any s > 0, IP’Z{S = [Py sp(dz). Then the family of
probability measures (Pi s)ue M, (R),s>0 Satisfies

A —
]P)p,s(AS € ) =

If the process A is time-homogeneous, one define, for any pu € M;(R), IP’;:‘ = IP’;‘,O and
one has, for any s < t,
IP)ﬁ,s(*x[s,t] € ) = ]P);‘(X[O,t—s] € )

For A = X, we will keep the notation established at the beginning of the introduction.

3.2 The supercritical regime : x > %

The following theorem states the existence of a unique quasi-limiting distribution, which
is 50

Theorem 14. For any p € M1((—1,1)) and s > 0,

tlirgoPH’S(Xt S '|7'X > t) = (5()

Proof. By Markov’s inequality, for any € > 0 and any probability measure p,

Es(X7lTx > 1)
2
E/‘LVS(XtZ)
- EQPH’S(TX > t)
t—s+(s+1)% S 22du(z)
€2(t +1)%"P, s(Tx > t)

Ps (Xt > eltx > 1) <

It is well known that P, s-almost surely,

B,
li — =1
lﬁigp Vv2tloglogt
and
lim inf ———2b =
t—oo \/2tloglogt

—1
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. 1
Thus, since x > 3, P, s-almost surely,

B
Xt = ¢ — 0
(t + 1)” t—o00

As a result, for any s > 0 and any probability measure p on (—1, 1),
tlggo Pus(tx >t) =Pus(x =00) >0
Thus, for any € > 0,
Ps(|Xe| > €eltx > 1) —0
t—00

In other words, (X¢);>0 converges in conditional probability towards 0. This conclude
the proof. ]

3.3 The critical case : Kk = %

3.3.1 Existence and uniqueness of a quasi-stationary distribution
We state a first theorem on the existence of the quasi-limiting distribution (and quasi-
stationary distribution) in the critical regime.

Theorem 15. Let apy be the unique quasi-stationary distribution of the Ornstein-
Uhlenbeck process absorbed by (—1,1)¢ whose the generator is

1 1
L:= EA - ixv (3.1)
Then aoy s also the unique quasi-stationary distribution of X and there exist Coy, You >
0 such that for any probability measure p on (—1,1) and any 0 < s <t,
s+ 1 You
t+1>

In particular, for any p € Mq((—1,1)) and s > 0, t = P, (X € :|7x > t) converges
weakly towards coy when t goes to infinity.

[Pus (Xt € -|7x > t) — aoullrv < Cou < (3.2)

Remark 4. Using the spectral theory of the Ornstein-Uhlenbeck generator, oy can be
computed and

952
aoy(dz) == K x (1 —z%)e” 2 dx
where K is the renormalization constant.
Remark 5. It is well-known (see [19, 42]) that there exists Aoy > 0 such that

PZ (17 >t)=e MUl Vt>0 (3.3)

@ou
where 77 := inf{t > 0 : |Z;| = 1}. Moreover, for any f € {g € C?*([-1,1]) : g(—1) =
g9(1) = 0},
aov(Lf) = —Aovaou(f)

where L is defined in (3.1). Using the explicit formula of apr, it is easy to check that
Mo =1 (3.4)
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Proof of Theorem 15. Let Z be the Ornstein-Uhlenbeck process whose infinitesimal gen-
erator is L. Then, for any probability measure p on (—1,1) and any s > 0,

s+1

Pus((Xt)i>s € 1) = IP’f <<Zlog(t+l)>t> € > (3.5)

Hence, using (3.5), one has for any s < t,

Pooy,s(Xt € |tx > 1) = Py, <Zlog(

axou

t+1
7'Z>10g 3—|—71

In other words apy is also the unique quasi-stationary distribution of the time-inhomogeneous
Markov process X. Moreover, since Z satisfies the assumptions (A1) and (A2) of [14]
(this is actually shown in [13]), then, by Theorem 2.1. in [14], there exist Coy > 0 and
You > 0 such that for any ¢ > 0 and for any probability measure p,

1) €

S

= Qou

HPi(Zt € '|TZ > t) — aOUHT\/ < COUe_VOUt

Using (3.5) one deduce that, for any s < ¢ and for any probability measure p on (—1,1),

s+ 1 You
t+1>

[Py,s(Xe € [7x > t) — aoullrv < Cou <
This concludes the proof. ]

3.3.2 Existence of the ()-process

Before tackling the existence of the QQ-process we need the following proposition.

Proposition 17. There ezists a non-negative function noy : [—1,1] — Ry, positive on
(=1,1) and vanishing on {—1,1} such that for any x € (—1,1) and any s > 0,

t+1
1]?3575(7')( > t)

nou (x) = lim n

where the convergence holds uniformly on [—1,1] and aoy(nov) = 1. Moreover the
function noy is bounded, belongs to the domain of L defined in (3.1) and

Lnov = —Xounou = —nou
Remark 6. Actually it is easy to check that
nov(z) = K’ x (1 — z?) (3.6)
where K’ is the positive constant such that aoy(nov) = 1.

An interesting consequence of Proposition 17 can be stated as the following corollary
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Corollary 2. Let B a Brownian motion on R and denote by

Té[ =inf{t > 0:|B > Vt+1}
Then for any x € (—1,1),
1— 22
t+1

Proof of Proposition 17 and Corollary 2. Using Proposition 2.3 in [14] applied to the
process Z and (3.5), one has for any x € (—1,1) and s > 0,

41 1
nouv(x) = tlggo e/\OUlog(ﬁii)]pf <TZ > log (811>>

t + 1)\ ov
= lim (Si 1) Px,s(TX > t)

t+1
1Pm,s(TX > t)

PB(rY > t) ~oyoo K’

= lim
t—oco § +

where we finally used (3.4). This ends the proof of Proposition 17. Now it is easy to
see that, for any x € (—1,1) and ¢ > 0, Pg(Té[ > t) = Pyo(rx > t). Thus, using
Proposition 17 and (3.6), we conclude the corollary. O

Remark 7. In [8], Breiman shows a similar result for one-dimensional Brownian motion
absorbed by a one-sided square boundary. More precisely, denoting 7)* := inf{¢t > 0 :
B, > ¢/t + 1} for any ¢ > 0, he shows that Pg(Tj > 1) ~soo at=© for ¢ > 0 and b
such that b(1) = 1. In particular, for ¢ = 1, P§(T} > t) and Pg(rg > t) decay as 1/t.
The reader can also see [48] for more general boundaries.

We turn to the existence of the Q-process and its ergodicity.

Proposition 18. e There exists a Q-process and the family of probability measure
(Qu.s)ze(=1,1),s>0 defined in Definition 11 is given by : for any x € (=1,1) and
s <t,

t+1\V nop (Xy)
Qu,5 (X5, € 1) = Eas (lX[s,tJE"TX” (3 + 1) nou (z)

t+1 1— X7
- s+ 1 X EZ‘,S <1X[Syt]€~,Tx>t 1_ .’132 >

o The probability measure Boy defined by

Bou(dx) == nov (x)aoy(dr) = KK'(1 — 22)2e~ % dx

is the unique stationary distribution of X under (Qgs)s>0,0c(—1,1)- Moreover, for
any 0 < s <t and any z € (—1,1),

S + 1 YOoU
|Qaz,s(X¢ € -) = Boullrvy < Cou ( )

t+1

where Coy and vyou are the same constant as used in (3.2).
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Proof. Straightforward using (3.5) and Proposition 3.1. in [14] applied to the Ornstein-
Uhlenbeck process Z O

3.3.3 Quasi-ergodic distribution

Theorem 16. For any probability measure pv on (—1,1) and any s > 0, for any meas-
urable set S

t—oo ¢t

1
lim — IP’H, (X4 ES]TX>tdu—/E 77) aou(dr)
0

Remark 8. In the time-homogeneous setting, it is usually expected that the quasi-ergodic
distribution is the stationary distribution of the Q-process (see [9, 17]). A similar result
could even be expected in the time-inhomogeneous case when the Q-process converges
weakly at the infinity (see [44]). It is therefore astonishing to see that this is not the
case for our process in the critical regime, even though the Q-process admits a stationary
measure. In particular, the quasi-ergodic distribution of X is different from the quasi-
ergodic distribution of the process Z.

Proof. First, using the variable change u = s+¢(t—s), one has, for any p € M;((—1,1)),
s <t and f bounded measurable,

1
t—s

t 1
/S Eps (f(Xu)lrx > t)du = /0 Epus (f(Xasq(e—s)|x > t)dg

As a result it is enough to show the weak convergence of (PH,S(XS+q(t_S) € rx > t)>t>0

for any g € (0,1), then to conclude with the Lebesgue’s dominated convergence theorem.
Let p € My((—1,1)), s > 0, ¢ € (0,1) and f bounded measurable. Using Markov
property and (3.5),for any t > s,

EM,S(f(Xs+q(tfs))ﬂTx>t) = Eu,s (f(XS+q(t75))]]‘Tx>s+q(t7$)]P>XS+q(t,S>,S+q(t78) (TX > t))
(3.7)

= Eus (ft ( s+q(t— s)) Tx>s+q(t—s)) (3'8)

where we set for any y € (—1,1),

Jt@W) = )Py shqt—s) [Tx > 1]

By (3.5), for any y € (—1,1) and t > s,

> og ()]
= & s+q(t—s)+1

fily) = f)P]

Now define for any y € (—1,1),
foo(y) = ()P [r2 > —log (q)]
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It is easy to see that (f:):>0 converges pointwise towards f. Moreover, a simple curve
sketching entails that the function ¢ — ﬁ is increasing, which implies that the
sequence (f;)i>0 is a decreasing sequence of continuous functions defined on [—1,1].
Likewise, fs is continuous on [—1,1]. As a result, by Dini’s theorem for the decreasing
sequences of continuous function, the pointwise convergence is equivalent to uniform

convergence on [—1,1]. Thus,

Jim - sup | fi(y) = foo(y)| = 0 (3.9)
P ye(-1,1)

Now let us show that

. s+q(t—s)+1
lim
t—o00 s+1

,u,s(foo (Xs+q(t—s) ) HTX >s+q(t—s)) - M(nOU)aOU(foo> (3'10)

To show this, let us begin with

s—i—q(t—s)—i—l

(foo( s+q(t— s)) TX>s+q(t—s)>

s+1
s+q(t—s)+1
= ST L, (> 5+ gt 9) X Bl foe(Kasggn)lmy > 5+ alt =)

On the one hand, by Proposition 17,

. s+qt—s)+1
lim
t—o0 s+1

Pps(mx > s +q(t = 5)) = p(nov)
On the other hand, by (3.2),

Jim By (foo(Xotq(t—s)Imx > s+ q(t = 5)) = cov(fo)
(3.10) follows from these two convergences. Now, by (3.10) and (3.9),
s+q(t—s)+ 1

s+1 (ft ( s+q(t— S)) ]17'X>S+Q(t—s)>

_ s+ q(s J:18) + 1Eu,s (foo (Xsﬂ(t,s)) 17X>S+q(t75))
s+ C]it;f) + 1Eu,s ({foo ( s+q(t—s) ) ft ( stq(t— S))} ]]‘Tx>s+q(t—s))

=2 #nov)aou (feo)

because

s+ qit;f) + 1Eu,s ([foo (Xs+q(t—s)) fi ( s+q(t— s))} ]lrx>s+q(ts))‘

s+q(t—s)+1
<71 Pus(ix >stq(t—s)) x S 11:(y) = oo () 52, 0
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Hence, using (3.7), (3.8),

lim s+q(t—s)+1

Jim P Ep s (f (Xsgqe—s)) Lrx>t) = p(nov)aouv (foo)

= lnow) [ )P (7 > ~log(a))aou(da)

Moreover, taking f = 1, using (3.3) and (3.4),

. s+qt—s)+1
lim
t—00 s+ 1

Pps(x > t) = p(nov)PZ,, (12 > —log(q))
= u(nou)q
Thus we deduce that

1 B Kasge)l7 > 0 =07 [ cou(da)f(@)Palrz > ~log(a)

Then, by Lebesgue’s theorem, for any probability measure p on (—1,1) and any bounded
measurable function f,

tlggot—s/ E.s(f(Xu)|tx > t)du = hm/ Eps(f (Xspq—s))|Tx > t)dg
—/ _1/ )P (15 > —log(q)) oy (dx)dg
1,1)
1
- /( |, Covldn () / ¢ P (rz > ~log(a))da
= aoy(dx) f (x)/ PZ (15 > s)ds
(-1,1) 0
:/ aou (dz) f (2)EF (17)
(_111)
This concludes the proof. O

3.4 The subcritical case : k < %

In order to show the asymptotic properties of the law of the process X at time ¢ con-
ditioned not be absorbed, we will first show that the process X conditioned not to be
absorbed until a further time T is close in total variation norm to the one of the process
Y defined by

t
Yt::/ )
0o (u+1)F

when the starting time s goes to infinity. Then the existence of quasi-limiting or quasi-
ergodic distribution and Q-process will be deduced from the quasi-stationarity of Y.
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3.4.1 Approximation by Y through asymptotic pseudotrajectories

Denote by 7y := inf{t > 0 : |Y;| = 1}. The aim of this subsection is to show the following
proposition :

Proposition 19. There exists a function F': Ry — Ry such that, for any 0 < s <t <
T, for any probability measure u on (—1,1),

lim F(s) =0

§—00

and such that
IPus(Xi € -|rx > T) =P (Y; € |1y > T)|l7v < F(s) (3.11)

Remark 9. (3.11) provides us with a decay towards 0 uniformly in the initial law, ¢ and 7.
It can be seen as an analogue of the asymptotic pseudotrajectories introduced by Benaim
and Hirsch in [7]. See also [5] for more details about asymptotic pseudotrajectories in
general case.

Proof of Proposition 19. By It6’s formula, one has for any ¢t > 0,
Xt:X0+m—<)/,M>t

where

t

t t
M, = / w(u+1)""1X,dB, = / w(u+ 121X, dX, + / (k(u+ 1)1 X,)%du
0 0 0

For any s < t, denote by
t
Ms,t = Mt — Ms = / &(u + 1)5_1XudBu
S

and
t
<M,M >3 =< M,M > — < M, M >,= / (k(u+1)"1X,)%du
S

and denote by £(M ), the exponential local martingale defined by
1
5<M)s,t = exXp (M&t — 5 < M,M >s’t>

t 1 t
‘= exp (/ r(u+ 1)1 X, dX, + 5/ (k(u + 1)’““1Xu)2du)

1
= €Xp <2Ns,t>
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where, for any s <,
Nog = rlt + 1) X2 = k(s + 1)1 X2

t t t
—/ [/{(u+1)2”_1]'XZdu—/ d du+/ (5(u + 1)1 X,)%du

u+1
= w(t+ D) IXE — k(s + 1) 1X2
! 2—11/ 32 t+1 ! 1y \2
—/ [k(u+ 1) ' X du — klog <+1) —|—/ (k(u+ 1) Xy)*du
s S s

Note that the process (Nsiary )s<t is almost surely uniformly bounded, thus (M) tary
is a martingale. For any t > s > 0 and p € M;((—1,1)), define G, s the probability
measure satisfying

Gus(A) =E,(E(M)sinryla), VA€ o(Xy,s<u<t)
Then, by Girsanov’s theorem, the law of (X¢ary )i>s under G, s is the law of (Yiary, )e>
under P, ;. In particular, for any S measurable set, probability measure p on (—1,1
and 0 <s<t<T,

)

PIMS(}Q S B,TY > T) Gus Xt € S7 TX > T)

s
H,s (g(M)&T/\TX ﬂXtES,TX >T)
(

E(M)srlx,esmx>T)
1

E
E
=Eps (exp <2N8,T> ]lXtES,TX>T)
s+1\2 1
(T 1) e (eXp (2N;’T> ]lXtGS’T”T)

with N;T = Ny + rlog (2111) Thus

Es (eXp (%Né,ﬂ ]]-XzGS,Tx>T>
E,.s (exp (%Né,T) ILTX>T)

P,s(Y: € Blry >T) =
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Thus for any 0 < s <t < T and S measurable set,

IPus(Xi € Slrx > T) — P} (Y € S|ry > T)

E,.s (exp (%NQ,T) ﬂXtes,Tx>T)
Eps (eXP (%N.;T) ﬂTx>T>

P, s(tx >T) E,.s (exp (%N;T) ]]‘XtES,TX>T) - E,.s (exp (%N;T) ]lXtES,Tx>T)
E,s (exp (%NS’T> ]17X>T) Pus(tx >T) Pus(tx >T)

= P,o(X; € Slrx >T) —

IN

E,s (exp (%N;T) ]lXtES,TX>T) Pus(Xe € S,7x >T)

P;L,S(TX > T) ]P)“’S(TX > T)

P.o(rx >T) . X]Eu,s (eXP (%N;,T) ]lTX>T>
E,s (exp (%N;,T) 17x>T) Pus(tx > T)
=:As(w,T)
By (exp (3N]7) Lxyesrysr) = Bus(Xi € S,7x > )|
* P..(rx > T)

=:Cs(u,t,T,S)

IA

In order to show (3.11), we will bound the functions Ag and Cs.

Step 1 : Upper bound for C; .

For any 0 < s <t < T, probability measure ¢ and B measurable set,

1
Cit.7,8) = By |(ex0 (532 ) — 1) Lies

::f(s7t7T7/"[’7S)

Tx>T:|

On the event {Tx > T}, X2 < 1 for any 0 < u < T. Hence the function f defined
as above is bounded as follows

exp (—g(s + 1)t — ;/T[/@(u + 1)2”_1]’du> -1

T
< f(s,t,T, 1, ) < exp (;R(T +1) % / ((u+ 1)“‘1>2du> ~1

In particular, for any 0 < s < t < T, for any probability measure p and S
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measurable set,

(5,6, T, 1, )| < (1 ~exp (_;H(S N 1)2“»

v (exp (; (K +1 522#&) k(s + 1)2”_1> - 1)

Hence,

Step 2 : Upper bound for A, .
Taking S = (—1,1),

Eps (ex0 (3N 1) Txee(-11),m57) = Pus(X € (<1,1),7x > T)|
]P)M,S(TX > T)
E,. s (exp (%N;T) 17x>T)

= 1
]P),u,s(TX > T)

Cs(u7t7T7 (_17 1)) =

According to the previous bound we have shown, for any s < T, for any probability
measure (4 on (—1,1),

E,.s (exp (%N;t) 17X>t)
]P),u,s(TX > t)

1 - g(s) < <1+ 6(s) (3.12)

We deduce from this last inequality that

A1) < (1= ) v (=g —1) =40

We set then, for any s > 0,

F(s) = ¢(s) + ¢(s)(1 + (s))

which concludes the proof. O

3.4.2 Quasi-stationarity of Y

Now we are interested in the quasi-stationarity of the process Y. Note that, by Dubin-
Schwartz’s theorem, there exists a Brownian motion B such that for any ¢t > 0

Vi = Bapan_, (3.13)

1-2k
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Denote 75 := inf{t > 0 : |By| = 1}. Then, by (3.13), for any initial law x and s > 0,

(t+1)1—2n_(5+1)1—2n
1—-2k

Tp >

Y B p
]P),UI,S()/% S ‘TY > t) - P/" <B(t+1)l2ﬁ_(s+1)12n c -

1-2k

It is well known that a Brownian motion absorbed at (—1,1)¢ admits a unique quasi-
stationary distribution ap,, whose explicit form is

1
apm(dx) := 5 cos (;Tx> dx

and that there exists Ap,, > 0 such that
IP’EBW (ry >t) =e Bt Yt >0

Remark that Ap,, satisfies also
1
@ (5A7) = “Xamamn(f), ¥F € g € CH(=1,1): 9(1) = o(~1) =0}

The Brownian motion absorbed at (—1,1)¢ satisfies the Champagnat-Villemonais con-
dition (A1) — (A2) in [14], which implies the existence of Cpp,vpm > 0 such that for
any probability measure p and any ¢ > 0,

H]P)E(Bt € “TB > t) — aBm”TV < CBmeffmet

Thus, using the Dubins-Schwartz transformation, for any s < ¢ and probability measure
1

(t+ 1)1 — (s+ 1)1
1-2x

[P} (Y; € |7y > 1) — aBmllrv < Cpmexp <—VBm X

(3.14)
In the same way as in the critical case, an analogous version of Propositions 17 and 18
can be stated as follows

Proposition 20. (i) There exists a non-negative function np, : [—1,1] — R4, pos-
itive on (—1,1) and vanishing on {—1,1} such that for any x € (—1,1) and any
s >0,
(t+1)172ﬂ—(s+1)172n
NBm(x) = lim e m T-2x IP’?E/S(TY > t)
t—00 ’

where the convergence holds uniformly on [—1,1] and apm(Nem) = 1.

(ii) There exists a Q-process for'Y in the sense of Definition 11 and the family of prob-
ability measure (Qgc/,s)me(—l,l),szo defined by Q};x(Y[&t] € ) = limp e IP);/’S(X[&Q €
|\T < 1v) satisfies also

Y \ . (t+1)172’{—(s+1)172” 773 (}/t)
Qw,s(X[S,t} € ) = Ex,s (lY[s,t]G-,t<Ty€ B T2r annT(m)

for any x € (—1,1) and s < ¢
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(iii) The probability measure Bpy, defined by

IBBm = an(x)O‘Bm(dx)

is the unique stationary distribution of Y wunder (QXS)IE(_M)’QQ and, for any
x € (—1,1) and s >0,

||Q§,S(Y2 € ) - ﬁBmHTV < C1Bm €Xp <_'YBm X ( ) 1— 2(1% )

where Cpy, and Ypm are the same as in 3.14.

Proof. The proof is essentially the same as for the proof of Proposition 18. O

3.4.3 Quasi-limiting distribution of X

Now we will use Proposition 19 in order to show the existence of quasi-limiting and
quasi-ergodic distribution for the process X. Let us start with stating and proving the
existence of the quasi-limiting distribution.

Theorem 17. For any probability measure p on (—1,1) and any 0 < s < 't,

(t + 1)1—25 _ (% + 1)1—2&)

t
[|Pus(Xi € -|7x > t)—apm||Ty < F <2>+CBm exp (—fme X o,
(3.15
where the function F is defined in Proposition 19. In particular, for any u € My((—1,1)

and any s > 0,

)
)

tlggoP“’S(Xt €-|ltx >t) =apn

Proof. Let pp € Mq((—1,1)). For any s <t define
Hs,t) = P,u,s(Xt S '|TX > t)
Then, according to Markov property, for any s < t < u,

M(Svu) = P/J'(s,t)vt(Xu € |TX > u)

Thus, for any s < t,

15,21y = aBmllry < |ligs on = P, ) (Yot € 1y > 28)|l7v

+ ||PZ(M),¢(Y2t € |ty > 2t) — apm||Tv

= ”Pu(syt),t(XQt € tx > 2t) — PY

oyt (Y2t € 7y > 20)[|7v

+ ||PY (Ygt c -’Ty > 2t) — aBm||TV

:u'(s,t)vt
(Zt + 1)1—25 o (t + 1)1—2m
1-23

< F(t) + C(Bm exp <_7Bm X
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where we used the inequalities (3.11) and (3.14). This shows the inequality (3.15).
Now, since limy_, o, F'(t) = 0 by Proposition 19 and noting that

(2t + )2 -+ 1) 0
1-2k B

JHm exp (wam X
because £ < %, this shows that for any p € My((—1,1)) and s > 0,

tllglo]P”’S(Xt S '|7'X > t) = aBm

3.4.4 Quasi-ergodic distribution

It is shown in [28] and [17] that, if a Markov process satisfies the Champagnat-Villemonais
condition stated in [14], then the Markov process admits a unique quasi-ergodic distri-
bution (more generally, it is shown in [9] that if the Q-process of the Markov process is
Harris recurrent, then there exists a quasi-ergodic distriution). As a result, there exists
BBm € M1((—1,1)) such that for any u € My((—1,1)),

.1t =
t]g&E A Pu(Bs € -|T5 > t)ds = Bpm

and one has (see again [28, 17] for more details)

BBm(dz) = npm(2)asm(dr)

where we recall that 7p,, is defined in Proposition 20 and ap,, is the quasi-stationary
distribution.

The following theorem states that the quasi-ergodic distribution of X (in the sense
of Definition 12) is the quasi-ergodic distribution of the Brownian motion absorbed at
(—=1,1).

Theorem 18. for any probability measure p on (—1,1) and any s > 0,

.1t
tlg(r)log ; Pus(Xu € -|7x > t)du = BBm

Proof. Let pp € Mi((—1,1)). We recall the notation

tisy) = Pus(Xe € -ltx > 1), Vs<t
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For any probability measure p and s < t,

1
H/O Pus(Xsiq(t—s) € ITx > t)dg — Bpm

1 v
: H/o ProsXorgu—s) € )Ix > 1)dg _/0 Pz(s,s+%(t*s)),%<t,s>(}/s—i-q(t—S) € Iy > t)dg||
" ‘ /o1 PZ(s,s%(t—s)),%(tfs) (Ystq(t—s) € lrv > t)dg — Bpm -
< ’ /01 PM(S,S+%(t—s)),%(t_S) (Xotq(—s) € -I7x > t)dg — /01 PA{(S,H%(FS))%(FS)(YH‘I("/*S) € |ry > t)dg "
* /01 Pz(s,w%(tfs))’%(tfs)<Ys+q(t75) € [rv > 1)dg — Bpm Vv
= /01 F (8 + g(t B S)> da+ /01 P’}:(s,w%(t—s)),%(t—s) (Ystq(t—s) € |7y > t)dq — Bm v dq

By Lebesgue’s theorem,

1
. q
1 F =(t— =
Jim ; (s+2(t s))dq 0
In order to prove the convergence towards the quasi-ergodic distribution, it remains
therefore to show that

Y

lim
Pis st (t—5)), & (t—s)

t—oo Jo

dg=0 (3.16)
TV

(Yerq(th) € |ty > t)dq — BBm
The idea of the following reasoning is the same as in the critical case. Similarly one has
for any € (=1,1), s <t, g € (0,1) and f bounded measurable,

UG a ) it Gt (ko) e
e Bm 1-2k

B gyt 4= Fotatt=) Iny>0)

(st+a(t—s)+ 1)1 =27 —(s+ & (1—s)+1)1 727
1-2k

— €>\Bm

E#(S’SjL%(t—s))’er%(t_s) (gt (Ys—‘rq(t—s)) 117—y>s+q(t—s))
with for any y € (—1,1)

@D 2E  (s4q(t—s)+1) 1 28
ABm Y
B 12k f(y)[P’y’s+q(tis)+1 [Ty >t +1]

9i(y) ==e

Also define for any y € (—1,1),

9oo(y) == f(Y)nBm(Y)

By Proposition 20 (i), (g¢)¢>0 converges uniformly on (—1,1) towards g, which implies
that the following quantity

EZ(S () ST E (=) (‘gt(Ys—&-q(t—s)) - goo(ys+q(t—s))|‘TY >s+q(t — 5))
’ 2
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goes to 0 when t goes to infinity. As a result, if one of the limit in the following equality
exists, then the other limit exists also and one has

t+1)I 2R (s L (t—s)+1)1—2#

. A

lim e B™ T2 E Y. _a)1

t—o0 M(S,s+%(t—5))’8+%(tis)(f( S+q(t S)) TY>t)
| Ap (s+q(t—s)+ 1)1 727 —(s+ L (t—s)+1)1 7 2% v v

= lim e”°™ 1-2x ( ( _ )Il _ )
Hm, et gieeps3la=9) (920 (Yoratt=9) ) Iry>tai=s)

By the definition of conditional expectation, one has

Y
E“(s,ﬁ%(ns))’“%(t—S) (go" (YSW(’:—S)) 1TY>$+‘1(t‘5))

Y B Y B
= IEWSM%(H)),S%@,S) (goo (Ys+q(t*s)) ‘TY > s+ q(t s)) IP’”(&H%(FS))’H%(FS) (ty >s+q(t—s))

On the one hand, by (3.14),
. Y —
B ELgicyordn (9 (Voraon) |y > 5 4 alt =) = omnlgw) - (317)

On the other hand, by Proposition 20 (i), the following quantity

(sta(t—s)+ 1) =2F —(s+ § (t—s)41) 727
ABm 1—2r PY

His,s+4(t-9)

e s+2(t—s) (ry >s+q(t—s)) — iu(s,er%(tfs))(an)

goes to 0 when ¢ goes to infinity, and again by (3.14),
tlggo /j’(s,s-i—%(t—s))(an) = apm(nBm) = 1

As a result,

g (s+q(t—s)+ D)1 727 —(s+ L (t—s)+1)1 72" v
lim e"Bm™ 1-2x P Ty > 8 t—s))=1
oo “(s,s+%(t—s))’8+%(t_s)( Y + Q< ))

(3.18)

Hence we deduce from (3.17) and (3.18) that

N (s+q(t—s)+ D)1 727 —(s+ L (t—s)+1)1 727 v
lim B —2x E ( (Y - )11 ~ )
t—ro0 M(s,s+%(t—s))’s+%(t_s) geo stq(t=s) Ty >stq(t=s)

= (o) = [ ann(d)f@nsn() = Bn ()

This last equality implies (3.16), which allows us to conclude the convergence towards
the quasi-ergodic distribution. O

3.4.5 (-process
Existence of the QQ-process

Now it remains to prove the existence of the Q-process. More precisely, this subsection
is devoted to the proof of the following theorem
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Theorem 19. For any s <t and p € M1((—1,1)), the family of probability measure
(Pp,s(X[s,q € |T < 7x))1>t converges weakly when T goes to infinity towards

X
Q,U,,S(X[s,t} € ) = EH73 <]].X[s’t]e.’7'x>t7ZE77 t))> (319)

where (1¢)e>0 s defined in Proposition 21. Moreover, for any s <t and pp € My((—1,1)),
one has

1Qus(X: €)= Q) (Y2 € )llry < F(s) (3.20)

where F is the same function as in Proposition 19 and QY is as defined in Proposition
20.

Before proving this theorem, let us first state the following key proposition.
Proposition 21. There exist a family of positive bounded functions (ns)s>o0 satisfying
Epo(Lrysim(Xe)) = ns(x), Vrze(—1,1),¥s <t (3.21)
and H : (0,1) x {s,t € Ry : s <t} — (0,00) such that, for any a € (0,1) and s > 0,
tl_i}ngoH(a,s,t) =0

and that, for any a € (0,1), for any s < t, for any p € M1((—1,1)) and any v €
Mi((—1,1)) such that v(|—a,a]) > 3,

P,s(tx >t)  v(ns) < H(a,s,t) (3.22)

‘PM,S(TX > t) H(Tls)

The proof of this proposition is postponed after the proof of Theorem 19.

Proof of Theorem 19. Let p € Mi((=1,1)) and s < ¢t. We define Q,, s(X[s € -) as the
formula (3.19). Then, for any T' > t,

[IPps(X[s) € l7x > T) — Qus(X(s, € )llTv

g . Px,(tx >T) n(Xy)
= S Tx >t N
1,8 [5,6] €5TX > Pu,s(TX >T) ns(x) TV

0 [lx[s,t]e'vTX>t ( Px.t(rx >T)  n(Xy) )]
B Ps(tx > 8) \ Py, t(7x > T)  pisy (ni)

where (3.21) was used. Now, by Theorem 17, the family (i1, )i>s converges weakly

towards app,. Thus, by Prokhorov’s theorem, the family (j1(s4))i>s is tight and there

exists a € (0,1) independent on ¢ (but depending on s) such that, for any ¢ > s,

Py ([—a,a]) > 3. Hence, by (3.22) in Proposition 21,

TV

:[]'X[s,t] €, Tx>1

[Pus(Xisq € I7x > T) = Qus(X(s g € )llrv < H(a,t,T) ‘ By, lW

TV
< H(a,t,T)
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Hence, since, for ¢ fixed, limy_,o H(a,t,T7") = 0, this implies the weak convergence of
(Pp,s(X[sg € [T < 7x))7>¢ towards Qs defined in (3.19). The inequality (3.20) is a
straightforward consequence of (3.11) in Proposition 19, letting 7' — oo. O

Proof of Proposition 21

The remainig of the chapter is dedicated to prove Proposition 21. In the proof, two
important lemmata are used. So we will start by proving these lemmata before tackling
the proof of Propostion 21.

Lemma 4. e Forany s >0 and a € (0,1), there exists Cs 4 > 0 such that

inf P,s(tx >t)>Csq sup Pp(rx >t), Vt>0
z€[—a,a] ze(—=1,1)

e For any a € (0,1), there exists Cyq > 0 such that

inf P;/S(Ty >t)>C, sup Pgs(Ty >1t), Vt>0
z€|—a,a] 7’ z€(—1,1) ’

Proof. e Let a > 0. To prove this, note that for any z € (—1,1) and ¢t > s > 0,

Pps(rx >t) = IP’?SH)HI [TE“H)N >t — s}

where, for any s > 0,
ST inf{t > 01 By = (t+ s+ 1)7)

So the Harnack inequality to show becomes : for any ¢ > 0,

inf P (rsT T > 1) > Oy Sup P (r5 T > )

z€[—a(s+1)",a(s+1)"] a€(—(s+1)5,(s+1)%)

Actually, for any ¢t > 0,

inf P:L‘ T(.+S+1)H >t) = ]Pa s K T(.+s+1)ﬁ >t
z€[—a(s+1)%,a(s+1)] (75 ) (s+1)x (T )

and

sup Pm(TgJFSH)H >1) = IP’O(TEJFSH)H >t)
z€(—(s+1)#,(s+1)")

Then, for any ¢t > 0,
P75 5 1) > By (1 < TP 76 5 14 1)
. 1)~
= Eq(st1)s (%gqgﬂﬂwlf”o(ré“*“* "> tmﬂg)

> ]P)a(erl)"i (T% < Tg-‘rs-i-l)'{) P, (TE-i-s—f—l)'€ > t)
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where
79 = inf{t >0:B; =0}
otti — 0 (-4s+1)"
Then setting Cs o 1= Pysq1)s (TB <Tp ), one has U, > 0 for any s > 0 and

inf P,s(tx >t)>Csq sup Pps(rx >t), Vt>0
z€[—a,al ze(—1,1)

e This is straightforward using the Harnack inequality for a Brownian motion and
using the change of time provided by the Dubin-Schwartz’s transformation (3.13).
O

Now let us state and prove Lemma 5.

Lemma 5. Let a > 0 . Then there exists a function x, : Ry — Ry such that, for any
s <t, for any p € My((—1,1)) and any v € My((—1,1)) such that v([—a,a]) > 3,

IP)N,S(TX > 1) PZ»S(TY > t) < Ya(3)
Poo(rx > ) Ply(ry >1)| = <

with xq(s) — 0 when s goes to infinity

Proof. Let s <t. Remind the equality for any p € M;((—1,1)),

s+1\2 1

PM7S(TY > t) = (t—'—]_) ]E,U,,S {exp <2Né,t> ]].7—X>t:| (323)
where we recall that N, is defined in the proof of Proposition 19, and by (3.12), for any
e Ml((_lv 1))7

Eu,s(exp (%N;,t) 1TX>t)
Pu,s(TX > t)

1—¢(s) < <1+ ¢(s)

where the function ¢ is also defined in the proof of Proposition 19. Thus, by (3.23), for
any p € Mi((=1,1)),

s+1)\2 Pus(ry > 1) s+1\2
(551) a-ewn< g2 < (5) Ao

and, since ¢(s) < 1 for any s > 0, one has also,

t+1\z 1 Ps(tx > t) t+1\2 1
(s+1> 15 6(s) = Buy(ry 5 10) = <s+1> 1= os)

Thus, for any u,v € My((—1,1)),

1—¢(s) < P, s(tx > t) Py o(my > 1) < 1+ ¢(s)
14+ ¢(s) = Pus(ry >t)Pys(rx >t) — 1 — ¢(s)

(3.24)
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Thus, it is deduced from (3.24) that, for any u,v € M;((—1,1)),

Pus(rx >1) Pl (ry > 1)
Pu,s(TX > t) PY (v > t)

PY (7y > 1) [P, o(rx > t) Pys(ry > 1) 1’
{s(fy > 1) |Pys(rx > t) Pus(ry > t)
PY (1y > t) [/1+ ¢(s) 1 —o(s)
gP%S(Ty>t) [( (s) 1)v<1_1+¢(8))]

Now, if v is such that v([—a,a]) > %, by Lemma 4,

]PBZS(TY >t)< sup PY sty > 1)
ze(—-1,1)
1
< — inf IP’ (Ty>t)
a T€[—a,a]
1
~ Cov([—a,dl)

2

< (50 )Y 01550

It remains to set xq(t) = C% (}figg - 1) Y (1 - ;igg) Then, since ¢(s) — 0 when

§ — 00, Xq goes also to 0 when s goes to infinity. O

]P’};S(Ty > t)

As a result,

Puslrx >t) Py >1)
PV,S(TX > t) Pl}//,s(TY > t)

Now we can prove Proposition 21.

Proof of Proposition 21. Let a € (0,1). Let p € M;((—1,1)) and v € M;((—1,1)) such
that v([—a,a]) > % Finally, let s <t and T > 0. Then, using Markov’s property,

)

Pus(tx >t+1T) B Pus(rx >t)  P,o(rx >1t) Pu(syﬂ,t(TX >t+T) 1
PV,S(TX > t—i—T) ]P)%S(TX > t) o PVS(TX > t) Py(s,t)vt(TX > t+T)

Using the same argument as in the proof of Lemma 5, by Lemma 4 one has

P,u,s(TX > t) < 2
]P’,,ys(TX > t) - Csﬂ

Thus,

Pus(rtx >t+T) Pus(rx >1) < 2
PV,S(TX > t + T) Py,s(TX > t) - CS,G,

PM(&”J(TX >t+ T)
PV(s,t):t(TX >t+ T)
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Using Lemma 5, one has

]P),u,s(TX >t +T) B ]P),u,s(TX > t)

Y
2 P (Ty >t 4+ T)
< (xau) 4|t -1
s,a

Pus(rx >t +T)  Pus(rx > 1) ]P)Z(s,t),t(TY >t+T)
Now,
P/)L/(S,t)J(TY > t + T) . ‘]P)/)'L/(S,t)’t(’ry > t + T) - ]P)?//(s,t)yt(,ry > t + T)|
IP)},/(SJ),t(TY >t+1T) Pﬁs,w,t(TY St47)
SUPze(—1,1) Pg:t(TY >t+T) I -
B B VstV
Plﬁl/(s’t),t(TY >t 4+ T) (s,t) (s,t)
4 t (t+ 1)1_2“ _ (i + 1)1—2;-;
< — Fl = i o)
_CaX< (2>+CBmeXp< YBm —

where we used Lemma 4 and (3.15).

Pu,s(Tx>t)
Py s(Tx >t)
hence converges as t — 0o. Denote by h(s, u,v) the limit and set

1-2x _ (1t 1-2k
Xa(t) + éa x <F (;) + Cpm exp <_'YBm t+1) . 2(2 *h) >>1

We conclude from all these computations that ¢ — is a Cauchy sequence,

H(a,s,t):=

Cs,a

One has therefore, for any y, v € Mi((—1,1)) such that v([—a,a]) > 3§,

< H(a,s,t)

‘PM,S(TX >t s, )

PV,S(TX > t)

and lim;_,o H(a,s,t) = 0.
In order to complete the proof, we will inspire by the proof of Proposition 3.1. in [18].
We define for any s > 0

Ns : & — h(s, 0, 00)

Remark that one has necessarily do([—a,a]) = 1 > . Since, on the one hand,

. P (TX > t)
lim A2~ 2 —p 0
tiglo PO,S(TX N t) (8,/.1,, 0)
and, on the other hand, by Lebesgue’s theorem,
P t
tim 22D,

t—o0 ]P)07S(TX > t)
then, for any p,v € My((—1,1)) with v([—a,a]) > 3,

Py Pus Py s s
h(s ) = tim BT >0 g Pus(rx > 1)/Pos(rx > 1) _ plns)
100 Prg(rx > 1) 900 Byy(rx > 1) [Bos(x > 1) v(ny)
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Moreover, for any s <t < u,

E L Px, +(7x > u) _ Py s
T,s Tx >t PO,t(TX N ’LL)

)
)

Px,s TX > U)E IP)Xt,t(TX > u)
) 0,s Tx >t Po,t(TX > u)

For any p € Mji((—1,1)), integrating both sides of the equation with respect to u,
letting © — oo and using Lebesgue’s theorem, we deduce that, for any s < ¢, there exists
a positive constant cs; which does not depend on p such that

_ EN7S(HTx>t77t(Xt))
Cst =
1(1s)

In addition, for any s < ¢ < u and for any v € My((—1,1)),

E, s <]17'X >t (Xt)) EV,S(HTX >t (Xt)>
w(ns) v(ns)

CstCtu =

Choosing v = pi(5 ) and using Markov’s property, we obtain

PH,S(TX > t)Py,t(]lTX>u77u(Xu)) _ E,u,s(]lTX>u77u(Xu))
pu(1s) 1s(x)

Cs,tCtu = = Csu

Because of the last equality, replacing for all s > 0 the function ns(x) by ns(x)/co.s
entails (3.21). O
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Chapter 4

Quasi-stationarity for
time-inhomogeneous
sub-Markovian semi-groups
through Lyapunov criteria

This chapter consists in a joint work with Nicolas Champagnat and Denis Villemonais
under finalization.

Abstract

This chapter will tackle the notion of quasi-stationarity applied to time-(in)homogeneous
Markov process absorbed by moving boundaries. Considering an absorbing element
which is immobile, the quasi-stationarity for a Markov process concerns the asymptotic
behavior of its marginal law conditioned not to be absorbed by this absorbing element.
Our aim in this chapter is also to do the same considering an absorbing subset which can
move. We provide therefore assumptions implying a weak ergodicity for the conditioned
process. These assumptions provide furthermore the existence of the so-called Q-process
and some results about the existence of a quasi-ergodic distribution.

Notation
o Z4:={0,1,2,...} and N:={1,2,...}
e M;(F) : Set of the probability measure whose the support is included in F'

e B(F) : Set of the bounded measurable function defined on F'
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e For p e My(F) and f € B(F),

plh) = [ @)

4.1 Statement of the general results

4.1.1 Statement of the general assumption

Let I be %ZjL (N € N) or Ry. Let (Q, (Fst)s<t: (Xt)ter, Pz s)zek,scr) be a (possibly)
time-inhomogeneous Markov process defined on a state space (E, £), where £ is a o-field
of E. Define (A;)icr a family of measurable subsets of E and denote by

To:=inf{t € I : X; € A}

For any t € I, denote by E; the complement of A;. Denote (Ps;)s<¢ the semi-group
defined by, for any p probability measure on E and f bounded measurable function on
E,

pPsof = /E 1(d2)Eq o (F(X0) Lryo0),

where E, ; is the expectation associated to P, ;. In this chapter, the main concern will
be the asymptotic behavior of t — u¢s+ when ¢ goes to infinity, where (¢s+)s<¢ is defined

as
NPstf
stf = E,(f(X = :
pps.tf s (f(Xe)|Ta > 1) 1P, 1

for any s <t, p € Mi(Es) and f € B(E;), where E,  is the expectation associated to
P, = fEs p(dz)Py 5. In particular, for any s < ¢ and pu € M;(E;), one denote

pdst =Py s(Xy € |Ta > t).
Let us now introduce assumption (F’) as follows :

Assumption (F’). There exist positive real constants 1,72, c1,c2 and c3, t1,t2 € I, a
family of measurable functions 11 s : Es — [1,400), and a family of probability measure
(vs)ser on a measurable subset Ly C Ey such that

(F°0) (A strong Markov property). Defining
m=inf{t € I : X; € L;}, (4.1)

assume that for all s € I and s € I, X;, € L, , P, s-almost surely on the event
{7 < o0} and for all ¢ > 0 and all measurable f : £ — Ry,

Ex,s [f(Xt)ﬂTL§t<TA] = E:c,s |:]]-TL§t/\TAEX-,-L,TL [f(Xt)]]-t<‘rA]} .

(E’1) (Local Dobrushin coefficient). Vo € Lgyy,,

Py o(Xogt, €74 > s+ 11) > c1Vsit, (- N Ly, ).
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(F’2) (Global Lyapunov criterion). We have y; < y2 and

Eaz,s(wl,s—&—tg (Xs+t2)]ls+t2<TL/\TA) < ’}/?1/)175(I‘), Vo € By
Ex,s(wl,t(Xt)]lt<TA) S C9, Vo € LS, Vt € [S,S + tz] N I,

inf ;P (X, e L ) — 400,
SEII,IJIUELSFYQ x,s( t € L, Ta > ) t—+o00 oo

(F’3) (Local Harnack inequality). There exists c3 > 0 such that, for any r < s < ¢,
r €L, and y € Ly,

IP’I,T(TA > 1) < CgIP%S(’TA > t)

These assumptions are directly inspired from the assumptions (F) introduced in [15,
p.15-16]. A first difference to note with the time-homogeneous setting is the dependance
in time of the Lyapunov function 1 ,, the measurable set L, and the probability measure
vs. However, it is important, for the following, to keep the times (¢; and t3) and the
constants c1, ¢, c3, 1 and 72 in order to get our results. The time-dependance of these
quantities are harder to manage and set an open question to solve.

Moreover, the Harnack inequality (F’3) is sightly different from the time-homogeneous
Harnack inequality (F3) introduces in [15] because of the necessity to deal with three
times r < s < t. In the time-homogeneous setting, we do not need it, because this
statement is naturally implied by the increase of r — P, (79 > t —r) for any x and ¢ > 0.
In the time-inhomogeneous setting, the increase of r +— P, (74 > t) is not necessarily
true. However, it is not excluded that the increase of r +— Py (74 > t) is a consequence
of some weaker assumptions.

In this chapter, three main results are proved. They are respectively stated in the
subsections 4.1.2, 4.1.3 and 4.1.4.

4.1.2 Mixing property

A quasi-limiting distribution is defined as the limiting probability measure (for the weak
convergence) of t — P, (X; € :[t4 > t) for some p € My(Es) and s > 0. In the
time-inhomogeneous setting, the existence of a quasi-limiting distribution is usually not
expected. However, one can expect a mizing property, that is that, for any s > 0 and
any pi, p2 € Mi(Es), one has

[[Prs,s (X € olra > 1) = Py o(Xy € 74 > t)ll7v — 0.

This property is actually the first results which is proved in this chapter :

Theorem 20. Under Assumption (F'), there exists C,~v > 0 such that, for anys <t € I,
for any p1, p2 € My (Es),

HMM&e%oﬂ—%A&em>mwsaﬂ(M%9+W%9)

p(2s)  p2(e,s)
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where, for any s > 0 and x € Ej,

—t2 no—1
—1 . .
Po,s(x) 1= % Z Yo Zt2Pm,s(Xs+it2 € L,74 > s+1it)
5 _

i=0
and ng 1s an integer large enough.

4.1.3 Existence of a ()-process

It is possible to go further showing the existence of a Q-process for the process (X¢)er
absorbed at (A;)icr. More precisely, the Q-process is the law of the process (Xi)er
under (Qg s)zck, ser, where, for any s <t and any x € Ej,

Qz,s(I) := lim Py (Tjta >T), VI € Fgy (4.2)
T—o00
In other words, the Q)-process can be interpreted as the law of X conditioned never

to be absorbed at (A¢)ier. In order to prove the convergence (4.2), it is necessary to
prove the following proposition :

Proposition 22. There exists a family of function (ns)s>o such that, for any x € Es,

Py s (Ta >1)

AR < o= (t=5)
]P)Z/S,S(TA > t) 775(‘7:) — CG ¢1,s($)v
where C,y > 0 and v is the probability measure defined in (F'1).

For any s € I, define
E.:={z € E, : ns(x) # 0}
Then it is shown in this chapter that, under Assumption (F”), the convergence (4.2)
goes exponentially fast with respect to the total variation norm.

Theorem 21. Let (Qus)zcEr ser be the family of probability measures defined by
e (X¢)

Eg s (me(Xe) 17, >¢)

Then, for any s <t < T, for any z € E.,

Qus(T) :==Eq s <1F,7—A>t > ., Ve Fgy

HQJ:,S(X[s,t] e ) _ Pz,s(X[s,t] e -‘T < TA)HTV < Ce—'y(T—t) (1 + 1/11,s(a:)> 1#175(%)

ns(z) ns(z)
Moreover, defining, for any s >0 and p € My (FE.),

Qu,s = /E" Qm,s/ﬁ(dfn%

one has, for any s <t <T and p such that u(ns) > 0,

Qnoipr,s (X, € ) = Pus(Xis g € [T < 7a)llrv < Ce VT <1 + M<w1’8)> pLs)

u(ns) ) p(ns)

with

ns () p(d)
1(1s)

ns * pu(dx) =
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4.1.4 Existence of a quasi-ergodic distribution

It could be also interesting to deal with the quasi-ergodic distribution, which is the limit
law of

1 t
;/ Pus(Xu € |74 > t)du
S

when t goes to infinity. As the quasi-limiting distribution, it is not necessarily that the
quasi-ergodic distribution exists in the time-inhomogeneous setting. However, Theorem
21 implies the following corollary :

Corollary 3. For any s <t, for any u such that p(ns) > 0,

g N(¢1,8) H(wl,S)
TV =5 <1+ 1(1s) ) w(ns)

1t 1t
Ht/ Qupepns(Xa € )du — Z/ Py o(Xy € |t < 7a)du

In particular, if
1t C
£, QX € 9 1 5

for some measure p such that p(yy s/pu(ns) < oo, then one has

1t r
E/S Pus(Xu €t < Ta)du b B.

In order to prove these results, we will first state some alternative condition (E’)
relevant for the discrete-time setting. The proofs in the following section will be the same
as written in [15] for the time-inhomogeneous setting. Once finishing to deal with the
discrete-time setting, we show that the Assumptions (F’) imply the Assumptions (E’) for
a subsequence of the Markov process (X;);es. All the proofs showing the mixing property
is quite close to the proofs written in the time-homogeneous setting in [15]; however,
for the sake of completeness, we give all the details for proving the mixing property.
The main novelty concerns the proposition 22 since, contrary to our case, the proof
provided in [15] in the time-homogeneous setting strongly relies on the existence of a
quasi-stationary distribution, which is not well-defined in the most of the interesting cases
(for time-homogeneous Markov process absorbed by moving boundaries, see Proposition
2.1. in [45]). For our purpose, we use instead the family of probability measure (vs)se;-

4.2 Proof of the mixing property : the discrete-time case

In this section, assume that I = Z,. Let us introduce the following assumption.

Assumption (E’). For any k € Z,, there exist positive integer ny and ng, positive
real constants 61,02, ¢1, Co, €3, €4, C5 two functions @1, @2 : £ — R4 and a probability
measure v, on a measurable subset K; C Ej, such that

(E'1) Va € Kp,
5:2Pk,k+n1 > C1Vtny
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(E’2) We have 6; < 65 and

inf o1 (z) > 1, sup sup @1 x(x) < 0o
TEE z€Ky, keZy

inf inf z) > 0, su x) <1
nf | inf P2.(x) sup Pak(x) <

Prkr191641(7) < 0101 1(7) + G2l (), Vo € By,

P kr192,k+1(7) > 02002 (), Vr € B}
(E’3) There exists ¢ such that, for any k <[ <n, z € K and y € K],

]P)z,k;(TA > n) < C~3Py7Z(TA > ’I’L)

(E’4) There exists n, € N such that, for all n > n,,

inf Py, x(Xnik € Knqpy7a >n+k) >0
k€Z+

The first aim in this section is to prove the following theorem.

Theorem 22. There exists C > 0 and o € (0,1) such that, for any m < n € Z and
M1, 12 S Ml(Em)7

P X, €-ta>n)—P X, € lta>n <Ca™™
|| ,U«l,m( n | ) ,U«27m( n ‘ )||TV I (SOQ,m) N2(‘P2,m)

pa($1,m) n M2(<P1,m)>

Then, the version of Proposition 22 for discrete-time Markov process is as follows.

Proposition 23. Assume Assumption (E’). Then there exists C > 0 such that, for any
m<n<pandzx€ FE,,

< Cag"™™ T
B (A S 1) Prm(7a > 9) #1.m()

— )

’ Pom(Ta >7n)  Pup(ta > p)

where « is the same constant as in Theorem 1 and vy, is as (E’1). In particular, there
exists a funcion ny, such that, for any x € E,,

[nym(TA > n)
Pum,m(TA > n)
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4.2.1 Preliminary lemmata

As in time-homogeneous setting, we will first show five lemmata corresponding to the
lemmata 9.5-9.9 in [15]. This subsection is entirely devoted to this purpose.
Define, for any m € Z,

T[({m) =1inf{n >m: X, € K,}
We start by proving the version of Lemma 9.5.

Lemma 6. For any x € Ey, \ Ky and k < n,
k _
Poi(n < T ATa) < Bxilorn(Xa)L, g0, 1< 0 oru(a).

For any x € E, and k < n,

P$,k(n < TA) > Ew,k[@Q,n(Xn)]ln<‘rA] > 937k802,k($)~

Proof of Lemma 6. By Markov’s property, for any & < n and x € Ej, one has

E. k1 <<P1m(Xn)]ln<TI<(k+1)ATA)] ().

As a result, the first inequality of the lemma can be shown by induction using this
previous equality and the first line of (E’2). In a same way, the second statement of the
lemma can be proved with the Lyapunov condition (E’2) related with g . O

Ezklprn(Xn)L, g, ] = Leem\m Prbr1

The next lemma correponds to the Lemma 9.6. in [15] and states that the expectation
of ¢1.,(X,) is controlled by the expectation of ¢y ,,(Xy,) uniformly in time.

Lemma 7. For any 6 € (61/62,1], there exists a finite constant Dg > 0 such that, for
any k < T and any probability measure pi on Ey satisfying (1 x)/1(par) < 00,

P,
MS QT_kM((Pl’k) \/Dg. (4'3)
wPy 1m0 T w(p2,k)

Proof of Lemma 7. Tt follows from (E’2) that

wPe o141 < O pPrroir + GopPrrli

and
1Py 7102741 > OopuPr o2 7.
Hence
uPr 101,741 < Py o117 + Copt Pyl i ()
uPr 10241 T Oo Py 702, 1
< 0 pPyrerr 2
T 0y uPyrar  O2infycr, 27 (y)
Since 0 /602 < 0, these arithmetico-geometric inequalities entail (4.3). O]
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We now give an irreducibility inequality.
Lemma 8. For any C > 1, there exists a time ns(C) € N such that,
as(C) := inf inf Pu,k(Xk+n5(C) € Kpins(c),TA > k+ns(C)) > 0.

i
k€Zy peMi(Er) s.t. p(e1,k)<Cu(p2,k)
(4.4)

Proof of Lemma 8. Tt follows from (E’4) that there exists a time n, € N such that for
all n > n,, infrez, Py, 1 (Xpyr € Kngr,7a > n+ k) > 0, and, using (E’1), such that for
all n > ny, + nq,

;éllf;( k’lEan+ ]P)x’k(XnJrk S Kn+k77'A > n+k) > 1 klelg+ Pyn1+k’n1+k(Xn+k € Kn+k;TA > n—i—k) > 0.

Fix k € Zy. Let C > 1 and p be such that pu(¢1x) < Cu(pak). It follows from Lemma 6
that, for any k < n,

Pus(Ti) ATa > 1) < By |1a(Xa)lpo, | <00 ulore) < COFFulon).
and

P e(n < 7a) > 05 (o).

Therefore,
PuslTh) <n < a) = (057 = COTF) (o).

Choosing n(C) = [2C/log(02/61)], we deduce that

(k) 62 on(©)
Pu,k(TK <k+n(C)<Ta)> T#(@Q,k) > o0

Therefore,

Pk (Xkgn(@) o 1n1 € Kitn(@)tny4ni> T4 >k +n(C) +ny + n1)

> Bk ﬂngHn(CKmeT(k) 120 Xitn(@)tnytn1 € Kiin(©)tn,4n1, 74 > ki +0(C) + 1y + 1)
K

n(C)

. . 2
> OS?EITLI%C) xlgif( ]P)x,k—l-l(XkJrn,,JrnlJrn(C) € Kk+n(C)+nV+nluTA >k + n(C) +ny + nl) 20

n(C)
2

2C

> OS?%E%C’) kIGHZer mlél[f{ ]P)Ct,kJrl(Xk—i-ny—i-nl—i—n(C) € Kk+n(C)+nu+n17TA >k + n(C) +nw + nl)

=:a5(C) > 0.

Hence we have proved Lemma 8 with ns(C) = n, + n1 + n(C). Note that ns(C) does
not depend on k. ]
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The next lemma corresponds to the Lemma 9.8. in [15].

Lemma 9. There exists a time ng € N such that for any k € Z,

Juf  inf Py g (Xitr € Kiyr | K+ T < 74) > 0.

Proof of Lemma 9. Fix k € Z,. Since @1 /2 is bounded over Ky, we deduce from

Lemma 7 that, setting C := D1 + Supjez, SuPgek, z;zgi;, we have for all x € K} and

all T' > ns(C),

P bt T—ns (C)P1 e+ T—ns (C) (T)
Pl ket T—ns (C)P2,k+T—ns(C) (T)

<C. (4.5)

8 Py k4T —ny(C)

5o Prr oy 15 W€ deduce that, for all x € K; and
T R —ng

Using Lemma 8 applied to pu =
T Z n5(0)7
Py g0y kTl 0

Py (Xit1 € Kiprr | k4T < 74) = 2 WPt —ns(0) ket T LKy = a5(C)-
PP ns ) kT 1E

O
Finally, the next lemma states that survival probabilities are controlled by 1 .
Lemma 10. For any 6 € (01,1), n > k+1 and x € E},
P 70 p 7y < 21 o 4.6
There exists a constant C > 0 such that, for any x € Ey, and n > k+ 1,
Py r(n <74) < CM inf Py r(n <7a). (4.7)

1—01/6; yek,

Proof of Lemma 10. We first prove (4.6). It follows from Lemma 6 that, for all § > 6,
and z € Fy \ K,

(k) o1.k()
E, (0 Tiihray < 20 4.

By Markov inequality, for all x € Ejy \ Ky,

By (n < T® A ra) < By (07T A7 )gn < P11E) g
’ ’ 1-— (91/0

The inequality is trivial if z € K.
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Using (4.6), the second inequality of Lemma 6 and (E’3), we have for all x € Ej,

Pypr(n < 74) = Pyp(n < T A7a) 4+ Py (T A s <0 < 74)

n Sol,k’(x)
21-01/6,
< nfeer, P.r(n+k <71a) @)
- inf.eck, p2.1(2) 1—01/6,

<46 +pr,k(T[((k)/\7-A:l) sup Py i(n < 74)
1=k

yeK;

n
- k .
+ C3 pr,k(T[({) ANTa=1) ylenlf;l Pyi(n < Ta)
=k
P1k(7)

< (C inf P, k —_
_Czlelk'k ’k(n—’_ <TA)1—91/(92

inf P Py (T Ara = 15 P
+CZIEI}<1€ Z7k(”<TA)Z wk(Ti' NTa=1)0; )

=k

(4.9)

where we used the fact that, for some constant C' > 0, for alln > k£ > 0 and all z € K},

P.x(n < 74) > CO5F inf P, (n < 1a). (4.10)
yeK;

This is proved using the three following equations. For alln > 1 > k+ng and all z € Ky,
by Lemmata 9 and 6,

Por(n <7a) >Pp(X; € K |1 <7a)P,p(l < 7Ta) léllf( Pyi(n < Ta)
Yy 1
> CGlz_kgog,k(z) inf ]P’yJ(n < 7',4)
yeK;
> COLF inf P )
> CH, nf yi(n < 7a)

Also, using (E’3), for all n > k +ng > [,

P, r(n <7a)> 0936+k inf Py peqk(n < 7a)
yEKn6+k

> Cgpeth jnf. Pyi(n < 74)

> (COsTFYOLF inf P, (n < 7a).
yeK;
Finally, for all [ <n < ng + k,
P.ix(n < 7a) > Por(ne + k < 74) > COTH > (Co7oTF) gL+ inf Py (n < 74),
yeK;
and (4.10) is proved.
Now it follows from (4.8) and the inequality 0 > 61 that, for all x € Ejy \ Ky,

(TP Ara—k) p1k(T)
E, (0, X < T
ka( 2 ) - 1— 91/02

Since the inequality is trivial for z € K}, plugging this inequality in (4.9) ends the proof
of Lemma 10. O
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4.2.2 Proof of Theorem 22

For any T' € Z., we consider the law of the process X conditioned to not be absorbed
before time 7. We introduce the linear operators (S7, ,,)o<m<n<r defined by

Pm,n (an,T]lE> ((E) .

Smnf (@) = Bam((Xn) | T < 74) = =55 05

It is well-known that (S, ,,)o<m<n<r forms a time-inhomogeneous semigroup (i.e. SZ’Z’RS,,ZP =
ST
S,:g’p for all m < n <11 < T) and that the process (X,,0 < n < T) under P;” is a

ST
(time-inhomogeneous) Markov process, where we denote by ;" the law of the process
(Xn,0 <n <T) conditionally on T' < 74 and Xy = x.
The following proof is divided in four steps :

e In a first time, a collection of Lyapunov functions (¢ 7)o<k<7 for the semi-group
(SH .2 )o<men<r is constructed.

e Then, a Dobrushin-type property for the time-inhomogeneous semi-group is ob-
tained.

e These two last steps are used in order to obtain a mixing property along a sub-
sequence and starting from two Dirac measures.

e Finally, we prove the final mixing property from the key proposition obtained in
the third step.

Construction of a Lyapunov function for (S;‘Q,n)ogmgngT
Fix 6 € (01/62,1). For any k < T, we set, for x € E,
(k)
U (@) =B (07T MR T < 7y)

The following proposition provides a Lyapunov-type property for the inhomogeneous
semigroup S.

Proposition 24. There exists a constant C > 0 such that, for all 0 < m < T and
1<k<T-m,

ST sklmikr (@) < 0 r(z) + C, Vz € E. (4.11)

Proof. Markov’s property implies that, for all z € Ej \ Ky and T,m > 1,

Sp mi1¥marr () = 0n 1 (). (4.12)

133



Indeed,

_m(m)
((91 Ty AT+m1T<TA)

Eaz,m
(@) = = T <)

—T AT +m1 | T < 74)

Ea},m ]lm<TAEXm+1,m+l (0 IP)Xm.Hm’LJrl (T < TA)

]P)a:,m (T < TA)
= rj;,m+17/}m+1,T($)'
Similarly, for all x € K,
(m)
Smm1¥m11(2) = OB gn (0775 | T < 1), (4.13)

where
O'%n) :=min{n >m+1, X, € K,}
is the first return time in (Kj)rez, . Setting

C:= sup sup Ex’m(G_"KA(T_m) | T < T4),
0<m<T 2€Km

which is finite (see Lemma 11), we can apply recursively (4.12) and (4.13) to obtain

T T T
Sm,m—i—kwm-‘rk,T = Sm,m-‘,—k—l (lEk\Kk Sm-l—k—l,m—l—k(wm-l-k,T))
T T
+ Sm,m—i—k—l (lKkSm+k—1,m+k(wm+k,T))

<08 k1 ¥mik—17 + CO

k
< S OYr(@)+CY 00
(=1

Hence Proposition 24 follows from the next lemma. O

Lemma 11. For all 0 € (6,1/62,1),

_5(m)
sup  sup By, (077x M T < 14) < 00
0<m<T z€K}

Proof of Lemma 11. Fix x € Kji. On the one hand, by Lemma 10, we have for any
1<n<T,

Pom(n <o and T < 74) = Bopn(L_ ). Px, (T < 74))
’ ? n<o e TATA ’

<C inf Pyalra > DEem(l, o, @10(X0).
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Using (E’2) and Markov’s property as in the proof of Lemma 6, we deduce

Ppm(n <ot and T < 74) < C inf Pyu(ra > D" Prmrrme (@) (4.14)
Yy n

< C inf Py,(ra > T)00 ™, (4.15)
yeKn,

On the other hand, Lemma 9 implies the existence of a constant C' > 0 such that, for
all x € K and all n > m + ng,

Py (X € K, 74 >n) > CPyp(n < 74).
We deduce from Markov’s property and Lemma 6 that

Px,m(T < TA) > ]P)z,m(Xn S Kn) g}g ]P)y,n(T < TA)
Yy n
> CPx,m(n < T4) inf Pym(T < T4)
yeKn
>CO™ inf P, (T < .
= LUy yle%(n yan( TA)

Combining this with (4.14), we finally deduce that there exists a constant C' > 0 such
that, for all x € K and all T > n > m + ng,

Pym(n <ol | T <74)<C (91) . (4.16)

The conclusion follows. O

Dobrushin property for (S'Z;,n)OSWSTLST

The next proposition provides a Dobrushin coefficient-type property for the inhomogen-
eous semigroup S.

Proposition 25. There exists a constant ag € (0,1) such that, for all R > 0, there
exists kr > 1 such that, for any k € Z4, for all T > k + kgr and all z,y € E such that
Yr,r(z) + Yrr(y) < R, we have

5:35;5““ - 5ySIZ:k+kRHTV <2(1 - ap).

Proof. We start by stating a lemma proved at the end of this subsection.

Lemma 12. Forallx € Ky, k€ Z4 and k+n1 +ng <n < T,
Poi(Xn €| T < 74) > civm, (4.17)

where the measure v, and the integer ny are the one of Condition (E’1), the integer ng
is from Lemma 8 and ¢} > 0 is independent of x,n and T.
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Fix 6 € (01/02,1) and set kr = [log(2R)/log(1/0)] + n1 + ne and fix T > k + kg.
For all x € E such that vy, r(z) < R, Markov’s inequality implies that

R
<
— 9—Fkrtnitne

—

Px’k(TI((k)>k‘+kR—n1—n6’T<TA) <

5.
It follows from Lemma 12 that, for all measurable A C Ej i,

Er,k

k+kr—n1—ng
Zl:kR n1—ne ﬂT;f):lPXl,l(Xk-i‘kR S A, T < TA)

]P)m,k (XkJrkR € A‘T < TA) >

P%k(T < TA)
) ]Ex,k [ZerkkRmnS ]lTI((k)zlPXl’l(T < TA)
> A
= Clyk-‘rkR( ) Pm7k(T < TA)

= C,1Vk+kR(A)Px7k(T[((k) <k+kr—n1—ng|T <Ta)
1
> §CI1Vk+kR(A)'
This concludes the proof of Proposition 25 with «g = ¢} /2. O

Proof of Lemma 12. By Markov’s property, for any T' > n > k + n1 + ng, * € Kj, and
AC Ky,

]P)ka(Xn G A? T < TA) Z ]Ez7k |:]]'X7L77L1 Eannl ,TA>N—N1 EXWLfnlyn_nl (I]'XnGAaTA>nIEDXn7n(T < TA)):|

Z ]Ex»k |:]1Xn7n1 EannlaTA>n_n1 ]:P}X'nfnl ,n—ni (Xn € A’ TA > n):| ylel}g ]P)yvn(T < TA)

Y

Evn(A)Py i (Xn—n, € Kn—pn,,7a >n—mny) ylel}g Py (T < 7a),
(4.18)
where we used (E’1). Now, let us note that, foranyn € Z,, y € K,,_p,, and T > n—ny,

Pyn—ni(ta>T) 2 Eynn (Ixy_, ek ra>T—nPxp 10— (Ta > T))
> Elpy,n—nl (XTfnl S K, TA > T — 77,1)
> 5166]P)y,n—n1 (TA >T — nl)

where we used (E’1) and Lemma 9. Thus, using (E’3), one has that there exists a
constant C' > 0 such that, for any n > ny, x € K,,, y € K,—p, and T > n,

]P):p,n(TA > T) > CPy,n—nl (TA >T — nl).

Thus, using this last inequality and Lemma 10, we deduce that there exists a constant
¢ > 0 such that

Pa:,k(T < TA) < Pw,k(T —np < TA) = Ez,k (]ln—n1<TAPXn_n1 n—n1 (T —n1 < TA))
< CEaz,k (]lnfn1<‘rA801,nfn1 (anru)) ylerg IP>y,nfnl (T —ny < TA)

< CEIJC (ln—n1<TA90Ln—n1 (Xn—m)) yg}g Py,n(T < TA)
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Since @1.n—n,(2)/Y2,n—n, (z) is uniformly bounded over z € K,,_,,, Lemma 7 implies
that there exists a constant ¢’ > 0 such that, for all z € K},

Ex,k []lnfn1<‘rA801,nfn1 (annl)] < C/Ea;k [1n7n1<TA802,n7n1 (annl)] < C/P:L’,k (’I’L —n1 < TA) .

But n — ny > k + ng, hence Lemma 9 entails that there exists a constant ¢ > 0 such
that, for all x € K,

Per(n—ni <714) < c"IP’gc,k,(Xn,n1 € Kp_n,,7A >n—ny).
Hence we obtain
Pok(T <74) <cdd"Ppk (Xp—n, € Kn—ny) lel}g Py (T < 7a).
) n
Combining this with (4.18), we obtain
c
Pok(Xp € AT <74)> — vy (A).
cc'c
This ends the proof of Lemma 12. O
Key proposition

The following property is a consequence of the two previous ones.

Proposition 26. There exist constants ng > 1, C > 0 and o € (0,1) such that, Vn >
L,keZy and all x,y € E,

SpSnon 5, Snon

0,non 0,non

|y < C0" (24 Yungn() + Yonon 1)):

Proof. We transpose the ideas of [25] to the time-inhomogeneous setting. We fix the
constants R = 4C'/(1 — 0) and 8 = «ap/2C, where C is the constant of Proposition 24.
For all T"> 0 and all ¢ : E — R, we set

llellir = sup 5P eWL___
T ayeke 2+ B (x) + B r(y)

Fix n and T' > 0 such that (n + 1)kg < T and let ¢ be such that |[|o]||(ny1)ksr < 1.

Then, replacing ¢ by ¢+ c for some appropriate constant ¢, one has |p] <1 + B4V kg,T
(see Lemma 3.8 p.14 in [25]).

If Yypep, 7(2) + Yk, r(y) > R, then, using Proposition 24,

‘Sg;kR,(n—s—l)kR(P(x) - SgkR,(nH)kRSO(y)‘
< 24 0Bnkg () + 08¢nig(y) + 28C
<24 (0+ (1= 0)/2) (BYnkp.r(®) + BYnkg,7(y))
—(RB)Y(1—0)/2+28C
< (1 —a1)(2 4 Bnkg,r(x) + By (1)),
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where oy € (0,1) is such that 2+ (0 + (1 —0)/2)y < (1 —a1)(2 + y) for all y > BR.
If Yopep, 7(2) + Yk, r(y) < R, then, considering

e=¢ +¢",

with |¢'] <1 and |¢"] < BY(n41)kp,7, Propositions 24 and 25 entail

‘SnkR, n+1)kR ( ) Snk:R, n+1)k ( ’
< 2(1 — ) + B0y (7)) + B0y 1(y) + 2BC.

Our choice 3 = ag/2C implies that
’ e, (nt- 1)k P (%) — SgkR,(n+1)kR@(y)‘ < (1= 2)(2+ Bnkp,r () + BYnkpr(Y))-

for the constant az = G2 A (1 —6) > 0.
Hence, we obtained

T
|H5nkR,(n+1)kRSOH|nkR,T <(l-a1A 012)|H90H|(n+1)kR,Ta

which implies by iteration that

k
150k Plllomke < (1= 1 Aag)"[[llllnkpnkn < (1= a1 Aa2)"[[¢lleo2/(2+ 28).

This concludes the proof of Proposition 26. 0

Proof of Theorem 22

Let us now deduce Theorem 22 from this last proposition. We have, for all z,y € F,

— 02 Po,nng LE 0y Sy

0,non

-
_m(0)
S Can <2533P0,rm0 ]1E + Em,(] (9 TK AAnmo lnn0<TA> + ¢0,n0n(y>5mp(],nno ﬂE) .

Hence, for any probability measure p on E, integrating the above inequality over p(dx)
leads to

HMPO,WLO — Fo,nno 1E 5ySn0n

0,non

-
_7(0)
§ Can <2,UJPO,nn0 ]lE + E,u,O <9 TK AAnin ]lnno<7',4> + ¢0,non(y)UPO,nno 1E> .

We make use of the following lemma.

Lemma 13. Forall§ € (01/602,1), there exists a constant C' such that, for all0 < m < T
and all probability measure p over E such that p(p2) > 0,

(0)
E,0 (9 T AT <TA> <C zgi;g;mp (T < 74).

138



This implies that, for all & such that p(p20) > 0,

non

HMPOJWO — HPO,nnO ]lE' 5ySO,n0n

’TV

< Ca" | 24Py png L + M(pl’o)ﬂ”u,o (non < 74) 4+ ©%0,non (Y) 11Po,nno LE | -
1(¥2,0)
Hence
10 nng non n p(1,0)
el LT N /0 <Ca" |2+ 0 4 o .
MPO,nno]lE Y~0,non v ( M(QOZ,O) ¢ ,non(y)

Using the same procedure w.r.t. y, we deduce that, for any probability measures p; and
p2 on E,

M1 PO,nno M2P0,nno

1 Ponole  p2PonnglE

< Cam (Ml(%ﬁl,o) n H2(901,0)> 7

v pi(p20)  p2(e20)

where we used the fact that p(¢1,0)/p(p2,0) > 1 for all probability measure p on E.
Because of Lemma 7 below, we deduce that, for some constant D; > 0 and for all
0 <k < ny,

NlPO,nno+k MQPO,anJrk

1P nno+k e 2P nne+k1E

P P
< Ca™ H1£0,k$1,0 i H2L0,:91,0
TV mPorp20  H2Fo kw20

< Can pa(1,0) VD4t p2(p1,0) VD).
p1(#2,0) 2 (p2,0)

Therefore, up to a change in the constant C' and replacing o by o'/, we deduce that,
for all probability measures p; and pg on E such that p(e20) > 0 and p2(p20) > 0
and for all n > 0,

pmPon  p2Pon
mPonle  pePonle

n [ H1(p10) | p2(p10)
v = ca (Ml(@z,o) N M2(<P2,0)> ' (4.19)

To conclude, it is enough to apply the result (4.19) to the time-inhomogeneous semi-
group (P,([;))ngp defined by

P,EZ;) = Prtnmtp

If (P, p)n<p satisfies the assumptions (E’), then (R%))ngp satisfies also the assumptions

(E’) replacing the Lyapunov functions (¢1,)nez. and (©2.4)nez, by

(m) ._ (m) ._
Sol,n = Plntm, @2771 = P2n+m
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Thus, by (4.19) applied to (PT(LZ,L)),LSP, for any m <mn € Z, and p1, po € Mi1(En),

(m) (m)
p1 Py, pa by~
[[Puym(Xn € |74 > 1) = Py m(Xn € -|7a > n)l|lrv = e e

MlPO(,n'r:)—mlE M?P(g,T'Z—mJ]-E

TV

< Can—m (m(sag’fé)) M2(90§,o))>

- (m) (m)
M1(902,0 ) N2(<P2,0 )

_ conm [ Falerm) | p2(orm) )
p(p2m)  p2(p2,m)

Proof of Lemma 13. This lemma in a generalization of Lemma 11. Its proof is based on
similar computations. We give the details for sake of completeness.

For all probability measure p on E, for any 0 < n < T, using Lemma 10 for the
second inequality and Lemma 6 for the third inequality, we have

Po(n < T and T < 74) < Ey0(L, 0P, (T < 7))
< Cyier}gn Py,n(T < TA)]EM,O(]ln<T;{0)SDI,n(Xn))
< C inf Pyn(T < 74)07n(¢r0)- (4.20)
y n

For all integer n > n,, where

nu = n5(D9) +

log(1/9)

p(#1,0)
log De#(;s,o) “

it follows from Lemma 7 that

FLns (Do) nP1m

< Dy
WPns (Do) nP2.n

and from Lemma & that

1wPonlk
BEOnZKn 5 4e(Dg) > 0.
[ Ponlp, = Do)

Therefore, we obtain from the Markov property and Lemma 6 that
Puo(T < 7a) >Puo(Xy, € Ky, 74 > n) ylergn Pyn(T < 7a)
> a5(Dg)Puo(n < 74) yIEI}gn Py n(T < 7a)
> a5(Dy)05 u(p2,0) it Pyn(T < 7a).

Combining this with (4.20), we obtain

(0) c <91>" 1(e1,0)
P,oln <Ty’ and T < 74) < — P,o(T < 74).
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Hence

w(e10)
TO>n, T<ra ) = ¢
K 2 T<TA 1(p2,0)

(0)
E,o (aTKO AT Puo (T < 7).

We deduce that

(0)
a0 (A 0.

=5 (Do)t (1 ,0)
Dop(p2,0)

Since 7™ < , we have proved Lemma 13. 0

4.2.3 Proof of Proposition 23
Let vy, € My (K,,) be as (E’'1). For any z € E,,, denote

Pz m (T4 >n)

) = ——
ﬁm,n( ) ]P)Vm,m(TA > n)
For any = € E,,, and m < n < p, by Markov’s property,

5x¢m7n("7n7p) _ 590Pm,n(77n7p)
qusm,n (nn,p) Vum,n (nn,p)

Ps,gmn.n(Ta > D)
() = N (%) 5 . "(TA S Tim.n ()
Um@Pm,n,N

By the mixing property, for any x € K,
P2 gm.n,n (T4 > D)
PVm¢m,nyn(TA > p)

O ¢m,n (nn,p) - Vm¢m,n (nn,p)
Vm¢m,n (nn,p)

() = N (T)| = T, (@) -1

= Nm,n(T)

n _
H n,plioco Cnm’

< Xr)——————————
- nmm( )Vmgbm,n(nn,p)

‘Pl,m(x)
2,m ()

where we used that sup,cp, < 00. Moreover,

Pmem(TA > p)
Vm,m(TA > n)Pun,n(TA > p)

Vmgbm,n(nn,p) = P (421)

Using the definition of v,;, and Lemma 4,

]P’,,Wm(TA > p) = Eum,m(ﬂm>n—noEXn—n07"*”0(17A>”PX"7"(TA > )
> 1Py, m(Ta > 1 —n0, Xn—ny € Knno)Pu,n(74 > D)
> CPy, (T4 > 1 —10)Py, n(T4 > D)
> CPy,,m(14 > )Py, n(74 > p)
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So, finally,
m,p(2) = N ()| < Climn (@) {[00,p | 00
By Lemma 5, for any =z € K,,,

infyek,, Pym(Ta > n)

<C
IP)V'num(TA > n)

Tim,n (l’) S CSOI,m (1’)

In particular, defining || f|[zc(4) := sup,eq |f(x)| for all measurable A C E and all
bounded measurable function f on A, we deduce that for all n > m,

_ Cées _
[7m,n — 77m7n+1HL°°(Km) < Co” m”””v”"'lHL‘X’(E) = Oavn (p2.n) a™ . (4.22)
. . Pun 1 .
where the inequality |[n,ni1llcc = SUpPep, Py;;{%i@:f) < 921/”(1@27”) is used. Hence

the sequence 7y, ,, is Cauchy in L*°(K,,) and converges to some 7,,. We define for all
x € En\ Kn,

= Egm | 1 X Vr pea g a1
Nm(T) = x,m "<TA7]TI(;")/\TA T;(<m>/\TA Py (74 > n)

Note that, since n,, is bounded on K, and since

T(m) AT A

m,TI((m)/\TA

Vm(‘PZm)

almost surely, (4.8) implies that 7,,(z) < oo for all z € E.
For all z € E,, \ K,,, we have

Px,m(Tl((m) ATA<n < Ty)
Pym,m(TA > n)

[ (@) = M (@) < () —

n Px(TIgm) ANTp <n< TA)

v P
Tl((m>/\TA T1(<m)/\TA,7'L

e (2 o )T Pl
m m m - l‘
z,m TI<< >/\TA§n<TAnTI<< )/\’TA T1(< )/\TA Pum,m(TA > TL) Tm

We shall control each term of the right hand side. For the first one, we deduce from
Lemma 10 that, for some constant C' > 0,

(m) (m) n—m
Pom(Tre ' ATa<n<T7a Prm(n <Tp’ ATa 0

Py, m(Ta > n) a Py, m(Ta > n) 02

For the second one, Markov’s property implies that

n
P (T8 AT <1< 7a) = By (Z L) g P (1 < m)) :
k=1
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Now, (4.22) entails that, for all m < k < n and = € Ky,

Py r(n < 7a) —nk(2)Py, k(n < 74)| < Ca"_k}P’%k(TA >n)

Therefore,
]P):I?(TI((m) ANTa<n< ’TA) _E 1 0 (X ) VT;((m)/\TAPTI((m)/\TA,TLlE
Popm(T4 > 1) L\ ST Arasn<ra T Ara \ T Ara Py,ym(T4 > 1)
1

n
< i [Eo (3 trennscuaier oy Brasa = ) = 0 a4 ) )|

Ca® —TgNT.
= mlﬁ:m’m (lTKATASna ® APV7TkATA (TA > n))

]l a—TK/\’TA
S COén]Ex " Tk NATA<N
’ Um P 1g

m,T;;n)/\TA

< CanEm,m (]]-TK/\TASn(92a)_TK/\TA) < Can@l,m(x)a

where we used (4.8) in the last inequality.
For the third term, using the a.s. inequality L7, ary>n < o TEATA | we have

(0B (1 N e Pt
xX)— m m m
(@) B | Ly o Mty \Xrgones ) =5, ra s )

VTI(?L)/\TA PTI(;n)/\TA,n]lE
- Ex,m ]lT(m)/\T >nnT(m>/\T XT(m>/\T
K A K A K A ]P),,m’m (TA > n)

VT[((M) NATA PTI<<m> ATAM ]lE )

< CEym (]lT}(m)/\rAm Py, m(TA > n)
< CEzm ((Ozﬁg)_TKATA> a”
< Ca"p1m(x),
Thus, for all z € Ep, \ K,
[T () = nm(2)] < Cap1m(z), (4.23)

which concludes the proof of the convergence of 7, n, t0 7y, in L™ (@1 .1m,).

4.3 Proof of Theorem 20

We assume that Assumption (F’) is satisfied. In Subsection 4.3.1, we prove that As-

sumption (E’) holds true for the sub-Markovian semigroup (Péf,%)mgn of the absorbed
Markov process (Xsint,,n € Z4), for s € I. In Subsection 4.3.2, we prove the existence
of the weak quasi-ergodicity for (X;)c; with the claimed properties.
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4.3.1 Proof of (E’) for the chain (X, ,,)nez,, for s € I

We fix 0; € (v12,7£2) and set 6, = 42, Using the last line of (F’2), there exists a number
ng € N large enough so that, for any ¢ > (ng — 1)t2 and for any s € I,

_ c
inf Y2 t]P)m,s(XtJrs € Lt+5a TA >t + 5) >1v 72752
x€Ls 01 -—N
and we set
—to k+ng—1
Kty Yoo — 1 —i
905511 = Y1 s+kt, and @ésl)g = ’thZ 7_2%,52 1 Z Y2 ZtQP;éi-)]lL.
2

i=k
Step 1. Proof of (E’2), (E’}) and (E’1).
For all © € Esikt, \ Lstkt,, it follows from (F’0) and the second line of (F’2) that

Plgflerl@gfl)ngl(x) = Eg stkt (1/11,s+(k+1)t2(Xs+(k+1)t2)1s+(k+1)t2<m/\m)

+ Ew,s+kt2 (I]-TL§5+(k+1)t2EX7—L,TL (]]-8+(k+1)t2<7',4wl,s-f—(k-‘rl)tz (X8+(k+1)t2)))
< ’Y?%,Hktz(x) + Py stity (T < s+ (k4 1)t2)co.

We define Kr(LS) = {y € Es+nt27Py,s+nt2 (TL < s+ (n + 1)t2)/w1,s+nt2 (y) > (91 - 7?2)/02}'

The second line of (F'2) at time ¢t = s and the fact that 6; — 41> < 1 imply that

Lgint, C K. Moreover, we have, for all 2 ¢ K\,

P,gf]2+lgogf])€+1(x) < 919052(55)- (4.24)

Hence, for all x € Egygt,,
Pzg,szzﬂsﬁfz)fﬂ(fﬂ) < 91@&2(1‘) +eal e (@). (4.25)

Note that it immediately follows from the definition of K Igs) that

sup sup gogs,)g(a;) < 0.
k€Z+ IEK;S) 7

In particular, the first and third lines of (E’2) are proved.
Moreover, using the Markov property provided by (F’0) and the definition of ng, we
deduce that, for all t > s+ (k + no — 1)ta,

) —(t—s—k
;g}; Y2 (b2 t2)PI,S+kt2 (Xt € Ls+kt27TA > t) (426)
> inf P <s+(k+1)t inf inf ~, YR, L (X, € Ly, Ta >t
> a:ell(2+kt2 vstktx (7D < 8+ (K + 1)t2) ue[s+kt21,151+(k+1)t2]ylenLu Vo o (Xt t,TA > 1)
(4.27)
> 1, (4.28)
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01—7,2
where we used the fact that, for all @ € Kq iy, Py sy, (7 < s+ (kK + 1)ta) > %

In particular,

7t2
k+ta Vo T — 1 k+mno)t —kt
P15812+190§ l)€+1 2 (pgsl)c + “Yé ) 277%@, 1 (72 (ko) 2Pz§2+n0 1Ls+k+n0 — T2 QI]‘Lk)
2
Y2l = 6apl).

In addition, for all z € K\*), s € T and k € Z,,

_t2 _t2
(s) 00 ~(no=1)t2 p(s) ik
@) 2 W 2 Prikino—1 Mg 1 () 2 S
> 2

Hence (E’2) is proved.
Fix ny > 1 such that nity — t; > note. Condition (F’1) and then (4.26) imply that,
for all x € K,ES),

Px,s+kt2 (Xs+(k+n1)t2 €N K]ES)a TA> S+ (k + nl)tQ)

2 P%S-Hﬂtz (Xs+(k+n1)t2—t1 S Ls+(k+n1)t2—t1’7_A > s+ (k + nl)tZ - tl)clys+(k+n1)t2—t1(' N Ls+(k+n1)t2—t1)

Z ’ng_tlclys—i-(k—km)tz—tl ( N LS—‘,—(k-‘rnl)tQ—tl)'
Extending vy (k4n,)t,—t, as a probability measure on Ky (41n,)t,—t,, We obtain (E’1)
with & = g2 ey,

In order to prove (E’4), it is enough to note that, by the last line of (F’2), there
exists a constant C' > 0 (not depending on s) such that, for any k& € Z,, for any n € N,

]P)Vs+kt2,s+kt2 (XS+(n+k) = K(_?_k, TA > s+ (n+ k)ta)
> PVs+kt27S+kt2 (XS+(n+k:)t2 € Ls+(n+k)t2>TA > s+ (n + k)t2)
> Oy > 0.

Step 2. Estimation of the survival probability.
Our goal here is to prove a version of Lemma 10, where (4.7) is replaced by

(s)

#1u() inf Py sire, (s +ntz < T4), Vo € Esikt,,Vn € N.

P to < <C—————
wsthts (5 +nla < T4) < =0, /05 il

(4.29)

Since the proof is similar, we only highlight the main differences. First, Lemma 9 only
uses (E’1), (E’2) and (E’4), so that there exist ng > 1 and {; > 0 such that, for all
ke€Zy,x€ K and all n > ng + k,

0 P1£512+n K(S) Z Cl(szplg,slz+n]lEk+n
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Hence, for all z € Klgs) and all N > ngy + ng, using (4.26),

t t ) t
0o PN Ly iy = 102 0P o K& Z a0 0 ) N 1B > G952 8. P, N 1.
oy

Hence,

inf inf ]P)x7s+kt2 (X8+(k+N)t2 S LS+(k+N)t2 | S+ (k + N)tQ < TA) > 0. (430)
N2notno e o

Third, it follows from (F’2) that, for all © € Eq ik, \ Lstkty,
P (n—k)t2 Hn—k‘ (s)
wsthta (8 Tty <TLATA) S V1,54t () < 07"y (). (4.31)
and from (E’2) that, for all z € Fs y,,
Paskta (5 + itz < 74) > W' 2080 (2). (4.32)

Therefore, following the same lines as in (4.9) (replacing K with L), we deduce from (4.31)
and (4.32) that, for all x € Es ik,

Py stkts (5 +nta < 74) < 9?_]“(,058,)6(:16)

nto
+ 03/ inf Py stfustats (8 +nta < Ta) Py sk, (7L A T4 € du)
kto yeLs+]—u/t2]t2

< Czlr€1£ P, stkto (s + nta < TA)cpf,)c(a:)

—to

0372 . —TL AT,

——=— inf P, gipe,(s+nta < 74)Ep sike, (72 t A) )
C ZeLs+kt2

_|_

which entails (4.29), where we used in the second inequality the fact that, for any
kE<l<n

(l—k‘)tz

Py stkty (s +nta < Ta) > vy inf Py oqi, (s+nta <7a), V&€ Lgip,,

YELs 11ty

which is deduced from (4.30) exactly as in Lemma 10.

Step 4. Proof of (E’3).
Writing (4.29) with the semi-group (Plgi)z)kﬁn’ one has

(s)
X
5P <C P1i(2)

LR 5 pll
o 1—91/(92 Yy K,

n

Applying 5mP,§78l) to this last inequality, for any £k <1l <n,z € K ]gs) and y € Ly,

5, P o
(s) < Tt gl ¥, (s)
S P < C7—9 06, P
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Then, by Lemma 7 applied to (Pf(,f,)n)mgn, there exists a constant C' > 0 (which is not
the same as in the previous inequality) such that, for any ¥ < 1 < n, z € K ,gs) and
Yy < Ls+kt27

5. P21 < s, P11
Moreover, using the Markov property at time ngty and (4.26), we deduce that, for all
t > s+ kto,

inf< )]P’%SJrth (t<Ta)> inf( )Px7s+kt2 (t + nota < 74) > ’ySOtQ inf Py shty (t < Ta).
Q?EKkS Z‘GKkS ye s+kto
These inequalities imply (E’3).
4.3.2 Proof of Theorem 20
Fix p; € (9}”2,72). For any s € I, define
(pll,s(x) = Ew,s (pl_TL/\TA+S) . (4.33)

It follows from the inequality (4.31) generalized on the space of time I that there exists
a constant C' > 0 such that, for any s € I and x € FE,

P1,5(x) < Cprs().
In addition, for all s € I and = € Es \ L,

—TLATA+S

Ey s (ls+t2<TL/\TA‘P11,s+t2 (Xs—l—tz)) = P?Ez,s (]lS+t2<TL/\7'Ap1 )
< pPe o(x) (4.34)

and the inequality is trivial for x € Ls. In addition, for any s € I, t € [s,s + to], k €
Zy and all @ € Ly, Bag (9 14y (Xeps) Lopiry ) < OB ($1,640(Xits) Liyacry) < Con.
Hence Condition (F’) is satisfied replacing v1 with p; and ¢ s with ¢} ;. Therefore, we

can apply Step 1 to prove that (E’) is satisfied with gpll(fk) = O sykt, a0d gpé(jf) where

( ) P}/,t2 1 k+n671 ( )

ns) _  kta T2 = — —ity p(s

Por =2 —ngta > W R i LLotity
Yol =k

for an integer n( that can be chosen larger than ng.
Moreover, by Markov property, we have for all z € E; and t > s,

gp’LS(az) =E; [lt<-rL/\rApl_TL/\TA+s} +E; [ﬂtz-rL/\rApl_TL/\TAH}
< pl_(t_S)Ez,S []lt<TL/\TA90/1,t(Xt)} + pl_(t_S)Px,s(t > 7 N TA)
< Pli(tis) (E:B,S[]lt<TA$0/1,t(Xt)] + 1) (4.35)
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Let t > t9 + s be fixed and deﬁI}e k € N such that 0 <t — kto — s < tg. It follows
from the fact that Ps 11,0 514, < C) 5 and from (4.35) that

Ew78[1t<TA‘PI1,t(Xt)] < ékEx,s [ﬂt—kt2<TA90/1,tfkt2 (Xt—ktz)}

< C_'kpl—(k+1)t2—s+tIE%S {]]-S+t2<TA(10,1,s+t2 (XertQ) + ]]-t—k:t2<TA]
< OCkp =RtV HE, et sits(Xsptn) + 1]
< Cékpli(k+1)t2is+t(91 +co + 1)1/1175(513>. (4.36)

Now, fix s € I and let pu be a probability measure such that, for any k € Z,,

u(cpgsl)c) < oo and ,u(gogs,)g) > 0. Then, for all t > ngte, it follows from (4.26) that, for all
k>0,

Pu,s<Xt+kt2+s S Lt+kt2+s) Z Pu,s<Xs+kt2 S Ls+kt2) yGIiznf Py,s+kt2 (Xt+s+kt2 S Lt+s+kt2)
s+kto

> Y3Ppu,s(Xothts € Lotits)- (4.37)
Now define, for any ¢ € I,

7t2 no—1

77Z)2,t = 7_”0t2 1 Z '72 Pt t+'bt2:[]‘Lt+zt2

and note that, for any k € Z,
_ )
¢2,S+kt2 - ¢27k‘
Therefore, for all ¢ € [nota, (no + 1)t2],

no—1

_t2 o 1
PP s th2 540 = 7—n0t2 7 Z V2 " Py sptkts Ly e,
_t2

-1
Yo - —1 )t N~k +1)t
> 7_2n0t2 175"0 N P ikt ULy = 1T (s5).
2 - k=0

This and inequality (4.36) imply that (using that n{ > ng), for all t € [ngta, (ng + 1)to]
and for a constant C' > 0 that may change from line to line,

MPs,tsD:l,t - CuPs,tw’l,t <C 1(h1,s)
1Psuphy = nPsppay T pldas)’

(4.38)

Using Markov property, we deduce that for any s < ¢,

sy (pi(ors) | pe(ers)
Pos(Xi€-|t<Ta)—Pus(Xi€-|t<Tas SCQLQJ 3" ’ )
” 11 (Xi ‘ ) H2 (Xt ’ )HTV ,u1(8027s) MQ(SOQ,S)
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4.4 Proof of the existence of the ()-process

4.4.1 Proof of Proposition 22

Our goal is to prove Proposition 22, where the convergence is exponential in L (1)1 )

for a given s € I. Since we proved that (E’) holds true for the semigroup (Péf)n)mgn and
for the functions gp’L s and g g, it follows from Proposition 23 that there exist a € (0, 1)
and C > 0 such that, for all y € F,

— s (y)

P, t
‘ et n =) < Cand (). (4.39)

Py, s(s+nty < 74)

For any t € [s + ta, s + 2t5], integrating this inequality with respect to Py ¢(X; € dy;t <
T4), we deduce from (4.36) that

Py s(nta +t < 7Ta)
Py, t(nta +t < 7a)

- Ex,s(nt(Xt)]lt<TA) < Canwl,s(I‘) (440)

for a constant C' independent of ¢ € [s+ty, s+2t2]. In particular, integrating over vs(dx),

Py, s(nta +t < 714)

< Ca" < C'a
Pui,t(ntQ +1<Ty) S Lo Vs(1/11,s) < C'«

— By, s(me(Xe) Le<ry)

where C" := C'supse; pe e, ¥1,5(x). Then, for any n > ng; = élog (E”‘*‘S(nt(gtm“>t)),

1 < ]P)Vt,t(TA >t 4+ nt2> < 1
Eus,s(nt<Xt)]1TA>t) + Clan o PVS,S(TA >t+ nt2) B El/s,s(nt(Xt)ﬂTA>t) - C/an
As a result, for any s € I, t € [s+ta, s+ 2to] N1 and n > ngy,
Ex73(nt(Xt)]lTA>t) - CO‘”#’LS(@") < PI,S(nt2 +1t<74) Ex,S(nt(Xt)]lTA>t) + C’a”d)LS(x)
]EVS,S(nt(Xt)]'TA>t) + C'am N PVS,S(TA >t + nty) EV575(nt(Xt)]‘TA>t) —C'an
(4.41)
Now, let us state the following lemma, whose the proof is postponed after this proof :

<

Lemma 14. One has

= inf E Xi)1ry>t) > 0.
C6 sGLtG[Sig,erztﬂm Vs (Me(Xe) L7y >¢)

. ~ Ez,s Xe)li<r
Asaresult, forany s < ¢, ns; > ng := < log (&), and setting fjs 4 (2) = o [E?;(()(t))ﬂx A]],
vs,s|Tt t)At<T 4

for all s € I and t € [s+ to, s+ 2t2] N I, for any n > ny,
Ex,s(nt(Xt)]lTA>t) + COZ”¢1,S($) _ ]E:c,s (nt(Xt)]]-TA>t) + Can¢1,s(x) 14+ c’ o+ O(Ckn)
EVS,S(nt(Xt)]'TA>t) —C'a” Eus,s(nt(Xt)]lTA>t) Eus,s(nt(Xt)]lTA>t)
E, S(nt(Xt)]]-TA>t) + COén'QDl s(l') |: c’
< = : 1+ —a™+ o(a"
By s (X0 1710 (@)

C6

C C

< foa(a) + (wl,s@c) - ifan(z) =
Ce Ce

/> + o(a™)
(4.42)
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where the term o(a") is the sum of terms like (Cyib1 s(z) + Chfjs+(x))a*™. Now, using
Lemma 14,

By s(m(Xe)1r,>1)

V575(77t(Xt)1]'7A>t)

1
< gEx,s(nt(Xt)]lTA>t)a

ﬁs,t («73) =

and, by (4.38), one has, for any n,

Px,s(TA >t+ ntg)

Py, +(Ta >t + nt2)
th,t(TA >t + ntg)
Pyt,t(TA >t + ntg)
< Ca"yy 5(7) + CEJ:,S[SD/LS (Xt) L7yt

< Ca™ipy s(z)

Ep s(m(Xe)Lr,st) < Cay o(x) +

< Can¢17s($) + EJ},S

TA>T

where the constant C' has changed from line to line. Finally, combining this last in-
equality with (4.42), keeping in mind the previous remark about o(a™) and doing the
same reasoning for the lower bound in there exists C' > 0 (not the same as the previous
inequalities) such that, for any = € Es, s € [ and t € [s + to, s+ 2t2| N I,

Px,s(TA >t + TLtQ)
Py, s(Ta >t + nta)

- ?7]57,5(1,‘) < Cand]l,s(x)-

Moreover, using the fact that, for any s <t and any n € Z,,

IP)95,5(771 > ntg + t) Px,s (TA > nto + 5) 5x¢s,s+nt2 (P-,s+nt2 (TA > nitg + t))

Py, s(Ta > nta + 1) - Py, s(Ta > nta+8)  Vshsstnts (P sinty (T4 > ntg + 1))
and mimicking the beginning of the proof of Proposition 23 for the discrete-time case,
one can show that 7,y = 1,. As a result, integrating over p(dz) for any p € My (E;),

Pu,s(TA > t)

15
— < g 4.4
]P)ys75(TA > t) /’L(TIS) — COé 2 N(wl,S) ( 3)

This conclude the proof of Proposition 22.

Proof of the Lemma 14. Fix s € I and t € [s + to, s + 2t3]. Then, applying Lemma 7 to

the semi-group (Péi?n)mgn, there exists a constant ¢ > 0 such that, for any = € E; and
nc Z+,
Py i(t4a >t +nt
{74 2) > CﬂPIQ,t(fc)7
Put,t(TA >t4 ntg)
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7t
where we recall that ¢5,(z) = 2, s ZZO_OI% itz *Prtikts L1y 4, (¥) with ng can be

Y2
chosen greater than ng. For example, 1t is possible to choose n{, = n1 + ng. Integrat-

ing this equality over P, 4(X; € -,74 > t) and using (4.38), there exists ¢ > 0 (not
depending on s or t) such that

Ev,s(me(Xe)Lry>t) > By s (95 1(Xe) 11y 50).
Finally, taking n{ = n1 + no,

—ty 1 ni+ng—1

V2
Bus (o (Xe)leat) = gl Z % Vs Pothta Ui,
Y2 -
—to
72 -1 —(nl-‘rno—l)tg
- ~ (n1+no)t2 o 172 VSP57t+(nO_1)t2+n1t2ﬂLt+(n071)t2+n1t2
2
75t2 —1 (n1+no—1)t2 _t—s+(no—1)t
—\n1 0— 2 - 0— 2
2 s 2 72 VsPastnita Lty
5 _
—to
V2 -1 —(n1—1)t2 ~
= v —(n1+no)ta 172 1
which concludes the proof. ]

4.4.2 Proof of Theorem 21
Let x € E, s <t <T and I" € F,;. Then,

Ers(Iper P T Eps(Irier X
’Px,s(F|T < 7T4) _Q%S(F” :’ %S( [i<ta Xt,t( < 74)) _ 175( I'it< AT/t( t))’

Py s(T < 7a) By s (1 (Xe) 17y >1)
_ | Put(a > T) Bas (rpcra e (Xe)) — Bas(Tri<r, (X1))
PVS,S(TA > T) ns,T(ff) ns(x)EVS7S(nt(Xt)]lTA>t)
. Ey(Trner(Xe))|t < 74) Eq s (Trn:(Xe)|t < 74)
= _
> ns,T(x)V¢s,t(77t,T) s (x)El/s,s(nt(Xt)h—A > t)

(%)
where (7)5¢)s<¢ is defined as, for any y € E,

]P)%S(TA > t)

ns,t(y) = ]P)I/S,S(TA > t)

By the equation (4.43), there exist C,~ > 0 such that, for any pu € M (E.),

[1(s,t) — p(ns)| < Ce™ =y ) (4.44)

151



As a consequence, for any p € M (EL),

C —(t—s) /’L(wl,s)
= ce (ns.t) 1 (ns)

p(nse)  p(ns)
and

(+) < no.(2) |Ew,s(]lF77t,T(Xt>)|t <74)  Eos(Irmer(Xo)lt < 7a)

ns,T(x)VS¢s,t(77t,T) Ns ($)VS¢S,t(77t,T)
+ () Eys(Mrn:(Xe))|t < Ta) _ Eq s(Trner(Xe))|t < 74)
et 15(2)VsGr (16,7 15 (@)Eo, s (0e(Xe) 74 > )

Eqs(Mrngr(Xe))|t < Ta) By s (Trne(Xe)|t < 7a)

Ns(2) By, s(me(Xe)|7a > 1) ns(2)Ew, s(ne(Xe)|Ta > 1)
Eos(Lrner (X))t < 74) o —y(r-s) _ Y15(2)

+ Ms,¢(2)

< i) Voot (Me.7) ns,1(T)ns ()
Ex,s(]ll'"f]t,T(Xt)”t < TA) —(T—t) Vs¢s,t(¢1,t)
+ ns,t(x) s (x) Ce I/S(ﬁs,t (nt,T)Vs¢s,t(nt)
n 1s,t(2) By s(Irner(Xe))|t < Ta) — Bus(Lrne (X)) |t < 74)|

US(ZU)EVS,S(nt(Xt)‘TA > t)
< CB*W(T*S)M + e*W(T*t) (1 + Cefy(T—s) ¢1,s($)> ngbs,td}l,t
N ns(z) ns() Vshs Mt

_ _ Ex S (1/}1 t(Xt)]]-t<T )
+ Ce VTt 22 ’ A
Ex,S(nt(Xt)]lTAN)

As it was written previously, it is possible to replace ¥1 s by ¢ ; defined by (4.33). Doing
this, the last inequality becomes

@ s() N

Ps,ﬂpll,t@)

|Qus(T) =Py ()74 > T)| < Ce™ VT (

<1 4 Ce(T=9) ‘Pﬁ,s(@) VsPs,tSpll,t

7)5(96) ns(l‘) VSPs,tnt

Now, by (E’1) applied to the chain (Xs{pn,)nez, and using that v4(ns) =1 for any s € I,
one has

VsPs,s+n1t2ns+n1t2 > 51V3+n1t2 (773+n1t2) = (1.
where we recall that nj is chosen such that nity — t1 > ngte. Thus, using the equality

_ E s(me(Xe)lr,>¢)
s = By (X0 Tr 4 >1)

for any s <t, k € Zy and x € Eqpy,,
Ps stnytaMstnats (T) = VsPs stnytnMstnaty X Ns(w) > E11ms(2).

Note moreover that there exists a constant C' > 0 such that, for any s € I, € > 0 and
for any r € £

Ps,s+n1t290/1,s+n1t2 (x) < p?th@/l,s(x) + CﬂK?"l (.CC),
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where

t —

Ko™ = {x € Es: 3t s.t. Ts €{0,...,n1 — 1}, P41k, (x) > 0 and ¢ 5(z) > e} .
2

In particular, when € < infyc g, ser 2 s(x), K C K™ . Since it is possible to choose ng

large enough such that p?ot? <é (= 7§°t2_t101), the proof of Lemma 2 can be adapted

to show that there exists C' > 0 such that for any s € I, k € Z4 and u € My (E.),

/ /
NPs,s+kn1tz‘P1,s+kn1t2 < C,H(%,s)

,ups,s—l-knltzns—‘rk’nltg HA\Ts
As a result, for any s < u, taking t = u — Lﬁj nito,

PPt _ (HPst)Prutru _ 1Pst$1s
,UPs,u"]u (M‘bs,t)Pt,u"?u - MPs,tnt

Finally, since uPsn: = vsPsyme X pu(ns), vsPstn: > ¢g by Lemma 14, and using (4.36),
the last inequality implies that there exists C' > 0 (different from the last inequality)
such that for any s < s+ ty < u, for any u € My (E.),

:UPS,USOILu S C:U’(wl,s)
WPs 01 (1)

To sum up, one has : there exist C' > 0 such that for any x € E, s <t < T,

)T : < V(Tt)< @1,5(96)) ©1,5(x)
1Qu,s( X5y € -) = Pus(X[s g € -|T < 7a)l|l7v < Ce 14 e s

For the generalization to any probability measure satisfying u(ns) > 0, it is enough to
take back the same previous reasoning replacing the Dirac measure d, by i, and one has
the following inequality :

Qs (X € *) = Prus(Xps.g € T < 7a)|lryv < Ce 7T <1 N u(¢1,s)> 1(¥1,s)

u(ns) ) pns)

4.4.3 Proof of the existence of a quasi-ergodic distribution

Let us prove the Corollary 3 for I = Z,. The reader could realize that the following
computation can easily be adapted for a general space of time I.
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For any m <n € Z,, for any p such that p(n,) > 0,

1 n
=N Pum(Xy € Jra >n) — = Z Qupoippsm ( Xk € °)
" =m " k=m TV
1 n
< " Z Qs (X € ) = Puym (X € +[n < 7a)[|7v
k=m
1 & _ u(smm) #(e1,m)
S - Can k < s ) s
n kz;n (1(im) /) 11(1hm)
n u(mm ple1) g
Ca ( u(nm ) u(n:w,) Z —k
«
k=m
| Canmm (14 HED) ML nomin)
o n a1l -1
C (1 N N(SOI,m)) 11(#1,m)
n w(mm) /- p(m)

where C has changed from the penultimate to the last line.

4.5 Time-homogeneous Markov processes absorbed by mov-
ing boundaries

In this subsection, only time-homogeneous Markov processes (X¢)ier will be considered.
The aim is to understand for which behavior of moving boundaries it is still possible to
define quasi-limiting or quasi-ergodic distribution (it is already shown in [45] that the
quasi-stationary distribution is not well-defined). Following the paper [44], we will focus
on two types of movement :

1. Stabilizing boundaries
2. Periodic boundaries
4.5.1 Existence of a quasi-limiting distribution when the moving bound-
aries converge
Let (A¢)ter be a moving boundary such that there exists E,y,;, such that
Epin CE,, Vel
. This implies that We will say that the process (X;):es satisfies the Assumption 5 if:

Assumption 5. There exists a measurable subset Ao C E and x € Ep;y such that

P%S(TA > t)

-1
Px75(TAOO > t)

— 0

su
P §—00

t>s
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where
Ta,, =inf{t>0:X; € A}

Denote by E., the complement of A,,. In what follows, we will state the existence
of a quasi-limiting distribution under these assumptions.
First we state the following proposition.

Proposition 27. Assume Assumptions (F’). Then, for any B measurable subset, for
any s € [0,t2] N I, the quantities

limsup Py, symt, (Xt € B|Ta > t) and hm mfIF’u stmts (Xt € BlTa > 1)
t—o0

do not depend on any couple (m, p) such that p € My (FEsqmt,) and such that 7“%; Sim?;
S+m 2
0.

Proof. Let B be a measurable subset of E and s € [0, t2] N I. Denoting Asime, := {1 €
Ml(Es+mt2) : M(wl,s-‘rmtz)//’l’(wlsﬁ—mtg) < 00}7 fOI' any pi, 42 S A8+mt27

S [Py s (Xe € -[7a > ) = Py siomty (Xo € -[74 > 8[|y = 0.
This implies that, for any m € Z; and p1, g2 € Asimiy,

limsup Py, stmt. (X¢ € Blta > t) = hin SUp Ppy stmito (Xt € BlTa > t) (4.45)

t—o0

Now, by Markov property, for any m <n € Z, and p € Agymi,,

limsup Py sime, (X € Blta > t) = hm sup Pl ity stmty.stnta (Xt € BlTa >1)  (4.46)

t—o0

However, by Lemma 7, there exists a constant C' > 0 such that

HDstmts,s+nts V1 s+nto < Cﬂ(¢1 s+mt2)
¢s+mt2,s+nt2 ¢2 s+nto (¢2 s+mt2)

In other words, p1 € Agymi, implies that pudsimes s4nts € Astnt,- As a result, using the
equality (4.46), then using the equality (4.45) taking p1 = p@stmits s4nt, and po = &
where £ € Agint,, we deduce that for any m <n € Zy, pu € Asime, and € € Agyne,,

Lmsup Py, syme, (Xi € BlTa > t) = hm 0 Sup Pe stnt, (Xt € BlTa > t),
t—o00
which conclude the proof for the lim sup. We deduce the result applied to the liminf in

the same way.
O

Before tackling the quasi-limiting distribution, let us state the following proposition
providing a uniform-in-time convergence of the time-inhomogeneous conditioned semi-
group towards the time-homogeneous limit semi-group.
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Proposition 28. Assume that the process (Xi)ier satisfies Assumption 5 for a given
z € Enin. Then

lim sup ||[Pys(X¢ € |14 >T)—Ppo(Xt €|Ta >T)||rv =0 (4.47)
5700 gy T

Proof. Let s € I. Moreover, let us introduce the following notation :
b Zs,t = 1TA>t
i ~s,t = ]lTAOC >t
° ,qu:t =P, (Xy €-lta>T)
o uKr, =P, (X; € ra, >T)

Then for any s <t < T,

|

6 K1 — 0. K7,

v

_ ‘Ex,s(]lXtE-Zs,T) B Ex,s(]]-XtNE-ZS,T) _ HEx78(ZS,T) Ees(IxieZsr) _ Ex,s(]]-XtNE-ZS,T)

Eus(Zs1) Ees(Zs1) |y ||Bos(Zor)  Eas(Zsr) Evs(Zst) |7y
< ‘EI,S(ZS,T) Ees(IxieZsr)  Euos(lxeZst) ‘]Ex,s(]lxt;-zs,T) B EI,S(]]'XzE-ZS,T)
T | Ees(Zor)  Ees(Zsr) Evs(Zst) |7y Ess(Zsr) Evs(Zst) |7y
< Eos(Zs1) ‘Ex,s(%s,T) n |]E:v,s(Zs,T) _~E:v,s(Zs,T)
| Ess(Zs1) Eqe,s(ZsT) Ezs(ZsT)
< @2+ f(z.9)) |E<Z) 1| <2+ f@ ).

Ez.s(Zs)
where
f(z,s) :==sup Lw(%s’t) — 1| =sup Pos(ra>t) 1|
t>s | Ea,s(Zs,t) t>s | Pas(Tas > 1)

By this last inequality, one note that Assumption 5 implies (4.47). O

Now, the existence of a quasi-limiting distribution for the process (X¢)ier absorbed
by the moving boundary (A;).er is stated and proved.

Theorem 23. Assume that the process (Xi)ier satisfies Assumptions (F’) and Assump-
tion 5. Assume moreover that the process (X¢)i>0 absorbed at A, satisfies the homo-
geneous assumptions (F') introduced in [15] and let 1 o0, V2,00 be the two Lyapunov
functions of these assumptions.

Then, for any s € I and p € Mi(E;) satisfying p(vn1,s)/p(a,s) < 0o,
L
Pus(Xt € -|ta > 1) o Qoo

where ao s the unique quasi-stationary distribution of (Xi)ier absorbed at A such
that oo (V1,00)/ oo (W2,00) < 00.
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Proof. Fix a measurable subset B C F and let a as defined in the statement of the the-
orem. Then, by Theorem 3.5. in [15], for any p € M (E) satisfying p(11,00)/p(¢2,00 <
m?
limsup P, s(X; € Blta, >t) = ligian%S(Xt € Blta, >t) = ax(B).
oo

t—o00

By Proposition 27, for a given s € I, limsup;_,,, P, s(X¢ € B|ta > t) and liminf; oo P, (X; €
B|t4 > t) do not depend on p € M (Ey) satisfying pu(¢n,5)/p(1p2,s) < 0o. Denote there-
fore by Fg,, and Fj,y the functions defined by, for any s > 0 and any p € M;(Ej)

satisfying p(n,s)/p(1a,s) < 00,

Foup(s) == thUPPM,S(Xt € Bltg > t) =limsup P, s(X; € B|ta > t)
0

t—o00
Fing(s) := 1igio£1fpu,s(Xt € Blta >t) = ligingw,s(Xt € Blta > t)

where x is an element of FE,,;, satisfying the statement of Assumption 5. Then, by
Proposition 27, the functions Fi,, and Fj,s are to-periodic. As a result, for any s > 0,

Foup(s) = nlLHgO Foup(s + nta)

me(s) = nhﬂnc}o me(s + ntz)
Moreover, by the uniform convergence (4.47) of Proposition 28,
nh—golo Fsup(s + ntZ) = nh_{n lim sup PI,S+TLt2 (Xs+nt2+t € B|7_A > s+ nity + t)

0 t—oo

= lim sup 11_{130 Po stnto (Xsintotrt € BlTa > s+ nta +t)

t—oo T

= limsup P, o(Xy € Blta,, > 1)

t—o00

= ao(B).

Similarly,
Jim Fint(s+nta) = as(B)
Hence, for any s > 0 and p € My (E;) satisfying satisfying p(11.s)/1(1b2,5) < 00,

limsupP, s(X; € Blta > t) = htniinfp“’s(Xt € Blta > t) = ao(B).

t—o00

O]

4.5.2 [Existence of a quasi-ergodic distribution when the boundaries
move periodically

In this subsection, we will work on periodic moving boundaries and we will assume that
the Markov process (X¢)¢>0 satisfies the Assumption (F’).
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Theorem 24. Assume A is y-periodic with v > 0, and assume that v = t3. Then for
any x € Ey,

/IP’ XE|TA>t)dS /QOBWXe)d
where [ is the invariant measure of ( m)neN under Qo.., i.e.
Vn € N, 67 = QO,/BW (Xnv € )

Proof. Now we want to show an ergodic theorem for the time-inhomogeneous Markov
process (X;)i>0 under (Qg )s>02ek,- Since (Ag)i>o is y-periodic, for any 0 < s < ¢, for
any r € Fj,

Qu,sthy(Xtghy € ) = Qus(Xp € 1), VEE€Zy (4.48)

Moreover, for any n € Z,

Qu0(Xny € ) = tl_i)rgon(Xm € |ta>1)
= li P, (X .
mEZ_E}?l’LHoo x( e < |TA o m’Y)
= lim P, (Y, € |19 > m)

MEZy ,m—00

where 7y is defined by

_Jinf{n>1:3te((n—1)y,ny], Xy € A} ifYy € Ey
7770 if Yo € Ag

and (Y, )nez, is the time-homogeneous Markov chain defined by

v _{ Xpy forn <7y
"1 0 otherwise
where O plays the role of an absorbing state for (Y;,)nez,. In other words, 75 is an
absorbing time for (Y,)nez, and, under (Qu0)zek,, the chain (X, )nez, is the Q-
process of (Y;,)nez, . Since Assumption (F’) holds and v = t2, this implies that the
chain (X nt,)nez, satisfies the Assumption (E). Hence, by Theorem 2.1 in [15], there
exists B, € Mi(Ep), C > 0 and p € (0,1) such that for any n € Z,

/1(7/)1,7)
(¢2,’y),

This implies that, under Q. o, (Xpny)nen is Harris recurrent. We can therefore apply
Theorem 2.1 in [29] and deduce that, for any nonnegative function f,

HQIMO(XTW S ) /BWH v < Cp"

Vi e M1(E0)

1 [t 1 M
,/ f(Xs)ds = Eg (/ f(Xs)ds> , Qg o-almost surely, Va € Ey
t Jo 7,0 v Jo
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where IEBQi .(G) = [ GdQy,, for any measurable nonnegative function G and p € M (Ep).
It extends to f € B(F) using f = fy — f— with fi, f— non negative functions. Thus, by
bounded Lebesgue’s convergence theorem, for any = € Ey and for any f € B(FE),

t—o00

1/0tE970(f(X8))ds — B3, (i /07 f(Xs)ds)

O

4.6 Example : Ornstein-Uhlenbeck process absorbed by a
stabilizing boundary

In this section, (X;);>0 is a one-dimensional Ornstein-Uhlenbeck process whose the SDE
is
dX; = dBy — A X,dt (4.49)

where (Bt)>0 is a one-dimensional Brownian motion and A > 0. Denote by h a positive
decreasing function converging towards 0.

Since the process (X;);>o is time-homogeneous, let (Py) e, r) @ family of probab-
ility measure satisfying P,(Xo € -) = p. Moreover, for any s > 0, define 65 the shift
operator, that is the operator such that

Os: f— f(s+-), Vf function.

and define also
Thoo, = inf{t > 0: Xy < h(t+s)}.

Moreover, define, for any a € R,
To = 1inf{t > 0: X; = a}.

Our aim is therefore to study the quasi-stationarity of this process conditioned not
to hit h. As suggested by Theorem 23, a quasi-limiting distribution is expected due
to the convergence of h. However, in the non-moving case, it is well known (see [39])
that the Ornstein-Uhlenbeck process admits an infinity of quasi-limiting distribution,
thus an infinity of possible behavior according to the initial measure, which makes the
generalization to the moving boundaries difficult.

First, let us focus on the satisfaction of the Assumptions (F’) by the process (X¢)>0.

4.6.1 Assumptions (F’) are satisfied

The strong Markov property (F’0) is naturally satisfied for the Ornstein-Uhlenbeck pro-
cess. We will therefore focus on the other conditions.

Before proving that the Ornstein-Uhlenbeck process satisfies the conditions (F’), let
us introduce some notation : first of all, let us define (Qs+)s<: the penalized semi-group
of the time-inhomogeneous Markov process (X; — h(t))+>0 absorbed by 0. More exactly,
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(Qs,t)s<t is defined as follows : for any s < t, € (0,00) and f bounded measurable
defined on (0, ),

02Qutf = Bypn(s) [f (Xis = h(£)) Ty 5] - (4.50)

Moreover, for any k € N, define Kj, = [1/k, k].

Step 1 : Proof of (F’1)

Let us focus on the condition (F’1). To prove this condition, the Theorem 1.1 of
Krylov and Safonov [37] will be useful. Fix ¢ > 10 and f a bounded positive measurable
function, and define, for any s € [0,¢] and z € (0, c0),

U(S,.CU) = th—s,tf
Then, for any s < ¢ and z € (0,00), one has,
Osu = Lgu

where, for any s > 0 and g € C?,

1
Lsg:x = 59" (x) = Mo+ h(s)) + 1 (s)lg'(z) (4.51)
is the generator of the time-inhomogeneous semi-group (). As a result, the Theorem
1.1 in [37] is applicable to the function u and, reproducing the formula (4.10) in [16], for
any d € (0,2) and k € N, there exists a constant Ny, not depending on f and ¢ such that

u(6 +6%,2) < Nu(6 +26%y), Vr,ye€ Ky, |z—yl <4 (4.52)

Now let s > 0 and k > 1. Fix =} € (k,k+1). Let Vt(k) denote the conditional law
00, Qr—5-624/02, Q55241 E, where E := (0,00). Then, for all measurable A C [0, c0),
Harnack’s inequality (4.52) with f = 14 entails that, for all # € (0,00) such that
|33 — :L‘k| <O d(xk, E \ Kk+1)7

Py (0 + 6% < Thoet—6—62) (k)
N vy (A).
k+1

0xQ_5_25241a >

Denoting B := B(xy,0 A d(xg, E'\ Kiy1)), since the diffusion is locally elliptic and E is
connected, then, for any ¢; > § + 262,

xlenlgk 00Qs 541, —5—2521B =: dg . > 0.

This and Markov’s property entail that, for all x € K,

2
]P)Z‘k ((5 -+ ) < Th095+t176762) V(k) (A)

5$Q$,S+t1 ]lA 2 ds,k Nk 1 s+t1
4
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Since, for any (z,y) € K x B, x < y, then one has,

dS,k = 51/st,s+t1 —6—262 ]lBa

and, since the function h is decreasing, one has, for any s > 0 and k£ > 1,

dsk > 01/kQot,—5—252 15 =t di.

Moreover, since Tho¢ " P, -almost surely,
S

>
1—6-62 — 7h09z1—5—52

Pmk (5 + 62 < 7-hoes_’_ ) > ]P)Zk (5 + 52 < Thoetl_é_éz)

t)—86—582

To sum up, for any k € N, there exists a constant ¢; ; > 0 such that for any x € K} and
for any s > 0,

0:Qs 546,14 > Cl,k”éﬁ-)tl (A).

Step 2 : Proof of (F’3)
For any z € F and u > 0, define Y*" the Markov process such that Y;"" = x
P-almost surely and, for any ¢ > 0,

Y5 = Xy — h(u+t).

Let r < s <'t. Since h is decreasing, for any x € (0,00), the process Y** stochastically
dominates the process Y%,

This stochastic dominance implies therefore that the hitting time of 0 by the process
Y®5 that we denote 7%°, stochastically dominates the one of the process Y*", that we
denote 7%". However, the law of 7" (respectively 7%°) is the law of 7j,09, (respectively
Thos,) under P 5.,y (respectively P, (s)). In other words, one has

Px—l—h(r) (’77100r > u) < Pm—i—h(s) (Thoes > U), Vr € (07 00)7 u>0

Thus, using this last inequality and that u — Py () (Thes, > u) is non-increasing, for
any x € F,

02QrtlE = Poyn(r)(Thop, >t — 1)
< Potn(s)(Thoo, >t —1)
< Poin(s)(Thoo, >t — 5)
= 6,Q41p. (4.53)

Now, let us remark that, for any s <,

inf 6;Qs:lp =011QstlE
reKy

and

sup 5:L“Qs,t]lE = 6szs,tﬂE"
Z‘EKk
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Denoting a :=1/k, b := k and 7151095 =inf{t > 0: X; — h(s +t) = b}, for any s <,
Pon(s)(Thote > 1) = Popp(e) (0°% <t < Thos,)
= Ea+h(5)(]].7_£1005 Stf('r:‘oes))
where
frum Pyt ) (Thop, >t —u) = 0pQuilEp
Using again (4.53), for any u € [s, ],
f(u) > f(s).

Thus, for any s < ¢,

Poinis) (Thot, > t) = Poynisy (0% < )Py () (Thoo, > 1)

As a result, for any s <t,

Pa—i—h(s) (ThOGS > t) > C3,s,k]P>b+h(s) ('7—/7,049S > t)

where

. Pa+h(s) (Thoes > U)
O34k = inf
u€(0,1] Py p(s)(Thos, > )
By comparison, for any s > 0,

A ]PaJrh(s) (Tlfwes < 1)

Cg}ng > Cg}k = Pa(T() > 1) /\]P)aJrh(O)(Tb < 1) > 0.

In conclusion, denoting c3j := 1/C3y, for a given k € N, for any » < s < t, for any
z,y € K,
51Qr,tﬂE < 5wQs,t]1E < CB,kést,tlE-

Step 3 : Proof of (F’2) )
For any k € N, denote the moving subset K}, : s — h(s) + K} and, for any s > 0,
Tioop, = f{t > 0: X; € Kp(s+1)}.

Then, by continuity of x, k — P,(s1 < TR0, !\ Thot, ), one has, for any fixed s; > 0,

sup Px—i—h(s)(sl < TR 00, VAN Thoes) — 0, (4.54)
z€D,s>0 k—o00

Hence, set L = K}, with kg large enough so that ngo)(Kko) > 0 for any s > 0 and such
that, for any s > 0 and z € D,

Poin(s)(51 < Tiyop, N Thot,) < e~ (P tC/p)ta,
and define also Lg := h(s) + L. Define
Ap = inf {)\ >0: 1}3225 e ;2% Pootn(s) (Xt € Ltts, Thop, > t) > 0} . (4.55)

for a given xzg € L. For the following, we need to ensure that Ay < co. This property is
stated in the following lemma :
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Lemma 15.
Ay < 0.

This lemma will be proved at the end of the subsection.
Let p > 0 and define
oz € (0,00) — exp (ux) .

Then, recalling that L is the generator of the semi-group (Qs¢)s+ (defined in (4.51)),
for any s > 0 and x € (0, 00),

2

Laple) = Lpla) = (M@ + h(s)) + 1 (s) ()

< (£ - O+ migh(s))) ugo)

Thus, for any A; > Ao, one has, for any s > 0 and z € (0, c0),

Lsp(z) < —=Ap(x) + Clp(x)

o0 (4+5 )

and C := (§ — mingo 1/'(s))) 1 < o0.
Fix now p; € (Ao, A1), p2 € (Ao, p1) and p € (1,\1/p1) and define

with

P1.5(x) = ps(x)/P, Vs > 0,2 € (h(s),00).

where ,(z) = @(z — h(s)). Fix g € (p1, \1/p) and

251(C' + A log 2
ty > s1(C + /1) v /og ,
A1 — ppy p1 = P1

Recalling the Harnack inequality (4.52), for any ¢ > 10, for any bounded measurable
function f, and for any x,y € L such that, |z — y| < 0,

0:Q—s_521f < NoyQy_s_2521f

Using again this Harnack inequality applied to f = Q;_s52 ;f and t = t—62, for any t > 14,
for any bounded measurable function f, and for any x,y € L such that, |[x — y| < J,

51Qt767252,tf = 596Qt757262,t762@t762,tf < NéyQt767362,tf~

This implies therefore, using this last inequality and (4.52), that for any ¢t > 14, f
bounded measurable and z,y € L such that |z — y| < 20,

59&Qt—5—62,tf < N25yQt—5—3527tf-
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Hence, by induction, and since the diameter of L is finite, we deduce that there exists
ny, € N such that, for any f bounded measurable, for any t > 2 4 4ny, for any x,y € L,

6:Qr 5 521 f S N™16,Qs 5 0,524 ] (4.56)
Now, our aim is to show that, for any s > 0,

liminf e”?! inf (5 Qs,stlr =
t—00 x€L,s>

To do this, we use the inequality (4.56) applied to f = 1 and s =t — § — npd? : for
any s > 0and t > 2+ 4ny,

. 1
inf 0:Qst 1L 2 =7 90 Qo (np 152, 1L

where x( is the same as in (4.55). From the definition of A\, we deduce that

liminfe”?! inf Pu(X; €L T >t) =400
totoo  s>0, wEls #(Xt € Loyt Thoo, > 1) = +00,

and hence the last line of (F’2) is proved with v = e™#2.
By Kolmogorov’s equation and using that Lyp(x) < Cp(z) for any ¢ and z,

0 Qs 10(x) = Qs 1 L1p(z) < CQspip(x).

So, by Gronwall’s lemma, for any s < t,

Qsip(z) < ().
This last inequality can be written with ¢y as follows : for any x > h(s), s > 0 and
t>0,
( ) Th09S>t) < eCt(Ps(x>- (4.57)

queD @S/p(m) < +oo. Hence, defining 7709, :=

B (1
For all © € D, we have ¢ 4(z) <
t € [s1,t2], using Holder’s inequality and (4.57),

inf{t >0: X, € Lg14}, for all

1/p p=1
Em (wl,t—l—s (Xt)]lt<TLogs/\Thogs) < Em (]1t<7-hogS (Pt—l-s(Xt)) ]P):B(t < TLoO, A Thoes) P

p—1

< SOs(:L;)1/1!7€C't2/I7IP>QU(81 < TLof#s N ThoGS)T (4.58)
< e~ Pite < e-mtzst(x)‘

This proves the first line of (F’2) for all z € D and ~; = e 1.
Now, for all z € (h(s),o0) \ [h(s) + D], since D is closed in (0,00), it follows from
the strong Markov property at time 7p that

Ey <¢1,8+t2 (Xt2>]lt2<TLoes /\Thoas>
=E, (]ltz—s1 <TLobsNThobs ATDEXt2—51 <¢1,S+t2 (XS1)]lS1 <TLoOg 4y sy NThoOs 4y s, ))

+ K, (]]‘TDStQ_SlEXTD <¢1,s+t2 (Xt2—u)1t2_u<7'h095+u/\7'L095+u) |u:TD) : (4'59)
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Using Holder’s inequality and (4.57), we deduce that, for all y € D,

1/p
) < Il‘Ey+h(s) (@s—&-tg (X51)151<Th095+t2751 )

1/p

Eerh(s) (1/’1,8-1—152 (X81 ) Ls, <TLo#

AThoo

sttog—sq sttog—sq

<er Ps+ta—s1 (y)
s1C

=e P Ylstty—s (Y)

Hence, the first term in the right-hand side of (4.59) satisfies

Ey <]lt2—31 <TLo0s\ThotsN\TDg ]Ethfsl (¢1,S+t2 (X81)]181 <TLoOs 4y — sy NThobs s ))
s1C
<er Ky (]ltz—81<7'Loes/\7’hoes/\TDwLS-i—tz—Sl (Xt2—81)) :

As a consequence, using again Holder’s inequality and applying as above the Kolmogorov’s
equation and the Gronwall’s lemma using that Lsp(z) < —A1p(z) for all z ¢ D, one has

W Tuls W R4
Ey (ﬂt2—81 <TLo6s\Thob, /\TDEXtQ—sl (wl,s-l-tz (X)) 1, <TLoOgqty—s; NThoOs 1ty s, )) <e voe v ps(x)

!
g patha/e
<e f2 2 wl,s(x)a

1/p

281 (C+)\1)
A1—pp)
obtain that the second term in the right-hand side of (4.59) satisfies

where we used in the last inequality that to > . Moreover, using (4.58), we

EI (]lTDStZ—SlEXTD (w1,5+t2 (th—u)1t2—u<7'h093+u/\7'L095+u) ‘u:’T‘D) .
< e PP, (1p <ty — s1) < e P24y ().

We finally deduce from (4.59) and from the definition of L = K}, that

El‘ (wl,s-l—tz (th)]lt2<TLogs/\Thogs) S 26_p/1t2¢1,5(x) < e_pltzwl,s(x)a

where we used that ¢t > log2/(p} — p1). This concludes the proof that the first line
of (F’2) holds true.

Since ¢ is locally bounded, sup; ¢ < oo, and hence, using again (4.57), we deduce
that, for all ¢ > 0,

sup ]Ex(wl,ert(Xt)lK‘rhoas) < sup Eaz(@ert(Xt)]lKThoes) < e sup ps(r) < oo,
r€Ls r€Ls €L

which implies the second line of Assumption (F’2).
Proof of Lemma 15. Let us remind that, for any s,¢ > 0,
]P)xo+h(s) (Xt S Ls-i—ththS > t) - ons,s—l—tlL-

Define
fit—inf 0,0Qs 411
s>0
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Let t > 0 and u > § + nr,62, where ny, is defined in Step 3. Then, for any s > 0,

5:E0Qs,s+t+u]lL = 5m0Qs,s+th+t,s+t+u]—L
> Ez0+h(s)(]]-Xt€Lt+s,Thoes >tQS+t,S+t+uﬂL(Xt))
> Caons,s—I—tlL X 6ons+t+5+nL62,s+t+u]lL
> Cf(t) x f(u—05—nré?)
where we used the inequality (4.56), with C' = 1/N"2~1. Then, denoting u,, := f(n(5 +
nr6?)), we deduce that for any n € Z,,
Upy1 = Cuoun,

Z Cn+1u0

since ug = 1. This last inequality implies that Ag < oc. O

4.6.2 Existence of a quasi-limiting distribution

Now we will show that the Assumption 5 holds for the Ornstein-Uhlenbeck process with
Ay = (—00,0]. To do so, we will follow the same reasoning as the proof of Proposition
3 in [44] and conclude that Assumption 5 thanks to the Dini’s theorem for decreasing
functions.

Let > h(0). It is clear that, for any ¢ > 0,

Pz(Thogs > t)

1—
Px(’fo > t) §—00

reover, sin is non-increasin rany s < s and any t >
Moreover, since h is no creasing, for a < s and any t > 0,

1— Px(Thoes > t) >1_ Px(ThOHS/ > t)
]P)x(To > t) - Px(To > t)
Finally, in order to use Dini’s theorem, it is necessary to extend the definition of each

function t — 1— 220> ¢4 the Alexandroff extension R4+ U{oo}. To do so, we have to

Pz (10>t)
check that, for any s > 0, the quantity 1 — % converges when t goes to infinity.

By the strong Markov property , for any ¢ > 0 and s > 0, one has
Py (Thos, <t < 70) = Ex(Lny 0, <tP(Xrpp, > Thots» t))
where ¢(-,-,-) is defined as follows
Vz € (0,00),V0<u<t, ¢(z,u,t)=P,(r0>t—u).
As a result, for any s,t > 0,

L Po(Thoo, > 1) _ Pa(mhnop, <t <10)
Py(m0 > t) Py(m0 > t)

¢(th 0. Thof 7t)
~E, (1 o0 ? 1o
. ( Thets SR (19 > )
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Since the Ornstein-Uhlenbeck process absorbed at 0 satisfies the Assumptions (F) of [15]
for some Lyapunov functions 17 and 9, there exists a quasi-stationary distribution ag
such that, for any probability measure p,

—t /J’(wl )
()

for some constant C' and v > 0. Then there exists (see [42, 19]) a constant A9 > 0 such
that

[|Pu(X: € |10 > t) — a7y < Ce

Poo (10 > 1) = e M Vt>0

In [15] it is shown (Theorem 3.5.) that there exists a function 7y defined on (0, co) such
that
no(z) = tl_i)m P (1o > 1), Yz € (0,00) (4.60)

where the convergence is exponential in L>(1)1), that is there exists C’, v > 0 such that,
for any = € (0, 00),
no(z) — €X' Pr(ro > )] < C'e™ 7oy ().

In fact, we know that 7 is a linear function since 7y is the eigenfunction of the Ornstein-
Uhlenbeck generator associated to the Perron-Frobenius eigenvalue —\g. In particular,
for any = € (0,00), no(z) # 0.

P( X100, 1Thobs t)

P, (050) is uniformly bounded and converges almost surely to-

Thus Lry 0, <t

X
wards 11Th093<ooe’\07h°93%(’595) Then, by the bounded Lebesgue’s convergence the-
orem, for any s > 0,
]P) le} > t X 77— o] g7t
lim 1 — 2 (Thop, > 1) — lmE, (1, <t¢( Thooy s Tholas )
t—00 P,(10 > t) t—00 =0 Py > t)
Moo (Xr400, )
—E 1 AcoT A0l o0s
’ ( et oo ()
This shows that we can extend the functions fs: o — 1— W on Ry U{oo} setting

for any s > 0,

Noo ()
Then, like any ¢ € R, fs(c0) is non-increasing and since 7y vanishes on 0 and 7 is
continuous,

X
fs(OO) =E, <1TA095 <OO€)\OOTAOGS w> ‘

12, falo0) =0
As a result, the Dini’s theorem (for the non-increasing sequences of functions) is applic-
able and we deduce Assumption 5.

Then, since the assumptions (F’) and Assumption 5 hold for the Orsntein-Uhlenbeck
process, we can apply the Theorem 23 :

Theorem 25. The Ornstein-Uhlenbeck process defined in (4.49) absorbed by the decreas-
ing function h admits a quasi-limiting distribution.

167






Bibliography

1]

V. Bansaye, B. Cloez, and P. Gabriel. Ergodic behavior of non-conservative semig-
roups via generalized Doeblin’s conditions. To appear in Acta Mathematicae Ap-
plicandae, 2017.

V. Bansaye, B. Cloez, P. Gabriel, and A. Marguet. A non-conservative Harris’
ergodic theorem. arXiv preprint arXiv:1903.03946, 2019.

V. Bansaye, P. Collet, S. Martinez, S. Méléard, and J. S. Martin. Diffusions from
infinity. To appear in Transactions of the American Mathematical Society, 2017.

M. Benaim and B. Cloez. A stochastic approximation approach to quasi-stationary
distributions on finite spaces. Electron. Commun. Probab., 20:no. 37, 14, 2015.

M. Benaim. Dynamics of stochastic approximation algorithms. In Séminaire de
Probabilités, XXXIII, volume 1709 of Lecture Notes in Math., pages 1-68. Springer,
Berlin, 1999.

M. Benaim, B. Cloez, and F. Panloup. Stochastic approximation of quasi-stationary
distributions on compact spaces and applications. Ann. Appl. Probab., 28(4):2370—
2416, 2018.

M. Benaim and M. W. Hirsch. Asymptotic pseudotrajectories and chain recurrent
flows, with applications. J. Dynam. Differential Equations, 8(1):141-176, 1996.

L. Breiman. First exit times from a square root boundary. In Fifth Berkeley Sym-
posium, volume 2, pages 9-16, 1967.

L. Breyer and G. Roberts. A quasi-ergodic theorem for evanescent processes.
Stochastic Processes and their Applications, 84:177-186, 1999.

P. Cattiaux, C. Christophe, and S. Gadat. A stochastic model for cytotoxic T
lymphocyte interaction with tumor nodules. preprint, 2016.

P. Cattiaux, P. Collet, A. Lambert, S. Martinez, S. Méléard, and J. San Martin.
Quasi-stationary distributions and diffusion models in population dynamics. Ann.
Probab., 37(5):1926-1969, 2009.

169



[12]

[13]

[14]

J. A. Cavender. Quasi-stationary distributions of birth-and-death processes. Ad-
vances in Applied Probability, 10(3):570-586, 1978.

N. Champagnat and D. Villemonais. Uniform convergence of conditional distri-
butions for absorbed one-dimensional diffusions. arXiv preprint arXiv:1506.02385,
2015.

N. Champagnat and D. Villemonais. Exponential convergence to quasi-stationary
distribution and Q-process. Probability Theory and Related Fields, 164(1-2):243—
283, 2016.

N. Champagnat and D. Villemonais. General criteria for the study of quasi-
stationarity. arXiv preprint arXiv:1712.08092, 2017.

N. Champagnat and D. Villemonais. Lyapunov criteria for uniform conver-
gence of conditional distributions of absorbed Markov processes. arXiv preprint
arXiv:1704.01928, 2017.

N. Champagnat and D. Villemonais. Uniform convergence to the @-process. Elec-
tron. Commun. Probab., 22:Paper No. 33, 7, 2017.

N. Champagnat and D. Villemonais. Uniform convergence of penalized time-
inhomogeneous Markov processes. ESAIM: Probab. Stat., To Appear, 2018.

P. Collet, S. Martinez, and J. San Martin. Quasi-stationary distributions. Probab-
ility and its Applications (New York). Springer, Heidelberg, 2013. Markov chains,
diffusions and dynamical systems.

J. N. Darroch and E. Seneta. On quasi-stationary distributions in absorbing
discrete-time finite Markov chains. J. Appl. Probability, 2:38-100, 1965.

J. N. Darroch and E. Seneta. On quasi-stationary distributions in absorbing
continuous-time finite Markov chains. J. Appl. Probability, 4:192-196, 1967.

P. Del Moral and D. Villemonais. Exponential mixing properties for time-
inhomogeneous diffusion processes with killing. Bernoulli, 24(2):1010-1032, 2018.

R. T. Durrett, D. L. Iglehart, and D. R. Miller. Weak convergence to Brownian
meander and Brownian excursion. Ann. Probability, 5(1):117-129, 1977.

G. Ferré, M. Rousset, and G. Stoltz. More on the long time stability of Feynman-
Kac semigroups. arXiv preprint arXiv:1807.00390, 2018.

M. Hairer. Convergence of Markov processes. Lecture notes, 2010.

M. Hairer and J. C. Mattingly. Yet another look at Harris’ ergodic theorem for
markov chains. In Seminar on Stochastic Analysis, Random Fields and Applications
VI, pages 109-117. Springer, 2011.

170



[27]

28]

[29]

[30]

[31]

[32]

33]

[34]

[35]

[36]

[37]

[38]

[39]

G. He and H. Zhang. On quasi-ergodic distribution for one-dimensional diffusions.
Statist. Probab. Lett., 110:175-180, 2016.

G. He, H. Zhang, and Y. Zhu. On the quasi-ergodic distribution of absorbing
Markov processes. Statistics € Probability Letters, 149:116-123, 2019.

R. Hépfner and Y. Kutoyants. Estimating discontinuous periodic signals in a time
inhomogeneous diffusion. Stat. Inference Stoch. Process., 13(3):193-230, 2010.

R. Hopfner, E. Locherbach, and M. Thieullen. Ergodicity and limit theorems for
degenerate diffusions with time periodic drift. application to a stochastic hodgkin-
huxley model. ESAIM: Probability and Statistics, 20:527-554, 2016.

R. Hopfner, E. Locherbach, M. Thieullen, et al. Ergodicity for a stochastic hodgkin—
huxley model driven by ornstein—uhlenbeck type input. In Annales de lInstitut

Henri Poincaré, Probabilités et Statistiques, volume 52, pages 483-501. Institut
Henri Poincaré, 2016.

N. Ikeda and S. Watanabe. Stochastic differential equations and diffusion processes,
volume 24 of North-Holland Mathematical Library. North-Holland Publishing Co.,
Amsterdam; Kodansha, Ltd., Tokyo, second edition, 1989.

S. Karlin and J. L. McGregor. The differential equations of birth-and-death pro-
cesses, and the stieltjes moment problem. Transactions of the American Mathem-
atical Society, 85(2):489-546, 1957.

M. Kijima and E. Seneta. Some results for quasi-stationary distributions of birth-
death processes. Journal of Applied Probability, 28(3):503-511, 1991.

R. Knobloch and L. Partzsch. Uniform conditional ergodicity and intrinsic ultracon-
tractivity. Potential Analysis, 33(2):107-136, 2010.

M. Kolb, D. Steinsaltz, et al. Quasilimiting behavior for one-dimensional diffusions
with killing. The Annals of Probability, 40(1):162-212, 2012.

N. V. Krylov and M. V. Safonov. A certain property of solutions of parabolic
equations with measurable coefficients. Izvestiya Rossiiskoi Akademii Nauk. Seriya
Matematicheskaya, 44(1):161-175, 1980.

J. Littin. Uniqueness of quasistationary distributions and discrete spectra when oo
is an entrance boundary and 0 is singular. Journal of Applied Probability, 49(3):719—
730, 2012.

M. Lladser and J. San Martin. Domain of attraction of the quasi-stationary distribu-
tions for the Ornstein-Uhlenbeck process. Journal of Applied Probability, 37(2):511—
520, 2000.

171



[40]

[41]

[42]

[43]

[44]

[52]

[53]

P. Mandl. Sur le comportement asymptotique des probabilités dans les ensembles
des états d’un processus de Markov homogene. Casopis Pést. Mat., 85:448-456,
1960.

S. Martinez and J. San Martin. Quasi-stationary distributions for a Brownian mo-
tion with drift and associated limit laws. Journal of applied probability, 31(4):911—
920, 1994.

S. Méléard and D. Villemonais. Quasi-stationary distributions and population pro-
cesses. Probab. Surv., 9:340-410, 2012.

S. P. Meyn and R. L. Tweedie. Markov chains and stochastic stability. Springer
Science & Business Media, 2012.

W. Ocafrain. @)-process and asymptotic properties of Markov processes conditioned
not to hit the moving boundaries. arXiv preprint arXiv:1805.06145, 2018.

W. Ocafrain. Quasi-stationarity and quasi-ergodicity for discrete-time Markov
chains with absorbing boundaries moving periodically. ALEA Lat. Am. J. Probab.
Math. Stat., 15, 2018.

W. Ocafrain. Quasi-stationarity for one-dimensional renormalized Brownian mo-
tion. arXiv preprint arXiw:1809.07547, 2018.

B. Roynette, P. Vallois, and M. Yor. Some penalisations of the Wiener measure.
Japanese Journal of Mathematics, 1(1):263-290, 2006.

P. Salminen. On the first hitting time and the last exit time for a Brownian motion
to/from a moving boundary. Advances in applied probability, 20(2):411-426, 1988.

E. Seneta. Non-negative matrices and Markov chains. Springer Series in Statistics.
Springer, New York, 2006. Revised reprint of the second (1981) edition [Springer-
Verlag, New York; MR0719544].

E. Seneta and D. Vere-Jones. On quasi-stationary distributions in discrete-time
Markov chains with a denumerable infinity of states. Journal of Applied Probability,
3(2):403-434, 1966.

D. Steinsaltz and S. Evans. Quasistationary distributions for one-dimensional diffu-
sions with killing. Transactions of the American Mathematical Society, 359(3):1285—
1324, 2007.

E. A. Van Doorn. Quasi-stationary distributions and convergence to quasi-
stationarity of birth-death processes. Advances in Applied Probability, 23(4):683—
700, 1991.

A. Velleret. Unique quasi-stationary distribution, with a possibly stabilizing extinc-
tion. arXiv preprint arXiv:1802.02409, 2018.

172



[54]

[55]

[56]

D. Vere-Jones. Ergodic properties of nonnegative matrices. I. Pacific J. Math.,
22:361-386, 1967.

D. Villemonais. Distributions quasi-stationnaires et méthodes particulaires pour
Uapproximation de processus conditionnés. PhD thesis, Ecole Polytechnique X,
2011.

D. Villemonais. Uniform tightness for time-inhomogeneous particle systems and
for conditional distributions of time-inhomogeneous diffusion processes. Markov
Process. Related Fields, 19(3):543-562, 2013.

A. M. Yaglom. Certain limit theorems of the theory of branching random processes.
Doklady Akad. Nauk SSSR (N.S.), 56:795-798, 1947.

J. Zhang, S. Li, and R. Song. Quasi-stationarity and quasi-ergodicity of general
Markov processes. Science China Mathematics, 57(10):2013-2024, 2014.

173



Quasi-stationarité avec frontiéres mobiles
RESUME

Cette these étudie les comportements asymptotiques de processus de Markov condition-
nés a ne pas atteindre de frontieres mobiles. Le premier chapitre s’intéresse a cette
question pour des chaines de Markov a temps discret définies sur un espace d’état fini en
considérant des frontiéres périodiques. Si les notions de distributions quasi-stationnaires
et de distributions quasi-limites sont mal définies dans ce cas, l'existence de distribu-
tions quasi-ergodiques et d'un Q-processus est démontré. Dans le deuxiéme chapitre,
les résultats précédents sont étendus a des processus de Markov satisfaisant des condi-
tions inhomogenes globales introduites par N.Champagnat et D.Villemonais. Dans le
cas de frontieres périodiques, nous obtenons 'existence et 'unicité d’une distribution
quasi-ergodique. Dans le cas ol la frontiere absorbante se stabilise a I'infini, nous obten-
ons en plus l'existence et I'unicité d’une distribution quasi-limite. Le troisieme chapitre
s’intéresse a la quasi-stationnarité du mouvement brownien dit "renormalisé" absorbé en
{=1,1}. Ce processus dépend d’un parameétre k et sa quasi-stationnarité présente une
transition de phase de parametre critique égal & 1/2. Enfin, le dernier chapitre étend les
résultats du deuxiéme & des processus satisfaisant des criteres plus faibles que les condi-
tions globales de Champagnat-Villemonais. On y démontre notamment une propriété de
mélange, 'existence du Q-processus et d’une distribution quasi-ergodique pour certains
comportements de frontieres mobiles.

ABSTRACT

This thesis studies the asymptotic behaviors for Markov processes conditioned not to hit
moving boundaries. The first chapter deals with this problem for discrete-time Markov
chains defined on finite state space considering periodic boundaries. Even if the notions
of quasi-stationary distributions and quasi-limiting distributions are not well-defined
considering moving boundaries, the existence of a quasi-ergodic distribution and the Q-
process are shown. In the second chapter, the previous results are extended to Markov
processes satisfying some global inhomogeneous conditions introduced by N. Champag-
nat and D. Villemonais. In the periodic case, the existence and uniqueness of a quasi-
ergodic distribution are proved. When the boundary stabilizes at infinity, we obtain
moreover the existence and uniqueness of a quasi-limiting distribution. The third chapter
deals with the quasi-stationarity for the "renormalized" Brownian motion absorbed at
{=1,1}. The law of this process depends on a parameter x and a phase transition is
observed for its quasi-stationarity, whose the critical parameter is equal to 1/2. Finally,
the last chapter extend the results obtained in the second chapter to Markov processes
satisfying some criteria weaker than the global Champagnat-Villemonais conditions. In
particular, we obtain under these conditions a mixing property, the existence of the
Q-process and the existence of a quasi-ergodic distribution for some behaviors of the
boundary.



