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Abstract

In this thesis, we investigate the optical properties of a six-layer stack (air-Au-SiO2-Au-Ti-
glass). The interfaces are �at and the modeling is performed using elementary Fresnel expres-
sions at the interface and plane wave propagation in the layers. Two models are used where the
sample is: i) excited by a source at in�nity (excitation by source at in�nity (ESI)); ii) excited by
a local source. In the experiments we are modeling this source consists of the inelastic tunneling
electrons from a scanning tunneling microscope (STM). In our modeling this source is replaced
by a vertical oscillating dipole. Using these two models one calculates the re�ected (re�ectance)
and the transmitted (transmittance) �ux from a source at in�nity and the transmitted �ux of a
local source. Surface plasmon polariton (SPP) and wave guide (WG) modes may be identi�ed
in the re�ectance, transmittance and transmitted �ux. In a particular wavelength domain the
SPP and WG repel each other giving rise to an avoided crossing.

The choice of the gold (Au) and silica (SiO2) thicknesses of the six-layer stack is guided
by two requirements: high amplitude of the observable and wide wavelength dependence of
the in-plane wave vector kρ. We also study the in�uence of the gold and silica thicknesses on
the observables. We �nd that the observables are signi�cant for dthreeAu ∈ [10, 90] for the three
and dsixAu ∈ [10, 50] nm for six layer stacks and this predictive study guided the choice of the
experimental sample thicknesses. The wave guide mode appears for dSiO2>190 nm.

The electric �eld as a function of the penetration coordinate z is calculated in order to
characterize the location of the �eld in the stack and to assign the nature of the modes. We
observe that for the SPP the electric �eld is con�ned at the Au-air interface whereas, the electric
�elds corresponding to the WG mode are con�ned inside SiO2 layer.

Our calculations presented in this work are in good agreement with the experimental mea-
surements performed in our group.
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Chapter 1

Introduction

This work is devoted to a theoretical study of the surface plasmon polariton (SPP) and wave
guide (WG) modes of a stack of thin �lms composed of dielectrics and plasmonic metals (gold
in the present case). The idea is to have a versatile material system with few geometrical
parameters permitting the enhancement of a particular property or observable to be used in
applications. For example the SPP and/or WGmodes are widely used in applications in physics,
chemistry and especially in biology.

There are bulk and surface plasmons, the latter appearing at the surface. Energetically the
surface plasmons located below the bulk plasmon, the three words de�ning a surface plasmon
polariton (SPP) mean:

• surface corresponds to the solid state periodicity breaking permitting the appearance of
these modes only at an interface;

• plasmon is a quasiparticle corresponding to collective quantum oscillations of the free
electron gas density or plasma;

• polariton is a quasiparticle resulting from strong coupling of electromagnetic waves with
the plasmons.

In summary the SPP are coherent longitudinal surface �uctuations of an electron plasma at
the interface between two media usually a metal and a dielectric and interacting with an
electromagnetic wave.

In this work we also encounter wave guide (WG) modes which are well characterized in
a dielectric. They are related to the propagation of the electromagnetic �eld in a layer and
their properties can be obtained as standing wave solutions of Maxwell's equations in a box.
Through the use of the material equations, our model, based on electromagnetic theory, takes
into account the material system. In a dielectric medium bordered by metals the electrons are
trapped in a quantum well and will give rise to quantum well states of the electrons (see chapter
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2). Since this work concentrates on the behavior of light, in the following we will concentrate
on the WG states and the question of its relation to quantum well states remains open.

Next let us discuss the material systems sustaining SPP and WG modes. These systems
can have diverse geometries. In the literature di�erent geometrical forms have been studied:

• 2D samples with �at interfaces, the simplest being a three layer two interface stack. The
�rst and the last layer are semi in�nite and are called the cladding: symmetric for identical
�rst and last layers and asymmetric otherwise. The middle layer is usually a thin �lm of
a thickness smaller than the penetration/skin depth. One also studies n layer stacks so
that one may increase the SPP intensity by tuning of n-2 thicknesses. These thicknesses
are tuned to allow the penetration of the evanescent waves perpendicular to the interfaces
through the thin �lms producing a non zero amplitude at the bottom interface. Parallel
to the interfaces the SPP can be propagating or if the excitation is localized then the
SPP can or can not be localized;

• 1D sample as for example wires and 2D systems periodic only in one direction, e.g. 2D
samples having surface strips or stepped surfaces. Also one can have planar wave guides
with a narrow region located in a wider wave guide;

• 0D samples including 2D samples with randomly oriented adsorbate or island-populated
metal �lms (see Berini [1, sec 2.7]) and objects of nanometric size of any form including
antennas.

The above classi�cation neglects the interaction between the SPPs located in the di�erent
regions of the geometric space:

the SPP located at di�erent interfaces of the 2D thin �lm stack can interact with each other
giving rise to composite SPP modes having new physical properties. An example are the
long and short range SPP (LRSPP and SRSPP, see e.g. Berini [1, sec. 2.2]) of the 3 layer thin
�lm stack;

In the present study our sample permits the appearance of the composite SPP modes.

In the �rst half of the 20th century several theoretical attempts have been made to identify
plasmons (Sommerfeld quoted by Economou [2]). In the 1950s, the pioneering work of Pines
and Bohm [3; 4] solves for the �rst time the problem of the dense electron plasma quantum
mechanically. The single electron Hamiltonian is re-expressed in such a way that the long-
range part of the Coulomb interactions between the electrons is described in terms of collective
�elds, representing an organized "plasma" oscillation of the system as a whole. The obtained
Hamiltonian describes these collective �elds plus a set of individual electrons which interact
with the collective �elds and with one another via short-range screened Coulomb interactions.

Ritchie [5; 6] and Ferrell [7] solve the problem of a fast incident electron interacting with a
plasma of free electrons. The dense electron plasma of Pines and Bohm, treated as a continuous
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homogeneous medium, can be characterized by a dielectric function ε = f(~k, ω) where ~k is the
wave vector of the electromagnetic disturbance in the metal. This is true if one considers the
inter-electronic action over distances that are large compared to the inter-electronic spacing.
In the Ritchie model [5] one solves the Poisson equation obtaining the absorption energy in
relation to the surface plasmon excitation.

To our knowledge Ritchie [8] was the �rst to study the excitation of surface plasmons using
light but he was interested in the observables related to the electrons. Later Economou [2] used
the Pines and Bohm [3; 4] formulation of the problem in terms of plasma of electrons discussed
above to solve the Maxwell and material equations simultaneously. The Drude permittivity is
reduced to a simpli�ed real form (ε = 1 − (ω/ωp)

2, the exact real part of the permittivity is
given in eq. (3.9)), and an analysis of the transverse and longitudinal components of Maxwell
equations concluded that only transverse magnetic or "p" polarized light can excite surface
plasmons. With his model, Economou studied thin �lm stacks made of consecutive dielectric
and metallic layers (up to 7). A clear and detailed analysis of the dispersion performed by
Franzen [9] (see chapter 3). He showed that the damping constant contributes to the real part
of the wave vector and to the dispersion with the consequence that the surface-bulk plasmon
gap disappears.

An extended discussion of the recent developments in the �eld of surface plasmons is given
in a review paper by Pitarke et al. [10]. Pitarke et al. detail the experimental and theoretical
work related to the identi�cation and the characterization of the monopole ωs surface plasmon
polariton (SPP) mode. They explain that the present models give good qualitative results for
the free electron metals (Li, Na, K, Cs, Al and Mg) using the jellium (�xed uniform positive
background occupying a half space plus a neutralizing cloud of electrons). For transition metals
(Ag, Au and Hg) one must further add some screening or perform calculations using more
involved models as for example the density functional theory.

In a review on nanometal plasmon polaritons, Akjouj et al. [11, section 5] have studied
planar plasmonic wave guides. In particular, they have studied Ag-SiO2-Ag stacks of the metal
insulator metal (MIM) type with an inserted cavity using a Finite Di�erence Time Domain
(FDTD) algorithm with perfectly matched layer (PML) boundary conditions. As expected
the cavity gives rise to a signi�cant photon �ux in the re�ection and transmission but this
result is due to the cavity not to the intrinsic properties of the thin �lm stack. Since the FDTD
algorithm is general it permits any geometrical form of the sample, and in particular the studied
cavity in a thin �lm stack.

Today a simple theoretical approach for studying an interface or the thin �lm stacks of
interest in the present work, can be found in many books e.g. Born and Wolf [12, section 1.6],
Potter [13], Raether [14, particularly the appendix], Maier [15, chapter 2], Sarid and Challener
[16], Baltar et al. [17] and many others. There are also many semi-analytic and numerical
approaches which solve implicitly or explicitly Maxwell equations:

• plane wave electromagnetic �elds and Fresnel model of continuity at the interfaces
of a thin �lm stack. These methods use the continuity of the �elds at abrupt interfaces but
do not solve the Maxwell or Helmholtz wave equations explicitly. Between the interfaces

9



one assumes a plane wave form of the �eld (see e.g. Lukosz and Kunz [18; 19], Novotny
and Hecht [20; 21], Arnoldus and Foley [22] and Drezet and Genet [23] and many others);

• explicit numerical calculations of the electromagnetic �elds using existing soft-
ware, some of them open source:

� the integral Maxwell equations. this software either e�ectively solves the integral
form of Maxwell equations. Two examples of available software of this type are:
DDSCAT: Discrete-dipole approximation (DDA) [24] and Draine and Flatau (2012)
[25; 26], GranFilm: Optical Properties of Granular Thin Films, Ingve Simonsen and
Rémi Lazzari, (2002-2012) [27], http://web.phys.ntnu.no/∼ingves/
Software/GranFilm/Current/ and Generalized Field Propagator for electromagnetic
scattering);

� the di�erential Maxwell equations in coordinate and time domains. This
software is mainly based on Finite Di�erence Time Domain (FDTD) methods ini-
tiated by a paper by Yee [28]. Following the book of Ta�ove and Hagness [29] one
propagates the di�erential Maxwell equations simultaneously in the coordinate and
the time domains. An example of FDTD software is MIT Electromagnetic Equation
propagation (MEEP) software by Oskooi et al. (2010) [30];

� the di�erential Maxwell equations in the harmonic approximation and
one numerical coordinate perpendicular on interfaces. An example is the
vector potential from the electron density (VPED) [31] but there are many other
non-commercial and non-distributed softwares of this type.

How can SPP modes be excited in an experiment? Since the wave vector of light at the air-
solid interface is smaller than the wave vector of the SPP mode, the SPP bound mode can
not be excited without using special experimental set-ups. Otto [32; 33] and Kretschmann
and Raether [34; 35] excited the SPP mode using light incident on a prism measuring the
SPP dispersion of the re�ectance (see chapter 4). Recently Barchiesi and Otto [36] revisited
these two experimental con�gurations explaining that the Kretschmann con�guration is easy to
implement in a standard experiment whereas the Otto con�guration can be used in the study
of rough surfaces.

To permit the simultaneous measurement at all incident angles Kano et al. [37] excited
surface plasmon polaritons (SPP) using a focused light. Other experiments use local sources
of excitation: a near �eld scanning optical microscope (NSOM) [38] and its variants or a local
source of electrons of low (STM) [39] or high energy (SEM) (see e.g. ref. [40; 41]).

Above we have seen that the sample can be excited by electrons or photons. The interaction
of the source with matter can generate either photons or electrons measured by di�erent exper-
imental methodologies: when measuring the re�ected (attenuated total re�ection/re�ectance
(ATR), see e.g. Fahrenfort [42] or the transmitted photons (leakage radiation (LR) spectroscopy
or microscopy, see e.g. Drezet et al. [43]) one uses continuous lasers of moderate intensity at
de�nite angular frequencies (harmonic approximation). The spectra are analyzed as a function
of the emission angle or in-plane wave vector kρ and the angular frequency. One is interested
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in the nature and the interaction of the SPP modes, in the experimental conditions of their
exaltation and the length of their propagation mean free path parallel to the interfaces;

In this work we investigate the optical properties of stacks made of metal-insulator-metal
(MIM) thin �lms on a glass substrate. An SPP can be used to increase the interaction of
light with matter due to their capacity to con�ne light at one or several interfaces. But the
propagation length of SPPs is rather short and it is not useful for macroscopic transport of the
light. Below we present some examples of this wide domain of study.

Berini [1] presented a well documented review of SPPs appearing in metal slabs and metal
stripes. He discussed in detail the excitation conditions of these bound modes, the characteri-
zation of the long and short range SPPs and the main applications. Smith et al. [44] carefully
studied three layers IMI and MIM thick �lm stacks and the coupling between the SPPs at the
two interfaces. To characterize the nature of the SPP mode, namely its long or short range
propagation character parallel to the interface Smith et al. calculate the electric �eld modulus
perpendicular to the interfaces as a function of the penetration coordinate (see chapter 7). Rel-
ative to the interfaces, these �elds can be symmetric or anti-symmetric and this symmetry may
be used to characterize the nature of the SPP mode. Using angle-resolved electron energy-loss
spectroscopy (AREELS) Saito et al. [45] have studied a seven-layer system air-Al2O3-Al-SiO2-
Al-Al2O3-air. The agreement between the theoretical results, calculated using a model similar
to the one of the present work, and the experiment is obtained only if one includes in the
simulation the aluminum oxide. This indicates that the dispersion relations are sensitive to the
presence of the very thin �lm insulators like Al2O3. To increase the SPP amplitude Yang et
al. [46] use in a FDTD calculation a multilayer insulating structure cladded by a metal namely
Au/SiO2/Al2O3/SiO2/Au. The excitation dipole source is in the �rst insulator at about 1 nm
below the �rst interface. The total thickness of the dielectrics (Al2O3 and SiO2) is about 100
nm, consequently the wave guide (WG) mode is absent. The presence of a composite dielectric
layer modi�es the e�ective refactive index of the dielectric and maximize the SPP mode by a
signi�cant factor (125%) compared to the three-layer (Au-SiO2-Au or Au-Al2O3-Au) .

Hayashi et al. [47] explore the photoluminescence (PL) properties of a dye layer embedded
in an MIM structure. They clearly demonstrate the enhancement of PL intensities relative to
those of the dye layer embedded in a reference sample without metal layers. Chance et al. [48]
studied the �uorescence of molecules located above a metal surface or a insulator-metal surface.
Choudhury et al. [49] focuses on tailoring �uorescence directionality using a planar metallic or
dielectric and hybrid plasmonic-photonic structure.

SPR sensors employing conventional surface plasmons propagating along planar structures
and their applications for detection of chemical and biological species are reviewed by Homola
[50]. SPR sensors are thin-�lm refractometers that measure changes in the refractive index
occurring at the surface of a metal �lm supporting a surface plasmon. These sensors are
classi�ed as sensors with angular [51], wavelength [52], intensity [53], or phase [54] modulation.
White light excitation is often used in the analysis of the biological systems. For example Lan et
al. [55] proposed a metal-insulator-metal (MIM) stack to simultaneously study the angular and
spectral (white light) behavior of a surface plasmon resonance (SPR). Due to its rapidity and
versatility this structure certainly has a promising impact on the development of SPR sensor
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and biometric studies.

Before presenting our work let me discuss two papers related to the avoided crossing (anti-
crossing) of interest in the present work. Ditlbacher et al. [56] discussed the coupling between
the dielectric wave guide (called in this work simply wave guide (WG)) and surface plasmon
polariton (SPP) modes. The system where these two modes are coupled is an air-SiO2(85
nm)-Ag (50nm)-SU8(700 nm)-glass substrate stack and it is analyzed by comparing it to two
uncoupled systems: (A) air-SiO2(85 nm)-Ag (50nm)-SU8 substrate and (B) SiO2-Ag (50nm)-
SU8(700 nm)-glass substrate. The uncoupled system (A) sustains the dielectric wave guide
(WG) mode and the system (B) sustains the SPP mode. The uncoupled WG and SPP modes
have the maximum of the magnetic �eld |H|2 in the dielectric layer and at the air-Ag interface
respectively. Using these three systems Ditlbacher et al. [56] characterized the avoided crossing
taking place at λ=500 nm. Refki et al. [57] studied a BK7-Ag-PMMA-Ag-air �ve-layer stack
and measured the attenuated total re�exion (ATR) and calculated the observables using a 2X2
transfer matrix algorithm to characterize the nature of the SPP modes and their coupling. The
authors demonstrated the coupled-mode nature of the SPP modes in an MIM structure and
demonstrated the avoided crossing (anticrossing) behavior of the dispersion curves (see �gures
4 and 6 of the reference [57]).

The di�erence between the few examples presented above and the present work is that
our study systematically varies the geometrical parameters of the thin �lm in a search for the
appropriate geometrical parameters for the experimental measurements. Contrary to Ditlbacher
et al. [56] we have studied the SPP-WG avoided crossing (anti-crossing) in less detail. In this
work I present our simulations of a six-layer thin �lm stack of dielectrics and gold where
the re�ectance, the transmittance and the transmitted �ux of a local source display surface
plasmon polariton (SPP) and wave guide (WG) modes. The excitation is either from a source
of light located at in�nity (re�ectance, transmittance) or a local source (transmitted �ux) of
inelastic tunneling electrons provided by an STM. The interfaces are �at and the modeling
is performed, following Abèles-Bethune optical transfer matrix algorithm, using elementary
Fresnel expressions at the interface and plane wave propagation in the layers. The re�ected
and the transmitted photon �ux from a source at in�nity and the transmitted �ux of a local
source are calculated and they are compared to the experiments performed in our group.

Chapter 2 presents the samples we will study, namely the thin �lm stacks, from the point
of view of electronic theory. Our interest is in the consequences of the appearance of interfaces
on the band structure. Due to this symmetry breaking we will see that surface and quantum
well states appear. As discussed in the conclusion (section 2.3) the surface or Tamm states can
interact with surface plasmon polaritons.

Chapter 3 reviews the elementary theory of plasmons at single and multiple �at interfaces.
We were interested in a study where the stack is a combination of insulating and metallic thin
�lms. In such a case one must extend the Descartes-Snell relations to absorbing media.

In a short chapter 4 we discuss the experimental set-ups permitting the excitation of the
SPP modes of a thin �lm stack. The understanding of the experiment is important for us since
it permits a better exchange with the experimentalists with whom we are collaborating.
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Chapter 5 presents our models for the excitation with the source at in�nity (ESI) and the
oscillating dipole (OD) model. We do not solve Maxwell equations explicitly but instead take
into account the tangential continuity of the �elds at the interface. In both the ESI and the
OD models the Fresnel coe�cients of the multilayer thin �lm stack are calculated using the
transfer matrix algorithm initiated by Abelès in the implementation of Bethune [58]. For the
OD model we use the papers of Lukosz and Kunz [18; 19], Novotny [20], Bharadwaj et al. [59],
Drezet and Genet [23], Marty et al. [60] and Arnoldus and Foley [22; 61].

Chapter 6 presents the main results of the present work. It shows the modeling of the
excitation of the three and six layer thin �lm stacks. We restrict the geometrical parameters
of the six-layer stack to two thicknesses, dSiO2 for the dielectric and dAu, identical for the two
layers of the gold (see �gure 1.1). The �rst part of this chapter discusses the re�ectance and
trasmittance obtained from the excitation of a laser source located at in�nity of the six-layer
stack. The second part of this chapter presents the calculation of the transmitted �ux corre-
sponding to the leakage radiation microscopy of a stack excited by a local source of electrons
or photons located a few nanometers above the surface. The last part of the chapter presents
our results in coordinate space shining a di�erent light on our modeling. For a six layers stack
we �nd two modes: a surface plasmon polariton mode (SPP) and a wave guide mode (WG).
The WG mode appears when the dielectric SiO2 layer is greater than 190 nm and we identify
an avoided crossing (anti-crossing) between these two modes.

Figure 1.1: Six-layer thin �lm stack air-Au (dAu)-SiO2 (dSiO2)-Au (dAu)-Ti (dT i)-glass.

Chapter 7 presents the behavior of the electric �eld as a function of the coordinate per-
pendicular to the interface. This behavior characterizes the location of the �eld in the stack
permitting the assignment of the nature of the mode: SPP or WG.

The last chapter is a conclusion giving some ideas for future work.
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Chapter 2

Electronic and photonic modes of a thin
�lm stack: quantum well and wave guide
modes

A crystal is periodic in the three dimensions. The electronic states of a solid are organized in
bands, particularly valence and conduction bands. The 3D periodicity is broken in one direction
by the presence of a surface or an interface, and its presence leads to a change of the electronic
band structure. In this short chapter I discuss the electronic and photonic bound states or
modes appearing in the many layers stacks with �at interfaces. In a stack the �rst and the last
layer are semi-in�nite, and will be called the cover layer and the substrate or cladding. For the
electrons a thin �lm corresponds to a quantum well of width L and it can sustain quantum
well states/modes (QWS) and surface states/modes. When a laser excites a thin �lm stack
containing a dielectric layer cladded by other dielectrics or metals at particular wave length
wave guide modes (WG) appear. Both QWS and WG are governed by a wave equation: (i)
Schrödinger equation for the quantum mechanical description of the QWS of the electrons; (ii)
photon wave equation of the classical wave description of the photons.

The above mentioned QWS and WG mode can be calculated for abrupt interfaces. A
surface state appearing at a single or multiple interface is sustained by a shallower potential
well compared to the bulk and can be calculated only if the corresponding potential and electron
density change smoothly at the interface.

This chapter presents these states and their relation with the WG states we have calculate
for our stacks in the rest of this work.
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2.1. SURFACE AND THIN FILM ELECTRONIC STATES

2.1 Surface and thin �lm electronic states

2.1.1 A solid bordered by a surface: surface and image states

It can be shown (see e.g. Zangwill [62, chap: 4]) that the presence of a surface gives rise to a
supplementary boundary condition in the Schrödinger equation. Then an associated new single-
particle localized bound electronic state, i.e. the surface state, appears usually in the valence-
conduction band gap. The simplest model to discuss these states is the phase accumulation
model (PAM) introduced among others by Echenique and Pendry [63] (see also Smith [64]). In
this model a bound state appears if the sum of the phase of the system is an integer l of 2π
(Echenique and Pendry [63, eq. (5)])

φC + φB = 2π l, (2.1)

where φC is the phase shift of the periodic potential of the crystal (solid), φB bound surface
state phase shift towards the vacuum and l the quantum number of the state. The above
expression imply viewing a surface state as being trapped between the bulk crystal and the
surface barrier. The �rst member in the series with l = 1 is the surface state the members
with l > 1 are called image states and they form a Rydberg like series. Precisely, this series
is equivalent to a Rydberg series in atoms where the radial coordinate r is replaced by the z
coordinate normal to the interface.

In the literature a surface state is calculated using two numerical models:

• a nearly free electron model, where the wave function is a product of a plane wave
and a periodic function corresponding to a weak periodic perturbation. In this case the
surface state is called a Shockley state;

• a tight-binding model, where the electronic wave functions are expressed as linear
combinations of atomic orbitals (LCAO). In this case the surface state is called Tamm
state. The Schrödinger equation is written in a matrix form and each element is an
integral 〈basis function|Hamilton operator|basis function〉 and the solid state bands are
obtained by diagonalizing this matrix. The TB model is a simpli�cation of the LCAO
model where the integrals are not explicitly calculated but obtained from tables given in
the literature.

Equation (2.1) gives the phase shift condition for the appearance of the surface and image states
but the method of calculation of the phase shifts and its approximations are not speci�ed. One
can calculate the PAM phases for an abrupt surface/interface consequently no surface and
image states will be present. Or, if the potential is continuous, then as it can be seen in �gure
2.1 (left graph) the �rst well from left is shallow and can sustaining a surface and image states.
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2.1. SURFACE AND THIN FILM ELECTRONIC STATES

Figure 2.1: Potential and density of states at an interface. The solid is either jellium or Ag(001).

In summary following Echenique and Pendry [63] a surface state can be calculated using the
PAM provided the surface phase shift φB is obtained using a smooth and continuous potential
and electron density.

2.1.2 Electronic states associated to a single thin �lm: Quantum well
states

Consider now a single �lm with two interfaces consisting of a number of atomic layers. In
quantum mechanics the obvious model of such a system is a one-dimensional box in the direction
perpendicular to the interface. In this model the wave vector k, the energy E and the wave
function ψ(z) read

k =
l π

d
E =

~2 k2

2m
=

~2

2m

(
l π

d

)2

ψ(z) = sin(k z) = sin

(
l π z

d

)
where m is the electron mass, d is the �lm thickness and l is the number of the quantum well
state. The quantization conditions given in the above equation are valid for an in�nite potential
barrier. Parallel to the interfaces the solid state periodicity is conserved. But in the present
model these interfaces are structureless since in our range of wavelengths, i.e. λ(nm) ∈[500,
1100] the atomic structure is not visible.

Consider now a thin �lm with a metallic and a dielectric claddings. Following Forster et al.
[65] the PAM, giving the appearance condition for the surface state in eq. (2.1) above can be
extended for a thin �lm stack with two interfaces

φC + φB + 2 k⊥ d = 2π l, (2.2)

where the surface barrier phase shift φB is calculated using an abrupt or a smooth interface,
k⊥ is the wave vector perpendicular to the surface and d is the depth of the thin �lm. Again
here l is the number of the quantum well state.

16



2.2. PHOTONIC WAVE GUIDE (WG) MODE

2.2 Photonic wave guide (WG) mode

2.2.1 Model

Let us consider a simpli�ed WG model corresponding to a stationary photonic wave equation
solution of the electric �eld in a box (see e.g. Saleh and Teich [66, section 7.2]). The planar
wave guide Au-SiO2-Au is presented in left graph of �gure 2.2. The stationary waves are de�ned
by a zero amplitude of the �elds at the boundaries of the square well

2π

λ
2nSiO2 d cos θ − 2ϕz = 2π l m = 0, 1, 2, . . . (2.3)

where λ is vacuum wavelength, nSiO2 and d are the refractive index and the thickness of SiO2

layer, θ the angle relative to the normal of the wave guide boundary and ϕz the phase change
at the boundary of the square well. This phase ϕz is obtained from the re�ection coe�cient of
the SiO2/Au interface as the argument of the refraction coe�cient

rp =
nAu cos θSiO2 − nSiO2 cos θAu
nAu cos θSiO2 + nSiO2 cos θAu

tanϕz =
Im(rp)

Re(rp)

The above coe�cient are valid for complex refractive indexes.

Manipulating eq. (2.3) one obtains the incident angle θl

θl = cos−1
(

π l + ϕz
2 π dnSiO2

λ

)
.

Figure 2.2: Left graph: Au-SiO2-Au planar wave guide; Right graph: Planar dielectric
wave guide. Rays making an angle θ < θ̄c = cos−1(n2/n1) are guided by the total internal
re�ection. Here θ̄ = π/2 − θ, d is the depth of the planar wave guide and n1 > n2 permitting
the appearance of the wave guide modes. Figure 7.2-1 of Saleh and Teich [66]).
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2.3. CONCLUSION

The normalized in-plane wave vector klρ/k0 is calculated using this angle

klρ/k0 = nSiO2 sin θl1.

2.2.2 Thin �lms and the WG modes penetration depth

In the present work we are interested in the propagation of light through a thin �lm stack of
three or six layers. The layers must be thin enough to permit the light to propagate through
the stack and not be completely absorbed at the last interface. In a plane wave formulation
of light propagation the attenuation is proportional to the imaginary part of the plane wave
vector. The penetration depth (derived in detail in chapter 3) is the distance from the interface
where the power has decayed by a factor of 1/e. The origin of the attenuation is two fold:

• penetration depth of an evanescent wave: consider the simplest case of an interface
between two dielectric media of di�erent refractive indices. If the light is incident from
the material with the high refractive index, then there exist a critical angle θc at which the
light is totally re�ected and no transmission occurs. The corresponding �eld is evanescent
and the wave vector becomes purely imaginary. The penetration depth reads

δ ≈ 1

2 Im(kz)
θ > θc

where Im(kz) is the imaginary part of the perpendicular component of the wave vector.

• skin depth of a metal: The skin depth is related to the imaginary part κ of the
refractive index ñ=n+iκ which is signi�cant in metals. Correspondingly the wave vector
is also complex. The skin depth is given by an approximate expression

δ ≈ c

κ ω
≈ 1

Im(k)

In summary, in the present work we consider that a �lm is thin enough such that the light
reaches the second interface. For a stack of thin �lms their thickness is such that the light
reaches the last interface and one can measure a non zero transmitted �ux intensity. The
two de�nitions above imply that if one of the media is a metal, the penetration depth
and the skin depth must be summed up giving rise to a larger absorption in the material.

2.3 Conclusion

In this chapter we used the boundary condition of two second order di�erential equations
respectively of the motion of electrons or photons to discuss the QWS, WG modes and surface
states. For both di�erential equations one uses the boundary conditions at the limit of the
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2.3. CONCLUSION

potential well to obtain the position of the states/modes. What approximations are e�ectively
included in a model depends on how the phase shifts are calculated:

• for QWS one solves the Schrödinger equation usually excluding the laser-matter inter-
action considered to be a weak interaction. But at interfaces the potential well and the
associated electron densities are continuous allowing the calculation of the surface states;

• for WG modes the material system is introduced through the material functions but,
since one is using Fresnel theory at abrupt interfaces, one is unable to take into account
surface states.

In fact, as for the surface plasmon polaritons (SPP) discussed in the next chapter, in a
perfect model the QWS and WG mode will interact with each other giving rise to a composite
electron-photon mode related to the potential well of the thin �lm. In the conclusion of this
work I will mention papers showing the interaction between the SPP and WG modes and the
surface states.

The rest of the thesis uses models based on the Fresnel theory at abrupt interface and
therefore we will be unable to include surface states in our modeling. In chapter 6 section 6.4.4
we will use the results of the WG mode section 2.2 above to analyze the nature of the modes
found in the experiment and in our model.
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Chapter 3

Plasmon properties and their dispersion

In this chapter I will �rst introduce bulk and surface plasmons and explain the conditions of
their appearance. Then I will present Snell's law at dielectric-dielectric and dielectric-metal
interfaces. Further, I will derive an analytical expression for dispersion in the case of one
interface systems where one of the media is metallic. I will discuss qualitatively two interface
systems including the coupling between the SPP modes. Finally, I will introduce the dispersion
relation for n interface systems.

3.1 Bulk and surface plasmon polaritons

The introduction of the present work detailed the historical development of the �eld of plasmons.
Brie�y in the 1950s the pioneering work of Pines and Bohm [3; 4] solves for the �rst time the
problem of the dense electron plasma quantum mechanically. The single electron Hamiltonian
is re-expressed in such a way that the long-range part of the Coulomb interactions between the
electrons is described in terms of collective �elds, representing organized "plasma" oscillations of
the system as a whole. The Hamiltonian describes these collective �elds plus a set of individual
electrons which interact with the collective �elds and with one another via short-range screened
Coulomb interactions.

Ritchie [5] and Economou [2] used the Pines and Bohm [3; 4] formulation of the problem
in terms of plasma of electrons discussed above solving the Maxwell and material equations
simultaneously. The Drude permittivity is reduced to a real form (ε = 1 − (ω/ωp)

2) and an
analysis of the transverse and longitudinal components of Maxwell equations concludes that
only transverse magnetic or "p" polarized light can excite surface plasmons. A clear and
detailed analysis of the dispersion using a Drude dielectric function including damping is due
to Franzen [9], analysis which is at least partly reproduced in this chapter.

Instead of following the quantum mechanic description of matter coupled with to the classi-
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3.1. BULK AND SURFACE PLASMON POLARITONS

cal description of light using Maxwell equation, in the following we will derive the bulk plasmon
polarization using the simplest possible approach based on the Newton equation, approach
which can be found in many textbooks (see e.g. Born and Wolf [12], Kittel [67], Jackson [68]).

3.1.1 Drude permittivity

The permitivitty ε or dielectric function describes the behaviour of matter in interaction with
an electric or electromagnetic �eld. To a �rst approximation the electrons of a metal can
be described as an electron gas. The associated dielectric function depends on the angular
frequency ω and on the wave vector ~k, i.e. ε(ω,~k).

Many books discussing the behavior of the electrons in a solid present the Lorentz and Drude
models of the material function (see e.g. Wooten [69], Aschroft and Mermin [70], Born and
Wolf [12], Jackson [68], [67] and Maier [15]). The derivations of the macroscopic polarization
~P are based on the Newton (see e.g. Wooten [69]) or microscopic Boltzman equations (see e.g.
refs.[71; 72]).

The Newton equation of motion of the electrons reads

m∗
d2 ~r

d t2
+m∗ Γ

d~r

d t
+m∗ ω2

0 ~r = e ~Eloc. (3.1)

where m∗ is the e�ective electron mass. The term containing the �rst derivative is a damping
force ~Fdamping = m∗ Γd~r

d t
with the damping constant Γ corresponding to the various inelastic

scattering mechanisms in the solid. The electron is bounded by a harmonic oscillator force
~Fbinding = m∗ ω2

0 ~r of frequency ω0. The external ~Eloc �eld is a local, microscopic electric �eld.
If the local �eld oscillates in time (i.e. E ∼ e−iωt), the solution of the Newton equation reads

~r =
e ~Eloc

m∗ (ω2 − ω2
0 + iΓω)

. (3.2)

Now one can de�ne the induced dipole moment ~p

~p = −e~r = − e2 ~Eloc
m∗ (ω2 − ω2

0 + iΓω)
= α ~Eloc, (3.3)

where α is the frequency dependent atomic polarizability. The macroscopic polarization ~P
reads

~P = ρs〈~p〉 = ρsα 〈 ~Eloc〉 = ε0 χ ~E, (3.4)

where ρs is the electron density per unit volume of the solid, 〈 ~Eloc〉 is the average of the
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3.1. BULK AND SURFACE PLASMON POLARITONS

microscopic �eld ~Eloc. In general 〈 ~Eloc〉 6= 〈 ~E〉 but since the conduction electrons are not
bound, the �eld experienced by the conduction electrons is on average simply the macroscopic
�eld E [69], and �nally χ is the macroscopic electron susceptibility. The electron density ρs, is
expressed in terms of the volume occupied by an electron

ρ−1s = (4π/3)[rs]
3, (3.5)

where rs is the Wigner Seitz radius. The average induced dipole moment 〈~p〉 and the polariza-
tion ~P now read

ρs
d2

d t2
〈~p〉+ ρsΓ

d

d t
〈~p〉+ ρsω

2
0 〈~p〉 = ρs

e2

m∗
〈 ~Eloc〉 microscopic

d2

d t2
~P + Γ

d

d t
~P + ω2

0
~P = ε0ω

2
p
~E macroscopic.

Comparing the above equations, one can de�ne the bulk plasmon frequency ωp

ω2
p =

e2 ρs
m∗ ε0

, (3.6)

Note that the link between the microscopic and macroscopic descriptions is ρs the electron
density per unit volume. Using eqs (3.3) and (3.4) we obtain the relative susceptibility of the
electron χ and the permittivity or dielectric function ε 1

χ = −
ω2
p

ω (ω + iΓ)− ω2
0

(3.7)

ε = 1 + χ = 1−
ω2
p

ω (ω + iΓ)− ω2
0

= εr + i εi (3.8)

1 In the SI system of units used in this text ε̄ = ε0 ε where ε̄, ε0 and ε are the absolute, vacuum and relative
permittivities. The sign of the imaginary part of the relative permittivity ε = εr± iεi and of the refractive index
n̄ =

√
ε = n ± i κ is in principle arbitrary but should correspond to an absorption in the solid. A given sign

convention of the imaginary part of the refractive index �xes the sign of the imaginary part of the permittivity.
Two conventions are used:

• "spectroscopic" convention n̄ = n − i κ corresponding to ε = εr − i εi. For z > 0 one uses kz =
(ω/c)(n− i κ) cos θ, where θ is the light incident angle, giving the plane wave form

exp[−i kz z] = exp[−i (ω/c)(n− i κ) cos(θ) z] = exp[−i (ω/c)n cos(θ) z] exp[− (ω/c)κ cos θ z]

• "plasmonic" convention n̄ = n + i κ corresponding to ε = εr + i εi. For z > 0 one uses kz = (ω/c)(n +
i κ) cos(θ), giving the plane wave form

exp[i kz z] = exp[i (ω/c)(n+ i κ) cos θ z] = exp[i (ω/c)n cos(θ) z] exp[− (ω/c)κ cos θ z]

In the present formulation I am using the "plasmonic" convention.
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3.1. BULK AND SURFACE PLASMON POLARITONS

The real and imaginary parts of the Drude permittivity equation (3.8) are

εr = 1−
ω2
p(ω

2 − ω2
0)

(ω2 − ω2
0)2 + ω2Γ2

εi =
ωΓω2

p

(ω2 − ω2
0)2 + ω2Γ2

(3.9)

3.1.2 Electromagnetic waves in metals: bulk plasmons (BP)

A bulk plasmon is a collective oscillation of the free electron gas of a metal. The right hand
side inhomogeneous term of the Newton equation (3.1) corresponds to an external electric �eld.
Therefore the BP appears when an external electric �eld is present and its wave vector kp reads

kp =
ωp
c

=

√
ρs

e2

ε0m∗
√
ε0 µ0 =

√
ρs
e2 µ0

m∗
. (3.10)

where ωp is given in eq. (3.6) above. Being dependent on ρs, the BP frequency ωp measures the
system electronic density (see also Kittel [67, p.273] and Ritchie [6]). The bulk plasmon can be
considered as a quasiparticle since it arises from the quantization of plasma oscillations. For
conduction electrons ω0 = 0 and Γ=0 (eq. 3.7), the real part of the metal dielectric function
presented in �gure 3.1 reads:

εr = 1−
ω2
p

ω2
(3.11)

The Helmholtz wave equation for homogeneous media in the time harmonic approximation

Figure 3.1: Real part of the metal permittivity function of ω in the attenuation (ω < ωp) and
propagation (ω > ωp) regions [73]
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3.1. BULK AND SURFACE PLASMON POLARITONS

and plan wave electric �eld (no charge nor current) read as

−~∇(~∇ · ~E) +∇2 ~E =
ε(~k, ω)

c2
∂2 ~E

∂ t2
(3.12)

~k(~k · ~E)− k2 ~E = −ε(~k, ω)
ω2

c2
~E (3.13)

Depending on the polarization of the electric �eld vector, two cases can be distinguished:

1. Transverse waves ~k · ~E = 0 yielding the dispersion relation

k2 = ε(~k, ω)
ω2

c2
(3.14)

Using eqs. (3.11) and (3.14) one obtains the dispersion relation of propagating transverse
waves of bulk plasmons (see �gure 3.2)

ω2

ω2
p

= 1 +
k2 c2

ω2
p

. (3.15)

Eq. (3.15) is plotted in �gure 3.2 for a generic free electron metal. Two regimes can be

Figure 3.2: The dispersion relation of the bulk plasmons for a free electron gas. The transverse
electromagnetic wave is only allowed for ω > ωp (following Maier [15, �gure 1.3]).

distinguished (see Figures 3.1 and 3.2):

(i) ω < ωp, forbidden, attenuation or no penetration, the propagation of trans-
verse electromagnetic waves is forbidden inside the solid (see e.g. ref [15, chap.
1]);

(ii) ω ≥ ωp, allowed propagation, penetration in the solid or transparent solid
region. The bulk plasmon appears in this regime. In �gure 3.2, the curve above the
light line corresponds to the dispersion of the bulk plasmon. The dispersion of the
bulk plasmon will be discussed below together with surface plasmons.
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2. Longitudinal waves described in eq. (3.13) satisfy the relation

ε(~k, ω) = 0 (3.16)

In a solid the bulk (volume) plasmon appears in the transparency regime when the per-
mittivity changes sign at frequencies equal or larger than the bulk plasmon frequency
ε(~k, ω)ω≥ωp . Precisely, as in �gure 3.2, above ωp a dispersion curve of the bulk plasmon
can be plotted. For more details see section 3.3.1.1 and Kittel [67], Sarid and Challener
[16] and Maier [15, chap. 1 ]. The longitudinal oscillations of the electric �eld in a solid
can appear only for ε(ω) = 0. This is because the Gauss-Maxwell law in the absence of
charges reads

coordinate ~∇ · ~D = 0 momentum ~k · ~D = 0

~D = ε(ω) ~E

The scalar product between ~k and ~D above shows that the displacement must be perpen-
dicular on the propagation direction, i.e. transverse. Except if the displacement itself is
zero which is true only if the permittivity ε(ω) is zero. The zero displacement gives

~D = ε0 ~E + ~P = 0 ε0 ~E = −~P (3.17)

where ~P is the longitudinal polarization and ~E is the depolarization �eld. The phe-
nomenological build up of the electric �eld is very well explained in Kittel [67, p. 277,
�gs. 4 and 5] in relation with the plasma oscillations.

3.1.3 Polaritons, surface plasmons polariton (SPP) and surface plas-
mons (SP)

1. APolariton is a boson quasiparticle resulting from the strong coupling of electromagnetic
waves with an electric or magnetic dipole-carrying excitation. Figure 3.3 presents the
uncoupled (red lines) and coupled (black line) dispersion curves of a polariton. As in
other avoided crossings in physics, this one has a frequency band gap (see between the
horizontal lines in �gure 3.3).

2. Surface plasmon polaritons (SPP) are coherent longitudinal surface �uctuations of
an electron plasma at the interface between two media usually a metal and a dielectric
that is coupled to an electromagnetic wave. It can also be seen as an electrical polarization
wave at the interface between two media (see �gure 3.4).

• The SPP are particular solutions of the Faraday and Ampère-Maxwell equations
in each region of the permittivity ε. At the interface the obtained solutions are
matched using appropriate boundary conditions. Perpendicular to the interface the
SPP are bound. Parallel to a �at in�nite interface the SPP are propagating, and in
a nanostructure they are localized.
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Figure 3.3: Dispersion relation of polaritons in GaP. The red curves are the uncoupled phonon
and photon dispersion relation, and the black curves are the result of coupling (from top to
bottom: upper polariton, lower polariton). (From wikipedia polariton de�nition).

Figure 3.4: At an interface between a metal and a dielectric material the surface plasmon po-
laritons (SPP) have a combined electromagnetic wave and surface charge (alternatively positive
and negative) character. The electromagnetic wave is transverse magnetic (TM) or p linearly
polarized, i.e. ~H is in the y direction and ~E is in a plane normal to the interface [74].

The frequency dependent SPP wave vector reads (see eq. (3.53) below)

kSPP =
ω

c

√
εdεm
εd + εm

(3.18)

where εm and εd are the permittivities of the absorbing/metallic and dielectric media.
Using the Drude expression of εm given in eq. (3.11), the above SPP wave vector reads

kSPP =
ω

c

√√√√√√√εd

(
1−

ω2
p

ω2

)
εd + 1−

ω2
p

ω2

(3.19)
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3. Surface plasmon (SP) resonance: The SP appears at an interface between two mate-
rials with the real part of their permittivity having opposite signs. At the dielectric-metal
interface this gives εrm = −εd, where εrm and εd are the dielectric functions of the metal
and dielectric, respectively (see �gure 3.1).

kx = lim
ω→ωsp

ω

c

√
εd(ω

2 − ω2
p)

(1 + εd)ω2 − ω2
p

→∞ for ωsp =
ωp√

1 + εd
=

ωp√
2
, (3.20)

where in the last equality εd = 1. The wave vector projection kx → ∞ corresponds to
the position of the surface plasmon resonance

SP = lim
kx→∞

[SPP]

3.2 Continuity of the wave vectors and �elds at an inter-

face. Descartes-Snell law

This section de�nes the Descartes-Snell law at an interface that will be used later in this chapter
in the study of the SPP in thin �lm stacks.

3.2.1 Descartes-Snell law at a dielectric-dielectric interface

Consider light of frequency ω and wave vector ~k incident on a �at boundary between two di-
electric homogeneous isotropic media. Figure 3.5 presents the geometry of the problem for s
or transverse electric (TE, left graph) and p or transverse magnetic (TM, right graph) polar-
izations. This plane wave is split into a transmitted wave with wave vector ~k(t) propagating
into the second medium and a re�ected wave with wave vector ~k(r) propagating back into the
�rst medium. The plane of incidence is de�ned by ~k and the normal ~n to the boundary. The
permittivities of the media above and below the plane z=0 are respectively εs ≡ εt and ε ≡ εi.

The electric �elds of the incident, re�ected and refracted wave read

E(i) = E
(i)
0 e(i

~k(i)·~r−iωt) E(r) = E
(r)
0 e(i

~k(r)·~r−iωt) E(t) = E
(t)
0 e(i

~k(t)·~r−iωt) (3.21)

The wave vectors have the magnitudes :

|~k(i)| = |~k(r)| = k =
ω

c

√
εi

|~k(t)| = k(t) =
ω

c

√
εt (3.22)
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Figure 3.5: Re�exion and refraction of a light plane wave. Left �gure s or transverse electric
(TE) polarization with the electric �eld vector ~E perpendicular to the plane of incidence (POI)
de�ned by ~n and ~k. Right �gure p or transverse magnetic (TM) polarization with the electric
�eld vector ~E in the POI. Here E(i) ≡ E(incident), E(r) ≡ E(reflected) and E(t) ≡ E(transmitted), are
the incident (angle i ≡ θi), re�ected (angle r ≡ i ≡ θi) and transmitted/refracted (angle t ≡ θt)
electric �elds. The electric permittivity and permeability are respectively ε and µ, ε ≡ εi and
µ ≡ µi and εs ≡ εt and µs ≡ µt in the text. Following Jackson [68, �gs. 7.6 and 7.7, p.280].

At the boundary between the two media (z=0), the time variation of the secondary �elds will
be the same as that of the incident primary �eld. Consequently at z=0 all the phase factors
are equal

(~k(i) · ~r)z=0 = (~k(t) · ~r)z=0 = (~k(r) · ~r)z=0

(k
(i)
x x+ k

(i)
z z)z=0 = (k

(t)
x x+ k

(t)
z z)z=0 = (k

(r)
x x+ k

(r)
z z)z=0

k
(i)
x = k

(t)
x = k

(r)
x .

k(i) sin θi = k(t) sin θt = k(r) sin θr

(3.23)

Since the scalar product above reduces to the kx projection, the three wave vectors lie in the
same plane. Now since k(r) = k(i), θi = θr i.e. the angle of incidence equals the angle of
re�ection (re�ection law). Eq. (3.23) now reads:

k(i) sin θi = k(t) sin θt
ni sin θi = nt sin θt (3.24)

Eq. (3.24) gives Snell's law at a dielectric-dielectric interface.

3.2.2 Propagating and evanescent �elds at a dielectric-dielectric in-
terface

Depending on the material functions of the two media, the re�ected and transmitted �elds of
an interface behave di�erently:
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• nt > ni, the second medium is optically denser. In this case there is a real angle of
refraction θt for every angle of incidence θi ∈ [0, 90◦]. At any incident angle the incident
electromagnetic plane waves will generate a propagating wave into the second medium;

• nt < ni, here one can introduce a critical angle θc < 90◦:

θc = arcsin
nt
ni

(3.25)

de�ning two regions:

1. θi < θc: the angle of refraction θt is real, the light is transmitted in the second
medium.

sin θt =
ni sin θi
nt

, cos θt =

√
1− n2

i sin2 θi
n2
t

, (3.26)

2. θi > θc: no transmitted wave in the second medium, the waves are evanescent.
Total internal re�ection takes place if θi > θc, and the transmitted light propagates
along the interface when θi = θc. The angle of refraction θt reads

sin θt =
ni sin θi
nt

, cos θt = ±i

√
n2
i sin2 θi
n2
t

− 1, (3.27)

The transmitted electric �eld eq. (3.21) now reads

E(t) = E
(t)
0 exp(i (k

(t)
x x+ k

(t)
z z)− iωt)

= E
(t)
0 exp(i (k0 nt sin θt x)− iωt) exp

(
∓ k0 nt

√
n2
i sin2 θi
n2
t

− 1 z

)
(3.28)

Following eq (3.27), at and above the critical angle θc, kz = nt cos θt is purely imagi-
nary, so the negative sign in front of the square root in eq. (3.28) is selected since it
corresponds to the absorption in the solid, otherwise the amplitude tends to in�nity
with increasing distance. The propagation in the z direction decays exponentially
while parallel to the surface the plane waves propagate along the interface. The
penetration depth δ of the evanescent waves (see also the de�nition of δ for SPP eq
(3.60)) is

δ =
1

2k0
√
n2
i sin2 θi − n2

t

=
λ0

4π
√
n2
i sin2 θi − n2

t

. (3.29)

where λ0 is the wavelength of the incident light. The penetration depth δ is in-
dependent of the polarization of the incident light and decreases with increasing
θi

δ ∈]
λ0

4π
√
n2
i sin2 θc − n2

t

,
λ0

4π
√
n2
i − n2

t

] for θi ∈]θc, π/2].

For visible and near ultraviolet light the penetration depth is between 10 and 1000
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nm (see de Fornel [75, table I-1,p.14]). If the thickness of the second medium is
smaller than the penetration depth, adding an interface with n3>n1 will convert the
evanescent wave into a propagating one. For a two-interface system, if n3<n1 and
for θi > θc = arcsin(n3/n1), the transmitted wave will be evanescent no matter the
value of the refractive index n2.

3.2.3 Descartes-Snell law at a dielectric-metal interface

Since the metal refractive index ñ is complex ñt=nt + i κt, the transmission angle θt no longer
has a simple relation with the angle of refraction. So how does the Descartes-Snell law change
if some material functions are complex? There is an abundant literature on the subject: Born
and Wolf [12, chap. 13, p.616], Nicols et al. [76] and Proctor et al. [77; 78] and the revues of
Kovalenko [79] and Hopcraft et al. [80]. To derive the law of refraction at a dielectric-metallic
interface the procedure of Born and Wolf [12] is followed. Consider the propagation of a plane
wave from a dielectric into a metal, both media being assumed to be of in�nite extent. By
analogy with eq. (3.24) the law of refraction is

ni sin θi = ñt sin θt (3.30)

sin θt =
ni sin θi
nt + i κt

=
ni (nt − i κt) sin θi

n2
t + κ2t

(3.31)

cos θt =
√

1− sin2 θt =

√
1− n2

i (n2
t − κ2t ) sin2 θi

(n2
t + κ2t )

2
+

(2 i n2
i nt κt) sin2 θi

(n2
t + κ2t )

2
(3.32)

cos θt can be expressed in polar form

cos θt = q exp(iγ) (3.33)

where the amplitude q and the phase γ are real. Expressions for q and γ in terms of nt and
κt and sin θi are obtained by �rst squaring eqs. (3.32) and (3.33) then equating the real and
imaginary parts. This gives

q2 cos 2γ = 1− n2
i (n2

t − κ2t ) sin2 θi
(n2

t + κ2t )
2

(3.34)

q2 sin 2γ =
(2n2

i nt κt) sin2 θi
(n2

t + κ2t )
2

q and γ are obtained by solving eq.(3.34)

q2 =

√[
1− n2

i (n2
t − κ2t ) sin2 θi

(n2
t + κ2t )

2

]2
+

[
(2n2

i nt κt) sin2 θi
(n2

t + κ2t )
2

]2
(3.35)
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γ =
1

2
arctan

{
2 sin2 θi n

2
i

nt κt
[n2
t + κ2t ]

2

/(
1− sin2 θi n

2
i

n2
t − κ2t

[n2
t + κ2t ]

2

)}
(3.36)

The scalar product ~k(t) · ~r reads

~k(t) · ~r = k(t)x x+ k(t)z z (3.37)

where k0 = ω/c and

k(t)x /k0 = ñt sin θt = ni sin θi k(t)z /k0 = ñt cos θt = ñt q (cos γ + i sin γ).

The refractive index ñt reads

ñt =
1

k0

√(
k
(t)
x

)2
+
(
k
(t)
z

)2
(3.38)

=
1

k0

{
n2
i sin2 θi + q2

[
(nt cos γ − κt sin γ)2 − (κt cos γ + nt sin γ)2

+ 2 i (nt cos γ − κt sin γ)(κt cos γ + nt sin γ)
]}1/2

=
√
a+ ib = nSnellt + i κSnellt

The real and imaginary parts of ñSnellt are

nSnellt =
1√
2

√√
a2 + b2 + a κSnellt =

sign(b)√
2

√√
a2 + b2 − a. (3.39)

Where sign(b) is the sign of the imaginary part b. Finally the extension of Snell's law for
complex refractive indices reads

ni sin θi = Re[ñSnellt sin θt] ni sin θi = Re[ñSnellt ] Re[sin θt] = nSnellt Re[sin θt], (3.40)

and the refraction angle has a real value and is

Re[sin θt] = sin θ′t =
ni sin θi
nSnellt

(3.41)

In conclusion above we have extended Snell's law for dielectric-absorbing interfaces. Below, this
extended Snell's law will be used to calculate the dispersion at dielectric metallic interfaces.

3.3 Dispersion of surface plasmon polaritons

In this section I will give some elements for the derivation of the dispersion relationships for
surface plasmon polaritons for one and two interface systems.
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3.3.1 One interface

Consider a single dielectric-conducting interface as shown in �gure 3.6. The two homogeneous
media are non magnetic and there are no charges or current. Many authors (Maier [15, chapter
2], Sarid and Challener [16], Barnes [81] and [14, Appendix]) derived analytically the dispersion
function of a surface plasmon polariton. Here I will follow the derivation based on standard
plane waves and continuity of the �eld at the interface.

Figure 3.6: Single interface geometry and its coordinate system.

One starts from the Faraday and Ampère-Maxwell equations for non magnetic materials,
without charges and current densities

∇× ~E = −µ0
∂

∂t
~H ∇× ~H = εε0

∂

∂t
~E (3.42)

In the time-harmonic approximation one explicits the curl and then separates the result into
the x, y and z components

∂Ez
∂y
− ∂Ey

∂z
= i ωµ0Hx

∂Hz

∂y
− ∂Hy

∂z
= −i ωεε0Ex

∂Ex
∂z
− ∂Ez

∂x
= i ωµ0Hy

∂Hx

∂z
− ∂Hz

∂x
= −i ωεε0Ey

∂Ey
∂x
− ∂Ex

∂x
= i ωµ0Hz

∂Hy

∂x
− ∂Hx

∂x
= −i ωεε0Ez.

(3.43)

Since SPPs appear when the light is TM/p polarized I will deduce the dispersion for TM/p
polarization only.
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3.3.1.1 Transverse magnetic (TM) polarization

• In the two media and TM/p polarization with Ey = Hx = Hz = 0 the �elds read

z > 0 H2 = (0, Hy2, 0) exp{i (kx2x− ω t)} exp[−kz2z] (3.44)

E2 = (Ex2, 0, Ez2) exp{i (kx2x− ω t)} exp[−kz2z]

z < 0 H1 = (0, Hy1, 0) exp{i (kx1x− ω t)} exp[+kz1z]

E1 = (Ex1, 0, Ez1) exp{i (kx1x− ω t)} exp[+kz1z];

where kzj is the wave vector perpendicular to the interface.

• Rewriting eqs. (3.43) for TM/p polarization, one obtains

Faraday
∂Ex
∂z
− ∂Ez

∂x
= i ωµ0Hy (3.45)

Ampère
∂Hy

∂z
= i ωεε0Ex

∂Hy

∂x
= −i ωεε0Ez;

• At the interface there is continuity of the electric and magnetic �elds parallel to the
interface and of the displacement D perpendicular to the interface

Ex1 = Ex2 Hy1 = Hy2 ε1Ez1 = ε2Ez2 (3.46)

The continuity of the �elds at the interface imply the continuity of the wave vector kx
given by Snell's law already discussed in detail in sections (3.2.1) and (3.2.3)

kx1 = kx2 = kx n1 sin θ1 = n2 sin θ2. (3.47)

• Replacing eqs. (3.44) in (3.45) one obtains two Ampère equations in each medium

kz1Hy1 = i ε1 ε0 ω Ex1 kxHy1 = −ε1 ε0 ω Ez1
kz2Hy2 = −i ε2 ε0 ω Ex2 kxHy2 = −ε2 ε0 ω Ez2.

(3.48)

Applying the same operation on the Faraday equation (3.45) one writes

i kxEz1 − kz1Ex1 = −i µ0 ωHy1 (3.49)

i kxEz2 + kz2Ex2 = −i µ0 ωHy2;

• Now a system of equations can be written, composed from the magnetic �eld continuity
from the second equation (3.46) and the sum of the two left column equations (3.48) Hy1 −Hy2 = 0

kz1Hy1

ε1
+
kz2Hy2

ε2
= i ω ε0 (Ex1 − Ex2) = 0

, (3.50)
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The solution of this homogeneous system corresponds to a zero determinant

kz1
ε1

+
kz2
ε2

= 0; (3.51)

• Eliminating Hyi in the Ampère-Maxwell equations (3.48) one has

Ez1 =
−i kx
kz1

Ex1 Ez2 =
i kx
kz2

Ex2.

Now perform two operations: i) start from the Faraday-Maxwell equations (3.49) where
one replaces Ezj from the equations above and ii) in the resulting equations explicit Hyi

in terms of Exj using the left column of the Ampère-Maxwell equations (3.48)

k2x
kz1

Ex1 − kz1Ex1 =
ω2

c2
ε1
kz1

Ex1 k2z1 = k2x −
ω2

c2
ε1 (3.52)

k2x
kz2

Ex2 − kz2Ex2 =
ω2

c2
ε2
kz2

Ex2 k2z2 = k2x −
ω2

c2
ε2

Dividing k2z1 by k
2
z2 and using eq. (3.51) one obtains

ε21
ε22

=
k2x − (ω2/c2) ε1
k2x − (ω2/c2) ε2

Manipulating the above equation leads to the �nal dispersion relation

kx =
ω

c

√
ε1ε

2
2 − ε21ε2
ε22 − ε21

kx =
ω

c

√
ε1ε2
ε1 + ε2

. (3.53)

There are two ways to plot the dispersion curve of the surface plasmon polariton.

(A) Real permittivities for the two media de�ning the interface

This discussion concerning real permittivities can be found in many papers and textbooks.
Figure 3.7 presents the plasmon dispersion, using real permittivities in eq. (3.53).
Several features can be distinguished:

• ω<ωsp where ωsp=ωp/
√

1 + εd. In this region, called the absorption region, where
the SPP can appear (see Sarid and Challener [16]), the real part of the permittivity
of the metal is negative and the dielectric permittivity is positive. Two frequency
regimes can be de�ned (see [15, chapter 2 p.27-28]):

1. for small wave vectors, corresponding to low frequency, the dispersion curve is
close to the light line. The SPP acquire the nature of a grazing-incidence light
�eld, also known as Sommerfeld-Zenneck waves;
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Figure 3.7: The dispersion curve, of an SPP on indium thin oxide (ITO) as a function of the
wavenumber kph/(2π) = 1/λ.

2. at large wave vectors the SPP tend to the surface plasmon (SP) resonance with
characteristic surface plasmon frequency ωsp (eq. (3.20))

• ωsp<ω<ωp Plasmon band gap separating the surface plasmon polaritons (SPP) and
the bulk plasmon (BP). In this region the SPP wave vector kx, calculated using
Drude theory in eq. (3.20), is purely imaginary. The dispersion curve can not be
plotted and the virtual or quasi bound plasmon modes (QBM) are present;

• ω>ωp transparent region where the bulk plasmon (BP) appear when the permittivity
change sign (see also section 3.1.2 above). The dispersion of the bulk plasmons alone
is presented in �gure 3.2 above;

(B) One of the material functions is complex

Below I will consider the case when εm = εrm + iεim. Following the analysis of Franzen
[9], and using deduction of the same type as that given in section 3.2.3, the real εrm and
imaginary εim parts of the Drude permittivity read

εrm = 1−
ω2
mp

ω2 + Γ2
m

εim =
Γmω

2
mp

ω(ω2 + Γ2
m)
.

Using eq. (3.53), where 1 ≡ d or dielectric and 2 ≡ m or metal, one obtains

kx =
ω

c

√
εd(ε

r
m + i εim)

εd + εrm + i εim
=
ω

c

√
a′ + i b′ = krx(ω) + i kix(ω) (3.54)
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where

krx(ω) =
ω

c
√

2

[√√
a′2 + b′2 + a′

]
kix(ω) =

ω

c
√

2

[
sgn(b′)

√√
a′2 + b′2 − a′

]
F =

εd
[(εd + εrm)2 + (εim)2]

a = F [εrm(εd + εrm) + (εim)2] b = F εd ε
i
m

Figure 3.8: ITO dispersion curve using the complex dielectric function (krx eq. (3.54) plain
line, dashed line εm ≡ εrm), published by Franzen [9, �gure 5] (left graph), in the middle graph
the Franzen dispersion curve is reproduced (my blue line corresponds to his blue continuous
line and the orange line corresponds to his dashed line), the right graph presents krx eq. (3.54)
blue line and kix the orange one.

The above complex wave vector kx(ω) contains

� real dispersive contribution krx(ω) corresponding the propagation of the SPP
along the interface. Except at and near the plasmon band gap, this contribution
is very close to the case when the real part of the material functions case is used.
Compared to �gure 3.7, �gure 3.8 shows that krx(ω) has a non zero contribution in
the plasmon band gap known as the quasi-bound mode.

� imaginary contribution kix(ω) corresponding to the SPP absorption.
Figure 3.8 displays the ITO dispersion curve using the complex dielectric function
published by Franzen [9, �gure 5] (left graph). In the middle graph the Franzen
dispersion curve is reproduced (where the blue line corresponds to his blue plain
line and the orange line corresponds to his dashed line). This �gure presents the
comparison between the cases (A) when only real permittivity is used (orange line
εm = εrm) and (B) when the complex permittivity is used (blue line εm = εrm + iεim).
The dispersion obtained with the complex permittivity presents a quasi band mode
(QBM), while the second case has no contribution in the gap. The right graph
presents krx eq. (3.54) (blue line) and k

i
x (orange line).
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(C) Qualitative discussion of the SPP when one medium is absorbing

Following Barnes [82] and Novotny and Hecht [21] I discuss some properties of SPPs
occurring at the dielectric-metal interface where εm and kSPP are complex quantities. The
complex wave vector arises from the absorbing nature of the metal, SPPs are attenuated
as they propagate and have a �nite lifetime [82]. For |εim| << |εrm| the real and imaginary
parts of kx are determined from eq. (3.54) :

kxrSPP ' k0

√
εd ε

r
m

εd + εrm
kxiSPP ' k0

εim
2(εrm)2

(
εd ε

r
m

εd + εrm

)3/2

(3.55)

using these equations the characteristic properties at a dielectric-metal interface can be
de�ned:

• The SPP wavelength

λSPP =
2π

kxrSPP
= λ0

√
εd + εrm
εd εrm

(3.56)

• SPP propagation length parallel to the interface: The propagation length is
derived from the electric �eld and the energy density. The electric �eld associated
with a SPP reads

~E = ~E0e
−~kiSPP ·~r ei

~krSPP ·~r−i ωt (3.57)

The energy density W is given by

W ∝ ~E · ~E∗ = W0 e
−2~kiSPP ·~r = W0 e

−2 kiSPP ·δSPP (3.58)

For a density energy W falling to e−1 of its initial value, we deduce from eq. (3.58)
that the propagation length parallel to the interface δSPP is proportional to the
inverse of the imaginary part of the SPP wave vector eq. (3.55)

δSPP =
1

2 kiSPP
= λ0

(εrm)2

2π εim

(
εd + εrm
εd εrm

)3/2

(3.59)

• SPP penetration depth: The total wave vector and the z component are

k2j = (kSPPx )2 + k2zj

k2zj = k2j − (kSPPx )2 = k20

(
εj −

εmεd
εm + εd

) {
j = d, k2zd = k20 ε

2
d/(εm + εd)

j = m, k2zm = k20 ε
2
m/(εm + εd).

For εm ≈ εrm < 0 one �nds (kSPPx )2 > εjk
2
0. Then, since εrm + εd < 0 and from

eq. (3.52) kzj is purely imaginary, so that extending away from the interface, the
�eld decays exponentially. Applying δ = 2π/k gives the penetration depth in the
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dielectric and metal

δd = λ0 Im

∣∣∣∣εrm + εd
ε2d

∣∣∣∣1/2 δm = λ0 Im

∣∣∣∣εrm + εd
ε2m

∣∣∣∣1/2. (3.60)

For a non negligible εim the expressions are more complicated.

Figure 3.9: The di�erent length scales of importance for surface plasmon polaritons in the
visible and near infrared are indicated on a logarithmic scale (taken from Barnes [82, �gure 1]).

Figure 3.9 (from Barnes [82, �gure 1]) presents di�erent length scales of importance for
an SPP. At the single nanometer end the non-local (spatially dispersive) response of real
metals provides a lower limit. At the other end, the propagation length of long-range
surface plasmon�polaritons (LRSPPs) has so far reached centimetres. The penetration
depth into the metal and the dielectric are around 50 and 150 nm respectively.

3.3.1.2 Transverse electric (TE) polarization

The p-polarization wave has a non zero perpendicular component of the electric �eld (Ez 6= 0).
As Dz is continuous, Ez changes [68], resulting in the creation of charge density at the interface.
In an s-polarized wave, the electric �eld has a non zero component parallel to the surface Ey
which is perpendicular to the plane of incidence. Since no density of charge is produced, one
can not excite the SPP by a TE/s polarized light (see Lide et al. [83]).

3.3.2 Dispersion of surface plasmons polaritons (SPP) for a three
layer (two interface) thin �lm structure

The subwavelength con�nement near the SPP energy asymptote is an interesting property
of the single interface SPP. But an SPP is also characterized by high attenuation especially
near its energy asymptote, limiting the scope for applications. In this section I will derive the
dispersion relation of a multilayer system consisting of alternating conducting and dielectric thin
�lms. To derive the dispersion relation for the two-interface system I will follow Baltar[17]. The
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complexity of such a system arises because each single interface can sustain a bound SPP. When
the separation between adjacent interfaces is comparable to or smaller than the penetration
depth eq. (3.60) the interaction between SPPs give rise to a coupled mode.

Consider a non-magnetic three layer (two interface) system as shown in �gure 3.10 where
the zero of the coordinate system is in the middle of the thin layer.

• The �rst and last layer have di�erent dielectric functions

Figure 3.10: Three layer structure, the �rst and last layers have di�erent dielectric functions
(Baltar [17, �gure 4]).

As previously discussed for the one-interface geometry, only a p-polarized wave can excite
SPPs. The �eld components are

(1) z ≥ a/2 H1 = (0, H+
y1, 0) exp{i (kx1x− ω t)} exp[− kz1 z]

E1 = (E+
x1, 0, E

+
z1) exp{i (kx1x− ω t)} exp[− kz1 z]

(2) a/2 ≥ z ≥ −a/2 H2 = (0, H+
y2, 0) exp{i (kx2x− ω t)} exp[− kz2 z]

+ (0, H−y2, 0) exp{i (kx2x− ω t)} exp[kz2 z]

E2 = (E+
x2, 0, E

+
z2) exp{i (kx2x− ω t)} exp[− kz2 z] (3.61)

+ (E−x2, 0, E
−
z2) exp{i (kx2x− ω t)} exp[kz2 z]

(3) − a/2 ≥ z H3 = (0, H−y3, 0) exp{i (kx3x− ω t)} exp[kz3 z]

E3 = (E−x3, 0, E
−
z3) exp{i (kx3x− ω t)} exp[kz3 z]

where kzj is the perpendicular wave vector projection. Since the magnetic �eld has only
one component (Hy) I will use this �eld in the derivation. The continuity of the tangential
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�elds
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y1 exp
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2

)
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2

)
+H+
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2

)
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(
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2

)
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2

)
+ E+
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(
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2

)
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(
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2

)
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(
− kz2 a

2
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y2 exp

(
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2
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E−x3 exp

(
− kz3 a
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)
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(
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2

)
+ E+

x2 exp

(
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2

)
(3.62)

eq. (3.62) with Ampère-Maxwell equation (3.45) leads to

1

ε1

∂Hy,1

∂z
=

1

ε2

∂Hy,2

∂z
(3.63)

At each boundary eq. (3.63) gives:

� Boundary 1-2 (z=a/2)

H+
y1 exp

(
− kz1 a

2

)
= H+

y2 exp
(
− kz2 a

2

)
+H−y2 exp

(kz2 a
2

)
(3.64)

1
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y1 exp
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1
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kz2H

+
y2 exp
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− kz2 a
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)
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−
y2 exp

(kz2 a
2

)
(3.65)

� Boundary 2-3 (z=-a/2)

H−y3 exp
(
− kz3 a

2

)
= H+

y2 exp
(kz2 a

2

)
+H−y2 exp

(
− kz2 a

2

)
(3.66)

1
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y3 exp

(
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)
= − 1
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y2 exp
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2

)
+

1
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−
y2 exp

(
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)
(3.67)

Substituting H+
y1 exp

(
− kz1 a

2

)
in eq. (3.65) by (3.64), and H−y3 exp

(
− kz3 a

2

)
in (3.67) by

(3.66), and multiplying by exp
(−kz2 a

2

)
one obtains:

(
kz1
ε1
− kz2

ε2
)H+

y2 exp
(
− kz2 a

)
+ (

kz1
ε1

+
kz2
ε2

)H−y2 = 0 (3.68)

(
kz3
ε3

+
kz2
ε2

)H+
y2 + (

kz3
ε3
− kz2

ε2
)H−y2 exp

(
− kz2 a

)
= 0 (3.69)
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Re-arranging the terms, the following relationship is obtained in a matrix form: e−kz2a
[
kz1
ε1
− kz2

ε2

] [
kz1
ε1

+
kz2
ε2

]
[
kz3
ε3

+
kz2
ε2

]
e−kz2a

[
kz3
ε3
− kz2

ε2

]
( H+

y2

H−y2

)
=

(
0
0

)
(3.70)

To obtain the nonzero solutions of this system of equations the determinant of the matrix
must be zero. The dispersion relation for a thin layer reads

e−2 kz2a =

(
kz1
ε1

+
kz2
ε2

)(
kz3
ε3

+
kz2
ε2

)
(
kz1
ε1
− kz2

ε2

)(
kz3
ε3
− kz2

ε2

) . (3.71)

One checks that for a −→∞ the exponential e−2 kz2a −→ 0, in this case eq. (3.71) reduces
to eq. (3.51) i.e. it corresponds to the dispersion relation for a one-interface system.

• The �rst and last layers are identical

When the �rst and last layer are identical, equation (3.71) simpli�es to

e−2 kz2a =


(
kz1
ε1

+
kz2
ε2

)
(
kz1
ε1
− kz2

ε2

)


2

.

This equation has two roots

e−kz2a = ±

(
kz1
ε1

+
kz2
ε2

)
(
kz1
ε1
− kz2

ε2

) . (3.72)

rearranging the equation above we obtain

kz1
ε1

/
kz2
ε2

= −e
−kz2a ± 1

e−kz2a ∓ 1
=


−e
−kz2a/2 + ekz2a/2

e−kz2a/2 − ekz2a/2
= coth(kz2a/2)

−e
−kz2a/2 − ekz2a/2

e−kz2a/2 + ekz2a/2
= tanh(kz2a/2)

(3.73)

The dispersion relation can be split into a pair of equations:

kz1
ε1

/
kz2
ε2

= coth(kz2a/2) ⇒ H+
z2 = −H−z2

kz1
ε1

/
kz2
ε2

= tanh(kz2a/2) ⇒ H+
z2 = H−z2

. (3.74)
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For a thick metal �lm a bound mode propagates independently at each interface. When
the thickness is reduced these modes couple forming two TM polarized bound modes.
The �rst and second lines of eq. (3.74) above describe modes of odd (antisymmetric)
and even (symmetric) nature. Maier [15] used the dispersion relation of eq. (3.74) to
investigate the properties of the coupled SPP modes in IMI (insulator-metal-insulator)
and MIM (metal-insulator-metal) structures.

3.3.3 Dispersion of surface plasmons polaritons (SPP) for an n layer
geometry

The preceding sections have described the direct dispersion ω(k) of the bulk eq. (3.15), surface
plasmon polaritons at a single interface eq. (3.53) and an implicit dispersion relation eq. (3.72)
for a three-layer system. For n layers such an expression is di�cult to obtain since an implicit
system of n equations similar to eq. (3.70) must be solved. Numerically one can calculate an
observable, for example the re�ectance R or the transmittance T as a function of ω and kx.
Then the maxima of this observable as a function of ω and kx will give a dispersion curve. To
obtain the dispersion curve for the n > 3 system, Barnes [81; 84; 85] calculated the dispersion
of the power dissipated by a �ctitious oscillating dipole placed in a dielectric layer inside a
stack of thin �lms. In the present work I will calculate the dispersion using: i) the transmitted
intensity of an oscillating dipole located above the �rst interface; ii) the re�ectance; iii) the
transmittance of a stack of thin �lms.

3.4 Conclusion

In this chapter we have reviewed the di�erent type of plasmons. The bulk plasmon in a solid
occurs at frequencies corresponding to a zero in the permittivity (Re[ε(ω)]=0). The surface
plasmon polaritons (SPP) are bound and the surface plasmon (SP) resonance corresponds to
the limit at large wave vector kx of an SPP mode (SP = lim

kx→∞
[SPP]).

The second section discusses the Decartes-Snell law at a dielectric-dielectric interface and
its extension to a dielectric-metal interface. Using the real part of the dielectric function one
�nds a band gap between the SPP and bulk plasmon dispersion curves. Whereas using the
complex refractive index of the metal the band gap disappears (�gure 3.8).

Finally we have analytically derived a direct eq. (3.53) and an implicit eq. (3.72) for the
dispersion relation for one and two interfaces systems. The dispersion curve of a multilayer
stack, such as the one presented in chapter 5, will be calculated numerically for an observable
(re�ectance or transmitted �ux) as a function of ω and kx.
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Chapter 4

Experimental set-ups for measuring
plasmon properties

Consider an air-metal interface as discussed in chapter 3. Figure 4.1 displays the dispersion
curves of the SPP (green line) and light line (blue line). One notices that for a given frequency
ω the SPP wave vector kρ is always larger than the wave vector of light in free space i.e.
kSPP > kair. Since these wave vectors do not match, this means that for a planar interface, an
SPP cannot be directly excited by light propagating in free space.

Figure 4.1: Dispersion curve of the SPP at a dielectric-metal interface (green curve), and the
free-space light line (blue line) (taken from Hosseini et al. [86]).

The only way to excite the SPP is by increasing the wave vector component of the exciting
light over its free-space value. For the source at in�nity one can increase the wave vector
component by using a cover layer having a refractive index greater than the substrate (see e.g.
�gure 4.2) and measuring the re�ected light.

Below I will describe a few representative experimental set-ups where SPPs can be excited.
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4.1. MEASURING THE REFLECTED LIGHT

The experimental apparatuses can be classi�ed using:

1. The excitation: the excitation can be performed by light either by a source located at
in�nity or a local source;

2. The excitation can also be performed by electrons, tunneling electrons from an STM tip
or high energy electrons using a scanning electron microscope (SEM).

3. The measurement: the observables measured in an experiment correspond either to the
re�ection or to the transmission of the �ux intensity.

In the present chapter I will use a classi�cation based on the measurement method and the
associated observable.

4.1 Measuring the re�ected light

4.1.1 Plane wave source using a prism

Using far �eld excitation, Otto [32] and Kretschmann and Raether [34] have presented set-
ups using a prism coupler permitting the excitation of an SPP mode. In both con�gurations
discussed below the excitation of an SPP will appear as a minimum in the re�ected �ux or re-
�ectance (the experiment is called attenuated total re�ection (ATR)). The re�ectance minimum
is a consequence of missing light which has been converted into an SPP wave.

Figure 4.2: Otto [32] and Kretschmann-Raether [34] experimental set-ups using prisms (from
Wikipedia) respectively left and right graphs. Left graph is an I1I2M stack with ε0 > ε2. In
the right graph the stack is I1MI2 with ε0 > ε1.

In the Otto con�guration [32] illustrated in the left graph of �gure 4.2, the prism is separated
from the metal by a thin air gap (insulator-insulator-metal I1I2M con�guration). The light
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incident from the prism side at an angle beyond the angle of total internal re�ection (θi > θic)
generates an evanescent wave which in turn excites the SPP at the air/metal interface if the air
layer is thin enough. When the gap width is larger than the penetration depth in air (see the
de�nition of the penetration depth for evanescent waves eq. (3.29) and SPP modes eq. (3.60))
the SPP can no longer be e�ciently excited and the SPP dip vanishes. The Otto con�guration
proved to be experimentally inconvenient because of the challenge of controlling the air layer
of the tiny prism-metal gap.

Kretschmann and Reather [34], proposed an alternative excitation set-up that solved the
problem of the Otto con�guration. In their set-up, sketched in the right hand side of �gure 4.2,
a thin metallic �lm is deposited on top of a prism. As in the Otto con�guration the plane wave
incident from the glass side of the prism, generates an evanescent wave. This evanescent wave
penetrates through the metal layer and excites the SPPs at the metal/air interface. This is
an I1MI2 (insulator-metal-insulator) con�guration where the amplitude of the re�ectance dip
depends on the metal thickness. If the metal layer thickness is larger than the penetration and
the skin depths then the re�ectance dip vanishes.

In both the Otto [32] and Kretschmann and Raether [34] con�gurations an angular scan (in
θi or kρ) is necessary at each laser frequency.

4.1.2 Focused laser beam

SPP excitation with a focused laser beam was initiated by Kano et al. [37] using an oil
immersion objective lens. The laser beam incident from the glass side is focused at the interface
between the glass substrate and the metallic �lm. For an objective with a numerical aperture
larger than the wave vector projection kSPP of the SPP mode, a single measurement (all θi or kρ)
gives the entire re�ectance including its SPP mode dip at a particular wavelength. Note that one
can not excite the SPP if the numerical aperture is smaller than kSPP . The experimental set-up
is sketched in Figure 4.3 and corresponds to a Kretschmann-Reather I1MI2 con�guration.

This set-up was used by Kano and Knoll [88] to measure the thickness of a thin �lm deposited
onto a metal. It has also been used in measurements of the local refractive index map of a
sample with a resolution better than 1.5 µm [87].

Zhan [89] use a radially polarized beam generating a zero order Bessel beam which is non
dispersive.
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Figure 4.3: Kano and Knoll [87] optical arrangement exciting the SPP using a focused laser
beam.

4.2 Measuring the transmitted light. Leakage radiation

microscopy

The above experimental set-ups all measure the re�ected �ux or the re�ectance. Now an
experimental set-up for a transmission measurement will be presented. Raether [14] de�ned a
transmission measurement as radiation damping, whereas more recently Hecht [38], Drezet et
al.[90] and Hoheneau et al.[91] called these measurements leakage radiation (LR) microscopy.
For a metal �lm deposited on a glass �lm, one can excite its SPP mode using the light of a near
�eld scanning optical microscope (NSOM), a focused laser beam, the light incident on a rough
surface or on a surface with defects or with deposited nanostructures. In such an experiment
the sample is excited from the air side and one detects in transmission (glass medium) the �ux
using an oil immersion objective. This set-up corresponds to the so called leakage radiation
microscopy (LR) occurring at a speci�c angle θLR. Then the SPP wave vector reads

Re[kSPP ] = nglassk0 sin θLR

Recall that the metal (silver or gold) has to be su�ciently thin, so that the SPP evanescent
�eld of the �rst interface extends through the metal into the transparent substrate medium
(glass).

4.2.1 Near �eld scanning optical microscope (NSOM)

Consider a sample (air-metal-glass) which is excited using the evanescent �eld of a near �eld
scanning optical microscope (NSOM). In NSOM the light source is usually a laser focused
into an optical �ber whose aperture has a diameter smaller than the excitation wavelength,
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resulting in an evanescent �eld (or near-�eld). The excitation may also be a quantum emitter
coupled to the NSOM tip [92; 93]. Using an NSOM tip located above the gold and silver �lms
to excite the SPPs, Hecht et. al [38] collected the transmitted light using an oil immersion
objective. The experimental set-up presented in �gure 4.4 sketches an NSOM illuminating the

Figure 4.4: Principle of an experiment generating SPP leakage radiation (LR) collected in
transmission using an oil immersion objective. The structure is excited using an NSOM. From
Drezet et al. [90, �gure 8]

surface of a metallic �lm in the near �eld. The excitation is localized near the surface and acts
as a source exciting the SPPs. The evanescent �eld issuing from the NSOM consists of large
wave vectors allowing phase matched excitation of SPPs. Due to the lateral positioning of the
NSOM, SPPs can be excited at di�erent locations on the metal surface. SPPs propagating
from the illumination spot can be conveniently imaged by collecting the leakage radiation of
the substrate. The SPP radiation is emitted at an angle θSPP . In the Fourier space the angular
distribution of the transmitted radiation appears as a thin ring of radius θSPP .

4.2.2 Rough thin �lms and illumination of a defect

Raether [14] has extensively studied the SPP excitation of rough surfaces. Figure 4.5 dis-
plays the experimental arrangement of the SPP leakage radiation excited by light scattered by
the roughness of a �lm surface. This �lm roughness produces the amount of the momentum
necessary to match the SPP dispersion relation.

Drezet et. al [90] analyzed the interaction between the SPP and defects or plasmonic nano-
devices by using leakage radiation microscopy. The optical leakage radiation microscopy set-up
is sketched in �gure 4.6. The laser beam is focused on a defect on a gold �lm itself deposited
on a glass substrate. The defects are much smaller than the SPP wavelength and to a �rst
approximation they can be considered as point-like dipole emitters. Scattering the light by a
nanostructure gives rise to evanescent waves supplying the right amount of momentum necessary
for generating an SPP wave. In both cases the leakage radiation emitted through the glass
substrate is collected again by an oil immersion objective. Light is subsequently refocused on
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Figure 4.5: Observing an SPP mode excited on a rough �lm. This roughness produces the
amount of momentum necessary to match the SPP dispersion relation 4.1. The leakage radiation
is collected in the far �eld through a glass substrate using a photographic plate. From Drezet
et al. [90, �gure 5].

Figure 4.6: Observing SPP leakage radiation (LR) excited on a surface thanks to defects or
nanostructures. The leakage radiation is collected in the far �eld through a glass substrate and
imaged using a CCD camera. From Drezet et al. [90, �gure 5].

a charge coupled device (CCD) camera. Finally the leakage radiation can be imaged in both
Fourier and coordinate spaces.

48



4.3. EXCITATION BY ELECTRONS

4.3 Excitation by electrons

4.3.1 Scanning tunneling microscope (STM)

In the experimental set-ups presented above light has been used as the excitation source. For
a scanning tunneling microscope (STM) the excitation source is the inelastic tunnel current
between the tip and the sample. The advantages of this experiment are:

Figure 4.7: An STM tip combined with an inverted optical microscope. Photon emission is
detected in transmission using a CCD camera. Either the image plane or the Fourier plane
is recorded by removing or adding extra lens in front of the CCD camera respectively. From
Wang et al. [39].

1. the tunneling electron follows the shortest path perpendicular to the interface. During
the inelastic tunneling the inelastic electrons lose all or part of their energy, energy which
may be used to excite plasmons

2. an important di�erence between the STM and optical excitation is that a whole range
of radiation frequencies ν, with h ν<eV (E=hν is the energy of the electrons), may be
produced in a single STM experiment. To excite an SPP in a standard optical experiment
one must scan the angular frequency ω.

In most of the early STM experiments (see e.g. [94�97]) the photon emission was detected on
the air side of the noble metal �lm, i.e. on the same side as the STM tip. In this case, no light
from propagating SPPs may be detected as explained in section 4.1. The detected light is only
from localized surface plasmons.
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Wang et. al [39] and Bharadwaj et. al [59] excite an SPP mode of an air-gold-glass thin �lm
stack on the cover layer (air) side using the inelastic electrons of an STM. The light intensity is
collected in transmission in a higher refractive index medium where the transmitted intensity
is measured using the leakage radiation microscopy techniques discussed above. Figure 4.7
displays such a leakage radiation experimental set-up, an STM combined with an inverted
optical microscope. The sample is I1MI2 with I1 air and I2 glass and the photon emission is
detected through the sample using a cooled CCD camera. In such an experiment the image
plane or the Fourier plane is recorded by removing or adding an extra lens in front of the CCD
camera. As expected the leakage radiation occurs at a speci�c angle θLR>θc, where θc is the
critical angle at which total internal re�ection occurs for a glass-air interface.

4.3.2 Scanning electron microscope

SPPs may also be excited by high energy electrons, for example, in a scanning electron mi-
croscope (SEM). This type of excitation was �rst studied by Ritchie [5] using an high energy
electron gun. A point charge moving in vacuum is accompanied by an electromagnetic �eld
which is regarded as an evanescent source of radiation which permits exploring large wave
vector value that lie outside the light cone. Consequently the fast electrons generate SPPs
when passing near a metal surface [40]. The SPP excitation by high energy electrons can be
probed by studying the energy loss of the electrons (electron energy loss spectroscopy) or by
detecting the optical radiation that is subsequently emitted by the material. Polman et al. [41]

Figure 4.8: Schematic overview of the setup showing the di�erent detection schemes: a
spectrometer for 2D cathodoluminescence (CL) imaging spectroscopy and a charge-coupled
device (CCD) imaging detector for angle-resolved measurements (taken from[41, �gure 1] ).

used an electron beam in an SEM as a direct excitation source for polarizable materials, and
they collected the emitted radiation using an angle-resolved cathodoluminescence imaging spec-
troscopy. Using angle-resolved detection, they have been able to deduce the nature of localized
modes and the dispersion of propagating modes in plasmonic structures. Polman et al. [41]
demonstrate the use of this technique for the excitation of SPP on single metal nanoparticles.
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4.4 Conclusion

In this chapter di�erent experimental set-ups were discussed that permit the excitation of the
SPP mode of a thin �lm stack. These set-ups are classi�ed on the basis of the measurement
method in re�ection or in transmission. In our group Shuiyan Cao, Elizabeth Boer-Duchemin
and Eric Le Moal have performed experiments on a six layer thin �lm stack using the STM
experimental set-up presented above in section 4.3.1 and in �gure 4.7. Their experimental
results will be compared to our modeling in chapter 6. This bibliographic study permits us to
understand the existing experimental techniques used to study the SPP of a thin �lm stack.
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Chapter 5

Modeling: source at in�nity and local
source of excitation

This chapter presents the modeling of the excitation of an n-layer thin �lm stack excited either
by a laser source located at in�nity (i.e. a plane wave) or by a local source of electrons or
photons located a few nanometers above the surface. This local source can be an STM, a
NSOM or a radiating molecule.

5.1 Excitation source at in�nity (ESI)

In this section, I will model the excitation of a thin �lm stack by a source of light at in�nity.
The observables, namely re�ectance (R) and transmittance (T ) measured in an experiment,
correspond either to re�ection or to transmission of the incident light. Below I will explain in
detail the model of a thin �lm stack consisting of n layers bounded by two semi in�nite layers
the superstrate (air) and the substrate (glass).

5.1.1 Fresnel coe�cients in a one interface system

The re�ectance R and the transmittance T are the observables measured when a plane wave
source of light is used. The incident, re�ected and transmitted �ux crossing a unit area normal
to the wave vector k (in isotropic media the Poynting vector ~S is parallel to k) read

S(i) cos θi S(r) cos θr S(t) cos θt

52
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The re�ected �ux or the re�ectance R is the ratio of the re�ected and the incident components
of Poynting vector ~S

R =
S(r) cos θr
S(i) cos θi

. (5.1)

The transmittance is the ratio of the transmitted �ux over the incident �ux

T =
S(t) cos θt
S(i) cos θi

, (5.2)

where, in the particular case of p polarization and homogeneous media, the Poynting vector
reads

~S = ~E × ~H∗ =

√
ε0ε

µ0µ
~E · ~E∗ ~k =

√
ε0ε

µ0µ
~k (ExE

∗
x + Ez E

∗
z ) =

√
ε0ε

µ0µ
~kE2, (5.3)

Below I will write the re�ectance R and transmittance T in terms of the Fresnel re�ection r
and the transmission t coe�cients. At an interface one de�nes these coe�cients as the ratio of
the re�ected Er and transmitted electric �eld Et over the incident one Ei (see Born and Wolf
[12], Jackson [68] and Kliewer [98]). These �elds have a generic form

~E(~r, t) = ~E0 exp(i~k · ~r − iω t) (5.4)

For the two polarizations, p/transverse magnetic or s/transverse electric, the boundary
conditions of the tangential �elds at an interface located at z=0 read:

• For p/TM or transverse magnetic polarization, the tangential electric and magnetic
�eld boundary conditions can be written as

electric cos θi( ~E
i
0 − ~Er

0)− cos θt ~E
t
0 = 0

magnetic

√
εi
µi

( ~Ei
0 + ~Er

0)−
√
εr
µr
~Et
0 = 0

 (5.5)

• For s/TE or transverse electric polarization, the tangential electric and magnetic
�eld boundary conditions can be written as

electric ~Ei
0 + ~Er

0 − ~Et
0 = 0

magnetic

√
εi
µi

( ~Ei
0 − ~Er

0) cos θi −
√
εt
µt
~Et
0 cos θt = 0

 (5.6)

In the literature, the Fresnel coe�cients are de�ned in two ways:

1. Born and Wolf [12, section 1.5 and 13.4] de�ne the re�ection and the transmission coef-
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�cients by eliminating Et and Er from the above equations:

(TE)


r
(s)
ij =

E
(r)
0

E
(i)
0

=
ni cos θi − nj cos θj
ni cos θi + nj cos θj

=
Ni −Nj

Ni +Nj

=
kiz − kjz
kiz + kjz

t
(s)
ij =

E
(t)
0

E
(i)
0

=
2ni cos θi

ni cos θi + nt cos θt
=

2Ni

Ni +Nj

=
2 kiz

kiz + kjz

(5.7)

(TM)


r
(p)
ij =

E
(r)
0

E
(i)
0

=
nj cos θi − ni cos θj
nj cos θi + ni cos θj

=
εjNi − εiNj

εjNi + εiNj

=
εjkiz − εikjz
εikiz + εjkjz

t
(p)
ij =

E
(t)
0

E
(i)
0

=
2ni cos θi

nj cos θi + ni cos θj
=

2ni nj Ni

εjNi + εiNj

=
2ni nj kiz
εjkiz + εikjz

(5.8)

rij = −rji tijtji = 1− r2ij
R(s,p) = r

(s,p)
ij

(
r
(s,p)
ij

)∗
(5.9)

T (s,p) =
n∗i nj N

∗
j

ni n∗j N
∗
i

t
(s,p)
ij

(
t
(s,p)
ij

)∗
=

4 εj Ni ε
∗
i N

∗
j

(εiNj + εj Ni)(ε∗i N
∗
j + ε∗j N

∗
i )
. (5.10)

Bethune [58, appendix] uses a similar formulation where

rBorn−Wolf
ij = −rBethune

ij tBorn−Wolf
ij = tBethune

ij

Using this formalism, the re�ectance and the transmittance for the s and p polarizations
read

Reflectance Rs,p = rs,p.(rs,p)∗

Transmittance T s,p =
n∗i nj N

∗
j

ni n∗j N
∗
i

ts,p.(ts,p)∗
(5.11)

where

Nj = nj cos θj = [n2
j − n2

1 sin θ21]
1/2 (5.12)

Note that if the material functions are real, eq. (5.11) reads as

Transmittance T s,p =
Nj

Ni

ts,p.(ts,p)∗ (5.13)

2. Raether [14, appendix] uses a di�erent de�nition for the transmitted Fresnel coe�cient
t=1+r. For TE polarization the Born and Wolf [12, section 1.5 and 13.4] and Raether[14,
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appendix] de�nitions are equivalent whereas for TM polarization tp is di�erent:

t
(p)
ij = 1 + r

(p)
ij =

2 εj Ni

εjNi + εiNj

=
2 εj kiz

εjkiz + εikjz
(5.14)

rij = −rji tij = 1 + rij (5.15)

R(s,p) = r
(s,p)
ij

(
r
(s,p)
ij

)∗
(5.16)

T (s,p) =
ε∗i N

∗
j

ε∗j N
∗
i

t
(s,p)
ij

(
t
(s,p)
ij

)∗
=

4 εj Ni ε
∗
i N

∗
j

(εiNj + εj Ni)(ε∗i N
∗
j + ε∗j N

∗
i )
. (5.17)

In this formalism, the re�ectance and the transmittance of s and p polarization read:

Reflectance Rs,p = rs,p.(rs,p)∗

Transmittance T s,p =
ε∗i N

∗
j

ε∗j N
∗
i

ts,p.(ts,p)∗ (5.18)

For real material functions, the transmittance T reads as

Transmittance T s,p =
εiNj

εj Ni

ts,p.(ts,p)∗ (5.19)

Smith et al. [44, Appendix] use a formulation derived from the one of Raether [14,
appendix]

rRaether
ij = rBorn−Wolf

ij = −rSmith−et−al
ij = −rBethune

ij tRaether
ij = tSmith−et−al

ji

These equations are derived for a single interface. A fundamental question must be asked:
How do these Fresnel coe�cients change in the presence of a thin �lm stack composed of
several interfaces?

5.1.2 Fresnel coe�cients in a thin �lm stack

Figure 5.1 presents a multilayer thin �lm stack including the multiple re�ections and refractions
of the light at the interfaces. An algorithm should take into account these multiple events that
are otherwise absent in a single interface system. To obtain the Fresnel coe�cients for a thin
�lm stack, three types of models have been developed.

i) Characteristic matrix algorithm implemented by Born and Wolf [12, chapter 1].
This model solves the Helmholtz wave equation for no charges and no currents. The
solution is written as a product of standing and traveling �elds in z and x coordinates
respectively. When solving the wave equation the traveling �eld in x is eliminated and
one is left with �rst order di�erential equations for the standing waves in z. The solution
of these equations gives a characteristic matrix of the stack and �nally the re�ection and
transmission coe�cients of the entire stack. The �nal electric �eld is a product of standing
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5.1. EXCITATION SOURCE AT INFINITY (ESI)

in z and traveling in x directions waves. In the classical theory of light the electric and
magnetic �elds having the appropriate boundary condition must be expressed in the plane
wave form. Therefore, �nally, the Born and Wolf mixed �elds must be converted into a
plane wave form. Compared to the recent implementation using plane waves only, the
Born and Wolf model is cumbersome and we will not use it below.

ii) Transfer matrix algorithm of Abèles [99] as implemented by Bethune[58] (see also
Potter [13]). The electric �eld is written in a traveling wave basis. At an interface one
uses the boundary conditions of the �eld expressed in equations (5.5) and (5.6). For the
propagation in the medium one uses plane waves exp(± iκz z). Namely the electric �eld
eq. (5.4) is now composed of forward (+) and backward (-) components of �elds in the
layer j

Figure 5.1: Multilayer thin �lm stack where the �rst and the last semi in�nite layers are called
the cover layer (1) and the substrate (f). The re�ection R and transmission T are represented.
Note that no re�exion occurs in the substrate f.

~E±j (~r, t) = ~E±j exp(±ikzz) exp(ikρx− iωt). (5.20)

Snell's law for the continuity of k‖ or kρ at the interface, is

sin θj
sin θj+1

=
nj+1

nj
kρ = kjρ ∀j. (5.21)
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and the photon wave vector satis�es

k2j = k20εj = k2ρ + k2jz = k20 (sin2 θj +Nj) (5.22)

where below we will use the notation

Nj =
kjz
k0

= nj cos θj = [n2
j − n2

1 sin θ21]
1/2 (5.23)

Note that the last form of Nj is used above the critical angle when cos θj is unde�ned.
For a lossy medium we use the convention that Im(Nj)>0 (see footnote 1).

The Bethune[58] algorithm for layered media requires two steps:

� First consider an interface ij between the media i and j. One requires the continuity
(eqs. (5.5) and (5.6)) of the tangential components of the electric (Ex for "p", Ey for
"s") and magnetic �elds at that interface. The relationship between the amplitudes
of the electric �elds E±i and E±j is written in a matrix form(

E+
i

E−i

)
= Mij

(
E+
j

E−j

)
(5.24)

where Mij is the transfer matrix at the interface ij

Mij =
1

tij

(
1 rij
rij 1

)

and rij and tij are respectively the re�ection and the transmission coe�cients at the
ij interface given in equations 5.7 and 5.8 above using the Born and Wolf formulation
(see subsection 5.1.1).

� second, one can calculate the propagation in an homogeneous medium j, using the
propagating matrix Φj

Ej(zj + dj) = Φj Ej(zj) =

(
φj 0
0 φ̄j

)
Ej(zj). (5.25)

Here φj = exp(iNjk0dj), with zj and dj de�ning the position and the thickness in
the j-th layer and φ̄, the complex conjugate.

For f layers one multiplies the products of such matrices (the transfer matrix at the
interface Mij and the propagation matrix φj in medium j ) to obtain the total transfer
matrix T (ω). Precisely one starts from the interface 2 1 and proceeds to the last interface
f (f-1):

T (ω) = Mf(f−1)Φf−1........Φ2M21. (5.26)

Note that 1 and f are the cover layer and the substrate layers respectively (see �gure 5.1).
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Using the transfer matrix T the electric �eld in the substrate layer f reads(
E+
f

E−f

)
=

(
T11 T12
T21 T22

)(
1
r

)
E1 (5.27)

where r is the total re�ection coe�cient. In the substrate layer re�ection is absent and
one has

E−f = 0 = T21 + T22r (5.28)

and one extracts the re�ection coe�cient r

r =
E−1
E+

1

=
−T21
T22

(5.29)

The transmission coe�cient is de�ned as the ratio of the �nal E+
f over the initial E+

1

amplitudes. Since the amplitude E+
1 = E0 = 1 one obtains

t =
E+
f

E+
1

= T11 + r T12 = T11 −
T12T21
T22

(5.30)

The re�ectance R and the transmittance T are calculated using eqs. (5.11) above.

Figure 5.2: Geometry and excitation in a non-absorbing thin �lm of a thin-�lm stack. The
arrows correspond to the direct (+) and re�ected (-) electric �eld (Based on �gure 1 of Smith
et al.[44]).

iii) Iterative algorithm implemented by Smith et al. [44, Appendix].

Contrary to the Bethune formalism [58] where the light is incident from medium 1, in the
Smith et al. [44, Appendix] formalism the photon source is located in the second layer
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(see �gure 5.2). The forward and backward electric �elds at the interfaces read

initialization E+
2 = 1 E−2 = (r2f exp[ik2z d2])E

+
2

E+
1 = 0 E−1 = (r2f exp[2 ik2z d2] + 1)E+

2

· · · · · ·

propagation E+
j =

tj−1,j exp[i kj−1,z dj−1]E
+
j−1

1 + rj−1,j rj,f exp[2 i kjz dj]
E−j = rjf exp[i kjz dj]E

+
j

· · · · · ·

E−f−1 = r(f−1)f exp[i k(f−1)z df−1]E
+
f−1

end E+
f = tf−1,f exp[i kf−1,zdf−1]E

+
f−1 E−f = 0.

(5.31)
where the re�ection coe�cient rj,j+1 and the transmission tj,j+1 coe�cients for contiguous
layers are calculated using equations (5.7) and (5.14) above. The total re�ection coe�cient
for a multilayer system in the Smith et al. [44, Appendix] formalism reads

rs,pj n =
rs,pj,j+1 + rs,pj+1,f exp[2i kj+1,z dj+1]

1 + rs,pj,j+1 r
s,p
j+1,f exp[2i kj+1,z dj+1]

∀ j ∈ [1, n− 2]

As in equations (5.7) and (5.14) the transmitted coe�cient is given by ts,pjn = 1 + rs,pjn , the
re�ectance is calculated using eq. (5.18).

In this section I have presented the Bethune formulation giving the re�ectance and trans-
mittance associated with the photon excitation of a thin �lm stack by a source at in�nity. We
have also presented the Raether-Smith implementation because we have used it to study the
behavior of the electric �eld E as a function of the penetration coordinate z (see the analysis of
this work in chapter 7, section 7.1.4). In the rest of this work we will exclusively use Bethune's
transfer matrix algorithm. In the next section I will model the excitation of a thin �lm stack
by a point source located a few nanometers above the surface, and calculate the emitted light
measured in transmission.

5.2 Excitation by a local source

In this section I will �rst discuss the relation between the tunneling electrons of an STM and
the model of oscillating dipole (OD) then detail this model.
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5.2.1 From tunneling electrons of an STM to the oscillating dipole
(OD) model

Uehara et al. [100] have discussed the steps leading from a model calculating the inelastic
emission of the STM tunneling electrons to the replacement of the inelastic current by an
oscillating dipole directly generating light (see �gure 5.3).

Figure 5.3: left graph: (a) the geometry of the STM-sample system and the emission: towards
the vacuum "tip-side emission" and towards the sample "prism-side emission"; (b) Expanded
picture of the region around the tip-sample gap; (c) The tip is modeled as a sphere and the
sample is modeled as a semi in�nite substrate with a �at surface. The distance d is the tip-
sample separation; (d) The gap-sample structure and the tunneling current are replaced by an
e�ective dipole Pz(ω). Right graph: the calculated equipotential curves of the electric �eld
(taken from Uehara et al. [100]).

Consider a metal �lm deposited on a glass substrate. The sample is considered having an
IMI structure with a metal �lm bounded by the cover layer (air) and the substrate (glass). An
STM tip is located close to the sample (see graph (a) left column of �gure 5.3). The power
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spectrum of the STM tunneling current is decreasing linearly with frequency

< I2 >=
1

2 π
e · I

(
1− ~ω

eV0

)
(5.32)

where V0 is the bias voltage and I is the DC current [100].

From the �uctuations of the current �ux the intensity of the radiation is obtained by solving
Maxwell equations. One focuses on the region in the vicinity of the tip and the sample surface
presented in graph (b) left column in �gure 5.3. Since the tunneling current decays exponentially
with the tunneling distance this current, localized between the tip and the sample surface below,
is sensitive to this local region only.

Uehara et al. model the tip as a sphere and the sample as a �at surface with a semi in�nite
extent (see graph (c) left column of �gure 5.3). Since tunneling occurs in a very small region of
the tip, the STM sphere radius is of an order of a few Angstroms (1 Å=0.1 nm). To calculate
the radiation intensity, one introduces an e�ective dipole Pz(ω) which equivalently generates
the electromagnetic �eld (see graph (d) left column of �gure 5.3).

Figure 5.3 right graph displays the electric �eld induced by the tunneling current spreading
over a wider region. But the main part of this �eld is con�ned in a region much smaller than
the size of the tip and the wavelength of the visible light. This tangential region is about a
hundred of Angstroms in size.

From this qualitative explanation one concludes that the inelastic tunneling current of an
STM can be modeled, as we did in the present work, as an oscillating dipole with only the
normal surface component (z in our case). The calculation of the oscillating dipole �eld, its
penetration in the sample and the transmitted electromagnetic �ux is done in the framework
of Lukosz and Kunz [18], Novotny[20], Drezet and Genet [23], and Arnoldus and Foley [61]
models discussed in the next section.

5.3 Oscillating dipole model (OD) in the momentum space

The system studied in this section is presented in Figure 5.4. A stack of thin �lms (e.g. air-
Au-SiO2-Au-Ti-glass) is excited by inelastic tunneling electrons (the localized source is located
about 1 nm from the surface). In the experiment we want to model, the light transmitted
through the substrate of the thin �lm stack is collected by an inverted optical microscope.

Gimzewski et al. [101] discovered that the inelastic tunneling electrons excite the localized
gap plasmon localized modes of a tip-sample junction. These gap plasmons excite the SPPs of a
gold-air interface. If the Au �lm is thin enough (. 70 nm) then the evanescent �eld of the SPPs
can "leak" into the next layer of higher refractive index and give rise to the emission of photons.
The smaller the distance the higher the tunnel current thus the vast majority of the current
passes vertically between the tip and the sample. Therefore, the oscillating dipole representing
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the tunnel current is taken to be vertical. Several models of the light emission under the STM
tip have been presented in the literature. Here we mention the models of Lukosz and Kunz
[18], Novotny[20], Drezet and Genet [23], and Arnoldus and Foley [61]. Following these authors
we approximate the excited gap plasmons by an oscillating dipole which radiates. The model,
called the oscillating dipole model (OD) uses the formulation of Novotny[20] and Bhardwaj et
al. [59]. We have also programmed the Drezet and Genet [23] model which gives similar results.
Bhardwaj et al. [59] and Drezet and Genet [23] implement their models for a three-layer, two
interface system. Since the derived expression contains the transmitted coe�cients of the entire
stack, the �nal transmitted �ux (eq. (5.48) below) implicitly depends on the number of layers.
Our contribution is the implementation of a method calculating this transmitted �ux for an
arbitrary number of layers.

Let us return to �gure 5.4 presenting the geometry of the multilayer system where the
oscillating dipole is located at a height h above the surface. The OD model expresses the light

Figure 5.4: Six layer thin �lm stack excited by an oscillating dipole located at a height h above
the �rst interface, where d is the total thickness of the stack.

emission by an oscillating dipole in terms of the Hertz auxiliary vectors ~Π. If the substrate
and the layers are described by linear, homogeneous and isotropic material functions then
the electromagnetic �eld can be derived from two scalar functions, in fact two components of
the Hertz vector ~Π = (Πx, 0,Πz). In the time-harmonic approximation (with the convention
exp(−i ω t)) the electric and magnetic �elds in terms of Hertz vectors ~Π read

~E = (k2 + ~∇~∇·) ~Π ~H = −i ω ε0 ε ~∇× ~Π (5.33)

For a layer j the Hertz vector ~Π is calculated by solving the vector Helmholtz wave equation

(∇2 + k2j )~Π(~r) = 0, kj = (ω/c)
√
εj µj j ∈ [1, n] (5.34)

The basis functions satisfying this wave equation are a product of a Bessel function Jn of order
n and an exponential. In cylindrical coordinates one has

Jn(kρ ρ) exp(i kz z + i n ϕ), (5.35)
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where (ρ, ϕ, z) are the position coordinates and kρ and kz are the components of the wave vector
~k parallel and perpendicular to the interface . The solution of the Helmholtz equation in terms
of a scalar free-space Green's function G0(~r, ~r

′) (see Novotny [102, chapter 2]) and a current
density ~j(r) reads

~Π(~r) =
i

ω ε0 ε

∫
V

dV ′~j(~r ′)G0(~r, ~r
′). (5.36)

For an oscillating dipole of momentum ~p0 located at ~r = h (see �gure 5.4) the current density
is ~j(~r ′) = − i ω ~p0 δ(~r ′−h). In this case the Green's function G0 is written as a spherical wave.
Then one rewrites eq. (5.36)

~Π(~r) =
~p0

4π ε0 ε

exp(i k |~r − h|)
|~r − h|

(5.37)

Using the Sommerfeld identity expansion we can write the spherical wave as a superposition of
plane waves in cylindrical coordinates

exp(i k R0)

R0

= i

∫ ∞
0

dkρ
kρ
kz
J0(kρ ρ) exp(i kz |z − h|)

∝
θc∑
θ=0

plane wave thin film(ε1/.../εn) +
90∑
θc

plane wave thin film(εn/.../ε1)

∝
θc∑
θ=0

propagating +
90∑
θc

evanescent

(5.38)

where R0 = [ρ + (z − h)]1/2, and J0 is again a Bessel function. Note that the expression in
cylindrical coordinates permits a simple separation of the two terms. Arnoldus and Foley [61]
use spherical coordinates. In order that eq. (5.38) be convergent, one requires Im(kz) > 0
which corresponds to ñ = n+ iκ (see footnote 1).

The Sommerfeld expansion of a spherical wave is a mathematical tool. It contains two
contributions: one propagating from the source (in our case the oscillating dipole in air) and
one propagating from the substrate (opposite direction, glass medium). In these two cases the
wave vector projection does not span the same domain, kairρ ∈ [0, 1] k0 and kglassρ ∈ [1, 1.52] k0.
The metrics of these projections are di�erent and below we will use kglassρ associated to the
angle θglass of the εn > ε1 medium. One can make the following comments on the above two
terms of eq. (5.38) in the simplest case of dielectric media

1.
θc∑∑∑
θ=0

propagating: corresponds to an allowed/propagating wave. Propagating from the

upper layer (air) to the lower layer (glass) with θair ∈ [0, 90◦] and θglass ∈ [0, θc], where θc
is the critical angle

θc = arcsin
nair
nglass

(5.39)

where nair and nglass are the refractive indices. The wave vector projections kρ, kz air and
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kz glass are real (see also the de�nition (5.22) and (5.23))

kρ = k0 nair sin θ kz air =
√

(k0 nair)2 − k2ρ kz glass =
√

(k0 nglass)2 − k2ρ. (5.40)

2.
90∑∑∑
θc

evanescent: corresponds to a forbidden or an evanescent wave. The light propagates

from the lower layer (glass) to the upper layer (air) with an incident angle θglass beyond
the critical angle θc (θglass ∈ [θc, 90◦]). In this case the wave vector kρ and kz glass are real
while kz air is purely imaginary

kρ = k0 nglass sin θ kz glass =
√

(k0 nglass)2 − k2ρ kz air = i
√
k2ρ − (k0 nair)2.

(5.41)

Since in the evanescent region kz air is purely imaginary, the exponent i kz|z−h| in eq. (5.38) is
real, meaning that perpendicular to the interface the light is evanescent. Figure 5.5 presents the
variation of kz air and kz glass as a function of the normalized in-plane wave vector kρ/k0 using
eqs. (5.40) and (5.41). As explained above kz air is purely real or purely imaginary respectively
in the propagating (kρ/k0 within 1) and the evanescent (kρ/k0 beyond 1) domains whereas
kz glass is real everywhere.

With a complex refractive index, kz becomes complex. Such a case seldomly appears in
practice since the discussion above concerns the superstrate (�rst layer, air) and the substrate
(last layer, glass). The other layers of the thin �lm stack can be of di�erent material nature,
this will not change the above discussion.

kz = krz + i kiz. (5.42)

Each thin �lm of our stack presented in �gure (5.4) is expanded in terms of the basis functions

Figure 5.5: Variation of kz air and kz glass as a function of the normalized in-plane wave vector
kρ/k0 using eqs. (5.40) and (5.41) at the wavelength λ0=700 nm.

eq.(5.35). The di�erent expansions must satisfy the boundary conditions at the interfaces. The
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corresponding Hertz vectors ~Π can be derived from eqs. (5.33) using the boundary conditions
at the interfaces, which requires k2(∂Πx/∂z), k2Πx, ∇·~Π, and k2 Πz. Since the �eld of a vertical
dipole is rotationally symmetric, the Hertz vector ~Π has only one component ~Π = (0, 0,Πz).

Experimentally the intensity distribution of the emitted photons in the back focal plane of
the collection objective is imaged. This corresponds to a calculation of the in-plane vectors of
momentum/Fourier space. In more precise terms, the use of cylindrical coordinates allows one to
treat the penetrating z and in-plane ρ and ϕ coordinates. The coordinates that will be involved
in the Fourier transform correspond to the couple (ρ, ϕ)⇔(kρ, kϕ). The z coordinate remains
unchanged throughout these transformations. Moreover, in the present model we assume no
ϕ ⇔ kϕ dependence in the observables and therefore this coordinate will be withdrawn from
the expressions below.

Following the above discussion, we �rst calculate the in-plane electric �eld in the substrate
E(kρ, z, ω) in momentum space. It is a function of the in-plane momentum distribution of
the transmitted photons written in terms of the transmission coe�cient t(p) calculated using
Bethune's algorithm (see section 5.1.2). Based on the Novotny formulation [20], Bharadwaj et
al. [59] calculated the in-plane electric �eld Eρ in cylindrical coordinates

Eρ(kρ, z, ω) =
i

8π2 ε0

k0 kρ t
(p)(kρ, z)

kz air
exp[{i [kz air h− kz glass(z + d)]}], (5.43)

where again h is the position of the dipole above the gold surface and d is the thickness of the
system (both are displayed in �gure 5.4) and k0 = ω/c is the vacuum wave vector. The electric
�eld of eq. (5.43) is used to calculate the transmitted �ux or Poynting vector through the thin
�lm stack. Using the time harmonic Faraday-Maxwell equation for the magnetic �eld one has
in coordinate space

~S = ~E × ~H∗ iω µ0 µ ~H = ~∇× ~E

~S =
1

iω µ0 µ
~E × (~∇× ~E∗)

In momentum/Fourier space one writes

~S = ~E × ~H∗ ω µ0 µ ~H = ~k × ~E

ω µ0 µ ~S = ~E × (~k × ~E∗) = (~E · ~E∗)~k∗ − (~E · ~k∗)~E∗ = (~E · ~E∗)~k∗
(5.44)

where, since the two vectors ~k and ~E are orthogonal for homogeneous media, (~E · ~k)~E∗ in the
second line of the expressions above is zero.

One is interested in the transmitted �ux or Poynting vector S↓ in the last medium of the
multilayer (or substrate)

S↓(kρ, z, ω) = ~S(kρ, z, ω) · ~nz =
~E(kρ, z, ω) · ~E∗(~kρ, z, ω) k∗fz

ω µ0 µ
, (5.45)
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where ~nz is the unit vector perpendicular to the interface of the stack of thin �lms. Normalizing
the Poynting vector eq. (5.45) to the incident Poynting vector S0, one obtains the intensity of
the transmitted light

I↓(kρ, z, ω) =
S↓ρ(kρ, z, ω)

S0

=
k∗fz

S0 ω µ0 µ
Ekρ(kρ, z, ω) E∗kρ(kρ, z, ω); (5.46)

where S0 reads

S0 =
p20z

12π2

ω

ε0
k51 [S0] =

Q2 L2 T−1

Q2 T 2/(M L3)
L−5 =

M

T 3
(5.47)

where p0z is the dipole moment of the oscillating dipole and k1 is the wave vector in medium
1. As in the spherical wave expansion, the transmitted �ux in the lowest medium I↓f can
be decomposed into two contributions I↓allowed and I

↓
forbidden, which are respectively the power

radiated into the forward direction within (allowed light) and beyond (forbidden light) the
critical angle θc de�ned in this last medium. Therefore the intensity of the transmitted light
I↓(kρ, z, ω) presents two forms


I↓allowed =

k20 k
∗
z glass

S0 ω µ0 µ

k2ρ |t(p)(kρ, z)|2

k2z air
kρ ∈ [0, k0 nair]

I↓forbidden =
k20 k

∗
z glass

S0 ω µ0 µ

k2ρ |t(p)(kρ, z)|2

k2z air
exp(−2 kiz air h) kρ ∈ [k0 nair, k0 nglass]

, (5.48)

where kiz air is the imaginary part of the wave vector projection kzair, t(p)(kρ, z) is the trans-
mission coe�cient of thin �lm stack of thickness d. Note that the complete information about
the layered system is contained in the transmission coe�cient t(p) calculated using eq. (5.30)
of section 5.1.2 above. Since kiz air is positive, the power �ux of the evanescent waves decays
exponentially with the inverse of the height h of the dipole above the interface. The height h of
the dipole above the �rst interface permits a modulation of the origin of the transmitted light.
If the height h is large the emitted �ux originates from propagating waves Iallowed only, since
exp(−2 kiz air h) reduces the evanescent contribution to almost zero. If the height is small then
there is a signi�cant contribution of the evanescent term. The originality of our model is that
we can treat a problem of an arbitrary number of layers.
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5.3.1 Oscillating dipole (OD) transmitted �ux in coordinate space

To obtain the �ux S↓ρ(ρ, z) in real space {~ρ, z} one must separately inverse Fourier transform
the electric �eld Eρ and the product kfz · Eρ

~Eρ(~ρ, z) =
1√
2π

∫
d~kρ ~Eρ(~kρ, z) e(i

~kρ·~ρ) d ~Eρ(~ρ, z)

d z
=

1√
2 π

∫
d~kρ kfz · ~Eρ(kρ, z) e(i

~kρ·~ρ),

(5.49)

Using eq. (5.44) the �eld and its derivative are combined to obtain the equivalent of eqs. (5.45)
and (5.46) of the Poynting vector and of the �ux intensity in coordinate space

S↓ρ(ρ, z) =
1

ω µ0 µ
Eρ(ρ, z) ·

dE∗ρ(ρ, z)

dz
I(ρ, z) =

1

S0 ω µ0 µ
Eρ(ρ, z) ·

dE∗ρ(ρ, z)

dz
. (5.50)

We would like to point out that the coordinate z is a spectator coordinate. It is never used in
a Fourier transform.

5.4 Conclusion

This chapter presented the excitation by a source at in�nity (ESI) model and a local excitation
using an oscillating dipole (OD) model of a multilayer (n>3) thin �lm stack. In the ESI
model the light is analyzed in re�ection and transmission using respectively the re�ectance and
transmittance. In the OD model, derived in refs. [18; 20; 23], we used the Sommerfeld expansion
expressing the spherical waves generated by the dipole in terms of plane waves in cylindrical
coordinates. Both models ESI and OD require calculations using a plane wave formalism. The
transfert matrix algorithm of Abèles as implemented by Bethune [58], an algorithm taking into
account multiple re�exions, is used to obtain the re�exion and transmission Fresnel coe�cients.
The ESI and OD models have been implemented in a Mathematica notebook, the results and
the comparison with the experiment are presented in the next chapter.

67



Chapter 6

Comparative study of the SPP-like and of
the wave guide like (WG-like) modes of
the three and six-layer thin �lm stacks

This chapter presents the calculations of observables when a thin �lm stack is excited by a
source at in�nity or a local source of light or electrons. As explained in chapter 5 we used
models where the source is at in�nity (ESI, section 5.1 of the preceding chapter) and a local
source of excitation where the inelastic tunneling electrons of the STM are represented by a
vertical oscillating dipole (OD, section 5.3 of the preceding chapter). The results are presented
for three (air-Au-glass) and six-layer (air-Au-SiO2-Au-Ti-glass) thin �lm stacks. For the six
layer stack, the two gold layers have identical thicknesses.

For the ESI model, the observables are the re�ectance and the transmittance, whereas using
the OD model one studies the transmitted �ux intensity. Sections 6.2.1, 6.2.2 and 6.4.1 below
which discuss the ESI and the OD models begin by exploring the observables as a function of
the thicknesses of the Au and SiO2 layers respectively dAu and dSiO2 . Then one discusses the
dispersion curves and �nally the comparison of the model calculations with the experiment.
The last part of this chapter presents the transmitted �ux intensity calculation in coordinate
space using the OD model.

6.1 Material functions

In this section I will compare the Palik compilation and Johnson and Christy [103] data for the
refractive index of the gold layer. The metal refractive index reads

nmetal = n+ iκ
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where n and κ are the real and the imaginary parts of the refractive index. Figure 6.1 displays
the real and imaginary parts of the refractive index as a function of the wavelength λ. Based
on �gure 6.1, the imaginary part of the refractive index is smooth for the Johnson and Christy
data [103] whereas the Palik compilation [104] displays a plateau between 570-670 nm. This
plateau can change the results in the region between 570 nm and 670 nm. The real part of the
data in discussion are very similar. More recent data of Yakubovsky et al. [105] and Olmon et
al. [106] reproduce the Johnson and Christy results. We conclude that the Palik data presents
a problem between 570-670 nm and we will use the Johnson and Christy data in the following.

Figure 6.1: Comparison between the refractive index of gold as a function of the wavelength λ,
using the data of Palik and Johnson and Christy.

6.2 Excitation by a source at in�nity (ESI): Re�ectance

and transmittance

Recall that a thin �lm stack (see chapter 2) is composed of a number of layers where the �rst,
called the cover layer, and the last, called the substrate, are semi in�nite. In the ESI model
discussed in this section, the thin �lm stack is excited by a plane wave incident from the glass
medium, and the normalized re�ected �ux or re�ectance is calculated (see �gure 6.2). One also
calculates the transmittance. In the next two sections we will vary the geometrical parame-
ters of the thin �lm in search of the appropriate geometrical parameters for the experimental
measurements.
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glass-Ti(3 nm)-Au(dAu)-SiO2(dSiO2)-Au(dAu)-air

Figure 6.2: The six layer thin �lm stack used in the calculations.

6.2.1 Au thickness variation

In this section the gold thickness of the three and the six-layer thin �lm stack is varied while
the SiO2 thickness is 70, 310 or 410 nm.
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glass-Au(dAu)-air glass-Au(50 nm)-air

glass-Ti(3 nm)-Au(dAu)-SiO2(dSiO2)-Au(dAu)-air

dSiO2 =70 nm dSiO2 =310 nm dSiO2 =410 nm

glass-Ti(3 nm)-Au(30 nm)-SiO2(dSiO2)-Au(30 nm)-air

dSiO2 =70 nm dSiO2 =310 nm dSiO2 =410 nm

Figure 6.3: Re�ectance as a function of the Au layer thickness dAu and of the normalized in-
plane wave vector kρ/k0 for incident p polarized light λ = 750 nm. The �rst row presents the
data for the three-layer stack as a 3D plot (left), and as a 2D plot (right) for dAu =50 nm.
The second row left, middle and right graphs display the re�ectance of the six-layer stack with
dSiO2=70 nm, dSiO2=310 nm and dSiO2=410 nm respectively. The third row displays 2D cuts
for an experimental thickness dAu =30 nm of the 3D plots of the second row.

Figure 6.3 displays a 3D graph of the re�ectance R as a function of the gold thickness dAu
and the normalized in-plane wave vector kρ/k0 at the wavelength of λ=750 nm. This �gure also
presents 2D graphs of the re�ectance as a function of kρ/k0 of a three-layer stack with dAu = 50
nm (�rst row, right graph). Since the energy of the incident light is transferred to the SPP
bound mode and is not re�ected, the SPP mode appears as a dip in the re�ectance [34]. The
associated experimental method is discussed in chapter 4. In the three-layer stack (�rst row

71



6.2. EXCITATION BY A SOURCE AT INFINITY (ESI): REFLECTANCE AND TRANSMITTANCE

in �gure 6.3) the dip in the evanescent region appears at kρ/k0 ∼= 1.025 for dAu(nm) ∈ [10, 90]
and it corresponds to an SPP mode (see for example Bharadwaj et al.[59], Wang et al. [39]
and Marty et al. [60]).

First of all the di�erence between the three-layer dthreeAu (nm) ∈ [10, 90] and six-layer dsixAu(nm) ∈
[10, 50] stacks originates from the presence of two gold thin �lms in the six-layer stack. For
a six-layer stack, three di�erent thicknesses of dSiO2 are explored, 70, 310 and 410 nm, �rst,
second and third column in �gure 6.3. In these graphs the re�ectance has a signi�cant dip at
kρ/k0= 1.035, 1.02 and 1.035 for dAu(nm) ∈ [10,50]. Since the dip has a normalized in-plane
wave vector close to the one of the SPP for three-layer, this mode possibly has an SPP character
and will be called an SPP-like mode.

At large SiO2 thicknesses our six-layer structure can support guided modes in the SiO2 layer
(see the discussion of this assignment of this mode in section 6.4.4). For the thicknesses dSiO2=
310 and 410 nm a second dip is present possibly having this wave guide nature and it will be
designated as a wave guide like (WG-like) mode. It corresponds to a larger normalized in-plane
wave vector kρ/k0=1.35 and 1.45 respectively for dSiO2=310 and 410 nm. Note also that for
dSiO2=310 nm (�gure 6.3 third row, second column) the normalized wave vector dip of the
SPP-like mode is shifted down to 1.02 being possibly repelled by the presence at kρ/k0=1.35
of a WG-like mode.

Based on the above discussion, a three-layer experimental sample is prepared with dthreeAu =
50 nm and a six layer is prepared with dsixAu = 30 nm. These samples correspond to a signi�cant
dip in the re�ectance (�gure 6.3 third row). The WG-like mode appears only in the six-layer
stack and the conditions of its appearance as a function of SiO2 thickness are explored next.

6.2.2 SiO2 thickness variation in a six-layer stack

The results of the preceding section let us select the Au layer thickness of the six-layer stack.
Figure 6.4 displays the re�ectance for λ=750 nm as a function of the SiO2 thickness dSiO2 and
the normalized in-plane wave vector kρ/k0 for dAu = 15 (left graph) and 30 nm (right graph).
Figure 6.5 presents 2D cuts of the 3D graphs in �gure 6.4, at kρ/k0 =0.5, 1.02, 1.04 and 1.35 for
both dAu = 15 nm and dAu=30 nm. These normalized in-plane wave vectors kρ/k0 are chosen
in order to present the re�ectance as a function of SiO2 thickness in the propagating, close to
1 and evanescent regions. In the propagating region kρ/k0 ∈ [0, 1] (see �gure 6.4 and �gure 6.5
�rst column) the graphs display clear periodic behavior, with a period of about 280 nm.
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glass-Ti(3 nm)-Au(dAu)-SiO2(dSiO2)-Au(dAu)-air

dAu = 15nm dAu = 30nm

Figure 6.4: The re�ectance of incident p polarized light of λ = 750 nm as a function of dSiO2

and the normalized in-plane wave vector kρ/k0. Left graph dAu=15 nm, right graph dAu=30
nm.

glass-Ti(3 nm)-Au(15 nm)-SiO2(dSiO2)-Au(15 nm)-air

kρ/k0 =0.5 kρ/k0 =1.02 kρ/k0 =1.35

glass-Ti(3 nm)-Au(30 nm)-SiO2(dSiO2)-Au(30 nm)-air

kρ/k0 =0.5 kρ/k0 =1.04 kρ/k0 =1.35

Figure 6.5: The re�ectance of p polarized light at λ = 750 nm as a function of the SiO2

thickness dSiO2 . At �xed normalized in-plane wave vector kρ/k0 the �rst row glass-Au(15nm)-
SiO2(dSiO2)-Au(15nm)-Ti(3nm)-air at kρ/k0 =0.5, 1.02, and 1.35, and the second row glass-
Au(30nm)-SiO2(dSiO2)-Au(30nm)-Ti(3nm)-air at kρ/k0 =0.5, 1.04, and 1.35 are presented in
the �rst, second and third columns respectively.
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The �rst column of �gure 6.5 presents a cross-section at kρ/k0=0.5 in the allowed region
with a clear periodicity as mentioned above and deep minima in the re�ectance. The maxima
and minima collected in table 6.1 are not very di�erent.

Table 6.1: Re�ectance amplitude for dAu=15 and 30 nm at kρ/k0=0.5, 1.02, 1.04 and 1.35.

kρ/k0 0.5 1.02 / 1.04 1.35
dAu 15 nm 30 nm 15 nm 30 nm 15 nm 30 nm
Rmin ∼0 0.1 0.28 0.42 0.22 ∼0
Rmax 0.75 0.85 0.95 0.8 0.8 0.8

The second column of �gure 6.5 displays the results at kρ/k0=1.02 and 1.04 respectively
for dAu=15 and 30 nm. These particular normalized in-plane wave vectors corresponding to
a shallower re�ectance minimum, are probably due to the interaction between the SPP and
WG-like modes. The minima are deeper for dAu=15 nm than for dAu=30 nm (see table 6.1)
indicating that the transmission due to the evanescent wave is stronger for thinner layers of
gold (see �gure 6.3 of the preceding section).

How can one understand the periodic behavior of the re�ectance at kρ/k0< 1 and the relation
between thickness and the wavelength? Born and Wolf [12, chapter 1] demonstrate this periodic
behavior for a glass-SiO2-air dielectric stack. The Fresnel coe�cient r13 of this stack reads

r13 =
r12 + r23 exp(2 i β)

1 + r12 r23 exp(2 i β)
,

with
β =

2π

λ
n2 cos θ2 h

where h is the thickness of SiO2 layer. The corresponding re�ectance R13 is

R13 = r13 r
∗
13 =

r212 + r223 + r12 r23 cos(2 β)

1 + r212 r
2
23 + 2 r12 r23 cos(2 β)

. (6.1)

The re�ectance R13 is unchanged when replacing β by β + π

β + π =
2π

λ
n2 cos θ2 h+ π =

2π

λ
n2 cos θ2

(
h+

λ

2n2 cos θ2

)
=

2π

λ
n2 cos θ2 (h+ ∆h)

∆h =
λ

2n2 cos θ2
=

λ

2
√
n2
2 − (kρ/k0)2

(6.2)

Born and Wolf [12] conclude that the re�ectance of a dielectric �lm is periodic with a period
of ∆h.
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kρ/k0 =0.5

Figure 6.6: Re�ectance at λ=750 nm of a SiO2 �lm bounded by glass and air, as a function of
the SiO2 thickness dSiO2 .

At λ=750 nm and kρ/k0=0.5, �gure 6.6 displays the re�ectance of glass-SiO2-air stack, as
a function of SiO2 thickness dSiO2 . With this WG model, supporting only the WG-like modes,
∆h=278 nm compared with ∆h=280 nm measured in the graphs of the �rst column of �gure
6.5. We conclude that what we are observing at kρ/k0=0.5 (�gure 6.5 �rst column) is a WG-like
mode. In the evanescent region for kρ/k0 ∈[1,1.52] the periodicity with dSiO2 is less obvious
and partly disappears (see �gure 6.4 and the second and third columns of �gure 6.5) and there
is a change in the slope of the re�ectance furrow of the WG-like mode.

6.2.3 Re�ectance of three and six-layer thin �lm stacks as a function
of λ and kρ/k0

In the preceding two sections we have presented the results of the calculation of the re�ectance at
the wavelength λ=750 nm. Here I want to explore the wavelength dependence of the re�ectance
for the thicknesses of dAu and dSiO2 found above. Figure 6.7 presents the re�ectance as a function
of the wavelength λ and the normalized in-plane wave vector kρ/k0 for a three (�rst row) and
six-layer (second row) stack where the left, middle and right graphs correspond to dSiO2 = 190,
310 and 410 nm respectively. For the three-layer case, the SPP mode appears at kρ/k0 = 1.025
(see �gure 6.3 above, �rst row right graph) and the normalized in-plane wave vector is nearly
invariant with the wavelength (∆kρ/k0 = 0.06). For the six-layer stack, the dip corresponding
to the SPP-like mode appears in the evanescent region and again this dip is nearly invariant
with the wavelength. For the chosen thicknesses of SiO2 the WG-like mode appears at di�erent
λ and varies with kρ/k0 in both the propagating and evanescent regions. In the evanescent
region this picture is not clear due to the simultaneous presence of the SPP-like and WG-like
modes. At kρ/k0=1.5 the WG-like mode starts at λ=680, 850 and 1050 nm for dSiO2=190, 310
and 410 nm respectively. From this, one can conclude that with increasing SiO2 thickness, the
appearance of the region of the WG-like mode is displaced to larger wavelengths. Precisely
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these graphs display an avoided crossing (anti-crossing) discussed in relation with the density
plot graphs �gure 6.9.

glass-Au(50 nm)-air

glass-Ti(3 nm)-Au(30 nm)-SiO2(dSiO2)-Au(30 nm)-air

dSiO2 =190 nm dSiO2 =310 nm dSiO2 =410 nm

Figure 6.7: The re�ectance of p polarized light as a function of the wavelength λ and of
the normalized in-plane wave vector kρ/k0. The �rst row presents the three-layer stack glass-
Au(50nm)-air. The second row left, middle and right graphs display the re�ectance of a six-layer
stack glass-Au(30nm)-SiO2(dSiO2)-Au(30nm)-Ti(3nm)-air with dSiO2 = 190, 310 and 410 nm
respectively.

Columns λ=680, 750 and 850 nm of �gure 6.8 present the detailed graphical study of the
re�ectance as a function of the normalized in-plane wave vector kρ/k0 of a six-layer stack with
dSiO2=190, 310 and 410 nm in the �rst, second and third rows respectively. We discard dSiO2=70
nm since the WG-like mode is absent (see section 6.2.2).
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glass-Ti(3 nm)-Au(30 nm)-SiO2(190 nm)-Au(30 nm)-air

λ =680 nm λ =750 nm λ =850 nm

glass-Ti(3 nm)-Au(30 nm)-SiO2(310 nm)-Au(30 nm)-air

λ =680 nm λ =750 nm λ =850 nm

glass-Ti(3 nm)-Au(30 nm)-SiO2(410 nm)-Au(30 nm)-air

λ =680 nm λ =750 nm λ =850 nm

Figure 6.8: The re�ectance of p polarized light as a function of the normalized in-plane wave
vector kρ/k0. A row corresponds to a particular thickness dSiO2=190, 310 and 410 nm of the
glass-Au-SiO2-Au-Ti-air thin �lm stack. A column corresponds to a particular wavelength
λ=680, 750 and 850 nm.

In these graphs the dip appearing just above kρ/k0=1 corresponds to an SPP-like mode
usually with a low mixing of the WG-like mode (see next chapter for more details). Sometimes
the SPP-like mode is enlarged and shifted (see �gure 6.8 SiO2=190, λ=680 nm) corresponding
to a larger mixing between the SPP-like and WG-like mode. The other dips appearing in the
propagating (see previous section) and in the evanescent regions (see the rest of the chapter) are
mainly of the WG-like mode type. From �gures 6.7 and 6.8, and the discussion of the preceding
two sections, one concludes that the SPP-like mode position in kρ/k0 is nearly invariant with
the wavelength except in the domain of the interaction with the WG-like mode. It is the wide
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variation of the WG-like kρ/k0 position of the re�ectance dip function of the wavelength that
permits the interaction and the avoided crossing (anti-crossing) with the SPP-like mode.

6.2.4 Dispersion of the re�ectance for s and p polarizations

glass-Au(50nm)-air

glass-Ti(3 nm)-Au(30nm)-SiO2(dSiO2)-Au(30nm)-air

dSiO2 =70 nm dSiO2 =310 nm dSiO2 =410 nm

Figure 6.9: Re�ectance dispersion of a thin �lm stack illuminated with s and p polarized light.
The �rst row presents the three-layer stack glass-Au(50 nm)-air results, left, s and right p
polarizations. The second and third rows present the s and p polarization laser excitation
of a six-layer glass-Ti(3 nm)-Au(30nm)-SiO2(dSiO2)-Au(30nm)-air stack. The columns of the
second and third rows correspond from left to right to dSiO2=70, 310 and 410 nm.

Figure 6.9 presents density plots (in the form of a 3D graph where the third component is
presented as color scale) of the dispersion curve of the re�ectance for illumination with s and
p polarized light. The �rst row displays the three-layer stack excited by s and p polarized
light. For s polarized light no apparent SPP mode is visible, since the SPP can not be excited
(see chapter 3). Therefore, the dip in the p polarization re�ectance (�rst line, right graph)
corresponds to the SPP mode (see discussion in section 6.2.1).
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The second and third rows present the six-layer stack excited again by s and p polarized
light respectively. The last two rows of the �gure correspond to dSiO2=70, 310 and 410 nm, in
the left, middle, and right columns. The p polarized re�ectance, displayed as a density plot in
the last row of �gure 6.9 for dSiO2=310 and 410 nm, has already been presented as 3D plots
in �gure 6.7 and as 2D plots in �gure 6.8. In the second row of �gure 6.9 the s polarized
re�ectance does not sustain SPP modes. Therefore, the dip in the s polarization re�ectance
appearing for dSiO2>200 nm can only be attributed to a WG-like mode. The comparison of the
features obtained using s and p polarized light validates our assignment of the non SPP mode
to the WG-like one. The SPP-like modes appear in the p polarization whereas the WG-like
modes appear in both s and p polarizations.

As discussed at the end of section 6.4.4 below and in the next chapter the WG-like mode is
located in the SiO2 dielectric and its characteristics depend mainly on the dielectric thickness.
Contrary to SPP-like mode which appears only in the evanescent region, no condition is imposed
on the light polarization or on the region of appearance of the WG-like mode.

For p polarized light in the evanescent region there is an avoided crossing between the SPP-
like and WG-like modes simultaneously present. Their avoided crossing (anti-crossing) appears
at λ=900 and 1100 nm respectively for dSiO2=310 and 410 nm. One can conclude that with
increasing SiO2 thickness the avoided crossing is displaced to larger wavelengths.

6.2.5 Re�ectance: comparison with the experiment

In our group at ISMO Shuiyan Cao, Eric Le Moal and Elizabeth Boer-Duchemin have performed
experiments equivalent to our calculations at a particular wavelength. In the experiment a
linearly polarized He-Ne laser is used and the light is incident from below the substrate at a
wavelength of 633 nm. The laser is focused on the sample using an oil immersion objective.
The re�ected light beam is collected using the same objective. Note that in the experiment
they measure the re�ected intensity which is not normalized. Figure 6.10 presents a cut at
λ = 633 nm in the 3D plots of �gure 6.7 and in our density plots �gure 6.9 along with the
experimental results.
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glass-Au(50nm)-air glass-Ti(3 nm)-Au (30nm)-SiO2(dSiO2)-Au(30nm)-air

dSiO2 =70 nm dSiO2 =310 nm

Figure 6.10: Model and experimental re�ectance at λ=633 nm where the �rst and the second
rows correspond to s and p polarization respectively. The �rst, second and third columns
present the data for a three-layer and a two six-layer stack with dSiO2=70 nm and dSiO2=310
nm respectively.

Table 6.2: Comparison between the model and the experiment normalized in-plane wave vector
kρ/k0 of the SPP-like and WG-like modes at λ=633 nm.

type polarization three layer six layer
dSiO2=70 nm dSiO2=310 nm

kSPP/k0 kSPP/k0 kSPP−like/k0 kWG−like/k0
experiment s - - - 1.191

model s - - - 1.202
experiment p 1.043 1.063 1.048 -

model p 1.065 1.095 1.065 1.5

Table 6.2 shows that the kρ/k0 position of the SPP-like and WG-like modes simulated in our
calculations and measured in the experiment are close to each other (∆kρ/k0=±0.02). At the
studied wavelength λ=633 nm, the WG-like re�ectance dip appears at about kρ/k0=1.2 and
1.5 for s and p polarization respectively. Figure 6.9 above has already presented the position of
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these modes. As for λ=633 nm discussed above the WG-like mode appears at both polarizations
but for di�erent normalized in-plane wave vectors kρ/k0.

6.2.6 Transmittance

Previously we have discussed the re�ectance, let us now look at transmittance. Figure 6.11
displays the real (�rst line) and imaginary (second line) components of the transmittance at
λ=750 nm as a function of the SiO2 thickness dSiO2 and the normalized in-plane wave vector
kρ/k0 for dAu = 15 (left column) and 30 nm (right column 1).

glass-Ti(3nm)-Au(dAu)-SiO2(dSiO2)-Au(dAu)-air

dAu = 15nm dAu = 30nm

Re (Transmittance)

Im (Transmittance)

Figure 6.11: The real (�rst line) and imaginary (second line) components of the transmittance
of incident p polarized light of λ = 750 nm as a function of dSiO2 and the normalized in-plane
wave vector kρ/k0. Left column dAu=15 nm, right column dAu=30 nm.

As expected, in this �gure the real part of the transmittance maxima correspond to the
re�ectance minima in �gure 6.4. Therefore the real part of the transmittance presents the same

1The oscillations in the graphs are due to the mesh used for the normalized in-plane wave vector in the
calculations.
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periodicity as the real part of the re�ectance but with inverse amplitude. The imaginary part
corresponds to the evanescent region of the re�ectance. We can conclude that these observables
(transmittance and re�ectance) are as it should be complementary.

Next we explain the behavior of the transmittance T . As discussed in chapter 5 for real
refractive indices for the cover layer and the substrate nair and nglass the transmittance reads

T s,p(kρ, ω) =
Nglass

Nair

|ts,p(kρ, ω)|2 (6.3)

where Nglass=kzglass/k0=nglass cos θglass and Nair=kzair/k0=nair cos θair. Nglass is real for all
kρ/k0 ∈ [0, 1.52] whereas Nair is real for kρ/k0 ∈ [0, 1] and is purely imaginary beyond 1 (see
�gure 5.5 and our discussion of the evanescent waves in chapter 3). In the above expression ts,p

is the transmission coe�cient of the entire thin �lm stack given in eq. (5.30) in the Bethune
[58] formalism.

Figure 6.12 presents the real (�rst row) and imaginary (second row) components of the
transmittance and the factor Nglass/Nair of eq. (6.3) (third row), as a function of the wave-
length λ and the normalized in-plane wave vector kρ/k0. The �rst, second and third columns
correspond to a three-layer and two six-layer stacks with dSiO2=190 nm and dSiO2=310 nm re-
spectively. The real part of T is non zero in the propagating region (kρ/k0 61, �rst row of the
�gure) whereas its imaginary part is non zero in the evanescent region (kρ/k0 > 1, second row of
the �gure). The ratio Nglass/Nair behaves like Nair, namely real in the propagating region and
imaginary in the evanescent region. A deeper understanding of the transmission observables
will be acquired in section 6.4.2 below where we will compare the present transmittance with
the intensity of the transmitted �ux generated by a local source.
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glass-Au(50nm)-air glass-Ti(3 nm)-Au(30nm)-SiO2(dSiO2)-Au(30nm)-air

dSiO2 =190 nm dSiO2 =310 nm

Re(Transmittance)

Im(Transmittance)

Re(Nglass/Nair) Im(Nglass/Nair)

Figure 6.12: The real (�rst row) and the imaginary (second row) components of the transmit-
tance as a function of λ and kρ/k0. The third row presents the same dependence of the real
(left) and imaginary (right) parts of the multiplicative factor Nglass/Nair of eq. (6.3). The �rst,
second and third columns of the �rst two rows correspond to a three-layer and six-layer stack
respectively with dSiO2=190 nm and dSiO2=310 nm.

Let us now consider an n-layer sample with an air cover layer and a glass substrate. In an
experiment one measures the real part of the transmittance Re(T ) therefore in the far �eld the
evanescent region cannot be studied, since the factor Nglass/Nair of eq. (6.3) is purely imaginary
and consequently the transmittance is purely imaginary too. However, one would be able to
measure a non zero transmittance in the air evanescent region in a (n+1)-layer stack. Namely

83



6.3. CONCLUSION FOR THE EXCITATION BY A SOURCE AT INFINITY (ESI) CALCULATIONS

the n-th semi in�nite air layer becomes a part of the stack and the (n+1) substrate semi in�nite
layer is the glass. The thickness of the air layer must be smaller than the light penetration
depth.

6.3 Conclusion for the excitation by a source at in�nity

(ESI) calculations

In the preceding sections I have presented the results of the calculations obtained using the ESI
model giving the re�ectance and the transmittance of a three and six-layer thin �lm stack. The
incident plane wave light has been considered for both the s and p linear polarizations. The
three-layer stack, widely studied in the literature [39; 59; 91], has been presented as a reference
and used for comparison with the present six-layer stack results.

The �rst part of section 6.2 concentrates on how the variation of the thicknesses of the thin
�lm stack a�ect the results. In the three-layer stack one can vary the thickness of the gold. Our
six-layer stack is glass-Ti-Au-(dAu)-SiO2(dSiO2)- Au-(dAu)-air with an identical thickness of the
two gold layers. The transmission is weak in a su�ciently thick gold layer, while the con�nement
is weak for a thin gold layer. We have shown that for dthreeAu (nm) ∈ [10, 90] and dsixAu(nm) ∈
[10, 50], respectively for the three and six-layer stacks, the observables are signi�cant. In fact
this corresponds to the same thickness since in the six-layer stack we use two thin gold �lms
of equal thickness. In agreement with the experimental samples for the rest of our calculations
we have �xed dthreeAu =50 nm and dsixAu=30 nm. The introduction of a dielectric (SiO2) between
two gold thin �lms in a six-layer thin �lm stack gives rise to a second mode possibly of a wave
guide (WG-like) type. This mode appears for values of dSiO2 slightly above 190 nm and it is
periodic with the dSiO2 thickness and couples with the SPP-like mode, therefore one can not
indicate its optimal thickness (see next chapter for more details). But, depending on the goal
one can select a particular thickness of dSiO2 .

The SPP-like and the WG-like modes behave di�erently. The SPP-like mode appears only
for p polarized incident light in the evanescent region (kρ/k0>1) and its dispersion is nearly
independent of the wavelength. The WG-like mode appears for both polarizations s and p at
di�erent normalized in-plane wave vectors (see section 6.2.5) in the propagating and in the
evanescent regions. It strongly dispersive with wavelength (λ/(kρ/k0)), and it is periodic with
SiO2 thickness.

In section 6.2.5 we have compared our calculations with the experiments performed at ISMO
by Shuiyan Cao, Eric Le Moal and Elizabeth Boer-Duchemin. At λ=633 nm the experimental
and theoretical results are in good agreement (∆kρ/k0=±0.02).
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6.4 Local source excitation using the oscillating dipole model

(OD): Transmitted �ux intensity in momentum space

In this and the following sections I will present the calculations of the transmitted �ux intensity
of a three (air-Au-glass) and a six (air-Au-SiO2-Au-Ti-glass) layer thin �lm stack. In the STM
experiment the inelastic tunneling electrons excite the optical and the plasmonic modes of the
thin �lm layer stack and the transmitted �ux is measured. Here I will use the oscillating dipole
model (OD) presented in chapter 5. The inelastic tunneling electrons of an STM are modeled as
a vertical oscillating dipole emitting light and located a few nanometers above the �rst interface
in the air layer.

In the experiment the transmitted �ux intensity is measured from the substrate using an
optical immersion microscope. For an air-gold-glass three-layer thin �lm stack Bharadwaj et
al. [59] and Wang et al. [39] measured the transmitted �ux intensity and identi�ed an SPP
mode in the evanescent region have a normalized in-plane wave vector close to 1.

6.4.1 Transmitted �ux intensity as a function of layer thickness in the
three and six-layer thin �lm stacks

In this section we will study the variation of the transmitted �ux intensity as a function of
the gold thickness for an air-Au-glass and an air-Au-SiO2-Au-Ti-glass thin �lm stack. We also
study this transmitted �ux as a function of dSiO2 thickness in the six-layer stack. The geometry
of the problem is presented in �gure 6.13

air-Au(dAu)-SiO2(dSiO2)-Au(dAu)-Ti(3 nm)-glass

Figure 6.13: The six layer thin �lm stack used in the calculation of the transmitted �ux intensity
I↓.

Figure 6.14 displays 3D graphs of the transmitted �ux as a function of the thickness dAu and
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the normalized in-plane wave vector kρ/k0 at λ = 750 nm. Complementary to the re�ectance
as seen in section 6.2, for the transmitted �ux a mode appears as a maximum. In the three
(�rst row) and six-layer stack with dSiO2=70 nm (second row left graph) the maxima in the
evanescent region at kρ/k0=1.02 (three layer) and kρ/k0=1.05 (six layer) correspond to an SPP
mode, since these kρ/k0 are close to the one founded by Bharadwaj et al.[59], Wang et al. [39]
and Marty et al. [60].

air-Au(dAu)-glass

air-Au(dAu)-SiO2(dSiO2)-Au(dAu)-Ti(3 nm)-glass

dSiO2 =70 nm dSiO2 =310 nm dSiO2 =410 nm

dSiO2 =70 nm dSiO2 =310 nm dSiO2 =410 nm

Figure 6.14: The transmitted �ux intensity at λ = 750 nm as a function of the normalized
in-plane wave vector kρ/k0 and the gold thickness dAu. The �rst row displays a three-layer
stack air-Au(dAu)-glass. The second row left, middle and right graphs display the transmitted
�ux intensity of a six-layer stack air-Au(dAu)-SiO2(dSiO2)-Au(dAu)-Ti(3nm)-glass with dSiO2 =
70, 310 and 410 nm respectively. In the third row, the z-scale has been decreased showing the
presence of the weaker WG-like mode.
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For the thicknesses dSiO2=310 and 410 nm (in third row, the z-scale has been decreased) the
second maximum assigned to a WG-like mode corresponds to a large normalized in-plane wave
vector kρ/k0 ∈ [1.3, 1.5] and dAu(nm) ∈ [10, 50]. The larger the thickness of dSiO2 , the larger
the normalized in-plane wave vector of the WG-like mode (see �gure 6.14 third line, second
and third columns). From now on we will consider that the mode appearing close to kρ/k0=1
is an SPP-like mode and the one that appears for larger normalized wave vectors is a WG-like
mode. Our assignment will be con�rmed in the following sections.

Let us now turn to the study of the transmitted �ux as a function of the thickness of the
SiO2 layer. Figure 6.15 displays the transmitted �ux at the wavelength of λ=750 nm as a
function of SiO2 thickness dSiO2 and the normalized in-plane wave vector kρ/k0 (�rst row). For
dAu=15 nm (left column) and 30 nm (right column) a zoom of the ordinate is also shown to
highlight the presence of a weaker second mode (second row). Recall that (see section 6.2.2)
in the propagating region kρ/k0 ∈ [0, 1] the re�ectance is periodic in dSiO2 (see �gures 6.4 and
6.5 above). However, no dSiO2 periodicity can be observed for this transmitted �ux in the
propagating region since the light is incident from the air and the WG-like mode is very weak
(see the explanation in the next section).

air-Au(dAu)-SiO2(dSiO2)-Au(dAu)-Ti(3 nm)-glass

dAu = 15nm dAu = 30nm

Figure 6.15: The transmitted �ux intensity at λ = 750 nm as a function of dSiO2 and the
normalized in-plane wave vector kρ/k0. The �rst row: left graph dAu=15 nm and right graph
dAu=30 nm. The second row : a zoom of the ordinate of the �rst row graphs showing the
presence of a weaker second mode.

Contrary to the re�ectance discussed in section 6.2 above, �gure 6.14 and 6.15 do not display
avoided crossing (anti-crossing). Instead, at high kρ/k0, the SPP-like and the WG-like modes
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seem to merge together at about kρ/k0≈1. The merging takes place at a di�erent wavelength
depending on the SiO2 thickness. A clearer picture can be obtained if one considers this dSiO2

variation at particular wavelengths. Figure 6.16 presents the density plots of the transmitted
�ux intensity of an air-Au(30nm)-SiO2(d(nm))-Au(30nm)-Ti(3nm)-glass stack as a function of
dSiO2 and the normalized in-plane wave vector kρ/k0, at λ=680, 750 and 850 nm in the left,
middle and right graphs respectively. Over the entire range of the SiO2 thickness dSiO2 , the
SPP-like mode appears at kρ/k0 ≈ 1 and the WG-like mode at kρ/k0 > 1.20. For λ=680,
750 and 850 nm the wave guide mode starts at dSiO2=200, 250 and 300 nm respectively. As
explained in section 6.4.4 below, the thickness of the SiO2 layer at which the WG-like mode
appears is related to the light wavelength (see eq. (2.3) below), namely the thiner dSiO2 , the
shorter the wavelength at which the WG-like mode appears.

air-Au(30nm)-SiO2(d(nm))-Au(30nm)-Ti(3nm)-glass

λ=680 nm λ=750 nm λ=850 nm

Figure 6.16: Density plots of the transmitted �ux intensity of an air-Au(30nm)-SiO2(d(nm))-
Au(30nm)-Ti(3nm)-glass stack as a function of SiO2 thickness dSiO2 and the normalized in-plane
wave vector kρ/k0 at λ=680, 750 and 850 nm respectively in the left, middle and right graphs.

6.4.2 Comparison between the transmitted �ux for the light sources
located at in�nity and close to the surface.

In this section we will show that the transmittance of a source located at in�nity (see section
6.2.6) and the transmitted �ux of a local source are complementary. The transmittance is
presented in eq. (6.3). Recall the transmitted �ux intensity I↓ of a local source given in
equation (5.46) of chapter 5 (see the meaning of the notations there)

I↓allowed =
k20 k

∗
z glass

S0 ω µ0 µ

k2ρ |t
(p)
air(kρ, z)|2

k2z air
kρ ∈ [0, k0 nair]

I↓forbidden =
k20 k

∗
z glass

S0 ω µ0 µ

k2ρ |t
(p)
glass(kρ, z)|2

k2z air
exp(−2 kiz air h) kρ ∈ [k0 nair, k0 nglass]

, (6.4)
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I↓(kρ, z, ω) = FI |t(kρ, z)|2

where the factor FI reads

FI =
k20 k

∗
z glass

S0 ω µ0 µ

k2ρ
k2z air

exp(−2 kiz air h). (6.5)

Here t(kρ, z) is the Fresnel transmission coe�cient of the entire layer.

t · t∗ Transmitted �ux intensity

FI FI

Figure 6.17: First row presents the square of Fresnel transmitted coe�cients t · t∗ (left graph)
and the transmitted �ux intensity eq. (6.4) (right graph) as a function of the wavelength λ and
the normalized in-plane wave vector kρ/k0 for a six-layer stack with dSiO2=310 nm. Second row
is a zoom of the �rst row. The third row left graph displays the transmitted �ux factor FI eq.
(6.5) and the right graph is a zoom of the left graph

Both the transmittance (eq. (6.3) and the transmitted �ux eq. (6.4) are written as a
product of a numerical factor and a dynamical contribution in terms of Fresnel coe�cients.
First let us compare the factors Nglass/Nair (eq. (6.3) and �gure 6.12 third row) and FI (eq.
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(6.5) and �gure 6.17 third row). The coe�cient Nglass/Nair is real and purely imaginary in the
propagating and the evanescent regions respectively. The coe�cient FI is always real with a
large amplitude in the evanescent region.

The comparison between the transmittance T p(kρ, ω) (eq. (6.3)) and the transmitted �ux
I↓ can really be performed only in the evanescent region. Precisely in the propagating region
the Fresnel transmission coe�cients |t|2 in eq. (6.3) correspond to the excitation from glass
whereas these coe�cients in the transmitted �ux intensity (eq.(6.4) �rst line) corresponds to the
excitation from air. Moreover in the propagating region the Fresnel transmission coe�cients in
air |tair|2 used for the transmitted �ux are signi�cantly weaker (left graph, second line of �gure
6.17) than these same coe�cients in glass (�gure 6.12 �rst line, right graph). In the evanescent
region the transmittance T p(kρ, ω) is imaginary because Nglass/Nair is imaginary and therefore
can not be measured. Whereas the transmitted �ux I↓ is real and can be measured. The
transmitted �ux is very weak in the propagating region since both |tair|2 and FI are weak.

6.4.3 Dispersion of the transmitted �ux intensity

Let me now explore the dispersion of the three and six-layer thin �lm stack at �xed dSiO2 .
The re�ectance dispersion curves of a source at in�nity for the three and six-layer thin �lm
stacks have been presented in �gure 6.9 above. Now for a local source of excitation �gure
6.18 presents the transmitted �ux intensity function of the wavelength λ and the normalized
in-plane wave vector kρ/k0 for three-layer (�rst row) and six-layer stacks (second, third and
fourth row) left, middle and right graphs for dSiO2=190, 310 and 410 nm. For the three and six-
layer stacks a mode appearing just above kρ/k0=1 that is nearly invariant with the wavelength
is present and is temporarily assigned to SPP-like mode. For kρ/k0 ∈ [1.1, 1.5] in the ranges
λ(nm) ∈ [650, 850] and λ(nm) ∈ [700, 1000], for dSiO2 = 310 and 410 nm respectively, one
identi�es a WG-like mode. Increasing the SiO2 thickness shifts the WG-like mode to larger
wavelengths. Comparing the transmitted �ux intensity (�gure 6.18) with the re�ectance (�gure
6.9) dispersion curves one �nds that in the evanescent region (kρ/k0>1) the same modes are
observed. Following the discussion of preceding section, for the transmitted �ux intensity in
the propagating region the WG-like mode is very weak.

When looking at the dispersion in �gure 6.18 (see also �gure 6.15) one is astonished since
at about kρ/k0=1 the SPP-like and WG-like modes merge in a single feature. This is in
contradiction with the �ndings of the �rst part of this chapter discussing the excitation source
at in�nity where a clear but very weak avoided crossing (anti-crossing) is observed in the
re�ectance (see �gure 6.4, 6.7 and 6.9). In the preceding section we have shown that, in the
propagating region, the transmitted �ux amplitude originates from air and it is very weak.
Therefore the avoided crossing is still present in the transmitted �ux amplitude of the OD
model but is practically suppressed by the weakness of |tair|2 and of the factor FI (see �gure
6.17 above).
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air-Au(50 nm)-glass

air-Au(30 nm)-SiO2(dSiO2)-Au(30 nm)-Ti(3 nm)-glass

dSiO2 =190 nm dSiO2 =310 nm dSiO2 =410 nm

dSiO2 =190 nm dSiO2 =310 nm dSiO2 =410 nm

Figure 6.18: The transmitted �ux intensity as a function of the wavelength λ and the normalized
in-plane wave vector kρ/k0. The �rst row presents the three-layer stack air-Au(dAu)-glass, and
for the six-layer stack in the second (density plot) and third (3D graphs) rows. Left, middle
and right graphs display the transmitted �ux intensity of a six-layer stack air-Au(30 nm)-
SiO2(dSiO2)-Au(30 nm)-Ti(3nm)-glass for dSiO2 = 190, 310 and 410 nm respectively. The fourth
row is a zoom of the ordinate of the 3D plot of the third row displaying the weaker WG-like
mode.

We compare again the re�ectance (�gures 6.7 and 6.9) and the transmitted �ux amplitude
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I↓ dispersion (�gure 6.18). One sees that the amplitude of SPP-like modes are similar whereas
the WG-like mode in transmission is much weaker than in re�exion. A possible explanation
is related to the wave guide nature of this mode. For the re�ectance the WG-like dip sums
up the losses due to the absorption in the metal and the �eld trapped in the SiO2 wave guide
giving rise to a deep minimum. The transmitted �ux intensity is weaker than the absorption
in re�ectance since a part of the �ux remains trapped in SiO2.

6.4.4 Model and experimental dispersion of a six-layer thin �lm stack

In this section I compare our results with the experiments performed in our group by Shuiyan
Cao, Eric Le Moal and Elizabeth Boer-Duchemin. Figure 6.19 exhibits the transmitted �ux
intensity dispersion of a six-layer stack calculated using our OD model (left graphs, see also
�gure 6.18 presenting standard density plots) and measured in the experiment (right graphs)
for three samples with dSiO2 =70, 190, and 310 nm �rst, second and third line in the �gure.
The calculated and experimentally measured dispersions are in good agreement. The feature
appearing just above kρ/k0=1 is assigned to an SPP-like mode whereas for dSiO2 = 190 and
310 nm respectively in the region λ(nm) ∈ [600, 650] and λ(nm) ∈ [650, 850] a second feature
is assigned to the presence of the WG-like mode.
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air-Au(30nm)-SiO2(dSiO2)-Au(30nm)-Ti(3 nm)-glass

dSiO2=70 nm

Model Experiment

dSiO2=190 nm

dSiO2=310 nm

Figure 6.19: Dispersion density plot (rotated by 90◦ relative to the standard representation see
�gure 6.18 and 6.16) of the transmitted �ux intensity. First column presents the OD model,
second column the experimental results of our group.

A precise comparison between our model and the experiment is made using cross sections in
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the dispersion density plots of the three and six-layer stack data presented in �gure 6.18. Figure
6.20 displays the selected transmitted �ux as a function of the normalized in-plane wave vector
kρ/k0. The left, middle and right columns correspond to the three and the six-layer stacks with
dSiO2=70 and 310 nm respectively. For λ=700 and 900 nm and in both the three and six-layer
stacks with dSiO2=70 nm the maxima correspond to an SPP-like mode. For the six-layer stack
with dSiO2=310 nm, a supplementary mode, assigned to the WG-like mode, appears only for
λ = 700 nm. These �gures 6.19 and 6.20 con�rm the agreement between the OD model and
the experiment.

air-Au(50nm)-glass air-Au(30nm)-SiO2(dSiO2)-Au(30nm)-Ti(3 nm)-glass

λ = 700nm

dSiO2=0 nm dSiO2=70 nm dSiO2=310 nm

λ = 900nm

dSiO2=0 nm dSiO2=70 nm dSiO2=310 nm

Figure 6.20: Transmitted �ux intensity at λ=700 nm (�rst row) and 900 nm (second row) re-
spectively for a three-layer (left) and a six-layer stack with dSiO2=70 nm (middle) and dSiO2=310
nm (right) graphs as a function of the normalized in-plane wave vector kρ/k0.

A detailed analysis of the wavelength of the six-layer stack for dSiO2=190 and 310 nm as
a function of kρ/k0 is presented in �gures 6.21 and 6.22. For dSiO2=190 nm (�gure 6.21) the
mode assigned to the WG-like appears at λ=625 and λ=655 nm. At λ=655 nm its normalized
in-plane wave vector is closer to that of the SPP-like mode. One can infer that increasing the
wavelength further leads to a decrease the normalized in-plane wave vector corresponding to
WG-like mode and that beyond λ=684 nm it mixes with the SPP-like before merging with it.
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air-Au(30 nm)-SiO2(190 nm)-Au(30 nm)-Ti(3 nm)-glass

λ =625 nm λ =655 nm λ =684 nm λ =700 nm

λ =750 nm λ =800 nm λ =850 nm λ =900 nm

Figure 6.21: Transmitted �ux as a function of kρ/k0 of an air-Au(30 nm)-SiO2(190 nm)-Au(30
nm)-Ti(3 nm)-glass stack at di�erent wavelengths λ.

For dSiO2=310 nm (�gure 6.22), the WG-like mode �rst appears at longer wavelengths. At
λ=625 nm in the experiment the WG-like mode appears at kρ/k0=1.47, whereas, using our
OD model the WG-like mode is shifted to kρ/k0=1.5. Then between λ=700 nm and 850 nm
the agreement with the experiment is fair and at 900 nm the WG-like mode merges with the
SPP-like mode. Section 6.4.3 above explains this behavior by the weakness of the amplitude of
the WG-like in the propagating region.
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air-Au(30 nm)-SiO2(310 nm)-Au(30 nm)-Ti(3 nm)-glass

λ =625 nm λ =700 nm λ =750 nm

λ =800 nm λ =850 nm λ =900 nm

Figure 6.22: Transmitted �ux as a function of kρ/k0 for an air-Au(30 nm)-SiO2(310 nm)-Au(30
nm)-Ti(3 nm)-glass stack at di�erent wavelengths λ.

Figure 6.23 presents an analysis of the nature of the modes displayed in the dispersion
graphs in �gures 6.18 and 6.19. The upper row of �gure 6.23 presents the dispersion curve
of a mode appearing at large kρ/k0. This mode is calculated using our OD model (black line
in �gure 6.23), and compared with the experiment (red line in �gure 6.23) performed in our
group. To help identi�cation of this hypothetical WG modes we also use a simpli�ed WG model
corresponding to a stationary wave solution of the electric �eld in a box (see e.g. Saleh and
Teich [66, section 7.2]) presented in detail in chapter 2.
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dSiO2 =190 nm dSiO2 =310 nm

Figure 6.23: The dispersion curve of the WG-like (upper row) and SPP-like (lower row) modes
for a six-layer stack air-Au-SiO2-Au-Ti-glass for dSiO2=190 nm (left column) and dSiO2=310 nm
(right column). In the upper row, showing the WG-like mode, the results of a simple standing
wave model using eq. (2.3) of chapter 2 are also displayed (see text). In the lower row displaying
the SPP-like mode, an Au-air single interface dispersion model is also presented.

The OD model and the experimental results all appear in the range kρ/k0 ∈ [1.2, 1.4] for
both thickness dSiO2=190 and 310 nm. In the preceding section many indications of the nature
of this mode have been given (it is periodic with SiO2 thickness (section 6.2.2), strongly varies
with kρ/k0), from which it can be concluded that this mode corresponds to WG.

The upper row of �gure 6.23 displays the WG mode calculated using the OD model (black),
experiment (red) and simpli�ed model (blue) results using eq. (2.3) of chapter 2. The OD
model and the experiment are close. In disagreement with the OD model and the experiment,
the simpli�ed model gives an almost constant normalized in-plane wave vector kρ/k0. The
di�erence between the simpli�ed model and the OD model and the experiment is probably due
to the merge between SPP-like and the WG-like modes at λ=650 and 850 nm respectively for
dSiO2=190 and 310 nm.

The lower row of �gure 6.23 presents an SPP-like mode calculated using our OD model
and measured in the experiment. In chapter 7 we will show that the amplitude of the SPP-
like electric �eld in a six-layer stack air-Au-SiO2(310 nm)-Au-Ti-glass is located at the Au-air
interface. Therefore, one can model the SPP-like dispersion, presented in the second row of
�gure 6.23, by a single interface SPP-like dispersion expression derived in chapter 3, eq. (3.53):
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kSPP =
ω

c

√
εairεAu
εair + εAu

The right graph, in second line of �gure 6.23 presents the results of the two models, one interface
SPP and OD, and the experiment and are in good agreement except for above about λ=875
nm where the WG mode merges with the SPP mode. In the left graph of the second line of
�gure 6.23, the agreement between the one interface SPP model on one side and the experiment
and OD model on the other side presented in the left graph second line of �gure 6.23 is not so
good. Again this discrepancy is related to the merge of the SPP-like and the WG-like modes
between λ = 650− 700 nm.

In summary, using simple models in this section the SPP-like can be assigned to the SPP
and the WG-like mode can be assigned to the WG mode except in the region where the WG
merges with the SPP mode.

6.5 Local excitation: transmitted �ux intensity in coordi-

nate space

This section presents the transmitted �ux intensity in the coordinate space obtained as an
inverse Fourier transform (IFT) of the OD model calculations in the momentum space. Note
that the IFT transforms ~kρ ←→ ~ρ coordinate, the coordinate z remaining unchanged. These
results are compared with the experimental measurements of Shuiyan Cao, Eric Le Moal and
Elizabeth Boer-Duchemin of our group at ISMO.

6.5.1 Transmitted �ux intensity in the coordinate space from the in-
verse Fourier transform of the �elds. Padding the Fourier space

The transmitted �ux intensity in coordinate space is obtained from an inverse Fourier transform
(IFT) of the electromagnetic �elds

~Eρ(~ρ, z) =
1√
2 π

∫
d~kρ ~Eρ(~kρ, z) e(i

~kρ·~ρ) d ~Eρ(~ρ, z)

d z
=

1√
2 π

∫
d~kρ knz · ~Eρ(kρ, z) e(i

~kρ·~ρ),

where formally the integral is written over the vector ~kρ but a �eld having cylindrical symmetry
has no kφ dependence and consequently the IFT is one dimensional in kρ. Note that the
coordinate z does not participate in the IFT. The transmitted �ux amplitude is a product of
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the above electric �eld and its derivative

I(ρ, z) =
1

S0 ω µ0 µ
~Eρ(ρ, z) ·

d ~E∗ρ(ρ, z)

dz
.

Calculating using this algorithm ensures a zero amplitude of the transmitted �ux intensity in
coordinate space at the coordinate origin.

In momentum space, the physical domain of the normalized in-plane wave vector kρ/k0 is
[0, 1.52]. The mesh dkρ is related to the mesh dρ in position space by the relation

dρ =
2π

m ∗ dkρ

where m is the number of points in the dual spaces. The inverse proportionality between dρ
and dkρ handicaps the resolution of features in one of the spaces, the coordinate space in the
present case. If one simply extends the momentum space beyond its physical domain kρ/k0 ∈[0,
1.52] (glass medium) one will generate new features absent from the experiment. Instead in
order to diminish the coordinate space mesh one can pad the momentum space beyond the
end of the physical domain with zeros. This padding with zeros diminishes the step size in the
position space, but does not add new features in the momentum or coordinate spaces.

Figure 6.24: In�uence of padding in the momentum space on the transmitted �ux in coordinate
space. Physical momentum space kρ/k0 ∈[0, 1.52] padded to (kρ/k0)max=1.52, 3.04 and 6.08
(left graph) and to (kρ/k0)max=12.14, 18.14, and 24.14 (right graph) for a three-layer thin �lm
stack.

In order to understand the in�uence of the padding on the resolution, �gure 6.24 presents
the transmitted �ux of a three-layer thin �lm stack. The physical momentum space kρ/k0 ∈[0,
1.52] is padded to (kρ/k0)max=1.52, 3.04 and 6.08 (left graph) and to (kρ/k0)max=12.14, 18.14
and 24.14 (right graph). One de�nitely sees that the padding resolves the fringes in coordinate
space. Without padding, i.e. left graph �gure 6.24 1.52-1.52, the actual fringes are hidden by
fringes with much larger spacing. Henceforth, in the calculations presented below we will use
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the padding (kρ/k0)max=24.14.

6.5.2 Comparison and interpretation of three and six layers stack in
the coordinate space at a single wavelength

Using the algorithm of section 6.5.1 here I will calculate the transmitted �ux intensity through a
stack as observed in coordinate space. Figure 6.25 presents the momentum space (�rst column)
and the coordinate space (second and third column zoom) for three (�rst row) and six (second
row) thin �lms stacks at λ=750nm. For simplicity we start by discussing the three layer stack
presented in the �rst row of the �gure. In the momentum space (�rst row, �rst column) the
three layer SPP mode has a very narrow width and it is located just above kρ/k0 = 1. The
narrow width of the peaks in momentum space leads to fringes of large period in coordinate
space (see the �rst row, second and third columns in the �gure) since the momentum and
coordinate spaces are reciprocal spaces. Similarly, the larger the separation of the two peaks
of the mode in momentum space, the smaller the period of the resulting fringes in coordinate
space, in agreement with Fourier theory (see shifting properties of the Fourier transform given
for example in Messiah [107, vol.1 , appendix A, table] or Press et al. [108]). Thus two fringe
periodicities are seen as excepted, one arising from the width of the peaks, the other from their
separation (see any book on Fourier transform).

Section 6.4 (see particularly �gures 6.20, 6.21 and 6.22) above presented the transmitted
�ux intensity in the Fourier space after excitation of a six-layer stack by a local source. The
second row, �rst column graph in �gure 6.25 reproduces the six-layers stack transmitted �ux
intensity in the momentum space at λ = 750nm displaying a second WG-type mode of larger
width and lower intensity located at kρ/k0 > 1.1. Compared to the three layer stack the �rst
maximum appears at larger |ρ|. In the coordinate space (see 6.25 second row second and third
column) the wide periodicity fringes have a larger period and their amplitude is also greater.
But qualitatively this six layers results in the coordinate space is similar to the three layer one.

In summary for the six layer stack in the coordinate space one identi�es the origin of the
fringes but one is unable to establish a clear one to one correspondence between the features in
the momentum and in the coordinate spaces. To better understand the results in the coordinate
space, the next section will present 3D graphs of the transmitted �ux intensity of a six layer
stack as a function of the wavelength and the coordinate ρ parallel to interfaces.
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Air-Au(50nm)-glass

Air-Au(30 nm)-SiO2(310 nm)-Au(30 nm)-Ti(3 nm)-glass

Figure 6.25: Three and six thin �lm stacks in momentum and coordinate space at wavelength
λ =750 nm. The �rst column presents the transmitted �ux intensity in the momentum space
as a function of kρ/k0. The second and third columns display the transmitted �ux in the
coordinate space using a padding of 24.14, for the three and the six-layer thin �lm stacks, �rst
and the second rows respectively. Note that we conserve the notation kρ/k0 formally de�ned
only for a positive axis instead of using the exact Cartesian coordinates notation kx/k0.

6.5.3 3D-coordinate space transmitted �ux of the stacks function of
the wavelength and the in-plane coordinate

Figure 6.26 presents density plots (left column) and 3D graphs (right column) of the transmitted
�ux in the coordinate space as a function of the in plane coordinate ρ(µm) and the wavelength
λ(nm) for the six layer thin �lm stack for dSiO2=70, 310 and 410 nm, �rst, second and third
row respectively.
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dSiO2=70 nm

dSiO2=310 nm

dSiO2=410 nm

Figure 6.26: Transmitted �ux intensity in the coordinate space for p polarized light for a six-
layer thin �lm stack as a function of the spatial coordinate ρ(µm) and the wavelength λ using
a padding of 24.14 in the IFT. The rows correspond to dSiO2=70, 310 and 410 nm and the left
and right columns present density plots and 3D graphs.

For dSiO2=70 nm in the six layer stack (�rst line in �gure 6.26) the results are similar to
those for a three layer stack presented at λ=750 nm as a 2D graph in the �rst line of �gure 6.25.
Namely the result is symmetrical relative to the coordinate origin with I(ρ = 0) = 0. Large
large periodicity fringes (Λl) related to the width of the SPP mode in momentum space are also
seen. On top of this periodicity there are narrow periodicity fringes (Λs) which arise from the
separation of the two SPP peaks in momentum space. This picture holds everywhere except
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around λ=800 nm where the transmitted �ux intensity is relatively large for large values of ρ.
The density plot (�rst line left graph) resemble to a cross with the narrow periodicity fringes
having a smaller period at low wavelengths. In agreement with the analysis in the momentum
space, the WG mode is absent for this small dSiO2 thickness.

For dSiO2=310 nm the presence of the WG mode changes the overall visual aspect of the
3D graphs. The density plot (second line left graph in the �gure) is now a kind of rhombus
instead of the cross seen for dSiO2=70 nm. The region of high intensity far from the coordinate
origin has now shifted to about 850 nm and it is slightly extended up to and beyond 850 nm.
The period of the narrow period fringes (Λs) is larger here than for dSiO2=70 nm and as above
it increases with the increasing wavelength.

Finally the results of dSiO2=410 nm and of dSiO2=310 nm thickness are similar. The region
of high intensity results is displaced beyond λ=1000 nm and, because the de�nition domain of
the ordinated in the density plot, here one can only see the lower part of the rhombus.

In summary the 3D graphs in the coordinate space, presented in �gure 6.26 show that the
coordinate space results are very sensitive to small changes in the position and width of the
peaks in momentum space. In particular, these results vary signi�cantly when an SPP-WG
avoided crossing occurs.

To investigate the fringe periodicity in greater detail, below I present cross sections of the
3D graphs of �gure 6.26 at λ=680 and 850 nm in Fourier and the coordinate spaces. For the
three and six-layer stacks with dSiO2=70 nm, in Fourier space only a SPP-like mode is observed
(see �gures 6.27 and 6.28 �rst row, left graph and second row, left graph). In coordinate space
one observes large periodicity fringes (Λl) corresponding to the width of the SPP mode in the
momentum space (�gures 6.27 and 6.28 �rst row right graph and third row left graph; see also
�gure 6.25 �rst row, second column at λ=750 nm). The small periodicity fringes are due to
the separation of the SPP peaks in momentum space.

For dSiO2=310 and 410 nm, in Fourier space a mode exists at large kρ/k0 which we have
assigned to a WG-like mode (see �gures 6.27 and 6.28 second row, middle and right graph). In
momentum space (second line second and third graphs in �gures) the SPP mode appears at
about kρ/k0 ≈1 whereas the WG-like mode changes from kρ/k0 ≈1.5 at λ=680 nm to a value
of kρ/k0 ≈1.2 for dSiO2=310 nm and a value of kρ/k0 ≈1.4 for dSiO2=410 nm. This behavior
is related to the avoided/anti crossing between the SPP and WG modes already discussed
when studying the re�ectance using the ESI model (see section 6.2 above). Remember that
near the avoided/anti crossing the two modes are mixed each mode having both SPP and WG
character. When comparing λ=680 nm (see the third line second graph of �gure 6.27 and
λ=850 nm (see the third line second graph of �gure 6.28) for dSiO2=310 nm in the coordinate
space one sees a dramatic change in the periodicity of the fringes of larger period. To have a
better representation of the periodicity of the wide fringes, the last line of �gure 6.28 presents
graphs with wider abscissa. In summary the coordinate space results show greater sensitivity
to the avoided crossing of and the interaction between the SPP and WG-like modes than the
momentum space ones.
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air-Au(50 nm)-glass

air-Au(30nm)-SiO2(dSiO2)-Au(30nm)-Ti(3 nm)-glass, Fourier space

dSiO2 =70 nm dSiO2 =310 nm dSiO2 =410 nm

air-Au(30nm)-SiO2(dSiO2)-Au(30nm)-Ti(3 nm)-glass, coordinate space

dSiO2 =70 nm dSiO2 =310 nm dSiO2 =410 nm

Figure 6.27: Transmitted �ux intensity in momentum and coordinate spaces at the wavelength
λ=680 nm. The �rst row displays the results of the three-layer stack in momentum and co-
ordinate spaces. The second and third rows show the results of the six layer stack in the
momentum and coordinate spaces. The �rst, second and third columns of the second and third
rows correspond to dSiO2 =70, 310 and 410 nm. In momentum space, the padding is taken to
be 24.14.

104



6.5. LOCAL EXCITATION: TRANSMITTED FLUX INTENSITY IN COORDINATE SPACE

air-Au(50 nm)-glass

air-Au(30nm)-SiO2(dSiO2)-Au(30nm)-Ti(3 nm)-glass, Fourier space

dSiO2 =70 nm dSiO2 =310 nm dSiO2 =410 nm

air-Au(30nm)-SiO2(dSiO2)-Au(30nm)-Ti(3 nm)-glass, coordinate space

dSiO2 =70 nm dSiO2 =310 nm dSiO2 =410 nm

air-Au(30nm)-SiO2(dSiO2)-Au(30nm)-Ti(3 nm)-glass, coordinate space

Figure 6.28: Transmitted �ux intensity at wavelength λ=850 nm. The last row in the �gure is
the coordinate space results with extended abscissa. Same explanation as in �gure 6.27.
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Figure 6.9 of section 6.2.4 above compared in the momentum space the re�ectance for s
and p polarized light showing that, as deduced theoretically, the SPP mode is absent for s
polarization. Figure 6.29 presents the transmitted �ux intensity of a six layer thin �lm stack of
s polarized light as a function of the spatial coordinate ρ(µm) and the wavelength λ(nm) for
dSiO2=310 nm. The density plot corresponding to the excitation by s polarized light (left graph
of �gure 6.29) clearly displaying fringes of wide periodicity. The 3D graph (middle graph of
�gure 6.29) displays a very weak narrow periodicity oscillations on top of the large periodicity
fringe, oscillations originating from the separation of the two peaks in momentum space. The
right graph of �gure 6.29 presents a cross section of the 3D graph at 800 nm showing that
this feature is extremely large. At other wavelengths the 3D graph display between λ=500 and
λ=600 nm and above λ=1100 nm a much narrower width.

In summary the transmitted �ux intensity of s (�gure 6.29) and p (�gure 6.26) polarized
incident light display very di�erent results. Namely for s polarization only WG modes can be
excited whereas for p polarization WG and SPP modes excitation and their interaction can
be identi�ed. The coordinate space results are highly sensitive to the WG-SPP interaction
showing results that rapidly change near the avoided/anti crossing between these modes. The
comparison between s and p polarized incident light give a new element for the assignment of
the WG mode.

dSiO2=310 nm

Figure 6.29: Transmitted �ux intensity in coordinate space (i.e., as a function of the ρ(µm)) and
the wavelength λ from a six-layer thin �lm stack (dSiO2=310 nm) illuminated with s polarized
light (padding 24.14 in the IFT). The right graph presents a cross section at λ=800 nm.

The numerical values of the narrow (Λs) and wide (Λl) periodicity fringes are summarized
in table 6.3. The narrow periodicity fringes Λs are the same in all graphs and their spacing
is related to the separation of the two peaks in momentum space kSPPρ and kWG

ρ . The large
periodicity fringes are related to the width of the mode in the momentum space. Near the
avoided/anti crossing the mixing between SPP and WG mode is large and Λl varies rapidly
with the wavelength.
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Table 6.3: Narrow (Λs) and wide (Λl) fringes periodicities.

Structure dSiO2 Periodicities λ=680 nm λ=850 nm

Three layer 0
Λs

Λl

0.29
1.55

0.42
1.55

Six layer 70
Λs

Λl

0.3
1.29

0.39
1.69

Six layer 310
Λs

Λl

0.29
1.8

0.37
9.1

Six layer 410
Λs

Λl

0.29
1.3

0.37
3.27

6.5.4 Comparison of the coordinate-space experimental results wih
the model calculation for dipole-illuminated stacks

Figure 6.30 displays a comparison of our calculations in coordinate space with experiments
performed in our group. The left, middle and right graphs correspond to dSiO2=70, 190 and
310 nm respectively. For the six-layer stack with dSiO2=70 nm or the three-layer stack, �gure
6.30 left graph, the model and the experiment are relatively close to each other displaying
narrow periodicity fringes at Λmodel

s =0.2573 and Λexp
s =0.318 respectively. At large values of the

coordinate ρ the experimental intensity drops faster than for the OD model. For the six layer
stack at λ=625 nm with dSiO2=190 nm (middle graph in the �gure) as well as at λ=800 nm with
dSiO2=310 nm (right graph in the �gure), the experiment and the model calculations disagree.
The OD model presents narrow and wide periodicity fringes whereas the experimental results
do not display this structure. This disagreement can possibly be justi�ed by the sensitivity
of the coordinate space calculations to the di�erences in the position, width and the intensity
of the WG mode in the OD calculations and in the experiment. Namely at λ=625 nm for
the thickness of dSiO2=190 nm (�gure 6.21, top left graph) the relative amplitude of the SPP
and WG modes in the momentum space is di�erent in the experiment and simulations. Also
at λ=800 nm for the thickness of dSiO2=310 nm (�gure 6.22, second row �rst column) the
relative amplitude and the position of the SPP and WG modes in the momentum space are
also di�erent. We conclude that the these di�erences can be at the origin of the di�erent
experimental and theoretical results in the coordinate space.
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air-Au(30nm)-SiO2(dSiO2)-Au(30nm)-Ti(3 nm)-glass

Figure 6.30: Transmitted �ux intensity in coordinate space using a padding of 24.14 compared to
the experiment of Shuiyan Cao, Eric Le Moal and Elizabeth Boer-Duchemin. The �rst, second
and third graphs correspond to dSiO2 = 70, dSiO2 = 190 and dSiO2 = 310 nm respectively.

6.6 Conclusion of the local excitation OD model calcula-

tions

In the second part of this chapter (sections 6.4 and 6.5) I have presented the results of our
calculations using a local source of excitation giving the transmitted �ux of the three and
the six-layer thin �lm stacks in both Fourier and coordinate spaces. In these calculations the
inelastic tunneling electrons of an STM exciting the sample have been represented by a vertical
oscillating dipole using the oscillating dipole model (OD).

As in the �rst part of this chapter using the ESI model we have varied the thickness of dAu
and dSiO2 of the three and six-layer stacks. The gold thickness corresponding to a signi�cant
observable intensity is the same as ESI calculation namely: dthree(nm) ∈ [10, 90], dsix(nm) ∈
[10, 50] and dWG >190 nm.

Section 6.4.2 discusses the comparison between the transmittance of the excitation for a
source at in�nity (ESI model section 6.2.6) and the transmitted �ux intensity of an excitation
from a local source. These transmitted observables are governed by a prefactor times the square
from the transmission Fresnel coe�cients. Our analysis shows that the transmittance of the
ESI model and the transmitted �ux of the OD model give complementary information. Namely
the transmittance contains the prefactor Nglass/Nair which is imaginary in the evanescent
region and no transmittance can be measured (see �gure 6.12). For our six-layer stack the
transmitted Fresnel coe�cients (calculated for air-Au-SiO2-Au-TiO2-glass) are very weak and
no visible transmitted �ux intensity is measured in the propagating region (see �gure 6.17). In
summary one measures non zero transmittance for the ESI model in the propagating region
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and a non-zero transmitted �ux intensity of the OD model in the evanescent region.

For a source located at in�nity (section 6.2 of this chapter) the dispersion displays an avoided
crossing (anti-crossing) between SPP and WG modes (see �gure 6.9 for the p polarization case).
Ditlbacher et al. [56] study the avoided crossing (anti-crossing) obtained from a thin �lm stack
similar to ours modeling the avoided crossing using two non interacting and one interacting
physical system. In our thin �lm stack, the experiment and the OD model display an SPP
and WG mode which merge into a single feature at the limit of the evanescent region. We
explain this particular behavior by a very weak (invisible) amplitude of the WG mode in the
propagating region (see section 6.4) and a weak avoided crossing with a very small separation
between the curves.

In momentum space (section 6.4.4) our OD model calculations compare favorably with the
experimental results of Shuiyan Cao, Elizabeth Boer-Duchemin and Eric Le Moal.

Section 6.5 presented the transmitted �ux amplitude in coordinate space displaying a struc-
ture having a form of fringes. The wide periodicity fringes (Λl) correspond to the SPP and
WG width in the momentum space whereas the narrow periodicity fringes (Λs) are related to
the separation of the two peaks in momentum space. The interplay of four periodicities of
the SPP and WG modes contribute to the rapid change of the coordinate space results as a
function of wavelength near the SPP-WG avoided crossing. For a three-layer stack our calcu-
lations compare favorably with the experimental measurement obtained by the experimental
group at ISMO. For the six-layer stack, near the avoided crossing between SPP and WG modes
in momentum space the experimental and theoretical results are di�erent. The origin of this
discrepancy is probably due to di�erences in the position, width and relative amplitudes of SPP
and WG-like modes in the experiment and theory.

dSiO2 =70 nm dSiO2 =310 nm dSiO2 =410 nm

Figure 6.31: Transmitted �ux intensity dispersion density plot of a six-layer stack air-Au(30nm)-
SiO2(dSiO2)-Au(30nm)-Ti(3 nm)-glass from left to right for dSiO2 =70 nm, dSiO2 = 310 nm and
dSiO2 = 410 nm respectively. Note the extended scale of the abscissa

Finally let us look beyond the experimental constraints as did for example Smith et al. [44].
The oscillating dipole can generate plane waves with normalized wave vectors larger than the
substrate index of refraction, here 1.52 of the glass. Since the numerical aperture used in the
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experiment work is NA=1.49, in the present chapter we have restricted our analysis to the wave
vector grid kρ/k0 ∈ [0, 1.5]. As possible future work, in the following we brie�y explore the
normalized in-plane wave vector in an extended domain, for example kρ/k0 ∈ [0, 2.5]. Figure
6.31 displays the dispersion density plot of the transmitted �ux intensity of the six-layer stack
(from left to right with dSiO2 =70 nm, dSiO2 = 310 nm and dSiO2 = 410 nm respectively). For
an SiO2 thickness of dSiO2 =70 nm we �nd three modes 1.08, 1.82 and 2.17. The SiO2 thickness
is too small to sustain a WG mode, therefore these modes are all of SPP type. For the two
other samples with dSiO2 = 310 and dSiO2 = 410 nm a WG mode appears between the SPP
mode at 1.08 and the one at 1.8. This mode is recognizable since it varies signi�cantly with
kρ/k0. Experimentally one can obtain large e�ective refractive indices by replacing the glass
substrate by a medium with a larger refractive index. But one must also have an objective lens
permitting a measurement with large normalized in-plane wave vectors.

110



Chapter 7

Characterization of the SPP and WG
modes of the three and six-layer thin �lm
stacks

7.1 Electric �eld pro�le mode assignment

In chapter 6 we have presented our results of the observables when a thin �lm stack is excited
by a source at in�nity or a local source of light. The dispersion curve have been studied for
the three and six-layer thin �lm stacks. In three-layer stack we have recognize an SPP mode in
the evanescent region, whereas for the six-layer stack two modes are observed in the evanescent
region corresponding to an SPP-like mode (kρ/k0 ' 1) and WG-like mode (kρ/k0>1).

This chapter presents the characterization of the nature of the excited modes using the
representation of their electric �eld as a function of the penetration coordinate z (perpendicular
to the interfaces). Relative to the Fourier transform (ρ, φ)⇔ (kρ, kφ) presented in the preceding
chapter this z coordinate is a spectator i.e. it is never Fourier transformed.

The electric �eld pro�le ~En(~r, ωn) of the exciting light is a powerful tool for the spatial
localization of this �eld helping in the identi�cation of the nature of the modes. The local
density is de�ned in the solid state physics for electrons and recently the development of the
local probe instruments based on light like for example the SNOM it has been also de�ned and
calculated for photons (see refs. [84; 109; 110])

ρ(~r, ω) =
∑
n

δ(k2 − k2n) | ~En(~r, ωn)|2

The expression above shows that the local density of the photonic states and the photon �eld
pro�le are closely related.
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7.1. ELECTRIC FIELD PROFILE MODE ASSIGNMENT

7.1.1 Electric �eld as a function of the penetration coordinate

The two methods discussed in chapter 5, section 5.1.2, in relation to the excitation by a source
at in�nity (ESI) model and the Fresnel coe�cients of a thin �lm stack give the electric �eld as
a function of the penetration coordinate:

• Transfer matrix formalism of Bethune [58]:(
E+

1

E−1

)
=

(
1
r1f

)
E0

(
E+

2

E−2

)
=

(
ei k2z (z−z1) 0

0 e− i k2z (z−z1)

)
M21

(
E+
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E−1

)
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· · · · · ·(
E+
j

E−j

)
=

(
ei kjz (z−zj−1) 0

0 e− i kjz (z−zj−1)

)
Mj(j−1)Φj−1

(
E+
j−1

E−j−1

)
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(
E+
f

E−f

)
=

(
ei kfz (z−zf−1) 0

0 e− i kfz (z−zf−1)

)
Mf(f−1)Φf−1

(
E+
f−1

E−f−1

)
z ∈ [zf−1, zf ].

(7.1)

where f is the number of layers and j is the running layer. Note that E−f =0 since no
light can be re�ected in the last layer. Mij (eq. (5.24), chapter 5) and Φj (eq. (5.25),
chapter 5) are the transfer and the propagation matrices, respectively, and r1f is the total
re�ection coe�cient calculated using the Bethune formalism [58]. In this chapter we are
calculating the electric �eld as a sum Ej(z)=E+

j (z)+E
−
j (z). This �eld can be a vector or

its components.

• Iterative algorithm of Smith et al.[44]:

For p polarization the electric �eld as a function of the penetration coordinate reads

E1(z) = E−1 exp[− ik1z (z)] (1, 0, kx/k1z) z ≤ 0
· · · · · ·
Ej(z) = E+

j exp[+ ikjz (z − zj−1)] (1, 0,−kx/kjz)
+E−j exp[− ikjz (z − zj)] (1, 0, kx/kjz) zj−1 ≤ z ≤ zj

· · · · · ·
Ef (z) = E+

f exp[+ ikfz (z − zf−1)] (1, 0,−kx/kfz) zf−1 ≤ z.

(7.2)

where again f is the number of layers and j is the an intermediate layer. E+
j and E−j

are the transmitted and re�ected electric �elds, respectively (chapter 5, eq. (5.31)). The
formulation of the s polarization is slightly di�erent and the reader may consult the
appendix of Smith et al. [44] for the relevant expressions.
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7.1. ELECTRIC FIELD PROFILE MODE ASSIGNMENT

7.1.2 Characterization of the modes

Considering a metal-insulator-metal (MIM) structure, one can detect an SPP mode propagating
at each interface. If the insulator is thick, the evanescent waves do not transverse it and these
SPP are independent from each other. When the insulator becomes thin enough to allow
non zero evanescent waves at the other interface, coupling takes place and symmetric and an
antisymmetric SPP modes occur. The antisymmetric SPP mode has a large propagation length
and this mode is called a long range SPP (LRSPP) [111]. For a three-layer system, Smith et
al. [44] classi�ed these modes on the basis of the symmetry properties of the electric �eld. To
characterize the mode in our more complicated six-layer system, we use the mean electric �eld
in the layer j

~E = Ex~ix + Ez~iz (7.3)

Ēj
x =

∫
Ej
x(z) dz

dj
; Ēj

z =

∫
Ej
z(z) dz

dj
; Ēj =

∫ √
(Ej

x(z))2 + (Ej
z(z))2dz

dj
,

where dj is the thickness of the layer j. If the mean electric �eld amplitude in the metal is
large, then the light absorption is signi�cant and the SPP mode decays rapidly, one has a
short range SRSPP. Otherwise for the SPP mode the electric �eld has its main amplitude in
insulator/dielectric and can propagate over long distances i.e. it is called LRSPP.

7.1.3 Validation of the E(z) algorithm

Using the two methods presented above we have calculated the modulus |E| of the electric �eld
reproducing the results of Smith et al.[44], Refki et al. [57] and Choudhury et al. [49].

As an example in �gure 7.1 we compare our results (right column) with those of Refki et
al. [57] (left column) for a glass-Ag-Poly(methyl methacrylate) (PMMA)-Ag-air thin �lm stack
(a comparison with Smith et al.[44] results is given in appendix). Refki et al. [57] show that
an angular scan of the attenuated total re�exion (ATR) of such MIM sample exhibits a sharp
dip around 42.56◦ and a broad dip around 53.1◦. These authors calculate the modulus of the
electric �eld as a function of the penetration coordinate z at the mentioned two angles and
at an intermediate angle of 46.0◦. The good agreement between Refki et al. [57] (�gure 7.1,
left column) and our modeling (�gure 7.1, right column) validates our algorithm calculating
the electric �eld as a function of the penetration coordinate. The agreement is qualitative only
since, compared to the paper we use a di�erent set of material functions.
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Figure 7.1: Modulus of the electric �eld as a function of the penetration coordinate z at λ=632.8
nm for a glass-Ag(47 nm)-PMMA (221.5 nm)-Ag(47 nm)-air structure. Left column Refki et
al.[57] calculation, right column our results.
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7.1. ELECTRIC FIELD PROFILE MODE ASSIGNMENT

7.1.4 Modulus of the total electric �eld as a function of the penetra-
tion coordinate (z), dAu and dSiO2

Before characterizing the modes let us present the amplitude of the electric �eld as a function
of the two thickness parameters of the six-layer system dAu and dSiO2 . Such a presentation will
lead us to understand the variation of the location of the modes in gold and SiO2. Figure 7.2
displays the electric �eld as a function of the gold thickness dAu and the penetration coordinate
z at λ=680, 750 and 850 nm in the left, middle and right columns respectively. The wavelength
λ=680 nm corresponds to the location of the re�ectance dip of the WG mode at kρ/k0=1.5
(�gure 6.7, second line middle graph) and the wavelength λ=850 nm to the SPP-WG interaction
region at kρ/k0 ' 1.

glass-Au(d nm)-SiO2(310nm)-Au(d nm)-Ti(3nm)-air

λ = 680 nm λ = 750 nm λ = 850 nm

kρ/k0=1.035 kρ/k0=1.02 kρ/k0=1.005

kρ/k0=1.47 kρ/k0=1.305 kρ/k0=1.08

Figure 7.2: Electric �eld as a function of the z coordinate and gold thickness for p polarized light
at λ = 680, 750 and 850 nm are presented in the left, middle and right columns respectively. The
�rst and second rows correspond to close to 1 and large normalized wave vectors respectively.
Note that z=0 corresponds to the glass-Au interface.

Recall that in chapter 6 we have proposed that the mode with kρ/k0 close to 1 is an SPP
mode and the one with large kρ/k0 is a WGmode. The �rst row of the �gure presents the electric
�eld corresponding to the SPP mode at kρ/k0=1.035, 1.02 and 1.005 for λ=680, 750 and 850
nm respectively, whereas the second row displays the WG mode at kρ/k0=1.47, 1.305 and 1.08.
In agreement with our results in the preceding chapter (sections 6.4.1 and 6.2.1) for both SPP
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and WG modes, the electric �eld has a signi�cant amplitude in the range dAu(nm) ∈ [10, 50].
The electric �eld associated with the SPP mode is always con�ned to the gold-air interface. The
electric �eld of the WG mode (second row in the �gure) is con�ned in the SiO2 layer z(nm)[dAu,
310 +dAu]. For λ=850 nm (second row, right graph) the electric �eld pro�le is signi�cant in
both SiO2 and at the gold-air interface, corresponding to the region where the SPP-WG mixing
in the �eld can be signi�cant.

Next for a �xed dAu = 30 nm the variation of the modulus |E| as a function of the thickness
dSiO2 and the penetration coordinate z is presented in �gure 7.3 second and fourth lines. The
left, the middle and right columns correspond to λ=680, 750 and 850 nm (the choice of λ is
explained when we have presented �gure 7.2). The �rst and third lines display respectively the
value of kρ/k0 at the maximum of the SPP mode (�rst line) and WG mode (third line) as a
function of dSiO2 . The corresponding electric �eld is presented in the second and the fourth
rows of the �gure. Analyzing these graphs one understands the SPP and WG modes can not be
completely separated. In these 2D graphs (�rst and third row in the �gure) the discontinuity
at dSiO2=200, 250 and 300 nm respectively in the left, middle and right graphs corresponds to
the appearance of the WG mode. The second row in the �gure displays the 3D graphs of the
SPP mode as a function of dSiO2 and shows, as in �gure 7.2, that the SPP is located at the
Au-air interface.
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glass-Au(30 nm)-SiO2(dnm)-Au(30 nm)-Ti(3nm)-air

λ = 680 nm λ = 750 nm λ = 850 nm

Figure 7.3: The SPP and WG modes excited by p polarized light at λ = 680, 750 and 850
nm are shown in the left, middle and right columns respectively. The �rst and the third rows
display the position of the maxima of SPP and WG modes as a function of dSiO2 . The second
and fourth rows present the modulus of the electric �eld as a function of the z coordinate and
the silica thickness dSiO2 . Note that z=0 corresponds to the glass-Au interface.

In the �gure, the back triangle corresponds mainly to the SPP mode and the "wall" at about
dSiO2=200, 250 and 300 nm respectively in left, middle and right graphs corresponds to the
appearance of the WG mode. Interestingly enough the appearance of the WG mode gives rise
to a sudden rise of the |E| in the SPP mode. The electric �eld of the WG mode as a function of
the penetration coordinate z and dSiO2 at λ=680 nm is presented in the �rst column of �gure
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7.3. The front "triangle" is the WG mode. The back "triangle" corresponds to the SPP mode
which is present as long as the WG mode is absent. The second and third columns in �gure
7.3 can be analyzed in a similar way where the WG mode appears at dSiO2=250 and 300 nm.

In summary �gure 7.3 con�rms the location of |E| for the SPP at the Au-air interface and
for the WG mode in the SiO2. The presence of the WG mode gives rise to a jump in |E| .

7.1.5 Total electric �eld modulus as a function of the wavelength λ
and the penetration coordinate z

Next we study the |E| as a function of λ and of course the penetration coordinate z. For dAu=30
nm and dSiO2=70, 310 and 410 nm, recall that in the dispersion curves presented in chapter 6
the peak position (kρ/k0) of the modes depends on the wavelength λ.

glass-Au(50nm)-air

glass-Ti(3nm)-Au(30nm)-SiO2(70nm)-Au(30nm)-air

Figure 7.4: The electric �eld modulus |E| represented as a function of the penetration coordinate
z and of the wavelength λ (right column) for a three (�rst row) and a six (second row) thin
�lm stack. The left column graphs display the correspondence between λ and (kρ/k0)max at
the maximum of the SPP mode. The right column graphs display the electric �eld modulus of
the SPP mode as a function of the wavelength λ and the penetration coordinate z. Recall that
z=0 corresponds to the glass-Au interface.

The left column graph of �gure 7.4 displays the SPP mode peak position as a function of
the wavelength λ for three and six-layer thin �lm stacks with dSiO2= 70 nm. Each wave vector
projection kρ/k0 of the SPP-like mode maximum in the left column of the �gure corresponds a
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speci�c wavelength λ. The total electric �eld modulus |E| of this maximum is presented in the
right column of �gure 7.4 as a 3D graph as a function of the wavelength λ and the penetration
coordinate z. The three and six-layer 3D graphs display a similar behavior showing that the
electric �eld is localized at the Au-air interface. The thickness of the SiO2 layer is too small to
sustain the WG modes.

For a six-layer thin �lm stack with larger SiO2 thickness two modes appear (see chapter 6).

glass-Ti(3nm)-Au(30nm)-SiO2(dSiO2nm)-Au(30nm)-air

dSiO2= 310 nm dSiO2= 310 nm

SPP mode WG mode

dSiO2= 410 nm dSiO2= 410 nm

SPP mode WG mode

Figure 7.5: Six-layer stack electric �eld modulus |E| as a function of the penetration coordinate
z and the wavelength λ (second and fourth columns). The �rst and third columns present the
mode maxima in kρ/k0 as a function of the wavelength λ. The �rst two columns correspond to
the SPP and the last two columns to the WG modes. In the �rst and the second rows one uses
dSiO2=310 nm and dSiO2=410 nm respectively. Recall that z=0 corresponds to the glass-Au
interface.

The �rst and third columns of �gure 7.5 present the position (kρ/k0)max as a function of λ
for the SPP and WG modes respectively. The discontinuities in the maxima of the SPP mode
presented in the �rst column graphs are of the same nature as the ones found and discussed
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in �gure 7.3, namely the appearance of the WG mode and its interaction with the SPP mode.
For dSiO2=410 nm there are two discontinuities probably partly related to the periodicity of the
�eld with dSiO2 . The second and fourth columns of �gure 7.5 display the 3D graph of |E| as a
function of the penetration coordinate z and wavelength λ. The SPP mode (�gure 7.5 second
column) is located at the air-gold interface. The "wall" at about λ=850 nm for dSiO2=310 nm
and λ=850 nm for dSiO2=410 nm is due to the presence of the WG.

The third and fourth columns of �gure 7.5 present the WG mode. For this mode the
normalized in-plane wave vector is continuous. Since the WG mode appears only in the range
λ(nm) ∈ [650, 850] for dSiO2=310 nm and λ(nm) ∈[700, 1000] for dSiO2=410 nm (see dispersion
curves presented in �gure 6.9 and 6.18 in previous chapter), the third column displays the
position (kρ/k0)max in these region only. The corresponding electric �eld (fourth column �gure
7.5) is con�ned in the SiO2 layer. At λ '850 nm one identi�es a signi�cant electric �eld at the
Au-air interface except when the SPP and WG modes are close in momentum space and the
separation is di�cult.

A deeper characterization of the modes is made using the modulus of the projected electric
�eld |Ex|, |Ez|, the total electric �eld modulus |E| and the mean �eld of a layer given in eq.(7.3)
above. For this detailed analysis we have chosen a cut in the 3D graphs of �gures 7.4 and 7.5
at λ=750 nm. For a three layer stack, the left, middle and right graphs of �gure 7.6 present
the modulus of the x and z projections |Ex| and |Ez|, and the modulus |E| as a function of the
penetration coordinate z respectively. Figure 7.6 and the mean electric �eld presented in table
7.1, locate this mode (kρ/k0=1.02 for λ=750 nm) at the Au-air interface and in air. Since the
electric �eld is located mainly in air (Ēair >> ĒAu) the SPP at an Au-air interface has long
range SPP (LRSPP) character

glass-Au(50nm)-air

kρ/k0=1.02, λ=750 nm

Figure 7.6: Electric �eld as a function of the z coordinate, |Ex| left, |Ez| middle and |E| right
for air-Au(50 nm)-glass system. The origin of the coordinates z=0 is at the glass-Au interface.
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Table 7.1: Character of the plasmonic resonances of the glass-Au(50 nm)-air system at λ=750
nm. Note that Ēj is the mean �eld in the layer de�ned in eq. (7.3)

kρ/k0 ĒAu ĒAir localisation Character
1.035 0.8208 23.616 Au/air LRSPP

For a six-layer stack at 750 nm with dSiO2=70 nm, the SPP mode appears at kρ/k0=1.05.
Figure 7.7 and the mean �eld presented in table 7.2 show that this mode is again located at
the Au-air interface (see �gure 7.6) as was observed for the three-layer stack. This mode also
has LRSPP character since the electric �eld is mainly located in air (Ēair >> ĒAu).

glass-Ti(3nm)-Au(30nm)-SiO2(70nm)-Au(30nm)-air

kρ/k0=1.05, λ=750 nm

Figure 7.7: Electric �eld of a six-layer glass-Ti(3nm)-Au(30nm)-SiO2(70nm)-Au(30nm)-air sys-
tem as a function of the z coordinate, |Ex| left, |Ez| middle and |E| right.

Table 7.2: Character of the plasmonic resonances of a six-layer system (glass-Ti(3nm)-
Au(30nm)-SiO2(70nm)-Au(30nm)-air) at λ=750 nm

dSiO2 kx/k0 ĒT i ĒAu ĒSiO2 ĒAu ĒAir localisation Character
70nm 1.05 0.6674 0.4295 0.5059 0.292379 2.325 Au/air LRSPP

Finally �gures 7.8 and 7.8 show the results for the glass-Ti(3nm)-Au(30nm)-SiO2(310nm)-
Au(30nm)-air system at 750 nm (�rst line) and 850 nm (second line) where two modes have
been identi�ed :

1. λ=750 : an SPP-like mode at kρ/k0=1.02 and a WG-like mode at kρ/k0=1.305

2. λ=850 : an SPP-like mode at kρ/k0=1.005 and a WG-like mode at kρ/k0=1.08.

From these graphs and table 7.3 and 7.4, giving the mean electric �eld in a layer we deduce
that the SPP mode is localized at the Au-air interface and in air and has a LRSPP character.
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glass-Ti(3nm)-Au(30nm)-SiO2(310nm)-Au(30nm)-air , SPP-like mode

kρ/k0=1.02, λ=750 nm

kρ/k0=1.005, λ=850 nm

Figure 7.8: The electric �eld as a function of the z coordinate (z=0 at glass-Au interface),
|Ex| left, |Ez| middle and |E| right for a six-layer stack glass-Ti(3nm)-Au(30 nm)-SiO2(310
nm)-Au(30 nm)-air system. The polarization is p and the wavelengths are 750 (�rst row) and
850 nm (second row). The in-plane wave vector kρ/k0 corresponds to an SPP mode.

glass-Ti(3nm)-Au(30nm)-SiO2(310nm)-Au(30nm)-air , WG-like mode

kρ/k0=1.305, λ=750 nm

kρ/k0=1.08, λ=850 nm

Figure 7.9: The electric �eld as a function of the z coordinate (z=0 at glass-Au interface),
|Ex| left, |Ez| middle and |E| right for a six-layer stack air-Au(30 nm)-SiO2(310 nm)-Au(30
nm)-Ti(3nm)-glass system. Same characteristics as in �gure 7.8.
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Table 7.3: The character of the plasmonic modes of a multi layer system (glass-Ti(3nm)-Au(30
nm)-SiO2(310 nm)-Au(30 nm)-air) at λ=750 nm, The �rst line in the table refers to �gure 7.8,
the second line to �gure 7.9.

dSiO2 kx/k0 ĒT i ĒAu ĒSiO2 ĒAu ĒAir localisation Character
310 nm 1.02 0.77582 0.7905 2.7556 0.9174 37.7621 Au/air LRSPP
310 nm 1.305 0.4544 0.6947 5.31406 1.0002 1.05729 SiO2 WG

Table 7.4: The character of the plasmonic modes of a multi layer system (glass-Ti(3nm)-Au(30
nm)-SiO2(310 nm)-Au(30 nm)-air) at λ=850 nm, The �rst line in the table refers to �gure 7.8,
the second line to �gure 7.9.

dSiO2 kx/k0 ĒT i ĒAu ĒSiO2 ĒAu ĒAir localisation Character
310 nm 1.005 0.7834 0.7076 2.377 0.1993 31.7062 Au/air LRSPP
310 nm 1.08 0.31006 0.4769 3.729 1.0041 5.298 SiO2 WG

7.2 Conclusion

This chapter presented the location of the electric �eld in the three and six-layer thin �lm stacks.
The electric �eld corresponding to the SPP is located at the Au-air interface, whereas the WG
mode is located in the SiO2. For a six-layer thin �lm stack at kρ/k0=1.08 with dSiO2=310
nm and λ=850 nm one identi�es an avoided crossing between SPP and WG modes, where at
the crossing the electric �eld has a mixed SPP-WG character. We have seen also that all the
modes in a six-layer thin �lm stack have LRSPP or WG character, probably due to the coupling
between the SPP and WG modes. In the literature (see e.g. Smith et al.[44], Refki et al. [57])
such a case of weak coupling and mixing of modes is not common. The presented electric �eld
pro�le permits calculate a local density of photonic modes, and thus can be applied to calculate
the emission rates of quantum emitters in the vicinity of a multilayer system, and thus of the
variations of lifetime and quantum e�ciency of radiative emission.
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Chapter 8

Conclusion

This work has presented a study of the surface plasmon polariton (SPP) and wave guide (WG)
modes of three and six-layer thin �lm stacks separated by �at structureless interfaces. The thin
�lm stacks were composed of air-Au-glass and air-Au-SiO2-Au-Ti-glass thin �lms respectively.
A majority of the recent studies of SPP modes concentrate on their properties in nano objects,
samples with cavities, antennas, wires and ordered arrays of nano objects. Our choice of the
thin �lm stack which are 2D periodic samples was dictated by the simplicity of the theoretical
models to be implemented and of the relative facility of the interpretation of the results. We
think that one can use our thin �lm stack results as a benchmark when studying systems of
lower dimension or having particular geometric forms. By themselves these thin �lm stacks
are of interest in the study of the propagation properties along the interfaces related to wave
guides and optical �bers.

The theoretical models I used to calculate the observables in the present work are based
on the Fresnel theory at �at interfaces and plane wave propagation in the thin �lm layers as
detailed in chapter 5. These models are simple and they require the continuity of the �eld at
the interface. The excitation source can be either a source of light located at in�nity or a local
source. The inelastic tunneling electrons from an STM tip were modeled as a vertical oscillating
dipole located just above the surface.

At a given wavelength λ and a particular interface where the refractive indices are ntop >
nbottom the wave vector domain is divided into two regions: propagating and evanescent (see
chapter 5 section 5.3). The SPPs manifest themselves in the evanescent region by a signi�cant
mean electric �eld at and near the interfaces. An SPP mode appears as a dip in the re�ectance
of a source located at in�nity and as a maximum in the transmitted �ux in the case of excitation
by a local vertical oscillating dipole. For the six layer thin �lm stack when the SiO2 thickness
is larger than 190 nm a second mode of wave guide (WG) type is present. In a particular
wavelength domain the SPP and the WG modes repel each other giving rise to an avoided
crossing (also known as anti-crossing, chapter 6) which for the samples studied here is weak.

The transmittance of a source at in�nity and the transmitted �ux of a local source have
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signi�cant intensity in the propagating and the evanescent regions respectively and therefore are
complementary whereas the re�ectance covers the entire propagating and evanescent regions of
the wave vector range.

The three layer stack has a single thickness parameter to be varied dthreeAu . The transmission
is weak in a su�ciently thick gold layer while the con�nement is weak for thin gold layer.
The two thin �lm thicknesses of the gold are taken to be equal, the six layer thin �lm stack
presents two thickness to be varied dsixAu and dSiO2 . Two sections of chapter 6 study in detail
the in�uence of these thicknesses on the observables: the re�ectance of a source located at
in�nity (section 6.2) and the transmitted �ux of a local source excitation (section 6.4). The
thickness domains where the observables are signi�cant are: dthreeAu ∈ [10, 90] for the three and
dsixAu ∈ [10, 50] nm for the six layer stacks. Since the six layer stack has two identical gold �lms
these results are equivalent. For a six layer stack the observables are periodic with the dSiO2

thickness and this is easily seen in the propagating domain (see �gure 6.5) since a single WG
mode is present. In the evanescent region the SPP-WG avoided crossing partly destroys this
picture. This oscillatory behavior de�nes several optimal values of dSiO2 , thicknesses which can
be narrowed by analyzing the evanescent domain.

The study of the electric �eld as a function of the spatial coordinate presented in chapter 7
allows us to characterize the nature of the modes. For a three layer stack with two interfaces and
a six layer stack with �ve interfaces signi�cant electric �eld exists in one or several interfaces or
inside a thin �lm. From these results we can clearly assign the observed modes to either SPP
or wave guide modes.

The most interesting region to be studied is the avoided crossing (anti-crossing) between the
SPP and WG modes. In �gure 6.18 it seems that close to the border of the evanescent region
the SPP and WG merge together. In fact the merging region corresponds to an avoided crossing
since: i) there is no continuation of the WG dispersion curve in the propagating region since
the Fresnel transmission coe�cients are weak giving rise to a weak transmitted �ux intensity;
ii) the interaction between SPP and WG is weak and the avoided crossing is unimportant since
the SPP mode is mainly located at the air-Au interface and the WG mode is located in the
SiO2.

We have compared our calculations to experimental work performed in our group by Shuyian
Cao, Elizabeth Boer-Duchemin and Eric le Moal. Before performing these experiments, a
preliminary study was done in order to choose the Au and SiO2 thicknesses. The choice of the
gold and silica layer thicknesses is guided by two requirements: high amplitude of the observable
and wide wavelength dependence of the in-plane wave vector kρ. For the optimal dAu = 30
nm and dSiO2 > 190 nm corresponding to the appearance of WG mode, both the re�ectance
and the transmitted �ux intensity of the experimental and the theoretical results are in a good
agreement (see section 6.2 and 6.4). A clear disagreement between the simulations and the
experimental results is found for the six-layer thin �lm stack in coordinate space. I think that
this disagreement is related to slight experiment-model mis�t of the domain of the SPP-WG
avoided crossing (anticrossing). This is so since the closest position of the SPP-WG avoided
crossing corresponds to an absence of the wide spaced fringes in coordinate space (see section
6.5).
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During our calculations we also went beyond the e�ective refractive index of 1.52 of the glass
(see chapter 6, section 6.6). At about kρ/k0=2.17 a new rather intense SPP mode appears. It
would be interesting to �nd an experimental set-up allowing to study this new mode.

In summary, the present work concentrates on the detailed study of surface plasmon po-
lariton (SPP) and wave guide (WG) modes appearing in a six-layer stack. We gave the range
of the thicknesses where the observables are signi�cant and discussed in detail the dispersion
curves and the interaction and the avoided crossing (anti-crossing) between the SPP and the
WG modes. These results are obtained in momentum space. We also in-plane Fourier trans-
form these calculations and obtain supplementary information about the SPP and WG modes
in coordinate space. Using the electric �eld as a function of the penetration coordinate we were
able to characterize these modes.

As mentioned above, the present model is based on Fresnel equations at the interface and
plane wave propagation in the medium. Since the material functions change suddenly the
electric �eld derivative will not be continuous. Chapter 2 already described the surface and
quantum well (QW) state and compare these electronic modes with the photonic wave guide
(WG) modes largely discussed in this thesis. In that chapter I showed that the surface states
can be calculated if the electronic potential is continuous and sustains a shallower potential
well (see detail in �gure 8.1). Any of the models cited in the introduction can be used (e.g.
VPED model of Raseev [31]). Such calculations may solve the few discrepancies between the
present model and the experiment, for example the results for the six-layer stack in coordinate
space.

Figure 8.1: DFT-LDA model potential (left graph) and the corresponding electron density and
the jellium electron density (right graph) of aluminum [31].

One can also study the SPP-WG avoided crossing (anticrossing) found in the present system
or in other systems. From the literature I have selected two examples of interest:

• Fano line shapes arising from the coupling between surface plasmon polari-
ton and wave guide modes. Analyzing the discrete-continuum interaction in atomic
physics, Fano analytically formalized a particular type of line shape of the spectral lines.
This type of spectral feature has been found and discussed in the spectra of many di�erent
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kinds of plasmonic samples (see e.g. ref. [112]). Recently Hayashi et al. [113; 114] have
shown that a thin �lm stack of dielectric-plasmonic metal-dielectric1-dielectric2-dielectric3
with the condition Re[εdielectric2 ] < Re[εdielectric3 ] can present very narrow features hav-
ing the Fano shape pro�le. The interpretation of these authors is that this Fano feature
corresponds to the interaction of a bright SPP mode (metal-dielectric) and a dark WG
mode (dielectric1-dielectric2). In the present work our six layer stack is of a di�erent
type and our SPP-WG interaction gives rise to less localized features having a Lorentzian
shape. But our model is able to calculate these very interesting Fano shape features in
the spectra;

• Strong coupling between Tamm plasmon polaritons (TPP) and the two dimen-
sional semiconductor excitons. Kaliteevski and co-workers [115] have shown that the
con�nement of the optical �eld can occur at the interface between a distributed Bragg
re�ector (DBR) and 2D metallic layer (see also Hu et al. [116]). The con�nement arises,
on one side, from the metal's negative dielectric constant, and on the other side, from the
DBR's stop band (see ref. [117]). The con�ned light can interact with the Tamm surface
state giving rise to Tamm plasmon polaritons (TPP). In contrast to conventional surface
plasmons, TPPs can be excited by direct optical excitation.

The developed programs can be used as such for a calculation of any number of layers of
a stack of dielectrics or dielectrics and metals in the propagating and evanescent regions. For
example one can consider a multilayer thin �lm dielectric stack studied among others by Ndiaye,
Zerrad and Amra et al. [118�120]. Here no surface plasmon polariton modes appear but for
a TE polarization in the evanescent region large absorptance (1-(re�ectance+transmittance))
corresponding to a large enhancement of the �eld can take place. Ndiaye et al.[118] use a source
of light located at in�nity, a source which does not permit a non-zero transmitted �ux in the
evanescent region (see the comparison of the transmittance and transmitted �ux in chapter 6
section 6.4.2). Our model permits the study in transmission of such stacks excited by a local
source (see chapter 6) and it would be interesting to model such multilayer dielectric stacks.

As we mentioned above, the inelastic tunneling current of an STM tip is modeled as a vertical
oscillating dipole. Our OD model can easily be extended to a horizontal or an arbitrary dipole
orientation (see e.g. Novotny [20]). The arbitrarily oriented dipole transmitted �ux intensity
is an incoherent linear combination of the horizontal (combination of s and p polarizations)
and the vertical (p polarization only) intensities. An arbitrarily oriented dipole can model a
molecule adsorbed on a surface which emits electromagnetic radiation (see e.g. Chance et al.
[48]).

One would think that the thin �lm stack separated by �at surfaces is of academic interest
only. As discussed in detail in the introduction, devices based on surface plasmon polaritons
are used in physics, chemistry and biology (see e.g. Berini [1] and Homola [50]).
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Appendix A

Electric �eld pro�le

Here we will compare our results with those of Smith et al. [44] for a IMI (insulator-metal-
insulator) and a MIM (metal-insulator-metal) thin �lm stack.

Smith et al. studied the light emitted by an oscillating dipole placed in the second layer
at 50 nm from the interface. They presented the instantaneous electric �eld at a particular
wavelength λ and wave vector kρ as a function of the penetration coordinate z. Figure A.1
presents a silver-air interface (left column) and a silver thin �lm of 50 nm in air (right column).
At λ=600 nm for air-Ag interface an SPP mode appears at kρ =1.039 k0, whereas for air-Ag-air
structure two modes appear at kρ =1.0225 k0 (SPP1) and kρ =1.0644 k0 (SPP2). For an MIM,
Ag-air-Ag in the present case (�gure A.2) they identify three modes at kρ =0.515 k0, 0.6162 k0
and 1.0992 k0 respectively labeled TE0, TM0 and TM−1.

The second line of �gures A.1 and A.2 present the instantaneous electric �eld as a function of
the penetration coordinate z results of Smith et al.[44, �gure 6] for the IMI and MIM structure
respectively. The third line in each �gure displays our results. The comparison of the two last
rows in �gures A.1 and A.2 show fair agreement.
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kρ=1.039 k0 kρ=1.0225 k0 kρ=1.0644 k0

Figure A.1: Instantaneous �eld for λ=600 nm of the SPP mode of a single metal-air interface
(left column) and of a thin metallic �lm (air-metal (50 nm)-air, IMI structure) respectively mid-
dle and right columns. The relative permittivity of the metal (silver) was taken as -13.8+0.59
i. The in-plane wave vector for a single interface SPP mode is 1.039 k0, and for the IMI stack
1.0225 k0 (middle column) and 1.0644 (right column). The second and third row present Smith
et al. [44, �gure 3, second row] and our calculations.
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kρ=0.515 k0 kρ=0.6162 k0 kρ=1.0992 k0

Figure A.2: Instantaneous �eld at λ=600 nm of the TE0 for kρ/k0=0.515 (�rst column), TM0

for kρ/k0=0.6162 (second column), and TM−1 for kρ/k0=1.0992 (third column) these modes
are associated with a metal-clad air cavity. The top and bottom rows show, respectively, Smith
et al. [44, �gure 6, second row] and our calculations.
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Résumé

Dans ce travail, nous étudions les propriétés optiques d'un système multicouche MIM (air-Au-
SiO2-Au-Ti-verre) et les modes plasmoniques (plasmon polariton de surface, surface plasmon
polaritons (SPP)) et photonique (guide d'onde, wave guide (WG). Un tel système est utilisé
dans des biocapteurs pour détecter des espèces biologiques et chimiques ainsi que pour contrôler
l'émission de la �uorescence des molécules adsorbées. Dans la littérature il a été démontre qu'un
système multicouches peut être utilisé pour améliorer la sensibilité des capteurs SPR en o�rant
une grande dépendance de la résonance angulaire du plasmon de surface. Cette propriété est
due à la présence des modes plasmoniques (SPP) et photoniques (WG).

Notre modèle combine la continuité des champs électromagnétique à l'interface avec la
propagation des ondes planes dans les couches minces et tient compte des ré�exions multiples.
L'échantillon est excité i) soit par une source à l'in�ni (ESI); ii) soit par une source locale situé
à quelques nanomètres de la surface. Dans ce dernier cas dans l'échantillon est excité par une
source d'électrons tunnel inélastiques provenant d'un microscope à e�et tunnel (STM). Notre
modèle remplace le courant tunnel inélastique par une dipôle oscillant vertical. En utilisant ces
modèles, nous avons calculé les �ux ré�échis (re�ectance) et transmis (transmittance) d'une
source de lumière à l'in�ni (ESI) et le �ux transmis de l'excitation locale par dipôle oscillant,
oscillating dipole (OD). La re�ectance, transmittance et le �ux transmis montrent des modes
plasmoniques (surface plasmon polaritons (SPP)) et photoniques (wave guide (WG)). Les modes
SPP et WG se comportent di�éremment. Le mode SPP n'apparaît que pour la lumière incidente
polarisée p dans la région évanescente (kρ/k0> 1) et sa dispersion est presque indépendante
de la longueur d'onde. Le mode WG apparaît pour les deux polarisations s et p dans les
régions propagatives et dans les régions évanescentes. Ce mode WG est fortement dispersif
avec la longueur d'onde (λ / (kρ/k0)), et il est périodique avec une épaisseur de SiO2. A des
longueurs et vecteurs d'onde particuliers les courbes de dispersion des SPP et WG présentent un
croisement évité. La dispersion du �ux transmis d'une excitation locale OD cache partiellement
le croisement évité car l'amplitude de mode WG est très faible dans la partie propagative.

Le choix des épaisseurs d'or (Au) et de silice (SiO2) doit satisfaire à deux contraintes: une
amplitude importante des observables et une large dépendance en longueurs d'onde du vecteur
d'onde dans le plan kρ. Pour l'or nous avons trouvé que les observables ont des amplitudes
importantes à dtroisAu ∈ [10, 90] pour l'empilement de trois couches et dsixAu ∈ [10, 50] nm pour
celui de six couches. Dans le modèle ESI l'amplitude de la re�ectance est périodique avec dSiO2

et ceci se voit particulièrement bien dans la région propagative (kρ<1). Les modes de guide
d'onde apparaissent pour dSiO2>190 nm.
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Les calculs décrits ci-dessus ont été e�ectués dans l'espace de moments. Les calculs dans
l'espace des coordonnées obtenus par transformée de Fourier sont très sensibles aux détail de
l'interaction entre les modes SPP et WG particulièrement autour du croisement évité entre ces
deux modes. Cette sensibilité permet une analyse �ne de ce croisement évité en fonction de
l'épaisseur de SiO2.

A�n de caractériser la localisation du champ dans l'empilement et déterminer la nature
d'un mode, nous avons calculé le champ électrique fonction de la coordonnée de pénétration
de l'empilement z. Nous avons trouvé que pour le mode SPP le champ est localisé à l'interface
Au-air et dans l'air, tandis que le champ électrique du guide d'onde est con�né dans la couche
SiO2. Dans la région du croisement évité le champ électrique est mixte ayant un caractère
plasmonique (SPP) et photonique (WG). Aussi nous avons trouvé que tous les modes sont des
modes longue portée se propageant sur une distance de l'ordre d'une dizaine de nanomètres.
Cette longueur de propagation est probablement due au couplage SPP-WG.

Nos résultats théoriques présentés dans ce travail sont en bon accord avec les résultats des
études expérimentales menées dans notre groupe.
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Résumé : Dans cette thèse, nous étudions les 

propriétés optiques d’un système 

multicouche (air-Au-SiO2-Au-Ti-verre). Les 

interfaces sont planes et la modélisation est 

réalisée en utilisant les coefficients de 

Fresnel à l’interface et la propagation 

d’ondes planes dans les couches. Deux 

modèles sont utilisés où l’échantillon est : i) 

excité par une source à l’infini (ESI) ; ii) 
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l’expérience que nous avons modélisée 
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tunnel inélastiques dans un microscope à 

effet tunnel (STM). 

Dans le modèle, le courant tunnel 

inélastique est remplacé par un dipôle 

oscillant vertical. En utilisant ces modèles, 
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(reflectance) et transmis (transmittance) 
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épaisseurs sur les observables. Nous avons 

trouvé que les observables ont des 
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trois couches et dAu
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celui de six couches. Les modes de guide 
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            Afin de caractériser la localisation du 

champ dans l’empilement et déterminer la 

nature du mode, nous avous calculé le champ 

électrique en fonction de la coordonnée de 
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mode SPP le champ est localisé à l’interface 

Au-air, tandis que le champ électrique du 
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Abstract: In this thesis, we investigate the 

optical properties of a six-layer stack (air-

Au-SiO2-Au-Ti-glass). The interface is flat, 

and the modeling is performed using 

elementary Fresnel expressions at the 

interface and plane wave propagation in the 

layers. Two models are used where the 

sample is: i) excited by a source at infinity 

(excitation by source at infinity (ISE)); ii) 

excited by a local source. In the experiments 

we are modeling this source consists of the 

inelastic tunneling electrons from a 

scanning tunneling microscope (STM). 

             In our modeling this source is 

replaced by a vertical oscillating dipole. 

Using these two models one calculates the 

reflected (reflectance) and the transmitted 

(transmittance) flux from a source at infinity 

and the transmitted flux of a local source. 

Surface plasmon polariton (SPP) and wave 

guide (WG) modes may be identified in the 

reflectance, transmittance and transmitted 

flux. In a particular wavelength domain, the 

SPP and WG repel each other giving rise to 

an avoided crossing. 

           The choice of the gold (Au) and silica 

(SiO2) thicknesses of the six-layer stack is 

guided by two requirements: high amplitude 

of the observable and wide wavelength 

dependence of the in-plane wave vector kρ. 

We also study the influence of the gold and 

silica thicknesses on the observables. We 

find that the observables are significant for 

dAu
trois(nm)𝜖[10,90] for the three and  

 

dAu
six(nm)𝜖[10,50] for six layer stacks and 

this predictive study guided the choice of the 

experimental sample thicknesses. The wave 

guide mode appears for dSiO2
> 190 nm. 

              The electric field as a function of 

the penetration coordinate z is calculated in 

order to characterize the location of the field 

in the stack and to assign the nature of the 

modes. We observe that for the SPP the 

electric field is confined at the Au-air 

interface whereas, the electric fields 

corresponding to the WG mode are confined 

inside SiO2 layer. 

Our calculations presented in this 

work are in good agreement with the 

experimental measurements performed in 

our group. 

 

 

 


	Abstract
	Introduction
	Electronic and photonic modes of a thin film stack: quantum well and wave guide modes
	Surface and thin film electronic states
	A solid bordered by a surface: surface and image states
	Electronic states associated to a single thin film: Quantum well states

	Photonic wave guide (WG) mode
	Model
	Thin films and the WG modes penetration depth

	Conclusion

	Plasmon properties and their dispersion
	Bulk and surface plasmon polaritons
	Drude permittivity
	Electromagnetic waves in metals: bulk plasmons (BP)
	Polaritons, surface plasmons polariton (SPP) and surface plasmons (SP)

	Continuity of the wave vectors and fields at an interface. Descartes-Snell law
	Descartes-Snell law at a dielectric-dielectric interface
	Propagating and evanescent fields at a dielectric-dielectric interface
	Descartes-Snell law at a dielectric-metal interface

	Dispersion of surface plasmon polaritons
	One interface
	Transverse magnetic (TM) polarization
	Transverse electric (TE) polarization

	Dispersion of surface plasmons polaritons (SPP) for a three layer (two interface) thin film structure
	Dispersion of surface plasmons polaritons (SPP) for an n layer geometry

	Conclusion

	Experimental set-ups for measuring plasmon properties
	Measuring the reflected light
	Plane wave source using a prism
	Focused laser beam

	Measuring the transmitted light. Leakage radiation microscopy
	Near field scanning optical microscope (NSOM)
	Rough thin films and illumination of a defect

	Excitation by electrons
	Scanning tunneling microscope (STM)
	Scanning electron microscope

	Conclusion

	Modeling: source at infinity and local source of excitation
	Excitation source at infinity (ESI)
	Fresnel coefficients in a one interface system
	Fresnel coefficients in a thin film stack

	Excitation by a local source
	From tunneling electrons of an STM to the oscillating dipole (OD) model

	Oscillating dipole model (OD) in the momentum space
	Oscillating dipole (OD) transmitted flux in coordinate space

	Conclusion

	Comparative study of the SPP-like and of the wave guide like (WG-like) modes of the three and six-layer thin film stacks
	Material functions
	Excitation by a source at infinity (ESI): Reflectance and transmittance
	Au thickness variation
	SiO2 thickness variation in a six-layer stack
	Reflectance of three and six-layer thin film stacks as a function of  and k/k0
	Dispersion of the reflectance for s and p polarizations
	Reflectance: comparison with the experiment
	Transmittance

	Conclusion for the excitation by a source at infinity (ESI) calculations
	Local source excitation using the oscillating dipole model (OD): Transmitted flux intensity in momentum space
	Transmitted flux intensity as a function of layer thickness in the three and six-layer thin film stacks
	Comparison between the transmitted flux for the light sources located at infinity and close to the surface.
	Dispersion of the transmitted flux intensity
	Model and experimental dispersion of a six-layer thin film stack

	Local excitation: transmitted flux intensity in coordinate space
	Transmitted flux intensity in the coordinate space from the inverse Fourier transform of the fields. Padding the Fourier space
	Comparison and interpretation of three and six layers stack in the coordinate space at a single wavelength
	3D-coordinate space transmitted flux of the stacks function of the wavelength and the in-plane coordinate 
	Comparison of the coordinate-space experimental results wih the model calculation for dipole-illuminated stacks

	Conclusion of the local excitation OD model calculations

	Characterization of the SPP and WG modes of the three and six-layer thin film stacks 
	Electric field profile mode assignment
	Electric field as a function of the penetration coordinate
	Characterization of the modes
	Validation of the E(z) algorithm
	Modulus of the total electric field as a function of the penetration coordinate (z), dAu and dSiO2
	Total electric field modulus as a function of the wavelength  and the penetration coordinate z 

	Conclusion

	Conclusion
	Electric field profile

