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Résumé

Le nombre de technologies et de normes de communications sans fil est en augmentation con-
stante afin de fournir des solutions de communication à distance pour les différents besoins
technologiques actuels et à venir. Ceci est particulièrement le cas de l’Internet des objets (IoT),
où déjà de nombreuses solutions sont disponibles, et de nombreuses autres sont attendues.
Pour un déploiement efficace du réseau IoT, l’interopérabilité entre les différentes solutions est
essentielle pour éviter la fragmentation de ce réseau, ce qui augmente ses coûts d’installation
et d’exploitation et complique sa gestion. L’interopérabilité sur le plan physique est fournie
par des modems multistandards prenant en charge le plus grand nombre de normes avec un
coût de mise en œuvre minimal. Ces modems sont possibles grâce au front end numérique
(DFE), qui offre une interface radio flexible capable de traiter une large gamme de signaux.
Cette thèse développe tout d’abord deux architectures génériques de DFE pour la transmission
et la réception, pouvant être facilement adaptées aux différentes normes IoT. Ces architec-
tures mettent en évidence le rôle principal du changement de rythme (SRC) dans le DFE et
l’importance de l’optimisation de la mise en œuvre de cette fonction. Cette optimisation est
ensuite réalisée grâce à une étude approfondie des fonctions SRC, et au développement de
nouvelles structures plus efficaces en termes de complexité de mise en œuvre et de consom-
mation, pour des performances égales ou supérieures. La dernière partie de la thèse concerne
l’optimisation de la mise en œuvre matérielle du DFE, réalisée par le développement d’une
méthode de quantification optimale qui minimise l’utilisation de ressources matérielles tout
en garantissant un certain niveau de performance. Les résultats obtenus sont enfin mis en
valeurs en comparant différentes stratégies de mise en œuvre sur des cibles FPGA et ASIC.
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Abstract

The number of wireless communication technologies and standards is constantly increasing to
provide communication solutions for today’s technological needs. This is particularly relevant
in the domain of the Internet of Things (IoT), where many standards are available, and many
others are expected. To efficiently deploy the IoT network, the interoperability between the
different solutions is critical in order to avoid the fragmentation of this network, which in-
creases its installation and operation costs, and complicates its management. Interoperability
on the physical level is achieved through multi-standard modems that support the largest
number of standards with minimal added implementation costs. These modems are made
possible through the digital front-end (DFE), that offers a flexible radio front-end able of
processing a wide range of signal types. This thesis first develops a generic architecture of
both transmission and reception DFEs, which can be easily adapted to support different IoT
standards. These architectures highlight the main role of sample rate conversion (SRC) in
the DFE, and the importance of optimizing the SRC implementation. This optimization is
then achieved through an in-depth study of the SRC functions, and the development of new
structures of improved efficiency in terms of implementation complexity and power consump-
tion, while offering equivalent or improved performance. The final part of the thesis addresses
the optimization of the DFE hardware implementation, which is achieved through developing
an optimal quantization method that minimizes the use of hardware resources while guaran-
teeing a given performance constraint. The obtained results are finally highlighted through
implementing and comparing different implementation strategies on both field programmable
gate array (FPGA) and application specific integrated circuit (ASIC) targets.
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Résumé Étendu en Français

Contexte et Motivations

Suite aux dernières révolutions technologiques de l’Internet et les réseaux mobiles qui ont
rendu possible la communication quasi permanente et directe des hommes à travers la planète,
une nouvelle révolution commence à prendre forme qui va permettre à presque tout objet de
communiquer. On appelle "Internet des objets" (Internet of Things IoT ) le concept de réseau
reliant ces objets, qui devrait accueillir plus de 75 milliards objets d’ici 2025. Chaque objet
connecté répond à une application spécifique qui impose des contraintes particulières et la
grande variété d’applications crée une importante diversité de contraintes. Par conséquent,
une multitude de technologies et de standards de communication sont proposés, chacune
utilisant des techniques de transmission et des caractéristiques de signal spécifiques, pour
proposer une solution à un certain cas d’application. Parallèlement, de nouvelles normes
sont en cours de développement qui ont l’objectif de prendre en charge le plus grand nombre
de cas d’applications. Un exemple est le réseau mobile de quatrième génération (4G) Long
Term Evolution (LTE), qui définit de nombreuses catégories d’appareils, chacune utilisant des
techniques de transmission spécifiques au cas d’application ciblé. La cinquième génération de
ce réseau vise à encore plus considérer de cas différents. En outre, les concepts de radio
logicielle et de radio intelligente visent la construction des systèmes radio hétérogènes de plus
en plus complexes, capables de commuter automatiquement de technologie de communication
en fonction de l’environnent radio.

Cette diversité des solutions de communication crée un défi pour les opérateurs de réseau
et les fournisseurs de services de télécommunication. C’est le cas à TDF, un des principaux
opérateurs français d’infrastructures radio, soucieux du déploiement efficace des solutions IoT
récemment proposées et du futur réseau mobile de cinquième génération (5G). Si chacune
des solutions de communication est traitée indépendamment des autres, le déploiement du
réseau devient fragmenté, ce qui tue l’interopérabilité, complique la gestion de la qualité
de service (Quality of Service QoS ) et augmente considérablement les coûts de déploiement
(comprenant l’installation initiale, la maintenance et la consommation). Ces problèmes sont
au cœur des systèmes 5G. TDF s’est associé à l’institut de recherche technologique (IRT)
b-com pour développer des solutions de déploiement efficaces qui favorisent et améliorent
l’interopérabilité dans les futurs réseaux.

Il est alors utile de se référer au modèle usuel de représentation en couches des systèmes de
communication, le modèle OSI, pour comprendre sur une description suffisamment générique
et abstraite, comment ces questions peuvent être traitées. Nous pourrions nous contenter
d’assurer l’interopérabilité et les fonctions transverses sur les couches dites « hautes » (du
transport à l’application), mais ce serait négliger les questions de compacité et sobriété énergé-
tique des équipements, critiques aussi bien pour les objets que pour les stations de collectes
(Gateways). Il faut donc considérer les couches « matérielles », i.e physique (traitements
analogiques et numériques), liaison (adresse MAC), paquet (adresse IP). La priorité de ce
travail est la couche physique.

S’agissant de la couche physique, les enjeux d’interopérabilité et de transversalité se ramè-
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nent à fournir une plateforme modem suffisamment flexible pour accueillir les différentes
technologies. En ajoutant les contraintes de compacité et sobriété énergétique, les choix
techniques s’orientent naturellement vers une mutualisation des fonctions sur des unités de
traitement définitivement câblées (compacité et consommation) mais paramétrables par un
jeu de registre permettant le basculement d’un système à l’autre (flexibilité). Il s’agit d’une
vision Software Defined Radio (SDR) dans laquelle le partage des traitements entre le pro-
cesseur et la structure matérielle câblée (FPGA/ASIC) est plutôt centré sur cette dernière,
qui est chargée des traitements simples (additions/multiplications), systématiques et paral-
lélisables, tandis que le processeur se voit affecté des calculs complexes dont les contraintes
de temps d’exécution sont relâchées. Le niveau d’optimalité d’un tel système peut être évalué
selon le critère suivant : le degré de flexibilité qui est assurée vis-à-vis d’un certain nombre de
technologies considérées, et dans un mode donné, le degré de complexité ou de consommation
du modem par rapport à celle qu’aurait une réalisation dédiée pour ce mode.

Objectifs et Contributions

On peut décomposer la partie numérique du modem en trois parties : le front-end numérique
(Digital Front-End DFE ), le traitement en bande de base et la correction d’erreur (Forward Er-
ror Correction FEC ). Dans un modem moderne, le DFE est généralement réalisé en matériel,
tandis que les deux autres parties sont souvent réalisées en logiciel. Par “matériel”, on désigne
ici une mise en œuvre sur cible matérielle numérique tels que les FPGA ou ASIC (conçue en
VHDL). Par “logiciel”, on considère une mise en œuvre sur un processeur (par programmation
en langage informatique). Ce travail vise l’optimisation de la mise en œuvre matérielle du
front-end numérique (DFE) afin de réduire les coûts et la consommation de l’interface radio.

Le DFE comporte plusieurs fonctions de traitement du signal, mais il a deux rôles princi-
paux: le filtrage et le changement de la fréquence d’échantillonnage (Sample Rate Conversion
SRC ). La fonction SRC est souvent intégrée dans autres fonctions du DFE, comme le filtrage
et la synchronisation. Cela fait du SRC la fonction la plus essentielle du DFE. Les principaux
objectifs de la thèse sont alors définis :

1. Concevoir une architecture générique et efficace du DFE qui s’adapte facilement à toute
norme ou technologie de communication, en particulier pour l’IoT.

2. Optimiser la fonction SRC dans le DFE en développant des nouvelles solutions, puis
mettre en œuvre les structures nouvellement développées et évaluer leurs niveaux de
complexité et de consommation.

3. Définir une méthode à suivre pour la mise en œuvre matérielle, à utiliser avec toutes les
fonctions du DFE, concernant la quantification et l’architecture du circuit numérique.

Pour parvenir à ces objectifs, cette thèse développe les contributions suivantes.
La première de ces contributions est la proposition d’architectures génériques pour le DFE

dans les deux sens d’émission et de réception, ainsi que leur intégration dans le modem en
combinaison avec le front-end analogique. Cette contribution est présentée dans le Chapitre 1.
Ce chapitre présente d’abord le contexte de l’IoT ainsi que le problème de la diversité des
normes et des technologies de communications sans fil. Un modem multistandard est alors
proposé comme solution, le DFE étant un élément principal de ce modem. Puis, les fonctions
principales du DFE sont présentées, qui sont ensuite utilisées pour construire les architectures
génériques du DFE. Ces architectures génériques mettent en évidence que les fonctions SRC,
qui sont utilisées à plusieurs endroits dans le DFE, constituent le cœur de ce système et que
leur optimisation est cruciale pour une mise en œuvre efficace de l’ensemble du modem.

La deuxième contribution développée dans le Chapitre 2 propose une nouvelle présentation
concise des filtres SRC disponibles dans la littérature. Le but de cette présentation est de
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rassembler la littérature des filtres SRC sous une seule vision unifiée. Cette présentation est
réalisée en regroupant les cinq principales structures de filtre SRC à réponse impulsionnelle
finie (FIR) autour d’une racine commune, le filtre FIR à phase linéaire, à partir de laquelle
les cinq structures sont ensuite dérivées. En pratique, il existe deux catégories de SRC : l’une
réalisant un facteur d’interpolation ou de décimation entier, éventuellement grand, la seconde
réalisant une fraction proche de un, aussi précise que l’on veut. Leur combinaison permet
systématiquement d’atteindre un changement de rythme arbitraire (ASRC). S’agissant de la
mise en œuvre du SRC fin, les choix techniques restent encore très ouverts à l’intérieur du
cadre général des filtres à retard variable (V-FDF), qui s’avèrent aujourd’hui les structures
les plus appropriées.

Le Chapitre 2 présente également les aspects de la mise en œuvre matérielle pour chaque
structure afin de fournir un guide complet et concis sur le SRC, tant du point de vue
théorique que pratique. Cette vision unifiée est développée pour les filtres SRC d’interpolation
dans le Chapitre 2, le cas complémentaire des filtres SRC de décimation est présenté dans
l’Appendice A. La suite du travail étudie en profondeur la structure de Newton, et nous
montrons son intérêt pour construire de nouvelles solutions SRC plus efficaces.

Le Chapitre 3 aborde deux aspects théoriques liés à la structure de Newton, et nécessaires
pour définir de manière rigoureuse la réponse du filtre, ce qui constitue la troisième contri-
bution. Tout d’abord, la relation directe entre les expressions de l’interpolation de Lagrange
et la série de Newton est développée. Cette relation est ensuite utilisée pour démontrer la
convergence de la fonction de transfert de la structure de Newton.

La quatrième contribution est la conception de nouveaux filtres SRC basés sur la structure
de Newton. Jusqu’en 2009, la structure de Farrow était la solution la plus répandue pour la
mise en œuvre des V-FDF [Far88]. Ensuite, la structure de Newton [Tas96] a été proposée
afin de tirer profit de sa simplicité et de sa faible complexité [Leh09], mais limitée à un seul
gabarit de filtrage, celui de l’interpolation de Lagrange. En 2016, le travail publié par D.
Lamb et al. dans [Lam16] a montré que les structures de Farrow et de Newton peuvent être
reliées par une transformation matricielle. Cette transformation permet d’exploiter davantage
la structure de Newton en la modifiant pour mettre en œuvre différentes réponses V-FDF.
C’est cette approche que nous nous proposons d’étendre dans cette contribution. Ceci fournit
non seulement des solutions ASRC plus performantes, mais réduit également la complexité
matérielle, et donc le coût et la consommation du DFE.

Trois nouvelles modifications sont développées et présentées dans le Chapitre 4. Tout
d’abord, nous proposons une modification de la structure de Newton pour l’interpolation de
Hermite. Cette interpolation est un cas général d’interpolation de Lagrange, dans lequel les
contraintes d’égalité sont imposées non seulement aux valeurs des échantillons, mais également
à leurs dérivées. Par conséquent, davantage de degrés de liberté sont disponibles pour ajuster
l’interpolation utilisée. En général, la réponse du filtre d’interpolation de Hermite conserve
la même bande passante que celle de l’interpolation de Lagrange, tout en améliorant les
performances en termes de rejet des images. Parallèlement à cette performance de filtrage
améliorée, la mise en œuvre de cette interpolation offre une complexité plus faible vis-à-vis la
structure de Newton classique pour l’interpolation de Lagrange.

La transformation de Farrow-Newton permet théoriquement la mise en œuvre de toute
interpolation polynomiale par le biais d’une structure de Newton généralisée. Cependant, en
s’appuyant sur cette transformation, la relation entre les coefficients de cette structure général-
isée et la réponse du filtre n’est pas connue. Pour trouver cette relation, l’expression de la
réponse fréquentielle de la structure de Newton généralisée doit être développée en utilisant les
propres coefficients de cette structure. Cela fait, il est ensuite possible d’utiliser des méthodes
d’optimisation de filtre permettant d’approximer une réponse de filtre idéale souhaitée. Ces
méthodes d’optimisation offrent également l’avantage d’imposer des contraintes pour person-
naliser la structure optimisée. Par exemple, il est possible d’imposer que seules les lignes de
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retour provenant du dernier élément de retard soient possibles. Cela permet de concevoir des
structures de Newton optimisées ayant des performances comparables à celles des structures
de Farrow optimisées, tout en nécessitant qu’une fraction de complexité de ces dernières.

La structure de Newton classique peut être identifiée dans toutes les nouvelles structures
proposées. En écrivant la fonction de transfert sous la forme d’une combinaison linéaire de
celle de la structure de Newton classique et de n’importe quelle seconde structure de New-
ton modifiée, il est possible de trouver des structures qui sont reconfigurables via un seul
paramètre variable. Une telle structure est capable de mettre en œuvre les deux interpola-
tions considérées, ainsi qu’une plage d’interpolations combinant les caractéristiques des deux
interpolations en faisant varier le paramètre de reconfiguration. De plus, cette structure re-
configurable garde une complexité comparable à celle de la structure de Newton classique, ce
qui n’est pas le cas si on rend la structure de Farrow reconfigurable. Cela est dû au fait que
le paramètre de reconfiguration introduit ne modifie que certains coefficients de la structure
de Newton, et par conséquent seul un nombre limité de multiplieurs doit être ajouté pour
permettre la reconfigurabilité. Ces structures reconfigurables offrent une solution très intéres-
sante pour les applications de radio intelligente ou les systèmes multistandards, dans lesquels
le système doit s’adapter en permanence au signal reçu et à son environnement.

La suite de ce travail aborde les problèmes d’optimisation de la quantification et de la
mise en œuvre matérielle. La cinquième contribution, présentée dans le Chapitre 5, est
le développement d’un algorithme simple de quantification optimal, qui trouve le nombre
d’éléments binaires minimal pour représenter chaque signal, en garantissant une contrainte de
précision donnée. La première section de ce chapitre présente les principes et l’état de l’art
des méthodes de quantification disponibles dans la littérature. La deuxième section développe
la nouvelle méthode analytique de quantification optimale. La dernière section applique la
méthode développée à un exemple d’un DFE simpliste, afin de démontrer l’utilisation pratique
de cette méthode.

Le Chapitre 6 développe la dernière contribution, qui est la réalisation matérielle de dif-
férents filtres SRC sur cibles FPGA et ASIC. La première partie étudie les contraintes de
mise en œuvre et les stratégies utilisées pour développer des architectures matérielles. Cette
étude montre l’importance d’utiliser la stratégie de mise en œuvre appropriée en fonction des
exigences de l’application. Puis, les architectures de plusieurs structures de SRC sont dévelop-
pées en utilisant les différentes stratégies de mise en œuvre. La complexité et la consommation
de ces implémentations sont analysées et comparées pour mettre en évidence les avantages de
chaque architecture. Un résultat important du travail de cette thèse est le développement des
architectures qui permettent la mise en œuvre du SRC d’un facteur fin à un coût similaire à
celui de SRC grossier, ce qui était inconcevable avant le début de ce travail.

Conclusion et Perspectives

Cette thèse propose une architecture générique optimisée d’un front-end numérique destiné
aux modems multistandards de l’Internet des objets (IoT) en ciblant la fonction SRC au
cœur du DFE. Les développements réalisés dans ce travail offrent des solutions SRC plus
flexibles avec une efficacité améliorée. La deuxième optimisation est faite en développant une
méthode de quantification optimale utilisée ensuite pour une mise en œuvre matérielle efficace
du modem multistandard.

Les études et développements réalisés dans cette thèse ouvrent par la suite de nombreux
nouveaux sujets de recherche. Les sujets les plus prometteurs sont: le développement des
mesures de performance du SRC plus exhaustives, l’intégration du SRC dans des bancs de
filtres reconfigurables, l’automatisation de la méthode de quantification, et l’optimisation
éventuelle du reste des fonctions du DFE.
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Introduction

After the Internet and mobile network revolutions of the 1990’s that allowed humans to com-
municate across the planet, the digital world is preparing a new revolution allowing objects
to communicate. The internet of things (IoT) is the label given to the network connecting
these objects, that is expected to accommodate over 75 billion devices by 2025 [Luc16]. Each
connected object has a specific application with particular requirements. The wide variety of
applications makes the communication requirements of these objects very diverse. Hence, a
large number of technologies and communication standards have been proposed for the differ-
ent application cases, each using specific transmission techniques and signal characteristics.
In parallel, new standards are being built with the objective to support the largest number
of application cases. An example is the fourth generation (4G) long term evolution (LTE)
mobile network, that defines many different device categories, each having specific technical
transmission specifications. Furthermore, smart radio concepts are currently being developed,
with the objective to build radio systems able of autonomously switching the technology or
standard used for communication depending on the radio environment.

The diversity of modern communication solutions creates a challenge for network oper-
ators and telecommunication service providers. This is the case at TDF, a leading French
radio infrastructure operator, concerned with the efficient deployment of the recently pro-
posed IoT solutions and the future fifth generation (5G) mobile network. Considering each of
these communication solutions independently induces deployment fragmentation, which kills
interoperability, complicates quality of service (QoS) control, and increases deployment costs
(including initial setup, maintenance, and power consumption). These issues are at the heart
of 5G systems. TDF teamed up with the technological research institute b-com to solve this
challenge by developing efficient deployment solutions.

To approach this problem, it is useful to refer to the Open Systems Interconnection (OSI)
model, that represents network connectivity through seven layers. Implementing interoper-
ability at the high software layers (from transport to application) offers a unified processing
and management solution, however it does not solve the physical deployment challenge. To
address the energy efficiency and the total costs of deploying radio infrastructures, it is neces-
sary to consider the lower material layers (physical, data-link, and network). The priority in
this manuscript is the physical layer that is the main influence on the cost and consumption
of the radio infrastructure interfaces.

Regarding the physical layer, the issues of interoperability and transversality are addressed
by providing a modem platform that is sufficiently flexible to accommodate the different
standards and technologies. For the best energy efficiency and implementation compactness,
the privileged solution is a single hardware processing system that is configurable through
a set of variable parameters, allowing switching between multiple technologies. This is the
software defined radio (SDR) vision, in which the processing is shared between a general
purpose processor (GPP) and a hard wired structure implemented using field programmable
gate array (FPGA) or application specific integrated circuits (ASIC). The hard wired part
implements the main digital signal processing functions, while the GPP is assigned complex
computations whose execution time constraints are relaxed. The optimal system would be the
one capable of supporting all the considered technologies, while having for a given transmission
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mode a complexity and consumption equivalent to that of a dedicated implementation.

Objectives and Contributions

Having provided the general framework, this work’s objectives are identified. A digital modem
consists of three main sections: digital front-end (DFE), baseband processing, and forward
error correction (FEC). In modern systems, the DFE is usually implemented in hardware,
while the two following sections are often done in software. This work focuses on optimizing
the hardware implementation to reduce the cost and consumption of the physical interface.
Therefore the main system in question is the digital front-end.

The DFE contains numerous signal processing functions, however it has two main roles:
filtering and sample rate conversion (SRC). It is very common to combine filtering with SRC,
and to use the SRC function to implement more advanced functions. This makes the SRC a
core function of the DFE. Knowing this, the main objectives of this work are the following:

1. Design an efficient generic DFE architecture that is easily adapted to any communication
standard or technology.

2. Optimize the SRC function in the DFE, then implement the newly developed structures,
and evaluate their practical complexity and consumption.

3. Develop hardware implementation guidelines, to be used with all the DFE functions,
related to the quantization problem and the implementation strategies.

To achieve these objectives, this work developed the following contributions:

1. First, generic DFE architectures for both transmission and reception are proposed, and
their integration in combination with a generic analog front-end (AFE) is explained.

2. Second, a new concise presentation of the SRC filters available in the literature is devel-
oped. The purpose of this presentation is to assemble the scattered literature of SRC
filters under one single unified vision. Then the work studies in depth the Newton struc-
ture, that seems promising to build new and more efficient SRC solutions. A tutorial
article presenting the unified vision is planned to be published in the near future.

3. The third contribution is the development of certain missing theoretical aspects related
to the Newton structure, that are needed to rigorously define the response of this filter.
A new mathematical proof of the Newton series convergence was published in the IEEE
signal processing letters.

• Paquelet, S.; Zeineddine, A.; Nafkha, A.; Jezequel, P. & Moy, C., Convergence of
the Newton Structure Transfer Function to the Ideal Fractional Delay Filter, IEEE
Signal Processing Letters.

4. The fourth contribution is the design of new SRC filters based on the Newton structure,
where three new modifications are developed: Hermite interpolation, reconfigurable
response, and optimized coefficients filters. This work resulted in three conference pub-
lications and one patent application.

• Zeineddine, A.; Nafkha, A.; Moy, C.; Paquelet, S. & Jezequel, P.-Y. Variable
fractional delay filter: A novel architecture based on hermite interpolation, 25th
International Conference on Telecommunications (ICT), 2018, 93-97

• Zeineddine, A.; Paquelet, S.; Nafkha, A.; Moy, C. & Jezequel, P.-Y. Generaliza-
tion and Coefficients Optimization of the Newton Structure, 25th International
Conference on Telecommunications (ICT), 2018, 98-103
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• Zeineddine, A.; Paquelet, S.; Kanj, M.; Moy, C.; Nafkha, A. & Jezequel, P. Recon-
figurable Newton structure for sample rate conversion, IEEE Global Conference on
Signal and Information Processing (GlobalSIP), 2018, 271-275

• Zeineddine, A.; Paquelet, S.; Filtre interpolateur numérique, dispositif de change-
ment de rythme et équipement de réception correspondants, INPI n◦FR17 62632

5. The rest of this work addressed the quantization and the hardware implementation
optimization problems. The fifth contribution is the development of an optimal yet
simple quantization algorithm, that finds the minimal signals bit width that guarantees
a given precision constraint. The developed quantization method is kept confidential
and is not published in the public version of this thesis.

6. Finally, different SRC solutions for the DFE are implemented in hardware using both
FPGA and ASIC, using different implementation strategies. Then the complexity and
consumption of these SRC solutions and the different implementation strategies used
are analyzed and compared, which helps in selecting the appropriate solution for certain
given application requirements. Some of these results were published in the New Circuits
and Systems (NEWCAS) conference.

• Zeineddine, A.; Paquelet, S.; Nafkha, A.; Jezequel, P.-Y. & Moy, C. Efficient
Arbitrary Sample Rate Conversion for Multi-Standard Digital Front-Ends, 17th
International IEEE NEW Circuits and Systems Conference (NEWCAS), 2019

Organization of the Thesis

The work of this thesis is presented over 6 chapters having the following organization.
Chapter 1 presents the IoT context and the communication standards and technologies

diversity problem. The multi-standard modem is then presented as the solution to this prob-
lem, with the DFE being at the heart of this modem. Finally, the DFE concept and its main
functions are presented, and a generic DFE architecture enabling multi-standard modems is
developed on both transmission and reception sides, alongside the interfaces with the AFE.

Chapter 2 develops the unified vision of the finite impulse response (FIR) based SRC filters.
The five main filter structures available in the literature are grouped under one common root,
that is the linear-phase FIR filters, from which the five structures are then derived. This
chapter also presents the hardware implementation aspects for each filter structure in order
to provide a complete and concise guide on SRC from both theoretical and practical point
of views. This chapter develops the case of interpolation SRC filters, the complementary
decimation SRC filters case is presented in Appendix A.

Chapter 3 addresses two missing theoretical aspects related to the Newton structure that
were needed for the developments done in this work. First, the direct relation between the
expressions of Lagrange interpolation and the Newton backward difference formula (NBDF) is
developed. Second, a new rigorous proof of the Newton structure transfer function convergence
is proposed.

Chapter 4 is based on the proposition done in [Lam16] that proposes a generalization for
the Newton structure through matrix transformations. This chapters starts by developing
the closed form expressions of these transformations which are then used to design new SRC
filter structures. First, the modified Newton structure for Hermite interpolation is developed.
Second, by writing the transfer function of the generalized Newton structure as a linear com-
bination of two interpolation methods, the reconfigurable Newton structure is derived. Third
and finally, the closed form expression of the frequency response for the generalized Newton
structure is developed, and is then used in combination with filter optimization techniques to
propose optimized Newton structures.
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Chapter 5 studies the quantization problems, necessary for the efficient implementation of
the DFE signal processing functions in hardware. The first section of this chapter presents the
fundamentals and state-of-the-art of the available quantization methods. The second section
then addresses the complexity of the proposed methods in the literature, and develops a new
analytical method that is simple yet optimal. The developed quantization method is omitted
from the public version of this thesis. The final section applies the developed method to a
simplistic DFE example, in order to show how this method is practically used.

Chapter 6 develops the hardware implementation of different SRC filters on both FPGA
and ASIC targets. First, the different hardware implementation constraints and strategies are
presented. Then the architectures of the newly proposed SRC solutions are developed using
different implementation strategies. Finally, the filters are implemented in hardware and then
the complexity and consumption results are analyzed.
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Internet of Things (IoT) is the network that connects everyday devices to the Internet.
This concept witnessed an important growth since early 2010, but only recently its concrete
implementation and deployment started to appear. The wide adoption of the IoT trend cre-
ated an important global market that is expected to continuously grow with time. However,
IoT applications are numerous, and the required performance from the connected devices
varies with each application. This motivated many actors to propose different transmis-
sion standards and technologies, with the objective to offer deployment solution for the IoT
network. To propose solutions for all IoT applications, each standard and/or technology
proposition tried to address the communication needs for IoT applications with a different
approach, by exploiting the advantages of a specific transmission technique and signal type.
Moreover, the number of connected devices is estimated to reach 75.4 billion by 2025 [Luc16].
The IoT network will not be uniform, but rather heterogeneous, e.g. there will be a plurality
of IoT networks in each given covered area, necessitating to have a dedicated gateway for
each communication standard. An efficient deployment solution would be the use of multi-
standard gateways, that are capable of communicating with the largest number of standards,
and thereby the largest number of devices. Then one multi-standard gateway can replace
multiple ones to provide service for many devices of different standards.

These multi-standard gateways are based on a Digital Front-End (DFE), as emphasized by
the software defined radio (SDR) technology [Mit95][Pal13]. The software radio concept has

5
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an ideal objective of implementing the radio functions, found today in the analog front-end
(AFE), using digital signal processing functions in hardware and software. This is desirable
in order to offer a fully reconfigurable radio front-end, that can be adapted to any radio
signal at both transmission and reception. However, with today’s technology, this stays an
ideal concept and some AFE function are always necessary, followed by a DFE having digital
functions that replace or compensate what was previously processed in the analog domain.
Nonetheless, by using a hybrid AFE/DFE combination, it is possible to build multi-standard
gateways that process different IoT standards. This manuscript is focused on some of the
DFE functions allowing this flexibility.

In this chapter, the concepts that motivated this PhD work are presented, and a generic
DFE architecture is developed. The IoT concept, technologies, and deployment challenges
are presented in Section 1.1. Section 1.2 then develops the multi-standard modem solution
that helps addressing some of the IoT deployment challenges. The DFE function in the multi-
standard modem is then studied in Section 1.3, and generic architectures are proposed for
both transmitter (Tx) and receiver (Rx) implementations. Section 1.4 concludes this chapter
and presents the work done in this thesis that aims at optimizing the DFE implementation.

1.1 Internet of Things Network

The context of the present thesis is the deployment of the Internet of things network. A good
understanding of this context is necessary for the correct formulation of the problematic,
and for identifying the best corresponding solution. This section starts by introducing the
Internet of things concept in Section 1.1.1. The standards and technologies designed for
IoT applications are then classified and presented in Section 1.1.2. Finally, the deployment
challenges of the IoT network are identified in Section 1.1.3. The rest of this thesis then aims
at finding a deployment solution that helps addressing these challenges, and facilitating the
deployment of the IoT network.

1.1.1 What is the Internet of Things

The Internet of things is a commonly used term in today’s research community. This section
presents the IoT concept from three points of view: birth and evolution, applications, and
market. This will help to better understand the IoT technologies and challenges presented in
later sections.

1.1.1.1 Birth and Evolution

In the IoT literature, it is often considered that the first example of a connected object
was developed at the Carnegie Mellon School of Computer Science in the 1980s [Eve90]. It
consisted of a coke machine that was connected to the Advanced Research Projects Agency
Network (ARPANET) at first, before it was later connected to the Internet in the 1990s.
What motivated the researchers to connect this machine was their need to verify that the
machine is not empty before making the trip to get a coke, since their office was far from the
machine. This was the first example of a monitoring application using connected objects.

Through the 1990s, the IoT concept witnessed some basic proof of concept propositions by
researchers. The advancement of integrated circuits technologies, and their price reduction,
further motivated the research in this area. This concept started as a ubiquitous computing
concept at first [Wei91], where the idea was to add computing and communication capabilities
to everyday objects. Later on more visions for the future IoT "smart networks" were proposed,
and adequate communication standards for such applications started to be investigated and
developed [Raj94]. Device to device (D2D) communication using a multitude of standards
(WiFi, Bluetooth, ZigBee, radio-frequency identification RFID, ...) was the main trend with
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Figure 1.1: Evolution of the IoT concept and deployment

the beginning of the 21st century. RFID technology and wireless sensor networks were the
foundation of many applications with a massive scale deployment.

The International Telecommunications Union ITU addressed this topic for the first time in
2005 with a dedicated report [Int05], providing a definition for this concept: "Connections will
multiply and create an entirely new dynamic network of networks - an Internet of Things".
According to Cisco, the IoT was born sometime between 2008 and 2009, at the point in time
when more objects were connected to the Internet than the number of people on earth [Eva11].
Since 2008, the number of commercialized connected devices keeps on multiplying, and it was
expected to surpass the 30 billion devices by 2020 [Lun14][Luc16].

To offer wireless connectivity to these devices, new solutions and technologies emerged des-
tined for IoT applications. Low-power wide area networks (LP-WAN) that started appearing
as of 2009 [Raz17], were a solution aimed at answering most IoT applications constraints
on low power consumption and long distance transmissions. These proposed standards are
discussed in more details in Section 1.1.2. The birth and evolution of the IoT concept and
deployment are summed-up in Figure 1.1.

The list of applications and opportunities the IoT domain opens up is endless, and this is
justified by the great number of published standards, the regional and national efforts of many
countries to develop this sector, and the continuously growing market. In addition, the large
scale deployment of IoT devices creates and helps the development of many other domains.
For example it is a catalyst to the big data concept, that is concerned with managing the
gigantic amount of data generated by all of these devices. IoT devices can also contribute
to the spread of artificial intelligence, by farming their generated data and using it to train
algorithms. Another domain that can also benefit from the IoT is augmented reality, where
devices deployed everywhere can be used to manage the user virtual experience for example.
These are some examples of the many domains tied to the IoT network.

1.1.1.2 Applications

The wide variety of IoT applications explains the great number of proposed standards that
will be presented later. This variety also highlights the challenges that are associated with
the deployment of the IoT network. Below is a non-exhaustive list of the possible applications
that are enabled by the IoT network, sorted by the application domain. After presenting the
applications, we can then deduce the constraints imposed on the devices depending on their
application target.

1. Agriculture [Dlo15]

(a) Cultivation: Connected low-cost sensors can be implemented in the field to mon-
itor different aspects of the planting environment. These devices can also be con-
trollers that automate certain tasks, such as the watering of plants.

(b) Farming: Connected devices can be either animal health monitors, or sensors
tracking the food or waste levels, and also the animals and their movement. Con-
trollers can be used to manage automated food distribution mechanisms.
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2. Industry [Da 14]

(a) Monitoring: Sensors and RFID tags can be implemented to follow the inventory
stocks in the factory, and also to monitor the automated processes in the factory.

(b) Controlling: Connected actuators may be used to implement finely tuned control
mechanisms in order to automatize the manufacturing process.

(c) Security: Connected devices used to regulate access and detect intrusion are
necessary to guarantee the security of factories.

3. Smart City [Li11][Zan14]

(a) Environmental: In a smart city, the levels of pollution are already monitored.
Whether it’s natural, sound, nuclear or electromagnetic pollution. Forest fire, water
quality, and many other aspects may also be monitored.

(b) Infrastructures: Sensors will remotely monitor infrastructures status, such as
bridges vibration, traffic congestion, waste pipelines, etc. Smart connected cars of
the future are expected to be autonomous thanks to many sensors, actuators, and
trackers responsible for ensuring their correct operation and safety.

(c) Smart Grid: Monitoring the consumption of power and controlling its distribution
is a key point to improve the efficiency of the electrical grid. Smart metering will
also greatly facilitate managing the electricity grid of any scale.

4. Smart Home [Sto17]

(a) Automation: From simple light bulbs, to coffee and washing machines, ending
with completely automated heating and cooling controllers, almost everything in
our homes may be remotely and automatically controlled.

(b) Monitoring: Automation functions using information generated by monitoring
different aspects such as temperature, humidity, power consumption, etc.

(c) Security: Smart locks, intrusion detectors, and trackers, may be all connected to
the Internet to alarm their owner or the police in case of any emergency.

5. Tracking [Gni15]

(a) Private Property: Tracking valuable vehicles and properties will be possible with
the IoT network by using very small devices that have geo-localization capabilities
that will continuously report their position.

(b) Logistics & Delivery: We can already find delivery services that offer the cus-
tomer the ability to track the position of his/her parcel. Tracking logistics are also
an important concern for production companies.

(c) Rented Assets: In recent years we witnessed many renting services that aim to
promote sharing bikes, cars, or boats between citizens. Tracking these rented assets
is crucial to keep control over the business.

6. Wearables [Wei14]

(a) ID Tags: Identification tags that a person carry are already part of many work-
places. However with the IoT network development, we might see a much wider
use for these tags in everyday life, for identification, fast payment, or to save a
person’s medical record.

(b) Health: These devices will be widespread between seniors to keep track of their
health status, or between persons with a sickness that requires constant monitoring.
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(c) Fitness: Activity trackers are already widely commercialized, and they’re very
helpful in informing the person using them of his activity level and his sleeping
time and quality.

These different applications do not share the same operation constraints. For example
when it comes to cultivation applications, the main concern would be low-power consumption,
where it is not practical to frequently change the devices batteries. However when it comes
to the different control and security applications the reliability of the wireless connection is
far more critical. Therefore this variety of application scenarios can explain the large number
of IoT standards that are proposed in the market, presented in Section 1.1.2. Each of these
standards tries to answer the requirements of a certain number of applications.

1.1.1.3 Market

Every year, the number of connected devices keeps on increasing. And as the IoT applications
get more mature, and the IoT standards become available, a great number of new devices
will be commercialized and deployed in the next coming years. This IoT market has been
investigated by many marketing and finance analysis firms, that published an important
number of reports. The number of IoT devices was estimated by the International Data
Corporation (IDC) to be 9.1 billion devices in 2013 [Lun14]. This number was expected
to grow and reach 13.7 billion and 28.1 billion on 2015 and 2020 respectively. IHS Markit
published another study [Luc16] in 2016 that estimated the number of connected devices
in 2015 to be 15.4 billion, with a grow to 30.7 billion and 75.4 billion by 2020 and 2025
respectively.

Behind this great number of deployed devices, there is an important global market. The
value of this market was estimated by IDC in 2013 to be worth 1.9 trillion dollars, with an
expected worth of 7.1 trillion dollars in 2020 [Lun14]. In this growing sector, telecommunica-
tion providers and industries are facing new challenges. In the classical cellular network era,
the service was provided mainly as a subscription based model, or as a metered post-payed
service. However for the new applications of IoT devices, these business models are not always
applicable. For example we find today IoT services that are billed as 1$ per device per year.
Alongside the financial challenge, the technical deployment of the IoT services will also be
different. With the many newly proposed IoT standards using non-licensed ISM bands, pri-
vate or public sector companies can start offering wireless services, and start competing with
the classical network service providers using licensed bands for IoT (LTE CAT-M1, EC-GSM,
etc).

To better understand the evolution of this market, different studies investigated its adop-
tion and its future. The work in [Hsu16] is one example, where the authors addressed the
influences affecting the adoption of the IoT market. The results showed that the perceived
critical mass, compatibility, and complementary were the main influences. Users also cared
about the availability of access points. The widely discussed privacy and security aspects of
IoT were a concern as well, however they did not seem to disable the adoption of this market.

1.1.2 IoT Networks Types, Standards, and Technologies

The majority of the IoT applications presented in the previous section rely on wireless con-
nections to transfer their data. To answer the different needs for wireless service, many actors
proposed telecommunication standards and technologies built for IoT applications. These
solutions have different characteristics, and each one of them targets a certain sector of IoT
applications. Before introducing these standards, the different types of IoT networks are
presented. Then for each network type, the associated proposed standards are presented.
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Table 1.1: Wireless Area Network IoT Standards

Standards Network Type Range

W-PAN
NFC / FeliCa / Mifare Proximity < 20 cm
Radio Frequency Identification (RFID) Proximity < 10 m
ZigBee / MiWi / Thread / Z-Wave / EnOcean W-HAN < 50 m
WirelessHART / ISA100.11a W-FAN < 50 m
Bluetooth W-PAN < 100 m

W-LAN
JupiterMesh / WiSun / Wireless M-Bus W-NAN < 1000 m
WiFi 802.11 (a, b, g, n, ac, ad, ah, af, p) W-LAN < 1000 m

W-WAN
LoRa / Sigfox / Ingenu (RPMA) /
Weightless / DASH7 / MulteFire

Unlicensed LP-WAN < 10 km

EC-GSM / LTE CAT-0 /
LTE eMTC / LTE NB-IoT

Licensed LP-WAN < 10 km

1.1.2.1 Classification

Different connected devices have different constraints for their wireless connection. This can
be either transmission distance, throughput, power, or something else. In the IoT literature, a
large number of network types is used to classify the different standards based on their appli-
cation sector. In this section, we attempt to keep the presentation concise by using the classi-
fication associated with the IEEE 802 standardization group [Jor02]. The different standards
and their applications can be distributed between these three main groups: Wireless Per-
sonal/Local/Wide Area Networks (W-PAN, W-LAN, W-WAN) for short/intermediate/long
range communications respectively.

1.1.2.2 Standards & Technologies

This section develops a non-exhaustive presentation of IoT standards and technologies. The
objective is to help emphasize the challenges of deploying the IoT network that are discussed
later. This presentation is organized following the classification given above.

Wireless Personal Area Network (W-PAN): Table 1.1 shows some examples of stan-
dards belonging to this class. Proximity networks are used for close range identification.
Wireless Home and Field Area Networks (W-HAN/W-FAN) include the standards targeting
home and industrial applications respectively. Bluetooth is the most versatile and the most
known standard of this type of network [Bis01][Gom12].

Wireless Local Area Network (W-LAN): Examples of standards for this class are
shown in Table 1.1. Wireless Neighborhood Area Network (W-NAN) regroups the standards
that target metering and industrial applications, where one gateway should be capable of
serving an urban neighborhood area [Ye15]. WiFi is the most known W-LAN standard having
a variety of specifications [Hie10], most notably 802.11ah published in 2016, that uses the sub-
GHz ISM bands and was specifically designed for IoT applications [Ada14][Kho15].
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Wireless Wide Area Network (W-WAN): For the long range communication class, IoT
applications have the main concern of long battery life in order to have autonomous devices.
This explains the large number of solutions proposed as Low Power Wide Area Network (LP-
WAN) standards [Gou15][Raz17]. Table 1.1 presents some examples for proposed standards
using both unlicensed and licensed frequency bands. This thesis focuses on the LP-WAN
applications that present new challenges for the radio interface conception.

1.1.3 Internet of Things Deployment Challenges

The LP-WAN IoT network imposes new challenges on both the end devices and the network
infrastructure. The IoT network have typical requirements comparable to those of mobile
wireless networks, that can be resumed under 6 points:

1. Battery life: in the majority of IoT applications, changing or recharging the battery of
the devices is not practical, or even not possible. Therefore in many cases, the device
is expected to have a battery that lasts many years, with 10 years being a common
requirement. This is possible by reducing to a maximum the complexity of the end devices,
by using power management techniques, and by limiting the transmission/reception duty
cycle of IoT devices.

2. Cost: the core definition of the IoT network is the very large number of connected devices.
Therefore the cost of both gateways and devices should be of a great concern, where low-
cost options are what is going to make the IoT network possible. The total cost is not
only limited to the deployed hardware value, it also includes the energy consumed by the
gateways and their power amplifiers, the computation power of software processing, and
all the costs required to operate and maintain the network.

3. Coverage: in most of the IoT applications, the goal is to achieve the farthest transmission
range at the lowest possible transmit power. This facilitates and reduces the cost of
network deployment, since one gateway is able to cover a large area and a large number
of devices.

4. Quality of Service: each IoT application have a specific requirement for the quality of
service (QoS). Certain applications can tolerate high latency and retransmission of lost
packets, and sometimes even to lose some packets completely. However certain critical
applications may rely on a good QoS connection, and standards should respect this re-
quirement. Therefore the challenge would be to study the possibility to offer different QoS
levels using the same standard, or in the other case to have different specifications for each
QoS level.

5. Scalability: this is the ability to maintain connectivity with a very large number of
devices in the network. This can be made possible in different ways, the most simple but
the most costly one is by increasing the number of gateways. Another option is exploiting
the diversity in time, space, and/or frequency. Finally, the most complicated option but
probably the most efficient, is to use adaptive gateways and devices that are capable of
managing their transmission time, frequencies, and data rates. The regional frequency
regulations play a big role in defining the possible achievable level of scalability.

6. Security: this aspect is very challenging because most of the IoT devices are expected to
be of a very low complexity. This poses many questions on security and privacy concerns.
We already find many reports of denial of service attacks powered by IoT devices, showing
the importance of securing the connections of these devices.
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Figure 1.2: IoT Deployment Scenario for LP-WAN networks

These challenges need to be addressed on both hardware and software levels. In the next
section, the scope of challenges that this work will address is presented. Once we understand
the challenges we want to tackle, then it is possible to start the technical development of the
proposed solution.

1.2 Multi-standard Internet of Things Modems

As mentioned in the previous section, the motivation of this work comes from the deployment
challenges of IoT networks. The most common IoT deployment scenario is the one where
we need to serve many battery-powered connected objects, that use wireless transmission,
and are expected to be autonomous for many years. Each one of these objects transmits
radio signals using a given standard, having its own specific signal waveform and transmission
distance. When deploying an IoT network, the scalability and cost challenges depend on
the type of network in question. For example, in a W-HAN we are dealing with tens of
devices deployed in a home over an area of 50 m radius. While for an LP-WAN, we can have
hundreds or thousands of devices deployed over an area of up to 10 km radius. Regardless
of the differences, it is clear that in both cases there is a benefit of aggregating the gateways
of the different used standards into one multi-standard modem that is capable of serving the
majority, if not all, of the devices. This is illustrated in Figure 1.2 for an LP-WAN network
example, where one multi-standard modem can replace multiple standard specific modems.
The biggest contributions of a multi-standard modem are lowering the cost of deployment, and
improving the scalability of the network. This is due to the possibility of replacing multiple
standard-specific gateways by one multi-standard gateway, which can serve a great number
of devices in the same area, and organize the communication of all the devices. This will also
help in reducing the interference between the antennas of different separate gateways. Having
such multi-standard gateways also improves the quality of service and the level of security
by providing better control over the network. This in turn will help improving the general
efficiency, increasing thereby the battery life and coverage area. To make this possible, both
hardware and software functions need to be developed, as proven in software radio approaches
[Mit95][Pal13]. The features that the software functions can offer are limited by the hardware
part of the system. For example it is not possible to adapt the multi-standard modem to a
new standard specification by simply updating the software, if it is not possible to reconfigure
the hardware to be adapted to the signal types of the new specification. Therefore in multi-
standard IoT modems we want the maximum level of flexibility for the system hardware,
in order to make possible the adaptation of the same hardware implementation to different
standards. In this section, a generic architecture for a multi-standard modem is considered
in Section 1.2.1, and its main blocks are briefly presented. The repartition of these blocks
between hardware and software is then discussed in Section 1.2.2. Finally, Section 1.2.3
presents an example for the case of LP-WAN standards.
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Figure 1.3: A generic architecture for a wireless multi-standard system

1.2.1 Generic Architecture

A multi-standard IoT modem is not different from any other telecommunication system. The
main difference is the added support of flexibility, as proposed by software radio. A generic
architecture for such system is presented in Figure 1.3, showing the main processing blocks.
The possible implementation target for each block between hardware or software is also shown
(detailed in Section 1.2.2). This section discusses below in details the different parts of this
architecture, starting from the antenna side, and focuses mainly on the case of reception.

The antenna and the analog front-end: The antenna has the role of receiving and
transmitting analog signals. Antennas operate at radio frequency, therefore the AFE are
made of very high frequency components. Directly converting the received signal to the
digital domain is impractical and often impossible, due to analog to digital converters (ADC)
of a very high sampling rate being not achievable with today’s technology at low cost and
low power consumption. Even if such ADC existed, the anti-aliasing protection before the
ADC is always required, in order to ensure the correct conversion. Finally, before processing
the useful signal, any unwanted signals need to be removed, and the useful signals need to
be prepared for processing by centering them on the correct frequency. This is why every
radio frequency communication system has an analog front-end, that is an interface between
the antenna, and the ADC component. The front-end part of the system is highlighted in
gray in Figure 1.3. Classically, a radio front-end was an analog signal processing system.
Before digital technology matured to the level it has today, engineers needed to bring the
radio signal back to baseband frequency before processing it digitally. Therefore the role
of the analog front-end (AFE) was to do filtering, frequency transposition, automatic gain
control, and other functions to extract the baseband signal [Neu15]. However the pure AFE
implementation was often destined to only one type of signal of a certain standard, and the
reconfiguration capacities were minimal. Using today’s technology, three function of the front-
end has to be implemented using analog electronics to have an efficient system, since their
implementation using digital circuits is impractical if not impossible:

1. Analog amplifiers: whether low noise amplifiers (LNA) in the receiver (Rx) AFE, or
power amplifiers (PA) in the transmitter (Tx) AFE.

2. Analog filters: which may have multiple roles, either band-pass filtering, impedance
matching, or an anti-aliasing role that is mainly used at the analog to digital converter
(ADC) input.
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3. Power switching devices: such as duplexers, mixers, circulators, or others that are used
to route the radio-frequency signal.

Digital front-end: With the improvement of digital systems, and the analog to digital
converters technologies, it is possible today to implement many functions of the front-end
digitally, in what is called the digital front-end (DFE). This made possible the implementa-
tion of reconfigurable front-ends that are the core of efficient multi-standard modems [Tex15a].
This is because digital functions can more easily be made reconfigurable than the same func-
tions that used to be in the AFE. Therefore it is possible to use the same DFE architecture
to process different types of signal types and standards. During the time this thesis was writ-
ten, it is not practically possible to implement the ideal fully reconfigurable software radio
system proposed by Mitola in [Mit95]. This ideal system requires an all-digital front-end with
wideband converters that are not feasible today at reasonable cost and power consumption.
What is practically possible is a combination of an AFE and a DFE [Hen99][Fet02], that are
connected through an ADC in reception and a DAC in transmission. Then the DFE is made
maximally reconfigurable by implementing it through software, or by developing a reconfig-
urable parametrized hardware architecture. Through this combination, the totality of the
front-end can be adapted to different standards and signal types.

Baseband signal processing: A multitude of functions may be required in this block,
and its architecture depends mainly on the type of the signal processed and the associated
standard definition. One of these functions is modulation, that is the classical function that
transforms the data bits into symbols following a certain modulation scheme. In the majority
of cases, the processing done between this step and the data source is not shared between
the different standards, and each signal will have its own processing chain. Another impor-
tant function is error correction, which became an essential function in telecommunication
systems due to its high profitability. Whether it is a simple hamming code, or a complicated
combination of convolutional and LDPC or turbo code, every standard defines its own re-
quirements concerning this function. Other examples of baseband signal processing functions
are: time and frequency synchronization, channel estimation and equalization, prefix insertion
and removal, or any other function performed on the base-band signal to improve the system
efficiency.

Medium access control layer and above: Between the data source and error correction,
we are dealing with data bits, where we have almost complete software processing. For some
specific implementations, it is possible to use hardware accelerators to maximize the speed of
these functions [Sta10]. The role of these remaining blocks is either to extract and process
the information sent, or to route the received packet to its next destination.

Each one of the different functions presented above is implemented in either digital hard-
ware or software, except the analog front-end function. In the next section, the partitioning
of these functions between hardware and software implementation is studied.

1.2.2 Hardware/Software Partitioning

In designing modern modems, the repartition of functions between hardware and software is
one of the first decisions to make, that will greatly influence the system implementation strat-
egy. This is a classical task that has proposed methodological approaches [Tho93][Gaj95],
and has been a major topic of SDR research [Moy10]. The hardware functions are imple-
mented using digital circuitry destined to perform one particular function. This is the case of
implementations on an application specific integrated circuit (ASIC) or a field programmable
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gate array (FPGA). Software functions on the other hand are implemented as a series of
instructions that are run by a general purpose processor (GPP) or a digital signal processor
(DSP).

Partitioning the processing functions depends on the complete system design, in terms
of technical, geographical, and financial criteria. For a multi-standard IoT gateway in a
city environment, the system may be installed on top of a building equipped with a fiber
optics connection. In this case, it is very possible to maximize the use of software processing,
and thereby reconfigurability, by transmitting the samples captured by the analog to digital
converter (ADC) directly to a server that will handle the processing. This will offer a system
that is very reconfigurable, and that can easily be adapted to handle variations in data traffic,
or new standards updates. Such implementation approach is known as cloud radio access
network (RAN) or cloud SDR. Considering now the opposite case of an implementation of an
IoT gateway in a rural area, a similar approach to the previous one is not practical. This is
because it is much more complicated and costly to transfer the large amount of data generated
by the ADC through the network. In this case the hardware processing is maximized on site
to extract the useful data bits from the signal, and then only these information bits are
transferred to the application server.

In practical implementations, there is no 100% hardware or software implementation. A
repartition of different proportions will always be required, since certain digital functions
cannot be implemented in software. Software implementation is usually preferred to achieve
a high level of flexibility, however it may not be always practical due to power consumption or
execution speed limitations. In today’s systems there exists a common partitioning trend that
is shown in Figure 1.3. Software processing can be either implemented locally using a GPP
system, or the signal can be sent to the cloud. In the latter case, many possibilities are open
for the implementation architecture. By using cloud processing, it is possible to adapt the
allocated computation resources to the transmitted data traffic, offering a very efficient and
resilient implementation. The key point is that the border between hardware and software
processing is very flexible. This border can be directly next to the analog/digital converters,
or it can be deep in the processing chain next to error correction. It is also not necessary to
have this border between two processing blocks, since it is possible to implement some parts
of the digital front-end for example in hardware, while the rest is done through software.

The main feature of a multi-standard system is to unify the processing of functions that
are common to the different standards. This is critical in order to build an efficient system.
On the hardware level, it may be possible to unify similar filtering or sample rate conversion
functions. And in software many management features may be made mutual. In the next
section, an example for LP-WAN standards is given, to investigate what processing functions
can be unified between the different standards.

1.2.3 Multi-standard LP-WAN Modem Example

To build a multi-standard LP-WAN modem, the technical specifications of each standard
needs to be studied first. Table 1.2 sums-up the main specifications of the physical layer
of the current leading LP-WAN standards in the market. The objective is to identify the
similarities and differences between the standards. This identification will guide the design
of the multi-standard modem, with the objective to find the most efficient architecture that
can process the different signal types with minimal complexity. An example of similarity is
the bandwidth in the order of 100 to 500 kHz for Lora, EC-GSM-IoT and LTE Cat-NB1
specifications.

Designing the hardware part of the modem is more challenging than designing the part run-
ning in software. The latter can be very flexible and reconfigurable, where all the parameters
and also the functions can be updated at any time. However in a hardware implementation,
the supported reconfigurable features need to be predefined. Therefore the hardware designer
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Table 1.2: LP-WAN Standards Specifications Summary

Technology LoRa Sigfox EC-GSM-IoT
LTE Cat-0

Release 12

LTE Cat-M1

Release 13

LTE Cat-NB1

Release 13

Governing body / std. LoRa Alliance SIGFOX 3GPP Rel 13 3GPP Rel 12 3GPP Release 13

Frequency Band Regional Sub-GHz bands GSM bands
LTE frequency

bands

LTE frequency bands

GSM bands re-farming

DL/UL1 Bandwidth < 500 kHz2 600/100 Hz3 200 kHz 20 MHz 1.4 MHz 180 kHz

DL/UL Multiple Access
Chirp Spread

Spectrum - CSS

Proprietary

UNB / FHSS
TDMA OFDMA / SC-FDMA4

DL/UL Modulation LoRa; (G)FSK GFSK / DBPSK
GMSK

optional 8PSK
QPSK → 64QAM BPSK → 16QAM

Peak Data Rates < 10 kbps < 100 bps < 10 kbps < 1 Mbps < 150 kbps

Maximum Coverage

Maximum Coupling Loss

< 11 km

157 dB

< 13 km

160 dB

< 15 km

164 dB

< 11 km

156 dB

< 15 km

164 dB

1 DL : Down-Link / UL : Up-Link
2 DL : 125 kHz, 500 kHz / UL : 125, 250, or 500 kHz
3 Base station listening bandwidth: 200 kHz
4 Possible single-tone FDMA for LTE Cat-NB1 in up-link
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needs to carefully consider the evolution of the standards, and how the partitioning of the
functions between software and hardware is done. This will greatly influence the level of
reconfigurability that is required from the hardware part [Moy10].

In this example, both LoRa and Sigfox standards operate on the sub-GHz bands, while
the 3GPP solutions use GSM or LTE bands. Therefore if we want one multi-standard modem
that is reconfigurable to support all of these standards, the first hardware requirement is a
reconfigurable frequency transposition function, capable of bringing any kind of signal back
to baseband. If the modulation is also to be implemented in hardware, we notice that GFSK
is shared between LoRa and Sigfox, and BPSK is used by both CAT-NB1 and Sigfox. This
can be exploited to reduce the system complexity by using one implementation to serve more
than one standard when possible. Other hardware front-end functions that are closer to the
antenna can be often shared between standards, such as sample rate conversion, automatic
gain control, I/Q imbalance compensation, etc.

The discussion above considers the case of a multi-standard modem that is programmed
to support one given standard at a time (e.g. a common platform for several applications). In
this case, one reconfigurable processing chain may be sufficient to serve many standards. This
is possible by configuring the modem and its function to be compatible with the standard of
interest. However, in the case of a base station gateway, we are often interested in supporting
multiple standards simultaneously. This is much more complicated, and often impossible to
implement with only one processing chain. This difficulty is most notable in the front-end.
The standards of interest can have very different carrier frequencies, signal bandwidths and
waveforms. Thereby very different signal processing functions are required that cannot be
implemented using only one processing chain. However, the interest always stays to maximize
the mutual signal processing functions as much as practically possible.

By identifying the shared functions between the different standards, an efficient multi-
standard modem can be built. As it was mentioned in Section 1.2.1, designing the front-end
is the most complicated task. The majority of the functions between the data source and the
front-end shown in Figure 1.3 are defined by the standards. Therefore the implementation
of these functions is a straightforward deduction from the different standard definitions in
question. This is not the case for designing the front-end, where for a given standard, there
are many different approaches to design a compatible architecture. This is the motivation
of this chapter, that is to develop a generic digital front-end, that can be then used as a
reference, and can be adapted to process any IoT standard in the multi-standard modem. In
the next section, we present this generic architecture and its main functions.

1.3 Generic Digital Front-End

The previous section showed the fundamental role of the DFE in building a multi-standard
modem. This section aims at developing a generic architecture for the DFE, which facilitates
the design of multi-standard modems by providing a reference that can be easily adapted to
any standard to be added. The generic DFE architectures in this section are developed for
both cases of transmitters and receivers. Before presenting these architectures, the main roles
of the DFE are first given in Section 1.3.1. The DFE core architecture is then developed first
in Section 1.3.2, that includes only the basic linear signal-processing functions in the DFE.
Finally, by adding the performance enhancement functions, the complete DFE architectures
are developed in Section 1.3.3.

1.3.1 The Main Roles of the Digital Front-End

Section 1.2 presented that the DFE is implemented to enhance the performance and capa-
bilities of the front-end, by providing processing features that are beyond the capability of a
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Figure 1.4: The role of the digital front end in reception

simple AFE. In the ideal case of software radio, the front-end consists of only the DFE that
is implemented in software [Mit95]. In this case, the DFE should perform all the roles of a
front-end, from filtering to amplifying. However such an implementation is not practically
possible with today’s technology, and it is only useful as a concept. A practical description
of the DFE for reconfigurable radio systems is given in the work of Tim Hentschel et al. in
[Hen99] and [Fet02], where the front-end consists of a combination of an AFE and a DFE. The
amplifying and radio-frequency filtering functions are kept in the AFE, and then the DFE has
the roles of completing the signal processing. The main DFE roles identified in [Hen99][Fet02]
are: digital up and down conversion, sample rate conversion, and channelization. With the
development of the DFE literature, other roles than the three identified previously were as-
sociated to the DFE [FaL11]. In the following, we sum-up the roles of a DFE in any wireless
telecommunication system under four main categories.

1. Channel selection / aggregation : When considering a multi-channel wireless re-
ceiver, the DFE receives at its input a wideband signal that has been processed by the AFE.
The DFE input spectrum in will contain many signals of different frequency components, with
some of them being useful and others being unwanted. This is illustrated in Figure 1.4, where
the channel selection role of the DFE can be directly seen. This role consists of filtering
out any unwanted signals, and then extracting the useful signals of the different channels.
These extracted signals are most often translated back to baseband, and their sampling rate
is adapted to improve the processing efficiency, as well as their amplitude level using an
automatic gain control.

In the case of a wireless transmitter, the role of the DFE is more simple. When the radio
equipment has several signals to transmit, its role consists of combining the different useful
signals provided at its input, in order to create the final signal that is to be transmitted
over the antenna. This final signal contains the useful signals centered on different frequency
channels.

2. Improving efficiency : On the receiver side, the DFE can also play a role in improving
the system efficiency by using digital functions. For reception, this can be done through
automatic gain control (AGC), DC offset cancellation (DCOC), I/Q imbalance correction,
automatic frequency control (AFC), etc. All of these functions improve the signal quality,
and contribute to lowering the error rate of the demodulation, thereby improving the general
system performance.

On the transmitter side, the efficiency is improved by using the crest factor reduction
(CFR) and digital pre-distortion (DPD) functions. These functions aim at improving the
power amplifier efficiency, by shaping the signal in a way that allows the optimal use of this
power amplifier. These functions are presented in Section 1.3.3.
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3. AFE distortion compensation : At the receiving end, both the low noise amplifier
and the analog mixers my distort the signal amplitude and phase. The DFE has the role
of compensating these distortions, using digital filters that have the inverse response of the
AFE.

For transmission, the non-linearity compensation is done in advance. The power amplifier
is the main concern of non-linearity, and the digital pre-distortion (DPD) function is used to
linearize the total response of both the DPD and power amplifier.

4. Front-end reconfigurability : This is the most prominent role in this study. The DFE
enables multi-standard operation by providing hardware functions that can be reconfigured
and adapted to different signals. This can be filter banks having various channel selection
configurations, or sample rate conversion functions having a reconfigurable factor and filter
responses. Almost all digital functions can be made reconfigurable, which is the strong point
of using a DFE in the wireless system front-end. This reconfigurability is controlled using a
certain set of parameters that are managed in software.

1.3.2 Digital Front-End Core: Linear Functions

The DFE roles presented above are realized using numerous functions that are either common
to both receiving and transmitting DFE, or exclusive to one side. In the rest of this section,
we develop a brief description of the most common functions found in the DFE, that we use
to construct the generic architecture. These functions are separated over two sections. In this
section, the DFE core is presented that consists of filtering and digital up/down conversion
[Fet02]. These functions are linear and time-invariant in the case of filters and frequency
translation, or time-variant in the case of sample rate conversion. In the next section, the
complete generic DFE architecture is developed by adding the enhancement functions used
to improve the DFE performance. Not all of these functions are required in every DFE. The
choice of the included functions depends on the processed standards, the destined application,
and the required performances. The objective of this work is to develop a generic DFE
architecture that serves as a starting point reference.

1.3.2.1 Digital Up and Down Conversion

The main role of this function is to manage the signal’s carrier and sampling frequencies. This
function has always been a part of digital multirate systems, classically used to implement
quadrature modulation techniques [Cro83, p.52]. During the 1990s, many propositions of
digital transceiver architectures used digital up and down conversion (DUC/DDC) as parts
of their implementation [Lue90; Che95; Osc95]. The wide adoption of these functions in
digital transceivers pushed the main FPGA development tools providers to offer IP cores for
these functions. Xilinx DUC and DDC IP cores are documented in [Xil02; Tar07; Cre08],
with application examples for GSM, WCDMA, and MC-GSM respectively. Altera DUC and
DDC applications are documented in [Alt07b; Alt07a; Alt09], with examples for W-CDMA,
WiMax, and multi-standard receivers respectively. The DUC and DDC functions consist of
either one or a combination of frequency transposition and sample rate conversion, that are
detailed below.

Frequency Transposition: This function is not always included in the DFE, where in
some cases the frequency transposition and I/Q modulation or demodulation is done by the
AFE. In many cases, this function is associated with the I/Q modulation or demodulation,
however this is not always necessary and it depends on the modulation type used. Frequency
transposition is responsible of managing the position of the signal on the frequency axis, and
most generally between intermediate frequencies (ADC/DAC side) and baseband frequencies
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Figure 1.5: Digital Up/Down Conversion Structures

(baseband signal processing side). This can be seen in Figure 1.4, where the useful signals
are translated from frequencies f1, f2, and f3 back to baseband at reception. In this case, the
Digital Down Conversion (DDC) block shown in Figure 1.5 is used to extract the I/Q signals
in BB from the complex IF signal. In the transmitter case going from modulation to the AFE,
the Digital Up Conversion (DUC) block is used to create the complex intermediate frequency
(IF) signal using the baseband (BB) I/Q signals. This function can be implemented using
the architecture shown in Figure 1.5 in the general case, or through sub-sampling techniques
in some special cases. The general case architecture consists of three main components:

1. Numerically Controlled Oscillator (NCO), which is responsible for generating the or-
thogonal sinusoidal waves. This can be implemented using the CORDIC algorithm or
by storing the sinusoidal waves values in a memory block, that are then read using an
incremental counter.

2. Mixers: which are multipliers, having at their inputs the useful signal and the NCO’s
output. In the transmitter case, the outputs are then added together to create the
complex signal to be transmitted.

3. Sampling Rate Conversion (SRC): when translating the signal’s frequency, the sampling
rate should also be adapted to always respect the Nyquist sampling criterion, and to
optimize the calculation complexity and power consumption.

In multi-channel or multi-standard systems (also known as multimode system in the litera-
ture), multiple instances of frequency transposition are implemented in parallel. Each one of
these instances will have an NCO generating a specific frequency that is used to transpose
the associated signal between its proper intermediate frequency and baseband. Examples of
multimode DUC systems can be found in chapter 12 of [FaL11] (Figure 12.29 and 12.30), and
in [Alt09] (Figure 18) proposing a DUC system for simultaneous GSM and WCDMA/LTE
processing.

Sample Rate Conversion: The SRC function is not exclusive to the DUC/DDC blocks,
and can be used at different places in the DFE. This function handles the sampling rate of the
signal passing through the DFE, where this frequency increases at transmission as we get closer
to the antenna, and decreases at reception when going toward the modulation/demodulation
side. When manipulating the signal sampling rate, the digital signal must be protected
against aliasing and imaging caused by lowering and raising the sampling rate respectively.
In general, we identify two types of SRC: Coarse SRC and Fine SRC. The first type concerns
the big integer (or sometimes simple rational) SRC factors, while the second type concerns
finely tuned factors around the value of one. We find different structures for SRC filters
in the literature, each better adapted to a certain SRC factor. For example, the polyphase
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[Hsi87], half-band [Cro83, p.155], and CIC [Hog81] filters are better used with coarse SRC
operations. Variable fractional delay filters [Laa96], such as the Farrow [Far88] and Newton
[Leh09] structures are better suited for fine SRC operations. Chapter 2 of this thesis presents
a survey of the literature related to this function that will be the focus of this PhD work.

1.3.2.2 Filtering and Channel Selection or Aggregation

The filtering function is more prominent in the receiver DFE than in the transmitter DFE.
For multi-standard operation, the DFE is responsible for recovering different received signals
transmitted over different bands. This requires that the antenna captures a wide band spec-
trum, and therefore many interfering signals may be captured in the spectrum alongside the
useful signals. The filtering function ensures that the DFE removes any unwanted frequency
components, and that the output contains the useful signals only. The filtering function is
often included in the more prominent channel selection function.

The channel selection function is used to separate and extract the different useful signals
in the received spectrum. These signals on the different channels may belong to the same
or to different standards. After separating these signals, the outputs of this function might
be delivered separately, or can be multiplexed over the same stream. This function can
be combined with the frequency transposition function to output the signals at baseband
frequencies directly using direct Fourier transform (DFT) filter banks. Figure 1.4 illustrates
these functions, where the unwanted signal in the input spectrum is filtered, and the different
useful signals are separated and delivered at the output. Designing this function is complex,
since we expect in modern systems that the channelizer should be capable of handling signals
of different bandwidths. A study of the classical filter bank channelizers is developed in
[Mah11], that also proposes new channelizer architectures.

Finally the channel aggregation function is used in the transmitter DFE. Filter banks are
not needed on the transmission side since the system controls in advance the transmitted
signals and the corresponding used frequency bands. For both multi-channel and multi-
standard operations, multiple signals are to be transmitted at the same time. Therefore at a
certain point in the transmitter DFE, the different input signals need to be combined into one
signal that will be delivered eventually to the AFE. This is the responsibility of the channel
aggregation function, that is analogous to a summation operation that combines the signals
centered on different frequencies. Therefore its design is much simpler relatively to the channel
selection function.

1.3.2.3 Tx Digital Front-End Core

A generic architecture for the Tx DFE core that supports the transmission of multiple IoT
standard signals simultaneously is shown in Figure 1.6. At the input we find the different data
streams in parallel that are fed to their corresponding modulation function. Before combining
the different modulated signals, each signal must be translated into its proper position on
the frequency spectrum. This translation is performed through the digital up-conversion
shown in Figure 1.6. In this case we require a multi-mode digital up-conversion operation
as developed in [Tex15b]. At first each in-phase and quadrature signal sample rate must
be increased through the multi-stage SRC block to allow the correct frequency translation.
The multi-stage SRC implementation allow for better reconfigurability with low complexity,
and therefore giving the possibility to use the same transmission chain for multiple types
of modulation [Alt09]. Once the signals sampling rate is sufficiently increased, the signals
are mixed with the different NCO outputs of different frequencies to translate each signal
to its proper channel on the frequency spectrum. The sum chain function has the role of
combining all these translated signals into one final signal that is to be sent to the AFE for
transmission. Before sending the signal to the AFE, the sum chain output is run through a
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Figure 1.6: Tx Digital Front-End Core

fine SRC operation that has the role of matching the signal sample rate to the required rate
by the DAC interface between the AFE and DFE.

1.3.2.4 Rx Digital Front-End Core

A generic architecture for the Rx DFE core that supports multi-channel and/or multi-standard
reception is shown in Figure 1.7. In the majority of cases, the input sampling rate is much
higher than required in order to improve the signal-to-noise ratio and to avoid any unexpected
aliasing. This is why a coarse SRC operation using CIC filters is often used to lower the
sampling rate by an important factor to keep only the required bandwidth [Tex15b; Alt07b;
Cre08]. A gain control is applied at the CIC output depending on the SRC factor and the
CIC gain. Following the CIC filter, we find in most implementations a decimation FIR filter
that has the role of further filtering, decimation, and of compensating the passband droop
in the CIC frequency response [Tex09a; Xil02]. Another gain control may be applied to
the FIR decimation output. Before sending the signal to the channelizer, a finely adjusted
SRC operation may be required depending on the standard that may be performed using the
Newton structure.

The next block, referred to as the channelizer in the literature [Fet02; Mah11], has the
role of extracting the useful signals from the input spectrum. This is required in both cases of
multi-channel or multi-standard operations, where the system is expected to receive multiple
signals simultaneously. The channelizer can be implemented using per-channel filtering chains,
DFE filter banks, or many other more complex structures [Mah11]. This block is equivalent
to frequency de-multiplexing, with the output of this block consisting of the different channel
signals separated with their sampling rate adapted. Each output may pass then by a dedicated
gain control implemented using a digital AGC to normalize the signals level. At this point in
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Figure 1.7: Rx Digital Front-End Core

the DFE, the sample rate is much lower than the digital clock rate, giving the possibility of
time-shared processing of the signal [Tex15b, p.41]. Therefore the outputs of the channelizer
are time multiplexed and then sent channel-by-channel to a polyphase FIR filter for any final
filtering requirements. Then the signals may go through one more fine SRC adjustment before
the detection process, that is responsible of identifying if an active transmission is taking place
on each channel. If this is the case, the detection module forwards the useful signals for further
processing.

1.3.3 Complete Digital Front-End with Enhancement Functions

The previous section presented the functions that form the core of the DFE. However many
more functions can be included in the DFE to improve its performance and efficiency [FaL11].
In the following we present a very brief description of these functions that are grouped ac-
cording to their usage: Transmission (Tx) or Reception (Rx) functions.

1.3.3.1 Tx Enhancement Functions

Crest Factor Reduction: Crest Factor measures the ratio of the highest peak in the
signal to its average value, which is similar to the Peak-to-Average-Power-Ratio (PAPR)
measurement. In order to increase the efficiency of the power amplifier (PA), it is desirable
to operate the PA at its full power capacity. However, when the crest factor is too high, the
average power will be low in order to avoid saturating the PA. Crest Factor Reduction (CFR)
is the method of lowering the crest factor of the signal, increasing thereby its average power,
and improving the PA efficiency. This function can be done through many different techniques:
from simple clipping and filtering of the signal, up to using more complex techniques such as
selected mapping. An overview of crest factor reduction techniques as of 2005 was published
in [Han05], and a more recent discussion of these techniques can be found in chapter 11 of
[FaL11].

Digital Pre-Distortion: Another inconvenience that may limit the operation of the PA
at full power is the intrinsic non-linear characteristic of the PA. This non-linearity has both
static and variable parts. Digital Pre-Distortion (DPD) attempts to compensate for this non-
linearity by modifying (pre-distorting) the signal in a way to make the total response of the
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DPD and the PA combined as linear as possible. We mainly distinguish 2 types of DPD. The
memoryless DPD, which has a simple implementation but has sub-optimal performance. And
the memory DPD that is more complex, however offering better performance. The interested
reader can refer to part II of [FaL11] that offers a good introduction to both DPD and CFR
techniques, and the possible methods to combine them as one function.

I/Q Imbalance Correction: IQ imbalance takes place in both the transmitting and
the receiving front-end. The AFE mixer stage results in an imbalance of the total response
between the I and Q lines due to different analog filters and the DAC or ADC properties, in
additions to a non-exact 90 degrees phase difference between the LO outputs. This imbalance
creates cross-talk between frequencies components around the center frequency, that results
in the creation of signal images in the spectrum. Implementing this function consists of
three main steps. First, the I/Q circuit is modeled to define the imbalance parameters to be
considered. Second, an estimation of the imbalance parameters has to be done. Third and
finally, using the estimated parameters, whether pre-distortion or post-distortion is applied
to compensate for the imbalances. The imbalance parameters estimation can be done either
blindly or through data-aided methods. The interested reader may refer to chapter 16 of
[FaL11] for more details, where the basics of this function and a quick survey of the related
literature are presented.

1.3.3.2 Tx Digital Front-End

Based on the Tx DFE core developed in the last section, the complete DFE generic architecture
in Figure 1.8 is developed by including the enhancement functions. We also consider in this
case two options for the output I/Q modulation. The first problem concerns the output signal
of the sum chain. Combining the modulated signals will result in an output that may have
important peaks in the time-domain waveform. As discussed above, this can result in a poor
efficiency for the PA. To handle this issue, the CFR function is inserted after the sum chain
to improve the signal’s waveform by reducing its CF. The CFR function is followed by the
DPD block that also aims to increase the efficiency of the PA by pre-distorting the signal in
order to compensate for the PA non-linearity. To implement efficient and high performance
CFR and DPD function, most algorithms require a feedback from the PA output [FaL11,
p.150][Tex15b; Tex09b]. This feedback (Tx Feedback) is processed by the DPD and CFR
control block. The latter then configures the DPD and CFR functions correspondingly. This
control block can also manage the gain level of the analog transmission chain through the
VGA control signal that is sent to the Tx AFE. The interface between the Tx DFE and AFE
is discussed in more details later below.

Before sending the signal to the AFE, the DPD output is run through a fine SRC operation
that has the role of matching the signal sample rate to the required rate by the DAC interface.
This interface can be implemented in two different ways. The first option is by performing
the I/Q modulation digitally, and then the complex signal is fed to the output DAC [Alt09].
The second option is by having an analog I/Q modulation, and in that case two separate
DACs are required [Pan16]. Having two separate paths in the AFE is a source of unbalance
that can cause non-linear distortion and image creation. This is handled through the I/Q pre-
distortion function that compensates for the unbalance [FaL11, p.508][Din08]. This function
also requires a feedback signal from the AFE for an efficient implementation. Finally, the
outputs of the Tx DFE are sent through digital to analog conversion to the AFE. The AFE
then creates the RF signal that will be sent to the PA to be transmitted next by the antenna.
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1.3.3.3 Rx Enhancement Functions

Equalization & Compensation: Channel equalization tries to compensate for the dis-
tortion that are due to the transmission channel, that corrupt or lower the quality of the
radio-frequency signal. Channel equalization can be done blindly through relying solely on
the signal properties [Joh98], or through learning by taking into consideration the channel
characteristics (i.e. using pilot signals to estimate the channel). The latter case has many
different approaches, most notably the linear zero forcing (ZF) and minimum mean squared
error (MMSE) techniques [Kra00], turbo equalization techniques [Tuc11], and many others.

The other type of equalization is concerned with compensating the frequency response of
the AFE and the ADC, where the analog filters and components are most often non-ideal in
their amplitude and phase response. By inverting the response of the AFE in the DFE, a linear
response is obtained at the output. This function has been specifically addressed by Horlin
and Bourdoux in [Hor08], and in the PhD Thesis of Tandur in [Tan10]. It is also common
to use this function to compensate for the frequency response defects of other components in
the same DFE. A common example is the FIR CIC compensation filter that compensates the
passband droop in the CIC frequency response [Alt07c].

Synchronization: This function is needed since the receiver should be locked to the re-
ceived signal in order to perform correct demodulation. The implementation of this operation
can be done in one of three ways:

1. All-Analog: included in the AFE, which will control the local oscillator (LO) clock.
2. Hybrid: included in the DFE, with a feedback into the AFE to control the LO clock.
3. All-Digital: all the synchronization functions can be done in the digital domain (after

the ADC)

For an introduction to the different types of this function, the reader may refer to the classic
books of U. Mengali [Men97] and H. Meyer [Mey01]. Mainly on the physical layer, we are
concerned with three types of synchronizations: carrier phase synchronization, sampling and
carrier frequency synchronization, and timing synchronization. The lack of these synchroniza-
tions will results in an offset in the constellation, a rotating constellation, or the creation of
inter-symbol interference respectively for the three types. It is important to also study the
synchronizers stability, where it is possible to have the synchronization wrongly locked to a
false stable point, which is referred to as cycle slip.

Automatic Gain Control (AGC): Due to fluctuations in the channel’s response, and in
the receiver’s temperature and other conditions, the output signal from the AFE can have a
varying amplitude level, which may cause loss in ADC dynamic range in case of low amplitude
levels, or may result in ADC saturation in the case of excess amplitude levels. It is also often
required to have a constant power level at the DFE input. These problems are addressed by
the AGC function that aims to keep a constant signal level that uses the full ADC dynamic
range. As in the case of the previous synchronization function, the AGC can have an all-
analog, hybrid, or all-digital implementations. The all-analog approach is the most classical
one and is well covered in the literature [Pér11; Lia08], however it lacks the reconfigurability
of hardware implementations. The most flexible solution is the hybrid one, where the AGC
control is run by the DFE and then the generated control signal is fed back to the low noise
amplifier (LNA) in the AFE to adjust the gain [Stu06; Che12]. The all-digital implementation
is another common efficient approach [Du03; Vuc09], however its drawback is not being able
to control the input of the ADC. Therefore in some cases it may be of interest to combine the
hybrid and the all-digital AGC in the same DFE for a complete AGC solution.
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DC Offset Cancellation (DCOC): The purpose of this function is to protect the ADC
dynamic range from the DC offset caused by the AFE. Especially in direct conversion receiver
(DCR) architectures, the LO leakage on the LNA and itself (self-mixing) will result in a DC
component in the output that will risk a one-side saturation of the ADC. Non-linearity of AFE
components can be another source of DC offset. To protect the ADC from saturation, only
all-analog and hybrid approaches are efficient. The preferred hybrid implementation estimates
the DC offset value in the DFE (using a low pass filter or an iterative approach), and then it
applies the opposite bias to the LNA or another components of the AFE through a feedback
loop. However we also find combined all-digital and hybrid DCOC implementations, that
performs both fine and coarse DCOC respectively [Rah11]. The AGC and DCOC functions
are usually implemented together in a DFE due to their similar feedback architecture. A
comprehensive illustration of the implementation of hybrid AGC and DCOC function was
developed by Gore et al. in [Gor16], that shows the interconnection between the digital and
analog sections of the front-end.

1.3.3.4 Rx Digital Front-End

Starting from the Rx DFE core in Figure 1.7, the complete generic architecture for the Rx
DFE is developed hereafter. This architecture is shown in Figure 1.9. The Rx DFE can have
multiple processing chains in parallel of different complexities to support multiple standards
simultaneously [Sin04; Hol14], and not necessarily only one chain as shown in this example.
The input interface of the Rx DFE with the Rx AFE has two implementation options. The
first one considers the case of an AFE without I/Q demodulation, therefore only one ADC
is used to convert the complex signal. The I/Q demodulation is then performed digitally to
extract the in-phase and quadrature signals [Tex09a]. In the second implementation option,
the case of analog I/Q demodulation is considered, where two separate ADCs are required in
baseband to convert the input [Pan16]. In this case, the I/Q imbalance correction function is
useful to compensate for any analog circuit unbalances that may cause non-linear distortions
[Sch01].

For both implementation options, the ADC output is fed to the AGC and DCOC functions.
The AGC function is used to maximize the use of the ADC dynamics and to prevent its
saturation. This is done through the "AGC control" signal that is fed back to the Rx AFE that
modifies the signal amplitude as required [Pai01]. The DCOC function is used to eliminate
any DC offset resulting from non-linear distortion and analog leaking signals in the AFE. The
DCOC can be separated into coarse and fine corrections [Rah11]. The first is done through
the feedback "DCOC control" signal that biases the AFE to remove the DC component. The
second is done through the "Fine DCOC" blocks in the DFE that aim to minimize the DC
component level.

The I/Q signal is then run through the Rx DFE core, that consists of SRC and filtering
operations to extract the useful signals. Phase equalization is then added to compensate
for the AFE non-linear distortions on the signal’s phase. Following the phase equalizer,
the detection function is responsible for detecting if there is an actual transmission on the
channel. Only in the case a transmission is detected, the automatic frequency control (AFC)
block is activated. The AFC function has the role of detecting any carrier or sampling
frequency synchronization deviations. Information from the detection functions can be used to
implement more efficient AFC algorithms. Once the deviations found, the carrier frequency
synchronization is corrected using a feedback control signal "AFC Control", that may be
sent to the AFE to adjust the oscillator clock [Fu17], or to the I/Q demodulation NCO for
digital tuning. The sampling rate synchronization is corrected with fine-tuned SRC that
follows the AFC function. Finally the synchronized baseband signals are sent to software for
demodulation and further processing.
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1.3.3.5 Interface Between the AFE and the DFE

In Figure 1.10, simple generic Tx and Rx AFE architectures are shown as an example [Pan16].
It is considered in this case that the I/Q modulation and demodulation are done in the AFE,
with the data interface between the AFE and DFE implemented using separate I/Q DACs
for Tx, and ADCs for Rx. The design and implementation of this AFE system is delicate due
to the many imperfections of analog circuitry [Neu15]. These can be corrected either in the
DFE, or by using feedback control signals that tune the AFE operation. In this example, we
consider the control signals generated by the enhancement functions included in the generic
architectures (Figure 1.8 and Figure 1.9). We can identify four interfaces in these developed
architectures, that are the following:

1. Data interfaces between the DFE and the baseband processing section that are digital,
either in software or hardware. In general, these interfaces carry the modulated baseband
signal.

2. Data interfaces between the DFE and the AFE, which carry the signals transmitted and
received.

3. Configuration digital interface between the DFE and the software section. This interface
is responsible for carrying the parameters used to configure the DFE (SRC conversion
rates, filter coefficients, ...).

4. Control interface between the DFE and the AFE through DACs. This interface carries
the AFE control signals generated by the enhancement functions (AGC, DCOC, AFC,
CFR, etc...). The feedback from the Tx antenna to the DFE is also part of this interface.

In the Tx control interface case, the "VGA Control" signal is used to command the variable
gain amplifier (VGA). The "Tx Feedback" signal going back to the DFE is generated by the
"Tx Feedback AFE" that takes as input the PA output signal. For the Rx control interface,
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there are three control signals. The "DCOC Control" signal biases each of the I/Q analog
paths that may have different DC offset levels [Gor16; Gor17]. The "AGC Control" signal
commands the "Drive Amplifier" to adjust its gain. It is possible to have multiple amplifiers
that are controlled by the AGC signal [Gor16]. Finally, the "AFC Control" signal is used
to tune the voltage controlled oscillator (VCO) [Anz13], that controls the clock of the local
oscillator phase locked loop (LO-PLL).

1.4 Conclusion

This chapter developed generic architectures for the transmitter and receiver digital front ends,
with a focus on LP-WAN IoT technologies. The variety of these technologies stems from the
diversity of IoT applications. In order to be capable of deploying an IoT network supporting
all of these technologies at a reasonable cost, multi-standard gateways are essential. To build
these gateways, the DFE is required to offer the needed flexibility to process different signal
types. This processing is done through many functions that are either shared between the
Tx and Rx DFE, or exclusive to one of the two. The generic architectures of the Tx and Rx
DFE are built, and a generic implementation of a hybrid front-end containing both analog
and digital sections is presented. These architectures confirm the claims in the DFE literature
that two functions form the DFE core: sample rate conversion and filtering.

After developing the generic DFE architectures, our interest is to optimize the imple-
mentation of the proposed generic DFE architectures. The main focus of this work is on
the modules of the DFE core that appear at several points in the architecture: sample rate
conversion. The fundamental role of SRC in the DFE was highlighted multiple times in this
chapter, and as it can be seen in Figure 1.8 and Figure 1.9, both Tx and Rx DFE architec-
tures contain multiple SRC operation of several types at different points in the architecture.
An efficient implementation of these modules is crucial to have a good efficiency of the total
system. The rest of the thesis studies the SRC function, with the objective to build low-
cost solutions that offer a similar filtering performance relatively to the currently available
SRC solutions. Optimizing the implementation of the DFE is also addressed by developing
a quantization approach that minimize the hardware complexity, while guaranteeing a given
precision constraint. This quantization approach can be applied to all the DFE functions.
The rest of this thesis is organized as follow. Chapter 2 explores the different SRC solutions
proposed in the literature, and a unified vision of the different structures is developed. The
development of novel high efficiency SRC structures based on the Newton structure are de-
veloped in Chapter 3 and Chapter 4. After defining the optimal quantization parameters of
the developed structures in Chapter 5, the implementation results on both FPGA and ASIC
targets are presented in Chapter 6.
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Manipulating the sampling frequency is a key function in many digital systems, making
sample rate conversion (SRC) a ubiquitous process in digital signal processing. SRC is mainly
characterized by its factor that defines how much the sampling frequency is to be increased
or decreased. Based on this factor, certain SRC structures are more efficient than others.
The development of these SRC structures and techniques has been a subject of studies for
decades, and new structures are still being proposed nowadays. Indeed, the generalization
of SDR design and multi-standard architectures are the source of new challenging issues.
The special focus of this work is to investigate SRC solution for IoT applications. In this
chapter introducing SRC, we present the solutions based on finite impulse response (FIR)
filters, that are the most widely adopted solutions due to their efficiency, simplicity, and
linear phase response. This chapter assembles the literature of FIR based SRC and presents

31



32 CHAPTER 2. UNIFIED VISION OF SAMPLE RATE CONVERSION FIR FILTERS

it in a unified way to provide a concise tutorial on how to understand and implement the
different available solutions. The SRC operation is first introduced in Section 2.1.1. It is then
shown how all the FIR based SRC literature revolves around five principal structures: up-
sampling / filtering / down-sampling (UFD) and polyphase in Section 2.2, Farrow structure
in Section 2.3, Cascaded-Integrator-Comb (CIC) filter in Section 2.4, and Newton structure
in Section 2.5. This chapter derives the five structures as anti-imaging (AI) SRC filters, and
shows how to obtain the anti-aliasing (AA) filters version presented in Appendix A. The five
structures are then compared in Section 2.6, and it is shown how to select and combine the
different structures to implement any SRC operation efficiently.

2.1 Sample Rate Conversion

Before introducing the concept of SRC, Section 2.1.1 explains first the sampling theory, that
shows the sampling effects on the signal in both time and frequency domains. With this un-
derstanding, Section 2.1.2 then develops the definition of SRC and presents certain theoretical
and practical aspects. Finally, the motivation and contribution of this chapter is summed-up
in Section 2.1.3.

2.1.1 Sampling Theory Basics

Digital systems are discrete-time systems that process a signal as a series of samples. To
obtain these samples, certain criteria need to be observed in order to ensure that the acquired
samples represent correctly the continuous time signal. To better understand the effects of
sampling, we present the problem using the Fourier transform. The Fourier transform is the
operation linking the frequency and time domains of a signal, as depicted in Figure 2.1-a.
It is useful to note that for signals of real value (as opposite to complex valued signals), the
spectrum is always symmetric such that the frequencies−f and f represent the same frequency
component. For a given time signal x(t) having X(f) as its spectrum, the continuous time
Fourier transform (FT) and its inverse (IFT) are defined as:

X(f) = FT{x}(f) =

∫ +∞

−∞
x(t)e−j2πftdt⇔ x(t) = IFT{X}(t) =

∫ +∞

−∞
X(f)ej2πftdf (2.1)

Sampling: Supposing now that the signal x(t) has been sampled with a sampling period
of Ts, which is represented mathematically as multiplying x(t) by the Dirac comb δTs(t).
The latter is defined as an infinite number of delta functions periodic by Ts, from which the
discrete-time signal xd(t) is found as:

δTs(t)
∆
=

+∞∑

n=−∞
δ(t− nTs) ⇒ xd(t) = x(t)δTs(t) =

+∞∑

n=−∞
x(nTs)δ(t− nTs) (2.2)

The FT of xd(t) will now result in the discrete-time FT (DTFT):

Xd(f) =

∫ +∞

−∞
xd(t)e

−j2πftdt =

+∞∑

n=−∞
x(nTs)e

−j2πfnTs = DTFT{x}(f) (2.3)

This spectrum is periodic with a period of Fs. Sampling the continuous signal gives rise to
the notion of aliasing, illustrated in Figure 2.1-b. Mathematically, the notion of aliasing is
found as following:

Xd(f) = (FT{x} ∗ FT{δTs}) (f) = (X ∗ 1

Ts
δFs)(f) =

1

Ts

+∞∑

n=−∞
X(f − nFs) (2.4)
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Figure 2.1: Time and frequency representations of the continuous and sampled signals

Practically, this expression means that for any interval [(i)Fs, (i + 1)Fs[ with i ∈ R, the
spectrum of the discrete signal at this interval will contain the original frequency components,
plus all the external components that were shifted into this interval by multiples of Fs [Cro83].
Therefore to protect a certain frequency interval from being corrupted by aliases, the only
available option is to ensure that all the aliasing components that are shifted by multiples of
Fs are equal to zero. The well-known Nyquist criterion handles this by supposing that the
continuous signal spectrum is zero beyond a given interval of interest (which is the bandwidth
B of the signal). Then to avoid any aliasing, the signal should be sampled with a sampling
frequency Fs ≥ 2B [Sha49]. If these two conditions are not respected, the aliasing resulting
from sampling x(t) is irreversible. This can be seen in Figure 2.1-b, where the high frequency
component aliased back into the baseband, since the sampling frequency was not sufficiently
large. Finally, the definition of the inverse DTFT (IDTFT) considers only the zero-centered
period of the spectrum, where the periodic images do not contain any extra information:

xd(nTs) = IDTFT{X}(nTs) ∆
= Ts

∫ +Fs
2

−Fs
2

Xd(f)ej2πfnTsdf (2.5)

Where the multiplication by Ts is used to re-normalize the spectrum (c.f. Equation (2.4)).

Reconstruction: If the Nyquist criterion is respected, it is then possible to perfectly re-
construct the continuous signal x(t) using the samples xd(t). The original spectrum X(f) can
be found from the discrete signal spectrum Xd(f) over the support [−Fs/2, Fs/2[ as:

X(f) = H id
Ts(f)Xd(f) with H id

Ts(f)
∆
=




Ts −Fs/2 < f < Fs/2

0 else
(2.6)

Then the original signal is the result of a filtering operation defined as:

x(t) = IFT{X}(t) = IFT{H id
TsXd}(t) =

(
IFT{H id

Ts} ∗ IFT{Xd}
)

(t) =
(
hidTs ∗ xd

)
(t)

(2.7)
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Figure 2.2: Sampling, Sampling Rate Conversion, and Reconstruction

Where we identify the filtering operation by the impulse response hidTs(t):

hidTs(t) = hid
(
t

Ts

)
=

∫ +∞

−∞
H id
Ts(f)ej2πftdf = sinc

(
t

Ts

)
with sinc(t) =

sin(πt)

πt
(2.8)

This filtering operation is known in the literature as the Whittaker-Shannon interpolation
formula, that allows the theoretical perfect reconstruction of a band-limited signal [Sha49].
This reconstruction is possible for any sampling frequency Fs respecting the Nyquist crite-
rion, and for any phase delay the sampling may have. However the impulse response hidTs(t)
is non-causal and of infinite order, therefore it cannot be practically implemented. Many
approximations were studied in the literature, and are presented later in this chapter.

2.1.2 Sampling Rate Conversion Definition

Sampling rate conversion (SRC) consists of changing the sampling frequency of a signal with-
out going through reconstruction and re-sampling. The definition of SRC and its relation to
sampling and reconstruction is shown in Figure 2.2. Sampling x(t) at a frequency Fin and
Fout results in the samples x(mTin) and x(kTout) respectively. Sampling rate conversion is
then defined as the operation that takes the samples x(mTin) as input and outputs x(kTout),
with the change in the sampling frequency defined by the SRC factor R:

R =
Fout
Fin

=
U

D
such that U,D ∈ N (2.9)

The SRC operation with R > 1 is called interpolation, while decimation is used to refer to
the case of R < 1. The assumption that U and D are integers results from the fact that
the SRC operation will be implemented in a digital system, that is quantized and can only
handle finite precision. In the literature, integer SRC designates the case for when R is
integer. Rational SRC is used to refer to operations having a factor R expressed as a ratio
of integers of reasonable value (e.g. 3/5, 480/441) [Cro75][Hsi87][Bre11]. Many references
use the designation of arbitrary SRC [Tsu05][Bab05][Leh09][Har97][Bab02][Ram84], or SRC
of incommensurate factor [Hen01][Bab05][Laa96][Gar93][Eru93], to identify SRC operations
of irrational factors. This is only valid theoretically, and in practical implementations it is
only possible to approximate the desired irrational SRC factor up to a certain precision. This
approximation is explained later in this chapter in Section 2.3.2.

Multistage SRC: It is often desirable to implement the SRC operation through a multi-
stage approach, where the SRC factor R is written as:

R =
U

D
=
U1

D1
× U2

D2
× . . .× Um

Dm
such that (Uk, Dk) ∈ N2 (2.10)

Each factor Uk/Dk is implemented as an SRC stage. This is usually done to separate coarse
and fine-tuned SRC operations, allowing a more efficient implementation. The multi-stage
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Figure 2.3: Effects of up-sampling (a) and down-sampling (b) on the signal spectrum

apporach is also used to relax the filtering constraints reducing thereby the complexity of the
implementation. Also in the case where interpolations or decimation by a factor of two are
identified, half-band filters that are presented later offer a significantly efficient implementa-
tion. Finally, this separation offers reconfiguration capabilities to the SRC chain, where by
bypassing certain stages, different SRC factors can be achieved. Section 2.6.2 at the end of
this chapter discusses in more details how to implement multistage SRC chains, and how to
select the appropriate filters.

Universal SRC Model: To implement a change in sampling frequency by an SRC factor
R = U/D, using discrete time signal processing, the most straightforward solution is to
increase the sampling frequency by U , followed by a decrease of factor D. Manipulating the
sampling rate has diverse effects on the signal spectrum that should be handled correctly for
a correct implementation. The universal model of any SRC operation implementation is then
developed as follows:

1. Up-sampling consists of inserting U − 1 zeros between input samples in the time
domain. This can be seen in the frequency domain as unfolding the spectrum U times
as shown in Figure 2.3-a.

2. Down-sampling consists of keeping only one sample among every D samples of the
input. Viewed from the frequency domain, it can be seen as cutting the spectrum into
D pieces and folding them one on top of the other as shown in Figure Figure 2.3-b. It
is shown in this figure the case where the input spectrum of down-sampling contains
frequency components above Fout/2 which results in having a corrupted output spectrum
where aliasing has occurred.

3. Low Pass Filtering is required to handle the problems of performing down-sampling
directly after up-sampling, where the created images will risk aliasing back into base-
band, and where the signal itself may have frequency components beyond Fout/2. This
is where the low pass filter (LPF) comes in, shown in Figure Figure 2.4, that we call
SRC filter, having the role of removing images and protecting from aliasing.

These three basic elements can be used to represent any SRC operation, even when the prac-
tically implemented structure is completely different as it will be seen below. We identify this
model as the up-sampling / filtering / down-sampling (U-F-D) SRC model [Cro75]. Ideally



36 CHAPTER 2. UNIFIED VISION OF SAMPLE RATE CONVERSION FIR FILTERS

↑ U LPF ↓ D
x[m] xU [n] xUF [n] y[k]

Figure 2.4: Up-sampling / Filtering / Down-Sampling SRC Model

the filter has a cut-off frequency Fc that is the minimum between Fin/2 and Fout/2 to com-
pletely eliminate all images and protect from all aliasing. The ideal desired response h[n] of
the low pass filter is then the ideal reconstruction response developed in Equation (2.8), that
corresponds to the desired cut-off frequency depending on the factor R:

h [n] =

{
sinc (n/U) R > 1

sinc (n/D) R < 1
(2.11)

SRC Using FIR Filters: In literature, we can find a variety of ways and solutions to
implement the SRC operation, that can be classified following three alternative methods of
signal processing. First one is a straightforward approach that consists in reconstructing
the signal to the continuous-time domain and then re-sampling it with the required sample
rate. Second one consists in re-sampling the discrete-time signal through an Infinite Impulse
Response (IIR) filter [Mil09, Chap. V]. And third one consists in re-sampling the discrete-
time signal through a Finite Impulse Response (FIR) filter. The first and second methods are
known to introduce inevitable nonlinear distortion effects to the processed signal. Moreover,
the implementation of the first method requires an important amount of hardware resources
and a couple of very precise digital clock frequencies associated to the input and output
signals. The IIR-based SRC methods are afflicted with stability issues and must be handled
with care, adding complexity to their implementation. In this thesis, we are interested in
the FIR based SRC methods that are stable, due to the construction of the filter having an
impulse response that is finite in length. Moreover, FIR filters can be built to have a linear
phase response, avoiding any distortion to the signal’s phase. And as it will be shown in this
chapter, the FIR based SRC structures can be optimized to provide very efficient hardware
implementations. And finally, by understanding the FIR based SRC method, it becomes
intuitive to understand and to study the two other methods of SRC.

Duality and Transposition: Duality is a property of many signal processing operations,
where one operation performs the complementary of the other. For example, modulation and
de-modulations are duals, as well as for up-sampling and down-sampling. The transposition
theorems were developed in [Cla78], and are also presented in section 5 of chapter 3 in [Cro83].
Simply stated, a structure can be obtained from its dual through transposition, following three
steps:

1. Reversing the direction of all signal flow branches

2. Replacing the nodes with summations and vice versa

3. Interchanging the input and output ports

Transposition of a linear time-invariant system (LTI) is the same system itself, while transpo-
sition of linear time-variant systems results in their dual. For SRC filters, transposition has
the effect of interchanging Fin with Fout, and U with D. Therefore the design of a decima-
tion operation of factor R can be found from an interpolation SRC implementation through
two steps. First, the interpolation SRC operation of factor R′ = 1/R is developed. Then
transposition on the resulting structure is applied to find the final SRC implementation. In
this chapter, the interpolation SRC filters are developed, and their decimation counterparts
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Figure 2.5: The Unified Vision of SRC FIR Filters

can be found through transposition. Appendix A provides further details on this subject, and
develops the transposed structures of the filters presented in this chapter.

2.1.3 Unified Vision of SRC FIR Filters

Studies in the area of FIR based SRC techniques examined the different analytic and im-
plementation aspects in independent ways, and usually shortcuts are made that are not ad-
equately justified or explained when the proposed structures are presented. This makes it
complicated to learn about these techniques, to understand what is the option better suited
for each case of SRC, and to know what kind of filter responses can be achieved by using
a certain structure. A very large number of structures have been proposed, however they
can all be related to at least one of the five principal FIR-based SRC structures: the U-F-D,
Polyphase, Farrow, CIC, and Newton structures. Everything proposed in the FIR based SRC
literature revolves around a modification or a combination of these five structures. We offer in
this chapter a unified derivation, starting from one common root, to find these structures and
to explain clearly their respective correspondences and differences. As shown in Figure 2.5,
starting from the linear phase FIR filter type, we proceed by taking more particular filter
types, and then by exploiting the characteristics of the impulse response of these filters, we
optimize and find the different implementation structures. For the linear phase FIR filters,
we present the U-F-D and the polyphase structures. Then we take particular cases of linear
phase FIR filters, which are the polynomial based, the B-spline, and the Lagrange interpo-
lation impulse responses. By exploiting the particular properties of each response, we derive
the Farrow, CIC, and Newton structure respectively. This presentation offers an easy way to
grasp the relations between the different structures, clarifying thereby how to select the most
appropriate structure for a certain SRC operation, how to compare the different structures,
and how they can be combined together to perform any SRC operation.

We begin by considering the SRC FIR filters of linear phase response. The linearity of
the phase response means that the phase delay is constant over all the frequency components,
avoiding any distortions to the signal’s phase. The amplitude response of the filter may
introduce unwanted attenuation to some frequency components, however these can be handled
through compensation techniques when necessary (mostly used with CIC filters due to their
important droop in the passband). A criterion for the FIR filter to have a linear phase
is that the impulse response must be symmetrical or anti-symmetrical [Paq18], which is a
property that can be exploited to optimize the implementation structures, as it was done in
[Bre11][Ves96][Bab02], and as it will be presented later in this chapter.
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2.2 U-F-D and Polyphase Filters: Fundamental SRC Solutions

R. E. Crochiere and L.R. Rabiner were pioneers in the SRC domain, and were among the
first to present the general theory of SRC, and to develop the up-sampling/filtering/down-
sampling (U-F-D) structure implementation. They also showed how this structure can be
further optimized by breaking it into multiple stages in [Cro75; Cro83]. One year later, the
application of the polyphase structure for SRC of integer factor was presented by M. G.
Bellanger et al. in [Bel76]. This work was extended in [Hsi87] to enable rational SRC factors
with the polyphase implementations. Some further optimized structures for rational SRC were
introduced in [Bre11], that benefit from the coefficient symmetry of linear phase FIR filters
to reduce the hardware complexity. This section starts with a simple theoretical derivation of
these filter structures in Section 2.2.1, it then develops the important points to be considered
for their practical implementation in Section 2.2.2.

2.2.1 Filter Structure Derivation

The U-F-D structure is a direct implementation of the theoretical model presented in Fig-
ure 2.4. It is theoretically capable of implementing any SRC operation using any linear phase
FIR filtering response, however practically it does not offer an efficient implementation. The
polyphase structure improves on the U-F-D one, while allowing the implementation of any
linear phase FIR filter response. The derivation of these two structures can be obtained as
presented below.

U-F-D Structure: In this case, the impulse response is directly implemented as an FIR
low pass filter as shown in Figure 2.4. Since the input of the filter xU [n] is the output of the
up-sampling of x[m], then we know that for each U input samples to the filter, only one is
non-zero. Therefore if we require a filtering operation of order N−1 (meaning to use N inputs
to calculate each output), the number of taps of the FIR filter has to be equal to N ×U . The
transfer function of this filter is written as:

H(z) = Z{h[n]} =

+∞∑

n=−∞
h[n]z−n =

NU−1∑

n=0

h[n]z−n (2.12)

Then the output of the filter XUF (z) is found as:

XUF (z) = H(z)XU (z) = H(z)X(zU ) (2.13)

Since XU (z) = X(zU ) that is found by applying the Z-transform on xU [n]. In many applica-
tions we require a finely-tuned SRC factor, where U and D will get large in value. The low
pass filter in the U-F-D structure operates at the sampling frequency of FU = UFin. Having
large values of U and D results in two problems that lead to the inefficiency of this structure:

1. The filter operates at a very high frequency UFin, making the implementation inefficient,
and possibly non realizable when the digital circuit has operating frequency limits.

2. A great number of the filter’s output samples will be dropped by the following down-
sampling block of factor D, meaning that the filter is inefficient since it calculates
unneeded samples.

Polyphase Structure: This structure addresses the two disadvantages mentioned above.
The classical polyphase structure is deduced from the U-F-D structure by rearranging the
filter coefficients, through re-writing XUF (z) in Equation (2.13) as:

XUF (z) =

[
NU−1∑

n=0

h[n]z−n

]
X(zU ) =

[
U−1∑

i=0

z−iHi

(
zU
)
]
X
(
zU
)

(2.14)
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Figure 2.6: The Polyphase Structure before and after Applying the Noble Identity

In this expression, the FIR filter is broken into U filters Hi(z) of order N in parallel, with
each filter containing the coefficients used to find a certain output:

Hi(z) =
N−1∑

j=0

h[i+ jU ]z−j (2.15)

The matrix representation of H(z) offers a clear description of the filter structure:

H(z)
U×1

= H
U×N

× Z(z)
N×1

=




h0 h0+U . . . h0+(N−1)U

h1 h1+U . . . h1+(N−1)U
...

...
. . .

...
hU−1 h2U−1 . . . hNU−1


×




1
z−1

...
z−N+1


 (2.16)

With hk = h[k]. Each row of the matrix H contains the coefficients of the filter Hi(z).
This shows an equivalent implementation to the U-F-D structure, known as the polyphase
structure, that is realized through U filters Hi(z) in parallel with a delay element z−i in series
with each filter i, and then the output of all the branches in parallel summed together, as
shown in [Bel76][Hsi87]. This structure is illustrated in Figure 2.6-a.

However not all outputs of the polyphase filter are required, where the down-sampling by
D eliminates many calculated samples. In the case of finely tuned SRC factors, this problem
can get very critical when U ≈ D, and approximately U − 1 samples of U calculated ones will
be dropped. An optimization is possible by benefiting from the second Noble identity, stating
that a delay line of length zU operating at a frequency UFs is equivalent to a single delay
register z operating at Fs. This can be applied to the filter expression in Equation (2.14), by
pulling the filters before the up-sampling operation, resulting in:

Hi(z
U )X(zU ) operating at UFin ⇒ Hi(z)X(z) operating at Fin (2.17)

Applying this property on the polyphase structure results in the SRC architecture illustrated
in Figure 2.6-b. At the output of the filters, the network containing the combination of the up-
sampling, delay and down-sampling blocks behaves like a commutator with increment steps
D, that selects the appropriate filter ik corresponding to the output instant k. It is then
possible to replace this network by a multiplexer combined with a controller operating at the
output sampling frequency Fout that updates the value of ik for each output. This results in
the polyphase structure shown in [Har97], that operates using the sampling frequencies Fin
and Fout only, without the need of the UFin sampling domain, that can be problematic in the
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case of practical implementation. However when U is large, the structure still requires having
U branches in parallel, which is still a problem concerning the efficiency of the structure. This
can be solved by using polynomial based filters (PBF) presented in the next Section 2.3.

2.2.2 Practical Implementation

To implement the derived filter structures, certain practical aspects need to be addressed
first. In this section, the hardware implementation aspects are first presented. Then the SRC
controller algorithm is developed. The SRC factor quantization is then discussed. Finally,
the half-band filters that allow very efficient implementations for SRC factors of two and half
are introduced.

Hardware Implementation: The implementation of the derived structures in hardware
requires the definition of a number of design preferences. First, any hardware implementation
is qualified by a number of criteria, such as the operation speed, the calculation precision, or
the hardware complexity. Each implementation scenario requires a compromise between these
criteria, and for each scenario we find a certain implementation strategy and approach that
is more efficient than the others. These hardware implementation aspects of this PhD work
are developed in Chapter 6. The second design preference concerns the quantization of the
implementation. Quantization is the operation of defining the number of bits used to represent
the filter coefficients and signals in the hardware implementation. Coefficients quantization
is a deterministic problem, where limiting the precision of the filter coefficients will result
in a well-defined modification of the filter response. Many approaches are developed in the
literature to quantize a digital filter coefficients [Cro75][Nie89][Won91][Jia02][Qia06]. The
second part of quantization concerns the signals being processed, in which case the resulting
error is random. This quantization task is more complicated and it is addressed in depth in
Chapter 5, where an optimal signal quantization method is proposed.

SRC Controller: It is often supposed in the literature that for the implementation of
finely-tuned SRC, Fin and Fout are actually available digital clocks. However we often do
not have the exact two clock frequencies at the input and output, where the system operates
using one given digital clock. The multi-rate operation is then made possible through an SRC
controller, and by adding sample buffers at the input and output. These buffers are required
because when dealing with SRC, the number of inputs to the filter is not necessarily equal to
the number of outputs. For R > 1, we are increasing the sample rate, and therefore there will
be more output samples than input ones. The opposite is true for R < 1. It is also important
that the digital clock is faster than both Fin and Fout in order to avoid saturating the buffers.
For a given output instant k, two indexes are needed to control the state of the polyphase
filter. The first being mk that indicates the inputs used by the filters, where every filter Hi(z)
has the inputs {x[mk], x[mk − 1], . . . , x[mk −N + 1]} in its delay line. The other index is ik
that specifies the branch of the polyphase filter that calculates the output y[k]. These two
indexes are managed by the SRC controller to implement the desired SRC operation defined
by U and D. These two indexes can be found recursively as following:

{
mk −m0 = bk/Rc ⇒ mk+1 = mk +

⌊
ik+D
U

⌋

ik − i0 = kD mod (U) ⇒ ik+1 = [ik +D] mod (U)
(2.18)

With m0 and i0 being initialization values. The variable ik is simply the result of an overflow-
ing accumulator by D. This can be translated into the following Algorithm 1 that describes
the AI SRC controller operation. It can be noticed in this algorithm that for R > 1⇒ U > D,
it is possible sometimes to skip the while loop at line 4, meaning that the same inputs will be
used to find multiple outputs. While for R < 1 ⇒ U < D, it is possible to stay in the while
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Algorithm 1 Algorithm of the SRC Controller
Input: U, D
Output: mk, ik, k
1: mk = 0 , ik = 0 , k = 0
2: while True do
3: ik = ik +D
4: while ik ≥ U do
5: mk + + {Get next input from FIFOx}
6: ik = ik − U
7: end while
8: k + + {Calculate output k and insert in FIFOy}
9: end while

loop at line 4 for multiple iterations, meaning that between two outputs, two or more inputs
may be necessary.

Half-Band filters: When performing SRC of large factors, it is often desirable to break
the U-F-D structure into multiple stages as it was proposed in [Cro75], that offers important
improvements in efficiency. This is also advantageous when it is possible to divide the SRC
factor into factors of two. In this case, we know that we will have two set of filter coefficients
which are samples of the impulse response distant by Tin/2. Then the FIR filter design tries
to approximate the ideal sinc(t/Tin) response, in a way that the value of the impulse response
is zero at multiples of Tin. Doing this results in the first set of coefficients corresponding to
zero fractional delay, with this set containing only one non-zero element, while the second
set consists of the impulse response sampled at (k + 1

2)Tin such that k ∈ Z. Therefore for
an interpolation by a factor of two, the SRC filter can be implemented with 25% of the
coefficients, where the fact that half of the coefficients are zeros offer the first reduction by
50%, and then the symmetry of the impulse response is the source of a further reduction by
50%. This implementation approach is known as the half-band filter [Cro83, p.155].

2.3 Farrow Structure: An Efficient Solution for Arbitrary SRC

An efficient solution for finely-tuned SRC implementation was the structure developed by C.
W. Farrow in [Far88]. This structure implements polynomial based filters, and is known in
the literature under many names, most notably as the Farrow structure, variable digital filter
(VDF), or variable fractional delay filter (V-FDF) [Laa96]. Before this structure, efficient
SRC implementations were limited to SRC operations with simple rational factors. The
introduction of this structure enabled implementing arbitrary SRC factors, allowing high
precision finely-tuned SRC implementations far more efficiently than it was possible with the
previously existing structures. This structure is used as a main block of many SRC systems,
where we give for example the audio SRC system proposed in [Raj00] and the complex-valued
SRC system in [Tsu05], that combine the Farrow structure with the U-F-D structure to build
the complete SRC systems. A modification of the structure was developed in [Ves96], that
offers the possibility to benefit from the symmetry of the coefficients due to the symmetrical
impulse response. The transposed Farrow structure (TFS) presented by T. Hentschel and
G. Fettweis in [Hen01], has the advantage of having a better performance for the case of
decimation. The TFS can also benefit from the symmetry of the coefficients as discussed
in [Bab02]. The transposed structure is related to the original Farrow structure through
concepts of networks transposition presented in Section 2.1.2. It was shown in [Hen00] how this
transposed structure can be used to implement a combined filter for SRC, matched filtering,
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and symbol synchronization. Another application is in [Bab05], where the Farrow structure
and its transpose were used in combination of the CIC filter structure to implement systems
offering both anti-imaging and anti-aliasing capabilities simultaneously. Other applications for
the transposed structure were proposed in [Bab04] and [Li04]. This section derives the Farrow
structure as an implementation of polynomial based filters in Section 2.3.1, and it shows its
relation to the developed polyphase structure in Section 2.2.1. Section 2.3.2 develops then the
practical implementation concerns for the Farrow structure, most notably the quantization of
its fractional delay parameter.

2.3.1 Filter Structure Derivation

It was shown in Section 2.2.1 that for each output of the polyphase structure, only one filter
is selected by the multiplexer. Therefore it would be interesting that instead of having U
filters in parallel, to have only one filter with its coefficients being calculated dynamically for
each output using the index ik. This can be made possible by defining the impulse response
as being constructed using N polynomial pieces Pj(µ) with j ∈ {0, 1, . . . , N − 1}, as shown
in Figure 2.7 for N = 4. Each polynomial piece is of order M − 1 and is defined as:

Pj(µ) =
M−1∑

l=0

cl(j)µ
l (2.19)

Then Pj is used to calculate the filter’s coefficient hik [j] corresponding to the output y[k].
The variable µ is called the fractional delay in the literature, since it corresponds to the delay
between the output sample and its corresponding input sample, that is a fractional of the
sampling period.

Polynomial Based Filter: Using Equation (2.19), it is possible to rewrite the filter
expression in Equation (2.15) as:

Hik(z) =
N−1∑

j=0

hik [j]z−j =
N−1∑

j=0

[
M−1∑

l=0

cl(j)µ(ik)
l

]
z−j (2.20)

With µ(ik) indicating the position of the coefficients of the filter ik on the different polynomial
pieces. Since we are dealing with linear phase FIR, then we know that the impulse response
is symmetric, and therefore the polynomial pieces will be symmetric with respect to the Y-
axis as well. This was not exploited in the classical Farrow structures proposed in [Far88;
Eru93]. The structures that did exploit this property later came to be known as the modified
Farrow structure [Ves96; Bab02]. To benefit from this symmetry, the polynomials should have
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their support centered at zero. This is why we define the variable µ(ik) used to develop the
polynomials as:

µ(ik) =
ik
U
− 1

2
∈ [−0.5; 0.5[ (2.21)

Through this, the polynomials are developed to be symmetric such that:

Pj(µ) = PN−j−1(−µ) (2.22)

This means that the coefficients of the even monomials of Pj and PN−j−1 are equal, and the
odd monomials coefficients are opposite in signs. Using this type of impulse response, the
matrix representation of the filter transfer function H(z) in Equation (2.16) is written as:

H(z)
U×1

=

(
H
U×N

)
× Z(z)

N×1

=

(
µ

U×M
× P
M×N

)
× Z(z)

N×1

=




1 µ1 µ2
1 . . . µM−1

1

1 µ2 µ2
2 . . . µM−1

2
...

...
...

. . .
...

1 µU µ2
U . . . µM−1

U







c1(0) c2(0) . . . cN (0)
c1(1) c2(1) . . . cN (1)
...

...
. . .

...
c1(M-1) c2(M-1) . . . cN (M-1)







1
z−1

...
z−N+1




(2.23)

In Equation (2.23), we have µk = µ(k − 1). Then the transfer function of the filter Hik(z)
can be expressed in matrix form using only the row k of the matrix µ:

Hik(z) = H(z, µk)
1×1

= µTk
1×M

× P
M×N

× Z(z)
N×1

(2.24)

Farrow Structure: Through a factorization by µ in Equation (2.20), we can find the
definition of the well-known Farrow structure [Far88] given as:

Hik(z) =

M−1∑

l=0

Gl(z)µ(ik)
l where Gl(z) =

N−1∑

j=0

cl(j)z
−j (2.25)

The implementation of this structure is shown in Figure 2.8, which consists of M FIR filters
Gl(z), each of N taps. The outputs of the Gl filters are then evaluated following the Horner’s
scheme for polynomial evaluation with µ(ik). In this structure the coefficients of the filters
Gl are constant and symmetrical, allowing an efficient implementation that uses only half of
the multipliers. Moreover, having constant coefficients multipliers provides further possible
implementation optimizations. The H&S blocks are hold and sample blocks, that represent
the interface between the different sampling rate domains. In some cases, the same inputs
may be held and used to find multiple outputs. These blocks must be necessarily taken
into consideration when applying the transposition techniques to find the transposed Farrow
structure.

2.3.2 Practical Implementation

The Farrow structure implementation takes into consideration the same points presented for
the U-F-D and polyphase structures implementations in Section 2.2.2. When using only one
clock domain, the same SRC controller and configuration is required, the only difference
is the added circuit needed to find the value of µ(ik) as shown in Equation (2.21). The
Farrow structure quantization is carried with the same considerations presented in the previous
section, however with the added complexity of quantizing the fractional delay µ. This section
first presents how to define the polynomial coefficients that construct the impulse response,
and it then develops the fractional delay quantization effects to better understand how to
select the appropriate number of bits to represent the variable µ.
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Figure 2.8: The Farrow structure consisting of M filters Gl(z) of N taps each

Polynomial Coefficients: The Farrow structure has M ×N degrees of freedom to define
the filter response, that are the coefficients cl(j). When the response is limited to that of
linear phase filters, the degrees of freedom are divided by two due to the symmetry of the
response, and therefore the polynomials and their coefficients. These coefficients can be found
generally in two ways: using well-known polynomial interpolation methods, or applying filter
optimization techniques.

In the domain of polynomial interpolation, there are three types that are primarily used.
Due to their particular mathematical definition, these interpolation types can be implemented
more efficiently using other structures that the Farrow structure as it will be developed later
in this thesis. The first well-known type is the B-spline interpolation explained in [Uns99], and
implemented in [Doo99] and [Lam16]. The algorithm developed in [Mil10] allows finding the
coefficients of the cascaded polynomial pieces, then each piece should be centered around zero
before being used with the Farrow structure. B-spline interpolation is detailed in Section 2.4
to find the CIC filter structure. The second type is Lagrange interpolation, which has the ad-
vantage of having a maximally flat passband [Her92]. The Farrow structure implementation of
Lagrange interpolation is developed in [Eru93][Val95][Den07]. Section 2.5 studies this type of
interpolation that results in the Newton structure implementation. The third type is Hermite
interpolation, which generalizes Lagrange interpolation by applying equality constraints to
samples derivatives as well as to their values. The implementation using the Farrow structure
is studied in [Soo11] and [Tse12]. Hermite interpolation is used in Chapter 4 to develop new
efficient implementation structures. The work of [Mei02] presents a concise overview of the
interpolation methods in the literature, and their use for signal reconstruction.

To correctly profit from the Farrow structure filtering performance, the polynomial coeffi-
cients should be defined using filter optimization methods. In the literature we find different
techniques, such as the least-square methods applied in [Far88; Lu99], the minmax optimiza-
tion presented in [Ves97], or the optimization applied separately to each sub-filter as developed
in [Joh03]. The thesis of M. T. Hunter [Hun08] develops in detail the Farrow structure op-
timization problem, and provides a software implementation of the developed optimization
algorithm.

Fractional Delay Quantization: Quantization of the fractional delay µ(ik) affects two
implementation aspects: the output sampling rate precision, and the filtering performance.
This subject has been addressed in different works [Ves00][Lóp02][Hun08]. The fractional
delay quantization solutions are summed-up below.

For any SRC operation, a certain output sampling frequency Fout is desired. In hardware,
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the division by U in Equation (2.21) is implemented as a multiplication by a factor of 1/U ,
and it is the quantization of this factor that defines the precision of the SRC operation. The
approximation error of 1/U results in a jitter on the output sampling period. Supposing that
the quantization of 1/U is fixed-point with a fractional part of F(1/U) bits. For a certain given
tolerated error at the output sampling frequency ∆Fout, it is possible to find the corresponding
quantization of 1/U as:

∆Fout =
Fin

2F(1/U)
⇒ F(1/U) =

⌈
log2

(
Fin

∆Fout

)⌉
(2.26)

Parts-Per-Million (ppm) is a more useful normalized measure of this error for designs that
will use multiple sampling frequencies. Depending on the application, the quantization for a
given tolerated ppm is found similarly as:

∆Fout =
1

2F(1/U)
⇒ F(1/U) = −dlog2 (ppm)e (2.27)

Attention should be given that F(1/U) is at least equal to or larger than FU , which is the
bitwidth of U . Since if this is not respected, the value of µ(ik) will be always stuck at zero.

The value of µ(ik) resulting from Equation (2.21) is usually transmitted to the V-FDF
with a different quantization bit width, that is usually smaller in the V-FDF than in the
controller. This allows a reduction in the V-FDF implementation complexity. The primary
effect of this second quantization is on the impulse response of the V-FDF, and thereby its
filtering response. As shown in Figure 2.9, truncation and rounding of the fractional delay
result in a zero-order-hold (ZOH) sampled impulse response. If Fµ bits are used to quantize
the fractional part of µ, each polynomial piece of the impulse response will have Nµ = 2Fµ

samples. The difference between truncation and rounding is that the former results in a
constant phase shift of Tin/2Nµ, that may be tolerated or corrected in some implementations.
The effects of ZOH sampling are shown in Figure 2.9-c. Sampling results in aliasing images in
the filter frequency response HQ(f), that will appear on multiple of NµFin. While the ZOH
effect will modify the original frequency response H(f) by introducing the effect of a ZOH
filter HZOH(f). If the useful signal band B is known, the aliasing images maximum level
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Imax can be defined as:

Imax = sinc

(
Nµ − B

Fin

Nµ

)
⇒ Imax(dB) = 20 log10

(
B

Fin

)
− 6.02Fµ (2.28)

For a given tolerated level of aliasing images, the quantization of the fractional delay used by
the V-FDF is then deduced as:

Fµ =

⌈
1

6.02

[
20 log10

(
B

Fin

)
− Imax(dB)

]⌉
(2.29)

2.4 CIC Filter: A Multiplier Free Solution for Coarse SRC

In 1981, E. B. Hogenauer presented the cascaded-integrator-comb (CIC) filters [Hog81] which
are a class of SRC FIR filter with an implementation that doesn’t require multipliers. These
filters have a slightly modified U-F-D structure resulting from the application of the Noble
identities presented in Section 2.2.1. Their advantage lies in their low implementation com-
plexity and their reconfigurability in terms of order and SRC factor. However these filters
possess two limitations. First, their practicality is limited to implementing coarse rational SRC
operations. And second, they are limited to implementing a B-spline interpolation response,
that suffers from a high droop in the passband. A solution to improve the frequency response
was proposed in [Kwe97] that uses filter sharpening techniques resulting in the sharpened CIC
filter structure. Another SRC structure based on B-spline interpolation is the one proposed in
[Hua12], that is developed as a polynomial based filter, however the difference from the Far-
row structure is in that the polynomial pieces can be taken longer than the sampling period.
This is done to allow defining the positions of the zeros of the frequency response to reject
any unwanted signals in the received spectrum. In this section, the CIC filter structure is
developed first in Section 2.4.1, and then the practical implementation aspects are presented
in Section 2.4.2.

2.4.1 Filter Structure Derivation

The Farrow structure presented in Section 2.3 offers an SRC solution with a high degree
of freedom permitting the implementation of different filter responses. In this section, we
consider the B-spline interpolation method, which corresponds to a set of fixed coefficients
defining the polynomial based filter.

B-spline Interpolation: Considering the most simple case of a polynomial filter, where
the impulse response consists of only one polynomial piece (N = 1) of degree zero (M = 1),
having a value of one. This corresponds to the Pi or rectangular function normalized to Tin
noted as Π(t/Tin). Used for interpolation, the Pi function results in a zero-order-hold (ZOH)
reconstruction. An interesting property of the Pi function is its frequency response HΠ(f),
that is found through the Fourier transform as:

Π

(
t

Tin

)
→ HΠ(f) = sinc

(
f

Fin

)
(2.30)

This frequency response is of interest since its zeros are located at multiples of Fin, which is
the optimal zero position for images suppression, since the up-sampling images are located
on multiples of Fin as shown in Figure Figure 2.3-a. The filtering performance of a single
Pi function may not be sufficient, however it can be improved by cascading N filters. This
results in the impulse response of the B-spline interpolation of order N − 1:

βN (t) = (Π ∗Π ∗ . . . ∗Π︸ ︷︷ ︸
N

)(t) (2.31)
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N N

x[m]
HC(z) HC(z) HC(z) HI(z) HI(z) HI(z)↑ U ↓ D

y[k]

Fin UFin UFin Fout

Figure 2.10: The interpolation cascaded-integrator-comb (CIC) filter structure of order N

The Fourier transform of convolution in the time domain results in multiplication in the
frequency domain. Therefore the frequency response BN (f) of βN (t) is found as:

BN (f) = sinc

(
f

Fin

)N
(2.32)

The B-spline function βN (t) is piecewise polynomial with N pieces of degree N − 1 each
[Uns99]. Therefore this interpolation can be implemented using the Farrow structure as it
was developed in [Doo99]. However by exploiting the particularity of the impulse response
definition as a cascade of rectangular functions, a more efficient implementation structure is
found.

CIC Filter Structure: It was presented in Section 2.2.1, that for an SRC filter of order
N − 1 we need NU filter taps. In the case of the rectangular function, we have U coefficients
taken from the causal rectangular function (defined for t > 0), with all coefficients having a
value of one, which can be expressed through the Z transform as:

H(z) =
U−1∑

n=0

z−1 =
(
1− z−U

)( 1

1− z−1

)
= HCU (z)HI(z) (2.33)

This is the non-normalized moving average filter, which can be implemented in a recursive
running-sum structure, consisting of two construction blocks, the integrator having the trans-
fer function HI(z) and the comb with a delay z−U having the transfer function HCU (z)
[Lyo05]. Then by cascading N rectangular function filters, the B-spline interpolation of order
N − 1 is implemented. We know that the comb and the integrator are linear time-invariant
(LTI) systems, therefore their order of placement relative to one another in the structure
can be exchanged. Then benefiting from the second Noble identity, the comb blocks can
be placed before the up-sampling operation optimizing the implementation by reducing the
delay line of the comb blocks z−U to only one delay element z−1. This results in the struc-
ture presented by Hagenauer in [Hog81], and shown in Figure 2.10, called the interpolation
cascaded-integrator-comb (CIC) filter, where a CIC filter of order N having N comb and
integrator blocks, implements the B-spline interpolation of order N − 1.

2.4.2 Practical Implementation

In the case of CIC filters, there is no need for an SRC controller since the filter implements
a U-F-D structure. However the same hardware implementation considerations discussed
in Section 2.2.2 are used for the CIC filters as well. This section develops certain particular
implementation aspects for CIC filters, such as output re-scaling, filter order choice, frequency
response compensation, and non-recursive implementations.

Output Re-scaling: The CIC filter is multiplier free because it does not normalize its
filtering operation, resulting in a large gain at its output. In the case of interpolation CIC filter,
this gain is found as GCIC = UN−1. Certain implementations may require that the output of
the CIC filter to be normalized to its input, requiring thereby an output re-scaling. This is
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Figure 2.11: Normalization of the CIC output gain through coarse and fine adjustments

done in two steps: coarse and fine gain adjustments. We propose the approach illustrated in
Figure 2.11. Using the fixed-point quantization scheme presented in Chapter 5, we consider
the filter input is quantized on sIi.Fi bits. After performing the optimal quantization method
developed in the same chapter, the output is quantized on s(Ii + IG).Fcic. The added integer
part bits IG = dN log2(U)e are needed due to the filter gain. The coarse gain adjustment
consists then of normalizing the important integer gain, by right shifting the quantization by
s = blog2(GCIC)e, and rounding the result to s(Ii + 1).(Fo + 2), where sIo.Fo is the desired
output quantization. Fine gain adjustment then finalizes the normalization by multiplying
the samples with the correction factor SF = 2s/GCIC that is quantized on s2.7 bits. The
output of this multiplication is then rounded to sIo.Fo.

Selecting the Filter Order: Three measures may be used to select the appropriate
CIC filter order for a given SRC operation. A general measure is that of the first side lobe
attenuation level, which is equal to 13.64×N dB with N being the filter order. This estimation
is only valid for an up-sampling or down-sampling factor larger than eight in the case of
interpolation or decimation CIC filters respectively. The attenuation level gets smaller as
this factor goes below eight. Two other specific measures that depend on the useful signal
band B are images attenuation level, and the passband droop. The images attenuation level
measures the weakest attenuation of the signal images, while the passband droop measures
the strongest attenuation in the signal band. These measures can be calculated using the
filter frequency response expression, however for simplifying the design process, Hogenauer
proposed in the original article two tables that resume these measures for certain example
cases [Hog81]. The choice of the CIC filter order is a delicate task that compromises between
the images attenuation level and the passband droop. However the former is more important
than the latter, since aliasing errors due to weak images attenuation cannot be corrected
afterwards, while it is possible to compensate the passband droop as explained below.

CIC Compensation Filter: The frequency response of B-spline interpolation is known to
have an important droop in its passband. However it is possible to improve this response by
using a compensation filter that aims to correct the droop of the CIC filter. Then the combined
frequency responses of the CIC and its compensation filter has a more flat passband. The
most straight forward way to build a compensation filter is through implementing an FIR filter
approximating the inverse of the B-spline response over the desired passband [Alt07c]. Other
methods for designing the CIC compensation filter rely on the maximally flat criterion, where
the compensation filter coefficients are found through a linear equation system [Mol11][Fer12].
Multiplier free CIC compensation filters for both narrow-band and wide-band signals were
developed and presented in [Fer12][Dol08][Dol09]. This compensation is usually integrated in
the FIR filter that follows the CIC filter for a more efficient implementation (see the DFE
architecture in Chapter 1).

Non-Recursive CIC Filter Structures: Another downside of the classical CIC filter
is the recursive structure of the integrator blocks, that limits the maximum speed of the
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hardware implementation. While the direct implementation of the structure presented in
Figure 2.10 may meet the speed requirements for certain SRC operations, other applications
may not be possible with a recursive CIC structure. A non-recursive structure was proposed
in [Gao00] offering lower power consumption and higher operating speeds compared to the
recursive CIC structure. Further improvements were achieved in [Sha07] through a polyphase
non-recursive CIC implementation.

2.5 Newton Structure: A Low Cost Solution for Arbitrary SRC

The Newton interpolation structure presented by V. Lehtinen and M. Renfors in [Leh09] of-
fers a low-cost arbitrary SRC filter solution based on Lagrange interpolation. The structure
modifies what was proposed by S. Tassart and Ph. Depalle in [Tas96][Tas97] to accommo-
date for a variable fractional delay. The state-of-the-art study developed in chapter 3 of A.
Franck thesis [Fra11] confirms that the Newton structure implements Lagrange interpolation
using the lowest number of arithmetic operations. However, in [Fra11] this structure was not
optimal for software implementation, but this work considers direct hardware implementa-
tions, in which case the Newton structure is the implementation of Lagrange interpolation
that uses the least amount of hardware resources. To extend the use of the Newton structure,
D. Lamb et al. developed the transformation matrices that show the relation between the
Farrow implementation of the Lagrange interpolation and the Newton interpolation structure
[Lam16]. These transformations were applied to B-spline interpolation of order 3 using the
Farrow structure (proposed in [Doo99]) to get a modified Newton structure implementation.
In this section, the Newton structure is derived first in Section 2.5.1, then the Farrow to
Newton transformation is presented in Section 2.5.2. Finally, the practical implementation
aspects are discussed in Section 2.5.3.

2.5.1 Newton Structure Derivation

Lagrange interpolation is a widely used interpolation technique for V-FDF implementation due
its simplicity and the maximally flat passband of its frequency response. This section develops
the definition of this interpolation, and then derives the corresponding Newton structure V-
FDF implementation.

Lagrange Interpolation: Lagrange interpolation fits a polynomial y(t) of degree N − 1
through N points x[m] such that:

y(t) =
N−1∑

m=0

Pm

(
t

Tin

)
x[m] / t ∈ [0, (N − 1)Ts] (2.34)

Where Pm(t) are the Lagrange polynomials that can be used to find the coefficients of the
interpolation filter:

Pm(τ) =
N−1∏

k=0
k 6=m

τ − k
m− k / τ =

t

Tin
(2.35)

It’s clear that the Lagrange interpolation filter is piecewise polynomial by definition, and
therefore can be implemented using the Farrow structure. It is always important to correctly
center the development of the polynomial pieces in order to benefit from the symmetry of
coefficients [Den07]. The filter response was developed in relation to the B-spline function
in [Fra09], where the frequency response HN

L (f) of Lagrange interpolation of order N − 1 is
given with respect to that of B-spline interpolation of order N − 1 as:

HN
L (f) = G(f)BN (f) (2.36)
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Figure 2.12: The relation between the centered and the causal fractional delays

The function G(f) in this expression has no zeros. This shows that the zeros of the Lagrange
interpolation are the same as the ones for the B-spline one, hence sharing the role of image
suppression. To better understand the properties of the frequency response of Lagrange
interpolation, one should consider the ideal interpolation filter response, where for a fractional
delay d ∈ R, the ideal filter is defined as:

hd(t) = sinc

(
t

Tin
+ d

)
⇒ Hd(f) = ej2πfdTin with d < 0 (2.37)

The ideal filter is non realizable, however it can be approximated. One way to approximate
the ideal as an FIR filter is through the maximally flat criterion. This criterion states that
for an FIR filter of order N − 1 to be maximally flat at f = 0 Hz, the difference between the
FIR and the ideal filters should be zero for the frequency response and its derivatives up to
degree N − 1 at f = 0 Hz. This results in a linear system of N equation with N unknowns
that has a unique solution, which are the coefficients of Lagrange interpolation, as it was
proven in [Her92]. This means that the frequency response of Lagrange interpolation focuses
on approximating the ideal filter at f = 0 Hz the best way possible, by having the maximally
flat response possible in the passband.

Newton Structure: The Newton structure is a particular way of implementing the maxi-
mally flat FIR filter at f = 0 Hz. To have the best linear phase response possible, a centered
interpolation range is required, therefore the delay factor µ ∈ [−0.5, 0.5[ is transformed into
the causal version of the delay referenced from the last input as illustrated in Figure 2.12.
The causal fractional delay noted d is expressed as:

d(ik) = µ(ik)−
N − 1

2
(2.38)

In the rest of this chapter we express d(ik) using the constant notation d to keep a concise
presentation. However the value of d is always a function of the index ik. The Z-domain
transfer function of the ideal filter definition in Equation (2.37) can be written as:

Hd(z) = zd with z = e−j2πfTin and d < 0 (2.39)

The problematic point in this expression is that in the Z-domain, the terms z are used to
express delays by an integer number of samples. However in this case d is a real value, and
therefore evaluating Hd(z)X(z) in this form will result in an ambiguous output expression.
This was addressed in [Ram90], where the transfer function z−p/q was approximated as a
partial series of terms z−i, with p and q being real numbers, and i being integer. This is done
using the generalized binomial theorem, where it is possible to re-write Hd(z) as:

Hd(z) =
[
1 +

(
z−1 − 1

)]−d

=

+∞∑

k=0

−d(−d− 1) . . . (−d− k + 1)

k!

(
z−1 − 1

)k (2.40)
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Figure 2.13: The Newton Structure implementing Lagrange interpolation of order N

This series converges for |z−1−1| < 1. Truncating this expression to the firstN terms is known
to result in the partial sum that satisfies the maximally flat criterion presented previously
[Tas97][Pei01][Sam04]. And since this criterion has a unique solution, then the partial sum of
N terms corresponds to the Lagrange interpolation of order N−1 [Her92][Koo96]. Developing
the partial sum in term of powers of (1− z−1) results in:

Hd
N (z) =

N−1∑

k=0

d(d+ 1) . . . (d+ k − 1)

k!

(
1− z−1

)k (2.41)

This is the expression of the Newton backward difference formula of order N − 1, that imple-
ments the Lagrange interpolation. Developing this expression using Horner’s scheme results
in the modular Lagrange interpolation filter presented in [Tas96][Tas97]. This filter structure
is to be modified as it is shown by [Leh09] in order to support variable fractional delays, re-
sulting in the Newton interpolation structure, presented in Figure 2.13, having a complexity
of O(N) compared to that of the Farrow structure implementing Lagrange interpolation with
a complexity of O(N2).

2.5.2 Farrow to Newton Transformation

The matrix representation of the Farrow structure transfer function presented in Equa-
tion (2.24) uses a monomial polynomial base vector µTk , and a cumulative delay base vector
Z(z). The work developed in [Lam16] shows that it is possible to transform these base vec-
tors to those of the Newton structure, it is then possible to deduce the corresponding Newton
structure implementation of any Farrow structure. The Newton structure is based on the
Newton backward difference formula, which is based on differentials between samples and
their derivatives. In this case, the polynomial evaluation is done with the Newton polynomial
base vector dT expressed as:

dT
1×M

=
[
1, d, d(d+ 1), . . . ,ΠM−2

i=0 (d+ i)
]

(2.42)

With d being the causal fractional delay expressed in Equation (2.38). For the delay vector,
the Newton structure uses a differential delay base vector 5Z(z) expressed as:

5Z(z)
N×1

=
[
1, (1− z−1), . . . , (1− z−1)N−1

]
(2.43)

Then the matrix representation of the Newton structure transfer function is written as:

Hik(z) = dT
1×M

× Q
M×N

×5Z(z)
N×1

(2.44)

With the matrix Q containing the coefficients describing the Newton structure implementa-
tion. By transforming the base vectors in Equation (2.24) to those of the Newton structure,
the Newton structure coefficients matrix Q corresponding to the matrix P of the Farrow
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structure can be found as follows:

H(z, µ) = µTP Z(z)

= µT
(
T Td T−Td

)
P
(
T−1
z Tz

)
Z(z)

= (Td µ)T
(
T−Td P T−1

z

)
(Tz Z(z))

= dT Q 5 Z(z)

(2.45)

With T−Td =
(
T Td
)−1 and the matrices Td and Tz are the ones transforming the vectors µ and

Z(z) to d and 5Z(z) respectively. The analytical expressions of these matrices are developed
later in Chapter 4. Applying this transformation to a Farrow structure implementation of
order 3 results in the matrix QL3:

PL3 =
1

48




−3 17 27 −3
−2 54 −54 2
12 −12 −12 12
8 −24 24 −8


 ⇒ QL3 =




1 0 0 0
0 1 0 0
0 0 1/2 0
0 0 0 1/6


 (2.46)

This is the description of the classical Newton structure of order 3. The work in [Lam16]
proposes then to apply this transformation to the B-spline interpolation of order 3, resulting
in the matrix QS3:

PS3 =
1

48




1 23 23 1
6 30 −30 −6
12 −12 −12 12
8 −24 24 −8


 ⇒ QS3 =




1 0 1/6 1/6
0 1 0 1/6
0 0 1/2 0
0 0 0 1/6


 (2.47)

The resulting modified Newton structure for B-spline interpolation requires only 3 extra ad-
ditions compared to the Newton structure of order 3 for Lagrange interpolation. This thesis
further explores this transformation in Chapter 4 to develop new low-cost arbitrary SRC
solutions based on the Newton structure.

2.5.3 Practical Implementation

The Newton structure does not have any different practical implementation aspects than those
already presented in this chapter. The same hardware implementation considerations and the
same coefficients quantization guidelines presented in Section 2.2.2 apply for the Newton
structure. For the quantization of the signal, refer to Chapter 5 for a practical quantization
example of the Newton structure of order 5. The quantization of the fractional delay follows
the same approach presented for the Farrow structure in Section 2.3.2. The implementation of
the SRC controller is also identical to that presented in Section 2.2.2, with the only difference
being the added circuitry to calculate the value of the causal fractional delay d. Finally,
The hardware implementations on FPGA and ASIC targets are developed in Chapter 6 using
different strategies of implementation.

2.6 Comparison and Applications

The different SRC filters presented in this chapter offer a set of SRC solutions that allows
the efficient implementation of any SRC application in the DFE. In Section 2.6.1, the dif-
ferent SRC filters are first compared to better understand the characteristics of each filter,
highlighting thereby the advantages and inconveniences of each solution. With this under-
standing, Section 2.6.2 then discusses how to efficiently implement any SRC application by
using the appropriate cascade of SRC filters.
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Table 2.1: Comparison of SRC FIR Filters of Order N

R = U/D U-F-D/Polyphase Farrow Structure CIC Filters Newton Structure

Impulse Response
Symmetrical

FIR
Symmetrical Piecewise

Polynomial FIR
B-Spline

Interpolation
Lagrange

Interpolation
Highest Operating
Sampling Frequency

R > 1 : Fout
R < 1 : UFin

R > 1 : Fout
R < 1 : Fin

UFin
R > 1 : Fout
R < 1 : Fin

Order of
Multiplications

R > 1 : O(UN)

R < 1 : O(DN)
O(N2) Zero! O(N)

Order of
Additions

R > 1 : O(UN)

R < 1 : O(DN)
O(N2) O(N) O(N)

2.6.1 Characteristics Comparison

Three main characteristics are used to qualify an SRC filter structure: the type of impulse
response defining the filtering performance, the highest operating sampling frequency present
in the implementation, and the calculation complexity reflected by the number of additions
and multiplications required. These characteristics are shown in Table 2.1 for each structure
developed in this chapter. Each structure makes compromises between the implementation
complexity and the possible filtering performances.

The U-F-D structure can implement any symmetrical FIR response with a linear phase.
However for fine-tuned SRC factor R where U and D get very large, the implementation is
very inefficient if not impossible. This is because having an operating frequency of UFin may
present a calculation complexity beyond what the implementation target can support. The
polyphase structure is more efficient than the U-F-D structure in the case of interpolation,
since it can be implemented with a maximum sampling frequency of Fout by using the structure
with the SRC controller as explained in Section 2.2.2. However for fine-tuned SRC factors R,
the complexity of the implementation is still high, where a very large number of coefficients
should be stored.

The Farrow structure allows building the impulse response through polynomial pieces,
resulting in an implementation complexity that is independent of the parameters U and D.
This justifies the compatibility of this structure with finely-tuned SRC, where the complexity
of the implementation (number of additions and multiplications) does not increase as the
parameters U and D take very large values. The compromise to be made in this case is that
the impulse response is limited to polynomial based filters. However this still allows building
customized filter responses using optimization techniques for filters synthesis presented in
Section 2.3.2.

The CIC filters implement the B-spline interpolation only, through a modified U-F-D
structure. However no multiplications are required, offering a very low cost implementation
solution. The CIC filter is presented as capable of implementing rational factor SRC, however
attention should be given if the system can support the CIC maximal sampling frequency
of UFin. This is the desirable effect when performing an interpolation by U , however for
decimation by a rational factor when D > U , the CIC filter may not always be practical. For
decimation applications of integer factors when U = 1, the maximal sampling frequency is
that of the input which does not present a problem. This is why practically the CIC filters
are most often used for SRC operations of large SRC factors that are integer.

The newton structure is a more efficient form of the Farrow structure with a complexity
of O(N) in place of O(N2) for Lagrange interpolation. The compromise for this structure is
that its implemented impulse response is restricted to Lagrange interpolation. The modified
Newton structure developed in [Lam16] and the new structures proposed in Chapter 4 modify
the classical Newton structure to implement different impulse responses with the same order
of complexity. This structure can be an interesting solution when low complexity is the main
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Table 2.2: The most adapted SRC filters for different SRC applications

Coarse SRC

Interpolation: Ri > 8 (Ui ∈ N, Di = 1)
Decimation: Ri < 1/8 (Ui = 1, Di ∈ N)

CIC Filter

Interpolation: 1 < Ri < 8 (Ri rational)
Decimation: 1/8 < Ri < 1 (Ri rational)

U-F-D / Polyphase

Interpolation: Ri = 2 (Ui = 2, Di = 1)
Decimation: Ri = 1/2 (U1 = 1, Di = 2)

Half-Band Filter

Fine SRC
High Filtering Performance Farrow Structure
Low-Cost Implementation Newton Structure

design goal, and the filtering performance of the possible impulse responses is adequate for
the desired application.

2.6.2 Implementing an SRC Application

As presented in Section 2.1.2, SRC applications are often implemented as a cascade of multiple
SRC filters. In this case the SRC factor can be written as:

R = R1 ×R2 × · · · ×Rm =
U1

D1
× U2

D2
× · · · × Um

Dm
such that (Uk, Dk) ∈ N2 (2.48)

Each factor Ri is implemented using the appropriate SRC filter structure. Table 2.2 sums-up
the SRC types and the most adapted SRC filter corresponding to each SRC application. To
partition an SRC operation into a multistage implementation, a simple guide is proposed
below for a partition into 3 SRC operations:

1. For SRC application with large changes in the sampling frequency, extract the factor
R1 representing an interpolation or decimation operation by an integer factor larger
than eight. The CIC filters then offer a low-cost implementation with good filtering
performances. However attention should be given to the passband droop, that may
require correction as explained in Section 2.4.2. If the filtering response of the CIC filters
is not satisfying for the design criteria, a U-F-D or polyphase implementation allows
defining a custom filter response at the cost of increased implementation complexity.
If the factor R1 can be broken into multiple interpolation or decimation factors by 2
or 1/2 respectively, the half-band filters are a particular case that allow improving the
filtering performances relatively to the CIC filters while keeping a low implementation
complexity.

2. After extracting the factor R1, identify if there exists a residual coarse rational or integer
SRC factor R2. Usually when a CIC filter is used, this second stage combines further
SRC with the CIC filter response compensation. The implementation choice of R2

largely depends on the system. For example, if it is expected that the SRC factor will
be variable, a re-programmable polyphase or U-F-D filter might be needed. Another
example, for coarse rational factor SRC (e.g. R2 = 7/6) it is possible to use the Farrow
or Newton structures when their filtering responses are acceptable.

3. Finally, the fine adjustment of the output sampling frequency is represented by the
factor R3 ≈ 1. If the application requires minimal degradation of the signal quality,
the Farrow structure is privileged that can achieve an attenuation of 60 dB to 70 dB in
the filter response stopband for an order 5 implementation. When less strict filtering
performance is required, the Newton structure or one of its modified structures offer a
solution with much lower implementation complexity, with a stopband attenuation level
between 35 dB and 45 dB for structures of order 5.
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2.7 Conclusion

This chapter gives an overview of SRC FIR filtering and proposes a new unified vision of this
issue. This presentation started with the definition of SRC and the discussion of important
theoretical and practical implementation aspects. Then the four main types of SRC FIR were
derived from the common root of linear phase FIR filters. U-F-D and polyphase structure
offer a very flexible SRC solution, however with the drawback of a very high implementation
complexity. The Farrow structure exploits the definition of polynomial based impulse response
to offer a finely-tuned SRC solution with a very low complexity relatively to the previous
classical solutions. CIC filters implement the B-spline interpolation impulse response without
using any multipliers, offering a very low-cost implementation for coarse SRC. The last solution
is the Newton structure, which is a low-cost solution for finely-tuned SRC, however limited to
Lagrange interpolation impulse response. The recently proposed transformation that links the
Farrow and Newton structures was also presented. Finally, all these solutions were compared
and a simplified guide was provided to help in implementing an SRC application efficiently by
using the correct filters in an appropriate multi-stage configuration. The next two chapters
address in more details the Newton structure and its generalization, in order to design new
SRC filter structures of lower complexity and improved performance.
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Theoretical Insights on the Newton
Structure
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The classical Newton structure presented in Chapter 2 implements the Newton backward
difference formula (NBDF). This chapter identifies two theoretical aspects concerning this
structure that deserve further development: the equivalence between the NBDF and Lagrange
interpolation, and the Newton structure convergence.

The equivalence between the NBDF and the Lagrange interpolation is well known and
accepted in the literature. The proof that is commonly used, and that was presented in
Chapter 2, is based on the fact that the partial series in Equation (2.41) satisfies the maximally
flat criterion at f = 0 Hz [Tas96][Tas97][Her92]. However the direct relation between the
NBDF expression and the one for Lagrange interpolation is not explicitly developed in the
literature. Section 3.1 develops in details the definition of Lagrange interpolation and the
Newton interpolation expressions, and it explicitly shows how one expression can be directly
deduced from the other. This relation is useful for the demonstration of the Newton structure
transfer function convergence.

An important point overlooked in the literature is the convergence of the Newton structure
to the ideal filter as the order of interpolation increases to infinity. This is important to
justify that as the implementation order increases, the filtering performance is improved. The
convergence was only discussed in [Tas97], and proposed to be true using a conjecture. The
delicacy of this convergence lies in the fact that the expression of the transfer function (as
shown in Equation (2.41)) is of a causal filter, and the fractional delay d is taken at the center
of the interpolation interval. This means that when the order of the filter tends to infinity, the
factor d will tend to infinity as well. To circumvent this, the filter response should be centered
in time, and as a consequence the fractional delay as well. To our knowledge, there is no
rigorous proof that demonstrates that the Newton structure performance improves at its order
increases. Section 3.2 develops the proof that the transfer function of the Newton structure
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most ancient input ← ← most recent input

0 1 2 N

N/2

µ ∈ [−0.5, 0.5[

β = N
2 + µ ∈

[
N−1
2 , N+1

2

[

d+ = N − β ∈
[
N−1
2 , N+1

2

[

Figure 3.1: Interpolation Indexing

converges to the Shannon ideal interpolator as its order tends to infinity, and therefore its
frequency response is improved as the order increases.

3.1 Equivalence Between Lagrange and Newton Interpolations

The equivalence between Lagrange interpolation and the Newton Backward difference formula
is well known and widely accepted, and has been proven by Gauss in 1783 [Eul83, p.275-
276], and noted in [Gau86][Mei02]. However the direct relation between the polynomials
constructed through the different interpolation formulas could not be found in the literature.
In this section the interpolation formulas are developed in a way to show the direct relation
between them. This development is used in the next section to prove the convergence of the
Newton structure to the ideal filter.

3.1.1 Lagrange Interpolation

In this section we’re interested in the case of equidistant interpolation samples. To define
Lagrange interpolation we use the indexing shown in Figure 3.1. Let x(t) be a signal defined
over t ∈ [0;N ]. Lagrange interpolation of order N aims to interpolate the value of x at instant
β ∈ [N−1

2 ; N+1
2 ] using N + 1 samples x(k) with k ∈ {0, 1, . . . , N}. We can write x(β) as:

x(β) =
N∑

k=0

Lk(β)x(k) (3.1)

With Lk(β) being the Lagrange polynomials defined as:

Lk(β) =

N∏

i=0
i 6=k

β − i
k − i (3.2)

Let us suppose now that we have a signal x(t) defined over t ∈] −∞; +∞[. Lagrange inter-
polation of order N can be now expressed in two manners:

Referenced by the Most Ancient Input: Referencing the signal to the most ancient
input instant n ∈ Z gives:

x(n+ β) =
N∑

k=0

Lk(β)x(n+ k) (3.3)
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Lk(β) is then developed as:

Lk(β) =
β(β − 1) . . . (β −N)

(β − k)
× 1

(k)(k − 1) . . . (2)(1)(−1)(−2) . . . (k −N)

=
β!

(β −N − 1)!
× 1

(β − k)
× (−1)N−k

k!(N − k)!

= (−1)N−k
β!

k!(β − k)!
× (β − k − 1)!

(N − k)!(β −N − 1)!

(3.4)

From which we can write Equation (3.3) as:

x(n+ β) =

N∑

k=0

(−1)N−k
(
β
k

)(
β − k − 1
N − k

)
x(n+ k) (3.5)

Referenced by the Most Recent Input : If the interpolation is referenced by n ∈ Z
corresponding to the most recent input of the signal, Equation (3.1) would be written as:

x(n−N + β) =

N∑

k=0

Lk(β)x(n−N + k)

=
N∑

k=0

LN−k(β)x(n− k)

(3.6)

Replacing β by N − d+ gives:

x(n− d+) =
N∑

k=0

LN−k(N − d+)x(n− k) (3.7)

Then by developing LN−k we get:

LN−K(N − d+) =

N∏

i=0
i 6=N−K

N − d+ − i
N −K − i

=

N∏

i=0
i 6=K

−d+ + i

−K + i
= Lk(d

+)

(3.8)

It is possible now to write Equation (3.7) as:

x(n− d+) =
N∑

k=0

(−1)N−k
(
d+

k

)(
d+ − k − 1
N − k

)
x(n− k) (3.9)

3.1.2 Newton’s Forward Difference Formula

Newton’s forward difference formula is defined as:

x(n+ β) =
N∑

j=0

β(β + 1)(β + 2) . . . (β + j − 1)

j!
4j [x(n)] (3.10)

With 4 being the forward difference operator, defined as:

4j [x(n)] =

j∑

k=0

(−1)k
(
j
k

)
x(n+ j − k) (3.11)
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Equation (3.10) can now be written as:

x(n+ β) =

N∑

j=0

(
β
j

) j∑

k=0

(−1)k
(
j
k

)
x(n+ j − k) (3.12)

A needed property to prove the equivalence with Lagrange interpolation, which we call Prop-
erty (α), is the following:

N∑

k=0

N−k∑

j=0

A(N − j, k)x(n− k) =
N∑

k=0

N∑

j=k

A(j, k)x(n− k) =
N∑

j=0

j∑

k=0

A(j, k)x(n− k) (3.13)

This property can be verified by developing the summation in a matrix form, and it can be
seen that for an index j, only the terms of x(n− k) with k up to j are evaluated by A(j, k),
which translates that for an index k only terms A(j, k) with j > k exist:




A(0, 0)x(n) 0 0 . . . 0
A(1, 0)x(n) A(1, 1)x(n− 1) 0 . . . 0
A(2, 0)x(n) A(2, 1)x(n− 1) A(2, 2)x(n− 2) . . . 0

...
...

...
. . .

...
A(N, 0)x(n) A(N, 1)x(n− 1) A(N, 2)x(n− 2) . . . A(N,N)x(n−N)




(3.14)

From Equation (3.5), we can now develop the following:

x(n+ β) =

N∑
k=0

(−1)N−k
(
β
k

)(
β − k − 1
N − k

)
x(n+ k)

[
n∑

m=0

(−1)n−m
(
r
m

)
=

(
r − 1
n

)]
=

N∑
k=0

(
β
k

)
(−1)N−k

N−k∑
j=0

(−1)N−k−j
(
β − k
j

)
x(n+ k)

j → j − k =

N∑
k=0

N∑
j=k

(−1)j−k
[(
β − k
j − k

)(
β
k

)]
x(n+ k)

[(
a
b

)(
b
c

)
=

(
a− c
b− c

)(
a
c

)]
=

N∑
k=0

N∑
j=k

(−1)j−k
(
β
j

)(
j
k

)
x(n+ k)

Property (α) =

N∑
j=0

(
β
j

) j∑
k=0

(−1)j−k
(
j
k

)
x(n+ k)

k → j − k =

N∑
j=0

(
β
j

) j∑
k=0

(−1)k
(

j
j − k

)
x(n+ j − k)

[(
a
b

)
=

(
a

a− b

)]
=

N∑
j=0

(
β
j

) j∑
k=0

(−1)k
(
j
k

)
x(n+ j − k)

(3.15)

Then Equation (3.12) can be found from Equation (3.5) as shown in Equation (3.15). This
proves the equivalence of Lagrange interpolation and the Newton’s forward difference formula.

3.1.3 Newton’s Backward Difference Formula

Newton’s backward difference formula is defined as:

x(n+ d) =

N∑

j=0

d(d+ 1)(d+ 2) . . . (d+ j − 1)

j!
5j [x(n)] (3.16)

Where 5 is the backward difference, defined as:

5j [x(n)] =

j∑

k=0

(−1)k
(
j
k

)
x(n− k) (3.17)
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By taking d = −d+, Equation (3.16) can be written as:

x(n− d+) =
N∑

j=0

(−1)j
(
d+

j

) j∑

k=0

(−1)k
(
j
k

)
x(n− k) (3.18)

From Equation (3.9), we can develop the following:

x(n− d+) =

N∑
k=0

(
d+

k

)
(−1)N−k

[(
d+ − k − 1
N − k

)]
x(n− k)

[
n∑

m=0

(−1)n−m
(
r
m

)
=

(
r − 1
n

)]
=

N∑
k=0

(
d+

k

)
(−1)N−k

N−k∑
j=0

(−1)N−k−j
(
d+ − k
j

)
x(n− k)

j → N − k − j =

N∑
k=0

(−1)N−k
N−k∑
j=0

(−1)j
[(

d+ − k
N − j − k

)(
d+

k

)]
x(n− k)

[(
a
b

)(
b
c

)
=

(
a− c
b− c

)(
a
c

)]
=

N∑
k=0

N−k∑
j=0

(−1)N−j+k
(

d+

N − j

)(
N − j
k

)
x(n− k)

Property (α) =
N∑
j=0

(−1)j
(
d+

j

) j∑
k=0

(−1)k
(
j
k

)
x(n− k)

(3.19)

Then Equation (3.18) can be found from Equation (3.9) as shown in Equation (3.19). This
proves the equivalence of Lagrange interpolation and the Newton’s backward difference for-
mula.

3.2 Newton Structure Transfer Function Convergence

This section develops a rigorous demonstration of the uniform convergence of Lagrange inter-
polation transfer function to the ideal fractional delay, and as a consequence the convergence
of the Newton structure as well. This demonstration also provides an alternate approach to
define the ideal fractional delay as the digital filter implementing Lagrange interpolation of
an infinite order. This result is primordial for any analytical development that aims to qualify
the fractional delay error of the approximation implemented by the digital filter. This devel-
opment starts by developing the fractional delay definition in Section 3.2.1. In Section 3.2.2,
the problematic of finding the limit of Lagrange interpolation is introduced. The solution is
then developed in Section 3.2.3.

3.2.1 Fractional Delay Definition

3.2.1.1 Ideal Fractional Delay

Let x[n] = x(nTs) with n ∈ Z be uniformly spaced samples taken with a sampling frequency
Fs = 1/Ts from a continuous-time signal x(t) defined over t ∈ R, and sampled at instants
nTs. In order to reconstruct the signal x(t) from its samples, the signal must be band-limited,
having a bandwidth B in the frequency domain, and the sampling frequency must be equal
to at least twice the signal’s bandwidth Fs ≥ 2B. This is commonly known in the literature
as the Nyquist-Shannon sampling theorem [Jer77; Sha49]. The ideal signal reconstruction is
then performed through the Whittaker-Shannon interpolation formula or sinc interpolation
given as:

x(t) =
∑

m∈Z
sinc

(
t

Ts
−m

)
x[m] (3.20)
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where sinc(x) = sin(πx)/πx. This series is known to uniformly converge for t ∈ R [Whi35].
In this chapter, we are interested in finding y[n] defined as:

y[n] = y(nTs) , x(nTs − µTs)
=
∑

m∈Z
sinc(n− µ−m)x[m] (3.21)

with 0 ≤ µ < 1. The expression in Equation (3.21) is the discrete convolution (hµid ∗ x)[n],
which is equivalent to a filtering operation. The filter impulse response corresponds to the
time shifted cardinal sine function hµid[n] = sinc(n− µ). The discrete-time Fourier transform
(DTFT) of hµid[n] can be found by applying Equation (3.20) to the signal x(t) = e2jπft with
t = (n− µ)Ts:

e2jπ(n−µ)fTs =
∑

m∈Z
sinc(n− µ−m)e2jπmfTs (3.22)

then

e−2jπµfTs =
∑

m∈Z
sinc(n− µ−m)e−2jπ(n−m)fTs

=
∑

m∈Z
sinc(m− µ)e−2jπmfTs

(3.23)

The series in Equation (3.23) converges uniformly for µ ∈ R, and in particular for 0 ≤
µ < 1. By fixing µ and taking f as the variable, we recognize two Fourier transforms. On the
left, the DTFT of δ(.− µTs), and on the right, the DTFT of hµid[n]. Therefore the fractional
delay δ(.− µTs) is defined as the all-pass digital filter with a constant group delay of µTs.

3.2.1.2 Z-transform of the Fractional Delay

In this section, we introduce the Z-transform used to express a series in a way that each
element n is indexed by z−n with z ∈ C and n ∈ Z:

X(z) = Z{x[n]} ,
∑

n∈Z
x[n]z−n (3.24)

The formal relation between y[n] and x[n] can be found through the Z-transform of y[n] as:

Y (z) =
∑

n∈Z
y[n]z−n ,

∑

n∈Z
x(nTs − µTs)z−n (3.25)

the ideal filter Hµ
id(z) finds the signal Y (z) by filtering the input X(z), which can be expressed

as:
Y (z) = Hµ

id(z)X(z) (3.26)

Equation (3.26) is a formal expression since the term z−µ is not well defined for z ∈ C. First,
the Z-transform is defined for integer delay indexes n ∈ Z for z−n, while the delay index is
real with µ ∈ [0; 1[ for z−µ. Therefore direct evaluation of z−µX(z) in Equation (3.26) results
in an ambiguous expression. Second, z−µ with µ ∈ R is not a well-defined complex function.
Taking z−µ as the exponential of its own complex logarithm results in:

z−µ = e−µ×loge(z) = e−µ[ln|z|+j[Arg(z)+2kπ]] (3.27)

where loge and ln are the complex and real natural logarithms respectively, Arg(z) is the
principal argument value of z, and k ∈ Z. It is clear that when µ is non-integer, the term
e−j2kπµ will not vanish, resulting in multiple output values for the same term z−µ. Nonethe-
less, we find this term used sometimes in the literature without any definition to perform
formal calculation of transfer functions.
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To give a rigorous definition for z−µ, we consider Equation (3.26) representing a filtering
operation using a transfer function equal to z−µ. Using the filter coefficients hµid[n], the
discrete convolution filtering operation is written as following:

y[n] =
∑

m∈Z
hµid[n−m]x[m] (3.28)

by identification between Equation (3.21) and Equation (3.28), and using the identity in
Equation (3.23), the logical definition of Hµ

id(z) would be:

Hµ
id(z) =

∑

n∈Z
sinc(n− µ)z−n = z−µ , for z ∈ U (3.29)

the infinite sum in Equation (3.29) only converges on subset U ⊂ C, defined by U = {z ∈
C, |z| = 1,−π < arg(z) < π}. The proof is developed later in Section 3.2.3.1. Hence this
infinite sum uniformly converges to z−µ for all 0 ≤ µ < 1 and z ∈ U . This provides a rigorous
definition that extends the z-transform to fractional delay indexes. First, this series converges
on the unit circle, meaning the frequency response is well defined. Second, it is clear that
when µ takes integer values, both sides of Equation (3.29) are equal to z−µ. And finally, an
important property to verify is the accumulation of delay. Mathematically, the accumulation
can be expressed as:

z−µ1z−µ2 = z−(µ1+µ2) (3.30)

the above property can be verified by proving that:
∑

m∈Z
sinc(m− µ1)sinc(n−m− µ2) = sinc(n− µ1 − µ2) (3.31)

replacing sinc(x) by its Taylor series in Equation (3.31) proves the property shown in Equa-
tion (3.30). Hence, the definition of z−µ in Equation (3.29) is rigorous with no ambiguities
on the unit circle, which is the domain of interest for filter response analysis.

3.2.2 The Newton Structure Transfer Function

3.2.2.1 Demonstration Context

An ideal filter is by definition not realizable since it is not causal. Fractional delay filter
implementations can only approximate the ideal filter. Many different approximations are
proposed in the literature [Laa96], however, we focus in this chapter on the approximation
proposed in [Tas96][Tas97]. It is important to note that in these two references it is not the
ideal filter response that is approximated, but it is rather the response of a causal fractional
delay filter of infinite order. This is because the Newton’s generalized binomial theorem is
used to develop the expression of z−δ, where δ in this case is the fractional delay at the center
of the interpolation interval (i.e. δ ∈

[
N
2 − 1

2 ; N2 + 1
2

[
). In [Tas97], the term z−δ is expressed

as:

Hδ(z) =
[
1 +

(
z−1 − 1

)]δ

=

+∞∑

k=0

(
δ
k

)(
z−1 − 1

)k (3.32)

where
(
δ
k

)
is the generalized binomial coefficient. This series converges for |z−1−1| < 1, and

therefore its frequency response is only defined for frequencies |f | < Fs/3. The approximated
digital filter transfer function is then taken as the partial series of order N of Hδ(z):

Hδ
N (z) =

N∑

k=0

(
δ
k

)(
z−1 − 1

)k (3.33)
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Since the transfer function Hδ
N (z) is causal, the delay δ taken at the center of the in-

terpolation interval will tends to infinity when the order N tends to infinity. However it is
always possible to break the causal fractional delay into an integer delay and a fractional
delay 0 ≤ µ < 1. In the case of a filter with an odd order 2N + 1, we have δ = N + µ, and
we can write:

z−δ = z−Nz−µ (3.34)

The same development can be done for an even filter order, however with a fractional delay
shift by 1/2. Equation (3.34) shows that the relation between the expression of the causal
fractional delay z−δ developed in [Tas96; Tas97], and the ideal fractional delay z−µ, consists
of a delay shift by z−N having the role of centering the causal response with respect to the
time reference. This delay shift is infinite for the ideal case, since by definition an ideal filter
cannot be made causal. Hence the only approach to build a convergence proof consists of
rewriting Equation (3.33) in the form of Equation (3.34), and then studying the convergence
of the approximation of z−µ. In the case this is true, then a mathematical proof is provided
to the statement done by [Tas97], that the Newton structure frequency response improves as
the order of interpolation increases.

3.2.2.2 Useful Notations

By rewriting Equation (3.33) in the form of Equation (3.34), we can identify the corresponding
approximation of z−µ. To do so, we start by developing (z−1 − 1)k using the binomial theorem
and then flipping the order of summation. We can then write Hδ

N (z) in Equation (3.33) as:

Hδ
N (z) =

N∑

n=0

N∑

k=n

(
δ
k

)(
k
n

)
(−1)k−nz−n (3.35)

then using some combinatorial properties, we get:

Hδ
N (z) =

N∑

n=0

[
(−1)N−n

(
δ
n

)(
δ − n− 1
N − n

)]
z−n (3.36)

taking a filter order of 2N and making two consecutive change of variables: m = n−N and
i′ = N − i, the digital filter transfer function can be expressed as:

HN+µ
2N (z) = z−NfN (z) (3.37)

where fN (z) is given as

fN (z) =
N∑

m=−N




N∏

i=−N
i 6=−m

i+ µ

i+m


 z
−m (3.38)

Using Equation (3.37) and Equation (3.34), we identify that the corresponding finite order
approximation of z−µ is exactly the Lagrange interpolation defined by fN (z).

Since the z−µ definition proposed earlier converges for z ∈ U only, we let z = ejθ such that
θ = 2πfTs and θ ∈ I = [a, b] ⊂]− π, π[. Then the approximation of z−µ with a filter of order
2N is written as:

fN (θ) =

N∑

n=−N
LN−n(µ)e−njθ , θ ∈ I (3.39)

where each LN−n(µ) is defined as:

LN−n(µ) =
N∏

i=−N
i 6=−n

i+ µ

i+ n
(3.40)
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3.2.2.3 Demonstration Objective

The objective is to demonstrate that fN (θ) converges to f(θ) = e−jµθ = z−µ, showing that
Lagrange interpolation converges to the ideal fractional delay as the order tends to infinity.
This is done by demonstrating first that lim

N→+∞
fN exists in the sense of ||.||, where ||f || is

the uniform norm of f on any interval I, i.e. ||f || = supθ∈I |f(θ)|. Then the convergence of
Lagrange interpolation to z−µ is found as:

lim
N→+∞

fN (θ) = f(θ) =

+∞∑

n=−∞
sinc(n− µ)e−njθ (3.41)

3.2.3 Proof of convergence

In this section, we divide the proof into three steps. Firstly, we demonstrate that the function
f(θ) is well defined for −π < θ < π. Secondly, some needed properties concerning fN (θ) are
presented. Finally, we prove the convergence of fN (θ) to f(θ).

3.2.3.1 Existence of f(θ)

Let SN+

N− be the partial sums of f(θ):

SN
+

N− (θ) =

N+∑

n=N−
sinc(n− µ)e−njθ (3.42)

Proving the convergence of f(θ) consists of demonstrating that the partial sums converge
following ||.||. We consider at first the convergence of SN0 (θ) for N → +∞. Then the
convergence of S−1

N asN → −∞ is directly concluded, and finally the convergence of SN+

N− (θ) =

SN
+

0 (θ) + S−1
N−(θ).

By taking sinc(x) = sin(πx)/πx and expressing the sinus using Euler’s formula, SN0 (θ) is
expressed as:

SN0 (θ) =
1

2πj

(
N∑

n=0

ejπ(n−µ)

n− µ e−njθ

−
N∑

n=0

e−jπ(n−µ)

n− µ e−njθ

) (3.43)

we start by considering the first summation of SN0 (θ):

SN (ω) = C

N∑

n=0

enjω

n− µ (3.44)

Where C = e−jπµ/2πj, and ω = π − θ. We note that the variable C is not dependent on n.
To apply Abel convergence criterion, we express SN (ω) as:

SN (ω) = C

+∞∑

n=0

anbn , with an =
1

n− µ , bn = enjω (3.45)

by expressing the series of the geometric sequence bn as:

BN =
N∑

n=0

bn =
e(N+1)jω − 1

ejω − 1
≤ 1

|sin(ω2 )| (3.46)
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a bound for BN is found only if:

ω 6= 0 + 2kπ ⇒ θ 6= (2k + 1)π , with k ∈ Z (3.47)

This condition is always respected since we supposed that θ ∈ I in Equation (3.39). On the
other side, the sequence an converges to zero as n → +∞, and

∑
(an+1 − an) is absolutely

convergent. Therefore, using the Abel criterion, SN (ω) converges following ||.|| for all intervals
I. Applying the same reasoning for the series with the conjugate general term, the series SN0 (θ)
is shown to converge following ||.||.

Hence the function f(θ) is defined as the uniform limit of the partial series SN+

N− (θ) on any
compact interval I ⊂]− π, π[.

3.2.3.2 Useful Properties

Property 1 Using the following Gamma function identities:

• Reflection: Γ(1− z)Γ(1 + z) = [sinc(z)]−1, where z 6∈ Z.

• Addition: Γ(n+ z) =
∏n
k=1(z + k − 1)Γ(z), where z 6= 0,−1,−2, .. and n ∈ N.

then LNn (µ) in Equation (3.40) is rewritten as:

LNn (µ) = cNn (µ)sinc(n+ µ) , for |n| ≤ N (3.48)

where:
cNn (µ) = cN−n(µ) =

Γ(N + 1 + µ)Γ(N + 1− µ)

Γ(N + 1 + n)Γ(N + 1− n)
(3.49)

Property 2 For all n ∈ N , the limit of cNn (µ) when N tends to infinity is equal to one.

Property 3 For N ≥ 0, cNn (µ) is a sequence of positive decreasing numbers, and
lim

|n|→+∞
cNn (µ) = 0.

3.2.3.3 Convergence of fN (θ) to f(θ)

The last proof comes back to proving:

lim
N→+∞

||fN − f || = 0 (3.50)

as it was proven above, the symmetric partial sums SN+

N− (θ) converge. We consider the sym-
metric remainder RN (θ) expressed as:

RN (θ) =
∑

|n|>N

sinc(n− µ)e−njθ (3.51)

the remainder RN (θ) = f(θ) − fN (θ) is well defined, and lim
N→+∞

supn≥N ||RN || = 0. In the

following, let M denotes an integer such that 0 ≤M ≤ N , and we define:

∆N
M (θ) =

∑

|n|≤M

(cNn (µ)− 1)sinc(n− µ)e−njθ

ANM (θ) =
∑

M<|n|≤N

cNn (µ)sinc(n− µ)e−njθ

Vn =
∑

|k|≤n

sinc(k − µ)e−kjθ

(3.52)
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For 0 ≤M ≤ N , we want to verify that:

||fN − f || ≤ ||∆N
M ||+ ||ANM ||+ ||RM || (3.53)

Using the Abel’s Lemma [Nic17], and the fact that cNn = cN−n, the partial sum AN0 can be
rewritten as:

AN0 = cNNVN −
∑

0≤n<N
(cNn+1 − cNn )Vn (3.54)

then, we subtract all terms from −M to M to get:

ANM = AN0 −AM0 = cNNVN − cNMVM −
∑

M≤n<N
(cNn+1 − cNn )Vn (3.55)

then writing Equation (3.55) in terms of Rn = f − Vn results in:

ANM = cNMRM − cNNRN +
∑

M≤n<N
(cNn+1 − cNn )Rn (3.56)

this allows bounding ||ANM || for 0 ≤M ≤ N as:

||ANM || ≤
(
cNN + cNM

+
∑

M≤|n|<N

|cNn+1 − cNn |


 sup

M≤n≤N
||Rn||

(3.57)

As stated in the property 3, the terms cNn are strictly decreasing for M ≤ n ≤ N , then:

||ANM || ≤ 2cNM sup
n≥M

||Rn|| (3.58)

hence, by replacing Equation (3.58) in Equation (3.53), we find:

||fN − f || ≤ ||∆N
M ||+ 2cNM sup

n≥M
||Rn||+ ||RM || (3.59)

which can be simplified for 0 ≤M ≤ N to:

||fN − f || ≤ ||∆N
M ||+

(
2cNM + 1

)
sup
n≥M

||Rn|| (3.60)

Let’s now define ε > 0:

1. ∃ Ns ∈ N, such that, M ≥ Ns ⇒ supn≥M ||Rn|| < ε/8 since we proved that f(θ)
converges uniformly. Let us fix M = Ns.

2. ∃ N ′s ∈ N, such that, N ≥ N ′s ⇒ ||∆N
M || < ε/2, since ||∆N

M || tends to zero by applying
the property 2 on Equation (3.52) with a fixed M .

3. ∃ N ′′s ∈ N, such that, N ≥ N ′′s ⇒ 0 < cNM < 3/2 using the property 2. Then
0 < 2cNM + 1 < 4.

Hence for N ≥ max(N ′s, N
′′
s )⇒ ||fN − f || < ε. Therefore, Equation (3.50) is proven, and the

convergence is demonstrated.
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3.3 Conclusion

Two theoretical aspects of the Newton structure were addressed in this chapter. The first part
provided the direct relation between the transfer function expressions of Lagrange interpo-
lation and the Newton difference formulas. This relation completes the proof of equivalence
between the two interpolation found in the literature, by showing explicitly how both inter-
polations are linked. The second part provided a rigorous proof for the convergence of the
Newton structure transfer function using the relation developed in the first part. This con-
vergence proves that the filter response improves and approaches the ideal filter as the order
of interpolation is increased. This was necessary to rigorously define the Newton structure
for any order, before tackling the generalization of the Newton structure to all polynomial
interpolations of any order in the next Chapter 4.
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The proposition to use the Newton structure for sample rate conversion in [Leh09] offered
a low-cost solution that implements the Lagrange interpolation filtering response. The trans-
formation linking the Farrow and Newton structure proposed by [Lam16] made possible the
implementation of any polynomial based filter response using a modified Newton structure.
The work proposing this transformation only developed one example implementation using
B-spline interpolation of order 3. This chapter further investigates the possibilities of this
transformation to build more efficient SRC filters based on the Newton structure. To do so,
the transformation expressions for arbitrary polynomial based filter parameters are first de-
veloped in Section 4.1. These expressions then provide a definition for the generalized Newton
structure. Section 4.2 then presents Hermite interpolation, and applies the transformation to
obtain modified Newton structures implementing this type of interpolation. Two examples of
structures are developed, and their complexity and performance are compared with the solu-
tions based on Lagrange and B-spline interpolation. With the different available filters based
on the Newton structure, Section 4.3 explores the possibility to linearly combine two interpo-
lation methods in a single newton structure. This combination has the objective of building a
structure with a reconfigurable filter response that is controlled with one variable parameter.

69
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Application examples of this reconfigurability are also discussed in this section. Finally, using
the closed form expression of the Farrow to Newton transformation, Section 4.4 builds the
generalized Newton structure frequency response expression. This expression allows the ap-
plication of filter optimization methods, which are then used to develop an example optimized
SRC filter based on the Newton structure. Section 4.5 concludes the results developed in this
chapter.

4.1 Generalized Newton Structure

In this section, the generalization of the Newton structure is elaborated based on the work
done in [Lam16], where it was shown that there exists a transformation between the Farrow
and the Newton structure. The closed form expressions of this transformation are developed,
alongside the definition of the generalized Newton structure.

4.1.1 Generalization of the Newton Structure

The Farrow to Newton transformation is made possible by expressing the impulse responses of
the two structures in matrix form. The Farrow structure is the efficient implementation of the
polynomial based filter developed in [Far88], that consists ofM FIR filters in parallel ofN taps
each, with the outputs of these filters evaluated with the fractional delay µ following Horner’s
scheme. Its transfer function can be written in matrix form as presented in eq:DynPBFdef in
Chapter 2:

Hµ(z) = µT

1×M
× P
M×N

× Z(z)
N×1

(4.1)

Where µT = [1, µ, . . . , µM−1] is the monomial based polynomial evaluation vector with µ ∈
[−0.5; 0.5[, and the vector Z(z)T = [1, z−1, . . . , z−N+1] is the z−1 based delay vector. The
matrix P is what defines the Farrow implementation, where the element pij of row i and
column j contains the jth coefficients of the ith FIR filter.

On the other hand, the Newton structure also implements a polynomial based filter,
however using different evaluation bases:

Hd(z) = dT
1×M

× Q
M×N

×5Z(z)
N×1

(4.2)

Where dT = [1, d, d(d+ 1), . . . ,
∏M−2
i=0 (d+ i)] with d = µ− M−1

2 is the Newton based polyno-
mial evaluation vector, and 5Z(z)T = [1, (1− z−1), . . . , (1− z−1)N−1] is the (1− z−1) based
delay vector. The matrix Q describes the Newton structure, where the element qij is the
coefficient that will scale the output of the block (1− z−1)j , before multiplying the result by
(1)(d)(d+ 1) . . . (d+ i− 1). This can be implemented in different forms, however the classical
form of the Newton structure stays the most efficient, where the reuse of calculated values is
maximized.

The generalized Newton structure is defined by Equation (4.2), where the matrix Q has
M × N coefficients to be defined. Both the Farrow structure and the generalized Newton
structure have a calculation complexity of the same order O(N × M). However a great
advantage of the Newton structure in terms of complexity is visible when implementing filter
responses having zeros on multiples of the input sampling frequency Fin, such as the case
for Lagrange [Leh09], Spline [Lam16] or Hermite (c.f. Section 4.2) interpolations. Where in
these cases, most of the coefficients describing the Newton structure are zeros, thereby making
the implementation efficient with a complexity of the order O[N × f(M)] with f(M) < M
while keeping the exact same response of the Farrow implementation. As an example, the
implementation of the generalized Newton structure with M = N = 4 is shown in Figure 4.1,
with q̄i = q00 × q11 × . . . × qii. From the figure, it is seen that the diagonal elements of Q
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Figure 4.1: The generalized Newton structure of order 3 (M = N = 4)

are found on the 1 − z−1 delay line, the lower elements with respect to the diagonal form
feed-forward loops (hashed vertically), and the upper elements form feed-back loops (hashed
horizontally).

4.1.2 Farrow to Newton Transformation

Every Farrow implementation has a Newton structure equivalent, where each structure im-
plements the same transfer function, however with different bases. The matrices P and Q can
be related through the following matrix transformation [Lam16]:

H(z, µ) = µTP Z(z)

= µT
(
T Td T−Td

)
P
(
T−1
z Tz

)
Z(z)

= (Td µ)T
(
T−Td P T−1

z

)
(Tz Z(z))

= dT Q 5 Z(z)

(4.3)

With T−Td =
(
T Td
)−1 and the matrices Td and Tz are the ones transforming the vectors µ and

Z(z) to d and 5Z(z) respectively. To develop the relation between the vector d and µ, the
vector di is defined as:

di T
1×M

=
[
1 d d2 . . . dM−1

]
(4.4)

Then d can be developed as:

d
M×1

= T 2
d

M×M
× di
M×1

= T 2
d

M×M
× T 1

d
M×M

× µ
M×1

(4.5)

Where T 1
d is the matrix with each row i containing the coefficients of

(
µ− M−1

2

)i−1:

T 1
d [i, j] =

(
i− 1
j − 1

)(
−M − 1

2

)i−j
(4.6)



72 CHAPTER 4. GENERALIZED AND RECONFIGURABLE NEWTON STRUCTURES

And T 2
d is the matrix with each row i containing the coefficients of the development of the rising

power of d, that is
∏i−1
n=0(d+ n). The relation between the rising power and the monomial

elements of d can be developed as:
T 2
d [i, j] = S

(i)
j (4.7)

With S(i)
j being the Stirling numbers of the first kind. On the other hand, the delay matrix

Z(z) is re-written in a backward difference base, resulting in 5Z(z). The relation between
the two vectors is then developed as:

5Z(z)
N×1

= Tz
N×N

× Z(z)
N×1

(4.8)

Where Tz is the matrix with each row i containing the coefficients of (1− z−1)i−1:

Tz[i, j] =

(
i− 1
j − 1

)
(−1)j+1 (4.9)

The interest here is to find the coefficients of P using the ones of Q, to be used later in de-
veloping the frequency response of the generalized Newton structure in Section 4.4. Then the
coefficients pij of the Farrow structure are related to the coefficients of the Newton structure
qij through:

pij =
M−1∑

k=0

N−1∑

p=0

T (i, j, k, p)qkp (4.10)

Where:

T (i, j, k, p) = Tz[p, j]
k∑

r=0

T 1
d [r, i]T 2

d [k, r] (4.11)

4.1.3 Vector Form Transformation

The transformation presented above is linear, and therefore can be also written in a matrix
linear transformation form as:

VP
MN×1

= T
MN×MN

× VQ
MN×1

(4.12)

Where VP and VQ are the vectors obtained from reshaping P and Q respectively, with the
reshaping operation done in the column direction (meaning the elements of the same matrix
column are consecutive in the vector). The matrix T is then found as:

T [i, j] = Tz

[⌊
j

N

⌋
,

⌊
i

N

⌋]
T Td [i%M, j%M ] (4.13)

With Td = T 2
d × T 1

d , and bxc being the biggest integer smaller or equal to x, and % being
the modulo operator. The transformation form given in Equation (4.13) is more convenient
than then one given in Equation (4.3), for developing the relation between the coefficients of
Farrow and Newton structures in vectorial form. This transformation form is used later in
Section 4.4 to apply filter optimization techniques.

4.2 Modified Newton Structure - Hermite Interpolation

In this section, the focus is on achieving the lowest possible hardware computational com-
plexity by adapting the Newton structure to Hermite interpolation. Section 4.2.1 presents the
definition of Hermite interpolation and presents the available implementations in the litera-
ture using variable fractional delay filters (V-FDF). Section 4.2.2 then develops how to derive
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low complexity structures based on the Newton structure, implementing this interpolation
method. Two example filter structures are also developed for different given interpolation
parameters. Finally in Section 4.2.3, the new structures and their performance in terms of fil-
tering and implementation complexity are compared with Lagrange and B-spline interpolation
of the same order as references.

4.2.1 V-FDF Based on Hermite Interpolation

Before developing the new proposed structures, the Hermite interpolation is presented. This
interpolation can be seen as a generalized case of Lagrange interpolation, where constraints of
equality for the sample j, are applied not only to the function value, but also to the derivatives
of order i ∈ {0, 1, 2, . . . , p}, with p being the highest order derivative for which the equality
constraints is applied. Therefore the Hermite interpolation constraints are:

y(i)[j] = x(i)[j] / i ∈ {0, 1, 2, . . . , p} (4.14)

Where y(i)[j] is the derivative of order i of the jth sample of the function y(t). This function
represents the polynomial that is fitted through the N = n+1 input samples taken from x(t),
having a degree of NH = (p+ 1)(n+ 1)− 1:

y(t) =

NH∑

i=0

ait
i (4.15)

Applying the p + 1 equality constraints of Equation (4.14) to the N sample points, results
in NH + 1 equations with NH + 1 unknown coefficients ai. This forms a linear system, that
can be solved to find the values of ai as a function of x(i)[j]. Then through a factorization by
x(i)[j], the function y(t) can be written as:

y(t) =

p∑

i=0

N−1∑

j=0

αi,j(t)x
(i)[j] (4.16)

where αi,j(t) are polynomials of degree NH . Therefore, the Hermite interpolation can be
implemented as proposed in [Tse12], as p Farrow structures in parallel with their outputs
summed up together. Each Farrow structure i implements the filtering of the N samples of
derivative i. However this implementation requires the pre-calculation of the derivatives of the
signal at the input samples. This adds to the complexity of the implementation by requiring
more hardware.

A solution for low complexity V-FDF based on Hermite interpolation was proposed in
[Soo11], where the derivatives were approximated using the central finite difference (CD) and
the backward finite difference (BD). In [Soo11] the case of n = 1 and p = 1 was considered,
which is the definition of the cubic Hermite interpolation. It was shown that using CD to find
the derivatives x(1)[j] results in a better performance compared to using the BD expression.
The 2nd order central finite difference (CD2) is defined as:

x(1)[j] =
1

2
(x(0)[j + 1]− x(0)[j − 1]) (4.17)

while the 4th order central finite difference (CD4) is:

x(1)[j] =
1

12
(−x(0)[j + 2] + 8x(0)[j + 1]

− 8x(0)[j − 1] + x(0)[j − 2])
(4.18)

Equation (4.17) and Equation (4.18) show that sample points other than the ones for which
the constraints are applied will be needed. Where for example to find x(1)[0] the sample
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x(0)[−1] is required, even though equality constraints are not applied to x(0)[−1]. Then the
derivative approximation will have the effect of increasing the number of taps of the filter,
where two and four extra points are needed, for CD2 and CD4 approximations respectively.
Now by replacing Equation (4.17) or Equation (4.18) in Equation (4.16), it is possible to have
an implementation using only one Farrow structure defined through:

y(t) =

Nβ∑

j=0

βj(t)x
(0)[j] (4.19)

where βj(t) are polynomials of degree NH , and Nβ is the total number of points including
the ones needed for derivative approximations. These polynomials define the implementation
of Hermite interpolation using only one Farrow structure.

4.2.2 Proposed Low Complexity Hermite Interpolation Based V-FDF

Up to this point, the lowest complexity structure implementing Hermite interpolation is the
Farrow structure presented in [Soo11]. The application of the Farrow-Newton transformation
to the Hermite interpolation is investigated below. This transformation is applied to the
matrix Pβ containing the coefficients of βj(t) .

The implementation developed in [Soo11] implements the classical Farrow structure
[Far88]. However, the impulse response of the filter implementing Hermite interpolation is
symmetric, and has a linear phase response. Then it is possible to reduce the complexity
of the structures proposed by half through using the modified Farrow structure presented in
[Ves96]. This is achieved by centering the polynomials βj(t) around zero though a time axis
translation, where instead of evaluating βj(t) in the range of t ∈

[
N
2 − 1; N2

[
, the polynomials

are evaluated for t ∈ [−1/2; 1/2[. This results in having the matrix Pβ with symmetric coeffi-
cients. This is an important condition to be respected in order to apply the transformations
of [Lam16], where the matrix P used in Equation (4.1) has symmetric columns as it contains
the coefficients of the symmetric polynomials defined over t ∈ [−1/2; 1/2[.

On another hand, the definition of Hermite interpolation is more complicated than the
Lagrange or B-spline interpolations ones. For the latter interpolations, the number of poly-
nomial pieces N that construct the impulse response is equal to the number of coefficients
of each polynomial M . Then the matrices describing the Farrow implementation of these
interpolations are always square matrices. This is not always the case for the matrix Pβ con-
taining the coefficients of Hermite interpolation, where the number of polynomial coefficients
(p + 1)(n + 1) can be easily different than Nβ . This should be taken in consideration when
building the transformation matrices, where in the previous cases presented in [Lam16], the
matrices proposed had both dimensions of the same size. In the case of Hermite interpolation,
the transformation of µ to d can have different dimensions than that of Z(z) to 5Z(z), as it
will be shown in the examples below.

Then applying the Farrow-Newton transformation on Pβ results in the matrix Qβ contain-
ing the coefficients describing the Newton implementation of the Hermite interpolation. The
definition of the Hermite interpolation is flexible, where three parameters are to be chosen:
n, p, and the derivative approximation method. Since the interest is to find low complexity
structures, the two implementations of the lowest complexity are presented below. Albeit
their very low complexity, these two structures achieve a superior performance compared to
B-spline and Lagrange interpolations of the same order.

4.2.2.1 Example 1 (n = 1, p = 1, CD2)

The first example considers the definition of an order 3 interpolation using n = 1, p = 1,
and CD2 derivative approximation. In this case, the matrix Pβ is a square matrix, since
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Figure 4.2: Modified Newton structure adapted to Hermite interpolation of order 3.

(p + 1)(n + 1) = Nβ = 4. Following the development presented in Section 4.2.1, the matrix
Pβ is found as:

Pβ
4×4

=
1

16




−1 9 9 −1
−2 22 −22 2
4 −4 −4 4
8 −24 24 −8


 (4.20)

Applying the µ to d and Z(z) to 5Z(z) transformations, both of dimension 4, results in Qβ :

Qβ
4×4

=




1 0 0 1
0 1 0 1
0 0 1/2 1/2
0 0 0 1/2


 (4.21)

Interpreting this matrix and maximizing the re-use of calculated values, results in the Newton
structure adapted to Hermite interpolation of order 3 shown in Figure 4.2.

4.2.2.2 Example 2 (n = 1, p = 1, CD4)

The second case keeps n = 1, p = 1, but considers the CD4 approach for derivative approx-
imation in place of CD2, resulting in an interpolation of order 5. In this case the resulting
matrix Pβ is no longer square, and has a dimension of 4× 6:

Pβ
4×6

=
1

96




1 −9 56 56 −9 1
2 −14 128 −128 14 −2
−4 36 −32 −32 36 −4
−8 56 −128 128 −56 8


 (4.22)

Now the µ to d transformation is of dimension 4 while the Z(z) to5Z(z) one has a dimension
6. This results in Qβ :

Qβ
4×6

=




1 −1 0 0 −1/6 −1/6
0 1 −1 0 −1/6 −1/6
0 0 1/2 −1/2 −1/12 −1/12
0 0 0 1/6 −1/6 −1/12


 (4.23)

The interpretation of this matrix in the same manner used for Equation (4.21), results in the
structure shown in Figure 4.3.

4.2.3 Performance and Complexity

In this section, the performance and complexity of the proposed structures with the existing
state-of-the-art implementations are compared.
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Figure 4.3: Modified Newton structure adapted to Hermite interpolation of order 5.
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Figure 4.4: Frequency response of the discussed interpolation methods for order 3 and 5.

4.2.3.1 Performance Comparison

The previous examples taken above were both studied in [Soo11], where the amplitude and
the phase delay responses of the discrete-time Hermite filter were developed and compared. It
was shown that the Hermite filter has a better amplitude response compared to the Lagrange
and B-spline interpolations based V-FDF filters, while having a phase delay response that is
slightly inferior. Here, the continuous-time frequency response of the different interpolation
methods is used, that is useful to study the ability of the filter to reject the interpolation im-
ages. The interpolation error studied from the continuous frequency domain can be developed
by considering the continuous spectrum of the input discrete-time signal, that is periodic by
Fin (the sampling frequency). The better the filter response can eliminate the signal images
on multiples of Fin, the lower the interpolation error will be. In the case of the ideal filter
response, these images are completely eliminated, and therefore there is no interpolation error.
In Figure 4.4-a the frequency response of the Hermite interpolation can be seen compared to
the ones of Lagrange and B-spline interpolations. The characteristics of these responses are
detailed in Table 4.1.

Table 4.1: Frequency Response for order 3 interpolations

Passband at -3 dB Sidelobe Attenuation
Lagrange 0.384 Fin -29.83 dB
B-spline 0.228 Fin -53.91 dB
Hermite 0.403 Fin -41.69 dB

The role of variable fractional delay filters is interpolation and not filtering signal compo-
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nents. Therefore having the widest passband possible is important (ideally equal to 0.5Fin)
in order to be able to apply this interpolation correctly to all the frequency components of
the signal. On the other hand maximal out of band attenuation is equally important in order
to eliminate all signal images. The previous comparison table shows that Hermite interpola-
tion offers the widest passband of 0.403Fin, while having a better attenuation compared to
the one of Lagrange interpolation, making it the better SRC solution. One may notice that
B-spline offers the best side lobe attenuation, however this is at the cost of largely decreasing
the passband, limiting the application of this type of interpolation.

The same analysis applies for the different interpolation methods of order 5 shown in
Figure 4.4-b, where the differences are more visible than in the previous case. The frequency
response characteristics for order 5 interpolations are shown in Table 4.2. It is rare to find
a V-FDF implementing interpolation of an order higher than 5, which provides a sufficient
performance for most of the interpolation applications.

Table 4.2: Frequency Response for order 5 interpolations

Passband at -3 dB Sidelobe Attenuation
Lagrange 0.410 Fin -31.44 dB
B-spline 0.187 Fin -79.56 dB
Hermite 0.422 Fin -43.49 dB

Therefore in the general case, Hermite interpolation offers the maximum flatness in the fre-
quency response passband, while improving the attenuation of the secondary lobes compared
to Lagrange interpolation. For maximal out-of-band attenuation, the B-spline interpolation
might be of interest in the case of narrowband signals or a high oversampling factor, due to
the smaller passband of the frequency response. Hence for Hermite interpolation, the filter
frequency responses of order 3 and 5 offer a compromise between the advantages of the two
previous interpolation methods, by maximizing both passband flatness and side lobes rejec-
tion, thereby reducing the interpolation error when processing wideband signals. This section
presented the advantage of the Hermite interpolation filtering response, next the complexity
of the structures implementing Hermite interpolation is compared to that of the available
structures in literature.

4.2.3.2 Complexity Comparison

What makes Hermite interpolation even more interesting is the low-complexity of its Newton
implementation. Table 4.3 shows the hardware resources required to implement each of the
three interpolation methods of order 3. Three types of multiplication are identified, and
presented below in the increasing order of implementation complexity:

1. Shifters, that are multiplication by 2i with i ∈ Z.

2. Scalers, that are multipliers with a constant coefficient.

3. Multipliers, general case with two variable inputs.

The low complexity of the Hermite Newton implementation can be seen in the fact that a
shift is needed in place of the scaler by 1/3, where the latter is a lot more costly to implement
than a simple shift operation. Compared to the structure developed in [Soo11] based on
the Farrow structure, our proposed structure implements the exact same interpolation while
eliminating the need for any scalers. Next, the hardware complexity of the implementations
of order 5 interpolation are presented in Table 4.4.

A clear advantage of the Hermite interpolation of order 5 in terms of complexity can be
seen, with only 3 multipliers and 1 scaler needed, making it the lowest complexity option,
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Table 4.3: Complexity of Order 3 Newton Implementations

Register Adder Shifter Scaler Multiplier
Newton Implementation

Lagrange 3 6 1 1 3
B-spline 3 9 1 1 3
Hermite 3 9 2 0 3

Farrow Implementation based on [Soo11]
Hermite 3 10 5 2 3

Table 4.4: Complexity of Order 5 Newton Implementations

Register Adder Shifter Scaler Multiplier
Newton Implementation

Lagrange 5 10 3 2 5
B-spline 5 20 8 5 5
Hermite 5 18 3 1 3

Farrow Implementation based on [Soo11]
Hermite 5 15 8 7 3

while keeping advantageous performance in terms of amplitude response. Compared to the
equivalent structure based on the Farrow implementation, the advantage is more pronounced
in this case, where 6 scalers are replaced with 3 adders, resulting in a more efficient SRC
solution.

4.3 Re-configurable Newton Structure

The work developed in [Lam16], and the development presented in the previous section, pro-
pose modifying the classical Newton structure to get different kinds of interpolation. However,
each structure is limited to only one type of interpolation, since they are defined with fixed
coefficients. In the next section, a new design approach is proposed to develop dynami-
cally reconfigurable Newton structures, allowing the implementation of different interpolation
methods using the same fixed structure. This has been made possible through the results
of the previously developed generalization. The advantage of this reconfigurability is that it
is controlled using only one input variable. Section 4.3.1 presents how by using the already
developed modified Newton structures, it is possible to to obtain a reconfigurable structure
by adding a variable parameter to the definition of the transfer function. Two concrete ex-
ample structures are developed, and then the generalization of this method is discussed. In
Section 4.3.2, the complexity of the new reconfigurable structures is compared with the fixed
response ones. Finally in Section 4.3.3, two practical application examples of the reconfig-
urability of these structure for SRC are developed, where it is shown how the new structures
allow adapting the filter response to the processed signal, maximizing thereby the SRC filter-
ing performance.

4.3.1 Derivation of the Transfer Function

This section begins by presenting two examples of reconfigurable structures based on Spline
and Hermite interpolation of order 3 respectively. Then the generalization for all kind of
interpolation with any order is presented.



4.3. RE-CONFIGURABLE NEWTON STRUCTURE 79

x[m] 1
1 − z−1

y[m]

d

1/2
1 − z−1

d + 1

1 − z−1
1/3

d + 2

cs

(a) The filter structure with the variable parameter cs

0 Fin 2Fin 3Fin

−120

−100

−80

−60

−40

−20

0

Frequency

|H
(f
)|(
d
B
)

cs = 0.0
cs = 0.6
cs = 0.9
cs = 1.0

0 Fin
4

Fin
2

0

−1

−2

−3

(b) Different frequency responses for different values of cs

Figure 4.5: The Spline based reconfigurable Newton structure.

Reconfigurable Spline Based Newton Structure: The reconfigurability of the struc-
ture based on Spline interpolation is achieved through a linear combination of the matrices
defining Lagrange and Spline interpolation. The Lagrange matrix QLag, corresponding to the
classical Newton structure, is considered as the base matrix. Let the matrix QSpl represent to
the modified Newton structure for Spline interpolation. Taking the difference between QSpl
and QLag weighted by the coefficient cs, and adding it to the base matrix, results in the matrix
QcsSpl defining the reconfigurable Newton structure based on Spline interpolation:

QcsSpl = QLag + cs(QSpl −QLag) , cs ∈ [0 ; 1]

=




1 0 cs/6 cs/6
0 1 0 cs/6
0 0 1/2 0
0 0 0 1/6




(4.24)

It can be seen in Equation (4.24) that only the off-diagonal elements are made variable. Fig-
ure 4.5-a shows the implementation structure of the transfer function QcsSpl in Equation (4.24).
The coefficient cs can be set to any value between zero and one. Setting cs to zero results
in Lagrange interpolation, while a value of one results in Spline interpolation. Any value in
between will result in having a different frequency response related to the responses of La-
grange and Spline interpolation. This is illustrated in Figure 4.5-b, with cs ∈ {0, 0.6, 0.9, 1}.
The parameter Fin is the sampling frequency of the input x[m].

Reconfigurable Hermite Based Newton Structure: In a similar way to what is done
above, the matrix QchHer defining the reconfigurable Newton structure based on Hermite in-
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Figure 4.6: The Hermite based reconfigurable Newton structure.

terpolation is developed as:

QchHer = QLag + ch(QHer −QLag) , ch ∈ [0 ; 1.25]

=




1 0 0 ch
0 1 0 ch
0 0 1/2 ch/2
0 0 0 1/6 + ch/3




(4.25)

The implementation following Equation (2.44) results in the structure presented in Figure 4.6-
a. For a coefficient ch that is zero, the filter implements Lagrange interpolation. For a ch
with a value of one, the filter implements Hermite interpolation. In the case of Hermite based
reconfigurable Newton structure, it is possible to allow ch to go beyond the value of one, where
this value dictates the position of the zeros in the side lobes. Starting from ch = 0 the zeros
of the side lobes will move from multiples of Fin toward the center of the side lobes when
ch = 1.25. This is shown in Figure 4.6-b for the case of ch ∈ {0, 0.5, 1, 1.2}. Both structures
presented above are dynamically reconfigurable, where it is possible to change the value of cs
or ch at any moment.

Generalization: In the examples above, two most commonly used polynomial interpola-
tion methods were considered. However, this design approach can be applied to any other
types of polynomial interpolation. Moreover, the reconfigurability can be generalized for
interpolations of a higher order in a similar way to what was presented previously, using
Equation (4.24) and Equation (4.25). It is noteworthy that, the higher is the order of interpo-
lation, the higher is the order of complexity of the reconfigurable structure. Regardless, the
reconfigurable Newton structure presents a great advantage over the classical Farrow struc-
ture. This is because the reconfigurability is achieved through one input variable and a small
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number of extra computations. This is not possible with the Farrow structure that requires
storing a large number of coefficients in order to use different interpolation methods.

4.3.2 Complexity Comparison

In the last section, two low complexity reconfigurable V-FDF solutions based on the Newton
structure are presented. The developed examples based on Spline and Hermite interpolation
of order 3 have structures with a comparable complexity to the one of the non-reconfigurable
variants. Table 4.5 shows a comparison of the hardware elements needed for the different
implementations being the Newton structure of order 3. It can be seen that making Spline
Newton implementation reconfigurable only requires two additional multipliers. This results
in a structure implementing both Spline and Lagrange interpolations, in addition to any
related response to these two. For Hermite interpolation, reconfigurability is achieved by
adding one adder, one shifter, two scalers, and only one multiplier. This shows the advantage
of such structures, which offer reconfigurability with a minor increase in complexity.

Table 4.5: Complexity comparison of reconfigurable Newton structures

Register Adder Shifter Scaler Multiplier
Lagrange 3 6 1 1 3
Spline 3 9 1 1 3

Reconfigurable
Lagrange/Spline 3 9 1 1 5

Hermite 3 9 2 0 3
Reconfigurable

Lagrange/Hermite 3 10 3 2 4

4.3.3 Application Examples

The two examples of presented structures have different application interests. Each structure
is better adapted to a certain application scenario that is explained below. To judge the
filtering performance, the reference digital SRC operation model U-F-D (c.f. Chapter 2) is
considered. The objective of the filtering step is to maximize the rejection of the up-sampled
signal images on multiples of Fin [Cro83, Chapter 2]. Therefore, the higher is the attenuation
of the side lobes of the frequency response, the better is the filtering performance. Attention
should also be given to have a sufficiently large filter passband, to avoid altering the signal.

For the reconfigurable Newton structures based on Spline interpolation, the case of La-
grange interpolation (cs = 0) presents the extreme case of maximal platitude in the passband
[Her92]. While Spline interpolation (cs = 1) presents the extreme case of maximal rejection
by the side lobes [Fra09]. In fact, the choice of cs lies in a compromise between the width of
the passband and the rejection of the side lobes. Therefore to maximize the filtering perfor-
mance, the coefficient cs is increased as the band of the signal gets narrower (to maximize the
side lobes rejection level). As a practical example, a multi-standard operation between Sigfox
and LoRa technologies is considered. If the system is processing a wideband LoRa signal of
250 kHz, then the coefficient cs is set to be close to zero in order to have a passband that is
sufficiently large. While in the case of a narrowband Sigfox signal of 100 Hz bandwidth, the
coefficient cs is then set to be close to one, thus maximizing the side lobes attenuation.

For the reconfigurable Newton structures based on Hermite interpolation, the application
is different. In this case, all the variations of the frequency response achievable with this
structure have the property of maximal flatness at f = 0 Hz. Therefore, the choice of the
response does not depend on the signal’s bandwidth. The interest of this structure is in the
ability to position the zeros of the side lobes, and most notably for the first side lobe that
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has the lowest attenuation. This structure can be very useful in cases where multiple signals
exist in the filtered bandwidth, where the secondary signals have higher frequency components
than the main signal. In this case the aliasing effect caused by the secondary signals can be
minimized by positioning the zero to fall on top of the up-sampling images of these secondary
components.

4.4 Optimized Newton Structure

The closed form expressions of the Farrow to Newton transformation were developed in Sec-
tion 4.1. These expressions are used in this section to develop the closed form expression of the
frequency response of the generalized Newton structure. This latter expression then enables
the application of filter optimization methods to design generalized Newton structures with
an optimized frequency response. The application of the optimization is discussed, and it is
shown through a practical implementation example how it is possible to develop optimized
Newton structures having comparable performance to the optimized Farrow structures while
reducing the implementation complexity by about 50%.

4.4.1 Generalized Newton Structure Frequency Response

Both the Farrow and the Newton structures implement a polynomial based filter response
h(t), that is defined with N polynomial pieces fn(t) with n ∈ {0, 1, . . . , N − 1}, each of
length Ts and degree M − 1, where Ts is the input sampling period. The development of the
polynomial pieces normalized with respect to Ts using the term τ = t/Ts gives:

fn (τ) =

{∑M−1
m=0 pmn

(
τ − 1

2

)m
0 ≤ τ < 1

0 Otherwise
(4.26)

These pieces are then used to construct the normalized impulse response:

h (τ) =
N−1∑

n=0

fn(τ − n) =
M−1∑

m=0

N−1∑

n=0

pmnψm(n, τ) (4.27)

Where:

ψm(n, τ) =

{(
(τ − n)− 1

2

)m
n ≤ τ < (n+ 1)

0 Otherwise
(4.28)

Applying the Fourier transform on h(t) as it was done in [Hun08] results in the normalized
frequency response H(ω) with ω = 2πfTs:

H(ω) =

M−1∑

m=0

N−1∑

n=0

pmn

[∫ n+1

n
ψm(n, τ)e−jωτdτ

]

=

M−1∑

m=0

N−1∑

n=0

pmnΨm(n, ω)

(4.29)

Where:

Ψm(n, ω) =
m!

ejωn

m∑

k=0

(−1)m−k − e−jω
(2m−k) (m− k)!

(
1

jω

)k+1

(4.30)

Replacing Equation (4.10) in Equation (4.29) results in the closed form expression of the
frequency response of the generalized Newton structure:

H(ω) =
M−1∑

m=0

N−1∑

n=0

Ψm(n, ω)
M−1∑

k=0

N−1∑

p=0

T (m,n, k, p)qkp (4.31)



4.4. OPTIMIZED NEWTON STRUCTURE 83

Through this expression, it is possible now to apply filter optimization techniques on the
frequency response H(ω) of the generalized Newton structure as it will presented in the next
sections.

4.4.2 Filter Optimization Application

The advantage of the Newton structure implementation over the Farrow structure was pre-
sented in Section 4.1, which considers the case of common interpolation methods such as
Lagrange, Spline and Hermite interpolations. This section investigates the application of fil-
ter optimization methods to develop generalized Newton structures with an optimized transfer
function. Through the optimization techniques, it is possible to add constraints on the values
that the matrix coefficients can take, allowing thereby the customization of the optimized
filter structure. This section starts by presenting the Farrow structure optimization method
proposed in [Hun08], before developing how it is possible to extend this method to apply
optimization on the generalized Newton structure.

Farrow Structure Optimization: Filter optimization consists of finding the filter coef-
ficients minimizing the error between the ideally desired and the practically implemented
frequency responses. Coefficients optimization for FIR filters is well developed in the litera-
ture, and the case of optimization for digital interpolation filters was studied in [Laa96]. In
the case of polynomial based filters, such as the Farrow structure, an added complexity arises
from the way the transfer function is defined. Since the filter coefficients are calculated using
polynomial pieces, the optimization method should be adapted to build optimized polynomial
impulse response instead of fixed filter coefficients. A proposed solution for this problem was
developed in [Hun08] using a minmax optimization method. Approximation in the minmax
context is defined as minimizing the differential error between the filter to be designed with
the frequency response H(f), and the desired filter response D(f). The ideal response is nor-
mally chosen as an ideal low-pass filter response with a cut-off frequency fc. The differential
error between the ideal and the designed response is written as:

E(f) = W (f) [D(f)−H(f)] (4.32)

Where W (f) is the weight function, which defines the importance of optimizing the approxi-
mation at a certain frequency f . This method gets its name from how the error is minimized,
where in this case the objective is to perform a minmax minimization of E(f) with respect
to the filter coefficients:

|E(f)| < δ (4.33)

With delta being a threshold of when the optimization should stop. Minmax being a linear
optimization problem, it is possible to use a linear program in order to solve the problem for
the filter coefficients cm(n). Where the linear program is defined as:

min
x

gTx /





Ax ≤ b
Aeqx = beq

lb ≤ x ≤ ub
(4.34)

With A,Aeq, b, beq, x, g are matrices defining the optimization problem. lb and ub are limits
on the values that x can take in order to accelerate the optimization. A general explanation
of the roles of each matrix or vector is briefly presented below:

• x: A vector, containing the coefficients to be optimized cn(m) and the threshold δ

• g: A vector, containing only one non-zero element, which specify that δ is the parameter
to minimize
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• A: A matrix, presenting the relation between the coefficients cn(m) and the frequency
response H(f) defined in Equation (4.29)

• b: A vector, holding the values of the desired frequency response D(f)

• Aeq: A matrix defining the continuity conditions of the impulse response h(t) and its
derivatives

• beq: A vector, with all zero elements

The linear program can be implemented in any programming language or tool that support
solving such problems (LINDOTM LINGO, Python CVXOPT module, MathWorks R© Opti-
mization Toolbox, . . .). The main parameters of the program can be summarized as the
following:

1. The desired response D(f) which is defined over a limited discrete frequency range (i.e.
passband: f ∈ [0, fc[ and stopband: f ∈ [fc + ∆f, 4Fin[ with ∆f being the transition
band)

2. The weight function W (f) which is defined over the support of D(f) (i.e. kpass = 1
over the passband and kstop = 10 over the stopband)

3. The PBF parameters N and M (i.e. N = 6 and M = 5)

Executing the linear program after defining all the matrices and parameters, will give the
coefficients that best approximate the desired frequency response D(f). It is known that
these coefficients correspond to the optimal solution, since a linear program can be solved for
a global minimum.

Generalized Newton Structure Optimization: In the case of the generalized Newton
structure, constraints may be imposed on most of the coefficients of the matrix Q to be equal
to zero. Then the optimization is applied on the non-zero coefficients. This offers structures
of a very low complexity that are capable of achieving relatively similar filtering performance
to that of the more complex Farrow structure. The optimization method proposed below is
an extension of the Farrow structure optimization presented in the last section. This exten-
sion is achieved by modifying the optimization parameters and variables following the closed
form expression of the generalized Newton structure frequency response of Equation (4.31).
Starting from the linear phase filter optimization method developed in [Hun08] for the Farrow
structure, the optimization problem was formulated as follows:

min
x

gTx, such that

{
Ax ≤ b
Aeqx = beq

(4.35)

In order to adapt this optimization method to the generalized Newton structure, three steps
are required:

1. First, the coefficients of the Newton structure that are to be optimized are selected,
defining thereby the resulting filter structure. Then Equation (4.13) is reduced to include
only the non-zero elements in calculation and only the first half of the coefficients of VP ,
resulting in the matrix Topt that is of dimensions

(
MN

2 + 1× MN
2 + 1

)
.

2. Second, the matrix Topt is used to modify the matrix A following Equation (4.31) to
have the description of the generalized Newton structure frequency response.

3. Third, the matrix Aeq and the vector beq are used to impose constraints to have a sym-
metrical impulse response, and to add the zero constraints on the unneeded coefficients
in Q.
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Figure 4.7: The optimized Newton structure with N = M = 6

In the optimization example below, only the coefficients of the matrix Q that are on its
diagonal or its last columns are selected for optimization. Then the optimization method is
applied for both cases of Farrow and Newton structures, with M = N = 6, a passband of
0.15Fin, and a stopband starting from 0.85Fin. The optimized Newton matrix Q found is:

Q =




1 0 0 0 0 3.638992
0 1 0 0 0 3.521515
0 0 1/2 0 0 1.701293
0 0 0 1/6 0 0.546793
0 0 0 0 1/24 0.126546
0 0 0 0 0 0.058954




(4.36)

Following the implementation model presented in Figure 4.1, the resulting structure that is
obtained from the optimized matrix Q is shown in Figure 4.7. The frequency responses of the
filters obtained by optimization are shown in Figure 4.8. The optimized Newton structure
keeps the advantage of having strong zeros at multiples of Fin. In addition, the side lobes
rejection level achieved by optimization is around−60 dB, which is comparable to the rejection
level of the side lobes of the optimized Farrow response. In terms of sample rate conversion
applications, this means that the aliased images filtered by the side lobes are attenuated
by around 60 dB in both cases. Complexity wise, Table 4.6 shows a comparison of the
two optimized implementation structures, with the classical Newton structure for Lagrange
interpolation of order 5 as a reference. It is seen that the optimized Newton structure has an
added complexity around 50% compared to the classical Newton structure, while in the case
of the optimized Farrow structure the added complexity is more than 200%. This shows the
interests of applying optimization methods on the generalized Newton structure, which allow
achieving high filtering performance with an important reduction of complexity relatively to
the Farrow structure.

Table 4.6: Complexity comparison of the optimized structures

Register Addition Multiplication
Newton Lagrange 5 10 7
Optimized Newton 5 15 12
Optimized Farrow 5 41 23
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Figure 4.8: The frequency responses of Farrow and Newton optimized structures

4.5 Conclusion

We introduced in this chapter new SRC filters based on the Newton structure, by using the
Farrow to Newton transformation. First, the modified Newton structure implementing Her-
mite interpolation possesses lower complexity than both the classical and the modified B-spline
structure for a given order, while offering a better compromise between passband flatness and
side lobes rejection. Second, by linearly combining the transfer functions of a modified New-
ton structure with the classical one, reconfigurable structures are developed that keep a low
complexity implementation, while offering the possibility to adapt the filter response to the
processed signal type. Finally, the application of filter optimization methods became possible
with the development of the generalized Newton structure frequency response. This design
approach allows designing low-cost implementations based on the Newton structure with a
similar filtering performance offered by an optimized Farrow structure of the same order. The
complexity of the newly developed filter structures were compared in this chapter using the
number of calculation operations. To compare the practical real-world complexity of these
SRC solutions, they need to be implemented in hardware. Before proceeding with the im-
plementation, this thesis addresses first the problem of quantization, which is responsible of
defining the bit width of the filter signals and parameters. The quantization problem does
not only concern the SRC filters, but also concerns all of the hardware modules in the DFE.
The next chapter investigates the state-of-the-art quantization methods, and then proposes a
new quantization approach that is optimal yet simple to apply.
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For a complete study of the SRC solutions for the DFE, it is important to develop the
hardware implementation of the newly developed SRC filter structures, and to compare them
with the currently available SRC solutions. However, before proceeding with the hardware
implementation, the digital circuit signals and parameters need to be quantized. Quantization
consists of allocating a certain number of bits to represent a value in the digital circuit. This
step of hardware design needs special attention since it defines on one hand the calculation
precision of the total implementation, and on the other hand it has an important impact on
the implementation complexity. Therefore a bad quantization design of only one processing
module in the DFE will have negative effects on the total system’s efficiency. This is because
any introduced quantization error will propagate through the system and cannot be filtered
or compensated once it is mixed with the useful signal. This chapter aims at developing
a quantization solution that is simple yet capable of guarantying a predefined calculation
precision level. Section 5.1 starts by presenting the fixed point quantization scheme, and
provides a quick discussion of the available quantization methods in the literature. Section 5.2
addresses the lack of a simple quantization method in the literature, and then proposes an
optimal analytical quantization method, with a simple and clear guide on how to apply this
method to quantize an arbitrary filter. Section 5.3 then develops a practical quantization
example to demonstrate the capacity of the developed method to define quantization schemes
with a guaranteed precision performance level. The method is applied to two SRC filter
structures. The conclusion is finally provided in Section 5.4.
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Figure 5.1: Floating-point and fixed-point quantization

5.1 Hardware Quantization

In a digital hardware implementation, the signals and parameters are presented with a finite
precision. This precision depends on the number of bits used to represent the signal’s value.
This is called quantization in the signal processing literature. Choosing the appropriate
number of bits to be used for each signal is a delicate task, whose objective is always to
use the minimal hardware resources while respecting a given precision constraint. In some
implementation, feasibility constraints may also apply, for example when certain hardware
implemented operators have a limited number of bits at their inputs. In this section, the
fundamentals of quantization are presented in Section 5.1.1. Section 5.1.2 then sums-up the
literature of quantization methods, and shows what motivated the development of our own
quantization method in this work.

5.1.1 Quantization Fundamentals

This section aims at providing a quick coverage of the quantization basics. More detailed
presentations can be found in the mentioned references.

5.1.1.1 Schemes and Notations

The two most used quantization schemes in hardware implementations are fixed-point and
floating-point quantization. Each scheme has its own advantages and drawbacks, that make
it better adapted to certain applications. The two schemes are presented in Figure 5.1.

Floating-point : The floating-point quantization scheme presented here corresponds to the
IEEE 754 single precision format using 32 bits. In this case, the value is presented using three
variables: the sign (S, 1 bit), the exponent (E, 8 bits), and the mantissa (M, 23 bits). The
quantized value is then found as:

x = (−1)b31 × 2(E−127) ×
(

1 +

23∑

i=1

b23−i2
−i

)
with E =

7∑

i=0

b23+i2
i (5.1)

This quantization allows presenting values between ±1.18 × 10−38 and ±3.4 × 1038. The
presentation precision is fixed at 24 bits, which is the mantissa length plus the implicit added
one. The IEEE 754 standard specifies specific coding to represent special values such as zero,
infinity, and others.

Fixed-point : The fixed-point quantization scheme can be interpreted in different ways, and
we discuss here the two most common approaches. In the first case, all the W bit elements
are used to represent the signal value that is always positive. The bits are separated by a
fixed-point, with the I most significant bits (MSBs) representing the integer part, and the F
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least significant bits (LSBs) representing the fractional part. This quantization is noted as
uI.F . Then the quantized value and the dynamic range (DR) are found as:

x =

[
W−1∑

i=0

bi2
i−F

]
∈
[
0; 2I − 2−F

]
(5.2)

In the second case, the MSB of the quantized value is considered to be a sign bit, and the
negative values are considered to be coded using the two’s complement approach. The notation
used for this quantization is sI.F . In this case the quantized value and the DR are:

x =

[
W−2∑

i=0

bi2
i−F − bW−12(I−1)

]
∈
[
−2I−1; 2I−1 − 2−F

[
(5.3)

In both cases, for a maximum value xmax and minimal value xmin quantized using W bits,
the quantization step q if found as:

q = bxmax − xminc2−W = 2I × 2−W = 2−F (5.4)

Comparison : Floating-point representation can implement a larger DR than fixed-point as
the number of bits increases, making it advantageous for general-purpose computing. However
the floating-point quantization scheme is more complicated, increasing thereby the hardware
implementation complexity of its arithmetic operators. This is tolerable for general purpose
processors (GPP) implementation, however when implementing signal processing modules
in hardware or using low-cost micro-controllers and GPPs, fixed-point quantization offers
a much more efficient solution that is better adapted for low-cost implementations. And
since the objective is to develop ASIC implementations, the two’s complement fixed-point
quantization scheme is used in this thesis for implementing the DFE hardware modules.

5.1.1.2 Quantization Rules

When performing two’s complement fixed-point quantization, some rules should be defined
first. The first rule considers if truncation or rounding to nearest value should be used when
removing bits. The second defines the quantization behavior in the case of overflow that can
be handled with saturation or wrapping.

Truncation and Rounding: For a given signal with a continuous amplitude level, two
approaches are possible. In the first case, the value can be quantized to the first quantization
level achievable by the quantization step q. In this case the quantization error is uniformly
distributed in the range [0; q], resulting in an average constant error µe = q/2. This constant
error can be eliminated by rounding the quantization to the nearest value instead of taking
the nearest lower quantization value. In this case the operation is called rounding, and the
error is uniformly distributed in the range [−q/2; q/2]. Truncation and rounding of signals
with a discrete amplitude level are slightly different when the number of bits eliminated is
small. For more details on this subject, the reader is referred to chapter one of [Roc06].

Saturation and Wrapping: When a signal’s value goes beyond the range that can be
represented by the quantization scheme, two options are possible to handle this overflow. The
first option is to block the signal’s value at its maximum or minimum level, which is known
as saturation. The second option is to wrap-around the value, which is seen as a circular
representation of the signals’ range with the maximum and minimum levels being attached.
For example going beyond the maximum level xmax by an amount α, the final value will
be α + xmin. In hardware implementation of two’s complement quantization, the wrapping
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behavior is intrinsic. To implement saturation extra logic resources are required to provide
this protection against overflow. However, saturation is not always the solution, where some
signal processing applications rely on wrapping for their correct operation (see CIC filters
in Chapter 2). Therefore the choice between the two options depends on the operation in
question.

Bitwidth Evolution: In the majority of cases, we want to avoid any overflow beyond the
quantization range. When performing arithmetic operations, the signal’s value will evolve.
To ensure that a sufficient number of bits is used to represent the signal, the designer should
study in advance the module structure and the input signal dynamics. The methodology is
studied in more details in Section 5.2. However, there are certain general rules that should
be used in this study. When performing addition or subtraction of two signals x1 and x2

quantized on sI1.F1 and sI2.F2 respectively, the output of the operation needs to be presented
on s[max(I1, I2) + 1].[max(F1, F2)]. In the case of x1× x2, the operation output is quantized
on s[I1 + I2].[F1 + F2]. Division operations are transformed into multiplication by inverting
the divisor with sufficient precision.

5.1.1.3 Quantization Error Modeling

To quantify the quantization performance, the effects of quantizing the parameters and signals
should be first understood. This section presents these effects and models the quantization
error in order to develop the signal to noise ratio (SNR) expression.

Parameters and Signals Quantization: When developing the quantization of a hard-
ware implementation of an operator, two aspects of the circuit are to be considered: the
parameters of the operation, and the signals to be processed by the operation. The parame-
ters are the fixed coefficients that are used in the signal processing models (e.g. the coefficients
of an FIR filter, or a constant offset coefficient). Quantizing the parameters mainly affects
the response of the system. An example on a low-pass FIR filter is shown in Figure 5.2-a,
where it is seen how the quantization of the filter coefficients modifies the frequency re-
sponse. The quantization of filter parameters has been covered extensively in the literature
[Cro75][Won91][Qia06]. The second type of quantization that concerns the signals is more
delicate, and it is the interest of this chapter. The error generated by the quantization of the
filter parameters is deterministic and it is managed depending on the tolerated distortion of
the filter response. However the signal quantization error is random, and needs to be modeled
in order to be studied. The effects of this random error are seen on the frequency spectrum of
the signal, where by using fewer bit elements, the noise level caused by the quantization error
will be higher, therefore reducing the SNR of the signal in question. In wireless telecommuni-
cation receivers, the noise level should be kept to a minimum in a DFE in order to manage to
capture signals of low power. This is illustrated in Figure 5.2-b, where it can be seen that by
quantizing the signal on 11 bits, the low power components are lost compared to an 18 bits
quantization. The quantization of the parameters and signals are usually done separately.
At first the parameters quantization is developed to respect certain criteria on the frequency
response. The signals quantization is developed afterwards to respect precision criteria that
depend on the application.

Quantization Models: To understand the effects of quantizing the signals values in a
signal processing system, a model for the quantization process needs to be developed. In the
literature many models that estimate the quantization noise have been proposed. Detailed
models use a statistical approach to develop an expression of the power spectral density
(PSD) of quantization noise [Osb90]. However for common signal processing applications, the
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Figure 5.2: Effects of parameters and signals quantizations

Widrow model is widely adopted for its simplicity and practicality, while being sufficiently
accurate [Wid56][Wid61]. This model states that the quantization process can be modeled as
a linear operation, where the quantized output signal y is the sum of the input signal x and a
random variable error e. This is true if the condition developed in [Wid96] is respected. In this
model the quantization noise e follows a uniform distribution. The same model is developed
in [Sri77] with more relaxed conditions. The correlation between the quantization noise and
the input signal is studied in [Zöl08][Lip92], and the conditions for when both signals are
considered uncorrelated are developed.

5.1.1.4 Measuring the Quantization Error

In our work we consider the Widrow model for its simplicity and practicality, while being suf-
ficiently accurate. The quantization noise is supposed to be a random continuous signal with
a uniform distribution. This section develops the theoretical expression of the quantization
error power, the appropriate way of measuring it practically, and the performance measures
used to qualify the quantization.

Quantization Error Power: The power spectral density (PSD) is used to evaluate the
quantization noise level. The PSD is useful because it normalizes the quantization error power
over the bandwidth (BW) it is measured on. Mathematically, the relation between the PSD
Sx(f) of a band limited signal x and its autocorrelation function Rx(τ) is given as:

Rx(0) = E
{
x(nT )2

}
=

∫

Fs

Sx(f)df (5.5)

With Fs = 1/T being the sampling frequency of the signal x. By considering the quantization
error signal e that follows a random uniform distribution:

e(nT ) = y(nT )− x(nT ) ∼ U
[
−q

2
; +

q

2

]
(5.6)

To find the quantization error PSD Se(f) we find the autocorrelation function first:

Re(mT ) = E {e(nT )ē(nT −mT )} = E
{
e2(nT )

}
δ(mT ) =

q2

12
δ(m) (5.7)
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The first equality is possible because the quantization error is random and is only correlated
with itself at any given instant. The second equality considers that E

{
e2(nT )

}
= q2/12 which

is the variance of a random variable with a uniform distribution. Then the PSD Se(f) for the
discrete error can be found using Equation (5.5) as:

Re(0) =
q2

12
=

∫

Fs

Se(f)df ⇒ Se(f) =
q2

12Fs
(5.8)

Statistical Measurement: To verify the exactitude of the quantization model used, or to
simply measure the quantization noise, the appropriate measuring procedure should be defined
that corresponds with the definitions presented previously. Measuring the quantization noise
level follows the same procedures of measuring any other signal, which is based on the discrete
Fourier transform (DFT). The presentation below is developed in more details by Heinzel et
al. in [Hei02]. In summary, the steps to be followed are the following:

1. Acquiring data: Take N samples xn of a certain signal x(t).

2. Applying a window function: As the DFT assumes the periodicity of the signal, a
window function W is needed to reduce spurious frequencies caused by non-periodicity.

x̊n = xn ×Wn (5.9)

3. Calculating the DFT: Using the N samples x̊n, the DFT is efficiently calculated by
many FFT algorithms as:

Xk =

N−1∑

n=0

x̊ne
−j2π k

N
n (5.10)

4. Finding the PSD: Using the DFT result, Sx(k) can be found using:

Sx(k) =
|Xk|2
FsSW

with SW =
N−1∑

n=0

W 2
n (5.11)

Where SW takes the role of the normalization coefficient that takes into account the
number of samples and the window function response.

It is possible to verify theoretically the relation between the measured noise and the theoretical
estimation when considering the case of a uniformly distributed random variable. This can
be done by considering the discrete Parseval theorem stating that:

N−1∑

k=0

|Xk|2 = N
N−1∑

k=0

|̊xk|2 ⇒ NE(|Xk|2) = NSWE(|xk|2) (5.12)

Taking the expected value of Equation (5.11), and replacing E(|Xk|2), we find:

E(Sx(k)) =
1

FsSW
E(|Xk|2) =

E(|xk|2)

Fs
=

q2

12Fs
(5.13)

By making the number of samples goes to infinity, the law of large numbers (LLN) shows that
the mean of the measured PSD should tend to the estimated PSD:

Sx(k) =
1

N

N−1∑

i=0

Sx(i) −−−−→
N→∞

E(Sx(k)) =
q2

12Fs
(5.14)
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5.1.1.5 Quantization Performance

The quantization performance is evaluated with several measures, with the ones most promi-
nent to this study presented below.

Signal to Noise Ratio (SNR): The SNR represents the quality of the signal considering
the noise introduced by quantization. This measure is defined as:

SNR =
Psignal
Pnoise

(5.15)

This measure is also called signal to quantization noise ratio (SQNR) in literature to differ-
entiate it from SNR measures related to other sources of noise. It is common to study the
SNR as if the signal was a sine wave (where every signal can be decomposed into sine waves
by the Fourier transform), so by taking the input:

v(t) = 2I−1sin(2πft)⇒ Psignal = Pv = lim
T→∞

1

2T

∫ T

−T
|v(t)|2dt =

4I−1

2
(5.16)

With the quantization error having the power given by:

Pnoise =

∫

Fs

Se(f)df =
q2

12
=

4−F

12
(5.17)

Therefore the SNR can be found as:

SNR =
Psignal
Pnoise

= 6× 4I+F−1 ⇒ SNRdB = 10 log10(4W ) + 10 log10

(
6

4

)
(5.18)

This results in the well-known formula:

SNRdB = 6.02W + 1.76 dB (5.19)

In this expression, we call W the effective number of bits (ENOB) actually representing the
signal. The ENOB usually decreases through the processing chain, and it is the role of the
hardware designer to limit the loss of the ENOB measure. This is the challenge tackled in
this chapter.

Spectral Signal to Noise Ratio (SSNR): Similarly to the SNR, we define the SSNR as
the ratio of the signal PSD Ss(f) to the noise PSD Sn(f):

SSNR =
Ss(f)

Sn(f)
(5.20)

This measure concerns the best achievable SNR after complete filtering of the quantization
noise which is outside the signal band. Considering a band Bs of sinusoids with the same
signal power as in the last section, which is oversampled using Fs, we can find the expression
of the SSNR where we can identify the processing gain (PG) resulting from filtering the
quantization noise:

SSNR = 6× 4I+F−1 × Fs
Bs
⇒ SSNRdB = 6.02W + 1.76 + 10 log10

(
Fs
Bs

)

︸ ︷︷ ︸
PG

(5.21)
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Relative bit degradation (∆b): This measure is responsible for tracking the degradation
of the optimal achievable SNR. This figure can be used to understand the theoretical loss in
precision through a given hardware system. Note that ∆b is practically positive, since it is
not possible to improve the SSNR of a signal.

∆SSNR =
SSNRout
SSNRin

= 4−∆b ⇒ ∆SSNRdB = −6.02∆b dB (5.22)

5.1.2 Literature of Quantization Methods

Prior to implementing a signal processing module in digital hardware, the different numbers
of bits used to represent the parameters and signals in the modules must be determined.
The process of finding these dimensions is known in the quantization literature as wordlength
determination [Sun95] or floating-to-fixed point conversion [Men06]. This process consists
of two main steps. The first step concerns the determination of the number of bits used
to quantize the integer part, which should be sufficient to represent the signal’s dynamic
range. The second step then handles the fractional part that represents the precision used
in calculation. This section sums-up the different approaches developed in the literature to
perform these two steps.

5.1.2.1 Integer Part Quantization

The main objective of the first step is to protect from overflow, which is preventing the situa-
tion of having the signal value going beyond the range that can be represented by the number
of bits used. Therefore this step requires information about the minimum and maximum value
every signal may take. Determining this range of values is the core of this step, and it can
be done with different approaches. The literature concerning this step can be separated over
two categories: the statistical and the analytical approaches.

Statistical Approach: The first approach relies mainly on simulating the circuit’s opera-
tion. The basic method consists of running multiple simulations of the circuit, while using in-
puts that are expected to be processed by the module after it is implemented [Aam01][Roy04].
Then the values of each signal in the circuit are tracked, then the minimum and maximum
measured values are identified. The quantization then chooses the number of bits that are
sufficient to represent the extreme values. The problem of this method is that it heavily
depends on the inputs used for simulation, which will be different in real life implementation.
Kim et al. proposed to improve this method by considering the inputs as random variables
with a defined distribution function [Kim98a][Kim98b]. Then by using both the simulation
results combined with the distribution function, a more credible estimation of the signal value
range can be obtained.

Analytical Approach: The second approach uses the quantization rules that were pre-
sented in Section 5.1.1 to find the value ranges of the different signals in the circuit. Given an
input with a defined dynamic range and quantization, this method consists of propagating the
quantization through the circuit following the aforementioned rules. These rules are usually
conservative since they consider the worse possible case [Cac02][Tou99]. We find propositions
that try to improve on the pure analytical approach by combining it with statistical simula-
tions [Cma99]. There exists also automated tools (e.g. FRIDGE tool [Wil97][Ked98]) that
combine both approaches, by having certain signals quantized using the statistical approach,
and then the rest of the signals are quantized based on quantization rule.
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In summary, each approach offers a certain compromise. The statistical approach requires
long simulation times to cover sufficient possible input configurations, and it is less reliable
than the analytical approach. However the advantage of the statistical approach is to give a
more efficient quantization scheme, since the analytical approach is conservative by considering
the worst case, and many bit elements might be unused in the implemented circuit, which are
considered as wasted resources.

5.1.2.2 Fractional Part Quantization

The second step of the quantization process aims at determining the number of bits for the
fractional part to guarantee a certain precision performance constraint. As in the first step,
both statistical and analytical approaches are proposed for this step. In the first case, the
precision performance is measured from simulation results, while the second case consists of
calculating the precision measure using defined quantization models. In both cases, different
performance measures and quantization models may be used [Mor83][Car84][Can06][Zha09].

Statistical Approach: This approach consists of simulating the circuit, and then a perfor-
mance measure is calculated using the resulting signals. Then depending on a given precision
constraint and a threshold for the considered performance measure, the number of bits is ei-
ther increased or decreased. The objective is always kept as respecting the precision constraint
with the minimum hardware resources. One of the oldest wordlength optimization method
was proposed in [Cat88] that uses simulated-annealing-based optimization to quantize both
parameters and signals. Later work by Kum and Sung in [Sun95] and [Kum01] proposed to
develop both performance and cost functions, and then an optimization algorithm is proposed
that iteratively maximizes the performance function while minimizing the cost function. The
work of [Cho96] build on this last method by attempting to group operations using similar
quantization schemes in order to maximize the reuse of hardware. Further work by Kim et
al. in [Kim94][Kim95][Kim98b] developed statistical methods using the C++ programming
language, with a special focus on reducing the long simulation times required by the statistical
methods. The FRIDGE tool combines both statistical and analytical approaches, but it relies
on bit-true simulation to qualify the quantization performance making it closer to a statistical
approach [Ked98].

Analytical Approach: In this case the first step is to develop an analytical expression
that relates the performance measure to the quantization scheme used. The developed expres-
sion can vary depending on the quantization model and the performance measure selected for
optimization. This technique dates back to 1970, where the analytical expression of quantiza-
tion noise was developed for two IIR filters implementations in [Jac70], and it was shown that
certain filter structures can be more efficient for hardware implementation. This work was
applied to a specific filter, however later work started focusing on automating the wordlength
determination process. The work presented in [Tou99] and [Mar01] proposes an algorithm
that considers the circuit as a graph, that is then used to develop the analytical expression of
quantization noise to be used for optimization. The limitation of this method was in its inabil-
ity to process graph cycles, which represent recursive structures in terms of implementation.
This was handled in the work of Menard who proposed an automated quantization algorithm
capable of applying the analytical approach to recursive structure [Mén02][Men06][Men08].
However this last method was also limited since it couldn’t handle non-linear operators effi-
ciently. Later work presented in [Par10] proposed to combine both statistical and analytical
approaches, with the quantization noise expression developed for linear and smooth operators,
while the operators that are difficult to be presented analytically are simulated.
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As in the case of integer part quantization, each approach has its own compromise. The
statistical methods can be applied to any circuit, however they require implementing the
simulation that usually takes very long time to execute. Some propositions addressed the
problem of long optimization time, such as [Kim98b] that proposed to use the mantissa of
the float variable for fixed-point simulation. Other algorithms also try to use the native data
types in the machine used for simulation to minimize the simulation time [De 98][Ked98].
The analytical approach on the other hand eliminates the troubles of simulating the circuit,
however the difficulty lies in building an expression that accurately represents the quantization
error level introduced. Recursive structures and nonlinear operators also add complexity to
applying the analytical method.

5.2 Optimal Analytical Quantization

The automation of the quantization process dominates the literature presented above. The ob-
jective of the different methods aims at building a quantization tool that can be used with any
signal processing system. These studies proposed many complex software applications, with
some statistical methods being adopted by commercialized hardware computer aided design
(CAD) tools. In this thesis, the task is to optimize specific signal processing functions. Since
the architecture design is part of this work, then the transfer function of the signal processing
system is well known. In addition, for linear sample rate conversion and filtering functions,
the system can be easily described with analytical expressions. Hence quantization with the
analytical approach is privileged in this work, which will result in accurate and guaranteed
precision performance levels, and also in a great reduction in design time by avoiding time-
consuming statistical methods. However, the analytical quantization approaches presented in
the literature focused on building an automated solution, with a very specific work flow to
each approach. Moreover, the work of [Mén02] targeted specifically the implementations on
digital signal processors with defined fixed point data types. In this work we are concerned
with FPGA and ASIC implementation with complete freedom relatively to the data types
definition. Deploying and adapting the software proposed in [Tou99][Mén02], and applying it
to quantize our developed modules will require important effort and time.

In this thesis, we found it is important to revisit the quantization methods in order to
develop an efficient solution. Our objective is to develop a quantization work flow that is
simplistic and easy to use and apply, while offering the possibility of having a guaranteed
precision performance.
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5.2.1 Integer Part Quantization
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5.2.2 Fractional Part Quantization

5.2.2.1 Quantization Criterion
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5.2.2.2 Quantization of Multirate Systems
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5.2.2.3 Internal Quantization
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5.2.2.4 Optimal Quantization Solution
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Figure 5.3: A simplistic NB-IoT DFE example

5.3 Application Example

This section presents a practical example of how the developed methods in this chapter can be
applied. We consider for this example an NB-IoT receiver. NB-IoT is a recent cellular wireless
standard conceived for IoT applications, proposed in [3GP15] and standardized in [3GP18].
One of the commonly used development and testing deployment targets are the universal
software radio peripherals (USRPs), and in this example the X310 model is considered [Ett].
The analog to digital converters (ADC) of this USRP operates at 200 Mega samples per second
(Msps), with each sample being quantized on 14 bits. We suppose that signed fixed-point
quantization is used with two integer and twelve fractional bits. On the other hand, for the
case of an NB-IoT signal in a 20 MHz LTE band, the useful baseband signal is required to
be sampled at 30.72 Msps for further processing that is performed in software. The sampling
rate is defined by the developed software with a given specific oversampling factor. Therefore
an SRC operation is required in the DFE with a factor R that is written as:

R =
U

D
=

30.72

200
=

1

7
× 672

625
=
U1

D1
× U2

D2
(5.23)

We identify two SRC operations from this expression: a coarse decimation SRC of a factor
7, and a fine-tuned interpolation SRC of a factor 672/625. This is implemented as shown in
Figure 5.3 using two SRC modules (this is a simplistic example that omits the filtering and
compensation functions). The CIC module performs the decimation of a factor 7, using an
implementation of order 4. This order is selected based on the required filtering constraints.
The output at a sampling rate of 28.75 Msps is then up-sampled by the Newton module that
implements the impulse response of Lagrange interpolation of order 5. The final output at
a sampling rate of 30.72 Msps is then ready to be processed by the software section of the
receiver.

The quantization method developed in this chapter is then applied to this example system
as developed below. We suppose that we can tolerate an extremely stringent effective bits
degradation of 0.1 bit through each of the two modules. Therefore the effective bits precision
of the output used for software processing is equivalent to 13.8 effective bits.
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Figure 5.4: CIC Decimation Filter of order 4

5.3.1 CIC Module Quantization

Integer Part Quantization:
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Fractional Part Quantization:

[...] results in the optimal Fi combination shown in Table 5.1. This optimization is run for
∆SSNR ≥ 4−0.1, a useful signal bandwidth of B = 8.29 MHz that includes all sub-carriers
of the LTE signal, and with two custom conditions for step 5: take the smallest output
quantization parameter and take the maximum ∆SSNR value.

The number of bits removed from the fractional part for each quantization Qi is expressed
by Fin − Fi. At the output, 6 bits are eliminated from the fractional part, however 12 bits
were added to the integer part. Therefore, for a maximum tolerated effective bits loss of
∆bmax = 0.1 bit through the CIC module, the output of this filter is quantized on 20 bits
(s2.18 after scaling), while its input is on 14 bits (s2.12).

Table 5.1: Fractional Part Quantization Parameters for the CIC Filter

i 1 2 3 4 5 6 7 8
Fi 12 11 9 8 8 7 7 6

Fin − Fi 0 1 3 4 4 5 5 6
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Figure 5.5: Fractional Part Quantization of the Newton Module

5.3.2 Newton Module Quantization

Integer Part Quantization:
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Fractional Part Quantization:

[...] We suppose as a practical example in this case that the data interface between
the Newton module and software processing is limited to 22 bits per sample. Then the
maximum accepted quantization of the output fractional part is on 20 bits. This condition
can be introduced at steps 3 to 5 in the algorithm to limit F1 corresponding to Q1 to 20
bits maximum, and therefore limiting Fout to 20 bits quantization as well. The optimal Fi
combination found by the algorithm is shown in Table 5.2. The number of added bits at
each quantization location is expressed by Fi − Fin. At the output, 2 bits were added to the
fractional part. Therefore, for a maximum tolerated effective bits loss of ∆bmax = 0.1 bit
through the Newton module, the output is quantized on 22 bits (s2.22), while the input is on
20 bits (s2.18).

Table 5.2: Fractional Part Quantization Parameters for the Newton Module

i 1 2 3 4 5 6 7 8
Fi 20 23 23 23 21 24 22 21

Fi − Fin 2 5 5 5 3 6 4 3

If we consider brute quantization approaches, when the signals in this Newton structure
are all quantized using the same fractional part as that of the input (18 bits), the effective
bits loss is equal to ∆bmax = 3.1 bits. While in the brute case when zero added quantization
error is tolerated (∆bmax = 0 bits), the fractional part of the signals will get extremely large,
and at the output it will reach 61 bits. It may look surprising that with only 2 added bits
at the output, it is possible to achieve such a low effective bits degradation of ∆bmax = 0.1
bit, however this demonstrates the efficiency of the proposed method that optimizes each
quantization parameter independently, where more bits are introduced inside the structure
than at its output.
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5.4 Conclusion

This chapter started by explaining the basics of quantization, and then presented the dif-
ferent quantization methods available in the literature. These methods were found to be
either too complicated, or to require long simulation time to find an appropriate quantization
scheme. The work developed in this thesis proposes a simple yet efficient analytical quanti-
zation method. Through this method the quantization scheme can be found directly without
requiring long simulation time, while offering a guaranteed precision performance level. The
only complexity is in developing the analytical expressions of the quantization error, which
was explained through this chapter. A general definition was provided on an arbitrary filter
structure, and then two concrete examples were provided using two SRC filter structures.
These examples demonstrated how it is possible to limit the added quantization error to a
minimum by adding a few extra bits for each signal in the filter. With the quantization
method defined, it is now possible to implement the newly developed structures in hardware
to study their practical complexity and power consumption. The next and final chapter of this
manuscript develops and compares the hardware implementation of different SRC solutions
using multiple implementation strategies.
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The objective of this thesis is to design and optimize a DFE that is implemented in
hardware, with the main focus on the SRC function. This chapter addresses the hardware
implementation aspects of the DFE on both ASIC and FPGA targets. The DFE may be
implemented in different configurations depending on the application and the deployment
context. Each deployment environment may have different hardware requirements, where one
environment may require reduced complexity and lower consumption, other environments
may favor higher operating speeds. Depending on the deployment requirements, certain im-
plementation strategies may be more suited for the given hardware constraints. Up to this
chapter, the SRC filters developed were only presented from a structural point of view. This
chapter investigates the application of the different implementation strategies to these devel-
oped SRC filters, and to some classical SRC solutions. This chapter is organized as follow.
Section 6.1 presents the different deployment environments, the corresponding implementa-
tion constraints, and the implementation strategies used to respect the different constraints.
Section 6.2 then develops the hardware implementation of multiple SRC filters using differ-
ent strategies, and provides the corresponding register transfer level (RTL) architectures to
be implemented. Section 6.3 obtains the implementation results on both ASIC and FPGA
targets. These results are then studied and analyzed to demonstrate the usefulness of each
implementation strategy. Finally, Section 6.4 concludes this chapter.
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Figure 6.1: Three deployment strategies that place the DFE in different parts of the system

6.1 Digital Front-End Implementation

Beyond designing and optimizing a generic DFE, this thesis also aims to implement the opti-
mized modules in hardware. Implementation of these modules provides practical measures to
quantify the reduction of complexity provided by the newly developed modules. These mea-
sures are presented later in Section 6.3. As it was discussed in Chapter 1, any signal processing
module can be implemented in either hardware or software. In this thesis, both implementa-
tions were developed. The software implementation was mainly used for verification purposes,
while the hardware implementation represents the final product that is deployed in the multi-
standard gateway. This section develops the hardware implementation context of the DFE.
Section 6.1.1 discusses the environment of the DFE hardware implementation. Section 6.1.2
then develops the constraints used to qualify the implementation, the different strategies that
can be used to respect these constraints, and finally the hardware verification process.

6.1.1 Deployment Environment

This section discusses the deployment environment of the IoT DFE. First, the deployment
strategies are discussed, and then the hardware implementation targets are presented.

6.1.1.1 Deployment Strategies

The hardware implementation of the DFE may be deployed in various configurations. Depend-
ing on the supported IoT standards, the expected number of users, the type of application,
and other factors, certain deployment strategies will be more adapted than others. In this
section we present the three most common deployment configurations of gateways: Dedicated
gateway, Base transceiver station (BTS), and the Remote Radio Unit (RRU).

Dedicated Gateway : This solution is most common with IoT standards and technologies
using non-licensed frequency spectrum for transmission (e.g. LoRa and Sigfox standards). In
this case the dedicated gateway will usually include many processing functions: the RF front-
end, the digital/analog conversion, the digital front-end, the baseband processing, and wired
or wireless back-haul connectivity with the application server. This architecture is presented
in Figure 6.1-a.

Base Transceiver Station (BTS) : or the Node B are the classical solutions to connect
mobile devices to the cellular network. This architecture is of interest when integrating the
IoT DFE in a GSM or WCDMA network [FaL11, Chapter 5], or in the case of deployment
of the EC-GSM standard, that is a modification of the GSM standard for IoT applications
[Gra16]. In this configuration, the antenna output signal is connected to the BTS using coaxial



6.1. DIGITAL FRONT-END IMPLEMENTATION 115

cables, as shown in Figure 6.1-b. The BTS then runs the signal through the RF front-end,
the analog/digital conversion, and the digital signal processing. The DFE can be introduced
in the BTS to enable processing of different cellular or IoT standards [Pri09], with a separate
back-haul connection for the IoT data.

Remote Radio Unit (RRU) : In many cases the BTS is located inside a cabinet on the
ground, and is connected to the antenna through coaxial cables, with the antennas being
installed on a mast. In this case, the signal carried by the coaxial cables will be subjected
to attenuation and to interfering signals. In modern cellular network implementations, where
larger bandwidth capacities and a greater number of antennas are required, a more efficient
base station is needed. This was made possible by using remote radio units (RRU) or remote
radio heads (RRH), that are installed on the mast next to the antennas [Lit12]. This is
illustrated in Figure 6.1-c. A RRU usually includes the RF front-end, the analog/digital
conversion, and the DFE [Alt09]. The RRU baseband output is then connected through fiber
optics cables to a local or remote baseband unit (BBU), that handles further processing and
the data transportation on the back-haul connection. This is the deployment strategy that will
be most adapted for the 5G network that will include both cellular and IoT standards. Using
this strategy provides a modular deployment, with higher bandwidth and lower consumption
and latency relatively to the classical BTS solution.

6.1.1.2 Implementation Targets

In each deployment strategy, various implementation targets are possible. The software ap-
proach is the most reconfigurable, that consists of implementing the signal processing function
on a general purpose processor (GPP) or a digital signal processor (DSP). However this ap-
proach is not the most efficient, and can be often impractical when implementing very high
speed signal processing DFEs, that require direct hardware implementation. The latter is
also required for large scale production and deployment, where low consumption and low
manufacturing costs are primordial. Field programmable gate arrays (FPGAs) and applica-
tion specific integrated circuits (ASIC) are the two widely used targets for direct hardware
implementation.

FPGA : An FPGA is an integrated circuits containing arrays of programmable logic el-
ements or cells, that is capable of implementing signal processing applications of various
complexity. Since FPGAs can be reprogrammed, they offer a great prototyping and testing
solution for hardware implementation. They may be also used in the final product if they
manage to satisfy the required implementation constraints. In this case they offer a great
advantage over ASIC by giving the possibility of reprogramming and updating the imple-
mentation when needed. For hardware implementation, we often require very high speed and
efficient hardware with the lowest costs for large deployment, in which case FPGAs are not
practical and ASICs are the better solution.

ASIC : ASIC consists of an integrated circuit that is destined for a specific application as
its name applies, where the final hardware implementation is fixed. ASIC presents many ad-
vantages over FPGA, most notably when it comes to efficiency. ASIC allows higher operation
speeds while consuming much less power. And in the case of mass production, the costs of
ASICs are a fraction of the same production with FPGAs. Another advantage of ASIC is
the mixed signal technology, which allows implementing both analog and digital signal pro-
cessing on the same chip, thereby increasing the implementation efficiency even further. The
hardware implementations developed and presented in this chapter consider both ASIC and
FPGA implementation targets.
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6.1.2 Hardware Implementation

The hardware implementation of the same signal processing function can be done in many
different ways. On one hand, it is possible to maximize the operation speed by using more
hardware resources, however this leads to higher complexity and more power consumption.
On the other hand, the complexity can be minimized by reusing hardware resources, however
this reduces the operation speed. Therefore, the choice of implementation strategy depends
on a compromise between different constraints. In this section, the hardware implementa-
tion constraints are presented, and then the different strategies of implementation and the
advantages of each are discussed.

6.1.2.1 Implementation Constraints

Hardware implementations are usually evaluated using four main measures: complexity, pre-
cision, speed, and consumption. Depending on the application and deployment environment,
specific constraints on these measures may be required (e.g. operation speed of 300 MHz), or
general constraints may be applied (e.g. use less than 20% of the total hardware resources).
To respect the required constraints, the designer should consider different hardware aspects,
with each affecting the implementation in a specific way.

Complexity : The first measure reflects how much hardware resources are required for the
implementation. This depends mainly on the signal processing module itself, where a more
complex function will evidently requires more resources. However the hardware complexity
depends also on two other aspects: the implementation strategy (explained below), and the
hardware quantization (studied in Chapter 5). Measuring the complexity is done differently
on ASIC and FPGA. In the first case, the transistor count or the number of logic gates is used
to quantify the complexity. While in the second case, the logic cells count and the number
of DSP blocks is used. Comparing the complexity between ASIC implementations is not the
same as comparing the same implementations on FPGA. This is studied in more details later
in Section 6.3.

Precision: The second measure concerns the calculation precision of the implementation.
This is defined mainly by the hardware quantization, which is the number of bit elements
used to represent the signal. This measure is quantified with the signal to quantization noise
ratio (SQNR). By using more bit elements, the noise level will be lower and therefore the
SQNR will be higher. Many quantization schemes exist, however in this work we focus on the
fixed point quantization that is very efficient for low complexity implementations. Chapter 5
develops the fixed point quantization methods used in this work.

Speed : This measures the maximum operating frequency of the implemented circuit, that
is defined by the critical path of signal transfer. Operation speed is mainly influenced by
the technology used. ASIC implementations are usually faster that FPGA ones for the same
module with the same technology node. And in general, smaller and more recent technology
nodes are faster than larger and older ones (e.g. 14nm technology is faster than 45nm).
The operation speed is also influenced by the hardware architecture, and the implementation
strategy as explained below.

Consumption : Measuring the exact consumption is tricky, and often an approximation is
given. The difficulty comes from the fact that the consumption does not only depends on the
circuit voltage and current. The consumption of a hardware implementation also depends on
the digital clock used, the signal toggle rate, circuit temperature, capacitance, etc. Hardware
design software usually offer tools to find an approximate of the implementation consumption.
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Figure 6.2: The different implementation strategies implementing the same module

6.1.2.2 Implementation Strategy

When implementing a hardware module, it is important to use the implementation strategy
that best correspond with the specified constraints. The possible implementation strategies
of a hardware module are discussed below, and illustrated in Figure 6.2.

Direct : In this case the hardware circuit is a direct implementation of the module structure,
and a complete calculation is performed every clock period. The problem with this strategy
is that the signal propagation time between input and output can be very large. This will
greatly limit the maximum operation frequency of the implementation.

Pipeline : The pipeline strategy aims at maximizing the operating frequency by reducing to
a minimum the critical path length. The module structure is split into sequential operations,
and each operation is executed separately between two hold and sample buffers (presented
as horizontal lines on Figure 6.2). Any signals that need to be used by later operations need
to be propagated through the pipeline using registers. Therefore this strategy offer faster
operation speed, at the cost of many added registers and increased complexity.

ALU-based : It is possible to reuse only one adder and multiplier to implement all the
addition and multiplication operations in a module. We call this strategy the ALU-based,
since we have an arithmetic logic unit (ALU) that contains basic operations that are used to
implement the total calculation. A controller is needed to manage the sequence of calculation,
and to control writing/reading the inputs/outputs of the ALU respectively. This strategy
offers important reductions in complexity, however calculating one output requires many clock
cycles, which is only possible when the data rate is much lower than the digital clock rate.

Time-Shared : This is another implementation approach that consists of reusing hardware.
However it is not an independent strategy by itself, as it needs to be applied to one of the
strategies presented above. Time-sharing consists of processing multiple data streams using
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one hardware implementation. The added complexity for implementing this feature consists
mainly of memory registers and switching control circuitry. There is no need for a dedicated
time-sharing controller, where usually start of word/end of word (sow/eow) signals are used
to indicate the first and last input streams. This strategy does not offer the highest operation
speeds, however it is interesting for multi-channel processing implementations.

6.1.2.3 Hardware Verification

Hardware verification is a critical step of every design to ensure the correct functioning.
This is a major step that increasingly requires more time as the size and complexity of the
implementation grows. In the work of this thesis, all the developed hardware implementation
were verified following the co-verification process developed by the technological research
institute b-com. This process consists of developing first the bit-true software implementation
of the module, and its correct functioning is then verified by simulations. Afterwards, the
developed hardware description is simulated in parallel to the software implementation. The
outputs of the two implementations are compared and they are supposed to match exactly.
Once the functional verification of the hardware is done, the implementation is programmed
on the FPGA, and real-time execution outputs are used to verify again the correct operation.
For ASIC implementations, similar verification methods are used. However verification after
implementation on chip is usually done by the ASIC manufacturer using specific tools for the
used technology.

6.2 SRC Implementation Architecture

This section develops the hardware architecture of the implemented DFE modules. Specific
examples for the SRC systems are developed. Section 6.2.1 starts with presenting the inter-
connection scheme used for implementation in this work. Section 6.2.2 then develops the SRC
system architecture using the interconnection scheme presented. Two modules may be used
to build the SRC system: the SRC controller, and the FIR filter. The architectures of these
modules are developed in Section 6.2.3 and Section 6.2.4 respectively.

6.2.1 Interconnection Protocol

Since the DFE consists of sequential processing through a cascade of systems, there is no need
for a bus connecting the different modules. The handshake protocol offers a very efficient
solution for such implementation. In addition, for the time-shared implementations were
multiple data streams are processed by a single module, control signals are required to track
the different samples.

Handshake Protocol: The handshake protocol defines the interface between the different
hardware modules, and controls the progress of the processing chain. The main concept of
this protocol is to establish a communication link between the hardware modules to signal
when a data sample can be sent from one module to another. This protocol is implemented
using two types of signals:

1. Ready To Send (rts): The previous module signals to the next module a new output is
ready to be sent

2. Ready To Receive (rtr): The next module signals to the previous module it is ready to
receive an offered input

Then the protocol functioning is defined as shown in Table 6.1. When both signals are zeros,
this means that both modules are not ready to communicate. If only one of both modules
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is ready for communication, then this module has to hold and wait until the other module
becomes ready. This should be taken into consideration when designing the DFE, since having
one module holding for another may lead to the whole processing chain being blocked waiting
for the slowest module. It only in the case when both modules are ready to communicate that
a data sample is transferred from one module to another, and the processing of new samples
may resume.

Table 6.1: Handshake protocol behavior

rtr_i
rts_o
dat_o

rtr_o
rts_i
dat_i

rtr rts Behavior
0 0 Both modules are not ready to communicate

0 1
The previous module holds its output sample
dat_o waiting for the next module to use it

1 0
The next module waits for the previous
module to deliver a new valid output

1 1
The next module consumes as input dat_i
the output dat_o of the previous module

Time-Shared Control: A time-shared implementation consists of system processing mul-
tiple data streams that are time interlaced. To track the processed sample and to identify the
corresponding data streams, control signals are required alongside the data sample. In this
case there are two identification signals:

1. Start of Word (sow): The current data sample corresponds to the first data stream

2. End of Word (eow): The current data sample corresponds to the last data stream

These signals are forwarded through the time-shared modules in the DFE processing chain.
They are used by the time-shared modules to operate correctly. They are also used when the
time interlaced data streams need to be separated again.

Example Communication: To clarify the interconnection protocol, a communication ex-
ample between two time-shared modules is presented in Figure 6.3. The time-shared operation
is supposed to have N time interlaced data streams. It is seen how the first and last data
samples are associated with a sow and eow signals respectively. The handshake protocol be-
havior is illustrated with the rts and rtr signals, demonstrating the handshake procedure
explained in Table 6.1.

dat

eow

sow

rtr

rts

clk

dat0 dat1 dat2 dat3 dat4 dat5 ... datN

Figure 6.3: Three deployment strategies that place the DFE in different parts of the system
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Figure 6.4: Coarse SRC hardware module

6.2.2 SRC System Architecture

Two cases are possible when implementing an SRC operation in hardware. On one hand, it
is possible to have only one digital clock that drives the SRC system. On the other, it is also
possible to have two or more digital clocks that drive different parts of the SRC system of
different sampling rates. Having multiple clocks helps building efficient systems by reducing
the clock speed when possible, this reduces thereby the energy consumption. In this thesis,
the objective is to evaluate the hardware complexity of the developed SRC modules, therefore
the case of only one digital clock is considered. In Chapter 2, two types of SRC systems were
presented. The first performs up and down sampling directly on the signal, which is used
primarily to implement coarse SRC operations. This is the case of the U-F-D and CIC filter
structures. The second type of system finds the output samples by applying interpolation on
the input ones. This is used primarily to implement fine SRC operations, such in the case of
the Farrow and Newton structures. This section develops the SRC system hardware modules
for both cases, and shows the configuration of the input and output ports of each module.

Coarse SRC Filter: The implementation of coarse SRC consists of only the FIR filter and
the up and/or down-sampling operations. In this case no SRC controller is needed, and only
one hardware module implements the SRC operation. Figure 6.4 illustrates the input and
output ports configuration of a coarse SRC filter. On this figure, four kinds of signals can
be identified: clock, control, configuration and data. The clock signal driving the module is
associated with an asynchronous active low reset. The control ports (rtr,rts,sow,eow) are
used to manage the SRC module connection to the other DFE modules. The configuration
ports (cfg_u,cfg_d) are used to define the SRC factor R = U/D. These signals may be
made constant, or may be made variable if the SRC module is required to implement different
SRC factors. In the latter case, the configuration parameters are provided externally from the
DFE, by a micro-controller for example. The bitwidth of these ports is defined based on the
values that U and D might take. It is supposed that a complex modulation is used, therefore
two data sample streams are required for the in-phase (I) and quadrature (Q) components.
The bitwidth of these ports is defined based on the quantization precision requirements of
the system (see Chapter 5). The bypass port carries any information associated to the data
samples, such as timing or debugging information. The hardware module is responsible for
keeping the bypass information and the data samples synchronized. The bitwidth of this
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Table 6.2: Coarse SRC hardware module ports

Port Bitwidth Description
IN

cfg_u DYN_CFG_U Up-sampling parameter U
cfg_d DYN_CFG_D Down-sampling parameter D
rtr_o 1 bit Ready to receive input
rts_i 1 bit Previous module ready to send its output
sow_i 1 bit Start of word (for time-shared implementations only)
eow_i 1 bit End of word (for time-shared implementations only)
dat_i_i DYN_DAT_I In-phase input data
dat_i_q DYN_DAT_I Quadrature input data
bypass_i DYN_BYPASS Bypassed information associated to the data sample

clk 1 bit System clock
rst_n 1 bit Asynchronous active low reset

OUT
rtr_i 1 bit Next module ready to receive input
rts_o 1 bit Ready to send output
sow_o 1 bit Start of word (for time-shared implementations only)
eow_o 1 bit End of word (for time-shared implementations only)
dat_o_i DYN_DAT_O In-phase output data
dat_o_q DYN_DAT_O Quadrature output data
bypass_o DYN_BYPASS Bypassed information associated to the data sample

port depends on the amount of information to be transferred. Table 6.2 resumes the ports
configuration of the coarse SRC filter module. The internal architecture of the system is
detailed in Section 6.2.4.

Fine SRC Filter: Considering the case of polynomial based filters, such as the Farrow
and Newton structures, the fine SRC filter consists of two modules: the SRC controller, and
the V-FDF filter. The hardware module with both sub-modules is illustrated in Figure 6.5.
The SRC controller as explained in Chapter 2 is responsible for managing the operation of
the V-FDF filter, by handling the input and output samples indexing, and by calculating the
fractional delay. The internal architecture of this module is detailed in Section 6.2.3. The
V-FDF filter is then responsible for interpolating the output value. The internal architecture
of this module is discussed in Section 6.2.4. Most input and output ports of this module are
similar to the ones in the previous case shown in Table 6.2, with only few added ports to this
case. The most important of these added ports are the ones connecting the SRC controller
to the V-FDF filter. The uk port carries the fractional delay value µk calculated by the SRC
controller. The bitwidth of this port is found as explained in Chapter 2 (see Section 2.3.2).
The control signals rts_ack and rts_cmp in parallel to uk are responsible for signaling to the
V-FDF filter if a new input is available and/or if a new output is required respectively. The
added port cfg_inv_u provides the value of 1/U required by the SRC controller for calculation.
This is provided externally in order to eliminate the hardware complexity required to perform
this division. Finally, the port cfg_csh is used in the case the V-FDF is reconfigurable, as in
the case the reconfigurable Newton structures developed in Chapter 4. The bitwidth of this
port depends on the reconfiguration granularity required. The added ports in the case of fine
SRC filter are resumed in Table 6.3.
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Figure 6.5: Fine SRC hardware module

Table 6.3: Fine SRC hardware module specific ports

Port Bitwidth Description
IN

cfg_csh DYN_CFG_CSH Reconfiguration variable (reconfigurable structures only)
cfg_inv_u DYN_CFG_INV_U Precalculated value of 1/U

SRC CONTROLLER
uk DYN_UK Fractional delay value for output k

rts_ack 1 bit New input available signal
rst_cmp 1 bit New output need to be computed

6.2.3 SRC Controller Architecture

An essential part of the fine SRC hardware implementation is the SRC controller module.
When increasing or decreasing the sampling rate, the number of input and output samples
of the SRC filter is different. Therefore many outputs may be required before an input is
available, or vice versa. The V-FDF filter is not capable of controlling the flow of input and
output samples on its own. Therefore the SRC controller is required. This SRC controller
also has the responsibility of updating the value of the fractional delay µk associated to each
output sample. The algorithm that defines how to control the samples flow and how to find
the value of the fractional delay is explained in Chapter 2 (See Section 2.2.2 and Section 2.3.2).
The hardware implementation of this algorithm is done using a finite state machine (FSM).
The state transition diagram of this FSM is shown in Figure 6.6. When reset, the controller
starts at the Idle state. Then based on the aforementioned SRC controller algorithm, the
states are updated as follow:

1. Neutral: This is the neutral interpolation state, where a new input is taken (rts_ack),
the value of uk is recalculated, and a new output is found (rts_cmp). The SRC controller
stays in this state until multiple outputs are required from the same input, or until no
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Figure 6.6: SRC controller state transition diagram

output is required from a new input. The controller then goes to the Interpolation or
Decimation states respectively. For finely-tuned SRC operations with a factor R ≈ 1,
the SRC controller stays primarily in this state the majority of the time.

2. Interpolation: When the sampling rate is increased, certain inputs might be reused to
find at least two outputs. This is because the output sampling period is smaller than the
input one. The interpolation state finds the new value of uk, and signals to the V-FDF
filter that an output is required (rts_cmp), while no new input is available (rts_ack).
The SRC controller stays in the Interpolation state until a new input is available.

3. Decimation: When the sampling rate is reduced, the output sampling period is larger
than the input one. This means that not every time a new input is available there will
be a required output. In this state, the SRC controller signals to the V-FDF filter than
an input is available (rts_ack) but that no new output is required (rts_cmp). The
value of uk is ignored in this state.

4. Timeshare: This state is only used by the SRC controller of time-shared implementa-
tions. In this case, the SRC controller goes to the Timeshare state every time the sow
signal is high. In this state, the same control signals (rts_ack,rts_cmp) and the value
of (uk) are held until the eow signal is high, meaning that all time-shared channels has
been processed. Then the SRC controller progresses to the next state defined before
going to the Timeshare state.
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6.2.4 SRC Filter Architecture

Different implementation strategies were presented in Section 6.1.2, and it was shown how each
strategy favors the improvement of certain hardware constraints. For the implementation of
the coarse SRC module or the V-FDF filter, the different implementation strategies might be
interesting depending on the application. This section studies these different implementation
strategies through concrete examples on certain SRC filter structures. Implementing the
rest of the SRC filter structures using these implementation strategies is based on the same
approach presented in the these examples. The pipeline strategy is first used, followed by the
ALU-based strategy, which is finally combined with time-shared capacities.

Pipeline architecture: The pipeline architecture aims to maximally reduce the critical
path in order to maximize the operation speed. This is done by breaking the filter struc-
ture into stages containing only one arithmetic operation each. First each signal on the filter
structure is assigned an identifier as shown in Figure 6.7 for the Newton structure of order
3. Then starting from the input port, each arithmetic operation is assigned to a state, while
the signals that might be later used are buffered using registers. For the Newton structure
of order 3, the pipeline implementation architecture is shown in Figure 6.8. The registers in
the first three stages are enabled by the stage_ack signal that is driven by the rts_ack port.
The rts_cmp on the other side controls if a new output is calculated or not. It should be also
noted that stage 4 consists of only delay elements, and this is due to hardware limitations.
For FPGA implementations, the multiplication operations are performed on DSP slices next
to the FPGA fabric. Having two consecutive multiplication operations will results limit the
circuit’s operation frequency, due to the long routed signals required to connect two multi-
pliers resources. Hence a delay stage is introduced between two consecutive multiplication
operations. The quantization parameters shown in parentheses describe the number of bits
that should be added to the integer and fractional quantization parts of an input quantized
on s2.16 bits, in order to have a degradation of SSNR lower than 0.1 dB (refer to Chapter 5
for more details on quantization). The truncated outputs of the multipliers are rounded to
the nearest value to avoid adding a DC offset.
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Figure 6.10: Newton structure of order 5 implemented in ALU-based architecture

ALU-based architecture: The objective of this architecture is to implement the whole
structure using only one adder and one multiplier. This two arithmetic operators are what
form the arithmetic logic unit (ALU) as shown in Figure 6.9. The ALU controller has the role
of using the ALU to find the output dat_o. The calculation is done over a certain number
of cycles, where for each cycle, the controller updates the ALU inputs and reads the ALU
outputs. In parallel, any value that will be used lated is stored in a memory array. To develop
the ALU-based architecture, the Newton structure implementing Lagrange interpolation of
order 5 is considered. The flat structure and the signal identifier are illustrated in Figure 6.10.
In this case, 18 cycles and 11 memory registers are needed to find the output. The scheduling
of these cycles is developed in Table 6.4, that shows how the inputs and output of the ALU
are managed, and how the memory is updated. Since the Newton structure is modular, it is
possible to bypass certain stages to implement the Lagrange interpolation of a lower order.
For example, the interpolation of order 3 can be implemented by jumping to cycle 11 after
the cycle 03.

Supposing that the ALU inputs are quantized one W bits, the adder and multiplier out-
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Table 6.4: Scheduling of the ALU-based implementation

Cycle a1 a2 m1 m2 memory Notes

C00 dat_i -b0reg
mu = uk

b0hld = input
Start when

rts_i = 1 and rtr_o = 1

C01 ao -b1reg
b1hld = ao

b0reg = b0hld
Update bXreg only
when rts_ack = 1

C02 ao/2 -b2reg
b2hld = ao/2
b1reg = b1hld

C03 ao 1/3 b2reg = b2hld
Bypass to cycle 11

for order 3
C04 mo -b3reg b3hld = mo

C05 ao/4 -b4reg
b4hld = ao/4
b3reg = b3hld

C06 mu +1 ao 1/5 b4reg = b4hld
C07 mo ao
C08 mo b4hld
C09 mu -1 ao mu
C10 mo b3hld mu = ao
C11 mu -1 ao mu
C12 mo b2hld mu = ao
C13 mu -1 ao mu
C14 mo b1hld mu = ao
C15 ao mu
C16 mo b0hld

C17 dat_o = ao
Wait while

rts_o = 1 and rtr_i = 0

puts are then quantized on W+1 and 2W bits respectively. The precision performance of the
ALU-based structure is then defined by the input quantization, since all the signals share the
same bitwidth. In this case, the fixed point position is defined by the integer part quanti-
zation, where any added bits to the integer part are removed from the fractional part. This
is illustrated in Figure 6.10 for each signal, with the numbers between parentheses (x,-x) ex-
pressing the number of bits added to the integer part and removed from the fractional part.
Then for a given precision constraint the largest bitwidth is used for selecting the bitwidth
W. In the case of the Newton structure of order 5 quantization developed in Chapter 5, it is
the signal b3sum that represents the worst case, with 3 and 6 bits to be added for the integer
and fractional parts respectively. Then W is 9 bits larger than the input dat_i quantization.

Time-Shared Architecture: In gateway implementations, multiple channels are processed
simultaneously, and the same SRC operation needs to be applied to all these channels. In
this case, time-shared architectures are an efficient implementation when the digital clock
speed of the system allows it. It is possible to time-share both the pipeline and ALU-based
architectures. The pipeline architecture requires a significant amount of memory resources to
keep the context for the different channels, since the filter structure is broken into many stages.
Time-sharing the ALU-based architecture is more interesting for low-cost implementations.
However this is only practical when the sampling rate is much lower than the digital clock
rate. This is due to the ALU-based requiring many cycles to calculate the output, and then
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Figure 6.11: Time-shared ALU-based implementation architecture

time-sharing this architecture will apply each ALU controller cycle to the different channels.
Nevertheless, this is still practical to implement the SRC operations at the end of many
receiver DFE processing chains, after the channels have been separated and their sampling
rate reduced. An example of a time-shared CIC filter configuration is presented in [Alt07b].

To integrate the time-shared processing into the ALU-based structure shown in Fig-
ure 6.9, only the ALU controller needs to be modified. First, the time-sharing control signals
(sow,eow) are introduced, and then they are used by the controller to identify the channel of
each data sample. For each channel, a dedicated memory array is used to save the context of
the registers. Only the memory elements storing the fractional delay value is shared between
the channels, since the same SRC operation is applied to all the channels, and therefore the
same fractional delay is used. The time-shared adaptation of the ALU controller is illustrated
in Figure 6.11.

6.3 Implementation Results

Having developed the implementation architectures in Section 6.2, this section investigates
the practical complexity by implementing the architecture in hardware. This section considers
both ASIC and FPGA targets. Section 6.3.1 presents the implemented architectures and the
used hardware technologies. Then the implementation on ASIC is developed and the results
are shown in Section 6.3.2. Section 6.3.3 develops the implementation and results for FPGA
target. Finally, Section 6.4 concludes the chapter and reviews the obtained implementation
results.

6.3.1 Implementation Context

This thesis developed new structures to implement finely-tuned SRC. To compare their hard-
ware complexity, the implementation of these structure needs to developed on both ASIC and
FPGA. This section presents the different implemented hardware architectures, and the im-
plementation targets and technologies used to obtain the results in the following sections. The
quantization of these modules is done according to the methodology developed in Chapter 5.
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Implemented SRC Modules: In order to have meaningful hardware complexity mea-
sures of the developed structures in Chapter 4, the classical Farrow, Newton, and CIC filter
structures are implemented and their complexity measures are used for referencing. The Far-
row structure is implemented to compare the possible savings achieved by using the Newton
structure as a replacement arbitrary SRC solution. While the CIC filter structures of different
orders are implemented as they are supposed to be the SRC solution of the lowest complexity
requiring no multipliers. The implemented hardware modules and their designations are listed
below:

1. CIC2: Pipelined classical CIC filter structure order 2 (linear interpolation)

2. CIC4: Pipelined classical CIC filter structure order 4 (Spline interpolation order 3)

3. CIC6: Pipelined classical CIC filter structure order 6 (Spline interpolation order 5)

4. FAR5: Pipelined classical Farrow structure for Lagrange interpolation of order 5

5. NPL3: Pipelined classical Newton structure for Lagrange interpolation of order 3

6. NPL5: Pipelined classical Newton structure for Lagrange interpolation of order 5

7. NPH3: Pipelined modified Newton structure for Hermite interpolation of order 3

8. NPH5: Pipelined modified Newton structure for Hermite interpolation of order 5

9. NPRH: Pipelined reconfigurable Newton structure capable of implementing both Lagrange
and Hermite interpolation of order 3, and any frequency response in between the two

10. NPRS: Pipelined reconfigurable Newton structure capable of implementing both Lagrange
and Spline interpolation of order 3, and any frequency response in between the two

11. NAL3: ALU-based classical Newton structure for Lagrange interpolation of order 3

12. NAL5: ALU-based classical Newton tructure for Lagrange interpolation of order 5

13. NTL3: Time-shared ALU-based classical Newton structure of order 3

14. NTL5: Time-shared ALU-based classical Newton structure of order 5

All modules are implemented with an input and output fixed-point quantization on 18
bits. In the case of the Farrow and Newton modules, the SRC factor precision is quantized
on 18 bits as well, while the fractional delay is quantized on 6 bits. The internal signals
of the ALU-based structures of order 3 and 5 are quantized on 22 and 24 bits respectively.
The variable parameter of the reconfigurable structures is quantized on 4 bits. Finally, the
time-shared architectures implemented support a maximum of 16 channels.

Implementation targets: FPGAs are often used during the first steps of hardware design
for prototyping, development, and testing. Once the final product is ready, and when mass
production is needed, the implementation is then usually done on ASIC targets. In this work,
the hardware implementation of the above mentioned SRC modules is done on both ASIC and
FPGA targets. The ASIC implementation uses the X-FAB XH018 process [XFA17], which is
a mixed signal high voltage ASIC technology. Mixed signal means that the implementation
contains both analog and digital circuitry. This might be interesting when implementing both
the analog and digital front-ends on the same electronic chip. The implementation of digital
circuits using the XH018 process is done using a 180 nm technology, using a core voltage
of 1.8 volts. The FPGA implementation on the other side is done using Xilinx Virtex-6
XC6VLX365T FPGA [Xil15]. The Virtex series is the flagship family of FPGAs developed
by Xilinx. The used FPGA is fabricated using a 60 nm technology, with a core voltage of 1.0
volts.
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6.3.2 ASIC Implementation

This section develops the hardware implementation on an ASIC target using the X-FAB
XH018 process. The design flow for developing ASIC implementations is first presented
and then the internal ASIC architecture is quickly discussed. Finally the implementation
results are presented and studied, then the complexity of the newly proposed modified Newton
structures are compared with the classical SRC solutions.

ASIC Design Flow: Similarly to software development, the design flow of a hardware
module consists of two main tasks: the design itself and the verification process. The design
flow of an ASIC implementation is separated into two major parts. First, the frontend design
consists of developing the architecture of the hardware module at the logic gate-level, with
the possible introduction of some requirements related to the ASIC die layout. Then the
backend design takes the gate-level architecture and implements it as an integrated circuit
that is fabricated on a silicon wafer. The different steps of each design part are illustrated in
Figure 6.12, and are briefly presented below.
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Figure 6.12: ASIC design flow

The design flow has 6 tasks alongside
multiple verification steps. In this thesis, the
Cadence ASIC design tools were used to de-
velop the ASIC implementation:

1. Functional Specification: The first step
in any design is to define the function
of the hardware module, which in this
case is sample rate conversion, either
coarse or fine, using the CIC, Farrow,
or the Newton structures.

2. HDL Description: The second step is
to develop the register transfer level
(RTL) description of the hardware
module using a hardware description
language (HDL). In this step, the de-
cision needs to be made as to which
one of the implementation strategies
presented in the last section should
be used. Also during this task, de-
sign for testability (DFT) is integrated
into the design, which consists of intro-
ducing features to verify the hardware
during and after manufacturing. Once
this task is done, behavioral simula-
tions are run to validate that the devel-
oped HDL description corresponds to
the functional specification. The Ca-
dence NCLaunch tool is used to syn-
thesize and verify the HDL description.

3. Logic Synthesis: This task consists of
developing the gate-level architecture
of the hardware module using the pro-
vided HDL description. The Cadence
RTL Compiler superseded by Genus Synthesis are the tools used to perform this task.
These tools take an input the HDL description, and the ASIC process library (in this
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Figure 6.13: Die surface of different X-FAB XH018 logic gates

case the X-FAB XH018) that contains the available logic gates. Following this task, two
verification processes are usually done. First, a static timing analysis is performed to
ensure that it is still possible to respect the timing constraints using the gate-level archi-
tecture found. And second, an equivalency check is needed to verify that the hardware
module functioning was not altered through the synthesis process.

4. Floorplanning: This task is usually the border between the frontend and backend design
sections, and the rest of the tasks are usually performed at the foundry that will fabricate
the integrated circuits. Floorplanning consists of defining the main layout elements the
die, such as the positioning of the input and output ports, the placement of the power
distribution network, the partitioning of the die as multiple sub-modules, and any other
layout requirements.

5. Place & Route: This task is responsible for the main tasks of defining the layout of the
implemented ASIC circuit. This step consists of placing the logic gates and connecting
them together and to the power source. The result of this step is the different masks
that will be used in fabrication. Many verification steps are required after this task
before launching the fabrication process. Static timing analysis and equivalency checking
are re-run to verify that the timing constraints and the functional specification are
always respected respectively. Timing simulations are also needed that consider in more
details the properties of the electronic components and their delays, to verify the correct
functioning of the implemented hardware. Finally, the nonlinear distortions generated
by the electronic components known as the 2nd and 3rd order effects are studied to
ensure they do not break the hardware operation. Many other verification steps may
also be done to ensure the hardware is ready to be sent to manufacturing.

6. Chip fabrication: Once all verifications are passed, the ASIC circuits are fabricated, and
then validated using the DFT features introduced during the HDL description task.

ASIC Complexity: To compare the complexity of the different implementations, a mea-
surement unit is needed. When logic synthesis is run, the implementation is defined using a
combination of different gates. These gates are provided by the library of the ASIC process
used, and they vary widely in complexity, starting from basic logic gates, up to complicated
functions and registers. Three different gates from the X-FAB XH018 process are illustrated
in Figure 6.13. A simple one input NOT gate consisting of two transistors is implemented
on a surface of 6 µm2, while a two-input gate NAND gate consisting of four transistors is
implemented on a 9 µm2 surface. However, other gates in the library may be much more
complex. An example is a D flip-flop with set, reset, and scan signals, which form one gate
that is implemented using numerous transistors on a surface of 110 µm2. Then it is clear that
the number of gates in general is not an accurate complexity measure of an ASIC implemen-
tation. In literature, a common practice is to measure the complexity using the surface of the
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Table 6.5: ASIC implementation results using the X-FAB XH018 technology

Module
Gates
Count

2-NAND
Equivalent

Complexity
%

Surface
(um2)

Power
(mW)

180 MHz
Timing

NPL3 10702 30 k 37% 590x590 130 X

NPL5 19824 58 k 72% 800x800 251 X

NPH3 10903 28 k 35% 540x540 134 X

NPH5 14803 41 k 50% 660x660 187 X

NPRH 14744 40 k 49% 650x650 186 X

NPRS 12858 34 k 42% 600x600 167 X

NAL3 09158 20 k 25% 460x460 186 - 184ps
NAL5 11617 26 k 32% 520x520 255 - 491ps
NTL3 08750 18 k 23% 440x440 171 - 190ps
NTL5 10960 23 k 28% 490x490 235 - 351ps
CIC2 04639 12 k 15% 360x360 053 X

CIC4 06493 19 k 23% 450x450 082 X

CIC6 08299 25 k 30% 510x510 113 X

FAR5 27328 81 k 100% 950x950 362 X

2 input NAND gate as a unit of measurement, and thereby the complexity is expressed as the
equivalent number of NAND gates. The implementation results presented next compare the
complexity of the different architectures using this measure.

Implementation Results: The implementation follows the ASIC design flow presented in
Figure 6.12 up to the place and route task. The main objective is to obtain complexity and
power consumption measures of the implementations. The different obtained ASIC imple-
mentation results are resumed in Table 6.5. First is the total gate count reported after the
logic synthesis task, which includes the different type of gates available in the X-FAB XH018
process library used to implement the hardware module. This count is then rounded to the
one thousand nearest equivalent 2 input NAND gates count, which gives a meaningful mea-
sure to compare the complexity of the different implementations. The surface measure shows
how much surface in required on the ASIC die to implement the hardware module. This mea-
sure is obtained after the place and route task, and takes into consideration the extra surface
required for routing the internal and external signals. The power consumption estimation is
obtained after the logic synthesis step, for an operating frequency of 180 MHz, a signal toggle
rate of 20 MHz, and a core voltage of 1.8 V. More accurate power consumption figures can
be obtained by simulating the implemented electronic circuit after the place and route task,
however this is beyond the interest of this work, and the estimation obtained are sufficient.
Finally, Table 6.5 shows which implementations managed to respect the timing constraints
corresponding to a 180 MHz operating frequency. The slack of the implementations that did
not manage to respect the constraints is shown in picoseconds.

The hardware complexity and power consumption results are illustrated in Figure 6.14 for
a visual comparison, with the x-axis sorted by complexity order. The following conclusions
and remarks can be drawn from this comparison:

1. The Newton structure offers a better option to implement Lagrange interpolation for
fine-tuned SRC. It is seen that a pipeline Newton implementation of order 5 is equivalent
to the Farrow implementation while requiring only 72% of the resources. In addition,
when it is possible to use the ALU-based architecture, the same operation can be im-
plemented with 35% of the resources.
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Figure 6.14: ASIC implementation results using the X-FAB XH018 technology

2. It should be noted that a counter intuitive result is the lower complexity and consump-
tion of the time-shared structures compared to their simple ALU-based counterparts,
even though added memory resources are required in the former case. This is most prob-
ably due to a better optimization by the logic synthesizer that exploits the modification
introduced to the time-shared version of the ALU-based architecture.

3. The different implementation options based on the Newton structure offer a wide variety
of implementation options for fine-tuned SRC, with a very low complexity comparable
to that of coarse SRC implemented using the CIC filters.

4. The relation between hardware complexity and power consumption depends primarily on
the implementation strategy used. It can be seen that all the architectures implemented
using the pipeline approach have proportional complexity and power consumption levels.
However when looking at the ALU-based implementation, even though their hardware
complexity is much lower than the pipeline implementations, their power consumption
is much higher due to the included memory resources.

5. The maximum operation frequency obtained with the different implementations validate
the discussion about the implementation strategies in Section 6.1.2. The pipeline archi-
tectures manage to respect the 180 MHz timing constraint, contrary to the ALU-based
structure that have longer critical paths limiting their maximum operating frequency.

6.3.3 FPGA Implementation

This section develops the implementation on the Xilinx Virtex-6 FPGA. First, the FPGA
design flow used to develop the implementations is presented, and its differences compared
to the ASIC design flow are discussed. Second, the FPGA architecture is studied in order
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to develop a complexity measure for the implementations. Finally, using these measures, the
implementation results obtained are presented and analyzed.

FPGA Design Flow: Compared to the ASIC design flow, designing an FPGA implemen-
tation is far less complicated. An FPGA is basically an ASIC implementation of a group
of reusable and re-programmable logic resources. Then the design of an FPGA consists of
programming these logic resources accordingly to implement a desired function. The design
flow is illustrated in Figure 6.15, where it is seen that it consists of the same tasks performed
in the ASIC design flow, however the underlying role of the tasks is different, except for the
first two tasks (function specification and HDL description) which are the same in both cases.
The simplicity of the FPGA design flow explains why FPGAs are usually used for prototyping
hardware implementations, due to their reduced complexity resulting in a faster design time.

Design Verification

Functional
Specification

HDL
Description

Behavioral
Simulation

Logic
Synthesis

Equivalency
Checking

Place & Route
Static Timing
Analysis

Timing
Simulation

Program FPGA In circuit

Figure 6.15: FPGA design flow

The FPGA design flow tasks differ from the pre-
viously presented tasks in Section 6.3.2 as fol-
low:

1. Logic Synthesis: This task has the role of
translating the HDL description into a set
of logic and arithmetic operations to be
implemented using the FPGA resources.
In this case it is the library provided by
the FPGA manufacturer that is used to
develop the gate-level implementation of
the hardware module. However the gates
in FPGA consist mainly of look-up tables
(LUT) that are used to implement differ-
ent logic functions as explained later be-
low. At the end of this task, equivalency
checking may be run to verify the correct
synthesis.

2. Place & Route: As its name implies, this
task has the role of placing the logic func-
tions using the FPGA resources and rout-
ing the signals between them. However
an important difference compared to the
ASIC design flow is the lack of a floor-
planning task. This is since the FPGA
is already implemented and the logic re-
sources are placed. However in modern FPGA design softwares there is what is called a
floorplanning tool which is used to partition the FPGA resources. However this remains
different from an actual floorplanning task responsible for defining the foundation of an
electronic circuit. The feature provided by the floorplanning tool is better considered
as part of the place & route task. Another difference with the ASIC design flow is
that fewer verification tasks are needed. This is because the FPGA logic resources have
already been verified and tested by the manufacturer, and the appropriate design tools
and features are already provided.

3. Program FPGA: The FPGA design is concluded by programming the designed config-
uration into the FPGA, and then in-circuit testing may be performed.

FPGA Complexity: Measuring the complexity of an FPGA implementation is much more
complicated than measuring the complexity on ASIC. This is due to the way an FPGA imple-
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Figure 6.16: Simplified presentation of the Virtex-6 FPGA architecture

mentation is developed. Contrary to ASIC, where a number of different logic gates are avail-
able, an FPGA consists of a regular matrix of the same logic units as shown in Figure 6.16.
These units are called configurable logic blocks (CLB) in Xilinx FPGA architectures [Xil12],
and are inter-connected using the FPGA switching matrix. The CLB has a fixed architec-
ture that contains two slices. Each slice has a carry in (Cin) and a carry out (Cout) pins,
that are directly connected to other slices in adjacent CLB units without passing through
the switching network. Each one of the slices has four 6-input look-up tables and 8 flip-flop
(FF) registers, that are connected though a network of multiplexers. The illustrated architec-
ture in Figure 6.16 is simplified and does not show other FPGA resources such as integrated
multipliers and embedded block random access memory (BRAM). In this development, the
implementation is limited to use only CLB units in order to get a simple complexity compar-
ison measure. The implementation results obtained report the number of LUT gates and FF
registers used, from which the equivalent count of CLB is deduced to quantify the complexity
as done below.

Implementation Results: Using the FPGA design flow shown in Figure 6.15, the differ-
ent architectures are implemented and the obtained results are resumed in Table 6.6. For
each architecture, the number of used LUT gates and FF registers is shown, alongside the
equivalent number of CLB units required. The latter provides a measure to compare the
different implementations complexity. The power consumption only considers the dynamic
power draw, and is found using the Xilinx Xpower Analyzer tool. For this estimation, the
operating frequency is supposed to be 160 MHz, the signal toggle rate is 20 MHz, and the
core voltage is 1.0 V. The design of the different implementations was performed with a tim-
ing constraint corresponding to an operating frequency of 160 MHz. The last column shows
which architectures respected this constraints, and the violation for the ones that did not
is shown in picoseconds. The complexity and power consumptions results are illustrated in
Figure 6.17 for a visual comparison. The x-axis is sorted by thh decreasing order of the ASIC
implementations complexity. From these obtained results, the following conclusions can be
drawn:

1. The implementation complexity on FPGA is not of the same order as on ASIC. This is
clearly seen in the case of ALU-based structures and the CIC filters, that have a much
higher complexity relatively to the Farrow structure when compared with the results
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Figure 6.17: FPGA implementation results using the Xilinx Virtex-6

Table 6.6: FPGA implementation results using the Xilinx Virtex-6

Module
REG

Count
LUT

Count
Equivalent
CLB Count

CLB %
Power
(mW)

160 MHz
Timing

NPL3 1852 2791 349 46% 083 X

NPL5 3744 4789 599 78% 118 X

NPH3 1579 2829 354 46% 077 X

NPH5 2623 3453 432 56% 088 X

NPRH 2103 2983 373 49% 090 X

NPRS 1954 2800 350 46% 097 X

NAL3 0681 2527 316 41% 057 -605ps
NAL5 0965 3066 383 50% 068 -987ps
NTL3 0656 2640 330 43% 082 -401ps
NTL5 0790 3263 408 53% 092 -725ps
CIC2 1989 1939 242 32% 055 X

CIC4 3081 2607 326 43% 076 X

CIC6 4173 3275 409 53% 098 X

FAR5 5545 6128 766 100% 106 X
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obtained on ASIC. This is mainly due to the fact that the FPGA implementations are
based on LUT gates, which greatly limit the efficiency and the optimization possibilities
of the implementation.

2. The power consumption on FPGA is not correlated with the number of resources used.
This is caused by the different routing of each implementation, which may be more
complex for implementations using less resources. Another source of increased power
consumption are memory elements implemented in the CLB, where a clear increase in
consumption is seen in the case of the time-shared architectures.

3. Albeit the limited optimization of FPGA implementations, the fine-tuned SRC solutions
based on the Newton structure sill offer an advantageous solution with a complexity level
close to that of the CIC filters.

6.4 Conclusion

This chapter developed the hardware implementation aspects of the DFE, with the main fo-
cus on the newly developed SRC solutions developed in Chapter 4. The quantization method
developed in Chapter 5 was used to quantize the signals in the implemented structures. Differ-
ent deployment contexts impose a variety of constraints on the hardware implementation. To
respect these constraints, a number of implementation strategies were presented, such as the
pipeline strategy for high operating speed constraints, the ALU-based strategy for low com-
plexity constraints, or the time-shared strategy for multi-channel low-cost implementations.
These strategies were then applied to build the implementation of a number of SRC filters
on both ASIC and FPGA. The detailed RTL architectures were developed and a complete
definition of the hardware configuration was provided. For both hardware targets, ASIC &
FPGA, the results validated the advantages of the different implementation strategies. Most
importantly, the results demonstrated how the developed SRC filters in this thesis provide a
range of fine-tuned SRC solutions with a low complexity level, approaching that of the simple
CIC filters.
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Conclusion and Perspectives

General Conclusion

This thesis proposes a generic digital front-end (DFE) architecture for multi-standard internet
of things (IoT) modems. Optimizations are proposed for the sample rate conversion (SRC)
function, both at the DFE core level, and at the quantization level for an efficient hardware
implementation. The developments done in this work offer more flexible SRC solutions with
an improved efficiency, improving thereby the multi-standard IoT modem’s flexibility and
efficiency.

The DFE role in the multi-standard modem is presented in Chapter 1, showing the DFE
importance in the efficient deployment of the IoT network. Next, the different core and
enhancement DFE functions is presented, and then used to propose a generic DFE architecture
for both transmission and reception. This generic architecture shows how the SRC functions,
which are used at multiple positions, are the heart of the DFE, and that their optimization
is crucial for an efficient DFE implementation.

The unified vision presentation developed in Chapter 2 derives the main five finite impulse
response (FIR) based SRC filters from a common starting point, showing the relations between
them. The different structures offer both coarse and fine SRC solutions, either favoring high
performance filtering on the one hand, or low-cost implementation on the other hand. The
developed presentation also provides a guide that helps building any SRC operation of any
factor, taking into account practical implementation aspects, and completing the theoretical
derivation to help in efficiently implementing the filters in hardware.

Before addressing the generalization of the Newton structure, Chapter 3 develops the
direct relation between Lagrange interpolation and the Newton backward difference formula
(NBDF), that is then used to demonstrate the convergence of the Newton structure transfer
function.

Developing the closed form expressions of the Newton structure generalization in Chap-
ter 4, allows the design of multiple new SRC structures. First, the modified Newton structure
implementing Hermite interpolation offers improved filtering performance with a reduced
implementation complexity. Second, the proposed reconfigurable Newton structures offer a
flexible filter response that can be adapted to the signal processed in order to optimize the
filtering performance. Finally, filter optimization techniques enable achieving similar filtering
performance relatively to the optimization of the classical Farrow structure, while using a
modified Newton structure of substantially lower complexity.

The quantization method of Chapter 5 provides a simple solution for the quantization of
digital circuits, able of guaranteeing a given precision constraint, while providing the optimal
quantization parameters. The provided example shows the advantage of this method for the
quantization of different types of DFE modules.

To efficiently implement the DFE in hardware, Chapter 6 studies the implementation
constraints and the strategies used to develop hardware architectures. This study shows
the importance of using the appropriate implementation strategy depending on the applica-
tion requirements. Different SRC filters are implemented using different strategies, and the
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comparison of their complexity and power consumption explains the advantages of each ar-
chitecture. An important result of this work is the implementation of fine SRC at a similar
cost of the very simple cascaded-integrator-comb (CIC) filters for coarse SRC, which was
inconceivable before this work started.

Perspectives

The studies and developments done in this thesis inspire multiple future research subjects.
The most promising topics are presented below.

Sample Rate Conversion Performance Measures: Comparing the performance of SRC
filters is a complex task due to the nature of SRC. This is due to the aliasing and image creation
effects of manipulating the sampling frequency, which is different for each SRC factor. This
results in aliases of the signal falling back in the baseband when rational SRC factors are
used. The first point to study is the effect of the aliasing component position on the signal
quality, depending if it is close or far from its original position. Then an objective measure
needs to be developed that would be universal to all SRC filters for the comparison of the
performance of the different solutions. This measure should be adjustable to any SRC factor
or filter parameters that might be used. Finally, if the modulation scheme is known, it would
also be interesting to go further by developing the relation between this measure and the error
vector magnitude (EVM) resulting from the signal degradation caused by the SRC operation.
To develop these objective measures, the impulse response of the filter in question should be
well defined. In the case of the Newton structure, the extension of the convergence proof
from the frequency to the time domain would help in easier manipulation of the analytical
expressions of the filter response, which is required to develop these performance measures.

Reconfigurable and Flexible Filter Banks: The filter bank is the next DFE function
to study after the SRC, which is responsible for extracting the useful band from a wideband
signal. In the multi-standard modem, the captured wideband contains many signals of dif-
ferent bands and carrier frequencies, that will be time variant in most cases. This presents
many challenges for the filter bank function that is required to be very flexible. Future re-
search should investigate efficient structure for filter banks that allow having flexible and
reconfigurable bands, in terms of both bandwidth and carrier frequency. Finally, SRC is usu-
ally required at the filter bank output, and the developments in this thesis will be helpful to
efficiently integrate the SRC operation in the filter bank structure.

Further Development of the Quantization Method: The developed optimal quanti-
zation methods require the manual derivation of the error expression that is then used by the
optimization algorithm. However, this step can be automatized by developing the appropri-
ate software program that takes a description of the filter structure as input, and then finds
automatically the quantization error expression. Attention should be given to maintain this
method’s simplicity by providing simple tools to describe the filter structure. This automation
can then be extended to a cascade of modules, and eventually the totality of the DFE or any
other signal processing system. Another aspect that needs to be developed in more details
is the application of the optimal quantization method to recursive filter structures with an
infinite impulse response. The objective would be to identify the resulting challenges and
problems, and to propose subsequently the corresponding solutions and modifications of the
method.

Optimization of Other DFE Functions: Many optimization possibilities still exist for
the DFE in the multi-standard modem, with the main focus being the development of generic
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structures that can be used with the largest number, and ideally all, communication tech-
nologies. Two DFE functions have a particular priority over the rest of the functions. The
first is the automatic gain control, that is often implemented on a case by case basis. The
appropriate generic theoretical definition of this function would be very useful to design a
generic implementation that can be easily adapted to different signal types and wave forms.
The second function is detection that is responsible of recognizing an active transmission in
the signal stream. Optimizations of this function are possible regarding signals of constant
envelope, that are becoming increasingly more common in the IoT field. Finally, when looking
at the DFE from a higher level, each function should also be studied from an implementation
mutuality point of view, which concerns the possibility to process multiple signals of different
technologies using the same implemented modules.
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Appendix A

Duality and Transposition

Chapter 2 presented the anti-imaging filters which are destined to removing images caused
by up-sampling, and are preferred for interpolation SRC applications of a factor R > 1.
The counterparts of these filters are the anti-aliasing filters, that are designed to protect
the baseband from aliasing caused by down-sampling, and are practically preferred for SRC
applications of a factor R < 1. Anti-imaging filtering is achieved by positioning the filter
zeros on multiples of Fin. Analogously the anti-aliasing filtering is achieved by having the
zeros on multiples of Fout, which are the components that will alias back to f = 0 Hz after
down-sampling.

A.1 Definition

Many functions in digital signal processing possess the duality property. A dual system
is defined as one that performs an operation complementary to that of an original system
[Cro83]. Some examples of dual function are: Modulation and Demodulation, Digital Up
Conversion (DUC) and Digital Down Conversion (DDC), Up-sampling and Down-sampling.
This is also the case for the anti-imaging filtering that is the dual of anti-aliasing filtering.
The transposition theorems were developed in [Cla78], and are also presented in section 5
of chapter 3 in [Cro83]. Simply stated, a structure can be obtained from its dual through
transposition, consisting of three steps:

1. Reversing the direction of all signal flow branches

2. Replacing the nodes with summations and vice versa

3. Interchanging the input and output ports

The transposition theorem also specifies that a linear time-invariant system response is not
modified by network transposition. However, in the case of time variant systems, such in the
case of up-sampling and down-sampling functions, the result of network transposition is the
dual of the original system. The duality property of SRC functions is shown in Figure A.1,
where the effects of network transposition are illustrated. First, the input and the output
are exchanged which is equivalent to exchanging the sampling frequencies Fin and Fout. The
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Figure A.1: Duality Property Between Interpolation and Decimation
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Figure A.2: Polyphase Decimation Structure with D > U

FIR filter keeps the same response since it is an LTI system. Therefore the FIR filter after
transposition plays the role of an anti-aliasing filter in place of anti-imaging, where instead
of having the role of maximally rejecting the images found at multiples of Fin, the new role
is to maximally reject the frequency components at multiples of Fout that risk to alias on the
passband components after down-sampling. Finally, the most notable effect of transposition
is the SRC factor inversion. Therefore, it is possible to design an anti-aliasing filter for an
SRC operation of factor R by using the anti-imaging solutions developed in Chapter 2 through
two steps:

1. Develop the anti-aliasing filter for SRC of factor R′ = 1/R

2. Perform transposition on the AI filter structure

A.2 Transposed SRC Filters

This section presents the transposed versions of the anti-imaging SRC filters presented in
Chapter 2, which are the U-F-D, polyphase, Farrow, CIC, and Newton structures. The SRC
controller is part of the SRC filter, and its transposition is also developed.

U-F-D and Polyphase Decimation Structures: The U-F-D transposed structure can
be simply found through direct application of the transposition theorem, resulting in the
decimation U-F-D structure presented in Figure A.1. In the case of the anti-imaging polyphase
structure, the multiplexer presented in Figure 2.6-b has the role of a commutator that scrolls
through the filters Hi(z) with a step equal to the down-sampling factor D. Applying the
transposition theorem on this structure will result in the decimation polyphase structure
shown in Figure A.2. The multiplexer that selects one in D outputs from U FIR filters is
transposed into a commutator that feeds an up-sampled signal by U to D FIR filters. The
filters are not modified by the transposition being linear time-invariant systems. And finally
the distribution node to the different filters transposes to a summation node.

Transposed Farrow Structure: The Farrow structure shown in Figure 2.8 has a function
not explicitly illustrated, that is the interface between the sampling frequency domains Fin
and Fout. This interface is found at the output of the different FIR filters. This function is
known as the hold and sample H&S, and it needed in the case of interpolation, where multiple
outputs may be required using the same inputs [Leh09]. Therefore the H&S block can be seen
as the block holding the same value that is used for multiple calculations. The H&S function
possesses a transpose which is the integrate and dump I&D [Hun08]. In decimation there
are more inputs than outputs, however all of the inputs can be used to improve the filtering
performance. This intuitively justifies the role of the I&D blocks, that is to accumulate the
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inputs until a new output is required. Applying the transposition theorem on the Farrow
structure results in the transposed structure illustrated in Figure A.3. The input and output
are exchanged, as well as the nodes and summations. The H&S functions are replaced by
their transposed I&D blocks. The fractional delay µ(im) is now referenced with respect to
the input index m, while the I&D blocks are controlled following the output index k. The
evolution of these parameters is now managed by the decimation SRC controller, which is the
transposed version of the controller presented in Chapter 2.

SRC Controller: The transposed SRC filters evaluate the input and output indexes dif-
ferently that their dual counterparts. This is because the transposed filters are normalized
with respect to the output sampling frequency instead of the input one. Algorithm 2 pro-
vided below describes the implementation of the decimation SRC filter controller that is used
with the transposed SRC filters. Triggering the I&D means that the value accumulated is
forwarded to the output.

Algorithm 2 Algorithm of the decimation SRC controller
Input: U, D
Output: k, im, m
1: k = 0 , im = 0 , m = 0
2: while True do
3: im = im − U
4: while im < U do
5: k + + {Calculate output k and insert in FIFOy}
6: im = im +D
7: Trigger and Reset I&D
8: end while
9: m+ + {Get next input from FIFOx}

10: Accumulate new input in I&D
11: end while
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CIC Decimation Filter: The case of the CIC filters is very straight-forward, where the
transposition will only affect the down-sampling and the up-sampling blocks, resulting in
their dual function. The structure for a decimation SRC operation of a factor R = U/D with
D > U is shown in Figure A.4. In this case, the comb blocks are placed after the decimation
operation, resulting in the zeros being positioned on multiples of Fout.

Newton Decimation Structure: Using the same principals of duality between the H&S
and the I&D blocks presented for the Farrow structure, the Newton decimation structure is
obtained through direct application of the transposition theorem, resulting in the structure
shown in Figure A.5.
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Titre : Conception d’un Front-End Numérique Générique pour l’Internet des Objets 

Mots clés : Front-end numérique, changement de rythme d’échantillonnage, quantification, hardware 

Résumé : Le nombre de technologies et de normes de 
communications sans fil est en augmentation constante 
afin de fournir des solutions de communication à 
distance pour les différents besoins technologiques 
actuels et à venir. Ceci est particulièrement le cas de 
l'Internet des objets (IoT), où déjà de nombreuses 
solutions sont disponibles, et de nombreuses autres 
sont attendues. Pour un déploiement efficace du réseau 
IoT, l'interopérabilité entre les différentes solutions est 
essentielle pour éviter la fragmentation de ce réseau, ce 
qui augmente ses coûts d'installation et d'exploitation et 
complique sa gestion. L'interopérabilité sur le plan 
physique est fournie par des modems multistandards 
prenant en charge le plus grand nombre de normes 
avec un coût de mise en œuvre minimal. Ces modems 
sont possibles grâce au front end numérique (DFE), qui 
offre une interface radio flexible capable de traiter une 
large gamme de signaux. 

Cette thèse développe tout d’abord deux architectures 
génériques de DFE pour la transmission et la 
réception, pouvant être facilement adaptées aux 
différentes normes IoT. Ces architectures mettent en 
évidence le rôle principal du changement de rythme 
(SRC) dans le DFE et l'importance de l'optimisation de 
la mise en œuvre de cette fonction. Cette optimisation 
est ensuite réalisée grâce à une étude approfondie des 
fonctions SRC, et au développement de nouvelles 
structures plus efficaces en termes de complexité de 
mise en œuvre et de consommation, pour des 
performances égales ou supérieures. La dernière partie 
de la thèse concerne l'optimisation de la mise en 
œuvre matérielle du DFE, réalisée par le 
développement d'une méthode de quantification 
optimale qui minimise l'utilisation de ressources 
matérielles tout en garantissant un certain niveau de 
performance. Les résultats obtenus sont enfin mis en 
valeurs en comparant différentes stratégies de mise en 
œuvre sur des cibles FPGA et ASIC. 

 

Title: Design of a Generic Digital Front-End for the Internet of Things 

Keywords: Digital front-end, sample rate conversion, quantization, hardware 

Abstract: The number of wireless communication 
technologies and standards is constantly increasing to 
provide communication solutions for today’s 
technological needs. This is particularly relevant in the 
domain of the Internet of Things (IoT), where many 
standards are available, and many others are expected. 
To efficiently deploy the IoT network, the interoperability 
between the different solutions is critical in order to avoid 
the fragmentation of this network, which increases its 
installation and operation costs, and complicates its 
management. Interoperability on the physical level is 
achieved through multi-standard modems that support 
the largest number of standards with minimal added 
implementation costs. These modems are made 
possible through the digital front-end (DFE), that offers a 
flexible radio front-end able of processing a wide range 
of signal types. 
 

This thesis first develops a generic architecture of both 
transmission and reception DFEs, which can be easily 
adapted to support different IoT standards. These 
architectures highlight the main role of sample rate 
conversion (SRC) in the DFE, and the importance of 
optimizing the SRC implementation. This optimization 
is then achieved through an in-depth study of the SRC 
functions, and the development of new structures of 
improved efficiency in terms of implementation 
complexity and power consumption, while offering 
equivalent or improved performance. The final part of 
the thesis addresses the optimization of the DFE 
hardware implementation, which is achieved through 
developing an optimal quantization method that 
minimizes the use of hardware resources while 
guaranteeing a given performance constraint. The 
obtained results are finally highlighted through 
implementing and comparing different implementation 
strategies on both FPGA and ASIC targets. 

 
 




	Acknowledgments
	Résumé
	Abstract
	Résumé Étendu en Français
	Contents
	List of Figures
	List of Tables
	Introduction
	Digital Front-End for the Internet of Things 
	Internet of Things Network
	What is the Internet of Things
	IoT Networks Types, Standards, and Technologies
	Internet of Things Deployment Challenges

	Multi-standard Internet of Things Modems
	Generic Architecture
	Hardware/Software Partitioning
	Multi-standard LP-WAN Modem Example

	Generic Digital Front-End
	The Main Roles of the Digital Front-End
	Digital Front-End Core: Linear Functions
	Complete Digital Front-End with Enhancement Functions

	Conclusion

	Unified Vision of Sample Rate Conversion FIR Filters
	Sample Rate Conversion
	Sampling Theory Basics
	Sampling Rate Conversion Definition
	Unified Vision of SRC FIR Filters

	U-F-D and Polyphase Filters: Fundamental SRC Solutions
	Filter Structure Derivation
	Practical Implementation

	Farrow Structure: An Efficient Solution for Arbitrary SRC
	Filter Structure Derivation
	Practical Implementation

	CIC Filter: A Multiplier Free Solution for Coarse SRC
	Filter Structure Derivation
	Practical Implementation

	Newton Structure: A Low Cost Solution for Arbitrary SRC
	Newton Structure Derivation
	Farrow to Newton Transformation
	Practical Implementation

	Comparison and Applications
	Characteristics Comparison
	Implementing an SRC Application

	Conclusion

	Theoretical Insights on the Newton Structure
	Equivalence Between Lagrange and Newton Interpolations
	Lagrange Interpolation
	Newton's Forward Difference Formula
	Newton's Backward Difference Formula

	Newton Structure Transfer Function Convergence
	Fractional Delay Definition
	The Newton Structure Transfer Function
	Proof of convergence

	Conclusion

	Generalized and Reconfigurable Newton Structures
	Generalized Newton Structure
	Generalization of the Newton Structure
	Farrow to Newton Transformation
	Vector Form Transformation

	Modified Newton Structure - Hermite Interpolation
	V-FDF Based on Hermite Interpolation
	Proposed Low Complexity Hermite Interpolation Based V-FDF
	Performance and Complexity

	Re-configurable Newton Structure
	Derivation of the Transfer Function
	Complexity Comparison
	Application Examples

	Optimized Newton Structure
	Generalized Newton Structure Frequency Response
	Filter Optimization Application

	Conclusion

	Optimal Fixed-Point Quantization
	Hardware Quantization
	Quantization Fundamentals
	Literature of Quantization Methods

	Optimal Analytical Quantization
	Integer Part Quantization
	Fractional Part Quantization

	Application Example
	CIC Module Quantization
	Newton Module Quantization

	Conclusion

	Hardware Implementation
	Digital Front-End Implementation
	Deployment Environment
	Hardware Implementation

	SRC Implementation Architecture
	Interconnection Protocol
	SRC System Architecture
	SRC Controller Architecture
	SRC Filter Architecture

	Implementation Results
	Implementation Context
	ASIC Implementation
	FPGA Implementation

	Conclusion

	Conclusion and Perspectives
	Appendices
	Duality and Transposition
	Definition
	Transposed SRC Filters

	List of Publications
	Bibliography
	List of Acronyms

