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Résumé

Cette these a pour but d’étudier 'analyse sur les groupes quantiques compacts. Elle se
compose de deux parties. La premiere partie porte sur la classification des semi-groupes
de Markov invariants sur ces espaces homogenes quantiques. Les générateurs de ces semi-
groupes sont considérés comme des opérateurs de Laplace sur ces espaces. La spheére clas-
sique SV, la sphere libre SY ! et la sphere semi-libérée S¥N~! sont considérées comme
des exemples et les générateurs de semi-groupes de Markov sur ces spheres sont classifiés.
Nous calculons aussi les dimensions spectrales des trois familles de spheres en fonction du
comportement asymptotique des valeurs propres de leurs opérateurs de Laplace. Dans la
deuxieme partie, nous étudions la convergence des séries de Fourier pour les groupes non
abéliens et les groupes quantiques. Il est bien connu qu'un certain nombre de propriétés
d’approximation de groupes peuvent étre interprétées comme des méthodes de sommation
et de convergence en moyenne de séries de Fourier non commutatives associées. Nous éta-
blissons un critere général d’inégalités maximales pour les unités approchées de multipli-
cateurs non commutatifs de Fourier. En conséquence, nous prouvons que pour tout groupe
dénombrable discret moyennable, il existe une suite de fonctions de type positif a support
fini, telle que les multiplicateurs de Fourier associés sur les espaces L, non commutatifs
satisfassent a la convergence ponctuelle (presque uniforme). Nos résultats s’appliquent
également a la convergence presque partout des séries de Fourier de fonctions L, sur des
groupes compacts non-abéliens. D’autre part, nous obtenons des bornes indépendantes de
la dimension pour les inégalités maximales de Hardy-Littlewood non commutatives dans
I'espace & valeurs opérateurs L,(R? A) associées & des corps convexes.

Mots-clefs

Espaces L, non commutatifs, groupes quantiques compacts, actions quantiques, spheres
non commutatives, semi-groupes de Markov, multiplicateur de Fourier, convergence ponc-
tuelle
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Abstract

This thesis is devoted to study of analysis on compact quantum groups. It consists
of two parts. The first part presents the classification of invariant quantum Markov
semigroups on these quantum homogeneous spaces. The generators of these semigroups
are viewed as Laplace operators on these spaces. The classical sphere SV~ the free
sphere SY¥~! and the half-liberated sphere S¥~! are considered as examples and the
generators of Markov semigroups on these spheres are classified. We compute spectral
dimensions for the three families of spheres based on the asymptotic behavior of the
eigenvalues of their Laplace operator. In the second part, we study the convergence of
Fourier series for non-abelian groups and quantum groups. It is well-known that a number
of approximation properties of groups can be interpreted as some summation methods and
mean convergence of associated noncommutative Fourier series. Based on this framework,
this work studies the refined counterpart of pointwise convergence of these Fourier series.
We establish a general criterion of maximal inequalities for approximative identities of
noncommutative Fourier multipliers. As a result, we prove that for any countable discrete
amenable group, there exists a sequence of finitely supported positive definite functions, so
that the associated Fourier multipliers on noncommutative L,-spaces satisfy the pointwise
convergence. Our results also apply to the almost everywhere convergence of Fourier
series of L,-functions on non-abelian compact groups. On the other hand, we obtain
the dimension free bounds of noncommutative Hardy-Littlewood maximal inequalities
associated with convex bodies.

Keywords

Noncommutative L,-spaces, compact quantum groups, quantum actions, noncommu-
tative spheres, Markov semigroups, Fourier multipliers, maximal inequalities, pointwise
convergence.







Contents

Introduction
I Invariant Markov semigroups on quantum homogeneous spaces . . . . . . .
IT  Pointwise convergence of noncommutative Fourier series . . . . . . . . . ..

I Invariant Markov semigroups on quantum homogeneous
spaces

1 Preliminaries
1.1 Compact quantum groups . . . . . . . . . . .o
1.2 Actions of compact quantum groups . . . . . . . . .. .. ...
1.3 Quantum homogeneous spaces . . . . . . . . .. ...

2 Invariant Markov semigroups on quantum homogeneous spaces
2.1 Generator of invariant Markov semigroup . . . . . . ... ...
2.2 Classification of Markov semigroups on real easy quantum spheres . . . . .

3 Examples: classical, half-liberated and free spheres
3.1 Orthogonal polynomials . . . . .. .. ... ... ... . ... .. ...
3.1.1 The classical sphere . . . . . . . .. ... Lo
3.1.2  The half-liberated sphere . . . . . . . . . ... ... L.
3.1.3 The free sphere . . . . . . ... Lo
3.2 Spectral dimensions . . . . . . ...
3.2.1 The classical sphere . . . . . . . .. ... o 0L
3.2.2  The half-liberated sphere . . . . . . . . . ... ... L.
3.2.3 The free sphere . . . . . . . ..

13

II Pointwise convergence of noncommutative Fourier series 45

4 Preliminaries
4.1 Noncommutative ¢ -valued L,-spaces . . . . . . . . ... ... ... ....
4.2 Maximal inequalities and pointwise convergence . . . . . . . ... ... ..
4.3 Noncommutative Hilbert valued L,-spaces . . . . . ... ... ... ....

5 Square functions of subordinate Poisson semigroups

vii



CONTENTS

6 Maximal inequalities of multipliers on L,(M) 63
6.1 Ls-estimates under lacunary conditions . . . . . . . .. ..o 67
6.2 Reduction to lacunary sequences . . . . . . . .. ... L 67
6.3 Proof of Theorem 6.2 . . . . . . . . . . .. . ... 74
6.4 Proof of Theorem 6.3 . . . . . . . . . . . . ... .. ... ... .. 76

7 Application to Fourier multipliers on compact quantum groups 83

8 More concrete examples 89
8.1 Generalized Fejér means on non-abelian groups and quantum groups. . . . 89

8.1.1 Case of nilpotent groups and amenable groups . . . . . .. .. ... 89

8.1.2 Case of Euclidean spaces . . . . . . . . . .. ... ... .. ..... 91

8.1.3 Case of centrally amenable discrete quantum groups . . . . . . . .. 92

8.2 Convergence of Fourier series of L,-functions on compact groups . . . . . . 94

8.3 Bochner-Riesz means on some hyperbolic groups . . . . . . . .. .. .. .. 97
8.4 Dimension free bounds of noncommutative Hardy-Littlewood maximal op-

erators . . . . . . L e e e 99

Bibliography 107

viil



Introduction

This thesis investigates analysis on non-abelian groups and quantum groups. After
Woronowicz’s pioneering work [104], the theory of topological quantum groups has been
fruitfully developed in recent decades. It provides a prominent framework for the study of
quantum symmetries, noncommutative geometry and abstract harmonic analysis. Func-
tional analytic and probabilistic methods play essential roles in these researches. The
main interests in this thesis will be exactly at the intersection of these areas, and in par-
ticular we will focus on the study of Markov semigroups and Fourier multipliers, as well
as related objects that appear in the geometry and analysis on quantum groups.

The main objective of this work can be explained in the following two aspects. On
the one hand, in the classical setting, the study of analytic or differential structures
on a manifold often requires interactions with its isometric group. As a fundamental
model, viewing classical spheres as homogeneous spaces of special orthogonal groups,
Fourier analysis of spherical functions relies heavily on the invariant Laplacians and the
representation theory of special orthogonal groups. From a probabilistic viewpoint, this
also leads to the study of invariant Markov semigroups such as the heat semigroups on
spheres. For a quantized theory in a similar fashion, the quantum symmetry groups and
their quantum homogeneous spaces naturally enter the picture. Based on a probabilistic
approach, we aim to study the classification of invariant Markov semigroups on quantum
homogeneous spaces; as an example, we will give a precise computation of the natural
Laplace operators and spectral dimensions of noncommutative spheres.

On the other hand, it is worth mentioning that the theory of topological quantum
groups was also motivated by noncommutative generalizations of Fourier analysis. More
precisely, the functional analytic attempts have been made to generalize the Pontryagin
duality of locally compact abelian groups. This topic of noncommutative Fourier analysis
finds one of its origins in the investigation of approximation properties of operator algebras
inaugurated by Haagerup’s pioneering work [54]. From a viewpoint of harmonic analysis,
one can say that these approximation properties are interpretations of Fourier summation
methods and mean convergences of Fourier series. Based on this framework, we aim to
develop a refined study on the corresponding pointwise convergences of Fourier series.
Again our methods will rely on the study of Markov semigroups, as well as tools from
noncommutative L,-spaces and quantum probability.

In the following part of this introduction, we will give a detailed presentation on the
background, motivations and main results related to the two aforementioned subjects.
After the introduction, we will present our work in two parts. The first part deals with
the invariant Markov semigroups on quantum homogeneous spaces, and this is principally
based on the author’s joint work with Biswarup Das and Uwe Franz [37]. The second
part is devoted to the study of convergences of Fourier series, and this is based on the



INTRODUCTION

work joint with Guixiang Hong and Simeng Wang [58].

I Invariant Markov semigroups on quantum homo-
geneous spaces

Symmetry plays an essential role in many places in mathematics and sciences. Many
systems are naturally invariant under the action of some groups, like time or space trans-
lations, rotations, or reflections. It is therefore of great interest to characterize and classify
all invariant equations for a given group action. See for example the recent books by Ming
Liao [75] and Vladimir Dobrev [44], that study invariant Markov processes and invari-
ant differential operators, respectively. Liao’s book is motivated by probability theory,
whereas Dobrev’s book deals with applications to physics.

Quantum groups [102, 103] provide a generalisation of groups and can be considered
as a mathematical model for quantum symmetries. Dobrev [45] has also studied invariant
differential operators for quantum groups. The quantum groups considered in [45] are
g-deformations of semi-simple Lie groups.

But there exist also interesting quantum groups that are not deformations, but rather
“liberations” of classical groups, see, e.g.,[97, 98, 8]. These “liberated” quantum groups
furthermore have actions on interesting “liberated” noncommutative spaces, see, e.g., [6].
This provides an interesting class of examples for noncommutative geometry.

Banica and Goswami investigated how to define Dirac operators on two of these non-
commutative spaces: the free sphere S ' and the half-liberated sphere SY~1, cf. [6,
Theorem 6.4]. The action of the free or the half-liberated orthogonal group yields a
natural choice for the eigenspaces, but it does not suggest how to choose the eigenvalues.

In this part we introduce an approach for classifying invariant Markov semigroups
on noncommutative space equipped with an action of a compact quantum group. The
generators of these semigroups can be considered as natural candidates for Laplace oper-
ators. Dirac operators could be obtained via Cipriani and Sauvageot’s construction [30]
of a derivation from a Dirichlet form, see also [29]. Our method generalizes the case of
an action of a classical compact group on a homogeneous space presented in [73, Chapter
3],[74], [75, Chapter 1]. Since here we are dealing only with compact quantum groups
and actions on compact quantum spaces, everything can be done on the *-algebraic level.
As concrete examples we study the classical sphere S¥~!, the half-liberated sphere SN¥1,
and the free sphere Siv ~1. Our approach adds a positivity condition to the invariance
condition in [6], and leads to the formula for the eigenvalues of the Laplace operator on
the three spheres SV=1, SN=1 S§N¥~! see Theorem 0.3 below. A more detailed study of
the zeta function could probably be used to introduce further interesting “invariants” for
these noncommutative manifolds.

To state our main results, we consider a compact quantum group G equipped with the
Haar state h. Denoted by Irr(G) the equivalence classes of irreducible representations of
G. For m € G, we fix a representation u(™ € B(H,)® C(G) of the class 7 where H, is the
Hilbert space with finite dimension n,. We use Pol(G) to denote the dense Hopf *-algebra
of polynomials in C(G). Let € be the counit and S be the antipode on Pol(G). Let C be
a *-subalgebra of Pol(G). We call it an expected left coidalgebra, if the comultiplication
A sending C to C ® Pol(G) and there exists a contractive projection E, : Pol(G) — C with

2



[. INVARIANT MARKOV SEMIGROUPS ON QUANTUM HOMOGENEOUS
SPACES

hoE, = h. In [48], the authors showed that the coidalgebra admits an idempotent state
®, where idempotent state means (¢ ® ®)A = P.
Let us first give some basic definitions about generator function and Markov semigroup.

Definition 0.1. (Definition 2.12) Let A be a unital *-algebra and ¢ : A — C be a state.
A linear functional ¥ : A — C is called a ¢-generating functional, if

(1) ¢ is normalised, i.e., ¥ (1) = 0;

(2) ¢ is hermitian, i.e., ¥(a*) = 9(a), for all a € A;

(3) ¢ is ¢-conditionally positive, i.e., ¥(a*a) > 0 for all a € A with ¢(a*a) = 0.

Definition 0.2. (Definition 2.8) Let (7}):>0 be a semigroup of operators on C.

(1) We call T : C — C a Markov operator, if T(1) = 1 and T is completely positive
in the sense that (7; ® id,,)(x) > 0 for all = € M,,(C); where id,, is the identity map on
M, (C). We call (T})i>0 a Markov semigroup if T; is a Markov operator for any ¢ > 0.

(2) We call (T})i>0 a G-invariant semigroup, if (1T; @ id) o Ale = Al o T} for any ¢t > 0.

(3) We call (T});>0 strongly continuous if for any fixed x € C,

Ty(x) == To(x) as t—0.

We get the following Schoenberg correspondence for invariant Markov semigroups on
an expected coidalgebra C.

Theorem 0.3. (Theorem 2.13) Consider an expected left coidalgebra C of a compact
quantum group G. Let ® be the idempotent state corresponding to C.

(1) Let (T1)i>0 be a strongly continuous G-invariant Markov semigroups on C. Then
the generator L := %Tt’t—o exists and there exists a (eoTq )-generating functional ¥, which

is ® invariant, such that
L=(®E)oa.

(2) Let 1) be a (€|¢)-generating functional which is ®-invariant. Define L = (¢ QE,)oa.
Then we can construct a G-invariant Markov semigroups on C by

< Rk
T, = ZHL
k=0

where L°" = Lo Lo L(z) is the k folds composition of L, and the sum is taking in the
sense of pointwise norm convergence.

As examples, we consider some spheres: classical spheres SV ~!, half-liberated spheres
SN=! and free spheres SY . Let Oy, Ok, Of denote classical, half-liberated and free
orthogonal (quantum) groups respectively. We use the notation SY¥~! and O to denote
those three spheres and associated three orthogonal groups respectively with x € {0, %, +}
(where ) stands for no symbol, i.e. classical case).

Let a be the right action of Oy on SY~! given by a(x;) = S, xr ® ug;. Let us
consider the Podles *-algebra 0oy (SY~1) associated to this action a. In [4, Section

5], Banica showed that Oy (SN¥=1) is isomorphism to the *-subalgebra generated by
{uy; + 1 < i < N} in Pol(Oy). Therefore, the Podles *-algebra & ij(S]XV_l) is a left
expected coidalgebra of O and let ® be the corresponding idempotent state on C'(Oy).
We call the state h := h01>\<7|ﬁo (SN the Haar state on the sphere.

X
N

3



INTRODUCTION

Let (u(®)),en be a special sequence of representations (may not be irreducible) of O
labeled by N (See Proposition 2.15 for the constuction of this sequence (u(®)),ey ). The
following lemma is the key to classify invariant Markov semigroups on spheres.

Lemma 0.4. (Lemma 2.16) For any s € N, there exists a basis for the Hilbert space K
where the representation u'® acts on, such that

P(s) := (@(ugfg = 0;10k1,

)) 1<5,k<ds

if we write ul®) = (Ug-z))lgj’kgds w.r.t. to this basis.

This lemma shows that uﬁ’ € Pol[uy], i.e. there exists a polynomial g; € Pol[uy]

with degree s such that u{y = ¢s(u11). Decompose the Podles *-algebra 0oy (SY-1) as

following
Hy = span{z;, ---x; :r < k};
Dy = HyNH ;  dy = dim Dy,

where the orthogonal L is defined by the Haar state h. Then we have the next theorem
which classifies G-invariant Markov semigroups.

Theorem 0.5. (Theorem 2.18) For any Ox-invariant strongly continuous Markov semi-
group (T})i>0 on O JXV(SJXV_I), there exists a pair (b, v) where b is a positive number and v
is a finite measure on [—1,1] such that the generator L of (T3)i>0 satisfying

L(zs) = A\szs, x5 € Dy,
with . .
A= b))+ [ )
-1 x—1
where qs € Pol[uy1] such that h(q,(u11)gm(u11)) = Cpopm and ¢ (1) = 1.

The generators of these Ox-invariant semigroups can be considered as natural candi-
dates for Laplace operators on SY~!. In fact, the arguments above also work for more
general sphere 37]2\[ ~1if there is a quantum subgroup O¥ of O}, acting on Sg ~! such that
the Podles algebra Opr (S5~1) and the *-algebra generated by {uy; : 1 < i < N} in
Pol(O%) are isomorphic.

To make this theorem more complete, we need to show what those polynomials ¢, look
like. We give the answer case by case (Section 3.1).

o Classical sphere: ¢, = J?/J%%(1) where J%# is the Jacobi polynomial with
a=p=(N-3)/2

o Half-liberated sphere: ¢, is defined by

N+k-2\" —k,N+k—1
C]Qk(x) = (—1)k< e ) o ( 1 ;$2>

N+k—2\" —k,N +k
Gors1(x) = x - (—1)k(k’ + 1)< f ) o Fy < 5 ;x2> .

4



II. POINTWISE CONVERGENCE OF NONCOMMUTATIVE FOURIER SERIES

« Free case: ¢, satisfy the following three-term recurrence relation:

as+1Qs+2<x> = Us+1(N)qS+1(I)$ - ast(m) Vs >0

where o(x) = 1, (z) = 2,

° N N)—-U,-1(N)) ifs=2
a, = Z(_l)s+kUk(N) _ Um( )(Um( ) Um 1( )) 1 S m,

=0 Un(N)(Upi1(N) = Unyn(N)) if s=2m+1,

and where U,(N) denotes the value of the s Chebyshev polynomial of the second
kind at the point V.

By Theorem 0.5, the generator L of an Oy-invariant Markov semigroup can be de-
termined by a pair (b, ). We find that if we set (b = 1, = 0) the associated generator
L is indeed (N — 1)7*A where A is the Laplace operator on the classical sphere SV~1.
(N —1)7! is a constant and multiplication by a constant will not make difference for
differential structure. So the generator L associated to the special pair (b = 1,v = 0)
may be a good choice for the Laplace operator on the sphere. Then we can define the
Dirac operator D from the Laplace operator such that D? = L. In other words, the
eigenvalues of Dirac operator D are (d=v/A;)s>0 Where (\)s>0 are eigenvalues of L given
by equation (1). Therefore according to those polynomials ¢, described above, we can
compute the spectral dimension d;, of these spheres (Section 3.2):

o Classical sphere: d, = N — 1.
« Half-liberated sphere: d;, = 2(N —1).

o Free sphere:

o 2 ifN=2
L= 400 if N>3.

It should be noted that, for N = 2, the half-liberated sphere S} and the free sphere S}
are isomorphic.

II Pointwise convergence of noncommutative Fourier
series
The study of convergence of Fourier series goes back to the very beginning of the

theory of harmonic analysis. Recall that for a p-integral function f on the unit circle T
with 1 < p < 0o, we may define the Fejér means

(Exf)(z) = ;;_ < — ';') f(k)z*, zeT, NeN,

where f denotes the Fourier transform. It is well-known that Fy defines a positive and
contractive operator on L,(T), and Fyf converges almost everywhere to f for all 1 <

p < 0co. Many other summation methods such as the Poisson means and Bochner-Riesz

>
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means have also been widely studied. These operators notably play prominent roles in
classical harmonic analysis (see e.g. [52]).

In recent decades, similar topics have been fruitfully discussed in the setting of operator
algebras and geometric group theory. The study was initiated in the ground-breaking
work of Haagerup [54], motivated by the approximation property of group von Neumann
algebras. Indeed, let I' be a countable discrete group with left regular representation
A I'— B(ly(I')) given by A(g)dn = 04, where the §,’s form the unit vector basis of
l5(T"). The corresponding group von Neumann algebra VN (I") is defined to be the weak
operator closure of the linear span of A(I'). For f € VN(I') we set 7(f) = (de, fd.) where
e denotes the identity of I'. Any such f admits a Fourier series

S f9A(g) with  f(g) = 7(fAg™h).

gel

The convergence and summation methods of these Fourier series are deeply linked with
the geometric and analytic properties of I', and in the noncommutative setting they are
usually interpreted as various approxzimation properties for groups (see e.g. [22, 26]). More
precisely, for a function m : I' — C we may formally define the corresponding Fourier
multiplier by
T > f(9)Mg) = >_m(g)f(9)A(g)-
gel gel

Then the group I' is amenable (resp., has the Haagerup property) if there exists a family
of finitely supported functions (resp. co-functions) my on I' so that T, defines a unital
completely positive map on VN(I') and T,,, f converges to f in the w*-topology for all
f € VN(I') (equivalently, my converges pointwise to 1); it has the Haagerup property if
there exists a family of ¢o-functions my on I' so that my converges pointwise to 1 and 7,
defines a unital completely positive map on VN (I'); it is weakly amenable if there exists a
family of finitely supported functions my on I' so that 7,,,,, defines a completely bounded
map on VN(I') with supy || Ty |l < 00 and T, f converges to f in the w*-topology for
all f € VN(I'). If we take I' = Z and my(k) = (1 — |k|/N),, it is easy to check that
V N(Z) is isomorphic to L. (T) and T, recovers the Fejér means Fly, which means that
the integer group Z enjoys the above properties. These approximation properties play
essential roles in the modern theory of von Neumann algebras, as well as in geometric
group theory. For example, the work of Cowling-Haagerup [35] on the weak amenability
solves the isomorphism problems of various group von Neumann algebras; the Haagerup
property and its opposite Kazhdan property (T) are amongst the central tools in Popa’s
deformation /rigidity theory [87]; also, the weak amenability is a key ingredient in the
modern approach to the strong solidity and uniqueness of Cartan subalgebras [82, 27, 88].

However, despite the remarkable progress in this field, it is worthy mentioning that
only the convergence of T, f in the w*-topology was studied in the aforementioned
works. A standard argument also yields the convergence in norm in the corresponding
noncommutative L,-spaces for 1 < p < co. Note that in classical harmonic analysis, 75, f
converges almost everywhere to f for a number of regular multipliers my. Also the ana-
logue of almost everywhere convergence for the noncommutative setting was introduced
by Lance in his study of noncommutative ergodic theory [72]; this type of convergence
is usually called the almost uniform convergence (abbreviated as a.u. convergence; see
Section 4.2). Keeping in mind the classical theory and impressive results already obtained
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from the mean convergence, it is natural to develop a refined theory of pointwise conver-
gence of noncommutative Fourier series, and to seek applications in geometric group the-
ory, operator algebras and harmonic analysis. However, compared to the classical setting,
the pointwise convergence remains very much unexplored, up to isolated contributions
[69, 25]. The reason for this lack of development might be explained by numerous diffi-
culties one may encounter when dealing with maximal inequalities for noncommutative
Fourier multipliers 75, ; in particular, the kernels of noncommutative Fourier multipliers
are no longer classical functions, which cannot be pointwise comparable, and as a result
the standard argument of classical Fejér and Bochner-Riesz means does not apply to the
noncommutative setting any more.

In this thesis we would like to provide a new approach to the pointwise convergence
theorems for noncommutative Fourier series. Our key technical result gives a criterion
of maximal inequalities for noncommutative Fourier multipliers. The condition of this
criterion only focus on the comparison of symbols of multipliers and those of Markov
semigroups. Hence it is relatively easy to verify in the noncommutative setting. This
approach is partially inspired by the works of Bourgain and Carbery [14, 15, 16, 23, 42] on
the dimension free bounds of Hardy-Littlewood maximal operators. We refer to Section 4
for the notions of noncommutative L,-spaces L,(V N(I')) and noncommutative maximal
norms || sup;,’ x|,

Theorem 0.6. Let I' be a discrete group as above. Assume that ¢ : I' — R is a condi-
tionally negative length function on T.

(1) Consider a family of self-adjoint Fourier multipliers (T, )nen on V.N(T) with
supy || Tyl < oo (by self-adjointness we mean that (T,,,x)* = Ty (2*) for all x €
VN()). If there exist o, B > 0 such that for all g € I' we have

a N
1 mao)] < B9 (o)) < 5

U(g)~’

then for all 2 < p < 0o there exists a constant ¢ > 0 such that all f € L,(VN(I)),

H]svulli:TmeHp <cllfll, and Ty f — f au as N — oo.
S

If moreover (T, )nen are positive, the property holds for all 1 < p < oo as well.
(2) Consider a family of self-adjoint Fourier multipliers (T, )nen on V.N(I) with
supy || Ty || < 00. If there exist o, 5 > 0 such that for all g € I' we have

£(g)"
N

N 1
1-— < < fB——- — < B
1 —mn(g)| < B ,ma(g)] < Bg(g)a, () —ma(g)l < B,
then for all 2 < p < 0o there exists a constant ¢ such that all f € L,(VN(I)),
|sup™ Toun fllp < cllf1l, and Ty f — [ au as N — oo.
NeN
If moreover (Tp,, ) Nen are positive, the property holds for all 3/2 < p < co as well.

(3) Consider a family of unital completely positive Fourier multipliers (To,,)icr, on
VN(T). If there exists a > 0 and n € Ny such that for all g € T and 1 < k < n we have

0(g)* t d*m, 1
D el < e [P < o

[1—mi(g)] <5
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then for all 1+ % < p < 0o there exists a constant ¢ such that all f € L,(VN(L)),

|| sup T, fllp < cll fllp and T, f — f a.u. ast — oo.
teR 4

The theorem can be extended to many other quantum structures with Fourier ex-
pansions, such as twisted crossed products, compact quantum groups and Voiculescu’s
free semicircular systems. Hence, we will prove the result in a quite general setting in
Section 6.

Based on the above theorem, we may study the pointwise convergence problems for
a large class of groups with suitable approximation properties. We refer to Section 7 for
the notion of groups with the almost completely positive approximation property (AC-
PAP), which form a large subclass of groups with the Haagerup property and the weak
amenability.

Theorem 0.7. (1) Any countable discrete amenable group T’ admits a sequence of uni-
tal completely positive Fourier multipliers (T, )nven on VN(I') so that my are finitely
supported and T, f converges to f a.u. for all f € L,(VN(T)) with 1 < p < oo.

(2) Any countable discrete group I' with the ACPAP admits a sequence of completely
contractive Fourier multipliers (T, )nen on VN (') so that my are finitely supported and
Ty [ converges to f a.u. for all f € L,(VN(I")) with 2 < p < oo.

This result holds in the setting of locally compact amenable groups and quantum
groups up to standard adaptation as well. Also, we may give more concrete examples as
follows:

i) In the classical Euclidean setting, our approach provides new types of approximate
identities. Given any symmetric convex body B in R? with volume 1. Let ® be
the inverse Fourier transform of the convolution 1g * 1, where 1 denotes the
characteristic function of B, and let ®; = t~¢®(¢~1.) for t > 0. Then @ is a positive
integrable function with integral one. We have

lim®, + f = f ae., f& L,(RY

t—0

with 3/2 < p < oo, and
lim @, * f = fae., f€L,(RY
j—00

with 1 < p < co. Moreover we can get the almost uniform convergence for a function
[ € L,(R% L,(M)) with value in a noncommutative L,-space L,(M). If B is the
unit cube, the convergence of (®; * f);~o also holds for 1 < p < oo and we recover
the classical Fejér means.

ii) (Noncommutative Fejér means) Inspired by i), we may introduce the following ana-
logue of Fejér means on non-abelian discrete amenable groups. Let (Ky)yen be a
Fglner sequence, that is, Ky C I' are subsets so that

]lKN * ]]‘KN(g) _ |KN mgK’N’
| Kn| | K|

my(g) = — 1, as N — oo,
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where | K| denotes the cardinality of K. Then the associated multipliers 7,,, are
unital completely positive with my finitely supported. And there is a subsequence
(Nj)jen such that

TmNjf — fau. feL,(VNI))

for all 1 < p < oco. For instance if ' is a group of polynomial growth with finite
generating set S, we may take Ky = SV. If moreover I is a 2-step nilpotent group
and p > 3/2, we may take N; = j.

iii) (Noncommutative Bochner-Riesz means) Let I' be a hyperbolic group so that the
word length function | | is conditionally negative. For example we may take I" to be a
non-abelian free group or a hyperbolic Coxeter group. The following Bochner-Riesz
means are studied in [78]: for a fixed 6 > 1 we take

N
= ¥ (1-80) foxe. renoNm)

g€l:|g|I<N
We have B f — f almost uniformly for all 2 < p < co.

We remark that we will indeed establish Corollary 8.6 in the general setting of Woronow-
icz’s compact quantum groups. As a particular case our result applies to Fourier series of
non-abelian compact groups. Recall that for a compact group G, any function f € L,(G)
admits a Fourier series

flx)~ Y dim (7)Tr(f(m)m(z)), z€G with f(r) :/Gf(w)ﬁ(x_l)da:

welrr(G)

where Irr(G) denotes the collection of equivalence classes of irreducible unitary represen-
tations of GG. The study of pointwise summability of above Fourier series is much more
intricate than the abelian case. To our best knowledge, the pointwise convergence theo-
rems in this setting were studied for differentiable or continuous functions in [55, 94, 60],
and for some p-integrable functions on compact Lie groups for example in [32, 91]. How-
ever, from the viewpoint of amenable quantum groups, our approach easily establish the
following pointwise convergence theorem for general p-integral functions. The summation
method does not relies on the Lie algebraic structure, and hence it is novel compared to
previous works; moreover it can be extended to the general setting of compact quantum
groups.

Theorem 0.8. Let G be a compact second countable group. There exists a sequence of
finitely supported functions my : Irr(G) — R so that

(Enf)(z) = Z my () dim(ﬂ)Tl"(f(ﬂ')?T(fL“)), re G, fel,(G)

welrr(G)
defines unital positive operators on L,(G) and

A}im Fxnf=fae, felL,(G)

for all 1 < p < oo. The functions my can be explicitly determined by the representation
theory of G.
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Moreover, there exists an increasing sequence of finite subsets Ky C Irr(G) such that
for all f € Ly(G) we have

r) = lim dim(m)Tr(f(m)m(x)), a.e. x €G.
/() N%%EZK:N (m) Te(f (m)7 ()

Before ending the introduction to main results, we remark that the main Theo-
rem 0.6 also implies as a byproduct the dimension free bounds of noncommutative Hardy-
Littlewood maximal operators. The noncommutative version of Hardy-Littlewood maxi-
mal inequalities was studied in [77] for balls respecting to Euclidean metrics and in [57]
for general doubling metric spaces. The dimension free bounds in this noncommutative
setting were only studied by the first author in [56] for Euclidean balls; because of various
difficulties in noncommutative analysis as mentioned before, the general cases for convex
bodies remained unexplored before our work. Our following result establishes the desired
maximal inequalities for general convex bodies in R? with dimension free estimates.

Corollary 0.9. Let B be a symmtric convex body in R and N a semifinite von Neumman
algebra. Define ®, : L,(R% L,(N)) — L,(R% L,(N)) by

B (/€)= s [ f(E = rm)an.

Then there exists constant C, > 0 independent of d such that the following holds:
(1) For any 1 < p < o0,

\Iilellzﬂ+<1>za’(f)llp <Gllfllps  f € Ly(RYG Ly(N)).

(2) For any % <p< oo,

| SESOJF ()l < Coll £l IS LP(Rd5 LP(N))'

(3) If B is the £y-ball {(z)%, : S, |2:]7 < 1} with q € 2N, then for any 1 < p < oo,

| SBSOJF (I)T(f)Hp < Cp“f”m IS LP(Rd; LP<N))'

In the end we make some comments on the strategy of the proof. Our argument heavily
relies on the theory of noncommutative square functions, noncommutative martingales
and ergodic inequalities. Also, Theorem 0.7, Theorem 0.8 and the related examples are
crucially based on abstract constructions of conditionally negative functions on (quantum)
groups; in hindsight, these methods essentially originated in the study of probabilistic
and analytic properties on (quantum) groups [62, 24, 38]. As to the key criterion in
Theorem 0.6, the principle method is to estimate the noncommutative square functions via
Fourier series. The part of p > 2 is relatively accessible thanks to the Placherel formula.
But the case of p < 2 is highly nontrivial, and our strategy is inspired by the interpolation
methods developed by Bourgain in [15], as is mentioned previously. However, substantial
difficulties arise if we want to transfer Bourgain’s method to the noncommutative setting,
since the operator space structure of Hilbert spaces is much more intricate.

10
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We refer to Part II for the detailed proofs and exposition of the obove work. In par-
ticular, in Chapter 4, we will recall the background and prove some preliminary results
on noncommutative vector valued L,-sapces and pointwise convergence. Chapter 5 is
devoted to the calculation of the order of square function of subordinate Poisson semi-
groups. In Chapter 6, we will establish the key criterion for maximal inequalities for
Fourier multipliers, i.e. Theorem 6.2 and Theorem 6.3. Last in Chapter 8, we will estab-
lish various maximal inequalities and pointwise convergence theorem of noncommutative
Fourier multipliers.
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Chapter 1

Preliminaries

1.1 Compact quantum groups

Let us first recall the definition and some properties of compact quantum groups. We
refer to [104] for more details.

Definition 1.1. Let A be a unital C*-algebra. If there exisits a unital *~homomorphism
A:A— A® Asuch that (A®id)o A = (id®A) o A and

{A(a)(1®0b) :a,be A} and {A(a)(b®1):a,be A}

are linearly dense in A® A, then (A, A) is called a compact quantum group and A is called
the comultiplication on A. We denote G = (A4, A) and A = C(G).

Any compact quantum group G admits a unique Haar state h on C(G) such that
(h®id) o A(x) = h(z)1l = (id ®h) o A(x) Vo € C(G).

Let u € C(G) ® B(H), where H is a Hilbert space with a finite dimension n. If the
basis of H was chosen, then we can write u = (u)f,—,. u is called an n-dimensional
representation of G , if for any 1 < 14,5 < n we have

Auig) = Y uik @ uj.

k=1

Denote by Irr(G) the set of unitary equivalence classes of irreducible representations of
G, which is called the dual of G. For each m € Irr(G), we fix a representation u(™ €
B(H,) ® C(G) of the class m where H, is a Hilbert space with finite dimension n,.
Denote

Pol(G) = span{ug) ™ = (WM 1 e (@)},

iy i, j=1»
which is a dense *-subalgebra of C'(G).
For each 7 € Irr(G), there exists a unique positive invertible operator Q. € B(H)
with Tr(Q,) = Tr(Q; ') := d, such that the Haar state can be calculated as following:

h(u(w)(u(w’))*) — 5.0y (Qr)mj h((u(w))*u(w’)) = S/ Oim (Q;l)mj (1.1)

i Im d ) ij im d
T 7r
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for any 7, 7" € Irr(G) and 1 <4,j < n,, 1 <I,m < ng. The quantum group G is said
to be of Kac type if Q. = id, for all 7 € Irr(G). The number d, is called the quantum
dimension of m. We have d, = n, if G is of Kac type.

Let C,(G) be the universal C*-algebra generated by Pol(G). Let Lo(G, h) (Lo(G) for
short) be the Hilbert space defined from the GNS representation of h. Let L. (G) to be
the von Neumann algebra generated by Pol(G) in B(Ly(G)) and define C,.(G) to be the
reduced C*-algebra generated by Pol(G) in B(Ly(G)). In this thesis, we will be interested
in the case that G is of Kac type, in other words, the Haar state h is tracial.

Define the tensor product of representations

w@ Ru® = 3 1Dy g e @ eff)
i,9,k,1

where «, 5 € Irr(G) and el(-?), e,(ﬁ) denote the matrix units of B(H,) and B(Hpg) respec-
tively.
Define linear maps € : Pol(G) — C and S : Pol(G) — Pol(G) by

Jt

Then, € is called the counit of Pol(G) and S is called the antipode of Pol(G). The counit
€ is a *-homomorphism such that

(e ®id)A = (i[d®e)A = id.

The antipode is a anti-homomorphism such that S(S(z*)*) = x for all = € Pol(G).

1.2 Actions of compact quantum groups

In this subsection, we introduce the actions of compact quantum groups on compact
quantum spaces, where compact quantum spaces mean unital C*-algebras. We refer to
[39] for a recent survey on actions of compact quantum groups.

Definition 1.2. Let &(X) be a C and (A, A) be a Hopf*-algebra. A Hopf*-algebraic right
action a is a *-homomorphism « : C — C ® A such that

e (ide®A)oa=(a®idy) o a,
o (ldc ®6) o = ldc
The following definition was first introduced in [86].

Definition 1.3. A right action X A G of a compact quantum group G on a compact
quantum space X is a unital *-homomorphism

a:CX) = CX) e C(G)
such that
o the action property holds:

(idg @ A)oa = (a®idg) o «,

16
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o the density condition (also called Podles condition) holds:

a(C(X)) (Lo @ C(G)) = C(X) © C(G).

Let 7 € Irr(G) and u™ € C(G) ® B(H,) be the irreducible representation associated
to m. The intertwiner space between m and an action « is defined by

Mor(m,a) = {T': Hy = C(X) : a(T€) = (T @ide) (u(E 1))} .
We call the following subspace mw-spectral subspace
C(X)y =span{T¢: ¢ € H, T € Mor(m,a)} C C(X).
The Podles subalgebra of C(X) is defined by
0(X) = span{C(X), : 7 € Irr(G) }. (1.2)

If we consider the action & = A of G on G itself, then the Podle$ subalgebra 05 (G) =
Pol(G).

If the restriction of a on the Podle$ subalgebra satisfying a” = ag,x) @ Os(X) —
O(X) @ Pol(G), then o is a Hopf*-algebraic action.

Assume O0g(X) admits a universal completion, denoted by C,(X), then the Hopf*-
algebraic action af can extend to a universal action a* : C,,(X) — C,(X) @ C,(G)

An action is called embeddable, if O (X) is isomorphic to a *-subalgebra of Pol(G), such
that the action corresponds to the restriction of the comultiplication, i.e., if there exists an
injective unital *-homomorphism ¥ : Og(X) — Pol(G) such that (Y ®id)oa|g,x) = Aod.

1.3 Quantum homogeneous spaces

Embeddable actions can give a unital *-subalgebras which are also coideals.

Definition 1.4. A left (right, resp.) coidalgebra of Pol(G) is unital *-subalgebra C of
Pol(G) such that

A(C) C C® Pol(G), (A(C) C Pol(G) ® C resp.).

We call C an expected left (right, resp.) coidalgebra, if there exists a surjective projection
E : Pol(G) — C such that |E|| = 1, ho E = h and E(xyz) = zE(y)z for any z,z € C,
y € Pol(G). We call this projection E the conditional expectation from Pol(G) onto C.

Definition 1.5. Let f, g are two functionals on C'(G). The convolution is defined by

frg=(f®g)oA.
A state ® on C(G) is called idempotent if & x+ & = P,

Remark 1.6. In [49, Section 3|, authors showed that for any idempotent state ¢,

where S is the antipode.
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Franz and Skalski showed that there is a one to one correspondence between expected
coidalgebras and idempotent states.

Theorem 1.7. ([/8]) Let G be a compact quantum group. There is a one-to-one corre-
spondence between the following objects:

e idempotent states ® on Pol(G);

o capected left (equivalently, right) coidalgebras C in Pol(G) (denote by E : Pol(G) — C
the conditional expectation).

Given an idempotent state ®, we get the expected left coidalgebra by C = (¢ ® id) o
A(Pol(G)). Given an expected coidalgebra Pol(G), we can recover the idempotent state
as ¢ =coE.

Definition 1.8. Let K be a compact quantum group. We call K is a compact quantum
subgroup of G, if there exists a surjective, unital *-homomorphism 6 : C,(G) — C,(K)
such that

(6 ® 6) o AU,G = Au,K of

where A, ¢ and A, x are the comultiplications of C,(G) and C,(K) respectively.

Definition 1.9. The *-algebra of the left quantum quotient of G by K, denoted Pol(K\G)
is defined by

Pol(K\G) := {z € Pol(G) : (# ®id)(Ag(z)) = 1k ® x}.
Let C(K\G) be the norm closure of Pol(K\G) in C(G).
Note that A(Pol(K\G)) C Pol(K\G) ® Pol(G). We define

a:= A : Pol(K\G) — Pol(K\G) ® Pol(G).

Pol(K\G)

We can extend this action to C(G) and denote it v again, which is a right action of G on
K\G.

One can check that E := (hg ® 0) o Ag is the hg-preserving conditional expectation
from Pol(G) to Pol(K\G). Therefore, Pol(K\G) is an expected left coidalgebra.

It is worth to be mentioned here that if G is a classical group, an expected coidalgebra
is always an algebra of the continuous functions of a quotient space. But in noncommu-
tative C'(G), there are a lot of examples (for instance, see Proposition 3.1) showing that
coidalgebra may be NOT a quantum quotient space.

18



Chapter 2

Invariant Markov semigroups on
quantum homogeneous spaces

2.1 Generator of invariant Markov semigroup

Let G be a compact quantum group and 1 € C C Pol(G) be an expected left coidal-
gebra of Pol(G). Let o = Al¢ be the comultiplication restricted on C, which is a right
action of G on C. Let E, be the conditional expectation from Pol(G) onto C and ® be the
idempotent state associated to C by Theorem 1.7. Then

d=coE, and E,=(P®id)oA

where € is the counit and A is the comultiplication of G. Define a right conditional
expectation associated to ® by

E, = (id @) o A.
We start with a simple lemma which will be used in the following.
Lemma 2.1. On Pol(G) the following holds:
(1) (E,®@id)c A=AoE;; (id®E,)oA=AoE,.
(2) (E, ®id) o A = (id ® Ey) o A.
Proof. The identity in (1) is observed in [46]. Indeed,
(E,®@id) o A= (?®id®id) o (A®id)oc A= (PR A)o A =AocE,.

Similarly, we get the second equation for E,.
We prove (2):

(E,®id)c A=(id® ®®id)o (A®id) o A
(ld® (P ®id)o A)o A

(id® Ey) o A.
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Definition 2.2. (1) We say that a functional f on C is ®-invariant if (f ® ®)oa = f.
(2) We say that a functional f on Pol(G) is bi-®-invariant if (f @ @) o A = f =
(P® f)oA

Definition 2.3. Let f and g be two functionals on an expected left coidalgebra C. We
define the convolution of f and g, denoted by f x, g, by the following functional on C:

f*£9?=<f®(gOE0)oa.

Remark 2.4. We should distinguish this convolution with the convolution for functionals
on Pol(G). Recall that (see Definition 1.5) for two functionals g and v on Pol(G), the
convolution is defined by p* v := (u® v) o A.

Proposition 2.5. Let f, g be ®-invariant functionals on C. Then f %, g is ®-invariant.

Proof. By the action property of «, ®-invariance of g and Lemma 2.1, we have

(freg)@®)oa=(fRg®®P)o (ldRE, ®id) o (id®A) o «
= (f®g)o (iId®E) o a
=[x g

[]

We call a family of linear functionals {f; : C — C}i>¢ a convolution semigroup on C if

fsxe Jr = fst v s,t>0.

Definition 2.6. Let (f;):>0 be a semigroup of functionals on C (on Pol(G), resp.).

(1) We call (f;)i>0 a convolution semigroup of states, if for any ¢t > 0, the functionals
fi are states, i.e. fi(1) =1 and f;(z*x) > 0 for any = € C (x € Pol(G), resp.).

(2) We call (f)i>0 a P-invariant (bi-®-invariant, resp.) semigroup, if for any ¢t > 0, f;
is ®-invariant (bi-®-invariant, resp.).

(3) We call that (f;)i>o is a continuous semigroup on C (on Pol(G) resp.) if for any
fixed z € C (x € Pol(G), resp.),

lim fi(2) = fo(a).
Definition 2.7. We say that a linear map T : C — C is G-invariant, if
aoT =(T®id) o a.

Definition 2.8. Let (7});>¢ be a semigroup of operators on C.

(1) We call T : C — C a Markov operator, if T(1) = 1 and T is completely positive
in the sense that (7; ® id,,)(x) > 0 for all = € M,,(C); where id,, is the identity map on
M, (C). We call (T})i>0 a Markov semigroup if T; is a Markov operator for any ¢ > 0.

(2) We call (T})i>0 a G-invariant semigroup, if (T; ®id) o Ale = Al o T} for any ¢ > 0.

(3) We call (T})i>o strongly continuous if for any fixed x € C,

Ty(z) == To(x) as t— 0.
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Proposition 2.9. The following holds
(1) Let (fi)i>0 be a ®-invariant semigroup of states on C. Define u; := fi o Ey, for all
t > 0. Then (u)i>o is the unique bi-P-invariant semigroup of states on Pol(G), such that

tile = fi for any t > 0.
(2) Let (pt)e>0 be a bi-®-invariant semigroup of functionals on Pol(G). Then f; := e
is the unique ®-invariant semigroup of states on C, such that f; o Ey = p.

Proof. We prove (1) first. By Lemma 2.1,

pre * frs = (fr @ fs 0 Eo)(Ee @ 1d)A = foyr 0 Br = .

Since conditional expectation Ey is positive, and E;(1) = 1, (u¢)¢>0 is a semigroup of states
on Pol(G).

We then prove the bi-®-invariance of i, by applying Lemma 2.1.

Left ®-invariance:

(PR pu)oA=(P® froE) oA
= (2® fi)(E, ®id) o A

Right ®-invariance:

(@ ®) o A= (f, ®P)(E,®id) o A
=(fi®P)AcE,
= fioEy
= M-

Let v, be any bi-®-invariant functional on Pol(G) such that v4|c = f;. Then using the
right ®-invariance of 1, we have

vi(x) = (¢ @ 1) (A(x))
= vi(Ey(z))
= Ji(Ee(2)) = (),

which proves the uniqueness.
Now we prove (2): Since a = Al¢, the ®-invariance of f; follows from the bi-®-
invariance of p;. The uniqueness can be seen easily. O

In fact, the following proposition shows that the assumption of ®-invariance for f; in
Proposition 2.9 is not necessary.

Proposition 2.10. Let {f; : C — C}i>¢ be a convolution semigroup of states on C.
Then f; is ®-invariant.

21



CHAPTER 2. INVARIANT MARKOV SEMIGROUPS ON QUANTUM
HOMOGENEOUS SPACES

Proof. Let p; == f; o E;. Proposition 2.9 implies that (u):>o is a convolution semigroup
of functionals on Pol(G). Let us first show that p; is bi-®-invariant.

By definition, for any t > 0, (®® ) oA = py 0By = py. Note that pg is an idempotent
state on Pol(G). By equation (1.3), we have

(Ho®@P)o A= ((PoS)® (1ooS)) o A% =(®®pg)oAoS=pgoS = p.

This implies that p; * ® = p * o * ® = py. Hence (u¢)i>o is a convolution semigroup of
bi-®-invariant functionals on Pol(G). Proposition 2.9 now yields that f; = /¢ must be
®-invariant for each ¢ > 0. ]

Proposition 2.11. (1) Let (fi)i>0 be a continuous semigroup of states on C. Then T} :=
(fi ® Ey) o v is the continuous G-invariant Markov semigroup on C such that f, = € o Ty,
for any t > 0.

(2) Let (T1)i>0 be a continuous G-invariant Markov semigroup on C. Then f; :=eoT;
is the continuous semigroup of states on C such that Ty = (f; ® Ey) o a, for any t > 0.

Proof. We prove (1). By action property (see in Definition 1.3) and Lemma 2.1, we have

(T ®id)oca=(fi E, ®id)(a ®id) o «
= (/,®E,®id)(id @ A) o
=(fi®vaock))oa
=aol;.

This implies that T} is a G-invariant operator for all . Moreover,

TioTs = (fi ® fs ®Ep)(id @ 0 Ey)x
= (f; ® f, ®id)(id @K, ® E¢)(id @A)
= (fixe fs @ Eg)x
= Tt+s-

Since f; is a state, we get T} is completely positive and 7;(1) = 1. Therefore (7}):>0 is a
Markov semigroup. By Proposition 2.10, we get f; is ®-invariant on C for any ¢. Then
fi = € o T} follows from the ®-invariance of f; immediately. By the definition of T}, T}(x)
norm-converging to 7Ty(z) as t — 0 is obvious, because of the continuity of (f;);.

Now, Let us proof (2). For any ¢ > 0, since T} is completely positive, T3(1) = 1 and
€|c is a *-homomorphism on C, we have that f; is a state. Moreover,

(fexe fo)(@) = (i © fs 0 By) 0
((eoTy) ®(eoTs0 Ey)) o
(

e®(eoTs0Ey)) o (T, ®id)c
[id®(eoTs 0 Ep)|(e ®id) oo Ty
=eol;0T;

fets.

By G-invariance of T}, we have

(ft@Ee)OOé:(E(X)Eg)oaoﬂ:ﬂ;
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fi(z) = o Ty(z) =5 o Ty(x) = fo(a),
for any x € C. ]

Definition 2.12. Let A be a unital *-algebra and ¢ : A — C be a state. A linear
functional ¢ : A — C is called a ¢-generating functional, if

(1) ¢ is normalised, i.e., ¥ (1) = 0;

(2) 9 is hermitian, i.e., ¥(a*) = ¢(a), for all a € A;

(3) ¢ is ¢-conditionally positive, i.e., ¥(a*a) > 0 for all a € A with ¢(a*a) = 0.

We have the following Schoenberg correspondence for invariant Markov semigroups on
coidalgebras.

Theorem 2.13. Consider an expected left coidalgebra C of a compact quantum group G.
Let @ be the idempotent state corresponding to C.

(1) Let (T1)i>0 be a strongly continuous G-invariant Markov semigroups on C. Then
the generator L := %Tt’t—o exists and there exists a (eoTy )-generating functional ¥, which
is ® invariant, such that

L = (’Qb & Eg) O (x.

(2) Let 1) be a (€|¢)-generating functional which is ®-invariant. Define L = (¢ QE,)oa.

Then we can construct a G-invariant Markov semigroups on C by
00 tk

T,=3 L
k=0

where L°" = LoL---o L(z) is the k folds composition of L, and the sum is taking in the
sense of pointwise norm convergence.

Proof. Let us prove (1):

Set u; = e o Ty o Ey. By Proposition 2.11 and Proposition 2.9, ()0 is a continuous
semigroups of states on Pol(G). By [47, Theorem 3.3], y; is differentiable at the point
t=0and ¢ = Lyili—o is a po-generating functional on Pol(G). Set ¢ = Yle, then ¥ is
a € o Ty-generating functional on C. Denote f; = pu|c = € oT;. Then T, = (f; @ Ey) o a.
Hence, we have

1), = (2], ©E) oal) = (9 E) o al).

Since f; is a semigroup of states, f; is ®-invariant by Proposition 2.10, so is .
Now, let us prove the second assertion (2):
Let us prove the G-invariance of L first.

(Leid)oa= (¥ ®E ®id)(a®id)oa
= (Y @E,®id)(id® A) o
=W @AocE)oa

=ao L.

Since 1 is ®-invariant, by the proof of Proposition 2.11, we have ¢ xp¢) = e o L o L. This
implies that

k

(w*’fk@Eg)ooc:((eoLok)(X)]Eg)ooz:(€®Eg)oaoL°k:Lo .
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Let f; be the convolution exponential of 9 , i.e.
00 tk

= )
= k!

By [47, Theorem 3.3] and Proposition 2.9, (f;); is a semigroup of states. Thus we can set

k

Tt(x):(ft@)Eg)oa:ik'Lk
k=0

By Proposition 2.11, (T}):>0 is a G-invariant Markov semigroup. Let x = ul™

;i €CC
Pol(G). Then

Zf (U E(ull).

Note that f,(u{™) = ¥, Lk (u (”)) where the sum is taking in the sense of convergence
in C. On the other hand, for any € C C Pol(G), = can be written as the linear
combination of some ugr) Therefore for any fixed x € C, the sum in the definition of

Ti(z) is taking in the sense of pointwise norm convergence. O

2.2 Classification of Markov semigroups on real easy
quantum spheres

We know that the orthogonal group Oy is the isometry group of the sphere SV—1.
There exist quantum versions, or “liberated” versions, of the orthogonal groups and the
spheres. The free orthogonal quantum group OF was first introduced by Wang in [98],
and the free sphere SJ]FV ~! was studied by Banica in [4]. There are given by their universal
C*-algebras which are defined as follow:

Cu(Sivfl) =" (SL’l, s xn|T = x;‘,z:cf = 1) :

ey

Banica and Speicher studied easy orthogonal groups in [8]. Weber classified them in [100].
According to these works, we can define more spheres as follow.

Cu(SEH =cC~ (xl, s xn|T = xf,fo = 1,73)

where R is a family of some relations between the generators (z;)1<;<n.
We call that Sg s a real easy quantum sphere, if there is an easy compact quantum
group O%, which is a quantum subgroup of OF;, such that ¥ defined below is a unital
*_isomorphism and « defined below is an Hopf*-algebraic action:

¥ : Pol(SY™) = Cr a: Pol(Sy ') — Pol(Sy ') @ Pol(O%)
N
T; > U4 ZTi— Zxk@)uki.
k=1
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where Pol(Sy ') is the *-algebra generated by {z; : 1 <i < N} and Cg is the *-algebra
generated by {uy; : 1 <7 < N} in Pol(O%).
In other words, the action « above is embeddable.

Example 2.14. (1) Let R = (. The sphere is just the free sphere and the associated
easy quanum group is OF;.

(2) Let R = {w;x; = zjx; : 1 < i,j < N}, we get the classical sphere S¥~! and classical
orthogonal group Oy.

(3) (see [6, 4]) Let R = {z;xpx; = xjarpx; : 1 < ik, j < N}. We get the half-libeated
sphere S¥~1 and the half-liberated quantum orthogonal group O%:

Cu(SN1Y) = Cu(SY 1)/ < abe = cba,Ya,b,c € x; >;
Cu.(Oy) = Cu,(0%)/ < abc = cba,Va, b, c € u;; > .

(4) Let R = {R3» : p € II} where II is a set of partitions and Ry» is a relation
defined by the partition p. The precise definition can be found in [64, Definition
3.8, Definition3.9, Definition 4.3, Definition 4.4]. These spheres are denoted by
SN=YII), while the associated quantum groups are denoted by Gy (II). By [64,
Theorem 4.7 and Theorem 5.1}, we get that 9 defined above is a *-isomorphism and
a defined above is an action.

We define h = h o 9. One can easily check that
(h®id) o a(x) = h(z)1 ¥ 2 € Pol(SR ).

Let C,.(S5~!) be the reduced C*-algebra associated to the A-GNS representation and let
C,.(O%) be the reduced C*-algebra associated to the h-GNS representation.

Similar as the proof of [4, Proposition 5.8], C,.(Sx ') is isometric isomorphism to
the reduced C*-subalgebra Cz. From now on, we regard Pol(S{ ') as a subaglebra of
Pol(O%). Therefore, we will not distinguish A and h.

Moreover, since (Y ®id)oa = Ao, we can view the action o of Pol(O%) on Pol(S{ )
as Aley, -

Since O} is of Kac type, so is OF¥. We have a Haar state preserving conditional
expectation E; : Pol(OX) — Cr ~ O(Sx ). So O(Sy ") is an expected coidalgebra of
Pol(O%). Let ® be the corresponding idempotent state.

Since Opr (OF) = Pol(OR), the podles subalgbra

Oor (SR 1) ~ Ey(Pol(O%)) = Cr ~ Pol(S5™1).
Now, we can define the associated right conditional expectations
E, = (id®®) o A
and two-sided conditional expectations
Ep = (? ®1d @P)(A ® id)A.
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Then

ﬁ(ngl) = EZ(POI(O],’\%)) = *_a’lg{ulla cee 7u1N}a
S(O(SE™1) = E,(Pol(OX)) = *-alg{uy1,...,un1},
O(SR ) NS(O(SE) = By Pol(0F)) = *-alg{un},
where S denotes the antipode of Pol(O%).

We want to compute the eigenvalues and eigenspaces of OR-invariant Markov semi-
groups on O(Sy1). First, we will give decompositions of the Hilbert spaces L?(Sx ', h)
and L?(O%_,,h), which are constructed by h-GNS representation. Set

By = spanf{u;,j, - w;j, 7 < k} C L*(SR ', h);
i<k} C L2(O§—17h);
Vi=E.NE-; Dp=H,NHt; d=dimDy.

Hy = span{z;, - - - z;

Then Ly(SR ™, h) = @reny Di and Ly(OR, h) = @ren Vio Furthermore Hj, = Ey(Ey), and
thus Dk = Eg(vk)

Take a complete set {u™ : 7 € Irr(O%)} of mutually inequivalent, irreducible unitary
representations. We know that the generating matrix u = (u;;) is an irreducible unitary
representation of O%. We can decompose its tensor powers u** = @, ; niu™, where ng
denotes the multiplicity of u™, and we used the notation I, := {m € Irr(OF) : n3 > 1} .

Then, for any s > 2 , we define
ul®) = ED u™,  where Jg = I\ Up<i<s—1 ;.

In other words, u(® is the direct sum of the “new” irreducible representations in the
decomposition of ™, those which did not appear in the decompositions of u* Vi < s.

Since the linear space spanned by coefficients of {Ugi}ogigs is F, by the choice of the
set I, we have F, = span{ug) :m € 1;,0 <i < s}. Thus by definition, the linear space
spanned by coefficients of u(® is V.

For the free case, by the fusion rule of Of, we know that I, = {s,s —2,s —4,...}.
Therefore J, = {s}. So u'® is exactly the s irreducible unitary representation of O}.
For other cases, u'® defined here may not be irreducible. But it is the direct sum of some
mutually inequivalent irreducible unitary representations.

We state the argument above as a proposition:

Proposition 2.15. There exists a sequence of unitary representations (u(s))seN of O%,
such that all of non-zero coefficients of u®) are linearly independent and span V,. In the
free case, u'® is irreducible.

Define the degree of uy; in O% by
deg(uy;) = max{s : 1,u;y,ul,,--- ,u; are linearly independent}. (2.1)

Denote deg(uy;) = oo, if for any s € N, 1,u1y,u?,,- -+ ,u; are linearly independent. One
should distinguish the notation wj; and uﬁ), where uj; = wujjuq;---ugp and uﬁ) means
| —

S
the element lies in the first row and first column of representation u(*).

The following lemma is the main step for characterising the idempotent state ®.
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Lemma 2.16. Let (u'®)),cy be the sequence of representations defined in Proposition 2.15.
For any s € N, there exists a basis for the Hilbert space K, where the representation u'®
acts on, such that

<d. - j15k1 ' ]1[07deg(u11)]<8)7

if we write ul®) = (u§2))1§j7k§ds w.r.t. to this basis. In other words, when s < deg(uyy), the
representation u'®) is unitarily equivalent to one for which applying ® to it coefficient-wise
produces a matriz with entry 1 in the upper left corner and 0 everywhere else.

Proof. Since ® is idempotent state, we can easily check that
@] <1 and &2 =,

which means that @, is a projection in B(K;). We know that every projection matrix can
be written as a diagonal matrix with coefficients 1 and 0 by choosing some suitable basis.

So
1

Denote the rank of this matrix by r,. For all k, we take the basis of K} as above, so that
for 0 < i < ry, ®(u”) = 1; otherwise (ID(uZ(j)) = 0. Then for any s € N,

(22

Soif1<i <,

s S ui'
By (u Zq) zp )CD ()> {O]

otherwise.

For ¢ <ry, u 7é 0 since <I>( ) # 0, while u( °) may be 0, ¢ # j. This implies that

re < dim(Ey(Vs)) <72 (2.2)
Moreover, the conditional expectation [E;; sends E, onto
POls(ull) = {17 U1, u%l? e auil}'

Thus, when s < deg(uy1),

S

k=0

This implies
dim(Ey; (Vs)) = dim(Polg(u11)) — dim(Pols_; (u11)) = 1.

By Inequality (2.2), we get rs = 1 for any s < deg(u11).
Similary, when s > deg(uq1)+1, dim(Ey;(V;)) = dim(Pols(uy;))—dim(Pols_q(u11)) = 0,
therefore ry = 0. O
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This theorem tells us that u{y = Ey;(u!?) € Poly(uy).

If deg(uy;) < oo, C.(SN™') is a finite C*-algebra, since E, = (® ® id)A. Let us
consider the more interesting case: deg(ui1) = 0o, i.e. (uf;)sen is linearly independent.
The algebra *-alg{u;;} as a subalgebra of Pol(O¥) can be identified with the algebra of
polynomials on the interval [—1,1]. Therefore, there exists ¢ € Pol[—1,1] such that
gR (u11) = uf}y. Since ho (¢R (u11)gR (u11)) = hor (U} ulT”) = Codum, (¢F)ser is a family
of orthogonal polynomials. The measure for the orthogonality of these polynomials is
the probability measure p where 1 is obtained by evaluating the spectral measure of u;;
in the Haar state. Since uy; is hermitian and ||uy|| < 1, we get that the measure p is
supported on [—1, 1] (which explains why we consider only the values of our polynomials
on this interval).

The restriction of the counit to *-alg{w;;} corresponds to evaluation of a polynomial in
the boundary point 1, i.e. €(p(u11)) = p(1), for any polynomial p € Pol[—1, 1]. Therefore
we obtain the following result, in the same manner as in [29, Proposition 10.1].

Proposition 2.17. [29, Proposition 10.1]. Let ¢ be a conditionally positive functional
on Poluy1]. Then there exist a unique pair (b,v) consisting of a real number b > 0 and a
finite measure v on [—1,1] such that

L p(x) —p(1
vp) = /(v + [ PO g
-1 x—1
for any polynomial p. Conversely, every 1 of this form is conditionally positive.

Applying the above proposition, we can compute the eigenvalues of Markov semi-
groups.

Theorem 2.18. Assume deg(ui;) = oo. For any OX-invariant strongly continuous
Markov semigroup (T)i=o on Pol(Sh 1), there exists a pair (b,v), with b a positive num-
ber and v a finite measure on [—1,1], such that the generator L of (T})i>0 is determined

by,
L(zs) = Aszs, r, € Dy.

Here »
1 —1
A= bW + [ D )
-1 x—1
where ¢& € Pol[uyy] such that h(q%(u11)q(u11)) = Cpdpm and q,(1) = 1.
Proof. Theorem 2.13 guarantees that the the generator operator L exists and

L:(w®E5)OOé

where v is a (e o Tp)-generating functional on Pol(Sy ).

By Lemma 2.16, we can compute Eg(uff)) = 51iu§]§), which implies D; = Ey(V) =

spcm{ugj-) :1 < j <d}. Then for any u(l“;) € Dy,
L)) = S w(ui)Eu(uy)) = (ui) )l
k
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Now, we just need to consider |« which induces the pair (b, v) by Proposition

—alg(un)
2.17. By linearity of L, we can get the eigenvalues for Dy,

= 0l = <oy + [ D L)

r—1
where ¢® € Pol[u1], such that u{} = ¢®(ui;), and ¢®(1) = e(ul})) = 1. O

Remark 2.19. We point out here that, in Theorem 2.18, we have different families of
orthogonal polynomials {¢®(x)} associated to Sp ', since the Haar state hor depends on
R. Unfortunataly, we did not find a general way to calculate these orthogonal polyomails.
However, for some special case, we can compute them. We will show these polynomials
for classical, half-liberated and free spheres in next chapter.
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Chapter 3

Examples: classical, half-liberated
and free spheres

In this Chapter, we consider the classical sphere SN¥~!, Half-liberated sphere SN—!
and Free sphere SY' ' (see Example 2.14). We will use the notation SY~! to denote these
three spheres associated to the three quantum orthogonal groups Oy, where x € {0, *, +}
(here () stands for no symbol).

We know that in the classical case S =1 = Oy /Ox_;. Banica, Skalski, and Sottan [7]
have shown that S} ! is not equal to the quotient OF;/O%_,. We will now show that the
half-liberated and the free spheres can not be obtained as quotient spaces.

Proposition 3.1. There exists no quantum subgroup K of OF; (or O%, resp.) such that
SV 2 Of /K (or SN=1 22 04 /K, resp.) as left coidalgebras.

Before to prove this proposition, we introduce the Weingarten formula (or Weingarten
calculus) to calculate the Haar state h on Of (see [4, Theorem 5.4]).

Let Py(k), Py (k) = NCy(k) denote pairing and noncrossing pairings among k points
respectively. A pairing is called “balanced”, if each pair connects a black leg to a while
leg, when we label its legs alternately black and white: e c @ o ---. Denote the set of
balanced pairings of k elements by Py (k).

Then the Weingarten fomula is

hoj\(, (uiljl T uikik) - Z 67T (i)(sa(j)WkN@Tv 0)

m,0eP) (k)

where Wiy = Gn with Gy (m,0) = NI™°l § are Koronecker type symbols.
Now let us prove Proposition 3.1 by Weingarten calculus.

Proof. We start with the free sphere.

If such a quantum subgroup existed, then it would be of Kac type, and therefore its
Haar idempotent ®x = hg o 6 would be tracial. We will now show that the idempotent
state associated to €(SY ') by Theorem 1.7 is not a trace.

Let Ey; denote the conditional expectation in &(O%;) onto the *-subalgebra of &(O%)
generated by w1, then we have ® = e o E; = ¢ o [Ey;.

[Ey; is the orthogonal projection onto *-subalgebra generated by w;; for the inner prod-
uct (a,b) = h(a*b), and since we can compute the values of the Haar state on products
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of the algebraic generators uiy,...,uyy using the Weingarten calculus, we can compute
Ey; and then ®. We find

Ebi(u22ullu22) =0

since hofv (uk ugpuy1ung) = 0 for all k € N (there are no matching non-crossing pairings)

and .
(N = 2)un + ugy

(N —1)?

Eyi(u11u3y) = ui1Eyi(udy) =

since
1 1

ho;(ugz) N and N+ (ufyuz,) = NZ_1

If follows that

N —2)uy; + ul 1
( Ju11 11) =< # 0 = D(uguqiugs).

®(ugyujy) = € ( (N —1)2 1

The case of the half-liberated sphere SN¥N—! is similar. The Weingarten formula for
O% uses balanced pairings. The balanced pairings Py (4) and the non-crossing pairings
NC5(4) of four elements are the same. Thus, we get again the same values for Haar state
in the half-liberated case,

ho (U11U22U11U22) 0, k=0,1,...,
1 1
hO;‘V(U32) N and hoyv(uflui) N2 7
and we get the same conclusion. O

3.1 Orthogonal polynomials

We will desccribe these orthogonal polynomials for classical, half-liberated, free cases.

3.1.1 The classical sphere

Here, (¢s(7))seny means the family of the orthogonal polynomials associated to classial
sphere. It is well known that the distribution of u?, for the classical sphere is the beta
distribution with parameters (1/2, (N — 1)/2). In other words,

hen-1( u11 C/ 1—t) dt
)
where C' = TS

0. Therefore hgn—1 (%) = hgn-1(f(u11)).

+2f(—u11)>

The integral vanishes on the odd polynomials, i.e. hgn-1(u?f™) =

hsv-1(f(u11)) = hgn- (f(un)

_C/ Y1 — ) (14 1) T de
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The spectral measure of uy; is the probability measure on the interval [—1,1]:
p(dt) = C(1— )= (1+1) "= dt,

whose family of orthogonal polynomials is well known. Namely, we get the Jacobi poly-
nomials (or ultraspherical polynomials) with parameters o = § = (N — 3)/2, which we
will denote by (Js)sen-

Recall that Jacobi polynomials are given by:

=5 (N ) TR

r=0

Their orthogonality relation is given by

V=2 T(k+ (N —1)/2)?
%+ N—2 T(k+N —2)nl

1
[ I@) In(@)pldt) = G- C

Moreover, they satisfy the differential equation
(1—a2*)J!(z) —x(N - 1)J.(z) = —s(s + N — 2)J ().

We need these polynomials in the form gs(x) = Js(x)/Js(1).

Therefore, ( )

p s(s+ N —2

We can relate our result to the Morkov sequence problem. For a given orthonormal basis
{fo=1, f1, f2,...} of the L?>-space of some probability space, this problem of ask for the
classification of all sequences (A,),>0 such that K(f,) = A\, f, defines Markov operator cf.
[2]. In [13, Theorem 2], Bochner answered this problem for the Jacobi polynomials. Since
we found that the Jacobi polynomials are the eigevectors for any Oy-invariant Markov
semigroup on SV~ our Theorem 2.18 recovers [13, Theorem 3].

3.1.2 The half-liberated sphere

Next we consider the half-liberated sphere SV~

Banica [4, Propsition 6.6] determined the law of x;, - - - z;, with respect to the Haar
state hgv-1 = hoy oy (there is a small misprint in [4, Proposition 6.6], which we
correct below).

Proposition 3.2. The half-liberated integral of x;, - - - x;, vanishes, unless each indezr a

k

appears the same number of times at odd and even positions in i1, ...,1,. We have
(N =Dty 0,
h _ ‘ri e xi —
Sivl( 1 K (N+ 36— 1)
where {; denotes this number of common occurrences of i in the k-tuple (iy, ..., ).

This proposition allows to describe the spectral distribution of u;; = x; w.r.t. the
Haar state.
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Corollary 3.3. The distribution of uy, in the half-liberated case is given by:

hpr(Fun)) = [ Feutdn),  vF € O(-1,1)

where p(dt) = (N — 1)(1 — ¢*)N=2|¢|dt.

Proof. This proof repeats the arguments of [4, Proposition 6.5 and Proposition 6.6].
Let C' = 525 -T(N +1) = (2)¥(N — 1), then

2N7N

hov-1(z%F) = /N X |21 |*dz
* S —_

C

= C [, @+ ) d(y)
;Ii/Q /2
= O/ / (cos® By + sin® 6 cos® )" sin®N =2 6, sin*N ~30,d6, db,
o Jo

/2 /2
: /() SiIlQN_4 03d93 s /0 sin QQN_QdQQN_Q . A

™

/2
dfan—1.

First we can calculate that

, w/2 . ON_4 /2 ) w/2
C' = C/o S1n 03d93/0 SIHQQN_QdHQN_Q /0 dHQN_l

2 N(N—l)!- m\VT (2N - I EN =5 1
) o3

a 2 (2N —3)I (2N —4)Il 21
= (N -1)

™

where m!! = (m —1)(m —3)---1. Let t = \/c082 0, + sin? 0 cos? 0y, u = cos 6y, then

1t ¢
2k\ ! 2k 2\N—-2
1
—o(N — 1)/ 12 (1 — )N "2qy,

0

Since the odd moments of uy; vanish, we have hgv-1(f(u11)) = hgy-1 (W) and

hsi\’*l(f(ull)) = 2(N — 1) /01 <f(u11) +2f<_u11)> . (1 _ tz)N_Qtdt

=(N-1) /11 fun) (1 — )N 2 t|dt.

]

Now we determine the family of orthogonal polynomials associated to the probability
measure g defined in Corollary 3.3. For a general measure, it is difficult to find the
orthogonal polynomials. However, in the case which we are considering now, we find that
those orthogonal polynomials are very regular, so we can guess the formula and then to
prove the orthogonality. That is what we will do in the following.
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The standard notation for hypergeometric functions is

al)"' ’ar o (al)n...(ar)n l'n
TFS | = 1N /1N
<b1>"'abs ) ngo(bl)n(bs)n TL'

where the shifted factorial (a),, is defined by

(@), = {a(oﬂ—l)---(a—kn—l)7 n=12---

1, n = 0.

They satisfy

d Ay, ,Qp Hrzlai a1+17"'7ar+1
— ) = — A ; : 3.1
dx (blu"'vbs x) j’:lbj <b1+17abs+1 x) ( )

The following formula is the Chu—Vandermonde identity, which is obtained by Newton’s
generalized binomial theorem,

E0)(.2)-(17) oecsen

Using the Chu-Vandermonde identity, we can compute the following value

s _
QH< ’aﬂ>_mlo% k,meN,aeC. (3.2)
m (m)s
Definition 3.4. We define the family half-liberated spherical polynomials (or “*-polynomials”)
by
-1
P%(m):(_l)k(N—f—zk—Q) 2F1<—k57N1+]{7—1;x2>
k 2 -1
k+r k N + 2k -2 2r
= Z(_l) x -,
= r k—r
-1
N+2k—1 —k, N +k

-1
:fx_nﬂr B (BT (N+2k=1)" oy
= r r+1 k—r
Proposition 3.5. The family of “*-polynomials” satisfies the following three-term recur-
rence relation:
Pi(z) = xPs_1 () — ws—2Ps_o(x) Vs > 2,

where wy = [(Zﬁv)ﬁﬁ])((lzvv:rlzt[f)/ 2) Moreover, the “*-polynomials” are the orthogonal polyno-

mials for the probability measure p(dt) = (N — 1)(1 — t2)N=2|t|dt.

Proof. We can easily check that for any £ > 1,

k(N +k — 2)
(N + 2k —2)(N + 2k — 1)

r Py (z) — Poy1(x) = Pogya(2),
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k(N +k —2)
(N + 2k — 2)(N + 2k — 3>P2k—2(£€)

Therefore the three-term recurrence relation holds.
By the Proposition 3.2 and equation (3.2), we can calculate

xPo_1(x) — = Py(x).

v N+2k:—2 li k:'(N+k+r—2) (N -1
= WN +Ek—=2){(N+r—1)lrl
—1
k<N+2k—2> 2F1<—k,N]:[Lk—1;1>
k<N+2kz—2> Y=k 1)
(N

- 50]67

and all of the odd moments vanish, i.e., 1, Poi1(2)p(dz) = 0.
Inspired by [80, Lemma 5.3], we are now going to prove the orthogonality by induction.
Clearly, ¥n > 0, [, P,(z)Py(2)p(dz) = 0.
Assume that for any 0 < k < s, [, P,(2)Pi(x)u(dz) = 0 holds for all n > k. Then
consider s + 1, and n > s + 1. Using the three-term recurrence relation, we get

[ P P (@) = / '\ Pu(2) (2Py(2) — weor Poy () pu(d)

1
= [ 2P, Yu(dx) + 0

-1

- /11(Pn+1(m) + wWn—1L-1) Ps(2) p(d)
=0

Moreover,
L 1
[ Pou(dn) = [ P(@)(@Poy = wosPas)u(da)
1
= 71(Ps+l(x) + ws—lps—l(a:))Ps—l(x)M(dx)
1
= Ws_1 /_1 P? (2)p(dx) = wows - - - w1,
so that

/1 P, ()P, (x)p(dr) = wowy -+ Wp—1 * Omn-

-1

]

Remark 3.6. We change the normalisation of these polynomial to get the sequence

qi(z) = gs (x) which satisfies the conditions of Theorem 2.18.
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We have

Pt = (04" :

_( 1)kk!(N+k—2)!(2—N—k)k
B (N + 2k — 2)! (1)
N+ E=2)/(N+k—2)!

(N +2k—-2)(N =2)!

BHNU:C4V%+1KN+Qk_v : < L )
— N —

kN + K — 1)!( k
= O Dy g ). @)
(N4 k=N +k—2)
(N +2k—1YN —2)!

N+2k—2>1 <—k,N+k—1>
211 ;1

Therefore

N+k—2\" —kN+k—1
q;k<x>:<—1>k( * ) F( N+ ;x2);

. N+k—2\" —k,N +k
o) = e (VT (TR ).

The following formula gives the eigenvalues of the generator of the O} -invariant semi-
group on the half-liberated sphere SY~! associated to the pair b = 1 and v = 0. By
analogy with the classical sphere, these values can be considered as the eigenvalues of the
Laplace operator of the half-liberated sphere (up to a rescaling by N — 1, see Remark
3.11).

Corollary 3.7. For any k > 0,

e vy 2K(N+k—1)
(a3)' (1) = ————

e vy (2E+1)N 42k -1
(G3r41)'(1) = N —1 -

Proof. qy(1) = 0 is obvious.
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For k > 1, by the equation (3.1) and (3.2), we have

d —k,N+k—-1, 2
233@ 2F1 ( 1 L )

) (—k,Nl—&-k—l; 1)

(43)'(1) =

—2k(N + k= D)o Fy (TN

N (—k7N1+k—1; 1)

(2—N —k)g_q (1)

= 2k(N+k—-1) o E-N W,
_2k(N+k-1)
N N-—1 ’

4 (. P kN+k,x2
(Gr41)' (1) = dw( 2F12( £N+k 1) >) a=1
2F1( BEARLF )—I—x (Qxcf% o Fy (—ka2V+k;x2>)
o F1 ( —k Nk 1) -
2F1< —k,N+k 1) +92. M ,F, (—k—l—l,éV-i-k—i-l;l)
2F1( kN+k 1)
 (2k+1)N +2k*—1
B N-—1 '

3.1.3 The free sphere

Finally, we consider about the free case.
The family of Chebyshev polynomials of the second kind Us(x) is defined by

Up(z) =1, Up(z) =z, Usia(z) = 2Ugsyq(x) — Us(x) Vs > 0.

In fact, due to the asymptotic semicircle law of v/ N + 2uj; when N — oo [5], we expect
that ¢f(z) — Us(vV/Nx)/V/Ns. Therefore, limy_,o ¢ (z) = 2°. So for the special case
where the generating functional v is associated to the pair b = 1, v = 0, the eigenvalues
for the subspace Dy converge as N — 00, limy_,00 As = —(2°)'(1) = —s. We now derive
relations between polynomials (¢F)s>o for general finite N.

Proposition 3.8. Let N > 2. the orthogonal polynomials defined as above satisfy the
following three-term recurrence relation:

5+10315(2) = U1 (V)i ()7 — asq (z) Vs 20
where g (z) = 1, ¢t () = =,

S

as =Y (=1)***UL(N) = {

k=0

U (N)(Un(N) = Up 1(N)) if s = 2m,
Un(N)(Uns1(N) = Un(N)) if s = 2m + 1,

and where U,(N) denotes the value of the s Chebyshev polynomial of the second kind at
the point N.

38



3.1. ORTHOGONAL POLYNOMIALS

Proof. For free orthogonal quantum group, the irreducible corepresentations have the
following fusion rule [3]:
u(erl) QU= u(s+2) D u(s)

This implies that u§§+1)u11 € Voo @ V. Applying the two-sided conditional expectation
[Ey; to both sides, we see that uﬁ“) .u1; can be written as the linear combination of uﬁ“)
and uly.

Let A; be a number such that the coefficient of the highest degree of the polynomial
AsqT (z) is 1. Since ¢f (1) = 1, we have

Aer245yo () = Aep1a (@) — Aspr = Asr2)gs (). (3:3)

Let dy be the dimension of U®). Note that dy = 1 and d; = N. By the Fusion
rule, we get ng9 = Nng —ns, = Uy(N). By the orthogonality of (¢ (u11)),5, and

hsy -+ (0 ()?) = hgy+ ((u7)”) = L/ULN). we have

0= hsf*()\s+2QJ+2(U11)q:(U11))

= hsf—l()\s+1q:+1(Un)q:(un)un) — (Asy1 — )\s+2)hsf—1((qz_(ull))2)

A2
= )\H hsffl((q:ﬂ(uu)f) +0— (Asg1 — /\s+2)hsffl((q;(uu))2)

2
>\3+1 )\S-l—l - )\S+2

B /\sUs—H(N) US(N>

Therefore
)\s+2 -1 )\s+1 Us(N)
)\s+1 )\s Us+1 (N) ‘
Set a; = Af\*s‘l - Ug(N). By multipling Us)\%fll\f) to Equation (3.3), we get
aqu;Q(x) = US“(N)qu(x):c - asq;r(x)v
and

Ast1 = U8+1(N) — Qg.
From the latter equation we can get

S

ag — Z(—l)erkUk(N).

k=0
[l

The following formula gives the eigenvalues of the generator of the O} -invariant semi-
group on the free sphere S%¥ ! associated to the pair b = 1 and v = 0. By analogy with the
classical sphere, these values can be considered as the eigenvalues of the Laplace operator
of the free sphere (up to a rescaling by N — 1, see Remark 3.11).

Corollary 3.9.

—1

: S >k=0 Uk(NV)
+ 1) =
@) = 2 )G

Vs > 1.
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Proof. Appling Proposition 3.8 and taking derivatives on both sides, we get
ts41(d340) (2) = Ussa (N) ((quJrl)/(x)x + Q;Zrl(x)) — as(q)) (2).
Since ¢f (1) = 1, we have

a5+1(q012)' (1) = Ussa(N)(051) (1) + Usa (N) — as(q7)'(1)-

Rewrite this equation using Us;1(N) = asi1 + as,

aser (0512 () = (@52 (1) = Uper (V) + s (g7 (1) = (aF)'(1))
Therefore,

Qs ((q;-l)/(l) — (qj)’(l)) - kzi: Up(N).

This implies
zs: > k=0 Uk(N) .

(g711)'(1) = . a,

We can get an estimate of these eigenvalues that grows linearly in s.

Corollary 3.10. For any N > 2,

=
N

_|_

s <(q)(1) < s, Vs20,

=

(where the upper becomes +oo for N = 2).

Proof. Using the relation Us(N)N = Ugy1(IN) 4+ Us_1(N), we have

and
1

3" (V) = § Uanes () + G19) + U) + (3 0m).
k=0 k=1

Therefore
SigUs(N)  _ N/2+1

Yheo(=1)RU(N) T N/2 -1

O

Remark 3.11. For the classical sphere, we know that the Laplace operator is the operator
whose eigenvector are the Jacobi polynomials J; and whose eigenvalues are Ay = s(s +
N —2) = —(N — 1)¢i(1). So the generator for classical spheres in Theorem 2.18, is
induced from the generating functional ¢ associated to the pair (b,v) = (N — 1,0) is the
Laplace operator. In the same manner, we may define the Laplace operator A, on the
half-liberated sphere and the Laplace operator A, on free sphere.
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Remark 3.12. Recall that we showed in Proposition 2.11 that central convolution semi-
groups of states on C,(G) also induce G-invariant Markov semigroups on any quantum
space X equipped with a right G-action. The generating functionals of central convolu-
tion semigroups of states on C,(O%) were classified in [29, Corollary 10.3]. This gives the
formula
As = —b=
0N T Lx TNV - )
with b a positive real number, v a finite positive measure on the interval [—N, N] and
(Us)22,, the Chebyshev polynomials of the second kind defined by Uy(z) = 1, Uy(z) = z,
Usi1(x) = 2Ug(z) — Us_q () for s > 1.

Recall again that by [5, Theorem 5.3] the distribution of /N + 2u;; converges unifor-
mally to the semicircle distribution, which is the measure of orthogonality of the Cheby-
shev polynomials. This suggests that the eigenvalues given by Theorem 2.18 and in
Equation (3.4) for the free sphere S% ! should be close for large N.

U,(N) /N Us(x)_U5<N)V(dx)’ s=0,1,... (34)

3.2 Spectral dimensions

The Weyl formula for the eigenvalues of the Laplace-Beltrami operator A, on a
compact Riemannian C*°-manifold (M, g) of dimension N states that

/\N/2|M|
(4m)N2r (5 41)

N()\> ~A—+oo

cf. [79], where |M| denotes the volume of (M, g), N(A) denotes the number eigenvalues
of the Laplace-Beltrami operator that are less then or equal to A, and f ~)_ 1., g stands
for “asymptotically equivalent,” i.e., for limy . % = 1. This implies that the zeta-
function (y/(2) = Doaco(an) M, where my denotes the multiplicity of the eigenvalue
A, has a simple pole in %, and that this value is also the abscissa of convergence of the
series. For this reason, we define the “spectral dimension” dy, of the spheres S¥~! (w.r.t.
a generator L) as the abscissa of convergence of the series >°° m A7 %2, where (\,)s>0
are the eigenvalues of L which we classified in Theorem 2.18. Note that this definition is
equivalent to Connes’ definition in [33, 34}, if we construct a Dirac operator Dy, from L
as in [29], since the eigenvalues of Dy, will be (v/A;)s>0-

The spectral dimension dj, is equal to the infimum of all d > 0 such that the sum
S mg(—A) "2 is finite.

For simplicity, we will only consider the special case b = 1 and v = 0 of the eigenvalues
given in Theorem 2.18.

3.2.1 The classical sphere

By definition of Dy,
dim D, = dim Hy, — dim H,_,
where
H, =span{z® - 2" cky + -+ ky < s}

Since 22 = 1 — N, 22, we only need consider k; = 0 or k; = 1 in above formula.
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Recall that the cardinality measure |{(ki, ko, - k) EN" kg + ko + -+ -k, = M}| =

(M+n—1)
n—1 :
For kfl = 0,
N —2
dimSpan{xSQ“'xlva¢k2+"-+kN:S}: o ;
N —2
and for k1 =1,
N -3
dimSpan{xlx?'”ﬁVN1k32+"'+k’N:s—1}:(S"{j'v ) )
Therefore,

L _[(s+N-=2 s+N—=3\ _ N
ms—dlmDs—< N_9 )—l—( N_9 >,\s .

where the notation a, =< b, for two sequences of strictly positive numbers means that
they are of the same order of magnitude. More precisely, a, < b, means that there exist
constants ¢, C' > 0 such that for all s € N, ca, < b, < Cas.

For the eigenvalues we have —\; = % = 52, and therefore we find d;, = N — 1,
as expected.

3.2.2 The half-liberated sphere

Again, dim D, = dim H, — dim H,_;. Consider first the even case, i.e. s = 2m.
Let X = xp, x4, -+ - x4, %0, € Dap. Use black dots “e” for odd positions and white
dots “o” for even positions, i.e., associate the diagram

000 ---00,

to the monomial X. Since we have the relation z,, x,,x¢, = x4, 74,74 for the generators,
we can freely permute the generators x,,, , that are placed on black dots “e” (i.e., in odd
positions) among each other. Similarly, generators xy,, sitting on white dots “o” (i.e., in
even positions) can be permuted among each other..

Write x4, , = a;, and x4, =b;
dots, then X = a;,b;, - - - a;,,b;,..

Since a;, is commute among each other, we set a; a;, ---a;, = z'ah? -2 with
p1+pe+ -+ py = m. Similary, set b; b;, --- b Dol

.» Tespectively, for the generators on black and white

=zfa® 2 withgu + @+ -qv =m.

Since 22 = 1 — XN, 22, we can assume p; = 0 or ¢; = 0. Indeed, if both monomials
@i,y -+ @;, and by b;, ---b; ~contain the generator z;, then we can we could move x,
to the first position in both the subwords a;,a;, - - - a;,, and b;,b;, - - - b;, , and replace the
resulting #2 by 1 — ¥, 22. In this way get one monomial that is in H, 5, and in the
remaining terms the powers of x; in both subwords are reduced by 1. Iterating this
procedure we can express X as a linear combination of monomials which have p; = 0 or

g1 = 0.

im
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Therefore,
N N

dim D, = dim span {x? ce xRN Y Ty = m} - dim span {x? x> g = m}
k=2 k=2

N N
+ dim span {x’f s > py = m} - dim span {:B‘{I:BCQD ez i >0,> g = m}
k=2 k=1

N N
+ dim span {xflx? ce xRN ip >0, pr = m} - dim span {ng Y g = m}
k=1 k=2

2
m—+ N — 2 m+N—2\[(m+ N —2 ON—3 _ aN_3
= 2 = = .
(N—2>+<N—2><N—1>m s

Similary, when s = 2m + 1,

On the other hand, by Corollary 3.7, —\, =< s2. Hence,
dp = 2N —1).

Banica showed in [4, Theorem 1.14]. that C(S¥~!) can be embedded into the C*-
algebra M, (C’ (S¥ ’1)) of continuous functions with values in 2 x 2-matrices on the complex

sphere S5 ' = {z = (21,...,2n) € CV : =¥ |%/?> = 1}. This embedding sends the gen-
erators x;, i = 1,..., N, to the functions 7(z;) : S& ' 2> 2z = (21,...,2n5) — ( g 28 )
Evaluating these functions in a point z € S(]CV ~1 defines a unique 2-dimensional repre-
sentation 7, : C(SF™) — My(C). Two of these 2-dimensional representations 7. and
Tw, 2, W € Sév ~! are unitarily equivalent if and only if there exists a complex number X
with |A] = 1 such that z = Aw. This means that the embedding passes to the projective
complex sphere PY' " = SY~!/ ~ (see also [12, Theorem 3.5]), where ~ is the equivalence
relation on SR ! defined by

z1~ 29 INEC, 21 = Az,

Since the dimension of PY~' as a real manifold is 2(N — 1), this provides a heuristic
explanation for the value of the spectral dimension d;, for the half-liberated sphere SN¥=1.

3.2.3 The free sphere

For the free case, D, = span{u!? : 1 < i < d,} where uS)

irreducible corepresentation u®, which has dimension d, = U,(N).

are the cofficients of the st
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Let us first consider the case N = 2. Since U(2) = s + 1, we get a5 = [s/2] + 1 and

> ko = % By Corollary 7.14, we have

“oppt = (Gh)/(1) = 2k% + 4k + 1,
Do = (gh (1) = 2k* 4 2k.

Therefore,

- o2 -
—Ag X 5%, mg =< S.

This implies d;, = 2 for N = 2. For N = 2, the defining relation of the free sphere S%
can be written as 22 = 1 — x?, which implies z125 = x2x1, as well as the other half-
commutation relations z;x;x, = zpx;a;, 0,7,k € {1,2}. So we have C,(S3) = C,(S2),
i.e., the free and the half-liberated two-dimensional spheres coincide.
By Corollary 3.10, Ay < s for N > 3. Furthermore, in this case my = Us(N) =< N*.
Hence,
d_{ 2 ifN=2
7Y 400 if N> 3.

This resembles the computation in [29, Remark 10.4], where we found

g 3 iN=2
b= 400 if N>3.

for the spectral dimension of a spectral triple constructed from a central generating func-
tional on the free orthogonal quantum group O%,.
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Chapter 4

Preliminaries

Notation: In all what follows, we write X <Y if X < CY for an absolute constant
C>0,and X S, 5. Y if X < CY foraconstant C' > 0 depending only on the parameters
indicated. Also, we write X <Y if C7'Y < X < CY for an absolute constant C' > 0.

Throughout this part of thesis, M will always denote a semifinite von Neumann al-
gebra equipped with a normal semifinite faithful trace 7. Let Sy, denote the set of all
r € M, such that 7(suppz) < oo, where suppz denotes the support projection of x.
Let Sy be the linear span of Sy,. Then S is a w*-dense x-subalgebra of M. Given
1 < p < oo, we define

lell, = [, @ € Sa,

where |z| = (z*z)'/? is the modulus of #. Then (Su, | - ||,) is a normed space, whose

completion is the noncommutative L,-space associated with (M, 7), denoted by L, (M, 7)
or simply by L,(M). As usual, we set Lo,(M, T) = M equipped with the operator norm.
Let Ly(M) denote the space of all closed densely defined operators on H measurable with
respect to (M, 7), where H is the Hilbert space on which M acts. Then L,(M) can be
view as closed densely defined operators on H. We refer to [85] for more information on
noncommutative L,-spaces.

4.1 Noncommutative /,-valued L, -spaces

In the classical analysis, the pointwise properties of measurable functions are often
studied by estimating the norms of maximal functions of the form || sup,, |f.|||,- However,
these maximal norms in the noncommutative setting require a specific definition, since
sup,, |z, | does not make sense for a sequence (z,,), of operators. This difficulty is overcome
by considering the spaces L,(M; {s), which are the noncommutative analogs of the usual
Bochner spaces L,(X; (). These spaces were first introduced by Pisier [83] for injective
von Neumann algebras and then extended to general von Neumann algebras by Junge
[65]. See also [69, Section 2] for more details.

Given 1 < p < oo, we define L,(M;ls) to be the space of all sequences © = (x,)n>0
in L,(M) which admit a factorization of the following form: there exist a,b € Lg,(M)
and a bounded sequence y = (y,) C M such that

Tn = aypb, n > 0.
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The norm of z in L,(M; () is given by

el = ol sup ol

where the infimum runs over all factorizations of x as above. We will adpot the convention
that the norm ||z, (A is denoted by || sup;) @, |,. As an intuitive description, it is
worth remarking that a self-adjoint sequence (z,,)n>0 of L,(M) belongs to L,(M; () if
and only if there exists a positive element a € L,(M) such that —a < z,, < a for any
n > 0. In this case, we have

Isup* |, = inf{lall, : a € Ly(M), —a < @, < a,¥n = 0},
n>

The subpace L,(M, ¢g) of L,(M; {+) is defined as the space of all family (z,),>0 C L,(M)
such that there are a,b € Ly,(M) and (y,) C M verifying

Tn = ay,b and - lim 1Yo = 0.

It is easy to check that L,(M,cy) is a closed subspace of L,(M; /). It is indeed the
closure of the subspace of all finitely supported sequences.

On the other hand, we may also define the space L,(M; (5,) for 2 < p < co. The space
L,(M;(5,) is defined to be the family of all sequences (x,),>0 C L,(M) which admits
a € L,(M) and (y,) C Loo(M) such that

Tp=ypa and  sup ||yn|le < 00.
n>0

[ (2n)[| L, (M:ee,) is then defined to be the infimum {sup,,>¢ ||yn||s||@||,} over all factorization
of (z,) as above. It is easy to check that || |[z,(uec ) is @ norm, which makes L, (M;/(5)
a Banach space. We define similarly the subspace L,(M;cf) of L,(M;(,).

Another Banach space L,(M; ;) is also defined in [65]. Given 1 < p < 0o, a sequence
x = (z,,) belongs to L,(M;¢) if there are ugy,, vg, € Lop(M) such that

Ty = Z gy Uk n>0
k>0
and
1/2 1/2
1@ nlliyrtsen == inf§ | 3 wbtin]| | viavin]  § < 0.
k,n>0 k,n>0
P P
Specially, for a positive sequence x = (z,,), we have
1z, e = I D zallp-

n>0
The following Proposition will be used in the sequel.

Proposition 4.1 ([69]). Let 1 <p,p' < oo and 1/p+1/p' = 1.
(1) L,(M; L) is the dual space of Ly (M; ). The duality bracket is given by

(z,y) = ZT(xnyn) S Lp(thoo), y e Lp’(M§€oo)~

n>0
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In particular for any positive sequence (), in L,(M;ly), we have

Isup™nllp = sup{D>_ 7(nyn) : Yo € Lyy(M) and || 3 ynlly < 1}.

(2) Each element in the unit ball of L,(M;{s) (resp. L,(M;ly)) is a sum of sizteen
(resp. eight) positive elements in the same ball.

(3) Let 1 < pp <p<p <o0oand0 <O <1, suchthat% = 1p;09+p%. Then the
following complex interpolation holds: we have isometrically

Ly(M; log) = (Lpy (M les), Ly, (Mng))e'
Similar complex interpolations also hold for L,(M;(5,).

We remark that we may define the spaces L,(M; (1)), L,(M;co(1)) and L,(M; €5 (1)),
L,(M;c§(I)) for an uncountable index set I in the same way. The above properties still
hold for these spaces. We will simply denote the spaces by the same notation L,(M; (),
L,(M;cp) and so on if no confusion can occur.

Remark 4.2. It is known that a family (z;);er C L,(M) belongs to L,(M; () if and
only if

sup |[supT ;|| < oo,
JCI finite Il i€J P
and in this case
supt z;|| = sup | supt
el p J finite Il ieJ P

Similar observations hold for L,(M;/¢5 ). As a result, for any 1 < p < oo and any
(2¢)1er, € Lp(M; L) such that the map t — =, from R, to L,(M) is continuous,

1@e)eem | rpmsew) = M {[(2a)jezl L, (i) -

Indeed, as mentioned above, it suffices to show that ||(2,)i1<k<n|r, (M) 15 dominated
by limg_1+ || (4i)jez| 1, (Mm5e0) for any (finitely many) elements ¢y,. .., ¢,. This is obvious
since for any ¢ > 0, by continuity we may find an a sufficiently close to 1 such that
|zt — 2 llp < €/n for some j; € Z and for all 1 < k < n, which implies

(@t r1<hznll ity < 1(@ainr1zrznll ey T D2 1on — Zaillp
1<k<n
< |[(@ai)jezllLpmien) + €
Similarly, for 2 < p < oo, we have

I@orer, vy = lim () ezlz, e
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4.2 Maximal inequalities and pointwise convergence

The standard tool in the study of pointwise convergences is the following type of
maximal inequalities.

Definition 4.3. Let 1 < p < co. Consider a family of maps ®,, : L,(M) — Lo(M) for
n € N.
(1) We say (®,,)n>0 is of strong type (p,p) with constant C' if

I Sugg O, (2)llp < Cllzllp,  x € Ly(M).

(2) We say (,,)n>0 is of weak type (p,p) (p < o0o) with constant C'if for any x € L,(M)
and any a > 0 there is a projection e € M such that

(%

p
le®,(2)ello <, n>0 and 7(et) < lg”"””p] ‘

(3) We say (®,,)n>0 is of restricted weak type (p,p) (p < oo) with constant C' if for any
projection f € M and any « > 0, there is a projection e € M such that

le®n(flelle <a n>0 and 7(et) < (C>p7'(f).

«

We say (D,,)n>0 is of restricted weak type (0o, 00) with constant C'if sup,, || P (f)]lec < C
for any projection f € M.

It is easy to know that for any 1 < p < oo,
strong type (p,p) = weak type (p,p) = restricted weak type (p,p).

The Marcinkiewicz interpolation theorem plays an important role in studying the
maximal inequalities. The noncommutative version was first established by Junge and
Xu in [69], and then was generalized in [11] and [43]. We present Dirksen’s version here.

Theorem 4.4 ([43, Corollary 5.3]). Let 1 <p <r < q < oo. Let (P,)n>0 be a family of
positive linear maps from L,(M) + Ly(M) into Lo(M). If (®y,)n>0 s of restricted weak
type (p,p) and (q,q) with constants C, and C, then it is of strong type (r,r) with constant

Cr S maX{Op»Cq}(r?p + qT_(]T)Q'

We need an appropriate analogue for the noncommutative setting of the usual almost

everywhere convergence. This is the notion of almost uniform convergence introduced by
Lance [72].

Definition 4.5. Let x,,x € Lo(M). (x,)n>0 is said to converge almost uniformly (a.u.
in short) to x if for any € > 0 there is a projection e € M such that

7(et) <e and dim |(z, — z)e]|l = 0.

(n)n>0 s said to converge bilaterally almost uniformly (b.a.u. in short) to x if for any
e > 0 there is a projection e € M such that

7(et) <e and dim [le(z, — z)el|o = 0.
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4.2. MAXIMAL INEQUALITIES AND POINTWISE CONVERGENCE

It is obvious that the a.u. convergence implies the b.a.u. convergence, so we will be
mainly interested in the former. Note that in the commutative case, both notions are
equivalent to the usual almost everywhere convergence in terms of Egorov’s Theorem.

It is nowadays a standard method to deduce the pointwise convergence from maximal
inequalities. We will use the following facts.

Lemma 4.6 ([41]). (1) If a family (x,)nen belongs to L,(M, o) with 1 < p < oo, then
Tn conveges b.a.u. to 0.

(2) If a family (z,)nen belongs to L,(M,c§) with 2 < p < oo, then z,, conveges a.u.
to 0.

Proposition 4.7. (1) Let 1 < p < oo and let (P,)n>0 be a sequence of positive linear
maps on L,(M). Assume that (9y,)n>0 is of weak type (p,p). If (P,x),>0 converges a.u.
for all elements x in a dense subspace of L,(M), then (P,x),>¢ converges a.u. for all
z € L,(M).

(2) Fizr2 <p < oo. Let ® and (®,),>0 be linear maps on L,(M) and C, be positive
constants such that

[(®n)nllr, ey < Cpllzlly, @€ Lp(M).
Assume that there exists a dense subspace B C Ly(M) such that

Jim_ ; |®pz — Pz|p =0, z€B.

Then ®,x converges to ®x a.u. for all x € L,(M).

Proof. The assertion (1) is given by [28, Theorem 3.1]. The assertion (2) is implicitly
proved in [57], for which we provide a brief argument for the convenience of the reader.
We first show that (®,,(y) — ®(y), € L,(M;LS,) for any y € B. Indeed, as m tends to oo,

2
1(@n(y) = DW)nzmll Lotz < 1(8a() = W) Pnzmll 2, ey

<|( - owr)'|
< (z;n () - <I><y>|r;z) o

As a result (@,(y) — (y)),59 € Lp(M;cf), as desired. For any z € L,(M) and € > 0,
take y € B such that ||z —y||, < ¢, then by the maximal inequality in our assumption, we
have ||((®n, — @) (2 — y))nllz,(Mmiee) < Cpe. Thus (P, — ®)(2))n € Ly(M;cf). By Lemma
4.6 we obtain that &,z converges to ®x almost uniformly. O]

Remark 4.8. If we replace the index set n € N by ¢ € R, , Proposition 4.7 still holds up
to standard adaptations. Indeed, for the assertion (1), it suffices to note that (®.(z))ser,
converges a.u. if and only if (@ (x))ren converges a.u. for an arbitrary subsequence
(tx)g- This can be easily seen from an argument by contradiction. For the assertion (2),
it suffices to consider the integral [, ||®;x — ®z|[Pdt instead of the discrete sum over
n>m.
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CHAPTER 4. PRELIMINARIES

4.3 Noncommutative Hilbert valued L,-spaces

The noncommutative Hilbert valued L,-spaces provide a suitable framework for study-
ing square functions in the noncommutative setting. In this thesis we will only use the
following concrete representations of these spaces; for a more general description we refer
to the seminal paper [66].

First, for a sequence (z,,), C L,(M), we define

1/2
(@) |l L, (Mieg) = H (Z :v;‘;xn>

1/2
) H(%)HLP(M;eg) = H (Z xn:x;‘fb>

p p

We alert the reader that the two norms above are not comparable at all if p # 2. Let
L,(M;t5) (resp. L,(M;¢3) ) be the the completion of the family of all finite sequence in
Ly(M) with respect to || - ||z, es) (resp. || - ||z, (mie))- The space L,(M;£57) is defined
in the following way. If 2 < p < 0o, we set

Ly(M;£57) = Ly(M; €5) N Ly(M; £3)
equipped with the norm

(@) |2, (Msesry = max{[[(x4) || L, (Mies) | ()| 2, Msep) 3

If1<p<2, we set
Ly(M; 657) = Ly(M; 05) + Lyp(M; £3)

equipped with the norm
(@)l z,miegry = IE{[[(yn) |2, me5) + 1) [l 2, (M) }

where the infimun runs over all decompositions x,, = y,, + 2, in L,(M).
Second, for the Borel measure space €y = (R \ {0}, %), we may consider the norms

0 dt 1/2 0o dt 1/2
lehlsseasion = | ( [Toin )| Moo = |( [Tae )
p

We refer to [66, Section 6.A] for the rigorous meaning of the integral in the above norm.
Then we may define the spaces L,(M; L5(0)), L,(M; L5(Q0)) and L,(M; L§ (€p)) in a
similar way.

We recall the following basic properties.

p

Proposition 4.9. (1) (Duality) Let 1 <p < oo and let 1/p' +1/p=1. Then
(Lp(M;£57))" = Ly (M 65).
The duality bracket is given by

{(n)n, (Yn)n) = ZT(xnyn)a (Zn)n € LP(M; 05"), (Yn)n € Lp’(M§£§T)'

n
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4.3. NONCOMMUTATIVE HILBERT VALUED Lp-SPACES

(2) (Holder inequality) Let 1 < p,r,q < oo with 1/r = 1/p+ 1/q. For all (z,), €
L,(M;05) and (yn)n € Ly(M;L57) we have

| (ZnYn)n Le(Mitgr) < ||(xn)nHLp(M;égT) \(yn)nHLq(M;ng)-

3) (Complex interpolation) Let 1 < p,g < oo and 0 <0 < 1. Let + = =2 + % Then
( p p p.q =ty
we have isometrically

(Lp(MG57), Lo(M; 7)) = Lo (M £5).
Similar complex interpolations also hold for L,(M;{5) and L,(M; ).
The following noncommutative Khintchine inequalities are well-known.

Proposition 4.10 ([76]). Let (g,,) be a sequence of independent Rademarcher variables
on a probability space (2, P). Let 1 <p < oo and (z,) be a sequence in L,(M;{5).
(1) If 1 < p <2, then there exists an absolute constant ¢ > 0 such that

ll(@n)nlln,omieey < D2 entallLy i,y < (@n)nll Ly (e

n

(2) If 2 < p < o0, then there exists an absolute constant ¢ > 0 such that

1
@l < | zﬂ:gnanLp(X;Lp(M)) < ev/pll(@n)nllLymiesr)-

The following proposition will be useful for our further studies.

Proposition 4.11. Let (z,)nen € Ly(M; ). Then there exists an absolute constant
¢ > 0 such that for any 1 < p < oo,

[(@n)nll Ly (Mot < Cll(@n)nllLyrsesry;
and for any 2 < p < o0,
|(Tn)nllz, Moy < cll(@n)nll L, msesry-

Proof. We first assume that x,, > 0 for each n and set a sequence of independent
Rademacher variables (¢,) on the probability space [],>¢(2s; P,). Here ©, = {%1}
and P,({1}) = P.({—1}) = 1/2. Let (z,,)n € L,(M;{1);. Then we have

I aally, @utpany = [ I en(e@)ealfdP(e)

S/Q(H

<2 Y wally- [ dP@) = 2 @) I}, ()
n=0

ST RS xnup) 2P(w)

{n:ien(w)=1} {n:ien(w)=—1}

By the noncommutative Khintchine inequalities in the previous proposition, we have for
1 <p< oo,
(@)l Ly msegry < cll(@n)ll, (i) (4.1)
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CHAPTER 4. PRELIMINARIES

where c is an absolute constant independent of p. Note that it is folklore that || () || £, (Mg
is dominated by || 32, #nen || 1o (0:L,(M)), SO the above inequality still holds for p = oco. If z,,
is not positive, by Proposition 4.1, we can decompose (x,,), € L,(M;¢;) into 8 elements
(), € L,(M; ), such that for each 1 < i < 8, [|(@D)nllr, vy < (@)l min)-
Therefore, the inequality (4.1) holds for all (z,,), € L,(M;{;).

Now let (yn)n € Lp(M; ls). By duality and the above inequality we have

2on T(ZnYn
enlzpiat) = 500 { ||(l’n)||(L (M)é ) o) € LPI(M’M}
< sup {Sc Lo TlTnbn) () pr;eg’")}
H(xn)HLp/(M;egr)

< 8¢l (yn) L, mie57)-

This proves the first inequality in the lemma. For the sencond inequality, it suffices to
note that together with the Holder inequality,
w . 1/2 « . 11/2
)l = lenznll) ey < entnllL v

1/2 1/2
= ”x;HL/p(M;fg”)”xn”L/p(M;zgr) = HanLp(/\/t;ZgT)-
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Chapter 5

Square functions of subordinate
Poisson semigroups

The square function estimates of noncommutative diffusion semigroups has been es-
tablished in [66]. In this chapter we will slightly adapt the arguments of [66] so as to
obtain a refined version of their result for our further purpose. Throughout this chap-
ter, (S¢)i>0 always denotes a semigroup of unital completely positive trace preserving and
symmetric maps on M with the infinitesimal generator A, where a map T is said symmet-
ric if 7(T(x)y) = 7(yT'(z)) for any x,y € Sm. Let (P;) denote the subordinate Poisson
semigroup of (S;), i.e. the generator of P; is —(—A)Y2.

For notational simplicity, the vector-valued spaces L,(M; L§(R; 4)), L, (M; L5 (R; ?))
and L,(M; L§ (R; %)) are denoted respectively by L,(L5(%)), L,(L5(%)) and L, (LS (%))
for short in this section.

To state our theorem, we recall the dilation property. Let (M, 1), (N, 7’) be two von
Neumann algebra where 7 and 7’ are normal faithful semifinite traces. If 7: (M,7) —
(N, 7') is a normal unital faithful trace preserving *-representation, then it (uniquely)
extends to an isometry from L,(M) into L,(N) for any 1 < p < co. We call the adjoint
E: N — M of the embedding L;(M) < Ly(N') induced by 7 the conditional expectation
associated with w. Moreover E: N' — M is unital and completely positive.

Definition 5.1. Let T: M — M be a bounded operator. We say that T satisfies
Rota’s dilation property if there exist a von Neumann algebra N equipped with a normal
semifinite faithful trace, a normal unital faithful s-representation 7: M — AN which
preserves traces, and a decreasing sequence (N,;),>1 of von Neumann subalgebras of A/
such that

T"=KEoE,om, m>1, (5.1)

where E,,,: N — N,, C N is the canonical conditional expectation onto N,,, and where
E: N — M is the conditional expectation associated with 7.

We recall the following typical examples of operators with Rota’s dilation property.

Lemma 5.2. (1) ([67, 36]) If M is a finite von Neumann algebra and 7 is a normal
faithful state on M, then for allt > 0, the operator S; satisfies Rota’s dilation property.

(2) ([92]) If M is a commutative von Neumann algebra and L is another semifinite
von Neumann algebra, then for allt > 0, the operator S; ® Id; on M®L satisfies Rota’s
dialtion property.
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CHAPTER 5. SQUARE FUNCTIONS OF SUBORDINATE POISSON SEMIGROUPS

We aim to prove the following square function estimates, which is enough for our fur-
ther purpose according to Lemma 5.2. The following inequality is essentially established
in [66, 61], without specifying the order (p — 1)7°. However, we will see that the method
in [66] is enough to obtain this order. The outline of our proof is slightly different from
that of [66], but all the ingredients are already available in the latter.

Proposition 5.3. Assume that for all t > 0, the operator S; satisfies Rota’s dilation
property. For all 1 <p <2 and x € L,(M) we have

th;

inf {H(/Ow taP, (7)) )3

H o)y )

} <cp—-1)""lzll, (5.2)

p

where the infimum runs over all x.,x, € L,(M) such that v = x. + x,, and ¢ > 0 is an
absolute constant.

Remark 5.4. When the underlying von Neumann algebra is commutative, it is known
from Stein [92] that the optimal order here is (p — 1)~!. In the noncommutative case, we
believe that the oder (p — 1)7° is not optimal. However, this is sufficient for our purpose
of proving the main results in the sequel.

Our study on the semigroup (P,); is based on the analysis of the ergodic averages.
Recall that the ergodic averages associated to the semigroup (.S;); is defined as follows:

]_ t
M, == / S, du.
t Jo

We will need the following claim.
Lemma 5.5. For any y € L,

|(EOPy)ell L, (zgaeseyy < cll(COMey)ell L, (Lgae/ey)s

where ¢ > 0 is an absolute constant. The inequality remains true if we replace the norm
of Lp(L(dt/t)) by Ly(Ly(dt/t)) or Ly(Lg (dt/t)).

Proof. ThlS cl;aun is well-known to experts. We only give a sketch of its arguments. Set
1/4s

o(s) = 2f “7z Using integration by parts we have

P, = 1 /OO go(i)(ﬁ(sMs))ds = — /OOO s’ (8) Myzds.

t2 Jo t2
Therefore
toP, = —2/ 2520’ (8)OMypds = —2/ 50/ (5)(t2s0My2,)ds (5.3)
which yields the claim by noting that || - ||z, (zs(at/r)) 15 @ norm and s¢'(s) is absolutely
integrable. O]
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Before starting the proof we recall a few facts about noncommutative martingales.
Let (E,)n>0 be an increasing sequence of canonical conditional expectations defined on
(M, 7). A sequence z = x, C Li(M) is called a martingale if E,(x,11) = x, for all
n > 0; it is called a L,-martingale for some p > 1 if (z,),, C L,(M) and we set

[l = sup [z, < oo.

We denote dz, = x, — x,-1 for n > 0 (with the convention that x_; = 0) and call
them the martingale differences of x. We refer to [84, 85] and the references therein
for more information on noncommutative martingales and related square functions. We
will need the optimal orders for the best constants in several noncommutative martingale
inequalities when p — 1.

Lemma 5.6. Let (E,), be an arbitrary monotone sequence of canonical conditional ex-
pectations defined on (M, 1). Let 1 < p < 2.

(1) (Noncommutative Stein inequality [68, Theorem 8]) For any finite sequence (x,,)n>0 C
L,(M), we have

I(Enn)nzoll L,y < ¢(p = 1) [(@n)nzoll L5

where ¢ > 0 is an absolute constant. The inequality remains true if we replace the norm
of Ly(65) by Ly(£5) or L,(£5).

(2) (Noncommutative martingale transforms [90, Theorem 4.3]) For any L,-martingale
T = (n)n>0 and for any signs (e,)n>0 C {—1,1}, we have

1> endzally < clp— 1)z,

n>0
where ¢ > 0 is an absolute constant.
We need the following auxiliary results.

Proposition 5.7. Assume that for all t > 0, the operator S; satisfies Rota’s dialtion
property. Then for 1 < p <2 and x € L,(M), we have

NP0l oy < o — 12zl (5.4)
where ¢ > 0 is an absolute constant.

Proof. This result has been essentially obtained in [66], together with the optimal esti-
mates in Lemma 5.6. Indeed, let (E,),>0 be a monotone sequence of conditional expec-
tations on M and x, = E,1(z) — E,(z) be a sequence of martingale differences with
x € Ly(M). By Lemma 5.6(2) and the Khintchine inequality in Lemma 4.10 we have

[ (@n)nzollL,(e5ry < 2],

c
p—1
and by Lemma 5.6(1) we have for any sequence (y,,)n>0 C L,(M), we have

c
| (Enyn)n>ollL, @y < EH(%)@OHL;«Z?) 1<p<2
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CHAPTER 5. SQUARE FUNCTIONS OF SUBORDINATE POISSON SEMIGROUPS

where ¢ > 0 is an absolute constant. Then tracing the order in the proof of [66, Corollary
10.9], we obtain that for all € > 0,

/

R C
I(vVmDL @)mzllzyesy < o —yallall

where ¢ > 0 is an absolute constant.
1 m
D: =8 — ot and pf = — Ske-
= P~ Pra1 P m+1k§ e

By a standard discretization argument, see for instance [66, Lemma 10.11], we get the
following inequality
[EOMy)ell L, sy < ¢ (p—1) ||z,

Then the desired result follows from Lemma 5.5. OJ

Estimate (5.4) is weaker than (5.2). The remaining task for proving Proposition 5.3
is to show

thl

hﬁm%mwa< : [CTIESINROE

H dt

p

(5.5)

This inequality is essentially proved in [66, Theorem 7.8]; the order (p — 1)~ is not
stated there, but it follows immediately after a careful computation on all related constants
appeared in the argument therein. For the convenience of the reader, we will recall some
part of the proof and clarify all the constants in the proof which are concerned with the
precise order.

For any 6 € (0,7), we let

Yg={z€C":|Arg(z)| < 6}.

We say that a set F C B(L,(M)) is Col-bounded (resp. Row-bounded ) if there is a
constant C' such that for any sequence (1), C F and (xy)g in L,(M), we have

(Than)kll L, (mes) < Cll(@n) |, (res) (5.6)

(resp. (Taza)illr, ey < Cll(ER)lnyoney) (5.7)
The least constant C' satisfying inequality (5.6) (resp. inequality (5.7)) will be denoted
by Col(F) (resp. Row(F)).
We quote a useful results from [31, Lemma 3.2], see also [66, Lemma 4.2].

Lemma 5.8. Let F C B(L,(M)) be a Col-bounded (resp. Row-bounded) collection with
Col(F) =M (resp. Row(F) = M ). Then the closure of the absolute convex hull of F in

the strong operator topology is also Col-bounded (resp. Row-bounded) with the constant
Col(F) < 2M (resp. Row(F) < 2M ).

The following result was proved in [66, Theorem 5.6] without the estimation of the
constant.
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Lemma 5.9. Let 1 < p < 2. Let (S;): be a semigroup of unital completely positive trace
preserving and symmetric maps. Let A be the infinitesimal generator of (S;);. Then the
set F, = {A(z — A)7' . 2 € C\X,} C B(L,(M)) with v = % is Col-bouned and
Row-bounded with constants

Col(F,) <c(p—1)"% and Row(F,) <c(p—1)72
where ¢ is an absolute constant.

Proof. Let ty,--- ,t, be any nonnegative real numbers, xy,---,z, in L,(M). For any
2 < q < 00, by the Kadison-Schwarz inequality, we have

Let r = (q/2) = -5 By duality and the maximal inequalities for unital completely

positive semigroups (see [69, Corollary 5.11 and Theorem 4.1]), we have

N =

Z Stk ($Zxk)

k=1

S S, ()" S (1)

k=1

k=1 q

(i St (1x)" S, (:m)) ol

9
2

2

= H(Stk(xzxk’)>k”Lq/2(M;f1)

(i)

q

2ri=1 T (St (T42k)Yk)

= sup -
()eLr(Mito)  lISUPT g Uk llr
’I’L_ k S
_ sup Zk_17<($ixk) b (Yr))
()€ Lr(Mitoo) lsup™y yill»
| sup™ St ()l

S ||(xzxk)||Lq/2(M§K1) HSU.er ka
r

1/2|?
(g
q

Therefore, Z, = {S; : t > 0} C B(Ly(M)) is Col-bounded with the constant Col(Z,) < cg.

Let p/ = ﬁ be the conjugate number of p. We fix some 0 < 3 < - Let g = p’(%)
1

and o = % These numbers satisfy I’Ta + 9 = - By complex interpolation, we know
that

Scr (r—1)"

Ly (M; £5) = [Lg(M; £5), La(M; €5)]a-

Let s, - -, s, be some nonnegative real numbers. For any z € {z € C*: 0 < Arg(z) < 7},
we define a map U(z) with

U(z) : Ly(M; £5(n)) N Ly(M; £5(n)) — Lo(M; l5(n)) + Ly(M; £5(n))
@)k = (Sas, (T8) -

This U(z) is well defined, since S.(x) is well-defined for all z in the right-half complex
plain and x € Ly(M). On the one hand, we have

|U(t3) : Lo(M; 85) > Ly(M:5)| <1, £ 0.
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On the other hand, by the arguments above, we have
[U(#) : Lg(M; £5(n)) = Ly(M; 5(n))|| < Col(Zy) <cq, > 0.

By the ‘sectorial’ form of Stein’s interpolation principle (see for instance [66, Lemma 5.3]),
we have

[U(e) : Ly (M; 65) = Ly (M 65)]| < (9)' ™ < cq.
Thus,
[(Sspeis (@r))ull L, (mieg) < call(@e)llr, (vise)-
Similarly, we have
1(Sspe—io (@))kllL, mieg) < call(@e)llz, (mues)-
Namely, (S.).cox, is Col-bounded. By [66, Lemma 4.8], we get that the set
Gy(B)={S,: Ly(M) = Ly(M) :ze X5}

is Col-bounded. Indeed, by some standard arguments (see for instance [101, Proposition

2.8]), we can see that any S, with z € X3 can be written as the convex combination of

{S, : z € 033}. Therefore, by Lemma 5.8 we get that Col(Gy(8)) < 2¢cq = 2cp’(%).
Set § = 7 and n = § — §. Note that n < 7/p'. Thus

Col (Gy(n)) < 2¢p/ (W — 2,77> <2c(p—1)""

By duality, we have

Row (G,(n)) < 2¢(p — 1) 58)
Set w, = & — 7 and v = (pjz;)”. Then 0 < § —v <1 < = § —w,. By the Laplace

formula, we have that for any z € C\X s,
(z— A=~ /OO e Sydt.
0

Denote I}l = {u = te : t € Ry}. By [66, Proposition 5.4 and Lemma 3.1], u ~— ze**S,
is analytic on the area Eiwp for any z € C\X;/2. Then by Cauchy’s theorem, we have that
for any z € C\X, s,

2(z— A=~ /OOO ze”Sydt = — /F+ ze"* Sy du. (5.9)

n

Note that for any z € {z = re’*#() ;. r > 0, v < Arg(z) < 7/2}, we have
Re(uz) = rtcos(Arg(z) +n) = —rtsin(Arg(z) — 0).
Therefore, for any z € {z : v < Arg(z) < 7/2},

e : SUp,,cr+ Sy
/ ||ze**Sydul|| < sup ||Su||/ re-tsn(Are(2)=0) 1 < w < 00
r uel; 0 sin(v — 0)
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since 0 < =UT o Arg(z) — 0 < 5 — 3= < . Hence, the equation (5.9) holds for any

4p 2 2p
z € C\Y,. By lemma 5.8 and (5.8), we get
Row(F,) <2 /F+ ze"*du| - Row(G,(n)) < Rowy(gpe()) <plp—1)"2

A similar proof shows that

Col(Fp) Sp(p—1)7°

Now let us prove the desired proposition.

Proof of Proposition 5.3. Set F(z) = ze™*, G(z) = 4F(z) and G(z) = G(%). Let B =
—(—A)"? be the infinitesimal generator of (P,);. We have

0

F(tB)x = tBe "By = _ta(Pt( x)).
Let w, =2 -3, v = (pz;)” and £ = %. These numbers satisfy w, < v < £ < 7.
Note that (P;);>o is again a semigroup of unital completely positive trace preserving and

symmetric maps. By Lemma 5.2, P, satisfies Rota’s dilation property. By [66, Corollary
11.2], B : L,(M) — L,(M) admits a bounded H>(X,) functional calculus. Note that
F,G € HP(X¢) and [{°G(t)F(t)%4 = 1. Then by [66, Theorem 7.6 (1)], B satisfies the
dual square function estimate (S%). By the proof of [66, Theorem 7.8}, we get that

thl

mf{H(/OC” tOP, ()2 23 (OR ) )

H o dt

} < 20”(tapt(iﬂ))boHLP(LgT(dt/t))
(5.10)

p

where C' = max{||T.||, || Z,||}. Here T, and T, are defined by

T.: Ly(L5(dt/t)) —: Ly(LS(dt/t)) T, : L(Ly(dt/t)) —: Ly(Ly(dt/t))
(2 = (/ooo F(sB)G(tB )“’tcfst)s (z4) > ( /00o F(SB)G(tB)xtit)s.
Let v € (v,€). Define
Py = e tERS
T Mte ™, te Ry

Define

Ty : Ly(L5(R, |dt/t])) — Ly(L5(R, |dt/t]))
(iUt)teR = <F7(t)(Fn,(t) _ B)_lxt> .

211

dz

Set K1 = [r [F(z)|

have

and Ko = fF.Y |G(2)]

dz—z . By the proof of [66, Theorem 4.14], we

ITell < Ky Ko To |-
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CHAPTER 5. SQUARE FUNCTIONS OF SUBORDINATE POISSON SEMIGROUPS

By the proof of [66, Proposition 4.4], we get that
[Te ]| < Col(O)
where O = {ﬁ LD, (8) — B) tdu(t) : I c R0 < p(l) < oo}. Moreover, by Lemma 5.8,
Col(0) <2Col({z(z — B) ' : z € T.,}).
Since v > v, by Lemma 5.9,
Col({z2(z = B) ':zel}) Scelp—1)72

On the other hand,

K, = /F 1F(2)

and Ky = 4Kj;. Notethatfy<§—ﬂand0<f—€< . We have

dz

_ 2/00 ’te_i'ye—t(cos('y)—iSin('y))| @ _ 2/00 e_tcos("/)dt < 1 ’
0 t 0 ~ cos(v)

1 1
< — Splp—1)7"
cos() < sin(z — g ~ P01
Therefore,
1T < (p—1)~"
Similarly,

IS (p-1)""
Thus, by (5.10),
2@)

t

, dt
t

=)z

N

iﬁ{WﬂﬂWﬂ@ﬂ H " (tOP(27))"

} < e(p=1)"M(tOP())esoll L, (1g (atey)

p

where ¢ is an absolute constant not depending on p. Then Proposition 5.3 follows from
Proposition 5.7. O
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Chapter 6

Maximal inequalities of multipliers

on Ly(M)

This chapter is devoted to the study of general criteria for maximal inequalities and
pointwise convergences given by Theorem 0.6. Our argument does not essentially rely
on the group theoretic structure. Note that there are a number of typical structures
with Fourier-like expansions in noncommutative analysis, which are not given by group
algebras. Hence instead of the framework in Theorem 0.6, we would like to state and
prove the results in a quite general setting.

For proceeding the study, we will only require the following simple framework. Through-
out this chapter, we fix a von Neumann algebra M equpped with a normal semifinite faith-
ful trace 7, and an isometric isomorphism of Hilbert spaces U : Ly(M) — Lo(2, u; H)
for some distinguished regular Borel measure space (€2, 1) and Hilbert space H. Assume
additionally that U1(C.(Q; H)) is a dense subspace in L,(M) for all 1 < p < oo (for
p = oo we refer to the w*-density), where C.(2; H) denotes the space of H-valued con-
tinuous functions with compact supports. Given a measurable function m € L. (£2;C),
we denote by T, the linear operator on Ly(M) determined by

Tt Lo(M) = Lo(M), U(Tz) =mU(z), x € Ly(M). (6.1)

We call m the symbol of the operator 7,,,. The operator T}, is obviously a generalization
of the classical Fourier multiplier. Moreover, for a discrete group I', taking

M=VN(T), (Q,u) = (T, counting measure), H =C, U: A\(g)+— 6,
the above framework coincides with that considered in Theorem 0.6.

Example 6.1. Apart from group von Neumann algebras, this framework applies to vari-
ous typical models in the study of noncommutative analysis. As an illustration we recall
briefly some of them.

(1) (Twisted crossed product [9, 10]) Let G be a discrete group with a twisted dynam-
ical system ¥ on a von Neumann algebra N' C B(Ly(N)). Then we may consider the
von Neumann algebra M generated by the associated regular covariant representations
of G and the natural representation of N on ly(G; Ly(N)). Each x € M admits a Fourier
series > cq #(9)As(g) with #(g) € N. Take Q = G, H = Ly(N) and U : = +— 2. Tt is
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CHAPTER 6. MAXIMAL INEQUALITIES OF MULTIPLIERS ON Lp(M)

easy to see that for any m € ((G), the multiplier in (6.1) is given by

T = Y 2(g9)As(9) = D m(g)E(9)As(g),

geG geG

which is the usual Fourier multiplier considered in [9]. As a particular case, this also
coincides with the Fourier multipliers on quantum tori studied by [25].

(2) (Rigid C*-tensor category [89, 1]) Let C be a rigid C*-tensor category, A(C) be
its Fourier algebra and M be the von Neumann algebra generated by the image of the
left regular representation of C[C]. Set (€2, u) = (Irr(C), d) where d denotes the intrinsic
dimension, and set U : Lo(M) — £5(Q) by U(a) = 64 for a € Irr(C). Then for any
m € l(2), it is easy to check that T, is the dual map of the multiplication operator
0 — md for 6 € A(C), which gives the Fourier multiplier studied in [89, 1].

(3) (Clifford algebras, free semicircular systems and g-deformations) Let M =T, (H)
be g-deformed von Neumann algebra in the sense of Bozejko and Speicher [17, 18]. The
case ¢ = 0 corresponds to Voiculescu’s free semicircular systems and the case ¢ = —1
corresponds to the usual Clifford algebras. We choose the canonical orthonormal basis of
Ly(M) with index set  according to the Fock representation &, H®", and denote by U
the corresponding isomorphism. We view m : N — C naturally as a function on 2 by
setting the value m(n) on indexes of basis in H*". Then for any such m, the operator
T,, is given by T,,(xz,) = m(n)x,, for x, € H®", which corresponds to the radial Fourier
multiplier studied in [66, Section 9].

(3) (Quantum Euclidean spaces [51]) Let M = Rg be the quantum Euclidean space
associated with an antisymmetric n X n-matrix ©. We take 2 = R" and let U : Ly(Re) —
Ly(R™) be the canonical isomorphism. Then the operator 7}, coincides with the usual
quantum Fourier multipliers on Re.

(4) The framework also applies to non-abelian compact groups, compact quantum
groups and von Neumann algebras of locally compact groups. We will discuss them in
more details in the next chapters.

Our criterion is based on comparisons with symbols of a symmetric Markov group. To
state our results, we fix a semigroup (S;)¢~¢ of unital completely positive trace preserving
and symmetric maps on M of the form

Sy =Tore : Ly(M) — Loy(M), U(Syx) = e “O(Ux), x € Ly(M),

for a distinguished continuous function ¢ : 2 — R, . We will also consider the subordinate
Poisson semigroup (F;); of (Si)¢, that is,

P=T, i Ly(M) = Ly(M), U(Pa)=e VOUz), z€ LyM).

Recall that we are interested in the following types of conditions for a family (my)yen
(resp. (my)er, ) of measurable functions on €2 in Theorem 0.6:
(A1) There exist & > 0 and 3 > 0 such that for almost all w € Q we have

1= mal)] < BN )] < B

(6.2)
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(A2) There exist @ > 0 and 8 > 0 such that for almost all w € © we have

O(w)™
N

@] S B () —ma@)] < S5 (63)

(w)’

(A3) There exist &« > 0, § > 0 and n € Ny such that ¢ — my(w) is piecewise 7-
differentiable for almost all w € , and for all 1 < k£ < n and almost all w € Q we
have

[1—my(W) <

O(w)™ t d*my(w) 1
/ (@) atk | =Pk

We split our main theorem into the following two parts for p > 2 and p < 2 respectively.

[1—m(w)] <

- Imi)| < 8, (6.4)

Theorem 6.2. Let 2 < p < o0.

(1) If (T, )Nen extends to bounded self-adjoint maps on M with v == supy || T, || <
oo and if (mn)n satisfies one of the assumptions (A1) or (A2), then there ezists a
constant ¢ > 0 depending only on p,a, 5 and v, such that for all x € L,(M), we have

[(Tonn )Nl 2y Mitse) < ]y, and  Tpyr — 2 a.u. as N — oo.

(2) If (T, )tcr, extends to bounded self-adjoint maps on M with v == sup, ||Tp,,|| < oo
and if (my)y satisfies (A3), then there exists a constant ¢ > 0 depending only on p,a, 3
and vy, such that for all x € L,(M), we have

(Do)t £y M) < ][, and  Tp,x — x a.u. ast — oo.

Theorem 6.3. Assume that (T, )nen (resp. (T, )i>0) extends to positive contractions
on Ly,(M) for all 1 < p < co. Assume additionally that for all t > 0, the operator S,
satisfies Rota’s dialtion property. There are constants ¢y, co > 0 depending only on p, o, 3,
and c3 > 0 on p,a, B,n satisfying the following assertions:

(1) If (mn)n satisfies the assumptions (A1), then for all 1 < p < oo and all z €
LP('/\/l)f

| (Tnn®) Nl Ly Miee) < callz]|p and Tyt — x a.u. as N — oo,

(2) If (mn)N satisfies the assumption (A2), then for all 3/2 < p < oo and all x €
LP(M)z

| (Tonn )Nl Ly Mmite) < C2l]|p and Tyt — 2 a.u. as N — oo.

(3) If (my); satisfies the assumption (A3), then for all 1 + % < p < oo and all
x € L,(M),

(Do)t £y M50y < sl and  Tp,x — x a.u. ast — oo.

The above theorems recover Theorem 0.6. Indeed, note that if M is a finite von
Neumann algebra, the additional assumption on Rota’s dilation property is fulfilled by
Lemma 5.2(1). Also, for any conditionally negative function ¢ : I' — C, the associated
maps A(g) — €9 forms a semigroup of unital completely positive trace preserving and
symmetric maps. On the other hand, for a function m : I' — C, the map T}, is 7-
preserving; if T, is unital positive on V N(I'), then it extends to positive contractions to
L,(VN(T)) for all 1 <p < oo (see e.g. [69, Lemma 1.1]). So the assumption of Theorem
0.6 coincides with that of the above theorems.
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Remark 6.4. The completely bounded version of the above two theorems holds true as
well. In other words, if N is another semifinite von Neumann algebra and if we replace
Trnn BY Trpy @1dpr, Tin, by Thn, @1dpr and M by M = M®AN, then the above two theorems
still hold true. Indeed, it suffices to consider a larger Hilbert space H = H & Ly(N') and
apply the above theorems to M and H.

Before the proof we recall the following well-known fact, which is of essential use for
our arguments. The following maximal inequalities and the a.u. convergence on dense
subspaces are given in [69], and the a.u. convergence on L,-spaces then follows from
Proposition 4.7(1).

Proposition 6.5. We have
||(St($))t||Lp(M§£oo) < Cp||x||p7 T e Lp(M)a 1 <p<oo,

where ¢, < C - p(p—1)72 with C' an absolute constant. Moreover, (Sy(z)); converges a.u.
tox ast— 0 for all x € L,(M) with 1 < p < oo.

The following result on mean convergences is an easy consequence of our assumptions.

Proposition 6.6. Let (T, )n, (Tm,): and 1 < p < oo be given as in Theorem 6.2 or
Theorem 6.3 which satisfy the assumptions (A1), (A2) or (A3) correspondingly.

(1) The family (T,,,): is strongly continuous on L,(M), i.e., for any v € L,(M) the
function t — T, x is continuous from Ry to L,(M).

(2) We have

lim ||T,,,,z —z|, =0, tli}rgo | Tx — ||, =0, z €& L,(M).

N—o0

Proof. Let x € U7 (C.(Q; H)) and E = supp(U(z)) C Q. By the Holder inequality, for
any tp > 0 and 2 < p < o0,

2 _
1Tone = Ty 2llp < WToe = Ty 2ll5 | T = Ty 15537
S [1(me = g VLl 27 el |3 || 22
By the continuity of m; and the compactness of E, the above quantity tends to 0 as
t — to. Similar arguments work for p < 2 by using the Holder inequality with endpoints
p = 1,2. Similarly, by the continuity of ¢ and the compactness of E, we have
lin [T = ally = 0, Jim [Ty — ], = 0.
For general elements x € L,(M), it suffices to note that (7,,,, )y and (T,,): extend

to bounded operators on L,(M). Thus the desired results follow from a standard density
argument. O

Now we are ready to proceed the proof of the previous theorems.
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6.1. Lo-ESTIMATES UNDER LACUNARY CONDITIONS

6.1 Lo-estimates under lacunary conditions

Proposition 6.7. Let (my)nyez C loo(£2). Assume that there exist a function f: Q — R
and a positive number a > 1 such that

a" f(w)

@ + S (6:5)

Imy (W) < 6

Then,

[(Tonn®) Nezll Lormesry < B Tl

Proof. Note that we have Ly(M;(5) = Ly(M®Ly) by the traciality of 7. Then we see
that

||(Tme)N||%2(M;£ST) =T (Z ’Tme|2)

NEZ
= S T B = 3 U@
NEeZ NeZ
= [ 3 ) (U)(@)Pdu(e)
NeZ
<I S I Pl 101 i = |3 Il 2100
NeZ NeZ

However, by (6.5) we see that for all w € Q,

2 , f(w)? ) 0
Sv@Ps Y fro+ Y st gp
NeZ N<log, f(w) f(w> N>log, f(w) a
Thus we obtain the desired inequality. O]

6.2 Reduction to lacunary sequences

Lemma 6.8. Assume that (my)i>o satisfies the assumption (A3) for n = 1. Choose an
arbitrary function f : Q — R,. Define for j € Z,

0
a; = sup sup  |my(w)] ¢, b; = sup sup  t- (;nt(w)‘ :
b 2i2< L <o b (i2< i) <o t
Assume
K= Za;/z(a;ﬂ +b]1-/2) < 0.
jeEN
Then for x € Ly(M), we have the following mazimal inequality

(D)l ooy S Kll2llz and  [[(Ton, )il avtite) S Kll2l2-
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Proof. Let {n;};ez be a partition of unity of R, satisfying

Yomp=1, suppnp; C 2722, 0<n <1 and |nj| <C277.

Define my j(w) = my(w )nj(f(:’)) € ((82). For notational simplicity, denote by 7} ; the

operators with symbols m; ;; that is,
U(Ty;x) =my;U(x), € Ly(M).

Then we have

||Sup+Tmth||2 = ||Sup (ZTm ) lo <> ||Sup+Ttﬂ“||2 (6.6)

JEZ JEZ

From now on we fix an arbitrary j € Z and A; > 0. In the sequel of this proof we denote
Gr(w) =U(x)(w) - Lppr-2 9p42(f(w)), weQ and 2, =U"(Gr), x€ Lo(M).

Since suppn; C [2272,27], for v € Z and t € [2°,2""!) we have

my (W)U () (w) = me(w)n;(—)U(z)(w) = mt(w)ﬁj(L
We may rewrite the above equality as
Tio =T, jTysj, t € [2v,2"™).
We divide the interval [2¥,2""!] into A; parts:
2=y <m <y <4, =2""" with e — 7 =2"- A"

For any t € [2,2"1), there exists 0 < k(t) < A; such that t € [y, et)+1)- By Kadison’s
Cauchy-Schwarz inequality, we have

T Tors|* = U (M jGois)|?

L oms ;
= ’U (/ ( Os ]> Gv+jd8 + Meygyod Gv+j>
Vi(t)

2

¢ |oT.,
Yk (t) S
2Y Tewy+1 | 0T ;
=2 7/ — v d 2
B (Aj V() 0s (@ +J) s+ | “/k(t)J(xv—i—g)’ )

T,
Os ’ ("L‘U"r])

QZ ( ”/7k+1
] Tk

ds + 75, J(xU+J)|2) -

v

We denote v, = 2 Z;jial (31 N
J

oTs ;
gsJ (xwﬂ)‘ ds + | %J(wwﬂ)‘ ) Then
|Tt,j$v+j|2 < Yo- (67)
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Let us estimate the quantity ||y,||1. We have

J 2V e+ || OT. 2
vil1 = T v—2 ﬁxvj d8+ T’Yk,jx’t)j % .
Il = 7(y Z(A]/% 5o o) ds+] <+>||)
Note that
[ o ()
Yet+1 | Omg(w w , w 2
[P (F) - (F2) T e e

a;

IN

2
> ds (since suppn; C [2772,27])

LR

(b —I-a]) .

_ZUA

By Fubini’s theorem, we have

Ve+1 8TSJ 2 A1 2V V41 8msj 2
/ (Togj)|| ds= > —/ —= Gy ds
"l =0 Ai Js ! La(S3H)
Ai—1 2
J 2v/ /%-&-1 <8msj ) )
= - — (w ds | |Gyri(w)|“du(w
ZA( 203 (0) )| ds | G (@) Pdp(e)
(bj +a;)?
< Ot ol s
J
and
A;—-1 2
flw
Z st = X [ @ (Z2)] 60 Pt
k=0 YwER Vk
< A ||zony]l2-
Therefore,

(bj +a;)?

J

el < 2( +Aja§-) s 2.

Recall that the inequality (6.7) asserts that |T;;zp5]? < Yo < Suez Yu- Since Tj jx is
self-adjoint and T} jo = T} jz,+;, the above estimate gives

< (2 ||yu||1) (6.8)

UEZ

(bj +a ?
(22< i) +Aja§> ||56u+j||3) :
uEZ ]

[2j+u727 2j+u+2] — U?:0[2j+u+1727 2j+u+l71]'

2
||Stl}p+7?s,jafllz < ||Sgp+|7},j%+j|||2 < (Z yu)

UEZ

Note that
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We have

dp(w)

w) . Z ]1[2j+u+l—272j+u+l71](f(w)) d,u(w)

u€EZ

Zm%ﬂM—E:/Mf ) Lpisazgru s (f@))]]

UEZ UEZ

3
=>_U)I3
1=0
where the last equality holds since

Z ]1[2j+u+l—272j+u+l—l}(f(CU)) = 1

UEZ

Thus,
>zl < 4l

UEZ

Choose A; = “]aibj Together with the inequalities (6.8), we have
J

UEZ

1/2
1/2 1/2
Myﬂﬂms%mw+mW(szwﬁ S o}/%(a; + ) 2lalz

By (6.6), the proof is complete for the first maximal inequality.
Note that we have the analogue for the space Lo(M;(<,) of (6.8). In fact,

1/2 1/2
(Z yu) < (Z Hyu||1>
u€Z UEL

(bj +a
(Z 2 < i) +Aja?> IIxuﬂ'II%)
UEL J

Repeating the arguments as the proof of the first inequality, we get the desired maximal
inequality for Lo(M;05,). O

1/2
I(Te2) el naovtes) = 10T gors Pl gy <

[

Proposition 6.9. Assume that (m¢)i>o satisfies the assumption (A3). Then for any

1§q<2,q+qq(21+%) < p <2, we have

(T )eery = Lp(M) = Lp(M; loo) | Spanpa sup (T

o5 mQjé)jEZ P Ly(M) = Ly(M; Lo )|
provided the right hand side is finite.

Proof. By Proposition 6.6, (1}, (z)); is strongly continuous on L,(M) for all 1 < p < oo.
By Remark 4.2, we have for z € L,(M),

| Sgﬂgj Tyl = lim HS,up+Tm2j/T:va

qmwnam+zQMp ol = 10Tl
s=0 JE
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For s € Ny, we denote [, = {22% :j €Z}. Set Pl (w)=m _1_ (w)—m¢(w) and denote by

225F1¢
\IJ[S] T e 1 the associated multipliers with symbols LZJES]. Note that we have the bijection
t
J I, — I \Iy, 2972 s 2@i+0/2°7 — 9557193/2° and I,,, = I, U J(I,). Hence for
T, t el
AT te ()
mel(t) € ( 3)
we have || sup,c; ., Y|l = || supses, Tom, ||- Then applying the triangle inequality, we get
I sup* T, zll, — || sup* Ton, 2, < || sup* T ()]
t€lopn tels tels

Moreover, for any s; > 0 we write

s1—1
[ sup® @), = > (H sup® W (@)llp — | sup* W”@:)Hp) + lsup 0 @)l
0

€lsq $9=0 t6152+1 t€[52
Applying the triangle inequality again, we have

| sup™ Wi (@), — [|sup™ U (@), < || sup® (@),

telsy41 tels, tels,

where the symbol asssociated to U2 is defined by

G w) = O (@) - e W),

Hence,
] oo s1—1
||Sup+Tmth||p < HSUP*Tm |y + Z IISup @)+ > Y ||Sup+‘1181’82( )lp-
teR s1=0 te $1=0 s2=0
Repeating this process for n times, we get
oo s1—1
IISup+ Tl <||Sup+Tm |y + Z IISUI3+ @), + Y Y ||sup+ v (@), +
teR4 » s1=0 s1=0 s2=0
cot Z ||Sup+ \11[31752, Sp— 1]( )||p+ Z ||Sup+ \I/£81’52""’8"](17)||p,
§1>82>>8p—1 telp $1>82>>8y tEIsn
(6.9)
where for any 1 < v < n we define the multipliers W, =1 5] s5.....5o] With Symbols
here f 1 < v < 7 we define the multipliers W} 2] T, ith symbol
t
7%51:82 ----- sv] _ wgsultmwwsvfﬂ _ 77Z)7£517327"'15v71]
where we set §, = 227", Note that 1 < 8, < 2.
We will show that for any w € €2,
S1,S S — 2]{; 2 v
o) (ufrsow))| g 2t BEEZE g 0 (6a0)
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Let us prove this inequality by induction. Consider first v = 0 , i.e. ¢y = m;. The
inequality (6.10) holds by assumption. Assume that (6.10) holds for some 0 < v < 7 and
consider the case of v + 1. For any 0 < k <n— (v + 1), we have

O @) = [0 (e @) = O (0 (W)

Syt1t

= |6k, 0 (L2l (w)) ] g, 0 — O (T (W)
(2k + 2v)"

(Sur1t)F

+ (Gat — ) sup 9TV (0 w))]

t<t<y41t
s0) (2K + 20)"
tk

+ (Ot — t)p2-ertomten)

< 27(S1+52---+5U+1) (2(k + 1 + U))v+1
~B:m tk ’

55,77 (55+1 — 1)2*(814»32...4,8’0)

Sﬁ,n k2 sv9~ (s1+s2:

(2k + 2 + 2v)Y
tk—f—l

So (6.10) is proved. In particular, setting & = 0 and k = 1 respectively, we get for any
1<v<n
‘1/],{51’82’“"5”](@)‘ <775 2_(51"'32""'1‘8’0)’

and forany 1 <ov <n-—1,
[51,52, 0] < —(s1+s2:+sv) 1
’atl/}t (W)‘ .8 2 E

This also yields

0™ w)| < [0y w)| + o™ W)
Sn,ﬁ 2—(S1+52+--~+sn1)1_
On the other hand, by definition
fosesel ) = 3 (1) (PR ) e (w) (6.11)

ee{0,1}

where € = (g1, ,&,) € {0,1}" and 6° = §7195% - - - 65 < 2¥. By the assumption (A3),

[l ) <Y fmgalw)] < < p2*

ec{0,1} ec{0,1}v )

t
l(w)*’

‘1/}[81 182, S“](W>‘ < Z |1 _m55t< )| < Z B (5872 o vﬁ

ee{0,1}v e€{0,1}¥

o)
t

Thus, setting

(| an )

27j72<@§27j
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and
bgﬂ’sz,..,,s”] ‘= sup sup t‘atwt[sl,sz,..-,Sv](w)‘ )
b \2i2< ) <o
we have for 1 <v <n-—1,

[51a327 o 73'0] <

(s1+s2+-+s —|J [s1,52,,50]
al Dby, <

~1;

<, min{2” 9 (s1ts2t+s0)

Then by Lemma 6.8, for 1 <wv <n — 1, we have

Jsup Ty Sl < Feleoee g, (6.12)

with
K[sl,SQ,m ,Sv] _ Z (a[§1,s2,~~~ 751}})1/2(@[:517527"’ ,Sv] + b;-sl’sz’m ,si,]>1/2

J J
iz

§T],B ( Z 27(814’524’"'4’81}) + Z 2])

l7]<s1+s2++sy l7]>s1+s2:+s0
S1+ S+t 8,
~MB T (s sa et sy)

Similarly, for v = n,

Jsup W ]y < R, (6.13)
teR4
[51,52,5] < S1 S9 Ce 377
K n ~n,8 2(51+52m+877—1)+%7 .

In the following we consider the case 1 < ¢ < 2. Denote

A= sup [[(T,)yers - Ly(M) = Ly(M: )]

1<6<2m

For 1 <wv <mn, by (6.11) we have

[sup™ Wiy < ST [[sup Ty xlg < 27 Ayl g, (6.14)

tely 66{0 1}v telp

For v = n, we decompose

Isn _ {2j/23" = Z} U2Sn {2 )J+04 E Z} U 2257, IO
By (6.11) and the triangle inequality, we have
| sup* Wl @)l <3 [supt T 2l (6.15)
telsy e€{0,1}7 telsy

251
< Y S swpt T,

ee{0,1}1 a=1 te92%7 [,

<Y SlawtT,,

ec{01}na=1 €l

Nn AqQSon”q-
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Now the conclusion follows easily from the complex interpolation. Let 1 < p < 2,

0 <6 <1 with ]13 = % + g. By (6.12), (6.14) and interpolation, we see that for v < n,

| S,}gIﬁ_ ‘111[681’527“. 75&1’“1? Sns A;_g (s14+ 82+ Sv)e 9 0rtsz ) [EdP
0

By (6.13), (6.15) and interpolation, for v = 7,

1 Sup+ \IILSLSQ 7777 Sn](@Hp 57},/3 Aq2(1_9)8n (51 + 89+ 377)9 2_9(51+52...+%n)||x”p‘

tels,

We apply the above estimate to (6.9). Note that when v < 7,

Z (8]_ + Sg - -+ 31})6 2_9(51+52'“+8v) 59 1

§1>82>>8y

When v = 7,

Z 21=0sn (51 4 55 + Sn)e 9=0(s1+s2+3) <y Z 2(1—9)8n3§2—(n—%)98n.

81>82>->58p sn=>0

Thus the above quantity is finite if (1 — 6)s,, < (n —1/2)0s,, i.e. § > 277% Therefore by

. 2
(69), lf 9 > m,
Isup™ T, zlly Spano Ag~°llzlly Some Agllzlly.
teRy
One can verify that for any ¢ + qquljr%)yl <p< 2 wecan findafe (Tzﬂ, 1) such that
I 1-60 0
p q 2

Since the pair 6 is determined by p and ¢, the constant of maximal inequality depends
only on 3,7, p and g. The proof is complete. O

6.3 Proof of Theorem 6.2

We first remark that the assumption (A2) leads to a special case of assumption (A3).

Lemma 6.10. Assume that (my)nen satisfies the assumption (A2). Then there is a
family of symbols (My)icr, such that (My)ier, satisfies the assumption (A3) with n =1
and my = my.

Proof. Set my =mo=0if 0 <t < 1. For t > 1, we write t = N; + r;, with N; € N and
0 <7, < 1. Define
/T\ﬁt = (1 — Tt)mNt -+ T¢yMmMy,+1-

It is obvious that (my)¢cr, satisfies the assumption (A3) with n = 1. O

Now we are ready to conclude Theorem 6.2.
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Proof of Theorem 6.2. First assume that (my)yen satlsﬁes the assumption (A1). Set

()
Ty = Ty — So-n/a with the symbol ¢y = my — e 2N/a By the assumption (A1), we
can easily see that
2N f(w)~
|¢N( )| ~a, <2N+£( ) )
By Proposition 4.11, Proposition 6.7 and the interpolation theorem, we get for any 2 <
p < 00

||(T¢N (x))N“Lp(M;@oo) Sa81p ||5EHpv and ”(T¢N (x))N”Lp(M;Zgo) Sa,ﬁ,%p Clupr-

Applying Proposition 6.5, we also get the strong type (p,p) estimate of T,,, with a
constant ¢ depending only on «, 3,7, p.
If (my)icr, satisfies the assumption (A3). Again set Ty, = T5n, — Si-1/a. Then we
have the following estimates for almost all w € €2
{(w) l(w)®
[Ge(w)] < [L=my(w)| +[1—e 7| Sap (t) ’
t

U{w)
lw) a1

11/

Oétl/ae ) ~a,f E

6] < lme(@)] + e 3| o 7
3@( )

| | < 5 L
Applying Lemma 6.8, we get

||Sup+T¢th|!2 K|z,

where
K Sap 3 27V +1)V2 S 1
ez
By the interpolation theorem, for any 2 < p < oo, (Ty,)er is of strong type (p,p) with
constant ¢ depending only on «, 3, v, p. Similarly, for any 2 < p < oo, we have

(T, ()0l Mitse) S 12]lp-

Therefore, we conclude the strong type (p, p) estimate of (7},,); thanks to Proposition 6.5.

Now the desired a.u. convergence follows immediately from the above maximal in-
equalities. For instance, we consider the symbols (my)icr, satisfying (A3). Let z €
U (C.(2; H)) and set E = suppU(z). Note that E is a compact set. As the proof of
Proposition 6.6, by the assumption (A3), we have

(2/p) 2) 2/p 2/p 1-2/
1T, xll, < 2177 (H(mt—l)ﬂE||Loo<E T [(eitre —1)]1E||LOO<E>> [P 2y
||€aILE||L£E 2 _
—— ) A

~o,Y tz/p

By the continuity of £ and the compactnesss of E, we have

lim HT = zlhdt Sasy lim N V|2 ]25 2de
M—o00 me D VNS M t2
[ ot ey 1 e
< 1 0 pr—
~ey J\/111—>Héo M 0
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CHAPTER 6. MAXIMAL INEQUALITIES OF MULTIPLIERS ON Lp(M)

By Proposition 4.7 (2), we obtain that T,,,(x) — S;-1/« converges a.u. to 0 as t — oo.
On the other hand, Proposition 6.5 asserts that S, 1/« converges a.u. to x as t — oc.
We see that T),,(x) converges a.u. to x as t — 0o. The case of (A1) can be dealt with
similarly.
The assertions for (A2) follow from those for (A3) immediately according to Lemma 6.10.
[

6.4 Proof of Theorem 6.3

Lemma 6.11. Let (;);ez be a sequence of linear maps on M with sup; ||®;| < ~. Let

1 <p < 2. Assume that for any s € 7Z, there is a decomposition ®; = <I>§S’1) + <I>§S’2) and
constants d € 7, cy,co > 1, such that

(s:1)

Hsup+ q)j (s,2)
JEZ

zlp < sarllzll,  and Hsup O a2 < 27062

Then (®,) ;>0 is of restricted weak type (q,q) for any ¢ > p with constant

C’q S/Y C%Cl(q - p)_l'

Proof. Let 1 <p < 2and x € Sp. Consider a positive integer s € N,.. Since the strong
type (p,p) estimate implies the weak one, we can find two projections ey, e € M, such
that

sup [ler®V (z)er]lo <A and T(el)_< = ”P),
J

2
L R S A O
J
Set e = €1 A ey. Since ¢, = (I>§,371) + ¢§s72) we have,

le®;(x)elloo <2X, 7 >0,

T(eh) < 7lep +ey) < ( Iz H”) (25(:2”36)\”2>2.

We consider 2y = 21y 00)(z) and z\ = 21}y (x). Applying the above arguments to

ry, we can find a projection e € M such that

and

le®;(zx)ello <X, j €L

1 [EaNI® |zx [l2
7(e )5(01 \ >+<2 2y ) (6.16)

Since # = x) + oy and x\, < A- 1, we have

and

le(@j2)elloo < lle(®j(za))elloc + lle(@s(@x))elloe <A +A < (y+1)A, 5 >0.
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Note that for 1 < p < 2,

[t (x 00y (1) ]? < [t (n 00) (1) ]?

|t]1 (A,00) (t)|p = 12— = \2—P

xL 2
Therefore we have |z3 [P < ‘/\;JP. and

||$,\||p < Hx,\Hz
AP T )2

NPzt
e ()

Choosing

by (6.16) we have

P Ty Hx [i4
/\J_ p2 P (6.17)
2.0 |1 2)‘p”xA||2 ”x,\Hp
P 7 IO

From the inequality log, t < % we get

T(eh) S ASTPA PP 3 [P

Consider ¢ > p and set § =

+ < z, the above inequality yields

(') Bl — )7 Al el (6.18)
Let f € Sy be an arbitrary projection. Consider
r=7(f)"Yf and X=7(f)"VI(v+ 1)\

Then by the above argument, we can find a projection e € M such that (6.18) holds for
A and )

le(®jz)elle < (Y+ 1A, J 20,
which means

le(®;f)ellc <A, j>0.

2(2q P) ( q:ip)
lzlly® ol " =1.

Note that

By (6.18), we have

7_<€J_) S 030713(7 + 1)?;1((] B p)_p7_<f).

This implies that (®;),>0 is of restricted weak type (g, ¢) with constant

Cq Y 02/qcp/q(q p) /e Sﬁ C%CI (q - p)_1~
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Lemma 6.12. Let 1 < p < 2 and (®;); be a sequence of unital positive maps on L,(M).
Denote ® : (x})jez — (P;z;)jez. Then

1@ ¢ Ly(M; 657) = Ly(M; )] < (1@ Loe (Msboe) = Lz (M )2,

Proof. Since ®; are unital positive maps, by Kadison’s Cauchy-Schwarz inequality [70],
for any self-adjoint element z; € L,(M), we have

®;(2;)? < ®y(a).

Assume 1 < p < 2 and (z;); € L,(M;5") is a sequence of self-adjoint elements. Then
the conjugate index p’ > 2 and

1/2

7>0 >0 TNLyr jo(Mstr)

1/2 1/2
I(@5)3ll, vy = (Z @jmi) < (Z @xx?)) — | (@)
P’ P

<P+ Ly jp (M 1) = Ly o (M OV (@)L, pres-

For general (z;); € L,(M;/5"), we may decompose it into two sequence of self-adjoint
elements. Note that [|(z;);z,,megr) = 1(2)5llz,, (megy for p > 2. Therefore,

1+ Ly (M £57) = Ly (M 65| < 1@ 2 Ly o (M5 €1) = Ly o (M 41) |72,
By duality we obtain
19 Ly(M; €657) = Ly(Mi 65| < | @2 Lz (Milog) = Lo (M L)',
as desired. 0

Lemma 6.13. Assume that for allt > 0, the operator S; satisfies Rota’s dialtion property.
Let s € N and define A, j = Py-(i+25/a — Py—(j-29/a for any o > 0,5 € Z. Then for any
1<p<2,

1(Aa)illL gy Sa s = 1) Nzl 2 € Ly(M).

Proof. We may write

9-G-2)/a [ g
A, jr = Gz (—(%Pt(x)> dt, x € L,(M).

Let © = x1 + x5 for z1, 25 € L,(M). Applying Kadison’s Cauchy-Schwarz inequality,
2—(j—2s)/a 1 o

/HH%W Vi <—\/E(%Pt(x1)> at
9—(i—25)/a o 2 9-(+2s)/a gy

< - -

- (/2—(j+2s)/a t‘(&tpt(xl)> dt) </g—(j—2s)/a t)

a—Jt2s a 2
N /&HS t’((%Pt(xl)) dt ],
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9 1/2
dt>

where & = 2%, Therefore,

o0 &7]'4»25 6
j=—00 )
0o 25—1  g—itktl 9 2 1/2
< _
Vil (25, [ d(Gne) o

p

Similarly,

0 a *
1(Aaj2)jllL,Mien) Sa s (/0 t’<atPt(562)>

On the other hand,

2 1/2
dt)

1(Aa;®)jll L, mesry < If{][(Aa1)jlln,mies) + 1(Aaz2)ill L, viep) }

p

where the infimum runs over all zy,29 € L,(M) such that x = x; + 9. Then the
conclusion follows from Proposition 5.3. O

Now, let us prove Theorem 6.3.

Proof of Theorem 6.3. By Lemma 6.10, it is enough to prove the assertions (1) and (3)
of Theorem 6.3. The case p > 2 has been already treated by Theorem 6.2. In this proof,
we focus on the case 1 < p < 2.

(1) Fix a finite index set J C Z. Denote

Since (Trn,)jes are positive maps, one can easily check that

(T, )jes = Lp(M) = Ly(M; Loo(J)) || = Alp, 00).

Let 1 < p < 2. It is sufficient to show that A(p, 00) is dominated by a positive constant in-
dependent of J. Let s € Nand A; = Agy j = Py—(j+29)/20 — Py—(j-25)/20. By Proposition 4.11
and Lemma 6.13, we have

||31€l?+ Ty (Aj2) ||, <A(p, 2)[| (A2); (|, (mse57)
J

Sa AP, 2)s(p — 1) 7"zl
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By Proposition 6.5 and Lemma 6.13 | we have
Isap Sy (352 S0 = 1721 (452, Do)
J
Sa s(p =17zl
Hence,
Jsup T2y (A0l S A, 2)(p — 1)l (6.19)
J
Let w € Q and let §;(w) = exp (—20%> — exp <—2<Jvf(;j)2a> be the symbol of A;.
When 27 > ((w)®, we have |¢;(w)] < 4% and
{(w)
XP | T505=2)/2a

27
l(w)
L= exp | =G5/
< i) a+ 9(i-29)/20\ *
(5 +2s)/2a E(w)
S\ 1/2
<. 9278 2
~y g(w)a Y

RS ERES] (= NEWEST ST

1= 0;(w)] < +

in particular,

Similarly, when 27 < ¢(w)®, we have

. 1/2 ; 1/2
27 20(w)™
(w)(1 =0, <270 <, g2t S )
|¢J(w)( J(W)N ~o,f (f(w)a> ~o,f ((2] _{_g(w)a)Q)
By Proposition 6.7, we have
IISH§+T¢J-(1 —Aj)zll2 Sap 27|l (6.20)
je

Thus by (6.19) (6.20) and Lemma 6.11, we have that (Tj,);es is of restrict weak type
(q,q) for any ¢ > p with constant
t Sas A0, 2)(0—1) (g —p)7"
Set D = sup;_,<o(p — 1)**A(p, 00) < 0o. Choose a 1 < r < 2 such that
D
(r —1)*A(r, 00) > >

Set p=3(r+1) and ¢ = p+ (r —p)/2. Note that 1 < p < ¢ <r < 2. By Proposition 6.5,
the semigroup (Sy), is of strong type (¢,¢) with constant ¢(¢ — 1)~2. Recall that T,,, =
Ty, + Sy-jsa, thus (T),,) e is of restricted weak type (g, ¢) with constant

Cy Sap A,2)(p—1)%(q—p) "+ (g—1)7?
p 1/2 -9
< v _
N A(2 > o0) = (r—1)7".
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The last inequality above follows from Lemma 6.12 and the values of p and ¢q. Because
(T}, ); is of strong type (00, 00) and of restricted weak type of (¢, ¢), applying Theorem 4.4
we have ,
lsupt T,z < max{Cy, 1H(— + )|, (6.21)
jeJ r—q

Note that (7,,); are positive maps. We have A(r, 00) < Cy(r — 1)72. Therefore,

D
(r = 1)75 < Ar,00) Sa Algo—,00)(r = 1)1 (6.22)

Recall that A(z% L 00) Sap 1if 52 > 2 by Theorem 6.2. Without loss of generality we
assume that 1 < QL < 2. Then the 1nequahty (6.22) yields

D —929 1/2
(r — 1)_225 Sa.8 ((2]? — 1) D) (r — 1)_11
- P

riaﬁ D1/2(p . 1)711(7, . 1)711.

Recall that p = 3(r 4+ 1). We have
D <.p5l.

In other word, (p — 1)?2A(p, 0) Sap 1 for any 1 < p < 2. In particular, this estimate is
independent of the finite index set J. So we obtain the desired property.

Note that T, 2 converges a.u. to x as j — oo for x € Ly(M) by Theorem 6.2 and
that Ly(M) N Ly(M) is dense in L,(M). Applying Proposition 4.7 (1), we get the a.u.
convergence on L,(M).

(3) For any 1 < § < 27, for the subsequence t; = 27§, we have

l(w)” 2
() and  |my,| < 2”5“ e
w (03

1= my ()] < B

By (1), for any 1 < ¢ < 2, we have

sup |lsup™ T, 2llg Sapam 1o
1<6<2 jeN

( o,
Note that ¢ + q 1+2 tends to 1 + 77 as ¢ — 1. Hence, by Proposition 6.9, for any
1+%<p§2 Weget

I Stlelﬂxj T llp Sapipm 1]
+

The a.u. convergence is proved similarly as in (1). O
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Chapter 7

Application to Fourier multipliers on
compact quantum groups

This chapter will be devoted to the proof of Theorem 0.7. In other words, we will
construct Fourier multipliers satisfying the pointwise convergence for groups with suitable
approximation properties. As in the previous chapter, only the framework of the form (6.1)
is involved in the essential part of our arguments. Since the approximation properties of
discrete quantum groups have drawn wide interests in recent years, we would like present
the work in a more general setting, that is, Woronowicz’s compact quantum groups.

We refer to [103, 104, 95] for a complete description of compact quantum groups.
In this thesis, it suffices to recall that each compact quantum group G is an object
corresponding to a distinguished von Neumann algebra denoted by L (G), a unital normal
s-homomorphism A : Ly(G) = Loo(G)® L (G) (usually called the comultiplication), and
a normal faithful state h : Lo (G) — C (usually called the Haar state) with the following
properties. First, the Haar state h is invariant in the sense that

(h®id) o A(z) = h(z)1 = (id ®h) o A(x), x € Loo(G).

Second, an n x n matrix u = (uy);;—; with coefficients u;; € Loo(G) is called an n-
dimensional representation of G if for any 1 < 1,7 < n we have

Alug) = Y wi, @ ugj.
k=1

We denote by Irr(G) the collection of unitary equivalence classes of irreducible represen-
tations of G, and we fix a representative u(™ for each class 7 € Irr(G) and denote by d,
its dimension. Then the space

Pol(G) = span{u%r) cul™ = (ug))fg:l,ﬂ € Irr(G)}
is a w*-dense x-subalgebra of L., (G). Last, for each 7 € Irr(G), we set

V. = Span{ug) (™ = (ugr))f’j'zl}

Then for distinct 7, 7', the spaces V; and V. are orthogonal with respect to h. In this
thesis, we will be interested in the case that G is of Kac type, in other words, the Haar
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state h is tracial. We denote by L,(G) the noncommutative L,-spaces L,(Lo(G),h). In
particular we have an orthogonal decomposition

L?(G) - 62 - ®WGITT(G)VW‘

Denote by p, the orthogonal projection from Ls(G) onto V.

To be consistant with our framework in Section 6, for each 7 € Irr(G) we may for-
mally take an isometric isomorphism U, : V; — fl5(I,) for some index set I, and we set
Q0 = Urenn(@)lr and U = @©,U,. In fact, this unitary isomorphism can be chosen to be
the Fourier transform on Ly(G). Note that U*(C.(£2)) is nothing but the w*-dense subal-
gebra Pol(G). Therefore, this unitary map U satisfies the desription at the beginning of
Section 6. Each m : Irr(G) — C' can be naturally viewed as a function on by evaluating
m(m) at each point in I;. Then for all z € Ly(G), the operator T,, in (6.1) is given by

Tz = Y m(m)ps(z).

welrr(G)

Example 7.1. Let I' be a discrete group. We may define a comultiplication A on the
group von Neumann VN (I') by

A(Xg) = Mg) ® Mg), geTl.

The triple (VN(T'), A, 7) carries a compact quantum group structure G satisfying the
aformentioned properties, where we take Lo (G) = VN(I') and h = 7. In this case we
usually denote G = . The set of unitrary equivalence classes of irreducible representa-
tions Irr(G) can be indexed by I, so that for every g € I" the associated representation is
of dimension 1 and is given by u(9 = X\(g) € VN(I'). Therefore, the set  defined above
becomes I', and U is the Fourier transform F : x +— & sending A(g) to J,. Hence, for any
m € U (I"), the associated multiplier is

~

T -z Y m(g)E(9)A(g), = € Pol(T).

gel
This comes back to usual Fourier multipliers on groups mentioned in the introduction.

In accordance with the classical notation, we adopt the terminology of the dual discrete
quantum group @, which is an object determined by the representation theory of G (see
e.g. [96]). This is only for our notational use and we will not involve the detailed structure
of G. We remark that if G = T is the quantum group given in Example 7.1 for a discrete
group I, then the dual G coincides with I'. In this language we recall the following
approximation properties of quantum groups introduced by De Commer, Freslon and
Yamashita in [40]. For simplicity of exposition we always assume in this thesis that
Irr(G) is countable. The general cases can be dealt with by considering the collection of
all finitely generated quantum subgroups of G.

Definition 7.2. Let G be a compact quantum group. G is said to have the central almost
completely positive approximation property (central ACPAP for short), if there are two
sequences of functions (¢s)sen, (Vk)ren from Irr(G) to C such that

(1) For any s € N, T, is a unital completely positive map on Pol(G).

(2) For any 7 € Irr(G), limg_,00 s(7) = 1 and limy_,o ¥x(m) = 1.
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(3) For any k € N, 1, is finitely supported and Ty, is completely bounded on L (G).
For any s € N and € > 0, there is a k = k(s, ¢) such that || Ty, — T,. [l < .

Moreover, if for any k& € N we may choose Ty, to be unital completely positive, then G
is said to be centrally amenable (or to have the central completely positive approximation
property).

Remark 7.3. In the above definition we may always choose Ty, to be self-adjoint. In
fact, take ¥ (m) = ¥y (7), then T has the same cb-norm as Ty, since T; = T,

where & : ugr) > (ugf))* is well-known to be a complete isometry on L..(G). Obviously

the map Ty, 17, /» Is self-adjoint.

K ©

Lemma 7.4. Let (ps)s>0 be a sequence of functions on a set A. Let (Es)s>1 be any
sequence of increasing finite subsets of A. If v, — 1 pointwise, then there is a subsequence
(sy)n>1 of N, such that

1=, (] <27V°N peE

SN

where J(p) =min{j €e N:p € L }.

Proof. We will construct a sequence (s, )yen by induction so that
|1 - 903N+1 (p>| < QJN(p)iNv p e ESN'

where Jy : B, — N is defined by Jx(p) = min{j < N : p € E,,}. First we let s = 1.
Assume that (s;)}_, has already been defined. Since (E;), is increasing, we can define
V; = E,\E,,_,. Then for any p € V;, we can find an s, (p) > s, large enough, such
that any s > s, (p),

11— pu(p) < 2.

Since E  is a finite set, we can set s, = max{s,,,(p) : p € E_}. Note that, Jx(p) =k
if and only if p € V; C E;_. Thus inductively we obtain a sequence s, such that

_ I (p) =N
11— sy, (p)| <20, peE.

B is increasing with respect to N, so Jy(p) = J(p). Therefore we complete the proof.
[

From this subsequence, we can construct a semigroup of unital completely positive
maps. The construction is based on the following well-known fact.

Lemma 7.5 ([24, Lemma 6.4]). Let H be a Hilbert space, C C H be a closed convex set
and L € B(H) be self-adjoint contractions such that L(C) C C. Put A = idy —L and let
S, =e  t>0. Then we have Sy(C) C C.

Then we may construct the semigroups and multipliers with the desired property.

Theorem 7.6. Assume G has the central ACPAP and let (Vr)ken be the sequence of
finitely supported functions on Irr(G) satisfying the conditions of Definition 7.2. Then
there are increasing subsequence (ks)sen, (Sn)nen of N and a function ¢ : Irr(G) — Ry
satisfying the following conditions:
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(1) S;: ) iy et (”)ug) is a semigroup of unital completely positive trace preserving

symmetmc maps on Lo(G);
(2) Set Es = U;_,supp ¥, then

) = v2'™

where J(r) =min{j € N: 7 € E }.
(3) Denote my = Yk, - Then (my)Nen satisfies

{(m)? N
L =my(m S <5 ymN(w)|§€<W)2, ™ € Irr(G).

In particular, for any 2 < p < oo,

H]S\}é%JFTmNJ;Hp Sp Hpra S LP(G)'

For allx € L,(G) with2 <p < oo, T, (x) converges a.u. to x as N — oc.
Moreover, if G is centrally amenable and the maps Ty, are completely positive, then
the above results hold for any 1 < p < oco.

Proof. Let (¢s)s be the sequence of functions on Irr(G) satisfying Definition 7.2. Take

ks € N such that |

b < 92s+1"

Set By = U;_ysupp; C Irr(G). Let (sy)n be the subsequence defined in Lemma 7.4 so
that

HT kag

1= sy, (I <270V peE, .

Define A
J
Jj=0

By the definition of J, we have T € Ey,,, CE,,_, if j > J(m) + 1. Note that |p,(m)| <1
and |py(m) — Y, (7)| < 5. Therefore,

a J J

Z V2l =gy (m++ > V21— (n)

§>J(m)+1
J(W)
—22\/_]+ S V2@ <\
j>J(m)+1

On the other hand, 7 ¢ E; if j < J(7) — 1. So

J(m)—1
Z VZ (11 =ty (1) + 4, (1) — 00, (@) + 3 V21—, ()]
j>J(x)

> (1) 27
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Hence ¢ is well defined and the condition (2) is verified.

Now let us show the completely positivity of S;. For any n € N, let M,(C) be
the space of n x n matrices. Denote by id,, the identity operator on M, (C). Note that
C := Ly(Lo(G) ® M, (C)), is a closed convex set in Ly(Loo(G) @ M,(C)). Since T, is
unital completely positive for each j > 0, we have (T, ®1id,)(C) C C. Set

Aj=1- T%j and S, = e HA®Idn) — o—t4; id,,, t > 0.

By Lemma 7.5, S,;;(C) C C. On the other hand, =™ = TI,» o V2 (1m0s (M) gy for
each r € C,

(St@idn)< >_ lim 5 V21,0 Snftl e n,\/ijt,j(x)'

]%OO

Note that C is closed. Thus (S; ®id,)(z) € C. Therefore S; is completely positive.

Denote by 1 € Irr(G) the trivial representation. Recall that for any N, T, s

unital and in particular ¢, (1) = 1. As a consequence we get /(1) = 0. Therefore
Si(1) = e "MW1 =1 and

h(Si(x)) = (Si(@), Diaey = D (e Ppa(), Drae) = (1(2), Do) = ha),

welrr(G)

which means that S; is h-preserving. Also, S; is symmetric since for all z,y € Ly(G),

h(Si(x)y) = (e DU (@) (7), Uy)(m))er) = h(ySe(x)).

We take my =1, . Note that sy > IV, so we can easily check that
N

()2
11 —my(m)| < (27™N f27svl)y < 2. 2/M=N < <2N) ) 7 € Irr(G),

and )
2
Imn (m)| < L a(J (7)) < 280 <

~Y E(W)Z’

Note also that the maps T, are h-preserving and extend to positive contractions on
L,(G) for all 1 < p < oo if they are unital completely positive on L (G) (see e.g. [69,
Lemma 1.1]). Applying Theorem 6.2 and Theorem 6.3, we obtain the desired maximal
inequalities and a.u. convergences. ]

7 € Irr(G).

In particular, we obtain Theorem 0.8 in the general setting of quantum groups.

Corollary 7.7. (1) Assume that G has the central ACPAP. Then G admits a sequence
of completely contractive Fourier multipliers (T, )nen 0n Loo(G) so that my are finitely
supported and for any 2 < p < o0,

||]Svlé%+Tme||p SJp ||$||pa S LP(G)a

and T,y x converges to x a.u. as N — oo for all x € L,(G) with 2 < p < co.
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(2) Assume that G is centrally amenable. Then G admits a sequence of unital com-
pletely positive Fourier multipliers (T, )nen on Loo(G) so that my are finitely supported
and for any 1 < p < oo

HZSV%%JFTmeHp Se ||x||pa LS LP(G)J

and T, @ converges to x a.u. as N — oo for all f € L,(G) with 1 < p < 0.

Moreover, we have the following a.u. convergence of Fourier series of Dirichlet type
on Ly(G).

Proposition 7.8. Let G be a discrete quantum group having the central ACPAP. Then
there exists a sequence of increasing subsets (Kn)y C Irr(G) such that the maps x —
Yoneky Pr(T) is of strong type (2,2). Moreover, for all v € Ly(G),

> pe(x) =z aw as N — oo.
TeK N

Proof. Let ¢, (ks)s, (sn)n, (Es)s be given by Theorem 7.6. We show that Ky = Es
satisfies this proposition. Let Dy = T} Ky be the multiplier associated to the characteristic

function 1, . Define
£(m)

¢N<7T) = ]lKN(T") — €7ﬁ.
Let N > 0. For any m € Ky, i.e. J(m) < N, we have
o(m) < O(m)2N
V2§ (2N ()

[on(m)] S

where the last inequality follows from the fact that %S% < 1. Also, for any m ¢ Ky, i.e.

\[
J(m) > N, we have
\/§N 0(m)2N
on(m) § Vo g 02
() ™~ (2N + ()
Therefore, applying Proposition 6.7, Proposition 4.11 and Proposition 6.5, we get

[(Dn ()N || 2oty S Nl2ll2,  and  [[(Dn(2)) vl a@ies) S 2|2 r € Ly(G).

Recall that by the choice of (Ey)s, for any finite subset F' C Irr(G) there exists M > 1
with F' C Ky for all N > M. Hence for any = € Pol(G), there is an index M large enough
such that for any N > M, we have Dy(x) = z. In particular

> IDn(z) — 2]z =0.

N>M

By Proposition 4.7, we see that Dyx converges a.u. to x as N — oo. O]
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Chapter 8

More concrete examples

8.1 Generalized Fejér means on non-abelian groups
and quantum groups

8.1.1 Case of nilpotent groups and amenable groups

Let T" be a discrete amenable group. Let (Ky)nen be a Folner sequence of I', that is

. |KnNgKy|
TRy e 9sh

For convenience we set Ky = {e}. We define a sequence of multipliers (my)yen by

_|Kn N gKy|

malg) = = (5.1)

We remark that if I' = Z¢ and Ky = [-N, N|?N Z%, then

d
k.
my (ki ko, -+ ka) = (1 — 5= )L 1—anon (Fi),
10 =55

which gives the usual Fejér means on d-dimensional tori. As a result, we regard the
multipliers (7,,, )~ as a noncommutative analogue of Fejér means.

It is easy to see that my is finitely supported, indeed supp my = K%. By the Fglner
condition, we have my — 1 pointwise. For any g € I', we have

1§ 1x

Then it is a well-known argument to see that my is positive definite and therefore 7,,,, is
unital completely positive on VN (I') for any N € N (see e.g. [22, Theorem 2.5.11]). Note
that T, is also 7-preserving. In particular, by Theorem 7.6, there exists a subsequence

(N;)jen, such that for all 1 < p < oo and all x € L,(VN(T)),

Hsgg*TmijHp <p llzll, and Ty, ® — T 2. as j — 00
; . .
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In the following, we would like to give a refined study in the case of nilpotent groups.
First we consider a 2-step (or 1-step) nilpotent group I' generated by a finite set S. We
assume that e € S and S = S™!. Due to [93], we have the following estimates:

BN <|SN < BN? and BTN < [SM\SVT < BN, (8:2)

where d > 1 is called the degree of ', < oo is a positive constant depending only on I'
and S.

For an element g € T', denote by |g| the word length of ¢ with respect to the generator
set S, i.e. |g| = min{k : g € S*}. Let (my)n be a sequence of symbols given by (8.1)
with Ky = SV. By the inequalities (8.2), we have

gSN SN SN+lgl\ gN Zi\iﬂgl jd-1 g
1—mw@)=||SM |§‘ lﬁﬁ |§ﬂ ?ﬁ < &h gel. (83)

In particular, this shows that (SV)y is a Folner sequence. On the other hand,

N
Imn(9)] < Lpon(lg]) <2— gel. (8.4)

lgl’

Set J(g) =min{j € N:ge S¥} ie. J(g) is the unique integer such that 279 < |g| <
279+ We have

L= mai(g) < 5'2’;' < 262797,
This shows that the subsequence (27);cy satisfies the Theorem 7.4. Define
Ug) = V21 = ma(g)]
Jj=0
By Lemma 7.6,

J(9)
Ug) = V2" = /|gl,

and (Sy);>0 : AM(g) = e 9 \(g) is a semigroup of unital completely positive trace preserv-
ing and symmetric maps. Moreover, for any ¢ > 0, S5, satisfies Rota’s dialtion property
according to Lemma 5.2. The inequalities (8.3) and (8.4) can be written as

(g)? N

1 —mn(g)| S 57 and  |mn(g)| S 56(9)2'

Moreover,
my(g) = ¢n * en(9)-
by (8.2), we obtain

my+1(9) —mn(9)
_Jrlsva (M) lsva (g7 )dy  Jp Lsv (1) Lsv (9~ ')dy

|SN+1| |SN‘
ALy [snir(97'7) = Tov (g7 ldr | Jellsvn (7) = Tsw(D]Tsva (g~'y)dy
- Bl SV]
|SN+1\SN| ) 1
<olZ W <2 ©
= SN

Therefore my satisfies the assumption (A2). Applying Theorem 6.3, we have the follow-
ing corollary.
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Corollary 8.1. Let I be a 2-step (or 1-step) nilpotent group generated by a finite sym-

metric set of elements S. Define my(g) = |SN‘;19V“9N‘. Then

(1) (ngj)jeN is of strong type (p,p) for all 1 < p < oco. Moreover, for any r €
Ly,(VN(T)) with 1 < p < 00, Tp , (x) converges a.u. to x as j — oo.

(2) (Tny)nen s of strong type (p,p) for all % < p < oo. Moreover, for any v €
L,(VN(

»(VN(I)) with 3/2 < p < 00, Ty, (z) converges a.u. to x as N — 00.

Let us give some remarks on the case of general groups with polynomial growth.
Indeed, it is conjectured in [20] that (8.2) remains true for general groups with polynomial
growth. If the conjecture has a positive answer, then the above corollary still holds in
this general setting by the same arguments. Moreover a partial result was given in [21]
about general r-step nilpotent group I' generated by a finite set S. It asserts that

BTN < ISM\SMTY < BN, (8.5)

where [ is a constant depending only on I' and S. Therefore, as the arguments for 2-step
case, we have

SN+gl\ gN g
SIS ol

|S ‘ N3T

Let k = k(r) be the minimum integer with & > 2. Then N; = Ok k*+k gatisfies
Lemma 7.4. Indeed, let J(g) = min{j € N: g € Ey,}, i.e. 2Njg—1 < |g| < 2N;(5). Then
for any g € Ex;, i.e. J(g) <.

1 —mn(g) <

2. .kl
g 2k+k +---k (I g »
=m0 S -5 S 8 Sy S92 () S gt
j+1

Therefore, by Theorem 7.6, we get a function ¢ such that

t(g)? 2/
A d |muy;, < :
2] an | NJ+1 (g>’ ~ Bg(g)Q

|1 _mNj+1(g>| 5 5

By Theorem 6.3 (1), we have

Corollary 8.2. Let I' be a r-step nilpotent group generated by a finite symmetric set of
elements S. Let my, k and N; be defined above. Then for all 1 < p < oo, (TmNj )j>0 1S

of strong type (p,p) and for any v € L,(VN(I')) with 1 < p < oo, TmNj () converges a.u.
tox as j — oo.

8.1.2 Case of Euclidean spaces

Let B be a symmetric convex body in R? such that the interior contains 0. We define
the functions ¢, associated to B as

(B N (§+ By))
p(By) 7

where By = {£ € R?: £/t € B} and p is the Lebesgue measure. By similar arguments as
the case of nilpotent groups, we have the following corollary.

%(5) =
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Corollary 8.3. Let B and (¢¢); be as above.

(1) (T, )20 is of strong type (p,p), for any 1 < p < oo and for any f € Ly(R) with
1 <p<oo, Ty, (f) converges a.e. to f as j — oo.

(2) (T,,)i=1 is of strong type (p,p), for all 3 < p < oo, and for any f € L,(R) with
3/2 <p<oo, T,,(f) converges a.e. to f ast — oo.

Proof. For any non-zero vector £ € R, there is a unique positive number |£|p such that
¢/|€|p € OB since B is convex and its interior contains 0. We make the convention that
|0|p = 0. Note that u(B;) = t4u(B). We have

(B \Be)
M(Bt)

(t+Iels)' ~#  Jélo.

<
- td ~ot

L—w(§) <

Also, we have

% — lim l ]]-Bt+h * ]lBt+h (5) B ]lBt * ILBt(g) < lim l:l’L(Bt—l—h) - #’(Bt) S,d }

ot h=0h 1(Bttn) 1(By) h=0 h 1(Bt) t
Then the remaining arguments are similar as the case of nilpotent groups. We skip it
here. ]

Remark 8.4. Let N be a semifinite von Neumann algebra equipped with a normal
semifinite trace v and L,(R% L,(N)) be the Bochner L,(N)-valued L,-spaces. We may
consider the sequence of multipliers T}, ®idy, (nv) on L,(R% L,(N)) with symbols ¢;. Note
that we may view L,(R% L,(N)) as a noncommutative L,-space associated to the von
Neumann algebra Lo (RY)@N: for any 1 < p < oo,

Lyl Loo(RYEN, [ @0) = L,(R% L, (N)).

So we may consider the noncommutative maximal inequalities and the a.u. convergence
for the maps T, ® idr, ). These properties indeed follow from Remark 6.4, and the
above corollary still holds for (7,,, ® idz,(r)): in this noncommutative setting.

8.1.3 Case of centrally amenable discrete quantum groups

Let G be a compact quantum group of Kac type. As before, we assume that Irr(G)
is countable for convenience. We keep the notation introduced in Chapter 7. We may
study the Fglner sequences and the corresponding multipliers in this quantum setting as
follows.

Recall that for any «, 5 € Irr(G) we have the decomposition

@ X B = @ Ngﬁu("’),
~v€elrr(G)

(@), (B)

where u(® K u(?) refers to the tensor product representation of the form (ug uy;’ )i k.

and N5 € N. We have the following Frobenius reciprocity law ([103])
_ Ne — nB8
N, = N% = N2, (8.6)
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for all o, 3,7 € Irr(G). We write v C af if Ngﬁ > 0. Denote by 7 the equivalent
class of the representation u(™ = ((ug)

F C Irr(G) is defined to be
|Fw = Z div

acF

)*)ij- The weighted cardinality of a finite subset

where we recall that d, denotes the dimension of the representation a. On the other
hand, for a finite subset F' C Irr(G) and a representation m € Irr(G), the boundary of F
related to m is defined by

OsF ={a € F :30 € F°such that § C ar} U{f € F: Ja € F such that o C fr}.

Kyed ([71]) proved that there exists a sequence of finite subsets (K, )nep C Irr(G) such
that for any = € Irr(G),
|87rKn|w
| Ko
as soon as G is coamenable. Note that the coamenability of G is nothing but a property
equivalent to the central amenability of G (see e.g. [19]). The above sequence (K, )nep is
called a Folner sequence. We associate a sequence of multipliers

Ya.pek, Nagdads
dﬂ(ZﬁeKn d?) ’

—0 as n— oo, (8.7)

on(m) = 7 € Irr(G). (8.8)

It is easy to see that if G =T for a discrete group I, then the above function coincides
with the symbol introduced in (8.1).

Lemma 8.5. (1) The maps T,, are unital completely positive on Ly (G) for all n € N.
(2) The functions ¢, converges to 1 pointwise.

Proof. (1) It is obvious that ¢, (1) = 1 and therefore T, is unital.
Denote by x(7) = >, ul, € Pol(G) the character of m. We have for any «, 5 € Irr(G),

hx(B)x(a)) =dapl,  x(a)*=x(a) and x(a)x(B)= > Nlsx(7)

~velrr(G)

We write
Poly(G) = span{x(n) : 7 € Irr(G)}

and let Ay be the w*-closure of Poly(G) in Ly (G). Let E : Lo(G) — Ap be the canonical
conditional expectation preserving the Haar state h. Recall that we have assumed that
G is of Kac type. So the conditional expectation can be given by the following explicit
formula (see e.g. [99, Lemma 6.3])

E(ug)) = f;jx(ﬂ), 7 € Irr(G).
Set .
X(Ky) = VAlE 3" dax(@) € Pol(G)o.
n w aeKn
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Then, we have
T, (z) = (h@id) [(x(Kn) @ 1) - [(E®@id) o A(z)] - (x(Kn) @ 1)), = € Loo(G).

Indeed, by linearity and normality, we only need to check the case where x = ugr) In this
case we see that

(h@id) [(x(K,) @ 1) - [(E®id) o A(u)] - (x(K,)" @ 1))]
 Sape, dods b (X(@)x(m)X(B))
- 0K, ““

_ Yaper, dadsNE, e
dr | Knl, K

Since E and A are completely positive, so is T, .
(2) The support of ¢, is given by

A, ={m € Irr(G) : 3a, § € K,,, such that 7 C af}. (8.9)

We denote ©,(K,) = {a € K, :V 3 € KS,NJ_ =0} C K,. Note that NJ_ = NZ; and
that o € O,(K,) implies Y gcx, N2 ds = duad, by the choice of NZ_. Then

> acon (k) da (ZBeKn wad[f)  Yeconkm do (O (En)lw

on(m) = = =
de(Eeek, dF) >eek, di | K |w
Therefore,
| — () < Ha € K, : 3 € K¢, such that 8 C ar}|, < |8W(Kn)|w'
|Kn|w |Kn|w
By the Fglner condition (8.7), ¢, — 1 pointwise. O

Therefore, by Theorem 7.6 we get the following result.

Corollary 8.6. Assume that G is centrally amenable and let (K,)nen C Ire(G) be a Folner
sequence. Let @, be the symbols given by (8.8). Then there is a subsequence (n;);en such
that (T%j ); ts of strong type (p,p) for any 1 < p < co. Moreover for all v € L,(G) with
1 <p<oo, Ty, (x) converges a.u. to x as j — oc.

8.2 Convergence of Fourier series of L,-functions on
compact groups

We would like to emphasize in this section that our work indeed brings new ideas to
the analysis on classical compact groups. Recall that for a compact second countable
group G, any function f € L,(G) admits a Fourier series

f@)~ Y d.T(f(r)r(x)), x€G with f(r) = /G f(@)m(z™Y)de

melrr(G)
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where Irr(G) denotes the collection of equivalence classes of irreducible unitary repre-
sentations of GG, and d, denotes the dimension of 7. The pointwise analysis on these
Fourier series is much more subtle than the abelian case. A particular difficulty is the
lack of obvious order and summation methods on Irr(G) which is suitable for the study
of Fourier series. However, from the viewpoint of quantum group theory, the set Irr(G)
is nothing but the underlying object of a centrally amenable discrete quantum group. So
the difficulty can be overcome by transferring the method on discrete amenable groups
and its quantum counterpart. The spirit is also partially inspired by the recent work [59].
More precisely, the compact group G trivially gives rise to a compact quantum group.
Indeed, it suffices to take the triple (Loo(G), Ag, [) where we define for all f € Lo(G),

Ac(f)(g.h) = f(gh), g.heG.

Then G is centrally amenable since L. (G) is a commutative von Neumann algebra (see
e.g. [19]). As a result, all arguments in Section 8.1.3 work on G. In particular, there
always exists an increasing sequence (K,,), C Irr(G) determined by the representation
theory of GG, such that the following finitely supported symbols

Za,BGKn Ngﬁdadﬁ
dr(Xeex, d7)

converge to 1 pointwise, where N, is the unique number in the decomposition of the

tensor product representation a X 3 = @renr(q)Ngsm. Moreover

on(m) = 7 € Irr(G)

Touf = Y. depa(m)Tr(f(m)n(2)), @€ G, f € LyG)

welrr(G)

defines a unital completely positive map on L,(G). We may choose a subsequence (n;)y
inductively by the algorithm in Lemma 7.4. Set m; = ¢,,. We may rewrite Corollary 7.7
and Proposition 7.8 in this setting as follows.

Corollary 8.7. (1) Let 1 < p < co. There exists a constant ¢ > 0 such that

| sup |ijf|||p < CHpra VS Lp<G)-
j
For all f € L,(G),

flo)=lim > demy(m)T(f(m)n(g)), a.e. g€GC.

J7re0 welrr(GQ)

(2) For all f € Ly(G),

flg) = lim Y d:Tx(f(m)n(g)), ae geG.

j—
J Ooﬂ'eKnj

As an illustration, we consider a concrete example. Let N > 2 and denote by SU(N)
the N x N special unitary group. Its irreducible representations of SU(N) can be la-
beled by N — 1 non-negative integers, and we write set-theoretically Trr(SU(N)) = NV-1,
The representation theory of SU(NN) can be computed in terms of operations on Young
diagrams, which yields the following fact.
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Proposition 8.8 (Appendix). Let K, = {0,1,2,--- ,n}¥ 1 c NV~1. Set

>a BEK Ngﬁdocdﬁ N-1
on(m) = =" , = (t1, - ,ty_1) € NVTL
dr(Xeek, dF)
Then
|| 1
I 9071(77) SN and SOn—&-l(W) - 9071(71—) SN

n+1 n+1’

where |1| = ||7|[eov—1) = max{t; : 1 <i <N —1}.
As the arguments in the section 8.1.1, applying Theorem 7.6 to the subsequence (¢a;);

we obtain a function ¢ on N¥~! such that (T,«); is a semigroup of unital completely
positive trace-preserving and symmetric maps, and

o) = v2' " = x|

where J(7) = min{j € N: 7 € Ay} (A, is given by (8.9)). Then combined with Theorem
6.3 and the proof of Proposition 7.8, the above proposition yields the following corollary.

Corollary 8.9. Let K, = {0,1,2,--- ,n}¥=1 ¢ NV~ Define

Za,ﬂeKn N d dﬁ

, me NV
dr(Xeer, dg)

Pn(m) =

(1) Let 1 < p < oo. There exists a constant ¢ > 0 such that

| SuP| Poi fllly < cllflly,  f € Lp(G).

For all f € L,(G),

flg) = hm > drpoi(m )Tr(f(m)w(g)), a.e geG.

wEIrr(G)

For all f € Ly(G),

flg)=lim > d:Te(f(r)n(g)), ae g€

J_)OOWGK
(2) Let 3/2 < p < oo. There exists a constant ¢ > 0 such that
I Sup T flllp < cllfllp, f € Lp(G).

For all f € L,(G),

A

flg)=lim > depp(m)Te(f(m)m(g)), ae geG.

n—o0
welrr(G)
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8.3. BOCHNER-RIESZ MEANS ON SOME HYPERBOLIC GROUPS

8.3 Bochner-Riesz means on some hyperbolic groups

In this section we briefly discuss a noncommutative analogue of Bochner-Riesz means
in the setting of hyperbolic groups. We refer to [50, 53] for a complete description of
hyperbolic groups. We merely remind that all hyperbolic groups are weakly amenable
and the completely bounded radial Fourier multipliers have been characterized in [81, 78].
In particular, we denote by | | the usual word length function on a hyperbolic group T,
then the Fourier multipliers

Bx= > ( _|ng|22> #(g)Mg), € VN()

g€l:|gI<N

defines a family of completely bounded maps on VN(T') with supy || Bl < oo as soon
as 0 > 1 (see [78, Example 3.4]). Let

W) = (1 — 2970 nalgl)

be the corresponding symbols of the maps BY. It is easy to check that

9] N 1
1=by(9) <=y y(9)] S e, [y (9) — B (g)] < ¢y g€l

N’ ~ gl
for some constant ¢ > 0. We are interested in the case where the word length function
| | is conditionally negative definite. This is the case if I is a non-abelian free group or a
hyperbolic Coxeter group. Applying Theorem 6.2, we obtain the following corollary.

Corollary 8.10. Let I' and B, be as above. Assume additionally that the word length
function | | is conditionally negative definite. Let 2 < p < oco. Then there exists a constant
c such that

Isup* Bially < cllels 2 € L(VN(D))

and for any x € L,(VN(T)), B (x) converges a.u. to x as N — oo.

The pointwise convergence of the above multipliers for 1 < p < 2 seems to be more
delicate. However, we can still construct some finitely supported multipliers satisfying the
pointwise convergence in this case. For any n € N, we define a multiplier p, on VN(T)
by

pal@) = Y #(g)A(9), =€ VN(D),

lgl=n

which is the projection onto the subspace span{A(g) : |g| = n}. Ozawa [81] showed that
these operators have the following estimate

lpn : VN(T') = VN(D)|| < B(n+1) (8.10)

where [ is a positive constant. For any N € N, we set

gl

my(g) = ]1[0,N2](|9|)€ N, gel.

The following corollary shows that (7,,, )~ is the sequence of multipliers we desired.
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CHAPTER 8. MORE CONCRETE EXAMPLES

Proposition 8.11. Let T' be a hyperbolic group whose word length function | | is condi-
tionally negative definite and (my)y be defined as above. Let 1 < p < oo. There ezists a
constant ¢ such that

Isup Trall, < cllall,,  x € L(VN(D),

For any x € L,(M) with 2 < p < 00, T),,x converges a.u. to x as N — oco. For any
r € Ly(M) with 1 <p <2, T,,,x converges b.a.u. to x as N — oo.

Proof. For any t > 0, denote S; : A(g) + e 9I\(g). By assumption (.S;);>0 is a semigroups
of unital completely positive trace preserving and symmetric maps. We write

o

gl lg

e N —my(g) = Ivesioo(lglle™™ = > e N 1,(|g]).
r=N2+1
Hence, by the estimate (8.10), we have
ISy —Toll € 3 leFnlss > Zpenss L
r=N2+1 r=N2+1 716 (N + 1)2

By duality and interpolation, for any 1 < p < oo, we have

1

1518 = Ty = Lp(VN(L) = Ly(VNI)DI S B35

By Proposition 6.5, Sy,y is of strong type (p,p) for any 1 < p < oco. Hence for any
self-adjoint element = € L,(M),

Isup™ T ()l < llsup™Sy/n (#)llp + lIsup™ (S1/x = Ty ) (@)
NeN NeN NeN

1
<pp 7l + Y ||z
Soo el + 3 (g el

Sﬁ,p ||517||p

Similarly, for any 2 < p < oo, we have

(T (@) | Ly rtitse) S 1]l

Then it is easy to check the a.u. convergence for p > 2 by Proposition 4.7. The b.a.u
convergence for 1 < p < 2 follows similarly by a standard adaptation of Proposition 4.7
in the bilateral setting. O]

Remark 8.12. The above arguments in this proposition can be extended in a quite
general setting. Indeed, note that only the estimate (8.10) and the conditionally negative
definite property of | | was needed in the proof. Thus it is easy to see that the similar
results hold for groups with the rapid decay property with respect to a conditionally
negative definite length function.
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8.4. DIMENSION FREE BOUNDS OF NONCOMMUTATIVE
HARDY-LITTLEWOOD MAXIMAL OPERATORS

8.4 Dimension free bounds of noncommutative Hardy-
Littlewood maximal operators

Our results in particular applies to the problem of dimension free estimates of Hardy-
Littlewood maximal operators. Let B be a symmetric convex body in R¢. We consider
the associated averages

®()e) = s [ f@=Dav, € LED.0>0

Bourgain studied the dimension free bounds of the associated maximal operators, see
[14, 15, 16]. Based on our previous arguments, we may extend his results for the corre-
sponding maximal operators on noncommutative L,-spaces L,(R% L,(N)). Indeed, let
my = tiu(B )_1]@ be the Fourier transform of the kernel of the above operator ®;. Then
we may view @, as the Fourier multiplier so that <I;;\f = my f . The following estimates

of my; are given in [16]: there exist constants ¢ and ¢, independent of d such that for all
k>1andall £ € RY,

1= m©] <], )] < e

Therefore, applying Theorem 6.3 and Remark 6.4 to the heat semigroup on R? we im-
mediately get the desired result in Corollary 0.9.

dt* kg
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Appendix: Fglner sequences in the
dual of SU(N)

We will prove Proposition 8.8 in this chapter.

Firstly, we recall briefly the representations theory of SU(NN). For more details, we
refer to [63]. The irreducible representations of SU(N) can be labeled by N — 1 non-
negative integers, and we write set-theoretically Irr(SU(N)) = N¥~!1. And moreover,
the decomposition of tensor products into irreducible representations can be described by
Young diagrams. Young diagrams consist of boxes: we stick some boxes together so that
the number of boxes in each consecutive row (from top to bottom) and each consecutive
column (from left to right) does not increase.

Each irreducible representation w127 *8-1) corresponds to a Young diagrams of the
following form:

tN—1 tN—2 to t1

Let o, 5 € Irr(SU(N)). The family of irreducible subrepresentations of the tensor
product aX 3 corresponds to all the Young diagrams which will appear after the following
operations. We denote by X, and Xj the corresponding Young diagrams of a and 3. We
are going to decompose the tensor product of Young diagrams X, X Xg:

Q1|Q1]Q1|Q1
X|Q2|Q2|Q2
Qs

The prescription goes like this:

(R1) Start by filling the boxes in the top row of Xz with labels 'Q);” and the boxes in
the second row with labels ‘Qy" and etc (see the above figure).

(R2) Add boxes [Q1] -+ |Q1) |Q2| -+ |Q2], |Qs] -+ etc from X to X, in order

according to the following rules:

(a) We add one box at a time and at each stage the augmented X, diagram must be a
Young diagram which has at most N rows.
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APPENDIX: FOLNER SEQUENCES IN THE DUAL OF SU(N)

(b) Boxes with the same label, e.g. @)1, must not appear in the same column.

(¢) At any given box position, define n; to be the number of ()1’s above and to the right
of it. Define ny for ()5 in the similar way, etc. Then we must have n; > ny > ng
etc.

(R3) If two diagrams of the same shape are produced by this process they are counted
as different only if the labels are differently distributed.
(R4) Cancel columns with N boxes.

For each m € Irr(SU(N)), we denote by X, its corresponding Young diagram. If in
the decomposition of X, X Xz there are at most IV different operations of the above form
yielding X, then the multiplicity N7z equals to N.

Moreover, for an irreducible representation w142 tn-1) the dimension is given by the
following formula

d(ti,ta, - tnoy) = (G + 1)t +1) - (tyo1 + 1)

t1 + tz) ( to +t3> ( tN_o +tN1>
(1 1 o1 2T AN
( * 2 + 2 * 2

t t t t t t tn— tn_ tn_
(1 () (bt t

i+t + - +invg
- (1 .
(1+ N1 )

(1)
We have the following fact.

Lemma B.1. Let N > 2. Set K, = {0,1,2,--- ,n}¥"1 C Irr(SU(N)). Then (K,)nen
satisfies the following conditions.
(1) We have

(n+ DN 2 <y [Epstw Sy (n+ D)V 72 where  Eppq = Kp1\ K.
(2) For any t,n € N and any o € K,,,m € Ky, all the irreducible subrepresentations of

a7 are contained in the finite set K, (n_1), i.¢. NO%r =01if B¢ Kni(v-1)-
(3) For anyn € N7 € Irr(SU(N)), we have

S Y Nodidy< Y Y Nidads

a€Ky BEE+1 a€bnt1 /BEKZ+1
Proof. We write m = (t1,to,--- ,ty_1) € NV=1. The conjugate representation is given by
T=(tn_1,tn—2, - ,11)
(1) Denote
N-1
N(N —1
o {z: (yloy -+ dyo) ENVTLIV I <GS N =1, 1< <G(N—j), Y I; = (2)}
j=0
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Then we may write

dr = Z C;/<t1 + D)ty D)2ty + 1)
leJ’

for some constants C; depending only on N, and

d2 = ch(tl + 1)l1 (tg + 1)12 S (tN—l + 1)lN_1
leJ

with some constants C; depending only on /N and

N-1
J:{(ll,lz,---,lNl)eNNl V2<1;<2j(N—3),Y lj=N(N 1)}.

.
o

Denote
E7]"L+1 {(klﬂkQ"” 7kN—1) EKn+1 k]:n+1}

By definition, F,, .1 C UN LEI »+1- Therefore,

| +1|w: Z d2

keE?:

n+1
SN Y Cilki + D) (ke +1)2 - (n+2)% - (kyoy + 1)
EEE;-H leJ
— Z CL(TL + 2)11 (TL + 2)l1+1(n + 2)12+1 . (n + 2)li71+1<n + 2)li+1+1 . (n + 2)1N—1+1
leJ
=)+ 2N = B(n +2)N 2
leJ

where 0 = (0,0,---,0). Note that dg is a constant depending only on N. Thus,
N-1 ,
42V Sn Bl < |Ealw < Y [Bhitlw Sy (n+2)Y 72
j=1

(2) This follows directly from the rules of decomposition of tensor product of Young
diagrams.

(3) Fix m = (t1,t2, ,tn_1) € NV71. We will show that for any pair (a,3) €
K, X Eny1 there exists a unique pair (§,1) € Eny1 X K, such that N7, < N . This
immediately leads to the desired conclusion, since dndg < de¢d,,.

We consider

o= (017612, s >aN—1) € K,, B = (bh sy bpm, A+ 1 by, e >bN—1) € Bt
Choose

f ((1/1, T 7ak—17n+ ]'JG’k“rl o ,(IN_l) S En—i-l’
n=(b1, - bp—1,2n +2 — ag, bpy1,- -+ ,bn-1) € Ky
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Let O be an operation satisfying (R1)-(R4) in the decomposition of X, X X,. The
operation O yields a resulting diagram corresponding to ( if and only if

Nol oo N-L
bj=a;+ Y ;' = > Ti, (2)
=1 =1

where rfi is the number of Q; added at the j** row. See the following figure:

AN_fN—2 a, Ak —1 az ay
— "
| O,
2 Q1]|Q2
1 D,
k @1]|Q2| Qs 0. | @k
k+1

In other words, the multiplicity of g is
NP = #{0: O satisfies (2)}.

Similar observations hold for Ngﬂ. Note that ap < n + 1. If an operation O adding
rfi boxes Q; at the j* row to the diagram X, satisfies (R1)-(R4), then so does the
operation O adding rfi boxes Q; at the j” row to the diagram X . This tells us
Neo+B-a) < Ng:(ﬁfa). By the Frobenius reciprocity law (8.6), we get Njz; < NF . O

Proposition B.2 (Proposition 8.8). Let (K,), and 7 = (t1,--- ,tn_1) be as above. Set

Yaper, Nagdads
§0n<7T> = dﬁe ﬁd?
W(ZﬁGKn f)
Then
L= pu(m) Sy 2 and pua(m) = ulm) S —
n NNn—i—l n+1 n NNTL—l-l’

where || = max{t;: 1 <1< N —1}.
Proof. Let Ej, = Ey\FEy_; for all k > 1. Denote t = |r|, i.e. m € E;. Let n > 1. Define

OK,={a€K,:3Bec K¢

n’

such that g C ar},

O’K, = {p € K¢ : Ja € K,,, such that o C 3r}.

Assume first n — (N — 1)t > 0. By Lemma B.1 (2), we know that if o € K,,_(n_1y, all
the irreducible subrepresentations of o X 7 should belong to the set K, which implies
0rK, N K,_(y-1t = 0. Therefore
Or Kl < Uiy venyers Bilo Sy Y R+ DY Syt + DY (3)
k=n—(N—1)t+1
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On the other hand, if n — (N — 1)t < 0, then
02 Kl < | Kl Sy (n+ 1)V Sy tn+ 1)V

Also by Lemma B.1 (2), we have 02K, C K,+(n—1):\K,. Therefore,

n+(N-1)t
02Kl < [T Bl Sv X (kDY Sy t(n + )Y
k=n+1

Moreover, we have |K,|, = X" |Eilw 2n (n+ 1Y "1 and by Lemma B.1 (1) we have
V' <y | Kplw Sy 071 Therefore we obtain

|0 Kol t(n+1)N2’2< t
|Knlw Y (n+1)N*-1 ~N g1

For any a € K,\0:K,, we have a« X7 = @®gex, N° 5. In particular, we see that
> BekK, Ngﬁdg =d.d, and

Yaek, Adol(dadr — Y gek, NZsdp)
d7r|K77»|w
_ 2acdlK, do(dadr — Xper, Nigds)
dr| Kl
1
Ot
T K T on+1

1- 90n<7r) =

+0

For the second inequality, by Lemma B.1 (3) we have

Pnt1(T) = a(m) = (1 = @5 (7)) = (1 = @n4a (7))
Sackn do (Soens,, Nowds)  Tacku o (Spexc,, Nénds)
d7r|Kn|w dlen—l—llw
. | Ent|w (ZaeKn dao (ZﬁngH Naﬂwdﬂ))
d7r|Kn|w|Kn+1|w
20k, da (Zﬂng Noﬁmdﬁ) — 2aeKni do (ZBEK;H Ngwdﬁ)
+
dﬂ’KTL+1 ’w

|E’fl+1|w (ZaeKn dadadw)
o dn|Kn|w|Kn+1|w
ZaeKn da (ZBEE,L+1 Ngwdﬁ) - ZaeEnH da (ZBEK;+1 Ngndﬂ)
+
d7r|Kn+1|w

v —
n-+1
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Résumé :

Cette these a pour but d’étudier I'analyse sur les groupes quantiques compacts. Elle se
compose de deux parties. La premiere partie porte sur la classification des semi-groupes de
Markov invariants sur ces espaces homogenes quantiques. Les générateurs de ces semi-groupes
sont considérés comme des opérateurs de Laplace sur ces espaces. La sphere classique SV 1, la,
sphere libre Siv ~1 et la sphére semi-libérée SN~ sont considérées comme des exemples et les
générateurs de semi-groupes de Markov sur ces spheéres sont classifiés. Nous calculons aussi les
dimensions spectrales des trois familles de spheres en fonction du comportement asymptotique
des valeurs propres de leurs opérateurs de Laplace. Dans la deuxiéme partie, nous étudions la
convergence des séries de Fourier pour les groupes non abéliens et les groupes quantiques. Il
est bien connu qu’'un certain nombre de propriétés d’approximation de groupes peuvent étre
interprétées comme des méthodes de sommation et de convergence en moyenne de séries de
Fourier non commutatives associées. Nous établissons un critere général d’inégalités maximales
pour les unités approchées de multiplicateurs non commutatifs de Fourier. En conséquence, nous
prouvons que pour tout groupe dénombrable discret moyennable, il existe une suite de fonctions
de type positif a support fini, telle que les multiplicateurs de Fourier associés sur les espaces
L, non commutatifs satisfassent & la convergence ponctuelle (presque uniforme). Nos résultats
s’appliquent également a la convergence presque partout des séries de Fourier de fonctions L, sur
des groupes compacts non-abéliens. D’autre part, nous obtenons des bornes indépendantes de la
dimension pour les inégalités maximales de Hardy-Littlewood non commutatives dans 1’espace
& valeurs opérateurs L,(R% N) associées & des corps convexes.

Mots-clés : Espaces L, non commutatifs, groupes quantiques compacts, actions quantiques,

spheéres non commutatives, semi-groupes de Markov, multiplicateur de Fourier, convergence
ponctuelle
Abstract:

This thesis is devoted to study of analysis on compact quantum groups. It consists of two
parts. The first part presents the classification of invariant quantum Markov semigroups on
these quantum homogeneous spaces. The generators of these semigroups are viewed as Laplace
operators on these spaces. The classical sphere SV=1, the free sphere SJ]FV ~1 and the half-
liberated sphere SN~ are considered as examples and the generators of Markov semigroups on
these spheres are classified. We compute spectral dimensions for the three families of spheres
based on the asymptotic behavior of the eigenvalues of their Laplace operator. In the second
part, we study the convergence of Fourier series for non-abelian groups and quantum groups.
It is well-known that a number of approximation properties of groups can be interpreted as
some summation methods and mean convergence of associated noncommutative Fourier series.
Based on this framework, this work studies the refined counterpart of pointwise convergence of
these Fourier series. We establish a general criterion of maximal inequalities for approximative
identities of noncommutative Fourier multipliers. As a result, we prove that for any countable
discrete amenable group, there exists a sequence of finitely supported positive definite functions,
so that the associated Fourier multipliers on noncommutative L,-spaces satisfy the pointwise
convergence. QOur results also apply to the almost everywhere convergence of Fourier series
of Ly,-functions on non-abelian compact groups. On the other hand, we obtain the dimension
free bounds of noncommutative Hardy-Littlewood maximal inequalities associated with convex
bodies.

Keywords : Noncommutative L,-spaces, compact quantum groups, quantum actions, non-

commutative spheres, Markov semigroups, Fourier multipliers, maximal inequalities, pointwise
convergence.
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