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❘❡♠❡r❝✐❡♠❡♥ts

Pr❡♠✐èr❡♠❡♥t ❥❡ ✈♦✉❞r❛✐s ❡①♣r✐♠❡r ♠❡s s✐♥❝èr❡s r❡♠❡r❝✐❡♠❡♥ts à ♠♦♥ ❞✐r❡❝t❡✉r✱ ❏❡❛♥✲P❛✉❧

❆❧❧♦✉❝❤❡✱ ♣♦✉r s♦♥ ❡♥❝❛❞r❡♠❡♥t✱ s❡s ♣❛t✐❡♥❝❡s ❡t s❡s ❝♦♥s❡✐❧s ♣❡♥❞❛♥t ❧❡s q✉❛tr❡ ❞❡r♥✐èr❡s

❛♥♥é❡s✳ ❙❛♥s ❧✉✐✱ ❥❡ ♥✬❛✉r❛✐s ♣❛s ♣✉ ❞é❝♦✉✈r✐r ❧❡ ♠♦♥❞❡ ❞❡s ❛✉t♦♠❛t❡s ❞❛♥s ❧❡q✉❡❧ ❥✬❛✐

tr♦✉✈é ♠♦♥ ♣r❡♠✐❡r ✐♥térêt ❞❡ r❡❝❤❡r❝❤❡✳ ●râ❝❡ à s❛ ♣❡rs♦♥♥❛❧✐té ❧✐❜ér❛❧❡ ❡t s❡s s✉♣♣♦rts

❛❧tr✉✐st❡s✱ ❥✬❛✐ ♣✉ ♣❛ss❡r ♠♦♥ t❡♠♣s ✏❝❛♣r✐❝✐❡✉s❡♠❡♥t✑ s✉r ❞❡s q✉❡st✐♦♥s ✏♣❡✉ ❛❝❝❡ss✐❜❧❡s✑✳

❊♥s✉✐t❡✱ ❥✬❛✐♠❡r❛✐ r❡♠❡r❝✐❡r ❙r❡❝❦♦ ❇r❧❡❦ ❞❡ ♠✬❛❝❝✉❡✐❧❧✐r à ▼♦♥tré❛❧ ♣❡♥❞❛♥t ✉♥ tr✐♠ètr❡

❞❡ ✷✵✶✽✳ ■❧ ♠✬❛ ♦✉✈❡rt ✉♥❡ ❛✉tr❡ ♣♦rt❡ ✈❡rs ❧❛ ❝♦♠❜✐♥❛t♦✐r❡ ❞❡s ♠♦ts✳ ❏✬❛✐ ❜✐❡♥ ♣r♦✜té ❧❡

t❡♠♣s à ▼♦♥tré❛❧ ❡t ❥✬❛✐ ♣✉ ❜❡❛✉❝♦✉♣ ♣❛r❧é ❛✈❡❝ ❧❡s ❣❡♥s q✉✐ tr❛✈❛✐❧❧❡♥t ❞❛♥s ❧❡s ❛✉tr❡s

❜r❛♥❝❤❡s ❞❡ ❝♦♠❜✐♥❛t♦✐r❡✳

❯♥ ❣r❛♥❞ ♠❡r❝✐ à ▼✐❝❤❡❧ ❘✐❣♦ ❡t à P❡❧❛♥t♦✈á ❊❞✐t❛ ❞✬❛✈♦✐r ❛❝❝❡♣té ❞❡ r❛♣♣♦rt❡r ❝❡tt❡

t❤ès❡✱ ré❞✐❣é ❞❡s r❛♣♣♦rts ❡t ❞♦♥♥é❡s ❞❡s ❝♦♥s❡✐❧s ❞❡ ♠♦❞✐✜❝❛t✐♦♥✳ ❊t ❥❡ t✐❡♥s à ❡①♣r✐♠❡r

♠❛ ❣r❛t✐t✉❞❡ à ❊❧✐s❡ ❏❛♥✈r❡ss❡ ❡t à ❙♦♣❤✐❡ ▼♦r✐❡r✲●❡♥♦✉❞ q✉✐ ❝♦♠♣❧èt❡♥t ❧❡ ❥✉r② ❞❡ t❤ès❡✳

❋✐♥❛❧❡♠❡♥t✱ ❥✬❛✐♠❡r❛✐ r❡♠❡r❝✐❡ ♠❡s ❢❛♠✐❧❧❡s✱ ❧❡ ❣r♦✉♣❡ ❞❡s ❛♠✐s ❡t t♦✉s ❧❡s ❣❡♥s q✉✐ ♠✬❛

❛♣♣♦rté ❞❡s ✐❞é❡s ❡♥ ♠❛t❤é♠❛t✐q✉❡s✳ ❙❛♥s ❧❡s s✉♣♣♦rts ❞❡ ❧❡✉r ❝ôté✱ ❥❡ ♥❡ ♣♦✉rr❛✐s ♣❛s

✜♥❛❧✐s❡r ❝❡ tr❛✈❛✉①✳
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❘és✉♠é

❈❡tt❡ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ à ❧✬ét✉❞❡ ❞❡s ♣r♦♣r✐étés ❞❡s s✉✐t❡s ❛✉t♦♠❛t✐q✉❡s✳ ❈❡tt❡ ❞❡r♥✐èr❡

❡st ✉♥❡ ♥♦t✐♦♥ ♣r❡♠✐èr❡♠❡♥t ✐♥tr♦❞✉✐t❡ ❡t ét✉❞✐é❡ ♣❛r ❧❡s ♠❛t❤é♠❛t✐❝✐❡♥s ❡t ❧❡s ✐♥❢♦r♠❛t✐✲

❝✐❡♥s t❤é♦r✐❝✐❡♥s ❡♥ ❝♦♠❜✐♥❛t♦✐r❡✱ ♥♦t❛♠♠❡♥t ❡♥ t❤é♦r✐❡s ❞❡s ❧❛♥❣❛❣❡s✱ ♠❛✐s ❡❧❧❡ ❛ ❛✉ss✐ ❞❡s

❛♣♣❧✐❝❛t✐♦♥s ✐♥tér❡ss❛♥t❡s ❡♥ t❤é♦r✐❡ ❞❡s ♥♦♠❜r❡s✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ♦♥ tr❛✈❛✐❧❧❡ s✉r q✉❛tr❡

s✉❥❡ts ❝♦♥❝❡r♥❛♥t ❧❡s ❛s♣❡❝ts ♠❛t❤é♠❛t✐q✉❡s ❡t ✐♥❢♦r♠❛t✐q✉❡s✱ ❧✐és ❛✉① s✉✐t❡s ❛✉t♦♠❛t✐q✉❡s✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✶✱ ♦♥ ❞♦♥♥❡ ✉♥❡ ✐♥tr♦❞✉❝t✐♦♥ ❛✉① s✉✐t❡s ❛✉t♦♠❛t✐q✉❡s ❛✐♥s✐ q✉❡

❞❡s rés✉❧t❛ts ré❝❡♥ts ❛✉t♦✉r ❞❡ ❝❡ s✉❥❡t✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✷✱ ♦♥ ét✉❞✐❡ ❧❡ ♣r♦❧♦♥❣❡♠❡♥t

♠ér♦♠♦r♣❤❡ ❞❡s sér✐❡s ❞❡ ❉✐r✐❝❤❧❡t ❞✉ t②♣❡

f(s) =
∑

x∈Nk

ax
p(x)s

s✉rC✱ ❛✈❡❝ (ax)n∈Nk ✉♥❡ s✉✐t❡ ❛✉t♦♠❛t✐q✉❡ ❞❡ ❞✐♠❡♥s✐♦♥ k✱ ❡t p ✉♥ ♣♦❧②♥ô♠❡ ❡❧❧✐♣t✐q✉❡ q✉✐

♥❡ s✬❛♥♥✉❧❡ ♣❛s s✉r Nk✳ ❊t ❛✉ss✐✱ ❞❡s ♣r♦❞✉✐ts ✐♥✜♥✐s s♦♥t ❝❛❧❝✉❧és ❝♦♠♠❡ ❝♦♥séq✉❡♥❝❡s

❞❡ ❝❡ rés✉❧t❛t✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✸✱ ♦♥ tr♦✉✈❡ ✉♥❡ ❡①♣r❡ss✐♦♥ ❡①♣❧✐❝✐t❡ ♣♦✉r t♦✉t❡ s✉✐t❡

❛✉t♦♠❛t✐q✉❡ ❝♦♠♣❧èt❡♠❡♥t ♠✉❧t✐♣❧✐❝❛t✐✈❡✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✹✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❡s sér✐❡s

❢♦r♠❡❧❧❡s ❞é✜♥✐❡s ♣❛r ❞❡s ♣r♦❞✉✐ts ✐♥✜♥✐s ❞✉ t②♣❡✱

∞∑

n=1

anx
n =

∞∏

i=1

p(xq
i

)

❛✈❡❝ p ✉♥ ♣♦❧②♥ô♠❡ à ❝♦❡✣❝✐❡♥ts ❞❛♥s Q ❡t p(0) = 1✱ ❡t q ✉♥ ❡♥t✐❡r ♣❧✉s ❣r❛♥❞ q✉❡ 1✳

❖♥ ❞é♠♦♥tr❡ q✉❡ ♣♦✉r q ❡t d ✜①és✱ ✐❧ ♥✬② ❛ q✉✬✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡s ♣♦❧②♥ô♠❡s ❞❡ ❞é❣ré❡ ❛✉

♣❧✉s d t❡❧ q✉❡ ❧❛ sér✐❡ ✐♥✜♥✐❡ ♦❜t❡♥✉❡ ♣❛r ❧❛ ❞é✜♥✐t✐♦♥ ♣ré❝é❞❡♥t❡ s♦✐t q✲❛✉t♦♠❛t✐q✉❡✳ ❉❛♥s

❧❡ ❈❤❛♣✐tr❡ ✺✱ ♦♥ ét✉❞✐❡ ❧❛ ❧♦♥❣✉❡✉r ♣❛❧✐♥❞r♦♠✐q✉❡ ❞❡s s✉✐t❡s ❛✉t♦♠❛t✐q✉❡s✱ ❡t ♦♥ tr♦✉✈❡

t♦✉t❡ ❧❡s s✉✐t❡s ❛②❛♥t ❧❛ ♠ê♠❡ ❧♦♥❣✉❡✉r ♣❛❧✐♥❞r♦♠✐q✉❡ q✉❡ ❝❡❧❧❡ ❞❡ ❚❤✉❡✲▼♦rs❡✳
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❙✉✐t❡s ❛✉t♦♠❛t✐q✉❡s✱ ❋♦♥❝t✐♦♥s ❝♦♠♣❧èt❡♠❡♥t ♠✉❧t✐♣❧✐❝❛t✐✈❡s✱ ❋♦♥❝t✐♦♥ ▼❛❤❧ér✐❡♥♥❡✱ ▲♦♥❣✉❡✉r

♣❛❧✐♥❞r♦♠✐q✉❡✳
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❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s✱ ✇❤✐❝❤ ✐s ❛ ♥♦t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❛♥❞

✐♥✐t✐❛❧❧② st✉❞✐❡❞ ❜② ❝♦♠❜✐♥❛t♦r✐sts✱ ❛♥❞ ❜② ♣❡♦♣❧❡ ✇♦r❦✐♥❣ ♦♥ ❧❛♥❣✉❛❣❡ t❤❡♦r②✳ ▼❡❛♥✇❤✐❧❡

t❤❡s❡ s❡q✉❡♥❝❡s ❛❧s♦ ❛♣♣❡❛r t♦ ❤❛✈❡ s♦♠❡ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s ✐♥ ♥✉♠❜❡r t❤❡♦r②✳ ■♥ t❤✐s

t❤❡s✐s✱ ✇❡ ❞❡❛❧ ✇✐t❤ s♦♠❡ t♦♣✐❝s ✐♥ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✱ r❡❧❛t❡❞ t♦ ❛✉t♦♠❛t✐❝

s❡q✉❡♥❝❡s✳

■♥ ❈❤❛♣t❡r ✶✱ ✇❡ ❣✐✈❡ ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❛♥❞ ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢

r❡❝❡♥t ✇♦r❦s ♦♥ r❡❧❛t❡❞ t♦♣✐❝s✳ ■♥ ❈❤❛♣t❡r ✷✱ ✇❡ st✉❞② t❤❡ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢

❉✐r✐❝❤❧❡t s❡r✐❡s ♦❢ t②♣❡

f(s) =
∑

x∈Nk

ax
p(x)s

♦✈❡r C✱ ✇❤❡r❡ (ax)n∈Nk ✐s ❛♥ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ k✱ ❛♥❞ p ✐s ❛♥ ❡❧❧✐♣t✐❝ ♣♦❧②✲

♥♦♠✐❛❧ ♥♦♥✲✈❛♥✐s❤✐♥❣ ♦✈❡r Nk✳ ❆♥❞ s♦♠❡ ✐♥✜♥✐t❡ ♣r♦❞✉❝ts ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❛s ❝♦♥s❡q✉❡♥❝❡s

♦❢ t❤✐s r❡s✉❧t✳ ■♥ ❈❤❛♣t❡r ✸✱ ✇❡ ❣✐✈❡ ❛ ❢♦r♠❛❧ ❡①♣r❡ss✐♦♥ t♦ ❛❧❧ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛✲

t✐✈❡ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s✳ ■♥ ❈❤❛♣t❡r ✹✱ ✇❡ st✉❞② ❢♦r♠❛❧ ♣♦✇❡rs s❡r✐❡s ❞❡✜♥❡❞ ❜② ✐♥✜♥✐t❡

♣r♦❞✉❝ts ♦❢ t②♣❡
∞∑

n=1

anx
n =

∞∏

i=1

p(xq
i

)

✇❤❡r❡ p ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ❝♦❡✣❝✐❡♥ts ♦✈❡rQ ❛♥❞ p(0) = 1✱ ❛♥❞ q ✐s ❛♥ ✐♥t❡❣❡r ❧❛r❣❡r t❤❛♥

1✳ ❲❡ ♣r♦✈❡ t❤❛t ❢♦r ❣✐✈❡♥ ✐♥t❡❣❡r d✱ t❤❡r❡ ❛r❡ ✜♥✐t❡❧② ♠❛♥② ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ d s✉❝❤

t❤❛t t❤❡ s❡q✉❡♥❝❡ ❞❡✜♥❡❞ ❛s ❛❜♦✈❡ ✐s ❛✉t♦♠❛t✐❝✳ ■♥ ❈❤❛♣t❡r ✺✱ ✇❡ st✉❞② t❤❡ ♣❛❧✐♥❞r♦♠✐❝

❧❡♥❣t❤ ♦❢ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❛♥❞ ✜♥❞ ❛❧❧ s❡q✉❡♥❝❡s ❤❛✈✐♥❣ t❤❡ s❛♠❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤

❛s t❤❡ ♦♥❡ ♦❢ ❚❤✉❡✲▼♦rs❡✳

❑❡②✇♦r❞s

❆✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s✱ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥s✱ ▼❛❤❧❡r ❢✉♥❝t✐♦♥s✱ P❛❧✐♥❞r♦♠✐❝

❧❡♥❣t❤✳



✽



❈❤❛♣t❡r ✵

❚❤✐s t❤❡s✐s ❝♦♥s✐sts ♦❢ ✺ ❝❤❛♣t❡rs ❢♦❧❧♦✇✐♥❣ t❤✐s ♦♥❡✳ ❚❤❡ ❧❛st ❢♦✉r ❝❤❛♣t❡r ❝♦rr❡s♣♦♥❞❡♥t

t♦ ❢♦✉r ❛rt✐❝❧❡s t❤❛t ❛r❡ ❡✐t❤❡r ♦♥ t❤❡ ❆r❳✐✈ ♦r s✉❜♠✐tt❡❞ ✭♦r ❜♦t❤✮✳

✾



✶✵



❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ t♦ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ✶✸

✶✳✶ ❋✐rst ❞❡✜♥✐t✐♦♥ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♥✉♠❜❡r t❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✶✳✶ ■♥✜♥✐t❡ ♣r♦❞✉❝ts ❛♥❞ ❉✐r✐❝❤❧❡t s❡r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✶✳✷ ❆✉t♦♠❛t✐❝ ♣♦✇❡r s❡r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✷ ❆✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ❛♥❞ ❧❛♥❣✉❛❣❡ t❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
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✷ ●❡♥❡r❛❧✐③❡❞ ❉✐r✐❝❤❧❡t s❡r✐❡s ♦❢ ♥ ✈❛r✐❛❜❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛✉t♦♠❛t✐❝ s❡✲

q✉❡♥❝❡s ✷✼
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✹ ❆✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❞❡✜♥❡❞ ❜② ❚❤❡t❛ ❢✉♥❝t✐♦♥s ❛♥❞ s♦♠❡ ✐♥✜♥✐t❡ ♣r♦❞✲

✉❝ts ✺✺
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✶✷ ❈❖◆❚❊◆❚❙

✹✳✹ ❘❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② ✐♥✜♥✐t❡ ♣r♦❞✉❝ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
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✺ P❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ❝♦♠♣❧❡①✐t② ❛♥❞ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❚❤✉❡✲▼♦rs❡ s❡✲

q✉❡♥❝❡s ✼✶
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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥ t♦ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s

■♥tr♦❞✉❝t✐♦♥ t♦ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s

❙❡q✉❡♥❝❡ ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ ♥♦t✐♦♥ ✐♥ ♠❛t❤❡♠❛t✐❝s✳ ❚♦ ❞❡s❝r✐❜❡ ❛ s❡q✉❡♥❝❡✱ ❛♣❛rt ❢r♦♠

❧✐st✐♥❣ ❛❧❧ ❡❧❡♠❡♥ts ♦♥❡ ❜② ♦♥❡✱ ✇❡ ♠❛② ✇❛♥t t♦ ✜♥❞ s♦♠❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ✐ts ❡❧❡♠❡♥ts✳

P❡r✐♦❞✐❝ s❡q✉❡♥❝❡s ❛r❡ ❣♦♦❞ ❡①❛♠♣❧❡s ✐♥ t❤✐s ❝❛s❡✱ ❛s t❤❡② ❛r❡ ❤✐❣❤❧② ♦r❞❡r❡❞ ❛♥❞ ❡❛s② t♦

❞❡s❝r✐❜❡✳ ❲❤✐❧❡ t❤❡r❡ ❛r❡ ♦t❤❡r s❡q✉❡♥❝❡s ✇❤✐❝❤ ❛r❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❜✉t st✐❧❧ ♣r❡s❡r✈❡

r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts✱ t❤❡② ♠❛② ❜❡ ❝❛❧❧❡❞ ❛s ✏♣r♦❣r❛♠♠❛❜❧❡ s❡q✉❡♥❝❡s✑✳ ■♥ t❤✐s t❤❡s✐s

✇❡ st✉❞② ❛ s♣❡❝✐✜❝ t②♣❡ ♦❢ ♣r♦❣r❛♠♠❛❜❧❡ s❡q✉❡♥❝❡s✱ ❝❛❧❧❡❞ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s✳

❆✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② ❛ ✜♥✐t❡ ❛✉t♦♠❛t♦♥✱ ✇❤✐❝❤ ✐s ❛ ♥♦t✐♦♥ ❢r♦♠

❧❛♥❣✉❛❣❡ t❤❡♦r②✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ s♦♠❡ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥s ❢r♦♠ ♦t❤❡r ❜r❛♥❝❤❡s ♦❢

♠❛t❤❡♠❛t✐❝s s✉❝❤ ❛s ❝♦♠❜✐♥❛t♦r✐❝s ❛s ✇❡❧❧ ❛s ♥✉♠❜❡r t❤❡♦r②✳ ■♥ t❤❡ ✜rst s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧

♣r❡s❡♥t t❤❡ r❡❧❛t❡❞ ❞❡✜♥✐t✐♦♥s ♦❢ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❡❛❝❤ ✜❡❧❞✱ ❛♥❞

s❤♦✇ ❤♦✇ ❛✉t♦♠❛t✐❝✐t② ❝❛♥ ❜❡ ✉s❡❞ t♦ ❜✉✐❧❞ ❛ ❧✐♥❦ ❜❡t✇❡❡♥ t✇♦ ❞✐✛❡r❡♥t ✜❡❧❞s✳

❆t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ s✉❜✲s❡❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥❡✇ r❡s✉❧ts ♦❜t❛✐♥❡❞

❜② t❤❡ ❛✉t❤♦r✳ ❆❧❧ t❤❡s❡ r❡s✉❧ts ❛r❡ ❜❛s❡❞✱ ❞✐r❡❝t❧② ♦r ✐♥❞✐r❡❝t❧②✱ ❜✉t str♦♥❣❧②✱ ♦♥ t❤❡

♠❡❝❤❛♥✐s♠ ♦❢ s✉❜st✐t✉t✐♦♥s ✭♦❢ ✇♦r❞s✱ ❢✉♥❝t✐♦♥s ♦r ♠❛tr✐❝❡s✳✳✮✳ ■t ✐s t❤✐s ♠❡❝❤❛♥✐s♠ t❤❛t

❣✐✈❡s ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❛ ❝♦♠♣❧❡① ❜✉t ❝♦♠♣✉t❛t✐♦♥❛❧ str✉❝t✉r❡✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ✜♥❞

❢♦r♠❛❧ ❡①♣r❡ss✐♦♥s ❢♦r s♦♠❡ ✏❞✐s♦r❞❡r❡❞✑ ♣❤❡♥♦♠❡♥❛✳

✶✳✶ ❋✐rst ❞❡✜♥✐t✐♦♥ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♥✉♠❜❡r t❤❡♦r②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ♦♥❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❛♥❞ s❤♦✇

✇❤② t❤✐s ❦✐♥❞ ♦❢ s❡q✉❡♥❝❡s ❛r❡ ✐♥t❡r❡st✐♥❣ ✐♥ ♥✉♠❜❡r t❤❡♦r②✳

❉❡✜♥✐t✐♦♥ ❆ s❡q✉❡♥❝❡ (an)n∈N ✐s ❝❛❧❧❡❞ k✲❛✉t♦♠❛t✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ s❡t

Ker((an)n∈N) =
{
(akln+i)n∈N|l ∈ N, 0 ≤ i < kl

}

✶✸
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✐s ✜♥✐t❡✳ ❚❤✐s s❡t ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ k✲❦❡r♥❡❧ ♦❢ t❤❡ s❡q✉❡♥❝❡ (an)n∈N✳

❊①❛♠♣❧❡ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ❞❡✜♥❡❞ ✐♥ s✉❝❤ ✇❛②✿ ✇❡ ❜❡❣✐♥ ✇✐t❤ ❛ ✇♦r❞ ♦❢ ♦♥❡

❧❡tt❡r 1✱ ♥❡①t st❡♣ ✇❡ ❝❤❛♥❣❡ t❤❡ ❧❡tt❡r 1 t♦ t❤❡ str✐♥❣ 10✱ ✐♥ t❤❡ t❤✐r❞ st❡♣ ✇❡ ❝❤❛♥❣❡ 1 t♦

10 ❛♥❞ 0 t♦ 01✳✳✳ ❆t ❡❛❝❤ st❡♣ ✇❡ ❝❤❛♥❣❡ 1 t♦ 10 ❛♥❞ 0 t♦ 01 ❧❡tt❡r ❜② ❧❡tt❡r s♦ t❤❛t ✇❡

♦❜t❛✐♥ ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡✳ ❚❤❡ ♣r♦❝❡ss ✐s ♣r❡s❡♥t❡❞ ❛s ❢♦❧❧♦✇s✿

1

10

1001

10010110

1001011001101001...

❆t t❤❡ ❡♥❞ ✇❡ ❣❡t ❛ s❡q✉❡♥❝❡ ❧✐❦❡

10010110011010010110...

❚❤✐s s❡q✉❡♥❝❡ ✐s ❝❛❧❧❡❞ t❤❡ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡✱ ❛♥❞ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t t❤✐s s❡q✉❡♥❝❡

✐s 2✲❛✉t♦♠❛t✐❝✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿

a2n = an

a2n+1 = 1− an

❢♦r ❛❧❧ n ≥ 0✳ ■❢ ✇❡ ❧❡t (an)n∈N ❞❡♥♦t❡ t❤❡ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡✱ t❤❡ ❦❡r♥❡❧ ♦❢ t❤✐s s❡q✉❡♥❝❡

✐s Ker((an)n∈N) = {(a2n+1)n∈N, (an)n∈N}✳

❊①❛♠♣❧❡ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s t❤❡ ❘✉❞✐♥✲❙❤❛♣✐r♦ s❡q✉❡♥❝❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② t❤❡

♥✉♠❜❡r ♦❢ t❤❡ ❢❛❝t♦rs 11 ✐♥ t❤❡ ❜✐♥❛r② ❡①♣❛♥s✐♦♥ ♦❢ n✿ t❤❡ s❡q✉❡♥❝❡ (g(n))n∈N s❛t✐s✜❡s

t❤❡ r❡❧❛t✐♦♥

g(n) = (−1)a2,11(n)

❢♦r ❡❛❝❤ n✱ ✇❤❡r❡ a2,11(n) ❝♦✉♥ts t❤❡ ♥✉♠❜❡r ♦❢ 11 ✐♥ t❤❡ ❜✐♥❛r② ❡①♣❛♥s✐♦♥ ♦❢ n✳ ❚❤❡ ✜rst

t❡r♠s ♦❢ t❤❡ ❘✉❞✐♥✲❙❤❛♣✐r♦ s❡q✉❡♥❝❡ ❛r❡

+1,+1,+1,−1,+1,+1,−1,+1,+1,+1,+1,−1,−1,−1,+1,−1, ...

❇❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥✱ (g(n))n∈N s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rr❡♥❝❡✿

g(2n+ 1) = (−1)ng(n)

g(2n) = g(n).
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❙♦ t❤❡ 2✲❦❡r♥❡❧ ♦❢ t❤✐s s❡q✉❡♥❝❡ ✐s

Ker(g(n)n∈N) =
{
−g(n)n∈N, g(n)n∈N, (−1)ng(n)n∈N, (−1)n+1g(n)n∈N

}
.

✶✳✶✳✶ ■♥✜♥✐t❡ ♣r♦❞✉❝ts ❛♥❞ ❉✐r✐❝❤❧❡t s❡r✐❡s

❚❤❛♥❦s t♦ t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ k✲❦❡r♥❡❧✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✐♥✜♥✐t❡ s✉♠s ♦r ♣r♦❞✉❝ts ❛s✲

s♦❝✐❛t❡❞ ✇✐t❤ ❛ k✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ♣r❡s❡♥t✐♥❣ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s✳ ❖♥❡ ♦❢ t❤❡ ♠♦st

❢❛♠♦✉s r❡s✉❧ts ❛❜♦✉t ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ✐s t❤❡ ❲♦♦❞s✕❘♦❜❜✐♥s ♣r♦❞✉❝t ✐❞❡♥t✐t② ❬✹✹❪ ❬✸✼❪✱

✇❤✐❝❤ ✐s ✇r✐tt❡♥ ❛s✿

(
1

2

)(−1)a(0) (3

4

)(−1)a(1) (5

6

)(−1)a(3)

... = 2−
1
2

✇❤❡r❡ (a(m))m∈N ✐s t❤❡ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡✳ ❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛♥❞ ❣❡♥❡r❛❧✐③❡❞

❜② ❡✈❛❧✉❛t✐♥❣ ❛ ❢✉♥❝t✐♦♥ ♦❢ t✇♦ ✈❛r✐❛❜❧❡s ❞❡✜♥❡❞ ❜② f(a, b) =
∏
n≥1(

n+a
n+b )

(−1)an ❛t s♦♠❡

r❛t✐♦♥❛❧ ♣♦✐♥ts✱ ❛♥❞ ✉s✐♥❣ t❤❡ ✜♥✐t❡♥❡ss ♦❢ Ker((an))n∈N✳

❚❤❡♦r❡♠ ✶✳✶✳ ✭❬✸❪✮ ▲❡t ✉s ❞❡✜♥❡ g(x) =
f(x

2
,x+1

2
)

x+1 t❤❡♥ ✇❡ ❤❛✈❡

(1 + x)g(x) =
g(x2 )

g(x+1
2 )

, x 6= −1,−2,−3...

❈♦r♦❧❧❛r② ✶✳✶✳
∏

n≥0

(
4n+ 1

4n+ 3

)(−1)an

=
1

2

∏

n≥1

(
(2n− 1)(4n+ 1)

(2n+ 1)(4n− 1)

)(−1)an

= 2

❋♦r ♠♦r❡ r❡s✉❧ts s❡❡ ❬✸❪✳ ❍♦✇❡✈❡r✱ t❤❡ ❲✲❘ ✐❞❡♥t✐t② ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣

t❤❡ ❛ss♦❝✐❛t❡❞ ❉✐r✐❝❤❧❡t s❡r✐❡s✿

f(s) =
∑

n≥1

an
(n+ 1)s

❛♥❞ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ❛t 0✳ ❇❡❢♦r❡ ❞♦✐♥❣ t❤✐s✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ ❛♥ ✐♠♣♦rt❛♥t

t❤❡♦r❡♠ ♦♥ ❣❡♥❡r❛❧ ❛✉t♦♠❛t✐❝ ❉✐r✐❝❤❧❡t s❡r✐❡s✿

❚❤❡♦r❡♠ ✶✳✷✳ ✭❬✷❪✮ ▲❡t (an)n≥0 ❜❡ ❛♥ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ✇✐t❤ ✈❛❧✉❡s ✐♥ C✳ ❚❤❡♥ t❤❡

❉✐r✐❝❤❧❡t s❡r✐❡s
∞∑

n=0

an
(n+ 1)s

∞∑

n=1

an
(n)s

❤❛✈❡ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥s t♦ t❤❡ ✇❤♦❧❡ ❝♦♠♣❧❡① ♣❧❛♥❡✱ ✇❤♦s❡ ♣♦❧❡s ✭✐❢ ❛♥②✮ ❛r❡ ❧♦✲

❝❛t❡❞ ♦♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❧❡❢t s❡♠✐✲❧❛tt✐❝❡s✳
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❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤♦s❡ ❢✉♥❝t✐♦♥s ♦♥ s♦♠❡ ♣♦✐♥ts

♦✈❡r t❤❡✐r ❝♦♥✈❡r❣❡♥❝❡ ❞♦♠❛✐♥✱ t❤❡♥ ✇❡ ❝❛♥ ❜✉✐❧❞ s♦♠❡ ❡q✉❛❧✐t✐❡s ❜❡t✇❡❡♥ ❛♥ ✐♥✜♥✐t❡

♣r♦❞✉❝t ❛♥❞ ❛ r❡❛❧ ♥✉♠❜❡r✳

❈♦r♦❧❧❛r② ✶✳✷✳ ▲❡t q, r ❜❡ t✇♦ ✐♥t❡❣❡rs ❧❛r❣❡r t❤❡♥ 1✱ ❛♥❞ ❧❡t (sq(m))m∈N ❛♥❞ (uj(m))m∈N

❜❡ s❡q✉❡♥❝❡s ❞❡✜♥❡❞ r❡s♣❡❝t✐✈❡❧② ❛s




sq(0) = 0

sq(qm+ a) = sq(m) + a, 0 ≤ a ≤ q − 1;

uj(m) =




r − 1 ✐❢ sq(m) ≡ j mod r

−1 ♦t❤❡r✇✐s❡✳

❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t②

∞∏

m=0

(
m+ 1

q[m/q] + 1

)uj(m)

= qj+(1−r)/2,

✇❤❡r❡ [a] r❡♣r❡s❡♥ts t❤❡ ❧❛r❣❡st ✐♥t❡❣❡r s♠❛❧❧❡r t❤❛♥ a✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❛❦✐♥❣ q = r = 2 ❛♥❞

j = 0✱ ✇❡ ❤❛✈❡ t❤❡ ❲✲❘ ✐❞❡♥t✐t②✳

❚❤❡ ❈❤❛♣t❡r ✷ ♦❢ t❤✐s t❤❡s✐s ❛✐♠s t♦ ❣❡♥❡r❛❧✐③❡ t❤✐s r❡s✉❧t t♦ ♠✉❧t✐✲✐♥❞❡① ❛✉t♦♠❛t✐❝

s❡q✉❡♥❝❡s✱ ❛ ♥♦t✐♦♥ ❣❡♥❡r❛❧✐③❡❞ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✶ ❛♥❞ st✉❞✐❡❞ ✐♥ ❬✹✵❪✳

❉❡✜♥✐t✐♦♥ ❲❡ ❧❡t x ❞❡♥♦t❡ ❛♥ n✲t✉♣❧❡ (x1, x2...xn) ❛♥❞ ❧❡t d ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❆ s❡q✉❡♥❝❡

(an)n≥0 ✇✐t❤ ✈❛❧✉❡s ✐♥ t❤❡ s❡t A ✐s ❝❛❧❧❡❞ d−❛✉t♦♠❛t✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts d−❦❡r♥❡❧ Nd(a) ✐s

✜♥✐t❡✱ ✇❤❡r❡ t❤❡ d−❦❡r♥❡❧ ♦❢ t❤❡ s❡q✉❡♥❝❡(ax)x≥0 ✐s t❤❡ s❡t ♦❢ s✉❜s❡q✉❡♥❝❡s ❞❡✜♥❡❞ ❜②

Nd(a) =
{
(m1,m2...mn) 7−→ a(dkm1+l1,dkm2+l2,...,dkmn+ln); k ≥ 0, (0) ≤ l ≤ (dk − 1)

}
.

❘❡♠❛r❦✐♥❣ t❤❛t ❝♦♥st❛♥t s❡q✉❡♥❝❡s ❛r❡ ❛ ❦✐♥❞ ♦❢ ♣❛rt✐❝✉❧❛r ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s✱ t❤❡

❉✐r✐❝❤❧❡t s❡q✉❡♥❝❡s ✐♥ t❤❡ ❢♦r♠
∑

(n1,n2...nI)∈N
I
+

n
µ1
1 n

µ2
2 ...n

µI
I

p(n1,n2,..nI)s
❤❛✈❡ ❜❡❡♥ ❧❛r❣❡❧② st✉❞✐❡❞✱

✇❤❡r❡ (µ1, µ2, ...µI) ∈ NI
+ ❛♥❞ p ✐s ❛ I✲✈❛r✐❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❘✳❍✳ ▼❡❧❧✐♥ ❬✸✹❪ ✜rst❧② ♣r♦✈❡❞

✐♥ ✶✾✵✵ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s ❛❜♦✈❡ ❤❛✈❡ ❛ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥ t♦ t❤❡ ✇❤♦❧❡ ❝♦♠♣❧❡①

♣❧❛♥❡ ✇❤❡♥ µi = 0 ❢♦r ❛❧❧ ✐♥❞❡①❡s i✱ t❤❡♥ ❑✳ ▼❛❤❧❡r ❬✸✷❪ ❣❡♥❡r❛❧✐③❡❞ t❤❡ r❡s✉❧t t♦ t❤❡ ❝❛s❡

t❤❛t µi ❛r❡ ❛r❜✐tr❛r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ✇❤❡♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ s❛t✐s✜❡s t❤❡ ❡❧❧✐♣t✐❝ ❝♦♥❞✐t✐♦♥

✐♥ ✶✾✷✼✳ ■♥ ✶✾✽✼✱ P✳ ❙❛r❣♦s ❬✹✶❪ ♣r♦✈❡❞ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✏lim |p(n1, n2...nI)| → ∞ ✇❤❡♥

|(n1, n2...nI)| → ∞ ❛♥❞ p ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡✑ ✐s s✉✣❝✐❡♥t ❢♦r t❤❡s❡ ❉✐r✐❝❤❧❡t s❡q✉❡♥❝❡s t♦

❤❛✈❡ ❛ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥✳ ■♥ ✶✾✾✼✱ ❉✳ ❊ss♦✉❛❜r✐ ❬✷✵❪ ❣❡♥❡r❛❧✐③❡❞ t❤❡ ❝♦♥❞✐t✐♦♥ t♦

t❤❡ ❝❛s❡✱
∂µp(x)

p(x) = O(1), ∀µ ∈ Zn+✳ ■♥ ❈❤❛♣t❡r ✷ t❤❡ ❛✉t❤♦r ✜♥❞s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r

t❤❡ s❡q✉❡♥❝❡s
∑

x∈Nn

ax
∏n

i=1 x
µi
i

P (x)s t♦ ❤❛✈❡ ❛ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ♦✈❡r C✳ ❚❤❡ ♠❛✐♥

r❡s✉❧t ✐s ❛♥♥♦✉♥❝❡❞ ❛s ❢♦❧❧♦✇s✿
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❚❤❡♦r❡♠ ✶✳✸✳ ▲❡t p ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ n ✈❛r✐❛❜❧❡s ❛♥❞ (ax)x>0 ❜❡ q✲❛✉t♦♠❛t✐❝✱

t❤❡♥ ❢♦r ❛ ❣✐✈❡♥ n✲t✉♣❧❡ µ✱ t❤❡ ❢✉♥❝t✐♦♥
∑

(x)∈Nn
+

ax
∏n

i=1 x
µi
i

p(x)s ❛❞♠✐ts ❛♥ ❛❜s❝✐ss❛ ♦❢ ❝♦♥✈❡r✲

❣❡♥❝❡ σ s✉❝❤ t❤❛t ✐t ❝♦♥✈❡r❣❡s ❛❜s♦❧✉t❡❧② ♦♥ t❤❡ ❤❛❧❢✲♣❧❛♥❡ ℜ(s) > σ ❛♥❞ ❤❛s ❛ ♠❡r♦♠♦r♣❤✐❝

❝♦♥t✐♥✉❛t✐♦♥ ♦♥ t❤❡ ✇❤♦❧❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣♦❧❡s ♦❢ t❤✐s ❢✉♥❝t✐♦♥ ✭✐❢ ❛♥②✮

❛r❡ ❧♦❝❛t❡❞ ♦♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❧❡❢t s❡♠✐✲❧❛tt✐❝❡s✳

✶✳✶✳✷ ❆✉t♦♠❛t✐❝ ♣♦✇❡r s❡r✐❡s

❆♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ k✲❦❡r♥❡❧ ✐s t♦ ❜✉✐❧❞ ❧✐♥❦s ❜❡t✇❡❡♥ ❛✉t♦♠❛t✐❝

♣♦✇❡r s❡r✐❡s ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ▲❡t
∑

n≥0 anx
n ❜❡ ❛ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ❞❡✜♥❡❞ ♦✈❡r ❛ ✜❡❧❞ F✳ ❲❡ s❛② ✐t ✐s

❛✉t♦♠❛t✐❝ ✐❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐ts ❝♦❡✣❝✐❡♥ts ✐s ❛✉t♦♠❛t✐❝✳

■t ✐s ♣r♦✈❡❞ t❤❛t ❛❧❧ ❛✉t♦♠❛t✐❝ ♣♦✇❡r s❡q✉❡♥❝❡s ♦✈❡r ❛♥ ❛r❜✐tr❛r② ✜❡❧❞ s❛t✐s❢② ❛ ❢✉♥❝✲

t✐♦♥❛❧ ❡q✉❛t✐♦♥✳

❚❤❡♦r❡♠ ✶✳✹✳ ✭❬✹❪✮ ❧❡t f ∈ F ((x)) ❜❡ ❛ k✲❛✉t♦♠❛t✐❝ ♣♦✇❡r s❡r✐❡s✱ t❤❡♥ t❤❡r❡ ❡①✐st ♣♦❧②✲

♥♦♠✐❛❧s a0(x), a1(x), ..., am(x) ∈ F [x] ✇✐t❤ a0(x)am(x) 6= 0 s✉❝❤ t❤❛t

m∑

i=0

ai(x)f(x
ki) = 0.

❲❡ ♠❛② ❛s❦ t❤❡ r❡✈❡rs❛❧ q✉❡st✐♦♥✿ ❣✐✈❡♥ ❛ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥✱ ✇❤❛t ❞♦❡s t❤❡ s♦❧✉t✐♦♥

❧♦♦❦ ❧✐❦❡❄ ❚❤✐s q✉❡st✐♦♥ ❤❛s ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞ ✐♥ ❬✶✷❪ ❬✶✼❪ ❬✶✶❪ ❬✶✻❪✳ ■♥ ❬✶✷❪ ●✳ ❈❤r✐st♦❧

❛♥s✇❡r❡❞ t❤✐s q✉❡st✐♦♥ ❢♦r ♣♦✇❡r s❡q✉❡♥❝❡s ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞✿ ❤❡ ♣r♦✈❡❞ t❤❛t t❤❡r❡

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❜❡✐♥❣ ❛ s♦❧✉t✐♦♥ ♦❢ s✉❝❤ ❛ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ ❛♥❞ ❜❡✐♥❣ ❛♥

❛✉t♦♠❛t✐❝ ♣♦✇❡r s❡r✐❡s✳

❉❡✜♥✐t✐♦♥ ▲❡t F ❜❡ ❛♥② ✜❡❧❞✳ ❲❡ s❛② t❤❛t ❛ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f(x) ∈ F((x)) ✐s ❛❧❣❡❜r❛✐❝

✐❢ ✐t ✐s ❛❧❣❡❜r❛✐❝ ♦✈❡r F(x)✱ t❤❛t ✐s✱ ✐❢ t❤❡r❡ ❡①✐st d ∈ N ❛♥❞ ♣♦❧②♥♦♠✐❛❧s ai(x) ∈ F[x] ❢♦r

i = 0, ..., d✱ s✉❝❤ t❤❛t ad(x) 6= 0 ❛♥❞

d∑

i=0

ai(x)f(x)
i = 0.

❚❤❡♦r❡♠ ✶✳✺✳ ✭❬✶✷❪✮ ▲❡t Fq ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p✳ ❆ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s

f(x) =
∑

n≥0 anx
n ∈ F ((x)) ✐s ❛❧❣❡❜r❛✐❝ ♦✈❡r t❤❡ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ✜❡❧❞ Fq(x) ✐❢ ❛♥❞ ♦♥❧②

✐❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐ts ❝♦❡✣❝✐❡♥ts ✐s q✲❛✉t♦♠❛t✐❝✳

❍♦✇❡✈❡r✱ t❤✐♥❣s ❛r❡ ❣♦✐♥❣ t♦ ❜❡ ❝♦♠♣❧✐❝❛t❡❞ ❢♦r ❛♥ ❛r❜✐tr❛r② ✜❡❧❞✱ ♥❛♠❡❧② ❢♦r R ♦r C✱

❡✈❡♥ t❤♦✉❣❤ t❤❡ s✐♠♣❧❡st ❡q✉❛t✐♦♥ ❞♦❡s ♥♦t ❧❡❛❞ t♦ ❣❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥s✿

f(x) = p(x)f(xk),
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✇❤❡r❡ p ✐s ❛ ♣♦❧②♥♦♠✐❛❧✳ ■t ✐s ❦♥♦✇♥ t❤❛t ❝♦❡✣❝✐❡♥ts ♦❢ s♦❧✉t✐♦♥s ♦❢ ❛❜♦✈❡ ❢✉♥❝t✐♦♥❛❧

❡q✉❛t✐♦♥ s❛t✐s❢② ❛ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ str✉❝t✉r❡✱ ❜✉t ✐t ✐s st✐❧❧ ✉♥❦♥♦✇♥ ✐❢ t❤❡r❡ ❛r❡ s♦♠❡

r❡str✐❝t✐♦♥s ♦♥ p t♦ ♠❛❦❡ t❤❡ s♦❧✉t✐♦♥s t♦ ❜❡ ❛✉t♦♠❛t✐❝✳ P✳ ❉✉♠❛s st✉❞✐❡❞ ❛s②♠♣t♦t✐❝

♣r♦♣❡rt✐❡s ♦❢ ❝♦❡✣❝✐❡♥ts ♦❢ s♦❧✉t✐♦♥s ♦❢ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❬✶✼❪✱ ❙✳ ❈❤❡❝❝♦❧✐ ❛♥❞ ❏✳ ❘♦q✉❡s

❢♦✉♥❞ ❛❧❧ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❧♦✇ ❞❡❣r❡❡ s✉❝❤ t❤❛t t❤❡ ♣♦✇❡r s❡r✐❡s f ❞❡✜♥❡❞ ❜② t❤❡ ❛❜♦✈❡

❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥s ❛r❡ ❛✉t♦♠❛t✐❝ ❬✶✶❪✳

❉❡✜♥✐t✐♦♥ ▲❡t (a(n))n≥0 ❜❡ ❛ s❡q✉❡♥❝❡ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜❡❧❞ F✱ ✐t ✐s ❝❛❧❧❡❞ k✲r❡❣✉❧❛r ✐❢ t❤❡

F✲♠♦❞✉❧❡ ❣❡♥❡r❛t❡❞ ❜②

Ker((an)n∈N) =
{
(akln+i)n∈N|l ∈ N, 0 ≤ i < kl

}

✐s ❛ ✜♥✐t❡❧②✲❣❡♥❡r❛t❡❞ F✲♠♦❞✉❧❡✳ ❆ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f(x) ∈ F((x)) ✐s ❝❛❧❧❡❞ r❡❣✉❧❛r ✐❢

t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐ts ❝♦❡✣❝✐❡♥ts ✐s r❡❣✉❧❛r✳

❚❤❡♦r❡♠ ✶✳✻✳ ✭❬✶✼❪✮ ▲❡t k ❜❡ ❛♥ ✐♥t❡❣❡r ❧❛r❣❡r t❤❡♥ 1 ❛♥❞ p(x) ∈ F[x]✱ t❤❡♥ ❛❧❧ ♣♦✇❡r

s❡q✉❡♥❝❡s f(x) =
∑

n≥0 anx
n ∈ F ((x)) s❛t✐s❢②✐♥❣ ❡q✉❛t✐♦♥

f(x) = p(x)f(xk)

❛r❡ k✲r❡❣✉❧❛r✳

■♥ ❈❤❛♣t❡r ✸ t❤❡ ❛✉t❤♦r ✜♥❞s s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❛✉t♦♠❛t✐❝ ♣♦✇❡r s❡q✉❡♥❝❡ f(x) ❞❡✜♥❡❞

♦✈❡r Q s❛t✐s❢②✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ❛❜♦✈❡✳ ▼❛✐♥ r❡s✉❧ts ❛r❡ ❛s ❢♦❧❧♦✇s✿

❚❤❡♦r❡♠ ✶✳✼✳ ❋♦r ❣✐✈❡♥ ✐♥t❡❣❡rs q ≥ 2 ❛♥❞ d ≥ 0✱ t❤❡r❡ ❡①✐st ✜♥✐t❡❧② ♠❛♥② ♣♦❧②♥♦♠✐❛❧s

♦❢ ❞❡❣r❡❡ d ❞❡✜♥❡❞ ♦✈❡r t❤❡ ✜❡❧❞ ♦❢ r❛t✐♦♥❛❧ ♥✉♠❜❡rs Q✱ s❛② p1(x), p2(x), ...pk(x)✱ s✉❝❤ t❤❛t
∏∞
s=0 pj(x

qs) =
∑∞

i=1 cix
i ✐s ❛ q✲❛✉t♦♠❛t✐❝ ♣♦✇❡r s❡r✐❡s ❢♦r j : 1 ≤ j ≤ k✳

❚❤❡♦r❡♠ ✶✳✽✳ ■❢ t❤❡ ♣♦✇❡r s❡r✐❡s F (x) =
∏∞
s=0

1
f(xqs )

=
∑∞

i=0 cix
i ✐s q✲r❡❣✉❧❛r✱ t❤❡♥ t❤❡r❡

❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ Q(x) s✉❝❤ t❤❛t f(x)|Q(xq)
Q(x) ✱ ❋✉rt❤❡r♠♦r❡ F (x) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

F (x) = Q(x)

∞∏

i=1

R(xq),

✇❤❡r❡ R(x) = Q(xq)
Q(x)f(x) ✐s ❛ ♣♦❧②♥♦♠✐❛❧✳

✶✳✷ ❆✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ❛♥❞ ❧❛♥❣✉❛❣❡ t❤❡♦r②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ✉s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ❛✉t♦♠❛✲

t♦♥✳ ❚♦ ❞♦ s♦✱ ❧❡t ✉s ❣✐✈❡ ✜rst❧② ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ✜♥✐t❡ ❛✉t♦♠❛t♦♥✿

❉❡✜♥✐t✐♦♥ ▲❡t ❛ ✭✜♥✐t❡✮ ❛❧♣❤❛❜❡t
∑

t♦ ❜❡ ❛ ✭✜♥✐t❡✮ s❡t ♦❢ ❡❧❡♠❡♥ts✱ ✇❡ s❛② ❛ ✇♦r❞ a ♦✈❡r
∑

✐❢ a ✐s ❛ str✐♥❣ ♦❢ ❡❧❡♠❡♥ts ✐♥
∑

✱ ✐♥ ♣❛rt✐❝✉❧❡r t❤❡ ❡♠♣t② ✇♦r❞ ✐s ❛ ✇♦r❞ ♦✈❡r ❛❧❧
∑

✱ ❧❡t
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✉s ❞❡♥♦t❡ ❜②
∑∗ t❤❡ s❡t ♦❢ ✇♦r❞s ♦✈❡r

∑
✳ ❲❡ s❛② t❤❛t L ✐s ❛ ❧❛♥❣✉❛❣❡ ♦✈❡r

∑
✐❢ L ✐s ❛

s✉❜s❡t ♦❢
∑∗✳

❉❡✜♥✐t✐♦♥ ❆ ❞❡t❡r♠✐♥✐st✐❝ ✜♥✐t❡ ❛✉t♦♠❛t♦♥✱ ♦r ❉❋❆✱ M ✐s ❞❡✜♥❡❞ t♦ ❜❡ ❛ 5✲t✉♣❧❡ M =

(Q,
∑
, δ, q0,F)

✇❤❡r❡

Q ✐s ❛ ✜♥✐t❡ s❡t ♦❢ st❛t❡s✱
∑

✐s t❤❡ ✜♥✐t❡ ✐♥♣✉t ❛❧♣❤❛❜❡t✱

δ ✿ Q×
∑

→ Q ✐s t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥✱

q0 ∈ Q ✐s t❤❡ ✐♥✐t✐❛❧ st❛t❡✱ ❛♥❞

F ⊆ Q ✐s t❤❡ s❡t ♦❢ ❛❝❝❡♣t✐♥❣ st❛t❡s✳

❆ k✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❛♥ ♦✉t♣✉t ♦❢ ❛ k✲❞❡t❡r♠✐♥✐st✐❝ ✜♥✐t❡ ❛✉t♦♠❛✲

t♦♥ ✇✐t❤ ♦✉t♣✉t✱ ✇❤✐❝❤ ✐s ❞❡♥♦t❡❞ ❜② k✲❉❋❆❖✳ ❈♦♠♣❛r✐♥❣ ✇✐t❤ ❛ ❉❋❆✱ ❛ ❉❋❆❖ ✐s ❞❡✜♥❡❞

t♦ ❜❡ ❛ 6✲t✉♣❧❡ M = (Q,
∑

k, δ, q0,∆, τ)✳ ❲❤❡r❡ Q,
∑
, δ, q0 ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡② ✇❡r❡ ✐♥

t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥✱
∑

k = {0, 1, 2, ..., k − 1}✱ ∆ ✐s t❤❡ ♦✉t♣✉t ❛❧♣❤❛❜❡t✱ ❛♥❞ τ : Q → ∆

✐s t❤❡ ♦✉t♣✉t ❢✉♥❝t✐♦♥✳ ❙✉❝❤ ❛ ♠❛❝❤✐♥❡ M ❞❡✜♥❡s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠
∑∗ t♦ ∆✱ ✇❤✐❝❤ ✇❡

❞❡♥♦t❡ ❛s fM(w)✱ ❛s ❢♦❧❧♦✇s✿ fM(ω) = τ(δ(q0, ω)).

❉❡✜♥✐t✐♦♥ ❲❡ s❛② t❤❡ s❡q✉❡♥❝❡ (an)n∈N ♦✈❡r ❛ ✜♥✐t❡ ❛❧♣❤❛❜❡t ∆ ✐s k✲❛✉t♦♠❛t✐❝ ✐❢ t❤❡r❡

❡①✐sts ❛ k✲❉❋❆❖ M = (Q,
∑

k, δ, q0,∆, τ) s✉❝❤ t❤❛t an = τ(δ(q0, ω)) ❢♦r ❛❧❧ n ≥ 0 ❛♥❞ ❛❧❧

w ✇✐t❤ [w]k = n✱ ✇❤❡r❡ [w]k r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ✇❤♦s❡ ❡①♣❛♥s✐♦♥ ✐♥ ❜❛s❡ k ✐s w✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤✐s ❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡ ♦♥❡

♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳ ❍❡r❡ ✇❡ r❡❞❡✜♥❡ t❤❡ t✇♦ ❡①❛♠♣❧❡s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

❊①❛♠♣❧❡ ❚❤❡ ❉❋❆❖ ♦❢ t❤❡ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡ ✐s ❛s ❢♦❧❧♦✇s✿

✶ ✵

✵

✶

✵

✶

❚❤❡ ❉❋❆❖ ♦❢ t❤❡ ❘✉❞✐♥✲❙❤❛♣✐r♦ s❡q✉❡♥❝❡ ✐s ❛s ❢♦❧❧♦✇s✿

✶ ✶ ✲✶ ✲✶

✶

✵

✵

✶

✵

✶

✵

✶

❘❡♠❛r❦✐♥❣ t❤❛t ✐♥ ❧❛♥❣✉❛❣❡ t❤❡♦r②✱ t❤❡r❡ ✐s ❛♥♦t❤❡r ♥♦t✐♦♥ r❡❧❛t❡❞ t♦ ❛✉t♦♠❛t♦♥✱ ❝❛❧❧❡❞

r❡❣✉❧❛r ❧❛♥❣✉❛❣❡s✳
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❉❡✜♥✐t✐♦♥ ❚❤❡ s❡t ♦❢ r❡❣✉❧❛r ❧❛♥❣✉❛❣❡s ♦✈❡r ❛♥ ❛❧♣❤❛❜❡t
∑

✐s ❞❡✜♥❡❞ r❡❝✉rs✐✈❡❧② ❛s

❢♦❧❧♦✇s✿

❛✮ ❚❤❡ ❡♠♣t② ❧❛♥❣✉❛❣❡ ❛♥❞ t❤❡ s❡t ♦❢ ❡♠♣t② ✇♦r❞ ❛r❡ r❡❣✉❧❛r ❧❛♥❣✉❛❣❡s✳

❜✮ ❋♦r ❡❛❝❤ ❡❧❡♠❡♥t a ∈
∑

✱ t❤❡ ❧❛♥❣✉❛❣❡ {a} ✐s ❛ r❡❣✉❧❛r ❧❛♥❣✉❛❣❡✳

❝✮ ■❢ A ❛♥❞ B ❛r❡ r❡❣✉❧❛r ❧❛♥❣✉❛❣❡s✱ t❤❡♥ t❤❡ ✉♥✐♦♥✱ t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ❛♥❞ t❤❡ ❢r❡❡ ♠♦♥♦✐❞

❣❡♥❡r❛t❡❞ ❜② ♦♥❡ ♦❢ t❤❡♠ ❛r❡ r❡❣✉❧❛r ❧❛♥❣✉❛❣❡s✳

❞✮ ◆♦ ♦t❤❡r ❧❛♥❣✉❛❣❡s ♦✈❡r
∑

❛r❡ r❡❣✉❧❛r✳

❚❤❡♦r❡♠ ✶✳✾✳ ✭s❡❡✱❡✳❣✳✱❬✺❪✮ ❆ ❧❛♥❣✉❛❣❡ ✐s ❛❝❝❡♣t❡❞ ❜② ❛ ❉❋❆ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ r❡❣✉❧❛r

❧❛♥❣✉❛❣❡✳

❚❤❡♦r❡♠ ✶✳✶✵✳ ✭s❡❡✱❡✳❣✳✱❬✺❪✮ ▲❡t M = (Q,
∑

k, δ, q0,∆, τ) ❜❡ ❛ k✲❉❋❆❖✱t❤❡♥ ❢♦r ❛❧❧ d ∈ ∆

t❤❡ s❡t Id(M) = {w ∈
∑∗ : τ(δ(q0, ω)) = d} ✐s ❛ r❡❣✉❧❛r ❧❛♥❣✉❛❣❡✳

❆s ✇❡ ❝❛♥ s❡❡✱ t❤❡r❡ ✐s ❛ str♦♥❣ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❛♥❞ r❡❣✉❧❛r

❧❛♥❣✉❛❣❡s✱ ✇❡ ♠❛② ❡①♣❡❝t t♦ ✉s❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ r❡❣✉❧❛r ❧❛♥❣✉❛❣❡s t♦ ♣r♦✈❡

s♦♠❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s✳ ▲❡t ✉s ✜rst❧② r❡❝❛❧❧ s♦♠❡ ♥♦t✐♦♥ ♦❢

❞❡♥s✐t✐❡s ✉s❡❞ t♦ st✉❞② ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ s❡q✉❡♥❝❡s✿

❉❡✜♥✐t✐♦♥ ▲❡t E ❜❡ ❛ s✉❜s❡t ♦❢ t❤❡ ✐♥t❡❣❡rs✳ ❲❡ s❛② t❤❛t t❤❡ s❡t E ❤❛s ❛♥ ❛s②♠♣t♦t✐❝

❞❡♥s✐t② ♦r ❛ ♥❛t✉r❛❧ ❞❡♥s✐t② d ✐❢ t❤❡ ❧✐♠✐t

d = lim
x→∞

1

x
♯ {n ≤ x;n ∈ E}

❡①✐sts✳

❲❡ s❛② t❤❛t t❤❡ s❡t E ❤❛s ❛ ❧♦❣❛r✐t❤♠✐❝ ❞❡♥s✐t② δ ✐❢ t❤❡ ❧✐♠✐t

δ = lim
x→∞

1

log x

∑

n≤x,n∈E

1

n

❡①✐sts✳

❲❡ s❛② t❤❛t t❤❡ s❡t E ❤❛s ❛♥ ❛♥❛❧②t✐❝ ❞❡♥s✐t② δ
′

✐❢ t❤❡ ❧✐♠✐t

δ
′

= lim
s→1+

(s− 1)
∑

n≥1,n∈E

1

ns

❡①✐sts✳ ❲❡ ❝❛❧❧ t❤❡s❡ ❧✐♠✐ts r❡s♣❡❝t✐✈❡❧② ❛s②♠♣t♦t✐❝ ❞❡♥s✐t②✱ ❧♦❣❛r✐t❤♠✐❝ ❞❡♥s✐t② ❛♥❞ ❛♥❛✲

❧②t✐❝ ❞❡♥s✐t②✳

❚❤❡♦r❡♠ ✶✳✶✶✳ ✭❬✷❪✮ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛s②♠♣t♦t✐❝ ❞❡♥s✐t② ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❧♦❣❛✲

r✐t❤♠✐❝ ❞❡♥s✐t②✱ ❛♥❞ t❤❡✐r ✈❛❧✉❡s ❝♦✐♥❝✐❞❡❀

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❧♦❣❛r✐t❤♠✐❝ ❞❡♥s✐t② ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥❛❧②t✐❝ ❞❡♥s✐t②✱ ❛♥❞

t❤❡✐r ✈❛❧✉❡s ❝♦✐♥❝✐❞❡✳
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❚❤❡♦r❡♠ ✶✳✶✷✳ ✭s❡❡✱❡✳❣✳✱❬✺❪✮ ▲❡t L ⊆
∑∗ ❜❡ ❛ r❡❣✉❧❛r ❧❛♥❣✉❛❣❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛

❝♦♥st❛♥t n ≥ 1 s✉❝❤ t❤❛t ❢♦r ❛❧❧ ✇♦r❞s z ∈ L ✇✐t❤ ❧❡♥❣t❤ ❧❛r❣❡r t❤❡♥ n✱ t❤❡r❡ ❡①✐sts ❛

❞❡❝♦♠♣♦s✐t✐♦♥ z = uvw✱ ✇❤❡r❡ u, v, w ∈
∑∗ ❛♥❞ v ✐s ♥♦♥✲❡♠♣t② s✉❝❤ t❤❛t uviw ∈ L ❢♦r ❛❧❧

i ≥ 0✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦♥st❛♥t n ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ st❛t❡s ✐♥ t❤❡ ♠✐♥✐♠❛❧

❉❋❆ ❢♦r L✳

❚❤✐s t❤❡♦r❡♠ ✐s ❝❛❧❧❡❞ ♣✉♠♣✐♥❣ ❧❡♠♠❛✱ ✇❤❛t ✐t ✐s s❛②✐♥❣ ✐s t❤❛t ✐❢ ❛ ✇♦r❞ ✐s ❧♦♥❣ ❡♥♦✉❣❤✱

t❤❡♥ t❤❡r❡ ♠✉st ❜❡ s♦♠❡ ❧♦♦♣s ♦♥ t❤❡ ❝❤❛✐♥ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ st❛t❡ t♦ s♦♠❡ ❛❝❝❡♣t❛❜❧❡ st❛t❡✱

s♦ t❤❛t ❛❧❧ ✇♦r❞s ♦❜t❛✐♥❡❞ ❜② r❡♣❡❛t✐♥❣ ✜♥✐t❡❧② ♠❛♥② t✐♠❡s ♦♥❡ ♦❢ t❤❡ ❧♦♦♣s ❛r❡ ❛❧s♦

❛❝❝❡♣t❛❜❧❡✳

✐ s ❛
✉

✈

✇

■❢ ✇❡ ❛♣♣❧② t❤❡ s❛♠❡ ✐❞❡❛ t♦ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt② ♦❢ ❛♥ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡

t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②

❚❤❡♦r❡♠ ✶✳✶✸✳ ✭❬✹✷❪✮ ▲❡t (an)n∈N❜❡ ❛ k✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ❛♥❞ q ❜❡ t❤❡ ♥✉♠❜❡r ♦❢

st❛t❡s ♦❢ ❛ ❞✐r❡❝t ❛✉t♦♠❛t♦♥ ❣❡♥❡r❛t✐♥❣ (an)n∈N t❤❡♥ ❢♦r ❛♥② m, y ∈ N✳ ❲❡ ❤❛✈❡ ❡q✉❛❧✐t②

❜❡t✇❡❡♥ t❤❡ s❡ts
{
an|mk

q! ≤ n < (m+ 1)kq!
}
=
{
an|mk

yq! ≤ n < (m+ 1)kyq!
}
✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱

❈♦r♦❧❧❛r② ✶✳✸✳ ▲❡t (an)n∈N ❜❡ ❛♥ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✐♥t❡❣❡r k s✉❝❤

t❤❛t ❢♦r ❛❧❧ ❝♦✉♣❧❡ ♦❢ ✐♥t❡❣❡rs r, s s✉❝❤ t❤❛t r > k, s > 0✱ ✐❢ t❤❡r❡ ✐s s♦♠❡ an ♥♦t ✐♥ t❤❡ s❡t

{an|s ≤ n < s+ r}✱ t❤❡♥ ❡✐t❤❡r t❤❡ ❡❧❡♠❡♥t an ❞♦❡s ♥♦t ❤❛✈❡ ❛♥ ❛s②♠♣t♦t✐❝ ❞❡♥s✐t② ♦r ✐ts

❞❡♥s✐t② ✐s 0✳

❲❡ r❡♠❛r❦ t❤❛t ❚❤❡♦r❡♠ ✶✳✶✸ ✐s ♥♦t ❛♥♥♦✉♥❝❡❞ ❛s t❤✐s ❢♦r♠ ✐♥ ❬✹✷❪✱ ❜✉t ✐t ✐s ❛♥

✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧t ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ ✐♥ ❬✹✷❪✱ ❢♦r ✇❤✐❝❤ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❝♦♠♣❧❡t❡

♠✉❧t✐♣❧✐❝❛t✐✈✐t② ✐s ♥♦t ♥❡❝❡ss❛r②✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ ▲❡♠♠❛ ✸✱ ❚❤❡♦r❡♠ ✶ ✐♥ ❬✹✷❪ ❛♥❞

Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✐♥ ❈❤❛♣t❡r ✸✳

✶✳✸ ❙✉❜st✐t✉t✐♦♥ ❛♥❞ ❝♦♠♣❧❡①✐t②

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❜② ✉s✐♥❣

❛ ♠♦♥♦✐❞ ❡♥❞♦♠♦r♣❤✐s♠✳ ▲❡t φ ❜❡ ❛ ♠♦♥♦✐❞ ❡♥❞♦♠♦r♣❤✐s♠ ♦❢ t❤❡ s❡t {0, 1}∗ s✉❝❤ t❤❛t

φ(0) = 01 ❛♥❞ φ(1) = 10✱ t❤❡♥

φ0(1) = 1

φ1(1) = 10

φ2(1) = 1001

φ3(1) = 10010110

φ4(1) = 1001011001101001...
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❙♦ t❤❛t t❤❡ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s limn→∞ φn(1) ✇❤✐❝❤ ❡①✐sts✳ ▲❡t ✉s

❞❡♥♦t❡ t❤✐s ❧✐♠✐t ❜② φ∞(1)✳

❉❡✜♥✐t✐♦♥ ▲❡t
∑

❜❡ ❛♥ ❛❧♣❤❛❜❡t ❛♥❞ k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ ❆ k✲s✉❜st✐t✉t✐♦♥ ✐s ❛♥

❡♥❞♦♠♦r♣❤✐s♠ ♦❢
∑∗ s✉❝❤ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ ❡❛❝❤ ❧❡tt❡r ✐♥

∑
✐s ♦❢ ❧❡♥❣t❤ k✳

❙♦ t❤❡ ♠♦r♣❤✐s♠ φ ❞❡✜♥❡❞ ❛s ❛❜♦✈❡ ✐s ❛ 2✲s✉❜st✐t✉t✐♦♥✳

❋♦r t❤❡ ❘✉❞✐♥✲❙❤❛♣✐r♦ s❡q✉❡♥❝❡✱ t❤❡r❡ ✐s ❛ 2✲s✉❜st✐t✉t✐♦♥ ♦✈❡r ❛♥ ❛❧♣❤❛❜❡t ♦❢ 4 ❡❧❡♠❡♥ts

{A,B,C,D} s✉❝❤ t❤❛t

s(A) = AB

s(B) = AC

s(C) = DB

s(D) = DC

❙♦ s∞(A) = ABACABDBABACDCAC...✱ t❤❡♥ t❤❡ ❘✉❞✐♥✲❙❤❛♣✐r♦ s❡q✉❡♥❝❡ ✐s ♦❜✲

t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ A,B ❜② 1 ❛♥❞ C,D ❜② −1✳

❚❤❡♦r❡♠ ✶✳✶✹✳ ✭❈♦❜❤❛♠ ❬✶✾❪✮ ▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❛♥❞ (a(n))n≥0 ❜❡ ❛ s❡q✉❡♥❝❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

❛✮ ❚❤❡ s❡q✉❡♥❝❡ (a(n))n≥0 ✐s k✲❛✉t♦♠❛t✐❝✳

❜✮ ❚❤❡ k✲❦❡r♥❡❧ ♦❢ (a(n))n≥0 ✐s ✜♥✐t❡✳

❝✮ ❚❤❡ s❡q✉❡♥❝❡ (a(n))n≥0 ✐s t❤❡ ♣♦✐♥t✇✐s❡ ✐♠❛❣❡ ♦❢ ❛ ✜①❡❞ ♣♦✐♥t ♦❢ ❛ k✲s✉❜st✐t✉t✐♦♥✳

◆♦✇ ❧❡t ✉s s❤♦✇ ❤♦✇ t❤✐s ❦✐♥❞ ♦❢ s❡q✉❡♥❝❡s ❛r❡ ❝❧❛ss✐✜❡❞ ❜❡t✇❡❡♥ ✏♦r❞❡r❡❞✑ ❛♥❞ t♦t❛❧❧②

❞✐s♦r❞❡r❡❞✳ ❚♦ ❞♦ s♦✱ ✇❡ ❤❛✈❡ t♦ ♠❡❛s✉r❡ t❤❡ ✏❝♦♠♣❧❡①✐t②✧ ♦❢ ❛ s❡q✉❡♥❝❡✳ ❍❡r❡ ✇❡ ✐♥tr♦❞✉❝❡

s♦♠❡ ❞✐✛❡r❡♥t ♠❡❛s✉r❡s ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡✳

❉❡✜♥✐t✐♦♥ ▲❡t u ❜❡ ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ s②♠❜♦❧s ❢r♦♠ ❛♥ ❛❧♣❤❛❜❡t
∑
✳ ❲❡ ❞❡✜♥❡ t❤❡

s✉❜✇♦r❞ ❝♦♠♣❧❡①✐t② pu(n) ♦❢ u t♦ ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ✇♦r❞s ♦❢ ❧❡♥❣t❤ n ✐♥ u✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s t❤❡ ♦♥❡ ♠♦st ✉s❡❞ ✐♥ ❝♦♠♣❧❡①✐t② ❛♥❛❧②s✐s✱ ❤♦✇❡✈❡r s♦♠❡ ♦t❤❡r ❝♦♠✲

♣❧❡①✐t✐❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞ s✉❝❤ ❛s✿ ▲❡t u ❜❡ ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ s②♠❜♦❧s ❢r♦♠ ❛♥ ❛❧♣❤❛❜❡t
∑
✳

❉❡✜♥✐t✐♦♥ ❲❡ ❞❡✜♥❡ t❤❡ sq✉❛r❡ ❝♦♠♣❧❡①✐t② pdu(n) ♦❢ u t♦ ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t

✇♦r❞s ♦❢ t②♣❡ aa ♦❢ ❧❡♥❣t❤ n ✐♥ u✱ ✇❤❡r❡ a ∈
∑∗✳

❉❡✜♥✐t✐♦♥ ❲❡ ❞❡✜♥❡ t❤❡ ❝✉❜❡ ❝♦♠♣❧❡①✐t② ptu(n) ♦❢ u t♦ ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ✇♦r❞s

♦❢ t②♣❡ aaa ♦❢ ❧❡♥❣t❤ n ✐♥ u✱ ✇❤❡r❡ a ∈
∑∗✳

❉❡✜♥✐t✐♦♥ ❲❡ ❞❡✜♥❡ t❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❝♦♠♣❧❡①✐t② ppu(n) ♦❢ u t♦ ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t

✇♦r❞s a ♦❢ ❧❡♥❣t❤ n ✐♥ u✱ s✉❝❤ t❤❛t a ❡q✉❛❧s t♦ ✐ts r❡✈❡rs❡✱ ✐✳❡✳✱ a = x0x1x2...xk−1xkxk−1...x2x1x0

♦r a = x0x1x2...xk−1xkxkxk−1...x2x1x0✳
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❉❡✜♥✐t✐♦♥ ❲❡ ❞❡✜♥❡ t❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ❝♦♠♣❧❡①✐t② plu(n) t♦ ❜❡ t❤❡ ♠✐♥✐♠❛❧ ♥✉♠❜❡r

♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞s ♦❢ t❤❡ ♣r❡✜① ♦❢ u ♦❢ s✐③❡ n✱ ✐✳❡✳✱

plu(n) = min {k|u0u1u2...un = p1p2...pk; pi ❛r❡ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞s} .

❚❤❡ s✉❜✇♦r❞ ❝♦♠♣❧❡①✐t② ✈❛r✐❡s ❢r♦♠ ❛ ❝♦♥st❛♥t t♦ ❡①♣♦♥❡♥t✐❛❧✿

❊①❛♠♣❧❡ ❚❤❡ s✉❜✇♦r❞ ❝♦♠♣❧❡①✐t② ♦❢ ❛ ❝♦♥st❛♥t s❡q✉❡♥❝❡ ✐s ❝♦♥st❛♥t❀

❚❤❡ s✉❜✇♦r❞ ❝♦♠♣❧❡①✐t② ♦❢ ❛♥ ✉❧t✐♠❛t❡❧② ♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡ ✐s ❜♦✉♥❞❡❞❀

❚❤❡ s✉❜✇♦r❞ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❇❛r❜✐❡r ✐♥✜♥✐t❡ ✇♦r❞

B = 123456789101112131415161718192021...

✇❤✐❝❤ ✐s t❤❡ ✐♥✜♥✐t❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤❡ ❞❡❝✐♠❛❧ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ✇r✐tt❡♥

✐♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r✱ ✐s ❡①♣♦♥❡♥t✐❛❧✿ pB(n) = 10n ❢♦r ❛❧❧ n ≥ 0✳

❚❤❡♦r❡♠ ✶✳✶✺✳ ✭s❡❡✱❡✳❣✳✱❬✺❪✮ ❆❧♠♦st ❛❧❧ s❡q✉❡♥❝❡s w ♦✈❡r ❛ ✜♥✐t❡ ❛❧♣❤❛❜❡t
∑

s❛t✐s❢②

pw(n) = |
∑

|n ❢♦r ❛❧❧ n ≥ 0✳

❚❤❡♦r❡♠ ✶✳✶✻✳ ✭❈♦❜❤❛♠ ❬✶✸❪✮ ■❢ w ✐s ❛♥ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡✱ t❤❡♥ pw(n) = O(n) ❢♦r ❛❧❧

n ≥ 0✳

❚❤❡ ❧❛st t✇♦ t❤❡♦r❡♠s s❤♦✇ t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❛♥❞ r❛♥❞♦♠

s❡q✉❡♥❝❡s✳ ❍❡r❡ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡s ❛s ❡①❛♠♣❧❡✿

❚❤❡♦r❡♠ ✶✳✶✼✳ ✭❬✸✶❪✱❬✶✵❪✱❬✸✻❪✱❬✸✾❪✱❬✾❪✮ ❚❤❡ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡s (a(n))n≥0 s❛t✐s✜❡s

❛✮ pa(n) ≤ 4n ❢♦r ❛❧❧ n ≥ 0✱

❜✮ ❛❧❧ sq✉❛r❡s ✐♥ (a(n))n≥0 ❛r❡ ♦❢ t❤❡ ❢♦r♠ φk(00), φk(11), φk(010010), ♦r φk(101101) ❢♦r

s♦♠❡ k ≥ 0✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ pda(n) ≤ 4n ❢♦r ❛❧❧ n ≥ 0✱

❝✮ (a(n))n≥0 ✐s ❛♥ ♦✈❡r❧❛♣✲❢r❡❡ s❡q✉❡♥❝❡✱ ✐✳❡✳✱ ✐t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ✇♦r❞s ♦❢ t②♣❡ ababa

✇✐t❤ a ∈
∑
, b ∈

∑∗✱ ❝♦♥s❡q✉❡♥t❧② pta(n) = 0 ❢♦r ❛❧❧ n ≥ 0✱

❞✮ ppa(n) ✐s 0✱2 ♦r 4✳

■♥ ❈❤❛♣t❡r ✺✱ t❤❡ ❛✉t❤♦r st✉❞✐❡s t❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ❝♦♠♣❧❡①✐t② ♦❢ ❚❤✉❡✲▼♦rs❡

s❡q✉❡♥❝❡ ❛♥❞ ✜♥❞ ❛❧❧ s❡q✉❡♥❝❡s ✇❤✐❝❤ ❤❛✈❡ t❤❡ s❛♠❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ❝♦♠♣❧❡①✐t② ❛s

❚❤✉❡✲▼♦rs❡✬s✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ✐s ❛s ❢♦❧❧♦✇s✿

❚❤❡♦r❡♠ ✶✳✶✽✳ ▲❡t ✉s ❞❡✜♥❡ ❛ ❝❧❛ss ♦❢ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡s C ❛s ❢♦❧❧♦✇s✿

▲❡t
∑

❜❡ ❛♥ ❛❧♣❤❛❜❡t ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛t ❧❡❛st t✇♦ ❧❡tt❡rs ❛♥❞ ❧❡t a ∈
∑

✳

▲❡t F ❜❡ t❤❡ s❡t ♦❢ ❜✐❥❡❝t✐♦♥s ♦✈❡r
∑

✳

▲❡t (fn)n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦✈❡r F ❛♥❞ (wn)n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡ ✇♦r❞s ♦✈❡r
∑

✇❤✐❝❤

❛r❡ ❞❡✜♥❡❞ r❡❝✉rs✐✈❡❧② ❛s✿

fi ∈ F s✉❝❤ t❤❛t fi(wi) 6= wi ∀i ≥ 0,
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❛♥❞ 


w0 = a

wn = wn−1fn−1(wn−1)fn−1(wn−1)wn−1, ∀n > 0.

❚❤❡♥ ❛❧❧ s❡q✉❡♥❝❡s ✐♥ C s❤❛r❡ t❤❡ s❛♠❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ❝♦♠♣❧❡①✐t②✳

✶✳✹ ❈♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥s

❉❡✜♥✐t✐♦♥ ❆ ❢✉♥❝t✐♦♥ f : N → G✱ ✇❤❡r❡ G ✐s ❛ ❣r♦✉♣✱ ✐s ❝❛❧❧❡❞ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡

✐❢ f(nm) = f(n)f(m)✳ ■t ✐s ❝❛❧❧❡❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❢ f(nm) = f(n)f(m) ∀(n,m) s✉❝❤ t❤❛t

(n,m) = 1✳

❚❤❡ ♠♦t✐✈❛t✐♦♥ ✐s t♦ st✉❞② t❤❡ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛✉t♦♠❛t✐❝ ❢✉♥❝t✐♦♥s✱ ❛♥❞ ❛♥s✇❡r

t❤❡ t✇♦ ❝♦♥❥❡❝t✉r❡s ♣r♦♣♦s❡❞ r❡s♣❡❝t✐✈❡❧② ✐♥ ❬✷✽❪ ❛♥❞ ❬✶❪✳

❈♦♥❥❡❝t✉r❡ ✶✳✶✳ ❋♦r ❛♥② ♠✉❧t✐♣❧✐❝❛t✐✈❡ q✲❛✉t♦♠❛t✐❝ ❢✉♥❝t✐♦♥ f : N → C t❤❡r❡ ❡①✐sts ❛♥

❡✈❡♥t✉❛❧❧② ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ g : N → C s✉❝❤ t❤❛t f(p) = g(p) ❢♦r ❛❧❧ ♣r✐♠❡s p✳

❉❡✜♥✐t✐♦♥ ▲❡t f : N → G ❜❡ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡✱ ✇❡ ❝❛❧❧ f ❛s ❛ ♠♦❝❦ ❝❤❛r❛❝t❡r ✐❢

t❤❡r❡ ❛r❡ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② ♣r✐♠❡s p s✉❝❤ t❤❛t f(p) = 0✳

▲❡t f ❛♥❞ g ❜❡ t✇♦ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥s ❛♥❞ y ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ ✇❡ ❞❡✜♥❡

❛ ❞✐st❛♥❝❡ D( . , . ; y) ❜❡t✇❡❡♥ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛s D2(f, g; y) =
∑

p≤y,p∈p
1−ℜ(f(p)g(p))

y ✳

❈♦♥❥❡❝t✉r❡ ✶✳✷✳ ❋♦r ❛♥② ♠♦❝❦ ❝❤❛r❛❝t❡r k✱ t❤❡r❡ ❡①✐sts ❛ ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r χ s✉❝❤ t❤❛t

D(k, χ, y) ✐s ❜♦✉♥❞❡❞✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ k : Z → U ✐s ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛♥❞ ❛ ❜♦✉♥❞❡❞

❞✐st❛♥❝❡ ❢r♦♠ s♦♠❡ ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r✱ t❤❡♥ k ♠✉st ❜❡ ❛ ♠♦❝❦ ❝❤❛r❛❝t❡r✳ ✇❤❡r❡ U ✐s t❤❡

❝♦♠♣❧❡① ✉♥✐t ❞✐s❝✳

❚❤✐s t♦♣✐❝ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✹✷❪ ❬✶❪ ❬✷✼❪ ❬✸✵❪✳ ■♥ ❛rt✐❝❧❡ ❬✹✷❪✱ t❤❡ ❛✉t❤♦r ♣r♦✈❡❞ t❤❛t

♥♦♥✲✈❛♥✐s❤✐♥❣ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❛r❡ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✭❞❡✜♥❡❞

✐♥ ❬✹✷❪✮✳ ■♥ ❛rt✐❝❧❡ ❬✶❪✱ t❤❡ ❛✉t❤♦rs ❣❛✈❡ ❛ ❢♦r♠❛❧ ❡①♣r❡ss✐♦♥ t♦ ❛❧❧ s❡q✉❡♥❝❡s ✐♥ t❤❡ ♥♦♥✲

✈❛♥✐s❤✐♥❣ ❝❛s❡ ❛♥❞ ❛❧s♦ s♦♠❡ ❡①❛♠♣❧❡s ✐♥ t❤❡ ✈❛♥✐s❤✐♥❣ ❝❛s❡✳ ■♥ ❛rt✐❝❧❡ ❬✷✼❪✱ ❨✳ ❍✉ st✉❞✐❡❞

❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ s❡q✉❡♥❝❡s ✐♥ ❣❡♥❡r❛❧ ❛♥❞ ❡①t❡♥❞❡❞ t❤❡ r❡s✉❧ts ✉♥❞❡r ❛ ✇❡❛❦❡r

❝♦♥❞✐t✐♦♥✳ ❍❡r❡ ✇❡ ♣r♦✈❡ t❤❛t ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❛r❡ r❛r❡ ❛♥❞

❤❛✈❡ t❤❡ s❛♠❡ ❡①♣r❡ss✐♦♥ ❛s t❤❡ ♦♥❡ ✐♥ ❬✶❪✳ ❚♦ ❞♦ s♦✱ ❧❡t ✉s ❜❡❣✐♥ ❜② r❡✈✐❡✇✐♥❣ s♦♠❡

❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✭❝♦♠♣❧❡t❡❧②✮ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥s✳

▲❡t G ❜❡ ❛ ❣r♦✉♣ ❛♥❞ ❧❡t f : N → G ❜❡ ❛ ❢✉♥❝t✐♦♥✳ ■t ✇❛s ♣r♦✈❡❞ ❜② ■✳ ❩✳ ❘✉③s❛ ❬✸✽❪

t❤❛t✱ ✐❢ G ✐s ❛♥ ❆❜❡❧✐❛♥ ❣r♦✉♣ ❛♥❞ f ✐s ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥✱ t❤❡♥ ❛❧❧ ❡❧❡♠❡♥ts ✐♥ G

❤❛✈❡ ❛ ♥❛t✉r❡ ❞❡♥s✐t②✳
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❚❤❡♦r❡♠ ✶✳✶✾✳ ✭❬✸✽❪✮ ▲❡t G ❜❡ ❛♥ ❆❜❡❧✐❛♥ ❣r♦✉♣ ❛♥❞ f ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥ ♦✈❡r G✱

❧❡t

E =



g|g ∈ G,

∑

f(p)=g,p∈P

1

p
= ∞





✇❤❡r❡ P ✐s t❤❡ s❡t ♦❢ ♣r✐♠❡s ❛♥❞ G1 t❤❡ s✉❜❣r♦✉♣ ♦❢ G ❣❡♥❡r❛t❡❞ ❜② E✳ ■❢

|G1| <∞,
∑

f(p) 6∈G1

1

p
<∞

t❤❡♥ d(g) > 0 ❢♦r ❛❧❧ g ∈ Imf ❛♥❞ t❤❡ ✈❛❧✉❡ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❝♦s❡t hG1 ✐♥ ✇❤✐❝❤ g ❧✐❡s✱

♦t❤❡r✇✐s❡ d(g) = 0✳

❚❤✐s t❤❡♦r❡♠ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ G∪{0} ✇✐t❤ r❡str✐❝t✐♦♥ t❤❛t
∑

f(p)=0
1
p <∞

❛♥❞ f ✐s ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡✳ ❆ s✐♠✐❧❛r t♦♣✐❝ ❤❛s ❛❧s♦ ❜❡❡♥ st✉❞✐❡❞ ❜② P✳ ❊r❞ös ❛♥❞

❆✳ ❲✐♥t♥❡r✳ ■♥ ❬✶✾❪ ❊r❞ös ❝♦♥❥❡❝t✉r❡❞ t❤❛t ✐❢ f ❡✈❛❧✉❛t❡s ♦✈❡r {1,−1}✱ t❤❡♥ t❤❡ ♠❡❛♥

✈❛❧✉❡ M(f) = limN→∞

∑N
i=1 f(i)
N ❡①✐sts✳ ❍✳ ❉❡❧❛♥❣❡ ❬✶✺❪ ♣r♦✈❡❞ t❤✐s ❢♦r ❛❧❧ r❡❛❧✲❡✈❛❧✉❛t❡❞

♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥s✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t
∑

p∈P
1−f(p)

p < ∞ ❛♥❞ |f(n)| ≤ 1✳ ■♥

✇❤✐❝❤ ❝❛s❡M(f) 6= 0 ✉♥❧❡ss f(2k) = −1 ❢♦r ❡✈❡r② k ∈ N ✳ ❆❢t❡r t❤❛t ❊✳ ❲✐rs✐♥❣ ❬✹✸❪ ♣r♦✈❡❞

t❤❛t ✐❢ t❤❡ ♣r❡✈✐♦✉s s❡r✐❡s ❞✐✈❡r❣❡s✱ t❤❡♥ M(f) = 0✳ ❆♥❞ t❤❡s❡ r❡s✉❧ts ✇❡r❡ ❡①t❡♥❞❡❞ t♦

❝♦♠♣❧❡① ✈❛❧✉❡❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥s ❜② ●✳ ❍❛❧ás③ ❬✷✻❪✳

❚♦ st✉❞② t❤❡ s✉❜✇♦r❞ ❝♦♠♣❧❡①✐t② ♦❢ f ✱ ✐t ♠❛② ❜❡ ✉s❡❢✉❧ t♦ ❝❤❡❝❦ ❛❧s♦ t❤❡ ❞❡♥s✐t②

♦❢ ✇♦r❞s ♦❢ ❛r❜✐tr❛r② ❧❡♥❣t❤✳ ■t ✐s ❝♦♥❥❡❝t✉r❡❞ ❜② ❊❧❧✐♦tt ❬✶✽❪ t❤❛t ✐❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡

❢✉♥❝t✐♦♥s f1, f2, ...fl ❞❡✜♥❡❞ ♦✈❡r U ❛r❡ ❛♣❡r✐♦❞✐❝✱ t❤❡♥ ❢♦r ❛❧❧ ❞✐st✐♥❝t ✐♥t❡❣❡rs n1, n2, ...nl
✇❡ ❤❛✈❡

lim
N→∞

1

N

N∑

m=1

f0(m)f1(m+ n1)...fl(m+ nl) = 0.

❲❤❛t ✇❡ ♠❡❛♥ ❜② ❛♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡s ❛r❡ t❤♦s❡ s❡q✉❡♥❝❡s f s❛t✐s❢②✐♥❣ M(f(ax + b)) =

0 ❢♦r ❛❧❧ ❝♦✉♣❧❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs a, b✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ s✉❜✇♦r❞ ❝♦♠♣❧❡①✐t② ♦❢

❛♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ♦✈❡r ❛ ✜♥✐t❡ ❛❧♣❤❛❜❡t ✐s ❡①♣♦♥❡♥t✐❛❧✳ ❚❤✐s ❝♦♥❥❡❝t✉r❡ ✇❛s ♣r♦✈❡❞ ❜② ◆✳

❋r❛♥t③✐❦✐♥❛❦✐s ❬✷✶❪ ✇✐t❤ ❛ str♦♥❣❡r ❤②♣♦t❤❡s✐s✿

❚❤❡♦r❡♠ ✶✳✷✵✳ ✭❬✷✶❪✮ ▲❡t p1, ..., pl ❜❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ♣♦❧②♥♦♠✐❛❧s ♦✈❡r Z ❛♥❞ f1, f2, ...fl
❜❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥s ♦✈❡r U✱ ❛t ❧❡❛st ♦♥❡ ♦❢ ✇❤✐❝❤ ✐s str♦♥❣❧② ❛♣❡r✐♦❞✐❝✳ ❚❤❡♥ t❤❡r❡

❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡r✈❛❧s (Mk)k∈N ✇✐t❤ Mk → ∞ s✉❝❤ t❤❛t

UD − lim
n→∞

1

Mk

Mk∑

m=1

f0(m)f1(m+ p1(n))...fl(m+ pl(n)) = 0.

❲❡ ✇r✐t❡ UD− limn→∞ a(n) = c✱ ✐❢ ❢♦r ❡✈❡r② ǫ > 0 t❤❡ s❡t n ∈ Nr : |a(n)− c| ≥ ǫ ❤❛s

✉♥✐❢♦r♠ ❞❡♥s✐t② 0✳ ❆ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥ f ✐s ❝❛❧❧❡❞ str♦♥❣❧② ❛♣❡r✐♦❞✐❝ ✐❢

min|t|≤N D(f.χ, nit;N) → ∞ ❛s n→ ∞ ❢♦r ❡✈❡r② ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r χ✳
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❲✐t❤ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥ ♦❢ str♦♥❣❧② ❛♣❡r✐♦❞✐❝ ❛♥❞ ❞②♥❛♠✐❝❛❧ ❛♥❛❧②s✐s✱ t❤❡ s❛♠❡

❛✉t❤♦r ♣r♦✈❡s t❤❛t t❤❡ ♥♦♥✲③❡r♦ ♠❡❛♥ ✈❛❧✉❡ ✐♥ ❧♦❣❛r✐t❤♠ ❞❡♥s✐t② ✐♠♣❧✐❡s t❤❡ ✉♣♣❡r ❧✐♥❡❛r

❣r♦✇t❤ ♦❢ s✉❜✇♦r❞ ❝♦♠♣❧❡①✐t②✳

❚❤❡♦r❡♠ ✶✳✷✶✳ ✭❬✷✷❪✮ ■❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥ f : N → U ❤❛s ✜♥✐t❡ r❛♥❣❡✱ ✐s str♦♥❣❧②

❛♣❡r✐♦❞✐❝✱ ❛♥❞ ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ t♦ ③❡r♦ ✐♥ ❧♦❣❛r✐t❤♠✐❝ ❞❡♥s✐t②✱ t❤❡♥ limn→∞
p(n)
n = ∞✱

✇❤❡r❡ p(n) ✐s t❤❡ s✉❜✇♦r❞ ❝♦♠♣❧❡①✐t② ♦❢ f ♦❢ ❧❡♥❣t❤ n✳

❆♥♦t❤❡r r❡s✉❧t ❢r♦♠ ❞②♥❛♠✐❝❛❧ ❛♥❛❧②s✐s ✇❛s ♦❜t❛✐♥❡❞ ❜② ▼✳ ▲❡♠❛➠❝③②❦ ❛♥❞ ❈✳ ▼ü❧❧♥❡r

❬✸✵❪ ✐♥ ✇❤✐❝❤ t❤❡② ❝♦♥s✐❞❡r ❛♥ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ❞❡✜♥❡❞ ❜② ♣r✐♠✐t✐✈❡ ✉♥✐❢♦r♠ s✉❜st✐t✉✲

t✐♦♥✳

❚❤❡♦r❡♠ ✶✳✷✷✳ ✭❬✸✵❪✮ ▲❡t δ ❜❡ ❛ ♣r✐♠✐t✐✈❡ s✉❜st✐t✉t✐♦♥ ♦❢ ❝♦♥st❛♥t ❧❡♥❣t❤ k✳ ❚❤❡♥ t❤❡

♥✉♠❡r✐❝❛❧ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ (an)n∈N ❣❡♥❡r❛t❡❞ ❜② ✐♥✜♥✐t❡ s✉❜st✐t✉t✐♦♥s ♦❢ ❛♥ ✐♥✐t✐❛❧ ❧❡tt❡r

x ✐s ♦rt❤♦❣♦♥❛❧ t♦ ❛♥② ❜♦✉♥❞❡❞✱ ❛♣❡r✐♦❞✐❝✱ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥ f : N → C ✐✳❡✳✱ ✐❢

(an)n∈N = limm→∞ δm(x)✱ t❤❡♥

lim
n→∞

1

n

∑

i≤n

aif(i) = 0.

❆s ✇❡ ❝❛♥ s❡❡✱ ♠♦st ♦❢ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥s ❛r❡ ❛♣❡r✐♦❞✐❝✳ ❙♦ t❤❡✐r

s✉❜✇♦r❞ ❝♦♠♣❧❡①✐t✐❡s ❛r❡ ❧❛r❣❡r t❤❛♥ ❧✐♥❡❛r✱ ✇❤✐❧❡ t❤❡ s✉❜✇♦r❞ ❝♦♠♣❧❡①✐t✐❡s ♦❢ ❛✉t♦♠❛t✐❝

s❡q✉❡♥❝❡s ❛r❡ ❜♦✉♥❞❡❞ ❜② ❧✐♥❡❛r ❢✉♥❝t✐♦♥s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡s❡

t✇♦ ❝❧❛ss❡s ♦❢ s❡q✉❡♥❝❡s s❤♦✉❧❞ ❜❡ r❛r❡✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✸ ✐s ❛

❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❛❧❧ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s✳

❚❤❡♦r❡♠ ✶✳✷✸✳ ▲❡t (an)n∈N ❜❡ ❛ ❈▼❆❙❀ t❤❡♥✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

✲❡✐t❤❡r t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ♣r✐♠❡ p s✉❝❤ t❤❛t ap 6= 0 ❛♥❞ aq = 0 ❢♦r ❛❧❧ ♦t❤❡r ♣r✐♠❡s q

✲♦r an = ǫvp(n)X( n
pvp(n) )✱ ✇❤❡r❡ (X(n))n∈N ✐s ❛ ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r✳



❈❤❛♣t❡r ✷

●❡♥❡r❛❧✐③❡❞ ❉✐r✐❝❤❧❡t s❡r✐❡s ♦❢ ♥

✈❛r✐❛❜❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛✉t♦♠❛t✐❝

s❡q✉❡♥❝❡s

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣r♦♣♦s❡ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ❣✐✈❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥

♦❢ ❉✐r✐❝❤❧❡t s❡r✐❡s ♦❢ ❢♦r♠
∑

x∈Nn
+

ax
∏n

i=1 x
µi
i

P (x)s ✱ ✇❤❡r❡ (ax)x∈Nn
+
✐s ❛ q✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡

♦❢ n ♣❛r❛♠❡t❡rs✱ µi ∈ Z+ ❛♥❞ P : Nn → R ❛ ♣♦❧②♥♦♠✐❛❧✱ s✉❝❤ t❤❛t P ❞♦❡s ♥♦t ❤❛✈❡

③❡r♦s ✐♥ Qn
+✳ ❙♦♠❡ s♣❡❝✐✜❝ ❝❛s❡s ❢♦r n = 1 ❛r❡ st✉❞✐❡❞ ✐♥ t❤✐s ❛rt✐❝❧❡ ❛s ❡①❛♠♣❧❡s t♦

s❤♦✇ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❤❛✈❡ ❛♥ ❤♦❧♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉✐t② ♦♥ t❤❡ ✇❤♦❧❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❙♦♠❡

❡q✉✐✈❛❧❡♥❝❡s ❜❡t✇❡❡♥ ✐♥✜♥✐t❡ ♣r♦❞✉❝ts ❛r❡ ❛❧s♦ ❜✉✐❧t ❛s ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡s❡ r❡s✉❧ts✳ ❚❤❡

❉✐r✐❝❤❧❡t s❡q✉❡♥❝❡s ♦❢ t❤❡ ❢♦r♠
∑∞

n=1
an
ns ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✷❪✱ ❛♥❞ ♦✉r ✇♦r❦ ✐s ❛ ♥❛t✉r❛❧

❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ✐♥ t❤❡ ❛❜♦✈❡ ❛rt✐❝❧❡ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞ ♦❢ ❝❛❧❝✉❧❛t✐♦♥s✳

✷✳✷ ◆♦t❛t✐♦♥✱ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛✉t♦♠❛t✐❝

s❡q✉❡♥❝❡s

❍❡r❡ ✇❡ ❞❡✜♥❡ s♦♠❡ ♥♦t❛t✐♦♥ ✉s❡❞ ✐♥ t❤✐s ❛rt✐❝❧❡✳ ❲❡ ❧❡t x ❞❡♥♦t❡ ❛♥ n✲t✉♣❧❡ (x1, x2...xn)✳

❲❡ s❛② x ≥ y ✭r❡s♣✳ x > y✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ x − y ∈ Rn
+✭r❡s♣✳ x − y ∈ Rn

+✮✱ ❛♥❞ ✇❡

❤❛✈❡ ❛♥ ❛♥❛❧♦❣✉❡ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ s②♠❜♦❧ ≤ ✭r❡s♣✳ <✮✳ ❲❡ ❧❡t xµ ❞❡♥♦t❡ t❤❡ n✲t✉♣❧❡

(xµ11 , x
µ2
2 ...x

µn
n )✳ ❋♦r ❛ ❝♦♥st❛♥t c✱ ✇❡ ❧❡t c ❞❡♥♦t❡ t❤❡ t✉♣❧❡ (c, c...c) ❛♥❞ ❢♦r t✇♦ t✉♣❧❡s x

❛♥❞ y✱ ✇❡ ❧❡t < x, y > ❞❡♥♦t❡ t❤❡ r❡❛❧ ♥✉♠❜❡r
∑n

i=1 xiyi✳ ❋♦r ❛♥ n✲t✉♣❧❡ (x1, x2...xn)✱ ✇❡

❧❡t || ||d ❞❡♥♦t❡ t❤❡ ♥♦r♠ d ❛♥❞ ❧❡t || || ♦r || ||2 ❞❡♥♦t❡ t❤❡ ♥♦r♠ ✷✳

❉❡✜♥✐t✐♦♥ ▲❡t q ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❆ s❡q✉❡♥❝❡ (ax)x≥0 ✇✐t❤ ✈❛❧✉❡s ✐♥ t❤❡ s❡t A ✐s

❝❛❧❧❡❞ q✲❛✉t♦♠❛t✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts q✲❦❡r♥❡❧ Nq((ax)x≥0) ✐s ✜♥✐t❡✱ ✇❤❡r❡ t❤❡ q✲❦❡r♥❡❧ ♦❢ t❤❡

✷✼
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s❡q✉❡♥❝❡ (ax)x≥0 ✐s t❤❡ s❡t ♦❢ s✉❜s❡q✉❡♥❝❡s ❞❡✜♥❡❞ ❜②

Nq((ax)x≥0) =
{
(m1,m2...mn) 7−→ a(qkm1+l1,qkm2+l2,...,qkmn+ln); k ≥ 0, (0) ≤ l ≤ (qk − 1)

}
.

❘❡♠❛r❦ ❆ q✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ♥❡❝❡ss❛r✐❧② t❛❦❡s ✜♥✐t❡❧② ♠❛♥② ✈❛❧✉❡s✳ ❍❡♥❝❡ ✇❡ ❝❛♥

❛ss✉♠❡ t❤❛t t❤❡ s❡t A ✐s ✜♥✐t❡✳

❇❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ q✲❛✉t♦♠❛t✐❝ ✇✐t❤ n ✈❛r✐❛❜❧❡s✱ t❤❡r❡ ❛r❡ s♦♠❡ ❜❛s✐❝ ♣r♦♣❡r✲

t✐❡s✳

❚❤❡♦r❡♠ ✷✳✶✳ ▲❡t q ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r ❛♥❞ (ax)x≥0 ❜❡ ❛ s❡q✉❡♥❝❡ ✇✐t❤ ✈❛❧✉❡s ✐♥ A✳ ❚❤❡♥✱

t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ ❚❤❡ s❡q✉❡♥❝❡ (ax)x≥0 ✐s q✲❛✉t♦♠❛t✐❝

✭✐✐✮ ❚❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r t ≥ 1 ❛♥❞ ❛ s❡t ♦❢ t s❡q✉❡♥❝❡s N
′

=
{
(a1x)x≥0, ..., (a

t
x)x≥0

}
)

s✉❝❤ t❤❛t

✲ t❤❡ s❡q✉❡♥❝❡ (a1x)x≥0 ✐s ❡q✉❛❧ t♦ t❤❡ s❡q✉❡♥❝❡ (ax)x≥0

✲ t❤❡ s❡t N
′

✐s ❝❧♦s❡❞ ✉♥❞❡r t❤❡ ♠❛♣s (ax)x≥0 7−→ (aqx+y)x≥0 ❢♦r 0 ≤ y ≤ q − 1

✭✐✐✐✮ ❚❤❡r❡ ❡①✐st ❛♥ ✐♥t❡❣❡r t ≥ 1 ❛♥❞ ❛ s❡q✉❡♥❝❡ (Ax)x≥0 ✇✐t❤ ✈❛❧✉❡s ✐♥ At✱ t❤❛t ✇❡

❞❡♥♦t❡ ❛s ❛ ❝♦❧✉♠♥ ✈❡❝t♦r✱ ❛s (A1,1...1, A2,1...1, A1,2...1...A1,1...2, A2,2...1...)
t✳ ❚❤❡r❡ ❡①✐st qn

♠❛tr✐❝❡s ♦❢ s✐③❡ t× t✱ s❛② M1,1...1,M1,2...1...Mq,q..q ✱ ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t ❡❛❝❤ r♦✇ ♦❢ ❡❛❝❤

Mi ❤❛s ❡①❛❝t❧② ♦♥❡ ❡♥tr② ❡q✉❛❧ t♦ 1✱ ❛♥❞ t❤❡ ♦t❤❡r t− 1 ❡♥tr✐❡s ❡q✉❛❧ t♦ 0✱ s✉❝❤ t❤❛t✿

✲ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❝t♦r (Ax)x≥0 ✐s t❤❡ s❡q✉❡♥❝❡ (ax)x≥0

✲ ❢♦r ❡❛❝❤ y s✉❝❤ t❤❛t 0 ≤ y ≤ q − 1✱ t❤❡ ❡q✉❛❧✐t② Aqx+y =MyAx ❤♦❧❞s✳

Pr♦♦❢✳ ■t ✐s ❛ ♥❛t✉r❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ s❡t N
′

✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✹✵❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ▲❡t (ax)x≥0 ❜❡ ❛ q✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ❛♥❞ (bx)x≥0 ❜❡ ❛ ♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡

♦❢ ♣❡r✐♦❞ c✳ ❚❤❡♥ t❤❡ s❡q✉❡♥❝❡ (ax × bx)x≥0 ✐s ❛❧s♦ q✲❛✉t♦♠❛t✐❝ ❛♥❞ ✐ts q✲❦❡r♥❡❧ ❝❛♥

❜❡ ❝♦♠♣❧❡t❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❛❧❧ tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s ♦❢ t❤❡ ♠❛♣s (ax × bx)x≥0 7−→

(aqx+y × bqx+y)x≥0 ♦♥ t❤❡ ♥❡✇ s❡t ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✈❛❧✉❡s t❛❦❡♥ ❜② t❤❡

s❡q✉❡♥❝❡ (bx)x≥0✳

Pr♦♦❢✳ ❆s (ax)x≥0 ✐s ❛ q✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡✱ ✇❡ ❧❡t

Na :
{
(a

(1)
x )x≥0, (a

(2)
x )x≥0, ..., (a

(l)
x )x≥0

}
❞❡♥♦t❡ ✐ts q✲❦❡r♥❡❧✳ ❚❤❡ s❡q✉❡♥❝❡ (bx)x≥0 ✐s ❛ ♣❡r✐✲

♦❞✐❝ s❡q✉❡♥❝❡✱ t❤✉s ✐t ✐s ❛❧s♦ ❛♥ q✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡✱ ✇❡ ❧❡tNb :
{
(b

(1)
x )x≥0, (b

(2)
x )x≥0, ..., (b

(s)
x )x≥0

}

❞❡♥♦t❡ t❤❡ q✲❦❡r♥❡❧ ♦❢ (bx)x≥0✳ ❆s ❜♦t❤ ♦❢ t❤❡ q✲❦❡r♥❡❧ ❛r❡ ✜♥✐t❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡

s❡t ♦❢ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ t❤❡s❡ t✇♦ ❛❜♦✈❡ s❡ts ✐s ✜♥✐t❡✿

Nab :
{
(a(i)x × b(j)x )x≥0|0 ≤ i ≤ l, 0 ≤ j ≤ s

}

✇❤✐❝❤ ✐s t❤❡ q✲❦❡r♥❡❧ ♦❢ t❤❡ s❡q✉❡♥❝❡ (ax × bx)x≥0✳
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❚♦ t❤❡ ❝♦♠♣❧❡t✐♦♥✱ ✇❡ r❡♠❛r❦ t❤❛t t❤❡r❡ ✐s ❛ ♦♥t♦ ♠❛♣ ❢r♦♠ N ′
b t♦ Nb✱ ✇❤❡r❡ N ′

b ✐s t❤❡

q✲❦❡r♥❡❧ ♦❢ t❤❡ ♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡ (Ix)x≥0 ❞❡✜♥❡❞ ❜②

I(m1,m2,...,mn) = (y1, y2, ..., yn) ✇❤❡r❡ yi ≡ mi mod c, 1 ≤ i ≤ n

❛♥❞ t❤❡ ♠❛♣ ✐s ❞❡✜♥❡❞ ❛s

N ′
b → Nb : (Ix)x≥0 → (bIx)x≥0.

❙♦ ✐t ✐s ❡♥♦✉❣❤ t♦ ✇♦r❦ ♦♥ t❤❡ ✜♥✐t❡ s❡t Na ×N ′
b✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❉✐r✐❝❤❧❡t s❡r✐❡s f(s) =
∑

x∈Nn/0
ax
p(x)s ✱ ❲❤❡r❡ ax ✐s q✲❛✉t♦♠❛t✐❝✱ ❛

♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ s✉❝❤ s❡r✐❡s ✐s t❤❛t |p(x)| → ∞ ✇❤❡♥ ||x|| → ∞✱

❤❡r❡ ✇❡ ✇❛♥t t♦ ✜♥❞ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✳

❆♥ ❛❝❤✐❡✈❛❜❧❡ ❛ss✉♠♣t✐♦♥ ❢♦r f(s) t♦ ❜❡ ♠❡r♦♠♦r♣❤✐❝ ✐s t❤❛t t❤❡ ♣♦❧②♥♦♠✐❛❧ p ✐s

❡❧❧✐♣t✐❝✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t✱ ✐❢ t❤❡ ❞❡❣r❡❡ ♦❢ p ✐s d t❤❡♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧ pd(x)

♦❢ p(x) s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥

pd(x) > 0, ∀x ∈ [0,∞[n\ {(0, 0, ...0)} .

❇❡❢♦r❡ ❛♥♥♦✉♥❝✐♥❣ t❤❡ ♠❛✐♥ t❤❡♦r❡♠✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ st✉❞② s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❡❧❧✐♣t✐❝

♣♦❧②♥♦♠✐❛❧s✿

▲❡♠♠❛ ✷✳✶✳ ▲❡t (r1, r2, .., rn) ❜❡ ❛ ✈❡❝t♦r ♦♥ Zn+ s✉❝❤ t❤❛t
∑n

i=1 ri < d ❛♥❞ x ∈ Rn
+ t❤❡♥✿

xr11 x
r2
2 ...x

rn
n∑n

i=1 x
d
i

= O(||x||
∑n

i=1 ri−d), ✇❤❡♥ ||x|| → ∞.

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ s❡❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②✿

n∑

i=1

xdi =
n∑

i=1

ri
1

ri
xdi =

n∑

i=1

ri∑

j=1

1

ri
xdi ≥ (

n∏

i=1

1

rrii
xdrii )

1∑n
i=1

ri ,

✇❤✐❝❤ ✐s ❢r♦♠ t❤❡ ✐♥❡q✉❛❧✐t② ♦❢ ❛r✐t❤♠❡t✐❝ ❛♥❞ ❣❡♦♠❡tr✐❝ ♠❡❛♥s✳ ❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥
∑n

i=1 ri < d ❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥❝❡s ❜❡t✇❡❡♥ ♥♦r♠s✱ ✇❡ ❝♦♥❝❧✉❞❡ x
r1
1 x

r2
2 ...xrnn∑n
i=1 x

d
i

≤
∏n
i=1 r

ri
i ||x||

∑n
i=1 ri−d

d =

O(||x||
∑n

i=1 ri−d), ✇❤❡♥ ||x|| → ∞✳

▲❡♠♠❛ ✷✳✷✳ ■❢ ❛ ♣♦❧②♥♦♠✐❛❧ p ✐s ❡❧❧✐♣t✐❝ ♦❢ ❞❡❣r❡❡ d ❛♥❞ pd ✐s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧

♦❢ ❞❡❣r❡❡ d ♦❢ p✱ t❤❡♥✿

✭✐✮ ❛❧❧ ❝♦❡✣❝✐❡♥ts ♦❢ t❡r♠s xd1, x
d
2, ..., x

d
n ❛r❡ ♣♦s✐t✐✈❡❀

✭✐✐✮ pd(x) → ∞ ✇❤❡♥ ||x|| → ∞❀

✭✐✐✐✮ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r α s✉❝❤ t❤❛t ∀x ∈ [0,∞[n\ {(0, 0, ...0)}✱ p′d(x) =

pd(x)− α
∑n

i=1 x
d
i > 0❀

✭✐✈✮ p(x) → ∞ ✇❤❡♥ ||x|| → ∞❀
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✭✈✮ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r α s✉❝❤ t❤❛t p′(x) = p(x) − α
∑n

i=1 x
d
i → ∞ ✇❤❡♥

||x|| → ∞✳

Pr♦♦❢✳ ❆ss❡rt✐♦♥ ✭✐✮ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❜② ❡✈❛❧✉❛t✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ❛t

(1, 0, ..., 0), (0, 1, ..., 0), ..., (0, 0, ..., 1)✳

❋♦r ✭✐✐✮✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ s❡t

{pd(x)|∀x ∈ [0,∞[n\ {(0, 0, ...0)} , ||x||d = 1} ,

t❤✐s s❡t ✐s ❝❧♦s❡❞ ❜❡❝❛✉s❡ ♦❢ ❝❧♦s❡❞ ♠❛♣ ❧❡♠♠❛ ❛♥❞ ❡✈❡r② ❡❧❡♠❡♥t ✐♥s✐❞❡ ✐s ❧❛r❣❡r t❤❡♥ 0✱

s♦ t❤❛t s✉❝❤ ❛ s❡t ❛❞♠✐ts ❛ ♥♦♥✲③❡r♦ ✐♥✜♠✉♠✱ ❧❡t ✉s ❞❡♥♦t❡ ✐t ❜② ǫ✳ ❚❤❡♥ ❢♦r ❛♥ ❛r❜✐tr❛r②

x✱ ✇❡ ❤❛✈❡

pd(x) = ||x||ddpd(
x

||x||d
) ≥ ||x||ddǫ.

❋♦r ✭✐✐✐✮✱ ❙❡tt✐♥❣

p′d(x) = pd(x)−
ǫ

2

n∑

i=1

xdi ,

✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ p′d(x) ≥ ||x||ddǫ−
ǫ
2

∑n
i=1 x

d
i > 0, ∀x ∈ [0,∞[n\ {(0, 0, ...0)} ❛♥❞ ||x||d = 1✱

t❤❡♥ ✐t ❢♦❧❧♦✇s t❤❛t

p′d(x) = ||x||dd
p′d(x)

||x||dd
= ||x||ddp

′
d(

x

||x||d
) > 0,

❢♦r ❛❧❧ x ✐♥ t❤❡ s❡t [0,∞[n\ {(0, 0, ...0)}✳

❋♦r ✭✐✈✮ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣♦✐♥t ♦✉t t❤❛t ❡❛❝❤ ♠♦♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ s♠❛❧❧❡r t❤❡♥ d ❝❛♥ ❜❡

❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠ α
∑n

i=1 x
d
i ❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛ ✶✱ ❛♥❞ ❝♦♥❝❧✉❞❡ ❜②

✭✐✐✐✮✳

✭✈✮ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✐✐✐✮ ❛♥❞ ✭✐✈✮✳

▲❡♠♠❛ ✷✳✸✳ ▲❡t P ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ d ❛♥❞ ❧❡t p ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤

❛ ❞❡❣r❡❡ s♠❛❧❧❡r t❤❛♥ d✱ t❤❡♥ t❤❡r❡ ❡①✐sts ✉♥ ✐♥t❡❣❡r C s✉❝❤ t❤❛t ❢♦r ❛❧❧ n✲t✉♣❧❡s x ∈ Nn
+

✇✐t❤ < x, 1 >> C✱
|p(x)|

P (x)
<

1

P (x)
1
2d

Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣♦❧②♥♦♠✐❛❧ q ❞❡✜♥❡❞ ❜② q = P 2d−1 − p2d✳ ❲❡ ❝❛♥ ❝❤❡❝❦ t❤❛t q

✐s ♦❢ ❞❡❣r❡❡ 2d2 − d ❛♥❞ ✐ts ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧ ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜② t❤❡ ♦♥❡ ♦❢ P ✱

✇❤✐❝❤ ✐s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞❡❣r❡❡ ♦❢ p2d ✐s ❛t ♠♦st 2d2 − 2d✳ ❙♦ t❤❛t q ✐s ❛♥ ❡❧❧✐♣t✐❝

♣♦❧②♥♦♠✐❛❧✱ t❤✉s t❤❡r❡ ❡①✐sts ✉♥ ✐♥t❡❣❡r C s✉❝❤ t❤❛t P 2d−1(x)−p2d(x) > 0 ✐❢ < x, 1 >> C✳

❆s ❛ r❡s✉❧t✱ ❢♦r ❛❧❧ x ✇✐t❤ < x, 1 >> C✱

(
p(x)

P (x)
)2d =

1

P (x)

p(x)2n

P (x)2n−1
<

1

P (x)
.
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✷✳✸ Pr♦♦❢ ♦❢ t❤❡ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t✳

❚❤❡♦r❡♠ ✷✳✷✳ ▲❡t p ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ n ✈❛r✐❛❜❧❡s ❛♥❞ (ax)x>0 ❜❡ q✲❛✉t♦♠❛t✐❝✱

t❤❡♥ ❢♦r ❛ ❣✐✈❡♥ n✲t✉♣❧❡ µ✱ t❤❡ ❢✉♥❝t✐♦♥
∑

(x)∈Nn
+

ax
∏n

i=1 x
µi
i

p(x)s ❛❞♠✐ts ❛♥ ❛❜s❝✐ss❛ ♦❢ ❝♦♥✈❡r✲

❣❡♥❝❡ σ s✉❝❤ t❤❛t ✐t ❝♦♥✈❡r❣❡s ❛❜s♦❧✉t❡❧② ♦♥ t❤❡ ❤❛❧❢ ♣❧❛♥❡ ℜ(s) > σ ❛♥❞ ❤❛s ❛ ♠❡r♦♠♦r♣❤✐❝

❝♦♥t✐♥✉❛t✐♦♥ ♦♥ ✇❤♦❧❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❢✉rt❤❡r♠♦r❡✱ t❤❡ ♣♦❧❡s ♦❢ t❤✐s ❢✉♥❝t✐♦♥ ✭✐❢ ❛♥②✮ ❛r❡

❧♦❝❛t❡❞ ♦♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❧❡❢t s❡♠✐✲❧❛tt✐❝❡s✳

❚❤✐s r❡s✉❧t ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♣r♦✈✐♥❣ s❡✈❡r❛❧ ❧❡♠♠❛s s✉❝❝❡ss✐✈❡❧②✿

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ▲❡t ax ❜❡ ❛ q✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡✱ ❛♥❞ p(x) =
∑

αmαx
α ❜❡ ❛ n✲✈❛r✐❛❜❧❡

❤♦♠♦❣❡♥❡♦✉s ❡❧❧✐♣t✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ d✱ ❧❡t µ ∈ Nn
+ ❜❡ ❛ ♠✉❧t✐✲✐♥❞❡①✱ ❢♦r ❛♥② β s✉❝❤

t❤❛t 0 ≤ β ≤ q✱ ❞❡✜♥❡ pβ(x) = q−n(p(qx + β) − p(qx))✱ t❤❡♥ ❢♦r ❛♥② k ∈ N✱ t❤❡ ❢✉♥❝t✐♦♥

fk,β,µ : s −→
∑

(x)∈Nn
+

axpβ(x)
k
∏n

i=1 x
µi
i

p(x)s+k ❛❞♠✐ts ❛♥ ❛❜s❝✐ss❛ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ σk,β,µ s✉❝❤ t❤❛t

fk,β,µ ❝♦♥✈❡r❣❡s ❛❜s♦❧✉t❡❧② t♦ ❛♥ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ r✐❣❤t ❤❛❧❢✲♣❧❛♥❡ ℜ(s) > σk,β,µ✳

Pr♦♦❢✳ ❲❡ ✜rst❧② ♣r♦✈❡ t❤❛t f0,0,0(s) ❝♦♥✈❡r❣❡ ✇❤❡♥ ℜ(s) > n✳

|f0,0,0(s)| =|
∑

(x)∈N
n
+

ax
p(x)s

| ≤
∑

(x)∈N
n
+

|ax|

p(x)ℜ(s)
≤

∑

(x)∈N
n
+

|ax|

(α < x, 1 >)ℜ(s)
(∗)

≤
max(|ax|)

(α)ℜ(s)
(
∑

<x,1><n

1

< x, 1 >ℜ(s)
+

∑

<x,1>≥n

1

< x, 1 >ℜ(s)
)

≤
max(|ax|)

(α)ℜ(s)
(
∑

<x,1><n

1

< x, 1 >ℜ(s)
+
∑

m≥n

(
m+n−1
n−1

)

mℜ(s)
)

≤
max(|ax|)

(α)ℜ(s)
(
∑

<x,1><n

1

< x, 1 >ℜ(s)
+
∑

m≥n

mn−1

mℜ(s)
)

≤
max(|ax|)

(α)ℜ(s)
(
∑

<x,1><n

1

< x, 1 >ℜ(s)
+
∑

m≥n

1

mℜ(s)+1−n
).

✭✷✳✶✮

■♥❡q✉❛❧✐t② (∗) ✐s ♦❜t❛✐♥❡❞ ❜② ▲❡♠♠❛ ✷✳✷ ✭✐✐✐✮ ❛♥❞ t❛❦✐♥❣ α ❛s ✐t ✇❛s ✐♥ t❤❡ ❧❡♠♠❛❀ ❛♥❞ t❤❡

s✉♠
∑

m≥n
1

mℜ(s)+1−n ❡①✐sts ❛♥❞ ✐s ❜♦✉♥❞❡❞ ✇❤❡♥ ℜ(s) > n✳

❋♦r ❛♥② β s✉❝❤ t❤❛t 0 ≤ β ≤ q✱ ✇❡ r❡♠❛r❦ t❤❛t
∏n
i=0(xi + βi)

ki =
∑

l≤k Cl
∏n
i=0(xi)

li

✇✐t❤ Cl < qn✱ ✇❤✐❝❤ s❤♦✇s t❤❛t ❛❧❧ ♠♦♥♦♠✐❛❧s ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ pβ ❤❛✈❡ ❛ ❞❡❣r❡❡ ♥♦t

❧❛r❣❡r t❤❛♥ d− 1✳ ▲❡♠♠❛ ✷✳✸ ❧❡❛❞s |
pβ(x)

p(x) | <
1

p(x)

1
2d ❢♦r ❛❧❧ x s❛t✐s❢②✐♥❣ < x, 1 >> C1✱ ✇✐t❤

C1 ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✸✳ ❲❤✐❧❡ ▲❡♠♠❛ ✷✳✶ ❛♥❞ ▲❡♠♠❛ ✷✳✷ ✭✈✮ ②✐❡❧❞ t❤❛t t❤❡r❡ ❡①✐sts ❛♥

✐♥t❡❣❡r l s✉❝❤ t❤❛t |
∏n

i=1 x
µi
i

pl(x)
| → 0 ✇❤❡♥ |x| → ∞✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡ ❡①✐sts C2 s✉❝❤ t❤❛t ❢♦r
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❛❧❧ < x, 1 >≥ C2, |
∏n

i=1 x
µi
i

pl(x)
| < 1✳ ❚❛❦✐♥❣ C = max(C1, C2)✱

∑

(x)∈N
n
+

|
axp

k
β(x)

∏n
i=1 x

µi

i

p(x)s+k
| ≤

∑

(x)∈N
n
+

ax
∏n
i=1 x

µi

i

|pℜ(s)(x)|
|
pβ(x)

p(x)
|k

≤
∑

<x,1><C

ax
∏n
i=1 x

µi

i

|pℜ(s)(x)|
|
pβ(x)

p(x)
|k +

∑

<x,1>≥C

ax

pℜ(s)−l+ k
2d (x)

.

✭✷✳✷✮

❲✐t❤ k ❛ ❝♦♥st❛♥t ✐♥ N+✱ t❤❡ ❛❜♦✈❡ ❢✉♥❝t✐♦♥ ❝♦♥✈❡r❣❡s t♦ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ♦♥ t❤❡

❤❛❧❢ ♣❧❛♥❡ ℜ(s) > n+ l − k
2d ✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛❧❧ b > k✱

∑
<x,1>≥x1

|
axpbβ(x)

ps−l+b(x)
| ✐s ❜♦✉♥❞❡❞

♦♥ t❤✐s ❤❛❧❢ ♣❧❛♥❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳ ❲✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ❛❜♦✈❡✱ ✐❢ p ✐s ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧✱

t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ F : s −→
∑

(x)∈Nn
+

ax
∏n

i=1 x
µi
i

p(x)s ❛❞♠✐ts ❛ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ♦♥ t❤❡

✇❤♦❧❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳

Pr♦♦❢✳ ■♥ t❤✐s ♣r♦♦❢✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ q✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ (ax)x≥0 ❛s ✐ts❡❧❢ ♠✉❧t✐♣❧✐❡❞ ❜②

❛ ❝♦♥st❛♥t s❡q✉❡♥❝❡ (bx)x≥0 = 1✱ ✇❤✐❝❤ ✐s ❛ q✲♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡✳ ❇❡❝❛✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥

✷✳✶✱ t❤❡ q✲❦❡r♥❡❧ ♦❢ t❤✐s s❡q✉❡♥❝❡ ❛❞♠✐ts ❛ ❝♦♠♣❧❡t✐♦♥✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✈❡❝t♦rs

(Ax)x≥0 ❛♥❞ t❤❡ ♠❛tr✐❝❡s ♦❢ tr❛♥s✐t✐♦♥ ♦♥ t❤✐s ❝♦♠♣❧❡t✐♦♥ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳

❋♦r ❛♥② µ ∈ Nn
+✱ t❤❡r❡ ❡①✐sts s♦♠❡ l ∈ Z s✉❝❤ t❤❛t < µ, 1 >< ld ❛♥❞ ❛ ❝♦♥st❛♥t

N0 ∈ N s✉❝❤ t❤❛t C < N0nq✱ ✇❤❡r❡ C ✐s ❞❡✜♥❡❞ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✳

Fµ(s) =
∑

(x)∈N
n
+

Ax
∏n
i=1 x

µi

i

p(x)s
=

∑

(x)<(N0q)

Ax
∏n
i=1 x

µi

i

p(x)s
+

∑

(y)<(q)

∑

(z)∈Nn/{t<N0}

Aqz+y
∏n
i=1(qzi + yi)

µi

ps(qz + y)

=
∑

(x)<(N0q)

Ax
∏n
i=1 x

µi

i

p(x)s
+

∑

(y)<(q)

∑

(z)∈Nn/{t<N0}

Aqz+y
∏n
i=1(qzi)

µi

ps(qz + y)

+
∑

(ψ)<(µ)

∑

(y)<(q)

∑

(z)∈Nn/{t<N0}

Aqz+yCψ,y
∏n
i=1(qzi)

ψi

ps(qz + y)
,

✭✷✳✸✮

✇❤❡r❡ Cψ,y ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜② y ❢♦r ❣✐✈❡♥ ψ✳ ❙♦ t❤❡ s❡q✉❡♥❝❡ (Cψ(x))x>0 ❞❡✜♥❡❞ ❜②

Cψ(x) = Cψ,y ✇✐t❤ xi ≡ yi mod q, 1 ≤ i ≤ n

✐s ♣❡r✐♦❞✐❝ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ x✱ ✇❡ ❧❡t Resµ(s) ❞❡♥♦t❡ t❤❡ t❡r♠

Resµ(s) =
∑

(ψ)<(µ)

∑

(y)<(q)

∑

(z)∈Nn/{t<N0}

Aqz+yCψ,y
∏n
i=1(qzi)

ψi

ps(qz + y)
.

❘❡♠❛r❦✐♥❣ t❤❛t ❛❧❧ s❡q✉❡♥❝❡s (bψ(x))x>0 ❞❡✜♥❡❞ ❜② bψ(x) = Aqz+yCψ,y ✐❢ x = qz + y ❛r❡

✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ♣r♦❞✉❝t ♦❢ ❛ s♣❡❝✐✜❝ q✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ❜② ❛ q✲♣❡r✐♦❞✐❝ ♦♥❡✱ ❜❡❝❛✉s❡
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♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✱ s✉❝❤ s❡q✉❡♥❝❡s ❛❞♠✐t ❛ ✉♥✐q✉❡ ❝♦♠♣❧❡t✐♦♥ t❤❡ s❛♠❡ ♦♥❡ ❛s (Ax)x∈Nn
+

❤❛s✱ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s ♦♥ t❤✐s ❝♦♠♣❧❡t✐♦♥ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡

q✲♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡s (Cψ(x))x>0✳

❯s✐♥❣ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s✱ ✇❡ ❤❛✈❡✿

Fµ(s) =
∑

(x)∈Nn/(0)

Ax
∏n
i=1 x

µi

i

p(x)s
=

∑

(x)<(N0q)

Ax
∏n
i=1 x

µi

i

p(x)s
+

∑

(y)<(q)

∑

(z)∈Nn/{t<N0}

Aqz+y
∏n
i=1(qzi + yi)

µi

ps(qz + y)

=
∑

(x)<(N0q)

Ax
∏n
i=1 x

µi

i

p(x)s
+

∑

(y)<(q)

∑

(z)∈Nn/{t<N0}

Aqz+y
∏n
i=1(qzi)

µi

ps(qz + y)
+Resµ(s)

=
∑

(x)<(N0q)

Ax
∏n
i=1 x

µi

i

p(x)s
+

∑

(y)<(q)

My

∑

(z)∈Nn/{t<N0}

Aqz
∏n
i=1(qzi)

µi

ps(qz)

1

(1 +
py(z)
p(z) )

s
+Resµ(s)

=
∑

(x)<(N0q)

Ax
∏n
i=1 x

µi

i

p(x)s
+

∑

(y)<(q)

My

∑

(z)∈Nn/{t<N0}

Az
∏n
i=1(qzi)

µi

ps(qz)

∑

k≥0

(
s+ k − 1

k

)
(
−py(z)

p(z)
)k +Resµ(s)

=
∑

(x)<(N0q)

Ax
∏n
i=1 x

µi

i

p(x)s
+ q<ζ,1>−ns

∑

(y)<(q)

My

∑

k≥0

(
s+ k − 1

k

) ∑

(z)∈Nn/{t<N0}

Az
∏n
i=1(zi)

µi(−py(z))
k

(p(z))s+k

+Resµ(s).

✭✷✳✹✮

❚❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❣✐✈❡s✿

(Id− q<µ,1>−ns
∑

(y)<(q)

My)Fµ(s) = q<µ,1>−ns
∑

(y)<(q)

My

∑

k≥1

(
s+ k − 1

k

) ∑

(z)∈Nn/{t<N0}

Az
∏n
i=1(zi)

µi(−py(z))
k

(p(z))s+k

+
∑

(x)<(N0q)

Ax
∏n
i=1 x

µi

i

p(x)s
+Resµ(s).

✭✷✳✺✮

❇② ♠✉❧t✐♣❧②✐♥❣ ❜② comt(Id− q<µ,1>−ns∑
(y)<(q)My) ♦♥ ❜♦t❤ s✐❞❡✱ ✇❡ ❤❛✈❡✿

det(Id− q<µ,1>−ns
∑

(y)<(q)

My)Fµ(s) = comt(Id− q<µ,1>−ns
∑

(y)<(q)

My)(
∑

(x)<(N0q)

Ax
∏n
i=1 x

µi
i

p(x)s
+Resµ(s)

+ q<µ,1>−ns
∑

(y)<(q)

My

∑

k≥1

(
s+ k − 1

k

) ∑

(z)∈Nn/{t<N0}

Az
∏n
i=1(zi)

µi(−py(z))
k

(p(z))s+k
).

✭✷✳✻✮

❇❡❝❛✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✱ t❤❡ ✐♥✜♥✐t❡ s✉♠ Resµ(s) ❝♦♥✈❡r❣❡s ❛❜s♦❧✉t❡❧② ✇❤❡♥ ℜ(s) >

l+n− 1
2d ✱ ❛♥❞ t❤❡ ✐♥✜♥✐t❡ s✉♠

∑
(z)∈Nn/{t<N0}

Az

∏n
i=1(zi)

µi (−py(z))k

(p(z))s+k ✐s ❛❧s♦ ❝♦♥✈❡r❣❡♥t ❛♥❞

❜♦✉♥❞❡❞ ✇❤❡♥ ℜ(s) > l+n− k
2d ✳ ❊q✉❛t✐♦♥ ✷✳✺ s❤♦✇s t❤❛t ❛❧❧ t❡r♠s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡

♣r❡s❡♥t ❛ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉✐t② ❢♦r ℜ(s) > l+ n− 1
2d ✱ s♦ t❤❛t Fµ(s) ❤❛s ❛ ♠❡r♦♠♦r♣❤✐❝

❝♦♥t✐♥✉❛t✐♦♥ ♦♥ t❤❡ ❤❛❧❢✲♣❧❛♥❡ ℜ(s) > l + n− 1
2d ✳

❚♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤✐s ❛r❣✉♠❡♥t ✇♦r❦s r❡❝✉rs✐✈❡❧② ♦✈❡r ❛❧❧ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ♦❢ t②♣❡

l + n − k
2d ✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ Resµ(s) ❝❛♥ ❛❧s♦
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❜❡ ❡①t❡♥❞❡❞ ✐♥ t❤✐s ✇❛②✳ ❯s✐♥❣ ♦♥❝❡ ♠♦r❡ t❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥t ♦✈❡r Resµ(s)✱ ✇❡ ❝❛♥

❞❡❞✉❝❡ t❤❛t t❤✐s ✐♥✜♥✐t❡ s✉♠ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❛s ❛ ♠❡r♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ❤❛❧❢✲♣❧❛♥❡

ℜ(s) > l+ n− 2
2d ✱ ❤♦✇❡✈❡r✱ ✇✐t❤ ❛ ♥❡✇ t❡r♠ ✏Resµ(s)✑✱ ❧❡t ✉s ❝❛❧❧ ✐t Res′µ(s)✳ ❖♥❝❡ ♠♦r❡✱

✇❡ ❤❛✈❡ t♦ ❞♦ t❤❡ s❛♠❡ t❤✐♥❣ ❢♦r Res′µ(s)✳ ❇✉t r❡♠❛r❦✐♥❣ t❤❛t ❛❢t❡r ❡❛❝❤ ♦♣❡r❛t✐♦♥✱ t❤❡

❞❡❣r❡❡ ♦❢ t❤❡ ♠♦♥♦♠✐❛❧ ❛t t❤❡ ♥✉♠❡r❛t♦r ❞❡❝r❡❛s❡s str✐❝t❧②✱ s♦ ❛❢t❡r ✜♥✐t❡❧② ♠❛♥② t✐♠❡s

♦❢ s✉❝❤ ♦♣❡r❛t✐♦♥✱ t❤❡ t❡r♠ Res ✈❛♥✐s❤❡s✳ ❚❤✐s ❢❛❝t ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ✐t❡r❛t✐♦♥ ❝❛♥ ❜❡

❞♦♥❡ s✉❝❝❡ss✐✈❡❧② t♦ ♣r♦✈❡ t❤❡ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ Fµ(s) ♦♥ t❤❡ ✇❤♦❧❡ ❝♦♠♣❧❡①

♣❧❛♥❡✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣♦❧❡s ♦❢ s✉❝❤ ❛ ❢✉♥❝t✐♦♥ ❝❛♥ ♦♥❧② ❜❡ ❧♦❝❛t❡❞ ❛t t❤❡ ③❡r♦s ♦❢ t❤❡ ❢✉♥❝t✐♦♥

s −→ det(Id − q<µ,1>−ns∑
(y)<(q)My) ❢♦r ❛♥ ❛r❜✐tr❛r② µ ∈ Nn

+✱ s♦ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❛❧❧

♣♦❧❡s ♦❢ ❢✉♥❝t✐♦♥ F (s) ❛r❡ ❧♦❝❛t❡❞ ✐♥ t❤❡ s❡t

s =
1

n
(
log λ

log q
+

2ikπ

log q
− l),

✇✐t❤ λ ❛♥② ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ♠❛tr✐①
∑

(y)<(q)My, k ∈ Z, l ∈ Z ❛♥❞ log ✐s ❞❡✜♥❡❞ ❛s ❝♦♠♣❧❡①

❧♦❣❛r✐t❤♠✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳ ▲❡t ✉s ✇r✐t❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ p(x) ✐♥ t❤❡ ❢♦r♠ p(x) = pd(x)+Res(x)

✇❤❡r❡ pd(x) ✐s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ p(x)✱ s❛② d✳ ❇②

▲❡♠♠❛ ✶✱ Res(x)pd(x)
= O(|x|−1/d)✳ ❙♦ ❢♦r ❛ ❣✐✈❡♥ ♥✉♠❜❡r m ∈ R✱ t❤❡r❡ ❡①✐st x0 ∈ N+ ❛♥❞ ❛

♣♦s✐t✐✈❡ ✐♥t❡❣❡r k0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ |x| > x0 ❛♥❞ ❛❧❧ k > k0✱ |
Resk(x)

∏n
i=1 x

µi
i

pk+m
d

(x)
| < ( 1

2k
)✳ ❋♦r

❛♥② ❣✐✈❡♥ ❤❛❧❢✲♣❧❛♥❡ {s|Re(s) > m,m ∈ R}✱ t❛❦❡ ❛♥ ✐♥t❡❣❡r s0 > max {k0, |m|}✱ ✇❡ ❝❛♥

❝♦♠♣✉t❡ t❤❛t

|
∑

|x|>x0

Ax
∏n
i=1 x

µi
i

(pd(x))s

∞∑

k=s0+1

(
−s

k

)
Resk(x)

pkd(x)
| = |

∑

|x|>x0

Ax
(pd(x))s−m

∞∑

k=s0+1

(
−s

k

)
Resk(x)

∏n
i=1 x

µi
i

pk+md (x)
|

<
∑

|x|>x0

Ax

(pd(x))ℜ(s−m)
|

∞∑

k=s0+1

(
−ℜ(s)

k

)
|
Resk(x)

∏n
i=1 x

µi
i

pk+md (x)

< (
∑

|x|>x0

Ax

(pd(x))ℜ(s−m)
)Os0(

1 + |s|s0+1

2s0
).

❚❤❡ ❛❜♦✈❡ ❢❛❝t s❤♦✇s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ φ(s) =
∑

|x|>x0

Ax

∏n
i=1 x

µi
i

(p0(x))s
∑∞

k=s0+1

(
−s+k
k

)Resk(x)
pk0(x)

❛❞♠✐ts ❛ ❤♦❧♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ♦✈❡r t❤❡ ❤❛❧❢✲♣❧❛♥❡ {s|ℜ(s) > m,m ∈ R}✳ ◆♦✇ ❧❡t ✉s

❝♦♥s✐❞❡r t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❛s ❜❡❧♦✇✿
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∑

(x)∈Nn
+/(0)

Ax
∏n
i=1 x

µi
i

p(x)s
=
∑

|x|≤x0

Ax
∏n
i=1 x

µi
i

p(x)s
+
∑

|x|>x0

Ax
∏n
i=1 x

µi
i

(p0(x))s
1

(1 + Res(x)
p0(x)

)s

=
∑

|x|≤x0

Ax
∏n
i=1 x

µi
i

p(x)s
+
∑

|x|>x0

Ax
∏n
i=1 x

µi
i

(p0(x))s

s0∑

k=0

(
−s+ k

k

)
Resk(x)

pk0(x)
+ φ(s).

✭✷✳✼✮

❋♦r ❡❛❝❤ k ∈ N✱

∑

|x|>x0

Ax
∏n
i=1 x

µi
i

(p0(x))s
Resk(x)

pk0(x)
=
∑

j≤kµ

∑

|x|>x0

AxCi
(p0(x))s+k

n∏

i=1

xjii , ✭✷✳✽✮

✇❤❡r❡ Ci ❛r❡ ❝♦♥st❛♥ts ❞❡♣❡♥❞✐♥❣ ♦♥ k✱ ❛♥❞ s −→
∑

|x|>x0

AxCi
(p0(x))s+k

∏n
i=1 x

ji
i ❛r❡ ♠❡r♦♠♦r✲

♣❤✐❝ ❢✉♥❝t✐♦♥s ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✳ ❆s t❤❡r❡ ❛r❡ ✜♥✐t❡❧② ♠❛♥② ♠❡r♦♠♦r♣❤✐❝

❢✉♥❝t✐♦♥ ✐♥ ✭✷✳✽✮✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❢♦r ❡✈❡r② k > 0✱ s −→
∑

|x|>x0

Ax

∏n
i=1 x

µi
i

(p0(x))s
Resk(x)

✐s ♠❡r♦♠♦r♣❤✐❝✳ ❚❤✐s ❢❛❝t ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥ ❛r❜✐tr❛r② s0 ∈ R t❤❡ ❢✉♥❝t✐♦♥ f(s) ✐s ❛ ✜♥✐t❡

s✉♠ ♦❢ ♠❡r♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ❤❛❧❢✲♣❧❛♥❡ ℜ(s) > s0✱ s♦ f(s) ✐ts❡❧❢ ✐s ♠❡r♦♠♦r♣❤✐❝

♦♥ t❤✐s ❤❛❧❢ ♣❧❛♥❡✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❢✉♥❝t✐♦♥ s −→
∑

(x)∈Nn/(0)
ax

∏n
i=1 x

µi
i

p(x)s ✐s ♠❡r♦♠♦r♣❤✐❝

♦♥ t❤❡ ✇❤♦❧❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳✹✳ ▲❡t f(s) =
∑

(x)∈Nn/(0)
ax

∏n
i=1 x

µi
i

p(x)s ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❛s ✐♥ ❚❤❡♦r❡♠

✷✳✷✳ ▲❡t s0 ❜❡ ✐ts ✜rst ♣♦❧❡ ♦♥ t❤❡ ❛①✐s ♦❢ r❡❛❧ ♥✉♠❜❡rs ❝♦✉♥t✐♥❣ ❢r♦♠ ♣❧✉s ✐♥✜♥✐t② t♦ ♠✐♥✉s

✐♥✜♥✐t②✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ H(s) ❤❛s ❛ s✐♠♣❧❡ ♣♦❧❡ ❛t t❤✐s ♣♦✐♥t✳

Pr♦♦❢✳ ❲❡ r❡❝❛❧❧ ❛ ❝❧❛ss✐❝❛❧ r❡s✉❧t ♦♥ ♠❛tr✐❝❡s ✭s❡❡ ❬✸✺❪✮✿ ▲❡t B ❜❡ ❛ ♠❛tr✐① ♦❢ s✐③❡ t×t ♦✈❡r

❛♥② ❝♦♠♠✉t❛t✐✈❡ ✜❡❧❞✱ pB(X) ❜❡ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧✱ ❛♥❞ πB(X) ❜❡ ✐ts ♠♦♥✐❝

♠✐♥✐♠❛❧ ♣♦❧②♥♦♠✐❛❧✳ ▲❡t ∆(X) ❜❡ t❤❡ ♠♦♥✐❝ ❣❝❞ ♦❢ t❤❡ ❡♥tr✐❡s ♦❢ ✭t❤❡ tr❛♥s♣♦s❡ ♦❢✮ t❤❡

❝♦♠❛tr✐① ♦❢ t❤❡ ♠❛tr✐① (B −XI)✱ t❤❡♥✿

pB(X) = (−1)tπB(X)∆(X)

❲❡ ❧❡tB ❞❡♥♦t❡ t❤❡ ♠❛tr✐① (nq)−1
∑

(y)<(q)My ❛♥❞ ❜② T ✐ts s✐③❡✳ ❇② ❞✐✈✐❞✐♥❣ ❜②∆(qn(s−1)+<µ,1>)

❜♦t❤ s✐❞❡s ♦❢ ❋♦r♠✉❧❛ ✷✳✻✱ ✇❡ ❣❡t✿

πB(q
n(s−1)+<µ,1>)H(s) =

comt(qn(s−1)+<µ,1>Id−
∑

(y)<(q)My)

∆(qn(s−1)+<µ,1>)
(
∑

(x)<(N0q)

Ax
∏n
i=1 x

µi
i

p(x)s
+Resµ(s)

+ q<µ,1>−ns
∑

(y)<(q)

My

∑

k≥1

(
−s+ k

k

) ∑

(z)∈Nn/{t<N0}

Az
∏n
i=1(zi)

µi(−py(z))
k

(p(z))s+k
).

✭✷✳✾✮
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❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ❢✉♥❝t✐♦♥ ✐s ❤♦❧♦♠♦r♣❤✐❝ ✇❤❡♥ ℜ(s) > s0✳ ❆s s0 ✐s t❤❡

✜rst ♣♦❧❡ ♦❢ H(s) ♦♥ t❤❡ r❡❛❧ ❛①✐s ❝♦✉♥t✐♥❣ ❢r♦♠ ♣❧✉s ✐♥✜♥✐t②✱ ✐t ✐s ❛ ③❡r♦ ♦❢ t❤❡ ❢✉♥❝t✐♦♥

πB(q
n(s−1)+<µ,1>) ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ✶ ♦❢ t❤❡ ♠❛tr✐① B✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s

B ✐s ❛ st♦❝❤❛st✐❝ ♠❛tr✐①✱ πB(x) ❤❛s ❛ s✐♠♣❧❡ r♦♦t ❛t ✶✱ s♦ t❤❡ ❢✉♥❝t✐♦♥ πB(q
n(s−1)+<µ,1>)

❤❛s ❛ s✐♠♣❧❡ r♦♦t ❛t s0 ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♣♦s✐t✐♦♥✳

✷✳✹ ❘❡✈✐❡✇ ❛♥❞ r❡♠❛r❦s

❚❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦♦❢ ✐s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ t❡r♠ (1−
pd(x+µ)−pd(x)

pd(x)
)−s

❛s ❛♥ ✐♥✜♥✐t❡ s✉♠✱ ✇❤✐❝❤ ✇♦r❦s ♦♥❧② ✐❢ |
pd(x+µ)−pd(x)

pd(x)
| < 1✳ ❆s ✇❡ ❤❛✈❡ t♦ ✉s❡ t❤✐s ❢❛❝t

s✉❝❝❡ss✐✈❡❧② t♦ ❞❡❛❧ ✇✐t❤ t❤❡ t❡r♠ Res(s) ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✸✱ ✇❤❛t ✇❡ ♥❡❡❞ ❛❝t✉❛❧❧② ✐s

t❤❛t |
∂µ(pd)

pd
| ✐s ❜♦✉♥❞❡❞ ❜② 1 ❢♦r ❛❧❧ µ s✉❝❤ t❤❛t < µ, 1 >≤ d ✇❤❡♥ ||x|| ✐s ❧❛r❣❡✳ ❚❤❡

❛ss✉♠♣t✐♦♥ ♦❢ ❡❧❧✐♣t✐❝✐t② ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦♣r✐❡t②✳ ❙♦

✇❡ ♠❛② ❡①♣❡❝t t♦ ❛❝❤✐❡✈❡ t❤❡ s❛♠❡ r❡s✉❧t ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥

|
∂µ(pd)

pd
(x)| < 1, ❢♦r ❛❧❧ < µ, 1 >≤ d, xi ≥ 1.

❲❡ ♠❛② ❝♦♠♣❛r❡ t❤✐s ❛ss✉♠♣t✐♦♥ ✇✐t❤ t❤❛t ✐♥ ❬✷✵❪✱ s❛②✐♥❣

∂µ(pd)

pd
(x) = O(1), xi ≥ 1,

✇❤✐❝❤ ✐s t❤❡ ✇❡❛❦❡st ❛ss✉♠♣t✐♦♥ ❦♥♦✇♥ t♦ ❤❛✈❡ ❛ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ ❉✐r✐❝❤❧❡t

s❡r✐❡s
∑

x∈Nn
+

1
P (x)s ✳

✷✳✺ ■♥✜♥✐t❡ ♣r♦❞✉❝ts

▲❡t P (x) =
∑d

i=0 aix
i ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ✇❤✐❝❤ ❞♦❡s ♥♦t ❤❛✈❡ ③❡r♦s ♦♥ Q ❛♥❞ P̃ (x) ❜❡

t❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡✜♥❡❞ ❜② P̃ (x) =
∑d−1

i=0 − ai
ad
xn−i✱ ❜② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ P (x) = adx

d −

adx
dP̃ ( 1x)✳ ▲❡t ✉s ❞❡✜♥❡ ci =

ai
ad

❢♦r ❛❧❧ i = 0, 1, ..., d− 1✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t✇♦ ❉✐r✐❝❤❧❡t s❡r✐❡s ❣❡♥❡r❛t❡❞ ❜② 1✲✐♥❞❡① ❛✉t♦♠❛t✐❝ s❡✲

q✉❡♥❝❡s✿

f(s) =
∞∑

n=0

(ζ)Sq(n)

(P (n+ 1))s

g(s) =

∞∑

n=1

(ζ)Sq(n)

(P (n))s
,

✇❤❡r❡ q ❛♥❞ r ❛r❡ t✇♦ ✐♥t❡❣❡rs s❛t✐s❢②✐♥❣ 2 ≤ r ≤ q ❛♥❞ r ❞✐✈✐❞❡s q✱ ζ ✐s ❛ r✲t❤ r♦♦t ♦❢

✉♥✐t②✱ s✉❝❤ t❤❛t ζ 6= 1✱ Sq(n) ✐s t❤❡ s✉♠ ♦❢ ❞✐❣✐ts ♦❢ n ✐♥ t❤❡ q✲❛r② ❡①♣❛♥s✐♦♥ s❛t✐s❢②✐♥❣
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Sq(0) = 0 ❛♥❞ Sq(qn+ a) = Sq(n) + a ❢♦r 0 ≤ a ≤ q − 1✳

▲❡t ✉s ❞❡✜♥❡✿

φ(s) =
∞∑

n=0

(ζ)Sq(n)

(n+ 1)s

ψ(s) =

∞∑

n=1

(ζ)Sq(n)

(n)s
.

■t ✐s ♣r♦✈❡❞ ✐♥ ❬✶✹❪ t❤❛t φ ❛♥❞ ψ ❤❛✈❡ ❤♦❧♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥s t♦ t❤❡ ✇❤♦❧❡ ❝♦♠♣❧❡①

♣❧❛♥❡✱ ❛♥❞ ψ(s)(qs − 1) = φ(s)(ζqs − 1) ❢♦r ❛❧❧ s ∈ C✳

Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ f ❛♥❞ g ❛❧s♦ ❤❛✈❡ ❤♦❧♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥s t♦ t❤❡ ✇❤♦❧❡ ❝♦♠♣❧❡① ♣❧❛♥❡

✐❢ c1, c2, ... s❛t✐s❢② max|ci| < 1
d ✳

Pr♦♦❢✳ ❲❡ ✜rst❧② r❡♠❛r❦ t❤❛t t❤❡ ❤②♣♦t❤❡s✐s ♦❢ max |ci| <
1
d ✐♠♣❧✐❡s t❤❡ ❢❛❝t |P̃ ( 1

n+1)| < 1

❢♦r ❛♥② n ∈ N+✳ ■♥❞❡❡❞✱ |P̃ ( 1
n+1)| = |

∑d−1
i=0 − ai

ad
(n+ 1)i−d| ≤

∑d−1
i=0 | aiad | < 1✳

f(s) =
∞∑

n=0

(ζ)Sq(n)

(P (n+ 1))s

= a−sd

∞∑

n=0

(ζ)Sq(n)

(n+ 1)ds(1− P̃ ( 1
n+1))

s

= a−sd

∞∑

n=0

(ζ)Sq(n)

(n+ 1)ds

∞∑

k=0

(
s+ k − 1

k

)
P̃ (

1

n+ 1
))k

= a−sd

∞∑

n=0

(ζ)Sq(n)

(n+ 1)ds

∞∑

k=0

(
s+ k − 1

k

) dk∑

l=k

mk,l(n+ 1)−l

= a−sd

∞∑

k=0

(
s+ k − 1

k

) dk∑

l=k

mk,l

∞∑

n=0

(ζ)Sq(n)

(n+ 1)ds+l

= a−sd

∞∑

k=0

(
s+ k − 1

k

) dk∑

l=k

mk,lφ(ds+ l)

= a−sd φ(ds) + asd

∞∑

k=1

(
s+ k − 1

k

) dk∑

l=k

mk,lφ(ds+ l),

✭✷✳✶✵✮

✇❤❡r❡ mk,l =
∑

Mk,l∈P({ci|1≤i≤n−1})

∏
ci∈Mk,l

ci ❛♥❞ Mk,l ❛r❡ s❡ts ♦❢ k ❡❧❡♠❡♥ts ✐♥❝❧✉❞❡❞

✐♥ {ci|1 ≤ i ≤ n− 1} ❛♥❞ t❤❡ s✉♠ ♦❢ ✐♥❞✐❝❡s ♦❢ ✐ts ❡❧❡♠❡♥ts ❡q✉❛❧s l✳ ❚❤❡ ❤②♣♦t❤❡s✐s

m = max |ci| < 1
d s❤♦✇s t❤❛t |

∑dk−k
l=k mk,l| ≤ (md)k < 1✱ s♦ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✶✵✮

❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ♦✈❡r t❤❡ ❤❛❧❢ ♣❧❛♥❡ {s|ℜ(s) > 0} ❜❡❝❛✉s❡ φ(s) ✐s ❜♦✉♥❞❡❞ ❢♦r ❧❛r❣❡

|s|✳ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✷✱ ✇❡ ♣r♦✈❡ s✉❝❝❡ss✐✈❡❧② t❤❡ ❤♦❧♦♠♦r♣❤✐❝

❝♦♥t✐♥✉❛t✐♦♥ ♦❢ f ♦♥ t❤❡ ✇❤♦❧❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳
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■t ✐s ❡❛s② t♦ ❝❤❡❝❦ f(0) = 0✱ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞

s✐❞❡ ♦❢ ✭✷✳✶✵✮ ♦✈❡r t❤❡ ❤❛❧❢✲♣❧❛♥❡ {s|ℜ(s) > 0}✱ ❞✐✈✐❞✐♥❣ ❜② s ❛♥❞ ❧❡tt✐♥❣ s t❡♥❞ t♦ 0 ✇❡

❤❛✈❡✿

f ′(0) = dφ′(0) + a−sd

∞∑

k=1

lim
s→0

1

s

(
s+ k − 1

k

) dk∑

l=k

mk,lφ(ds+ l)

= −d log q/(ζ − 1) +
∞∑

k=1

k−1
dk∑

l=k

mk,lφ(l)

= −d log q/(ζ − 1) +
∞∑

k=1

k−1
dk∑

l=k

mk,l

∞∑

n=0

(ζ)Sq(n)

(n+ 1)l

= −d log q/(ζ − 1) +

∞∑

n=0

(ζ)Sq(n)
∞∑

k=1

k−1
dk∑

l=k

mk,l
1

(n+ 1)l

= −d log q/(ζ − 1) +
∞∑

n=0

(ζ)Sq(n)
∞∑

k=1

k−1P̃ k(
1

n+ 1
)

= −d log q/(ζ − 1) +
∞∑

n=0

(ζ)Sq(n) log(1− P̃ (
1

n+ 1
)),

✭✷✳✶✶✮

♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦♥❡ ❤❛s ❢♦r ❛❧❧ s✱ ψ(s)(qs − 1) = φ(s)(ζqs − 1).

f ′(0) = dφ′(0) + a−sd

∞∑

k=1

lim
s→0

1

s

(
s+ k − 1

k

) dk∑

l=k

mk,lφ(ds+ l)

= −d log q/(ζ − 1) +

∞∑

k=1

k−1
dk∑

l=k

mk,lψ(l)(q
l − 1)/(ζql − 1)

= −d log q/(ζ − 1) + ζ−1
∞∑

k=1

k−1
dk∑

l=k

mk,lψ(l) + (ζ−1 − 1)

∞∑

k=1

k−1
dk∑

l=k

mk,lψ(l)/(ζq
l − 1).

✭✷✳✶✷✮

❇② t❤❡ s❛♠❡ ♠❡t❤♦❞ ❛s ❛❜♦✈❡✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❜② ❝❛❧❝✉❧❛t✐♥❣ g′(0)

∞∑

k=1

k−1
dk∑

l=k

mk,lψ(l) =

∞∑

n=1

(ζ)Sq(n) log(1− P̃ (
1

n
))

❛♥❞
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∞∑

k=1

k−1
dk∑

l=k

mk,lψ(l)/(ζq
l − 1) =

∞∑

k=1

k−1
dk∑

l=k

mk,l

∞∑

n=1

(ζ)Sq(n)

(n)l

∞∑

r=1

(ζql)−r

=
∞∑

r=1

(ζ)−r
∞∑

n=1

(ζ)Sq(n)
∞∑

k=1

k−1
dk∑

l=k

mk,l
1

(nqr)l

=
∞∑

r=1

(ζ)−r
∞∑

n=1

(ζ)Sq(n) log(1− P̃ (
1

nqr
)).

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱

∞∑

n=0

(ζ)Sq(n) log(1−P̃ (
1

n+ 1
)) = ζ−1

∞∑

n=1

(ζ)Sq(n) log(1−P̃ (
1

n
))+(ζ−1−1)

∞∑

r=1

∞∑

n=1

(ζ)Sq(n)−r log(1−P̃ (
1

nqr
)).

✭✷✳✶✸✮

Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ❲❡ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t②

∞∏

n=0

(1− P̃ (
1

n+ 1
))ζ

Sqn
×

∞∏

n=1

(1− P̃ (
1

n
))−ζ

Sqn−1
× (

∞∏

r=1

∞∏

n=1

(1− P̃ (
1

nqr
))ζ

Sqn−r)1−ζ
−1

= 1

▼♦r❡♦✈❡r✱ ✐❢ ✇❡ s✉♣♣♦s❡✱ ❢♦r ❛♥② j

xj(m) =




r−1
r ✐❢ sq(m) = j ✭♠♦❞ r✮

−1
r ✐❢ sq(m) 6= j ✭♠♦❞ r✮

❲❡ ❝❧❡❛r❧② ❤❛✈❡ ∑

j mod r

xj(m) = 0.(∗)

❋✉rt❤❡r♠♦r❡✱ ∑

j mod r

xj(m)ζj = ζSq(m).(∗∗)

❯s✐♥❣ (∗)✱ ❋♦r♠✉❧❛ ✭✷✳✶✸✮ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s

∑

j mod r

ζj
∞∑

n=0

xj(n)(log(1− P̃ (
1

n+ 1
) +

∞∑

r=1

ζ−r log(1− P̃ (
1

nqr
))) =

∑

j mod r

ζj−1
∞∑

n=1

xj(n)(log(1− P̃ (
1

n
) +

∞∑

r=1

ζ−r log(1− P̃ (
1

nqr
))).

✭✷✳✶✹✮

▲❡t ♥♦✇ η ❜❡ ❛ ♣r✐♠✐t✐✈❡ r♦♦t ♦❢ ✉♥✐t②✱ ✇❡ ❝❛♥ ❛♣♣❧② r❡❧❛t✐♦♥ ✭✷✳✶✹✮ s✉❝❝❡ss✐✈❡❧② t♦ ζ = ηa

❢♦r a = 1, 2, ..., r − 1✳

❇❡❝❛✉s❡ ♦❢ (∗∗)✱ ✇❡ ❛❧s♦ ❤❛✈❡
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∑

j mod r

∞∑

n=0

xj(n)(log(1− P̃ (
1

n+ 1
)) +

∞∑

r=1

ζ−r log(1− P̃ (
1

nqr
))) =

∑

j mod r

∞∑

n=1

xj(n)(log(1− P̃ (
1

n
)) +

∞∑

r=1

ζ−r log(1− P̃ (
1

nqr
))) = 0.

✭✷✳✶✺✮

❉❡✜♥❡ t❤❡ ♠❛tr✐❝❡s✿ Mat1 t♦ ❜❡ Mat1 = (ηij) ❛♥❞ Mat2 t♦ ❜❡ Mat2 = (ηij−i)✱ i =

0, 1, ..., r − 1; j = 0, 1, ..., r − 1✱ ❞❡✜♥❡ λ ❛♥❞ β ❜②

λ(j) =

∞∑

n=0

xj(n)(log(1− P̃ (
1

n+ 1
)) +

∞∑

r=1

ζ−r log(1− P̃ (
1

nqr
)))

β(j) =

∞∑

n=1

xj(n)(log(1− P̃ (
1

n
)) +

∞∑

r=1

ζ−r log(1− P̃ (
1

nqr
))).

▲❡t

A =




λ(0)

λ(1)

...

λ(r − 1)




B =




β(0)

β(1)

...

β(r − 1)



.

❚❤❡♥ ✇❡ ❤❛✈❡

Mat1A =Mat2B.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ A ✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ Mat1 =Mat2 ×Mat3 ✇✐t❤

Mat3 =




0 0 ... 0 1

1 0 ... 0 0

0 1 ... 0 0

0 0 ... 1 0



.

❙♦ ✇❡ ❤❛✈❡

A =Mat3 ×B.

Pr♦♣♦s✐t✐♦♥ ✷✳✼✳ ❲❡ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t② λ(i) = β(i − 1) ❢♦r i = 1, 2, ..., r − 1 ❛♥❞ λ(0) =

β(r − 1)✱ ✇❤✐❝❤ ❧❡❛❞s t♦✱ ❢♦r i = 1, 2, ..., r − 1✱

∞∏

n=0

((1− P̃ (
1

n+ 1
)×

∞∏

r=1

(1− P̃ (
1

nqr
)))xj(n) =

∞∏

n=1

((1− P̃ (
1

n
)×

∞∏

r=1

(1− P̃ (
1

nqr
)))xj−1(n),
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❛♥❞ ❢♦r i = 0✱

∞∏

n=0

((1− P̃ (
1

n+ 1
)×

∞∏

r=1

(1− P̃ (
1

nqr
)))x0(n) =

∞∏

n=1

((1− P̃ (
1

n
)×

∞∏

r=1

(1− P̃ (
1

nqr
)))xr−1(n).

✷✳✻ ❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❉✳ ❊ss♦✉❛❜r✐ ❢♦r ❤✐s ❤❡❧♣❢✉❧ r❡♠❛r❦s ❛♥❞ ❞✐s❝✉ss✐♦♥s ♦♥ t❤❡ ♠❡r♦✲

♠♦r♣❤✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ ❣❡♥❡r❛❧ ❉✐r✐❝❤❧❡t s❡r✐❡s✳
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❈❤❛♣t❡r ✸

❖♥ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡

❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛✉t♦♠❛t✐❝ s❡✲

q✉❡♥❝❡s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ❈▼❆❙✳ ■♥ ❛rt✐❝❧❡ ❬✹✷❪✱ t❤❡ ❛✉t❤♦r ♣r♦✈❡s t❤❛t ❛

♥♦♥✲✈❛♥✐s❤✐♥❣ ❈▼❆❙ ✐s ❛❧♠♦st ♣❡r✐♦❞✐❝ ✭❞❡✜♥❡❞ ✐♥ ❬✹✷❪✮✳ ■♥ ❛rt✐❝❧❡ ❬✶❪✱ t❤❡ ❛✉t❤♦rs ❣✐✈❡

❛ ❢♦r♠❛❧ ❡①♣r❡ss✐♦♥ ♦❢ ❛❧❧ ♥♦♥✲✈❛♥✐s❤✐♥❣ ❈▼❆❙ ❛♥❞ ❛❧s♦ s♦♠❡ ❡①❛♠♣❧❡s ✐♥ t❤❡ ✈❛♥✐s❤✐♥❣

❝❛s❡ ✭♥❛♠❡❞ ♠♦❝❦ ❝❤❛r❛❝t❡rs✮✳ ■♥ ❛rt✐❝❧❡ ❬✷✼❪✱ t❤❡ ❛✉t❤♦r st✉❞✐❡s ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡

s❡q✉❡♥❝❡s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ❈▼❙✱ t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ ❛ ❣❡♥❡r❛❧ ✜❡❧❞ t❤❛t ❤❛✈❡

✜♥✐t❡❧② ♠❛♥② ♣r✐♠❡ ♥✉♠❜❡rs s✉❝❤ t❤❛t ap 6= 1❀ s❤❡ ♣r♦✈❡s t❤❛t s✉❝❤ ❈▼❙ ❤❛✈❡ ❝♦♠♣❧❡①✐t②

pa(n) = O(nk)✱ ✇❤❡r❡ k = # {p|p ∈ P, ap 6= 1, 0}✳ ■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ♣r♦✈❡ t❤❛t ❛❧❧ ❝♦♠✲

♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ s❡q✉❡♥❝❡s (an)n∈N ❞❡✜♥❡❞ ♦♥ C✱ ✈❛♥✐s❤✐♥❣ ♦r ♥♦t✱ ❝❛♥ ❜❡ ✇r✐tt❡♥

✐♥ t❤❡ ❢♦r♠ an = bnχn✱ ✇❤❡r❡ (bn)n∈N ✐s ❛♥ ❛❧♠♦st ❝♦♥st❛♥t s❡q✉❡♥❝❡✱ ❛♥❞ (χn)n∈N ✐s ❛

❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❈▼❆❙ (an)n∈N ❞❡✜♥❡❞ ♦♥ C✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t ❛❧❧ ❈▼❆❙ ❛r❡

♠♦❝❦ ❝❤❛r❛❝t❡rs ✭❞❡✜♥❡❞ ✐♥ ❬✶❪✮ ✇✐t❤ ❛♥ ❡①❝❡♣t✐♦♥❛❧ ❝❛s❡✳ ❙❡❝♦♥❞✱ ✇❡ st✉❞② t❤❡ ❈▼❆❙

s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ C✿ ∑

p|ap 6=1,p∈P

1

p
<∞,

✇❤❡r❡ P ✐s t❤❡ s❡t ♦❢ ♣r✐♠❡ ♥✉♠❜❡rs✳ ❲❡ ♣r♦✈❡ t❤❛t ✐♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ♣r✐♠❡

p s✉❝❤ t❤❛t ap 6= 1 ♦r 0✳ ■♥ t❤❡ t❤✐r❞ ♣❛rt✱ ✇❡ ♣r♦✈❡ t❤❛t ❛❧❧ ❈▼❆❙ ❛r❡ ❡✐t❤❡r ❉✐r✐❝❤❧❡t✲❧✐❦❡

s❡q✉❡♥❝❡s ♦r str♦♥❣❧② ❛♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡s✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ♣r♦✈✐♥❣ t❤❛t ❛ str♦♥❣❧②

❛♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡ ❝❛♥♥♦t ❜❡ ❛✉t♦♠❛t✐❝✳

✹✸
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✸✳✷ ❉❡✜♥✐t✐♦♥s✱ ♥♦t❛t✐♦♥ ❛♥❞ ❜❛s✐❝ ♣r♦♣♦s✐t✐♦♥s

▲❡t ✉s r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❛♥❞ ❝♦♠♣❧❡t❡ ♠✉❧t✐♣❧✐❝❛t✐✈✐t②✿

❉❡✜♥✐t✐♦♥ ▲❡t (an)n∈N ❜❡ ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ❛♥❞ k ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r❀ ✇❡ s❛② t❤❛t t❤✐s

s❡q✉❡♥❝❡ ✐s k✲❛✉t♦♠❛t✐❝ ✐❢ t❤❡r❡ ✐s ❛ ✜♥✐t❡ s❡t ♦❢ s❡q✉❡♥❝❡s ❝♦♥t❛✐♥✐♥❣ (an)n∈N ❛♥❞ ❝❧♦s❡❞

✉♥❞❡r t❤❡ ♠❛♣s

an → akn+i, i = 0, 1, ...k − 1.

❚❤❡r❡ ✐s ❛♥♦t❤❡r ❞❡✜♥✐t✐♦♥ ♦❢ ❛ k✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ (an)n∈N ✈✐❛ ❛♥ ❛✉t♦♠❛t♦♥✳ ❆♥

❛✉t♦♠❛t♦♥ ✐s ❛♥ ♦r✐❡♥t❡❞ ❣r❛♣❤ ✇✐t❤ ♦♥❡ st❛t❡ ❞✐st✐♥❣✉✐s❤❡❞ ❛s t❤❡ ✐♥✐t✐❛❧ st❛t❡✱ ❛♥❞✱ ❢♦r

❡❛❝❤ st❛t❡✱ t❤❡r❡ ❛r❡ ❡①❛❝t❧② k ❡❞❣❡s ♣♦✐♥t✐♥❣ ❢r♦♠ t❤✐s st❛t❡ t♦ ♦t❤❡r st❛t❡s❀ t❤❡s❡ ❡❞❣❡s

❛r❡ ❧❛❜❡❧❡❞ ❛s 0, 1, ..., k − 1✳ ❚❤❡r❡ ✐s ❛♥ ♦✉t♣✉t ❢✉♥❝t✐♦♥ f ✱ ✇❤✐❝❤ ♠❛♣s t❤❡ s❡t ♦❢ st❛t❡s

t♦ ❛ s❡t U ✳ ❋♦r ❛♥ ❛r❜✐tr❛r② n ∈ N✱ t❤❡ n✲t❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ❝❛♥ ❜❡

❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s✿ ✇r✐t✐♥❣ t❤❡ k✲❛r② ❡①♣❛♥s✐♦♥ ♦❢ n✱ st❛rt ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ❛♥❞

♠♦✈❡ ❢r♦♠ ♦♥❡ st❛t❡ t♦ ❛♥♦t❤❡r ❜② t❛❦✐♥❣ t❤❡ ❡❞❣❡ r❡❛❞ ✐♥ t❤❡ k✲❛r② ❡①♣❛♥s✐♦♥ ♦♥❡ ❜②

♦♥❡ ✉♥t✐❧ st♦♣♣✐♥❣ ♦♥ s♦♠❡ st❛t❡✳ ❚❤❡ ✈❛❧✉❡ ♦❢ an ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ f ♦♥ t❤❡ st♦♣♣✐♥❣

st❛t❡✳ ■❢ ✇❡ r❡❛❞ t❤❡ ❡①♣❛♥s✐♦♥ ❢r♦♠ r✐❣❤t t♦ ❧❡❢t✱ t❤❡♥ ✇❡ ❝❛❧❧ t❤✐s ❛✉t♦♠❛t♦♥ ❛ r❡✈❡rs❡

❛✉t♦♠❛t♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡❀ ♦t❤❡r✇✐s❡✱ ✐t ✐s ❝❛❧❧❡❞ ❛ ❞✐r❡❝t ❛✉t♦♠❛t♦♥✳

■♥ t❤✐s ❛rt✐❝❧❡✱ ❛❧❧ ❛✉t♦♠❛t❛ ❝♦♥s✐❞❡r❡❞ ❛r❡ ❞✐r❡❝t ❛✉t♦♠❛t❛✳

❉❡✜♥✐t✐♦♥ ❲❡ ❞❡✜♥❡ ❛ s✉❜✇♦r❞✶ ♦❢ ❛ s❡q✉❡♥❝❡ ❛s ❛ ✜♥✐t❡ ❧❡♥❣t❤ str✐♥❣ ♦❢ t❤❡ s❡q✉❡♥❝❡✳

❲❡ ❧❡t wl ❞❡♥♦t❡ ❛ s✉❜✇♦r❞ ♦❢ ❧❡♥❣t❤ l✳

❉❡✜♥✐t✐♦♥ ▲❡t (an)n∈N ❜❡ ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡✳ ❲❡ s❛② t❤❛t t❤✐s s❡q✉❡♥❝❡ ✐s ❝♦♠♣❧❡t❡❧②

♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❢✱ ❢♦r ❛♥② p, q ∈ N✱ ✇❡ ❤❛✈❡ apaq = apq.

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❛ ❈▼❆❙ ❝❛♥ ♦♥❧② t❛❦❡ ✜♥✐t❡ ♠❛♥② ✈❛❧✉❡s✱ ❡✐t❤❡r 0 ♦r ❛ k✲t❤ r♦♦t

♦❢ ✉♥✐t② ✭s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ▲❡♠♠❛ ✶ ❬✹✷❪✮✳

❉❡✜♥✐t✐♦♥ ▲❡t (an)n∈N ❜❡ ❛ ❈▼❙✳ ❲❡ s❛② t❤❛t ap ✐s ❛ ♣r✐♠❡ ❢❛❝t♦r ♦❢ (an)n∈N ✐❢ p ✐s ❛

♣r✐♠❡ ♥✉♠❜❡r ❛♥❞ ap 6= 1✳ ▼♦r❡♦✈❡r✱ ✇❡ s❛② t❤❛t ap ✐s ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛❝t♦r ✐❢ ap 6= 0✱ ❛♥❞

✇❡ s❛② t❤❛t ap ✐s ❛ 0✲❢❛❝t♦r ✐❢ ap = 0✳ ❲❡ s❛② t❤❛t ❛ s❡q✉❡♥❝❡ (an)n∈N ✐s ❣❡♥❡r❛t❡❞ ❜②

ap1 , ap2 , ... ✐❢ ❛♥❞ ♦♥❧② ✐❢ ap1 , ap2 , ... ❛r❡ t❤❡ ♦♥❧② ♣r✐♠❡ ❢❛❝t♦rs ♦❢ t❤❡ s❡q✉❡♥❝❡✳

✶✇❤❛t ✇❡ ❝❛❧❧ ❛ s✉❜✇♦r❞ ❤❡r❡ ✐s ❛❧s♦ ❝❛❧❧❡❞ ❛ ❢❛❝t♦r ✐♥ t❤❡ ❧✐t❡r❛t✉r❡❀ ❤♦✇❡✈❡r✱ ✇❡ ✉s❡ ❢❛❝t♦r ✇✐t❤ ❛

❞✐✛❡r❡♥t ♠❡❛♥✐♥❣✳
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❉❡✜♥✐t✐♦♥ ❲❡ s❛② t❤❛t ❛ s❡q✉❡♥❝❡ ✐s ❛♥ ❛❧♠♦st✲0 s❡q✉❡♥❝❡ ✐❢ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♥♦♥✲tr✐✈✐❛❧

❢❛❝t♦r ap ❛♥❞ aq = 0 ❢♦r ❛❧❧ ♣r✐♠❡s q 6= p✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ▲❡t (an)n∈N ❜❡ ❛ k✲❈▼❆❙ ❛♥❞ q ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ st❛t❡s ♦❢ ❛ ❞✐r❡❝t

❛✉t♦♠❛t♦♥ ❣❡♥❡r❛t✐♥❣ (an)n∈N❀ t❤❡♥✱ ❢♦r ❛♥② m, y ∈ N✱ ✇❡ ❤❛✈❡ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ s❡ts{
an|mk

q! ≤ n < (m+ 1)kq!
}
=
{
an|mk

yq! ≤ n < (m+ 1)kyq!
}
✳

Pr♦♦❢✳ ■♥ ❛rt✐❝❧❡ ❬✹✷❪ ✭▲❡♠♠❛ ✸ ❛♥❞ ❚❤❡♦r❡♠ ✶✮✱ t❤❡ ❛✉t❤♦r ♣r♦✈❡s t❤❛t✱ ✐♥ ❛♥ ❛✉t♦♠❛t♦♥✱

❡✈❡r② st❛t❡ t❤❛t ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❢r♦♠ ❛ s♣❡❝✐✜❝ st❛t❡✱ s❛②✱ s✱ ✇✐t❤ q! st❡♣s✱ ❝❛♥ ❜❡ r❡❛❝❤❡❞

✇✐t❤ yq! st❡♣s ❢♦r ❡✈❡r② y ≥ 1❀ ❝♦♥✈❡rs❡❧②✱ ✐❢ ❛ st❛t❡ ❝❛♥ ❜❡ r❡❛❝❤❡❞ ✇✐t❤ yq! st❡♣s ❢♦r s♦♠❡

y ≥ 1✱ t❤❡♥ ✐t ❝❛♥ ❛❧r❡❛❞② ❜❡ r❡❛❝❤❡❞ ✇✐t❤ q! st❡♣s✳ ❚❤✐s ♣r♦✈❡s t❤❡ ♣r♦♣♦s✐t✐♦♥✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❈▼❙ (an)n∈N t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ ❛ ✜♥✐t❡ ❆❜❡❧✐❛♥ ❣r♦✉♣ G✳ ❲❡ ❞❡✜♥❡

E =



g|g ∈ G,

∑

ap=g,p∈P

1

p
= ∞





❛♥❞ G1 ❛s t❤❡ s✉❜❣r♦✉♣ ♦❢ G ❣❡♥❡r❛t❡❞ ❜② E✳

❉❡✜♥✐t✐♦♥ ▲❡t (an)n∈N ❜❡ ❛ s❡q✉❡♥❝❡✱ ✇❡ s❛② t❤❛t t❤❡ s❡q✉❡♥❝❡ (an)n∈N ❤❛s ❛ ♠❡❛♥

✈❛❧✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ limN→∞

∑N
n=0 an
N+1 ❡①✐sts✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ▲❡t (an)n∈N ❜❡ ❛ ❈▼❙ t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ ❛ ✜♥✐t❡ ❆❜❡❧✐❛♥ ❣r♦✉♣ G❀ t❤❡♥

❛❧❧ ❡❧❡♠❡♥ts g ∈ G ❤❛✈❡ ❛ ♥♦♥✲③❡r♦ ♥❛t✉r❛❧ ❞❡♥s✐t②✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ❞❡♥s✐t② ❞❡♣❡♥❞s

♦♥❧② ♦♥ t❤❡ ❝♦s❡t rG1 ♦♥ ✇❤✐❝❤ t❤❡ ❡❧❡♠❡♥t g ❧✐❡s✳ ❚❤❡ st❛t❡♠❡♥t ✐s st✐❧❧ tr✉❡ ✐♥ t❤❡ ❝❛s❡

t❤❛t G ✐s ❛ s❡♠✐✲❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ 0 ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡r❡ ❛r❡

✜♥✐t❡❧② ♠❛♥② ♣r✐♠❡s p s✉❝❤ t❤❛t ap = 0✳

Pr♦♦❢✳ ❲❤❡♥ G ✐s ❛♥ ❆❜❡❧✐❡♥ ❣r♦✉♣✱ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✶✵✱ ❬✸✽❪✱ ❛♥❞

✇❤❡♥ G ✐s ❛ s❡♠✐✲❣r♦✉♣✱ ❚❤❡♦r❡♠ ✼✳✸✱ ❬✸✽❪ s❤♦✇s t❤❛t ❛❧❧ ❡❧❡♠❡♥ts ✐♥ G ❤❛✈❡ ❛ ♥❛t✉r❛❧

❞❡♥s✐t②✳ ❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t✿ ❧❡t f0 ❜❡ ❛

❈▼❙ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣r✐♠❡ p ✇✐t❤ f0(p) = 0✱ ❛♥❞ ❧❡t f1 ❜❡ ❛♥♦t❤❡r ❈▼❙ s✉❝❤ t❤❛t

f1(q) =




f0(q) ✐❢ q ∈ P, q 6= p

1 ♦t❤❡r✇✐s❡,

■❢ d0(g) ❛♥❞ d1(g) ❞❡♥♦t❡ t❤❡ ♥❛t✉r❛❧ ❞❡♥s✐t② ♦❢ g ✐♥ t❤❡ s❡q✉❡♥❝❡ (f0(n))n∈n ❛♥❞ (f1(n))n∈N✱

r❡s♣❡❝t✐✈❡❧②✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t②

d1(g) = d0(g) +
1

p
d0(g) +

1

p2
d0(g)... =

p

p− 1
d0(g).
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❉♦✐♥❣ t❤✐s ✐t❡r❛t✐✈❡❧② ✉♥t✐❧ ❛ ♥♦♥✲✈❛♥✐s❤✐♥❣ s❡q✉❡♥❝❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ❜② t❤❡

✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

✸✳✸ ❋✐♥✐t❡♥❡ss ♦❢ t❤❡ ♥✉♠❜❡rs ♦❢ 0✲❢❛❝t♦rs

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ❛ ❈▼❆❙ ✐s ❡✐t❤❡r ❛ ♠♦❝❦ ❝❤❛r❛❝t❡r✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t

✐t ❤❛s ♦♥❧② ✜♥✐t❡❧② ♠❛♥② 0✲❢❛❝t♦rs✱ ♦r ❛♥ ❛❧♠♦st✲0 s❡q✉❡♥❝❡✱ t❤❛t ✐s✱ am = 0 ❢♦r ❛❧❧ m t❤❛t

❛r❡ ♥♦t ❛ ♣♦✇❡r ♦❢ p✱ ❛♥❞ apk = δk ❢♦r s♦♠❡ δ✱ ✇❤❡r❡ δ ✐s ❛ r♦♦t ♦❢ ✉♥✐t② ♦r 0 ❛♥❞ p ✐s ❛

♣r✐♠❡ ♥✉♠❜❡r✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ▲❡t (an)n∈N ❜❡ ❛ p✲❈▼❆❙❀ t❤❡♥✱ ✐t ✐s ❡✐t❤❡r ❛ ♠♦❝❦ ❝❤❛r❛❝t❡r ♦r ❛♥

0✲❛❧♠♦st s❡q✉❡♥❝❡✳

Pr♦♦❢✳ ■❢ (an)n∈N ✐s ♥♦t ❛ ♠♦❝❦ ❝❤❛r❛❝t❡r✱ t❤❡♥ ✐t ❝♦♥t❛✐♥s ✐♥✜♥✐t❡❧② ♠❛♥② 0✲❢❛❝t♦rs✳ ❍❡r❡✱

✇❡ ♣r♦✈❡ t❤❛t✱ ✐♥ t❤✐s ❝❛s❡✱ ✐❢ t❤❡r❡ ✐s s♦♠❡ am 6= 0✱ t❤❡♥m♠✉st ❜❡ ❛ ♣♦✇❡r ♦❢ p✱ ❛♥❞ p♠✉st

❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❛r❡ q st❛t❡s ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ❣❡♥❡r❛t✐♥❣

t❤❡ s❡q✉❡♥❝❡✳ ❆s t❤❡r❡ ❛r❡ ✐♥✜♥✐t❡❧② ♠❛♥② 0✲❢❛❝t♦rs✱ ✐t ✐s ❡❛s② t♦ ✜♥❞ ❛ s✉❜✇♦r❞ ♦❢ ❧❡♥❣t❤

p2q! s✉❝❤ t❤❛t ❛❧❧ ✐ts ❡❧❡♠❡♥ts ❛r❡ 0✿

❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ✜♥❞✐♥❣ s♦♠❡ m ∈ N ❛♥❞ p2q! 0✲❢❛❝t♦rs✱ s❛②✱ ap1 , ap2 , ..., app2q! ✱ s✉❝❤

t❤❛t 



m ≡ 0 (mod p1)

m+ 1 ≡ 0 (mod p2)

m+ 2 ≡ 0 (mod p3)

...

m+ p2q! − 1 ≡ 0 (mod pp2q!)

■❢ m ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ s②st❡♠✱ t❤❡♥ t❤❡ s✉❜✇♦r❞ amam+1...am+p2q!−1 ✐s ❝♦♥st❛♥t

t♦ 0✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛♥ m′ s✉❝❤ t❤❛t m ≤ m′pq! < (m′+1)pq! ≤ m+ p2q!✳ ❇❡❝❛✉s❡

♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ❢♦r ❛♥② y ∈ N✱ ak = 0 ❢♦r ❛❧❧ k s✉❝❤ t❤❛t m′pyq! ≤ k < (m′ + 1)pyq!✳

❚❛❦✐♥❣ ❛♥ ❛r❜✐tr❛r② ♣r✐♠❡ r✱ ✐❢ r ❛♥❞ p ❛r❡ ♥♦t ♠✉❧t✐♣❧✐❝❛t✐✈❡❧② ❞❡♣❡♥❞❡♥t✱ t❤❡♥ ar = 0

❜❡❝❛✉s❡ t❤❡r❡ ❡①✐sts ❛ ♣♦✇❡r ♦❢ r s❛t✐s❢②✐♥❣ m′pyq! ≤ rt < (m′ + 1)pyq!✳ ❚❤✐s ✐♥❡q✉❛❧✐t②

❤♦❧❞s ❜❡❝❛✉s❡ ✇❡ ❝❛♥ ✜♥❞ s♦♠❡ ✐♥t❡❣❡rs t ❛♥❞ y s✉❝❤ t❤❛t

logpm
′ ≤ t logp r − yq! < logp(m

′ + 1).

❚❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥t s❤♦✇s t❤❛t ✐❢ (an)n∈N ✐s ♥♦t ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t am = 0 ❢♦r ❛❧❧

m > 1✱ t❤❡♥ p♠✉st ❜❡ ❛ ♣♦✇❡r ♦❢ ❛ ♣r✐♠❡ ♥✉♠❜❡r p′✳ ❖t❤❡r✇✐s❡✱ ❛s p ✐s ♥♦t ♠✉❧t✐♣❧✐❝❛t✐✈❡❧②

❞❡♣❡♥❞❡♥t ❢r♦♠ ❛♥② ♦t❤❡r ♣r✐♠❡ ♥✉♠❜❡r✱ am = 0 ❢♦r ❛❧❧ m > 1✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s❡q✉❡♥❝❡

(an)n∈N ❝❛♥ ❤❛✈❡ ❛t ♠♦st ♦♥❡ ♥♦♥✲③❡r♦ ♣r✐♠❡ ❢❛❝t♦r✱ ❛♥❞ ✐❢ ✐t ❡①✐sts✱ ✐t s❤♦✉❧❞ ❜❡ ap′ ✳ ❯s✐♥❣

❛✉t♦♠❛t✐❝✐t②✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ p′ ✇✐t❤ p✳
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✸✳✹ ❈▼❆❙ s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥ C

❋r♦♠ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❈▼❆❙ ✇✐t❤ ✜♥✐t❡❧② ♠❛♥② 0✲❢❛❝t♦rs✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t ❛❧❧ ❈▼❆❙ s❛t✐s❢②✐♥❣ C ❝❛♥ ❤❛✈❡ ❛t ♠♦st ♦♥❡ ♥♦♥✲tr✐✈✐❛❧

❢❛❝t♦r✱ ❛♥❞ ✇❡ ❞♦ t❤✐s ✐♥ s❡✈❡r❛❧ st❡♣s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳ ▲❡t (an)n∈N ❜❡ ❛ ♥♦♥✲✈❛♥✐s❤✐♥❣ ❈▼❙ t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ t❤❡ s❡t G =

{ζr|r ∈ N}✱ ✇❤❡r❡ ζ ✐s ❛ ♥♦♥✲tr✐✈✐❛❧ k✲t❤ r♦♦t ♦❢ ✉♥✐t②✱ ❤❛✈✐♥❣ u ♣r✐♠❡ ❢❛❝t♦rs ap1 , ap2 , ...apu ❀

t❤❡♥✱ t❤❡r❡ ❡①✐st g ∈ G ✭✇❤❡r❡ ap1 = g✮ ❛♥❞ ❛ s✉❜✇♦r❞ wu ❛♣♣❡❛r✐♥❣ ♣❡r✐♦❞✐❝❛❧❧② ✐♥ t❤❡

s❡q✉❡♥❝❡ (an)n∈N s✉❝❤ t❤❛t ❛❧❧ ✐ts ❧❡tt❡rs ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ g✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣❡r✐♦❞ ❞♦❡s

♥♦t ❤❛✈❡ ❛♥② ♣r✐♠❡ ❢❛❝t♦r ♦t❤❡r t❤❛♥ p1, p2, ..., pu✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ❜② ✐♥❞✉❝t✐♦♥✳ ❋♦r u = 1✱ t❤❡ ❛❜♦✈❡ st❛t❡♠❡♥t ✐s tr✐✈✐❛❧✳ ■t

✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ s❡q✉❡♥❝❡ (anpk+1
1 +pk1

)n∈N ✐s ❛ ❝♦♥st❛♥t s❡q✉❡♥❝❡ ♦❢ 1✱ t❤❡ ♣❡r✐♦❞

✐s pk+1
1 ✱ ❛♥❞ g = ap1 ✳

❙✉♣♣♦s✐♥❣ t❤❛t t❤❡ st❛t❡♠❡♥t ✐s tr✉❡ ❢♦r s♦♠❡ u = n0✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ u = n0+1✳

❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ (a′n)n∈N ❞❡✜♥❡❞ ❜② a′n = a n

p
vpn0+1(n)

n0+1

✱ ❛ s❡q✉❡♥❝❡ ❤❛✈✐♥❣ n0

♣r✐♠❡ ❢❛❝t♦rs✱ ✇❤❡r❡ vp(n) ❞❡♥♦t❡s t❤❡ ❧❛r❣❡st ✐♥t❡❣❡r r s✉❝❤ t❤❛t pr|n✳ ❯s✐♥❣ t❤❡ ❤②♣♦t❤✲

❡s✐s ♦❢ ✐♥❞✉❝t✐♦♥✱ ✇❡ ♦❜t❛✐♥ ❛ s✉❜✇♦r❞ wn0 s❛t✐s❢②✐♥❣ t❤❡ st❛t❡♠❡♥t✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t

t❤❡ ✜rst ❧❡tt❡r ♦❢ t❤✐s s✉❜✇♦r❞ ❛♣♣❡❛rs ✐♥ t❤❡ s❡q✉❡♥❝❡ (a′mn0n+ln0
)n∈N✳ ❲❡ ❝❛♥ ❡①tr❛❝t

❢r♦♠ t❤✐s s❡q✉❡♥❝❡ ❛ s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦r♠ (a′mn′
0
n+ln0

)n∈N s✉❝❤ t❤❛t mn′
0
= mn0

∏n0
j=1 p

dj
j

❢♦r s♦♠❡ dj ∈ N+ ❛♥❞ vpj (mn′
0
n + ln0 + n0) = vpj (ln0 + n0) ❢♦r ❛❧❧ j ≤ n0✳ ■♥ t❤✐s ❝❛s❡✱

t❤❡ s❡q✉❡♥❝❡ (a′mn′
0
n+ln0+n0

)n∈N ✐s ❛ ❝♦♥st❛♥t s❡q✉❡♥❝❡✱ s❛②✱ ❛❧❧ ❧❡tt❡rs ❡q✉❛❧ C✳

❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ r❡s✐❞✉❡ ❝❧❛ss❡s N1(n) ❛♥❞ N2(n)✱ s❡♣❛r❛t❡❧② s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

mn′
0
N1(n) ≡ −ln0 − n0 mod pn0+1

mn′
0
N1(n) 6≡ −ln0 − n0 mod p2n0+1

❛♥❞

mn′
0
N2(n) ≡ −ln0 − n0 mod p2n0+1

mn′
0
N2(n) 6≡ −ln0 − n0 mod p3n0+1

■♥ t❤❡s❡ t✇♦ ❝❛s❡s✱ ✇❡ ❤❛✈❡ am
n
′

0
N1(n)+ln0+n0

= Capn0+1 ❛♥❞ am
n
′

0
N2(n)+ln0+n0

=

Ca2pn0+1
❢♦r ❛❧❧ n ∈ N✳ ❇❡❝❛✉s❡ apn0+1 6= 1✱ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❡❧❡♠❡♥t ♦❢ Capn0+1 , Ca

2
pn0+1

♥♦t ❡q✉❛❧ t♦ g✳ ■❢ Ni(n) ✐s t❤❡ ❛ss♦❝✐❛t❡❞ r❡s✐❞✉❡ ❝❧❛ss✱ t❤❡♥ Ni(n) = pi+1
n0+1n + t ❢♦r ❛❧❧
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✐♥t❡❣❡rs n ✇✐t❤ t ∈ N✱ i = 1 ♦r 2✳

◆♦✇✱ ❧❡t ✉s ❝❤♦♦s❡ mn0+1 = mn′
0
pi+1
n0+1 ❛♥❞ ln0+1 = ln0 + tmn′

0
s♦ t❤❛t t❤❡ s❡q✉❡♥❝❡

(a′mn0+1n+ln0+1
)n∈N ✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (a′mn0n+ln0

)n∈N❀ t❤✉s✱ t❤❡ s✉❜✇♦r❞ ♦❢ ❧❡♥❣t❤ n

a′mn0+1n+ln0+1
a′mn0+1n+ln0+1+1...a

′
mn0+1n+ln0+1+n0−1 ✐s ❝♦♥st❛♥t✱ ❛♥❞ ♥♦♥❡ ♦❢ ✐ts ❧❡tt❡rs ❡q✉❛❧

g ❜❡❝❛✉s❡ ♦❢ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ✐♥❞✉❝t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ amn0+1n+ln0+1+n0 = am′
n0
Ni(n)+ln0+n0

✐s ❝♦♥st❛♥t ❛♥❞ ❞✐✛❡r❡♥t ❢r♦♠ g ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ r❡s✐❞✉❡ ❝❧❛ss✳ ❚❤❡ ♣r♦♣❡rt✐❡s s❛②✐♥❣

t❤❛t t❤❡ ♣r✐♠❡ ♥✉♠❜❡r pn0+1 ✐s ❧❛r❣❡r t❤❛♥ n0+1 ❛♥❞ pn0+1|mn′
0
Ni(n)+ln0+n0 ❜② ❝♦♥str✉❝✲

t✐♦♥ ✐♠♣❧② t❤❛t✱ ❢♦r ❛❧❧ j s✉❝❤ t❤❛t 0 ≤ j ≤ n0−1✱ pn0+1 ∤ mn0+1n+ln0+1+j✳ ❚❤❡r❡❢♦r❡✱ ✇❡

❝♦♥❝❧✉❞❡ t❤❛t✱ ❢♦r ❛❧❧ n, j ∈ N s✉❝❤ t❤❛t 0 ≤ j ≤ n0 − 1✱ vpn0+1(mn0+1n+ ln0+1 + j) = 0✳

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ s✉❜✇♦r❞ amn0+1n+ln0+1amn0+1n+ln0+1+1...amn0+1n+ln0+1+n0 ✐s ❛ s✉❜✲

✇♦r❞ ♦❢ ❧❡♥❣t❤ n0 + 1 ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ t❤❛t ♥♦♥❡ ♦❢ ✐ts ❧❡tt❡rs ❡q✉❛❧s g❀ ♠♦r❡♦✈❡r✱

mn0+1 ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ♣r✐♠❡ ❢❛❝t♦r ♦t❤❡r t❤❛♥ p1, p2...pn0 ✳

Pr♦♣♦s✐t✐♦♥ ✸✳✺✳ ▲❡t (an)n∈N ❜❡ ❛ ♥♦♥✲✈❛♥✐s❤✐♥❣ ❈▼❙ ❞❡✜♥❡❞ ♦♥ ❛ ✜♥✐t❡ s❡t G s❛t✐s❢②✐♥❣

❝♦♥❞✐t✐♦♥ C✱ ❛♥❞ ❧❡t (a′n)n∈N ❜❡ ❛♥♦t❤❡r ❈▼❙ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✜rst r ♣r✐♠❡ ❢❛❝t♦rs ♦❢

(an)n∈N✱ s❛②✱ ap1 , ap2 , ..., apr ✳ ■❢ t❤❡r❡ ✐s ❛ s✉❜✇♦r❞ wr ❛♣♣❡❛r✐♥❣ ♣❡r✐♦❞✐❝❛❧❧② ✐♥ (a′n)n∈N

❛♥❞ ✐❢ t❤❡ ♣❡r✐♦❞ ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ♣r✐♠❡ ❢❛❝t♦rs ♦t❤❡r t❤❛♥ p1, p2, ..., pr✱ t❤❡♥ t❤✐s s✉❜✇♦r❞

❛♣♣❡❛rs ❛t ❧❡❛st ♦♥❝❡ ✐♥ (an)n∈N✳

Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② p1, p2... t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r✐♠❡ ♥✉♠❜❡rs s✉❝❤ t❤❛t api 6= 1✳ ❙✉♣♣♦s✲

✐♥❣ t❤❛t t❤❡ ✜rst ❧❡tt❡r ♦❢ t❤❡ s✉❜✇♦r❞ wr ❜❡❧♦♥❣s t♦ t❤❡ s❡q✉❡♥❝❡ (a′mrn+lr
)n∈N ❢♦r s♦♠❡

mr ∈ N, lr ∈ N✱ ❜② ❤②♣♦t❤❡s✐s✱ mr ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ♣r✐♠❡ ❢❛❝t♦rs ♦t❤❡r t❤❛♥ p1, p2, ..., pr✳

❚❤✉s✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ s✉❝❤ s✉❜✇♦r❞s ✐♥ t❤❡ s❡q✉❡♥❝❡ (an)n∈N ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜② t❤❡

✐♥❡q✉❛❧✐t②✿

#{ak|k ≤ n, ak, ak+1, ..., ak+r−1 = wr}

≥ #
{
ak|k ≤ n, k = mrk

′ + lr, k
′ ∈ N; pi ∤ k + j, ∀(i, j) ✇✐t❤ 0 ≤ j ≤ r − 1, i > r

} ✭✸✳✶✮

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ ❞❡✜♥❡❞ ❜② N(t) =
∏t
j=1 pr+j ❀ ✇❡ ❤❛✈❡

#
{
ak|k ≤ N(t)mr + lr, k = mrk

′

+ lr, k
′

∈ N; pi ∤ k + j, ∀(i, j) ✇✐t❤ 0 ≤ j ≤ r − 1, r < i ≤ r + t
}

=
t∏

j=1

(pr+j − r)

✭✸✳✷✮

❚❤✐s ❡q✉❛❧✐t② ❤♦❧❞s ❜❡❝❛✉s❡ ♦❢ t❤❡ ❈❤✐♥❡s❡ r❡♠✐♥❞❡r t❤❡♦r❡♠ ❛♥❞ t❤❡ ❢❛❝t t❤❛t pr+j ∤ mr

❛♥❞ pr+j > r ❢♦r ❛❧❧ j ≥ 1✳
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❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡

#
{
ak|k ≤ N(t)mr + lr, k = mrk

′

+ lr, k
′

∈ N; pi ∤ k + j, ∀(i, j) ✇✐t❤ 0 ≤ j ≤ r − 1, i > r
}

>#
{
ak|k ≤ N(t)mr + lr, k = mrk

′

+ lr, k
′

∈ N; pi ∤ k + j, ∀(i, j) ✇✐t❤ 0 ≤ j ≤ r − 1, r < i ≤ r + t
}

−#
{
ak|k ≤ N(t)mr + lr, k = mrk

′

+ lr, k
′

∈ N; pi | k + j, ∀(i, j) ✇✐t❤ 0 ≤ j ≤ r − 1, i > r + t
}

>#
{
ak|k ≤ N(t)mr + lr, k = mrk

′

+ lr, k
′

∈ N; pi ∤ k + j, ∀(i, j) ✇✐t❤ 0 ≤ j ≤ r − 1, r < i ≤ r + t
}

−
∑

i>r+t

#
{
ak|k ≤ N(i)mr + lr, k = mrk

′

+ lr, k
′

∈ N; pi | k + j, ∀j ✇✐t❤ 0 ≤ j ≤ r − 1
}

>

t∏

j=1

(pr+j − r)− r
∑

i>r+t,pi<N(t)+r

[
N(t)

pi
]

>

t∏

j=1

(pr+j − r)− r
∑

i>r+t,pi<N(t)+r

N(t)

pi
− rπ(N(t) + r).

✭✸✳✸✮

✇❤❡r❡ [a] r❡♣r❡s❡♥ts t❤❡ s♠❛❧❧❡st ✐♥t❡❣❡r ❧❛r❣❡r t❤❛♥ a ❛♥❞ π ✐s t❤❡ ♣r✐♠❡ ❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥✳

❍♦✇❡✈❡r✱
t∏

j=1

(pr+j − r) =

t∏

j=1

pr+j − r

pr+j
N(t) ≥

∞∏

j=1

pr+j − r

pr+j
N(t). ✭✸✳✹✮

❚❤❡ ❧❛st ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s
∏∞
j=1

pr+j−r
pr+j

= exp(
∑∞

j=1 log(
pr+j−r
pr+j

)) = exp(−Θ(
∑∞

j=1
r

pr+j
))✱

❛♥❞ t❤❡ ❧❛st ❡q✉❛❧✐t② ❤♦❧❞s ❜❡❝❛✉s❡ log(1 − x) ∼ x ✇❤❡♥ x ✐s s♠❛❧❧✳ ❇❡❝❛✉s❡ ♦❢ C✱ t❤❡

❛❜♦✈❡ q✉❛♥t✐t② ❞♦❡s ♥♦t ❞✐✈❡r❣❡ t♦ 0❀ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✱ ✐❢ t ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ t❤❡r❡ ❡①✐sts

❛ c ✇✐t❤ 0 < c < 1 s✉❝❤ t❤❛t
∏t
j=1(pr+j − r) > cN(t)✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ r❡♠❛r❦ t❤❛t ❢♦r ❛❧❧ i > r + t✱ pti >
∏t
j=1 pr+j = N(t)❀ t❤✉s✱

pi > N(t)
1
t

∑

i>r+t,pi<N(t)+r

N(t)

pi
< N(t)

∑

N(t)
1
t <p<N(t)+r

1

p
. ✭✸✳✺✮

❚❤❡ t❡r♠ N(t)
1
t ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜②

N(t)
1
t = (

t∏

j=1

pr+j)
1
t ≥

t∑t
j=1

1
pr+j

>
t∑t

j=1
1
qj

. ✭✸✳✻✮

✇❤❡r❡ qj ✐s t❤❡ j✲t❤ ♣r✐♠❡ ♥✉♠❜❡r ✐♥ N✳ ❋♦r ❛♥② x ∈ N✱ # {pi|pi ≤ x} ∼ x
log(x) ❛♥❞

∑
pi≤x

1
pi

∼ log log(x)❀ t❤✉s✱ N(t)
1
t t❡♥❞s t♦ ✐♥✜♥✐t② ✇❤❡♥ t t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❇❡❝❛✉s❡ ♦❢ C✱

✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ t0 ∈ N s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t > t0✱
∑

N(t)
1
t <p<N(t)+r

1
p <

1
2r c✳
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❚♦ ❝♦♥❝❧✉❞❡✱ ❢♦r ❛❧❧ t > t0✱

#
{
ak|k ≤ N(t)mr + lr, k = mrk

′ + lr, k
′ ∈ N; k + j ∤ pi, ∀(i, j) ✇✐t❤ 0 ≤ j ≤ r − 1, ∀i > r

}

>

t∏

j=1

(pr+j − r)− r
∑

k>r+t

N(t)

pk
− rπ(N(t) + r)

>cN(t)−
1

2
cN(t)− rπ(N(t) + r).

✭✸✳✼✮

❲❤❡♥ t t❡♥❞s t♦ ✐♥✜♥✐t②✱ t❤❡ s❡t # {ak|k ≤ n, ak, ak+1, ..., ak+r−1 = wr} ✐s ♥♦t ❡♠♣t②✳

Pr♦♣♦s✐t✐♦♥ ✸✳✻✳ ▲❡t (an)n∈N ❜❡ ❛ p✲❈▼❆❙✱ ✈❛♥✐s❤✐♥❣ ♦r ♥♦t✱ s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥ C✳

❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛t ♠♦st ♦♥❡ ♣r✐♠❡ ♥✉♠❜❡r k s✉❝❤ t❤❛t ak 6= 1 ♦r 0✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (an)n∈N ❤❛s ✐♥✜♥✐t❡❧② ♠❛♥② ♣r✐♠❡ ❢❛❝t♦rs ♥♦t ❡q✉❛❧ t♦

0 ♦r 1✳ ▲❡t ✉s ❝♦♥s✐❞❡r ✜rst t❤❡ s❡q✉❡♥❝❡ (a′n)n∈N ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

a′n = a n
∏

pi∈Z p
vpi

(n)

i

,

✇❤❡r❡ Z = {p|p ∈ P, ap = 0}❀ ❜❡❝❛✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✸✱ t❤✐s s❡t ✐s ✜♥✐t❡✳

❯s✐♥❣ Pr♦♣♦s✐t✐♦♥s ✸✳✹ ❛♥❞ ✸✳✺✱ t❤❡r❡ ❡①✐sts ❛ s✉❜✇♦r❞ ♦❢ ❧❡♥❣t❤ p2q!✱ s❛②✱ vp2q! ✱ ❛♣♣❡❛r✲

✐♥❣ ✐♥ (a′n)n∈N s✉❝❤ t❤❛t ♥♦♥❡ ♦❢ ✐ts ❧❡tt❡rs ❡q✉❛❧ g = a′p1 = ap1 ✱ ✇❤❡r❡ q ✐s t❤❡ ♥✉♠❜❡r ♦❢

st❛t❡s ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ❣❡♥❡r❛t✐♥❣ (an)n∈N✳ ❚❤❡♥✱ ❜② ❝♦♥str✉❝t✐♦♥✱ t❤❡r❡ ✐s ❛ s✉❜✇♦r❞ ♦❢

t❤❡ s❛♠❡ ❧❡♥❣t❤✱ s❛②✱ wp2q! ✱ ❛♣♣❡❛r✐♥❣ ❛t t❤❡ s❛♠❡ ♣♦s✐t✐♦♥ ♦♥ t❤❡ s❡q✉❡♥❝❡ (an)n∈N s✉❝❤

t❤❛t ♥♦♥❡ ♦❢ ✐ts ❧❡tt❡rs ❡q✉❛❧ g✳ ❊①tr❛❝t✐♥❣ ❛ s✉❜✇♦r❞ w′
pq! ❝♦♥t❛✐♥❡❞ ✐♥ wp2q! ♦❢ t❤❡ ❢♦r♠

aupq!aupq!+2...a(u+1)pq!−1 ❢♦r s♦♠❡ u ∈ N ❛♥❞ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ✇❡ ❤❛✈❡✱ ❢♦r ❡✈❡r② y

s✉❝❤ t❤❛t y ≥ 1 ❛♥❞ ❡✈❡r② m s✉❝❤ t❤❛t 0 ≤ m ≤ pyq! − 1✱ aupyq!+m 6= g✳ ■♥ ♣❛rt✐❝✉❧❛r✱

lim
y→∞

1

pyq!
#
{
as = g|upyq! ≤ s < (u+ 1)pyq! − 1

}
= 0.

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t g ❤❛s ❛ ♥♦♥✲③❡r♦ ♥❛t✉r❛❧ ❞❡♥s✐t② ♣r♦✈❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t t❤❡ s❡q✉❡♥❝❡ (an)n∈N ♠✉st ❤❛✈❡ ✜♥✐t❡❧② ♠❛♥② ♣r✐♠❡

❢❛❝t♦rs✳ ❍♦✇❡✈❡r✱ ❈♦r♦❧❧❛r② ✷ ♦❢ ❬✷✼❪ ♣r♦✈❡s t❤❛t✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ s❡q✉❡♥❝❡ (an)n∈N ❝❛♥

❤❛✈❡ ❛t ♠♦st ♦♥❡ ♣r✐♠❡ k s✉❝❤ t❤❛t ak 6= 1 ♦r 0✳
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✸✳✺ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❈▼❆❙

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ❛ ❈▼❆❙ ✐s ❡✐t❤❡r str♦♥❣❧② ❛♣❡r✐♦❞✐❝ ♦r ❛ ❉✐r✐❝❤❧❡t✲❧✐❦❡

s❡q✉❡♥❝❡✳

❉❡✜♥✐t✐♦♥ ❆ s❡q✉❡♥❝❡ (an)n∈N ✐s s❛✐❞ t♦ ❜❡ ❛♣❡r✐♦❞✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❛♥② ♣❛✐r ♦❢

✐♥t❡❣❡rs (s, r)✱ ✇❡ ❤❛✈❡

lim
N→∞

∑N
i=0 asi+r
N

= 0.

❉❡✜♥✐t✐♦♥ ▲❡t M ❜❡ t❤❡ s❡t ♦❢ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥s✳ ▲❡t D : M×M×

N → [0,∞] ❜❡ ❣✐✈❡♥ ❜②

D(f, g,N)2 =
∑

p∈P∩[N ]

1−Re(f(p)g(p))

p

❛♥❞ M : M×N → [0,∞) ❜❡ ❣✐✈❡♥ ❜②

M(f,N) = min
|t|≤N

D(f, nit, N)2

❆ s❡q✉❡♥❝❡ (an)n∈N ✐s s❛✐❞ t♦ ❜❡ str♦♥❣❧② ❛♣❡r✐♦❞✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M(fχ,N) → ∞ ❛s

N → ∞ ❢♦r ❡✈❡r② ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r χ✳

❉❡✜♥✐t✐♦♥ ❆ s❡q✉❡♥❝❡ (an)n∈N ✐s s❛✐❞ t♦ ❜❡ ✭tr✐✈✐❛❧✮ ❉✐r✐❝❤❧❡t✲❧✐❦❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡

❡①✐sts ❛ ✭tr✐✈✐❛❧✮ ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r X(n)n∈N s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛t ♠♦st ♦♥❡ ♣r✐♠❡

♥✉♠❜❡r p s❛t✐s❢②✐♥❣ ap 6= X(p)✳

Pr♦♣♦s✐t✐♦♥ ✸✳✼✳ ▲❡t (an)n∈N ❜❡ ❛ ❈▼❆❙❀ t❤❡♥✱ ❡✐t❤❡r t❤❡r❡ ❡①✐sts ❛ ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r

(X(n))n∈N s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ (anX(n))n∈N ✐s ❛ tr✐✈✐❛❧ ❉✐r✐❝❤❧❡t✲❧✐❦❡ ❝❤❛r❛❝t❡r ♦r ✐t

✐s str♦♥❣❧② ❛♣❡r✐♦❞✐❝✳

Pr♦♦❢✳ ❋✐rst✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r r s✉❝❤ t❤❛t ap ✐s ❛ r✲t❤ r♦♦t ♦❢ ✉♥✐t②

❢♦r ❛❧❧ ❜✉t ✜♥✐t❡❧② ♠❛♥② ♣r✐♠❡s p ✭s❡❡ ▲❡♠♠❛ ✶ ❬✹✷❪✮✳ ■❢ (an)n∈N ✐s ♥♦t str♦♥❣❧② ❛♣❡r✐♦❞✐❝✱

t❤❡♥ ❜❡❝❛✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶ ✐♥ ❬✷✶❪✱ t❤❡r❡ ❡①✐sts ❛ ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r (X(n))n∈N s✉❝❤

t❤❛t

lim
N→∞

D(a,X,N) <∞ (∗).

❍♦✇❡✈❡r✱ t❤❡ s❡q✉❡♥❝❡ (anX(n))n∈N ✐s ❛❧s♦ ❈▼❆❙ ❛♥❞ s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ C❀ t❤❡ ❧❛st ❢❛❝t ✐s

❢r♦♠ (∗)✳ ❇❡❝❛✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✻✱ (anX(n))n∈N ✐s ❛ tr✐✈✐❛❧ ❉✐r✐❝❤❧❡t✲❧✐❦❡ ❝❤❛r❛❝t❡r✳

Pr♦♣♦s✐t✐♦♥ ✸✳✽✳ ▲❡t (an)n∈N ❜❡ ❛ ❈▼❆❙ ❛♥❞ Xt(n)n∈N ❜❡ ❛ ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r ✭♠♦❞ t✮✳

■❢ t❤❡ s❡q✉❡♥❝❡ (anXt(n))n∈N ✐s t❤❡ tr✐✈✐❛❧ ❉✐r✐❝❤❧❡t✲❧✐❦❡ ❝❤❛r❛❝t❡r ✭♠♦❞ t✮✱ t❤❡♥ (an)n∈N

✐s ❡✐t❤❡r ❛ ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r ✭♠♦❞ t✮ ♦r ❛ ❉✐r✐❝❤❧❡t✲❧✐❦❡ ❝❤❛r❛❝t❡r an = ǫvp(n)X( n
pvp(n) )✱

✇❤❡r❡ p ✐s ❛ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢ t ❛♥❞ ǫ ✐s ❛ r♦♦t ♦❢ ✉♥✐t②✳
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Pr♦♦❢✳ ▲❡t (an)n∈N ❜❡ ❛ ❈▼❆❙ s❛t✐s❢②✐♥❣ t❤❡ ❛❜♦✈❡ ❤②♣♦t❤❡s✐s❀ t❤❡♥✱ ❛❧❧ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r

s✉❝❤ (an)n∈N ❛r❡ t❤❡ s❡q✉❡♥❝❡s ♦❢ t❤❡ ❢♦r♠

an =

m∏

i=1

ǫ
vpi (n)
i X

(
n

∏m
i=1 p

vpi (n)
i

)
,

❢♦r ❡❛❝❤ n✱ ✇❤❡r❡ ǫi ❛r❡ ❛❧❧ ♥♦♥✲③❡r♦ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❛♥❞ pi ❛r❡ ❛❧❧ ♣r✐♠❡ ❢❛❝t♦rs ♦❢ t✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❉✐r✐❝❤❧❡t s❡q✉❡♥❝❡ f(s) ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s❡q✉❡♥❝❡ (an)n∈N✱ ✇❤✐❝❤

❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

f(s) = L(s,Xt)
m∏

i=1

1− 1
psi

1−
api
psi

.

❚❤❡r❡❢♦r❡✱ ❛❧❧ t❤❡ ♣♦❧❡s ♦❢ f(s) ❝❛♥ ❜❡ ❢♦✉♥❞ ♦♥

s =
log api + 2inπ

log pi
,

❢♦r ❛❧❧ i s✉❝❤ t❤❛t 1 ≤ i ≤ m ❛♥❞ n ∈ Z✳

❍♦✇❡✈❡r✱ ✐❢ (an)n∈N ✐s ❛ k✲❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ❢♦r s♦♠❡ ✐♥t❡❣❡r k✱ t❤❡♥ t❤❡ ♣♦❧❡s s❤♦✉❧❞

❜❡ ❧♦❝❛t❡❞ ❛t ♣♦✐♥ts

s =
log λ

log k
+

2imπ

log k
− l + 1,

✇❤❡r❡ λ ✐s ❛♥② ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ ❝❡rt❛✐♥ ♠❛tr✐① ❞❡✜♥❡❞ ❢r♦♠ t❤❡ s❡q✉❡♥❝❡ (χn)n∈N✱ ❛♥❞

m ∈ Z, l ∈ N✱ ❛♥❞ log ✐s ❛ ❜r❛♥❝❤ ♦❢ t❤❡ ❝♦♠♣❧❡① ❧♦❣❛r✐t❤♠ ❬✷❪✳ ❇② ❝♦♠♣❛r✐♥❣ t❤❡ t✇♦

s❡ts ♦❢ ♣♦ss✐❜❧❡ ❧♦❝❛t✐♦♥s ♦❢ ♣♦❧❡s ❢♦r t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡r❡ ✐s ❛t ♠♦st

♦♥❡ api 6= 0✳

✸✳✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤✐s ❛rt✐❝❧❡ ❜② ♣r♦✈✐♥❣ t❤❛t str♦♥❣❧② ❛♣❡r✐♦❞✐❝ ❈▼❆❙ ❞♦❡s ♥♦t

❡①✐st✳ ❚♦ ❞♦ s♦✱ ✇❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜❧♦❝❦ ❝♦♠♣❧❡①✐t② ♦❢ s❡q✉❡♥❝❡s✳

❉❡✜♥✐t✐♦♥ ▲❡t (an)n∈N ❜❡ ❛ s❡q✉❡♥❝❡✳ ❚❤❡ ❜❧♦❝❦ ❝♦♠♣❧❡①✐t② ♦❢ (an)n∈N ✐s ❛ s❡q✉❡♥❝❡✱

✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② (p(k))k∈N✱ s✉❝❤ t❤❛t p(k) ✐s t❤❡ ♥✉♠❜❡r ♦❢ s✉❜✇♦r❞s ♦❢ ❧❡♥❣t❤ k

t❤❛t ♦❝❝✉r ✭❛s ❝♦♥s❡❝✉t✐✈❡ ✈❛❧✉❡s✮ ✐♥ (an)n∈N

Pr♦♣♦s✐t✐♦♥ ✸✳✾✳ ■❢ (an)n∈N ✐s ❛ ❈▼❆❙✱ t❤❡♥ ✐t ✐s ♥♦t str♦♥❣❧② ❛♣❡r✐♦❞✐❝✳

Pr♦♦❢✳ ❋r♦♠ ❚❤❡♦r❡♠ ✷ ✐♥ ✭❬✷✷❪✮ ❛♥❞ t❤❡ r❡♠❛r❦ ❢♦❧❧♦✇✐♥❣ t❤✐s t❤❡♦r❡♠✱ t❤❡ ❜❧♦❝❦ ❝♦♠✲

♣❧❡①✐t② ♦❢ t❤❡ s❡q✉❡♥❝❡ (an)n∈N s❤♦✉❧❞ s❛t✐s❢② t❤❡ ♣r♦♣❡rt② t❤❛t limn→∞
p(n)
n = ∞✱ ✇❤✐❝❤

❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t t❤❡ ❜❧♦❝❦ ❝♦♠♣❧❡①✐t② ♦❢ ❛♥ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡ ✐s ❜♦✉♥❞❡❞ ❜② ❛

❧✐♥❡❛r ❢✉♥❝t✐♦♥ ❬✶✸❪✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ str♦♥❣❧② ❛♣❡r✐♦❞✐❝ ❈▼❆❙ ✐s ♣r♦✈❡❞✳
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❚❤❡♦r❡♠ ✸✳✶✳ ▲❡t (an)n∈N ❜❡ ❛ ❈▼❆❙❀ t❤❡♥✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

✲❡✐t❤❡r t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ♣r✐♠❡ p s✉❝❤ t❤❛t ap 6= 0 ❛♥❞ aq = 0 ❢♦r ❛❧❧ ♦t❤❡r ♣r✐♠❡s q

✲♦r an = ǫvp(n)X( n
pvp(n) )✱ ✇❤❡r❡ (X(n))n∈N ✐s ❛ ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r✳

✸✳✼ ❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❲❡ ❢♦✉♥❞ s♦♠❡ r❡s✉❧ts ✐♥ t❤❡ r❡❝❡♥t ❧✐t❡r❛t✉r❡ ♦♥ s✐♠✐❧❛r t♦♣✐❝s t❤❛t ❤❛✈❡ ❛♣♣❧✐❝❛t✐♦♥s

t♦ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❈▼❆❙✳ ■♥ ❬✸✵❪✱ t❤❡ ❛✉t❤♦rs ♣r♦✈❡❞ t❤❛t ❛❧❧ ❝♦♥t✐♥✉♦✉s ♦❜s❡r✈❛❜❧❡s

✐♥ ❛ s✉❜st✐t✉t✐♦♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠ (Xθ, S) ❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ ❛♥② ❜♦✉♥❞❡❞✱ ❛♣❡r✐♦❞✐❝✱

♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥✱ ✇❤❡r❡ θ r❡♣r❡s❡♥ts ❛ ♣r✐♠✐t✐✈❡ ✉♥✐❢♦r♠ s✉❜st✐t✉t✐♦♥ ❛♥❞ S ✐s t❤❡

s❤✐❢t ♦♣❡r❛t♦r✳ ❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥✱ ❛❧❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛♥❞ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ♣r♦❞✉❝❡❞

❜② ♣r✐♠✐t✐✈❡ ❛✉t♦♠❛t❛ ❛r❡ ❲❡②❧ r❛t✐♦♥❛❧❧② ❛❧♠♦st ♣❡r✐♦❞✐❝✳ ❲❡ r❡♠❛r❦ t❤❛t ❛ s❡q✉❡♥❝❡

(bn)n∈N ✐s ❝❛❧❧❡❞ ❲❡②❧ r❛t✐♦♥❛❧❧② ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐❢ ✐t ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ♣❡r✐♦❞✐❝

s❡q✉❡♥❝❡s ✐♥ s❛♠❡ ❛❧♣❤❛❜❡t ✐♥ t❤❡ ♣s❡✉❞♦✲♠❡tr✐❝

dW (a, b) = lim sup
N→∞

sup
l≥1

1

N
| {l ≤ n < l +N : a(n) 6= b(n)} |.

❚❤✐s r❡s✉❧t ❝♦✉❧❞ ♣r♦❜❛❜❧② ❜❡ ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ ♥♦♥✲♣r✐♠✐t✐✈❡ ❝❛s❡✳

■♥ ❬✷✾❪✱ t❤❡ ❛✉t❤♦rs ❝♦♥s✐❞❡r❡❞ ❣❡♥❡r❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥

lim infN→∞ |bn+1 − bn| > 0✳ ❚❤❡② ♣r♦✈❡❞ t❤❛t ✐❢ (bn)n∈N ✐s ❛ ❝♦♠♣❧❡t❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡

s❡q✉❡♥❝❡✱ t❤❡♥ ♠♦st ♣r✐♠❡s✱ ❛t ❛ ✜①❡❞ ♣♦✇❡r✱ ❣✐✈❡ t❤❡ s❛♠❡ ✈❛❧✉❡s ❛s ❛ ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r✳
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❈❤❛♣t❡r ✹

❆✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s ❞❡✜♥❡❞ ❜②

❚❤❡t❛ ❢✉♥❝t✐♦♥s ❛♥❞ s♦♠❡ ✐♥✜♥✐t❡

♣r♦❞✉❝ts

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t p(x) ∈ C(x) ❜❡ ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ p(0) = 1 ❛♥❞ q ❛♥ ✐♥t❡❣❡r

❧❛r❣❡r t❤❛♥ 1✱ ✐♥ t❤✐s ❛rt✐❝❧❡ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ ♣♦✇❡r s❡r✐❡s ♦❢ t❤❡ ✐♥✜♥✐t❡

♣r♦❞✉❝t

f(x) =
∞∏

s=0

p(xq
s

) =
∞∑

i=0

cix
i,

❛♥❞ st✉❞② ✇❤❡♥ t❤❡ s❡q✉❡♥❝❡ (ci)i∈N ✐s q✲❛✉t♦♠❛t✐❝✳ ❚❤✐s t♦♣✐❝ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❜② ♠❛♥②

❛✉t❤♦rs✱ s✉❝❤ ❛s ❬✶✼❪✱ ❬✶✻❪ ❛♥❞ ❬✶✶❪ ✱ ✉s✐♥❣ ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤✱ ❤❡r❡ ✇❡ ✇❛♥t t♦ r❡✈✐❡✇ t❤✐s

t♦♣✐❝ ❜② ❛ ❜❛s✐❝ ❛❧❣❡❜r❛✐❝ ❛♣♣r♦❛❝❤✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ✐s t❤❛t ❢♦r ❣✐✈❡♥ ✐♥t❡❣❡rs q ≥ 2 ❛♥❞ d ≥ 0✱ t❤❡r❡ ❡①✐st ✜♥✐t❡❧② ♠❛♥②

♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ❞ ❞❡✜♥❡❞ ♦✈❡r t❤❡ ✜❡❧❞ ♦❢ r❛t✐♦♥❛❧ ♥✉♠❜❡rs Q✱ s✉❝❤ t❤❛t f(x) =
∏∞
s=0 p(x

qs) =
∑∞

i=0 cix
i ✐s ❛ q✲❛✉t♦♠❛t✐❝ ♣♦✇❡r s❡r✐❡s✳

✹✳✷ ❉❡✜♥✐t✐♦♥s ❛♥❞ ❣❡♥❡r❛❧✐t②

❉❡✜♥✐t✐♦♥ ▲❡t (an)n∈N ❜❡ ❛ s❡q✉❡♥❝❡✱ ✇❡ s❛② ✐t ✐s q✲❛✉t♦♠❛t✐❝ ✐❢ t❤❡ s❡t

Ker((ai)i∈N) =
{
(aqln+b)n∈N|l ∈ N, 0 ≤ b < ql

}

✐s ✜♥✐t❡✳ ❚❤✐s s❡t ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ q✲❦❡r♥❡❧ ♦❢ (an)n∈N✳

✺✺
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❋♦r ❡✈❡r② ❝♦✉♣❧❡ ♦❢ ✐♥t❡❣❡rs (l, b) s❛t✐s❢②✐♥❣ l ∈ N, 0 ≤ b < ql✱ ❧❡t ✉s ❞❡✜♥❡ ❛ r❡❧❛t✐♦♥

Rl,b ♦✈❡r t❤❡ s❡q✉❡♥❝❡ s♣❛❝❡✿ ✇❡ s❛② Rl,b((an)n∈N, (bn)n∈N) ✐❢ ❛♥❞ ♦♥❧② ✐❢

∀n ∈ Z, bn = aqln+b.

❉❡✜♥✐t✐♦♥ ▲❡t
∑∞

i=0 aix
i ❜❡ ❛ ♣♦✇❡r s❡r✐❡s✱ ✇❡ s❛② ✐t ✐s q✲❛✉t♦♠❛t✐❝ ✐❢ t❤❡ s❡q✉❡♥❝❡ ♦❢

❝♦❡✣❝✐❡♥ts (an)n∈N ✐s q✲❛✉t♦♠❛t✐❝✳

❙✐♠✐❧❛r❧② ✇❡ ❞❡✜♥❡ ♦♣❡r❛t♦rs Ol,b ♦✈❡r t❤❡ s♣❛❝❡ ♦❢ ♣♦✇❡r s❡r✐❡s✿

Ol,b(

∞∑

n=0

anx
n) =

∞∑

n=0

aqln+bx
n.

◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ❞❡t❛✐❧❡❞ ✈❡rs✐♦♥ ♦❢ ❛ ✇❡❧❧✲❦♥♦✇♥ t❤❡♦r❡♠✱ s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❬✹❪✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❧❡t f ∈ F ((x)) ❜❡ ❛ k✲❛✉t♦♠❛t✐❝ ♣♦✇❡r s❡r✐❡s✱ t❤❡♥ t❤❡r❡ ❡①✐st ♣♦❧②♥♦✲

♠✐❛❧s a0(x), a1(x), ..., am(x) ∈ F [x] ✇✐t❤ a0(x)am(x) 6= 0 s✉❝❤ t❤❛t

m∑

i=0

ai(x)f(x
ki) = 0.

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ a0(x), a1(x), ..., ax(t) ❞❡♣❡♥❞ ♦♥❧② ♦♥ Rl,b r❡❧❛t✐♦♥s ♦✈❡r t❤❡

q✲❦❡r♥❡❧ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ f ✳

Pr♦♦❢✳ ▲❡t B ❞❡♥♦t❡ t❤❡ k✲❦❡r♥❡❧ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝♦❡✣❝✐❡♥ts ♦❢ f ✱ ❛♥❞ N ❞❡♥♦t❡ t❤❡

❝❛r❞✐♥❛❧ ♦❢ B✳ ❲❡ ❝❛♥ t❤❡♥ ❛ss♦❝✐❛t❡ ❡❛❝❤ ❡❧❡♠❡♥t ✐♥ B ✇✐t❤ ❛ ♣♦✇❡r s❡r✐❡s ❜②

(an)n∈N →
∞∑

n=0

anx
n.

▲❡t B′ ❞❡♥♦t❡ t❤❡ ✐♠❛❣❡ ♦❢ B ❜② t❤❡ ♣r❡✈✐♦✉s ♠❛♣✳ ❋♦r ❡❛❝❤ ♣♦✇❡r s❡r✐❡s ✐♥ B′✱ ✇❡

❤❛✈❡

∞∑

i=0

aix
i =

k−1∑

i=0

xi(
∞∑

j=0

akj+ix
kj).

❘❡♠❛r❦✐♥❣ t❤❛t ✐❢ t❤❡ s❡q✉❡♥❝❡ (an)n∈N ✐s ✐♥ B✱ t❤❡♥ (akn+j)n∈N ✐s ❛❧s♦ ✐♥ B✱ ❢♦r

j = 0, 1, ..., k − 1✳ ■❢ ✇❡ ✇r✐t❡

∞∑

i=0

aix
i =

∑

(bn)n∈N∈B′

cb

∞∑

i=0

bix
ki,

❚❤❡♥

cb =




xi, ✐❢ R1,i((an)n∈N, (bn)n∈N)

0, ♦t❤❡r✇✐s❡✳
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P❛rt✐❝✉❧❛r❧②✱ ✇❡ ❝❛♥ ❞♦ t❤❡ s❛♠❡ t❤✐♥❣ ❢♦r f(x), f(xk), ..., f(xk
N
)✿





f(x) =
∑

(bn)n∈N∈B c
1
b

∑∞
i=0 bix

kN+1i,

f(xk) =
∑

(bn)n∈N∈B c
2
b

∑∞
i=0 bix

kN+1i,

...

f(xk
N
) =

∑
(bn)n∈N∈B c

N
b

∑∞
i=0 bix

kN+1i;

✇✐t❤ cjb ❞❡✜♥❡❞ ♦♥❧② ❜② Rl,b r❡❧❛t✐♦♥s✳ ❇✉t ❛s t❤❡ ❝❛r❞✐♥❛❧ ♦❢ B′ ✐s N ✱ t❤❡ ❧✐♥❡❛r ❢♦r♠s ❛t

t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❛❜♦✈❡ ❡q✉❛❧✐t✐❡s ❛r❡ ❧✐♥❡❛r❧② ❞❡♣❡♥❞❡♥t✳ ❆s ❛ r❡s✉❧t✱ ✐❢ ✇❡ ♥❡❣❧❡❝t

t❤❡ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts ✐♥ B′✱ ✇❡ ❝❛♥ ❤❛✈❡ ❛ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥

f(x), f(xk), ..., f(xk
N
) s✉❝❤ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞ ♦♥❧② ♦♥ cjb✳ ❙♦ t❤❡s❡ ❝♦❡✣❝✐❡♥ts

❞❡♣❡♥❞ ♦♥❧② ♦♥ Rl,b r❡❧❛t✐♦♥s✳

❍❡r❡ ✇❡ ♠❛❦❡ t❤✐s ♣r♦♣♦s✐t✐♦♥ ♣r❡❝✐s❡ ❜② s♦♠❡ ❡①❛♠♣❧❡s✿

❊①❛♠♣❧❡ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡

a, b, a, b, a, b, a, b...

✇❤✐❝❤ ✐s 2✲❛✉t♦♠❛t✐❝✳

◆♦✇ ❧❡t ✉s ✇r✐t❡ ❞♦✇♥ t❤❡ ❛ss♦❝✐❛t❡❞ ♣♦✇❡r s❡q✉❡♥❝❡ F (x) = a+ bx+ ax2 + bx3 + ...

❛♥❞ t✇♦ ♦t❤❡r s❡q✉❡♥❝❡s A(x) = a+ ax+ ax2 + ax3...✱ B(x) = b+ bx+ bx2 + bx3... ✇✐t❤

❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✳

❙♦

F (x) = A(x2) + xB(x2)

A(x) = (1 + x)A(x2)

B(x) = (1 + x)B(x2)

s♦ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡♣❡♥❞❡♥❝❡✿

F (x) = (1 + x2)(1 + x4)A(x8) + x(1 + x2)(1 + x4)B(x8)

F (x2) = (1 + x4)A(x8) + x2(1 + x4)B(x8)

F (x4) = A(x8) + x4B(x8)

F (x) s❛t✐s✜❡s t❤❡ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥

(x8−x6+x4−x2)((1+x2)F (x2)−F (x)) = (x4−x3+x2−x)(1+x4)((1+x4)F (x4)−F (x2))

❚❤✐s ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ a ❛♥❞ b✳
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❊①❛♠♣❧❡ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡

a, b, b, a, b, a, a, b, b, a, a, b, a, b, b, a...

✇❤✐❝❤ ✐s 2✲❛✉t♦♠❛t✐❝✳

◆♦✇ ❧❡t ✉s ✇r✐t❡ ❞♦✇♥ t❤❡ ❛ss♦❝✐❛t❡❞ ♣♦✇❡r s❡q✉❡♥❝❡ F (x) = a+ bx+ bx2 + ax3 + ...

❛♥❞ ❛♥♦t❤❡r s❡q✉❡♥❝❡ G(x) = b+ ax+ ax2 + bx3...✱ ❜② ❝❤❛♥❣✐♥❣ a t♦ b ❛♥❞ b t♦ a✿

❙♦

F (x) = F (x2) + xG(x2)

❛♥❞

G(x) = G(x2) + xF (x2)

s♦ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡♣❡♥❞❡♥❝❡✿

G(x2) = G(x4) + x2F (x4)

x2G(x4) = F (x2)− F (x4)

x2G(x2) = x2G(x4) + x4F (x4)

F (x) s❛t✐s✜❡s t❤❡ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥

(x4 − 1)F (x4) + (1 + x)F (x2)− xF (x) = 0

❚❤✐s ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ a ❛♥❞ b✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❋♦r ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ F :
∑m

s=0 as(t)f(t
ks) = 0✱ t❤❡r❡ ❡①✐st

✜♥✐t❡❧② ♠❛♥② ♣♦❧②♥♦♠✐❛❧s p1, p2, ..., pr ✇✐t❤ pi(0) = 1, ∀i ∈ [0, r]✱ s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞

t❤❡t❛ ❢✉♥❝t✐♦♥s Gr(x) =
∏∞
s=0 pr(x

qs) s❛t✐s❢②✐♥❣ ❡q✉❛t✐♦♥ F ✳

Pr♦♦❢✳ ■❢ p(x) ✐s ❛ s✉❝❤ ♣♦❧②♥♦♠✐❛❧ s❛t✐s❢②✐♥❣ p(0) = 1✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② G(x) t❤❡ ❛ss♦❝✐✲

❛t❡❞ ♣♦✇❡r s❡r✐❡s✳ ❇② ❤②♣♦t❤❡s✐s✱ ✐t s❛t✐s✜❡s t❤❡ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ F ✿

m∑

s=0

as(x)G(x
qs) = 0.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♣♦✇❡r s❡r✐❡s G s❛t✐s✜❡s ❛♥♦t❤❡r ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥✿

G(x) = p(x)G(xq).

P❧✉❣❣✐♥❣ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐♥t♦ t❤❡ ✜rst ♦♥❡✱ ✇❡ ❣❡t

m∑

s=0

as(x)

m∏

r=s

p(xq
m−r

) = 0.
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❆♥ ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t ❛❧❧ t❡r♠s ✐♥ t❤❡ s✉♠ ❝♦♥t❛✐♥ ❛ ❢❛❝t♦r p(xq
m−1

) ❡①❝❡♣t t❤❡ ❧❛st ♦♥❡✳

❙♦ ✇❡ ❤❛✈❡

p(xq
m−1

)|am(x)

✇✐t❤ p(0) = 1✱ s♦ t❤❡r❡ ❛r❡ ✜♥✐t❡❧② ♠❛♥② ❝❤♦✐❝❡s ❢♦r p(x)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳ ❋♦r ❛ ✜①❡❞ ♥✉♠❜❡r k✱ t❤❡r❡ ❛r❡ ✜♥✐t❡❧② ♠❛♥② ♣♦❧②♥♦♠✐❛❧s p1, p2, ..., pr
s✉❝❤ t❤❛t t❤❡ t❤❡t❛ ❢✉♥❝t✐♦♥s Gj(x) =

∏∞
s=0 pj(x

qs) ❛r❡ q✲❛✉t♦♠❛t✐❝ ❛♥❞ t❤❡ s✐③❡s ♦❢ t❤❡✐r

q✲❦❡r♥❡❧s ❛r❡ ❜♦✉♥❞❡❞ ❜② k✳

Pr♦♦❢✳ ❋✐①✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ q✲❦❡r♥❡❧✱ ✇❡ ✜① t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ Rl,b r❡❧❛t✐♦♥s✱

s♦ t❤❡ ♣♦ss✐❜❧❡ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥s✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳

✹✳✸ ■♥✜♥✐t❡ ♣r♦❞✉❝t ♦❢ ♣♦❧②♥♦♠✐❛❧s

▲❡t p =
∑n

i=1 aix
i ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ C ❛♥❞ q ❜❡ ❛♥ ✐♥t❡❣❡r ❧❛r❣❡r t❤❛♥

1✳ ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦✇❡r s❡r✐❡s

f(x) =
∞∏

s=0

p(xq
s

)

❢♦r♠ ❛ q✲r❡❣✉❧❛r s❡q✉❡♥❝❡ ❬✶✼❪✱ ❤❡r❡ ✇❡ ✇❛♥t t♦ st✉❞② ✇❤❡♥ t❤✐s s❡q✉❡♥❝❡ ✐s q✲❛✉t♦♠❛t✐❝✳

❋✐rst❧②✱ ❧❡t ✉s s✉♣♣♦s❡ t❤❛t t❤❡ ❞❡❣r❡❡ ♦❢ p✱ ♥♦t❡❞ deg(p)✱ s❛t✐s✜❡s qk−1 < deg(p) ≤ qk

❢♦r s♦♠❡ k ∈ N ❛♥❞ ✇r✐t❡

f(x) =
∞∏

s=0

p(xq
s

) =
∞∑

i=1

cix
i.

❚❤❡♥ t❤❡ ❝♦❡✣❝✐❡♥ts ci s❛t✐s❢② ❛ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥✿

cnq+r =
∑

0≤j≤qk)
j≡r (mod q)

ajcn+ r−j
q ✭✹✳✶✮

❢♦r ❛❧❧ r s✉❝❤ t❤❛t 0 ≤ r ≤ q − 1 ❛♥❞ cn = 0 ❢♦r ❛❧❧ ♥❡❣❛t✐✈❡ ✐♥❞✐❝❡s✳

▲❡♠♠❛ ✹✳✶✳ ❚❤❡ s❡q✉❡♥❝❡s (cqn+i−j)n∈N✱ ❢♦r ❛❧❧ i ❛♥❞ j s✉❝❤ t❤❛t 0 ≤ i ≤ q− 1 ❛♥❞ 0 ≤

j ≤ 2qk✱ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ s❡q✉❡♥❝❡s
{
(cn−i)n∈N|0 ≤ i < 2qk

}
✳

Pr♦♦❢✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

cnq+i−j =
∑

0≤s≤qk

s≡i−j (mod q)

ascn+ i−j−s
q
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❢♦r ❛❧❧ n, i, j ❞❡✜♥❡❞ ❛s ❛❜♦✈❡✳ ◆♦✇ ❧❡t ✉s ❝❤❡❝❦ t❤❛t ❛❧❧ s❡q✉❡♥❝❡s ❛♣♣❡❛r✐♥❣ ♦♥ t❤❡

r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡s❡ ❡q✉❛❧✐t✐❡s ❛r❡ ✐♥ t❤❡ s❡t ❞❡✜♥❡❞ ✐♥ t❤❡ st❛t❡♠❡♥t✳ ■t ✐s ❡♥♦✉❣❤ t♦

❝❛❧❝✉❧❛t❡ t❤❡ s❤✐❢t✐♥❣ ✐♥❞✐❝❡s ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞s ❛s ❢♦❧❧♦✇s✱

−2qk < −3qk−1 ≤
i− j − s

q
≤ 0

✇❤✐❝❤ ♣r♦✈❡s t❤❡ st❛t❡♠❡♥t✳

❊①❛♠♣❧❡ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ p(x) = 1 + x + x2 + x3 + x4 ❛♥❞ q = 2✱ t❤❡

s❡q✉❡♥❝❡ ♦❢ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦✇❡r s❡r✐❡s F (x) =
∏∞
s=0 p(x

qs) ✐s ❞❡♥♦t❡❞ ❜② (cn)n∈N✱ s♦

✇❡ ❤❛✈❡

p(x) = (1 + x+ x2 + x3 + x4)F (x2)

❢r♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ❞❡❞✉❝❡

c2n = cn + cn−1 + cn−2,

c2n+1 = cn + cn−1.

❯s✐♥❣ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛✱ ✇❡ ❣❡t




c2n

c2n−1

c2n−2

c2n−3

c2n−4

c2n−5

c2n−6

c2n−7

c2n−8




=




1 1 1 0 0 0 0 0 0

0 1 1 0 0 0 0 0 0

0 1 1 1 0 0 0 0 0

0 0 1 1 0 0 0 0 0

0 0 1 1 1 0 0 0 0

0 0 0 1 1 0 0 0 0

0 0 0 1 1 1 0 0 0

0 0 0 0 1 1 0 0 0

0 0 0 0 1 1 1 0 0







cn

cn−1

cn−2

cn−3

cn−4

cn−5

cn−6

cn−7

cn−8




❛♥❞




c2n+1

c2n

c2n−1

c2n−2

c2n−3

c2n−4

c2n−5

c2n−6

c2n−7




=




1 1 0 0 0 0 0 0 0

1 1 1 0 0 0 0 0 0

0 1 1 0 0 0 0 0 0

0 1 1 1 0 0 0 0 0

0 0 1 1 0 0 0 0 0

0 0 1 1 1 0 0 0 0

0 0 0 1 1 0 0 0 0

0 0 0 1 1 1 0 0 0

0 0 0 0 1 1 0 0 0







cn

cn−1

cn−2

cn−3

cn−4

cn−5

cn−6

cn−7

cn−8




❇❡❝❛✉s❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❢❛❝t✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ s♦♠❡ tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s✿ ❢♦r ❛❧❧ ✐♥t❡❣❡rs r
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s✉❝❤ t❤❛t 0 ≤ r ≤ q − 1 ❧❡t ✉s ❞❡✜♥❡ Γr ❛s ❛ sq✉❛r❡ ♠❛tr✐① ♦❢ s✐③❡ 2qk + 1 s❛t✐s❢②✐♥❣

Γr




cn

cn−1

...

cn−2qk




=




cqn+r

cqn+r−1

...

cqn+r−2qk




❢♦r ❛❧❧ n ∈ N✳

▲❡t ✉s ❞❡♥♦t❡ ❜② G t❤❡ s❡♠✐✲❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② ❛❧❧ Γr ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳ a ∈ {cn|n ∈ N} ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ♠❛tr✐① g ∈ G s✉❝❤ t❤❛t a ✐s

t❤❡ ✜rst ❡❧❡♠❡♥t ✐♥ t❤❡ ✜rst r♦✇ ♦❢ t❤❡ ♠❛tr✐① g✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ a = g(1, 1)✳ ❋✉rt❤❡r♠♦r❡✱

(cn)n∈N ✐s ❛✉t♦♠❛t✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ✐s ❛ ✜♥✐t❡ s❡♠✐✲❣r♦✉♣✳

Pr♦♦❢✳ ❚❤❡ ✜rst ♣❛rt ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s tr✐✈✐❛❧✱ ❢♦r ❛♥② r ∈ N✱ ❧❡t ✉s ❝♦♥s✐❞❡r ✐ts q✲❛r②

❡①♣❛♥s✐♦♥ r = sk1sk1−1...s0✳ ❯s✐♥❣ ▲❡♠♠❛ ✹✳✶✱ ✇❡ ❤❛✈❡




cr

cr−1

...

cr−2qk




= Γsk1Γsk1−1
..Γs0




1

0

...

0



,

✇❤✐❝❤ ♣r♦✈❡s t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ st❛t❡♠❡♥t✳

❋♦r t❤❡ s❡❝♦♥❞ ♣❛rt✱ ❧❡t ✉s ❞❡✜♥❡ ♠❛♣s γr ❢♦r ❛❧❧ ✐♥t❡❣❡rs r ❜② γr(n) = q(q(...q(q(n) +

s0)...) + sk1−1) + sk1 ❢♦r ❛❧❧ n ∈ N ✐❢ r = sk1sk1−1...s0✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ❡q✉❛❧✐t② ❢♦r ❛❧❧ r✿




cγr(0) cγr(1) ... cγr(2qk)

cγr(0)−1 cγr(1)−1 ... cγr(2qk)−2qk

...

cγr(0)−2qk cγr(1)−2qk ... cγr(2qk)−2qk




= Γsk1Γsk1−1
..Γs0




a0 a1 ... a2qk

0 a0 ... a2qk−1

...

0 0 ... a0



.

❇✉t t❤❡ t❤❡ ❧❛st ♠❛tr✐① ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t② ✐s ❝♦♥st❛♥t ❛♥❞ ✐♥✈❡rt✐❜❧❡✱ s♦ ❡❛❝❤ ❡❧❡♠❡♥t

♦❢ ❛ ♠❛tr✐① g ∈ G ✐s ❛ ✜♥✐t❡ ❧✐♥❡❛r ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❡❧❡♠❡♥ts ✐♥ t❤❡ s❡q✉❡♥❝❡ (cn)n∈N✱ s♦

t❤❡ ✜♥✐t❡♥❡ss ♦❢ ❡❧❡♠❡♥ts ✐♥ (cn)n∈N ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✜♥✐t❡♥❡ss ♦❢ ❡❧❡♠❡♥ts ✐♥ G✳ ❆♥❞

✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t (cn)n∈N ✐s ❛♥ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ st❛t❡♠❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✹✳✺✳ ❋♦r ❣✐✈❡♥ ✐♥t❡❣❡rs q ≥ 2 ❛♥❞ d ≥ 0✱ t❤❡r❡ ❡①✐st ✜♥✐t❡❧② ♠❛♥② ♣♦❧②♥♦♠✐❛❧s

♦❢ ❞❡❣r❡❡ d ❞❡✜♥❡❞ ♦✈❡r t❤❡ ✜❡❧❞ ♦❢ r❛t✐♦♥❛❧ ♥✉♠❜❡rs Q✱ s✉❝❤ t❤❛t
∏∞
s=0 p(x

qs) =
∑∞

i=1 cix
i

✐s ❛ q✲❛✉t♦♠❛t✐❝ ♣♦✇❡r s❡r✐❡s✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (cn)n∈N ❣❡♥❡r❛t❡❞ ❜②
∏∞
s=0 p(x

qs) =
∑∞

i=1 cix
i ✐s ❛✉t♦✲

♠❛t✐❝✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ♠❛tr✐❝❡s (Γn)n∈N✱ s✉❝❤ t❤❛t Γi ❛r❡ ❞❡✜♥❡❞ ❛s ❛❜♦✈❡
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❢♦r i = 0, 1, .., q − 1 ❛♥❞ Γqi+j = ΓiΓj ❢♦r ❛❧❧ i ≥ 1 ❛♥❞ j = 0, 1, ..., q − 1✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤✐s ♠❛tr✐① s❡q✉❡♥❝❡ ✐s ❛✉t♦♠❛t✐❝ ❜❡❝❛✉s❡ G ✐s ✜♥✐t❡✳ ❆♥❞ ❛❧s♦ t❤❡

❛✉t♦♠❛t❛ ♦❢ t❤✐s ♠❛tr✐① s❡q✉❡♥❝❡ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ♦❢ (cn)n∈N✱ ❜❡❝❛✉s❡ cn ✐s ❡①❛❝t❧②

t❤❡ ❡❧❡♠❡♥t ❛t t❤❡ ♣♦s✐t✐♦♥ (1, 1) ♦❢ t❤❡ ♠❛tr✐① Γn✳ ❚♦ ❝♦♥❝❧✉❞❡ t❤❡ st❛t❡♠❡♥t✱ ✇❡ ❤❛✈❡

t♦ ♣r♦✈❡ t✇♦ t❤✐♥❣s✿ ✜rst❧② t❤❡ ♥✉♠❜❡r ♦❢ ❛✉t♦♠❛t❛ ❣❡♥❡r❛t✐♥❣ t❤❡ s❡q✉❡♥❝❡s (Γn)n∈N ✐s

✜♥✐t❡✱ s❡❝♦♥❞❧②✱ t❤❡ ♦✉t♣✉t ❢✉♥❝t✐♦♥s ❢♦r ❡❛❝❤ ❛✉t♦♠❛t♦♥ ❛r❡ ❛❧s♦ ✜♥✐t❡✳

❋♦r t❤❡ ✜rst ♣♦✐♥t✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t |G| ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞✐♥❣

♦♥❧② ♦♥ d ❛♥❞ q✱ ✇❤✐❝❤ ✐s ♣r♦✈❡❞ ❜② ❚❤❡♦r❡♠ ✶✳✸ ♦❢ ❬✸✸❪✳ ■t s❛②s t❤❛t ❣✐✈❡♥ ♥❛t✉r❛❧s n ❛♥❞

k✱ t❤❡r❡ ❡①✐st✱ ✉♣ t♦ s❡♠✐✲❣r♦✉♣ ✐s♦♠♦r♣❤✐s♠✱ ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✜♥✐t❡ s✉❜✲s❡♠✐✲❣r♦✉♣s

♦❢ Mn(F ) ❣❡♥❡r❛t❡❞ ❜② ❛t ♠♦st k ❡❧❡♠❡♥ts✳

❋♦r t❤❡ s❡❝♦♥❞ ♣♦✐♥t✱ ✐t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳

Pr♦♣♦s✐t✐♦♥ ✹✳✻✳ ▲❡t f ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ s❛t✐s❢②✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✺✱ t❤❡♥

❛❧❧ ✐ts ❝♦❡✣❝✐❡♥ts ❜❡❧♦♥❣ t♦ Z✳

Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② d t❤❡ ❞❡❣r❡❡ ♦❢ f ❛♥❞ ✇r✐t❡ ❞♦✇♥ ❛❧❧ ❝♦❡✣❝✐❡♥ts ♦❢ f ✐♥ t❤❡ ❢♦r♠

ai =
pi
qi

s✉❝❤ t❤❛t (pi, qi) = 1✱ ❛♥❞ s✐♠✐❧❛r❧② ❢♦r ❛❧❧ ❝♦❡✣❝✐❡♥t ♦❢ F ✱ ❧❡t ✉s ✇r✐t❡ ❞♦✇♥ ci =
ri
ti

✇✐t❤ (ri, ti) = 1✳ ■❢ t❤❡r❡ ❛r❡ s♦♠❡ ❝♦❡✣❝✐❡♥ts ♦❢ f ✇❤✐❝❤ ❛r❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ❜✉t ♥♦t

✐♥t❡❣❡rs✱ t❤❡♥ t❤❡r❡ ❡①✐st ❛ ♣r✐♠❡ p ❛♥❞ t✇♦ ✐♥t❡❣❡rs d1 ❛♥❞ d2 s❛t✐s❢②✐♥❣ ✿

d1 = max
{
t|t ∈ N, ∃qi, p

t|qi
}

❛♥❞

d2 = max
{
t|t ∈ N, ∃ti, p

t|ti
}

✇✐t❤ d1 > 0, d2 > 0✳ ■♥ ❢❛❝t✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❡①✐sts ai =
pi
qi

✇✐t❤ qi 6= 1✳

❙♦ t❤❡r❡ ❡①✐sts ❛ ♣r✐♠❡ p s✉❝❤ t❤❛t p|qi✱ t❤✉s d1 6= 0✳ ▲❡t ✉s s✉♣♣♦s❡ aj =
pj
qj

✇✐t❤ t❤❡

s♠❛❧❧❡st ✐♥❞❡① s✉❝❤ t❤❛t pd1 |qj ✳ ◆♦✇ ❧❡t ✉s ❝❤❡❝❦

cj = aj +
∑

qk+s=j,k>0

akcs.

■❢ cj =
rj
tj

✇✐t❤ p|tj t❤❡♥ d2 ≥ 1❀ ♦t❤❡r✇✐s❡✱ t❤❡r❡ ❛r❡ s♦♠❡ ak, cj s✉❝❤ t❤❛t pd1 |qktj ✱ ❜✉t

✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ s♠❛❧❧❡st ✐♥❞❡①✱ pd1 ∤ qk✱ s♦ p|tj t❤✉s d2 ≥ 1✳

▲❡t l1 ❜❡ t❤❡ s♠❛❧❧❡st ✐♥❞❡① s✉❝❤ t❤❛t pd1 |ql1 ❛♥❞ s✐♠✐❧❛r❧② ❧❡t l2 ❜❡ t❤❡ s♠❛❧❧❡st ✐♥❞❡①

s✉❝❤ t❤❛t pd2 |sl2 ✳ ◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝♦❡✣❝✐❡♥t cl2q+l1 ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s

cl2q+l1 =
∑

0≤i≤d,qj+i=l2q+l1

aicj .

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉♠ ❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ❢♦r ❛♥② ❝♦✉♣❧❡ ♦❢ (ai, cj)✱ ✐❢ i < t1✱ t❤❡♥

pd1 ∤ qi✱ t❤❡ ♠❛①✐♠❛❧✐t② ♦❢ d2 ❧❡❛❞s t♦ pd1+d2 ∤ qitj ❀ s✐♠✐❧❛r❧②✱ ✐❢ i > t1✱ t❤❡♥ j < t2 t❤✉s
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pd2 ∤ tj ✱ s♦ t❤❛t pd1+d2 ∤ qitj ❀ ❜✉t ✐❢ i = t1✱ t❤❡♥ j = t2✱ s♦ pd1 |qi ❛♥❞ pd2 |ti✳ ❆s ❛ r❡s✉❧t✱

pd1+d2 |ct2q+t1 ✱ ❝♦♥tr❛❞✐❝ts t❤❡ ♠❛①✐♠❛❧✐t② ♦❢ d2✳

✹✳✹ ❘❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② ✐♥✜♥✐t❡ ♣r♦❞✉❝ts

❍❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✿ ❢♦r ❛ ❣✐✈❡♥ ♣♦❧②♥♦♠✐❛❧ p ❛♥❞ ❛♥ ✐♥t❡❣❡r q✱ ✇❤❡♥

❞♦❡s F (x) =
∏∞
s=0 p(x

qs) ❡q✉❛❧ ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥✳ ❚❤✐s q✉❡st✐♦♥ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ st✉❞✐❡s

✐♥ ❬✶✻❪ ✇❤❡♥ r❡str✐❝t✐♥❣ t❤❡ ♣♦❧②♥♦♠✐❛❧ t♦ t❤❡ ❝②❝❧♦t♦♠✐❝ ❝❛s❡✱ t❤✐s s❡❝t✐♦♥ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞

❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✇♦r❦✳

Pr♦♣♦s✐t✐♦♥ ✹✳✼✳ ▲❡t p ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ t❛❦✐♥❣ ❝♦❡✣❝✐❡♥ts ♦✈❡r C ❛♥❞ q ❜❡ ❛♥ ✐♥t❡❣❡r

❧❛r❣❡r t❤❛♥ 1✱ t❤❡♥ t❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥✿

✭✶✮
∏∞
s=0 p(x

qs) ✐s ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥✳

✭✷✮ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ Q(x) s✉❝❤ t❤❛t p(x) = Q(xq)
Q(x) ❛♥❞ ❛❧❧ r♦♦ts ♦❢ Q(x) ❛r❡

r♦♦ts ♦❢ ✉♥✐t②✱ ✐❢ δ ✐s ❛ r♦♦t ♦❢ Q(x) t❤❡♥ δq
t
✐s ❛ r♦♦t ♦❢ Q ❢♦r ❛❧❧ t ∈ N✳

Pr♦♦❢✳ ✭✷✮ ✐♠♣❧✐❡s ✭✶✮ ✐s str❛✐❣❤t❢♦r✇❛r❞✱ ❧❡t ✉s ❝❤❡❝❦ ✭✶✮ ✐♠♣❧✐❡s ✭✷✮✳

▲❡t F (x) =
∏∞
s=0 p(x

qs) ❜❡ ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥✱ s❛② F (x) = P (x)
Q(x) ✱ ✇❤❡r❡ P (x) ❛♥❞ Q(x)

❛r❡ ❝♦♣r✐♠❡✱ ✉s✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ F (x) = p(x)F (xq)✱ ✇❡ ❣❡t

P (x)Q(xq)

P (xq)Q(x)
= p(x).

❆s deg(p(x)) > 0✱ s♦ t❤❛t deg(Q(x)) > deg(P (x))✱ ❛♥❞ P (xq)|P (x)Q(xq) ✐❢ deg(P (x)) > 0✱

t❤❡♥ P (xq) ❛♥❞ Q(xq) s❤♦✉❧❞ ❤❛✈❡ ❛t ❧❡❛st ♦♥❡ ❝♦♠♠♦♥ r♦♦t✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❛t P (x)

❛♥❞ Q(x) ❛r❡ ❝♦♣r✐♠❡✱ s♦ ✇❡ ❤❛✈❡

F (x) =
1

Q(x)

❛♥❞

p(x) =
Q(xq)

Q(x)

◆♦✇ ❧❡t ✉s st✉❞② t❤❡ r♦♦ts ♦❢ Q(x)✱ ❧❡t ✉s s✉♣♣♦s❡ 0 ≤ |r1| ≤ |r2| ≤ ... ≤ |rm| ✇❤❡r❡

ri ❛r❡ t❤❡ r♦♦ts ♦❢ Q(x) ❛♥❞ |ri| ✐s t❤❡ ♠♦❞✉❧✉s ♦❢ ri✳ ❋✐rst❧② |rm| ❝❛♥ ♥♦t ❜❡ t♦♦ ❧❛r❣❡✱ ✐❢

|rm| > 1 t❤❡♥ ❡❛❝❤ r♦♦t ♦❢ Q(xq) s❤♦✉❧❞ ❤❛✈❡ ❛ ♠♦❞✉❧✉s str✐❝t❧② s♠❛❧❧❡r t❤❛♥ |rm|✱ ♦♥ t❤❡

♦t❤❡r ❤❛♥❞ Q(x)|Q(xq)✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✳ ❋♦r t❤❡ s❛♠❡ r❡❛s♦♥✱ |r1| ❝❛♥ ♥♦t ❜❡ ❛ r❡❛❧

♥✉♠❜❡r ❜❡t✇❡❡♥ 0 ❛♥❞ 1✳ ❙♦ |ri| ❛r❡ ❡✐t❤❡r 0 ♦r 1✱ ❜✉t ✐❢ x|Q(x)✱ t❤❡ ✐♥✜♥✐t❡ ♣r♦❞✉❝t ♦❢

p(x) ✇✐❧❧ ♥♦t ❝♦♥✈❡r❣❡✱ s♦ |ri| = 1 ❢♦r ❛❧❧ r♦♦ts ♦❢ Q(x)✳ ❯s✐♥❣ ♦♥❝❡ ♠♦r❡ Q(x)|Q(xq)✱ ✐❢ δ

✐s ❛ r♦♦t ♦❢ Q(x) t❤❡♥ ✐t ✐s ❛ r♦♦t ♦❢ Q(xq) ✇❤✐❝❤ ✐♠♣❧✐❡s δq ✐s ❛ r♦♦t ♦❢ Q(x)✱ ✇❡ ❝❛♥ ❞♦

✐t r❡❝✉rs✐✈❡❧② ❛♥❞ ✇❡ ♦❜t❛✐♥ δq
t
✐s ❛ r♦♦t ♦❢ Q ❢♦r ❛❧❧ t ∈ N✱ ❛s ❛ ❝♦r♦❧❧❛r②✱ δ ❝❛♥ ♦♥❧② ❜❡ ❛

r♦♦t ♦❢ ✉♥✐t②✳ ❙♦ ✇❡ ♣r♦✈❡ ✭✷✮ ✉s✐♥❣ ✭✶✮✳
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✹✳✺ ■♥✜♥✐t❡ ♣r♦❞✉❝t ♦❢ ✐♥✈❡rs❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣♦✇❡r s❡q✉❡♥❝❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

F (x) =
∞∏

s=0

1

p(xqs)
=

∞∑

i=0

cix
i,

✇❤❡r❡ q ✐s ❛♥ ✐♥t❡❣❡r ❧❛r❣❡r t❤❛♥ 1 ❛♥❞ p =
∑n

i=0 bix
i ✐s ❛ ♣♦❧②♥♦♠✐❛❧ s✉❝❤ t❤❛t p(0) = 1

❞❡✜♥❡❞ ❛s ❜❡❢♦r❡✳

❙✉❝❤ ❛ s❡q✉❡♥❝❡ s❛t✐s✜❡s t❤❡ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥

F (x) =
1

p(x)
F (xq).

■❢ ✇❡ ✇r✐t❡ 1
p(x) =

∑∞
i=0 aix

i✱ t❤❡♥

cqn+i =
n∑

j=0

aqj+icn−j ,

❢♦r ❛❧❧ n ∈ N ❛♥❞ i s✉❝❤ t❤❛t 0 ≤ i ≤ q − 1✳

Pr♦♣♦s✐t✐♦♥ ✹✳✽✳ ■❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦✇❡r s❡r✐❡s F (x) =
∏∞
s=0

1
p(xqs )

=
∑∞

i=0 cix
i

t❛❦❡ ✜♥✐t❡❧② ♠❛♥② ✈❛❧✉❡s ✐♥ C✱ t❤❡♥ t❤❡ r♦♦ts ♦❢ f ❛r❡ ❛❧❧ ♦❢ ♠♦❞✉❧✉s 1✳

Pr♦♦❢✳ ❋✐rst❧②✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t t❤❡ ♠♦❞✉❧✐ ♦❢ ❛❧❧ r♦♦ts ♦❢ p ❛r❡ ♥♦t s♠❛❧❧❡r t❤❛♥ 1✳ ❖t❤❡r✲

✇✐s❡✱ ❧❡t ✉s ❝❤♦s❡ ♦♥❡ ♦❢ t❤♦s❡ ✇❤✐❝❤ ❤❛✈❡ s♠❛❧❧❡st ♠♦❞✉❧✉s✱ s❛② α✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛❜♦✈❡

❞❡✜♥✐t✐♦♥✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

p(αk) 6= 0

❢♦r ❛❧❧ k ❧❛r❣❡r t❤❛♥ 1✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❡q✉❛❧✐t②✱

∞∏

s=0

1

p(xqs)
=

∞∑

i=0

cix
i,

t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝♦♥✈❡r❣❡s ✇❤❡♥ x t❡♥❞s t♦ α ✇❤✐❧❡ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ❞✐✈❡r❣❡s✱ ✐♥ ❢❛❝t
∏∞
s=1

1
p(αqs )

❝♦♥✈❡r❣❡s t♦ ❛ ♥♦♥✲③❡r♦ ✈❛❧✉❡ ❜❡❝❛✉s❡

log(
∞∏

s=1

1

p(αqs)
) = −

∞∑

s=1

log(p(αq
s

))

✇❤✐❝❤ ❝♦♥✈❡r❣❡s✱ ❤♦✇❡✈❡r✱ 1
p(xq

s
)
❤❛s ❛ ♣♦❧❡ ❛t x = α✳

❙❡❝♦♥❞❧②✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t t❤❡ ♠♦❞✉❧✐ ♦❢ ❛❧❧ r♦♦ts ♦❢ p ❛r❡ ♥♦t ❧❛r❣❡r t❤❛♥ 1✳ ❖t❤❡r✇✐s❡✱
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❧❡t ✉s ❝❤♦s❡ ♦♥❡ ♦❢ t❤❡♠✱ s❛② β✱ ❛♥❞ ❛♥ ✐♥t❡❣❡r t s✉❝❤ t❤❛t |β|q
t
> |a|/|b| + 1✱ ✇❤❡r❡ |a|

✐s t❤❡ ❧❛r❣❡st ♠♦❞✉❧✉s ♦❢ t❤❡ s❡q✉❡♥❝❡ (ci)i∈N ❛♥❞ |b| ✐s t❤❡ s♠❛❧❧❡st ♥♦♥✲③❡r♦ ♠♦❞✉❧✉s ♦❢

t❤✐s s❡q✉❡♥❝❡✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡r✐❡s

1

1− β

∞∏

s=t

1

p(xqs)
=

∞∑

i=0

dix
i.

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t {di|i ∈ N} ✐s ✜♥✐t❡✱ ❜❡❝❛✉s❡ s✉❝❤ ❛ s❡r✐❡s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♠✉❧t✐✲

♣❧②✐♥❣ ❛ ♣♦❧②♥♦♠✐❛❧ t♦ F (x)✱ ❜✉t ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t②✱

|dqti| = |
i∑

j=0

βq
tjcqt(i−j)| ≥ −|a|

i−1∑

j=0

|βq
tj |+ |b||βq

ti| > 0

✇❤✐❝❤ ❞✐✈❡r❣❡s✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t {di|i ∈ N} ✐s ✜♥✐t❡✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ r♦♦ts

♦❢ f ❛r❡ ❛❧❧ ♦❢ ♠♦❞✉❧✉s 1✳

Pr♦♣♦s✐t✐♦♥ ✹✳✾✳ ■❢ t❤❡ ♣♦✇❡r s❡r✐❡s F (x) =
∏∞
s=0

1
p(xq

s
)
=
∑∞

i=0 cix
i ✐s ❛ q✲r❡❣✉❧❛r

s❡q✉❡♥❝❡✱ t❤❡♥ t❤❡ r♦♦ts ♦❢ p ❛r❡ ❛❧❧ r♦♦ts ♦❢ ✉♥✐t②✱ ❢✉rt❤❡r♠♦r❡✱ t❤❡ ♦r❞❡r ♦❢ ❡❛❝❤ r♦♦t ✐s

♠✉❧t✐♣❧❡ ♦❢ q✳

Pr♦♦❢✳ ■❢ F (x) =
∏∞
s=0

1
p(xq

s
)
=
∑∞

i=0 cix
i ✐s ❛ q✲r❡❣✉❧❛r s❡q✉❡♥❝❡✱ t❤❡♥ F ′(x) =

∑∞
i=1 ciix

i−1

✐s ❛❧s♦ q✲r❡❣✉❧❛r✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❦♥♦✇ 1
F (x) =

∏∞
s=0 p(x

qs) ✐s q✲r❡❣✉❧❛r✱ s♦

F ′(x)

F (x)
= (logF (x))′

✐s q✲r❡❣✉❧❛r✳ ■♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❤❛✈❡ (logF (xq))′) ✐s q✲r❡❣✉❧❛r s♦ t❤❛t

(logF (x))′ − (logF (xq))′ =
p′(x)

p(x)

✐s q✲r❡❣✉❧❛r✱ t❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ❚❤❡♦r❡♠ ✸✳✸ ❬✹❪ t❤❛t ❛❧❧ r♦♦ts ❛r❡ r♦♦ts ♦❢ ✉♥✐t②✳

❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ✉s❡ ❛ ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✽❪✳ ❲❡ ✜rst❧② ❞❡✜♥❡ s♦♠❡

♥♦t❛t✐♦♥✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② At,i t❤❡ ♦♣❡r❛t♦r ♦❢ ♣♦✇❡r s❡r✐❡s✿

At,i(
∞∑

j=0

ajx
j) =

∞∑

j=0

aqtj+ix
qtj+i

❢♦r ❛❧❧ i s✉❝❤ t❤❛t 0 ≤ i ≤ qt − 1✳

■❢ t❤❡r❡ ❡①✐sts ❛ r♦♦t ♦❢ p ✇❤✐❝❤✬s ♦r❞❡r ✐s ♥♦t ❛ ♠✉❧t✐♣❧❡ ♦❢ q✱ s❛② α✱ t❤❡♥ ❢♦r ❛❧❧ ❢♦r♠❛❧

♣♦✇❡r s❡r✐❡s f ✱ ❧❡t ✉s ❞❡✜♥❡ ord(f(x)) t♦ ❜❡ t❤❡ ♦r❞❡r ♦❢ ♣♦❧❡ ♦❢ f ❛t ♣♦✐♥t α✳ ■t ✐s ❡❛s②

t♦ ❝❤❡❝❦ t❤❛t t❤❡r❡ ❡①✐sts ❛ t ∈ N s✉❝❤ t❤❛t ❢♦r ❛❧❧ f ∈ F [[x]]✱ ord(f(x)) = ord(f(xq
t
)) s♦
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t❤❡r❡ ❛r❡ s♦♠❡ i s✉❝❤ t❤❛t ord(f(x)) ≤ ord(At,i(f(x)))✳

◆♦✇ ❧❡t ✉s ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦✇❡r s❡r✐❡s (si)i∈N ❛♥❞ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡❣❡r (Ii)i∈N
s✉❝❤ t❤❛t s0 = 1✱ 0 ≤ Ii ≤ qt − 1, ∀i ❛♥❞ ord(AIi(

si
p(x))) ≥ ord( si

p(x)) ❛♥❞ ✇❡ ❞❡✜♥❡

si+1 = AIi(
si
p(x))✱ s♦ ✇❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦

AIi(siF (x)) = AIi(
si
p(x)

)F (x) = si+1F (x),

❛♥❞ ❜② ✐♥❞✉❝t✐♦♥

AIiAIi−1 ...AI0(F (x)) = si+1F (x).

❍♦✇❡✈❡r✱

ord(si) < ord(si+1),

t❤❡ s❡q✉❡♥❝❡ si ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✱ s♦ F (x) ❝❛♥ ♥♦t ❜❡ ❛ r❡❣✉❧❛r s❡q✉❡♥❝❡✳

❚❤❡♦r❡♠ ✹✳✶✳ ■❢ t❤❡ ♣♦✇❡r s❡r✐❡s F (x) =
∏∞
s=0

1
p(xq

s
)
=
∑∞

i=0 cix
i ✐s ❛ q✲r❡❣✉❧❛r s❡q✉❡♥❝❡✱

t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ Q(x) s✉❝❤ t❤❛t p(x)|Q(xq)
Q(x) ✱ s♦ F (x) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

F (x) = Q(x)
∞∏

i=1

R(xq),

✇❤❡r❡ R(x) = Q(xq)
Q(x)F (x) ✱ ✇❤✐❝❤ ✐s ❛ ♣♦❧②♥♦♠✐❛❧✳

✹✳✻ ❆♣♣❧✐❝❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❛✉t♦♠❛t✐❝ ♣♦✇❡r s❡r✐❡s ♦❢ t②♣❡

F (x) =
∞∏

s=0

p(xl
s

) =
∞∑

i=1

cix
i,

✇❤❡r❡ p ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ d ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ Q ❛♥❞ l ≥ 2✳ ■t ❤❛s ❜❡❡♥ ♣r♦✈❡❞

❜② Pr♦♣♦s✐t✐♦♥ ✹✳✺ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ s✉❝❤ ♣♦❧②♥♦♠✐❛❧s p ✐s ✜①❡❞ ♦♥❝❡ ❣✐✈❡♥ t❤❡ ❞❡❣r❡❡ d

♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ l✳ ❇✉t ✇❤❡♥ l ❛♥❞ d ❛r❡ ❜♦t❤ ❧❛r❣❡✱ ✐t ✇✐❧❧ ❜❡ ❞✐✣❝✉❧t t♦ ❝♦♠♣✉t❡

t❤❡ s❡♠✐✲❣r♦✉♣ ♦❢ ♠❛tr✐① ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳ ❍❡r❡ ✇❡ s❤♦✇ ❛ ♠❡t❤♦❞ ❛♣♣❧✐❡❞ ♦♥ ❛

♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡ t♦ ❣❡♥❡r❛t❡ t❤❡ ❝♦✉♣❧❡s (p, l) s✉❝❤ t❤❛t
∏∞
s=0 p(x

ls) =
∑∞

i=1 cix
i ✐s ❛♥

❛✉t♦♠❛t✐❝ ♣♦✇❡r s❡q✉❡♥❝❡✳

▲❡t ✉s ❝♦♥s✐❞❡r ✜rst❧② t❤❡ ♣♦✇❡r s❡r✐❡s F1(x) ❞❡✜♥❡❞ ❜② p1(x) = 1 + x − x3 − x4 ❛♥❞

l = 2✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t

F1(x) =

∞∏

s=0

p1(x
2s) =

∞∏

s=0

(1 + x2
s

)

∞∏

s=0

(1− (x3)2
s

).
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❆♥❞ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t
∏∞
s=0(1+x

2s) = 1
1−x =

∑∞
i=1 x

i ❛♥❞
∏∞
s=0(1−x

2s) =
∑∞

i=1 bnx
i✱

✇❤❡r❡ (bn)n∈N ✐s t❤❡ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡ ❜❡❣✐♥♥✐♥❣ ✇✐t❤ 1,−1✳ ❙♦ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❡r♠

xn ✐♥ F1(x)✱ s❛② f1(n)✱ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜②

f1(n) =
∑

3i≤n

bi.

❚❤❡ s❡q✉❡♥❝❡ (f1(n))n∈N ✐s ❜♦✉♥❞❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t b2n+1 + b2n = 0✱ s♦ F1(x) ✐s

❛ 2✲❛✉t♦♠❛t✐❝ ♣♦✇❡r s❡q✉❡♥❝❡✳ ▼♦r❡♦✈❡r t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s Γ1 ❛♥❞ Γ0 ❝❛♥ ❜❡ ❞❡✜♥❡❞

❜②




c2n

c2n−1

c2n−2

c2n−3




= Γ1




cn

cn−1

cn−2

cn−3




=




1 0 −1 0

0 1 −1 0

0 1 0 −1

0 0 1 −1







cn

cn−1

cn−2

cn−3







c2n+1

c2n

c2n−1

c2n−2




= Γ0




cn

cn−1

cn−2

cn−3




=




1 −1 0 0

1 0 −1 0

0 1 −1 0

0 1 0 −1







cn

cn−1

cn−2

cn−3



.

❘❡♠❛r❦✐♥❣ t❤❛t

Γ2
0 =




1 −1 −1 1

0 0 −1 1

0 1 −2 1

0 1 −1 0



,Γ1Γ0 =




1 −1 0 0

1 −1 −1 1

0 0 −1 1

0 1 −2 1



,

Γ0Γ1 =




1 −2 1 0

1 −1 0 0

1 −1 −1 1

0 0 −1 1



,Γ2

1 =




0 −1 1 0

1 −2 1 0

1 −1 0 0

1 −1 −1 1



,

❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ t❤❡ ♣♦✇❡r s❡r✐❡s F2(x) ❞❡✜♥❡❞ ❜② p2(x) = 1+ x+ x2 − x4 − x5 − 2x6 −

x7 − x8 + x10 + x11 + x12 = (x2 + x+1)(x6 − 1)(x4 − 1) ❛♥❞ l = 4✱ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s

♦❢ t❤✐s ♣♦❧②♥♦♠✐❛❧ ❛r❡

α0 =




1 −1 −1 1 0

0 0 −1 1 0

0 1 −2 1 0

0 1 −1 0 0

0 1 −1 −1 1



α1 =




1 −1 0 0 0

1 −1 −1 1 0

0 0 −1 1 0

0 1 −2 1 0

0 1 −1 0 0



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α2 =




1 −2 1 0 0

1 −1 0 0 0

1 −1 −1 1 0

0 0 −1 1 0

0 1 −2 1 0



α3 =




0 −1 1 0 0

1 −2 1 0 0

1 −1 0 0 0

1 −1 −1 1 0

0 0 −1 1 0




■❢ ✇❡ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♠❛tr✐❝❡s (αn)n∈N ❜② α4n+i = αnαi, 0 ≤ i ≤ 3✱ t❤❡♥ t❤❡ n✲t❤

❝♦❡✣❝✐❡♥t ♦❢ F2(x) ✐s f2(n) = αn(1, 1)✳ ❍♦✇❡✈❡r t❤❡ ♠❛tr✐❝❡s αi ❢♦r i = 0, 1, 2, 3 ❛r❡ ❛❧❧

♦❢ ❢♦r♠

(
Ai 0

Bi Ci

)
✇✐t❤ Ai ♦❢ s✐③❡ 4 × 4✱ Bi ♦❢ s✐③❡ 4 × 1✱ Ci ♦❢ s✐③❡ 1 × 1 ❛♥❞ 0 t❤❡ 0✲

♠❛tr✐① ♦❢ s✐③❡ 1× 4✱ s♦ αn(1, 1) ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ♦♥❧② ❜② t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❜❡t✇❡❡♥ Ai✳

❘❡♠❛r❦✐♥❣ t❤❛t t❤✐s ❢♦✉r ♠❛tr✐❝❡s ❛r❡ ♥♦t❤✐♥❣ ❡❧s❡ t❤❡♥ Γ2
0,Γ1Γ0,Γ0Γ1,Γ

2
0✱ ✇❡ ❝♦♥❝❧✉❞❡

t❤❛t t❤❡ s❡q✉❡♥❝❡ (f2(n))n∈N ✐s ❜♦✉♥❞❡❞ s♦ 4✲❛✉t♦♠❛t✐❝✳

❇② t❤❡ s❛♠❡ ♠❡t❤♦❞✱ t❤❡ ♣♦✇❡r s❡r✐❡s F3(x) ❞❡✜♥❡❞ ❜② p3(x) = 1+ x+ x2 − x4 − x5 +

x7 + x8 − x10 − x11 − x12 = (x2 + x+ 1)(x6 + 1)(1− x4) ❛♥❞ l = 4 ✐s ❛❧s♦ 4✲❛✉t♦♠❛t✐❝✳ ■♥

❢❛❝t✱ ✐ts tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s ❛r❡

β0 =




1 −1 1 −1 0

0 0 1 −1 0

0 1 0 −1 0

0 1 −1 0 0

0 1 −1 1 −1



β1 =




1 −1 0 0 0

1 −1 1 −1 0

0 0 1 −1 0

0 1 0 −1 0

0 1 −1 0 0




β2 =




1 0 −1 0 0

1 −1 0 0 0

1 −1 1 −1 0

0 0 1 −1 0

0 1 0 −1 0



β3 =




0 1 −1 0 0

1 0 −1 0 0

1 −1 0 0 0

1 −1 1 −1 0

0 0 1 −1 0




❛♥❞ ♦♥❝❡ ♠♦r❡ t❤❡② ❛r❡ ♦❢ ❢♦r♠

(
Ai 0

Bi Ci

)
✇✐t❤ A0 = −Γ0Γ0Γ1Γ1, A1 = −Γ1Γ0Γ0Γ0, A2 =

Γ0Γ1Γ0Γ0, A3 = Γ1Γ1Γ0Γ0✳

❋✉rt❤❡r♠♦r❡✱ ❛s

∞∏

s=0

((x2)4
s

+ 1)(x4
s

+ 1) =
∞∏

s=0

(x4)4
s
− 1

x4s − 1
=

1

1− x

✇❡ ❤❛✈❡

(1−x)F2(x) =
∞∏

s=0

((x2)4
s

+x4
s

+1)((x6)4
s

−1)
(x4)4

s
− 1

((x2)4s + 1)(x4s + 1)
=

∞∏

s=0

(x9)4
s

−(x6)4
s

−(x3)4
s

+1,
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(1−x)F3(x) =

∞∏

s=0

((x2)4
s

+x4
s

+1)((x6)4
s

+1)
(x4)4

s
− 1

((x2)4s + 1)(x4s + 1)
=

∞∏

s=0

−(x9)4
s

+(x6)4
s

−(x3)4
s

+1.

Pr♦♣♦s✐t✐♦♥ ✹✳✶✵✳ ❚❤❡ ♣♦✇❡r s❡r✐❡s

F2(x) =
∞∏

s=0

((x2)4
s

+ x4
s

+ 1)((x6)4
s

− 1)((x4)4
s

− 1)

❛♥❞

F3(x) =

∞∏

s=0

((x2)4
s

+ x4
s

+ 1)((x6)4
s

+ 1)(−(x4)4
s

+ 1)

❛r❡ 4✲❛✉t♦♠❛t✐❝✳
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P❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ❝♦♠♣❧❡①✐t② ❛♥❞ ❛

❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❚❤✉❡✲▼♦rs❡

s❡q✉❡♥❝❡s

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♥♦t✐♦♥ ♦❢ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ♦❢ ❛ ✜♥✐t❡ ✇♦r❞ ❛s ✇❡❧❧ ❛s ❛♥ ✐♥✜♥✐t❡ ✇♦r❞ ✇❛s ✜rst

✐♥tr♦❞✉❝❡❞ ❜② ❋r✐❞✱ P✉③②♥✐♥❛ ❛♥❞ ❩❛♠❜♦♥✐ ❬✷✺❪✳ ❚❤❡② ❝♦♥❥❡❝t✉r❡❞ t❤❛t ✐❢ t❤❡ ♣❛❧✐♥❞r♦♠✐❝

❧❡♥❣t❤ ♦❢ ❛♥ ✐♥✜♥✐t❡ ✇♦r❞ ✐s ❜♦✉♥❞❡❞✱ t❤❡♥ t❤✐s s❡q✉❡♥❝❡ ✐s ❡✈❡♥t✉❛❧❧② ♣❡r✐♦❞✐❝✳ ❚❤✐s

❝♦♥❥❡❝t✉r❡ ✐s ✇✐❞❡❧② st✉❞✐❡❞ ✐♥ ❬✷✺❪❬✷✸❪❬✻❪✱ ❛♥❞ t❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ♦❢ s♦♠❡ s♣❡❝✐✜❝

s❡q✉❡♥❝❡s ❛r❡ st✉❞✐❡❞ ❛s ✇❡❧❧✿ ❋r✐❞ ❬✷✸❪ s❤♦✇❡❞ t❤❛t ❙t✉r♠✐❛♥ ✇♦r❞s ❤❛✈❡ ❛♥ ✉♥❜♦✉♥❞❡❞

♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ PLu ❛♥❞ ❆♠❜r♦➸ ❛♥❞ P❡❧❛♥t♦✈á ❬✻❪ s❤♦✇❡❞ t❤❛t PLu ❣r♦✇s ❛r❜✐tr❛r✐❧②

s❧♦✇❧②✳ ❬✼❪ st✉❞✐❡❞ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤s ♦❢ ✜①❡❞ ♣♦✐♥ts ♦❢ ❛ s♣❡❝✐✜❝ ❝❧❛ss ♦❢ ♠♦r♣❤✐s♠s ❛♥❞

❣❛✈❡ ✉♣♣❡r ❜♦✉♥❞s ❢♦r t❤❡ ❋✐❜♦♥❛❝❝✐ ✇♦r❞ ❛♥❞ t❤❡ ❚❤✉❡✲▼♦rs❡ ✇♦r❞✳ ■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡

❣✐✈❡ ❛ ❢♦r♠❛❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ♦❢ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡ ❛♥❞ ✜♥❞ ❛❧❧

s❡q✉❡♥❝❡s ✇❤✐❝❤ ❤❛✈❡ t❤❡ s❛♠❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ❛s ❚❤✉❡✲▼♦rs❡✬s✳ ❆❢t❡r ✇r✐t✐♥❣ ❛ ✜rst

✈❡rs✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✱ ✇❡ ❢♦✉♥❞ t❤❛t s♦♠❡ r❡s✉❧ts ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ✇❡r❡ ♦❜t❛✐♥❡❞ ❜②

❋r✐❞ ❬✷✹❪ ❢♦r ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡s✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ✐♥❞✐❝❛t❡ ❤♦✇ ♦✉r r❡s✉❧ts ❝❛♥ ❜❡

❛♣♣❧✐❡❞ ❢♦r ❛ t②♣❡ ♦❢ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡s✳

✺✳✷ ❉❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥

▲❡t (an)n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ❛♥❞ ❧❡t ✉s ❞❡✜♥❡ ❛ ✭✜♥✐t❡✮ ✇♦r❞✱ ♦r ❛ ❢❛❝t♦r✱ ♦❢ ❛ s❡q✉❡♥❝❡ t♦

❜❡ ❛ ✭✜♥✐t❡✮ str✐♥❣ ♦❢ t❤❡ s❡q✉❡♥❝❡✳ ▲❡t wa(x, y) ❞❡♥♦t❡ t❤❡ ❢❛❝t♦r ♦❢ t❤❡ s❡q✉❡♥❝❡ (an)n∈N
❜❡❣✐♥♥✐♥❣ ✇✐t❤ ax ❛♥❞ ♦❢ ❧❡♥❣t❤ y✱ ✐♥ ♦t❤❡r ✇♦r❞s wa(x, y) = axax+1...ax+y−1✳

▲❡t w̃ ❞❡♥♦t❡ t❤❡ r❡✈❡rs❛❧ ♦❢ w✱ t❤❛t ✐s t♦ s❛②✱ ✐❢ w = w0w1...wk t❤❡♥ w̃ = wkwk−1...w0✱

✼✶
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✇❡ s❛② ❛ ✇♦r❞ w ✐s ♣❛❧✐♥❞r♦♠✐❝ ✐❢ w = w̃✳ ▲❡t Pal ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞s✳

❲❡ ❞❡✜♥❡ t❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ♦❢ ❛ ✇♦r❞ w✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② |w|pal✱ t♦ ❜❡✿

|w|pal = min {k|w = p1p2...pk, pi ∈ Pal, ∀i ∈ [1, k]} ,

✐♥ t❤✐s ❝❛s❡ ✇❡ s❛② w = p1p2...pk, pi ✐s ❛♥ ♦♣t✐♠❛❧ ♣❛❧✐♥❞r♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ w✳

▲❡t ✉s ❞❡✜♥❡ t❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ s❡q✉❡♥❝❡ (pla(n))n∈N ♦❢ t❤❡ s❡q✉❡♥❝❡ (an)n∈N t♦

❜❡

pla(n) = |wa(0, n)|pal,

✐♥ ♦t❤❡r ✇♦r❞s✱ pla(n) ✐s t❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ♦❢ t❤❡ ✇♦r❞ a0a1...an−1.

◆♦✇ ❧❡t ✉s ❞❡✜♥❡ ❛ ❝❧❛ss ♦❢ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡s C ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❣❡♥❡r❛❧✲

✐③❛t✐♦♥ ♦❢ t❤❡ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡✿

▲❡t
∑

❜❡ ❛♥ ❛❧♣❤❛❜❡t ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛t ❧❡❛st t✇♦ ❧❡tt❡rs ❛♥❞ ❧❡t a ∈
∑

✳

▲❡t F ❜❡ t❤❡ s❡t ♦❢ ❜✐❥❡❝t✐♦♥s ♦✈❡r
∑

✳

▲❡t (fn)n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦✈❡r F ❛♥❞ (wn)n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡ ✇♦r❞s ♦✈❡r
∑

✇❤✐❝❤

❛r❡ ❞❡✜♥❡❞ r❡❝✉rs✐✈❡❧② ❛s✿

fi ∈ F s✉❝❤ t❤❛t fi(wi) 6= wi ∀i ≥ 0,

❛♥❞ 


w0 = a

wn = wn−1fn−1(wn−1)fn−1(wn−1)wn−1, ∀n > 0.

▲❡t f(a) ❜❡ t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ (wn)n∈N ✇❤✐❝❤ ❡①✐sts ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥✳

❚❤❡ ❝❧❛ss C ✐s t❤❡ s❡t ♦❢ ❛❧❧ ✐♥✜♥✐t❡ ❧✐♠✐ts ❞❡✜♥❡❞ ❛s ❛❜♦✈❡✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ✐❢ t❤❡

s✐③❡ ♦❢
∑

✐s ❡q✉❛❧ t♦ 2✱ s❛②
∑

= {a, b}✱ t❤❡♥ ❛❧❧ s❡q✉❡♥❝❡s ✐♥ C ❛r❡ ❚❤✉❡✲▼♦rs❡ s❡q✉❡♥❝❡s✱

t❤❡② ♠❛② ❜❡ ✇r✐tt❡♥ ❛s

a, b, b, a, b, a, a, b, b, a, a, b, a, b, b, a...

❛♥❞ t❤❡ ♦♥❡ ❜② ❝❤❛♥❣✐♥❣ a t♦ b ❛♥❞ b t♦ a✳ ▲❡t (pl(n))n∈N ❜❡ t❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤

s❡q✉❡♥❝❡ ♦❢ ❚❤✉❡✲▼♦rs❡✱ t❤❡ ✜rst ❡❧❡♠❡♥ts ♦❢ t❤✐s s❡q✉❡♥❝❡ ❛r❡

1, 2, 2, 1, 2, 3, 3, 2, 3, 4, 3, 2, 3, 3, 2, 1...
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✺✳✸ P❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ♦❢ s❡q✉❡♥❝❡s ✐♥ C

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ st✉❞② ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤s ♦❢ s❡q✉❡♥❝❡s ✐♥ C ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡② ❛❧❧

❤❛✈❡ t❤❡ s❛♠❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤✱ ❛s t❤❡ ♦♥❡ ♦❢ ❚❤✉❡✲▼♦rs❡✳

▲❡t (an)n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ✐♥ C✱ ✇❡ ✇✐❧❧ ❜❡❣✐♥ ✇✐t❤ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ♣❛❧✐♥❞r♦♠✐❝

❢❛❝t♦rs ♦❢ t❤✐s s❡q✉❡♥❝❡✳

▲❡♠♠❛ ✺✳✶✳ ❋♦r ❛♥② ✐♥t❡❣❡r x✱ wa(4x, 4) ✐s ♦❢ t②♣❡ abba s✉❝❤ t❤❛t a 6= b✳

❆s ❛ ❝♦r♦❧❧❛r②✱ a(2n+ 1) 6= a(2n)✳

Pr♦♦❢✳ ❚❤✐s ❧❡♠♠❛ ✐s tr✐✈✐❛❧ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥✳

▲❡♠♠❛ ✺✳✷✳ ▲❡t wa(x, y) ❜❡ ❛ ♣❛❧✐♥❞r♦♠✐❝ ❢❛❝t♦r ♦❢ ❛ s❡q✉❡♥❝❡ ✐♥ C s✉❝❤ t❤❛t y ✐s ♦❞❞✱

t❤❡♥ y ✐s ❡✐t❤❡r 1 ♦r 3✳

Pr♦♦❢✳ ■❢ wa(x, y) ✐s ♦❢ s✐③❡ ❧❛r❣❡r t❤❛♥ 3✱ t❤❡♥ ✐t ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞

✐♥ t❤❡ ❝❡♥t❡r ♦❢ s✐③❡ 5✱ ❤♦✇❡✈❡r ❛ ✇♦r❞ ♦❢ s✐③❡ 5 s❤♦✉❧❞ ❜❡ ✐♥s✐❞❡ ❛ ✇♦r❞ ♦❢ t②♣❡ xyyxxyyx

♦r xyyxf(x)f(y)f(y)f(x)✱✇❤❡r❡ f ✐s ❛ ❜✐❥❡❝t✐♦♥ ♦✈❡r t❤❡ ❛❧♣❤❛❜❡t ❞❡✜♥❡❞ ❛s ❛❜♦✈❡✱ ❜✉t

♥♦♥❡ ♦❢ t❤❡♠ ❝♦♥t❛✐♥s ❛ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞ ♦❢ s✉❝❤ ❛ s✐③❡✳

▲❡♠♠❛ ✺✳✸✳ ▲❡t wa(x, y) ❜❡ ❛ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞ ♦❢ (an)n∈N s✉❝❤ t❤❛t y ✐s ❡✈❡♥✱ t❤❡♥

❡✐t❤❡r t❤❡r❡ ❡①✐st z, r ∈ N s✉❝❤ t❤❛t wa(x, y) ✐s ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡ ❝❡♥t❡r ♦❢ ♣❛❧✐♥❞r♦♠✐❝

✇♦r❞ wa(4z, 4r)✱ t❤❛t ✐s t♦ s❛② 4z < x, x + y < 4z + 4r ❛♥❞ x − 4z = 4z + 4r − x − y✱ ♦r

x ≡ 3 mod 4 ❛♥❞ y ≡ 2 mod 4✳

Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t x+y/2−1 ✐s ♦❞❞✱ ♦t❤❡r✇✐s❡ x+y/2−1 = 2t ❛♥❞ x+y/2 = 2t+1

❢♦r s♦♠❡ t✱ s♦ t❤❛t a2t = a2t+1 ❝♦♥tr❛❞✐❝ts t♦ ▲❡♠♠❛ ✺✳✶✳ ❚❤✐s ❢❛❝t ✐♠♣❧✐❡s t❤❛t





✐❢ x ≡ 0 mod 4 t❤❡♥ x+ y − 1 ≡ 3 mod 4

✐❢ x ≡ 1 mod 4 t❤❡♥ x+ y − 1 ≡ 2 mod 4

✐❢ x ≡ 2 mod 4 t❤❡♥ x+ y − 1 ≡ 1 mod 4

✐❢ x ≡ 3 mod 4 t❤❡♥ x+ y − 1 ≡ 0 mod 4.

.

❋♦r t❤❡ ❧❛st ❝❛s❡✱ ✇❡ ❤❛✈❡ x ≡ 3 mod 4 ❛♥❞ y ≡ 2 mod 4✳ ◆♦✇ ❧❡t ✉s ❝❤❡❝❦ t❤❛t✱ ❢♦r ♦t❤❡r

❝❛s❡s✱ t❤❡ ✇♦r❞ wa(x, y) ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡ ❝❡♥t❡r ♦❢ ❛ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞ ♦❢ t②♣❡

wa(4z, 4r)✳ ▲❡t wa(4z, 4r) ❜❡ t❤❡ s❤♦rt❡st ❢❛❝t♦r ♦❢ ❛❜♦✈❡ t②♣❡ ✐♥❝❧✉❞✐♥❣ wa(x, y)✱ ❤❡r❡

✇❡ ♣r♦✈❡ t❤❛t t❤✐s ❢❛❝t♦r ✐s ♣❛❧✐♥❞r♦♠✐❝✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t wa(x, y) ✐s ❛t t❤❡ ❝❡♥t❡r ♦❢

wa(4z, 4r) ❛♥❞ t❤❡ ✇♦r❞ wa(4(z+1), 4(r−1)) ✐s ♣❛❧✐♥❞r♦♠✐❝ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣❛❧✐♥❞r♦♠✐❝✐t②

♦❢ wa(x, y)❀ ❢✉rt❤❡r♠♦r❡ ✇❡ ❤❛✈❡ t❤❡ ❢❛❝t t❤❛t wa(4z, 4) = w̃a(4(z + r − 1), 4) ✇❤❡♥ x 6≡ 3

mod 4✱ ❜❡❝❛✉s❡ t❤❡s❡ t✇♦ ✇♦r❞s ♦❢ ❧❡♥❣t❤ 4 ❛r❡ ❜♦t❤ ♣❛❧✐♥❞r♦♠✐❝ ❛♥❞ ✉♥✐q✉❡❧② ❞❡✜♥❡❞

❜② r❡s♣❡❝t✐✈❡❧② ❛ ♣r❡✜① ♦r ❛ s✉✣① ♦❢ wa(x, y) ♦❢ s✐③❡ s♠❛❧❧❡r t❤❛♥ 4 ❜✉t ❧❛r❣❡r t❤❛♥ 1✳ ■♥

❝♦♥❝❧✉s✐♦♥✱ t❤❡ ✇♦r❞ wa(4z, 4r) ✐s ♣❛❧✐♥❞r♦♠✐❝✳
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▲❡♠♠❛ ✺✳✹✳ ▲❡t wa(0, s) ❜❡ ❛ ♣r❡✜① ♦❢ (an)n∈N ✐♥ C✱ ❛♥❞ ❧❡t wa(0, s) = p1p2...pr ❜❡ ❛♥

♦♣t✐♠❛❧ ♣❛❧✐♥❞r♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ s✉❝❤ t❤❛t ❢♦r ❛❧❧ i : 1 ≤ i ≤ r✱ pi ✐s ❡✐t❤❡r s✐♥❣❧❡t♦♥ ♦r

❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡ ❝❡♥t❡r ♦❢ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞ ♦❢ t②♣❡ wa(4z, 4t)✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛t

❧❡❛st ♦♥❡ ♦♣t✐♠❛❧ ♣❛❧✐♥❞r♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ wa(0, s) ♦❢ ❢♦❧❧♦✇✐♥❣ ❢♦r♠s✿





wa(0, s) = q1q2...qr; s ≡ 0 mod 4;

wa(0, s) = q1q2...qr−1t1; s ≡ 1 mod 4;

wa(0, s) = q1q2...qr−2t1t2; s ≡ 2 mod 4;

wa(0, s) = q1q2...qr−2t1l1; s ≡ 3 mod 4;

wa(0, s) = q1q2...qr−3t1t2l1; s ≡ 2 mod 4;

✇❤❡r❡ qi ❛r❡ ♣❛❧✐♥❞r♦♠❡s ♦❢ ❧❡♥❣t❤ 4ki✱ ti ❛r❡ s✐♥❣❧❡t♦♥s ❛♥❞ l1 ❛r❡ ♣❛❧✐♥❞r♦♠❡s ♦❢ ❧❡♥❣t❤

2k✳

Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❢❛❝t♦r ♦❢ (an)n∈N ♦❢ t②♣❡ rq1q2..q2l ✇❤❡r❡ 1 ≤ |r| ≤ 2 ❜❡❣✐♥♥✐♥❣

❛t s♦♠❡ ♣♦s✐t✐♦♥ 4x ✇❤❡r❡ qi ❛r❡ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞s ♦❢ ❡✈❡♥ s✐③❡ ❛♥❞ ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥t♦

t❤❡ ❝❡♥t❡r ♦❢ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞ ♦❢ t②♣❡ wa(4z, 4r)✳ ❍❡r❡ ✇❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ♦t❤❡r

♣❛❧✐♥❞r♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ s❛♠❡ ❧❡♥❣t❤ s✉❝❤ t❤❛t

rq1q2..q2l = q′1q
′
2..q

′
2lr,

✇❤❡r❡ ❛❧❧ q′i ❛r❡ ♦❢ s✐③❡ 4ki✳

❆s q1 ✐s ♣❛❧✐♥❞r♦♠✐❝✱ ❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛ ✺✳✸✱ rq1r̃ ✐s ❛❧s♦ ♣❛❧✐♥❞r♦♠✐❝✱ ❧❡t ✉s ❞❡♥♦t❡ t❤✐s

✇♦r❞ ❜② q′1✱ ✐ts s✐③❡ ✐s ♠✉❧t✐♣❧❡ ♦❢ 4✳ ❇② ❡①❝❧✉❞✐♥❣ t❤❡ ❝❛s❡ t❤❛t |r| = |q2| = 2✱ q2 ❝❛♥ ❜❡

✇r✐tt❡♥ ❛s r̃q′2r✱ ✇❤❡r❡ q
′
2 ✐s ❡✐t❤❡r ❛ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞ ♦❢ s✐③❡ 4m ♦r ❡♠♣t②✱ s♦ ✇❡ ❤❛✈❡ t❤❡

❡q✉❛❧✐t② rq1q2 = q′1q
′
2r ❛♥❞ t❤❡ ❧❛st r ❜❡❣✐♥s ❛t s♦♠❡ ♣♦s✐t✐♦♥ 4x✳ ❲❡ ❞♦ ✐t r❡❝✉rs✐✈❡❧② ❛♥❞

✇❡ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ ❡①♣r❡ss✐♦♥ rq1q2..q2l = q′1q
′
2..q

′
2lr✳

■♥ s✉❝❤ ❛ ✇❛② ✇❡ ❝❛♥ ❛❝❝✉♠✉❧❛t❡ t❤❡ s✐♥❣❧❡t♦♥s ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ wa(0, s) =

p1p2...pr ❛♥❞ ♣✉s❤ t❤❡♠ t♦ t❤❡ ❡♥❞✳ ❆♥ ❡❛s② ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t t❤❡r❡ ❛r❡ ❛t ♠♦st t✇♦

s✐♥❣❧❡t♦♥s ✐♥ ❛♥ ♦♣t✐♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥✱ s✐♥❝❡ ♦♥❝❡ t❤❡r❡ ❛r❡ t❤r❡❡ s✐♥❣❧❡t♦♥s✱ t❤❡② ✇✐❧❧

♠❡❡t ❡❛❝❤ ♦t❤❡r ❜② t❤❡ ❛❜♦✈❡ ❛❧❣♦r✐t❤♠ ✐♥ ❛ ❜❧♦❝❦ wa(4k, 4l) ❤❡♥❝❡ t✇♦ ♦❢ t❤❡♠ ✇✐❧❧ ❝r❡❛t❡

❛ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞ ♦❢ ❧❡♥❣t❤ 2 ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ♦♣t✐♠❛❧✐t②✳ ❚❤❡ ❛❜♦✈❡ ♣r♦❝❡ss ❡♥❞s
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✉♣ ✇✐t❤ ✜✈❡ ♣♦ss✐❜✐❧✐t✐❡s✿





wa(0, s) = q1q2...qr;

wa(0, s) = q1q2...qr−1t1;

wa(0, s) = q1q2...qr−2t1t2;

wa(0, s) = q1q2...qr−2t1l1;

wa(0, s) = q1q2...qr−3t1t2l1;

✇❤❡r❡ qi ❛r❡ ♣❛❧✐♥❞r♦♠❡s ✇❤♦s❡ ❧❡♥❣t❤s ❛r❡ ♠✉❧t✐♣❧❡ ♦❢ 4✱ ti ❛r❡ s✐♥❣❧❡t♦♥s ❛♥❞ li ❛r❡

♣❛❧✐♥❞r♦♠❡s ✇❤♦s❡ ❧❡♥❣t❤s ❛r❡ ♠✉❧t✐♣❧❡ ♦❢ 2✳

❚❤❡ ✜rst ❝❛s❡ ❧❡❛❞s t♦ s ≡ 0 mod 4❀ t❤❡ s❡❝♦♥❞ ♦♥❡ ❧❡❛❞s t♦ s ≡ 1 mod 4 ❛♥❞ t❤❡

t❤✐r❞ ♦♥❡ ❧❡❛❞s t♦ s ≡ 2 mod 4❀ ❢♦r t❤❡ ❢♦✉rt❤ ♦♥❡ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t |l1| 6≡ 0 mod 4

❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛ ✺✳✸✱ s♦ t❤❛t s ≡ 3 mod 4❀ t❤❡ ✜❢t❤ ❝❛s❡✱ |l1| ♠✉st ❜❡ ❛ ♠✉❧t✐♣❧❡ ♦❢ 4✱

s♦ s ≡ 2 mod 4✳

❈♦r♦❧❧❛r② ✺✳✶✳ ▲❡t (pl(n))n∈N ❜❡ t❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ♦❢ ❛ s❡q✉❡♥❝❡ ✐♥ C s✉❝❤ t❤❛t ❛❧❧

✐ts ♣r❡✜①❡s ❛❞♠✐t ❛♥ ♦♣t✐♠❛❧ ♣❛❧✐♥❞r♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥str❛✐♥s ❧✐st❡❞ ❛s

✐♥ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✱ t❤❡♥ ❢♦r ❛❧❧ k ≥ 0✿

pl(4k + i) ≥ pl(4k + 3) + 1 ❢♦r i = 1, 2 ❛♥❞ pl(4k) ≥ pl(4k + 3)✳

Pr♦♦❢✳ ❋♦r i = 0✱ wa(0, 4k + 1) ✐s ♦❢ t❤❡ ❢♦r♠ q1q2...qrt1✳ ❯s✐♥❣ ▲❡♠♠❛ ✺✳✶ ✇❡ ❤❛✈❡

wa(0, 4k + 4) = q1q2...qrq ✐s ❛ ♣❛❧✐♥❞r♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ♥♦t ♥❡❝❡ss❛r✐❧② ♦♣t✐♠❛❧✱ ✇✐t❤

q = wa(4k, 4)✱ s♦ pl(4k + 3) ≤ r + 1 = pl(4k)

❋♦r i = 1✱ t❤❡r❡ ❛r❡ 2 ❝❛s❡s✿ ✐❢ wa(0, 4k+2) ✐s ♦❢ t❤❡ ❢♦r♠ q1q2...qrt1t2✱ t❤❡♥ ✉s✐♥❣ ▲❡♠♠❛

✺✳✶ ♦♥❝❡ ♠♦r❡ ✇❡ ❤❛✈❡ wa(0, 4k + 4) = q1q2...qrq ✐s ❛ ♣❛❧✐♥❞r♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇✐t❤

q = wa(4k, 4) = t1t2t2t1❀ ✐❢ wa(0, 4k+2) ✐s ♦❢ t❤❡ ❢♦r♠ q1q2...qrt1t2l1✱ ✉s✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s

✇❡ ❤❛✈❡ wa(0, 4k + 4) = q1q2...qrq ✐s ❛ ♣❛❧✐♥❞r♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇✐t❤ q = t1t2l1t2t1✳

❋♦r i = 2✱ wa(0, 4k + 3) = q1q2...qrt1l1✱ ✉s✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s ✇❡ ❤❛✈❡ wa(0, 4k + 4) =

q1q2...qrq ✐s ❛ ♣❛❧✐♥❞r♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇✐t❤ q = t1l1t1✳

❙♦ ❛❧❧ ✐♥❡q✉❛❧✐t✐❡s ❛s ❛❜♦✈❡ ❛r❡ ♣r♦✈❡❞✳

▲❡♠♠❛ ✺✳✺✳ ▲❡t wa(0, k) ❜❡ ❛ ♣r❡✜① ♦❢ (an)n∈N✱ t❤❡♥ t❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥

wa(0, k) = p1p2...ps s✉❝❤ t❤❛t ♥♦♥❡ ♦❢ t❤❡s❡ ♣❛❧✐♥❞r♦♠❡s ✐s ♦❢ ❧❡♥❣t❤ 3✱ ❢✉rt❤❡r♠♦r❡✱ ✐❢ pi ✐s

♦❢ ❡✈❡♥ s✐③❡ t❤❡♥ ✐t ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡ ❝❡♥t❡r ♦❢ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞ ♦❢ t②♣❡ wa(4z, 4r)✳

Pr♦♦❢✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t k ✐s t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r s✉❝❤ t❤❛t wa(0, k) ❞♦❡s ♥♦t s❛t✐s❢②

♦♥❡ ♦❢ t❤❡ t✇♦ ❝♦♥str❛✐♥s ❛❜♦✈❡✱ t❤❡♥ ❡✐t❤❡r t❤❡ ❧❛st ♣❛❧✐♥❞r♦♠✐❝ ❢❛❝t♦r ✐♥ ❛❧❧ ♦♣t✐♠❛❧

❝♦♠♣♦s✐t✐♦♥s ✐s ♦❢ ❧❡♥❣t❤ 3✱ ♦r ✐t ❝❛♥ ♥♦t ❜❡ ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡ ❝❡♥t❡r ♦❢ ♣❛❧✐♥❞r♦♠✐❝

✇♦r❞ ♦❢ t②♣❡ wa(4z, 4r)✳ ■❢ ✐t ✐s ✐♥ t❤❡ ✜rst ❝❛s❡✱ t❤❡♥ t❤❡ ❧❛st ❢❛❝t♦r ❝❛♥ ❜❡ ❡✐t❤❡r
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a4t−1a4ta4t+1 ♦r a4t−2a4t−1a4t✳ ■❢ k = 4t + 2✱ ✉s❡ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ ❧❛st ❢❛❝t♦rs

✐♥ ❛❧❧ ♦♣t✐♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ wa(0, k) ❛r❡ t❤❡ s❛♠❡✱ ✇❤✐❝❤ ✐s a4t−1a4ta4t+1✱ ✇❡ ❝❛♥ ❞❡✲

❝♦♠♣♦s❡ wa(0, 4t+2) ❛s wa(0, 4t+2) = wa(0, 4t− 1)p ✇✐t❤ p = a4t−1a4ta4t+1✱ s♦ t❤❛t t❤❡

♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ✐s pl(4t+1) = 1+ pl(4t− 2)✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❞❡❝♦♠♣♦s❡ t❤❡ s❛♠❡ ✇♦r❞

❛s wa(0, 4t+ 2) = wa(0, 4t)a4ta4t+1✱ ✇❡ ❤❛✈❡ ❛ ❧❡♥❣t❤ pl(4t− 1) + 2✱ s♦ t❤❛t

pl(4t+ 1) = 1 + pl(4t− 2) < pl(4t− 1) + 2.

❙✐♠✐❧❛r❧② ❢♦r t❤❡ ❝❛s❡ t❤❛t k = 4t + 1✱ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ wa(0, 4t + 1) =

wa(0, 4t)a4t✱ ✇❡ ❤❛✈❡

pl(4k) = 1 + pl(4k − 3) < pl(4k − 1) + 1,

❇♦t❤ ✐♥❡q✉❛❧✐t✐❡s ❝♦♥tr❛❞✐❝t t❤❡ ♣r❡✈✐♦✉s ❝♦r♦❧❧❛r②✳

■❢ t❤❡ ❧❛st ❢❛❝t♦r ❝❛♥ ♥♦t ❜❡ ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡ ❝❡♥t❡r ♦❢ ❛ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞ ♦❢ t②♣❡

wa(4z, 4r)✱ t❤❡♥ ❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛ ✺✳✸ ✐t ❝❛♥ ❜❡ ❢♦✉♥❞ ❛t s♦♠❡ ♣♦s✐t✐♦♥ a4t−1a4t...a4l✱ s♦

t❤❡ ♦♣t✐♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s wa(0, 4l) = wa(0, 4t−1)a4t−1a4t...a4l✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r

❛♥♦t❤❡r ❝♦♠♣♦s✐t✐♦♥ wa(0, 4l) = wa(0, 4t)a4ta4t...a4l−1a4l✱ ✇❡ ❤❛✈❡

pl(4t− 2) + 1 < pl(4t− 1) + 2,

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ♣r❡✈✐♦✉s ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✺✳✷✳ ❈♦r♦❧❧❛r② ✺✳✶ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ s❡q✉❡♥❝❡s ✐♥ C✳

▲❡♠♠❛ ✺✳✻✳ ❚❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ s❡q✉❡♥❝❡ (pl(n))n∈N s❛t✐s✜❡s ❢♦r k ≥ 0✿

pl(4k + i) ≤ pl(4k + 3) + 2,

✇❤❡♥ i = 0 ♦r 1❀ ❛♥❞

pl(4k + 2) ≤ pl(4k + 3) + 1.

Pr♦♦❢✳ ▲❡t wa(0, 4k + 4) = p1p2...ps ❜❡ ❛♥ ♦♣t✐♠❛❧ ♣❛❧✐♥❞r♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ s✉❝❤ t❤❛t

❛❧❧ pj ❛r❡ ♦❢ s✐③❡ 4rj ✇❤✐❝❤ ❡①✐sts ❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛ ✺✳✺✳

■❢ t❤❡ s✐③❡ ♦❢ ps ✐s ❧❛r❣❡r t❤❛♥ 4✱ t❤❡♥ ❢♦r i = 1, 2 ♦r 3✱ ✇❡ ❝❛♥ ✇r✐t❡ ps = abã ✇❤❡r❡ a

✐s t❤❡ ♣r❡✜① ♦❢ ps ♦❢ ❧❡♥❣t❤ 4− i s♦ ✐♥ t❤✐s ❝❛s❡

wa(0, 4k + i) = p1p2...ps−1ab

❛♥❞ |a|pal = 2 ✇❤❡♥ i = 3 ❛♥❞ |a|pal = 1 ♦t❤❡r✇✐s❡✳

■❢ t❤❡ s✐③❡ ♦❢ ps ✐s 4✱ t❤❡♥ ❢♦r i = 1, 2 ♦r 3✱ ✇❡ ❝❛♥ ✇r✐t❡ ps = ab ✇❤❡r❡ a ✐s t❤❡ ♣r❡✜①
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♦❢ ps ♦❢ ❧❡♥❣t❤ i s♦ ✐♥ t❤✐s ❝❛s❡

wa(0, 4k + i) = p1p2...ps−1a

❛♥❞ |a|pal = 1 ✇❤❡♥ i = 1 ❛♥❞ |a|pal = 2 ♦t❤❡r✇✐s❡✳ ■♥ ❜♦t❤ ❝❛s❡s t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t✐❡s

❤♦❧❞✳

▲❡♠♠❛ ✺✳✼✳ ▲❡t (an)n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ✐♥ C ❞❡✜♥❡❞ ♦✈❡r t❤❡ ❛❧♣❤❛❜❡t
∑

✱ ❧❡t f ❜❡ ❛

❜✐❥❡❝t✐♦♥ ❢r♦♠
∑4 t♦ ❛ ♥❡✇ ❛❧♣❤❛❜❡t

∑′✱ t❤❡♥ t❤❡ s❡q✉❡♥❝❡ (bn)n∈N ❞❡✜♥❡❞ ❛s

bn = f(a4na4n+1a4n+2a4n+3) ∀n ∈ N

✐s ❛❧s♦ ✐♥ C✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ wa(0, 4t) = p1p2...pk ✐s ❛♥ ♦♣t✐♠❛❧ ♣❛❧✐♥❞r♦♠✐❝ ❞❡❝♦♠✲

♣♦s✐t✐♦♥ ♦❢ wa(0, 4t) ✐❢ ❛♥❞ ♦♥❧② ✐❢ wb(0, t) = f(p1)f(p2)...f(pk) ✐s ❛♥ ♦♣t✐♠❛❧ ♣❛❧✐♥❞r♦♠✐❝

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ wb(0, t) ❛♥❞ t❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ s❡q✉❡♥❝❡ (pl(n))n∈N s❛t✐s✜❡s ❢♦r k ≥ 0✿

pl(4k + 3) = pl(k)

Pr♦♦❢✳ ❚❤❡ ✜rst ♣❛rt ✐s ❡❛s② t♦ ❝❤❡❝❦ ❜② ✐♥❞✉❝t✐♦♥✳ ❋♦r t❤❡ s❡❝♦♥❞ ♣❛rt✱ ❛♣♣❧②✐♥❣ t❤❡

❛❧❣♦r✐t❤♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ▲❡♠♠❛ ✺✳✸ t♦ wa(0, 4k + 4)✱ ✇❡ ❣❡t ❛♥ ♦♣t✐♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥

s✉❝❤ t❤❛t ❛❧❧ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞s ✐♥ t❤❡ ♦♣t✐♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛r❡ ♦❢ s✐③❡ 4ki ❛♥❞ ❜❡❣✐♥ ❛t

s♦♠❡ ♣♦s✐t✐♦♥ 4ri✳ ❆♣♣❧②✐♥❣ f t♦ wa(0, 4k + 4) ❛s ✇❡❧❧ ❛s ❡❛❝❤ ♣❛❧✐♥❞r♦♠✐❝ ❢❛❝t♦r✱ ✇❡ ❣❡t

❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ✇♦r❞ ♦❢ ❧❡♥❣t❤ k + 1✱ ✇❤✐❝❤ ✐s ❛ ♣r❡✜① ♦❢ t❤❡ s❡q✉❡♥❝❡ (bn)n∈N✱ t❤✐s

❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♦♣t✐♠❛❧ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❜✐❥❡❝t✐✈✐t② ♦❢ f ✳

❈♦r♦❧❧❛r② ✺✳✸✳ ❚❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ s❡q✉❡♥❝❡ (pl(n))n∈N s❛t✐s✜❡s ❢♦r k ≥ 0✿

pl(4k + 3) = pl(k)❀

pl(4k + 2) = pl(4k + 3) + 1❀

pl(4k + 1) = pl(4k + 3) + 1 ♦r pl(4k + 3) + 2❀

pl(4k) = pl(4k + 3)✱ pl(4k + 3) + 1 ♦r pl(4k + 3) + 2✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❚❤❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ s❡q✉❡♥❝❡ (pl(n))n∈N s❛t✐s✜❡s ❢♦r k ≥ 0✿

pl(4k + 1) = pl(4k + 3) + 1 ✐❢ k ≡ 0 mod 4❀

pl(4k + 1) = pl(4k + 3) + 2 ✐❢ k ≡ 2, 3 mod 4❀

pl(4k + 1)− pl(4k + 3) = pl(k)− pl(k + 2) ✐❢ k ≡ 1 mod 4❀

pl(4k) = pl(k − 1) + 1✳

Pr♦♦❢✳ ■❢ k ≡ 0 mod 4✱ ❛♣♣❧②✐♥❣ t❤❡ ❜✐❥❡❝t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ▲❡♠♠❛ ✺✳✼✱ t❤❡ ♦♣t✐♠❛❧

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ wa(0, 4k + 4) ✐s wa(0, 4k)a4ka4k+1a4k+2a4k+3✱ s♦ t❤❛t wa(0, 4k + 2) =

wa(0, 4k)a4ka4k+1 ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ wa(0, 4k + 2)✳ ❆s ❛ r❡s✉❧t✱ pl(4k + 1) ≤ pl(4k −

1) + 2 = pl(4k + 3) + 1✳
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■❢ k ≡ 2, 3 mod 4✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❧❛st ❢❛❝t♦r ✐♥ ❛♥② ♦♣t✐♠❛❧ ♣❛❧✐♥❞r♦♠✐❝

❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ wa(0, 4k + 4) ✐s ♦❢ ❧❡♥❣t❤ ❧❛r❣❡r t❤❛♥ 4✳ ❚❤✐s ✐s tr✐✈✐❛❧ ❜② ❛♣♣❧②✐♥❣ t❤❡

❜✐❥❡❝t✐♦♥ f t♦ wa(0, 4k + 4) ❛♥❞ ❝♦♥❝❧✉❞✐♥❣ ❜② t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ✐♥ ▲❡♠♠❛ ✺✳✹✳

■❢ k ≡ 1 mod 4✱ ❛♣♣❧②✐♥❣ t❤❡ ❜✐❥❡❝t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ▲❡♠♠❛ ✺✳✼ ❛♥❞ ▲❡♠♠❛ ✺✳✹✱ t❤❡

♦♣t✐♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ wa(0, 4k+4) ✐s ❡✐t❤❡r ♦❢ t②♣❡ p1p2...pkt1t2 ♦r ♦❢ t②♣❡ p1p2...pkt1t2l✱

✇✐t❤ pi ❛♥❞ l ♦❢ ❧❡♥❣t❤ 16ri ❛♥❞ ti ♦❢ ❧❡♥❣t❤ 4✳ ❚❤❡ ✜rst ❝❛s❡ ✐♠♣❧✐❡s pl(4k+1)−pl(4k+3) = 1

✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❝❛s❡ ✐♠♣❧✐❡s pl(4k + 1) − pl(4k + 3) = 2✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❛♣♣❧② f t♦

wa(0, 4k + 4) ✇❡ ❣❡t ❛ ✇♦r❞ ♦❢ ❧❡♥❣t❤ k + 1 ❛♥❞ pl(k)− pl(k + 2) = 1 ✐♥ t❤❡ ✜rst ❝❛s❡ ❛♥❞

pl(k)− pl(k + 2) = 2 ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✳

❚❤❡ ❧❛st ❡q✉❛❧✐t② ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✺✳✹ ❛♥❞ ▲❡♠♠❛ ✺✳✼✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❆❧❧ s❡q✉❡♥❝❡s ✐♥ C s❤❛r❡ t❤❡ s❛♠❡ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ s❡q✉❡♥❝❡ (pl(n))n∈N✳

❋✉rt❤❡r♠♦r❡✱ t❤✐s ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ s❡q✉❡♥❝❡ ✐s 4✲r❡❣✉❧❛r✳

Pr♦♦❢✳ ❚❤❡ 4✲❦❡r♥❡❧ ♦❢ (pl(n))n∈N ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❡❧❡♠❡♥ts ✐♥

{(pl(n))n∈N, (pl(n− 1))n∈N, (pl(n+ 1))n∈N, (b(n))n∈N, (1)n∈N} ,

✇❤❡r❡ t❤❡ s❡q✉❡♥❝❡ (b(n))n∈N ✐s ❞❡✜♥❡❞ ❜② b(n) = pl(4n+ 1)− pl(4n+ 3)✳ ❇② ❞❡✜♥✐t✐♦♥✱

t❤❡ s❡q✉❡♥❝❡ (b(n))n∈N s❛t✐s✜❡s r❡❧❛t✐♦♥s b(4n) = 1✱ b(4n + 1) = b(n) ❛♥❞ b(4n + 2) =

b(4n+ 3) = 2✳ ▲❡s ✉s ❞❡✜♥❡ ♠❛tr✐❝❡s Γi ❜②




(pl(4n+ i− 1))n∈N

(pl(4n+ i))n∈N

(pl(4n+ i+ 1))n∈N

(b(4n+ i))n∈N

(1)n∈N




= Γi




(pl(n− 1))n∈N

(pl(n))n∈N

(pl(n+ 1))n∈N

(b(n))n∈N

(1)n∈N




❢♦r i = 0, 1, 2, 3✳ ❯s✐♥❣ r❡❧❛t✐♦♥s ❞❡t❡r♠✐♥❡❞ ✐♥ ❈♦r♦❧❧❛r② ✺✳✸ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✶✱ ✇❡ ❤❛✈❡

pl(4n− 1) = pl(4(n− 1) + 3) = pl(n− 1)

pl(4n) = pl(n− 1) + 1

pl(4n+ 1) = b(n) + pl(4n+ 3) = b(n) + pl(n)

pl(4n+ 2) = pl(4n+ 3) + 1 = pl(n) + 1

pl(4n+ 3) = pl(n)

pl(4n+ 4) = pl(n) + 1
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❙♦ t❤❛t t❤❡ Γi ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛s ❢♦❧❧♦✇s✿

Γ0 =




1 0 0 0 0

1 0 0 0 1

0 1 0 1 0

0 0 0 0 1

0 0 0 0 1




Γ1 =




1 0 0 0 1

0 1 0 1 0

0 1 0 1 0

0 0 0 1 0

0 0 0 0 1




Γ2 =




0 1 0 1 0

0 1 0 0 1

0 1 0 0 0

0 0 0 0 2

0 0 0 0 1




Γ3 =




0 1 0 0 1

0 1 0 0 0

0 1 0 0 1

0 0 0 0 2

0 0 0 0 1




Pr♦♣♦s✐t✐♦♥ ✺✳✸✳ ▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ t❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡r i = 0, 1, 2, ...15✱ pl(16k+

i) ≤ pl(16k − 1) + 3✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ lim sup pl(n) = 3 ln(n)
ln(16) ✳

Pr♦♦❢✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✺✳✶ ❛♥❞ ❈♦r♦❧❧❛r② ✺✳✸✱ ✇❡ ❤❛✈❡✿ pl(16k−1) = pl(16(k−1)+15) =

pl(k − 1)✱ ❢✉rt❤❡r♠♦r❡✱

pl(16k) = pl(4k − 1) + 1 = pl(k − 1) + 1

pl(16k + 1) = pl(16k + 3) + 1 = pl(4k) + 1 = pl(k − 1) + 2

pl(16k + 2) = pl(16k + 3) + 1 = pl(k − 1) + 2

pl(16k + 3) = pl(4k) = pl(k − 1) + 1

pl(16k + 4) = pl(16k + 3) + 1 = pl(k − 1) + 2

pl(16k + 5) ≤ pl(16k + 4) + 1 ≤ pl(k − 1) + 3

pl(16k + 6) = pl(16k + 7) + 1 = pl(4k + 1) + 1 ≤ pl(4k) + 2 = pl(k − 1) + 3

pl(16k + 7) = pl(4k + 1) ≤ pl(k − 1) + 2

pl(16k + 8) = pl(4k + 1) ≤ pl(k − 1) + 2

pl(16k + 9) = pl(4k + 2) = pl(k) + 1 ≤ pl(k − 1) + 1

pl(16k + 10) = pl(16k + 11) + 1 = pl(4k + 2) + 1 = pl(k) + 2 ≤ pl(k − 1) + 3

pl(16k + 11) = pl(4k + 2) ≤ pl(k − 1) + 2

pl(16k + 12) = pl(4k + 2) + 1 ≤ pl(k − 1) + 3

pl(16k + 13) = pl(16k + 15) + 2 = pl(k) + 2 ≤ pl(k − 1) + 3

pl(16k + 14) = pl(16k + 15) + 1 = pl(k) + 1 ≤ pl(k − 1) + 2

pl(16k + 15) = pl(k) ≤ pl(k − 1) + 1.
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❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ st❛t❡♠❡♥t ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛❜♦✈❡ ❡q✉❛t✐♦♥s✱ ❢✉r✲

t❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ lim sup pl(n) ≤ 3 ln(n)
ln(16) ✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ✇❡ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ (k(i))i∈N ❜② k(1) = 5, k(i+1) = k(i)×16+9✱

t❤❡♥ ✇❡ ❝❛♥ ❣❡t ❡❛s✐❧② pl(k(i)) = 3i✳ ❝♦♥s❡q✉❡♥t❧② lim sup pl(n) = 3 ln(n)
ln(16) ✳

❘❡♠❛r❦ ▲❡♠♠❛ ✺✳✼ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✶ ❛r❡ ❝r✐t✐❝❛❧ ✐♥ t❤❡ ♣r♦♦❢ ❜❡❝❛✉s❡ t❤❡② s❤♦✇ t❤❡

✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t fn(wn) 6= wn✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s ❤②♣♦t❤❡s✐s✱ ✇❡ ❝❛♥

❣✉❛r❛♥t❡❡ t❤❛t t❤❡ s❡t C ✐s ❝❧♦s❡❞ ✉♥❞❡r ❜✐❥❡❝t✐♦♥s ✭❛♥❞ t❤❡✐r ✐♥✈❡rs❡s✮ ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛

✺✳✺✱ ❛♥❞ ❞♦ ♥♦t ❤❛✈❡ ❢❛❝t♦rs ❧✐❦❡ aaaa ✐♥ t❤❡ s❡q✉❡♥❝❡✳ ❙♦ t❤❛t ✇❡ ❝❛♥ ❛♣♣❧② s♦♠❡ ✐♥❞✉❝t✐✈❡

♣r♦♣❡rt✐❡s ❜② s❛②✐♥❣ t❤❛t wa(0, 4k+4) ❛♥❞ wb(0, k+1) s❤❛r❡ t❤❡ ✏s❛♠❡✑ ♦♣t✐♠❛❧ ♣❛❧✐♥❞r♦♠✐❝

❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡ ❦❡② ♣♦✐♥t t♦ ♠❛❦❡ Pr♦♣♦s✐t✐♦♥ ✺✳✶ ✇♦r❦✳

❈♦r♦❧❧❛r② ✺✳✹✳ pl(n) + 1 ≥ pl(n+ 1)❀

✐❢ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r n s❛t✐s❢②✐♥❣ pl(n) + 2 = pl(n + 1) + 1 = pl(n + 2)✱ t❤❡♥ n ≡ 3

mod 4❀

✐❢ pl(4k) = pl(4k + 3) t❤❡♥ pl(4k + 1) = pl(4k + 2) = pl(4k + 3) + 1❀

✐❢ pl(4k) = pl(4k + 1) t❤❡♥ pl(4k) = pl(4k + 1) = pl(4k + 3) + 2✳

Pr♦♦❢✳ ❚❤❡ ✜rst st❛t❡♠❡♥t ✐s tr✐✈✐❛❧ ❜❡❝❛✉s❡ ♦❢ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ wa(0, n + 2) = wa(0, n +

1)an+1✳

❋♦r t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t✱ r❡♠❛r❦✐♥❣ t❤❡ ❢❛❝t t❤❛t pl(4k + 3) = pl(4k + 2) − 1✱ ✇❡

❤❛✈❡ ❡✐t❤❡r n ≡ 3 mod 4 ♦r n + 3 ≡ 3 mod 4✱ ❜✉t ✐❢ ✇❡ ❛r❡ ✐♥ t❤❡ ❧❛st ❝❛s❡✱ t❤❡♥

pl(n)+ 2 = pl(n+2) = pl(n+3)+1 s♦ t❤❛t pl(n+3) > pl(n) ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ❈♦r♦❧❧❛r②

✺✳✸✳

❋♦r t❤❡ ❧❛st t✇♦ st❛t❡♠❡♥ts✱ pl(4k) = pl(4k+3) ✐♠♣❧✐❡s t❤❛t t❤❡ ❧❛st ♣❛❧✐♥❞r♦♠✐❝ ❢❛❝t♦r

✐♥ ♦♣t✐♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ wa(0, 4k+4) ✐s a4ka4k+1a4k+2a4k+3 ✇❤✐❝❤ ♣r♦✈❡s pl(4k+1) =

pl(4k+2) = pl(4k+3)+1✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐❢ pl(4k) = pl(4k+1) t❤❡♥ pl(4k) 6= pl(4k+3)✱

s♦ t❤❛t t❤❡ ❧❛st ♣❛❧✐♥❞r♦♠✐❝ ❢❛❝t♦r ✐♥ ♦♣t✐♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ wa(0, 4k + 4) ✐s ♦❢ ❧❡♥❣t❤

❧❛r❣❡r t❤❛♥ 4✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❢❛❝t pl(4k) = pl(4k + 1) = pl(4k + 3) + 2✳

✺✳✹ ❆❧❧ s❡q✉❡♥❝❡s s❤❛r✐♥❣ (pl(n))n∈N

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ t❤❛t ❛❧❧ s❡q✉❡♥❝❡s s❤❛r✐♥❣ t❤❡ s❛♠❡ ♣❛❧✐♥❞r♦♠✐❝

❧❡♥❣t❤ (pl(n))n∈N ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛r❡ ❡①❛❝t❧② t❤❡ s❡q✉❡♥❝❡s ✐♥ C✳

▲❡♠♠❛ ✺✳✽✳ ▲❡t (bn)n∈N ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t ❛❧❧ ✇♦r❞s wb(4k, 4) ❛r❡ ♦❢ ❢♦r♠ xyyx✱

t❤❡♥

✶✮ ✐❢ wb(a, b) ✐s ❛ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞ ❛♥❞ b ✐s ♦❞❞✱ t❤❡♥ b ≤ 3✱ ❢✉rt❤❡r♠♦r❡✱ ✐❢ b = 3✱ t❤❡♥



✺✳✹✳ ❆▲▲ ❙❊◗❯❊◆❈❊❙ ❙❍❆❘■◆● (PL(N))N∈N ✽✶

a ≡ 3 ♦r 0 mod 4✳

✷✮ ✐❢ wb(a, b) ✐s ❛ ♣❛❧✐♥❞r♦♠✐❝ ✇♦r❞ ❛♥❞ b ✐s ❡✈❡♥✱ t❤❡♥ a+ b/2− 1 ✐s ♦❞❞✳

Pr♦♦❢✳ ■t ✐s ❛♥❛❧♦❣♦✉s t♦ ▲❡♠♠❛ ✺✳✷ ❛♥❞ ▲❡♠♠❛ ✺✳✸✳

▲❡♠♠❛ ✺✳✾✳ ▲❡t (bn)n∈N ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t ✐ts ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ s❡q✉❡♥❝❡ ❝♦✐♥❝✐❞❡s

✇✐t❤ (pl(n))n∈N✱ t❤❡♥ ❛❧❧ ✇♦r❞ wb(4k, 4) ❛r❡ ♦❢ ❢♦r♠ xyyx ✇✐t❤ x 6= y✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ❜② ✐♥❞✉❝t✐♦♥✿

❋✐rst❧② t❤❡ st❛t❡♠❡♥t ❤♦❧❞s ❢♦r s = 0✳ ❙✉♣♣♦s❡ t❤❛t t❤✐s st❛t❡♠❡♥t ✐s tr✉❡ ❢♦r ❛❧❧ s ≤ s0✱

✇❡ ✇✐❧❧ ♣r♦✈❡ ✐t ❢♦r s = s0 + 1✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ wb(0, 4s0 + 4) = p1p2...pr s✉❝❤ t❤❛t r = pl(4s0 + 4)✱

❛♥❞ ❧❡t n ❞❡♥♦t❡ t❤❡ ❧❡♥❣t❤ ♦❢ pr✳

❋✐rst❧② n ❝❛♥ ♥♦t ❜❡ t♦♦ s♠❛❧❧✿ ✐❢ n < 4 t❤❡♥ pl(4s0+3) = 1+pl(4s0+3−n) > pl(4s0+3)

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ❈♦r♦❧❧❛r② ✺✳✷✳

❙❡❝♦♥❞❧②✱ ✐❢ n ✐s ♦❞❞ t❤❡♥ ✐t ❝❛♥ ♥♦t ❜❡ t♦♦ ❧❛r❣❡✿ ✐❢ n = 2n0 + 1 ❛♥❞ n0 > 4 t❤❡♥

wb(4s0 + 6− 2n0, 2n0 − 7) ✐s ❛ ♣❛❧✐♥❞r♦♠❡ ♦❢ ♦❞❞ s✐③❡ ❧❛r❣❡r ♦r ❡q✉❛❧ t♦ 3 ❛♥❞ ✜♥✐s❤✐♥❣ ❛t

t❤❡ ♣♦s✐t✐♦♥ 4s0 − 1✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❡①✐st ❜❡❝❛✉s❡ ♦❢ t❤❡ ▲❡♠♠❛ ✺✳✽✳

❚❤✐r❞❧②✱ ✐❢ n ✐s ❡✈❡♥ ❛♥❞ ❧❛r❣❡ ❡♥♦✉❣❤✿ ✐❢ n = 2n0 ❛♥❞ n0 ≥ 4✱ t❤❡♥✱ ❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛

✺✳✽✱ n ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ 4 ❛♥❞ wb(4s0 − 1, 4) ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ s♦♠❡ ✇♦r❞ xyyx✳

❙♦ t❤❡r❡ ❛r❡ 5 ♦t❤❡r ❝❛s❡s t♦ st✉❞②✿ n = 4, 5, 6, 7, 9✳

❲❤❡♥ n = 4✱ wb(4s0, 4) ✐s ❡✐t❤❡r ♦❢ t②♣❡ xxxx ♦r xyyx✱ ❛♥❞ pl(4s0−1)+1 = pl(4s0+3)✱

✐❢ wb(4s0, 4) ✐s ♦❢ t②♣❡ xxxx t❤❡♥ wb(0, 4s0 + 3) = wb(0, 4s0)xxxx s♦ pl(4s0 + 2) ≤

pl(4s0 − 1) + 1 = pl(4s0 + 3)✱ ❝♦♥tr❛❞✐❝t✐♥❣ ❈♦r♦❧❧❛r② ✺✳✷✳

❲❤❡♥ n = 5 ♦r 6✱ pl(4s0 + 3) = pl(4s0 + 3 − n) + 1 > pl(4s0 − 1) + 1✱ ❤♦✇❡✈❡r✱

pl(4s0 + 3) ≤ pl(4s0 − 1) + 1✱ ❝♦♥tr❛❞✐❝t✐♦♥✳

❲❤❡♥ n = 7✱ pl(4s0 + 3) = pl(4s0 − 4) + 1 = pl(4s0 − 5) + 2✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

pl(4s0 − 1) ≤ pl(4s0 − 5) + 1 ❛♥❞ pl(4s0 + 3) ≤ pl(4s0 − 1) + 1✱ s♦

pl(4s0 + 3) = pl(4s0 − 1) + 1 = pl(4s0 − 5) + 2. (∗)

❆❢t❡r ❈♦r♦❧❧❛r② ✺✳✹✱ 4s0 − 4 ≡ 0 mod 16 ❛♥❞

pl(4s0 + 7) = pl(4s0 + 3) ♦r pl(4s0 + 7) = pl(4s0 + 3)− 1 (∗∗).

■❢ ✇❡ ✇r✐t❡ wb(0, 4s0 + 4) = wb(0, 4s0 − 4)abbaxabb ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❧❛st ♣❛❧✐♥❞r♦♠✐❝

❢❛❝t♦r ♦❢ wb(0, 4s0 + 8)✿



✽✷ ❈❍❆P■❚❘❊ ✺

✶✮ ❚❤❡ ❧❡♥❣t❤ ❝❛♥ ♥♦t ❜❡ s♠❛❧❧❡r t❤❛♥ 4✱ ♦t❤❡r✇✐s❡ pl(4s0+7) = pl(4s0+i)+1 > pl(4s0+7)

✇✐t❤ 3 < i < 6✱ ❝♦♥tr❛❞✐❝t✐♥❣ ❈♦r♦❧❧❛r② ✺✳✸✳

✷✮ ❚❤❡ ❧❡♥❣t❤ ❝❛♥ ♥♦t ❜❡ 4, 5, 6, 7✱ ♦t❤❡r✇✐s❡ pl(4s0+7) = pl(4s0+ i)+ 1 ✇✐t❤ −1 < i ≤ 3✱

❜✉t pl(4s0 + i) ≥ pl(4s0 + 3)✱ s♦ t❤❛t pl(4s0 + 7) > pl(4s0 + 3) + 1✱ ❝♦♥tr❛❞✐❝t✐♥❣ (∗∗)✳

✸✮ ❚❤❡ ❧❡♥❣t❤ ❝❛♥ ♥♦t ❜❡ 8✱ ♦t❤❡r✇✐s❡ wb(0, 4s0 + 8) = wb(0, 4s0 − 4)abbaxabbbbax ❛♥❞

pl(4s0+7) = pl(4s0−1)+1 = pl(4s0+3)✳ ❇✉t ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ pl(4s0+4) = pl(4s0+3)+1

❛♥❞ pl(4s0+6) = pl(4s0+7)+1 = pl(4s0+3)+1 ❜❡❝❛✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶❀ pl(4s0+5) =

pl(4s0 + 3) + 1 ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ wb(0, 4s0 + 6) = wb(0, 4s0 + 4)bb s♦ t❤❛t

pl(4s0 + 4) = pl(4s0 + 5) = pl(4s0 + 6) ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ❈♦r♦❧❧❛r② ✺✳✹✳

✹✮ ❚❤❡ ❧❡♥❣t❤ ❝❛♥ ♥♦t ❜❡ 9, 10✱ ♦t❤❡r✇✐s❡ pl(4s0 + 7) = pl(4s0 − i) + 1 ✇✐t❤ i = 2, 3✱ ❜✉t

pl(4s0 − i) ≥ pl(4s0 − 1) + 1 s♦ t❤❛t pl(4s0 + 7) > pl(4s0 − 1) + 1 = pl(4s0) + 3✱ ✇❤✐❝❤

❝♦♥tr❛❞✐❝ts (∗∗)✳

✺✮ ❚❤❡ ❧❡♥❣t❤ ❝❛♥ ♥♦t ❜❡ 11, 12, 13, 14, 16, 17✱ ❜❡❝❛✉s❡ t❤❡ ❧❛st ❢❛❝t♦r ❝❛♥ ♥♦t ❜❡ ♣❛❧✐♥✲

❞r♦♠✐❝✳

✻✮ ❚❤❡ ❧❡♥❣t❤ ❝❛♥ ♥♦t ❜❡ 15✱ ♦t❤❡r✇✐s❡✱ wb(0, 4s0 + 8) = wb(0, 4s0 − 8)cddcabbaxabbacdd✱

✇✐t❤ a 6= b, c 6= d✳ ▲❡t ✉s ❝❤❡❝❦ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ wb(0, 4s0 + 5) = wb(0, 4s0 − 4)abbaxabba✱

s♦ t❤❛t pl(4s0 + 4) ≤ pl(4s0 − 5) + 1✱ ❜✉t pl(4s0 + 4) = pl(4s0 + 3) + 1 ✇❤✐❝❤ ✐♠♣❧✐❡s

pl(4s0 + 3) ≤ pl(4s0 − 5)✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts (∗)✳

✼✮ ❚❤❡ ❧❡♥❣t❤ ❝❛♥ ♥♦t ❜❡ ❛♥ ♦❞❞ ♥✉♠❜❡r ❧❛r❣❡r t❤❛♥ 15✱ ♦t❤❡r✇✐s❡✱ t❤❡r❡ ✐s ❛ ♣❛❧✐♥❞r♦♠✐❝

❢❛❝t♦r ♦❢ ♦❞❞ s✐③❡ ❧❛r❣❡r t❤❛♥ 3 ✐♥ wa(0, 4s0) ✜♥✐s❤✐♥❣ ❛t ♣♦s✐t✐♦♥ 4s0 − 1✱ ❝♦♥tr❛❞✐❝t✐♥❣

▲❡♠♠❛ ✺✳✽✳

✽✮ ❚❤❡ ❧❡♥❣t❤ ❝❛♥ ♥♦t ❜❡ ❛♥ ❡✈❡♥ ♥✉♠❜❡r ❧❛r❣❡r t❤❛♥ 14✱ ♦t❤❡r✇✐s❡✱ ❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛

✺✳✽✱ t❤❡ ❧❡♥❣t❤ ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ 4✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❢❛❝t♦r wa(4s0, 4) ✐s t❤❡ s②♠♠❡tr✐❝❛❧ ♦❢

s♦♠❡ ✇♦r❞s wa(4x, 4)✱ ❜② ❤②♣♦t❤❡s✐s✱ ✐t ✐s ♦❢ t②♣❡ abba ❜✉t ♥♦t xabb✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ ❧❛st ♣❛❧✐♥❞r♦♠✐❝ ❢❛❝t♦r ♦❢ wa(0, 4s0 + 4) ❝❛♥ ♥♦t ❜❡ 7✳

❲❤❡♥ n = 9✱ pl(4s0+3) = pl(4s0−6)+1 = pl(4s0−5)+2 ≥ pl(4s0−1)+1✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ pl(4s0+3) ≤ pl(4s0− 1)+ 1✱ s♦ pl(4s0+3) = pl(4s0− 1)+ 1❀ ❛♥♦t❤❡r ♦❜s❡r✈❛t✐♦♥ ✐s

t❤❛t pl(4s0+2) ≤ pl(4s0− 5)+1 ❜❡❝❛✉s❡ b4s0−4, b4s0−3, b4s0−2, b4s0−1, b4s0 , b4s0+1, b4s0+2 ✐s

♣❛❧✐♥❞r♦♠✐❝✱ ❜✉t pl(4s0+2) = pl(4s0+3)+1 s♦ pl(4s0+3)+2 ≤ pl(4s0−5)+2 = pl(4s0+3)✱

❝♦♥tr❛❞✐❝t✐♦♥✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ ❝❛s❡s wb(4s0, 4) ✐s ♦❢ t②♣❡ xyyx✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳ ▲❡t w ❜❡ ❛ ✜♥✐t❡ ✇♦r❞ ♦❢ ❧❡♥❣t❤ 4k✱ s✉❝❤ t❤❛t ✐ts ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤

s❡q✉❡♥❝❡ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❛ ♣r❡✜① ♦❢ (pl(n))n∈N✱ t❤❡♥ w ✐s ❛ ♣r❡✜① ♦❢ ❛ s❡q✉❡♥❝❡ ✐♥ C✳

Pr♦♦❢✳ ▲❡t ✉s ♣r♦✈❡ ✐t ❜② ✐♥❞✉❝t✐♦♥✳ ❚❤❡ st❛t❡♠❡♥t ✐s tr✐✈✐❛❧❧② tr✉❡ ✇❤❡♥ k = 0✳ ◆♦✇

s✉♣♣♦s❡ t❤❡ st❛t❡♠❡♥t ✐s tr✉❡ ❢♦r k = s0✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ k = s0 + 1✿



✺✳✹✳ ❆▲▲ ❙❊◗❯❊◆❈❊❙ ❙❍❆❘■◆● (PL(N))N∈N ✽✸

❘❡♠❛r❦✐♥❣ t❤❛t ▲❡♠♠❛ ✺✳✷✱ ✺✳✸✱ ✺✳✹✱ ✺✳✺ ✇♦r❦ ✉♥❞❡r t❤❡ ✇❡❛❦❡r ❝♦♥❞✐t✐♦♥ ♦♥ s❡q✉❡♥❝❡s

❛♥♥♦✉♥❝❡❞ ✐♥ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts t♦ ♣r♦✈❡ ❡❛❝❤ ♣r❡✜①

♦❢ w ♦❢ ❧❡♥❣t❤ 4k ❛❞♠✐ts ❛♥ ♦♣t✐♠❛❧ ♣❛❧✐♥❞r♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t②♣❡ p1p2..pr s✉❝❤ t❤❛t

t❤❡ ❧❡♥❣t❤ ♦❢ ❛❧❧ t❤✐s ❢❛❝t♦rs ❛r❡ ♠✉❧t✐♣❧❡s ♦❢ 4✳ ❯s✐♥❣ ▲❡♠♠❛ ✺✳✼ t❤❡r❡ ✐s ❛♥♦t❤❡r ❛❧♣❤❛❜❡t

Σ1 ❛♥❞ ❛ ❜✐❥❡❝t✐♦♥ f : Σ4 → Σ1 s✉❝❤ t❤❛t f(w) ✐s st✐❧❧ ❛ ✇♦r❞ ✇❤✐❝❤ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤

s❡q✉❡♥❝❡ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❛ ♣r❡✜① ♦❢ (pl(n))n∈N✱ ❤♦✇❡✈❡r t❤❡ ❧❡♥❣t❤ ♦❢ f(w) ✐s 4s0 ✱ ✉s✐♥❣ t❤❡

❤②♣♦t❤❡s✐s ♦❢ ✐♥❞✉❝t✐♦♥✱ ✐t ✐s ❛ ♣r❡✜① ♦❢ ❛ s❡q✉❡♥❝❡ ✐♥ C✱ s♦ w ✐s ❛❧s♦ ❛ ♣r❡✜① ♦❢ ❛ s❡q✉❡♥❝❡

✐♥ C✱ ❜② ❛♣♣❧②✐♥❣ t❤❡ ✐♥✈❡rs❡ ♦❢ f ✳

❚❤❡♦r❡♠ ✺✳✶✳ ❆❧❧ s❡q✉❡♥❝❡s s✉❝❤ t❤❛t t❤❡✐r ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ s❡q✉❡♥❝❡s ❝♦✐♥❝✐❞❡ ✇✐t❤

t❤❡ ♦♥❡ ♦❢ ❚❤✉❡✲▼♦rs❡✬s ❛r❡ ✐♥ C✳
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❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❏✳✲P✳ ❆❧❧♦✉❝❤❡ ❛♥❞ ▲✳ ●♦❧❞♠❛❦❤❡r✳ ▼♦❝❦ ❝❤❛r❛❝t❡rs ❛♥❞ t❤❡ ❑r♦♥❡❝❦❡r s②♠❜♦❧✳ ❏♦✉r✲

♥❛❧ ♦❢ ◆✉♠❜❡r ❚❤❡♦r②✱ ✶✾✷✿✸✺✻✕✸✼✷✱ ✷✵✶✽✳

❬✷❪ ❏✳✲P✳ ❆❧❧♦✉❝❤❡✱ ▼✳ ▼❡♥❞ès ❋r❛♥❝❡✱ ❛♥❞ ❏✳ P❡②r✐èr❡✳ ❆✉t♦♠❛t✐❝ ❉✐r✐❝❤❧❡t s❡r✐❡s✳ ❏♦✉r♥❛❧

♦❢ ◆✉♠❜❡r ❚❤❡♦r②✱ ✽✶✭✷✮✿✸✺✾✕✸✼✸✱ ✷✵✵✵✳

❬✸❪ ❏✳✲P✳ ❆❧❧♦✉❝❤❡✱ ❙✳ ❘✐❛s❛t✱ ❛♥❞ ❏✳ ❙❤❛❧❧✐t✳ ▼♦r❡ ✐♥✜♥✐t❡ ♣r♦❞✉❝ts✿ ❚❤✉❡✕▼♦rs❡ ❛♥❞ t❤❡

❣❛♠♠❛ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❘❛♠❛♥✉❥❛♥ ❏♦✉r♥❛❧✱ ✹✾✭✶✮✿✶✶✺✕✶✷✽✱ ✷✵✶✾✳

❬✹❪ ❏✳✲P✳ ❆❧❧♦✉❝❤❡ ❛♥❞ ❏✳ ❙❤❛❧❧✐t✳ ❚❤❡ r✐♥❣ ♦❢ ❦✲r❡❣✉❧❛r s❡q✉❡♥❝❡s✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r

❙❝✐❡♥❝❡✱ ✾✽✭✷✮✿✶✻✸✕✶✾✼✱ ✶✾✾✷✳

❬✺❪ ❏✳✲P✳ ❆❧❧♦✉❝❤❡ ❛♥❞ ❏✳ ❙❤❛❧❧✐t✳ ❆✉t♦♠❛t✐❝ ❙❡q✉❡♥❝❡s✿ ❚❤❡♦r②✱ ❆♣♣❧✐❝❛t✐♦♥s✱ ●❡♥❡r❛❧✲

✐③❛t✐♦♥s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✱ ✷✵✵✸✳

❬✻❪ P✳ ❆♠❜r♦➸ ❛♥❞ ❊✳ P❡❧❛♥t♦✈á✳ ❆ ♥♦t❡ ♦♥ ♣❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ♦❢ ❙t✉r♠✐❛♥ s❡q✉❡♥❝❡✳

❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❝s✱ s✉❜♠✐tt❡❞✱ ✷✵✶✽✳ ❤tt♣✿✴✴❛r①✐✈✳♦r❣✴❛❜s✴✶✽✵✽✳

✵✽✽✼✾✳

❬✼❪ P✳ ❆♠❜r♦➸✱ ❖✳ ❑❛❞❧❡❝✱ ❩✳ ▼❛sá❦♦✈á✱ ❛♥❞ ❊✳ P❡❧❛♥t♦✈á✳ P❛❧✐♥❞r♦♠✐❝ ❧❡♥❣t❤ ♦❢ ✇♦r❞s

❛♥❞ ♠♦r♣❤✐s♠s ✐♥ ❝❧❛ss P✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✼✽✵✿✼✹✕✽✸✱ ✷✵✶✾✳

❬✽❪ P✳ ●✳ ❇❡❝❦❡r✳ ❦✲❘❡❣✉❧❛r ♣♦✇❡r s❡r✐❡s ❛♥❞ ▼❛❤❧❡r✲t②♣❡ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥s✳ ❏♦✉r♥❛❧

♦❢ ◆✉♠❜❡r ❚❤❡♦r②✱ ✹✾✭✸✮✿✷✻✾✕✷✽✻✱ ✶✾✾✹✳

❬✾❪ ❆✳ ❇❧♦♥❞✐♥✲▼❛ssé✱ ❙✳ ❇r❧❡❦✱ ❛♥❞ ❙✳ ▲❛❜❜é✳ P❛❧✐♥❞r♦♠✐❝ ❧❛❝✉♥❛s ♦❢ t❤❡ ❚❤✉❡✲▼♦rs❡

✇♦r❞✳ Pr♦❝ ●❆❙❈❖▼ ✷✵✵✽✱ ♣❛❣❡s ✺✸✕✻✼✱ ✵✶ ✷✵✵✽✳

❬✶✵❪ ❙✳ ❇r❧❡❦✳ ❊♥✉♠❡r❛t✐♦♥ ♦❢ ❢❛❝t♦rs ✐♥ t❤❡ ❚❤✉❡✲▼♦rs❡ ✇♦r❞✳ ❉✐s❝r❡t❡ ❆♣♣❧✐❡❞ ▼❛t❤❡✲

♠❛t✐❝s✱ ✷✹✭✶✮✿✽✸✕✾✻✱ ✶✾✽✾✳

❬✶✶❪ ❙✳ ❈❤❡❝❝♦❧✐ ❛♥❞ ❏✳ ❘♦q✉❡s✳ ❖♥ s♦♠❡ ❛r✐t❤♠❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ▼❛❤❧❡r ❢✉♥❝t✐♦♥s✳ ■sr❛❡❧

❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✷✷✽✭✷✮✿✽✵✶✕✽✸✸✱ ✷✵✶✽✳

❬✶✷❪ ●✳ ❈❤r✐st♦❧✱ ❚✳ ❑❛♠❛❡✱ ▼✳ ▼❡♥❞ès ❋r❛♥❝❡✱ ❛♥❞ ●✳ ❘❛✉③②✳ ❙✉✐t❡s ❛❧❣é❜r✐q✉❡s✱ ❛✉t♦✲

♠❛t❡s ❡t s✉❜st✐t✉t✐♦♥s✳ ❇✉❧❧❡t✐♥ ❞❡ ❧❛ ❙♦❝✐été ▼❛t❤é♠❛t✐q✉❡ ❞❡ ❋r❛♥❝❡✱ ✶✵✽✿✹✵✶✕✹✶✾✱

✶✾✽✵✳

✽✺
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❬✶✸❪ ❆✳ ❈♦❜❤❛♠✳ ❯♥✐❢♦r♠ t❛❣ s❡q✉❡♥❝❡s✳ ▼❛t❤❡♠❛t✐❝❛❧ ❙②st❡♠s ❚❤❡♦r②✱ ✻✭✶✮✿✶✻✹✕✶✾✷✱

✶✾✼✷✳

❬✶✹❪ ❍✳ ❈♦❤❡♥ ❛♥❞ ❏✳ P✳ ❆❧❧♦✉❝❤❡✳ ❉✐r✐❝❤❧❡t s❡r✐❡s ❛♥❞ ❝✉r✐♦✉s ✐♥✜♥✐t❡ ♣r♦❞✉❝ts✳ ❇✉❧❧❡t✐♥

♦❢ t❤❡ ▲♦♥❞♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✶✼✭✻✮✿✺✸✶✕✺✸✽✱ ✶✶ ✶✾✽✺✳

❬✶✺❪ ❍✳ ❉❡❧❛♥❣❡✳ ❙✉r ❧❡s ❢♦♥❝t✐♦♥s ❛r✐t❤♠ét✐q✉❡s ♠✉❧t✐♣❧✐❝❛t✐✈❡s✳ ❆♥♥✳ ❙❝✐✳ ➱❝♦❧❡ ◆♦r♠✳

❙✉♣✳✱ ✼✽✿✷✼✸✕✸✵✹✱ ✶✾✻✶✳

❬✶✻❪ ❲✳ ❉✉❦❡ ❛♥❞ ❍✳ ◆✳ ◆❣✉②❡♥✳ ■♥✜♥✐t❡ ♣r♦❞✉❝ts ♦❢ ❝②❝❧♦t♦♠✐❝ ♣♦❧②♥♦♠✐❛❧s✳ ❇✉❧❧❡t✐♥ ♦❢

t❤❡ ❆✉str❛❧✐❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✾✶✭✸✮✿✹✵✵✕✹✶✶✱ ✷✵✶✺✳

❬✶✼❪ P✳ ❉✉♠❛s✳ ▼❛❤❧❡r✐❛♥ r❡❝✉rr❡♥❝❡s✱ ❛✉t♦♠❛t✐❝ s❡q✉❡♥❝❡s✱ ❛s②♠♣t♦t✐❝ st✉❞✐❡s✳ ❚❤ès❡✱

❯♥✐✈❡rs✐té ❇♦r❞❡❛✉① ■✱ ❙❡♣t✳ ✶✾✾✸✳

❬✶✽❪ P✳ ❉✳ ❚✳ ❆✳ ❊❧❧✐♦tt✳ ▼✉❧t✐♣❧✐❝❛t✐✈❡ ❋✉♥❝t✐♦♥s |g| ≤ 1 ❛♥❞ t❤❡✐r ❈♦♥✈♦❧✉t✐♦♥s✿ ❆♥

❖✈❡r✈✐❡✇✱ ♣❛❣❡s ✻✸✕✼✺✳ ❇✐r❦❤ä✉s❡r ❇♦st♦♥✱ ❇♦st♦♥✱ ▼❆✱ ✶✾✾✵✳

❬✶✾❪ P✳ ❊r❞➤s✳ ❙♦♠❡ ✉♥s♦❧✈❡❞ ♣r♦❜❧❡♠s✳ ▼✐❝❤✐❣❛♥ ▼❛t❤✳ ❏✳✱ ✹✭✸✮✿✷✾✶✕✸✵✵✱ ✶✾✺✼✳

❬✷✵❪ ❉✳ ❊ss♦✉❛❜r✐✳ ❙✐♥❣✉❧❛r✐té ❞❡ sér✐❡s ❞❡ ❉✐r✐❝❤❧❡t ❛ss♦❝✐é❡s à ❞❡s ♣♦❧②♥ô♠❡s ❞❡ ♣❧✉s✐❡✉rs

✈❛r✐❛❜❧❡s ❡t ❛♣♣❧✐❝❛t✐♦♥s ❡♥ t❤é♦r✐❡ ❛♥❛❧②t✐q✉❡ ❞❡s ♥♦♠❜r❡s✳ ❆♥♥❛❧❡s ❞❡ ❧✬■♥st✐t✉t

❋♦✉r✐❡r✱ ✹✼✭✷✮✿✹✷✾✕✹✽✸✱ ✶✾✾✼✳
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