UNIVERSITA DEGLI STUDI DI NAPOLI FEDERICO II

DOTTORATO DI RICERCA
IN

SCIENZE MATEMATICHE E INFORMATICHE
XXXI cicrLo

Weighted Multipolar Hardy Inequalities in
RY and Kolmogorov Type Operators

Francesco Pappalardo

ANNO AccADEMICO 2017/2018



Contents

Abstract 1
Introduction 3

1 Schrodinger and Kolmogorov operators with inverse square

potentials 11
1.1 The classical Hardy inequality in RY . . . . ... .. .. 12
1.2 Schrodinger operators with inverse square potentials . . . 15
1.3 Schrodinger operator with multipolar inverse square poten-

tials . . . 16
1.4 Multipolar Hardy inequalities . . . . . .. . ... ... .. 17
1.5 Kolmogorov operators perturbed by singular potentials . . 21
1.6 Ornstein-Uhlenbeck type operators perturbed by unipolar

inverse square potentials . . . . . . ... ... 27
1.7  Kolmogorov operators with general drift term . . . . . . 32

2 Weighted multipolar Hardy inequalities and Ornstein-

Uhlenbeck type operators 35

2.1 Ornstein-Uhlenbeck type operators perturbed by a multi-
polar inverse square potential . . . . .. ... ... ... 36

2.2 Existence of solutions via the bilinear form technique . . 43

3 Weighted Hardy inequalities with measures of more gen-

eral type and Kolmogorov operators 47

3.1 Weighted unipolar Hardy inequalities . . . . . . . . . .. 48

3.2 Weighted multipolar Hardy inequalities via the vector field
method . . . . ... o7

3.3  Weighted multipolar Hardy inequalities via the IMS method 62



Contents

A Sesquilinear forms and associated operators 69
A.1 Bounded sesquilinear forms . . . . ... ... ... ... 69
A.2 Unbounded sesquilinear forms and their associated operators 70

B Operator semigroups and invariant measures 73
B.1 Strongly continuous operator semigroups . . . . . . . . . 73
B.2 Sesquilinear forms and generation of semigroups . . . . . . 7
B.3 Positive semigroups . . . . . . ... 78
B.4 Invariant measures . . . . . . .. ... ... ... .. .. 79

List of Symbols 85

Bibliography 87

Acknowledgement 93

11



Abstract

The main purpose of the thesis, which describes the topics I was involved
and the results achieved so far, is to introduce the multipolar weighted
Hardy inequalities in RY in the context of the study of Kolmogorov type
operators perturbed by singular potentials and of the related evolution
problems.

From the mathematical point of view, the interest in inverse square
potentials of type V' ~ # relies in the criticality: they have the same
homogeneity as the Laplacian and do not belong to the Kato’s class, then
they cannot be regarded as a lower order perturbation term. Furthermore
the study of such singular potentials is motived by applications to many
fields. We deal with the evolution problem

P) Owu(z,t) = Lu(z,t) + V(x)u(z,t), xRN >0,
u(-,0) =up >0€ L2,

where L is the Kolmogorov operator

Lu = Au+ Vi Vu, (0.1)

1

€ CH*(RN), > 0, a probability density on RN, N > 3, perturbed by

loc
a multlpolar inverse square potential of the type

c
V(x):zm, zeRY, ¢>0, ay,...,a, € RY

and L? := L(R", dp), with du(z) = p(z)dz.
The operator L defined in (0.1) can also be defined via the bilinear
form

a,(u,v) = Vu-Vvdy = —/ (Lu)v dp.

RN RN

1



Abstract

We state existence and nonexistence results following the approach of
X. Cabré and Y. Martel in [11] and using some results stated in [33, 12].

There exists a relation between the weak solution of (P) and the
bottom of the spectrum of the operator —(L + V)

Vol?du — V2 d
MIL+V):= inf (fRN| ol dp—Ja Ve “)
peH}\{0} S @ dp

with H ; a suitable weighted Sobolev space.
The estimate of the bottom of the spectrum A (L + V') is equivalent
to the weighted Hardy inequality with V(z) = > " —%—, ¢ < ¢, =

i=1 |z—a;|2?
_9\2
co(N) = (%32)",

/ VsOQdué/ !V90|2du+K/ ©*dp, peH,  K>0,(02)
RN RN RN

and to the sharpness of the best possible constant.

Then the existence of positive solutions to (P) is related to the Hardy
inequality (0.2) and the nonexistence is due to the optimality of the
constant c,.

Our results about Hardy-type inequalities fit into the context of the
so-called multipolar Hardy inequalities.

The main problem to get the estimate with the best possibile constant
is due to the mutual interaction among the poles. It is not easy to
overcome the difficulties related to this aspect and until now the proof
based on IMS method is the unique which allows us to achieve the optimal
constant. The proof of the optimality is another crucial point in the proof.

As far as we know there are no results in literature about the weighted
multipolar Hardy inequalities.

The thesis describes, in the first part (Chapter 1), the reference results
we can find in literature about the behaviour of the operators with inverse
square potentials in the unipolar and multipolar case (existence and
nonexistence of positive solutions to evolution problems with Schrodinger
and Kolmogorov type operators and positivity of the quadratic form
associated with Schrodinger operators). Furthermore we recall the Hardy
inequalities in the case of Lebesgue measure and in the weighted case.

In the second part (Chapters 2 and 3) we report our results about
Kolmogorov type operators and weighted Hardy inequalities.



Introduction

The main purpose of the thesis, which describes the topics I was involved
and the results achieved so far, is to introduce the multipolar weighted
Hardy inequalities in RY in the context of the study of Kolmogorov type
operators perturbed by singular potentials and of the related evolution
problems.

From the mathematical point of view, the interest in inverse square
potentials of type V' ~ # relies in the criticality: they have the same
homogeneity as the Laplacian and do not belong to the Kato’s class, then
they cannot be regarded as a lower order perturbation term. Furthermore
interest in singular potentials is due to the applications to many fields, for
example in many physical contexts as molecular physics [40], quantum
cosmology (see e.g. [6]) and combustion models [29]. Multipolar potentials
are associated with the interaction of a finite number of electric dipoles
as, for example, in molecular systems consisting of n nuclei of unit charge
located in a finite number of points a4, ..., a, and of n electrons. The
Hartree-Fock model describes these systems (see [16]). This type of
potentials also appears in some models of physical chemistry (see [7]).

Elliptic operators with bounded coefficients have been widely studied
in literature both in RY and in open subsets of RY since the 1950s, and
nowadays they are well understood. The interest in elliptic operators with
unbounded coefficients in RY has grown considerably as a consequence of
their numerous applications in many fields of science and economics.

Due to their importance, the literature on these operators has recently
spread out considerably and now we are able to treat uniformly elliptic
operators of the type

N

Au(z) = Z ¢ij(z)Diju(x) + Z bi(z)Diu(z) + c(x)u(r), =€ RN,

i,j=1 i=1

under rather weak assumptions on the coefficients, both with analytic



Introduction

and probabilistic methods.

If we assume that (g;;(x)) satisfies the ellipticity condition and g;;,
b; (1,7 =1,...,N) and ¢ belong to C2*(RN) for some a € (0,1), it is
possible to prove that the parabolic problem

u(t, ) = Au(t,z), t>0, xRV,
u(0,z) = ug(x),

admits a classical solution for any uy € Cy(RY). Moreover, there exists
a semigroup {T(t)};>o defined in C,(RY) such that the solution of the
problem is given by u(t,x) = (T'(t)ug)(z) for any ug € Cp(RY) (see [42]).
The operator A is not in general the infinitesimal generator of this
semigroup, but it generates {T'(t)};> in a weak sense.
In the thesis we deal with the evolution problem

(P) Owu(z,t) = Lu(z,t) + V(x)u(z,t), xRN >0,
u(,0) =up>0¢€ Lz,

where L is the Kolmogorov operator

Lu = Au+ % - Vu, (0.3)

pe CHY(RN), 1> 0, a probability density on RY, N > 3, perturbed by

loc
a multipolar inverse square potential of the type

u c
V(x):zm, zeRY, ¢>0, a,...,a, €RY (0.4)
=1 v

and L7 := LR, dp), with du(z) = p(z)dz.
The operator L defined in (0.3) can also be defined via the bilinear
form
a,(u,v) = Vu-Vvdy = —/ (Lu)v dp.
RN RN
We can derive properties for L and generation results through properties
of the form a,,.

It is well known that the semigroup {7'(¢)}:>o weakly generated by
the operator L in Cy(RY) can be extended to a positivity preserving and
analytic strongly continuous semigroup on the weighted space Li. This
is possible since dy is the invariant measure for {T'(t)}so in Co(RY) (see
42)).



Introduction

We state existence and nonexistence results using the relation between
the weak solution of (P) and the bottom of the spectrum of the operator
—(L+V)

ML+ V)= inf (

peHE\{0}

Jan [VoPdp — [on V? dM)
fRN 902 d/’L

with H ; suitable weighted Sobolev space.

When =1 X. Cabré and Y. Martel in [11] showed that the bound-
edness of \{(A+ V), 0 <V € L} (RY), is a necessary and sufficient
condition for the existence of positive exponentially bounded in time
solutions to the associated initial value problem. Later G. R. Goldstein,
J. A. Goldstein, A. Rhandi in [33] and A. Canale, F. Gregorio, A. Rhandi,
C. Tacelli in [12] extended the result to the case of Kolmogorov operators.

The estimate of the bottom of the spectrum A;(L 4 V') is equivalent

to the weighted Hardy inequality with V(z) =Y " ——. ¢ < c,,

i=1 Jz—a;2°

/ Vso2du§/ |V90|2du+K/ ©*dp, peH,  K>0,(05)
]RN RN ]RN

and to the sharpness of the best possible constant.

Then the existence of positive solutions to (P) is related to the Hardy
inequality (0.5) and the nonexistence is due to the optimality of the
constant c,.

Our results about Hardy-type inequalities fit into the context of the
so-called multipolar Hardy inequalities.

The main problem to get the estimate with the best possibile constant
is due to the mutual interaction among the poles. It has been not easy to
overcome the difficulties related to this aspect and until now the proof
based on IMS method is the unique which allows us to achieve the optimal
constant. The proof of the optimality is another crucial point in the proof.

As far as we know there are no results in literature about the weighted
multipolar Hardy inequalities.

The thesis describes, in the first part (Chapter 1), the reference results
we can find in literature about the behaviour of the operators with inverse
square potentials in the unipolar and multipolar case (existence and
nonexistence of positive solutions to evolution problems with Schrodinger
and Kolmogorov type operators and positivity of the quadratic form
associated with Schrédinger operators). Furthermore we recall the Hardy
inequalities in the case of Lebesgue measure and in the weighted case.
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In the second part (Chapters 2 and 3) we report our results about
Kolmogorov type operators and weighted Hardy inequalities.
In particular the thesis is structured as follows.

Chapter 1 deals with Schrodinger operators with singular potentials.
The simplest examples of operators belonging to the class we consider
are the Schrédinger operators acting on L2(RY), which correspond to the
case u = 1in (0.3)

Lu(x) := —Au(z) — V(x)u(x).
We introduce the classical Hardy inequality on RV, N > 3,

2
co/ ﬂdxg/ IVo|?dz, Ve H(RY),
R RN

N Jz?

where ¢ < ¢, = ¢,(N) = (%)2, with ¢, optimal constant. For the
inequality, we refer to the proof given by E. Mitidieri in [47], which makes
use of the vector field method, while to prove the optimality of the constant
we adapt the technique used in [12].

Afterwards we consider the initial value problem corresponding to the

operator A +V

u = Au+ Vu t>0, xRV,
u(0,) = ug > 0 € L*(RY),

where 0 <V € L} _(RY). Tt is well known that if V < m%, c>0,e>0,

(0.6)

loc
then the problem is well-posed. But for ¢ = 0 it may not have positive

solutions.
We recall a remarkable result stated in 1984 by P. Baras and J. A.
Goldstein in [4]. The authors showed that in the case V(x) = np the

evolution problem (0.6) admits a unique positive solution if ¢ < ¢, =
(%)2 and no positive solutions exist if ¢ > ¢,. When it exists, the
solution is exponentially bounded, on the contrary, if ¢ > ¢,, there is the
so called instantaneous blowup phenomenon (cf. [44]).

An analogous result has been obtained in 1999 by X. Cabré and Y.
Martel in [11] for general potentials 0 < V € L} _(RY) with a different
approch.

Their approach is based on the estimate of the first eigenvalue (or

bottom of the spectrum) Ay of the operator —A — V', defined as

: Jan IV dp — [on Vo* dp
A= inf 5 )
peH1(RN)\{0} S 92 dp
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In particular they showed that, if A\; > —oo, then the problem (0.6) admits
a positive and exponentially bounded in time weak solution. Conversely,
if \; = —o0, there exist no positive solutions.

The classical Hardy inequality plays a crucial role in the proof of the
statement.

In the context of Schrodinger operators with multipolar inverse square
potentials of the type

—A — Z|l‘—a,|2’ al,...,aneRN,
i

n>2 ¢ € R, ¢f = max{c;,0}, for any i € {1,...,n}. V. Felli, E. M.
Marchini and S. Terracini in [25] proved that the associated quadratic

form
Qp) ::/ |Vgo\2dx—zcz/]v ]x—a ’2

is positive if Y | ¢ < -2y 2) , conversely if >7" | ¢f > (N2 ) there exists

a configuration of poles such that () is not positive.

In the Chapter we describe some results in literature on multipolar
Hardy inequalities on R when the measure is the Lebesgue measure.
In the case of the potential V(z) =Y, ez With ¢> 0, R. Bosi,

J. Dolbeaut and M. J. Esteban in [10] proved that there exists a positive
constant K such that the following multipolar Hardy inequality holds

c/ VgOdeS/ |Vgo|2dm+K/ ©*dr, Ve H(RY) (0.7)
RN RN RN

for any ¢ € <0, (%)2} . The estimate is obtained using the so-called IMS

(Ismagilov, Morgan, Morgan-Simon, Sigal) truncation method, which
consists in localizing the wave functions around the singularities by using
a partition of unity of RY.

This method allows to get the inequality and to achieve the constant
¢, thanks to the well-known unipolar inequality. So the authors can avoid
the problems related to the mutual interaction among the poles.

We report also a Hardy-type inequality as (0.7) with K = 0 and

Vi=¢dcicjen _azal gtated by C. Cazacu and E. Zuazua in [18],

PmaiPle—a
which improves a result stated in [10].
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We then consider the class Ornstein-Uhlenbeck type operator
Lu = Au— Az - Vu,

where A is a positive definite real Hermitian N x N-matrix, perturbed
by the unipolar inverse square potential V' = #

We present the results stated in [33], an extension of the Cabré and
Martel’s result to the case of Kolmogorov type operators and the estimate

2
CO/ ‘p—dug/ \w|2du+f(/ Pdp, VeeH  (0.8)
R RN RN

N ’LC‘Q

with respect to the Gaussian measure du = Cle3(Aaa) dx, with C' normal-
ization constant, which is the invariant measure for L. Here H i denotes
the set of all the functions in L? having distributional derivative in (L2)".
The proof of the estimate (0.8) is based on the vector field method.

Furthermore the authors proved that the constant c, = (%)2 in the
inequality is optimal. This allowed them to characterize the existence
of the semigroup solution of the parabolic problem (P) corresponding
to L+ V in Lﬁ. In particular they obtained nonexistence of positive
exponentially bounded solutions if the coefficient of the inverse square
potential is greater than c,.

Finally we report recent results in [12] about weighted unipolar Hardy
inequalities and Kolmogorov operators with more general drift term with

respect to the paper [33].

Chapter 2 is dedicated to the results stated in [13]. We consider the
generalized Ornstein-Uhlenbeck operator

Lu:Au—ZA(x—ai)-Vu, ai,...,a, € RN (0.9)
i=1

where A is a positive definite real Hermitian N x N-matrix, and the
associated evolution problem (P) with the multipolar singular potential
V defined in (0.4).

We are motivated to consider the Gaussian measure
d/jj(;p) = ,U,(l’)dl‘ = Ce_%Z?:l(“‘(x—ai)’(x—ai»dx’

with C' normalization constant, which is the unique invariant measure for
the Ornstein-Uhlenbeck type operator (0.9).
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The main result in Chapter 2 is the following weighted multipolar
Hardy inequality

n 2
2 2
——du < Vol“d
/Z T aiP "“—/RN‘ ol du

k 1
) 2 RN

which holds for all ¢ € H}, where ro = min; |a; —a;]/2, i, =1,...,n,
k € [0,72) and ¢ € (0,¢,] with ¢, = ¢,(N) = (%)2 optimal constant.

Our technique, unlike the vector field method used in the case n =1
in [33], allow us to overcome the difficulties due to the mutual interaction
among the poles and to achieve the constant ¢, in the left-hand side in
the inequality.

We obtain the estimate (0.10) using a way which allows us to get it
starting from the result obtained in [10] in the case of Lebesgue measure
and exploiting a suitable bound that the function u satisfies.

The optimality of the constant ¢, is less immediate to obtain. The
crucial points to estimate the bottom of the spectrum are the choice of a
suitable function ¢ which involves only one pole and the connection we
state between the weight functions in the case of one pole and in the case
of multiple poles.

In the paper [13] we prove also in a different way the weighted inequal-
ity through the IMS method arguing as in [10]. To this aim we need to
use a Hardy inequality in the case n = 1 which we need to prove. In fact,
we recall that in the IMS method a fundamental tool is an estimate with
a single pole which allows us to achieve the optimal constant ¢, in the
inequality.

Furthermore, we state an existence and nonexistence result putting
together our weighted Hardy inequality and Goldstein-Goldstein-Rhandi’s
result.

We conclude Chapter 2 by setting semigroup generation results via
the bilinear form technique. To this aim we consider the bilinear form
associated to the operator —(L + V)

(0.10)

RN

& uv
ac(u,v) := Vu-Vvd,u—c;/Rde,u

with domain H i Studying the form we state the positivity of the solution.

9
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Chapter 3 is devoted to some results which extend the previous ones
to the case of Kolmogorov type operators ([14, 15]). The work [15] is in
progress for some aspects. The basic idea is to extend the multipolar
Hardy inequalities when the measure is different from the Gaussian
measure, then of more general type. We use the IMS method adapted to
the weighted case to get the result. So we need a weighted unipolar Hardy
inequality proved in [14] which can be used in the proof. This motivated
the interest for this type of inequality in relation to the multipolar case.

The proof of the unipolar inequality is different from the others in
literature. To state the optimality, which represents in general a delicate
point in the proof, we introduce a suitable function. This inequality allow
us to get existence and nonexistence results for solutions to parabolic
problem associated to Kolmogorov operators.

In the Chapter we also state weighted multipolar Hardy inequalities
using vector field method. We state a preliminary inequality which
represent an extension of the result obtained for Lebesgue measure (see
Chapter 1). Then we are able to prove the Hardy inequality and to
overcome the difficulties due to the mutual interaction among the poles
but we do not achieve the best constant.

To complete the work of the thesis we include two appendices where
we summarize some topics related to the Chapters.

In Appendix A we recall some results and terminology on sesquilinear
forms and their associated operators. Appendix B deals with Semigroup
Theory and invariant measures.

10



Chapter 1

Schrodinger and Kolmogorov
operators with inverse square
potentials

In this Chapter we present some results we can find in literature about
unipolar and multipolar Hardy inequalities in RY, Schrodinger and Kol-
mogorov type operators and related evolution problems. We focus on
weighted Hardy inequalities and existence and nonexistence results for
solutions to the evolution problems.

The Chapter is structured as follows.

In Section 1.1 we deal with the classical Hardy inequality in RY,
N > 3. We present the proof given by E. Mitidieri in [47], while for the
optimality of the constant we adapt the proof in [12].

Section 1.2 concerns the initial value problem corresponding to the
Schrodinger operators with singular potentials —A — V. We recall re-
markable results stated by P. Baras and J. A. Goldstein in [4] in the case
of the potential V' (z) = #, ¢ > 0, and by X. Cabré and Y. Martel in
[11] in the general case 0 <V € L} (RY).

In Section 1.3 we consider Schrodinger operators with multipolar
inverse square potentials.

For these operators we report a necessary and sufficient condition for
the positivity of the associated quadratic form stated by V. Felli, E. M.
Marchini and S. Terracini in [25].

Then we focus in Section 1.4 on multipolar Hardy inequalities and

related matters about the optimality of the constant in the estimates. A

11



1.1. The classical Hardy inequality in RY

notable achievement is the inequality with optimal constant stated by R.
Bosi, J. Dolbeaut and M. J. Esteban in [10].
In Section 1.5 we deal with Kolmogorov type operators

Lu:Au—i—@-Vu.
i

with weight function p € CLY(RN), p > 0, in the drift term. We
report an extension of Cabré-Martel’s results for the parabolic problem
corresponding to the perturbed operator L + V| where V € L} (RY),
stated in [33].

In Section 1.6 we deal with an Ornstein-Uhlenbeck type operator
perturbed by the unipolar inverse square potential V(z) = # We
present a weighted Hardy inequality with optimal constant, stated in
[33], which allows to state the existence and nonexistence of the weak
solutions to the parabolic problem corresponding to L + V' is in terms of
the constant ¢ in the potential. It has been initially reference paper of
our work on the multipolar case.

In Section 1.7 a more general result about the weighted Hardy inequal-
ity stated in [12] is given. It is related to Kolmogorov type operators
with more general drift term. The authors get existence and nonexistence
conditions stating an extension of the result in [33], given in Section 1.6,

to the case of more general measures.

1.1 The classical Hardy inequality in R

The classical Hardy inequality was originally introduced in [35] in the one
dimensional case as the attempt to simplify the proof of Hilbert’s double
series theorem (see [36, Theorem 315]).

We present the estimate in R, N > 3. The proof we report is due
to Mitidieri [47] and it is based on the so-called vector field method. In
literature there are alternative techniques to prove the result, see for
example [3, 28].

Theorem 1.1. For every o € HY(RY), N > 3, the following inequal-

ity holds
N —2\° 2
— —dr < 2 dx. 1.1
(557) s [ wera -

12



1.1. The classical Hardy inequality in RY

Proof. First we observe that it is enough to assume that ¢ € C°(RY).
We define the vector field F. as

F5<x>—( n_e . o ) .

s+ eP” T e P
By the divergence theorem we have

Ne + (N = 2)|z)* ,

d pr—
o e+ P2 7
x -V
=_9 — T »nd
/RN c+ P2
||| ]
<o [ P gold
< [ Tl el
1 1
<2 / Lgozdx 2 / IV|? do 2
- gy (€ + |x]2)? RN ’
and then

N -2 ? ‘33"2 2
- - dr < Vol dz.
( > )/RMHWW ””—/RN‘ ol da

Letting ¢ — 0" in the above inequality we obtain the claim.
[

In the following Theorem we show that the constant in (1.1) is optimal
adapting the proof given in [12] to the case of Lebesgue measure (see also
[32, Theorem 2.3]).

Theorem 1.2. There exists a function o € HY(RY), N > 3, such
that inequality (1.1) does not hold if ¢ > (%)2

Proof. Let ~ be such that maX{—\/E, —%} < v < —%, so that
2" € LL,(RY) and [af~2 ¢ L1, (RY) and 12 < c.

Let n € Nand 9 € C*(RY),0<9 < 1,9 =1in By(a) and ¥ =0 in
BS(a). Set @, (x) = min {|z|"¥(z),n"7}. We observe that

(1)” if || < 1,
) a2 if% <lz| <1,
o) =N o) i< |2 <2,
0 if |z| > 2.

13



1.1. The classical Hardy inequality in RY

The functions ¢, (x) are in H'(RY).
Let us assume ¢ > (%)2 We want to show that A\; = —o0.
We get

/ <|W)n|2 — %%) de =
RN |$|

-/ (|V|$|7|2—i|$|27)dx+ V]e['d(z) Pda
Bl\Bl

|z[?

By
—/ %(\xpﬁ(m))? da:—c/ n’QV%dx
B¢ x| B ||

1
n

c
1

< (72 —C)/ |£U|27_2dx—|—2/ (|x|2v|vl9|2+72792|1,|2w—2) dr
Bi1\B1 B

<GPoo) [ e Vol <) [ do
B1\B1 B

c
1

_ (2 c)/ @ %dx + Cy . (1.2)
Bi\B1
On the other hand,

/RN oo (x) dx > / 12|92 () dz = Cs. (1.3)

B2\By

From (1.2) and (1.3) one obtains

e (Wl - ) e (8 =0 gl Oy
- fRN QO%LdQZ - CQ ’

Taking into account that % — ¢ < 0 and

lim |22 dr = 40

)
n—-4o0o Bl\Bl
n

we get A\ = —o0.

14



1.2. Schrédinger operators with inverse square potentials

1.2 Schrodinger operators with inverse square

potentials
In this Section we consider the parabolic problem corresponding to the
Schrodinger operator £ = —A —V, where 0 <V € L} (RY),
u = Au+ Vu t>0, xRV, (1.4)
u(0,+) =up > 0 € L*(RY). '

It is well known that if V' < m%, ¢ > 0, e > 0, then the problem is
well-posed. But for € = 0 it may not have positive solution.

In 1984 P. Baras and J. A. Goldstein in [4] stated the following
necessary and sufficient conditions for the existence of positive solutions
in the case of the potential V(x) = me ¢ > 0.

Theorem 1.3. Let us assume V(x) = mz ¢ > 0. The problem

: . : : N2
(1.4) has a unique positive solution for each ug € L*(RY) if ¢ < (£52)

M)’

15 exponentially bounded, on the contrary, if ¢ > (%)2, there is the
so-called blowup phenomenon.

and no positive solution if ¢ > ( When it exists, the solution

Afterwards, in 1999 X. Cabré and Y. Martel in [11] stated analogous
conditions for the existence of weak solutions to (1.4) in the more general
case of potentials 0 <V € L} (RY).

We say that u > 0 is a weak solution to (1.4) if, for each T, R > 0 we
have u € C([0,T], L>(RY)), Vu € LY((0,T) x Bg,dtdz), and

//RN —¢y — A¢) dadt — /RNuo(p dx—/ /RNVu¢d:cdt

for all ¢ € W21([0,T] x RN). If T = 0o we say that u is a global weak
solution to (1.4).

Moreover, we define the first eigenvalue (or bottom of the spectrum)
of the operator —A — V in RY, as

ot fRN |Vg0|2dx—fRN V?dx
peH(RN)\{0} Jan p?dx '

Note that the case A\(A + V) = —o0 is allowed.
We report below the statement of Cabré-Martel’s Theorem.

MA+V) =

15



1.3. Schrodinger operator with multipolar inverse square potentials

Theorem 1.4. Let us assume 0 < V € L} (RY). The following
statements hold.

(1) If M(A +V) > —o0, then there exists a global weak solution to
(1.4) such that

()]l 2@y < Me[lugl| L2y, (1.5)
fort >0 and some constants M > 1, w € R;

(i1) If \(A + V) = —oo, then for any 0 < vy € L*(RYN)\ {0} the
problem (1.4) has no positive solution such that satisfying (1.5).

As remarked in [11], in the case of the potential V(z) = 5 the
existence of positive solutions to (1.4) is related to the classical Hardy
inequality. The nonexistence of solutions is due to the optimality of
the constant in the inequality. Therefore, studying the bottom of the
spectrum is equivalent to studying the Hardy inequality and the sharpness
of the best possible constant.

1.3 Schrodinger operator with multipolar
inverse square potentials

Let us consider the Schrodinger operators with multipolar inverse square
potentials

n ci
L:—A—Zm, (1.6)
=1

where a; € RY for i € {1,...,n}, a; # a; for i # j, ¢; € R for all
ie{l,...,n}.

The interest in Schrodinger operators with multipolar potentials (see
e.g. [22, 26, 27, 25, 18, 17]) is motivated by applications to Physics (see
e.g. [7, 16]).

An interesting problem concerns the positivity of the quadratic form
associated with the operator (1.6), defined as

")
Q) = Quninn) = [ [Vul)P e =3 e e
RN p—r —a;
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1.4. Multipolar Hardy inequalities

We say that the form @) is positive definite if there exists a positive
constant
e=c(cr, . Cnyag, ... ap)

such that

Qu) > 5/ |Vu(z)|?*dx,  for all u € DM*(RY),
RN

where the functional space DV?(RY) is the completion of C2°(RY) with
respect to the Dirichlet norm

fuloregeny = ([ | V(o)
RN

When we have a single pole a complete answer to the question of the
positivity is provided by the classical Hardy inequality (1.1).

In the case of the operator with multiple singularities, V. Felli, E. M.
Marchini and S. Terracini in [25] stated the following necessary and suffi-
cient condition for the positivity of the form () for at least a configuration
of poles.

Theorem 1.5. Let ¢y, ...,c, € R. Then

N —2\? N -2
ci<<T> , foreveryi=1,...,n, and Zcz (—) ,

15 a necessary and sufficient condition for the existence of a configuration
of poles ay, ..., ay, Such that the quadratic form associated to the operator

L=—-A— Z ol 18 positive definite.

ll\xa

1.4 Multipolar Hardy inequalities

Due to the connection between Schrodinger operators with singular po-
tentials and Hardy inequalities, it is of great interest for us the case of
inequalities involving multiple singularities. These are known in literature
as multipolar Hardy inequalities.

17



1.4. Multipolar Hardy inequalities

The first example of inequality of this type is the following

n 2
2 2 1 /N
E ——dzx < V d 0 H (R 1.7
C/RN i=1 [z — a;[? x_/]RN| plide, e>0, g HRT), (17)

which is the natural generalization of the classical Hardy inequality (1.1)
to the case of n poles, with n > 2.

Unlike the unipolar case, finding the optimal value ¢, of ¢ in the
inequality (1.7) where n > 2, is still an open problem (cf. [30, Section
9.5]). However, the best constant in (1.7) satisfies

The lower bound for ¢, is given by the following Proposition. As
an exercise we adapt the proof based on the vector field method to the
multipolar case.

Proposition 1.6. The following inequality holds

(N —2)° / ol / 2
S L A Vol|2d 1.9
an RN ; |z — a;? v RN Vel dr. (19)

for all ¢ € H'(RY).

Proof. By density, we consider functions ¢ € C°(RY). Let us define
the vector field Fi(z) = ¢ 3711, o=ts, we get

n 2
¥
N—2/ E—dx—
) rY = |z — af?

= / QAdivE dx
RN

< —2/ oF -Vodz
RN

—a;

(2

n

2 : ¢’ g
SZC;(/RN'W' dx) (L Zap)
2
Sn/RN|V<p|2dx+c2/RN;mdx

18



1.4. Multipolar Hardy inequalities

Then we get

n 2
N—92)— 2 _ Y < / Vol d

Taking the maximum of the function ¢(N —2)—c? we get the inequality. [

In the following Proposition we show that the constant (%)2 cannot

be optimal in (1.7) if n > 2. This result is known and we prove it as an
exercise.

Proposition 1.7. The constant (%)2 is optimal in (1.7) if and only
ifn=1.

Proof. If n =1 the classical Hardy inequality ensures the optimality
o2 .
(252)" in (1.7).
Now assume that the best constant in (1.7) is ¢, = (7_2)2, i.e. the
same of the classical Hardy inequality

2
co/ —dxg/ |V|? du,
Ry |2 — agl? RN

which holds for every i € {1,...,n}. If it were n > 1, from the optimality
of ¢, in (1.7), we get

dr < *d 1.1
coz/m_ap o< [ Vel (1.10)

Then, multiplying by n, we get

< 2dx. 1.11
ncOZ/Nym_a|2dx_nAN|V¢| dx (1.11)

From the optimality of ¢, in (1.10), being n ¢, > ¢,, we obtain

2
nco/ —dx>/ |V|? du,
rY [T — aif? RN

for all i =1,...,n, and then

n 2
¥ 2
o ——dx > V|~ dz. 1.12
e [ L e > [ I9ef i 12

19



1.4. Multipolar Hardy inequalities

From (1.11) and (1.12) we get

n 2
n/ |V<p|2dx<nco/ Z%dmﬁn/ IV|? dr.
RN RN i1 |.T — a/i| RN

This leads to the contradiction n < n. Therefore n = 1. O

The following multipolar Hardy inequality (1.13), which is the main
result we report in this Section, has been stated by R. Bosi, J. Dolbeault
and M. J. Esteban in [10]. The proof of the inequality is based on the
so-called IMS truncation method, which consists in localizing the wave
functions around the singularities by using a partition of unity in R¥.
We will describe the method in Chapter 3, where we will adapt it to the
weighted case.

The result emphasizes that constant ¢, = ¢,(N) := (%)2 can be
optimal to the price of adding a lower order term in L?-norm on the
right-hand side in the inequality.

Theorem 1.8. Assume N >3, n > 2 and let 1o = min,; |a; — a;|/2,
i,j =1,...,n. Then there exists a constant k € [0,72) such that

dx < 2d
CZ/NIx—aP o< [ 1vek

1
+{—k+(n2~+ )CO}/ ©? da

: 9\ 2
for all p € HY(RN), where ¢ € (0,¢,) with ¢, = ¢o(N) := (¥52)

(1.13)

Another result in the context of multipolar inequalities with optimal
constant is the following multipolar Hardy-type inequality recently stated
by C. Cazacu and E. Zuazua in [18].

Theorem 1.9. Let N > 3, ay,...,a,, n > 2, such that a; # a;. The
followz’ng imequality holds

_2 |2
OB [ el vws [ veran
RN |£B— al| |z — a;|? RN

1,7=1
1<J

or all p € HY(RY), Moreover, the constant (N_22)2 18 optimal.
¥ n
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1.5. Kolmogorov operators perturbed by singular potentials

1.5 Kolmogorov operators perturbed by sin-
gular potentials

In this Section we deal with the class of the Kolmogorov type operators

Lu:Au—i—% - Vu, (1.14)

defined on smooth functions. Here p is a probability density on R¥,
N > 3, satisfying u € CL¥(RY) for some a € (0,1), pu(x) > 0 for all
r € RV,

The operator L arises from the Dirichlet form
a,(u,v) = Vu-Vvdp u,v € O (RMY). (1.15)
RN

Indeed by integrating by parts in (1.15) we get

a,(u,v) = —/ Luv dp, u,v € O (RM). (1.16)
RN
It is known that the operator L with domain
Dpnazx(L) = {u € Co(RY) N W2P(RY) for all 1 < p < oo, Lu € Cy(RY)}

is the weak generator of a not necessarily Cy-semigroup {7°(¢)}¢>0 in
Cy(RY) (see Appendix B).
Moreover, if we set du := p(x)dz, for any u € C>°(RY) we have

/Luduz Audu—l—/ @Vudu
RN RN RN M

:/ Au pdr + VuVudz
RN RN

= — VuVpdr + / VuVpdr = 0.
RN RN
Then dy is the invariant measure for the semigroup {7'(¢)}i>0 in Cy(RY).
So we can extend it to a positivity preserving and analytic Cy-semigroup
on L2 := L*(R", dp), whose generator is still denoted by L.
Furthermore we denote by H ﬁ the set of all the functions f € Li
having distributional derivative Vf in (L2)". In Proposition B.26 in

21



1.5. Kolmogorov operators perturbed by singular potentials

Appendix B we list some general results about the semigroup {7'(t)}+>0
and weighted space H. In particular, it holds that C¢°(RY) is densely
embedded in H,.

In the following we consider the Kolmogorov operator L defined in
(1.14) perturbed by a singular potential 0 <V € Li (RY).

As observed in [12], the operator L + V in L? is equivalent to the
Schrédinger operator H = A+ (U, + V) in LQ(R]\# ), where

’ lAu

Indeed, taking the transformation Ty = #gp one has

THT ¢ =TH (/)

=T (ViAp +2(Vy/i) - (Vo) + (Aym)e) + Upy/ie + Vi
1 Ap 1|Vu|2

Vy
Ap+ 2 .Vo+ ==L
Vil i Ve 3 VR Tnyi?

1Aup
P - 57\/@0 + Vﬁ@)

: (
\//7
1 Vuz

1

v
:AQO—FTM-VQO—{-V@.

Then L+V =THT .

As seen in Section 1.2, if L = A Cabré-Martel’s Theorem provides
conditions for the existence of positive weak solutions to the corresponding
initial value problem. A natural question is if similar conditions also hold
for the problem associated with operator L + V

(P) Owu(z,t) = Lu(z,t) + V(x)u(z,t), t>0,zeRY,
u(-,0) =ug >0€ L.

The problem has been dealt by G. R. Goldstein, J. A. Goldstein and A.
Rhandi in [33].
We say that u is a weak solution to (P) if, for each T, R > 0, we have

uwe C([0,T],L2), Vue L'(Bgx(0,T),dudt)
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1.5. Kolmogorov operators perturbed by singular potentials

and
/OT /R ul=0: = Lg) dpdi = /R (-, 0) dp = / ) /R Vg dudt

for all ¢ € W' (RN x [0, T]) having compact support with ¢(-,T) = 0.

For any Q ¢ RN, W' (Q x (0,7)) is the parabolic Sobolev space of
the functions u € L*(2 x (0,T)) having weak space derivatives D%u €
L*(Q x (0,7)) for || < 2 and weak time derivative dyu € L*(Q2 x (0,T))
equipped with the norm

HuHWQQ’I(QX(O,T)) = (HUH%%QX(o,T))"‘HatUH%%Qx(o,T))

N

+ Z ||Dau||%2(nx(o,T)))

1<|al<2
We define the bottom of the spectrum of —(L + V') to be

Vol|?du — V?d
ML+V) = inf (IR” el du QIRN ‘ “).
peHI\{0} S @ dp

Note that the case of A\j(L 4+ V) = —o0 is allowed.
In order to investigate on the existence of positive weak solution to

(P), the authors in [33] considered the approximate problem

gty (,t) = Luy(z,t) + Vo (2)uy(z,t), t>0,z€RY,
un( ) ) Uy € [
where V,, = min(V,n), and stated the following Lemma (see [33, Ap-
pendix]).

Lemma 1.10. If u is a positive weak solution of (P) and 0 < ug €
L2, ug # 0, then
0 < up(z,t) <ulx,t)

for allt >0 and a.e. x € RN, where u,, is the positive solution of (P,).

23



1.5. Kolmogorov operators perturbed by singular potentials

Then, following the approach used in [11], they stated the next Theo-
rem.

Theorem 1.11. Assume that 0 < p € CL¥(RN) is a probability

loc

density on RY and 0 <V € L} (RN). Then the following hold:

loc

(1) If \i(L+ V) > —o0, then there exists a positive weak solution
u € C([0,00), L2) of (P) satisfying

le(®llzz < Me fuollzz, # >0 (117)
for some constants M > 1 and w € R.

(i) If \(L + V) = —oo, then for any 0 < ug € L7, \ {0}, there is no
positive weak solution of (P) satisfying (1.17).

Proof. (i) Let us consider the approximate problem (F,). Since L
generates a positivity preserving analytic semigroup on Li and V,, is
bounded and nonnegative, it follows that L + V,, generates a positivity
preserving analytic semigroup S, (:) on Li. Assume g is not the zero
function. Hence (P,) admits a unique positive classical solution wu,, =
Sn()ug, 1. u, € C'((0,00), D(L)) and satisfies (P,). Moreover,

0 <up(z,t) <upsi(x,t), n=123,...

holds on RY x (0, 00). Multiplying (P,) by u, and integrating we obtain,
by using (1.16),

1
—/ Op(un) dp = / Lun.undu+/ VouZ dp
2 JrN RN RN
= _/ \Vun|2d,u+/ Vou? dp
RN RN

< —/ |Vun|2d,u+/ V2 dy.
RN RN

Hence,

1
L o du < ML+ V) / o2 du

2 RN RN

Thus,
lun(®llzz < eV ugllsg, ¢ 0, (1.13)
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1.5. Kolmogorov operators perturbed by singular potentials

This implies that
1S, (1)]| < e”MEAVIE ¢ >0,

Therefore there is a Cyp-semigroup S(-) on Li satisfying lim,, o Sp(t)f =
S(t)f for all f € L2t > 0 (cf. [3, Proposition 3.6]). Set u(t) :=
S(t)ug, t > 0. It follows from the Trotter-Neveu-Kato Theorem (see
Appendix B) that u,(t) converges to u(t) in L uniformly for t € [0, T7.
Since u, € C([0,00),L2) is a weak solution of (P,), it follows that
u € C([0,00), L?) is a weak solution of (P). The estimate (1.17) follows
from (1.18) and it holds with M = 1.

(ii) Suppose that there is a positive weak solution u of (P) with initial
data uo € L7, . satisfying (1.17). Let u, be the unique positive solution of
(P,). Then, by Proposition 1.10,

0 < up(x,t) <ulx,t)

for all £ > 0 and a.e. z. By the monotone convergence theorem, there is
a positive weak solution u(t) = lim,, o u,(t) of (P), called the minimal
solution. Let ¢ € C(RY) with [,x ¢*du = 1. Let us consider uy €

LIQUH ug # 0. Since V,, is nonnegative and bounded, it follows that
un(t) > T(t)ug, t>0,

where T'(-) is the semigroup generated by L in L?. It is known that for
[ € Cy(RY),
105w = [ pta)f)dy, >0, 0 R,
R
with 0 < p € C((0,00) x RY x RY) (cf. [45, Proposition 2.1] and Theorem
B.18 in Appendix B). Hence, for a fixed r > 0 and ¢ > 0,
e (t) == min p(t,x,y) > 0.

(x,y)€supp px By

Thus, for a.e. x € supp ¢,
T(t)ug(x) = lim T(t)ugm(x)

m—r0o0

m—00 RN

> e(t) lim [ ugm(y) dy

m—00 B'r

= c,(t)/ uo(y) dy =: ¢;(t; uo),

25



1.5. Kolmogorov operators perturbed by singular potentials

where ug,, € Cp(RY) is such that lim,, .« |Juo — g m|| 1z = 0. Therefore,
un(t) > T(t)ug > cr(t,ug) >0, t>0, (1.19)
a.e. on supp .

Multiplying (P,) by %j, integrating and taking into account (1.19) we
obtain

2
/ Voot du = 0, (/ (log u, ) ¢? d,u) —|—/ Yu, -V (ﬁ) du
RN RN RN Uy,

_ o ( / <logun>@2du)+2 / (Vun - V) E- dp
RN RN Uu

v’
/RN ]Vun|2 dp

n

O, ( / (logun)wzdu>
RN
2 3 3
+2</ |Vun|2—2du) (/ !V@Pdu)
RN Up, RN
/ ’vuTle@ dp
RN

n

< o ( / <1ogun>go2du)+ 1Vt
RN RN

Integrating with respect to ¢t € (1,00) we get

-1 [ Vigrdus [ 1og (58) Fautt-1) [ [9oPdn

for every t > 1. Letting n — co, by the monotone convergence theorem
and (1.19), we obtain

[vetan= [ 1Velan< = [ | oo du
—/RN log(a(1))¢? du]

for every t > 1. Using Jensen’s and Holder’s inequalities and (1.17) we

IN
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1.6. Ornstein-Uhlenbeck type operators perturbed by unipolar inverse square potentials

deduce

/Vdeu—/ Vel du
RN RN

< 7 {log [(/RN ’d(t)Qdu)

=
VR
—
Z
S
S
QL
=
~_
(SIS

{210g(Mlluollzz) + 2t + 210 |l

2 [ gl du} |

20t — 1)

Now, by letting t — 400, we obtain

/ Vso2du—/ Vel?du < w
RN RN

for any ¢ € C°(RY) with [y ¢*du = 1. Thus, by density of C2°(RY)
in H, we obtain that A\;(L + V') > —oo, and this ends the proof of the
theorem. [

1.6 Ornstein-Uhlenbeck type operators per-
turbed by unipolar inverse square po-
tentials

In this Section we focus on the Ornstein-Uhlenbeck type operator

Lu=Au— Az -Vu (1.20)
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1.6. Ornstein-Uhlenbeck type operators perturbed by unipolar inverse square potentials

defined on smooth functions, with A a positive definite real Hermitian
N x N-matrix.

We can regard the operator defined in (1.20) as a Kolmogorov operator
with % = Ax in the drift term.

The Gaussian measure

dp = p(z)de = Ce 242 gy z e RV,

-1
C = / e~ 2(AT2) g
RN ’

where

is the invariant measure for the operator L. Indeed, if u = Ce’%mx’@,
then we get
/ Ludp = / (Au — AzVu) du
RN RN
= / Aup dr — / AxVup dx
RN RN
= — VuVudr — / AxVup dx
RN RN
=C VuAze 2407y — C/ AzVue 247 o — 0.
RN RN

As in the more general case, L is the generator of a not necessarily strongly
continuous semigroup, which can be extended to a positive and analytic
strongly continuous semigroup {T'(t)} on L2 = L*(R", dy). The generator
of {T'(t)} has domain H} := {u € H : Dyu € H} for each 1 < k < N}
(cf. [20, 43, 46]) and it still denoted by L.

Now we perturb the operator L by the inverse square potential

c
V) =
where z € RY, ¢ > 0, and consider the initial value problem (P) corre-
sponding to L + V.

In [33] the authors proved the following weighted Hardy inequality
with optimal constant. As we will see, the result allows to state existence
and nonexistence conditions via the Theorem 1.11.
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1.6. Ornstein-Uhlenbeck type operators perturbed by unipolar inverse square potentials

Theorem 1.12. Assume N > 3 and A a positive definite real Hermi-
tian N x N-matriz. One has

2
of Ezdns [ Vet lAle [ Gde 2
R RN RN

v [af?

forall ¢ € H), where ¢ € (0,¢,] with ¢, = ¢o(N) = (%)2 optimal
constant.

Proof. Let us consider the function F(z) : C%e_%mx’x

= ). By density,
it suffices to prove (1.21) for all p € C°(RY). Then

Hence,

2 Az, x
/R Ld (c(N=2)=c)dp < /RN|V30|2d,u+c/Ng02<|$|2>d

NW R
< / Vol? dyi+ el Al / & du.
RN RN

Now, the maximum of the function ¢ — ¢(N — 2) — ¢? is attained at
Conax = % and this proves (1.21). For the optimality take ¢ > ¢, and
p(x) := |z|" with v > 1 — §. Then ¢ € H; and

C _
/ (|V¢|Q——gs@2> =7 =) [ PO
RN |$| RN
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1.6. Ornstein-Uhlenbeck type operators perturbed by unipolar inverse square potentials

Hence the bottom of the spectrum A;(L + V') satisfies

S 12207 dps
ML+V)< (7?2 =c)R
1( ) (,}/ ) fRN ’:Elg,y d,u

Since, for every z € RY and some constants oy, as > 0

ailz? < |A2z]? < aslzf?,

it follows that

(N |z|2 \A%m\Q
o E +ﬁ)/ z|?Pe 2 da S/ lz|*Pe™ 2 da
RN RN

(N |z|2
< a1(2+5)/ |2[#e™ 2 du.
RN

Hence, by using

% N N
/RN 2|Pe"5 do = on 28T FID(B + 5), p+5 >0, (1.22)

we see that
o ROV 0B

iy _ ﬂ .
L R )

Now, since ¢ > ¢, = (%)2, it follows that

(42 = coy 7Y

(-5 a; T2y £ N - 2)

= —OQ.

Thus, for any M > 0, there is ¢ € H}, such that

2
/N|Vg0|2du—c/ S’;dﬂ<—M o dp.
R R

N |$|2 RN

By taking M := \/c||A|| we find ¢ € H} such that

2
¥
c/ —Qdu>/ \legdu+\f6||f1l!/ ©? du.
Y 7] RN RN

This proves the optimality of c,. n
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1.6. Ornstein-Uhlenbeck type operators perturbed by unipolar inverse square potentials

Putting together Theorem 1.11 and Theorem 1.12, it is possible to
state existence and nonexistence conditions for the solution to the problem
C

(P) in terms of the constant ¢ in V(z) = e

Theorem 1.13. Assume that N > 3, A a positive definite real Her-
mitian N X N-matriz and 0 < V(x) < ﬁ, withc > 0, x € RN. Let L the
Ornstein-Uhlenbeck type operator (1.20). Then the following assertions
hold:

(i) If ¢ < c,, then there exists a weak solution u € C([0,00), L?) of

owu(z,t) = L+ V(x)u(x,t), xRN t>0,
) (1.23)
u(,t) =Ug € LM’
satisfying
lu(®)llzz < Me“|lugllzz, >0 (1.24)

for some constants M > 1, w € R, and any ug € Li.
(ii) If ¢ > c,, then for any 0 < wuy € LZ, ug # 0, there is no positive
weak solution of (1.23) with V() = n satisfying (1.24).

Similar conditions have been stated in [34, 37|, where the authors
replaced the Ornstein-Uhlenbeck operator (1.20) with the nonlinear p-
Kolmogorov operator

Kyu = div(|Vul|P7Vu) + |Vul/ 2 Vu - %,

for 1 < p < oo, with density function

[VS]

p(r) = Ce AT ,

where A is a positive definite real Hermitian N x N-matrix and C' is the
normalization constant.
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1.7. Kolmogorov operators with general drift term

1.7 Kolmogorov operators with general drift
term

In the context of Kolmogorov type operators, we report the unipolar
weighted Hardy inequality with optimal constant stated by A. Canale, F.
Gregorio, A. Rhandi and C. Tacelli in [12].

The inequality holds with respect to general measures dy = p(z)dz,
including the ones which allow degeneracy at one point.

In order to get the result, in the paper they considered weighted
functions p satisfying the following hypotheses:

i) >0, p2 € H

loc

(RY), Ap € L, (RY);

loc

i1) the constant

is finite, where ¢,(N) = (%)2 and U, = 1

i1i) for every R > 0 the function

1 ,
U:=U,—- Whrilj(l)lp |z|“U,

is bounded from above in RY \ Bg;

iv) there exists a Ry > 0 such that

v) there exists supseg {# € L} (RN, d#)} =: Np.

loc

Under these conditions the authors stated the following Theorem.

Theorem 1.14. Assume hypotheses i) —iv). Then for any ¢ € Hﬁ
the following inequality holds

2
©
CO,u/ —Qduﬁ/ IVsOIQdquCu/ Qrdp.
RN | 7] RN RN
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1.7. Kolmogorov operators with general drift term

The proof makes use of improved Hardy inequalities (see [1, 49]) to
get the result.

Under assumption v) the authors proved the optimality in the case

cou = co(No) = (%)2 The technique has been described in Theorem

1.2, in Section 1.1, in the case of Lebesgue measure.

The above inequality is related to the initial value problem correspond-
ing to the Kolmogorov type operators

Lu = Au+ Vi, Vu. (1.25)
I

11 is a probability density on RY satisfying 0 < p € CL¥(RN\{0}) for some
a € (0,1), perturbed by the potential V(z) = mzs ¢ > 0. Indeed in [12]
the authors showed that it is possible to get existence and nonexistence

conditions for positive solutions to the problem

(P) Owu(z,t) = Lu(z,t) + V(x)u(z,t), t>0,zeRY,
u(-,0) =ug >0€ L2,

under the further hypothesis

vi) p € HE (RY), % € L7 (RYN) for some r > N, and inf,ex p(z) > 0

loc

for any compact set K C RV.

Theorem 1.11 in Section 1.5 is based on Cabré-Martel’s idea and it was
proved in [33, Theorem 2.1] for measures u belonging to C%(RN). The
proof relies on certain properties of the operator L and of its corresponding
semigroup 7'(t) in Li. Furthermore, the strict positivity on compact sets
of T'(t)ug, if 0 < ug € L2\ {0}, is required.

Hence, in order to claim that Theorem 1.11 holds in this more general
context, the authors in [12] had to ensure that these properties hold.

By [2, Corollary 3.7], the closure of (L, C*(RY)) on L? generates a
strongly continuous Markov semigroup 7'(-) on LZ, which is also analytic.

Moreover, the authors stated the following result about the self-adjoint

operator (L, D(L)), defined by the closure of (L, C2*(RY)) on L7.

Proposition 1.15. Assume that p satisfies hypothesis vi). Then the
following assertions hold.
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1.7. Kolmogorov operators with general drift term

1) D(L) C H,.

2) For every f € D(L), g € H), we have
/Lfgdu:—/Vﬁng,u.

3) T(t)L; C D(L) for all t > 0.
These properties allow to state the following Theorem.

Theorem 1.16. Let 0 < V € L} (RY). Assume that 0 < p €

loc

C’l’a(RN \ {0}) is a probability density satisfying hypothesis vi). Then the

loc
following assertions hold:

1) If (L +V) > —o0, then there exists a positive weak solution
u € C([0,00), L2) of (P) satisfying

lu®)l[rz < Me“"|luollrz, ¢ =0 (1.26)
for some constants M > 1 and w € R.

2) If \(L+V) = —oo, then for any 0 < ug € L\ {0}, there is no
positive weak solution of (P) satisfying (1.26).

Finally, using the weighted Hardy inequality (1.14) and Theorem 1.16,
the authors stated the following existence and nonexistence conditions.

Theorem 1.17. Let 0 < V(x) < =%, ¢ > 0. Assume that the weight

|1.|2 i

function p satisfies hypotheses i)—vi). Then the following assertions hold:

1) If0 < ¢ < ¢o(Ny), then there exists a weak solutionu € C([0,00), L?)
of (P) satisfying

Ju@)llzs < Me*fuollz, ¢ >0 (1.27)
for some constants M > 1, w € R, and any ug € Li.

2) If ¢ > co(No), then for any 0 < ug € L, ug # 0, there is no positive
weak solution of (P) with V(x) = ne satisfying (1.27).

34



Chapter 2

Weighted multipolar Hardy
inequalities and
Ornstein-Uhlenbeck type
operators

This Chapter is dedicated to our results stated in [13]. In the paper we
consider Ornstein-Uhlenbeck type operators

Lu=Au— Y Alx—a;)- Vu,

i=1

where A is a positive definite real Hermitian N x N-matrix, a; € RN for
1 =1,...,n, perturbed by the multipolar singular potential

u c
V(ﬂf) = E m, c>0.
i=1 !

The main results we state are the following multipolar weighted Hardy
inequality

n 2
¥ 2
Y _du< | |Ved
C/RN;W_%P u_/RN! | du

1
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2.1. Ornstein-Uhlenbeck type operators perturbed by a multipolar inverse square potential

which holds for all ¢ € H, where ro = min;y; la; — a;]/2, 4,5 = 1,...,n,
ke [0,7%) and ¢ < ¢, = (%)2, and the optimality of the constant c,.
The measure dy in the inequality is the invariant measure for L.

The estimate, which we present in Section 2.1, allows us to get nec-
essary and sufficient conditions for the existence of the solution to the
initial value problem associated to L + V, following the same approach
used in Section 1.6, Chapter 1.

Our technique, unlike the vector field method used in the case n =1
in [33], allow us to overcome the difficulties due to the mutual interaction
among the poles and to achieve the constant ¢, in the left-hand side in
the inequality.

We prove the estimate using an idea which allows us to get it in a
direct way starting from the result obtained in [10] in the case of the
Lebesgue measure and exploiting a suitable bound which the function pu
we consider satisfies.

The optimality of the constant ¢, is less immediate to obtain. The
crucial points to estimate the bottom of the spectrum are the choice of a
suitable function ¢ which involves only one pole and the connection we
state between the weight functions in the case of one pole and in the case
of multiple poles.

In Section 2.2 we state a semigroup generation result via the bilinear
form technique. Studying the form associated with the operator —(L+ V)
we state the positivity of the solution.

2.1 Ornstein-Uhlenbeck type operators per-
turbed by a multipolar inverse square
potential

Let us consider the following Ornstein-Uhlenbeck type operator

Lu = Au— iA(a: —a;) - Vu. (2.1)

i=1

on smooth functions, with A a positive definite real Hermitian N x N-
matrix.
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2.1. Ornstein-Uhlenbeck type operators perturbed by a multipolar inverse square potential

The Gaussian measure
dp = p(z)dr = C ez ZiilAl@—a)e—ai) gp (2.2)

with C' is the normalization constant, is the invariant measure for L (the
proof of this is analogous to that given in the unipolar case in Section
1.6, Chapter 1). Then the semigroup generated by L can be extended to
a positive and analytic strongly continuous semigroup {7'(¢) };+>o on Li.

As in the unipolar case, the generator of {T'(t)}:>0, still denoted by
L, has domain H := {u € H) : Dyu € H) for each 1 < k < N}, where
the space H ; is defined as in Section 1.5 in Chapter 1. We recall that
C*(RY) is densely embedded in H), (see Appendix B).

We consider the operator (2.1) perturbed by the multipolar inverse
square potential

c
Vi =Y = e 2.3)
where z € R, ¢> 0,0, eRY, i =1,...,n.

The main result in this Section is the weighted multipolar Hardy
inequality stated in [13]. Before stating the estimate, we consider the
following Lemma, which will be useful in our proof.

Lemma 2.1. The following estimate hold:

n+1 "
—Z]ai—aﬂ?—l— 5 ]x—ai]2§2|x—ai\2
A i—1

(2.4)
<@n—Dlr—al +2) la —a;)
J#i

foranyi,j € {1,...,n}.
Proof. Starting from the inequalities
|z — a;)* = |z — a; + a; — a|* < 2|z — a;* + 2|a; — a;?

|z — a;|?
2

|z —aj)* > — |a; — aj|?,
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2.1. Ornstein-Uhlenbeck type operators perturbed by a multipolar inverse square potential

as a consequence we obtain

n
Z |z — a;|* =|v — a;|* + Z |z — a|?
i=1

J7#
<|z —ai® +2(n — 1|z — a;? +22 la; — a;|?
i#j
and

n n

n—1
Z\x—ai\Qz\x—ai\z—k 5 \x—ai\z—Z\ai—ajz.

i=1 i)

Now we are able to state our weighted Hardy inequality.

Theorem 2.2. Assume N > 3, n > 2, A a positive definite real
Hermitian N x N-matriz and let ro = min;4; |a; — a;]/2, 3,7 =1,...,n.
Then there erists a constant k € [0,7%) such that

n 2
¥ 2
——du < Vol“d
/Z s [ et dn

To 2 RN

for all p € HEL, where ¢ € (0,¢,] with ¢, = ¢,(N) = (%)2 optimal
constant.

(2.5)

Proof.
Step 1 (Inequality)

By density we can consider functions ¢ € C°(RY).
The starting point is the multipolar Hardy inequality stated by Bosi,
Dolbeault and Esteban in [10, Theorem 1] presented in Chapter 2:

n 2
© ) k+(n+1)c/ 9
— T __dxr < d - d
fL e [ vetans ] [ ot e

0

for all ¢ € HY(RY), with n > 2, k € [0,72) and ¢ € (0, ¢,].
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2.1. Ornstein-Uhlenbeck type operators perturbed by a multipolar inverse square potential

Applying (2.6) to the function ¢,/j, we have

n 2
© ) k4 (n+1)c / 9
T _du< dr + |—— 1 C du.
C/RNZEZI p—— u_/RN!V(sO\/ﬁ)\ w+{ - Ll

0

By means the easy calculation

2

[ Vevmra- [ ‘(Vsa)\/_ﬂov\/_

1A
Z/RNIVMZdqu ( ‘ M)so du,

and observing that we can estimate the last integral above taking into
account that

’ _1Au

we get the result.

Step 2 (Optimality)

To state the optimality of the constant ¢, we suppose that ¢ > c,.
Let us fix i and consider the function ¢ = |z — a;|", v € (1 — £,0).
The function ¢ belongs to H) and

2
/ <|W|2 - C%) dp= (7" — c)/ & — a0 dp.
RN |.1' &l‘ RN

Hence the bottom of the spectrum A; of the operator —(L + V') satisfies

fRN |x — a/i|2('7_1) d#/
fRN | — a;|> du

2
/ (IVel =V¢?) dp < / <|V90|2 - c¢—2) dy.
RN RN |z — ai|

M< (o)

(2.8)

since
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2.1. Ornstein-Uhlenbeck type operators perturbed by a multipolar inverse square potential

We are able to state that for any i € {1,...,n} it holds

1
- _qyle—ail? «n A2 (z—ay)|? g |z—ay)?
Cie az(2n—1)=——; <e i=1 2 < Che M2 2 (2.9)

. _ Coas—as12 a1 Coolas—as12 . .
with O} = e @2 Xz 1%-91" and ¢, = e2 Zi#1%~%1" which is a conse-

quence of the inequalities (2.4) and

n n n
1
alz lz —a;]* < Z |A% (2 — a;)|* < O{QZ |z — a;?, ai, o > 0.
i=1 i=1 i=1

For simplicity in the following we place &; = alnT“ and ay = ag(2n — 1).

The equivalence between the weight functions in the case of one pole
and in the case of multiple poles allows us to calculate integrals in (2.8).

Indeed, by a change of variables and by (2.9)

1
n A2 (z—ay)|?
/ 2 — a;[*e” . dx
RN
lz—a;|?
d (2.10)

< (% |z — a;|*Pe™ 2 dx
RN
lo—a;|?

N _[B_N
=285, 2/ |z — a;|*Pe” 2 du.
RN

Taking in mind the definition of Gamma integral function
2|2 N N
/ |I|256_% do = oy 207271 <6+—) ., B+ =>0,
RN 2 2

we get from (2.10)

1
_sn 1AZ(@—ay)P?
/|x—a,~|256 i=1 z dzx <
RN

N N (2.11)
< Cy 225+N—1541‘5‘%NF (ﬁ + 3) .
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2.1. Ornstein-Uhlenbeck type operators perturbed by a multipolar inverse square potential

Reasoning as above we obtain the estimate

1
o [AZ@—ap?
/ |z — a;|Pe” Zim 2 dx
RN

o lz—ayl?
> |z —a;|*Pe™® 2 dx
RN

= o (2.12)
=Cia, 2 / |z —a;|*Pe” 2 dx
RN
_B_N N
= Cl 2’3+%_10~12IB 2 O'NP (B + 5) .
Therefore, using (2.11) and (2.12), we get
N
Jen |7 — a;| 20V dp - L2526, 7 o T (v + S-1)
= N
fRN |l‘ - ai‘Q’Y d/L O, 22’7-&-N—1d1'y 2 O'NF('Y + %)
C, 2w+%—2&2—7—%+1
= _ _E .
Cozeva, F iy -
Then
P e
M< o lim (P -0 €12 2_ _0;2 = —00.
-8 GEia) e Y )
Thus, for any M > 0, there is ¢ € H}, such that
2
/ ]Vgo|2du—c/ ———du < —-M ©* dj.
RN BV |2 — a;]? RN
By taking M := w + 4 Tr A we find ¢ € H such that
0
2
% k+(n+1)c n
RN i RN 0 RN

which leads to a contradiction with respect the weighted Hardy inequality
(2.5) because, of course,

? ~ ¢
C —d <c —d .
/RN o " /Zr—| g

This proves the optimality of c,. n
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2.1. Ornstein-Uhlenbeck type operators perturbed by a multipolar inverse square potential

We remark that in the above proof we get the weighted Hardy inequal-
ity in a direct way, but, as we show in [13], it is possible to prove the
inequality also by using the IMS method. We will present the method in
Chapter 3, in a more general context.

Moreover in [13] we observe that when ¢ € (0, ®| the constant on the
right-hand side of (2.5) can be improved using a different proof based on
the multipolar Hardy inequality in the case of Lebesgue measure. The
inequality (2.13) we state below holds also in the case n = 1.

Theorem 2.3. Assume N >3 andn > 1. Then we get

2

Co - ¥ 2 n 2
- —T _du< | |Veldu+=TrA d 2.13
n/RNz'lex—aiP M_/RNI pltdu+ 5 T L (2.13)

u)%

for any p € H}U where ¢, = co(N) := ( 5

Proof. We start from the known inequality stated in Proposition 1.6
in Chapter 1

n 2
Co '3 2
— — —dz < Vol|l?d 2.14
n/Z T —ap ‘”—/RN' ol du 214)

for all ¢ € HY(RY), where ¢, = ¢,(N) := (#)2, which we can get
immediately by using the Hardy inequality with one pole.
Then we apply the inequality (2.14) to the function ¢,/f and reason

as in the proof of Theorem 2.2. n

The potential V(z) = Y1, ap and the Gaussian density p(x)
satisfy the hypotheses of the Theorem 1.11 in Chapter 1. We can therefore
state the following existence and nonexistence result of positive solutions
for the evolution problem associated with the perturbed operator L + V
as a consequence of the weighted Hardy inequality (2.5) and Theorem

1.11 in Chapter 1.

Theorem 2.4. Assume N > 3, A a positive definite real Hermaitian
N x N-matriz and 0 < V(z) < >, m, with ¢ > 0, x,a; € RY,
i€{l,...,n}. Let L the Ornstein-Uhlenbeck type operator (2.1). Then
the following assertions hold:
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2.2. Existence of solutions via the bilinear form technique

i) If ¢ < ¢, there exists a positive weak solution u € C ([0,00),L2) of

Owu(z,t) = L+ V(z)u(z,t), zeRN t>0,
t)=uy>0¢€L? (2.15)
U('7 ) =uy =z U¢€ w
satisfying
lu)llzz < Me|Juollzz, >0 (2.16)

for some constants M > 1, w € R, and any ug € Li.

i1) If ¢ > ¢, there exists no positive weak solution of (2.15) with V(x) =
D im1 e satisfying (2.16) for any 0 < ug € L, ug # 0.

2.2 Existence of solutions via the bilinear
form technique

Following a different approach based on the bilinear form associated to
the operator —(L + V'), we are able to state the generation of an analytic
Co-semigroup. This will allow us to get an existence of solution result in
a more classical way.

We consider the case of the Ornstein-Uhlenbeck type operator (2.1).
However, it is clear that the same reasoning also holds for operators
involving only one pole.

Let us define the bilinear form

RN

ac(u,v) = Vu-Vvdy — CZ/ ]a:—a (2.17)

for u,v € D(a.) = H,, N >3 and ¢ > 0.
Arguing as in [3, Propositions 2.2 and 2.3], we are able to get the next
result.

Proposition 2.5. The following statements hold:
i) a. is closed if ¢ < c,;
it) ae, is closable;

iii) a. is quasi-accretive for all ¢ € (0, ¢,).
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2.2. Existence of solutions via the bilinear form technique

Proof.
i) Let ¢ =¢ (%)_2 < 1. By the weighted Hardy inequality (2.5) we
get
u?d
i
c\4, > Vv 2d -
ac(u,u) >q /RN!MM ( )Z/RN|$—%]
+(1 —Q)/ [Vul? du (2.18)
RN
—qK | w*dp+(1- q)/ Vul® du,
RN RN

where K = ftiile 2Tr A, From (2.18) we get

To
ac(u,u) + (K +1—q)lullzs = (1 q) llullz,

and then

l—gq
o) + ol = (=)l

This shows that the norm || -
equivalent to || - |1

. associated to the bilinear form is

ii) Let ¢ = ¢,. Consider the symmetric operator B defined as

n
BU:LU‘i‘COE ﬁ
im1 1T~ G

with domain D(B) = C®(RY). Tt is well known (cf. [51, Chapter
1]) that the bilinear form b given by b(u,v) = — (Bu,v)2(,), with
domain D(b) = D(B), is closable (and the operator associated with
b is called the Friedrichs extension of B). Moreover it holds that
b(u,v) = a,(u,v) for u,v € CX(RY). Since C°(RY) is dense in
H ., it follows that H) C D(b) and a,, = bon H ), x H}. This implies
that a., is closable and a., = b.

iii) By the weighted Hardy inequality (2.5) we immediately get
ac(u,u) > —K (u,u) i

for all u € H}, where K = W + 2 Tr A.

0
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2.2. Existence of solutions via the bilinear form technique

]

The operator A associated with a,. on LZ is defined by

D(A) = {u € D(ac) : Jve L’ s t. ac(u,o) :/

RN

vodu V6 € D(ac>} ,

Au = v.

Now we can state the generation result.

Theorem 2.6. The operator —A generates a positive Cy-semigroup
on L2, satisfying
IS < e, t>0,
where K = W + 5 Tr A.

0

Proof. Let us consider the case ¢ < c,.

Since the bilinear form a, is quasi-accretive, the form a.+ K, with K =
%érl)c" + 5 Tr A, is accretive. Then also its associate operator A + K1
is accretive (see Appendix A). From [51, Chapter 1, Proposition 1.51] it
follows that —( A+ K I) generates a contraction Cyp-semigroup {7'(t) };>0 on
L?. This means that {T'()},>o satisfies the condition ||T'(¢)|| < Me“* for
M =1 and w = 0. From the bounded perturbation theorem (see e.g. [23,
Chapter III)) it follows that the operator —A — KI+ KI = -A=L+V

generates a Cy-semigroup {S(t)}:>o on Li satisfying
1S(t)|| < Ml HMIFINE — Kt g >,

For the case ¢ = ¢, the same conclusion holds taking the closure @,
instead of a,, in the definition of A.

The positivity of the semigroup can be obtained as in [3, Section
2]. Indeed, we can regard {S(¢)}:>0 as the limit of positivity preserving
semigroups described by cut-off potentials.

Let —A, = L+ min (V) k), & € N. Since L is the generator of a
positivity preserving semigroup on Li and min (V, k) is bounded and non-
negative, Ay generates a positivity preserving semigroup (see Appendix
B), denoted by {Sk(t)}+>0. Moreover — Ay < —A;.q, then

0 < Sk(t) < Spyq(t).
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2.2. Existence of solutions via the bilinear form technique

The operator A, is associated to the bilinear form

Qe (U, v) = Vu-Vodu — c/ womin (V, k) du
RN RN
for all u,v € H}, with ¢ > 0.
Then we have that the corresponding quadratic forms satisfies

acp(t) > aepr1(u),  acp(u) = ac(u),

for all u € H }L

If ¢ < ¢, it follows from the monotone convergence theorem for forms
(cf. [53, Theorem 7.5.18]) that Ay converges to A in strong resolvent
sense, and then, as a consequence,

lim Si(t) = S(t)

k—o0

strongly in L2 (see e.g. [52, Chapter 3, Lemma 4.1]).
Finally, similar to [3, Proposition 2.5] we can observe that if ¢ > ¢,
then
lim ||Sk(t)|| = 00, ¢ > 0.
k—o0

In fact, for a self-adjoint operator A on a Hilbert space H one has
1] ey = €D where s(A) = sup{(Au,u)y : u € D(A), |ullg = 1} is
the spectral bound of A. In our case

s(—=Ay) = sup{ —/ |Vu|2d,u+c/ |u|? min (V, k) du :
RN RN

u € D(=Ay), [lullrz = 1}.

From the optimality of the constant ¢, in the weighted Hardy inequality
it follows that s(—Ax) — 00 as k — o0 if ¢ > c,.
O
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Chapter 3

Weighted Hardy inequalities
with measures of more
general type and Kolmogorov
operators

We focus on weighted Hardy inequalities and present some recent results
stated in [14, 15]. The work [15] is in progress for some aspects. The
basic idea is to state multipolar Hardy inequalities when the measure
dp = p(z)dz is different from the Gaussian measure, then of more general
type. To this aim we need the weighted unipolar Hardy inequality stated
in [14]. These inequalities can be applied to the study of the Kolmogorov
type operators with more general drift terms

\Y
Lu=Au+ L. vy (3.1)
]
and of the related evolution problems.
In Section 3.1 we prove a unipolar weighted Hardy inequality
p* 2 2 1
Cu/ Tz dn S/ Vel du+0u/ @ dp, Y€ H,
BN || RN RN

with respect to measures which satisfy some general conditions. The proof
is different from the others in literature, in particular is different from the
one stated in [12]. Under further suitable hypotheses we are able to state
the optimality of the constant in the inequality using a technique close

47



3.1. Weighted unipolar Hardy inequalities

to [12] but introducing a different function ¢. We give some examples of
weight functions which satisfy our assumptions.

In Section 3.2 we prove a weighted multipolar Hardy inequality for
more general weight functions with respect to the Gaussian measure using
the vector field method. We are able to overcome the difficulties related
to the poles but we do not achieve the best constant in the estimate.

In Section 3.3 we focus on a weighted multipolar Hardy inequality

2

- ¥ 2 2 1
—  _du < Vol|? du+ C du, Y€ H,
CN/RN;W_%P u_/RNI o|" dp + u/RNso p, Vo€H,

by adapting the IMS method to the weighted case. So we can achieve the
best constant. The estimate stated in Section 3.1 plays a crucial role in
the proof of the result.

3.1 Weighted unipolar Hardy inequalities

Let p a weight function in RY. We define the weighted Sobolev space
1 _ (RN P — N
H) = H'(RY, u(z)dx)) as the space of functions in L7, := L*(R", u(z)dx)
whose weak derivatives belong to (LZ)N .
As first step we consider the following conditions on g which we need
to state a preliminary weighted Hardy inequality.
Hy) pp>0, p € Li, (RY);

loc

HQ) V,M € Ll (RN),

loc

Hj3) there exist constants ky, ke € R, ky > 2 — N, such that if

fe= (5+|x|2)%, a<0, >0,

it holds
Vf. ax kocx
-V = V< | b+ ——
I (1 s+lxl2>“
for any ¢ > 0.
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3.1. Weighted unipolar Hardy inequalities

The condition Hj) contains the requirement that the scalar product
aw%ﬁBMMmﬁmBmR>QWMb;ﬁf%ﬁﬂmm®dmRNU%7
where By is a ball of radius R centered in zero.

The reason we use the function f. will be clear in the proof of the
weighted Hardy inequality (wHi) which we will state below.

The idea to introduce the functions f. is due to [21] but our proof is
different. Finally we observe that we need the condition ky > 2 — N to

apply Fatou’s lemma in the proof of Theorem 3.1.

Theorem 3.1. Under conditions Hy)-H3) there exists a positive con-
stant ¢ such that

2
C/‘ELWW</IVMdu+h/ ©*dp, (3.2)
Ry |2[? RN

for any function ¢ € C(RYN), where ¢ € (0, co( N +ks)] with c,(N +ky) =
(N+k272)2
5 .

Proof. As first step we start from the integral of the square of the
gradient of the function . Then we introduce ¢ = f with f. defined in

Hj3), and integrate by parts taking in mind H;) and Hs).

[ el du= [ V@R

RN RN

— [ 1908+ V0P da
]RN

— [ wergdus [ 9LPdee2 [ fuve-hde  (33)
]RN RN RN

= [ VeRRdns [ LR
]RN

- [ everan [ peSEae [ pedE v

Observing that
a(N =2+ a)|z|* + acN

(e + [al?)*~=

Afa:
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3.1. Weighted unipolar Hardy inequalities

and using hypothesis Hj) we deduce that

Af. V.
/ \VsolzduZ—/ —ffsozdu—/ Je Gugan
RN RN RN €

g f

2 2
s faN— a2 [ g N[
2~ [o ”“}/RN et lepe? N | T e

2 <P2
—k dy —k ——d
1/RNSO H ZQANE—F‘:UP H

2
Cma(N =24 k) —a? [ — 2y
[O(( + 2) Oé]/RN(Z‘:"‘lfL'P)QSO 14
@ 2
— N+ k ————du—k dj.
50[( + 2)[[{1\/(€—|—’[I§"2)2 1% I/RNQO 1%

The constant —a(N — 2 + ky) — a? is greater than zero since o < 0 and
ko > 2 — N, so by Fatou’s lemma we state the following estimate letting

e—0 )
/ IVl dp + lﬁ/ v’ dp > c/ _d,
RN RN gy |T]?

with ¢ = —a(N — 2 + k) — o?. Finally we observe that

N +ky —2)°
max[—a(N + ky — 2) — a?] = (i> ;

2 = CO<N + k’g),

attained for «, = —W. O

We observe that in the case y = 1 we obtain the classical Hardy
inequality.

Remark 3.2. In an alternative way we can define f. in Hj3) setting
a = a, and get the estimate (3.2) with ¢ = ¢,(N+k3). Although the result
it goes in the same direction, in the proof we point out that c,(N + k») is
the maximum value of the constant c.

Now we suppose that

Hi) >0, i € H (RV);
H5) ,u_l c Ll (]RN>

loc
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3.1. Weighted unipolar Hardy inequalities

Let us observe that in the hypotheses H,;)-Hjs) the space C2°(RY) is dense
in H) and H is the completion of CZ°(R") with respect to the Sobolev
norm
11y = 1 12 + 19 - 2,

(see [55]). For some interesting papers on density of smooth functions in
weighted Sobolev spaces and related questions we refer, for example, to
[38, 24, 8, 39, 19, 56, 9].

So we can deduce the following result from Theorem 3.1 by density
argument.

Theorem 3.3. Under conditions Hy)—H3) there exists a positive con-
stant ¢ such that

2
of Emdns [ VePduin [ s (3.4)
RN |7[2 RN RN

for any function ¢ € H, where ¢ € (0,¢o(N + k)] with c,(N + ky) =
(N+k2—2)2
: .

Remark 3.4. We remark that our proof of wHi is different from the
others in literature, in particular it is different from the one stated in [12]
for the weighted case (see Section 1.7, Chapter 1). Furthermore some
hypotheses are different. In Theorem 3.3 we achieve the best constant
co(N + k3) (cf. [12, Theorem 1.3]) without requiring Ay € L (RY) and
without the condition iv) in Section 1.7, Chapter 1, which allows the
authors in [12] to use improved Hardy inequalities (see [1, 49]) to get the

result.

We present some examples of functions p which satisfy the hypotheses
of Theorem 3.3.

We remark that, in the hypotheses p = p(|z|) € C* for |z| € [ro, +00],
ro > 0, a class of weight functions p which satisfies Hj) is the following

— KL g2, ka—Fle
p(x) > Ce 21 || 11" for |x| > 1o, (3.5)

where C'is a constant depending on 1(rg) and on 7y.
In the case of radial functions, u(x) = u(|x|), if we set |x| = p the
condition Hj) states that p satisfies the following inequality

ap kocx
< |k
pr(/)) < ( 1+€+p2> 1(p),
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3.1. Weighted unipolar Hardy inequalities

which implies

with

Integrating in [rq, ] we get

r ka || k
u(r) > pro)elo ™I = p(ro) (1) e M) for >,

To
from which
lj’(/r0> FLp2 kg tle —Mp2
p(r) > ——e2al 02 Tal" e 2al for r>mrg
k2_\71|8
To

Example 3.5. Another class of weight functions satisfying H3), when
k1 = ko = 0, consists of the bounded increasing functions, as, for example,
cose” . Such a function verifies the requirements in the Theorem 3.3.

In the following example we consider a wide class of functions which
contains the Gaussian measure and polynomial type measures, a class of

functions which behaves as # when |z| goes to zero.

Example 3.6. We consider the following weight functions

1 m
p(z) = We"w , 0>0, y<N-=-2 (3.6)

and state for which values of v and m the functions in (3.6) are
“good” functions to get wHi.

The weight u satisfies Hy), Hy) and Hs) if ¥ > —N. The condition
Hy)

a(—y — om|z|™) ks
k
el ST e
is fulfilled if
—(ay + aky + kig) — adm|z|™ — kyi|z|* < 0. (3.7)
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3.1. Weighted unipolar Hardy inequalities

In the case 6 = 0 we only need to require that v < —ky — ka—l&t and we are
able to get the Caffarelli-Niremberg inequality

N—2-7\" 2
(—”) / 90—|x|—vdxg/ VolPle| e Ve e HL.
R RN

2 v [2]?

While if v = 0 the inequality (3.7) holds if m < 2 and k; is large enough.
In general to get (3.7) we need the following conditions on parameters
and on the constant &

Q) ve (=N, —ky], 6 =0, ky =0,
ZZ) A (—N, —1{32], k‘l > —204(5, m = 2,
1) v e (=N, —ky), ky > k1, m < 2,

—1

SiE
&N

(—aém)%

(1)

[y )] 7~

where k; = , to get the inequality (3.4).

Example 3.7. The function u(z) = [log(1 + |x|)]77, for v as in 7),
behaves as ﬁ when |x| goes to 0. So we can state the weighted Hardy
inequality (3.4) with k1 = 0 as in the previous case.

To state the optimality of the constant ¢,(N + K») in the estimate (3.4)
we need further assumptions on p as usually it is done. We remark that in
the proof of optimality the choice of the function ¢ plays a fundamental
role. The technique we use is close to the one used in [12] but the function
¢ we use is different (see Theorem 1.2 in Chapter 1 for the proof in [12]
adapted to the case of Lebesgue measure).

We suppose

Hg) there exists supgsep {ﬁ € L (RY,du)} := Ny and ky = Ny — N.

loc

We observe that the condition Hg) is necessary for the technique used
in the proof of the optimality. In [12] there is a similar condition to
get the optimality of the constant when ¢, = (M)2 In our case the

2
requirement Hg) involves the constant k.
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3.1. Weighted unipolar Hardy inequalities

For example the functions p such that

#llzl)

2|0 |x|k2 =1, >0,

verify Hg).
The result below states the optimality of the constant ¢,(N + kg) in
the Hardy inequality.

Theorem 3.8. In the hypotheses of Theorem 3.3 and if Hg) holds,
forc > co(N + ko) = (W)2 the inequality (3.4) doesn’t hold for any
€ H,.

Proof. Let § € C>°(RY) a cut-off function, 0 < 0§ < 1,0 =11in B,
and # = 0 in BS. We introduce the function

(e + |x|)" if || € [0, 1],
pe(x) =q (e+|z))"0(x)  if |zf € [1,2],
0 if || € [2, +o0],

where £ > 0 and the exponent 7 is such that

N+k N+ ky —2
max{—\/z,— ;2}<n<min{—++,0}.

The function ¢, belongs to H i for any € > 0.

For this choice of n we obtain n? < ¢, |z[*" € L. (R, du) and
2?12 & L} (RY, dp).

Let us assume that ¢ > ¢,(N + k2). Our aim is to prove that the
bottom of the spectrum of the operator —(L 4 V'), with L the operator
defined in (3.1) and V(x) = %5

|17|27

e (B
1= m

3.8
peHL\{0} S 92 dp (38)

is —oo. For this purpose we estimate at first the numerator in (3.8).
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3.1. Weighted unipolar Hardy inequalities

/RN (ngog!Q - #w?) dp =
:/Bl {W(é—ﬂx\m z |2(e+|x|> }
< [ |er i |C|2<s+ | a
+n2/5(6+ |2])?"26? du+/Bc(€+ |])*"| VO] dp (3.9)

—1—277/ 0(e + |z|)*" ' - VO du

2 772 C
< e+ |z|)" { — ] d
e |~ |
—|—2n2/ (€+|xl)2’7262du+2/ (e + |z|)*"| VO du

c
1

2 772 c
< n — d
—/Bl(”'x') [<e+|a:|>2 |a:|2] ut O

where C = (2% + 2||V0|| ) fo dp.
Furthermore

/ 02 dp > / (e + |2])*"0* dp = Cs... (3.10)
RN B2\B1
Putting together (3.9) and (3.10), from (3.8) we get

< f (5+ |JZ|) ( Nz — |x\2> dﬂ+01
P 02,5

Letting ¢ — 0 in the numerator above, taking in mind that |z|*" €

L} (RN du) and Fatou’s lemma, we obtain

2

) n c m—2
| +|z])2" — du < =2 dy = —
81r% . (8 |x|) <(8 |x|)2 |x|2) u < (c n ) . |J;| i 00

and, then, Ay = —o0. O
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3.1. Weighted unipolar Hardy inequalities

In order to get necessary and sufficient conditions for the existence and
nonexistence of positive solutions to the evolution problem corresponding
to L +V, where L is the operator defined in (3.1) and V' (z) = mz ¢ >0,
we need a weighted Hardy inequality.

In the standard setting one considers probability densities 0 < p €
CIMRN) for some A € (0,1) while in the more general case 0 < p €

loc

Croe RV \{0}).

loc

Then arguing as in [12], putting together Theorem 3.8 and Theorem
1.16 in Section 1.7, Chapter 1, we get the following result.

Theorem 3.9. Let 0 < V(z) < 7z, ¢ > 0. Assume the hypotheses

of Theorem 3.8 and the condition vi) in Section 1.7, Chapter 1. The
following assertions hold.

1) If ¢ < co(N + ks), then there exists a positive weak solution u €
C([0,00), L) of

(P) Owu(z,t) = Lu(z,t) + V(x)u(x,t), t>0,ze€RY,
u(-,0) =up>0¢€ L;Zv

satisfying
Jut)llzz < Meuollzz, 20 (3.11)

for some constants M > 1, w € R, and any ug € Li.

2) If ¢ > co(N + ky), then for any 0 < ug € L7, ug # 0, there is no
positive weak solution of (P) satisfying (3.11).

In the standard setting we argue as in [33], putting together inequality
(3.4) and Theorem 1.11 in Section 1.5, Chapter 1.

—6[a|™

We observe that the functions e in Example 3.6 fully satisfies
the condition vi) in Section 1.7, Chapter 1, while cos e 17” in Example
3.5 is (1, A)-Holderian in RY.
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3.2. Weighted multipolar Hardy inequalities via the vector field method

3.2 Weighted multipolar Hardy inequalities
via the vector field method

The vector field method suggests us to consider the vectorial function

ZB a\z B3> 0.

The hypotheses on weights u are Hy), Hy), Hs) in Section 3.1 and the
following

HY) there exists constants kq, ko € R, such that
py Ema) g (o +z
Sle—af T [ —%!2

The next Theorem states a preliminary weighted Hardy inequality
which extends Proposition 1.6 in Section 1.4, Chapter 1, to the weighted
case.

Theorem 3.10. Let ry = min,; |a; —a;|/2, N >3, n > 1. Under
hypotheses Hy), HY), Hy) and Hs) we get

Co(N + ko) / & ©?
—_= —d
n RN Zzl |z — a;)? H

ﬁ2/ - T
+ 2 d
2 Jgn 132—:1 |x—a,~|2|:z:—aj|2(p a (3.12)

< [ eldust [ o
RN RN

o\ 2
Jor any ¢ € H), where co(N + k) := (F52=2)".

Proof. By density, it is enough to prove (3.12) for every ¢ € C°(RY).
It is immediate to verify that

_ B (m a;)
/RNgozddex_ﬁ/R Z[|x el | —a,-|2'v“} ©?dz. (3.13)
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3.2. Weighted multipolar Hardy inequalities via the vector field method

On the other hand, integrating by parts and using Holder and Young
inequalities, we get

/ Q*divF do = —2/ oF - Vydx
RN

RN

<2 [/ !V¢|2dﬂ} / (Z ’x_al’2>2@2du (3.14)
S/RNNg;quJr/ (Z |x_az )2902du.

From (3.13) and (3.14) we deduce

N[

(3.15)
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3.2. Weighted multipolar Hardy inequalities via the vector field method

Now we observe that

Z (r—a;)(x —a;)
Py |z — ail*|z — a?
i#j

n lz—al? lz—a; > |ai—a;|?
2 2 2

|z — a;)?|lz — a;]? (3.16)

i,j=1
]
n

—Zl 1 4 1 |G/Z'—(lj’2
A2\ —al Jr -l |z —aPle - g

1,j=1
1#]

. \fv—al2 Ix—all !x—al2
'L]l
i#j

Then, by hypothesis H}) and by (3.16) it follows that

(N+ e =2)8 = nf) Eiéwu—mw

32/ - la; — a;|° 5
— d
+5 RNZEj Prdp (3.17)

2 o= Pl — P
i#]

g/ |Vg0\2du+k1/ o> dp.
RN RN

The Theorem is proved observing that

(N +ky —2)?

mgmx[(N +ky—2)3—np* = ™

O
Now our aim is to estimate the second term on the left hand side in

(3.17) to get a more general Hardy inequality. From a mathematical point
of view the principal problem is due to the square of the sum on the right
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3.2. Weighted multipolar Hardy inequalities via the vector field method

hand-side in (3.14). To overcome the difficulties we are able to isolate
singularities but we can not achieve the constant ¢,(N + k).
We get the following result.

Theorem 3.11. Let ry = min,;4; |a; — a;|/2, N >3, n > 1. Then if
conditions Hy), H}), Hy) and Hj) hold, we get

n 2
14 2 2
T du< Vol2du+ K d 3.18
c/]RN;1 = M_/RN! el?dp+ /RNSO 1 (3.18)

for any ¢ € H\, where c € ]0,¢,(N + ky)[ and K = K(n, ¢, 7).

Proof. Arguing as in the proof of Theorem 3.10 we get

/ Z . sozdu</ Veol* dp
RN | RN
g >
Y
+/RN;‘I—CLZ‘|2SO K

B (= ai)(x —a;)

d
+ /RN\UZ—lB(aMO) %: |z — a;|?|z — a;]? Y ap
1#£j (319)

2 m—al T —a
o y o) .y,
Uk=1 B(ak.r0) 5 ;
i#£j

- (z —ay) 2
_ S 7 d
g =- A

:Il+12+[3+14+[5-

Let us estimate I3 and I;. The first integral can be estimate as follows

2

I; < 5—2n(n —1) / ©* dp. (3.20)
"o RN\Ui_, B(ax.ro)

For the second integral we isolate the singularities and then, using
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3.2. Weighted multipolar Hardy inequalities via the vector field method

again Young inequality, we get

n n 2
L[ Y
—\ Js( |z — ax|z — a;]

akﬂ"o) j=1
Ik
0 ¢ du
B(ak,ro) 1/7]:1 |‘/I; - a7/||$ - a]l
JFiFk
<> 95 / s ¢ dpt
;{ 2 JBagro) | — ail?
1 2
+ 5—2 ©? du
2e B(ag,r0) j ‘l’ - aj'
itk
3.21)
7 (
+ 5 (n—1) ¢ dp
To B(ag,ro)
n 2 200 _
2 |z — ag)? 2erd
k=1 B(ag,ro) k 0

N 2 Blag,ro0) j—1 |ZE - ai|2

1
Fhn-1T1 2
+ 0 [2—6 - 1)] /Bm,m) ; du}.

The integral I; can be estimate applying HY).
Taking into account (3.19) and using (3.20), (3.21) we deduce that

"6(N+k2—2)—52(1+§) 9
d
/RN; |z — a;]? voan

S/ !WJIZdquK/ 0 dp,
RN RN

(3.22)

where

61



3.3. Weighted multipolar Hardy inequalities via the IMS method

The maximum of the function 5 — (N +ky —2)3 — (*(1 4 %) is Co(Nth)

1+5
\ CO(N+k2)

attained in B = Y—7=— So, if we set
2

c= (N +ky—2)8 — 2 (1+§) (3.23)

we deduce from (3.23) that for ¢ € (0, c"(ﬁt@)}, for any € > 0, it holds

n 2
@
6/ > —QduS/ IlezdquK/ du.
RN —1 ‘l’—azl RN RN

The relation (3.23) between 5 and ¢ allow us to write 5 in the following
form

- _ \/Co(N+ ko) £ \/CO(N+k2) — 1+

Be 1+ ¢ '

3.3 Weighted multipolar Hardy inequalities
via the IMS method

In this Section we state the inequality using the so-called IMS truncation
method (for Ismagilov, Morgan, Morgan-Simon, Sigal, see [48, 54]), which
consists in localizing the wave functions around the singularities by using
a partition of unity. This method, unlike the vector field one, allows us
to achieve the constant c,(N + k).

We argue as in [10] adapting the proof to the weighted case.

The hypotheses on the weight functions p are Hy), Hy), Hs) in Section
3.1 and the following

HY) there exist constants ki, ke € R, ko > 2 — N, such that if

fai=(+lz—al®?, a<0, >0,

it holds
Vfei alz — a;) kyox
~ o Vu=——"_-Vu<(k+——
fei H e+ |xr— a;]? =" e+ |r— a;]? a
for any ¢ = 1,...,n, and for any € > 0.
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3.3. Weighted multipolar Hardy inequalities via the IMS method

These conditions allow us to consider the weighted unipolar Hardy
inequality wH+: with respect any single pole a;, + = 1,...,n,

2
c/ %dug/ ]Vg&\zdu—i-kl/ ©*dpu,
RN |.'17 — a7;| RN RN

for any function ¢ € H}, where ¢ € (0,¢,(N + ky)] with ¢,(N + k) =
(W)2 Such an estimate plays a fundamental role in the proof of the
multipolar Hardy inequality.

The statement of our inequality is the following.

Theorem 3.12. Assume hypotheses Hs), HY), Hy) and Hs). Let
N >3, n>2 and ro = mingg; la; — a;|/2, 1,5 = 1,...,n. Then there
exists a constant ko € [0,7) such that

n 2
' 2
——du < Vol“d
/Z 7 —a? “—/RN‘ ol du

ko + +1
_1_{ 0 (712 )C+k1:|/ <p2d,u,
RN

7o

(3.24)

for all p € HY, where ¢ € (0,¢,(N + kz)] with co(N + k) = (Yh=2)?,

In order to prove the Theorem via the IMS method, we need to recall
the notion of partition of unity and some related lemmas.

We say that a finite family {J;}/7] of real valued functions J; €

WL (RN) is a partition of unity in RN if S0 J2 = 1.
Any family of this type has the following properties:

(a) S0 Ji0ad; = 0 for any a = 1,..., N;

i=1
() Jnsr = V1=, 7
(¢) i) IV € L= (RY).
Furthermore we require that
uNQ;=0 foranyi,j=1,...,n,i# 7, (3.25)

where Q; = supp(J;), i = 1,...,n. By the property (a) we get

N N | n 2 N n
Z’Jn+1aa¢]n+1‘2 = Z ijaae]j = ZZ’Jjanj’27
a=1 a=1 | j=1 a=1 j=1
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3.3. Weighted multipolar Hardy inequalities via the IMS method

from which

n J2
Vina? = — IVJi)2.

J?
i=1 g

As a consequence we obtain an explicit formula for the sum of the
gradients:

n n n 2 n 5|2
(d) Zz‘;l |VJ1‘|2 - Zi:l |v‘]i|2 + Zi:l 1177_1J3|v<]i|2 = Zi:l |1V7JJL2 ’

Note that to avoid a singularity for the gradient of .J,,; at the points
where 1 — J? = 0, from (d) we shall assume the additional constraint
|VJi|? = F(x)(1 = J2), fori =1,...,n and for some F € L>*(RY).

By proceeding as in [10, Lemma 2|, we are able to state the following
result.

Lemma 3.13. Let {Ji}?jll be a partition of unity satisfying (3.25).
For any ¢ € H/i and any V € L (RN) we get

loc

L 096l vy au=3" [ (9P = Vi du

n+1

= [ S Ivapan
RY 21

Proof. We can immediately observe that

n+1 n+1
/ 14 (Z(wa) dyu =/ 14 (Z J?) ” dp
B \i= BN \i= (3.26)
= V2 dp.
]RN
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3.3. Weighted multipolar Hardy inequalities via the IMS method

On the other hand,

n+1 n+1
DIV P =D (VI)e + (Vo) Jif?
=1 =1
n+1 n+1
=Y VI + ) Ve 7
- = (3.27)
+2) (V) (¢Ve)
=1
n+1 n+1
= Z IVJiPP0* + [V]* + (Z Jivji> \
i=1 1=1

By property (a) it follows that (Z?:’Lll JiVJ;) V? = 0, then by integrating
(3.27) on RY we obtain

n+1 n+1

w%m:/ V (Jip 2@—/ VJil2p*dp.  (3.28
L vetan= [ 3w oo Pan- [ 3wl (3.28)
From (3.26) and (3.28) we get the result. O

In the following we set

" 1
Vn(x) = Z —|I — ai‘Q.
i=1

We recall a preliminary Lemma, stated in [10], about the case n = 2, with
a; =a, as =—aand 0 < ry < |al.

Lemma 3.14. There is a partition of the unity {Ji}le satisfying
(3.25) with J, = 1 on B(a,%), J1 = 0 on B(a,r), Jo(x) = Ji(—=x)
for any x € RN, 0 < rq < |a|, such that, for any ¢ > 0, there exists
a constant ky € [0,7%) for which, almost everywhere for all x € Q :=
supp(J1) U supp(Ja), we have

3
VvV J;|? ko + 2
ZlVJi|2+cJ§V2(9:):Z| | +cJ2Vy(z) < 0*; C (329

r
i=1 i=1,2 i 0
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3.3. Weighted multipolar Hardy inequalities via the IMS method

As observed in [10], a partition of unity satisfying the hypotheses of
Lemma 3.14 is given by setting

1 it <1/2
J(t) .= ¢ sin(mt) if1/2<t<1 (3.30)
0 ift>1

and defining Jy(x) := J(|x — a|/ro), Jo(z) := J(|x + a|/ro), and J3(z) =
V1-—J2—J2

Now we are able to proceed with the proof of inequality (3.24).

Proof of Theorem 3.12. Let us define the following quadratic form
Qi = [ (V6= o)) dn  veml @3
R

where V, (z) = Y1, —L

i=1 |z—a;|%"
Consider a partition of unity {.J; }/' satisfying (3.25) such that J;(z) =
J(|z —ai|/ro) for all z € RN, i = 1,...,n, with J as in (3.30), supp(J;) =
Q;, where ; = B(a;, o). Moreover set () :— Ur,Q; and T := RV \ Q.
Then |z — a;] > o in Q; for i # j, and V,(z) < ;; on I

By virtue of Lemma 3.13 we are able to write (3.31) as follows

=> QUigl+R.. @€ H,, (3.32)
i=1

where

n+1
R, = / V(o) dp — ¢ / Vil dp— 3 / VPR dp.
RN RN — Jry

Thanks to the property (d) we have

R, :/ IV (Jnsa)|* dp — c/ Vi (1 — ZJE) * du
RN RY i=1
2

o (Bo) B
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3.3. Weighted multipolar Hardy inequalities via the IMS method

Moreover, using the condition (3.25) we get

cn
R, 1—J2)V, du—— | ©*du.
> E/L_Jz c( Z)()]sou el
For every i = 1,...,n we can apply Lemma 3.14 on €; with (a;,a;) =

(—a,a) up to a change of coordinates for some j # i. Considering the

partition {Ji, Jia/1— J? — JJQ} and taking into account that J; = 0 on
Q;, we get
k’o —|— 2C 9 2
o Rl o= | B

k#i,j
cn
= @ dp 53
3.33
k() + 20 n — 2)
—Z/{ — — (1—J2)]<pdu
=1 i 0 0
cn
-2 2d,LL7
o Jr
where kg € [0,7%), since we can bound |2 by > for all k& # 1,].

Taking into account (3.32) and using the umpolar Hardy inequality (3.3),
which holds under our assumptions with respect to each pole a; € RV,
1=1,...,n, we obtain

. — A2 _ 2
Qe = [ VaePdu—c [ (x_al‘z Z‘x )um I
J#Z

—1
> [Mu} / Tl du,
To Q

from which

ZQM@D] > —klz/ﬂl ©* dp — %Z/ JXprdp (3.34)

i=1 7S
From (3.32), (3.33) and (3.34) we deduce
ko +2 -2 -1
Z/ |:0+C nr2 )c(l—Jf)‘i_kjl—f—wa}@ZClﬂ
0

0

— — | Y*dp.
5 Jr
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3.3. Weighted multipolar Hardy inequalities via the IMS method

Since
ko +2c+c(n—2)(1—J) +cn—1)J2 =ky+cen+cJ? <ko+e(n+1),

we finally obtain

Q[w]z—{koﬂngﬂ) k}/sﬁ du——/

7o
k 1
> — [—°+ (ZJF )e +k11 / o? dp,
from which we get inequality (3.24). O
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Appendix A

Sesquilinear forms and
associated operators

We recall some results and terminology on sesquilinear forms and their
associated operators on Hilbert spaces. The reference for this Appendix
is [51].

A.1 Bounded sesquilinear forms

Let H be a Hilbert space over K = R or C endowed with the inner product
(+,+). Let us denote with || - || the norm on H corresponding to the inner
product. A sesquilinear form a on H is an application from H x H into
K such that for avery a € K and u,v € H

a(ou + v, h) = aa(u, h) + a(v, h),
a(u,av + h) = aa(u,v) + a(u, h).

Here & denotes the conjugate number of a. Of course, if K = R then
a = « and a is a bilinear form.

Definition A.1. A sesquilinear form a : H x H — K is continuous
if there exists a constant M such that

la(u, v)| < M||u||||u| for all u,v € H.

Every continuous sesquilinear form can be represented by a unique
bounded linear operators, as stated by the following Proposition.
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A.2. Unbounded sesquilinear forms and their associated operators

Proposition A.2. Leta: H x H — K be a continuous sesquilinear form.
There exists a unique bounded linear operator T' acting on H such that

a(u,v) = (Tu,v) for all u,v € H.

The bounded operator T is called the operator associated with a.

A.2 Unbounded sesquilinear forms and their
associated operators

Let us consider a sesquilinear form a which do not act on the whole space
H, but only on a linear subspace D(a) of H. The map a : D(a) X D(a) —
K is called unbounded sesquilinear form, and D(a) is called the domain

of a.

Definition A.3. Let a : D(a) x D(a) — K be a sesquilinear form.
We say that:

(i) a is densely defined if D(a) is dense in H;
(i) ais accretive if Ra(u,u) > 0 for all u € D(a);
(iii) @ is continuous if there exists a non-negative constant M such that

|a(u, v)| < M[ulla[[v]la for all u,v € D(a),

where ||ull, := /Ra(u, u) + [Ju]|?;

(iv) ais closed if (D(a),|| - ||o) is a complete space

If a satisfies (i) — (iv), one checks easily that || - ||, is a norm on D(a).
It is called the norm associated with the form a.

Moreover, we could consider forms that are merely bounded from
below, that is,

Ra(u,u) > —v (u,u) for all u,v € D(a)

for some positive constant . The general theory of these forms (sometimes
called quasi-accretive forms) does not differ much from that of accretive
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A.2. Unbounded sesquilinear forms and their associated operators

ones. A simple perturbation argument (which consists of considering the
form a4+, defined as (a+7)(u,v) := a(u,u)+v (u,v)) for all u,v € D(a))
allows us, for simplicity, to consider only accretive forms.

It may happen in some in some situations that a sesquilinear form
a satisfies (i) — (4i7) but not (iv). In this case, one can try to find an
extension of a which is a closed form and acts on a subspace of H.

Definition A.4. A densely defined accretive sesquilinear form a is
called closable if there exists a closed accretive form ¢, acting on a
subspace D(c) of H, such that D(a) C D(c) and a(u,v) = c¢(u,v) for all
u,v € D(a).

A closed extension, when it exists, is not unique in general. Never-
theless, in that case, one can define the smallest closed extension a. One
way to do this is to define a as follows:

D(a):={ue€ H s.t. Ju, € D(a) :u, — u (in H) and

a(Uy — Uy, Uy — Up,) — 0 as n,m — oo}

and
a(u,v) := lim a(ty,, v,) (A.1)

n—oo

for u,v € D(a), where (u,), and (v,), are sequences of elements of D(a)
which converge respectively to u and v (with respect the norm of H)
and satisfy a(u, — Uy, u, — uy,) — 0 and a(v, — Uy, vy — Uy) — 0 as
n,m — oo.

One can prove that if a densely defined, accretive and continuous
sesquilinear form a is closable, then a is well defined and and satisfies
(i) — (iv). In addiction, every closed extension of a is also an extension of

a.

Definition A.5. If the form a is closable, then a define in (A.1) with
domain D(a) is called the closure of the form a.

Let a be a densely defined, accretive, continuous, and closed sesquilin-
ear form on H. One can define an unbounded operator A, called the
operator associate with a with domain the following linear subspace of H:

DA)={ue Hs. t. ve H :a(u,¢) = (v,90) V¢ € D(a)}.
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There are several important properties of operators which are associ-
ated with sesquilinear forms. For example, if A is the operator associated
with a densely defined, accretive, continuous, and closed sesquilinear form
a, then A is densely defined and for every A > 0 the operator \I + A is
invertible (from D(A) into H) and its inverse (Al + A)~! is a bounded
operator on H (here [ is the identity operator). Moreover one can see
that if a is symmetric then A is self-adjoint.

We conclude this Appendix by giving the definition of sectorial form.

Definition A.6. A sesquilinear form a : D(a) x D(a) — C, acting on
a complex Hilbert space H, is called sectorial if there exists a non-negative
constant C such that

Sa(u,u) < CR(u,u) for all ue€ D(a).

One can show that every sectorial form acting on a complex Hilbert
space H is continuous.
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Appendix B

Operator semigroups and
invariant measures

Here we give some basics of the theory of operator semigroups on Banach
spaces: we introduce the definitions of strongly continuous semigroup,
infinitesimal generator, positivity on Banach spaces and the main results
of the theory, as the Hille-Yosida Theorem. Notions, results and notation
we lists are taken from [5, 23, 31, 50, 51].

Moreover, at the end of this Appendix we deal with a more advanced
tool: the theory of invariant measures. The references for this part are
[42, 41].

B.1 Strongly continuous operator semigroups

We report below the main definitions and the fundamental theorems of
the Semigroup Theory. In particular, we focus on strongly continuous
SeEMIGroup.

Definition B.1. A family {7'(¢) };>0 of bounded linear operators on
a Banach space X is called a (one-parameter) semigroup on X, if

T(0)=1 and T(t+s)=T(t)T(s) forall t,s>0.

A semigroup {7'(t) }+>0 is called strongly continuous, or a Cy-semigroup,
if, for every w € X it holds t — T'(t)u is a continuous map from [0, +00)
to X.
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B.1. Strongly continuous operator semigroups

Moreover, a strongly continuous semigroup {7'(t) }+>o is called a con-
traction semigroup if

IT(t)]|cx)y <1 forall t >0,
or, equivalently, if

IT(t)u|| < ||ul| forall t>0,ueX.

Strongly continuous semigroups satisfy the following property.

Proposition B.2. Let {T(t)}+>0 a strongly continuous semigroup on X.
Then there are M > 1 and w € R such that

1T |lex) < Me*t for all t > 0.

Definition B.3. Let {T'(t)};>0 a strongly continuous semigroup on X.
The (infinitesimal) generator of {T'(t)}+>o is the operator A : D(A) — X
defined as follows:

Ty —
Au = lim Ttju—u u) for all uw € D(A),
t—0+ t
where Tt
D(A) = fue X3 tim LDEZY 40 vy
t—0+t t

The following Proposition state some important properties of the
generator of a strongly continuous semigroup.

Proposition B.4. Let A the generator of a strongly continuous semigroup
{T'(t)}t>0 on X. Then the domain D(A) satisfies

T(t)D(A) C D(A) and AT(t)u=T(t)Au, forall t > 0,u € D(A).

Moreover, for allt >0 and u € D(A) the map t — T'(t)u is differentiable
and

d
ET(t)u = AT (t)u.

Generators of strongly continuous semigroups play an important role
in the context of abstract Cauchy problems, as stated in the following
Theorem.
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B.1. Strongly continuous operator semigroups

Theorem B.5. Let A be the generator of a strongly continuous semi-
group {T'(t)}i>0. Then, for any uy € D(A), the function
u:t€[0,4+00) = u(t) =T(t)ug € D(A),
is the unique classical solution of the abstract Cauchy problem
o — Au(t), t>0,
u(0) = uyp,
which belongs to C([0,+0c); D(A)) N C([0, +00); X).

Another important property of the generator is the following.

Theorem B.6. The generator of a strongly continuous semigroup is
a closed and densely defined linear operator that determines the semigroup
uniquely.

We define the resolvent set p(A) and the resolvent operator R(\, A)
of a linear operator (A, D(A)) as follows:

p(A):={ e C: (AN - A) e LX)}
R(MNA) = (M — A)_l.
The next result is known as the Hille- Yosida Generation Theorem
(1948).

Theorem B.7. For a linear operator (A, D(A)) on a Banach space
X, the following properties are equivalent.

(i) (A, D(A)) generates a strongly continuous contraction semigroup.

(1) (A, D(A)) is closed, densely defined, and for every A > 0 one has
Nep(d) and  JARO, A < 1

Moreover, as a consequence of the Hille-Yosida Theorem, if the opera-
tor A is bounded on X, then it generates a strongly continuous semigroup
given by

X n
et = — A"
n!
n=0
By analogy to this case, the strongly continuous semigroup generated by

the operator A is denoted by {e*4},50 even when A is not bounded.

The following result is known as the Trotter-Neveu-Kato Theorem.
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B.1. Strongly continuous operator semigroups

Theorem B.8. Let A,,, n € Ny, generate a strongly continuous semi-
group {T,,(t)} on a Banach space X such that

1T ()] 2x) < Me*t, neNy,t>0
with M, w are independent of n, t. Then

(1) im,, o T,,(t)x = To(t)x for each t > 0, x € X implies lim,,_, (N —
At = (A= Ag)"tx for each x € X, uniformly for X in compact
subsets of (w,00);

(ii) lim, s00(A — Ap)te = (A — Ag) "z for each x € X, X\ > w implies
limy, 00 T, (t)x = To(t)x for each x € X, uniformly for t in compact
subsets of [0, 00).

Now we introduce a particular type of operator semigroups, the ana-
lytic semigroups. To this aim we need to give the definition of sectorial
operator.

Definition B.9. Let X be a complex Banach space. A linear operator
A: D(A) C X — X is called sectorial (of angle 0) if there exists § € (0, 7]
such that

(i) p(A) DXz ={A € C:JargA| < 5+ 6} \ {0};

(i) foreache € (0,6) there exists M. > 1such that [|[R(\, A)||zx) < %,
for all 0 # \ € Eg—i-é—e-

Analytic semigroups are defined as follows.

Definition B.10. A family of operators {T'(2)}.cx,u0y C £(X) is
called an analytic semigroup (of angle ¢ € (0, 7)) if

(i) T(0) =1 and T'(z1 + 22) = T'(21)T (29) for all z1, 2o € Xs;
(ii)) The map z — T'(z) is analytic in 3s;
(iii) lims,,5.07(2)z =2 for all z € X and 0 < ¢’ < 6.
If, in addition,

(iv) T(z) is bounded in Xg for every 0 < ¢’ < 4,
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B.2. Sesquilinear forms and generation of semigroups

we call {T'(2)}.ex,uf0) @ bounded analytic semigroup.

One of the properties which characterize the generator of an analytic
semigroup is stated in the following Theorem.

Theorem B.11. For an operator (A, D(A)) on a Banach space X,
the following statements are equivalent.

(i) A generates a bounded analytic semigroup {T'(2)}.ex,uq0y on X;

(i1) A is densely defined and sectorial.

Moreover, the analyticity of a semigroup is preserved under bounded
perturbation.

B.2 Sesquilinear forms and generation of
semigroups

The operator associated with a sectorial form is a sectorial operator and
the converse holds too, as stated in the following Proposition.

Proposition B.12. Let a be a densely defined, accretive, continuous,
and closed sesquilinear form acting on a complex Hilbert space H. Denote
by A the operator associated with a on H. The following assertions are
equivalent:

(i) a is a sectorial form.

(ii) A is a sectorial operator.

We recall that an unbounded linear operator A : D(A) — H on an
Hilbert space H is accretive if R(Au,u) > 0 for every u € D(A). An
accretive operator is called m-accretive if the range of I + A is the whole
space H.

The following result is a particular case of the well-known Lumer-
Phillips Theorem for generators of contraction semigroups.

Theorem B.13. Let A be a densely defined operator on H. The
following assertions are equivalent.
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B.3. Positive semigroups

1. The operator A is closable and —A is the generator of a strongly
continuous contraction semigroup on H.

2. A is m-accretive.

3. A is accretive and there exists A > 0 such that \I + A has dense
range.

One can easily see that the operator associated with a densely defined,
accretive, continuous, and closed sesquilinear form is m-accretive. As a
consequence, we get the following result.

Corollary B.14. Let A be the operator associated with a densely
defined, accretive, continuous, and closed sesquilinear form a on H, then

—A s the generator of a strongly continuous contraction semigroup on
H.

Therefore, we can associate to the form a the semigroup {e=*};>o.
The following result states that, under appropriate conditions, the
vice versa also holds.

Proposition B.15. Let A be an m-accretive operator on a complex Hilbert
space H. If the I + A is sectorial then there exists a unique sesquilinear
form a which is densely defined, accretive, continuous, and closed and
such that A is the operator associated with a.

B.3 Positive semigroups

Let us consider the Banach space X := LP(Q,dpu), for 1 < p < oo, where
Q is an open subset of RY. A function f in X is called positive (in
symbols: 0 < f) if

0 < f(s) for (almost) all s € Q.

For real-valued functions f,g € X we write if 0 < g — f and obtain an
ordering making (the real part of) X into a vector lattice. To indicate
that 0 < f and 0 # f we use the notation 0 < f. Moreover, for an
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arbitrary (complex-valued) function f € X we define its absolute value

| f| as
|f1(s) =|f(s)] for se€ Q.

Recalling the definition of the norm on X, we see that
[fl <lgl implies [[f]| < {lgl] forall f,geX.

These properties make the space X a Banach lattice.

Definition B.16. A strongly continuous semigroup {7'(¢);>0} on
a Banach lattice X is called positive (or positivity preserving) if each
operator T'(t) is positive, i.e., if

0<feX implies 0<T(t)f for each ¢t > 0,
or equivalently, if

|T(t)f| <T(t)|f| holds for each f € X, t>0.

Various characterizations of generators of positive semigroups can be
found in [5], [23] and [50]. Moreover we recall the following result, known
as the bounded perturbation theorem for positive semigroup.

Theorem B.17. Let A be the generator of a positive strongly contin-
uous semigroup {T'(t) }1>0 and let B € L(X) be a positive operator on the
Banach lattice X. Then A+ B generates a positive semigroup {S(t) }1>o
such that 0 < T'(t) < S(t) for allt > 0.

B.4 Invariant measures

Let A be a differential operator defined on smooth functions by

N

Z qij(x) Diju(x sz(l’)Dzu(x) + c(x)u(z), =z €RY.

7,7=1 =1
(B.1)
We assume the following hypotheses on the coefficients of A:
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(i) ¢j =gy forany i,j =1,...,N and

N
> ai(@)&68 = k@), K(x) > 0,61 € RY;
ij=1
(i) qij, bi (i, =1,..., N) and ¢ belong to Cp:%(RY) for some « € (0, 1);
(iii) there exists ¢y € RY such that

c(r) < ey, xRV,

Here C)2%(RY) denotes the set of the a-Hélder continuous functions in
any compact subset of R, for some a € (0, 1).

We introduce a realization A of A in Cy(RY), the space of bounded
and continuous functions in RY, with domain D,,,.,(.A), defined as follows:

Dinaz(A) := {u € CRMNWEP(RY) for all 1 < p < 0o : Au € Co(RM)},

Au = Au.

The following Theorem shows how it is possible to associate a semigroup
of linear operators in Cy,(RY) to A.

Theorem B.18. For any f € Cy(RY) there exists a classical solution
to the problem

{ u(t, ) = Au(t,z), t>0, 2RV,
u(0,z) = f(z).

Moreover, there exists a semigroup {T(t)}i>o0 defined in Cy(RY) such that,
for any f € Cy(RY), the solution of the problem is represented by

ult,z) = (T f)(z), t>0,z¢cR,

In general, the semigroup {7'(¢)}+>0 is not strongly continuous. As a
consequence, we cannot define its generator in the usual sense.
Nevertheless, we can associate to this semigroup the so-called weak
generator, defined as follows
P T(t — flx ~
(Af)() = Tim L4 )f(xt) J@) L eRrY, fen(d)

t—0t
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where
D(A) = {f € Cy(RY) : sup HT(t)f(%)t— f(@)lles < 0o and 3g € Cy(RY) :
te(0,1)

A

In general D(A) is a proper subset of Dy,q.(A). It can be shown that
(A,D(A)) = (A, D(A)) if and only if (co, +00) C p(A), or, equivalently,
if and only if there exists A > ¢y such that A € p(A).

Henceforth we consider, for simplicity, ¢(x) = 0 in (B.1). Under this
assumption we give the definition of invariant measure.

Definition B.19. Let B,(R”) the set of the bounded Borel measur-
able functions. We say that a Borel probability measure dyu is an invariant
measure for {T'(t)}i>0 if

/T(t)fdu:/ fdu Y f e By,(RY).

The following Lemma give us an equivalent definition of invariant
measure.

Lemma B.20. A Borel probability measure du such that

[ rwsan=[ fdu t>o0
RN RN
for any f € C®(RY) is an invariant measure for {T(t)}io-

The following result provides a characterization of the invariant mea-
sures.

Proposition B.21. A Borel probability measure du is an invariant mea-
sure for {T(t) }+>o0 if and only if

/ Afdu=0 VYfe D(A).
RN

Another interesting property is stated in the following Theorem.
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Theorem B.22. If dyu is an invariant measure for {T'(t)}i>0, then
C2(RN) is dense in L, = LP(RY, dpu) for any p € [1,+00).

Moreover, the following uniqueness result holds.

Theorem B.23. There exists at most one invariant measure for

{T'(t) }e>0-

The result we report below represents one of the main tools provided
by the theory of invariant measures.

Proposition B.24. Let du be the invariant measure of the semigroup
{T(t)}+>0 in Cy(RN). For any p € [1,+00), {T(t)}+>0 extends to a Cy-
semigroup of contractions in LE.

The extended semigroup is still denoted by {7(t)};>0, while its gener-
ator is denoted with A,. We will simply write A for As.

Henceforth we consider the operator A given by
Au(z) = Au(z) — (VU (z) + G(z), Vu(r)), =RV, (B.2)

on smooth functions, where U belongs to C;v%(RY), the set of the functions
in C1(RY) with first-order derivatives a-Holder continuous in any compact

subset of RY, for some o € (0, 1), and G belongs to C*(RY, RY).
The following Theorem holds.

Theorem B.25. Assume that the functions U and G in (B.2) satisfy
the following conditions:

(i) e7V € LYRY);
(i) divG = (G,VU) and [,x |G(z)|e”V® dz < —oo.

Then the probability measure

dp=K e V@ dy, K= e V@) dg
RN

is the invariant measure of {T(t)}i=o in L.

The following Proposition lists important properties of the extended
semigroup and of its generator.
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Proposition B.26. Let H the set of all the functions f € L having
distributional derivative V f in (Li)N. Under the hypotheses of Theorem
B.25 the following assertions hold:

(a) CE(RN) is a core for A in L2.;

(b) D(A) is continuously and densely embedded in H;;

(¢) Jan VI-Vgdu=— [on(Af)gdp, for all f € D(A), g € H,;
(d) T(t)L; C Hy, for all t > 0.

Regarding the assertion (a), we recall that a subspace D of the domain
D(A) of a linear operator A acting on a Banach space X, A: D(A) C
X — X, is a core for A if D is dense in D(A) for the graph norm
[ulla = llull + [[Aull, u € D(A).

From (a) and (b) it follows that C2°(R"Y) is densely embedded in H).

Moreover, we observe that the space H ﬁ is also the completion of
C>®(RY) in the norm

11 = 113 + IV AIE.

Finally, we consider the case when the operator A is given by
Au(z) = Au(z) — (VU(2), Vu(z)), zecRY, (B.3)

i.e. G=0in (B.2). It is possible to prove that if U € C?(R") and

N
Y DyU(2)&& >0 x,6 €RY,

ij=1
then the domain of the generator of {T'(t)};o in L7, is

D(A) ={ue H. := H*(R",du) : (VU,Vu) € L} .

Moreover, if U is a convex function which goes to +oo as |z| tends to
+00, then the semigroup {T'(t)}:0 in L7 is analytic.

Another useful result is the following.
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Theorem B.27. Let U € C*(RY) and e7V € L*(RY). If the function
U satisfies the condition

AU(z) < 6|VU(z)|* + M,
for some § € (0,1) and M > 0, then the domain of the operator defined

in (B.3) is D(A) = H}, and the graph-norm of D(A) is equivalent to the
Hﬁ-norm.

84



List of symbols

s 0 =

&

RN

r-y, <(L’,y>

1/l

B(x,r)

2

set of natural numbers

set of real numbers

set of all complex numbers

real part

imaginary part

positive part of a € R

Euclidean N-dimensional space

inner Euclidean product between the vectors z,y € RY
euclidean norm of v € RV

the sup-norm of f: Q CRY = R, ie,
| flloo := supq | f| (whenever is finite)

open ball in RY with centre at x and radius r > 0

closure of Q ¢ RY
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List of Symbols

TrA trace of the matrix A
A Laplace operator
D(L) domain of the operator L
L(X) space of the bounded linear operators in the Banach space X
|T||zxy operator norm of 7" in £(X)
{T'(t)}+>0 semigroup of linear operators in a Banach space X
r Euler-Gamma function

supp f  support of the function f, i.e. the set closure of the set of arguments
for which f is not zero

Cy(RN)  space of the bounded and continuous functions defined in RY

C>=(RY)  space of infinitely many time derivable functions with compact support
in RV

C’lkof‘ (RY)  space of functions which are continuously differentiable in RY whose
kth derivatives are a-Holder continuous in any compact subset of R,

where a € (0, 1]

L space of measurable functions % in RY with respect to the measure
du, with HuHiﬁ = Jan lu(z)Pdp < +o00

HF space of the functions u € L? having distributional derivative up to
order k in (L2)N
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