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Summary: This introductory chapter briefly discusses the concept of optical Huygens metasur-
faces. It provides a context for their emergence and illustrate their strong potential for light ma-
nipulation at the sub-wavelength scale. On the other hand, we introduce bottom-up techniques,
whose recent developments now enable large scale synthesis and assembly of complex functional
building-blocks, being therefore of great interest for the realization of optical metasurface. Based
on these considerations, the motivation and outline of this thesis are presented.
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CHAPTER 1. INTRODUCTION

1.1 Context

1.1.1 An introduction to nanophotonics, metamaterials and metasurfaces

Nanophotonics is a burgeoning branch of modern research that combines nanotechnology
and optics. It can be defined as the science dedicated to the understanding and control of light-
matter interactions at the nanoscale. Its wide scope covers nanostructure engineering for the gen-
eration, manipulation and detection of light in the infrared, visible and ultraviolet domains of the
electromagnetic spectrum (see Fig. 1.1). The manipulation of optical fields at the nanoscale, with
properly designed components, is of significant importance for a wide range of fields ranging from
communications to health and energy harvesting. It offers therefore a number of promising ap-
plications in imaging, sensing, photodetection, lighting and displays, communications (integrated
photonic, data storage...), solar energy, computing, opto-electronics, medical targeted treatments,
drug delivery, etc. [1–4].

Figure 1.1 – Electromagnetic spectrum. Nanophotonics concerns the generation, manipulation and detec-
tion of light for the infrared, visible and ultraviolet domains.

The past 20 years have seen an intense and rapid development of a new branch of nanopho-
tonics dedicated to metamaterials. The concept of metamaterials, constructed around the Greek
prefix “meta”, meaning “to go beyond”, emerged in the years 2000 [5]. It refers to artificial ma-
terials, consisting of periodically arranged sub-wavelength resonators, engineered to exhibit un-
usual electromagnetic properties that are not naturally encountered. In fact, while natural ma-
terial properties are mainly defined by their chemical composition, metamaterials inherit their
properties from their man-made sub-units, which we may refer to as meta-atoms. They have
been investigated so as to achieve a number of new physical phenomena such as negative re-
fraction [6, 7], epsilon-near-zero materials [8, 9], giant artificial chirality [10–12], perfect lenses
for sub-diffraction-limited imaging [13–15], invisible cloaking and transformation optics [16–19].
Although widely explored at microwave frequencies in the early years, the metamaterial concept
was also successfully developed at optical frequencies by downscaling structure sizes [20–22]. In-
spite of many elegant realizations, optical metamaterials still face two important issues that limit
their use today. Firstly due to their structural complexity that requires 3D fabrication, they are
challenging to produce at large scales, often expensive and time-consuming. Moreover, metama-
terials usually present high dissipation losses, making it impractical for light to propagate through
a bulk portion of the metamaterial.

On the other hand, metasurfaces, the two-dimensional equivalent of metamaterials, for which
the above mentioned limitations are relaxed due to their sub-wavelength thickness, has attracted
significant research interest over the last decade. As a matter of fact, most initial proposals of
metamaterials were actually two-dimensional assemblies of meta-atoms, making it hard to in-
terpret their properties in terms of effective parameters of bulk materials. As a result, the com-
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munity gradually shifted towards a surface description of the ensemble properties of the struc-
tures, which resulted in considering them as metasurfaces. In comparison to bulk metamaterials
in which waves propagate through long distances, metasurfaces are ultra-thin interfaces that af-
fect an incident beam of light over a sub-wavelength scale. The basic operation principle relies on
the collective scattering behaviour of the sub-units organized into flat subwavelength arrays. An
arbitrary manipulation of the amplitude, phase and/or polarization can be achieved by a proper
local control of the shape, nature, orientation and organisation of the constituents.

Figure 1.2 – Examples of metasurface applications for polarization and wavefront control. Reproduced
from [23]

Due to their exceptional abilities for light manipulation, metasurfaces are expected to be the
next generation of optical elements used to control the optical field. In the long term, they could
lead to the substitution of bulky conventional optical components or diffractive elements, by com-
pact flat optics. They have been widely explored to realize conventional functionalities of classic
components such as lenses [24–36], waveplates [37–40], polarimeters [41–43], beam deflectors
[24, 44–48], holograms [49–56], optical vortex converters [46, 57], as illustrated on Fig. 1.2, as well
as for applications in light absorption, optical filtering, leaky-wave antennas, nonlinear devices
[23], etc. They have also lead to the development of new and innovative functionalities, such as
metadevices for the manipulation and measurement of photon quantum states [58, 59], multi-
tasking metadevices [60], etc.

1.1.2 From the Huygens-Fresnel principle to Huygens metasurfaces

The incredible abilities of metasurfaces to manipulate light can be somewhat understood from
the Huygens-Fresnel principle. Introduced by Christian Huygens in 1690 in his work entitled Traité
de la Lumière [61], this principle is a well-known concept in electromagnetism at the foundation of
the classic wave theory of light. It states that every point in space that receives an electromagnetic
wave becomes the fictitious source of a new spherical wave spreading in the forward direction,
explaining thus the gradual propagation of light. These point-sources, illustrated on Fig. 1.3-A,
are the so-called Huygens sources and have for a long time remained a purely mathematical com-
modity used to explain various properties occurring in classical wave physics such as refraction
(see Fig. 1.3-B), diffraction, and interference phenomena.

This intuitive picture is useful to qualitatively explain the working principle behind the most
common classes of metasurfaces: those dedicated to wavefront engineering. By analogy with the
Huygens principle, when illuminated, each resonator on a metasurface can be treated as a new
source that scatters light, thus forming a secondary source of wavelets. The new wavefronts, both
in transmission and reflection, can be regarded as the combination of all the secondary waves.
By introducing spatial variations in the phase retardation of the optical scatterers forming the
metasurface, one can create an artificial interface that moulds the optical wavefronts into arbi-
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trary shapes. Therefore, such metasurfaces can be seen as the engineered version of the Huygens
principle. Any structures of sub-wavelength size that can “catch and release” the electromagnetic
field, i .e induce a retardation, with a controllable phase shift are good candidates for this type of
wave manipulation. An introduction to the numerous approaches existing for engineering phase
discontinuities can be found in excellent reviews discussing the recent developments in metasur-
faces [23, 56, 62–69]. We will only briefly mention some of the most relevant approaches in the
following.

Huygens-Fresnel principle Huygens metasurface

Huygens sources

Huygens 
meta-atoms

A B C

Figure 1.3 – A) Illustration of the Huygens-Fresnel principle showing the gradual propagation of a plane
wave through the excitation of secondary waves. B) Huygens-Fresnel principle applied to the refraction
phenomenon. C) Illustration of the concept of Huygens’ metasurfaces. Assembling in a sub-wavelength
array an ensemble of optical resonators exhibiting Huygens source features, it is possible to convert an
incident plane wave into an arbitrarily shaped beam.

Most pioneering proposals in wavefront shaping have relied on plasmonic resonances of par-
ticles. Indeed, the first proposed nanostructures were V-shaped [39, 70–75] (or similarly C-shaped
[76] or Y-shaped [40]) metallic antennas. Such resonators exhibit two orthogonal electric dipole
resonances and by changing the opening angle, length and orientation of the particles, an entire
variation of the phase from 0 to 2π can be achieved in the infrared domain. This structure has
been widely popularized by the work of F. Capasso’s group, who also played a significant role in
the emergence of the field of optical metasurfaces.

Fundamentals and Applications of Metasurfaces

V-shaped resonators PB-phaseA B C D

E

F

Figure 1.4 – A) Schematic representation of a V-antenna and its supported modes. The bottom panel shows
anomalous refraction obtained from a super-cell combining 8 plasmonic V-antennas. Reproduced from
[70]. B) V-antennas are arranged so as to generate a phase shift that varies azimuthally from 0 to 2π (top
panel), thus producing a helicoidal scattered wavefront (bottom panel). Reproduced from [70]. C) Scanning
electron microscopy (SEM) image of a fabricated lens with 3 cm focal distance and the corresponding im-
plemented phase shift profile. Reproduced from [71]. D) Schematic of a Pancharatnam–Berry-phase with
nanorods where the phase response is solely determined by the nanorod orientation. Reproduced from
[23]. E) SEM image (left panel) of a plasmonic lens made from gold nanorods and intensity distribution
(right panel) revealing the focussing of right-circularly polarized incident light. Reproduced from [77]. F)
SEM micrograph (top panel) of a fabricated metalens consisting of TiO2 nanofins on a glass substrate, and
measured focal spot intensity profile (bottom panel) of the lens. Reproduced from [29].
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Between 2011 and 2012, such meta-atoms have for example been used in the early demon-
stration of anomalous reflection and refraction enabled by metasurfaces according to the so-called
generalized Snell’s laws [70, 78] (see Fig. 1.4-A), applied to optical vortex beam generation [75] (see
Fig. 1.4-B), as well as the realization of lenses [71] (see Fig. 1.4-C), etc. However, such plasmonic
devices present low transmission efficiency in the 10% to 20% range due to the high intrinsic losses
of their metallic elements.

Another well-known approach for implementing local phase gradient is to exploit the concept
of geometric phase also known as the Pancharatnam-Berry phase [79, 80], developped in the early
2000s by Hasman et al . [81, 82]. This concept is based on anisotropic resonators. A simple rota-
tion of an anisotropic scatterers can induce a cross-polarized phase retardation equal to twice the
rotation angle (see Fig. 1.4-D). With this approach, it is possible to form metasurfaces consisting
of a set of identical resonators with varying orientations so as to produce a desired phase profile.
Such a modulation of the phase has been widely used to realize advanced wavefront manipula-
tion of transmitted or reflected waves with both plasmonic [77, 83] (see Fig. 1.4-E) or dielectric
resonators [24, 29] (As shown on Fig. 1.4-F). This approach applied to low loss dielectrics makes
it possible to design and produce components with high transmission efficiency, typically higher
than 85%. Nonetheless, the device must be excited with a circularly or elliptically polarized field
and the transmitted light is in a different polarization state compared to the incident beam.

A fundamentally different approach, allowing the realization of polarization-independent me-
tadevices with high efficiencies, has recently emerged with the concept of Huygens metasurfaces.
They consist in reflection-less surfaces composed of meta-atoms that do not radiate backward.
Analogous to the fictitious sources defined in the Huygens’ principle, such meta-atoms are thus
widely referred to as Huygens sources in the literature. Indeed Huygens metasurfaces were origi-
nally inspired by the surface equivalence theorem [84, 85], a generalization of the Huygens’ prin-
ciple in terms of electric and magnetic surface current densities. They were first proposed by
Pfeiffer and Grbic in 2013 [86] and mainly rely on the old idea that a Huygens source behavior
can be obtained by a combination of collocated, orthogonal and in phase electric and magnetic
dipoles of equal strength [87, 88]. This configuration allows a unidirectional radiation pattern due
to destructive interferences between the electromagnetic waves radiated by each dipole in the
backward direction as well as constructive interferences in the forward direction. In addition, the
excitation of a simple dipole resonance gives a phase shift of π across the resonance. The com-
bination of the two electric and magnetic resonances thus provides sufficient degrees of freedom
to achieve a phase excursion over the entire interval between 0 and 2π necessary for full control
over the wavefront. Therefore, an array of such pairs of resonant dipoles can be used to create an
equivalent sheet of electric and magnetic surface current densities that radiate in the forward di-
rection only, with the possibility to form any arbitrary wavefront pattern and field distribution (see
Fig. 1.3-C). The first implementations of this concept were performed at microwave frequencies
with metasurfaces consisting in stacks of printed circuit boards containing unit-cells of combined
copper wire and loops realizing the electric and magnetic responses. The authors [86] experimen-
tally demonstrated a beam deflector with 86% transmittance. If has been widely investigated at
microwave frequencies [89–91], the concept was also scaled down to optical frequencies [92]. The
first implementation of optical Huygens metasurfaces were realized with patterned metallic-based
unit-cells [93, 94] at telecommunication wavelengths but suffered from limited efficiency due to
the ohmic losses.

On the other hand, the recent realization of Huygens optical metasurfaces are essentially based
on sub-wavelength polarizable dielectric particles. These Mie resonators, whose scattering pat-
tern can be tailored by their size, shape, or composition, have been widely suggested as opti-
cal nano-antennas capable of emitting light in specific direction [95–98] and constitute excel-
lent building blocks to produce Huygens metasurfaces. Indeed, they support both strong elec-
tric and magnetic responses in the visible and near infrared range that can overlap in the same
spectral range to produce a Huygens source. In particular, zero back-scattering is reached under
the condition of balanced multipoles of opposite symmetries, also known as the Kerker condition
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in reference to Milton Kerker’s pioneering work [99]. Kerker actually realized that spherical parti-
cles that have an electric permittivity equal to the magnetic permeability (ε = µ) have zero back-
scattering under plane wave excitation. Zero back-scattering of subwavelength particles have for
example been experimentally demonstrated at visible frequencies with Si spheres (see Fig. 1.5-A)
and GaAs cylinders [100, 101]. As illustrated by Fig.1.5, nanoparticles of various shapes and com-
position such as spheres [102–107], spheroids [108–110], cubes [46, 111–115], cylinders and disks
[116–118], core-shell particles [119, 119–124], particles with slits [111, 125] or holes [126], etc have
been widely investigated for obtaining unidirectional forward scattering and as potential building
blocks for Huygens surfaces.

decker2015high

A B C

Figure 1.5 – A) Theoretical (top panel) and experimental demonstration (bottom panel) of forward-
scattering of light by a single dielectric Si nanoparticle of diameter 150nm. Left axes show forward (green)
and backward (blue) scattering intensities, and right axes show forward-to-backward ratio (orange curves).
Reproduced from [100]. B) Top panel illustrates the electric and magnetic dipole mode profiles of a Si nan-
odisk. The bottom panel shows the position of the electric and magnetic dipole resonance wavelength as
a function of the disk diameter. Reproduced from [116, 117]. C) Scattering efficiency (top panel) of a core-
shell nanoparticle with a dielectric shell and a silver core. The bottom panel shows the corresponding 3D
scattering pattern at the resonance revealing a strong forward scattering. Reproduced from [120].

Huygens metasurfaces made from periodic arrays of dielectric particles have been implem-
ented at optical frequencies using a large variety of planar lithographic fabrication techniques.
Resorting to dielectrics with low absorption losses has permit Huygens metasurfaces with high
transmissions. Figure 1.6 shows the important contribution made in 2015 by Decker et al . [117]
who demonstrated a Huygens metasurface with a high transmittance and full phase coverage ob-
tained by spectrally overlapping electric and magnetic resonances of silicon nanodisks in the near-
infrared [117] (as shown on Fig. 1.5-B).

A B

Figure 1.6 – A) Schematic of an array of nanodisks supporting electric and magnetic dipoles resonances.
Reproduced from [117]. B) Transmitted field amplitude and phase obtained analytically, numerically and
experimentally for an array of silicon nanodisks. Reproduced from [117, 127].
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Since this demonstration, high-efficiency lossless all-dielectric Huygens metasurfaces have
been demonstrated for a wide range of applications (see Fig. 1.7), such as lenses [128–132], vortex
beam generation [46, 57], holographic images [49–51], beam deflectors [45, 46, 48, 133, 134], etc.
Metasurfaces consisting of nanopillars of large aspect ratio (close to a unit wavelength thick), also
known as high-contrast arrays, are also widely encountered [65] (see Fig. 1.7-C). Similar to the
blazed binary optical elements that are at least two decades old [135–137], this structure supports
multiple Fabry-Perot resonances. However, their high transmittance can also be analyzed from
the unidirectional scattering of their elements that results from the overlapping between several
of their odd and even multipoles satisfying the Kerker condition [27, 31, 138]. Hence, they can be
seen as highly multipolar Huygens metasurfaces. Although in their most common configuration,
Huygens sources consist of dipole resonances, multipolar meta-atoms have received a lot of atten-
tion for their ability to drastically extend the range of possibilities for directional scattering with
more complex structures and extended spectral ranges of operation [119, 139–142].

A B C E

D
F

Figure 1.7 – A) Beam deflection with a periodic array consisting in a super-cell of 10 nanodisks of vary-
ing diameters. Reproduced from [143]. Examples of fabricated Huygens metasurfaces (bottom panels) for
beam-deflection, with super-cells of 8 and 9 Si nanodisks for respectively the left and right panels repro-
duced from [45] and [133]. B) SEM image (top panel) of a fabricated beamshaper consisting in four arrays
of silicon nanodisks and corresponding phase profile (bottom panel) of the generated vortex beam. Re-
produced from [57]. C) SEM images of silicon posts forming a high-contrast transmitarray micro-lens and
corresponding measured 2D intensity profile in the focal plane. Reproduced from [27]. D) SEM images (left
panels) of a TiO2 Huygens meta-lens and measured 2D intensity profile (right panel). Reproduced from
[131, 132]. E) Experimental holographic image and SEM pictures of the corresponding Huygens metasur-
face. F) Experimental hologram image (left panel) obtained with a Huygens metasurface with 40% imaging
efficiency, and associated phase reconstruction (right panel) in the sample plane. Reproduced from [50].

Furthermore, Huygens metasurfaces not only benefit from their possible high transmittance
but are also advantageous to numerous applications where a surface must reflect as little power
as possible. This is for example the case of electromagnetic absorbers that are of prime impor-
tance for many applications such as, wave filtering, energy harvesting, sensing, thermal emission
control, etc. There are a large variety of metasurfaces developed for perfect absorber applications
[144, 145]. However, most designs consist in multilayered structures often backed by a continuous
reflecting metal plane, as in the classic Dallenbach [146] and Salisbury configurations [147, 148].
Thus, within that scenario, absorbers are asymmetric, absorbing light from one side only and can-
not transmit light outside their absorption band.

Indeed, Huygens metasurfaces bring an important novelty to the field of absorbers since they
make it possible to perfectly absorb light with ultimately thin layers made of a monolayer of par-
ticles and without the need for a reflecting substrate. The absorption is obtained by organizing
lossy Huygens sources, able to dissipate energy, and where the forward scattered wave by the lat-
tice cancels the incident wave by destructive interferences leading to an absence of transmission.
This recent idea, that emerged in 2013 with the work of S. Tretyakov et al . [149–152], indeed opens
the way to symmetric absorbers, that can additionally be fully transparent outside their operating
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band.

These considerations make Huygens metasurfaces promising structures of great interest for a
wide variety of applications that are not limited to those presented here. Many future develop-
ments are expected for Huygens metadevices in the near future.

1.1.3 Colloidal nanochemistry and self assembly as promising plateforms for optical
metasurfaces

Nowadays, most metasurfaces are produced by top-down nanofabrication technologies. This
provides unequalled spatial resolution for the surface organization of elements of precisely con-
trolled geometry. However, the development of low-cost and large-area fabrication techniques is
also needed to avoid relying on currently expensive lithography. A promising avenue is provided by
bottom up techniques. The bottom-up fabrication route is based on the combination of colloidal
nanochemistry, allowing the synthesis of large numbers of optical meta-atoms (typically ≈ 1013

per batch in the laboratory), and self-assembly methods for their spontaneous organisation into
materials and the production of large-scale 2D structures. It is therefore an excellent alternative
for the realization of metasurfaces operating with visible or near infrared light. A large variety of
meta-atoms of varying complexity can be synthesized by nanochemistry. Some of them could in-
deed constitute interesting building blocks for Huygens metasurfaces. As illustrated on Fig. 1.8-A,
it is for instance possible to synthesize various dielectric nanoparticles such as Si, TiO2, Cu2O, etc.
As mentioned already, such dielectric particles naturally present strong electric and magnetic Mie
resonances that can coexist spectrally, and their ability to scatter light unidirectionally has been
demonstrated. Another example is provided by core-shell particles (see Fig. 1.8-E), that have been
proposed for the realization of Huygens sources since they can present strong overlapped dipole
resonances in the near infrared (As shown on Fig. 1.5-C).

A

B C D E

F G

H

Figure 1.8 – Si0.75H0.25 (left panel), TiO2 (mid panel) and Cu2O (right panel) colloidal dielectric nanospheres
prepared through wet-chemistry methods. Reproduced from [103, 153–155]. B) Electron micrograph of a
plasmonic raspberry synthesized by self-assembling silver satellites. Reproduced from [156]. C) SEM image
of silver raspberry particles prepared with a polystyrene template. Reproduced from [157]. D) TEM micro-
graphs of plasmonic meta-molecules composed of 10 nm large Au nanoparticles with magnetic response at
optical frequencies. Reproduced from [158]. E) Core-shell particles made from gold and high-permittivity
cuprous oxide (Cu2O). Reproduced from [159]. F) Periodic array of trigonal planar clusters formed with
polystyrene beads in cylindrical holes. Reproduced from [160]. G) Dense single layer prepared by hori-
zontal deposition from a polystyrene particle suspension. Reproduced from [161, 162]. H) Example of a
topographic template defining each colloid position in a lattice. Reproduced from [161, 163].

Beyond resorting to Mie magnetic resonances of dielectric materials, magnetic responses, un-
natural at optical frequencies but necessary for obtaining dipolar Huygens sources, can be ob-
tained by considering more complex structures that present so-called artificial magnetic responses.
They generally consist in a set of metallic nano-objects organized in large clusters that enable the
excitation of loops of plasmonic currents which, in turn, generate magnetization oscillating at the
frequency of the impinging light. Following the original model of isotropic magnetic nanoclusters
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proposed by C. R. Simovski and S. A. Tretyakov [164] and A. Alù and N. Engheta [165, 166], nan-
oclusters [158, 167, 168] (see Fig. 1.8-D), raspberry-shaped resonators [156, 157, 169–171] (see Figs.
1.8-B,C), dodecapods [172] etc, exhibiting high magnetic responses were indeed successfully syn-
thesized by several authors, including group of researchers from the University of Bordeaux. The
search for artificial and isotropic optical magnetism in the visible has stimulated a lot of synthetic
efforts, mainly with the original aim of demonstrating double negative index optical bulk meta-
material. The efforts invested for this idea could now benefit the realization of Huygens sources.

Once the meta-atoms have been synthesized, the next challenge is to assemble them into a
metasurface while preserving a spatial organisation required for most applications. Several fab-
rication strategies can be found [161]. Thin films of large area can be produced by Langmuir-
Blodgett assembly, dip- and spin-coating or meniscus evaporation for instance (see Fig. 1.8-G).
These approaches generally lead to dense surfaces of particles that tend to assume a close-packed
geometry. Additional techniques also exist that may be used to harness their arrangement. For ex-
ample the particle-particle spacing can be modified by varying the length of the coating molecules.
Another possibility is instead to employ nanopatterned templates as supports [173–175], so that
the nanoparticle arrangement can be guided in a controllable manner. Nanopatterned templates
can be realized, by creating a chemical contrast pattern between regions with different affinity to
the nanoparticles, by printing processes, or by modifying the surface topography (see Figs. 1.8-
F,H). The combined application of patterned substrates and self-assembly for the deposition of
nanoparticles is often considered. The self-assembly routes hence appear to be excellent candi-
dates to ensure macroscopic organisation of large numbers of meta-atoms into 2D surfaces. The
complexity of the self-assembly procedure can be greatly reduced for isotropic resonators, elimi-
nating the additional alignment problem. If the anisotropic Huygens resonators, such as the disks,
have been widely explored and have already demonstrated their full potential, isotropic Huygens
sources that would be particularly well suited to these self assembly approaches have received
limited attention in the literature.

1.2 Aim and structure of the thesis

1.2.1 Motivations

Since self-assembly processes hold the potential to produce large metasurfaces at potentially
low cost, they constitute a highly promising approach to make devices that exploit the exceptional
properties of chemically synthesized optical nanoresonators. In recent years, several groups in
Bordeaux, from the ICMCB, the CRPP and the LOF, have worked as a consortium in the framework
of the AMADEUS LabEx and devoted their research to the bottom-up production of metamaterials
based on colloidally synthesized resonators. Many realizations have been made including but not
limited to a fully isotropic bulk magnetic metamaterial, hyperbolic metamaterials, adjustable high
refractive index metamaterials or topologically dark metamaterials [156, 176–181]. From these
successive works on bulk metamaterials, emerged the interest to extend the exploitation of the
optical magnetism of colloidal structure and the bottom-up approach to the more recent field of
metasurfaces. In particular, the bottom-up feasibility of Huygens metasurfaces was lacking focus
in the literature, in strong contrast to the attention paid to the nanodisks and pillars anisotropic
structures on which relied the demonstrated lithographically manufactured metasurfaces.

The aim of this PhD work was therefore to evaluate the potential of colloidal particles for the re-
alization of optical Huygens metasurfaces. The underlying goals were to propose theoretical tools
and design procedures of Huygens sources, that could lead to functional Huygens metasurfaces
realistically feasible by bottom-up techniques.
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1.2.2 Thesis content and outline

In this thesis, we study isotropic Huygens sources and their potential applications as meta-
surfaces, both for wavefront manipulation and for perfect absorption applications. We focus on
structures that can typically be obtained by colloidal nano-chemistry. These consist in spherical
dielectric and metallic particles, clusters of plasmonic or dielectric inclusions and multilayered
particles. The outline is summarized in Fig. 1.9.

The thesis can be divided into two distinct parts. In a first part, we study the scattering proper-
ties of meta-atoms considered individually and we present design guidelines to tailor their differ-
ent multipoles to meet the Kerker condition and achieve resonant or broadband Huygens sources.
The second part is devoted to the study of their periodic arrangements as Huygens metasurfaces.

Single 

particles

Metasurfaces

Chapter 1 Introduction

Chapter 2 Theoretical framework and numerical methods

Chapter 3 Design of isotropic Huygens sources with colloidal particles

Chapter 4 Metasurface Analysis

Chapter 5 Multipolar Huygens metasurfaces

Chapter 6 Conclusions

Theoretical

Designs

Theoretical

Designs

Figure 1.9 – Outline of the thesis

The two main parts each contain two chapters (see Fig. 1.9). The first chapters deal with
the theoretical aspects, the implementation of concepts with their associated mathematical and
numerical tools that are then exploited in the second chapters in order to propose systems that
may be experimentally achieved. The detailed contents of chapters are as follows:

• Chapter 2 aims at presenting the main theoretical concepts involved in the study of the op-
tical properties of nanostructures. Starting from the basics of electromagnetism and wave
propagation, we later address the problem of light scattering by particles and its solving with
the analytic Mie theory or by means of the T -matrix method. At the same time, this chap-
ter introduces the fundamental tool of multipole expansion, that plays a central role in the
understanding and tuning of the scattering responses of particles. Finally, a section is de-
voted to numerical methods with the commercial finite element software package COMSOL
multiphisycs.

• In Chapter 3 we investigate the directional scattering abilities of different isotropic colloidal
particles from the theoretical and numerical point of view. In a first part, we introduce
the generalized Kerker condition leading to the cancellation of the back-scattering by parti-
cles. In a second part, we reveal that both resonant dipolar Huygens sources and extremely
broadband forward directed scattering can be obtained considering simple spherical par-
ticles of low refractive index. Alternatively, clusters of particles are introduced for the first
time as promising Huygens sources. We demonstrate that such composite particles made
from homogeneously assembled small inclusions provide a greater flexibility in the design
of Huygens sources, combined with better performances compared to simple spheres. Re-
sorting to extended Maxwell-Garnett homogenization theory, we evidence how the control
of the effective refractive index by the particle density allows to engineer plasmonic and di-
electric clusters as resonant and broadband Huygens sources for the visible domain. Finally,
in a last part, we focus on multilayered particles. In particular, we present design guidelines
to overlap the electric and magnetic dipole resonances of silver and gold based metallo-
dielectric core-shells. All-dielectric core-shells behaving as broadband Huygens sources are
also demonstrated.
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• Chapter 4 aims at introducing different analytic tools used to analyze or compute the prop-
erties of metasurfaces. Firstly, we present the description of metasurfaces in terms of equiv-
alent surface current sources satisfying specific boundary conditions. After introducing the
transmission line formalism, these boundary conditions are used to derive the equivalent
circuit representations of different kinds of metasurfaces. From there, to get a physical in-
sight into the origin of metasurface features, we model metasurfaces under the dipole ap-
proximation. The coupled dipole model, used to semi-analytically compute the coupling
term between dipolar particles, is introduced, as well as its simplified version relying on
the hypothesis of resonances of a lorentzian spectral form. Finally in a last section, a gen-
eralized formalism that links metasurface properties to the multipole coefficients of their
constituent meta-atom is presented. This multipole decomposition that evidences the role
of symmetric and anti-symmetric multipoles in the absorption and radiation properties of
a metasurface will serve as a major tool in chapter 5.

• Chapter 5 is dedicated to the study of Huygens metasurfaces. In a first part, we investi-
gate their properties from a theoretical point of view, based on a simple dipolar lorentzian
model. We highlight how a perfect transmission accompanied by a complete coverage of
the

[
0 ; 2π

]
interval for the phase can be obtained for lossless metasurfaces while a unit ab-

sorption can be achieved with resonators under critical coupling. We then generalize the
required conditions to achieve these properties to multipolar systems. In a second part we
focus on wavefront control applications. We evidence the possibility of achieving a 2π phase
shift with quadrupolar resonances of silicon clusters. We apply this result to demonstrate a
beam deflector and a focusing lens in the near infrared based on cluster arrays. Finally in
a last part, we exploit the generalized absorption conditions written in terms of a balance
between multipoles to present various designs of perfect absorbers. Spherical particle, core-
shell and cluster arrays, both plasmonic and dielectric, are studied. The specificities of each
design allowing for either resonant, dual band or broadband absorption are presented in
detail.

• Finally, Chapter 6 summarizes the main results and achievements of this thesis and high-
lights possible research directions that would be worth exploring in the future.
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Summary: The aim of this chapter is to present the main theoretical concepts needed when an-
alyzing and designing optical properties of nanostructures. We start by recalling the basics of elec-
tromagnetism and wave propagation. We later address the problem of light scattering by particles
and its solving by use of the T -matrix formalism, the analytic Mie theory and numerical simula-
tions. At the same time, this section serves to introduce the fundamental tool of multipole expan-
sion in electromagnetism. Finally in the last part, numerical finite element methods we used in
this thesis are presented.
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CHAPTER 2. THEORETICAL FRAMEWORK AND NUMERICAL METHODS

2.1 Electromagnetic wave propagation

2.1.1 Macroscopic Maxwell’s equations in matter

All classical electromagnetic phenomena are governed by Maxwell’s equations. They con-
sist in a set of four partial differential equations describing the interconnection between fields,
sources, and material properties. They are named after the physicist and mathematician James
Clerk Maxwell who was the first to formulate these fundamental postulates in the 19th century.

Their macroscopic form in matter read as:

~∇∧~E(~r, t ) =−∂
~B(~r, t )

∂t
(Maxwell−Faraday) (2.1)

~∇·~B(~r, t ) = 0 (Maxwell−Flux) (2.2)

~∇·~D(~r, t ) = ρ(~r, t ) (Maxwell−Gauss) (2.3)

~∇∧ ~H(~r, t ) =~J (~r, t )+ ∂~D(~r, t )

∂t
(Maxwell−Ampere) (2.4)

The first two equations (2.1) and (2.2) are structural equations of the EM field and the last two (2.3)
and (2.4) connect these fields to fixed or mobile charges. Here, ~E(~r, t ),~B(~r, t ), ρ(~r, t ) and~J (~r, t ), are
respectively the electric field [V.m−1], the magnetic flux density [T ], the electric charge density

[C .m−3] and the electric current density [A.m−2] . The term
∂~D(~r, t )

∂t
is often refereed to as the

displacement current. In its most general form,~J (~r, t ) is the sum of two contributions: the source
current density ~Js(~r, t ) and the induced conduction current density ~Jc (~r, t ). The displacement field
~D(~r, t ) [C .m−2] and the magnetic field strength ~H(~r, t ) [A.m−1] are linked to ~E and ~B through the
constitutive equations that describe the behavior of matter under the influence of the fields. On
the other hand, the conduction current density ~Jc (~r, t ) is related to ~E through the local form of
Ohm’s law. The form of the constitutive relations depends on the material properties. Assuming
an homogeneous, linear, local and isotropic material, the relations take the following scalar forms:

~D(~r, t ) = ε~E(~r, t ) (2.5)

~B(~r, t ) =µ~H(~r, t ) (2.6)

~Jc (~r, t ) =σc~E(~r, t ) (2.7)

ε = εr ε0 is the electric permittivity of the medium, with ε0 ≈ 8,854×10−12 F.m−1 the free space
permittivity and εr the relative permittivity of the material. µ=µrµ0 corresponds to the magnetic
permeability where µ0 ≈ 4π10−7 H .m−1 is the free space permeability and µr the relative perme-
ability of the material. σc [S.m−1] corresponds to the conductivity of the material.

When considering a vacuum or a linear material, Maxwell’s equations are linear in both the
sources and the fields. This important property implies that they can be easily solved in the fre-
quency domain by applying the Fourier superposition principle. The spectrum ~A(~r,ω) of an arbi-
trary time-dependent field ~A(~r, t ) is given by the Fourier transform:

~A(~r,ω) = 1

2π

∫ +∞

−∞
~A(~r, t )e iωt d t (2.8)

The time-dependent field can in turn be expressed by the inverse transform:

~A(~r, t ) =
∫ +∞

−∞
~A(~r,ω)e−iωt dω (2.9)

Therefore, using the constitutive relations (2.5,2.6,2.7), the Maxwell’s equations in the frequency
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domain read as:

~∇∧~E(~r,ω) = iωµ(ω)~H(~r,ω) (2.10)

~∇· ~H(~r,ω) = 0 (2.11)

~∇·~E(~r,ω) = ρ(~r,ω)

ε(ω)
(2.12)

~∇∧ ~H(~r,ω) =σc (ω)~E(~r,ω)+~Js(~r,ω)− iωε(ω)~E(~r,ω) (2.13)

2.1.2 Helmholtz vector wave equations

In the following, we will consider a source free (~Js =~0) and a neutral material at the macro-
scopic scale with no net charge (ρ = 0). Equations (2.13) and (2.12) become:

~∇·~E(~r,ω) = 0 (2.14)

~∇∧ ~H(~r,ω) =σc (ω)~E(~r,ω)− iωε(ω)~E(~r,ω) (2.15)

By taking the curl of equations (2.10) and (2.15) and by respectively considering the divergence
equations (2.14) and (2.11), we obtain:

∆~E(~r,ω)+ω2µ(ω)ε̂(ω)~E(~r,ω) = 0 (2.16)

∆~H(~r,ω)+ω2µ(ω)ε̂(ω)~H(~r,ω) = 0 (2.17)

where ∆ is the vector Laplace operator and ε̂, the generalized permittivity including both the con-
duction and polarization mechanism for respectively free and bound electrons:

ε̂(ω) = ε(ω)+ i
σc (ω)

ω
(2.18)

Materials exhibiting a non negligible conductivity σc are called conductors (metallic materials for
example) while materials with σ ≈ 0 are called insulators or dielectric. To simplify the notations,
from this point, ε̂ the generalized permittivity will simply be written as ε. It can be noted that the
generalized permittivities of dielectric materials are well described by Lorentz oscillator model
giving the motion of bound electrons. On the other hand, for ω below their plasma frequencies,
generalized permittivities of common metals (such as Au, Ag, . . . ) are theoretically well predicted
by Drude’s model describing the collective movement of the free electrons and they exhibit a nega-
tive real part (ℜ(ε) < 0). At higher frequencies inter-band transitions become significant and must
be taken into account for describing their dielectric constant.

Equations (2.16) and (2.17) are known as the homogeneous Helmholtz wave vector equations.
They describe the propagation of electromagnetic waves through a neutral and source free medium.

2.1.3 Monochromatic plane waves

In cartesian coordinates, the eigenmodes of the homogeneous Helmholtz equations (2.16) and
(2.17) are plane waves:

~E(~r,ω) = E0e i (~k(ω)~r−ωt ) (2.19)

~H(~r,ω) = H0e i (~k(ω)~r−ωt ) (2.20)

where we have taken the standard time-dependent convention e−iωt .

General solutions to an electromagnetic problem using this set of eigenmodes therefore take
the following form:

~E(~r,ω) =∑
j

a j E0e i (~k j (ω)~r−ωt ) (2.21)

where the a j coefficients and the ~k j wave vectors are usually determined using appropriate bound-
ary conditions for a given problem.
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2.1.4 Dispersion relation

Inserting the plane waves solutions (2.19,2.20) into (2.16,2.17) provides the well known disper-
sion relation that relates frequency to material properties and wave vector:

k2(ω) =ω2µ(ω)ε(ω) = ω2

c2 µr (ω)εr (ω) (2.22)

where the constant c = 1p
ε0µ0

≈ 3×108m.s−1 is the speed of light in vacuum. The dispersion

relation connects the electromagnetic field variation in space and time.

2.1.5 Optical refractive index

In (2.19), Φ=~k~r −ωt represents the phase of the wave. By definition, the phase velocity vp is

the d~r
d t of the equiphase (dΦ= 0) surface. Writing

dΦ=~kd~r −ωd t (2.23)

leads to:
vp = ω

k
(2.24)

Using the previously established dispersion relation (2.22), the phase velocity reads:

vp = cp
εrµr

= c

N
(2.25)

εr (ω) and µr (ω) being function of ω, the phase velocity may vary with frequency: the propagation
is dispersive. The quantity N = √

εr (ω)µr (ω) is the refractive index which describes the ratio be-
tween the velocity of light in a vacuum and in a material. Since εr and µr are complex numbers,
the optical index is a complex number:

N = n′+ i n′′ (2.26)

The real part, n′ describes the propagation of a wave while the imaginary part, n′′ its attenuation
through the medium.

2.1.6 Wave impedance

Inserting the monochromatic plane waves expressions into the four Maxwell’s equations (2.10,
2.11, 2.14, 2.15) leads to:

i~k ·~E(~r,ω) = 0 (2.27)

i~k · ~H(~r,ω) = 0 (2.28)

i~k ∧~E(~r,ω) = iωµ(ω)~H(~r,ω) (2.29)

i~k ∧ ~H(~r,ω) =−iωε(ω)~E(~r,ω) (2.30)

These relations illustrate the transverse nature of electromagnetic plane waves. The first two equa-
tions imply that both ~E and ~H are perpendicular to~k while the last two implies the orthogonality
of ~E and ~H . Therefore~k, ~E and ~H form a right-handed orthogonal triplet.

Furthermore, using (2.29) and (2.30) we can define:

η= E(~r,ω)

H(~r,ω)
=

√
µ

ε
(2.31)

This ratio has units of electrical resistance (Ω) and is called the intrinsic wave impedance of a
medium. It relates the electric field to the magnetic field amplitude in a medium. η is a complex
value indicating that ~E and ~H are not necessarily in phase. The wave impedance in free space is
given by η0 =

√
µ0/ε0 ≈ 376,73Ω. Impedance is a concept of prime importance in electronics and

electromagnetism when using the transmission line formalism.
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2.1.7 Poynting vector and energy flux through a surface

The Poynting vector represents the directional energy flux in both magnitude and orientation.
It is defined by:

~Π(~r,ω) = ~E(~r,ω)∧ ~H(~r,ω) (2.32)

It has units of W.m−2. The net rate at which electromagnetic energy crosses the boundary of a
surface Σ of outward normal unit vector ~n is given by:

W =
Ï
Σ

~Π(~r,ω) ·~n dΣ (2.33)

Where W is the power crossingΣ expressed in Watts. For high frequencies it is often impractical to
follow the instantaneous variation of the Poynting vector. As a result, the average of ~Π over many
cycles of oscillations is often considered instead. The averaging procedure for monochromatic
harmonic plane waves leads to the time-averaged Poynting vector:

~S = 〈~Π〉 = 1

2
ℜ(~E(~r,ω)∧ ~H∗(~r,ω)) (2.34)

~S is also known as irradiance or intensity. Using the plane wave properties given in (2.29-2.31) we
can write:

S = 1

2η

∣∣E0
∣∣2 (2.35)

2.2 Light interaction with particles

In the previous part we have studied the propagation of electromagnetic waves in homoge-
neous media without considering their physical origin. This part is devoted to the study of sources
of radiation, and more precisely to the fundamental problem of scattering of light by particles. We
will study the emission of radiation by localized distributions of charges and currents based on
multipole analysis.

2.2.1 Electromagnetic scattering and multipole expansion

2.2.1.a The scattering problem

In this part, we consider the interaction of a monochromatic plane wave with an arbitrarily
shaped three-dimensional object. The scattering problem, illustrated on Fig. 2.1, is the following:
an incident electromagnetic wave (~Ei nc , ~Hi nc ) impinges on a nanostructure called a scatterer. This
excitation causes oscillations of charges in the particle (polarization and conduction currents) and
results in a distribution of induced electric currents ~Js in the resonator. These current sources in
turn radiate electromagnetic waves with a given radiation pattern which then propagate in the
surrounding environment.
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𝑖𝑛𝑑𝑢𝑐𝑒𝑑 𝑐𝑢𝑟𝑟𝑒𝑛𝑡
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 𝑟

lim
𝑟→∞

Figure 2.1 – Schematic view of an electromagnetic scattering process by an arbitrarily shaped particle. An
incident electric field ~Ei nc excites an electric current density ~J in the particle resulting in the radiation of a
scattered wave ~Escat and an internal field distribution ~Ei nt .

We denote by (~Escat , ~Hscat ) the scattered fields and by (~Ei nt , ~Hi nt ) the internal fields distri-
bution. The fields outside the particle denoted by (~Etot , ~Htot ) are the superposition of both the
incident and the scattered fields:

~Etot (~r,ω) = ~Ei nc (~r,ω)+~Escat (~r,ω) (2.36)

~Htot (~r,ω) = ~Hi nc (~r,ω)+ ~Hscat (~r,ω) (2.37)

As ~Escat = ~Etot −~Ei nc we see that the scattered field is defined as the difference between the field
in the presence of the obstacle and that which would exist in its absence ( i.e. in an homogeneous
medium). In the following , the scatterer is assumed to be a linear and isotropic material. The
same holds for the surrounding media which is furthermore considered as lossless.

As illustrated on Fig. 2.1, different regions can be identified around the object: a near field
and a far field zone. The far-field, also known as the Fraunhofer region, can be found far from
the particle for distances r À 2D2/λ where D is the size of the particle. This region is dominated
by propagating fields, behaving as spherical waves decaying as 1/r , and is characterized by an
angular radiation pattern that does not change its shape with the distance. In contrast, the near
field zone is found in the immediate vicinity of the particle for distance r below a few wavelengths.
Non-propagating fields dominate in this region and the distribution of fields is rather complex and
vary rapidly with the distance to the source.

2.2.1.b Poynting theorem, energy conservation and cross-sections

The interaction of light with a particle involves two different physical phenomena: scattering
and absorption. Absorption, comes from the fact that part of the incident electromagnetic energy
is converted into another form, mainly into thermal dissipation, due to the moving charges. The
principle of conservation of energy must be satisfied by the system. Energy conservation is given
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by the Poynting theorem which takes the following form for the total fields:Ó
Σ

(
~E ∧ ~H

)
·~n dΣ=−

Ñ
V

~J ·~E dV −
Ñ

V

(
~E · ∂

~D

∂t
+ ~H · ∂

~B

∂t

)
dV (2.38)

It can be derived directly from Maxwell’s equations (2.1, 2.2, 2.3, 2.4) [1]. This equation states that
the energy flowing out through a surface Σ of outward normal ~n surrounding the particle is equal
to the work done by all fields on charges in the volume V of the particle plus the changes in the
electromagnetic energy within the volume.

Considering a harmonic field, using the temporal average of the Poynting vector and assuming
negligible dispersion, the Poynting theorem can be written as:

−Wabs =
Ó
Σ

~Stot ·~n dΣ=−1

2
ω

Ñ
V

(
ℑ(ε)|~Etot |2 +ℑ(µ)|~Htot |2

)
dV (2.39)

where the conduction current is accounted for in the generalized dielectric constant ε. Our e−iωt

convention implies that ℑ(ε) > 0 and ℑ(µ) > 0. We have defined Wabs such that by convention,
Wabs > 0 indicates that energy is dissipated in the structure. Equation (2.39) indicates that the
average flux of the Poynting vector gives the total energy dissipated in the particle due to ℑ(ε) and
ℑ(µ).

In addition, energy conservation makes it possible to derive a relationship between absorbed
and scattered power. The total Poynting vector can be decomposed as follows:

~Stot =~Si nc +~Sscat +~Sext (2.40)

where:

~Stot = 1

2
ℜ

(
~Etot ∧ ~H∗

tot

)
(2.41)

~Si nc = 1

2
ℜ

(
~Ei nc ∧ ~H∗

i nc

)
(2.42)

~Sscat = 1

2
ℜ

(
~Escat ∧ ~H∗

scat

)
(2.43)

~Sext = 1

2
ℜ

(
~Ei nc ∧ ~H∗

scat +~Escat ∧ ~H∗
i nc

)
(2.44)

~Si nc is the Poynting vector associated to the incident wave. ~Sscat the one associated to the scat-
tered field while the last term ~Sext takes into account interferences between the scattered and
incident fields. Equation (2.40) yields a description of the absorbed power as the sum:

Wabs =Wi nc −Wscat +Wext (2.45)

where:

Wabs =−
Ó
Σ

~Stot ·~ndΣ (2.46)

Wi nc =−
Ó
Σ

~Si nc ·~ndΣ (2.47)

Wscat =
Ó
Σ

~Sscat ·~ndΣ (2.48)

Wext =−
Ó
Σ

~Sext ·~ndΣ (2.49)

(2.50)

We have followed the definition of [2] to handle positive quantities only. Wscat is the scattered
power, Wext is called the extinction power and Wi nc corresponds to the energy flow of the inci-
dent wave through the considered surface Σ. Wi nc vanishes in the case of a lossless surrounding
medium as ~Si nc is a constant vector independent of r . Equation (2.45) becomes:

Wext =Wscat +Wabs (2.51)
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Wext represents the total attenuation of energy removed from the incident beam due to both the
absorption and scattering mechanisms.

The optical cross-sections σ [m2] are defined as the powers divided by the intensity of the
incident beam I0:

σext = Wext

I0
σabs =

Wabs

I0
σscat = Wscat

I0
(2.52)

where I0 = 1

2η

∣∣E0
∣∣2 as introduced in equation (2.35).

These quantities are independent of the strength of the incident electromagnetic fields, as long
as the processes are linear, and can be seen as an equivalent area of interaction between the light
and the particle. They characterize the ability of a scatterer to interact with light since they are pro-
portional to the probability of interaction between the incident wave and the considered object.
For example, σext can be interpreted as the area that would block the incident beam of as much
energy as is removed by scattering and absorption. To obtain a quantity being comparable for dif-
ferent particle sizes, it is useful to normalize the cross-sections by the geometric cross-section A
of the considered particle (for a sphere A = πR2 where R is the radius). This defines the dimen-
sionless efficiencies Q :

Qext = σext

A
Qabs =

σabs

A
Qscat = σscat

A
(2.53)

2.2.2 Solutions of the Helmholtz equation in spherical coordinates

We have introduced the scattering problem, we will now address how it may be treated. Study-
ing the scattering of electromagnetic radiation necessarily involves solving the vector wave equa-
tion. While we have seen that monochromatic plane waves form a set of eigenmodes in the carte-
sian coordinates, scattered waves by individual particles are best described in spherical coordi-
nates. Therefore, in this part, we shall present solutions to the Helmholtz equation in spherical
coordinates based on vector spherical harmonics.

The spherical coordinates are defined as in Fig. 2.2 where θ represents the polar angle and ϕ

the azimuthal one.

𝑒𝑦

𝑒𝑥

𝑒𝑧

𝑒𝑟

𝑒𝜑

𝑒𝜃

𝒙
𝒚

𝒛

𝒓

𝜽

𝝋

Figure 2.2 – Schematic view of the spherical (r,θ,ϕ) and cartesian (x, y, z) coordinates.

We seek solutions to the source-free version of Maxwell’s equations that satisfy the Helmholtz
equation (2.16):
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∆~E(~r,ω)+k2~E(~r,ω) = 0 (2.54)

The same holds for the magnetic field ~H .

Solutions to this equation are given by two linearly independent vector functions ~M and ~N
known as the Hansen vectors, defined by:

~M(~r,ω) =~∇∧ (
~rψ

)
(2.55)

~N (~r,ω) = i

k
~∇∧ ~M(~r,ω) (2.56)

Using vector identities it can be shown that they satisfy the requirement [1]:

∆~M(~r,ω)+k2 ~M(~r,ω) =~∇∧
[
~r

(
∆ψ(~r,ω)+k2ψ(~r,ω)

)]
= 0 (2.57)

~∇· ~M(~r,ω) = 0 (2.58)

∆~N (~r,ω)+k2~N (~r,ω) = 0 (2.59)

~∇· ~N (~r,ω) = 0 (2.60)

as long as the scalar function ψ, called the generating function, is a solution to the scalar wave
equation:

∆ψ(~r,ω)+k2ψ(~r,ω) = 0 (2.61)

Therefore, exact solutions for the vector fields can be found by solving the scalar wave equation
(2.61). In spherical coordinates, equation (2.61) reads:

1

r 2

∂

∂r

(
r 2 ∂ψ

∂r

)
+ 1

r 2 sinθ

∂

∂θ

(
sinθ

∂ψ

∂θ

)
+ 1

r 2 sinθ

∂2ψ

∂ϕ2 +k2ψ= 0 (2.62)

As is well known, it is possible to solve this equation by using separation of variables:

ψ(r,θ,ϕ) =ψr (r )ψθ(θ)ψϕ(ϕ) (2.63)

2.2.2.a Solutions to the radial partψr

Solutions to the radial part of (2.62) are given by the spherical Bessel functions of the first and
second kinds (also known respectively as the spherical Bessel and Neumann functions), jn(kr )
and yn(kr ).

jn(x) =
√

π

2x
Jn+ 1

2
(x) yn(x) =

√
π

2x
Yn+ 1

2
(x) (2.64)

Solutions can also be expressed in terms of spherical Hankel functions of first and second kinds,
respectively h(1)

n (kr ) and h(2)
n (kr ) given by the linear combinations:

h(1)
n (x) = jn(x)+ i yn(x) (2.65)

h(2)
n (x) = jn(x)− i yn(x) (2.66)

While the function jn(kr ), yn(kr ), h(1)
n (kr ) and h(2)

n (kr ) are all possible mathematical solu-
tions, boundary conditions of the scattering problem determine which functions can be used to
express the fields while conserving a physical meaning. For instance, we know that fields outside
the particle must decay with increasing distance from the origin and vanish at infinity (Sommer-
feld radiation condition). Therefore, only h(1)

n (kr ) can be used to express an outgoing wave like a
scattered one. On the opposite h(2)

n (kr ) would be used to represent an incoming wave converging
toward the origin, which is not of interest in this scattering problem. Finally, the spherical Bessel
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function jn(kr ) is regular at the origin as it exhibits no singularity at r = 0, and is therefore the only
one that should be kept for describing the incident wave or the internal field inside the scatterer.

To sum up, radial solution will only take one of the following form:

ψ
out g oi ng
r (kr ) = h(1)

n (kr ) (2.67)

ψ
r eg ul ar
r (kr ) = jn(kr ) (2.68)

Only two of the four spherical bessel functions are used in a scattering problem to express the
radial dependency of the fields. In the following, we will designate the radial solution by z(l )

n (kr )
where z(1)

n (kr ) = jn(kr ) and z(3)
n (kr ) = h(1)

n (kr ) as it is a notation widely used in the literature.

2.2.2.b Solutions to the angular partψθψϕ

Solutions to the ϕ azimuthal angle dependent part of (2.61) are given by harmonic functions
of ϕ:

e i mϕ (2.69)

where m is an integer taking negative or positive values, known as the azimuthal angular projec-
tion index.

On the other hand, solutions that depend on the polar angle θ (see equation (2.61)) are given
by the associated Legendre polynomials P m

n (cosθ) of degree n and order m:

P m
n (cosθ) = (−1)m(sinθ)m d mPn(cosθ)

(d cosθ)m (2.70)

where Pn(cosθ) are the Legendre polynomials. n is a natural integer corresponding to the angular
momentum index, while m is such that −n < m < n.

The angular solutions ψ(θ) and ψ(ϕ) can be combined into a single function known as the
spherical harmonics. The normalized spherical harmonics are given by:

Yn,m(θ,ϕ) =
√

2n +1

4π

(n −m)!

(n +m)!
P m

n (cosθ)e i mϕ (2.71)

2.2.2.c General form of the solutions

The solution ψ to the scalar Helmholtz equation finally reads:

ψ= −ip
n(n +1)

z(l )
n (kr )Yn,m(θ,ϕ) (2.72)

where 1/
p

n(n +1) is a normalization factor inserted for convenience. It is useful at this stage to
introduce the radially independent normalized vector spherical harmonics:

~Xn,m(θ,ϕ) = −ip
n(n +1)

(~r ∧~∇)Yn,m(θ,ϕ) = 1p
n(n +1)

~L Yn,m(θ,ϕ) (2.73)

where
~L=−i~r ∧~∇ (2.74)

is the angular momentum operator.

Using these notations, the Hansen vectors (2.55) and (2.56) solutions of the free space vector
Helmholtz equation read:

~M (l )
n,m(~r,ω) = z(l )

n (kr )~Xn,m(θ,ϕ) (2.75)

~N (l )
n,m(~r,ω) = i

k
~∇∧

(
z(l )

n (kr )~Xn,m(θ,ϕ)
)

(2.76)
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They furthermore satisfy the useful relations:

~∇∧ ~M (l )
n,m(~r,ω) =−i k~N (l )

n,m(~r,ω) (2.77)

~∇∧ ~N (l )
n,m(~r,ω) = i k ~M (l )

n,m(~r,ω) (2.78)

By combining the two types of spherical vectors, we can write the general solutions to the Helmholtz
equations as:

~E(~r,ω) = E0

∞∑
n=1

+n∑
m=−n

(
αn,m~N

(l )
n,m(~r,ω)+βn,m ~M

(l )
n,m(~r,ω)

)
(2.79)

= E0

∞∑
n=1

+n∑
m=−n

(
i

k
αn,m~∇∧

(
z(l )

n (kr )~Xn,m(θ,ϕ)
)
+βn,m z(l )

n (kr )~Xn,m(θ,ϕ)

)
(2.80)

Using the Maxwell-Faraday equation (2.10) and relations (2.77) and (2.78) yields the following
magnetic field expression:

~H(~r,ω) = E0

η

∞∑
n=1

+n∑
m=−n

(
αn,m z(l )

n (kr )~Xn,m(θ,ϕ)− i

k
βn,m~∇∧

(
z(l )

n (kr )~Xn,m(θ,ϕ)
))

(2.81)

Therefore, in the scattering problem, the different fields can be expanded as a sum of terms called
multipoles, given by vector spherical harmonics (VSH), and they take the form:

~Ei nc (~r,ω) = E0

∞∑
n=1

+n∑
m=−n

(
pn,m~N

(1)
n,m(~r,ω)+qn,m ~M

(1)
n,m(~r,ω)

)
(2.82)

~Ei nt (~r,ω) = E0

∞∑
n=1

+n∑
m=−n

(
cn,m~N

(1)
n,m(~r,ω)+dn,m ~M

(1)
n,m(~r,ω)

)
(2.83)

~Escat (~r,ω) = E0

∞∑
n=1

+n∑
m=−n

(
an,m~N

(3)
n,m(~r,ω)+bn,m ~M

(3)
n,m(~r,ω)

)
(2.84)

It is interesting to notice that the ~Nn,m(~r,ω) vectors are transverse to the radius vector~r . There-
fore the an,m , cn,m and pn,m coefficients are often referred to as electric multipole coefficients as
they provide the weight of Transverse Electric (TE) multipoles. Conversly, bn,m , dn,m and qn,m are
called magnetic multipole coefficients as they are associated to Transverse Magnetic (TM) mul-
tipoles. Furthermore, a multipole of degree n is a 2n−pole meaning that n = 1 corresponds to
dipoles, n = 2 to quadrupoles, n = 3 to octupoles, and so on.

2.2.3 Solving of the scattering problem with the T -Matrix

2.2.3.a Transition T -matrix formalism

The linearity of Maxwell’s equations implies that the relation between the scattered and the
incident fields is linear. Since the VSH eigenmodes form an orthogonal set, it is possible to move
from the (pn,m , qn,m) expansion coefficients of the incident field to the (an,m ,bn,m) expansion co-
efficients of the scattered field, and their relationship may be expressed in a matrix form using the
so called T -matrix formalism (transition matrix):(

an,m

bn,m

)
= T

(
pn,m

qn,m

)
(2.85)

where T is an infinite square matrix. The T -matrix entirely describes the interaction of an object
with light. The matrix only depends on the material parameters and the geometrical characteris-
tics of the considered particle (refractive index, size, shape, ...) and is completely independent of
the incident wave. This means that once the T -matrix of a scatterer has been obtained, its scatter-
ing properties can be easily calculated for any given illumination directions or polarization states
of the incident field.
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The T -matrix is therefore a general concept that allows to solve the scattering problem. It can
be obtained by multiple means, the two most common ones being the extended boundary con-
dition method (EBCM) (also known as the null-field method), which requires the computation of
specific integrals over the particle surface, and the point-matching method (PMM) which relies on
the fulfillment of the boundary conditions at a discrete number of surface points. In any case, ob-
taining the T -matrix and solving the scattering problem usually requires applying the appropriate
boundary conditions at the surface of the scatterer.

2.2.3.b Boundary conditions

The solving of the scattering problem can be carried out by applying the boundary conditions
at the surface of the particle given by:[

~Ei nc (~rΣ,ω)+~Escat (~rΣ,ω)
]
∧~n = ~Ei nt (~rΣ,ω)∧~n (2.86)

[
~Hi nc (~rΣ,ω)+ ~Hscat (~rΣ,ω)

]
∧~n = ~Hi nt (~rΣ,ω)∧~n (2.87)

These two equations translate the continuity of the tangential fields on the surface of the scatterer
and therefore connect the fields of each side of the boundary. ~n is the outward vector normal to
the surface Σ of the scatterer described by~rΣ.

The complexity of solving these equations clearly depends on the shape of the particle Σ. For
highly symmetrical scatterers such as spheres, analytic solutions can be found and are given by
the Lorentz-Mie theory while for other complex geometries, the T -Matrix has to be numerically
computed. The next section will be devoted to the presentation of the Lorentz-Mie solutions for
spherical particles.

2.2.4 Scattering by a single sphere

2.2.4.a Mie theory: light scattering from a spherical particle

We now consider the simple Mie scattering problem, i.e. the scattering of a homogeneous
sphere of radius R and refractive index N = √

ε(ω)µ(ω) embedded in a lossless host medium
with refractive index nh = √

εh(ω)µh(ω). This problem can be analytically solved by applying the
boundary conditions (2.86) and (2.87) for~rΣ = R~er which leads to the following scattering coeffi-
cients [2]:

an,m = an pn,m bn,m = bn qn,m (2.88)

where an and bn are the so-called Mie coefficients [2]:

an = µhγ
2 jn(γx)[x jn(x)]′−µ jn(x)[γx jn(γx)]′

µhγ2 jn(γx)[xh(1)
n (x)]′−µh(1)

n (x)[γx jn(γx)]′
(2.89)

bn = µ jn(γx)[x jn(x)]′−µh jn(x)[γx jn(γx)]′

µ jn(γx)[xh(1)
n (x)]′−µhh(1)

n (x)[γx jn(γx)]′
(2.90)

and where we have introduced two dimensionless parameters: the size parameter x and the index
contrast γ defined by:

x = khR = 2π

λ
nhR γ= k

kh
= N

nh
(2.91)
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Equations (2.88) indicate that for spherical scatterers, the T -matrix is diagonal and its coeffi-
cients are simply given by the Mie coefficients:

a1,−1

a1,0

a1,1
...

an,m

b1,−1

b1,0

b1,1
...

bn,m



=



a1

a1 0
a1

. . .

an

b1

b1

b1

0
. . .

bn





p1,−1

p1,0

p1,1
...

pn,m

q1,−1

q1,0

q1,1
...

qn,m



(2.92)

2.2.4.b Absorption, scattering and extinction cross-sections

Several physical quantities, such as the cross-sections σscat , σext and σabs defined in (2.52)
can be expressed as a function of the Mie coefficients. The cross-sections are given by [2]:

σscat = 2π

k2

∞∑
n=1

(2n +1)
( ∣∣an

∣∣2 +∣∣bn
∣∣2

)
(2.93)

σext = 2π

k2

∞∑
n=1

(2n +1) ℜ(
an +bn

)
(2.94)

σabs =σext −σscat (2.95)

2.2.5 Scattering from multiple spheres

Extending the Lorentz-Mie theory, it is possible to analytically calculate the T -matrix for an
ensemble of non-overlapping spheres. The procedure has been described in detail in [3–5] and is
often refereed to as the generalized multi-particle Mie solution.

When considering clusters of spheres, the particles are no longer isolated and the assumption
of an incoming plane wave on each particle can not be used. The electromagnetic field incident
on the particle has two contributions: the original incident wave and the field scattered by the
other spheres in the ensemble:

~E ( j )
i nc = ~E

( j )
0 + ∑

i 6= j

~E ( j )
i ,scat (2.96)

The index ( j ) in the above equation indicates that the field has to be expressed considering the
origin at the center of the sphere j in order to derive an analytic formulation of the boundary
condition at the surface of the considered j th sphere. The transformation from one origin to an-
other displaced origin is given by the translational addition theorem for the vector spherical waves
functions (VSWF). Applying the boundary conditions on each particles allows one to obtain a self

consistent system of equations giving the a( j )
n,m and b( j )

n,m coefficients of each sphere j .

Once the interactive coefficients a( j )
n,m and b( j )

n,m are known, the translation addition theorem
can be applied again to obtain the an,m and bn,m coefficients of the ensemble describing the total
scattered field from the assembly expanded at a choosen origin (usually taken as the center of
mass) of the aggregate:

an,m =
Ns∑

i=1

∞∑
ν=1

ν∑
µ=−ν

(
a(i )
ν,µAνµ

nm((i →O))+b(i )
n,mBνµ

nm((i →O))
)

(2.97)

bn,m =
Ns∑

i=1

∞∑
ν=1

ν∑
µ=−ν

(
a(i )
ν,µBνµ

nm((i →O))+b(i )
n,m Aνµ

nm((i →O))
)

(2.98)
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where Aνµ
nm and Bνµ

nm denotes translation coefficients of spherical harmonics transforming the ex-
pansion coefficients obtained with an origin taken at the i th sphere toward the new origin O de-
fined for the assembly.

In this work, we have used the Fortran T -Matrix code [6] developed by Daniel W. Mackowski
available at [7] to calculate the scattering properties of clusters of spherical particles, which will be
described in section 3.3.

2.2.6 Multipole coefficients of the scattered field of arbitrary particles

In this section, we will introduce general equations allowing to calculate the dominating mul-
tipole moments supported by arbitrary nano-object. This approach requires that the electromag-
netic scattering problem has been solved beforehand, i.e. that the scattered electric field ~Escat

or the current source densities ~Js in the particle for a given illumination are known. This step is
usually performed using numerical methods such as finite difference time domain (FDTD) or fi-
nite element method (FEM). The multipole expansion is then used to get physical insight into the
excited resonances of a complex meta-atom: the field produced by the particles is analyzed as a
superposition of fields created by a set of well-known point multipoles.

There are basically two ways to obtain the multipole moments. We first focus on projections
based on the scattered field, and then introduce those based on the current densities. We follow
the formalism presented by P. Grahn[8, 9]. In a second step, following the works of R. Alaee [10, 11]
we introduce a set of equations allowing to retrieve the multipole moments directly in cartesian
coordinates.

2.2.6.a Projection on the scattered electric field [8, 9]

As we have seen in section 2.2.2.c, the scattered electromagnetic fields satisfying the Helmholtz
equations can be written in spherical coordinates as a multipole expansion of the form [8]:

~Es(r,θ,ϕ) = E0

∞∑
n=1

n∑
m=−n

An

[
1

k
an,m~∇∧

(
h(1)

n (kr )~Xn,m(θ,ϕ)
)
+bn,mh(1)

n (kr )~Xn,m(θ,ϕ)

]
(2.99)

~Hs(r,θ,ϕ) = E0

η

∞∑
n=1

n∑
m=−n

(−i )An

[
an,mh(1)

n (kr )~Xn,m(θ,ϕ)+ 1

k
bn,m~∇∧

(
h(1)

n (kr )~Xn,m(θ,ϕ)
)]

(2.100)
where we have followed the definition of the multipole expansion presented in [8, 9]. Here An =
i npπ(2n +1) is an arbitrary scaling factor ensuring the expansion to be compatible with the ex-
pressions given by Mie theory [2] in the case of a spherical scatterer. This prefactor being arbitrary,
it is chosen slightly differently in other references [12].

The spherical vector harmonics form an orthogonal set of functions in the sense that:∫
~X ∗

n′,m′(θ,ϕ) ·~Xn,m(θ,ϕ)dΩ= δn′nδm′m (2.101)

∫
~X ∗

n′,m′(θ,ϕ) · (~r ∧~Xn,m(θ,ϕ))dΩ= 0 (2.102)

Therefore, using the scalar product (2.101) the multipole coefficients can be determined through
the projections of the VSH on the scattered fields:

an,m = η

E0(−i )Anh(1)
n (kr )

∫ 2π

0

∫ π

0

~X ∗
nm(θ,ϕ) · ~Hs(~r )sinθdθdϕ (2.103)

bn,m = 1

E0 Anh(1)
n (kr )

∫ 2π

0

∫ π

0

~X ∗
nm(θ,ϕ) ·~Es(~r )sinθdθdϕ (2.104)
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where the integration is performed over any spherical surface fully enclosing the nanostructure.
As the spherical vectors have no radial component, those integrals involve only the components:
~Es,θ,~Es,ϕ,~Hs,θ and ~Hs,ϕ of the scattered fields. The multipole coefficients can also be obtained from
the radial components ~Es,r and ~Hs,r , via similar projections on~r ·~Es and~r · ~Hs [9, 13]:

an,m = kr

E0i An
p

n(n +1)h(1)
n (kr )

∫ 2π

0

∫ π

0
Y ∗

n,m(θ,ϕ) ·~Es,r (~r )sinθdθdϕ (2.105)

bn,m = 1

E0 An
p

n(n +1)h(1)
n (kr )

∫ 2π

0

∫ π

0
Y ∗

n,m(θ,ϕ) · ~Hs,r (~r )sinθdθdϕ (2.106)

The choice of the projections to be used is completely free. If one only wants to deal with the
electric field for example, equations (2.105) and (2.104) can be applied to extract the an,m and
bn,m coefficients.

In this section, we have presented two possible projections to retrieve the multipole moments
from the knowledge of the scattered field. These methods are well-suited to study isolated sources
in an homogeneous environment. However, if the particles are placed above a substrate or in
a lattice composed of a large number of such scatterers, the scattered field from the considered
object might be difficult to obtain. Indeed after subtracting the incident wave, the field at any point
around the scatterer still contain the field produced by the other particles or the field reflected
from the substrate.

An alternative method is to perform a multipole decomposition based on the induced electric
currents in the particle, which directly takes into account interactions with other scatterers or with
a substrate.

In the following, we will first introduce the link existing between the current sources and the
scattered field before presenting in a second step the set of equations allowing to extract the mul-
tipole moments directly from the current sources.

2.2.6.b Link with the currents [14]

The origin of the scattered field are the source current densities Js induced in the volume V of
a scatterer. These scattering current source densities are given by:

~Js(~r ) =−iωε0(εr,par t −εr,h)~Etot (~r ) (2.107)

The presence of the contrast of permittivities (εr,par t −εr,h), where εr,h is the relative permittivity
of the host medium and εr,par t the relative permittivity of the particle, is consistent with the fact
that in the absence of particle,~Js(~r ) = 0 and no scattering occurs as the medium is homogeneous.

Source currents and the scattered field are related through Maxwell’s equations which read in
the presence of sources:

~∇∧~Escat (~r,ω) = iωµ(ω)~Hscat (~r,ω) (2.108)

~∇· ~Hscat (~r,ω) = 0 (2.109)

~∇·~Escat (~r,ω) = 1

iωε(ω)
~∇·~Js(~r,ω) (2.110)

~∇∧ ~Hscat (~r,ω) =−iωε(ω)~Escat (~r,ω)+~Js(~r,ω) (2.111)

where we have used the charge continuity equation in (2.12)

∂ρ

∂t
=~∇·~Js (2.112)

that, for harmonically varying sources, becomes:

iωρ(~r,ω) =~∇·~Js(~r,ω) (2.113)
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By combining, (2.108) and (2.111), the equations can be written as two inhomogeneous wave
equations:

~∇∧~∇∧~Escat (~r,ω)−k2~Escat (~r,ω) = iωε(ω)~Js(~r,ω) (2.114)

~∇∧~∇∧ ~Hscat (~r,ω)−k2~Hscat (~r,ω) =~∇∧~Js(~r,ω) (2.115)

They can be solved by means of the green function and the solutions outside of the particle turn
out to be:

~Escat (~r,ω) = iωµ
Ñ

V ′

↔
G(~r,~r ′)~Js(~r ′,ω)dV ′ (2.116)

~Hscat (~r,ω) =
Ñ

V ′

[
~∇∧↔

G(~r,~r ′)
]
~Js(~r ′,ω)dV ′ (2.117)

where the integrals are performed over the whole volume of the particle. These equations are

known as the volume integral equations.
↔
G(~r,~r ′) is the dyadic Green’s function, solution to the

inhomogeneous Helmholtz equation for a point source:

~∇∧~∇∧↔
G(~r,~r ′)−k2

↔
G(~r,~r ′) =↔

I δ(~r −~r ′) (2.118)

its expression is calculated from the scalar Green’s function G0(~r,~r ′)

↔
G(~r,~r ′) =

[↔
I + 1

k2 ∇∇
]

G0(~r,~r ′) (2.119)

where
↔
I is the unit dyad and where:

G0(~r,~r ′) = e i k|~r−~r ′|
4π

∣∣~r −~r ′∣∣ (2.120)

denotes a spherical wave that propagates away from the origin.

Therefore, we have seen that (2.116) and (2.117) gives us the electric and magnetic scattered
fields due to an arbitrary source current distribution in free space. ~Js can be viewed as a superpo-
sition of point current sources whose contribution to scattering at any point in space are obtain

through the field propagator
↔
G .

2.2.6.c Projections with electric current densities [8, 9]

Starting from the inhomogeneous wave equations (2.114) and (2.115) previously introduced,
and writing solutions for respectively the components (~r ·~Escat ) and (~r · ~Hscat ), it is possible to
derive equations giving the coefficients of the scattered field an,m and bn,m as a function of the
current density~Js . These equations established in [8, 9] read:

an,m = k2η

E0i n−1
p
π(2n +1)

Onm

Ñ
V

e−i mϕ


[
Ψn(kr )+Ψ′′

n(kr )
]

P m
n (cosθ)~r ·~Js(~r )

+Ψ
′
n(kr )

kr

[
τnm(θ)~eθ ·~Js(~r )−πnm(θ)~eϕ ·~Js(~r )

]

dV

(2.121)

bn,m = k2η

E0i n+1
p
π(2n +1)

Onm

Ñ
V

e−i mϕ jn(kr )
[

iπnm(θ)~eθ ·~Js(~r )+τnm(θ)~eϕ ·~Js(~r )
]

dV (2.122)

Where Ψn(kr ) = (kr ) jn(kr ) are the Riccati-Bessel functions andΨ′
n(kr ),Ψ′′

n(kr ) their first and sec-
ond derivative with respect to the argument (kr ). In these equations we have:

Onm = 1p
n(n +1)

√
2n +1

4π

(n −m)!

(n +m)!
τnm(θ) = d

dθ
P m

n (cosθ) πnm = m

sinθ
P m

n (cosθ) (2.123)
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Projections are performed by integration on the whole volume of the scatterers. Furthermore
it is important to emphasize that formulas presented in this part can be applied to retrieve the
mulipole coefficients of particles placed in a non-homogeneous environment as for particles in
periodic arrays or near a substrate. Actually the influence of the nearby structure is hidden in the
total field ~Etot , in the expression of the induced current density (2.107). ~Etot contains both the
incident plane wave excitation and the fields scattered or reflected from the neighboring structure
toward the considered particle.

2.2.6.d Cross-sections calculation from the multipole coefficients

As in Mie theory, the scattering and extinction cross-sections can be obtained from the knowl-
edge of the coefficients an,m and bn,m computed from the T -matrix or the direct multipole de-
composition. Assuming an incident plane wave polarized along~ex and propagating along the~ez

direction, we can write [8]:

σscat = π

k2

∞∑
n=1

n∑
m=−n

(2n +1)
(∣∣an,m

∣∣2 +∣∣bn,m
∣∣2

)
(2.124)

σext = π

k2

∞∑
n=1

∑
m=−1,+1

(2n +1)ℜ(
man,m +bn,m

)
(2.125)

In addition, we can now introduce another quantity of interest: the differential scattering
cross-section:

σd (θ,ϕ) = dWscat

dΩ
= lim

r→+∞4πr 2

∣∣∣~Escat (~r )
∣∣∣2

∣∣∣~Ei nc

∣∣∣2 (2.126)

where dΩ is the solid angle in the direction defined by θ and ϕ: dΩ= sinθdθdϕ. This quantity is
indicative of the power scattered in one direction of space.

Forward and backward scattering cross-sections can now be defined by considering the direc-
tion θ = 0 and θ = π respectively. They provide the power scattered in these two directions and
read [15]:

σ f or =
π

4k2

∣∣∣∣∣∣
∞∑

n=1

∑
m=−1,+1

(2n +1)
[
man,m +bn,m

]∣∣∣∣∣∣
2

(2.127)

σback = π

4k2

∣∣∣∣∣∣
∞∑

n=1

∑
m=−1,+1

(−1)n(2n +1)[man,m −bn,m]

∣∣∣∣∣∣
2

(2.128)

2.2.6.e Link between the cartesian and the spherical multipoles

The different projections presented thus far make it possible to obtain multipoles expressed in
a spherical basis. For some specific problems however, depending on the geometry understudy, it
may be more convenient to work in a cartesian basis. Both spherical and cartesian coordinates-
based decompositions provide the same physical information. There exist relations for passing
from one representation to the other as the multipole coefficients obtained in the spherical coor-
dinates can be related to tensor elements in the cartesian coordinates.

In this manuscript, we use the simple set of projections recently presented in [10] to obtain the
different multipole moments directly in the cartesian basis. Multipoles up to quadrupole order
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can be calculated by:

pα =− 1

iω

[Ñ
Js,α j0(kr )dV + k2

2

Ñ
j2(kr )

(kr )2 [3(~r ·~Js)rα− r 2 Js,α]dV

]
(2.129)

mα = 3

2

Ñ
j1(kr )

(kr )
(~r ∧~Js)αdV (2.130)

Qe
αβ =− 3

iω


Ñ

j1(kr )

(kr )

[
3(rβ Js,α+ rα Js,β)−2(~r ·~Js)δαβ

]
dV

+2k2
Ñ

j3(kr )

(kr )3 [5rαrβ(~r ·~Js)− (rβ Js,α+ rα Js,β)r 2 − r 2(~r ·~Js)δαβ]dV

 (2.131)

Qm
αβ = 15

Ñ
j2(kr )

(kr )2

(
rα(~r ∧~Js)β+ rβ(~r ∧~Js)α

)
dV (2.132)

where ~p and ~m are respectively the electric and magnetic dipole vectors and
↔
Qe and

↔
Qm the elec-

tric and magnetic quadrupole tensors. Contrarily to our adopted convention, the e+iωt conven-
tion was used in reference [10] to derive those projections and the induced electric current density
therefore defined by: ~Js(~r ) = iωε0(εr −εh)~Etot . The subscripts α and β indicate the x, y or z com-
ponent. As in equations (2.121) and (2.122), those expressions can be used for isolated particles
as well as for particles in an inhomogeneous environment such as particles in a lattice or above
substrates as they only require the knowledge of current distributions in the scatterer.

We want to emphasize here that compared to most works found in the literature, expressions
(2.129, 2.130, 2.131, 2.132) were not derived using a classical Taylor expansion approach which
assumes a long-wavelength approximation (particles small compared to the wavelength). On the
contrary, they were obtained by converting the exact coefficients from the spherical to the carte-
sian coordinates and therefore constitute an accurate set of expressions valid for any range of
wavelengths or particle sizes.

In cartesian coordinates, the scattered far-field is related to the first multipole moments through
the expansion [10, 16]:

~Escat (~n) = k2
0

4πε0

e i kh r

r

[
~n ∧ (~p ∧~n)+ 1

νh
(~m ∧~n)− i kh

6
~n ∧ (~Qe ∧~n)− i kh

6νh
( ~Qm ∧~n)

]
(2.133)

where

νh = c

nh
kh = 2π

λ
nh (2.134)

The three components of the vectors ~Qe and ~Qm are defined from the tensors by: Qα =∑
βQαβnβ

with ~n =~er being a unit vector indicating the considered direction of observation.

This section was devoted to the multipolar decomposition of the scattered field produced by
an arbitrary particle. We have presented different relevant approaches to retrieve multipole co-
efficients. Depending on the situation, one can use the knowledge of either the scattered field or
the induced electric current distribution in the scatterer to obtain the set of excited multipoles.
The coefficients can be arbitrarily expressed in either spherical or cartesian coordinates depend-
ing on what the geometry of the problem is. The knowledge of the multipole coefficients provides
a powerful tool to analyze optical properties or design nanoresonators.

2.3 Finite element method with COMSOL Multiphysics

Throughout this work we have used the RF module of the commercially available software
COMSOL Multiphysics [17] to investigate light propagation through arbitrary 3D geometries. This
module comes with different functionalities particularly suited for studying electromagnetic prob-
lems at the nanoscale. The software is based on the Finite Element Method (FEM). Therefore the
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system understudy is first built in 3D and later discretized in a meshing step into a finite number
of sub-domains called “elements”. Tetrahedral elements are used as they are more convenient to
discretize freely-shaped geometries. Then, appropriate boundary conditions need to be specified
at the geometry boundaries. Finally, the software iteratively searches for approximate solutions to
Maxwell’s equations using the variational weak formulation of the Helmholtz propagation equa-
tions. The wave equations are solved for harmonic fields using a frequency domain study. It is
important to underline here that COMSOL Multiphysics uses the e+iωt convention. Thus, the
quantities extracted from COMSOL are later all complex conjugated in order to match the defi-
nitions of this manuscript.

A detailed presentation of the FEM methods or the COMSOL Multiphysics software is beyond
the scope of this thesis. However, the following subsections are intended to briefly introduce the
approaches and the boundary conditions used to set up our models, so that an interested reader
would be able to understand how our full wave numerical results were obtained and even repro-
duce them in any FEM software. Additional informations can be found in the COMSOL Multi-
physics user guide [18].

2.3.1 Meshing the simulation domain

The degree of refinement of a mesh is an important parameter in FEM simulation. With too
few elements the solutions are poorly converged. On the other hand, if the meshing is too fine, the
computational power and time might be higher than actually needed or might even exceed the
computer capability. A guideline rule is to find at least five elements per wavelength to properly
solve the wave propagation. The mesh has to be set thinner in a high refractive index structure
compare to in a low index one, as the wavelength in this material is smaller. In addition, the mesh
is in general refined closed to boundaries and corners in order to properly solve the effect occur-
ring at those interfaces. We generally solve between 100 000 and 1 000 000 degrees of freedom
depending on the complexity of the studied structure.

2.3.2 Scattered field formalism

The RF module offers the choice between two variables when solving Maxwell’s equations: the
scattered or the total field formalisms. The scattered field formulation is particularly well suited for
problems of an isolated nanostructure in an homogeneous space. In this approach, a user-defined
background field (such as a plane wave) corresponding to the excitation is specified. The known
background field then becomes a source term and the software solves for the relative electric field
only.

As the weight of the calculation increases with the size of the simulation domain it is often
impossible to include the far-field regions in the simulation and only the field near the studied
structure is in general obtained. However, COMSOL enables to directly retrieve the far field from
the solved near field. The near to far field transformation is implemented based on the Stratton-
Chu formula where the scattered far-field along a given direction is expressed as an integral of the
near-fields over an arbitrary surface enclosing the scatterer [18]:

~Escat f ar (~er ) = i k

4π
~er ∧

Ï
S′

[
~n ∧~Escatnear (~r ′)−η~er ∧

(
~n ∧ ~Hscatnear (~r ′)

)]
e i k~er ′ ·~er dS′ (2.135)

Where ~n is the unit vector normal to the surface S.
This functionality enables us to easily calculate far-field radiation diagrams from particles in

homogeneous environments.

2.3.2.a Perfectly matched layers (PML)

To properly simulate light scattering in an unbounded host medium, it is of particular impor-
tance to avoid any kind of reflection at the boundary of the computational region. This can be
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performed by surrounding the simulation domain with a perfectly matched layer (PML). This ad-
ditional layer is used to strongly absorb the outgoing waves from the interior of a computational
domain without reflection back into the interior. PMLs can be seen as a coordinate transformation
of space that virtually stretches out the spatial domain in order to obtain an infinite optical path.
In this work we used PMLs to truncate computational regions when studying scattering from iso-
lated particles. An illustration of a set-up for simulating the scattering of a spherical particle can
be found on Fig. 2.3-A.

Floquet BC

Floquet BC

PML

Port

Port

A B

Figure 2.3 – Set-up of COMSOL models for studying A) an isolated scatterer in an infinite homogeneous
environment truncated by use of PMLs on the border, B) a periodic array of identical particles. Two Floquet-
Bloch periodic conditions reduce the study to a unit cell. Excitation of the structure by a plane wave is
performed through one of the two implemented ports.

2.3.3 Modeling a periodic array of scatterers

The scattered field approach combined with PMLs is well-suited for studying the scattering
from particles in unbounded media. However, it is not compatible with simulations where peri-
odic boundaries are required such as infinite arrays of scatterers. Dealing with periodic structures,
one needs instead to solve for the total field, using periodic Floquet-Bloch boundary conditions
on a unit cell and exciting the structure via a port. This configuration is illustrated on Fig. 2.3-B
which presents a set-up to simulate an infinite square array of spherical particles. The field scat-
tered by the particle in this case can not be directly accessed in the model but can be later retrieved
by subtracting the incident wave to the obtained total field solution.

2.3.3.a Floquet-Bloch periodic boundary conditions

Floquet-Bloch periodic boundary conditions allow to calculate the response of an entire infi-
nite periodic system by simulating only one unit cell. Those conditions enable to copy the solu-
tions at one edge of the simulation domain and to re-inject them at the opposite one while apply-
ing a phase correction to the fields. The Floquet-Bloch periodicity corresponds to the relation:

~E(~r +~L) = ~E(~r )e i~k·~L (2.136)

where~L = Lx~ex +Ly~ey is the lattice vector and where Lx and Ly are the spatial periodicity along x
and y .
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2.3.3.b Port excitation and S parameters

Using the total field formalism, incident excitations are introduced via ports at a boundary
of the domain. The waves then travel from this boundary towards the studied structure. Ports
serve as both input and output channels for energy. They are furthermore impedance matched so
that no reflection occurs directly at the boundary. When only one port serves as an excitation, a
scattering matrix is automatically computed describing the transmission and reflection of electro-
magnetic waves between the different ports of the domain. The S-parameters of a 2-port network
will be introduced more in detail in chapter 4.1.3.d.

In addition, when port excitations are combined with periodic boundary conditions, COMSOL
automatically computes the different diffraction orders and assigns a port to each order. There-
fore the S-parameters enables one to discriminate between the energy emitted in the specular or
diffracted orders.

2.3.4 Multipole decomposition in COMSOL Multiphysics

COMSOL Multiphysics was used to obtain multipole decompositions of particles in both ho-
mogeneous space and periodic arrays. A COMSOL model available online [19] served as a basis
for the implementation of the decompositions presented in parts 2.2.6.a and 2.2.6.c. For periodic
structures, only current based projections were implemented. These require the sole knowledge
of the current densities in the particles that takes their origins from both the incident wave and
the field produced by the other scatterers of the array. Therefore, the couplings between particles
are fully taken into account in the multipole decomposition. For scatterers in homogeneous envi-
ronments, scattered field based projections were also used to retrieve the multipole coefficients.

2.4 Concluding remarks

In this chapter, we have presented a number of theoretical and numerical tools as well as some
important physical quantities, that we use in this thesis to study the light scattering properties of
nano-objects. In the next chapter, Mie theory and its extension will indeed be applied to spherical
and multilayered particles, and the T -matrix method, to particle assemblies, in order to investi-
gate the directional forward-scattering abilities of these objects.

We have also introduced the key concept of multipole expansion that provides a deep physical
understanding of the optical response of a scatterer and constitutes an essential tool for engineer-
ing meta-atoms and metasurfaces. The next chapter will in particular reveal how unidirectional
scattering originates from the interplay of different multipoles. Furthermore, the implementation
of the projections presented in section 2.2.6, in the finite element software COMSOL Multiphysics
will enable a retrieval of the excited multipoles of particles within periodic arrays, which will play
a prominent role in the study of metasurfaces performed in chapter 4 and 5.
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Summary: In this chapter, we investigate the directional scattering abilities of different isotropic
colloidal particles from the numerical point of view. In a first part, we illustrate how interferences
between multipoles of opposite parity enable the cancellation of the backward scattering by parti-
cles. The Kerker condition leading to this Huygens source behaviour is then rigorously introduced.
In a second part, we reveal that both resonant dipolar Huygens sources and extremely broadband
forward directed scattering can be obtained considering simple spherical particles of low refrac-
tive index. As an alternative to such homogeneous spheres, we then demonstrate that composite
particles made from homogeneously assembled small inclusions provide a greater flexibility in the
design of Huygens sources, combined with better performances. After presenting the extended
Maxwell-Garnett homogenization theory, we evidence how the control of the effective refractive
index by the particle density allows us to engineer plasmonic and dielectric clusters as resonant
and broadband Huygens sources for the visible domain. In a last part, we focus on multilayered
particles. In particular, we present design guidelines to overlap the electric and magnetic dipole
resonances of silver and gold based metallo-dielectric core-shells. Finally all-dielectric core-shells
behaving as broadband Huygens sources are investigated.
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3.1 Kerker conditions

3.1.1 Far field radiation of multipoles and phase symmetries

In chapter 2.2.2.c, we saw that the electric field scattered by a localized electromagnetic source
distribution can be expressed through the following sum:

~Es(r,θ,ϕ) = E0

∞∑
n=1

n∑
m=−n

An

[
1

k
an,m~∇∧

(
h(1)

n (kr )~Xn,m(θ,ϕ)
)
+bn,mh(1)

n (kr )~Xn,m(θ,ϕ)

]
(3.1)

Such a multipole expansion constitutes a particularly interesting tool in the understanding and
design of radiating systems. It provides insight into the radiation of light by an arbitrary struc-
ture. The complex electromagnetic response of an object is thus expressed as a superposition of
fields created by a set of simple point multipoles presenting well-known scattering patterns and
properties.

In Fig. 3.1, we show schematically the far-field radiation diagram and phase symmetries of
the first electric and magnetic multipoles up to the octupoles. The plotted differential scattering
cross-sections were calculated in the framework of Mie theory, as detailed in the Appendix A.3, as-
suming an~ex polarized incident plane wave propagating along the~ez direction. Each multipole of
a particular order exhibits a radiation pattern with a specific geometry. Dipoles present a toroidal
radiation, with a zero in intensity along the excitation direction and a maximum isotropic radia-
tion observed in the perpendicular plane. The quadrupoles exhibit a scattering mainly confined
in four directions of space, while the octupoles show a scattering pattern with six lobes. Higher
order multipoles exhibit a progressively increasing number of lobes, and as a result an angular
distribution of the scattered intensity that increases in complexity.

An important feature of electromagnetic multipoles that becomes essential for the study of
multipolar interferences and directional scattering, is the phase symmetry of their far-field ra-
diation. It turns out that the radiated fields show different phases in the forward and backward
directions with respect to the incident wave. It can be seen on Figs. 3.1-A,B that the electric dipole
radiation shows even parity (in electric field) while the magnetic dipole radiation shows odd parity,
for which the radiated electric fields in the forward and backward directions are respectively in and
out of phase. Regarding the higher order multipoles, both the electric quadrupole and magnetic
octupole produce an odd-type pattern, while an even-type response is generated by the magnetic
quadrupole and electric octupole terms.

As underlined in [1], the symmetries of the scattered fields originate from the spatial inversion
behavior of the spherical harmonics:

Yn,m(π−θ,ϕ+π) = (−1)nYn,m(θ,ϕ) (3.2)

that flip sign or not depending on the order n. In equation (3.1), each vector spherical harmonic
~Xn,m and ~∇∧ ~Xn,m exhibit respectively the same and opposite parity compare to their associated
spherical harmonics Yn,m . Therefore multipoles exhibiting radiation of even parity are those asso-
ciated to the moments an,m with odd values of n, and bn,m with even values of n. On the contrary,
radiation of odd parities happen for multipoles associated to an,m and bn,m coefficients with re-
spectively even and odd values of n.

In summary, the phase symmetries follow a simple rule: the scattering parities are opposite
for multipoles of same nature and adjacent order (for example even parity for the electric dipole
and odd parity for the electric quadrupole), and for multipoles of same order but different nature
(for example even for the electric octupole and odd for the magnetic octupole). We stress here that
we discuss the parities in terms of electric fields, but reversed parities would be true in terms of
magnetic fields, as can be seen on Fig. 3.1, due to the electromagnetic duality.
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Figure 3.1 – 3D radiation diagrams of the first multipoles under ~ex polarized incident plane wave. The
blue (red) 2D cuts show the radiation pattern in the electric (magnetic) plane. The electromagnetic field
orientation is indicated by the blue and red arrows in both the forward (θ = 0°) and backward (θ = 180°)
directions.

We emphasize that in the rest of this manuscript, we will use the terms "even multipoles" and
"odd multipoles" to refer to the symmetry of their radiation patterns.

3.1.2 Generalized Kerker condition

Interference effects between the fields emitted by different induced multipoles explain the
scattering diagram of resonators. When taken individually, each multipole radiates within per-
fectly identical proportions in the two half spaces located towards the front and the back (all dia-
grams being symmetrical with respect to the plane (~ex ,~ey ) on Fig. 3.1), the combined excitation of
multipoles of opposite parity strongly affects the directionality of the radiation and can even lead
to unidirectional scattering. From Fig. 3.1, it can be intuitively understood that suppression of ra-
diation in the backward direction can be achieved whenever the combined strength of multipolar
modes of a certain parity, matches that of the opposite parity.

To illustrate this, Fig. 3.2-A shows the 3D distribution of the far field scattering intensity ob-
tained by superimposing in phase electric and magnetic dipoles of same magnitude (in terms of
total scattered power). This combination of multipoles displays a pronounced asymmetric radia-
tion that takes the shape of a cardioid pattern with the scattering concentrated in the half forward
space (z > 0). It is maximum for θ = 0 along the direction of the incident wave where the radiated
fields interfere constructively, while in the opposite direction, for θ = 180°, since the two dipoles
emit fields of opposite sign, the scattering is totally suppressed. This combination of two dipoles
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constitutes the simplest implementation of a Huygens source, i .e. a punctual source that exhibits
forward-scattering as used in the Huygens Fresnel principle.

Based on the same interference process, similar Huygens source features are observed on Figs.
3.2-B,C corresponding to the simultaneous excitation of the two quadrupoles and the two oc-
tupoles of same magnitude and phase respectively. The figures reveal in both cases an azimuthally
symmetric forward directed scattering pattern. The radiation is totally suppressed in the backward
direction θ =π. In addition, comparing the different radiation patterns, it can be seen that the an-
gular beam width is significantly narrowed for couples of multipoles of increasing order resulting
in an enhanced directionality of the forward scattering [2, 3]. However, for quadrupoles and oc-
tupoles (and pairs of higher order modes) significant side scattering lobes are observed on the
back half space arising as a trade off for the better forward angular directionality.

It is clear that suppression of backward scattering can be obtained not only for perfectly match-
ed pairs of multipoles of same order, as presented so far, but also for pairs of multipoles of same
nature but with different orders, by combining an electric dipole and an electric quadrupole for
example, and more generally for even more complex combinations of multipoles of opposite par-
ity.

𝑎1 = 𝑏1 𝑎2 = 𝑏2 𝑎3 = 𝑏3 3𝑎1 + 5𝑏2 = 3𝑏1 + 5𝑎2
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Figure 3.2 – 3D and 2D scattering radiation diagrams under an ~ex polarized incident plane wave for A) a
pair of electric and magnetic dipoles, B) quadrupoles C) octupoles, with same magnitude and phase, and
D) for a combination of dipoles and quadrupoles satisfying the Kerker condition 3a1+5b2 = 3b1+5a2. The
blue (red) 2D cuts show the radiation pattern in the electric (magnetic) plane. The electromagnetic field
orientation in the forward (θ = 0°) direction is indicated by the blue and red arrows.

In fact, the rigorous condition to obtain zero back-scattering along the θ =π direction, can be
derived for any combination of multipoles by simply cancelling σback , which in the case of an in-
cident plane wave polarized along~ex involving only multipoles of degree m =±1, and propagating
along~ez , is given by equation (2.128). Cancelling this expression leads to:

∞∑
n=1

∑
m=−1,+1

(−1)n+1(2n +1)man,m =
∞∑

n=1

∑
m=−1,+1

(−1)n+1(2n +1)bn,m (3.3)

This equation (3.3) is known as the generalized first Kerker condition. It is so named in refer-
ence to the pioneering work of Kerker et al . [4] who first revealed the possible cancellation of the
back-scattering by interference between electric and magnetic modes for particles of magnetic
permeability µ = ε. In the rest of this manuscript, we will refer to eq. (3.3) as “the Kerker con-
dition” since the second generalized Kerker condition that cancels the forward-scattering is not
considered in this work.
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Splitting the even and odd multipoles in eq. (3.3), the Kerker condition takes the following
convenient form: ∞∑

n=1
On =

∞∑
n=1

En (3.4)

with ∞∑
n=1

En =
∞∑

n=1

∑
m=−1,+1

m(4n −1)a2n−1,m +
∞∑

n=1

∑
m=−1,+1

(4n +1)b2n,m (3.5)

∞∑
n=1

On =
∞∑

n=1

∑
m=−1,+1

(4n −1)b2n−1,m +
∞∑

n=1

∑
m=−1,+1

m(4n +1)a2n,m (3.6)

being respectively a weighted sum of odd and even multipoles. Expression (3.4) properly translates
the required balance between even and odd multipoles for the unidirectional forward scattering
to occur.

For scatterers possessing mirror symmetries with respect to the planes of normal~ex or~ey , such
as isotropic particles, the coefficients with m = 1 and m =−1 satisfy [5]:{

an,1 =−an,−1 = an

bn,1 = bn,−1 = bn
(3.7)

In this case, as can be derived in the framework of Mie theory, the Kerker condition is simply:

∞∑
n=1

(−1)n+1(2n +1)an =
∞∑

n=1
(−1)n+1(2n +1)bn (3.8)

which reads, for the first multipoles:

3a1 +5b2 +7a3 +9b4 + ... = 3b1 +5a2 +7b3 +9a4 + ... (3.9)

From equation (3.8) it is obvious that the Kerker condition is met for the particular case presented
before when two multipole moments of same order are solely excited and equal, that is for any n:

an = bn (3.10)

On the other hand, we show on Fig. 3.2-D the scattering diagram obtained for a complex combi-
nation of dipoles and quadrupoles satisfying the Kerker condition 3a1 +5b2 = 3b1 +5a2. Forward
directed scattering is indeed observed and a breaking in the azimuthal symmetry of the diagram
occurs due to the different amplitudes taken by the multipoles of same order as a1 6= b1 and a2 6= b2

in this case.

To conclude, the proper understanding and design of the induced multipole moments of a
structure is important to tailor its radiation pattern. In this chapter we present how the Kerker
condition can be approached for different systems consisting in homogeneous spheres, multilay-
ered spherical particles and clusters of particles. The interesting feature of these systems is that
they could be realistically achievable through colloidal synthesis and self-assembly.

Although we focus here on obtaining Huygens source features, the interference effects and
phase analysis of multipoles can be extended to a wide range of applications.

It is for instance applicable to other scattering angles [6]. In particular, at θ = 0, a suppression
(or rather a minimization) of the forward scattering can be reached under the so-called second
Kerker condition [7–10] (that can be derived by canceling σ f or given by eq. (2.127) ):

∞∑
n=1

∑
m=−1,+1

(2n +1)
[
man,m +bn,m

]= 0 (3.11)

It is also possible to simultaneously cancel the forward and backward scattering as recently
revealed [11–14]. Since in this case the radiation is only found in the lateral lobes, this effect is also
referred to as “transverse Kerker effect”.
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Finally, to give an example other than far field directional radiation possibilities, the engi-
neering of multipole resonances has recently enabled the design of Janus sources [15–17], par-
ticles providing side-dependent near field-coupling to wave-guides, which may find applications
in photonic circuitry.

Therefore, obtaining Huygens sources constitutes only one of the main aspects of the scatter-
ing manipulation permitted by multipole tailoring.

3.2 Kerker condition with low index spherical particles [18]

Recently, dielectric particles of high refractive index have been shown to exhibit strong mag-
netic resonances in the visible and near infrared range, reaching amplitudes comparable or even
stronger than their electric counterparts [19–21]. The Mie magnetic resonances originate from the
excitation of circular displacement currents in the particles. Mie type resonances are morphology
dependant since they are functions of both the size and shape of the particles. The first excited
multipole, as the wavelength is decreased, corresponds to a magnetic dipole and occurs when the
wavelength inside the particle becomes comparable to its spatial dimension: 2R ≈λ/N .

Since they can support both electric and magnetic multipoles, dielectric particles are partic-
ularly interesting for the realization of Huygens sources. Indeed, directional forward scattering
abilities of high index particles have been demonstrated in various works, in the microwave range
[22] and visible domain with silicon (Si) spheres [23] and gallium arsenide (GaAs) pillars [24] for
example. However, in these works, the suppression of the back-scattering was achieved at a sin-
gle frequency and fulfilled off resonance, generally on the tail of the two dipolar modes, leaving a
weak forward scattering. This is due to the fact that resonances of opposite parity are in general
spectrally detuned for high index particles.

To overcome this efficiency and bandwidth issue, one should rather seek to obtain perfectly
degenerated multipoles of same order, fulfilling the first Kerker condition over a large spectral
range including that where the resonances are maximum, leading to a significant forward directed
scattering by the particle. The spectral overlap of the multipoles can be reached for instance by
tuning the particle geometry which allows for a fine tailoring of the different modes. Geometrical
tuning of dielectric particle resonances has been extensively studied in the literature and reso-
nant Huygens sources have been proposed or demonstrated on this principle with disks [25–27],
ellipsoids [28, 29], nanobars [30, 31], dimers [32, 33], etc ...

In contrast, in the following, we investigate the possibility of obtaining the resonant Kerker
effect with simple dielectric spheres. In particular, we show that low index dielectric particle can
exhibit comparable resonant electric and magnetic multipoles of same order approximately meet-
ing the Kerker condition over a broad spectral band. Due to the spherical geometry, the properties
obtained are intrinsically polarization independent. Such simple particles could therefore consti-
tute an interesting alternative to the previously mentioned anisotropic Huygens scatterers.

3.2.1 Dipolar Huygens sources

As we have seen in section 2.2.4.a, the Mie scattering coefficients of the electric and magnetic
multipoles that describe the behavior of a spherical particle of radius R and refractive index N are
given by [34]:

an(γ, x) = γΨn
(
γx

)
Ψ′

n

(
x
)−µΨn

(
x
)
Ψ′

n

(
γx

)
γΨn

(
γx

)
ξ′n

(
x
)−µξn

(
x
)
Ψ′

n
(
γx

) (3.12)

bn(γ, x) = µΨn
(
γx

)
Ψ′

n

(
x
)−γΨn

(
x
)
Ψ′

n

(
γx

)
µΨn

(
γx

)
ξ′n

(
x
)−γξn

(
x
)
Ψ′

n
(
γx

) (3.13)
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with Ψn(x) = x jn(x) and ξn(x) = xh(1)
n (x) being the Riccati-Bessel functions. The Mie coef-

ficients are functions of both the dimensionless size parameter x = 2πnhR/λ and the refractive
index contrast between the particle and its host medium γ= N /nh .

We start by exploring the best performances, in terms of total scattering efficiency, that can
be reached by a lossless dielectric sphere under the Kerker condition. We focus on reaching the
Kerker condition resonantly with a pair of multipoles of the same order, since this approach suits
to dielectric spheres whose pairs of resonances of increasing order are successively excited spec-
trally. In order to get a Huygens multipole of order n exhibiting zero back-scattering, the condition
an = bn must be satisfied. Three particular solutions satisfying this condition can be identified and
are detailed in the following:

(i) The first solution corresponds to the case where µ = m. In the situation where in addition
εh = 1 for the host medium, the solution simply imposes a dual material ε=µ. This require-
ment enabling an = bn to be met for every n simultaneously and for any value of x (i.e. on
the whole spectrum for a given size of particle) was first underlined by Kerker et al . in their
pioneer work [4]. It simply implies that the particle impedance is matched to that of the host
medium. However, since µ = 1 at optical frequencies for all natural materials, the absence
of magnetic materials makes it impossible for this condition to be met with simple spherical
particles.

(ii) The second solution is found when Ψ′
n(γx) = 0 and leads to an = bn =Ψ′

n(x)/ξ′n(x). Due to
the periodicity of Bessel’s functions, Ψ′

n(x) exhibits multiple zeros that we denote as Ψ′
n,l .

The most relevant solution is the one obtained for the highest γx value, i .e. for γx =Ψ′
n,1 ,

the first zero of the first derivative of the Riccati-Bessel function Ψn .

(iii) Similarly, Ψn(γx) = 0 leads to an = bn = Ψn(x)/ξn(x). Since Ψn has the same zeros as the
spherical Bessel function jn , this solution is satisfied whenever γx = jn,l , with jn,l the lth

root of jn .

The first zeros of the derivative of the Riccati-Bessel function and the spherical Bessel function,
Ψ′

n,1 and jn,1 respectively, are provided by the table on Fig. 3.3 for the first four orders, indicating
the value of γx at which the Kerker conditions (ii) and (iii) are met for the pair of multipoles. It can
be seen that for increasing γx, condition (ii) occurs before condition (iii).

Figure 3.3 – First zeros of Ψ′
n,1 and jn,1 for the first four multipoles

The scattering efficiency Qn(x) of the nth multipole is given by (see subsection 2.2.6.d):

Qn(x) = 2(2n +1)

x2

[∣∣an
∣∣2 +∣∣bn

∣∣2
]

(3.14)

We denote by Q(i i )
n and Q(i i i )

n the scattering efficiencies of the nth multipole under condition (ii)
and (iii) respectively. These efficiencies are parametrized by γ as follows:

Q(i i )
n = 4γ2(2n +1)

Ψ′2
n,1

∣∣∣∣∣∣∣
Ψ′

n

(
Ψ′

n,1/γ
)

ξ′n
(
Ψ′

n,1/γ
)

∣∣∣∣∣∣∣
2

(3.15)

Q(i i i )
n = 4γ2(2n +1)

j 2
n,1

∣∣∣∣∣Ψn
(

jn,1/γ
)

ξn
(

jn,1/γ
) ∣∣∣∣∣

2

(3.16)
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Figure 3.4 shows the evolution of both Q(i i )
n and Q(i i i )

n as a function of the contrast index γ, for the
first four multipolar orders.
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Figure 3.4 – Multipole efficiencies of generalized Huygens sources. A) and B) Graph plotting respectively
Q(i i )

n = f (γ) and Q(i i i )
n = f (γ) for n = 1, ...,4. Q(i i )
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n are the scattering efficiency of the nth multipole

pair under respectively condition (ii) and (iii). C) Graph marking the (Q,γ) coordinates of the maximum
efficiencies Q(i i )

n,max and Q(i i i )
n,max . Blue crosses (red rings) show the positions of the maxima of the first four

multipoles under condition (ii) (and (iii) respectively).

It can be seen on Figs. 3.4-A,B that for any order n, there exists an optimal efficiency Q(i i )
n,max

and Q(i i i )
n,max . The maximal efficiency is reached in the dipolar case under condition (ii) (see Fig.

3.4-C). As already noticed in [28, 35] it reaches a value of Q∗ ≈ 3.72, obtained when γ= γ∗ ≈ 2.455,
with the corresponding size parameter x = x∗ = Ψ′

n,1/γ∗ ≈ 1.118. This situation is detailed on
panel A of Fig. 3.5, showing how the total scattering efficiency of a sphere evolves as a function of
the size normalized wavelength 1/x =λ/2πRnh , when γ≈ 2.455.
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Figure 3.5 – Three cases of scattering efficiency and forward to backward scattering ratio for a dielectric
sphere of constant index. On top panels, the black solid curve represents the total scattering efficiency of
the sphere as a function of the parameter 1/x. The solid (dashed) colored lines are the scattering efficiencies
of the electric (magnetic) multipoles. The bottom panels indicate the fraction of energyσ f or /(σ f or +σback )
scattered in the forward direction. A),B) Scattering efficiencies of a lossless dielectric sphere for respectively
γ = γ∗ = 2.455 and γ = γ∗∗ = 1.87. C) Scattering efficiencies of a lossy dielectric sphere with γ = γ∗∗∗ =
2.1+0.095i .
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It should be mentioned that the dimensionless parameter x constitutes a scaling factor that keeps
the particle properties unchanged (for a constant index contrast γ). Therefore the plots are fully
scalable in wavelength by simply adjusting the particle size R.

The Fig. 3.5-A clearly evidences that for the optimal configuration, the Kerker condition does
not occur at the resonance frequency of either dipole. In addition, the fraction of scattered en-

ergy emitted in the forward direction
(
σ f or /(σ f or +σback )

)
, plotted on the bottom panel of the

figure, peaks at 100% for 1/x∗ = 0.894 but rapidly decreases as 1/x deviates from this value. As
already mentioned in the introduction of this part, this single operating wavelength is due to the
spectral detuning between the two dipoles that prevents their respective moments a1 and b1 to
take similar phase values except far from both resonance wavelengths, on the tail of the scattering
cross-section peak.

Since the Kerker condition can not rigorously be met at the resonance frequencies of the dipoles
for an optimal efficiency, we now relax the required condition that a1 = b1 and we seek the opti-
mal efficiency ensuring xa1 = xb1 . xa1 and xb1 are defined as the reduced resonant frequencies
corresponding to the position of the maximum of the electric and magnetic dipole scattering ef-
ficiencies Qmax (a1) and Qmax (b1). The positions of these maxima do not always correspond to
those of the coefficients

∣∣a1
∣∣ and

∣∣b1
∣∣, but are close enough so that the two dipoles spectrally coin-

cide with a1 ≈ b1 close to the resonances. The optimal situation is obtained for γ= γ∗∗ ≈ 1.87. The
corresponding scattering efficiencies are shown in Fig. 3.5-B. We see that a maximum efficiency
of 3.67 is reached for this pair of dipoles. Not all the scattering occurs in this case in the forward
direction mostly due to the mismatch in amplitude

∣∣a1
∣∣ 6= ∣∣b1

∣∣ between the electric and magnetic
dipoles and to the non-zero contribution of the electric quadrupole, which slightly contributes to
the balance between even and odd multipoles. However, a large fraction (> 95%) is still scattered
forward at 1/x∗∗ ≈ 0.61. In contrast with the previous case, the ratio of forward scattering exhibits
a value above 90% on nearly the whole range covered by the dipolar resonances.

Finally, this situation can be even bettered by considering a lossy system. Indeed, since the
magnetic dipole mode has a stronger interaction with the particle medium than does the electric
dipole mode, losses decrease in higher proportion the scattering amplitude of the magnetic dipole,
making it possible for the two dipoles to scatter with the same amplitude.

|xa1 - xb1| |Qmax(a1) - Qmax(b1)|

R
e(
𝛾

)

Im(𝛾)

R
e(
𝛾

)

Im(𝛾)

𝛾***≈2.1+0.09i 𝛾***≈2.1+0.09i

A B

Figure 3.6 – Optimal value of γ in the complex plane for equal amplitudes and frequencies of the elec-
tric and magnetic dipole scattering cross-sections. A) The color plot shows the dependence of

∣∣xa1 −xb1

∣∣,
which is the reduced frequency detuning between electric and magnetic dipole resonances. B) color plot∣∣Qmax (a1)−Qmax (b1)

∣∣, the difference in amplitude of the scattering efficiency at the position of the electric
and magnetic dipoles cross-section maxima. The position of γ where both conditions are approximately
zero is indicated on the color-map.

On Fig. 3.6 we explore the complex plane with γ, and seek to minimize simultaneously
∣∣xa1 −xb1

∣∣
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which ensures identical frequencies, as well as
∣∣Qmax (a1)−Qmax (b1)

∣∣, which ensures equal reso-
nance amplitudes. The position γ*** that allows both scattering maxima to appear at the same
frequency and with equal amplitudes, is indicated by the dashed white lines and is approximately
equal to 2.1+ i 0.09.

This situation is further detailled on Fig. 3.5-C showing the evolution of the total scattering ef-
ficiency as a function of the size normalized wavelength x. It can be seen that the maximum scat-
tering efficiency reached in this case is Q∗∗∗ = 3.2, which is still almost 86% of the value reached
when γ = γ∗. In addition, as in the previous case, more than 95% of the scattering occurs in the
forward direction at the position of the maximum of the scattering efficiency Q∗∗∗.

To conclude, the study presented in this part has revealed that pairs of multipoles leading to
the optimal efficiency of forward scattering are not resonantly excited for simple dielectric spheres.
However, by relaxing the rigorous Kerker condition, resonant Huygens dipoles can be approached
with both lossless and lossy particles, for index contrasts approaching respectively 1.9 and 2.1+
0.1i . This results in an important fraction of forward scattering obtained at the position of the
local maximum of the scattering cross-section of the particles.

3.2.2 Broadband Huygens sources

In the previous part, we have focused on optimizing Huygens dipole scattering. However, for
numerous applications, it may be interesting to maximize the forward scattering over a broad
range of wavelengths. As we have seen, given a specific size and value of γ, the Kerker condition
cannot be fulfilled exactly for all pairs of multipoles at once when µ = 1. However we will show
that by relaxing the requirement that the electric multipole be exactly equal to the magnetic one of
same order, and just satisfying the condition loosely, i .e., for all n, to obtain an ∼ bn , a broadband
isotropic system may be reached with two by two overlapped multipoles.

𝛄

𝝀/(𝟐𝝅𝒏𝒉𝑹) 𝝀/(𝟐𝝅𝒏𝒉𝑹) 𝝀/(𝟐𝝅𝒏𝒉𝑹) 𝝀/(𝟐𝝅𝒏𝒉𝑹) 𝝀/(𝟐𝝅𝒏𝒉𝑹)

n=1 n=2 n=3 n=4

A B C D E

Figure 3.7 – A)-D) Each panel is a contour map of
∣∣an

∣∣2 +∣∣bn
∣∣2 for respectively n = 1, n = 2, n = 3 and n = 4,

revealing the trajectories taken by the electric and magnetic multipoles in the (γ,1/x) plane. For any n, the
white dashed curves giving ℜ(an) = 0 and ℜ(bn) = 0, trace the position of the two resonances. The magnetic
resonance is the one found at highest values of 1/x. The vertical white line corresponds to the limit of sub-
wavelength particles R = λ for nh = 1 i .e. 1/x = 1/π≈ 0.32. E) Fraction of energy scattered in the backward
direction σback /(σ f or +σback ). The white box (reported in red on the other panels) indicates a region that
shows a rather broadband nearly null back-scattering covering the first resonances of the particle. The box
is arbitrarily delimited with an index contrast of 2 and 1.5 (for which the resonator is not subwavelength
anymore).

On Figs. 3.7-A,B,C and D, we examine the trajectories taken by the scattering resonances of
the electric an and magnetic bn coefficients up to order 4 in the (γ,x) plane for lossless spherical
particles. It can be seen that, while they remain well separated for large values of index contrast,
resonances of same orders all bundle together towards lower values of the reduced wavelength 1/x
as γ becomes smaller than 2. This is apparent on the figures from both the strong enhancement of
the quantity

∣∣an
∣∣2+∣∣bn

∣∣2 that is observed at low values of γ, as well as from the convergence of the
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two dashed white lines corresponding to the trajectories of ℜ(an) = 0 and ℜ(bn) = 0. It should be
mentioned that for lossless particles, the upper bound of the modulus of the Mie coefficients is 1,
achieved at the resonance of the particles for which the real part of the coefficient is canceled and
the imaginary part is unitary. Therefore the yellow areas in Fig. 3.7, indicating multipoles having
nearly equal maximum amplitudes and satisfying the condition that

∣∣an
∣∣2 ∼ ∣∣bn

∣∣2 ∼ 1, is a good
indicator of spectrally merging resonances.

The visible evolution toward an approximate overlapping of the multipoles of same order re-
sults mostly from the drop in the resonance quality factor with the decrease of the index contrast.
While resonance peaks are sharp and spectrally well defined for high index particles, with the sum∣∣an

∣∣2 +∣∣bn
∣∣2 reaching the approximate value of

∣∣an
∣∣2 ∼ 1 and

∣∣bn
∣∣2 ∼ 1 at their position, the mul-

tipoles and in particular the electric ones undergo significant spectral broadening as the index
contrast decreases, responsible for their spectral merging.

Moreover for decreasing values of γ, an increasing number of multipoles tend to overlap. In
particular, for values close to 1.6, the yellow area appears simultaneously for the first four multi-
pole orders. This indicates that the Kerker condition can be approached multiple times and si-
multaneously for each couple of multipoles and thus, forward scattering, though not perfect, will
occur over a broad range of wavelengths. To evidence this, we show on Fig. 3.7-E the evolution
of the fraction of energy scattered in the backward direction σback /(σ f or +σback ). Indeed for val-
ues close to 2, a very low back-scattering is observed in the spectral band including dipole and
quadrupole resonances, in agreement with the observations of Fig. 3.5-B. For lower index contrast
close to 1.5, the bandwidth is strongly increased and a null back-scattering now covers the entire
range where the four first order resonances are encountered. We reported on Fig. 3.7, by the white
and red boxes, the region of interest bounded by an index contrast between 2 and 1.5 where the
large band back-scattering cancellation is observed. Importantly, the value of γ = 1.5 is found as
a threshold for obtaining a subwavelength resonator. Below this value all the resonances of the
structure occur at wavelengths λ< 2R as can be seen on the panels 3.7-A,B,C and D. We restricted
our analysis in this work to the range of parameter x where resonators exhibit subwavelength sizes.
It appears in this case that, at best, overlapped resonances of only the first three orders can be ex-
ploited to achieve the broadband Kerker regime.

Obviously, by further decreasing the refractive index, the overlap between pairs of multipoles
can be improved for a larger number of them. Thus, in a study conducted in parallel to our in-
vestigation, M. I. Abdelrahman et al . revealed the broadband back-scattering suppression of over
wavelength-sized spheres made from a low permittivity material with γ ≈ 1.3 [36] and evidenced
the approximate duality an ∼ bn up to eight multipole orders at its origin. Their work was recently
completed by the first experimental demonstration in the microwave range of the broadband Huy-
gens source behaviour of low refractive index spherical particles with both N = 1.38 and N = 1.61
[37].

In addition, the decrease in the refractive index contrast is necessarily accompanied by a sig-
nificant reduction of the scattering that vanishes in the limit of γ= 1, where the particle becomes
totally transparent. Thus, for very low index particles a compromise between forward scattering
bandwidth and efficiency must be found. For γ = 1.5 the efficiency reaches a value of 3.5 at the
position of the subwavelength resonator limit 1/x = 1/π ≈ 0.32. It is a value comparable to that
obtained for the dipolar Huygens sources studied in section 3.2.1 Therefore, significant efficien-
cies remain accessible with low index particles down to γ= 1.5.

In order to demonstrate the applicability of our findings, we calculated using the Mie theory,
the scattering properties of both TiO2 and Al2O3 particles. We used mesured dispersions available
in [38] of the refractive index for both these compounds.

The first system investigated is a TiO2 nano-sphere of radius R = 150nm. Due to the relatively
high refractive index of titanium dioxide in the visible (N ≈ 2.5), we considered water nh = 1.33
as the surrounding medium in which the particle is immersed so that γ ≈ 1.9 in this case. The
contribution of the multipoles to the scattering efficiency of the particles are revealed on Fig. 3.8-
A and the fraction of energy scattered in the forward direction is furthermore indicated in the
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bottom panel. In agreement with the results of the study conducted previously, the scattering is
significantly radiated in the forward direction in most of the range of wavelengths covered by the
overlapped pair of dipoles and quadrupoles.
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Figure 3.8 – A) Total scattering and absorption efficiencies, (black continuous and doted lines respectively),
calculated with the Mie Theory for a TiO2 nanoparticle of 150nm in radius placed in water (nh = 1.33), for
which γ ≈ 1.9. The solid (dashed) colored lines are the scattering efficiencies of the electric (magnetic)
multipoles. The bottom panels indicate the fraction of energy σ f or /(σ f or +σback ) scattered in the forward
direction. B) Evolution of the real and imaginary parts of the sum of even and odd multipoles

∑En and∑On of the particle as function of the wavelength. The bottom panel show ln
∣∣(∑On −∑En)/Qscat

∣∣ for
which local minima reveal the wavelengths where the Kerker condition is best met. The position of the
minima are evidenced by the vertical dotted lines. C) Scattering radiation diagrams of the particle in both
the electric (blue) and magnetic (red) planes. Panels D),E) and F) show respectively the same quantities as
A),B) and C) but for an Al2O3 particle of radius R = 200nm in air, for which γ≈ 1.7.

The fulfilment of the Kerker condition (
∑On = ∑En) on this range is revealed on Fig. 3.8-

B. In addition, the quantity ln
∣∣(∑On −∑En)/Qscat

∣∣ is plotted on the bottom panel revealing the
wavelengths at which the difference between the multipoles of opposite parity is minimized. Even
and odd multipoles are found to closely coincide both in real and imaginary part over the interval
550nm-850nm. In particular, the Kerker condition is notably well approached at the wavelength
of 815nm (at which the real part of the two sums are equal) and 560nm (at which the imaginary
part of the two sums are equal), coinciding with the positions where 100% of forward scattering
is observed (indicated by the dotted vertical lines on the figure). The Huygens source features of
the particle at these two wavelengths is further evidenced by the radiation diagram in the electric
(blue) and magnetic (red) planes shown on Fig. 3.8-C. The cardioid pattern, characteristic of a
dipolar Huygens source, is found at 816nm while the more directive beam obtained at λ= 560nm

58



CHAPTER 3. DESIGN OF ISOTROPIC HUYGENS SOURCES WITH COLLOIDAL PARTICLES

is in agreement with the excitation of both dipoles and quadrupoles at this wavelength. In addi-
tion, it should be noticed that the peak efficiency shows an impressive value of more than 5 at this
wavelength.

With the same idea than the one we exploited here, the possibility to reach broadband Huy-
gens source features with particles of moderate index by increasing the refractive index of the sur-
rounding media, has recently been the object of a detailed theoretical study in [39].

Similarly, we investigate on panels D,E and F of Fig. 3.8 the scattering properties of an Al2O3

(N ≈ 1.7) spherical particle of radius R = 200nm surrounded by air (nh = 1). Consistently with
the lower value of γ, this particle exhibits an excellent Huygens source behaviour over an even
broader bandwidth covering the interval 350nm-1000nm that also includes the range of excita-
tion of the octupolar resonances. In particular the Kerker condition is found to be closely satisfied
at three wavelengths of 815nm, 536nm, and 394nm (vertical dotted lines). Although the refrac-
tive index of the particle is quite low, the peak efficiency reaches approximately 4 at both 530nm
and 400nm due to the simultaneous excitation of numerous multipoles at these wavelengths. It
should be mentioned that for this particle, the non negligible losses of Al2O3 (see the absorption
cross-section on panel D) also benefit to the quality of the overlap since it results in even broader
multipole resonances with reduced amplitude differences between electric and magnetic modes.

In conclusion, the study presented here provides a guideline for designing resonant and broad-
band Huygens sources. We evidenced the possible spectrally large cancellation of the back-scat-
tering, due to overlapped pairs of multipoles, occurring from γ≈ 2 and with increasing bandwidth
as the contrast of index between particles and host medium is reduced. These features have been
numerically verified on both TiO2 and Al2O3 particles. Such dielectric particles are particularly
interesting since they can be obtained through simple colloidal synthesis and are commercially
available. Indeed broadband directional light scattering abilities of colloidal particles in the visible
have been reported in different studies [40, 41]. However to our knowledge, reliable experimental
proof of the broadband Kerker condition fulfilment for such particles remains to be made. In this
regard, the direct measurement of the balance between even and odd excited multipoles, enabled
by polarization-resolved static light scattering measurements, could help in the matter [42–44].

On the other hand, our work emphasizes that the refractive index tuning is an interesting al-
ternative to the geometrical tuning to reach the broadband Kerker regime. However, it might be
sometimes impossible to find materials exhibiting the appropriate refractive index in a given range
of wavelengths and arbitrarily choosing the host medium might not always be an option. In the
next section, we will show that by considering clusters of small particles, with densities and sizes
that will determine the properties of the aggregate in the end, it is indeed possible to gain flexi-
bility in the design of Huygens sources by controlling at will the effective refractive index of the
aggregate.

3.3 Clusters of particles [18]

In the last 15 years, several theoretical and experimental studies have demonstrated that clus-
ters of colloidal nanospheres, sometimes referred to as “meta-molecules”, can exhibit both electric
and strong magnetic resonances in the visible domain [45–58]. These studies were largely moti-
vated by the quest for double negative index metamaterials operating at optical frequencies and
were triggered by the work of A. Alù et al . in 2006 and 2008 [59, 60]. With these papers, the au-
thors proposed the original idea of exploiting the resonant feature of plasmonic nanoparticle or-
ganized into two dimensional nano-rings to induce a circulating “displacement” current around
this loop of particles. By doing so, a magnetic dipole collective response can coexist with the in-
dividual electric resonance supported by each of the nanoparticles composing the cluster. This
seminal work on artificial magnetism of tailored assemblies of particles was quickly extended to
three-dimensional structures consisting both in nano-shells of particles, termed raspberry-like
scatterers, obtained by decorating a dielectric core with plasmonic nanoparticles [48–54], or in
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simple homogeneous arrangements of particles into spherical clusters [48, 55–58]. In either cases,
the response of the cluster is found to be equivalent to the Mie resonances of dielectrics homoge-
neous spheres [48, 55, 57]. In fact the composite particle (or layer) is, in an effective way, acting as
a homogeneous medium of high permittivity that can therefore be described by homogenization
theories well known for bulk materials. However, unlike simple big dielectric spheres, size, nature
and volume fraction of the inclusions are parameters that can be exploited to control the optical
properties of the aggregates.

Therefore, with this section, we aim to demonstrate the great potential of clusters of particles
in obtaining directional scattering effects. We show that a fine tuning of their Mie like resonances
is possible, by playing on the previously mentioned levers of control, and that the resonant and
broadband Kerker regimes presented in the previous part can be reached with both plasmonic or
dielectric inclusions. In particular, the tailoring of their effective refractive index towards low val-
ues of γ identified in the previous section is used as a guideline for their design. Therefore, in the
following, we start by introducing the homogenization theory, i .e. the extended Maxwell-Garnett
mixing rules, which constitute a particularly valuable tool for a fast estimation of the cluster prop-
erties.

3.3.1 Homogenization and effective medium theory

3.3.1.a Extended Maxwell-Garnett mixing rules

The optical properties of composite particles made from subwavelength inclusions can be de-
scribed in terms of effective dielectric constants εeff and µeff through the widely used Maxwell-
Garnett effective medium theory. This model derives from the Clausius–Mossotti relation:

εeff −εh

εeff +2εh
= N

3
αe (3.17)

which links the effective permittivity εeff of a composite material to the mean electric polarizability
αe of its constituents. A similar relation holds between the effective permeability µeff and the
magnetic polarizabilities αm :

µeff −µh

µeff +2µh
= N

3
αm (3.18)

The Clausius-Mossotti relation (3.17) is also known as the Lorentz-Lorenz formula, since it is
equivalent to that derived in the Lorentz molecular theory of polarization to compute the macro-
scopic dielectric permittivity for natural materials, where the constituents are collections of point-
like polarizable atoms or molecules in vacuum. In the case we are interested in, the composite
medium consists in a collection of polarizable particles of radius R in a background medium of
permittivity εh and permeability µh . In equations (3.17) and (3.18), N is the number of particles
per unit volume, related to the volume fraction of particles through fv = (4/3)πR3N .

The extended Maxwell-Garnett formulas can be obtained by simply inserting in the Clausius-
Mossotti relations, the expressions of the dipolar polarisabilities of particles obtained from the Mie
theory:

αe = i
6πR3

x3 a1 αm = i
6πR3

x3 b1 (3.19)

This approach is also known as the Mie Maxwell-Garnett homogenization procedure and was ini-
tially suggested in [61]. In contrast, in the classic Maxwell-Garnett formulas, as originally derived
in [62], the particle polarisabilities are calculated within the quasi-static approximation and do
not fully account for the size dependencies of the inclusions.

Inserting the expression of the polarisabilities in eqs. (3.17,3.18) yields the following extended
Maxwell-Garnett expressions:

εeff = εh
x3 +3i fv a1

x3 − 3
2 i fv a1

(3.20)
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µeff =µh
x3 +3i fv b1

x3 − 3
2 i fv b1

(3.21)

that link the composite materials effective properties to the volume fraction, size and Mie coeffi-
cients of its constituent particles.

3.3.1.b Limitations of the Maxwell-Garnett homogenization

Since the extended Maxwell-Garnett theory relies on the same approximations as those used
to derive the Clausius Mossotti equation, it is obviously restricted in its applicability and can even
lead to nonphysical results if not carefully used. Therefore it is important to keep in mind some of
its limitations before applying it to different homogenization problems.

First of all, this formalism relies on the dipolar approximation and only relates electric and
magnetic dipole moments to the effective material parameters. Therefore it is valid only for small
particles (i .e. low values of x) and fails for bigger particles if the higher order multipole moments
can not be neglected.

Although it accounts for dipolar interactions between nanoparticles, the theory remains accu-
rate for sufficiently diluted media only. At high densities, for closely packed nanoparticles, strong
near-field coupling between inclusions may occur, involving higher-order multipole excitations,
that are not captured by the theory. Moreover, this restriction might apply more strictly to plas-
monic particles compared to dielectric ones since they are known to lead to intense scattered fields
and local field enhancements.

In addition, the model hypothesizes a homogeneous distribution of particles over the mate-
rial and does not account for the local fluctuation of particle density due to spatial disorder or a
possible aggregation of the inclusions.

Finally, and importantly, it was underlined by C.F. Bohren [63, 64], that the imaginary part of
the effective refractive index obtained from the extended Maxwell-Garnett homogenization can-
not be used to accurately evaluate absorption. In fact, for non-absorbing spheres embedded in
a non-absorbing medium, the effective refractive index still exhibits an imaginary part that in-
creases with the sphere size and is not related to an increase of the absorption in the system but
simply results from an increase of the scattering. Therefore, the imaginary part of the effective
refractive index obtained from this theory no longer has the same validity as that of the refractive
index of a homogeneous material.

3.3.2 Resonant dipolar Huygens sources with clusters

In what follows, we demonstrate with several examples that clusters constitute a promising
solution for obtaining both the resonant dipolar and extremely broadband forward scattering.

The clusters we consider are spherical and composed of identical spherical inclusions of ra-
dius rp arranged quasi-homogeneously. Homogeneous clusters are obtained by minimizing the
potential energy of a given number of particles in repulsive interaction constrained inside a spher-
ical capsule [65, 66].

The different designs that we are going to detail, are obtained with the following approach: In
a first step, extended Maxwell-Garnett theory is used to select, for a given size of inclusion, a fill-
ing fraction that provides an effective refractive index in the range of that enabling the broadband
Kerker regimes studied in the previous section 3.2. Then, the full cluster properties are rigorously
investigated through T -matrix simulations. At this stage, due to the differences that might exist
between the properties predicted for the effective spheres and the one actually observed, slight
adjustments on the geometry are likely to be made to optimize the overlap of the multipole reso-
nances.
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3.3.2.a Cluster designs with dielectric and plasmonic inclusions

We start by addressing the possibility of obtaining resonant dipolar Huygens sources with di-
electric or plasmonic inclusions. Targeting a peak resonance wavelength in the visible, at λ ≈
500nm and using extended Maxwell-Garnett theory, we explore the geometrical parameters fv

and rp , in the case of silicon inclusions in air and silver inclusions in water, with the aim of get-
ting optical scatterers with overlapping electric and magnetic dipole resonances at their efficiency
peak.

In particular, the impact of the volume fraction fv on the effective refractive index is presented
in Fig. 3.9 for sizes of inclusion of rp = 41nm for silicon (Fig. 3.9-A) and rp = 15nm for silver
particles (Fig. 3.9-B). The optical properties of silver were taken from Palik’s compendium [67] and
those of silicon from Aspnes and Studna’s work [68]. The two color-maps provide the variation of
the refractive index contrast γ=p

εeff µeff /nh as a function of the volume fraction fv of inclusions.
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Figure 3.9 – The color-maps show the variations of the refractive index contrast γ=p
εeff µeff /nh as a func-

tion of the volume fraction of inclusions that are considered in the clusters. The effective medium properties
εeff and µeff describing the clusters are calculated with extended Maxwell-Garnett theory for A) Si particles
of radius 41nm in air (nh = 1) and B) Ag particles of radius 15nm in water (nh = 1.33).

It can be observed that very large values ofγ are reached in the case of silver particles due to the
dipolar plasmonic resonance of the inclusions. The variations are not as large for silicon particles.
In this case, at high densities, the effective index is close to that of the particles, i .e silicon, while at
low densities, it naturally tends towards that of the host environment, nh = 1 here. In addition, the
modulations of the effective index is in this case induced by the strong magnetic dipole resonance
of the silicon particles at λ= 425nm.

As was shown in section 3.2.1, the index contrast allowing to obtain two spectrally superim-
posed dipole resonances is around γ = 2. This value is indicated by the white dashed line on the
figures. It is therefore possible to estimate that densities of particles close to fv = 0.4 are required
in the case of Si for reaching this value at the targeted wavelength of λ = 500nm, and close to
fv = 0.15 for the silver inclusions. Thus the space of the parameters to be explored is significantly
reduced. In addition, the approximate total size required for the clusters to get an operating wave-
length of 500nm is known since Mie dipole resonances were found to overlap for 1/x ≈ 0.65 in
section 3.2.1. Therefore, knowing fv and R, the number X of particles to consider in each cluster
is also accessible since fv = X (rp /R)3.

Following the guideline provided by this homogenization approach, we arrive at 2 clusters
presenting a highly satisfying overlap of their two dipolar resonances, which are presented on Fig.
3.10.
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The first structure, shown on the inset of Fig. 3.10-A corresponds to a silicon cluster made
from inclusions of size rp = 41nm. The cluster consists of 13 particles and presents a outer radius
R = 123nm with a volume fraction in particles of 47%. The second one displayed in Fig. 3.10-D is
a silver cluster consisting of 60 particles with rp = 15nm presenting a total radius R = 100nm and
a volume fraction of particles of 20%.
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Figure 3.10 – A) Total scattering and absorption efficiencies calculated with the T −Matrix method for a
cluster of radius R = 123nm made from 13 silicon particles of radius 41nm. The surrounding medium is
taken as air. The solid (dashed) colored lines are the scattering efficiencies of the electric (magnetic) mul-
tipoles. The bottom panel indicates the fraction of energy σ f or /(σ f or +σback ) scattered in the forward
direction. B) Evolution of the real and imaginary parts of

∑En and
∑On as a function of wavelength. The

bottom panel shows ln
∣∣(∑On −∑En)/Qscat

∣∣ for which local minima reveal the positions where the Kerker
condition is best met. C) Cuts of scattering radiation diagram of the particle in both the electric (blue) and
magnetic (red) planes. Panels D),E) and F) are identical to respectively A),B) and C) but for a silver cluster
with R = 100nm made from 60 particles of radius 15nm and with the surrounding medium being water.

Figures 3.10-A,D show for both systems the contribution of the different multipoles to the scat-
tering efficiencies, the optical properties being in this case rigorously investigated by mean of the
T -matrix solver developed by Mackowski [69]. We see that overlapped dipolar resonances with
almost equal amplitudes are reached in both cases near the targeted wavelength, at λ= 525nm for
the dielectric cluster and λ= 478nm for the plasmonic cluster. As a result, nearly 100% of forward
scattering is achieved in the whole interval around the maximum of the dipole resonance between
450nm et 550nm. The fulfilment of the Kerker condition is evidenced in Figs. 3.10-B,E for each sys-
tem, demonstrating even and odd multipoles very close in real and imaginary part on the whole
range where the directional scattering is obtained. In particular, the Kerker condition is found to
be particularly well fulfilled in 2 wavelengths, close to 450nm and 550nm, that frame the positions
of the resonance peaks. In order to further characterize the strong forward scattering obtained at
the wavelengths of the efficiency peaks for each cluster, the radiation diagrams at this wavelength,
in both the electric (blue) and magnetic (red) planes are shown on Figs. 3.10-C,F. In each case, a

63



CHAPTER 3. DESIGN OF ISOTROPIC HUYGENS SOURCES WITH COLLOIDAL PARTICLES

strongly asymmetric pattern is observed. Figure 3.10-C reveals that, for the dielectric cluster, the
radiation pattern obtained in each plane is a cardioid, confirming that the cluster closely behaves
as an ideal Huygens dipole at this wavelength. On the contrary, for the plasmonic cluster, the ra-
diation patterns slightly differ from those of an ideal Huygens dipole, with reminiscence of lobes
due to the significant quadrupolar contributions at this wavelength, that are visible on Fig. 3.10-D.
As a result, the directivity of the forward directed beam is enhanced, most of the scattering occurs
in a narrower solid angle.

On the other hand, if the performances in terms of directionality of the scattering are what
we want to demonstrate with the cluster, those obtained in terms of efficiency in the case of the
dielectric cluster are beyond expectations. On Figs. 3.10-A and D, it can be seen that the scat-
tering peak efficiency reaches 2.5 for the silver cluster and an impressive value of 5 is reached for
the silicon cluster. Such a strong value for this cluster is a major result as the scattering efficiency
reached by this pure Huygens dipole beats the theoretical maximum scattering efficiency of 3.67
(see subsection 3.2.1) reachable by an ordinary sphere. This extremely large scattering response
can be explained by the fact that compared to simple spheres where the permeability µ is equal to
1, the composite particles can exhibit a µeff larger than one. Thus, the additional modulation of
the effective permeability of the material constitutes a clear advantage in resorting to composite
particles compared to simple homogeneous spheres. Not only higher efficiencies are made avail-
able, as observed here, but the composite particles are also closer to the Kerker condition (i) of
impedance matching µeff = εeff , facilitating even more the overlapping of the different multipoles.

Finally before finishing this section, we want to mention that the choice in the size of inclu-
sions is considered in relation to the operating wavelengths and has been made in order to limit
the final number of particles in our clusters. This offers the advantage of significantly lightening
the simulations performed by T -matrix. It is obvious that to operate at a larger wavelength, with
the same size of inclusions as considered here, larger aggregates are required, of potentially several
hundreds of particles. Considering aggregates of such large sizes, was not necessary for the proof
of principle presented in this part. Of course, such imposing aggregates can also be tuned into
Huygens sources following the same design procedure as exposed here. The number of particles
is not a constraint in obtaining the resonant Kerker regime.

3.3.2.b Limitation of the homogenization approach

In the previous part, we illustrated with two examples, a versatile procedure to design clusters
as resonant dipolar Huygens sources, where the estimation of the effective refractive index of the
clusters is used as a guideline. In this section, we want to highlight the strengths and limitations
in resorting to this homogenization theory.

For this purpose, we provide on Fig. 3.11, the scattering properties of the effective spheres ob-
tained by homogenizing the clusters studied in the previous section through the extended Maxwell-
Garnett theory. The cross-sections and multipolar decomposition are calculated using Mie theory.

Comparing Figs. 3.10 and 3.11, it can be seen that the scattering properties of the clusters
are qualitatively well reproduced with the effective spheres, even for that consisting of only 13
particles. The positions of the resonances are properly predicted by the homogenization method,
and so are the relative amplitudes between electric and magnetic modes of identical order. This
validate our strategy to rely on this homogenization procedure for the design research. Indeed, the
overlapping of the dipolar resonances are obtained at almost the same wavelengths, at 528nm and
493nm for the Si and Ag homogenized spheres respectively. In addition, it is verified that in each
case, the effective structure presents a contrast of index extremely close to the targeted optimal
value of γ∗∗∗ = 2.1+0.095i determined previously. For the silicon cluster, the effective refractive
index is Neff = 2.174+ i 0.127 at λ = 525nm while for the silver cluster, it is Neff = 2.7+ 0.33i at
λ= 478nm which gives γ= 2.03+0.33i at this wavelength.

We can however notice limitations in the homogenization model which dramatically overes-
timates the absorption cross-section of the silicon cluster and fails to accurately predict the am-
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plitude of the scattering cross-sections, which are underestimated in each case. In particular, the
large response of the silicon cluster beating the theoretical maximum scattering efficiency of nat-
ural spheres is not reproduced by the homogenized particle that exhibit a maximal efficiency of
3.31.
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Figure 3.11 – A) Total scattering and absorption efficiencies calculated with the Mie theory for a homog-
enized cluster of radius R = 123nm made from 13 silicon particles of radius rp = 41nm. The surrounding
medium is taken as air. The solid (dashed) colored lines are the scattering efficiencies of the electric (mag-
netic) multipoles. The bottom panel indicates the fraction of energy σ f or /(σ f or +σback ) scattered in the
forward direction. B) Evolution of the real and imaginary parts of

∑En and
∑On as a function of wave-

length. The bottom panel shows ln
∣∣(∑On −∑En)/Qscat

∣∣ for which local minima reveal the positions where
the Kerker condition is best met. The couple of panels {C),D)} are the same as {A),B)} but for an homoge-
nized silver cluster with R = 100nm made from 60 particles of radius 15nm where the surrounding medium
is water.

These differences explain the need to resort to rigorous T -matrix simulations for the fine tun-
ing of the cluster properties in the last stage of the design procedure. In addition it indicates that
Maxwell-Garnett theory fails to provide reliable effective properties εeff andµeff for the clusters. As
a consequence, this renders impossible any attempt to optimize the forward-scattering efficiency
of clusters by fulfilling the condition of impedance matching εeff = µeff corresponding to Kerker
condition (i).

3.3.3 Broadband multipolar Huygens sources

With the same approach as that used in the previous section, we present here a cluster design
that behaves as an extremely broadband Huygens multipole, demonstrating therefore that such
structures are also suitable to obtain the extremely extended Kerker regime revealed in section
3.2.2.
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The studied cluster, for which the scattering properties are analyzed in Fig. 3.12, has a radius
of 300nm and consists in 80 silicon particles of radius rp = 50nm, with water as a host medium.
The volume fraction is fv = 0.37%.

Wavelength (nm) Wavelength (nm)

0.5

1
30

210

60

240

90

270

120

300

150

330

180 0

30

210

60

240

90

270

120

300

150

330

180 0

2
4

30

210

60

240

90

270

120

300

150

330

180 0

30

210

60

240

90

270

120

300

150

330

180 0

5

10

15

λ = 1412nmλ = 878 nmλ = 682nmλ = 576nm

Q

a1

a2

a3

a4

a5

b1

b2

b3

b4

b5

scat abs

Re(Σ𝓞n)

Re(Σ𝓔n)

Im(Σ𝓞n)

Im(Σ𝓔n)

80-cluster of Si in water

6

5

10

15

A B

C

Figure 3.12 – A) Total scattering and absorption efficiencies calculated with the T -Matrix method for a
cluster of radius R = 300nm made of 80 silicon particles of radius 50nm. The surrounding medium is wa-
ter (nh = 1.33). The solid (dashed) colored lines are the scattering efficiencies of the electric (magnetic)
multipoles. The bottom panel indicates the fraction of energy scattered in the forward direction. B) Evolu-
tion of the real and imaginary parts of the weighted sums of even and odd multipoles

∑En and
∑On as a

function of wavelength. The bottom panel shows ln
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∣∣ revealing the positions where the
Kerker condition is best met. C) Scattering radiation diagrams of the cluster in both the electric (blue) and
magnetic (red) planes for four different wavelengths.

Compared to the silicon clusters studied previously (Figs. 3.10-A,B,C), the size of the inclu-
sions as well as the radius of the structure were increased in order to obtain resonances at higher
wavelengths in the near-infrared and visible domains. Moreover, the density of the cluster is lower
while the host medium refractive index is increased, both in order to obtain a lower index con-
trast γ favourable for a broadband Kerker regime. The effective refractive index of the cluster is
Neff = 2.123+0.1i at 682nm and takes values slightly inferior at larger wavelengths. Therefore the
index contrast satisfies 1.4 < γ< 1.6, for most of the studied spectrum.

Figure 3.12-A indeed reveals the extremely broadband Huygens source feature of this cluster
spanning over an impressive 1000nm range, achieved from 500nm to 1500nm, for which the frac-
tion of energy scattered forward reaches almost 100%. As can be seen, This large bandwidth is
the result of the excellent overlap two by two of the dipoles, quadrupoles, octupoles and hexade-
capoles successively excited over the spectral range. The resulting rough broad overlapping be-
tween the symmetric and anti-symmetric multipoles can clearly be seen on Fig. 3.12-B. In partic-
ular the Kerker condition is optimally fulfilled at four wavelengths of 1412nm, 878nm, 682nm and
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576nm minimizing the distance between the sum of multipoles of opposite parity in the complex
plane. The radiation diagrams at these particular wavelengths are shown on Fig. 3.12-C. Strongly
forward directed scattering is observed in each case and the diagrams also reveal the clear im-
provement in the angular directivity of the radiation as higher order multipoles are involved in the
scattering.

In addition, due to the coexistence of numerous multipoles between 600nm and 700nm, the
scattering efficiency reaches a value of 4 in the visible.

3.3.3.a Comparison with the homogenized sphere

For comparison, the scattering properties of this cluster homogenized as an effective sphere
with the Maxwell-Garnett theory are detailed on Fig. 3.13. The large forward scattering result-
ing from the successive overlap of the electric and magnetic multipoles of the first four orders is
also obtained with the homogenization approach. The broadband Kerker regime is found on the
same interval from 500nm to 1500nm. However, the same comments as those made previously
on section 3.3.2.b apply. The effective absorption cross-section is almost null between 500nm and
1000nm for the cluster on Fig. 3.12-A and is significantly high in the case of the effective particle
on Fig. 3.13-A. In addition, an important underestimation is made on the resonance amplitudes.
Nevertheless, since the relative positions and relative amplitudes of the different multipoles are
quite well predicted, our design strategy is effective in this case too.
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Figure 3.13 – A) Total scattering and absorption efficiencies calculated with the Mie theory for a homoge-
nized silicon cluster with R = 300nm made from 80 particles of radius 50nm where the surrounding medium
is water. The solid (dashed) colored lines are the scattering efficiencies of the electric (magnetic) multipoles.
The bottom panel indicates the fraction of energyσ f or /(σ f or +σback ) scattered in the forward direction. B)
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best met.

So far, we have demonstrated the potential and some clear advantages of using clusters to
obtain isotropic Huygens sources with controllable bandwidth. We have used ideal structures,
i .e. spherical and very homogeneous clusters, formed of perfectly mono-disperse and spatially
ordered inclusions. However even state-of-the-art nano-chemistry techniques can not produce
such ideal structures, real systems made by colloidal self assembly will inherently present irreg-
ularities. Therefore it is necessary to explore the sustainability of the properties of clusters with
possible geometric imperfections. In that respect, the following section is dedicated to a brief
study of the impact of different irregularities on the cluster resonances.
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3.3.4 Effect of voids, disorder and size polydispersity

Since reaching the Huygens regime relies on the quality of the overlap between the electric and
magnetic resonances of the structure, it is relevant to wonder what is its robustness with structural
imperfections that would be experimentally encountered. Therefore in this section, the effects
on the resonances of different types of structural deviations from an ideal cluster geometry are
explored. We limit ourselves to the study of the first two excited resonances, i .e. the two dipolar
resonances.

We start by considering an ideal cluster that will be used as the reference. The chosen cluster is
an Ag cluster with a radius of R = 100nm composed of 60 particles of radius rp = 15nm dispersed
homogeneously in air with a filling fraction fv = 0.20. The optical constant of silver is taken from
P.B. Johnson and R.W. Christy’s work [70]. Metallic clusters are chosen for this study since plas-
monic particles are known to be more sensitive to coupling with neighbors. This choice is thus
well suited to explore the effects of local variations in the environment of the inclusions especially
the robustness of the magnetic dipole resonance, known to result from collective behaviour of
particles [59].

As can be seen on Fig. 3.14-A, an excellent overlap of the two dipole resonances is reached at a
wavelength of 390nm resulting in full forward scattering near the resonances.
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Figure 3.14 – A) Total scattering and absorption efficiencies calculated with the T −Matrix method for a
cluster of radius R=100nm made of 60 silver particles of radius rp =15nm in air. The blue (red) line is the
scattering efficiency of the electric (magnetic) dipole. The bottom panel indicates the fraction of energy
scattered in the forward direction. B) Evolution of the electric and magnetic dipole scattering efficiencies
when the initial positions of particles are randomly moved by a maximum amplitude of 5nm, 10nm and
for a completely randomly determined cluster shown in the inset. C) Evolution when the size of particles
is randomly increased or decreased by a maximum value of 2nm and 5nm. This later case is shown on the
inset. D) Evolution when 7 particles are randomly or locally removed as shown on the 2 insets.

We start by studying the effect of positional inhomogeneity of particles on the electric and
magnetic dipole responses. Three cases are studied and presented in Fig. 3.14-B. First of all, a uni-
form random noise is induced on the initial positions of each particles allowing a displacement
with maximum amplitude of ±5nm in all directions of space simultaneously. To appreciate the
magnitude of the induced disorder, it should be noted that, for the homogeneous cluster, the aver-
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age inter-particle distance between adjacent spheres is 12.8nm. This distance between neighbors
is obtained with the pair correlation function (also known as radial distribution function). Thus,
the maximum amplitude of ±5nm already introduces an important disorder since in an extreme
case, particles could be brought in close contact, although this event has a rather low probability of
occurring. Then, the positional disorder is increased allowing a displacement of a maximum am-
plitude of ±10nm, leading to strongly disordered clusters. Finally, in the last case, the position of
the inclusions in a sphere of radius R are generated totally randomly, the only constraint being the
non-intersection of the particles. This later extreme case is shown on the inset of Fig. 3.14-B. As we
can see, both electric and magnetic resonances are strongly impacted. The study reveals the exis-
tence of a threshold in the acceptable disorder since for the two situations of strong disorder, the
collective magnetic response of the aggregate almost vanishes. On the contrary, for small displace-
ments of the positions, both dipolar responses are rather well preserved. On the other hand, the
electric response is sustained for the totally random cluster, but is on average red-shifted, broad-
ened and exhibits various peaks that result from the strong coupling and hybridization between
the plasmonic response of the particles brought close to one another.

In a second study, we explore with two examples, presented on Fig. 3.14-C, the effect of poly-
dispersity in the particle size, while keeping the initial homogeneous distribution. Starting from
the monodisperse cluster of Fig. 3.14-A, the size of each particle is randomly increased or de-
creased with a maximum amplitude of ±2nm at first, and then ±5nm, this later case leading to the
cluster presented on the inset of the figure. As expected, the effect of low polydispersity is almost
unnoticed for both types of resonances. The impact is all the more pronounced as polydispersity
increases, resulting mostly in a decrease in the amplitude of the resonances. Interestingly, the two
resonances are impacted in relatively similar proportions, which indicates that an overlapping of
the two dipoles is still achievable in this case.

Finally, on Fig. 3.14-D, we investigate defect impacts by creating voids in the cluster. In a
first situation displayed on the inset (1) of the figure, seven particles are randomly removed from
the homogeneous cluster of Fig. 3.14-A. Then, as represented on the inset (2), seven particles
are removed in a same region to create a bigger local defect on the cluster. As can be seen, in
both cases, the particles removed (blue) belong to the external and internal layers of the cluster.
Surprisingly, both the electric response and the collective magnetic response of the aggregate are
highly resistant to the presence of both types of voids, which only weakly affect their amplitude.

To conclude this part, it is clear that the study conducted here is far from comprehensive and
severely lacks statistical investigations, both concerning the repeatability of the simulations and
the averaging on the orientation of the clusters in regard to the incident wave, which would provide
information on the anisotropy resulting from the defects. Such a complete and detailled investi-
gation, that would of course constitute an interesting extension to this work, is beyond the scope
of this thesis. Our aim here was rather to present some preliminary information that might serve
as guidelines for establishing a set of requirements for fabrication. It should be mentioned that
a detailed study on these irregularity effects exists in the literature [71], but has been carried out
on nano-clusters consisting in a central dielectric core surrounded by several silver satellites. This
structure might nevertheless share certain similarities with the clusters we consider regarding the
physical origin of the electric and magnetic resonances.

Although we performed limited simulations, we believe the results presented here are still rep-
resentative of a general trend. In particular, it is highly likely that the most impacting parameter
is the positional disorder of the particles that can compromise the existence of a strong magnetic
response. Experimentally, a low index coating on the plasmonic inclusions might prevent high de-
grees of disorder by ensuring a minimal inter-particle distance during the self-assembly process.
We did not investigate dielectric clusters. However, similar trends can be expected in that case and
such clusters might even present a lower dependency to the disorder due to the weaker coupling
existing between dielectric particles compared to plasmonic ones.
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3.3.5 Conclusions

We demonstrated in this section the benefits of using composite particles to obtain isotropic
Huygens sources with high scattering efficiencies. First of all, the cluster system is rich as it is
scalable and its optical properties can be tuned by varying the nature, amount, size, and volume
fraction of inclusions. This structure thus allows great flexibility to obtain the directional scattering
properties at desired wavelengths with a given material. In some cases clusters offers much higher
performances than simple particles in terms of scattering efficiencies. In addition, we provided
through this work guidelines for their designs which consist mostly in exploiting the homogeniza-
tion techniques to target specific values of contrast of index that were revealed in section 3.2.

In view of the significant progress made in the field of colloidal self-assembly in recent years,
[47, 53, 57, 72–78], we expect the Huygens behaviour of self-assembled clusters will be experi-
mentally verified in the near future. Several recent examples have indeed shown the possibility
to self-assemble plasmonic nanoparticles in clusters of submicrometric sizes. In addition, the si-
multaneous excitation of electric and magnetic resonances of these structures has already been
evidenced [53, 57]. However, making it possible to overlap these two modes currently requires
an important increase in the magnetic response of the objects synthesized thus far. Nonethe-
less, considering the progress of the ongoing work in our team on an emulsion-based fabrication
route of clusters, we are confident that exceptionally strong magnetic responses of clusters will be
demonstrated soon, paving the way for the development of cluster-based Huygens sources.

3.4 Unidirectional scattering with multilayered particles

Multilayered particles constitute an other alternative for realizing fully 3D isotropic Huygens
sources. The superposition of layers of different nature and controlled size indeed provides enough
degree of freedom to adjust with a certain flexibility even and odd multipoles for reaching the
Kerker regimes [2, 79, 80]. In the following, we investigate the use of both metallo-dielectric core-
shell and all-dielectric multilayered particles to achieve Huygens sources exhibiting overlapped
multipoles.

3.4.1 Metallo-dielectric core-shells as ideal resonant dipolar Huygens sources

We consider in this part, metallo-dielectric core-shells consisting in a plasmonic core (gold or
silver) and a dielectric shell. Such objects are known to exhibit strong dipole resonances in the
infrared. Since the magnetic response arises from the magnetic Mie resonance of the dielectric
shell, while the electric one is due to the localized plasmon resonance of the metallic core, elec-
tric and magnetic dipoles can be engineered in such structures to overlap at the same resonant
wavelength by properly tuning the relative thickness of the two layers. Using this principle, such
particles were originally proposed in [79, 80] to achieve the resonant suppression of the backward
scattering. This approach extends of course to two-dimensional systems and to the overlapping
of dipole resonances of coated cylinders, which was revealed in [81]. Although these results are
several years old and the directional scattering properties of such core-shells have been studied in
several publications since then [2, 7], only few theoretical design proposals of such resonant Huy-
gens sources can be found in the literature. To address this situation, we present in the following
the results of an extensive study exploring the different geometric parameters of the core-shell,
that provides the conditions under which resonant dipolar Huygens sources can be obtained. In
particular, this will reveal the large scalability and great performances enabled by such scaterrers.

The study we conducted concerns both core-shells with a silver core, where the optical con-
stants are taken from E.D. Palik handbook [67], and gold core, with material data taken from P. B.
Johnson and R. W. Christy’s work [70]. To clarify the notation, the core-shells consist in a core of
radius rc and present a total outer radius denoted R. The refractive index N of the dielectric shell
is constant and lossless.
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In order to get dipolar Huygens sources with maximum efficiencies, we explore the space of
parameters composed by (R,rc , N ) with the goal of obtaining core-shells with electric and mag-
netic dipolar resonances at the same wavelength. In particular, the criterion we seek to satisfy is
ℜ(a1(λ∗)) =ℜ(b1(λ∗)) = 0, i .e. that the first zeros of the real part of the two Mie dipole coefficients,
indicating the position of each resonances, strictly coincide at a wavelength that we denote λ∗.
The multipolar coefficients are calculated from Mie theory generalized to multilayered particles
[34, 82, 83] using the Matlab code Matscat, developed by J. Schäfer, freely available online [84, 85].

The results of this study are presented in the form of a chart in Fig. 3.15-A and B for respec-
tively the Ag and Au core-shells. The figure shows for different plasmonic core radii rc (y-axis), the
total size R (x-axis) required for the core-shell, thus indirectly the thickness of the dielectric layer,
to achieve the superposition of resonances at a wavelength λ∗ indicated by the color scale. In ad-
dition three distinct values of N are explored for the dielectric shell: N = 3.5, N = 3.0 and N = 2.5.
Each point on the chart thus corresponds to an optimized dipolar Huygens source design.
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Figure 3.15 – A) Chart presenting combinations of geometric parameters for silver core-shells allowing the
two dipole resonances of the particle to be excited at the same spectral position. The resonance wavelength
λ∗ of each design is indicated by the color scale. The dependence of rc (y-axis) with R (x-axis) is fitted
through a polynomial function of order 2 (whose equation is written on the figure) for the three different
values of the shell refractive index N investigated. B) provides the same information as panel A but for
core-shells with gold cores.

Quite logically, the overlapping resonances are obtained at wavelengths that are larger as the
structure sizes and the dielectric index are high. The outstanding scalability of the system is high-
lighted since it is possible to obtain Huygens sources over the entire near infrared range between
800nm and 2400nm for the range of size studied. On the other hand, for a given shell index, the
increase (decrease) in the size of the core, that essentially affects the electric plasmon resonance,
is necessarily followed by an increase (decrease) in the dielectric layer thickness to maintain the
overlapping. In particular, for each value of N , the relationship between the geometric parameters
is indicated on the figures: the dependence of rc with R is fitted through a polynomial function of
order 2 for which the equation is given in each case. Finally, by comparing Figs. 3.15-A and B,
we notice the high similarity between the designs obtained with gold and silver. Obtaining the
resonant Kerker condition is therefore weakly dependent on the choice of the plasmonic core.

In order to reveal the quality of the overlap achieved in each case and to evidence the direc-
tional scattering abilities of the different designs of Fig. 3.15, we detail in the following the scatter-
ing properties of two core-shells located at extreme positions on the chart. The first one, presented
on Figs. 3.16-A,B,C, consist in a silver core and a dielectric shell with N = 3.5. Its geometric param-
eters R = 337nm and rc = 110nm are among the largest investigated. The second one presented on
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Figs. 3.16-D,E,F is made of a gold core with a dielectric shell of index N = 2.5 and for which small
geometric parameters are considered: R = 174nm, rc = 40nm.

Both Figs. 3.16-A and D, allow to realize the excellent spectral superposition of the dipoles
obtained at λ = 2339nm and λ = 921nm for respectively the silver and gold core-shell. Not only
the resonances do occur at the same spectral positions but they present in addition very similar
amplitudes. It should be mentioned that this agreement in amplitude was observed for every core-
shell presented on the chart of Fig. 3.15, at the exception of the silver core-shell with rc = 20nm
for which the small size of the core no longer allows to obtain a plasmonic resonance of sufficient
amplitude. Due to the fine tuning and balance of the two dipoles, the Kerker condition is optimally
fulfilled at the resonance of the particles, as visible on Figs. 3.16-B,E, and a broadband forward
scattering is observed in the large range of wavelengths where the amplitude difference between
the electric and magnetic dipoles remains acceptable. Moreover, the resonances of higher orders
are excited far away spectrally. Therefore the core-shells investigated constitute all a purely dipolar
system and the radiation pattern obtained at the position of the maximum of efficiency, shown on
Figs. 3.16-C,F are that of an ideal dipolar Huygens source.
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Figure 3.16 – A) Total scattering and absorption efficiencies calculated with the extended Mie theory for
a core-shell of radius R = 337nm consisting in a dielectric shell of refractive index N = 3.5 and a silver
core of radius rc = 110nm. The solid (dashed) colored lines are the scattering efficiencies of the electric
(magnetic) multipoles. The bottom panel indicates the fraction of energy σ f or /(σ f or +σback ) scattered
in the forward direction. B) Evolution of the real and imaginary parts of

∑En and
∑On as a function of

wavelength. The bottom panel shows ln
∣∣(∑On −∑En)/Qscat

∣∣ for which local minima reveal the positions
where the Kerker condition is best met. C) Scattering radiation diagrams of the particle in both the electric
(blue) and magnetic (red) planes. Panels D),E) and F) are identical to respectively A),B) and C) but for a
core-shell of radius R = 174nm consisting in a dielectric shell of refractive index N = 2.5 and a gold core of
radius rc = 40nm.

To conclude, metallo-dielectric core-shells are an extremely promising meta-atoms to obtain
the resonant Huygens dipole sources. They present the advantage of exhibiting extremely high ef-
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ficiencies in the infrared domain that rival that of the anisotropic structure obtained by top-down
approaches. This is due to the fact that, unlike the spheres and clusters previously investigated,
the overlapping of the resonances is not reached at the expense of a high refractive index. The ob-
ject sustains both a strong plasmonic resonance and a strong Mie magnetic resonance originating
from the high index layer.

Since they behave as ideal dipole systems, with great efficiencies, and due to their large scala-
bility, these isotropic objects are by far the most promising one that could be obtained through the
self-assembly platform. Nevertheless, everthough they have been extensively studied theoretically
and numerically, such Huygens sources have not been experimentally realized yet, to our knowl-
edge, due to the fact that their synthesis is challenging. Indeed, it requires the ability to synthesize
plasmonic particles of quite large size and to coat them with a dielectric layer of high refractive in-
dex and thickness ranging from 2 to 4 times the size of the core. Nonetheless, with the increasing
efforts put in the synthesis of core-shell particles [86], fabrication processes enabling to obtain the
proposed designs should soon reach maturity. Various works have indeed revealed the possibility
to coat plasmonic nanospheres with dielectric layers of variable thicknesses [87–90]. Therefore,
the core-shells we studied numerically are plausible and we believe the extensive chart we provide
could both stimulate and guide the community toward fabricating them.

In addition, we have focused here on obtaining dipolar Huygens sources, however, by exploit-
ing generalized Kerker condition, the back scattering cancellation can be obtained with higher
order resonances of core-shells as well [2, 7]. Moreover, we have restricted ourselves to two lay-
ers, which offers already sufficient freedom to tune the electric and magnetic modes and make
sure they overlap. Nevertheless, employing core-shells with more layers is possible, the additional
layers providing even more control parameters for obtaining the Kerker condition [91, 92].

3.4.2 All-dielectric core-shells

Alternatively, in recent years, all-dielectric core-shells were also proposed to achieve direc-
tional scattering effects [93–95]. Although the physics of these objects is close to that of simple
dielectric particles, we will show with two examples, different advantages provided by the addi-
tion of layers. Compared to the exhaustive study conducted on the metallo-dielectric core-shells,
the examples presented in this section are the result of an empirical research.

We first consider a dielectric core-shell (shown on the inset of Fig. 3.17) consisting of 2 layers.
The core presents a refractive index N = 4 and a size rc = 60nm, while the index of the shell is N =
1.75. The total radius of the object is R = 175nm. Figure 3.17-A presents the scattering efficiency
of the particles and its multipolar decomposition. As can be seen, an excellent overlap of the
two dipoles is obtained at λ = 650nm with dipoles reaching almost the same amplitude at this
wavelength. The Kerker condition is closely fulfilled on the range of the dipole overlap between
500nm and 700nm, with forward-scattering ratio reaching 1 on this range. The scattering diagram
plotted on Fig. 3.17-C in particular reveals the forward directed scattering pattern obtained at
650nm, corresponding to the position of the peak efficiency. The efficiency of 4 obtained at this
wavelength with the core-shell, is higher than that obtained with the optimized simple lossless
dielectric particle (see subsection 3.2.1). This is due to the fact that, while high index spheres with
N À 2 cannot be considered to reach the resonant superposition of the multipoles, the insertion of
an intermediate layer by coating a central sphere smooths the index contrast between the outside
and the high index core. This gives an average high refractive index for the layered particle and an
overall good impedance matching with the outside matrix, enabling in turn the duality an = bn to
be reached for the electric and magnetic multipoles.

Therefore, we evidence that multilayered particles can clearly outperform simple spheres in
terms of efficiency. With our second example, we reveal even more strikingly that the improvement
of the overlapping between multipoles is made possible by the addition of layers.

The particle we consider this time has 3 layers. The core of radius rc = 55nm is made of a di-
electric of index N = 3.5. The intermediate layer is 85nm thick and presents a refractive index of
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N = 2, while the outer layer is 60nm thick and its index is N = 1.5. The extraordinarily good super-
position both in position and amplitude of the multipoles of same order is shown in Fig. 3.17-D.
As a consequence, the particle exhibits a flat 100% forward-scattering over the entire visible do-
main, ranging from 350nm to 750nm, while the efficiency oscillates around a value close to 3. The
rigorous fulfillment of the Kerker condition over this broad range of wavelengths is clearly shown
on Fig. 3.17-E. This broadband behavior results from the wide index gradient induced by the three
dielectric layers of decreasing index with r , that makes the core-shell well impedance matched. In
addition, the scattering pattern observed at the maximum of the quadrupolar resonances is shown
on Fig. 3.17-F.
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Figure 3.17 – A) Scattering efficiencies calculated with the extended Mie theory for an all dielectric lossless
core-shell of radius R = 175nm consisting in a dielectric shell of refractive index N = 1.75 and a core of
index N = 4 and radius rc = 60. The solid (dashed) colored lines are the scattering efficiencies of the electric
(magnetic) multipoles. The bottom panel indicates the fraction of energy σ f or /(σ f or +σback ) scattered
in the forward direction. B) Evolution of the real and imaginary parts of

∑En and
∑On as a function of

wavelength. The bottom panel shows ln
∣∣(∑On −∑En)/Qscat

∣∣ for which local minima reveal the positions
where the Kerker condition is best met. C) Scattering radiation diagrams of the particle in both the electric
(blue) and magnetic (red) planes. Panels D),E) and F) are identical to respectively A),B) and C) but for a
core-shell of radius R = 200nm consisting in 3 layers. the outer (intermediate) layer is 60nm (85nm) thick,
and present a refractive index N = 1.5 (N = 2), while the core has rc = 55nm and N = 3.5

Therefore, considering multilayered all dielectric particles is also a promising approach to ob-
tain both the resonant and extremely broadband Huygens source features. While the multipolar
content of these particles resembles that obtained with clusters, the physical origin of the broad-
band directional scattering observed in this case is slightly different. The introduction of layers of
decreasing index from center to exterior ensure a good impedance adaptation to the core of the
Mie resonator, that has a high refractive index which provides an overall high scattering efficiency.
We have seen that by adding an increasing number of layers of controlled refractive index and
thickness, the index contrast can be smoothed and made more gradual. The structure can there-
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fore be tuned so that an = bn is reached with a large number of couples of multipoles of identical
order. Also we did not investigate this case, we expect that a gradual change of index from center
to exterior, for example with a linear profile, would provide similar results. In addition, a logical
extension to this work would be to explore the limits of such an all dielectric multilayered particle
and to look for their optimized performances.

3.5 Concluding remarks

In this chapter, we explored the possibility of fulfilling the Kerker condition for zero back-
scattering with several types of isotropic scatterers. The main findings and original contributions
of our work are listed below:

• First of all, the study has revealed the potential of low index particles in realizing Huygens
sources. The results contrast with the traditional approach in the literature where high in-
dex materials such as Si, TiO2 are used in most metasurface demonstrations. Moreover, this
finding is of interest to the nanochemistry community, since colloidal synthesis of high in-
dex particles is rather challenging (amorphous, porosity, oxidation, etc...) while particles of
moderate or low index are simpler to fabricate.

• In contrast to the usual approach consisting in tuning the aspect ratio of anisotropic parti-
cles of high refractive index, we present an alternative, consisting in the engineering of the
index contrast. In particular, we have determined the value of γ = 2.1+0.1i as a reference
for obtaining satisfying dipolar Huygens source. In addition, for lower index contrasts down
to 1.5, we have highlighted the possibility of obtaining broadband Huygens sources which,
to our knowledge, had not been revealed until then. The index contrast tuning has two pos-
sible levers: the control over the host medium (that we have exploited in the case of the TiO2

particles immersed in water in section 3.2.2) or control over the index of the particle. The
latter case can be achieved by resorting to composite particles.

• As a result, we have presented as a new idea, clusters of small inclusions for the realization
of resonant and broadband Huygens sources. We have shown the potential of these objects
and in particular that of the Si clusters whose performance in terms of scattering efficiencies
exceeds that of single natural spheres. In addition, we presented a design procedure based
on homogenization theory that, in spite of its current limitations, is a versatile and effective
approach that may be applied to both dielectric and plasmonic inclusions.

Having revealed the potential of several building blocks as Huygens sources, the following
chapters are dedicated to metasurfaces. In particular the next chapter will introduce theoretical
tools for their study.
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Metasurface Analysis
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Summary: This chapter aims to introduce different analytic tools used to analyze or compute
the properties of metasurfaces. Firstly, we will see that periodic arrays can be described in terms
of equivalent surface current sources satisfying specific boundary conditions. After introducing
the transmission line formalism, these boundary conditions will be used to derive the equiva-
lent circuit representations of different kind of metasurfaces. From there, we will seek to get a
physical insight into the origin of metasurfaces features. A first section will address this issue as-
suming metasurfaces under the dipole approximation. The coupled dipole model, used to semi-
analytically compute the coupling term existing between dipolar particles, will be introduced,
as well as its simplified version relying on the hypothesis of particles exhibiting resonances of a
lorentzian spectral form. Finally in the last section, a generalized formalism that links metasur-
face properties to the multipole coefficients of their constituent meta-atom will be presented. This
multipole decomposition evidences the role of symmetric and anti-symmetric multipoles in the
absorption and radiation properties of a metasurface.
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4.1 Interaction of light with a metasurface

Metasurfaces (MSs) are two-dimensional arrays of resonant subwavelength scatterers, called
meta-atoms, organized with a subwavelength separation. These ultra thin nanostructured layers
are used and designed to modify different aspects of an incoming radiation. Size, shape, mate-
rial and spatial arrangement of its constituent elements can be properly chosen to locally control
the amplitude, phase, polarization or spectrum of the incoming excitation both in reflection or
transmission.

The principle of interaction between light and a metasurface is illustrated in Fig. 4.1-A. Along
this chapter, we shall consider an incident plane wave ~Ei nc propagating along ~ez under normal
incidence on a periodic array of identical particles placed in an homogeneous space.

Incident plane wave

Backward emitted 
plane wave

Backward 
scattering

Forward 
scattering

Forward emitted 
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Figure 4.1 – A) Interaction between light and a metasurface. An incident plane wave ~Ei nc propagating along
~ez impinges the metasurface at normal incidence. Each meta-atom scatters a field ~Escat . The field emitted
by the array is ~Ea . The reflected ~Er and transmitted ~Et waves are defined on each side of the array. B) The
metasurface can equivalently be seen as a thin sheet with induced electric and magnetic surface current
densities~Je and~Jm at the origin of the emitted waves.

Each meta-atom of the array is optically excited and re-radiates a field ~Escat . Compared to the
case of isolated nanostructures, the excitation of a scatterer in the array is due to the presence of
both the incident wave and the radiation produced by the neighboring particles impinging on the
considered element. Thus, it exists an interaction coupling between the particles. The response of
the array to the incident wave is the result of interferences between the waves scattered by each of
its constituent particles:

~Ea =
Nb∑
j=1

~Escat , j (4.1)

where ~Ea is the net field produced by the array and Nb is the number of particles. In the case of a
periodic arrangement of identical meta-atoms, this response simply consists of two plane waves
~Ea(z+) and ~Ea(z−) emitted on both sides of the metasurface (i .e. respectively along +~ez for z > 0
and −~ez for z < 0). In the forward direction, the wave scattered by the array interferes with the
incident one to produce the transmitted wave ~Et :

~Et = ~Ei nc +~Ea(z+) (4.2)

while in the backward direction the reflected wave is directly given by the emitted wave:

~Er = ~Ea(z−) (4.3)
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Finally, the total field is given by the superposition of the incident and scattered field:

~Etot = ~Ei nc +~Ea (4.4)

Therefore in the forward direction, for positive z, the total field simply reads:

~Etot (z+) = ~Et (4.5)

while in the backward direction, for negative z, it reads:

~Etot (z−) = ~Ei nc +~Er (4.6)

With this part, we have clarified the notations adopted to refer to the different fields involved
when describing the interaction of light with a metasurface. The notations presented here for the
electric fields also stand for the magnetic fields.

This chapter aims at introducing different analytic tools used to analyze or compute the prop-
erties of metasurfaces. First of all, we will present in the following part how metasurfaces can be
described in terms of equivalent surface currents from the equivalence principle, or in terms of
surface impedance and admittance as used in the transmission line formalism. Section 4.2 is then
devoted to the study of metasurfaces assuming a dipolar behavior of its resonators. The coupled
dipole model, used to semi-analytically compute the coupling term between dipolar particles,
will be introduced, as well as its simplified version relying on the hypothesis of resonances having
lorentzian shapes. Finally, in section 4.3 we will show that the link between the fields scattered
by the meta-atoms and the emitted plane waves (illustrated by equation 4.1) enables for a general
description of metasurface properties in terms of the multipolar coefficients (up to any degree) of
the particles in the array.

4.1.1 Surface equivalence principle and generalized boundary conditions

The surface equivalence principle is a powerful tool in electromagnetism. It was first devel-
oped by Love [1] and later generalized by Schelkunoff [2] and it states that fictitious electric and
magnetic surface currents can be introduced on a surface to produce arbitrary independent field
distributions in the two regions of space separated by this surface. The introduced electric and
magnetic currents satisfy the generalized boundary conditions expressing the discontinuity of the
tangential fields across the surface:

~n ∧ ( ~H2 − ~H1) = ~Je (4.7)

~n ∧ (~E2 − ~E1) =− ~Jm (4.8)

where~n is a unit vector normal to the surface and where the subscript 1 or 2 indicates fields on the
two different sides of the boundary. In particular, 2 designates the region of space in the direction
given by the normal ~n.

Using the equivalence principle, the real metasurface acting as a 2D discontinuity can be ho-
mogenized and substituted by an equivalent infinitely thin sheet with excited surface currents ~Je

and ~Jm that rigorously produce the same field as the true array. This idea is illustrated by the two
schematic equivalent descriptions of the problem presented on Figs. 4.1-A for the particle grid
and on Fig. 4.1-B for the homogenized ultra-thin layer. In this case the two current densities ~Je

and ~Jm are all that are required to model the interaction between light and the metasurface. Of
course this description is only valid in the far field domain. Furthermore, it is important to note
that the reverse approach is usually that followed when designing metasurfaces: given a desired
field distribution for an application, one may later engineer the meta-atoms to locally reproduce
the required electric and magnetic surface currents derived by the boundary conditions.
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We now consider the infinitesimally thin sheet with fictitious surface currents used as an ho-
mogenization of the metasurface (Fig. 4.1-B). We use the notations presented on Fig. 4.2, and
denote by the subscript 1 the fields in the back half space with negative z and by 2 the field in the
front half space with positive z.

𝐸1 = 𝐸𝑖𝑛𝑐 + 𝐸𝑟
Metasurface

 𝑒𝑧
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𝐸𝑖𝑛𝑐
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𝐻𝑖𝑛𝑐

𝐸𝑟

𝑘𝑟

𝐻𝑟

Figure 4.2 – Schematic view of an infinitesimally thin sheet with fictitious surface current ~Je and ~Jm . The
boundary conditions relate those currents to the discontinuity of the tangential field (~E1, ~H1) and (~E2, ~H2)
on both sides of the surface which can be expressed in terms of incident (~Ei nc , ~Hi nc ), reflected (~Er , ~Hr ) and
transmitted (~Et , ~Ht ) fields.

Applying the boundary conditions (4.7,4.8) to the metasurface and using ~E2 = ~Et and ~E1 =
~Ei nc + ~Er , the transmitted and reflected field can be expressed. They read:

~Et = ~Ei nc − 1

2
(η~Je −~n ∧~Jm) ~Ht = ~Hi nc − 1

2

(
−~n ∧~Je +

~Jm

η

)
(4.9)

~Er =−1

2
(η~Je +~n ∧~Jm) ~Hr =−1

2

(
~n ∧~Je +

~Jm

η

)
(4.10)

The fields emitted in the forward and backward directions are simply given by:

~Ea(z+) =−1

2
(η~Je −~n ∧~Jm) (4.11)

~Ea(z−) =−1

2
(η~Je +~n ∧~Jm) (4.12)

These two last relations contain an important physical result: The electric and magnetic surface
currents produce different (odd and even) types of symmetry for the radiated fields. The electric
surface current ~Je radiates an even distribution of electric field −1

2 (η~Je ) while the magnetic sur-
face current ~Jm radiates an odd distribution given by ±1

2 (~n ∧~Jm) with opposite signs in each half
space delimited by the metasurface. Therefore, equations (4.11) and (4.12) are general relations
expressing the decomposition of the field emitted by a metasurface in terms of even and odd con-
tributions given by equivalent electric and magnetic surface current densities.

4.1.2 Boundary conditions expressed with surface impedances and admittances

The surface equivalence principle is formulated in terms of surface currents at a boundary.
However for designing metasurfaces, it may be appropriate to express the problem as an impedance
boundary condition.

The surface currents taking place on the considered thin boundary can be related to the aver-
aged tangential local field experienced by the metasurface through an electric surface impedance
Ze and a magnetic surface admittance Ym defined by:

~Eav = Ze~Je (4.13)

~Hav = Ym~Jm (4.14)
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where ~Hav and ~Eav are the averaged values of the tangential fields taken from both sides of the
array:

~Eav =
~E1 +~E2

2
=
~Ei nc +~Er +~Et

2
(4.15)

~Hav =
~H1 + ~H2

2
=
~Hi nc + ~Hr + ~Ht

2
(4.16)

These averaged quantities are introduced as approximate values of the fields at the position z = 0
of the surface in the case of a sufficiently low refractive index contrast between the front and back
media (here the front and back media are the same as the metasurface is supposed to be placed
in an homogeneous environment). For simplicity, we assume that the metasurface is isotropic so
that the sheet impedance and admittance reduce to a scalar, however they are tensorial quantities
in the general case of anisotropic surfaces.

Combining the definitions (4.13,4.14) with the generalized boundary conditions (4.7,4.8), leads
to two relations known as the generalized sheet transition conditions (GSTCs) [3–5] expressed in
terms of surface impedance and admittance:

1

2

(
~E1 +~E2

)
= Ze

[
~n ∧ ( ~H2 − ~H1)

]
(4.17)

1

2

(
~H1 + ~H2

)
=−Ym

[
~n ∧ (~E2 − ~E1)

]
(4.18)

These expressions link the tangential fields on both sides of the surface discontinuity. In addition,
from equations (4.9) and (4.10), the average fields can be written as:

~Eav = ~Ei nc − 1

2
η~Je ~Hav = ~Hi nc − 1

2

~Jm

η
(4.19)

allowing to express the surface impedance and admittance as:

Ze =

∣∣∣~Ei nc

∣∣∣∣∣∣~Je

∣∣∣ − η

2
Ym =

∣∣∣~Hi nc

∣∣∣∣∣∣~Jm

∣∣∣ − 1

2η
(4.20)

or equivalently the current densities as:

~Je =
~Ei nc

Ze +η/2
~Jm =

~Hi nc

Ym +1/2η
(4.21)

These last relations underline the link existing between the two descriptions with currents or
impedances: for a given incident field, by properly adjusting the surface impedance/admittance
Ze and Ym when designing the metasurface, the required surface currents will be induced and
generate the targeted fields.

4.1.3 Transmission line formalism using impedance, scattering and chain matrix

The transmission line model was introduced in 1885 by Oliver Heaviside to describe current
and voltage waves propagation in cables. This formalism is widely used for guided communication
systems and especially in microwave engineering. The waves equations giving the dependence of
harmonic voltage V and current I on a guided structure are known as the telegrapher’s equations,
which can be written as:

d 2V

d z2 +k2V = 0 (4.22)

d 2I

d z2 +k2I = 0 (4.23)

where k is the propagation constant and z the spatial position along the line.
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Due to the similarity between the telegrapher’s equations and the wave equations for unguided
electromagnetic plane waves, the transmission line model can be used in optics for solving propa-
gation problems. Simple circuit analysis thus makes it possible to address the multiple reflections
and transmissions occurring in cascaded material slabs and cascaded 2D interfaces. With this
analogy, it is possible to model metasurfaces as an equivalent electric circuit taking the form of a
2-port network. As illustrated on Fig. 4.3-B electric and magnetic field intensities ~E1,~E2,~H1 and ~H2

of the plane waves respectively replace the voltages and currents V1,V2,I1 and I2 of the conven-
tional 2-port networks presented in Fig. 4.3-A.

2-port
network

𝑉2𝑉1

𝐼1 𝐼2

-

+

-

+

Port 2Port 1

Metasurface 
equivalent circuit

𝑒𝑧

𝐸1 𝐸2

𝑛 ∧ 𝐻1 𝑛 ∧ 𝐻2

𝐸1
+

𝐸1
−

𝐸2
−

𝐸2
+

A B

Figure 4.3 – A) Representation of the usual convention for a 2-port network. B) Description of a metasurface
through a 2-port network. ~E−

1 ,~E−
2 designate the outward fields on the ports and ~E+

1 ,~E+
2 the inward fields.

The following subsections aim at introducing different matrix representations used to char-
acterize a 2-port network. We will use the sign conventions for the fields presented in Fig. 4.3-B
where~n∧ ~H1 is defined as incoming in the network while~n∧ ~H2 is outgoing. In additions, for later
convenience, like in [6], the electric fields are represented with opposite directions compared to
the usual convention adopted for the tension V of a network.

4.1.3.a Impedance matrix [Z ]

The metasurface can be characterized by an impedance matrix relating the electric fields to
the magnetic ones as: (

−~E1

−~E2

)
=

(
Z11 Z12

Z21 Z22

)(
~n ∧ ~H1

−~n ∧ ~H2

)
(4.24)

4.1.3.b Admittance matrix [Y ]

Similarly, the magnetic fields can be obtained from the knowledge of the electric ones using
an admittance matrix: (

~n ∧ ~H1

−~n ∧ ~H2

)
=

(
Y11 Y12

Y21 Y22

)(
−~E1

−~E2

)
(4.25)

The [Z ] and [Y ] matrix are inverse of each other:

[Y ] = [Z ]−1 (4.26)

4.1.3.c Chain matrix [ABC D]

The previously defined impedance and admittance matrix relate electric fields to magnetic
fields on both sides of the network. It is now convenient to introduce a 2× 2 matrix connecting
the fields at one side of the metasurface to the fields at the other side. This matrix is known as the
[ABC D] chain matrix (or transmission matrix):(

−~E1

~n ∧ ~H1

)
=

(
A B
C D

)(
−~E2

~n ∧ ~H2

)
(4.27)
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The [ABC D] matrix allows cascade connections between multiple 2-port networks. The total
transmission matrix is then easily found by multiplying the [ABC D] matrices of the individual
networks. This formalism can for example be used to determine optical properties of a complex
system consisting of combinations of uncoupled metasurfaces, multi-layers and substrates.

4.1.3.d Scattering matrix [S]

The previous matrices are defined for the total fields at the two ports of the metasurface. How-
ever those total fields can be decomposed in terms of inward and outward waves flowing respec-
tively from and toward the considered port:

~E j = ~E+
j +~E−

j (4.28)

~H j = ~H+
j + ~H−

j (4.29)

where the subscript j ∈ {1,2} designates one of the two ports and the superscripts + and − indi-
cate respectively inward and outward waves, as illustrated on Fig. 4.3-B. The scattering matrix [S]
relates the incoming waves to the outgoing ones:(

~E−
1
~E−

2

)
=

(
S11 S12

S21 S22

)(
~E+

1
~E+

2

)
(4.30)

Futhermore, the reflection coefficient r of the metasurface can be obtained by the S11 = ~E−
1 /~E+

1
scattering parameters giving the reflection at port 1 when no incident waves are considered on
port 2. Similarly the transmission coefficient t is directly given by the S21 = ~E−

2 /~E+
1 parameter

giving the reflected wave at port 2 for incident waves on port 1 only. For reciprocal metasurfaces,
the [S] matrix is symmetric i .e. S12 = S21. For a symmetric metasurface, the reflection coefficients
are furthermore equal (S11 = S22) and the scattering matrix takes the following form:

[S] =
(

r t
t r

)
(4.31)

[Z ], [Y ], [S] and [ABC D] are equivalent matrix representations of the metasurface and con-
version tables between their components can be found for example in [7].

4.1.3.e Transmission line of a slab of material

In the coming section 4.1.4, transmission line equivalent circuits of different types of meta-
surfaces will be introduced. To solve complex problem of propagation we find it relevant to also
present the matrix representation of a continuous material.

Propagation on a distance ∆z in a lossless homogeneous material of index N and impedance
η produces a phase shift that can be expressed through the following [ABC D] chain matrix:

(
−~E1

~n ∧ ~H1

)
=


cos

(
2π

λ
N∆z

)
iηsin

(
2π

λ
N∆z

)
i

η
sin

(
2π

λ
N∆z

)
cos

(
2π

λ
N∆z

)


(
−~E2

~n ∧ ~H2

)
(4.32)

This chain matrix can then be cascaded with the matrices of metasurfaces to solve complex prop-
agation wave problems through multiple layers and metasurfaces.

4.1.4 Equivalent circuit of metasurfaces

This subsection aims at introducing the equivalent circuit of three different kinds of metasur-
faces and to relate them to the surface impedance Ze and admittance Ym characterizing the layer.
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4.1.4.a Metasurfaces radiating symmetric distribution of electric field described by~Je

We first consider the case of metasurfaces described by electric current densities ~Je only with
~Jm = 0. As we have seen in 4.1.1 such metasurfaces radiate exclusively an even electric field dis-
tribution. The boundary conditions (4.8,4.17) satisfied by the tangential fields across the surface
read:

~n ∧~E1 =~n ∧~E2 (4.33)

1

2

(
~E1 +~E2

)
= Ze

(
~n ∧ (~H2 − ~H1)

)
(4.34)

These relations indicate that a discontinuity is induced on the magnetic field only while the tan-
gential electric field remains continuous at the crossing of the surface. This kind of metasurfaces
can be described through a shunt impedance with value Ze as illustrated on Fig. 4.4-A. By applying
Kirchhoff’s laws, the boundary conditions can be easily retrieved from the equivalent circuit. Fur-
thermore, equations (4.33,4.34) can be written in matrix form leading to the following [Z ]-matrix
of the metasurface: −~E1

−~E2

=

Ze Ze

Ze Ze


 ~n ∧ ~H1

−~n ∧ ~H2

 (4.35)

with the corresponding chain [ABC D]-matrix: −~E1

~n ∧ ~H1

=

 1 0
1

Ze
1


 −~E2

~n ∧ ~H2

 (4.36)

4.1.4.b Metasurfaces radiating an anti-symmetric distribution of electric field described by~Jm

Equivalently, for metasurfaces described by magnetic current densities ~Jm only (with ~Je = 0)
radiating an anti-symmetric electric field distribution, the boundary conditions (4.7,4.18) read:

~n ∧ ~H1 =~n ∧ ~H2 (4.37)

1

2

(
~H1 + ~H2

)
=−Ym

[
~n ∧ (~E2 − ~E1)

]
(4.38)

Therefore the surface induces a discontinuity on the tangential electric field only, while the tan-
gential magnetic field remains continuous. The equivalent circuit model capturing the GSTCs in
this case is illustrated on Fig. 4.4-B and consists in a series impedance of value 1/Ym . From the
boundary conditions (4.37,4.38) the [Y ]-matrix of the metasurface can be obtained: ~n ∧ ~H1

−~n ∧ ~H2

=

 Ym −Ym

−Ym Ym


−~E1

−~E2

 (4.39)

The chain matrix reads:  −~E1

~n ∧ ~H1

=

1
1

Ym

0 1


 −~E2

~n ∧ ~H2

 (4.40)

4.1.4.c Metasurfaces radiating both symmetric and anti-symmetric distributions of electric
field

In the most general case, a metasurface can be described with both electric and magnetic sur-
face current densities inducing a discontinuity in both ~E and ~H . The GSTCs (4.17,4.18) satisfied
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by the sheet can be rewritten to derive the following chain [ABC D]-matrix of the metasurface [8]:
−~E1

~n ∧ ~H1

=


4Ze Ym +1

4Ze Ym −1

4Ze

4Ze Ym −1

4Ym

4Ze Ym −1

4Ze Ym +1

4Ze Ym −1




−~E2

~n ∧ ~H2

 (4.41)

As presented in [5], the metasurface can be in this case modeled by an equivalent transmission
line circuit consisting of a crossed network of series and shunt impedances with respective values
1/(2Ym) and 2Ze as illustrated in Fig. 4.4-C. This representation clearly illustrates the cross depen-
dencies taking place for the fields due to the entanglement of the two kind of currents excited on
the sheet.

𝑬𝟏 𝑬𝟐

𝒏 ∧ 𝑯𝟐𝒏 ∧ 𝑯𝟏
1/2𝑌𝑚

𝑬𝟏 𝑬𝟐

𝒏 ∧ 𝑯𝟐𝒏 ∧ 𝑯𝟏

𝑍𝑒 𝑬𝟏 𝑬𝟐

𝒏 ∧ 𝑯𝟐𝒏 ∧ 𝑯𝟏
1/𝑌𝑚

1/2𝑌𝑚

A B C

Figure 4.4 – Equivalent transmission line circuit of A) a metasurface radiating symmetric distributions of
electric fields described by a density current~Je . The equivalent circuit consists of a shunt impedance Ze . B)
a metasurface radiating odd distribution of electric field described by a magnetic current density ~Jm . The
equivalent circuit consists of a series admittance Ym . C) a metasurface radiating simultaneously symmet-
ric and anti-symmetric distributions of electric field described by both ~Je and ~Jm . The equivalent circuit
consists of crossed shunt impedances 2Ze and series admittances 2Ym .

It is important to underline that the chain matrix or equivalent circuit presented for this gen-
eral case can not be reproduced by simply cascading two metasurfaces, one supporting solely
electric current densities and the other one magnetic current densities. Therefore, the simultane-
ous excitation of symmetric and anti-symmetric modes in a single metasurface makes it possible
for a richer physical behaviour.

4.2 Metasurface analysis in the dipole approximation

So far, we have presented the problem of interaction of light with a metasurface, as well as
its description by the appropriate boundary conditions and via the transmission line formalism.
In this section, we address its solving assuming metasurfaces in the dipole approximation, where
each meta-atom behaves as an electric or (and) magnetic polarizable punctual dipole. This de-
scription is usually valid in the limit of very small resonators compared to the incident wavelength.

Therefore, from this point, the considered metasurface consists in an infinite array of optically
small particles with excited electric or (and) magnetic dipoles. We will present the link existing
between metasurfaces properties and those of their individual dipolar constituents.

4.2.1 Effective polarisabilities

By definition, polarisabilities link the dipole moments of a particle to the local fields experi-
enced by the particle.

~p =αeε0~Eloc ~m =αmµ0~Hloc (4.42)

where αe and αm are respectively the electric and magnetic polarisabilities of the scatterer. Using
these definitions both polarisabilities are expressed in [m3]. The electric dipole ~p is expressed in
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[C ·m] while the magnetic dipole ~m, since µ0 is included in its definition, is expressed in [T ·m3].
In the case of an isolated scatterer, as the local fields correspond to the incident ones:

αe =
∣∣~p∣∣

ε0

∣∣∣~Ei nc

∣∣∣ αm =
∣∣~m∣∣

µ0

∣∣∣~Hi nc

∣∣∣ (4.43)

However, considering now an infinite 2D array of particles, the local field at the position of the
particle is the sum of both the incident field and an interaction one ~Ei nter produced by the rest of
scatterers in the array:

~Eloc = ~Ei nc +~Ei nter (4.44)

where

~Ei nter =
∞∑

j=1

~Escat , j (4.45)

Similar relations hold for the magnetic fields. It can be shown that for periodic infinite grids of
identical dipoles, the interaction fields are simply proportional to the excited dipoles [6, 9]:

~Ei nter = β

ε0
~p ~Hi nter = β

µ0
~m (4.46)

The proportionality coefficient β is known as the interaction constant and its value is given by a
lattice sum of Green’s functions (see subsection 4.2.4). We say "constant" to underline the fact that
it is independent from the properties of the particles and only depends on the lattice pitch.

The incident wave being the known quantity in the problem, we are interested in connecting
the dipole moments induced in the particles to the incident excitation. By inserting (4.42) and
(4.46) in (4.44), the dipoles can be related to the incident fields through:

~p = ε0α
e
eff
~Ei nc ~m =µ0α

m
eff
~Hi nc (4.47)

where αe
eff and αm

eff are known as the effective polarisabilities of the particles in the array and are
given by:

αe
eff =

1

(αe )−1 −β αm
eff =

1

(αm)−1 −β (4.48)

Equations (4.47,4.48) reveals that two parameters can impact the response of an array of par-
ticles to an incident wave. The first one is the polarisability α, an intrinsic characteristic of the
meta-atom while the second one is the coupling term β depending only on the surface organi-
zation. Both parameters can therefore be engineered to tune the response of a metasurface. In
the following we will show how the properties of a metasurface can be expressed in terms of these
induced effective dipole polarisabilities.

4.2.2 Induced averaged current densities and surface impedance

The averaged surface current densities of the homogenized array are directly related to the
dipole moments induced per unit-cell area. By definition they read:

~Je = 1

S
∂~p

∂t
= −iω~p

S
=

−iωε0α
e
eff

S
~Ei nc (4.49)

~Jm = 1

S
∂~m

∂t
= −iω~m

S
=

−iωµ0α
m
eff

S
~Hi nc (4.50)

where S is the area of the unit-cell.

Using equations (4.20) enables to express the surface impedance and admittance of the dipolar
screen in terms of unit-cell effective polarisabilities:

Ze = iS
ωε0α

e
eff

− η

2
Ym = iS

ωµ0α
m
eff

− 1

2η
(4.51)
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4.2.3 Metasurface properties expressed with effective polarisabilities

By using the current densities introduced in the previous subsection, in (4.10) and (4.9), the
expressions of the transmission t = Et /Ei nc and reflection r = Er /Ei nc coefficients of the metasur-
face can be derived:

r = i k

2S

(
αe

eff −αm
eff

)
(4.52)

t = 1+ i k

2S

(
αe

eff +αm
eff

)
(4.53)

Therefore, metasurfaces properties can be simply expressed in terms of effective dipole polar-
isabilities. The following section is devoted to the analytic calculation of these effective polaris-
abilities.

4.2.4 Coupled dipole method

The coupled-dipole method (CDM), also known as the discrete dipole approximation (DDA)
has been developed to study the scattering of light by complex particles of arbitrary shape, where
the scatterers are discretized over a spatial grid and represented as a collection of punctual electric
dipoles [10]. This method has been generalized by G. Mulholland et al . [11] to take into account
interactions in grid comprising both electric and magnetic dipoles and is known as the coupled
electric and magnetic dipole method (CEMDM). This extension also provides an appropriate the-
oretical framework for addressing metasurface problems [9, 12, 13].

The starting point in deriving the coupled dipole equations for metasurfaces is the volume
integral equations introduced in 2.2.6.b and generalized in order to take into account both electric
and magnetic current sources. The volume integral equations for magnetic sources are presented
in Annexes A.2. The fields produced by distributions of electric ~Js,e and magnetic ~Js,m current
sources read:

~Escat (~r,ω) = iωµ
Ñ

V ′

↔
G(~r,~r ′)~Js,e (~r ′,ω)dr ′3 −

Ñ
V ′

[
~∇∧↔

G(~r,~r ′)
]
~Js,m(~r ′,ω)dr ′3 (4.54)

~Hscat (~r,ω) = iωε
Ñ

V ′

↔
G(~r,~r ′)~Js,m(~r ′,ω)dr ′3 +

Ñ
V ′

[
~∇∧↔

G(~r,~r ′)
]
~Js,e (~r ′,ω)dr ′3 (4.55)

Under the dipolar approximation, the currents for each particle can be discretized as:

~Js,e =−iω~pδ(~r −~Rl q ) ~Js,m =−iω~mδ(~r −~Rl q ) (4.56)

where the position of each point source is given by the vector ~Rl q = lLx~ex +qLy~ey with Lx and Ly

the lattice pitches along the ~ex and ~ey directions and with (l , q) ∈ Z2. Using these notations, the
fields produced by the array of particles in any point of space are given by:

~Ea(~r,ω) =ω2µ
+∞∑

l ,q=−∞

↔
G(~r,~Rl q )~p + iω

+∞∑
l ,q=−∞

[
~∇∧↔

G(~r,~Rl q )

]
~m (4.57)

~Ha(~r,ω) =ω2ε
+∞∑

l ,q=−∞

↔
G(~r,~Rl q )~m − iω

+∞∑
l ,q=−∞

[
~∇∧↔

G(~r,~Rl q )

]
~p (4.58)

Furthermore, we recall the relations giving the dipole moments:

~p = ε0αe~El oc = ε0αe

[
~Ei nc +~Ei nter

]
(4.59)

~m =µ0αm ~Hloc =µ0αm

[
~Hi nc + ~Hi nter

]
(4.60)
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Using expressions (4.57,4.58) enables to express the interaction fields at the position ~R of a particle
(~Ei nter (~R) = ~Ea(~R)) and to derive a set of self-consistent equations to solve for obtaining the dipole
moments ~p and ~m:

~p = ε0αe

~Ei nc (~R)+ω2µ
+∞∑

l ,q=−∞

↔
G(~R,~Rl q )~p + iω

+∞∑
l ,q=−∞

[
~∇∧↔

G(~R,~Rl q )

]
~m

 (4.61)

~m =µ0αm

~Hi nc (~R)+ω2ε
+∞∑

l ,q=−∞

↔
G(~R,~Rl q )~m − iω

+∞∑
l ,q=−∞

[
~∇∧↔

G(~R,~Rl q )

]
~p

 (4.62)

As every particle have the same dipole moment, the system of equations can be solved considering
the particle located at the origin (~R = 0). Evlyukhin et al . have shown in [9] that for an infinite

array, due to the periodicity in x and y , the sum given by
∑+∞

l ,q=−∞~∇∧↔
G(0,~Rl q ) is null while the

tensor
↔
G0 =∑+∞

l ,q=−∞
↔
G(0,~Rl q ) is diagonal. This indicates that the coupling between the electric and

magnetic dipoles in (4.61,4.62) disappears and that both dipoles can be determined separately.
The solutions for an~ex polarized incident plane wave are finally given by [9]:

~p =αe
eff ε0~Ei nc (4.63)

~m =αm
eff µ0~Hi nc (4.64)

with

αe
eff =

1

αe
−1 −k2G0

xx
(4.65)

αm
eff =

1

αm
−1 −k2G0

y y
(4.66)

where G0
xx and G0

y y are the x and y components of the interaction lattice periodic Green’s func-

tion
↔
G0.

This analytic model therefore enables calculating the interaction constantβ (introduced in the
previous section) between the dipoles. The interaction constants for ~p and ~m are given by different

components of the periodic Green’s function
↔
G0 that depends on the array period along the x and

y directions. Therefore, one can differently affect the electric or magnetic response of the array
by specifically tuning the x or y metasurface periodicities. Only in the case of a square array the
electric and magnetic responses of the metasurface are similarly affected by the pitch choice and
the interaction constant read:

β= k2G0
xx = k2G0

y y (4.67)

It is interesting to note that this analytic approach for obtaining the coupling term between
dipoles can be generalized to include higher order resonances. Thus, in [14–18] coupled dipole-
quadrupole equations are introduced to investigate the collective interactions between electric
and magnetic dipoles as well as electric quadrupole resonances in arrays of particles. However,
obtaining and calculating the coupling terms for higher order resonances presents much more
complexity than in the dipolar case.

4.2.4.a Approximate values for the coupling constant

We have seen that the electromagnetic problem can be formally solved by computing the in-
teraction constant given by a sum of Green’s functions running on all the particles of the array.
For infinite arrays, this sum must be numerically calculated on a large enough number of parti-
cles to ensure a good convergence of β. On the other hand, approximate analytic expressions of β

94



CHAPTER 4. METASURFACE ANALYSIS

can be used to get a first insight in the metasurface properties without resorting to the numerical

calculation of
↔
G0. The interaction constant may approximates as:

β= 1

4SL0

[
1− i kL0

]
e−i kL0 (4.68)

where:

L0 = L

1.438
(4.69)

is an effective interparticle distance obtained from the quasi-static approximation of the interac-
tion field. L is the lattice pitch of the square array. These expressions are established in [6] for
dense enough arrays given by the condition kL ≤ 1.5. The upper limit for kL is in fact approxi-
mately between 1.5 and 2. Furthermore, for compact latices with L << λ the following truncated
Taylor expansion can be used: e−i kL0 ∼ 1− i kL0, leading to:

β≈ 1

4SL0

[
1− i kL0

]2 (4.70)

Therefore at order zero, β is a pure constant solely determined by the lattice pitch L:

β∼ 1

4SL0
(4.71)

4.2.4.b Imaginary part of the coupling constant and energy conservation

For a periodic array, the imaginary part of the interaction constant can be determined ana-
lytically using energy conservation [6, 19, 20]. If one considers an array of lossless small particles
represented by electric dipoles ~p, the absorbed power Pabs in the structure is null. Therefore the
radiated power ( given by Pr ad = η|~Je |2/4) is simply equal to the extinction one, i .e. the overall
power extracted from the impinging plane wave by the array ( Pext = ℜ(~J∗e ~Ei nc )/2). Equalizing
these two terms for ~Je =−iωε0α

e
eff
~Ei nc /S leads to:

ℑ(β−αe
−1) = k

2S
(4.72)

For lossless particles, ℑ(αe
−1) is known and corresponds to the scattering losses k3/(6π) of an

isolated particle. Therefore the interaction constant reads:

β=ℜ(β)− i

(
k3

6π
− k

2S

)
(4.73)

and

ℑ(β) =− k3

6π
+ k

2S
(4.74)

The first term −k3/(6π) is related to the radiation losses of a single particle indicating that in an
ordered array the scattering losses are removed, while the second term of the expression, k/2S is
related to the emission of coherent plane waves by the averaged electric surface currents. Since
the interaction constant does not depend on the particle properties, equation (4.74) remains valid
when considering lossy particles. For simplicity, this relation has been introduced here consider-
ing electric dipoles only, but it holds in the general case where magnetic dipoles are added.

It is interesting to note that in the case of disordered (amorphous) arrays of particles, the imag-
inary part of the interaction constant is reduced to [21]:

ℑ(β) =+ k

2S
(4.75)

The term that compensates the particles scattering losses is absent indicating that in this case, the
particles scatter individually. The net response of the array is then a collective plane wave with
individual scatterings.
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4.2.5 Lorentzian model

In order to understand metasurface properties from a fundamental point of view, it is in-
teresting to consider idealized dipole resonances whose spectral dependencies are modeled by
lorentzians. The dispersion of the polarisabilities are then parametrized as follow [21, 22]:

α j =
α

j
0

ω2
0, j −ω2 − iωγ j − i

k3

6π
α

j
0

(4.76)

whereω0, j is the resonance frequency, γ j is a term corresponding to the dissipation (ohmic) losses,

i k3

6πα
j
0 corresponds to the scattering losses of the dipole and α

j
0 is the oscillator amplitude that

gives the strength of the resonance. The subscript j is used to indicate either the electric ( j = e) or
magnetic ( j = m) dipole resonance. By using equation (4.48) and the expression of the interaction
constant given by (4.73), the effective polarisabilities in a periodic array can be written as:

α
j
eff =

α
j
0

ω
′2
0,i −ω2 − iω

(
γ j + k

2Sc
α

j
0

) (4.77)

where ω′
0,i

2 = ω0
2 −Re(β)α j

0 is the modified resonance frequency. We note that the term in k3

6π
has disappeared from the equation giving the effective polarisabilities as it has canceled with the
term contained in the imaginary part of the interaction constant. This is consistent with the fact
that there is no individual scattering in an ordered array of dipoles. The only radiative losses corre-
spond to the emission of the coherent plane wave given by the term in k

2S . Finally, using (4.52,4.53)
the reflection and transmission coefficients read:

r = iωΓe

ω
′2
e −ω2 − iω

(
Γe +γe

) − iωΓm

ω
′2
m −ω2 − iω

(
Γm +γm

) (4.78)

t = 1+ iωΓe

ω
′2
e −ω2 − iω

(
Γe +γe

) + iωΓm

ω
′2
m −ω2 − iω

(
Γm +γm

) (4.79)

with Γ j =
α

j
0

2Sc
. Therefore, from a physical point of view, equations (4.78,4.79) link the reflection

and transmission coefficients to the four different available energetic damping channels. Those
channels are illustrated on Fig. 4.5 where an incident plane wave can couple to the electric or
magnetic dipole resonances of the particles in the metasurface.

Absorption
losses

𝜸𝒎

Radiative 
coupling

Input

Absorption
losses

𝜸𝒆

Radiative 
coupling

Electric dipole resonance Magnetic dipole resonance

𝜞𝒎𝜞𝒆

Figure 4.5 – Illustration of the different loss channels available in a dipolar ordered metasurface. An in-
cident plane wave can couple to both the electric or magnetic resonance of the dipolar array. For each
resonance, the available channels are the radiative losses Γ through plane wave re-radiation and the inter-
nal dissipation of energy given by γ. The dotted blue line illustrates that the magnetic resonance radiates
an anti-symmetric distribution of electric field.

For each resonance two different damping channels are available: i) a radiative one, given by
Γ j , consisting in re-radiation of power leaking energy out of the resonator via out-going plane
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wave emissions in the upper and lower half-space, and ii) a non-radiative one corresponding to
internal dissipation of energy in the structure given by γ j .

In chapter 5 we will resort to this simple Lorentzian model to understand under which circum-
stances perfect transmission and absorption can be reached.

4.3 Rigorous analysis of multipolar metasurfaces

In the previous section we have seen how it is possible to express metasurface properties in
terms of effective polarizabilities of its constituting meta-atoms. This description, widely used in
the literature, nevertheless has limited domain of applications since it can only apply to resonators
in the dipole approximation. Therefore this dipole-based description is not relevant in the general
case of meta-atoms supporting higher order multipole resonances.

In this section, we generalize the previously introduced formalism to take full account of con-
tributions from higher multipolar orders. This generalized formalism enables to rigorously link
metasurface properties to the spherical multipole coefficients characterizing the radiation pattern
of the particles in the array.

The approach is as follows: the field emitted by the array is first connected to that scattered
by a single unit-cell. Performing a spherical multipole expansion of the field scattered by one
element, it is thus possible to obtain the corresponding multipole expansion of the forward and
backward emitted waves from the array, and consequently that of the transmission and reflection
coefficients. The contribution of the symmetric and anti-symmetric multipoles to both absorption
and scattering can then be accessed. In practice, this multipole expansion applies to the array and
can be performed numerically from the knowledge of the current densities induced in one meta-
atom by using the projection presented in 2.2.6.c.

4.3.1 Link between emitted fields and current sources for periodic arrays

The starting point in obtaining multipole expansions of metasurface responses is to derive the
relationship between the forward and backward emitted field from the array to that scattered from
a single unit-cell. The establishment of this relation has been presented in [23] (supplemental
material). To help in understanding the physical origin of this relation, we reproduce here the
main steps of its derivation. Their approach is similar to that of Evlyukhin et al . [9] for expressing
the coupled dipole equation, but generalized in terms of any induced currents in the particles
rather than just punctual dipole moments.

We begin by considering the current distribution ~Js induced in a single particle of an infinite
array. The field scattered by this unit-cell can be found from the volume integral equation (2.116).
Considering far field scattering, the expression of the dyadic Green’s function simplifies and the
scattered electric far field reads:

~Escat (~r ) ≈ iωµ0

Ñ
V ′

e i kR

4πR
~Js(~r ′)dr ′3 (4.80)

where R =∣∣~r −~r ′∣∣. From this expression, the electric field in the forward (~ez ) or backward (−~ez ) di-
rection can be derived. Using the approximation that R ≈|z| the scattered field from the individual
unit-cell reads:

~Escat (±~ez ) ≈ iωµ0
e i k|z|

4π|z|
Ñ

V ′
~Js(~r ′)e i k(|z~ez−~r ′|−|z|)dr ′3 (4.81)

The field produced by the array at a position~r of space is obtained by summing the field scattered
by every particle of the array:

~Ea(~r ) =
+∞∑

l ,q=−∞
iωµ0

Ñ
V ′

↔
G(~r,~r ′+L(l~ex +q~ey ))~Js(~r ′+L(l~ex +q~ey ))dr ′3 (4.82)

= iωµ0

Ñ
V ′

↔
G(~r,~r ′)~Js(~r ′)dr ′3 (4.83)
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where
↔
G(~r,~r ′) =∑+∞

l ,q=−∞
↔
G(~r,~r ′+L(l~ex+q~ey )) is the lattice periodic Green’s function. For subwave-

length lattice spacing L and far field scattering, its expression is given by:

↔
G(~r,~r ′) ≈ i e i kR

2kS
(4.84)

The lattice period of the metasurface has to be smaller than the considered wavelength to ensure
that no diffracted plane waves are generated. Using this expression, the field corresponding to the
specular mode emitted by the array in the far field domain, in the forward and backward direc-
tions, reads:

~Ea(±~ez ) = iωµ0
i e i k|z|

2kS

Ñ
V ′
~Js(~r ′)e i k(|z~ez−~r ′|−|z|)dr ′3 (4.85)

Substituting the expression of the scattered field (4.81) in this equation, the field emitted by the
grid can be expressed in terms of the field scattered by an individual unit-cell:

~Ea(±~ez ) = 2πi |z|
kS

~Escat (±~ez ) (4.86)

In the following section the multipole expansion of the field ~Escat (±~ez ) scattered by a single
element in the array is presented. From equation (4.86), it can be seen that this will later enable
expressing the corresponding multipole expansion of the field emitted by the full metasurface.

4.3.2 Multipole expansion of metasurface properties in spherical coordinates

We consider here an ~ex polarized plane wave of magnitude E0 propagating along the ~ez di-
rection, normally incident on the metasurface consisting in a square array of particles. We want
to derive the multipole expansion of ~Escat (±~ez ) the field scattered by a single particle of the ar-
ray along both the forward (θ = 0,ϕ = 0) and backward (θ = π,ϕ = π) directions, where ϕ is the
azimuthal angle and θ the polar angle. For these two directions, due to the polarization of the
incident wave, ~Escat (±~ez ) has only one non-zero component along~eθ. Our starting point is there-
fore the expression of the θ-component of the scattered field given in [24] expanded in terms of
spherical vector wave functions that takes the following form in the far field domain:

Es(θ,ϕ) = i E0
e i kr

kr

∞∑
n=1

+n∑
m=−n

√
π(2n +1)

n(n +1)
Qnm

[
τnm(cosθ)an,m +πnm(cosθ)bn,m

]
e i mϕ (4.87)

where we have used the asymptotic limit of the spherical Hankel function of the first kind and their
derivatives for large arguments when kr →+∞ [25]:

h(1)
n (x) ∼ (−i )n+1 e i x

x
(4.88)

dh(1)
n (x)

d x
∼ (−i )n e i x

x
(4.89)

and where Qnm is the normalization constant related to the associated Legendre functions:

Qnm =
√

2n +1

4π

(n −m)!

(n +m)!
(4.90)

τnm and πnm are the angular scattering functions defined in 2.2.6.c. Their values for θ = 0 and
θ =π can for example be found in [26] and reads:

πnm(±1) =


(±1)n−1 n(n +1)

2
m = 1

(±1)n−1

2
m =−1

0 otherwise

(4.91)
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τnm(±1) =


(±1)n n(n +1)

2
m = 1

− (±1)n

2
m =−1

0 otherwise

(4.92)

The angular scattering functions cancel for all m ∉ {1,−1} for both the forward and backward di-
rections. Using these values, the scattered electric field reads in the forward direction:

Escat (0,0) = i
E0

4

e i kr

kr

∞∑
n=1

(2n +1)
[
an,1 −an,−1 +bn,1 +bn,−1

]
(4.93)

and in the backward direction:

Escat (π,π) = i
E0

4

e i kr

kr

∞∑
n=1

(2n +1)(−1)n+1 [
an,1 −an,−1 − (bn,1 +bn,−1)

]
(4.94)

4.3.2.a Transmission and reflection coefficients

Combining (4.93) and (4.94) with (4.86), the field produced by the array in the two half-spaces
can be accessed:

Ea(z+) =−πe i k|z|

2k2S
∞∑

n=1
(2n +1)

(
an,1 −an,−1 +bn,1 +bn,−1

)
E0 (4.95)

Ea(z−) =−πe i k|z|

2k2S
∞∑

n=1
(−1)n+1(2n +1)

(
an,1 −an,−1 − (bn,1 +bn,−1)

)
E0 (4.96)

Inserting these two expressions in ~Et = ~Ei nc +~Ea(z+) and ~Er = ~Ea(z−) allows to finally write the
reflection and transmission coefficients expressed as a function of the spherical multipole coeffi-
cients of a single resonator (or unit-cell) of the array:

r =− π

2k2S
∞∑

n=1

∑
m=−1,+1

(−1)n+1(2n +1)
(
man,m −bn,m

)
(4.97)

t = 1− π

2k2S
∞∑

n=1

∑
m=−1,+1

(2n +1)
(
man,m +bn,m

)
(4.98)

Alternatively, these coefficients can be expressed compactly in terms of symmetric or even (En)
and anti-symmetric or odd (On) multipoles of order n:

r =− π

2k2S
∞∑

n=1

[
En −On

]
(4.99)

t =1− π

2k2S
∞∑

n=1

[
En +On

]
(4.100)

where the even and odd multipoles are given by:

En =
+1∑

m=−1

[
m(4n −1)a2n−1,m + (4n +1)b2n,m

]
(4.101)

On =
+1∑

m=−1

[
m(4n +1)a2n,m + (4n −1)b2n−1,m

]
(4.102)

Writing the coefficients in this way is quite convenient as a clear distinction can be made in the
role of odd and even modes in the reflection and transmission.
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To illustrate this formalism, we apply it to an infinite square array composed of spherical
particles of radius R = 150nm made of a material with loss that has a constant index of refrac-
tion N = 4+ 0.05i . The surface fill fraction is taken equal to 0.4. The reflectance (R) and trans-
mittance (T ) spectra of the array calculated with eqs. (4.97) and (4.98) are represented on Fig.
4.6-A. The multipole coefficients are obtained after decomposing the current fields from finite-
element numerical simulations, by mean of eqs. (2.121,2.122). These quantities reproduce per-
fectly over the full range of wavelength the reflectance and transmittance calculated from the in-
put and output ports in COMSOL Multiphysics. The absorption (A) spectrum is also calculated
integrating the ohmic losses in the volume of the particles and the total energy balance has been
verified for the array ensuring R +T + A = 1. Figure 4.6-B represents the spectra of the modulus
of each multipole coefficient up to the fifth order that are used to correctly reproduce R and T .
The coefficients shown are the reduced coefficients that are applicable for symmetry reasons [27]
(an = an,1 =−an,−1 and bn = bn,1 = bn,−1).

A

T
R

Tmulti
Rmulti

a1 a2 a3 a4 a5

b1 b2 b3 b4 b5

Wavelength (nm)Wavelength (nm)

A B

A

T
R

Tmulti
Rmulti

a1,1 a2,1 a3,1 a4,1 a5,1

b1,1 b2,1 b3,1 b4,1 b5,1

a1,-1 a2,-1 a3,-1 a4,-1 a5,-1

b1,-1 b2,-1 b3,-1 b4,-1 b5,-1

C D

Figure 4.6 – Illustration of the metasurface multipole expansion. A) Reflectance (R), transmittance (T ) and
absorption (A) spectra of an infinite square periodic array of spherical particles with radius R = 150nm and
refractive index N = 4+0.05i . The surface fill fraction is 0.4. The continous lines are the spectra calculated
from the input and output S-parameters on the ports, while the curves with dots are computed from the
current-based multipole expansion and introduced in eqs. (4.97) and (4.98). B) Spectra of the magnitude
of the multipoles. Continuous (dashed) lines represent the electric (magnetic) multipoles. C) and D) are
respectively the same quantities than those presented on panels A) and B) but for an array of unsymmetrical
particles consisting in truncated spheres of radius R = 150nm and refractive index N = 4+0.05i . The surface
fill fraction is 0.4.

The introduced multipole-based formalism can be used to study periodic arrays of particles
with arbitrary shape. To illustrate its wide domain of validity, we also apply it to a network of
truncated spherical particles as depicted in the inset of Fig. 4.6-C where truncations by 2 random
planes and a curved surface are used to completely break the symmetry of the final structure. The
computed multipolar coefficients presented in Fig. 4.6-D allow for a good reproduction of the
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array properties as illustrated in Fig. 4.6-C.

4.3.2.b Energy balance applied to the metasurface

From equations (4.99) and (4.100), it is possible to distinguish the contribution of even and
odd multipoles to both the radiation and absorption.

By definition, the fraction of energy scattered in the forward and backward directions by the
array (respectively denoted as p+

s and p−
s ) are related to the reflection and transmission coeffi-

cients:

p−
s = |r |2 (4.103)

p+
s = |t −1|2 (4.104)

Using these definitions and the expressions of the reflection and transmission coefficients (i .e.
eqs. (4.99) and (4.100)) the fraction of energy ps scattered by the grid is:

ps = pE
s +pO

s (4.105)

where

pE
s = 2

∣∣∣∣∣ π

2k2S
∞∑

n=1
En

∣∣∣∣∣
2

(4.106)

pO
s = 2

∣∣∣∣∣ π

2k2S
∞∑

n=1
On

∣∣∣∣∣
2

(4.107)

Cross terms between even and odd multipoles do not appear in the expression of the scattered
power and the expression can be simply cast into two contributions, one originating from the
symmetric multipoles pE

s and the second one from the anti-symmetric multipoles pO
s . For later

convenience, we can define the scattering cross-section of the unit-cell of the array as:

σscat ,a = Pscat ,a

I0
= ps S (4.108)

where P0 is the incoming power on a unit-cell, Pscat ,a is the power scattered by the unit-cell, and
with I0 = P0/S .

To go beyond this decomposition of the emitted power, energy balance, A = 1 − R − T , ex-
pressed with the multipole coefficients also enables to access the proportion of absorption due
respectively to the symmetric and anti-symmetric modes. Using equations (4.99) and (4.100) the
energy balance reads:

A =−2

(
π

2k2S

)2
∣∣∣∣∣ ∞∑

n=1
En

∣∣∣∣∣
2

+
∣∣∣∣∣ ∞∑
n=1

On

∣∣∣∣∣
2
+ π

k2S
∞∑

n=1
ℜ(

En +On
)

(4.109)

or equivalently

σabs =−σscat ,a +σext (4.110)

where σext is the extinction cross-section of the particles in the grid, which in the case of an x-
polarized incident plane wave is [27]:

σext = π

k2

∞∑
n=1

∑
m=−1,+1

(2n +1)ℜ(
man,m +bn,m

)
(4.111)
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As for the scattering cross-section, the extinction cross-section expression can be broken down
into even and odd contributions as:

σE
ext =

π

k2

∞∑
n=1

ℜ(En) (4.112)

σO
ext =

π

k2

∞∑
n=1

ℜ(On) (4.113)

In the same way the absorption cross-section can be decomposed into even and odd terms ob-
tained by the differences:

σO
abs =σO

ext −σO
scat ,a (4.114)

σE
abs =σE

ext −σE
scat ,a (4.115)

Accessing this decomposition would usually require a configuration with double illumination
from both sides of the array as described in [28] with co or anti polarization allowing for a selec-
tive excitation of either the symmetric or anti-symmetric modes of the structure. Instead, using
the multipole decomposition allows for a one step procedure to retrieve both the scattering and
absorption due to the even or odd excited modes.

To illustrate this approach, we present in Fig. 4.7 the decomposition of the scattering and
absorption cross-sections in terms of even and odd multipoles applied to the array of spheres
of index N = 4+ 0.05i whose multipole expansion has been presented in the previous subsec-
tion. The absorption σ∗

abs and scattering σ∗
scat ,a cross-sections calculated with respectively the

absorbed power obtained via the integration of the ohmic losses and the reflection and transmis-
sion coefficients (obtained with the S-parameters) using equations (4.103) and (4.104) are per-
fectly reproduced by those reconstructed from the multipole coefficients. The presented unit-cell
cross-sections are quantities of interest as they carry the same information than the scattering,
extinction and absorption cross-section defined for isolated particles in homogeneous space in
chapter 2.2.1.b [27, 29]. Therefore they allow for a direct comparison between the optical proper-
ties of particles isolated or placed on the periodic grid.

Wavelength (nm)
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𝝈𝒂𝒃𝒔
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Figure 4.7 – Cross-sections decomposition in terms of even and odd contributions apply to an array of
spherical particles with radius R = 150nm, refractive index N = 4 + 0.05i and a surface fill fraction f =
0.4. the blue (red) lines represents the contribution of even (odd) multipoles to absorbtion and emission
represented respectively with dotted and continous lines.

Using vector spherical harmonic expansion, we introduced a completely generalized multipo-
lar description of metasurface properties. Similar approaches have already been presented in the
literature in the case of arrays of cylinders using cylindrical harmonic decomposition [30, 31] but
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they remain sparsely used. On the contrary, most of the works extending the well known dipole
formalism to higher order resonances are based on multipolar expansions of the fields in the carte-
sian basis. This approach is strictly equivalent to the one we have presented, however, expressing
the multipole moments in cartesian coordinates is usually quite involved as the expansions be-
come complex for increasing multipole orders. For this reason, they are usually truncated at low
orders, which potentially limits the domain of application of the multipolar description. To our
knowledge, this cartesian approach has only recently been generalized to include the octupolar
electrical order [32] and magnetic order [33]. Including higher order multipoles in this way does
not seem very promising in comparison of the simplicity with which this can be done from the
spherical harmonic based decomposition.

Since this cartesian approach is widely used in the literature, we will introduce it in the follow-
ing section and show, for the first multipoles, the link existing with the coefficients obtained from
the spherical basis.

4.3.3 Link with cartesian expansion

In the cartesian basis, the field scattered in a direction indicated by a unit vector~n is related to
the multipole moments through the following expansion [32, 34, 35] presented in chapter 2.2.6.e:

~Escat (~n) = k2

4πε0

e i kr

r

[
~n ∧ (~p ∧~n)+ 1

η0
(~m ∧~n)− i k

6
~n ∧ (~Qe ∧~n)− i k

6η0
( ~Qm ∧~n)+ ...

]
(4.116)

where the 3 components of the vectors ~Qe and ~Qm are defined by Qα = ∑
βQα,βnβ with (α,β) ∈

(x, y, z)2 and where Qα,β are the cartesian components of the quadrupole tensor.

Considering the forward~n = (0 0 1) and backward~n = (0 0 −1) directions and an incident plane
wave polarized along the ~x axis, the only excited components of the multipoles are: px , my , Qe

xz ,
and Qm

y z and the scattered electric field reads [36]:

Escat (z+) = Escat (~n =~ez ) = k2

4πε0

e i kr

r

[
px + 1

η0
my − i k

6
Qe

xz −
i k

6η0
Qm

y z

]
(4.117)

Escat (z−) = Escat (~n =−~ez ) = k2

4πε0

e i kr

r

[
px − 1

η0
my + i k

6
Qe

xz −
i k

6η0
Qm

y z

]
(4.118)

As only one component of the vectorial and tensorial multipoles are excited, the multipoles are
linked to the field through scalar dipole and quadrupole polarizabilities. They are defined by:
[14, 15]:

~p = ε0α
e
eff
~Ei nc ~m =µ0α

m
eff
~Hi nc (4.119)

Q̂e = ε0α
eq
eff

~∇⊗~Ei nc +~Ei nc ⊗~∇
2

Q̂m =µ0α
mq
eff

~∇⊗ ~Hi nc + ~Hi nc ⊗~∇
2

(4.120)

from these definitions, we obtain:

px = ε0α
e
eff E0 my =µ0α

m
eff H0 Qe

xz = ε0α
eq
eff

i k

2
E0 Qm

y z =µ0α
mq
eff

i k

2
H0 (4.121)

Injecting (4.121) in the expressions of the scattered field leads to the following relations with the
polarisabilities:

Escat (z+) = k2

4π

e i kr

r

[
αe

eff +αm
eff +

k2

12
α

eq
eff +

k2

12
α

mq
eff

]
E0 (4.122)

Escat (z−) = k2

4π

e i kr

r

[
αe

eff −αm
eff −

k2

12
α

eq
eff +

k2

12
α

mq
eff

]
E0 (4.123)
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Using equation (4.86) allows to derive as previously the reflection and transmission coefficients
in terms of the effective polarisabilities (here up to the quadrupolar terms) of the resonator in the
unit-cell:

r = i k

2S

(
αe

eff −αm
eff −

k2

12
α

eq
eff +

k2

12
α

mq
eff

)
(4.124)

t = 1+ i k

2S

(
αe

eff +αm
eff +

k2

12
α

eq
eff +

k2

12
α

mq
eff

)
(4.125)

These expressions are similar to equations (4.97) and (4.98) generalized in terms of spherical mul-
tipole coefficients (an,m ,bn,m). The relation between the polarisabilities and the spherical multi-
pole moments are:

αe
eff =

i 3π

k3 (a1,1 −a1,−1) αm
eff =

i 3π

k3 (b1,1 +b1,−1) (4.126)

α
eq
eff =

i 60π

k5 (a2,1 −a2,−1) α
mq
eff = i 60π

k5 (b2,1 +b2,−1) (4.127)

These relations represent a change of basis between cartesian and spherical coordinates to express
the multipole coefficients [34, 37].

4.4 Concluding remarks

In this chapter, we presented various tools and models that can be used to describe, analyze
or calculate the optical properties of metasurfaces. Under the dipolar approximation, we saw that
the interaction terms between particles are independent of the scattering properties of the con-
sidered particles, and can be calculated by the lattice sums of Green’s function. The reflection and
transmission properties are indeed related to effective polarisabilities of particles in the array. The
simple dipole model assuming Lorentzian resonances will be applied to Huygens metasurfaces in
the next chapter to highlight their operating principle.

Importantly, the original content of this chapter lies in the generalization of the dipolar for-
malism, widely used until now in the literature, to any multipolar order. We have proposed a
generalized multipolar description of the reflection and transmission coefficients across a parti-
cle layer using a spherical vector harmonic expansion. This makes it possible to account for high
multipolar orders without adding any particular complexity, as is the case when resorting to Carte-
sian multipoles, a common approach in the literature thus far. In the next chapter, we will use the
generalized multipole formalism to give a physical insight into numerically calculated features of
metasurfaces. Next this formalism will be used to derive conditions of complete absorption that
will then be applied to provide various examples of metasurface absorbers.
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Multipolar Huygens metasurfaces
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Summary: This chapter is dedicated to the study of Huygens metasurfaces. In a first part, we in-
vestigate their properties from a theoretical point of view, based on a simple dipolar lorentzian
model. We highlight how a perfect transmission accompanied by a complete coverage of the[
0 ; 2π

]
interval for the phase can be obtained for lossless metasurfaces while a unit absorption

can be achieved with resonators under critical coupling. We then generalize the required condi-
tions to achieve these properties to multipolar systems. In a second part we focus on wavefront
control applications. We evidence the possibility of achieving a 2π phase shift with quadrupo-
lar resonnances of silicon clusters. A phase variation induced by the size of the clusters is then
exploited to demonstrate a beam deflection and focusing abilities of cluster arrays. Finally in a
last part, we exploit the generalized absorption conditions to present various designs of perfect
absorbers. Spherical particle, core-shell and cluster arrays, both plasmonic and dielectric, are
studied. The specificities of each design allowing for either resonant, dual band or broadband
absorption are presented in details.
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5.1 Introduction

One of the most important features of Huygens metasurfaces is undoubtedly their capability
to arbitrarily shape the wavefront of light. The phase delay acquired by light during its interaction
with a multi-resonant nanostructure can be fully controlled, by tailoring the local composition or
organization of the resonators in the metasurface, in order to impose a desired spatially varying
phase profile to an incident plane wave. At the same time, the zero reflection regime obtained
under the Kerker condition makes it possible for the realization of devices exhibiting high trans-
mission. These two properties combined are the reasons for the recently increasing research on
advanced wavefront engineering with metasurfaces. Among the studied applications, the most
popular ones are the realization of lenses, beam deflectors, spiral phase plates, holograms, etc.

The performances of such devices are directly related to the intrinsic losses of the used ma-
terials. In order to minimize the losses, most of the efforts are nowadays directed toward the use
of low-loss dielectrics which constitute a promising platform for applications at optical frequen-
cies. Although energy dissipation can be highly undesirable, certain applications take advantage
of it and require on the contrary an optimization of the absorption by the device. Thus, perfect
absorbers can find numerous applications as sensors, optical switches, optical modulators, en-
ergy harvesters , thermal emitters, etc. Under specific conditions, lossy Huygens metasurfaces are
known to completely absorb electromagnetic radiations.

In this context, this chapter is dedicated to the study of Huygens metasurfaces for these two
kind of applications: wavefront control and perfect absorption. In a first part, we will resort to
the dipolar Lorentzian model in order to acquire a fundamental understanding of the properties
of these two types of devices. We will evidence both the origin of the 2π-phase coverage as well
as the physical mechanism behind the optimization of the absorption. The second part will be
devoted to wavefront control applications with silicon cluster based metasurfaces. Finally in a
last part, various designs of perfect absorbers will be presented, ranging from dipolar to highly
multipolar systems.

5.2 Main features of Huygens metasurfaces

5.2.1 Understanding of their properties through the dipolar Lorentzian model

5.2.1.a Kerker condition with loss-less metasurfaces

In order to understand the response of a Huygens metasurface, we focus in this part on the
Lorentzian model presented in section 4.2.5. We remind the reader that this model describes the
response of an idealized metasurface under the dipolar approximation, assuming a Lorentzian
spectral shape for the electric and magnetic dipole resonances of the meta-atoms. The reflection
and transmission coefficients of such a metasurface take the following form:

r = ce − cm (5.1)

t = 1+ ce + cm (5.2)

with

c j =
iωΓ j

ω
′2
j −ω2 − iω

(
Γ j +γ j

) (5.3)

where Γ j and γ j correspond respectively to radiation and material loss rate (expressed in rad·s−1)

and where ω
′
j is the central frequency of the resonances.

Reviewing the work of M. Decker et al . [1], we first apply the model to loss-less metasurfaces
with γe = γm = 0. Three situations, illustrated on Fig. 5.1, are investigated. In the first situation
the resonances are chosen to occur at distinct wavelengths with λe = 550nm and λm = 750nm. As
it can be seen on Fig. 5.1-A, two reflection peaks are obtained at the position of each resonance.
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In addition, the phase of the transmitted wave, presented in Fig. 5.1-C, exhibits a discontinuity
and covers a range of amplitude π at the crossing of each resonance. By bringing the electric and
magnetic resonances at closer wavelengths of respectively 625nm and 675nm, a single peak of re-
flection is this time observed on Fig. 5.1-D, while the phase of t presents a continuous variation
covering completely the interval from 0 to 2π. Finally, for an ideal Huygens metasurface as pre-
sented in Fig. 5.1-G, such that the electric and magnetic resonances are perfectly superimposed,
the transmission is this time unitary over the entire spectrum while the full phase interval is still
accessible.
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Figure 5.1 – Properties of a loss-less metasurface with spectrally separated or overlapped resonances.
A) Transmission (red) and reflection (blue) spectra as a function of wavelength with λe = 550nm and
λm = 750nm. Dotted and slashed grey lines are respectively the electric and magnetic resonances B) Trajec-
tories of the t , ce and cm coefficients (respectively given by the continuous green, the dashed blue and the
dotted red curves) in the complex plane as a function of wavelength. The vector diagram depicts the decom-
position atλ= 650nm of the transmitted field ~Et = ~Ei nc +~Eel ec +~Emag (green arrow) into contributions from

the incident field with |~Ei nc | = 1 (purple arrow), and from the electric and magnetic resonances terms (blue
and red arrows respectively). C) phase spectra of the transmission and of the electric and magnetic coeffi-
cients (respectively the continuous black, the dotted blue and the dashed red curves). The triplets {D),E),F)}
and {G),H),I)} correspond to the same quantities as depicted in {A),B),C)} but respectively for metasurfaces
with resonances at λe = 625nm and λm = 675nm and overlapped resonances at λe =λm = 650nm.

These significant changes in the response can be understood from the vector diagrams pre-
sented in Fig. 5.1-B,E,H that show the contributions of each vector ~Ei nc , ~Eel ec and ~Emag to the
transmitted field ~Et at λ= 650nm in the complex plane, as well as the trajectories of ce , cm and t as
function of wavelength. In particular, the trajectories taken by the coefficients ce and cm , indicate
that for any wavelength, the contributions of the electric and magnetic resonances to the trans-
mitted field are of opposite sign regarding that of the incident field. ~Eel ec and ~Emag thus explore
the phase interval [−π/2 ; π/2] as the wavelength increases and are maximum and equal to −~Ei nc
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at their resonance wavelength. In the case of isolated resonances such as those presented on Figs.
5.1-A,B, this implies the cancellation of the transmission observed at λe and λm . On the other
hand, when the two resonances are spectrally superimposed or in the same vicinity, they simul-
taneously contribute to the transmitted field. Therefore, close to their resonances, the resulting
vector ~Eel ec +~Emag becomes bigger than ~Ei nc in norm. The left part of the complex plane that was
inaccessible to t in the previous case is now explored by the coefficient leading to a continuous 2π-
phase variation observed in both Fig. 5.1-F and I. In addition, for the ideal metasurface, since the
contribution of the electric and magnetic resonances are perfectly equal and in phase, the Kerker
condition is met on the whole spectrum and it can be seen on Fig. 5.1-H that t now describes the
whole unity circle

(∣∣Et
∣∣= 1

)
as the wavelength is increased.

As a result, we see the necessity to bring electric and magnetic resonances at the same operat-
ing wavelength to obtain a 2π-phase coverage and a unitary transmission.

5.2.1.b From high transmission devices to perfect absorbers: role of losses and critical cou-
pling

We now analyze the impact of increasing intrinsic material losses on the properties of a Huy-
gens metasurface. As in the previous part (Fig. 5.1-G,H and I), we consider the case of an ideal Huy-
gens metasurface having degenerated electric and magnetic dipole resonances of equal strength
and width (Γe = Γm) centered at 650nm, thus satisfying the Kerker condition over the full spec-
trum.

On Fig. 5.2, the effect of losses is investigated by varying the non-radiative decay rate γ j of
both resonances. The quantity γ j +Γ j is kept constant and equal to 600×10−12 rad·s−1 for both
resonances to ensure that the quality factors remain identical throughout the study.

Figures 5.2-A,B,C show the amplitude and phase spectral responses obtained in the case of
the previously studied loss-less metasurface with γe = γm = 0. Figure 5.2 shows that by increasing
the dissipative decay rate γ at the expense of the radiative one Γ, say as much as γ j /Γ j = 0.5, the
contribution of the electric and magnetic resonances to the transmitted fields are reduced and the
trajectory taken by t in the complex plane on Fig. 5.2-E does not lie on the unity circle anymore.
This results in the emergence of an absorption peak centered at the resonance wavelength as ob-
served on Fig. 5.2-D. Since the transmitted field is still out-of-phase with the incident field at the
resonances, a full 2π-phase coverage is still achieve by arg(t ), but the phase variation becomes
much more abrupt than in the loss-less case (see Fig. 5.2-F). This regime where γ< Γ is called the
“overcoupled” regime.

By further increasing the dissipative damping, the amplitude of ~Eel ec and ~Emag keeps dimin-
ishing until ~Eel ec = ~Emag =−~Ei nc /2 on resonance, obtained for γ j /Γ j = 1. In this case the electric
fields ~Eel ec and ~Emag produced by the array at the resonance rigorously cancel the incident wave
resulting in an absence of transmission and a perfect absorption, as observed on Fig. 5.2-G. More-
over, the phase jump becomes discontinuous at the resonance. A sudden jump between 3π/2 and
π/2 is observed on Fig. 5.2-I at the inflection point since half of the complex plane is no longer
reached by t . Consequently the phase coverage is reduced to an amplitude of π. This condition
that γ j /Γ j = 1 is called “critical coupling” indicating that the rate at which light is coupled to a
resonance of the particles is equal to the dissipation rate associated to this resonance ensuring
that the maximum of energy send on the metasurface is dissipated within it. On Fig. 5.3-A, we
evidence the critical coupling requirements{

γe = Γe

γm = Γm
(5.4)

by mapping the absorption of a Huygens metasurface at the resonance wavelength for varying
ratios γe /Γe and γm/Γm .
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Figure 5.2 – Evolution of the spectral response of Huygens metasurfaces with degenerate electric and mag-
netic resonances (λe = λm) for increasing material losses. A) Transmission (red) and absorption (black)
spectra as a function of wavelength for a loss-less metasurface with γe = γm = 0. B) Evolution of the t , ce

and cm coefficients (respectively given by the continuous green, the dashed blue and the dotted red curves)
in the complex plane for the loss-less metasurface as a function of wavelength. The vector diagram depicts
the decomposition at λ = 650nm of the transmitted field ~Et = ~Ei nc +~Eel ec +~Emag . C) Total, electric and
magnetic phase spectra (respectively given by the continuous black, the dotted blue and the dashed red
curves). The triplets {D),E),F)}, {G),H),I)} and {J),K),L)} correspond to the same quantities as depicted in
{A),B),C)} but for metasurfaces with increasing non-radiative loss rates γ/Γ= 0.5, γ/Γ= 1 and γ/Γ= 2. The
quantity γ+Γ is equal to 600×10−12 rad·s−1 and kept constant for all the plots.

It is worth noting that the critical coupling conditions do not impose γ j (or Γ j ) to be equal
for both the electric and magnetic resonances. This is illustrated on the top panel of Fig. 5.3-
B, showing the absorption spectra for a metasurface under the critical coupling conditions with
different values for γe = Γe = 300×1012 rad·s−1 and γm = Γm = 200×1012 rad·s−1. The absorption
is unitary at the resonance. In addition, the absorption due to each resonance is plotted on Fig.
5.3-B. They are determined by:

A j =−2

(∣∣∣c j

∣∣∣2 +ℜ(c j )

)
= 2Γ jγ jω′2

j −ω2

ω

2

+
(
Γ j +γ j

)2

(5.5)

with A = Ae + Am . It can be seen that each resonance, being critically coupled, contributes to 50%
of the absorption which corresponds to a universal maximum limit that can be obtained with a
single resonance [2–5]. For critically coupled but spectrally separated resonances, the maximum
of 50% of absorption would be reached at distinct wavelengths, not allowing for a total absorption
by the array, hence there is also need for a metasurface with 2 spectrally overlapped resonances
to optimize the absorption. The possibility to achieve 100% of absorption by a critically coupled
structure has been applied to Huygens metasurfaces supporting electric and magnetic multipole
moments in various recent works [6–12].
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Figure 5.3 – A) Evolution of the absorption as a function of the ratios between the radiative and non-
radiative decay rates of each resonance. Critical coupling and perfect absorption is obtained whenever
γ j /Γ j = 1 for the electric and magnetic resonances simultaneously. B) Total absorption A and absorp-
tion per resonance (Ae and Am) in the case of a metasurface with a critically coupled electric resonance
γe = Γe = 300×1012 rad·s−1 and 1) a critically coupled magnetic resonance γm = Γm = 200×1012 rad·s−1

(top panel), and 2) an overcoupled magnetic resonance Γm = 200×1012 rad·s−1 and γm = 50×1012 rad·s−1

(bottom panel).

Finally, coming back to Fig. 5.2, the “undercoupled” regime is encountered whenever γ j > Γ j .
In this case, even at the resonances, the incident field mostly contributes in the transmission re-
sponse since |~Ei nc | > |~Eel ec +~Emag | for all wavelengths. The scattered plane waves are of low mag-
nitude, therefore, the incident wave, weakly interacting with the metasurface, is almost directly
transmitted. Although the transmission and absorption profiles are similar to those obtained in
the overcoupling regime in Fig. 5.2-D, the phase variation is significantly different. The phase
shift almost completely vanishes in this case because the contribution of the resonances to the
transmission is too weak.

This study has revealed that drastically different properties are obtained, both in terms of am-
plitude and phase, depending on the amount of dissipative losses in the resonators. In particular,
while a perfect transmission with a total phase variation can be obtained in the loss-less situa-
tion, a regime of perfect absorption can be reached by ensuring dissipative and radiative leakage
rates of same magnitude. It can be noted that the transition presented here from the highly trans-
missive regime toward the perfectly absorbing regime has been experimentally demonstrated [13]
recently. In this work, the authors employed arrays of silicon cylinders for which the dielectric
losses were progressively increased by changing the concentration of dopant atoms to reach the
full absorption of light by the array.

The results of this simple model can of course be generalized to situations of higher com-
plexity, including multiple resonances and resonances of higher order, as it will be done in the
next section. The underlying physics remains the same by replacing the electric (or respectively
magnetic) dipole resonances of this model by any combination of symmetric (or respectively anti-
symmetric) resonances. However, if the analysis of the critical coupling in terms of decay rates, as
used in this model, can be easily carried out for two Lorentzian resonances, it is not well suited
to the study of complex multipolar systems, where the three Lorentz parameters (ω′

j , γ j and Γ j )
might be difficult to extract for each resonance. Thus, in the following, we will instead resort to
the multipolar analysis of metasurfaces presented in chapter 4.3.2.a in order to derive the Kerker
condition and critical coupling equivalent criterion in terms of requirements on the multipole co-
efficients.
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5.2.2 Generalized conditions on multipoles

Conditions for obtaining perfect transmission or absorption of light can be generalized to a
multipolar system using the multipole expansion presented in section 4.3.2.a. The expression of
the reflection and transmission coefficients (4.99, 4.100) are reproduced below:

r =− π

2k2S
∞∑

n=1

[
En −On

]
(5.6)

t =1− π

2k2S
∞∑

n=1

[
En +On

]
(5.7)

5.2.2.a Perfect transmission

Perfect transmission with an arbitrary phaseφ can be obtained under the conditions that r = 0
and t = e iφ leading to [14]:

∞∑
n=1

On =
∞∑

n=1
En =

[
1−e iφ

]
k2S

2π
(5.8)

The equality between the odd modes and even modes
∑∞

n=1On = ∑∞
n=1En corresponds to the

Kerker condition giving r = 0. It should be noted that this general condition only requires the
sums of odd and even modes to be equal. It does not require that for every order n, the sym-
metric mode must be equal to the anti-symmetric odd mode, which would be a much stronger
requirement. Therefore, as first emphasized in [14], using a balance between many multipoles,
broadband transmission can be obtained without a need for a strict equality between two multi-
poles.

Furthermore, it can be seen by examining expression (5.8) that the phase taken by the sum of
multipoles to ensure a unitary transmission remains completely free. For wave-shaping applica-
tions, one just needs to find the parameters of the metasurface that need to be explored in order
to vary the phase φ on the full [0 ; 2π] interval.

5.2.2.b Perfect absorption

On the other hand, complete absorption occurs when both the reflection and transmission
coefficients are simultaneously cancelled, that is when:

∞∑
n=1

On =
∞∑

n=1
En = k2S

π
(5.9)

This last equation contains both the generalized Kerker condition and the zero transmission con-
dition that occurs when ∞∑

n=1
(On +En) = 2k2S/π (5.10)

Since the relation needs to be satisfied in the complex plane, it actually means that the overall
sum of odd and even multipoles needs to be a purely real number and reach the exact value that
enables a destructive interference with the incoming plane wave. Therefore, in eq. (5.9), the phase
of the multipole sum is fixed to 0.

Equation (5.9) is a generalized critical coupling condition equivalent to the usual dipolar crit-
ical coupling condition given in terms of decay rates [4, 5] (see equation (5.4)) or polarisabilities
[10, 15] (see later equation (5.13)). Indeed using eq.(5.9) in the unit-cell cross-section expressions,
presented in section 4.3.2.b, evidences two of the main features of perfect absorption exhibited
by symmetric metasurfaces previously discussed in the dipolar case: the power scattered by odd
modes is equal to that scattered by even modes and the total scattered power is equal to the ab-
sorbed power:

σE
scat ,a =σO

scat ,a = σabs

2
(5.11)
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Futhermore, in the dipolar case, the condition (5.9) reduces to:

a1 = b1 = k2S
3π

(5.12)

and can be written equivalently with polarisabilities:

αe =αm = iS
k

(5.13)

These conditions can only be met at the resonance wavelength for which the imaginary part (re-
spectively real part) of the multipolar coefficients ( respectively the polarisabilities) cancel. There-
fore, degeneracy is necessary when considering only two resonances of opposite symmetry. On the
contrary, in the multipolar case, this constraint on degeneracy no longer exists and a perfect ab-
sorption can be obtained at a wavelength different from the resonance wavelengths. In addition,
while perfect absorption is limited to a single wavelength in the dipolar case, achieving broadband
absorption is made possible in the multipolar case.

In section 5.4, we will see that the generalized condition (5.9) allows us to present a large vari-
ety of perfect absorbers, some of which being highly multipolar, which goes beyond what is com-
monly found in the literrature.

5.2.3 Lattice coupling effects on the multipoles

To complete this section, we focus in this part on the lattice coupling effect between particles.
Indeed, as we saw in section 4.2.4 using the coupled dipoles model, lattice terms are part of the
response of an array of particles, affecting the spectral properties of its constituents. In the follow-
ing sections, we will see that lattice interactions are key parameters in obtaining Huygens surfaces
and perfect absorbers. They help controlling the resonant features of the metasurfaces, hence a
need to foresee their effects on particle responses.

In order to highlight the main signatures of the coupling effects, we consider an array of model
particles, taken as spheres of radius R = 200nm, with a high refractive index of 4+0.05i. The parti-
cles are organized in an infinite square lattice with a variable pitch.
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Figure 5.4 – Impact of the lattice coupling on the multipoles. A) Evolution of the modulus of the electric
dipole coefficient a1 as a function of the surface fraction of a square metasurface consisting of particles
with a radius of 200nm and with constant refractive index of 4+ 0.05i . The black line represents the Mie
coefficient of a single isolated particle. Panels B),C),D) present the same study for respectively the magnetic
dipole, the electric quadrupole and the magnetic quadrupole coefficients.
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Figure 5.4 presents the evolution of the modulus of the first multipole coefficients of the parti-
cles for several surface fractions fs of the array, defined as fs = πR2/S . The multipole coefficients
are obtained in COMSOL multiphysics from the knowledge of the current densities in the res-
onator by applying the integral projections presented in section 2.2.6.c.

In particular, panel A of Fig. 5.4 is dedicated to the electric dipole coefficient a1. The coef-
ficient obtained in the case of a single isolated sphere is presented in black and the fundamental
resonance is around 1250nm. This resonance can also be identified for the arrays of particles, how-
ever, its spectral position and amplitude are affected by the choice of the lattice pitch. For high
density arrays, we observe that the resonance maximum is attenuated compared to that which
would be obtained with an isolated particle. By increasing the pitch, the resonance amplitude
increases while its position is red-shifted. Similar behavior is observed for the other multipoles
on Fig. 5.4. For the electric dipole, the highest value is obtained for fs = 0.10. In this situation,
the wavelength of the Mie dipolar resonance of the particle is located near the Rayleigh anomaly
cut-off wavelength λR of the lattice. This wavelength delimits the transition from the specular to
the diffracting domain for which diffraction lobes other than the zero-th order exist. The Rayleigh
wavelength can be easily determined from the grating formula:

L[sinθd − sinθi ] = mλ (5.14)

where θi and θd are the incident and diffracted angle, L = p
S is the period of the grating and

m is an integer. λR is found at the passing-off of the first in plane diffraction order for which
θd = 90°. Under normal incidence, this leads to λR = L. Therefore, for fs = 0.1, since the distance
between the particles, indicated by the vertical dotted line, becomes comparable to the excitation
wavelength of the dipole, the resonance of the particle is coupled with the lattice resonance of the
Rayleigh anomaly, resulting in the strong response observed. The lattice resonance depends on
the grating period rather than on the material and shape of the particles. Being in the proximity of
a single particle resonance, the lattice resonances strongly enhance the initial particle response.
On the other hand, far from the original particle resonance, the lattice resonances appear as addi-
tional separate features on the spectra. Thus, between 600nm and 1000nm, the displacement of
the lattice resonance corresponding to the very sharp peaks can be observed as the cut-off wave-
length of the diffractive domain increases.

Therefore, this study reveals that the lattice periodicity is an important parameter of control of
the metasurface spectral response. A proper choice of the pitch enables a tuning in both amplitude
and position of the main particle resonances and additional strong collective lattice resonances
occur in the vicinity of the diffraction limit. Of course, numerous studies have been carried out
that seek to engineer resonances in arrays of nanoparticles. In [16, 17], it was evidenced that by
choosing lattice periods independently along each mutual-perpendicular direction of the array,
~ex and~ey , electric and magnetic lattice resonances can be tuned independently. Therefore, while
we will mostly focus on periodic square arrays, it is important to keep in mind that a complete
control over the array periodicity along the two directions enables a fine spectral tuning of the
even and odd multipoles of a metasurface. In addition, it has been shown recently that the narrow
lattice resonances can also be adjusted to suppress the backward scattered waves realizing a so-
called resonant lattice Kerker effect [16, 18, 19]. This effect will be encountered in the next section,
dedicated to the design of metasurfaces with wavefront shaping abilities. This subject has been
extensively studied in the past decade [20–24].
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5.3 Wavefront shaping with dielectric clusters

Wavefront engineering consists in modifying the propagation of an incident wave on a struc-
ture so that it emerges out with a desired defined pattern. The control of the emerging wavefront
is directly determined by the local phase shifts induced by the device on the wave. In conven-
tional bulk optics, phase accumulation acquired by light is modulated by varying locally the op-
tical thickness of the device. In contrast, with metasurfaces, the phase shifts are induced by the
scattering of the resonant building blocks. A control of the phase over a full 2π-range is required
with the different subwavelength resonators in order to implement any desired phase profile. By
properly imposing the local phase gradient, various wavefront engineering functions can be real-
ized. In this chapter we will focus more closely on two examples: beam deflection and focusing.

Regarding beam deflection, linear gradients of phase must be implemented to achieve planar
refracted wavefronts. Applying Fermat’s principle [25, 26] or using the momentum conservation
of wave-vectors [27, 28], the deflection angle θt is simply given by:

Nt sinθt −Ni sinθi = λ

2π

dφ

d x
(5.15)

where dφ/d x is a spatially constant phase gradient, Nt and Ni are respectively the refractive in-
dices of the media on the transmitted and incident sides of the metasurface and θi is the angle of
incidence. Similar to the gratting formula, equation (5.15) is also known as the generalized Snell
law and indicates that a beam of light can be bent at different angles depending on the magnitude
of the implemented phase gradient. In section 5.3.2.a, we will use this relation as a guideline to
design a beam deflector.

Alternatively, to achieve beam focusing, a hyperboloidal phase profile must be implemented
on the surface [29, 30]. In 1D, the required spatial phase profile is given by:

φ(x) = 2π

λ

(
f −

√
x2 + f 2

)
(5.16)

where f is the focal length of the lens.

In section 3.3.2, we presented the original idea that clusters of particles can behave as Huygens
sources, making it possible to achieve the first Kerker condition. However, their possible use in
metasurfaces remains to be proven. In this section we will demonstrate numerically how they
may be used for wavefront shaping. We focus in particular on dielectric clusters made of silicon
inclusions. This material is chosen since it exhibits negligible losses at the edge of the visible and
in the near infrared, which is necessary to obtain high transmission devices. In a first part, we
will evidence different control parameters of a cluster-based metasurface enabling for a complete
phase variation. A local variation of the radius of the clusters or of the lattice pitch, will be shown
to induce the continuous phase coverage over the [0 ; 2π] interval. In a second step, the beam-
shaping capabilities of our clusters will be illustrated by designing a deflecting device as well as a
flat 1D metasurface lens.

5.3.1 Phase modulation in the infrared with silicon cluster arrays

In order to demonstrate wavefront control capabilities, the starting point of our study is a clus-
ter composed of 13 silicon particles, that is shown in Fig. 5.5-B. This cluster is chosen essentially
for its low number of particles, that limits the weight of the performed finite element simulations.
This configuration with 12 particles organized in a regular icosahedron around a central one is
a well known configuration for forming dense homogeneous clusters, as it is also the solution to
the problem of sphere packing known as the “kissing number” problem [31, 32]. In addition, we
have shown in section 3.3.2 that such clusters made of 13 silicon particles are particularly inter-
esting building blocks since they can be tuned to reach the Huygens regime with a high scattering
efficiency.
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Following the design procedure established in section 3.3.2, the cluster is designed to exhibit,
in air, resonances in the infrared domain where silicon presents very low absorption loss. The
total radius of the aggregate is taken as R = 390nm with particles of 130nm radius. The multipo-
lar content of the spectral response of this meta-atom is presented in Fig. 5.5-A. It indicates that
electric and magnetic dipole resonances are excited at close wavelengths of respectively 1370nm
and 1480nm. In addition, the scattering efficiency takes values close to 4 at these wavelengths.
At shorter wavelengths, the two quadrupole resonances are also jointly excited at 1125nm and
1145nm, with a scattering efficiency reaching approximately 5. As already presented in chapter 3,
this two-by-two overlap of the resonances of opposite parity enables satisfying the Kerker condi-
tion over a wide frequency band. This cluster therefore constitute an interesting building block for
the realization of wavefront shaping metasurfaces in the infrared.
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Figure 5.5 – A) spherical multipole coefficients of a cluster of radius R = 390nm made of 13 silicon particles
with radius of 130nm. B) Illustration of the cluster geometry and of a square metasurface of clusters with a
filling fraction fs of 0.7. C) Transmittance and D) phase modulation of t as function of the surface fraction
for an infinite periodic square array made from the cluster presented in panel B. The maps are presented
both as a function of wavelength (bottom axis), for the cluster of radius R = 390nm, and as a function of
size normalized wavelength (top axis) λ/R since they are identically transposable to other cluster sizes due
to the constant refractive index N ≈ 3.5 exhibited by silicon in the near-infrared domain. The whitened
area corresponds to the diffraction regime found for wavelengths shorter than that of the Rayleigh anomaly
λR = L.
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Therefore, we now study the response of a metasurface consisting in an infinite square array
of such a meta-atom. Figures 5.5-C,D shows respectively the transmission spectra and the phase
variation of the transmitted wave obtained by varying the surface filling fraction of the metasur-
face. By observing Fig. 5.5-D, it can be seen that the phase essentially undergoes two continuous
jumps of 2π when increasing the excitation wavelength from 1000nm to 1900nm. The first one
is located on a band centered around 1200nm. This narrow phase shift band corresponds to the
crossing of the two overlapped quadrupolar resonances. At the corresponding wavelengths on
Fig. 5.5-C, we see that a strong transmission of about 100% is obtained on this quadrupolar band.
The second phase jump is essentially observed between 1400nm and 1600nm and corresponds
to the crossing of the dipole resonances of the clusters. The dipole resonances being much wider
than the quadrupolar ones, the observed phase jump spreads over a significantly large interval of
wavelengths. On the transmittance mapping, we see that this region of the spectrum is however
accompanied by a drop in transmission, indicating that, although the dipole resonances are in the
same neighbourhood, Kerker condition is not perfectly satisfied in this band. Furthermore, in this
region, it is interesting to note the modulation of the transmission dip due to the interaction ef-
fects between the particles. While an important transmission higher than 70% is observed for the
densest lattices, transmission drops when increasing the pitch of the array and reaches its mini-
mum value for surface filling fractions of approximately 0.4. Therefore, for the studied design, the
dilution of the metasurface degrades the fulfillment of the Kerker condition. Moreover, for surface
fractions lower than 0.3, the electric and magnetic dipole resonances of the clusters are coupled to
the lattice resonances. As a result, a red-shift following the displacement of the diffraction wave-
length is observed for both the position of the phase jump and the position of the transmission dip.
For surface fractions in the range of 0.25, the electric and magnetic dipole lattice resonances occur
exactly at the same wavelength of 1600nm resulting in a resonant lattice Kerker effect providing a
perfect transmission at this wavelength.

We want to emphasize here that the design of the meta-atom presented here was not further
optimized to maximize the transmission of the metasurface. It would have been possible to im-
prove the transmission, in particular in the dipole region of the particles, by working on the relative
position of the dipolar resonances of our initial object. However, although it is not optimized, this
system presents interesting characteristics that will be studied more in depth later on. First of all,
it reveals the possibility of exploiting the quadrupolar resonances of particles to realize the phase
modulation. Such devices based on higher order resonances are only sparsely studied compared
to dipolar systems. We see on Fig. 5.5-C that quadrupolar resonances are less affected by coupling
than their dipolar counterparts. This is evidenced by the value of the transmission, but also by the
position of the quadrupolar resonances, visible on Fig. 5.5-D by looking at phase shift position,
that both varies only slightly with the lattice pitch. Such metasurfaces exploiting higher order res-
onances could therefore exhibit a better robustness with an experimental positional uncertainty
or disorder compared to dipolar system.

In the following, we will exploit two spectral regions in order to obtain the required 2π phase
modulation. Firstly, the region around λ = 1605nm for which the dipolar lattice Kerker effect is
obtained. Here a simple variation of the pitch, as indicated by the white line denoted as 1) on Figs.
5.5-C,D, allows to cross the region of high transmission while exploring all the available values for
the phase. On the other hand, it is important to note that, since silicon takes a constant refractive
index N ≈ 3.5 over the entire studied interval of wavelengths between 800nm and 1900nm, the
properties obtained for this cluster of radius 390nm, are fully tunable in wavelength by varying
the size of the cluster (while keeping the 13 particles geometry and a constant ratio r /R). Thus,
the transmission and phase mapping on Figs. 5.5-C,D are also presented according to the reduced
wavelength λ/R (top axis) which spectrally rescales the properties of the metasurface depending
on the cluster size. Therefore, we will see in a second step that, by fixing an operating wavelength
and varying the cluster size R, the phase jump of the quadrupolar resonances can be exploited
either by keeping a constant surface fraction, or by fixing the lattice pitch. These two situations
are illustrated by the white lines denoted respectively as 2) and 3) on Figs. 5.5-C,D and will be the
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object of a detailed study in section 5.3.1.b.

5.3.1.a Phase modulation by varying the surface density

In this section, we focus in particular on the excitation wavelength of 1605nm. Keeping R =
390nm, the transmittance and phase variation obtained at this wavelength as a function of the
surface filling fraction of the array are presented on Fig. 5.6-A.
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Figure 5.6 – A) Transmittance and phase modulation obtained at λ = 1605nm for increasing surface frac-
tion. The dark blue and dark red dashed lines represent T and φ calculated from the multipole coefficients
B) Maps of the real part of the electric field normalized by the incident electric field E0 = 1V /m calculated
for eight different and independent unit-cells illustrating the phase variation of the transmitted wave. Each
metasurface is shined from the top under normal incidence with an ~ey polarized plane wave propagating
along~ez as indicated by the trihedra. C) Surface fraction and corresponding array pitches (the correspond-
ing phase values are indicated on panel A by the black circles). D) Modulus of the multipole coefficients. E)
Wavelength dependence of the sum of the even and odd multipole coefficients verifying the Kerker condi-
tion.

As previously mentioned, a high transmission is observed at this wavelength due to the spectral
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overlap of the electric and magnetic lattice resonances. The strong excitation of these two reso-
nances is highlighted by the multipolar decomposition presented on Fig. 5.6-D, indicating only
small contributions from the higher modes. It should be noted that the validity of the multipolar
decomposition is verified by the excellent agreement observed on Fig. 5.6-A between the values
of both the transmittance and phase calculated from the S-parameters at the ports and those re-
trieved from the multipole coefficients using equation (5.7). Furthermore, the Kerker condition is
evidenced on Fig. 5.6-E depicting the real and imaginary parts of the sums

∑∞
n=1On and

∑∞
n=1En .

It can be observed that real and imaginary parts of the sums are closely overlapped whatever the
considered surface fraction. Since lattice resonances are redshifted by increasing the grid pitch,
the variation of the surface fraction allows the dipolar resonances to be scrolled at the wavelength
of 1605nm and thus permits the exploration of a large phase interval. We see that 80% of the inter-
val between 0 and 2π is covered by φ on Fig. 5.6-A.

The phase exploration is physically limited by two parameters: lower surface fractions are not
accessible because of the appearance of the diffractive domain which strongly perturbs the spec-
tral response of the metasurface. On the contrary, the high densities, limited by the maximal com-
pacity of the array, only allows the exploration of the tail of the dipole resonances, providing solely
a small variation of the phase. Therefore, most of the phase shift is obtained for surface filling
fractions comprised between 0.2 and 0.3 corresponding respectively to lattice periods of 1548nm
and 1264nm. The phase variation obtained by changing the grid pitch in this range of values is
further illustrated in Fig. 5.6-B. The figure shows the spatial mapping of the real part of the electric
field in a unit-cell, for 8 different periodic arrays of constant pitch, whose values are summarized
in the table in Fig. 5.6-C. Each of the meta-lattice is illuminated from the top under normal in-
cidence by a ~ey polarized plane wave propagating in the ~ez direction. Due to the low reflection
exhibited by the metasurfaces, the electric field corresponding to that of the incident plane wave
of wavelength 1605nm is essentially visible above the arrays. The juxtaposition of the maps allows
to visualize the phase variation of Fig. 5.6-A obtained in transmission after the interraction of the
incident beam with the particles. A shift in the position of the wavefront of almost a wavelength
can be observed between the leftmost panel corresponding to the array of pitch L = 1548nm and
the rightmost panel where the periodicity is L = 1264nm.

To conclude this part, we can note that the control of the phase by the grid pitch at the position
of the lattice Kerker effect, as presented here for our system, has already been efficiently applied
to silica disk arrays in different works [18, 33, 34]. In particular in [33] a vortex-beam shaping
metasurface composed of four quadrants of varying lattice spacing was reported.

5.3.1.b Phase modulation induced by a variation in the size of the clusters

On Fig. 5.5-C we observe that, at a surface filling fraction of 0.7, a transmission greater than
60% is obtained over the entire spectrum between 1000nm and 1800nm covering the dipolar and
quadrupolar resonances of the clusters of radius R=390nm. Since the metasurface features are pre-
served and only spectrally shifted when changing the clusters sizes, it is possible to scroll through
this broadband transmission and to explore the important phase variation that is simultaneously
observed on Fig. 5.5-D, by simply varying R at a given operating wavelength (top axis used).

Therefore, in the following, we arbitrarily consider an operating wavelength of 1400nm, and
we vary the size of the clusters from R = 390nm to R = 600nm, making a homothety of all the
geometric parameters which maintain the ratio r /R and the density of inclusions constant. At the
same time, the pitch of the metasurface is also adjusted in order to guarantee a constant surface
fraction of 0.7. This results in the exploration of the metasurface properties along the white line 2)
on Figs. 5.5-C,D.

Figure 5.7-A shows both the transmission and phase obtain following this strategy. As ex-
pected, a transmission higher than 60% is obtained for cluster sizes comprised between 390nm
and 540nm. Figures 5.7-C and D, present the results of the multipole expansions performed for
the clusters in metasurfaces. They show respectively the modulus of the excited multipoles at
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λ = 1400nm and the corresponding sums of the even and odd multipoles which make it possible
to analyze the physical origin of the transmission evolution by resorting to the generalized Kerker
criteria. From Fig. 5.7-C, it can be seen that clusters of radius between 400nm and 450nm sus-
tain mostly dipolar resonances at 1400nm while quadrupole resonance are mainly excited at this
wavelength for bigger clusters with 450nm< R <550nm. As already mentioned, the transmission
dip obtained with the dipole resonances is explained by the slightly shifted excitation of the even
and odd modes of the structure that can be observed on Fig. 5.7-D and explained by the Lorentzian
model (Fig. 5.1-D). Increasing the cluster size above 450nm, a better balance between multipole
of opposite parity is observed and a strong transmission is recovered over the entire range of the
quadrupolar resonances, reaching as much as 100% on two points. Finally, the strong drop in
transmission obtained for larger clusters is explained by the excitation of the structures’ octupo-
lar modes. It is interesting to stress here a benefit from using a multipolar structure: due to the
successive excitation of the dipolar and quadrupolar orders, a continuous variation of the phase
covering almost 4π is induced by the size variation (see Fig. 5.7-A). This double coverage of the
2π interval provides more flexibility in the choice of unit-cells to be selected for implementing the
wavefront control functions. This wide phase variation is further evidenced by the mapping of the
electric field presented on Fig. 5.7-B for several unit-cells. The large modulation in the position of
the wavefront of the transmitted wave is clearly identifiable. The unit-cells used for this figure and
their respective phases are indicated by the black circles on Fig. 5.7-A.
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Figure 5.7 – A) Transmittance and phase modulation at λ = 1400nm for metasurfaces with clusters of in-
creasing radius R. The particle size is varied by homothety and the filling surface fraction of the metasurface
is kept constant at 0.7. The dark blue and dark red dashed lines represent T and φ calculated from the mul-
tipole coefficients. B) Maps of the real part of the electric field normalized by the incident electric field
E0 = 1V /m calculated for sixteen different array unit-cells. Metasurfaces are illuminated under normal in-
cidence by a ~ey polarized plane wave propagating along~ez . The selected unit-cells are those indicated by
the black circles on panel A. C) Modulus of the multipole coefficients of the clusters in array. D) wavelength
dependence of the sum of even and odd multipole coefficients.

In the previous study, in order to guarantee a constant surface fraction, the size variation of the
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clusters was accompanied by an adjustment of the lattice pitch. In practice however, it might be
easier to vary these two parameters independently, i .e. to fix the pitch and induce only a cluster
size variation at different locations on the metasurface. Figure 5.8 presents the results of such an
approach. Here, the operating wavelength is set at 1000nm and the cluster size is reduced from
390nm to 260nm. At the same time, the lattice periodicity is kept constant at a value of 806nm. A
behaviour very similar to that of the previous case is observed, a difference being that the decrease
of the surface fraction, from 0.74 to 0.33, induced by the diminishing cluster sizes, leads to a lower
transmission in the region of the dipole resonances reaching only 30% at its minimum. Neverthe-
less, a transmission greater than 90% accompanied by a phase variation covering an amplitude of
2π remains observable in the region of the quadrupolar resonances for clusters of size comprised
between 300nm and 380nm. The evolution of the surface filling fraction fs of the arrays explored
in this study as a function of the normalized size parameter λ/R of the clusters of varying size is
indicated by the white curve denoted 3) on Figs. 5.5-C,D.
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Figure 5.8 – A) Transmittance and phase modulation at λ= 1000nm for increasing cluster radius. The par-
ticle size is increased by homothety and the lattice pitch of the metasurface is kept constant and equal to
806nm. The dark blue and dark red dashed lines represent T and φ calculated from the multipole coeffi-
cients. B) Modulus of the multipole coefficients. C) Wavelength dependence of the sum of even and odd
multipole coefficients.

The results obtained in this study with the clusters of radius comprised between 300nm and
380nm will serve as a reference for the next section, where designs of a beam deflector and a lens
will be presented.

5.3.2 Design of beam shapping devices

In this part, to illustrate the phase control capability of Si cluster based transparent metasur-
faces, we use the modulation of the phase induced by the size of the cluster to implement two
wavefront control applications: beam deflection and focussing. As in the last part, the size varia-
tion is realized for a constant pitch of 806nm.

5.3.2.a Beam deflector

We start by designing a beam deflector at λ= 1000nm. The super-cell, on which the 2π-phase
gradient is implemented, is composed of 8 elements each separated by 806 nm, allowing to ob-
tain a deflection angle of 8.9° according to the generalized Snell’s law. This choice of 8 elements
is justified by the need to obtain both a phase gradient sampling with enough elements for a cor-
rect reconstruction of the wavefront and a small enough super-cell to guarantee deflection at a
large enough angle. The diffraction efficiency, defined as the power emitted in the desired diffrac-
tion order divided by the incident power, is directly limited by the number of elements chosen
to sample the phase. While a continuous phase profile would permit 100% efficiency in the first
order, a sampling of the phase performed with 4 elements leads on the other hand to a maximum
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achievable efficiency of only 81%, while 16 values are required to reach a 99% [35, 36]. 8 elements
represent therefore a good compromise allowing theoretically a maximum of 95% of energy to be
directed at an angle of 8.9°. In Fig. 5.9-A, we show the selected size of clusters allowing the sam-
pling of the phase in 8 equal intervals of amplitude π/4. The sampling is performed on a range of
sizes presenting a transmission above 90%.
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Figure 5.9 – A) Phase sampling over 8 constant width intervals. B) Visualization of the beam deflection
at λ = 1000nm by comparing the individual response of the 8 selected unit-cells (indicated by the black
circles on panel A). The maps present the real part of the electric field normalized by E0 = 1V /m. Each
independent unit-cell is illuminated from the top under normal incidence by an ~ex polarized plane wave
propagating along~ez . C) Map of the real part of the normalized electric field for a super-cell comprising the
8 clusters illuminated from the top under normal incidence.

The desired wavefront profile is illustrated on Fig. 5.9-B. The figure is obtained by simply jux-
taposing the mapping of the real part of the electric field of the selected periodic surfaces. It illus-
trates how the accumulated phase difference of π/4 from one unit-cell to the next one allows for
the deflection at the theoretical angle of 8.9° by the ensemble. The entire super-cell comprising
the 8 resonators was finally investigated trough full wave simulation and the results are presented
on Fig. 5.9-C. The beam deflector is illuminated from the top under normal incidence by an ~ex

polarized plane wave propagating along~ez . Periodic boundary conditions were applied along the
~ex and~ey directions of the domain, thus replicating the super-cell in an infinite periodic array. As
predicted, a diffraction angle of about 9° can be observed on the figure. The device presents a total
transmission of 75% with 87% of the transmitted energy being emitted in the desired first diffrac-
tion order. The transmission of the structure is therefore lower than the minimum value of 90%
of transmission suggested by the choice of elements from Fig. 5.9-A. Such a difference originates
from the couplings between the neighbouring particles that make the selected elements behave
differently in the gradient array compared with the homogeneous arrays studied in Fig. 5.9-A. The
creation of a gradient metasurfaces with maximal performances in transmission would therefore
require additional optimization steps of the entire super-cell as performed in [37, 38].

5.3.2.b Lens

The second Huygens metasurface device consists in a 1D focusing lens made from 13 clusters.
The 2π variation of phase is realized symmetrically over 7 unit-cells providing a theoretical focal
distance of f = 11.2µm and a numerical aperture N .A. = 0.42. The total size of the lens is 10.48µm.
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The phase profile sampling, following equation (5.16), is indicated on Fig. 5.10-A by the black
circles. The targeted phase profile is additionally evidenced on Fig. 5.10-B presenting the real part
of the electric field obtained from the different unit-cells taken separately.
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Figure 5.10 – A) Discretization of the phase according to a 1D hyperboloidal profile. B) Visualization of the
phase profile at λ = 1000nm by juxtaposing symmetrically the 7 selected unit-cells (indicated by the black
circles on panel A). The maps present the real part of the electric field normalized by E0 = 1V /m. Each meta-
lattice is illuminated from the top under normal incidence by an~ex polarized plane wave propagating along
~ez . The white dotted line represent the theoretical phase profile satisfying eq. (5.16) with f = 11.2µm and is
also reproduced in black on panel C. C) and D) are respectively the map of the real part and squared mod-
ulus of the normalized electric field for a lens comprising the 13 clusters that is illuminated under normal
incidence by a plane wave. The position of the focal plane and the targeted focal distance are indicated by
the two vertical dashed lines. E) Electric field intensity distribution along the ~ex axis in the focal plane at
z = 8.1µm.

On Figs. 5.10-C,D, the entire metalens integrating the thirteen clusters in the same cell is inves-
tigated. The lens is illuminated by a ~ex polarized plane wave propagating along the ~ez direction.
The Figs. 5.10-C and D show respectively the real part and the squared modulus of the electric
field. For this simulation, perfectly matched layers were used at the edges situated along the ~ex
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direction in order to truncate the simulation domain, while periodic boundary conditions were
used along~ey . Figure 5.10-C reveals the converging wavefront obtained with the lens. The wave-
front profile of the wave emerging from the meta-lens is in excellent agreement with the desired
theoretical profile plotted in black on the figure. This indicates that the coupling between the dif-
ferent elements of the lens only weakly perturbs the cluster responses obtained in the case of the
homogeneous arrays. The focusing of the incident beam is further revealed by the spatial map-
ping of the electric field intensity shown on Fig. 5.10-D. A narrow concentration of the energy is
achieved along the ~ex direction while the focal spot extends more widely along the ~ez direction.
This shape for the focal spot is inherent to the implemented phase profile and therefore, similar
focusing patterns are observed in the literature for a wide variety of meta-lens [30, 39–44]. Al-
though our numerical simulation has a limited resolution, due to the large size of the numerical
domain, the focal length can be estimated from Fig. 5.10-D at a value close to 8.1µm. This is well
below the targeted value of 11.2µm. This shift in the focal distance is a well known phenomenon
in traditional optics and can be explained by the diffraction effect of the incident wave occurring
at the edge of the lens of finite size that induce a significant perturbation in the device response
[45–47]. In particular, the influence of lens size on the focusing position shift has been the object
of a detailed study in [47]. It turns out that the 12% decrease in focal length observed in our case,
is in excellent agreement with the theoretical prediction made in this work. On the other hand,
the intensity distribution in the estimated focal plane is presented on Fig. 5.10-E. The full width at
half maximum of the intensity peak at the distance of 8.1µm is 1µm, thus a concentration of en-
ergy over a distance of size similar to the wavelength, close to the diffraction-limited spot size. In
addition, the transmission efficiency of the lens is approximately 80%. A precise value, cannot be
given, mostly due to the presence of the PMLs that absorb on the edges of the simulation domain.

Despite the phase sampling, and the limited size of the lens which is accompanied by the
important perturbations due to diffraction effect at the edge of the device, we have clearly demon-
strated in this part the lensing effect enabled by a properly designed cluster based metasurface.
Of course this design is not intended to compete with state-of-the-art lenses, and presents poor
characteristics in comparison. It is rather proposed here as an illustration of the beam shaping
capabilities of the clusters. For this reason, we do not push further the characterization or opti-
mization of performances of the devices which remains at this point a perspective of this work.

5.3.2.c Comments and perspectives

The system we studied presents some limitations. First of all, we note the large sizes of the
structures used in comparison to the operating wavelength of the devices. While most of the re-
cent works are based on high refractive index nanocylinders and nanodisks for which the Kerker
regime can be obtained by tuning the aspect ratio, the use of spherical objects as in this study re-
quires a low effective refractive index for the Kerker conditions to be met. However, the decrease
in the refractive index is accompanied by resonances occurring at shorter wavelengths. At the
same operating wavelength, spherical meta-atoms with a low index are therefore larger than their
non-spherical counterparts with high refractive index. Therefore, they may not be the best choice
of elements for implementing large phase variation over very short distances, which is a require-
ment for obtaining lenses with large numerical aperture (or equivalently small focal spot sizes)
and beam-deflectors with high diffraction efficiency.

Moreover, using clusters for an application requiring fine control over the position and size
of the objects represents an important challenge. Our designs require the ordered juxtaposition
of different clusters whose sizes vary by only a dozen nm. Such a degree of control is beyond
what is achievable today with simple self assembly processes. One possibility to obtain such or-
dered metasurfaces would be to resort to template-directed colloidal self-assembly method. These
methods permit to directly inked colloidal solution onto patterned substrates, whose engineered
chemistry, wetting properties, or topographical structuring ensure well organized nanoparticles
with a high placement accuracy [48–52]. As an illustration, transfer printing has been successfully
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applied in [53] to obtain two-dimensional square arrays of gold nanoparticle clusters.

Finally, we can mention that this study was conducted on clusters with a low number of par-
ticles in order to lighten the weight of the simulations. We also implemented the variation in the
cluster size by increasing the particle size. Experimentally however, it might be more realistic to
induce a variation in size of big clusters by adding or removing particles while keeping a constant
volume fraction. Although this has not been studied here, one can expect fairly similar results
and limitations. To confirm this, it would be necessary to verify the conservation of the Kerker
regime for a set of arrays with clusters with variable numbers of particles. This would be a possible
extension to the study conducted here.

5.3.3 Limitations of transparent Huygens metasurfaces

An important limitation for the applicability of resonant metasurfaces for beam shaping was
recently underlined by P. Lalanne et al . in [36]. In this study, the authors showed that the high
transmission of Huygens metasurfaces observed under normal incidence was strongly degraded
at oblique incidences of only a few degrees. Studying a model system proposed by M. Decker et al .
[1], consisting in a square array of silicon nanodisks, they indeed revealed that the efficiency of
such a Huygens metasurface was considerably reduced by the emergence of several dips, strongly
polarization dependent, in the transmission spectra under oblique incidence. The dips, as ex-
plained by the authors, are due to the excitation of anti-symmetric localized Bloch modes [54] not
excited under normal incidences but inherently present in Huygens metasurfaces.

Also in this part, we study the angular dependence of the transmission spectra of our silicon
cluster based metasurfaces. Complementarily to the study conducted in [36, 54], we apply here a
multipolar decomposition, highlighting the excitations of vertical components of different multi-
poles, to explain each of the observed dips.

Our investigation is conducted on the same cluster based square metasurface as studied in
section 5.3.1. In particular we focus on the dense metasurface with a surface filling fraction of 0.7,
for which the transmission obtained over the whole spectrum is larger than 60% as reproduced on
Fig. 5.11-A. Although we have used the spherical coordinates to express multipoles so far, carte-
sian coordinates are more relevant in this problem as they enable to easily distinguish components
excited in and out of the plane of the array. For this reason, we adopt in this part the equivalent
description of multipoles in terms of scalar and tensor polarisabilities rather than spherical coeffi-
cients. We recall that the metasurface is illuminated by a plane wave propagating along the~ez axis
(under normal incidence) and polarized in this case along~ex . Under normal incidence, the excited
multipoles are presented on Figs. 5.11-B,C showing the components of the dipole polarisabilities
and of the quadrupolar polarisability tensor of the clusters. The polarisabilities are obtained by
applying the decomposition presented in section 2.2.6.e.

Logically, the multipolar decomposition reveals electric and magnetic dipoles excited along to
the~ex and~ey directions of the array respectively. In addition, at shorter wavelengths, the excitation
of the xz and y z components of the electric and magnetic polarisabilities quadrupolar tensor are
evidenced respectively.

Figures 5.11-D and G show the evolution of the transmittance spectra obtained for incident
angles of 3° and 5° in the case of TM and TE polarizations respectively. As observed in [36], the
figures reveal the apparition of four sharp dips in transmission for an angle of incidence as small
as 3°. For an angle of 5°, the peaks drop to even lower values, close to a zero transmission in each
case. In addition, the spectral position and amplitude of the peaks differ according to the polar-
ization of the incident wave. The multipolar content obtained in these two configurations for a
3° angle is presented in Figs. 5.11-E,H,F,I. For the TM polarization, we can see that the compo-
nent of the electric field outside of the plane of the metasurface excites an electric dipole oriented
along the ~ez axis at the wavelength of 1332nm. The excitation of this multipole leads to a very
sharp resonance which perfectly coincides with the position of the dip in transmission observed
at the longest wavelength. Similarly, the dip obtained at the high wavelength in the TE config-
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uration is due to the excitation of a vertical magnetic dipole by the component of ~H out of the
metasurface plane. The other three peaks can be associated with the quadrupolar resonances of
the resonator. Also, the two peaks observed at wavelengths close to 1100nm involve the xx,y y and
zz components of the polarisability tensor. On the other hand, resonance observed near 1200nm
can be explained by the sole component y x of the magnetic and electric quadrupole polarisabilty
in respectively the TM and TE configurations.
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Figure 5.11 – A) Transmission (blue) and phase modulation (orange) dependence with wavelength for a
metasurface made of Si clusters of radius 390nm with a surface fill fraction of 0.7. B) Excited components
in the cartesian basis of the dipolar polarisabilities C) Excited components in the cartesian basis of the
quadrupolar tensor polarisabilities. D) and G) present respectively the evolution of the transmission with
the angle of incidence for TM and TE illumination. The couples {(E),F)} and {(H),I)} present the same quan-
tities as {(B),C)} for a metasurface illuminated under an angle of incidence of 3° for respectively the TM and
TE configurations.

To conclude, the study performed here, reveals the multipolar content of additional reso-
nances attributed to anti-symmetric localized Bloch modes in [36]. The drop in transmission ac-
companied by the excitation of these additional resonances can significantly lower the efficiency
of the devices designed for normal incidence. This would be the case in a situation where the
impinging beam is poorly collimated or under a slightly tilted incidence. Also, we believe that re-
gions of high transmission exploited in practice by the Huygens metasurface devices should be
truncated as much as possible from the areas of appearance of those peaks at the early stages of
the design procedure, in order to guarantee a good efficiency and a better angular robustness to
the devices despite experimental difficulties.
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5.4 Perfect Absorbers

Under the assumption that the multipoles of a single particle are only weakly perturbed by the
array, the multipolar description presented in section 4.3.2.a becomes a powerful tool for design-
ing perfect absorbers. Indeed, in a first step, the perfect absorption condition given by eq. (5.9)

π

k2

∞∑
n=1

On = π

k2

∞∑
n=1

En =S (5.17)

can be tested on single isolated particle multipoles before resorting to periodic calculation much
heavier numerically. This preliminary step is performed in our case with the T -matrix method or
Mie theory since we focus on objects of spherical geometry. This allows us to identify and design
meta-atoms that are good candidates for achieving total absorption in a metasurface. Relevant
meta-atoms are those that closely satisfy the Kerker condition and for which the sum of multi-
poles normalized by π/k2 are real and are greater than S∗, the unit-cell area corresponding to
the limiting case of an array of maximum compacity. Neglecting the lattice effects, these criteria
ensure the existence of a metasurface of unit-cell area S satisfying eq. (5.17). We want to empha-
size that since the formalism employed here is generalized to multipoles of any order, it makes it
possible to design dipolar or strongly multipolar systems without added difficulty.

Obviously, since the coupling between particles is omitted, this approach is not infallible. Due
to the lattice interactions, adjustments of the initial design of the meta-atoms are usually neces-
sary when verifying the properties of the periodic arrays. In some cases even, an optimization of
the absorption might be impossible to reach. Even though we may not be able to systematically
identify all possible absorber designs, this simplified approach provides a guideline for designing
absorbers by restricting the range of parameters to be explored.

Thus, in the rest of this chapter we will present a wide selection of absorbers that we have been
designing using the approach described above, and which are all based on particles achievable
through bottom-up fabrication routes.

5.4.1 Absorbers based on dielectric and plasmonic spherical particles

5.4.1.a Dielectric particles

Dielectric materials exploiting phonon resonances and for which ℑ(N ) is high enough to gen-
erate non-radiative losses, has recently been pointed out as a promising platform for obtaining
perfect absorber with the Huygens-Kerker regime. However, most of the proposed structures so
far consist in dipolar nanodisks [11–13, 55–57]. In this part, we reveal, through two examples, that
dense arrays of spherical particles behaving in a highly multipolar regime constitute an interesting
alternative that would suit colloidal self-assembly fabrication process.

First we consider a homogeneous micro-sphere made of silica (SiO2) with a radius R = 4.12µm.
The sphere is initially examined individually through Mie theory and R is tuned in the mid-infrared
region to exploit the phonon resonance that occurs near 10 µm. As mentioned in the introduc-
tion of this part, the particle size is chosen to satisfy the generalized Kerker condition

∑∞
n=1O′

n =∑∞
n=1E ′

n , where the priming denotes the coefficients of the isolated particle. In addition, the sums
(π/k2)

∑O′
n and (π/k2)

∑∞
n=1E ′

n , plotted on Fig. 5.12-A, must be real and larger than S∗ = (2R)2,
considered as the threshold value for possibly reaching the zero transmission condition (5.10).
Figure 5.12-A evidences that these conditions are met for this design at wavelengths near 10.1 µm
indicated by the red shaded area. Moreover, on the basis of the values taken by the real part of
the sums of multipoles, it is possible to assess that a metasurface with a surface density slightly
below that of the array of maximum compactness should enable the absorption conditions to be
achieved.

Therefore, we next simulate an array of these particles with a fill fraction fs = 0.7, as illustrated
by Fig. 5.12-E, corresponding to a unit-cell area S reported on Fig. 5.12-A. The multipole sums of
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the particles in the array are plotted on Fig. 5.12-B and compared to S . The perfect absorption
conditions (5.17) is closely satisfied by the metasurface. Compared to the isolated case, the cou-
pling induce only a slight change on the amplitude of the scattering coefficients as well as on the
wavelength at which the conditions (5.17) are satisfied. In this case our design strategy is efficient.
Figure 5.12-C shows the spectra of R, T , and A of the array. The quantities calculated directly from
COMSOL Multiphysics through the knowledge of the S-parameters at the ports of the domain, are
compared to those retrieved using the multipoles. An excellent agreement is found. As expected,
perfect absorption is reached at a wavelength close to 10.2 µm. As revealed by Fig. 5.12-D, the
system operates in a heavily multipolar regime (see gray region), where at least 8 multipoles are
required to account for the perfect absorption behavior. To our knowledge, it is the first time such
a multipolar perfect absorber is evidenced up to now.
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Figure 5.12 – Perfect absorption with SiO2 particles. A) Wavelength dependence of the sum of even (blue)
and odd (red) multipole coefficients, normalized by k2/π, of an individual SiO2 microsphere in vacuum
that is 4.12µm in radius. The black dotted line represents S∗, the area of the smallest unit-cell achievable
for a compact lattice. B) Sum of even and odd multipole coefficients of SiO2 microspheres in an infinite
square array with a surface fill fraction of 0.7. The black continuous line is the area of the lattice unit-cell. C)
Spectra of R, T and A calculated for the SiO2 metasurface and reproduced using the multipole coefficients
(circle points). D) Spectra of the modulus of the retrieved multipole coefficients of the particles in the array.
E) Geometry of the considered SiO2 metasurface. F) Evolution of the absorption spectrum with the surface
density of the array. The white line corresponds to the diffraction limit.

In addition, we see that the absorption band of this array is quite broad, reaching values of
at least 0.9 in the 9.3µm-10.3µm range. This is explained by the presence of many multipoles on
this spectral band. In contrast to dipolar absorbers requiring degenerate resonances with a nar-
row operating band at the resonance wavelength, by combining many multipoles, the appropriate
conditions are less stringent and can be achieved over a wider spectral band as observed in Figs.
5.12-A and B.

Figure 5.12-F shows the dependence of the absorption with the grating pitch. It can be seen
that the filling surface fraction has a minor influence on the absorption which is maintained at very
high values above the diffraction limit. In the same way, Fig. 5.13 shows the angular dependence
of the design. For both TE and TM polarisations the absorption is maintained up to the diffraction
limit (indicated by the withe line on the figures) and remains at high values beyond.
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Figure 5.13 – Dependency of the SiO2 metasurface absorption with the angle of incidence under A) TE and
B) TM illumination. White lines correspond to the diffraction limit. The filling fraction of the array is 0.7. C)
Angle dependence of the absorption at λ= 10.25µm.

Let consider a second system consisting of a aluminium oxide (Al2O3) particle with a radius
of 9.3µm. As before, the study of the multipoles of the isolated scatterer, carried out using Mie
theory and presented on Fig. 5.14, reveals that it is a good candidate for absorption applications.
Indeed, the sums of the multipole coefficients strongly approximate the required conditions on a
band around 20.5µm shown in red in Fig. 5.14-A.
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Figure 5.14 – Perfect absorption with Al2O3 particles. A) Wavelength dependence of the sum of even (blue)
and odd (red) multipole coefficients of an individual Al2O3 microsphere in vacuum that is 9.3µm in radius.
The black dotted line is S∗, the area of the smallest unit-cell achievable for a compact lattice. B) Sum of even
and odd multipole coefficients of Al2O3 microspheres in an infinite square array with a surface fill fraction
of 0.7. The black continuous line corresponds to the area of the lattice unit-cell. C) Corresponding spectra
of R, T and A, and reproduced using the multipole coefficients (circle points). D) Spectra of the modulus
of the retrieved multipole coefficients of the particles in the array. E) Geometry of the considered Al2O3

metasurface. F) Contributions of even (blue) and odd (red) modes to the absorption. On panels B,C,D and
F, the diffraction limit is indicated by the gray dotted vertical line.

The particles are then organized to form a lattice of surface filling fraction fs = 0.7 as illustrated
on Fig. 5.14-E. The multipolar decomposition of the array is presented on Fig. 5.14-B. This time, for
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wavelengths between 21µm and 22µm, the multipoles are strongly affected by lattice interactions,
especially the even multipoles, whose sums undergo a significant red-shift. However, in the band
around 20.5µm identified before, the perfect absorption conditions are still fairly satisfied by the
array. On Fig. 5.14-C, it can be seen that 98.4% of absorption is therefore reached by the array at
λ= 20.41 µm with only 1.3% of reflection resulting from the small mismatch in amplitude, visible
on 5.14-B, between the even and odd multipoles in this region of the spectra.

As in the previous example, the near total absorption at this wavelength results from the excita-
tion of numerous electric and magnetic multipoles up to the 4th order, as highlighted in Fig. 5.14-
D. A broadband absorption greater than 90% is also observed between 20.5µm and the diffraction
limit represented by the gray dotted vertical line. Additionally, Fig. 5.14-F evidences that even and
odd multipoles contribute to approximately half the absorption each in this large band of wave-
length, which is characteristic of symmetric perfect absorbers as mentioned in section 5.2.1.b.

We have shown with this part the possibility of using dense arrays of dielectric particles in a
multipolar regime to obtain a unitary absorption. Although the phonon resonances of SiO2 and
Al2O3 in the far infrared have been exploited for this purpose, the results remain transposable to
other wavelengths. The design is totally scalable, for example to the near infrared and visible,
provided that dielectrics with similar index values can be used. For the considered examples, the
refractive index of SiO2 is 2.35+0.26i at λ= 10.25µm while that of Al2O3 at λ= 20.41µm is 1.94+
0.57i .

5.4.1.b Plasmonic particles

Small plasmonic nanoparticles are known to behave as perfect electric dipoles. However, an
increase in the particle size lead to the excitation of higher order plasmonic resonances. In par-
ticular, the first excited higher order mode corresponds to an electric quadrupole whose radiation
pattern has an opposite symmetry to that of the electric dipole. In this part we show that dipolar
and quadrupolar electric resonances of plasmonic particles occurring in the same range of wave-
length can be tuned in arrays to reach the Kerker regime and enable perfect absorpting metasur-
faces.

We consider in the following a silver nanoparticle of radius 78nm. The silver data are taken
from Palik’s handbook [58]. As evidenced by Fig. 5.15-A, such a particle presents a broad elec-
tric dipole resonance extending in the visible domain, as well as a narrower electric quadrupole
resonance excited at 365nm. Although the degeneracy conditions are not perfectly fulfilled for
this isolated scatterer, the simultaneous excitation of these two resonances of opposite symmetry
with similar amplitudes and at overlapping wavelengths suggest it may nonetheless be exploited
to reach the total absorption regime in a metasurface.

Also, we simulated metasurfaces consisting of square arrays of these particles. Figure 5.15-F
shows the evolution of the absorption of this plasmonic array as a function of its surface fraction.
A rather high absorption is obtained in the excitation region of the quadrupolar resonance, taking
values around 80% towards 365nm for surface fractions between 0.2 and 0.6. At higher densities, a
strong red-shift of the absorption peak is observed. The plasmonic metasurface response is more
strongly impacted in high-density regimes than with previously studied dielectric analogues. This
is explained by the large field enhancement obtained between neighbouring plasmonic particles
resulting in strong near-field interaction. Moreover, for surface fractions above 0.7, a quasi uni-
tary absorption is reached. In Figs. 5.15-B,C,D, we study in more detail the array illustrated in
Fig. 5.15-E obtained for a surface fraction of 0.75 close to maximum compactness. The multipolar
decomposition applied to this array reveals a quadrupolar resonance around 435nm which has
therefore undergone a significant red-shift compared with the isolated case. The red-shift of plas-
monic resonances is a well-known result for particle dimers. By decreasing the gap between two
neighbouring particles, their resonances start to hybridize, and the position of their resonances
peak red-shift. The red-shift gets more important as the gap is narrowed. This same phenomenon
is found here for high density arrays for which inter-particle distances are smaller.
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Figure 5.15 – Perfect absorption with Ag particles. A) Wavelength dependence of the modulus of the mul-
tipole coefficients of an individual Ag particle in vacuum that is 78nm in radius. B) Spectra of the modulus
of the multipole coefficients for a square infinite array of silver particles with a surface fill fraction of 0.75.
C) Spectra of R, T and A calculated for the metasurface and reproduced using the multipole coefficients
(circle points). D) Sum of even (blue) and odd (red) multipole coefficients of the Ag particles in the meta-
surface. The black continuous line is the area of the lattice unit-cell. E) Geometry of the considered dense
Ag metasurface. F) Evolution of the absorption spectrum with the surface density of the array.

Figures 5.15-D and B show that due to the spectral tuning of the electric quadrupolar reso-
nance, the conditions of perfect absorption are met in the grey region around 435nm. There, the
balance between even and odd modes produces the cancellation of both the transmitted and re-
flected waves through destructive interferences, resulting in the perfect absorption observed on
panel 5.15-C. A maximum of 98.6% of absorption is achieved at 435nm.

Although small plasmonic particles have been used for a long time for absorber applications,
traditional designs require however the use of a reflecting substrate [59–61]. Indeed, we recall the
absorption by a mono-layer of small dipolar particles faces the fundamental limitation that 50% of
the incident energy can be absorbed at maximum. Here we revealed instead that by exploiting the
two first plasmonic resonances of the particles, the absorption can be realized within a single layer
metasurface without the need of a backing metallic layer. A similar idea was previously advanced
in [10]. The authors proposed to use dense arrays of large silver spheres of radius 148nm. A unitary
absorption was obtained in their case on a large band of wavelengths between 250nm and 285nm.
However the contribution of the electric quadrupole and higher order modes was disregarded in
that work and the origin of the absorption was therefore not evidenced. Since their broadband
absorption was obtained at shorter wavelengths than the operating wavelength of our design, it
is likely it originated from the balance of numerous multipoles of higher order. We can notice in
addition that their proposed design is thicker than the wavelength and presents an absorption in
the diffractive region of the array, while we achieve in our case an absorption in the visible and
using a subwalength layer.

Alternatively, in the same paper, the authors also proposed to use dense monolayers of silver
particles encapsulated in an homogeneous dielectric layer to reach absorption in the visible. In
this case, they revealed an artificial magnetic response originating from circulating electric cur-
rents taking place in the dielectric media, at the close vicinity of the particles. In addition, most
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of the energy was dissipated in their n-doped silicon dielectric slab. Altough it is an interesting
alternative, the physics of this design is rather different to the one we propose here where all the
absorption is realized within the particles.

Therefore, the idea of exploiting the electric dipole and quadrupole plasmonic resonances of
spherical particles is presented here as an original idea. We have to acknowledge that these 2
multipoles giving radiation of opposite parity were already exploited to reach total absorption in
a more complex structure [62]. The authors employed in this case metallic nanodisks filled with
dielectric placed on a dielectric substrate. However the substrate was shown to play an important
role in this case, breaking the symmetry of the proposed device, and as a result total absorption
was reached for illumination from one side of the array only.

5.4.2 Total absorption with core-shells

5.4.2.a Dipolar core-shells

Infinite grating of perfectly conducting rods coated by lossy dielectrics were among the first
proposed designs of symmetric single-layer perfect absorber [9]. The authors showed that the
electric and magnetic dipole moments of the structure could be balanced by adjusting the cladding
layer to form Huygens pairs while the right amount of dissipative loss can additionally ensure full
absorption by the array. The 3D equivalent of this structure, i .e. spherical core-shell particles,
was presented a year later as an alternative structure to realize symmetric absorbers in the in-
frared [10]. More recently, optimization of the absorption with both coated nanowire or spherical
core-shell was investigated [63, 64] showing the possibility to achieve high absorption at different
wavelengths in the visible using a large combination of plasmonic and dielectric media. How-
ever, it should be mentioned that these last studies were performed on isolated particles, not on
metasurfaces.

In this part we revisit the spherical metallo-dielectric core-shell based metasurface absorber
to evidence that our design strategy can be efficiently applied to this dipolar system. The absorp-
tion peak of the array can be easily tuned at different wavelengths in the near infrared domain by
adjusting a few design parameters.

As an example, we consider a model core-shell made of a silver core of radius 50nm covered by
a 145nm thick dielectric layer of refractive index 2.5+0.08i. The design geometry is tuned to ensure
electric and magnetic resonances at the same wavelength while the index of the dielectric layer is
chosen to guarantee both electric and magnetic responses of similar amplitudes as well as suffi-
cient losses for the absorption to occur. As it can be seen on Fig. 5.16-A, the normalized sums of
multipoles, obtained with the extended Mie theory for multi-layered spherical particles, meet the
perfect absorption requirement in the spectral region evidenced by the red shaded area around
990nm. The imaginary part of both sums of coefficients rigorously cancel at close wavelengths
while the real parts take similar values indicating that the Kerker condition is closely met. More-
over, since the real parts take large values compared to S∗, an optimization of the absorption can
be expected for arrays of low surface fraction (in contrast to the very dense metasurfaces studied
previously).

We then turn to a metasurface composed of these core-shells. The evolution of the absorption
with the surface fraction is presented in Fig. 5.16-G. As expected, a strong absorption is observed
at the wavelengths of the dipole resonances for relatively low surface fractions, of the order of
fs = 0.2. At low density, the absorption peak also undergoes an important red-shift due to the cou-
pling of the particle resonances to the lattice resonances at the onset of the diffraction limit. In
particular, perfect absorption is observed for a surface fill fraction of 0.187, corresponding to a lat-
tice periodicity of 800nm, as shown in Fig. 5.16-C. For this metasurface, the absorption conditions
are presented in Fig. 5.16-B. It is interesting to note that the conditions are met at wavelengths
of 1001nm very close to that determined when studying the isolated meta-atom. The overlap of
the even and odd modes is nearly perfect in this range and Fig. 5.16-D shows an almost exclu-
sive contribution from the dipoles. The excellent spectral overlap of the two resonances results in
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the extremely low reflection, below 2%, observed over the entire spectrum covered by them. The
response of the array is therefore close to that of the ideal dipolar Huygens absorber investigated
with the Lorentzian model in section 5.2.1.b, with a suppression of the transmission observed at
the resonance of the dipole. Additionally on Figs. 5.16-A,B, it can be noticed that the multipole
coefficients are enhanced by the lattice coupling in the dilute regime. The balance between the
unit-cell area and the real part of the sums is optimized for a surface area S finally higher than
that expected at first when studying the isolated particle. Therefore, although obtaining the Kerker
condition can be approached in a robust way by engineering the isolated core-shell, the optimum
lattice pitch is still needed to be found step by step by fully taking into account the coupling be-
tween the particles in arrays in this case.
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Figure 5.16 – Perfect absorption with metallo-dielectric core-shells. A) Wavelength dependence of the sum
of even (blue) and odd (red) multipole coefficients of an individual core-shell in vacuum. The particle con-
sists in a silver core of 50nm radius surrounded by a dielectric shell of constant refractive index of 2.5+0.08i .
The outer radius is 195nm. B) Sum of even and odd multipole coefficients of the core-shell particles assem-
bled in an infinite square array with a surface fill fraction of 0.187. The black continuous line corresponds to
the area of the lattice unit-cell. C) corresponding spectra of R, T and A also reproduced using the multipole
coefficients (circle points). D) Spectra of the modulus of the retrieved multipole coefficients of the particles
in the array. Maps of the normalized electric E) and magnetic F) field at the maximum of absorption for
λ = 1001nm. The arrows indicate the direction of the electric field in the dielectric and metallic layers. G)
Evolution of the absorption spectrum with the surface density of the array.

It is interesting to note that at the absorption maximum of Fig. 5.16-C, 91% of the energy is
dissipated within the dielectric layer while 9% only within the plasmonic core. The mapping of
the normalized electric and magnetic field in the unit-cell, obtained at the wavelength of 1001nm,
are presented in Figs. 5.16-E and F. Figure 5.16-E clearly evidence the electric dipole behaviour of
the localized plasmon resonance taking place at the interface between the metallic core and the
dielectric layer while the magnetic field on Fig. 5.16-F is mainly localised inside the dielectric layer
characteristic of a magnetic dipole resonance of dielectric particles. The strong field enhancement
mostly observed in the dielectric coating is consistent with the high dissipation of energy occur-
ring in the shell.

In Fig. 5.17, we further investigate the angular dependence of the absorption peak of the meta-
surface whose lattice periodicity is 800nm. As can be seen, for both polarization, the absorption
peak is conserved for angle up to 15° corresponding to the diffraction limit. At higher values in
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the diffractive regime (white lines on the color-maps) the absorption is significantly reduced for
certain angles, different for the TE and TM polarization, due to the crossing of additional angle
dependant modes. No further investigations have been carried out to analyse this behaviour.
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Figure 5.17 – Angular dependency of the absorption of the metasurface made from the metallo-dielectric
core-shell particles of radius 195nm under A) TE and B) TM illumination. White lines correspond to the
diffraction regime limit. The filling fraction of the array is 0.187. C) Angle dependence of the absorption at
λ= 1001nm.

5.4.2.b Tunable absorption peaks in the infrared domain

The perfect absorption obtained in the previous section at 1000nm can be tuned by realiz-
ing slight changes in the design. Figure 5.18 indeed reveals that near perfect absorption can be
achieved at any wavelength in most of the near infrared domain, from 800nm to 1700nm.

To illustrate the main trend in required size and material index, seven examples are presented
on Fig. 5.18-A and their corresponding parameters are reported in the table of Fig. 5.18-B. The
metasurface studied in the previous part corresponds to design 3). By decreasing the over all size
of the core-shell particles while keeping the index of the shell unchanged, a blue shift is observed
in the resonances, resulting in an absorption peak at the edge of the visible domain for design 1).
Nevertheless, absorption at lower wavelengths in the visible are hard to get due to the fact that by
further decreasing the core size, the electric dipole resonance associated with the localized surface
plasmon becomes much less pronounced and the core-shell response begins to closely resemble
that of a simple dielectric particle without the silver core. On the other hand coming back to design
3) as a starting point, increasing the index of the shell from 2.5 to 3 and 3.5, resonances at higher
wavelengths are achieved for design 4) and 6) leading to absorption peaks at respectively 1144nm
and 1304nm. The size of the plasmonic core in this case is kept while that of the shell undergoes
a small adjustment only to ensure that the Kerker condition is fulfilled. Finally, reaching higher
wavelengths requires both a bigger meta-atom and a higher index dielectric shell. To illustrate
this, an absorption of 94% is reached at 1715nm for design 7) consisting in a R = 215nm big core-
shell particle in radius with a metal core of r = 65nm and a shell of index 4+0.05i. Optimizing the
absorption at higher wavelengths might be possible by further increasing the size and refractive
index of the structure but has not been studied in any more detail here.

On the other hand, we studied for two examples the impact of the core plasmonic material.
Taking as a starting point the arrays 1) and 4) and replacing the Ag core with Au ones of the same
size, arrays 2) and 5) can respectively be obtained. Interestingly, it appears that the designs are not
strongly impacted by the core material. Indeed a slight increase of only a few nm in the size of the
dielectric layer allows in either case to reach a near perfect absorption for surface density values
very close to that of the original Ag designs. Therefore, both Ag and Au core-shell particles might
be promising building blocks for perfect absorber applications in the near infrared domain.

137



CHAPTER 5. MULTIPOLAR HUYGENS METASURFACES

Design r (nm) R (nm) Ncore Nshell fs λ abs (nm)

1) 32 150 Ag 2.5+0.08i 0.167 781

2) 32 155 Au 2.5+0.08i 0.179 806

3) 50 195 Ag 2.5+0.08i 0.187 998

4) 50 182 Ag 3+0.05i 0.106 1144

5) 50 186 Au 3+0.05i 0.111 1169

6) 50 177 Ag 3.5+0.05i 0.068 1304

7) 65 215 Ag 4+0.05i 0.101 1715
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Figure 5.18 – A) Near-perfect absorption obtained at various frequencies within a wide frequency band in
the near infrared by changing the core-shell geometry and composition. The corresponding parameters for
each design are presented in B).

5.4.2.c Broadband absorption with multipolar core-shells

While in the previous section dipolar core-shells were studied to realize resonant absorption,
core-shell designs were also proposed by Ra’di et al . [10] to obtain a high broadband absorption
in the visible. However, since the origin of the large absorption band was not clearly revealed in
their work, as we will show later, we find pertinent in this part to apply our multipole decompo-
sition method to their system to evidence the multipolar nature of their absorbers and properly
differentiate the origin of the broadband absorption from that of the resonant one obtained in the
last section.

The design studied in [10] is reproduced in Fig. 5.19-A, Figs. 5.19-A,B,C being directly extracted
from their work. It consists in a silver core of r = 104nm in radius covered by a thin layer of n-doped
silicon of thickness 16nm. The particles are arranged in a square array with a 250nm periodicity.
The absorption graph obtained in their case for the layer is reproduced on Fig. 5.19-B and reveals
a broad absorption band from 1200THz to 500Thz, corresponding respectively to wavelengths of
250nm and 600nm. The absorption is maintained at a value higher than 80% in this range.

The absorption conditions are reproduced here:

η0α̂ee = α̂mm

η0
= iS
ω

(5.18)

corresponding to the dipolar case (see equation (5.13)) with polarisabilities defined as α̂ee =αe /ε0

and α̂mm = αm/µ0. This system was investigated by the author on the graph reproduced on Fig.
5.19-C. This plot shows the electric and magnetic dipolar polarisabilities, for which the real parts
oscillate around zero and the imaginary parts around the appropriate value of 1/ω. This condition
was used by the authors as evidence that the broadband absorption was originating from the large
spectral balancing of two properly tuned electric and magnetic dipoles. However due to the large
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size of the meta-atoms considered and from the aspect of the absorption band in Fig. 5.19-B, we
know that the sole consideration of the dipole moments is insufficient to explain the absorption
exhibited here, and that multipolar resonances of higher order must necessarily be involved.
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Figure 5.19 – A) Geometry of the design proposed in [10]. The resonator consists in a silver core of 104nm in
radius surrounded by a 16nm thick layer of n-doped silicon. B) Absorption as a function of the frequency. C)
Normalized effective electric and magnetic polarisabilities retrieved from the reflection and transmission
coefficient assuming a dipole approximation. D) Wavelength dependence of the sum of even (blue) and
odd (red) multipole coefficients of the core-shells in a metasurface with a lattice periodicity of 250nm. E)
Spectra of the modulus of the retrieved multipole coefficients of the particles in the array. F) Spectra of R,
T and A calculated from the S-parameters and reproduced using the multipole coefficients (circle points).
Panels A,B and C are directly taken from [10].

To evidence this statement and reveal the origin of the broadband absorption, we applied our
multipolar decomposition technic to the core-shell mono-layer. Figure 5.19-E indeed reveals that
the broadband absorption, well reproduced on Fig. 5.19-F, involves a combined excitation of the
dipole, quadrupole and octupole resonances of the particles. The fulfillment of the generalized
absorption condition is investigated on Fig. 5.19-D presenting the normalized sums of the sym-
metric and anti-symmetric multipoles. Because the absorption does not rise above 90% it is not
possible to identify a region of the spectrum where perfect absorption conditions are rigorously
met. Therefore, the absorption condition is only loosely satisfied as the cancellation of R and T
arise at separated wavelengths in the spectra. One can, for example, identify that the Kerker condi-
tion is closely satisfied at wavelengths close to 290nm and 500nm where the sums of odd and even
multipoles are nearly the same, near the crossing points of their imaginary or real parts. These
regions coincide with the reflection minima observed on Fig. 5.19-F. Similarly, the low transmis-
sion observed around 450nm and 600nm comes from a small imaginary part of coefficient sums at
these wavelengths with a real part higher thanS for one and lower thanS for the other, leading to a
resulting sum of multipoles of about 2S as required for the cancellation of t (see eq. (5.10)). More-
over, in the range between 250nm and 550nm, the imaginary (real) part of the coefficient sums
oscillate relatively close to zero (to S). The overall reflection and transmission remain therefore
low and broadband absorption occurs.

In fact, the authors failed to properly explain the origin of the absorption in their system as
their whole study relied on the dipolar approximation. The polaribalities they presented on Fig.
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5.19-C were not calculated through a multipole expansion, but from the knowledge of r and t , by
inverting the equations (4.52) and (4.53) linking the transmission and reflection coefficient to po-
larisabilities in the dipole approximation. This inverse retrieval procedure cannot be successfully
applied to this system due to the excited higher order multipoles we revealed.

To conclude, we believe the generalized multipolar formalism is ideal to understand and op-
timize devices that exhibit broadband absorption. We have illustrated it here by applying the for-
malism to the case of metallo-dielectric core-shell particles which were presented by Ra’di et al .
[10] as a promising system for realizing broadband absorption in the visible.

5.4.2.d All-dielectric core-shells

In this section we adress the possibility to reach the perfect absorption regime with all dielec-
tric core-shells.
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Figure 5.20 – Perfect absorption with all dielectric core-shell particles. A) Wavelength dependence of the
multipole coefficients of a single core-shell consisting in a dielectric core of 100nm radius and a constant
refractive index of 3+0.03i surrounded by a dielectric shell of refractive index equal to 1.5+0.03i . The radius
of the entire particle is 300nm. B) Spectra of R, T and A calculated for the metasurface and reproduced
using the multipole coefficients. C) Spectra of the modulus of the retrieved multipole coefficients of the
meta-atoms in the array. D) Sum of even and odd multipole coefficients of the core-shell in a square array
with a surface fill fraction of 0.7. E) Maps of the norm of the normalized electric field and F) normalized
magnetic field at the maximum of absorption for λ= 802nm.

We consider first an individual model core-shell with a radius of 300nm, composed of a dielec-
tric core of 100nm radius with an index of 3+0.03i and surrounded by a dielectric shell of index
1.5+0.03i. The multipole coefficients of this meta-atom are shown on Fig. 5.20-A. The figure re-
veals an overlap two by two of the multipoles of same degree. As mentioned in section 3.4.2, this
characteristic originates from the encapsulation of the core of high index by the dielectric layer of
lower index that render the core-shell particle well impedance matched with the exterior environ-
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ment. Since this meta-atom exhibits the features of a broadband Huygens source, the introduction
of the losses in the dielectric layers should make it possible for the total absorption regime to take
place.

As evidence on Fig. 5.20-B, a near perfect absorption of 97.5% is indeed achieved at the wave-
length of 802nm for an array assembled with a surface fill fraction of 0.7. The multipolar decompo-
sition presented on Fig. 5.20-C indicates that both dipolar and quadrupolar resonances are excited
in the grey shaded area in which the total absorption is achieved. Although the multipolar content
of the particles in the array is essentially the same as that of the isolated core-shell between 650nm
and 1000nm, the excited multipoles are however significantly affected by the coupling effects be-
tween particles. In particular, the strong modification observed at the lowest wavelengths which
results in the additional resonance peaks around 660nm, are a signature of the lattice resonances,
the Rayleigh cut-off wavelength being at 635nm for this array. Although the above mentioned
changes indicate that the hypothesis of weak coupling is not applicable, the overlapping two by
two of the multipoles is substantially preserved, which shows our design strategy is sound. Indeed,
the sums of symmetric and anti-symmetric multipoles are ploted on Fig. 5.20-D which reveals an
excellent superposition of multipoles of opposite parity, resulting in a near zero reflection (Kerker
condition) observed between 700nm and 1000nm.

In addition, at the position of the maximum of absorption, 88% of the energy is dissipated
in the shell. This result may come as a surprise, since the refractive index of both the core and
the shell have equal imaginary parts (0.03). However, the mapping of the electric field presented
at λ =802nm on Fig. 5.20-E, reveals a field distribution very similar to the one observed for the
metallo-dielectric core-shell, with a strong field enhancement in the dielectric surrounding the
core. It is therefore not surprising that the absorption is distributed in a similar manner. In con-
trast with the other metallic core-shell systems however, the mapping of the magnetic field on Fig.
5.20-F, reveals its strong localization in the central particle of higher index, indicating this time the
important contribution of the core to the magnetic response. Electric and magnetic dipoles dom-
inating the response of the particles at 802nm, the dipolar field distributions remain identifiable
on the maps of Figs. 5.20-E,F.
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Figure 5.21 – Angular dependency of the absorption of the metasurface made from the all dielectric core-
shell particles of radius 300nm under A) TE and B) TM illumination. White lines correspond to the diffrac-
tion limit. The filling fraction of the array is 0.7. C) Angle dependence of the absorption at λ= 802nm.

The angular dependency has also been studied for this design and is presented on Fig. 5.21.
The angular robustness of the absorption is weak. A somewhat large absorption is maintained up
to the diffraction limit, however, it is then strongly degraded in the diffractive domain.

As can be seen on Fig. 5.20-B, the resonances occurring at about 660nm leads to a second peak
of absorption. Due to a slight detuning between the even and odd multipoles, the absorption is
however not optimized, resulting in an absorption of 70% only, with 30% reflection obtained. Also,
looking at a second design that we will present in the following, we investigated the possibility of
optimizing the absorption at the position of this second peak.
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We consider a meta-atom similar to the previous one, now consisting of a core of index 3.5+0.1i
(no longer 3.0+0.03i) with a radius of 110nm (100nm before), surounded by a shell of index 1.5+0.05i
(1.5+0.03i before), the total radius of the particle being 350nm (300nm before). The multipole co-
efficients of the isolated core-shell are plotted on Fig. 5.22-A. The figure shows that, for this design
also, an overlap two by two of multipoles of same degree is obtained over the entire spectrum
leaving once again the possibility of obtaining a very low reflection.
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Figure 5.22 – Perfect absorption with all dielectric core-shells. A) Wavelength dependence of multipole
coefficients of an individual core-shell in vacuum. The particle consist in a dielectric core of 110nm radius
and a constant refractive index of 3.5 + 0.1i surrounded by a dielectric shell of refractive index equal to
1.5+0.05i . The radius of the entire particle is 350nm. The multipoles coefficients are calculated using the
extended Mie theory for core-shell particles. B) corresponding spectra of R, T and A and reproduced using
the multipole coefficients (circle points). C) Spectra of the modulus of the retrieved multipole coefficients
of the meta-atoms in the array. D) Sums of even and odd multipole coefficients of the core-shell particles
placed in an infinite square array with a surface fill fraction of 0.7. The black continuous line is the area of
the lattice unit-cell. E) Maps of the norm of the normalized electric field and F) normalized magnetic field
at the maximum of absorption for λ= 785nm.

Figure 5.22-B shows the properties obtained for an array with a surface fill fraction of 0.7. Two
peaks of high absorption are obtained, reaching 98 % at 785nm and 95% for the second peak at
947nm. The excellent overlap of the sums of symmetric and antisymmetric multipoles, resulting
in the very low reflection obtained over the wide spectrum, is clearly visible on Fig. 5.22-D. Figure
5.22-C shows that, at the position of the strongest absorption peak, the quadrupolar resonances
dominate the response of the particles, but that the contributions of the dipoles and octupoles
must also be taken into account to fully describe the metasurface response. Additionally, the maps
on Fig. 5.22-E reveal the complex electric field distribution inside the unit-cell at λ= 785nm, con-
sistent with a strongly multipolar response of the particle at this wavelength. Compared to the
core-shells previously studied, an important electric field is this time also observed in the central
particle. Nevertheless, at 785nm, 68.5% of the absorption is still dissipated in the surrounding
shell.
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To conclude this section, we have shown the possibility of using all dielectric core-shells, act-
ing as excellent broadband Huygens sources, for absorption applications. Due to the relatively
low effective index of the structure, large meta-atoms organised in dense arrays are required. We
found that two peaks of absorption can be obtained, one located close at the wavelengths where
the dipole resonances are maximum and the other one in a region where the quadrupoles dom-
inate, located close to the diffractive regime. The studies were realised on systems consisting in
only two layers, similar behaviours are neverthless expected with multilayered core-shells or even
particles with continuous gradient index, with decreasing refractive index from center to exterior.
The introduction of extra layers could in fact provide additional control parameters in the tuning
of the structure resonances. Moreover, our second design has revealed the possibility of obtaining
a dual band absorption, although the absorption peak located at the highest wavelength can still
be optimized. Finally, it should be noted that these designs have been optimized by considering
constant indices freely chosen. The adjustment of the real and imaginary parts of the indices in
both layers has therefore served as an additional control parameter allowing the fine adjustment
of the resonances. Considering instead realistic material dispersions, this additional degree of
adjustment becomes very tough to achieve, even with doped or composite materials, and might
render the optimization of the absorption by the structure more delicate or even impossible for
certain combinations of materials.

5.4.3 Cluster based perfect absorbers

In this section, we demonstrate the possibility of using clusters of particles for perfect absorber
applications. Both plasmonic and dielectric clusters are investigated.

5.4.3.a Dielectric clusters

In section 5.3.1, we found that silicon clusters can theoretically be used for wavefront control
in the infrared, where the negligible absorption loss of silicon allows to reach high values trans-
mission. On the contrary, in this part, we show that exploiting the significant absorption loss of
silicon around 400nm, perfect absorption with Si clusters can be achieved at the edge of the visible
domain.

The cluster we investigate consists in 13 Si particles of radius r = 41nm and corresponding to
a total radius R = 141nm. The properties of this cluster, studied using the T -matrix method, are
presented on Figs. 5.23-A,B. The cluster was designed to exhibit Huygens source features close
to 450nm. We see that the perfect absorption conditions are closely met for wavelengths around
440nm indicated by the red shaded area. Figure 5.23-B shows that this region corresponds to the
excitation wavelength of the quadrupolar resonances of the cluster. The dipolar resonances ex-
cited at very close wavelengths also contribute to the perfect absorption. Moreover, the overlap-
ping of the dipoles and quadrupoles two by two is at the origin of the superposition of the sums
of symmetric and anti-symmetric modes observed on Fig. 5.23-B around λ = 450nm. It suggests
that very low reflection may be obtained with cluster arrays.

Metasurfaces made of such particles are now considered. The complete dependency of the
array absorption with the grid pitch is presented further, on Fig. 5.27-B in section 5.4.3.c. It can be
seen that two peaks of high absorption are obtained around 430nm and 440nm. Interestingly, the
first band seems to be only slightly affected by the choice of the grid pitch and a high absorption at
the same wavelength remains when varying the surface fraction between the maximum compact-
ness and the diffraction limit obtained for fs ≈ 0.35 (represented by the white line in the figure).
The evolution of the second absorption band is quite different. A unitary absorption is observed
at densities in the range of fs ≈ 0.6. By diluting the array however, the absorption is weakened and
the peak position red-shifts, indicating it is much more sensitive to lattice interactions.
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Figure 5.23 – Perfect absorption with Si clusters. A) Wavelength dependence of the sum of even (blue)
and odd (red) multipole coefficients of an individual Si cluster in vacuum. The cluster is 141nm in radius
and made from 13 homogeneously distributed Si particles with 41nm radius. The black dotted line repre-
sents S∗, the area of the smallest unit-cell achievable for a close-packing of such particles. B) Spectra of
the modulus of the multipole coefficients of a single isolated cluster. The individual cluster properties are
investigated using the T -matrix method. C) Geometry of a square metasurface with a surface fill fraction
of 0.65. D) Sum of even and odd multipole coefficients of Si clusters organized in an infinite square array
with a surface fill fraction of 0.65. The black continuous line is the area of the lattice unit-cell. E) Spectra
of the modulus of the retrieved multipole coefficients of the clusters in the array. F) Spectra of R, T and A
calculated for the metasurface and retrieved using the multipole coefficients (circle points). Panels G),H)
and I) represent respectively the same quantities as D),E) and F) for a metasurface with a surface fraction of
0.45. The diffraction limit λR is indicated by the dotted black vertical line.

In order to understand more in depth the origin of the two peaks observed, two metasurfaces
are studied in more detail. The first one, presented in Figs. 5.23-D,E,F, consists of a cluster array
with a surface fraction of 0.65 for which two absorption peaks of high values are obtained (see
Fig. 5.23-F). The second one, presented in Figs. 5.23-G,H,I, consists in an array with fs = 0.45, for
which a total absorption is obtained for the peaks at shorter wavelengths while the absorption of
the second peak is close to 80% (the positions of the peaks are pointed by vertical dotted lines on
the figures).

The multipole expansion of Figs. 5.23-E,H show that the two absorption peaks are obtained in
a region where dipoles and quadrupoles coexist. We notice, however, that the first absorption peak
observed at shorter wavelengths appears on the tail of the quadrupole resonances, slightly before
reaching its maximum. On the contrary, the second peak is observed on the tail of the dipole reso-
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nance just before their maximum. As already noticed for the clusters studied in section 5.3.1, Figs.
5.23-E,H also shows that, although the quadrupole resonances are broadened when increasing the
lattice pitch, their positions are practically unaffected by the interactions between particles. For
both metasurfaces, the resonances are observed at wavelengths close to 440nm, which also corre-
sponds to the wavelengths obtained for the isolated scaterrer. On the contrary, that of the dipole
resonances vary considerably. For increasing lattice pitches, approaching the diffraction limit, the
dipole resonances undergo a significant red-shift. Thus we understand that the displacement of
the absorption peak found at high wavelengths is directly related to the red-shift of the dipole reso-
nances. In addition, Fig. 5.23-I shows that the drop in absorption occurs in favour of transmission
and reflection in equal proportions. The increase in the reflection originates from the increased
detuning between even and odd modes that can be seen on Fig. 5.23-G, that could be due to the
tail of the quadrupole resonances excited with slightly different amplitudes in this region. On the
other hand, the multipolar coefficients being strongly reinforced at low densities, the peaks of the
real parts of the sums of multipoles in Fig. 5.23-G take large values compared to S , not allow-
ing for a perfect destructive interference of the transmitted wave, hence also an increase of the
transmission. On the contrary, the first absorption peak (λ = 432nm) independent of the lattice
pitch results directly from the low impact of the interactions between particles on the quadrupole
resonance positions. This low dependence of the absorption with fs suggests that such a meta-
surface could be well suited for self-assembly manufacturing where the inter-particle distance is
less controlled than in top-down approaches. It might also indicate a relative insensitivity of the
properties of the metasurface with a certain positional disorder of the meta-atom.
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Figure 5.24 – Angular dependency of the absorption of the metasurface made from Si clusters under A)
TE and B) TM illumination. The fill fraction of the array is 0.65. C) Solid and dotted lines are the angle
dependence of the absorption at λ= 443nm and λ= 432nm respectively, corresponding to the wavelength
of the two absorption peaks obtained at normal incidence.

To complete this study, we investigate the angular stability of the two absorption peaks ob-
tained for the metasurface of fill fraction equals to 0.65. The results presented in Figs. 5.24-A,B
show the great angular robustness of the absorption at λ= 432nm whatever the transverse polari-
sations. On the contrary, as evidenced on Fig. 5.24-C, the strong absorption obtained atλ= 443nm
is found less robust and is decaying to values below 90% for angles of incidence above 10°.

We should point out the contrast between the evolution with the angle of the transmission of
the loss-less silicon cluster arrays, studied in section 5.3.3, and that of the absorption of the arrays
presented in Fig. 5.24. While the transmission in section 5.3.3 was found as strongly degraded at
small angles by the excitation of the components of the multipoles outside the metasurface plane,
here, the absorption of the silicon cluster arrays does not seem to undergo any dramatic changes
at higher angles. We have not been able to interpret the origin of this difference in behavior so far.

In addition, we would like to take the opportunity to point out that the angular performances
of the different designs have just been presented as complementary information in this chapter.
The origin of the observed properties however, whether it is a high or low stability, as well as the
presence or not of the pronounced dips in the diffractive region has not been studied in more de-
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tail from a fundamental point of view. One of the reasons for this is that the multipolar formalism
we have used is not at all suited for such a study, since it only applies under normal incidence, and
outside the diffractive domain. Its generalization for oblique incidence and for wavelengths below
λR , although theoretically possible, is beyond the scope of this work, and may not be the most ad-
equate tool for this kind of study because of the enormous amount of multipolar components that
might be excited in these cases. Nonetheless, given the very different behaviors observed from
one design to another, properly understanding the properties of the Huygens absorbers illumi-
nated at oblique incidence constitutes an interesting perspective of work, still lacking focus in the
literature.

5.4.3.b Plasmonic clusters

In this section we show that it is also possible to achieve perfect absorption with plasmonic
clusters.

We are interested in a cluster of 118nm in radius composed of 23 silver particles that are 25nm
in radius each. Figure 5.25-B shows the multipolar decomposition obtained for this isolated clus-
ter.
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Figure 5.25 – Perfect absorption with Ag clusters. A) Wavelength dependence of the sum of even (blue)
and odd (red) multipole coefficients of an individual plasmonic cluster in vacuum. The cluster is 118nm in
radius and made from 23 pseudo-homogeneously distributed Ag particles with a 25nm radius. B) Spectra of
the modulus of the multipole coefficients of a single isolated cluster. The individual cluster properties are
investigated using the T -matrix method. C) Geometry of a cluster-based square metasurface with a surface
fill fraction of 0.35. D) Sum of even and odd multipole coefficients of Si clusters organized in an infinite
square array with a surface fill fraction of 0.35. The black continuous line is the area of the lattice unit-cell.
E) Spectra of the modulus of the retrieved multipole coefficients of the clusters in the array. F) Spectra of R,
T and A calculated for the metasurface and retrieved using the multipole coefficients (circle points).

It can be seen that the electric dipole has a very wide resonance, while a magnetic dipole is ex-
cited near 430nm and preceded by a quadrupolar electric resonance near 390nm. The successive
excitation of the magnetic dipole and the electric quadrupole, provide the sum of odd multipoles
a behaviour close to that of the even multipoles dominated by the electric dipole. Although the
absorption condition is not reached the fact that both sums evolve in a similar way with an imag-
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inary part intercepting the x-axis, still suggests the possibility of reaching the Kerker regime and
perfect absorption.

Indeed, the absorption obtained for arrays of these clusters is presented in the following, in
Fig. 5.27-A of section 5.4.3.c. A large absorption band is obtained between 350nm and 400nm.
For low density arrays, close to fs = 0.35, a full absorption is achieved. Such an array is studied
in more detail in Figs. 5.25-D,E,F. The important modifications of the multipoles visible close to
the diffraction limit, due to the interactions between the particles and the coupling to the lattice
resonances of the array can be seen on Fig. 5.25-E. In particular, the two dipole resonances are
noticeably sharper than in the isolated case, resulting in an electric dipole matching relatively well
the electric quadrupolar resonance of the particles. As a result, the overlap of these two resonances
provide the absorption conditions that are met at a wavelength close to 385nm resulting in 98% of
the incident energy being absorbed on Fig. 5.25-F.

Therefore we evidence with this study the possibility of obtaining a unitary absorption from
the electric dipole and quadrupole moments of plasmonic clusters. However, since in this case the
perfect absorption condition is poorly reached at the level of the single meta-atom, the necessity
of relying on lattice interactions to properly tune the resonances makes the design research more
complex compared to systems studied so far. The design of the meta-atom and that of the lattice
can hardly be carried out independently.

5.4.3.c Tunable absorption

Design Material R (nm) r (nm) fv nh fs λ abs (nm)

1) Ag 118 25 0.22 1 0.35 385

2) Si 141 41 0,32 1 0.65 444

3) Au 120 25 0.33 1.33 0.35 547

4) Ge 250 75 0.35 1 0.6 776

5) Ge 324 97 0.35 1 0.6 1018

6) Ge 400 120 0.35 1 0.7 1221

1) 2) 3)

4) 5) 6)
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Figure 5.26 – Near-perfect absorption obtained at various frequencies A) in the visible domain by changing
the chemistry and geometry of clusters B) in the near infrared by varying the geometry of Ge particle based
clusters. The corresponding parameters for each design are listed in C).

In this part, we provide additional examples of cluster based plasmonic and dielectric ab-
sorbers to illustrate the versatility of our design procedure.
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To begin, exploiting the surface plasmon absorption band of gold particles close to 550nm, a
near perfect absorption in the visible domain with gold cluster arrays can be achieved as presented
on Fig. 5.26-A. The design, denoted as 3) on Fig. 5.26-A consists in a cluster of radius 120nm made
from 36 Au particles. The surface fraction ( fs) dependency of the absorption of the metasurface
is shown on Fig. 5.27-C. It reveals a behaviour close to that of the silver arrays, revealing that the
underlying physics behind the high absorption is similar. A maximum of absorption of 96% at
558nm is achieved for a surface fraction of 0.33 similar to that of the silver cluster metasurfaces.
We can mention that due to the difficulty in obtaining the Huygens regime with this design, a
modification of the surrounding medium is introduced in this case as an additional parameter to
approaching the perfect absorption condition. Therefore the host medium was taken as water for
this specific array.
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Figure 5.27 – Evolution of the absorption spectra with the surface fill fraction for metasurfaces made of A)
clusters of 118nm in radius made from 23 Ag particles with 25nm radius, B) clusters of 141nm in radius
made from 13 Si particles with 41nm radius, C) clusters of 120nm in radius made from 36 Au particles with
25nm radius and D) clusters of 250nm in radius made from 13 Ge particles with 75nm radius

We also investigated germanium (Ge) clusters for the infrared domain. Germanium exhibits
both important absorption losses in the visible and at the onset of the near infrared domain as well
as a high refractive index, taking near constant values close to 4 on this range. Due to these two
properties, total absorption by a Ge cluster lattice is possible and, compared to silicon, the design
is easily scalable to achieve absorption at different wavelengths. The tunability of the absorption
peak between 800nm and 1250nm is evidenced for three designs on Fig. 5.26-B. In each case,
the clusters consist of 13 particles of germanium homogeneously packed with a volume density
of 0.35. As can be seen on table 5.26-C, the modulation of the position of the absorption peak is
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obtained by a simple variation in the particle size, the optimal surface fractions being very close
in the range of 0.6 to 0.7. In addition, the evolution of the absorption with the lattice density
is presented for one of the designs on Fig. 5.27-D. We see an evolution very similar to that of
the silicon metasurface on panel 5.27-B, revealing that the underlying physics and the multipolar
origin of the absorption band are identical. This explains why the designs presented in this section
have not been the object of a detailed presentation.

In conclusion, we have revealed clusters of particles as an ideal platform for perfect absorber
applications. It is applicable to various lossy materials, both plasmonic and dielectric, the one
studied here constituting a non-comprehensive list. With Figs. 5.26-A,B we have also shown the
possibility of reaching perfect absorption in a wide spectral range in the visible and near infrared
domain depending on the material used, with potentially tunable absorption peaks and scalable
designs when allowed by the material refractive index dispersion. The results presented here re-
main entirely transferable to other regions of the electromagnetic spectrum.

5.5 Concluding remarks

In this chapter we explored Huygens metasurfaces for achieving wavefront manipulation and
perfect absorption. We considered building-blocks of the same types as those studied in chapter
3. The original contributions are listed below:

• First of all, we have successfully demonstrated that beam shaping was possible with arrays
of silicon clusters in the near infrared domain. Phase modulation combined with high trans-
mittance is obtained by varying cluster size or/and lattice pitch. Following these results, we
have exploited the phase variation to design both a beam deflector and a lens.

• The originality of this work also resides in the exploitation of overlapping quadrupolar res-
onances, compared to common realizations relying on dipolar resonances. The benefits of
this approach can be found in the low sensitivity of quadrupole resonances to variation of
lattice pitch.

• Also, the generalized multipolar formalism presented in section 4.3.2.a has been applied
here in an original way to the problem of perfect absorption. The complete absorption con-
ditions, first tested on single meta-atoms, allowed an identification of a large number of
building-blocks suitable for absorber applications.

• Among the presented designs, we have demonstrated in particular the possibility to obtain
perfect absorption with dense arrays of large silver spheres exploiting interferences between
their electric dipole and quadrupole resonances. Clusters of lossy dielectrics also turn out to
be excellent candidates for perfect absorption. They exhibit strong absorption peaks weakly
affected by lattice filling fractions, as well as an interesting scalability demonstrated for the
Ge-based absorber.
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CHAPTER 6. CONCLUSIONS AND OUTLOOK

The field of Huygens metasurfaces is recent and has experienced a rapid development. The
main objective of this thesis work was to study the feasibility of Huygens sources and metasurfaces
compatible with self-assembly methods by focusing on colloidal particles, with the at its heart
central question: is it possible to propose realistically achievable metasurface designs. We have
produced several original and promising results contributing to the development of functional
Huygens metasurfaces, that are summarized below:

Demonstrations of resonant and extremely broadband Huygens sources

• We have shown that spherical particles placed in a homogeneous medium with an index
contrast γ≈ 2 satisfies the Kerker condition with two closely overlapped dipole resonances.
For decreasing values of γ , tending towards 1.5, it is possible to reach an extremely broad-
band forward-scattering that can cover the entire visible domain relying on the successive
spectral overlapping two by two of the electric and magnetic dipole, quadrupole and oc-
tupole resonances.

• In addition, we have demonstrated that clusters of particles are an excellent alternative ge-
ometry to realize resonant and broadband Huygens sources. Resonance tuning is achieved
via the geometric parameters that are the inclusion’s size and their density. This constitutes
an advantageous path compared to the simple spheres for which a limited number of mate-
rials with the required dispersion at optical frequencies are available.

A comprehensive theoretical tool for metasurface analysis and design

• We presented a formalism, that relates reflection and transmission coefficients, that are es-
sential observables of metasurfaces, to the scattering coefficients of its elements. Based on
a vector spherical harmonic expansion, this formalism is generalized to any order and in-
deed constitutes a powerful extension to the dipolar description (and its extended version
in the Cartesian basis) that are routinely used in the literature. This formalism fills the gap
for a simple, powerful, totally general analysis of complex metasurfaces that may consist of
highly multipolar units.

Demonstrations of metasurface functionalities with several original features

• Considering lossless dielectric clusters in the infrared (Si), we have numerically demon-
strated that wavefront shaping is possible by exploiting quadrupolar resonances of clusters.
We have shown that it is possible to adjust both the size of the clusters and the pitch be-
tween elements to obtain the full phase variation in the 2π-range with high transmission.
This result was used to demonstrate, based on tailored cluster arrays, a 9° beam deflector
and a focusing meta-lens.

• We have shown that a perfect absorber consisting in an array of large dielectric particles
can operate in a heavily multipolar regime, where at least eight multipoles are required to
account for the total absorption behavior. To our knowledge, it is the first time such a mul-
tipolar perfect absorber has been proposed or evidenced up to now.

Synthesis guidelines and design procedures

• Metallo-dielectric core-shells are promising building blocks due to their ideal dipole behav-
ior and high scattering efficiency in the infrared. We have provided a comprehensive list of
designs that may serve as guidelines for the nanochemistry community in the synthesis of
Huygens sources and their production for perfect absorber applications.

• We have presented a cluster design procedure to reach Huygens sources that is based on
their homogenization by means of the extended Maxwell-Garnett theory and the proper
tailoring of their effective refractive index. We have demonstrated the great versatility of this
approach as well as some of its limitations.

• We have shown the generalized multipolar description of metasurface properties can be ap-
plied effectively to design perfect absorbers. In particular, an initial parameter exploration
is carried out on individual particles before resorting to periodic calculation. This design
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procedure is powerful as it has enabled a large variety of systems, with different multipolar
content, as perfect absorbers.

The study carried out in this thesis is pioneering for the fields of nanochemistry and self-
assembly as it is probably the first to address the possibility of designing nanoresonators that can
be chemically synthetized with interesting directional scattering properties and that may be sub-
sequently used in functional metasurfaces. We are confident that experimental realizations are
indeed possible and will follow-up to this work. Nonetheless, there are limitations to our findings.
In particular, only theoretical ideal structures and surfaces have been considered. This means in
particular, that the inherent limitations and imperfections of experimental systems have not been
taken into account rigorously, hence the need for further complementary studies. Several ques-
tions that remain to be answered and may hamper the designs in the bottom-up logic are listed
below.

Experimental plausibility of the studied designs

• Self-assembly techniques introduce disorder and polydispersity. One important avenue to
explore for the clusters before concluding on their experimental plausibility as Huygens
sources would be to deepen the draft study initiated in section 3.3.4, and to carry out a com-
plete statistical investigation on the impact of voids, disorder and polydispersity on their
response. It should be noted however that the work initiated at the CRPP in the frame of
Rajam Elancheliyan’s thesis on the synthesis of nanoclusters is quite promising as she has
shown that strong magnetic responses could be obtained with plasmonic clusters using the
emulsion route.

• In addition, it would be interesting to investigate in more detail the all-dielectric core-shell
particles, whose multipole content appears to be very similar to that of dielectric clusters.
Indeed, it is not uncommon to obtain structures of this type during colloidal synthesis of
dielectric particles. Oxidation of the surface, porosity and amorphous growth can typically
lead to particles with effectively lower indices near the surface compared to the core of the
particle. Also, it would be interesting to conduct studies considering realistic dispersions
and performing a more systematic investigation on the dependency of the properties with
the number of layers and refractive index.

• The metal-dielectric core-shells investigated thus far are very promising. However, the re-
quired geometry to reach the Kerker regime is still quite far from what is experimentally
achievable to our knowledge. Indeed, at the moment, it seems quite hard to make coatings
that are so large (over a 100 nm).

Disorder and positional uncertainties for metasurfaces

• In section 5.4 dedicated to absorbers, we have shown that some designs consist of very dense
particle arrays. These results are very encouraging from the manufacturing point of view,
since these arrays could be obtained by means of conventional self-assembly methods. In
addition, some designs, such as the Si clusters based metasurface, have absorption peaks
that vary only slightly with the grid pitch, which could indicate a low sensitivity to disorder.
Indeed, the robustness of the absorption properties to disorder is a particularly interesting
question that would deserve to be explored in the future. We believe that disordered designs
will work in the perfect absorber regime, but this still needs to be demonstrated.

• On the other hand, wavefront-manipulation applications as presented in section 5.3.2 ap-
pears as particularly challenging since they require a high degree of control in the spatial
arrangement of particles that are different one from one another, thus requiring their sizes
to be well controlled as well. Clearly this type of application is very unlikely without resort-
ing to patterned templates. The use of pre-patterned templates probably means that the
structures that will be fabricated will require hybrid top-down/bottom-up approaches. Fur-
thermore, the disorder inherent to self-assembly techniques needs to be looked at to see its
impact on metasurfaces as for the perfect absorber design.
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Impact of a substrate

• In this thesis, the metasurfaces are considered as free standing arrays. This is still realistic in
the sense that metasurfaces can be built on glass substrates and then covered with a polymer
superstrate so as to ensure that both materials have the same index of refraction below and
above the metasurface. However, it will be practical experimentally to simply have mono-
layers on a substrate, without the use of a superstrate. This requires an extensive study of
the interaction of the particles with the substrate in the metasurface.

Analysis of Huygens metasurfaces at oblique incidence

• It should be noted that the formalism used in this work that analyzes the multipolar con-
tent of nanoaresonators in the metasurface is only valid under normal incidence and is not
adapted to oblique incidence. New tools are required to study these situations.
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Appendix A

A.1 Spherical functions

We develop here in a compact form the expressions of the vector spherical harmonics ~M (l )
n,m

(2.75) and ~N (l )
n,m (2.76)

~M (l )
n,m(~r,ω) = −ip
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−i m
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Where πn,m and τn,m are the so-called scalar tesseral functions defined by

τn,m = d

dθ
P m

n (cosθ) (A.5)

πn,m = m

sinθ
P m

n (cosθ) (A.6)

and where

On,m = 1p
n(n +1)

√
2n +1

4π

(n −m)!

(n +m)!
(A.7)

A.2 Field quantities generated from magnetic currents

Electromagnetic fields produced by magnetic current sources~Js,m can be directly derived from
expression (2.116) and (2.117) by exploiting duality relations between electric and magnetic fields
in Maxwell equations. Using the inversions (~E → ~H), (~H →−~E), (ε→ µ), (µ→ ε), and (~Js,e →~Js,m )
equations (2.116) and (2.117) become for magnetic sources:

~Escat (~r,ω) =−
Ñ

V ′

[
~∇∧↔

G(~r,~r ′)
]
~Js,m(~r ′,ω)dV ′ (A.8)

~Hscat (~r,ω) = iωε
Ñ

V ′

↔
G(~r,~r ′)~Js,m(~r ′,ω)dV ′ (A.9)

Where the integrals are performed over the whole source volume and where
↔
G(~r,~r ′) is the dyadic

Green’s function. These expressions can be found in various textbooks such as in [1].
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A.3 Far field scattering patterns

The relation between incident and scattered field in the far-field zone can be written in a matrix
form [2]: Escat ,∥

Escat ,⊥

= e i kr

−i kr

S2 S3

S4 S1


Ei nc,∥

Ei nc,⊥

 (A.10)

The subscripts ∥ and ⊥ indicate components parallel and perpendicular to the scattering plane
containing the incident and scattered directions respectively. The matrix S is known as the am-
plitude scattering matrix and provides a complete description of the far-field scattering pattern.
Each of the four scattering matrix elements S1, S2, S3 and S4 are in general functions of θ and ϕ.

In the case of an~ex polarized incident plane wave propagating along the~ez direction, the scat-
tered electric field reads:

~Escat (θ,ϕ) = e i kr

−i kr
~V (θ,ϕ)E0 (A.11)

with ~V , the scattering amplitude vector given by:

~V (θ,ϕ) = [
S2(θ,ϕ)cosϕ+S3(θ,ϕ)sinϕ

]
~eθ−

[
S4(θ,ϕ)cosϕ+S1(θ,ϕ)sinϕ

]
~eϕ (A.12)

The quantity

σd (θ,ϕ) = dPscat

dΩ
=

∣∣∣~V ∣∣∣2

k2 (A.13)

corresponds to the differential scattering cross section. It provides the angular distribution of the
scattered energy, i .e. the normalized intensity scattered in a direction into a unit solid angle.

A.3.1 Isotropic scaterrers [2, 3]

For isotropic scatterers, the amplitude scattering matrix is diagonal:S2 0

0 S1

 (A.14)

According to Mie theory, the elements S1 and S2 are expressed as:

S1(cosθ) =
∞∑

n=1

2n +1

n(n +1)

(
anπn(cosθ)+bnτn(cosθ)

)
(A.15)

S2(cosθ) =
∞∑

n=1

2n +1

n(n +1)

(
anτn(cosθ)+bnπn(cosθ)

)
(A.16)

The far field scattering intensity is in this case simply given by:

σd (θ,ϕ) = 1

k2

(∣∣S2
∣∣2 cos2ϕ+∣∣S1

∣∣2 sin2ϕ
)

(A.17)

The expression (A.17) was used to produce the scattering pattern of different combinations of
multipoles in section 3.1.

In addition, for θ = 0°,

τn(1) =πn(1) = n(n +1)

2
(A.18)
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hence the forward scattering cross-section:

σ f or =σd (0°,ϕ) = π

k2

∣∣∣∣∣ ∞∑
n=1

(2n +1)(an +bn)

∣∣∣∣∣
2

(A.19)

On the other hand, at θ = 180°,

τn(−1) =−πn(−1) = (−1)n n(n +1)

2
(A.20)

leading to the backward scattering cross-section

σback =σd (180°,ϕ) = π

k2

∣∣∣∣∣ ∞∑
n=1

(−1)n(2n +1)(an −bn)

∣∣∣∣∣
2

(A.21)

For non spherical particles, the forward and backward scattering cross-section expressions
can be generalized into equations (2.127,2.128).
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1 Introduction

1.1 Nanophotonique, métamatériaux et métasurfaces

La nanophotonique est un domaine très actif de la recherche moderne qui combine nanotech-
nologies et optique. Elle peut être définie comme la discipline dédiée à la compréhension et au
contrôle des interactions lumière-matière à l’échelle nanométrique. La génération, la manipula-
tion et la détection de la lumière par des dispositifs nanostructurés sont d’une importance signi-
ficative pour de nombreux domaines et promettent de nombreuses applications pour les télécom-
munications, l’imagerie, les systèmes de visualisation, le biomédical, ou le secteur de l’énergie par
exemple.

En particulier, les vingt dernières années ont vu le développement intense et rapide d’une
nouvelle branche de la nanophotonique dédiée aux métamatériaux. Ce terme, construit autour
du préfixe grec “meta” qui signifie “aller au-delà”, désigne des matériaux composites artificiels,
dont les sous-unités consistent généralement en des résonateurs sub-longueurs d’onde organ-
isés périodiquement et appelés meta-atomes. Les métamatériaux sont spécifiquement conçus
pour présenter des propriétés électromagnétiques non conventionnelles telles que des indices de
réfraction doublement négatifs, des permittivités proches de zéro, du magnétisme artificiel, ou
une chiralité artificielle géante, et ont été largement étudiés avec l’idée de développer des lentilles
pour imager au-delà de la limite diffractive ou pour la réalisation de capes d’invisibilités suivant
les lois de l’optique de transformation.
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Largement exploré aux fréquences micro-ondes, le concept de métamatériaux a également
été développé avec succès aux fréquences optiques en réduisant la taille des structures. Mal-
gré de nombreuses démonstrations élégantes, le domaine des métamatériaux optiques est en-
core aujourd’hui confronté à deux problèmes majeurs limitant leur utilisation. Tout d’abord, leur
complexité structurelle, qui nécessite une fabrication 3D, les rend difficiles à produire à grande
échelle, et requiert des procédés souvent longs et onéreux. De plus, les métamatériaux présentent
généralement des pertes par dissipation élevées, peu propices à la propagation de la lumière sur
des épaisseurs importantes.

Aussi, les métasurfaces, équivalents bidimensionnels des métamatériaux pour lesquels les lim-
ites mentionnées précédemment sont assouplies en raison de leur faible épaisseur, ont suscité un
intérêt croissant au cours de la dernière décennie. Les métasurfaces sont des interfaces struc-
turées ultra-minces capables d’affecter un faisceau de lumière sur une échelle sub-longueur d’on-
de. Leur principe de fonctionnement repose en général sur la diffusion collective de leurs sous-
unités organisées en des réseaux périodiques. Une manipulation arbitraire de l’amplitude, de la
phase et/ou de la polarisation est possible en choisissant de manière adaptée la forme, la nature,
l’orientation et l’organisation de leurs différents constituants. Au cours de ces dernières années,
les métasurfaces ont été largement explorées pour réaliser des fonctionnalités de composants op-
tiques conventionnels tels que des lentilles, des lames à retard, des polarimètres, des déflecteurs
de faisceau, des lames de phase en spirale, des hologrammes, ainsi que pour des applications
d’absorption de lumière, de filtrage optique, ou des dispositifs non linéaires. En raison de leurs
capacités exceptionnelles de manipulation de la lumière, les métasurfaces devraient constituer la
prochaine génération d’éléments optiques et conduire à de nouvelles fonctionnalités innovantes.
À long terme, elles pourraient permettre de substituer des composants optiques conventionnels
encombrants ou des éléments diffractifs par des équivalents beaucoup plus compacts.

1.2 Concept et applications des métasurfaces de Huygens

Parmi les différents types de métasurfaces, émerge en 2013 le concept de métasurface de Huy-
gens. Ces métasurfaces tirent leur nom du principe théorique de Huygens-Fresnel et peuvent être
considérées comme son implémentation pratique. Ce principe fondateur de l’optique ondula-
toire énoncé au XVIIème siècle décrit la propagation des ondes électromagnétiques dans un milieu
comme le résultat d’interférences entre des ondes hémisphériques émises dans la direction de
la propagation par un ensemble de sources secondaires appelées sources de Huygens. Les méta-
surfaces de Huygens sont constituées de méta-atomes présentant des propriétés analogues à ces
sources de Huygens théoriques, c’est-à-dire se comportant comme des diffuseurs unidirection-
nels, diffusant la lumière uniquement vers l’avant. Ces métasurfaces sont ainsi caractérisées par
une absence de réflexion. Par ailleurs, en introduisant des variations spatiales dans le retard de
phase des diffuseurs, une modulation arbitraire du front d’onde du faisceau transmis au travers de
l’interface est rendue possible. Ces métasurfaces ont ainsi conduit à la démonstration d’une large
variété de méta-dispositifs dédiés à la mise en forme de faisceaux présentant de fortes valeurs de
transmission, qui plus est indépendantes de l’état de polarisation du faisceau incident.

Les réalisations récentes de métasurfaces de Huygens optiques sont pour l’essentiel basées
sur des particules diélectriques polarisables et sublongueur d’onde. Ces résonateurs de Mie sup-
portent de fortes réponses multipolaires de types électriques et magnétiques dans le visible et le
proche infrarouge, susceptibles d’être excitées simultanément sur une même gamme spectrale.
De l’interférence entre ces différents multipôles peut résulter un diagramme de rayonnement
fortement asymétrique. En particulier, la suppression de la rétrodiffusion est atteinte dans la con-
dition où les contributions des multipôles de parités spatiales opposées sont équilibrées. Cette
configuration conduit à des interférences destructives entre les ondes électromagnétiques émises
par chaque famille de multipôles dans la direction arrière ainsi qu’à des interférences construc-
tives dans la direction avant. Cette condition est également connue sous le nom de condition de
Kerker en référence aux travaux pionniers de Milton Kerker.
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Au-delà des dispositifs à forte transmission, il convient de mentionner que les métasurfaces
de Huygens pourraient bénéficier à de nombreuses applications nécessitant de minimiser voire
annuler la réflexion d’une surface. C’est par exemple le cas des absorbeurs électromagnétiques
qui sont d’importance notable pour de nombreuses applications telles que le filtrage, la collecte
d’énergie, les systèmes de détection, le contrôle des émissions thermiques, etc. Les métasurfaces
de Huygens apportent une nouveauté importante à ce domaine des absorbeurs puisqu’elles of-
frent la possibilité de réaliser des absorbeurs parfaits symétriques et transparents en dehors de
leur gamme d’opération, avec une simple monocouche de particules, sans la nécessité de recourir
à des substrats réfléchissants comme dans les configurations traditionnellement rencontrées.

1.3 L’auto-assemblage comme plateforme prometteuse pour la réalisation de méta-
surfaces optiques

Aujourd’hui, l’essentiel des métasurfaces sont produites par des technologies de nano-fabri-
cation de type “top-down”, c’est-à-dire par voie descendante, regroupant notamment les diverses
techniques lithographiques. Cette approche permet un contrôle très précis des géométries et une
résolution spatiale inégalée pour organiser des éléments sur une surface. Toutefois, ces méthodes
sont généralement longues et onéreuses. Ainsi le développement de techniques de fabrication
à faible coût permettant de couvrir rapidement de large surface est également un sujet d’étude
actif. Les techniques par voie ascendante dites “bottom-up” offrent à ce regard une alternative
prometteuse.

L’approche par voie ascendante est basée sur la combinaison de la nanochimie colloïdale, per-
mettant la synthèse d’un grand nombre de méta-atomes optiques (généralement de l’ordre de
1013 par synthèse en laboratoire), et de méthodes d’auto-assemblage permettant leur organisa-
tion spontanée en matériaux ou leur dépôt sur des surfaces avec une production grande échelle.

Une large variété de méta-atomes de complexité plus ou moins importante peut être syn-
thétisée par la nano-chimie. Certains d’entre eux constituent des éléments intéressants pour
les métasurfaces de Huygens. Il est possible de synthétiser diverses nanoparticules diélectriques
telles que Si, TiO2, Cu2O, etc. Des réponses magnétiques, non naturelles aux fréquences optiques
mais nécessaires pour obtenir des sources Huygens dipolaires, peuvent également être obtenues
en considérant des particules cœurs-écorces métalo-diélectriques ou des structures plus com-
plexes présentant des réponses magnétiques dites artificielles. Celles-ci consistent généralement
en un ensemble compacte de nano-objets métalliques pour lesquelles des boucles de courants
plasmoniques sont excitées, générant à leur tour un moment magnétique oscillant à la fréquence
de l’onde incidente.

Concernant les méthodes d’assemblages, des films minces couvrant des superficies consé-
quentes peuvent par exemple être produits par les méthodes de Langmuir-Blodgett, par immer-
sion, par centrifugation, ou par des méthodes d’évaporation de ménisque. Des alternatives ré-
pandues consistent à utiliser des substrats pré-structurés comme supports à la déposition, afin de
guider l’agencement des nanoparticules sur les surfaces et obtenir des motifs aux périodes con-
trôlables.

1.4 Problématiques et motivations de la thèse

Si les métasurfaces de Huygens ont démontré leur fort intérêt et potentiel, les principales dé-
monstrations reposent néanmoins sur des structures obtenues par lithographie et s’appuient sur
des résonateurs anisotropes, tels que des disques et des nano-piliers. Des sources de Huygens
isotropes obtenues en solution seraient particulièrement bien adaptées à la réalisation de mé-
tasurfaces de Huygens suivant une approche bottom-up, et présenteraient l’intérêt de limiter la
complexité du processus d’auto-assemblage en s’affranchissant du besoin d’aligner les particules
sur le substrat. Néanmoins, les métasurfaces de Huygens basées sur des éléments isotropes ont
reçu une attention extrêmement limitée dans la littérature par rapport aux géométries anisotropes.
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Le but de ce travail de thèse était donc d’évaluer le potentiel de particules colloïdales isotropes
pour la réalisation de métasurfaces optiques de Huygens. Les objectifs sous-jacents étaient de
proposer des outils théoriques et des procédures de conception de sources de Huygens pouvant
conduire à des métasurfaces de Huygens fonctionnelles réalisables par des techniques de fabrica-
tion par voie ascendante. Dans cette thèse, nous étudions plusieurs types de sources de Huygens
isotropes et leurs applications potentielles en tant que métasurfaces, tant pour des applications
de mise en forme de front d’onde que pour des applications d’absorption parfaite. Nous nous
concentrons sur des structures pouvant être obtenues par la nanochimie colloïdale. Celles-ci con-
sistent en des particules sphériques diélectriques et métalliques, des clusters d’inclusions plas-
moniques ou diélectriques ainsi qu’en des particules multicouches.

La thèse est divisée en deux parties distinctes. Dans un premier temps, nous étudions les
propriétés de diffusion de méta-atomes considérés individuellement et présentons des directives
pour adapter leurs différents moments multipolaires afin de remplir la condition de Kerker et
obtenir des sources Huygens résonantes ou large bande. Une deuxième partie est consacrée à
l’étude des propriétés de métasurfaces de Huygens formées de ces particules agencées en réseaux
périodiques carrés.

2 Conception de sources de Huygens isotropes à partir de particules
colloïdales

2.1 Développement multipolaire et condition de Kerker

Un développement multipolaire constitue un outil particulièrement intéressant pour la con-
ception de sources de Huygens et plus généralement encore, pour la compréhension des pro-
priétés de diffusion de systèmes rayonnant complexes. Avec cet outil, le champ produit par une
structure est exprimé dans la base des harmoniques sphériques vectorielles comme une somme
de multipôles pondérés par leur coefficient (ou moment) multipolaire complexe associé donnant
phase et amplitude d’excitation. Ces multipôles électromagnétiques correspondent aux champs
produits par des distributions simples de charges et de courants ponctuellement localisés. Chaque
multipôle rayonne dans des proportions parfaitement identiques dans les deux demi-espaces
situés vers l’avant et vers l’arrière de la particule. Par ailleurs, la dépendance spatiale du champs
électrique produit par chaque multipôle est une fonction de l’espace soit paire, soit impaire. Ainsi,
dipôles électriques, quadrupôles magnétiques, etc. rayonnent des champs électriques en phase
dans les deux directions opposées de l’espace (avant et arrière) tandis que dipôles magnétiques et
quadrupôles électriques rayonnent des champs électriques en opposition de phase selon ces deux
mêmes directions. Du fait d’interférences, l’excitation combinée de multipôles de parité spatiale
opposée affecte fortement la directionalité du rayonnement diffusé par une particule et peut con-
duire à une diffusion fortement asymétrique. La suppression du rayonnement dans la direction
opposée au vecteur d’onde incident est obtenue en équilibrant les contributions de l’ensemble des
multipôles présentant une symétrie spatiale paire avec celle des multipôles de symétrie spatiale
impaire. Cela se traduit par la condition suivante sur les coefficients multipolaires :

∞∑
n=1

On =
∞∑

n=1
En (R.1)

avec ∞∑
n=1

En =
∞∑

n=1

∑
m=−1,+1

m(4n −1)a2n−1,m +
∞∑

n=1

∑
m=−1,+1

(4n +1)b2n,m (R.2)

∞∑
n=1

On =
∞∑

n=1

∑
m=−1,+1

(4n −1)b2n−1,m +
∞∑

n=1

∑
m=−1,+1

m(4n +1)a2n,m (R.3)

les sommes pondérées des moments des multipoles paires (En) et impaires (On), n et m étant des
entiers quantifiant respectivement le degré et l’ordre des multipôles. Cette condition connue sous
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le nom de condition de Kerker permet l’obtention de particules se comportant comme des sources
de Huygens.

Avec cette thèse nous avons cherché à approcher cette condition de Kerker pour différents
systèmes consistant en des sphères homogènes, des particules sphériques multicouches et des
clusters sphériques de particules. Contrairement aux structures anisotropes telles que les nano-
disques communément étudiés dans la littérature, l’ajustement des multipôles pour des particules
isotropes telles que considérées ici nécessite l’identification de leviers de contrôle autre que le
rapport d’aspect géométrique des particules.

2.2 Sources de Huygens basées sur des particules sphériques de faible indice

Dans un premier temps nous avons cherché à identifier, d’un point de vue théorique, les
performances, en terme d’efficacité de diffusion et de directionalité du rayonnement, pouvant
être obtenues avec de simples particules colloïdales sphériques d’indice constant placées dans
un milieu hôte homogène sans perte. Une permittivité unitaire est choisie pour l’ensemble des
matériaux traduisant l’absence de réponse magnétique des matériaux naturels aux fréquences
optiques. Cette étude met en lumière la possibilité d’ajuster le contraste d’indice entre une par-
ticule et son milieu hôte de manière à obtenir une annulation de la rétrodiffusion, sur une bande
spectrale qui est d’autant plus grande que le contraste d’indice est faible. Ce résultat découle de
la convergence deux à deux et de la fusion spectrales progressives des paires de multipoles de
même ordre, présentant des parités opposées, lors de la diminution du contraste d’indice. La
conséquence directe de ce phénomène est la possibilité d’approcher la condition de Kerker parti-
culière an = bn pour successivement chacune des paires de multipôles à mesure que le contraste
d’indice diminue. Néanmoins, si cette condition de Kerker peut être approchée, la diminution du
contraste d’indice s’accompagne également d’une baisse des efficacités maximales de diffusion.
Il est important de noter que par conséquent, un compromis est à trouver entre les efficacités des
sources de Huygens et leur largeur de bande. Aussi, nous nous sommes intéressés aux perfor-
mances optimales pouvant être obtenues pour ce type de système présentant de faible contraste
d’indice.

L’efficacité maximale pouvant être obtenue pour une paire de multipôles de même ordre rem-
plissant rigoureusement les conditions de Kerker est de 3.7. Elle est obtenue par l’excitation de
deux dipôles pour une particule présentant un contraste d’indice (noté γ) de 2.5. Néanmoins il est
à noter qu’une telle source de Huygens, maximisant l’efficacité de diffusion, n’est pas résonnante,
du fait que les deux dipôles sont excités à des longueurs d’ondes distinctes. Cette source “opti-
male” en terme d’efficacité présente ainsi une largeur de bande très limitée. Une situation plus fa-
vorable, du point de vue de la largeur spectrale pour une source de Huygens dipolaire, est obtenue
pour des particules présentant un contraste d’indice plus faible de 1.9. Cette valeur est celle per-
mettant de maximiser l’efficacité de diffusion à la résonance de deux dipôles. Les pics d’intensités
de diffusion des deux dipôles coïncident alors spectralement. Dans cette situation, une diffusion
dirigée au moins à 90% vers l’avant est obtenue sur toute la plage d’excitation des résonances
dipolaires. Néanmoins, les conditions de Kerker sont relaxées par rapport au cas précédent et
ne sont pas rigoureusement remplies à la résonance. L’efficacité de diffusion maximale obtenue
dans cette situation est de 3.6, soit une valeur très proche de la valeur optimale. En diminuant
d’autant plus le contraste d’indice, la superposition progressive des paires de multipôles d’ordres
plus élevés élargit progressivement la bande spectrale sur laquelle le comportement de sources de
Huygens est observé. Dans la limite γ= 1.5 (en deçà de laquelle les résonateurs ne sont plus sub-
longueur d’onde) une efficacité importante de 3.5 est encore atteinte par les sources de Huygens
multipolaires. Aussi, des efficacités de diffusion significative restent accessibles pour des partic-
ules présentant des faibles valeurs de contrastes d’indices jusqu’à 1.5.

Cette étude préliminaire révèle donc que l’ajustement de l’indice de réfraction de particules
ou de leur milieu hôtes est une alternative intéressante aux paramètres géométriques permettant
d’affecter leurs multipôles et d’atteindre le régime de Huygens. Elle fournit par ailleurs une ligne
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directrice pour la conception de sources Huygens dipolaires résonantes ou multipolaires large-
bande. Ces caractéristiques, étudiées pour des particules d’indice constant, ont par ailleurs été
vérifiées numériquement sur des particules de TiO2 placées dans l’eau et d’Al2O3 placées dans
l’air, présentant des contrastes d’indices respectifs de 1.9 et 1.7. Les résultats obtenus mettent
effectivement en évidence une diffusion unidirectionnelle vers l’avant, très large bande, couvrant
dans le cas des particules d’Al2O3 toute la gamme du visible entre 400nm et 800nm et résultant de
l’excitation des résonances dipolaires, quadrupolaires et octupolaires des particules. Ces résultats
sont particulièrement intéressants pour la communauté de la nanochimie, puisque la synthèse
colloïdale de particules d’indice élevé est plutôt difficile (matériau amorphe, porosité, oxydation,
etc...) tandis que des particules d’indice modéré ou faible sont en général plus simples à obtenir.
De telles particules diélectriques sont par exemple disponibles à la commande dans le commerce.

Néanmoins, pour certaines applications, il peut s’avérer compliqué de jouer sur le milieu hôte
ou de trouver un matériau dont la dispersion conduit à un indice de réfraction prenant la valeur
appropriée sur une gamme de longueurs d’onde désirée.

2.3 Des clusters de particules comme sources de Huygens résonnantes ou large bande

Comme alternative à ces sphères homogènes, nous avons proposé de manière originale de re-
courir à des particules composites, constituées d’inclusions assemblées de manière homogène.
Celles-ci permettent de gagner en flexibilité dans la conception de sources de Huygens, et présen-
tent dans certains cas de meilleures performances par rapport aux simples sphères. Nous nous
sommes donc intéressés à des clusters de petites particules, dont les densités et tailles déter-
minent les propriétés optiques de l’agrégat formé et permettent d’ajuster à souhait l’indice de
réfraction effectif des clusters. Notre procédure de conception repose sur la théorie étendue de
Maxwell-Garnett, une méthode d’homogénéisation des propriétés d’un milieu composite. Bien
que présentant certaines limitations et un aspect plus qualitatif que quantitatif, cette approche
se révèle suffisamment polyvalente et efficace pour nous permettre de concevoir une large var-
iété de clusters se comportant comme des sources de Huygens résonantes ou large bande pour le
domaine du visible.

Nous présentons à ce titre deux exemple de clusters, simulés par la méthode de la T -matrice,
un cluster plasmonique et un diélectrique, se comportant comme des sources de Huygens dipo-
laires résonantes à la longueur d’onde de 500nm. Le premier est un cluster de 60 particules d’argent
placées dans l’eau présentant une efficacité de diffusion à la résonnance de 2.5. Un résultat parti-
culièrement notable est obtenu pour le second cluster consistant en 13 particules de silicium qui,
lui, présente une efficacité de diffusion de 5 à la résonance, dépassant ainsi le maximum théorique
pouvant être obtenu pour une simple sphère homogène de perméabilité unitaire. Une hypothèse
avancée pour expliquer cette valeur de diffusion surprenante est la modulation additionnelle de
la perméabilité effective de l’objet composite, apportée par la réponse magnétique de ses con-
stituants, que l’on ne retrouve pas pour de simples particules homogènes naturelles. Par ailleurs
un cluster de 80 particules de silicium dispersées dans l’eau est également présenté pour réaliser
une source de Huygens extrêmement large bande avec une proportion de diffusion vers l’avant
supérieure à 95% sur toute la plage de longueur d’onde entre 500nm et 1500nm. Ce comporte-
ment est obtenu par l’excitation successive de paires de multipôles jusqu’à l’ordre 5.

Aussi une structure de type “cluster” est riche, car facilement modulable pour cibler différentes
longueurs d’onde de travail, et est adaptée à de nombreux matériaux tant plasmoniques que diélec-
triques. Au vu des progrès significatifs réalisés ces dernières années dans le domaine de l’auto-
assemblage de particules colloïdales, nous espérons que le comportement de sources de Huygens
de clusters, tel que révélé ici, pourra être vérifié expérimentalement dans un avenir proche. Par
ailleurs, des simulations préliminaires ont été conduites prenant en compte l’impact d’imperfec-
tions expérimentales telles que peuvent l’être la présence de vides localisés, un désordre posi-
tionnel des particules ou une dispersion dans la taille des inclusions. Nous avons étudié l’impact
de ces défauts sur les réponses dipolaires d’un cluster plasmonique. Il ressort de cette première
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étude que le paramètre le plus susceptible de compromettre l’obtention de deux résonances dipo-
laires superposées satisfaisant à la condition de Kerker est le désordre positionnel des particules
dans l’agrégat qui tend à atténuer drastiquement la réponse magnétique des clusters. Ce résultat
est néanmoins encourageant d’un point de vue expérimental puisque de simples revêtements de
faible indice autour des inclusions plasmoniques devraient empêcher des degrés élevés de désor-
dre dans les clusters, en garantissant une distance inter-particule minimale pendant le processus
d’auto-assemblage.

2.4 Diffusion unidirectionnelle par des particules multicouches

Finalement, dans une dernière partie, nous nous sommes intéressés aux particules multi-
couches. Notre intérêt s’est tout d’abord porté sur des particules de type cœur-écorce composées
d’un cœur plasmonique et d’une écorce diélectrique. De tels méta-atomes, déjà partiellement
explorés dans la littérature, sont extrêmement prometteurs pour obtenir des sources de Huygens
résonantes purement dipolaires. Ils ont l’avantage de présenter des efficacités de diffusion très
élevées dans le domaine du proche infrarouge, dont les valeurs rivalisent avec celles des objets
anisotropes de fort indice de réfraction considérés dans la majorité des réalisations de métasur-
faces. Contrairement aux sphères et clusters précédemment étudiées, le recouvrement spectral
des résonances n’est pas réalisé au détriment d’un indice de réfraction élevé. La particule sup-
porte à fois une forte résonance dipolaire magnétique de Mie, provenant de l’enveloppe diélec-
trique d’indice élevé, et une résonance dipolaire électrique provenant de la résonance du plasmon
de surface localisé du cœur métallique.

Nous présentons notamment dans cette thèse un abaque pouvant servir de référence à la
conception de particules cœur-écorce présentant des résonances dipolaires superposées dans
l’infrarouge. Le recouvrement spectral des résonances est obtenu en ajustant correctement l’épais-
seur relative des deux couches, déterminée lors d’une exploration systématique des paramètres
géométriques. Il résulte de cette étude que l’épaisseur de la couche diélectrique nécessaire pour
obtenir une source de Huygens est d’autant plus grande que l’épaisseur du cœur augmente et
que l’indice de réfraction de la couche diélectrique diminue. Pour donner un ordre de grandeur,
l’épaisseur du diélectrique peut varier entre 2 à plus de 4 fois l’épaisseur du cœur plasmonique.
Un résultat par ailleurs intéressant est la faible dépendance des paramètres géométriques requis
pour atteindre le régime de Kerker, avec la nature du cœur plasmonique qu’il soit d’or ou d’argent.

Pour finir, nous illustrons avec plusieurs exemples la possibilité de recourir à des particules
multicouches entièrement diélectriques pour la conception de sources de Huygens. Nous mon-
trons notamment que des particules de type cœur-écorce sont capables de surpasser les perfor-
mances de simples sphères en terme d’efficacité de diffusion dans la condition résonante dipolaire
de Kerker. Avec un deuxième exemple, nous révélons par ailleurs l’excellente superposition entre
multipôles de même ordre obtenue pour une particule constituée de 3 couches. La superposition
deux à deux des multipôles est bien meilleure que celle obtenue dans le cas de simples sphères.
L’ajout de couches résulte en fait en une adaptation graduelle de l’impédance de la particule avec
son milieu hôte, due au gradient décroissant de l’indice de réfraction de la particule de son cœur
à sa surface.

Ayant révélé le potentiel de plusieurs types de structures isotropes pour des applications de
sources de Huygens et ayant identifiés différentes procédures et tendances permettant de les con-
cevoir efficacement, la seconde partie de la thèse est dédiée à l’étude des métasurfaces.

3 Métasurfaces de Huygens multipolaires

3.1 Formalisme multipolaire et propriétés de métasurfaces

Relier les coefficients de réflexion et de transmission d’un réseau de particules aux propriétés
de diffusion et d’absorption de ces constituants est un concept crucial pour la conception de
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métasurfaces et la compréhension de leurs propriétés. En utilisant la décomposition en har-
moniques sphériques vectorielles, nous proposons une description multipolaire très générale des
coefficients de réflexion et de transmission d’une monocouche de particules, venant étendre et
généraliser à tout ordre multipolaire le formalisme dipolaire (parfois étendu aux quadrupôles)
communément rencontré dans la littérature.

Le point de départ pour établir ce formalisme est d’exprimer le champ produit par un réseau
de particules comme la superposition du champ diffusé par chacune de ces particules. En faisant
ensuite intervenir les fonctions périodiques de Green et en écrivant le développement multipo-
laire du champ lointain diffusé par une des cellules élémentaires dans les directions avant et ar-
rière, il est alors possible d’établir le lien entre réflexion/transmission de la métasurface et mo-
ments multipolaires. L’expression compacte de ces coefficients de réflexion et de transmission en
terme des multipôles symétriques ou pairs (En) et antisymétriques ou impairs (On), d’ordre n, est
la suivante :

r =− π

2k2S
∞∑

n=1

[
En −On

]
(R.4)

t =1− π

2k2S
∞∑

n=1

[
En +On

]
(R.5)

S étant l’aire de la maille élémentaire de la métasurface. Cette formulation est pratique puisqu’une
distinction claire peut être faite dans le rôle des multipoles pairs et impairs. Ainsi, à partir de ces
expressions, les conditions d’obtention d’une transmission ou d’une absorption parfaite de la lu-
mière par un système multipolaire quelconque peuvent être dérivées.

3.2 Métasurfaces à forte transmission pour des applications de contrôle de front d’ondes

Pour des systèmes sans perte, une transmission parfaite avec une phase arbitraire peut être
obtenue sous la simple condition que r s’annule, c’est à dire lorsque

∑∞
n=1On = ∑∞

n=1En . Cette
égalité entre contribution des multipôles pairs et impairs correspond à la condition de Kerker.

Dans cette thèse nous démontrons que des clusters de particules peuvent être théoriquement
exploités pour réaliser des métasurfaces à forte transmission destinées à des applications de ma-
nipulation de front d’onde. Nous nous intéressons pour cela à des clusters diélectriques de partic-
ules de silicium, ce matériau présentant des pertes négligeables dans le proche infrarouge. Nous
mettons en évidence qu’une variation locale du rayon des clusters ou du pas du réseau permettent
d’induire un déphasage continu compris entre 0 et 2π à l’onde transmise par la surface, et ce tout
en conservant une transmission élevée supérieure à 80%.

À partir de ces résultats, des applications de mise en forme de faisceaux par des clusters sont
illustrées par la conception et la caractérisation numérique de deux dispositifs exploitant la mod-
ulation de la phase induite par une variation de la taille des clusters pour un pas constant entre
les particules. Une des originalités notables de ce travail réside dans le fait que nous exploitons les
résonances quadrupolaires des clusters pour obtenir le régime de Kerker.

Le premier dispositif proposé est un déflecteur de faisceaux permettant la déflection d’un fais-
ceau incident selon un angle de 9°. Le gradient linéaire de phase de 2π est implémenté à partir de
8 clusters de Si, de rayons croissants, séparés par 806nm chacun. Le dispositif présente une trans-
mission totale de 75%, où 87% de l’énergie transmise est émise dans le premier ordre de diffraction
souhaité.

Le second dispositif que nous étudions est une métasurface de Huygens se comportant comme
une lentille plate semi-infinie permettant de focaliser une onde incidente grâce à un motif symétri-
que constitué de 13 clusters. Une variation de phase de 2π selon un profil spatial hyperboloïdal est
ainsi implémentée par des clusters dont les rayons décroissent en se rapprochant des extrémités
de la lentille. Le dispositif étudié numériquement présente une distance focale de 8.1µm environ
et une ouverture numérique N.A. de 0.42. Par ailleurs, la transmission obtenue au travers de la
lentille est d’environ 80%.
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Les études mentionnées ici sont menées sur des métasurfaces illuminées en incidence nor-
male, néanmoins plusieurs travaux récents rapportent des performances fortement dégradées en
terme de transmission pour une illumination oblique. À partir d’une décomposition multipo-
laire, nous mettons en évidence l’excitation de composantes verticales de certains multipôles à
de faibles angles d’incidence, permettant d’expliquer la diminution de la transmission observée
à certaines longueurs d’onde. Ces observations confirment que des résonances supplémentaires
sont susceptibles de réduire considérablement l’efficacité de métasurfaces de Huygens dès lors
qu’une incidence normale n’est plus garantie.

3.3 Absorbeurs parfaits

3.3.a Conditions d’absorption généralisées

Pour des systèmes capables de dissiper l’énergie, l’absorption par une monocouche de par-
ticules peut être optimisée et une absorption totale de l’énergie incidente est obtenue dans la
condition:

∞∑
n=1

On =
∞∑

n=1
En = k2S

π
(R.6)

Cette relation contient à la fois la condition de Kerker généralisée permettant d’annuler la réflex-
ion et la condition de transmission nulle. Cette relation devant être remplie dans le plan complexe,
cela implique que la phase de chacune des sommes multipolaires est fixée à 0 de sorte que chaque
somme soit purement réelle et de valeur k2S/π. Cette condition permet une interférence destruc-
tive parfaite entre l’onde diffusée vers l’avant par le réseau et l’onde plane incidente.

En supposant que les multipôles d’une particule ne sont que faiblement perturbés par le réseau,
c’est-à-dire en négligeant les effets de couplages entre particules dans une métasurface, le formal-
isme multipolaire devient un outil puissant pour concevoir des absorbeurs parfaits. En effet, la
condition d’absorption parfaite peut dans un premier temps être testée sur des particules isolées,
avant de recourir dans un second temps à des calculs pour des réseaux périodiques beaucoup plus
lourds numériquement. Tout l’intérêt de cette procédure en deux étapes, scindant conception des
particules et de la métasurface, est qu’elle permet d’identifier au préalable les méta-atomes qui
seront à priori de bons candidats pour atteindre le régime d’absorption totale une fois organisés
en métasurface. Par ailleurs, il est important de souligner que le formalisme étant généralisé à des
multipôles de tout ordre, il permet de concevoir, sans ajouter de difficultés supplémentaires, des
absorbeurs dipolaires ou fortement multipolaires. Ainsi, en exploitant cette approche, nous avons
présenté et étudié une large variété d’absorbeurs, constitués de différentes particules isotropes,
pouvant être obtenue par des voies de fabrication ascendante.

3.3.b Absorbeurs basés sur des particules sphériques

Nous avons par exemple révélé la possibilité d’utiliser des réseaux de particules sphériques
diélectriques pour obtenir une absorption unitaire. Nous donnons deux exemples en exploitant
les résonances phononiques de la silice et de l’alumine dans l’infrarouge lointain, présentant
des pertes non radiatives suffisamment élevées. Nos résultats restent cependant transposables
à d’autres longueurs d’onde pour des matériaux présentant des indices similaires. Nous démon-
trons ainsi deux absorbeurs constitués de réseaux denses de microsphères homogènes de SiO2 de
4,12µm de rayon et de particules d’Al2O3 de 9,3µm de rayon, opérant toutes deux dans des régimes
fortement multipolaires où au moins 8 multipôles sont nécessaires pour expliquer les fortes ab-
sorptions observées. À notre connaissance, c’est la première fois que des absorbeurs fonction-
nant dans un régime aussi multipolaire sont mis en évidence. Combiner un nombre important
de multipôles offre la possibilité conceptuelle d’atteindre des régimes d’absorption large bande
par opposition aux absorptions nécessairement résonantes obtenues avec des structures suppor-
tant uniquement 2 résonances multipolaires. À ce titre, les deux absorbeurs étudiés présentent
des bandes spectrales relativement larges sur lesquelles l’absorption reste supérieure à 90%. Par
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ailleurs, l’absorption maximale de ces métasurfaces ne varie que faiblement avec la densité des
réseaux et l’angle d’incidence.

Dans un second temps nous nous intéressons à des particules plasmoniques et révélons une
absorption de presque 99% obtenue avec un réseau dense de nanoparticules d’argent de 78nm de
rayon présentant une fraction surfacique en particule de 0.75, très proche de la compacité maxi-
male. Ce résultat est important en ce qu’il souligne qu’une réponse magnétique n’est pas néces-
saire pour atteindre le régime de Kerker ou celui d’absorption totale. Ici l’absorption presque uni-
taire s’explique par l’excitation conjointe de deux multipôles électriques, à savoir un dipôle et un
quadrupôle, excités en bordure du visible à une longueur d’onde proche de 450nm. Contraire-
ment aux réseaux diélectriques, l’absorption de la métasurface plasmonique est beaucoup plus
sensible aux effets de couplage et se dégrade rapidement pour des réseaux plus dilués.

Nous montrons ainsi que de simples particules sphériques diélectriques ou plasmoniques
peuvent être envisagées pour réaliser des absorbeurs. Néanmoins, il convient de souligner qu’avec
ce type de méta-atome simple, dès lors que le matériau est choisi, le choix des structures sera lim-
ité, et par ailleurs difficilement accordable en longueur d’onde du fait que l’unique paramètre pou-
vant être ajusté est le rayon des particules. Aussi, d’une manière générale, considérer des struc-
tures plus complexes va permettre un gain notable en flexibilité, mais au détriment sans doute
d’une fabrication plus difficile.

3.3.c Absorbeurs basés sur des particules de type cœur-écorce

Nous montrons qu’avec des particules de type cœur-écorce métalo-diélectriques, une absorp-
tion résonante presque parfaite peut être obtenue à des longueurs d’onde arbitraires dans le do-
maine du proche infrarouge. Pour de faibles tailles de particules cœur-écorce de l’ordre de 150nm,
et pour des diélectriques aux indices de réfraction proche de 2.5, les pics d’absorption se situent en
bordure du domaine visible, proche de 800nm. En augmentant progressivement l’indice des co-
quilles de 2.5 à 3 et 3.5, et pour des particules de taille allant jusqu’à 215nm, les pics d’absorption
sont obtenus à des longueurs d’onde plus élevées allant jusqu’à presque 1800nm. Il est à noter
que les très fortes absorptions présentées par les réseaux de particules cœur-écorce sont obtenues
pour des métasurfaces diluées, présentant typiquement des fractions surfaciques en particules de
l’ordre de 0.1. Nous étudions également au cours de cette thèse des particules cœur-écorce en-
tièrement diélectriques et mettons en lumière la possibilité d’obtenir deux pics d’absorption ré-
sonant en bordure du visible avec des monocouches de tels objets. Ceci s’explique par l’excitation
successive d’une paire de dipôles et d’une paire de quadrupôles.

3.3.d Absorbeurs parfaits exploitant des clusters de particules

Finalement, nous démontrons la possibilité d’utiliser des clusters de particules, tant diélec-
triques que plasmoniques, pour des applications d’absorption parfaite. Nous montrons que des
réseaux de clusters de silicium présentent de fort pics d’absorption proches des positions des ré-
sonances quadrupolaires excitées vers 450nm. Par ailleurs, les pics d’absorption varient peu avec
la densité des réseaux et présentent une grande robustesse angulaire. Nous révélons également
la souplesse intéressante amenée par ce type de structure avec l’exemple de clusters de germa-
nium. Ce matériau, à faible dispersion dans le proche infrarouge, permet un ajustement simple
des dimensions des objets pour cibler différentes longueurs d’onde de travail, typiquement entre
800nm et 1300nm. Finalement en exploitant les bandes d’absorption plasmoniques de particules
d’or et de particules d’argent, une absorption quasi-parfaite peut-être obtenue avec des réseaux
de clusters d’argent et d’or organisés périodiquement avec un pas proche de la limite diffractive.
Ces métasurfaces présentent des pics d’absorption atteignant 98% et 96% respectivement à 385nm
et 558nm pour les cluster d’Ag et d’Au.

Le formalisme multipolaire fournit ainsi une ligne directrice pour la conception d’absorbeurs
parfaits pouvant s’appliquer à des méta-atomes au contenu multipolaire varié. Il en résulte égale-
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ment des comportements très divers avec des métasurfaces présentant des absorption résonantes,
double-bandes ou large bandes.

4 Conclusion

Le domaine des métasurfaces de Huygens est récent et a connu un développement rapide.
L’objectif principal de ce travail de thèse était d’étudier la faisabilité de sources et de métasurfaces
de Huygens qui seraient compatibles avec des méthodes d’auto-assemblage, en se concentrant
sur des particules colloïdales. Nous avons produit plusieurs résultats originaux et prometteurs qui
devraient contribuer au développement de métasurfaces de Huygens fonctionnelles. Ceux-ci sont
résumés ci-dessous :

Démonstrations de sources de Huygens sphériques résonantes ou large bandes

• Nous avons montré que des particules diélectriques sphériques placées dans un milieu ho-
mogène avec un contraste d’indice γ ≈ 2 satisfont à la condition de Kerker et présentent
deux résonances dipolaires électrique et magnétique étroitement superposées. Pour des
valeurs décroissantes de γ , tendant vers 1.5, il est possible d’atteindre une diffusion unidi-
rectionnelle vers l’avant, très large bande, pouvant couvrir tout le domaine visible. Celle-ci
résulte de la superposition spectrale deux à deux des deux résonances dipolaires, quadrupo-
laires et octupolaires électriques et magnétiques des objets. Ces résultats montrent que
l’ingénierie du contraste d’indice peut être une alternative intéressante ou complémentaire
au levier que constitue le contrôle du rapport d’aspect de particules.

• Par ailleurs, nous avons démontré que des clusters de particules constituent une excellente
alternative pour réaliser des sources de Huygens résonantes ou large bandes. L’ajustement
des résonances pour ces structures est obtenu par les paramètres géométriques que sont
la taille des inclusions et leur densité dans l’agrégat. La présence de plusieurs paramètres
ajustables présente un avantage certain par rapport au recours à de simples sphères ho-
mogènes, pour lesquelles le nombre restreint de matériaux ayant la dispersion adaptée aux
fréquences optiques est limitant.

Un outil théorique rigoureux pour l’analyse et la conception de métasurfaces

• Nous avons présenté un formalisme multipolaire reliant les coefficients de réflexion et de
transmission, observables essentielles des métasurfaces, aux coefficients de diffusion de ses
constituants. Basé sur un développement en harmoniques sphériques vectorielles, ce for-
malisme est généralisé à tout ordre et constitue ainsi une extension rigoureuse à la descrip-
tion dipolaire couramment utilisée dans la littérature. Ce formalisme permet une analyse
simple et totalement générale des propriétés de métasurfaces complexes pouvant être con-
stituées d’unités fortement multipolaires.

Démonstrations numériques de métasurfaces avec plusieurs propriétés originales

• En considérant des clusters diélectriques sans perte dans l’infrarouge (Si), nous avons dé-
montré numériquement que la mise en forme de fronts d’onde est possible en exploitant les
résonances quadrupolaires de ces objets. Nous avons montré que deux paramètres permet-
tent une variation de phase complète couvrant l’intervalle de 0 à 2π avec une transmission
élevée : la taille des clusters et le pas entre les éléments dans la métasurface. Ce résultat a
été utilisé pour démontrer un déflecteur de faisceau à un angle de 9° avec une barrette de
8 clusters et une méta-lentille de 13 clusters permettant la focalisation d’une onde plane
incidente.

• D’autre part, nous avons montré que des absorbeurs parfaits, consistant en des réseaux de
particules diélectriques, peuvent fonctionner dans un régime fortement multipolaire, pour
lequel au moins huit multipôles sont nécessaires pour rendre compte de l’absorption uni-
taire. À notre connaissance, c’est la première fois que de tels absorbeurs parfaits multipo-
laires sont proposés ou mis en évidence.
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Ligne directrice pour l’identification et la conception de structures

• Les particules de type cœur-écorce métallo-diélectriques sont des éléments prometteurs
en raison de leur comportement dipolaire idéal et de leur forte efficacité de diffusion dans
l’infrarouge. Nous avons fourni une liste détaillée de structures se comportant comme des
sources de Huygens, sous la forme d’un abaque, pouvant servir de guide à la communauté
de la nanochimie pour la synthèse de ces particules.

• Nous avons présenté une démarche permettant d’identifier des clusters de particules qui
présenterons un comportement de source de Huygens. Notre approche est fondée sur l’ho-
mogénéisation des agrégats au moyen de la théorie étendue de Maxwell-Garnett et sur l’ajus-
tement de leur indice de réfraction effectif. Nous avons démontré la grande versatilité de
cette approche ainsi que certaines de ses limitations.

• Nous avons montré que le formalisme multipolaire généralisé décrivant les propriétés de
métasurfaces peut être exploité efficacement pour concevoir des absorbeurs parfaits. En
particulier, une exploration préliminaire des paramètres est effectuée sur des méta-atomes
considérés individuellement et permet d’identifier de bons candidats aux applications d’ab-
sorbeurs parfaits avant de recourir à un calcul périodique rigoureux. Cette procédure de
conception est puissante puisque nous avons montré qu’elle est applicable avec succès à
une large variété de systèmes présentant des contenus multipolaires distincts.

L’étude menée dans le cadre de cette thèse est pionnière dans les domaines de la nanochimie
et de l’auto-assemblage. Elle est probablement la première à aborder la possibilité de concevoir
des nano-résonateurs, pouvant être synthétisés chimiquement avec des propriétés de diffusion
directionnelle intéressantes, et être exploités ultérieurement pour la fabrication de métasurfaces.
Nous sommes optimistes quant au fait que des réalisations expérimentales exploitant de telles
particules pourraient voir le jour dans les années à venir. Néanmoins, nos travaux présentent
certaines limites. En particulier, nous nous sommes essentiellement intéressés à des structures
et surfaces idéalisées. Cela signifie notamment que les imperfections inhérentes aux systèmes
expérimentaux n’ont pas été abordées, d’où le besoin à l’avenir de compléter ces travaux par un
certains nombres d’études supplémentaires. Plusieurs points méritant une analyse approfondie,
car susceptibles d’impacter de manière significative les propriétés de structures obtenues dans la
logique d’une fabrication par voie ascendante, sont énumérés ci-dessous.

Viabilité expérimentale des structures étudiées théoriquement

• Les techniques d’auto-assemblage introduisent à la fois désordre et polydispersité. Une
piste importante à explorer pour les clusters de particules, avant de conclure sur leur fais-
abilité expérimentale comme sources de Huygens, serait de mener une enquête statistique
complète sur l’impact de vides localisés, de désordre et de polydispersité sur leurs réponses
optiques, complétant ainsi les travaux présentés dans cette thèse. Il est à noter que des
travaux initiés au CRPP dans le cadre de la thèse de Rajam Elancheliyan concernant la syn-
thèse de nanoclusters sont prometteurs et montrent que de fortes réponses magnétiques
peuvent être obtenues avec des clusters plasmoniques élaborés à partir d’émulsions.

• Par ailleurs, il serait intéressant d’étudier plus en détail les particules de types cœur-écorce
entièrement diélectriques, dont le contenu multipolaire semble très similaire à celui des
clusters diélectriques. En effet, il n’est pas rare d’obtenir des structures de ce type lors de
la synthèse de particules colloïdales diélectriques. Oxydation en surface, porosité et crois-
sance amorphe peuvent typiquement conduire à des particules présentant des indices effec-
tivement plus faibles en surface qu’au cœur de la particule. Il serait également intéressant
de mener des études complémentaires tenant compte de dispersions d’indice réalistes et
d’effectuer une investigation plus systématique de la dépendance des propriétés optiques
avec le nombre de couches et leur indice de réfraction.

• Les particules cœur-écorce métalo-diélectriques étudiées dans la littérature et dans ce tra-
vail semblent particulièrement prometteuses. Néanmoins, les paramètres géométriques
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requis pour atteindre le régime de Kerker restent à notre connaissance au-delà de ce qui
est aujourd’hui réalisable expérimentalement. Notamment, un des défis majeurs du point
de vue expérimental réside en la réalisation de revêtements à fort indice et d’épaisseur con-
séquente autour des cœurs des particules (supérieure à 100 nm).

Désordre positionnel dans les métasurfaces

• Dans la section consacrée aux absorbeurs, nous avons présenté certaines structures consis-
tant en des réseaux très denses de particules. Ces résultats sont encourageants du point de
vue de la fabrication, car ces réseaux peuvent a priori être obtenus par des méthodes d’auto-
assemblages classiques. Qui plus est, certaines propositions de métasurfaces, comme par
exemple celles constituées de clusters de silicium, présentent des pics d’absorption ne vari-
ant que très légèrement avec le pas du réseau. Ceci pourrait indiquer une faible dépen-
dance à un désordre positionnel des particules sur la surface. La conservation des propriétés
d’absorption avec le désordre est une question particulièrement importante qui mériterait
d’être explorée à l’avenir pour l’ensemble des structures que nous avons proposé. Si nous
sommes optimistes quant au fait que des surfaces désordonnées puissent fonctionner dans
le régime d’absorption parfaite, ce point mérite cependant une démonstration.

• D’autre part, les applications de manipulation du front d’onde, telles que celles que nous
avons démontrées numériquement, posent un véritable défi pour une fabrication de type
bottom-up. En effet, celles-ci nécessitent de contrôler très finement l’agencement spatial
des particules sur la surface, ainsi que leur taille afin d’implémenter les gradients spati-
aux désirés. Ce type d’applications semble peu probable sans le recours à des substrats
pré-structurés qui serviraient de guides pour positionner les particules. L’utilisation de tels
substrats signifie une approche hybride combinant voies descendante et ascendante. En
outre, le désordre inhérent aux techniques d’auto-assemblage mériterait d’être examiné de
manière systématique, afin de se rendre compte de son impact sur les propriétés des mé-
tasurfaces, que ce soit pour la modulation de front d’onde ou pour les applications comme
absorbeurs.

Impact d’un substrat

• Dans cette thèse, les métasurfaces considérées sont des réseaux placés en espace libre. Cette
considération reste pertinente dans le sens où des métasurfaces peuvent être élaborées sur
des substrats en verre puis recouvertes d’un superstrat de polymère garantissant que les
deux matériaux hôtes entourant la métasurface soient de même indice de réfraction. Toute-
fois, il est pratique, à titre expérimental, de simplement disposer les monocouches de par-
ticules sur un substrat, sans recourir à un superstrat. Aussi, une étude approfondie prenant
en compte l’interaction des particules d’une métasurface avec un substrat constituerait une
extension particulièrement intéressante à ce travail.

Analyse des propriétés de métasurfaces de Huygens en incidence oblique

• Finalement, il est à noter que le formalisme utilisé dans ce travail pour analyser le contenu
multipolaire des nano-résonateurs constituant une métasurface périodique n’est valable
qu’en incidence normale et ne permet pas de rendre compte de l’évolution des propriétés
en incidence oblique. Aussi, de nouveaux outils seront nécessaires pour étudier ces situ-
ations et interpréter ou prévoir les évolutions des propriétés de réseaux de particules avec
l’angle d’incidence.
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Résumé

Les avancées récentes en optique à l’échelle nanométrique ont donné naissance à une nouvelle branche de la

nano-photonique visant à manipuler la diffusion de nanoparticules, avec de nombreuses applications potentielles en

communication optique, en photovoltaïque, pour le développement de nano-antennes, de capteurs, etc. La réponse

de nano-diffuseurs est souvent caractérisée en termes de multipoles électromagnétiques dont les ajustements con-

stituent un moyen efficace pour façonner à souhait les diagrammes de rayonnement de particules. En particulier, des

interférences destructives entre multipoles de parité spatiale opposée peuvent être exploitées pour annuler la rétro-

diffusion d’objets de petites tailles. Cet effet, théoriquement prédit il y a 30 ans par Milton Kerker, permet aujourd’hui

de concevoir des particules sub-longueur d’onde diffusant la lumière uniquement vers l’avant, partageant ainsi les

principales caractéristiques des sources théoriques fictives utilisées dans le principe de Huygens-Fresnel. Une fois

assemblées en réseau périodique bidimensionnel, ces particules, appelées “sources de Huygens”, offrent des oppor-

tunités uniques dans le développement de composants optiques plats et ultrafins, appelés “métasurfaces”, permettant

un contrôle arbitraire de la phase, de l’amplitude et/ou de la polarisation de faisceaux lumineux. Ainsi, au cours des

dernières années, les métasurfaces de Huygens ont été très largement explorées comme alternative à l’optique tradi-

tionnelle pour la conception de surfaces remplissant les fonctions de lentilles, de déflecteurs de faisceau, de vortex

optique, d’hologrammes ou d’absorbeurs parfaits. Ces travaux se sont notamment appuyés sur des sources de Huy-

gens anisotropes pouvant être obtenues par les technologies dites “top-down”. Contrairement aux approches étudiées

jusqu’à présent, cette thèse porte sur l’étude de sources de Huygens isotropes. Nous étudions en particulier des par-

ticules homogènes, composites ou de types coeur-coquille pour atteindre le régime de Kerker. Nous démontrons la

possibilité de façonner le front d’onde de faisceaux optiques en utilisant des systèmes sphériques constitués d’amas

de particules diélectriques. Nous présentons également un formalisme multipolaire pouvant être exploité pour opti-

miser l’absorption de surface de Huygens. Comme fil conducteur de notre projet, les objets que nous étudions sont

adaptés aux technologies ascendantes (dite “bottom-up”) et pourraient de manière réaliste être obtenue par synthèse

colloïdale et procédés d’auto-assemblage, offrant ainsi une alternative aux métasurfaces classiquement obtenues par

lithographie.

Mots clés : photonique, résonateurs optique, nanoparticules, diffusion, sources de Huygens, métasurfaces

Abstract

Recent developments in optics at the nanoscale have given rise to a new branch of nano-photonics aimed at

manipulating the scattering of nanoparticles, with numerous potential applications in optical communication, nano-

antennas, photovoltaics, sensing, etc. The response of nano-scatterers is often characterized in terms of electromag-

netic multipoles. Tailoring these multipoles represents an efficient scheme to engineer three-dimensional radiation

diagrams. For instance, destructive interferences between multipoles of opposite spatial parity can be exploited to

cancel backscattering. This effect, theoretically predicted 30 years ago by Milton Kerker, makes it possible to produce

subwavelength particles that scatter light in the forward direction, thus sharing the main features of the fictitious

sources used in the Huygens-Fresnel principle. Once assembled in a periodic two-dimensional network, such parti-

cles, named “Huygens sources”, offer unique opportunities for the development of flat and ultrathin optical compo-

nents called “metasurfaces” that enable the arbitrary control of the phase, amplitude and/or polarization of a beam

of light. Over the past few years, Huygens metasurfaces have been widely explored to engineer highly efficient lenses,

beam deflectors, vortex beams, holograms or perfect absorbers, that have relied on two-dimensional anisotropic Huy-

gens sources. In contrast to approaches investigated thus far, this thesis focuses on the study of isotropic Huygens

sources. We investigate homogeneous, composite and core-shell particles as a solution to reach the Kerker regime.

Subsequently, we demonstrate that wave-front shaping is indeed possible by using spherical systems composed of

clusters of dielectric inclusions and we present a multipolar formalism that can be used as a guideline to optimize

the absorption of Huygens arrays. The structures we study are realistically achievable by bottom-up fabrication and

self-assembly, offering an alternative to the classical lithographically fabricated metasurfaces.

Keywords : photonic, optical resonators, nanoparticles, scattering, Huygens sources, metasurfaces
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