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Preface

This dissertation is submitted in partial fulfillment of the requirements for
the degree of Philosophiae Doctor at the department of communications and
electronics (COMELEC by its initials) in Telecom Paris, a member of the
Institut Polytechnique de Paris in Palauseau, France. The project has also
been carried out at the Mathematical and Algorithmic Science Lab, Huawei
FRC in Boulogne-Billancourt, France.

In particular, as an industry oriented doctorate, Alain Sibille and Mo-
hamed Kamoun have been my supervisors from Telecom Paris and Huawei
technologies, respectively.

The current manuscript is meant to be self-contained as way to highlight
the main contributions during the three-year research project. More pre-
cisely, the contents were subdivided in three parts, defined so that anyone
interested in the fundamentals can rely on the document itself, specifically,
as an introduction to the most relevant matters.

As a note to the reader interested in the central topics of research, depart-
ing from Chapter 5 shall be sufficient as a way to follow the main arrived-at
conclusions. Indeed, references to the relevant subjects under consideration
(in the so-called Fundamentals part) are commonplace. Nonetheless, when-
ever possible, it is recommended to follow the progression of the document
from the very beginning, which was intended to give a better understanding
of the material.

Paris, France. February 11, 2020.
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Introduction

This project has been conceived thanks to the collaboration of industry and
academia through the support of the french government via the CIFRE pro-
gram (standing for Conventions Industrielles de Formation par la Recherche).
On the one hand, around 80% of the work has been carried out at Huawei’s
Mathematical and Algorithmic Science Lab in Boulogne-Billancourt and, the
other 20%, at Telecom Paris as the doctoral school under the supervision of
both Prof. Alain Sibille and Dr. Mohamed Kamoun from the academia and
industry, respectively.

The interest in this project arises from the need of alternative multi-
antenna architectures to deal with the continuously increasing requirements
with looks at reducing energy consumption and fabrication cost. Thus, the
thesis focuses on the idea of exploiting the spatial domain (as opposed to the
exploitation of the time-frequency resource) of wireless environments from
two fronts : a) ESPAR antennas (standing for Electronically Steerable Para-
sitic Array Radiator) as a potential inexpensive alternative to conventional
multi-antenna architectures1, and b) the study of reactively loaded arrays to
deliver controllable scattering as a mean of adding degrees of freedom to the
propagation environment itself.

As a way to understand the structure of this manuscript, in connection to
that of the project, it is appropriate to highlight the importance given to the
interface between electromagnetism and the signal characterization. More
specifically, both of the so-mentioned work-fronts require the understanding
of electromagnetic (EM) phenomena that is not fully accounted for through
conventional link-level descriptions. More importantly, the latter is proof
of the need to join the approaches of the two related research communities
to cope with the scarcity of resources that is only expected to grow in the
decades to come.

In fact, this document is mostly positioned from the view of someone
with a background in telecommunications (unlike pure electromagnetism)

1– inexpensive in relation to the number of radio frequency front-ends these conven-
tional architectures are often assumed to be provided with.
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vi INTRODUCTION

with looks at enlightening the underlying EM mechanisms. It is roughly
composed of three parts, namely: fundamentals, the ESPAR antenna and
digitally controllable scatterers. In fact, the aim of having one part of the
document dedicated purely to fundamentals is to describe the EM phenomena
while highlighting all relevant details to the remaining two.

More specifically, the part fundamentals begins with Maxwell’s equations
(and their convenient solution for far-field radiation problems) all the way
to the well-known y = hx + n signal characterization many of us without
a pure background in electromagnetics feel so comfortable with. As the
seemingly least appropriate description to work with2 but most complete
characterization of the EM phenomena, Maxwell’s equations are the basis
that link our mathematical description to the very same reality. Thus, the
objective of this part is to expose the connection between fields and signals, as
well as to open the door to questioning the conventional transmitter-receiver
signal model. The latter is one of the most exciting outcomes of this project
in line with the research-related aim of challenging our vision to expand our
understanding of a problem.

To continue, the second part is dedicated to the ESPAR antenna as a
preamble of what is meant by “questioning the conventional transmitter-
receiver signal model”. Particularly, ESPAR obliges us to depart from the
abstract signal space in which traditional multi-antenna link-level character-
izations are depicted. As a contribution of this work, it will be shown how a
local approximation of the system model offers an alternative view. Notably,
through such an approximation of the system model, a computationally-
efficient solution to the non-trivial problem of channel-based adaptation of
the radiation characteristics of ESPAR is found.

Last, but not least, the third part deals with digitally controllable scat-
terers as a mean of improving energy efficiency. Such an exciting concept
has gained significant attention in the recent years and, in a sense, opens
the door to a radically different way to conceive communication problems.
Even though these devices are in their infancy, it is not difficult for me to
imagine how the decades to come could be marked by the massification of
this technology.

One of the main contributions of this project is, in fact, the understanding
of how digitally controllable scatterers allow to defy the view of wireless
environments as unavoidably contingent. As a preamble, one outcome of this
project was to show that, through the adoption of this technology, free-space
propagation can be outperformed under entirely obstructed (also known as
non-line-of-sight) propagation conditions.

2– from a conventional link level perspective



Contributions

Along this project several papers have been submitted to peer-reviewed con-
ferences and journals. Particularly, four conference papers have been pub-
lished, another one has been recently accepted for publication, and two jour-
nal papers are under review (among which one is in minor revision).

Notably, related to ESPAR, an approximation of its admittance matrix
was proposed. The latter allowed to linearize the system model in order to
solve the problem of channel-state-based reactance optimization for analog
beam-forming, particularly, at a significantly low computational complexity
with respect to existing work in the literature.

Moreover, the linearization was further exploited as a mean to come
up with a real-time (i.e. sample-per-sample update) algorithm that solves
the previous problem, in specific, avoiding the need to know the complex
impedance matrix and channel state vector. Such an algorithm, relying solely
on a-priori-known pilot symbols, is able to adapt the radiation properties of
ESPAR with as few as 50 pilot symbols for a five element array.

On the other hand, related to DCS, the derivation of a dipole based and
impedance controlled antenna array was proposed as means of scattering
characterization. The directional properties of different architectures, among
which bulky and ground-plane backed, were analyzed and their models cor-
roborated. Additionally, the interdependence of its physical size and the
interacting Fresnel zones at the DCS location were found to be fundamental
for their differentiation as scatterers or reflectors.

Particularly, it was shown that the key to understand and unify both
such opposite behaviors lies in the appropriate identification of the array near
field, and its further approximation. In fact, one of the contributions of this
project is a way to seamlessly characterize DCS on all of its operation regions
through the here-called generalized array manifold. Moreover, a compact yet
thorough input-output link-level signal characterization for a wireless system
in the presence of DCS was proposed.

The exhaustive list of publications can be found in Appendix F.
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Context of the project

In light of the new set of telecommunication standards (usually grouped as
generations), which is supposed to cope with the latest requirements in data
transmission (given by applications as virtual and augmented reality, super-
ultra high definition, big data, Internet of Things, etc.), alternative network
infrastructures (to conventional ones, see Fig. 1) are envisaged to deal with
some issues as coverage, network adaptability, among others. A more efficient
infrastructure involve an active role of devices (among which users) in trans-
muting data to other users, comparable to relay-like broadcasters as in Fig. 2.
The challenges the latter represents, nevertheless, are not straightforward.

Figure 1: Representation of a conventional cell centric
infrastructure such as the GSM network3.

One important goal in recent generations of communications is the re-
source optimization in terms of energy efficiency as means of coping with

3Downloaded from url under license Creative Commons 3.0.
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x CONTEXT OF THE PROJECT

the high data demand with economic feasibility in mind. Understanding the
main resources as time, frequency and space, the use of multi-antenna sys-
tems is fundamental to access the spatial domain of wireless environments.

Specifically, there is a strong effort in the research to exploit the high
frequency spectrum with the so called millimeter-wave communications (for
frequencies above 30 GHz). In this work, nonetheless, the focus is mostly
placed on the spatial domain of wireless environments at the important sub-6
GHz part of the spectrum.

Figure 2: Representation of a network infrastructure in which
all devices play an active role4.

Although old in the scientific literature, multiple antenna systems are
one of the topics that receive the most of attention nowadays due to the ad-
vances in the electronics required. Some of the most praised results include,
under some assumptions, a linear increase in capacity with the minimum of
the antennas at the transmitter and receiver sides. The latter, known as
spatial multiplexing, makes use of the small coherence distance present on
rich wireless multi-path channels. Particularly, it can be seen as having inde-
pendent communication links on systems provided with antennas sufficiently
separated in space. the latter means that, even-though signals are combined
among different antennas at the receiver side, there is an algorithm that with
high probability can separate the multiple streams that coincide both in the
time and frequency domains.

4Downloaded from url under license Creative Commons 4.0.

https://commons.wikimedia.org/wiki/File:5G_mobile_network_diagram.jpg
https://creativecommons.org/licenses/by-sa/4.0/legalcode
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From a more practical point of view several factors, such as production
cost and energy consumption, are relevant of consideration for the operators
and users with economic feasibility in mind.

Figure 3: Massive MIMO scheme5.

From the network perspective, one of 5G’s key front-lines is the so called
Massive MIMO. Massive MIMO involves the use of plenty of antennas (hun-
dreds even, as pictorially represented in Fig. 3) on base stations in order to
exploit the spatial domain mentioned. Nonetheless, unlike previously, as a
way to increase the network capacity, even when user terminals are equipped
with few antenna elements each, as in Fig. 4. Particularly, given that opera-
tors are willing to invest in order to increase the number of served users.

Figure 4: Multi user multiple input multiple output (MU-MIMO) scheme6.

Coming back to the network represented on Figure 2, massive MIMO
increases the network sum-rate for base-station related transmissions. Nev-

5Downloaded from url by kind permission of the author.
6Downloaded from url under license Creative Commons 4.0.

http://www.commsys.isy.liu.se/en/research/projects/CENIIT-Radio-Resource-Management
https://commons.wikimedia.org/wiki/File:Mod%C3%A8le_Massive_MIMO-_M_antennes_et_K_utilisateurs_.jpg
https://creativecommons.org/licenses/by-sa/4.0/legalcode


xii CONTEXT OF THE PROJECT

ertheless, the device-mediated and relayed transmissions remain challenging
as close to channel capacities have already been achieved on SISO (singu-
lar input singular output), among others, by the use of advanced coding
techniques.

As a consequence, new techniques that exploit spatial richness while hav-
ing in mind cost, energy efficiency and physical adequacy are nowadays im-
perative.

This motivation leads to considering two concepts existing in the research
even since decades ago, both of which have become more appealing in the
recent years. In brief, the present work is based on the use of the electron-
ically steerable parasitic array radiator (ESPAR) and digitally controllable
scatterers (DCS) as a way to face such a challenge.

To conclude, as preamble, ESPAR refers to low-cost antenna array being
fed by a single radio frequency (RF) front-end. Translating to the reduc-
tion of fabrication and operation costs. On the other hand, DCS correspond
to the arrangement of a massive amount of inexpensive antenna elements
with the objective of capturing and scattering energy in a controllable man-
ner. As such, allowing to introduce degrees of freedom to the propagation
environment itself.

Transceiver 
RF Signal 

Control Signals 

Electromagnetic Coupling
 

Figure 5: Example ESPAR antenna (left) and DCS (right)
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Chapter 1

Maxwell’s equations

As mentioned, there is an interest on reviewing the fundamental electromag-
netic (EM) phenomena that takes place in communication problems. Thus,
Maxwell’s equations and their solution will be briefly inspected for the region
we are interested in analyzing the most, i.e. the far-field zone [1]. Moreover,
the superposition principle and boundary conditions, that are key to the un-
derstanding of antennas as receivers and as scatterers, will also be looked at.
These are relevant concepts to gain intuition on the interaction among field
quantities involved in all wireless communication problems.

Let us begin by one of the most fundamental descriptions we have of
the EM phenomena: Maxwell’s equations in steady state under harmonic
excitation:

∇ ·D = ρ,

∇ ·B = 0,

∇×E = − ωB,
∇×H = J +  ωD.

In the previous equations, uppercase letters represent complex field quan-
tities on any arbitrary spatial system of coordinates. In particular, E rep-
resents the electric field intensity in units of volt/m, H the magnetic field
intensity in units of ampere/m2, J the electric current density accounting for
external sources in units of ampere/m and ρ the volumetric charge density in
units of coulomb/m3. Additionally, D represents the electric displacement in
units of coulomb/m2 and B the magnetic induction in units of weber/m2 or tesla.

In order to gain insight of these equation, note first that there exist con-
stitutive relations between the field intensities E, H and the flux densities
D, B. We could imagine the field intensities as the way the medium reacts

3



4 CHAPTER 1. MAXWELL’S EQUATIONS

Figure 1.1: Representation of EM radiation.
Extract [2], educational use. S. J. Orfanidis © 2016.

to the presence of the flux densities D and B through:

D = εE = ε0εrE, (1.1)

B = µH = µ0µrH . (1.2)

The constitutive relations in (1.1) and (1.2) are for simple homogeneous
and isotropic dielectrics as the ones we are interested in here. Additionally,
ε and µ characterize, respectively, the electric and magnetic polarization
properties of the material with the subindex 0 indicating their reference value
for vacuum and r their material-specific relative value.

By the inclusion of such constitutive relations, Maxwell’s equations take
the convenient form:

∇ ·E =
1

ε
ρ, (1.3)

∇ ·H = 0, (1.4)

∇×E = − ωµH , (1.5)

∇×H = J +  ωεE. (1.6)

Equations (1.3) to (1.6) give a complete description of the curl and diver-
gence1 of both the electric and magnetic field intensities in the presence of
the source electric current density J . Moreover, in the source-free region (i.e.
J =  and ρ = 0), note that the curl in (1.5) and (1.6) do not immediately
vanish but exhibit a harmonic dependence; leading to what is known as EM
radiation; shown away from J in Fig. 1.1.

To continue, let us recall that (1.4) is a direct consequence of the non-
existence of magnetic monopoles. The latter translates to that, while E
generally has divergent and rotational components, H can be described en-
tirely in terms of a vector potential (i.e. as the rotational of another vector
field).

1therefore completely characterizing these fields under appropriate conditions of
smoothness and decay, according to the fundamental theorem of vector calculus [3].
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Figure 1.2: Representation of source and field points.
Extract [2], educational use. S. J. Orfanidis © 2016.

Thus, through Helmholtz decomposition [3], it can be shown2 that E and
H can be jointly decomposed into a vector potential A (also known as mag-
netic potential) and a scalar potential ϕ (also known as electric potential),
namely:

E = −∇ϕ−  ωA, (1.7)

H =
1

µ
∇×A. (1.8)

The previous transformation allows us to rewrite Maxwell’s equations in
an equivalent wave-equation form3:

∇2ϕ+ k2ϕ = −1

ε
ρ, (1.9)

∇2A+ k2A = −µJ , (1.10)

with k = 2π/λ being the free-space wavenumber. Moreover, because of the
assumed harmonic time dependence for all quantities, e.g.

ϕ(r, t) = ϕ(r) e ωt, A(r, t) = A(r) e ωt, ρ(r, t) = ρ(r) e ωt, etc.,

the solution for (1.9) and (1.10) to the excitations J and ρ can be given in
convolutional form as:

ϕ(r) =
1

ε

∫
V

ρ(r′)G(r − r′) d3r′, (1.11)

2– see chapter 15 of [2].
3Lorenz condition (∇ ·A +  ω

c2 ϕ = 0) is also imposed in (1.9) and (1.10) to break the
gauge invariance; which in fact results in charge conservation law [2].
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A(r) = Im µ

∫
V

J0(r′)G(r − r′) d3r′, (1.12)

where r is the field (observation) point, r′ is the source (integration) point
(i.e. over V that is a volume containing all sources as shown in Fig. 1.2) and
the source current density has been re-expressed as J(r) = Im J0(r); with
J0(r) the normalized (to Im) current distribution4.

Note that G(r) in (1.11) and (1.12) is the Green function of the Helmholtz
equation:

∇2G(r) + k2G(r) = −δ(r), G(r) =
e− kr

4πr
, (1.13)

with δ(r) being the three-dimensional delta distribution and r = |r|.
In particular, G(r) can be seen as the impulse response or kernel of

the system characterized by the wave differential equations (1.9) and (1.10).
Moreover, (1.11) and (1.12) are of extreme relevance to the goal of linking
the EM phenomena to signal processing.

More specifically, observe that the vector potential are linear on the exci-
tation given by Im. Additionally, the corresponding radiated field intensities
E and H are also linear on the magnetic potential vector5. In other words, if
we denote by E(In Jn) and H(In Jn) the field intensities at a given location
r due to some current distribution Jn = J0(r − rn)∀n = 1, 2, we can show
that the superposition principle holds:

E(I1 J1 + I2 J2) = I1E(J1) + I2E(J2), (1.14)

H(I1 J1 + I2 J2) = I1H(J1) + I2H(J2), (1.15)

where the integration volume should entirely contain both J1 and J2.

1.1 Far-field solution with currents as sources

It must be stressed that, in spite of the simplification of Maxwell’s equations
as of (1.9) and (1.10), the solution for the potentials with harmonic currents
as sources of fields is analytically difficult to work with regardless the coor-
dinate system. In particular, the shifted argument of the Green function, i.e.
G(r − r′) in (1.11) and (1.12), can be approximated for a region of validity
known as far-field, namely through:

G(r − r′) =
e− k|r−r

′|

4π|r − r′|
u

e− k(r−r̂·r′)

4πr
, r � l and r � 2l2

λ
(1.16)

4Particularly, Im can be related to the input current to the antenna terminals.
5Note that, by the aid of the Lorentz condition, both E and H can be expressed

completely in terms of such magnetic potential vector A.
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Figure 1.3: Representation of far field approximation.
Extract [2], educational use. S. J. Orfanidis © 2016.

where l is the largest dimension of the smallest integration volume containing
all sources and r̂ is a unitary vector pointing at the far-field observation point
as shown in Fig. 1.3.

More specifically, in (1.16), the dependence with the observation point
in the numerator was replaced by a first order approximation whereas the
denominator was replaced by an approximation of order zero.

Using the far-field approximation of the Helmholtz Green function we
obtain for the far-field scalar and vector potentials:

ϕ(r) =
e− kr

4πεr

∫
V

ρ(r′)ek·r
′
d3r′, k = kr̂, (1.17)

A(r) =
Im µe− kr

4πr

∫
V

J0(r′)ek·r
′
d3r′︸ ︷︷ ︸

F (r̂)

, k = kr̂. (1.18)

Note that the integrands in (1.17) and (1.18) correspond to a three di-
mensional Fourier transform of the sources.

Moreover, the so-called radiation vector is, thus, defined by:

F (r̂) :=

∫
V

J0(r′)ek·r
′
d3r′, k = kr̂. (1.19)
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The addition of the radiation vector is very useful at this point given
that, after employing the scalar and vector potentials as an intermediate
step, the solution for the far-field electric and magnetic field intensities can
be easily expressed in terms of the radiation vector. Moreover, as already
mentioned, the radiation vector corresponds to the Fourier transform of the
source current distribution; what is advantageous given that many properties
and algorithms such as the fast Fourier transform (FFT) are well known.

To finish the current section we will jump directly to the anticipated
result. More specifically, through the expressions for E and H in terms of
the scalar and vector potentials of (1.9) and (1.10), the Lorenz condition to
find ϕ(r) in terms of A(r) and (1.18); it can be shown that E and H in the
far-field approximation are given by:

E(r) = − Im kη
e− kr

4πr

[
θ̂Fθ + φ̂Fφ + r̂ 0

]
, (1.20)

H(r) = − Im k
e− kr

4πr

[
φ̂Fθ − θ̂Fφ + r̂ 0

]
, (1.21)

where η =
√

µ/ε is known as the impedance of the medium, i.e. η = 120π for
vacuum.

In particular, (1.20) and (1.21) show explicitly that the fields in the far-
field region both contain and depend exclusively on the components orthog-
onal to the direction of propagation (that is given by r̂). The latter is a
consequence of the far-field approximation and is known as transversal elec-
tric magnetic (TEM) propagation.

Additionally, apart from belonging to the plane transversal to the direc-
tion of propagation, E and H form (with r̂) a right-handed vector system:

E = ηH × r̂, (1.22)

H =
1

η
r̂ ×E, (1.23)

meaning that, in the far-field, knowing either E or H suffices to completely
characterize the EM radiation.

The half-wave dipole case

Based on (1.17) and (1.18), the far-field radiation resulting from a simple
geometry such as a linear wire can be easily computed. Moreover, given
that thin half-wave dipoles have been extensively used throughout the whole
thesis, the derivation of their radiated fields will be shown in detail.
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−�x �y

−�y �x

�r
ẑ
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Figure 1.4: Representation of the adopted spherical coordinate system,
i.e. 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π

If we assume a vertically oriented wire in the positive ẑ direction according
to the coordinate system of Fig. 1.4, the natural resonance of a thin half-wave
dipole would result in a current distribution that can be well approximated
as sinusoidal, i.e.:

J0(r) = ẑ cos(kz)δ(x)δ(y), |z| ≤ λ

4
. (1.24)

According to the coordinate system of Fig. 1.4, the wavevector k is a
function of the polar angle θ and azimuth angle φ, and it is given by:

k(θ, φ) = kr̂ = k sin(θ) cos(φ) x̂+ k sin(θ) sin(φ) ŷ + k cos(θ) ẑ. (1.25)

Therefore, the radiation vector contains only a vertical ẑ component. In
particular it is given by:

F (r) = ẑ

∫ λ
4

−λ
4

cos(kz′)e k cos(θ)z′ dz′.

Furthermore, by substitution and integration by parts, such a vector can be
shown to be equivalent to (in spherical coordinates):

F (r) =

ẑ︷ ︸︸ ︷[
r̂ cos θ − θ̂ sin θ

] 2

k

cos
(
π
2

cos θ
)

sin2 θ
, (1.26)

resulting, through (1.20), into an expression for the far-field electric field
intensity given by:

E(r) = θ̂  Im η
e− kr

2πr

cos
(
π
2

cos θ
)

sin θ
, (1.27)
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where, to recall the reader, it can be clearly seen that E(r) is linear on the
excitation at the center of the dipole (i.e. Im) and as predicted by (1.14).

1.2 Boundary conditions

To recapitulate, in the first part of the current chapter it has been shown
how currents act as sources of EM fields and, in particular, how these fields
look like far away when a resonant half-wave dipole is excited at its center
by a current Im, i.e. (1.27).

As a means of understanding the opposite process, namely: how currents
are induced as a result of incident EM waves, the current section will make
an overview of basic yet important relations between EM fields when inter-
acting on different media. Thus, we are interested in the interface between
dielectrics (such as vacuum) and conductors.

Figure 1.5: Depiction of boundary conditions between two different media.
Extract [2], educational use. S. J. Orfanidis © 2016.

In particular, the boundary conditions describe constraints that EM fields
should obey across such interfaces. These conditions can be derived from the
integral form of Maxwell’s equations after applying some regularity assump-
tions on the fields and are given by:

n̂× (E1 −E2) = ,

n̂ · (D1 −D2) = ρs,

n̂× (H1 −H2) = Js,

n̂ · (B1 −B2) = 0,

where the subindices 1 and 2 characterize the fields at the different media as
shown in Fig. 1.5. Note that the previous conditions are enforced exclusively
at the interface between the two media.
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Moreover, recall that inside perfect electrical conductors (PEC) the net
electric field is zero as a result of the free charges. In particular, as a reaction
to any incident field Einc, free electrons displace and cause a field Ereac as
reaction that is equal in magnitude and opposite in direction; effectively
canceling out the total field inside the material.

The latter is key to the understanding of antennas in reception and, as
will be seen later, of antennas working as scatterers of EM radiation. More
specifically, when there is incident EM radiation from the first medium while
the second medium is a PEC, the first boundary condition gives for the
interface between both media:

n̂× (E1 −��>


E2 ) = . (1.28)

The implications of (1.28) are of prime importance to the current thesis.
As the net tangential component of the electric field E1 at the boundary is
zero, there are currents induced at the surface of the PEC that produce the
field E1,reac as reaction; effectively enforcing (1.28) through:

n̂×E1,inc = −n̂×E1,reac. (1.29)

Nonetheless, given that (1.29) is only enforced at such an interface, the
induced currents continue to radiate into the first medium. Even more, in
the case where the PEC of the second medium corresponds to the surface
of an antenna, the energy radiated by the reaction field can propagate into
a transmission line and be used to sense what the antenna is effectively
receiving.

Thus, apart from hinting on how receiving antennas work, the boundary
conditions give an intuition on how antennas (or more generally conducting
bodies) scattered fields that propagate back to the environment.

1.3 Overview

The chapter reviewed Maxwell’s equations and their far-field solution for
currents as sources. The superposition principle, as a result of the linearity
of the convolutional operator, was also recalled as it plays a fundamental role
in the link-level signal characterization. Moreover, the boundary conditions
were presented as a means of giving a notion of such a process in the reverse
direction, namely, reception and scattering due to incident EM radiation to
a perfect electric conductor (PEC) material.
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Chapter 2

Antennas as conductor-air
interfaces

To proceed, the current chapter will be exclusively dedicated to the adoption
of antennas as transmitting and receiving devices. The complete picture of
antennas in the far-field linking the electrical and field perspectives, both in
terms of its equivalent circuit and radiation pattern characterization, will be
presented.

The chapter will close with an overview of the simplest power charac-
terization of a transmitter-receiver link, known as link budget, for an unob-
structed (also known as line-of-sight) scenario.

2.1 The electrical perspective

As exemplified through a half-wave dipole antenna, Maxwell’s equations were
used to find the far-field radiated electric field intensity E(r) as a (linear)
function of the current at the antenna terminals Im. Recalling the reader,
this resulted in:

E(r) = θ̂  Im η
e− kr

2πr

cos
(
π
2

cos θ
)

sin θ
, (1.27)

where the first link between a circuit quantity (the source current Im) and a
field quantity (the far-zone radiated electric field intensity E) was hinted on.
Consequently, the rest of the current section will introduce a more precise
characterization of antennas as components of electrical circuits.

13
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2.1.1 The effective length vector

Likewise, it can be shown that the electromotive force (emf) at the terminals
of any antenna as a result of an incident EM field, characterized by Einc, can
be equivalently expressed as [4]:

E = le(r̂inc) ·Einc, (2.1)

where le(r̂inc) ∈ C3 refers to what is known as the effective length vector of
the antenna under consideration (evaluated at the direction of incidence of
the field Einc).

Note that, according to (2.1), the impact on the induced emf due to a
mismatch in polarization can be easily related to the cosine of the angle
between the effective length vector le and the incident electric field intensity
Einc. Moreover, through reciprocity considerations [5], the effective length
vector can be related to the far-zone electric field intensity E radiated by
such an antenna due to a given current at its terminals as [4]:

Erad(r) := − Im kη
e− kr

4πr
le(r̂). (2.2)

Consequently, from (1.20) and (2.2), the effective length vector of any
antenna can be expressed in terms of the previously introduced radiation
vector F as:

le(r̂) := F⊥(r̂) = θ̂Fθ(r̂) + φ̂Fφ(r̂). (2.3)

In the particular case of a vertically polarized half-wave dipole, and based
on (1.26), such an effective length vector can be shown to be equivalent to:

le(r̂) = −θ̂ 2

k

cos
(
π
2

cos θ
)

sin θ
. (2.4)

Note also that, through (2.1) and (2.2), the field radiated by a transmitter
antenna and the induced emf at a receiver antenna are fully described in terms
of the so-defined effective length vector.

However, in order to fully characterize antennas as part of an electrical
circuit (and predict issues such as impedance mismatch), an equivalent circuit
representation of the antenna is required. In the following, given that voltages
and currents can be defined at the antenna port, the concept of antenna
impedance is introduced in order to construct such a circuit characterization.

2.1.2 Equivalent circuit representation of an antenna

To begin with, note that the voltage at the antenna port can be related to
the line integral of the E field across the port terminals [2]. Moreover, recall
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the important property of linearity of the E field1 with the source current
density as in (1.14). Thus, as a result of the linearity of the integro-differential
operator, the voltage across the antenna terminals is also linearly related to
the current at the antenna port.

The latter allows us to look at a transmitting antenna simply as an
impedance2 ZA that extracts energy and radiates part of it into the surround-
ings. Additionally, given that we are dealing with time-harmonic fields, note
that such an impedance is composed of both a resistive and a reactive compo-
nent. In particular, its resistive component relates to energy being radiated3

and dissipated due to ohmic or other losses in the materials. On the other
hand, the reactive component of the antenna relates to energy confined in
the form of electric and magnetic fields at the so-called near-field region of
the antenna.

What’s more, a receiving antenna can be equivalently represented by an
ideal source with an emf given by (2.1) in series with ZA debiting into the
actual receiver load as shown in Fig. 2.1.

Figure 2.1: Circuit representation of an antenna in transmission (left) and
reception (right). V = E and Iin = Im in connection with (2.1) and (2.2).

Extract [2], educational use. S. J. Orfanidis © 2016.

Thus, by the inclusion of: first, the antenna impedance ZA; second, its
emf in reception (2.1) and; third, its radiated field in transmission (2.2), the
precise link between the circuit and the field perspectives is revealed.

Lastly, in spite of the relevance of the antenna impedance as a means of
characterizing it, the computation of such an impedance is omitted in the
current thesis for brevity (in particular its reactive part being mathematically

1– this property holds at all regions, i.e. not only at the far-field region.
2– more precisely defined as the ratio of the voltage across its terminals to its input

current.
3the term radiated refers to the far-field zone and, consequently, we refer here to energy

contained in the fields characterized in Sec. 1.1.
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extensive) as this is well documented in every book dealing with antenna
theory [2, 5]. Nonetheless, it must be stressed that simple expressions have
been found for the impedance of the type of antennas of interest for the
current work [5], i.e. linear thin wire radiators.

2.2 The field perspective

After revealing a means for characterizing antennas as circuit components, it
remains to introduce a way to describe the manner they radiate (or extract)
energy to (or from) the environment in transmission (or reception). As a
matter of fact, one consequence of the principle of reciprocity [5] is that the
very same characterization applies both for antennas used in transmission or
in reception.

Moreover, as will be explained in the following, only a directional charac-
terization of the antenna is required. The latter is a direct consequence of the
nature of far-field radiation in which the distance and angular dependencies
are decoupled; effectively simplifying its description.

Finally, even though such a characterization could be carried out in the
realm of the complex E and H fields, it will prove convenient to work in the
domain of power4. In particular, working in the domain of power allows to
connect more naturally with the yet-to-be-introduced notions of directivity,
gain and effective area, apart from coming directly into play in the link
budget.

2.2.1 The flux vector

To begin with, recall that the Poynting vector is a quantity that describes
the flux of energy per unit area and unit time; generally in units of W/m2.
More specifically, as the E and H fields are assumed to be time-harmonic,
we are interested in the time averaged Poynting vector that describes the net
flux of energy and is given by:

P =
1

2
<{E ×H∗}

far-field
≈ r̂

1

2η
|E|2. (2.5)

Moreover, in connection to the radiation vector5 defined in Sec. 1.1 for the
field radiated by a given source current, the flux vector can be re-expressed
shortly as:

P(r) = r̂Pr = r̂
ηk2|Im|2

32π2r2
|F⊥(r̂)|2, (2.6)

4– the Poynting vector’s or a domain alike.
5– therefore applicable at the far-field region.
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where the scalar function Pr is known as the radiation density and |F⊥(r̂)|2
corresponds to the squared norm of the radiation vector after the removal of
the component in the direction of propagation; i.e. removing its r̂ component.
As aforementioned, it is also clear from (2.6) that the distance and angular
dependencies can be decoupled into the product of two factors.

Even more, note that (2.6) shows that the energy carried by the EM radi-
ation decreases locally with r2. Fundamentally, according to it, the radiation
is contained at the surface of a sphere6 whose area grows with the observation
distance.

Nonetheless, as we are assuming a lossless antenna and propagation en-
vironment, it can be shown that:

Prad :=

∮
S(V )

P · n̂ dS =
1

2
|Im|2<{ZA}, (2.7)

where S is any closed surface surrounding a volume V that fully contains the
antenna, n̂ is a unit norm vector pointing outwards from such a surface and
dS is an infinitesimal surface element.

Note that, as the right hand side of the previous equation is the power
extracted by the antenna resistance, (2.7) is simply a consequence of conser-
vation of energy for the case in which no dissipative losses exist.

Moreover, (2.7) allows to study the radiation of a physically unrealizable
yet useful reference antenna: the isotropic radiator. In particular, fixing the
total radiated power, the directional characteristics of any antenna can be
compared to those of a fair7 isotropic radiator.

Thus, choosing S(V ) in (2.7) as the surface of a sphere of radius r, the
flux resulting from an isotropic radiator can be shown to be equivalent to:

P iso(r) = r̂P iso
r = r̂

Prad

4πr2
, (2.8)

that is to say, the density of the radiated power is uniformly spread across
the propagating wavefront (i.e. the surface area of the sphere of radius r).

2.2.2 Directivity, gain and effective area

Consequently, joining (2.6) and (2.8), the far-field metric known as directivity
can be now precisely defined. In particular, the directivity measures how
much is gained in a specific direction8 by using a given antenna instead of

6– centered at the antenna location with a radius of r.
7fair in the sense that it does not exhibit any preferred direction of radiation.
8– for a fixed total radiated power.
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a hypothetical isotropic radiator. Thus, it is defined as the ratio of the
radiation intensity of such an antenna to that of an isotropic radiator for the
same net radiated power, i.e.

D(r̂) :=
Pr
P iso
r

=
η k2|Im|2

8πPrad

|F⊥(r̂)|2. (2.9)

Note from (2.9) that, due to the nature of the far-zone fields, the di-
rectivity is a function of the direction of observation and, particularly, it is
independent of the observation distance.

Nevertheless, recall that Prad in (2.7) refers to effectively radiated power;
which is in practice lower than the power accepted by the antenna termi-
nals due to conduction losses at the antenna. Therefore, and because of the
difficulty on modeling conduction losses, the accepted power PT is often char-
acterized in terms of a factor known as the radiation efficiency e, namely:

Prad = e PT (2.10)

where 0 ≤ e ≤ 1. Moreover, as per (2.9), the metric of antenna gain is
defined in the same way as the directivity but, instead, relative to the power
accepted by the antenna terminals; namely:

G(r̂) =
η k2|Im|2

8πPT
|F⊥(r̂)|2. (2.11)

Additionally, based on (2.9) and (2.10), the antenna gain and directivity
are related simply by G(r̂) = eD(r̂).

It is important to highlight the usefulness of the antenna directivity and
gain as means of characterizing (exclusively) the directional behavior of an-
tennas in the far-field. Thus, the radiation density of a transmitter antenna
can be expressed simply in terms of the power accepted by the antenna ter-
minals and the gain as:

Pr(r) =
PT

4πr2
G(r̂). (2.12)

Note that the radiation density describes the power per unit area con-
tained in an EM field from which, in reception, an antenna would be able
to extract energy. As a consequence, the notion of an area from which the
receiver antenna is able to collect energy can be introduced.

Therefore, the effective area A is defined as that area which multiplied
by the incident radiation density gives the power available9 at the output

9The available power in the sense used here corresponds to the power delivered via
conjugate matching.
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antenna terminals. With the aid of the circuit representation of Sec. 2.1.2 in
connection with (2.11) and after many simplifications, it can be shown to be
simply related to the antenna gain as [2]:

A(r̂) :=
PR, conj

Pinc

=
λ2

4π
G(r̂), (2.13)

where PR, conj corresponds to the power delivered to a conjugate matched
receiver.

Note that, through an impedance mismatch factor eload, an alternative
metric that generalizes the conjugate-matched effective area of (2.13) can be
incorporated. In particular, the absorption cross-section σa is defined here as
that area which, multiplied by the incident radiation density, gives the power
delivered to any arbitrary load attached to the antenna terminals; namely:

σa(r̂, Z) = eload(Z)A(r̂), eload(ZL) =
4RLRA

|ZL + ZA|2
, (2.14)

where ZL = RL + XL and ZA = RA + XA represent the impedance of the
receiver device and receiver antenna, respectively.

From (2.14), it can be shown that σa(r̂, Z) ≤ A(r̂) (for <{Z} ≥ 0) with
strict equality when Z = Z∗A.

To summarize, a directional characterization for the radiated and ab-
sorbed power was obtained through the antenna gain and effective area. The
latter will allow in the following section to build a model for the power re-
ceived via an unobstructed transmitter-receiver link or free-space link budget.

2.3 Link budget

With the electrical and field perspectives (and their corresponding character-
ization) of antennas as conductor-air interfaces, a model (known as the Friis
equation) can be expressed as a chain of propagation steps starting by the
power accepted by the transmit antenna terminals all the way to the power
delivered to a matched receiver.

In specific, from (2.12) and (2.13), we can readily show:

PR, conj =

Pinc︷ ︸︸ ︷
PT

4πr2
GT (r̂T ) AR(r̂R),

PR, conj = PT GT (r̂T )GR(r̂R)

(
λ

4πr

)2

, (2.15)
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where the impact of polarization and impedance mismatch at the receiver
have been discarded for the sake of brevity.

On the other hand, if such a mismatch is to be considered it can be
included through:

PR = PT GT (r̂T )GR(r̂R)

(
λ

4πr

)2

eload epol, (2.16)

with eload from (2.14) and 0 ≤ epol ≤ 1 given by:

epol =
|le(r̂T ) · le(r̂R)|2

|le,T (r̂T )|2|le,R(r̂R)|2
, (2.17)

with epol characterizing the polarization mismatch in terms of the effective
length vectors at the transmitter10 and the receiver side.

10– recall that the effective length vector is parallel to the radiated electric field intensity
and, thus, determines the polarization of the radiated field.



Chapter 3

Antennas as scatterers

The beginning of the so-called fundamentals dealt with the conceptual so-
lution of Maxwell’s equations for general geometries in the far-field and, in
detail, for radiation from thin half-wave dipoles. Additionally, the picture of
antennas as conductor-air interfaces was complemented through the respec-
tive electrical and field perspectives, both for transmission and reception.

The current chapter deepens into the alternative view of antennas as ob-
jects that scatter fields when exposed to EM radiation from the environment.
Recalling Sec. 1.2 on the boundary conditions, the notion of a field appearing
as a reaction to external excitation becomes central to such a view.

More specifically, antennas behaving as scatterers are pervasive (in fact
all antennas in reception scatter back to the environment at least part of the
energy they collect) and, thus, the goal of this chapter is to present a way to
characterize their behavior. The latter will allow to predict and control the
impact of simple yet useful antennas designed as controllable scatterers.

3.1 The field scattered by an antenna

To recall, the boundary condition (1.29) says that the incident field induces
a current at the PEC that, in response, produces a field Ereac; effectively an-
nihilating the net tangential component of the electric field at the boundary.
Nonetheless, Ereac continues to radiate outside the interface and results into
what is called here a scattered field Escat.

Thus, the task of characterizing the field scattered by any antenna could
be decoupled into two stages: finding the induced current density and com-
puting the radiated field resulting from such an induced current.

In particular, as per (1.7), (1.11) and (1.12), the scattered field can be
given in terms of the linear operator L that acts on the induced surface

21
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current density [6], namely:

Ereac := L(Jreac). (3.1)

As a result of the linearity of such an operator, multiple decompositions of
Jreac (and thus of Ereac) could be used to break down the reaction field into
easier to determine components and, subsequently, to apply the boundary
conditions to solve the scattering problem.

Some analytical decompositions include the so-called natural modes of
resonance (NMR) and characteristic modes of resonance (CMR) [6]. Also,
the well-known numerical method of moments (MoM) is based on its decom-
position in terms of a conveniently chosen set of basis functions.

3.1.1 The structure and antenna decomposition

In what follows, an alternative and more convenient decomposition will be
considered instead. More specifically, the field scattered by an antenna can
be decomposed into two terms commonly referred to as the structural and
antenna components.

In particular, the structural component is here defined as the scatter-
ing response of the antenna (and its close surroundings) when conjugate
matched1 to its port impedance ZA. Thus, by virtue of such a decomposi-
tion, it can be shown [7] that the so-called antenna component results simply
related to the reflection coefficient towards the load attached to the antenna,
namely through:

Escat(Z) =

Estruct︷ ︸︸ ︷
Escat(Z = Z∗A)−αΓ (Z)Eant, (3.2)

α =
Iconj
Im
, Γ (Z) =

Z−Z∗A
Z+Z∗A

,

where Z is the impedance attached to the antenna terminals, Iconj the port
current in reception when conjugate matched and Im is the terminal current
for the transmission situation represented by Eant.

Note that the antenna contribution represented via Eant can be given in
terms of the previously introduced radiation vector F for far-field problems
as in (1.20). More generally, and of paramount importance for the third part
of this thesis, the antenna mode contribution Eant and the current Iconj could
both be modeled using the tools introduced in Chapter 2.

On the other hand, as Estruct represents the contribution resulting from
resonance modes that are typically not excited through the antenna port2, the

1The structural component can also be referenced to different load conditions.
2– e.g. the contribution of the metallic structure of a car-mounted antenna when

studying its scattering properties.
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structural component is generally more difficult to characterize. Nonetheless,
as shown in (3.2), such resonance modes3 are independent of the loading
conditions and, thus, can be computed once and for all.

3.1.2 The half-wave dipole case

At this point it is convenient to consider the case of thin half-wave dipole ra-
diators. Such a geometry is of high relevance for scattering for one particular
reason: their single resonance mode.

To be specific, and according to Sec. 3.1.1, the scattering due to the
structural component is usually the most difficult to compute due to the
multiple modes of resonance that can be induced by the incident radiation.

Nonetheless, in the case of such thin wires, the single resonance mode
(approximated to a corresponding sinusoidal current density) is the only one
that can be induced regardless of the mode of excitation. As a consequence,
the tools of Chapter 2 entirely characterize the scattering operation mode of
such antennas.

Figure 3.1: Circuit representation of an antenna in reception. V = E .
Extract [2], educational use. S. J. Orfanidis © 2016.

In particular, the scattering phenomena can be observed as a cascaded
reception-transmission process and be modeled by the receive circuit repre-
sentation of Fig. 3.1. More specifically, the equivalent source delivers an emf,
given in terms of the incident field by

E = le(r̂inc) ·Einc, (2.1)

to the internal antenna impedance in series with the external receiver load.
In fact, in reception, the power delivered to the antenna impedance ZA cor-

3– and the structural mode contribution to the total scattering for that matter.
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responds to power being radiated back to the environment exactly as in
transmission (see Fig. 2.1 for reference).

As a consequence, all receiving antennas scatter back to the environment
part of the energy they collect and, more importantly, the scattered field is
both: determined by the incident one and impacted by the receiver load ZL.

To conclude, and based on the electric and field perspectives of Chapter 2,
the far-zone field scattered by a thin half-wave dipole due to plane-wave
excitation characterized by Einc is given by4:

Escat(robs) = le(r̂obs)
 ηk

ZA + ZL

e− kr

4πr

[
le(r̂inc) ·Einc

]
, (3.3)

where robs = r r̂obs (the scattered field observation point) and the phase
of Einc should both be referenced to the scattering dipole. Additionally,
recalling the reader, the effective length vector of such a dipole is given by:

le(r̂) = −θ̂ 2

k

cos
(
π
2

cos θ
)

sin θ
. (2.4)

Note that the far-zone scattered field by a dipole of (3.3) exhibits a
geometry-specific double directional dependence (namely on r̂inc and r̂obs).
On the hand, its dependence on the observation distance r is conventional
for far-field problems.

Thus, some authors [8] have introduced the notion of a distance inde-
pendent far-zone electric field intensity5 measure called the far-field pattern
function F̆ and given by:

F̆scat(r̂inc, r̂obs) :=
kr

e− kr
Escat(r̂inc, robs), (3.4)

where the double directional and distance dependencies were made explicit
for clarity.

The author stresses the difference between the radiation vector (denoted F )
of Chapter 1 and the far-field pattern function of (3.4). To be specific, such
vectorial quantities could be linked to each other as they characterize far-field
radiation; although not via a straightforward linear relationship.

Thus, using the definition (3.4), the far-field pattern function for the
scattering from such a dipole is:

F̆scat(r̂inc, r̂obs) =  le(r̂obs)
k2

4π

η

ZA + ZL

[
le(r̂inc) ·Einc

]
. (3.5)

4Note that real dipoles scatter negligibly when open-circuited. However, the expression
here does not account for it because of the sinusoidal current approximation.

5– much like it was done with the directivity and gain to decouple the distance from
the directional dependencies for the radiation density in Sec. 2.2.2.
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Note that by setting a purely reactive load at the antenna terminals, i.e.
ZL = XL, no energy is effectively extracted. Thus, under those circum-
stances, the fields surrounding the antenna are impacted by its presence but
all captured energy is scattered back to the environment6.

3.2 The total power scattered by an antenna

The previous section expanded on how the field scattered by an antenna
can be decomposed into a structural component and an antenna component.
More importantly, the connection between the latter and the equivalent cir-
cuit representation was highlighted as a means of modeling the field scattered
by a dipole as a function of the load attached to its terminals. In what fol-
lows, a way to quantify the scattering behavior of an antenna in terms of a
power-related cross section is introduced.

To begin with, recall that there is a far-field metric describing the capa-
bilities of an antenna to extract and transfer energy from the environment
to any attached arbitrary load, namely: the absorption cross section7 σa.
Accordingly, the so-called total scattering cross section σs describing its ca-
pabilities to extract and scatter energy can be defined.

Reminding the reader about the flux vector as a way to quantify the power
contained at an infinitesimal surface element dS, the total power scattered
by an antenna is given by:

Pscat(r̂inc) :=

∮
S(V )

P scat(r̂inc, robs) · n̂ dS, (3.6)

where P scat is the flux of the scattered field and S(V ) is a closed integration
surface containing the antenna. Moreover, in the case of a lossless antenna
and medium, Pscat(r̂inc) is independent of S(V ) provided it is in the far-field,
thus, a sphere can be chosen for mathematical simplicity.

Particularly, based on (2.5) and (3.4), the radiation density Pscat (and so
the flux P scat) can be expressed in terms of the far-field pattern function as:

P scat(r̂inc, robs) = r̂

Pscat(r̂inc,robs)︷ ︸︸ ︷
1

2η k2 r2

∣∣F̆scat(r̂inc, r̂obs)
∣∣2 . (3.7)

To proceed, in the same way as the effective area was defined in Sec. 2.2.2,
the total scattering cross section (TSCS) is defined as the ratio of the total

6what is convenient for the sake of designing a good controllable scatterer.
7recall that σa is related to the effective area A through a matching factor (2.14).
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scattered power to the radiation density of the incident field of (2.5), i.e. [8]:

σs(r̂inc) :=
Pscat(r̂inc)

Pinc

=
1

k2|Einc|2

∫∫
Ω(V )

∣∣F̆scat(r̂inc, r̂obs)
∣∣2 dΩ, (3.8)

where the radial symmetry of the flux vector and the spherical nature of V
were used to replace the surface integral of (3.6) by an integral over the solid
angle Ω [2, 5].

3.2.1 The extinction cross section

By the inclusion of the total scattering cross section σs, a metric that quan-
tifies the net withdrawal of an antenna from its surroundings can be simply
defined. More specifically, the hence-called extinction cross section σt cor-
responds to that area which multiplied by the incident radiation density
quantifies the net power lost by the impinging wave8:

σt(r̂inc, Z) = σa(r̂inc, Z) + σs(r̂inc, Z). (3.9)

Note that, in (3.9), the dependence of all terms on the direction of the
incident radiation and the loading condition was made explicit for clarity.

In particular, it might be tempting to think that there is a trade-off
between the absorption and total scattering cross sections as a function of
the terminal loading Z. Nonetheless, as clear by σt being a function of Z,
reducing the amount of scattered power (low σs) does not necessarily make
a good receiving antenna (high σa); and vice-versa for a good scatterer.

In order to show that such a trade-off with Z does not indeed exist, one
might simply consider the extreme case of a short circuited half-wave dipole
(σt 6= 0) versus its open circuit alternative (σt = 0).

3.2.2 The forward scattering theorem

In the current section an important theorem relating the extinction cross
section and the field scattered by an antenna is presented.

More specifically, it has been shown in [9] that the extinction cross section
of an antenna can be unequivocally determined by a single observation of its
scattered field. Moreover, as the antenna must be located right in the line of
sight between the source and observation points for it to be applicable, it is
known as the forward scattering theorem.

8–justifying the apology to its extinction.
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Following the notation of [8], the forward scattering theorem for an inci-
dent field with a single polarization along p̂inc reads:

σt(r̂inc) =
4π

k2
=

{
p̂inc · F̆scat(r̂inc, r̂inc)

p̂inc ·Einc

}
, (3.10)

where ={z} refers to the imaginary part of the complex quantity z and r̂obs

is equivalent to r̂inc given that they both point in the direction through9 the
antenna whose scattering is under study.

Plugging in (1.26) into (3.10), the extinction cross section of a dipole for
incidence from the horizontal plane (θinc = π/2) can be shown equivalent to:

σt
(
θinc = π/2

)
=
λ2 η

π2

RA +RL

|ZA + ZL|2
, (3.11)

where, recalling the reader, η being the impedance of the medium corresponds
to 120πΩ in the vacuum.

In order to observe how the forward scattering theorem is useful in study-
ing the interaction of σs and σa, consider Fig. 3.2 where the cross sections of
a half-wave dipole10 are shown under different loading conditions.
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Figure 3.2: Total scattering and absorption cross sections of a dipole
under different loading conditions versus the reactive component of ZL.

Thus, Fig. 3.2 evaluates two loading conditions: the purely reactive one
and the case where the RL = RA; both versus the reactive component of the
attached load XL.

9i.e. r̂inc points inwards whereas r̂obs points outwards.
10– whose antenna impedance ZA is equivalent to 73 +  42Ω [5].
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Note that the cross section is maximized for XL = −42Ω (at the red line
crossing) in all cases as this value brings the antenna to resonance. Addition-
ally, it is observed that the net power extracted from the wave is maximized
in resonance when the load’s resistance is zero11 (continuous curve at the red
line crossing).

Nonetheless, the extinction cross section when conjugate matched is re-
duced to exactly half of the corresponding purely reactive case (dashed vs.
continuous curves at the red line crossing).

Finally, through (2.14) and (3.9), it can be shown that σa = σs for
RL = RA regardless of XL and that, indeed, these are maximized when-
ever XL = −XA. A result that is in agreement with the dipole equivalent
circuit representation for scattering of Sec. 3.1.2.

3.3 The radar cross section

So far, the characterization of antennas as scatterers has focused on the field
scattered by an antenna and on power considerations relating the scattered
and absobed energy; both from the perspective of the antenna itself. More
specifically, the inclusion of the forward scattering theorem allowed to con-
nect its scattered field and net extracted power in a very keen way.

Nonetheless, a description of the energy captured by a scattering antenna
as a secondary source of fields is appropriate at this point. In particular,
recall that the scattered field exposes a double directional dependence that
is hidden in the total scattering cross section12.

In the rest of the current chapter, and borrowing on tools used in the radar
community to describe targets, the radar cross section (RCS) will be adopted
as a component of the so-called modified link budget. Such a modified link
budget studies the unobstructed transmitter-receiver link solely through a
scatterer described in terms of the so-called radar cross section.

To begin with, recall from Sec. 2.2.2 that, the absorption cross section
σa measures the capture area of an antenna when extracting power from the
incident wave for specific loading conditions.

In a similar way, the radar cross section σb measures, from the observer’s
perspective (i.e. direction), the area that a target would be required to have
if such a target were isotropically scattering the energy captured from its
incident field. Thus, the radar cross section is defined as:

σb(r̂inc, r̂obs) :=
P iso

scat(r̂inc, r̂obs)

Pinc

, (3.12)

11i.e. when all energy is scattered back to the environment.
12– whose dependence on r̂obs is hidden due to the integration process (3.8).
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where Pinc is the radiation density of the field incident at the target and
P iso

scat(r̂inc, r̂obs) is, again from the observer’s viewpoint, the net power “isotrop-
ically” scattered as a reaction by such a target13. The latter given by:

P iso
scat(r̂inc, r̂obs) := 4πr2Pscat(r̂inc, robs).

Expressing the radiation density of the scattered field in terms of the
far-field pattern function as in (3.7), P iso

scat can be shown independent of the
observation distance r, which was one reason for introducing it in the first
place. Thus, through (3.7) and (3.12), the RCS becomes purely an antenna
metric14 equivalent to:

σb(r̂inc, r̂obs) =
λ2

π

∣∣F̆scat(r̂inc, r̂obs)
∣∣2

|Einc|2
. (3.13)

Based on (3.5), for the particular case of a half-wave dipole [10], the radar
cross section reads:

σb
(
θinc, θobs

)
=
λ2 η2

π3

cos2
(
π
2

cos(θobs)
)

sin2(θobs)

1∣∣ZA + ZL
∣∣2 cos2

(
π
2

cos(θinc)
)

sin2(θinc)
.

(3.14)
Finally, it is important to highlight that the RCS of a resonant dipole

(ZL = −XA) for horizontal incidence and observation (i.e. σb ≈ 0.86λ2) is
larger than its TSCS for horizontal incidence (i.e. σs ≈ 0.52λ2).

The latter seemingly counter-intuitive result is a consequence of the fact
that Pscat(r̂inc) ≤ P iso

scat(r̂inc, r̂
max
scat ) with r̂max

scat corresponding to the direction
of maximum scattering15.

Thus, in this case the convenient assumption of isotropic scattering in (3.12)
makes it seem as if the target were larger than it actually is. As a matter of
fact, σb and σs meet with equality for isotropic scatterers.

3.4 The modified link budget

As presented before, the definition of the RCS allowed to remove the depen-
dence with the observer’s distance and obtain a purely directional metric in
the realm of power for the scattering from an antenna.

Particularly, the link sustained through the process of scattering can be
decomposed into three stages; one of which is new with respect to the link

13note that P iso
scat(r̂inc, r̂obs) is only meaningful to the observer as it does not indeed

quantify the total power scattered by the target whatsoever.
14– in the sense that it can be described in terms of a directional pattern.
15see the definition of the TSCS in (3.8) to recall on the role of Pscat.
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Figure 3.3: Sketch of a transmitter-receiver link through a scatterer as a
secondary source and the components of the modified link budget.

budget of Sec. 2.3. One way to introduce the scatterer’s impact is by (what
can be called) the scattering effective area of the receiving antenna Ascat

R , i.e.:

Ascat
R :=

σb
4πr2

AR, (3.15)

where the factor multiplying AR can be seen as a gain in the radiation density
incident to the receiving antenna.

Based on (2.16) and (3.15), the modified link budget can be expressed as:

PR = PT GT GR

Free space path loss︷ ︸︸ ︷(
λ

4πr1

)2

4π
σb(r̂inc, r̂scat)

λ2

(
λ

4πr2

)2

︸ ︷︷ ︸
Effective loss of the scattered link

, (3.16)

with its components as shown in Fig. 3.3 and exposing the double wave-front
expansion process in parenthesis.

It must be noted that (3.16) accounts for the power received exclusively
through the link presented in Fig. 3.3. Therefore, the contribution of the
direct transmitter-to-receiver link should be superimposed in the fields do-
main by taking into account the impact of the constructive and destructive
interference produced by the two different paths. The latter will be expanded
in Sec 5.1 dealing with propagation environments in a more general sense.
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Figure 3.4: Alternative representation of the constitutive
components of the modified link budget of (3.17).

An alternative representation

Let us define rtx-rx as the transmitter-receiver distance and a as a scalar from
zero to one given by a = r1/r1+r2 as shown in Fig. 3.4. Thus, the modified
link budget of (3.16) can be re-expressed as:

PR =

Direct Tx-Rx path receive power︷ ︸︸ ︷
PTGTGR

(
λ

4πrtx-rx

)2

Gain with respect to direct Tx-Rx path︷ ︸︸ ︷
σb(r̂inc, r̂scat)

4πr2
tx-rx

[ g(a, r̂inc, r̂scat)]
2 (3.17)

where g(a, r̂inc, r̂obs) is defined for the particular case of purely horizontal
propagation as:

g(a, r̂inc, r̂scat) =

(
1

a(1− a)
− 2
(

1 + cos(φinc − φscat)
))

.

From (3.17), the connection to the direct-path link budget is made ev-
ident. As can be observed, in order to maintain constant the gain of the
relayed link with respect to the direct link, the RCS is required to grow with
the square of the distance between the receiver and transmitter. Also, in
agreement with (3.16), such an expression shows that the scattering antenna
should be placed as close as possible to either the transmitter (a approaching
0) or the receiver (a approaching 1).

Additionally, Fig. 3.5 shows the Contour plot of |g(a, r̂inc, r̂scat)|2 in dB
as given by (3.17). Note that, by setting a very small or large (i.e. a either
close to zero or close to one), g(a, r̂inc, r̂scat) can be made approximately angle
independent.
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Figure 3.5: Contour plot of |g(a, r̂inc, r̂scat)|2 in dB.

Finally, even though (3.17) shows a loss with the fourth power of dis-
tance, it is implicitly assumed there that both r1 and r2 grow with rtx-rx.
Nonetheless, as illustrated through (3.16), a distance-related loss of 20 dB
per decade with r1 or r2 is achieved if the respective-contrary is fixed.



Chapter 4

Antenna arrays

So far, single-port antennas have been studied as conductive bodies with the
possibility to resonate and radiate energy to the environment. Additionally,
the important property of linearity, resulting into the so-called superposition
principle, has been highlighted.

The latter was used to analyze their behavior in transmission, reception
and scattering modes. In particular, due to the far-zone approximation, it
has also been shown that a directional characterization or pattern suffices to
completely describe antennas in all such operation modes.

Nonetheless, recall from Chapter 1 that the antenna patterns are related
to the spatial Fourier transform of the induced current distribution. Conse-
quently, as single-port antennas are often excited through a single mode of
resonance (and therefore exhibit a unique current distribution), no control of
their directional properties can be achieved by dynamically loading them1.

In this chapter, the arrangement of multiple antennas is illustrated as a
mean of introducing a control to the overall current distribution and, there-
fore, to the directional patterns. The linearity of the fields on such antenna
currents becomes central to the characterization of antenna arrays in the
far-field through the steering vector (also known as array manifold).

To conclude, the existence of EM coupling among the antenna elements
is discussed and described through the impedance matrix. Noting that an
antenna array can be seen as a multi-port network, the admittance matrix
of the loaded array is established by the end of the chapter.

In particular, the linear approximation of such an admittance matrix on
the loads is also presented as it is a tool exploited on both of the subsequent
parts of this document.

1– see the RCS of a single dipole of (3.14) as an example.

33



34 CHAPTER 4. ANTENNA ARRAYS

4.1 The steering vector

Recall that all derived far-field antenna metrics can be traced on their roots
to the previously introduced radiation vector; which is given in terms of the
source current density by:

F (r̂) :=

∫
V

J0(r′)ek·r
′
d3r′, k = kr̂. (1.19)

Thus, in the case of an arrangement of multiple identical elements, the
array far-field characterization can be entirely realized in terms of the radi-
ation vector. Thus, consider that the current distribution of an array J(r)
can be decomposed into the sum of a spatially-shifted elementary one, i.e.:

J(r) =
N∑
n=1

In J0(r − rn), (4.1)

where N is the number of elements, rn is the location of the nth element with
respect to a common reference, In is the input current at the nth element
and J0(r) is the (identical) current distribution of the array elementary unit
normalized to such an input current.

Subsequently, plugging (4.1) into (1.19), the radiation vector for such an
arrangement can be expressed by virtue of the superposition principle as:

F (r̂) =

A(r̂)︷ ︸︸ ︷
N∑
n=1

Inek·rn

F0(r̂)︷ ︸︸ ︷∫
V

J0(r′)ek·r
′
d3r′, k = kr̂, (4.2)

where A(r̂) is a direction dependent scalar function known as the array factor.
More specifically, the array factor corresponds to the linear combination

of the array input currents I ∈ CN with the so-called steering vector ã(r̂),
namely:

ã(r̂)
∣∣
n

:= e k r·rn . (4.3)

Note from (4.3) that, if degrees of freedom exist at I through some pa-
rameter x, the net radiation vector is explicitly described by:

F (r̂|x) =

A(r̂|x)︷ ︸︸ ︷
Iᵀ(x) ã(r̂) F0(r̂), (4.4)

where it is shown, explicitly, that the directional properties of the array can
be dynamically modified if I can be controlled through x.
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It must be stressed that x could represent any physical quantity that im-
pacts on the input current vector I. Nonetheless, in this thesis, x corresponds
to electronically controllable loads attached to the antenna ports.

Note also that, in spite of the linearity of the radiation vector on I, the
input currents are not independent of each other2 when set in terms of the
respective port voltages. Such interdependence is known as mutual coupling
and, as detailed in Sec. 4.3, its characterization can be realized in terms of
the so-called array impedance matrix.

4.2 The modified length vector

Before deepening into the array impedance matrix, let us consider the impact
of arraying multiple antennas on the effective length vector of Sec. 2.1.1.

Reminding the reader of the electrical perspective given to antennas in
Chapter 2, the effective length vector works as an interface between circuit
quantities and field quantities for both transmission and reception modes.

Thus, the modified length vector is defined here as the array (multi-
antenna) extension of the effective length vector over a single direction of
polarization, through:

lpm(r̂) := ã(r̂) le,p(r̂), (4.5)

where the extra subscript refers to the fact that the polarization of the ef-
fective length vector is taken over p. It must be stressed that lpm(r̂) ∈ CN

(where N is the number of elements) is, thus, the respective modified length
vector.

The modified length vector lpm(r̂) corresponds to the steering vector as
effectively impacted by the pattern of the array elementary unit.

In fact, from (4.2) and the work of Chapter 2, the induced emf vector for
a single p-polarization array in reception can be expressed as:

E = lpm(r̂inc)Einc,p. (4.6)

Also, the p-component of the net field radiated by such an array can be
expressed in terms of the modified length vector as:

Ep(r) = − kη e− kr

4πr
Iᵀlpm(r̂), (4.7)

2– for all transmission, reception and scattering modes.
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where I ∈ CN is the vector of input currents to the N antenna terminals.
Observe that, in spite of only characterizing the p-component of the radi-

ated field, the total field can be recovered from (4.7) as long as only a single
polarization is required.

4.3 Mutual coupling

Let us now reconsider the linear decomposition of the array current distribu-
tion. Recall that, for the input current at the nth element port referred to as
In, the expression (4.1):

J(r) =
N∑
n=1

InJ0(r − rn), (4.1)

represents the current density as the linear combination of a elementary one.
At this point, recall that the method used in Chapter 1 to study radiation

from antennas assumes the source current distribution is known a priori.
In practice, nonetheless, there is no real distinction between sources and
their reaction on the near surroundings3. On the other hand, such reactions
become sources of fields depicting the nature of a coupled system that cannot
be analyzed independently anymore.

As a consequence, the coefficients In ∀n in (4.1) cannot all be simply
fixed without considering the coupling among the antennas themselves. A
straightforward way to characterize this dependence is via the impedance
matrix that relates the currents and voltages at the array ports [5], as follows.

The array impedance matrix

The array impedance matrix comes from looking at the antenna array as a
linear N-port network where voltages and currents can be defined; namely
through:

V = Z I, (4.8)

where V ∈ CN and I ∈ CN correspond to the vector of port voltages and
currents, respectively. As an example, for a 2-element array, the previous
system of equations can be expanded as:

V1 = Z1,1 I1 + Z1,2 I2,

V2 = Z2,1 I1 + Z2,2 I2,

3i.e. or neighboring antenna elements for what we are concerned about here.
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where Zi,i is known as the self-impedance of the ith element and Zi,j is known
as the mutual-impedance of the jth element towards the ith element.

The elements that compose Z can be obtained one by one through the
evaluation of specific conditions, e.g. the combination of short and open cir-
cuit configurations on the different array elements. Particularly, the induced
emf method [5] is widely used as a way to compute the open circuit voltage
due to a current at a neighboring element and solve (4.8) for Z.

Even more, for the specific case of linear wire radiators, i.e. the ones of
interest for the current thesis, analytical expressions have been reported in
the literature to compute the components of Z [5].

4.4 Admittance matrix of a loaded array

Recall that the introduced steering vector allows to compute both the radi-
ation vector and the modified length vector of an antenna array. Besides,
given that all metrics of Chapters 2 and 3 were based on these quantities, a
far-field characterization of the circuit-field interface of arrays in all operation
modes is readily available.

One variation with respect to the single antenna case of Chapters 2 and 3
comes from the multidimensional nature of the respective circuit quantities,
namely: the antenna port voltage and current vectors. Nonetheless, for the
sake of circuit analysis, the single element description holds in the multi-
antenna case if the dimensionality of the involved operations is properly
accounted for.

Figure 4.1: Circuit representation of a single antenna in
transmission (left) and reception (right) modes.

Extract [2], educational use. S. J. Orfanidis © 2016.

Specifically, consider the circuit representation in Fig. 4.1 (or Fig. 2.1
of Chapter 2). Note that, except for the direction of the loop current, the
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only difference in the circuit for both modes is the component to which the
voltage source is assumed to belong. In general, denoting by Z(= ZL = ZG)
the external impedance as seen by the antenna port, the loop current can be
generalized by4:

I = ±

Y (z)︷ ︸︸ ︷(
ZA + diag(z)

)−1
V , (4.9)

where ZA is the array impedance matrix, V ∈ CN corresponds to the ex-
ternal source for transmission mode (z = zG ∈ CN), V = E ∈ CN is the
induced emf for reception mode (z = zL ∈ CN), diag(z) ∈ CN×N refers to
a diagonal matrix with z on its main diagonal and Y (z) ∈ CN×N is the
so-called admittance matrix of the z-loaded antenna array.

Note also that I, as of (4.9), operates with the + sign on both transmis-
sion and reception modes given that the polarization of V accounts for the
conventional current directions of Fig. 2.1.

On the other hand, recall from Sec. 3.1.2, that the dipole scattering is
characterized as simultaneous reception and transmission. Thus, when study-
ing scattering from an array of dipoles, the fact that the current points on
opposite directions for such operation modes needs to be accounted for with
the - sign in (4.9).

Admittance matrix approximation

As mentioned, (4.9) allows to fully characterize mutual coupling and the
impact of loading antenna arrays in transmission, reception and scattering5

modes.

More importantly, such an expression exposes their mathematical depen-
dence on the loads characterized through z; which correspond to the avail-
able degrees of freedom both for ESPAR antennas and digitally controllable
scatterers.

As a matter of fact, the inverse dependence of the admittance matrix on
z is inconvenient for the optimization of different system metrics; specially
with looks at its computational complexity. Thus, the rest of the section
introduces a first-order approximation of the system admittance matrix that
is given use in the second part of this manuscript.

To begin with, we shall note that Y (x) =
(
ZA + X

)−1
, with X :=

diag(x), is dominated by Z−1
A when ‖X‖F � ‖ZA‖F ; with ‖Q‖F standing

for the Frobenius norm of matrix Q. This can be observed by re-expressing

4– already accounting for the multi-antenna nature of the system under consideration.
5– at least the antenna contribution, see Sec. 3.1.1.
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the admittance matrix for non-singular ZA as:(
ZA +X

)−1
=
(
IIIN + Z−1

A X
)−1︸ ︷︷ ︸

A

Z−1
A ,

where matrix A → IIIN for ‖Z−1
A X‖F → 0. Even more, matrix A could be

approximated via its 1st-order Taylor expansion on X as:

A ≈ A1 := IIIN − Z−1
A X. (4.10)

Moreover, its approximation error can be expressed as:

‖A−A1‖F = ‖Z−1
A X‖F ε(Z

−1
A X), (4.11)

where ε(Q) is a matrix function converging to zero when ‖Q‖F approaches
zero. Thus, the smaller ‖Z−1

A X‖F the smaller the approximation error
of (4.10).

Hence, when it is the case that the error can be considered small6, the
admittance matrix can be approximated as:

Y (x) ≈ Z−1
A − Z−1

A diag(x) Z−1
A , (4.12)

from a sufficiently small ‖Z−1
A diag(x)‖F .

To conclude, the normalized root mean square (RMS) approximation er-
ror can be more concretely defined as:

εrms =
√

Ex{ε2(x)}, (4.13)

where ε(x) is the normalized approximation error is given by:

ε(x) :=

∥∥∥∥Y (x)−
(
IIIN − Z−1

A diag(x)
)

Z−1
A

∥∥∥∥
F∥∥Y (x)

∥∥
F

,

and the expectation of (4.13) is to be evaluated over a distribution of x
considered of relevance for the specific problem under consideration.

6– which can be seen as a problem-specific consideration.
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Chapter 5

Lighting up the conventional
signal model

Earlier, the characterization of antennas in transmission, reception and scat-
tering modes was introduced. Additionally, and central to this work, the
construction of multi-antenna architectures as means of adding controllabil-
ity to their directional behavior was also presented.

Before allowing ourselves to complete the picture of the much anticipated
link-level system model, an overview of the role played by the propagation
environment is required. More specifically, the link budgets of Chapter 2 and
Chapter 3 represent the free-space propagation case. In order to characterize
more realistic environments, the phenomena known as large scale and small
scale fading must be conceptually reviewed.

Likewise, the roots of small scale fading as essentially directional will be
exposed to show why multi-antenna architectures make sense and, more im-
portantly, how the control of their directional properties come into play in
ESPAR and digitally controllable scatterers. As a preamble, multi-antenna
architectures become particularly attractive when considering them in rela-
tion to multi-path propagation1 in order to convey more information and
robustness to the link.

Subsequently, the so-called geometry-based channel models characterizing
the environment from the antenna perspective will be presented. The chapter
closes with the link-level system model in terms of the derived antenna and
channel metrics.

1initially considered detrimental as it is the leading cause of small-scale fading.
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5.1 The wireless environment

It must be stressed that the characterization of wireless environments is a
vast topic in itself. Nonetheless, as this project lies essentially on the de-
vices these interact with, this section will briefly introduce the most relevant
environmental phenomena: namely, large and small scale fading.

Figure 5.1: Received power vs. distance showing the large scale (thick
curve) and small scale (magnified curve) fading phenomena [11].

5.1.1 Large scale fading

Relying on the notion of far-field propagation of Chapter 1, the phenomenon
of large scale fading will be introduced in what follows. More specifically,
large scale fading is a phenomenological description of intricate macroscopic
interactions (relative to λ) and, therefore, it is motivated by the difficulty of
modeling realistic propagation environments, e.g. Fig. 5.1.

For simplicity, consider the radiation from an isotropic source of fields.
Thus, based on (2.8) and Fig. 5.2, it can be seen that its radiation density
decreases as a result of the wavefront expansion with the propagation dis-
tance. Hence, as evidenced through the free-space link budget2 of (2.16),
the received power decays with the square of the propagation distance in the
absence of obstacles.

2– as well as its modified version of Sec. 3.4 for scattering problems.
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Figure 5.2: Free-space wavefront expansion with the propagation distance.

Nonetheless, large blockages between the location of radiation and obser-
vation cause the net receive power to fall, on the distance, with an exponent
larger than two. As a result, the generalized link budget reads:

PR = PT GT (r̂T )GR(r̂R)

L(r)︷ ︸︸ ︷(
β(λ)

rα

)
, (5.1)

where β is a function of the operation wavelength, α is known as the path
loss exponent and the matching coefficients of (2.16) have been removed for
simplicity of presentation. In general α ≥ 2, although smaller values have
also been observed in very specific conditions such as tunnels and canyons.

As a matter of fact, the path loss function L(r) in (5.1) is often charac-
terized through a log-normally distributed random variable [11], i.e.

LdB(r) = βdB − 10α log10(r) +X, X ∼ N(0, σ2
LS), (5.2)

whose variance can be experimentally established. In particular, extensive
measurement campaigns characterizing α, β and σ2

LS over a wide range of
propagation environments have been conducted.

The log-normally distributed random variable in (5.2) is commonly ex-
plained by the chained large-scale interactions with the environment and the
central limit theorem on the logarithmic representation of the received power.

Finally note that, in order to account for large scale fading on scattering
mode as of Sec. 3.4, the double wavefront expansion of (3.16) should be
replaced by two path loss factors as the one in (5.1).
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5.1.2 Small scale fading

Small scale fading, on the other hand, refers to the rapid phase-related fluc-
tuations in the received power with the distance (see Fig. 5.1). Such a phe-
nomenon is explained by the existence of multiple interactions of the radiated
fields with the environment, as perceived by the observer.

More specifically, the radiation process can be seen (via the geometrical-
optics approximation) as rays that emanate from the transmitter and pervade
its space around. Subsequently, in the presence of a densely populated en-
vironment, such rays interact with obstacles through reflection, diffraction,
transmission and scattering, among others [11]. As a consequence, the sur-
rounding space is filled by such multiple propagating waves.

Figure 5.3: Total field resulting from two propagating waves to expose the
small scale fading phenomenon. Extract [11], educational use.

Consider the total field resulting from two propagating waves in Fig. 5.3.
Note that, if only one wave is present, the field’s strength (magnitude) is
almost constant over small displacements; i.e. it decreases monotonically
with 1/r as shown in (1.20) for far-field radiation. Nonetheless, when con-
sidering the interference of both waves at the bottom-right of Fig. 5.3, the
resulting field is identically zero at some wavelength-apart locations of space.
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Therefore, the small-scale appellation is justified on that such interactions
are observed in the sub-wavelength scale. Moreover, in light of the sought
directional controllability, it can be seen how eliminating the contribution
from one direction of incidence in the previous example would be beneficial.

In order to characterize such a phenomenon, consider that the induced
emf for an antenna in reception is, thus, given by (2.1) and the superposition
principle:

E =
K∑
k=1

le(r̂inc,k) ·Einc,k, (5.3)

whereK is the number of incident waves (or rays under under the geometrical-
optics approximation) and le(r̂inc) is the effective length vector of such a
receiving antenna.

Let us now contemplate an isotropic antenna able to sense the resulting
field with no direction of preference. Moreover, consider an environment with
multiple polarization-matched incident waves, which results from multiple
interactions with the space surrounding the antenna. Under those circum-
stances, the induced emf reduces to:

E = lpe

K∑
k=1

Ep
inc,k,

where the superscript p refers to the component along the polarization direc-
tion. Noting that the components Ep

inc,k can be linearly related to the field

radiated by the transmitting antenna through Ep
inc,k = h̃kE

p
rad, the previous

expression can be written as:

E = lpe E
p
rad

K∑
k=1

h̃k. (5.4)

By virtue of the central limit theorem, the sum channel coefficient h
can be statistically characterized in terms of independent Gaussian random
variables for its real and imaginary components:

h =
K∑
k=1

h̃k = X +  Y, (5.5)

where X∼N(µX , σ
2
SS), Y∼N(µY , σ

2
SS) and hLOS = µX +  µY is the so-called

line-of-sight component.
More specifically, the environment is said to be non-line-of-sight (NLOS)

when the K incident waves tend to cancel each other (hLOS = 0). In addition,
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when that is the case, |h| corresponds to a Rayleigh distributed random
variable whose only parameter is σ2

SS. On the other hand, when hLOS 6= 0,
the environment is known as line-of-sight (LOS) and |h| is Rice distributed.

5.2 The signal model

Having considered the dependence of the channel coefficient h with distance,
the link-level system model for general environments will now be presented.

Particularly, note that the previously introduced channel coefficient is
impacted both by large scale and small scale fading. Nonetheless, in the
conventional link between a pair of transmitting and receiving antennas, the
large scale dependence with distance is often accounted for in the channel
coefficients as done in (5.4).

5.2.1 SISO

Thus, based on (2.2) and (5.3), the single input single output (SISO) model
for the voltage developed at the receiver load, as a function of the generator’s
voltage at the transmitter side, can be written shortly as:

vL =

h︷ ︸︸ ︷
K∑
k=1

h̃k l
p
e (r̂inc,k) l

p
e (r̂rad,k) vG, (5.6)

where, again, K refers to the number of rays that compose the transmitter-
receiver link and h̃k are the coefficients that represent all environmental in-
teractions as well as proportionality constants for the kth ray (e.g. accounting
for impedance and polarization mismatch). Moreover, lpe (r̂) is the compo-
nent of the effective length vector along the single direction of polarization
for the identical transmitter and receiver antennas3.

Noting the dimensionless nature of h, the paradigmatic SISO signal model
can be expressed as:

y = hs+ n, (5.7)

with s and y referred to as the input and output (dimensionless) signals and
n representing the background noise.

Additionally, the average signal to noise ratio (SNR) ρ is defined as:

ρ := E

{
|hs|2

|n|2

∣∣∣∣∣h
}

= |h|2 ES
N0

, (5.8)

3In the case of dual-polarized antennas the representation becomes slightly more intri-
cate, specially for the multi-antenna case that follows.
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where ES = E{|s|2} is known as the signal energy and N0 = E{|n|2} is the
energy of the additive white Gaussian noise (AWGN).

Therefore, relying on the linearity property so emphasized since Chap-
ter 1, the precise input-output relationship has been revealed on grounds of
electromagnetism.

Particularly, following the same process, the SISO model in (5.7) will be
extended to the multi-antenna scenario and controllable scattering in the
next section and second part of the current manuscript, respectively.

5.2.2 MIMO

To begin with, recall that the use of dynamically tunable loads is proposed
in this work as a mean of controlling the directional properties of antennas.

Reminding the reader about Sec. 4.2, the field radiated by an antenna
array can be expressed in terms of the modified length vector lpm(r̂) and the
current vector. At the same time, the induced emf vector at a receiving
antenna array can be expressed in terms of lpm(r̂) and the incident field.

Therefore, relying on Sec. 5.2.1, the SISO system model can be readily
extended to the (identical transmitter-receiver) multi-antenna scenario as:

VL = diag(zL)Y (zL)
K∑
k=1

h̃k l
p
m(r̂inc,k)

[
lpm(r̂rad,k)

]ᵀ
Y (zG)VG, (5.9)

where VG and VL ∈ CN are the generator (input) and load (output) voltage
vectors, zG and zL ∈ CN are the generator and receiver load vectors, lpm(r̂)
are the p-polarized modified length vectors of Sec. 4.2, and Y (z) is the
admittance matrix for a loaded array of Sec. 4.4.

Although (5.9) characterizes mutual coupling through the admittance
matrix, this is only exhaustive for antennas with a single mode of reso-
nance [12]; such as the thin dipoles considered in this project.

In particular, for arbitrary element geometries, the impact of coupling
must be also accounted for via the so-called embedded antenna patterns4 [13].
More specifically, the embedded antenna patterns alter the effective length
vector in (4.5) and, therefore, the modified length vector lpm(r̂).

Noting the transmit-receive symmetry of (5.9), and assuming isotropic an-
tennas for the transmitting and receiving ends5, the previous expression can

4– these account for modes of resonance that are not naturally excited through the
feeding port and, thus, are not characterized via the conventional antenna pattern.

5– reducing the modified length vector to the steering vector, see (4.5).
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be rewritten to account for different transmitter and receiver arrays through:

VL = diag(zL)YR(zL)

H︷ ︸︸ ︷
K∑
k=1

h̃k ãR(r̂inc,k) ã
H
T (−r̂rad,k)YT (zG)VG, (5.10)

where VL ∈ CNR , VG ∈ CNT , the subscripts R and T indicate that such
quantities are related to the receiver and transmitter arrays, ã(r̂) is the
array steering vector, and H ∈ CNR×NT is the MIMO channel matrix in
terms of its geometry-based decomposition with NR and NT elements at the
receiver and transmitter sides, respectively.

Additionally, the directions of radiation r̂rad,k have been flipped in (5.10)
to write the steering vector in conventional Hermitian notation; see (4.3).

Observe that, h̃ ∈ CK is arbitrarily defined as it accounts for phenomeno-
logical environmental interactions, making it invariant up to a constant
scalar multiplication. As a consequence, without loss of generality, un-
informative constant scalar factors can be absorbed by it.

Thus, if mutual coupling is further neglected (ZA = zA IIIN×N), the ex-
pression for isotropic antennas gives the well known MIMO signal model6:

y = Hs+ n, (5.11)

where s ∈ CNT is the input vector and y,n ∈ CNR are the output and
additive white Gaussian noise (AWGN) vectors at the receiver side.

Finally, the system signal to noise ratio (SNR) is defined as:

ρ := E

{
|Hs|2

|n|2

∣∣∣∣∣H
}

= ‖H‖2
F

ES
NRNT N0

, (5.12)

where the uncorrelated input vector s is conventionally normalized to the
number of transmitter elements, i.e.

E{ssH} =
ES
NT

IIINT×NT ,

the covariance of the AWGN vector is E{nnH} = N0 IIINR×NR and ‖H‖2
F

stands for the square Frobenius norm of the channel matrix.
6– although (5.11) was derived assuming arrays of isotropic antennas, it is still valid

for arbitrary geometries by replacing the steering vectors with the modified length vectors
as in (5.9). However, the impact of zG and zL is not accounted for in (5.11).



Part II

The ESPAR antenna

49





Chapter 6

Introduction

The first part of the current manuscript presented the fundamentals on elec-
tromagnetism in order to reveal the roots of the well-known multiple-input
multiple-output system model. In the second part, the focus is placed on
a particular transceiver architecture; the so-called Electronically Steerable
Parasitic Array Radiator antenna.

To begin with, ESPAR can be seen as a re-configurable antenna architec-
ture whose directional properties can be dynamically modified. Notably, it
has brought attention owing to its compactness and cost compared to con-
ventional multiple antenna architectures; prominently due to its single radio
frequency (RF) front-end. In fact, the principle under which it operates was
proposed by Harrington [14] around four decades ago. Nevertheless, it gained
significant attention since the advent of multiple antenna systems when Ohira
and Gyoda [15, 16] named it in the early 2000s.

More specifically, ESPAR consists in the arrangement of multiple closely-
spaced radiating elements all of which, except for one, are provided solely
with controllable reactive loads. The fundamental reason for compactly spac-
ing the elements is the interest in feeding them via mutual coupling (justifying
their passive or parasitic denomination); as opposed to conventional systems
where multiple RF front-ends are assumed to be available. Thus, such an
architecture requires only one of the array elements, so-called active element,
to be fed by a complete RF front end [14].

In spite of its conception as a re-configurable antenna, the multi-element
structure of ESPAR was later-on shown capable of achieving spatial multi-
plexing over the so-called beam-space domain [17]. More specifically, spatial
streams are realized by encoding information onto a set of beams or patterns
through the parasitic loads; thus referred to as beam-space modulation. How-
ever, because of its single RF front-end, a single observation of the fields can
be obtained at a time in reception. The latter makes ESPAR an inherently
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Transceiver 
RF Signal 

Control Signals 

Electromagnetic  Coupling
 

Figure 6.1: A pictorial representation of a 3 element monopole-based
ESPAR. Active and parasitic elements in red and gray, respectively.

asymmetric device for spatial multiplexing1.

Although multiple-active multiple-passive (MAMP) variants of ESPAR
can be found in the literature [18, 19], this work concentrates on the initial
proposal with a single RF front-end. Moreover, the use of reactive loads is
adhered to, based on the need to control the induced parasitic currents while
keeping a high radiation efficiency.

One key aspect of study in the current project is the computational com-
plexity associated to the problem of reactance optimization. Particularly,
the indirect observability of the passive elements through the active element
manifests itself via a non-linear dependence on the controllable loads. The
latter does not lend itself to exploiting the many existing linear techniques of
conventional arrays and, more importantly, it results in the increase of such
a computational complexity.

Finally, given that model-based optimization techniques require the avail-
ability of indirectly observable parameters, the problem of parameter esti-
mation has also received particular attention. More specifically, the array
impedance matrix and the channel to every element are such unknown and
challenging to estimate parameters.

1i.e. given that information might be conveyed via several tunable loads but only
retrieved through a single RF front-end.
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State of the art

In its early beginnings, Harrington advocated the use of the ESPAR concept
with the purpose of beam-reconfigurability in mind [14], with other authors
extending its applications beyond that one in the years to follow.

Figure 6.2: A rough representation of ESPAR in the research.

Hence, from the early 2000s, there has been considerable research interest
on the benefits of ESPAR calling for its compactness and reduced cost. In
particular, active research on architectural considerations led to the refine-
ment of the monopole based architecture by Ojiro, Schlub et al. [20][21], the
further miniaturization by Liu, Gu et al. [22][23][24] and the planar instead of
bulky architecture by Luther, Ouyang, et al. [25][26][27][28]; although most
of the focus in the research community relies on the use of a dipole-based
architecture (with the exception of the antenna community).

Since the beginning of the last decade, a significant effort has been devoted
to the problem of finding the reactance loadings that achieve beam/null-
forming based on availability of either a target direction or a training se-
quence towards which the receive signal is correlated. The latter is proposed
through the use of different reactance optimization methods such as: a Hamil-
tonian approach [29], a sequential perturbation algorithm [30], a stochastic
for cross-correlation coefficient maximization (MCCC) [31][32], a genetic al-
gorithm [33], among others proposed by Ohira et al..

Additionally, the use of the Simultaneous Perturbation Stochastic Ap-
proximation (SPSA) method was proposed by Barousis et al. [34][35]; calling
particular attention due to its complexity-performance trade-off when con-
sidering the non-linearity of ESPAR.

Nonetheless, the hype for beam-forming on ESPAR seemed to decline
around 2008 in favor of the already much appealing topic of spatial multi-
plexing. The latter could be naturally explained by an effort of researchers



54 CHAPTER 6. INTRODUCTION

to leverage, via ESPAR, a better performance-cost relation with respect to
conventional multi-RF front-end architectures.

In this regard, since 2007, more researchers were seemingly inspired by
spatial multiplexing as result of two publications: one from Bains et al. [36]
showing a similar capacity for an ESPAR and a conventional array, and
another publication from Kalis et al. [17] proposing a technique to spatially
multiplex Q-PSK symbols on ESPAR through the so-called beam-space mod-
ulation.

Subsequently, Bains proposed the implementation of a virtually rotat-
ing ESPAR for spatial de-multiplexing at the receiver side [37]. Later on,
Alrabadi proposed the decomposition of the far-field pattern into a quasi-
orthogonal basis [38] in order to excite certain transmission modes by the
appropriate setting of the reactive loads for M-PSK modulation [39].

Afterwards, the use of fully complex (unlike the purely reactive) loads
was proposed by Han et al. in order to achieve 16-QAM beam-space modu-
lation [40]. Furthermore, Barousis et al. proposed an alternative pattern de-
composition using the well-known Gram-Schmidt method [41] and, Vasileiou
et al., an adaptive channel-based decomposition [42]. The latter in order to
better condition the problem of achievable-rate maximization. Additionally,
Ryu, Lee et al. have proposed the use of ESPAR on multicarrier (OFDM)
transmissions for spatial-frequency multiplexing [43][44].

It must be highlighted that, apart from beamforming and spatial mul-
tiplexing, alternative applications have also been proposed for ESPAR. In
particular, a tremendous amount of work has been done on localization and
direction of arrival (DOA) estimation.

More specifically, Ohira et al. worked on what was called the Reactance
Domain MUltiple SIgnal Classification (RD-MUSIC) algorithm [45] and even
shown experimental results obtained in a controlled environment (anechoic
chamber) [46, 47]. Moreover, they also suggested an ESPAR architecture
to implement the DOA estimation via a rotational invariant technique (ES-
PRIT) [48].

Apart from them, Qian proposed the use of compressed sensing techniques
with the same goal in mind [49, 50]. More recently, Rzymowski, Plotka et
al. [51, 52, 53] have experimentally demonstrated Received Signal Strength
(RSS-based) DOA estimation; therefore avoiding the need to rely on phase
information.

What’s more, some security-enhancing applications that exploit its low
cost and pattern adaptability have been suggested in the literature.

An overview of some of the most significant contributions, and categorized
according to the discussed work directions in chronological order, can be
found in Appendix G.



Chapter 7

System model

We will now redirect our attention to the mathematical description of ESPAR
as a particular conductor-air interfacing device.

First recall that, as a result of the reciprocity principle, such a description
can be realized either in transmission or reception. In particular, and for
reasons of convenience, the characterization of ESPAR will be carried out in
transmission in what follows.

Thus, the current chapter begins by introducing the architecture consid-
ered throughout this work. Subsequently, in light of the intrinsic reliance of
ESPAR on mutual coupling, relevant impedance-matching aspects are given
consideration before heading to the actual model derivation.

The chapter ends with the anticipated system model in terms of the so-
called equivalent weight vector1. In fact, the linear approximation of such
an equivalent weight vector as a function of the reactive loads will also be
presented. The latter, as it plays a fundamental role in the low computational
complexity algorithms introduced of Chapter 8.

7.1 The considered architecture

As aforementioned, a reactively-loaded variant of the single RF front-end
ESPAR will be considered throughout this work. Moreover, as also stressed
along the Fundamentals part, the architecture is based on thin half-wave
dipoles for the multiple reasons exposed there.

Recall the role of mutual coupling as the inherent feeding mechanism of
parasitic elements in ESPAR. Also, recall that mutual coupling is particularly
strong in the near vicinity of antennas, a region for which an intuition has
not been built along this document.

1in relation to the weighting or beam-forming vector in the array processing literature.

55



56 CHAPTER 7. SYSTEM MODEL

Nonetheless, dealing with vertically-oriented thin dipoles, we might as
well expect a rotational symmetry of the fields along the azimuth for a fixed
elevation angle (φ and θ in Fig. 1.4, respectively).

In fact, the mutual impedance between two ẑ-oriented dipoles centered
on the z = 0 plane [2, 5] is shown in Fig. 7.1. In fact, their mutual coupling
is independent of φ and, more importantly, depends only on their separation
distance.
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Figure 7.1: Mutual coupling between side-by-side half-wave dipoles versus
inter-element distance, through magnitude-phase (left plot) and

real-imaginary (right plot) representations.

Note, through the magnitude-phase representation on the left plot of
Fig. 7.1, that the phase of the impedance rotates 2π for every displacement
of λ and, additionally, its magnitude falls with ∼ d−1 for d ' λ/2, which
corresponds to the limit of the far-field region for a half-wave dipole2.

It is hinted, from Fig. 7.1, that parasitic elements should be as close
as possible to the active element to increase energy transfer (recalling that
the mutual impedance corresponds to a trans-impedance). Thus, the most
natural architecture for a dipole-based ESPAR (and the one that has been
considered the most in the literature) corresponds to a uniform circular array
of parasitic elements with the active element in its center.

The uniform circular array (UCA)

Let us now introduce formally the architecture under consideration. In par-
ticular, the uniform circular array is able to exploit the omni-directional prop-

2– such a behavior represents, in fact, far-field propagation as conveyed by the far-zone
approximation of the Green function, see (1.16).
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erties of wire radiators by allowing to steer, with relative fairness, towards
any direction in the horizontal plane; as explained by its highly rotationally-
symmetric structure. Moreover, as aforementioned, compactness is desirable
as it allows to more-evenly distribute energy among array elements.

Nonetheless, as it was stressed in Sec. 5.2.2, mutual coupling is only
partially-characterized by the impedance matrix if different modes of res-
onance may be excited through coupling3. In fact, for realistic (i.e. not
infinitesimally-thin) dipoles, such considerations become pertinent below a
certain distance of separation.

Particularly, as supported on other grounds such as spatial correlation of
the fields [54] and angular resolution4, an UCA radius of R = λ/4 is assumed.

Figure 7.2: Side view (left) and top view (right) of the N=5 element
ESPAR architecture with the circular arrangement considered in the
current work. The central element corresponds to the active one and

R = λ/4 to the UCA radius.

More specifically, the architecture of Fig. 7.2 with N = 5 elements is the
one considered the most in this work. Additionally, changing N will always
mean modifying the number and relative location of the parasitic elements
(in order to preserve UCA’s uniformity).

Finally, in connection with the characterization of arrays of Chapter 4,
the steering vector for the architecture of Fig. 7.2 is given by:

ã(r̂)
∣∣
i

=

{
1, i = 1

exp
(
 2π
λ
R sin(θ) cos(φ− φi)

)
, i 6= 1

(7.1)

3– i.e. if the shape of the elementary current distribution is modified by compactness.
4the more compact the array the broader its main beam from Sec. 1.1.
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where φi ∀i = 1, 2, . . . , N −1 is the azimuth location of the ith element in the
horizontal plane and, additionally, φ and θ are defined with respect to the
spherical coordinate system of Fig. 1.4 in Chapter 1.

7.2 Matching considerations

Coming back to ESPAR’s reliance on mutual coupling, the focus is now aimed
at the impact of modifying the parasitic loads on the impedance mismatch.

To begin, consider an ESPAR in transmission as a mean of determining
its input impedance. Particularly, by input impedance it is referred to the
impedance measured at the active element port for a set of parasitic loads.

Note that z is defined in (4.9) as the impedance seen by the array ports.
As a result, in the case of ESPAR, z accounts for the generator and
parasitic elements impedance through their respective array indices.

To be specific, the ESPAR input impedance can be computed through
Thevenin’s theorem setting V = û1 v, where v is an ideal voltage source at
the active element5 (whose series impedance z|1 is consequently zero), with
û1 ∈ RN being:

û1 :=
[
1, 0, . . . , 0

]ᵀ
. (7.2)

Therefore, the input impedance of ESPAR is given by the source voltage
over the induced current at the active element, namely:

zA(x) :=
v

ûᵀ
1I

=
1[

ûᵀ
1 Y (z) û1

] , z = 

[
0
x

]
; (7.3)

showing that, as a result of mutual coupling, its input impedance depends
on the reactive load vector x.

As a matter of fact, one implication of (7.3) is that the total power ex-
tracted by the antenna is a function of the reactive loads for a fixed source
voltage. Additionally, as a mean of ensuring maximum power transfer to
the antenna, it is commonly assumed the availability of an adaptive cir-
cuit [55, 56] enforcing conjugate matching; i.e. zG = z∗A where zG is the
source impedance.

It is conventional to express the transmit power as the square norm of
the input signal. Thus, in order to express all directional and energy de-
pendencies on x in the very same factor, the so-called equivalent weight (or
beam-forming) vector will be introduced in what follows.

5– by convention, in this work, the first vector component indexes the active element.



7.3. THE EQUIVALENT WEIGHT VECTOR 59

7.3 The equivalent weight vector

Let us begin by considering an N×1 multiple-input-single-output (MISO)
system such as the one of Sec. 5.2.2.

More specifically, the equivalent weight vector can be derived from (5.10)
by noticing that isotropic and omni-directional (i.e. as in dipoles) radiation
are equivalent conditions if restricted to horizontal propagation.

Therefore, the system model for a dipole receiver and dipole-based ESPAR
transmitter can be written directly in terms of the steering vector as:

vL =
zL

zL + zdip

hH︷ ︸︸ ︷
K∑
k=1

h̃k ã
H
T (−r̂rad,k)Y (zG)VG,

where zL and zdip are the receiver and dipole impedance, h ∈ CN is the
channel vector from every element at the transmitter array to the single
dipole receiver, VG ∈ CN is the source voltage vector, zG ∈ CN the source
impedance vector and horizontal propagation is assumed.

Moreover, absorbing constant scalar factors into h̃k and setting VG = û1 v
as done in Sec. 7.2, the previous model can be re-expressed shortly as:

vL = hHY (zG) û1 v, (7.4)

where it must be stressed that the source generator is not ideal (i.e. its
impedance zG|1 = zG is different from 0Ω).

Note that, for the particular case of ESPAR, zG represents the impedance
seen by all (active and parasitic) elements in the array. Thus, Y (zG) does
not only depend on the reactive load vector x ∈ RN−1 but, on the other
hand, it also depends on the generator’s impedance zG (i.e. as zG|1 = zG).

Nonetheless, in order to decouple the impact of zG from Y (zG), the
Woodbury matrix identity (also known as matrix inverse lemma) can be
used on (4.9), by noticing zG = z + û1 zG, to show that:

Y (z + û1 zG) = Y (z)
zA(x)

zG + zA(x)
, z = 

[
0
x

]
, (7.5)

where zA(x) is the input impedance of (7.3) as a function of x ∈ RN−1.
Additionally, recall from Sec. 7.2, that the power extracted by the source

is not constant with respect to x. Consequently, as a mean of fixing the trans-
mit power with the square signal norm |s|2, a load-dependent compensation
factor is applied to the source, namely:

v(x) =
√
<{zA(x) + zG} s, (7.6)
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where s is the dimensionless transmit signal.

By the inclusion of (7.5) and (7.6) into (7.4) under the conjugate-matched
assumption of Sec. 7.2, the input-output signal model for ESPAR in trans-
mission can be written as:

y = hH

w(x)︷ ︸︸ ︷[
1√

<{ûᵀ
1 Y (z) û1}

Y (z) û1

]
s+ n, z = 

[
0
x

]
, (7.7)

with s and y referring to the input and output (dimensionless) signals and
n representing the background noise.

Consequently, the equivalent weight vector in (7.7) is explicitly defined
in terms of the array impedance matrix ZESPAR as:

w(x) :=
1√

<{ûᵀ
1(ZESPAR +X)−1û1}

(ZESPAR +X)−1û1, (7.8)

where û1 ∈ RN is the unit-norm vector of (7.2) and X ∈ CN×N is a matrix
with the N−1 parasitic load values in its main diagonal, i.e.:

û1 :=


1
0
...
0

 , X := diag

(


[
0
x

])
=


0 0 . . . 0
0  x1 . . . 0
...

...
. . . 0

0 0 0  xN−1

 (7.9)

Additionally, the average signal to noise ratio (SNR) ρ is defined as:

ρ := E

{
|hHws|2

|n|2

∣∣∣∣∣h
}

= wHhhHw
ES
N0

, (7.10)

where ES = E{|s|2} is the signal energy and N0 = E{|n|2} is the energy of
the additive white Gaussian noise (AWGN).

To conclude, note that the inverse of ZESPAR + X (i.e. the system ad-
mittance matrix) entirely determines the behavior of w as a function of
x ∈ RN−1 in (7.8).

As a matter of fact, the non-linear behavior of the equivalent weight

vector on x and its reliance on
(
ZESPAR + X

)−1
motivate the study of its

approximation based on Sec. 4.4. Consequently, w will be revised in what
follows by taking a closer look at the interaction of ZESPAR and X.
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Linear approximation of the equivalent weight vector

Recall from Sec. 4.4, that the admittance matrix can be approximated as a
function of x by:

Y (x) =
(
ZA + diag(x)

)−1 ≈ Z−1
A − Z−1

A diag(x) Z−1
A , (4.12)

where x ∈ CN is the impedance seen by every array port and the approxi-
mation error can be quantified through:

εrms =

√√√√Ex

{∥∥Y (x)−
(
IIIN − Z−1

A diag(x)
)
Z−1

A

∥∥2

F∥∥Y (x)
∥∥2

F

}
. (4.13)

It is argued in Sec. 4.4 that εrms is related to the square Frobenius norm
of Z−1

A diag(x). In fact, as proved in Appendix A, such a norm is directly
proportional to the norm of the vector x for the circularly symmetric ar-
chitecture under consideration. As a consequence, the approximation error
could be constrained by fixing the norm of the reactive load vector.
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Figure 7.3: Root means square approximation error of the ESPAR
admittance matrix vs. norm of x for different values of R (see Fig. 7.2).

Histogram of |x| shown in blue for reference.
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In particular, Fig. 7.3 shows the approximation error versus the norm of
x for different values of the UCA radius. The evaluation set of x was drawn
from a component-wise independent, identically and uniformly distributed
random vector U(−70, 70) whose norm distribution is shown in blue.

Observe that the approximation error is minimum for R = λ/4 among
all considered values for the radius. Additionally, as aforementioned, it is
observed that the approximation error is monotonically reduced with the
norm of x.

Returning to the linearization of interest, observe in (7.8) that w is both
aligned to (ZESPAR +X)−1û1 and inversely proportional to a square root
factor that depends on x. Additionally, it turns out that such a square root
factor depends exclusively on the first component of the admittance matrix
but, also, it keeps the orientation of w unchanged; suggesting a higher error
tolerance than (ZESPAR +X)−1û1 for beam-forming problems.

Consequently, the equivalent weight vector in (7.8) is approximated as:

w ≈ 1√
<{ûᵀ

1Z
−1
ESPARû1}

(
IIIN − Z−1

ESPARX
)

Z−1
ESPARû1, (7.11)

where
√
<{ûᵀ

1(ZESPAR +X)−1û1} has been approximated via an order zero
Taylor expansion, i.e. by taking the first term of (4.12).

By reordering and substituting variables, (7.11) can be expressed as:

w(x) ≈ aap +Bap x, (7.12)

where the relation between X ∈ CN×N and x ∈ RN−1 in (7.9) was used.
Furthermore, vector aap ∈ CN and matrix Bap ∈ CN×(N−1) are given by:

aap :=
1√

<{ûᵀ
1Z
−1
ESPARû1}

Z−1
ESPAR û1,

Bap := − 1√
<{ûᵀ

1Z
−1
ESPARû1}

Z−1
ESPAR diag

(
Z−1

ESPARû1

)
T ,

where T ∈ RN×(N−1) is a matrix extracting the last N−1 columns from the
matrix on its left.

Therefore, the approximation (7.12) suggests that w approaches a com-
plex valued vector affine function of the reactive load vector x ∈ RN−1 under
a condition on ‖x‖, namely the one required to keep εrms low 6.

6Loosely speaking, low is relative to the performance of the algorithm to be presented
later, whose operation depends on such a linearity.



Chapter 8

ESPAR as a reconfigurable
antenna

The previous chapter introduced the system model of ESPAR through the
so-called equivalent weight vector. In addition, the linear approximation of
the equivalent weight vector was presented.

This chapter deals with the use of ESPAR as a re-configurable antenna.
By re-configurable antenna it is meant that the radiation properties of ESPAR
are modified based on channel conditions but, in a sense, the antenna array
is observed as a conventional single port radiator, unlike Chapter 9 where
spatial multiplexing was studied.

In what follows, two different approaches are considered: a computa-
tionally complex stochastic optimization and a low-complexity convex opti-
mization. The former is based on the non-linear equivalent weight vector
derived in Sec. 7.3 unlike the latter, which is based on its presented linear
approximation. As it is often the case, these optimization methods exhibit a
complexity-performance trade-off deserving attention.

The chapter concludes by presenting how to deal with the unavailability of
channel state information (CSI) and impedance matrix information. Notably,
the strategy varies with the considered optimization method. In particular,
the least-mean-square and recursive-least-square methods are proposed to
solve the low-complexity convex optimization variant, without the need of
explicitly estimating the CSI and impedance matrix themselves. In what
follows, it will be referred to as genie-aided for a receiver provided with
perfect CSI and impedance matrix information.

63
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8.1 Reactive load optimization

Given the system model of (7.7), coherent combination of the per-element
receive signals can be realized through the set of reactive loads x, namely by
conjugate matching w(x) to the CSI in h.

Note that there is no need to apply a constraint on the norm of w(x)
given that, in the current work, only passive (i.e. reactive) parasitic loads are
considered. Consequently, the goal of achieving coherent combination (also
called spatial adaptation) can be expressed as the optimization problem:

max
x

∣∣[w(x)]Hh
∣∣2

s.t. ={x} = ,
(8.1)

with w(x) from (7.8) and referring to x ∈ RN−1 as the set of reactive loads.
In what follows the aforementioned methods to solve (8.1) are introduced.

8.1.1 SPSA-based optimization

As studied by Ohira et al. in [32] and by Barousis et al. in [19], a good
alternative in terms of its relatively fast convergence and resilience against
multi-modality in the cost function is the SPSA method (standing for Simul-
taneous Perturbation Stochastic Approximation).

More specifically, SPSA can be considered a stochastic gradient descent
algorithm. Unlike other methods, what it does is to calculate the approxi-
mation of the cost function gradient1 at a location updated according to a
Bernoulli distributed random vector (also called perturbation).

Being an iterative minimization algorithm, SPSA is able to approach a
local minimum with barely two evaluations of the cost function per step,
regardless of the number of optimization variables. For the specific imple-
mentation details, the reader is referred to [19, 32].

In order to solve (8.1), the following cost function was proposed in [57]:

L(x) = 1− |w
H(x)h|

‖w(x)‖‖h‖
, (8.2)

where the dependency of w on x was made explicit for clarity.
In (8.2), perfect CSI (i.e. h) and the impedance matrix ZESPAR are

assumed to be known (or to be previously estimated during a training phase)
and the double vertical bars represent the common `2 norm to make sure the
second term lies within -1 and 1.

1Technically, it is calculating the direction of a secant line, but it is referred to as
gradient because the step size used for the secant line computation simulates the smoothing
of the cost function.



8.1. REACTIVE LOAD OPTIMIZATION 65

10 20 30 40 50 60 70

Iteration number

-6

-4

-2

0

2

4

S
N

R
 (

d
B

)
Receive SNR along the Analog MRC Adaption Process

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

C
o

s
t

fu
n

c
ti
o

n

SNR A-MRC (5-element ESPAR)

SNR Dipole Receiver

Adaptation A-MRC

Figure 8.1: Adaptation of SPSA on a single channel realization (single
dipole equivalent SNR computation for the same channel shown for

comparison).

Particularly, Fig. 8.1 shows the performance of the SPSA algorithm for
the cost function in (8.2) on a specific channel realization. The used SPSA
parameters are given by (following the notation of [19]):

β(m) = 100 exp
(
− m/25

)
τ(n) = 400 exp

(
− n/25

)
(8.3)

Mopt = 40, tot-iters = 40, tol = 1× 10−6,

As observed in Fig 8.1, the resulting SNR improvement using SPSA cor-
responds to several decibels with respect to a single dipole receiver for the
evaluated channel realization.

It must be stressed that, in Fig 8.1, the iteration number refers to the
outermost loop, each of them, containing 40 local iterations as shown in (8.3).
Thus, with the considered SPSA parameters, a worst-case of around 3× 103

evaluations of the cost function are required to solve (8.1).

8.1.2 Low complexity optimization

Based on the linearized equivalent weight vector of Sec. 7.3, the problem of
coherently combining the incident waves can be expressed having in mind the
signal model in (7.7). In fact, as such a linear approximation is valid under a
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sufficiently low ε, a convex constraint on the norm of x shall be incorporated
into the considered optimization problem to keep ε under control.

Particularly, the latter can be readily achieved based on the discussion of
Sec. 7.3 and the equality in (A.3) as:

x∗ := arg max
x

∣∣(aap +Bap x)Hh
∣∣2

s.t. xᵀx ≤ c2,
(8.4)

where c is a constraint on the norm of x to be determined based on the
algorithm’s linearization error tolerance.

It should be highlighted that, although alternative formulations to (8.4)
can be more appropriate to account for implementation constraints2, the
selected problem is regarded as more relevant for the model linearization
under consideration.

In particular, the quadratic cost function in (8.4) implies that its solution
is contained within the boundaries of the constraint, which is directly related
to the approximation error as given by (4.11) and (4.13) when constrained
to the conventional `2 norm.

As such, the optimization problem of (8.4) is convex and can be analyti-
cally solved by the method of Lagrange multipliers along the Karush-Kuhn-
Tucker (KKT) conditions. Let us denote its Lagrangian by:

L(x) =
∣∣(aap +Bap x)Hh

∣∣2 + µ (c2 − xᵀx), (8.5)

where µ ∈ R is the multiplier associated to the inequality constraint. More-
over, the KKT conditions:

µ (c2 − xᵀx) = 0 (Complementarity) (8.6)

µ ≥ 0,

are required to obtain the solution to (8.4).
To begin with, the stationary points of (8.5) are determined by solving3:

∇xL = <{BH
aphh

Haap}+
(
<{BH

aphh
HBap} − µ IIIN−1

)
x = . (8.7)

Therefore, the critical value of x (denoted x̃) can be expressed as:

x̃ =
(
µ IIIN−1 −<{BH

aphh
HBap}

)−1

︸ ︷︷ ︸
M

<{BH
aphh

Haap}. (8.8)

2– e.g. the problem constraining the `∞ norm of the solution ‖x‖∞ = max
i
|xi|.

3Even though the cost function in (8.4) has intermediate complex variables, the gradient
of its Lagrangian can be expressed as a real valued function given that x has been defined
as belonging to RN−1.
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Note that, <{BH
aphh

HBap} can be analyzed by defining the vector v :=
BH

aph and taking the outer product of v with itself, namely:

<{vvH} = <{v}<{v}ᵀ + ={v}={v}ᵀ,

showing that <{BH
aphh

HBap} has up to (and in practice not less than) two
real eigenvalues different from zero.

As a consequence, for M to be well-defined and by complementarity on µ
as of (8.6), the norm constraint in (8.4) should be met with equality. Thus,
xᵀx should be strictly equal to c2.

In other words, when µ > 0 (for a unique solution), the matrix M is
full-rank4, symmetric and, therefore, it can be expressed as:

M = Q
(
µ IIIN−1 −Λ

)−1
Qᵀ, (8.9)

whereQΛQᵀ is the eigen decomposition of <{BH
aphh

HBap},Q ∈ R(N−1)×(N−1)

and Λ ∈ R(N−1)×(N−1). Note that µ must also be different from every com-
ponent of Λ for M to be well-defined.

Also, given that <{BH
aphh

Haap} in (8.7) belongs to the complex span of
v as just defined, it is shown in Appendix B that (8.8) can be re-expressed
as:

x∗ = QR

[ 1
µ−λ1 0

0 1
µ−λ2

]
Qᵀ
R<{B

H
aphh

Haap} (8.10)

where QR corresponds to a tall matrix formed by the eigenvectors associated
to λ1 and λ2, the non-zero real eigenvalues of <{BH

aphh
HBap}.

Finally, the norm constraint gives us the solution for µ via the 4th order
polynomial equation:

<{BH
aphh

Haap}ᵀQR

[ 1
µ̃−λ1 0

0 1
µ̃−λ2

]2

Qᵀ
R<{B

H
aphh

Haap} = c2. (8.11)

Moreover, notice the dependence of (8.10) on the so-mentioned eigenval-
ues. As it can be seen, a rough approximation to the solution of x can be
obtained for λ1 ' λ2 as:

x∗ ≈ c

‖<{BH
aphh

Haap}‖
<{BH

aphh
Haap}, (8.12)

from the fact that, when this condition is met, x∗ becomes progressively
aligned to <{BH

aphh
Haap}. Consequently, under those circumstances, the

4—with a high probability given the dependence of M on h
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only role of µ is that of fixing the norm of the solution as it is guaranteed
in (8.12).

In brief, the solution to (8.4) can be obtained in terms of hhH according
to (8.10) with QΛQᵀ := <{BH

aphh
HBap} and µ obtained from one of the

roots of (8.11), i.e. the one that maximizes (8.4). Moreover, when λ1'λ2,
the simpler expression of (8.12) can be used instead.

Overall, an analytic solution to the problem of coherent combination
of (8.4) for a genie-aided receiver5 was presented in (8.10). In particular,
such a proposal relied on the linear approximation of the system model as a
function of the reactive load vector.

Moreover, the obtained solution was further approximated in (8.12), trans-
lating to two different ways to compute the loads that accomplish beamform-
ing. The latter, drawing a complexity-performance trade-off is summarized
in Big O notation in Table 8.1. Particularly, m and p in the SPSA-based
proposal refer to the number of iterations for the outermost and innermost
nested loop cycles, respectively.

Table 8.1: Comparison of the computational complexity of the proposed
solutions and the non-linear SPSA-based proposal of Sec. 8.1.1.

Method

Non-linear
SPSA of
Sec. 8.1.1

Exact solution
of (8.10) and (8.11)

Approximate
solution of

(8.12)

Bottleneck
Doubly nested
matrix inverse
(mp ≈ 1600)

Eigen Value
Decomposition and

quartic roots

Vector norm
computation

Computational
complexity

O(mpN3) O(N3) O(N)

8.2 CSI and impedance matrix estimation

As mentioned earlier, such solutions rely on the aid of the so-called genie to
supply both the actual CSI and array impedance matrix.

It must be pointed out that, although estimated with the aid of pilot
symbols in conventional systems, such full CSI (i.e. h) in (7.7) characterizes
the channel towards every element (active or not). The latter signifies that,
in order to obtain the required CSI through a single RF front-end, N times

5– i.e. with perfect knowledge of h and ZESPAR.
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Figure 8.2: Representation of the ESPAR forward modeling problem. The
architecture is being fed by the incident waves (on red) and x refers to the

set of reactive loads.

more pilot symbols are required to obtain such an estimate compared to
conventional multiple RF front-end systems.

Furthermore, estimating h through a single RF front-end as in (7.7) pre-
sumes knowledge of ZESPAR, propagating any estimation error of ZESPAR

to h. Even more, the characterization of ZESPAR requires either to rely on
simplified models or its estimation in a controlled environment, such as an
anechoic chamber [58]. As a consequence, the estimation of these parameters
should not be disregarded in practical implementations and it motivated its
study in this project.

The rest of the current section develops on two methods that circumvent
the need of the genie to solve the proposed convex optimization problem
of Sec. 8.1.2 by allowing to quickly (in terms of the demanded amount of
pilot symbols) characterize the response of ESPAR, further exploiting the
proposed linearization.

Particularly, as it will be shown, a characterization of the combined im-
pact of h and ZESPAR is what is required to carry out such an optimization.

Linearized-model parameter estimation

Let us begin by reordering the system model (7.7). The base band received
signal at the single RF front-end can be considered a function of the reactive
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load vector x and expressed as:

y = shᵀw(x) + n, (8.13)

where w stands for the complex conjugate of w and the dependence of w
on x through (7.8) was made explicit for clarity. Consequently, and accord-
ing to (7.12), the noiseless received signal can be approximated as a linear
function of the load vector as:

ŷ = gHxe, xe :=

[
1
x

]
, (8.14)

where introducing xe ∈ RN allows to capture an affine dependence on the
set of reactive loads. Note that s has been set to one in (8.14) without loss
of generality. This factor can be presumed known a priori for pilot symbol
time-slots and be compensated for.

Moreover, by observation of the linear approximation in (7.12) and (8.14),
g can be written as (under the norm constraint allowing for the linear ap-
proximation to take place):

g =

[
aᵀ

ap

Bᵀ
ap

]
h, (8.15)
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with aap and Bap given by (7.12). Observe that g captures information
both about the propagation environment and the ESPAR impedance matrix
ZESPAR as effectively impacting the behavior of the received signal. More
importantly, through (8.15), the solutions (8.10) and (8.12) to the spatial
processing optimization problem presented in Sec. 8.1.2 are given exclusively
in terms of g.

In light of the latter, the problem at hand can be posed as one of forward
modeling, i.e. that of Fig. 8.2, in particular:

g = arg min
g̃

e
(
y, ŷ(g̃)

)
, (8.16)

where e
(
y, ŷ(g̃)

)
is a cost function chosen according to any estimation method.

Indeed, ESPAR is successfully characterized when e is minimized according
to some measure with respect to the parameters of the linear model.

The methods of least mean squares (LMS) and recursive least squares
(RLS) have been studied in this project as a mean of estimating g. Con-
sequently, Appendix C and Appendix D are devoted to deepening on the
details for the problem under consideration.

Table 8.2: Complexity of LMS vs. RLS per update step

Method

LMS
Appendix C

RLS
Appendix D

Bottleneck
Dot

product
Vector linear

transformation
Computational

complexity
O(N) O(N2)

Nonetheless, for the sake of brevity, observe in Table 8.2 a summary of
their computational complexity.

For the purpose of convergence speed comparison, the normalized error:

erms(g) :=

√
Ex{|y − ŷ(g)|2}

Ex{|y|2}
, (8.17)

is shown along the adaptation process in Fig. 8.3 for LMS and RLS over a
single channel realization.

As observed in Fig. 8.3, Jmin corresponds to the minimum estimation error
of g from (C.3) (i.e. with the covariance matrix and cross-correlation vector
estimated from a large sample set). The difference in convergence speed is
evidently significant, RLS converges close to Jmin in less than 10 iterations,
whereas LMS requires around 20 times that amount of iterations.
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8.3 Proposed receiver algorithm

Based on the work of this chapter, and particularly of the low-complexity con-
vex optimization for spatial adaptation, Algorithm 1 shows the pseudo-code
of the four possible alternative proposals. To be specific, such alternatives
result from the combination of the two estimation methods (i.e. LMS and
RLS) and the two solutions of Sec. 8.1.2 (i.e. exact and approximate).

Algorithm 1 General structure of receiver’s algorithm for spatial adaptation

1: Initialize g, c
2: while reception do
3: if pilot symbol then
4: pick xtemp(n) from dictionary and set it as loads
5: obtain y(n)
6: set xe(n) based on xtemp(n) through (8.14)
% Updating g
7: if LMS then
8: compute e(n) = y(n)− gH(n)xe(n)
9: update g(n+ 1) = g(n) + η xe(n)e(n)

10: else if RLS then
11: compute q through (D.5)
12: compute α(n) = y(n)− gH(n− 1)xe(n)
13: update g(n) = g(n− 1) + q α(n)
14: update R−1

λ,xx through (D.6)
15: end if
% Updating x∗

16: if approximate solution then
17: compute x∗ through (8.12) and (8.15)
18: else if exact solution then
19: compute Q and Λ for <{BH

aphh
HBap} with (8.15)

20: find µ̃i ∀ i through (8.11) and (8.15)
21: compute X = {x∗(µ̃i)∀ i} from (8.10) and (8.15)
22: select x∗ = arg max

x∈X

∣∣gHxe(n,x)
∣∣

23: end if
24: else if unknown data symbol then
25: set x∗ as loads
26: obtain y(n)
27: decode unknown data
28: end if
29: end while
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8.4 Obtained performance

As a means of evaluating the performance of the proposed algorithms, a
Monte-Carlo simulation tool was implemented.

Two different environments were considered, namely: a non-directional
so-called Clarke’s channel model and an A1 non-line of sight (NLOS) WIN-
NER scenario for directional propagation.

The Clarke’s environment is implemented as 30 angular uniformly dis-
tributed and equally powerful incident rays at the ESPAR receiver6. On the
other hand, the WINNER A1 NLOS propagation environment is simulated
as indicated in its documentation7. Both of the here simulated environments
assume horizontal incidence at the ESPAR receiver side.

Additionally, 4-QAM single-carrier modulation and minimum distance
detection is simulated in all cases. The performance results of the SPSA-
based optimization algorithm proposed in Sec 8.1.1 will also be illustrated.
In particular, to the authors knowledge, strict optimallity over the non-linear
has not yet been demonstrated in the literature, which is the reason why
researchers have relied on heuristic alternatives [35].
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Approximate

proposal 

Figure 8.4: BER vs. norm constraint for the exact and approximate
algorithms over the Clarke’s and WINNER channel models. SNR = 6 dB.

6– i.e. with a uniform angular power spectrum
7WINNER II Deliverable D1.1.2 V1.1, 2007.
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To begin with, in order to study the sensitivity of the convex algorithms
of Sec. 8.1.2 on c, as well as conclude on the allowed linearization error,
Fig. 8.4 shows the BER with respect to the vector norm for 6 dB of SNR.

To be specific, Fig. 8.4 shows that the best balance between linearization
error and beamforming capability (restricted when the vector norm is too
small) is obtained for c ≈ 50Ω, which ultimately corresponds to 7-10% of
linearization error according to Fig. 7.3.

As a consequence, the norm constraint of (8.4) was set to c = 50Ω for
all cases, as it was found to balance the linearization and beam-forming
performance.
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η
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10-2

B
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Simulation BER

LMS, approximate solution, training length: 50

LMS, exact solution, training length: 50

LMS, approximate solution, training length: 100

LMS, exact solution, training length: 100

LMS, approximate solution, training length: 500

LMS, exact solution, training length: 500

Figure 8.5: BER performance vs. LMS step size η for 100 and 500
samples of training length. Clarke’s channel model and SNR = 6 dB.

Subsequently, it was found that the performance of the LMS-based algo-
rithms is highly sensitive to the variation of the step-size η above 3 × 10−2.
As observed in Fig. 8.5, values of η of the order of ∼ 10−3 perform better
almost independently of the training length.

Consequently, throughout the rest of the simulation results, η is set to
0.01 not to unnecessarily increase the convergence time for the LMS-based
algorithms. On the other hand, as time-varying channels are out of the scope
of this work, a value of λ = 0.98 is used for the RLS-based alternatives.
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Table 8.3: Computational complexity and expected convergence speed of
the proposed algorithms.

Convergence speed

Lower (LMS) Higher (RLS)

C
o
m
p
u
ta

ti
o
n
a
l

c
o
m
p
le
x
it
y

Lower
O(N)

Proposal 1
LMS with

approximate solution

Medium
O(N2)

Proposal 3
RLS with

approximate solution

Higher
O(N3)

Proposal 2
LMS with

exact solution

Proposal 4
RLS with

exact solution

As summary, the algorithms are classified in Table 8.3 in terms of their
convergence speed and computational complexity. In fact, it is observed in
Fig. 8.6 that, as expected, the LMS method falls behind RLS as regards
convergence speed. In particular, the LMS method performs similar to RLS
for around ten times as many pilot symbols.
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RLS, approximate solution
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Proposal 2

Proposal 3

Proposal 4

Figure 8.6: Convergence speed evaluation via BER with an SNR of 6 dB.
Clarke’s channel model. λ = 0.98 for RLS and η = 0.01 for LMS.
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Then, setting the amount of pilot symbols (i.e. training length) to 50 on
RLS and 500 on LMS for fairness on their degree of convergence, the BER
performance vs. SNR is shown for the Clarke’s environment in Fig. 8.7.
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RLS, approximate solution, 50 pilots, Prop. 3

Genie-aided, approximate solution

LMS, exact solution, 500 pilots, Prop. 2

RLS, exact solution, 50 pilots, Prop. 4

Genie-aided, exact solution

Single element Rx

Genie-aided

SPSA-based

Figure 8.7: Performance comparison of RLS vs. LMS via BER over
Clarke’s environment. A realization of such an environment is shown for

reference. λ = 0.98 for RLS and η = 0.01 for LMS. Genie-aided
SPSA-based of Sec. 8.1.1 shown as reference.

Note that the performance of the RLS-based proposals is very similar to
that of the LMS-based ones under these circumstances. In spite of the latter,
note that the RLS-based algorithms approach more closely the performance
of the genie-aided receiver.

In order to study the behavior of the proposed algorithms over directional
environments, their performance was also evaluated over the A1 NLOS indoor
office WINNER scenario in Fig. 8.8.

Based on Fig. 8.7 and Fig. 8.8, it is evident that the performance of the
proposals (both in absolute BER terms and relative to one another) is very
similar under such different environments. Overall, a small improvement on
the BER is observed in directional channels as explained by the ability of
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Figure 8.8: Performance comparison of RLS vs. LMS via BER over A1
NLOS WINNER environment. A realization of such an environment is

shown for reference. λ = 0.98 for RLS and η = 0.01 for LMS. Genie-aided
SPSA-based of [57] shown as reference.

ESPAR to extract a higher gain over limited angle spread environments.

To proceed, and as a means of evaluating the potential gains of increasing
its number of elements, the performance of a 7-element ESPAR with the same
evenly distributed circular architecture and radius as Fig. 7.2 was simulated.

As it can be observed in Fig. 8.9, the 7-element array gives a closer
performance for the approximate and exact solutions (both for the genie-
aided and RLS-based algorithms) compared to the 5-element counterpart as
explained by the smaller λ1/λ2 in Table 8.4 (recall that the approximate and
exact solutions coincide in the limit when λ1/λ2 = 1).

As it is shown in the smaller plot of the same figure, the more dense 7-
element array gives c = 80Ω as optimal norm (unlike the 5-element ESPAR
where a value of c = 50Ω was given use). Recall that such a norm does
not interact with the AWG noise n in (7.7). Thus, the optimal norm is
independent of SNR as of (8.4).
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Figure 8.9: RLS performance comparison for 5 and 7 element ESPAR via
BER vs. SNR over Clarke’s environment. SNR = 6 dB for subplot.

Moreover, as it can be observed in Fig. 8.9, the proposal 3 over a 7-
element ESPAR (dashed yellow curve) of complexityO(N2) performs close to
the exact-solution genie-aided of complexity O(N3) over a 5-element ESPAR
(continuous black curve). As such, a computational complexity reduction
could be achieved using a 7-element instead of 5-element array, i.e. as 72 < 53.
Naturally, due to the increase on information to estimate, the latter comes
at the expense of a two-fold increase in the convergence time.

Table 8.4: Average λ1/λ2 over considered Clarke’s and WINNER
environments on 5-element and 7-element ESPAR

λ1/λ2 Architecture

Channel \ Number of
model \ elements

5-element
ESPAR

7-element
ESPAR

Clarke’s 10.13 4.67
WINNER 19.41 5.13



Chapter 9

Spatial demultiplexing using
ESPAR

The Electronically Steerable Parasitic Array Radiator has also been proposed
as a mean of achieving low-cost spatial multiplexing with a single radio fre-
quency (RF) front end [17, 36].

Specifically, spatial multiplexing (SM) is a technique that consists in ac-
cessing the spatial domain of wireless environments in order to profit from its
richness as a means of simultaneously conveying multiple streams of informa-
tion that coincide in time and frequency, using multiple radiating elements.
Although it is not always the case, it is often assumed a perfect control
of the array currents in conventional multi-RF architectures, ignoring both
electromagnetic coupling and spatial correlation of the fields.

Even-though ESPAR was originally conceived as a reactively controlled
directive array [14], it was shown around a decade ago to be capable of achiev-
ing inexpensive spatial multiplexing. Additionally, in spite of its compact-
ness, it inherently accounts for mutual coupling between radiating elements.

Particularly, in transmission, the so-called beamspace modulation [17]
can be seen as a form of spatial multiplexing in which multiple streams
of information are simultaneously encoded onto a set orthogonal radiation
patterns. Indeed, as the array feeding is mediated via mutual coupling,
not any arbitrary distribution of currents is achievable by the use of purely
reactive loads.

On the other hand, in reception, while variable loads can be simultane-
ously controlled, they cannot all be probed at the same time. The latter
makes ESPAR an inherently asymmetric device in the sense that informa-
tion can be conveyed via several loads but only retrieved through a single
RF front end.

The current chapter expands on the impact of the oversampling rate on

79
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capacity and proposes an algorithm for the reactance optimization, based on
channel state information at the receiver side.

A comparison with a multiple-element multiple-RF front end array (ME-
MRF) of identical geometry (that of Fig. 7.2) is drawn to study the ability
of ESPAR to perform control on the induced currents.

To sum up, the challenge of ESPAR for SM in reception can be summa-
rized as a) a constrained set of achievable currents due to its control mecha-
nism through the use of purely reactive loads, and b) the SNR degradation
problem that is explained in more detail in the following section.

Let us begin by emphasizing that ESPAR is provided with a single RF
front end. The latter means that, by controlling the set of reactive loads in
reception, the radiation properties of the array are controlled, but at most a
single simultaneous spatial sample can be retrieved. In connection with the
model in (7.7), this can be represented by:

y = wHHs+ n, (9.1)

where w corresponds to the equivalent weight vector in (7.8), s corresponds
to the transmit vector at the ME-MRF transmitter array with E(ssH) =
ES/NT IIINT and n corresponds to AWGN with E(n) = N0.

Like (7.7), the model in (9.1) shows that the received signal at the active
element is the projection of the signal experienced at every element of the
ESPAR array (represented by Hs) onto the equivalent weight vector w.

9.1 Oversampling and SNR degradation

Given that (9.1) corresponds to the scenario where only a single sample
is obtained per symbol time, it has been suggested [59] to oversample the
received signal1 in order to effectively extract multiple samples per effective
one symbol time.

The practical implementation of such a signal oversampling can be rep-
resented by the shortening of the matched filter at the receiver side. Its
implications are, nonetheless, detrimental to the system performance.

In particular, the signal energy captured during the shorter matched filter
time-lapse is reduced by a factor equivalent to the oversampling rate. On
the other hand, given the uncertainty principle in signal processing [60], the
shortening of the matched filter results in a widening of its capture spectrum.

The latter implies that the noise energy captured during the shorter
matched filter extent is equal to the corresponding longer one. As a con-

1Specially, given the fast response of the varactor devices used as controllable loads.
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sequence of the reduction in the captured signal energy with respect to the
noise, the SNR is reduced by the oversampling rate [19, 59].

In short, the operation achieved by signal oversampling can be expressed
shortly in matrix notation, which allows to rewrite the system model as:

y =
1√
NS

WH(x)Hs+ n, (9.2)

W (x) :=
[
w(x1) w(x2) . . . w(xNS)

]
, (9.3)

where y ∈ CNS and n ∈ CNS with NS representing the oversampling rate
and E(nnH) = N0 IIINS .

Moreover, observe that x = [xᵀ
1, . . . ,x

ᵀ
NS

]ᵀ is the vector of reactive loads
for the NS sub-slots of time and that, through x, W (x) gives a total of
(N−1)×NS degrees of freedom.

9.2 Capacity

Based on (9.2), the capacity of a system with ESPAR at the receiver side
and a channel-ignorant ME-MRF transmitter can be shown to be:

C(x) = log2 det

(
IIINS +

ES
NTNSN0

WH(x)HHHW (x)

)
, (9.4)

showing that the oversampling rate has a similar role as the number of an-
tenna elements on ME-MRF systems, i.e. constraining the multiplexing gain.

Nonetheless, unlike the number of receive antenna elements in ME-MRF,
increasing the oversampling rate results in a corresponding increase of the
SNR degradation, which negatively impacts the capacity.

The latter suggests that there is a value of NS that maximizes the capacity
given environment-related conditions, namely: channel richness and SNR.

Note also that, in the high SNR regime, the capacity for ESPAR in re-
ception can be shortly expressed as:

CHigh SNR(x) = NS log2

(
ES

NTNSN0

)
+log2 det

(
WH(x)HHHW (x)

)
, (9.5)

where it is clearly shown the separability of the SNR and W .
As a preamble, the definition of W as a function of the reactive loads

in (9.3) is relaxed in what follows as a way to study the impact of the SNR
degradation (determined by NS) alone. Subsequently, these results will be
used to evaluate the impact of the structure of W and NS on capacity.

Therefore, the system eigen-decomposition2 is enforced through W (i.e.

2– given by HHH = QΛQH with eigen-values λn ∀n.
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Figure 9.1: Ergodic capacity of ME-MRF and ESPAR for relaxed
constraint on W . N corresponds to NS for ESPAR and to the number of
eigen vectors used at post processing for ME-MRF. Receiver architecture

given by Fig. 7.2 and ME-MRF UCA transmitter with NT = 5 for all cases.

setting W = Q) to access the eigen-modes of the channel, giving:

C
(
W=Q

)
=

NS∑
n=1

log2

(
1 +

ES
NTNSN0

λn

)
. (9.6)

In fact, as hinted by (9.6), Fig. 9.1 shows that the impact of the over-
sampling rate on capacity corresponds to an SNR shift with respect to con-
ventional ME-MRF reception.

In particular, the evaluated environment corresponds to K = 40 paths
with uniformly-distributed angles (and uniform angular power spectrum)
both at the transmitter and receiver sides, also called Clarke’s in Chapter 8.

As observed in Fig. 9.1, the oversampling rate could be upper-bounded to
two without performance loss below 10 dB of SNR. This can be explained by
the fact that, at low SNR, the SNR degradation overcomes the multiplexing
gain. On the contrary, at high SNR, there is benefit from increasing the
oversampling rate despite the SNR degradation.
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Additionally, based on (9.6), the region for which an oversampling rate
of two gives a higher capacity than one can be found.

If we take λ1 and λ2 to be the highest decreasingly-ordered eigenvalues of
HHH, it can be shown that C(NS = 2) ≥ C(NS = 1) if the SNR is above a
certain threshold. This region is given by:

ES
NTN0

≥

(
λ1

λ2

− 1

)
2

λ1

. (9.7)

Recall that, based on Fig. 9.1, the performance loss associated to upper-
bounding the oversampling rate to two is negligible for low SNR. The latter
means that, ifW could be arbitrarily set, (9.7) would determine the capacity-
achieving NS on low SNR.

In fact, the region represented by such inequality can be expressed as
a function of the strongest eigenvalue and the spread of the two strongest
eigenvalues, as shown in Fig. 9.2.

The arrows in Fig. 9.2 mean that the region of each eigenvalue spread
extends from their corresponding lower-bound towards +∞ SNR. Moreover,
the region related to λ1/λ2 = 1 is unbounded and, therefore, an oversampling
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rate of two is capacity achieving for any SNR, if such a condition on the
eigen-spread is met.

9.3 SPSA-based achievable rate maximization

Given the complexity of analytically studying the impact on capacity of W
as a function of x, an optimization algorithm is used in the current section
for achievable rate maximization. In particular, the latter will allow to draw
conclusions based on the results of Sec. 9.2.

In fact, such an optimization could be used to maximize the achievable
rate based on channel state information (CSI).

Based on (9.5), the impact of the specific set of reactive loads x synthe-
sizing W on capacity for the high SNR regime is given by:

L(x) = log2 det
(
WH(x)HHHW (x)

)
, (9.8)

where the dependence of W on the reactive loads x was made explicit.
It must be noted that the sets of reactive loads are expressed shortly as

x ∈ CNS(N−1) and that the computational complexity per-evaluation of (9.8)
is related to NS N×N -sized matrix inverses plus the computation of the
determinant of an NS×NS-sized matrix.

Given (9.8), the SPSA method [19] introduced in Chapter 8 is used to
maximize and evaluate the ability of W to approach the capacity of Sec. 9.2,
i.e. with respect to the optimum W .

The used SPSA parameters, according to the notation in [19], are:

β(m) = 120 exp
(
− m/20

)
τ(n) = 120 exp

(
− n/20

)
(9.9)

Mopt = 50, tot-iters = 50, tol = 1× 10−6.

There is an interest in using SPSA in spite of its non-guaranteed optimal-
ity due to the unavailability of the gradient of (9.8) and its low computational
complexity with respect to other methods [19]. Moreover, the results of such
an algorithm are, nonetheless, informative. Thus, the so-mentioned problem
can be shortly stated as:

x∗ := arg max
x

log2 det
(
WH(x)HHHW (x)

)
s.t. =(x) = 

(9.10)

Particularly, Fig. 9.3 shows the ergodic capacity of (9.4) obtained by
employing SPSA to approach (9.10). Additionally, the capacity obtained in
Sec. 9.2 (hence-called Relaxed W capacity) is shown for reference.
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Figure 9.3: Ergodic capacity for constrained (via SPSA on (9.9)) and
relaxed (through the eigen-mode access of Sec. 9.2) W vs. SNR for

ESPAR. NT = 5 for all cases.

It can be observed that SPSA is able to find a set of purely reactive loads
that gives a rate close to the capacity obtained in Sec. 9.2.

The curves in Fig. 9.1 and Fig. 9.3 also suggest that the biggest detriment
on capacity for ESPAR on reception compared to ME-MRF is due to the
oversampling SNR degradation.

As opposed to what could be expected, the structure on W being re-
stricted to a set of purely reactive loads does not translate into the unattain-
ability of the space of matrices in CN×NS reaching the capacity of Sec. 9.2.

9.4 Discussion

Given that the algorithm of the previous section can be seen as one of achiev-
able rate maximization, such an algorithm can be used to find a set of reactive
loads for a given channel estimate H .

Taking into consideration the restriction of purely reactive loads, it is
shown that by the use of the simultaneous perturbation stochastic approx-
imation method (SPSA), it is possible to closely approach capacity subject
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to the unavoidable SNR degradation due to oversampling.
Even more, it can be shown that, for the case of NS = NT = 1, the SPSA

algorithm of Sec. 9.3 converges to the SPSA-based algorithm for coherent
combination of Sec. 8.1.1 as a particular case.

Furthermore, the adoption of the presented SPSA algorithm is proposed
as a mean of finding the set of loads that maximize the achievable rate.

In spite of its computational complexity, it must be reminded that at low
SNR (see Fig. 9.1 and Fig. 9.3) there is little gain by increasing NS over
two, which also bounds the required computational complexity. Particularly,
the computational complexity for NS = 2 is similar to the one required for
NS = 1 except for the extra 2×2-sized matrix determinant computation.

Finally, in light of the results in Fig. 9.3, the inequality of (9.7) can be
used to determine if NS = 2 indeed increases the achievable rate given the
specific conditions.
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Digitally controllable scatterers
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Chapter 10

Introduction

Wireless environments are challenging due to the abundant phenomena they
are subject to. In particular, small scale fading due to multi-path propaga-
tion can turn good coverage into zero reception with a displacement of less
than a wavelength. On the other hand, large scale fading translates into a re-
stricted communication range and multiple coverage holes. Thus, multi-hop
communication schemes through dedicated devices, i.e. relays, was proposed
since many decades ago [61] and it is still a topic of active research [62].

Decode-and-forward (DAF) relays were proposed as a means of propaga-
tion loss and shadowing compensation. As a matter of fact, any conventional
half-duplex transceiver can be employed as a DAF relay with very little modi-
fication. Nonetheless, from a network perspective, the coordination overhead
and DAF time decoupling introduce significant latency.

Alternatively, amplify-and-forward (AAF) relays cope with such a latency
issue in time-constrained applications [63] by avoiding the data decoding
stage. As a consequence, AAF relays can be seen as antenna collocated full-
duplex devices with an intermediate active amplifying stage. Given that AAF
relays do not require extra time frames, coverage and even channel richness
can be improved with minor modification to the rest of the network [64].

Nonetheless, cross-talk in AAF relays between transmit and receive ele-
ments becomes an issue due to a potential lack of stability. Therefore, due to
its closed-loop architecture, stability entails a stringent limit on performance
that is to be continuously monitored in practical implementations [63]. The
latter makes AAF inconvenient when directional adaptation is critical on
interference and energy efficiency grounds in light of the sensible stability.

Recently, nonetheless, such an ancient idea of improving wireless net-
works by means of relays has been renovated through the concept of low-cost
smart mirrors. As a consequence, nowadays’ scientific literature is full of
appellatives such as intelligent reflecting surfaces [65] (IRS), large intelligent
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surfaces [66] (LIS), reconfigurable intelligent surfaces [67] (RIS), passive re-
laying arrays [68] (PRA), among others.

The underneath idea behind these is to add a control to the characteristics
of the radio channel. Even-though such an idea is in a sense revolutionary,
a large part of the scientific literature is concentrated on algorithmic and
signal processing aspects. Nonetheless, the comprehension of the involved
electromagnetic and propagation specificities has not been fully addressed.

More specifically, the term Digitally Controllable Scatterers (DCS) is
adopted in this project as a way to refer to such a concept. In fact, DCS
correspond to the arrangement of a massive amount of inexpensive antenna
elements with the objective of capturing and scattering energy in a control-
lable manner. Such a control method varies widely in the literature [67];
among which PIN-diode and varactor based are popular.

In this context, the project investigates an impedance controlled DCS,
although the addressed fundamentals are of a much wider applicability. As
a matter of fact, by characterizing DCS in terms of the elements’ observed
impedance, it is possible to study multiple variants. Nonetheless, with energy
efficiency considerations in mind, the current project focuses on the passive
and non-dissipative purely reactive alternative.

It is well known from the radar community that, while a mirror is a large
reflecting surface with its reflected energy decreasing with the 2nd power
of distance, a scatterer is usually considered a near-point object with the
scattered energy falling with the 4th power of the distance [5].

Additionally, to the author’s knowledge, there is no consolidated concern
in the literature about the nature of DCS as scatterers or as mirrors. Al-
though most authors seem to use both terms interchangeably, the common
characterization implies they are regarded as scatterers in the sense deter-
mined by the radar community.

More notably, the authors of [67] departed from a generalization of the
two-ray channel model to argue that DCS would not necessarily obey a path-
loss dependence with the fourth power of distance. On the other hand, the
authors of [69] concluded there that such a strong power law is probably
unavoidable for a practical DCS-like architecture. Nevertheless, no reference
to the crucial role of the array near-field region was found as a way to explain
such discrepancies.

Consequently, as one contribution of this project, a view that unifies
the previous seemingly opposite scattering/reflection dual perspectives is ob-
tained. The latter, as a mean to identify scenarios and show the strong
potential behind the DCS concept. In particular, it is shown how physical
area and distance aspects become of paramount importance for the operation
of such devices.



Chapter 11

Operation of DCS

In light of the so-mentioned relevance of the array near-field in the DCS case,
the current chapter illuminates on key aspects regarding the field separation
of such antenna arrays.

To begin with, recall from Chapter 1 that the far-field approximation
imposes a minimum transmitter-receiver separation distance, notably, so that
conventional antenna and propagation models are valid. In fact, the far-field
distance increases with the square of the antenna dimension as shown in
Sec. 1.1.

11.1 The field decomposition

To be clear, in the standard cell-centric network architecture, the far-field
approximation has greatly sufficed as means of characterization. Neverthe-
less, in the case of DCS, one large issue at stake can be stated as a paradox
and, also, related to the fact that it has been mostly conceived as a passively1

loaded architecture.

Specifically, a DCS must be large as a mean of capturing enough en-
ergy; but, as it grows, conventional far-field decomposition mandates that
the transmitter and receiver must move away. Consequently, the larger the
DCS gets, the farther the transmitter and receiver must be and, therefore,
the stronger the path-loss of the transmitter-DCS-receiver link.

Fortunately, this paradox can be circumvented by operating DCS over its
near-field2 region. In order to understand the relevance of its near-field, con-
sider the DCS essentially as the arrangement of multiple antenna elements.

1– in the sense that it does not inherently inject energy to the environment.
2It must be stressed that we are referring exclusively to the near-field of the array and

not to the near-field of the array elementary unit itself.
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More specifically, Fig. 11.1 shows the array far-field and the array near-
field as disjoint regions. The element near-field is also presented in dark blue
for reference. Nonetheless, the element near-field is not considered a region
of interest in this work as it is generally too close to the DCS.

Array

near-field

Array far-field

Linear

Antenna array

Element

near-field

Figure 11.1: Pictorial representation of the field regions of a linear
antenna arrangement.

As a matter of fact, any array can be approached close enough to be in
the far-field of each elementary unit but not in the far-field of the full array.
It is referred here to that particular region of space as the array near-field.

The importance of the array near-field characterization is that a DCS
requires large antenna arrangements in the close proximity of users, unlike
conventional transmitter-receiver links. Therefore, the term array near-field
is extensively used here as a way to differentiate it, given its importance in
the case of large enough DCS.

In the array far-field, the directional characteristics of DCS naturally
decouple from the separation distance. On the other hand, in the array
near-field, the previous dependencies are more intricate and call for a different
understanding of the problem.

For a simpler insight, recall that Chapter 1 is devoted to the fundamental
derivations of the far-field based on elementary Maxwell’s equations. In
addition, Appendix E formally presents the array near-field characterization
via the here-called generalized array manifold.

The importance of the generalized array manifold lies on that, as its name
suggests, it generalizes the conventional array manifold (also called steering
vector) to the array near-field region of interest with the array far-field as
a special case. Thus, it allows to characterize DCS on all such regions of
operation.
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11.2 The Fresnel zone perspective

The aim of this section is to develop an intuition on the interaction of the
size of DCS and its near-field region in relation to the Fresnel zones at the
DCS interface with the incident and departing radiation.

Let us begin by considering Fig. 11.2 where an unobstructed transmitter-
receiver link is presented. Specifically, note the presence of an infinite perfect
electrically conducting (PEC) plane parallel to the line joining the transmit-
ter and receiver sides.

Infinite PEC plate

Tx Rx

Rx'

r r

r

45° 45° 

45° C

Figure 11.2: Schematic view of the Tx and Rx for mirrored reflection.

Note that, by virtue of the well-known principle of images, the PEC plane
can be removed to study separately the line-of-sight and the reflection. In
fact, the contribution of the reflection is obtained by mirroring the receiver
side and studying the equivalent environment.

Thus, the equivalent setup of Fig. 11.3 is used in what follows to un-
cover the spatial distribution of the fields around such an interfacing plane.
More specifically, it shows the transmitter as well as the mirrored image of
the receiver in a perfectly unobstructed environment. Additionally, the first
Fresnel zones expose some of the most contributing regions.

The lth Fresnel zone is a region of space whose boundaries are ellipsoids
defined as the paths with (l−1) π and l π propagation phase-shifts with re-
spect to the shortest central path (containing C in Fig. 11.3) for its inner
and outer boundaries, respectively. Additionally, the transmitter and re-
ceiver locations are the focal points of such ellipsoids, whose boundaries at
the midpoint C can be approximated by [70]:

Rl(r) u
√
lλ

2
r , r � lλ, (11.1)
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Figure 11.3: View of the equivalent Tx-Rx’ scenario for the contribution
of the reflector.

where Rl(r) corresponds to the radius of the lth Fresnel zone for the arrange-
ment of Fig. 11.2.

It is well known that the contribution of the first Fresnel zone is the
most important one. In order to understand why that is the case, note the
following:

1. As shown in Fig. 11.4, the Fresnel zones are defined as ellipsoids with
constant propagation phase relative to the shortest path between the
transmitter and receiver. As a consequence, the closer the transmitter
and receiver sides, the smaller the Fresnel zones and vice-versa.

2. The Fresnel zone boundaries get closer for increasing l:

Rl+1(r)−Rl(r) =

√
r
λ

2
O
(√

l
)

3. There is a phase difference of 2π between any pair of paths distanced
two Fresnel zones from each other.

Therefore, in the extreme of large r, high order Fresnel zones (i.e. higher
than one) are significantly weak relative to the first zone and, thus, they do
not contribute significantly to the received power; see Item 1.
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Tx Rx
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e

L   Fresnel zone
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Figure 11.4: Geometrical representation of the lth Fresnel zone.

On the contrary, for smaller values of r, high order Fresnel zones are
almost equally strong due to Item 2 but, at the same time, they interfere
destructively with their successive one as a result of Item 3.

In particular, note that even numbered Fresnel zones always interfere
destructively; as opposed to odd numbered ones that interfere constructively
as shown in Fig. 11.5. Thus, the reader might realize that, by a proper
dephasing, DCS could in principle outperform free-space propagation.

To continue, it might be useful to look at an infinitely large mirror as
spatially integrating the fields over such an infinite aperture. As explained
by the equivalence principle over the scenario of Fig. 11.2, such a spatial
integration converges to the conventional r−2 path-loss dependence. In fact,
if the mirror were finite and centered in the shortest transmitter-receiver
path, the spatial integration would be truncated. At the same time, due to
the Fresnel zone resizing, such a truncation would expose oscillations if the
transmitter and receiver were symmetrically moved.

Finally, as a mean of linking DCS’ field decomposition and the Fresnel
zone perspective, observe from (11.1) (as well as from (E.2) in Appendix E)
that Rl=1(rff) = D; with rff being the low limit of the array far-field and D
being the visible dimension3 of the array. In other words, the DCS is being
operated in its near-field region when at least the first Fresnel zone of the
transmitter-receiver equivalent path (see Fig. 11.3 and Fig. 11.5) is perfectly
contained within the DCS itself.

3By visible dimension it is referred to the smallest diameter of a circle located on the
plane transversal to the direction of propagation and containing the array.
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Phase distribution on the first four Fresnel zones

-π

-π/2

0

π/2

π

Figure 11.5: Phase distribution on the first four Fresnel zones.
White and orange represent constructive and destructive interference,

respectively.



Chapter 12

System model

As hinted in the previous chapter, the operation of DCS in the array near-
field reveals a behavior different to the one traditionally acknowledged in
the DCS and radar literature. In fact, given that such a behavior was not
well identified by the beginning of the project, the approach to DCS changed
along time. The latter motivated the study of several metrics that better
expose the specifics of the array far and near fields.

The current chapter begins by presenting the considered architectures.
Subsequently, the derivation of a model for the array far-field metric of RCS
is displayed and validated through simulation on an electromagnetic solver1.

The chapter continues with the derivation of the scattered radiation den-
sity as a mean of studying the behavior of DCS in the array near-field. The
latter is, likewise, validated by comparison to the EM solver. Indeed, it is
shown that the radiation density allows to describe the behavior in the ar-
ray far-field. Nonetheless, the convenient separability of the directional and
distance dependencies of the array far-field is, as a consequence, lost.

Finally, the chapter concludes by presenting the exhaustive signal model
for SISO links in the presence of DCS on all such regions of operation.

12.1 Considered architectures

Recall from Chapter 1 that the directional properties of an antenna archi-
tecture are determined by the Fourier transform of its current distribution,
see (1.19). Thus, the more concentrated a geometry is in one of its major
planes, the wider its beam in the corresponding angular coordinate2.

1WIPL-D, https://wipl-d.com/
2– e.g. explaining why dipoles are omni-directinal radiatiors.
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Additionally, the steerability of such a beam depends on the available
degrees of freedom to control the radiating current distribution. Moreover,
dealing with a massive amount of elements, considerations such as their ap-
propriateness to be disposed along a surface become of relevance.

In light of the latter, the following distinct geometries are studied in the
current project.

12.1.1 Hexagonal array

To begin with, and because of its directional properties, a dipole-based hexag-
onal topology is considered. To be precise, its highly circular symmetry
makes it a good candidate for narrow-beam yet omni-directionally steerable
scattering properties.

Therefore, Fig. 12.1 displays the considered hexagonal architecture. In
particular, it is composed of seven hexagons for a total number of 31 elements.
Additionally, an interlement spacing of λ/2 is selected as mean to balance
mutual coupling and beam-forming capabilities.

Figure 12.1: Hexagonal element distribution (top view) for the array of
dipoles used as DCS. Each sub-cell hexagon radius corresponds to λ/2.

12.1.2 Ground-plane backed linear array

Note that planar arrangements are convenient for DCS as they can be ar-
ranged conformal to surfaces such as walls. In the case of the studied dipole-
based architecture, nonetheless, their omni-directional nature comes with a
caveat when linearly disposed.
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Particularly, as a result of the inability to induce currents on the plane
normal to the array, linear arrangements of dipoles present symmetries that
become disadvantageous when distributed against a wall.

As a consequence, a linear arrangement of λ/2-spaced dipoles in front of
a finite perfect electrical conducting (PEC) plane is considered as a mean of
breaking their symmetry. In fact, as a consequence, the gain from the array
ground-plane reflection is further exploited through such a configuration.

Figure 12.2: Ground-plane backed linear architecture.

12.1.3 Uniform array

Finally, consider a planar and periodic disposition in which 2Kh+1 horizontal
elements and 2Kv + 1 vertical elements arranged as the surface of DCS, for
a total of N = (2Kh + 1)(2Kv + 1) elements.

To be specific, a vertical and horizontal interelement distance of λ/2 is
considered in all cases. Additionally, two different configurations are studied
in what follows:

1. A linear DCS with Kh = 10 and Kv = 0 for a total number of 21
λ/2-spaced elements.

2. A planar DCS with Kh = Kv = 10 for a total number of 441 λ/2-spaced
elements.

In fact, Fig. 12.3 shows a symmetrical setup in which the transmitter and
receiver are both a distance r apart from the center of the DCS, which is
composed of the so-mentioned periodic structure with a total of N elements.
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Figure 12.3: Schematic view of Tx, Rx and DCS.

12.2 Far-field characterization

As exposed in Sec. 3.1.2, thin dipoles exhibit a single mode of resonance. As
such, their scattering characterization can be realized entirely based on the
circuit perspective reviewed in the Fundamentals of this document. Although
the latter is not the case for general antennas, it allows to obtain a simple yet
descriptive model of the scattering dependence with the controllable loads.

Let us begin by considering the problem of reception and elaborate on
the induced currents. Subsequently, based of the dependence of the array
currents on the reactive loads, the scattered field is derived.

The problem of reception is first solved by the aid of the modified length
vector lθm(r̂inc) introduced in Sec. 4.2. Particularly, recall that the array
electro-motive force (emf) vector due to a plane wave excitation is given by3:

E = lθm(r̂inc)Einc,θ, (12.1)

where, on the right hand side, it is assumed that the incident plane wave is
θ-polarized, Einc,θ represents the corresponding θ component of the incident
electric field intensity and lθm(r̂inc) corresponds to the θ-polarized modified
length vector at the direction of incidence represented by r̂inc.

Particularly, from Sec. 2.1.1 and Sec. 4.2, the modified length vector for

3– see Chapter 4 for a comprehensive review of the modified length vector.
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an array of vertically oriented half-wave dipoles is given by:

lθm(r̂) = ã(r̂)

le,θ(r̂)︷ ︸︸ ︷[
−2

k

cos
(
π
2

cos(θ)
)

sin(θ)

]
, (12.2)

where k corresponds to the wavenumber (i.e. k = 2π/λ), r̂ is a unit norm
vector, ã(r̂) is the array steering vector of Sec. 4.1 and le,θ(r̂) is the θ-
polarized effective length of a dipole introduced in Sec. 2.1.1.

Note that the modified length vector lθm(r̂) consists of the steering vector
as effectively impacted by the pattern of the array elementary unit.

Observe that r̂ represents a direction specified in terms of the polar and
azimuth angles (θ and φ, respectively) defined in Fig. 1.4 of Chapter 1.

To be specific, in Cartesian coordinates, r̂ is given by:

r̂(θ, φ) = sin(θ) cos(φ) x̂+ sin(θ) sin(φ) ŷ + cos(θ) ẑ. (12.3)

Even-though (12.1) characterizes the emf at the port of each array ele-
ment, the current induced at a given dipole will be indirectly impacted by
the load set on its neighboring elements due to mutual coupling. As exposed
in Sec. 4.4, such an impact is simply characterized via the system admittance
matrix, namely through:

I = −

Y ( xL)︷ ︸︸ ︷(
Z +  diag(xL)

)−1 E , (12.4)

where I ∈ CN is the induced current vector and the impact of the reactive
loads was included via the admittance matrix Y (xL) ∈ CN×N with xL ∈ RN

being the vector of reactive loads for a total of N array elements.
From (12.1) and (12.4), it is possible to compute the induced currents

due to an incident field on the array. Therefore, the induced array currents
(looking into the antenna ports) in terms of the incident field and the set of
reactive loads can be briefly expressed as:

I = −
(
Z + XL

)−1
lθm(r̂inc)Einc,θ. (12.5)

Additionally, as also displayed in Sec. 4.2, the θ polarization of the net
field scattered by the array can be expressed in terms of its θ-polarized mod-
ified length vector via:

Escat,θ(robs) = − kη e− kr

4πr
Iᵀlθm(r̂obs), (12.6)
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where η corresponds to the impedance of the medium (i.e. η ≈ 120πΩ in
free space) and r is the observation distance (namely, robs = r r̂obs).

Based on (12.5) and (12.6) the total scattered field can be given in terms
of our quantities of interest. Thus, such a scattered field reads:

Escat,θ(r̂inc, r̂obs) =  kη
e− kr

4πr

[
lθm(r̂obs)

]H(
Z + XL

)−1
lθm(r̂inc)Einc,θ, (12.7)

where, to recapitulate, lθm(r̂) is the modified length vector of (12.2), r̂inc is the
direction of incidence, r̂obs the direction of observation and r the observation
distance (i.e. robs = r r̂obs).

Observe that, in (12.7), the transposition of the modified length vector at
the direction of observation has been replaced with the Hermitian operator
(equivalent to conjugate transposition). The latter is done by defining both
r̂obs and r̂inc as inward vectors4, what allows to make use of the Hermitian
transpose by properties of the steering vector in (12.2).

Finally, note as well that the scattered electric field intensity of (12.7) is
a plane-wave description for the array far-field. A convenient representation
can be obtained by removing the dependence of the observation distance
through the far-field pattern function F̆ of Chapter 3:

F̆scat(r̂inc, r̂obs) :=
kr

e− kr
Escat(r̂inc, robs), (3.4)

giving for the θ component of the field of interest:

F̆scat,θ(r̂inc, r̂obs) =  η
k2

4π

[
lθm(r̂obs)

]H(
Z + XL

)−1
lθm(r̂inc)Einc,θ. (12.8)

12.2.1 The RCS and the TSCS

The expression in (12.8) for the far-field pattern function is convenient given
that it allows to easily express the radar cross-section (RCS) and can be
directly related to the total scattering cross section (TSCS), which is also of
interest for the problem of array far-field scattering.

To recall from Chapter 3, the radar cross-section (RCS, denoted σb) mea-
sures from a receiver’s perspective (i.e. direction) the effective capture area
that a target had, if such a target were isotropically scattering the captured
energy from the incident field. The RCS is useful for the radar community
and it straightforwardly integrates in the radar equation.

4Rigorously, r̂obs is defined as leaving the array, unlike r̂inc that approaches the array.
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As shown in Sec. 3.3, the bi-static RCS can be expressed in terms of the
far-field pattern function by:

σb(r̂inc, r̂obs) =
4π

k2

∣∣F̆scat(r̂inc, r̂obs)
∣∣2

|Einc|2
. (3.13)

On the other hand, the total scattering cross-section (TSCS, denoted σs)
is the capture area that relates to the total power being scattered in all
directions from the incident field, explaining why it is independent of r̂obs.

Computing the TSCS can be computationally expensive as it requires in-
tegration over the unit-radius sphere for r̂obs. Nonetheless, with the aid of the
forward scattering theorem of Sec. 3.2.2, the TSCS can be straightforwardly
written in terms of the far-field pattern function as:

σs(r̂inc) = σt(r̂inc)−����
�:0

σa(r̂inc) =
4π

k2
=

{
F̆scat,θ(r̂inc, r̂inc)

Einc,θ

}
, (12.9)

where ={a} corresponds to the imaginary part of a. Note that the forward
scattering theorem is relating the sum (σt) of the absorbed (σa) and total
scattered (σs) cross-sections to the scattered field in the forward direction,
i.e. going through the array. However, σa = 0 as only reactive and non-
dissipative loads are assumed here.

To conclude, evaluating the expression of (12.8) in (3.13), the RCS can
be readily found to be:

σb(r̂inc, r̂obs) = η2 k
2

4π

∣∣∣[lθm(r̂obs)
]H(
Z + XL

)−1
lθm(r̂inc)

∣∣∣2. (12.10)

Furthermore, evaluating (12.8) in (12.9) and after some algebra, the TSCS
can be shortly expressed:

σs(r̂inc) = η
[
lθm(r̂inc)

]H<{(Z + XL

)−1
}
lθm(r̂inc), (12.11)

where <{A} corresponds to the real part of any matrix A.

12.2.2 Model validation

In light of the derived closed-form expression for the RCS (σb), (12.10) is
validated in the rest of the current section by comparison to results obtained
from a commercially available numerical simulation tool5.

5i.e. WIPL-D, https://wipl-d.com/
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Specifically, an array of N = 5 dipoles distributed as shown in the right
bottom of Fig. 12.4 was simulated on such a numerical tool for an arbi-
trary set of reactive loads. Additionally, in order to compute (12.10), the
impedance matrix was obtained by the use of existing analytical expressions
to evaluate the mutual coupling of side-by-side arrangements of dipoles as
discussed in Sec. 4.3.
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Figure 12.4: RCS vs. φobs for model validation by comparison to WIPL’s
numerical simulation results. Vertical arrows representing different angles

of incidence. Horizontal incidence and observation in all curves.

As it can be observed in Fig. 12.4, there is an overall good correspondence
in terms of the values of RCS predicted by the model and, as relevant, on the
directions of maximum and minimum scattering. Note the RCS is given in
normalized logarithmic units, namely of 10 log10

(
σb(r̂inc, r̂obs)

)
− 20 log10(λ).

More specifically, the continuous curves correspond to the evaluation of the
model in (12.10), with the colors standing for different directions of incidence.
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12.3 Near-field characterization

It must be highlighted that the array far-field approximation of both the
reception and transmission processes6 in (12.7) is captured by the modified
length vectors lθm(r̂) and, as well, by the implicit distance dependencies.

To begin, as exposed in Appendix. E, an expression valid for the array
near-field can be obtained by identifying the steering vector as a special case
of the generalized array manifold, the latter of which is given by:

ap(r)
∣∣
n

:= G(r − rn) le,p

(
r − rn
|r − rn|

)
∀n ≤ N, (12.12)

where G(r) is the free-space Green function of (1.13) and le,p(r̂) = F0,p(r̂)
correspond, as per (2.3), both to the radiation vector and effective length of
the array elementary unit along the p direction of polarization.

Note that, by the far-field approximation of the Green function (1.16),
the generalized array manifold can be related to the modified length
vector via:

ap(r)
r > rff=

e− kr

4πr
lpm(r̂), r = r r̂, (12.13)

with rff being the array far-field distance in (E.2) of Appendix E.

In what follows, and for simplicity of presentation, we will resort to the
assumption that the transmitter antenna is an isotropic source of fields. Con-
sequently, by the identification of (12.13) in (12.7), it can be shown that the
scattered electric field intensity at the array near-field reads:

Eθ(rrx, rtx) = k2η2 aH
θ (rrx)

(
Z + XL

)−1
aθ(rtx) lisoe,θ Itx, (12.14)

where rtx and rrx are the complete coordinates7 of the transmitter and re-
ceiver relative to the coordinate reference of the controllable scatterer and, as
we are dealing with ẑ-oriented dipoles, only the θ polarization is considered.

Moreover, observe that the dependence on the current feeding the trans-
mitter antenna Itx exposes the role of its respective effective length (i.e. lisoe,θ).

Note also that
(
Z + XL

)−1
is a transpose symmetric matrix, which has

often (e.g. [67, 66, 65]) been characterized as a diagonal matrix containing
complex exponential factors that account for digitally-tunable phase shifts.

6– those which jointly compose the scattering process.
7– as opposed to (12.7) where both the transmitter and receiver are assumed in the

array far-field and, therefore, there was only a dependence on the directions of incidence
and observation.
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12.3.1 Example configuration

In the rest of the current section, a simple but insightful configuration will
be evaluated as a mean of exhibiting the appropriateness of the generalized
array manifold in describing the behavior of digitally controllable scatterers.

Let us disregard the phenomenon of mutual coupling (i.e. Z = ZA IIIN×N)
and, additionally, short circuit all elements (xL = Ω). Under those circum-
stances, (12.14) can be simply expressed as:

Eθ(rrx, rtx) =
k2η2

ZA
aH
θ (rrx)aθ(rtx) lisoe,θ Itx. (12.15)

If, additionally, we assume that the DCS is provided with θ-polarized
isotropic elementary units, i.e. le,θ(r̂) = lisoe,θ in (12.12), the expression (12.15)
can be simplified further to:

Eθ(rrx, rtx) =
k2η2

ZA

[
lisoe,θ

]3
Itx

N∑
n=1

G
(
rrx − rn

)
G
(
rtx − rn

)
, (12.16)

where G(r) is, once more, the Green function of (1.13).
Even-though the expression in (12.16) corresponds to the array near-field

electric field intensity, it characterizes the linear combination of element-wise
far-field sources. Thus, the scattered radiation density (in units of power per
unit area) can be related simply to its scattered field through P = (2η)−1|E|2.

In particular, introducing rt,n:=|rtx − rn| and rr,n:=|rrx − rn| as the dis-
tances from the transmitter and receiver to every DCS element, respectively,
the radiation density of the scattered field reads:

P(rrx, rtx) =
k4η3

2|ZA|2
∣∣lisoe,θ

∣∣6|Itx|2
∣∣∣∣∣
N∑
n=1

e− krr,n

4πrr,n

e− krt,n

4πrt,n

∣∣∣∣∣
2

. (12.17)

Observe that, although we have assumed hypothetical isotropic elements,
expression (12.17) allows to analyze the radiation density as regards the Tx
and Rx locations relative to the element’s disposition, i.e. rn ∀n ≤ N .

In light of the loading condition under evaluation (x = Ω), the setup
of Sec. 12.1.3 (with the transmitter and receiver positioned symmetrically
as required by the Snell-Decartes law) is evaluated. The latter, in order to
expose a case in which waves are naturally interfering constructively8 towards
the receiver side.

8In fact, they don’t interfere perfectly (as it will be clear later) but such a setup serves
to illustrate the point the author wants to make.
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Figure 12.5: Radiation density (power per unit area) of the field scattered
by DCS versus distance for the setup of Fig. 12.3.

As observed in Fig. 12.5, the radiation density clearly exposes different
behaviors for the array near-field (r < rff) and its far-field region (r > rff).

More specifically, the array far-field region unsurprisingly exposes a path-
loss related to r−4 in both the linear and planar configurations. The operation
over such a sector can be characterized through metrics used in the radar
community (such as the radar cross section) as done in Sec. 12.2. Nonetheless,
the latter is clearly not the most interesting region of operation for the DCS.

On the other hand, the array near-field exposes a seemingly oscillatory
behavior around r−2 and r−3 for the planar and linear configurations, respec-
tively. The latter is explained by the fact that, through its finite number of
antenna elements, the DCS is sampling the field at discrete points in space.

In particular, the oscillations illustrate the constructive and destructive
interference caused by the complex exponential terms in (12.17) as induced
by the Green function. Moreover, as exposed in Sec. 11.2, the oscillations
can also be understood as the constructive and destructive interference of
interacting Fresnel zones as.
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12.3.2 Model validation

In order to validate the model of DCS, as well as the Fresnel zone intuition
of Sec. 11.2, a very simple scenario is studied using WIPL-D.

More specifically, a two port setup composed of two vertically-polarized
half-wave dipoles (acting as the transmitter and receiver) in the presence
of a finite metal plate are simulated. The latter is appropriate given that
the example configuration of Sec. 12.3.1 could be considered as its discrete
approximation.

The size of the simulated plate is fixed to 10λ× 10λ and the dipoles are
positioned symmetrically (45◦ from the vector normal to the plate’s surface)
a distance r; exactly like for the DCS setup of Sec. 12.3.1.
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Figure 12.6: |S2,1|2 quantifying the power received through reflection from
a finite metal plate vs. transmitter-receiver distance.

In particular, the power transmission coefficient |S2,1|2 was computed as
DCS is mostly operating over the near-field of the plate (i.e. making far-field
metrics such as the radar cross section invalid).

Additionally, as the aforementioned setup computes the net (direct plus
reflected) fields, separate simulations (with and without the plate) were done
in order to subtract the the direct path and obtain the reflected contribution.
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As observed in Fig. 12.6, the reflected path exhibits the expected oscil-
latory behavior at the near-field region of the plate. Note as well that, in
spite of the discrete nature of the DCS, the model is able to capture with
fair accuracy the details of its continuous-equivalent9. Nonetheless, it can be
shown that the WIPL numerical results and the model converge when the
element density of the model is increased within such a confined region of
space.

12.4 The SISO signal model

The author would to like to briefly summarize the implications of this chapter
for the transmitter-receiver SISO signal model derived in Chapter 5.

For simplicity, in what follows, we will assume single-element, single-
polarization and isotropic transmitter and receiver sides. On the other hand,
the DCS elementary unit can be arbitrarily chosen as its impact is accounted
for in the generalized array manifold of (12.12).

It must also be added that the multi-antenna transmitter/receiver (i.e.
MIMO) extension can be straightforwardly envisaged by virtue of the super-
position principle. Nonetheless, its mathematical representation can easily
become cumbersome as a result of the multi-location dependencies10.

Therefore, relying on the DCS model derivation of section 12.2, the com-
plete link-level system model can be shown equivalent to:

y =
(
h̃trG(rtr) + h̃DCS a

H
p (rrx)

(
Z + XL

)−1
ap(rtx)

)
s+ n, (12.18)

where s, y and n are the conventional input, output and additive white
Gaussian noise at the receiver side, respectively; G(r) is the free-space Green
function of (1.13); rtr is the shortest-path transmitter-receiver distance; rtx

and rrx are the transmitter and receiver locations relative to DCS’ coordinate
reference, respectively; and ap(r) ∈ CN is the generalized array manifold
of (12.12) (see Appendix E for its derivation) polarized along p for an N
element DCS.

Additionally, in (12.18), h̃tr and h̃DCS are spatially-flat channel coefficients
that represent a scenario in which all links (transmitter-receiver, transmitter-
DCS and DCS-receiver) are dominated by their line-of-sight components.

9Naturally, DCS’ curve was vertically shifted to make it coincide with WIPL’s results
in the array far-field as, in particular, the multiplicative coefficients in (12.17) cannot be
determined for hypothetical isotropic antennas.

10– in particular for the case in which the array elementary units of the transmitter and
receiver sides are not isotropic anymore.
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These channel coefficients also absorb all physical quantities that are not of
concern for link-level characterization; allowing to introduce the dimension-
less signal denomination11.

Note that, if the direct transmitter-receiver link is either obstructed or
suffers from strong multi-path propagation, its impact shall be embedded
onto h̃tr. On the other hand, we do not expect h̃DCS to be greatly impacted by
multi-path propagation as higher order scattering might strongly attenuate
contributions other than the line-of-sight ones.

11– where a signal is simply defined as an observable change in a quantity.



Chapter 13

Performance evaluation

The previous chapter presented different models to characterize the operation
of DCS on its array far-field and near-field regions. Notably, the RCS and
the scattered radiation density were used as means of studying their behavior
on both of these regions, respectively.

Observe that, while the RCS plays a simple role in the modified link
budget of Sec. 3.4, the operation of DCS in the array near-field region does not
allow for such a simplified description. Particularly, as exposed in Sec. 12.3,
the free-space-like behavior of the planar DCS at the array near-field comes
at the expense of more intricate multi-location dependencies1.

The current chapter displays the performance obtained with the architec-
tures considered in Sec. 12.1. To begin, the ability of the hexagonal dipole-
based architecture to steer the incident radiation by means of scattering is
analyzed through an SPSA-based RCS maximization algorithm.

Subsequently, the dependence of the RCS on the number of antenna ele-
ments is studied on the ground-plane backed linear arrangement. Addition-
ally, it is shown that the model given use (based on the principle of images to
describe the impact of the ground plane) is accurate if such a ground plane
is allowed to extend beyond the array.

To conclude, the uniform planar arrangement is adopted by the end of
the chapter to expose the exciting potential of operating DCS in its near-
field region. More specifically, it is shown that it is possible to outperform
free-space propagation under completely obstructed links through smart de-
phasing. Such an idea was hinted on in Sec. 11.2. As it shown here, the
latter results in a dependence with the fourth power of the distance which,
paradoxically, outperforms the conventional free-space propagation.

1– namely, of the transmitter and receiver relative to every element in the DCS.

111



112 CHAPTER 13. PERFORMANCE EVALUATION

13.1 Steerability of hexagonal architecture

Recall that the far-field RCS of Sec. 12.2 characterizes DCS and plugs into
the modified link budget of Sec. 3.4. Additionally, observe that the expression
in (12.10) shows an inverse quadratic dependence of the RCS with the set of
reactive loads in xL.

Hence, in what follows, an iterative algorithm relying on an approxima-
tion of the gradient of (12.10) is adopted. Particularly, as stressed in the
second part of this document, the simultaneous perturbation stochastic ap-
proximation method (SPSA) emerges due to its computational complexity,
which is related to two cost function evaluations per iteration step regardless
the number of parameters.

The SPSA method is known for its good behavior on cost functions having
multiple extrema [71]. Moreover, SPSA does not require the availability of
an analytic expression for the gradient, which makes it appropriate given the
non-trivial dependence of (12.10) on xL. Consequently, SPSA is adopted
here in order to give a solution to the optimization problem:

σmax
b (r̂inc, r̂scat) = max

xL
σb(xL |r̂inc, r̂scat), (13.1)

where r̂scat is the direction towards which the incident wave from r̂inc is
intended to be scattered.

Figure 13.1: 3D representation of the hexagonal architecture and the
result σb(r̂inc, r̂obs) solving (13.1) for r̂inc = r̂(φ = 0◦, θ = 90◦) and

r̂scat = r̂(φ = 45◦, θ = 90◦).
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Note that in (13.1), as well as in (12.4), xL is defined as a real vector
representing the reactive load onto every element. Consequently, the problem
in (13.1) can be solved in the R-domain in spite of the complex nature of the
quantities involved in the evaluation of σb(xL |r̂inc, r̂scat).

As a particular example, observe Fig. 13.1 for the RCS obtained by solv-
ing (13.1) for scattering in the directions given by the arrows. In fact, there
exists strong scattering in intended direction of scattering (blue arrow) and
in the direction going through the array (dark green arrow). The latter is a
consequence of the forward scattering theorem of Sec. 3.2.2.

Furthermore, as can be observed in Fig. 12.1, the considered array is
highly circularly symmetric. Consequently, as mentioned, the directional
behavior of the array is expected to be rotationally invariant. Hence, without
loss of generality, the direction of incidence is fixed to r̂inc = r̂(φ = 0◦, θ =
90◦) in what follows.

Particularly, Fig. 13.2 shows that the maximum RCS of (13.1) is mostly
contained within a band of 3 dB wide above 20 dBλ2 for intended scattering
towards most of the horizontal plane, except for the regions highlighted in
blue. Moreover, a maximum RCS of 26 dBλ2 is achieved in the 40◦ wide
region around the forward scattering direction.
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Figure 13.2: Maximum RCS in dBλ2 vs. intended azimuth angle of
scattering obtained by solving (13.1).
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13.2 The mirrored linear architecture

λ/2
λ/4

Image

E

E'

inc

r'inc

rinc

inc

Figure 13.3: Top view of the considered array geometry, the incident field
and the mirrored images involved in the scattering characterization of the

proposed linear architecture.

Let us consider Fig. 13.3 where a linear arrangement in front of an infinite
ground plane creates a mirrored image of the original environment (shown
on top of the figure with a gray background).

As explicitly shown, in order to comply with the image principle, we shall
mirror the incident wave. Nonetheless, such a mirrored image implies the
array is provided with a total of 2N elements, all of which must be analyzed
strictly as physical elements from the EM perspective. More notably, all
such elements contribute to the scattered field and are excited by both the
original and mirrored incident fields. Likewise, the adopted mutual coupling
characterization is still applicable.

As a consequence, the modified length vector and impedance matrix are
lθm(r̂) ∈ C2N and Z ∈ C2N×2N in the mirrored case. In particular, the
expression in (12.8) for the far-field pattern function is valid if the previous
considerations are accounted for, resulting to:

F̆scat,θ(r̂inc, r̂obs) =  η
k2

4π

[
lθm(r̂obs)

]H(
Z + XL

)−1 [
lθm(r̂inc)− lθm(r̂′inc)

]
Einc,θ

(13.2)
where r̂′inc stands for a unitary vector representing the mirrored direction
of incidence, and the minus sign at the right-hand-side factor is a result
of applying the image principle to the incident electric field intensity Einc

2.

2– observe that Einc and E′inc are pointing in opposite directions in Fig. 13.3.
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Accordingly, the respective RCS can be shortly expressed:

σb(r̂inc, r̂obs) = η2 k
2

4π

∣∣∣[lθm(r̂obs)
]H(
Z+XL

)−1 [
lθm(r̂inc)−lθm(r̂′inc)

]∣∣∣2. (13.3)

In specific, phenomena such as diffraction by the edges cause the dis-
tortion of the mirrored image and the effective impairment of the infinite
ground plane model in (13.3) with respect to the finite ground plane case,
specially for grazing angles of incidence. Moreover, in practice, the presence
of a ground plane contributes to the structural mode of the scattering re-
viewed in Sec. 3.1.1. Therefore, the previous model only characterizes the
respective antenna mode3.

In fact, WIPL is used in what follows to compute the array far-field scat-
tered by the geometry of Fig. 12.2 in short circuit condition (i.e. xL = ).
Moreover, the contribution of the finite ground plane alone is subsequently
subtracted in order to evaluate the ability of (13.3) to characterize the an-
tenna mode contribution.
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Figure 13.4: Comparison of the RCS as obtained via the derived model
and a MoM-based tool (WIPL) over the finite ground plane of Fig. 12.2 for

22.5◦, 45◦ and 90◦ of incidence. N = 7 elements in all cases.

3Specifically, if the structural mode is referenced to high impedance, see Sec. 3.1.1.



116 CHAPTER 13. PERFORMANCE EVALUATION

As observed in Fig. 13.4, there exists good agreement between the infinite
ground plane model and the simulation results from WIPL with degradation
towards 0◦ and 180◦ (where the missing field-contribution because of the finite
ground plane gets more significant). The latter applies both for incidence and
observation.

Therefore, it is shown that the model derived for the case of an infinite
ground plane gives a good description for a wide range of angles as long as
some excess ground plane is allowed (in the considered case an excess of λ in
the width and λ/2 in the height).

The dependence with the number of elements

Recall that the RCS in (13.3) depends quadratically on the far-field pattern
function of (13.2).

Let us now consider that, if there is no coupling (Z = zdip IIIN) and all
elements are short-circuited, (13.3) reduces to:

σNC
b (r̂inc, r̂obs) =

k2η2

4π |zdip|2
∣∣∣[lθm(r̂obs)

]H[
lθm(r̂inc)− lθm(r̂′inc)

]∣∣∣2,
whose quadratic expansion contains N2 terms. Consequently, we could ex-
pect the RCS to grow with the square of the number of elements if mutual
coupling is sufficiently weak.

As a mean of verifying if the latter is the case of the λ/2-spaced architecture
under consideration, the RCS was computed using the model (13.3) and
WIPL with respect to N for such a loading condition, i.e. xL = .

It is observed in Fig. 13.5, when contrasted to the reference curve in red,
that the RCS (corresponding to the one at the directions given by the Snell-
Descartes’ law) does indeed grow with the square of the number of elements
regardless mutual coupling and the direction of incidence.

Note, in particular, that there is good agreement between the results ob-
tained from the model and the MoM-based simulation tool for the considered
array sizes having fixed the excess ground plane equally for all cases.

13.3 Outperforming free-space propagation

Recall from Sec. 11.2 that the contribution of even numbered Fresnel zones is
always destructive. As a consequence, if such zones are contained within the
DCS4, a dense enough architecture might in principle be able to compensate
for their destructive nature.

4Namely, if it is being operated in the array near-field region.
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Figure 13.5: RCS for specular scattering vs. N for 22.5◦, 45◦ and 90◦ of
incidence. Red curve shown as a reference of a quadratic dependence on N.

As a matter of fact, the model for the radiation density in Sec 12.3 allows
to transparently predict the maximum obtainable power for an architecture-
specific digitally controllable scatterer.

In particular, a smart-enough DCS would, at its best, compensate for the
path-related phase shift, giving for the received radiation density:

Pmax(rrx, rtx) =
k4η3

2|ZA|2
∣∣lisoe,θ

∣∣6|Itx|2
∣∣∣∣∣
N∑
n=1

1

4πrr,n

1

4πrt,n

∣∣∣∣∣
2

, (13.4)

using the notation of (12.17) to represent all involved quantities.

Observe that, in the array far-field, short-circuiting all elements (xL = )
is optimal for Snell-Decartes’ scattering if mutual coupling is absent. The
latter is in agreement with the example configuration of Sec. 12.3.1.

As a consequence, the radiation density of the smart-dephasing enabled DCS
is compared against such an example configuration in what follows.
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Figure 13.6: Radiation density (power per unit area) of the field scattered
by the DCS with smart dephasing versus distance.

In fact, Fig. 13.6 shows that the path-loss related to the smart-dephasing
technique does not only deviate from the previously observed r−2 but, on the
contrary, it exposes a behavior that outperforms free-space propagation for a
completely-obstructed (NLOS) transmitter-receiver link. Also, as predicted
from Sec. 11.2, the lack of oscillations in the dashed curve results from the
removal of the (even-numbered) Fresnel zone destructive nature.

It must be stressed that the considered element density was enough in
Fig. 13.6 to maintain a constant log-log increase of the receive power with
decreasing distance5 for a significant part of the array near-field region.

More importantly, the behavior observed in Fig. 13.6 implies that the
dependence with the fourth power of the distance is a consequence of the
constant phase along the DCS. Typically, the latter manifests at the array
far-field region where, as explained in Sec 11.2, the DCS is fully contained
within the first Fresnel zone. Nonetheless, as explored in this section, such a
behavior can be artificially enforced in the array near-field.

Therefore, while a r−4 dependence at large distance may be seen as poor,
it turns out to be advantageous when approaching the DCS below rff as a
way to avoid the transition to the (inferior) r−2 regime.

5– to be specific, of 40 dB per decade.
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Perspectives

This project studied the use of alternative antenna architectures as a way to
improve the usability of the spatial domain of wireless channels. An electro-
magnetic perspective was adopted in order to create an intuition behind the
most relevant phenomena at stake. Additionally, the emphasis was placed on
the derivation of simple and representative mathematical models by means of
exposing the interface between signals and fields. In specific, ESPAR anten-
nas and digitally controllable scatterers were assessed with looks at improving
energy efficiency at a low cost.

On the one hand, ESPAR antennas have caused interest for many decades
because of their low cost and adaptable radiation properties. As future work,
issues such as scalability call for attention in light of their intrinsic reliance on
mutual coupling. Additionally, the performance evaluation of the proposed
algorithms on a fabricated ESPAR is relevant to display their real potential.

On the other hand, digitally controllable scatterers are at a very early
stage but, as shown by the interest these have gained in the recent years, they
reveal a promising future for intelligently controlled environments. Indeed,
the concept of DCS challenges the conventional paradigm of communication
problems. Finally, some open questions on DCS are related to their impact
over rich multi-path channels, the configuration of the loads in the array
near-field and the contribution of the structural mode.
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Part IV

Appendices
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Appendix A

Frobenius-`2 x norm
equivalence

Given the role of ‖Z−1
ESPARX‖F as a measure of ε in (4.11) and (4.13), its

squared norm will be re-expressed by considering the structure of ZESPAR for
the architecture of interest (namely, that of Fig. 7.2).

Consequently, let us remind the reader that such a square Frobenius norm
can be written as:

‖Z−1
ESPARX‖

2
F = tr

(
Z−1

ESPARX
[
Z−1

ESPARX
]H)

= tr
(
Z−1

ESPARXX
HZ−HESPAR

)
= tr

(
XHZ−HESPARZ−1

ESPARX
)

∴ ‖Z−1
ESPARX‖

2
F = tr

([
0
x

] [
0 xᵀ

]
◦ Z−HESPARZ−1

ESPAR

)
, (A.1)

where the relation between the complex parasitic load matrix X and the real
reactive load vector x of (7.9) was given use.

Moreover, the last step in (A.1) follows from the entry-wise product (also
known as Hadamard product) property of:

DyAD
H
y = yyH ◦A,

where Dy is a diagonal matrix with y on its main diagonal and A is any
matrix of appropriate size.

Note that the trace operator depends exclusively on the components of
the main diagonal of the matrix it is operated over. Note also that, unlike
the regular matrix product, the Hadamard product does not introduce de-
pendencies among different components. Particularly, it can be easily shown
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with respect to the diagonal of the matrices in (A.1) that:[ [
0
x

] [
0 xᵀ

] ]
i,i

=

{
0, i = 1∣∣[x]i

∣∣2, ∀ i 6= 0
,

[
Z−HESPARZ−1

ESPAR

]
i,i

=
N∑
j=1

∣∣∣[Z−1
ESPAR

]
i,j

∣∣∣2, ∀ i = 1, 2, . . . , N,

with
[
A
]
i,j

representing the component on the ith row and jth column of

matrix A. Thus, (A.1) can be rewritten as:

‖Z−1
ESPARX‖

2
F = tr

([
0
x

] [
0 xᵀ

]
◦ Z−HESPARZ−1

ESPAR

)
=

N∑
i=1

([[
0
x

] [
0 xᵀ

] ]
i,i

[
Z−HESPARZ−1

ESPAR

]
i,i

)

=
N∑
i=2

x|2i
N∑
j=1

∣∣∣[Z−1
ESPAR

]
i,j

∣∣∣2
∴ ‖Z−1

ESPARX‖
2
F = xᵀDx, (A.2)

where D ∈ RN−1×N−1 is a diagonal matrix obtained by extracting the lower-
right diagonal from Z−HESPARZ−1

ESPAR, i.e.

D :=


∑N

i=1

∣∣[Z−1
ESPAR]2,i

∣∣2 . . . 0
...

. . .
...

0 . . .
∑N

i=1

∣∣[Z−1
ESPAR]N,i

∣∣2
 .

Finally, for the circularly symmetric architecture of Fig. 7.2, it can be
verified that

N∑
j=1

∣∣∣[Z−1
ESPAR

]
m,j

∣∣∣2 =
N∑
j=1

∣∣∣[Z−1
ESPAR

]
n,j

∣∣∣2 ∀m 6= n 6= 1,

meaning that D = k IIIN−1. The latter is a result of the fact that from every
peripheral element’s perspective the array looks identical. Consequently, the
expression in (A.2) can be further reduced for the circular architecture of
interest to:

∴ ‖Z−1
ESPARX‖

2
F = k‖x‖2, (A.3)

where k is any of the components on the diagonal of D as previously defined.



Appendix B

Matrix M spectral
decomposition

Note that the operation carried out by the symmetric matrix M in (8.8) is
a linear transformation that can be alternatively expressed via (8.9) as:

x̃ = Q
(
µIIIN−1 −Λ

)−1
Qᵀ<{Bap

HhhHaap}, (B.1)

where, reminding the reader,QΛQᵀ is the eigen decomposition of <{Bap
HhhHBap},

Q ∈ R(N−1)×(N−1) and Λ ∈ R(N−1)×(N−1).
Moreover, note that:

<{vz} =<{v}<{z} − ={v}={z},
<{vvH} =<{v}<{v}ᵀ + ={v}={v}ᵀ,

meaning that, defining v := Bap
Hh and z := hHaap, it can be shown that

<{Bap
HhhHaap} ∈ colspace

(
<{Bap

HhhHBap}
)
,

∴ <{Bap
HhhHaap} ⊥ nullspace

(
<{Bap

HhhHBap}
)
.

Therefore, as a result of such an orthogonality,

Qᵀ<{Bap
HhhHaap} =

[
Qᵀ
R<{Bap

HhhHaap}
N−3

]
(B.2)

where QR ∈ R(N−1)×2 corresponds to selecting, from the previously de-
fined matrix Q, the eigenvectors forming a basis for the column space of
<{Bap

HhhHBap}, i.e. the ones related to non-zero eigenvalues.
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As a consequence, the expression in (B.1) is equivalent to:

x̃ = QR

[ 1
µ−λ1 0

0 1
µ−λ2

]
Qᵀ
R<{Bap

HhhHaap}, (8.10)

for λ1 6= λ2 6= 0.
Particularly, when λ1 = λ2 = λ 6= 0, the solution (8.10) becomes:

x̃ =
1

µ− λ
<{Bap

HhhHaap},

in which case x̃ lies in the span of <{Bap
HhhHaap} and the only role of µ is

fixing the norm of x, via the constraint of problem (8.4), regardless λ.



Appendix C

Least mean squares

To begin with, the method of least mean squares (LMS) is a widely known
method that, as its name suggests, works by minimizing the ensemble square
of an error signal, i.e. e in Fig. 8.2. In particular:

eLMS := Ex{|y − ŷ(g)|2}. (C.1)

As we are interested in finding the model parameter g that minimizes (C.1),
we can proceed by taking its gradient:1

∇g e
LMS = Ex{−xe y + xex

ᵀ
eg}. (C.2)

From the stationary points of (C.1) (i.e. the values of g for which (C.2) is
equal to ) and defining: the covariance matrix, the cross-covariance vector
and their estimators 2

Rxx :=Ex{xexᵀ
e} ≈

1

L

L∑
l=0

xe(l)x
ᵀ
e(l),

pxy :=Ex{xe y} ≈
1

L+ 1

L∑
l=0

xe(l) y(l),

the g that minimizes (C.1) can be readily found to be the Wiener-Hopf
equation [73]:

gLMS = R−1
xx pxy. (C.3)

As we are in fact interested in a sample-per-sample update (notice that
gLMS as from (C.3) based on estimates requires a batch of L samples), an

1As g is complex and (C.1) is real (i.e. non-complex-analytic), the gradient is defined
slightly different to the purely real case. See [72] for details.

2L stands for the number of realizations used to compute such estimates.
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stochastic single-step variant of LMS is considered instead. In particular,
through (C.2), an stochastic update of g via the most recent sample can be
written as:

g(n+ 1) = g(n)− η∇g e
LMS(n)

≈ g(n) + η xe(n)

e(n)︷ ︸︸ ︷(
y(n)− xᵀ

e(n)g(n)
)
,

where, as it can be observed, g has now a discrete time index n and its update
requires only the product of the currently evaluated xe, the conjugate of the
error signal e(n) and the step size η.

Note that the shown update is sensitive to scaling of the input vector
xe(n). To deal with this, the normalized LMS has been proposed. Partic-
ularly, this variation of LMS is realized by normalizing the updating term,
namely:

g(n+ 1) = g(n) + η
xe(n)

xᵀ
e(n)xe(n)

e(n), (C.4)

with the step size η chosen within 0 ≤ η ≤ 2 such that it does not compromise
the convergence of the algorithm in the mean [73, 74].
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Recursive least squares

The recursive least squares (RLS) method, on the other hand, is acknowl-
edged for its convergence speed. As opposed to LMS where the minimization
is carried out in the ensemble of the process, RLS minimizes the weighted
square of the error signal over the past, i.e.

eRLS :=
n∑
l=0

λn−l| y(l)− ŷ(l)|2, (D.1)

where 0 ≤ λ ≤ 1 is a exponential weighting parameter known as the forget-
ting factor and n corresponds to the most recent time index.

Note that, on the one hand, if λ = 1 in (D.1) all past samples are equally
weighted making it appropriate for fixed environments. On the other hand,
if λ < 1 the more recent the sample is, the bigger its contribution with λ = 0
on the extreme where only the most recent (nth) sample is taken into account.

The stationary points of (D.1) (being real valued) can be obtained by
equating to zero its partial derivatives with respect to the conjugate coeffi-
cients g, namely [72]:

∂ eRLS

∂ g
=

n∑
l=0

λn−l
[
xe(l)x

ᵀ
e(l)g − xe(l)y(l)

]
= .

Furthermore, by defining the weighted-approximate covariance matrix
and cross-covariance vector:

Rλ,xx(n) :=
n∑
l=0

λn−lxe(l)x
ᵀ
e(l),

pλ,xy(n) :=
n∑
l=0

λn−lxe(l)y(l),
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the optimal parameters g that minimize (D.1) at time n can be shown to be:

gRLS(n) = R−1
λ,xx(n)pλ,xy(n). (D.2)

Moreover, the recursive denomination in RLS comes from the expansion
of the summation in the so-defined weighted covariance matrix and cross-
covariance vector. In particular, it can be shown that

pλ,xy(n) =λpλ,xy(n− 1) + xe(n) y(n), (D.3)

Rλ,xx(n) =λRλ,xx(n− 1) + xe(n)xᵀ
e(n), (D.4)

meaning that the matrix inverse in (D.2) can be avoided, by recursively
expressing it as a rank-1 update of itself through the matrix inverse lemma
and (D.4), namely:

R−1
λ,xx(n) =

1

λ

(
IIIN −

R−1
λ,xx(n− 1)xe(n)xᵀ

e(n)

λ+ xᵀ
e(n)R−1

λ,xx(n− 1)xe(n)

)
R−1
λ,xx(n− 1).

Subsequently, by defining the so-called gain vector:

q :=
1

λ+ xᵀ
e(n)R−1

λ,xx(n− 1)xe(n)
R−1
λ,xx(n− 1)xe(n), (D.5)

the inverse covariance matrix update can be re-expressed as:

R−1
λ,xx(n) =

1

λ

(
IIIN − qxᵀ

e(n)
)
R−1
λ,xx(n− 1). (D.6)

In particular, (D.6) allows, after some algebra on (D.3), to write the
recursion of the optimal g(n) in (D.2) as a function of itself at time n− 1 as:

g(n) = g(n− 1) + q
(
y(n)− xᵀ

e(n)g(n− 1)
)

︸ ︷︷ ︸
α(n)

, (D.7)

where α(n) is known as the a priori error given that it is computed based on
g(n− 1).

Therefore, to summarize, the recursion for g requires to obtain q based on
R−1
λ,xx(n− 1) with (D.5), followed by updating g(n) based on (D.7). Finally,

the matrix R−1
λ,xx(n), as required by the following recursion, is updated using

q through (D.6).
Note that the RLS algorithm, giving an exact solution, is able to replace

the computationally expensive matrix inverse of Rλ,xx in (D.2), which would
be O(N3), with operations that are O(N2) of complexity in big O notation.



Appendix E

Derivation of the generalized
array manifold

In spite of the attention given in the Fundamentals to the array far-field, a
new quantity (so-called generalized array manifold) is introduced as a way to
characterize arrays in a different region of operation. More specifically, the
generalized array manifold describes arrays operating in the region referred
to as the array near-field.

As seen in the third part of this manuscript, the array near-field char-
acterization is fundamental to the understanding of digitally controllable
scatterers in their most interesting region of operation.

Recall that the far-field approximation imposes a minimum transmitter-
receiver separation distance, notably, so that conventional antenna and prop-
agation models are valid. In fact, the far-field distance increases with the

Array

near-field

Array far-field

Linear

Antenna array

Element

near-field

Figure E.1: Field regions of a linear antenna arrangement.
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square of the largest dimension of the antenna as shown in Sec. 1.1.

In particular, observe the array regions as pictorially represented in Fig. E.1.
Note that, as depicted there, the element near-field is in general much smaller
than the array near-field1.

Consider the problem of determining the electric field intensity E at the
array near-field region resulting from a multi-antenna arrangement as source
of fields. As it will be clear in what follows, the characterization at the array
near-field region captures the behavior over the array far-field as a particular
case. Thus, allowing to describe the behavior on both such regions of interest.
Nonetheless, as it is too close to the array, the element near-field (dark blue
region in Fig. E.1) will not be accounted for throughout this work.

Therefore, as a first step, reconsider the source current density of a multi-
ple antenna architecture of (4.1). Based on Chapter 1, the magnetic potential
vector for such an architecture can be written as2:

A(r) = µ

∫
V ′

N∑
n=1

In J0(r′ − rn)G(r − r′) d3r′, (E.1)

where V ′ should include all the sources represented by (4.1).

Recall that the most commonly used antenna metrics (directivity, gain,
antenna aperture, etc.) give an approximately correct characterization for
the far-field region of the antenna or antenna array under consideration.

Consequently, note from Sec. 1.1 that the limit of the array and element
far-field regions are given in terms of the largest dimension of the array D
and its elementary unit D0 by:

rff =
2D2

λ
, relem

ff =
2D2

0

λ
, (E.2)

where λ = c/f corresponds to the wavelength and c to the speed of light.

Thus, the far-field approximation of the Green function of (1.16) cannot
be used in (E.1) to compute A over the array near-field region of interest
(roughly, the region described by relem

ff < |r| < rff).

On the other hand, in the following, we will resort to a different strategy
as a mean of approximating it at such a region of interest.

1– particularly in massive antenna arrangements.
2– observe that we don’t resort directly to the radiation vector as this one would

inherently solve the problem in the array far-field region.
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The far-field condition revisited

If the integration and summation are swapped in (E.1), such an expression
can be rewritten as:

A(r) = µ

N∑
n=1

In

∫
V ′′
J0(r′′)G

(
(r − rn)− r′′

)
d3r′′, (E.3)

where the substitution r′′ = r′−rn was used and accounted for in the volume
of integration.

Note that, if J0(r) is concentrated in a closed domain over r ∈ R3 and
|rn − rm| > dmax ∀n 6= m with dmax being the largest dimension of such a
closed domain, (E.3) can be expressed as:

A(r) = µ

N∑
n=1

In

∫
V ′′n

J0(r′′)G
(
(r − rn)− r′′

)
d3r′′, (E.4)

where V ′′ =
⋃N
n=1 V

′′
n with V ′′n tightly enclosing the domain over which the

current distribution J0(r − rn) is concentrated and, more importantly, such
regions are disjoint, i.e. V ′′i

⋂
V ′′j = ∅ ∀ i 6= j.

The importance of the previous result lies on that, while the far-field
Green function cannot be used in (E.3), it can be used over the separate
domains of integration in (E.4). The latter, as long as |r − rn| > relem

ff ∀n
with relem

ff given by (E.2).
In particular, the expression (E.4) can be largely simplified by identifying

the radiation vector of (1.19) through:

A(r) =
N∑
n=1

In

Aff
0 (r−rn)︷ ︸︸ ︷

µ
e− k|r−rn|

4π|r − rn|︸ ︷︷ ︸
G(r−rn)

F0

(
r − rn
|r − rn|

)
, (E.5)

where Aff
0 (r) is identified as the far-field approximation of the magnetic

potential vector of the array elementary unit, G(r) as the Green function
in (1.13) and F0(r̂) is the radiation vector of the elementary array unit of
Chapter 1.

Note that F0(r̂) in (E.5) depends exclusively on the direction of the
observation point relative to the location of the nth element3. Moreover,
unlike in the array far-field, the radiation vector cannot be factored out of
the summation and, therefore, an array factor cannot be defined anymore.

3– as this last one is a far-field measure with respect to such an element.
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By properties of the operators in (1.7), given that the argument of Aff
0 (r)

in (E.5) is simply translated on every summation term, the total radiated
field in the array near-field region can be written as:

E(r) = − kη
N∑
n=1

InG(r − rn)F0,⊥

(
r − rn
|r − rn|

)
. (E.6)

Note also that, for the general case of dual polarized transmitting anten-
nas, the net radiated field can be written in terms of its p polarization as:

Ep(r) = − kη
N∑
n=1

In an,p(r). (E.7)

where an,p(r) is an order-2 tensor quantity called here the generalized array
manifold, formally defined as:

an,p(r) := G(r − rn)F0,p

(
r − rn
|r − rn|

)
∀n ≤ N, (E.8)

with G(r − rn) being the translation of the Green function of (1.13) and
F0,p(r) denoting the radiation vector along the p direction of polarization4.

Observe that, if single p-polarized radiation is considered, the array man-
ifold in (E.8) collapses into a vector simply denoted ap(r) ∈ CN .

Moreover, if (E.6) is to be evaluated in the array far-field region (i.e.
if |r| > rff), the conventional array factor can be recovered by replacing
the Green function with its far-field approximation of (1.16). Thus, showing
that (E.8) indeed generalizes the array manifold with the array far-field region
as a special case.

4note that p̂ must always be orthogonal to r̂.
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Publications

Accepted articles

• J. C. Bucheli Garcia, M. Kamoun and A. Sibille, ”Digital
vs. analog coherent combining on RL-ESPAR antennas,” 2018
IEEE Wireless Communications and Networking Conference
(WCNC), Barcelona, 2018, pp. 1-6.

DOI: 10.1109/WCNC.2018.8377392

Abstract: The reactively loaded parasitic array radiator (RL-ESPAR)
receiver has been acknowledged due to its compactness, fabrication cost
and reconfigurability; showing significant beam-forming trade-off capa-
bilities compared to conventional multi-element receiver ends. When
used on reception, one relevant problem is to find the value of the reac-
tance loadings to obtain the best signal to noise ratio performance. In
the current paper, we compare the performance of digital and analog
coherent combining over RL-ESPAR. Particularly, digital combining
is realized by virtually rotating such a receiver and then applying the
known maximum ratio combining (MRC) technique. On the other
hand, analog combining is realized by synthesizing MRC on the reac-
tance loadings via a technique that relies on the simultaneous perturba-
tion stochastic approximation method (SPSA) method (widely applied
on ESPAR in the literature). We show that analog combining exceeds
digital combining and single dipole reception by around 3 dBs and 4
dBs via the proposed technique, respectively.
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• J. C. Bucheli Garcia, M. Kamoun and A. Sibille, ”Reconfig-
urable passive relaying array for coverage enhancement,” 2019
IEEE Wireless Communications and Networking Conference
(WCNC), Marrakesh, Morocco, 2019, pp. 1-6.

DOI: 10.1109/WCNC.2019.8885448

Abstract: The use of decode-and-forward (DAF) and amplify-and-
forward (AAF) relays with the purpose of receiving and re-transmitting
information has long been proposed. Nonetheless, DAF relays increase
latency and AAF relays suffer from inherent stability issues due to
potential echoes on the relayed signal. Alternatively, a passive relay-
ing array (PRA) is proposed as a means of coping with both of the
so-mentioned drawbacks. The role of PRA is that of capturing and
scattering energy in a desired direction. The current work proposes a
closed-form model for a dipole-based PRA with an electronically tun-
able response. The validation of the proposed model and the link bud-
get for communication through the relay are also shown. Furthermore,
given the non-linear relationship of PRA on the electronically tunable
loads, the simultaneous perturbation stochastic approximation (SPSA)
method is used as a means of finding the set of loads that maximizes
energy transfer in a desired direction.

• J. C. Bucheli Garcia, M. Kamoun and A. Sibille, ”On the
performance of ESPAR for spatial multiplexing in reception,”
2019 IEEE Wireless Communications and Networking Con-
ference (WCNC), Marrakesh, Morocco, 2019, pp. 1-5.

DOI: 10.1109/WCNC.2019.8885547

Abstract: The electronically steerable parasitic array radiator (ES-
PAR) has been proposed as an inexpensive device for spatial multi-
plexing in transmission via the so-called beamspace modulation. On
the other hand, spatial multiplexing (SM) is well known to allow a lin-
ear increase of capacity in MIMO systems with the number of antennas
under rich scattering, unlike its corresponding logarithmic increase via
signal to noise ratio (SNR). When it comes to ESPAR in reception for
SM, nonetheless, the issue at hand is the so-called SNR degradation due
to oversampling. In particular, oversampling is required given that, al-
though all parasitic elements can be simultaneously controlled, up to a
single simultaneous sample can be conveyed in reception. The counter
intuitive role of the oversampling rate when seen as the number of spa-
tial samples and its negative impact on SNR is studied in the present
paper. It is shown that, from a capacity perspective, the ideal number
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of spatial samples depends on both the SNR and channel conditions.
Furthermore, an algorithm for capacity maximization over the set of
reactive loads relying on the simultaneous perturbation stochastic ap-
proximation method (SPSA) is shown. Particularly, as an extension of
previous work, such an algorithm converges to analog maximum ratio
combining (A-MRC) when the oversampling rate is equal to one.

• J. C. Bucheli Garcia, M. Kamoun and A. Sibille, ”Low Com-
plexity MRC for ESPAR Based on the Polynomial Expansion
of the Admittance Matrix,” 2019 IEEE International Con-
ference on Communications (ICC), Shanghai, China, 2019,
pp. 1-6.

DOI: 10.1109/ICC.2019.8761229

Abstract: The electronically steerable parasitic array radiator (ES-
PAR) has been acknowledged as an inexpensive multiple antenna archi-
tecture. Nonetheless, due to the non-linear behavior on the loads used
in its control, its related computational complexity can be prohibitive
for practical implementations. The current paper deals with such an
issue by proposing an approximation of its model via a truncated poly-
nomial expansion of the inverse impedance matrix. The proposed ap-
proximation allows to reframe the problem of reactance optimization
for beamforming, referred to as analog maximum ratio combining (A-
MRC) in previous work. The method proposed in this paper provides
a means to obtain a computationally efficient solution to the problem
of reactance optimization and it avoids the need of an iterative-based
approach. Therefore, resulting in a major computational complexity
reduction with respect to related work in the literature.

• J. C. Bucheli Garcia, A. Sibille and M. Kamoun, ”Smart
Dipole Arrays for Radio Channel Enhancement,” 2020 IEEE
European Conference in Antennas and Propagation (EuCAP).

DOI: pending, accepted for publication.

Abstract: In this work we address the use of smart mirrors and smart
scatterers as a way to enhance the radio channel properties from the
point of view of the wireless link performance. The difference between
both depends on their size, resulting in the 2nd or 4th power of the
distance to the transmitter and the receiver, respectively, as explained
on the basis of elementary electromagnetics. The performance of a
smart device made of an array of dipoles in front of a perfectly con-
ducting background reflector is subsequently analyzed, when operated
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as a scatterer. A simple model explains well the scattering behavior,
provided the size of the reflector is sufficient, resulting in a performance
as scatterer varying as the square of the number of dipoles.

Under review

• J. C. Bucheli Garcia, M. Kamoun and A. Sibille, ”Low-complexity
adaptive spatial processing of ESPAR antenna systems,” cur-
rently under minor revision for journal IEEE Transactions on
Wireless Communications.

Abstract: Accessing the spatial domain of wireless environments through
antenna arrays has become key to improve the use of energy and, in
light of this, there is an increasing need for low cost multi-antenna ar-
chitectures. As one alternative, the Electronically Steerable Parasitic
Array Radiator (ESPAR) was proposed as a coupling-based inexpensive
option; allowing to significantly reduce the amount of required radio
frequency (RF) front-ends. As a caveat, due to its inherent non-linear
behavior, the required computational complexity can be prohibitive.
Additionally, the unavailability of precise mutual coupling and channel
state information (CSI) becomes a further issue difficult to avoid in
practical setups. In this regard, the current work has two main contri-
butions: a) it deals with the computational complexity by proposing the
linearization of ESPAR’s system model through the truncated Taylor
expansion of the admittance matrix; facilitating the spatial processing
algorithm of interest. Also, the authors propose b) to face the mutual
coupling and CSI unavailability issue via the joint estimation of the
channel-ESPAR parameters as directly observed through the single RF
front-end. Relying on the optimization of the linearized system model,
the pilot-based algorithm to be introduced allows ESPAR to track the
configuration that synthesizes coherent combination at a significantly
low complexity. Particularly, as shown through Monte-Carlo simula-
tion, the latter allows to obtain 4 dB of array gain with a single RF
front-end via a 5-element ESPAR.
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• J. C. Bucheli Garcia, A. Sibille and M. Kamoun, ”Reconfig-
urable Intelligent Surfaces: Bridging the gap between scatter-
ing and reflection,” for journal IEEE JSAC Special issue on
Wireless Networks Empowered by Reconfigurable Intelligent
Surfaces (JSAC-SI-RIS) 2019.

Abstract: In this work we address the distance dependence of recon-
figurable intelligent surfaces (RIS). As differentiating factor to other
works in the literature, we focus on the array near-field, what allows us
to comprehend and expose the promising potential of RIS. The latter
mostly implies an interplay between the physical size of the RIS and
the size of the Fresnel zones at the RIS location, highlighting the major
role of the phase.

To be specific, the point-like (or zero-dimensional) conventional scat-
tering characterization results in the well-known dependence with the
fourth power of the distance. On the contrary, the characterization
of its near-field region exposes a reflective behavior following a depen-
dence with the second and third power of distance, respectively, for
a two-dimensional (planar) and one-dimensional (linear) RIS. Further-
more, a smart RIS implementing an optimized phase control can result
in a power exponent of four that, paradoxically, outperforms free-space
propagation when operated in its near-field vicinity. All these features
have a major impact on the practical applicability of the RIS concept.

As one contribution of this work, the article concludes by presenting a
complete signal characterization for a wireless link in the presence of
RIS on all such regions of operation.

Non-peer-reviewed publications

• J. C. Bucheli Garcia, A. Sibille and M. Kamoun, ”Reconfig-
urable Intelligent Surfaces: Bridging the gap between scatter-
ing and reflection,” December 2019. [Online].
Available: arXiv:1912.05344.
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Appendix G

ESPAR in the literature

The following page contains a vectorized map with an overview of the main
directions of research related to ESPAR in the scientific literature.
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Figure G.1: Overview of ESPAR in the literature.
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Titre : Aspects électromagnétiques d’ESPAR et des diffuseurs contrôlables numériquement avec un regard
sur la conception d’algorithmes de faible complexité
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Résumé : Cette thèse se concentre sur l’idée d’ex-
ploiter le domaine spatial (contrairement à l’exploi-
tation de la ressource temps-fréquence) des envi-
ronnements sans fil à partir de deux fronts: a) An-
tennes ESPAR (pour Electronically Steerable Parasi-
tic Array Radiator) comme alternative peu coûteuse
au multi-conventionnel architectures d’antennes (peu
coûteuses par rapport au nombre de frontaux ra-
diofréquences que ces architectures conventionnelles
sont souvent supposées fournies), et b) l’étude de
réseaux d’antennes chargés de manière réactive
pour fournir une diffusion contrôlable comme moyen
d’ajouter des degrés de liberté à l’environnement de
propagation lui-même. Ce dernier est atteint ici via
des diffuseurs contrôlables numériquement (DCS).
En particulier, la thèse se concentre sur l’objec-
tif de mieux conditionner les problèmes d’optimi-
sation comme moyen de proposer des algorithmes
de faible complexité. Par conséquent, un aspect clé
est l’équilibre requis entre la précision et la com-
plexité des modèles électromagnétiques adoptés.
Ainsi, il convient de souligner l’importance accordée
à l’interface entre l’électromagnétisme et la ca-
ractérisation du signal. Plus précisément, ESPAR et
DCS nécessitent la compréhension des phénomènes
électromagnétiques (EM) qui ne sont pas entièrement
pris en compte dans les descriptions conventionnelles
au niveau des liaisons. Plus important encore, ce der-
nier est la preuve de la nécessité de rejoindre les ap-
proches de deux communautés de recherche appa-
rentées pour faire face à la rareté des ressources qui
ne devrait qu’augmenter dans les décennies à venir.
En fait, le document est principalement positionné
du point de vue d’une personne ayant une for-
mation en télécommunications (contrairement à
l’électromagnétisme pur) et qui cherche à éclairer les
mécanismes EM sousjacents. Il se compose approxi-
mativement de trois parties, à savoir: les principes
fondamentaux, l’antenne ESPAR et les diffuseurs
contrôlables numériquement. En fait, le but d’avoir

une partie du document consacrée uniquement aux
fondamentaux est de décrire les phénomènes EM tout
en mettant en évidence tous les détails pertinents
pour les deux autres.
La partie ”fondamentaux” commence par les
équations de Maxwell (et leur solution pratique pour
les problèmes derayonnement en champ lointain) jus-
qu’à la caractérisation bien connue du signal y = hx +
n. En tant que description apparemment la moins ap-
propriée pour travailler avec, mais la caractérisation
la plus complète des phénomènes EM, les équations
de Maxwell sont la base qui relie notre description
mathématique à la même réalité. Ainsi, l’objectif de
cette partie est d’exposer la connexion entre champs
et signaux, ainsi que d’ouvrir la porte à la remise en
cause du modèle conventionnel de signal émetteur-
récepteur.
Pour continuer, la deuxième partie est consacrée à
l’antenne ESPAR. En particulier, ESPAR nous oblige
à s’écarter de l’espace de signal abstrait dans le-
quel les caractérisations traditionnelles au niveau de
la liaison multi-antennes sont représentées. En tant
que contribution de ce travail, il sera montré com-
ment une approximation locale du modèle de système
offre une vue alternative. Notamment, grâce à une
telle approximation du modèle de système, une solu-
tion efficace sur le plan informatique au problème non
trivial de l’adaptation basée sur les canaux des ca-
ractéristiques de rayonnement d’ESPAR est trouvée.
Enfin et surtout, la troisième partie traite des dif-
fuseurs à commande numérique comme moyen
d’améliorer l’efficacité énergétique. Un concept aussi
passionnant a attiré une attention considérable ces
dernières années et, en un sens, ouvre la porte à
une manière radicalement différente de concevoir les
problèmes de communication. Même si ces appareils
en sont à leurs balbutiements, il n’est pas difficile pour
moi d’imaginer comment les décennies à venir pour-
raient être marquées par la massification de cette
technologie.
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Abstract : The thesis focuses on the idea of exploi-
ting the spatial domain (as opposed to the exploitation
of the time-frequency resource) of wireless environ-
ments from two fronts: a) ESPAR antennas (standing
for Electronically Steerable Parasitic Array Radiator)
as a potential inexpensive alternative to conventio-
nal multi-antenna architectures (inexpensive in rela-
tion to the number of radio frequency front-ends these
conventional architectures are often assumed to be
provided with), and b) the study of reactively loaded
arrays to deliver controllable scattering as a mean of
adding degrees of freedom to the propagation envi-
ronment itself. The latter is achieved here via digitally
controllable scatterers (DCS).
Particularly, the thesis focuses on the goal of better
conditioning optimization problems as means of pro-
posing low-complexity algorithms. Therefore, one key
aspect is the required balance between the accuracy
and complexity of the adopted electromagnetic mo-
dels.
Thus, it is appropriate to highlight the importance gi-
ven to the interface between electromagnetism and
the signal characterization. More specifically, both ES-
PAR and DCS require the understanding of electro-
magnetic (EM) phenomena that is not fully accounted
for through conventional link-level descriptions. More
importantly, the latter is proof of the need to join the
approaches of two related research communities to
cope with the scarcity of resources that is only expec-
ted to grow in the decades to come.
In fact, the document is mostly positioned from the
view of someone with a background in telecommu-
nications (unlike pure electromagnetism) with looks
at enlightening the underlying EM mechanisms. It is
roughly composed of three parts, namely: fundamen-
tals, the ESPAR antenna and digitally controllable
scatterers. In fact, the aim of having one part of the
document dedicated purely to fundamentals is to des-
cribe the EM phenomena while highlighting all rele-

vant details to the remaining two.
The part ”fundamentals” begins with Maxwell’s equa-
tions (and their convenient solution for far-field ra-
diation problems) all the way to the well-known y =
hx+n signal characterization. As the seemingly least
appropriate description to work with, but most com-
plete characterization of the EM phenomena, Max-
well’s equations are the basis that link our mathema-
tical description to the very same reality. Thus, the
objective of this part is to expose the connection bet-
ween fields and signals, as well as to open the door to
questioning the conventional transmitter-receiver si-
gnal model. The latter becomes one of the most exci-
ting outcomes of this project in line with the research-
related aim of challenging our vision to expand our
understanding of a problem.
To continue, the second part is dedicated to the ES-
PAR antenna as a preamble of what is meant by
”questioning the conventional transmitter-receiver si-
gnal model”. Particularly, ESPAR obliges us to de-
part from the abstract signal space in which traditional
multi-antenna link-level characterizations are depic-
ted. As a contribution of this work, it will be shown how
a local approximation of the system model offers an
alternative view. Notably, through such an approxima-
tion of the system model, a computationally-efficient
solution to the non-trivial problem of channel-based
adaptation of the radiation characteristics of ESPAR
is found.
Last, but not least, the third part deals with digitally
controllable scatterers as a mean of improving energy
efficiency. Such an exciting concept has gained signi-
ficant attention in the recent years and, in a sense,
opens the door to a radically different way to conceive
communication problems. Even though these devices
are in their infancy, it is not difficult for me to ima-
gine how the decades to come could be marked by
the massification of this technology.
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