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Abstract v

DiscoNTINUOUS hp FINITE ELEMENT METHODS FOR ELLIPTIC EIGENVALUE PROBLEMS WITH SINGULAR
POTENTIALS

Abstract

In this thesis, we study elliptic eigenvalue problems with singular potentials, motivated by
several models in physics and quantum chemistry, and we propose a discontinuous Galerkin
hp finite element method for their solution. In these models, singular potentials occur naturally
(associated with the interaction between nuclei and electrons). Our analysis starts from elliptic
regularity in non homogeneous weighted Sobolev spaces. We show that elliptic operators with
singular potential are isomorphisms in those spaces and that we can derive weighted analytic
type estimates on the solutions to the linear eigenvalue problems. The isotropically graded hp
method provides therefore approximations that converge with exponential rate to the solution
of those eigenproblems. We then consider a wide class of nonlinear eigenvalue problems, and
prove the convergence of numerical solutions obtained with the symmetric interior penalty
discontinuous Galerkin method. Furthermore, when the non linearity is polynomial, we show
that we can obtain the same analytic type estimates as in the linear case, thus the numerical
approximation converges exponentially. We also analyze under what conditions the eigenvalue
converges at an increased rate compared to the eigenfunctions. For both the linear and nonlinear
case, we perform numerical tests whose objective is both to validate the theoretical results, but
also evaluate the role of sources of errors not considered previously in the analysis, and to help
in the design of hp/dG graded methods for more complex problems.

Keywords: hp/dG graded finite element method, discontinuous Galerkin, nonlinear eigenvalue problem,
quantum chemistry, weighted Sobolev spaces, elliptic regularity

Résumé

Dans cette these, on étudie des problémes aux valeurs propres elliptiques avec des potentiels
singuliers, motivés par plusieurs modéles en physique et en chimie quantique, et on propose
une méthode des éléments finis de type hp discontinus (dG) adaptée pour I'approximation des
modes propres. Dans ces modeles, arrivent naturellement des potentiels singuliers (associés a
l'interaction entre noyaux et électrons). Notre analyse commence par une étude de la régularité
elliptique dans des espaces de Sobolev a poids. On montre comment un opérateur elliptique
avec potentiel singulier est un isomorphisme entre espaces de Sobolev a poids non homogeénes et
que l'on peut développer des bornes de type analytique a poids sur les solutions des problemes
aux valeurs propres associés aux opérateurs. La méthode hp/dG graduée qu’on utilise converge
ainsi de fagon exponentielle. On poursuit en considérant une classe de problémes non linéaires
représentatifs des applications. On montre que, sous certaines conditions, la méthode hp/dG
graduée converge et que, si la non linéarité est de type polynomiale, on obtient les mémes
estimations de type analytique que dans le cas linéaire. De plus, on étudie la convergence de
la valeur propre pour voir sous quelles conditions la vitesse de convergence est améliorée par
rapport a celle des vecteurs propres. Pour tous les cas considérés, on effectue des tests numériques,
qui ont pour objectif a la fois de valider les résultats théoriques, mais aussi d’évaluer le role des
sources d’erreur non considérées dans ’analyse et d’aider dans la conception de méthode hp/dG
graduée pour des problemes plus complexes.

Mots clés : méthode des éléments finis hp/dG graduée, Galerkin discontinu, probléemes aux valeurs propres
non linéaires, chimie quantique, espaces de Sobolev a poids, régularité elliptique

Laboratoire Jacques-Louis Lions
4 place Jussieu — 75005 Paris — France
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Chapter

Introduction

In this thesis, we study the approximation of linear and nonlinear eigenvalue problems
with singular potentials. Many problems, arising from quantum physics and quantum
chemistry, consist in the search of the ground state of the system, i.e., the constrained
minimization of a certain energy functional F over a space X

min{F(u),uv € X}.

This problem can be reformulated via Euler-Lagrange’s equation as an eigenvalue prob-
lem
Au = Mu,

with some constraint on the norm of u and where A is a — potentially nonlinear —
operator. Broadly speaking, in problems arising from quantum chemistry the function u
is related to the wave function of the particles in the system; therefore, the energy always
contains a kinetic term, which translates into a Laplacian in the eigenvalue problem.
Furthermore, when dealing with full-electronic computations, i.e., when all the electrons
are taken into account, the interaction between the nuclei and the electrons is modeled
through a potential with singularities at the positions of the nuclei. For this reasons, the
problems we consider belong to the class of elliptic eigenvalue problems with singular
potentials. A more detailed presentation of the problems will be given later in this
introduction.

With the exception of a small number of simple problems, the analytical solution
to the eigenvalue problems is not known, thus there is the need to resort to numerical
methods to find approximations of the energies and of the eigenfunctions. Generally
speaking, a numerical method’s rate of convergence depends on the regularity of the exact
solution it is trying to approximate. In the context of problems with singular potential,
the regularity of solution is best determined in weighted Sobolev spaces, where one
can “isolate” and weight the behavior of the function at the singular point, while still
exploiting the full regularity of the solution outside of singularities. The analysis of
weighted Sobolev spaces has a long tradition connected to the study of elliptic problems

1



2 CHAPTER 1. Introduction

in non convex polyhedral and polygonal domains, and one of the goals of this thesis
consists in extending it to problems with singular potentials.

The properties mentioned above of the solutions to elliptic problems with point singu-
larities give a strong indication as to how to design a numerical method to approximate
them. The basic idea is that we wish to exploit the twofold nature of the functions —
smooth in parts of the domains, non-smooth in other parts, but with a controlled growth

— in order to construct the numerical scheme. To do so, the method has to provide
a good approximation for function with low regularity near the singularities, while
different techniques can be used far from them. In the context of finite element methods,
this goal is accomplished by hp finite element methods, which combine the accuracy
of a classical finite element approximation near the singularity of the potential, where
element sizes decrease geometrically, with the spectral convergence of a high polynomial
degree approximation far from the singular points.

In practice, we construct the hp finite element approximation in a discontinuous
Galerkin framework, meaning that we do not impose a continuity requirement over the
functions in the discrete space that we use. In the thesis, we prove some a priori estimates
on the convergence of the discontinuous hp method, which are particularly new in the
context of nonlinear eigenvalue problem. Finally, we perform and analyze numerical
tests for the different subjects of our theoretical analysis, whose goal is threefold: they
confirm the theoretical results, they allow for the estimation of components of the error
that are not taken into consideration in the theoretical analysis, and they provide an
indication on the behavior of the method for more general cases.

In the following, we give an overview of the themes we have introduced. In Section
1.1, we introduce some ab initio models arising in quantum chemistry and physics on
which the analysis will be based, with a brief overview of how they arise from physical
models. Then, in Section 1.2 we discuss the relevance of weighted spaces in our case;
this subject will be treated in more detail in Chapter 2. A brief introduction to numerical
methods is given in Section 1.3 — the hp discontinuous Galerkin is fully analyzed later
in Chapter 3. We then proceed to give an overview of the results presented in this thesis,
in Section 1.4.

1.1 Models in quantum chemistry

We consider here models in ab initio quantum chemistry, i.e., models that describe the
state of a system on the basis of first principles. The first of such models we introduce is
the Schrodinger equation [Sch26], of capital importance from a theoretical point of view,
though, as we will see, difficult to approach from the computational side. Our exposition
will be limited to non relativistic models, which perform well when relativistic effects
are negligible, e.g., for lighter atoms. We will also suppose that the Hamiltonians we
consider have no effect on spin, therefore we will omit spin variables from the discussion.
For a thorough presentation of electronic structure theory and its numerical treatment,
see [SO12] and [CLMO06; Le 03].
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1.1.1 The Schrodinger equation
Description of a system

Consider a system consisting of M nuclei and IV electrons: under the quantum formalism,
the system is completely described at a time ¢ by the wave function

\I/(t,Rl,...,RM;Tl,...,TN), (11)
with values in C and where R; € R3,i = 1,..., M represent the positions of the nuclei
andr; € R3,i =1,..., N represent the positions of the electrons. In order for (1.1) to be

the wave function of a system, it needs to have the following properties.

Property 1. The L? norm of W has to be unitary, i.e.,
()l = 1.

Here, the norm ||U(t,-)||? is the integral over all R; and over all r; of the square of the wave
function
|U(t,Ry,..., Ry, .. rN))> (1.2)

This makes (1.2) a probability density.
Property 2. The wave function is symmetric with respect to the exchange of two identical bosons.

Property 3. The wave function is antisymmetric with respect to a change of the coordinates of
the electrons, i.e., such that

U(t,,Ry,...,Rar;71,72,. .. ,TN> = 8(0’)\11(t, SRy, .. .,RM;TU(U,TU(Q), e ,TU(N)),

for any permutation o and where (o) is the sign of the permutation.

Note that Properties 2 and 3 are consequences of the identity of bosons and fermions,
respectively.

The Born-Oppenheimer approximation and the electronic Hamiltonian

The first approximation we operate on the wave function (1.1) is the Born-Oppenheimer
approximation [BO27]. The mass of a proton is three orders of magnitude bigger than
that of an electron, hence a classical approximation in quantum chemistry consists in
fixing the position of the nuclei and on solving a minimization problem for the so called
electronic Hamiltonian. This is the case in which the problem of electronic structure
calculation is set. We will place ourselves in this setting: let us fix R;, i = 1,..., M, and
consider therefore a general time-independent wave function, that, abusing notation, we
still write as U(ry,...,7ny). Thanks to Property 1,

N
v e Q) L*(R%C).
=1
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Using Property 3, we can restrict the space to the wave functions that are antisymmetric
with respect to permutations, i.e.,

N
ve A\ L*(R%C) =%, (1.3)
=1

where A is the antisymmetrized tensor product.

Suppose now that the nuclei have charge Z;, kK = 1, ..., M. The electronic Hamilto-
nian associated to the problem of electronic structure calculation (recall that we have
fixed the nuclei at the positions Ry, k = 1,..., N) is given by

M

H—N A Z ! 1.4
R e Ve e W ek 0

i<j<nN 't

The Hamiltonian above contains, in the order in which they are written, a kinetic term,
the Coulomb interaction between electrons and nuclei, and the Coulomb interaction
between electrons. The electronic minimization problem thus reads

E=E(Ry,...,Ry) =inf {(U,HU), ¥ € H : ||¥| =1}. (1.5)

Remark 1. The minimization in (1.5) can also be written as

N
Ezinf{(\lf,H\I/),\I/e N\ H' ®R:R) - (|9 :1}. (1.6)

=1

The restriction of the space to the product of H' spaces is required by the necessity that all terms
in the energy functional be well defined, while the restriction to functions with values in R is due
to the fact that the imaginary and real part of a wave function are treated independently by the
Hamiltonian.

Taking the Euler-Lagrange equation of (1.5), we obtain the Schrédinger electronic
equation
HY = E. (1.7)

Equation (1.7) is a linear eigenvalue problem; were one to find a solution, then ¥ would
represent the electronic ground state of the system, and E would be its energy. From the
computational point of view, this is a task of extraordinary difficulty even for problems
of rather small size, due to the high dimensionality of the space where it is set. Suppose
we were to subdivide a cube in the space R? into a grid of n equispaced points in
every direction: then we would need n? points, and every point would be the neighbor
of 2¢ other points. This exponential growth, belonging to what is often called “the
curse of dimensionality”, indicates how approximation in higher dimensional spaces
is computationally onerous. One of the main goals of quantum chemistry is therefore
the development of approximations of the electronic Schrodinger equation (1.7), which
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are set in the physical space: this comes at the price of the introduction of a nonlinearity.
The Hartree-Fock equation is one of such models, and it is the subject of the next section.

1.1.2 The Hartree-Fock model

The basic idea of the Hartree-Fock model lies in the restriction of the space in which the
search for a minimizer happens. Instead of considering the whole space

N
N\ H'(R%R)
i=1
considered in (1.6), we restrict ourselves to the space of determinants

Yi(z1)  a(z1) ... Pn(z1)

U, o) = —— %(f?) w(:“) me), (1.8)

bi(en) alen) .. vnlex)

where v;(r) € H'(R% R). Formulation (1.8) is known as a Slater determinant. It is easy to
see how such a wave function V¥ respects Property 3. Furthermore, we can impose that

/ Yithj = dij,
R3
so that Property 1 is satisfied.
Using (1.8), we can compute (¥, H V), which gives

EF 4y, ) = i/g Vil + / Vow + 5 /Rg /Rg pq}lx—y|

/ / T (2, y)
R3 JR3 ’flf—y’

where N
=Y Wi(@)ily)  pu = ez, x)
i=1
and u
_ Zk
V(z) = ; P

The electronic minimization problem associated with the Hartree-Fock energy thus reads

inf{EHF(wl,...,wm )i € H' (R R / w]—aw} (1.9)
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With the usual procedure and using an orthogonal transformation to partially decouple
the equations, we can write (1.9) as the nonlinear eigenvalue problem of finding ¥ =

{¢1,...,¢¥n}and {e1,...,en} € RV

Fohi = et for éll ‘i =1,...,N (110)
(Vi,v5) = 6ij foralli,j=1,...,N,

where (-, -) denotes the scalar product in L?(R?) and Fy is the Fock operator defined by

N

1 1
Fop = —%Acp + Vo + <qu* W) Y= Z <(¢j¢) * |$’> ¥j-

j=1

Equation (1.10) is known as the Hartree-Fock equation.

1.1.3 The Gross-Pitaevskii equation

We conclude this section by introducing a model that does not come from the domain of
quantum chemistry, but that is interesting from the point of view of theoretical analy-
sis. The Gross-Pitaevskii equation, also known as nonlinear Schrédinger equation in the
approximation of Bose-Einstein condensates [PS03; LSY00]. Its minimization problem
reads

inf { ES () : u € H'(R?) : ||ullp2rsy = 1}, (1.11)

where 1 . )
ECP(u) = = Vul> + = [ Vu? + / ut.
2 R3 2 R3 4 R3
The nonlinear eigenvalue problem arising from the optimality conditions of (1.11) is
therefore given by: find (u, \) € H!(R? R) such that

—Au+Vu+ |ufu = du 1.12)
Jull =1,

where || - || is the L? norm in the whole space.

Our interest in the Gross-Pitaevskii equations stems less from its relevance as a
physical model and more from the “nonlinear Schrédinger” point of view, in that we
use it as a model of the more complex systems. In our analyses, we will consider more
general potentials and nonlinearities. In practice, we consider a class of elliptic problems
with singular potential and local nonlinearities; in doing so, in some specific cases we
end up treating the Gross-Pitaevskii equation, while still considering potentials that do
not necessarily have a meaning in the context of Bose-Einstein condensates.
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1.2 Weighted Sobolev spaces

In this section, we give a brief overview of weighted Sobolev spaces. This subject is
treated in greater detail in Chapter 2, where weighted Sobolev spaces are derived from
their Mellin characterization and where the relationship between weighted regularity
and Mellin transformation is fully analyzed. Here, we only wish to give a feeling of
the role of weighted spaces in problems with singular potentials and to provide some
context with regards to the existing literature.

Weighted Sobolev spaces are also called Kondrat’ev spaces, from the seminal work

[Kon67], or Kondrat'ev-Babuska spaces, from their application to the finite element approx-
imation of Babuska and coworkers [GB86a; GB86b; GB86¢; GB86d; GB86e].

Consider a point ¢ inside a domain Q C R? or on its boundary 99 and indicate by r
the function of the distance from this point, i.e.,

r=r(z) =z —d

where | - | is the euclidean norm of a vector in R%. Then, the classical weighted Sobolev
space K5 (€2) for integer s and real «y is composed by those functions that have bounded
norm

1/2
lullcs ) = (Z ravaauém)) . (1.13)

|l <s
Here, a = (aq,...,qq) is a multi index, and we write || = a3 + -+ + a4, and 9% =
oL ...0g4.

We remark that the notation used for weighted Sobolev spaces is unluckily very
fragmented. We detail the relationship between our notation and what is used in the
literature, while taking the occasion to introduce relevant works on weighted Sobolev
spaces and on the regularity of problems in domains with singularities. We use the same
notation as Nistor and coworkers [ANO07; HNS08; LN09; MN10; LMN10; AN15]. With
respect to the work of Costabel, Dauge, Nicaise and coworkers [Nic97; CDS05; CDN10a;
CDN10b; CDN14], where the space Ki’;(Q) is defined, we have

K3(Q) = KE.(Q).

The same spaces are used in [SSW13b; SSW13a; SSW16], though the spaces are denoted
M5 (£2) there and defined in general for polyhedra. If we suppose that a single “corner”
singularity is present, we have again

K3(Q) = M°.(9).

In the work by Maz’ya and coworkers, see [MP78; KMR97; KM99; MNP00; MR02; MR10]
the space V;'5(Q2) is used, and it compares to the one defined in (1.13) as

K3(Q) = V3, ().
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0
Finally, considering [Kon67] and the space W% (12) defined there, we have

0
Our notation is motivated by the fact that we have
ICi Q) C lCi(Q) if s > s and leY,(Q) C ICi(Q) if v/ >,

and that, for example,
—A K (Q) = K2T5(9)

so that there is a certain symmetry between the notation of the regularity and weight
indices.

Alongside the space defined by the norm (1.13), that we will call homogeneous weighted
Sobolev space, we will also consider the non homogeneous version, normed by

1/2
lull 7 () = (Z rmax(a%p)aau%m> forany p € (—d/2,s—~].  (1.14)

lal<s

In Chapter 2 it will be recalled how the norms are equivalent for varying p. The spaces
normed by (1.14) have emerged in the context of the study of solutions to elliptic problems
with non trivial development at non regular parts of the boundary; in this thesis we will
show how they constitute appropriate spaces for the analysis of problems with singular
potentials.

1.3 Numerical methods

All the eigenvalue problems presented in Section 1.1 need, in practice, to be solved via a
numerical method. Generally speaking, numerical methods consist in the reduction of a
continuous, infinite dimensional problem into a discrete, finite dimensional one, whose
solution should be an approximation of the exact one.

In this thesis, the focus is on the hp discontinuous Galerkin (dG) method, which
belongs to the wider class of finite element (FE) methods.

1.3.1 Finite element methods

Finite element methods have been developed in the second half of the 20th century,
initially to solve structural mechanics problems, and have been extended to almost every
domain of mathematical physics. The FE method draws largely on Galerkin’s earlier
work [Gall5] — and others’: even though the formulation Galerkin method is customary,
the same ideas are expressed, e.g., in [Rit09a; Rit09b]. Given a linear operator L : X — X’
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and a problem in its weak form of finding v € X such that
(Lu,v) = (f,v) forallv € X, (1.15)

the basic principle of the Galerkin method consists in replacing (1.15) with the problem
of finding a u; in a finite dimensional space X5 such that

(LU5, 1)5> = (f, 1)5> for all vy € X5. (1.16)

By choosing a basis for X5, (1.16) problem can be written as an algebraic linear system,
that can be solved with the classical methods of (numerical) linear algebra. Years later,
Courant, in [Cou43] — comparing finite difference schemes with what he calls the
Rayleigh-Ritz method — writes:

considering [...] only functions which are linear in the meshes of a sub-
division of our net into triangles formed by diagonals of the squares of
the net. [...] Such an interpretation suggests a wide generalization which
provides great flexibility and seems to have considerable practical value. [...]
we may consider from the outset any polyhedral surfaces with edges over an
arbitrarily chosen (preferably triangular) net.

This idea is at the basis of finite element methods: the domain where the problem is set
is partitioned into elements, and a basis of polynomials (linear functions in Courant’s
idea) is constructed into each one of them. This provides a basis for X5: if the basis is
chosen to be continuous, we obtain the classical finite element method. Suppose that
the domain where the original problem is set is 2 C RY, that we have a collection of
elements T that tessellates €2, and that, for each element K € T, there exists an affine
transformation ® such that ®(K) = K for some reference element K: then the discrete
space of the classical FE method reads

X5 = {w € COQ) : vy, 0 B € Py(K), VK € T} , (1.17)

for a fixed polynomial degree p. For a thorough presentation of how those ideas go
back to Euler, see [GW12]. Among the many classical references on FE methods in the
literature, we point to [CL91; CL96; BS03; EG04; SF08; Qual7].

hp dG finite element methods

In the discontinuous Galerkin framework, we drop the requirement that the basis func-
tions be continuous at inter-element interfaces: the space (1.17) is replaced by

Xy = {vs € L) s vy, 0 Ok € P(K),VK € T}

This requires that we change the discrete bilinear form (1.16): how to do so, while
preserving the convergence of the numerical solution, will be detailed in Chapter 3.
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Furthermore, in the hp version of the FE method, the polynomial degree is no longer
uniform over the whole domain, but can vary between elements, and the same goes for
the mesh size, which can go to zero in some parts of the domain, while staying bounded
from below in others. Different approaches in the design of the hp spaces exist. In our
case, we are close to the original idea given in [GB86a], and the refinement of the space is
chosen based on information that we have from the analysis of the problem, a priori. We
know, indeed, that the solutions to elliptic problems with singular potentials belong to
the weighted Sobolev spaces we have introduced: therefore, a space isotropically refined
towards the singularity, and with a polynomial degree that grows with the distance from
the singularity contains function that converge with exponential rate towards the solution.
Nonetheless, in a complex problem with multiple nuclei and where the approximation
away from the singularities gets more complicated, one may need to chose whether
to perform h- or p- refinement (i.e., whether to reduce the mesh size or to increase the
polynomial degree). This is the focus of the adaptive hp finite element method, see [Hou05;
HSWO07b; GGO11; GH12; CV13], which uses a posteriori error estimators to choose where
and how to refine the space.

We point again to Chapter 3 for an in depth presentation of the ~p dG method we
consider in our analysis. We continue here by giving a short overview of the concept of a
priori and a posteriori estimates.

1.3.2 A priori and a posteriori estimates

In this thesis, we are mainly concerned with a priori estimates. We shall give here a
general introduction to this concept, followed by an equally general outline of the field
of a posteriori estimation.

A priori estimates

Given an exact solution u to the problem under analysis and a numerical approximation
us € X5, with dim(X;) = N, we wish to show that, for an appropriate norm || - ||, there
exists a C' > 0 and a function f such that

[ — usl| < CF(N).

The first thing we are interested in proving is that f(/V) goes to zero as N grows to
infinity: this implies the convergence of the numerical method. The second estimate of
interest is how fast f(IN') goes to zero. In general, we are able to show that there exists a
Ny such that for all N > Ny, f has a specific form. This will be influenced, among others,
by the regularity of the solution and by the quality of the approximation provided by
the space X5 (which is itself strongly dependent on the regularity of the exact solution).
In classical finite elements, the estimates are of the form

lu = usll iy < CNFu s .
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where k£ < p (we have introduced p in (1.17)) and where we are supposing u € H k1(Q).
When using an isotropically refined hp finite element method, under some conditions
on the regularity in weighted Sobolev spaces of the exact solution, we obtain

_pN1/(d+1)

|u — usll 1) < Ce (1.18)

A posteriori estimates

A somehow complementary approach is taken when developing a posteriori estimates.
Those are estimates that rely on computable quantities, and are generally expected to
be valid even before the asymptotic regime (i.e., before the unknown Ny used in the
description of a priori estimates). A posteriori estimates can be used to adaptive refine the
space, as already mentioned, or to avoid useless computations, by balancing the different
error terms arising in an approximation. A posteriori error estimation is out of the scope
of this thesis; nonetheless, one of the advantages of using a finite element method lies
in the fact that one can draw from a great set of tools for a poteriori estimation. In the
context of ~p and dG methods, we point to [HSW07a; HSW07b; Wih07; GH12; GGO13;
EV15; DEV16]. For eigenvalue problems approximated by finite elements, in addition to
what has already been cited, see also [Can+17]. Concerning a posteriori error estimation
on problems related to quantum chemistry but with non-FE basis functions, see [Can+14;
Can+16; DM17].

1.4 OQOutline of the thesis

In this section, we give an overview of the structure of thesis, and we outline the results
obtained in the different parts. As already mentioned, in Chapter 2 we introduce the
Mellin transform and derive homogeneous and non homogeneous weighted Sobolev
spaces starting from their Mellin characterization. Most of the properties of the Mellin
transform of functions in weighted Sobolev spaces will be of great importance in the
sequel, both as tools in the analysis and as means of understanding the behavior of
the numerical approximations. We conclude the chapter with some classical results on
regularity in homogeneous weighted Sobolev spaces, on which we will construct later
results in non homogeneous spaces.

In Chapter 3 the hp dG method is introduced. We define some non standard weighted
mesh dependent norms, which are well suited for the analysis in spaces of functions with
isotropic singularities. The continuity of the dG formulation is then shown in this norms,
in the general case of dual L? — L? continuity. Finally, we adapt a classical approximation
results to the norms we consider. In a reduced form, we find that, in an element K € T
for any function v € jj,“ (K), forany v < 7/,

’U5€X5 ~ ([<)7

with the constraint that s = 1 if the singularity belongs to a corner of the element K.
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The norm |||- ”|g3( k) is a mesh dependent norm bounded by the norm || - || K2 (k) Letus
introduce a subspace of the non homogeneous weighted Sobolev spaces, given by

JZ(Q) = {u e TH©Q) :3C, A> 0 o]l 20 < CA’%!} .
k

The approximation estimate (1.19) crucially implies that, if we use an hp method isotrop-
ically and geometrically graded towards the singularity (see Figure 3.1) and with poly-
nomial degrees increasing linearly, then

—bNE/AEES. (1.20)

u € J';W(Q)a'y >1 = v(;ig)f((; llv— U6|Hgf(7') <Ce
This means that if we can control with “analytic type” estimates the norms of the solution,
then the best approximation in the hp space converges exponentially. Due to the quasi
optimality results we obtain in later chapters, this will also hold for numerical solutions.
In the following Chapter 4 we consider the problem of elliptic regularity in non
homogeneous spaces for problems with potentials, and show that, under some conditions
on the potential and on the domain (and supposing here Dirichlet boundary conditions
for ease of notation), the operator

—A+VTHQ) = TERQ) x T3 09)
(—1,e)\ {0} ifd=3
[0,¢) ifd=2
determined by the potential. We also give some bounds on the Green function G(z, y)
associated with the operator: far from {z = y}, the Green function’s behavior depends
in the singularities.

In Chapter 5 the linear eigenvalue problem

is an isomorphism, for all £ > 1 and for v = { ,withe > 0

(—A+V)u=Au

is considered. We recall the convergence result from [ABP06] and concentrate in particu-
lar on the symmetric version of the interior penalty method to show that, when

lu — ugllpe < Ce NV (1.21)

then
(d+1)
)

A — As| < Cem2NY (1.22)

where we have denoted by us and A5 the numerical eigenfunction and eigenvalue obtained
with the SIP method. The theoretical estimate is tested in Chapter 6, where, apart from
validating the theory, we also investigate the effect of errors that we do not consider
in the analysis. The main sources of numerical error, apart from the approximation
error introduced by the method, are the quadrature error and the error arising from
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the numerical linear algebra schemes. The former has mainly an effect on the rate
of convergence of the eigenvalue error, while the latter affects all terms. Finally, the
numerical experiments on simple test cases give an idea on how to best approximate
more complex ones. We investigate in particular the polynomial slope parameter, and
see how for different potentials, different slopes are optimal. This can be furthermore
combined with the asymptotic analysis near the singularity that follows quite naturally
from a Mellin formulation of the problem.

We then move on to non linear problems, and in Chapter 7 the regularity of the
solution to the non linear eigenvalue problem

(A +V + [ulfHu = \u (1.23)

is investigated. After some preliminary inequalities in weighted Sobolev spaces, using
techniques from [Dal+12] we are able to show that, under some conditions on the potential
and if k = 2,3,4,

u € J7 (%), (1.24)

for the same + as in the linear case. In addition, with a small modification to the proof,
this extends to the functions in the Slater determinant of the Hartree-Fock equation: if the
wave functions ¥;, i = 1,..., N are solutions to (1.10), under the customary hypotheses
on the potential, we have

i€ 7 (Q), i=1,...,N.

After this regularity result, we consider, in Chapter 8, a slightly more general equation
in the form of the non linear Schrodinger equation

(A +V + f(u?))u = I,

where we impose some conditions on the nonlinearity f, see equations (8.11a) to (8.11d).
The first step in the analysis of this problem consists in proving the convergence of the
solution obtained with dG methods. Compared to continuous finite elements, in the
analysis in discontinuous spaces some difficulties arise due to the non conformity of the
method (i.e., the fact that X5 ¢ X). Furthermore, quasi optimality of the dG solution
is proven. Those results do not depend specifically on the choice of the hp space. The
doubling of the convergence rate, in the nonlinear case, is shown using techniques that
involve the convergence of the eigenfunction in L>°(12). This is proven easily, under some
regularity requirements, in the h and p versions of the finite element method, but has to
be conjectured for hp methods. In addition, we note that, when the problem considered
is of the type (1.23), then, thanks to (1.24) and (1.20), we can conclude with estimates
of exponential convergence similar to (1.21) and (1.22). We conclude by studying an
iterative scheme to treat the nonlinearity and with an asymptotic analysis of the behavior
of the solution to the (linearized) problem near the singularity.

Finally, in Chapter 9, as we did in the linear case, we perform some numerical tests
on the non linear eigenvalue problem, in two and three dimensions. We assess the
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convergence of the method, and we test the interaction between different potentials and
different discretization parameters.

Every chapter is as self-contained as possible and can be read independently, at least
from the point of view of notation. When results from different parts of the thesis are
used, they are often recalled.



Chapter

The Mellin transform and weighted
Sobolev spaces

In this section, we introduce the Mellin transform and weighted Sobolev spaces. This
coupling is not coincidental, as the Mellin transform is a fundamental tool in the con-
struction of weighted Sobolev spaces, in the same way as the Fourier transform can be
used to define classical Sobolev spaces in periodic domains.

Weighted Sobolev spaces are the more natural spaces in which we can define the
regularity of solutions to elliptic problems in domains with singular points, as is the case,
for example, of domains with corners in two dimensions, of conical domains in three
dimensions, and — the focus of our interest — of equations with singular coefficients at
isolated points. The role of the Mellin transform and of weighted Sobolev spaces in the
analysis of elliptic problems with singular points has been introduced in the seminal
paper [Kon67]; the results presented here are mostly based on [Jea79] for the general
analysis of the Mellin transform, and on [KMR97; CDN10b] for the parts concerning
conical domains and elliptic regularity. We also follow closely the exposition given in
the latter three papers, while adapting it to our notation and trying to draw an explicit
line that connects the more basic properties of the transform with advanced subjects in
the analysis of elliptic problems.

We will be presenting two classes of weighted Sobolev spaces: the first and more
straightforward type are the homogeneous spaces K3(Q2), 5,7 € R, whose norm for

integer s and in a domain Q2 C R4 is given by
1/2
Jullics @ (Z / ~27+2lal(gay,) ) 7

|a|<s

where r is the distance from the singular point. The second type of space we introduce

15
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is the non homogeneous weighted Sobolev spaces, normed, inter alia, by

1/2

||u||‘7ﬂ?(9) = Z /Q,FQmax(—"H—aLp)(aau)Q ,

|a|<s

for any p € (—d/2,s — v]. The spaces of the non homogeneous kind will be of great
importance to our subsequent analysis, and one of goals of this section is that of outlining
the basis on which the subsequent analysis will be built. The importance of the second
kind of spaces arises from the fact that we are interested in functions with nontrivial
expansion at the singularity, and the spaces J7((2) are the more appropriate for this case.
Consider, for example, a function that does not vanish at » = 0: this function belongs to
K5(€2) only if v < d/2; it can instead be in a space 7 () for bigger v and this allows to
better characterize its regularity.

In Section 2.1, we introduce the Mellin transform of a function in a quite general
way and in R . We start to outline the relationship between weighted spaces in the real
space with the spaces of their Mellin transforms, and this allows for the definition of
weighted spaces starting from the properties of the transformed spaces. We conclude the
section by outlaying the fundamental relationship between the poles of the transform of
a function and the asymptotic expansion at the singularity of the function.

In Section 2.2, we consider the case of conical domains, i.e., of domains that are the
product of R and of smooth d — 1 dimensional domains. We start by defining the
homogeneous spaces in this setting; no big conceptual difference intervenes with respect
to the case of R, and the definitions follow similarly. The introduction of J7(€2) is
not as straightforward, and involves the definition of a norm in the transformed space
that remains bounded on poles of the transform that give rise to polynomials in the
asymptotic expansion. This is done in Section 2.2.2 and followed, in Section 2.2.3, by the
analysis of the relationship between the space J;(©2) and K5(€2).

We conclude with the application to elliptic problems of the tools introduced, in Sec-
tion 2.3. We concentrate ourselves on the spaces K@(Q), since the non homogeneous case
will be the focus of further analysis in the forthcoming chapters. We recall a fundamental
elliptic regularity estimate, whose proof follows easily from the Mellin characterization
of the spaces and of the norms.

2.1 The Mellin transform in R,

Consider a smooth function with compact support v € C§°(R.), with image in R. We
define the Mellin transform of « as

a(\) = (Mu)(\) = / () 2. 2.1)

Ry T
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Since u and its derivative have compact support in (0, +00), @ is an analytic function in
C. It can easily be shown, by integration by parts, that

M(zd,u)(N) = —Aa(\). 2.2)

Furthermore, there holds
M (2Pu)(A) = (A — p). (2.3)

The space of smooth compactly supported functions is too restrictive for practical
applications and for the analysis of weighted Sobolev spaces, thus we wish to extend
the Mellin transform, as defined in (2.1), to a wider class of functions. For any set
U C R, let D'(U) be the space of distributions on U (the dual space of the space of C*°(U)
functions with compact support). Let u be a distribution in D’(R.) that can furthermore
be extended to a compact support distribution @ on R. Then, the Mellin transform of u
can be defined as the duality

(Mu)(N) = (@27, (2.4)

where z; = max(z,0) for x € R.

Remark 2. The transformation (2.4) is well defined since it does not depend on the choice of i
and there exists an m € N such that (Muw)(\) is holomorphic for all Re A < —m, see [Jea79].

Remark 3. We denote by £ the subspace of distributions in D'(R..) that can be extended to
distributions with compact support in R; under definition (2.4) of the Mellin transform, properties
(2.2) and (2.3) still hold for any u € E.

The Mellin transforms of functions defined in &, are therefore holomorphic in half
planes of the type Re A < v, v € R. We can then introduce the space H . of functions f,
holomorphic on a half plane and such that

[fV)] < CL+[A)™alter

for some m € Z, a > 0 and for Re A < 7. Consider then v € £ such that the support of
u is contained in (0, a] for an a > 0: there exists then a continuous function f in Ry such
that f(z) = 0 for z > a and that f (m) — 4, [Jea79, Proposition 1.5], thus

() = (1) (A + 1) (A +m) / J@

We can then conclude that the Mellin transform of a function v € &, lies in H, and
define the inverse Mellin transform as
1
-1 A~
= — A)dA 2.
(M~ a) () 27 Jreres x (N) (2.5)

where Re A = f3 is the line parallel to the imaginary axis passing through the point 5 € R.
We clearly suppose that 5 < +, with v defined as above, so that @ is holomorphic on the
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line Re A = 6.

Having defined the Mellin transform and its inverse, we now restrict the space £,
to the functions that are relevant for the analysis of weighted Sobolev spaces. Let us
introduce the norm

2 —1 2
U = xu(x)“de.
Iulfy,, = [

We can then define the space

Ky, = {v €&l < oo} .

The meaning of the notation we use will become clearer in the context of weighted
Sobolev spaces.
As we have done before when considering functions in £, , we are interested in the

image of the Mellin transformation applied to the space K? /o+ We write H) = MK /2

We recall some of the results on the relationship between £ /o and #HJ in the following
lemma.

Lemma 1. For any u € IC(I)/Q, with 1 = Mu,
(i) @ is holomorphic in the half-plane {Re A < 0}, and

(ii) for any 8 < 0 and for a € Ry such that supp(u) C (0, al,
/ a(N)2d\ < Ca™".
Re A\=p

Furthermore, the converse is also true, i.e., if (i) and (i) hold for a @ € H, then there exists
u € & such that w = M~
Finally, the function Gg : & — (B3 + i€) has a limit for § — 07 and the Plancherel equality

1
/ 2P Yy(x)dx
R4

= w(\)2d\ (2.6)
27 JRer=8 )

holds for all B < 0.

We can now consider, for a v € R, the space

ICE)/ = {v €&y a "  2(2) € IC(l)/Q}
and write ng o= MK, From (2.3) it follows that if & € HY then a(A+~) € H. Then,
(i) implies that @ is holomorphic in the half-plane {Re A < ~}; furthermore, from (ii) we
obtain that the function 4 : £ — 4(83 + i€) is in L?(R) for any 3 < «. Finally, the norm
on KY is given by

Julfty = | @ Pu(ods,

Ry



2.1. The Mellin transform in R 19

thus equation (2.6) shows that the Mellin transformation is an isomorphism between the
spaces
’C3+1/2 — L*({Re A =7}).

The spaces introduced thus far are, basically, weighted L?(R..) spaces of functions
with compact support. Let us now introduce H as the subspace of transforms @ € H
such that

(A —v—1)%a(X) € HS. (2.7)

This implies that « is holomorphic on the half-plane {Re A < v} and that
/ (A= = 1)%a(N)2d) < .
Re =0

We can now define the homogeneous weighted Sobolev space

K= MM . (2.8)

Lemma 2. u € K7 with s € Nif and only if
2 7190u € LA(Ry). (2.9)

forall j =0,...,s.

Proof. The above result can be proven by considering the case v = 1/2, since the generic
result with y € R comes from translations in the transformed spaces. Let then u € KY ,
for s € N: we have

(A= 1D)%a(\) € HY.

The above equation implies that
APa(y) € L({Rer = 8})

forall j =0,...,sand g < 0, thus from (2.6) and taking an inverse Mellin transform, we
obtain A
(x0z)u € ng

for j =0,...,sand forall 5 < 1/2. Then, (2.9) follows by taking a linear combination of
the terms above. ]

We can therefore give a new characterization of the weighted spaces K, with integer
s as -
K2 = {v €&y iy e LA(Ry), forall j =0, .. .,s} :

This definition should also clarify the classical terminology of weighted Sobolev spaces.
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2.1.1 Asymptotics near the origin

Apart from being a tool to rigorously define weighted Sobolev spaces on R, the Mellin
transformation can be used to derive an asymptotic expansion of a function near the
origin. Broadly speaking, we know that transforms of functions in K are holomorphic
on half-planes; under some conditions, they are also meromorphic on the complementary
half-plane, and their poles are related to the terms arising in the generalized asymptotic
expansion of the function, near the origin. In the following, we show how this can be
proven more rigorously.

First, let p € R and k£ € N. Given a smooth cutoff function x defined over R, such
that x(0) = 1 and x(a) = 0 for some a > 0, we define

op i = 2P (log x)kx(x) (2.10)
Since for u € £, M((logx)u) = Iriu(A),
My = KX\ —p)

with ¥ = M. It can be shown that x has a single pole in zero; thus, M, ;. has a pole of
order k + 1 at p.

Consider now a sequence {p;}jen C CN such that Rep; — oo and a sequence
{mj}jeN C NN and define

Jy=1{(j,k) CN*:Rep; <v—1/2,0<k <m,}.

for v € R. Given a;, € C, for all (j, k) € J,,, we write

}: @ Pp; (2.11)

ukeh
if

Z a5 kPp; ke € ’ny'
(j7k)eJ'Y

The sum 3, 1y @jkep, r Will be called a generalized asymptotic expansion.

Lemma 3. If (2.11) holds for all s and all v, then u € C*°(R.) and the following asymptotic
expansion holds in the classical sense:

u E: A5,k Ppj ks

(j,k)eJ

with J = U, cg Jy

Proof. Let

: : a]7k(ppj7k'

(d:k)EJy
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Since (2.11) holds for all s and for all v, we have in particular that for all r € R, u, €
K2° = ey KF. This implies that forall j € N, u € C7(R) and

Dy = o(a™IH1/?),

for x — 07, see [Jea79, Proposition 3.4]. Then the generalized asymptotic expansion is a
classical one, and it is infinitely differentiable. O

The next lemma will make the connection between the properties of the Mellin
transform and the generalized asymptotic expansion of a function.

Lemma 4. Let u € £ and let 4 be its Mellin transform. There exist a; i, € C, {p;}; and {m;};
such that

UN(s) D Qi kP ks (2.12)
J’Y

forall s,~v € R if and only if

(i) @ is meromorphic with poles of order m; at every p;,

(ii) there exists a > 0 such that for all m € N,
(1 + A" a(A)ale?

is bounded outside a compact set in the half-plane {Re A < m}
Proof. Suppose that
U ~(s9) Z j,kPpj k>
7

holds for all s, € R. Define then

Uy = U — Z aj kPp; k-
(jvk)e‘]"/
For any m € N, by hypothesis we can take u,, 3/, € K4 /2750 that, by (2.8) and (2.7),
Upy3/2 = Muygz/o € Hipyq, i€, Qi y3/2()) is holomorphic for Re A < m + 1.
Suppose now we are given an a > 1 and a function f € C§°([0,a]). Then, for any
keN
N EY)

(0,0)

(wax)’“f‘ ]w‘“‘ dx < Cra~ IR (2.13)
Therefore, for any m € N, there exists a C,, > 0 such that for A € C,
(L4 [A)™ [(MFYA)] € Crpa™ B, (2.14)

Furthermore, using the definition of ¢, ;. given in (2.10) and denoting ¢, 1, = My, 1., we
see that, for any m € N, there exists C,, > 0 such that

1+ [AD™ (A = p)* T @pr(Na"r < Cpy (2.15)
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for Re A\ < m and where a > 0 is such that supp(x) C (0,a). Using (2.14) on u,,+1 and
(2.15) on the sum, we conclude with part (ii) of the thesis. The first part follows more
directly by seeing that the poles of 4 are the poles of ¢, ; for all 0 < k < m; and for all j.

Let us now suppose that (i) and (ii) hold. Since @ is meromorphic, we can choose
a; 1 € Csuch that at every pole, the principal part of @ at every p; is given by

> ai k(1) RN = py)Ft (2.16)
k=0

Fix an s € Nand a v € R. Then, taking m big enough in (ii), we obtain that

A o o s
(4,k)ETy

thus u, = M~'4, € k3. Notice then that the principal part at p of M, is given by
(=D = p)"

Comparing this with (2.16) we see that (2.12) holds for fixed s, v. Since for any s, y we
can choose a sufficiently large m, this implies (2.12) for all 5,y € R. O

2.2 Mellin transformation and weighted Sobolev spaces in con-
ical domains

Consider now a domain 2 C R%. Suppose that (e.g. through a change of variables), we
can write
Q= R+ X S,

where S is a subset with smooth boundary of the d — 1 dimensional sphere S;_;. We
will denote the variables as (r,w) for r € Ry, w € S, withr = |z| and w = z/|z]|.

We want to extend the analysis set up in the previous section to the case of conical
spaces. With a slight abuse of notation, we can consider a function defined on €2 as a
function u : r — u(r,-), i.e.,

u:Ry =V,

where V' is some space of functions defined on S that will be specified later. Applying
the Mellin transformation to the function u, we therefore obtain

u=M,_ u:C—>V.

2.2.1 Mellin transform and homogeneous weighted Sobolev spaces in a cone

In multiple dimensions d, the same construction as in Section 2.1 can be followed, with
the major difference that the metric invariant with respect to homotheties is given by
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dz/z?. The homogeneous weighted Sobolev spaces in 2 are given, for integer s and real
v, by
K2 () = {v € L2 () : rlo=79% € L2(Q), forall | < s} , (2.17)

loc

where a € N? is a multi-index and |a| = |||, The difference in scale manifests itself
when we consider the relationship between a function and its Mellin transform: in the
multidimensional conical example, we write formally

HS_4n(9) = Myon K3 (Q) (2.18)

Note that this is consistent with the one-dimensional case shown above. This notation
is used to make it evident that a function v € K3(2) will have a Mellin transform

A~

0 = M, v holomorphic on the half-plane {Re XA < v — d/2}. We suppose that all
functions we treat have compact support; we will not specify this further.

Given a function @ : C — H™(S), we define

1/2

M@= [ S APy 2.19)
ReA=p =0
The following proposition holds.

Proposition 5. The Mellin transformation is an isomorphism on the spaces
K2(Q) = H gy

where the former space has norm

ollRs @) = D I 710%] 72 (2.20)

lof<s

and the latter is equipped with the norm N —d /2(-).

Proof. The differential operator 0* in classical cartesian coordinates can be written as

9% =l Z pa,j(w7aw)(rar)ja (2.21)

J<lal

where p, j(w, 0, ) are differential operators of degree inferior or equal to || — j with
smooth coefficients on S;_;. In addition, the converse is also true, i.e., for any p(w, d,,) of
order k with smooth coefficients on S;_1,

p(w,8,)(rd,) = Z o (w)rleloe,

|| <k+3j
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with smooth coefficients a,. The squared norm (2.20) is therefore equivalent to

J At S ARG A 222)
+ =0
An application of Plancherel’s inequality (2.6) and of (2.2) concludes the proof. O

Asymptotic expansions have the same behavior as in the one-dimensional case. The
results obtained in the previous section can be extended without major modifications, as
long as we replace the constants a;;, € C in (2.11) with functions a5, : S — C and use
the norms defined on €.

2.2.2 Non homogeneous weighted Sobolev spaces

The issue with homogeneous Sobolev spaces, in practical applications, lies in the fact that
the regularity of a function is strongly determined by its values at the vertex of the cone.
For example, any function belonging to the space K% (€2) for any v > d/2 has to be null
at the singular point. In many situations, we want our spaces to include functions with
nontrivial Taylor expansion at the origin, while still being interested in the regularity of
the function “modulo” this expansion. This is the situation in which non homogeneous
Sobolev spaces come into play. The non homogeneous Sobolev space 7 (£2) is defined,
for integer s and real v, as the space of functions with finite norm

lulsgey = 3 177 70% )22 - (2.23)

laf<s

In the following, we will analyze, from the point of view of the Mellin transform, the
properties of functions in J7(€2) and their relationship with the space £5(€2). This will
also lead to a more convenient definition of the norm than (2.23). The content of the
section follows closely the exposition given in [CDN10b].

Broadly speaking, the idea is to enlarge the space M,_, ,\IC:*Y(Q), which contains
functions that are holomorphic on {Re A < v — d/2}, to a wider space of functions that
are meromorphic on a wider half-plane {Re A < 4/ — d/2}, with 4/ > ~. Under some
conditions on the poles and on the norms in the wider half-plane, the poles will be
transformed back and represent an expansion of the function in 3 (2) at the singularity.

We will now show how the non homogeneous weighted Sobolev spaces can be
characterized based on two weights and a set of poles of their Mellin transform. To
fix ideas, consider Figure 2.1, where a schematic representation of the transform of a
function in J7((2) is given. Supposing that v = 7 + d/2 lies between two integers, then
the transform has to be holomorphic in the half-plane of negative Re )\, and its poles in
[0, n] have to be a subset of NN [0, n].

Consider now a set S C N containing 0 and a sequence I' = {7;};cs such that
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Alm A

holomorphic @
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770* 7) e

— @
N @

Figure 2.1 — Scheme representing the Mellin transform @ = M,_; u, for a function
u € K5, (Q2) for any 79 < d/2 (hence 4 is holomorphic in the half-plane {Re A < 0}).
Furthermore, the dots represent poles of 4. Suppose s > 3: then, under some conditions,
u € J;(Q), withy =n+d/2and s > 3

Yi+1 > - We can then define a generic norm

1015y = D D I 0%l Z2q)- (2.24)
i€S |al=1
Remark 4. If we choose
S§=10,...,s} vi=i+v—s (2.25)
we obtain || - HJFS(Q) = || - | 73 (q) as defined in (2.23).

We can now give a description of the space JF () based on the properties of its
Mellin transform. Let us fix
S§=10,...,s},

n € R and 79 = min(0, 7). Consider now a set of weights I' = {;}ics such that v, =
n+ d/2 and 7;+1 > 7;. We introduce the set

N={0,....s =1\ [ Jlm] | (2.26)
JES

where 7; = 7; — d/2. We now affirm that the norm in J;¥ (1) is fully determined by 7, s,

and . This has the remarkable consequence that, for any I' = {%; };cs giving rise to the
same 91 and with the same last element,

I llzs@ =1 lzs@)-
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We outline a proof of the above statement; for the details, see [CDN10b]. Consider
the norm defined in (2.19): introducing 31 > 3y and supposing that @ is holomorphic in
the strip of the complex plane {Re A € (8o, 81)}, we define

woaa(u) = sup NF(a), (2.27)
o] BeBop)

for m € N. As illustrated in Figure 2.1, when dealing with non homogeneous spaces
J5 () we need to consider functions in M,._,,J;({2), which are meromorphic in part of
the complex plane. In order to do this, consider

a:C— H*(S)

such that @ is meromorphic in the strip {8y < Re A < 31 }. First, we introduce a version
of (2.19) that stays bounded for a subclass of meromorphic functions:

() = /RM (1= PEYa(N) [}m sy dA + /R(M X = k2 PR [ Fm ) AN
[Im A|<1 | Im A|<1

[Im A|>1 j=0

Here, P* is a projector from L?(S) to the space of restrictions to S of homogeneous
polynomials of degree k in €. Let now 91 be a set of integers {k1,...,k,} C NN (8o, 51):

take K; = (kj —1/2,k; +1/2) and Ko = (Bo, £1) \ (UJ Kj> and define

Nipo o7 (0) = max (SHP Né’?k@)) : (2.28)

1=0,...,n BEK;

The relevance of the norm (2.28) is shown by the following lemma.

Lemma 6. Lef 9,1 € R such that vy < ~1. Furthermore, let 5; = v; — d/2,i = 1,2 and let
u e K9, () and N, = {0,...,s — 1} N (Bo, B1). Thus,

Nigo 1) m. (@) = ||U”1cgo @t |U!/cgl (Q)> (2.29)

where it = M, _\u.

Note now that we can rewrite definition (2.24) as

lullZs 0y = D lulis - (2.30)
€S
We denote by Hi7 i the space of @ with finite [’%mﬂm(ﬁ) norm. From (2.30) and
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(2.29), one sees that the Mellin transform is an isomorphism

JE@Q) = M i,

mesS

where 91; is the subset of 91 such that for all £ € 91;, k£ < j — 1. Now, it can be shown that

ﬂ Hfﬁoml,% - H[rgo»n],%
meS

thus the following proposition holds.
Proposition 7. Let
S§=A0,...,s},

n,m0 € Rand ng < n. Let then I' = {; }ics such that vs = n + d/2 and ~;11 > ;. Finally, let
N be defined as in (2.26). Then, M,_, is an isomorphism between

jfs(Q) - ano,n},m’

with norms defined in (2.24) and (2.28).

We now consider the special choice (2.25), that gives the spaces J7((2). It is evident
that, if n < 0 or > s, then M = &, while in the case n € [0, s], then 0t = {0,..., |n]}.
Furthermore, by the definition (2.28),

[%10,51},@(') - [Tl%,ﬁﬂ(')'

When n < 0 orn > s, furthermore, if u € .77]5_ d /Q(Q) then & = M, _,\u is holomorphic on
the half plane {Re A < 1}, thus Proposition 5 implies

@)-

Ny (@) = [l

[770777] 1—d/2

We can summarize this in the following statement.
Proposition 8. Let s € N, v € Rwithn =~ — d/2. Then,
o ifn<0orn>s,then j,f(Q) = ICf/(Q)
o if0 <n<s,then
T3 Q) = ML Mo (2.31)
with N ={0,...,|n]}

The above proposition implies that, when 0 < n < s, choosing in (2.24) any sequence
I'={",...,7s} giving rise to the same set 91 and such that v, — d/2 =1, v —d/2 <0
gives an equivalent || - || 75() norm. Let us then fix v € R, denote n = v — d/2 and fix
so € (1, s]. The choice

{7—{—2’—80 if 1 < sg
Vi = o
v if i > s¢



28 CHAPTER 2. The Mellin transform and weighted Sobolev spaces

gives the equivalent norms

ullZey = 3 =79 9%u 2 o 232)
o] <s
for any p € (—d/2, s — ~]. With this norm, it can be easily shown that 757 () C J5(Q).

We conclude by remarking the similarity between (2.31) and the previous relations
(2.8) and (2.18). We underline, however, how in this section we have always considered a
regularity exponent s € N, and that the definition of non homogeneous spaces with non
integer regularity exponent is not trivial.

2.2.3 Relationship between homogeneous and non homogeneous spaces

It remains to consider the relationship between 7 (2) and £5(2) when 0 <+ —d/2 < s,
i.e., when the two spaces differ. We will find that, when n = v — d/2 ¢ N, then J7(12)
contains K (£2) as a subset of finite codimension, while when 7 € N, the codimension of
K5(€) is infinite.

Casen ¢ N

We start by the analysis of the spaces with 7 ¢ N. First, consider a function @ € Higo s,
For any 5y < 8 < B1, B ¢ M, by contour integration we find that

/ I (N d — / rMa(N)dd = > Resy—;(ri())) (2.33)
feA=p feA=ro FEMN[Bo.)
We now have

/ PN A € K5y g0(9),
Re A\=p

and the second term at the left hand side above is the inverse transform of a function

U= M;irﬁ, hence we can rewrite (2.33) as

U™ (s7) Y. —Resig(ra),
jemm[ﬁov’Y*d/Q]

aslong as u € IC5(12) for all 6 < p — d/2. The definition of the norm (2.28), then, implies
that Vg, 5,;m(@) < oo only if, for any j € 91N [Bo, 1],

Res)\:j(r’\ﬁ()\)) =l pPJ Resy—;(a(N)).

We can therefore state that
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Proposition 9. If u € J73(Q), withn =~ — d/2 such that 0 <n < sand n ¢ N, then

(6% :'Ua
Uy D, Ou(0)

lo|<[n]
This implies that for any u € J7(2), 0 < v —d/2 = n < s, there exists a v € K£5(0)
such that
u=v+ Y (8u)(0)

|| <[n]

Now, for any polynomial p;, € Q(€2)
wa
=2 cap
al
a<k

pr € K5(2) and py # 0 only if v < d/2 + k. This implies that C5(2) N Q|,,; = @. Denote

now
«

pol) = > (0" w)(0) =

|l <[n]

due to the equivalency of norms in finite dimensional spaces we have shown the following
result.

Theorem 1. Consider the space J(Q2) withy € R, n =~ —d/2 ¢ Nand 0 < n < s. Then,
Ty (@) = K5(Q) & Quy
and for any u € J(Q2) we have the equivalency of norms
lall 7 ) = Il = py(llcse) + > I(
lal<[n]

We conclude the part where n ¢ N with a result that will be useful later on, when
working with elliptic operators in non homogeneous weighted Sobolev spaces.

Lemma 10. Let u € J;(2) withn =~ —d/2 ¢ Nand 0 < n < s. Then, for any € > 0 and for
|| < |n], there exists a Ce > 0 such that

(©u)(0)] < ellull 7z (@) + Cellul 7oy oy

Proof. From Theorem 1, and using definition (2.23) for the norm, we have, for any w €

73(Q) and any || < [n],

1/2
(07w)(0)] < Y [Ir* 770" w] L2 + ( > Tsyaaw%%ﬂ))

la=s la|<s—1
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Now, introduce u = w(ex): from the inequality above,

1/2
|(0%w)(0)] < =PItz 3~ "”S”@O‘wymfr( > 6“"5*“”27“8”3%%2(9)) :

|a|=s |a|<s—1

Since | 3] < |77 implies that —| 8|+~ —d/2 > 0, by rewriting ¢ ~1#1*7=4/2 a5 ¢ and deriving
the corresponding C. we obtain the thesis. O

Casen e N

When 7 € N, the situation is more complicated. This case falls out of the scope of our
analyses, so we will present here only the final results for the sake of completeness.

Consider J3(2), withn = v —d/2 € Nand 0 < < s. Then, J;(f2) contains
K5(Q) © Q,-1(9) as a strict subspace of infinite codimension. There exists an operator
K, such that

u =10+ py—1(u) + Kyu, (2.34)

where v € K5(€2) and Ky,u € J77(Q2), with

T () = {v € ﬂ jf(Q) : 3C, A € Ry such that HvHJWk(Q) < CAFE!, forall k € N} )
keN

Therefore, the non homogeneous weighted space can be decomposed, in the critical
case, into the homogeneous weighted space, the finite dimensional space of polyno-
mial expansions at the origin, and an infinite dimensional space of “weighted analytic”
functions.

The operator K, in (2.34) is defined as

xa
K, = Z K(Xda)g
laf=n ’

where x is a smooth cutoff function equal to one in the vicinity of the origin,

da(r) = (r71%(u = py-1(w)(r, ), @a),

¢a is the L?(S) dual basis to w®/(a!), and K is such that

2

Mya(Kv)(X) = e (Myp0)(N).
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2.3 Elliptic operators in conical domains

We now turn to the application of the results presented so far to the analysis of elliptic
boundary value problems. We will focus primarily on the analysis in homogeneous
weighted Sobolev spaces, which constitutes the basis for the analysis in non homogeneous
spaces. The content of this section is based on [KMR97].

Before proceeding further, let us introduce a norm on the traces of 5 (€2) functions
on the boundary of the cone (2 as

HuHKi:ll//zz(aQ) = inf{]\v||K§(Q) tv € K5(Q),v),, = u} . (2.35)

2.3.1 Regularity results for model operators
We introduce the model operator in the cone of order £ as

k
P(z,0,) =77 %) " pj(w,0.)(rd, ), (2.36)

=0

where r € R} and w € S;_; are spherical coordinates (S;_; is the d — 1 dimensional
sphere) and p;(w, 0,,) are operators of order k — j with smooth coefficients. For example,
differential operators with smooth coefficients in cartesian coordinates belong to this
class, thanks to (2.21). Consider now the model problem

L(z,0;)u=f inQ

2.37
By(z,0;)u = g, on 08, ( )

where L(z, 0,) is a model operator of second order and the By (x, 0,) are model operators
of order k£ < 1. We suppose that the problem is elliptic. We can now introduce

L(w, Dy, r0y) = rzL(ac,ar),
By (w, 0y, 10y) = rkBk(a:, Or)

and define the boundary value problem

L(w,d, Nt = f(A—2) inQ

Y (2.38)
Bk(w, &w )\)u = gk()\ — 2) on 0f).

We denote by A(\) the operator associated with problem (2.38). Note that A(\) is

therefore the operator pencil associated with the operator (L, By, B1), of (2.37). We
denote by /cijij//g(asz), for k = (0,1) the product /cjj//i(am X /cjjf;//ﬁ(am Under
this hypotheses, the following estimate holds.

Theorem 2. Let u be a solution of (2.37) and let the line {Re A\ = v—d/2} contain no eigenvalues
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of A(X). Then,

lullics @ <€ \fH;cs 2 +2”ng k120 (2.39)

and A = (L, By, By) is an isomorphism between the spaces
s S— —k—
KC3(2)(99) — K573(9) x K273 15(09).

Proof. Fix v € R such that no eigenvalues of A(\) lie on the line {Re A = 75}, with
n = v — d/2. Then, problem (2.38) is an isomorphism between the spaces H™(S) and
H™2(S). Furthermore, denoting

=D M llallm-is)
j=0

and
|m—1/2 ~

[0]lm-1/2205 = @l gm-1/258) + [A 4l z2(os)

we have

lillsas < C | 1flls—2a-2.5 + Z 19 lls—j—1/2,7—j—1/2,08
J
Integrating over the line {Re A\ = 7}, using definition (2.19), the fact that the Mellin
transform is an isomorphism between K7, , /Q(Q) and Hj' stated in Proposition 5 and
that an equivalent result holds for the spaces on the boundary, see [KMR97], we obtain
(2.39). Furthermore, the existence of the solution is shown taking

u=M7\ a

A—r

and this completes the proof. O

As an example of the problem above, consider a two dimensional domain 2 with
smooth boundary outside of a point ¢, and that in the vicinity of that point coincides
with a plane sector of aperture o € (7, 27). Suppose we consider the Poisson equation
with homogeneous Dirichlet boundary conditions

—Au=finQ
u = 0 on 0N).

Then, since we can write
1
—Ap = = ((rd,)* +02) |

we have
L(w, 0, \) = —(\2 + 52).
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Now, the eigenvalues /i, of

2 vp(w) = prvr(w) in (0, @)
ur(0) = v(a) =
are given by = — (kn/a)? k € N\ {0}. The eigenvalues of A()) lie therefore at

the points /—p, = k7/« and this implies that Theorem 2 can be applied on any line
ReA =7 —1withy —1+# kn/a, k € N\ {0}.

2.3.2 Results for more general operators

We now consider the case of a more general class of operators, introducing

P(2,0,) = Y palx)d (2.40)

la|<k

and supposing that

Pa =10 (r,w),

with pQ smooth in S x R, continuous in 2 and such that, for all j € N and all ¢ € N9~1,
(roy Y 95 (po(r,w) = pa(0,w)) — 0 (241)

as r — 0. For such an operator, we can define its leading part as

PO(2,8,) =y rll=kp0 (0,w)02.

o<k
As in the previous section, we introduce the problem

L(z,0)u=f inQ
N (2.42)
Bk($7ar)u =gr On aQa

where I and §k are of the form (2.40). We denote by L0 and Eg, k < 2, their leading
parts and remark that LO(z,8,) and Eg(x, 0,) are model operators of the form (2.36).
We denote by A°(\) the operator pencil associated with the operator A = (L°, BY, BY)
and by A the pencil associated to A= (E, EO, El), obtained in the same way as in the
preceding section. In this setting, the estimate given in the following theorem holds.

Theorem 3. Let u be a solution of (2.42). If the operator pencil A°(\) has no eigenvalues on the
line {Re A = n}, n =~ — d/2, then the reqularity estimate

Jullese) < C (f;c;‘;(g) + 2 ol + u,qm) 243)
J



34 CHAPTER 2. The Mellin transform and weighted Sobolev spaces

holds.

Proof. First, note that for any e > 0 we can consider a function v € K5(€2) with support
contained in a ball B(0, §) such that, using definition (2.22) for the norm in K3 (Q),

I(Z = L%)vllks (@) < C/R r 2N R (00, [(pa(r, w) = pal0,w))0] s sy dr
+

a2

< eljvllis @)

where the second inequality holds because of (2.41), by taking J small enough. The same
kind of estimate holds for Ek, k < 2, hence it holds for the whole operator A.

Take now a smooth cutoff function x € C°°(2) such that supp x C B(0,d). Then,
there exists another cutoff function &, with supp ¢ C B(0, '), such that the commutator
Ay — YA = [,1 x] =0in Q \ supp&. From (2.42), we obtain therefore

A () = (A° = A)(xu) + [A, x](nu) + xAu. (2.44)

First, we note that [A, x] : K5(Q) — ICi:ll(Q) continuously. Then, since A° is an operator
of type (2.36), we can apply Theorem 2 to (2.44) and obtain the estimate

Ixullics @) < € | ellxullics @) + Inulles—1 ) + Ixfllxs-2() + Z ngjHlCii’f;ﬁ//i(ﬂ)
J

We can choose ¢ to be sufficiently small so that we can kick back the first term at the
right hand side. In addition, outside of the support of x the weighted spaces correspond
to their classical Sobolev counterpart, so that classical elliptic estimates can be used to
conclude with (2.43). O

All the results obtained in this section hold for any domain that is conical in the
vicinity of singular points and with a smooth boundary elsewhere. Furthermore, even
though we have treated the case of a single singular point, the generalization to the case
of multiple isolated points is straightforward, since it suffices to construct a space which
is a weighted Sobolev space around every singular point, and a classical Sobolev space
elsewhere.

The case of regularity in non homogeneous weighted Sobolev spaces 7 () will be
treated in the forthcoming sections, as we will show detailed results for the problems
that are the focus of our analyses.



Chapter

The hp discontinuous Galerkin
method

Discontinuous Galerkin (dG) methods are a class of finite element methods where no
continuity requirement is enforced on the approximation space. Specifically, the finite
element space is constructed by considering each element in the computational mesh
separately, and by imposing that the finite element function is a polynomial inside the
element. As such, they are a non conforming method, in that the approximation space
X5 is not contained in the space X where the exact solution lies and where the problem
is well posed. In elliptic problems, the bilinear form associated to the method has then
to be modified with respect to the continuous one, to account for the nonconformity of
the method and in order to preserve consistency and stability. Discontinuous Galerkin
methods allow for the straightforward treatment of discontinuities in the coefficients, of
grids with hanging nodes (even containing elements of different type), and of different
polynomial degrees between elements. In hyperbolic problems, the emergence of discon-
tinuities in the solution is a classical phenomenon, and the design of an inter-element flux
has a physical meaning, on top of the mathematical one. In this context, dG methods can
be seen as a generalization of finite volume methods, and, for properly designed fluxes,
they are conservative, differently from classical continuous finite element methods.

Historically, dG methods have been introduced for the approximation of first order
steady equations in [RH73] in the context of neutron transport equations. For second
order elliptic problems, the development of discontinuous Galerkin methods is based
on the ideas in [Nit72], with interior penalty methods being introduced in [Whe78]
and developed in [Arn82]. A wide range of different methods have been proposed
throughout the years, including, among others, the local discontinuous Galerkin (LDG)
method [CS98], and the already mentioned class of interior penalty (IP) methods, in its
symmetric (SIP), nonsymmetric (NIP) and incomplete (IIP) versions. See [Riv08; HWO08;
DE12] for an overview of discontinuous Galerkin methods.

The hp version of finite element (FE) methods, introduced in [GB86a; GB86b; GB86¢]
in one dimension and in [GB86d; GB86e] in more dimensions, combines adaptivity in

35
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space in low regularity regions with adaptivity in polynomial degree in high regularity
regions. When applied to elliptic problems with point singularities, the numerical
solutions obtained with the hp FE method can converge with exponential rate, provided
that the weighted Sobolev norms of the exact solutions obey analytic-type estimates —
i.e., they belong to the spaces K7 (2) or 7.7 ((2) defined in Chapter 2. We also signal the
recent research on hp methods in polygonal and polyhedral domains, see, among others,
[CDS05; SW10; SSW13b; SSW13a; SSW16]. Finally, an estimate for the convergence of hp
dG method, obtained using a slightly different functional framework, is given in [GS05].

In this setting, after a brief overview of the general framework for dG methods set in
[Arn+02], we will introduce symmetric interior penalty methods directly in conjunction
with hp spaces. Doing so, we can tailor the theoretical results to the regularity of our
solution. In general, the classical dG analysis presumes that the continuous solutions
are in H?(): this is not guaranteed in the problems we are interested in and it is
therefore worthwhile to present our continuity results in weighted mesh-dependent
norms. Continuity and coercivity in weighted mesh dependent norms is then shown in
Section 3.2.2. The quasi optimality of the method then follows almost directly. Note that
we show convergence on a couple of quite peculiar spaces; indeed, if we denote by X the
continuous space, by X, the discrete one, and by X () = X + X, the continuity of a dG
method is often proven as

a(v,v5) < Cllollx ) llvsllxs,

where v € X (0) and vs € X;. The continuity can often be extended to X () x X (0), but
the possibility to do so depends on the regularity of the functions contained in X. In our
case, we tailor our continuity result so that in can be applied to expressions of the form

a(u — ug,v — v5)

where u,v € X, us € X5 are given functions and v; € X; is an arbitrary function we can
choose. We conclude this part with some standard approximation results, applied to the
weighted mesh-dependent norms we will have introduced.

We introduce some notation that will be useful throughout the analysis. First, let 7
be a shape- and contact-regular mesh. We suppose that for any K € 7 there exists an
affine transformation ® : K — K to the d-dimensional cube K such that ®(K) = K. Let
then & be the set of the edges (for d = 2) or faces (d = 3) of the elements in 7 and &7 be
the set of internal edges, i.e., edges not belonging to 9€2. Let us then consider a vector of
polynomial degrees {px € N, K € T} and denote by h the diameter of K € 7. Then,
for all e € £, we define
hi

e = min
KeT:eNdK#

Pe PK-

= max
KeT:eNOK+#2

On an edge/face between two elements K; and K, i.e., on e C 0K N 0K, the average
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{-} and jump [-] operators for a function w € X (9) are defined by

1
{{w}} - § (w‘Kﬁ + w|Kb) ) [[w]] = w‘Kﬁ n; + w|Kbnb7

where n; (resp. n,) is the outward normal to the element K} (resp. K,). Finally, to
simplify the notation, we write

/T.:Z/K. /g:%/ /&:Z .

KeT ec&r V€

3.1 The discontinuous Galerkin method

3.1.1 A general framework

In [Arn+02], the authors propose a unified framework for the definition and analysis
of dG methods. We give a brief overview of their formalism, glossing over some of the
details; the interested reader can find the full derivation in the cited paper. We consider, in
adomain Q C R?, the Poisson problem with homogeneous Dirichlet boundary conditions

— Au = fin Q, u = 0on 0f) (3.1)
and rewrite it in mixed form as

oc=Vu —V.o=f =0. (3.2)

U yg

Let us now introduce the discrete spaces

Vs = {vs € L3(©) : (v, 0 @) € Qe (K), VK € T}
Wy = {o € (@) (v, 0 7") € (@ (RN, VK € T,

where Q,,,, is the space of polynomials of maximal degree px in any variable.

Writing the weak form of (3.2) inside an element K € 7 and summing over the whole
domain, we obtain the general formulation of the discrete problem, i.e., that of finding
us € X, 05 € Ws such that

/0'5'7'52—/U5V'T§+Z/ UKNK - T
Q T oK

KeT

Ué'VU(s:/fUaJr / OK - NKVs,
/ RESD Y

KeT

for all (75, v5) € Vs x Ws. Here ny is the outward normal of element K and @ and ¢ are
numerical fluxes, whose determination will define the specific dG method employed. In
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the general case, the components of numerical fluxes belong to I e7L?(0K) and are
therefore double-valued on every internal edge e € £;. With some manipulation of the
sums of boundary terms, it can be shown that the two equations above are equivalent to

/Q o5 T = — /T sV s+ /g [l {7} /g i (3.3)
/Tag-Vvé—/g{{ff}}[[Ué]] _/SI[[&]]{{U(;}} —/vaa- (3.4)

At this point, we want to go back to the so called “primal formulation”, i.e., the formula-
tion in primal variables. In order to do this, we use the first equation to express o5 in
function of u;, and use this definition in the second equation. We introduce the lifting
operators r : (L2(€))Y — Wsand [ : L?(7) — W such that

| rwy-r== [v-grb /Ql(w)-fz—/&cp[[f]]-

Through some manipulations, equation (3.3) can then be rewritten as

os = Vus — r([ — us]) — 1({a@ —us})

where the gradient has to be interpreted as an elementwise operator. Injecting the relation
above into (3.4), we obtain

/ Vus - Vo + / {05} — us] — {6 Y Tus] + / [Vosl{ii - ugh — [614us}. (35)
T £ Er

Different choices of numerical fluxes 4 and ¢ lead to different dG methods. In our case,
we are interested in the class of interior penalty methods, in particular in the symmetric
version of interior penalty methods. We present it in the next section.

3.1.2 Interior penalty methods

We introduce a weight o : £ — R such that foralle € &, o), = ae > 0. We choose the
fluxes such that they have the same value on both sides of every edge e € £, and in
particular such that

= {us}in&, 4=0inof

in (3.5), the bilinear form of the dG method reads

he

ds(ug, vg) = [r Vus - Vs /g [us] {Vvs — /5 (Vs }vs] + /g o2 [us][vel.
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This is the classical bilinear form associated with the SIP method for the approximation
of a Laplacian. The numerical approximation to problem (3.1) would then consist in
finding a us € Vj such that

ds(us,vs) = (f,vs), (3.6)

for all vs € X;. In the classical case of smooth domains and regular exact solutions,
the bilinear for ds is consistent, stable, continuous, and a quasi optimality result can be
proven on a mesh dependent norm of the error of the numerical method.

A remarkable property of the SIP method is that it is adjoint consistent. This implies,
from a theoretical point of view, that proofs that involve an Aubin-Nitsche duality method
can generally be replicated for the SIP method. Furthermore, from the computational
point of view, if the continuous operator is self adjoint, then the SIP method gives rise
to symmetric matrices, which are in general easier to treat than non symmetric ones.
On the other side, the stability of the method is assured only when « defined above is
uniformly bigger than some aunin, which is not always possible to estimate in theory,
especially on meshes with a wide variability of shapes and sizes.

We now turn to the introduction of the hp discontinuous Galerkin method for prob-
lems with point singularities. We present it from a point of view that tightly couples
the weighted spaces and the finite element space on which the numerical solution is
computed.

3.2 The discontinuous hp SIP method for problems with point
singularities

Consider the approximation of the elliptic problem given by

Lu=(-A+V)u=finQ

(3.7)
Bu = 0 on 0f).

where Q ¢ R? is a bounded domain. We suppose that there is a set of isolated points
¢ C Q, and that for all ¢ € € there exists ¢ > 0 such that for all multi index o € N¢,

|z — >0V (2)|| poo oy < C
and
|z — ¢|*==H19% f(2)]| oo 0y < O,

with C' = C(]a|). We suppose that B is an operator of order k£ < 1. Furthermore, the
potential V' is strictly positive, i.e., V' > 0 in 2. Finally, we suppose that (3.7) has a unique
solution in the space X = H'(Q).

We introduce on a set D C R the homogeneous weighted norm

k
[0y = D= D 1190l (3.8)

7=0 |a|=7
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th

Figure 3.1 — Mesh with domains 2 shown, for d = 2.

with seminorm

[ulets p) = = > It 0%y,

|a|=F

and denote the space Kﬁ’p (€2) as the space of all functions with bounded /cﬁvp (©2) norm.
We also introduce the inhomogeneous norm

([ ZZ [rrex el ogeyf, o (3.9)

J=0 |a|=j

fory—d/p <mandp € (—d/p,—y+m],if 1 <p < oo, p € [0,—y+m]if p= co. We write
KE(Q) = KE2(©) and Jr = J+%. We postpone all consideration about the regularity of
the solutlon to Chapter 4 in the following, to fix ideas, one can assume that

ue JHP(Q)
foranyp > 2and vy < d/p+e.

We now specify some further condition on our mesh and space. Let 7 be a mesh
isotropically and geometrically graded around the points in €. We indicate by €25, j =

., £, the set of elements and edges at the same level of refinement, see Figure 3.1. We
introduce on this mesh an hp space with refinement ratio o and linear polynomial slope
s, i.e., for an element K € 7 such that K € Q;,

hig ~ h; = ol and px = pj :=po +s(¢ — j),

where h g is the diameter of the elerr}ent K& K-> K is, again, the affine transformation
of K into the d-dimensional cube K such that ®(K) = K, and introduce the discrete hp
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space
X5 = {w € L2(Q) : (v, 0 1) € @ (K)VK € T} . (3.10)

In the following, for an S C €, we denote by (-, -)s the L?(S) scalar product and by
| - ||s the L%(S) norm.

3.2.1 Bilinear form and mesh-dependent weighted norms

The hp symmetric interior penalty dG approximation of the solution of (3.7) is given by
ug € X such that

as(us,vs) = (f,vs)  Vos € Xy, (3.11)
with

as(us, vs) = a(us, vs) = > ({Vus}, [vs])e = D ({Vvs}, [us])e

ecly ec&
+ Z ae

eef

De, (3.12)

is the bilinear form associated to problem (3.7)

a(us,vs) = _ (Vus, Vus) i + (Vus, v5)
KeT

In the following, we introduce the mesh dependent norms that will be used through-
out the chapter. First,

lldamy = 30 lulZiege + 3o Be "ol llullla

KeTnD ecEND

Then,lety > 2 —d—d/p;if 1 < p < oo, we introduce

lellpepy = D el gy + > pethe U]

KeTnD ecEND
+ Y pl UV, (3.13)
ecEND
and
iy = > Hqulp(K + ) pehe P[],

KeTnD eeEND

£ 37 (1+ [Tog(hg) P07 p,? 1pH<1+|log<r>|>2°/qu+l/p*7{{Vu}}Hzp(e) (314
ecEND
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where ¢ is the Holder conjugate to p and

. 1 ify=2-d+d/p
1o ify>2—d+d/p.

When p = oo we define

Nullpge by =  max lull z1.eo ) + max he™|[[u]loee)
2|t % 3.15
+ max pe[|r T {Vullre(e), (3.15)
and
llellgsepy =  max lullroe ) + max he™|[[ufll oo e)

+ max (1 +| log(he))™*pe ~?|(1 + [log(r)[)**r' 7 {Vu}|oo(e),  (3.16)
whered =1ify=2—-d,0=01if v > 2 — d. Let us now consider the broken spaces
KiP(T) = {ve LP(Q):v e KIP(K),VK € T}
and
TP(T) = {velLP(Q):ve JyP(K),VK € T}.

Then, for two functions u € J;"*(T) and v € K57(T), v > 2—d+d/p, thenorms ||ul| pp
and |HU‘”Q€(Q) are bounded.

The norms (3.13) and (3.14) are slightly different from those usually considered in
the analysis of dG methods, in that edge terms are weighted.

The classic ||| norm for the problem considered is thus a special case of (3.13)
and we write

lellpapy = llullpzp) -

Remark 5. Note that on X5 and for d < 3, the two norms ||-||pq and ||-||pa are equivalent,
thanks to the discrete trace inequality [DE12]

R DPHA2) s )| ooy < Capllwsl 2 i) (3.17)

on a mesh element K, for e € 0K and for all ws € X;. The constant C, is bounded by pe? if
p=2.

3.2.2 Continuity in weighted norms and coercivity

In the following lemma we prove the coercivity and continuity of the bilinear form and
the quasi optimality of the discrete solution. We introduce the space

Y = J2P(Q) + X; (3.18)
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and

= (729(9) + X5) N KC20(T) (3.19)

where s = d/s + €. The choice of the spaces Y and Z in Lemma 11 stems from the fact
that we will have to bound as(u — us, v — vs), for fixed u € j/ P, e /q+€( ),
us € X; and for an arbitrary vs € X;. It is then evident how u — us € Y and how we can
choose vs such that v — vs € Z.

Lemma 11. There exists amin > 0 such that if mine oe > umin, the bilinear form as is coercive:
forvs € X5
as(vs,vs) = Clluslpa- (3.20)

IfueYand v € Z, as defined in (3.18) and (3.19),
las(u, v)| < Clllullpg ) vl (7 (3.21)

for2 —d/q—e <~ <d/pand where p and q are Holder conjugates. Furthermore, let u be the
exact solution to problem (3.7) and let us satisfy (3.11). Then,

|u —us|lpa < Cv,;ig)f((; llw = vsllgz¢ry - (3.22)

Proof. The coercivity of the bilinear form on X; x Xj is classical — see, e.g., [DE12]. Let
vs € X5 and note that, by multiple applications of the Cauchy-Schwartz inequality,

h 1/2 9 1/2
<C (Z p§(||Vv5||%2(aK)> (Z I;:H[[Ué]ﬂiz(e)) . (3.23)

KeT VK ecE °

> [ {Vushlvsl]

ecE V€

Thanks to (3.17), we have
hk

2 HVUSH%%@)K) < C”V%H%%K)' (3.24)
Furthermore,
a(vs,vs) = > llvsl|Fx)- (3.25)
KeT

Using an Holder inequality on (3.23) and combining it with (3.24) and (3.25), we can
then conclude that

2
p p
5(vs,08) 2 o817 (¢ +§ :Oée?f 1wl 117 o) — E o8 1771 (¢ —CE o’ H[[Ué]]Hm

KeT ec& e KET el

for some appropriate C' > 0. Then, if min, o > amin > C, (3.20) follows.

Letnow u € Y, v € Z. We can then decompose u = @ + u5 and v = v + v5, where
@, € C%¢(Q) and ug,vs € X;s. Consider an edge/face e € Qj, for j € {1,...,¢}. Then,
[u]|. = [us]|. and [v]|, = [vs]|.. If j # ¢, then he ~ r; if instead j = ¢, [us]|, € Qp,(e)
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and [vs]|, € Qp,(e) N IC? y 1{;” /’g ..(€). Therefore the norms

B (1 + [log(he) )P LI, ) = 11+ [log(r)) 2 P12, (326)
are equivalent on Y for any v < d/p and
b P = P71, (3:27)

are equivalent on Z for any v < d/p + €.

The continuity estimate (3.21) can be obtained through from multiple apphcatlons of
Holder’s inequality: we consider the terms in (3.12) separately. First, since V € K2% (1),
ie, Vi@ S 7%,

la(u,v)| S Z 1P =Nl Lo o) 177 V0l Loy + el o 120 Lo
Secondly,

D e Tt A7 N V) A Camnnant) O | VY8

e

1/p 1/q
< (Zp (1=p) || p1+1/p— T{Vu}|?, e)) (Zpe2||r—2+1/q+v[[v]]H%q(g))

1/p 1/q
< (Zp (1=p) || p1+1/p— T{vu, e)> (ZpeZhelq(QV)H[[v]]Hqu(e)>

where the last inequality follows from (3.27) as long as 2 — v < d/q + 1. Then, if v < d/p,

Z(

> vl oD

Z( 2P| (1 -+ 10g (1)) 2/ DT 0R o) X

Pe%/7|(1 +10g(r)) >/2r/ P [u] | 1o(e))

S 3 (e 727111 + 1og(r) P/ Y= E=D TR 1) X

e

pe?/7 (1 + log(te)) /7o | [u] 1))

1/q
S (Zpem_‘”(l+10g(he))_2°q/”ll(1+10g( ))R/ep e Egy e e)> X

1/p
<Z pe2he17pfy H IIU]] Hip(@)
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Finally,

>

ecf

Pe2
(1, o).

SO (e e P [l o)) X
<Pez/qhe1/q+2—v I[e] HLq(e))

1/p
<C (Z peghel—mn [u] ||Z£p(e)> (Z pe2hel—q(2—v) I[v] |qu(6)>

The terms at the right hand sides of the last four equations are part of their respective
norms and give (3.21).
We conclude with (3.22) which is a consequence of the triangle inequality

1/q

|lu —usllpa < [|u —vsllpa + [[vs — us|lpa

where the second term can be estimated using (3.20), (3.21) forp = ¢ = 2and v = 1, and
Galerkin orthogonality. O

Remark 6. Equations (3.22) and (3.17), combined with the triangle inequality give

— < (C inf - .
lle = usllpg < € inf flu = vslln

3.3 Approximation results

Lemma 12. The following approximation result holds. Let v € J. ,:/j+1(Qj) and for K € §; and
forany v <+,

. _ v —s;+1/2
v;g}é v Uémgg(K) <Ch b; HUHjj,jH(K)' (3.28)
with s, = 1. Furthermore, ifv € J3 *°°(Q;) and for K € Q; and 8 < '
i - oo < 5,_5 -_Sj S e} .
oinf llo = vsllgee 2y = Ch"~"p; ||U”Jﬂ/g+h (K)’ (3.29)

with Sy = 0.
Proof. We introduce on a reference element

K:{xeRd:1/2<xi<1,i:1,...,d},

the affine transformation ® : R? — R% such that ®(K) = K and denote with a hat the
rescaled quantities on the reference element (e.g., v = v o ®~1). Let then v € H*(K), for
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integer s > 2,and £ = 0,1. On K,

. B R —s+k .
1= sl iy < Cp ol (3:30)

and, for an edge/face é of K,

inf [Jv— o5l iy < Co P oll o 0, (3.31)
véer
We decompose v € T, ]H( ;) as

v =w~+ Py (3.32)

where w € ICSJH( Q) and p, € Q|y—_gy2)(£2;). We also suppose that pg > |y — d/2].
Then, denotmg n=w —ws foraws € Qp, (K ) and K € Q;

2 d—2 N GEN
lw = wsllga sy S 15 | 1Al iy + D w3 lIAIE + 1V12
éCOK
_ d— N
< p; o h; 27” ||2 (K

~ j sA)a

where the second inequality is a consequence of (3.30) and (3.31). Inserting the weights
and scaling back,

28+3hd 2"/h—d+27 H'LUH’CS

lle — wsliZa ) < o

—2s5;+3
§h2(7 ’Y)pj s ||U“?75;(K)-
.

Since pj > |y' — d/2], the choice vs = ws + p, in (3.28) gives the desired estimate for any
K e€Qj,j#L If K € Qy, the choice v; = p, give

o = vsllgz(xy < 7 _’YHUHJWQ,(K)’
for any «’ > 7 such that v € j,yz,(K).

Let us prove (3.29). For K € );

o = wallgg ey < 1o = walls g

+ Z 772 (v = vs) | oo (o)

ecOK

+ ) pe (1 +1og(he)) (1 +1og(r))®r' PV (v — v5) | oo )
ecOK

S P (v = vs) || oo ()
+ (1 +1log(he)) "2||(1 + log(r))®r' PV (v — )| oo (10 (3.33)
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withd =1if 3 =2 —d, 0 = 0if § > 2 — d. The second inequality holds because of the
regularity of uin Q \ €.

We decompose v as in (3.32) and start by considering a domain 2; not belonging to the
terminal layer (i.e., j < ¢). On K we can generalize the approximation result introduced
in [AK99]: for every function w € W*°°(K), there exists a polynomial w5 € Q,, (K () such
that

Let K € €;: rescaling (3.33) to the reference element gives
llew = wsll g sy < 5 N7 (0 — @)l ooy + By 17 =PV (0 — @) | oo

Choosing vs = w; + py, using (3.34), considering that 7 ~ 1, and rescaling back to the
element K we obtain

llv = vsllgze (i) < Chy "p (L +log(pi)? D 11777 0% o

|a|<s
< Ch; B *(1 4+ log(py)) Zhﬁ Z Hriﬁ/aawHLm(K)
|a|=i
Thus, inserting the weights,
v =5l gee aey < Ch]Ppy*(1 + log(py)“llv — Pollis x):

for K € Qj,j=1,...,¢ — 1. Inequality (3.29) is then a consequence of the equivalence
lv = v()lkp @) + ()] = [[vllzm @

which holds form > 1and 0 < v —d/2 < 1.
Let us now consider an element in the terminal layer K € €,. Choosing vs = p, we
have, for 8 < A,

and this concludes the proof.
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Chapter

Regularity in weighted Sobolev
spaces for linear elliptic problems
with singular points

4.1 Introduction and presentation of the results

In this section we consider the issues related to the regularity of solutions to linear
elliptic problem with singular points. We are mainly interested by singular points as a
consequence of singular potentials, but we place ourselves in the more general case of a
conical domain. The analysis therefore applies also to corner domains in two and three
dimensions, a situation that has been widely studied, see, among the others, [CDN12;
ES97; KMR97; MR10].

While most of the literature is concerned with the analysis in homogeneous weighted
Sobolev spaces, denoted here as K37 (12), here we focus on non homogeneous spaces,
denoted as Jy7(Q2). The latter spaces have been studied mainly as the domain of so-
lutions to elliptic problems in corner domains with Neumann boundary conditions.
The similarity arises from the fact that problems with singular potential and Neumann
boundary problems in domains with conical points share solutions that have nontrivial
Taylor expansions at the singular points.

The reason why a regularity result in non homogeneous weighted spaces is more
relevant than its homogeneous counterpart lies in the fact that, by taking wider spaces —
in general, K37(Q2) C J5"P(2) — we can obtain an estimate with a bigger weight ~. This

is relevant since, for example, jdg/’g +a(2) C L%(Q) for any o > 0 (see Lemma 15), while
K37

20 (Q) ¢ L(9).

From the point of view of the Mellin transformation, working in non homoge-
neous spaces consists in isolating some singularities of the transform of the solution,
bounding the rest of the function using the theory of homogeneous spaces, and finally
bounding the terms in the expansion of the solution corresponding to the singulari-

49
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ties via embeddings in higher order non homogeneous spaces. To illustrate this, con-
sider the Mellin symbol £ related to a Laplacian operator in a conical domain given
by £(w,0,,A) = — (A +d —2)\ + Ay), with —Ay representing the Laplace-Beltrami
operator on U C S;_1, in the case where Ay has a null eigenvalue (corresponding to
spherically symmetric functions). The symbol has a single (resp. double) zero for A = 0
in three (resp. two) dimensions. In three dimension, this zero corresponds to a constant
in the asymptotic expansion of the solution near the singularity; in two dimensions, we
would have a constant and a logarithmic term log(|z|), but the latter would not be in
H1(Q). In the asymptotic expansion of the solution near the singularity, we will therefore
find a constant, followed by a term due to the potential or the geometry of the domain.
The former case depends on the asymptotic expansion of the potential near the singu-
larity, while the latter depends on the eigenvalues of Ay. In the following sections, we
will suppose that the term following the constant in the expansion goes as |z|° for an
0 < e < 1. As an example of a potential that would generate such a behavior, consider
V(z) = |z|72*¢. A geometry causing an expansion containing |z|* would instead be one
such thate(e +d —2) € o(—Ay, Boy), i-e., there exists a function 4 : Rt — H*(U), s > 2
such that
(La)(N) == (A+d—=2)A = (e +d—2)e)a(N).

As it can easily be seen, ¢ is indeed a zero of the symbol above. More practically, this
happens if we consider a two dimensional wedge with aperture 7 /¢, as it will be outlined
later in Section 4.2.2.

Returning to weighted Sobolev spaces, in light of the analysis of the operator given
above, we can consider a simple case by neglecting the higher order terms, and consider
a function v(z) = v(0) + |z|?, with v(0) # 0 as a model of our solution. As long as
|z| < 1, those terms are indeed the predominant ones. The norm ||r~%Puy|| (0 is clearly
unbounded, thus v ¢ K5%(Q) forany s € Nand any v > d/p. Itis easy to see, though, that
the statement v € K37 (Q2) for any s € Nand v < d/p does not tell the whole story, since
v—v(0) € K3P(Q) also when ~y € (d/p, d/p+ ¢). The non homogeneous weighted spaces
give therefore a framework where functions such as v can be treated more naturally than
in homogeneous spaces.

We define the spaces treated above in more detail and outline the relationships be-
tween the homogeneous and non homogeneous ones in the following Section 4.2.1. Then,
in Section 4.2.2 we specify the class of operators of interest. The main regularity result for
those operators is then given in Section 4.3. Specifically, we give an elliptic regularity re-
sult in non homogeneous weighted Sobolev spaces for operators with singular potential,
and we follow with an observation on how this can be used as a basis to obtain “analytic
regularity” in weighted spaces — see Corollary 17.

In the following Section 4.4 some bounds on the Green functions of our operators
with singular potential are introduced. While in regular problems the values of the
Green function G(z, y) and of its derivatives are bounded by a (negative) power of the
distance from the diagonal {z = y}, when dealing with singular points the distance
from the singular point comes into play. Results in this domain have been obtained in
the literature mainly by Maz’ya and coworkers — see [MP85]. The proof we give follows
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the same techniques, while giving explicit constants and using the estimates from the
preceding section in non homogeneous spaces. This results may be used to obtain local
estimates on the norms of the solution of the elliptic problem considered; once again,
working in non homogeneous weighted Sobolev spaces we obtain results that exploit
the full regularity of the solution.

We conclude in Section 4.5 with an analysis on the convergence in L°°(2)-type norms.
We are not able to fully prove the convergence of the numerical solution to the exact one in
those norms, due to the lack of local estimates for the class of hp refinements considered.
Nonetheless, we propose a strategy to prove this result based on a specific assumption
on the local norms, and conjecture therefore the weighted L*°(2) convergence. The
results on this type of convergence will be useful in the sequel to prove some improved
results on the convergence of the eigenvalues for the nonlinear eigenproblems. We test
the method on some test cases obtaining results in line with our conjecture.

4.2 Notation and statement of the problem

Let us consider a domain 2 C R¢, d = 2,3 which will be specified later and let C be a set
of isolated points in §2; for the sake of simplicity we consider the case of a single point
C = {c}; the theory can be trivially extended to the case of a finite number of points. We
then denote by » = r(x) the distance |z — ¢| where | - | is the euclidean norm of R? (it
would be a smooth function representing the distance from the nearest point in C if there
were more than one).

We denote by C' € R a generic constant subject to change at any point, and write
A S B((resp. A2 B)if A< CB (resp. A> CB)and A ~ Bifboth A S Band A 2 B
hold.

4.2.1 Weighted Sobolev spaces

Recall that on a set 2 C R? we have defined the homogeneous weighted norm

k
0y = Do D 119770l g (4.1)

§=0 |a|=;

with seminorm

k-f
0y = S 70l
K la|=k

and that we denote the space K7 (1) as the space of all functions with bounded K57 ()

norm. We have also introduced the non homogeneous norm

m

gy = S0 S et rtlebodgenyn, o (42)

§=0 |al=;
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fory—d/p <mandp € (—d/p,—y+m],if1 < p < oo, p € [0, —y+m]if p = co. We write
ICEY(Q) = IC@Q(Q) and ‘77’“((2) = jwm(Q). We also remark that, form > 1and v —d/2 < 0,
K3H(§) = J7*(2). Furthermore, if v € J7"(Q) for m > 1and 0 < v — d/2 < 1 (condition
under which |v(c)| < H'UHJ’;n(Q)),

v = v()lkm (@) + [v()] = [[vl 7 () (4.3)

On the boundary, for integer s > 1, we introduce the space Kfy:ll//z P(99) (resp. .7;__11 // 5 P(082))

of traces of functions from K5 (Q) (resp. J57(2)) with norm
||u”](:8:11/17717(aﬂ) = lnf{H”UHIC’Sy,p(Q)’ U‘aﬂ — u}7
v—1/p

and
lull -1/ oy = E{ IV 75 @) V1, =

Note that on portions of the boundary not touching the singularity ¢, the weighted trace
spaces coincide with Sobolev trace spaces.

The dual space to K5 (Q2) N Hj(Q) is denoted £~3(€2) and has norm

HU”K*S(Q) = sup  (v,9)a. (4.4)
- Pelse ()
[¥llkcs @)=1

Finally, we introduce the spaces
T=H(Q) = {v € J(9) 1 34,C € Rt |[o]] yrnggy < CAMRY, Vk € N} ,
and

KZ(Q) = {v € KFP(Q) : 34,C € Rt [v]ip g < CAMRL,VE € N} .

In the following, for an S C 2, we denote by (-, ) the L?(S) scalar product and by || - || s
the L?(S) norm.

4.2.2 Statement of the problem

Let us now assume that in a neighborhood of ¢, the domain Q2 C R? is conical, i.e., there
exists a ball B¢(c) centered in ¢ with radius ¢ > 0 such that

QN Be(c) = (0,0) x U

where U C S4_; the d — 1 dimensional sphere, and 0U is smooth.
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Figure 4.1 — Two dimensional wedge

In this domain we set the problem

L(z,8;)u = —Agu+ V(zju= f inQ (4.5)
u

B(z,0y;) 0 on 0}

where B(z, 0;) is a boundary operator with analytic coefficients of order m < 1 covering
L(z,0;),1.e., such as the problem defined by (L, B) is elliptic. Furthermore, V : R? — R
is a potential such that V € K257 (Q) forsome 0 < e < 1,and f € IC(?/’22+6_2(Q). We will
omit the dependence of L and B on z and 9, when it will not be strictly necessary.

We recall the definition of the Mellin transformation

U(A) = (Myoxn)u= / u(r,w)r 2" tdr

Ry

where (r,w) € Ry x S4_; are spherical coordinates. We denote the leading part of the
operator L in (4.5) by L? and introduce the Mellin symbol £(w, 0,,, A) of the leading part
LY, such as

TﬁQS(w, Oy T0r) = LO(JJ, 0z). (4.6)

We also suppose, for ease of notation, that the smallest nonzero eigenvalue of the
Laplace-Beltrami operator —Ay on U with boundary operator Bayy on OU is bigger than
ele+d—2),ie,

min{yu >0:p € o(—-Ay,Bav)} > ele +d—2). 4.7)

Since £(w, dy, A) = — (A + d — 2)X + Ay), this condition, combined with V € K£Z3°(Q)
guarantees that the positive pole with smallest real part of the Mellin transform of
the solution @()\) lies in the half-space {Re(\) > ¢}. As an example of condition (4.7),
consider a two dimensional domain that coincides near the origin with the wedge with
angle of aperture « € (0, 2)

{0<r<R,¥€e(0,a)},

where r and ¥ are polar coordinates, as in Figure 4.1. On the boundary we impose either
homogeneous Dirichlet or homogeneous Neumann boundary conditions. Then, (4.7) is
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equivalent to

A

4.3 Regularity of the solution

The first lemma concerns the regularity of the solution of (4.5): we specialize here the
results of [KMR97]. We also introduce the set I; as

{<_1,g) \ {0} ifd=3
I;=
[0,¢) ifd =2.

In what follows, let us analyze the set of weighted spaces where the operator (L, B) is an
isomorphism. We place ourselves in the Hilbertian setting (p = 2). In general, we avoid
considering the cases where v — d/2 € N, since for those v the operator is not Fredholm,
the exception being v = 1 when d = 2, since J{(Q) = H(Q).

The idea of the proof is then to start from in homogeneous weighted spaces spaces
and then to extend the results to the non homogeneous ones, by function decomposition.

Lemma 13. The operator (L, B) is an isomorphism between the spaces

THQ) = TEHQ) x T 2 00) (4.8)

y—m—1/2

fory—d/2 ey k> 1.

Proof. Let F,, = (Ly, By) : K2() — KI_5(€) x ICi/_QT;TUQ(ﬁQ). The operator F, is

Fredholm for all v — d/2 ¢ N [KMR97]; its index is defined as
ind 7, = dim(ker ) — dim(ker 7).
In the case d = 3 the index is given by
ind 7, — 0 ify—-3/2¢€(-1,0)
-1 ify—3/2€(0,¢).

When d = 2, instead,

dF 1 ify—1€e(-1,0)
1n =
T l-1 ify—1€(0,e).

Let us first consider the case v — 3/2 € (0,1) and d = 3. The operator 7, is coercive
on H'(Q) = J1 () = K}(Q). It is then an isomorphism between the spaces K1} (2) and
K=H) x IC%;:Z(@Q)‘ Therefore, F., is an isomorphism between the spaces (4.8) for all
-1 <~v—-3/2<0,see [KMRY7, Corollary 6.3.3].
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In the case where v = 1 and d = 2, the uniqueness of the solution in H!({2) implies
that the operator is an isomorphims between the spaces (4.8).

Let us now consider the case v — d/2 € (0, ¢) and go back to the generic case d = 2, 3.
We introduce 8 such that 8 — d/2 € (—1,0) and consider a solution u € K3(£2) N L),
s> 2,to

Lﬁu = f in
Bgu=g ondf)
for (f,g) € J52(Q) x VA - //22 " "(092). The Mellin transform £() of the principal part of

L has a smgle zero at A = 0 if d = 3 and a double zero if d = 2. We can decompose u as
u=w~+ u(c)

where w € K5(€2). This is straightforward for d = 3; for d = 2 there could be a term
proportional to log(r), but this term would not belong to H*(Q2). Then, w is solution to

Lyw=f—-Vu(c) inQ
Byw =g — Byu(c) ondQ

In this case ind 7., = —1 but the right hand side in the above equation belongs to the image
of F,, by definition. Furthermore, f —Vu(c) € ICiiQQ () and g — Byu(c) € ICS 11//22 " (09).
Therefore,

lulcsior < € (I3 + 19 = BuOlsmy oy + 100
y—1/2—m

We now conclude as in [KMR97, Theorem 7.1.1]: since for any § > 0, there exists a Cs
such that

[u(©)] < 8llull 720 + Csllull 71, g,
we can write
lullzz(@) < € (wlhes o) + u©)])
< € (Blullgzon + 1y + Callullz ) + ol oy o )

1/2—m

Since v — 1 < d/2, by the arguments of the first part of the proof

lullz o < Nl < € (10200 + Doll )

so@ﬂ@z AT —

for all s > 2. The choice of a sufficiently small ¢ then concludes the proof. O
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In the following lemma we extend the estimates for corner domains developed
in [CDN12, Theorem 3.7] to the case of an operator with singular potential in three
dimensions. The proof follows directly from the one in the cited reference.

Lemma 14. Let v € Igand let Lg € K32 5(S2). We consider a dyadic decomposition of 2 given

by
Q={zeQ:27" ! <zl <27}, n>1

and denote ), as the interior of Q,—1 U Qy, U Qyy1. The estimate

s—2

1
920, < O | D 57 1olz, @y + 192y (4.9)
i=1

holds, with n > 2.

Proof. Consider the reference annuli
I = {x ERY:1/2 < ||zf|pe < 1}

and ~
I = {x eR?:1/4 < ||zl < 2}.
In this domain, elliptic regularity [CDN10a] gives

s—2

915708 < €% { D 1l L0l oy 8l @y | (4.10)
j=07"

We can insert the weight 7 since 7 ~ 1 in T
5—2 1
— ~ 2 PN ~
[ 0%glp < €7t Z;jll?"” T Lgly + [lgllcr 2 @)
J:

and rescale T to Q. and T’ to Q;c via the transformation z ~ 2~%%, obtaining the thesis

s—2
1
sgl 1 _
191520, < €78t Zl 7l I1Lglxi2,0p) T 19012y
J:

O]

We now prove an embedding result that bounds L>°(2) norms in weighted spaces
with norms of higher derivatives for p = 2. This is simply the weighted version of the
classical embedding of H*({2) into L>(Q2) for s > d/2, and the proof follows almost
directly via dyadic decomposition.
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Lemma 15. Let u € JX() for t > s+ d/2. Then

[ull 7500 (@) < Cllullzze (4.11)

y—d/2
forany v —d/2 ¢ N.

Proof. To prove (4.11) we use the fact that J/(Q2) = K. () © Q|y—q/2) () and decompose
u = v + w such that

veKI(Q) and  w € Qpy_qp ().

Furthermore, we have

lull 720y = 10lly @) + [wllap, _u @)

for any chosen norm || - HQM— 472 (), thanks to the equivalency of norms in finite di-
mensional spaces, see [CDNlObf and [KMR97, Theorem 7.1.1]. Then, by the triangle
inequality and the definition of the norms in the weighted spaces,

||U|’Jj;°§/2(9) < Hijj‘_O;/Q(Q) + ’\w||jj;°;/2(9)

S lvlleze @) + lwllzes @)

and we consider separately the two terms at the right hand side. Consider the annuli
Ii={ze€eQ:277 < ||zl <2797}, j €N
and let T' = T'g. Then, scaling and using a Sobolev inequality,

[[v]| o0 o) )H@HWs,oo(f)

y—d/2
< 2j(vfd/2)H@”Ht(f)
S 2j(7_d/2)”@”;@ ™)
3
= ||U||icg(rj)

S vl 729
where the quantities with a hat are rescaled on T. Therefore

||U|\1cjffi/2(ﬂ) = SIJIP ||U||1cj’fjl/2(rj) < Cllull 7¢(e)-

Since w lies in the finite dimensional space of polynomials of degree |y — d/2], we
can conclude with (4.11), where the constant C' can depend on the domain 2, on the
dimension d and on ~. O

The weighted analytic estimates then follow for p = co. Lemma 15 directly implies
the following statement.
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Corollary 16. Let v — d/2 ¢ N. Ifu € JZ*(), then u € jf_’j?Q(Q).

It is now evident that, using Lemmas 13 and 14, we can prove that when the right
hand side and the potential of (4.5) obey analytic growth estimates on the weighted
norms of the derivatives, the solution v is in the same regularity class. This is the content
of the following corollary.

Corollary 17. If u is solution to (4.5) with V : RY — R such that V € K23 () for some

0<e<land f € ICZ’;F%Q(Q), then u € J272(Q) for any v < d/2 +¢.

Proof. Since by Lemma 13 we have that u € J2(9) for v € I; we can decompose u =
(u — u(c)) + u(c) and apply (4.9) to g = u — u(c), remarking that since f € K7_,(2),V €
KZ57.(Q), and |u(c)| < C by Lemma 15, then Lg = f — Vu(c) € KZ ,(Q2). Furthermore
lu — u(c) H,q(g) S ||u]]771(9) + |u(c)|. Summing the left and right hand sides of (4.9) over
all Oy, gives the existence of C, A € R* such that

’u‘]@y(g) < CASS!,

forall s > 2and v € I, thus u € 77 (Q). O

4.4 Bounds on the Green function

We provide a bound on the Green function of problem (4.5). The proof mainly follows
[MP85]; here we consider non homogeneous weighted Sobolev spaces and give explicit
constants. In the following lemmas, we will denote r, = |z — ¢/ and r, = |y — ¢|.

Lemma 18. Let G(z,y) be the Green function of the operator L, i.e.,

L(2,0,)G(x.y) = 6(z —y) i
B(z,0;)G(z,y) =0 on 052,

fory € Q and where 0(-) is the Dirac delta distribution. Let T € (0,1) and v — d/2 € I,. Then,
forx #vyandr, >0,

(a) if |x —y| > Zryand for || + |B] + d > 2
0208 G (@, y)| < Clol+Blpmin(—181+7=d/20),2=d/2=5—lal | o|1| g1 (4.12)

Ifd =2, |
G, y)] < Org™ 010, 1 log(r, ). (4.13)

(b) If |z —y| < Try, then

10002G (2, y)| < CleIHBlg — y|2=d=I8I=led|q 1] 3)) (4.14)
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when |a| + |B| +d > 2 and
Gz, )| < Cllog(lz — yl)| (4.15)
when d = 2.

The constants C' depends on the dimension d, on the operator L and on T but not on ry,r,, o and

8.

Proof. For the sake of simplicity, we will suppose in the proof that ¢ = 0. Let us fix y € 2
and 7 € (0,1). Let us furthermore introduce the fundamental solution to the Dirichlet
problem for the operator L in a ball around y, i.e., the function I'(z, y), solution to

L(iL‘, am)r(xa y) = 5(5U - y) in BT\y|(y)
B(x,0;)'(z,y) =0 on B, (y) N oK.

Then, as the coefficients of L are analytic in B, ,(y), for any = € B, (y), = # v,

0295T (2, )| < ClHBl Btz — y2~41o1718lifd = 3ord = 2 and |a| + |B] > 0

ID(z,y)| < Cllog(|z — y)| ifd=2,
(4.16)
with constants C' not depending on « or 3, see [Joh50]. We define
Ra(z,y) = n(z,y)0; T (z,y) — 0y G(z,y),
where n(z,y) =17 <x|y—‘y> and 7 is a cutoff function such that
neC), n(x)=0if|z| >7/2, n(x)=1if|z| <7/4.
Let then
falz,y) = L(x,0;)Ra(z,y) (4.17)
= — Az, n(z,y)] 05T (2, y)
It can be shown by inspection of the above equation that
supp(fa (1)) € (Byjy (1) \ By (v))
and
107 fala,y)| < ClHAly =151l g1 o, (4.18)
if d + |a| 4+ || > 2 and
| fo(z, )| < Cllog(|y|)| |yl (4.19)

ifd = 2.
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Lemma 13 implies that, for v — d/2 € 1,
1Ra ()l 72 () < C1|y|*~ /271 al. (4.20)

when d + |o| > 2 and
1Ro( )l 720y < Clyl* " Log(ly])]-

when d = 2. The weighted elliptic regularity estimate (4.9) (recalling that the norm given
by the infinite sum over all 2, is equivalent to the norm in the full domain §2) then implies

1Ra ()l 7s (@) < ClHo P~ 421751l (4.21)
if d + |a| + s > 4. Thanks to Lemma 15, if s > |3| + d/2,
HRa(Wy)HJWIIiI;/oQ(Q) S IRa ()l 730

i.e., by definition of the norm,

|8l

SO 2000 Ro (-, y) || ey S 1Rl ) 15142 g

which implies

07 Ra(2,9)| < ™m0 Ra ()| 1612 (4.22)

(VX

We can now analyze separately the cases |z — y| < 3|y| and [z — y| > F|y|.
Case [x — y| > Z|y|. In this case, Ro(z,y) = 9, /G(x,y). Therefore, (4.21) and (4.22) give

|3;afg(x’y), < CIQHIBI‘$|min(*lﬁ\+7*d/270)‘y|2*d/2*v*|al‘amﬁ“
Case [x — y| < Z|y|. In this case combining (4.21), (4.22) and (4.16) gives
10500G(x,y)| < CloIHPl |z — gy 2=d=IPI=led g1 )1

with the usual modification for |a| + |G| + d = 2. O

Remark 7. Since the operator is real valued, the Green function G of Lemma 18 is also solution
to the adjoint problem

L*(y,0,)G(x,y) = 8(x — y), (4.23)
’ .

B*(y,0,)G(z,y) =0,
see [MP85].
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4.5 Conjecture of pointwise convergence of the 1p dG method

In this section, we consider the issue of pointwise convergence for problems of the form

Lu=f inQ

(4.24)
Bu=0 onof

where L is an elliptic operator with a singular potential. Maximum norm estimates for
discontinuous Galerkin methods have been obtained, among others, in [CC04; Guz06],
and are based on the technique developed in [Sch98; Sch01]. Convergence estimates have
been given for problems with point singularities in two dimensions in [SW78; ARS09].
All those estimates involve graded meshes but are set in the context of the h version
of the finite element method. Pointwise convergence on similar graded meshes is also
considered in [Dem+11], for two and three dimensions and in convex domains.

In our framework, a quasi optimality result for the maximum weighted norm of the
error of the hp dG FE approximation is a result of the form

= sl ooy + 11V (1 = ug) 1oy < Cexp (—bNYED) - (4.25)

where N is the number of degrees of freedom of the approximation, d = 2,3 is the
dimension of the space, and r is the distance from the point singularity. We consider the
problem introduced in Section 4.2.2 and the dG method as in Chapter 3 and adopt the
notation used there. We also indicate by a prime -’ the set comprised by a subdomain
and its neighbors , i.e., for S C Q,

S'={KeT:KnS+#wao},

with S = g (n times)

In the following lemma we show an inverse inequality for polynomial functions that
will be useful in the sequel.

Lemma 19. Let ws € Q,(K), K € T. Then,
hi < Optr2n Y2 4.26
”w6||L°°(K) P N Hwéﬂ;gj(x)- (4.26)

Proof. Let K € T. Consider a reference element K such that K ~ hy K. Denoting with
a hat the quantities scaled on a reference element,

||w6||L°0(K) < ”waHLoo(f() < Cpcfl;rQHwéHH—l(k)a (4-27)

see, e.g., [Geo08]. Now, for any w € K~}(K) and using the equivalence between the
g y 1 g q
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K1(K) and H'(K) norms on C5°(K),

N UAJ,Q; A
HwHH—l(]A{) = R Sup (Ai)[(
decg () 1Vl
PeCse(K) HIDHIQ([%)
h—d
< su K (waw)K

S p —d/2+1
e (K) hy 12+ HwHIC%(K)

—d/2—1
S h ol g

Combining the last inequality with (4.27) we obtain (4.26). O

In the following two sections, we consider separately the terms ||u — us|| ;= (o) and
P77V (u — us) || o () from the left hand side of (4.25).

451 Introduction of g and p

To treat ||u — us|| (), We start by noting that for an element K € T

|u — U6||Loo(K) <|lu— U6||L00(K) + [lvs — U5HL°°(K)
P
S Ml — vs| Loo (i) + W”% — usll L2k

4/ (4.28)

d
p

S (1wl o = vl + e = wsllzage
K

We now consider the second term in the last inequality. Without loss of generality, we
can restrict ourselves to the case of a domain (2 of unitary radius. Let then p be

U — Ugs

p=h"¥?_— 0 1, (4.29)
|w — sl
and let us introduce ¢q € {1, ..., ¢} so that
supp(p) C K € Q. (4.30)
We have therefore that i
WP = usllie = (pyu — us)an (4.31)
We now introduce g, solution to
Lg=p inQ,

(4.32)
Bg=0 onodQ
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and define g; as the hp dG finite elements approximation to g.

4.5.2 Introduction of g and p

We proceed similarly in order to treat [|7'~*V (u — us)|| o (x): let K € T. Then,

17170V (u = us) || oo () < PV (= vs) || poo (i) + 177V (vs = us)|| oo (1)

STV (= v5) | L) + hig IV (05 = ) | o= (1)
Thanks to the inverse inequality recalled in Lemma 19,
—Q —Q —d/2—a
HTl V(U,—’U,(S)HLOO(K) < ||»,«1 V(u—v5)||Loo(K) —i—p%{‘FdhK/ ||V(U(;—U5)HIC:%(K).
Since

IV(u—=vs)llc-1y = sup (V(u—wvs),9)r2(k)

Yelse (K)
”d’”;c%(x):l
< osup (PTOV(u—ws), r T YD) pa
Yelse (K)
HQZ)”K%(K)ZI
< 1fav o hd/2+a 1
S r oV (w = vs)| oo (1) g sup [r | 2 k),
PeCie(K)
HWHK%U():l

where in the last inequality, the supremum is equal to one due to the definition of the
K1(K) norm. Using a triangular inequality, we can conclude that

17V (= g) || oo (i) S (14 PRIV (w = v5) | 2o (1)

—d/r—a (4.33)
+p2 iy 2701V (u — us) -1 ()
We now define p as
p=h o, ic{l,...,d} (4.34)
for a function 1 such that
[¥ll1(x) = 1 and ¢ € C5°(K). (4.35)
Then, by integration by parts,
B 100 (= w140y = sup (u— ug, hy 20,0k
- Yelse(K)
M1 (re)=1 (4.36)
- Sl{p(u — us, ﬁ)a

p
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where the last supremum is over all p defined as in (4.34), with ¢ subject to (4.35).
Similarly to what we did before, we introduce g, solution to

Lg=p inQ
i (4.37)
Bg=0 onof.
4.5.3 Local estimates
Lemma 20. Let g be solution to (4.32), with p € L*(2), supp(p) C Q, and
plla = hy 2.
Then, if K € Q;, with j ¢ {q — 1, q,q + 1}, the following estimate holds

for any n such that n — d/2 € I3, n < 2 — v if j = £, and with multiplication by |log(h;)| if
s =0and d = 2. Ifinstead K € Q,,

91l 72(r) < ChZ—d/Q—”. (4.39)

Proof. Let K € Q2 where j ¢ {q¢ —1,q,q + 1}. Let furthermore G be the Green function
of the operator (L, B) defined in Lemma 18. Then, for x € K, using the estimates on the
Green function obtained in Lemma 18 and the symmetry of L,

92g(y)| < /

supp(p

SCIalrzd/anam“/ Fin(m=d/2.0)| ()| da

) ‘83G(CE, y)p(z)| dz

q
< Clelyp2=d/2—n—|a| |a|lhglin(77—d/270)
< ) ! .

with multiplication by |log(ry)| if d = 2 and o = 0. Integrating over K therefore gives
-+ 1o a| 7 min(n—d/2,0) 3, 2—n—
[r=7Helge g < Clelpminm=d/20 p2=177 o ) (4.40)

with multiplication by |log(h;)| if d = 2 and o = 0. This shows (4.38). Let us now
consider Qf]. Lemma 13 gives, for K € Q;,

lgll 72(r) < Ch2=4/2=
and this completes the proof. O

Lemma 21. Let g be solution to (4.32) with p € /Cg_z(Q)for any v < d/2 + ¢, supp(p) C €4

and ||pllo = hq 2 Furthermore, let gs be the dG finite element approximation to g, i.e.,
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as(g — gs,v5) = 0, for all vs € Xs. Then there exists C > 0 not depending on £ nor on g
such that
llg — gsllpe < Chy=/2. (4.41)

Proof. Let us denote @ = supp(p) C €2,. From (3.22) and (3.28) we have

2 : 2 2
llg = 95llpe < Cvélg)f(é E llg = vslligz ) + llg — vsllgz(qn
KNQ'=2

s+l -
<Ol > oI e gy 27 92000y
KNQ'=2 '

l

o —2s;i+1 _ _

S ZCQthg dsj!ij Si+ +Cpq1h2 d
7=1

where the second inequality comes from Lemma 12 and the third is a consequence of
Lemma 20 (via the choice n = 1 in (4.38)). Since for all j = 1, ..., £ there exists b > 0 such
that inf; C%s; !pj_sj < e~tps,

Y/
llg = gsllpe < C [ h2™ e P 4 h2—p, !
j=1

5 (hg_d—i— hg_dpq_1>

which gives (4.41). O

Lemma 22. Let p € C§°(SY,) for some p € {1,..., L} be such that
pllo =1 (4.42)
Let ® be the solution to
L'd=¢ inQ
B*® =0 onof
Suppose that K € §;, with Q; Ny, = &. Then, forany s € N, s —d > 2
sy min(n—y—d/2,s— —
1] g (1) < CERITITUBST 2 (4.43)

foralln —d/2 € Iy, n—d/2 > ~ifj={ When s = 0and d = 2 the right hand side of the
inequality is multiplied by |log(h;)|.

Proof. The proof is similar to that of Lemma 20. We suppose |a| + d > 2. Consider
K € Qjforj ¢ {p—1,p,p+ 1}. In this case we use Remark 7 and write the Green
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function G as the solution to

Then, for y € K,

oea(y)| < /

supp

|05 Gy, 2)p(w)| da
()
< Clelpmin(r=d/2-1al.0) / P2 /270 ()
&
< Cla\rglin(n—dﬂ—lalﬂ)|a“hz2)—n'
The weighted seminorm is then bounded by
al—~ na al1.2—n; min(n—d/2—v,|a]—
Hrl =79 QHLOO(K) SCl |h120 nhj (n—d/2—,|c| 'Y)‘Oz“.

Multiplication by |log(h;)| when o = 0 and d = 2 follows as usual. O

We now introduce the equivalent of Lemma 20 for g. The proof will follow along the
same lines, but with a slight difference that permits to account for the term 2 ,.* in (4.33).

Lemma 23. Let § be solution to
Li=p inQ
Bg=0 ondf
where p = hq 4/ 28%.1/1 and, for K € Q,
ve (K [l =1
Then, if K € Q; such that Q; nQ, =9,
1Glics i) < Ch5 TV RIT 2], (4.44)

forany n € Iy, withn < 2 —~if j = L. If instead K € Q,

131l 7250y < Chy~ 427 (4.45)

Proof. Let K € §2; be such that 2; N Qg =@andn —d/2 € I;. Then, for y € K, using
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the estimates on the Green function obtained in Lemma 18 and integrating by parts,

0°3(y)] < / °G(z, y)hy Y20, y(x)dx
supp(p)

</
supp(p)

< Clelylel=d/2 g / P2y P ()| da
K/

02,00G(x, y)hq_dﬂw(a:)’ dx

< Cla\Tzfla\*d/%nhg*d/ﬂa“
with multiplication by | log(|y|)| if d = 2 and « = 0. Integrating over K therefore gives
[P Helgog ¢ < C'a‘hg—d/Qh?*”*“f\a“ (4.46)
while for a = 0 and d = 2 we find
Ir=gllic < Oy~ h5 " log(hy)

and the logarithmic term can be absorbed into the preceding one, provided that 2—y—n >
0. Let us now consider Q;. Lemma 13 implies, for K € Qf],

‘|§HJ§(K) < C’hg_d/Q—”/

and this completes the proof. O

We also note here that p fulfills the hypotheses of Lemma 21, thus
I3 — Gslllpe < Chy~ 72, (4.47)

where g5 is such that as(g — gs,vs) = 0, for all vs € Xj.

4.5.4 A priori estimates on the Di(Q) norms of g — gs and § — §s

In this section we give some estimates on the functions g and g.

Let g be the solution to (4.32) with p defined in (4.29) and let § be the solution to
(4.37) with p defined in (4.34). Let g5 and gs be the hp dG approximations to g and g,
respectively. We introduce the main assumption on which the proof is based.

Assumption 1. There exists m € N such that for any j > m, there exists a c=C (hj,p;) and
a fixed n € N such that

llg ~ 95llbceo,) S, i0f, llg = vallago) + Clhspi)llg = gall 2 0o,

and
g = gsllpae,) < inf 9 = vsllpar) + C(hjpi)llg — QJHLz(Q;n))a
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o p— | supp(p)

Figure 4.2 — An illustration of B (striped part of the domain) for m = 2, at a refinement
step where ¢ =/ — 1.

with N L
C(hy,pj)hpy* =0

as ¢ goes to infinity.

Lemma 24. Let g satisfy (4.32) and let g5 be the hp dG finite element approximation to g.
Suppose that Assumption 1 holds and that ¢ is big enough. Then, for o € [0, ¢), it holds

llg = gallpy__ e < C (hg +e7)
where the constants C' and b do not depend on q.

Proof. We denote e = g — gs. Let us consider a ball B centered on the singularity and
containing €,_,, for a fixed m to be specified later, i.e., a ball of radius Co~""h,, where
C depends only on ¢ and on the dimension d. See Figure 4.2 for an illustration in two
dimensions. The Cauchy-Schwartz inequality gives

llellpy (& < C'o™™hd> "+ lellpgz,

—mid/2—
< C'o 2 el

where we have used the fact that

. 1/2
( Z h]1.+20‘> < CU—mhé/Q-l—a.

Jj=q—m

Using Lemma 21

H\e\Hp;ﬂ(g) < Cfmh?]-
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We now consider the elements in 25, for j < ¢ —m, i.e., the elements outside B. As
before, we have 42
—1+
llellpy_ (o, < Ch; “llellpag,) - (4.48)

In the following, we will estimate the term at the right hand side of this inequality.
Assumption 1 gives

< inf ||g— o+ C(hi,ps . 44
lellpa,) < Inf llg = vsllpaer) +C(hmpg)H6HQ§_ ) (4.49)

The estimate for the first term comes from (3.28) and (4.38): we have, for j < g —m,

—s;+1/2

inf _ N < 5j ]
(J28, M9 = vallocieg) < Cl9l o g 2

<O s !p;5j+1/2hgqin(n—d/2,0)h}—n.
and the choice n = d/2 + o — ¢, with 0 < { < « gives

d/2—1+a —bp; ~ d/2—1+«
B2 ellpgg,) < CHSe™™ + Clhy, pp) k% e]

; (4.50)

(n)-
Qj

We can thus consider the second term on the right hand side of (4.50). By definition,
for any vs € X,

lelgm = sup  (e,¢) = as(e, ® — vs)
! pecse (@)
llell=1
= a67Q\Q§_n+1) (e, —vs) + aé,anH) (e, ® — vy), (4.51)

where @ is the solution to the adjoint problem with right hand side ¢ € Cgo(an))
L'd=¢p inQ
B*® =0 onodQ

and a5 5(+, -) is the restriction of the bilinear form a;(-, -) to the set S. By elliptic regularity,

as in the proof of Lemma 20, ||(I)HJ2(Q(”+1)) < Ch?f'y and
7 8%

JJnf ;g (6,2 —v5) <C inf |- v&ngf(anH)) |H€H|DG(Q;n+1>)

—1/2
< Cp; / ||¢‘|J12(Q(n+1)) |||6”|D(;(Q<_”+1>)
j J

< Op; P |lell (4.52)

(n+1)y -
DGl )
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Furthermore, the first term in (4.51) can be estimated by

JE ag e (@@ =0) SC S lelly oy, inf 119~ vallg
Kea\{"
<C f P — ~
<Cllelloy_ @, max, ot 1= ullgeq
(4.53)
We introduce k = k(j) such that
inf |[|® — vs)|cooroy = max inf ||® — vs|goo
vs€Xs I 6|”g0‘ ) ™ kef1,.j=2,j42,...,0} vsEXs I 6‘”g
Combining equations (4.50) to (4.53) gives
q—m —m qg—m
d/2—1+ —b d/2+ —1 2
> 8T Nlellpggay) O3 1+ 3 Ty, p )22 el )
j=1 7=1 7=1
qg—m
d/2— 1+o¢ .
# 3 el 58, 112~ vl
J:

(4.54)
Using again Assumption 1 and supposing /¢ is big enough, we can choose m to be big

enough so that the second term of the right hand side of (4.54) is arbitrarily small. Using
a first kickback argument on (4.54) gives

qg—m

d 2—14+« — . —mio
> T Nellnggay < € 3 e + Commhg
=1 7=1

d/2—1+a ~ .
3 P ) el oy ok, 1 — vsllge

(4.55)
Equations (4.48) to (4.55) thus give

q—m
lelloy_ o = llellpy (3 + 3 lelloy__o,)
j=1

qg—m
< Co™™hg+C Y hSe

i=1

q—m
d/2—2+ .
el @ D2 8577 inf )12~ vsllge o,
j=1

(4.56)

The sum in the last term can be bounded using the approximation result stated in Lemma
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12 and the estimates of Lemma 22. Indeed,

. _ < Sk jsE ST oo .
oinf (12 = vallgee o) = CFpg IR prprroe

Since k ¢ {j — 1,7,/ + 1}, equation (4.43) with = d/2 + « gives

121 g1 gy < CoFt RS2, (4.57)
Therefore,
Jnf (12— vallgze ) < Ce™Peny 7
and . .
SR D gl Z WD < centm,
Jj=1 j=1

Provided once again that m is big enough, by a second kickback argument in (4.56) we

obtain
q—m

llellpy () < Co™he +C 3 Hetn
j=1
and the thesis follows. O

We proceed now to the equivalent of Lemma 24, for g.

Lemma 25. Let g satisfy (4.37) and let §s be the hp dG finite element approximation to §. Let
Assumption 1 hold. Then, for a € [0, ¢), it holds

19 = 3sllpy__ (o) < Chy (4.58)

where the constant C' does not depend on q.

Proof. We denote € = § — g5 and use the same notation as in the proof of Lemma 24. We
have then

Iellps (5 < Co™™hg,
whilein Q;, j < q¢—m,
~ d/2—1+a |~
lello: o,y < ChS* T ellinggo,) - (4.59)
and N
lellnae,) < ,inf. 11— vlloage; + Chs.py)lela;. (4.60)

As before we use the approximation result (3.28) for the first term. In this case, though,
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we use Lemma 23: for j < g — m,

. f ~ < ~ . .—$j+1/2
oinf 9 = vsllpar) < CHQHJIJH(Q;)JDJ

< CSi S !p;sj+1/2h}—ﬂh27d/2.
and the choice n = d/2 + « gives

d/2—1 ~ a —bps A d/2—1 -
B2 ellpggo,) < Chge™™s + C(hy,p)h§ >4 le] (4.61)

(n)-
j ;

The estimate of h; €[l is done exactly as in the proof of Lemma 24. After the

J
second kickback, in this case we find

qg—m
lello, ey < Co~i +Cl 3 e
j=1

and the sum at the right hand side of the inequality is bounded by a constant, thus giving
(4.58). O

The last result allows for the conclusion of the proof of the uniform convergence of
the hp dG approximation, given Assumption 1.

Conjecture 1. Let u be the solution of (4.5) and let u; satisfy (3.11). Let furthermore Assumption
1 hold. Then, for v < ¢,

Pt = sl ey + 1PV — ) () < CGEZ) inf = vl ey (462)
vsEXs v

Furthermore, there exist C > 0,b > 0 such that

= 5] 1. ) < PN (4.63)
Y

where N is the total number of degrees of freedom of the approximation.

Proof. Inequality (4.31), Galerkin orthogonality, Lemma 11, and Lemma 24 give, for
K €T and for any v5 € X,

W |lu — us|| ik < Cas(u — ugs, g)
< Cas(u —ugs, g — gs)
< Cas(u —vs,9 — gs)
< Cllg = gsllpy__ ) v = velllgee (7 »
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where g is solution to (4.32) and g; is its Galerkin projection. From (4.28) we have then

d
P
lu = us] oo o) S max ((1 +p§l<> lu —vsllpeo () + h;/<2 Ju— U5||K>
K

S max (1 +p‘;<> lu = vsl Loo (k)
d a —bl _
+ maxpe (B + ™) Jlu = vllgze -

This concludes the estimate on ||u — us|| e (q)-

The estimate on ||r' =V (u — us)|| Le(K), @ < € then follows the same idea: we need

d

to estimate h /2 |V (u — us)|] K=} (K) from equation (4.33). First, given the solution §

to (4.37) with its Galerkin projection gs, for any vs € X

h}d/QHV(u — U&)H/Q:}(K) < Cas(u —us, 9)

< Cas(u — us, § — Js)
< Cas(u — v5,§ — gs)
< Cllg = gsllpy__ ¢y llw = vsllgee () -

Then, using the result of Lemma 25 and (4.33),

1P~V (u = )| ooy S (14 Prase) 7170V (w0 = 05) || Lo ()

o NG~ dslloy o o= vallgeiry  (464)

d
S P?ntx llw — Udmggo(T) :

Using (3.29) for the function u € J57°°(Q2), absorbing the algebraic term in pyay into
the exponential term and using ¢ ~ N'/(¢*1) we obtain the exponential convergence
estimate (4.63).

O

4.5.5 Numerical results

In this section we test the convergence of the ~p dG method on two and three dimensional
test cases. All simulation are performed with a code based on the deal.ii library
[Arn+17]. The maximum norms are approximated by the values at tensor product
equispaced point inside each element. We will show estimates of the constants by,
defined as

lu — uslx S exp(—bxNV/(+1) (4.65)

for X = L?(Q), DG, L*>®(Q), J§°(9). The estimates are obtained through a linear regres-
sion of the logarithms of the errors over N''/(?+1) after the exclusion of the preasympotic
part of the curves.
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Hie]

(a) (b)

Figure 4.3 — Left: Fichera corner domain. I'; corresponds to the thicker boundary part,
I'; to the rest of the boundary. Right: computational mesh.

biz  bog  bre b

Dirichletb.c. 0.79 0.711 0.767 0.748
Mixed b.c. 0786 0.714 0.767 0.751

Table 4.1 — Estimated constants for problems (4.66) and (4.67).

Two dimensions

In two dimensions, we consider the Fichera domain 2 = (—1/2,1/2)2\ (0,1/2)?, with
two boundary portions I'1 and I'; defined as in Figure 4.3a. We introduce two problems,
one with Dirichlet boundary conditions and the other with homogeneous Neumann
boundary conditions on the edges next to the concave angle, and Dirichlet boundary
conditions elsewhere. Let the first problem be

—Au=0in
(4.66)

U),, = g on o
where g is chosen so that the exact solution is uex = r?/3sin (2(9 — 3)), with r =
V2?2 +y? and ¥ = arg(z + iy). In order to test Neumann boundary conditions at the
corner we consider instead
—Av=0inQ
3nv|Fl =0 (4.67)

U|F2 = 'Uex|p2

cos (3(9 — 5)). The rate of convergence of the computed L>({2)

and jol’oo(Q) errors is compared to that of the computed L?($2) and DG errors in Figure
4.4. All solutions are computed with a mesh refinement ratio o = 1/2, polynomial
degrees p; = [1j] + 2, and a mesh refined around the corner at the origin, as in Figure
4.3b. In Figure 4.5 we show the behavior of the T (©) norm of the error for different
a. It is evident how the condition a < € in Theorem 1 is sharp. In Table 4.1 we give an

where veyx = 1 + r2/3
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Figure 4.4 — Different convergence rates as a function of N'/3, where N is the number of
degrees of freedom, for problem (4.66), left, and for problem (4.67), right. Semilogarith-

mic scale.
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Figure 4.5 — Convergence rates in the Ja™ () norm as a function of N/3 for problem
(4.66) and for varying «. Logarithmic scale on the y-axis, linear scale on the z-axis.
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degree

Figure 4.6 — Some of the elements of the mesh for d = 3.

biz  bpa  bre by
0.58 0508 0.651 0538

Table 4.2 — Estimated constants for problem (4.68).

estimate of the constants bx defined as in (4.65).

Three dimensions

In three dimensions, we consider the problem

{ (~A+V)u=finQ 468)

Ulgo = 9
setin a cube Q = (—1/2,1/2)3. We choose V(z) = |z|~3/? and f and g such that the

exact solution is given by ue, = 1 + |2|'/2. The approximation is done with ¢ = 1/2,
p; = [£4] + 2; the mesh is isotropically refined around the origin, as shown in Figure 4.6.

The convergence of the errors is shown in Figure 4.7; an estimate of the constants bx
defined in (4.65) is given in Table 4.2.
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10°
1072
41
10 ©-L? norm N .
--DG norm e
L*> norm oL
e J5° norm o
1076 ' ! ' !
0 5 10 15 20

N1/4

Figure 4.7 — Errors over N'/* for problem (4.68), with N degrees of freedom. Logarithmic
scale on the y-axis, linear scale on the z-axis.
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Chapter

Analysis of the hp discontinuous
Galerkin method for elliptic linear
eigenvalue problems

In this section, we consider the approximation of a linear elliptic eigenvalue problem
obtained through a discontinuous Galerkin hp method. The contents of the section are
largely based on [ABP06], where the convergence of the discontinuous Galerkin method
is proven for linear elliptic eigenvalue problems. The result obtained in that paper is
an extension to discontinuous Galerkin methods of the theory developed almost three
decades earlier, see [DNR78a; DNR78b]. A thorough presentation of the approximation
of eigenvalue problems is also given in [CL91, Chapter II].

Our problem fits into the assumptions made in [ABP06], thus the results shown there
can be applied almost directly. The only minor differences will be due to the presence
of a potential and to the specificity of approximation in isotropically refined hp finite
element spaces.

We start by defining our problem and by giving some context from the functional
point of view, in Section 5.1. We also introduce, for the sake of self containedness of
the chapter, the interior penalty discontinuous Galerkin methods that will be taken
into consideration. We will be dealing with a symmetric operator and a coercive linear
form, thus the spectrum is composed of real isolated eigenvalues of ascent one. The
analysis can still be partially extended to non-symmetric problems, but it has to be
taken into account that the operators are not self-adjoint. We conclude the section by
introduction the “solution operators” T, for the continuous problem, and T}, for the
discrete approximation. 7" and 7T} are continuous and invertible operators, with the same
eigenspaces as the ones of the original problems and with reciprocal eigenvalues. The
analysis will center around those operators, and the final results can easily be applied
back to the original problems. Finally, we will need a way to measure a “distance”
between eigenspaces: this is the role of 4(-, ) and 4(-, -) defined in (5.8).

79
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The interest of the analysis of the approximation of an eigenvalue problem lies not
only in the convergence of the numerical eigenpairs to the exact ones, but also in the non
pollution and completeness of eigenfunctions and eigenvalues. Basically, a good approx-
imation of an eigenproblem should not introduce any spurious numerical eigenvalue or
eigenvector (non-pollution) and should approximate all eigenpairs (completeness). In
Theorem 4 we show that the spectrum is not polluted, while in Theorem 5 the complete-
ness of the approximation is shown (more precisely, Theorem 5 gives both completeness
and convergence for finite dimensional eigenspaces, while simple completeness is a
consequence of Lemma 32). Note that, in practice, some techniques may still introduce
spurious eigenvalues in the approximation: consider for example the “strong” imposi-
tion of boundary conditions in a numerical code, where the matrix resulting from the
approximation of the operator is modified in order to set the degrees of freedom at the
boundary, see, e.g., the documentation of [Arn+17]. This is out of the scope of the present
analysis; furthermore, the spurious eigenvalues can often be easily identified and filtered
out.

We conclude with Section 5.3, where the focus is on the rate of convergence of
the numerical eigenpairs. We consider finite dimensional exact eigenspaces and we
introduce a projector from the exact to the numerical eigenspace, thus obtaining an
algebraic problem, at least in the relationship between the eigenvalues and the (projected)
operators T and T} (the latter can be seen as a tensor in the finite dimensional eigenspace).
We obtain the expected quasi optimal estimates on the difference between exact and
numerical eigenfunctions. The eigenvalue error, additionally, can be shown to converge
with a higher rate of convergence — quadratically with respect to the eigenfunctions —
if the method is adjoint consistent (symmetric, in our case).

Let us then introduce the problem under consideration.

5.1 Statement of the problem and notation

Let 2 C R%, d = 2,3 be abounded and regular domain. Consider the eigenvalue problem

Lu=(-A+V)u=AuinQ

(5.1)
Bu = 0 on 902

where B is a boundary operator inducing a well defined problem. We suppose that the
potential V' > 1 > 0 is singular in a set of points € C € and that forane > 0 and a
p>d/2,

Ve K23 (92) N LP(Q). (5.2)

Recall that the homogeneous weighted norm is given by

k
”quIC:’p(Q) = ZO |u|’p;g'y,p(9)a ’u|ngyp(Q) = |Z |\r]_76°‘u\|72p(9)
J= =7
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and the inhomogeneous one reads

k
”qujffp(Q) = Z Z ||Tmax(*’7+|a\vp)aauuzlﬁlp(ﬂ)’ for any p € (—d/p, — + k),
7=0 |a|=j

for 1 < p < oo, with the usual modification when p = co. The spaces K2 (Q) and 7257 ()
can then by defined starting from their norms; the analytic class K57 () is given by

K5P(Q) = {v € ﬂ ICf“/’p(Q) : 3C, A > 0 such that |U|K5,p(m

< CAFK, VK € N} ,
keN

and Jy(Q) is defined similarly.
We recall two regularity results from Chapter 4.

Lemma 26. If (5.2) holds, the operator L is an isomorphism between the spaces jf(Q) —
TE3(Q) for all k > 2 and

L1 +e) ifd=2
v€la= {(1/2,3/2)U(3/2+5) ifd =3,

Lemma 27. If (5.2) holds, then u € J7(Q), for v € 1.

We write (-, -) for the scalar product in L*(Q) and | - || for the L?*(Q2) norm. Finally,
we denote by af(-, -) be the bilinear form associated to L, i.e.

a(u,v) = (Vu, Vo) + (Vu,v).

We now introduce the discontinuous Galerkin interior penalty method.

5.1.1 Interior penalty method

Let 7 be a mesh isotropically and geometrically graded around the points in €. We
assume that the mesh is shape- and contact-regular and we indicate by Q;, j =1,...,%,
the set of elements and edges at the same level of refinement.We introduce on this mesh
the hp space with refinement ratio o and linear polynomial slope s, i.e., for an element
K € T such that K € Q;,

hi =~ hj = o’ and px ~ p; = po + s(£ — j),

where h is the diameter of the element K and p is the polynomial order whose role will
be specified in (5.3). We suppose that for any K € 7T there exists an affine transformation
® : K — K to the d-dimensional cube K such that ®(K) = K, and introduce the discrete
space

Xy = {vs € L2(Q) : (v, 0071) € Qe (K)VK € T}, (5.3)
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where Q, is the space of polynomials of maximal degree p in any variable. Let then £ be
the set of the edges (for d = 2) or faces (d = 3) of the elements in 7 and

h, = min h
© KeT:eNOK#2 K
= max .
Pe KeT:eNOK#2 PK

On an edge/face between two elements K; and K, i.e., on e C 0K N 0K, the average
{-} and jump [-] operators for a function w € X (9) are defined by

1
{{w} - 5 (w\}(ﬁ + w|Kb> ’ [[wﬂ - w‘Kﬁ ny + w\Kb n,,

where ny (resp. ny) is the outward normal to the element K} (resp. K,). In the following,
for an S C 2, we denote by (-, -)s the L?(S) scalar product and by || - ||s the L?(S) norm.

Given ¥ € {—1,0,1}, we indicate by as(-,-) : X5 x X5 — R the interior penalty
bilinear form, given by

as(us,vs) = (Vug, Vus)r — ({Vus}, [vs])e, — 0({Vvs}, [us])e
2
+ Zaepe ([['LL(;]], [[Uts]])e + /Q VU51)5.

h
ecE e

(5.4)

Here, &7 is the set of internal edges such that for all e € £, e N 002 = &, and we have

written
() = Z("')K (-, )e :Z(.,.)e'

KeT eel

The discrete eigenvalue problem then reads: find (A5, u5) € C x X5
a(;(u(;, 1)5) = )\5(u(5, U(s) for all vs € X5. (5.5)

Choosing ¥ = 1 in (5.4) gives the symmetric interior penalty (SIP) method, while ¢ = —1
gives the non-symmetric interior penalty (NIP) method, and ¥ = 0 gives the incomplete
interior penalty method (IIP). We remark that the choice ¥/ = 1 is the only one that
preserves the symmetry of the bilinear form; the SIP method is adjoint consistent.

We write X = H'(Q2), X (§) = X + X; and introduce the mesh dependent norms

lWlite = D IvlFn + Y pe’he HIIvll72(
KeT eef

and

2 —
vllbe = lvlibe + Y hepe *IIVlI72()-
ec&
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Note that ||-|pq is defined on X (§), while ||-||p is defined only on the broken space
X (&) nHY*(T) = {v € X(6):ve HY*(K) forall K € T} ;

due to the presence of the boundary gradient term. We introduce the continuous solution
operator
T:L%(Q) - X (5.6)

such that
a(Tu,v) = (u,v),forallv € X

and its discrete counterpart, given by
Ts: L*(Q) — X (5.7)

such that
as(Tsu,v) = (u,v), for all vs € Xj.

The analysis of the relation between the spectra associated to the operator L in (5.1) and
to the discrete bilinear form as can be transformed into the analysis of the spectra of T’
and Tj. In the following, the spectrum of T" will be denoted by ¢(T") and its resolvent set
by p(T'). Similarly, o(T5s) and p(Ts) will be respectively the spectrum and resolvent set of
Ts. Let then

R(T) = (2= T)""

be the resolvent operator associated with 7', and
R.(T5) = (2 — T(;)*l

be the resolvent operator associated with 7, both defined for = € C. Finally, we introduce
a measure of the gap between subspaces of X (0): let Y and Z be close subspaces of X (9);
then for an z € X we define

§(z,Y) = inf ||z — y||pa, WY, Z) = sup  0(y,2)
ye¥ yeY:llyllpa=1 (5.8)

5(Y, Z) = max(6(Y, Z),8(Z,Y)).

5.2 Non pollution and completeness of the discrete spectrum
and eigenspaces

5.2.1 Non pollution of the spectrum

In this section we detail the technique used in [ABP06] to prove the non-pollution of the
discrete spectrum. Note that, thus far, R,(75) has only been defined formally. We will
now show its existence and continuity, together with the existence and continuity of its
inverse. This will imply the non pollution of the discrete spectrum and guarantee that,
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for a sufficient number of degrees of freedom, the discrete spectrum lies in the vicinity
of the continuous one.
We start by introducing a lemma, whose proof we postpone to the end of the section.

Lemma 28. Let z € p(T) such that z # 0 and u € X (). Then,
I(z = T)ullpe = Cllullpa

where C depends on L, on Q, and on |z|.

By the triangle inequality, then,
Iz = Tyl = Iz - Thulpe — (T - Ty)uln. (59)

Now, the second term at the right hand side is the classical error of the method; by the
coercivity and continuity of the discrete bilinear form, Lemma 26 and the approximation
properties of the hp space, we have that

H(T — Té)uHDG —0as N — o0

where N is the dimension of X;. Using Lemma 28 and the above estimate in (5.9), we
obtain that, for a sufficient number of degrees of freedom,

I(z = T5)ullpa > Cllullpa (5.10)

for 0 # z € p(T). For a fixed z and for a sufficient number of degrees of freedom
(depending on z), thus, z — Tj is invertible and R, (7T5) is well defined. Furthermore,
Lemma 28 implies that R.(T") is well defined and bounded as an operator on the spaces
X (0) — X (8). We have therefore shown that R, (T5) is bounded as a linear operator from
X (9) to X (), and that the spectrum is not polluted; in the following we summarize this
results. Denoting by || - || z(v,w) the classical operator norm

HFH£(V,W) = sup | Follw,
veV:|lv|ly=1

from (5.10) we conclude that

Lemma 29. Let A C p(T) be a closed set. Then, for all z € A, there exists a constant C' such
that

| R=(T5) | c(x 8),x (8 < C-

The non-pollution of the spectrum follows directly, taking the complementary of the
set A above.

Theorem 4. Let B D o(T') be an open set. Then, for a sufficient number of degrees of freedom,
o (T5> C B.

We conclude the section with the proof of Lemma 28.



5.2. Non pollution and completeness of the discrete spectrum and eigenspaces 85

Proof of Lemma 28. Consider u € X (§) and 0 # z € p(T'). Then, by the triangle inequality,
2lllullpa < l[2Tu[pe + [[(z = T)ullpc- (5.11)

Let now v = zT'u. Then, by the definition of T', zu = Lv and

1
Lv—-v=(2—T)u
z

with the associated boundary conditions. Since z € p(T'), the operator L—1/z is invertible,
and
IzTullpe = [[vllx < Cll(z = T)ullL2(q)-

The constant C clearly depends on z, on the operator L, and on . Inserting the above
inequality into (5.11) one obtains the thesis. O

5.2.2 Eigenspaces and completeness of the spectrum

Consider a smooth curve I' C p(7"). We introduce the spectral projectors

1 1

Clearly, both projectors depend on I', we omit that in our notation as is customary:
suppose that I is fixed and that it encloses a single eigenvalue of T". The discrete projector
Es is, once again, well defined provided that the space X contains a sufficient number of
degrees of freedom. Suppose that I' contains an eigenvalue of T’; then, E is the projector
on the eigenspace associated to the eigenvalue. The same holds for the discrete version.

We now wish to prove the convergence of the discrete projector to the continuous
one, in the operator norm. We start by noting that

=D = (=T = ~T5) (T -T5)(z = T)",
therefore,
[R(T) — Ro(Ts)|| 20y, x6)) = 1 R(To)(T = T5) Ro(T) || £22(02),x(5))

< R(T5) | £(x 5),x (5))
X (T = Ts)l o2, x (o) 1 B (T) | £(22(0), 2 (02)-

Due to the boundedness of the continuous — see also [ABP06] — and discrete — see Lemma
29 —resolvent operators, we conclude that

I1E = Esllciz2@),x6)) < CIT = Ts)ll £(z2@),x(5))- (5.13)

Lemma 30. Given the definitions of E and Ej in (5.12), if X5 has a sufficient number of degrees
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of freedom, there holds
|E = Esllzcz2(0),x5)) = 0-

Consider now the definitions given in (5.8). The convergence of the projectors allows
for the proof of the convergence to zero of some “distances” between eigenspaces. The
first almost direct result is in the following lemma.

Lemma 31. Let 0(-, -) be defined as in (5.8). Then,
d(Es(Xs), E(X)) —0

Proof. For any x5 € Es(Xs), Es(x5) = x5. We remark that, due to the regularity result
given in Lemma 13, E(L?(2)) = E(X). Thus, for any x5 € E5(X;) such that ||z;5]|pg = 1,

inf ||zs —z|lpc = inf ||zs — z|pc
2€E(X) zeEB(L2())
= inf |[Eszs—F
yeL2(Q)H x5 — Eyllpa
<||Es — Ellzz2(0),x(5)-
Taking the supremum over all 5 € E5(X;) one obtains the thesis. O

This is a proof of the non pollution of the eigenspaces: we have indeed shown that
all numerical eigenfunction converges to an exact one. We continue by showing the
completeness of the eigenspaces. This involves proving that all exact eigenfunction is
approximated by a numerical one.

Lemma 32. Forany xz € E(X),
6(x, E5(Xs5)) — 0

Proof. Letx € E(X) and 25 € X;. Then,
|Ess — zllpa < 1Bl z(x(5),x ) IITs — zllpg + 1B — Esll 2x5),x8)) |75 |Ipc-

Taking ;5 as the projection of = in X5 and thanks to the convergence of E; towards E,
we obtain the thesis. O

We now restrict our focus to finite dimensional eigenspaces. Let then n = dim(E(X))
and ns = dim(Es(X5)): if n = oo, then ns — oo; we consider the case where n is finite.
If n is finite, the above lemma implies that

§(E(X), Es(Xs)) — 0.
We now analyse the action of the resolvent of the continuous operator on the eigenspace.

Lemma 33. Let 0 # z € p(T) and x € E(X). Then, for s € Nand v € I,

I(z = T) " 2l 7o) S el ()
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Proof. Letv = R,(T)x. Then,
1
Lv——-v=Lax.
2
Since z is not in the spectrum of T', 1/z does not belong to the spectrum of L and the
operator L — 1/z is invertible. Furthermore, x € E(X) implies = € N (Q), for v € 1, see

Corollary 17. Hence, for all v € I; and any s € N, there exists a constant C' depending
on |z| such that

[vll 7s@) < Cllz|l 750

Consider then an = € F(X): we have
inf ||Eszs — <||E inf — F—-FE 14
xalg)QH 575 — z|lpa < Bl cix5),x(5)) Inf llzs — x[lpg + [I( 5)z|lpe  (5.14)

Due to the approximation properties of X; there exist C,b > 0 such that

. o N1/(d41)
inf ||z —25llpg < Ce™™ 7, (5.15)
r5€Xs

with N = dim(X5s). In addition,

sup [[(R.(T) — R:(T5)) z[lpg = sup [|[(R:(T5)(T — T5)R=(T)) zllpg
2eE(X) vEE(X)
[|]|=1
< CIRA(T5) £(x(8),x (5))

X sup (T = T5)zllpg 1R (D)l £22(0),L2(02))

where Y is the space

Y =4qveJ7(Q): VseN, 3C > 0such that HUHJ;{@(Q) < C sup ||x|]j$(g)

z€E(X)
[lz||=1
We obtain
sup [[(E — Es)z|lpg < Csup (T = Ts)z||pe (5.16)
T€E(X) zeY
[|l[[=1

Thanks to Lemma 33, the right hand side of the above equation is the error of the
numerical method for a problem with source term belonging to 7.7 ((2): by Lemma 13
and the approximation properties of the hp space, there exist C, b > 0 such that

_ /( )
sup [|[(E — Es)z||pg < Ce bNH/LEHL) (5.17)
EE(X)
llzll=1
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Combining (5.14), (5.15) and (5.17), we have then the explicit rate
S(E(X), Es(X5)) < Ce ?NVY.
We summarize this in the following statement.

Theorem 5. If dim(E(X)) < oo and for a sufficient number of degrees of freedom, there exist
C,b > 0 such that

S(E(X), Es(Xs)) < Ce PNV,

5.3 Convergence of the eigenfunctions and eigenvalues

In this section we consider the convergence of the numerical eigenfunctions and eigen-
values obtained through the hp approximation. As far as the eigenspaces are concerned,
Lemma 31 proves that they are not polluted and Lemma 32 proves that they are complete.
As a direct consequence of Theorem 5, furthermore, we have that for any u € E(X) with
dim(E (X)) < oo there exists us € Es(X;) such that

llu — ug||pg < Ce PN,

We now consider the convergence of the eigenvalues; we will do so in the case of a
symmetric numerical scheme.

5.3.1 Convergence of the eigenvalues

We are mainly interested in the analysis of the convergence of the eigenvalues for the
symmetric interior penalty method, obtained by choosing ¥ = 1 in (5.4). The first part of
the section will, nonetheless, hold for non-symmetric methods, but we will signal when
the hypothesis of symmetry of the numerical method will become necessary. The final
result obtained for the SIP method will be stronger that what can be obtained in the case
of non-symmetric methods, since they lack the property of adjoint consistency.

We start by considering the operator A; = Ej), .« E(X) — E5(X;). For a sufficient
number of degrees of freedom, the operator is invertible. For any u € E(X),

lullpe < |(E — Es)ullp + ||Esullpc

and the convergence of E' — Es in the operator norm implies that for a sufficient number
of degrees of freedom, As~! is bounded. Let us then introduce the operators

~

T=T,, and Ts5=A;""TsAs, (5.18)

both defined on the spaces E(X) — E(X). We consider the case where I" contains a single
eigenvalue . of T', with multiplicity n and where p5;, 7 = 1, ..., n are the eigenvalues of
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Ts. There exists, then, an z € E(X) such that
T\gﬂi = [§jT.

Let now 7" and Ty be the adjoint operators to T and Ty, and let E’ and Ej’ be the
associated spectral projectors. Furthermore, consider a y € E’(X) such that (z,y) = 1:
since for all z € E(X), (T — p)x = 0 (since all eigenvalues have ascent one), we have

~

p— pg; = ((p — Ts)x,y)

~

= (T = T5)z,y)
(T — As™'Ts5Es)z, y)

Note now that Ag_lE(;‘ By = I and that T5 and E5 commute on E(X), thus

1 — psj = {(As ' Es)(T — Ts), y)
= ((T = Ty)z,y) + (As ' Es — I)(T — Ty)z, y).

We remark that ker((As ' Es — I) = ker(Es)*, hence

\E(X))
—1 . : L
A5 E(s—I.E(X)—>1m(E5) .

Using also the fact that E'y = y, the second term at the right hand side above can be
written as

(AT Es — I)(T = Ty)z,y) = ((As 'Es — I)(T — Ty)z, (E' — Es')y).

As already shown A; ! is bounded for a sufficient number of degrees of freedom, and
so is Ej; thus,

[(As™ s — I)(T — Ts)z, y)| < CIT — Tsll v xopIT" = T6 | 57 x oy Il 1]

where Y = {v € J7(Q) : |[vl7:0) S sUPrem(x) |zl 75} and we have used (5.13)
for the adjoint spectral projectors. Let us now choose ||z| = ||y|| = 1, and introduce
two bases {y; }; and {¢}; for E(X) and E'(X) respectively. Since the spaces are finite
dimensional, i.e., n = dim(E(X)) = dim(E’'(X)) < oo, there exists a constant C' > 0 such
that

(T =T5)z,y) < ” Hilﬁp”:l (T — Ts) z, y)|

<CY (T -T5) pi, &)

,5=1

)



90 CHAPTER 5. Analysis of the hp dG method for elliptic linear eigenproblems

where C depends on n. We conclude that

I — psjl < C (Z (T = Ts)pi, &) + IT = Tsll cov,x sy 1T — Talg(ff,x(g))) , (5.19)
ij=1

Remark 8. The above estimate (5.19) holds since we have considered a case where all eigenvalues
have ascent one. If this were not the case, one would find that

1 n n
= Y mjl<C (Z (T = T5)i, 05) + 1T = Toll v, x o 17" — Té'c(ff,x(g))) ;
=1 ij=1

and

n

1/«
1 n
1 — - > ugl<C (Z (T = Ts)pi, &) + IT = Tsll oy, x sy I T — Té'l;(f/,X((;))) ,
j=1

2,j=1

o being the ascent of the eigenvalue 1, see [DNR78b; CLI91].

5.3.2 Convergence of the eigenvalues for the SIP method

We now restrict ourselves to the symmetric interior penalty method and consider the
fact that our operator is self-adjoint: then, 77 = T, Ts" = Ts, and (5.19) reads

= psjl < C (Z (T —T5)i, ) + |IT — Ta%<y,x<5>)) : (5.20)

ij=1

At this stage, the goal is in bounding the first term at the right hand side of the inequality
by something quadratic in nature, to show that it converges as fast as the second term.
This is where the adjoint consistency of the SIP method is crucial. Let y € E(X) with
llyll = 1 and let ) € X be the solution to the adjoint problem

Ly =yin ()

(5.21)
B = 0 on 09.

Now, recall that thanks to Lemma 27 we have that, for all z € F(X), z € J7(12), for any
~v € I;and k € N. We can then fix an A > 0 such that for all z € E(X), with ||z|| = 1 and
forall vy € Iy,

2]l 75 () < CA™KL.
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Without loss of generality, we take A > C'. Lemma 26 applied to problem (5.21) implies
therefore that, forall k € N, v € I,

1]l 75 () < CAMRL.
This implies that

b Y = vallpe < € max inf lu—vsllng (5.22)

flull=1

Consider then z € E(X), with ||z|| = 1:

(T = T5)z,y) = (T = Tp)z, L)
= a5((T - Tg)l',l/))
= as((T — Ts)z, b — v5)

Finally, by the continuity of the bilinear form, the quasi optimality of the discontinuous
Galerkin method, and using (5.22), we conclude that

(T = Ts)z,y)| < CI(T = T5)zllpg v — vsllpg

<C sup inf flu—vsBg-
ueB(X) vs€Xs
[[ull=1

Since clearly
9 . 2
1T =Tl 2 v x5y < Cugﬁ)}({) v;g)f% llw = vsllipe »
lufl=1
from (5.20) we conclude that
max | — ;] < C max  inf [lu— vs|lpe -

.]_17"'7 UEE(X) U56X5
l[ull=1

Since for every eigenvalue ;. of T, 1/u is an eigenvalue of (5.1), we have proven the
following theorem.

Theorem 6. Let \ be an eigenvalue of problem (5.1) with associated eigenspace U = span(ui, . . ., up),
with ||u;|| = 1fori=1,...,nand n < co. Then, there exist n eigenvalue-eigenfunction pairs
{(Xsj,usj)}; of the finite dimensional problem (5.5) such that forall j =1,...,n

. o < inf _
minl|u —us;/pa Ssup inf v = vsllpe

A= Xsjl Ssup inf [Jlu — vs|lpg -
wel Vs€Xs
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Furthermore, if the numerical solutions are obtained with the SIP method,
A= Xg;| Ssup inf [Ju— vs|pe -
uel Vs€Xs

Finally, there are no spurious numerical eigenvalues or eigenvectors.

Given the approximation properties of the hp method and considering that all eigen-
functions of (5.1) belong to the space J;7(f2) for a v > d/2, we can also provide the
following corollary.

Corollary 34. Let A\, u, U, \s;, and us; be defined as in Theorem 6 and let N = dim(X;). Then,
there exist C,b > O such that , forall j =1,...,n

. . ) <C —pN1/(d+1)
minfju — ugjllpe < Ce
A= Agj| < Ce PNV
] —
Furthermore, if the numerical solutions are obtained with the SIP method,

A= Ag;| < CemBNVEY,



Chapter

Numerical results for the linear
eigenvalue problem

In this section, we perform some numerical experiments on the linear eigenvalue problem
of finding (A, u) € R x H'(€2) such that |Ju|;2(q) = 1 and

(A +V)u=Auin 6.1)
u = 0 on 0f.

The domain {2 is the d-dimensional cube with unitary edge (—1/2,1/2)%, and V is a
potential with a singularity at the origin that will be specified in the different cases. Since
no exact solution is available, every numerical solution is compared with the solution
obtained at a higher degree of refinement than those presented.

In all cases, the mesh is isotropically and geometrically refined around the origin,
with a geometric refinement ratio o = 1/2. All elements are axiparallel d-dimensional

cubes. This means that, introducing the refinement layers €2;, j = 1, ..., ¢, such that for
all K € Qj,

a:ng ||$”g a J ) )
we have

|K| = hd = gt

Furthermore, the elements in €2, have a vertex on the singularity. The polynomial slope
s, defined as the parameter such that for all v; € X, on an element K € ;

Us| e € @pj(K)7

with
pj =po+ [s(€—J)]

is instead variable between experiments, and it is one of the main parameters whose role

93
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in the approximation we investigate. The base polynomial degree is fixed at pg = 1.

All the simulations are obtained with C++ code based on the library deal .II [Arn+17].
Furthermore, we use PETSc [Bal+17] for the solution of algebraic linear systems, and
SLEPc [HRVO05] for the solution of the algebraic eigenvalue problem. The actual methods
used will vary between the two and the three dimensional cases, and will be specified in
the respective sections. The boundary conditions are imposed weakly, as is customary
in the framework of discontinuous Galerkin methods, so no spurious eigenvalue is
introduced, as shown in Chapter 5 holds.

The results we will shown in the following concern the estimation of the DG, L*(Q)
and L*°(€2) norms of the error, and of the difference between the computed and the
“exact” eigenvalue. Furthermore, we will try to estimate the constants bx such that

lu — us||x < Cx exp(—bx NY/(@+1)),
for X = DG, L?(2), L>=(£2), and
A= Xs] < Chexp(—byN/(*HY),

Here, us € Xs (resp. A\s € R) is the numerical eigenfunction (resp. eigenvalue) computed
with dim(Xs) = N and u (resp. \) is the exact one.

We start by illustrating the results obtained in the framework of a two dimensional
approximation.

6.1 Two dimensional case

We solve problem (6.1) with d = 2 on a mesh built as shown in Figure 6.1. An example of a
numerically computed eigenfunction is shown in Figure 6.2a. We can see the combination
of the effect of the laplacian with homogeneous Dirichlet boundary conditions and of
the potential. The cusp introduced by the potential is partially hidden by the rest of the
solution; in Figure 6.2b, where a close up of the solution over a line is represented, we
can see it more clearly.

We consider three different potentials, given by V(z) = r=*, with a € {1/2,1,3/2}.
Clearly, the bigger the exponent «, the lower the regularity of the exact solution. In
particular, from the point of view of classical Sobolev spaces, denoting u,, as the solution
of

(—A 4+ 7" Y ug = Mg in Q2
uq = 0 on 012,
we have u, € H3727¢(Q), for any ¢ > 0. In particular, the problem with o = 3/2 roughly

corresponds to a two dimensional elliptic problem in a domain with a crack, see [CD02].
When considering weighted Sobolev spaces, we have

Uo € TZ o_e(V), 6.2)
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Figure 6.1 — Example of a two dimensional mesh, with £ =5

Table 6.1 — Estimated coefficients. Potential: /2

5 bL2 bDG bLoo b,\

0.125 0.73 0.78 0.78 1.34
025 09 089 0.86 1.12
0.5 1.07 1 1 1.19

again for any £ > 0.

From the algebraic point of view, the eigenpairs are computed using a Krylov-Schur
method [Ste02]. Furthermore, a shift and invert spectral transformation is used to pre-
condition and speed up computations. Due to the relatively small size of the problems
we consider here, the linear system introduced by the shift and invert spectral trans-
formation is solved via an LU decomposition. When considering the problem set in
three dimensions, we will see how to deal with problems with more degrees of freedom,
where memory availability becomes a concern.

We conclude by remarking that the estimate on the eigenvalue we give here have the
form

A= As] (6.3)
while in Chapter 5 the estimates we obtained are scaled as

A — As|
s

(6.4)

This does not change anything from the point of view of the analysis; note nonetheless
that (6.4) is between two and three orders of magnitude smaller than (6.3).
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u
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Figure 6.2 — Numerical solution to (6.1) with V(z) = r~!. Figure a: representation verti-
cally not to scale; the separation between some elements is an artifact of the visualization
on grids with hanging nodes. Figure b: close up around the singularity of the function

u(+,0), i.e., of u on the line {y = 0}.

Table 6.2 — Estimated coefficients. Potential: 1

5 b2 bpa bre ba
0.125 0.76 0.75 0.71 1.37
0.25 0.87 0.85 0.84 1.12
0.5 0.72 0.72 0.63 0.64

Table 6.3 — Estimated coefficients. Potential: 7~3/2

s bL2 bDG bLoo b/\
0.062 0.49 0.48 0.47 0.85
0.125 0.61 0.59 0.64 1.09

0.25 0.6 0.53 0.42 0.48
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Figure 6.3 — Errors for the numerical solution with potential V' (z) = r1/2, Polynomial
slope: s = 1/8 in Figure a; s = 1/4 in Figure b and s = 1/2 in Figure c.
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Figure 6.4 — Errors for the numerical solution with potential V' (z) = r~!. Polynomial
slope: s = 1/8 in Figure a; s = 1/4 in Figure b and s = 1/2 in Figure c.
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Figure 6.5 — Errors for the numerical solution with potential V' (z) = r3/2, Polynomial
slope: s = 1/16 in Figure a; s = 1/8 in Figure b and s = 1/4 in Figure c.
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Table 6.4 — Estimated coefficients. Potential: r—1, high degree quadrature formula

S bLz bDG bLoo b)\
0.25 0.89 0.81 085 1.5

6.1.1 Analysis of the results

The results on the error for the potential V() = 7!/ are shown in Figure 6.3, and the

estimated coefficients are given in Table 6.1. Similarly, when the potential is given by
V(z) = r~! the error curves are in Figure 6.4, with coefficients by in Table 6.2, and the
case V(x) = r—3/2 is reported in Figure 6.5 and Table 6.3.

We can clearly see that in many cases the error reaches at some point a plateau; we
estimate the coefficients bx by linear regression on the points before the plateau. This
will be done for all subsequent potentials. Furthermore, as expected, the less regular the
potential, the slowest the convergence of the numerical solution.

Two phenomena are less expected from the point of view of the theory. The first one
is the emergence of a plateau at relatively high values compared to the machine epsilon.
Through the choice of different algebraic scheme, we can see that we get a lower plateau:
this is an indication that the dominating error at the points where it is not converging
to zero is the algebraic one. The fact that matrices arising from the hp method are ill
conditioned explains the size of the algebraic error. In practical applications, the fact that
a relative error of approximately 10~!2 can be reached should be sufficient.

The second “unexpected phenomenon” is evident when looking at Figures 6.3c, 6.4b,
6.5b, and 6.5c. We remark that, after an initial part where the eigenvalue converges faster
than the other norms of the error, its rate of convergence then stabilizes to the same rate
of the other norms. This can be shown [CCM10] to be dependent on the quadrature
formula employed. When using a higher degree quadrature formula, the highest rate for
the eigenvalue error is recovered, see Figure 6.6 and Table 6.4, obtained with a higher
quadrature formula and compare them with Figure 6.4b and Table 6.2. As a side effect
of a higher quadrature order, the plateau is raised.

In practice, one has to quite carefully balance computational cost, conditioning of
the matrix, and speed of convergence. The usefulness of this numerical experiments lies
therefore not only in the fact that we verify our theoretical results and we see the impact
of components of the error we did not account for in the theoretical analysis, but also in
the fact that we see, practically, how the parameters affect the simulation for different
exact solutions. Since by asymptotic analysis we can see, locally and a priori, how the
solution of a problem behaves, this gives an indication on how to construct and locally a
priori optimize the hp spaces.
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Figure 6.6 — Errors of the numerical solution for V (z) = r~! and a high degree quadrature
formula. Polynomial slope s = 0.25.

6.1.2 Detailed tables of the errors

In this section, we show the exact values for the plots shown above. This makes more
explicit the number of degrees of freedom used, which is someway hidden in the previous
exposition.

Writing V(z) = r~%, we have the results for o = 1/2 in Tables 6.5 to 6.7, those for
a = 11in Tables 6.8 to 6.10 and those for a = 3/2 in Tables 6.11 to 6.13.

The values of the degrees of freedom for the steps of the approximation differ depend-
ing on the slope s; this is due to the fact that every reported approximation is a multiple
of 1/s refinements away from the previous one. The reason for this is that using those
points makes it easier to have smooth error curves, and the estimation of the coefficients
bx is therefore easier.

Table 6.5 — Errors. Potential: r~%3, polynomial slope s = 0.125, po = 1

Ndof |lu —usllr2@) v —usllpc [lu—usllp=@ A= As

16  0.13 2.06 0.79 3.38
400 2471072 4.69 0.1 0.44
1,374  2.94-1073 0.5 6.53-1073 6.09-103
3,242 1.12:107¢ 1.42-1072 3.19-1074 2.1-107°
6,306  7.3-1076 1.13-1073 1.72:107° 1.22:1077
10,857 2.35-1077 4.11-107° 9.92-1077 8.77-10~ 11

17,179 3.52.1078 5.45-1076 1.22-1077 3.62:10~12
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Table 6.6 — Errors. Potential: 7~%-5, polynomial slope s = 0.25, pg = 1

Ndof  [lu —usllz2@) v —usllpa llu—1usllpe@) A= Asl
16 0.13 2.06 0.79 3.38
208  2.47-1072 7.18 0.1 0.44
690  2.94-1073 0.91 6.58-1073 6.26-1073
1,642 1.12-1074 2.24-1072 3.22.107* 2.04-107°
3,190 7.3-10°¢ 1.67-1073 1.77-107° 1.28-1077
5,493 2.37-1077 7.04-1075 9.65-10~7 8.01-10~ 1
8,686 3.57-107% 7.96-1076 1.41077 3.08-10710
12,928 6.43-107° 1.82:1076 3.54-1078 2.44.10~10
18,369 3-10710 1.29-1077 1.82:1077 2.4-10710
25,144 1.49.10710 3.77-1078 7.74-10710 5.42.10~1
33,402 2.43-10711 7.67-107° 3.36-10710 2.12-10710
43,299 3.89-10712 5.06:10710  2.45.10719 1.53-10719
Table 6.7 — Errors. Potential: r~%°, polynomial slope s = 0.5, py = 1
Ndof [lu—usllr2) llu—wusllpe [lu=usllze@  [A— A
16 0.13 2.06 0.79 3.38
112 2.35.1072 5.2 0.11 0.48
348  5.86:1073 3.21 3.72:1072 4.9-1072
802  1.57-107* 0.2 2.66-1073 1.77-1074
1,566 8.64-1076 1.06-1072 1.24.1074 3.69-1076
2,710 3.67-1077 5.51-107% 3.38-10°6 4.66-1077
4,305 3.95-1078 6.43-107°  6.65-1077 5.47-1078
6,415  7.2.107° 9.01-10-6 1.34-1077 7.11-107°
9,120 7.25-10710 1.23-.1076 2:1078 7.53-10710
12,502 1.53-10710 1.59-1077  2.79-107° 1.86-10719
16,619 2.85-10~! 2.41-1078 4.33.10710 1.14.10710
21,558 4.79-10712 3.39-107° 1.69-10710 1.56-1010
27,386 4.87-10712 5.7.10719  1.71.10710 2.24.10710
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Table 6.8 — Errors. Potential: 71, polynomial slope s = 0.125, pg =1

Ndof |lu —usllr2@) v —usllpc [lu—usllp=@ A= As
16  0.16 2.41 1 2.97
460  9.53-1073 4.37 3.95-1072 0.14
1,408 2.73-1074 0.17 1.2-1073 1.24.1074
3,052  3.04-107° 1.2.1072 1.15:107% 4.94.1076
5,584  3.45-1076 1.96-1073 2.43.107° 1.18:10°7
9,196 3.14.1077 1.88.1074 2.36-1076 7.67-10710
14,080 5.94.1078 2.44-107° 3.15-1077 2.05-10710
20,428 1.02:1078 5.96-1076 9.68-1078 5.3-10711
28,432 1.12:107° 5.37.10°7  7.07-107° 5.98.10~ 1

Table 6.9 — Errors. Potential: 7, polynomial slope s = 0.25, py = 1

Ndof |lu —usllz2@) llu—usllpc [lu—usllp=@ A= As

16 0.16 2.41 1 2.97

268  9.62:1073 4.9 4.05-1072 0.11

784  2.83-107* 0.27 2.19-1073 1.97-1073
1,660 3.07-107° 2.95-1072 1.75:1074 1.33-1074
2,992  3.46-1076 3.44.1073 2.42.107° 8.54.1076
4,876  3.14.1077 3.67-1074 2.42.1076 5.43-1077
7,408  5.94.1078 4.4.107° 3.28:1077 3.38.1078
10,684 1.03-1078 8.18-1076 1.08-1077 2:107°
14,800 1.16-107° 9.54-1077 8.97-1077 4.59-10~ 1
19,852 2.93.10~10 1.83-1077 2.31.107° 6.54-10~ 11
25,936 4.61.107 11 3.7-1078 5.7-10710 9.37.10~ 11
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Table 6.10 — Errors. Potential: 7!, polynomial slope s = 0.5, py = 1

Ndof  [lu —usllz2q) v —usllpc  |lu—usllre@) A= As
16  0.16 2.41 1 2.97
172 1.01-1072 3.09 9.33-1072 2.91-1072
472 9.07-1074 0.46 1.78.1072 3.25-1072
964  2.01-10~* 0.12 5.2.1073 8.22.1073
1,696 4.85-107° 3.04-1072 1.56:1073 2.07-1073
2,716 1.21-107° 7.27-1073 4.57-1074 5.2:104
4,072  3.03-1076 1.7-1073 1.31-107% 1.3-107%
5,812  7.56-1077 3.94.1074 3.7-107° 3.25-107°
7,984 1.89-1077 9:107° 1.03-107° 8.13-1076
10,636 4.72.1078 2.04-107° 2.83-1076 2.03-1076
13,816 1.18-1078 4.55-1076 7.71-1077 5.06-10~7
17,572 2.91-107° 1-1076 2.07-1077 1.25-1077
21,952 6.92.10710 2.18-10°7 5.35-107% 2.98-1078
27,004 1.39-10719 4.77.1078 1.19:1078 5.95-107°

Table 6.11 — Errors. Potential: r !, polynomial slope s = 0.0625, py = 1

Ndof  [lu —usllz2@) [lv—usllpc  |lu—usllre@) A= As

16  0.28 3.86 2.07 1.36

400  5.41-1072 10.9 0.17 1.26
1,374  7.06-1073 1.77 1.75-1072 3.55-1072
3,242 5.91-10~* 0.14 1.48-1073 3.91-10~*
6,306 7.47-107° 1.87-1072 2.61-107% 8.17-1076
10,857 4.15-1076 1.89-1073 2.02:107° 5.15-1077
17,194 7.79-1077 2.27-1074 2.65-1076 3.26-1078

Table 6.12 — Errors. Potential: 715, polynomial slope s = 0.125, pg =1

Ndof  [lu —usl[z2() llu —usllpe  [|u—usllpo@) (A= As

16 0.28 3.86 2.07 1.36

400  5.41-1072 10.9 0.17 1.26
1,374  7.06-1073 1.77 1.75-1072 3.55-1072
3,242 5.91.107* 0.14 1.48.1073 3.91-1074
6,306 7.47-107° 1.87-1072 2.61-1074 8.17-1076
10,857 4.15-1076 1.89-1073 2.02:107° 5.15-1077
17,194 7.79-1077 2.27.1074 2.65-1076 3.26-1078




6.2. Three dimensional case 105

Table 6.13 — Errors. Potential: 7~!-5, polynomial slope s = 0.25, pg = 1

Ndof = [u—wusllz2@) llu—usllpe llu—usllzeo@) A= Aol

16 0.28 3.86 2.07 1.36

208 5.8-1072 15.1 0.35 0.99

690  7.38-1073 4.83 9.58.10~2 3.41-1073
1,642 6.84-107% 0.89 2.95-1072 9.99-1073
3,190 1.05-107* 0.18 9.11-1073 2.54.1073
5,493 1.81-107° 3.74-1072 2.72-1073 6.25-10~4
8,686  4.4.1076 7.8:1073 7.96-104 1.54-1074
12,928 1.08-1076 1.61-1073 2.27-107% 3.79-107°
18,369 2.64-1077 3.19-1074 6.35-107° 9.35.1076
25,144 6.48.1078 6.36-107° 1.74-107° 2.3-1076
33,437 1.39-1078 1.05-107° 4.11-1076 4.91-1077
43,354 2.75-107° 1.97-10° 8.82:1077 9.76-10~8

6.2 Three dimensional case

In the three dimensional case, we replicate the setting introduced in Section 6.1. In this
case, ) = (—1/2,1/2)3. Note that the regularity of the solution of

(—A 417" Yug = Mg in Q2
U = 0 on 012,

scales differently with respect to «, if compared to the two dimensional case. Specifically,

we have
ug € H'?707¢(Q)

and
Uq € j7727a7£(9),

for any £ > 0.

The mesh is built in a tensor product way as in Section 6.1, with refinement ratio
o = 1/2. A representation of a mesh is given in Figure 6.7. The numerical solution for
V(z) = r~! is shown in Figure 6.8.

From the algebraic point of view, the assembled matrices are bigger in size and less
sparse, thus a direct LU method is less feasible than in the previous case (up to completely
unfeasible for the simulations with a high number of degrees of freedom). Hence, we
turn to iterative methods, and try to employ an algebraic eigenvalue method that is not
too sensible to the error introduced by the linear solver. Therefore, the search for the
eigenvalues is done with a Jacobi-Davidson method [SV96]. Internally, we employ a
biconjugate gradient stabilized method (BiCGS, [Vor92; SVF94]) as a linear solver, with
simple Jacobi preconditioner. The tolerance for the linear solver is set at 10, while the
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degree

Figure 6.7 — Example mesh for the three dimensional approximation

26
£1.9481
12987
0649
E»8.9e—08

Figure 6.8 — Numerical solution in the three dimensional case: solution in the cube, left,
and close up near the origin of the restriction to the line {y = z = 0}, right
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Figure 6.9 — Errors of the numerical solution for V() = r~!/2. Polynomial slope 5 = 1/8,
left and s = 1/4, right.
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Figure 6.10 - Errors of the numerical solution for V (z) = . Polynomial slope s = 1/8,
left and s = 1/4, right.

tolerance of the Jacobi-Davidson method is set at 1078,

6.2.1 Analysis of the results

Results for V' (z) = r~'/2 are given in Figure 6.9 and Table 6.14, while the case V () =

is analyzed in Figure 6.10 and Table 6.15 and the errors and estimates when V' (z) = r~3/2
are shown in Figure 6.11 and Table 6.16. The three dimensional approximation has far
more degrees of freedom than the two dimensional one for a given level of refinement /,
thus the results we show have lower levels of refinement than the two dimensional ones.
This is partially balanced by the fact that the solutions are more regular, but the errors
are still obviously higher than those of the two dimensional case, at the same number of
degrees of freedom, compare the tables in Sections 6.1.2 and 6.2.2.

In the three dimensional case, we do not see a great effect neither of the algebraic
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Figure 6.11 — Errors of the numerical solution for V' (x)
left and s = 1/4, right.

Table 6.14 — Estimated coefficients.

= r~3/2, Polynomial slope s = 1/8,

Potential: r—1/2

5 bLoo

bLQ bDG

by

0.125 0.78 0.78 0.86
0.25 097 0.99 0.89

1.46
1.72

Table 6.15 — Estimated coefficients

. Potential: !

5 bLoo

bLZ bDG

b

0.125 0.72 0.73 0.77
0.25 0.89 0.88 0.71

1.32
1.61

Table 6.16 — Estimated coefficients.

Potential: r—3/2

S bL2 bDG bLoo

b

0.125 0.64 0.65 0.69
0.25 0.77 0.75 0.55

1.13
1.35
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error nor of the quadrature formulas. The coefficients b, listed in Tables 6.14 to 6.16 are
almost double the respective coefficients bpg; thus, if the effect of the quadrature error
is present, it is nonetheless negligible compared to other sources of error for the quite
comprehensive potentials and polynomial slopes considered in this experiments.

6.2.2 Detailed error tables

As we have done before in Section 6.1.2, we list here explicitly, in Tables 6.17 to 6.22,
the values plotted in Figures 6.9 to 6.11 and from which we obtained the estimate in
Tables 6.14 to 6.16. As already mentioned, this allows for a direct comparison with the bi-
dimensional case. Furthermore, we can appreciate the difference in order of magnitude
between the different approximations: for the highest number of degrees of freedom,
the eigenvalue error is between 4 and 5 orders of magnitude smaller the DG norm of the
error.

Table 6.17 — Errors. Potential: -, polynomial slope s = 0.125, py = 1

Ndof  [Ju—usllp2@) llu—usllpe  llu—usllre@ 1A — Al
64 0.16 2.53 1.79 5.14
3,648  3.08107°2 9.19 0.27 0.82
17,359  3.4.1073 1.42 1.19-1072 6.51-1073
51,419  1.44.107% 3.53-1072 6.31-10~% 3.48-107°
1.2-10° 7.41-1076 2.64-1073 2.31-107° 1.13-1077

Table 6.18 — Errors. Potential: 7=, polynomial slope s = 0.25, pg = 1

Ndof  [lu—wusllz2) [lu—usllpe [lu—usllpe@) A= Asl
64 0.16 2.53 1.79 5.14
1,856  3.08-1072 10.5 0.27 0.82
8,892 3.4.1073 1.71 1.19-1072 6.53-1073
26,340  1.45-10~* 4.08-1072 6.58-1074 3.48-107°
61,585  7.41-1076 3.02:.1073 2.47.107° 1.15-1077

1.24-10° 2.48-1077 7.07-107° 8.38.106 8.17-10710
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Table 6.19 — Errors. Potential: 71, polynomial slope s = 0.125, pg =1

Ndof  [Ju—usllr2() llu—uslpe  llu—usllre@ A= Aol
64 0.17 2.67 1.95 5.45
3,648 3.31-1072 9.99 0.29 0.87
17,359  3.71-1073 1.53 1.15-1072 7.94.1073
51,419 1.91-10~* 5.44-1072 6.98-1074 6.1-107°
1.2-10° 1.49-107° 4.83-1073 7.09-107° 5.36-10~7

Table 6.20 — Errors. Potential: 7!, polynomial slope s = 0.25, py = 1

Ndof  [lu—wusllz2() [lu—usllpe llu—usllpe@) A= A5
64 0.17 2.67 1.95 5.45
1,856  3.31-1072 11.3 0.29 0.87
8,892  3.71.1073 1.82 1.16-1072 7.94.1073
26,340  1.91-10~* 6.78-1072 7.46-1074 6.08-107°
61,585 1.5-107° 5.69-103 8.19-107° 5.55-1077
1.24-10° 6.79-1077 2.91-1074 6.87-107° 2.38.107°

Table 6.21 — Errors. Potential: »—1, polynomial slope s = 0.125, pg =1

Ndof  [lu—wusllz2() llu —usllpe  [u—usllpeo@) (A= Asl
64 0.21 3.14 2.79 6.13
3,648  4.05-1072 14.4 0.33 1.06
17,359  4.93-1073 2.08 2.09-1072 1.54-1072
51,400 3.51-1074 0.12 1.04-1073 2.06-10~4
1.2-10° 4.34.107° 1.47-1072 2.35-1074 5.62-1076

Table 6.22 — Errors. Potential: 7!, polynomial slope s = 0.25, py = 1

Ndof  [lu —wusllr2@) llu—usllpe  llu—usllpe@  [A—=As
64  0.21 3.14 2.79 6.13
1,856  4.05-1072 13.7 0.33 1.07
8,645 4.92.1073 2.29 4.59-102 1.58-1072
25,574 3.52.107% 0.17 1.07-1072 2.12-1074
59,857 4.33-107° 1.78-1072 2.11.1073 5.78:1076




Chapter

Weighted analytic regularity
estimates for nonlinear eigenvalue
problems

In this section we concern ourselves with the proof of analytic-type estimates on the norms
of the solution to nonlinear elliptic problems. Specifically, we consider the nonlinear
Schrodinger and Hartree-Fock equations and prove that, under some conditions on the
coefficients of the operator, the solution belongs to N/ (), for the same ~y as in the linear
case. Since the singularities we consider are internal to the domain, we suppose that the
domain (2 is a compact domain without without boundary, e.g., ? = (—1,1)%/2Z. The
extension of the theory to the case of a bounded domain with smooth boundary can be
done using the classical tools used in the analysis of elliptic problems in Sobolev spaces,
as long as r|,, ~ 1, i.e., the singularity is bounded away from the boundary.

First, in Section 7.1 we prove the local elliptic estimate in weighted Sobolev spaces
that will allow for the derivation of the bounds on higher order derivatives from those
obtained on lower order ones. Then, in order to estimate the norms of the nonlinear terms,
we follow the proof technique used in [Dal+12]. The idea is to procede by induction and
to consider L” norms in nested balls and with a big enough p. Let Ly;,, be an elliptic linear
operator and consider for example an operator L, u = Lyjj,u + ud, where § = 2, 3, 4: the
LP norms of the nonlinear terms can then be broken up into products of L’ norms by a
Cauchy-Schwartz inequality. In order to get back to L norms, in [Dal+12] the authors
use an interpolation inequality where L°P is seen as the interpolation between L? and
WP Since in our case we need to deal with weighted spaces, in Section 7.2 we derive
the weighted version of this inequality, via a dyadic decomposition of the domain near
the singular points.

The proof of the analytic bound on a nonlinear scalar elliptic eigenvalue problem
is then given in Section 7.3, in the case of the nonlinear Schrodinger equation up to a
quartic nonlinear term. Starting from a basic regularity assumption, we are able to treat

111
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the potential and the nonlinear term thanks to the results presented in the preceding
sections.

We then turn to the analysis of the Hartree-Fock equation: the nonlinear term in
this problem is nonlocal, but cubic in nature. We remark that we can get rid of the
convolution term by rewriting the Hartree-Fock equation as a system of nonlinear elliptic
equations, as is done in (7.19). The analysis can then be carried out similarly as in the
scalar case with cubic nonlinearity, with an additional step related to the nonlocality
of the coefficients and given by Lemma 42. The analysis of the Hartree-Fock system is
carried out in Section 7.4.

7.1 Local elliptic estimate

We start by proving a local seminorm estimate in weighted Sobolev spaces. This has
been already established in [CDN12], as an intermediate estimate leading to the proof of
another regularity result. We restate it here fully, in the specific form that will be needed
in the sequel. The goal is to control the weighted norm of a higher order derivative of
a function with the weighted norm of its laplacian and of lower order derivatives in a
bigger domain, while giving an explicit dependence of the constants on the distance
between the domains.
From now on, we denote the commutator by square brackets, i.e., we write

[A, B] = AB — BA.

Proposition 35. Let 1 < p < oo, R > 0,k € Nand p € (0, 5-2=). Furthermore, let v € R

2(k+1)
and j € Nsuch that 1 < j < k. Then,

k+1— ktl-
> I U ) S D IO AW iy,
\oc|:k+1 Iﬁ\:’f—l

+ Z/flHTMFV@QUHLP(BR_W)+ Z P72Hr|alﬂaau\|LP(BR_jp)- (7.1)
|a|=k |a|l=k—1

In order to prove this proposition we introduce a smooth cutoff function ) € C5°(Br—;,)
such that for o € N9, |a| < 2

0<y <1, Y=lonBr g, |07 <Cp, (72)
and we derive an auxiliary estimate.

Lemma 36. Let 3 € N, 1 < p < oo, R>0,and p € (0, 2(|671|%+2)) Then, for any j € N such
that 1 < j <|B|+1,

> o2 oPul o,y < C N p NI 00 Ry, (73)
la|=2 lal<1
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Proof. First, let us fix i,k € {1,...,d} such that 9* = 0;0;. Then, writing (x) =
I [07, r'ﬁ‘”_”] 11)85u||Lp(BR7].p), we have that
() < 1 (0?27 60%ul o,y + 1 (02420) 04 (90P0) o)
< (18P + 6ielB1) 17100 Ly + 18170k (6070 2o

where 6;;, = 1if ¢ = k, §; = 0 otherwise. Now,

18|11 =70 <¢3BU) 2o Ba,,) S BIIFPH7900c0%ul| 1o,
+ BIIPPH T [1, 0k] 0Pl Lo (5,

S BP9 0p0 | o )
+1BIIrPHT () OPull o,

Denoting by e; € N¢ the multi index with 1 at the jth position and 0 elsewhere, by the
definition of ¢ given in (7.2), we obtain

(5) S (181 + 03181 + 18lo~1) |70 ul 1oy, ) + 1B 005 0 u]| oy, -

Summing over all multi indices |o| = 2,

Z I {aa’rlﬁ\w—v} 1/}3’8UHLP(BR_]-,]) < (wz + Wp—l) Hrlﬁl—vaﬂuHLp(BR_jp)
|a|=2

+ 37 BT e .

la|=1

1

Since p € (0, 2(\,87}?4-2)) implies |5 < p~", we can conclude with (7.3). O

We can now prove estimate (7.1).

Proof of Proposition 35. Let us consider a multiindex f. First,

Z HT|5\+2—’78a+5u”LP(BR_(j+1)p) < Z {”8a (T.WHZ—Vaﬁu) ||LP(BR—(j+1)p)

o] =2 |ae|=2

) [0, 2] Ol b 74

We consider the first term at the right hand side: using (7.2)

D2 10% (0% oty < D 10° (17200 v,

|| =2 || =2
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and by elliptic regularity and using the triangular inequality

Z 10 <r‘5|+2*7w8ﬁu> oo, < ClA (r'ﬁ‘””w(‘)ﬁu) [P

|a|=2
< C||r|/3|+2_7¢A86u”LP(BR,jP)

+ ) [A, 82 Yot ul o,
+ C||rlPH2Y (A 3] 0 ull o(B_s,)-

Combining the last inequality with (7.4) we obtain

Z ||T|B\+2—vaa+ﬁu“m(
|a|=2

Baging S IPPH190 (8) 1oy,

d
+ > {12 (@) 0P ull o)

i=1
+ ”7«‘5""2_7 ((%w) 8661“” LP(Br—jp) }

+ om0 Pulinia

=2

The bounds on the derivatives of ) given in (7.2) and the estimate of Lemma 36 then give

Z ||7~\6|+2—73a+,8u”m(

|af=2

) S 17182107 (A sy,

Br—(j+1)p

N Z p72+\a|HT|5\+|Q|*78"‘+BU||LP(BRfjp)‘
la| <1

We can now sum over all multi indices 3 such that |5| = k£ — 1 to obtain the thesis
(7.1). O
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7.2 Weighted interpolation estimate

Lemma 37. Let R > 0 such that B € Q, u € IC'VB‘H’I’(BR), d>1,v—d/p>2/(1-90),and
p > d(1 —1/9). Then, the following “interpolation” estimate holds

7T 07w gy < CllP 10l {(!ﬁ\ + D)YIP0%)| g
d
3 Hr'ﬁ“m“eiuuipwm} .79
i=1
withy = 4 (1 - §).
Proof. Consider a dyadic decomposition of (2 given by the sets
Vi={zeQ:277 <|z|<277H} =12,

and decompose the ball By into its intersections with the sets belonging to the decompo-
sition, i.e., into B/ = B N V7. Let us mtroduce the linear rnaps ©j V! — V7 and write

with a hat the pullback of functions by ¢ Leg f=royp; i Land B/ = ©; ~1(B7). Then,

2=y 1 o~
[ +V3|aﬁu”L6P(Bj) <25 —HﬁlaB’u‘HLéP(BJ)
We can now use the interpolation inequality
1]l v () < Clloll T {10110y

for B ¢ R?, v € W'P(B) and with 9 defined as above, see [Dal+12]. Therefore,

2y i(y_o_ 27 AB A1t Ao n 2= AB ~
|r™s +|B‘aBUHL5P(BJ‘) < 0250=2=4/p) |75 +|B\aﬂu‘|1Lp(§j) Z 102775 +|B\aﬂu|‘ip(gj)
la)=1
(7.6)
Let us now consider the first norm in the product above. Since 7 € (1/2, 1), we can inject
in the norm a term #7(1=1/9) < max(1,270-1/9)) = C(~,§), i.e

fQE“rlﬁ\gﬁaHlL;ij < C||#P1- vaﬁuuleﬂB]

We now compute more explicitely the second norm in the product in (7.6):

9
0227 =1 — e n
> o ooy, (W * ) LT, iy +ZH7’ TS, )

|laf=1

2

and we may adjust the exponents of 7 and the term in =5 introducing a constant that
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depends on v, §, d and p, obtaining

d
An 2= AR TN —v A8 2 - ) iq
S 63 +\6|aﬁu||ip(§j) < (8] +1)7 |74 vaﬁu||§p(§j)+2\\rlﬁ| w+1aﬁ+eu||§p(gj).
o i=1

Scaling everything back to B’ and adjusting the exponents,

||T%TV+|B|86UHL5P(B7') < 02%‘((7_d/p)(1_5)_2)HTIB\—vaﬁquL;Z?Bj) { (18] +1)? HTIBI—WaﬂuHip(Bj)

i=1

d
3l i

Ify—d/p>2/(1—06)then we cansum overall j = 1,2,... thus obtaining the estimate
(7.1) on the whole ball Bp. O

7.3 Nonlinear Schrédinger
We now consider the nonlinear Schrédinger eigenvalue problem, given by
Lu=—Au+ Vu+ |ul’lu = lu. (7.7)

We suppose that the potential V' is singular on a finite set of discrete points and consider
the case of an up-to-quartic nonlinearity (i.e., § € Nand ¢ < 4). We show, in the following
theorem, that the results on the regularity of the solution that can be obtained in the
linear case can be extended to the nonlinear one. We fix ¢ € (0, 1) to specify the regularity
of the potential in weighted spaces.

Theorem 7. Let u be the solution to (7.7) with V- € KZ°3° (), and 6 = 2,3, 4. Then,
u e J7P(Q) (7.8)
forany v < min(d/p + ¢, 2).

In order to prove the analiticity in weighted spaces of the function u we need to
bound the nonlinear term. We will introduce some preliminary lemmas and proceed by
induction: let us specify the induction hypothesis. We suppose, here and in the sequel,
that we have fixed a nonempty ball B C (2.

Induction Assumption 1. u satisfies Induction Assumption 1, uptok € Nandfor1 < p < oo,
ifue JyP(Q) forany v <7 < d/p + ¢ and
< CA (kp) =1l o (7.9)

LUNCETT
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forall o € N such that 1 < |a| < k, v <7, and p € (0, R/(2k)).
From now on, we suppose that 6 € {2, 3,4}.

Lemma 38. Let u satisfy Induction Assumption 1 up to k € Nand for p, vy such that 2/(1—0) <
v —d/p < min(e,2 — d/p) and p > d(1 — 1/). Then,

I T 0% o,y < CAPE () P22 131 P (1] + 1) (7.10)

for 0 <[] Sk—landwithﬁ:%(lf%).

Proof. First, we use (7.5) in order to go back to integrals in L?:

it 4 _
155 0% s s,y < ClIPPTOPU S, {06\ + )08

d
4 Z HT|5\+1_78’88¢UH1210(BRJW) } '

i=1

Then, hypothesis (7.9) implies

18178 1~ < C A=) ,-15(1-0) ‘5| =
|7 UHLP(B kp)

and

d
(18] + 1)l 0P u)| 2, gy + D PP 000l
i=1

0 BJ,— 9 — 9 +

Therefore, multyplying the right hand sides of the last two inequalities,
HT‘%TWHﬁ'aBUHLJP(BR,kP) < CAWHﬁ(kp)*W'*ﬁ]ﬂ\‘m(l*ﬁ)(\m + 1)(|ﬁ|+1)19'

We finally need to bound the last two terms in the multiplication above. By Stirling’s

formula,
‘5|\ﬂ|(1*ﬁ)(|5| + 1)(|B|+1)19 < C’m”mfl/%lﬁ\(j + 1)19/2j19/2

and another application of Stirling’s formula gives the thesis. O

In order to estimate the P weighted norms of derivatives of u® we will use Leibniz’s
rule and break the L norms into multiple L°” norms. Lemma 38 then allows to go
back to the induction hypothesis. We continue by estimating the weighted norms of u?
through the procedure we just outlined. For two multi indices o = (ay, ..., ay) € N?
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and B = (B,...,Bq) € N4, wewritea! = a1!---ag!, a4+ 3 = (a1 + B1,...,aq + f4), and

(3) =

z 5)- ()

Furthermore, recall [Kat96] that

Lemma 39. Let u satisfy Induction Assumption 1 up to |«| and for p, v such that 2/(1 — §) <
v —d/p <min(e,2 —d/p) and p > d(1 — 1/6). Then,

|ov]
29 4o qo a —|a]— o
7255 00 02,y < Ol 2020 (B Tz gy

Proof. By Leibniz’s rule and the Cauchy-Schwartz inequality;,

2—y
12510 () | sz

o 2—7 2—7 _ —
< Z ( )HT 3 +|6|86“||L5P(BR,;CP)HT 5L +lal=18] ga %HLBP(BR,,W)

0<B<a

(7.12)

2—y
+ 2“7"2 5 +|04‘8O"U,”L6p/2(BRikp)||UHLOO(BR_ICP)

Considering the sum over 0 < 8 < «, Lemma 38 and Stirling’s inequality give

0" 2—y 2 - -
Z ( )HT 3 +|B|3BU||L6P(BR,kp)||T 5 el =18l gor BUHLM(BR,,W)

0<fB<a
lor]—1

ol . . +1)%(lo] =5 + 1) 1
< CA|0¢\+219p || —299 <|a|>j'(|04’ _ ])!6|a| (]
2 j lol+20 (el =)

j=1

allelel
< CA|aH—2'¢9 —\oz|—219|
> P Llal

laf
< CA|0¢\+219’0—\0¢|—219 <MZ‘> ‘a|1/2'

The second term at the right hand side of (7.12) is controlled using Lemma 38, as long as
v < 2, and the injection jjm +n(Q> — L*>(Q), valid for any n > 0 [KMR97]. O

With the same proof as above, we can deal with a cubic nonlinear term, as we show
in the following lemma.
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Lemma 40. Under the same hypotheses as in Lemma 39,

|al
220 4o g « —|o|— o
I 0% ) vy, ) < CAITHp7IeN20 ('k’> o (7.13)

Proof. We have

2—y
1275 0% @) || Lowra iy,

o 2— 2— _ o
<0y @Hrf*'ﬂaﬁuumBR_M6“'“' 21008 ()| vy,

B<a

Using (7.11) we follow the same procedure as in the proof of Lemma 39. When 0 < 8 < «
in the sum above,

« 2—y 2—y - -
Z ( >||r 5 +|5|85UHL5P(BR,;W)HT 5L+l ‘5|aa ﬁ(u2)||L5P/2(BR_kp)

0<fB<a
o -1

< CAlal+39 5lal=30 3 (\Q\>j!(|a’ _ el (j+ 1)19(|;>z| ;9]' +1)? \/MI——]
=N lolt il =)
< o, ol
< cariiw (1)
As before, the terms in the sum where 5 = 0 and 3 = « give the same bound. O

The proof of the next lemma, in which we control a quartic term, amounts to a
repetition of the arguments above; we show its proof for completeness.

Lemma 41. Under the same hypotheses as in Lemma 39,
|
- « (63 e} — || — -
HTQ YHlely (u4)HLP(BR_kp) < CAl \+419p |a] =49 <‘k|> |04|3/2, (7.14)

Proof. There holds

2— alqay, 4
219 (u N rrBr_i,)

<C Z (/8> ||T 4V+|6|8BUHL4P(BR,;W,)HT?) L +lal ‘5|aa B(ug)HL‘*P/?’(BR,kp)'
BLa
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We can now use the result of Lemma 40 with 6 = 4. When 0 < 8 < « in the sum above,

o 2—y 2=y —_ —_
Z ( >”7« 1 +|’8|55“||L4P(BR,,W)H7"3 T tlel=18l go /8(u3)HL4P/3(BR,kp)
0<fB<a

|a]—1 . 9 . 9 ;
la|+49 —|a|—49 N e D (o =+ 1) Vol =
A ()01 - sy AT Jlal =)

|ex]
< CA|a\+419p—\a|—479 <@> |Oé|

The direct application of Lemmas 38 and 40 let us obtain the estimate for the terms in
the sum where 8 = a and 3 = 0, respectively. O

The proof of (7.8) is now complete: we just need to bring the estimates together.

Proof of Theorem 7. The operator Ly, = —A + V is an isomorphism
TEQ) = T (9)

forany 0 < v —d/2 < e and all £ € N, and, since we can also show that u € L*>(Q)
[Sta65], the solution to (7.7) is such that u € \772((2) Iterating this line of reasoning, we
can show that u € ‘7;?(9) forall 0 < v — d/2 < ¢, thus, by injection, u € Jyl P(Q), for all
p>1,0 <7y —d/p < e. The induction assumption is therefore verified up to k = 2, for
allp >landall0 <y —d/p<e.

We proceed by induction and impose a restriction on p; specifically,

1
p=> Qd—g — (7.15)

The role of this condition on p will be clearer in the sequel. Let us now fixy € (d/p, d/p+e),

suppose without loss of generality that C' > ||u| 7P and suppose that the Induction

R

Assumption 1 holds up until £ € N, with p subject to (7.15). Then, let 0 < p < 50T

will show that

. wWe

HHQ‘?VaaUHLP(BR,kP) < 5A\a|(kp)*\al|a|la\ (7.16)
holds for || = k + 1 under condition (7.15). From (7.1) and (7.7),
Z ||7”k+17’yaau”LP(BR7<k+1)p) S Z HrkJrli'yaﬁ(vu + ‘u‘éilu + AU)HLP(BR*IVP)

lo|=k+1 |8|=k—1

4 Z 'Ow_k_l”HOC‘_’YaauHLP(BR,MP)- (7.17)
|a|=k—1,k
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We fix a § such that | 5| = k — 1 and consider the term containing the potential V:

_ I6; _ _ _ _
||7”k+1 WGB(Vu)HLp(BR_kp) < Z < ||7«2 EHQ@CV”LOO(BR_,W)HT‘Q Y+IBl=I¢l 5B Cu‘|LP(BR_k,,)
0<(<fB

+ ||T2_€V||L<>O(BR—ICP)”Ts_’y—’—w'aﬁuHLp(BR—kP)
. _
4 a+|/3\3f3v‘|Loo(BR_kp)Hra WuHLp(BR_k.p)

(7.18)
Since V € K27 (Q2), and using 2 ocicl=) ( )= (‘ ‘)

3 (5) L P R T
0<¢<pB C

<C Z < >ABI|<|| ;{;p)ld IBI(W ‘CDIB\—IC\

0<¢<p
1Bl—-1

< CAVI (kp) V91| g 1€l Z kp/e)

V1Bl =

< A|5|+1(kp)—\5||5||5\

where we have concluded supposing that A > C'and kp/e < 1. The bound on the second
to last term in (7.18) is straightforward, while for the last term we note that —y+¢ > —d/p
thus HT’E_’Y’U,HLp(Q) <C.

We now consider the nonlinear term: in the lemmas above we have shown that, for
0=2,3,4

B Al 3 ] B
[P 781080 1,y < C A9 18189 <’k’ 15|17
In addition, |3| < Cp~!, therefore

B s s B 18
[P 808 0 < C A9y IBl=00—(6-1)/2 <|k| '

If (7.15) holds, then §¢ + (6 — 1)/2 < 2, hence
~ 18l
||T2_7+|B|3BU5HLP(BR,,W) < CAI6|+2p—|5|—2 (@) ’

where we have supposed that A2~%? > C'//C. Note that for all d and § considered, (7.15)
is stronger than the hypothesis p > d(1—1/§) of Lemma 37. The bound on the term in Au
and on the second sum of the right hand side of (7.17) can be obtained straightforwardly
from the induction hypothesis.



122 CHAPTER 7. Weighted analytic estimates for nonlinear eigenproblems

We have shown that (7.16) holds for all k& € N; furthermore, since R — kp > R/2, we
can find a covering of ) that gives

=70 ] oy < C Ao,

for || > 3. Thanks to Stirling’s formula, this is equivalent to (increasing the constant A
in order to absorb the esponential and square root terms)

I 0%|| 1oy < C A all,

from which we infer (7.8) O

7.4 Hartree-Fock

Consider now the Hartree-Fock equations, which can be rewritten as a nonlinear elliptic
system as

(A + V), ‘1‘220%“@%' = Z)\i,jgoj 1=1,...,.K
j a<b j (7.19)

—Augp = 470 1<a,b<K.

with c;]b € R. The analyticity of the wave functions away from the positions of the nuclei
(i.e., the singularities of V) is classical, see, e.g., [Lew04]. In this setting we consider
instead the parts of the domain containing the nuclei, in order to deduce the weighted
estimates we obtained for the nonlinear Schrédinger equation. All wieghted spaces can
be generalized to R? by supposing that the weight  behaves as a the distance from the
singularity near it, while it is bounded away from it.

The Hartree-Fock equation has a cubic nonlinearity; nonetheless, we cannot apply
directly the results of Section 7.3 because of the nonlocal dependence of u,;, on ¢,y
given by the second equation in (7.19). We introduce therefore a Lemma to control the
terms depending on uy;. In order to control the jth order derivative in the ball B,_j, we
consider j + 1 concentric balls, the first and smallest one being Br_j, and the biggest
one being Br. Using (7.1), we can go from the jth derivative of u,; to smaller order
derivatives of u,, and ¢, pp in bigger balls. The estimates of ¢,y are given by Lemma
39 (notice that the domain we consider never gets bigger than Br), while on u,, we can
iterate until we reach a point where we can use global elliptic estimates.

Lemma 42. Let ugy, be the solution in R% to

— Augp = 4Tpq0p (7.20)
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BRfkp BR

Figure 7.1 — Concentric balls B;.

where @, and oy, satisfy Assumption 1. Then,

N\ J
5 o . i 7 .
E 17777 0%wab | L2y, ,,) < C AT+ =i =20 <k:> 312, (7.21)

laf=j

Proof. Suppose j > 3. Having fixed j and k, we start by considering j + 1 concentric balls
Bi=Bp i, 1=0,00,
see Figure 7.1. Clearly, Br_y, = Bo C By C --- C B; = Br. Now, using Proposition 35
twice and equation (7.20) we find
-2

k\ k
|uab"Cz~‘/,3p/2(B0) < C‘g&atpb‘Kg{iQQ,ap/Q(BQ)-f-C <p]> |uab|lcz;1,3p/2(Bl)+C (,OJ) ’uab|lcg%/72,3p/2(82).

We now iterate on the last two terms of the above equation, obtaining

j—2 - k —1 . k —j+1
. (o b . - b
|Uab‘lcz~;3p/2(30) < CZ;C <pj> |90a§0b|,<z7122*273p/2(3i)+c] <pj> Hu“bHK;‘SP/Z(Bj,l)'
(7.22)
We consider the first term at the right hand side of the above equation: ¢, and ¢ satisfy
the hypothesis of Lemma 39, thus

Lo\ —itit2
oL J—1 -~ . . . . .
|(pa,90b|]c];—i2—2,3p/2(3.) § CA] 1 2+219 (k,p> ,0 2’[9(] - 2)] (3 2(] — i — 2)1/2
- %

J
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and, supposing A > C

S YA 120 —j42-20 .1/2 G —i- 2)\’ "
7 e . < AJ —J - ) S 2000000 7
; ¢ <” j) [Patlis i 2antz gy < A0 ’ ; ( k(j — 1) >
, . i\’
< A]+219p—]+2—219j1/2 (2) _
We still need to bound the second term at the right hand side of (7.22). This is done
by considering that, due to elliptic regularity, v, € L*(R?) so that we can bound
l[wabll o1.30/2 (B;1) by elliptic regularity. In the same way we bound (7.21) when j < 2 and
5 i-

this concludes the proof. O

Using this last lemma we extend the result obtained on the nonlinear Schrodinger
equation to the Hartree-Fock system.

Theorem 8. Let {(p; } XX be the solution to the Hartree-Fock equation (7.19) with V € KZ5° (R?).
Then,
e € JERY), i=1,....K (7.23)

forany v < min(d/2 + €, 2).

Proof. The proof follows the same lines as the proof of Theorem 7 with § = 3. Firstly,
we remark that ¢;, ¢; € H'(R?) implies u;; € W%3(R?) via the second equation of (7.19)
and that, in turn, this implies ¢; € jyl’p(IR{d) forallp >1,y<d/p+¢e,andi=1,..., K.
We can then assume that the {¢;}X ;| satisfy the Induction Assumption 1 and we can
follow the proof of Theorem 7 with the difference that instead of the estimate of Lemma
40 (in the case § = 3) we use

lal
- (6 (63 (03 — || — «
200 oo < CARHp 057 (181) P

This is proven by replacing Lemma 39 with Lemma 42 in the proof of Lemma 40. The
thesis follows. O



Chapter

Analysis of the hp discontinuous
Galerkin method for elliptic nonlinear
eigenvalue problems

In this section we consider the approximation of an elliptic nonlinear eigenvalue problem
obtained with an hp discontinuous Galerkin finite element method. Specifically, we
consider the problem of looking, in a domain 2, for an eigenvalue-eigenfunction couple
(A, u) such that ||lu||;2(q) = 1 and

(—A+V + f(u?)u = Iu, (8.1)

where the hypotheses on V and f will be specified later. The interest in a problem
of this kind lies in the fact that it corresponds to the Euler-Lagrange equation of a
minimization problem, in which one looks for the minimizer of a nonlinear energy. Such
problems are widely present in physics and chemistry, though they often involve nonlocal
nonlinearities, while here we only treat the local case. Equations of the form (8.1) are
also often referred to as nonlinear Schrédinger equations.

Our analysis is centered mainly on potentials that are singular at a set of isolated
this points; this includes the electric attraction generated by a Coulomb potential, i.e.,
V(z) = 1/d(x, ¢) for a fixed point ¢ € 2, but applies more generally to any potential that,
in the vicinity of the singular point, behaves as

1

O e

for an o < 2. Clearly, V' is not regular in Sobolev spaces, thus we cannot expect the
solution to be regular in those spaces either. Nonetheless, we can work in weighted
Kondratiev-Babuska spaces, and, if the solution is sufficiently regular, the hp approxima-
tion converges exponentially, see [SSW13a]. This is the case treated in Section 8.2.6.

125
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Taking a step back from what has been outlined in the previous paragraph, we stress
that, even though our focus is on hp methods, most of the proofs are more general.
Suppose we consider a simpler h-type finite element method: the proof of Theorem 9 —
i.e., convergence and quasi optimality of the numerical solution — holds, since we do not
use any specific feature of hp refinement. The proof of convergence of the discontinuous
Galerkin method for a nonlinear eigenvalue problem of the form (8.1) is a new result
as far as we are aware. Previous results include the convergence of the discontinuous
Galerkin method for linear eigenproblems [ABP06] and the convergence of conforming
methods for the nonlinear problem [CCM10]. The latter paper has been a major source of
inspiration for the present work. The main difference is that the discontinuous Galerkin
method is not conforming, thus some relations between exact and numerical quantities,
e.g., between the exact eigenvalue A and the numerical one \s, are less straightforward.
In general, Theorem 9 should be readily extendable to any nonconforming symmetric
method such that the thesis of Lemma 44, akin to coercivity and continuity of the
numerical bilinear form, holds. The requirement of symmetry in the bilinear form of the
numerical method is a strong one, and will be used without explicit mention throughout
the proofs. This could be seen as a limit; nonetheless, from a practical point of view,
there is little interest in the approximating a symmetric eigenvalue problem with a non
symmetric numerical method. Apart from the properties of the method itself, that,
even in the linear case, would show a lower order of convergence, the finite dimensional
problem would be more problematic, since the solution of a finite dimensional eigenvalue
problem can be done more accurately and efficiently for symmetric matrices.

In Section 8.1, we start by introducing the notation of this part and the infinite
dimensional functional spaces that will be necessary in the following. Then, we introduce
the hp finite element space and the mesh dependent norms associated to it. In Section
8.1.3, we proceed by presenting problem (8.1) in its weak formulation, and by introducing
the associated energy minimization problem. The finite element approximation is then
easily derived by replacing the continuous Laplacian bilinear form with the classical SIP
bilinear form. We introduce our basic assumptions on F', which are approximately the
same as those introduced in [CCM10] and on the potential V. As the analysis progresses,
we will introduce more restrictive hypotheses; the assumptions we make at the beginning
will nonetheless be sufficient to prove convergence and to assure the that solution « lies
in H/2t(Q)n T 94 5(9) for some a, 3 > 0.

In Section 8.2 we then prove the convergence estimates on the eigenvalue and eigen-
function. The hypotheses get gradually more restrictive as we progress in the Section,
and the results get stronger. We start by the hypotheses introduced in the previous
section, and show that those are sufficient to prove convergence and quasi optimality for
the DG norm of the eigenfunction error. We also show that the eigenvalue converges
as fast as the eigenfunction. For the sake of simplicity we do not specity it, but this
simple results do not need the full regularity in weighted Sobolev spaces that we have
assumed for V. Imposing further hypotheses on the nonlinearity (and, if we had not
done it before, on the potential) and assuming convergence for an associated problem,
we can then proceed to an improved proof of convergence for the eigenvalues, given in
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Section 8.2.5. We conclude by considering the case where the nonlinearity is polynomial,
and weighted analyticity can be proven. In this instance, as we have mentioned before,
the hp space converges exponentially towards the exact solution, thus we can specialize
the previous convergence results.

Section 8.3 is concerned with the introduction of an iterative scheme that deals with
the nonlinearity. This scheme is shown, up to extraction, to converge to an eigenstate
of the fully nonlinear equation. This results has interesting theoretical consequences:
through a transformation of the original problem, we can derive an asymptotic expansion
near the singularity for the solution. This is done in Section 8.4, where we are able to
fully determine this asymptotic expansion, provided we fix a nonlinear function and a
potential. We consider the case of a regular nonlinearity, corresponding to the case where
the solution is analytic in weighted spaces. In this context, we can prove higher order
convergence estimates, which lead to the determination of the asymptotic expansion of
the eigenfunction of the nonlinear problem.

8.1 Statement of the problem and notation

8.1.1 Functional setting

Let Q = (R/L)? be a periodic d-cube of edge L < 1.We use the standard notation for
Sobolev spaces W*»(Q), with Wk2(Q) = H*(Q) and WP(Q) = LP(Q). We denote the
scalar product in L*(Q) as (-, -) and the norm as ||u|| = (u,u). For a given triangulation

T, we denote
(w,0)7 = Y (u,v)k
KeT

and similarly, for a set of edges &,

(u,v)e = Z(u, V)e.

ec&

We now recall the definition of weighted spaces given in Chapter 2. Given a set of isolated
points € C Q, the homogeneous Kontratiev-Babuska space IC,]i’p (€, €) is defined as

k, _ . alal—y 9 d .
KEP(Q,€) = {u: rl*™79% € LP(Q) Yo € N : |a| < K},

where r = r(z) is a smooth function which is, in the vicinity of every point ¢ € €, equal to
the euclidean distance d(z, ¢) from the point. The nonhomogeneous Kondratiev-Babuska
space is defined by

TIP(Q,€) = {u:r"79% € LP(Q) Vo € N : |af < K},
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We define the associated seminorm as |u| = || falp = Hr'""‘”@‘luHLp(Q). We also

lalp |
Ty K5
introduce the spaces of regular function with weighted analytic type estimates as

w, _ 0, . k
KZP(9,€) = {v € K2P(Q,€) : |v]xp < CARR! VE),

‘ k,p
Ky

and
TZP(9,€) = {v € JXP(Q,0) : |v] ey < CA Kk > 5 — d/p},
Y

where K37 = N, K5, 77°7(Q) defined similarly. To simplify the notation, we will
suppose that the there is only one singular point, i.e., € = {c} and omit € from the
notation of the spaces. Furthermore, we write K,’j(Q) = IC];Q(Q), TEQ) = jf 2(Q),
KS2(9) = K$2(Q), and J7%(Q) = J7(Q2). Note that the results obtained in the
following can be trivially extended to the case where ¢ contains more than one point, as
long as € is a finite set of isolated points.

Finally, let X = H'(Q) N JX(Q,C), for v € (d/2,d/2 + &), where 0 < & < 1 will be
specified later, namely in hypothesis (8.12b).

8.1.2 Numerical method

In this section we introduce the hp discontinuous Galerkin method. Concerning the
design of the hp space, the setting is the one from [GB86d; GB86e]: imagine a situation
where the refinement happens around the singular point and, at every refinement step,
the innermost elements —i.e., those who have the singular point as one of their corners —
are subdivided into elements smaller by a ratio o € (0, 1/2). Additionally, the refinement
step consists in the update of the polynomial degree over all elements, so that is has a
linear slope, i.e., it grows linearly from the “central” elements towards the exterior. The
requirements we will introduce on the mesh and space mainly impose that they do not
deviate too much from this model. In the following we will do so more rigorously.

Let 7 be a mesh isotropically and geometrically graded around the points in €. We
assume that the mesh is shape- and contact-regular and we indicate by Q;, j = 1,...,7,
the set of elements and edges at the same level of refinement.We introduce on this mesh
the hp space with refinement ratio o and linear polynomial slope s, i.e., for an element
K € T such that K € ),

hK:hj:Uj and px 2pj:p0+5(€—j)7

where h is the diameter of the element K and pr is the polynomial order whose role will
be specified in (8.2). We suppose that for any K & 7T there exists an affine transformation
® : K — K to the d-dimensional cube K such that ®(K) = K, and introduce the discrete
space

Xs = {vs € LX) 1 (v}, 0 07) € Qe (K) VK € T |, (82)

where Q, is the space of polynomials of maximal degree p in any variable. Let then £ be
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the set of the edges (for d = 2) or faces (d = 3) of the elements in 7 and

he = min h
KeT:eNOK#2
= max .
Pe KeT:eNOK#2 PK

On an edge/face between two elements Ky and K, i.e.,, on e C 0K; N 0K,, the average
{-} and jump [-] operators for a function w € X (J) are defined by

1
{{w}}:§<w‘Kﬁ+w|Kb), [[w]]:w‘Kﬁnﬁvamnb,

where ny (resp. n,) is the outward normal to the element K (resp. K,). In the following,
for an S C Q, we denote by (-, -)s the L?(S) scalar product and by || - ||s the L?(.S) norm.
We introduce the mesh dependent norms that will be used in this section. First, for a
ve X(9),
Il = 3 Nolrege + S be ool lle22(e) (8.3)
KeT ecf

Remark that on X, this norm is equivalent to the 7!(Q2) = H'(£2) norm, since functions
in X are continuous. Then, on X (d) = X + X, again, we introduce the norm

_ _ wgl\Tr

Nl = 3 2 + 3 petbe MIulay + 3 pe 2l 220 g a2,
KeT ' ey ect wa(he)

8.4)

where

1+ |log(z)| ifd=2
vl =14 ifd=3

This is slightly different from the classical norm introduced for interior penalty discon-
tinuous Galerkin methods, where the last term of (8.4) would be replaced by the sum of
Pe 2he||Vl|2. For a classical isotropically refined mesh, where r < hx on all elements,
the norms we use is smaller, thus all the approximation properties are conserved, while
it makes for a tighter bound in the continuity estimate (8.16a). Furthermore, in the
framework of weighted Sobolev spaces, it can be dealt with quite naturally, as shown in
the following remark.

Remark 9. Let us introduce the broken space
IyP(QT) = {vive JyP(K), VK € T}.

Since for e € 0K
IVl < el oy < Cllull 2,

we remark that if v € J2(Q,T), for v > 2 — d/2, then ||v||q is bounded. Since furthermore
X(8) € JZ(,T), (8.4) is bounded on X (9).
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The next remark concerns the equivalency of (8.3) and (8.4) for finite element func-
tions.

Remark 10. Note that on X5 and for d < 3, the two norms (8.3) and (8.4) are equivalent, since
forany K € T, r,. S hx and thanks to the discrete trace inequality [DE12]

~

W= D/PHA12) s ooy < Capllws 2 i) (8.5)

valid for e € OK and for all ws € X;. The constant Cy, is bounded by pe? if p = 2.

8.1.3 Statement of the problem

In this section, we introduce the problem under consideration. From the “physical” point
of view, it consists in a minimization of an energy consisting in a kinetic energy term,
an interaction with a singular potential V' and a nonlinear self-interaction term. The
minimization is constrained by fixing the norm of the minimizer; taking the Lagrangian,
the energy minimization problem translates into a nonlinear elliptic eigenvalue problem.
This is the form under which most of the analysis will be carried out.

Apart from introducing the exact solution u and the solution to the nonlinear given
by the numerical method us, we will also introduce the solution given by the numer-
ical method when one “freezes” the solution u in the operator A*. Note that while a
conforming method (e.g., continuous finite elements) would always give a numerical
eigenvalue bounded from below by the exact one, this is not the case for the class of
nonconforming methods, to which the discontinuous Galerkin finite element method
belongs. The usefulness of the eigenvalue A§ introduced in the following stems therefore
from the fact that it bounds from below the quadratic form induced by A§ over X5 x X,
i.e., for all v5 € X5 such that ||vs]| = 1

(Agvg, 115> > )\g.

We start therefore by introducing the bilinear form over X x X
a(u,v) = (Vu, Vv)q +/ Vuv (8.6)
Q

and the bilinear form over X5 x X
as(us, vs) = (Vug, Vus)T — ({Vush, [vsl)e, — (fVush [us])e

2
+Zaepe ([[u5]]7 [[’U(Sﬂ)e +/QVU5’U§.

h
eef N

Remark 11. By proving continuity as in Lemma 44 (see the part of the proof referring to inequality
(8.16a)) and thanks to Remark 9, it can be shown that this form can be extended over X (0) x Xs.

We introduce a function F' : R — R, whose properties will be listed later in this
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section for the sake of clarity. Let

E(v) = %a(v,v) + ;/QF(U2) (8.7)
and . )
Es(og) = gas(us.vs) + 5 [ FQ3) (5.5)

Suppose u is the unique minimizer of (8.7) over the space {v € X : ||v|| = 1}: then, for
A € R, u is the solution of

x (A% — du,v)x =0 Yoe X (89)

where

xo (A%, w)y = afu, v) + /Q fu2yow,

with f = F’. Similarly, let us be a minimizer of (8.8). Then, for an eigenvalue A\; € R we
have
(Ag‘su(; — )\5’LL5,’U5> =0 Yuse€ X5 (8.10)

where
(AP vs, ws) = as(vs, ws) +/Qf(U§)v5w5.

We introduce also
(E" (u)v,w) = (A", w) + 2/ I () uvw,
Q

with the J-version defined on X5 x X5 and obtained by replacing A" with A§. The
properties of the function F' will be similar to those in [CCM10], namely we suppose that

F e CY(]0,4+00),R) N C*((0, +o0),R) and F” > 0 in (0, +00), (8.11a)
3¢ €10,2),3C € R:Vt > 0,|F'(t)] < O(1 +t9), (8.11b)
F"(t)t locally bounded in [0, +00), (8.11¢)

and we suppose that VR > 0,3Cr € Ry : Vt; € (0, R],Vt2 € R,
[F/(t5)t2 — F'(t])t2 — 2" (13) (1) (2 — t1)| < Cr(1 + [t2|*)[t2 — ta]" (8.11d)

for r € (1,2] and s € [0,5 — 7). We will impose additional conditions on F' in order to
obtain some improved convergence estimates: those conditions will be specified when
necessary. Finally, we suppose that the potential V' is such that

Ve LPV(Q) (8.12a)
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with py > max(1,d/2) and that there exists 0 < ¢ < 1 such that
Ve KZ0.(9,0). (8.12b)

For d = 2,3, (8.12b) implies (8.12a) as long as py < d/(2 — ). A consequence of (8.12a)
is, in particular, that for u,v € H(),

(Vu,v)o < Cllull g lvll g1 (o)

where the constant C depends on V' and on the domain. We have also the following
regularity result, which follows from (8.11b) and (8.12b).

Lemma 43. The solution u to (8.9) belongs to the space
w€ Jiaya() (8.13)

forany 0 < a <e.

We conclude this section by introducing the discrete approximation to the solution
of the linear problem, i.e. the function uj € X;s such that

(Ajus — Ajus,vs) =0 Yus € X (8.14)

for an eigenvalue \j. Note that, since u is an eigenfunction of A" and the associated
eigenspace is of dimension 1 [CCM10], we have that

* < : f _
I = ulloe < inf. fJu = vslloc

M—A S nf flu—vslB. (519
N’U5€X5

and the eigenspace associated with v} is of dimension one, for a sufficient number of
degrees of freedom [ABP06].

8.2 A priori estimates

In this section we prove some a priori estimates on the convergence of the numerical
eigenfunction and eigenvalue. We start by giving some continuity and coercivity esti-
mates, then we provide with an auxiliary estimate on a scalar product where we construct
an adjoint problem, and we conclude by proving convergence and quasi optimality for
the eigenfunctions. The rate of convergence proven for the eigenvalues is smaller than
what is obtained in the linear case: in the following it will be shown that under some
additional hypothesis we can recover the rate typically obtained in the linear case.
Since our main focus here is on isotropically refined hp methods, the approach we
take uses the assumption that finite element space and the underlying mesh are those
of an hp discontinuous Galerkin method, as described in the previous sections. It is
important to remark, nonetheless, that the results of this section can be extended, with
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minimal effort, to the analysis of a general discontinuous Galerkin approximation. The
novelty of the approach we use in this section lies, indeed, more into the treatment
of the nonconformity of the method than in the aspects related to the hp space. The
modification that would be necessary to get a proof that applies to a classical h-type
discontinuous Galerkin finite element method, for example, would be related to the
continuity and coercivity estimates, since those would need not to use the hypothesis
that r ~ h.

For the aforementioned reason, and for the sake of generality, we prove our results
for an F' as general as possible, even though the hp method shows its full power (i.e.,
exponential rate of convergence) only in a less general setting.

To conclude, we mention the fact that we will mainly write our proofs so that they
work for d = 3, even though this sometimes means using a suboptimal strategy for the
case d < 2. Consider for example the bound

vl ey < Cllvlla (o),

forav € H'(Q): we will always impose p < 6, even if for d = 2 any 1 < p < oo would be
acceptable.

8.2.1 Continuity and coercivity

We start with an auxiliary lemma, where we prove the continuity, positivity and coercivity
of some operators. As mentioned before, we use the numerical eigenvalue A} obtained
from the numerical approximation of the linear problem as a lower bound of the operators
over the discrete space Xj.

Lemma 44. Given the definition of the operators AY and Ef (u), of the spaces X5 and X (6), and
of \j provided in Section 8.1, the following results hold

(A5 = A5) v, v5)| S lvllpe [lvslipe Vv € X(6),v5 € Xs (8.16a)
((A§ = A§)vs,v5) > 0 Yus € Xs. (8.16b)
Furthermore,
((AF = X3) (ug — u3), (us — u3)) 2 llus — ullde (8.17)
and
((B§ (w) = X;) vs, v5) 2 ||vsllBa Yus € Xs (8.18a)
[(B5 (w) = A3) v,v5)| S lvllpg llvslpa Vv € X(6),vs5 € Xs. (8.18b)

Proof. We now turn our attention to the continuity inequality (8.16a). Consider a function
v € X (5). We can decompose v = ¥ + 95, where & € C%%(Q) for any a < € and 5 € Xj.
Consider an edge/face e € £. Then, [v]|, = [[176]]\@- If ¢Neée =g, then he ~ r; if instead
there exists a ¢ € € such that ¢ is one of the vertices of e, then [s])|, € Qp,(e), whichis a
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finite dimensional space of fixed size. Therefore on X (J) we have the equivalency

he ™ "/2(1 + [log(he) ) Il 2(e) = (1 + [og(r) )~ r 2 [l 2(e) (8.19)

ifd =2and
he M Z 20 = 72T 2 (8.20)

if d = 3. The continuity estimate (8.16a) can be obtained through multiple applications
of Holder’s inequality: we consider the terms in the bilinear form separately. First, on the
broken space H'(T) := {v : v, € H(K), VK € T} we exploit the fact that, as shown
in [LS03],

[0l Loy S lvllpe Vo € HY(T) (8.21)

with ¢ < 2d/(d —2)if d > 3and q € [1, 00) if d = 2. Note that X(§) C H'(2,T), thus
la(v,v5)| S [[vlpellvslipa

Secondly,

S ZP i P wa(r) Vol 2 epellr ™ Pwalr) M us] [ 22

S ZPe_lwd(he)‘lHT1/2wd(T){{Vv}IILz(e)Pehe_I/zH [oshllz2e)

1/2
(Zpﬂ 172 20 )){v }}HLz(e) (Zpezhe”!ﬂvaﬂﬂiz(e))

where the second inequality follows from (8.19) and (8.20). Similarly,

1/2 1/2
(Zpe QheH{vuS}”L? ) (Zpezhe_lH[[v]]H%z(e))
1/2

1/2
S (ZHVUJHQLQ(K)) (ZPthe1\|[[U]]H%2(e)> ,
K e

using (10) in the second line. Then,

Z({{W}} [vs])e

1/2

Z({Vva}} [v])e

Zae [[v]] [vs])e

eef

£ O (pore 0l (poke™ el )

1/2 1/2
SC (ZPeZhe_IH[[U]]H%Q(e)) (ZPthe_lll[[vaﬂlﬁz(e)) :
e e
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Thanks to the Holder inequality, Sobolev embeddings, hypothesis (8.11b), and (8.21),

\Lﬂﬁmm

ST+ 4| L2y vl oo lvsll Lo o)

2
< Nl o 1ol 2 oy sl
S vl g llvslipe-

Since then A\ — A, we have that |\j(v,v5)| < C||v||||lvs]| and this, combined with the

above inequalities, proves (8.16a).

We now consider (8.16b). As already stated, A} is a simple eigenvalue for a sufficient
number of degrees of freedom and therefore A§ — A} is coercive on the subspace of X
L?*-orthogonal to u}. Hence, since ||u}|| = 1 and A% is symmetric,

((A§ — A3) vs,vs) = ((AF = A5) (vs — (vs, uz)Quz), vs — (vs, ug)aus)

. (8.22)
2 llvsl|* = (uz,vs)* > 0,

for all v; € X;. We may then prove (8.17) following the same reasoning as in [CCM10].
We recall it here for ease of reading. From the above inequality we have (recall that
[ugll = llus] = 1)

(A5 = X5) (us — u5), (us —u3)) 2 fus — w5 — (uf, us — uj)?
= Jlus — u5l|* = (1 + (w5, us)” — 2(uj, us))
—1— (UE’ U5)2 (823)

1
> s — w1,
and this proves (8.17). To prove (8.18a), we note that

((B5 (u) = A5) vs, vs) = (A5 — A5) vs,vs) + /Q f'(u)uj. (8.24)

Suppose we negate (8.18a): then, there has to be a series {'ug }j € Xs such that va =1
and ((E{ (u) — A;) v}, v}) — 0. Since [, f'(u?)u?(v})? > 0, from (8.22) we have that

1
2

lvy = u3ll* = llvgll = (v, u5)?

S (" (u) = X))o, 3),

thus, vg — uj in L?(£2). Now, since uj converges towards u in the DG norm, and using
(8.11c) and the positivity of f’, we can show that there exists an o > 0 such that, for a
sufficient number of degrees of freedom,

[ > o
Q
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This negates the contradiction hypothesis that ((Ej (u) — A}) vg, v§> — 0, hence
((Ef (u) — A3) vs,vs) > Cllos|” (8.25)

for all v5 € X;. Then, using the classical result that

2
(Vos, Vo)1 — ({Vush [vs]e, — ({Vosh [vsl)e + Zaepee ([vs], [vs)e > IlvsllBe,

h
ec&
combined with the estimate from the proof of [CCM10, Lemma 1], we can show that
((A§ = X5) vs,v5) > allvs|[be — Cllvs]|. (8.26)

The coercivity estimate (8.18a) then follows from (8.25) and (8.26).

Finally, (8.18b) follows directly from the definition of Ej (u), the continuity estimate
(8.16b) and the fact that | f/(u?)u?| < C. O

8.2.2 Estimates on the adjoint problem

In this section we develop an estimate on the scalar product between a function and
the error u — us, whose interest lies mainly in the L?(Q2) convergence estimate given in
Theorem 9. The estimate is based on the introduction of the adjoint problem (8.27).

Lemma 45. Let uit = {v; € X, : (vs,u}) = 0} be the space of functions L*(2)-orthogonal to
uy and let 1., be the solution to the problem

find ,; € ult such that
<(Eg(u) - )\g) ww57U6> = <’LU5,U§>,VU5 € ugL

Then, if hypotheses (8.11a) to (8.11d) hold,

(8.27)

[(w, us —uz)| S llus = usllpers s [[Pwslpa + 1As = Aslllus — sl lvhws || + [l — w5l [[¢w,]]

+ Jus = ud |l | + lus — gl [lwsl],
(8.28)

Proof. We break us — uj into two parts, one parallel to uj and one perpendicular to it.
Those are given respectively by

1
(us — uy,us)uy = —§Hu5 —ui|?uf  and  ws — (ugs, ud)up € uit.
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Then,
* * * 1 * 112 *
(ws, us — uz) = (ws, us — (us, uz)uz) — 5llus — usll*(ws, u5)
* * * 1 * *
= ((Efsl(u) - /\5) Vg, us — (s, uz)ug) — 5““6 - u(;Hz(w(;,u(;)
* * 1 * *
= ((B§ (u) = A}) (us — u5), Yus) — o llus = wil|*((E5 (u) — X) uf, thws)
1 * *
- §HU5 - U&HQ(U)&,U&)
= ((B5 (u) = A5) (us — u5), Yuy) — llus — uj|? /Q F1 () uPuzipu,

1 *
= 5llus = ull* (ws, uf).
(8.29)
We consider the first term:

(5 (u) = A7) (us — u5), Yus) = (A — A§)us, Pu,) +2 /Q I (u?yu s (us — uj)

= —/Q [flus® us — f(u)us — 2f (u®)u?(us — )] Y,
+ (A5 = A5) (us — s, Yus,)

+ 2/ F (22, (1 — ).
Q
(8.30)
Thanks to (8.11d), combining (8.29) and (8.30) we can infer that

[(ws, us — )| S Mlus = usll7or/ -0 1Yws Ia + A5 = Agll[us — Il Pws || + [lu = us [l |

4 g — ) /Q | (2 uPa by | + s — gl (s, w)

which gives the thesis. O

8.2.3 Basic convergence

At this stage, we are able to prove the first convergence result for the numerical eigenfunc-
tion and eigenvalue. We work mainly in the discrete setting, in order to avoid the issues
due to the nonconformity of the method. The analysis is carried out for the symmetric
interior penalty discontinuous Galerkin method, but it holds for any nonconforming
symmetric method, as long as the results of Lemma 44 hold for such a method. Further-
more, the remark made at the beginning of Section 8.2 still holds, in that the result can
be adapted with few modifications to a classical h-type discontinuous Galerkin finite
element method.

In general, the goal is to prove that the numerical eigenvalue-eigenfunction couple
obtained as solution to the nonlinear problem converges as fast as in the linear case. In
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this section, we obtain this result for the eigenfunction, which is shown to converge quasi
optimally. The hypotheses on the function F are instead not strong enough to prove
that the eigenvalue converges twice as fast as the eigenfunction in the || ||pg. We can
nonetheless prove that the eigenvalue converges at least as fast as the eigenfunction; the
doubling of the rate of convergence is deferred to the later Theorem 11, where we will
have introduced additional hypotheses on F'.

The following theorem gives then the above mentioned estimates on the convergence
of the eigenfunction and eigenvalue. We start by showing the convergence to zero of
the error, and use this result to show that the estimate is quasi optimal. We then show
that the eigenvalue convergence, with the basic rate mentioned above, and conclude by
showing an estimate on the L?({2) norm of the error.

Theorem 9. If the hypotheses (8.11a) to (8.11d) on F' hold and the hypotheses on the potential
V' (8.12a), (8.12b) hold, then
|u —us|lpa — 0. (8.31)

In particular, we have the quasi-optimal convergence

|u—usllpe £ inf [lu—vsllpg - (8.32)
vsEX§
Furthermore,
A—Xs| < inf — 8.33
A=l S inf fJu = vsllpe 8:33)
and
low = s < = 0 0ncsey + s = sy + = ] (834

where 1 is defined in (8.11d) and wj is the solution of the linear eigenvalue problem defined in
(8.14).

Proof. We start by proving (8.31), i.e. the convergence of the numerical solution towards
the exact one. We have

2 (Es(us) — E(u)) = (Afus, us) — (A%u,u) + /Q (F(u3) — F(u?) — f(u?)(uj — u?))
= ((A5 — A§) (us — ug),us — uz) — A+ Aj
+ [ (P = Fd) - Fa)f - o))
Q

zHw—uma;—M—Ay+lij@—Fw%—fm%m%—ﬁ».

Therefore, exploiting the convexity of F' and the convergence of A towards A5, we have

that )
lus — uslpe S Es(us) — E(uw) + A — Aj]

8.35
SEg(ng)—Eg(u)-i—‘)\—)\y — 0. ( )

Considering that u} converges towards u in the DG norm, (8.35) implies (8.31). Note
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then that

,n—%-wAm&wr~%+ljﬂ%»—ﬂﬁﬂﬁ

(8.36)
= (A5 = 35 (us =) us =) + [ () = Fla)] o
Remarking, as in [CCM10, Proof of Theorem 1], that
[ [73) = £ < 11 +06 oyl = sl
and using (8.31) we can conclude that
A= X5l SIA = A5+ llus — usllpe + [lu — us|p- (8.37)

Now, from (8.18a) we have
s — u3liBe S ((BY(u) = A3) (us — ). s —
— (A = 7 (us - +2/f a2 s — u3)?
—mﬂ—wwmﬂw—@qu—wmmwwmﬁ+;éfm%ﬁma—@P
= 1) = Fus®) us + 26 ) s = 5] s = ) + (s = A3) s = w5

Consider the first term: hypothesis (8.11c) gives

| s =) < [ 7 s = s =)+ llu =3 lhus = 1.
The two above equations and (8.11d) thus give
lus—uzllBa S I1+usl®ll Loy l1us—ull o oo ) Ius—us DG+ As A5 lus—ws | *+llu—uz | us—wu3 |
and, since r > 1 and 67 /(5 — s) < 6, we can conclude that
lu —uslpe < llu— ullpe-

The quasi optimality of u; then implies (8.32). Additionally, we can use this estimate in
(8.37) and, considering that

2 . 2
A=l S llw = usllpe S inf lu—vsllipe »
vsE€EXs

we conclude that
A=) < inf ||lu— .
| 5| S u(gle);; l U6|||DG
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Note that this result can be a bit sharper if g in (8.11b) is significantly smaller than 2; we
write it this way for ease of reading. As already mentioned, we will prove a sharper
result under some additional conditions in the following sections.

We finish by showing the estimate for the L? norm of the error. This follows from
Lemma 45, since (8.28) implies

lus — w5 < llus — w5 or/ 50 [Yus—uslIpe + A6 = Asllus — w5 llvu;—ug | + llu = w5l us—us |

+ [lus — 3|t | + llus —u5)®
(8.38)
for Yy;—uz € X5 defined as in (8.27), with ws = us — uj. Now, the coercivity of ((£”(u) —
A3)-, ) over X5 shown in (8.18a) and a Cauchy-Schwartz inequality imply

Hz/}u(;fug

pa S [Jus — ug. (8.39)

Hence, from the combination of (8.38), (8.39), and the convergences of \s towards \j and
of us towards v} in the L?(Q) norm, we derive

lus = usll < llus = uslor/—s) + lu = us]-

Noting that
lu = usl| < flu = w5l + [lus — w3

we conclude the proof. O

8.2.4 Pointwise convergence

We now wish to recover the doubling of the convergence rate normally obtained for the
eigenvalue error, with respect to the eigenfunction. We therefore introduce a result on
the convergence of the error

[|u — us | oo ()

that will be instrumental in the following. In order to do this, we introduce some
additional hypotheses that, in the context of hp methods, impose a higher degree of
regularity on the solution u. Having an exact solution v which is regular away from
the singular points is the motivation for using isotropically refined hp methods, so this
should not come as surprising.

We introduce therefore condition (8.40) — note that (8.40) is a sufficient condition for
g — 96“j21a1(g) <C

where g is the solution to (E”(u) — Aj)g = p, with p defined below. We will then be able
to bound the L>°(2) error using the errors in the eigenvalue and eigenfunction errors
and the L>(€2) bound for the Galerkin projection us of u defined in (8.41).
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Let us introduce a function p such that

supp(p) = K fora K € T

di=p

o) =h " forpe[l,2]
and suppose that, given the solution g; € X5 of

((E"(u) = A5)gs,vs) = (p, vs)
for all v5 € X, then
[
> hjl-/QHQ(SHDG(Qj) <C, (8.40)
j=1
where the constant C' does not depend on A ;.

We furthermore introduce us € X5 as the Galerkin projection of  for the operator
AY, i.e., such that

(A§us, vs) = (A§u,vs) for all vs € Xs. (8.41)

Denote also
max — . 8.42
p max px (8.42)

Theorem 10. Suppose that the hypotheses of Theorem 9 hold. Furthermore, suppose that (8.40)
holds and that at least one of the following is true: either

P ascllu — usl[5e — 0, (8.43)

or
s<4-—r, (8.44)

where s and r are defined in (8.11d). Then,
lu—usl| Lo (@) S Phhax (lu = uslbe + e = usll 2y + 1A = As| + [A = N[ + [lu = sl Lo ()

where us € X is defined as in (8.41).

Proof. We prove the theorem assuming that (8.43) holds; at the end we will delineate the
necessary modifications in case only (8.44) holds. The L*>°(2) error between us and u
can be split in two parts, as

lu — us|lLoo (@) < lu — sl oo () + l|us — sl oo (@) (8.45)

The first term of the right hand side of the inequality above is the L*°({2) norm of the
error for a linear problem. We now consider the second part of the right hand side of
(8.45),

[ts — usl| oo (o) = [lts — usl| oo 2y
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fora K € T. An inverse inequality gives

_ < pd/2 d i~ _
s = usll oo (o) S b PR N5 — sl pa i (8.46)

= pk(p, s — us),

where we have chosen p as

p=h T g (8.47)
K s — WH]}(}?)

We now introduce the finite element function gs as the solution of an adjoint problem
with right hand side p. Let

((E"(u) = X5) g5, vs) = (p,vs) for all vs € X (8.48)
for all vs € X5. Then, we have
(p,us — us) = (A5 — A5) g5, us — us) + 2/Qf'(u2)u295(176 — ug). (8.49)
Due to the definition of %; and the symmetry of the bilinear form,
((A§ = A5) g8, us — us) = Mu — 15, 95) + (A = A5)(us, 95) — (A5 — A5) g5, us)  (8.50)
We can treat the second term by noting that

— ((A§ — A§) us, g5) = /Q [f(us?) — f(u®)] gsus + (N5 — As)(us, g5) (8.51)

We want to use (8.11d) on the integrals containing f and its derivative in (8.49) and (8.51).
We start by showing that

2 /Q f’(u2)u2g5(ﬂg —ug) = Z/Qfl(u2)u295(u —ug) + Z/Qf'(UQ)uQ%(ﬂg —u)
< [ ryast—us) + Clglvaollu = il 2o

Therefore,

/fﬂw%—ﬂﬁﬂ%w+z/fmﬂﬁm%—uw
Q Q

g/u+mwm—wmm
Q

+ 1195l 20y llu — us||
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Combining (8.49), (8.50), and (8.51) with the above equation gives

(pyus = us) S /Q(l + |us]*)|u = us["gsl + |95l 2 () 1w = sl + (A5 = As)(us, 96)
+ Aus — us, 95).  (8.52)
A Holder inequality and the condition s < 5 — r imply that there exists an

0<ax< 15—-3(s+r)
7T—s—r

such that
(pstis — ug) < (1 + HU&HSLG(Q)) [l — u5\|25(19)\|95||L3—a<m Ju — sl Lo ()
+ 11951l 20y (lw = Tsll r2q) + llw — usll L2) + 1A5 — Asl) -

Consider now that
T () = H'27%(Q) — L¥(), (8.53)

see [Nic97] for the first embedding; the second one is classical in Sobolev spaces. The
double embedding (8.53) then implies

g5 38— () < CHgtSHJll/Q(Q)

1/2
<C (Z 96\2711/2(9]))
J 1/2
<O(ZMM%%@J

J

where the second inequality follows from the fact that |, /h; < Cforall j =1,... (.
J

Therefore, using (8.40) and noting that the £2({1, . .., £}) normis bounded by the /* ({1, ..., (})
norm with constants that do not depend on ¢, we conclude that ||gs|.3-«(q) < C for any
positive «, thus,

(s s —us) S lu—us s oy llu—usl Lo o) +Ilu—Ts]| 20y +[lu—us]| 2 () +1A=As|+ A=A

If hypothesis (8.43) holds, we can conclude with the thesis. If (8.43) does not hold, then
hypothesis (8.44) is necessary: the proof follows the same lines, though at (8.52) we use
the inequality

léﬂ+h®%W—quﬂSCWMEmww—uN%mN%Msqm
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for an

12 —3s —3r
I<a< —m.
6—s—r

Note that such an « exists thanks to (8.44). In this case we conclude
(p.us —us) S llu—uslpoiq) + llu— sl 2(q) + [lu — usllr2(q) + [A = As| + [A = A3,

hence the thesis. ]

8.2.5 Convergence revisited

In this section we finally show that, if the solution converges in the L>°(£2) norm, we can
prove that the eigenvalue converges with the same rate as the square of the eigenfunction.
We therefore suppose that the following hold

d
Prmax
v

inf |Ju —vs|lpg — 0 (8.54a)
sE€Xs

Plhaxllt — s oo () — O, (8.54b)

which is sufficient for ||u — ;|| @) — 0. Note that (8.54a) depends on the regularity of u
(which in turn depends on the regularity of F'). Note also that, in the case of isotropically
refined hp methods, assuming (8.54b) is pleonastic, as it is a consequence of (8.40).

When dealing with h type discontinuous finite element methods, pmax is bounded
by some global constant, thus (8.54b) translates into the requirement of simple L>°(£2)
convergence for the linear problem. Furthermore, if the mesh is globally regular, (8.54b)
and (8.40) can be proven if the solution is sufficiently regular, see [CC04]. Therefore, the
following theorem can be extended to h-type finite element methods too, as long as the
solution is sufficiently regular. We will not treat this case, as it it outside the focus of our
analysis.

Under the additional hypotheses (8.56), we prove that the eigenvalues converge as
the square of the eigenfunction.

We introduce another adjoint problem: let ¢ € u such that

(E" () = A) $,v) = (f'(w)u’, ) (8.55)
forallv € {v e X(0) : (u,v) = 0}.

Theorem 11. Suppose that the hypotheses of Theorems 9 and 10, and conditions (8.54a) and
(8.54b) hold. Furthermore, suppose that (8.11d) holds with r = 2. and that

F € C3((0,+00),R), and F" (t)t? is locally bounded in [0, +00c). (8.56)

Then
A=l % llw = wllng (g, 16 = vollog + = usllog ). 857

where 1 is defined in (8.55) above.
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Proof. The proof begins similarly to (8.36):

As — A= ((A5 — N) (u —ug) yu — ug) + [f(uﬁ)—f(MQ)]st

= (A5 = A) (us —w) yus —u) + | [f(uf) = f(u®) = F'(u®)(us® — u?)] uf

S— 55—

(8.58a)
/ f(u (u+ ug) — 2u3] (u — ug) (8.58b)
—l—/QZf (u?)u?(u — us). (8.58¢)

We consider the three integrals in the last equation separately. Firstly, considering term
(8.58b), we have

/f [us®(u + us) — 2u®] (u — ug) = /f (u? + 2uugs + 2us?) (u — ugs)?

us  us>
,S/ (1+5—|—52) (u — ug)?.
[e) u U

Thanks to the Cauchy-Schwartz inequality, to the assumed L*>°(2) convergence of u;
towards u, and to the fact that there exists umi, such that u > un,i, > 0, see [CCM10], the
above inequality implies that (after a certain level of refinement)

52 (u+ug) — 2u®] (u—ug)| < |lu—us)*. (8.59)

Integral (8.58c) is then treated by using (8.55)

1

/Q Flu?)u(u —us) = (f (u®)u?, (u—us)"") + (f (u®)u?, (u — us, w)u)

o (8.60)
= ((E"(u) = A) ¥, (u—ug)"") + gHu — ug (| (u?)u?|| 2

Consider the first term above: for any 5 € uy,

€L €L

(B"(u) = X) b, (u—us)"" ) = ((E5 (u) = A) (4 — ), (u— us)"*")
+ ((BY(u) = A) Ts, (u —ug)"), (8.61)
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Now,

L

(B () = 2) B (= )™ ) = ~(4F = Mg, 55) + 2 [ /)= )5
Q
= /Q (f(us®) = f(u?)) usts + (A — As)(us, Bs)
+ 2/Qf/(u2)u2(u — ug) s + ||lu — ug)? /Q f'(u?)u?
thus

. ul -
(B (u) = X) Ts, (u—ug)" ) < llu—us)|*185] Lo (o) + [lu — us]|?,

where we have used the fact that (8.11d) holds with r = 2, the orthogonality between 5
and ug, condition (8.11c), and the L*°(2) convergence of us towards u. We now turn to
the first term at the right hand side of (8.61). We have

(B3 () = A) (@ = B5), (u—us)" ) S (Il = usllpg + llu = usl® lullne) I1¥ = sllng -

Note that the term in ||u — u]|? is of higher order, so we can omit it from the following
estimates. We have therefore, from (8.61),

((E"(w) = N) ¥, (u— ug)* ) < _inf_ [Hu—uaHQ (I35l (@ + 1) + llu — ugllp Il —@amDG]

Vs Euy

< inf [l sl (s (s, ushusl oy + 1

e — sl — v + <va,u5>uamm] |

(8.62)
where we have replaced ;5 by vs — (vs, us)us, thus being able to extend the inf over all vs
in X;s. Now,

I — s + (vs, us)usllpe < I — vsllpe + (¥, us)usllipg + (¥ — vs, us)usllpa

(8.63)
Sl = vsllpg + 1% = sl + [[¥llllu = us]l-

Furthermore,

[vs = (vs, us)usl| oo () < Vsl oo (@) + [lusll oo (e lvs]l- (8.64)

The best approximation vs to ¢ in the |[|-||pg norm is such that || — vs]|zeq — 0;
furthermore, the norm |[1[| () can be bounded by a constant depending on u by
elliptic regularity, hence [|vs — (vs, us)us||L=(@) < C. Using these remarks, (8.63), and
(8.64), inequality (8.61) can be rewritten as

ut :
((B5) = 3) = 06)"" S = wsllng i, 16 = vllng + = us] ).
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where, once again, we have omitted the higher order terms. Going back to (8.60) we
obtain

/ f’(u2)u3(u — ug)
Q

Sl = usllo  iut, 10 = vsllog + =l ) @69
vsEXs
We finally consider the second term of line (8.58a). Under the additional hypotheses F' €

C3 and 2 F"”(t) locally bounded in [0, 00), denoting w = [f(u3) — f (u?) — f'(u?)(us? —u?)]
and recalling that u > umin > 0,

/Qwu52 _ /Q </01 75f”(u2 + t(U52 _ UQ))dt) U62(U52 _ ug)Q

u2
:/ U5210g< >+U52—u2
Q

us?
Under the hypothesis of L>°(€2) convergence given in Theorem 10, then,

ug? — o)

< lJu —us®. (8.66)

[ 156) - 72 - £ 05?2

The thesis follows from (8.58a)—(8.58¢), (8.59), (8.65), and (8.66). O

We conclude this section by remarking that ¢ satisfies the equation
(A% + 2 (u?)u? = ) ¢ = 2 ( / f’<u2>u3¢> wt F ) = (@, uu. (8.67)
Q

The regularity of ¢ depends then on the regularity of f, f/, and w. In particular, if
u € J; (1) for a certain s > 2, and

Hf/(UQ)UZHJWJ'(Q) < CHf(UZ)HJWj(Q) (8.68)

for all j < s — 2, then the line of reasoning used to prove the regularity of v can be used
for v, using the above inequality to derive the estimates on u and 1) by elliptic estimates
in weighted Sobolev spaces. Then, (8.57) means that the eigenvalues converge at a rate
which is approximately double that of the eigenfunction. In the next section, we will
see this in the special case of a polynomial f, which implies, under some hypotheses,
u € J7(Q), ¢ € J7(Q), and exponential convergence of the numerical solution.
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8.2.6 Exponential convergence

In this section, as mentioned above, we restrict further the hypothesis made on F, in that
we consider the concrete case where F' is a polynomial. Let then

fu?) =u* (8.69)

for 1 < k < 3 (the case k = 0is the linear one). Remark that this class of functions satisfies
(8.11a) to (8.11d), with in particular » = 2 in (8.11d). Furthermore, remark that (8.68) is
an equality with C' = k/2. We recall here from Chapter 7 a result on the regularity of the
solution u.

Theorem 12. Let u be the solution to (8.9) with V € K5 () and f defined as in (8.69), with
k=1,2,3. Then,
ue JEr(Q) (8.70)

for any v < min(d/p + €, 2).

Furthermore, we have that for a function v € 77 (Q), for ay > d/2, there exists two

constants C, b > 0 such that
inf [|v— < Ce ™.
it o = vsllpg < Ce

Here X; is a isotropically refined hp finite element space, as described in Section 8.1.2,
¢ is the number of refinement steps, and ¢ = N 1/(d+1) with N denoting the number of
degrees of freedom of X;. We finally remark that since in this instance f’(u?)u? = Cf(u?),
the non scalar coefficients in (8.67) are the same that we find in (8.9). Hence, using elliptic
regularity in weighted Sobolev spaces and the proof of Theorem 12, we obtain

)€ TTP(Q) (8.71)

for any v < min(d/p + ¢,2), and in particular for all s > 2, [|¢]| 7:0) < Cllull 7:(0)-
Therefore,
inf |[Y — vsllpg < Ce . (8.72)
v5E€Xs

We can regroup the results of the previous sections, applied to the case where (8.69)
holds, in the following theorem.

Theorem 13. Let u, A be the solution to (8.9) and us, As be the solution to (8.10). Suppose that
(8.12a), (8.12b), and (8.69) hold. Then, for a space X5 with N degrees of freedom, there exists
b > 0 such that

llu — usl|lpa < Clem N/ (8.73)

and i
I\ — Ag| < Qe NV (8.74)
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Furthermore, if (8.40) holds, then,

I\ — \g| < Cem 2N (8.75)

8.3 Convergence of an iterative scheme

Following [CL02], we introduce the level shifting iterative scheme: given u,,, we compute
un+1 as the eigenfunction corresponding to the smallest eigenvalue A, in

- AUn-i—l + Vun—i-l + f(ui)un-i-l - b(“n—&-la Un)un = )\n-i-lun—i-la (876)

where b > 0 is a shift parameter. Note that, given a sufficiently regular initial function
uo, the positive solution u,1 to (8.76) is strictly positive [Sta65] in the open domain, i.e.,
Upy1 > 0in Q, for all n. Furthermore, we define the “energy” E as

E(u,v) = (HVUH2 + [|[Vo||? + (Vu,u) + (Vv,v) + (f(vZ),UQ)) + g (1- (u,v)Z) )

N

The solution u,, 1 to (8.76) then satisfies the relation

E(un—l—laun) S E(“’v Un), Vu € X7 HU’H =L

This implies in particular E(uy, 41, uy) < E(un, uy), or equivalently

b
E(upy1) + g”ufwl - Un||2||un+1 + UnH2
1
< B+ 5 [ Flu) = Fud) = Fu) (s = ). 677
Thanks to the convexity of F,
[ Pt = P) = ) =) <o
Furthermore, note that for two functions v, w € X, considering the case d = 3
(Vo)2+ [ Vo2t | F?o? > [Vol2 = [V @ o]l ) Pllol3eg, + F0) o]
0 0 0 = Lev ( IV 2 (o) LS(Q)

1
2 5”””%11(9) - CHU”%%Q)

where py is defined in (8.12a) and the constant C' depends on f(0), on V and on py, and
on the constant related to the Sobolev embedding of H'(Q2) in L5(2). When d = 1 or
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d = 2 the same thing can be proven similarly. Therefore, since |[u,| = ||upt1]| =1

Blunsrvin) 2 5 [(Fwc+ [ vidos [+ [vid s [ )

2 ||un+1H12L]1(Q) + H%H%p(g) -C
This provides a lower bound for E; thus, if b > 0 we infer from (8.77) that
i) ||unlf1 (o) is uniformly bounded and
1) 3 ltnet — tnl2ltns1 + a2 < o,
Take then a subsequence {u,, }1 such that
Upy, — U and Up—1 — W

both weakly in H!({2) and strongly in L?(2). Thanks to item ii), we have v = +w. We
suppose without loss of generality that v = w. Furthermore, By the lower semicontinuity
of the norm, the uniform boundedness of ||u | g1 (o) extends to w. Since (8.76) holds,
using elliptic regularity, the uniform boundedness of \,, and item i) above, we can affirm
that {uy, },, is uniformly bounded in L>°(Q2). We affirm now that

Lemma 46. If |[v, — v|| — 0 and [[v, || o (q) is uniformly bounded, then ||v|| 1 (o) is bounded.

Proof. Suppose v is not bounded in L>°(2). Then, for any k£ > 0, there exists a subset
By € Qsuch that |v),, | > k and the measure of E}, is strictly positive. Let us introduce

C such that, for all n, ||vy|[ () < C. Take a k > C and note that

>kE—C

’(vn _v)|Efc

for any n. Therefore, denoting | - | the measure of a set,
lon = vll 20y = llon = vll 2 = (k= C)|Eg| /2.

Since the measure of Ej is positive, this contradicts the hypothesis that v, converges
towards v in L%((2), thus proving that v is bounded in L>((2). O

This implies that [|w]| () < C. We now show that f(u? _;)un, z, f(w?)w. Con-

sider a function ¢ such that ||¢[[z2(q) = 1; then,

Af@ilwmw#@ﬂwwzlﬂﬂ%kD—f@ﬁhmfw+AfWi1K%fﬂm4N
T / F(0?) (g 1 — w)p. (878)
Q
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Let us now consider ) )
f(a®) — f(b%)

h(a,b) =
(a7) a a_b

Suppose a > b > 0. Then,

£€[0,2]|b]| Loo ()]

|h(a,b)| < il G‘f/(fQ)!EQ ifa<2b
a,
f(a®) + f(b?) fa> 2.

The requirement a > b > 0 can be easily dropped, thus, since u,, 1 and w are bounded
in L*>°(2) and using (8.11b) and (8.11c¢),

1Aty —1, w)l| Lo () = C
and this implies

/UWQﬁ—ﬂWﬂwpwéc/wma—Mw
Q Q

< Cllelllung—1 = wl]

(8.79)

From (8.78) we can conclude that
1F(2, i, — F02) 0] S it = g |+ [ttt —wl| = 0. (8.80)
taking the limit in (8.76) and denoting y = lim A, ,
A%w = pw.

The weak lower semicontinuity of the norms can then be used to prove that ||w| = 1, see
the proof of Theorem 7 in [CL02]. In addition, we find that

i Vi 2 =t (= [ Vi, = [, i,
Q Q

= [ ver = [ e

= [|VwlP?,

hence, uy,, L Finally, by embedding and elliptic regularity,

[[ttny, = wl| oo () < CIA" (i, — w)]|
S gty — pwll + 1| [f(uz, 1) = F(@?)] un, |
< Py = wl + |l = wll + I [f (u, 1) = f(w?)] wn || = 0.

We summarize the results.
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Proposition 47. Let (un, \y)n € XN x RY be defined by (8.76), for a smooth ug and b > 0.
Then, {uy }n converges in H' () and L>(X2) to an eigenfunction w of the nonlinear problem
(8.9), with eigenvalue p = lim,, \,,, i.e.,

A%w = pw.

Furthermore,

Z [n = tp—a|* < o0

neN

and the energy E(uy,,) decreases towards that of a stationary state.

8.4 Asymptotic analysis near the singularity

In this section, we perform the analysis of the asymptotic expansion of the solution to
(8.9) and (8.76) near the singular point. Apart from the theoretical interest of such a result,
this can be used to construct hp spaces that are a priori optimized for the approximation
of the exact solution; in addition, it could also be a starting point for the construction
of an extended finite elements method in which some of the singular functions that
show up in the asymptotic expansion of the exact solution are directly added to the finite
element basis. This may or may not be advisable, depending on the nonlinearity, on
the potential and on a number of computational observations; the discussion of such a
subject is out of the scope of the present analysis.

Under general hypotheses on the nonlinearity and the on the potential, only the
lowest order of the expansion can be obtained; if instead we fully specify V" and f, we can
derive a full asymptotic expansion by an iterative procedure. This is done in Section 8.4.1,
where we choose a simple radially symmetric potential and a polynomial nonlinearity.

In order to carry out the general asymptotic analysis, we introduce a space of functions
with set asymptotic expansion: consider a vector of exponents p = {p;}; € R", sorted in
increasing order, and a vector m = {m;}; € N". Here we allow both n € N and n = oc;
in the latter case, we impose the additional restriction that p; — oo when j — co. We
then introduce the space &,

asthespaceof functionsusuchthatthereexista , € C*(S41) such that

mj

Z ajerP( (log )" € Kouppraj2(£2)- (8.81)
7=1k=0

This can also be written

n

mj—1
00,7) Z Z ajkrpj (IOgr)k

=1 k=0

with v = sup p + d/2, using the notation introduced in Section 2.1. Note that in the case
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of multiple points inside €, we would simply assign an asymptotic class (i.e., p and m)
to every point in €, separately. We are interested in the asymptotic expansion of the
solution near the singularity, so the analysis is eminently local.

We make an additional hypothesis on the potential and suppose that we can develop
it as a series of powers of r around every singularity, i.e., there exists an infinite vector of
real numbers pV = {p;/ }jen, sorted in increasing order, such that p}/ — 00, and

Ve, (8.82)

We indicate by @ the Mellin transform of u, defined with its inverse by
W(z) = My u(r) = / = Yu(r)dr, ML a(z) = / r*a(z)dz,
0 Rez=vy

where Re z = 7 is the straight line through v € R parallel to the imaginary axis. For a
thorough analysis of the Mellin transform see Section 2.1.
Equation (8.76) can be transformed and written as

(—2(z+d—2) = Aga1) ting1(2) = Y alyiing1(z — 2 = p) ) + b(tnt1, n )il (2 — 2)
J

M, (TQf(ui)un+1) + >\n+1an+l(z + 2) (883)

The eigenvalues of —Aga—1 are puy, = k(k + d — 2), k € N; the inverse of the operator
symbol P(z) = —z(z + d — 2) — Aga-1 in the vicinity of 1, is given by [KM99, Theorem

A10.2]
1

PT) = STy T(E),
where I, is the projector on the eigenspace of —Agq-1 associated with the eigenvalue 1,
and I'(z) is an holomorphic operator function. Both u,, and w1 are in L>(€2). Suppose
the Mellin transform of a function has a pole for z = (: then, there would be a term in its
expansion proportional to 7¢. Thus, i, (2) and i, 11(z) have to be holomorphic for z < 0.
Similarly, we can affirm that the Mellin transform of 72 f (u2 )u,+1 has no poles for z < 2.
We start by considering the solutions of

—2(z+d—2)+k(k+d—2) =0,

ie,z=—korz=k+d—2 Whend =2 and for k£ = 0, the equation above reduces to
22 = 0, thus 1,41 could have a pole with double multiplicity at z = 0. This would give
rise to an asymptotic expansion

u(r) = a1 + aglog(r) + ...,

where a, » are functions from S! to R and the omitted terms are of higher order in r.
Such a function would not belong to H 1(Q) if ag # 0, hence it is necessary that as = 0.
This implies that the pole in z = 0 has single multiplicity even when d = 2.
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Iterating on (8.83), we see that the last three terms at the right hand side are holomor-
phic for z < 2; the term coming from the transformation of the potential has a pole for
z =2+ py . Suppose that p} = —2 + ¢, for an 0 < e < 1 (this is consistent with (8.12b)):
then z = ¢ is a pole of 4,1, corresponding to a term proportional to r* in the asymptotic
expansion of 1.

To summarize, we have found that 4,1 has

i) no poles for z < 0,
ii) a single pole at z =0,
iii) a single pole at z = ¢ if the potential’s most singular term is proportional to r 2=,

The following (in the direction of increasing Re z) poles depend on the explicit form of
the potential V' and of the function f. We consider a special case, where a full asymptotic
expansion of the function can be obtained, in the next section.

8.4.1 Asymptotics of the solution to the Gross-Pitaevskii equation

In this section we consider the special case of the Gross-Pitaevskii equation, where
f(u?) = u®. Purthermore, we suppose that the potential V : R? — R is given by

VA

V(IL‘) = _W>

(8.84)

with 8 < 2ifd =2,3 and 5 < 1if d = 1. Note that for 8 = 1 the potential is Coulombian.
We will need to differentiate between the cases d = 1 and d = 2,3. To do so, we

introduce
1 ifd=1
PA=V2 ifa=2,3,
and consider the asymptotic class vectors

= {paj — kjB}jk,; for j €N, k; =0,..., [jpa/2]
0

Bl o

and consider the functions v € & m. This corresponds to functions with asymptotic

expansion
Lpai/2]

i—k
UNE: E' ajkrpd] B

jeZ k=0

in the classical sense near the singularity, see Lemma 3, with a;;, € C°°(S4_1).
Suppose now that u, € & m: then u2 € & m. We consider then equation (8.83) and
derive, as already discussed at the end of the previous section, that the poles with biggest
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real part of 4(z) are given by

cp,_ [0} ifd=1
z =
"0y ifd=2.3,

with multiplicity one. We can then iterate by seeing that the right hand side of (8.83) has
singularities for

PBi={z€R:2-24+5€Po
\/Z—2—pdj+k/86q307j€N7k207"'7tpdj/2j}7

which in turn implies that the poles of 4,1 are in o UPB:1. Applying this step iteratively,
we obtain we obtain P from B;. We can therefore conclude that the set 8 = UyBy of
all poles of i, is given by

P={zeR:z2=pgj —kB,j €N E=0,...,|paj/2]|}

and this implies that u,+1 € & m.

We now prove that, when a polynomial nonlinearity is considered, the convergence
of the sequence happens in higher order norms. We start by remarking that Theorem 12
directly implies w € J7(Q), for any v < d/2 + 2 — . In addition, if we inspect the proof
of this statement from Section 7.3, we see that we have shown that, if v is an eigenfunction
of the nonlinear Schrédinger equation,

if [|ul zsr () < CA%sl, forall s =0,.... k — 1 then [[u]| s < CAFE!

for all integer £ > 2, v < d/p + 2 — 3, and sufficiently large p. The same proof can
therefore be used to show that, for u,+1 and u,, as in (8.76),

. { “un_g_l”j;vp(ﬂ) < CA®s!

foralls=0,...,k — 1then |lu, pron < CAFE! (8.85
Junll gz oy < CA%s! il gprie) = CATR (B89)
for all integer £ > 2, v < d/p + 2 — 3, and sulfficiently large p. Furthermore, the uniform
bound

[unl|72(0) < C (8.86)

holds for all n and with C independent of n € N. We wish to construct an inductive
proof that

HunHJ’\’f,P(Q) < CAkk' (887)

forall k € N, sufficiently large p, v <5 < d/p+2—f3, and with constants C, A independent
of n. Assume we choose ug such that



156 CHAPTER 8. Analysis of the hp dG method for nonlinear eigenproblems

for all k € N, sufficiently large p, and v < 7: then, (8.85) implies that (8.87) holds for u,
with constants C, A that depend on the equation and on Ay, Cy. At this point, crucially,
suppose (8.87) holds for u,: using (8.85) and (8.86) we can show that (8.87) holds for
Un+1 With the same constants as those used for u,. This implies that {u, } is uniformly
bounded in the 7¥(2) norms, for v < d/2+2 — fand forall k € N.

We now consider that

||Un;C - w”\ﬁ*?(g) < CHAw(unk B w)|’J§,2(Q)

S Ay, — /’L’||w“j’3_2(g) + [ A twny, — ijWJ'_Q(Q) + ||(u721k71 - w%“m“jj_g(g)
(8.88)
The first two terms at the right hand side can be shown to converge due to the convergence
of the eigenvalue and using an induction hypothesis; we consider the last one. We have

H(uvzzk—l - w2)unk Hjaf—z(ﬂ) < C'H(unk,1 + w)unk ||j’zf;/2(Q)||unk*1 - w”j,{(g)

Using an embedding inequality and the uniform boundedness of {uy,}, in the Jf(Q)
norms, then,

H(Uik—l - wz)unk "\7572(9) S ||Unk71 - U)Hjjy'(g)

Injecting this inequality into (8.88), using the convergence in H'(2) as the basis of an
inductive proof, we obtain that
T4 ()
Nk w,
for all j, and for any v < d/2 + 2 — 3. This implies that the limit w belongs to the
same asymptotic class as the functions in the sequence {u,, };. We have thus proved the
following proposition.

Proposition 48. Let {u,}n be the sequence generated by (8.76), with f(u?) = u?, V defined as
in (8.84), and 3 such that conditions (8.12a), (8.12b) are satisfied. Then, if ug € Tijova— 5(9) N
Ep,m/

Unpt+1 € j,;,ﬂ(Q) N 5137171,

foralln € N, v < d/2+ 2 — (3. Furthermore, let w be the limit, up to extraction, of {uy, }r. Then,

w € Tijsis () N Epm,
Remark 12. We have considered for simplicity the Gross-Pitaevskii equation with f(u?) = u?;
nevertheless, the analysis can be extended to any function f(u?) = u* with integer k such that
(8.11a)—(8.11d) hold. As a matter of fact, the only additional requirements on f we introduced
here are that
v € Ep.m implies f(v?) € Es m.

and that the solution to the problem belongs to the weighted analyticity class J7 ().



Chapter

Numerical results for nonlinear
eigenvalue problems

9.1 Nonlinear Schrédinger

We consider, in this section, the problem presented and analyzed in Chapter 8, from the
numerical point of view. In its continuous form, the problem reads: find the eigenpair
(A, u) € R x H'() such that ||ul|;2(q) = 1 and

—Au+Vu+ f(u?)u = Iuin Q

9.1
u = 0 on Of). ©-1)

In particular, we focus on the computation of the lowest eigenvalue and of its associated
eigenvector, corresponding, from a phisical point of view, with the ground state of the
system. The domain is given by the d-dimensional cube of unitary edge (—1/2,1/2)<.

We take potentials of the form V(z) = —r~¢, for « = —1/2, —1, —3/2. The approxi-
mation is done as in the linear case: see Chapter 6 for the details on the computational
mesh and on the space. We use a SIP method, and solve the nonlinearity by a fixed point
method. The stopping criterion on the nonlinear iterations is residual based, i.e., we stop
iterating when

(A" — Xs)us, us) < €tol

for a given computed solution u; € Xs and a given tolerance £, We will indicate the
tolerance we use, on a case by case basis, in the following sections.

From the point of view of the analysis, we find results similar to those arising in the
linear case: in particular, we see the effect of algebraic and quadrature errors, mainly in
the context of the two dimensional approximation.

157
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u 15.00
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Figure 9.1 — Numerical solution to (9.1) with V(z) = —r~3/2 and f(u?) = u?. Left:

representation on the plane, vertically not to scale. Right: restriction of u to the line

{y =0}

Table 9.1 — Estimated coefficients. Potential: —r~/2, f(u?) = u?

S bL2 bDG bLoo b)\
0.125 0.72 0.73 0.74 1.24

0.25 092 094 094 15
0.5 1.06 1 098 1.25

Table 9.2 — Estimated coefficients. Potential: —r~!, f(u?) = u?

S bLz bDG bLoo b)\

0.125 059 0.6 0.58 1.05
0.25 072 072 07 1.01
0.5 0.68 0.68 0.58 0.65

Table 9.3 — Estimated coefficients. Potential: —r—3/2, f(u?) = u?

s brz  bpa bre by

0.062 043 045 05 0.8
0.125 0.56 0.52 0.65 0.76
0.25 048 047 043 0.47
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Figure 9.2 — Errors for the numerical solution with potential V(z) = —r~!/2 and nonlin-

earity f(u?) = u?. Polynomial slope: s = 1/8 in Figure a; s = 1/4 in Figureband s = 1/2

in Figure c.
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Figure 9.3 - Errors for the numerical solution with potential V (z) = —r~! and nonlinear-

ity f(u?) = u?. Polynomial slope: s = 1/8 in Figure a; s = 1/4 in Figureband s = 1/2 in

Figure c.
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Figure 9.4 — Errors for the numerical solution with potential V' (z) = —r~3/2 and non-

linearity f(u?) = u?. Polynomial slope: s = 1/16 in Figure a; s = 1/8 in Figure b and

s = 1/4 in Figure c.
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9.1.1 Two dimensional case

In the two dimensional case, we compute the numerical solutions on meshes built as
in the linear case, see Figure 6.1. A visualization of the solution (in the most singular
problem we analyse) is given in Figure 9.1.

We consider mainly the case where f(u?) = u
ity of the Gross-Pitaevskii equation. Having set this nonlinearity, writing V() = —r~%,
we plot the curves of the errors in Figures 9.2 (o« = 1/2),9.3 (o = 1), and 9.4 (o = 3/2).
The numerical approximation exhibits the same properties of the linear case and we the
same phenomena arising. Namely, in the case of the approximations with low polyno-
mial slopes, all errors converge exponentially in the number of refinement steps, with the
eigenvalue error converging faster than the norms of the eigenfunction error. A plateau
due to the algebraic error is evident around 107!, When the polynomial slopes are
higher, the quadrature error manifests itself more strongly and causes, in extreme cases,
the total loss of the doubling of the convergence rate.

The coefficients by, for X = L%*(Q),DG, L*°(f2) and ) are shown in Tables 9.1 to
9.3. As already outlined, the higher the slope, the biggest the quadrature error and the
furthest the estimated coefficients b is from the double of the one for the DG norm.

2, corresponding to the cubic nonlinear-

—Q

9.1.2 Detailed tables of the errors

In the following Tables 9.4 to 9.12 we give the computed values for the error on which
the analysis in the preceding section is based.

Table 9.4 — Errors. Potential: »~%?, polynomial slope s = 0.125, py = 1

Ndof  |lu —usllz2@) v —usllpc llu—1usllpe@) A= As

16 0.13 2.01 0.75 3.71

400  2.43-1072 5.15 0.1 0.47
1,374  2.86-1073 0.53 6.53-1073 6.55-1073
3,242 1.46-107* 2.13-1072 4.05-10~% 7.02:107°
6,306 8.54-1076 1.19:1073 2.08-107° 3.34-1077
10,857 1.35-1076 2.34.107* 3.5-1076 2.22.1078
17,194 3.81-1078 6.1-1076 9.48-1078 3.79-10~ 11

25,618 1.18.1078 2.37.107%  4.04.1078% 7.93.10~ 1
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Table 9.5 - Errors. Potential: »~%5, polynomial slope s = 0.25, py = 1

Ndof |lu —usllz2@) v —usllpc [lu—usllpe@ A= Asl

16  0.13 2.01 0.75 3.71

208  2.43-1072 6.03 0.1 0.47

690  2.86-1073 0.78 6.37-1073 6.77-1073
1,612 1.46-1074 2.73:1072  4.05-107* 7.09-107°
3,118 8.54.1076 1.43-1073 2.12:107° 3.34.1077
5,362 1.35-1076 2.78.10~% 3.5-1076 2.27-.1078
8,487 3.81-1078 7.6:1076 9.19-1078 1.55-10~10
12,649 1.18-1078 2.73.1076 3.82.1078 1.01-10710
17,983 3.28-10~ 10 1.29:1077 2.22-107° 1.18.1010
24,633 1.61.1071'° 3.88.1078 7.73-10710 4.62-10711

Table 9.6 — Errors. Potential: =95, polynomial slope s = 0.5, pg = 1

Ndof |lu —usllz2@) v —usllpc [lu—usllp=@ A= As

16  0.13 2.01 0.75 3.71

112 2.32.1072 5.3 0.11 0.51

348 5.7-1073 3.26 3.61-1072 4.56-1072

802  1.92.1074 0.23 3.2.1073 3.22:1074
1,566  9.32-1076 1.57-1072 2.53-1074 5.99-1076
2,710 1.38.1076 1.13-1073 2.18-107° 4.96-1077
4,305 4.29-1078 8.73-107° 2.13-1076 5.46-108
6,415 1.22.1078 1.14.107° 2.28-1077 6.93-107°
9,120 7.51-10710 1.34-107%  2.61-1078 5.95-10~10
12,502 1.67-10~10 1.69-1077 3.04-107? 5.07-10~ 11
16,619 2.85-107 11 2471078 3.17-10710 1.2.10719
21,558 4.26-10712 3.46-107° 1.29-10710 1.87-10710
27,386  5.05-10712 5.76-10710  1.69-10710 2.67-10710

Table 9.7 — Errors. Potential: r~!, polynomial slope s = 0.125, py = 1

Ndof |lu —usllz2@) v —usllpc [lu—usllp=@ A= As
16 0.1 1.67 0.5 4.46
400  1.86-1072 5.48 8.87-1072 0.39
1,374  2.22-.1073 0.65 5.56-1073 4.63-1073
3,242 8.17-107° 1.97-1072 3.2.1074 2.06-107°
6,306 1.39-107° 3.6:1073 5.07-107° 6.29-10~7
10,857 1.66-1076 4.61-1074 7.16-1076 2.68-1078
17,214 1.91-1077 4.32:107° 7.04-1077 1.7-10710
25,661 5.11.1078 1.36:107° 2.77-1077 6.86-10~11
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Table 9.8 — Errors. Potential: 71, polynomial slope s = 0.25, pg = 1

Ndof  [lu—usl[z2) llu—usllpe v —uslleo@) — [A— Al

16 0.1 1.67 0.5 4.46

208  1.83-1072 6.31 8.97-10~2 0.44

690  2.24.1073 1.16 6.06-1073 9.12-1073
1,627 8.22:107° 6.78-1072 3.95-10~4 2.45-1074
3,154  1.39-107° 7.05-1073 5.17-10° 1.35-107°
5,425 1.66-1076 9.52.10~4 7.47-1076 8.32:10~ 7
8,583 1.91.1077 9.37-107° 7.91-107 4.89-10°8
12,784 5.17-1078 1.93-107° 2.83-1077 3.08-107°
18,178 3.27-107° 2.35.1076 3.13-1078 3.52-10710
24,900 1.14-107° 4.03-1077 5.77-1079 1.6-:10711

Table 9.9 — Errors. Potential: 7, polynomial slope s = 0.5, pg = 1

Ndof [|u—wusllr2() llu—usllpa  llu—usllpe@) A= As

16 0.1 1.67 0.5 4.46

112 1.86-1072 6.07 9.8-1072 0.69

348  5.99.1073 4.24 3.56-1072 9.79-1072

802  4.55-1074 0.67 7.76-1073 1.31:1072
1,566  6.33-107° 0.12 2.04-1073 2.87-1073
2,695 1.46-107° 2.58-1072 5.85-1074 7.02-1074
4,264 3.54.1076 5.91-1073 1.63-1074 1.73-1074
6,345 8.76-1077 1.26:1073 4.49-107° 4.3-107°
9,010 2.1810°7 2.78-1074 1.23-107° 1.07-107°
12,341  5.4-1078 5.67-107° 3.3-1076 2.65-1076
16,409 1.33-1078 1.05-107° 8.66-1077 6.52-1077
21,293 2.58.107° 2.03-1076 1.94-1077 1.27-1077
27,060 5.07-10719 3.89-1077 4.3-1078 2.49-1078

Table 9.10 — Errors. Potential: r~1%, polynomial slope s = 0.0625, py = 1

Ndof ||u—wusllr2(0) llu—usllpa  lu—usllpe@) A= As

16  0.62 13.1 12.2 72.7

400  0.18 43.3 5.35 24.9
1,374  1.42-1072 19.4 0.63 2.2
3,242 1.04-1073 1.96 4.68-1072 0.12
6,306 1.74-10~* 0.23 3.27-1073 7.2:1073
10,842 2.54-107° 3.42-1072 2.4.1074 4.33-1074
17,173  2.4.1076 3.85-1073 2.77-107° 2.57-107°

25,591  9.12:10~7 7.52-1074 5.02-1076 1.42:1076
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Table 9.11 — Errors. Potential: 715, polynomial slope s = 0.125, pg =1

Ndof  [lu—wusllz2) llu —usllpa v —usllpeo@)  [A— s

16 0.62 13.1 12.2 72.7

400  0.18 43.3 5.35 24.9
1,374  1.42-1072 19.4 0.63 2.2
3,242 1.04-1073 1.96 4.68-1072 0.12
6,306 1.74-107* 0.23 3.27-1073 7.2.1073
10,842 2.54.107° 3.42:1072 2.4.10~* 4.33-1074
17,173 2.4.1076 3.85-1073 2.77-107° 2.57-107°
25,591  9.12:10~7 7.52.1074 5.02-1076 1.42.1076

Table 9.12 — Errors. Potential: 715, polynomial slope s = 0.25, pg = 1

Ndof  |lu —usllz2@) v —usllpc |lu—usllpec@) A= Asl

16  0.62 13.1 12.2 72.7

208  0.38 29.8 9.71 47.8

690  0.13 41 4.74 21
1,627  3.3.1072 14.3 1.6 6.2
3,154 8.18-1073 3.5 0.47 1.59
5,430 2.01-1073 0.79 0.13 0.4
8,590 4.95-107* 0.17 3.57-1072 9.74-1072
12,793 1.21-107* 3.32:1072 9.53-1073 2.38-1072
18,174 2.85-107° 6.44-1073 2.43.1073 5.62-1073
24,877 5.67-1076 1.23-1073 5.16-1074 1.12-1073
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9.1.3 Three dimensional problem

C
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537926
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x

Figure 9.5 — Numerical solution in the three dimensional case: solution in the cube, left,
and close up near the origin of the restriction to the nonline {y = z = 0}, right

In the three dimensional setting, we consider the domain (—1/2,1/2)3, and a mesh
exemplified in Figure 6.7. The numerical solution of the problem with V' (z) = r~3/2
and f(u?) = u? is shown in Figure 9.5. The solution shown is obtained at one of the
highest degrees of refinement. As in the linear case, the algebraic eigenproblem solver
uses the Jacobi-Davidson method [SV96], with a biconjugate gradient method [Vor92;
SVF94] as the linear algebraic system solver. The fixed point nonlinear iteration are set to
a tolerance e(,] = 1077; everything else is left unchanged from the linear case.

The results we obtain are perfectly in line with those presented in Chapter 6. Therefore,
the same conclusions can be drawn: the algebraic and quadrature error are not as evident
as in the two dimensional case, and it can clearly be seen that an optimal slope can be
chose to better approximate the eigenvalue. The nonlinearity does not seem to influence
the rate of convergence; this is expected, since the source of the loss of regularity — the

factor that most influences the rate of convergence — is primarily due to the potential.

Table 9.13 — Estimated coefficients. Potential: 7~1/2, f(u?) = u?

5 bL2 bDG bLoo b)\

0.125 0.73 0.74 081 1.28
025 082 082 0.8 1.3




9.1. Nonlinear Schrodinger 167

5_ 5_
10 -2 norm 10 -4 L? norm
--DG norm --DG norm
L norm L norm
0 =[x = Al 0 —|A = A
1071 1071
10°r 10°r
10»10 L L L : 10-10 L L L '
0 5 10 15 20 0 5 10 15 20
N4 N4

Figure 9.6 — Errors of the numerical solution for V() = r='/2, f(u?) = u?. Polynomial
slope s = 1/8, left and s = 1/4, right.
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Figure 9.7 — Errors of the numerical solution for V(z) = r~!, f(u?) = u?. Polynomial
slope s = 1/8, left and s = 1/4, right.

Table 9.14 — Estimated coefficients. Potential: 7=, f(u?) = u?

S b 7,2 bDG b = b A

0.125 0.82 08 083 1.39
0.25 082 081 0.86 1.44

Table 9.15 — Estimated coefficients. Potential: 7—3/2, f(u?) = u?

5 b 7,2 bDG b [, b by

0.125 0.69 0.67 0.71 1.29
025 0.8 073 052 1.3
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Figure 9.8 — Errors of the numerical solution for V' (z) = r=3/2, f(u?) = u?. Polynomial
slope s = 1/8, left and s = 1/4, right.

9.1.4 Detailed error tables

We give here the detailed errors, in Tables 9.16 to 9.21. It is interesting to compare the
figures shown here with those given in Tables 6.17 to 6.22, given in Section 6.2.2.

Table 9.16 — Errors. Potential: 7=, polynomial slope s = 0.125, py = 1

Ndof  [lu—wusllz2() [lu—usllpe lJu—usllpe@) A —As
64 0.16 2.59 1.75 5.81
3,648  3.23-1072 9.52 0.29 0.92
16,808  3.57-1073 1.34 9.63-1073 9.74-1073
49,947 2.4.1074 8.47-1072 8.87-1074 1.82:1074
1.17-10° 1.36-107° 3.56-1073 4.02-10~° 8.53-10~7

Table 9.17 — Errors. Potential: 7=, polynomial slope s = 0.25, py = 1

Ndof  |lu—wuslr2@) v —usllpe [u—usllre@)  [A—As]
64 0.16 2.59 1.75 5.81
1,856  3.23-1072 10.9 0.29 0.92
8,493  3.57-1073 1.62 9.64-1073 9.77-1073
25,088  2.41-107* 9.72-1072 8.75-10~* 1.82:1074
58,733  1.37-107° 3.4.1073 4.34-107° 9.11-10~ "

1.18-10° 2.52:1076 1.13-1073 1.29-10~° 3.44-10~7
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Table 9.18 — Errors. Potential: r !, polynomial slope s = 0.125, pg = 1

Ndof  [lu—wusllz2() [lu—usllpe [lu—usllpeo@) A= Asl
64 0.15 2.46 1.58 5.51
4712 9.28-1073 4.72 8.59-1072 0.15
18,880  2.64-107¢ 0.18 1.85-1073 1.66-10~*
50,968  1.33-107° 6:1073 7.89-107° 1.6-1076
1.12-10° 2.8:.10° 2.1073 2.55-107° 1.51-1077

Table 9.19 — Errors. Potential: 7!, polynomial slope s = 0.25, py = 1

Ndof  |lu—wusllr2@) llu—usllpe  [u—usllrec@)  [A— As]
64 0.15 2.46 1.58 5.51
1,856  3.02:1072 10.1 0.27 0.87
8,493 3.3-1073 1.6 1.03-1072 8.35-1073
25,088  1.85-10~* 8.16-1072 8.21-1074 1.1.1074
58,733  1.08-107° 3.87-1073 5.04-10° 6.25-10~7
1.18-10° 2.33-106 1.15-1073 1.04-107° 4.21-1078

Table 9.20 — Errors. Potential: 7~1-, polynomial slope s = 0.125, py = 1

Ndof  [lu—wusllz2) llu—usllpe [lu—usllpe@) A= Asl
64 0.11 1.97 0.63 5.88
4,712 1.05-1072 7.58 0.24 0.2
18,880  6.47-1074 0.98 2.01-1072 1.4-1073
50,968  5.35-107° 5.33-1072 1.24.1073 5.09-10~7
1.12-10° 1.18-107° 1.21-1072 2.21-1074 1.79-10°6

Table 9.21 — Errors. Potential: 15, polynomial slope s = 0.25, pg =1

Ndof  [Ju—wusl2@) llu—usllpc llu—usllpe@) A= Asl
64 0.11 1.97 0.63 5.88
2,920  1.06-1072 7.44 0.55 0.2
11,040  6.52-107% 1.43 0.14 1.91-1073
28,792  5.36-107° 0.14 3.45-1072 1.84-107°
61,888  1.18107° 2.03-1072 8.16-1073 1.73:1076

1.17-10° 1.12:1076 2.46-1073 1.64-1073 9.83.10~8
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9.2 Hartree Fock equation
We now discuss briefly the implementation details of the numerical approximation of

the Hartree Fock equation. We recall that the continuous problem consists in minimising
the energy

inf{EHF(wl,...,wN) Y € HY(R3 R / Vih; = 51]}

with

EHF(%,---7¢N6)_ifwwwi‘? /qu,+ /Rs/uasp\p@—y\

L L
R3 JR3 |9C—y|

We have written
and

In practice, this is done by looking for N, functions ¥ = {¢;},¢ =1, ..., N, such that

Ne
Foth; = —%A% + Vi + <p\p * |x1’) e <(?/)ﬂl)z) z ’) = Xiti, 9.2)

=1

where the )\; are the lowest eigenvalues of the Fock operator.

9.2.1 Practical implementation and the issue of sparsity

Since problem (9.2) is nonlinear, an iterative scheme will be used to numerically compute
its solution. Different methods are used and have been analysed: see, for example, the
Roothaan and level-shifting algorithms, analysed in [CL02], and the direct inversion in
the iterative subspace method (DIIS) [Pul80].

In the sequel, we restict ourselves to closed shell restricted Hartree-Fock approx-
imations: write N. = N./2 and consider the problem of finding ¥ = {wi}ficl such
that

Ne
Fohi = —%Awi + Vi +2 (P\If * |x1’) vi— Y ((%‘%‘) * ‘ml’) Vi = Xiti,

j=1

fori = 1,..., N, and where the )\; are the N. lowest eigenvalues of the operator. See
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[SO12] for a derivation of this equation. We will present the basic ideas of the implemen-
tation of the finite element approximation of the Hartree-Fock equation in the context
of the Roothaan alogrithm, in which the nonlinearity is approximated by fixed point

interations: given W4 = {y91d . Old} find the lowest V. eigenvalues )\;, ..., Ay, and
the associated eigenfunctions 1, . .., ¥, such that
1 1 e 1
Fyoath; = _iAwl + Vp; 4+ 2 <p\I/old * ’x> P — Z <(7,/}j1/}?ld) * ’l") P = N (9.3)
j=1

The equation is set in R3. In practice, we will have to consider a bounded domain
Q C R3, on which we construct the usual graded mesh 7. This implies that we also have
to impose some artificial boundary conditions on 9€2: those will be either homogeneous
Dirichlet or Neumann boundary conditions; the numerical investigation of the effect of
this choice is still ongoing.

We introduce the bilinear form

hs(us,v5) = Y (Vug, Vos)i + (Vus,v5)x — Y ({Vush, [vsDe = D ({Vus}. [us])e

KeT e€E 665

+Zae

ecE

)e-

The Galerkin formulation of (9.3) thus reads: given \IJOId (1/101‘1, e w(‘;}\i) e X;5Ne,
find W5 = {¢s;,, \si }i € (X5 % R)Nc, such that

Fs(vsi,vs5) = he(¥si, vs) + 2/ (P\yold * |1’> Ysivs

_Z/ <w5”’/)01d ’ ‘) g}dva )\51/%1@5,

(9.4)
for all v5 € X5.

The nonlocal terms need a special consideration: a naive implementation of those
terms would give rise to a dense matrix, which is practically untreatable in the context
of a finite element implementation. Let us then introduce a basis for the discrete space
{x1,.-.,xn} such that

X5 =span(xi, ..., XnN)-

The linear part of the operator can be treated in the classical way: we introduce the matrix
h € RV*¥ such that

h; = hs(xi, X5)-
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Consider now the Hartree potential term in (9.3). If we write
U(l’) _ / Pyold (y) dy,
R |2 —yl

then
— AU = 471pgou in R, (9.5)

We introduce the bilinear form associated with the Poisson problem

ls(us, vs) = ﬁ > (Vus, Vos) = Y (§Vus), [vs]e — Y ({Vvs}, [us))e
KeT e€ly ec&

2
+Zaei

eef

([[U(S]]a [[U(S]])e
and define Us € X; as the finite element function such that

Z(S(UJ,U(;):/Qp\pold’U(s, (9.6)

for all v; € X; and with either Dirichlet or Neumann boundary conditions on 0f2. The
linear and Poisson potential terms can therefore be explicitely written as sparse matrices.
Note that we do not claim that these matrices need to be explicitely assembled, especially
in parts of the domain where a high polynomial order is used.

To treat the exchange term, let us define the matrix L such that

Lij = Is(Xi, X5)-

and the matrices M", n = 1, ..., N, with elements

1
MY, = / PO
]Rd

Write then, foralln =1,..., N,

N
Yon = D CnjXj-
j=1

Using the same approximation of the convolution term used for the Hartree potential,
and denoting c,, = (¢p1, .. ., can)!, we obtain

N, 1 Ne¢
> (wawgi?) X ) 0 ~ 3 ML),
n=1

|z vt
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The computation of the exchange term can therefore be written as two matrix vector
product and a solution of a linear system, and this preserves the sparsity of the problem.
In practice, since this computation happens at the innermost loop, one has to factorize
the matrix L. This can be done in parallel, see for example the MUMPS solver [Ame+01].
Furthermore, the matrix L is does not depend on the fixed point step, so the factorization
can be done only once.

To summarize, denote by M the mass matrix, i.e.,
M = [ XiX;
Q
and by MYs the matrix with entries
U
Mij(S = /Q U5Xina

with Us defined in (9.6). Then, the finite element approximation of problem (9.2) is given
by the alebraic problem of finding the V. smallest eigenvalues As1, ..., Asn, and the
corresponding eigenvectors c1, . .., cy, of the generalized algebraic eigenvalue problem

Nc
(h +oMYs + Z M”L1M"> cr = A\spMcy,

n=1

As already mentioned, if the eigenvalues are computed with an iterative scheme such as
the Jacobi-Davidson method, the matrices do not need to be explixitely assembled.

9.2.2 Preliminary results for test cases

We now show some extremely basic results obtained with the hp dG approximation of
the closed shell Hartree-Fock equations.

Helium hydride ion

In Figure 9.9 we show the computed eigenfunction for the molecule HeH* with an
equilibrium bond length of Ry = 0.772 A. Using atomic units, we place the two nuclei at
z1 = (—0.73,0,0) and z2 = (0.73,0,0) and the potential reads

1 2

|z — 1] B |z — 9]

V(z)=—

Since the molecule has two electrons of opposite spins, N. = 1. The simulation is
performed in a cube of edge approximately 30 times the bond length. The numerical
wave function shown in Figure 9.9 is obtained after twelve refinements of the initial
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-7 6 5 -4 3 2 -1 0 1 2 3 4 5 6 7

Figure 9.9 - Wave function ¢ for HeH", plotted over theline { -7 < < 7,y = 0,z = 0},
as a function of z, in atomic units.

Figure 9.10 — Section of the solution for the HeH* molecule, with outline of the three
dimensional mesh.

coarse mesh, with a polynomial slope s = 1/8, and corresponds to a total energy

N, N, N,
c c 1 C 1 2
EFMF =2 " hs(sir o) + 2 Z/ pus x| VR = Y / Ysithsy * 7 ) sivs; + -
=1 i=1 Q |$| ij=1 Q |33| RO
~ —2.963280 Hartree,

i.e., an error of approximately 1.5 - 1072 Hartree compared to the values in [BC79]. A
section of the solution is shown, together with a close up of the three dimensional
computational mesh, in Figure 9.10.
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Figure 9.11 - Wavefunctions of the Beryllium atom, plotted on the line

{-10 < < 10,y = 0,z = 0} as a function of z, in atomic units.

Beryllium

In the second case we consider a computation performed on the Beryllium atom, with
the nucleus located at (0,0, 0) and Z; = 4, N, = 2. The eigenfunctions shown in Figure
9.11 correspond to a computation obtained after 24 refinements of the initial coarse mesh,
with a polynomial slope s = 1/8, and gives an error of approximately 0.18 Hartree on the
most negative eigenvalue and of approximately 5 - 1072 Hartree on the other eigenvalue,
with respect to the values reported in [BBB93].

Perspectives

The method converges to the exact quantities in both cases shown; nonetheless, a careful
analysis needs to be done, in order to separate the different components of the error.
Specifically, we wish to separate the components due to the approximation of the Poisson
problem (9.5), from those due to the finite element approximation, and from those due
to the nonlinear and algebraic iterations. In particular, considering the role of the error
in the approximation of the Poisson problem (9.5), both the size of the computational
domain and the boundary conditions imposed on the solution U appear to be of great
relevance in order to fully exploit the accuracy provided by the hp method and they are
the most difficult to control. These analyses are the subject of ongoing work.
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DiscoNTINUOUS hp FINITE ELEMENT METHODS FOR ELLIPTIC EIGENVALUE PROBLEMS WITH SINGULAR
POTENTIALS

Abstract

In this thesis, we study elliptic eigenvalue problems with singular potentials, motivated by
several models in physics and quantum chemistry, and we propose a discontinuous Galerkin
hp finite element method for their solution. In these models, singular potentials occur naturally
(associated with the interaction between nuclei and electrons). Our analysis starts from elliptic
regularity in non homogeneous weighted Sobolev spaces. We show that elliptic operators with
singular potential are isomorphisms in those spaces and that we can derive weighted analytic
type estimates on the solutions to the linear eigenvalue problems. The isotropically graded hp
method provides therefore approximations that converge with exponential rate to the solution
of those eigenproblems. We then consider a wide class of nonlinear eigenvalue problems, and
prove the convergence of numerical solutions obtained with the symmetric interior penalty
discontinuous Galerkin method. Furthermore, when the non linearity is polynomial, we show
that we can obtain the same analytic type estimates as in the linear case, thus the numerical
approximation converges exponentially. We also analyze under what conditions the eigenvalue
converges at an increased rate compared to the eigenfunctions. For both the linear and nonlinear
case, we perform numerical tests whose objective is both to validate the theoretical results, but
also evaluate the role of sources of errors not considered previously in the analysis, and to help
in the design of hp/dG graded methods for more complex problems.

Keywords: hp/dG graded finite element method, discontinuous Galerkin, nonlinear eigenvalue problem,
quantum chemistry, weighted Sobolev spaces, elliptic regularity

Résumé

Dans cette these, on étudie des problemes aux valeurs propres elliptiques avec des potentiels
singuliers, motivés par plusieurs modéles en physique et en chimie quantique, et on propose
une méthode des éléments finis de type hp discontinus (dG) adaptée pour ’approximation des
modes propres. Dans ces modeles, arrivent naturellement des potentiels singuliers (associés a
I'interaction entre noyaux et électrons). Notre analyse commence par une étude de la régularité
elliptique dans des espaces de Sobolev a poids. On montre comment un opérateur elliptique
avec potentiel singulier est un isomorphisme entre espaces de Sobolev a poids non homogeénes et
que l'on peut développer des bornes de type analytique & poids sur les solutions des problémes
aux valeurs propres associés aux opérateurs. La méthode hp/dG graduée qu’on utilise converge
ainsi de fagcon exponentielle. On poursuit en considérant une classe de problémes non linéaires
représentatifs des applications. On montre que, sous certaines conditions, la méthode hp/dG
graduée converge et que, si la non linéarité est de type polynomiale, on obtient les mémes
estimations de type analytique que dans le cas linéaire. De plus, on étudie la convergence de
la valeur propre pour voir sous quelles conditions la vitesse de convergence est améliorée par
rapport a celle des vecteurs propres. Pour tous les cas considérés, on effectue des tests numériques,
qui ont pour objectif a la fois de valider les résultats théoriques, mais aussi d’évaluer le role des
sources d’erreur non considérées dans 'analyse et d’aider dans la conception de méthode hp/dG
graduée pour des problemes plus complexes.

Mots clés : méthode des éléments finis hp/dG graduée, Galerkin discontinu, problémes aux valeurs propres
non linéaires, chimie quantique, espaces de Sobolev a poids, régularité elliptique
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