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"I would rather be ashes than dust! I would rather that my spark should burn out in a brilliant
blaze than it should be stifled by dry-rot. I would rather be a superb meteor, every atom of me in

magnificent glow, than a sleepy and permanent planet. The function of man is to live, not to exist.
I shall not waste my days trying to prolong them. I shall use my time."

Jack London
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Abstract

The granular discontinuities in hydraulic structures or in their foundation constitute a major source
of instabilities causing erosion phenomena, process by which finer soil particles are transported
through the voids between coarser particles, under seepage flow. In the long term, the microstruc-
ture of the soil will change and the excessive migration become prejudicial to the stability of the
structures and may also induce their failure. The safety of earth structures is mainly dependent on
the reliability of their filter performance, i.e. the ability of the filter placed inside the structure dur-
ing construction or outside during repair works, to retain fine particles. Indeed, the void space of
a granular filter is divided into larger volumes, called pores, connected together by throats or con-
strictions. Recent researches showed that the distribution of throats (Constriction Size Distribution
or CSD) between pores plays a key role to understand the filtration properties of a granular soil.
This research is devoted to investigate the constriction sizes and their impact on the mechanisms of
filtration in granular spherical materials. To achieve this objective, two approaches were followed
in this work: numerical and analytical approaches. In the case of spherical materials, the Discrete
Element Method (DEM) can help to compute the CSD using the Delaunay tessellation method.
However, a more realistic CSD can be obtained by merging adjacent Delaunay cells based on the
concept of the overlap of their maximal inscribed void spheres. Following this consideration and
by extending the previously developed analytical models of CSD, a revised model is proposed to
quickly obtain the CSD. The DEM data generated are then used to explore the potential of trans-
port of fine particles through a filter of a given thickness by means of numerical filtration tests. A
correlation has been found between the CSD and the possibility of migration of fine grains. Ac-
cordingly, an analytical formula has been proposed to calculate the controlling constriction size
of a filter material. This characteristic size, which takes into account the particle size distribution
(PSD) and the density of the material, has been used to reformulate a constriction-based criterion
in a more physical manner. The proposed filter design criterion is verified based on experimental
data from past studies and a good agreement has been found.

Key words: internal erosion - granular soils - sphere - DEM - pore - constriction - filtration -
controlling constriction size
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Résumé

Les discontinuités granulaires dans les ouvrages hydrauliques ou dans leur fondation constituent
une source majeure d’instabilités à l’origine des phénomènes d’érosion. L’érosion interne est
ainsi définie comme une migration de particules engendrée par un écoulement interne parasite,
dans un sol ou dans un ouvrage en terre. A long terme, les conséquences de cette migration peut
affecter la stabilité des ouvrages et peut même conduire à leur rupture. La sécurité des ouvrages
en terre dépend principalement de la performance de leurs filtres, c’est-à-dire de la capacité du
filtre, mis en interne en phase de conception ou en externe en phase de réparation, à retenir les
particules fines. L’espace poral d’un filtre granulaire est divisé en volumes élémentaires, appelés
pores, reliés entre eux par des étranglements plus étroits appelés constrictions. Des recherches
récentes ont montré que la distribution des tailles de constriction (CSD) joue un rôle fondamental
dans la compréhension des propriétés de filtration des sols granulaires. Ce travail vise à étudier la
CSD et son impact sur les mécanismes de filtration dans les matériaux granulaires. Pour atteindre
cet objectif, deux approches ont été suivies dans ce travail: l’une numérique et l’autre analytique.
Dans le cas des matériaux de forme sphérique, la méthode des éléments discrets (DEM) permet de
calculer la CSD en s’appuyant sur une partition de Delaunay en tétraèdres. Cependant, une CSD
plus réaliste peut être obtenue par association des tétraèdres voisins selon un critère basé sur le
chevauchement de leurs sphères de vide inscrites. A partir de cette considération et en se basant
sur les modèles analytiques existants, un modèle révisé est proposé pour obtenir rapidement la
CSD. Les échantillons DEM générés sont ensuite utilisés pour examiner le potentiel de transport
des particules fines à travers un filtre d’épaisseur donnée. Les résultats des essais de filtration
numériques menés ont montré une corrélation entre la CSD et la possibilité de migration des
particules fines. En conséquence, une formule analytique a été proposée pour calculer le diamètre
d’ouverture de contrôle des filtres granulaires. Cette taille caractéristique qui prend en compte
la granulométrie et la densité du matériau granulaire, a été introduite dans un critère de filtre
construit sur la base de la CSD, en vue de le représenter de manière plus physique. Le critère
proposé reproduit correctement des résultats expérimentaux rapportés dans la littérature.

Mots clés: érosion interne - sols granulaires - sphère - DEM - pore - constriction - filtration -
diamètre d’ouverture de contrôle
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Introduction

1. Context

Particle retention within porous media is of great importance in numerous disciplines such as wa-
ter and waste water treatment (McDowell-Boyer et al., 1986; Yuan et al., 2012), bacterial filtration
(Logan et al., 1993; Martin et al., 1996), sand production in wells (Penberthy and Shaughnessy,
1992; Papamichos et al., 2001), leachate collection systems (Reddi et al., 2005; Rowe, 2005), pro-
ducing oil from petroleum bearing reservoirs (Dullien, 1992; Ghanizadeh et al., 2015), retarding
the transport of radionuclide in waste repositories (Painter et al., 2008; Xiong et al., 2016), inter-
nal erosion in earth structures (Reboul et al., 2010; Abdelhamid and El Shamy, 2015) and many
others.

Past case studies have reported that internal erosion is one of the main factors affecting the safety
and the serviceability of many levees and earth dams (Foster et al., 1998; Fell et al., 2003; Fell
and Fry, 2007; Richards and Reddy, 2007; Zhang et al., 2009; Garner and Fannin, 2010; ICOLD,
2013). This phenomenon occurs when soil particles within the structure are washed out by seep-
age flow. If not carefully controlled, such a disorder can modify the hydraulic and mechanical
characteristics of the earth structure leading, in the worst cases, to catastrophic damages and ir-
reversible failure (e.g. the collapse of the Teton dam (Fread, 1988) as shown in Fig. 1a). The
ICOLD (2013) reported that internal erosion has been responsible of about half of embankment
dam failures over the world, and in France, every year, one hydraulic earthen structure is breached
by this process (Fry et al., 2015), for example, the failure of the Ouches dam (Fig. 1b).

Indeed, earth structures are constructed with earthen materials primarily for flood control, wa-
ter storage, power generation and irrigation. The construction and the design of such structures
have resulted from different compromises where safety plays a major role. As earth structures
age, maintenance costs and safety hazards often increase, making their continued reliability has
becoming a growing concern.

There are four initiating mechanisms for internal erosion: concentrated leaks, backward erosion,
contact erosion and suffusion (Fry, 2012; Fell and Fry, 2013; ICOLD, 2013). Concentrated leaks
involve the formation of cracks or hydraulic fractures. Backward erosion piping occurs when
soil particles are removed in a regressive way leading to the formation of a continuous pipe.
Contact erosion is the erosion of particles at the interface between fine and coarse soils. Suffusion
corresponds to the process of detachment and transport of finest particles within the matrix of
coarse particles. In all cases, failure take place due to an uncontrolled seepage.
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Fig. 1. (a): The catastrophic failure of the Teton dam (U.S., 1976); (b): The breach of the Ouches
dam (France, 2001)

The most efficient way to stop the erosion process is to provide protective soil layers or geosyn-
thetic layers, called filters in the downstream of hydraulic structures and in contact with the foun-
dation. For example, in zoned dams, filter layers are required to prevent the wash out of the core
materials consisting of fine-grained soils (Fig. 2).

Geotextiles are modern engineering materials that have gained recently an increasing attention in
hydraulic applications, such as filtration and drainage (Giroud, 1982; Luettich et al., 1992; Sabiri
et al., 2017). However, the geotextile fabric must be placed under strict specifications and its long
term performance may be unsatisfactory (Locke and Indraratna, 2001). Granular filters made up
of a suitable grading of coarse aggregates are more commonly used both for the design and for the
repair.

The design of granular filters is critical for the safety of hydraulic structures since it implies that
their role is warranted throughout the service life of these structures. In fact, the inability of
granular filters to prevent the excessive migration of fine particles can be due to unsuitable soil
gradation, segregation or poor compaction. It is then important to understand and interpret the
role of grading and density in filtration processes for a better evaluation of soil erosion problems.

Fig. 2. Sketch of a zoned core dam
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However, to achieve the retention function successfully, filters must have voids small enough to
block the passage of fine materials but large enough to allow the escape of water without causing
high hydraulic pressures. Consequently, filter designs must satisfy two criteria:

1. The geometrical criterion

Studies on internal erosion originally focused on geometrical criteria, where primarily par-
ticle and equivalent opening sizes in the soil matrix allowing fine particle movement, were
investigated. These criteria are based on the idea that the movement of fine particles through
a filter is highly dependent on the geometry of filter grains and their pore structures. Fine
particles can be eroded if they meet voids greater than their sizes. Consequently, the effec-
tiveness of a filter to retain fine particles is governed by the way the pores are connected,
more precisely by the narrowest paths linking pores, hereafter denoted constrictions.

The commonly applied geometrical filter criteria are based on characteristic grain sizes of
both base soil and filter materials where the filter grain size implicitly characterizes the
constrictions within the filter (Sherard and Dunnigan, 1989; Terzaghi et al., 1996). Other
studies directly used the controlling constriction size or the equivalent opening size, as the
basis for a definition of a geometrical criterion (Kenney et al., 1985; Witt, 1993; Indraratna
et al., 2007; Raut and Indraratna, 2008).

2. The hydraulic criterion

Other methods relate the filter performance to the hydrodynamic conditions within the filter.
In fact, a hydraulic load is needed to move a fine particle, even if the filter structure geomet-
rically provides an opening size large enough for its displacement in the pore matrix.

Some studies were based on the permeability of the filter which is regarded as being cor-
related to the constriction size (Vaughan and Soares, 1982; Vaughan et al., 2004; Delgado
et al., 2006). The hydraulic criterion can also be described by the flow velocity, the flow
direction, the hydraulic gradient and the conductivity. Internal erosion occurs when the
hydraulic gradient and the flow velocity are large enough (higher than a critical value) to
mobilize the fine particles through the voids between the coarse particles. In order to cal-
culate the soil hydraulic parameters, new criteria based on the constriction size distribution
of the soil have been developed (Scheuermann and Bieberstein, 2007; Goltz et al., 2009;
Scheuermann et al., 2010).

In consequence, geometrical and hydraulic conditions should be fulfilled together to limit internal
erosion. In the present study, we only focus on the geometric criterion.

In this regard, many researches showed that the internal pore structure, and more precisely the
constriction size distribution (hereafter called CSD) is the key element to understand the filtration
properties of a granular soil (Kenney et al., 1985; Witt, 1993; Locke et al., 2001; Indraratna et al.,
2007). However, the validity of these findings rely on a precise description of the void space
including pore and throat sizes.

Consequently, different methods to investigate the void space can be found in the literature (exper-
imental, numerical and analytical methods). Experimental approaches are considered as practical
tools to identify the pore characteristics, including the CSD of small samples. Besides, analytical
approaches seem to be very convenient to obtain the CSD by using a conceptually simple pro-
cedure that assumes some geometrical arrangements to exist within the filter. Recently, with the
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rapid increase in computer power, the discrete element method (DEM) has been proved to be an
effective tool to model granular soils. This method allows to provide some measurements of pore
structures if combined with specific void partitioning techniques.

However, the limits of pores cannot be comprehensively assigned due to the continuous and ir-
regular nature of the void space, and thus, the throats cannot be easily defined. Therefore, the
segmentation of the pore network into pores and constrictions remain inconclusive and further
research is required to provide a more representative quantification of the void entities and to
compute the CSD more accurately.

2. Research objectives

Current filter design procedures often include criteria based on particle size ratios. The feedback
on earth structures performance has shown that empirically designed filters failed to prevent the
loss of transported particles in some cases.

In order to solve common filtration design problems, the general concept of constriction-based
criteria has recently been introduced as a useful adjunct to traditional concepts, and in this context,
CSD investigations have been the subject of numerous studies in the past decade. Although these
studies significantly contributed in this field, some aspects are not clearly specified and further
insights are required to draw clearer conclusions.

Therefore, motivated by finding a simple tool that can be easily applied in engineering practices
to control the retention of fine particles in earth structures given the grading and the density of
the filter, this work, funded by the Compagnie Nationale du Rhône, provides a comprehensive
approach relying on a fundamental study of the CSD. In particular, the role of the constriction
size distribution in the filtration behaviour of granular soils is investigated based on numerical and
analytical procedures using spherical particles. Two main objectives form the basic outline of this
thesis:

• Adoption of a well-established model of CSD taking into account the grading and the rela-
tive density of the material.

• Derivation of an analytical formula to estimate the filter opening size which can be subse-
quently included in a rational filter retention criterion based on the CSD and considering the
grading and the density of the material.

Previous researches carried out in LTDS were focused on CSD (Reboul et al., 2008, 2010; Wu
et al., 2012; Sjah and Vincens, 2013; Li et al., 2014). The first part of this study particularly ex-
tends the results of Reboul et al. (2008) and Reboul et al. (2010). In their work, the DEM code
PFC3D was used to generate spherical packing for two materials with continuous gradings (a uni-
formly graded material and a widely graded material) and another material with a discontinuous
grading curve; constrictions were identified in the samples using a void analysis algorithm and
analytical models were developed for the design of the CSD.

Here, in addition to the materials above, further samples with a higher coefficient of uniformity
will be tested, including one widely graded material and another gap-graded material. An updated
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version of the void analysis algorithm will be used to derive the void characteristics, and analytical
models will be revised accordingly.

3. Thesis outline

This manuscript is organized in four chapters grouped in two parts:

• Part I provides a synthesis of the main findings in the context of characterizing the void
space in porous media and presents a summary of the chronological development of filter
design criteria. It consists of two chapters:

– Chapter I presents the pore network models for describing the void microstructure of
a granular medium and provides a literature review of the CSD computation methods
discussing their strengths and weaknesses.

– Chapter II is dedicated to "filter criteria for granular soils". Available filter design
criteria (particle-size based criteria, permeability-based criteria and constriction-based
criteria) and their limitations are briefly described. Criteria for internal stability of
granular soils are also presented.

• Part II presents the results of the numerical and analytical analyses conducted to examine
the void properties of granular filters and their implications on the filtration mechanisms
within these materials. It comprises two chapters:

– Chapter III mainly focuses on the characterization of pore and constriction size dis-
tributions in granular soils. Numerical simulations using the discrete element method
have been conducted on assemblies of spheres. To better evaluate the effect of grading
and density on the CSD, different grading have been studied at both loose and dense
states. Then, to investigate the void entities, the Delaunay tessellation is combined
with a specific void segmentation technique allowing to obtain a more representative
CSD.
In a second part, the analytical models developed by Locke et al. (2001) and Reboul
et al. (2010) have been modified to fit the CSD resulting from a reasonable partition
of the void network of numerical packings. Such models have the advantage of being
based on simple geometrical and probabilistic considerations, and thus, constitute a
promising tool that permits to quickly derive the CSD of a granular material on the
basis of its grading curve and its density.
Finally, a new formula is proposed for calculating the mean pore size. The estimate
of this quantity is a discussing issue, and many proposals can be found in the litera-
ture. The DEM data has been used in this study to give a quantitative measurement of
this characteristic of the void space which can be used in the probabilistic approaches
capable of predicting the distance covered by a fine particles flowing through a filter.

– Chapter IV is devoted to exploring the filtration properties of granular soils and to
establish a clear relationship between the constriction size distribution which is the
governing property of a filter and the transport of fine particles through this filter.
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For this purpose, numerical filtration tests (Dry filtration under gravity and downward
flow) have been carried out. A comparison is then made between the critical sizes
derived from these tests and the controlling constriction sizes reported in the literature.
Moreover, an analytical formula is suggested to compute the equivalent sieve opening
size of the filter which can be subsequently included in a constriction-based criterion.
A validation study based on past experimental observations is conducted to judge the
validity of the proposed criterion.

Finally, the conclusion summarizes the main outcomes of this thesis and outlines some perspec-
tives for future research works.
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Chapter I

Pores and constrictions in granular soils

1. Introduction

A granular soil is a three-dimensional assembly of particles that creates a complex void space.
Because individual pores have no discrete boundaries like the soil particles, the characterization
of the pore space is an ambiguous aspect of soil investigation. In general, the void space of a
granular medium can be conceived as a collection of channels through which fluid can flow. The
effective width of such channels varies along their lengths. Pore bodies are associated to the
relatively wide portions and pore openings or pore throats are the relatively narrow portions that
separate the pore bodies. These throats are also denoted constrictions.

Then, pores and constrictions constitute a partition of the void space helpful to define respectively
its morphology and its topology (Vogel and Roth, 2001; Reboul et al., 2008). Such a partition can
also help to build imbibition models for unsaturated materials (Mason and Mellor, 1995; Gladkikh
and Bryant, 2005), models for the coefficient of permeability (Bryant et al., 1993; Chareyre et al.,
2012) for fluid calculation, or geometrical filtration models for studying the migration of particles
through granular media (Silveira, 1965; Schuler, 1996; Locke and Indraratna, 2001; Shire and
O’Sullivan, 2017).

Indeed, constrictions play a major role in understanding the filtration properties of granular mate-
rials, because they are the main obstacles to be overcome by fine particles flowing under seepage
through a granular filter. If a fine particle finds on its pathway a constriction size smaller than its
proper size, it will be trapped in the filter.

When both constriction sizes and their occurrences are known, it is possible to define the cumula-
tive constriction size distribution (CSD). Within the framework of the probability theory, there is
a close relationship between the CSD and the probability for a fine particle to flow along a given
length within a granular filter. Consequently, the CSD is indeed a key parameter to qualify the soil
retention capability.

There are different techniques for the pore space characterization and the CSD computation,
reported in the literature: through experiments, using numerical approaches or analytical ap-
proaches. In this chapter, we present these approaches pointing out their advantages and limits.
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2. Pore-network models

The CSD has always been closely related to pore-network models which idealize the void space in
porous media by considering a lattice of interconnected pores and throats following a respective
size distribution. Such models have been widely used to simulate and understand the transport of
fine particles in soils.

Silveira (1965) proposed a multi-layered constriction network involving one-directional move-
ment of fine particles. These particles can cross a given layer if their sizes are smaller than the
associated constriction size. Kenney et al. (1985) also used a one-dimensional infiltration model
of a void network to determine the largest particle size that can be transported through a filter of a
given thickness.

In Witt (1993), the void space is presented as a 3D network composed of spheres (pores) and pipes
(links between pores) (Fig. I.1). For each pore, there is a number of possible exits or constrictions,
and the smallest constriction size determines whether a fine particle flowing through the filter will
be able to flow downstream or will be retained by the filter.

In a previous study, Witt (1986) found that the average number of constrictions per pore is 5.7.
Based on this finding, Schuler (1996) adopted a cubic network model where each pore is modeled
by a void cube having six exits (constrictions), one on each cube face, as shown in Fig. I.2. To
pass from a layer i to another one (layer i+1), a particle has different possibilities: one direct path
(plain arrow) and four sideways (dashed arrows).

An alternative model represents the filter voids as a series of parallel channels of varying diameter
(Indraratna and Vafai, 1997) where the smallest constriction (D0) within the pore channel governs
the size of base particles that can cross the filter (Fig. I.3). The movement of particles is modeled
by a finite difference analysis using flow laws and equations of conservation of mass. This model
describes the time dependent changes of the particle size distribution (PSD), mass transfer, flow
rate and porosity of filter and base soils. Later on, Indraratna and Locke (2000) and Reboul (2008)
improved this model by incorporating the three-dimensional cubic model into their studies aiming
at describing the phenomenon of particle migration within a base soil-filter system.

Fig. I.1. The pore-network model of Witt (1993)
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Fig. I.2. Cubic pore-network model (Schuler, 1996)

Fig. I.3. Void channel model (modified after Indraratna and Vafai (1997))

Following Schuler (1996), recent researches considered the regular cubic model (Locke et al.,
2001; Sjah and Vincens, 2013; Vincens et al., 2015) to predict the probability of particle move-
ment within granular filters. This prediction can be also used to estimate the infiltration depth of
particles into the filters. More recently, Shire and O’Sullivan (2017) developed a pore-network
model that uses an area-biased random walk approach to simulate the percolation of a base mate-
rial through a given filter using the filter CSD and the base PSD.

3. Methods for CSD computation

3.1. Experimental approaches

3.1.1. Background

Several experimental methods can be used to quantify the void space of a granular soil and to de-
termine its various characteristics. Although laboratory experiments have provided many insights
and quantitative information about the organization of the pore structure, they are limited to small
scales and are highly vulnerable to technical disturbances.

It must be noted that recent computerized technologies have brought a significant improvement in
terms of performance and precision. Experimental approaches can be considered as a promising
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tool since a wide range of characteristic parameters can be examined and some aspects of the soil
behaviour can be reproduced leading to a better understanding of both the morphology and the
topology of the void network.

3.1.2. Replica technique

The replica technique is a great qualitative tool to visualize the void space of a granular material
and thus, to assess the morphology of the pore network, and the tortuosity of its pathways. In
addition, this method is useful to estimate some void characteristics such as the pore connectivity
and the CSD.

For this purpose, experimental investigations were carried out by Wittmann (1979), Witt (1986)
and Witt (1993). A gravel material was filled with high elastic liquid rubber until its saturation.
After hardening, all grains were extracted and the elastic matrix was dissected into single pores.
A statistical study over these imprints permited to measure pore and constriction sizes. Fig. I.4
shows some typical pores of a natural gravel material (Witt, 1986). However, such a technique
can be time consuming because enough pores must be analyzed to give an adequate statistical
representation. Moreover, the application of this method to smaller particle sizes is impractical.

Beside this method, other experimental methods focused on the pore size characterization such
as the mercury intrusion porosimetry (Giesche, 2006) and the gas adsorption (Thommes, 2010).
Both methods are applicable over a wide range of pore sizes, but have a limitation in case of
existence of closed pores (Xiong et al., 2016). In addition, the mercury intrusion porosimetry is
based on simpler physiochemical principles and is much faster than the gas adsorption method
which is rather characterized by its non-destructive nature.

Fig. I.4. Pore imprints of a gravel skeleton (Witt, 1986)

3.1.3. Base suspension method

According to Silveira (1965), the number n of unit layers crossed by a base particle of diameter d
moving forward through a multi-layered filter, with a fixed level of confidence P′ (P′% of particles
will be stopped after n confrontations) is defined as follows:

n =
log(1−P′)

logPu
(I.1)
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with Pu the probability to cross a unit layer. In the case of a unidirectional movement, Pu directly
represents the probability P of passing a single constriction of diameter dc (dc > d) (the fraction
coarser than d from the CSD). However, in case of multi-directional pathways, another equation
to predict Pu was developed by Locke et al. (2001). Then, if the average thickness of a unit layer
is denoted s, the total penetration depth L of a fine particle in the filter is:

L = n.s (I.2)

This equation relates the ability for a given particle to cover a certain distance within the filter
with the constriction sizes encountered along its pathway. In particular, particles larger than the
largest constriction size dcmax will not enter the filter (probability of passing = 0), and conversely,
only particles smaller than the smallest constriction size dcmin will successfully cross the entire
filter irrespective of its thickness (probability of passing = 1) (Fig. I.5).

As a consequence, if one states the filter thickness (hence a given infiltration depth covered by a
particle of diameter d), a series of d and P values can be plotted producing a CSD curve (Soria
et al., 1993; Silveira, 1993; Wu et al., 2012; Sjah and Vincens, 2013). Conversely, if the CSD is
known, we can directly estimate the infiltration depth for a fine particle with a given diameter d
(Silveira, 1965).

Experimental tests have been carried out by Soria et al. (1993) to estimate constriction sizes by
evaluating the size of fine particles which can pass through a filter of a given thickness. The device
used in such experiments is given in Fig. I.6.

First, fine particles in water suspension are poured over a granular filter with a given thickness
submitted to a constant hydraulic head. Then, the base material that has successfully crossed the
filter is collected and its PSD is derived. By repeating the procedure for several filter thicknesses,
different PSDs for the collected material are obtained. Fig. I.7 presents the sequence of steps
followed by these authors to obtain the CSD:

Fig. I.5. Constriction size distribution (CSD) and probability for a fine particle of diameter d to
pass a constriction of its own size
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Fig. I.6. Device of filtration tests from Soria et al. (1993)

Fig. I.7. Example of CSD determination according to Soria et al. (1993) (modified after Sjah and
Vincens (2013))

– Draw the PSDs of fine particles passed through the filter for different filter thicknesses L.

– With an assumed confidence level P′, project a horizontal line intercepting the PSDs, and
then downward to find the values of dc. Different proposals for the confidence level can be
found in the literature: 98% (Soria et al., 1993), and 95% (Locke et al., 2001; Wu et al.,
2012; Sjah and Vincens, 2013).

– Assume a value for s, and compute P from Eq. I.2 for all filter thicknesses (a unidirectional
movement is assumed herein).

The estimate of s is a challenging problem and different proposals can be found in past
studies. s is generally associated to the mean pore diameter which is stated to be equal to
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the mean particle diameter (Silveira, 1965): D50M by mass (Soria et al., 1993), D50N by
number (Locke et al., 2001), and D50SA by lateral surface (Indraratna et al., 2007). Sjah and
Vincens (2013) used the mean inscribed void sphere computed from a Delaunay tessellation
applied to numerical packings of spheres. Another estimate of this quantity independent of
the density and the shape of particles of the filter, was provided by Wu et al. (2012). In fact,
there is little evidence so far for the choice of one between these options.

– For each thickness, enter Pu and intercept the vertical line representing dc. The CSD points
are then determined.

Concerning the base soil, Soria et al. (1993) chose a linear grading and take D0 (0% passing for
the filter) as the maximum diameter d100 (100% passing for the base soil). The smallest diameter
d0 of the base soil should be greater than the percolation diameter of the filter.

In general, the interactions between particles increase if they are numerous, and unstable cloggings
may occur if they are too numerous. Consequently, the number and the grading of fine particles
must be chosen to successfully reflect the properties of the pore space and to ensure representative
results. For this purpose, Sjah and Vincens (2013) suggested some considerations for the choice
of the base soil (grading, number and frequency of released particles) based on DEM filtration
tests. More details can be found in Wu et al. (2012) and Sjah and Vincens (2013).

It is important to note that this technique generally only gives access to the central part of CSD
curve and not to the smaller or the larger constriction sizes due to filter thickness constraints (too
thin filter to be representative or too thick to be easily processed).

However, the experimental method described by Soria et al. (1993) has some limitations related
to the size and the preparation of the apparatus, and the poor hydraulic control. In addition, it
neglects the effect of the anisotropy of the constriction network. Here, the direction of the flow
is taken parallel to the direction of the deposit; say the direction of the gravity while on site, the
direction of the flow is perpendicular to the direction of the deposit.

3.1.4. Micro-computerized tomography scanning (micro-CT)

The micro-CT scanning of real soils (undisturbed soils) is another method used to predict the
pore network characteristics including constriction sizes. This non-destructive tool provides high
resolution 3D images of the void space irrespective of the grading and of the particle shape of
the considered sample. Using this technique, Aste et al. (2005) investigated the geometrical and
topological properties of packings of monosized spheres. Numerical dataset can also be converted
to an image file, comprising voxels (Delaney et al., 2010; Seblany et al., 2017).

However, CT is only the first step towards determining the geometrical characteristics of the pore
space and hence, a numerical post-processing technique must be applied to obtain the locations
and the sizes of pores and constrictions from the image data. For this purpose, many numerical
techniques can be used, and will be briefly described in the following section.

Contrary to the replica technique which is limited to coarse soils, CT scanning can be used for
any type or shape of materials. Nevertheless, the specimen preparation and the image resolution
(the ratio of voxel size to particle size) are the main limitations of CT technology. Indeed, the
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associated voxelization may lead to an underestimation and incorrect identification of the throat
sizes (Dong and Blunt, 2009; Li et al., 2018).
Seblany et al. (2017) compared the CSD derived from the Delaunay tessellation and the voxel-
based method and found that they are almost congruent for a sufficient small voxel size (D0/75,
D0 is the smallest grain size within the sample). The other limitation is the size of the data that
must be stored and handled which requires limiting the size of the sample to be analysed when it
is accompanied by a high resolution.

Moreover, pertinent algorithms are required to extract simplified networks of pores and throats
from the images of the pore space. An example of a CT scan of a sample of sandstone is shown
in Fig. I.8. A detailed review of the principles, advantages, limitations and applications of to-
mography in geoscience can be found in Ketcham and Carlson (2001) and Cnudde and Boone
(2013).

Fig. I.8. Volumetric visualization of a CT scan of a sample of sandstone with a resolution of 39
µm (Vincens et al., 2015)

3.2. Numerical approaches

3.2.1. Background

To overcome some limitations associated with experimental methods, and due to the continuous
increase in computer power, numerical simulations are increasingly seen as a means to understand
and predict the mechanical behaviour of granular soils.

In fact, a granular medium consists of distinct grains in contact. Their highly discontinuous nature
requires a discrete numerical model that does not focus on the granular assembly as an entity,
but rather deduces its global behaviour from the individual behaviour of each grain. The discrete
element method (DEM) can model the complex behaviour of a granular medium and give access
to the properties of the micro-structure of the granular assembly.

However, the void characteristics of numerical packings are not directly given by the DEM simu-
lation data; rather it can be extracted by combining the DEM with spatial partitioning techniques
(for example, the Delaunay tessellation and its dual Voronoï diagram).

On the other hand, and as highlighted in Section 3.1.4, numerical techniques are also needed to
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obtain the pore space information from the images provided by micro-CT.

However, the void space of a granular medium (DEM sample or 3D image) forms a continuous
network and cannot be addressed as a series of discrete objects of voids with definite physical
boundaries and thus, the partitioning must be associated to an appropriate criterion to define indi-
vidual local pores.

The following sections provide a brief literature review of the discrete element method and intro-
duce the classical Delaunay and Voronoï tessellations as well as the distance-mapping method as
common approaches for pore space partitioning. The associated pore merging criteria used in past
studies are also presented.

3.2.2. A brief review on the Discrete Element Method (DEM)

The discrete element method (DEM) was initially developed by Cundall and Strack (1979) and
became increasingly popular for modeling the granular materials with given grading and density.

This method is based on an explicit numerical scheme in which the interactions between particles
are monitored contact by contact and the individual motion of particles is considered. The particles
are considered as rigid and locally deformable elements that can interact by contact forces.

Ideal particle geometries (spheres) are generally used to control the computational cost of the
DEM simulations. Originally, the simulations were performed for monosized sphere packings
(Liu et al., 1999; Zhang et al., 2001; Yang et al., 2006) but polydisperse sphere packings (Lochmann
et al., 2006; Reboul et al., 2010; Shire and O’Sullivan, 2016) are more representative of actual ma-
terials encountered on sites.

Each calculation cycle includes the application of Newton’s second law of motion to each particle,
and a force-displacement law governing particle interactions at the contacts. The DEM computa-
tional cycle is schematically represented in Fig. I.9.

At each time step, interaction forces between particles, and consequently the resulting forces
acting on each of them, are deduced from sphere positions through the interaction law. Newton’s
second law is then integrated through an explicit second-order finite difference scheme to compute
the new spheres positions. This process is repeated until the simulation is achieved.

Fig. I.9. Computation cycle of a DEM model
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Cundall and Strack (1979) use a simple constitutive model where the contact between two spheres
is modeled by normal and tangential springs characterized, respectively, by normal (Kn) and tan-
gential (Ks) constant stiffnesses, with a Coulomb shear slider of friction angle (φc) (see Fig. I.10).
The normal contact force is proportional to the interpenetration between the two particles (δn).
This law corresponds to a linear elastic-perfectly plastic behaviour.

Particles can be deposited by gravity or by the action of external compaction load. The density of
the samples can be modified by changing the value of the inter-particle friction coefficient. The
lower is this value, the denser is the sample. The introduction of a damping coefficient (local or
global) is necessary to dissipate the energy in the system and to reach a steady state.

Different types of boundary conditions can be distinguished: rigid walls where the granular as-
sembly is created in a deformable box with rigid walls, and periodic boundaries which extend the
system to an infinite medium (Cundall, 1988). The periodic space is then created by repetition
of parallelepiped-shaped cell. Such boundaries lead to the generation of homogeneous samples
overcoming, thereby, the effect of rigid walls.

Fig. I.10. Interaction law used by Cundall and Strack (1979)

3.2.3. Delaunay tessellation

The Delaunay tessellation is usually processed on spherical DEM samples with known grain po-
sitions for characterizing their void network. It consists in partitioning the pore space into a set
of tetrahedral volumes whose vertices are the centers of fours neighbouring spheres. In such a
representation, each tetrahedron encloses a pore and the associated constrictions pass through the
common faces between the adjacent cells (shaded face of the tetrahedron in Fig. I.11a) and a
definition for them is chosen as the largest empty discs that can fit between the three particle ver-
tices of a tetrahedron face (Al-Raoush et al., 2003; Reboul et al., 2008) (Fig. I.11b). Eventually,
the inscribed void sphere between the four particles, vertices of a Delaunay cell is computed and
is considered as a characteristic of the morphology of that cell. The weighted Delaunay tessel-
lation or regular triangulation (Edelsbrunner and Shah, 1996) generalizes the classical Delaunay
triangulation to weighted points, where weights account for the radius of spheres.

Another approach was developed by O’Sullivan et al. (2015) to extract throat sizes information
where the contacts between particles are used as a basis for the triangulation (contact based trian-
gulation). Valid constrictions are then defined by closed loops of either three or four contacts. The

16



Delaunay tessellation is a powerful tool for pore space characterization especially because a large
number of particles can be considered; however, its application is restricted to spherical packings.

Fig. I.11. (a): Tetrahedron built from the centers of four neighbouring spheres; (b): Definition of
a constriction: the largest empty disc included in the void space for a given face

3.2.4. Voronoï diagram

The Voronoï decomposition is a technique for spatial analysis used to describe the microstructure
of granular media. This method has been extensively used to study the pore structure in packings
of spheres (Richard et al., 1998; Gervois et al., 2002; Yang et al., 2006).

A Voronoï diagram consists of a set of Voronoï cells. Each Voronoï cell is defined as the region of
space around a given sphere in which all points are closer to this sphere than to any other sphere
in the packing. The points most distant from the surfaces of the neighbouring particles define the
Voronoï nodes.

Due to the duality of the Delaunay and Voronoï decomposition, the Voronoï nodes correspond
to the centers of the inscribed void spheres of the Delaunay tetrahedra and their distance to the
surrounding solid spheres to the radius of these inscribed void spheres. The Voronoï graph and its
dual, the Delaunay triangulation are illustrated in Fig. I.12.

Homberg et al. (2014) define the pore space elements (pores, constrictions, paths) for a spherical
packing by applying a Voronoï computation based on the Euclidean distance to the solid spheres as
described by Lindow et al. (2011). The edges between the Voronoï nodes are curved and describe
the median path joining pore centers. The centers of constrictions correspond to the points having
the minimal distance to the surrounding spheres along the edge (Fig. I.13).

In terms of duality, this is where the edges cut the common facet of the tetrahedra formed by
joining particles centroids and, thus, correspond to the constrictions found in the Delaunay tes-
sellation. Besides, Schaller et al. (2013) developed the set Voronoï diagram method based on a
triangulation of the particles’ bounding surfaces for configurations of aspherical particles.
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Fig. I.12. 2D representation of (a): Delaunay tessellation and; (b): Voronoï graph

 

(a) 
 

(b) 

Fig. I.13. Detail of a Voronoï graph; (a): red (larger) spheres at crossing indicate the centers of
pores, while the blue (smaller) spheres represent the centers of constrictions on the edges; (b): The
diameter is color-coded along the edges with yellow (large) to red (small) (Seblany et al., 2018)

3.2.5. Distance-mapping method

Homberg et al. (2012) proposed an image-based method to measure the pore space characteris-
tics of granular soils with irregular grain shapes, from micro-CT scans (voxelized images). This
method called Medial Axis method identifies a medial axis running along the middle of the void
space. By exploiting the distance information along this medial axis, pore centers (points where
the void channel is widest) and constriction centers (points where the void channel is narrowest)
can be determined (Fig. I.14). This approach was also used to characterize the transport possibil-
ities of particles within the pore space of a granular soil (Vincens et al., 2015).

In a similar way, the maximal ball algorithm, developed by Dong (2008), divides the inscribed
balls (the largest inscribed void spheres which can fit at each point of the void space) into clusters
depending on the fact of being master or slave and assigns the local minimum of ball size to the
constriction size and the local maximum of ball size to the pore size.

An equivalent technique (the watershed segmentation (Rabbani et al., 2014; Taylor et al., 2015;
Raeini et al., 2017)) can be also applied to extract the pore-throat network from tomography
images of real soils. A 3D distance map is defined allowing the identification of constrictions at
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the boundaries between voids. Gueven et al. (2017) used this method to obtain the porosity field
and other properties such as particle sizes, pore throats and permeability.

Such algorithms can handle DEM or micro-CT data as input (Al-Kharusi and Blunt, 2007; Arand
and Hesser, 2017; Li et al., 2018). However, they produce fewer and smaller constrictions com-
pared to Delaunay approach (Shire et al., 2012). This may be a consequence of inadequate image
quality.

Fig. I.14. Scheme of the Medial Axis method: medial axis with void nodes (large circles) and
constrictions (small circles) (Taylor et al., 2015)

3.2.6. Pore merging criteria

Using the above approaches, the pore structure can easily be accessed by a segmentation scheme
of the whole void space. However, Al-Raoush et al. (2003) found that the tetrahedral tessellation
leads to an artificial over-segmentation of the void space due to the underlying mathematical
process for finding neighbours.

Indeed, the inscribed void sphere confined in each tetrahedron is not necessarily entirely included
inside that tetrahedron, and two inscribed void spheres attached to two neighbouring tetrahedra
may overlap. It signifies that the opening size between such tetrahedra may be wide enough to
indicate a strong interconnection between them.

To illustrate that, a two-dimensional analogy of the three-dimensional Delaunay tessellation is
given in Fig. I.15. In 2D, tetrahedral cells are represented by triangles, the sphere inscribed in
each tetrahedron corresponds to the circle inscribed in each triangle and constrictions are found
on triangle sides (tetrahedral faces in three dimensions).

The first schematic illustrates two completely separated pores (Fig. I.15a). In 3D, the constriction
between them is found on their common face and corresponds to the narrowest passage formed
by touching or nearly touching spheres (Fig. I.15d). In the other configurations (Fig. I.15b-c),
the Delaunay triangles create a ’constriction’ within the void pores due to their tight imbrication.
In 3D, it can be observed that spheres forming such a constriction do not necessarily touch; as a
result, this constriction do not certainly corresponds to a real throat (Fig. I.15e-f).
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Fig. I.15. A 2D schematic of different configurations encountered in Delaunay triangulation; (a):
separated pores; (b): interlocked pores; (c): highly interlocked pores. (d-f): Schematic of the
throats on the common face of two neighbouring tetrahedra for different cases (3D)

Similarly, the voxelization of the void space and the irregular shape and arrangement of particles
may produce spurious local maxima that give rise to an over-segmentation. Thus, and irrespective
of the used technique for pore space characterization, a subsequent pore merging process must be
performed to eliminate over-partitioning and to accurately set the boundaries between pores.

However, by definition, pore boundaries in porous media are uncertain since no rational defini-
tion can be set for them. Moreover, in actual granular materials with non smooth particles, any
segmentation of the pore space leads to a very irregular network where pore entities are hardly
distinguishable. Fore these reasons, not definite but rather reasonable proposals, can be made.

Until recently, several adaptive merging criteria have been proposed, but they did not completely
account for the above artifacts. For example, Delaunay cells are usually merged using the criterion
originally proposed by Al-Raoush et al. (2003). Merging takes place mainly if the overlap between
two inscribed void spheres proceeding from two adjacent cells exceeds a certain degree (Fig. I.16).

Fig. I.16. A two-dimensional schematic diagram of merging of Delaunay cells with overlapping
inscribed void spheres to form a single pore
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The selection of the critical degree of overlap is based on the user-judgment, but one should keep
in mind that the correlation of two adjacent cells increases as the overlap increases. For example,
and following Al-Raoush et al. (2003), the neighbouring cells should be merged if the center of
one void sphere lies within the adjacent inscribed sphere. Reboul et al. (2008) and Sufian et al.
(2015) merged Delaunay cells if their inscribed spheres overlap by any amount while Shire and
O’Sullivan (2016) selected a merging overlap of 50% to generate the CSD.

According to Reboul et al. (2008), the initial computation of pores and constrictions derived from
the weighted Delaunay tessellation is denoted Level 0 (L0). Level 1 (L1) corresponds to the
modified Delaunay tessellation initially proposed by Al-Raoush et al. (2003): association of a
tetrahedron with its nearest neighbour when their inscribed void spheres overlap each other (the
maximum number of merged tetrahedra is 5); and a further level of merging (L2) is processed,
where merging is not only applied to the adjacent tetrahedron but also to the next adjacent tetra-
hedron if the inscribed void sphere of this latter overlaps that of the former pore. In this case, the
maximum number of merged tetrahedra is 17. The three levels of neighbourhood for a Delaunay
cell are shown in Fig. I.17.

A schematic of L1 is given in Fig. I.18. The red triangle in 2D can be associated to its adjacent
blue triangles if their inscribed void circles overlap each other. Here, the overlap between the
inscribed circles corresponding to the red and right blue triangles induces the association of these
two triangles and the removal of the constriction located on their common side, and so on for the
other blue triangles.

Fig. I.17. Different neighbourhood levels for a Delaunay cell (In 2D)

Fig. I.18. A schematic of L1 (In 2D)
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If L2 is considered (Fig. I.19), after checking the overlap condition between the red and blue
triangles as explained above, we check the overlap between the inscribed circles corresponding to
the blue and grey triangles; and since this condition is verified, the three triangles will be merged
and the constrictions formed on their common sides will be removed and so on for the other grey
triangles.

A restriction of L2 is also introduced and is denoted Level 2b (L2b) (in Reboul et al. (2008), it was
denoted Level 1b because the underlying CSD was comprised between the L1 CSD and the L2
CSD) where the inscribed void spheres must be arranged in decreasing order to induce a merging.
This latter criterion takes into account the geometric constraints to define the pore entity. Indeed,
the transition between pores is characterized by constricted regions followed by more expanded
regions.

Rather than using an optimization algorithm to define the inscribed void spheres, van der Linden
et al.(2016; 2018) suggested to merge two adjacent tetrahedra together when the areal porosity
of their common face (the void area divided by the total area) exceeds a user-specified value.
However, this simplified criterion is clearly subjective.

Based on the extremal structures of the distance map of the pore space, Homberg et al.(2012;
2014) defined a hierarchical merge strategy based on the significance of the pore separations.
Accordingly, a merge between two adjacent pores is required when the size of the constriction
linking these pores is very close to the smallest pore size since it tends to reveal that these two
pores have a high degree of interaction to be considered as distinct entities.

Fig. I.19. A schematic of L2 (In 2D)

3.3. Analytical approaches

3.3.1. Background

The analytical approaches are based upon a probabilistic theory stating the existence of reference
geometrical configurations involving some particles. For the sake of simplicity, the particles are
generally approximated to spheres which may be a good approximation for many granular materi-
als. The PSD of the granular material is divided into n classes as shown in Fig. I.20, each of them
is characterized by a representative diameter di and a probability of occurrence (i.e. frequency) pi.
Note that Silveira (1965) highlighted that different discretization schemes of the filter PSD may
affect the accuracy of the resulting CSD especially at the extremities of the curve. More recently,
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Raut (2006) demonstrated that the CSD remains the same as long as the discretised data points do
not modify the PSD. However, their conclusions have been derived from investigations involving
uniform materials.

To define the constriction sizes, two geometrical configurations can be assumed depending on the
density of the studied sample, one is denoted three-particle configuration (densest model) and the
other one four-particle configuration (loosest model). One must remind that these configurations
are purely geometrical and do not reflect the mechanical arrangements encountered in real ma-
terials. Indeed, a numerical sample can be highly heterogeneous in terms of space arrangement
(Reboul et al., 2008). Shire and O’Sullivan (2016) showed that beside the idealized geometrical
configurations, other particle-constriction configurations can be found in DEM samples.

Fig. I.20. A discretized particle size distribution (PSD)

3.3.2. Model for the densest state

Based on the previous considerations, a mathematical model was initially proposed by Silveira
(1965) to compute the CSD for a filter at its maximum density. In this model, all the constrictions
are considered to be formed by three tangent spheres with respective diameters di, d j, and dk and
respective probabilities of occurrence pi, p j and pk (Fig. I.21a).

The constriction size dc3 is then defined as the diameter of the largest circle that can fit between the
three circles resulting from the intersection of the spheres with the plane passing by their centers.
dc3 is calculated from Descartes’s theorem giving the relationship between the diameters of four
tangent circles:

(
2
di
)2 +(

2
d j
)2 +(

2
dk
)2 +(

2
dc3

)2 = 0.5(
2
di
+

2
d j

+
2
dk

+
2

dc3
)2 (I.3)

By excluding the circumscribed circle, one solution can be derived from Eq. I.3. It corresponds
to the inscribed circle which can be directly given by:
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Fig. I.21. Geometrical configurations for (a): the densest arrangement (Silveira, 1965); (b): the
loosest arrangement (Silveira et al., 1975); (c): the arrangement of Schuler (1996)

The probability of occurrence pc3 of the constriction size dc3 depends on the individual frequencies
of the three particles constituting the group (pi, p j, and pk), and can be computed from:

pc3 =
3!

ri!r j!rk!
pi

ri p j
r j pk

rk (I.5)

where ri, r j, and rk denote the number of times that the diameters di, d j, and dk appear in the
group respectively (ri, r j and rk = 0, 1, 2 or 3; ri + r j + rk = 3). The cumulative constriction
distribution (by number) i.e. CSD, is obtained by considering all possible combinations within all
representative diameters of the discretized PSD.

However, the mechanical densest state considering frictionless spherical particles is generally
looser than what is predicted by the geometrical dense model and larger constriction sizes can be
found in dense numerical samples (Reboul et al., 2010; Shire and O’Sullivan, 2016). Moreover,
Reboul et al. (2008) showed that the three mutually touching spheres is unlikely to occur and there
are still other configurations in a numerical packing of spheres even for very dense states (µ = 0).

3.3.3. Model for the loosest state

For the sake of simplicity, many researchers have used the densest geometrical model to estimate
the CSD of medium-dense to dense packings. However, real filters are not always compacted to
their maximum density which implies that the three-particle arrangement is not conservative to
address the problem.

Therefore, Silveira et al. (1975) developed an alternative model to calculate the CSD for a filter
at its loose state, by considering a set of four tangent particles with respective diameters di, d j, dk
and dl and respective probabilities of occurrences pi, p j, pk and pl , as shown in Fig. I.21b.

The constriction size dc4 is given by the equivalent diameter of the maximum void area Av,max
enclosed between the four touching filter particles:

dc4 =

√
4Av,max

π
(I.6)
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The area Av is given by:

Av =
1
8
[(di +d j)(di +dl)sinα +(d j +dk)(dk +dl)sinγ− (di

2
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2
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2
γ +dl

2
δ )] (I.7)

where α , β , γ and δ represent the angles of the quadrilateral formed by the centers of the four
tangent particles. β , γ and δ can be related to α by plane geometry and then Av,max can be found
by an iterative process with respect to α .

Since we can rarely define a single plane passing through the centers of four particles in an actual
sample, Schuler (1996) suggested to take the mean chord length through the circular particle rather
than its diameter to represent the constriction size. Eq. I.6 is then corrected by a factor equal to
0.82.

Eq. I.8 gives the probability of occurrence pc4 associated with dc4:

pc4 =
4!

ri!r j!rk!rl!
pi

ri p j
r j pk

rk pl
rl (I.8)

where ri, r j, rk and rl are the number of occurrence of di, d j, dk and dl in the group of four particles
respectively (ri, r j and rk = 0, 1, 2, 3 or 4; ri + r j + rk + rl = 4). By considering all possible groups,
all possible constrictions and their respective probabilities can be estimated, and the whole CSD
can be derived.

The experiments carried out by Witt (1986) showed that most constrictions are formed by four
particles. Accordingly, Schuler (1996) adopted the four-particle arrangement to compute the CSD
at any relative density, but two distinct constriction sizes are considered herein as depicted in Fig.
I.21c. This model was also used in other studies (Scheuermann et al., 2010; Wang and Dallo,
2014).

The probability of a filter particle to form a constriction is related to its frequency in the PSD
(either by mass, number or surface area). The models of Silveira (1965) and Silveira et al. (1975)
are based on the PSD by mass (the usual PSD obtained by sieve analysis) which is adequate for
uniform filters. But in case of well-graded materials, the PSD by mass may overestimate the
influence of large particles (with high individual mass but low number) since it is unlikely that
these particles will meet together to form a large constriction (De Mello, 1977).

For similar reasons, the PSD by number used by Kenney et al. (1985) over-represents the finer
constrictions (Humes et al., 1996). Eq. I.9 can be used to convert the PSD by mass to a PSD by
number.

PN,i =

PM,i

di
3

∑
n
i=1

PM,i

di
3

(I.9)

With PM,i the mass frequency of the ith class of particles, and PN,i the associated number frequency.

To overcome these limitations, another approach is adopted: the PSD by surface area (Humes
et al., 1996; Schuler, 1996; Locke et al., 2001). This choice can be explained by the fact that
as the total lateral surface area of a class of particles increases, its probability to belong to an
arrangement that will create a constriction, increases as well. The PSD by surface area can be
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obtained as follows:

PSA,i =

PM,i
di

∑
n
i=1

PM,i
di

(I.10)

Thus, the resulting CSD varies depending on the imposed PSD, but one should keep in mind that
different models give similar results for uniform filters, while the derived CSDs are considerably
different for non-uniform filters.

3.3.4. Models for different relative densities

The models of Silveira (1965) and Silveira et al. (1975) only take into account extreme density
states, but actual filters are likely to exist in intermediate state between the loosest and densest
states. Therefore, alternative models have been developed to determine the CSD for any given
relative density Rd (Eq. I.11).

Rd =
emax− e

emax− emin
(I.11)

where e is the actual void ratio and emax (respectively emin) denotes the maximum (respectively
minimum) void ratio. The minimum void ratio corresponds to the maximum density of the soil
(Rd = 1) while the maximum void ratio corresponds to the minimum density of the soil (Rd = 0).

– Model of Locke et al. (2001)

According to Schuler (1996), the CSD curves of a granular material at varying densities have
approximately the same shape. Moreover, three particles arrangements may also exist even in a
medium-dense soil (Giroud, 1996). Based on these observations, Locke et al. (2001) proposed
a weighted contribution of the loosest and densest geometrical configurations to design a model
valid for any other density. The constriction size dc at any relative density Rd is given by the
following equation:

dc(Pc,Rd) = dc3(Pc)+Pc(1−Rd)(dc4(Pc)−dc3(Pc)) (I.12)

where Pc is the fraction smaller of the CSD, dc is the constriction size at Pc, dc3 and dc4 are the
constriction sizes for the densest geometrical model (three-particle arrangement) and the loosest
geometrical model (four-particle arrangement) respectively, for the same Pc.

This equation implies that, whatever the soil density, the smallest constriction size is the same and
is equal to the smallest constriction provided by the dense geometric model.

Locke et al. (2001) suggested to use a regraded PSD to eliminate the coarse particles that in fact do
not contribute to the CSD. Indeed, constrictions formed between such particles may be filled with
finer particles and thus, no large voids remain. This was also highlighted by Shire and O’Sullivan
(2016) for broadly graded materials.
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At the densest state (Rd = 1), the three-particle configuration is only considered in Eq. I.12, and
consequently, the model of Locke et al. (2001) tends to become inaccurate. This drawback poses
a major problem because the materials in hydraulic structures are generally compacted to high
densities to ensure the stability of soils.

– Models of Reboul et al. (2010)

For Continuously Graded Material (1-parameter model)

The analytical equation proposed by Locke et al. (2001) allows obtaining the constriction diam-
eter at the loosest state dcL, for each value of Pc, by setting Rd to zero. Based on the resulting
equation, Reboul et al. (2010) validated their numerical studies performed on spherical packings.
A correction factor was introduced to minimize the relative errors (Eq. I.13).

dcL(Pc) = 1.11(dc3(Pc)+Pc(dc4(Pc)−dc3(Pc))) (I.13)

For dense samples (Rd = 1), Reboul et al. (2010) found that the Delaunay method gives constric-
tion sizes that are much larger than those obtained using the model of Locke et al. (2001), and thus,
they proposed another methodology to quickly and accurately compute the CSD, for any relative
density. The constriction size dc corresponding to a percentage Pc of the desired cumulative CSD
can be found by using the following formula:

dc(Pc,Rd)−dcmin =
e(Rd)

emax
(dcL(Pc)−dcmin) (I.14)

where dcmin is the diameter of the smallest constriction formed between the three smallest particles
of the sample, in mutual contact. dcmin is given by:

dcmin = (−1+
2√
3
)D0 (I.15)

with D0 the minimum particle diameter of the filter. At the loosest state (e = emax), Eq. I.14
corresponds to dcL obtained by Eq. I.13.

However, this analytical form and the one proposed by Locke et al. (2001) are only valid for
materials with continuous grading according to Reboul et al. (2010).

For Gap-Graded Material (2-parameter model)

A more sophisticated model (Eq. I.16) is given by Reboul et al. (2010) to improve the prediction
of the CSD at any density for uniformly graded, well-graded and also for gap-graded materials.
The last case is critical in filtration modeling because a filter with a continuous grading curve tends
to become gap-graded as fine particles coming from a base material infiltrate it.

dc(Pc,Rd)−dcmin = (1− (
emax− emin

emax
)(APc +B)Rd)(dcL(Pc)−dcmin) (I.16)

27



with A and B two parameters depending on the PSD of the material. The identification procedure
of these parameters is given in Reboul et al. (2010).

The analytical models allows to quickly obtain the CSD, but they are derived from geometrical
analyses considering the grains as spheres. In fact, real soil grains may not be associated to
spherical materials and may hold irregular shapes (angular, flat, rounded and sub-rounded). For
example, fluvial gravels which have flat and elongated particle shapes cannot be addressed with
the same procedure. Moreover, these models were only validated for the studied types of grading.

4. Conclusion

A granular medium includes a set of large volumes of voids between solid particles (pores) con-
nected by narrowest channels denoted as constrictions. The cumulative constriction size distribu-
tion (CSD) governs the filtration performance of granular soils.

Hence, different methods have been proposed in the literature to obtain the CSD. Among these
methods, we can cite: experimental techniques, numerical approaches and analytical models.
All methods can be considered as powerful tools to compute the constriction size distribution
of granular soils, but all of them show their particular limitations related to the absolute size of
grading, the type of grain size distribution, the particle shape, the accuracy and the computer time
consumption.

However, some limitations associated with complex and time consuming experimental and numer-
ical approaches can be addressed through the use of simple analytical models which can provide
a quick estimate of the CSD for soil erosion assessment.

To ensure their validity, such geometrical models must be calibrated on the basis of numerical
methods allowing to reproduce the correct mechanical state of granular soils underlying the void
space structure.

In this regard, the micro-CT scans combined with appropriate algorithms can provide insight into
the void network of a granular medium. One advantage of this method is its applicability to real
soils including non-spherical particles. However, the voxelization of the space is the primary
limitation of this technique, since the voxel size is directly linked to the smallest particle size
within the sample and thus, abundant computer power must be expended or just small samples
can be processed.

On the other hand, a DEM creation of samples combined with a Delaunay/Voronoï approach can
potentially be used for pore space partitioning in the case of packings composed of spheres.

However, using such techniques may lead to an over-segmentation of the void space and thus,
a post-processing of the dataset may be required. Until recently, different attempts have been
made to define pore merging criteria, but their relevance has not always been definitively estab-
lished. In the light of this fact, additional effort must be undertaken for achieving a more rational
segmentation of the pore space.
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Chapter II

Filter criteria for granular soils

1. Introduction

Internal erosion is one of the most frequent causes of deterioration and failure of earth structures.
Such a process can be successfully avoided by providing adequate filter material. To achieve this,
the required filter must be well designed and properly positioned in the structures.

However, designing an effective filter requires that the voids within the filter are sufficiently small
to prevent the erosion of base particles. Indeed, constrictions which are the narrowest throats
linking pores, are responsible for trapping loose base particles.

The constriction sizes of a granular filter are mainly controlled by the finer particles of this material
(Kenney et al., 1985; Indraratna et al., 2008). In view of this fact, many researches have been
conducted to establish PSD-based criteria for granular filters involving characteristic grain sizes
of both the filtering soil and the base soil in which the migration must be avoided.

Until recently, earth structures were designed based on these so-called empirical retention cri-
teria which are mainly based on laboratory tests. Other empirical retention criteria based on a
comparison between filter permeability and base soil particle sizes were also used.

However, the engineering literature illustrated the weakness of some empirical methods by report-
ing failures of some existing dams and levees (Jansen, 1983; Foster and Fell, 2001).

The rapid advancement of geotechnical engineering has resulted in the development of constriction-
based criteria for the design of filters. These criteria provide a sound understanding of the funda-
mental processes that govern the transport of erodible particles in granular soils since constriction
areas are always smaller than the cross-sectional areas of pores, and thus, the CSD is the key filter
characteristics that influences the performance of filter.

This chapter presents a comprehensive review of existing filter design practices together with a
discussion regarding their relevance or their limitations.
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2. Design of suitable filters

Foster and Fell (2001) defined three sequential phases of erosion leading to the failure of earth
dams: initiation, continuation, and progression. Initiation occurs when the soil begins to erode as
a result of seepage forces and other causal factors. The erosion may continue if it is not stopped
by an appropriate filtering action. In this case, voids begin to form and gradually progress leading
to the formation of a pipe in the dam body (or in the foundation) and eventually to a dam breach.
Fig. II.1 shows possible locations of initiation of internal erosion in earth dams (Fell and Fry,
2007).

Fig. II.1. Possible locations of initiation of internal erosion (Fell and Fry, 2007); (1): spillway
wall interface; (2): adjacent to conduit; (3): crack associated with steep abutment profile; (4):
desiccation on top of the core; (5): embankment to foundation; (6): foundation (if the foundation
is made of soil or is an erodible rock); (7): embankment through poorly compacted layer and or
crack
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Granular filters are generally used to prevent or mitigate such erosion processes. They are installed
in zoned dams or on the downstream slope of levees to avoid the wash out of soil particles through
the core of earth structures or through their foundation.

In order to have this ability, the International Committee on Large Dams (ICOLD, 2013) recom-
mended that a filter has to satisfy five main requirements:

– Retention: the filter must restrain the transport of fine particles of the protected soil (base
soil).

– Drainage: the filter must be sufficiently permeable in order to allow water to pass freely
out of the base soil and to avoid the development of excessive pore water pressure on the
filter-base soil interface.

– Self-filtration or stability: the filter must be internally stable and not subjected to suffusion.
Suffusion is the process by which finer soil particles are progressively detached and eroded
through larger soil particles by seepage forces.

– No cohesion: the filter must not hold cracks. Indeed, cracks may form in dam crests from
desiccation or from a differential settlement (ICOLD, 2013). Such cracks can create a leak-
age path for particles to escape, thereby they reduce the filtration efficiency of the hydraulic
structure.

– Strength: the filter must transfer the stresses within earth structures without particle crush-
ing leading to the generation of finer grains. This is achieved by specifying the durability
and the crushing strengths of the aggregates (ICOLD, 2013).

All these requirements should be taken into account to obtain a complete filter criterion. The
research developed in this manuscript only deals with the first requirement.

Generally, the filter criteria are designed so that the base soil particles are not blocked at the filter-
base soil interface. If not, clogging would take place inducing a high pore pressure rise likely to
degrade the stability of the overall hydraulic structure. In that case, the filter would act as a perfect
filter (Vaughan and Soares, 1982; Vaughan et al., 2004).

In fact, a granular filter works like a sieve characterized by its average opening size. The filter
opening size is a key entity to understand the process of retention of base particles flowing through
it. Fine particles smaller than the opening size can cross the filter, and those larger than this critical
size will be captured by the filter.

Fig. II.2 shows a stable base-filter interface where larger base particles flowing under seepage are
trapped by the constrictions of the filter. Smaller constrictions are then formed by the retained
particles allowing the retention of further base particles. After the formation of a stable interface
(zone in the filter with a mixture of base particles and filter grains), no further particle loss will
occur. Such a filter is denoted as effective filter. In contrast, when the filter material is too coarse,
the base particle can move freely through the pores of the filter leading to the formation of an
unstable interface and then the filter becomes ineffective.
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Fig. II.2. Stable base-filter interface during seepage (Locke and Indraratna, 2001)

3. Experimental filtration tests

As explained in Chapter I, stating individual pathways without interaction with other particles, the
probabilistic methods can relate the base particles migration within a filter to the probability for
a particle to encounter a constriction through which it can pass. This allows the determination of
the retention efficiency for any kind of filter materials, including geotextiles (Elsharief, 1992).

The sizes of fine particles that can cross the filter are clearly affected by its thickness: as the filter
thickness increases, the probability of coarser material to successfully cross the filter decreases
since the probability that a grain will be captured by a smaller constriction increases as well.

Consequently, a filtration test can only allow to obtain, for a given material and a given density,
the opening size of the filter, result that in fact depends on the filter thickness.

Conventional experimental approaches in filtration have usually been conducted using a vertical
cylinder similar to that shown in Fig. II.3. The experiment involves a vertical flow of water through
the base soil and filter. The apparatus is often vibrated or tapped with a rubber mallet to avoid the
formation of arching within the sample. Generally, such tests allow a visual inspection of the base
material passing through the filter, the measurement of the permeability changes throughout the
test, the measurement of the changes of both filter and base soil materials and the determination
of the PSD modification before and after the test. Test results will then be judged as failure cases
if a significant quantity of base material passes through the filter (Sherard et al., 1984).

Using a random packing of glass spheres as the filter medium, Ghidaglia et al. (1996) carried out a
series of experiments on deep bed filtration so that it was possible to visually determine the density
of trapped particles inside the filter. Recently, the experimental tests conducted by Muresan et al.
(2012) provide information on the dynamics of fines in the filters’ pore network and changes of
filters’ efficiency.
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Fig. II.3. Typical laboratory apparatus (Locke, 2001)

In addition to experimental studies, few numerical studies are available to simulate the transport of
fine particles within porous media. Roozbahani et al. (2014) investigated the mechanical trapping
of fine particles in a bed of monosized packing of spheres. Their packing was firstly generated by
means of the gravitational sphere algorithm. Then, by subsequently introducing fine particles into
the bed, they computed the mass-rates of fine particles passing through and trapped in the packed
bed.

Kerimov et al. (2018a) use the DEM to simulate packings of granular spherical particles under the
action of gravitational forces. Then, they model the trapping and percolation of fine particles in
the generated granular media. Sjah and Vincens (2013) also used the DEM to back-calculate the
CSD curve from experimentally derived filter layers through which base particles may infiltrate.
Besides, some numerical filtration tests include direct coupling between solid and liquid phases
(Sari et al., 2011; Tejada et al., 2016)

4. Particle-size based criteria

Designing a suitable filter is not an easy task since filtration can be affected by several factors
including geometric, hydraulic, chemical, physical and biological factors (Indraratna et al., 2008).
However, filter criteria are usually expressed in two forms: the geometric criterion and the hy-
draulic criterion, while other aspects are ignored.

For the sake of simplicity, filter criteria are generally designed in terms of the PSD, and are pre-
sented in the form of filter-base soil grain sizes ratio derived from extensive laboratory tests.

The typical filter criterion of Terzaghi et al. (1996) stated that an effective filter should be suffi-
ciently fine, relative to the particle sizes of the base soil to prevent fine particles from washing
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through the filter material while being coarse enough to ensure adequate permeability, allowing
the escape of flowing water and preventing the build-up of high internal pore pressures. To ensure
this, two requirements must be fulfilled:

– Retention requirement:

d85 ≥
D15

4
(II.1)

– Permeability requirement:

d15 ≤
D15

4
(II.2)

where Dx is the representative filter particle diameter and dx is the representative base particle
diameter for which x% of the material (filter and base soil, respectively) by mass is finer.

An illustration of this design is given in Fig. II.4. In particular, the left-hand shaded area encloses
all the grain-size curves for the base material; the right-hand area indicates the range within which
the curves for the filter material must lie.

From a series of filtration tests, Honjo and Veneziano (1989) concluded that a filter material, herein
modeled by a mechanical sieve, can be regarded as effective if at least 15% of base soil particles
are larger than the sieve opening. By drawing an analogy, Terzaghi’s retention criterion stated that
a suitable filter characterized by an aperture equal to D15/4 has to prevent the erosion of the larger
sized base particles, represented by d85.

In addition to the retention criterion, Honjo and Veneziano (1989) introduced a new index (d95/d75)
which is related to the capability of base soil to form a satisfactory self-healing layer (interface
layer). Terzaghi’s retention criterion is then refined as follows, D15/d85 ≤ 5.5− 0.5d95/d75, for
broadly graded soils.

More recently, large numbers of experiments have been carried out based on the original concepts
initiated by Terzaghi et al. (1996) where D15 is selected as a representative filter size.

Fig. II.4. Filter and drainage criteria (Terzaghi et al., 1996)
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Studies conducted by Kenney et al. (1985) over a wide range of gradings showed that the CSDs,
for a given relative density, form a narrow band of similarly shaped curves when normalized
by a characteristic filter diameter (D5 or D15). Thus, smaller filter grains seem to govern the
controlling constriction size Dc

∗, which has been found to be slightly influenced by the grading
and the thickness of the filter.

Similar findings were also reported by Shire and O’Sullivan (2016). Dc
∗ is here defined as the

maximum possible size of particle that can be transported through a filter of a specific thickness.
In other words, it measures the governing size of passable channels or pathways a particle can
take in a porous medium. Dc

∗ can be given by:

Dc
∗ ≤ D15

5
(II.3)

Dc
∗ ≤ D5

4
(II.4)

Using the concept of controlling constriction size, it was verified that filtration is most likely
to occur if there are base particles larger than Dc

∗. It must be noted that Kenney et al. (1985)
findings provide a slightly smaller opening size than that implicitly given by Terzaghi et al. (1996).
However, their relationship (Eq. II.3) supports the use of the filter design rule by Terzaghi.

By performing numerous filtration tests, Sherard and Dunnigan (1989) reformulated the com-
monly used filter criteria according to the considered base soil. The new design criteria are given
in Table II.1. Here, the criteria are rewritten so that the controlling constriction size Dc

∗ appears
clearly. To design protective filters for fine cohesive base soils, Table II.1 indicates that the move-
ment of particles is envisioned as a movement of clusters composed of glued grains rather than
individual grains.

For the base soil, the representative diameter is often taken as d85 since particle loss is limited
if the filter opening size is smaller than this value. However, this choice has been criticized by
Lafleur et al. (1989) who recommended the use of d50− d85 as a representative range of base
particle sizes for broadly graded base soils.

Similarly, the current design practice (NRCS, 1994) suggests to use a regraded d85 obtained by
excluding the coarse fraction retained by the 4.75mm sieve size. Indraratna and Locke (1999)
adopted this modification to reformulate the retention criterion of Sherard and Dunnigan (1989)
(Table II.1). Kenney et al. (1985) also used a smaller base soil representative size (d50) to address
the ineffectiveness of the original filter criterion in the case of well-graded base soils.

Foster and Fell (2001) tested more types of soils and categorized the filter behaviour as follows:
“no erosion”, “some erosion” and “continuing erosion”. According to these authors, D15/d95 is
more accurate than D15/d85 to define the boundary between some and continuing erosion, since
using a large characteristic base size (d85 or d95) takes into account the self-filtration process where
large particles trapped in the filter reduce progressively the porosity and the constriction sizes, and
thus, prevent finer particles from penetration through.
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Table II.1: Filter design criteria introduced by Sherard and Dunnigan (1989)

Base soil category Fines content < 0.075mm Filter criterion

1: Fine silt or clay 85−100 D15/5≤ 1.8 d85
2: Sandy silts/clays 40−85 D15/5≤ 0.14mm
and silty/clayey sands
3: Sands, sandy gravels 0−15 D15/5≤ 0.8 d85
with few fines
4: Soils intermediate between 15−40 Intermediate between 2 and 3
previous two categories

Indeed, a rapid wash out of some fine particles will occur prior to the formation of a self-filtering
layer at the base soil-filter interface. However, important losses may have negative impacts on the
whole structure. To avoid such consequences, it is important to assess what kind of particle size
is necessary to form this self-filtering zone.

In recent years, important advances have been made in the development of filter design criteria for
geotextiles which was originally introduced by Giroud (1996). Beside permeability and retention
criteria, two other criteria were also considered: the porosity criterion and the thickness criterion
Giroud (2010).

However, in case of granular filters, no porosity or thickness requirements are needed since, firstly,
a granular filter has enough opening per unit area to minimize the flow concentration at the soil-
filter interface, and secondly, due to construction constraints, it has a sufficient thickness to stop a
moving soil particle. A detailed overview of filter criteria for geotextiles can be found in Giroud
(2010).

Terzaghi’s approach has widely been used in engineering practice to describe, basically, the con-
flicting requirements on particle sizes of a suitable filter. However, these empirical criteria orig-
inally developed for cohensionless uniform base soil and filter materials, present obvious limita-
tions when dealing with well-graded or gap-graded materials (Indraratna et al., 2008) since soil
uniformity (Cu) was clearly not considered.

Fig. II.5 shows different set of filter-base soil combinations having a similar D15/d85 ratio but
various coefficients of uniformity Cu. From this figure, it is obvious that Terzaghi’s ratio is not the
appropriate term to evaluate the filtration characteristics of a filter-base soil system, since different
behaviour can be expected depending on the grading of the filter or of the base soil material.

Furthermore, the effect of filter density was completely ignored. In fact, same filter materials in
terms of PSD could have different CSD depending on their degree of compaction. The sensitivity
of the CSD to the density (Schuler, 1996) shows that filter criteria based on a characteristic filter
grain size are not accurate enough to assess the performance of granular soils. Therefore, applying
such criteria does not explain the fundamental mechanics of filtration and hence, rigorous filter
criteria must be explicitly based on physical considerations.

Nonetheless, and following the same framework as proposed by Terzaghi, the grain size distri-
bution has also been used to assess the internal stability of soils (Kézdi, 1979) and to predict the
permeability of porous media (Chapuis, 2012).
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Fig. II.5. Filters and base soils having different uniformity coefficients Cu but similar D15/d85 ratio
(Indraratna et al., 2007)

5. Permeability-based criteria

Beside the classical PSD-based criteria, some researches introduced the permeability-based crite-
ria to assess the retention capacity of granular filters by directly comparing filter permeability to
base soil particle sizes.

Vaughan and Soares (1982) and Vaughan et al. (2004) developed an equation that links the per-
meability of a filter to the soil particle size to be retained (Eq. II.5). Alternative particle size-
permeability relationships were also found by Indraratna et al. (1996).

δR = 2.54.103KFilter
0.658 (II.5)

where KFilter is the permeability of filter (m/s) and δR is the size of the smallest particle retained
in microns.

Lately, Delgado et al. (2006) carried out extensive filtration tests to determine No-erosion filter
criteria based on the filter permeability and the percentage of base soils passing the 0.075mm
sieve. The permeability has been calculated from laboratory experiments (permeameter test) or
estimated by applying the relation K = 0.35D2

15 which relates the permeability K to the D15 filter
size (Sherard and Dunnigan, 1989). Babu and Srivastava (2007) substituted the retention and
permeability requirements of Terzaghi by a single equation taking into account the pore size, the
permeability and the factor of safety against soil boiling conditions.

However, determining filter permeability is not easy and is even time-consuming. The standard
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filter criteria based on grain sizes ratio are generally easier to apply. Although the permeability
of a granular filter implicitly takes into account its PSD and other important characteristics such
as the degree of compaction and the shape of particles, internal erosion seems to be more likely
related to the openings of the filter (constrictions). Hence, the relevance of using CSD-based
criteria has been highlighted in subsequent studies.

6. Constriction-based criteria

Empirical filter criteria, in particular Terzaghi’s criteria, have been adopted in many simplified
designs. However, these practices are only applicable to the range of tested soils. The results of
filtration tests involving well-graded base soils make the efficiency of such criteria questionable.

Hence, it is more appropriate to develop filter criteria based on constriction sizes since within the
filter, it is the size of constrictions rather than the size of particles that influences the filtration
process Locke et al. (2001). Moreover, it is now well established that particle frequency based on
the surface area is more adequate to model the properties of the void space in granular filters.

For this purpose, two representative diameters of the constriction size distribution were defined:
the dominant constriction size Dc95 (constriction size whereby 95% of the filter constrictions are
finer than) (Indraratna and Raut, 2006; Raut and Indraratna, 2008) and the controlling constriction
size Dc35 (constriction size corresponding to finer = 35%) (Indraratna et al., 2007).

The first diameter can be used to disregard coarser base particles that do not influence the process
of self-filtration since these particles cannot probably even enter the filter.

The second diameter is used as a control variable to assess the performance of the filter. Using
a probabilistic method, Indraratna et al. (2007) indicated that there is a range of probabilities
of constriction sizes (0.3-0.4) under which a small decrease in the probability of having d > dc
enables the particle with diameter d to travel a large distance within the filter before being stopped.
Thus, Dc35 has been chosen as a control diameter. In other words, Dc35 must be smaller than the
large loose base particles, so these particles will not be eroded.

The CSD from which Dc35 and Dc95 are derived, is obtained following the calculations of Locke
et al. (2001) (Eq. I.12). Note that the regrading rule proposed by these authors is not applied here.

Indraratna et al. (2007) argued that a filter can be conceived as a sieve with apertures equal to
the controlling constriction size Dc35. Accordingly, a constriction-based criterion for base soil
retention can be given by the following relationship:

d85SA ≥ Dc35 (II.6)

where d85SA indicates that 85% by surface area of base particles are finer than this size.

Indraratna et al. (2007) proposed to reduce the representative diameter of base soil to d85SA which
can be more appropriate than the usually used value (d85 from the PSD by mass) when well-graded
soils are considered. Indeed, applying the surface area concept for PSD and CSD quantification
in this new criterion enables the removal of some limitations associated with the well-known
Terzaghi retention criterion.
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Furthermore, the above CSD-based criterion takes into consideration fundamental filter parame-
ters including the coefficient of uniformity and the density contrary to Terzaghi’s criterion which
only considers the single filter grain size D15. In this sense, it is more general. Nonetheless, it is
worthy noting that obtaining Dc35 is not as easy as assigning D15. The construction of the whole
CSD is herein required.

Later on, Raut and Indraratna (2008) proposed a new filter criterion based on the self-filtering base
fraction and the controlling constriction size of the filter. The PSD of the base soil is then modified
by ignoring all particles coarser than Dc95. Thus, for an effective base soil-filter combination, the
following relationship must be fulfilled.

d85
∗ ≥ Dc35 (II.7)

where d85
∗ refers to d85 from the modified base soil PSD. The proposed criterion has a clear

advantage in satisfying internal stability requirements (Raut and Indraratna, 2008).

Moreover, Dc35 and Dc95 models did not require the base soil to be regraded. It is worthy to note
that these models involving dominant and controlling constriction sizes were verified based on
extensive experimental data from various past filtration tests (Indraratna et al., 2007; Raut and
Indraratna, 2008). Thus, one can conclude that constriction-based criteria give a more realistic ap-
proach and hold a more clear physical meaning compared to the conventional retention ratio based
on particle sizes. Table II.2 illustrates the advantages of constriction-based models in comparison
with the particle-based criteria (Indraratna et al., 2008).

More recently, Vakili et al. (2015) expanded the constriction-based criterion of Raut and Indraratna
(2008) and carried out experimental tests on some dispersive and broadly graded base soils. They
found that d85

∗ ≥ Dc35/1.25 is acceptable for base soils of Group 1 with high dispersivity. How-
ever, for base soils of Group 2, d85

∗ ≥ Dc35/0.5 is required for Cu ≥ 20 and for a high degree of
dispersion (more than 80%) (Table II.3). These authors stated that the dispersivity of base soils
decreases the no-erosion filter boundary in agreement with previous researchers (Lafleur et al.,
1993; Foster and Fell, 2001; Vakili and Selamat, 2014). A critical review on filter design criteria
for dispersive base soils can be found in Vakili et al. (2018).

Table II.2: Comparison of capacities between particle-based and constriction-based filter criteria
(Indraratna et al., 2008)

Criteria capabilities Terzaghi NRCS Dc35 Model Dc95 Model

No regrading is required No No Yes Yes
Inherent internal stability
analysis

No No No Yes

Enhanced design certainty
due to self-filtration PSD

No No No Yes

Clear distinction between ef-
fective and ineffective filter

No No Yes Yes

Porosity, Rd and Cu consid-
ered

No No Yes Yes

Analytical principles applied No No Yes Yes
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Table II.3: Filter design criteria introduced by Vakili et al. (2015)

Fine content of base soil (%) non dispersive base soil highly dispersive base soil

≥ 85 d85
∗ ≥ Dc35/1.25 d85

∗ ≥ Dc35/1.25
40−85 d85

∗ ≥ Dc35 d85
∗ ≥ Dc35/0.5

A summary of all mathematical filtration models reported in the state of the art and related to
constriction size distribution is presented in Table II.4 in a chronological order, which can be
useful to have a general background on the progression of constriction-based retention criteria for
granular filters.

7. Internal stability of granular soils

The internal stability of granular filters must be considered when designing earth structures. It
refers to the ability for the coarse fraction of a granular material to prevent the loss of its own finer
fraction due to seepage flow. This property is related to the soil particle-size distribution and to
its density (Kenney and Lau, 1985). This concept is equivalent to prevent suffusion. Table II.5
summarizes the main internal stability criteria that are widely used in design practice to evaluate
the internal stability of cohesionless soils.

Istomina (1957) used the coefficient of uniformity Cu as an indicator for the internal stability
of sandy gravel soils. The coefficient of uniformity measures the range of particle diameters
and is defined as the ratio of the diameter corresponding to 60% finer by weight to the diameter
corresponding to 10% finer by weight. Accordingly, soils with Cu ≤ 10 are considered to be
internally stable and those with Cu≥ 20 are likely to be internally unstable. Those with Cu between
10 and 20 are situated in a transitional zone.

Kézdi (1979) extended the Terzaghi’s criterion for the protection of a base soil by a filter to check
the internal stability of granular soils. The PSD of the filter is then divided by an arbitrary diameter
into coarse and fine fractions. The coarser fraction acts here as a filter and the finer fraction
behaves as a base material and thus, D15 of the coarser component is compared to d85 of the finer
component. The soil is considered to be internally stable if Eq. II.1 is satisfied. Sherard (1979)
modified this criterion to D15/d85 ≤ 5.

Kenney and Lau (1985, 1986) performed some laboratory tests to define a threshold between stable
and potentially unstable filters based on the shape of the gradation curve. The proposed criterion
assesses a soil to be internally stable if H/F ≥ 1, where F is the mass fraction of particles finer
than an arbitrary particle size D, and H is the mass fraction of particles ranging from D to 4D.
H/F can be obtained from the PSD over a portion of its finer fraction given by F ≤ 20% for soils
with Cu > 3, and by F ≤ 30% for soils with Cu ≤ 3. Their method is shown graphically in Fig.
II.6.

Burenkova (1993) uses new factors of uniformity (d90/d15 and d90/d60) to define the boundaries
for suffusive and non-suffusive soils. Wan and Fell (2008) subsequently found that this approach
provides satisfactory predictions when analyzing cohesive soil specimens.
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Table II.4: Chronological progression of various filtration models related to constriction size dis-
tribution (modified after Indraratna et al. (2008)

Reference Highlight

Fuller and Thompson
(1907)

Theoretical grading and the densest possible state of a packing of uni-
form spheres

Silveira (1965) Simple filter void model composed of multi-layered constriction net-
work involving one-directional movement of fine particles

Silveira et al. (1975) Constriction sizes for filter materials at densest and loosest states
De Mello (1977) Limitation of PSD by mass to model constrictions of well-graded filters
Wittmann (1979) Modeling of flow path as a pore channel with irregular width
Kenney et al. (1985) Multi-layered void network model: estimation of the number of con-

frontations with constrictions required to stop a base particle; using the
PSD by numbers to model the CSD of well-graded filters

Honjo and Veneziano
(1989)

Particle transport model based on conservation of mass in the solid and
liquid phases

Soria et al. (1993) Experimental results on CSD of a dense filter according to geometric-
probabilistic filtration theory

Silveira (1993) Enhancement of the 1975 model
Witt (1993) 3D pore-network model composed of spheres (pores) interconnected by

pipes (constrictions)
Schuler (1996) Regular cubic model of pores interconnected by six constrictions simi-

lar to the Witt (1993) model
Giroud (1996) The densest state may exist even in a medium-dense soil
Indraratna and Vafai
(1997)

Pore channel model showing that the smallest constriction within the
pore channel governs the size of base particles that can pass through it

Indraratna and Locke
(2000)

Improvement of the Indraratna and Vafai (1997) model by incorporating
the cubic pore network model

Locke et al. (2001) Analytical model for CSD taking into account the PSD by surface area
and the relative density of the filter; time-dependent model based on a
cubic network

Raut and Indraratna
(2004)

CSD model: numerical evaluation of the effectiveness of non-uniform
granular filters

Semar and Witt (2006) A network model that explicitly considers the full CSD
Indraratna and Raut
(2006)

Dc95 Model: the use of the dominant constriction size Dc95 to delineate
effective from ineffective granular filters

Indraratna et al. (2007) Dc35 Model: development of a retention criterion based on the control-
ling constriction size Dc35

Reboul et al. (2010) New analytical models for CSD computation at any relative density cal-
ibrated on the basis of numerical samples

Moraci et al. (2012) A layer-based model comprising alternate layers of particles and con-
strictions

Shire and O’Sullivan
(2017)

New network model taking into account the processes of clogging and
self-filtering
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Table II.5: Summary of internal stability criteria for granular soils

Reference Internal stability criteria

Istomina (1957) Cu ≤ 10: internally stable
10 < Cu < 20: transitional
Cu ≥ 20: internally unstable

Kézdi (1979) D15/d85 ≤ 4: internally stable
Kenney and Lau (1985, 1986) (H/F)min ≥ 1.3: internally stable (original)

(H/F)min ≥ 1.0: internally stable (modified)

Fig. II.6. Graphical representation of the procedure from Kenney and Lau (1985) for internal
stability assessment

The Natural Resources Conservation Service (NRCS, 1994) guidelines impose constraints on the
choice of D100 and Cu of the filter to avoid its segregation (Indraratna et al., 2008). Later on, Li
and Fannin (2008) proposed to use Kenney and Lau’s criterion at F < 15%, and Kézdi’s criterion
when F is larger than 15%.

According to Fell and Fry (2007), a soil with either discontinuous or upwardly concave grading is
often internally unstable. For Kwang (1990), the stability criterion of gap-graded soils is governed
by their gap ratio Gr which is defined as the ratio of the higher to lower sizes of the gap on the
grain size distribution curve. Gr must be smaller than four. Indeed, a large gap ratio means that
the coarse fraction cannot successfully retain the finer fraction, thus the fine particles can be easily
eroded from the soil matrix.

Internal stability is also governed by stress conditions and hydraulic factors (Garner and Fannin,
2010). Besides, the shape of grains plays an important role. Marot et al. (2012) found that the
angularity of coarse grains contributes to increase the suffusion resistance of the granular material.

Recently, Chang and Zhang (2013) identified other control variables such as the fine content (con-
tent smaller than 0.063mm) and the gap ratio to assess the internal stability of various types of
gradation (well-graded and gap-graded soils), and accordingly proposed composite internal sta-
bility criteria (Table II.6).
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Table II.6: Internal stability criteria for granular soils as proposed by Chang and Zhang (2013)

Type of Fines content Internal stability criteria
gradarion P(%)

Well-graded P < 5 (H/F)min > 1.0: internally stable
5≤ P≤ 20 (H/F)min > −(1/15) P + 4/3: internally stable for low plasticity soils

P > 20 stable
Gap-graded P < 10 Gr < 3.0: internally stable

10≤ P≤ 35 Gr < 0.3P: internally stable for medium plasticity soils
P > 35 stable

8. Conclusion

The main matter discussed in this chapter was on the development of various filter design criteria
for base soil retention. Empirical filter criteria are mainly based on characteristic grain sizes,
ignoring the effect of compaction and shape of particles. These criteria have a wide recognition
as a promising tool for internal erosion assessment. However, they are not fully adequate for the
design of well-graded soils.

Within a granular filter, the size of pore channels can be controlled by the narrowest constriction
along the percolation path and thus, the constriction size distribution dominates the void space
characteristics. In this context, recent studies based on the constriction-size approach can provide
considerable improvements from existing filter design criteria.

The integration of filter compaction and uniformity together in the analytical approach involving
the PSD with surface area make these criteria more comprehensive. However, a complete filter
criterion should take into account the internal stability of soils.

Many of the critical aspects of current design practices can be addressed by a thorough evaluation
of filter CSD. This work focuses on improving analytical models for CSD and on extending con-
striction concepts of filters established in earlier studies (Kenney et al., 1985; Locke et al., 2001;
Indraratna et al., 2007). In addition, a more accurate representation of the controlling constriction
size in constriction-based criteria for filters, will be provided.
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Chapter III

Pore and CSD computation for spherical
materials

1. Introduction

It is now well established that a better insight into the problems of internal erosion in earth struc-
tures can be provided by investigating the void space within granular materials and more specifi-
cally by identifying their constriction size distribution.

The aim of this chapter is to provide a meaningful characterization of the void space in terms of
pore and constriction size distributions. The samples preparation method of numerical packings
will be described in the first part of this chapter. The numerical tools and the results of poral
analyses will also be presented. Different gradings will be examined (Uniformly graded, well-
graded and gap-graded materials) at extreme density states (Loose and dense).

The Discrete Element Method (DEM) was used here to generate packings of spheres, based on
mechanical laws of motion and a weighted Delaunay tessellation was applied to compute the
pore space properties. On the basis of this partition, the main void characteristics including the
inscribed void spheres in local pores and the constriction sizes can be deduced.

However, this partitioning method generally induces an over-segmentation of the pore network
and a merging step is usually added to mitigate such undesirable artifacts even if a precise delin-
eation of a pore is somewhat subjective due to the complex and interconnected nature of the void
space in porous media. This chapter provides a comparison between different merging criteria for
pores in spherical packings, and a discussion about their implication on pore and constriction size
distributions of the material is presented.

In a second part, the derived numerical CSD serves to re-examine the validity of the analytical
models proposed by Reboul et al. (2010). Such models can be useful to build the CSD of a
granular fiter. This information could help in understanding the transport mechanisms within
granular materials.

Finally, we compare different definitions for the mean pore size based on statistical analyses per-
formed on numerical samples with materials having different types of gradings at different density
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states. This characteristic value of the void space can be used in pore-network models either to
compute the CSD or to predict the longest path covered by a flowing fine particle through a gran-
ular filter.

2. Discrete element modeling

The Discrete Element Method (DEM) enables to investigate the mechanical behaviour of granular
materials by modeling particles as rigid bodies whose dynamics is described by Newton’s laws
(Cundall and Strack, 1979). On the other hand, computation time increases considerably when a
large number of particles or irregular shaped particles are considered, thus limiting the applicabil-
ity of DEM to small scale problems (Shigeto and Sakai, 2011; Scholtès and Donzé, 2013). In our
study, numerical samples composed of spheres are generated by means of an open source code,
YADE-DEM (Šmilauer et al., 2010).

2.1. Characteristics of numerical packings

Referring to Fig. III.1, different types of soils (Uniformly Graded, Well-Graded and Gap-Graded)
were studied. In addition to the materials studied by Reboul et al. (2010) (Cu = 1.7, 3.6, 3.9),
further samples with a higher coefficient of uniformity (Cu = 6) were tested. Note that no higher
coefficients of uniformity were investigated since such values would excessively penalize the com-
putation time.

The labels of samples indicate the material type (for example, UG for Uniformly Graded material).
A well-graded soil (WG) has a good representation of all sizes while a gap-graded soil (GG) has
a range of under-represented or missing particles. The selected gradation was verified against
internal stability requirements described in Chapter II and are internally stable.

The contact between particles is characterized by an elastic-frictional model with a normal and a
tangential stiffness (respectively Kn and Ks) and a contact friction coefficient (µ). In this study,
particle density (ρ) refers to the one of glass beads, and typical values for Kn and Ks of such
materials are chosen. For the specific contacts between a particle and the bottom wall of the box,
the contact friction coefficient (µ) is set to 0. Dissipation in the system is introduced by means of
a global damping (α) proportional to the acceleration forces (Cundall and Strack, 1979).

In order to obtain representative statistical data, the considered number of particles varies from
2,000 to 40,000 depending on the filter gradation. Two coefficients of friction (µ) were used
for each grading to generate samples with different void ratios: one corresponding to the loosest
state and another one to the densest state (L and D denoting loose and dense respectively) for the
material.

For the loosest samples, a value of 0.3 (0.15 for UG material) was selected as this value is approx-
imately equal to the experimentally derived value for spherical glass beads (Barreto Gonzalez,
2010). The resulting void ratio matches the targeted value obtained through laboratory experi-
ments by Biarez and Hicher (1994), for the same coefficient of uniformity and the same particle
aspect ratio of 1 (difference between the largest and the smallest dimension of a particle). These
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authors used the ASTM standard to determine both the maximum and minimum void ratio of
actual granular materials having different gradings and particle aspect ratios.

For the densest samples, µ was assumed to be equal to zero. In fact, setting the inter-particles
friction to zero is favorable for particle rearrangements, which in turn leads to the compaction of
the packing (Thornton, 2000; Zhang et al., 2001; Sitharam et al., 2002). Table III.1 and Table
III.2 summarize the input parameters used to obtain the numerical samples and their induced final
properties.
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Fig. III.1. Particle size distribution (ordinate on the left Y-axis) and cumulative particle size dis-
tribution (ordinate on the right Y-axis) for the considered samples (a): UG, (b): WG1, (c): GG1,
(d): WG2, (e): GG2
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Table III.1: Mechanical and numerical parameters for DEM simulations

Parameter Magnitude

Normal stiffness (Kn) 104 kN/m
Tangential stiffness (Kt) 104 kN/m

Specific weight of spheres (ρ) 2530 kg/m3

Global damping (α) 0.7

Inter-particle friction (µ)
0.3 (loosest state)
0 (densest state)

Table III.2: Characteristics of numerical samples

Material
Coefficient of D0−D100 Number of Void ratio

uniformity (Cu) (mm) particles emax/emin

UG 1.7 3−12 650 0.61/0.52
WG1 3.9 0.7−10 25000 0.49/0.33
GG1 3.6 0.7−10 25000 0.52/0.33
WG2 6 0.7−14 40000 0.41/0.27
GG2 6 0.7−14 40000 0.43/0.27

2.2. Sample generation protocol

The samples are generated by a deposit under gravity since this process can better reflect the cur-
rent engineering practices or lab techniques. Indeed, the sample preparation method can affect the
characteristic organization of the generated packing (Benahmed et al., 2004; Roux and Chevoir,
2005) and thus, artificial structures that may not reflect actual structures within granular materials,
are not recommended if one wants to derive general findings.

To provide a clear demonstration of the influence of sample preparation on the void microstructure
and more precisely on the CSD, a comparative study of two techniques has been carried out: a
deposit under gravity and an isotropic compression. Fig. III.2 gives the CSDs obtained from UGL
and WG1L samples prepared by different techniques.

It has been highlighted that, when dealing with uniformly graded samples at loose density state,
the same CSD can be obtained irrespective of the considered process (Fig. III.2a). However,
for broadly graded samples, the influence of the preparation technique was more pronounced. In
the case of a deposit under gravity, the CSD curve tends to cover a wider range of constriction
sizes and thus diverges greatly from the curve obtained by an isotropic compression (Fig. III.2b).
Even if the compaction procedure is adopted to prepare isotropic samples which can provide a
well-defined structure of the material, a process of deposition under gravity is more appropriate to
predict the mechanical behaviour in actual site conditions (Vincens et al., 2015).
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Fig. III.2. CSDs obtained from samples prepared by different techniques (deposit under gravity,
isotropic compression); (a): UGL, (b): WG1L

To generate the samples, first, a loose cloud of particles with a prescribed particle size distribution
is randomly placed, non-touching positions within a box having a horizontal size equal to that of
the final sample but with a larger vertical size (about twice as more as the horizontal size). The
base of the box is a square of 40mm to 60mm width (approximately 4D100). Periodic boundary
conditions are imposed on the lateral sides of the box in order to avoid the undesirable rigid walls
effects in the final samples (Allen and Wilson, 1989; Radjai and Voivret, 2011).

After this stage, the packing is subjected to gravity which induces the spheres to fall freely in the
box. As a result, interactions that can occur between the particles are computed. The simulations
are finished when all particles reach a quasi-static equilibrium state. The final equilibrium is
supposed to be found when the unbalanced forces (the ratio of the mean resultant particle force to
the mean contact force) goes below 0.05.

The densest sample is also obtained by gravitational deposition but under zero friction as described
in Cui and O’Sullivan (2003) and Feng et al. (2003). The minimum porosity reached with such a
process is equal to that obtained previously by Reboul (2008) for the same materials though the
process of creation of their dense sample was different. In their work, spheres are initially released
under gravity to create a loose sample and then, the densest state is obtained by means of shearing
cycles with a contact friction value equal to zero.

It must be noted that such typical DEM densification processes lead to density states which are
generally looser than those obtained for actual materials using the ASTM process (Bernhardt et al.,
2016).

2.3. Representative Elementary Volume analysis

In order to obtain a representative homogenized medium, it is necessary to determine the Repre-
sentative Elementary Volume (REV) of each sample. This latter corresponds to the minimum size
of the sample that allows the stabilization of the statistical properties of the studied material.

Since the top and bottom boundaries of the sample are not periodic, any computation of pore-
space characteristics for a given packing should be carried out within a volume smaller than the
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total sample volume, while the vertical lateral limits of this measurement volume correspond to the
periodic boundaries. Then, the limits of the top and bottom volume exclude a non-homogeneous
region of thickness equal to D100 of the granular material.

Finally, as detailed by Reboul (2008) and Sjah and Vincens (2013), we checked that the final
volume used for the statistics of the void space is greater than the REV. For this purpose, the
sample is vertically divided into horizontal layers having a thickness equal to D100. Then, the
porosity is measured along the horizontal direction with a control width ranging from D100 to
4D100.

Fig. III.3 shows the REV analysis for UGL sample. The four layers are labeled from bottom to
top. One can note that the porosity fluctuates initially until it reaches a constant value around 0.38
which is equal to the average porosity of the sample involving all layers. Therefore, this indicates
that a sample width of 4D100 is considered to be an appropriate REV size.

Then, Fig. III.4 illustrates the constriction size distribution computed in each layer for a sample
width of 4D100 and the CSD over the entire sample. As shown in this figure, all the CSDs are
superimposed which implies that the selected REV for porosity can be considered as an adequate
REV for constriction size distribution as well.

For other broadly graded samples, a large number of particles must be considered to achieve sta-
tistically reliable efficiency results. Al-Raoush and Papadopoulos (2010) stated that the minimum
REV for the PSD is larger than the REVmin for porosity. For this reason, and starting with a small
number of particles, DEM simulations were repeated using larger samples until a global stable
state (REV) is reached in terms of porosity, CSD and PSD. This approach is similar to the work
of Shire and O’Sullivan (2016).
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Fig. III.4. CSDs over different layers for a sample width of 4D100 (UGL)

3. Void space characterization and pore merging criteria

The Delaunay tessellation and its dual Voronoï graph are commonly used to discretize the void
space of a granular material in order to derive its characteristics more easily. These partitioning
methods help to characterize both the morphology and the topology of the pore network.

The CSDs extracted from a weighted Delaunay tessellation and a Voronoï graph for spherical
packings (uniformly graded and well-graded materials) have been proven to be equivalent, which
was expected (Vincens et al., 2015; Seblany et al., 2018). However, an excessive artificial segmen-
tation of the void space is usually generated by such processes due, among others, to the creation
of flat entities which are a signal of non-robustness of the mathematical process of finding the
closest neighbour for a given particle. Other reasons arise from the arbitrary definition of a pore.
For these reasons which origins are different, an additional merging step is expected.

Different techniques for merging pores can be found in the literature. Among them, we can cite the
methods based on the overlap of inscribed void spheres (Reboul et al., 2008) and those based on
the degree of separation of pores by their constriction (Homberg et al., 2012). The first technique
lies in the computation of the inscribed void sphere associated to a local pore while the second
technique hierarchically evaluates the degree of separation of local pores.

Without any algorithmic restriction, both techniques would produce over-merged entities similar
to ducts. Then, the overlapping criterion is calibrated by the notion of neighbourhood level, while
the degree of separation is strengthened by the existence of a threshold t that must be calibrated
(Homberg et al., 2014).

Both approaches built on the data structures from the weighted Delaunay tessellation and the
Voronoï decomposition, respectively, and provide tools to extract properties such as pore volumes
and constriction sizes. The Voronoï-derived analysis associated to the pore separation technique
was carried out by Ulrike Homberg from Zuse Institute Berlin, Germany and will not be presented
hereafter, while the study related to the Delaunay sample analysis with the overlapping inscribed
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void spheres technique belongs to the work presented herein. The conclusion of this work gave
birth to an article that was published in the journal Granular Matter (Seblany et al., 2018). The
full paper is attached in Appendix D.

In the following sections, we give a detailed definition for the overlapping inscribed void sphere
technique and the associated merging criteria, and then we discuss their implications on the pore
and constriction statistics of the considered material. Two generated samples (UG and GG1) are
used as a data basis for this study.

3.1. Overlapping inscribed void spheres technique

Once the locations and radii of the solid spheres are known, a weighted tetrahedral tessellation
of the space (Edelsbrunner and Shah, 1996) is performed using the CGAL Regular Delaunay
algorithm (CGAL, 2010). Such a 3D partition provides an essential step for a spatial analysis of
the packings.

The void volume included in each tetrahedron can be derived together with other characteristics
including the inscribed void spheres. Accordingly, constrictions are identified on the faces of
the tetrahedra. On each face, the constriction diameter is set as the largest empty circle that can
be inscribed between the three particles forming the face (see Section 3.2.3 in Chapter I). These
characteristics are obtained using the optimization algorithms originally developed by Reboul
et al. (2008). A detailed algorithmic description can be found in Al-Raoush et al. (2003) and
Reboul (2008). Therefore, the pore size distribution and the CSD can be computed by a statistical
analysis over the whole sample.

However, this direct discretisation of the void space (L0 Reboul et al. (2008)) includes some
configurations where constrictions are larger than pores (constrictions formed by non-touching
particles on the common face of two adjacent interlocked pores (Gao et al., 2012) (see Fig. III.5
for a 2D representation)) and other configurations where two adjacent inscribed void spheres are
almost superimposed (the overlapping of these void spheres is greater than 99.9999%). Such
cases correspond to tetrahedra of undesirable shapes (e.g. very flat tetrahedra with negligible
volume). The constrictions resulting from these cases represent between 10% to 20% of the total
number of constrictions, depending on the grading and on the density of the material. Thus, a L0
description of the void space may include some artifacts due to the mathematical process used for
the partitioning of the space. A post-processing of L0 (Level L0

′) guarantees the removal of these
identified degenerated constrictions.

Fig. III.5. A configuration showing a constriction larger than the associated pores

52



Apart from these cases and as described in Chapter I (Section 3.2.6), the inscribed void spheres
of two adjacent tetrahedra may greatly or just partly overlap. These cases should be then dis-
tinguished from those where the inscribed void spheres are completely separated. Indeed, such
an overlapping may indicate a strong connection between these neighbouring pores justifying the
non relevance of the throat statement between them as a true constriction. In that case, it would
be appealing to merge these neighbouring pores.

In the case of overlapping, a merging of the corresponding adjacent pores is applied (Fig. III.6),
giving birth to L1 statistics. First, the tetrahedra derived from L0

′ are sorted by increasing order
of their inscribed void sphere. Then, for each tetrahedron, the overlap criterion is checked for the
four adjacent tetrahedra having a common face with that one. At this stage, it should be noted that
after merging two neighbouring pores, the process of merging is ended and did not go beyond the
direct neighbour.

Further merging criteria belonging to L1 are also studied. In addition to the overlap condition,
these criteria (herein denoted L1(p%), p is a defined-user threshold), evaluate the degree of sepa-
ration between pores (Fig. III.6). A merging is applied when two adjacent inscribed void spheres
with diameters dpi and dp j overlap each other and are connected by a constriction Ci j with a
diameter dCi j ≥ (p/100).min(dpi,dp j). The merging procedure is illustrated in 2D in Fig. III.7.

Fig. III.6. Definition of different merging criteria associated to the overlapping inscribed void
spheres technique

Fig. III.7. A schematic of L1(p%) (In 2D)

53



L2 and L2b (Reboul et al., 2008) are also addressed where the next neighbouring local pores can
also be merged with the two first ones in case of further overlap between the inscribed void spheres
(Fig. III.6). No further level for merging pores is envisioned since in that case, the void space will
tend to be characterized in terms of ducts.

Even if the overlapping inscribed void spheres technique seems relevant in the case of spherical
packing where a partition of Delaunay can be processed, it may not be able to address the case of
packing involving elongated particles which may produce more elongated pores than in a packing
of spheres. In that case, by nature, few overlapping inscribed void spheres are expected to be
found.

In the case of spherical packings, the proposed criteria imply that the persistence of a pore is
limited in distance which can be both an advantage and a drawback. Thus, a pore can only be
defined at a certain local scale involving a pore wall composed of maximum eight particles in the
case of L1 or of tens of particles in the case of L2.

3.2. Pore distributions derived from different merging criteria

The tetrahedral cells which are mainly inscribed in the void space, will be used hereafter to evalu-
ate the pore volumes for different merging criteria. For convenience, only L1 and L2 criteria will
be considered in the following sections. The implication of using L1(p%) will be discussed in
Section 3.3.

As outlined previously, the pore size can be measured in terms of the largest inscribed void sphere
associated to each tetrahedron but also by considering the sphere having a volume equal to that
of the void within a Delaunay cell (L0) or within merged Delaunay cells (L1, L2). This latter
method is denoted in the following equivalent void sphere approach. Using these two definitions
for characterizing pores, the distributions of pore sizes, for UG and GG1 materials, at loose and
dense states, are plotted in Fig. III.8 and Fig. III.9 respectively. The corresponding data for the
other samples are given in Appendix A.

It is interesting to note that the pore size distributions can be well described by a Log-Normal
law in agreement with previous studies (Yang et al., 2006; Reboul et al., 2008). The correlation
is almost perfect for L0 (not shown herein); nevertheless, the statistical model tends to shift the
mode towards larger pore diameters and to attenuate its frequency when L1 and L2 criteria are
considered.

For UGL sample, accordingly to the work of Reboul et al. (2008) on the same grading, the distri-
bution computed on the basis of the inscribed void spheres approach has a mode shifted towards
the smaller diameters compared to the other distributions obtained by the equivalent void sphere
approach, since this former approach disregards a part of the void space.

Moreover, the distribution obtained from L1 is quite different than that corresponding to L0, and
a slight decrease in the modal value is also observed, thus showing that numerous pores around
the mode in L0 have been merged when processing L1 merging. On the contrary, no significant
difference in the equivalent pore diameter distribution is observed from L1 to L2 (Fig. III.8a). It
tends to indicate that within the framework of this merging technique, the persistence of a pore is
mainly limited to an adjacent tetrahedron for a given Delaunay cell.
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Fig. III.8. Probability density functions for the equivalent pore diameter resulting from different
definitions and corresponding to the overlapping inscribed void spheres technique; (a): UGL, (b):
UGD
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Fig. III.9. Probability density functions for the equivalent pore diameter resulting from different
definitions and corresponding to the overlapping inscribed void spheres technique; (a): GG1L,
(b): GG1D

For GG1L sample, the distribution and the modal value corresponding to the inscribed void sphere
technique are only slightly shifted towards the smaller diameters. This may be a consequence of
the wider range of particle sizes involved in this material, which tends to generate more flat tetrahe-
dra with inscribed void spheres which are not entirely confined in these tetrahedra. Consequently,
this would create the possibility of greater void spheres than in the case of UG material, the vol-
ume of which could match the volume of L1 or L2 distribution (Fig. III.9a). It must be noted
that the other well and gap-graded materials (WG1, WG2, GG2) also exhibited this pattern (see
Appendix A).

Moreover, one can note from Fig. III.8 and Fig. III.9 that the modal values for L0, L1 and L2 are
almost similar. Thus, the tetrahedral shape seems to be the main configuration represented within
the sample, irrespective of the grading and porosity. The same findings were obtained by Reboul
et al. (2008) for UGL sample.

For the densest states (Fig. III.8b and Fig. III.9b), as expected, the equivalent diameter distribu-
tions are narrower than those resulting from the loosest state (Fig. III.8a and Fig. III.9a); this is
also accompanied by a decrease of the modal values. In fact, during the process of densification,
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all the pores tend to reduce their volumes but the larger ones are more sensitive to this process.
Indeed, arching that allows larger pores to be created in UGL and GG1L samples tends to be
destroyed due to the reduction of the local friction ratio during the process of densification. The
same pattern can be seen for the other three materials in Appendix A.

Fig. III.10 shows the number of Delaunay cells per pore in the case of L1, for UG, GG1, WG2 and
GG2 materials, at loose and dense states. Irrespective of the porosity and of the grading, about
50% of Delaunay cells are not affected by the merging in agreement with the results of Reboul
et al. (2008) for UG material. The tetrahedral shape is then predominant, while more complex
entities involving three or four tetrahedra (sharing a common face with a central tetrahedron) are
poorly represented in the sample.
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Fig. III.10. Number of Delaunay cells per pore in L1 for loose and dense states; (a): UG, (b):
GG1, (c): WG2, (d): GG2

3.3. CSD derived from different merging criteria

For the sake of simplicity, only the results corresponding to UGL, GG1L and GG2L samples are
presented in this section, but similar results were also found for UGD, GG1D and GG2D samples
(see Appendix B). The CSDs and the estimated probability density of constriction sizes for L1 and
L2 merging are given in Fig. III.11, Fig. III.12 and Fig. III.13 for these loose samples. Appendix
B also shows the CSDs and the estimated probability density of constriction sizes for WG1 and
WG2 at loose and dense states.
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Fig. III.11. (a): CSDs for the UGL sample; (b): underlying probability density function for
different merging criteria defined in the overlapping inscribed void spheres technique
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Fig. III.12. (a): CSDs for the GG1L sample; (b): underlying probability density function for
different merging criteria defined in the overlapping inscribed void spheres technique

 

0

10

20

30

40

50

60

70

80

90

100

0.1 1.0 10.0

P
er

ce
n

ta
g

e 
sm

al
le

r 
th

an
 

Diameter (mm) 

: L₀ 

: L₁ 

: L₂ 

(a) 
 

0

1

2

3

4

0.0 0.5 1.0 1.5 2.0 2.5

P
ro

b
ab

il
it

y
 d

en
si

ty
 

Diameter (mm) 

: L₀ 

: L₁ 

: L₂ 

(b) 

Fig. III.13. (a): CSDs for the GG2L sample; (b): underlying probability density function for
different merging criteria defined in the overlapping inscribed void spheres technique

First, it has been noted that the number of constrictions decreases by more than 30% from L0 to
L1. In fact, the initial computation (L0) involves non negligible sets of tetrahedra with overlapping
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inscribed void spheres that are merged in L1. About half of them comes from odd configurations
(that were removed in L0

′ merging as described in Section 3.1), the other half comes from partly
overlapping inscribed void spheres. Moreover, L2 merging just provides few further merged pores
than L1 which means that such cases are not significantly present in the packing of spheres. Ac-
cordingly, a shift towards smaller constriction sizes is reported when comparing L1 CSD with L0
CSD (Fig. III.11a, Fig. III.12a and III.13a).

The evolution of the relative number of constrictions corresponding to different merging criteria
belonging to L1 (i.e. L1(p%)), for UG, GG1, WG2 and GG2 materials, at loose and dense states,
is shown in Fig. III.14. It can be noted that the configurations involving a low degree of separation
(more precisely p ≤ 10%) are well represented within the samples. Any less restrictive criterion
does not provide further merging and the resulting pore-constriction structure is similar to that
provided by L1. Then, L1 criterion generally induces the merging of highly interconnected pores.
Furthermore, the decrease in the number of remaining constrictions is most significant in the case
of well and gap-graded materials (Fig. III.14b-d) and at loosest state in general.

Another feature is observed in Fig. III.11b. Merging tends to let appear a clear and single mode
while vanishing a second coupled mode which was also found by Reboul et al. (2008). When
merging, the first mode for the constriction size almost stabilizes irrespective of the merging level
(L1, L2). Similarly, WG1 and WG2 materials show the same trend (see Appendix B).
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Fig. III.14. Evolution of the relative number of constrictions for different merging criteria belong-
ing to L1, at loose and dense states; (a): UG, (b): GG1, (c): WG2, (d): GG2

58



According to Yang et al. (2006), the first mode corresponds to the constriction formed by nearly
contacting particles while the second one corresponds to that formed by non-touching particles.
By merging interlocked pores, the constrictions formed on the common face of the tetrahedra as-
sociated to these pores are eliminated, and consequently, the first mode becomes more significant.
It must be noted that the CSD, for dense packing, has a strong first mode and a rather weak second
mode since, in this case, the Delaunay cells are mainly formed by touching particles (Fig. B.1b).

The same trend was also observed with the pore separation technique by Homberg while t is equal
or smaller than 5% (Seblany et al., 2018). However, for larger threshold values, they found that
the constriction size corresponding to the mode tends to shift to the smaller diameters. The reader
can refer to Appendix D for further details.

For GG1L, the distribution of constriction sizes exhibits also two distinct modes. In contrast to
UGL, the distribution resulting from L1 or L2 remains bimodal (Fig. III.12b). In such a case, the
smaller mode which is approximately not affected by the merging is probably related to constric-
tions between fine particles in contact while the large one may include constrictions involving at
least one particle of diameter greater than the gap. Therefore, the second mode which holds a
physical meaning is not destroyed when merging.

However, one can note that the merging associated to GG2 material is similar to the one shown
for UG material (Fig. III.13). Indeed, for gap-graded soils, the bimodal shape of the probability
density function of constriction sizes is related to a significant contribution of particles larger than
the gap size to the CSD. When the coarse content is sufficiently large, the possibility that such
particles meet together with other finer particles to form a larger constriction size increases.

The shape of the PSD curve can also reflect this behaviour. A steep slope in the grain-size distri-
bution of the coarse fraction together with a flat slope in the fine fraction is likely to characterize
gap-graded soils showing two different modes of constriction size. The slope of the grading curve
was also used to evaluate the internal stability of soils in previous studies (Wan and Fell, 2008;
Chang and Zhang, 2013).

A statistical study involving different shapes of gap-graded grain size curve showed that a gap-
graded material containing a significant coarse fraction (the surface area of the coarse fraction
exceeds 50%) holds the same feature as GG1 material and has a two peaks CSD. Then, atten-
tion must be paid to gap-graded materials as minor differences in the shape of their particle size
distribution can greatly affect the resulting CSD. In general, from the initial set of constrictions,
irrespective of the grading, more than 60% of them correspond to exits of a single Delaunay cell
and about 30% were removed from the statistics by the used merging criteria, which is significant.

Finally, Homberg found that the removal of constrictions, in the pore separation technique, is
important for small thresholds (t ≤ 1%) irrespective of grading and density, and that the rate of
removal of further constrictions tended to decrease as t increases (Seblany et al., 2018).

3.4. Conclusion

In summary, an appropriate pore merging criterion should be considered rather than L0 for the
computation of the pore size distribution and the CSD in order to guarantee the removal of non-
physical aspects associated to the non-robustness of pore space partition.
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The overlapping inscribed void spheres approach provides a predefined neighbourhood limit (L1
and L2) assuming a general maximum distance of correlation between pores and then a maximum
pore size at a meso scale. This approach seems relevant for packing of spheres which may not be
the case for granular materials with elongated particles since in this latter case, one expects to find
elongated pores with scarce overlapping inscribed void spheres occurrences. In this case, other
techniques may be available such as the pore separation technique used by Homberg in Seblany
et al. (2018) (Appendix D).

Such a technique is more robust since it can be used for any granular material with any particle
shape if a voxel representation of the material (solids and voids) is available. Moreover, it is
possible to tune the value of the threshold involved in this technique to provide a result equivalent
to L1 and L2 criteria irrespective of the considered void characteristics, pores or constrictions,
the grading and the density (Seblany et al., 2018). More precisely, a threshold of about 2% (5%
respectively) can be considered suitable to predict the pore and constriction size distributions
corresponding to L1 (L2 respectively) (see Appendix D for more details). In the following, L1 is
considered sufficiently reasonable to describe the void characteristics.

4. Analytical models

Constriction size distribution is the key property to understand particle infiltration within porous
media. However, the access to the constriction sizes is not easy and thus, there is a need to obtain
this information using a simplified approach taking into account both the PSD and the relative
density of the granular material. Accordingly, the analytical approach based on the pioneering
works of Silveira (1965) and Silveira et al. (1975) is considered as a promising tool to quickly
compute the CSD for any material at any relative density.

Some existing studies compared the analytical models with the results of experimental tests or
numerical investigations coupling the DEM with a Delaunay tessellation (Soria et al., 1993; Locke
et al., 2001; Reboul et al., 2010; Wang and Dallo, 2014; Shire and O’Sullivan, 2016). However,
these models should be tested for more numerous types of grading. Furthermore, the analytical
approach originally validated on the basis of L0 computation (Reboul et al., 2010), should be
re-assessed in the light of the recent findings suggesting the use of L1 merging criterion for void
space segmentation.

For this study, a Matlab routine for CSD computation (see Section 3.3 in Chapter I) has been
developed. The implementation was successfully validated on an example from Raut (2006). The
main steps of the CSD computational procedure are summarized in the flow chart given in Fig.
III.15. For more algorithmic details, the reader may refer to Raut (2006) and Reboul (2008).

4.1. Validation of existing models

Reboul et al. (2010) compared the CSD generated with the weighted Delaunay tessellation method
to the one calculated using the analytical approach (Locke et al., 2001) for UG, WG1 and GG1
materials and found that Eq. I.12 (Rd = 0%) gave a good match to the loose DEM samples.
However, an error of 11% was recorded and subsequently corrected in Eq. I.13. This error may be
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Fig. III.15. Flow chart for the CSD computational procedure

due to the imposed PSD discretization or to the use of a higher inter-particle coefficient of friction
for loose samples preparation (µ = 0.7) leading to a state different from the one taken into account
by Locke et al. (2001).

A direct comparison of the CSD generated using the weighted Delaunay method and the analytical
method (inscribed circle method), for loose and dense DEM samples, was also conducted by Shire
and O’Sullivan (2016) who found that the first method generates a much narrower range of CSDs
than the second one. According to these authors, the divergence between these two methods
become more significant as Cu increases. However, this result was expected since an isotropic
compression was applied to create their loose samples which, in turn, will result in a less widely
graded CSD than that obtained by a gravitational deposition.

Based on the prior study of Reboul et al. (2010), Fig. III.16 compares the CSDs obtained by means
of analytical and numerical (Delaunay tessellation) approaches (L0 computation is considered
herein) for WG2 (Fig. III.16a) and GG2 (Fig. III.16b). One can refer to Appendix C to get the
results for UG, WG1 and GG1 materials (Fig. C.1).

For the loosest state, Eq. I.12 (Locke et al., 2001) is considered. It can be seen from Fig. III.16
and Fig. C.1 that this equation gives a good estimate of the CSD in the loosest state for all the
studied materials (the average relative error does not exceed 7%) in agreement with the results of
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Locke et al. (2001).

For other densities, Reboul et al. (2010) proposed a 1-parameter model taking into account the
maximum and minimum void ratios of the material (Eq. I.14). For gap-graded materials, a more
sophisticated model (2-parameter model) was considered (Eq. I.16). However, the lack of a
rational justification for the process of identification of A and B, the constants involved in the
2-parameter model (Eq. I.16), makes this model difficult to process.

In our work, the 1-parameter model is considered sufficient since it gave a good match with the
dense DEM samples irrespective of the grading (continuous or discontinuous grading) (Fig III.16
and Fig. C.1). More precisely, the mean relative error was found to be less than 7% which is
reasonable (even if greater than the mean relative error of 5% found by Reboul et al. (2010) with
the 2-parameter model). Consequently, Eq. I.14 (Reboul et al., 2010) remains pertinent to model
the variation of the L0 CSD with relative density.

It must be noted that coarser particles (the sizes for which more than 90% of the particles by
surface area are finer) were disregarded from the analytical calculations, since they do not really
contribute to the skeleton forming the constrictions (Locke et al., 2001; Shire and O’Sullivan,
2016). Taking such particles into account will result in larger constriction sizes, which do not
reflect the void space organization.
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Fig. III.16. Comparison of the CSDs calculated with the analytical method and the Delaunay
method (L0 computation) for (a): WG2; (b): GG2

4.2. Improved model

The previous model is calibrated on the basis of the initial CSD resulting from a direct Delaunay
triangulation (L0). However, a CSD derived from L1 is considered to be more representative than
that derived from L0 as it ignores non-physical values resulting from an excessive segmentation
of the void space (Section 3).

When applying L1 merging criterion, more cells are merged and fewer constrictions are consid-
ered. L1 CSD is then shifted towards the smallest diameters irrespective of the type of grading.
Indeed, larger constriction sizes are more affected by this merging, and thus, the contribution of
the loosest geometrical configuration in Eq. I.12 should be corrected accordingly by multiplying
dc4 by a coefficient of 0.72.
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The updated equation (Eq. III.1) can be considered to estimate a more representative CSD (L1
CSD).

dcL(Pc) = (dc3(Pc)+Pc(d′c4(Pc)−dc3(Pc))) (III.1)

with d′c4 = 0.72dc4.

Accordingly, to compute the CSD for any relative density, the same equation proposed by Reboul
et al. (2010) (Eq. III.2) can be used by replacing dcL by the corresponding value calculated from
Eq. III.1.

dc(Pc,Rd)−dcmin =
e(Rd)

emax
(dcL(Pc)−dcmin) (III.2)

The CSDs obtained using Eq. III.1 and Eq. III.2 are presented in Fig. III.17 for WG2 and GG2
materials. The results corresponding to the other studied materials are given in Fig. C.2 (Appendix
C). The updated model accurately predicts the CSD for the five studied materials whatever the
relative density (Rd=0% or Rd=100%), with an average relative error smaller than 7%. It must
be noted that the updated model has also been validated for medium density states and has been
shown to be a promising tool for CSD computation irrespective of the density (loose, medium or
dense).
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Fig. III.17. Comparison of the CSDs calculated with the improved analytical method and the
Delaunay method (L1 computation) for (a): WG2; (b): GG2

5. Characteristic length of the pore space

As previously reported, pore network-models have been developed to estimate the probable path
length covered by fine particles flowing through a granular filter. For this calculation, two pieces of
information are required: the constriction size distribution and the mean void spacing between two
constrictions which can be associated to the mean pore diameter. The mean void spacing between
two constrictions can also be associated to a characteristic length in the process of internal erosion
since related to a free local movement of particles. If this movement is smaller than this quantity,
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one can consider that erosion is not yet at the initiation stage.

Different assumptions have been previously made in the literature to determine this characteristic
void spacing. However, they all neglect the influence of the density and very often they were not
rigourously validated.

In this section, we give a brief summary of the previous estimates of the mean pore size considered
in past studies, and we evaluate these assumptions by performing a statistical analysis over DEM
samples. Since the characteristics of the void space including pores and constrictions are highly
related to both the grading and the density of the filter, a relevant estimate for the void spacing
should involve these two features.

5.1. Previous estimates

Since actual granular soils are composed of polydisperse and randomly arranged particles and
since direct measurements are difficult to carry out, estimating the mean pore size is a challenging
task.

Witt (1986) deduced the mean pore size by defining the mean pore volume which is equal to the
porosity divided by the mean grain volume. Silveira (1965) and Soria et al. (1993) used D50 by
mass (D50M). Locke et al. (2001) proposed to take the mean diameter D50 by number (D50N).
Referring to Indraratna et al. (2007), D50 of the PSD by lateral surface area (D50SA) is adopted.

Such values can be derived from the filter grain size distribution by mass, by number or by surface
area. As previously explained, the PSD by mass may overestimate the role of coarser grains in
the organization of the void space, and conversely, the PSD by number may overestimate the role
of the finer particles (Humes et al., 1996). The use of the PSD by surface area can be considered
as the best compromise between these two choices. However, all these estimates were proposed
without a clear proof of their validity or have been validated only for the tested soils at their
densest state.

Sjah and Vincens (2013) showed that the diameter of the mean void sphere inscribed within the
four particles forming the tetrahedra in a Delaunay partition can give a good estimate of the mean
pore size. However, their study was restricted to a uniformly graded granular filter at its loosest
state and could not give a general and convenient framework for the study of actual granular
materials.

To provide a better estimate of the mean pore size s, for an assembly of spheres at a given density,
Wu et al. (2012) used a simplified equation based on the hypothesis of isotropy of the sample. It
states that any change of the void ratio can be associated to a variation of the diameter of the mean
pore size:

s = 3

√
e

emax
smax (III.3)

where smax is the mean pore size at the loosest state for the material and can be computed following
an analytical methodology similar to the one used for the determination of the CSD (Locke et al.,
2001). More precisely, it has been stated that the pores within the sample result from two main ge-
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ometrical configurations: one involving eight particles (8P: cubic arrangement (Fig. III.18a)) and
another one involving four particles (4P: pyramidal arrangement (Fig. III.18b)), and an estimate
of smax can be found by a weighted contribution of these two configurations:

smax = Pdp8 +(1−P)dp4 (III.4)

For simplicity, D50SA is the characteristic particle size involved in this calculation. In this case,
smax ≈ 0.5D50SA.

Fig. III.18. Geometrical configurations; (a): cubic (8P); (b): pyramidal (4P)

5.2. Influence of merging criteria

After comparing different merging criteria in Section 3, it is important to study how the choice of
a certain criterion impacts the processing of the probabilistic filtration theory which assigns the
coordinate of the CSD curve to the probability for a fine particle to be captured by a constriction
smaller than its own size (Fig. I.5).

In the framework of the filtration theory proposed by Silveira (1965), filter constriction sizes are
significantly related to the possibility of transport of base particles having a given diameter.

Stating that the pore network is organized according to a regular cubic model forming unit layers
(Schuler, 1996) and that the displacement of particles is mainly unidirectional (Fig. III.19), we
can associate the probability of passing one unit layer Pu with that of passing one constriction P.
In that case, the average unit layer thickness s corresponds to the average distance between two
confrontations.

A quick estimate of s can be given by the mean distance between centers of adjacent pores com-
puted from the initial statistics over the entire sample (non-directional approach). When applying
a merging criterion, the number of constrictions is reduced (Section 3.3), bigger pores (clusters
of pores) are created and then the value of s tends to increase. Referring to Fig. III.20, a fine
particle can pass from layer i-1 to layer i+2 by crossing three consecutive constrictions (left side).
However, when a merging criterion is considered (right side), this particle will follow the same
path by confronting only two constrictions.
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Fig. III.19. Cubic pore network allowing unidirectional displacement of particles from a pore
layer to another one (plain arrow) (modified after Sjah and Vincens (2013))

Fig. III.20. Scheme illustrating the impact of merging criteria on the mean pore spacing

Thus, each merging criterion must be associated to a consistent and corresponding average pore
size. The results of this calculation are given in the second column of Table III.3 and Table III.4
for the merging criteria associated to the overlapping inscribed void spheres technique (Section
3.1) and the pore separation technique (in this case, s is obtained from the data given by Homberg
in Seblany et al. (2018); the Voronoï approach is used herein to derive the void space properties),
respectively. For this computation, only UGL sample is considered.

First, it can be seen from the second column of these tables that the estimated s corresponding to
L0 derived from Delaunay and Voronoï approaches (2.0mm compared to 1.9mm respectively) are
quasi-equal while those corresponding to different merging criteria (L1 - t = 2% and L2 - t = 5%)1

are slightly different. This can be justified by the fact that the statistics resulting from various
merging criteria (overlapping inscribed void spheres technique and pore separation technique) are
not strictly identical. Moreover, the use of a specified merging criterion leads to a different value

1In Seblany et al. (2018), it has been shown that the pore size distribution and the CSD derived from L1 and L2
merging criteria correspond to the ones obtained by the separation technique if t is set to 2% and 5% respectively.
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of s which can be greater than the reference s value found for L0 by an amount of 65%, which is
significant.

On the other hand, the maximum path length Lmax for a particle of a given diameter d (e.g. 1.16mm
herein), using Eq. I.2 was computed. We consider a confidence level of P′ = 95% (Locke et al.,
2001) and P (equal to Pu if a unidirectional pathway is stated) is obtained directly from the CSDs
associated to different merging criteria (Fig. I.5). Thus, for the different merging criteria men-
tioned in Table III.3 (fourth and fifth columns), P is equal to 0.65 and 0.62 for L1 and L2 respec-
tively. In Table III.4, P corresponds to 0.65 and 0.62 for t = 2% and t = 5% respectively.

A consistent method would imply to use the s value compatible with a merging criterion to com-
pute Lmax, which is not generally the case in the literature. In Table III.3 and Table III.4, one can
note that if a consistent value for s is used, the maximum length Lmax computed by the probabilis-
tic approach is rather stable (around 21mm for the overlapping inscribed void spheres technique
(see the diagonal line in Table III.3) and 19mm for the pore separation technique (see the diagonal
line in Table III.4).

On the contrary, Lmax is considerably underestimated (Lmax = 12.6mm) if P value corresponding
to L2 (P = 0.62) is combined with s value estimated from L0 (s = 2mm) in Eq. I.2 (Table III.3),
which is generally done. The same holds true in the case of the pore separation technique (Table
III.4). If the s value (s = 1.9mm) for L0 is used together with a CSD computed with a merging
threshold t = 5%, the error made for the estimate of Lmax approximates 40%.

Therefore, if one needs to estimate, in the light of the probabilistic theory, the distance traveled
by a fine particle through the filter based on he CSD, attention must be paid to the choice of a
consistent spacing between constrictions. The preliminary results have shown that the CSD and s
must be concertedly and properly chosen, otherwise, the probabilistic method leads to significant
errors for the estimate of the maximum traveled distance Lmax.

Table III.3: The longest distance Lmax traveled by a particle of diameter d = 1.16mm for different
merging criteria defined in the overlapping inscribed void spheres technique

Merging criterion
Lmax (mm)

L0 L1 L2

L0 s = 2.0mm 21.2 14.2 12.6
L1 s = 3.0mm 20.9 18.8
L2 s = 3.3mm 20.7

Table III.4: The longest distance Lmax traveled by a particle of diameter d = 1.16mm for different
merging criteria defined in the pore separation technique

Merging criterion
Lmax (mm)

L0 t = 2% t = 5%

L0 s = 1.9mm 19.8 13.2 11.9
t = 2% s = 2.7mm 18.8 16.9
t = 5% s = 3.0mm 18.7
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5.3. Statistics over DEM samples

In order to select the best estimate for the mean pore diameter from previous proposals (Section
5.1), a reference will be chosen. We chose the mean constriction spacing which may better reflect
the distance crossed by a fine particle within a mean local pore as an estimate of the mean pore
diameter. Knowing the number of constrictions in each sample (herein, the overlapping inscribed
void sphere technique is considered), the constriction spacing will be estimated following the
methodology described in the previous section. Then, a comparison has been established with
statistics over DEM samples including the mean inscribed void sphere for both loose and dense
samples.

Fig. III.21 shows the mean pore size computed from different approximations normalized by the
mean constriction spacing computed from DEM samples (L0 computation) for both loose (Fig.
III.21a) and dense states (Fig. III.21b). In Fig. III.21, the mean constriction spacing corresponding
to L0 is systematically equal to 1 due to the chosen normalization process. It must be noted that
as Cu increases, the mean void spacing (L0 computation) decreases (not shown herein) which is in
agreement with the results found by Reboul (2008). The influence of density is less pronounced
than that of the grading (not shown herein) which was also expected (Reboul, 2008).

Secondly, the proposal by Sjah and Vincens (2013) to use the mean inscribed void sphere as an
estimate of the mean pore spacing seems to be validated in this study since it led to the closest
value to this latter. The other ones (D50N , D50SA, D50M) overestimate the mean pore spacing
by a factor that may reach 10. This result agrees with a recent work by Taylor et al. (2018)
who estimated the constriction spacing by considering the constriction density in micro-computed
tomography images and DEM samples.

Finally, the formula proposed by Wu et al. (2012) (Eq. III.3) which allows the density to be
taken into account, was found to be in a good agreement with the mean pore spacing from DEM
samples, for both loose and dense samples.

For lower Cu values, particularly in the case of UG, the discrepancy between the mean pore size
using Eq. III.3 and the mean pore spacing from DEM samples can be due to the imposed void
ratio in this case. Indeed, in order to match the actual void ratio from experiments by Biarez and
Hicher (1994), a lower friction value is used for generating the loosest sample (UGL) contrary to
the other loosest samples. The discrepancy was found much smaller if the same friction value as
for the other samples is used to create the loosest state.

As highlighted in Section 5.2, a consistent choice for the mean pore size must be associated
to a given choice for the computation of the CSD, since when applying L1 merging criterion, the
number of constrictions tends to be reduced. As a consequence, the value for the mean constriction
spacing tends to increase. In this case, as the number of constrictions decreases by approximately
30% from L0 to L1 regardless of the grading and the density state of the sample, an amplification
factor of 1.4 can be suggested and applied to Eq. III.3. The new equation can be then written as
follows:

s = 1.4 3

√
e

emax
smax (III.3*)
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Fig. III.21. Different estimates of the mean pore spacing for (a): loose samples; (b): dense sam-
ples. All the quantities (D50M, D50SA, D50N , mean void sphere and Eq. III.3) are normalized by
the mean pore spacing based on DEM statistics (L0)

The estimate of the mean void spacing resulting from this equation is normalized to that derived
from DEM samples (L1 computation) and shown in Fig. III.22. It seems that the new estimate is
close to the mean void spacing derived from DEM data considering L1 criterion since an estimate
close to 1 was found in this case. The lesser quality of the result provided by Eq. (III.3*) in the
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case of Cu smaller than 2 arises from the same reason that was previously mentioned for L0.
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(b) 

Fig. III.22. Different estimates of the mean pore spacing for (a): loose samples; (b): dense sam-
ples. All the quantities (D50M, D50SA, D50N and Eq. III.3 *) are normalized by the mean pore
spacing based on DEM statistics (L1)
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6. Conclusion

In this chapter, DEM data combined to a weighted Delaunay tessellation was used to quantify
different void characteristics in packings of spheres such as the distribution of the void sphere di-
ameter having a volume equal to that of the pore (equivalent void sphere) and that corresponding
to the diameter of the largest inscribed void sphere associated to each tetrahedron, which char-
acterizes the morphology of the void space, and the constriction size distribution (largest empty
disc on the faces of tetrahedra) which characterizes its topology. Different materials were studied
including uniformly graded, well-graded and gap-graded materials with different coefficient of
uniformity, in a loose or in a dense state.

Since the usual weighted Delaunay partition may lead to an artificial over-segmentation of the pore
space, the overlapping inscribed void spheres technique was used to merge local pores. Different
criteria or levels have been defined and two criteria are mainly compared: a level 1 (L1) where
two direct neighbouring local pores are merged if their respective inscribed void spheres are over-
lapping, and a second level (L2), where the next neighbouring local pores can also be merged with
the two first ones to create a single pore in case of further overlapping of inscribed void spheres. It
must be noted that a preliminary merging step (Level L0

′) is required to ensure the elimination of
non-physical constrictions that result from geometrical artifacts and do not certainly correspond
to real throats.

From a direct computation of pores and constrictions, L1 merging induces the removal of more
than 30% of constrictions irrespective of the grading and of the density. L2 merging brings fewer
new merging of local pores. Generally, merging tends to remove the larger constrictions and lets
appear a clear single mode for the distributions of constriction sizes. However, in some gap-graded
soils (herein, GG1 material), two close modes are obtained after merging which reveals a specific
property of the studied grading.

One should keep in mind that different pore merging techniques may lead to different pore struc-
tures (different set of pore and constriction sizes) and, as a consequence, no definite poral structure
can be derived for a DEM packing since the boundaries of a so-called pore is vague by nature.
However, one should be conscious to the implication of using a given technique on the properties
of the poral space.

The overlapping inscribed void sphere technique has its own advantages and limits: the associated
merging criteria (i.e. L1 or L2 merging) can be considered as a reasonable procedure for defining
pores at a meso scale and thus, for attaining more accurate pore network characteristics. However,
this technique can only deal with spherical packings where elongated pores do not usually exist
contrary to the packings composed of elongated particles.

In this latter case, the pore separation technique can be used if an appropriate threshold value is
selected. In this context, a collaboration with U. Homberg from Zuse Institute Berlin allowed a
correspondence between the criteria associated to both techniques to be given in Seblany et al.
(2018) as a guide for the user (Appendix D).

The influence of the grading and of the density on the pore characteristics has been also analysed
and the results have been found to be in a good agreement with the previous findings of Reboul
et al. (2008). In addition to the uniform material studied in their work, an extended study involving
a gap-graded material (GG1) has been carried out to better understand the effect of filter gradation.
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On the basis of the work of Reboul et al. (2010), an analytical model was proposed to predict
the CSD corresponding to L1 merging, which allows a more reasonable representation of the pore
space, compared to L0. In addition, the results show that the 1-parameter model of Reboul et al.
(2010) is precise enough to address both continuous and gap-graded materials.

Finally, an analytical approach was proposed to estimate a characteristic length of the void space:
the mean pore diameter. The proposed estimate was found of very good quality irrespective of the
grading and of the density of the sample.
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Chapter IV

CSD-based filter criterion for spherical
materials

1. Introduction

Since filters are commonly considered in earth structures design (dams, levees...) to protect base
soils from erosion due to seepage, or involved in a repair aimed at stopping the development of
internal erosion, a correctly designed filter must retain loose fine particles while allowing seepage
to freely flow and thus preventing the build-up of high pore pressure.

Filter design criteria involving ratios of some specific grain sizes of filter and of base materials
was firstly suggested by Terzaghi et al. (1996) to assess the effectiveness of uniformly graded
granular soils. Subsequent studies either confirmed the validity of these criteria or extended such
criteria to the study of other types of soils. However, the literature has proven that particle-based
criteria exhibit serious limitations in dealing with broadly graded soils and are not adapted when
the granular filter is not at its maximum density. These limitations can be overcome by an adap-
tive approach based on constriction size distribution rather than particle size distribution since
constrictions are the main factor governing the filtration. Moreover, the density of the granular
filter should be accounted for.

In this context, constriction-based criteria were proposed to describe the filter effectiveness in var-
ious types of soil (Indraratna et al., 2007). Although these criteria provide a deeper understanding
of filtration mechanisms, the choice of the characteristic constriction diameter of the filter is not
rationally established and requires further validation.

In the previous chapter, a detailed analysis of the pore network of granular soils, has been pre-
sented. This chapter focuses on the consequences of specific void properties on the particle trans-
port within granular filters. The CSD will be used as a valuable parameter for a comprehensive
description of filtration phenomena.

For this purpose, numerical filtration tests have been carried out to determine the equivalent sieve
opening size of the filter, also denoted controlling constriction size. Indeed, particles having a
diameter smaller than this size will cross large distances within the filter while particles larger
than this size will be trapped somewhere in the filter. In this sense, it can be regarded as a critical
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value for evaluating the filtration capacity of granular soils.

In a second part, an analytical formula is proposed to quickly estimate the equivalent sieve opening
size of the filter based on some main physical properties, namely the grading and the density of
the material. The proposed formula is then validated using experimental data from past studies.

Additionally, the idea of using this representative constriction size as a mean to assess the filtration
capabilities of granular materials is developed. The filter opening size is then introduced in the
constriction-based filter criterion of Indraratna et al. (2007). The predictions given by this criterion
are then compared with a series of experimental data from the literature.

2. Dry filtration tests

2.1. Objectives and principles

The filtration capacities of the studied granular materials are checked by simulating the transport
of fine particles through the coarse filters under the action of gravity (dry filtration). The numerical
filtration tests aim at finding the longest filtration path covered by fine particles of a given diameter,
for each grading at both its loosest and its densest states.

The minimal thickness of samples is stated to be equal to forty mean pore diameter (L1 compu-
tation). This latter characteristic size takes into account not only the PSD of the filter but also
its density. It means that the size of the reference samples are not related to a distance but to a
number of confrontations with constrictions, which is more relevant.

Moreover, the proposed thickness seems to be a compromise between a too small filter thickness
(and then a too short distance to travel for a fine particle through the filter) and a too large thick-
ness. Indeed, thin filters do not trap sufficient base soil to form a stable filtration zone preventing
soil erosion. On the contrary, thick filters can characterize the percolation threshold rather than
the controlling size. In this sense, such filters are considered as inefficient since too many particles
would be able to migrate within the filter with possible dramatic consequences upward.

This distance is supposed to let a gradual change of permeability operating within the filter due to
the process of self-filtration when sufficient base soil particles enter the filter. It must be noted that
the proposed filter thickness is in agreement with laboratory observations of 50D5 as suggested
by Witt (1993) for coarse-grained filters (D5 > 0.5 mm), and is much larger than the minimum
filter thickness for effective filtration (10D50N) as found by Locke et al. (2001). All these values
vary in the range 30-150 mm and can serve as a preliminary guidance for the design of granular
filters since a soil forms its own self-filtering zone within the initial few centimeters (Koerner and
Koerner, 1992; Indraratna and Locke, 2000; Locke et al., 2001).

In the DEM numerical simulations of filtration performed in this work, filter particles are fixed
while fine particles, initially at rest, are randomly positioned above the filter and then successively
released in order to avoid group effects (Fig. IV.1). Only gravitational forces are considered
to induce the movement of fine particles. For a conservative study of DEM filtration, the inter-
particle friction is set to zero. Sari et al. (2011) showed that when the local friction between
fine and coarse particles increases, the percentage of trapped fine particles increases as well. The
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coefficient of restitution defined as the ratio of relative velocities after and before collision is set
to 0.1 in order to prevent the rebounds of the dropped particles (Reboul, 2008).

Fine particles small enough to enter the filter can be either blocked in the material or can entirely
cross the sample depending on the smallest constriction size encountered by the particle along its
pathway. Fine particles that completely cross the filter are removed while particles being trapped
inside the filter are kept in the sample until the end of the numerical simulation. It implies that
interaction inducing the deviation of a fine particle entering in contact with another fine particle
blocking a constriction, is made possible. Thus, this study does not address the true individual
pathway of a fine particle which seems closer to the actual filtration process.

The number of released particles is chosen in such a way that there are no clogging problems
on the top of the filter. However, a large number of fine particles must be used to explore a
large number of paths and thus to increase the probability that one of the fine particles will take
the longest possible filtration path. If this condition is not satisfied, an underestimation of the
potential penetration depth would have altered the results.

For each sample, different filtration tests have been performed. The sizes of released particles
correspond to the constriction diameters greater than the modal value of the underlying probability
density (herein, L1 is considered). It must be noted that smaller particles are released with a greater
amount than that corresponding to larger particles since their pathway will be longer within the
filter. Indeed, it implies that more pathways must be tested in this case. Then, for every particle
size, five different releases are performed to reduce the randomness associated with the initial
entry point of the fine particles within the filter. In this study, the number of fine particles varies
from 200 to 4000 for each release depending on the considered base particle size.

Fig. IV.1. A schematic of the the filtration process

2.2. Results and discussion

Fig. IV.2 and Fig. IV.3 show the maximum distance covered by fine particles of diameter d
normalized by the thickness of the sample. In these figures, we have also included the probability
density functions of constriction sizes for both L0 and L1.

These figures highlight the existence of a critical size under which the chance of penetration
greatly increases leading particles to entirely cross the sample. Furthermore, it can be noted
that the critical size from which the probability of a successful transit across the filter decreases
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dramatically corresponds approximately to the mode of the constriction size distribution (L1) in-
dependently of the grading and of the density.
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Fig. IV.2. Probability density function of constriction sizes (solid lines) depending on merging
criterion L0, L1 and depth of penetration (dotted line) normalized by the sample thickness resulting
from numerical filtration tests for: (a-b): UG, (c-d): WG1, (e-f): GG1 at loose (a-c-e) and dense
(b-d-f) states. The vertical gray line identifies the largest mode of the constriction size distribution
derived from merging criterion L1
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Fig. IV.3. Probability density function of constriction sizes (solid lines) depending on merging
criterion L0, L1 and depth of penetration (dotted line) normalized by the sample thickness resulting
from numerical filtration tests for: (a-b): WG2, (c-d): GG2 at loose (a-c) and dense (b-d) states.
The vertical gray line identifies the largest mode of the constriction size distribution derived from
merging criterion L1

This can be explained by the fact that the mode is related to the most numerous constriction sizes
within the granular material. A fine particle equal or smaller than this value will cross large
distances when flowing in the filter since it will have a high chance to find constrictions equal or
greater than its own size along its pathway. Conversely, a particle size larger than the modal value
can be stopped more easily somewhere in the filter since it will have a higher chance to find a
constriction smaller than its size in the medium.

Table IV.1 compares the critical diameters obtained by numerical filtration tests with the modal
values of the constriction size distribution resulting from L1 computation. In the case of GG1
material for which the probability density function showed two distinct modes, the largest modal
value is identified as the significant mode for the filtration processes. The values for Dc35, the
fractile 35 on the cumulative constriction curve, are also given in Table IV.1. According to the
filter criterion of Indraratna et al. (2007), all particles smaller than Dc35 cannot be retained by the
filter. In their work, Dc35 is obtained directly from the analytical model for CSD described by
Locke et al. (2001).

One can note that the critical diameters are generally very close to Dc35 but are slightly shifted
from the mode towards larger sizes. This tends to discard the use of L0 criterion to the benefit
of L1 criterion to obtain a meaningful CSD since the largest modal value corresponding to this
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hierarchy is related to the filtration capabilities of the granular medium.

Furthermore, a new physical meaning can be attributed to the geometrical constriction-based crite-
rion of Indraratna et al. (2007) supporting its use for the assessment of filter efficiency irrespective
of the filter grading (either continuous or discontinuous).

Table IV.1: Comparison of the critical diameters with two characteristic constriction sizes (the
modal value and Dc35) derived from L1 calculation for the studied materials

Material
Loosest sample Densest sample

Dcritical Mode Dc35 Dcritical Mode Dc35

UG 1.10 1.08 1.13 1.00 0.96 1.00
WG1 0.30 0.27 0.30 0.24 0.22 0.24
GG1 0.34 0.34 0.33 0.28 0.28 0.27
WG2 0.30 0.27 0.29 0.26 0.23 0.25
GG2 0.30 0.26 0.30 0.25 0.23 0.24

2.3. Influence of the density

The influence of the relative density on the filtration properties of a granular material can also
be deduced from Fig. IV.2 and Fig. IV.3. Indeed, the number of constrictions crossed by a fine
particle of a given size within a dense sample is always smaller or equal to that which can be
crossed by the same particle within the loose sample. This can be explained by the fact that loose
samples include larger pore and constriction sizes.

Furthermore, one can note that for the densest case, the traveled distance is more sensitive to
a small variation of the fine particle size. As the density increases, the distribution of constric-
tion sizes becomes tightened (Reboul, 2008), leading to different migration behaviour for small
changes in the diameter of fine particles.

2.4. Comparison with existing controlling constriction sizes

In this section, a comparison is made between the critical diameters derived from the numerical
filtration tests and the controlling constriction sizes reported in the literature.

Kenney et al. (1985) studied the retention capability of granular filters by determining analytically
the controlling constriction size Dc

∗. Dc
∗ is defined as the size of the largest base particle that

can potentially infiltrate through the filter. It can be related to the finest particle sizes by Eq. II.3
and Eq. II.4. In their work, the authors found experimentally that these relations hold true for all
filters regardless of Cu value when the filter thickness is about 200D5.

However, these equations based on specific particle sizes of the filter (D5, D15) have limitations
regarding the role of the filter relative density (Rd) and the coefficient of uniformity (Cu).

Similarly, Witt (1993) found through a probabilistic analysis of filter void sizes that as the number
of confrontations with constrictions (i.e. the filter thickness) increases, the minimum throat size

78



dp
∗ for any path tends to stabilized, and for a depth of penetration L that can be given by:

dp
∗ = 0.27DG f or L≈ 50D5 (IV.1)

dp
∗ = 0.23DG f or L≈ 300D5 (IV.2)

DG refers to the mean grain diameter of the soil (by number) which is ranging from D5 to D10
(from D10 to D30 for very uniform filters (Cu < 3)).

The above equations highlight an important fact: with the increase of the thickness from 50D5 to
300D5, a small decrease in the effective opening size is observed which was expected. Another
fact of interest is that if L increases beyond 300D5, the decrease in the minimum constriction size
is negligible. This is similar to the findings reported by Kenney et al. (1985). Then, Eq. IV.1 refers
to the critical particle sizes that can cross large distances within the granular filter (about 50D5).

Using the molten wax technique, Sherard et al. (1984) measured the minimum dimension of flow
channels and found that the effective opening size was in the order of 0.18D15. Foster and Fell
(2001) calculated the size of base particles transported through granular filters, and found that
the larger particle size was equal to 0.20D15 while the median size was approximately equal to
0.16D15.

It must be noted that the role of the relative density is not included in these works since only
dense samples (Rd ≈ 70−100%) were investigated. On the other hand, Kenney et al. (1985) used
a multilayered constriction model to analytically determine the controlling constriction size of a
filter. However, they mostly calculate the CSD based on the PSD by number, which has been
criticized due to an over-representation of the finer fraction (Humes et al., 1996).

Table IV.2 compares the critical diameters obtained by numerical filtration tests with the control-
ling constriction sizes reported in previous studies. In a general manner, it can be seen that the
critical diameters for dense samples, except the one corresponding to GG1 material, tend to be
higher but are in the same order of magnitude as the controlling constriction sizes of Kenney et al.
(1985) and Witt (1993) and the other stated upper bounds (not shown herein).

Indeed, this was expected since the critical diameter defined herein represents the size from which
the depth of penetration of the fine particle increases rapidly to reach more than forty confronta-
tions with constrictions. Moreover, GG1 represents a special case of gap-graded materials that
was not being addressed in previous studies.

Table IV.2: Comparison of the critical diameters derived from numerical filtration tests with the
controlling constriction sizes of Kenney et al. (1985) and Witt (1993)

Material
Kenney et al. (1985) Witt (1993) Dcritical
0.25D5 0.20D15 0.23DG 0.27DG Loose Dense

UG 0.85 0.84 1.03 1.21 1.10 1.00
WG1 0.20 0.21 0.20 0.23 0.30 0.24
GG1 0.20 0.21 0.21 0.25 0.34 0.28
WG2 0.21 0.24 0.21 0.25 0.30 0.26
GG2 0.21 0.24 0.21 0.25 0.30 0.25
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Finally, the numerical prediction of the critical diameters can be considered as in a good agreement
with the effective opening size defined experimentally by Witt (1993) (Eq. IV.1).

3. Hydraulic filtration tests

Dry filtration tests have been widely used as an alternative to hydraulic filtration tests in order to
simulate the migration of fine particles through granular filters in both experimental and numerical
studies (Kenney et al., 1985; Kerimov et al., 2018a) since they can provide significant savings in
computational time.

However, numerical or experimental procedures that do not include any hydrodynamic forces
cannot totally reproduce the behaviour observed under real conditions where granular filters are
subjected to hydraulic loads caused by internal and occasionally external seepage forces.

A complete analysis of the mechanical and hydraulic behaviour of particles and fluid flow can be
then achieved by coupling the Discrete Element Method (DEM) for the modelling of the solid
phase and the Pore-scale Finite Volume (PFV) formulation to solve the interstitial fluid flow.
In the PFV framework, pore geometry and pore connections are defined locally through regular
triangulation of the granular assembly, from which a tetrahedral mesh arises (Fig. IV.4). Finite
volumes are tetrahedra whose vertices coincide with particle centers. This network simplifies the
formulation and resolution of the flow problem. For the fluid phase, incompressible Stokes flow
is considered. For more detailed information, the reader can refer to Chareyre et al. (2012), Tong
et al. (2012) and Catalano et al. (2014).

In this section, we use the micro-hydromechanical model DEM-PFV implemented in YADE. The
same kind of simulations is performed but gravitational forces are not included and replaced by a
constant downward hydraulic flow. This may help to avoid any bridging phenomena and capture
of particles near stagnation point induced by the gravity. Different concentrations of base soils in
the seepage water and various hydraulic conditions have been tested to insure the movement of
the largest possible number of particles. To deal with computation constraints, only UG and GG1
materials were involved in this study.

Fig. IV.4. Schematic of the finite volume formulation used in the DEM-PFV method (Catalano
et al., 2014) (a): volume of fluid in a pore; (b): adjacent pores and local connections
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Fig. IV.5 compare the critical diameters obtained by filtration under gravity and under downward
flow. The hydrodynamic condition within the filter was observed to improve particle mobility.
Indeed, the largest base particles to be moved through the filters are likely to be smaller in the case
of dry simulations. In this latter case, the displacement of particles is mainly unidirectional while
the flow helps to reorient fine particles towards the larger paths where flow velocities are larger
thereby allowing further displacement to occur. But we could not see any reason related to the
anisotropy of constriction sizes orientations.

Furthermore, one can note that filtration pathways become less tortuous as density increases (Fig.
IV.5b-d) since, in this case, the horizontal forces generated by the flow did not offered meaningful
improvement in filtration capacity compared to the unique vertical force induced by the gravity.
This is in accordance with the findings of Reboul et al. (2008) stating that dense samples ex-
hibit more uniform properties than loose samples. Thus, if a fine particle can pass through one
constriction, then it is likely to pass through the other constrictions delimiting the pore.

Besides, when the coefficient of uniformity increases (Fig. IV.5c-d), the smaller grain will fill the
spaces between the larger particles leading to the clogging of some pores. The more clogged the
medium, the more tortuous the filtration path.
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Fig. IV.5. Probability density function of constriction sizes (solid lines) depending on merging
criterion L0, L1, depth of penetration (dotted line) normalized by the sample thickness resulting
from numerical dry filtration tests and critical diameters derived from hydraulic filtration tests for:
(a-b): UG, (c-d): GG1 at loose (a-c) and dense (b-d) states. The vertical gray line identifies the
largest mode of the constriction size distribution derived from merging criterion L1
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Although the effect of hydraulic load cannot be neglected for a reliable filter design, one should
keep in mind that the results presented herein correspond to a high hydraulic gradient (a constant
gradient of 50) previously used in the experimental studies of (Sherard et al., 1984). However,
the diameters of the largest particles passing through these filters are expected to be smaller than
those shown in Fig. IV.5 if typical hydraulic gradients were imposed (see Table IV.3).

Table IV.3: Typical hydraulic gradients (Giroud, 1996)

Application Typical hydraulic gradient

Ordinary dewatering trench 1
Vertical wall drain 1.5
Pavement edge drain 1
Landfill leachate collection/detection removal system 1
Landfill closure surface water collection removal system 1
Dam toe drains 2
Dam clay cores 3 to > 10
Inland channel protection 1
Shoreline protection 10
Liquid impoundment with clay liners >10

Notes: Table developed after Giroud (1988). Critical applications may require designing
for higher gradients than those given.

4. Equivalent sieve opening size

4.1. A new analytical formula

It is now clear that the CSD is a key factor for understanding the mechanisms of filtration in
granular materials. Indeed, the notion of controlling constriction size was firstly introduced by
Kenney et al. (1985) to evaluate the smallest constriction size that can be found along a filtration
path. Sari et al. (2011) performed some numerical filtration tests and found that the finer part of
the CSD curve and more precisely constrictions smaller than the mode are mainly responsible for
trapping particles.

As previously outlined, the mode of the constriction size distribution can hold an important physi-
cal meaning being the most represented constriction size within the sample. Fine particles smaller
than this value can easily cross the filter since the probability of finding constrictions larger than
their own sizes, is significant.

Herein, the study does not focus on determining the characteristic constriction size corresponding
to the mode of the distribution but rather on a value slightly larger by 5%. It implies that we take
slightly into account that hydraulic forces may increase the value of the characteristic constriction
size that was found closely related to the mode in dry filtration tests. Hereafter, we denote this
characteristic size the equivalent sieve opening size dOS.
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The knowledge of this value may be useful to quickly evaluate the efficiency of a filter to retain a
fine particle of a given diameter. In that way, the construction of an entire CSD curve (analytical
models) is not necessarily required.

Hereafter, a quick and general estimate of the equivalent sieve opening size can be given following
the method that allowed building analytical models for CSD (see Chapter I). Under this guidance,
the size of the constriction formed by the densest or loosest arrangements (dc3 or dc4) corresponds
to the diameter of the circle that can fit between the three or four spherical particles of diameter
D. dc3 and dc4 can be computed analytically by using Eq. IV.3 and Eq. IV.4 respectively.

dc3 = (
2√
3
−1)D (IV.3)

dc4 = (
√

2−1)D (IV.4)

The equivalent sieve opening size, at the loosest state, dOS,L associated to a cumulative probability
P is eventually given by a weighted contribution of the two configurations within the sample
(Locke et al., 2001) modified in order to take into account L1 merging criterion:

dOS,L = Pd′c4 +(1−P)dc3 (IV.5)

For other densities, the 1-parameter model from Reboul et al. (2010) is considered sufficient for
representing the CSD since it gave a good match with the dense DEM samples irrespective of the
grading (continuous or discontinuous grading).

dOS(P,e) =
e

emax
(dOS,L(P)−dcmin)+dcmin (IV.6)

where dcmin is the minimum constriction size formed between the three smallest particles of the
sample in mutual contact (Eq. IV.3).

Since smaller filter particles (D15 - D30) are responsible for the formation of the finer fraction of
the CSD curve, a trial and error process is applied to the lower range of the PSD by surface area
to find the characteristic particle size that must be involved in these calculations which allows a
direct determination of the equivalent sieve opening size. It was found that choosing D50SA as a
characteristic diameter for the grading can give a good estimate of the equivalent sieve opening
size for all materials whatever their density state except for GG1 material which represents a
special case of gap-graded soils. In such a case, it would be better to find the second mode of
the constriction size distribution; a larger particle diameter must be then involved in the analytical
calculation. In this special case, D55SA can be considered as an adequate characteristic diameter
of the grading.

Table IV.4 gives the values of the equivalent sieve opening size derived from the numerical dis-
tribution of constriction sizes and the calculated values obtained by using Eq. IV.5 and Eq. IV.6
for loose and dense states, respectively. The values of Dc35 involved in the filter criterion of In-
draratna et al. (2007) are also tabulated. One can note that the analytical values are very close to
the numerically computed equivalent sieve opening sizes with a relative error of about 5%. The
values of dOS are also in the same range of those of Dc35.
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Table IV.4: Comparison of the numerical and analytical values for the equivalent sieve opening
size dOS (in mm)

Material
Numerical value Dc35 Analytical value
Loose Dense Loose Dense Loose Dense

UG 1.13 1.01 1.13 1.00 1.20 1.07
WG1 0.28 0.23 0.30 0.24 0.28 0.23
GG1 0.36 0.29 0.33 0.27 0.36 0.28
WG2 0.28 0.24 0.29 0.25 0.29 0.23
GG2 0.27 0.24 0.30 0.24 0.28 0.23

4.2. Validation based on experimental data

Even if the numerical results showed a high accordance with the analytical estimates of the equiv-
alent sieve opening size for the materials included in the current study (Section 4.1), the analytical
procedure for computing the filter opening size must be validated using available experimental
data. This section aims to compare the equivalent sieve opening size of various granular filters
with other estimates provided in the literature.

The approaches that were developed to define the controlling constriction diameter are generally
empirical and are based on many experimental trials (Sherard et al., 1984; Kenney et al., 1985;
Witt, 1993; Foster and Fell, 2001) among other studies. Fig. IV.6 presents twelve filters (labeled
from 1 to 12) used by Sherard et al. (1984) for the filtration analysis of sands and gravel materials.
All these filters are compacted to high densities (Rd approaching 100%) and having a coefficient
of uniformity Cu < 3, except filter 1 which is well-graded (Cu > 3).
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Fig. IV.6. Particle size distributions of the filters used by Sherard et al. (1984) for filtration analysis
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The equivalent sieve opening sizes are then computed using Eq. IV.6 for Rd = 100%. In the
absence of precise measurements, the void ratios (emin and emax) are derived from the charts given
by Biarez and Hicher (1994) based on experimental tests (rounded materials are herein assumed).
A comparison is then made with the controlling constriction size reported by Sherard et al. (1984)
(0.18-0.20D15) as shown in Fig. IV.7.

A high correlation can be found between the analytical estimates (dOS) and the experimental find-
ings. In general, the analytical opening size are slightly shifted towards larger values but are still
comparable to the controlling constriction sizes (0.20-0.25D15) given in earlier studies such as
Kenney et al. (1985) and Foster and Fell (2001). This was expected since the thickness of the
experimental samples of Sherard et al. (1984) was smaller (about 12D15) than the thickness used
in this study (forty mean pore diameter).
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Fig. IV.7. Comparison of the equivalent sieve opening size computed analytically with the con-
trolling constriction size provided by Sherard et al. (1984)

5. A new constriction-based criterion

Empirical filter design criteria initially developed by Terzaghi et al. (1996) have been widely used
for assessing granular filter performance. However, these conventional retention criteria basically
involves the PSDs of the base soil and the filter while neglecting the effects of the density and of
the coefficient of uniformity (Cu).

In view of these limitations, constriction-based criteria have been introduced with Dc35 and Dc95
defining the controlling constriction size and the self-filtering constriction size respectively (In-
draratna and Raut, 2006; Indraratna et al., 2007). These criteria have the advantage of being more
comprehensive than the PSD-based criteria since they take into account the effects of density and
Cu.
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However, measuring the controlling constriction size is not as easy as appointing D15. Constriction-
based criteria were initially founded on the definition of the CSD curve. In their works, Indraratna
and Raut (2006) and Indraratna et al. (2007) generate the CSD curve from which Dc35 and Dc95
can be determined by using the analytical model of Locke et al. (2001) that takes into account
both the role of the PSD and that of the density (Eq. I.12). Their criteria have been validated on
the basis of a large experimental data set involving highly compacted filters.

As revealed earlier in Chapter I (Section 3.3.4), the model of Locke et al. (2001) is not recom-
mended since it assumes that only the densest configuration exists at higher densities which has
proven to be incorrect (Reboul et al., 2008). Thus, the model is expected to loose its validity as
the filter density increases.

Beside this main drawback, the analytical model of Locke et al. (2001) has been validated based
on the results of two experiments for CSD computation: the base suspension method of Soria
et al. (1993) and the replica technique of Wittmann (1979) (Chapter I). Both experiments have
their own limitations associated to the assumption of the mean void spacing in the case of the first
method and the representativeness of the sample in the case of the second experiment. Both these
aspects may alter the quality of the validation.

To overcome these limitations, Reboul et al. (2010) proposed another model calibrated on the basis
of statistical analyses over DEM samples. However, their numerical study ignores the effects of
the over-segmentation of the void space introduced by the Delaunay tessellation which can lead
to errors in the CSD computation.

Thus, analytical models need some enhancements to accurately predict the CSD curve. In this
work, efforts have been made to adapt the analytical CSD to the numerically derived CSD for
spherical packings (see Section 4.2 in Chapter III).

Although analytical models allow to estimate the full CSD curve based on simplified estimates
of the particle sizes and their arrangements within the sample, the results may be dependent on
the way the discretization of the PSD into classes is performed. A new formula (Eq. IV.6) is
then proposed to rapidly calculate the effective opening size of a granular filter which can be
subsequently involved in constriction-based criteria. The proposed estimate has been found to
closely match the opening size obtained from both numerical and experimental filtration tests for
different filters at their loose and dense states.

For base soils, d85 has generally been used as a representative size in conventional filter design
criteria. As explained in Chapter I (Section 3.3), filters can be best modeled by the PSD based on
surface area of particles. By analogy, base soils are expected to be modeled more adequately by
the PSD based on surface area.

Indraratna et al. (2007) demonstrated that base soils having the same d85 by mass but different
Cu values are not expected to be filtered in the same way through a mechanical sieve having an
aperture equal to d85. It means that the filtered mass will be different in each case for the same
total initial mass of material. More precisely, the total amount of the retained particles will be
reduced as the uniformity coefficient Cu increases. This is the reason for the non-effectiveness of
common filter criteria especially for non uniform base soils.

Furthermore, large particles in broadly graded base soils have generally a non significant repre-
sentation in the PSDSA and thus do not influence the self-filtration phenomenon (Lafleur, 1984;
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Indraratna et al., 2007). As a result, d85SA is considered an acceptable representative size for base
soils since it corresponds to smaller sizes as Cu increases.

Based on all these considerations, the constriction-based criterion proposed by Indraratna et al.
(2007) (Eq. II.6) may continue to be used as a comprehensive criterion for evaluating the efficiency
of granular filters if Dc35 is appropriately computed. For the sake of simplicity, the equivalent sieve
opening size calculated from Eq. IV.6 can substitute Dc35 in Eq. II.6 leading to the following
criterion.

d85SA ≥ dOS (IV.7)

5.1. Verification of the criterion based on experimental data

The proposed criterion implying a new definition for the filter opening size must be validated ex-
perimentally with the support of available database prior to its adoption into filter design practices.
Hereafter, a comparison is made between the enhanced criterion results and available filtration
tests results from previous studies.

A series of filtration tests involving a uniform base soil (lateritic) and three uniform and mod-
erately compacted sand filters (coarse, medium, fine; Rd = 100%) have been carried out by In-
draratna et al. (1996). The PSDs of these filters are given in Fig. IV.8. Similarly, Fig. IV.9 presents
the PSDs of two parallel graded filters (F1 and F2) corresponding to a medium-grained sand and
a river gravel respectively (data taken from Indraratna and Vafai (1997)). The relative density of
these filters was assumed to be 90%.
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Fig. IV.9. PSDs of two moderately graded filters (Indraratna and Vafai, 1997)

Two well-graded filters (F-1 and F-5; Rd = 70%) from Lafleur filtration tests (Lafleur, 1984)
have been also considered in this comparative study. Fig. IV.10 depicts the corresponding PSD
curves. Other data taken from recent experimental studies conducted by Indraratna et al. (2007)
and involving very uniform sand filters (F4, F5 and F6) having a parallel gradation and a relative
density less than 70%, can be shown in Fig. IV.11.

First, the equivalent sieve opening sizes of all these filters are computed and presented against
D15 in Fig. IV.12. Rd is herein selected as the experimental value. The equivalent sieve opening
sizes of the filters investigated in the current study are also shown. It can be noted that, for higher
density states, the analytical calculations agree with the controlling constriction sizes (D15/4 or 5)
given in past studies (Kenney et al., 1985; Sherard and Dunnigan, 1989; Terzaghi et al., 1996).
However, different dOS values can be obtained at different compaction levels. One should expect
higher values of dOS at low densities. This correlation is then sensitive to the degree of compaction
which has not been taken into account previously.

Furthermore, the opening size for broadly graded filters having a Cu larger than 6 (F1 from Sherard
et al. (1984) and F-1 from Lafleur (1984)) shows a slightly inaccurate fit with the empirical values
(dOS larger than D15/4-5). This was expected since the commonly used filter criteria were proven
to have obvious limitations particularly with broadly graded filters and base soils.

On the other hand, Table IV.5 compares both the PSD-based criterion and the CSD-based crite-
rion involving dOS with experimental observations. First, one can note that the commonly used
PSD-based criteria (D15/d85 < 4 or 5) fail to distinguish effective filters from ineffective filters
especially for well-graded filters (F-5 from Lafleur (1984)).

On the contrary, the predictions given by the CSD-based criterion (dOS/d85SA < 1) are in accor-
dance with the experimental results for all filters except for two uniform filters (F6 and the medium
filter) where Dc35 is slightly larger than d85SA (bold values). Such filters are classified herein as
ineffective while experimental tests have shown their efficiency. According to Indraratna et al.
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(1996), the self-filtration process will take place more rapidly in the case of uniform fine sand
filters compared to uniform medium sand filters, possibly leading to this discrepancy. However,
these filters are expected to be more effective at higher densities.
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Fig. IV.10. PSDs of the well-graded filters used by Lafleur (1984) for filtration analysis
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Table IV.5: Comparison of the PSD-based criterion of Terzaghi et al. (1996) and the proposed
CSD-based criterion with laboratory results taken from past studies

Filter Rd Cu D15 D15/d85 dOS dOS/d85SA Laboratory
(%) (mm) (mm) assessment

Very uniform base soils (fine sand) and filters (Indraratna et al., 2007):
F4 70 1.3 0.46 3.96 0.10 0.85 Effective
F5 70 1.3 0.58 5.0 0.12 1.00 Effective
F6 70 1.3 0.70 6.0 0.14 1.19 Effective

Uniform base soils (lateritic) and filters (Indraratna et al., 1996):
Coarse Filter 50 1.5 0.68 15.45 0.16 3.85 Ineffective
Medium Filter 50 1.4 0.23 5.14 0.05 1.21 Effective
Fine Filter 50 1.3 0.12 2.72 0.03 0.67 Effective

Moderately graded base soils and filters (Indraratna and Vafai, 1997):
F1 90 2.8 0.75 1.78 0.16 0.54 Effective
F2 90 2.8 4.15 9.90 0.91 3.02 Ineffective

Well-graded base soils and filters (Lafleur, 1984):
F-1 70 26.7 0.20 0.03 0.03 0.17 Effective
F-5 70 2.4 11.0 1.60 2.27 14.28 Ineffective

Moreover, the new predictions improve the results found earlier by Indraratna et al. (2007). In-
deed, their criterion involving Dc35 (obtained from the analytical model of Locke et al. (2001))
classified F5 as ineffective contrary to the experimental observations. Herein, F5 is considered
to be effective since dOS is equal to d85SA. For F6 and medium filters, the same result has been
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found by Indraratna et al. (2007), but the ratios (Dc35/d85SA) were larger than dOS/d85SA. Thus,
the constriction-based criterion herein modified seems to be reasonably satisfactory.

6. Conclusion

The transport of fine particles in granular media is mainly controlled by the constriction sizes
encountered along their paths. The numerical filtration study presented in this chapter showed a
rapid increase in the penetration depth within the filter, starting from a given critical particle size.
Moreover, and whatever the grading and the density, a close relationship has been established
between the potentiality for migration of fine particles and the largest mode of the constriction
size distribution derived from L1 computation which tends to confirm the validity of the chosen
merging criterion.

Furthermore, a comparative analysis involving the critical diameter derived from the numerical
filtration tests and the controlling constriction size obtained from past investigations, indicates a
close agreement with the effective opening size of Witt (1993) as well as with Dc35 highlighted in
the work of Indraratna et al. (2007).

This result tends to support the use of this characteristic constriction size in filter design criteria as
proposed by these latter authors since it discriminates fine particles able to travel large distances
through the filter from those that will be trapped after a rather short distance.

However, to provide a quick estimate of the equivalent sieve opening size, an analytical formula
was proposed. The calibration has been performed by means of statistics over DEM samples
involving different materials at their loosest and densest state. The results of the analytical estimate
have been found to be consistent with findings from past investigations.

Finally, a filter criterion based on this equivalent sieve opening size has been tested with a series
of published experimental data. The predictions have been found to agree satisfactorily with
experimental observations, thus supporting the efficiency of the proposed CSD-based criterion.
However, further experimental investigations are needed to confirm this earlier conclusion.
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Summary, conclusions and perspective

1. General Summary

Earthen dams and levees are prone to progressive failure due to internal erosion induced by seep-
age forces. Internal erosion refers to the migration of fine particles through the voids of a granular
soil under seepage flow. With the loss of fine particles, local cavities and differential settlements
may occur leading to possible instabilities and even to the creation of a breach in severe cases.

To avoid serious incidents, adequate filter materials must be provided in zoned dams or on the
downstream slope of levees. Indeed, a filter must be sufficiently fine to perform the retention
function and control the migration of fine particles caused by internal erosion. At the same time,
it must have adequate permeability to drain seepage water.

However, designing a suitable filter is a complex task, requiring the attention to geometrical, phys-
ical, chemical and hydraulic factors among others. This research study focused on the geometrical
criterion.

In this regard, a filter is usually designed in terms of the particle size distribution (PSD) of both
base soil and filter materials. The famous Terzaghi’s filter criterion, D15/d85 ≤ 4 (Terzaghi et al.,
1996), initially developed on the basis of laboratory results on uniform cohesionless soils, leads
to unsafe filter designs when applied to well-graded soils. However, current design practices are
still based on these empirical criteria and thus, exhibit some limitations.

There are also some established criteria relating filter permeability to the PSD of the base soil.
However, the migration of fine particles through a filter material is related to the pore connectivity.
In particular, constrictions which are the narrowest channels between pores, represent the key
characteristic of granular filters.

Following this reasoning, constriction-based criteria were introduced instead of either the PSD or
the permeability criteria. The limitations associated with common filter criteria such as the effects
of the density and the uniformity coefficient of soils, can be removed.

The filter criterion suggested by Indraratna et al. (2007), d85SA ≥ Dc35, compares the controlling
constriction size, Dc35 (the constriction size for which 35% of the constrictions of the granular
assembly are finer than this size) with the specific representative base size, d85SA (85% finer in the
PSD by surface area of the base material). It is important to note that the assumption of Dc35 was
not clearly justified. For this reason, the physical meaning of this constriction-based criterion was
questionable.
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A better assessment of filtration performance requires an accurate representation of the constric-
tion size distribution (CSD). The CSD can be obtained using experimental techniques, analytical
models and numerical approaches. In this latter approach, the discrete element method (DEM)
can particularly help to understand the dynamics of particle assemblies.

The particle representation in DEM modeling is fundamentally important to accurately describe
the behaviour of the whole assembly. In this regard, spheres can be considered as a simple ap-
proximation of granular grains.

The objectives of this study were to improve the characterization of the void space of a granular
material and more particularly the CSD and its impact on the filtration properties. This permitted
on its turn to develop a filter criterion on the basis of the CSD. To achieve these objectives, the
following steps have been performed:

• The DEM simulation has been used to generate packings of polysized spherical particles
having different gradations and densities;

• A weighted Delaunay tessellation has been applied to characterize quantitatively the void
space of the generated granular assemblies, including pore and constriction sizes;

• Pore merging criteria have been introduced to improve the definition of local pores and
constrictions;

• By extending the previous work of Reboul et al. (2010), analytical models have been modi-
fied based on new findings;

• A new estimate of the mean pore diameter which characterizes filtration but also erosion
processes, has been suggested following the same analytical procedure;

• Numerical filtration tests have been conducted to evaluate the possibility for transport of
fine materials through the void space of granular filters;

• A new formula has been suggested to obtain the equivalent sieve opening size of the filter
based on analytical considerations;

• A new filter criterion involving the equivalent sieve opening size has been proposed.

The main conclusions obtained from this study are summarized in the following section. Perspec-
tives for future studies are also presented.

2. Main conclusions

• Sample preparation is a crucial first step in DEM simulation and can significantly affect
the organization of the void space. In this study, it was clearly justified that the sample
preparation technique greatly influences the accuracy of the resulted CSD especially in the
case of well-graded soils. Samples subjected to isotropic compression has been found to
have a much narrower range of constriction sizes compared to the samples prepared by
a deposit under gravity which can reflect the process used in engineering practices more
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precisely. The isotropic compression method extensively used in DEM studies, generate
essentially dense specimens and its validity can be questionable for looser density states.

• In addition to the materials used in Reboul et al. (2010) (Uniformly-graded, well-graded
and gap-graded), other materials with a higher value of uniformity coefficient (Cu = 6) have
been studied, and two density states have been examined. This permits to better under-
stand the influence of grading on both the morphology and the topology of the void space
and to evaluate the validity of previous findings. Since gap-graded soils exhibit atypical
behaviour and require a special attention (Reboul, 2008), another gap-graded material has
been investigated.

• The weighted Delaunay tessellation offers a powerful tool for extracting the void network
structures of a granular medium, i.e. the sizes of pores (largest inscribed void sphere, equiv-
alent void sphere) and constrictions (largest empty disc on the faces of tetrahedra). This
method can be only used with spherical packings where particle radii and locations are
known.

• The tetrahedral partition tends to subdivide a single void structure into multiple ones leading
to inaccurate predictions of void characteristics (Al-Raoush et al., 2003). To resolve this
problem, pore merging criteria must be applied. The merging technique considered in this
study is based on the overlap of inscribed void spheres, which is inspired from the work
of Reboul et al. (2008). We advise to process a preliminary step (Level L0

′) in order to
remove the numerical artifacts resulting from the Delaunay Tessellation scheme. L1 permits
to remove further constrictions between highly connected tetrahedra.

• An important consideration has been addressed concerning the implications of pore merging
criteria on pore and constriction statistics. In particular, it has been found that the number of
constrictions is reduced by approximately 30% from L0 to L1 whatever the grading and the
density of the material, while no much difference was observed between L1 and L2 which
extends previous findings by Reboul et al. (2008). Moreover, the merging tends to eliminate
larger constrictions. In addition, the second mode of the constriction size distribution will
be destroyed while the first mode will be clearly highlighted for all types of materials except
for some specific types of gap-graded soils where two close modes are must likely to appear.

• A comparative study including different gap-graded materials has shown that the void space
of such materials is organized differently according to the percent of particles larger than
the gap size with respect to particles smaller than the gap size.

• Although it is probably impossible to build a unique and valid network from a complex
and continuum void space, L1 merging which imposes a predefined neighbourhood limit for
each pore appeared to give a reasonable void network for spherical packings.

• Concerning the influence of grading and density on pore and constriction sizes, the results
show a good agreement with those obtained by Reboul et al. (2008) for a uniform grading.

• Analytical models have been widely used to quickly derive the CSD of a granular material
which is considered to be the main property governing the transport of fine particle through
this medium. To overcome the limitations associated with previous studies, Reboul et al.
(2010) suggested new models requiring the knowledge of the grading curve (by surface
area) and of the extreme void ratios of the material. These models have been calibrated on
the basis of statistical analyses over numerical assemblies of spheres generated by DEM.
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However, the effect of the over-segmentation of the void space introduced by the Delaunay
tessellation was not taken into account which can affect the accuracy of the estimated CSD.

• The aim of this study was to reformulate the analytical model in order to obtain a more
representative CSD. Firstly, the validity of the analytical models of Reboul et al. (2010) has
been tested using numerous gradings. It has been found that the CSD for the loosest state
can be directly obtained from Locke’s model Locke et al. (2001), and the one-parameter
model proposed by Reboul et al. (2010) can give good results for all types of materials
(continuous and discontinuous grading) with a mean relative error less than 7%. The two-
parameters model also proposed by these authors, has been excluded from this study since
the parameters included in this model were not clearly established and thus, it cannot be
applicable to all types of materials.

Secondly, a correction factor, which is independent of grading, was suggested in the im-
proved model to fit the numerical CSD curve corresponding to L1.

• Statistics from numerical samples have been used to examine the validity of previous esti-
mates of the mean pore diameter. It has been found that all the estimates failed to predict
this characteristic length of the pore space. A new formula is then proposed taking into
account the correlation between the selected merging criterion and the constriction spacing.

• Numerical filtration tests have been carried out to evaluate the maximal particle size that can
infiltrate through a filter of a given thickness. The results of dry filtration tests have shown
a critical size from which the probability of further movement through the filter increases
rapidly. Moreover, a clear correlation has been found between this critical diameter and
the largest mode of the constriction size distribution corresponding to L1. Then, the modal
value of L1 CSD can be associated to the opening size of the granular filter, and a physical
meaning can be attributed to L1 justifying its use as a reasonable pore merging criterion.
Besides, the numerically derived critical diameters are similar to the controlling constriction
size found in the literature (Witt, 1993) for a similar thickness of filters. On the other hand,
we tried to draw a relationship between the critical diameters and constriction sizes and we
found that they correspond to the fractile 35% from the CSD curve (L1) independently of
the grading and of the density of the filter material. One should not confound this value with
Dc35, the controlling constriction size suggested by Indraratna et al. (2007), which has been
obtained following a different analytical procedure.

• From the numerical hydraulic tests, it seems that the flow redirect fine particles along the
widest filtration paths which allow crossing larger distance than in dry filtration tests. In this
case, the mode is less correlated to the opening size of the granular filter.

• Based on the results of numerical filtration tests, a simple analytical formula involving the
grading and the density of the filter, is proposed to quickly estimate the equivalent sieve
opening size of the filter dOS. Laboratory data from past experimental studies have been
used to verify the accuracy of the estimate, and good agreement has been observed between
experimental and analytical values.

• A better description of the ability of a fine particle to be transported through a granular
filter could be given by incorporating dOS of the filter and d85SA of the base soil in a new
constriction-based criterion, d85SA ≥ dOS. By surface area consideration, d85SA can better
represent the base soil material compared to the conventional d85 by mass. The predictions
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of the proposed criterion are compared with experimental data taken from past studies, and
are shown to be in a good agreement.

• This geometric criterion is based on a direct comparison of the representative grain size of
the base soil with the equivalent sieve opening size of the filter material. The representative
constriction size involved in this criterion was obtained through analytical calculation based
on numerical simulation results, and validated by experiments. Hence, it is a more realistic
approach compared to the original criterion given by Indraratna et al. (2007). Moreover, it
takes into account the particle size distribution and the degree of compaction of the filter,
thus overcoming the limitations inherent to common empirical filter criteria. Using such
criterion in conjunction with the current established practices based on the particle size
ratios can offer a consistently reliable tool for assessing the efficiency of filters.

3. Perspectives

This work is a continuous study from previous researches (Reboul et al., 2008, 2010; Wu et al.,
2012; Sjah and Vincens, 2013; Li et al., 2014) carried out at LTDS of Ecole Centrale de Lyon. The
contributions of this work will be useful to derive a general conclusion regarding the morphology
of the void space, the characterization of the CSD, and the transport mechanisms within granular
media. However, some further developments on these topics can still be envisaged in the near
future. In this context, a cooperation between experimental and numerical approaches will be
especially beneficial to validate the results reported in this study.

On the other hand, the granular samples used in this study, have been modeled with spherical
discrete elements. However, particles encountered in nature and engineering practice may not be
spherical but rather of irregular shapes. In particular, fluvial grains have more elongated forms.
Because of the geometrical anisotropy of their particles, the pore network and the interconnectivity
of the pores are expected to be modified which can have also an effect on the transport processes
within such porous media.

In this context, the DEM can be considered as an effective method increasingly used to simu-
late irregularly shaped particles (Eliáš, 2014; Kerimov et al., 2018b) Moreover, the increasing
performance of the micro-computed tomography (micro-CT) technique allows to obtain the 3D
microstructure of non-spherical materials at sufficient resolution (Homberg et al., 2012; Taylor
et al., 2018).

In view of these facts, future work will be devoted to a fundamental study on irregularly shaped
materials. DEM simulations involving polyhedral particles having different gradings, density
states and aspect ratios must be performed. Since the void structures of arbitrary-shaped parti-
cles cannot be easily handled by the Delaunay tessellation, the medial axis method proposed by
Homberg et al. (2012) can advantageously be used as an alternative technique for partitioning the
continuous void space.

In Seblany et al. (2018), which consisted in a collaboration between Ecole Centrale de lyon, Zuse
Institute Berlin and Bauhaus-Universität Weimar, we have established, in the case of spherical
packings, a correspondence between the criteria associated to different merging techniques (the
overlapping inscribed void spheres technique and the pore separation technique), which can be
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used to situate the CSD obtained by the pore separation technique with respect to the CSD that is
expected to be obtained by the overlapping inscribed void sphere technique.

Then, analytical models for calculating the CSD of irregularly shaped granular materials can be
deduced from the models originally developed for spherical materials by introducing shape fac-
tors. An extended investigation on the influence of particle shape on the potential transport of fine
particles should be conducted by means of dry or hydraulic filtration tests. The role of anisotropy
in the modification of the filtration properties of granular soils can be evaluated by changing the
orientation of the flow direction with respect to the anisotropy. Another goal is to identify an ana-
lytical formula for calculating the opening size of a granular filter composed of elongated grains.
This characteristic size can be subsequently included in a constriction-based filter criterion.

A preliminary study has been undertaken in an attempt to examine the effects arising from particle
shape. Polyhedral packing that, apart from the particle shape, is identical in all respects (PSD,
preparation technique, friction coefficients) to the previously studied spherical packing, has been
generated. In accordance with previous studies (Wu et al., 2012; Taylor et al., 2017), the results
have shown that such a particle shape gave a wider range of constriction sizes at the upper and
lower ends of the CSD curve, compared to spherical particles. However, many directions are still
quite unexplored and more investigations are to be carried out to fully understand the impact of
particle shape on the CSD and on the filtration process. For all these reasons, this work was not
included in this manuscript.
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Appendix A

Pore distributions
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Fig. A.1. Probability density functions for the equivalent pore diameter resulting from different
definitions and corresponding to the overlapping inscribed void spheres technique; (a): WG1L,
(b): WG1D

 

0

0.5

1

1.5

2

2.5

3

3.5

0 1 2 3 4 5

P
ro

b
ab

il
it

y
 d

en
si

ty
 

Equivalent diameter (mm) 

: Inscribed sphere

: L₀ 
: L₁ 
: L₂ 

(a) 
 

0

0.5

1

1.5

2

2.5

3

3.5

0 1 2 3 4 5

P
ro

b
ab

il
it

y
 d

en
si

ty
 

Equivalent diameter (mm) 

: Inscribed sphere

: L₀ 
: L₁ 
: L₂ 

(b) 

Fig. A.2. Probability density functions for the equivalent pore diameter resulting from different
definitions and corresponding to the overlapping inscribed void spheres technique; (a): WG2L,
(b): WG2D

101



 

0

0.5

1

1.5

2

2.5

3

3.5

0 1 2 3 4 5

P
ro

b
ab

il
it

y
 d

en
si

ty
 

Equivalent diameter (mm) 

: Inscribed sphere

: L₀ 
: L₁ 
: L₂ 

(a) 
 

0

0.5

1

1.5

2

2.5

3

3.5

0 1 2 3 4 5

P
ro

b
ab

il
it

y
 d

en
si

ty
 

Equivalent diameter (mm) 

: Inscribed sphere

: L₀ 
: L₁ 
: L₂ 

(b) 

Fig. A.3. Probability density functions for the equivalent pore diameter resulting from different
definitions and corresponding to the overlapping inscribed void spheres technique; (a): GG2L,
(b): GG2D
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Appendix B

CSD and probability density function of
constriction sizes
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Fig. B.1. (a): CSDs for the UGD sample; (b): underlying probability density function for different
merging criteria defined in the overlapping inscribed void spheres technique
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Fig. B.2. (a): CSDs for the GG1D sample; (b): underlying probability density function for differ-
ent merging criteria defined in the overlapping inscribed void spheres technique
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Fig. B.3. (a): CSDs for the GG2D sample; (b): underlying probability density function for differ-
ent merging criteria defined in the overlapping inscribed void spheres technique
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Fig. B.4. (a): CSDs for the WG1L sample; (b): underlying probability density function for differ-
ent merging criteria defined in the overlapping inscribed void spheres technique
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Fig. B.5. (a): CSDs for the WG1D sample; (b): underlying probability density function for
different merging criteria defined in the overlapping inscribed void spheres technique
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Fig. B.6. (a): CSDs for the WG2L sample; (b): underlying probability density function for differ-
ent merging criteria defined in the overlapping inscribed void spheres technique
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Fig. B.7. (a): CSDs for the WG2D sample; (b): underlying probability density function for
different merging criteria defined in the overlapping inscribed void spheres technique
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Appendix C

Results of analytical models
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Fig. C.1. Comparison of the CSDs calculated with the analytical method and the Delaunay method
(L0 computation) for (a): UG; (b): WG1; (c): GG1
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Fig. C.2. Comparison of the CSDs calculated with the improved analytical method and the De-
launay method (L1 computation) for (a): UG; (b): WG1; (c): GG1
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Abstract

The void space of granular materials is generally divided into larger local volumes denoted as pores and
throats connecting pores. The smallest section in a throat is usually denoted as constriction. A correct
description of pores and constrictions may help to understand the processes related to the transport
of fluid or fine particles through granular materials, or to build models of imbibition for unsaturated
granular media. In the case of numerical granular materials involving packings of spheres, different
methods can be used to compute the pore space properties. However, these methods generally induce an
over-segmentation of the pore network and a merging step is usually applied to mitigate such undesirable
artifacts even if a precise delineation of a pore is somewhat subjective. This study provides a comparison
between different merging criteria for pores in packing of spheres and a discussion about their implication
on both the pore size distribution and the constriction size distribution of the material. A correspondence
between these merging techniques is eventually proposed as a guide for the user.

Keywords: Delaunay tessellation . Voronöı graph . Void space . Granular materials

1 Introduction

A granular medium includes a set of large volumes of voids between solid particles (pores) connected
by throats. The narrowest sections in these throats are generally denoted as constrictions. Pores and
constrictions constitute a partition of the void space helpful to define respectively its morphology and
its topology [28, 45]. Such a partition can also help to build imbibition models for unsaturated materials
[16, 23], models for the coefficient of permeability [7, 8] for fluid-calculation, or geometrical filtration
models for studying the migration of particles through granular media [21, 32, 34, 35].

There are different techniques for pore space characterization: through experiments [15, 19, 40, 42, 46],
using analytical approaches [22, 29, 36] or numerical approaches [17, 26, 28]. To overcome some limita-
tions associated with experimental methods, the Discrete Element Method (DEM) (among others [10])
can be helpful to draw some main tendencies for packings of spheres with a given grading and density.
The pore space of such a packing can be extracted by combining the DEM with spatial partitioning
techniques: the Delaunay tessellation [1, 28, 41] or its dual structure, the Voronöı diagram [14, 30, 47]
among others.

In the Delaunay tessellation, the primary definition for a local pore is the Delaunay cell, i.e. a tetra-
hedron which vertices are located at the centers of spherical particles. Constrictions are found on the
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Figure 1: (a): Tetrahedron built from the centers of four neighboring spheres; (b): Definition
of a constriction: the largest disc included in the void space for a given face

four faces of each tetrahedron and a definition for them is chosen as the largest empty discs that can
be inscribed between the three particle vertices of a tetrahedron face [1, 28] (Fig. 1). Eventually, the
inscribed void sphere between the four particles, vertices of a Delaunay cell is computed and is consid-
ered as a characteristic of the morphology of that cell. Obviously, the derived partition of the void space
is somehow artificial since a Delaunay cell is merely related to the underlying mathematical process of
finding the three closest neighbors of a given particle to generate a tetrahedron.

While the Delaunay tetrahedra constitute volumetric entities that cover pores or parts of pores, a
Voronöı graph can complement the definition of the pore structures. Due to the duality of Delaunay and
Voronöı decompositions, the Voronöı nodes should correspond to the centers of the inscribed void spheres
of the Delaunay tetrahedra and their distance to the surrounding solid spheres to the radius of these
inscribed void spheres. When applying a Voronöı computation that is based on the Euclidean distance
to the solid spheres as described by Lindow et al. [20], the edges between the Voronöı nodes are curved
and run along the maximal distance to the surrounding solid spheres. Then, they describe the median
path joining pore centers. The centers of constrictions are located where the distance to the surrounding
spheres is minimal along the edge. In terms of duality, this is where the edges cut the common facet of
the tetrahedra of the connecting Voronöı nodes and, thus, correspond to the constrictions found in the
Delaunay tessellation (Fig. 2).

Even if the equivalence of results for the constriction size distribution (CSD) extracted from a De-
launay tessellation and a Voronöı graph has been proven in the past for a packing of spheres [44], the
question arises whether an excessive artificial partition of the void space is generated by both mathemat-
ical techniques and how to handle it.

Indeed, using a Delaunay tessellation, Al-Raoush et al. [1] found that the inscribed void sphere con-
fined in each tetrahedron is not necessarily entirely included inside that tetrahedron, and two inscribed
void spheres attached to these two neighboring tetrahedra may overlap. It signifies that the opening size
between two adjacent tetrahedra may be high enough to indicate a strong interconnection between them.
As a result, the tetrahedral tessellation would tend to abusively subdivide a complete pore structure into
zones.

For the same reason, Homberg et al. [17] considered that a merge between two adjacent pores may be
required when the size of the constriction linking these pores is very close to the smallest pore size (case
where the Voronöı approach is used to derive the void space properties). In fact, in such a case, pores
are interconnected and seem to belong to a single entity. Figure 3 illustrates a case where two adjacent
pores (hatched and shaded area) are going to be merged.

Because different techniques may lead to different pore structures and, as a consequence, to a different
set of pore and constriction sizes, this study aims to better understand the implications of using a given
technique for merging pores on the properties of the poral space in packing of spheres. The problem
that arises here is that no definite poral structure can be derived for a packing since the boundaries of
a so-called pore is vague by nature. Within these limits, this paper tries to draw some advantages and
limits of two techniques for merging pores. The influence of the proposed criteria for merging on the pore
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(a) 
 

(b) 

Figure 2: Detail of a Voronöı graph (GGD); (a): red (larger) spheres at crossing indicate the
centers of pores, while the blue (smaller) spheres represent the centers of constrictions on the
edges; (b): The diameter is color-coded along the edges with yellow (large) to red (small) (color
figure online)

Figure 3: Scheme of a typical case encountered during pore merging

structures is also addressed and, as a guide for the user, a correspondence between the criteria associated
to both techniques for merging pores is given.

2 Generation of numerical samples

The open-source code Yade-DEM [39] was used here to generate numerical samples composed of spheres.
In this DEM code, the contacts between particles are deformable while the particles are considered as
infinitely rigid bodies [10].

Two gradings are studied: a narrowly graded material (UG) and a gap-graded material (GG). The
former grading is the one studied in previous studies [28, 38], ranging from 3mm to 12mm as shown in
Figure 4a, with a coefficient of uniformity (Cu) equal to 1.7. The coefficient of uniformity measures the
extent of particle diameters and is defined as the ratio of the diameter corresponding to 60% finer by
weight to the diameter corresponding to 10% finer by weight. The latter grading is the one studied by
Reboul et al. [29] and is given in Figure 4b. The minimum and maximum diameters (D0 and D100) for
this material are respectively equal to 0.7mm and 10mm, and Cu is equal to 3.6. Since different tech-
niques for the sample creation may lead to different structures for the packing [4, 31], a deposit under
gravity of particles, which is a technique that reflects the process used in actual experiments, is preferred.

To create the sample, a loose cloud of spheres with a prescribed particle size distribution is initially
generated in a box having a horizontal size equal to that of the final sample but with a larger vertical
size (about twice as more as the horizontal size). The base of the box is a square of 40mm width (ap-
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Figure 4: Particle size distribution (ordinate on the left Y-axis) and cumulative particle size
distribution (ordinate on the right Y-axis) for (a): UG material and (b): GG material

proximately 4D100). The lateral boundaries of the box are associated to periodic conditions in order to
avoid wall effects in the final samples [2, 27]. If a sphere overlaps any other existing spheres, another
position is attributed to this sphere.

After this stage of particle generation, the packing is subjected to gravity which induces the spheres
to fall freely in the box according to Newton’s laws. Interactions between particles may occur as particles
collide. The process is ended when all particles reach a quasi-static equilibrium state. The equilibrium
is supposed to have been found when the unbalanced forces (mean resultant forces at contact divided by
the mean contact force over the sample) goes below 0.05.

The contact between particles and that between particle and the bottom wall of the sample box
(this wall is ruled as a particle with an infinite radius) is characterized by an elastic-frictional model. It
includes a normal and a tangential stiffness (respectively Kn and Kt) and tangential forces are limited
by the Coulomb criterion characterized by a contact friction coefficient (µ).

In this study, particle density is taken equal to the one of glass beads, and typical values for Kn and
Kt of such materials are chosen. For the specific contacts between a particle and the bottom wall of the
box, the contact friction coefficient (µ) is set to 0. Dissipation in the system is introduced by means of
a global damping (α) proportional to the acceleration forces [10].

In the case of UG material, 650 particles have been used while for GG material, packings with 25000
particles were generated to obtain representative statistical data. For each grading, two samples are
generated corresponding to the loosest state (respectively UGL and GGL) and to the densest state (re-
spectively UGD and GGD). The inter-particle friction coefficient is set to 0.3 which is approximately
equal to the value obtained by experimental test on spherical glass beads [3]. The resulting maximum
porosities for UGL and GGL match the targeted values obtained through experiments by Biarez and
Hicher [6], for the same coefficient of uniformity and the same particle aspect ratio of 1 (difference be-
tween the largest dimension and the smallest dimension of a particle). These authors used the ASTM
standard to determine both the maximum and minimum porosity of actual granular materials having
different gradings and particle aspect ratios.

The densest state is also obtained by gravitational deposition as described in [9, 12], but with a
contact friction value between particles equal to zero. In fact, setting the friction to zero is favorable for
particle rearrangements, which in turn leads to the compaction of the packing [37, 43, 49]. The minimum
porosity reached with such process is equal to that obtained previously by Reboul et al. [28] for the same
material (UG) though the process of creation of this dense sample was different. In their work, spheres
are initially released under gravity to create a loose sample and then, the densest state is obtained by
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means of shearing cycles with a contact friction value between particles equal to zero.

It must be noted that such typical DEM densification processes lead to density states which are generally
looser than that obtained for actual materials using the ASTM process [5]. Table 1 and Table 2 summa-
rize the set of parameters used to obtain the numerical samples and their induced final properties.

Since the top and bottom boundaries of the sample are not periodic, any computation of the poral
characteristics of the packing is carried out within a volume smaller than the total sample volume. While
the vertical lateral limits of this measurement volume correspond to the periodic boundaries. The limits
of the top and bottom volume exclude then a zone of thickness equal to D100 of the granular material.
Finally, we checked that the final volume used for the statistics of the void space is greater than the
Representative Elementary Volume.

Table 1: Mechanical and numerical parameters for DEM simulations

Parameter Magnitude

Normal stiffness (Kn) 104 KN/m
Tangential stiffness (Kt) 104 KN/m
Specific weight of spheres (ρ) 2530 Kg/m3

Global damping (α) 0.7
Inter-particle friction (µ) 0.3 (loosest state)

0 (densest state)

Table 2: Characteristics of numerical samples

Material UG GG

Coefficient of uniformity (Cu) 1.7 3.6
D0 - D100 (mm) 3 - 12 0.7 - 10
Number of particles 650 25000
Maximum porosity 0.38 0.34
Minimum porosity 0.34 0.25

3 Merging techniques for pores

The generated samples will be used as data basis for the comparison of two different techniques: the
overlap of inscribed void spheres and the degree of the separation of pores by their constrictions. Both
techniques, without any algorithmic restriction, would produce over-merges in terms of ducts and less
interlocked pores. Thus, the techniques are accompanied by algorithmic restriction: the overlapping
criterion is based on levels of neighborhood as initially considered by Seblany et al. [33], while the degree
of separation is strengthened by a hierarchical separation [18]. Both approaches build data structures
from the Delaunay tessellation and the Voronöı decomposition, respectively, and provide tools to extract
properties such as pore volumes and constriction sizes.

3.1 Overlapping inscribed void spheres technique

Once the locations and radii of the solid spheres are known, a modified (weighted) tetrahedral tessellation
(Delaunay tessellation) of the space is performed [11].
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Such a 3D partition induces a specific structure for the pore space. Indeed, each tetrahedron is herein
supposed to represent a local pore associated to four exits. The void volume included in each tetrahedron
can be derived together with other characteristics including the inscribed void sphere. Then, a statis-
tical study over the whole sample can be computed for the properties of the local pores. Accordingly,
constrictions defined as the largest empty discs on the tetrahedron faces can be obtained and the CSD
can be deduced by means of a statistical study over the sample. All these characteristics are obtained
using optimization algorithms (for the distance mapping) and more details can be found in [1, 28, 29].

The initial calculation of pores and constrictions corresponds to a level 0 (L0) of analysis as proposed
by Reboul et al. [28]. This direct computation from the Delaunay tessellation can include configurations
where constrictions are larger than pores (constrictions formed by non-touching particles on the com-
mon face of two adjacent interlocked pores [13]), and other configurations where two adjacent inscribed
void spheres are almost superimposed (The overlapping of these void spheres is greater than 99.9999%).
Such cases correspond to tetrahedra of undesirable shape (e.g. very flat tetrahedra). The constrictions
resulting from these cases represent between 10% to 20% of the total number of constrictions, depending
on the grading and on the density of the material. Thus, a L0 description of the void space may include
some artifacts due to the mathematical process used for the partitioning of the space. A post-processing
of L0 (Level L0

′) guarantees the removal of these degenerated constrictions.

Apart from these cases, the inscribed void spheres of two adjacent tetrahedra may just partly overlap
and these cases are distinguished from those where the inscribed void spheres are completely separated.
In the case of overlapping, a merging of the corresponding adjacent pores is applied (Fig. 5), giving birth
to a level 1 (L1) characterization of the void space. First, the tetrahedra derived from L0

′ are sorted by
increasing order of their inscribed void sphere, then for each tetrahedron, the overlap criterion is checked
for the four adjacent tetrahedra. It should be noted here that after merging two neighboring pores, the
process of merging is ended and didn’t go beyond the direct neighbor.

A level 2 (L2) is also processed where merging is not only applied to the adjacent local pore but also
to the next adjacent local pore if the inscribed void sphere of this latter overlaps that of the former pore
(Fig. 5). No further level for merging pores is envisioned since in that case, the void space will tend to
be characterized in terms of duct.

Level 1 and level 2 can be envisioned as criteria for merging pores in the context of the overlapping
inscribed void sphere technique. This technique and the proposed criteria hold some advantages and
limits. First, even if this technique seems relevant in the case of packing of spheres where a partition
of Delaunay can be processed, it may not be able to address the case of media with elongated particles
which may give rise to more elongated pores than in packing of spheres. In that case, by nature, few
overlapping inscribed void spheres are expected to be found. In the case of packing of spheres, the
proposed two criteria imply that the persistence of a pore is limited in distance which can be both an
advantage and a drawback. It implies that a pore can only be defined at a certain local scale involving
a pore wall composed of maximum eight particles in the case of L1 or of tens of particles in the case of L2.

Figure 5: Definition of different merging criteria associated to the overlapping inscribed void
spheres technique
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3.2 Pore separation technique

The pore separation technique relies on the elements of the Voronöı graph that was computed from the
spheres geometry based on the Euclidean distance to the solid spheres [20]. As described in Section 1, a
Voronöı node P and its respective distance represent a pore and its size dP in the initial decomposition,
and a constriction C with its respective distance describe the narrowest location between two adjacent
pores along a Voronöı edge (Fig. 6a).

The separation technique keeps track of this distance information and builds a hierarchical structure
of these elements that follows the topology of the distance function. It evaluates the separation of each
pair of pores Pi and Pj by their constriction Cij based on the relative diameter difference tdiff(Pi,Cij ,Pj)
= (dP - dCij )/dP with dP = min(dPi ,dPj ) and i 6= j. The value tdiff will be used to merge neighboring
pores according to the degree of their separation, which is specified by a user-defined threshold t. This
approach was initially developed for materials with irregular particles and does not consider sphere over-
laps in order to include pairs within elongated pores.

The hierarchical manner arises from specifying tuples Tij = (Pi,Cij ,Pj ,tdiff(Pi,Cij ,Pj)) that are pro-
cessed in a particular order. The approach starts from tuples of direct neighbors in the unmerged graph
(Fig. 6b) and evaluates them in increasing order of the difference thresholds. Each step assigns the
smaller pore to the larger one. Hereafter, the neighbor tuples that contain the newly merged pore will be
updated by replacing this pore by the larger representative one as well as by re-computing tdiff accord-
ingly. For example, if dPi < dPj , then all neighbor tuples Tik with k 6= j will be converted to Tjk = (Pj ,
Cjk, Pk, tdiff(Pj ,Cjk,Pk)) to be neighbors of Pj . Pi and Cij are labeled on the graph as belonging to Pj

(Fig. 6c) and will be discarded from further considerations. This step is then repeated until all (newly
created) tuples with a difference threshold tdiff ≤ t have been processed. More algorithmic details can
be found in [18].

The resulting tuples represent hierarchical neighbors rather than direct neighbors, where each pore
represents all hierarchically assigned pores. They not only treat local information on the separation
but also allow considering the separation between groups of local pores that are less significantly sepa-
rated. The constriction and the difference relation tdiff of such a tuple represent then the most significant
separation criterion between the two hierarchically neighbored pores. This can increase their life time
as separated pores compared to the direct neighbor relations and avoids inappropriate merge propagation.

Voronöı approaches may produce additional pore centers in the graph that do not correspond to max-
ima in the distance function. In such cases, the diameter of constriction separating two adjacent pores is
equal to that of the smaller pore (t = 0%). This is similar to what was found with the weighted Delau-
nay tessellation (see Sect. 3.1). On the graph, such constrictions are then identical to the smaller pore
(two edges in the center of Fig. 6a), which will be merged at the very beginning of the hierarchical merge.

 

(a) 
 

(b) 
 

(c) 

Figure 6: Detail of spheres and Voronöı graph extracted from the GGD sample; (a): Bright
spheres at crossings indicate pore centers, darker spheres indicate constrictions; (b): Unmerged
pore centers are randomly colored by their label ID; (c): Merged pore centers and their con-
nection paths and constrictions will be labeled as belonging together (t = 1%) (color figure
online)
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4 Pore distributions derived from different merging crite-
ria

The dual complexes of the Delaunay/Voronöı decomposition, as already described in Section 1, encode
the elements of the pore space of a sphere packing. Herein, the Delaunay cells or tetrahedra are the
entities that cover the pores or parts of pores and, thus, the appropriate entity to evaluate the pore
volumes from both merging techniques.

4.1 Overlapping inscribed void spheres technique

The computational aspects of Delaunay tessellation involve tetrahedral cells mainly inscribed in the void
space, which are more suitable than the Voronöı cells to characterize and quantify pore volumes [7, 24].

As explained previously in Section 3.1, the pore size can be measured in terms of the largest inscribed
void sphere associated to each tetrahedron but also by considering the sphere having a volume equal to
that of the void within a Delaunay cell (L0) or within merged Delaunay cells (L1, L2). This latter method
is denoted in the following equivalent void sphere approach. Using these two definitions for characterizing
the pores, the distribution of pore sizes, for UG and GG materials, at loose and dense states, are plotted
in Figure 7 and Figure 8. It is interesting to note that the pore size distributions can be well described
by a Log-Normal law in agreement with previous studies [28, 48]. The correlation is almost perfect for
L0 (not shown herein); nevertheless, the statistical model tends to shift the mode towards larger pore
diameters and to attenuate its frequency when L1 and L2 criteria are considered.

For UGL sample, accordingly to the work of Reboul et al. [28] on the same grading, the distribution
computed on the basis of the inscribed void spheres approach has a mode shifted towards the smaller
diameters compared to the other distributions obtained by the equivalent void sphere approach, since
this former approach disregards a part of the void space. Moreover, the distribution obtained from L1 is
quite different than that corresponding to L0, and a slight decrease in the modal value is also observed,
thus showing that numerous pores around the mode in L0 have been merged in L1. On the contrary, no
significant difference in the equivalent pore diameter distribution is observed from L1 to L2 (Fig. 7a).
It tends to indicate that within the framework of this merging technique, the persistence of a pore is
mainly limited to an adjacent tetrahedron for a given Delaunay cell.
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Figure 7: Probability density functions for the equivalent pore diameter resulting from different
definitions and corresponding to the overlapping inscribed void spheres technique; (a): UGL,
(b): UGD
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Figure 8: Probability density functions for the equivalent pore diameter resulting from different
definitions and corresponding to the overlapping inscribed void spheres technique; (a): GGL,
(b): GGD
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Figure 9: Number of Delaunay cells per pore in L1 for loose and dense states; (a): UG, (b):
GG

For GGL sample, the distribution and the modal value corresponding to the inscribed void sphere are
only slightly shifted towards the smaller diameters. This may be a consequence of the wide range of
particle sizes involved in this material, which tends to generate more flat tetrahedra with inscribed void
spheres which are not entirely confined in these tetrahedra. Consequently, this would create the possibil-
ity of greater void spheres than in the case of UG material, the volume of which could match the volume
of L1 or L2 distribution (Fig. 8a). It must be noted that other well graded materials that were studied
(not shown herein) also exhibited this pattern. However, the tetrahedral shape seems to be the main
configuration represented within the sample, irrespective of the grading and porosity, since the modal
values for L0, L1 and L2 are almost similar. The same finding was observed by Reboul et al. [28] for
UGL sample.

For the densest states (Fig. 7b and Fig. 8b), as expected, the equivalent diameter distributions are
narrower than those resulting from the loosest state (Fig. 7a and Fig. 8a); this is also accompanied by
a decrease of the modal values. In fact, during the process of densification, all the pores tend to reduce
their volumes but the larger ones are more sensitive to this process. Indeed, arching that allows larger
pores to be created in UGL and GGL samples tends to be destroyed due to the reduction of the local
friction ratio during the process of densification.
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Figure 10: Probability density functions for the equivalent pore diameter resulting from different
definitions and corresponding to the pore separation technique; (a): UGL, (b): GGL

Figure 9 shows the number of Delaunay cells per pore in the case of L1, for UG and GG materials, at
loose and dense states. Irrespective of the porosity and of the grading, about 50% of Delaunay cells are
not affected by the merging. The tetrahedral shape is then predominant, while more complex entities
involving three or four tetrahedra (sharing a common face with a central tetrahedron) are poorly repre-
sented in the sample.

4.2 Pore separation technique

As outlined previously, the pore separation technique is based on the pore-constriction size relations
extracted from a Voronöı graph [20]. It computes the Voronöı nodes by determining their four generator
spheres, which also are the spheres that build the corresponding tetrahedra in the Delaunay tessellation.

To measure the pore sizes for the comparison, an approximated method was applied to each tetrahe-
dron and its bounding box. A set of quasi-random points (obtained from a Niederreiter sequence [25])
were spatially distributed within the bounding box. Knowing the volume of the bounding box, the void
volume is estimated from the number of void points (points located inside the tetrahedron but outside
the spherical particles) compared to the number of total points.

The underlying equivalent pore size distributions are given in Figure 10 for both UGL and GGL sam-
ples, and similar observations can be reported when the inscribed void sphere distribution is compared
to that derived from L0 (unmerged cells). Additionally, Figure 10 shows the behavior for large thresh-
olds (t = 30%): the difference between the equivalent pore size distributions become highly significant.
The mode is very shifted towards the larger diameters. Such a large threshold merges pore clusters that
already had been merged for smaller thresholds and, thus, massively increases the corresponding pore size.

4.3 Discussion

A comparison of the pore distributions associated to different merging criteria is developed in this section.
As expected, the distributions of the inscribed void sphere diameter provided by the two tessellations
of the void space are identical (Fig. 7a and Fig. 10a; Fig. 8a and Fig. 10b). The equivalent diameter
of pores in the Delaunay cells derived from L0 computation in both approaches was found quite similar
which was also expected.
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A correspondence between different merging criteria in terms of pore size distribution is given in Table 3
and Table 4, for respectively UG and GG materials, at loose and dense states. It can be seen from Table 3
that the minimum relative errors, for UG material, correspond to the couple L1 and t = 2% as well as L2

and t = 5% independently of the density. Similarly, Table 4 shows that the equivalent pore distribution
corresponding to L1 is close to that derived from t = 1%, while the equivalent pore distribution derived
from L2 is closer to that resulting from t = 3%. For GGD sample, the minimum relative error is found
at t = 2% (t = 4% respectively) for L1 (L2 respectively).

For UG material, higher values of t are required to generate pore distributions similar to those ob-
tained by the overlapping inscribed void spheres approach. This discrepancy is most likely caused by the
nature of the pore network of the studied materials. Broadly graded material, notably at loosest state,
more frequently produce clusters of dense inscribed spheres with large overlap, whereas inscribed spheres
seem to be more distant with smaller overlap (higher separation) in the UG material. Furthermore,
within broadly graded material, several solid spheres may build large voids containing large clusters of
inscribed spheres. Such cases may exceed the expected maximum size given by the neighbor levels in the
overlapping spheres approach and produce multiple pore instances within such a void. Late merges during
the separation merge in UG material and underestimated volumes in GG during the L1 and L2 merges
most likely lead to the drifting of the L1 - t and L2 - t correspondences between the UG and GG materials.

Each technique holds its own limits and holds some advantages. The overlapping inscribed void
spheres approach provides a pre-defined neighborhood limit (L1 and L2) assuming a general maximum
pore size at a meso scale. It may be artificial but seems relevant for packing of spheres. Nevertheless,
in the case of granular materials with elongated particles, this technique may not be appropriate since
one expects to find elongated pores with scarce overlapping inscribed void spheres occurrences. The
separation technique allows tuning the pore structure more easily but the definition of the threshold is
difficult and requires experience. One can note that this technique is more robust since it can be used
for any granular material with any particle shape if a voxelization representation of the material (solids
and voids) is available.

Table 3: Relative error (in %) between the pore size distributions derived from different merging
criteria for UG

t(%) 1 2 3 4 5 6

UGL
L1 3.9 3.0 3.1 3.8 5.6 8.2
L2 9.0 6.5 4.6 2.5 1.7 2.3

UGD
L1 3.7 2.1 2.2 2.8 4.2 5.5
L2 7.5 5.6 3.9 1.8 1.0 1.2

Table 4: Relative error (in %) between the pore size distributions derived from different merging
criteria for GG

t(%) 1 2 3 4 5 6

GGL
L1 2.5 5.5 8.2 11.1 13.7 16.4
L2 5.5 3.4 3.2 5.5 7.8 10.2

GGD
L1 3.5 2.2 3.0 4.7 6.4 8.1
L2 6.3 4.3 3.1 2.2 2.4 4.0
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5 Constriction size distributions derived from different merg-
ing criteria

For convenience purposes, only the results corresponding to the UGL and GGL samples are presented in
this section, but similar results were also found for UGD and GGD samples.

5.1 Overlapping inscribed void spheres technique

The CSDs and the estimated probability density of constriction sizes for L1 and L2 merging are given in
Figure 11 and Figure 12 for both samples.

First, it has been noted that the number of constrictions decreases by approximately 40% from L0

to L1. In fact, the initial computation (L0) involves non negligible sets of tetrahedra with overlapping
inscribed void spheres that are merged in L1. About half of them comes from odd configurations (that
were removed in L0

′ merging as described in Section 3.1), the other half comes from partly overlapping
inscribed void spheres. Moreover, L2 merging just provides few further merged pores than L1 which
means that such cases are not significantly present in the packing of spheres. Accordingly, a shift to-
wards smaller constriction sizes is reported when comparing L1 CSD with L0 CSD (Fig. 11a and Fig. 12a).

Indeed, further merging criteria belonging to L1 were also studied [33]. In addition to the overlap
condition, these criteria (herein denoted L1(p%), p is the threshold denoted as t in the pore separation
technique) evaluate the degree of separation between pores (see Sect. 3.2). The evolution of the relative
number of constrictions corresponding to UG and GG materials, at loose and dense states, is shown in
Figure 13. It can be noted that the configurations involving a low degree of separation (more precisely
p ≤ 10%) are more represented within the samples. Furthermore, the decrease in the number of remain-
ing constrictions is most significant in the case of GG material (Fig. 13b) and at loosest state in general.

Another feature is observed in Figure 11b. Merging tends to let appear a clear and single mode
while vanishing a coupled second mode. When merging, the first mode for the constriction size almost
stabilizes irrespective of the merging level (L1, L2). According to Yang et al. [48], the first mode cor-
responds to the constriction formed by nearly contacting particles while the second one corresponds to
that formed by non-touching particles. By merging interlocked pores, the constrictions formed on the
common face of the tetrahedra associated to these pores are eliminated, and consequently, the first mode
becomes more significant. It must be noted that the CSD, for dense packing, has a strong first mode and
a rather weak second mode since, in this case, the Delaunay cells are mainly formed by touching particles.
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Figure 11: (a): CSDs for the UGL sample; (b): underlying probability density function for
different merging criteria defined in the overlapping inscribed void spheres technique
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Figure 12: (a): CSDs for the GGL sample; (b): underlying probability density function for
different merging criteria defined in the overlapping inscribed void spheres technique
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Figure 13: Evolution of the relative number of constrictions for different merging criteria be-
longing to L1, at loose and dense states; (a): UG, (b): GG

For GGL, the distribution of constriction sizes exhibits also two distinct modes. In contrast to UGL, the
distribution resulting from L1 or L2 remains bimodal (Fig. 12b). In such a case, the smaller mode which
is approximately not affected by the merging is probably related to constrictions between fine particles in
contact while the large one may include constrictions involving at least one particle of diameter greater
than the gap. Therefore, the second mode is not destroyed when merging.

Another reason behind can be the large clusters exceeding the L1 and L2 neighborhood levels in the
GG material as described in Section 4.3. Multiple L1 or L2 instances are created within such a void
while keeping relatively large constrictions connecting these instances.

In general, from the initial set of constrictions, irrespective of the grading, more than 60% of them
correspond to the exits of a single Delaunay cell and about 40% were removed from the statistics by the
used merging criteria, which is significant.
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5.2 Pore separation technique

Figure 14 and Figure 15 show the CSDs and the estimated probability density of constriction sizes for
respectively UGL and GGL samples. One can note that the CSDs gradually shift towards the smaller
diameters as the threshold value t increases, and this is accompanied by a progressive decrease in the
number of constrictions. Small thresholds mainly merge larger constrictions between pores within voids,
which are bounded by smaller constrictions that connect these void clusters. The hierarchical approach
strengthens the separation value for the latter ones so that they persist longer. Large thresholds will also
merge these cluster-connecting constrictions successively so that the deduced pore structure is highly
affected as shown for t = 30%, which can certainly be considered as a significant separation (Fig. 14a
and Fig. 15a).

In the case of UGL, the probability density of constriction sizes has two modes for L0, and then
becomes unimodal when merging criteria are applied (Fig. 14b). Besides, the first mode is not affected
by the merging steps for t lower than 5%. For GGL, the L0 probability density (Fig. 15b) is similar to
that obtained in Figure 12b but the bimodal character is not as pronounced. However, the distributions
still exhibit a bimodal shape when merging, as described in Section 5.1.
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Figure 14: (a): CSDs for the UGL sample; (b): underlying probability density function of the
constriction diameter for different merging steps associated to the pore separation technique
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Figure 15: (a): CSDs for the GGL sample; (b): underlying probability density function of the
constriction diameter for different merging steps associated to the pore separation technique
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5.3 Discussion

It has been proven in a previous study involving UGL sample that the initial L0 CSDs derived from the
Delaunay and the Voronöı methods are almost congruent [44]. Herein, the proof is also given for the
studied GGL sample (Fig. 16) even if it was expected.

The two different merge approaches are based on completely different techniques: overlapping spheres
in a local manner and the pore separation in a hierarchical sense. This may lead to different merge be-
havior.

The overlapping inscribed void spheres approach implies a criterion based on the distance between
the centers of adjacent pores which seems to be more reasonable according to Al-Raoush et al. [1] where
neighboring pores are merged if the center of an inscribed void sphere lies within the adjacent inscribed
void sphere. In fact, a statistical study over all tuples (Pi, Cij , Pj) shows that more than 50% of overlap
cases fulfil Al-Raoush et al. criterion and thus correspond to highly interconnected pores.

The separation technique evaluates the importance of the distance maxima and minima along the
Voronöı graph: it fuses local pores that are insignificantly separated to their next larger pore, then
evaluates the remaining more important pores among each other building up a hierarchy. That way, it
detects significant constrictions and stops merging there for a given hierarchy level, which depends on a
user-defined threshold.

For each material, the relative error between the CSDs derived from different merging criteria is cal-
culated and given in Table 5 and Table 6. For UG material, the correspondence between the two merging
techniques, previously found for the pore distribution, hold true for the CSD (L1 and t = 2%; L2 and
t = 5%) (Tab. 5). For GGL sample, Table 6 indicates that the resulting CSDs provided by L1 and L2

are closer to those derived from t = 1% and t = 4% respectively. Furthermore, one can note that, for the
densest state, the CSD associated to L1 and that corresponding to t = 2% are approximately similar and
it seems that a threshold value of 5% is more suitable to predict L2. Nevertheless, satisfactory results
can be obtained between t = 1% and t = 2% for L1, and over the range of 4−6% for L2. More precisely,
and irrespectively of density and grading, a threshold of about 2% (5% respectively) can be considered
suitable to predict the pore and constriction size distributions corresponding to L1 (L2 respectively).
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Figure 16: Initial CSD derived from Delaunay and Voronöı approaches for GGL sample
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Table 5: Relative error (in %) between the CSD derived from different merging criteria for UG

t(%) 1 2 3 4 5 6

UGL
L1 1.4 1.2 1.7 2.3 3.0 3.7
L2 4.2 3.1 2.4 1.8 1.4 1.5

UGD
L1 2.2 2.0 2.3 3.2 4.0 4.8
L2 4.8 3.5 2.8 2.0 1.7 1.9

Table 6: Relative error (in %) between the CSD derived from different merging criteria for GG

t(%) 1 2 3 4 5 6
t(%) 1 2 3 4 5 6

GGL
L1 2.1 2.1 2.6 3.0 3.6 4.0
L2 4.6 3.0 1.9 1.5 1.8 2.1

GGD
L1 2.2 0.9 1.0 1.7 2.5 3.4
L2 4.6 2.9 1.7 0.9 0.8 1.5

6 Conclusion

In this paper, different void characteristics in packings of spheres are derived from a partition of the
space. These characteristics are the distribution of the diameter of the void sphere having a volume
equal to that of the pore, which characterizes the morphology of the void space, and the constriction
size distribution which characterizes its topology. Since the usual Delaunay or Voronöı partitions may
lead to an artificial over-segmentation of the pore space, two different techniques for merging local pores
were studied and compared. These techniques, which lie on the computation of the inscribed void sphere
associated to a local pore, are the overlapping void spheres technique and the pore separation technique.

In the overlapping void spheres approach, two criteria or levels are defined: a level 1 (L1) where
two direct neighboring local pores are merged if their respective inscribed void spheres are overlapping,
and a second level (L2), where the next neighboring local pores can also be merged with the two first
ones to create a single pore in case of further overlapping of void inscribed spheres. The pore separation
technique hierarchically evaluates the degree of separation indicated by the distance function of the void
space for a given threshold t. To compare both approaches, different thresholds t were tested to show
the impact of the merging criterion on the distribution of pore and constriction sizes.

Two materials were studied, one which can be considered as uniformly graded and another one which
is widely graded but gap-graded, both in a loose or in a dense state. From a direct computation of pores
and constrictions, L1 merging induces the removal of about 40% of constrictions irrespective of the grad-
ing and of the density. L2 level merging brings fewer new merging of local pores. In the pore separation
technique, the removal of constrictions is important for small values of the threshold (t ≤ 1%) irrespec-
tive of grading and density, and the rate of removal of further constrictions tends to decrease as t increases.

In the case of the uniformly graded material, merging tends to remove the larger constrictions and
lets appear a clear single mode for the distributions of constriction sizes. In the case of the studied
gap-graded material, two close modes are obtained after merging which is just typical of the studied
grading. The same trend is observed with the pore separation technique while t is equal or smaller than
5%. For larger threshold values, the constriction size corresponding to the mode tends to shift to the
smaller diameters.

A correspondence is found between the two merging techniques irrespective of the considered void
characteristics, pores or constrictions, the grading and the density. L1 merging corresponds to a thresh-
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old of about 2% and L2 to a threshold of about 5%. It can serve as a guide for a user for the definition
of pores at a meso scale even if a definite pore structure cannot be obtained due to subjective nature of
these bodies.
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Résumé étendu en Français

1. Contexte Général

L’érosion interne est l’une des principales causes d’instabilité et de ruptures des ouvrages hy-
drauliques en terre (digue, levée, barrage). Elle correspond à des phénomènes d’arrachement et de
transport des particules, au sein d’un matériau granulaire, sous l’action d’un écoulement parasite
qui le traverse. Les désordres constatés sur des ouvrages existants soulignent la nécessité d’une
meilleure compréhension des phénomènes qui régissent l’érosion interne.

Pour empêcher ces phénomènes de se propager excessivement, les ouvrages hydrauliques peuvent
être protégés par des couches de transition ou des filtres installés dans le corps de l’ouvrage en
phase de conception ou sous la forme de recharge en réparation.

Pour accomplir son rôle avec succès, un filtre doit être caractérisé par une granulométrie appro-
priée pour retenir les particules de sol d’une part, et pour maintenir une bonne perméabilité d’autre
part.

En d’autres termes, si les ouvertures de filtre sont trop fines, toutes les particules érodées se retrou-
veront bloquées à l’interface pouvant générer ainsi de fortes pressions interstitielles et un claquage
hydraulique. De même, si les ouvertures de filtre sont trop importantes, toutes les particules
érodées traverseront le filtre qui ne jouera plus son rôle. Un filtre effectif doit donc laisser passer
en partie la fraction la plus fine des particules érodées mais piéger les plus grosses. Les particules
ainsi piégées dans le réseau des pores forment progressivement une interface stable contribuant au
processus de filtration des particules plus fines. Ce phénomène se réfère à l’auto-filtration.

En s’appuyant sur une campagne d’essais expérimentaux, Terzaghi et al. (1996) a proposé des
règles granulométriques pour guider la mise en œuvre des filtres dans les ouvrages hydrauliques.
Suivant ces règles, la couche de transition doit être assez fine pour éviter l’érosion de la couche
filtrante tout en restant suffisamment perméable.

Par la suite, de nombreuses études empiriques et expérimentales ont été menées afin d’évaluer
l’efficacité de ces critères. En effet, les expériences de Terzaghi ont été effectuées sur des matéri-
aux de granulométrie uniforme, leur validité est supposée ainsi être restreinte à des sols ayant des
coefficients d’uniformité plutôt faibles.

La filtration dans un matériau granulaire est contrôlée par les resserrements connectant les dif-
férents pores, aussi appelées constrictions. En fait, si une particule traversant un pore est plus
grosse que toutes les constrictions permettant de sortir de ce pore, elle y reste piégée indépendam-
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ment de la valeur du gradient hydraulique imposé (dans la mesure où celui-ci ne déstructure pas
tout le matériau).

Aussi, de nouveaux critères s’appuyant sur la distribution des tailles de constriction (CSD) ont été
proposés par le passé (Indraratna et al., 2007). Ces critères permettent de s’affranchir des prob-
lèmes liés au coefficient d’uniformité du matériau et du fait que la plupart des règles empiriques
ont été obtenues sur des matériaux denses.

Ces recherches se sont appuyées sur une volonté de mieux comprendre et décrire les phénomènes
en jeu dans l’espace poral lors du processus de filtration.

Les études expérimentales permettant de définir la CSD pour un matériau granulaire sont générale-
ment difficiles à mettre en œuvre. Les techniques de tomographie récentes peuvent constituer
un moyen performant de visualisation de la morphologie de l’espace poral et peuvent être ap-
pliquées à tout type de matériaux. Cependant, elles nécessitent d’être combinées avec des algo-
rithmes appropriés de traitement d’images pour aboutir à une quantification de cet espace. Ainsi,
les méthodes analytiques semblent être une alternative intéressante pour obtenir la CSD à partir
de variables facilement mesurables (granulométrie du matériau et densité), suivant une approche
géométrique simplifiée qui doit être validée sur des cas bien documentés. Dans ce cadre, la méth-
ode aux éléments discrets (DEM), introduite par Cundall and Strack (1979) permet de modéliser
finement les matériaux granulaires. Des outils de partition de l’espace poral sont alors indispens-
ables pour obtenir la CSD, mais ces techniques peuvent être sources d’artefacts qu’il faut savoir
repérer et éliminer.

Ce travail s’appuie ainsi principalement sur une approche numérique basée sur DEM pour con-
tribuer à une meilleure connaissance de l’espace poral de matériaux granulaires sphériques et une
meilleure validation de critères de filtre associés à ces matériaux.

2. Objectifs

La recherche d’un critère de filtre basé sur la CSD et adapté pour différents types de sols granu-
laires (granulométrie, densité) constituera ainsi l’objectif principal de ce travail. Pour y parvenir,
des approches numériques et analytiques sont envisagées:

• Une modélisation numérique (DEM) permettra de mieux contrôler les caractéristiques po-
rales de milieux granulaires modèles. Des échantillons constitués des assemblages de sphères
ayant différentes granulométries et différents états de densité seront générés.

• Une méthode de caractérisation de l’espace poral sera proposée pour obtenir une représen-
tation plus précise des pores et de la CSD.

• Les modèles analytiques existants pour estimer la CSD seront testés et révisés sur la base
d’une partition pertinente de l’espace poral.

• Des essais numériques de filtration seront menés pour corréler la topologie de l’espace poral,
plus précisément la CSD d’un filtre granulaire, aux phénomènes de transport des particules
à travers ce filtre.
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• Un critère de filtre fondé sur la CSD sera proposé et validé sur la base des résultats expéri-
mentaux rapportés dans la littérature.

3. Démarches et contributions

La méthodologie, les démarches suivies et les principales contributions de ce travail, sont explic-
itées ci-après.

Une attention particulière est premièrement accordée au processus de création de l’échantillon
numérique qui peut influencer l’organisation de l’assemblage granulaire à l’échelle microscopique.
Dans cette étude, les échantillons numériques de matériaux granulaires ont été générés par dépôt
sous gravité des particules. Cette méthode est bien adaptée pour simuler le processus de mise en
place des filtres dans les ouvrages hydrauliques.

La plupart des études numériques se concentrent sur des assemblages sphériques monodisperses,
sur des granulométries continues et sur l’état le plus dense. Ici, les matériaux étudiés correspon-
dent à des granulométries variées: granulométrie serrée, étalée et lacunaires, avec des coefficients
d’uniformité allant de 1.7 à 6. Deux états de densité seront envisagés (lâche et dense).

Afin de caractériser la morphologie et la topologie de l’espace des vides au sein des assemblages
numériques de sphères, une subdivision du milieu en tétraèdres, par une partition de Delaunay, est
mise en place, permettant ainsi d’obtenir des tailles caractéristiques des pores (sphère maximale
inscrite dans le pore, sphère ayant un volume équivalent à celui du vide au sein d’un tétraèdre) et
des constrictions (le plus grand disque contenu dans l’espace des vides sur les faces des tétraèdres)
en accord avec les travaux de Reboul et al. (2008).

La partition de Delaunay engendre une segmentation de l’espace poral en volumes élémentaires en
accord avec son schéma mathématique interne; cette partition peut donc être qualifiée d’artificielle
(Al-Raoush et al., 2003). Par la suite, ce schéma peut introduire une subdivision abusive de
l’espace poral.

Pour affronter ce problème, une association des tétraèdres voisins selon des critères basés sur le
chevauchement de leurs sphères inscrites de vide est construite. Plusieurs niveaux de fusion sont
ainsi proposés à la lumière des travaux de Reboul et al. (2008). Un niveau de fusion primaire (L0

′)
est introduit pour éliminer les constrictions résultantes des artefacts géométriques de segmenta-
tion.

Le choix d’un critère de fusion des pores peut influer de façon déterminante sur la distribution des
tailles des pores et des constrictions. Une attention particulière est alors accordée à l’implication
de ces critères sur les caractéristiques de l’espace poral. Dans ce contexte, le critère L1 conduit
à l’élimination d’environ 30% des constrictions par rapport à L0 indépendamment de la densité
et de la granulométrie et du matériau étudié. L1 tend à éliminer un second mode parasite de la
distribution des tailles de constriction et laisse apparaitre clairement le premier mode pour tous
les matériaux étudiés à l’exception de GG1 (un matériau à granulométrie lacunaire) qui présente
une distribution bimodale des tailles de constriction qui semble porter un sens physique. Une
étude comparative de plusieurs granulométries lacunaires a montré que ce caractère bimodal est
lié à une proportion importante des particules grossières. Enfin, ces résultats ne montrent pas de
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différences importantes entre le critère fusion L1 et L2 qui est plus sophistiqué.

Il est illusoire de vouloir définir une CSD unique car le contour d’un pore est par définition in-
certain. Nous avons donc proposé une technique de calcul raisonnable où le critère de fusion L1
semble permettre de délimiter, de manière satisfaisante et à l’échelle mésoscopique, les frontières
géométriques des pores dans des assemblages sphériques.

En outre, une étude de l’influence de la granulométrie et de l’état de densité du filtre sur les
distributions des tailles des pores et des constrictions a été menée. Les résultats permettent de
valider ceux obtenus par Reboul et al. (2008) sur une granulométrie uniforme.

Certains modèles analytiques permettant d’obtenir rapidement la CSD existent dans la littérature
(Locke et al., 2001; Reboul et al., 2010). Ils nécessitent la seule connaissance de la courbe gran-
ulométrique et de la densité du matériau. Une comparaison entre la CSD obtenue à partir de
ces approches analytiques et celle qui résulte de l’analyse des échantillons numériques a permet
d’ajuster ces modèles de façon à obtenir une CSD plus réaliste (CSD L1). Plus précisément, trois
conclusions ont été établies:

• La CSD (L0) de l’état lâche résulte directement de la formule proposée par Locke et al.
(2001).

• Le modèle à 1-paramètre proposé par Reboul et al. (2010) permet d’obtenir des résultats
satisfaisants (CSD dense L0) même pour les granulométries discontinues. Ce qui permet
d’éviter l’utilisation du modèle à 2-paramètres proposé par ces auteurs et dont la procédure
d’établissement est difficilement généralisable.

• Un facteur correctif doit être introduit dans le modèle à 1-paramètre pour reproduire la CSD
(L1).

Dans un deuxième temps, des études ont été menées sur les processus de filtration. Lié à ce
phénomène, une formule a été proposée pour estimer le diamètre de pore moyen à partir des
données statistiques obtenues sur les échantillons numériques. Plusieurs estimations de cette car-
actéristique de l’espace poral ont été proposées dans la littérature et sont incorporées dans les
approches probabilistes pour estimer la distance parcourue par une particule fine dans un matériau
granulaire.

Des essais numériques de filtration ont été réalisés pour établir une relation claire entre le transport
des particules fines à travers un milieu granulaire et la CSD. Les essais sous gravité ont mis
en évidence une taille critique à partir de laquelle la probabilité d’une particule à traverser la
totalité de l’échantillon évolue rapidement. Cette taille critique correspond au plus large mode
de la distribution des tailles de constriction (L1) attribuant ainsi un sens physique à ce critère de
fusion des pores. A noter que cette taille critique correspond au fractile 35% de la CSD (L1)
indépendamment de la granulométrie et de la densité du matériau.

D’autre part, cette taille critique a été comparée avec les valeurs des diamètres d’ouverture de
contrôle relevées dans la littérature. Un bon accord a été trouvé avec le diamètre d’ouverture de
contrôle rapporté dans l’étude expérimentale de Witt (1993).

Cependant, les essais de filtration hydrauliques ont montré que le flux réoriente les particules
fines vers les chemins de filtration les plus larges, ce qui permet de parcourir une distance plus
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importante. Dans ce cas, le mode est moins corrélé à la taille d’ouverture de contrôle du filtre
granulaire.

Une formule analytique est ensuite proposée pour calculer rapidement cette taille caractéristique
du matériau granulaire. Une validation a été réalisée sur des valeurs expérimentales.

Ce diamètre d’ouverture de contrôle est ensuite incorporé dans un critère de filtre basé sur la CSD,
d85SA≥ dOS. Le critère proposé reproduit correctement des résultats expérimentaux rapportés dans
la littérature.

Ainsi, le critère proposé offre une explication plausible concernant le choix de la taille représen-
tative de l’ouverture du filtre et bien que proche du critère proposé par Indraratna et al. (2007)
donne un éclairage plus rigoureux de sa construction.

4. Perspectives

Une des problématiques actuelles consiste à tenir compte de la complexité morphologique des
particules composant les sols granulaires réels, qui s’éloignent souvent de la forme sphérique
traditionnellement utilisée en DEM. Des travaux de recherche sont en cours afin de modéliser
des assemblages de particules polyédriques, et d’évaluer l’influence de l’anisotropie induite par la
forme irrégulière des particules sur la CSD et sur les chemins de filtration.

Une collaboration avec Zuse Institute Berlin est prévue afin d’obtenir la CSD de ces assemblages
polyédriques. La méthode utilisée pour aboutir à la CSD s’appuie successivement sur une voxeli-
sation de l’espace des vides, un post-traitement basé sur la méthode de l’axe médian pour obtenir
une première morphologie et topologie de l’espace des vides et une technique de fusion des pores
qui associe les pores voisins suivant le degré de séparation de leur constriction (Homberg et al.,
2012).

Dans un article antérieur commun (Seblany et al., 2018), nous avons établi, dans le cas des as-
semblages sphériques, une correspondance entre les critères associés à différentes techniques de
fusion des pores, qui pourra être utilisée comme un guide pour ces prochaines études.

Ce travail permet d’ouvrir d’intéressantes perspectives de recherche. Les formules analytiques
et le critère de filtre proposés dans le cas des particules sphériques peuvent être réévalués pour
s’adapter aux particules polyédriques allongées.
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