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Notations de I'introduction

La liste suivante présente les principales notations utilisées dans l'introduction générale

de la these (chapitre 1). Les notations spécifiques aux autres chapitres sont intégrées a

<‘7 >
-
B(a, R)

I NlLip

I e, fa.e

Produit scalaire usuel sur R

Norme euclidienne sur R¢ ou valeur absolue sur R.

Boule de centre a et de rayon R sur R? pour la norme euclidienne.
Semi-norme Lipschitz : soit f: (E,dg) — (F,dr) ou (E,dg) et (F,dr)
désignent deux espaces métriques, alors

drf@. )
”fHLlP T :E#I; dE(«T,y) :

Semi-norme a-Holder : soit f : [a,b] — R? alors,

Hf”a,[a,b] ‘= sup M

a<s<t<b ‘t - S|a

Matrices a coeflicients réels de taille d x d.

Matrices diagonales a coefficients réels de taille d x d.

Mesures de probabilités sur un espace donné F.

Distance en variation totale : soient p,v € M;(E) pour un espace E
donné, alors

[V = pliry = sup [v(A) = u(A)].
ACE

Ensemble des couplages de mesures de probabilités : soient p,v €
M (E) pour un espace E donné, alors

(v, p) :=={m € My(E x E) telles que 7(.,E) =v(.) et 7(E,.) = pu(.)}.

Distance de Wasserstein d’ordre p : soient pu, v € M;(FE) pour un espace
métrique (E,d) donné, alors

Wy(v,p) == inf </EXEd(J;,y)pd7r(x,y)> 1/P‘

rell(v,p)

ix






1. Introduction générale

En théorie des probabilités, I’étude du régime stationnaire de systémes dynamiques aléa-
toires est un domaine de recherche tres actif. Plusieurs aspects sont abordés : 'existence
et I'unicité d’un tel régime, la convergence et la vitesse de convergence vers ce régime
stationnaire. L’intérét porté a ce sujet vient notamment du fait que I’évolution de nom-
breux phénomenes réels peut étre modélisée a 'aide de systemes dynamiques aléatoires.
En particulier, les systémes markoviens ont fait ’objet et font encore ’objet de nombreux
travaux. Cependant, ce type de modeles apparait dans certaines situations comme peu
adapté ou trop restrictif. C’est donc naturellement que des dynamiques aléatoires plus
générales dirigées par des bruits a mémoire ont commencé a étre étudiées.

Dans un cadre continu, I’étude du régime stationnaire des Equations Différentielles
Stochastiques (EDS) dirigées par un processus gaussien & accroissements stationnaires
suscite beaucoup d’intérét depuis une dizaine d’années. Un exemple de tels processus est
le mouvement brownien fractionnaire, qui est une généralisation du mouvement brown-
ien standard. En particulier, les EDS fractionnaires sont utilisées dans de nombreux do-
maines : par exemple pour modéliser I’évolution de phénomenes physiques, biologiques
ou financiers (voir [32, 12, 45, 57]). Par conséquent, ces équations apparaissent dans de
nombreux travaux : sur l'existence et I'unicité d’une mesure invariante dans ce cadre
a priori non markovien (voir [35, 34, 38]), sur la vitesse de convergence a 1’équilibre
(voir [36, 26, 22]) ou encore sur I’approximation de la mesure invariante (voir [15, 16]).
Nous détaillerons ces derniers résultats dans la Section 1.2.1 apres avoir introduit de
fagon précise le mouvement brownien fractionnaire dans la Section 1.1. Pour un bruit
gaussien a accroissements stationnaires plus général, nous verrons dans la Section 1.2.2
que de récents résultats [59] nous donnent une vitesse de convergence a ’équilibre sous
certaines hypothéses bien choisies.

Dans un cadre discret, Hairer dans [37] propose des conditions générales donnant
I'existence et I'unicité d’une mesure invariante pour une grande classe de processus non-
markoviens. De plus, I’étude en temps long de systéemes discrets particuliers comme le
schéma d’Euler associé & une EDS dirigée par un bruit gaussien général (dans [15]) ou par
le mouvement brownien fractionnaire (dans [16]) permet d’approcher la loi stationnaire
de ’EDS; ce qui est essentiel car il est difficile de la calculer explicitement dans la plupart
des cas.

Dans cette thése, nous nous intéressons a différents problémes en lien avec 'ergodicité
de tels systemes dynamiques & mémoire, en temps continu ou discret, et tout particuliére-
ment pour un bruit fractionnaire. Dans la suite de ce chapitre, nous allons détailler les



1. INTRODUCTION GENERALE

résultats existants sur lesquels cette theése s’appuie avant d’exposer nos résultats princi-
paux.

1.1 Le mouvement brownien fractionnaire

Le mouvement brownien fractionnaire est 'un des principaux bruits gaussiens considérés
dans cette these. Nous allons donc nous attacher tout au long de cette section a le définir
et a donner ses principales propriétés.

1.1.1 Définition et propriétés

Définition 1.1.1. Soit H € (0,1). Le mouvement brownien fractionnaire (mBf) d-
dimensionnel de parametre de Hurst H, noté (B;)¢>0, est un processus gaussien centré
dont la fonction de covariance est donnée par

E [BiBg] =3 [tQH + 52 |t — s|2H] pour tout t,s > 0.

En particulier, les accroissements du mBf sont stationnaires :
E {(B; — BY)(B] - Bg)} = 6;j|t — s|*  pour tout t,s > 0,
et le mBf est un processus H-autosimilaire, c’est-a-dire tel que
L ((Bet)t>0) = L (cH(Bt)tZO) pour tout ¢ > 0.

Remarque 1.1.1. Le processus B n’est pas une semimartingale excepté lorsque H = 1/2
(voir Liptser et Shiryaev [19]). Dans ce cas, B n’est autre que le mouvement brownien
standard et ses accroissements sont indépendants. Notons que la théorie de I'intégration
d’Itd ne s’applique donc pas au mBf.

Le parametre de Hurst H gouverne le signe de la corrélation des accroissements du
mouvement brownien fractionnaire (suivant si H < 1/2 ou H > 1/2) mais prescrit aussi
la régularité de ses trajectoires comme expliqué dans la proposition suivante.

Proposition 1.1.1. Soit H € (0,1). Les trajectoires du mouvement brownien frac-
tionnaire de paramétre de Hurst H sont presque strement 5-Holder pour tout 8 < H.
Autrement dit, pour tout T' > 0 et pour 0 < 5 < H,

‘Bt — BS|
Bllgiom = sup ———% <400 p.s.
IBlls oz = sup == p
1.1.2 Représentations
Dans [50], Mandelbrot et Van Ness montrent que le mouvement brownien fractionnaire

peut s’obtenir en intégrant un noyau déterministe contre une mesure gaussienne. En
effet, soit (W;)ier un mouvement brownien standard d-dimensionnel, alors le processus



1.2. Ergodicité des équations différentielles stochastiques a mémoire

B défini par

B, = H(H)/ {(t — 9 Hlaw,, teRr. (1.1.1)
R

ou k(H) est une constante de normalisation qui ne dépend que de H, est un mBf sur
R?. Cette représentation en moyenne mobile est primordiale pour étudier 1’ergodicité
des EDS fractionnaires. Cela permet de plonger la solution d’une telle EDS dans une
structure markovienne homogene et donc de donner un sens a la notion de mesure
invariante dans ce cadre. Cet aspect sera développé dans la Section 1.2.1 .

Une deuxiéme représentation du mBf, indexé sur R (voir par exemple [18] ou [20]),
appelée représentation de Volterra est la suivante : soit (W;):>0 un mouvement Brownien
d-dimensionnel alors le processus B défini par

t
B, :/ Kyt s)dW,, t>0, (1.1.2)
0

ou Kg est un noyau déterministe donné par

H—3 o1 1 t uH—g o1
Ky(t,s)=cy T (t—s)""2—(H-—= / Hil(u—s) zdu (1.1.3)

1
S 2

est un mBf sur R%. Cette représentation est utilisée dans les travaux décrits dans la
Section 1.3.2.

1.2 Ergodicité des équations différentielles stochastiques a
mémoire

Dans cette partie, nous nous focalisons sur les EDS du type suivant : soit (¥;)¢>0 un
processus & valeurs dans R? tel que

dY; = b(Y;)dt + o(Y;)dG, (1.2.1)

oub: R - R et 0 : RT — Myyy sont & minima des fonctions continues et G est un
processus gaussien d-dimensionnel centré & accroissements stationnaires. Dans les deux
prochaines sous-parties, nous préciserons les hypotheses supplémentaires pour que cette
EDS ait du sens en fonction de la nature exacte de G.

Remarque 1.2.1. Excepté dans le cas ol les accroissements de G seraient indépendants
(cas qui ne nous concernera pas ici), ce type de dynamique est clairement non-markovien.
Ceci explique la terminologie “a mémoire” employée dans le titre de la section.

Nous aurons également besoin du schéma d’Euler a pas fixé v > 0 associé a (1.2.1)
défini par une donnée initiale Zy := Yy et la relation de récurrence suivante

Vn >0, Zpii)yy = Zny +70(Zny) + 0(Zny) Anta (1.2.2)

ou An—i—l = G(n+1),y — Gnv-
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1.2.1 Bruit fractionnaire

On considere dans toute cette section le cas de I’équation (1.2.1) lorsque G n’est autre
que le mouvement brownien fractionnaire B de parametre H € (0,1) (voir Défini-
tion 1.1.1). La mémoire relative aux accroissements du mBf implique que les solu-
tions de (1.2.1), quand elles existent, sont non-markoviennes. Sans cette propriété, il
parait difficile de définir une mesure invariante, d’étudier son existence et la conver-
gence éventuelle de la solution de I’équation vers celle-ci. L’idée fondatrice introduite
par Hairer dans [30] est de “grossir” l'espace en incluant tout le passé du bruit frac-
tionnaire pour se ramener & un cadre markovien homogene. Ce principe repose sur
la représentation de Mandelbrot-Van Ness du mBf définie par (1.1.1), 'objet d’intérét
n’étant plus (Yz)e>0 mais (Y, (Ws)s<t)e>0 ou W est le mouvement brownien standard
sous-jacent (voir (1.1.1)). Dans son article, Hairer construit le semi-groupe de Feller
associé a (Y, (Ws)s<t)r>0 en introduisant I'espace de bruit W comme la fermeture de
C§°(R_) (fonctions C* a support compact qui s’annulent en 0) pour la norme

w(t) — w(s)]

[ p—
ock [t — |2 (14 [t] + |s])

SIS

Ce semi-groupe, noté Q, est alors défini par : pour tout f : R x W — R, mesurable,
Qtf(l’, w) = E(x,w) [f()/ty (Ws)sgt)] . (1.2.3)

La notion de mesure invariante peut ainsi étre définie comme suit :

Définition 1.2.1. Une mesure invariante pour (1.2.1) est une mesure de probabilité p
sur R? x W invariante pour Q, c’est-a-dire vérifiant

Qi =p, Vt=0.

Remarque 1.2.2. Notons que dans tous les résultats qui vont suivre, lorsqu’on parlera
d’unicité de la mesure invariante, cela sera a la relation d’équivalence pres suivante.
Soient y, v deux mesures de probabilités sur R? x W. On note Sy := L((Y{)i>0), c’est-
a-dire la loi de la solution de I'EDS (1.2.1) partant de la mesure initiale . Alors la
relation d’équivalence ~ est donnée par : y~v < Sy = Sv.

Vitesse de convergence a ’équilibre

Commencons par le cas additif considéré par Hairer dans [30], c’est-a-dire lorsque o
est une matrice constante inversible dans (1.2.1). Dans ce cadre, sous des hypothéses
de croissance polynomiale sur le drift b et sa dérivée et sous la condition de stabilité
suivante :

(Hp) : il existe a, o/, 8 > 0 tels que
(b(x) = b(y),z —y) <min{ B — alz —y?, |z —y|?}, Vz,y€e R,
Hairer donne une borne sur la vitesse de convergence de la solution vers la mesure

4
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invariante pour la distance en variation totale. L’hypotheése (Hy,) est une condition de
contraction en dehors d’un compact.

Théoréme 1.2.1 (Hairer [36]). Sous les hypothéses décrites ci-dessus, I’équation (1.2.1)
lorsque G est un mBf admet une unique mesure invariante py. De plus, pour toute
mesure initiale p et pour tout € > 0, il existe C. > 0 telle que

IL((YE )s0) = Shsllpy < Cot™(@H72) (1.2.4)
ot
1 . 1 1
_ ) s st HE(Z,l)\{§} Lo
o { H(1—2H) si He(0,1). (12.5)

Remarque 1.2.3. > Notons ici qu’il y a un 1éger abus, les conditions initiales doivent étre
admissibles, c’est-a-dire que leur projection sur W doit étre la loi de (W3):<o.
> L’optimalité de cette vitesse est encore une question ouverte.

La preuve de ce théoréme est basée sur une méthode de couplage qui est plus complexe
que dans le cadre markovien classique. En effet I’idée est d’utiliser le fait que

I£((Ye4 )s20) = Spallry < P(r > 1)

ot 7 :=inf{t > 0|V} =Y2Vs>t}et (Y, V?) = ((Y)i>0, (Y}*)i>0). Il est important
de noter que la méthode de couplage va comporter une étape supplémentaire par rapport
au couplage classique markovien : tout d’abord I’étape 1 consiste a réussir a coller les
trajectoires Y! et Y2 a un instant donné, ensuite on doit essayer de les maintenir collées
(étape 2 spécifique au non-markovien) et enfin en cas d’échec de I'une des deux premieéres
étapes, on doit imposer W' = W? jusqu’a ce que les deux trajectoires reviennent dans
un compact donné (ott W' et W?2 sont les mouvements browniens sous-jacents & la
représentation (1.1.1) pour les mBf associés respectivement & Y'! et Y'2). Cette derniere
étape permet de tenter de nouveau I’étape 1 en contrélant le colit d’un éventuel échec
de cette méme étape.

L’existence et 'unicité d’une probabilité invariante ont été également étudiées dans
un cadre multiplicatif, c’est a dire lorsque o n’est plus constant, par Hairer et Ohashi dans
[34] pour H > 1/2 puis par Hairer et Pillai dans [35] pour H € (1/3,1/2). Concernant
la vitesse de convergence, le Théoreme 1.2.1 a aussi été prolongé. Tout d’abord lorsque
H > 1/2, Fontbona et Panloup dans [20] prouvent ce méme résultat lorsque o est
bornée lipschitz et inversible avec o~1 = Vh ol h est un C!-difféomorphisme de R¢. Ces
hypotheses sur ¢ permettent de pallier au fait que les deux propriétés suivantes ne sont
plus vraies dans le cadre multiplicatif :

e Lorsque o est constant, si deux mBf B! et B? different d’un drift alors les solutions
Y1 et Y? aussi, ce qui facilite I’étape 1 du couplage.

e Sous I'hypothese (Hp) et lorsque o est constant, deux trajectoires dirigées par le
méme mBf se rapprochent automatiquement et la distance entre les deux trajec-
toires peut étre contrdlée par une constante déterministe.
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Remarque 1.2.4. Notons que la restriction & H > 1/2 permet d’utiliser la théorie des
intégrales de Young qui donne un sens aux intégrales du type fg fsdgs pour deux fonctions
f et g Holder d’indices respectifs ay, as avec a; + ag > 1 : pour toute subdivision IT de
I'intervalle [0, t],

t
/0 Jsdgs : |1111|r£O [U§H fu(gv gu)'

Toujours dans le cadre multiplicatif, le Théoreme 1.2.1 est enfin démontré dans le cas
H > 1/3 par Deya, Panloup et Tindel dans [22]. Ils supposent en particulier que o est
réguliére bornée a dérivées bornées et inversible d’inverse borné. Dans le cas H > 1/2,
cela prolonge un peu le résultat donné par [26] étant donné que ’on ne suppose plus que
o est une matrice jacobienne. Le cas H € (1/3,1/2) apporte quant a lui une contribution
plus signifiante qui fait appel a la théorie des trajectoires rugueuses afin de donner un
sens & l'intégrale contre le mBf (voir [28] ou [29] pour plus de détails sur ce sujet).

Approximation de la loi stationnaire

Une fois la convergence vers la mesure invariante établie, une question naturelle est de
savoir comment approcher cette mesure invariante, qui est en général difficile a calculer
explicitement. Rappelons que la mesure invariante uy, donnée dans le Théoréme 1.2.1
est une mesure de probabilité sur R? x W, nous nous intéressons ici & sa projection sur
la premiére marginale, que 'on va noter fi, € M;(R?) dans la suite.

Dans le but d’approcher fi,, I'idée est d’utiliser le schéma d’Euler défini en (1.2.1)
toujours dans le cas ou G est le mouvement brownien fractionnaire. Dans [15] pour le cas
additif avec H € (0,1) et dans [16] pour le cas multiplicatif avec H € (1/2,1), les auteurs
utilisent la mesure d’occupation associée au schéma d’Euler (1.2.2) pour approcher fi.
Plus précisément, commencgons par le cas additif [15]. En supposant que le drift b est
Lipschitz et satisfait la condition de stabilité (Hyp) énoncée dans la section précédente
avec 8 = 0, les auteurs obtiennent le résultat suivant (énoncé dans le cas particulier du
mBf ici) :

Théoréme 1.2.2 (Cohen, Panloup [15]). Soit Z défini par (1.2.2) lorsque G = B de
paramétre de Hurst H € (0,1) et lorsque o est constant et inversible. Sous les hypothéses
énoncées ci-dessus sur le drift b,

. _
L (1.26)
k=0

au sens de la convergence étroite sur R?.

Remarque 1.2.5. Le fait de supposer 8 = 0 dans I’hypothése (Hy,) permet ici de montrer
I'unicité de la solution stationnaire associée & (1.2.2) (pour v > 0 suffisamment petit) et
a (1.2.1). On peut noter ici que la définition de solution stationnaire differe légerement
de celle de Hairer [36], il s’agit ici d’un processus solution de (1.2.1) ou (1.2.2) dont la
loi est stationnaire. Il n’y a pas de condition d’adapatation du processus a la filtration
naturelle engendrée par le bruit fractionnaire (B;)ier. Cependant, lorsqu’il s’agit de
solutions stationnaires adaptées, il y a en fait unicité méme si (Hy,) est vérifiée pour un
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B quelconque : pour le schéma d’Euler ceci est implicitement démontré dans [16] (en
adaptant ce qui est fait au cadre additif et pour un H € (0,1) quelconque) qui utilise
les résultats de [37] et enfin Hairer le démontre dans [36] pour 'EDS (1.2.1) lorsque G
est le mBf (comme on I’a vu précédemment).

Le Théoreme 1.2.2 est adapté au cadre multiplicatif dans [10] lorsque H € (1/2,1)
pour un drift b sous linéaire de classe C? satisfaisant toujours ’hypothése de contraction
en dehors d’un compact (Hy,) et pour un o borné de classe C? inversible d’inverse borné.
Le cadre multiplicatif avec un parametre de Hurst H < 1/2 n’a pas encore été étudié
mais comme il est expliqué dans [16, Remarque 4], il semble que tous les outils pour
le faire sont disponibles. Il faudrait évidemment utiliser les trajectoires rugueuses ne
serait-ce que pour donner du sens a I’équation (1.2.1), mais aussi considérer un schéma
d’Euler plus complexe faisant intervenir par exemple des produits d’incréments du mBf

(voir [21, 19]).

1.2.2 Bruit Gaussien général

Dans toute cette section, nous considérons I'EDS (1.2.1) pour un bruit gaussien général
d-dimensionnel G centré, a accroissements stationnaires et dont les composantes sont
indépendantes. De plus on se place dans le cadre additif, c’est-a-dire avec o constant et
on suppose que o est inversible.

Un travail récent de Panloup et Richard [59] considére le cas d'un bruit gaussien
purement non déterministe’ & valeurs dans R?. Cette derniére propriété est équivalente
dans le cadre d’un bruit gaussien centré a accroissements stationnaires au fait de posséder
une représentation en moyenne mobile (voir [59, Annexe B]). Autrement dit, il existe
{G(t) }1er a valeurs dans My telle que G(t) = 0 pour tout ¢ > 0 et

Gt:/{g(s—t)—g(s)}dWs, >0 (1.2.7)
R

oit (Wy)ier est un mouvement brownien standard sur RY. De plus, G est telle que
Jz IG(s —t) — G(s)|[*ds < 4o0o. Grace & cette représentation, ils construisent comme
Hairer [36] dans le cas du mBf une structure markovienne au-dessus de (1.2.1) et la
notion de mesure invariante. Ils introduisent ensuite 'hypothése suivante sur le drift b :

(H) : il existe a, R > 0 tels que

Y)

<0, Vz,yecR?
y) < —

T —
(y),5—y) < —ale—y, Va,y€RI\ B0, ).
Remarque 1.2.6. Cette hypothése suppose en fait que le drift b est contractant sur R¢

mais fortement contractant seulement en dehors d’un compact aussi grand que I'on veut.

Sous des hypothéses de controle sur la mémoire du processus G (reliées au controle
de [|G"(u)|| par des fonctions polyndémiales) et sous (Hj), ils montrent l'existence et

'Un processus (Xs)ser est dit purement non déterministe si (] Vect {X, | s € (—o0,t]} = {0} ou
teR

Vect(A) est la fermeture dans L?(Q) de I’espace engendré par A C L?(9Q).
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I'unicité de la mesure invariante associée & (1.2.1), notée p, € Myi(R? x W). De plus,
si Y est une solution de (1.2.1) satisfaisant E[[Yp|?*?)] < +o0 pour un certain v > 0
alors ils montrent que £(Y;) converge vers ji, (projection de s, sur R%) pour la distance
de Wasserstein d’ordre 2 a vitesse sous-exponentielle.

Enfin, sous des hypothéses ad hoc reliées a 'inversibilité de la relation (1.2.7), ils
prolongent le résultat qui vient d’étre énoncé en remplacant la distance de Wasserstein
d’ordre 2 par la distance en variation totale. En particulier, toutes les hypotheses sur G
s’appliquent au mBf quelque soit son parametre de Hurst H € (0,1) et donc ce résultat
montre que la vitesse obtenue par Hairer dans le Théoréme 1.2.1 est améliorée sous
I'’hypothese un peu plus forte (Hj) sur le drift. Notons que la question de I'optimalité
de la vitesse obtenue dans le Théoréme 1.2.1 par Hairer [30] est encore une question
ouverte.

Concernant ’approximation de la mesure invariante dans ce cadre additif, Cohen
et Panloup [15] montrent en fait le Théoréme 1.2.2 pour un bruit gaussien général G a
accroissements stationnaires et sous des conditions sur la fonction de covariance de la
suite A des accroissements de G.

Les travaux que nous venons de détailler sont ceux qui ont initié les différents travaux
de recherche de cette these et donc les résultats associés. Nous décrivons ceux-ci dans la
prochaine section et donnons une esquisse des principaux outils déployés pour prouver
ces résultats.

1.3 Principaux résultats de la these

Cette theése se découpe en trois parties que nous allons maintenant présenter. La pre-
miere concerne la vitesse de convergence a I’équilibre (i.e. vers une mesure invariante)
pour des dynamiques discretes générales a mémoire. La deuxieme est une étude de
la concentration de la loi de la solution d’une EDS fractionnaire (dans le cas additif)
en temps long. Enfin, la derniere est un travail commun avec Panloup et Tindel sur
I’estimation du terme de drift dans une EDS fractionnaire additive, utilisant les travaux
[15, 16] précédemment cités sur 'approximation de la mesure invariante.

1.3.1 Ergodicité de dynamiques discrétes a mémoire

Cette premiere partie présente les résultats qui seront entierement détaillés ensuite dans
le Chapitre 2 qui correspond a 'article [71]. La principale motivation a l'origine de ce
travail était d’étudier la convergence a 1’équilibre de dynamiques discretes a mémoire
de type fractionnaire de sorte que l'on s’affranchisse du caractere rugueux du mBf
spécifique au cadre continu. Plus précisément, I’objectif initial était d’étudier comment
la vitesse serait affectée par ce changement de cadre et ainsi d’évaluer la qualité des
bornes obtenues dans le Théoréme 1.2.1 par Hairer. Nous avons ensuite été naturelle-
ment amenés a travailler dans un cadre plus large en considérant des bruits gaussiens a
mémoire quelconques.
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Nous nous intéressons ici a des dynamiques de la forme suivante : soit (Xy,)n>0 une
suite de variables aléatoires sur R? définie par sa valeur initiale X et la relation de
récurrence

Xnt1 = F(Xn, Apt1) (1.3.1)

o F : R* x RY - R? est une fonction générale a minima continue et (Ap)nez est
une suite stationnaire gaussienne d-dimensionnelle purement non-déterministe dont les
composantes sont indépendantes. Les conditions sur la suite A nous permettent d’utiliser
le théoréme de décomposition de Wold (voir par exemple [7]) qui nous donne

+o00

VnezZ, A,= Zakgn_k (1.3.2)
k=0

avec

{ (ar)k>0 € RN telle que ag # 0 et ZZ;’B az < +00 (13.3)

(&k)rez une suite i.i.d telle que & ~ N(0, Iy).

Remarque 1.3.1. Nous pouvons déja noter ici le role de la suite déterministe (ax)g>0
qui encode en quelque sorte la mémoire du bruit gaussien A puisque sa fonction de
covariance

+o0
c(k) =E[AApik] = Z a;Qgyi,
=0

ne dépend que de ces coefficients (ay)i>0. Plus ils décroissent vite plus la “mémoire” de
A est faible. 1l est donc évident que le comportement asymptotique de cette suite va
jouer un role essentiel dans I’étude de la vitesse de convergence a I’équilibre du systéme
dynamique stochastique (1.3.1).

Pour étudier le comportement en temps long de ce type de dynamiques, I'idée est
comme dans [36, 26, 22] de construire une structure markovienne autour de (1.3.1).

Structure markovienne homogeéne

L’idée est la suivante, au lieu de s’intéresser seulement & (X,,),>0 nous nous concentrons
sur I’évolution du couple (Xy, (An+k)k<0)n>0. Nous nous plagons donc sur un espace
plus grand noté X x W ou X := R? est l’espace d’état de la suite X et W := (RY)%™ est
Pespace du bruit associé a A. La dynamique (1.3.1) est ainsi équivalente a

(Xnt15 (Ant1+k)k<0) = ((Xn, (Antk)k<0)s Ant1) (1.3.4)

@ (X XW) xR X x W
(z,w),w) — (F(z,w),wUw)

avec (w U w')y = w' et Yk < 0, (wUw')y = wgsr. On peut alors définir le noyau
de transition Q associé a ce nouveau systeme (1.3.4) comme suit : pour toute fonction
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mesurable g : X X W — R,

| sl w)o((ew), @' aw) = | glel@w),6)Pw,ds) (1.3.5)
X XW R4

ot P(w,dd) := L(An+t1]|(Antk)r<o = w) ne dépend pas de n car (Ay)pez est une suite
stationnaire. On peut donc réaliser la suite (X, (Ap+k)k<0)n>0 & partir d’'une mesure
initiale 4 € M; (X x W) et du noyau de transition Q. Comme dans la Section 1.2.1, on
obtient alors la définition de mesure invariante dans ce cadre, & savoir

Définition 1.3.1. Une mesure invariante pour (1.3.1) ou de fagon équivalente pour
(1.3.4) est une mesure de probabilité p sur X x W invariante pour Q, c’est-a-dire telle
que

Qu = pu.

D’autre part, dans toute la suite, lorsqu’on parlera d’unicité de la mesure invari-
ante, ce sera a la relation d’équivalence pres définie ci-aprés. Pour toute mesure
p € Mi(X x W), on note Sp := L((X})n>0) la loi de la projection sur X de la suite
(Xn, (Aptr)k<0)n>0 partant de la mesure initiale . Ainsi on dit que p, v € M (X xW)
sont équivalentes et on note pu ~ v si et seulement si

Sp = Sv. (1.3.6)

Autrement dit, on a bien unicité sur la marginale d’intérét X.

Avant d’énoncer le théoréme principal au sujet de 'existence, 'unicité d’une mesure
invariante et de la vitesse de convergence vers cette mesure pour la distance en variation
totale, il nous faut donner quelques précisions sur la représentation en moyenne mobile
(1.3.2) associée a A.

Inversion de la représentation en moyenne mobile

On peut associer a (1.3.2) de fagon naturelle I'opérateur noté T, suivant

+oo
Ta(w) 1= <Z alw—k:—l>
=0

k>0

pour toute suite w € (RY)Z™ telle que la quantité ci-dessus soit finie quelque soit & > 0.
Nous montrons que cet opérateur est inversible et que 'inverse est tout simplement T4,
ol (bg)k>0 est la suite définie récursivement par

k
1 1
bop=— e VkE>1, bp=—— arbr_;. 1.3.7
0= o > k aQ;lkl ( )

La relation qui relie les suites (ay) et (bg) est complexe, l'expression explicite de (by)
en fonction seulement de (ar) est donnée dans le Chapitre 2 et est assez technique.
En particulier, il n’existe pas de regle générale permettant de déduire le comportement
asymptotique de la suite (by) en fonction de celui de la suite (ax). Nous étudions quelques
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exemples qui illustrent ce phénomene dans les Sections 2.2.6 et 2.2.7. Nous aurons donc
besoin d’hypothéses sur les deux suites pour le théoreme principal.

Hypothéses et théoréme principal

Nous allons considérer deux jeux d’hypotheses sur les coefficients (ax) et (bg) : le cas
dit polynomial et le cas dit exponentiel.

Hypothése (Hp,ly): Les conditions suivantes sont satisfaites,

o il existe p, 5 > 1/2 et C,,Cg > 0 tels que

Vk >0, lap| <C,(k+1)"" et Vk>0, |by|<Cs(k+1)7".

e il existe kK > p+ 1 et C, > 0 tels que

Vk > 0, \ak — ak+1‘ < Cﬁ(k + 1)7ﬁ.

Hypothése (Hexp): 1l existe A, { > 0 et Cy, C¢ > 0 tels que,
Vk >0, |ap| <Cye ™ et VE>0, |b]<Cce P

Nous pouvons voir assez facilement que sous ses conditions, la fonction de covariance
c(k) associée a la suite A décroit respectivement a vitesse polynomiale et & vitesse
exponentielle lorsque k tend vers +o0o. Cela donne donc en quelque sorte le poids de la
mémoire de la suite A. Un cas mélangeant les deux types de décroissances asymptotiques
pourrait également étre envisagé mais pour des raisons de simplicité nous avons choisi
de les traiter séparément. Notons qu'un tel cas satisferait en particulier ’hypothese
(Hpoly) puisque la décroissance (asymptotique) exponentielle implique la décroissance
polynoémiale.

Il reste maintenant & donner quelques précisions sur la fonction F' qui dirige la
dynamique (1.3.1).

Hypothése (Hp): Il existe une fonction continue V' : X — RY satisfaisant
‘ llim V(z) = +oo et Iy € (0,1) et C > 0 tels que pour tout (z,w) € X x RY,
T|—+00

V(F(z,w)) <AV(z)+ C(1+ |w|). (1.3.8)

Remarque 1.3.2. > Cette condition assure 'existence d’une fonction de Lyapunov (au
sens de la Définition 2.3.1) et donc 'existence d’une mesure invariante, nous verrons cela
en détail dans la Section 2.3. Ce type d’hypothese existe aussi dans la littérature des
chaines de Markov discrétes (voir par exemple I’équation (7) dans [21]) mais sous une
forme intégrale.

> Cette condition est aussi vraie si on a lexistence d’une telle fonction V avec
V(F(z,w)) <AV (x) +C(1+ |wP) et p > 1. 1l suffit de prendre alors V/? & la place de
V' pour vérifier (Hy).

11
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Une deuxieéme hypothese sur la fonction F', notée (Hz2) dans la suite, est nécessaire
pour la preuve du théoreme principal. Elle est indispensable pour la premiére étape
de la procédure de couplage (stratégie de preuve déja évoquée dans un cadre continu
dans la Section 1.2.1 et qui est utilisée ici aussi) qui ameéne avec probabilité strictement
positive a la coalescence des deux trajectoires a un instant donné. Cette hypothese est a
mettre en parallele avec ’hypothése de minoration du noyau de transition dans un cadre
purement markovien. Nous avons choisi de ne pas la détailler ici pour ne pas géner la
fluidité de lecture, nous donnerons cependant dans la suite un des exemples principaux
de fonctions satisfaisant cette condition (une grande classe d’exemples sera également
abordée dans la remarque 2.2.5).

Nous pouvons maintenant énoncer le résultat principal de cette section.

Théoréme 1.3.1. On suppose (Hy) et (Hgz). Alors,
(i) il existe une mesure invariante p, associée a (1.3.1).

(1t) En supposant de plus que (Hpoly) est vérifice pour p, > 1/2 et p+ 3> 3/2, il y
a unicité de la mesure invariante py. De plus, pour toute mesure initiale pg telle
que [y V(x)ITypo(dx) < 400 et pour tout € > 0, il existe Ce > 0 telle que

IL((XE ko) — Spixllry < Ce n~FR=2),

ot la fonction v est donnée par

v(B,p) = sup min{1,2(p — @) }(min{a, 5, a+ -1} —1/2).
ae(3v(3-8)»)

(iii) En supposant de plus que (Hexp) est vérifiée, il y a unicité de la mesure invariante
tii. De plus, pour toute mesure initiale po telle que [, V(x)IIypo(dz) < 400 et
pour tout p > 0, il existe Cp, > 0 telle que

1L R)k=0) = Spallry < Cp n7P.
Remarque 1.3.3. La vitesse polynomiale de tout ordre pour le cas exponentiel semble
suggérer que l'on pourrait obtenir mieux. Pourquoi pas une vitesse exponentielle ?

Cette question est difficile a traiter sans avoir détaillé la stratégie de preuve, elle sera
donc abordée un peu plus loin.

Ce théoreme englobe une classe de dynamiques assez générale par deux aspects : le
fait que 'on ne donne pas une forme explicite a la fonction F’ et le fait que les hypotheses
faites sur le bruit gaussien sont seulement relatives a sa mémoire. Dans la Section 2.2,
nous étudions d’une part le cas ou F' correspond au schéma d’Euler associé a I’équation
(1.2.1) et d’autre part des cas particuliers de suite (ay) et (by) pour lesquelles on est
capable de vérifier les hypotheses (Hpoly) ot (Hexp). En particulier, dans la section qui
suit nous avons choisi de développer le cas du schéma d’Euler associé & 'EDS (1.2.1)
dans le cas fractionnaire.

12



1.3. Principaux résultats de la thése

Schéma d’Euler d’une EDS fractionnaire

Nous décrivons maintenant 1'un des principaux exemples d’application du Théoréme
1.3.1. On pose

F(z,w) =z +hb(x) +o(z)w et An= By — Bun (1.3.9)

ouh>0b:X =X, 0:X — Myxq et B est le mouvement brownien fractionnaire
de parametre H € (0,1). Comme nous I'avons dit précédemment, il s’agit du schéma
d’Euler a pas fixé h > 0 associé a (1.2.1) lorsque G = B.

On pose (L1) et (L2) les deux conditions suivantes sur b :

(L1) 3C > 0 telle que
Vz e X, |b(z)| <O+ |z]).

(L2) 38 € R et & > 0 tels que

Ve e X, (z,b(z)) < B —alz

Théoréme 1.3.2. On suppose que o est continue, inversible d’inverse continu et telle
que |o(z)| < C(1 + |z|") avec k € (0,1). On suppose que b est continue et satisfait les
conditions (L1) et (L2) ci-dessus. Alors pour h > 0 suffisamment petit, F' satisfait les
deuz hypothéses (Hy) et (Hz).

D’autre part, les coefficients de la représentation en moyenne mobile de la suite
(An) = (B(n+1)n — Bnr) nous sont donnés par la suite (aj)r>o définie par (voir [55])

H-1/2 ( (1.3.10)

all = W k(H)2'/2-H
2

all = hk(H) ((k—l—%) k—l)H_1/2> pour k > 1.

ou

_ Vsin(mH)T(2H + 1)

~(H) T(H +1/2)

Nous pouvons facilement vérifier que akH et Ch,u(k+ 1)~ (/2=H) |akH — akH+1| <

Cl ok + 1)~(/2=H) " Nous sommes donc a priori dans un cadre polynomial et nous
obtenons le résultat suivant :

Proposition 1.3.1. Il existe C} ;; > 0 telle que pour tout H € (0,1/2)
V>0, [bff| < Cp pk+1)"HH/2) (1.3.11)

Ainsi, dans le cas de la fonction F' considérée ci-dessus, nous déduisons du Théoréme
1.3.2 et de la Proposition 1.3.1 que le Théoreme 1.3.1 est vérifié lorsque H € (0,1/2)
avec le taux
si He(1/4,1/2).

’U(3/2—H,H—|—1/2):{{I(1_2H) si H€(0,1/4]
8
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Nous retrouvons le taux donné dans un cadre continu par Hairer dans [30]. La preuve
de la Proposition 1.3.1 est trés technique et demande des majorations tres fines. Nous
n’avons pour l'instant qu'une conjecture pour le comportement asymptotique de la suite
(bi1) dans le cas ot H € (1/2,1) et le taux conjecturé nous donne une vitesse plus
faible que celle de Hairer dans le cas continu. Une démarche spécifique tenant compte

de I'expression exacte de la suite (af ) est une piste éventuelle pour améliorer ce résultat.

D’autres exemples de suites (ay) sont également étudiées dans les Sections 2.2.6 et
2.2.7 satisfaisant I'une ou l'autre des hypotheses (Hpoly) ou (Hexp)

Stratégie de preuve par couplage

On suppose ici que l'existence d’'une mesure invariante est déja actée. La preuve de
la vitesse de convergence donnée dans le Théoréme 1.3.1 repose sur une méthode par
couplage a laquelle nous avons déja fait allusion dans le cadre continu des EDS fraction-
naires. On considére deux couples (X}, (A] )r<0)nz0 €t (X2, (A2 )k<0)n>0 suivant la
dynamique (1.3.4) et avec pour conditions initiales respectives pg et p, (une mesure in-
variante). On note (£1),cz (respectivement (£2),,c7) la suite de gaussiennes sous-jacente
a la représentation en moyenne mobile de A! (respectivement de A?), définie en (1.3.2).
On a la majoration suivante

I£((Xp11)k20) = Spisllry < P(7os >n) Y20 (1.3.12)
ot Sy = L(X2,)k>0) quelque soit n > 0 car p1, est invariante et ot 7o est défini par
Too = inf{n >0 | X} = XZ, Vk > n}.

Dans un cadre purement markovien, ce temps d’arrét serait réduit au premier instant
ou les deux trajectoires se collent. En effet, la position suivante ne dépendant que de
la position courante, elles resteraient alors automatiquement collées. On a donc ici une
étape supplémentaire dans une tentative de couplage. Ainsi, une procédure de couplage
se compose d’une série d’essais qui comprennent chacun trois étapes :

x Ktape 1: Essayer de coller les deux trajectoires & un instant donné avec un “cotit
controlé”.

+ Etape 2: (spécifique au cadre non markovien) Essayer de maintenir les trajectoires
collées.

+ Etape 3: Si 'une des deux étapes précédentes échoue, on attend suffisamment
longtemps de facon a pouvoir réaliser ’étape 1 avec un “cofit contrélé”. Pendant
cette étape, on impose &} = €2,

Dans I'étape 1, lorsqu’on parle de cofit controlé, il s’agit en fait d’étre en mesure de
controler la probabilité de réussite de cette étape et en méme temps de controler I’écart
entre les trajectoires en cas d’échec. Plus précisément, on ne va tenter I’étape 1 & un
instant donné 7 que si en cas d’échec, on est capable d’assurer que X! et X2 sont dans
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1.3. Principaux résultats de la thése

un compact fixé au préalable et que le drift entre les bruits Al et A2 est suffisament
petit (voir condition (2.5.1)). Ceci est réalisable en calibrant la durée de 1’étape 3 qui
impose &) = €2, Cette étape permet d’alléger petit & petit le poids du passé et donc
d’obtenir le retour des trajectoires dans un compact donné.

Toute la difficulté de la preuve repose sur la construction des suites ¢! et €2 au fur
et & mesure des tentatives de couplage. Cela fait ’'objet de la Section 2.4.2. Bien que ce
soit deux suites i.i.d., elles vont par construction étre fortement dépendantes I'une par
rapport a 'autre.

La preuve du Théoreme 1.3.1 repose ensuite sur 'inégalité de Markov

E[r&]
np

P(Too > n) <

pour p > 0. L’idée est de découper 7o, suivant les différentes tentatives de couplage et
a la fin de maximiser en p tout en s’assurant que E[rh] < +o0.

Remarque 1.3.4. Le fait de considérer I'inégalité de Markov avec des fonctions polynoémi-
ales permet de séparer completement les contributions des différentes tentatives (via
I'inégalité de Minkowski pour p > 1 ou l'inégalité élémentaire |u + v|P < |ulP + |v|P pour
0 < p < 1), ce qui n’est pas possible si on prend une fonction exponentielle par exemple.
Et dans ce cadre non purement markovien, c’est indispensable. Ceci explique en partic-
ulier pourquoi dans le cas de ’hypotheése (Hexp), nous avons seulement pu prouver une
vitesse polynomiale de tout ordre (cet aspect est d’avantage développé dans le Chapitre
2 en remarque 2.6.1).

1.3.2 Inégalités de concentration en temps long pour des EDS frac-
tionnaires

Dans cette section nous présentons les résultats obtenus dans I’article [70] et qui seront
développés dans le Chapitre 3. L’idée de ce travail est née au cours du projet sur
Iestimation du drift pour des EDS fractionnaires dont les résultats seront présentés
a la prochaine section. Pour obtenir une vitesse de convergence de l’estimateur que
I’on considérait, il est apparu indispensable de démontrer des résultats de concentration
pour des mesures d’occupation discretes associées & I'EDS (1.2.1) dans un cadre additif
et fractionnaire. Plus précisément, nous considérons ici I'EDS suivante : soit (Y)i>0 un
processus & valeurs dans R? tel que Yy = z € R? et

dY, = b(Y;)dt + cdB; (1.3.13)

ou b : R — R? est une fonction au minimum continue, o € My, 4 et B est un mouvement
brownien fractionnaire d-dimensionnel de parametre de Hurst H € (0, 1).

La question principale qui a motivé ce travail était donc d’établir des inégalités de
concentration en temps long pour des mesures du type %ZZ:1 dy,, ot A > 0 est un
pas fixé. En statistique, le processus est observé uniquement a des temps discrets, c’est
pourquoi cette question est essentielle. Un moyen classique d’obtenir des inégalités de
concentration est d’utiliser les inégalités de transport. Précisons de quoi il s’agit. Une
mesure de probabilité p sur un espace métrique (E, d) satisfait une inégalité de transport
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LP si et seulement si pour toute mesure de probabilité v sur F, il existe une constante

C > 0 telle que
Wy(p,v) < /2CH(v|p) (1.3.14)

ou

Wp(p,v) == inf </EXEd(x,y)pd7T(x,y)>1/p (1.3.15)

mell(p,v)

est la distance de Wasserstein d’ordre p et

[ log <§—Z> dv, siv<pu,
+00 sinon,

H(v|p) == {

est 'entropie. On note alors p € T,,(C). Dans le cas ou p = 1, cette inégalité est tres
fortement reliée a la concentration. Cet aspect a d’abord été abordé par Marton [52, 51],
Talagrand [66], Bobkov et Gotze [5] et amplement exploré par Ledoux [18, 47]. On peut
montrer que 'inégalité (1.3.14) pour p = 1 est en fait équivalente a la propriété suivante :
pour toute fonction F' a valeurs réelles u-integrable et a-Lipschitz, et pour tout A € R,
on a

2
E (exp (A (F(X) — E[F(X)]))) < exp (C’az);) (1.3.16)
avec L(X) = p. L’inégalité de Markov permet alors de conclure a de la concentration.
Dans un cadre continu, les inégalités de transport L' et L? pour la loi de la solution
d’une EDS fractionnaire ont été étudiées notamment par Guendouzi [33], Saussereau [(5]
et Riedel [62] (ce dernier étudie méme le cas de bruits gaussiens plus généraux que le
mBf). En particulier, Saussereau obtient des inégalités de concentration en temps long
pour la mesure d’occupation continue associée a une EDS fractionnaire de parametre
H € (1/2,1) sous une condition de contractivité forte sur le terme de drift. Ces résultats
sont dus au fait que la constante qu’il obtient dans les inégalités de transport L? (et
donc L' puisque Ty(C) implique T1(C)) est suffisamment bien contrdlée en fonction
de I’horizon T sur lequel il considere la solution de ’'EDS. L’approche développée par
Saussereau ne semble pas s’adapter a notre cadre discret. Nous avons par exemple
essayé d’adapter les résultats en changeant la métrique pour 'inégalité T1(C) puis de
montrer que 'application : (yt)ico,1] = (Yra)keq1,...n} est Lipschitz pour cette nouvelle
métrique. Dans toutes nos tentatives pour adapter la preuve de Saussereau a une version
discrétisée, nous obtenions une constante C' dans l'inégalité T (C) dont la dépendance
en n ne nous permettait pas de déduire de la concentration en temps long.

Nous avons finalement évolué vers une approche fortement inspirée de Djellout,
Guillin et Wu [23] dans un cadre diffusif. Au lieu de démontrer une inégalité de transport
L' directement sous la forme (1.3.14), nous nous sommes attachés & démontrer sa formu-
lation équivalente (1.3.16). Le point de départ de [23] est de décomposer F(X)—E[F(X)]
en accroissements de martingale comme suit :

F(X) ~ E[F(X)] = 3 BIF(X) |7 — E[F(X)|Fi 1] (1.3.17)
k=1

ot dans notre cas X = (Yxa)1<k<n €t Y est la solution de (1.3.13). Ensuite en contrdlant
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1.3. Principaux résultats de la thése

“suffisamment bien” tous les moments conditionnels de ces accroissements de martingale
puis en utilisant le développement en série de la fonction exponentielle, nous avons pu
montrer une inégalité du type (1.3.16). Cette démonstration repose sur la représentation
de Volterra du mBf donnée par (1.1.2) et la filtration naturelle associée au mouvement
brownien standard (W;)¢>0 sous-jacent. L’utilisation de cette représentation ici n’est pas
anodine. Elle permet en effet d’avoir E[F(X)|Fy] = E[F(X)], ce qui est cohérent avec
Pégalité (1.3.17), contrairement a la représentation de Mandelbrot Van-Ness (1.1.1) qui
fait intervenir un mouvement brownien indexé sur R.

Cette méthode nous a finalement permis de montrer des résultats de concentration en
temps long pour la mesure d’occupation discréte mais aussi continue associée a (1.3.13).
De plus, les résultats exposés sont vrais quel que soit le parameétre de Hurst H € (0, 1).
Ils sont décrits ci-apres.

Hypotheéses et résultats principaux

Nous considérons I’équation (1.3.13) sous les hypothéses suivantes sur le terme de drift
b:

Hypotheése 1.3.3. On suppose que b est continue et qu’il existe o, L > 0 telles que :
(i) pour tout x,y € RY,

(b(x) = b(y), z —y) < —alz —y|,

(i1) pour tout x,y € RY,
[b(x) = b(y)| < Llz —yl.
Avant de donner le résultat principal, nous devons introduire quelques notations

spécifiques a ce résultat. Pour un n € N* et (z,y) € (Rd)n X (Rd)n, on note d, la

distance L! suivante : .

dn(z,y) =Y |2 — vil. (1.3.18)
k=1

De méme, pour un 7" > 0 donné et (x,y) € C ([O,T],Rd) x C ([O,T},Rd), on note dr la
distance L' classique :

T
dr(z,y) ::/ |xy — ye|dt. (1.3.19)
0

Enfin, pour F : (R%)",d,) — (R, |-|) et F: (€ ([0,7],R?),dr) — (R,]|-|) deux fonctions
Lipschitz, on note

Fy =F(Y,,....Y,) et Fy=F()wcpon) (1.3.20)
avec 0 < A=t <--- <ty ettrr —tr = A pour un A > 0 donné.

Nous sommes maintenant en mesure d’énoncer un résultat de controle des moments
exponentiels :
Proposition 1.3.2. Soit H € (0,1) et A > 0. Soient n € N*, T > 1 et d,,dr les
distances définies respectivement par(3.2.1) et (3.2.2). Alors,
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(i) il existe Cyn > 0 telle que pour toute fonction Lipschitz F : (RT)",dy,) — (R,|-|)
et pour tout A > 0,

E exp (\(Fy — E[FY]))] < exp (Cpp all F[Zp 20" (1.3.21)

(i) il existe Cy > 0 telle que pour toute fonction Lipschitz F : (C ([0,T],R?) ,dr) —
(R,]-|) et pour tout A > 0,

E [exp (\(Fy — E[Fy]))] < exp (Cy || F|[F, A2T27V1) (1.3.22)

Remarque 1.3.5. 1l est important de noter que ces inégalités sont du type de (1.3.16).
Comme mentionné dans l'introduction de cette section, cette proposition est donc
équivalente a ce que L((Yia)i<k<n) € T1(2CH7An2HV1) pour la distance d, et
L((Yy)iep,r)) € Ti(2CHT*V1) pour la distance dy.

De la Proposition 1.3.2 découle les inégalités de concentration suivantes :

Théoréme 1.3.4. Soit H € (0,1) et A > 0. Soitn € N*, T > 1 et d,,,dr les distances
définies respectivement par (1.3.18) et (1.3.19). Alors,

(i) il existe Cpya > 0 telle que pour toute fonction Lipschitz F : (R)™,dy,) — (R, |-])
et pour tout r > 0,

2

r
P(Fy — E|Fy]| > < — . 1.3.23
(Fy [Fy] > ) < exp ( 4CH,AHF”%ipn2HV1> ( )

(i1) il existe Cy > 0 telle que pour toute fonction Lipschitz F (C ([O,T],Rd) ,dT) —
(R,|-1]) et pour tout r >0,

2

- - r
P(Fy —E|Fy]) >r) < —— . 1.3.24
(Fy [Fy]) > 1) _exp< 4C'H\|F\%ipT2Hv1> ( )

Remarque 1.3.6. > 11 est intéressant de voir que ’on retrouve dans les cas H € (1/2,1)
et H = 1/2 les mémes ordres dans les puissances de T ou n que Saussereau [(5] et [23].
Cependant, I'optimalité de ces ordres n’est pas démontrée.

> Noter ici qu’évidemment on n’obtient de la concentration en temps long que pour
des fonctionnelles F' (respectivement F ) dont la norme Lipschitz décroit plus vite que

1 . _ 1
n~HV2 (respectivement T-HVz ).

Application aux mesures d’occupation continues et discrétes

Du Théoreme 1.3.4, nous obtenons le résultat recherché sur les mesures d’occupation
discretes mais également sur les mesures d’occupation continues :

Théoréme 1.3.5. Soit H € (0,1) et A > 0. Soitn € N* et T > 1. Alors,
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(i) il existe Cy,n > 0 telle que pour toute fonction Lipschitz f: (R%[-]) = (R,]-])
et pour tout r > 0,

. 1 n 702n2—(2HV1)
— Y, ) — Elf(Y; r|<exp|—FF5—|. 1.3.25
(n;(f( tk) [f( tk)]) > ) ~¢ p( 40H,A||f||%jp> ( )

(i) il existe Cy > 0 telle que pour toute fonction Lipschitz f : RL]-]) = (R,]-]) et
pour tout r > 0,

T 22— (2HV1)
P G/ﬂ (F(Yy) — E[f(Y))])dt > r) < exp <_4§H\\f\l2> . (13.26)
Lip

Ce dernier résultat repose sur I'application du Théoreme 1.3.4 aux fonctionnelles
définies ci-apres :

n T
v e RY",  F(z) = %Z f) e veec (DR, F):= % /O Fla)dt
k=1

qui sont respectivement %—Lipschitz par rapport a d,, et %—Lipschitz par rapport
a drp.

Esquisse de preuve de la Proposition 1.3.2 dans le cas discret

Supposons le pas A égal a 1. Comme nous ’avons mentionné précédemment, la preuve
repose sur la décomposition suivante :

Fy —E[Fy] = ) E[Fy|Fi] — E[Fy|Fro1] =2 Y My — My
k=1 k=1

ou la filtration considérée est la filtration brownienne naturelle associée a W dans la
représentation de Volterra du mBf (1.1.2).

La premiere étape de la preuve, qui est la plus longue, consiste & montrer que 'on
peut majorer tous les moments d’ordre p des accroissements My — Mj,_; conditionnés a
Fi_1 de la fagon suivante :

B[ [ M = M1 Faea] < CFIE 0% .7/ () (1.3.27)

ou C, ¢ > 0, ¥y 1, est une suite de coefficients fortement liés au noyau K de la représen-
tation de Volterra du mBf et I" est la fonction d’Euler. Conditionnellement & Fj_1, My
et Mj_1 peuvent étre vues comme des fonctionnelles de processus dont le bruit associé
ne differe que sur l'intervalle [0, 1]. Comme les fonctionnelles en jeu sont lipschitziennes,
contrdler | My — Mj_1| revient en réalité a contrdler I'impact de cette perturbation du
bruit sur la distance entre les trajectoires associées. L’hypothese de forte contraction
joue ici un réle majeur.

La deuxieéme étape de la preuve a pour objectif de majorer les moments exponentiels
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des accroissements M}y — Mj_1 conditionnés & Fjp_q. Ceci s’obtient a ’aide du lemme
suivant (tiré du Chapitre 1 de [63] et dont une démonstration est donnée dans la Section
3.3) qui permet pour une variable aléatoire réelle X centrée de passer d’une majoration
des moments & une majoration de E[e**] pour tout A > 0.

Lemme 1.3.1. Soit X une variable aléatoire réelle centrée telle que pour tout p > 2, il
existe C,( > 0 telles que
E[|XP7) < 0c"/%pr (£).

Alors pour tout A > 0,
E[e)\X] < 620/<>\2.

La derniere étape combine la majoration obtenue des moments exponentiels condi-
tionnés avec I'implication suivante : si il existe une suite déterministe (uy) telle que

E |:€)‘(Mk*Mk71)

A2y
‘kal:| S € k7
alors

E [e)\Mn] ) [e,\Mn,lE [ex(Mn—Mn,l)

] <[

et donc

n
E [e’\Mn} < exp ()\2 Zuk) .
k=1
A partir de ce schéma de preuve, on obtient finalement la majoration voulue dans la
Proposition 1.3.2.

1.3.3 Estimation paramétrique du terme de drift pour des EDS frac-
tionnaires

Dans cette partie, nous présentons les principaux résultats obtenus dans un travail effec-
tué en colaboration avec Panloup et Tindel [60]. Ils seront développés dans le Chapitre
4. 11 s’agit d’un travail sur I'estimation paramétrique du terme de drift pour une EDS
fractionnaire dans le cas additif. Ce travail repose sur 'idée que, sous des hypotheses
raisonnables, le coefficient de drift de 'EDS est bien déterminé par son régime station-
naire, i.e. que la mesure invariante (lorsqu’elle existe et qu’elle est unique) caractérise
le terme de drift?.

Introduisons précisément le modele auquel on s’intéresse. On considere le processus
Y & valeurs dans R? satisfaisant PEDS :

t
Y =yo +/ by, (Ys) ds + o By, t €10,77. (1.3.28)
0

Ici yo € R? est une condition initiale donnée et B = (B!,..., B%) est un mouvement
brownien fractionnaire d-dimensionnel de parameétre de Hurst H € (0,1), le parameétre

2Si cette hypothese est difficile & vérifier pour les EDS fractionnaires, elle est vraie pour des diffusions
dans un cadre assez général (voir Proposition 4.6.1).
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inconnu Yy appartient a un certain ensemble noté © C R? (¢ > 1), {by(-), ¥ € O} est
une famille connue de coefficients de drift avec by(:) : R? — R4 et 0 € Myyq est une
matrice supposée connue.

De nombreux travaux sur l’estimation du terme de drift pour des EDS fraction-
naires du type (1.3.28) existent dans la littérature. Une partie d’entre eux trait-
ent de coefficients by,(Ys) de la forme 9pb(Ys) ou méme ¥y Y, (voir par exemple
[3, 39, 40, 43, 46, 61, 67]). Dans la plupart de ces travaux, on suppose que 'on ob-
serve le processus de facon continue ou que ’on discrétise des observations continues du
processus. Neuenkirch et Tindel dans [55] améliorent ces deux aspects en proposant une
estimation basée sur des observations discretes et pour un drift by, (Ys) s’exprimant sous
la forme d’un gradient (ce qui reste une certaine restriction lorsque la dimension d est
plus grande que 1). Dans ce papier, la consistance de l'estimateur est cependant obtenue
sous I'hypothese d’identifiabilité suivante : si on note Y la solution stationnaire associée
a (1.3.28) alors

E [|by, (}70)|2] =E [|b19(170)|2] si et seulement si ¥ = .

Cette hypothese est assez contraignante et difficile a vérifier en pratique.

Notons également quelques travaux qui utilisent des méthodes non-paramétriques
pour estimer le terme de drift de (1.3.28) : Mishra et Prakasa Rao [54], Comte et Marie
[17]. Tls considérent des estimateurs & noyau qui reposent sur une observation continue
du processus ou méme l'observation de plusieurs trajectoires de (1.3.28). Dans ces deux
travaux, (1.3.28) est considérée en dimension 1 et pour un parametre de Hurst H > 1/2.

Dans ce travail, nous proposons une méthode d’estimation paramétrique qui ne sup-
pose aucune restriction sur H € (0, 1) ou sur la dimension d > 1. Comme mentionné plus
haut, I’hypothese d’identifiabilité que 'on fait repose sur la mesure invariante associée
a (1.3.28), elle est donc plus générale que celle faite dans [55] évoquée plus haut. Nous
pouvons maintenant exposer les hypotheses considérées.

Hypothéses du modéele
Enoncons tout d’abord une hypothése classique de compacité sur l'ensemble de
parametre O :

(Hp) : L’ensemble © est un compact de R? pour un certain g > 1.

Nous rappelons que les estimateurs considérés se basent sur la notion de mesure
invariante associée a (1.3.28). Comme nous l’avons vu plus haut, 'existence et I'unicité
de celle-ci repose sur des hypothéses de coercivité sur le terme de drift . Dans ce
travail, nous allons naviguer entre deux types d’hypotheses (faible et forte) notées
respectivement (Cy) et (Cg). L’hypothese faible est donnée par :

(Cw) : b e CHH(RY x ©;RY) et il existe o, 3,C, L > 0 et r € N telles que
(i) Pour tout z,y € R% et ¥ € O,

(bo(x) =bo(y), x —y) <B—alz—y|* et |by(x) —bs(y)| < Llz —y|  (1.3.29)
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(ii) Pour tout z € RY et ¥ € © la majoration suivante est satisfaite :
|0pby(x)] < C(1+ |z]"). (1.3.30)

L’hypothese forte est alors définie comme suit :
(Cs) : L’hypothese (Cy,) est satisfaite pour § = 0.

Sous 'hypotheése (Cyw) (ou sous (Cs) qui est plus forte) et & condition que o soit
inversible, d’apres le Théoreme 1.2.1 énoncé plus haut (da a Hairer [30]), il y a existence
et unicité de la mesure invariante associée a I’équation suivante quelque soit 9 € © :

dyy =by(YP)dt + odB;,  te[0,T]. (1.3.31)

On note alors vy la projection sur la premiére marginale R%. De facon équivalente, si
I'on note (Y,”);>0 la solution stationnaire associée & (1.3.31), alors

vo = L(VY).

Dans la suite on appellera vy la mesure invariante marginale. On peut maintenant
introduire les hypotheses d’identifiabilité (faible et forte) liées a cette mesure invariante
marginale.

(Iw): Pour tout ¥ € ©, on a vy = vy, si et seulement si ¥ = vy.
Notons que si d est une distance sur My (R%), alors (I ) se réexprime de la facon suivante :

d(vg,vg,) =0 siet seulement si ¥ = . (1.3.32)

Soit d une distance sur M;(R?). L’hypothese d’identifiabilité forte relative & d est
(Is) II existe une constante C' > 0 et un parametre ¢ € (0, 1] tels que Vi € O,

d(vg,vg,) > C|9 — 9gl°. 1.3.33
0

Remarque 1.3.7. > Sous 'hypothése d’identifiabilité faible, nous obtenons des résultats
de consistance pour nos estimateurs tandis que ’hypotheése forte nous permet de donner
une vitesse de convergence dans certains cas. Plus précisément, sans cette hypothese,
nous sommes capables d’établir des vitesses de convergence entre mesures invariantes.
Pour en déduire des vitesses sur l’estimateur, ce type d’hypothése devient alors néces-
saire.

> Ces hypotheses ont été vérifiées pour une certaine classe d’équations construites comme
des perturbations du processus d’Ornstein-Uhlenbeck fractionnaire (voir Section 4.6).

Construction de ’estimateur

La construction des estimateurs considérés ici repose sur 'approximation de la mesure
invariante marginale donnée par le Théoréme 1.2.2. On suppose ici que ’on observe la
solution de (1.3.28) (Y;)>0 & des instants discrets {tx;0 < k < n}, avec tg41 —tp = K et
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k > 0. Sous 'hypothése (Cy) il peut étre montré que

n—1

1 n—+.00

EE oy, = Vo, D-S
k=0

ou “==" correspond ici a la convergence étroite pour des mesures de probabilités sur
R?. Cette convergence est démontrée dans le Chapitre 4. En conséquence de cette
convergence et de ’hypotheése d’identifiabilité (I ) introduite plus haut, il est naturel de
considérer un estimateur de la forme :

1 n—1
¥ := argmin d <n Z 0v;, s V§>
k=0

IS(C]

ou d est une distance sur Ml(Rd). Cependant, comme nous ’avons déja mentionné, il est
difficile en général d’obtenir une expression explicite de vy (une exception étant le pro-
cessus d’Ornstein-Uhlenbeck fractionnaire). On va donc considérer une approximation
numérique de la mesure invariante marginale vy et ce, a ’aide des travaux précédemment
cités sur ce sujet ([15, 10]).

Plus précisément, nous construisons 1’approximation discréte du processus YV solu-
tion de (1.3.31) de la facon suivante : soit (s;)r>0 une suite croissante et positive telle

que so =0et lim sz = 400, on définit alors le schéma d’Euler Z? par Z’9 =y et
k—4o00

V>0, Z) =270 + (sps1—si)bo(Z) + 0 (Bs,,, — Bs,). (1.3.34)

Sk+1

otl B est un mBf d-dimensionnel simulé a priori distinct de celui de (1.3.31).

Remarque 1.3.8. En pratique dans le Chapitre 4, nous ne ferons plus de distinction
entre B et B mais le lecteur doit garder en téte qu’ils sont différents. En particulier, le
lecteur pourra remarquer que nous ne ferons jamais de comparaison trajectorielles entre
le processus observé Y dont on veut estimer le parametre Jg et le schéma Z7.

Dans la suite, nous distinguerons deux types de schémas : le schéma a pas constant
pour lequel s; = kv avec v > 0 que l'on notera Z”7 et le schéma d pas décroissant pour
lequel la suite de pas définie par vy, = s, — sp_1 est décroissante et tend vers 0. A partir
de ces deux schémas, on construit les deux estimateurs suivants :

n—1 N—
R 1
YN,y = argmin d ( E 5ytk I E 70 a,> , (1.3.35)

IS
et
R 1 n—1 1 N-—1
Dy p = argmin d (n kZ_O(SYtk, . kz_o kaang) , (1.3.36)

ol d est une distance sur M1(R%). Les deux mesures d’occupation associées aux schémas
d’Euler représentent notre approximation de vy. En particulier, nous montrerons que
les deux quantités & minimiser constituent des approximations de d(vy,,vy) (ceci est
démontré dans les Propositions 4.4.1 et 4.4.2) ce qui était notre but.
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Résultats de consistance

Avant d’énoncer les résultats, précisons les distances que ’on considére pour nos estima-
teurs. Soit p > 0, on définit

D, := {distances d sur My (R?%); I > 0 tel que Vv, u € M1(RY),d(v, n) < W, (v, 1)}
(1.3.37)
ou W, est la distance de Wasserstein d’ordre p dont la définition est rappelée en (1.3.15)
(o1 ici on choisit 'espace métrique (R?, |- ) ).

Le premier résultat de consistance que nous allons décrire, qui fait intervenir
I’hypothese faible (Cy ), nécessite une discrétisation de l’espace des parametres © dans
le sens suivant. L’hypothese de compacité (Hg) et la propriété de Borel-Lebesgue nous
donnent l'existence pour tout & > 0 de M, € N et ) := {191(-8); 1<i< M.} COM tels
que © C Uij\ifl B (192(5),5). De cette fagon, on définit la discrétisation de ©

¥ = argmin [0/ — ). (1.3.38)
el

Ceci nous amene a notre premier résultat de consistance

Théoréme 1.3.6. On suppose (Hyp), (Cw) et (Iw) satisfaites. Soit p > 0 et soit d une
distance sur M1 (R?) appartenant a D, (ot D, est défini par (1.3.37)). Alors la famille

{1955),17; N>1,n>1,7>0,e >0} définie par

R 1 n—1 1 N—-1
05, =argmind | =3 6y, = > G, ], NneNy>0e>0 (1339
3 Thy 19€®<5> n =0 N =0 Sk

est un estimateur fortement consistant de ¥y. Plus précisément, on a

lim lim  lim 195\5,) =y p.s.

e—=0 v—=0 N,n—+oo e
Remarque 1.3.9. La discrétisation de © est indispensable sous (Cy,) car sous cette hy-
pothese plus faible, nous perdons certains résultats de convergence uniforme en ¥ valables
sous (Cs) (typiquement dans les Propositions 4.4.1 et 4.4.2). Ces résultats sont essentiels
pour démontrer les deux théoremes de consistance qui suivent.

Nous pouvons maintenant énoncer les deux résultats principaux de consistance. Le
premier concerne 'estimateur défini en (1.3.35) lié au schéma d’Euler & pas constant.

Théoréme 1.3.7. On suppose (Hop), (Cs) et (Iw) satisfaites. Comme dans le Théoréme
1.3.6, soit p > 0 et d une distance sur Mi(R?) appartenant a D,. Alors la famille
{ONn~; N >1,n>1,v> 0} definie par (1.3.35) est un estimateur fortement consistant
de Yo au sens suivant :

li lim Jnn, =0 p.s.

’ygr(l) N,nl—I}}l—oo Ny 0 Ps

Enfin, un dernier résultat de consistance de I'estimateur (1.3.36) utilisant le schéma

a pas décroissant est le suivant.
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Théoréme 1.3.8. On suppose (Hp), (Cs) et (Iw) satisfaites. Soit p > 2 et soit d une
distance sur Ml(Rd) appartenant Dy,. On considére le schéma d’Euler a pas décroissant
dont la suite de pas (Vi )k>1 satisfait la condition technique (4.4.3) (en plus des conditions
déja évoquées plus haut). Alors la famille {@Nm; N > 1,n > 1} définie par (1.3.36) est
un estimateur fortement consistant de 9y au sens suivant :

lim 19]\[7” = 190 p.Ss.
N,n—+oo

Remarque 1.3.10. La condition technique (4.4.3) (3 ;> vngHs;l < 400 pour un cer-
tain p’ > p) est vérifiée pour un trés grand ensemble de suites. Elle est liée & la variance
des accroissements du mBf. En particulier, elle est satisfaite par toutes les suites de la
forme v, = vk~ avec p € (0,1] ou encore les suites de la forme 7, = v(In(k))™" avec

1

B > 0. En revanche, une suite de la forme 7, = y(In(ln(k)))™" ne satisfait pas cette

condition.

Les preuves de ces trois résultats de consistance reposent en grande partie sur les
propriétés d’ergodicité des EDS (1.3.31) et du schéma d’Euler associé, résultats que l'on
a décrits dans la Section 1.2. Le schéma de preuve de chacun de ces théorémes est basé
sur une propriété permettant de caractériser la convergence du minimum d’une famille
de fonctions aléatoires (¥ +— L,.(¢)), vers le minimum de la limite de cette suite de
fonctions : ¥ — L(¥). Autrement dit, sous des hypotheses de convergence uniforme de
L, (9) vers sa limite L(J), on peut déduire la convergence du minimum de L, () vers le
minimum de L(¢}). Tout ceci est décrit précisément par la Proposition 4.4.3 tandis que
la Section 4.4.3 explique comment ce résultat général est appliqué pour la preuve des
Théoremes de consistance 1.3.6, 1.3.7 et 1.3.8.

Vitesse de convergence

Pour une classe de distances sur M;(R?) plus restreinte, il est possible d’obtenir des
vitesses de convergence. Avant d’aller plus loin, précisons de quelles distances il s’agit.

Définition 1.3.2. On définit sur M;(R?) les deux distances suivantes : soient v et p
de mesures de probabilités sur R?,

(i) On considere le noyau intélgrable 9p(€) = cp(1+ [€2)7P on
¢p = (fRd(l + ]{\2)*pd§)7 . Alors, la distance dor,, entre v et p est définie par

1/2

dorp(v, 1) = < /]R () —u (ei<fv'>)}2gp<£>ds> . (1.3.40)

(43) Soit {f; ; @ > 1} une famille de C}, supposée dense dans I'espace Cj des fonctions
continues, bornées et décroissant vers 0 & I'infini. Alors, la distance d; entre v et
1 est définie par

400
ds(v, ) =) 27 (((fi) = p( ) A D). (1.3.41)
=0

Remarque 1.3.11. Ces deux distances métrisent la convergence étroite et appartiennent
a Dy (défini par (1.3.37)). La premicere représente la distance L? pour un certain noyau
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gp entre les fonctions caractéristiques de v et p. La deuxieme, appelée “weak-+ distance”
dans [72], est utilisée notamment dans [76] pour des probleémes de filtrage. Ces distances
sont sous la forme d’une intégrale ou d’une somme et ne font pas intervenir de supremum
sur un ensemble de fonctions. C’est cet aspect qui permet de traiter le probleme de la
vitesse de convergence pour notre estimateur (1.3.35) lorsqu’il est défini avec I'une de
ces deux distances.

Nous sommes maintenant en mesure d’énoncer le résultat relatif a la vitesse de con-
vergence qui repose notamment sur I’hypothése de minoration (Is).

Théoréme 1.3.9. On suppose (Hy), (Cs) et (Is) satisfaites, ou (1.3.33) dans l’hypothése
(Is) est considérée pour les distances ds ou dopy avec p > (q+d)/2 et ¢ = 2/q pour un
certain q > 2. Soit "gNﬂw Vestimateur défini par (1.3.35). Alors, il existe Cy > 0 telle
que

E [10nn — 90f2] < €y (nm3C-CHVI) 4 a4 1) (1.3.42)

5 2
avec 7] = m@ —(2H V1)) et T := N~.

Remarque 1.3.12. En fait, on peut méme montrer ce type de majoration pour tous les
moments de \19 N~y — Yol, la preuve s’adapte facilement. Cela revient juste & remplacer
le 2 dans ¢ = 2/¢ par l'ordre du moment que 1’on souhaite majorer. Nous avons choisi
de nous restreindre a 'erreur quadratique pour simplifier la lecture.

Le Théoreme 1.3.5 sur la concentration est un élément clé dans la preuve du Théoréme
1.3.9. Afin de comprendre pourquoi, nous donnons maintenant quelques éléments de la
preuve qui illustrent cet aspect. D’apres 'inégalité (1.3.33) dans I'hypothese (Is) ap-

pliquée & une distance donnée d (correspondant a ds ou dor,), majorer E | [y 5, — Yo

B[ (43,,,,00)

avec ¢ = 2/¢. Ensuite, I'idée consiste & décomposer la quantité d (V@an,yﬁ()) en

revient a majorer

des termes faisant notamment intervenir la distance des mesures d’occupation (discréte

. \ . . NPT ~1
et continue) & la mesure invariante, c’est-a-dire de la forme d (Vgo, % Yo 6ytk) et

d (1/19, % fOT (5Ytﬂdt>. C’est a ce stade que le Théoréme 1.3.5 est primordial. Il permet
de gérer la déviation des mesures d’occupation par rapport a leur moyenne (un résultat
intermédiaire qui montre assez bien comment ce théoréme est utilisé est la Proposition
45.1).

Les hypotheses d’identifiabilité (1) et (Is) ne sont pas évidentes a vérifier en toute
généralité. Cependant, le Chapitre 4 et plus spécifiquement les Sections 4.6 et 4.7
donnent des éléments de justifications théoriques et des illustrations numériques pour
ces hypotheses d’identifiabilité. Plus précisément, la partie 4.6 montre que I’hypothése
(Is) pour la distance dcp, est vérifiée pour des petites perturbations du processus
d’Ornstein-Uhlenbeck fractionnaire. La partie 4.7 quant a elle, illustre par des simula-
tions numériques (en dimension 1) 'hypothese (Is) pour les distances dcor,, et W, pour
un drift de la forme by(z) = —dz ou by(x) = —z(1 4 cos(Vx)).
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Les trois prochains chapitres de cette these développent les résultats que nous venons
d’énoncer et donnent les preuves de ces résultats. Chacun correspond a un article. Le
Chapitre 2 contient les résultats d’ergodicité pour des dynamiques aléatoires discretes a
mémoire [71], le Chapitre 3 donnent les résultats sur la concentration pour la solution
d’une EDS fractionnaire [70], tandis que le Chapitre 4 concerne les résultats d’estimation
du drift pour des EDS fractionnaires [00], effectués en collaboration avec Panloup et
Tindel.
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2. Rate of convergence to
equilibrium for discrete-time
stochastic dynamics with memory

This chapter consists in the paper [71] accepted for publication to Bernoulli Journal.
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2.1 Introduction

Convergence to equilibrium for Stochastic dynamics is one of the most natural and
most studied problems in probability theory. Regarding Markov processes, this topic
has been deeply undertaken through various approaches: spectral analysis, functional
inequalities or coupling methods. However, in many applications (Physics, Biology,
Finance...) the future evolution of a quantity may depend on its own history, and
thus, noise with independent increments does not accurately reflect reality. A classical
way to overcome this problem is to consider dynamical systems driven by processes
with stationary increments like fractional Brownian motion (fBm) for instance which is
widely used in applications (see e.g [32, 42, 45, 57]). In a continuous time framework,
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Stochastic Differential Equations (SDEs) driven by Gaussian processes with stationary
increments have been introduced to model random evolution phenomena with long range
dependence properties. Consider SDEs of the following form

dX; = b(Xt)dt + U(Xt)dZt (211)

where (Z;)¢>0 is a Gaussian process with ergodic stationary increments and o : R4 —
Mg, b : R4 — R? are functions defined in a such a way that existence of a solution
holds. The ergodic properties of such processes have been a topic of great interest over the
last decade. For general Gaussian processes, existence and approximation of stationary
solutions are provided in [15] in the additive case (i.e. when o is constant). The specific
situation where (Z;)¢>0 is a fractional Brownian motion has received significant attention
since in the seminal paper [30] by Hairer, a definition of invariant distribution is given
in the additive case through the embedding of the solution to an infinite-dimensional
markovian structure. This point of view led to some probabilistic uniqueness criteria
(on this topic, see e.g. [34, 38]) and to some coupling methods in view of the study of
the rate of convergence to equilibrium. More precisely, in [36], some coalescent coupling
arguments are also developed and lead to the convergence of the process in total variation
to the stationary regime with a rate upper-bounded by C.t~(“#~¢) for any ¢ > 0, with

)5 if He(;D\{3}
o _{ H(—2H) if He (S,i i (2.12)

In the multiplicative noise setting (i.e. when o is not constant), Fontbona and Pan-
loup in [20] extended those results under selected assumptions on o to the case where
He (%, 1) and finally Deya, Panloup and Tindel obtained in [22] this type of results in
the rough setting H € (3, 3).

In this chapter, we focus on a general class of recursive discrete dynamics of the
following form: we consider R%-valued sequences (X, ),>0 satisfying

Xpi1 = F(Xn, Apir) (2.1.3)

where (Ap)nez is an ergodic stationary Gaussian sequence and F : R x RY — R
is a deterministic function. As a typical example for F, we can think about Euler
discretization of (2.1.1) (see Subsection 2.2.5 for a detailed study) or to autoregressive
processes in the particular case where F' is linear. Note that such dynamics can be
written as (2.1.3) through the so-called Wold’s decomposition theorem which implies
that we can see (A,)nez as a moving-average of infinite order (see [7] to get more
details). To the best of our knowledge, in this linear setting the litterature mainly
focuses on the statistical analysis of the model (see for instance [3, 9]) and on mixing
properties of such Gaussian processes when it is in addition stationary (on this topic see
e.g. [0, 44, 641]). Back to the main topic, namely ergodic properties of (2.1.3) for general
functions F', Hairer in [37] has provided technical criteria using ergodic theory to get
existence and uniqueness of invariant distribution for this kind of a priori non-Markovian
processes. Here, the objective is to investigate the problem of the long-time behavior of
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(2.1.3). To this end, we first explain how it is possible to define invariant distributions
in this non-Markovian setting and to obtain existence results. More precisely, with the
help of the moving average representation of the noise process (A, )nez, we prove that
(Xn, (Antk)k<0)n>0 can be realized through a Feller transformation Q. In particular, an
initial distribution of the dynamical system (X, A) is a distribution g on R% x (R%)%".
Rephrased in more probabilistic terms, an initial distribution is the distribution of
the couple (Xo, (Ax)k<o)n>0. Then, such an initial distribution is called an invariant
distribution if it is invariant by the transformation Q. The first part of the main theorem
establishes the existence of such an invariant distribution.

Then, our main contribution is to state a general result about the rate of convergence to
equilibrium in terms of the covariance structure of the Gaussian process. To this end,
we use a coalescent coupling strategy.

Let us briefly explain how this coupling method is organized in this discrete-time frame-
work. First, one considers two processes (X}, (AL, )k<o)n>0 and (X2, (A2 )k<0)n>0
following (2.1.3) starting respectively from po and g, (an invariant distribution). As
a preliminary step, one waits that the two paths get close. Then, at each trial, the
coupling attempt is divided in two steps. First, one tries in Step 1 to stick the positions
together at a given time. Then, in Step 2, one attempts to ensure that the paths stay
clustered until +o00. Actually, oppositely to the Markovian setting where the paths
remain naturally fastened together (by putting the same innovation on each marginal),
the main difficulty here is that, staying together has a cost. In other words, this property
can be ensured only with a non trivial coupling of the noises. Finally, if one of the two
previous steps fails, one begins Step 3 by putting the same noise on each coordinate until
the “cost” to attempt Step 1 is not too big. More precisely, during this step one waits
for the memory of the coupling cost to decrease sufficiently and for the two trajectories
to be in a compact set with lower-bounded probability.

In the main theorem previously announced, as a result of this strategy, we are able to
prove that the law of the process (X, 41)x>0 following (2.1.3) converges in total variation
to the stationary regime with a rate upper-bounded by Cn~". The quantity v is directly
linked to the assumed exponential or polynomial asymptotic decay of the sequence
involved in the moving-average representation of (A, )nez, see (2.2.2) (or equivalently
in its covariance function, see Remark 2.2.1 and 2.2.3).

Then, we apply our main theorem to fractional memory (including the Euler Scheme
associated to fractional Stochastic Differential Equations). We first emphasize that with
covariance structures with the same order of memory but different local behavior, we
can get distinct rates of convergence to equilibrium. Secondly, we highlight that the
computation of the asymptotic decay of the sequence involved in the inversion of the
Toeplitz operator (related to the moving-average representation) can be a very technical
task (see proof of Proposition 2.2.3).

Now, let us discuss about specific contributions of this discrete-time approach. Above
all, our result is quite general since, for instance, it includes discretization of (2.1.1) for
a large class of Gaussian noise processes. Then, in several ways, we get a further under-
standing of arguments used in the coupling procedure. We better target the impact of
the memory through the sequence both appearing in the moving-average representation
and the covariance function of the Gaussian noise. Regarding Step 1 of the coupling
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2. DISCRETE-TIME STOCHASTIC DYNAMICS WITH MEMORY

strategy, the “admissibility condition” (which means that we are able to attempt Step
1 with a controlled cost) is rather more explicit than in the continuous-time setting.
Finally, this chapter, by deconstructing the coupling method through this explicit
discrete-time framework, may weigh in favour of the sharpness of Hairer’s approach.

The following section gives more details on the studied dynamics, describes the as-
sumptions required to get the main result, namely Theorem 2.2.1 and discuss about
the application of our main result to the case of fractional memory in Subsection 2.2.7.
Then, the proof of Theorem 2.2.1 is achieved in Sections 2.3, 2.4, 2.5, 2.6 and 2.7, which
are outlined at the end of Section 2.2.

2.2 Setting and main results

2.2.1 Notations

The usual scalar product on R? is denoted by ( , ) and | . | stands either for the Euclidean
norm on R? or the absolute value on R. We denote by My« q the space of real matrices
of size d x d. For a given K > 0 we denote by B(0, K) the R? closed ball centered in 0
with radius K. Then, the state space of the process X and the moise space associated
to ((Ansr)k<o)n>0 are respectively denoted by X := R? and W := (R%)%". For a given
measurable space (X7,.A1), M;(&X1) will denote the set of all probability measures on
Xj. Let (X3, A2) be an other measurable space and f : X; — X3 be a measurable
mapping. Let u € M;(X}), we denote by f*u the pushforward measure given by :

VB € Ay, ffu(B) = p(f1(B)).

[y : X x W — X and Iy : X x W — W stand respectively for the projection on the
marginal X and W. For a given differentiable function f : R — R? and for all z € R?
we will denote by J¢(x) the Jacobian matrix of f valued at point x. Finally, we denote
by || . ||y the classical total variation norm: let v, u € M;(X7),

I = vllzy == sup [u(A) —v(A)].
ACXy

2.2.2 Dynamical system and Markovian structure

Let X := (X,)n>0 denote an R?-valued sequence defined by: Xy is a random variable
with a given distribution and

Vn >0, Xpi1=F(Xn Apsi), (2.2.1)

where F : R? x R? — R? is continuous and (A,)nez is a stationary and purely non-
deterministic Gaussian sequence with d independent components. Hence, by Wold’s
decomposition theorem [7] it has a moving average representation

“+oo

VnezZ, A, = Z ki (2.2.2)
k=0
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with

(2.2.3)

(ak)k>0 € RY such that ag#0 and > /%5 a? < 400
(&k)kez an ii.d sequence such that & ~ N(0, I).

Without loss of generality, we assume that ag = 1. Actually, if ag # 1, we can come
back to this case by setting

“+o00
An = Z &kgn—k
k=0

with aj 1= Z—S

Remark 2.2.1. The asymptotic behavior of the sequence (ax)r>o certainly plays a key
role to compute the rate of convergence to equilibrium of the process (X, )n,>0. Actually,
the memory induced by the noise process is quantified by the sequence (ay)x>o through
the identity

Vn e Z,Vk >0, c(k):=E[AApx] = Zazakﬂ
The stochastic dynamics described in (2.2.1) is clearly non-Markovian. Let us see how
it is possible to introduce a Markovian structure and how to define invariant distribution.

This method is inspired by [37]. The first idea is to look at (X, (An+r)k<0)n>0 instead
of (Xy)n>0. Let us introduce the following concatenation operator

U:WxRI =W (2.2.4)

(w,w’) = wUw

where (wUw')g = w" and Vk <0, (wUw) = wgyi. Then (2.2.1) is equivalent to the
system

(Xn+1, (Ani1rk)e<o) = ((Xn, (Angr)r<o)s Ant1) (2.2.5)

where

0 (X XW) xR X xW
(z,w),w') — (F(z,w),wUw).

Therefore, (X, (Aptk)k<0)n>0 can be realized through the Feller Markov transition
kernel Q defined by

/ 9(’, ") Q((z,w), (da’, dw’)) = / 9(p((z,w),6))P(w,dd) (2.2.6)
XxW Rd

where P(w,dd) = L(Ap+1]/(Antk)k<o = w) does not depend on n since (A,) is a
stationary sequence, and g : X x WW — R is a measurable function.

Definition 2.2.1. A measure p € M7(X x W) is said to be an invariant distribution
for (2.2.5) and then for (2.2.1) if it is invariant by Q, i.e.

Qu = p.
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However, the concept of uniqueness will be slightly different from the classical setting.
Indeed, denote by Sp the distribution of (X}),>0 when we realize (X7, (Antk)k<0)n>0
through the transition Q and with initial distribution p. Then, we will speak of unique-
ness of the invariant distribution up to the equivalence relation: y ~v <= Sp = Sv.
Moreover, here uniqueness will be deduced from the coupling procedure. There exist
some results about uniqueness using ergodic theory, like in [37], but they will be not
outlined here.

2.2.3 Preliminary tool: a Toeplitz type operator

The moving-average representation of the Gaussian sequence (Ay,),cz naturally leads us

< ~l—oo}
and define Ty on £,(Z~,R%) by

+oo
Ta(w) = (Z alw_k_l> . (2.2.7)
k>0

to define an operator related to the coefficients (ax)r>0. First, set

+o0
Z AW _f—1

=0

lo(Z™,RY) := {w e (RHZ™ | vk >0,

=0

Due to the Cauchy-Schwarz inequality, we can check that for instance ¢2(Z~,R%) :=
{w e (RHYZ™ | 10 jw k|2 < +oo} is included in €,(Z~,RY) due to the assumption
Zkzo a2 < +oo. Thls Toeplitz type operator T, links (A,)nez to (§n)nez. The following
proposition spells out the reverse operator.

Proposition 2.2.1. Let Ty, be the operator defined on &,(Z_,Rd) in the same way as
Ta but with the following sequence (bk)k>0

1
bo=— and Vk>1, by=—— Zalbk - (2.2.8)
l 1

Then,
Vw e l(Z7,RY), Tp(Ta(w))=w and Yw e G(Z7,RY), Ta(Tpw)) =w
that is Ty, = Ta ' and £,(Z7,RY) = Ta(le(Z~,RY)).

Proof. Let w € £,(Z~,R?). Then let n > 0,

“+00 “+o00 +00
(Tp(Ta § bk§ azwnkz—§ E br@i— kW —_pn—;
k=0 i=k
( g bra;_ k) Wep—i = W_p,
i=0 \k=0
=0 except
for =0
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We show in the same way that for w € £,(Z~,RY), we have Ta(Tp(w)) = w. O

Remark 2.2.2. The sequence (bg)r>o is of first importance in the sequel. The sketch
of the proof of Theorem 2.2.1 will use an important property linked to the sequence
(b ) k>0 if two sequences u and v are such that

n—1
Yn>1, u,= Zakvn_k
k=0

then,
n—1
Yn>1, v, = Zbkun—k-
k=0

This reverse identity and the asymptotic behavior of (by)r>0 play a significant role in
the computation of the rate of convergence.

The following section is devoted to outline assumptions on (ax)r>0 and (bg)r>0 and
then on F' to get the main result.

2.2.4 Assumptions and general theorem

First of all, let us introduce assumptions on (a)r>0 and (bg)r>o. All along the chapter,
we will switch between two types of assumptions called respectively the polynomial case
and the exponential case.

Hypothesis (Hpo1y): The following conditions hold,
e there exist p, 5 > 1/2 and C,,Cz > 0 such that

Vk >0, lax| <C,(k+1)"" and Vk>0, |bg <Cs(k+1)7".

e there exist kK > p+ 1 and C,; > 0 such that

Vk > 0, |ak - ak+1| < Cﬁ(k + 1)_"{.

Hypothesis (Hexp): There exist A, > 0 and C), C¢ > 0 such that,
VE >0, |ap| <Cyre ™ and VE>0, |bg| <Cpe k.

Remark 2.2.3. > (Hpoly) and (Hexp) are general parametric hypothesis which apply
to a large class of Gaussian driven dynamics. These assumptions implicitly involve the
covariance function of the noise process (c(k))ren (see Remark 2.2.1) : there exists
Cy > 0 and for all ¢ € [0, p] such that p+ ¢ > 1, there exists C,,. > 0 such that

Coe(k+1)"Pt  under (Hpoly)
Vk>0, |e(k)| <{ 2°° o)
- Y ‘C( )| — { C/\E_Ak under (Hexp)

> (Hpoly) and (Hexp) also involve the coefficients appearing in the reverse Toeplitz
operator T~ ! (see Proposition 2.2.1). Even though (ag)r>0 and (by,)g>o are related by
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(2.2.8), there is no general rule which connects p and 5. This fact will be highlighted
in Subsection 2.2.7. Moreover, for the sake of clarity, we have chosen to state our main
result when (ay) and (by) belong to the same family of asymptotic decay rate.

> Due to the strategy of the proof (coalescent coupling in a non Markovian setting) we
also need a bound on the discrete derivative of (a)r>0-

Let us now introduce some assumptions on the function F' which defines the dynam-
ics (2.2.1). Throughout this chapter F : X x R? — X is a continous function and the
following hypothesis (Hy) and (Hgz) are satisfied.

Hypothesis (H;): There exists a continous function V' : X — RY satisfying
‘ |lim V(z) = +oo and 3y € (0,1) and C > 0 such that for all (z,w) € X x R,
x|—+00

V(F(z,w)) <AV (z)+ C(1+ |w|). (2.2.9)

Remark 2.2.4. > As we will see in Section 2.3, this condition ensures the existence of a
Lyapunov function V' and then of an invariant distribution. Such a type of assumption
also appears in the litterature of discrete Markov Chains (see e.g. equation (7) in [21])
but in an integrated form. More precisely, in our non-Markovian setting, a pathwise
control is required to ensure some control on the moments of the trajectories before the
successful coupling procedure (this fact is detailed in Subsection 2.6.2).

> This assumption is also fulfilled if we have a function V' with V(F(z,w)) <4V (z) +
C(1 4 |w|?) for a given p > 1 instead of (2.2.9) since the function V'/? satisfies (Hy)
(with the help of the elementary inequality |u + v|"/? < |u|"/? + |v|'/P when p > 1).

We define F: X x R x RY - X by F(z,u,y) = F(z,u+vy). We assume that F
satisfies the following conditions:

Hypothesis (Hz): Let K > 0. We assume that there exists K > 0 such that for
every x = (z,7',y,y') in B(0, K)*, there exist Ax : RY — R% My > 0 and O such
that the following holds

e Ay is a bijection from R? to R?. Moreover, it is a C!-diffeomorphism between two
open sets U and D such that R\U and R\ D are negligible sets.

e for all u € B(0, K),

F(z,u,y) = F(z', Ax(u),y) (2.2.10)
and |det(Jy, (u))| > Cx. (2.2.11)

o for all u € R?,
[Ax(u) —u| < Mk. (2.2.12)

Remark 2.2.5. > Let us make a few precisions on the arguments of F: z is the posi-
tion of the process, u the increment of the innovation process and y is related to the
past of the process (see next item for more details). The boundary Cfz and My are
independent from z,2’,y and y’. This assumption can be viewed as a kind of con-
trolability assumption in the following sense: the existence of Ay leads to the coa-
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lescence of the positions by (2.2.10). Rephrased in terms of our coalescent coupling
strategy, this ad hoc assumption is required to achieve the first step. More precisely,
as announced in the introduction, we take two trajectories (X', Al) and (X2, A?) fol-
lowing (2.2.1) and we want to stick X! and X? at a given time n + 1. Through the
function Ay in (Hy), we can build a couple of Gaussian innovations (&},1,&2,,) with
marginal distribution N(0, I;) to achieve this goal (with lower-bounded probability),
so that: X}, = X2, which is equivalent to F (z, &4, y) = F (z/, &,1, ¥') with
(z, 2,y ) = (X0, X2 502 an€lq g SopS ané2. 1)) (see Subsection 2.4.2).

> Assumption (Hgz) can be applied to a large class of functions F', as for example:
F(z,w) = f(b(x) + o(x)w) where o is continuously invertible and o~! and b are con-
tinuous functions (we do not need any assumption on f as we will see in the appendix
Remark 2.A.2). Actually, Condition (2.2.10) can be obtained through an application of
the implicit function theorem: if we assume that there exists a point (0, ul ) such that
F(x,0,y) = F(a/,ul,y") and denote by Gy : (u,u') — F(z,u,y) — F(z',u' + ul,y'),
then if (9,yGx)(0,0) # 0, the implicit function theorem yields (2.2.10). As we will see
in Subsection 2.2.5, Condition (2.2.12) can be also easily fulfilled (see proof of Theorem
2.2.2).

We are now in position to state our main result.
Theorem 2.2.1. Assume (Hy) and (Hz). Then,
(i) There exists an invariant distribution p, associated to (2.2.1).

(it) Assume that (Hpoly) is true with p, 3 > 1/2 and p+ 8 > 3/2. Then, uniqueness
holds for the invariant distribution p.. Furthermore, for every initial distribution
po for which [, V(x)Ipo(dx) < 400 and for all e > 0, there exists Ce > 0 such
that

IL£((XE2 Dk0) = Spallry < Co m~ 7€),

where the function v is defined by

v(B,p) = sup min{1,2(p — o) }(min{e, B, a+ -1} —1/2).
ag(3V(5-8))

(111) Assume that (Hexp) is true, then uniqueness holds for the invariant distribution ji,.
Furthermore, for every initial distribution pg for which [, V(x)II%uo(dz) < 400
and for all
p > 0, there exists Cp, > 0 such that

IL((X ) ) k=0) — Sullry < Cp n7P.
Remark 2.2.6. > In view of Theorem 2.2.1 (iii), one can wonder if we could obtain
exponential or subexponential rates of convergence in this case. We focus on this question
in Remark 2.6.1.

> The rates obtained in Theorem 2.2.1 hold for a large class of dynamics. This generality

implies that the rates are not optimal in all situations. In particular, when F' have

“nice” properties an adapted method could lead to better rates. For example, let us
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mention the particular case where the dynamical system (2.2.1) is reduced to: X,+1 =
AX,, + 0,11 where A and o are some given matrices. As for (fractional) Ornstein-
Uhlenbeck processes in a continuous setting, the study of linear dynamics can be achieved
with specific methods. Here, the sequence X benefits of a Gaussian structure so that
the convergence in distribution could be studied through the covariance of the process.
One can also remark that since for two paths X and X built with the same noise,
we have: X411 — Xnp1 = A(X, — X,,), a simple induction leads to E[| X, — X,|?] <
| A" 2E[| Xy — X0|?]. So without going into the details, if p(A) := nli)r}rloo |A?Y/™ < 1, such
bounds lead to geometric rates of convergence in Wasserstein distance and also in total
variation distance (on this topic, see e.g. [59]).

In the following subsection, we test the assumptions of our main result Theorem
2.2.1 (especially (H;) and (Hz)) on the Euler scheme of SDEs like (2.1.1).

2.2.5 The Euler Scheme

Recall that X = R%. In this subsection, set

F,: XxR'>x
(x,w) — z + hb(x) + o(x)w. (2.2.13)

where h > 0, b: X — X is continuous and o : X — M« is a continuous and bounded
function on X'. For all z € X we suppose that o(x) is invertible and we denote by o~ (z)

1

the inverse. Moreover, we assume that ¢~ is a continuous function and that b satisfies

a Lyapunov type assumption that is:

(L1) 3C > 0 such that
Ve e X, |b(x)] <C(1+ |x]). (2.2.14)

(L2) 38 € R and & > 0 such that

Vo e X, (z,b(z)) < B —alzl*. (2.2.15)

Remark 2.2.7. This function F}, corresponds to the Euler scheme associated to SDEs
like (2.1.1). The conditions on the function b are classical to get existence of invariant
distribution.

In this setting the function F}, (introduced in Hypothesis (Hz)) is given by

F,: XxRIxR? > x
(x,u,y) = x+ hb(z) + o(x)(u+ y).

Theorem 2.2.2. Let h > 0. Let Fj, be the function defined above. Assume thatb: X —
X is a continuous function satisfying (L1) and (L2) and o : X — Myxq is a continous
and bounded function such that for all x € X, o(x) is invertible and x +— o~ *(z)
is a continuous function. Then, (Hy) and (Hg) hold for Fj, as soon as 0 < h <

min {\/1 + % -1, é} where & and C are given by (L1) and (L2).
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Proof. For the sake of conciseness, the proof is detailed in Appendix 2.A. Regarding
(Hy), it makes use of ideas developped in [15, 16]. For (Hg), the construction of Ay is
explicit. The idea is to take Ay (u) := o~ (2')o(2)u+ o~ (2")(x — 2’ + h(b(z) — b(z"))) +
o~ (z)o(x)y—1y inside B(0, K) (which ensures (2.2.10) with K = K), to set Ay (u) 1= u
outside an other ball B(0, K1) with a well chosen K; (which almost gives (2.2.12)) and
to extend Ay into R? by taking into account the various hypothesis on Ay. O

Remark 2.2.8. The coefficient o is assumed to be bounded but we can relax a bit this
assumption: if |o(z)| < C(1+|z|*) for some k € (0,1), then Theorem 2.2.2 is true again.
We provide in Remark 2.A.2 the necessary adjustments of the proof to get this result.

The two following subsections are devoted to outline examples of sequences which
satisfy hypothesis (Hexp) or (Hpoly). In particular, Subsection 2.2.7 includes the case
where the process (A,,)nez corresponds to fractional Brownian motion increments.

2.2.6 Two explicit cases which satisfy (Hexp)

First, let us mention the explicit exponential case with the following definition for the
sequence (ag)r>0
ap=1 and VkeN* q; =Cue (2.2.16)

with C, € R. Let us recall that by = 1 (since ap = 1) and for all k£ > 1, we can get the
following general expression of b (see Appendix 2.B for more details):

S (-1 .
b= T > Ilaw |- (2.2.17)
p=1 %0 ki, kp>1 i=1
ki+-+hp=k
A classical combinatorial argument shows that #{(ki,...,kp) e N* | ky +--- + k, =
k} = (]’jj) As a consequence, when the sequence (ay)i>0 is defined by (2.2.16), we can

easily prove that for k > 1,
b, = —Cu(1 — C,)F ek,

Hence, to satisfy (Hexp), we only need C, to be such that ( := A —1In|1 — C,| > 0 and
then for all k € N*, we get
|b| < Cpe ¢k (2.2.18)

with Cp, > 0 a constant depending on C,.

Remark 2.2.9. > In this setting where everything is computable, it’s interesting to see
that the asymptotic decrease of the sequence (|bg|) is not only related to the one of the
sequence (|ag|). For instance, if we take C, < 0, the simple fact that ag > 0 and a; < 0
for all £ > 0 makes (bg) diverge to +oo and nevertheless, (Jai|) decreases to 0 at an
exponential rate.

> If we take C, = 1, we can reduce (Ap,)nez to the following induction: Vn € Z, A, 41 =
Ent1 + e A,
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Let us finally consider finite moving averages, i.e. when a; = 0 for all & > m (for
some m > 1). In this setting, one can expect (Hexp) to be satisfied since the memory
is finite. This is actually the case when the finite moving average is invertible, namely:
P()\) =1+ 37", ax\* has all its roots outside the unit circle (see [7] Theorem 3.1.2).
In that case, there exists A € C such that |[A| > 1 and ﬁ = Y020 bAF < 400 (to get
more details on this equality, see Appendix 2.B). Then, there exists C' > 0 such that for

all £ > 0,
1\*
Al
and finally (Hexp) holds true.

When the invertibility is not fulfilled, the situation is more involved but (Hexp) is still
true up to another Wold decomposition. More precisely, one can find another white
noise ¢ and another set of coefficients aj such that the invertibility holds true, on this
topic see e.g. [7] Proposition 4.4.2.

2.2.7 Polynomial case: from a general class of examples to the frac-
tional case

A natural example of Gaussian sequence (A, ),ecz which leads to polynomial memory is
to choose ap = (k+ 1)~ for a given p > 1/2. In that case, we have the following result.

Proposition 2.2.2. Assume (Hy) and (Hg). Let p > 1/2. If for all k > 0, a =
(k+1)7", then we have |bg| < (k+1)~". Moreover, if p > 3/4 Theorem 2.2.1 (ii) holds
with the rate

20p—3/4)% if pe(3/4,1
U(pv p) = 1<( 1/2)2 . (1 / ]
a(p=1/2)% if p>1

Remark 2.2.10. The main novelty here comes from the proof of the inequality |bx| <
(k4 1)=* for all £ > 0 which is outlined in Appendix 2.C and which is based on results
of [27]. The key argument in this proof is the log-convexity property of the sequence
(ak)ken, which means that for all k € N, a; > 0 and for k¥ > 1, ai —ag—10x+1 < 0.

With Proposition 2.2.2 in hand, the purpose of the remainder of this section is to
focus on Gaussian sequences of fractional type, i.e. when the sequence (ay)r>0 satisfies:

Vk >0, |ap| <Co(k+1)"" and |ap — aps1| < Cp(k + 1)~ D (2.2.19)

with p := 3/2—H and H € (0, 1) is the so-called Hurst parameter. In particular, through
this class of sequences, we provide an explicit example which shows that computing the
rate of convergence of the sequence (by)r>0 is a hard task and strongly depends on the
variations of (ag)r>0. Condition (2.2.19) includes both cases of Proposition 2.2.2 with
p:=3/2— H and when (Ay,),ez corresponds to the fractional Brownian motion (fBm)
increments (as we will see below), we therefore decided to use the terminology “fractional
type”. Recall that a d-dimensional fBm with Hurst parameter H € (0,1) is a centered
Gaussian process (Bt)s>0 with stationary increments satisfying

Vt,s >0, Vi,je{l,...,d}, E (Bg—Bg)(Bg'—Bg')} = it — 5|2
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In our discrete-time setting, we are thus concerned by the long time behavior of (2.2.1)
if we take for h > 0

(An)nez = (Bun — Bn—1)n)nez (2.2.20)

which is a stationary Gaussian sequence. It can be realized through a moving average
representation with coefficients (af);>o defined by (see [55]):

H-1/2 1\ H-1/2
all = W (H)2Y? " and for k> 1, aff = W k(H) ((k + > - <k - 2)

(2.2.21)

where

_ V/sin(rH)T'(2H + 1)

~(H) T(H +1/2)

One can easily check that aff Mot Chu(k + 1)-G/2=H) and lafl — akH+1| <
—+00

s+ 15/

Hence (af!)g>o is of fractional type in the sense of (2.2.19). Now, the question is: how
does the corresponding (b7) behave ? When H belongs to (0,1/2), only all is posi-
tive and then (akH ) is not log-convex. Therefore, we cannot use this property to get
the asymptotic behavior of (b,’j ) as we did in Proposition 2.2.2. However, thanks to
simulations (see Figure la and 1b), we conjectured and we proved Proposition 2.2.3.

Proposition 2.2.3. There exists Cj i > 0 such that for all H € (0,1/2)
V>0, [bf| <COpf p(k+1)"HH/2) (2.2.22)
Then, if we assume (Hy) and (Hg), Theorem 2.2.1 (ii) holds with the rate

- | HO=2H) i He(0,1/4)
v(p,2—p)—v(3/2—H7H+1/2>—{é if He(1/4,1/2).

Remark 2.2.11. For the sake of conciseness, we provided the details of the proof in
Appendix 2.D. The proof of (2.2.22) is based on a technical induction which involves
very sharp inequalities.

In Proposition 2.2.2 (with p = 3/2 — H and H € (0,1/2)) and in the
above proposition, dealing with the same order of memory, we get really differ-
ent orders of rate of convergence: one easily checks that for all H € (0,1/2),
v(3/2 — H, H+1/2) < v(3/2 - H, 3/2— H). Finally, we have seen that manag-
ing the asymptotic behavior of (by) is both essential and a difficult task.

To end this section, let us briefly discuss on the specific statements on fBm incre-
ments and compare with the continuous time setting (see [36, 26, 22]). For this purpose,
we introduce the following conjecture (based on simulations, see Figure 1c and 1d) when
H belongs to (1/2,1):
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Conjecture: There exists C} ;; > 0 and Sy > 1 such that
Vk >0, |bf| < Cf (ki +1)0m, (2.2.23)

Remark 2.2.12. We do not have a precise idea of the expression of Sy with respect to
H. But, we can note that if p < 1 and § > 1 in (Hpoly), then the rate of convergence
in Theorem 2.2.1 is v(p, ) = w and does not depend on (. Hence, if H € (1/2,1),
p=3/2—H and By > 1, we fall into this case and then the dependence of Sy in terms
of H does not matter.

If the previous conjecture is true we get the following rate of convergence for H €
(1/2,1) in Theorem 2.2.1:

(1-H)?
oo, ) = v(3/2 — 11, ) = T
slope =-0.5999276 : slope =-0.7999998
(a) parameter: H = 0.1 (b) parameter: H = 0.3

slope =-1.0999661

21 slope =-1.1990703

(c) parameter: H = 0.6 (d) parameter: H = 0.9

Figure 1 - (log [bf|) according to (log(k + 1)) with different Hurst parameters H.

Then, when H belongs to (0,1/2) Proposition 2.2.3 gives exactly the same rate of
convergence obtained in [30, 22]. However, when H > 1/2 it seems that we will get a
smaller rate than in a continuous time setting. The reason for this may be that Theorem
2.2.1 is a result with quite general hypothesis on the Gaussian noise process (A, )nez.
In the case of fBm increments, the moving average representation is explicit. Hence, we
may use a more specific approach and significantly closer to Hairer’s, especially with
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regard to Step 2 in the coupling method (see Subsection 2.5.2) by not exploiting the
technical lemma 2.5.3 for instance. This seems to be a right track in order to improve

our results on this precise example.

We are now ready to begin the proof of Theorem 2.2.1. In Section 2.3, we establish
the first part of the theorem, i.e. (i). Then, in Section 2.4 we explain the scheme of
coupling before implementing this strategy in Sections 2.5 and 2.6. Finally, in Section
2.7, we achieve the proof of (ii) and (iii) of Theorem 2.2.1.

2.3 Existence of invariant distribution

Denote by Py, the law of (Ag)k<o. Since (Ay)nez is stationary we immediately get the
following property:

Property 2.3.1. If a measure p1 € M1(X x W) is such that 1L}, ;. = Py, then II3,,Qu =
Py.

We can now define the notion of Lyapunov function.

Definition 2.3.1. A function ¢ : X — [0,400) is called a Lyapunov function for Q if
1 is continuous and if the following holds:

(i) ¥71([0, a]) is compact for all a € [0, +c0).

(if) 38 > 0 and a € (0, 1) such that:
/ () Qu(dz, dw) < §+ a / () () (dr)
X xW X

for all p € My(X x W) such that I, u = Py, and [, o (x) (Il p)(dz) < +oo.
The following result ensures the existence of invariant distribution for Q.

Theorem 2.3.1. If there exists a Lyapunov function ¢ for Q, then Q has at least one
invariant distribution i, in other words Oy = fix.

A detailed proof of this result is given in Appendix 2.E. Finally, we get the first part
(i) of Theorem 2.2.1 about the existence of an invariant distibution by setting ¢ := V
(with V' the function appearing in (H;)) and by saying that 1 is a Lyapunov function
for O.

2.4 General coupling procedure

We now turn to the proof of the main result of the chapter, i.e. Theorem 2.2.1 (ii) and
(iii) about the convergence in total variation. This result is based on a coupling method
first introduced in [36], but also used in [26] and [22], in a continuous time framework.
The coupling strategy is slightly different in our discrete context, the following part is
devoted to explain this procedure.
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2.4.1 Scheme of coupling

Let (Al),ez and (A2),cz be two stationary and purely non-deterministic Gaussian
sequences with the following moving average representations

=
An = Z akgnfk
k=0
2 _ X o
k=0
with
(ar)k>0 € RY such that ag =1 and Z;:(Xé az < +00 (2.4.1)
€= (£ )kez an ii.d sequence such that & ~ N(0,1;) for i = 1,2. o
We denote by (X!, X?2) the solution of the system:
X?%—H = F(qu A%H)
with initial conditions (X3, (AL)k<o) and (X3, (A2)k<0). We assume that

(X2, (A2)k<0) ~ ps where pu, denotes a fixed invariant distribution associated to
(2.2.1). The previous section ensures that such a measure exists. We define the natural
filtration associated to (2.4.2) by

(Fadnen = (0((E)k<n, (€ k<ns X0, X§))no0-

To lower the “weight of the past” at the beginning of the coupling procedure, we assume
that a.s,

(Ap)k<o = (AR)k<o

which is actually equivalent to assume that a.s (£)x<o = (£7)k<o since the invertible
Toeplitz operator defined in Subsection 2.2.3 links (Az)kgo to (f;i)kgo for i = 1, 2. Lastly,
we denote by (gn)nez and (fn)nez the random variable sequences defined by

fvlwl = 5121+1 +9gn and A}LH = A?LH + fn- (2.4.3)

They respectively represent the “drift” between the underlying noises (£}) and the real
noises (A%). By assumption, we have g, = f, = 0 for n < 0.

Remark 2.4.1. From the moving average representations, we deduce immediately the
following relation for all n > 0,

—+00 n
fn= Z akGn—k = Zakgn—k- (2.4.4)
k=0 k=0

The aim is now to build (g, )n>0 and (f,)n>0 in order to stick X! and X2. We set

Too = inf{n >0 | X} = X2, Vk > n}.
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In a purely Markovian setting, when the paths coincide at time n then they remain
stuck for all k& > n by putting the same innovation into both processes. Due to the
memory this phenomenon cannot happen here. Hence, this involves a new step in the
coupling scheme: try to keep the paths fathened together (see below).

Recall that £((X?)k>n) = Sps. The purpose of the coupling procedure is to bound the
quantity P(7., > n) since by a classical result we have

||'C((Xli)k2n) — Sty < P10 > n). (2.4.5)
Hence, we realize the coupling after a series of trials which follows three steps:

* Step 1: Try to stick the positions at a given time with a “controlled cost”.
* Step 2: (specific to non-Markov processes) Try to keep the paths fastened together.

x Step 3: If Step 2 fails, we wait long enough so as to allow Step 1 to be realized with
a “controlled cost” and with a positive probability. During this step, we assume
that g, = 0.

More precisely, let us introduce some notations,

e Let 7p > 0. We begin the first trial at time 79 4+ 1, in other words we try to stick
XTI0 41 and X?O +1- Hence, we assume that

Yn <719, gn= fn=0. (2.4.6)

e For j > 1, let 7; denote the end of trial j. More specifically,

> If 7; = 400 for some j > 1, it means that the coupling tentative has been
successful.

> Else, 7; corresponds to the end of Step 3, that is 7; + 1 is the beginning of
Step 1 of trial j + 1.

The real meaning of “controlled cost” will be clarified on Subsection 2.5.1. But the
main idea is that at Step 1 of trial j, the “cost” is represented by the quantity g,, , that

we need to build to get X1 4l = ij, ,+1 with positive probability. Here the cost does

i
not only depend on the positions at time 7;_1 but also on all the past of the underlying

noises ¢! and £2. Hence, we must have a control on gr;_, in case of failure and to this

-1
end we have to wait enough during Step 3 before beginning a new attempt of coupling.

2.4.2 Coupling lemmas to achieve Step 1 and 2

This section is devoted to establish coupling lemmas in order to build (£',£2) during
Step 1 and Step 2.
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Hitting step

n

get F(X}, AL ) =F(X2, A2, ) with positive probability, that is to get

n
+oo +oo
F (Xrlm fiwrl + Zak£}L+1—k> =F (Xfm fﬁﬂ + Zakfr%-;-l—k)
k=1 k=1

—+o00 —+o00
— F (Xh 5711+17 Zakﬁrllﬂ—k) =F (X?m 5721+1, Zak£2+1_k)- (2.4.7)

k=1 k=1

If we want to stick X' and X? at time n + 1, we need to build (¢},,,£2,,) in order to

The following lemma will be the main tool to achieve this goal.

Lemma 2.4.1. Let K > 0 and p := N(0, I5). Under the controlability assumption (Hg),
there exists K > 0 (given by (Hg)), such that for every x := (z,z,y,3') in B(0,K)?,
we can build a random variable (Z1, Z3) with values in (RY)? such that

(i) L(Z1) = L(Z2) = p,
(i) there exists 5z > 0 depending only on K such that
P(F(x, Z1,y) = F(2, Z2,y)) > P(Zy = Ax(Z1),| 71| < K) > 6 >0 (2.4.8)
where Ax is the function given by hypothesis (Ha),
(iii) there exists My > 0 given by (Ha) depending only on K such that

P(|Zs — 74| < My) = 1. (2.4.9)

Proof. Let x := (z,2',y,y") € B(0,K)* First, let us denote by m; (resp. m2) the
projection from R? x R? to R of the first (resp. the second) coordinate. Introduce the
two following functions defined on R¢

A1 TUL > (ul,Ax(ul))
A2 U (A;1<UQ),UQ)

where Ay is the function given by (Hg). Now, we set
1 * *
Py = 5 (Aip A Aop).

Let us find a simplest expression for Py. For every measurable function f : RxR% — R,
we have

Ninlf) = [ Flus Axw)ptdu) = [ Flr, )i g (dutdun)

dwRd
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and

i) = [ SO ), u)u(de)

= _ df(A;I(Ug),’lLQ) exp (_\u2\2> dusg

(2m)4/2 Jg :
: Ax u 2
= e /Rd f(ur, Ax(u1)) exp <_H21)|>

2 2
= [ flur, Ax(u1)) exp (\u;| _ [Ax{un)
R4

|det(Ja, (u1))|dus  (by setting u; = A (ug))

520 ) et fur))] )
=:Dp, (u1)

_ / F (1, 12)04, uy) (du2) D (101 ().
RI x R4

By construction, we then have

1
Pl(dul, dUQ) = §5Ax(u1)(du2)(DAx (ul) A l)u(dul). (2.4.10)

Write S(ui,u2) = (u2,u1) and denote by P, the “symmetrized” non-negative mea-
sure induced by P1,
P, =P, + S*Py. (2.4.11)

We then define (Z;, Z3) as follows:
L(Zy,Z5) =P1 4+ A*(u—7miP1) = Py + Py (2.4.12)

with A(u) = (u,u) and Py = S*Py + A*(u — wP1). Tt remains to prove that £(Z, Zs)
is well defined and satisfies all the properties required by the lemma.

First step: Prove that P is the sum of two non-negative measures.
Using (2.4.10), we can check that for all non-negative function f,

mP1(f) < Sulf)

and

mP1(f) = 7 (S"P1)(f) < Sulf).

By adding the two previous inequalities, we deduce that the measure p — 77{151 is
non-negative. This concludes the first step.

Second step: Prove that 7} (P + P2) = 75 (P + P2) = p.
This fact is almost obvious. We just need to use the fact that

7T10A:7T20A:Id
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and the symmetry property of Py,
ie. Py =mPy.

Third step: Prove (2.4.8) and (2.4.9).
Let us first remark that the support of Py + P> is included in

{(u,v) € RIXRY | v = Ay (u) }U{(u,v) € RIXR? | v = AL (w) }U{(u,v) € RIXR? | v = u}.
Therefore, by (2.2.12) in (Hg) and the fact that

(Vu € RY, |Ax(u) —u| < Mg) <= (VueR% |Axt(u) —u| < M)

X

since Ay is invertible on RY, we finally get (2.4.9).
Then, using again (Hz) where K is defined and the definition of the subprobability P;
we get

P(F(x, Z1,y) = F(a2', Z3,9")) > P1(B(0, K) x A(B(0, K))) (2.4.13)

=P(Z2=Ax(21),|Z1|<K)

and

P(Z = A7), 1] < K) = /B o Pr<(0 A D),

It just remains to use (2.2.11) and (2.2.12) in (Hg2) to conclude. Indeed,

ul? <(u)]?
Bz =tz 12 < )= [ (e (B - B0 fdertn 0001 ) 21 )

%M(B(O,f{)) [(exp <—(MK2+K)2> cf(> A 1] — 5z >0

v

which concludes the proof. O

Sticking step

Now, if the positions X, and X2, are stuck together, we want that they remain
fastened together for all £ > n + 1 which means that:

Vk>n+1, F(X. ALy =F(X2AL,)

+o0 oo
= Vk>n+1l, F(XL&a+> aghy ) =FXLEG 0+ agh ) (24.14)
=1 =1
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since X,% = X,%. Recall that for all k € Z, gr = fliﬂ — 513“ is the drift between the
underlying noises. Then, if we have

+oo “+oo
Vk>n41, G+ @éhigg =8+ ) aéiig
=1 =1
“+00
— Vk>n+1, g,=-— Zalgk,l, (2.4.15)
=1

the identity (2.4.14) is automatically satisfied.

Remark 2.4.2. The successful g defined by relation (2.4.15) is Fj-measurable. This
explains why we chose to index it by k even if it represents the drift between {,1 41 and
&

Hence, we will try to get (2.4.15) on successive finite intervals to finally get a bound on
the successful-coupling probability. The size choice of those intervals will be important
according to the hypothesis (Hpoly) or (Hexp) that we made. The two next results will
be our tools to get (2.4.15) on Subsection 2.5.2. For the sake of simplicity we set out
these results on R. On R? we just have to apply them on every marginal. Lemma 2.4.2
is almost the statement of Lemma 5.13 of [36] or Lemma 3.2 of [20].

Lemma 2.4.2. Let yu:=N(0,1). Let a € R, b > |a|] and M, := max(4b, —21log(b/8)).

(i) For all b > |a|, there exist 5} and 62 € (0,1), such that we can build a probability
measure ./\/’az’b on R? with every marginal equal to p and such that:

Nep(z,y) ly=a+a}) 20, and  NZ({(z,9) | |y — 2| < Mp}) = 1.

(i) Moreover, if b € (0,1), the previous statement holds with 6} =1 — b.

The following corollary is an adapted version of Lemma 3.3 of [20] to our discrete
context.

Corollary 2.4.1. Let T > 0 be an integer, b >0, g = (g0, 91,---,97) € RT*1 such that
gl < b where ||.|| is the euclidian norm on RT*! and set M, := max(4b, —21og(b/8)).

(i) Then, there exists 6} € (0,1), for which we can build a random variable
((5]%-4—1)14:6[[0,7“}]7(5}3+1)k€[[0,T}]) with values in (RTTY2 with marginal distribution
N(0, ITy1) and satisfying:

P (&1 = &br + 91 VEE[0,T]) > 6,

and

P(lle" - &l < M) = 1.
(i) Moreover, if b € (0,1), the previous statement holds with 6} =1 —b.

Proof. Let (uk)refo,r] be an orthonormal basis of R+ with uy = LH' We denote by

llg
(Uy,Uz) a random variable which has distribution N;b (with @ = ||g||) given in the
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lemma 2.4.2. Let (eg)req,r] be an iid random variable sequence with e; ~ A(0,1) and
independent from (Uy, Us). Then, for i = 1,2 we define the isometry:

wi: RTHL — WHRTTY c L2(Q, F,P)
ug — U (2.4.16)
g, — e for ke[1,T].

And we set for all n € [0,T7], & 1 := W'(en) where e, is the vector of R”*! for which
every coordinate is 0 except the (n+4 1) which is 1. Since (uz) ke[o,7] 18 an orthonormal

basis of RT+1 we then have:
T

en = Z(en,uk>uk.

k=0
Hence,
‘ /T p T
g1 =W (Z<en,uk>uk> = Ui+ > len, wk)er.
k=0 k=1

& 41 is clearly centered and Gaussian as a linear combination of independent centered

Gaussian random variables and using that W' is an isometry, we get that (£ +1)kel0,7]
has distribution N(0, I741) for i = 1,2. Therefore, we built ¢! and £2 as anounced.
Indeed, by Lemma 2.4.2

P =& +gn Yne[0,T]) =P U =Us+ |lgll) > 6,

and
P([[¢" = &) < My) =P(|Uy — Us| < M) = 1.

(1) also follows immediately from Lemma 2.4.2.

2.5 Coupling under (Hpoly) or (Hexp)

We can now move on the real coupling procedure to finally get a lower-bound for the
successful-coupling probability. In a first subsection, we explain exactly what we called
“controlled cost” and in a second subsection we spell out our bound.

2.5.1 Admissibility condition

”in [36]. Here, we will talk about (K, a)-
admissibility, as in [20], but in the following sense:

The “controlled cost” is called “admissibility

Definition 2.5.1. Let K > 0 and o > 0 be two constants and 7 a random variable with
values in N. We say that the system is (K, «)-admissible at time 7 if 7(w) < 400 and if
(X1(w), X2(), (EL(), E2(w))nsr) satisfies

Vn >0, < vy (2.5.1)

+oo
Z akgT+n—k(w)

k=n+1
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and N
(Xiw)| <K, > apélyy jw)| <K fori=1,2 (2.5.2)
k=1
with
vp = (n+1)"% under (Hpoly) and v, = e " under (Hexp). (2.5.3)

Remark 2.5.1. On the one hand, condition (2.5.1) measures the distance between the
past of the noises (before time 7). On the other hand, condition (2.5.2) has two parts:
the first one ensures that at time 7 both processes are not far from each other and the
second part is a constraint on the memory part of the Gaussian noise AZ Y1

The aim is to prove that under those two conditions, the coupling will be successful
with a probability lower-bounded by a positive constant. To this end, we will need to en-
sure that at every time 7;, the system will be (K, a)-admissible with positive probability.
We set:

+oo
Qém’ = {w,T(w) < 400, Z apGrin—kW)| <v, Vne N} (2.5.4)
k=n+1
and
. +w .
Q%(’T = {w,T(w) < +00,|Xi(w)| < K and Zak@_’_l_k(w) <K fori=1, 2} .
k=1

(2.5.5)

We define
Qkar = Qs N Q% . (2.5.6)

If we Qg -, we will try to couple at time 7 + 1. Otherwise, we say that Step 1 fails
and one begins Step 3. Hence, Step 1 of trial j has two ways to fail: either w belongs to
Q%,om-,l and one moves directly to Step 3 or w belongs to Q2 o r;_,, one tries to couple
and it fails.

2.5.2 Lower-bound for the successful-coupling probability

The main purpose of this subsection is to get a positive lower-bound for the successful-
coupling probability which will be independent of j (the number of the tentative), in
other words we want to prove the following proposition

Proposition 2.5.1. Assume (Hy) and (Hz). Let K >0, a > 1V (3 —B) if we are
under (Hpoly) and o > 0 different from ¢ if we are under (Hexp). In both cases, there
exists g in (0,1) such that for all j > 1,

do < P(AT; = +00[Qk 0,7, ,) (2.5.7)

where AT; = 7; — Tj_1 and 7; is defined in Subsection 2.4.1 as the end of trial j.
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Moreover, we can choose 61 € (0,1) such that
Vi>1, 61 <P(r5 < ooltj_1 < 00). (2.5.8)

The second part of Proposition 2.5.1 may appear of weak interest but will be of first
importance in Subsection 2.6.2.

Step 1 (hitting step)

Lemma 2.5.1. Let K > 0 and a > 0. Assume (Hy) and (Hg). Let K > 0 be the
constant appearing in (Hg), 61 € (0,1) and 7 be a stopping time with respect to (Fp)nez
such that P(Qg o) > 0.

We can build (£X,1,&2,) with &1 ~ N(0,14) and &1 ~ N(0,14) such that

(i) There exist Ky € (0, K] and 6k, € (0,1) such that

P(X} ) = X201 |Qkar) 2 P21 = Ax(€hy1), [€041] < K1 QK a,r) = 0, >0
(2.5.9)

and

P (QarU ({611 # Ax(§i+1) or |6 ] > K1} NQkar)) 200 (25.10)
where x := (X}, X2, 20 kL1 S 0 ar€? 4 _y) and Ay comes from (Hs).

(ii) There exists My > 0 such that
97| = 6741 — €21 < Mk as.

Remark 2.5.2. The constant §; is chosen independently from K and a.

Before proving this result, let us explain a bit why we add the lower-bound
(2.5.10). As we already said, we will see further (in Subsection 2.6.2) that we need
the (uniform) bound on the failure-coupling probability given in (2.5.8). There-
fore, for every j > 1, we will consider that Step 1 of trial j fails if and only if
we L, Q{gﬁj_lﬂ # Ax(EL 1) or |€ ] > Kl}mQK,wj_l) and in this
case one immediatly begins Step 3. Hence, for all j > 1, thanks to Lemma 2.5.1 we get
the existence of Kj such that:

]P’(Tj <OO’TJ‘_1 < OO)
>P< K,a,7j_1 <{ij 1+17EA (é-T] 1+1) or |frj 1+1’ >Kl}ﬁQKa‘ry 1)) > 01

and then (2.5.8) derives from Lemma 2.5.1. This construction may seem artificial but it
is necessary to prove Proposition 2.6.2. Moreover, this has no impact on the computation
of the rate of convergence to equilibrium since it only affects Step 1. We can now move
on the proof of Lemma 2.5.1.

Proof. (i) Set x := (XT1 X2, a;chH s Zk lakaH k) Conditionnally to
Qk.ar we have x € B(0,K)? and we can build (Z1,Z2) as in Lemma 2.4.1. Let
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¢ ~ N(0,1) be independent from (Z1, Z3) and set
(11, 640) = (Lag, 21+ Lag, & lay, Zs+ 1o &) (2.5.11)
Therefore, we deduce by Lemma 2.4.1 and its proof that for all K; € (0, K l,

P(X1 = X2k ar) > P(Zo = Ax(Z1), |Z1] < K1 [Qkar) >0k, > 0. (2.5.12)

T

=P( $+1:AX(5$+1)7 |€$+1|§K1 ‘QK,OL,T)

And the first part of (i) is proven. It remains to choose the good K € (0, K] to get the
second part. Set px :=P(Qx o) and p:= N (0,1;), then

P( %(,om’ U ({534-1 #* Ax(fiﬂ) or |fi+1| > Ki}n QK,a,r))
=1-pk +pP ({53-5-1 # Ax(&i-&-l) or |fi+1| > KlHQK,a,T)
>1—pr +prP(671] > Ki|Qkar)
> 1—pk +pru(B(0,K1)%) =1 - pg + pr (1 — u(B(0, K1))

where the last inequality is due to Lemma 2.4.1 one more time. Finally, it remains to
choose K € (0, K] small enough in order to get 1 — px + pr (1 — u(B(0, K1)) > 6;.

(ii) If w € QK a7, by the previous construction and Lemma 2.4.1, we have |g-(w)| =
|Z1(w) — Z2(w)| < Mk. And if w € Qf - then |g;(w)| = [{(w) — §(w)| = 0 which
concludes the proof of (ii). O

To fix the ideas let us recall what we mean by “success of Step 1”7 and “failure of
Step 17 of trial j (j > 1) :

{success of Step 1} = Qo N {{Zﬁﬁl = AX(fij,ﬁl): \giﬂﬂ\ < K1} (2.5.13)
{failure of Step 1} = Q. U ({gzjﬁl # Ax(EL 1) or [€L > Ki}n QK,Q,TJ.%)
(2.5.14)

— 1 2 +oo 1 +oo 2
where x := (XTj—l’ XTj—l’ k=0 a/kajfl‘Fl*k’ Zk:O ak57j71+17k)'

Step 2 (sticking step)

Step 2 of trial j consists in trying to keep the paths fastened together on successive
intervals I;,. More precisely, during trial j, we set

Lio:={rj_1 + 1}, Lj:=[r_1+2,7_1+2c2—1]
and VE>2, Ijp:= [[Tj_l + 250, Tj_q + C2S041 — 1] (2.5.15)

where ¢y > 2 will be chosen further and with

2°  under (Hpoly)

2.5.1
¢ under (Hexp). (2:5.16)

VEZQ, Sg:{
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2. DISCRETE-TIME STOCHASTIC DYNAMICS WITH MEMORY

We denote
Ci=sup{ > 1|Vn € Lo, gn1 =95} (2.5.17)
where 97(18—)1 is the successful-coupling drift defined by (2.4.15), i.e. ggs_)l =
—Z;;Of a19n—1—;- In other words, Ij,é;f is the interval where the failure occurs. If

{>1vnelj1, gn1 = g,(f_)l} = (), we adopt the convention 7 =0, it corresponds
to the case where the failure occurs at Step 1. When 7 = 400, trial j is successful. For
a given positive a and K > 0, we set

Bj = QK,a,Tj,l N{G >0 Yji>1,£>0, (2.5.18)
which means that failure of Step 2 may occur at most after £ trials. With this notations
we get

+oo
P(AT; = +oo|QK,a7Tj_1) = P(success of Step 1 |QK,Q,T],_1) H P(B;|Bje—1) (2.5.19)
(=1

where the event {success of Step 1} is defined by (2.5.13).

Remark 2.5.3. There is an infinite product in this expression of the successful-coupling
probability. Hence, the size choice of the intervals I, defined in (2.5.16) will play a
significant role in the convergence of the product to a positive limit.

In the following lemma, similarly to the above definitions, we consider for a stopping
time 7 the intervals (I;¢)¢>1, the integer £ and the events B, 4, replacing T;_q by 7.

Lemma 2.5.2. Let K > 0, assume (Hy) and (Hz). Let o > 2V (3 — B) under (Hpory)
or o > 0 different from ¢ under (Hexp). Let T be a stopping time with respect to (Fp)nez
(defined in Subsection 2.4.1) and assume that the system is (K, «)-admissible at time
T, then there exists Cx > 0 such that for co > 2 large enough the successful drift g()

satisfies
Jor £ =1, Hg(S)HI‘F,l <Ck
and
T+cosp41—1 9 1/2 ~
vez2, g9, = Y |ah[] =2
k=T4casyp
where & ) min{as a1} —1/2—¢ foralle >0 under (Hpory)
min(a, ¢) under (Hexp)

Therefore, for all £ > 1, we can build thanks to Corollary 2.4.1 ((gé)kejﬂe, (fg)kejﬂe)
during Step 2 in such a way that

P(B,1|Bro) > 0} and VL>2, P(Brg|Bryq)>1-2"%

where 8}, € (0,1).

54



2.5. Coupling under (Hpoty) or (Hexp)

Moreover, if 2 < 0 < 400, there exists Cq > 0 independent from K such that

T+0282;+171 1/2

o gl | <Car+1)

k=T+CQS[;t<_

and if 05 =1, ||g|l1,, < C% for some constant C > 0.

Remark 2.5.4. > Under hypothesis (Hpoly) the condition v > 1 v (3 — 8) will ensure
that
min{a, f,a+ -1} —1/2 > 0.
> In the polynomial case, for technical reasons & depends on ¢ > 0. This expression
allows us to put together different cases and simplify the lemma. Indeed, if (o, ) ¢
{1} x (0,1] U (0,1] x {1}, we can take £ = 0.

To prove this lemma we will use in the polynomial case the following technical result
which a more precise statement and a proof are given in Appendix 2.F.

Lemma 2.5.3 (Technical lemma). Let « > 0 and 8 > 0 such that o+ 3 > 1. Then,
there exists C(a, ) > 0 such that for every e > 0,

Vn > 0, Z(k + 1) Pn+1-k)" < C(a,B) (n+ 1) minfefati=lite
k=0

When («, 8) ¢ {1} x (0,1] U (0,1] x {1}, we can take e = 0 in the previous inequality.
We can now move on the proof of Lemma 2.5.2.

Proof. Let us prove the first part of the lemma, namely the upper-bound of the £2 norm
for the successful-coupling drift term on the intervals I;. Indeed, the second part is just
an application of Corollary 2.4.1. Since the system is (K, a)-admissible at time 7, we

get by (2.5.1)
+o0

g Qrpgri4n—k

k=n+1

Vn > 0, < vp.

But, if Step 2 is successful, we recall that by (2.4.15) the successful drift satisfies gis_gn =

— 302 akgrin—k for all n > 1, hence

n —+00
Vn > 1, Zakgislnik =— Z apGrin—t  and we set g := g\¥.
k=0 k=n+1
=un

Therefore thanks to Remark 2.2.2, this is equivalent to ggs_zn = ZZ:O brt,—p for all
n > 0. By the admissibility assumption, we have Vk € {0,...,n — 1}, |up—k| < vp_k
and by Lemma 2.5.1 (ii), |ug| < My. Hence, we get

Vi >0, 1680 < Mic S [Brlvns. (2.5.20)
k=0
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2. DISCRETE-TIME STOCHASTIC DYNAMICS WITH MEMORY

e Polynomial case: Assume (Hpoly). Then for all n > 0, v, = (n + 1)7 with
o> v (E-9).
Here, (2.5.20) is equivalent to

¥n >0, o), < MkCs Y (k+1)P(n+1—k)~°
k=0
< M;{ (TL+ 1)—min{a,ﬂ,a+,8—1}+£7

for all € > 0 by applying the technical lemma 2.5.3 and setting M;. := C(«, )Mk Csp.
We then set & := min{a, f,a+ -1} —1/2 —¢.
Hence, for all £ > 2,

THcp2ft1 -1 1/2
(s) _ Z (s) |?
Hg HIT,Z - gk—l
k=T+cp2¢
cp2tt1—1 1/2
< M; 2ot
> Mg
k=cy2¢

1/

_ 2 -
< M % (022£ X (022£)*2a*1) = Mjecy 279

It remains to choose ¢y > 2V (M})"/% to get the desired bound.
e Exponential case: Assume (Hexp). Then for all n > 0, v, = e~*" with a > 0 and

a # (.
Here, (2.5.20) is equivalent to

n
Vn > 0, ‘97(::)—71‘ < MKC( Z o~ Ckp—a(n—k)
k=0
< M}( e~ min{a,g}n’

where we have set M}, := MgC¢. We then define & := min(e, ¢).
Hence, for all £ > 2,

T+co(041)—1 2 1/2
g, = > ’91538_)1‘
4
k=74col
ea(f41)—1 1/2
< M Z o—26(k—1)
k=col
o—2a(cal~2) o\ 2
< My x 57 [1— e 20] (by integral upper-bound)
a
<e % (by choosing ¢y > 2 large enough)

56



2.6. (K, a)-admissibility

For ¢ =1, in both polynomial and exponential cases, the same approach gives us the
existence of C'x > 0 such that
lg Iz, < Ck.

O

By combining Lemma 2.5.1, Lemma 2.5.2 and the expression (2.5.19) we finally get
Proposition 2.5.1.

2.6 (K, «a)-admissibility

2.6.1 On condition (2.5.1)

Let Atgj ) be the duration of Step 3 of trial j for 5 > 1. The purpose of the next
proposition is to prove that thanks to a calibration of Atgj ), one satisfies almost surely
condition (2.5.1) at time 7;.

Proposition 2.6.1. Assume (Hy) and (H2). Let o € (3 V (3 — ), p) if we are under
(Hpoly) and o € (0, ) different from ¢ if we are under (Hexp). Assume that for all
J=1,

AL t*§j29€; with 0 > (2(p—a))™'  under (Hpoly)
3 te+ 67 + 00 with6 >0 under (Hexp)

where K;f is defined in (2.5.17) and with ¢ > 1 arbitrary. Then for every K > 0, there
exists a choice of t, such that, for all j > 0, condition (2.5.1) is a.s. true at time T; on
the event {1; < +oo}. In other words, for all j > 0,

P(Qéﬁj’{Tj < +oo}) = 1.

Remark 2.6.1. > With Proposition 2.6.1 in hand, we are now in position to discuss the
statement of Theorem 2.2.1 (iii) as mentioned in Remark 2.2.6. Adapting the proof of
(2.7.3) (by taking an exponential Markov inequality), it appears that a fundamental tool
to get exponential rate of convergence to equilibrium would be: for all j > 1, there exist
A, C' > 0 such that

E[e*7|F, ] <C (2.6.1)

where At; := 7; — 7j_1. But, under (Hexp), Proposition 2.6.1 shows that Ar; > ¢/
with ¢ > 1. This dependency on j conflicts with the necessary control of the conditional
expectation previously cited.

> Now, let us focus on the particular case of a finite memory: there exists m > 1 such
that ar = 0 for all kK > m. As we saw in the second part of Subsection 2.2.6, (|bx|) decays
exponentially fast. Then, an adjustment' of the proof of Proposition 2.6.1 would lead to
(2.6.1) and perhaps in such case, our robust but general approach could be simplified.

'In this case, we can fix the duration of Step 3 equal to m since the memory only involves the m
previous times.
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2. DISCRETE-TIME STOCHASTIC DYNAMICS WITH MEMORY

Proof. Let us begin by the first coupling trial, in other words for j = 0. We recall that
gr =0 for all k < 7y (see (2.4.6)), therefore

“+o00

E Ak Gro+n—k

k=n+1

VnZO, :Ogvn

and then condition (2.5.1) is a.s. true at time 7,. Now, we assume j > 1 and we work
on the event
{rj <+oo} (O{rm, <+oo}forall0<m<j—1).

Let us prove that on this event we have for all n > 0, ZZ;X;H k97, +n—k < vp. Set

. 4o . n—+7;—To
Up =) 1201 akYr +n—k- Since g, = 0 for all k < 70, we get up, =, _ " AkGr,+n—k-

Let us now separate the right term into the contributions of the different coupling trials.
We get

j T T j Tm—1
Up = Y Yo gk | =2 DD anir ko
m=1 k’:n+’7'j—7'm+1 m=1 \k=1,_,

(X)m

and (%), corresponds to the contribution of trial m, divided into two parts: success
and failure. We have now to distinguish two cases:

First case: ¢}, > 1, in other words the failure occurs during Step 2. We recall that
in this case the system was automatically (K, «)-admissible at time 7,,_1, which will
allow us to use Lemma 2.5.2 on 7,_1.

Then, since gy, = 0 on [7,—1+c28¢x 41, T — 1] by definition of Step 3 of the coupling
procedure,

Tm—1+025£;‘n+1*1

(*)m = Z an—l—’rj—k‘ 9k

k=1.

jm—1
czs[;gn—l czs@kn_Hfl
= E an+7"7-—’rm71—k 9r,._1+k + E an+7'j—’rm71—k 9r,, _1+k -
k=0 k:czsacn

success .
failure

We have now to make the distinction between the polynomial and the exponential
case.

> Under (Hpoly): se = 2¢, |ag| < Cp(k + 1)~ and then a3 < Co(k+1)72".

Using Cauchy-Schwarz inequality, the domination assumption on (ag), and the fact
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2.6. (K, a)-admissibility

that
n+1 =Ty —k+1l>n+7, -7, —k+1 :Atgm)+022%+1+n—k
we get,
228 —1 1/2 c22fm —1 1/2
9 2
|success] < Z an+Tj—Tm71—k Z |g7'm71+k‘
k=0 k=0
c2 2efn —1 1/2 co 2@2 —1 1/2
_ 2
<C, (47— Ty —k+1)7% D I~y
k=0 k=0
228 —1 1/2 c26m —1 1/2
. _ 2
<G [ S (Al 42ty k) D |9ri]
k=0 k=0
1/2
ALY +e320m+ / 22m—1 12
_ 2
= Cp Z k=2 Z ’g’rmfﬁ-k‘
k=A™ 2 4nt1 k=0
oy g 172 [ N
<c, (cﬂ‘m (n+ AtY" )‘2”) D I
k=0
By the same arguments, we obtain
12 6225‘;1+1_1 ) 1/2
|failure| < C, (0226*’” (n+ Atém))_Qp) Z ng71+k‘
k:CQQZ;fVL
Hence, by the triangular inequality, we have
. 1/2
0225%_1 , 1/2 cgmﬂ_l ,
(Il < o2 2 aty™) 0 1S ge | | | DD o
k=0 k:CQQZ:n
@) (2)
Since £; > 1, by Lemma 2.5.1 (ii) and Lemma 2.5.2, we have
K;"n—l +o0o
(1) < Mg + Z Hg(S)HIg < Mg+ Ck + 227“ =: Ck
=1 =2

and
(2) < max(C,, Ck) (€, +1).
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2. DISCRETE-TIME STOCHASTIC DYNAMICS WITH MEMORY

Therefore

(F)m| < C) 20/2(0%, 4 1) <n + Atgm)*" (2.6.2)

where C’g) := max(Cy, Cl, Cr).
Moreover, recall that under (Hpoly)

Atgm) = t,c™2%m with 0> (2(p—a))"' and ¢ > 1. (2.6.3)

Plugging the definition of Atgm) into (2.6.2) and using that for all z,y > 0, (x+

|l < CR2/2(03, + 1) (n+ AL) 7
< O (g 1)20 20D (1.~ (4 1) (2.6.4)

Since 6 > (2(p — a))~! we have

Caic = sup O (£ + 1)20/270=0)E < o0,
x>0

and (2.6.4) yields

|(%)m | < Ca,K(t*gm)_(p_o‘) (n+1)"%  under (Hpoly)- (2.6.5)

> Under (Hexp): s¢ =4, |ax| < Cre™* and then a} < C3e~ 2k

Since the proof is almost the same in the exponential case, we will go faster and skip
some details.
Using again Cauchy-Schwarz inequality, the domination assumption on (ay), and the
fact that

n—l—Tj—Tm,l—an—i—Tm—Tm,l—k:Atgm)—i-cQ(ﬂin—i-l)—i-n—k—l

we get

" 1/2
Cyret (myy [ X
AC —A(n+Aty™) 2
|success| < ——e 3 97 1tk
V2X kzo 9714
and by the same arguments,
1/2

C)\e)‘ ) co(£f,+1)—1
. —A(n+Atg" 2:
|fallure| < ﬁe (n 3 ) ‘ng_1+k

k=cal;,

‘ 2
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2.6. (K, a)-admissibility

As in the polynomial case, by using Lemma 2.5.1 and 2.5.2 we get the existence of
CS) > 0 such that

|9l < CD (5, + 1)eHOAE™), (2.6.6)

Moreover, recall that under (Hexp)
At{™ =t, + ™+ 00, with 6> 0and ¢ > 1. (2.6.7)

Plugging the definition of Atém) into (2.6.6), we get

[(R)m] < CR (€5, + et a8™)
< C}?)( ;fn + 1)67()\701)Atgm)efom
_ CS)(% + 1>ef(/\fa)(t*+<m+9@‘n)efom.
We set
Co k¢ = SUp C’g’) (0 +1)e A= < 40,
£*>0
And this gives us
|(%)m| < C’Q’Ke*()‘*a)(t*“m)e*a” under (Hexp). (2.6.8)

Second case: /5, = 0, in other words, failure occurs during Step 1. This includes
the case when the system is not (K, «)-admissible at time 7,,—1.

We have

(*)m = Onir,—T,

m—1

gr,

m—1"

By Lemma 2.5.1 (i), |gr | < Mk.
>n+T, =T, =N+ Atém), we obtain by using the

Moreover, since n + 7; — 7, ™

m—1
same method as in the first case,

| 2.6.9
MKe—()\—a)(t*-i-C )e—an under (Hexp) ( )

m\—(p—a) —«
(K] < { My (tes™) (n+1) under (Hpoly)
By putting (2.6.5), (2.6.8) and (2.6.9) together, we finally get

|(%)m| < max(Mr, CQ,K)(t*gm)_(p_a) (n+1)"* under (Hpory)
= max(MK,C(’I,K)e_()‘_a)(t*“m)e_a" under (Hexp)

Set S1 = S21° ¢=(P=a)m and Sy = 375 e~ (A=)™ By choosing t, large enough,
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2. DISCRETE-TIME STOCHASTIC DYNAMICS WITH MEMORY

we obtain for all 1 < m < j:

g (pma)m( —a
S n+1) under (Hpoly)
ml < S m poly 2.6.10
|Gl < { S%e_o‘_o‘)g e~ n under (Hexp) ( )
Finally, by adding (2.6.10) for m = 1, ..,j we have
w20, < { (DT er (o)
e~ n under (Hexp)
which concludes the proof.
O
2.6.2 Compact return condition (2.5.2)
In the sequel, we set
gj = {Tj<OO}(: {7’1<OO,...,Tj<OO}). (2.6.11)

The aim of this subsection is to prove the following proposition:

Proposition 2.6.2. Assume (Hy) and (Hz2). For all € > 0, there exists K. > 0 such
that
P(Q%, .,1E) > 1~ (2.6.12)

At this stage, we assume that (Hpely) is true. Indeed, the exponential case will
immediately follow from the polynomial one since (Hexp) implies (Hpoty ).

Since for every events Ay, Ay, Az and Ay, we have P(A1NA3NA3NA,) > Z?:l P(A;)—
3, it is enough to prove that for all € > 0, there exists K. > 0 such that

+oco
Zakéz'j-i-l—k < K€

}P’(|Xij| <K.&)>1—¢ and P(
k=1

5j> >1—¢ fori=1,2

(2.6.13)
to get (2.6.12). Let us first focus on the first part of (2.6.13) concerning |X§j\ fori=1,2.
Recall that the function V : R? — R*, appearing in (Hy) issuch that lim V(z) = +o0.

|z| =400
For K > 0 large enough we then have: |x| > K = V(z) > K. Therefore, for i = 1,2
and K. large enough, using Markov inequality we get

E(V(X) 1€5)

2.6.14
- (2.6.14)

P(IX7 | > K:|&) <P(V(X3,) > K|€)) <

Hence, the first part of (2.6.13) is true if there exists a constant C' such that for every
j € N and for every K > 0,

E(V(X7) |€) <C fori=1,2. (2.6.15)
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Indeed, plugging (2.6.15) into (2.6.14) and taking K. > % yield the desired inequality.
We see here that the independence of C' with respect to K is essential.
For the sake of simplicity, we we will first use the following hypothesis to prove (2.6.15):

(H}): Let v € (0,1). There exists C;y > 0 such that for all j € N, for every K > 0 and
fori=1,2,

ATj
ATi—1 ;
E ZV E |AZTJ-_1+1| &l <Oy
=1

where A1j := 7; — 7j_1 and A’ is the stationary Gaussian sequence defined by (2.2.2).

Proposition 2.6.3. Assume (Hy), (Ha) and (H}). Let (X}, X2),en be a solution of
(2.4.2) with initial condition (X}, X3) satisfying E(V(X})) < oo for i = 1,2. Moreover,
assume that o = 0 and that (7;);>1 is built in such a way that for all j > 1, P(&;|Ej-1) >
01 > 0 (where 61 is not depending on j) and Atj > %. Then, there esists a constant
C such that for all 7 € N and for every K > 0,

E(V(X},) [€) <C  fori=1,2.

Remark 2.6.2. > Actually, hypothesis (H}) is true under (Hpory,) and will be proven
Appendix 2.G.
> The existence of é; > 0 independent from j is proven in Subsection 2.5.2.

> To get At; > 101%)?(17/)2), it is sufficient to choose t, large enough in the expression of

Atéj) (see Proposition 2.6.1).

> Since in Theorem 2.2.1 we made the assumption [, V(z)II%uo(dz) < +oo and
since an invariant distribution (extracted thanks to Theorem 2.3.1) also satisfies
[3 V(@) p(dz) < +oo, we get that E(V(X{)) < oo for i = 1,2. Hence, we can
set 7p = 0.

Proof. By (Hy), there exist v € (0,1) and C' > 0 such that for all n > 0 and for i = 1,2

we have
V(Xpn41) SAV(XR) + C(A+ [AL])

By applying this inequality at time n = 7; — 1, and by induction, we immediately get:

ATJ'
V(XL) <A2V(XL ) +CS AT (AL D). (2.6.16)
=1

(=2

. log(61/2) Ar, .
By assumption A7; > 10g(1’y) then +=% < 4. Moreover, since £ C &1 and
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2. DISCRETE-TIME STOCHASTIC DYNAMICS WITH MEMORY

P(Ej|€ 1) > 61, we get

1 ; P(E-1)
EV(X;,_,) €] = WE[V(XTJ g < ]P’(Jé’j) E[V(X},_,) 1&-1]
—
=P(&1€5-1)7"
<OTEV(XS) €]
Therefore

01 ; 1

ERA7V(XS ) (6] < DOTEIV(XE ) [€1] = SBIVX, ) IE5-1]

Hence, by taking (2.6.16), we have

AT;
1 1 ~
E[V(XL) |&] < SEIV(X7 )|531+CZV +CE|Y AL &
=0 =1
1 C AT
:iE[V( )|(€] 1]+ﬁ+CE Z’YATJ_”AJ 1+l| gj
=1

Hypothesis (H}) allows us to say

|_|

B[V (X5) 18] < 3BV, gl +.0 (12 4.6 ).
By induction, we get the existence of a constant CN'7 > 0 such that
. 1\ 4
BV (XS 18] < (5 ) BIVOEs,) lad +

Since P(&)) = 1, it comes

1
2

J .
BV (X, 1] < (3) BV O+ €

Since 79 = 0 and we assumed that E[V (X})] < oo, the proof is over. O
As a result of the proof of (H}) (see Appendix 2.G), we get the first part of (2.6.13).
The second part can be also deduced from the proof of (H)) thanks to Remark 2.G.1.

2.7 Proof of Theorem 2.2.1

Now we have all the necessary elements to prove the second part of the main theorem
2.2.1 concerning the convergence in total variation to the unique invariant distribution
(where the uniqueness will immediately follow from this convergence).
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2.7. Proof of Theorem 2.2.1

We recall that ATj denotes the duration of coupling trial j and we set
7% = inf{j > 0, Ar; = +oo}. (2.7.1)

4§ corresponds to the trial where the coupling procedure is successful. The aim of this
section is to bound P(7,, > n) where 7., = inf{n > 0| X! = X7, Vk > n}, since
LX) k>n) — Stsllrv < P(14 > n). But, we have

“+o00
P(TOO > n) = P (Z ATk]l{j(s)>k} > n)

k=1

where j(®) is defined in (2.7.1). It remains to bound the right term. Let p € (0, +00).
If p € (0,1), then by the Markov inequality and the simple inequality |a+b[P? < |alP+b|?,
we get

+00 oo
1
P (Z ATl spy > ”) <5 ZEHATM%{ﬂsbk}]
k=1 k=1
1 =X
D EE[ATPL{ar, <00y | {Th1 < 00} T(r <iog))-
k=1

N

(2.7.2)

Else, if p > 1, by Markov inequality and Minkowski inequality, we have

+oo too P
1
P (Z ATl josry > ”) < b (Z ATk]l{j(S>>k}> ]
k=1 k=1
1 (X ’
ﬁ <Z EHATk‘p]l{j(s)>k}]1/p>
k=1

+o0 »
1
np <ZE[E[|ATk|p1{ATk<+oo} [ {71 < +OO}]1{Tk_1<+OO}]1/p> )
k=1

(2.7.3)

IN

IN

We define the event Ay, := Bg’z N Bj¢—1 which corresponds to the failure of
Step 2 after ¢ attempts at trial k. Both in (2.7.2) and (2.7.3), we separate the term
E[|A7, P1{ar, <+oo) | {71 < +00}] through the events Ay ¢ which gives

+oo

E|ATPL(ar, < ooy | {71 < +00H = SB[y JATPL(ar < ooy | {751 < +00}]
(=1
(2.7.4)

Moreover, thanks to Lemma 2.5.2 and the definition of the events Ay ¢, we deduce that
for £ > 2,
P(Age | {7-1 < +00}) <27% (2.7.5)
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2. DISCRETE-TIME STOCHASTIC DYNAMICS WITH MEMORY

where & — min{a, £, « + -1} —1/2—¢ foralle >0 wunder (Hpoly)
min(c, () under (Hexp).

We have now to distinguish the polynomial case from the exponential one.
> Under (Hpoly):

We have a bound of type A7, < C1572% (due to the value of Atgk), see Proposition
2.6.1) on the event Ay, where ¢ > 1 is arbitrary. Indeed, on Ay ¢, we have

Ary =7, — 14 < 2 4 Atgk)
= 2" 4 1R

< Cygkalovie (for C large enough).

Hence, in (2.7.4) we get

+oo
E[|ATPLiar, <toc} | {T1 < +o0}] < CFe (Z?WW P(Aie | {71 < +oo}>)
(=1

“+o0o
< Cfgkp (2(9\/1)P + Z 2((9V1)p5‘)£> using (2.7.5)
(=2

<Ot ifpe (0, &)

Then for p € (0, 031),

EE[ATLiar, <400 | {Tis < +00}Lir,  <io)] < CMRGE > k—1)  (27.6)

and it remains to control P(j(*) > k —1). We have

k-1 k=1
]p(j(s) >k—1)= H P(&|Ei-1) = H(l - P(“:ﬂgj—l))
j=1 J=1

where &; is defined in (2.6.11). By Proposition 2.5.1 and 2.6.2 applied for e = 1/2, we
get for every j > 2,

do

P(Ef1Ej-1) 2 P(AT) = +00Qk, 0,1 )P, pp,0m 1 1E5-1) 2 5

k—1
where 69 > 0 depends on K /5. Therefore, PG > k—1) < (1 - %) and by (2.7.6)

50 k—1
E[EHATk’pﬂ{ATk<+oo} [ {71 < +OO}]]1{7'1(1<+00}] < Cs*P <1 - 2) . (2.7.7)

Finally, by choosing 1 < ¢ < (1 — %0) p, we get using (2.7.2) or (2.7.3) that for all
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pE (0, 961), there exists C}, > 0 such that

“+o00

k=1

&
ov1
1} —1/2 — ¢ with € > 0 as small as necessary and since by Proposition 2.6.1: 6 >
(2(p —a))tand a € (% vV (% —B) ,p), we finally get (2.7.8) for all p € (0,v(8,p))

where

It remains to optimize the upper-bound for p. Since & := min{a, B, a + [ —

v(B,p) = sup min{1,2(p — o) }(min{e, B, a+ -1} —1/2).
oc(3v(3-9)0)

This concludes the proof of Theorem 2.2.1 in the polynomial case.
> Under (Hexp):

The proof is almost the same. The only differences are that we use the following
bound

ATk = Tk‘ — Tk‘fl S 62(16 —+ 1) —+ At(gk)
=0+ 1)+t +*+ 060
< Cy<koe (for C; large enough)

on the events Ay, and the upperbound P(Ay, | {7, _; < +o0}) < 27% given in (2.7.5).
And then we get for all p > 0 the existence of C), > 0 such that

+oo
P(To >n) <P (Z ATl spy > n) < Cpn™P. (2.7.9)
k=1

—1/p
by choosing 1 < ¢ < (1 — %0) and the proof of Theorem 2.2.1 is over.

2.A  Proof of Theorem 2.2.2

The beginning of the following proof makes use of ideas developped in [15, 16].
Let us recall that Fj,(z,w) := x + hb(z) + o(z)w.

Proof. Set V(z) = |z|. Let us begin by proving that (Hy) holds with V' for F}, with
h > 0 small enough. We have:

|Fp(z, w)|* = |z|* + h2|b(x)|? + 2h{z, b(x)) + 2(z, o (x)w) + 2h{b(z), o(z)w) + |o(2z)w|?.
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Then, using the inequality |(a,b)| < (g|al? + 1|b[?) for all € > 0, we get
o 1 2
(elb(@)” + Zlo(z)w]%).

| =

(elzf* + %\U(x)wl% and [(b(z),o(z)w)| <

N | =

[{z, 0 (z)w)| <
Moreover, assumptions (L1) and (L2) on b give the existence of 3 € R, a > 0 and

C > 0 such that
|(b(x), z)| < B —alaf® et |b(x)]> < C(A+ |zf).

Hence, we finally have
- ~ 1
|Fi(z,w0)[? < [a]? + Ch* (1 + [2]?) + 2h(B — ala|?) + elz|* + glff(»”C)w!2
~ h
+ Che(1 + |z[*) + glff(ﬂf)WI2 + o (z)w|?

N . h+1
< |z + 2h(B — alz*) + C(e + he + B (1 + |=|*) + (1 + j) o (2)wl]?.

-1, } Then, we have C(e + he +

Q=

Qe

Now, set ¢ = h? and choose 0 < h < min{ 1+
h?) < &h and 0 < 1 — ah < 1. Therefore,

B, w)? < |22 + h(3 - alaf?) + (

where 7 = 26 + @&. Then
2 ~ 2 | g h+1 2
|Fp(z,w)|” < (1 —ah)|z|*+hy+ {1+ — lo(x)w|*. (2.A.1)

By assumption ¢ is a bounded function on R?. Then, there exists C’ > 0 depending on

h and o such that
|Fy(z,w)]* < (1 —ah)|z)* + C' (1 + |w]?).

Using the classical inequality va + b < v/a+ Vb, we finally get the existence of v € (0,1)

and C > 0 such that for all (z,w) € R? x R?
(2.A.2)

[ Fp (2, w)| < 7lz[ +C (14 [w))

which achieves the proof of (Hj).
We now turn to the proof of (Hz). Let K > 0 and take x = (z,2',y,9') € B(0, K)%.

Here we take K = K. Hence, let us now define Ay. For all v € B(0, K), we set
(2.A.3)

Ax(u) = A(x)u + B(x)
with A(x) := o~ 1(2')o(z) and B(x) := o~ }(2')(x — 2’ + h(b(z) —b(z"))) +o 1 (2")o(z)y —

/

y'.
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Then, (2.A.3) is equivalent to Fj,(z,u,y) = Fy(a, Ax(u),y’) for all u € B(0, K). Hence,
for all uw € B(0, K),
Ia, (u) = o7 (2o (z). (2.A.4)

Since 0,0~ ! and b are continuous, there exist Cx > 0 and mg > 0 independent from x
such that for all u € B(0, K),

| det(Ja,(u)] = Ck
[Ax(u) —u| < mg.

For the sake of simplicity, let us set Ax(u) = Ayx(u) — B(x) and extend Ay to R<.

Now, let K1 > 0 be independent of x such that sup |A(x)u| < K; and set for all
u€B(0,K)

u € R\ B(0,K1), Ax(u) = u. Hence, Ay is a C'-diffeomorphism from B(0, K) to
Ex = {A(xX)u |u € B(0,K)} and from R?\ B(0, K}) to itself. It remains to extend
it with a Cl-diffeomorphism from B(0,K;) \ B(0,K) to B(0,K;) \ £x. To this end,
we consider g the positive definite quadratic form associated to the ellipsoid £k and
we denote by B’ := (e],...,e€};) the orthonormal basis which diagonalizes ¢, so that if
z = (2,...,2)) in B" we have ¢(z) = Z?:l Ai(24)? with \; > 0 for all 4 € {1,...,d}.
Let B := (e1,...,eq) be the canonical basis and ¢ : R? — RY be the linear application
such that p(e;) = \/%76; for all i € {1,...,d}.

Remark 2.A.1. This application ¢ gives also a C!-diffeomorphism from B(0, K) to £x
by construction and |u| = K <= /|¢(¢(u))| = K.

Now, set for all u € B(0, K1) \ B(0, K),

= | (1= =)+ (B 7

This is just an interpolation between %cp(u) and ﬁ;)‘gp(u). It is a Cl-diffeomorphism

from B(0, K1)\ B(0, K) to B(0, K1)\ &k and the inverse is given by, for all v € B(0, K1)\
Ek:

Ca [ klmale)\ K (l-a) K \] g
A= [(1 B () vaw (Re=aten Iso‘l(v)\>] o)

with a(|v|) := |v|/+/q(v). Finally, one can check that we have all the elements to
conclude that Fj, satisfies (Hz). O

Remark 2.A.2. > If we relax the boundedness assumption on o and assume that |o(x)| <
C(1+ |z|®) for some k € (0,1), only the proof of (Hjy) is changed. The beginning of
the proof is exactly the same. From (2.A.1), we use the classical Young inequality
lab] < %‘;# + %|b|q5q with p = 1 and ¢ = 1= for the term |o(z)w|?. Then, it sufficies to
use |o(x)] < C(1+ |z|*) and to calibrate € to get an inequality of the type: |F(x,w)|? <
2|2 + C(1 + |w| 7). We conclude that (H;) holds with V(z) := |z|=*.

> Let us consider the family of functions given by F(z,w) = f(b(z) 4+ o(z)w). Provided
that f is well defined on R?, o is continuously invertible and o~! and b are continuous
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on R?, we can build a function A, which satisfies (Hz) exactly in the same way as in
the preceding proof.

2.B Explicit formula for the sequence (by)i>0

Theorem 2.B.1. Let (up)nen and (vn)nen be two sequences such that for n € N,

n
Uy = Zakvn_k (2.B.1)
k=0
then we have: N
Uy = Z bpty—k (2.B.2)
k=0
where
k P
1 —1)?
bp:=— and Vk>1, b ::Z(p+)1 Z Haki
a0 p=1 "0 k1, kp>1 i=1
ki4-Akp=Fk

Proof. Tt sufficies to reverse a triangular Toeplitz matrix. Indeed, equation (2.B.1) is
equivalent to:

f e g

wmen, [ ]=]“ . (2.B.3)
: . S, . 0 :
fn ap—-1 ... QA1 Qo In

Denote by A the matrix asociated to the system. Denote by N the following nilpotent

matrix:
o ... ... 0
N = 1
(O) 1 0

Then, A = agl,, + a1 N + -+ + a,—1 N"! and we are looking for B such that
B=byl, +b;N+---+b,_1N" ! and AB = I,,. Denote by

S(z) = Zakzk and S71(z) = Zbkzk,

k>0 k>0

we are interested in the (n — 1) first coefficients of S~1(z).
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And formally,

p
1 —1)P
oy B (T
w50 % \i>1
1 (=1)P
k
:;+Z p+12 Z Ay Ak - - - Ak, | 2
O p>1 W kzp | kiekp>1
fey -+t =k
k
1 (-1)P k
_a—0+zz ap_H Z aklakQ...akP Z .
>1p=1 | 20 k. kp>1
fey -+t =k
Finally, we identify the desired coefficients. O

2.C Particular case: when the sequence (a;)r>o is log-
convex
This section is based on a work made by N.Ford, D.V.Savostyanov and N.L.Zamarashkin

in [27].

Lemma 2.C.1. Let (ap)nen be a log-convexr sequence in the following sense
an >0 form>0 and a% < ap_10n+1  forn > 1.

If ap > 0, then the sequence (by)nen defined by

1 1 —
bo=— and Vn>1, by=——> apbys
aq a()k 1

satisfies
Vn>1, b,<0 and |by| <boan (2.C.1)

Remark 2.C.1. The sequence a, = (n + 1)7” is log-convex for all p > 0, then the
corresponding (b, )nen is such that Vn € N, |b,| < (n+1)77.

Proof. Without loss of generality, we assume that ag = 1.

e First, following Theorem 4 of [27] we can prove by strong induction that for all n > 1,
b, < 0.

e The second property satisfied by (by,) directly follows from the first one. Let n > 1, as
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we just saw b, < 0 therefore |b,| = —b,,. But,

n—1
—bp = Z ak(bn—k) + anbo
k=1 <0

< boan,

and the lemma is proven. ]

2.D Proof of Proposition 2.2.3

We recall that p = 3/2 — H where H € (0,1/2) is the Hurst parameter and (b,)nen is
defined by

1 1<
bo=— andforn>1, b,=-—F Z%anfk- (2D.1)
ag U
and for all £ > 1,
CLH 1 1
L <(2k+1) P (2k — 1) —f’> .
ag

We want to show that |b,| < Cy(n+ 1)~ by induction. To this end we only need
to prove that for n large enough,

Si= 3 (K= 1! = @h+ D) (04 1K) D < (04 1) C. (2D.2)
k=1

For the sake of simplicity we assume that n is even.

n/2
Si=3" ((Qk S 2k 1)1—P> (n+1— k)~
k=1
+ Y ((2/<; — 1) — 2k + 1)1*P) (n+1—k)~ 7
k=n/2+1
Sp =: 8 4 52, (2.D.3)
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> We begin with SY(LI). Summation by parts:

n/2—1
~(2-p)
SO =(5+1) " "=+ = 3 1=+ 1)) (0= k) — (01— k) "C0)
k=1
_n —(2-p) 1—p n —(2-p) —(2—p)
—(§+1) (1-(n+1) )—((2+1) —n
n/2—1
+ 3 @k 1)t ((n k)= —(n+1—k:)_(2_”))
k=1
~@p) _ (M) TN - ~2-p) ~@2-p)
—n P—(§+1) (1) 0+ Y @k + 1) (0= k) — (01— k)
k=1
(1) — ) _ (M) R - ~(2-p) ~@2-p)
SW = p p—(g) (n+ 1)+ 3 (2k + 1) p((n—k:) D (nt+1—k) P).
k=1
(2.D.4)
We set Sy := 3772 2k + 1)1 (n — k)=~ — (n+1 — k)~2=#)). Then,
1 rok 1\ e\ 3P k—1\ %7
s (50) (03 -5
n n n n
k=1
_21—pnz/2 k—+1/2 1=p I_E —(2—0)_ 1_k—1 —(2-p)
on P n n n '
Moreover,
nz/% k_|_1/2 1=p 1_& *(Z*P)_ L k—1 —(2-p)
el n n n
1/2 1 1-p (3-p)
— (9 _ = _ \—B=p
(2—p) /0 (3:4— 2n> (1—2) dx
TL/2 % l—p 1—p
- Z/ <<x+ 1> - <k+ 1/2> ) (1 —:n)_(?’_p)d:n)
k=1 2n n
k=1 n
(2.D.5)
and
1/2 1—p 1 — 2)P2 1\2-p 1/2
[ (e ) Qg [ e )
1 1\ ! 1\?°° 1\?*
=— (1+— 1+-) —(=
5 0m) [003) ()
(2.D.6)
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Hence by putting together (2.D.5) and (2.D.6) we get

=2 (o) [0 ) -G

_(2_[)):23/5 ((H 21n>1p_ (k +n1/2>1”> (1 g;)(3p)da:> _

(2.D.7)
We deduce from (2.D.4) and (2.D.7) that
~(2-9) 210 1\"! 1N [(1\*°
(1) < p=2=p) _ (2 1)1-r 14— 14 = (=
Snisn <2) (n+1)77+ n (+2n +n 2n
(2.D.8)

> Now, we look after 57(12):

As before, using the fact that

_ 1— _171/2
1/2 B i P —(2-p) _ (1 — x4 %) P:Ep 1
1—x+ T dx T
0 2n (p—1) (1 + %)

1 1\ 7! 1\'""
- (1+= 1+ = 2.D.9
p—1< +2n> ( +n) ( )

we get,
1-p -1 1-p
552’=2<<1+1> <1+1>
n 2n n
n/2 Lk o) B\ 20 —p
—(p— " -2-p) _ (I _ -
(p 1); /k—l (az <n> ) (1 x4+ 2n> dx)

Now, for all k € {1,...,n/2}, we set

b B\~ 2P 1\""
I, .= A ) =) <> (1 —x+ 2> dz.
k=1 n n

Thanks to the substitution t = x — %, we have

1/n _ 1\ —@-p) —(2-p) _1\ "
L= | ((Hkl) (5 )(k N
0 n n 2n n

Taylor-Lagrange expansion:
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O M O IO e O e

with £ €]t + (k —1)/n, k/n][.

1 E—1\"" 1 k—1\" 1 —pt
o (14— —t- =(14+-—- +tp(1+——c
2n n 2n n 2n

with ¢ €](k —1)/n,t + (k — 1) /n|.

Therefore, we deduce that

1/n 1 k —(3-p) 1 kL—1\"" 9 _ p k —(3—p) 1
Iy > ——t)(@2-p) (= 14+ — — dt = u 14+ — —
0 Geen () () =S G) (e

Then we add the inequality for k from 1 to n/2,

n/2 n/2 ~(3-p) -
2—p 1 k 1 k-1
Iy > —— x — — 1+ —— . 2.D.11
;k_ 2n Xn;(n) (+2n n ) ( )

Un

We easily show that

1/2 1\ 6= 3 —p
Un > / (y + > <1 4+ — - y) dy =: J,. (2.D.12)
0 n 2n

By integration by parts on J,, we get:

(29— 1/2
—(+3)"" ( 3 )‘ﬂ]
14+ —-y
2—0p 2n 0
1/2 1 —(2—p) 3 —p—1
+ <y+> <1+—y> dy
2—pJo n 2n
_ 1 1 —(2—p) I+ 3 —-p 1 N 1 —(2-p) 1 N 3 —-p
22— p n 2n 2 n 2 2n

~ n2-r
n——+oo

1/2 1\ ~(2=n) 3 —p-1
+ -2 <y+> (1+—y> dy.
2—pJo n 2n

— [Py (1—y) P dy

n——+oo

JIp =

Hence, for n large enough, we have

Up > Jy > n?=" (2.D.13)
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By combining (2.D.11) and (2.D.13) we get for n large enough

n/2 1
Z Ik Z Enlip.
k=1

Finally we get for 57(12) the following upper-bound for n large enough,

1—p =1 I=p _
S < 2’ ((1 + 21) (1 + 1) - ”41n1—f’> : (2.D.14)
n n n

By putting together (2.D.8) and (2.D.14) and when factoring by (n + 1)~?=") we
get for S,

1\ —2-p)

Sp < (n+1)"2=r) (1 — ) X Un, (2.D.15)
n

with

up =1-2""(n+1)"7°

o) ()
(d) od) ]

Lastly, we have the following asymptotic expansion:

—(2—p) 1—p _
(11> xun:1—72 (p 1)n2_2p+0<1)

n 4 n

+ 2l=rpl=r

Since p € (1,3/2) we have 2 — 2p € (—1,0) therefore for n large enough we conclude
that
S, < (n+ 1)~

2.E Proof of Theorem 2.3.1

Let xg € X and p = 9y, x P,,. We have II5, . = P, therefore by Property 2.3.1 we get
Vk € N, II;,,(Q% 1) = P,,. Moreover, we clearly have [, 1(z)(Ilyp)(dz) = 1 (z) < +o0.
We now set for all n € N*,

1 n—1

The aim is to prove that the sequence (Rpp)nen+ is tight. First, let us prove that
(IT% Ry pt)nen- is tight.
By Definition 2.3.1 (ii), we have Yk > 0:

/ () QH pu(dr, dw) — a / () (I Q) () < B.
X xXW X
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By adding for k& from 0 to n — 1, dividing by n and reordering the terms, we get:

(1—-a) / () (T R ()
4= Z (/Xxw ) QF p(dz, dw) /¢ ) (M3 Q% )(dx))

+71L/ w(a:)QnHu(dx,dw)_n/ Y(x)(Myp)(dz) < B. (2.E.1)
XxW x

Since we are in a Polish space (here X x W) we can “disintegrate” QFu for all k €
{0,...,n— 1} (see [1] for background):

QF p(dz, dw) = (Q* )" (dw)(ITy Q" 1) (dx).
By integrating first with respect to w and then with respect to z, we get:
| v @utdedw) - [ 0@ ) (da) =0,
A XW x

Let us return to (2.E.1),

1
(1-a) [ s@rwiae) < 5+ ([ v - [ e s du)
1
= [ ()T =TT+ ) o).
Set Apy1 = [ ¢(2)(IT% Q" p)(dx). By Definition 2.3.1 (ii) and by induction, we have

B 1— an—i—l an—H

0< n+1
- n 1l—a«a n

Y (o).

Hence we deduce that lim A’;L“ = 0. Then, there exists C' > 0 such that Vn € N*:

n—-+00

(1-a) | wla)(TeRup) (o) < €

and then
C

1—a’

sup / () (T Rop) (de) <

n>1JX

Let 6 >0 and Ks := {x € X | ¢(z) <} =¢~1([0,6]). By Definition 2.3.1 (i), Ks is a

compact set. For all z € X, we have 1¢(x) < ¥ 52, SO

c
* * cy « ]

By setting § = (C 7, We deduce that (IT% Rpp)nen+ is tight.
Let us now go back to the tightness of (Ryu)nen+. Let K be a compact set of W such
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that P, (K¢) < §, this is possible since W is Polish. We then get

Rop((Ks x K)°) <Rup(K§ X W) + Rop(X X K°)
= (ITy R pt) (K5) + (T R ) (K°)
= (I R 1) (K5) + (Po) (K°)

Finally, (Rppt)nen+ is tight. Let u, be one of its accumulation points. By the Krylov-
Bogoliubov criterium we deduce that p, is an invariant distribution for Q.

2.F Proof of Lemma 2.5.3

In this section we will prove a slightly more precise result than Lemma 2.5.3 which is
the following: for all o, 3 > 0 such that o + 8 > 1, there exists C(«, 8) > 0 such that
for all n > 0,

n (n+1)"%1n(n) if a=1land g <1
Z(k—l—l)_’g(n—i—l—k)_a <C(a,B) ¢ (n+1)"*In(n) if f=1land a <1
k=0 (n + 1)~ minfefath—1} - glge

(2.F.1)
For the sake of simplicity, we will prove this result when n is odd. If n is even, the proof
is almost the same. Set N := ”TH Then, we get
n n+1
S tk+1)Pn+1-k) =)k Pnt+2-k
k=0 k=1
n+1
=Y EPm+2-k)""+ > kPnt+2-k°
E=N+1

M= TM=

N
EP(n+2-k)*+) k(n+2-k) "’
k=1

B
Il
—

n

S (k+1)F(n+1-k) " =Sy(8 @)+ Sn(a, B) (2.F.2)
k=0

by setting Sy(a, 8) := SNk *(n+2—k)F =30 k(2N — (k—1))7F.

> If a € (0,1), we have a + 8 — 1 < f and Sy(a, B) < C(a, B)(n + 1)~ (@+8-1),
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Indeed,
N
Sn(e,B) = k™ *(@N —(k—1))7°
k=1
N —a -B
1 k k—1
— Ny (etp-1) o & i _r -
ey (y) ()
k=1
N —a -8
1 k k
< N—(a+B-1) o = - _ v
vy (y) (v
k=1
and

R A A KN Y s
NLITOONZ<N> (2_N> - [ae-a e

k=1

where the integral is well defined since o € (0, 1). Therefore, since N = ”TH, we deduce

that there exists C'(a, ) > 0 such that Sy (o, 8) < C(a, B)(n + 1)~ (@61,

> If @ > 1, we have o+ 8 — 1 > f and Sy(a, 8) < C(a, B)(n +1)75.
Indeed,

N
Sn(e8) =3 k(2N — (k1)

k=1
N
<S@EN-(N-1)"Y Kk
k=1
+oo
SN+ ke
k=1

Therefore, as before we deduce that there exists C(a, 8) > 0 such that Sy(a,B) <
Cla, B)(n+1)7F.

> If @ = 1, in the same way as in the case a > 1, we get

N
1
<S(N+1)PY —
Svlad) <N +17 30y
< C(N +1)7"%In(N)
Therefore, there exists C(a, 3) > 0 such that Sy(a,8) < C(a, B)(n + 1) In(n).
Finally, we get that for all « > 0 and 8 > 0 such that o + 5 > 1,

(n+ 1)7min{a,6,a+ﬁfl} if « 7& 1

(n+1)"PIn(n) if a=1 (2F.3)

SN(C“76) < C’(aaﬁ) {
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Putting this inequality into (2.F.2) we finally get the desired inequality and the proof is
finished.

2.G  Proof of Hypothesis (H})

We recall that we want to prove that under (Hpoly), the following hypothesis is true:
(H}): Let v € (0,1). There exists C;y > 0 such that for all j € N, for every K > 0 and
fori=1,2,

ATj
ATi—1 )
E Y AA57AL ] | &) <Oy
=1

where A7; :=7; — 7,1 and A’ is the stationary Gaussian sequence defined in Equation
(2.2.2).

Remark 2.G.1. Since the proof of this assumption will exclusively use the domination
assumption on (ax)r>0 and since (ax)r>0 = (ag4+1)k>0 satisfies the same domination
assumption, we will also get that for ¢ = 1,2,

AT
Arj—l| A
E ZV ALl & <Oy
I=1

where A%fﬁl = Z;ﬁ% ak+1€ij,1+l—k' Hence, we will get that for ¢ = 1,2
E [mgj\ @] =E | Y a4 || <G,
k=0

Then, by the Markov inequality we finally get the second part of Equation (2.6.13).
We now turn to the proof of (H}). We work on the set £ = {7; < +00}. We have

AT Tj
dotETAL = Y AL
=1 u:Tj_1+1
But,
AL =D au b = D> A (u)].
—00 m=0
where
. Tm .
A= Y ayx&f pourme{l,...,j—1}, (2.G.1)
k=Tm_1+1
Ap(u) = aurh et A= D aud (2.G.2)
—00 k=7j_1+1
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With these notations, we get the following upper-bound

AT;

Z’YA” ALl < Z Z I AL (). (2.G.3)

m=0u=7;_1+1

The goal of the following lemmas is to get an upper-bound of the quantity
E[  sup |AL(u)] |&] when m € {0,...,j —1}.
u€lrj—1+1,75]
Lemma 2.G.1. Assume (Hpoly). Let to,t1 € Z and u € N such that tog < t; < u. Let
(&) rez be a sequence with values in RY. Then,

t1 t1 t1—to t1
Zau_k{k SCP(U—Fl—tQ)_p ka —"_CK; Z Z {l (u+1—t0—k)_“
k=to k=to k=1 |l=k+to
t1 t1—to t1
SCP(U—I—I—to)ip ka —i—CK Z Z & (u—}—l—to—k)*(erl).
k=to k=1 |l=k+to

Remark 2.G.2. The last inequality just follows from the fact that k > p + 1 by assump-
tion.

Proof. The proof is essentially based on a summation by parts argument. We set

t1—to

Z Ay— kfk - Z Ay— t() ké-to—‘rk

k=t
0 _ak _5k

and
t1—to

Bp:= Y & forke [0t —to].

‘We then have

t1—to t1—to—1
Il e > / /
E Ay = E ar(Bk — Bit1) + ap, &ty
k=0 k=0
t1—to t1—to
! D !/ D,
= E akBk— E aklek
t1—to
= aoBO + E — a/k 1 k
t1—to t1—to t1
!/
E & = Qu—t, E Sk | + E E & | [au—to—k — Qu—to—(k—1))-
k=0 k=to k=1 l=k+to

Finally, by using triangular inequality and (Hpoly) we deduce that

t1 t1—to t1
> auii| < Cplu+1—t0)” ng +C Y D Glutl—to—k)"™
k=to k=to k=1 |l=k+tg
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O

In the next lemma we adopt the convention ) 3 = 1. Moreover, recall that by
Proposition 2.6.1, we have for every j € N*, Ar; > ¢/ for an arbitrary ¢ > 1.

Lemma 2.G.2. Assume (Hpqly). We suppose that 9 = 0 and that there exists 61 €
(0,1) such that for all m > 1 and K > 0, P(E,|Em—1) > d1. Then, fori = 1,2, for
all p > 1 and for every e € (0,p — 1/2), there exists C > 0 such that for all j > 1,
me{0,...,7—1} and K > 0,

Bl sup AL €] <C

u€[rj—1+1,7;] P

(2.G.4)

Consequently, there existn € (0,1) and C > 0 such that for allj > 1 andm € {0,...,j—

1},
E[  sup  |AL(u)] &) < CnpiTm (2.G.5)
UE[[T]'_l-i-l,Tj]]

Proof. First of all, let us prove that (2.G.4) induces (2.G.5). Let o € (0, +00) such that
¢ =0; “*. One just have to remark that for j > 2 and m € {1,...,j — 2},

j—1 1/2—p+e s
( Z §z> (51T < 5§a1(p—1/2—e)—1/p)(j—m)
l=m+1

We choose for instance & = 3(p — 1/2) and p > ﬁ in such a way that

ar(p—1/2—¢e)—1/p>0.

We then deduce (2.G.5).
Now, it remains to show (2.G.4). For clarity, we set

E; = [rj-1+1,74].

Using that for m > 1, &, C En—1 and P(E|Em—1) > d1 € (0,1) and Holder inequality
we deduce the following inequalities,

1/p

, . . 1

E[sup | Ay, (u)] €5] < Elsup [A7, (w)[P [£]7 = | E[sup A, (u) [P 1g,]
uEE; uEE; uEE; P(gj)

1 1/p P(E; 1) 1/p
< [ E[sup |AL (u)|Ple, |——— = | E[sup |AL (w)|P |E;_ i1
( [u€£| m( )| 5]—1]]P>(gj>> ( [u€£j| m( )| ’ J 1] P(gj) )
< Oy PR sup |, ()7 [j1]"7

uC ks

(071 7 E[ sup |AL, (w) P |€a]/7  (by induction).
uek;

IN

It remains to prove the existence of C' such that for all j > 1, m € {0,...,7—1} and
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K >0,
i1 1/2—p+e
E[sup |Aj, (u)|” [€]'/7 < 0( > 4)
uEE; l=m+1
with again the convention Z@ = 1. We separate the end of the proof into three cases.

Case 1: j >3and me{l,...,5—2}.
By Lemma 2.G.1, applied with t9 = 7,1 + 1 and t; = 7,

Tm Tm—Tm—1—1 Tm
A (u)] < Cp(u—Tm—1)"" Z & +Cx Z Z & | (u—Tm_1—k) =P,
k=Tpm_1+1 k=1 I=k+Tm_1+1

But, u—7m-1 > Tj1—Tm— 1>Zl m+1§ and u—7p,_1—k > 7 1—Tm~|—1>zl m+1§
Let € € (0,p — 1/2), we then have

j—1 1/2—p+e .
A, (w)] < ( Z §l> Cp(U_Tm—l)_(1/2+8) Z &

I=m+1 k=Tm_1+1
Tm—Tm—1—1 Tm
+Co Y S g (w— Ty — k)32
k=1 I=k+Tm_141

We denote by Aﬁn(u) the above quantity between brackets. Hence

-1 1/2—p+e
[Sup AL, ()P [En] P < < > <l) [SupW (WP |Em]P.

uek; l=m+1 uek;

We now have to prove the existence of C' such that

E[sup |AL (w)|P |En]V/P < C for all p € (1, +00).
uek;

We write &, = Up>0Am ¢ with
A = BEy O By (2.G.6)

where By, is defined in Equation (2.5.18). In other words, A, o is the failure of Step
1 of tentative m and for £ > 1, A,, , is the event “Step 2 of trial m fails after exactly ¢
attempts”.

Let ¢ € N, we begin by studying E[sup |A%, (w)|P | A, .]*/?. Since u > 7,

uGEj
Tm—1+ATm ATm—1 Tm—1+ATm

AL, ()] < Cp(Ary) U2H ) N g+ Ce > > & (A, — k)" B2,

k=Tm_1+1 k=1 l=k+Tm_1+1
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By Minkowski inequality and the fact that A7, =: A(m,¢) is constant on A,, s, we get

1/p
E[sup [A%, (w)[P | Ay P < Cp(A(m, £)"/2HE

uEEj

S Gl M

Tm—1+A(m,f) b
k=Tm—-1+1

1/p

A(m,0)—1 Tm_1+A(m,e)  |P
+C Y (Am o) —k) GRS ] A
k=1 I=k+7m—1+1

(2.G.7)

Moreover, using Cauchy-Schwarz inequality,

Tm—1+A(m,£) ‘p 1/p [ |7 —1+A(m,L) ‘p e
E > G| [Ame| =E Yoo G| Lan, [Ema|  P(AnglEm) P
k=Tm—-1+1 | k=Tm-1+1
i Tm—1+A(m,L) 2p L/2p
<E S G| lEma| PlAnelEmoa) VP
| k=Tm—1+1
< ¢ A(’I?’L,Z) IP>(-’4m7€|€mfl)_1/2p' (2G8)

In the last inequality we use the fact that ZZ’;;::?_&T’@ 5}; is independent from &,,_1

and that its law is A'(0, A(m, £)). In the same way, we obtain

1/p

< ep/A(m, £) — k P(App|Em1) Y. (2.G.9)

Z fll [ Am,e

Tm—1 +A(m7e) b
E
I=k+Tm—-1+1

We deduce from (2.G.8) and (2.G.9) that in (2.G.7)

E[sup [A}, (w) [P [ A"
uckE;

A(ml)—1
< (cpcp(A(m,e))ucpcn > (A(m,@k)<1+f>) P( A | Em1) /%P
k=1

< CpP(ApglE€m1) P, (2.G.10)

Then by using the inequality (a 4 b)Y/? < a'/? + bY/? for p > 1 and (2.G.10) for ¢ from
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0 to 400, we get

1/p
E[sup |1~X§n(u) P ‘Sm]l/p = ZE[SHP |1~X¢n(u) [ | A, e P(Am,e|Em)

uckE; >0 (ST

<D E[sup [AL, ()P | Am g VPP(Ap g €)'
>0 uEEj

< Cp,s Z P(Am,f‘gm—l)_l/zp
£>0

< Cpeby P ST P(Ap | E€m1) V.
£>0

(Fetncien)y™

But A, C &y C En—1 hence for £ > 0,
P(Apel€m—1) = P(Be—1|Em—1)P(Br, o|Bime—1) < P(By, o|Bine-1),

Therefore, for all € € (0,p —1/2) and p € (1,+00), by applying Lemma 2.5.2, this gives
us the existence of C such that

E[sup [AL, (w)[” €Y7 < Cpe6y P (24 3 270%) < .
uel; >2

The first case is now achieved.

Case 2: Let j >2and m=j — 1.
The proof is almost exactly the same as in case 1. We simply use the following controls

u—Tj_2>ATj_1 and U—Tj_g—k>ATj_1—k
and we do not introduce € which is useless here since Z{:—; =2

Case 3: Let j > 1 and m = 0. By assumption 9 = 0, then

k=0
Ap(w) =) au-iéj
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By Lemma 2.G.1, for all M > 0,

k=0 M 0
1> aurh < Cplu+1+ M)~ Z Gl+C> Z (w4 1+ M — k)~ etD)
M k=—M k=1 |l=k—
M 0
< C,(1+M)~° Z G+ | Y bl +1—k) et
k=—M k=1 ll=k—M
0 M—-1 0
= Cp(1+ M)™* Z Gl+C 1D €| (1)~
= k=0 l[l=—k
k
= Cp(1+M)~" Zﬁlk +CKZ D& (k+ 1)~ F,
k=0 [1=0

Since p > 1/2, by means of Borel-Cantelli Lemma and the fact that 224:0 &y
N(0, M + 1), we can show that lim (1+ M)~" (ch\io fz_k) =0 a.s.

M—+o00
We then get

(k+ 1)~ P+,

OIS

k=0

e

=0

Set Wk, = Z f’ ; for k>0 and WO = 50 Using Minkowski inequality, we have for all
€ (1,400) and for alle € (0,p—1/2)

E[sup |5 (u)|” |€0]"/7 = Elsup |Ab(w)|"]1”

uek; uekE;
& eneag [ Wial \']7
< Ck kE+1)"\ FE || ——

D=

i +
(Wil ~

P
— 1/2—e
(i‘ilg (k+1)1/2+5> ] Z(k+1) (p+1/2—¢)

k=0
1
i Py
(Wi
k>0 (k + 1)1/2+€

because p+1/2—¢ > 1. It remains to prove that for € € (0, p—1/2) and for p € (1, +00)

< CLE

< CE

; p
Wil
E||sup—T~r— < 4-00.
Kkz‘é (k4 1)1/
Thanks to a summation by parts, we can show that
Wi i 1 1
(k + 1)1/2+£ - Z l+ 1 1/2+a - Z ! 1/2-1—5 o [1/2+e
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: 1 1
Hence, using that e T e

< (1/2+5)l3/++5, we get

\Wuﬂ . W
Therefore
Wil gy — W]
oo (k+1) 2te = pie ZZ I+ 1)/ (1/2+5); 132+

We use again Minkowski inequality, which gives

&

Wil
sup 1)

k>0 (k + 1)1/2-‘1-&

Mw

+oo 4
e X
aup +aj2+03 Wk,
k=0 {; =1

I
=)

On the one hand we have |[W/||, < ¢,V because W} ~ N(0,1). On the other hand, set
Zl 0 l+1 =7 This is a martingale with distribution N (O Zl oI+ 1)~ (1+2‘€))

therefore ||Nka < ¢, with ¢, independent from k. Hence, (Nj)ken converges a.s. and in
LP into Ny € LP. We then deduce by Doob’s inequality that

p—1
HwMMJbS<>HNﬂb
k>0 p

Finalement,

Wi
L

b (k- /e || ST

p

which achieves the third case. O

Proposition 2.G.1. Assume (Hpoly). We suppose that 1o = 0 and that for all m >1
and K > 0, P(E,|Em—1) > 01 € (0,1). Then (H}) holds true.

Proof. First, thanks to (2.G.3), we have

AT

Z,YATJ l|A 1+l| < Z Z ,YT]—’U,|A’L )|

m=0u=71;_1+1

The aim is to bound every term in the right-hand side. For m € {0,...,7 — 1} and for
all u € Ej = 151+ 1,74],
A% (w)] < sup A7, (u)].

uck;

Since the right-hand side does not depend on u anymore, we deduce that for all m €
{0,...,7—1}

75
> AL )] < suglA’ |ZV = sup |Aj, (u )
ucuj

u=7j_1+1 uek; ,y
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Hence, Lemma 2.G.2, gives that for all m € {0,...,7 — 1}

AN

% Ti—U| AL c | —m
E| > 47 AL & < ——n7

u=T7j_1+1

where 1 € (0, 1). Consequently,

j_l 75 C
> Y g s e

m=0u=7j_1+1 (1 - 7)(1 - 77)

In inequality (2.G.3), it then remains to bound the term with A;(u) By substitution,
we obtain for m = j

T; AT;
> AT W) =D AT TN (0 + ).
u=7;_1+1 v=1

As in the proof of Lemma 2.G.2, we use the decomposition of £; through the events A;
and that A7; =: A(j,¢) is constant on A;

7j
> TN &)= Z YAUOTE[| AL (v + 75-1)| Ay P(A; el E))-
u=T7j_1+1 >0 v=1
(2.G.12)
Using that A, C & C £_1 and Cauchy-Schwarz inequality, one notes that
E[JAS (v 4 75-1)| [AjP(Aj0|€5) < B[N (v +75-0) [ |E]°P(A ] E5)"?
E[JAL (v + 7j-0)[* €51]"*
< J P(A./|E: 1/2
~ (5’5] 1)1/4 ( ]7Z’ .7)
SUPEHN (v+ 75— ok €j- 1]1/4
< veN* A €2
- P(&j|Ej-1)"/ F(Ajelés)
(2.G.13)
But P(&|€j-1) > 61 > 0 and by Lemma 2.5.2, we have for all £ > 2,
P(A; 1o-a
(A1) = T ) < OB, - P8 1By0) < 67127 (26.14)
J

We now use (2.G.13) and (2.G.14) into (2.G.12) and this gives the existence of Cy,
such that

Z YT A ()] 1€5] <c5wsupE[|A (v+ 7)) &Y™ (2.G.15)

u= TJ 1+1
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It only remains to show that

SUPE[|A} (v + 75-1)|" €1/ < oo,
veEN*

By Lemma 2.G.1 and the definition of Aé- in (2.G.2),

’U+Tj_1
‘A;(’U + Tj—l)’ = Z av+7'j—1—k£lzc
k;:Tj_l-i-l
v+Ti -1 v+Tj—1
cop) S dve X Y de
k= Tj— 1+1 k=1 |l= k:-i-Tj,l-i—l

We again apply Minkowski inequality

E[J A% (v+7j-1)|* [€j-1]"*

1/4
v+T5-1
<Cp* Y&l & +Cx Z G
L k= Tj— 1+1
47 1/4 . |
0 ’E + Gy Z RAR A IDIN
l=k+1

i v—1
< cy (va‘p+1/2 + Cy Z(” — k;)—(p+1/2)>
k=1

k)—(p+1).

v+T5-1

g

l=k+Tj,1+1

AT 1/4

where ¢4 is related to the 4 moment of a centered and reduced Gaussian random

variable. Since p+ 1/2 > 1, we immediately deduce that

sup]E[|A (w471 1&1])Y* < 4o0. (2.G.16)
veN*
We put together (2.G.11),(2.G.15) and (2.G.16) to conclude the proof of (HY). O
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3. Concentration inequalities for
Stochastic Differential Equations
with additive fractional noise

This chapter is based on the article [70], submitted in Electronic Journal of Probability.
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3.A Sub-Gaussianity of the supremum of the Browian motion . . . . . . . 110
3.B  Uniform sub-Gaussianity of HG("’)HQ,[O,Q] ................. 111

3.1 Introduction

In this chapter, we consider the solution (Y;);>¢ of the following R?-valued Stochastic
Differential Equation (SDE) with additive noise:

t
Y, = x—l—/ b(Ys)ds + o B;. (3.1.1)
0

with B a d-dimensional fractional Brownian motion (fBm) with Hurst parameter H €
(0,1). We are interested in questions of long-time concentration phenomenon of the law
of the solution Y. A well known way to overcome this type of problem is to prove L'-
transportation inequalities. Let us precise what it means. Let (£, d) be a metric space
equipped with a o-field B such that the distance d is B ® B-measurable. Given p > 1
and two probability measures u and v on F, the Wasserstein distance is defined by

Wyto) =int ([ [ dteranten),
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where the infimum runs over all the probability measures 7 on £ x E with marginals p
and v. The entropy of v with respect to u is defined by

[ log ((%) dv, ifv<p,
400 otherwise.

H(v|) = {

Then, we say that p satisfies an LP-transportation inequality with constant C' > 0 (noted
p € T,(C)) if for any probability measure v,

Wy, v) < /2CH(v|p). (3.1.2)

The concentration of measure is intrinsically linked to the above inequality when p = 1.
This fact was first emphasized by K.Marton [52, 51], M.Talagrand [66], Bobkov and
Gotze [5] and amply investigated by M.Ledoux [18, 47]. Indeed, it can be shown (see
[18] for a detailed proof) that (3.1.2) for p = 1 is actually equivalent to the following:
for any p-integrable a-Lipschitz function F' (real valued) we have for all A € R,

2

E (exp (A (F(X) —E[F(X)]))) < exp (C’aQ)\2> (3.1.3)
with £(X) = p. This upperbound naturally leads to concentration inequalities through
the classical Markov inequality. For several years, L' (and L? since T»(C) implies T3 (C))
transportation inequalities have then been widely studied and in particular for diffusion
processes (see for instance [23, 74, 31]).
For SDE’s driven by more general Gaussian processes, S.Riedel established transporta-
tion cost inequalities in [62] using Rough Path theory. However, his results do not give
long-time concentration, which is our focus here.
In the setting of fractional noise, T.Guendouzi [33] and B.Saussereau [65] have studied
transportation inequalities with different metrics in the case where H € (1/2,1). In
particular, B.Saussereau gave an important contribution: he proved T7(C) and T5(C)
for the law of (Yt)te[o,T} in various settings and he got a result of large-time asymptotics
in the case of a contractive drift. Our first motivation to this work was to get equivalent
results in a discrete-time context, i.e. for £((Yza)1<k<n) for a given step A > 0 and then
long-time concentration inequalities for the occupation measure, i.e. for % Sopey f(Yia)
(where f is a general Lipschitz function real valued). Indeed, in a statistical framework
we only have access to discrete-time observations of the process Y and such a result
could be meaningful in such context. To the best of our knowledge, this type of result
is unknown in the fractional setting.
We first tried to adapt the methods used in [65] in several ways as for example: find
a distance such that (y:)co,7] = (Yra)1<k<n is Lipschitz and prove T1(C) with this
metric. But the constants obtained in the L'-transportation inequalities were not sharp
enough, so that we couldn’t deduce large-time asymptotic as B.Saussereau.
In [23], H.Djellout, A.Guillin and L.Wu explored transportation inequalities in the dif-
fusive case and both in a continuous and discrete-time setting. In particular, for the
discrete-time case, they used a kind of tensorization of the L' transportation inequal-
ity but the Markovian nature of the process was essential. However, they prove T1(C)
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through its equivalent formulation (3.1.3) and to this end, they apply a decomposition
of the functional in (3.1.3) into a sum of martingale increments, namely:

F(X) —E[F(X)] = Y E[F(X)|F4] — E[F(X)|Fy1]
k=1

with X = (Ysa)1<k<n and Y is the solution of (3.1.1) when B is the classical Brownian
motion.

This decomposition has inspired the approach described in this chapter: instead of prov-
ing an L' transportation inequality (3.1.2), we prove its equivalent formulation (3.1.3)
by using a similar decomposition and the series expansion of the exponential function.
Through this strategy, we prove several results under an assumption of contractivity
on the drift term b in (3.1.1). First, in a discrete-time setting, we work in the space
(R9)™ endowed with the L' metric and we show that for any a-Lipschitz functional
F: (RH)"™ — R and for any A > 0,

E (exp (A (F(X) — E[F(X)]))) < exp (Ca?A?n2")

with X = (Yia)1<k<n- In a similar way, we consider the space of continuous functions
C([0,T],R%) endowed with the L' metric and we prove that for any a-Lipschitz functional
F:([0,T],R%) — R and for any X > 0,

E (exp (A (F(X) - E[F(X)]))) < exp (C’a2)\2T2HV1)

with X = (Yt)te[g,T]. From these inequalities, we deduce some general concentration
inequalities and large-time asymptotics for occupation measures. Let us note that we
have no restriction on the Hurst parameter H and we retrieve the results given by
B.Saussereau for H € (1/2,1) in a continuous setting and also the result given in [23]
for H = 1/2, namely for diffusion.

The chapter is organised as follows. In the next section, we describe the assumptions
on the drift term and we state the general theorem about concentration, namely Theorem
3.2.2. Then, in Subsection 3.2.3, we apply this result to specific functionals related to
the occupation measures (both in a discrete-time and in a continuous-time framework).
Section 3.3 outlines our strategy of proof which is fulfilled in Sections 3.4 and 3.5.

3.2 Setting and main results

3.2.1 Notations

The usual scalar product on R? is denoted by ( , ) and | . | stands either for the Euclidean
norm on R or the absolute value on R. We denote by My(R) the space of real matrices
of size d x d. For a given n € N* and (z,y) € (]Rd)n X (]Rd)n, we denote by d, the
following L!-distance:

dn(z,y) =Y |2 — vil. (3.2.1)
k=1
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Analogeously, for a given T'> 0 and (z,y) € C ([0,T],R?) x C ([0, T],R?), we denote by
dp the classical Ll-distance:

T
dr(z,y) = / |zt — ye|dt. (3.2.2)
0

Let F: (E,dg) — (E',dg) be a Lipschiz function between two metric spaces, we denote
by

e (F),F(y)
HFHLlp o :E;éry) dE(x7y>

its Lipschitz norm.

3.2.2 Assumptions and general result

Let B be a d-dimensional fractional Brownian motion (fBm) with Hurst parameter
H € (0,1) defined on (2, F,P) and transferred from a d-dimensional Brownian motion

W through the Volterra representation (see e.g. [20, 12])
t
vVt € R+, Bt = / KH(t, S)dWS, (323)
0
with
tH—l 1 t H-3
Ky (t,s) = e “(t—s)H3 - (H - > / Y - s)H3dul.  (3.24)
sH=3 2 s sH™z

We consider the following R%valued stochastic differential equation driven by B:
t
Yi=x +/ b(Ys)ds + o By, t>0. (3.2.5)
0

Here x € R is a given initial condition, B is the aformentioned fractional Brownian
motion and o € My(R).

We are working under the following assumption :
Hypothesis 3.2.1. We have b € C(R%; RY) and there exist constants o, L > 0 such that:
(i) For every x,y € R?,

(b(z) —bly), z — y) < —alz —y[*.

(ii) For every z,y € R,
b(z) — b(y)| < Llz —yl.

Remark 3.2.1. This contractivity assumption on the drift term is quite usual to get
long-time concentration results (see [23, (5] for instance). At this stage, a more general
framework seems elusive.

Let T >0 and n € N*. Let F : (R)",d,,) — (R,|-]) and ' : (C ([0,T],RY) ,dr) —
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(R,|-]) be two Lipschitz functions and set
Fy = F(Yy,...,Y;,) and  Fy = F(Y)iep,n) (3.2.6)

with0 < A=t <--- <t,and tpy 1 —tx = A for a given A > 0.

We are now in position to state our results for general functionals F' and F. First,
we prove a result on the exponential moments of Fy and Fy which is crucial to get
Theorem 3.2.2.

Proposition 3.2.1. Let H € (0,1) and A > 0. Let n € N*, T > 1 and dy,dr be the
metrics defined respectively by (3.2.1) and (3.2.2). Then,

(i) there exist Cyya > 0 such that for all Lipschitz function F : (RY)", d,) — (R, ]-])
and for all A > 0,

Eexp (\(Fy — E[Fy])] < exp (Crall FIE, 20200 . (3.2.7)

(ii) there exist Cyy > 0 such that for all Lipschitz function F : (C ([0, T],R?) ,dp) —
(R,|-|) and for all A > 0,

E [exp (A(Fy — E[Fy]))] < exp (C’HHFH%ip)\QTQH\/l) . (3.2.8)

Remark 3.2.2. Let us note that this proposition is actually equivalent to L'-
transportation inequalities as mentionned in the introduction. More precisely, item
(i) is equivalent to £((Yy,)1<k<n) € T1(2CH an?"V1) for the metric d,, and item (44) is
equivalent to L£((Y:):c(0,17) € T1(2CHT?HVYY for the metric dy.

From Proposition 3.2.1, we deduce the following concentration inequalities:

Theorem 3.2.2. Let H € (0,1) and A > 0. Let n € N*, T > 1 and d,,,dr be the
metrics defined respectively by (3.2.1) and (3.2.2). Then,

(i) there exist Cyya > 0 such that for all Lipschitz function F : (R%)", d,) — (R, ]-])
and for all v > 0,

2

r
P(Fy —E[Fy|>7r) < — . 3.2.9
(Fy [Fy] >7r) <exp ( 4CH,AHF”%ipn2HV1> ( )

(ii) there exist Cyy > 0 such that for all Lipschitz function F - (C ([O,T],Rd) ,dT) —
(R,|-|) and for all T >0,

~ ~ r2
P(Fy —E[Fy]) >71) <exp | ——=——= . (3.2.10)
( ) O, o

Proof. We use Markov inequality and Proposition 3.2.1. Then, we optimize in A to get
the result. 0
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Remark 3.2.3. The dependency on the Lipschitz constant of F and F is essential since
they may depend on n and T. Hence, if they decrease fastest than n=2#Y1 and T-2HVL
we get large time concentration inequalities.

In the following subsection, we outline our main application of Theorem 3.2.2 for
which long time concentration holds.
3.2.3 Long time concentration inequalities for occupation measures
We now apply our general result to specific functionals to get the following theorem.
Theorem 3.2.3. Let H € (0,1) and A > 0. Letn € N* and T > 1. Then,
(i) there exist Cyya > 0 such that for all Lipschitz function f: (R%,[-|) = (R,]-])

and for all v > 0,

2, 2—(2HV1)
rn ) . (3.2.11)

1 n
P (n;f(ytk) — B[f(Y3,)] > 7“) < exp <_46’IM||J£||%ip

(ii) there exist Cy > 0 such that for all Lipschitz function f : (Rd, | - ]) = (R,|-|) and

for allr >0,
1 /T P22~ (2HV1)
P (T/o (f(Yy) —E[f(Y)])dt > T) < exp <4€'H||f||ﬂ)> : (3.2.12)

Proof. We apply Theorem 3.2.2 with the following functions F' and F:
n

vwe (R, Fla)= %Zf(xi)

k=1
and
1 [T
Yz el ([O,T],Rd> . F(zx) = / Fla)dt
T Jo
which are respectively %—Lipschitz with respect to dy, (defined by (3.2.1)) and %—
Lipschitz with respect to dr (defined by (3.2.2)). O

3.3 Sketch of proof

Recall that Fy and Fy are defined by (3.2.6). The key element to get the bound (3.2.7)
and (3.2.8) is to decompose Fy and Fy into a sum of martingale increments as follows.
Let (Ft)t>0 be the natural filtration associated to the standard Brownian motion W
from which the fBm is derived through (3.2.3). For all k € N, set

My :=E[Fy | ] and M :=E[Fy | Fl. (3.3.1)
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With these definitions, we have:

n 71
Fy —E[Fy] = M, = ZMk — M-y and Fy —E[Fy] =M = ZMk — M,
k=1 k=1
(3.3.2)

where [T'] denotes the least integer greater than or equal to 7.

With this decomposition in hand, we first estimate the conditional exponential mo-
ments of the martingale increments My — Mj_1 and My, — Mj,_4 to get Proposition 3.2.1.
This is the purpose of Proposition 3.5.2 for which the proof is based on the following
lemma;:

Lemma 3.3.1. Let X be a centered real valued random variable such that for all p > 2,
there exist C,{ > 0 such that

E[lx]") < c¢*%pr (1)

Then for all X > 0,
E[e)\X] < e2C’CA2

with C' =1V C.

Proof. Since X is centered, by using the series expansion of the exponential function,
we have:

NS

p +0 yprevr 5
E[exp(/\X)]<1+CZW<1+Z)\(CC) ol (3) (3.3.3)

- |
p=2 ’ p=2 P

with O’ = 1V C. We set t2 = \2C’(, then

1+§W:1+§W = (t2)P+%(2p+1)F(p—|—%)

! ! !
= p! = () = (2p+1)!
+oo /.9 2
(t*)PT (p+1) (t pF p+
=1a2y (VTN g 57 0D
p=1
+o0 /9
(*)"p!
<1+ (2+]t])
|
= ()
t
<1+ (1 —|—’2| (et2 —1) since 2(ph)? < (2p)!.

Since for all t € R, %' < etz, we get %‘(et2 -1 < etQ(e7f2 — 1) which is equivalent to

t
1+ (1 + |2|> (e —1) < e’
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so that:

Hence, we have in (3.3.3):
E [exp (AX)] < exp (2A*¢C")

which concludes the proof.

O]

Remark 3.3.1. The previous proof follows the proof of Lemma 1.5 in Chapter 1 of [63].
We chose to give the details here since this step is crucial to get our main results.
Finally, the end of the proof of Proposition 3.2.1 (i) is based on the following impli-

cation: if there exists a deterministic sequence (uy) such that

E [eA(Mk—Mk_l)

fk—1:| S e>\2uk7
then

E [eAMn] ) [e,\Mn,lE [6,\(Mn—Mn,1)

] <m0

so that
n
E [eAM"} < exp ()\2 Zuk) .
k=1

The same arguments are used for item (éi) of Proposition 3.2.1.

Sections 3.4 and 3.5 are devoted to the proof of Proposition 3.2.1. The first step,
detailed in Section 3.4, consists in giving a new expression to the martingale increments
and to control them. The second step, which is outlined in Section 3.5.1, focuses on
managing the conditional moments of these increments to get Proposition 3.5.2. The
proof of Proposition 3.2.1 is finally achieved in Section 3.5.2.

Throughout the chapter, constants may change from line to line.

3.4 Control of the martingale increments

For the sake of clarity, we set A = 1 in the sequel, so that by (3.2.6) we have t;, = k.
When A > 0 is arbitrary, the arguments are the same, it sufficies to apply a rescaling.

Through equation (4.1.2) and the fact that b is Lipschitz continuous, for all t > 0, Y;
can be seen as a measurable functional of the time ¢, the initial condition x and the
Brownian motion (W;)e(o,- Denote by @ : Ry x R? x C(R,,R?) — R? this functional,
we then have

Vit Z 0, Y;g = (I’t(l', (Ws)se[O,t])' (341)
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Now, let £ > 1, we have
| My, — M|
= |E[Fy|F&] — E[Fy |Fi_1]|
= /Q |F (@1 (:c,W[OJ]) v @ (2, Wiogg) 5o P (22, Wio gy U i) )

—F (@1 (2, Wio1)) » -+ » Pk (2, Wio 1) U jp—1,8]) 5+ - » P (2, Wig 1) U Bpge—1,) ) | Pov (did)

< || FLip /Q D | (2, Wi g U tipg) — @t (2, Wio o1y U hjg_1,4) | Pw (dib). (3.4.2)
t=k

With exactly the same procedure, we get

T
50— Whal < 1Pl [ [ 00 (0 Wi Uti) = @1 (0 Wipsoy U i) dt Prv(do).
(3.4.3)

Let us introduce now some notations. First, for all t > 0 set v :=t — k + 1, then for
all u > 0, we define

X .= q)u—l—k—l (x, (Ws)se[O,k] U (ws)se[k,u—&-k—l}) ifu>1
“ Pyik1 (2, (WS)SE[O,qukfl}) otherwise,

and

Xy = Pugr—1 (2, (We)sepop—1] U (Ds) seh—1,u+k-1]) -
We then have

U k-1
Xy :Xo—i—/ b(XS)ds—|—0/ (Ky(u+k—1,s) — Ky(k—1,s))dW;
0 0

EA(u+k—1) kV(u+k—1)
—|—U/ KH(u—i—k:—l,s)dWs—i—U/ Ky(u+k—1,s)dws
k-1 k

(3.4.4)
and
5 5 u B k—1
Xu =Xo + / b(Xs)ds + O'/ (Ky(u+k—1,5) — Ky(k—1,s))dW;
0 0
u+k—1
—i—a/ Ky(u+k—1,s)dws. (3.4.5)
k—1

Remark 3.4.1. Let us note that the integrals involving w in (3.4.4) and (3.4.5) and in
the sequel have to be seen as Wiener integrals, so that they are defined Py (dw) almost
surely.

Since Xo = Xo = ®)_; (2, (Ws)seok-1]), we deduce from (3.4.4) and (3.4.5) that for
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allu >0
_ u _ EA(u+k—1)
X, — Xy :/ b(Xs) —b(Xs)ds—i—a/ Kyu+k—1,s)d(W — ),
0 k—1
u B 1Auw
= / b(X,) — b(X)ds + o Kytu+k—1s+k—1)dW® — k),
0 0
(3.4.6)

where we have set (Ws(k))szo = (Wsqk—1 — Wgk_1)s>0 which is a Brownian motion

independent from Fj_; and (wg’“)szo = (Wsk—1 — Wg—1)s>0-

In the remainder of the section, we proceed to a control of the quantity | X, — Xu].
We have the following upperbound on | X, — X,|:

Proposition 3.4.1. There exists C'y > 0 such that for all w > 0 and k € N*,

| Xy — X
< Cy/Yr(uVv1,k) | sup [W® —a®|+ sup |GP|
vel0,1] ve|0,2]
1
+ sup / s2H (1 —ws)T 2w ® — a®), || (3.4.7)
vel0,1/2] |Jo

where X, — X, is defined in (3.4.6), Uy is defined by

2H=3 if H e (0,1/2)
Uy (u k)= Ch{ " if ’
(k) H{ Rrm2Hy A4 2084 [ e (1/2,1)
with Cly > 0 and G%) is given by
1Nv

Gk = Kyw+k—1,s+k—1)dW® — gk,
0

In Subsections 3.4.1 and 3.4.2, we prove Proposition 3.4.1.

3.4.1 First case: u>2
When k # 1
Lemma 3.4.1. Let k # 1. Then, for all u > 2,

1 X, — Xul? < e 2 |Xy — X2 + Uy(u, k) sup [WHE — P
s€[0,1]

where Wy is defined in Proposition 3.4.1.

Proof. Let u > 2. In the following inequalities, we make use of Hypothesis 3.2.1 on the
function b and to the elementary Young inequality (a,b) < 3 (lal® + 1[b|?) with € = 2a.
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1
= 2(Xy — Xu, b(Xu) — b(Xu)) + (X — Xu, a/ gKH(u tk—1,s4+k—1dW® —a®))
0

2 2
S 5 o
—20| X, — Xul? + a| Xy — Xu* + | |

/ S Ktk —1s+k— Da(Ww® — g®)y,

’U|2 2
—a|X, — X >+ =—

1
/ 2KH(u +k—1,54+k—1)dW® —gp®),
2a | Jo

ou

We then apply Gronwall’s lemma to obtain

2

|X X|2<eau 2)‘X X|2 |‘ / —a(u—v) dw.

/ S K(vtkh—1s+k- DA(W® — )y,
(3.4.8)

Now, we set for all v > 2,
Lo
or(v) = /0 %KH(U +k—-1,s+k— 1)d(W(k) _ @(k))s

Ui+ k—1\"2
= _ — 9 (k) "()
CH/O <s+k:—1> (v— )~ d(W )s- (3.4.9)

We apply an integration by parts to ¢ taking into account that Wo(k) = ﬁ;((]k) =0:

1
v+k—1\""2 _3 .
e e (PHEY s o

1
—ep(1/2 - H)/ Wt k=T 3 s+ k—1)F 3w— )T 3WH — ¢*)ds
0

L /y _1\H—3 .
—en@z- 1) [ (SHET) T - 0RO — o)
= CH<11(U) + Ig(?)) + I3<’U)). (3.4.10)

Recall that by (3.4.8), our goal here is to manage

/ e~ | (v) o
2

< 3c% ( / e~ (=) I, (v)|2dv + / e~ )| I (v)|2do + / ea@v)ug(v)y?dv)
2 2 2
(3.4.11)

To control each term involving I, I and I3 in (3.4.11), we will need the following
inequality:

101



3. CONCENTRATION INEQUALITIES FOR ADDITIVE FRACTIONAL SDE

/ e—a(u—v)kl—QH(v 14+ ki)zH_l(U _ 1)2H_3d’U
2

(3.4.12)

RL2H ( — 1) 4y — 1)2H3 for H > 1/2
<Cg 2H-3 '
(u—1) for H<1/2

Inequality (3.4.12) is obtained through Lemma 3.4.2 and the elementary inequalities
v—1+k)2H1 < (v—1)2H-1 L 2015t 7 > 1/2 and (v — 1 + k)2H-1 < p2H-1 4f
(

H<1/2

Lemma 3.4.2. Let o, 8 > 0. Then, for all u > 2,
/ e~ (p —1)"Pdv < Cp p(u —1)77.
2

Proof. 1t is enough to apply an integration by parts and then use that

sup e~ (u=v) (v— 1)_5_1 = max (e_o‘(“_Q), (u— 1)_ﬁ_1)
vE[2,u]

to conclude the proof. O

It remains to show how the terms involving I, I3 and I3 in (3.4.11) can be reduced
to the term (3.4.12). Let us begin with I; which is straightforward:

/ eI, (1) 2w
2

< |W1(k) _ wgk)|2/ e—a(u—v)kl—QH(,U —1+ k)QH—l(U o 1)2H_3dU
2

IN

sup [WHF — )2 / e~V =20 (g 4 g)2H 1y — 1)2H73qy, (3.4.13)
s€0,1] 2

Then, using the definition of I,

/ e=ou=)| [, () 2d
2

2

u 1
< (1/2 . H)Q/ e—a(u—v)(v 14 k)ZH_l(U _ 1)2H_3(k _ 1)—2H—1 </ |W8(k) _ wgk)’d3> dv
2 0
< Cy sup [WH — wgk)|2/ e~ 1=2H (4 B)2H 1y — 1)2H 30, (3.4.14)
s€[0,1] 2
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Finally,

/ e~ | I3 (v) [2du
2
u 1 ) 2
< (3/2 — H)Q/ e W) (y — 1 4 k)2 (p — 1)2H 0 (/ (s+k—1)2~ AWk — wgk>yds> dv
2 0

u 1 2
< Cy sup |WH — wgk)|2/ e W (y — 1 4 k)1 (p — 1)2H 3 (/ (s+k— 1)§_Hds) dv
s€[0,1] 2 0

< Oy sup (W — wgk)|2/ e Um0 =20 g 1 4 B)2H 1y — 1)2H 3y
s€[0,1] 2
(3.4.15)

where the last inequality is given by the following fact: there exists C'y > 0 such that

forall k #1, sup (s+k— 1)%_H < Cykz M,
s€[0,1]
It remains to combine the three above inequalities (3.4.13), (3.4.14) and (3.4.15) with

(3.4.12) to get the following in (3.4.11):

| et
2

RL2H (y — 1A 4 4 — 1253 for H > 1/2

< Cyg sup \Ws(k) — w(k)|2{ (u—1)2H-3 for H<1/2 °

s
s€0,1]

Putting this inequality into (3.4.8) gives the result (we can replace u — 1 by wu, the
inequality remains true when u > 2 up to a constant). O

When £ =1

Lemma 3.4.3. Let k = 1. Then, for all u > 2,

2

| Xu—Xu|? < e 2| Xy X5 24U (u, 1) sup

ve[0,1/2] s

1
/ (1L 0s) 3 (WO )
0

where Wy is defined in Proposition 3.4.1.

Proof. The proof begins as in the proof of Lemma 3.4.1. We have through inequality
(3.4.8):

Xy — Xu? < e 2| X, — X2 + ;5 /; e~ o) (v) P dw (3.4.16)
with
1) = et~} [ oA )i-Rart) - ),
A e 1 /01 s3—H (1 - f})Hé AW — gy, (3.4.17)
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Since for v > 2, vH=3 is bounded when H < 1/2, we have

/ ) [, (0)]2 do
2

u 2
<en / o~ o(u—v) , (AH )V (2H~3)
2

dv

(Y

1 _3
/ 3 (1- E)H S qw ) — vy,
0

2

<Cyg sup

1
/ sa—H (1- v's)Hﬁ% dw® — @),
velo,1/2] 1Jo

/ o~ o(u—v) (AH-4)V(2H-3) 4,
2

Then, we use Lemma 3.4.2 in the previous inequality, which gives:

| et e
2
1 2
/ sz H (1- v's)H_% dw® — M),
0

< Cpy sup (u — 1)(4H—4)\/(2H—3).

v/ €[0,1/2]

This inequality combined with (3.4.16) concludes the proof (we can replace u — 1 by wu,
the inequality remains true when u > 2 up to a constant). ]

3.4.2 Second case : u € [0, 2]

The idea here is to use Gronwall lemma in its integral form. By Hypothesis 3.2.1, b is
L-Lipschitz so that:

1Au

1 Xy — Xu| < L/ | X, — X,|ds + ‘ Kytu+k—1s+k—1)dw® — wUf))S‘ :
0 0

Then, for u € [0, 2],

1Au
Xy — Xu| < Ky(u+k—1,s+k—1)dW® —p®),
0
u 1Av
+ / Ky(v+k—1,s+k—1)dW® —g®)),| eLu=0)qy
0 0
1Av
<e?l sup Kg(w+k—1,5+k—1)dw® — w(“)s’ (3.4.18)
vel0,2] 1J0
For all £ > 1 and for all v € [0, 2], we set
1Av
GOW @)= |  Kyw+k—1s+k-1)dw® —a®), (3.4.19)
0

The inequality (3.4.18) combined with Lemma 3.4.1 and Lemma 3.4.3 finally prove
Proposition 3.4.1.
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3.5 Conditional exponential moments of the martingale in-

crements

3.5.1 Conditional moments of the martingale increments

Proposition 3.5.1. (i) There exists C,{ > 0 such that for all k € N* and for all
p=2,

1/p

E[| My — My_1[P|Fr-1]"? < C|F|lLipthnr <Cp/2pf' (g)) as.  (3.5.1)
(ii) There exists C,( > 0 such that for all k € N* and for all p > 2,
- - - 1/p

B[| My — My P Fea) 7 < Cll P gy (67200 (5)) 7 s (35.2)

where Y = S0 Uy (u, k), = (;‘F_kH VYV 1,k)du and Uy is
defined in Proposition 3.4.1.

To prove this result, we first need the following intermediate outcome.

Lemma 3.5.1. For all k € N*, let G®) be defined by (3.4.19). Then, for all p > 2,
there exists C' > 0 such that

E[|My — My_1[P|Fi_1]*/?

1/p 1/p
< 3C| FllLiptni | E | sup W = WPl +E | sup |GF(W — W)
veE[0,1] vel0,2]
1 L 3 ~ P 1/p
+E | sup / s27H (1 —vs)H2aw® — W), ]
vel0,1/2] 1o

Or equivalently, since W) and W*) are iid we can replace W*) — W &) py /2 *)

E[|My — My_1[P|Fr_q]*/

1/p 1/p
< 3OV Flluptng | E | sup (WOP| +E | sup |60
vel0,1] v€E[0,2]
Ly 3 R
+E | sup / sz~ (1 —ps)H 2 aw M a.s.
vel0,1/2] 1o

where Yy, ), = EZ;]fH VV¥r(u, k) and Vg is defined in Proposition 3.4.1.
The same occurs for M instead of M by replacing F by F and U by Vi, =

fOT_k—H V¥a(uV1, k)du.

Proof. For the sake of simplicity, assume that || F|/rip = 1. By inequality (3.4.2), we
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have for all p > 2,

n—k+1 p
u=1

Now, we use Proposition 3.4.1 and for the sake of clarity we set |[W®*) — lb(k)||oo7[071] =

sup (W —al®|, AW ® — g®) .=  sup ‘fols%—Hu — sz qw k) —m<k>)s\
vE[0,1] ve(0,1/2]
and
Cr(WH) — ) .= sup ]Gg,k)(W —)|. Then, by Jensen inequality,
v€[0,2]
| My — My—1|?

p
< Pyt ( / W& — @@ o1+ AWE —o®) 4 Cpy(WE — o®) Pw(dw)>
Q

<grloryt [ /Q IWw® — @™o P (do) + /Q

+ /Q (Crw® fw“f)))p PW(dw)}

(A(W(k) - w(@))p Py (dd)

Recall that W) = (Wstk—1 — Wi—1)s>0 and thus W) s independent of Fj_1. Then,
E[|My, — My_1[P| Fy—1]

<3Pyt R [ /Q IW® — @@L Pa(dd) + /

) (A(W(k) - w<k>))p Py ()

-‘r/Q(Ck(W(k)—w(k)))p Pw (dw)

}—kl]
— ~ ~ ~ p ~
< 3PICPyh R {/Q W — w(’“)l\f;,[o,u P (dw) +/Q (A(W(k) - w(k))) Py (dw)
+ / (C’k(W(k) —w<k>))p Pw(dw)]
Q
We denote by F*) the filtration associated to W®*) | we rewrite

E [[My — My—1[P|Fi—1]
< 3P—10p¢27k (E [E [Hw(k) _ W(k)Hgo,[OJ]‘fl(k)H +E [E [(A(W(k) _ W(H))p‘ ]:I(k)”
+E [B [ (Guw® - )| A7)
=gieryl (B[Iw® WO o[+ E[(Aw® - w®))]

VE [(Ck(W(’“) - W<k>)>pD
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3.5. Conditional exponential moments of the martingale increments

Using the elementary inequality (a 4+ b)'/? < a'/? + b'/P | we finally get

E (| M}, — My_1|P| Fie]'/?

< 8Cune (B[ I 0 012, |7+ = [ (a0 ® -] s [ (cum o))
and the proof is over since W®*) and W) have respectively the same distribution as

WM and WO,
In the same way, we prove the result for M by using (3.4.3) which gives

~ ~ T—k+1 ~ p
| My — M1 P < (/ / | X — Xy PW(dm)>
QJo

and Proposition 3.4.1. ]

Proof of Proposition 3.5.1. With Lemma 3.5.1 in hand, we just need to prove that there
exist ¢ > 0 such that for all £ € N* and for all p > 2

P
E | sup |[WV < (¢/?pr , 3.5.3
] <) e
Ly o H_3 ah 1/p
Lamlfreo-orimel] s o
vel0,1/2] 1o |
1 1
and E | sup \Gg@(vv)\p (gm ()) " (3.5.5)
v€(0,2]

Condition (3.5.3) is given in Appendix 3.A and condition (3.5.5) follows from Proposition
3.B.2 since

1/p
, 1/
E[sup |G£,’“><W>|p] <2 [IGY, o]
vel0,2] e

for all o/, € (0,1). Hence, it remains to get (3.5.4). To this end, we set for all v € [0,1/2],
A g H-3 1
Gy ::/ sz~ (1 —ps)=2aW D).
0
Let 0 <o’ < v <1/2, we have
A 512 b oaom H-32 H-212
E[|Gy — G| ]—/ SIZHI(] gy H=3 _ (1 — of5)H-3]2ds
0

_ M /01 g2 (/(1 - us)Hidu>2ds.

Since for all u € [0,1/2] and for all s € [0,1] we have £ <1 —us < 1, we deduce that

1
E(|Gy — Gy l*] < Cu(v - v’)2/ g2y -

. \2
; 2_2H(v v')%.
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3. CONCENTRATION INEQUALITIES FOR ADDITIVE FRACTIONAL SDE

Hence, for all a € (0, 1),

E[|Gy — Gy |?]1/?
sup G, v|7] < 400 (3.5.6)
1 v — |
0<v' <w<35

Now, following carefully the proof of Proposition 3.B.2 in Appendix 3.B, one can show
that (3.5.6) and the fact that G is a Gaussian process implies (3.5.4) since for all o € (0, 1)

1/p

~ ~ 1/p ~
E| sup |Gyl? 32—0415[\\6*”2 } +E[]G0|p]1/p.

v€[0,1/2] [0,1/2]

3.5.2 Proof of Proposition 3.2.1

We have the following result:

Proposition 3.5.2. (i) There exists C',( > 0 such that for all k € N* and for all
A >0,

Elexp(A(My — My—1))|Fr—1] < exp (2)\2||F||%ip1117217k0'§) a.s. (3.5.7)

(ii) There exists C',{ > 0 such that for all k € N* and for all A > 0,

Elexp(A(My — My,_1))|Fr_1] < exp (2)\2||F\|iipw%k0’§) a.s. (3.5.8)

where Yy, j = Zz;’fﬂ Vg (u, k), %ﬂ’k = fOT_kH VUVl k)du and Oy is

defined in Proposition 3.4.1.

Proof. Let us prove (7). From E[M} — My_1|F;—1] = 0 and Proposition 3.5.1, we imme-
diately get the result by using Lemma 3.3.1. O

Let us now conclude the proof of Proposition 3.2.1 (i). By the decomposition (3.3.2)
and Proposition 3.5.2 (i), we have the following recursive inequality :

E [eAMn} =K [&MHE [eA(MnfMH)

Faca]] < exp (2N IR, 070 B [

which gives

E [e/\M"] < exp (2>\2\FH%ipC’CZ¢EL,k> . (3.5.9)
k=1

Equation (3.5.9) combined with Lemma 3.5.2 (see below) finally proves Proposition 3.2.1
(7). The proof of item (ii) is exactly the same.

Lemma 3.5.2. (i) Let n € N* and (1, ) be defined as in Proposition 3.5.1. There
exists Cgr > 0 such that

n
> wnn < O n?U1V2),
k=1
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3.5. Conditional exponential moments of the martingale increments

(it) Let T > 1 and (Y. ,.) be defined as in Proposition 3.5.1. There exists Cy > 0 such
that

[T )
S R < Cn T2(HV3).
k=1

Proof. (i) Recall that ¢, x = S\"~% /W (u, k) with

u=1

w2H-3 if He(0,1/2)
\J k):=C ’
m(u,k) H{ Jl-2HyAH-4 | 2H-3 ¢ [T ¢ (1/2,1)

and Cyg > 0.
> First case: H € (0,1/2). We have
n—k+1 5 400 5
Z uwll=2 < W72 < 400
u=1 u=1

Then,
n
> Unp<Cun
k=1

which concludes the proof for H € (0,1/2).

>> Second case: H € (1/2,1). We have

and

u=1

Then,

S wl<Cuy (n—k+ )M 4Oy Y kT (- k4 1)
k=1 k=1 k=1

1 n+1 k 1-2H Lk 4H-2
SCLH TL2H+CQ,H(TL+1)2H72 ( ) <1 > .

n+1k:1 n+1 n+1

Since

1

n+1 k 1-2H k 4H—-2 1 " l
1- — 1-2H (1 _ )42y <
n—i—l;(n—i-l) ( n+1) n—>+00/0‘x (1 =)™ de < too

we finally get the result when H € (1/2,1).

(i1) Recall that ¥4, = [ " /W (u V1, k)du.
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> First case: H € (0,1/2). We have

T—k+1 5 +o0 5
/ (uv 1)~2du < 1—|—/ w2 du < +oo.
0 1

Then,
7] ]
D U <Cu [T]<Cu T
k=1

which concludes the proof for H € (0,1/2).

>> Second case: H € (1/2,1). We have

T—k+1
1 1 1
lH_gd =14+ —(T -k 1H_1/2—1 < — (T — H—3
A V)= 14 (T~ k) < @ -k )
and

Tk 2H—2 2H—1 1 2H—1
V1 “fdu=1 T—-k+1 o1 < T — 1)“7 .

[ vt = (T = ke )P 1) € G (T k)

Then,

[T] [T] [T]
S WPy <Crud (T—k+ 1) 4 Copd KT — b+ 1)1

k=1 k=1 k=1
" a1 [T]+1 i 1-2H k 4H -2
<Crg [T1T*H 71+ Cy ([T +1)? () - — :
< G [T 21 (I )Wle [TT+1 [T]+1
k=1
Since
1 [T1+1 k 1—-2H i 4H -2 1

P - 1 - — 1-2H 1_ 4H—2d <

[T +1 ; ([T}H) ( [T1+1> T—>+oo/0x (1=2)™dz < +oo

we finally get the result when H € (1/2,1). O

3.A Sub-Gaussianity of the supremum of the Browian mo-
tion

Proposition 3.A.1. Let (W;)i>0 be a d-dimensional standard Brownian motion. There
exist n,n" > 0 such that

Ve >0, P sup |[Wi|>z| < e (3.A.1)
te(0,1]
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3.B. Uniform sub-Gaussianity of ||G®*) la0,2]

Consequently, for all p > 2,

(P e
E | sup |W; <> pl' (= 3.A.2
tdOH| ¥ =7 n (2> ( )
where T'(x f+oo ~uyr1du.

Proof.

1/2 1/2 1/2
sup |Wi = sup W2 = | sup Wi|? sup |Wil? < sup |W¢|.
t€[01]’ t te[01] (Z| t| ) (t€[01];| t’ ;t€[01]’ t’ ;te[ou‘ t‘

Therefore for all x > 0, we have

d d
P(sup |Wi| Zx) SP(Z sup |Wy| Zx) Z (sup |Wi| >x> :de<sup W 233).

t€(0,1] i—1 t€0,1] te0,1 t€[0,1]

Since sup |W}| = max ( sup (=W}, sup W}) and (W)>o £ (—=W)i>0, we have
te[0,1] te(0,1] te(0,1]

P sup (Wy|>a| <d[P[ sup (W) >z |+P| sup W>z||=2dxP| sup W}!>z].
t€(0,1] te[0,1] te[0,1] te[0,1]

By the reflection principle, we know that P < sup W} > x) = 2P(W} > z) which
te(0,1]
induces finally that

1 4d - [T 1 1.2
P sup [We| >z | <4dP(W| >z)=— e 2% ds < Cye 1" . (3.A.3)
te[0,1] V2T Jy

Then, (3.A.2) follows from (3.A.1) by using the formula E[X] = 0 CP(X > z)dz for
non-negative random variables and a simple change of variable. O

3.B Uniform sub-Gaussianity of ||G(k)\|a,[o,2]

In this section, we consider the following Gaussian processes: for all k € N*,
1NAv

Yo el0,2], G .= Ky(v+k—1,s+k—1)dW, (3.B.1)
0

where (Wt)te[O,T] is a d-dimensional Brownian motion and K is defined by (3.2.4).

Remark 3.B.1. Since we are interested in the law of G*), we have replaced w k) by W
in the expression of G(*) given by (3.4.19).

First, we have the following control on the second moment of G(*)-increments.
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3. CONCENTRATION INEQUALITIES FOR ADDITIVE FRACTIONAL SDE

Proposition 3.B.1. There exists Cy > 0 such that for all k € N* and for all 0 < v’ <
v <2,

E UGW —a

2
] < Cylv — /> (3.B.2)

H if H<1/2

ith = .
A {gf if H>1/2

Proof. Let 0 < v’ < v < 2. Then,

ak _ g

v v

1A
—/ Kyw+k—1,s+k—1) Ky +k—1,5+k—1)dW,
0
1NAv

+ Ky(v+k—1,s+k—1)dW;

1A’

1A' v 1A

a v

:/ (/ aKH(u—l—k—l,s—i—k—l)du)dWs—l— Kglv+k—1,s+k—1)dW;
0 o OU 1Av!

(3.B.3)

with

1
—K — -1) = T — — 2. .B.
5 gu+k—1,s+k—1) CH<8+I<:—1> (u—s)" 2 (3.B.4)

Then, we deduce the following expression for the moment of order 2:
1A' v o9 2 1AV
:/ / —Kyu+k—1,s+k—1)du) ds+ Ky(v+k—1,s+k—1)ds
0 v’ ou 1A’
=: [1(v,v") + I(v,v). (3.B.5)

Now, let us distinguish the two cases: £ > 1 and k = 1:

> First case: k > 1

We begin with the first integral in (3.B.5), namely I1(v,v’): let us note that in the

expression (3.B.4)
1
< ; <u+k—1)H_2<+
up sup |(—— 0.
k>1 usef0,2 \S+k—1
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3.B. Uniform sub-Gaussianity of ||G®*) la0,2]

Hence,

<cl { (v= Zlim if H<1/2 (3.B.6)

and the last inequality is given by the following estimate:

Lemma 3.B.1. There exists C‘H > 0 such that for all 0 <v' < v < 2,

/

/Ov [(vs)H—é(v/S)H_érdsgéH{ EU:U:;ZH if H<1/2 |

if H>1/2

Proof. First, we easily have

/

’ (U—S)H_% —(v'—s)H_% 2ds
0

Now, since
) Hol (v—s)=1 if H<1/2

- - >
[(U S)(U S)] 2z { (’Ul - S)QH—I if H > 1/2

we get after some computations

/U, [(U_S)H_%—(U’—S)H_%rds<i o 2= (o =02 i H <12
0 T2H | v*H o 2H (y )2 if H > 1/2

Moreover, when H > 1/2, for all 0 <o’ < v < 2,

/2H—U2H—|— (,U_,UI)QH — (UH — H)(UH—I—U/ H) _ (U_UI)QH

— (U _UI)H (’UH —I—UI H (’U _,UI)H)

< Cy(v—2)

v

and when H < 1/2, o' 2H — 2 < 0. So finally, we have the desired result. O

We can now move on the second term in (3.B.5), namely Iy(v,v"). By Theorem 3.2
in [20], we have the following upperbound

1Av 1
IQ(U,UI> < C%{/ (s + k- 1)*2|H*%’(U _ 8)_2(§_H)+ds
1

Av’
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where 2 = max(x,0). Then, since sup sup (s +k — 1)_2|H_%’ < 400, we have
k>1 s5€(0,2]
1Av 1
Bo) < Cir [ (w9 ds
1A

=Cpg(1Av—1A v’)2(HA%)
< CH(’U _ ,U/)2(H/\%)

~ (v—2")2H if H<1/2
< . B.
< Ch { (w—o)T if H>1/2 (3B.7)

By using (3.B.6) and (3.B.7) in (3.B.5), we end the proof of Proposition 3.B.1 for k& > 1.

> Second case: k=1

Let us divide this part of the proof into three new cases:
First, consider 0 < v/ < v < 1, then G coincides in law with the fractional Brownian
motion:

E [‘Ggl) _ GS)‘Q] = (v U/)ZH_

Secondly, for 1 <o’ <wv <2, by (3.B.5):

1 v 2
E[|Ggl>_(;f}>|2} :/ < aauKH(u—i—k 1,s+k:—1)du> ds

2
/ </ KHu—i—k 1,s+k—1)du> ds

+//vKH(U+k‘— 1,s+k—1)%ds
— (v —0)?H, !
Finally, if 0 < v’ <1 <wv <2, we get the following by using the two previous cases:
E [ngU - Gfﬁ)ﬂ < 2E [\GS}) - Gﬁ”ﬂ 1 9E [ngU _ Gg),z}

<2((v-— 125 + (1 —v)*H)
< 4(v —ov)H,

This inequality concludes the proof of Proposition 3.B.1 for k = 1. O

We can now state the result of uniform Sub-Gaussianity:

Proposition 3.B.2. There exist n,n' > 0 such that for all k € N*,
V>0, P (llG(k)lla'H,[o,z] > fﬁ) <ylem (3.B.8)

with 0 < oy < ag and ay is defined in Proposition 3.B.1.
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Consequently, for all k € N* and for all p > 2,

E 16015, 0] < Z/ (;)MQPF () (3.B.9)

where T'(z) := f0+°o e “ut1du.

Proof. Let us first note that since G(¥) is a centered Gaussian process (for all k € N*),
there exists C > 0 such that for all p > 1 and for all 0 < v’ < v < 2:

1/2

Ef|le® -] <o UGW —a ﬂ

Then, we obtain through Proposition 3.B.1,
1/
Bl -c®]"
Vp>1,  su < C/p. 3.B.10
b= ogv’<§;§2 v —vf|oH v ( )
Now by Theorem A.19 in [29], (3.B.10) implies that for all 0 < oy < ap, there exists
m > 0 such that
E [exp (UIHG(’C)Hi’H,[OQ])} < oo

and by Lemma A.17 in [29] (characterization of Gaussian integrability), this condition is

equivalent to the existence of 1,7 > 0 (depending only on 7;) such that (3.B.8) is true.
Then, (3.B.9) follows from (3.B.8) by using the formula E[X] = 0+OO P(X > z)dx for
non-negative random variables and a simple change of variable. O
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4. A general drift estimation
procedure for Stochastic
Differential Equations with
additive fractional noise

This chapter is based on the article [60], this is a joint work with Panloup and Tindel

submitted in Electronic Journal of Statistics.
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4.1 Introduction

Let B be a d-dimensional fractional Brownian motion with Hurst parameter H € (0, 1)
defined on a complete probability space (€2, F,P). We recall that B is a centered Gaus-

sian process. Its law is thus characterized by its covariance function, which is defined
by
o 1
E[B; Bl] = 5 (7 + 27 — |t —s") 1y (i — §), s, teR.

The variance of the increments of B is then given by

E[|Bi - B! =|t—s*, steR, i=1,...,m, (4.1.1)

S

and this implies that almost surely the fBm paths are v-Hoélder continuous for any v < H.

117



4. DRIFT ESTIMATION PROCEDURE FOR ADDITIVE FRACTIONAL SDE

In this chapter, we will consider the following R%-valued stochastic differential equa-
tion driven by B:

t
Yt_yo+/ by, (Ys)ds + 0By, te[0,T]. (4.1.2)
0

Here o € R? is a given initial condition, B = (B!,..., B%) is the aforementioned
fractional Brownian motion (fBm), the unknown parameter Jy lies in a certain set ©
which will be specified later on, {by(-), 9 € ©} is a known family of drift coefficients
with by(-) : R = R, and o is a d x d-matrix which is supposed to be known. More
precisely, we do not discuss here the problem of estimation of the diffusion parameter
o and of the Hurst index H (on this topic, see e.g. [14], [41] or [68]). For the sake of
simplicity, we also assume throughout the chapter that o is invertible (on this topic,
see Remark 4.2.4). Our aim is to get an accurate estimation of 9y according to some
discrete observations of Y.

The estimation problem for the drift term in equation (4.1.2) has received a lot of
attention in the recent past (see e.g [3, 39, 10, 43, 16, 61, 67]). However, the following
restrictions hold in all those contributions:

e The coefficient by, (Ys) is of the form Yob(Y5) or even g Ys; when Ornstein-Uhlenbeck
processes are involved.

e The observation is either in continuous time or a discretized version of continuous
observations.

e Rates of convergence of the estimators are not computed, a noticeable exception being
the central limit theorems obtained in [39].

Let us also mention the nonparametric method put forward in the interesting recent
paper [17]. The context in [17] is much more general than in the aforementioned ref-
erences, but the estimation procedure is based on the observation of several paths of
(4.1.2). This makes its practical implementation delicate.

With these considerations in mind, let us recall that the article [55] proposed an
estimator valid for a wide class of functions b in (4.1.2), directly based on discrete
observations of the process. This estimator is obtained through a least square procedure
which is easily implemented. It is fairly general, but still exhibits some drawbacks:

e For all values of the parameter ¥, the drift by(-) is assumed to be of the form VF(-;4)
for a real valued function F'. This is obviously a restriction when d > 1.

e The result in [55] is obtained in a quite standard ergodic framework, but it is also
supposed that for the stationary solution Y to (4.1.2) we have

E [|by, (Yo)|?] = E [|bg(Yo)|?] iff 9 = . (4.1.3)

This identifiability condition is hard to verify in practice.

The current work proposes thus to improve on the two aspects mentioned above. It intro-
duces a procedure which applies to non gradient drifts and is valid under less restrictive
conditions than (4.1.3).
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4.2. Main results

4.2 Main results

In this section we will first give some general notation which will be used throughout the
chapter. Then we will specify our assumptions on the coefficients of (4.1.2) and describe
the estimator we are considering. Eventually we give our almost sure convergence result
as well as the convergence rate we have been able to obtain.

4.2.1 Notations

We consider the set of parameters © as a subset of R? for ¢ > 1. Let f : R4 x © — R
be a CP¥P2 function, where p1,po are two integers greater than 1. Then for any p < py
and any tuple (i,...i,) € {1,...,d}?, we set 9, " f for (%iapf

- B, 0w, Analogously, for
p < ps we use the notation 81191"'”’]“ for 319,8% whenever (i1,...13,) € {1,...,¢}P.
ip - OVip

Moreover, we will write 0, f (resp. Oy f) for the Jacobi-matrices (Og, f,...,0,f) (resp.
GIN I ))

Let M;(R%) denotes the set of probability measures on R%. We say that d is a
distance on M (R%) if it metrizes its usual topology, namely the weak convergence
topology. Among those distances We will consider the p-Wasserstein distance, which is
defined as follows: for every v, u € Mi(R%), we introduce the set C(v, ) of couplings
between v and u, that is

Clv,p) ={(X,Y); LX) = v, LIY) = p} . (4.2.1)
Then the p-Wasserstein distance is written as
W, (v, 1) = inf {E[|X — Y7 (X,Y) € Clv, u)} . (4.2.2)
Remark 4.2.1. The distance W; can also be represented as

Wi(v, p) = sup{|v(h) — p(h); [|P]lLip < 1}. (4.2.3)

We will denote by D, the set of distances on M; (R?) dominated by the p-Wasserstein
distance for a given p > 0. Namely, we set

D,, := {distances d on M (R?); J¢ > 0 such that Vv, u € M1 (R, d(v, u) < cWy(v, 1)}
(4.2.4)

In particular, a distance d that belongs to D), induces a weaker topology than the p-

Wasserstein distance. When necessary in some of the next results (or in the numerical

experimentations), we will introduce specific distances which belong to D,.

Remark 4.2.2. The family of p-Wasserstein distances obviously provides examples of

distances in D,,. The Fortet-Mourier distance (see e.g [72, Chapter 6]), defined by

dpn (v, p) = sup {[E[R(X)] = E[2(Y)]|; where X ~ p, Y ~ v, and [|h||Lip <1, [[hflec <1},

is also easily seen to be an element of D; thanks to (4.2.3). In this chapter we shall work
with the distances dcr ), and ds introduced below in Section 4.2.5, which are trivially
proved to sit in D; (due to relation (4.2.3)).
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For a given function f defined on R and with values in a Banach space E, we denote
by 6 fs+ the increment between some positive s and t: 6 fs; = fr — fs.

4.2.2 Assumptions

Before we proceed to a specific statement of our estimator, let us describe the assump-
tions under which we shall work. We start by a standard hypothesis on the parameter
set ©, which is supposed to be a compact set.

(Hp) : The set O is compactly embedded in R? for a given ¢ > 1.

Next we recall that our drift estimators rely on the invariant measure for the solution
of equation (4.1.2). The existence and uniqueness of this invariant measure is usually
obtained under some coercivity assumptions on the drift b. In the current chapter we
will distinguish between two notions of coercivity, respectively named weak and strong
and denoted by (Cyw) and (Cs). The weak assumption can be summarized as follows.
(Cw) : We have b € CH1(R? x ©;R?) and there exist constants «, 3,C, L > 0 and r € N
such that:

(i) For every x,y € R? and 9 € © we have

(bo(a) =bo(y), z —y) < B —alz—y[* and |bg(x) —by(y)| < Llz —y|  (4.2.5)
(ii) For every x € R? and 9 € © the following growth bound is satisfied:
|0gby ()| < C (1 + |x|"). (4.2.6)

The main part (4.2.5) of assumption (Cy) states that the coefficient b is inward
looking, except maybe on a compact set which is a neighborhood of 0. We now state
the strong assumption (Cg), which specifies that b should be inward looking everywhere,
and can be expressed as a particular case of (Cy).

(Cs) : Assumption (Cyy) holds with 5 = 0.

As mentioned above, Hypothesis (Cy) combined with the invertibility of o (and
therefore (Cg)) classically involves (see e.g. [30]) the existence of a unique stationary
solution for the solution of the following equation for any ¥ € ©:

Ay =by(Y?)dt + 0dB;,  te€0,T). (4.2.7)

Notice that the system (4.2.7) is identical to our original equation (4.1.2). However, let us
notice that the fBm is unobserved. Moreover, the uniqueness of the stationary measure
must be understood in a weak sense. Namely there exists a unique distribution PY on
C([0,00),R%) such that if (Y,”) denotes a process with distribution P”, then (Y;");>o
is a stationary solution to (4.2.7), i.e. shift-invariant (when one considers its canonical
version). We denote by vy the distribution of Y¥ at any instant ¢ > 0, that is

vg = L(YY). (4.2.8)

Remark 4.2.3. Note that in this non-Markovian setting, vy is not exactly the invari-
ant distribution. More precisely, owing to [30], one can embed (4.2.7) into an infinite-
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dimensional Markovian structure which allows the construction of an adapted ergodic
theory. An invariant distribution 7y is then defined on this enlarged structure. Without
going into the details, one can just say that in this theory, the probability vy can be
retrieved as a marginal of the “true” invariant distribution. In the sequel, we will thus
talk about marginal invariant distribution vy.

Remark 4.2.4. As mentioned before, the invertibility assumption on ¢ combined with
(Cw) ensures uniqueness of the invariant distribution. However, even though this hy-
pothesis is of first importance under (Cy ) (in order to use irreducibility-type arguments),
it could be entirely removed under (Cs). Actually, in this case, the contraction assump-
tion implies that two solutions of (4.2.7) driven by the same fBm but starting from
different initial conditions come together at co, a.s. and in L?, which classically involves
uniqueness (see e.g. [15, Lemma 3(ii)] for details). This remark also holds for the Euler
scheme (4.2.13) introduced in the next section but for sufficiently small step 7 (see again
[15, Lemma 3(i7)] for details).

As said previously, we shall obtain our drift estimators through the analysis of the
marginal invariant distribution vy defined by (4.2.8). If we want this strategy to be
successful, it is natural to assume that vy characterizes ¥'. We thus label this hypothesis
as follows.

(Iw): For all ¥ € ©, we have vy = vy, iff ¥ = .
It is worth noticing that if d denotes a distance on M;(R?), then one can recast (I)

as:
d(vg,vg,) =0 iff ¥ =4d. (4.2.9)

We shall use this characterization in order to construct the estimator J (see (4.2.12)
below). Also notice that (Iy) refers to a “weak” identifiability condition, which will be
resorted to in order to derive the consistency of our estimator . In contrast, the following
“strong” identifiability assumption (I) defined for a given distance d on Mj(R?) will be
used to get rates of convergence.

(Is) There exists a constant C' > 0 and a parameter ¢ € (0, 1] such that Vi € ©,
d(vy, 1/190) > C|9 — 9. (4.2.10)

Remark 4.2.5. We will construct a class of equations, basically obtained as perturbations
of Langevin type equations, for which our assumptions (Iy) and (Ig) are satisfied. See
Section 4.6 below.

4.2.3 Statistical setting and construction of the estimator

We wish to construct an estimator based on discrete observations. In this context,
the simplest situation (which will mostly prevail in the chapter) is to assume that the
solution (Y;)>0 of (4.2.7) is discretely observed at some instants {tx; 0 < k < n}, with
tg11 — tr = k for a given time step k > 0. Under (Cy ), it can be shown (see Proposition
4.3.3 below) that

1 n—1
- Zéytk e vy, Q.S, (4.2.11)
k=0
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where = stands for the weak convergence of probability measures in R?. With this
convergence in mind, the heart of our estimation method is then the following observa-
tion: under the identifiability assumption (Iy ), the most natural way to estimate g is
to consider

R 1 n—1

¥ = argmin d < Z s, 1/19> ) (4.2.12)

¥eO "0

where d is a given (arbitrary) distance on M (R?). However, in spite of the fact that our
formula (4.2.12) is simple enough, it is also easily understood that vy is far from being
explicitly known (except in some very particular cases such as the Ornstein-Uhlenbeck
process). In this chapter, we propose to circumvent this difficulty by considering some
estimators based on numerical approximations of vy.

Specifically, the numerical approximations we will resort to are built through an
Euler-type discretization of the stochastic process YV solution to (4.2.7). Namely, let
(sk)k>0 be an increasing sequence of numbers such that sp = 0, and limy_, s = +00.
The Euler-Maruyama scheme Z? is then recursively defined by Z¢ = zy € R? and:

Forall k>0, 020, . = (skt1—su)bo(ZL) + 008 s, (4.2.13)

SkSk+1

where B is a (simulated) m-dimensional fractional Brownian motion which is a priori
different from the driving process B in equation (4.2.7) (since B is unobserved). When
sy = kv for a given v > 0, we say that the Euler scheme is a constant step sequence
and we denote it by Z%7. When Y = Sk — Sp—1 1S a non-increasing sequence such that
v — 0 as k — +oo, the Euler scheme will be called decreasing step Euler scheme. We
will work with these two types of schemes in the sequel.

Remark 4.2.6. In practice it is natural to set Zg =Y, where Y} is the first observation
of the process (Y;)i>0. Let us also remark that in the sequel, for notational sake, one
usually denotes by B the fBm related to the Euler scheme Z”. However, the reader has
to keep in mind that the fact that the fBms in (4.2.7) and in (4.2.13) are different. This
certainly prevents us from any pathwise comparison between the observed process and
the simulated one.

Remark 4.2.7. We refer to Section 4.7 for background on the simulation of the increments
of the fBm.

Let us now give an explicit expression for the estimator we are considering in this
chapter. We will focus on the constant step setting in (4.2.13) for sake of simplicity.
Observe that under (Cy ), it can be shown (see Proposition 4.3.4 below) that

N—-1
1 n—-+4oo
N,;_O 5Z,fj = v a.s. (4.2.14)

where v denotes the unique marginal invariant distribution of the Euler scheme Z Y. By
marginal, we mean again that Z”" can be endowed with a Feller infinite-dimensional
Markov structure which admits a unique invariant distribution under (Cy,) (see [71] for

o

details). The first marginal of this invariant distribution is vJ. Similarly to what we
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proposed in (4.2.12), such a result suggests to define our estimator for ¥ as

n—1
1
19Nn7 = argmm d ( Z&ytk N Z > (4.2.15)

where d is again a distance on M;(R?). Note that in the decreasing step case analogous
constructions may be carried out, and will be introduced later. Let us also remark that
relation (4.2.15) only involves one Euler scheme path, which is relevant for numerical
implementations.

We are now in a position to state our main results. We divide the presentation in
two parts. In the next section, we focus on strong consistence results related to the
family {@Nﬂm; N > 1,n > 1,7 > 0} defined by (4.2.15), as well as its decreasing step
counterpart. Then Section 4.2.5 is dedicated to the rate of convergence of the estimator
ﬁN’nﬂ. In particular, this second part will involve concentration results related to the
SDE and to its Euler discretization.

4.2.4 Main consistency results

We begin with a first result involving the weak assumption (Cy,), which requires to
discretize the set © in the following sense. According to our hypothesis (Hg), the set
© is compact in R?. Therefore the Borel-Lebesgue property gives us the existence, for
every € > 0, of M, € N and (1955))19-5]\45 e ©M: such that © ¢ JMs B(ﬁga),a). Thanks
to this property, we define the following discretization for all € > 0 and ¥ € O:

9 .= argmin [ — 9] (4.2.16)
o e{v!®}

With this notation in hand, we can now state our first consistency theorem.

Theorem 4.2.1. Assume (Hyp), (Cw) and (I). Let p be a strictly positive real number
and consider a distance d on ./\/ll(Rd) which belongs to D, (recall that Dy, is defined by

(4.2.4)). We consider the family {79an N>1,n>1,v>0,e >0} defined by

5 1« 1
ﬁg\i)nvzargmind —E:éytk,—gzézﬁ,V , NoneN ~v>0,e>0 (4.2.17)
T 9ee® " k=0 Nz o

where O©) .= {1956) ; 1 <i< M.}. Then 195\[)”7 is a strong consistent estimator of ¥y.
Specifically, we have

lim lim  lim 195571 =1y a.s.
e—=0 v—=0 Nn—+oo

Let us remark that the discretization of © given by (4.2.16) is needed to get strong
consistency, due to the fact that under (Cy,) we loose uniformity with respect to v
in some of our convergence results. For instance, (Cy) only warranties the simple
convergence of d(v},vy) to 0 as v — 0 (see Proposition 4.3.4). The proof of Theorem
4.2.1 is achieved in Section 4.4.3.

We now turn to our main estimator defined in (4.2.15). The proof of the theorem
below is detailed in Section 4.4.3.
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Theorem 4.2.2. Assume (Hop), (Cs) and (Iw). As in Theorem 4.2.1, let p be a strictly
positive real number and consider a distance d on My (R?) which belongs to D,. Then the
family {'lgN,n,'y; N >1,n>1,v> 0} defined by (4.2.15) is a strong consistent estimator
of ¥¢ in the following sense:

lim lm dy,, =3 as.
'yli)r%) N,nl—rf}l—co Nony 0 48
We close this section with a result concerning the approximation of invariant mea-
sures by an Euler scheme with decreasing time step. Namely we consider an approxi-
mation scheme denoted also by Z?, which is defined similarly to Z%Y in (4.2.13) except
for the fact that the sequence (sj)r>0 satisfies:

Sk+1 — Sk = Yk+1, k>0, (4.2.18)
where (74)r>1 is a non-increasing sequence of positive numbers such that

Z’}/k =400 and lim Vi = 0. (4219)
=1 k——+o0

The convergence theorem we obtain in the decreasing step case is the following. As for
Theorem 4.2.2 , it is achieved under the strong coercivity assumption (Cs). Its proof is
developped in Section 4.4.3.

Theorem 4.2.3. Assume (Hyp), (Cs) and (Iy). Let p > 2 and consider a distance d
on M1(R%) which belongs to Dy. Let (v)k>1 be a non-increasing sequence of positive
numbers satisfying condition (4.2.19) and the technical condition (4.4.3). Denote by Z°
the related Euler scheme given by (4.2.13). We consider an estimator (1§N7n)N7n defined
as

R . = | Nl
INnp = arﬂgergln d (n kZ_O(Sytk, - kZO 'yk+15Z;9k , NeN (4.2.20)

Then, (ﬁan)Nyn is a strong consistent estimator of ¥g, namely:

lim Iy, =19 a.s.
N,n—+o00 ’

Remark 4.2.8. The technical condition (4.4.3) (3 5, ’ngHs,:l < o0 for a given p’ >
p) is true in a very large setting. For instance, it can be checked that this is satisfied for
any polynomial step sequence : v = vk~ with p € (0,1] and v € R* | but also for less
decreasing sequences such as vy, = y(log k) ~!. However, this is not true in full generality
(the condition does not hold when 7;, = (log(log k))~! for instance).

4.2.5 Rate of convergence

Under our strong identifiability condition (Is), we will be able to get a rate of convergence
for some of our estimators. In order to carry out this task, we shall assume that condition
(Is) is verified for some specific distances on probability measures called respectively
dcrp and d,. These distances are defined in the following way:
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(i) Let X and Y be R-valued random variables and p > (4 v 1). We consider the
integrable kernel g,(£) := ¢p(1 + [£[?) 7P where ¢, == (fpa(1+ \§|2)_7’d§)_1. Then
the dcopy distance between £(X) and L£(Y) is defined by:

1/2

derp(L(X), L(Y)) := (/Rd (E[€i<£,X>] — E[ez‘@,Y)])zgp(g)dg) ) (4.2.21)

(i4) Let {fi ; i > 1} be a family of C}, supposed to be dense in the space C} of contin-
uous and bounded functions and decreasing to 0 at co. Consider two probability
measures v and g in M1(R?). Then the distance ds between v and yu is defined
as:

Zz (Jv(fi) — w(f)| A D). (4.2.22)

Remark 4.2.9. It is readily checked that both dcr), and ds metrize the convergence in
law (their induced topology are in fact exactly the one induced by the convergence in
law). The distance dcr,, is technically convenient for our purpose and close in spirit to
the smooth Wasserstein distance invoked in the Stein method literature (see e.g [2]). The
distance ds is called weak-x distance in [72] and also used in [70] for filtering problems.
Also notice that both dory and dg are elements of Dy where Dy is defined by (4.2.4).

With the distances dory and ds in hand, our main result about rates of convergence
is the following:

Theorem 4.2.4. Assume (Hgp), (Cs) and (Is) hold true, where (4.2.10) in hypothesis
(Is) is considered for d = ds or d = dcpy with p > (¢ +d)/2 and ¢ = 2/q for a given
q > 2. Let @N,nﬁ be the estimator given by (4.2.15). Then, we get the following rate of
convergence: there exists Cq > 0 such that

E [0xns — 90f2] < €, (nm#C-CHVI) 4 qafl 4 1) (4.2.23)

. ~ q2
with 7 := 557 (2—(2H V1)) and T := N~.

Remark 4.2.10. This non-asymptotical bound theoretically enables to calibrate the “free
parameters” v and N in terms of the number of observations n, which is fixed by the

statistical setting. For instance, when ¢ = 1 (i.e. when ¢ = 2), the first term is of

2—(2HV1))

order n~( and hence, in order to to preserve this rate order, we have to fix

_l=(avh) at2d . .
vy <n H and N > n~ 4 4~ +. More precisely, for these choices of parameters,

the quadratic error induced by this estimator (when ¢ = 1) is of order nTif H < 1 /2
and nH2 if H > 1 /2. The constant ¢, which appears in Assumption (Is), comes from
the fact that, the bounds are first established on the distances between the invariant
distributions v S, and vy,. Nevertheless, except some particular settings such as the
Ornstein- Uhlenbeck process, this exponent ¢ is unfortunately difficult to compute in
some general settings. Finally, let us remark that LP-bounds can be easily deduced from
the proof for any p > 2. However, since they do not modify significantly the results, we
chose here to only state the quadratic one.
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4.3 Preliminary Results

In this section we label some basic results about equation (4.2.7) and its invariant mea-
sure for further use. We first recall some ergodic properties of stochastic differential
equations driven by a fBm, then we study the continuity of the invariant measure vy
with respect to the parameter 9. Under the strong coercivity assumption (Cg), we quan-
tify the distance between the empirical measures respectively related to the process YV
and its Euler approximation Z”. Eventually we give some convergence results for the
quantities involved in the right hand side of (4.2.17).

4.3.1 Ergodic properties of the SDE and of the Euler scheme

In this section we review several ergodic properties for equation (4.2.7). These properties
are at the heart of our estimation procedure.

Convergence of L(Y})

We start by giving the basic convergence in law towards the invariant distribution for
our processes Y.

Proposition 4.3.1. Assume (Hg) and (Cyw) and consider the family of processes
{Y?; 9 € ©) defined by (4.2.7). Then the following properties hold true:

(i) Ezistence and uniqueness hold for the invariant distribution related to the dynamical
system (4.2.7). Furthermore, having in mind the notations introduced in (4.2.8), for all
e > 0 there exists a constant C; > 0 independent of ¥ € © such that

drv <L (Yf) : V,g) < Cut—lon=e), (4.3.1)

with an exponent ay given by

I I if  He(3,)\ {3}
=) HQ-2H) if He(0,!

(i1) For anyp > 0 and for any distance d € Dy, the following upper bound holds uniformly
indeoB:

o

d ([,(Y?), yﬁ) <Ct W, (4.3.2)

for a strictly positive constant C. In particular, for any p > 0, we have

sup E[|Y;P] < +o0. (4.3.3)
>0
Proof. We prove the two statements of our proposition separately.
Proof of item (i). The only difference between our claim and [36, Theorems 1.2 and
1.3] is the uniformity with respect to 9 € © in the convergence in total variation result.
However, following carefully the proof of [36], it can be shown that the constants therein
do not depend on ¥ if Hypothesis (Cyy) is satisfied. Therefore the constant C; in (4.3.1)
is uniform in 9.
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Proof of item (ii). Relation (4.3.3) is proved in Proposition 4.A.1 of the Appendix. In
order to prove (4.3.2), consider a couple (X1, X») of random variables such that X; ~ Y;Y
and X has distribution vy. By Cauchy-Schwarz inequality,

1

1 1
E[|X; — XoP]r = E[|X1 — XolP 1(x,2£x,)]7
< (BIXi[7)% +E[X %)% ) PG £ Xo)%.  (43.4)

We now bound separately the two terms on the right hand side of (4.3.4). If we denote
by C(Y,”,v9) the set of couplings between £(Y,”) and vy (defined as in (4.2.1)), then we
have

dry (c (Y;”) : yﬂ) — inf {]P’(Xl £ X5): (X1, Xs) € C(Y;”,yﬁ)}.

Therefore, owing to (4.3.1) we can choose a coupling (X1, X2) € C(Y,”, v9) and a constant
C > 0 such that
P(X) # Xo) < Ct—(@n=e), (4.3.5)

In addition, according to (4.3.3) and a uniform integrability argument, we easily get the
following inequality for the coupling (X, X2) we have chosen in (4.3.5):

E[|X1??]% +E[|Xo?]% < 2sup supE[|Y;’[*]% < +oc. (4.3.6)
9e® t>0

We plug (4.3.5) and (4.3.6), applied to ¢ = ay/2, into (4.3.4). Going back to the
definition (4.2.2) of the distance V,, we obtain that there exists a strictly positive
constant C' such that for any ¢ > 0 and any ¥ € © we have

@

WH(L(),v) < CE
The result (4.3.2) follows. O

Next we observe that whenever (Cs) is fulfilled, the polynomial convergence in (4.3.2)
can be replaced by an exponential rate. This is summarized in the following proposition.

Proposition 4.3.2. Let {Y?;9 € ©} be the family of processes defined by (4.2.7).
Suppose that Hypothesis (Ho) and Hypothesis (Cs) are met. Let d be a distance in D,.

Then, we have
d(L(Y,),v) < cre™,

with ca = a/2 where a is the constant featured in equation (4.2.5), and where ¢y =
c1(H,a).

Proof. Let YV be the stationary solution of equation (4.2.7). One can easily show, by
means of the same arguments as in [30], that

_ 1
E [\Y;? - Yﬁyp} "< e, (4.3.7)

The result follows trivially. O
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Ergodic Theorems for the SDE

We now summarize the limit theorems obtained for equation (4.2.7) which will be rele-
vant for our purposes, with a special emphasis on the occupation measure 5Y519.

Proposition 4.3.3. Let YV be the unique solution of (4.2.7) obtained for a parameter
v € 0. Assume (Ho) and (Cy,) hold true and let vy be the measure defined by (4.2.8).
Then for all ¥ € ©, for any p > 0 and for any distance d € Dy, we have

(i) The distance between vy and the normalized occupation measure of YV converges to

0 ast— oco. That is .
. 1
tll)rglod (t/o Oy ds, w) =0. (4.3.8)

In particular, we have an almost sure uniform bound for the p-th powers of YS19 :

1 t
sup sup/ Y2 Pds < 00 as. (4.3.9)
veo t>1 b Jo

(1) Some discrete versions of (4.3.8) and (4.3.9) are also available. Specifically, let
n > 0 and set t, = kn for k > 0. Then for any ¥ € © we have

1 n—1
lim d (n kz_oéyti,uﬂ) =0.

In particular, the following uniform bound holds true:

1 n—1 5
sup sup — YYP <o as. 4.3.10
19€®n>lnkzzo| a ( )
Proof. Relations (4.3.9) and (4.3.10) are proved in Proposition 4.A.1. As far as the
identification of the limit is concerned, the proof follows the lines of [15] and is detailed
in Section 4.A.2. O

Ergodic Theorems for the Euler scheme

Recall that we denote by (Zg;?) }>0 the Euler scheme with step « related to (Y;?);>0, as

defined in (4.2.13). This section focuses on the asymptotic behavior of Z}:f as k — 0o
and v — 0.

Proposition 4.3.4. Let YV be the unique solution of (4.2.7) and consider the Euler
scheme (Zg,’y’y)kzg with step v related to (Y;")i>0. Assume (Hg) and (Cyw) hold true.
Then for all ¥ € ©, for any p > 0 and for any distance d € Dy, we have

(i) There exists o > 0 and a unique family of measures (v))y<~, such that for all ¥ € ©
and 7 € (0,7], we have

1 N—-1
: Y —
gt (5 o) -0
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In particular, we get the following uniform bound for the p-th powers of Z,fy:

N-1
1
sup sup — Z |Z,i7 P<oo as. (4.3.11)
k=0

veo N>1 N

(i) The invariant measure v} for the Euler scheme converges to the invariant measure
vy of YV as the mesh of the partition goes to 0:

%ii)%d (vy,v9) =0.

1 N1 .
Proof. The weak convergence of ;> ;" ¢ z0 to I/g as n — +oo, as well as the con-

vergence of v to vy as v — 0 are consequences of [16, Theorem 1]. The extension to
distances d dominated by WP follows from Proposition 4.A.2. More precisely for (i),
we can deduce from Proposition 4.A.2 and from Fatou’s lemma that for any M > 0, for

any v € (0,70),
N—-1

o1 N
vy (|zf” A M) < liminf kz_o E[|Z] ) < C

where C' is a positive constant independent of M and ~. Hence, taking limits as M goes
to oo, this yields
sup v (|af?) < +oc,
Y€(0,70]
for any p > 0. Then one can conclude as in the proof of Proposition 4.3.1 (see relation
(4.3.4)), where the distance dry(v), vy) is upper bounded thanks to [16, Theorem 1]. [

4.3.2 Continuity of ¥ — d(vy, vy,)

The convergence of our estimator ) Nn,y defined by (4.2.15) depends crucially on conti-
nuity properties of the family {vy; ¢ € ©}. To this aim, we first prove a basic result on
the continuity of the map ¥ — Y}V.

Proposition 4.3.5. Let 91 and Y5 be elements of ©, and consider the respective solu-
tions (Ytﬁl)tzo and (Ytﬁr")tzo of equation (4.2.7). Assume hypothesis (Hg) and (Cy) are
satisfied. Then for any p >0 and T > 0, there exists Ctp > 0 independent of U1 and 92
such that

IV = Y2 | o) < Corplds — . (4.3.12)

Proof. By monotonicity of the norms in LP(f2), it is enough to consider the case p > 2.
Furthermore, it is readily seen from (4.2.7) that we have

t
YO =¥ = [ (b (V) = by (7). (4313)
0
Starting from (4.3.13), we easily get the following identity for the square of Ytﬁ1 — Y;’b:
d

2
S =Y =200 =Y by, (V) — 00, (1)), (4.3.14)
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We now invoke the fact that b is Lipschitz continuous under (Cy) plus inequality (4.2.6)
on OJyby in order to get

d 2
S =Y =20 =Y b, (V) = 0o, (V7)) + 20X = Y0, (V) — 00, (V)

2
<o [V =Y 20l - 0] (14 |1

T
)i e

)

where ¢; and co are two strictly positive constants. Now apply the elementary inequality
lab] < 3(la? + [bJ?) with @ = [0 — P2|(1 +[¥;2[") and b = [V, — V}”*|. We deduce the
existence of a constant ¢ > 0 such that

2
%‘th _ }/;192‘2 <ec (‘Y}/ﬂl _ Ytﬂz + |191 _ 192|2 (1 + ‘Ytﬂz|2r>> ) (4.3'15)

With relation (4.3.15) in hand, a standard application of Gronwall’s Lemma yields
¢
V7 -y ” < efoy - 192\2/ ec(t=s) (1 + \Yf?y?’) ds. (4.3.16)
0

Let us now get some information about a generic p-th power of Yt191 — Ytﬂ2 for p > 2.
To this aim, we resort to Jensen’s inequality in relation (4.3.16). This gives the existence
of a constant ¢(T, p) such that for any ¢ € [0,T] we have

t P
‘}/;191 _ Y;ﬂz}p < C(T,p)‘ﬂl _192’;0/ (1 4 ’}/;92‘27"> 2 ds.
0

Taking the expectation, we finally get

t 1/p
E [‘Y?l _ Y;ﬁz{p} 1/p < &(T,p)[¥1 — V2| </ E {1 4 \Yfﬂm} dS) ,
0

where ¢(T', p) is another finite constant. Hence our result (4.3.12) follows from the bound
(4.3.3). 0

We now state the announced continuity property for the family {vy; ¥ € ©}.

Proposition 4.3.6. Let {Y7; 9 € O} be the family of processes defined by (4.2.7).
Assume (Hg) and (Cyw) hold true and consider the family {vy; ¥ € O} of invariant
measures given by Proposition 4.5.1. Let p > 0 and pick any distance d € D), where we
recall that Dy, is defined by (4.2.4). Then the map ¥ — d(vy, vy,) is continuous on ©.

Proof. Owing to the very definition (4.2.4) of D,, it is enough to prove the result for
d =W, and for an arbitrary p > 1. Next we apply the triangle inequality and the fact
that W, is defined in (4.2.2) by an infimum over all couplings. This yields the following
inequality, valid for any t > 0:

WP(VﬂUVﬂQ) < 2159118 Wp(ﬁ(yvtﬁ)ﬂ/ﬂ) + HY?I - }/tﬁQHLP(Q)- (4.3.17)
S

We now bound the two terms in the right hand side of (4.3.17). In order to handle the
term W, (L(Y}"),vy), we consider a small parameter ¢ > 0. By Proposition 4.3.1(ii),
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there exists ty large enough such that

2 sup Wy (L(Y,)), v9) <
[SC]

. (4.3.18)

| ™

We will fix this value of ¢y in the right hand side of (4.3.17). Then the difference
Y}gl —Y}gQ is handled thanks to Proposition 4.3.5. Namely consider 6 > 0 such that (with
the notations of Proposition 4.3.5) we have Cy,d < 5. We get that for all (91,72) € ©2
such that |97 — J2| < §, we have

€
IV = Y2 o) < 3 (4.3.19)
We conclude by plugging (4.3.18) and (4.3.19) into (4.3.17). This yields
Wy (v, ve,) <€, (4.3.20)

for all (¥1,92) € ©2 such that [9; — ¥J3| < . The continuity of ¥ — Wy (v, vg,) on ©
follows. ]

4.3.3 Further controls under (Cs)

Up to now we have derived properties of the system (4.2.7) under the weak coercive
assumption (Cy ). In this section, we focus on possible additional bounds one can obtain
under the stronger hypothesis (Cs). We will first see how (Cs) guarantees a uniform
control on the distance between the Euler scheme and the SDE, for a general decreasing
sequence of time steps. Then we will show that (Cg) ensures a some additional uniform
continuity in 9 for the occupation measures of Y7,

We consider here FEuler type approximations in continuous time, with time steps v,
satisfying (4.2.19). In order to define this Euler approximation (Z})¢>0, we set so = 0
and s, = Y ., for all n > 1. Then for any n > 0, the process (Z))i>0 is given
recursively by

70 =20 +tbg(Z0 )+ 0(Bs, 4t — Bs,), t € [0,8n41 — snl. (4.3.21)

Notice that the fractional Brownian motion B in (4.3.21) is the same as the fBm driving
equation (4.2.7). The control we get on ZY is summarized in the following proposition.

Proposition 4.3.7. Let YV be the solution of equation (4.2.7), and consider the
continuous-time Buler scheme (Z))i>0 with a time steps sequence (Yn)n>1 defined by
(4.3.21). We assume that (Cs) holds. Then the following assertions hold true.
(i) For any p > 2, there exist some positive constants p and C such that for any n > 1
we have
n—1
ZDP < e Yy — ZYP + CY (20 )e Plon ki), (4.3.22)
k=0

9
Y,

n
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where the function ¢y, is defined, for any k >0, by

Y41
brp(z) = ygjﬂbﬁ(z) P+ /0 |Bs,,+t — Bs, [Pdt. (4.3.23)

(ii) Assume in addition that v, — 0 as n — +oo. Then for any p > 2, there exists
ng € N and some positive constants p and C such that for any n > ng we have
n—1
4 —p(sn—sn g 4 —p(sn—
2P < Y] < 2L PO Y (Y )e ) (432)

k=ng

9
Y5

n

Proof. Let n > 0 and consider the dynamics of Y? — 7% on [Sn, Sn+1)- That is, set

er =Y ,— 2V ., fort €[0,7,41). Then e, verifies the relation

Sn+t
q=v! -7 +/ (bﬁ(Yj) - bﬁ(zﬁn)) ds. (4.3.25)

Starting from this equation, we divide the proof in several steps.
Step 1: Contracting bound for ;. Consider a parameter n > 0. We wish to use the
coercivity assumption (Cg)(7) in order to get an upper-bound on the following derivative:

(e™[esfP) = € (pledP~2(er, ) + nledl?) - (4.3.26)

To this aim, observe that thanks to (4.3.25) the quantity (g;,€}) can be expressed as:

(et 5;> = <Y;i+t - Z£n+t7 bﬂ(Ysith) - bﬁ(an»
= <Y:i+t - Z£n+t7 bﬂ(Ysith) - bﬁ(mett» + <Ysi+t - Z§n+t’ bﬂ(anth) - bﬂ(an»'

Then we invoke (Cs) (i) and the elementary inequality ab < a? + b2, valid for all a,b > 0.
We obtain

9 9 Qg 9 2 9 9
<5t7€2> < _a’Y:sn—l—t - an-‘,-t‘z + 5‘}/;"+t - an—ﬁ—t‘Q + a’bﬁ(zsn—‘rt) - bl?(anﬂz
212
< —Slel+ =120, - 20 P, (4.3.27)
8]

where the second inequality is due to relation (4.2.5) and the definition (4.3.25) of ;.
We now plug relation (4.3.21) into this inequality in order to get

2

)

212
(ereh) < =5 led® + = |tb(Z0,) + 0(By 1t — B,)

from which we easily end up with

_ a 4pL?
pled (et ety < el + -

72 (1092212 + [0 Buss = Bu ) . (43.28)

Eventually we apply Young’s inequality with parameters p = p/(p —2) and ¢ = p/2 and
some appropriate weights to (4.3.28). This yields the existence of a constant C' = C,, 1,
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such that
_ [}
pledf (e, et) < —ZXledl” + C (#169(Z2) + 1B, — BoyP) (4.3.29)

We are now ready to give some information about expressions of the form e|e;|P.
Namely we set 7 = pa/4, then we apply identity (4.3.26) and inequality (4.3.29). This
easily yields

(Merl?) < € CEPlbg(Z2 )P + |By,io — By, P). (4.3.30)
Step 2: Inductive procedure. Let us integrate (4.3.30) on the interval [0, yy,+1], where we
recall that v,41 = sp+1 — Sn. With the definition (4.3.25) in mind, this gives

Y2, —Z0 P <e M YP 7?0 PrC / “M0me1=8) (P |y (22 )|P+| By, ++— Bs, P)dt,

Sn+1 Sn+1

which yields

Yn+1
Y, =20 P < e Y = Z0 P4 C <7§ﬁ\bﬁ(zfn)yp+/o | B, +t — Bsn\p)dt> :
(4.3.31)

Thus, setting ¢, ,(z) = ('yﬁiﬂbﬁ(x)\p + J" " [Bsp4t — Bsn|p)dt), an elementary induc-
tion procedure yields the following relation for every n > 1:

n—1
YD = Z0 1P < IV = ZJPe™ 3 (20, )e o),
k=0

This proves our claim (4.3.22).
Step 3: Proof of (4.3.24). In order to obtain our second statement (4.3.24), one needs
to go back to inequality (4.3.31). Then observe that hypothesis (4.2.5) yields

b2 < 27 (D) P+ DY - 20 ),
which leads for any p to the existence of a constant C' such that

Yo, =20 1P < (6 T +nyp+1) Y2 —Z2 P+ Cnp(Ys,)- (4.3.32)

Sn+1

Since lim,,—o 7n = 0, one checks easily that there exists a ng such that for any n > ng
we have the following inequality:

e Mn+1 07n+1 < e*%“/nﬂ'
Plugging this information into (4.3.32), we end up with
‘Y;i+1 - 8n+1 ‘p < € Q,Yn+1 |}/V19 Zgn |p + Cqbk?,p(}/vsn)

Our assertion (4.3.24) then follows by an induction procedure exactly as for Step 2. [

We now give a continuity results (with respect to the parameter ) for some occupa-
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tion measures related to our processes of interest. The proofs are postponed to Appendix
4.B.

Proposition 4.3.8. As in Proposition 4.3.6, let YV be the solution of equation (4.2.7)
and consider the Euler scheme Z" defined by (4.2.13). Also consider p > 0 and d € D,.
We assume that (Cs) holds true. Then,

(i) The occupation measures of the process Y are Lipschitz with respect to 9, that is
there exists a positive random variable C), such that for all t > 1:

1 [t 1 [t
d (t/o 5y;91d5’t/0 5y;92d5> < Cpld — 0. (4.3.33)

(i) The occupation measures of the Euler approzimation Z%7 are also Lipschitz with
respect to ¥. Namely there exists vo > 0 such that: for any v € (0,7, there exists a
positive random variable Cp(7y) such that for all N > 1

1 N-1 1 N-1
d| — 1) — 1) < Y1 — Uol. 4.3.34
(N kz;) Z,fi"“ N kzo z;jj”*) > Cp('Y)’ 1 2 (4.3.34)

Remark 4.3.1. In the sequel we will analyze several quantities like (4.3.34), where we
compare two discrete random measures on R% 1y = % ZZ]\L 10x; and vp = % ZZ]\L 1 0y;
with X; = X;(w) and Y; = Y;(w). In this context we will always upper bound quantities
of the form d(v,1») for a distance d in D). To this aim, resorting a trivial coupling

between 11 and vs, it is enough to prove an almost sure upper bound on

| X
NZUQ*YHR
i=1

We will adopt this strategy throughout the chapter, the typical outcome being an a.s.
bound on d(v1,v2). Straightforward extensions to a continuous time setting allow to
handle quantities of the form (4.3.33).

4.4 Proof of the consistency theorems

The aim of this section is to achieve the proof of Theorems 4.2.1, 4.2.2 and 4.2.3. We first
establish a general asymptotic result for a family of contrasts in Sections 4.4.1 and 4.4.2.
Then we will combine this general proposition with our preliminary results of Section 4.3
in order to prove our main claims.

4.4.1 Uniform convergence of the contrast

In this section we state some uniform convergence results for the contrast, i.e for the
function involved in the definition of estimators such as (4.2.15). We should notice at
this point that our uniform convergence results hold only under the assumption (Cs).
In case of a constant time step Euler scheme, we get the following result.
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Proposition 4.4.1. We consider the same setting as in Proposition 4.5.8. In particular,
we assume that (Cg) holds true for the coefficients of equation (4.2.7). Then the following
assertions hold true.

(i) The invariant measure 7 of the Euler scheme converges uniformly to the invariant
measure of Y. Namely

lim sup v~ sup d(vy, v}) < +o0.
¥—0 Y€
In particular, we have

lim sup d(vy,v)) = 0.
170 yeo

(ii) The occupation measure of the FEuler scheme converges to the invariant measure I/g

as the number of steps goes to oo, that is:

| Nl
lim supd (N kz_:o 52;91;7,1/:;) =0.

N—+o00 yco

(1ii) We have

=0.

lim lim sup
¥—0 N,n—+o00 V€O

1 n—1 1 N—-1
65 SLRR D S s
k=0 k=0

Proof. We prove the three items separately.

Proof of (i). For sake of simplicity, we only detail the proof for p = 2. The extension to a
general p does not generate particular difficulties and can be done as in Proposition 4.3.7.
We start from the following inequality:

a () <d(£(23]).£(Y4,)) +a(vy.£(2%7)) +a (e (vd,) w) . (44)

Let us consider the three terms of the right-hand side of (4.4.1) successively. First,
without loss of generality, we can assume that Y/ = Zg 7. Furthermore, we have that
Zgiﬂ = Zﬁ for all n > 1, where Z” is defined by (4.3.21). Then, by Proposition 4.3.7
(1) apphed with 7, = v, we have

E(|Y;), = Zo7 ") < O Elgra(Z) e " 1H),

where we recall that ¢y, ;, is defined by (4.3.23). Using that by is sublinear (uniformly in
v) and the fact that the increments of B satisfy relation (4.1.1), one obtains

EHY??W - Z}ff Z ( ( +E| |Zk ]) + 72H+1> e~ Pin=1=k)
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It follows easily that

sup limsupy_2HIE[|Y ZIM| ]<1+ sup hmsupIEHZ
9€O,¥€(0,70] N—r+o0 9€0,7€(0,70] n—rtoo

7.

Moreover, owing to Proposition 4.A.2, there exists g such that

hmsupIEHZk ] < 0.

n—-+00

Summarizing, we have obtained

sup  limsup V_QHE[\Y% — Zﬁf’v7 ?] < oo.
9€0,7€(0,y0] nr+o0

We now consider the term d(uﬁ,ﬁ(Zﬂ”)) in the right hand side of (4.4.1). Using
that 1/3 is invariant, we remark that

d (yﬁ,c( )) <E||Z3) - 233

where Z77 denotes a stationary Euler scheme built with the same noise process as for
for Z%7. Thus, thanks to the fact that

Yy _ 79y _ Uy AR 9y AR
L = 2 = 250, — 20, + 7 (B20) - MG ,)

a straightforward induction under assumption (Cg), similar to (4.3.27), leads to
o2
‘Z”V ”( < (1-2ya +~2L2)* (Z}f” - Z(’)M’ . (4.4.2)

We choose 79 = a/L? in such a way that 2a — vL? > « for any v € (0,7o]. In addition,
recall that Zg 7 = 2. Then, by possibly picking a smaller value of g, we deduce from
Proposition 4.A.2 that

lim sup sup d (I/g, L (Z}H)) =0.
N—+oo 96

Eventually, the last term in the right hand side of (4.4.1) tends to 0 uniformly in
as N — 400 by Proposition 4.3.1. This concludes the proof of ().
Proof of (ii). By Proposition 4.3.4, the convergence of d(+ S 01 (5Z19 ~,v)) to 0 is true

for the simple convergence. In order to extend this result to a un1form convergence in v,
we use Proposition 4.3.8(ii) to obtain that the family {¢ — d(+ Sy 5Z19 v, vg); N >

1,9 € ©} is equicontinuous for a fixed v € (0,7p]. Actually, for some given 191 and Yo,

N—-1
( Zaﬁlw,%)—d( Zam,yﬂ><d(1/ﬂ,uﬁ +d< Zam, Z%gw)-
k=0

The second term goes to 0 as ¥; — 9 — 0 by Proposition 4.3.8(i7). This is also the case

for the first one by letting N go to oo in Proposition 4.3.8(i7) (for instance).
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Proof of (iii). This is a simple consequence of the two previous statements and of
Proposition 4.3.3(ii). O

We now generalize Proposition 4.4.1 to the case of a decreasing time step for the
Euler scheme (4.2.13).

Proposition 4.4.2. We consider the same setting as in Proposition 4.5.8. In particular,
we assume that (Cs) holds true for the coefficients of equation (4.2.7). Let p > 2 and
consider d € Dy,. Let {sp; k > 0} be the sequence of time steps defined by (4.2.18), which
is assumed to verify

+oo _p'H+1

Jp’ > psuch that Z Tet1 < +o0. (4.4.3)
Sk
k=1

Then we have

lim sup = 0. (4.4.4)

Nn—+00 9c@

1 n—1 1 N-1
d (n ;)51/%, . kZ_O 7k+15z;9k> — d(vg,,v9)

Proof. For notational convenience, the proof will be detailed for the continuous-time

Euler approximation (Z});>o defined by (4.3.21), with step sequence (7,)p>1. An ap-
plication of the triangular inequality allows us to bound the left hand side of (4.4.4) as
follows:

< Ay + Ag N (9). (4.4.5)

1 n—1 1 N-1
d (n kZ_Oéy . kZ_O m&Z;sk) — d(v,,v9)

with
-1
’Yk+15zgk ; Vﬁ) .

1n—1 1 N
Al,n =d (n kZ_(J(S}Qk,MgO) , A27N(19> =d (SN

k=0

Our claim can thus be reduced to prove that

lim A;, =0, and lim sup Az n(¥) = 0.
n—-+00 N—+00 9co

Furthermore, the fact that lim, . A1, = 0 is a direct consequence of Proposition
4.3.3-(ii). We thus focus on the asymptotic behavior of A y in the remainder of the
proof.

In order to bound A y, let us set s = max{sy, s, < s}. Then we observe that

N-1
1 1[5~
— Yk 1(5 9 = / d,0ds.

Therefore we can split Ay x into

AQ,N(QS‘) < AQI,N(ﬁ) + A227N(19) + A237N(19) (4.4.6)
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where the quantities Ag; n (1) for j = 1,2,3 are defined as follows:

1 SN 1 SN

Ann(0) :=d <s/ 5Z1?d57 / 5Y?9d8> )
N £ 5

A22 N <3 / 6yz9d8 / 5Y19d5> 5 (447)
N

Az N(V) :=d </ dyods, Vg) . (4.4.8)
SN 0 S

We will now treat those three terms separately.
The term A3 y is easily handled by applying Proposition 4.3.3 (i) (simple conver-
gence) and Proposition 4.4.1 (i) (equicontinuity). We thus get

li A ¥) = 0.
WA, 5B Az N ()

Now, let us prove that lim sup Ag n(¢) = 0. Since d € D, C D)y, we can assume
N—+00 9co
without loss of generality that d = W,,. We invoke the strategy outlined in Remark

4.3.1. This means that we are reduced to prove the following limit :

1 [N

sup— [ VP —Y?Pdt X220 g (4.4.9)
9€0 SN Jo -
To this aim, we first note that
t
Y2 =¥ < [ bov)lds + B - Bl (4.4.10)
t

and thus there exists a constant ¢,/ , such that

LN o e 1[N oo ,
- VY - V2P dt < cpo / dt—l—/ | By — By|P dt
= sn Jo SN Jo

(4.411)
Next we upper bound the first term in the right hand side of (4.4.11) invoking successively

t
/ by (V") ds
t

SN Jo

Jensen’s inequality and Fubini’s theorem. We obtain that

SN t p/ SN , t ,
[ ooas) @ < [Te-g (/ o (V) ds ) at
0 t 0
= / bg (Y2)|P </ It — s 1dt> ds,
0

where we have introduced the additional notation § = min{sy, s > s}. Taking into

account the fact that |t — s| < 41 for any s,t € [sk, Sk+1), we end up with

/ / by (Y.)|ds

/ N 5
dt < Z / bg(Y2)[P'ds. (4.4.12)
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Furthermore, since by is uniformly sublinear in 9 and owing to (4.3.9) we know that

1
C1 := sup sup — ’bﬁ( )]p ds = sup sup — Z / |6y ( Yﬂ \p ds < +0 a.s.
YEO N>1 SN Jo 9EO N>1 SN

Moreover, limg— o0 75;_1 = 0. Hence, for all € > 0 there exists kg > 0 such that for all
k > ko, we have yzlﬂ < e. One can thus deduce that

w3 / b (V)P ds

veo SN 1)
ko—1 . k+1 91!
< sup — Z /Vk:+1/ by (Y )|p ds + Sup Z 'Yk+1/ by (Y{7) [P ds
9€O SN
<0 (w + e) , (4.4.13)
SN

from which it is easily seen that

P N—+oc0
sup o / by (Y, ds ——= 0 a.s. 4.4.14
msNZ fo [ a0 (44.14)

We can conclude that the first term in the right hand side of (4.4.11) vanishes as N —
+o0o due to our identity (4.4.12).

In order to prove that the second term in the right hand side of (4.4.11) converges to
0, we invoke Kronecker’s lemma (in its continuous version, see [25, Theorem 2.1]). We
get that it is sufficient to prove that:

+to B, — B,
/ Mdt<+oo a.s.
0 1+t

However, due to the fact that (t —t) < yg41 if ¢ € [sg, Sg+1), we have,

+oo 1B, — B,IP oo g o PH+1
E / 1B = Byl” g/ —— (- Har <y A Terr o 4o
0 1+t 0 1+t =1 k

where c is a positive constant and where the last inequality stems from hypothesis (4.4.3).
Hence, Kronecker’s lemma yields
1 [°N /
— | B, = By'ds 2520 aus. (4.4.15)
SN Jo N
Now inequality (4.4.11) combined with (4.4.14) and (4.4.15) easily yields (4.4.9). We

conclude that lim sup Ay n(9) =0 .
N—=+400 yeco

Going back to our decomposition (4.4.6), we still have to prove that
lHmpy 400 SUpyeo A21,8(9) = 0. To this end, let us write Ao n(¥)) in its discrete
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form:
N-1
Aoy N < Z 7]<;+15Zﬂ , kz_o ’yk+15Ysi> . (4.4.16)

Then invoking Remark 4.3.1 once more, we are reduced to prove

N-1
- pl[YO — g Nt g 4.4.17
’Y + Sk Sk
k=0

In order to achieve (4.4.17) consider the integer ny given by Proposition 4.3.7 (i7).
For k < ng we trivially bound ]Ysi — ka| using (4.3.22). Since (4.3.21) asserts that
SUPyeo,ke{1,...no} [ 25, < 00, we get that

sup ]Ysi - Zi\ =:C(w) < 400 a.s. (4.4.18)
Y€B,ke{1,....,n0}

We now bound the right hand side of (4.4.17) by means of (4.4.18) whenever k£ < ng
and invoking (4.3.24) when k > ng + 1. This gives

N-1
7k+1‘Ysi |p < C(w 27’“+1+ Z Vii1€ —p(sk—5ng)
k=0 k=ng+1
;N1
0
Ty 2w S a2, (1.419)
k=ngp+1 {=nyg

The first term in the right-hand side of (4.4.19) is clearly evanescent as N — +o00. Let
us focus on the second one. By a Fubini type transformation, we get

N-1 N—2 N1
9
Z Vi1 Z Gup (Y )e Plen—sern) = bep (Y, Z Vipre PeETser1)
k=ng+1 f=nyg f=nyg k=¢+1
N—2 N—1
< YY) Z r)/ke_l)(sk_5€+l)
=0  h=lt1

where the last inequality is due to the fact that (%) is non increasing. Since x — e #*

is a non-increasing function, we remark that for ¢ € {0,..., N — 2},
N-1 SN_1 1
Z ,Yke—ﬂ(sk—sul) < ePse+t / e Py = = (eﬂw-u _ 6—0(51\171—8“1)) < Cp.
k=t+1 se p

Thus, in order to see that the right hand side of (4.4.19) vanishes as N — 400, it
remains to show that

li — 4.4.20
Wi sup 5 Z br (4420
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where we recall that ¢, is defined by (4.3.23) and thus

N-1 N-1

/ Ye+1
bep A e (Y +Z/ |Bsy 1t — B, |7 dt. (4.4.21)

1
SN
(=0 =0

Let us begin by the term involving by in (4.4.21). First notice that

1 SN
Wy <SN/ (5Y519d8,V19> < Az N(V) + Az N (),
, Y

where Agy v and Az n are respectively defined by (4.4.7) and (4.4.8) with d =
Wy.  Furthermore, we have seen that lmpy_ioosupycg A2 n(W) = 0 and
lmpy 400 SUPyee A23 N () = 0 . We immediately deduce that

1 SN
lim sup Wy (/ (SyﬁdS,Vﬂ) =0.
N—+o00 yco SN Jo 2

Moreover, by Proposition 4.A.1 for instance, we have supyeg vo(| - |P') < co. We thus

deduce that
N-1

]. ,& /
sup sup — Yes1|Ys, [P < 400 a.s.
YEO N>1 SN Z o
Furthermore, since by is uniformly sublinear in 9 and limy_, o 'yfjrl = 0, it easily follows
along the same lines as for (4.4.14) that:

Sug Z ﬁﬁl\bﬂ I Ao, g, (4.4.22)
€

We now turn to the term in (4.4.21) involving the fBm, for which we use the classical
discrete Kronecker lemma. To this aim, we remark that

oo 1 Vk+1 1 too 75 I{'H
E = By, 14 — Bs, |V dt| = < 4o, 4.4.23

where the last inequality stems from assumption (4.4.3). From (4.4.23), it is easily seen

that
T e ,
Z s/ |Bs,++ — B, |V dt < +00  a.s.
=0 7€ 70

We are thus in position to apply Kronecker’s lemma to the sequence ( fow“ |Bs, 4+ —
B, [P'dt) 0. This yields

N-1 Ye+1 , N—stoo
— Y / |Bs,+t — B, |P'dt == 0. (4.4.24)
_ 0

Let us summarize our computations so far. Gathering (4.4.22), (4.4.24) and (4.4.21), we
have obtained relation (4.4.20). This easily implies that (4.4.17) holds true and hence
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Aoy n(0) defined by (4.4.16) satisfies

li A 9¥) = 0.
W Sup Az (9)

Since similar results have also been shown for As v () and A v (¥), relation (4.4.6)

gives
li As N (1) = 0.
W 0 A2 ()
Eventually, plugging this information into (4.4.5) yields our claim (4.4.4). O

4.4.2 A general convergence result

The consistence of our estimators will rely on the following general proposition about
convergence of minimizers for a sequence of random functions. Observe that our se-
quences below are indexed by a generic r» which sits in an unspecified set. This simplifies
the subsequent applications of the proposition to our indices N, n,~ in the remainder of
the section.

Proposition 4.4.3. Let © be a compact set and (9 — L,(9)), denote a family of non-
negative random functions. Assume that:

1. With probability one, lim, L, (¢) = L(9¥) uniformly in 9 € ©.
2. The function ¥ — L(¥) is non-random and continuous on ©.
3. For any r, the set argmin{L,(9),9 € ©} is nonempty.

Then, for a fized v, let 9, € argmin{L,(9),9 € ©}. Let A denote the limit points of
(0,)r. Then we have
A C argmin{L(9),9 € ©}.

In particular, if L attains its minimum for a unique ¥*, then lim, 0, = 9*.

Proof. Let 9* be an element of argmin{L(d),9 € ©}. We consider a generic element
¥ € A and its related convergent subsequence (ﬁrn)nzo' Then we can upper bound
L(9°) as follows:

L(ﬁoo) < Lrn (@7"”) + |L(19OO) - Lrn (797“71)’ (4'4'25)

We now bound the two terms in the right hand side of (4.4.25). On the one hand, by
definition of 1§T,
Lrn (igrn) S L"‘n (19*)

Hence, thanks to the fact that lim, L, () = L(9) for all ¥ € ©, we get

limsup Ly, (9,,) < L(9*). (4.4.26)

n—-+0o0o

On the other hand, we also have

|L(0%°) — L,, (V)] < |L(W>®) — L(D,,)| + sup |L(9) — L, (9)]. (4.4.27)
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Therefore we can invoke the continuity of L to bound the first term in the right hand
side of (4.4.27), plus the uniform convergence of L, to L in order to handle the second
term. This yealds

lim sup |L(9%°) — L,, (9,,)] = 0 (4.4.28)
n——+00
Plugging (4.4.28) and (4.4.26) into (4.4.25), we obtain that L(9*°) < L(9*) and thus 9*°
belongs to the set argmin{L(¥),v € ©}. This finishes the proof. O

4.4.3 Proofs of the convergence theorems

With all our preliminary considerations in hand, we are now ready to prove the main
convergence results for our estimators. This is briefly outlined below.

Proof of Theorem 4.2.2. Recall that the family {1§N7n77, (N,n,v) € N> x R% } is defined

by (4.2.15). We wish to apply Proposition 4.4.3 with r = (N,n,v) € N? x R}. We set

Lnny(9) =d(E S 0vs, + Sy d,40.~). By Proposition 4.4.1, we have uniformly in
Sk

¥ €0,

%Lr% Nﬂll_rg_oo Ly (0) = d(vy,, v9) =: L(V). (4.4.29)

In addition, owing to Proposition 4.3.6 and Assumption (I ), L is continuous and
is the unique minimum of L. We have thus checked that the hypothesis of Proposition
4.4.3 are fulfilled, from which Theorem 4.2.2 is easily deduced. O

Proof of Theorem 4.2.3 . The proof goes along the same lines as for Theorem 4.2.2.
Namely we apply Proposition 4.4.3 to the sequence {@N,n, (N,n) € N2} defined by
(4.2.20). To this aim, we set

1 n—1 1 N—-1
Lyn(¥)=d (n kz—oém’ N kz—o '7k+152;9k> :

Then according to Proposition 4.4.2, the sequence (Ly )N, converges uniformly to L
defined by (4.4.29) when N,n — +oo. Furthermore, the continuity of L follows as in
the proof of Theorem 4.2.2. Our claim is thus easily deduced. O

Proof of Theorem 4.2.1 . We still wish to apply Proposition 4.4.3 to the family
{5‘5\?”’7, (N,n,7) € N? x R%} defined by (4.2.17). However, since we only assume
(Cw) instead of (Cs), one is only able to obtain simple convergence properties on ©.
In order to circumvent this problem, we have restricted our analysis to the discretized
parameter set ©©) introduced in (4.2.17). For a given € > 0, 0 is finite and hence,

one deduces from Propositions 4.3.3(i7) and 4.3.4, that

li li L 9) — L(9)] =0
T B gy [Pina ) = HOI=0

where L is defined by (4.4.29). Now, denote by A(®) the set of limit points of (ﬁg\i)n )Ny
From Proposition 4.4.3, one deduces that

AE) c argmin{L(»),9 € ©}.
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Furthermore, L is a continuous function such that L(J9) = 0. Thus, since
dist (199, ©)) — 0 as & — 0, one deduces that miny. g L(¥) — 0 as ¢ — 0. Owing to
(Iy), this implies that any sequence (), of A) converges to 9. This concludes the
proof. O

4.5 Rate of convergence: proof of Theorem 4.2.4

All along this section, we assume (Cs) and (Is). Our aim is to bound the quantity
E[|9Nn~ — 0|2 where Oy, - is defined by (4.2.15). Owing to (Is), we are reduced to
study

£ [d (”190’ ”ﬁw,n,y)q} (4.5.1)

where ¢ := 2/¢ and ¢ € (0,1] is given in (Is). Our strategy of proof is based on the
following decomposition

Lemma 4.5.1. Let 1§N7n,7 be the estimator defined by (4.2.15) and recall that vy is
defined by (4.2.8) for all 9 € ©. Then d (Vgo, Vg ) can be decomposed as

2 3
d (wm ;@Nm) <2DM 42 sup DY) (9) +2 sup DY) (9) (4.5.2)

where D7(Ll), Dﬁ%(ﬁ), and D](\:;”)W(ﬁ) are respectively by

n—1
1
DV =4 (Vﬂo, - > 51@) : (4.5.3)

k=0

N-1
@ ( 1
Dy, (9) ( Z 52577, N > 5%) , (4.5.4)
k=0 k=
(3) ( Z 5Y19 ug) (4.5.5)
=0

Proof. Let us write D for 1§N7n77 throughout the proof in order to ease notations. We
first apply the triangular inequality, which yields

1 n—1 1 n—1 1 N-1 1 N-1
d (voo.v5) < d (Vﬂm - Z%) +d (n PBLEDD 5zgg> +d (N > ‘5zgy’”é>
k=0 k=0 k=0

k=0

where (Y;):>0 is the observation process given by (4.1.2). Next, we invoke the fact that

Y minimizes the quantity d <1 Py 351/%, N EN ! 5219,7) in ©, which gives
k~y

1 n—1 1 n—1 1 N—-1 1 N-1
d (vg,,vg) < d <mo, - > %) +d (n > oy, ~ 522“) +supd (N > 000 W) :
k=0

YeEO
(4.5.6)
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We further split the second term in the right hand side of (4.5.6) as follows:

1 n—1 1 N-1 1 N— 1 N-1
§d<nZ5Ytk7yﬁo) —|—d<V190,N 5 > (N Z N 25Z20’7> >
k=0 k=0 7

(4.5.7)

4

and resort to a similar decomposition for the third term in the right hand side of (4.5.6).
It is then readily checked that plugging (4.5.7) into (4.5.6) we end up with our claim
(4.5.2). O

In the remamder of the sectlon we shall handle the L%-moments of D(l)

SUDPyco |DN7 J)| and supyceo \DN,y(ﬂ)] separately, respectively in Sections 4.5.1, 4.5.2
and 4.5.3.

4.5.1 L7 bound on DS)

We start this section by giving a notation concerning expectations of empirical measures.

Notation 4.5.1. Let Y be the solution of equation (4.2.7) and t > 0. As previously, dy,
denotes the Dirac measure at Y;, considered as a random measure. Then E[dy,] is the
deterministic measure such that for all continuous and bounded f : R — R we have

Eloy,)(f) = E[f(Y2)].
With this notation in mind, we can now deliver our L? estimate for D,(ll).

Lemma 4.5.2. Let Dﬁll) be the random variable defined by (4.5.3). Then, whenever d
is given by dorp or ds, defined respectively by (4.2.21) with p > (¢ + d)/2 and (4.2.22),

we have:
[|D yq} <, (n 1 <2HV1>)) (4.5.8)

Proof. We decompose Dg) as follows:

n—1
1
DY) <d (Vﬂov - ZE[dytk]> ( ZE v, ), Z5Ytk> = DIV + DI, (4.5.9)

k=0

For the term DSZH), we can use the contractivity assumption (Cs) on the drift b which
implies that two solutions of the SDE (4.1.2) with different initial conditions converge
exponentially pathwise to each other as ¢ — +oo (see e.g. [30]). More specifically, we
have already seen in (4.3.7) that the arguments of [30] entail ||Y; — 1_/,5||Lp(g < cre= ! for
two positive constants ci, co, where we recall that Y designates the stationary solution
of (4.2.7). Hence for a Lipschitz function f : R? — R we easily get the existence of a
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constant C' > 0 such that

n—1 _
S EIF(V)] - vao() %Z 1) = PN < Slflip (4510
k=0 k=0

It remains to take into account the distance d. Recall that we only consider the two
distances dcrp and dg defined in Subsection 4.2.5. We thus easily deduce from (4.5.10)
and the definitions of dory, and ds that there exists a positive constant C such that

n—1 n—1 =
1 1 C
DY < max {ch,p (1/190, - ZE[&@) dy <1/190, - ZE[&Y%O } <= (4511)
k=0

k=0

The term DSQ) is handled in Proposition 4.5.1 below and specifically in relation (4.5.12).
Therefore, plugging (4.5.11) and (4.5.12) into (4.5.9), relation (4.5.8) is proved. O

Proposition 4.5.1. Let d be one of the two distances ds and dcr, with p > (¢ +d)/2.
Then,

n—1 n—1 q
1 1
d <n§ :aytk,a§ :E[éytk]> ] < Cyn~ 3= CHV), (4.5.12)
k=0 k=0

The proof of the proposition is based on the following lemma:;:

Lemma 4.5.3. Recall that (Y;)i>0 is given by (4.1.2). Then for all ¢ > 1 and for all
Lipschitz function f : RY - R,

- q
1 n—1 »
E [ 3T F) B | < Gl et e, (15.13)
k=0
Proof. We invoke a concentration result for large time borrowed from [70, Theorem

2.3]. This result asserts that: there exists C' > 0 such that for all Lipschitz functions
f:Rd%RandforaHTZ(),

n—1
P (;Zf(ytk)—E[f(Ytk)] ZT) < exp(—C|| fllgpr?n®~ CHVY), (4.5.14)
k=0

Therefore, one can check that (4.5.13) holds true by plugging inequality (4.5.14) into
the classical formula

+oo
E[XY] = / qzr?P(X > z)dx,
0
which is valid for any positive random variable X. O

Proof of Proposition 4.5.1. We will only give details about dcor, since ds can be treated
exactly along the same lines. Furthermore, since our parameter ¢ is greater than 2, by
using Jensen inequality and the linearity of E into the definition (4.2.21) of dcpy, we

1 n—1 q
E|d Fp | V9g) — EH5YQ]> ] [
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4.5. Rate of convergence: proof of Theorem 4.2.4

where fe(x) = €%}, Since || f¢|lLip < |€], we thus deduce from Lemma 4.5.3 that

n—1 q
1 _d(2—
dory (Vﬁo7nZE[5Ytk]> ] < Oy~ 3GV /1R lelgp(€)de

k=0

E

The integral in the last inequality is finite owing to the fact that we chose p > (¢+d)/2.
Our claim thus follows. O

(2)
4.5.2 L7 bound on Dy
Our aim in this section is to get an equivalent of relation (4.5.8) for the term Dg\%)V
defined by (4.5.4), namely

{Sup\D (0 )\q} < CH1, (4.5.15)
Y€

where the distance d in the definition of D](\i)v is either d or dcpy. To this end, resorting
to the fact that dopy and dg are both elements of D, the quantity (4.5.4) can be upper-
bounded as follows:

N—
1 9,
sup D'Y — up|Y Z)|.
Ry Nv Nkz ky

()]

Recall that ¢ > 2. Hence a direct application of Jensen’s inequality gives

We thus deduce that

B sup D, )| < E

(S(S)

N—-1
1 9
E |sup [DS) (9 ‘I] - § [sup vP — 700 q] : 4.5.16

Now according to Proposition 4.3.7 (i) and Proposition 4.A.2 (i7) (see also the proof of
Proposition 4.4.1 (i)), it is readily checked that

19, H
supE [sup \Y,w kﬂﬁ] < Oy,
k>0 ISIC]

Gathering this information with (4.5.16), inequality (4.5.15) is easily deduced.

4.5.3 L7 bound on DE\?{)7

The quantity (4.5.5) is the hardest to treat among the terms in our decomposition (4.5.2),
due to the fact that we wish to achieve a uniform bound in . We summarize our analysis
in the following lemma.

Lemma 4.5.4. Let DS),Y be the random variable defined by (4.5.5), and assume that d
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is either ds or dopp with p > (¢ + d)/2. Then, we have

E [Sup D]({r;)v(ﬂ)q] <Co (v + 1777 (4.5.17)
CISCIE

. ~ q2
with 7 := m@ —(2H V1)) and T = N~.

Proof. We will further decompose the term Df(\bf?’v and then divide our analysis in several
steps. First, let us introduce some notations: denote by T the quantity N+ and for all

€ [0,TY], set t := inf{ky | ky <t < (k+ 1)y} as we did in the proof of Proposition
4.4.2. With this notations in hand, we have Dﬁ%(ﬁ) =d(vy, 7 fOT Oy dt) from which we
deduce the following decomposition:

3 31 32
sup D). (9) < sup DYV (9) + sup DY) (9) (4.5.18)
€O veO veO

where

T
D§§’2(0):d<w,; /0 5Ytﬁdt> and DY) (9) ( / Syadt, / 5Ytﬂdt>.

We will now handle those two terms separately:
Step 1: Bound on D( ) As in Section 4.5.2, since d € Dy whenever d = d, or d = dcryp,
we have

1 T
sup D2 (9) < = / sup [V;? — Y} |dt. (4.5.19)
; ¢

9co N T 9eO

We now proceed as in Section 4.5.2 in order to get the equivalent of (4.5.16) thanks to
Jensen’s inequality. We get

1 (T
[sup |D (19)|q] < / E [sup v, — Ytﬂ|q] dt. (4.5.20)
9e0 TJo lveo -

In order to bound the right hand side of (4.5.20), we start by recalling the bound (4.4.10)
for V! — Yf:

t
YO =371 < [ IboOids + 1B~ Bl
The drift term above is now bounded thanks to the sublinear growth of by given by
(4.2.5) and the uniform bound on the L¢ moments of Y,V given by Proposition 4.A.1. As
far as the term |B; — By| is concerned , we obviously have thanks to (4.1.1) and the fact
that |t — t| < 7:
E [|B; — By|] < Cuy™.

From here, it is readily checked that

B sup ¥y~ ¥717| < O 174
9e6 -
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Plugging this information into (4.5.20) we end up with
(32) q qH
E [sup [Dy7 (9)[7]| < Cgv?™. (4.5.21)
YEO ’

Step 2: Bound on D](\Z;’lg(ﬁ) for a fixed ¥. For a fixed value of ¥ € ©, the term DJ(\?;? (9)
will be handled similarly to Section 4.5.1. Namely, along the same lines as for relation
(4.5.9) we write

(31) I I I
DN,,Y(ﬁ)gd(yﬁ,T/o E[&Ytﬁ]dt>+d(T/0 E[éy;@]dt,T/O 5Ytodt>. (4.5.22)

Then the first term in the right hand side of (4.5.22) is handled exactly as (4.5.10) in
Section 4.5.1, which yields

1

T c
7 | B - v < Sl (45.23)

The second term in the right hand side of (4.5.22) can be upper bounded thanks to a

continuous time version of Lemma 4.5.3 (also based on [70), Theorem 2.3] and left to the
reader for the sake of conciseness). We get

+) " () Bl |

E < Cyll flIf, T2~ CHVD), (4.5.24)

Therefore putting together (4.5.23) and (4.5.24) and arguing as in Section 4.5.1, we get
that for d = dcry with p > (¢ +d)/2 or d = d, and for any ¥ € ©,

1 T q
d<u19,T / 5Ytﬁdt>
0

where Cj is a positive constant which does not depend on 9.
Step 3: Bound on supycg Dggl,y)(ﬁ) In order to gor from (4.5.25) to a bound for the
supremum over O, we proceed to a discretization of the parameter space © as in Section

E [|D§§’}j (&)ﬂ —E <q, (T—q + T—%@—(?Hvl))) (4.5.25)

4.2.4. Towards this aim, we will use the following notation: for any 9 € ©, we set

o(9) = d <y19, % /OT 5Ytadt> . (4.5.26)

Let € > 0 and recall that () := {2955) | 1 < i < M.} is defined at the beginning of
Subsection 4.2.4 in such a way that © C Ui]‘iﬁ B(ﬁl(»a), g). Then, for any ¢ € O,

(D) < (@) = o) + ()]
where 9 is defined by (4.2.16). Therefore

e (©)
() < [p(¥) — (¥ )\+1gg>]\<4€\<p(191 )
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and finally

B sup p(0)"] < o [sup lold) — o0 )| + e | g 100

JeEO JEO
M
< o [suplo() - 0] + ¢ B[N s2)
S

=1

Owing to inequality (4.5.25) for a fixed ¥ € O, we can deduce from (4.5.27) that

E [sup 4,0(19)(1] < ¢ E {sup lp(F) — ¢(19(€))|q] + ¢, M. (qu + ng(Z*(sz))) . (4.5.28)
YeO (S(S)

In the remainder of the step, we thus focus on the first right hand term in (4.5.28).
Namely we will show the existence of an integrable random variable (; > 0 such that
for all ¥1,99 € © we have

(1) — (D2)] < (pl0h — Vo] as. (4.5.29)

For this purpose, let us split the quantity |p(¢1) — ¢(9¥2)| in two terms

e I
0(01) — o(02)| < d (vgr,ve,) +d <T /0 Syondt, /O 6Y;92dt>. (4.5.30)
Then, one can show the following inequalities for any d € D;

d(vy,,v9,) < ClY1 —I2|supgee vy (| - ") (4.5.31)
T T T r
A (5 J dyondts F Jy 0y 0ndt) < Clov =] ( J supgeo Vi ds)  (4.5.32)
where r is given in assumption (Cg) and where equation (4.5.31) is obtained by following

the proof of Proposition 4.3.8 (see appendix 4.B) for the stationary solutions YV! and
Y?2. Plugging (4.5.31) and (4.5.32) into (4.5.30), we obtain that (4.5.29) holds true with

1 /7
Cr :_Cmax{supy,gﬂ M, T/ sup|Y;9\rds}.
€O 0 ¥€O

By Proposition 4.A.1 (i), we get supp-oE[(;/] < +oo. Then plugging (4.5.29) into
(4.5.28) we end up with

E [sup cp(z?)q] < cqsup E[(,7]e? + ¢, M. (T*q + T*%(%@HVU)) . (4.5.33)
9eO T>0

For all € > 0, since © is a compact of R?, we can choose M, < % and then if we choose
g := T~ for some n > 0, we finally get

E [Sup S0(19)11:| < Cq supE[CTq]T_q" + C;C'@ (T—q-i-dn + T—%(Q—(ZHvl))—f—dn)
JeO© T>0
< ¢qsup E[¢H) T~ + ciIC’@T—%@—(?HVl)HdW.
T>0

150



4.6. Identifiability assumption

It just remains to optimize in n to conclude that:

E [sup (p(i?)q] <C,T7" (4.5.34)
(SC)
. ~ 2 . .
with 7 := m& — (2H v 1)). By putting together (4.5.18) with both (4.5.21) and
(4.5.34), this concludes the proof of (4.5.17). O

Let us now conclude the section. Through inequality (4.5.2) and the control of the
three right hand side terms, namely (4.5.8), (4.5.15) and (4.5.17), we are in position to
conclude that Theorem 4.2.4 holds true.

4.6 Identifiability assumption

In this section we will provide some examples of equations of the form (4.1.2) for which
the crucial assumptions (4.2.9) and (4.2.10) are satisfied. We first review briefly the
diffusion case in Section 4.6.1, and then give a particular example in the fractional
Brownian motion case in Section 4.6.2.

4.6.1 Case of a diffusion process

In this section we consider equation (4.1.2) in the case H = %, that is when the equation
is driven by a d-dimensional Wiener process. Our considerations are summarized in the
following proposition.

Proposition 4.6.1. Consider equation (4.1.2) in the case H = % We assume Hypoth-

esis (Hg) and (Cw) to be met and call vy the invariant measure corresponding to the
coefficient by. We pick 91,92 € © and set
F = Span{Vf, for all f € C*(R, R) with compact support}

where F is considered as a subspace of L*(vg,). We assume that by, — by, is not an
element of F+ in L?(vy,). Then

d(l/qgl, 1/192) > 0.

If this condition is satisfied for all couples (91,92) € ©2, then (1) holds true.
Proof. For ¥ € ©, let Ly denote the linear operator defined on C2(R? R) by:

1 *
Lyf(z) = (V[ by)(x) + 5(0 D*f(z)o),
where D?f denote the Hessian matrix of f. By a classical criterion, vy is invariant for
(4.1.2) when H = 1 if and only if vy(Lyf) = 0 for any f € C*(R% R) with compact

support. As a consequence, vy, = vy, if and only if vy, ((Ly, — Lyg,)f) = 0 for any
compactly supported C2-function f : R* — R. Now observe that

Vﬂl(([ﬂ% - Lﬁz)f) = /<Vf(x)7bl91 (l’) - bl92(£)>1/191 (dx)
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The result follows. O

In other words, this result says that in the diffusion setting, the identifiability as-
sumption is true if Projp(by — by,) is not the null function for any ¢ # 9. Notice that
this is always true in the one-dimensional case or if by is a gradient. Unfortunately, the
generalization of this simple characterization to SDEs driven by fBm is far from being
straightforward.

4.6.2 Fractional Brownian motion case

In this section we wish to check (Is) for some specific examples of equation (4.2.7) and for
the distance dcr . Specifically, we shall consider a family Y7 of real valued processes
defined by

Ay’ = [—19 M 4 Abﬁ(y;w)] dt + o dB, (4.6.1)

where B is a 1-dimensional fractional Brownian motion. In equation (4.6.1) the quantity
A is a small enough parameter, which is assumed to be known. The estimation procedure
is still for 1 only. The coefficient by is bounded together with its derivatives with respect
to y and . The process Y7 has to be seen as a small perturbation of a fractional
Ornstein-Uhlenbeck process with parameter 1. We also assume that 9 is a 1-dimensional
parameter and:

ve[m,M], with 0<m<M < oo. (4.6.2)

Let us start our analysis by the case XV = Y%7, that is the fractional Ornstein-
Uhlenbeck process itself, solution of the following equation:

dX? = -9 X? dt + o dB;. (4.6.3)

It is easily seen that X7 is a centered Gaussian process whose variance is given (see e.g.
[36, p.724]) by

t
E[(X7)2] = 202" / 2H=1 cosh(9(t — s))ds. (4.6.4)
0
In this case our assumption (Ig) is easily satisfied, as shown in the following lemma.

Lemma 4.6.1. Let ¥ € [m,M] as in (4.6.2), and consider the fractional Ornstein-
Uhlenbeck process XV defined by (4.6.3). We call py its invariant measure. Then for all
V1,792 € [m, M], we have

dor,p (Ko 19,) 2= Cmoni |91 — D2 (4.6.5)

Proof. Tt is well-known (see e.g [11]) that for the fractional Ornstein-Uhlenbeck process

we have py = N(0,03), with
cH

03 = SarT (4.6.6)

Taking expression (4.2.21) into account, this yields

2
dgF,p(lu’ﬁl 3 /1'792) = /R |:eXp <_ 2169]%{1'{ €2> — €xp (_ 2109[%{[{ €2>:| gp(g)d§7
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from which our claim (4.6.5) is easily proved. Notice that the fact that ¥ is bounded
away from 0 is crucial here in order to ensure the continuity of ¥ — oy in (4.6.6) on the
interval [m, M]. O

Let us also state an elementary bound on ordinary differential equations for further
use.

Lemma 4.6.2. Let f,g: Ry — R be two functions such that there exist some constants
Kk, M > 0 satisfying

fr>rk, and |g| <M, forallreRy,. (4.6.7)
Let y be the solution of the following differential equation:

Y + feye = ge- (4.6.8)

Then y is uniformly bounded in t and verifies

M
|yt\ < —
K

Proof. Equation (4.6.8) admits an explicit solution under the form

t t
Yt = / exp (—/ fr dr) gs ds.
0 s

Plugging the bounds (4.6.7) into the above expression, we easily get

M
\m<M/ =9 gg <
KR

which is our claim. O

We now wish to extend Lemma 4.6.1 to the model given by equation (4.6.1). Namely
we wish to prove the following proposition.

Proposition 4.6.2. Let YNV be the process defined by (4.6.1) and consider p > 3/2. We
assume ¥ € [m, M] and X € (0, \g) with a small enough \g = Xo(m, M, p). Also assume
(without loss of generality) that by, Oyby, Ogby, agybﬂ are all bounded by 1. Then the
following lower bound holds true for any 91,94 € [m, M]:

der p(V9,5V9,) = Cmm i |01 — V2. (4.6.9)

Proof. Owing to the definition (4.2.21) of the distance dcr,p, we have

A A9 1/2
dexglvor ) = { [ (B = B ) g, (6) e

We will decompose this quantity as follows:
dorp(vo,,v9,) > I3/ — (11/2 + 7y 11/2) , (4.6.10)
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where the quantities /;; and I3 are defined by

By = [ (8 [exo (1672%)] - B fexp (167)]) aute) de
I = /R <IE [exp (z'gxfl)} —E [exp (z’foQ)D2 9,(€) de,

and where we recall that the Ornstein-Uhlenbeck process X7 is given by (4.6.3). In
equation (4.6.10), we also have

I = /R (E [exp (z{Yf’m)} ~E [exp (ifol)}
~E [exp (1€9%)] + E [exp (i£7)] ) gy(6) de.

In the definitions above, ¢ is an arbitrarily large time, to be determined later on. Our
goal is now to lower bound I3 and upper bound I ; and I>.

Lower bound for I3. In order to lower bound I3, we proceed as in Lemma 4.6.1.
Indeed, Lemma 4.6.1 stems from a lower bound on

. 9 . 9
[E[e’X~] — B[e®¥~]],
while we are interested here in a lower bound on
. 9 . 9
[E[e®Xe ] — B[e%:7]],

for a fixed t. However it is readily checked from (4.6.4) that there exists tg > 0 such
that for all t > ¢y we have
13 Z C1 |’L91 — 192|2 (4.6.11)

with a given constant ¢; > 0 depending on m, M.

Upper bound for I;;. Recall that both by and 9,by are bounded by 1. We also assume
that A is small enough so that A < m(1 —¢) with ¢ > 0. Then it is readily checked that
x — —vx 4+ \by(x) satisfies the condition (Cg). Hence one can see as in (4.3.7) that

[1j < Cef%t.

If we wish to have I;; < c3|th — ¥2|?, with c3 arbitrarily small, it is thus sufficient to

pick t > t1 with t; = C'log (W). In the sequel we choose this time #; such that

C
0+ 0f’ < %Ifh — . (4.6.12)
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4.6. Identifiability assumption

Upper bound for I,. We start by recalling that XV = Y%7, Next we set R =
[01,72] x [0, A] and for r, T € [0, 1] we define

a(r,7) = Yto’q92 +r (Yto’ﬁ1 — Yto,ﬁ2> +7 <Yt)"192 - Yto’%) + r7ARY;:, (4.6.13)
where the rectangular increment AgrY; is given by
ARE _ )/%)\,791 - }/1;0,191 N }/;Aﬂb + }/20,192. (4614)

Notice that I can be expressed as
2
b= [ (BAnve(v)]) ou(6)ds. (46.15)

where ¢ is the oscillating function e and A RrYe(Y:) still denotes a rectangular in-
crement as in (4.6.14). Moreover, resorting to the path a introduced in (4.6.13) we
get
Awbel¥) = [ 0 elatr ),
0,1

and computing the differential 92 [¢¢(a(r,7))] explicitely we get

ARte(Yy) = / (v (a(r, )% a(r,T) + V¢ (a(r,7))dpa(r, 7)dra(r, 7)) drdr. (4.6.16)
[0,1]2

Taking into account (4.6.16) and (4.6.15), plus the fact that ¢ and its derivatives ¢’ "

are bounded by [£]? and |£|?g, is integrable if p > 3/2, we get that

2
I < G {E[ (19" = Y2 |+ 18r00)]) (197 = Y% + |AR()]) ] + ENlARD] |
2
< CpamareE [JONY 1% + 1097?12 + 1035Y 1% ] %01 — a2, (4.6.17)

In order to bound the right hand side of (4.6.17), we are now reduced to the estimation
of YN, 9yY M and 3/2\19Y’\7’9.Let us now show how to establish a bound for 9,Y 7.
To this aim, differentiating formally equation (4.6.1), the process Y M solves a system
of the form

d[a)\y/\’ﬂh
dt

Whenever 9 satisfies (4.6.2) and A < m(1—¢) with € > 0, equation (4.6.18) above fulfills
the hypothesis of Lemma 4.6.2. Hence we get

- [_ﬁ n ,\aybﬁ(YtW)} Y + by (V). (4.6.18)

A
|8/\Y2 ’ | < Cm, M

uniformly in t > 0. We let the reader check that the same kind of inequality holds true
for 9yY M and aiﬁY’\’ﬁ as well, and thus we get

103Y ?lloo + 1105 lloo + 1035Y " e < €mase.
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Plugging this inequality into (4.6.17), we end up with

|I2| < Cp,m,M,s)\2 wl - 192|2-

1/2
We now choose A such that A < % <Cp 21M5> , where ¢; is defined by (4.6.11) and
e = 1/2. This yields

n?< @wl — 9. (4.6.19)

We now gather (4.6.19) and (4.6.12) into (4.6.10), which proves our claim with Ao =

! o 1/2 -
4 Cp,nL,JV(,s '

4.7 Numerical Discussions and Illustrations

In this section, we provide several numerical examples in order to illustrate our main
results. To this end, we first investigate several numerical questions which are related
to our theoretical results.

Simulated data and Euler scheme: In order to test our results, we have chosen to
simulate our observations. Nevertheless, the fractional SDE (4.1.2) cannot be simulated
exactly, except in some particular cases. Therefore we have opted for a discretization
procedure thanks to a simple first order Euler scheme with very small step v (namely
= 1073) in order to get a sharp approximation of the true process.

Let us recall that in the additive setting of equation (4.1.2) the simple Euler scheme
converges strongly to the true SDE, while this is not true in general in the multiplicative
case (see e.g. [70]). The convergence of the scheme can be checked for instance through
Proposition 4.3.7(7), applied with constant step 7. Furthermore, taking the expectation
in Proposition 4.3.7(7) leads to a marginal control of the L?-distance between the Euler
scheme and the true SDE (with same fBm) of order v (independently of the horizon).
This confirms that our approximation of the observations is reasonable when H is not
too small (getting a control for the uniform distance is more involved).

Let us also recall that the increments of the fBm can be simulated through the Wood-
Chan method (see [73]), which is based on the embedding of the covariance matrix of
the fractional increments in a symmetric circulant matrix (whose eigenvalues can be
computed using the Fast Fourier Transform). Therefore up to the approximation of
the true SDE detailed above, we now assume that we are given a sequence (Yj)r>0,
where (V;);>0 is a solution to (4.2.7) with a given 6. Then we select from this path a
subsequence of observations (Y3, )7_; where ¢, = kv, which means in particular that we
assume 7y to be of the form kgy with kg € N*.

Computation of the distance between empirical measures: The theoretical con-
struction of an estimator like (4.2.15) involves in practice the computation of the distance
d between the empirical measures of the observed process and of the Euler scheme, for
a distance d € D, as defined in (4.2.4). We briefly describe how to compute this kind of
distance.
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Whenever d is the p-Wasserstein distance, an explicit computation of the distance d
in (4.2.15) is possible if the observation Y is 1-dimensional. To this aim, one can use
the following representation (see [09]): if 4 and v are two one-dimensional probabilities
with c.d.f F and G respectively, then for all p > 0 we have

1
W) = [P0 -G opPar,

where F~ and G~ denote the (left or right) pseudo-inverse of F' and G. Moreover, when
p= it pidy, and v = 2221 qj0y,, the computation of the right hand side above can be
made explicit through a reordering (and using the fact that F~! and G~! are stepwise
constant). In particular, when ny = ny = n and p; = ¢; = 1/n, the Wasserstein distance
between p and v simply reads

1 n
Wyuv) = — > e =y P (4.7.1)
=1

We will use this representation in our simulations.

In higher dimension, the computation of the Wasserstein distance generally requires
approximation/optimization methods which are out of the scope of this paper. In this
context it seems to be numerically simpler to work with an approximation of the distance
dcrp (defined in (4.2.21)), which is also used for our analysis of the rate of convergence.
Such an approximation can be obtained by a standard discretization of the integral which
appears in the definition (4.2.21).

Minimization of the distance with respect to ¥: Eventually the implementation
of our estimation procedure relies on an optimization problem in order to compute the
argmin in (4.2.15). More specifically, in case the estimator is built with a constant step
Euler scheme, this consists in minimizing the function

1 n—1 1 N—-1
Fyp:0—d <n kzoaytk, v kzo 522:7) . (4.7.2)

In this paper, we only use the naive approach which consists in evaluating the function
on a (finite) grid and then computing the minimum on this finite set. This minimization
algorithm is clearly restricted to a low dimensional setting. A rigorous investigation of
this question would involve more sophisticated optimization methods, such as gradient-
type descents.

Observe that a gradient descent should be reasonably straightforward to implement
on a distance like dcrp, for which the computation of the gradient has an explicit
expression. However, the additional workload in order to carry out this optimization
method would clearly lead us too far. We have thus chosen to postpone this study to a
future paper.

Numerical illustrations: Let us now turn to some numerical tests, for which we
consider two one-dimensional examples.
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4. DRIFT ESTIMATION PROCEDURE FOR ADDITIVE FRACTIONAL SDE

> We begin with the classical Ornstein-Uhlenbeck (OU) process: we consider the process
XV defined by (4.6.3), where ¥ is assumed to sit in a compact interval of (0, 4+-00) like in
(4.6.2). Let us recall that this case is a toy example since the Gaussian linear structure
of the OU-process allows to develop specific estimation methods (on this topic, see [13]
or more recently [75] and [10]). The assumptions (Hg) and (Cs) are clearly satisfied,
whereas (Is) follows from Lemma 4.6.1. Using the strategy described in the first part of
this section, we get a discretely observed path of Y with the following parameters:

Po=2, y=10"% =102, n = 3.10%

and different values of H. In Figure 2, we depict the function F; defined in (4.7.2) with
d = dcopp for H = 0.3 and H = 0.7 respectively. As in the next examples, the Euler
scheme is computed with N = n and v = 1072 as specified above. We remark that
the function attains its minimum very close to the true value of . If one takes into

T T T T T T T T 1 T T T T T T T T T 1
1 12 14 16 1.8 2 22 24 2.6 28 3 1 1.2 1.4 1.6 18 2 22 2.4 26 2.8 3

Figure 2 — ¥+ Fyop., () for H = 0.3 (left) and H = 0.7 (right).

account the scale difference in the y-axis between the left and right part of Figure 2, it
can also be observed that the derivative of F; gets smaller for smaller values of H. This
is consistent with the fact that H + o3 in (4.6.6) is an increasing function.

Figure 3 below is devoted to a comparison between the different p-Weisserstein dis-
tances as p varies. Namely we fix H = 0.3 and we compute the function F; defined by
(4.7.2) with d = W, for different values of p. Notice that in the 1-dimensional case we
are considering we can resort to formula (4.7.1), since we have chosen N = n. The true
parameter is still ¥ = 2. Our distances all perform correctly, although p = 4 seems to
yields a slightly sharper contrast.
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0.09 ;
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0.07 —‘
0.06 —‘
0.05 —_
0.04 —-
0.03 __

0.02 -

Wasserstein 1
Wasserstein 2
Wasserstein 4

0.01 -

Figure 3 — 9 — Fy, (9), H = 0.3.

> We now consider a second example with a non linear dependence in v, namely an
equation of the form:

Ay = =Y (1 + cos(9Y"?))dt + dB;.

In this case, we only compute the Wasserstein distance for different values of p with the
same choices of parameters. Once again, the minimum of the function Fyy, is attained
close to Y9 = 2. One also observes that the local behavior in the neighborhood of ¥ is
similar to the linear case.
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Figure 4 — 9+ Fyop.,(9) for H = 0.3 (left) and H = 0.7 (right).

159



4. DRIFT ESTIMATION PROCEDURE FOR ADDITIVE FRACTIONAL SDE

4.A Tightness and convergence of the occupation mea-

sures

In this Appendix, we first show some uniform estimates for YV and Z%7 and their
respective occupation measures, as well as some convergence result for the occupation
measure of YV, Those results are all used in the proof of Proposition 4.3.3 and 4.3.4.

4.A.1 Moment estimates

We start by bounding the moments of Y¥ and its occupation measure.

Proposition 4.A.1. Let YV be the unique solution of (4.2.7). Assume (Hp) and (Cy).
Then the following inequalities hold true for p > 1.

(1) sup E[sup |[Y;?P] < +oc.
t>0 V€O

) Slelg sgpl) %ZZ;(I) V2P < 400 a.s.
n>

(i4i) sup sup %fg Y2 |Pdt < 400 a.s.
9eO t>0

Proof. We treat our three items separately.

(i) The proof is done in [36]. It is based on a comparison with the moments of the
fractional Ornstein-Uhlenbeck process, similarly to what is done in step (i) below. Since
the constants in (Cy,) are independent from 1), we get the uniformity with respect to 9.

(74) Let p > 0. By Cauchy-Schwarz inequality it is enough to prove the result with
2p instead of p. Let us denote by (X;):>0 the fractional Ornstein Uhlenbeck process
defined by (4.6.3) with ¥ = 1 and starting from yp, i.e.

(4.A.1)

ClXt = —Xt dt+o dBt
Xo = yo-

In this proof, we set ¢ := inf{kk | kx <t < (k+ 1)k} and T := nk. With this notations,
similarly to what is done in the proof of Proposition 4.4.2, we have

1 n—1 1 T
E)ﬁ%:/ v, |?Pat.

Let us also denote by X the stationary Ornstein-Uhlenbeck process related to (4.A.1).
Then the proof of item (i7) is based on the following inequality:

1T192 211T19 2 1T v |2 1T~2

- YHW§3P</|Y—XWW+/]&—&Hﬁ+/‘mﬂ@

TA t T ), 't . T) ¢ 7F T /), —°
(4.A.2)

Let us start by bounding the two last term in the right hand side of (4.A.2). First, since
(Xie)e>0 is a stationary Gaussian sequence and since E[)N(H)N( (n+1)x) T 0 (according
= —r+00
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to [13, Theorem 2.3]), a criterion for Gaussian processes (see [53]) gives that ()N(k,i)kzo
is ergodic. Therefore, we get

: 1 T 2 2 2
TETOOT/O | X|*Pdt = Jim Z|Xk 1P = E[| X,|?] < 400, (4.A.3)

where the limit holds in the almost sure sense.

In order to treat the second term in the right hand side of (4.A.2), we resort to equation

(4.A.1). From there it is readily checked that %|X;—X;|2 = —2|X;—X;|2, and thus | X;—

X2 = e 2|y — Xo|%. In particular, we have lim [Xp, — Xpe|? = lim e 2PF5|yy —
k—+o00 k—+o00

X0|2p = 0 and the corresponding Cesaro summation tends also to 0, i.e.
n—1

1T . 1
TETOOT/O Xy = X[t = lim Z\X;m Xl =0. (4.A.4)

Now it remains to treat the first term in the right hand side of (4.A.2). To this end, we
will invoke our hypothesis (Cyw) and a classical argument based on Gronwall’s lemma.
Namely, note that for all £ > 0,

d
%D/tﬂ — Xi)? =207 — X4, by(YY) + Xy
=20V — X3, by(V}") — bg(Xy)) + 20" — Xy, bp(Xy) + Xo)
1 N
<28 = 20|V — X,? + g\Yt‘9 — Xi? 4+ eC(1 + | X¢?"),

where the last inequality stems from (Cy ), Young’s inequality and the linear growth of
by entailed by (4.2.5). We then set € = 1/a, which gives

d 8,
SV = X2 <28 — oY = X + — (14| X)),
Hence from Gronwall’s lemma, we deduce that
! o
Y- Xl < / e (2ﬂ +—(1+]X; \”)) (4.A.5)
0

Starting from (4.A.5), one can easily get a bound on |Y;” — X;|?”. Namely, due to the
fact that fot e—olt=s) g = a (1 —e~9) a direct application of Jensen’s inequality yields

9 5 1— e—at p—1 t . C« ) p
VY — X < () / e ot=s) <2ﬁ+ —(1+|X,] ’”)) ds
@ 0 Q@

t
0
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Then, by using Fubini theorem, it comes
/ Xt‘det< / / a(t—s) 1+|X |2pr)ds dt
T
= ?p / (141X P7) / 1o (s)e @ dt ds.  (4.A.6)
0 S

In addition, for ¢ € [0, 7] we have 1y (s)e™ %) < ev®e~2(!=5). Hence integrating the
right hand side of (4.A.6) we get

C ar 1 C etk 1 T
/ - Xy *dt < 2 T/ (1+]X[*T) (1—e‘°‘(T—S>) ds < p; <1+T/ |Xs|2p’"ds>.
0 0

Finally, by the same type of arguments used in the first part of the proof (see (4.A.4)),
we can show that Tlirn * fOT | X,|?"ds = E[| X0|?""] < +o0o. Thus we have obtained
— 400

1 T
sup sup — / VY — X|?Pdt < +oc. (4.A.7)
T>09€0 0o -

Plugging (4.A.3), (4.A.4) and (4.A.7) into (4.A.2), our claim (47) is now proved.
(7i7) We let the patient reader check the details for item (#i7). It follows the same
lines as item (ii), except for the fact that the discretization procedure is avoided. ]

Our next result is an analog of Proposition 4.A.1 for the Euler scheme Z-7.

Proposition 4.A.2. Let Z"7 be the Euler approzimation scheme defined by (4.2.13).
Assume (Hg) and (Cyw). Then, there exists 7o > 0 such that for all p > 0,

(i) sup sup limsup E[|Z}3,’j/|p] < +400.

(14) sup sup 'yp(l_H)]E[sup|Z}z,’3|p] < +o0.
+E(0,70] N>0 9e0

(14i) Fiz v € (0,1]. Then sup sup Ly Zﬂwlp < +00 a.s.
Y€ N

The strategy for the proof of Proposition 4.A.2 is based on a comparison between
Z97 and the Euler scheme ¥ related to the Ornstein-Uhlenbeck process X given by
(4.A.1). Namely define ¥ recursively by ¥ = yo and:

Sttty = (1= 7)Eky + 0((Brsryy, — Biy))s Yk > 0. (4.A.8)

We first prove some bounds on ¥ itself, which are labeled in the following lemma

Lemma 4.A.1. Let X be the Euler scheme defined by (4.A.8). There exists vo > 0 such
that for all p > 0 we have

(i) sup limsup E[|Xn,[P] < 4o0.
76(0770] N—+o0
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(i) sup sup YPIDE[|Ty,[P] < +oo.

(i7i) Fiz vy € (0,70]. Then ]svup + ij;ol | Xk [P < +00 a.s.
>1

Proof. By Cauchy-Schwarz inequality, it is enough to show the three results for 2p instead
of p. We treat again the three items separately.
(i) Let 7o € (0,1). By Lemma 2 in [15], we know that

sup limsup E[|Zn,]?] < +o0. (4.A.9)
7€(00] N—+o00

Since ¥ is a Gaussian process, the extension from a second order moment to a moment
of order 2p is trivial. We thus omit details for sake of conciseness.
(17) Let 79 € (0,1) and v € (0,70). First note that by induction, we have for all

k>1:
k-1

Sty = (1790 +0 3 (1 7)., (4.A.10)
§=0
where Ay_; := (B(y—j)y — B—1—j)y)- In equation (4.A.10), we apply the triangular
inequality for the norm in L?(Q) and we invoke the fact that E[(A%)?]Y/2 =~ for all
i€ {l,...,d}. This yields

k—1
E[|Sky[21Y2 < (1= 2)*lyol + o] Y (1 — 7 E[| Ag—; ]2
=0
k—1 ' d '
< (1 =) yol + o] > (1 =) > E[(A}_ )
=0 i=1
k—1 .
< (1 =) yol + dlolyT > (1 -7y
=0
< |yol + dlofey™ T

Therefore, we easily get that
VTHE(IZk, ) < 207 (Iyof* + dla P2 72) < 2957 [yol* + 24P
which gives the following bound

sup  sup 7> *ME[[S,[?] < +oo.
2€(070] N>0

Exactly as in item (¢), we now resort to the Gaussian nature of ¥ in order to conclude
that

sup  sup YPUHE[|Sy,|?] < 400, forall p>1. (4.A.11)
’YG(O,’Y@] N2>0
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(7i7) We start from identity (4.A.10). Applying Jensen’s inequality we deduce that

9 2p—1 k—1 ‘
|k [ < 22711 — )2 [yo [P + <> o1y (1= 7| Ayl
gl =
2 2p—1
<2t () |a\2p2 (1 =71, (1412)
We have thus obtained that
1 N-1 9 2p—1 1 N—-1k—
LY me s (1) o Y Y 0yl
k=0 k=1 j=0
Therefore our claim (7i7) is reduced to show that
| Nolke 1
sup — YV Agp—j P < +o0. (4.A.13)
vz N ]=0

In order to prove (4.A.13) we make a change of variable £ = k — 1 — j and apply Fubini’s
theorem. This gives

| N-lk-1 | N=2 N-1
~ WAk = S 1A P > (=)t
P j:0 (=0 k=t+1
N—2 /1 d N-2
11 rlo 1 :
I 14 i 7 2p
< SN ‘Ag+1‘ < ~ Z N ( €+1)
(=0 i=1"" (=0
Since the sequence (Af),>1 is ergodic for every i € {1,...,d}, we have
| V=2 A
(A7 BI(AD) = ey
(=0
and our claim (4.A.13) follows. This finishes the proof. O

With those preliminary considerations on ¥ in hand, we can now prove our Propo-
sition 4.A.2.

Proof of Proposition 4.A.2. As previously, we will prove the result for 2p instead of p.
Moreover, for sake of simplicity, we write Z¥ instead of Z?7. According to the dynamics
(4.A.8) for ¥ and (4.2.13) for Z”, we have for all k > 1,

120, =S * = 1201y, = 2 k=1 29201y = S k=) Sh=17+00 (20019 )+ [ B k=10 +00(Z 01y,
(4.A.14)
In order to treat the second term in (4.A.14), we recast it as

(Zle1yy = Zte—1)7> S(e—1) +bl9(ZE9k71)'y)>
= (Zh 1y = Bh=1)7:20(Z0i_1yy) = b9 (Er—1)2)) + (Zlh1)y = Zk=1)s Ep=1)y + b0 (S (e-1)))
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4.A. Tightness and convergence of the occupation measures

Then, we invoke our condition (Cy) to bound the first term in the right hand side above
and Young’s inequality for the second term. Similar manipulations can be performed
for the third term in (4.A.14). We let the patient reader check that for some arbitrary
parameters ¢, & we get

9
|Zk7 - Ek7|2

Y
<287+ (1 = 29a)|Z,_ 1y, — Se-v* + *|Zz9k_1)7 — S 1)y >+ Ve S —1)y + b9 (Sr—1)7)?

2
Y v L7 L e’
+ 275/|E(k*1)7 + bﬁ(z?kq)fy)ﬁ |Z k—1)y — E(kfl)'y|2'
We now choose € = é and ¢/ = ﬁ, which yields
9 2 Y& 9 9 0% 73[/2 )
128, =S <267+ (1= 5 ) 12y = Sl (4 T30 ) Py + bo(Cmny) P

Observe that under (Cy ), by is sublinear. Hence there exists C' > 0 depending only on
«, 8, L such that

120, = Sy < (1= 7a) |20 1)y = Se—1)y [P + C7 (1+9°) (14 Bz, ?)  (4.A.15)

where we have set & := «/2 in order to ease our next computations. We now choose
0 <7 < 1/a. By a direct induction, it comes

E
—_

120, = Sy < Cy (1497) D (1= @)1 (14155, ).
J

Il
o

Finally, applying Jensen’s inequality similarly to what is done in (4.A.12), we end up
with

k—1
y
123y = Ta 7 < P g (1497)" (1 = 9@ 1 (14 35 )"
j=0
2\" pk 1 )k
< CP <d> v (1++?) (14 55,%) . (4.A.16)

]=O
With those preliminary considerations in hand, we now prove the three items in Propo-
sition 4.A.2 separately.
(i) We start from relation (4.A.15). Since v € (0,70], C(1 +~?) < C for a constant
C >0

120, = Siy? < (1 =7@) 1201y, = Smry ]+ v8= (1+ [Sg-?) -

o Q2
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4. DRIFT ESTIMATION PROCEDURE FOR ADDITIVE FRACTIONAL SDE

We now invoke the convexity of z — |z|P in order to get

i _CP
122y = Sy < (1= 98) 1251y = Semag ™ + 76 (14 (S *)”

< (1=98) | Zf—1yy = S-1|" + Cpy (1 + S0 ) -

Then we take expectations and upper limits in k, which gives

Qz‘Ql

lim sup IE[|Z}3,Y — g, 7] < 2 (1 + lim sup IEHE;W\QP]) .
k——+o0 k——+o0
With this inequality in hand and Proposition 4.A.1 (i), inequality () is proved.
(ii) First, we take successively the supremum over © and the expectation in (4.A.16).

We then multiply by v2*=H) and perform the same kind of manipulations as for (7).
With the help of Proposition 4.A.1 (ii), we get that

sup sup ’yQP(l*H)IE[sup]Z,f,Y — ZM]Q”] < +oo. (4.A.17)
~e(0,70] k>0 9eO

Having achieved the upper bound (4.A.17), our claim (i7) now stems from another direct
application of Proposition 4.A.1 (i1).

(7i7) Here, we just need to sum (4.A.16) for k£ from 0 to N — 1 and divide by N.
Then, we use Fubini theorem on the right hand side combined with Proposition 4.A.1

(7i1) to conclude that sup sup % Z{j;(} |Z}3,Y — ¥gy|?P < 400. Finally, by using again
ve® N>1
Proposition 4.A.1 (7i7), the result follows.

O

4.A.2 Proof of Proposition 4.3.3

We will focus on the proof of (4.3.8) only, the discrete counterpart of Proposition 4.3.3
being obtained by similar argument. We also note that (4.3.8) cannot be obtained as
a consequence of Birkhoff’s theorem. Indeed, Birkhoff’s theorem would yield a vg-a.s.
convergence in (4.3.8), where vy is the invariant measure alluded to in Remark 4.2.3.
In order to avoid any reference to the support of the invariant measure vy, our relation
(4.3.8) gives a weak convergence result which does not include any condition on the
initial value of Yoﬁ.

In order to prove (4.3.8), we first observe that according to (4.3.9), the family of
measures {% fg dysds;t = 0} is a.s. tight. Therefore it only remains to prove that any
limit is vy. We now focus on the convergence of % fg 5Y;9 ds. To this aim, we consider an
additional family of probability measures on C([0,00), R?) in the following way:

o _ 1 [
where Y, = (Y2, )us0. We will first prove that {z7;¢ > 0} is an a.s. tight family in the

set M1(C(]0,00),RY)), where we recall that the notation M; is introduced in Section
4.2.1. The tightness of {m;¢ > 0} can be handled in the following way: we have seen
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4.A. Tightness and convergence of the occupation measures

that {1 fg dysds;t > 0} is a.s. tight in M (R?). Therefore a classical criterion (see e.g.
[4, Theorem 8.3]) ensures that {;t > 0} is a.s. tight if for every positive T, 1 and &,
there exists > 0 such that for all ¢y € [0, 7],

: 1/t
lim sup t/o gl{supue[t07t0+6] |}?9+u_y;9+t0‘26}d5 <n a.s. (4.A.18)

t—+o00

Moreover, inequality (4.A.18) holds true as long as there exist some positive r and p
such that

1 t
lim sup / sup [V, — YsﬂtOVds < Copd™P as. (4.A.19)
t——+o0 0 uE[tU,to—Hs]

Let us now prove (4.A.19). On the interval [to, o + 0], we have

to+90
Y0 = Y| < / by(YD, )ldu+  sup  |Bsiu — Bstto)- (4.A.20)
to uE[to,to-HS]

Using Jensen’s inequality and Fubini’s Theorem, we get that for any r > 0,

1 ft to+6 r 1 t+to+0
L[ meian) as<a ([ pras)
t 0 to t 0

Furthermore, since by is sublinear according to (Cy ), it follows from (4.3.10) that

1 t to+0 T
lim sup / </ ]bﬁ(}gﬁuﬂdu) ds < 06! (4.A.21)
0

t—-+o0 to

for a constant C' > 0. On the other hand, by the ergodicity of the increments of the fBm
and its self-similarity,

t——+o00

1 t
; / sup  |Bsju — Bsito|"ds 5 Bl sup |B,|"] = CR07T, (4.A.22)
0 ue[to,t0+5] uG[O,é]

where the limit in (4.A.22) holds in the a.s. sense. Choosing r > sup{2,1/H} in (4.A.21)
and (4.A.22), then plugging (4.A.21) and (4.A.22) into (4.A.20), we get that (4.A.19) is
satisfied. We have thus proved the a.s. tightness of {7;t > 0}.

The second step is then to show that any limiting distribution of (% fg (53/;9+ ds) is
necessarily the law of a stationary solution Y to SDE (4.2.7). This step in turn implies
the result by uniqueness of the stationary solutions.

Let (i fO" 5Y579+ .ds)n be a (pathwise) convergent sequence with limiting distribution

p where {t,;;n > 1} is an increasing sequence converging to +oo. We first prove that y is
the law of a stationary process. Namely, for any bounded functional F : C([0, c0), R?) —
R, we have

p(F o0r) = p(F) = tim o [P0 ) - FOZ s

n—+o0 t,,
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4. DRIFT ESTIMATION PROCEDURE FOR ADDITIVE FRACTIONAL SDE

However, a simple change of variables reveals that a.s. we have

1 tn 1 tn+T T
i o [P0 )P0 s = i ([ Fe s~ [P jas) o
0 tn 0

n—-+oo t,, n—+oo t,,

We thus easily get that p is stationary. Now, let us prove that w is the law of a solution
to (4.2.7). Without loss of generality, we can say that a process (z:):>0 is a solution to
(4.2.7) if &, — o — [; by(wy)du is a fBm. In other words, we have to prove that po G~
is the law of a fBm where G(z) = . — xg — [; by(wy)du. Since G is continuous for the
u.s.c topology, it is readily checked that

I

poG = lim —

0 ds.

In addition, by construction G(Y?, ) = Bsi. — B,. Hence the fact that uo G™1 is the
law of a fBM follows again from the ergodicity of the increments of the fBM.
Summarizing our considerations, we have proved that u is a stationary measure related
to the system (4.2.7). Therefore we have p = L((Y;")¢>0), which concludes the proof.

4.B Proof of Proposition 4.3.8

For sake of conciseness, we will focus on the proof of Proposition 4.3.8 (¢). The proof
of item (i7) relies on the same kind of tools, plus the discrete computations invoked in
the proof of Proposition 4.A.2. In order to prove item (i), let us consider ¢ > 1 and a
parameter p > 0 to be chosen later on. An easy elaboration of (4.3.14) shows that

t
Y =Y = [ (= Y 2l (V) bV, Y~ ) ) d,
0

(4.B.1)
In addition, one can write

b191 (Y;ﬁl) - bﬁ2 (}/5192) = b191 (Y;m) - b191 (YSI?Q) + b191 (}/3192) - b192 (}/5792)'

We now combine the assumption (Cg) (including the contraction property, the fact
x + by(x) is uniformly Lipschitz in ¥ and the fact that dyby(z) has polynomial growth)
and Young’s inequality |ab| < o|a|?> + £[b|? for an arbitrary e > 0. This yields the
existence of a constant L > 0 such that

Clo1 — 92 (1 + |Y,[")?

L?¢
(bo, (V71) =y, (Y.72), Y71 =Y 72) < <_04 - 2> Y=Y 2

Plugging this inequality into (4.B.1) and setting ¢ = L?/a and p = «/2, we have thus

obtained

t
Yt — Y22 < Ofoy — 192|2/ e (1 + |Y.22|* ds. (4.B.2)
0
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4.B. Proof of Proposition 4.3.8

Thus, using Fubini’s theorem, one deduces that

1t 0.2t t
/ |}/8191 —}/;792’2d5§ C|191 192| /(1+|Y8192|27'/ 6p(sfu)deu
t Jo t 0 u
1 t
< C,l91 — o <1+t/ (1+|Y;92|2Tdu>.
0

Hence a direct application of inequality (4.3.9) yields the existence of a random variable
C = C(w) such that for all (91,92) € ©2 we have

1 t
sup/ Y2 — YP22ds < Oy — 9]
t>1 1 Jo

This concludes the proof of Proposition 4.3.8 (i) for a distance d € Dy. To extend the
result to any p > 2, one can apply Jensen’s inequality to (4.B.2) and follow the same
lines as for d € Ds.
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5. Perspectives

5.1 Sur l’ergodicité de dynamiques discretes fractionnaires

Rappelons que le premier travail de cette these correspondant au chapitre 2 porte sur le
comportement en temps long de dynamiques discretes a mémoire de la forme

Xn+l - F(Xn, An+1) (511)
ol (Ap)nen est un processus gaussien stationnaire et ergodique (voir larticle [71]). En
s’inspirant de Hairer [30], Fontbona-Panloup [20] et Deya-Panloup-Tindel [22] dans un

cadre continu et sous de bonnes hypothéses sur F' et sur le bruit gaussien, nous avons
construit une structure markovienne au dessus de (5.1.1), montré P'existence et I"unicité
d’une mesure invariante et donné une borne sur la vitesse de convergence de la loi du
processus vers cette mesure (pour la distance en variation totale). La vitesse obtenue
dépend de la décroissance asymptotique de la fonction de covariance du bruit gaussien
A (ou de fagon équivalente de celle des coefficients intervenants dans la représentation
en moyenne mobile de A).

Un premier objectif d’extension de ce travail serait d’établir la vitesse lorsque la
dynamique (5.1.1) correspond au schéma d’Euler d’'une EDS dirigée par un mouvement
brownien fractionnaire (mBf) de parametre de Hurst H > 1/2. En effet, si dans le
cas H < 1/2, on retrouve les ordres des vitesses du cadre continu (voir Hairer [30]), il
ne nous est actuellement pas possible d’obtenir le méme type de résultat dans le cas
H > 1/2. Précisément, le controle de 'opérateur d’inversion de la représentation en
moyenne mobile (et des by associés) n’est pas suffisant pour conclure. A la lecture des
arguments du cadre continu (voir Lemme 5.1 de contrdle utilisé par Hairer [30]), il semble
qu’une idée pourrait étre de tirer profit de la régularité locale du mBf lorsque H > 1/2
(ou du noyau de Mandelbrot associé). Cet outil n’est d’apparence pas nécessaire dans le
cadre discret ou les objets sont bien définis pour tout H. Néanmoins, mimer ’argument
(de type intégration par parties) du continu pourrait probablement permettre d’obtenir
le résultat souhaité.

Une autre question plus générale en lien avec ce travail serait d’étudier (toujours
pour le schéma d’Euler) comment se comporte la vitesse de convergence avec le pas de
discrétisation. En I’état, la dépendance en le pas du schéma semble difficile d’acces, cela
nécessiterait une étude plus précise et spécifique du schéma.
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5.2 Sur la concentration pour des EDS fractionnaires

Le deuxieme chapitre de cette these porte sur la concentration en temps long a la fois
pour des fonctionnelles de la solution d’'une EDS fractionnaire additive (de parameétre
de Hurst H € (0,1)) sur un intervalle [0,7] et pour des fonctionnelles d’observations
discretes de ce processus (voir Darticle [70]). Le résultat général obtenu est ensuite
appliqué & des fonctionnelles spécifiques liées aux mesures d’occupations (discrétes ou
continues) de la solution de 'EDS.

Rappelons 'EDS considérée :

ou b : R — R? est une fonction au minimum continue, o € Myy.q et B est un mBf de
parametre H € (0,1). Un sujet d’intérét est la relaxation d’une hypothese sur le drift
b. Dans le chapitre 3, on suppose que le drift b est fortement contractant, c’est-a-dire
que (z —y, b(z) — b(y)) < —alz — y|?>. Cette hypothése induit que deux trajectoires
de (5.2.1) partant de deux conditions initiales distinctes convergent 1'une vers l'autre a
vitesse exponentielle. Cependant, sous I’hypothése plus faible (x — y, b(z) — b(y)) <
B —alz —y|?, Iergodicité de 'EDS (5.2.1) est démontrée (voir [36]), mais aucun résultat
de concentration en temps long sous cette hypothése plus faible n’existe & ce jour. A notre
connaissance, il semble qu’il existe peu de résultats dans le cadre diffusif (c’est-a-dire
lorsque B est le mouvement brownien standard dans (5.2.1)) sans cette hypothese de forte
contractivité. Un premier travail pourrait étre d’étudier la relaxation de cette hypothese
dans le cas diffusif pour lequel les solutions sont markoviennes. En particulier, nous
pourrions commencer par relaxer 'hypothése de forte contractivité en une hypothese
de forte contractivité en dehors d’un compact et faible contractivité dans ce compact
(correspondant & I’hypothese (Hj)) section 1.2.2).

5.3 Sur l’estimation du drift pour des EDS fractionnaires

Le dernier chapitre, qui expose un travail effectué en collaboration avec Panloup et
Tindel [60], porte sur 'estimation paramétrique du drift (non linéaire) pour une EDS
fractionnaire additive de parametre de Hurst H € (0,1). Nous utilisons une estimation
par minimum de contraste basée sur 'identification de la mesure invariante (dont une ap-
proximation est construite a partir d’observations discretes de 'EDS). Nous démontrons
la consistance des estimateurs considérés et obtenons des bornes non asymptotiques sur
Ierreur quadratique. Nos résultats sont illustrés par des simulations numériques. Enfin,
nous montrons sur une classe d’exemples que I'hypothese d’identifiabilité relative a ce
probléme d’estimation (intrinséquement liée & la mesure invariante) est satisfaite.

Nous aimerions maintenant améliorer deux aspects. Premiérement, le récent article
de Comte-Marie [17] traite de P'estimation non paramétrique du terme de drift (en di-
mension 1) lorsque H > 1/2 en utilisant les propriétés d’ergodicité de I'EDS. Cependant,
les auteurs supposent que le processus est observé continiiment ce qui n’est pas le cas en
général. Un aspect important a étudier est de voir si une estimation non paramétrique
du drift est possible en se basant sur des observations discretes.
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Deuxiemement, d’'un point de vue numérique, nous pensons pouvoir développer les résul-
tats numériques exposés dans le chapitre 4. En effet, notre estimateur est défini comme
I’argument minimum d’une fonction de contraste. La fonction a minimiser est complexe
car elle dépend d’une distance sur ’espace des mesures de probabilités. Pour certains
choix de distances (comme dcp), définie en (1.3.40)), il semble cependant que le calcul
du gradient soit possible ce qui permettrait d’obtenir un algorithme d’optimisation de
type gradient et d’étudier ses propriétés.
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Ergodicité des égquations différentielles stochastiques fractionnaires
et problémes liés '

RESUME

Dans gette-thése, nous nous intéressons & trois problémes en lien avec ergodicité de dynamiques aléa-
toires & mémoire (discrétes ou continues) et tout particulierement des Equations Différentielles Stochas-
tiques (EDS) dirigées par un mouwvement brownien fractionnaire.

Le premier chapitre porte sur Pétude du comportement en temps long pour une classe générale de dy-
namigques aléatoires discrétes dirigées par un processus gaussien stationnaire ergodique. En 8’inspirant des
travaux de Hairer (2005), Fontbona-Panloup {2017}, Deya-Panloup-Tindel (2019) sur Pergodicité des EDS
fractionnaires, nous construisons une structure markovienne au dessus de la dynamique considérée, nous
démontrons l'existence et I'unicité d'une mesure invariante puis nous donnons une borne sur la vitesse de
convergence de la loi du processus vers cette mesure. La vitesse obtenue dépend du comportement asymp-
totique de la fonetion de covariance du processus gaussien qui dirige la dynamique {ou plus précisément
de celui des coefficients intervenant dans sa représentation en moyenne mobile). .

Le deuxi®éme chapitre expose des résultats sur la concentration en temps long 4 la fois pour des fonc-

tionnelles de la solution d’une EDS fractionnaire additive sur un intervalle [0, T] et pour des fonctionnelles
" d’observations discrétes de ce processus. Ce résultat général est ensuite appliqué & des fonctionnelles
spécifiques liées aux mesures d’occupations (discrétes ou continues) de la solution de 'EDS.

Le dernier chapitre, dont les résultats utilisent ceux du chapitre 2, est un travail effectu¢ en col-
laboration avee Panloup et Tindel qui porte sur 'estimation paramétrique Hu drift (non linéaire) pour
une EDS fractionnaire additive. Nous utilisons une estimation par minimum de contraste basée sur
I'identification de la mesure invariante (dont une approximation est construite a partir d’observations
discrdtes de 'EDS). Nous démontrons la consistance des estimateurs considérés et obtenons des bornes
non asymptotiques sur Perreur quadratique. Nos résultats sont illustrés par des simulations numériques.
Enfin, nous montrons sur une classe d’exemples que 'hypotheése d’identifiabilité relative a ce problénie
d’estimation (intrinséquement liée & la mesure invariante) est satisfaite.

ABSTRACT

In this thesis, we focus on three problems related to the ergodicity of stochastic dynamics with memory
(in a discrete-time or continuous-time setting) and especially of Stochastic Differential Equations (SDE)
driven by fractional Brownian motion.

In the first chapter, we study the long-time behavior of a general class of discrete-time stochastic dy-
namics driven by an ergodic and stationary Gaussian noise. Following the seminal paper written by Hairer
(2005) on the ergodicity of fractional SDE (see also Fontbona-Panloup (2017} and Deya-Panloup-Tindel
(2019)), we first build a Markovian structure above the dynamnics, we show existence and unigueness of the
invariant distribution and then we exhibit some upper-bounds on the rate of convergence to equilibrinm
in terms of the asymptotic behavior of the covariance function of the Gaussian noise (or more precisely,
of the asymptotic behavior of the coefficients appearing in its moving average representation).

The second chapter establishes long-time concentration inequalities both for functionals of the whole
solution on an interval [0, 7} of an additive fractional SDE and for functionals of discrete-time observations
of this process. Then, we apply this general result to specific functionals related to discrete and continuous-
time oceupation measures of the process.

The last chapter, which uses the results developped in Chapter 2, is a joint work with Panloup and
Tindel which focuses on the parametric estimation of the (non linear) drift term in an additive fractional
SDE. We use a minimum contrast estimation based on the identification of the invariant distribution (for
which we build an approximation from discrete-time observations of the SDE). We provide consistency
results as well as non-asymptotic estimates of the corresponding quadratic error. Some of our results
are illustrating through numerical discussions. We also give some examples for which the identifiability
condition related to our estimation procedure (intrinsically linked to the invariant distribution) is fulfilled.




