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RÉSUMÉ

▲❛ t❤ès❡ ❡st ❞é❞✐é❡ à ❧✬ét✉❞❡ ❞❡ ❝❡rt❛✐♥❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s à ❝♦❡✣❝✐❡♥ts ❲❡②❧
♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s✳ ❊❧❧❡ ❝♦♥t✐❡♥t ❞❡✉① ♣❛rt✐❡s ❡ss❡♥t✐❡❧❧❡s ✿

▲❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❡st ❝♦♥s❛❝ré❡ à ❞❡s ♣r♦❜❧è♠❡s ❞ét❡r♠✐♥✐st❡s✳ ❖♥ ② ét✉❞✐❡ ❧✬❡①✐s✲
t❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞✬✉♥❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❜♦r♥é❡ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ♣♦✉r ❧✬éq✉❛t✐♦♥
❞✐✛ér❡♥t✐❡❧❧❡ ❧✐♥é❛✐r❡ ❛❜str❛✐t❡

u′(t) = Au(t) + f(t), t ∈ R,

❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ X✱ ♦ù A : D (A) ⊂ X → X ❡st ✉♥ ♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ ✭♥♦♥
❜♦r♥é✮ q✉✐ ❣é♥èr❡ ✉♥ C0✲s❡♠✐✲❣r♦✉♣❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡ ❡t f : R → X ❡st ✉♥❡
❢♦♥❝t✐♦♥ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✳ ❋✐♥❛❧❡♠❡♥t✱ t♦✉❥♦✉rs ❞❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡✱ ♥♦✉s
ét✉❞✐♦♥s ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞✬✉♥❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❜♦r♥é❡ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ♣♦✉r
❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ s❡♠✐✲❧✐♥é❛✐r❡ ❛❜str❛✐t❡

u′(t) = Au(t) + f(t, u(t)), t ∈ R,

♦ù f : R×X −→ X ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❡♥ t ∈ R ✉♥✐❢♦r♠é♠❡♥t ♣❛r
r❛♣♣♦rt ❛✉① ❝♦♠♣❛❝ts ❞❡ X✳

❉❛♥s ❧❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡✱ ♥♦✉s ❣é♥ér❛❧✐s♦♥s ❝❡s ét✉❞❡s ❛✉ ❝❛s st♦❝❤❛st✐q✉❡✳ Pré❝✐sé♠❡♥t✱
♥♦✉s ét✉❞✐♦♥s ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡ s♦❧✉t✐♦♥ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❡♥ ❧♦✐ ♣♦✉r ✉♥❡
❝❧❛ss❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s st♦❝❤❛st✐q✉❡s s❡♠✐✲❧✐♥é❛✐r❡s✱ ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt
sé♣❛r❛❜❧❡✳
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ABSTRACT

❚❤❡ t❤❡s✐s ❞❡❛❧s ❡ss❡♥t✐❛❧② ✇✐t❤ ❛ ❝❧❛ss ♦❢ ❛❜str❛❝t ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❲❡②❧
❛❧♠♦st ♣❡r✐♦❞✐❝ ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ ❝♦♠♣r✐s❡s t✇♦ ♣❛rt✳ ❚❤❡ ✜rst ♣❛rt ✐s ❞❡✈♦t❡❞ t♦ t❤❡
❞❡t❡r♠✐♥✐st✐❝ ♣r♦❜❧❡♠s✱ ✐♥ ❛ ✜rst st❡♣✱ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❜♦✉♥❞❡❞
❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥ t♦ t❤❡ ❧✐♥❡❛r ❛❜str❛❝t ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

u′(t) = A u(t) + f(t), t ∈ R,

✐♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡ X✱ ✇❤❡r❡ A : D (A) ⊂ X → X ✐s ❛ ❧✐♥❡❛r ✭✉♥❜♦✉♥❞❡❞✮ ♦♣❡r❛t♦r ✇❤✐❝❤
❣❡♥❡r❛t❡s ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡ C0✲s❡♠✐❣r♦✉♣ ♦♥ X ❛♥❞ f : R → X ✐s ❛ ❲❡②❧ ❛❧♠♦st
♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥✳ ❋✐♥❛❧❧②✱ ✐♥ ❛ s❡❝♦♥❞ st❡♣✱ ❛❧✇❛②s ✐♥ t❤❡ s❛♠❡ ❢r❛♠❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡
s❡♠✐✲❧✐♥❡❛r ❞✐✛❡♥t✐❛❧ ❡q✉❛t✐♦♥

u′(t) = Au(t) + f(t, u(t)), t ∈ R,

✇❤❡r❡ f(t, u) ✐s ❛ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ t ∈ R ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t ❝♦♠♣❛❝t s✉❜s❡ts
♦❢ X✳

❚❤❡ s❡❝♦♥❞ ♣❛rt✱ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡✳ Pr❡❝✐s❡❧②✱ ✇❡ ❡①❛♠✐♥❡ t❤❡
❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥ ✐♥ ❧❛✇ t♦ t❤❡ ❛❜str❛❝t s❡♠✐❧✐♥❡❛r
st♦❝❤❛st✐❝ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ♦♥ ❛ ❍✐❧❜❡rt s❡♣❛r❛❜❧❡ s♣❛❝❡✳

❑❡② ✇♦r❞s ✿ ❧✐♥❡❛r ❛♥❞ s❡♠✐❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ s❡♠✐❧✐♥❡❛r st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥✱ ♠✐❧❞ s♦❧✉t✐♦♥✱ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✱ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ♣t❤ ♠❡❛♥✱ ❲❡②❧
❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ q✉❛❞r❛t✐❝ ♠❡❛♥✱ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ❞✐str✐❜✉t✐♦♥✱ ❲❡②❧ ❛❧♠♦st
♣❡r✐♦❞✐❝ ✐♥ ♣❛t❤ ❞✐str✐❜✉t✐♦♥✱ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ♣r♦❜❛❜✐❧✐t②✱ ◆❡♠②ts❦✐✐ ♦♣❡r❛t♦r✳
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INTRODUCTION

❍✐st♦r✐q✉❡♠❡♥t✱ ❧❛ t❤é♦r✐❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s ❛ été ✐♥✐t✐é❡ ♣❛r ❍❛r❛❧❞
❇♦❤r ❡♥ ✶✾✷✸ ❬❇♦❤✷✺❪ ❡♥ t❛♥t q✉❡ ❣é♥ér❛❧✐s❛t✐♦♥ str✉❝t✉r❡❧❧❡ ❞❡s ❢♦♥❝t✐♦♥s ♣ér✐♦❞✐q✉❡s
❝♦♥t✐♥✉❡s✳ ❈❡tt❡ t❤é♦r✐❡ ❛ été ❧❛r❣❡♠❡♥t ❞é✈❡❧♦♣♣é❡ ♣❛r ♣❧✉s✐❡✉rs ♠❛t❤é♠❛t✐❝✐❡♥s✳ ❊♥
♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ♣♦✉✈♦♥s ♠❡♥t✐♦♥♥❡r ❧❡ ♥♦♠ ❞❡ ❙t❡♣❛♥♦✈ ❬❙t❡✷✻❪ q✉✐ ❛ ❞♦♥♥é ❧❛ ♣r❡♠✐èr❡
❣é♥ér❛❧✐s❛t✐♦♥ str✉❝t✉r❡❧❧❡✱ ré✉ss✐ss❛♥t à s✉♣♣r✐♠❡r ❧❛ r❡str✐❝t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té✳ ❉✬❛✉tr❡s
❣é♥ér❛❧✐s❛t✐♦♥s ♦♥t s✉✐✈✐✱ ❝❡❧❧❡ ❞❡ str✉❝t✉r❡❧❧❡ ❲❡②❧ ❬❲❡②✷✼❪✱ ❡t ❝❡❧❧❡ ♣❧✉s ❧❛r❣❡ ❞♦♥♥é❡ ♣❛r
❇❡s✐❝♦✈✐t❝❤ ❬❇❡s✸✷❪✱ ❡♥❣❧♦❜❛♥t t♦✉t❡s ❧❡s ❛✉tr❡s ❝❧❛ss❡s✳ ❈❡tt❡ ❞❡r♥✐èr❡ ❣é♥ér❛❧✐s❛t✐♦♥ ♥✬❡st
❝❡♣❡♥❞❛♥t ♣❛s str✉❝t✉r❡❧❧❡✱ ❛✉ s❡♥s q✉❡ ❧❛ s♦♠♠❡ ❞❡ ❞❡✉① ❢♦♥❝t✐♦♥s ❇❡s✐❝♦✈✐t❝❤ ♣r❡sq✉❡
♣ér✐♦❞✐q✉❡s ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❇❡s✐❝♦✈✐t❝❤ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✳

❉✬❛✉tr❡s ❣é♥ér❛❧✐s❛t✐♦♥s ♦♥t été ❝♦♥s✐❞éré❡s✱ ♥♦t❛♠♠❡♥t ❝❡❧❧❡ ❞❡ ❇♦❝❤♥❡r ❬❇♦❝✷✼❪✱ ♦ù
❝❡tt❡ t❤é♦r✐❡ ❛ été ét❡♥❞✉❡ ❛✉ ❝❛s ❞❡s ❢♦♥❝t✐♦♥s à ✈❛❧❡✉rs ❞❛♥s ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✳

❊♥s✉✐t❡✱ ❙❧✉ts❦② ❬❙❧✉✸✽❪ ❛ ✐♥tr♦❞✉✐t ❧❡ ❝♦♥❝❡♣t ❞❡ ♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té ♣♦✉r ❧❡s ♣r♦❝❡ss✉s
❛❧é❛t♦✐r❡s ❡t ❛ ét✉❞✐é s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s ❧❛ ♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té ❛✉ s❡♥s ❞❡ ❇❡s✐❝♦✈✐t❝❤
♣♦✉r ❧❡s tr❛❥❡❝t♦✐r❡s ❞❡s ♣r♦❝❡ss✉s ❛❧é❛t♦✐r❡s ❢❛✐❜❧❡♠❡♥t st❛t✐♦♥♥❛✐r❡s✳ P✉✐s✱ t♦✉❥♦✉rs ❞❛♥s
❧❡ ❝♦♥t❡①t❡ ❞❡s ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡s✱ ❛✉ ❝♦✉rs ❞❡s ❞❡r♥✐èr❡s ❞é❝❡♥♥✐❡s ❝❡tt❡ ♥♦t✐♦♥ ❛
été ❧❛r❣❡♠❡♥t ❞é✈❡❧♦♣♣é❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ❢♦♥❝t✐♦♥s ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s à ✈❛❧❡✉rs ❞❛♥s
✉♥ ❡s♣❛❝❡ ❞❡ t♦✉t❡s ❧❡s ♠❡s✉r❡s ❞❡ ♣r♦❜❛❜✐❧✐tés s✉r ❧✬❡s♣❛❝❡ ❊✉❝❧✐❞✐❡♥✳ ▼♦r♦③❛♥ ❡t ❚✉❞♦r
❬▼❚✽✾❪ ♦♥t ✐♥tr♦❞✉✐t ❧❛ ♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té ❡♥ ❧♦✐ ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❞❡ ♣r♦❝❡ss✉s✳ ❉❛♥s
❧❡ ♠ê♠❡ t❡♠♣s✱ ❞❛♥s ✉♥❡ ♥♦t❡ ♥♦♥ ♣✉❜❧✐é❡✱ ❍✉r❞✱ ❘✉ss❡❦ ❛♥❞ ❙✉r❣❛✐❧✐s ❬❍❙✾✷❪ ♦♥t ❛✉ss✐
✐♥tr♦❞✉✐t ❧❛ ♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té ❡♥ ❧♦✐ ✜♥✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡✳ P❛r ❧❛ s✉✐t❡✱ ❚✉❞♦r ❬❚✉❞✾✷❪
❛ ✐♥tr♦❞✉✐t ❧❛ ♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té ❡♥ ❧♦✐ tr❛❥❡❝t♦r✐❡❧❧❡ ♣♦✉r ❧❡s ♣r♦❝❡ss✉s à tr❛❥❡❝t♦✐r❡s
❝♦♥t✐♥✉❡s✳ ■❧ ② ❛ ❛✉ss✐ ❖♥✐❝❡s❝✉ ❡t ■str❛t❡s❝✉ q✉✐ ♦♥t ❞é✜♥✐ ❧❛ ♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té ❡♥
♣r♦❜❛❜✐❧✐té✳

P❛r ❛✐❧❧❡✉rs✱ ❧❡ ❝♦♥❝❡♣t ❞❡ ♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té✱ ♣r✐s ❞❛♥s ❞✐✛ér❡♥ts s❡♥s✱ ❛ été ❧❛r❣❡♠❡♥t
❡①♣❧♦✐té ❞❛♥s ❧✬ét✉❞❡ ❞❡s s♦❧✉t✐♦♥s ❞❡ ❞✐✛ér❡♥ts t②♣❡s ❞✬éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥✱ ❡♥ r❛✐s♦♥ ❞❡
s❡s ♥♦♠❜r❡✉s❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❛♥s ❧❡s ♣❤é♥♦♠è♥❡s q✉✐ é✈♦❧✉❡♥t ❞❛♥s ❧❡ t❡♠♣s✱ ♥♦t❛♠♠❡♥t
❡♥ ♣❤②s✐q✉❡✱ ♠é❝❛♥✐q✉❡ ❝é❧❡st❡✱ s②stè♠❡s ❞②♥❛♠✐q✉❡s✱ ❡t❝✳ ■❧ ❡①✐st❡ ❞❡ ♥♦♠❜r❡✉① tr❛✈❛✉①
s✉r ❧❛ ♥❛t✉r❡ ❞❡s s♦❧✉t✐♦♥s ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❧✐♥é❛✐r❡s ❡t s❡♠✐✲❧✐♥é❛✐r❡s ❞❛♥s
❧❡s ❝❛s ❞ét❡r♠✐♥✐st❡ ❡t st♦❝❤❛st✐q✉❡✱ ♦ù ❧❡✉rs ❝♦❡✣❝✐❡♥ts s♦♥t ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s ❞❛♥s
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❞✐✛ér❡♥ts s❡♥s✳

▲❛ ♣❧✉♣❛rt ❞❡s tr❛✈❛✉① s✉r ❧❡s s♦❧✉t✐♦♥s ❞✬éq✉❛t✐♦♥s à ❝♦❡✣❝✐❡♥ts ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s
❝♦♥❝❡r♥❡♥t ❧❡ ❝❛s ❞ét❡r♠✐♥✐st❡✳ P❧✉s✐❡✉rs ❛✉t❡✉rs ♦♥t ♠♦♥tré ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡s s♦✲
❧✉t✐♦♥s ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s ♣♦✉r ❞❡s éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥ ❛❜str❛✐t❡s à ❝♦❡✣❝✐❡♥ts ♣r❡sq✉❡
♣ér✐♦❞✐q✉❡s ❛✉ s❡♥s ❞❡ ❇♦❤r ♦✉ ❞❡ ❙t❡♣❛♥♦✈✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝❡rt❛✐♥s ❛✉t❡✉rs ♦♥t ♣r♦✉✈é ❧❛
♥♦♥✲❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥ ♣✉r❡♠❡♥t ❙t❡♣❛♥♦✈ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥✲
t✐❡❧❧❡s ♦r❞✐♥❛✐r❡s ❞❛♥s ❧❡s ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤ ✉♥✐❢♦r♠é♠❡♥t ❝♦♥✈❡①❡s✳ ❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡
❧❡s s♦❧✉t✐♦♥s ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s✱ ❧❛ ❧✐ttér❛t✉r❡ ♥✬❡st ♣❛s ❡♥❝♦r❡ très ❢♦✉r♥✐❡✱ ❧❡s
ét✉❞❡s ❡①✐st❛♥t❡s s♦♥t ❧✐♠✐té❡s à ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ♣❛rt✐❝✉❧✐❡rs✳

P❧✉s ré❝❡♠♠❡♥t✱ ✉♥ ♥♦♠❜r❡ r❡♠❛rq✉❛❜❧❡ ❞❡ tr❛✈❛✉① ❝♦♥❝❡r♥❡ ❧❡ ❝❛s st♦❝❤❛st✐q✉❡✳
❉❡s ❛✉t❡✉rs ♦♥t ♠♦♥tré ❧❛ ♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té ❡♥ ❧♦✐ ♣♦✉r ❧❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s
st♦❝❤❛st✐q✉❡s ✭s❡♠✐✲✮❧✐♥é❛✐r❡s à ❝♦❡✣❝✐❡♥ts ❇♦❤r ❡t ❙t❡♣❛♥♦✈ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s✳ ❉✬✉♥
❛✉tr❡ ❝♦té✱ ❝❡rt❛✐♥s ❛✉t❡✉rs ♦♥t ♣r♦❝❧❛♠é ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡s s♦❧✉t✐♦♥s ♣r❡sq✉❡
♣ér✐♦❞✐q✉❡s ❡♥ p✲♠♦②❡♥♥❡ ✭p ≥ 2✮ ♣♦✉r ❧❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s st♦❝❤❛st✐q✉❡s s❡♠✐✲
❧✐♥é❛✐r❡s à ❝♦❡✣❝✐❡♥ts ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s ❞❡ ❇♦❤r ❡t ❞❡ ❙t❡♣❛♥♦✈✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ✐❧
❛ été ❞é♠♦♥tré ♥♦t❛♠♠❡♥t ♣❛r ❞❡s ❝♦♥tr❡✲❡①❡♠♣❧❡s✱ q✉❡ ❝❡ t②♣❡ ❞❡ rés✉❧t❛t ❡st ❢❛✉①✳

▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ tr❛✈❛✐❧ ❝♦♥s✐st❡ à ét✉❞✐❡r ❧❡ ❝❛s ♣❧✉s ❣é♥ér❛❧ ❞❡s éq✉❛t✐♦♥s à ❝♦❡✣❝✐❡♥ts
❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s✳ P❧✉s ❡①❛❝t❡♠❡♥t✱ ♥♦✉s ♠♦♥tr♦♥s✱ s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s✱ q✉❡
❧❛ s♦❧✉t✐♦♥ ❞✬✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ s❡♠✐✲❧✐♥é❛✐r❡ ❛❜str❛✐t❡ à ❝♦❡✣❝✐❡♥ts ❲❡②❧ ♣r❡sq✉❡
♣ér✐♦❞✐q✉❡s ❡st ❡❧❧❡ ♠ê♠❡ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✱ ❡t ♥♦✉s ét❡♥❞♦♥s ❝❡ rés✉❧t❛t ❛✉ ❝❛s
❞✬✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡ s❡♠✐✲❧✐♥é❛✐r❡ ❛❜str❛✐t❡✳ ◆♦✉s ♠♦♥tr♦♥s ❛✉ss✐ q✉❡
❧❡s s♦❧✉t✐♦♥s ♣❡✉✈❡♥t êtr❡ ♣✉r❡♠❡♥t ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s✳

▲❛ t❤ès❡ ❡st ♦r❣❛♥✐sé❡ ❡♥ tr♦✐s ❝❤❛♣✐tr❡s✳ ▲❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ❡st ❞❡ ♥❛t✉r❡ ✐♥tr♦❞✉❝t✐❢✳
■❧ ❝♦♥t✐❡♥t ❞❡s ♣ré❧✐♠✐♥❛✐r❡s ❡t ✉♥❡ ❜rè✈❡ ♣rés❡♥t❛t✐♦♥ ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s ❝❡tt❡
t❤ès❡✳

▲❡ ❞❡✉①✐è♠❡ ❝❤❛♣✐tr❡ ❡st ❞é❞✐é à ❧✬ét✉❞❡ ❞✬✉♥ ♣r♦❜❧è♠❡ ❞ét❡r♠✐♥✐st❡✳ ❖♥ ② ét✉❞✐❡
❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞✬✉♥❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❜♦r♥é❡ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ♣♦✉r ❧✬éq✉❛t✐♦♥
❞✐✛ér❡♥t✐❡❧❧❡ s❡♠✐✲❧✐♥é❛✐r❡ ❛❜str❛✐t❡

u′(t) = Au(t) + f(t, u(t)), t ∈ R,

❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ X✱ ♦ù A : D (A) ⊂ X → X ❡st ✉♥ ♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ ✭♥♦♥
❜♦r♥é✮ q✉✐ ❣é♥èr❡ ✉♥ C0✲s❡♠✐✲❣r♦✉♣❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡ ❡t f : R× X → X ❡st ✉♥❡
❢♦♥❝t✐♦♥ ♣❛r❛♠étr✐q✉❡ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✳

❉❛♥s ❧❡ tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡✱ ♦♥ ❡①❛♠✐♥❡ ❧❛ ✈❡rs✐♦♥ st♦❝❤❛st✐q✉❡ ❞✉ ♣r♦❜❧è♠❡ ♣♦sé ❛✉
❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✳

✸



CHAPITRE 1

PRÉLIMINAIRES ET PRÉSENTATION DES

RÉSULTATS

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❞♦♥♥♦♥s q✉❡❧q✉❡s ❞é✜♥✐t✐♦♥s ❡t ♣r♦♣r✐étés ❝♦♥❝❡r♥❛♥t ❧❡s ❞✐❢✲
❢ér❡♥t❡s ♥♦t✐♦♥s ❞❡ ♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té ❞❡s ❢♦♥❝t✐♦♥s à ✈❛❧❡✉rs ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✳
◆♦✉s r❛♣♣❡❧♦♥s ❛✉ss✐ q✉❡❧q✉❡s rés✉❧t❛ts ✉t✐❧❡s ♣♦✉r ❧❡s ❝❤❛♣✐tr❡ s✉✐✈❛♥ts✳ ◆♦✉s t❡r♠✐♥♦♥s
♣❛r ❧❛ ♣rés❡♥t❛t✐♦♥ ❞❡s rés✉❧t❛ts ♣r✐♥❝✐♣❛✉① ❞❡ ❝❡ tr❛✈❛✐❧✳

✶✳✶ Pr❡sq✉❡ ♣ér✐♦❞✐❝✐té ❞❛♥s ❞✐✛ér❡♥ts s❡♥s ♣♦✉r ❧❡s

❢♦♥❝t✐♦♥s ❞ét❡r♠✐♥✐st❡s

❉❛♥s t♦✉t ❧❡ ❝❤❛♣✐tr❡✱ p ≥ 0 ❡st ✉♥ ♥♦♠❜r❡ ré❡❧✱ ❡t X ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ ♠✉♥✐ ❞❡
s❛ ♥♦r♠❡ ‖.‖✳

❉é✜♥✐t✐♦♥ ✶✳✶✳✶ ❯♥ ❡♥s❡♠❜❧❡ A ⊂ R ❡st ❞✐t r❡❧❛t✐✈❡♠❡♥t ❞❡♥s❡✱ s✬✐❧ ❡①✐st❡ ✉♥ ♥♦♠❜r❡
ré❡❧ str✐❝t❡♠❡♥t ♣♦s✐t✐❢ l ✭❧♦♥❣✉❡✉r ❞✬✐♥❝❧✉s✐♦♥✮ t❡❧ q✉❡ t♦✉t ✐♥t❡r✈❛❧❧❡ ❞❡ ❧♦♥❣✉❡✉r l ❝♦♥t✐❡♥t
❛✉ ♠♦✐♥s ✉♥ é❧é♠❡♥t ❞❡ A✳

❊①❡♠♣❧❡ ✶✳✶✳✷ ▲✬❡♥s❡♠❜❧❡ ❞❡s ♥♦♠❜r❡s r❡❧❛t✐❢s Z ❡st r❡❧❛t✐✈❡♠❡♥t ❞❡♥s❡ ♣❛r❝❡ q✉❡ t♦✉t
✐♥t❡r✈❛❧❧❡ ❞❡ ❧♦♥❣✉❡✉r s✉♣ér✐❡✉r ♦✉ é❣❛❧❡ à 2 ❝♦♥t✐❡♥t ✉♥ é❧é♠❡♥t ❞❡ Z✳

❉é✜♥✐t✐♦♥ ✶✳✶✳✸ ❯♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ f : R −→ X ❡st ❞✐t❡ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❛✉ s❡♥s
❞❡ ❇♦❤r ✭♦✉ s✐♠♣❧❡♠❡♥t✱ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✮ s✐✱ ♣♦✉r t♦✉t ε > 0✱ ❧✬❡♥s❡♠❜❧❡

T (ε, f) :=

{

τ ∈ R; sup
x∈R

‖f(x+ τ)− f(x)‖ < ε

}

,

❡st r❡❧❛t✐✈❡♠❡♥t ❞❡♥s❡✳ ▲❡ ♥♦♠❜r❡ τ ❡st ❛♣♣❡❧é ε✲♣r❡sq✉❡ ♣ér✐♦❞❡ ❞❡ f ✳ ▲✬❡s♣❛❝❡ ❞❡ t♦✉t❡s
❧❡s ❢♦♥❝t✐♦♥s ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s ❞❡ R ❞❛♥s X ❡st ♥♦té ♣❛r ❆P(R,X)✳

✹
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❊①❡♠♣❧❡ ✶✳✶✳✹ ✶✳ ❚♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ♣ér✐♦❞✐q✉❡s s♦♥t ❇♦❤r ♣r❡sq✉❡ ♣é✲
r✐♦❞✐q✉❡s✳

✷✳ ▲❛ ❢♦♥❝t✐♦♥ f : R −→ R ❞é✜♥✐❡ ♣❛r f(x) = cos x + cos
√
2x ❡st ❇♦❤r ♣r❡sq✉❡

♣ér✐♦❞✐q✉❡ ♠❛✐s ♥✬❡st ♣❛s ♣ér✐♦❞✐q✉❡✳

P♦✉r ❞é✜♥✐r ❧❛ ♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té ❛✉ s❡♥s ❞❡ ❇♦❤r ♥♦✉s ♥♦✉s ♣❧❛ç♦♥s ❞❛♥s ❧❛ ❝❧❛ss❡ ❞❡s
❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ❡t ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ ♥♦r♠❡ ✉♥✐❢♦r♠❡✳ ■❧ ❡①✐st❡ ❞❡s ❣é♥ér❛❧✐s❛t✐♦♥s ❞❡s
❢♦♥❝t✐♦♥s ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s q✉✐ ♥❡ s♦♥t ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❝♦♥t✐♥✉❡s ❡t ♣♦✉r ❧❡s ❞é✜♥✐r
♥♦✉s ❛✈♦♥s ❜❡s♦✐♥ ❞❡s ♥♦r♠❡s s✉✐✈❛♥t❡s✳

✶✳✶✳✶ ▲❛ ♥♦r♠❡ ❞❡ ❙t❡♣❛♥♦✈ ❡t ❧❛ ♥♦r♠❡ ❞❡ ❲❡②❧

❙♦✐t l > 0✳ ▲❛ ♥♦r♠❡ ❞❡ ❙t❡♣❛♥♦✈ ❛ss♦❝✐é❡ à l ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❧♦❝❛❧❡♠❡♥t ✐♥té❣r❛❜❧❡
f : R → X✱ ✐✳❡ f ∈ Lp

loc(R,X) (p ≥ 1)✱ ❡st ❞é✜♥✐❡ ♣❛r

‖f‖
S
p
l
= sup

ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t)‖p dt
)

1

p

.

▲❛ ♥♦r♠❡ ❞❡ ❲❡②❧ ❡st ❞♦♥♥é❡ ♣❛r

‖f‖
Wp = lim

l→+∞
‖f‖

S
p
l
. ✭✶✳✶✳✶✮

▲❛ ❞✐st❛♥❝❡ ✐♥❞✉✐t❡ ♣❛r ‖.‖
S
p
l
✭r❡s♣❡❝t✐✈❡♠❡♥t ‖f‖

Wp✮ ❡st ♥♦té ♣❛r DS
p
l
✭r❡s♣❡❝t✐✈❡♠❡♥t

DWp✮✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶ ❬❇❡s✸✷❪
✶✳ ❚♦✉t❡s ❧❡s ♥♦r♠❡s ❞❡ ❙t❡♣❛♥♦✈ s♦♥t éq✉✐✈❛❧❡♥t❡s✳ ❈❡❧❛ ♣r♦✈✐❡♥t ❞❡ ❧❛ ♣r♦♣r✐été ✿

♣♦✉r t♦✉s l2 > l1 > 0 ✐❧ ❡①✐st❡ t♦✉❥♦✉rs n ∈ N
∗ t❡❧ q✉❡ nl1 < l2 < (n + 1)l1✳ ❈❡tt❡

❞❡r♥✐èr❡ ♣❡r♠❡t ❞✬❛✈♦✐r ❧❡s ✐♥é❣❛❧✐tés s✉✐✈❛♥t❡s ✿
(

l1
l2

) 1

p

‖f‖
S
p
l1

≤ ‖f‖
S
p
l2

≤
(

(

l1
l2

) 1

p

+ n
1

p

)

‖f‖
S
p
l1

. ✭✶✳✶✳✷✮

✷✳ ▲❛ ❧✐♠✐t❡ ✭✶✳✶✳✶✮ ❡①✐st❡ t♦✉❥♦✉rs✳

❘❡♠❛rq✉❡ ✶✳✶✳✺ ❊♥ ❝♦♥séq✉❡♥❝❡ ❞❡ ❧✬éq✉✐✈❛❧❡♥❝❡ ❞❡s ♥♦r♠❡s ❞❡ ❙t❡♣❛♥♦✈✱ ♥♦✉s ♥❡
❝♦♥s✐❞ér♦♥s q✉❡ S

p
1 ❞❛♥s ❧❛ s✉✐t❡✳

❈♦rr❡s♣♦♥❞❛♥t à ❝❡s ♥♦r♠❡s✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❧❡s ❞é✜♥✐t✐♦♥s s✉✐✈❛♥t❡s✳

❉é✜♥✐t✐♦♥ ✶✳✶✳✻ ✭❬❆P✼✶✱ ♣✳✼✻✲✼✼❪✱ ❬❆❇●✵✻✱ ❆❇▲✵✶❪✱ ❬❇❡s✸✷✱ ♣✳✼✼❪✱ ❬●❑▲✻✻✱ ♣✳✶✽✽❪✮ ❯♥❡
❢♦♥❝t✐♦♥ f ∈ Lp

loc(R,X) ❡st ❞✐t❡ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❛✉ s❡♥s ❞❡ ❙t❡♣❛♥♦✈ ✭♦ù p✲❙t❡♣❛♥♦✈
♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ s✐ ♥♦✉s ✈♦✉❧♦♥s ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❧❡ ❞❡❣ré p✮ s✐✱ ♣♦✉r ❝❤❛q✉❡ ε > 0✱
❧✬❡♥s❡♠❜❧❡

TSp(ε, f) =

{

τ ∈ R; sup
ξ∈R

(∫ ξ+1

ξ

‖f(t+ τ)− f(t)‖p dt
)

1

p

< ε

}

❡st r❡❧❛t✐✈❡♠❡♥t ❞❡♥s❡✳ ▲❡ ♥♦♠❜r❡ τ ❡st ❛♣♣❡❧é ✉♥❡ ε✲❙t❡♣❛♥♦✈ ♣r❡sq✉❡✲♣ér✐♦❞❡✳ ◆♦✉s
❞és✐❣♥♦♥s ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ❙t❡♣❛♥♦✈ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s ♣❛r Sp❆P(R,X)✳

✺
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❊①❡♠♣❧❡ ✶✳✶✳✼ ✶✳ ❚♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ❇♦❤r ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s s♦♥t ❛✉ss✐ ❙t❡♣❛♥♦✈
♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s✳

✷✳ ▲❛ ❢♦♥❝t✐♦♥ f : R −→ R ❞é✜♥✐❡ ♣❛r

f(t) =







cosx ♣♦✉r x 6= kπ;

k ♣♦✉r x = kπ,

♣♦✉r t♦✉t k ∈ Z✱ ❡st ❙t❡♣❛♥♦✈ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ♠❛✐s ♥✬❡st ♣❛s ❇♦❤r ♣r❡sq✉❡
♣ér✐♦❞✐q✉❡ ✭✈♦✐r❬❆❇●✵✻✱ ❊①❛♠♣❧❡ ✻✳✷✶❪✮✳

❉é✜♥✐t✐♦♥ ✶✳✶✳✽ ✭❬❆❇●✵✻✱ ❆❇▲✵✶❪✱ ❬❇❡s✸✷✱ ♣✳✼✽❪✱ ❬●❑▲✻✻✱ ♣✳✶✾✵❪✮ ❯♥❡ ❢♦♥❝t✐♦♥ f ∈
Lp
loc(R,X) ❡st ❛♣♣❡❧é❡ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ s✐✱ ♣♦✉r ❝❤❛q✉❡ ε > 0✱ ✐❧ ❡①✐st❡ l = l(ε) > 0

t❡❧ q✉❡✱ ❧✬❡♥s❡♠❜❧❡

TS
p
l
(ε, f) =

{

τ ∈ R; ‖f(.+ τ)− f(.)‖
S
p
l
:= sup

ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ)− f(t)‖p dt
)

1

p

< ε

}

✭✶✳✶✳✸✮
❡st r❡❧❛t✐✈❡♠❡♥t ❞❡♥s❡✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉❡ ♣♦✉r ❝❤❛q✉❡ ε > 0✱ ✐❧ ❡①✐st❡ l = l(ε) > 0 t❡❧ q✉❡
f ∈ S

p
l❆P(R,X)✳ ▲❡ ♥♦♠❜r❡ τ ❡st ❛♣♣❡❧é ✉♥❡ ε✲❲❡②❧ ♣r❡sq✉❡✲♣ér✐♦❞❡ ❞❡ f ✳ ◆♦✉s ❞és✐❣♥♦♥s

❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s ♣❛r Wp❆P(R,X)✳

❊①❡♠♣❧❡ ✶✳✶✳✾ ✶✳ ❚♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ❙t❡♣❛♥♦✈ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s s♦♥t ❛✉ss✐ ❲❡②❧
♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s✳

✷✳ ▲❛ ❢♦♥❝t✐♦♥ f : R −→ R ❞é✜♥✐❡ ♣❛r

f(t) =







1 ♣♦✉r 0 < t < 1;

0 s✐♥♦♥,

❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ♠❛✐s ♥✬❡st ♣❛s ❙t❡♣❛♥♦✈ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ✭✈♦✐r ❬❇❋✹✺✱
♣✳✻✽❪✮✳

❘❡♠❛rq✉❡ ✶✳✶✳✶✵ ❉✬❛♣rès ❧✬✐♥é❣❛❧✐té ✭✶✳✶✳✷✮✱ ♥♦✉s ♣♦✉✈♦♥s r❡♠♣❧❛❝❡r ❞❛♥s ❧✬❡♥s❡♠❜❧❡
✭✶✳✶✳✸✮ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ✭✶✳✶✳✽✮✱ ❧❛ ♥♦r♠❡ ‖f(.+ τ)− f(.)‖

S
p
l
♣❛r ❧❛ ♥♦r♠❡ ‖f(.+ τ)− f(.)‖

S
p
L
✱

♣♦✉r t♦✉t L ≥ l✳

❘❡♠❛rq✉❡ ✶✳✶✳✶✶ ✶✳ ▲❡s ✐♥❝❧✉s✐♦♥s s✉✐✈❛♥t❡s s♦♥t ✈r❛✐❡s ✿ ❆P(R,X) ⊂ S
p❆P(R,X) ⊂

W
p❆P(R,X) ♣♦✉r t♦✉t p ≥ 1✳ ❉❡ ♣❧✉s ❡❧❧❡s s♦♥t str✐❝t❡s ✭✈♦✐r ❬❆❇●✵✻✱ ❆❇▲✵✶❪✮✳

✷✳ ▲❡s ❡s♣❛❝❡s ❆P(R,X)✱ Sp❆P(R,X) ❡tWp❆P(R,X) s♦♥t ❞❡s ❡s♣❛❝❡s ✈❡❝t♦r✐❡❧s✱ ❝♦♥tr❛✐✲
r❡♠❡♥t à ❧✬❡s♣❛❝❡ ❞❡s ❢♦♥❝t✐♦♥s ♣ér✐♦❞✐q✉❡s✳

✸✳ ❚♦✉t❡ ❢♦♥❝t✐♦♥ ❙t❡♣❛♥♦✈ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❡t ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡ ❡st ❇♦❤r
♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❇❡s✸✷✱ ❚❤é♦rè♠❡ ❞❡ ❇♦❝❤♥❡r✳ ♣❛❣❡ ✽✶ ❪✮✳

✹✳ ❉❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té ❛✉ s❡♥s ❞❡ ❲❡②❧✱ s✐ lim supε→0 l(ε) < ∞✱
❛❧♦rs ❧❛ ❢♦♥❝t✐♦♥ f ❡st ❛✉ss✐ ❙t❡♣❛♥♦✈ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ✭✈♦✐r ❬❇❡s✸✷❪✮✳

✻
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✺✳ ▲❡s ❢♦♥❝t✐♦♥s ❙t❡♣❛♥♦✈ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s ❡t ❧❡s ❢♦♥❝t✐♦♥s ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s
s♦♥t t♦✉❥♦✉rs ❜♦r♥é❡s ❛✉ s❡♥s ❞❡ ❙t❡♣❛♥♦✈ ❛✐♥s✐ q✉✬❛✉ s❡♥s ❞❡ ❲❡②❧ ✭✈♦✐r ❬❆❇●✵✻❪✮✳
P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡s ❡s♣❛❝❡s

BS
p(R,X) :=

{

f ∈ Lp
loc(R,X); sup

x∈R

(∫ x+1

x

‖f(t)‖p dt
)

1

p

< ∞
}

,

❡t

BW
p(R,X) :=

{

f ∈ Lp
loc(R,X); lim

l→∞
sup
x∈R

(

1

l

∫ x+l

x

‖f(t)‖p dt
)

1

p

< ∞
}

,

❝♦ï♥❝✐❞❡♥t✳

✶✳✶✳✷ ❋♦♥❝t✐♦♥s ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s ❞é♣❡♥❞❛♥t ❞✬✉♥ ♣❛r❛✲

♠ètr❡

❉é✜♥✐t✐♦♥ ✶✳✶✳✶✷ ✶✳ ◆♦✉s ❞✐s♦♥s q✉✬✉♥❡ ❢♦♥❝t✐♦♥ ♣❛r❛♠étr✐q✉❡ f : R × X → X

❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ s✐✱ ♣♦✉r ❝❤❛q✉❡ x ∈ X✱ ❧❛ ❢♦♥❝t✐♦♥ f(., x) ❡st ❲❡②❧
♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✳ ◆♦✉s ♥♦t♦♥s ♣❛rWp❆P(R×X,X) ❧✬❡s♣❛❝❡ ❞❡ t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s
♣❛r❛♠étr✐q✉❡s ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s✳

✷✳ ❯♥❡ ❢♦♥❝t✐♦♥ f : R × X → X, (t, u) 7→ f(t, u) ❛✈❡❝ f(., u) ∈ Lp
loc(R,X) ♣♦✉r ❝❤❛q✉❡

u ∈ X ❡st ❞✐t❡ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❡♥ t ∈ R ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt ❛✉①
❝♦♠♣❛❝ts ❞❡ X s✐✱ ♣♦✉r ❝❤❛q✉❡ ε > 0✱ ✐❧ ❡①✐st❡ l = l(ε) > 0 ❡t ♣♦✉r t♦✉t ❝♦♠♣❛❝t K
❞❛♥s X✱ ❧✬❡♥s❡♠❜❧❡

TS
p
l
(ε, f,K) =

{

τ ∈ R; sup
u∈K

sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ, u)− f(t, u)‖p dt
)

1

p

< ε

}

❡st r❡❧❛t✐✈❡♠❡♥t ❞❡♥s❡✳ ◆♦✉s ♥♦t♦♥s ♣❛r W
p❆PK(R × X,X) ❧✬❡s♣❛❝❡ ❞❡ t♦✉t❡s ❧❡s

❢♦♥❝t✐♦♥s ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s ❡♥ t ∈ R ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt ❛✉① ❝♦♠✲
♣❛❝ts ❞❡ X✳

■❧ ❡st ❝❧❛✐r q✉❡ W
p❆PK(R× X,X) ⊂ W

p❆P(R× X,X)✳

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✐♥❞✐q✉é✱ ♣❛r♠✐ ❧❡s ♦❜❥❡❝t✐❢s ❞❡ ❝❡ tr❛✈❛✐❧ ✜❣✉r❡ ❧✬ét✉❞❡ ❞❡ ❧✬❡①✐st❡♥❝❡
❡t ❞❡ ❧✬✉♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ♣♦✉r ✉♥❡ ❝❧❛ss❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥✲
t✐❡❧❧❡s st♦❝❤❛st✐q✉❡s s❡♠✐✲❧✐♥é❛✐r❡s✳ ◆♦✉s ❛✈♦♥s ❞♦♥❝ ❜❡s♦✐♥ ❞❡ ❞é✜♥✐r ❧❡ ❝♦♥❝❡♣t ❞❡ ❲❡②❧
♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té ♣♦✉r ✉♥ ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡✳

✶✳✷ Pr❡sq✉❡ ♣ér✐♦❞✐❝✐té ❛✉ s❡♥s ❞❡ ❲❡②❧ ❞❡s ❢♦♥❝t✐♦♥s

❛❧é❛t♦✐r❡s

❙♦✐❡♥t (Ω,F ,P) ✉♥ ❡s♣❛❝❡ ❞❡ ♣r♦❜❛❜✐❧✐té✱ (E, ‖.‖) ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ sé♣❛r❛❜❧❡ ❡t
X = (Xt)t∈R ✉♥ ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡ à ✈❛❧❡✉rs ❞❛♥s E✳ ◆♦✉s ♥♦t♦♥s ♣❛r ❧❛✇ (X(t)) ❧❛ ❧♦✐

✼
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❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ X(t)✱ ♣❛r ❊(X) s♦♥ ❡s♣ér❛♥❝❡ ❡t ♣❛r M+
1 (E) ❧✬❡s♣❛❝❡ ❞❡ t♦✉t❡s ❧❡s

♠❡s✉r❡s ❞❡ ♣r♦❜❛❜✐❧✐tés ❜♦ré❧✐❡♥♥❡s s✉r E ♠✉♥✐ ❞❡ ❧❛ t♦♣♦❧♦❣✐❡ ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ étr♦✐t❡✳
P♦✉r f ∈ Cb(E)✱ ✭♦ù Cb(E) ❡st ❧✬❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ❡t ❜♦r♥é❡s
❞é✜♥✐❡s s✉r E✮ ❡t ❧✐♣s❝❤✐t③✐❡♥♥❡✱ ♥♦✉s ❞é✜♥✐ss♦♥s

‖f‖
▲
= sup

{ |f(x)− f(y)|
dE(x, y)

; x 6= y

}

,

‖f‖∞ = sup
x∈E

|f(x)| .

❡t
‖f‖

❇▲
= max {‖f‖

▲
, ‖f‖∞} .

P♦✉r µ, ν ∈ M+
1 (E)✱ ♥♦✉s ❞é✜♥✐ss♦♥s

d❇▲(µ, ν) = sup
‖f‖

❇▲
≤1

|
∫

E

fd(µ− ν) | .

▲✬❡s♣❛❝❡ (M+
1 (E), d❇▲) ❡st ✉♥ ❡s♣❛❝❡ ♣♦❧♦♥❛✐s ✭✈♦✐r ❬❉✉❞✽✾✱ ❈♦r♦❧❧❛✐r❡ ✶✶✳✺✳✺❪✮✳ ◆♦✉s

r❛♣♣❡❧♦♥s ✉♥❡ ❛✉tr❡ ❞✐st❛♥❝❡ q✉❡ ♥♦✉s ♣♦✉✈♦♥s ✉t✐❧✐s❡r ♣♦✉r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡♥ ❧♦✐ ❞❡s
✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s✳ ❙♦✐❡♥t X, Y ❞❡✉① ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s à ✈❛❧❡✉rs ❞❛♥s E ❞é✜♥✐❡s s✉r ❧❡
♠è♠❡ ❡s♣❛❝❡ ❞❡ ♣r♦❜❛❜✐❧✐té✳ ❘❛♣♣❡❧♦♥s q✉❡ ❧❛ ❞✐st❛♥❝❡ ❞❡ ❲❛ss❡rst❡✐♥ ❞❡ ❞❡❣ré p ❡♥tr❡
❧❛ ❧♦✐ ❞❡ X ❡t ❧❛ ❧♦✐ ❞❡ Y ❡st

❲p(µ, ν) = inf
{

(

❊
(

‖X − Y ‖p
))1/p

; ❧❛✇(X) = µ, ❧❛✇(Y ) = ν
}

.

▲✬❡s♣❛❝❡ (M+
1 (X),❲

p) ❡st ❛✉ss✐ ✉♥ ❡s♣❛❝❡ ♣♦❧♦♥❛✐s✳ ❈♦♠♠❡ ✐♥❞✐q✉é ❞❛♥s ❬❱✐❧✵✽✱ ❘❡✲
♠❛rq✉❡ ✻✳✺❪✱ ♣♦✉r ❝❤❛q✉❡ µ, ν ∈ M+

1 (E)✱ ♥♦✉s ❛✈♦♥s

d❇▲(µ, ν) ≤ dL(µ, ν) = ❲1(µ, ν) ≤ ❲p(µ, ν)

♣♦✉r t♦✉t p ≥ 1✳

▼❛✐♥t❡♥❛♥t✱ ♥♦✉s ❞♦♥♥♦♥s ❞❡s ❞é✜♥✐t✐♦♥s ❞❡ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐❝✐té ♣♦✉r ✉♥ ♣r♦✲
❝❡ss✉s st♦❝❤❛st✐q✉❡ X = (Xt)t∈R ❞❛♥s ❞❡s s❡♥s ❞✐✛ér❡♥ts✳ ❈❡s ❞é✜♥✐t✐♦♥s s♦♥t ✐♥s♣✐ré❡s
❞❡s ré❢ér❡♥❝❡s ❬❍▼❚✽✽✱ ▼❚✽✾❪✳

❉é✜♥✐t✐♦♥ ✶✳✷✳✶ ✶✳ ▲❡ ♣r♦❝❡ss✉sX ❡st ❞✐t❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❡♥ ❧♦✐ ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡
s✐ ❧✬❛♣♣❧✐❝❛t✐♦♥ t → ❧❛✇ (X(t)) ❞❡ R ❞❛♥s (M+

1 (E), d❇▲) ❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡
❝✬❡st✲à✲❞✐r❡✱ s✐✱ ♣♦✉r ❝❤❛q✉❡ ε > 0✱ ✐❧ ❡①✐st❡ k, l > 0 t❡❧s q✉❡ t♦✉t ✐♥t❡r✈❛❧❧❡ ❞❡
❧♦♥❣✉❡✉r k ❝♦♥t✐❡♥t ❛✉ ♠♦✐♥s ✉♥❡ ε✲❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞❡ τ q✉✐ ✈ér✐✜❡

sup
x∈R

(

1

l

∫ x+l

x

dp
❇▲
(❧❛✇ (X(t+ τ)) , ❧❛✇ (X(t)))dt

)

1

p

< ε.

✷✳ ▲❡ ♣r♦❝❡ss✉s X ❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❡♥ ❧♦✐ ✜♥✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡ s✐✱ ♣♦✉r
❝❤❛q✉❡ s✉✐t❡ ✜♥✐❡ t1, . . . , tm ∈ R ❧✬❛♣♣❧✐❝❛t✐♦♥ t 7→ ❧❛✇ (X(t+ t1), X(t+ t2), . . . , X(t+ tm))
❞❡ R ❞❛♥s (M+

1 (E
n), d❇▲) ❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✳

✽
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✸✳ ❙✐ X ❛ ❞❡s tr❛❥❡❝t♦✐r❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ (Y, ‖.‖
Y
) ✱ ♥♦✉s ❞✐s♦♥s q✉❡ X ❡st

❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❡♥ ❧♦✐ tr❛❥❡❝t♦r✐❡❧❧❡ s✐ ❧✬❛♣♣❧✐❝❛t✐♦♥ t 7→ ❧❛✇ (X(t+ .)) ❞❡ R
❞❛♥s M+

1 (Y) ❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✱ ♦ù M+
1 (Y) ❡st ♠✉♥✐ ❞❡ ❧❛ ❞✐st❛♥❝❡ d❇▲

❛ss♦❝✐é❡ à ‖.‖
Y
✳

❙♦✐t ▲0(Ω,P,E) ❧✬❡s♣❛❝❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ♠❡s✉r❛❜❧❡s ❞❡ Ω ❞❛♥s E✱ ♠✉♥✐ ❞❡ ❧❛ t♦♣♦❧♦❣✐❡
❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡♥ ♣r♦❜❛❜✐❧✐té✳ ❘❛♣♣❡❧♦♥s q✉❡ ❧❛ t♦♣♦❧♦❣✐❡ ❞❡ ▲0(Ω, P,E) ❡st ✐♥❞✉✐t❡
♣❛r ❧❛ ❞✐st❛♥❝❡

dprob(U, V ) = ❊(‖U − V ‖ ∧ 1),

q✉✐ ❡st ❝♦♠♣❧èt❡✳

❖♥ ✐♥tr♦❞✉✐t ❛✉ss✐ ▲p(Ω,P,E) ❧✬❡s♣❛❝❡ ❞❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s à ✈❛❧❡✉rs ❞❛♥s E q✉✐
s♦♥t ✜♥✐❡s ❡♥ p✲♠♦②❡♥♥❡ (p ≥ 1)✳

❉é✜♥✐t✐♦♥ ✶✳✷✳✷ ▲❡ ♣r♦❝❡ss✉s X ❡st ❞✐t ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❡♥ ♣r♦❜❛❜✐❧✐té s✐ ❧✬❛♣✲
♣❧✐❝❛t✐♦♥ X : t → ▲0(Ω,P,E) ❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✳

❉é✜♥✐t✐♦♥ ✶✳✷✳✸ ▲❡ ♣r♦❝❡ss✉s X ∈ ▲1
loc(R,▲

p(Ω,P,E)) ❡st ❞✐t ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡
❡♥ p✲♠♦②❡♥♥❡✱ s✐ ❧✬❛♣♣❧✐❝❛t✐♦♥ t 7→ X(t),R → ▲p(Ω,P,E) ❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✳

◗✉❛♥❞ p = 2✱ ♥♦✉s ❞✐s♦♥s q✉❡ X ❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❡♥ ♠♦②❡♥♥❡ q✉❛❞r❛t✐q✉❡✳

✶✳✸ ❙❡♠✐✲❣r♦✉♣❡ ❞❡ ❝❧❛ss❡ C0

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s r❛♣♣❡❧♦♥s ✉♥❡ ❝❧❛ss❡ ❞✬♦♣ér❛t❡✉rs✱ très ✉t✐❧❡s ❞❛♥s ❧✬ét✉❞❡
❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❛❜str❛✐t❡s ❡t ❧❡✉rs ❛♣♣❧✐❝❛t✐♦♥s ❛✉① ❊❉P✳ ◆♦✉s tr♦✉✈♦♥s ✉♥❡
♣rés❡♥t❛t✐♦♥ ❝♦♠♣❧èt❡ ❞❛♥s✱ ♣❛r ❡①❡♠♣❧❡✱ ❬❱r❛✵✸❪✳ ◆♦✉s ♥♦t♦♥s ♣❛r L(X) ❧✬❡s♣❛❝❡ ❞❡
❇❛♥❛❝❤ ❞❡s ♦♣ér❛t❡✉rs ❧✐♥é❛✐r❡s ❜♦r♥és ❞❛♥s X ♠✉♥✐ ❞❡ ❧❛ ♥♦r♠❡ ❞✬♦♣ér❛t❡✉r ‖.‖L(X)
❞é✜♥✐❡ ♣❛r

‖B‖L(X) = sup
‖x‖≤1

‖Bx‖ ∀B ∈ L(X),

❡t ♣❛r I ❧✬♦♣ér❛t❡✉r ✐❞❡♥t✐té ❞❡ X✳

❉é✜♥✐t✐♦♥ ✶✳✸✳✶ ❯♥ C0✲s❡♠✐✲❣r♦✉♣❡ s✉r X ❡st ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ T : R+ −→ L(X) t❡❧❧❡
q✉❡

✶✳ T (0) = I

✷✳ T (t+ s) = T (t)T (s)✱ ♣♦✉r t♦✉t t, s ≥ 0

✸✳ limt→0 ‖T (t)x− x‖L(X) = 0✱ ♣♦✉r t♦✉t x ∈ X✳

❚❤é♦rè♠❡ ✶✳✸✳✷ ❬❱r❛✵✸✱ ❚❤é♦rè♠❡ ♣❛❣❡✳✹✶❪ ❙♦✐t (T (t))t≥0 ✉♥ C0✲s❡♠✐✲❣r♦✉♣❡✳ ❆❧♦rs ✐❧
❡①✐st❡ ❞❡s ❝♦♥st❛♥t❡s δ > 0 ❡t M ≥ 1✱ t❡❧❧❡s q✉❡

‖T (t)‖L(X) ≤ Me−δt.

✾
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❉é✜♥✐t✐♦♥ ✶✳✸✳✸ ▲❡ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ ❞✉ C0✲s❡♠✐✲❣r♦✉♣❡ T (t)t≥0 ❡st ❧✬♦♣ér❛t❡✉r
A ❞é✜♥✐ ♣❛r

Ax = lim
t−→0

T (t)x− x

t
∀x ∈ D(A),

♦ù

D(A) :=

{

x ∈ X; lim
t−→0

T (t)x− x

t
❡①✐st❡

}

.

❉é✜♥✐t✐♦♥ ✶✳✸✳✹ ❯♥ ♦♣ér❛t❡✉r A : D(A) ⊆ X −→ X ❡st ❞✐t ❢❡r♠é s✐ s♦♥ ❣r❛♣❤❡ G(A) =
{(x, y) ∈ D(A)× X; y = Ax} ❡st ❢❡r♠é ❞❛♥s X× X✳

❚❤é♦rè♠❡ ✶✳✸✳✺ ❬❱r❛✵✸✱ ❚❤é♦rè♠❡ ♣❛❣❡ ✹✹❪ ❙♦✐t A : D(A) ⊆ X −→ X ❧❡ ❣é♥ér❛t❡✉r
✐♥✜♥✐tés✐♠❛❧ ❞✬✉♥ C0✲s❡♠✐✲❣r♦✉♣❡ {T (t); t ≥ 0}✳ ❆❧♦rs D(A) ❡st ❞❡♥s❡ ❞❛♥s X✱ ❡t A ❡st
✉♥ ♦♣ér❛t❡✉r ❢❡r♠é✳

✶✳✹ Prés❡♥t❛t✐♦♥ ❞❡s rés✉❧t❛ts

❈❡ tr❛✈❛✐❧ ❝♦♠♣♦rt❡ ❞❡✉① rés✉❧t❛ts ♣r✐♥❝✐♣❛✉①✱ ❞♦♥♥és r❡s♣❡❝t✐✈❡♠❡♥t ❞❛♥s ❧❡s ❝❤❛✲
♣✐tr❡s ✷ ❡t ✸✳

✶✳✹✳✶ ❙♦❧✉t✐♦♥ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥✲

t✐❡❧❧❡s ❧✐♥é❛✐r❡s ❡t s❡♠✐✲❧✐♥é❛✐r❡s ❛❜str❛✐t❡s

◆♦✉s ét✉❞✐♦♥s ❞✬❛❜♦r❞ ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡ s♦❧✉t✐♦♥s ♠✐❧❞ ❜♦r♥é❡s ❡t ❲❡②❧ ♣r❡sq✉❡
♣ér✐♦❞✐q✉❡s ♣♦✉r ❧❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❧✐♥é❛✐r❡s ❡t s❡♠✐✲❧✐♥é❛✐r❡s ❛❜str❛✐t❡s s✉✐✈❛♥t❡s

u′ (t) = Au(t) + f(t), ✭✶✳✹✳✶✮

❡t
u′(t) = Au(t) + g(t, u(t)), ✭✶✳✹✳✷✮

♦ù A : D (A) ⊂ X → X ❡st ✉♥ ♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ ✭é✈❡♥t✉❡❧❧❡♠❡♥t ♥♦♥ ❜♦r♥é✮ q✉✐ ❣é♥ér❡
✉♥ C0✲s❡♠✐✲❣r♦✉♣❡ (T (t))t≥0 ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡ s✉r ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ X ❡t f :
R → X✱ g : R× X → X s♦♥t ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s✳

❚❤é♦rè♠❡ ❞❡ s✉♣❡r♣♦s✐t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ét❛❜❧✐ss♦♥s ✉♥ t❤é♦rè♠❡ ❞❡ ❝♦♠♣♦s✐t✐♦♥ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s
❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s✳ ◆♦tr❡ rés✉❧t❛t ❡st ❜❛sé s✉r ✉♥❡ ♣r♦♣r✐été ❞❡ ❝♦♠♣❛❝✐té ❞♦♥♥é❡
♣❛r ❉❛♥✐❧♦✈ ❬❉❛♥✵✻❪✳ ❉❛♥s ❝❡ q✉✐ s✉✐t✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ 1

p
= 1

q
+ 1

r
✭p
q
+ p

r
= 1✮ ❛✈❡❝

p, q, r ≥ 1✳

❚❤é♦rè♠❡ ✶✳✹✳✶ ❙♦✐t f ∈ W
p❆PK(R×X,X)✳ ❙✉♣♣♦s♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❢♦♥❝t✐♦♥ ♣♦s✐t✐✈❡

L(.) ∈ BW
r(R)✱ t❡❧❧❡ q✉❡

‖f(t, u)− f(t, v)‖ ≤ L(t) ‖u− v‖ ∀t ∈ R, u, v ∈ X.

❆❧♦rs✱ ♣♦✉r ❝❤❛q✉❡ x(.) ∈ W
q❆P(R,X)✱ ♦♥ ❛

f(., x(.)) ∈ W
p❆P(R,X).

✶✵
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❊①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ♣✉r❡♠❡♥t ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s

◆♦✉s ❞♦♥♥♦♥s ❞❡✉① ❡①❡♠♣❧❡s q✉✐ ✐❧❧✉str❡♥t ❧✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ♣✉r❡♠❡♥t ❲❡②❧
♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s✱ ❧♦rsq✉❡ ❧❡s ❝♦❡✣❝✐❡♥ts s♦♥t ♣✉r❡♠❡♥t ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡s✳

❊①❡♠♣❧❡ ✶✳✹✳✷ ❙♦✐t f : R → R ❞é✜♥✐❡ ♣❛r

f(t) =

{

1 ♣♦✉r 0 < t < 1
2
;

0 s✐♥♦♥.
✭✶✳✹✳✸✮

▲❛ ❢♦♥❝t✐♦♥ f ❡st ♣✉r❡♠❡♥t ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ✭✈♦✐r ❬❆❇●✵✻✱ ♣✳✶✹✺❪✮✳

❙♦✐t F : R → R ❛✈❡❝

F (t) =

∫ t

−∞

f(s)ds =







0 ♣♦✉r t ≤ 0;
t ♣♦✉r 0 < t < 1

2
;

1
2

s✐♥♦♥.

▲❛ ❢♦♥❝t✐♦♥ F ❡st ❛✉ss✐ ♣✉r❡♠❡♥t ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ✭✈♦✐r ❬❇■▼❘❞❋❪✮✳

❊①❡♠♣❧❡ ✶✳✹✳✸ ❬❇■▼❘❞❋❪ ❙♦✐t ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ s❝❛❧❛✐r❡

x′(t) = −x(t) + f(t) ∀t ∈ R,

♦ù f ❡st ❞♦♥♥é❡ ♣❛r ✭✶✳✹✳✸✮✳ ❙♦♥ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❜♦r♥é❡ ❡st ❞♦♥♥é❡ ♣❛r

x(t) =







0 ♣♦✉r t ≤ 0;
1− exp(−t) ♣♦✉r 0 < t < 1

2
;

(
√

exp(1)− 1) exp(−t) s✐♥♦♥.
✭✶✳✹✳✹✮

▲❛ s♦❧✉t✐♦♥ x ♥✬❡st ♣❛s ♥✐ ❇♦❤r ♣r❡sq✉❡ ♣❡r✐♦❞✐q✉❡✱ ♥✐ ♠ê♠❡ ❙t❡♣❛♥♦✈ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✳
▼❛✐s ❡❧❧❡ ❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✳

❙♦❧✉t✐♦♥ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❞✬✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❧✐♥❡❛✐r❡

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ❣é♥ér❛❧✐s♦♥s ✉♥ rés✉❧t❛t ♦❜t❡♥✉ ♣❛r ❘❛❞♦✈❛ ❬❘❛❞✵✹❪ ❛✉ ❝❛s
❞✬✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❧✐♥é❛✐r❡ ❛❜str❛✐t❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧✬éq✉❛✲
t✐♦♥ ✭✶✳✹✳✶✮ ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❡t ❜♦r♥é❡ ❡t q✉✐ ❡st ✭♣✉r❡♠❡♥t✮ ❲❡②❧ ♣r❡sq✉❡
♣ér✐♦❞✐q✉❡✳

❉é✜♥✐t✐♦♥ ✶✳✹✳✹ ❯♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ u : R −→ X ❡st ❞✐t❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❞❡ ❧✬éq✉❛t✐♦♥
✭✶✳✹✳✶✮ s✐

u(t) = T (t− a)u(a) +

∫ t

a

T (t− s)f(s)ds,

♣♦✉r t♦✉t t ≥ a ❡t ♣♦✉r ❝❤❛q✉❡ a ∈ R✳

❚❤é♦rè♠❡ ✶✳✹✳✺ ■❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❡t ❜♦r♥é❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✹✳✶✮✳ ❊♥
♣❧✉s ❝❡tt❡ s♦❧✉t✐♦♥ ❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❞♦♥♥é❡ ♣❛r

u(t) =

∫ t

−∞

T (t− s)f(s)ds.

✶✶
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❙♦❧✉t✐♦♥ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❞✬✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ s❡♠✐✲❧✐♥é❛✐r❡

❋✐♥❛❧❡♠❡♥t✱ ❞❛♥s ❧❛ ❞❡r♥✐èr❡ ♣❛rt✐❡ ❞✉ ♣r❡♠✐❡r tr❛✈❛✐❧✱ ♥♦✉s ❣é♥ér❛❧✐s♦♥s ❧✬ét✉❞❡ ♣ré✲
❝é❞❡♥t❡ ❛✉ ❝❛s ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s s❡♠✐✲❧✐♥é❛✐r❡s ❛❜str❛✐t❡s✳ ❊♥ ❢❛✐t✱ ♥♦✉s ❝♦♥s✐✲
❞ér♦♥s ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿

✭❍✶✮ ▲✬♦♣ér❛t❡✉r A ❣é♥èr❡ ✉♥ C0−s❡♠✐✲❣r♦✉♣❡ (T (t))t≥0✱ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡✳

✭❍✷✮ f ∈ W
p❆PK(R× X,X)✳

✭▲✐♣✮ ▲❛ ❢♦♥❝t✐♦♥ f ❡st ▲✭✳✮✲▲✐♣s❝❤✐t③ i.e., ✐❧ ❡①✐st❡ ✉♥❡ ❢♦♥❝t✐♦♥ ♣♦s✐t✐✈❡ L(.) ∈ BW
p(R)

t❡❧❧❡ q✉❡

‖f(t, u)− f(t, v)‖ ≤ L(t) ‖u− v‖ ; ∀t ∈ R, ∀ u, v ∈ X.

◆♦✉s ❞és✐❣♥♦♥s ♣❛r ❈❇(R,X) ❧✬❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ ❞❡ t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ❡t
❜♦r♥é❡s ❞❡ R ✈❡rs X✱ ♠✉♥✐ ❞❡ ❧❛ ♥♦r♠❡

‖u‖∞ = sup
t∈R

‖u(t)‖ .

❉é✜♥✐t✐♦♥ ✶✳✹✳✻ ❯♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ u : R −→ X ❡st ❞✐t❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❞❡ ❧✬éq✉❛t✐♦♥
✭✶✳✹✳✷✮ s✐

u(t) = T (t− a)u(a) +

∫ t

a

T (t− s)f(s, u(s))ds,

♣♦✉r t♦✉t t ≥ a ❡t ♣♦✉r ❝❤❛q✉❡ a ∈ R✳

❚❤é♦rè♠❡ ✶✳✹✳✼ ❙✉♣♣♦s♦♥s ❧❡s ❤②♣♦t❤ès❡s ✭❍✶✮✲✭❍✷✮ ✈ér✐✜é❡s✳ P♦✉r p ≥ 2✱ ❡t s♦✉s ❧❛
❝♦♥❞✐t✐♦♥

‖L‖
Sp

<

(

δq

M q

) 1

q
(

eδ − 1

eδ

)

, ♦ù
1

p
+

1

q
= 1,

❧✬éq✉❛t✐♦♥ ✭✶✳✹✳✷✮ ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❞❛♥s ❈❇(R,X) ❞♦♥♥é❡ ♣❛r

u(t) =

∫ t

−∞

T (t− s)f(s, u(s))ds.

❙✐ ❞❡ ♣❧✉s

‖L‖
Sp

<
pδ

Mp2p+1

(

e
pδ

4 − 1

e
pδ

4

)

(

pδ

2p− 4

)p−2

♣♦✉r p > 2,

♦✉

‖L‖
S2

<
pδ

8M2

(

e
2δ
4 − 1

e
2δ
4

)

♣♦✉r p = 2,

❛❧♦rs✱ u ❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✳

❉❛♥s ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡ rés✉❧t❛t✱ ♥♦✉s ❛❞❛♣t♦♥s ✉♥❡ ♠ét❤♦❞❡ ♣r♦♣♦sé❡ ♣❛r ❑❛♠❡♥s✲
❦✐✐✱ ▼❡❧❧❛❤ ❡t ❘❛②♥❛✉❞ ❞❡ ❋✐tt❡ ❬❑▼❘❞❋✶✺❪✱ ❞❛♥s ❧❛q✉❡❧❧❡ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥ t❤é♦rè♠❡ ❞❡
♣♦✐♥t ✜①❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ ❈❇(R,X) ♣♦✉r ♠♦♥tr❡r ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❡t ♥♦✉s
♠♦♥tr♦♥s ♠❛♥✉❡❧❧❡♠❡♥t q✉❡ ❝❡tt❡ s♦❧✉t✐♦♥ ❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡✳

✶✷
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✶✳✹✳✷ ❙♦❧✉t✐♦♥ ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥✲

t✐❡❧❧❡s st♦❝❤❛st✐q✉❡s ❛❜str❛✐t❡s

❉❛♥s ❧❡ tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❣é♥ér❛❧✐s♦♥s ❧✬ét✉❞❡ ♣ré❝é❞❡♥t❡ ❛✉ ❝❛s ❞❡s éq✉❛t✐♦♥s
❞✐✛ér❡♥t✐❡❧❧❡s st♦❝❤❛st✐q✉❡s s❡♠✐✲❧✐♥é❛✐r❡s ❛❜str❛✐t❡s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ♣r❡♥♦♥s ❞❡✉①
❡s♣❛❝❡s ❞❡ ❍✐❧❜❡rt sé♣❛r❛❜❧❡s H1 ❡t H2 ❡t ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ s❡♠✐✲
❧✐♥é❛✐r❡ s✉✐✈❛♥t❡

dXt = AX(t)dt+ F (t,X(t))dt+G(t,X(t))dW (t), t ∈ R ✭✶✳✹✳✺✮

♦ù A : D(A) ⊂ H2 → H2 ❡st ✉♥ ♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ ❞♦♥t ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❞é✜♥✐t✐♦♥ ❡st ❞❡♥s❡
❞❛♥s H2 ❡t F : R×H2 → H2✱ G : R×H2 → L(H1,H2) s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ♠❡s✉r❛❜❧❡s✳

◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿

(H1) W (t)✱ t ∈ R✱ ❡st ✉♥ ♣r♦❝❡ss✉s ❞❡ ❲✐❡♥❡r à ✈❛❧❡✉r ❞❛♥s H1 ❞♦♥t ❧✬♦♣ér❛t❡✉r ❞❡
❝♦✈❛r✐❛♥❝❡ Q ❡st ♥✉❝❧é❛✐r❡ ✭♥♦✉s ❞és✐❣♥♦♥s ♣❛r trQ ❧❛ tr❛❝❡ ❞❡ Q✮✱ ❡t W ❡st ❞é✜♥✐
s✉r ✉♥❡ ❜❛s❡ st♦❝❤❛st✐q✉❡ (Ω,F , (Ft)t∈R,P)✳

(H2) A : ❉(A) → H2 ❡st ✉♥ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ ❞✬✉♥ C0✲s❡♠✐✲❣r♦✉♣❡ (T (t))t≥0 t❡❧
q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ δ > 0 ❛✈❡❝

‖T (t)‖L(H2)
≤ e−δt t ≥ 0.

(H3) ■❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ M t❡❧❧❡ q✉❡

‖F (t, x)‖
H2

+ ‖G(t, x)‖L2(H1,H2)
≤ M(1 + ‖x‖

H2
)

♣♦✉r t♦✉t t ∈ R✳

(H4) ▲❡s ❢♦♥❝t✐♦♥s F ❡t G s♦♥t ❧✐♣s❝❤✐t③✐❡♥♥❡s✱ ♣❧✉s ♣ré❝✐sé♠❡♥t✱ ✐❧ ❡①✐st❡ ✉♥❡ ❢♦♥❝t✐♦♥
♣♦s✐t✐✈❡ L(.) ∈ S

q(R)✱ q ≥ 2✱ t❡❧❧❡ q✉❡

‖F (t, x)− F (t, y)‖H2
+ ‖G(t, x)−G(t, y)‖L2(H1,H2) ≤ L(t)‖x− y‖H2

♣♦✉r t♦✉t t ∈ R ❡t x, y ∈ H2✳

(H5) F ∈ W
p❆PK(R×H2,H2) ❡t G ∈ W

p❆PK(R×H2, L2(H1,H2)) ✭p ≥ 2✮✳

❉é✜♥✐t✐♦♥ ✶✳✹✳✽ ❯♥ Pr♦❝❡ss✉s X(t)t∈R Ft✲❛❞❛♣té ❡st ❞✐t s♦❧✉t✐♦♥ ♠✐❧❞ ❞❡ ❧✬éq✉❛t✐♦♥
✭✶✳✹✳✺✮ s✬✐❧ s❛t✐s❢❛✐t ❧✬éq✉❛t✐♦♥ ❞✬✐♥té❣r❛❧❡ s✉✐✈❛♥t❡✱

X(t) = T (t− a)X(a) +

∫ t

a

T (t− s)F
(

s,X(s)
)

ds+

∫ t

−∞

T (t− s)G
(

s,X(s)
)

dW (s),

♣♦✉r t♦✉t t ≥ a ❡t ♣♦✉r ❝❤❛q✉❡ a ∈ R

◆♦✉s ❞és✐❣♥♦♥s ♣❛r ❯❇
(

R,▲p(P,H2)
)

❧✬❡s♣❛❝❡ ✭❞❡ ❇❛♥❛❝❤✮ ❞❡ t♦✉t ❧❡s ♣r♦❝❡ss✉s st♦✲
❝❤❛st✐q✉❡s ✉♥✐❢♦r♠é♠❡♥t ❜♦r♥és ❡♥ p✲♠♦②❡♥♥❡ ♠✉♥✐ ❞❡ ❧❛ ♥♦r♠❡

‖X‖∞,p =

(

sup
t∈R

(

❊‖X(t)‖p
H2

)

) 1

p

.

✶✸
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❚❤é♦rè♠❡ ✶✳✹✳✾ ❙✉♣♣♦s♦♥s ❧❡s ❝♦♥❞✐t✐♦♥s (H1)− (H5) ✈ér✐✜é❡s✳ P♦✉r p ≥ 2✱ ❡t s♦✉s ❧❡s
❝♦♥❞✐t✐♦♥s 2

p
+ 2

q
= 1 ❡t

(

2
pq+2p−q

q ‖L‖p
Sp

δ
pq+2p

2q

(

1− exp(pδ
4
)
)

+
2

pq+p−q

q Cp (trQ)
p

2 ‖L‖p
Sp

(qδ)
p

p

(

1− exp(−pδ
2
)
)

)
1

p

< 1,

❛✈❡❝ Cp =
1

(2c)
p
2

(

2+2c
p−1

− 2
p

2

)

♣♦✉r t♦✉t c > (p− 1)2
p

2 − 1✱ ❧✬éq✉❛t✐♦♥ ✭✶✳✹✳✺✮ ❛ ✉♥❡ ✉♥✐q✉❡

s♦❧✉t✐♦♥ ♠✐❧❞ ❞❛♥s ❯❇
(

R,▲2(P,H2)
)

❞♦♥♥é❡ ♣❛r

X(t) =

∫ t

−∞

T (t− s)F
(

s,X(s)
)

ds+

∫ t

−∞

T (t− s)G
(

s,X(s)
)

dW (s).

❙✐ ❞❡ ♣❧✉s
22p ‖L‖p

Sq

pδ
p

2
+1
(

1− exp( 4
qδ
)
)

p

q

+
22p (trQ)

p

2 ‖L‖p
Sq

pδ
(

1− exp( 2
qδ
)
)

p

q

< 1,

❛❧♦rs X ❡st ❲❡②❧ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❡♥ ❧♦✐ ✜♥✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡✳

✶✹



CHAPITRE 2

WEYL ALMOST PERIODIC SOLUTIONS TO

ABSTRACT LINEAR AND SEMILINEAR EQUATIONS

WITH WEYL ALMOST PERIODIC COEFFICIENTS

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ✶✾✷✼✱ ❍❡r♠❛♥♥ ❲❡②❧ ❬❲❡②✷✼❪ ✐♥tr♦❞✉❝❡❞ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❇♦❤r ❛♥❞ ❙t❡♣❛♥♦✈
❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✳ ❙✐♥❝❡ t❤❡♥✱ ❣❡♥❡r❛❧✐③❡❞ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s ❜❡❛r ❤✐s ♥❛♠❡
❛♥❞ ♥✉♠❡r♦✉s ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡♦r② ♦❢ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❜r♦✉❣❤t✱
s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬❆❇●✵✻✱ ❆❇▲✵✶✱ ❇❇✸✶✱ ❇❡s✸✷✱ ❉❛♥✵✻✱ ●❑▲✻✻✱ ❯rs✸✶❪✳ ❲❡②❧✲❛❧♠♦st
♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s ❛r❡ ✈❡r② ✐♠♣♦rt❛♥t ❛♥❞ ❤❛✈❡ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱
✐♥ ♣❛rt✐❝✉❧❛r ✐♥ s②♠❜♦❧✐❝ ❞②♥❛♠✐❝s ❬■✇❛✽✽❪✱ ✇❤❡r❡ ❛♥ ✐♠♣♦rt❛♥t ❝❧❛ss ♦❢ ❲❡②❧ ❛❧♠♦st
♣❡r✐♦❞✐❝ tr❛❥❡❝t♦r✐❡s ❛r❡ t❤❡ r❡❣✉❧❛r ❚♦❡♣❧✐t③ s❡q✉❡♥❝❡s ♦❢ ❏❛❝♦❜s ❛♥❞ ❑❡❛♥❡ ❬❏❑✻✾❪✳

■♥ r❡❝❡♥t ②❡❛rs✱ ♠❛♥② ❛✉t❤♦rs ❤❛✈❡ ❜❡❡♥ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st✉❞② ♦❢ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s t♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤
❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❝♦❡✣❝✐❡♥ts ✐♥ ❜♦t❤ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ st♦❝❤❛st✐❝ ❝❛s❡s✳ ❲❡ ❝❛♥
♠❡♥t✐♦♥✱ ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✱ t❤❡ ✇♦r❦ ❜② ❆♥❞r❡s ❛♥❞ P❡♥♥❡q✉✐♥ ❬❆P✶✷❛✱ ❆P✶✷❜❪✱
▲♦♥❣ ❛♥❞ ❉✐♥❣ ❬▲❉✶✶❪✱ ❉✐♥❣ ❡t ❛❧✳ ❬❉▲◆●✶✶❪✱ ❍✉ ❛♥❞ ▼✐♥❣❛r❡❧❧✐ ❬❍▼✵✽❪✱ ❍❡♥r✐q✉❡③
❬❍❡♥✾✵❪✱ ❘❛♦ ❬❘❛♦✼✺❪✱ ❩❛✐❞♠❛♥ ❬❩❛✐✼✶❪✳ P❛rt✐❝✉❧❛r❧②✱ ✐♥ ❬❉▲◆●✶✶❪ ❛♥❞ ❬▲❉✶✶❪✱ t❤❡ ❛✉✲
t❤♦rs s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥ ❢♦r ❛♥ ❛❜str❛❝t s❡✲
♠✐❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❝♦❡✣❝✐❡♥ts✳ ❚❤❡② ♣r♦✈❡ t❤❡
❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ❇♦❤r ❛❧♠♦st ♣❡r✐♦❞✐❝ ♠✐❧❞ s♦❧✉t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ t❤❡
✇♦r❦ ❬❆P✶✷❜❪✱ ❆♥❞r❡s ❛♥❞ P❡♥♥❡q✉✐♥ ♣r♦✈❡❞ t❤❡ ♥♦♥❡①✐st❡♥❝❡ ♦❢ ♣✉r❡❧② ❙t❡♣❛♥♦✈ ❛❧♠♦st
♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥ ✉♥✐❢♦r♠❧② ❝♦♥✈❡① ❇❛♥❛❝❤ s♣❛❝❡s✳
❯♥t✐❧ ♥♦✇✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡r❡ ❛r❡ ♦♥❧② ❢❡✇ ✇♦r❦s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ st✉❞② ♦❢ ❡①✐st❡♥❝❡
❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s t♦ s♦♠❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❚❤❡ ✜rst
✐♥✈❡st✐❣❛t✐♦♥ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✐s ❞✉❡ t♦ ▲❡♥❦❛ ❘❛❞♦✈❛✬s ❬❘❛❞✵✹❪✱ ❜✉t ❤❡r st✉❞② ✇❛s ❧✐♠✐t❡❞

✶✺
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t♦ t❤❡ s❝❛❧❛r ❡q✉❛t✐♦♥ x′ = ax+ f(t)✱ ✇❤❡r❡ a ∈ R ❛♥❞ f : R → R ✐s ❛♥ ❡ss❡♥t✐❛❧❧② ❜♦✉♥✲
❞❡❞ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❞✉❡ t♦ ❆♥❞r❡s ❡t ❛❧✳ ❬❆❇❘✵✻❪✱ ❛♥❞
❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❘❛❞♦✈❛✬s ✇♦r❦✳ Pr❡❝✐s❡❧②✱ t❤❡ ❛✉t❤♦rs ✐♥✈❡st✐❣❛t❡ ❛❧♠♦st
♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ✐♥ ✈❛r✐♦✉s s❡♥s❡s ✭❙t❡♣❛♥♦✈✱ ❲❡②❧✱ ❇❡s✐❝♦✈✐t❝❤✮ ♦❢ ❤✐❣❤❡r✲♦r❞❡r s❝❛❧❛r
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❛ ♥♦♥❧✐♥❡❛r ▲✐♣s❝❤✐t③ r❡st♦r✐♥❣ t❡r♠ ❛♥❞ ❛ ❜♦✉♥❞❡❞ ❙t❡♣❛♥♦✈✱
❲❡②❧ ♦r ❇❡s✐❝♦✈✐t❝❤ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢♦r❝✐♥❣ t❡r♠✳ ❖♥❡ ❝❛♥ ❛❧s♦ ♠❡♥t✐♦♥ t❤❡ r❡❝❡♥t ♣❛♣❡r
❜② ❑♦st✐❝ ❬❑♦s❪✱ ✇❤❡r❡ ❘❛❞♦✈❛✬s st✉❞② ✇❛s ❛❞❞r❡ss❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❧✐♥❡❛r ❡✈♦❧✉t✐♦♥
❡q✉❛t✐♦♥s ✇✐t❤ ❜♦✉♥❞❡❞ ❛♥❞ ✭❛s②♠♣t♦t✐❝❛❧❧②✮ ❲❡②❧✲❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s ❝♦❡✣❝✐❡♥t✳

▼♦t✐✈❛t❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ♣❛♣❡rs✱ t❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ♣r❡✈✐♦✉s
✐♥✈❡st✐❣❛t✐♦♥s t♦ t❤❡ ❝❛s❡ ♦❢ s❡♠✐❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥✱ ✇✐t❤♦✉t ❛♥② ❜♦✉♥❞❡❞♥❡ss r❡s✲
tr✐❝t✐♦♥ ♦♥ t❤❡ ❢♦r❝✐♥❣ t❡r♠✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❜str❛❝t s❡♠✐❧✐♥❡❛r
❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✿

u′ (t) = Au(t) + f(t, u(t)) ∀t ∈ R, ✭✷✳✶✳✶✮

✇❤❡r❡ A : D (A) ⊂ X → X ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ✭♣♦ss✐❜❧② ✉♥❜♦✉♥❞❡❞✮ ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❛♥
❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡ C0✲s❡♠✐❣r♦✉♣ ♦♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡ X✱ ❛♥❞ (t, x) 7→ f(t, x) ✐s ❛ ♣❛r❛♠❡✲
tr✐❝ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ♦❢ ❞❡❣r❡❡ p ≥ 1✳ ❲❡ s❤♦✇ t❤❛t✱ ✉♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s✱
✭✷✳✶✳✶✮ ❤❛s ❛ ✉♥✐q✉❡ ♠✐❧❞ s♦❧✉t✐♦♥ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳ ◆♦t❡ t❤❛t✱
❝♦♥tr❛r✐❧② t♦ t❤❡ ❙t❡♣❛♥♦✈ ❝❛s❡✱ t❤❡ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ♣✉r❡❧② ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳

❚❤❡ ♠❛❥♦r ♣r♦❜❧❡♠ ❡♥❝♦✉♥t❡r❡❞ ✐♥ ♦✉r st✉❞② ✐s t❤❛t t❤❡ s♣❛❝❡ ♦❢ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝
❢✉♥❝t✐♦♥s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❲❡②❧ s❡♠✐✲♥♦r♠ ✐s ♥♦t ❝♦♠♣❧❡t❡ ❬❆❇▲✵✶❪✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡
❛♣♣r♦❛❝❤ ❛♥❞ ❝❧❛ss✐❝❛❧ t♦♦❧s ♦❢ ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ✐♥❛♣♣❧✐❝❛❜❧❡✱ ❡s♣❡❝✐❛❧❧② t❤❡ ✜①❡❞✲♣♦✐♥t
t❤❡♦r❡♠ ✐♥ ❇❛♥❛❝❤ s♣❛❝❡s✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✱ ✇❡ ❤❛✈❡ ♦♣t❡❞ ❢♦r t❤❡ ♠❡t❤♦❞ ✉s❡❞
❜② ❑❛♠❡♥s❦✐✐ ❡t ❛❧ ❬❑▼❘❞❋✶✺❪✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ s❤♦✇✐♥❣ ✧♠❛♥✉❛❧❧②✧ t❤❛t t❤❡ ✉♥✐q✉❡
❜♦✉♥❞❡❞ ♠✐❧❞ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✳✶✮✱ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠✱ ✐s ❲❡②❧ ❛❧♠♦st
♣❡r✐♦❞✐❝✳

❚❤✐s ✇♦r❦ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s ✿ ■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛♥❞
r❡s✉❧ts r❡❧❛t❡❞ t♦ ❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❛♥❞ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✳ ■♥ s❡❝t✐♦♥
✸✱ ✇❡ ♣r❡s❡♥t t❤r❡❡ ❡ss❡♥t✐❛❧ ♣❛rts✳ ■♥ t❤❡ ✜rst ♣❛rt✱ ❜❛s❡❞ ♦♥ ❛ ❝♦♠♣❛❝t♥❡ss ♣r♦♣❡rt②
❡st❛❜❧✐s❤❡❞ ❜② ❉❛♥✐❧♦✈ ❬❉❛♥✵✻❪✱ ✇❡ ❣✐✈❡ ❛ ♥❡✇ s✉♣❡r♣♦s✐t✐♦♥ r❡s✉❧t ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❲❡②❧
❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ❛❢t❡r ♣r♦✈✐❞✐♥❣ ❡①❛♠♣❧❡s ♦❢ ❜♦✉♥❞❡❞ ❛♥❞
♣✉r❡❧② ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s✱ ✇❡ t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss
♦❢ ❛ ❜♦✉♥❞❡❞ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥ t♦ ❛♥ ❛❜str❛❝t ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳
❋✐♥❛❧❧②✱ ✐♥ t❤❡ t❤✐r❞ ♣❛rt✱ ✐♥s♣✐r❡❞ ❢r♦♠ ❬❑▼❘❞❋✶✺❪✱ ✇❡ ♣r♦✈❡ t❤❛t ❡q✉❛t✐♦♥ ✭✷✳✶✳✶✮ ❤❛s
❛ ✉♥✐q✉❡ ❜♦✉♥❞❡❞ ♠✐❧❞ s♦❧✉t✐♦♥ ✇❤✐❝❤ ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳

✷✳✷ ◆♦t❛t✐♦♥ ❛♥❞ Pr❡❧✐♠✐♥❛r✐❡s

❋✐rst✱ ✇❡ ❣✐✈❡ s♦♠❡ ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts ♦♥ ❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s
❛♥❞ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s ✭❢♦r ♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ ❬❆❇●✵✻✱ ❇❇✸✶✱ ❇❡s✸✷❪✮✳

❲❡ ❞❡♥♦t❡ ❜② R t❤❡ s❡t ♦❢ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ ❜② X ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡
♥♦r♠ ‖.‖✳

❲❡ ❞❡♥♦t❡ ❛❧s♦ ❜② ❈❇(R,X) t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s

✶✻
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❢r♦♠ R t♦ X✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖u‖∞ = sup
t∈R

‖u(t)‖ .

✷✳✷✳✶ ❙t❡♣❛♥♦✈ ❛♥❞ ❲❡②❧ ♥♦r♠s

●✐✈❡♥ l > 0✱ t❤❡ ❙t❡♣❛♥♦✈ ♥♦r♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ l ♦❢ ❛ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥
f : R → X✱ ✐✳❡ f ∈ Lp

loc(R,X) (p ≥ 1)✱ ✐s ❞❡✜♥❡❞ ❜②

‖f‖
S
p
l
= sup

ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t)‖p dt
)

1

p

.

❚❤❡ ❲❡②❧ ♥♦r♠ ✐s ❞❡✜♥❡❞ ❜②
‖f‖

Wp = lim
l→+∞

‖f‖
S
p
l
.

❚❤❡ ❧✐♠✐t ❛❧✇❛②s ❡①✐sts ❢♦r l → +∞ ❬❇❡s✸✷✱ ♣✳✼✷✲✼✸❪✳ ❚❤❡ ❞✐st❛♥❝❡ ✐♥❞✉❝❡❞ ❜② ‖.‖
S
p
l

✭r❡s♣❡❝t✐✈❡❧② ‖f‖
Wp✮ ✐s ❞❡♥♦t❡❞ ❜② DS

p
l
✭r❡s♣❡❝t✐✈❡❧② DWp✮✳

✷✳✷✳✷ ❆❧♠♦st ♣❡r✐♦❞✐❝✐t② ✐♥ ❙t❡♣❛♥♦✈ ❛♥❞ ❲❡②❧ s❡♥s❡s

▲❡t ✉s r❡❝❛❧❧ s♦♠❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❙t❡♣❛♥♦✈ ❛♥❞ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✳ ❘❡❝❛❧❧
t❤❛t ❛ s❡t T ♦❢ r❡❛❧ ♥✉♠❜❡rs ✐s r❡❧❛t✐✈❡❧② ❞❡♥s❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ r❡❛❧ ♥✉♠❜❡r k > 0✱ s✉❝❤
t❤❛t T ∩ [a, a+ k] 6= ∅✱ ❢♦r ❛❧❧ a ✐♥ R✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶ ✭❬❆P✼✶✱ ♣✳✼✻✲✼✼❪✱ ❬❆❇●✵✻✱ ❆❇▲✵✶❪✱ ❬❇❡s✸✷✱ ♣✳✼✼❪✱ ❬●❑▲✻✻✱ ♣✳✶✽✽❪✮ ❆
❢✉♥❝t✐♦♥ f ∈ Lp

loc(R,X) ✐s s❛✐❞ t♦ ❜❡ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❙t❡♣❛♥♦✈ ✭♦r p✲
❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐❢ ✇❡ ✇❛♥t t♦ ❤✐❣❤❧✐❣❤t t❤❡ ❞❡❣r❡❡ p✮ ✐❢✱ ❢♦r ❡✈❡r② ε > 0✱ t❤❡
s❡t

TSp(ε, f) =

{

τ ∈ R; sup
ξ∈R

(∫ ξ+1

ξ

‖f(t+ τ)− f(t)‖p dt
)

1

p

< ε

}

✐s r❡❧❛t✐✈❡❧② ❞❡♥s❡✳ ❚❤❡ ♥✉♠❜❡r τ ✐s ❝❛❧❧❡❞ ❛♥ ε✲❙t❡♣❛♥♦✈ ❛❧♠♦st✲♣❡r✐♦❞ ✭♦r ❙t❡♣❛♥♦✈
ε✲tr❛♥s❧❛t✐♦♥ ♥✉♠❜❡r ♦❢ f✮✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ ❢✉♥❝t✐♦♥s ❜② S

p❆P(R,X)✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✷ ✭❬❆❇●✵✻✱ ❆❇▲✵✶❪✱ ❬❇❡s✸✷✱ ♣✳✼✽❪✱ ❬●❑▲✻✻✱ ♣✳✶✾✵❪✮ ❆ ❢✉♥❝t✐♦♥ f ∈
Lp
loc(R,X) ✐s ❝❛❧❧❡❞ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐❢✱ ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡ ❡①✐st l = l(ε) > 0

s✉❝❤ t❤❛t✱ t❤❡ s❡t

TS
p
l
(ε, f) =

{

τ ∈ R; sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ)− f(t)‖p dt
)

1

p

< ε

}

✭✷✳✷✳✶✮

✐s r❡❧❛t✐✈❡❧② ❞❡♥s❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡ ❡①✐sts l = l(ε) > 0 s✉❝❤ t❤❛t
f ∈ S

p
l❆P(R,X)✳ ❚❤❡ ♥✉♠❜❡r τ ✐s ❝❛❧❧❡❞ ❛ ❲❡②❧ ε✲tr❛♥s❧❛t✐♦♥ ♥✉♠❜❡r ♦❢ f ✳ ❲❡ ❞❡♥♦t❡

t❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ ❢✉♥❝t✐♦♥s ❜② W
p❆P(R,X)✳

❚❤❡r❡ ✐s✱ ❤♦✇❡✈❡r✱ ❛♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❞❡✜♥✐t✐♦♥ ❣✐✈❡♥ ❜② ❯rs❡❧❧ ❬❯rs✸✶❪ ✿

✶✼
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❉❡✜♥✐t✐♦♥ ✷✳✷✳✸ ✭❬❯rs✸✶❪✮ ❆ ❢✉♥❝t✐♦♥ f ∈ Lp
loc(R,X) ✐s s❛✐❞ t♦ ❜❡ ❲❡②❧ ✯✲❛❧♠♦st ♣❡r✲

✐♦❞✐❝ ✭♦r W✳❛✳♣ ❢♦❧❧♦✇✐♥❣ ❯rs❡❧❧✬s ♥♦t❛t✐♦♥s✮ ✐❢✱ ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡ ❡①✐sts l = l(ε) s✉❝❤
t❤❛t t❤❡ s❡t

T ∗
S
p
l
(ε, f) =

{

τ ∈ R;

(

1

l

∫ l

0

‖f(t+ τ)− f(t)‖p dt
)

1

p

< ε

}

✐s r❡❧❛t✐✈❡❧② ❞❡♥s❡✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ ❢✉♥❝t✐♦♥s ❜② W
p
∗❆P(R,X)✳

❯rs❡❧❧ ❬❯rs✸✶❪ ❤❛s s❤♦✇♥ t❤❛t

❚❤❡♦r❡♠ ✷✳✷✳✹ ❚❤❡ ❝❧❛ss❡s Wp❆P(R,X) ❛♥❞ W
p
∗❆P(R,X) ❝♦✐♥❝✐❞❡✳

❚❤✐s ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ✈❡r② ✐♠♣♦rt❛♥t ✇❤❡♥ ❡st❛❜❧✐s❤✐♥❣ ♦✉r ♠❛✐♥ r❡s✉❧t✳

❘❡♠❛r❦ ✷✳✷✳✺ ✶✳ ❙♦♠❡ ❛✉t❤♦rs ♥❛♠❡ t❤❡ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ❜② ❡q✉✐✲❲❡②❧ ❛❧✲
♠♦st ♣❡r✐♦❞✐❝✐t② ✭❡✳❣ ❬❆❇●✵✻✱ ❆❇▲✵✶✱ ❘❛❞✵✹❪✮✱ ❞✐st✐♥❣✉✐s❤✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❛❜♦✈❡
❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡ ✐♥tr♦❞✉❝❡❞ ❜② ❑♦✈❛♥❦♦ ❬❑♦✈✹✹❪ ✿ ❆ ❢✉♥❝t✐♦♥ f ∈
Lp
loc(R,X) ✐s s❛✐❞ t♦ ❜❡ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❲❡②❧ ❛❝❝♦r❞✐♥❣ t♦ ❬❆❇●✵✻✱

❆❇▲✵✶✱ ❘❛❞✵✹❪ ✐❢✱ ❢♦r ❡✈❡r② ε > 0✱ t❤❡ s❡t

TWp(ε, f) =

{

τ ∈ R; lim
l→+∞

sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ)− f(t)‖p dt
)

1

p

< ε

}

✐s r❡❧❛t✐✈❡❧② ❞❡♥s❡✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ ❢✉♥❝t✐♦♥s ❜② W
p(R,X)✳

❖❢ ❝♦✉rs❡ t❤❡ s♣❛❝❡ W
p❆P(R,X) ✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ s♣❛❝❡ ❜❡t✇❡❡♥ S

p❆P(R,X) ❛♥❞
W

p(R,X)✱ ✐✳❡✳ ✇❡ ❤❛✈❡

S
p❆P(R,X) ⊂ W

p❆P(R,X) ⊂ W
p(R,X).

❆❝❝♦r❞✐♥❣ t♦ ❬❆❇●✵✻✱ ❆❇▲✵✶❪✱ t❤❡ ♣r❡✈✐♦✉s ✐♥❝❧✉s✐♦♥s ❛r❡ str✐❝t✳

✷✳ ❊✈❡r② ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ♦❢ ❞❡❣r❡❡ p ✐s Sp✲❜♦✉♥❞❡❞ ❛♥❞ ❛❧s♦ W
p✲❜♦✉♥❞❡❞

❛♥❞ ❛❧s♦ ✭s❡❡ ❬❆❇●✵✻❪✮✳ ❆❝t✉❛❧❧②✱ t❤❡ s♣❛❝❡s

BS
p(R,X) :=

{

f ∈ Lp
loc(R,X); sup

ξ∈R

(

1

L

∫ ξ+L

ξ

‖f(t)‖p dt
)

1

p

< ∞
}

∀L > 0,

❛♥❞

BW
p(R,X) :=

{

f ∈ Lp
loc(R,X); lim

l→∞
sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t)‖p dt
)

1

p

< ∞
}

,

❝♦✐♥❝✐❞❡✱ s❡❡ ❬❆❇●✵✻❪✳

✶✽
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✷✳✷✳✸ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ ❛ ♣❛r❛♠❡t❡r

✶✳ ❲❡ s❛② t❤❛t ❛ ♣❛r❛♠❡tr✐❝ ❢✉♥❝t✐♦♥ f : R×X → X ✐s❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐❢✱ ❢♦r ❡✈❡r②
x ∈ X✱ t❤❡ ❢✉♥❝t✐♦♥ f(., x) ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✱ ✇❡ ❞❡♥♦t❡ ❜② W

p❆P(R×X,X)
t❤❡ s♣❛❝❡ ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s✳

✷✳ ❆ ❢✉♥❝t✐♦♥ f : R× X → X, (t, u) 7→ f(t, u) ✇✐t❤ f(., u) ∈ Lp
loc(R,X) ❢♦r ❡❛❝❤ u ∈ X

✐s s❛✐❞ t♦ ❜❡ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ t ∈ R ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t ❝♦♠♣❛❝t s✉❜s❡ts
♦❢ X ✐❢✱ ❢♦r ❡❛❝❤ ε > 0✱ t❤❡r❡ ❡①✐sts l = l(ε) > 0 ❛♥❞ ❢♦r ❛❧❧ ❝♦♠♣❛❝ts K ✐♥ X✱ t❤❡ s❡t

TS
p
l
(ε, f,K) =

{

τ ∈ R; sup
u∈K

sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ, u)− f(t, u)‖p dt
)

1

p

< ε

}

✐s r❡❧❛t✐✈❡❧② ❞❡♥s❡✳ ❲❡ ❞❡♥♦t❡ ❜② W
p❆PK(R× X,X) t❤❡ s❡t ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s✳

■t ✐s ❝❧❡❛r t❤❛t Wp❆PK(R× X,X) ⊂ W
p❆P(R× X,X)✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s ❞✉❡ t♦ ❉❛♥✐❧♦✈ ❬❉❛♥✵✻❪✳ ❲❡ ❞❡♥♦t❡ ❜② M∗
p (R,X) t❤❡

s❡t ♦❢ ❢✉♥❝t✐♦♥s f ∈ BS
p(R,X) s✉❝❤ t❤❛t

lim
δ→0+

lim
l0→∞

sup
l>l0

sup
ξ∈R

(

1

l
sup

T⊆[ξ,ξ+l]: κ(T )≤δl

∫

T

‖f(t)‖p dt
) 1

p

= 0

❤♦❧❞s✱ ✇❤❡r❡ κ ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R✳

❖♥ t❤❡ s♣❛❝❡ X ✇❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ tr✉♥❝❛t❡❞ ♥♦r♠ ‖.‖∗ = min{1, ‖.‖}✳ ▲❡tW0❆P(R,X) :=
W

1❆P(R, (X, ‖.‖∗)) ❞❡♥♦t❡ t❤❡ s♣❛❝❡ ♦❢ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s f : R → X ✭♦❢
❞❡❣r❡❡ 1✮✱ ✇❤❡♥ X ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ‖.‖∗✳ ❋r♦♠ ❉❛♥✐❧♦✈ ❬❉❛♥✵✻❪✱ ✇❡ ❤❛✈❡

❚❤❡♦r❡♠ ✷✳✷✳✻ ✭❉❛♥✐❧♦✈ ❬❉❛♥✵✻❪✮ ✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❤♦❧❞s tr✉❡ ✿

W
p❆P(R,X) = W

0❆P(R,X) ∩M∗
p (R,X). ✭✷✳✷✳✷✮

✷✳ ■❢ f ∈ W
p❆P(R,X)✱ t❤❡♥ ❢♦r ❡✈❡r② ε, δ > 0 t❤❡r❡ ❡①✐st ❛ ♥✉♠❜❡r l > 0 ❛♥❞ ❛ ❝♦♠♣❛❝t

s❡t Kε,δ ⊂ X s✉❝❤ t❤❛t

sup
ξ∈R

1

l
κ {t ∈ [ξ, ξ + l] : d (f(t), Kε,δ) ≥ δ} < ε.

◆♦t❡ t❤❛t✱ ❛s ❢♦r ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ✐♥ ❙t❡♣❛♥♦✈ s❡♥s❡✱ ✇❤✐❝❤ ✐s ❛ ♠❡tr✐❝ ♣r♦♣❡rt②
❬❇❈▼+✶✼✱ ❘❡♠❛r❦ ✷✳✹❪✱ ✐t ❝❛♥ ❜❡ ❡❛s✐❧② s❤♦✇♥ t❤❛t ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ✐♥ ❲❡②❧ s❡♥s❡
✐s ❛ ♠❡tr✐❝ ♣r♦♣❡rt② t♦♦✳ ■♥ ❢❛❝t✱ ✉s✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ✐♥ ❬❇❈▼+✶✼✱ ❘❡♠❛r❦ ✷✳✹❪✱ ❧❡t
g = exp

(
∑+∞

n=2 gn
)

✱ ✇❤❡r❡ gn ✐s ❛ 4n✲♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜②

gn(t) = βn

(

1− 2

αn

|t− n|
)

✶❧[n− 2

αn
,n+ 2

αn
](t), t ∈ [−2n, 2n],

✇❤❡r❡ αn ∈]0, 1
2
[✱ ❛♥❞ βn > 0✳ ❆s s❤♦✇♥ ✐♥ ❬❆P✶✷❜❪✱ ❢♦r αn = 1/n5 ❛♥❞ βn = n3✱ ✇❡

❤❛✈❡ ‖g‖
S1

≥ αnβ2
n

6
→ ∞✳ ❲❤✐❝❤ ♠❡❛♥s t❤❛t g ✐s ♥♦t S

1✲❜♦✉♥❞❡❞✳ ❍❡♥❝❡ g ❝❛♥♥♦t ❜❡
✐♥ W

1❆P(R)✱ ✳ ❍♦✇❡✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥ g ✐s ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ t❤❛t
✐s✱ ✐t ❜❡❧♦♥❣s t♦ S

0❆P(R) := S
1❆P

(

R, (R, ‖.‖∗)
)

✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ S
0❆P(R) ⊂

W
0❆P(R)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t g ❜❡❧♦♥❣s t♦ W

0❆P(R)✳ ❚❤✐s s❤♦✇s ❛❧s♦ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥
W

p❆P(R) ⊂ W
0❆P(R) ✐s str✐❝t✱ ❛♥❞ t❤❛t M∗

p (R,X) ❞❡♣❡♥❞s ♦♥ t❤❡ ♥♦r♠ ♦❢ t❤❡ s♣❛❝❡ X✳

✶✾
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✷✳✸ ▼❛✐♥ r❡s✉❧ts

✷✳✸✳✶ ❆ s✉♣❡r♣♦s✐t✐♦♥ t❤❡♦r❡♠ ✐♥ W
p
❆P(R,X)

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡st❛❜❧✐s❤ ❛ ❝♦♠♣♦s✐t✐♦♥ t❤❡♦r❡♠ ❢♦r ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✳
❖✉r r❡s✉❧t ✐s ❜❛s❡❞ ♦♥ ❚❤❡♦r❡♠ ✷✳✷✳✻✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ t❤❛t 1

p
= 1

q
+ 1

r
✭p
q
+ p

r
= 1✮

✇✐t❤ p✱ q ❛♥❞ r ≥ 1✳

❚❤❡♦r❡♠ ✷✳✸✳✶ ▲❡t f ∈ W
p❆PK(R×X,X)✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥

L(.) ∈ BW
r(R)✱ s✉❝❤ t❤❛t

‖f(t, u)− f(t, v)‖ ≤ L(t) ‖u− v‖ ∀t ∈ R, u, v ∈ X. ✭✷✳✸✳✶✮

❚❤❡♥✱ ❢♦r ❡✈❡r② x(.) ∈ W
q❆P(R,X)✱ ✇❡ ❤❛✈❡

f(., x(.)) ∈ W
p❆P(R,X).

Pr♦♦❢ ❋♦r ❛ ♠❡❛s✉r❛❜❧❡ s❡t A ⊂ R ❛♥❞ l > 0✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥

κl(A) = sup
ξ∈R

1

l
κ {t ∈ [ξ, ξ + l] ∩ A} ,

❛♥❞ ❧❡t ✉s ❞❡♥♦t❡ ❜② Ac t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② s❡t ♦❢ A✳ ❋✐① ε > 0✳ ▲❡t x(.) ∈ W
q❆P(R,X)✳

■♥ ✈✐❡✇ ♦❢ ✭✷✳✷✳✷✮✱ ✇❡ ❝❛♥ ✜♥❞ δε > 0 ❛♥❞ l0 = l0(ε) > 0 s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② ♠❡❛s✉r❛❜❧❡
s❡t A✱ ✐❢ κl0(A) ≤ δε✱ t❤❡♥

sup
x∈R

(

1

l0

∫

A∩[x,x+l0]

‖x(s)‖q ds
) 1

q

≤ ε. ✭✷✳✸✳✷✮

❯s✐♥❣ t❤❡ s❡❝♦♥❞ ✐t❡♠ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✻✱ ❢♦r t❤❡ ❛❜♦✈❡ ε > 0 ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ δε > 0✱
t❤❡r❡ ❡①✐st ❛ ❝♦♠♣❛❝t s✉❜s❡t Kε ⊂ X ❛♥❞ ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r l1 = l1(ε) > 0 s✉❝❤ t❤❛t

κl1(Tε) < δε, ✭✷✳✸✳✸✮

✇❤❡r❡

Tε =

{

t ∈ R : d(x(t),Kε) ≥
ε

24 ‖L‖
Wr

}

.

❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ ❜② t❛❦✐♥❣ l2 = max(l0, l1)✱

sup
x∈R

(

1

l2

∫

Tε∩[x,x+l2]

‖x(s)‖q ds
) 1

q

≤ ε

24 ‖L‖
Wr

. ✭✷✳✸✳✹✮

❚❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ Kε ②✐❡❧❞s t❤❛t ❢♦r ❡✈❡r② t ∈ R✱ t❤❡r❡ ❡①✐sts x∗
t ∈ Kε s✉❝❤ t❤❛t

d(x(t),Kε) = ‖x(t)− x∗
t‖ .

◆♦✇✱ s✐♥❝❡ x(.) ∈ M∗
q (R,X) ❛♥❞ {x∗

t ; t ∈ R} ⊂ Kε✱ ✇❡ ♦❜t❛✐♥

sup
ξ∈R

(

1

l2

∫

Tε∩[ξ,ξ+l2]

‖x(t)− x∗
t‖q dt

) 1

q

<
ε

24 ‖L‖
Wr

. ✭✷✳✸✳✺✮

✷✵
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❲❡ ❛❧s♦ ❤❛✈❡

sup
ξ∈R

(

1

l2

∫

T c
ε∩[ξ,ξ+l2]

‖x(t)− x∗
t‖q dt

) 1

q

<
ε

24 ‖L‖
Wr

. ✭✷✳✸✳✻✮

❯s✐♥❣ ❛❣❛✐♥ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ Kε✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ y1, y2, · · · , yn ∈ Kε s✉❝❤
t❤❛t

Kε ⊂
n
⋃

i=1

B

(

yi,
ε

24 ‖L‖
Wr

)

. ✭✷✳✸✳✼✮

❙✐♥❝❡ x∗
t ∈ Kε✱ ✐t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r ❡✈❡r② t ∈ R✱ t❤❡r❡ ❡①✐sts i(t) ∈ {1, 2, · · · , n} s✉❝❤ t❤❛t

sup
ξ∈R

(

1

l2

∫ ξ+l2

ξ

∥

∥x∗
t − yi(t)

∥

∥

q
dt

)

1

q

<
ε

24 ‖L‖
Wr

. ✭✷✳✸✳✽✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s f ∈ W
p❆PK(R × X,X) ❛♥❞ x(.) ∈ W

q❆P(R,X)✱ ❢♦r t❤❡ ❛❜♦✈❡
ε > 0✱ ✇❡ ❝❛♥ ❝❤♦s❡ l3 = l3(ε) > 0 ❛♥❞ ❛ ❝♦♠♠♦♥ r❡❧❛t✐✈❡❧② ❞❡♥s❡ s❡t TS

p
l
(ε, x, f) ⊂ R

s✉❝❤ t❤❛t

sup
ξ∈R

(

1

l3

∫ ξ+l3

ξ

‖x(t+ τ)− x(t)‖q dt
)

1

q

<
ε

2 ‖L‖
Wr

, ✭✷✳✸✳✾✮

❛♥❞

sup
ξ∈R

(

1

l3

∫ ξ+l3

ξ

‖f(t+ τ, v)− f(t, v)‖p dt
)

1

p

<
ε

12n
, ✭✷✳✸✳✶✵✮

❢♦r ❛❧❧ τ ∈ TS
p
l
(ε, x, f) ❛♥❞ v ∈ Kε✳ ❋✉rt❤❡r♠♦r❡✱ ❜② tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡✱ ❢♦r

l = max(l2, l3) ❛♥❞ ❢♦r ❡✈❡r② τ ∈ TS
p
l
(ε, x, f)✱

sup
ξ∈R

(1

l

∫ ξ+l

ξ

‖f(t+ τ, x(t+ τ))− f(t, x(t))‖p dt
) 1

p

≤ sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ, x(t+ τ))− f(t+ τ, x(t))‖p dt
)

1

p

+ sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ, x(t))− f(t, x(t))‖p dt
)

1

p

=:I1 + I2.

▲❡t ✉s ❡st✐♠❛t❡ I1 ❛♥❞ I2✳ ❋♦r I1✱ ❜② ✭✷✳✸✳✶✮✱ ✭✷✳✸✳✾✮ ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✭ r
p
, q
p
✮✱ ✇❡

❤❛✈❡✱ ❢♦r ❡✈❡r② τ ∈ TS
p
l
(ε, x, f)✱

I1 = sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ, x(t+ τ))− f(t+ τ, x(t))‖p dt
)

1

p

≤ ‖L‖
Wr sup

ξ∈R

(

1

l

∫ ξ+l

ξ

‖x(t+ τ)− x(t)‖q dt
)

1

q

<
ε

2
.

✷✶
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❋♦r I2✱ ❢♦r ❛❧❧ τ ∈ TS
p
l
(ε, x, f)✱ ✇❡ ❤❛✈❡

I2 ≤ sup
ξ∈R

(

1

l

∫

Tε∩[ξ,ξ+l]

‖f(t+ τ, x(t))− f(t, x(t))‖p dt
) 1

p

+ sup
ξ∈R

(

1

l

∫

T c
ε∩[ξ,ξ+l]

‖f(t+ τ, x(t))− f(t, x(t))‖p dt
) 1

p

:= I12 + I22 .

❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r I12 ✳ ❯s✐♥❣ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t②✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✸✳✶✮✱ ✭✷✳✸✳✺✮ ❛♥❞ ❍ö❧✲
❞❡r✬s ✐♥❡q✉❛❧✐t② ✭p

r
, p
q
✮✱ ✇❡ ❣❡t✱ ❢♦r ❛❧❧ τ ∈ TS

p
l
(ε, x, f)✱

I12 = sup
ξ∈R

(

1

l

∫

Tε∩[ξ,ξ+l]

‖f(t+ τ, x(t))− f(t, x(t))‖p dt
) 1

p

≤ ε

24
+ sup

ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ, x∗
t )− f(t, x∗

t )‖p dt
)

1

p

+
ε

24

:=
ε

12
+ I∗.

❇② ✭✷✳✸✳✶✵✮✱ ❢♦r ❡❛❝❤ τ ∈ TS
p
l
(ε, x, f) ❛♥❞ i = 1, 2, · · · , n✱ ✇❡ ♦❜t❛✐♥ t❤❛t

sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ, yi)− f(t, yi)‖p dt
)

1

p

<
ε

12n
. ✭✷✳✸✳✶✶✮

❯s✐♥❣ ✭✷✳✸✳✶✮ ❛♥❞ ✭✷✳✸✳✽✮✱ ✐t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r ❡✈❡r② τ ∈ TS
p
l
(ε, x, f)✱

I∗ ≤2 ‖L‖
Wr sup

ξ∈R

(

1

l

∫ ξ+l

ξ

∥

∥yi(t) − x∗
t

∥

∥

q
dt

)

1

q

+ sup
ξ∈R

(

1

l

∫ ξ+l

ξ

∥

∥f(t+ τ, yi(t))− f(t, yi(t))
∥

∥

p
dt

)

1

p

≤ ε

12
+

nl
∑

j=1

sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ, yj)− f(t, yj)‖p dt
)

1

p

<
ε

6
.

❲❡ t❤✉s ❤❛✈❡✱ ❢♦r ❛❧❧ τ ∈ TS
p
l
(ε, x, f)✱

I12 = sup
ξ∈R

(

1

l

∫

Tε∩[ξ,ξ+l]

‖f(t+ τ, x(t))− f(t, x(t))‖p dt
) 1

p

<
ε

4
.

❋♦r I22 ✱ ❜② ✭✷✳✸✳✶✮✱ ✭✷✳✸✳✻✮✱ ✭✷✳✸✳✽✮✱ ✭✷✳✸✳✶✶✮ ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡
st❡♣s t❤❛♥ ❢♦r I12 ✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r ❡✈❡r② τ ∈ TS

p
l
(ε, x, f)✱

I22 = sup
ξ∈R

(

1

l

∫

T c
ε∩[ξ,ξ+l]

‖f(t+ τ, x(t))− f(t, x(t))‖p dt
) 1

p

<
ε

4
.

❚❤❡♥✱ ❢♦r ❛❧❧ τ ∈ TS
p
l
(ε, x, f)✱ ✇❡ ❣❡t t❤❛t

I2 = sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ, x(t))− f(t, x(t))‖p dt
)

1

p

<
ε

2
.

✷✷
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❋✐♥❛❧❧②✱ ❝♦♠❜✐♥✐♥❣ I1 ❛♥❞ I2✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r ❡✈❡r② τ ∈ TS
p
l
(ε, x, f)✱

sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖f(t+ τ, x(t+ τ))− f(t, x(t))‖p dt
)

1

p

< ε,

t❤❛t ✐s✱ f(., x(.)) ∈ W
p❆P(R,X)✳

◆♦✇✱ ✇❡ ❞✐s❝✉ss t❤❡ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s t♦ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳

✷✳✸✳✷ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❜♦✉♥❞❡❞ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝

s♦❧✉t✐♦♥ t♦ ❛❜str❛❝t ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

❲❡ ✐♥✈❡st✐❣❛t❡ ♥♦✇ t❤❡ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s t♦

u′ (t) = Au(t) + f(t), ✭✷✳✸✳✶✷✮

✇❤❡r❡ A : D (A) ⊂ X → X ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡
C0✲s❡♠✐❣r♦✉♣ (T (t))t≥0 ♦♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡ X✱ ❛♥❞ f : R → X ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳

❲❡ r❡❝❛❧❧ t❤❛t ❛ ❢✉♥❝t✐♦♥ u : R → X ✐s ❛ ♠✐❧❞ s♦❧✉t✐♦♥ t♦ ✭✷✳✸✳✶✷✮ ✐❢

u(t) = T (t− a)u(a) +

∫ b

a

T (t− s)f(s)ds, t ≥ s.

▲❡t ✉s ❛❧s♦ r❡❝❛❧❧ t❤❛t ❛ s❡♠✐❣r♦✉♣ (T (t))t∈R ♦❢ ❧✐♥❡❛r ♦♣❡r❛t♦rs ✐s ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡ ✐❢
t❤❡r❡ ❡①✐st δ > 0 ❛♥❞ M ≥ 1 s✉❝❤ t❤❛t

‖T (t)‖ ≤ Me−δt. ✭✷✳✸✳✶✸✮

❚❤❡ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥ ♦❢ t❤✐s st✉❞② ✐s t❤❛t✱ ❝♦♥tr❛r✐❧② t❤❡ ❙t❡♣❛♥♦✈ ❝❛s❡ ✭s❡❡ ❬❆P✶✷❜❪
❛♥❞ ❬❇❈▼+✶✼❪✮✱ ✇❤❡r❡ ✐t ✐s s❤♦✇♥ t❤❡ ♥♦♥❡①✐st❡♥❝❡ ♦❢ ♣✉r❡❧② ❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝
s♦❧✉t✐♦♥s ❢♦r ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❝♦❡✣❝✐❡♥ts✱
✇❡ ❝❛♥ ✜♥❞✱ ✐♥ t❤❡ ❲❡②❧ ❝❛s❡✱ ❛ ❜♦✉♥❞❡❞ ❛♥❞ ♣✉r❡❧② ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ♠✐❧❞ s♦❧✉t✐♦♥
t♦ ❊q✉❛t✐♦♥ ✭✷✳✸✳✶✷✮✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ❇♦❤❧✲❇♦❤r t❤❡♦r❡♠ ✇❤✐❝❤ ❢❛✐❧s ✐♥
t❤❡ ❲❡②❧ ❝❛s❡✳ ■♥❞❡❡❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s❤♦✇s t❤❛t t❤❡r❡ ❡①✐st ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝
❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t t❤❡✐r ✐♥t❡❣r❛❧s ❛r❡ ❜♦✉♥❞❡❞ ❜✉t ♥♦t ❇♦❤r ❛❧♠♦st ♣❡r✐♦❞✐❝✱ ♥♦r ❙t❡♣❛♥♦✈
❛❧♠♦st ♣❡r✐♦❞✐❝✳ ❍♦✇❡✈❡r✱ t❤❡② ❛r❡ ✭♣✉r❡❧②✮ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳

❊①❛♠♣❧❡ ✷✳✸✳✷ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥ f : R → R ❞❡✜♥❡❞ ❜②

f(t) =

{

1 ❢♦r 0 < t < 1
2
;

0 ❡❧s❡✇❤❡r❡,
✭✷✳✸✳✶✹✮

✇❤✐❝❤ ✐s ♣✉r❡❧② ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✭s❡❡ ❬❆❇●✵✻✱ ♣✳✶✹✺❪✮✳ ▲❡t F : R → R ✇✐t❤

F (t) =

∫ t

−∞

f(s)ds =







0 ❢♦r t ≤ 0;
t ❢♦r 0 < t < 1

2
;

1
2

❡❧s❡✇❤❡r❡,

✷✸
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❜❡ ❛ ♣r✐♠✐t✐✈❡ ♦❢ f ✳ ❈❧❡❛r❧② F ✐s ❜♦✉♥❞❡❞ ♦♥ R✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡✈❡r② t1, t2 ∈ R✱ ✇❡ ❤❛✈❡

|F (t1)− F (t2)| ≤ |t1 − t2| .

❚❤✉s F ✐s ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s✳ ❙♦ ❜② ❬❘❛❞✵✹✱ Pr♦♣♦s✐t✐♦♥ ✹❪✱ F ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ε < 1
4
✱ t❤❡r❡ ❡①✐sts t ∈ [0, 1

4
] s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② τ > ε✱ ✇❡ ❤❛✈❡

|F (t+ τ)− F (t)| ≥ 1

4
> ε.

❙♦✱ t❤❡ ❢✉♥❝t✐♦♥ F ✐s ♥♦t ❇♦❤r ❛❧♠♦st ♣❡r✐♦❞✐❝✳ ❲❡ ❝❛♥ s❤♦✇ ♠♦r❡✱ t❤❛t ✐s F ✐s ♥♦t
❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝✳ ■♥❞❡❡❞✱ ✐❢ F ✐s ❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝✱ t❤❛♥❦s t♦ ✐ts ✉♥✐❢♦r♠
❝♦♥t✐♥✉✐t②✱ ✇❡ ❣❡t ✇♦✉❧❞ ❤❛✈❡ t❤❛t F ✇❛s ❇♦❤r ❛❧♠♦st ♣❡r✐♦❞✐❝ ✭❇♦❝❤♥❡r✬s ❚❤❡♦r❡♠✱ s❡❡✳
❡✳❣ ❬❆❇●✵✻❪✱ ❬❇❡s✸✷✱ ♣✳✽✷❪✱ ❬▲❩✱ ▲❡♠♠❡✳✹ ♣✳✸✹❪ ❛♥❞ ❬❋❇✵✵✱ ❚❤ ✻✳✶✻❪✮✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥✳
❍❡♥❝❡ F ✐s ♥♦t ❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝✳

❊①❛♠♣❧❡ ✷✳✸✳✸ ▲❡t t❤❡ s❝❛❧❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ x′(t) = −x(t) + f(t)✱ t ∈ R✱ ✇✐t❤ f
❣✐✈❡♥ ❜② ✭✷✳✸✳✶✹✮✳ ■ts ✉♥✐q✉❡ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜②

x(t) =







0 ❢♦r t ≤ 0;
1− exp(−t) ❢♦r 0 < t < 1

2
;

(
√

exp(1)− 1) exp(−t) ❡❧s❡✇❤❡r❡.
✭✷✳✸✳✶✺✮

❚❤❡ s♦❧✉t✐♦♥ x ✐s ❝❧❡❛r❧② ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s✳ ▼♦r❡♦✈❡r✱ ❜② ❬❘❛❞✵✹✱ Pr♦♣♦s✐t✐♦♥ ✹❪✱ x ✐s
❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳ ◆♦✇✱ ✇❡ ❝❛♥ ❣❡t ♠♦r❡✱ ♥❛♠❡❧② t❤❡ s♦❧✉t✐♦♥ x ✐s ♣✉r❡❧② ❲❡②❧ ❛❧♠♦st
♣❡r✐♦❞✐❝✳ ■♥❞❡❡❞✱ ❢♦r ❡✈❡r② ε > 0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②

(
√

exp(1)− 1) exp(−t) < ε

❤♦❧❞s ❢♦r ❛❧❧ t ≥ − ln

(

ε√
exp(1)−1

)

✳ ◆♦✇✱ ❧❡t ✉s ❝❤♦♦s❡ ε =

√
exp(1)

2
(√

exp(1)−1
) ✳ ❚❤❡♥✱ ❡✈❡r② τ

s✉❝❤ t❤❛t τ + 1
2
> − ln

(

ε√
exp(1)−1

)

✱ s❛t✐s✜❡s

x

(

1

2

)

− x

(

τ +
1

2

)

= 2ε− (
√

exp(1)− 1) exp(−τ − 1

2
) ≥ 2ε− ε = ε.

❲❤✐❝❤ ♠❡❛♥s t❤❛t x ✐s ♥♦t ❛❧♠♦st ♣❡r✐♦❞✐❝✱ ♥♦r ❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝✳

❚❤❡♦r❡♠ ✷✳✸✳✹ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❜♦✉♥❞❡❞ ♠✐❧❞ s♦❧✉t✐♦♥ t♦ ✭✷✳✸✳✶✷✮✳ ❚❤✐s s♦❧✉t✐♦♥
✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ♦❢ ❞❡❣r❡❡ p ❛♥❞ ✐s ❣✐✈❡♥ ❜②

u(t) =

∫ t

−∞

T (t− s)f(s)ds. ✭✷✳✸✳✶✻✮

Pr♦♦❢ ❋✐rst✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ u(t) =
∫ t

−∞
T (t − s)f(s)ds ✐s ✇❡❧❧ ❞❡✜♥❡❞✱ ✐✳❡✱

lima→−∞

∫ t

a
T (t− s)f(s)ds ❡①✐sts✳ ❲❡ s❡t

G(a) =

∫ t

a

T (t− s)f(s)ds.

✷✹
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▲❡t ✉s s❤♦✇ t❤❛t (G(a))a∈R ✐s ❈❛✉❝❤② ❛t −∞✳ ■❢ a < b✱ t❤❡♥ ❜② ✭✷✳✸✳✶✸✮✱ ✇❡ ❤❛✈❡

‖G(b)−G(a)‖ ≤
∫ b

a

‖T (t− s)‖ ‖f(s)‖ ds ≤ M

∫ b

a

e−δ(t−s) ‖f(s)‖ ds.

❙✐♥❝❡ f ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✱ ✇❡ ❤❛✈❡ f ∈ BS
p
L(R,X)✱ ❢♦r ❡✈❡r② L > 0✳ ❚❤✉s✱ t❤❡r❡

❡①✐sts N ∈ N✱ s✉❝❤ t❤❛t✱ ❜② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✭1
p
, 1
q
✮✱ ✇❡ ❤❛✈❡

‖G(b)−G(a)‖ ≤ M

N
∑

k=0

∫ b−kL

b−(k+1)L

e−δ(t−s) ‖f(s)‖ ds

≤ M

N
∑

k=0

(∫ b−kL

b−(k+1)L

e−δq(t−s)ds

)

1

q
(∫ b−kL

b−(k+1)L

‖f(s)‖p ds
)

1

p

≤ ML ‖f‖
S
p
L
e−δq(t−b)

(

1− e−δq(N+1)L

1− e−δqL

)

.

❈♦♥s❡q✉❡♥t❧②✱

lim
b→−∞

‖G(b)−G(a)‖ ≤ lim
b→−∞

ML ‖f‖
S
p
L
e−δq(t−b)

(

1− e−δq(N+1)L

1− e−δqL

)

= 0.

❚❤✉s t❤❡ ❧✐♠✐t

lim
a→−∞

∫ t

a

T (t− s)f(s)ds

❡①✐sts✳ ❚❤✐s ♠❡❛♥s t❤❛t u ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t u ❣✐✈❡♥ ❜②
✭✷✳✸✳✶✻✮ ✐s ❛ ♠✐❧❞ s♦❧✉t✐♦♥ t♦ ✭✷✳✸✳✶✷✮✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s❤♦✇ t❤❛t u ✐s ❜♦✉♥❞❡❞✳ ❇② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✷✳✸✳✶✸✮✱ ✇❡
♦❜t❛✐♥

‖u(t)‖ ≤
∫ t

−∞

‖T (t− s)‖ ‖f(s)‖ ds ≤ M

∞
∑

k=0

e−δk

(∫ t−k

t−k−1

‖f(s)‖p ds
)

1

p

.

❚❤❡♥✱ ✇❡ ❤❛✈❡

sup
t∈R

‖u(t)‖ ≤ M

∞
∑

k=0

e−δk sup
t∈R

(∫ t−k

t−k−1

‖f(s)‖p ds
)

1

p

.

❙✐♥❝❡ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s ♦❢ ❞❡❣r❡❡ p ❛r❡ S
p✲❜♦✉♥❞❡❞✱ ✇❡ ❤❛✈❡

sup
t∈R

‖u(t)‖∞ ≤ M ‖f‖
Sp

∞
∑

k=0

e−δk < ∞.

❚❤✉s u ✐s ❜♦✉♥❞❡❞✳

◆♦✇✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✸✳✶✷✮ ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳ ❯s✐♥❣ ❛ ❝❤❛♥❣❡
♦❢ ✈❛r✐❛❜❧❡ ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② (1

p
+ 1

q
= 1)✱ ✇❡ ❤❛✈❡ ❛♥② τ ∈ R✱

‖u(t+ τ)− u(t)‖ ≤ M

∫ 0

−∞

eδs ‖f(t+ s+ τ)− f(t+ s)‖ ds

≤ M

(

2

δq

) 1

q
(∫ 0

−∞

e
δps

2 ‖f(t+ s+ τ)− f(t+ s)‖p ds
)

1

p

.

✷✺
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▲❡t l > 0✳ ❯s✐♥❣ ❋✉❜✐♥✐✬s t❤❡♦r❡♠✱ ✇❡ ❣❡t✱ ❢♦r ❡✈❡r② τ ∈ R✱

sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖u(t+ τ)− u(t)‖p dt
)

1

p

≤ M

(

2

δq

) 1

q

sup
ξ∈R

(

1

l

∫ ξ+l

ξ

(

(∫ 0

−∞

e
δps

2 ‖f(t+ s+ τ)− f(t+ s)‖p ds
)

1

p

)p

dt

)

1

p

≤ M

(

2

δq

) 1

q
(∫ 0

−∞

e
δps

2 sup
ξ∈R

1

l

∫ ξ+l

ξ

‖f(t+ s+ τ)− f(t+ s)‖p dt ds
)

1

p

.

❙✐♥❝❡ f ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✱ ❢♦r ❛♥② ε > 0✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡r l = l(ε)
❛♥❞ t❤❡r❡ ❡①✐sts ❛ r❡❧❛t✐✈❡❧② ❞❡♥s❡ s❡t TS

p
l
(ε, f) ❛s ✐♥ ✭✷✳✷✳✶✮✱ s✉❝❤ t❤❛t

(∫ 0

−∞

e
δps

2 sup
ξ∈R

1

l

∫ ξ+l

ξ

‖f(t+ s+ τ)− f(t+ s)‖p dt ds
)

1

p

≤
(

2

δp

) 1

p

ε ∀τ ∈ TS
p
l
(ε, f).

❍❡♥❝❡✱

sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖u(t+ τ)− u(t)‖p dt
)

1

p

≤ Cε,

✇❤❡r❡ C = M
(

2
δq

) 1

q
(

2
δp

) 1

p

✳ ❙✉♠♠✐♥❣ ✉♣✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t✱ ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡

❝♦rr❡s♣♦♥❞s ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r l = l(ε) ❛♥❞ t❤❡r❡ ❡①✐sts ❛ r❡❧❛t✐✈❡❧② ❞❡♥s❡ s❡t TS
p
l
(ε, u) =

TS
p
l
( ε
C
, f) s✉❝❤ t❤❛t

sup
ξ∈R

(

1

l

∫ ξ+l

ξ

‖u(t+ τ)− u(t)‖p dt
)

1

p

< ε; ∀τ ∈ TS
p
l
(ε, u).

❲❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❲❡②❧✲❛❧♠♦st✲♣❡r✐♦❞✐❝✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥ u✳

❯♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s t❤♦s❡ ✐♥ ❬❉▲◆●✶✶✱
▲❉✶✶❪✳ ❲❡ ♦♠✐t t❤❡ ❞❡t❛✐❧s✳

✷✳✸✳✸ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❜♦✉♥❞❡❞ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝

s♦❧✉t✐♦♥ t♦ ❛❜str❛❝t s❡♠✐❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ♠✐❧❞
s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥

u′(t) = Au(t) + f(t, u(t)), ✭✷✳✸✳✶✼✮

✇❤❡r❡ A : D (A) ⊂ X → X ✐s ✉♥❜♦✉♥❞❡❞ ❧✐♥❡❛r✱ ♦❢ ❞♦♠❛✐♥ D(A) ❞❡♥s❡ ✐♥ X✱ ❛♥❞
f : R× X → X ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤❡s✐s ✿

✭❍✶✮ ❚❤❡ ♦♣❡r❛t♦r A ❣❡♥❡r❛t❡s ❛ C0−s❡♠✐❣r♦✉♣ (T (t))t≥0✱ ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡✳

✭❍✷✮ f ∈ W
p❆PK(R× X,X)✳

✷✻
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✭❍✸✮ ❚❤❡ ❢✉♥❝t✐♦♥ f ✐s ▲✭✳✮✲▲✐♣s❝❤✐t③ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ L(.) ∈
BW

p(R) s✉❝❤ t❤❛t

‖f(t, u)− f(t, v)‖ ≤ L(t) ‖u− v‖ ; ∀t ∈ R, ∀ u, v ∈ X.

❚❤❡♦r❡♠ ✷✳✸✳✺ ▲❡t t❤❡ ❛ss✉♠♣t✐♦♥s ✭❍✶✮✲✭❍✸✮ ❜❡ ❢✉❧✜❧❧❡❞✳ ❋♦r p ≥ 2✱ t❤❡ ❡q✉❛t✐♦♥
✭✷✳✶✳✶✮ ❤❛s ❛ ✉♥✐q✉❡ ♠✐❧❞ s♦❧✉t✐♦♥ ✐♥ ❈❇(R,X) ❣✐✈❡♥ ❜②

u(t) =

∫ t

−∞

T (t− s)f(s, u(s))ds, ✭✷✳✸✳✶✽✮

♣r♦✈✐❞❡❞ t❤❛t

‖L‖
Sp

<

(

δq

M q

) 1

q
(

eδ − 1

eδ

)

, ✭✷✳✸✳✶✾✮

✇❤❡r❡ 1
p
+ 1

q
= 1✳

■❢✱ ❢✉rt❤❡r♠♦r❡

‖L‖
Sp

<
pδ

Mp2p+1

(

e
pδ

4 − 1

e
pδ

4

)

(

pδ

2p− 4

)p−2

❢♦r p > 2, ✭✷✳✸✳✷✵✮

♦r

‖L‖
S2

<
pδ

8M2

(

e
2δ
4 − 1

e
2δ
4

)

❢♦r p = 2, ✭✷✳✸✳✷✶✮

t❤❡♥✱ u ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳

❇❡❢♦r❡ ❣✐✈✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✺✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ r❡s✉❧ts✳

▲❡♠♠❛ ✷✳✸✳✻ ❬❑▼❘❞❋✶✺❪ ▲❡t g : R → R ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r②
t ∈ R✱

0 ≤ g(t) ≤ α(t) + β1

∫ t

−∞

e−δ1(t−s)g(s)ds+ ...+ βn

∫ t

−∞

e−δ1(t−s)g(s)ds, ✭✷✳✸✳✷✷✮

❢♦r s♦♠❡ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ α : R → R✱ ❛♥❞ ❢♦r s♦♠❡ ❝♦♥st❛♥ts β1, ..., βn ≥ 0✱ ❛♥❞
s♦♠❡ ❝♦♥st❛♥ts δ1, ..., δn > β✱ ✇❤❡r❡ β =

∑i=n
i=1 βi✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧s ✐♥ t❤❡ r✐❣❤t

❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✸✳✷✷✮ ❛r❡ ❝♦♥✈❡r❣❡♥t✳ ▲❡t δ = min1≤i≤n δi✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② γ ∈]0, δ − β]

s✉❝❤ t❤❛t
∫ 0

−∞
eγsα(s)ds ❝♦♥✈❡r❣❡s✱ ✇❡ ❤❛✈❡✱ ❢♦r ❡✈❡r② t ∈ R✱

g(t) ≤ α(t) + β

∫ t

−∞

e−γ(t−s)α(s)ds.

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ α ✐s ❝♦♥st❛♥t✱ ✇❡ ❤❛✈❡

g(t) ≤ α
δ

δ − β
.

✷✼
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Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✼ ▲❡t f ❜❡ ✐♥ W
p❆PK(R × X,X) (2 ≤ p < ∞) ❛♥❞ s❛t✐s❢②✐♥❣ ✭❍✶✮✳

▲❡t u ∈ ❈❇(R,X)✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐sts l = l(ε) > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r②
τ ∈ TS

p
l
(ε, f,K)✱ ✇❡ ❤❛✈❡

∫ 0

−∞

eδ1s
1

l

∫ s+l

s

‖f(t+ τ, u(t))− f(t, u(t))‖p dt ds < εp ✭✷✳✸✳✷✸✮

❛♥❞
∫ 0

−∞

eγr
∫ r

−∞

e−δ1(r−s)1

l

∫ s+l

s

‖f(t+ τ, u(t))− f(t, u(t))‖p dt ds dr < εp, ✭✷✳✸✳✷✹✮

❢♦r ❛❧❧ δ1 > 0 ❛♥❞ γ > 0✳

Pr♦♦❢ ❬Pr♦♣♦s✐t✐♦♥ ✭✷✳✸✳✼✮❪ ▲❡t ✜① δ1 > 0 ❛♥❞ γ > 0✳ ❋♦r s ∈ R✱ ξ ∈ R✱ l > 0 ❛♥❞ τ ∈ R✱
❧❡t

hτ,l(s) =
1

l

∫ s+l

s

‖f(t+ τ, u(t))− f(t, u(t))‖p dt,

ατ,l(ξ) =

∫ ξ

−∞

e−δ1(ξ−s)hτ,l(s)ds.

■♥❡q✉❛❧✐t✐❡s ✭✷✳✸✳✷✸✮ ❛♥❞ ✭✷✳✸✳✷✹✮ ❜❡❝♦♠❡ ατ,l(0) < εp ❛♥❞
∫ 0

−∞
eγrατ,l(r)dr < εp✱ r❡s♣❡❝t✐✲

✈❡❧②✳

❋✐rst✱ ✇❡ ❞❡❛❧ ✇✐t❤ ❡st✐♠❛t✐♦♥ ✭✷✳✸✳✷✸✮✳ ❯s✐♥❣ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❜♦t❤ u ❛♥❞ f ✐♥ t❤❡
❲❡②❧ s❡♥s❡ ✭f ✐s Wp✲❜♦✉♥❞❡❞✮✱ ✇❡ ❤❛✈❡ ❢♦r ❡✈❡r② τ ∈ R✱ l > 0 ❛♥❞ ❢♦r ❡✈❡r② s ∈]−∞, 0]✱

hτ,l(s) =
1

l

∫ s+l

s

‖f(t+ τ, u(t))− f(t, u(t))‖p dt

≤22p−2

(

1

l

∫ s+l

s

‖f(t+ τ, u(t))− f(t+ τ, 0)‖p dt+ 1

l

∫ s+l

s

‖f(t+ τ, 0)‖p dt
)

+ 22p−2

(

1

l

∫ s+l

s

‖f(t, 0)‖p dt+ 1

l

∫ s+l

s

‖f(t, 0)− f(t, u(t))‖p dt
)

≤22p−1 (‖L(.)‖p
Wp ‖u(.)‖p∞ + ‖f(., 0)‖p

Wp) < +∞.

❚❤❡ ❢✉♥❝t✐♦♥ s 7→ eδ1shτ,l(s) ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♥ ]−∞, 0]✱ ❤❡♥❝❡

ατ,l(0) =

∫ 0

−∞

eδ1shτ,l(s)ds =
∞
∑

n=0

∫ −n

−n−1

eδ1shτ,l(s)ds ≤
∞
∑

n=0

e−δ1n

(

max
s∈[−n−1,−n]

hτ,l(s)

)

.

✭✷✳✸✳✷✺✮
❉✉❡ t♦ t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡

(

maxs∈[−n−1,−n] hτ,l(s)
)

n
✱ t❤❡ s❡r✐❡s ✐♥

✭✷✳✸✳✷✺✮ ✐s ✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣❡♥t✳ ❚❤✉s✱ ❢♦r ❡✈❡r② ε > 0✱ ✇❡ ❝❛♥ ✜♥❞ ❛♥ ✐♥t❡❣❡r N1 =
N1(ε) ≥ 1 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② τ ∈ R✱ l > 0✱ ❛♥❞ δ1 > 0✱ ✇❡ ❤❛✈❡

∑

n>N1

e−δ1n

(

max
s∈[−n−1,−n]

hτ,l(s)

)

<
εp

2
. ✭✷✳✸✳✷✻✮

✷✽
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▼♦r❡♦✈❡r✱ ✇❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts l = l(ε) > 0 s✉❝❤ t❤❛t ❡✈❡r② τ ∈ TS
p
l
(ε, f,K) s❛t✐s✜❡s

N1
∑

n=0

e−δ1n

(

max
s∈[−n−1,−n]

hτ,l(s)

)

<
εp

2
. ✭✷✳✸✳✷✼✮

■♥ ❢❛❝t✱ ❢♦r t❤❡ ❛❜♦✈❡ ε > 0✱ ❧❡t l = l(ε) > 0 ♣r♦✈✐❞❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥ TS
p
l
(ε, f,K) ✐s

r❡❧❛t✐✈❡❧② ❞❡♥s❡✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♠❛♣♣✐♥❣ s 7→ hτ,l(s) ♦♥ t❤❡ ❝♦♠♣❛❝t s❡t
[−n− 1,−n]✱ t❤❡r❡ ❡①✐sts s∗n ∈ [−n− 1,−n] s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② τ ∈ R ❛♥❞ δ1 > 0✱

max
s∈[−n−1,−n]

hτ,l(s) = hτ,l(s
∗
n).

P✉t s∗ = s∗ε := argmax
n∈{0,··· ,N1}

hτ,l(s
∗
n)✳ ❲❡ ❤❛✈❡ t❤❡♥

N1
∑

n=0

e−δ1n max
s∈[−n−1,−n]

hτ,l(s) ≤
N1
∑

n=0

e−δ1nhτ,l(s
∗).

◆♦✇✱ s✐♥❝❡ u ✐s ❝♦♥t✐♥✉♦✉s✱ ✇❡ ❤❛✈❡ t❤❛t K∗ = u ([s∗, s∗ + l]) ✐s ❛ ❝♦♠♣❛❝t s❡t t❤❛t ❞❡♣❡♥❞s
♦♥❧② ♦♥ ε✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐st u1, · · · , uk ∈ K

∗ s✉❝❤ t❤❛t

K
∗ ⊂

i=k
⋃

i=1

B

(

ui,
ε

2 p
√
6 ‖L‖

Wp

)

.

■t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r ❡❛❝❤ t ∈ [s∗, s∗ + l]✱ t❤❡r❡ ❡①✐sts i(t) ∈ {1, 2, · · · , k} s✉❝❤ t❤❛t

∥

∥u(t)− ui(t)

∥

∥ <
ε

2 p
√
6 ‖L‖

Wp

. ✭✷✳✸✳✷✽✮

◆♦t❡ t❤❛t✱ ❞✉❡ t♦ ✭✷✳✸✳✷✽✮ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ u✱ t❤❡ ♠❛♣♣✐♥❣ t → ui(t) ✐s ♠❡❛s✉r❛❜❧❡
❛s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ f ∈ W

p❆PK(R × X,X)✱ ❡✈❡r② τ ∈
TS

p
l
(ε, f,K) ✐s s✉❝❤ t❤❛t ❢♦r ❡✈❡r② j = 1, . . . , k

1

l

∫ s∗+l

s∗
‖f(t+ τ, uj)− f(t, uj)‖p dt <

εp

2p+13k
. ✭✷✳✸✳✷✾✮

❚♦ ❝♦♠❜✐♥❡ t❤❡ ♣r❡✈✐♦✉s ❛r❣✉♠❡♥ts✱ ✇❡ ✉s❡ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ✿

hτ,l(s
∗) ≤2p

1

l

∫ s∗+l

s∗

∥

∥f(t+ τ, u(t))− f(t+ τ, ui(t))
∥

∥

p
dt+ 2p

1

l

∫ s∗+l

s∗

∥

∥f(t+ τ, ui(t))− f(t, ui(t))
∥

∥

p
dt

+ 2p
1

l

∫ s∗+l

s∗

∥

∥f(t, ui(t))− f(t, u(t))
∥

∥

p
dt

=:2p (A1 + A2 + A3) . ✭✷✳✸✳✸✵✮

▲❡t ✉s ❡st✐♠❛t❡ A1✳ ❇② ✭❍✷✮ ❛♥❞ ✭✷✳✸✳✷✽✮✱ ✇❡ ❤❛✈❡

A1 =
1

l

∫ s∗+l

s∗

∥

∥f(t+ τ, u(t))− f(t+ τ, ui(t))
∥

∥

p
dt

≤ 1

l

∫ s∗+l

s∗
‖L(t+ τ)‖p

∥

∥u(t)− ui(t)

∥

∥

p
dt ≤

(

ε

2 p
√
6 ‖L‖

Wp

)p

‖L‖p
Wp <

εp

2p+13
. ✭✷✳✸✳✸✶✮

✷✾
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❲❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ st❡♣s ❛s ❢♦r A1✱ ✇❡ ♦❜t❛✐♥

A3 ≤
(

ε

2 p
√
6 ‖L‖

Wp

)p

‖L‖p
Wp <

εp

2p+13
. ✭✷✳✸✳✸✷✮

◆♦✇✱ ✇❡ ❡st✐♠❛t❡ A2✳ ❇② ✭✷✳✸✳✷✾✮✱ ✇❡ ❤❛✈❡

A2 ≤
k
∑

j=1

1

l

∫ s∗+l

s∗
‖f(t+ τ, uj)− f(t, uj)‖p dt ≤

εp

2p+13
. ✭✷✳✸✳✸✸✮

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✷✳✸✳✸✵✮✲✭✷✳✸✳✸✸✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t

hτ,l(s
∗) ≤ εp

2
, ❢♦r ❡✈❡r② τ ∈ TS

p
l
(ε, f,K). ✭✷✳✸✳✸✹✮

❚❤✐s ✐♠♣❧✐❡s t❤❛t

N1
∑

n=0

e−δ1n

(

max
s∈[−n−1,−n]

hτ,l(s)

)

≤ (1− e−δ1)
εp

2
≤ εp

2
.

❍❛✈✐♥❣ ❞✐s♣♦s❡❞ t❤❡ ♣r❡✈✐♦✉s ♣r❡❧✐♠✐♥❛r✐❡s st❡♣s✱ ✇❡ ♥♦✇ r❡t✉r♥ t♦ ❡st✐♠❛t✐♦♥ ✭✷✳✸✳✷✺✮✱
✇❡ ❣❡t ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✸✳✷✻✮ ❛♥❞ ✭✷✳✸✳✷✼✮ t❤❛t ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡ ✐s l = l(ε) > 0 ✭♣r♦✈✐❞❡❞
❜② t❤❡ ❝♦♥❞✐t✐♦♥ f ∈ S

p
l❆PK(R× X,X)✮ s✉❝❤ t❤❛t ❛♥② τ ∈ TS

p
l
(ε, f,K) ✈❡r✐✜❡s

ατ,l(0) =

∫ 0

−∞

e
pδ

4
s1

l

∫ s+l

s

‖f(t+ τ, u(t))− f(t, u(t))‖p dt ds ≤ εp. ✭✷✳✸✳✸✺✮

◆❡①t✱ ❧❡t ✉s ❝♦♥s✐❞❡r
∫ 0

−∞
eγrατ,l(r)dr✳ ❚❤❡ ❛r❣✉♠❡♥ts ✇❡ ✉s❡ ❛r❡ ✐♥ ♣❛rt t❤❡ s❛♠❡ ❛s

t❤♦s❡ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❚❤❡ ❢✉♥❝t✐♦♥ r 7→ ατ,l(r) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞
✇✐t❤ r❡s♣❡❝t t♦ ❜♦t❤ τ ❛♥❞ l✱ t❤✉s t❤❡ s❡r✐❡s

∑

n≥0 e
−γnατ,l(r

∗
n) ✐s ✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣❡♥t✱

✇❤❡r❡ r∗n = argmax
r∈[−n−1,−n]

ατ,l(r)✳ ❚❤❡r❡❢♦r❡✱

∫ 0

−∞

eγrατ,l(r)dr ≤
∑

n≥0

e−γnατ,l(r
∗
n). ✭✷✳✸✳✸✻✮

◆♦✇✱ ❧❡t ε > 0✳ ❲❡ ❝❛♥ ✜♥❞ ❛♥ ✐♥t❡❣❡r N2 = N2(ε) > 1 s✉❝❤ t❤❛t

∑

n>N2

e−γnατ,l(r
∗
n) <

εp

2
. ✭✷✳✸✳✸✼✮

❋✉rt❤❡r♠♦r❡✱ ❜② ♣✉tt✐♥❣ r∗ = argmax
n∈{0,...,N2}

ατ,l(r
∗
n)✱ ✇❡ ❤❛✈❡

N2
∑

n=0

e−γnατ,l(r
∗
n) ≤ (1− e−γ)−1ατ,l(r

∗). ✭✷✳✸✳✸✽✮

✸✵
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❘❡♣❡❛t✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❢♦r ατ,l(0) ❡♥❛❜❧❡s ✉s t♦ ✇r✐t❡ t❤❛t ❢♦r t❤❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡r
l = l(ε) ♣r♦✈✐❞❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥ f ∈ S

p
l❆PK(R×X,X) ❛♥❞ ❢♦r ❡✈❡r② τ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡

r❡❧❛t✐✈❡❧② ❞❡♥s❡ s❡t ∈ TS
p
l
(ε, f,K) ✇❡ ❤❛✈❡

ατ,l(r
∗) ≤ (1− e−γ)

εp

2
. ✭✷✳✸✳✸✾✮

❈♦♥s❡q✉❡♥t❧②✱ ❝♦♠❜✐♥✐♥❣ ✭✷✳✸✳✸✻✮✱ ✭✷✳✸✳✸✼✮ ❛♥❞ ✭✷✳✸✳✸✾✮✱ ✇❡ ♦❜t❛✐♥ ❢♦r t❤❡ ❛❜♦✈❡ l ❛♥❞ τ
t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t✐♦♥ ✿

∫ 0

−∞

eγrατ (r)dr ≤ εp.

❲❤✐❝❤ ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✼✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✺ ❲❡ ❝❛♥ ❜r❡❛❦ ❞♦✇♥ t❤❡ ❞❡♠♦♥str❛t✐♦♥ ✐♥t♦ t✇♦ ♣❛rt✳ ■♥
t❤❡ ✜rst ♣❛rt✱ ✇❡ t❤❛t✱ ❛ss✉♠✐♥❣ ✭✷✳✸✳✶✾✮✱ ❡q✉❛t✐♦♥ ✭✷✳✶✳✶✮ ❤❛s ❛ ✉♥✐q✉❡ ♠✐❧❞ s♦❧✉t✐♦♥
❜❡❧♦♥❣✐♥❣ t♦ ❯❇(R,X)✱ ❛♥❞ ❣✐✈❡♥ ❜② ✭✷✳✸✳✶✽✮✳ ■♥ t❤❡ s❡❝♦♥❞✱ ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡ ❜②
❑❛♠✐♥s❦✐ ❡t ❛❧✳ ❬❑▼❘❞❋✶✺❪✱ ✇❡ s❤♦✇ t❤❛t s♦❧✉t✐♦♥ ✭✷✳✸✳✶✽✮ ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳

❋✐rst ♣❛rt

❈❧❡❛r❧②✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ st❡♣s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✹✱ u ✐s s♦❧✉t✐♦♥ t♦

u(t) =

∫ t

−∞

T (t− s)f(s, u(s))ds

✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱

u(t) = T (t− a)u(a) +

∫ t

a

T (t− s)f(s, u(s))ds,

❢♦r ❛❧❧ t ≥ a ❢♦r ❡❛❝❤ a ∈ R✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t u ✐s ❛ ♠✐❧❞ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✳✶✮✳

❲❡ ✐♥tr♦❞✉❝❡ ❛♥ ♦♣❡r❛t♦r Γ ❜②

Γu(t) =

∫ t

−∞

T (t− s)f(s, u(s))ds.

▲❡t ✉s s❤♦✇ t❤❛t✱ ❛ss✉♠✐♥❣ ✭✷✳✸✳✶✾✮✱ t❤❡ ♦♣❡r❛t♦r Γ ♠❛♣s ❈❇(R,X) ✐♥t♦ ❈❇(R,X) ❛♥❞
❤❛s ❛ ✉♥✐q✉❡ ✜①❡❞ ♣♦✐♥t✳

❋✐rst st❡♣✳ ▲❡t ✉s s❤♦✇ t❤❛t Γu ✐s ❜♦✉♥❞❡❞✱ ❢♦r ❛♥② u ∈ ❈❇(R,X)✳ ❋r♦♠ t❤❡ ❤②♣♦✲
t❤❡s❡s ✭❍✶✮✱ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② (1

p
, 1
q
) ❛♥❞ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

sup
t∈R

‖Γu(t)‖ ≤M sup
t∈R

∫ t

−∞

e−δ(t−s) ‖f(s, u(s))‖ ds

≤M sup
t∈R

∞
∑

k=1

(∫ t−k+1

t−k

e−qδ(t−s)ds

)

1

q
(∫ t−k+1

t−k

‖f(s, u(s))− f(s, 0)‖p ds
)

1

p

+M sup
t∈R

∞
∑

k=1

(∫ t−k+1

t−k

e−qδ(t−s)ds

)

1

q
(∫ t−k+1

t−k

‖f(s, 0)‖p ds
)

1

p

.

✸✶
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❙✐♥❝❡ t❤❡ s✐♥❣❧❡t♦♥ {0} ✐s ❝♦♠♣❛❝t✱ f(., 0) ✐s ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ❙t❡♣❛♥♦✈✬s ♥♦r♠✳
❇② ✭❍✷✮ ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

sup
t∈R

‖Γu(t)‖ ≤M sup
t∈R

∞
∑

k=1

(∫ t−k+1

t−k

e−qδ(t−s)ds

)

1

q

(

(∫ t−k+1

t−k

‖L(s)‖p ‖u(s)‖p ds
)

1

p

+ ‖f(., 0)‖
Sp

)

≤M
eδ

eδ − 1
sup
t∈R

(

(∫ t−k+1

t−k

‖L(s)‖p ds
)

1

p

‖u(.)‖∞ + ‖f(., 0)‖
Sp

)

≤M
eδ

eδ − 1

(

‖L(.)‖
Sp
‖u(.)‖∞ + ‖f(., 0)‖

Sp

)

< ∞.

❚❤✉s Γu ✐s ❜♦✉♥❞❡❞✳

❙❡❝♦♥❞ st❡♣ ▲❡t ✉s s❤♦✇ t❤❛t t❤❡ ♠❛♣♣✐♥❣ t 7→ Γu ✐s ❝♦♥t✐♥✉♦✉s ♦♥ R✱ ❢♦r ❡✈❡r②
u ∈ ❈❇(R,X)✳ ❋♦r✱ ❧❡t ✜① u ∈ ❈❇(R,X)✳ ❲❡ ❤❛✈❡

Γu(t) =

∫ t

−∞

T (t− s)f(s, u(s))ds =
∞
∑

n=0

∫ t−n

t−n−1

T (t− s)f(s, u(s))ds.

▲❡t ✉s s❡t✱ ❢♦r n ∈ N✱

Γnu(t) =

∫ t−n

t−n−1

T (t− s)f(s, u(s))ds, t ∈ R.

▲❡t ✉s ❝❤❡❝❦ t❤❛t Γn(u) ∈ ❈❇(R,X)✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t t0 ∈ R✳ P✉t g(s) =: f(s, u(s))✳
❈❧❡❛r❧② g ∈ Lp

loc(R,X)✳ ❍❡♥❝❡✱ ✐♥ ✈✐❡✇ ♦❢ ❬❑❏❋✼✼✱ ❚❡♦r❡♠ ✷✳✹✳✷ ♣✳✼✵❪

lim
h→0

∫ t0−n

t0−n−1

‖g(s+ h)− g(s)‖p ds = 0. ✭✷✳✸✳✹✵✮

❯s✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ♦♥❡ ❤❛s

lim
h→0

‖Γnu(t0 + h)− Γnu(t0)‖

≤ lim
h→0

M

∫ t0−n

t0−n−1

e−δ(t0−s) ‖g(s+ h)− g(s)‖ ds

≤M

(∫ t0−n

t0−n−1

e−qδ(t0−s)ds

)
1

q
(

lim
h→0

∫ t0−n

t0−n−1

‖g(s+ h)− g(s)‖p ds
)

1

p

.

❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Γnu ✐s t❤❡♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✷✳✸✳✹✵✮✳

❚❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ Γnu ✐s ❛ s✐♠♣❧❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t✐♦♥

‖Γnu‖∞ ≤ sup
t∈R

(∫ t−n

t−n−1

e−qδ(t−s)ds

)
1

q (

‖L(.)‖
Sp
‖u(.)‖∞ + ‖f(., 0)‖

Sp

)

≤e−nδ
(

‖L(.)‖
Sp
‖u(.)‖∞ + ‖f(., 0)‖

Sp

)

,

❢r♦♠ ✇❤✐❝❤ ❞❡❞✉❝❡ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t t❤❡ s❡♥s❡
∑∞

n=0 ‖Γnu(t)‖ ✐s ✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣❡♥t✳
❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Γu ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Γnu ❢♦r ❡❛❝❤ n ❛♥❞ t❤❡ ✉♥✐❢♦r♠
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❡r✐❡s

∑∞
n≥0 ‖Γnu(t)‖✳ ❚❤✉s Γ ♠❛♣s ❈❇(R,X) ✐♥t♦ ❈❇(R,X)✳

✸✷
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❚❤✐r❞ st❡♣ ▲❡t ✉s s❤♦✇ t❤❛t✱ ❛ss✉♠✐♥❣ ✭✷✳✸✳✶✾✮✱ Γ ❤❛s ❛ ✜①❡❞ ♣♦✐♥t ✐♥ ❈❇(R,X)✳ ❋♦r
❡✈❡r② t ∈ R✱ ✇❡ ❤❛✈❡ ❢r♦♠ ✭❍✶✮

‖Γu(t)− Γv(t)‖ ≤ M

∫ t

−∞

e−δ(t−s) ‖f(s, u(s))− f(s, v(s))ds‖

≤ M
+∞
∑

k=1

∫ t−k+1

t−k

e−δ(t−s) ‖f(s, u(s))− f(s, v(s))‖ ds.

❯s✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ✭❍✷✮✱ ✇❡ ❣❡t ❢♦r ❡✈❡r② t ∈ R✱

‖Γu(t)− Γv(t)‖ ≤M

+∞
∑

k=1

(∫ t−k+1

t−k

e−δq(t−s)ds

)

1

q
(∫ t−k+1

t−k

‖L(s)‖p ‖u(s)− v(s)‖p ds
)

1

p

≤ M

+∞
∑

k=1

(∫ t−k+1

t−k

e−δq(t−s)ds

)

1

q
(∫ t−k+1

t−k

‖L(s)‖p ds
)

1

p

‖u− v‖∞

≤
(

M q

δq

) 1

q
(

eδ

eδ − 1

)

‖L‖
Sp
‖u− v‖∞ .

❍❡♥❝❡✱ ✐t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r ❡❛❝❤ t ∈ R✱

‖Γu− Γv‖∞ ≤ k ‖u− v‖∞ .

❙✐♥❝❡ k < 1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Γ ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ♦♣❡r❛t♦r✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✱ t❤❡r❡ ❡①✐sts
❛ ✉♥✐q✉❡ ♠✐❧❞ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✳✶✮ ✐♥ ❈❇(R,X)✳

❙❡❝♦♥❞ ♣❛rt

■♥ t❤✐s ♣❛rt✱ ✇❡ s❤♦✇ t❤❛t✱ ✉♥❞❡r ✭✷✳✸✳✶✾✮ ❛♥❞ ✭✷✳✸✳✷✵✮✱ t❤❡ s♦❧✉t✐♦♥ u ∈ ❈❇(R,X) t♦
✭✷✳✶✳✶✮ ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳

❇② ✭❍✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t✱ ❢♦r ❛♥② τ ∈ R ❛♥❞ ❛♥② t ∈ R✱

‖u(t+ τ)− u(t)‖ ≤
∫ t

−∞

‖T (t− s)‖ ‖f(s+ τ, u(s+ τ))− f(s, u(s))‖ ds

≤ M

∫ t

−∞

e−δ(t−s) ‖f(s+ τ, u(s+ τ))− f(s, u(s))‖ ds.

❇② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② (2
p
, p−2

p
) ❛♥❞ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

‖u(t+ τ)− u(t)‖ ≤M

(

2p− 4

pδ

)
p−2

p
(∫ t

−∞

e−
pδ

4
(t−s) ‖f(s+ τ, u(s+ τ))− f(s+ τ, u(s))‖

p

2 ds

)
2

p

+M

(

2p− 4

pδ

)
p−2

p
(∫ t

−∞

e−
pδ

4
(t−s) ‖f(s+ τ, u(s))− f(s, u(t))‖

p

2 ds

)
2

p

=:M

(

2p− 4

pδ

)
p−2

p (

I1(t) + I2(t)
)

.

✸✸
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❋♦r I1(t)✱ ❜② ✭❍✷✮ ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✭1
2
, 1
2
✮✱ ✇❡ ❤❛✈❡

I1(t) =

(∫ t

−∞

e−
pδ

4
(t−s) ‖f(s+ τ, u(s+ τ))− f(s+ τ, u(s))‖

p

2 ds

)
2

p

≤
(

+∞
∑

k=0

e−
pδ

4
k

∫ t−k

t−k−1

‖L(s+ τ)‖p ds
)

1

p (∫ t

−∞

e−
pδ

4
(t−s) ‖u(s+ τ)− u(s)‖p ds

)
1

p

≤
(

e
pδ

4

e
pδ

4 − 1

) 1

p

‖L‖
Sp

(∫ t

−∞

e−
pδ

4
(t−s) ‖u(s+ τ)− u(s)‖p ds

)
1

p

.

◆❡①t✱ ❧❡t ✉s ❝♦♥s✐❞❡r I2(t)✳ ❇② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✭1
2
, 1
2
✮✱ ✇❡ ❤❛✈❡

I2(t) =

(∫ t

−∞

e−
pδ

4
(t−s) ‖f(s+ τ, u(s))− f(s, u(s))‖

p

2 ds

)
2

p

≤
(∫ t

−∞

e−
pδ

4
(t−s)ds

)
1

p
(∫ t

−∞

e−
pδ

4
(t−s) ‖f(s+ τ, u(s))− f(s, u(s))‖p ds

)
1

p

≤
(

4

pδ

) 1

p
(∫ t

−∞

e−
pδ

4
(t−s) ‖f(s+ τ, u(s))− f(s, u(s))‖p ds

)
1

p

.

❚❤✉s✱ ❢♦r ❛❧❧ τ ∈ R✱ ξ ∈ R ❛♥❞ l > 0✱ ✇❡ ❤❛✈❡

1

l

∫ ξ+l

ξ

‖u(t+ τ)− u(t)‖p dt ≤Mp

(

2p− 4

pδ

)p−2
1

l

∫ ξ+l

ξ

‖I1(t) + I2(t)‖p dt

≤Mp2p−1

(

2p− 4

pδ

)p−2(
1

l

∫ ξ+l

ξ

‖I1(t)‖p dt+
1

l

∫ ξ+l

ξ

‖I2(t)‖p dt
)

.

▲❡t ✉s ❡st✐♠❛t❡ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t②✳ ❲❡ ❤❛✈❡✱ ❢♦r ❡✈❡r② τ ∈ R✱ ξ ∈ R ❛♥❞
l > 0

1

l

∫ ξ+l

ξ

‖I1(t)‖p dt ≤‖L‖p
Sp

(

e
pδ

4

e
pδ

4 − 1

)

1

l

∫ ξ+l

ξ

(

(∫ t

−∞

e−
pδ

4
(t−s) ‖u(s+ τ)− u(s)‖p ds

)
1

p

)p

dt

≤‖L‖p
Sp

(

e
pδ

4

e
pδ

4 − 1

)

1

l

∫ ξ+l

ξ

∫ t

−∞

e−
pδ

4
(t−s) ‖u(s+ τ)− u(s)‖p ds dt.

❇② ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ ❋✉❜✐♥✐✬s t❤❡♦r❡♠✱ ✐t ❢♦❧❧♦✇s t❤❛t

1

l

∫ ξ+l

ξ

‖I1(t)‖p dt ≤ ‖L‖p
Sp

(

e
pδ

4

e
pδ

4 − 1

)

∫ ξ

−∞

e−
pδ

4
(ξ−s)

(

1

l

∫ s+l

s

‖u(t+ τ)− u(t)‖p dt
)

ds.

✭✷✳✸✳✹✶✮
❋♦r t❤❡ s❡❝♦♥❞ t❡r♠✱ ✉s✐♥❣ ❛❣❛✐♥ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ ❋✉❜✐♥✐✬s t❤❡♦r❡♠✱ ✇❡ ❤❛✈❡✱ ❢♦r

✸✹
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❛❧❧ τ ∈ R✱ ξ ∈ R ❛♥❞ l > 0✱

1

l

∫ ξ+l

ξ

‖I2(t)‖p dt ≤
(

4

pδ

)

1

l

∫ ξ+l

ξ

(

(∫ t

−∞

e−
pδ

4
(t−s) ‖f(s+ τ, u(s))− f(s, u(s))‖p ds

)
1

p

)p

dt

≤
(

4

pδ

)∫ ξ

−∞

e−
pδ

4
(ξ−s)1

l

∫ s+l

s

‖f(t+ τ, u(t))− f(t, u(t))‖p dt ds

=

(

4

pδ

)∫ ξ

−∞

e−
pδ

4
(ξ−s)hτ,l(s)ds,

✇❤❡r❡

hτ,l(s) :=
1

l

∫ s+l

s

‖f(t+ τ, u(t))− f(t, u(t))‖p dt.

❙✉♠♠✐♥❣ ✉♣✱ ❢♦r ❛❧❧ ξ, τ ∈ R ❛♥❞ l > 0✱ ✇❡ ♦❜t❛✐♥

0 ≤ gτ,l(ξ) :=
1

l

∫ ξ+l

ξ

‖u(t+ τ)− u(t)‖p dt ≤ Cατ,l(ξ) + β

∫ ξ

−∞

e−δ1(ξ−s)gτ,l(s)ds,

✇✐t❤

C :=
Mp2p+1

pδ

(

2p− 4

pδ

)p−2

, ατ,l(ξ) :=

∫ ξ

−∞

e−
pδ

4
(ξ−s)hτ,l(s)ds, δ1 :=

pδ

4
,

❛♥❞

β := Mp2p−1 ‖L‖p
Sp

(

2p− 4

pδ

)p−2
(

e
pδ

4

e
pδ

4 − 1

)

.

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❤②♣♦t❤❡s✐s ✭✷✳✸✳✷✵✮ ✐s ❡q✉✐✈❛❧❡♥t δ1 > β✳ ❲❡ ❝♦♥❝❧✉❞❡ ❜②

▲❡♠♠❛ ✷✳✸✳✻ t❤❛t✱ ❢♦r ❛❧❧ γ ∈]0, δ1 − β] s✉❝❤ t❤❛t
∫ 0

−∞
eγrατ,l(r)dr ❝♦♥✈❡r❣❡✱ ✇❡ ❤❛✈❡✱ ❢♦r

❡✈❡r② ξ ∈ R✱

0 ≤ gτ,l(ξ) ≤ Cατ,l(ξ) + Cβ

∫ ξ

−∞

e−γ(ξ−r)ατ,l(r)dr.

❲❡ ✉s❡ ❚❤❡♦r❡♠ ✷✳✷✳✹ t♦ ❣❡t t❤❡ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ♦❢ u✳ ❲❡ t❛❦❡ ξ = 0✱ t❤❡♥ ❢♦r
❛❧❧ τ ∈ R ❛♥❞ l > 0✱ ✇❡ ❤❛✈❡

0 ≤ gτ,l(0) =
1

l

∫ l

0

‖u(t+ τ)− u(t)‖p dt ≤ Cατ,l(0) + Cβ

∫ 0

−∞

eγrατ,l(r)dr.

❚❤❡r❡❢♦r❡✱ ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✼✱ ❢♦r ❛❧❧ ε > 0✱ t❤❡r❡ ❡①✐st l = l(ε) > 0 ❛♥❞ ❛
r❡❧❛t✐✈❡❧② ❞❡♥s❡ s❡t TS

p
l
(ε, f,K) s✉❝❤ t❤❛t

1

l

∫ l

0

‖u(t+ τ)− u(t)‖p dt ≤ C(1 + β)εp, ∀τ ∈ TS
p
l
(ε, f,K).

❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ♦❢ u ✐s t❤❡♥ ♣r♦✈❡❞ t❤❛♥❦s t♦ t❤❡ ✐♥❝❧✉s✐♦♥

TS
p
l
(εpC(1 + β), u) ⊃ TS

p
l
(εp, f,K) .

❋♦r p = 2✱ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ p > 2✳ ❚❤❡ ❞❡t❛✐❧s ❛r❡ ♦♠✐tt❡❞✳

❘❡♠❛r❦ ✷✳✸✳✽ ❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❤❡r❡ ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡
p ≥ 1 ♣r♦✈✐❞❡❞ t❤❛t L(.) ✐♥ ✭❍✶✮ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✳

✸✺



CHAPITRE 3

WEYL ALMOST PERIODIC SOLUTION IN

DISTRIBUTION FOR STOCHASTIC DIFFERENTIAL

EQUATION WITH WEYL ALMOST PERIODIC

COEFFICIENTS

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❝♦♥❝❡♣t ♦❢ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ❢♦r r❛♥❞♦♠ ♣r♦❝❡ss❡s ✇❛s ✐♥tr♦❞✉❝❡❞ ❢♦r t❤❡ ✜rst
t✐♠❡ ❜② ❙❧✉ts❦② ❬❙❧✉✸✽❪ ✐♥ t❤❡ ❧❛t❡ ✶✾✸✵s✳ ■♥ r❡❝❡♥t ❞❡❝❛❞❡s✱ t❤✐s ❝♦♥❝❡♣t ❤❛s ❜❡❡♥ ❡①✲
t❡♥s✐✈❡❧② ❞❡✈❡❧♦♣❡❞ ❛♥❞ st✉❞✐❡❞ ✐♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ♣r♦❜❧❡♠s ♦❢ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ❜② ♠❛♥② ❛✉t❤♦rs✳ ❆♠♦♥❣ t❤❡s❡ ❛✉t❤♦rs t❤❡r❡ ❛r❡ t❤♦s❡ ✇❤♦ ✇❡r❡ ✐♥t❡r❡st❡❞ ✐♥
st✉❞②✐♥❣ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ✐♥ ✈❛r✐♦✉s s❡♥s❡s ✭✐♥ ♦♥❡✲❞✐♠❡♥t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s✱ ✐♥ ✜♥✐t❡✲
❞✐♠❡♥t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✐♥ ♣❛t❤ ❞✐str✐❜✉t✐♦♥✮ ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ s♦♠❡ st♦❝❤❛st✐❝
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❝♦❡✣❝✐❡♥ts✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ♠❡♥t✐♦♥✱ t❤❡
✇♦r❦ ♦❢ ❚✉❞♦r ❛♥❞ ❤✐s ❝♦❧❧❛❜♦r❛t♦rs ❬❆❚✾✽✱ ❉P❚✾✺✱ ❍❛❧✽✼✱ ❍▼❚✽✽✱ ▼❚✽✾✱ ❚✉❞✾✷❪✱ ❑❛✲
♠❡♥s❦✐✐ ❡t ❛❧✳ ❬❑▼❘❞❋✶✺❪✳ ❖t❤❡rs ❤❛✈❡ ❛ss❡rt❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s
✐♥ q✉❛❞r❛t✐❝ ♠❡❛♥ ❛♥❞ ✐♥ pt❤✲♠❡❛♥ ✭p ≥ 2✮ ❢♦r s❡♠✐✲❧✐♥❡❛r st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
✇✐t❤ ❇♦❤r ❛♥❞ ❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❝♦❡✣❝✐❡♥ts✱ ❤♦✇❡✈❡r✱ ✐♥ ❬❇❈▼+✶✺✱ ▼❘❞❋✶✸❪✱
❝♦✉♥t❡r✲❡①❛♠♣❧❡s ✇❡r❡ ❣✐✈❡♥ t♦ t❤❡s❡ ❧❛tt❡r r❡s✉❧ts✳

❚❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ✐♥ ❞✐str✐❜✉t✐♦♥ ❢♦r s❡♠✐✲❧✐♥❡❛r
st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❝♦❡✣❝✐❡♥ts ✇❛s ❡①❛♠✐♥❡❞
✐♥ ❬❇❈▼+✶✼❪ ❜② ❇❡❞♦✉❤❡♥❡ ❡t ❛❧✳✱ ✇❤❡r❡ t❤❡② ❣❡♥❡r❛❧✐③❡❞ t❤❡ st✉❞② ♠❛❞❡ ❜② ❆♥❞r❡s ❛♥❞
P❡♥♥❡q✉✐♥ ❬❆P✶✷❜❪ t♦ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❝❛s❡ ♦❢ ❲❡②❧✱ t❤❡ ♦♥❧② r❡s✉❧ts
✇❡ ❛r❡ ❛✇❛r❡ ♦❢ ❝♦♥❝❡r♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡ ✭s❡❡ ❬❆❇❘✵✻✱ ❇■▼❘❞❋✱ ❑♦s✶✽✱ ❘❛❞✵✹❪✮✳

❚❤❡ ♣r❡s❡♥t ✇♦r❦ ❛✐♠s t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ st✉❞② ♠❛❞❡ ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡ ❜②
❇❡❞♦✉❤❡♥❡ ❡t ❛❧✳ ❬❇■▼❘❞❋❪ ✐♥ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢

✸✻



✸✳✷✳ ◆❖❚❆❚■❖◆❙ ❆◆❉ P❘❊▲■▼■◆❆❘■❊❙ ✸✼

❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ♣❛t❤ ❞✐str✐❜✉t✐♦♥ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥

dX(t) = AX(t)dt+ F (t,X(t))dt+G(t,X(t))dW (t), ✭✸✳✶✳✶✮

✇❤❡r❡ A ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ✭♣♦ss✐❜❧② ✉♥❜♦✉♥❞❡❞✮ ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡
C0 ✲s❡♠✐❣r♦✉♣ ♦♥ ❛ ❍✐❧❜❡rt s❡♣❛r❛❜❧❡ s♣❛❝❡✱ W (t) ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♦♥ ❛ ✜❧t❡r❡❞
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,F , (Ft)t∈R,P)✱ ❛♥❞ F ❛♥❞ G ❛r❡ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s
s❛t✐s❢②✐♥❣ s♦♠❡ ❝♦♥❞✐t✐♦♥s✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ s♦♠❡ ♥♦t✐♦♥s ♦❢
❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ❛♥❞ ♥♦r♠❛❧✐t② ✐♥ ❲❡②❧✬s s❡♥s❡ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢
❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ✐♥ ❲❡②❧✬s s❡♥s❡ ❢♦r r❛♥❞♦♠ ♣r♦❝❡ss❡s✳ ❋✐♥❛❧❧②✱ ✐♥ t❤❡ t❤✐r❞ s❡❝t✐♦♥ ✇❡
♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♠✐❧❞ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥ ✐♥ ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ t♦ ✭✸✳✶✳✶✮✳

✸✳✷ ◆♦t❛t✐♦♥s ❛♥❞ Pr❡❧✐♠✐♥❛r✐❡s

▲❡t (X, d) ❜❡ ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡✳ ❲❤❡♥ X ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ ✐ts ♥♦r♠ ✐s ❞❡♥♦t❡❞
❜② ‖.‖ ❛♥❞ d ✐s t❤❡ ❞✐st❛♥❝❡ ✐♥❞✉❝❡❞ ❜② ‖.‖✳ ❲❡ ❞❡♥♦t❡ ❛❧s♦ ❜② ❯❇(R, X) t❤❡ ❇❛♥❛❝❤
s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❛♥❞ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ❢r♦♠ R t♦ X✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡
♥♦r♠

‖x‖∞ = sup
t∈R

‖x(t)‖ .

▲❡t p ≥ 1✳ ❲❡ r❡♠✐♥❞ t❤❛t t❤❡ p✲❙t❡♣❛♥♦✈ ❞✐st❛♥❝❡ ✐s ❣✐✈❡♥ ❜②

DS
p
l
(f, g) = sup

t∈R

(

1

l

∫ t+l

t

dp(f(s), g(s))ds

)

1

p

f, g ∈ ▲p
loc(R,X).

❚❤❡ ♠❡tr✐❝s DS
p
l
✱ l > 0 ❛r❡ ❡q✉✐✈❛❧❡♥t ❛♥❞ l 7→ DS

p
l
(f, g) ✐s ♥♦♥✐♥❝r❡❛s✐♥❣ ❬❇❡s✸✷✱ ♣✳✼✷❪✱

t❤✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐t ❛❧✇❛②s ❡①✐sts ✿

DWp(f, g) = lim
l→∞

DS
p
l
(f, g) f, g ∈ ▲p

loc(R,X).

❚❤✐s ❧✐♠✐t ✐s ❝❛❧❧❡❞ t❤❡ p✲❲❡②❧ ❞✐st❛♥❝❡✳

❋♦r ❛ ❇❛♥❛❝❤ s♣❛❝❡ (X, ‖.‖) ❛♥❞ f : R → X✱ ✇❡ ❞❡♥♦t❡

‖f‖
S
p
l
= sup

t∈R

(

1

l

∫ t+l

t

‖f(s)‖p ds
)

1

p

❛♥❞
‖f‖

Wp = lim
l→∞

‖f‖
S
p
l
.

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶ ❆ s❡t T ⊂ R ✐s s❛✐❞ t♦ ❜❡ r❡❧❛t✐✈❡❧② ❞❡♥s❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♥✉♠❜❡r
k > 0 s✉❝❤ t❤❛t ❛♥② ✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ k ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ♥✉♠❜❡r ♦❢ T ✳
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❉❡✜♥✐t✐♦♥ ✸✳✷✳✷ ❬❇❡s✸✷❪ ▲❡t p ≥ 1✳ ❲❡ s❛② t❤❛t ❛ ❧♦❝❛❧❧② p✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ f : R → X

(i.e., f ∈ ▲p
loc(R,X)) ✐s p✲❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐❢✱ ❢♦r ❡❛❝❤ ε > 0✱ t❤❡r❡ ❡①✐sts ❛ ♥✉♠❜❡r

l = l(ε) > 0 ❛♥❞ ❛ r❡❧❛t✐✈❡❧② ❞❡♥s❡ s❡t TS
p
l
(ε, f) ⊂ R s✉❝❤ t❤❛t

sup
t∈I

(

1

l

∫ t+l

t

dp (f(s), f(s+ τ)) ds

)

1

p

< ε ∀τ ∈ TS
p
l
(ε, f), ✭✸✳✷✳✶✮

✇❤❡r❡ I = R✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ ❢✉♥❝t✐♦♥s ❜② W
p❆P(R,X)✳

❚♦ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ t♦ s❡♠✐✲❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱
✇❡ ❛❧s♦ ♥❡❡❞ t♦ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ✐♥ ❲❡②❧✬s s❡♥s❡ ❢♦r ♣❛r❛♠❡tr✐❝
❢✉♥❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✸ ✶✳ ❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ f : R × X → X ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝
✐❢✱ ❢♦r ❡✈❡r② x ∈ X✱ t❤❡ ❢✉♥❝t✐♦♥ f(., x) ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳ ❲❡ ❞❡♥♦t❡ ❜②
W

p❆P(R× X,X) t❤❡ s♣❛❝❡ ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s✳

✷✳ ❆ ❢✉♥❝t✐♦♥ f : R×X → X, (t, u) 7→ f(t, u) ✇✐t❤ f(., u) ∈ ▲p
loc(R,X) ❢♦r ❡❛❝❤ u ∈ X ✐s

s❛✐❞ t♦ ❜❡ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ t ∈ R ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t ❝♦♠♣❛❝t s✉❜s❡ts ♦❢
X ✭r❡s♣❡❝t✐✈❡❧② ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t ❜♦✉♥❞❡❞ s✉❜s❡t ♦❢ X✮ ✐❢✱ f(., x) ✐s W

p✲❛❧♠♦st
♣❡r✐♦❞✐❝ ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦ x ∈ K ✭r❡s♣❡❝t✐✈❡❧② x ∈ B✮ ❢♦r ❛❧❧ ❝♦♠♣❛❝t s❡ts
K ✐♥ X ✭r❡s♣❡❝t✐✈❡❧② ❢♦r ❛❧❧ ❜♦✉♥❞❡❞ B ∈ X✮✳ ❲❡ ❞❡♥♦t❡ ❜② W

p❆PK(R × X,X)
✭r❡s♣❡❝t✐✈❡❧② W

p❆PB(R× X,X)✮ t❤❡ s❡t ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s✳

❖✉r ❛✐♠ ✐s t♦ st✉❞② ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ❢♦r st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ ❢♦r t❤✐s ✇❡ ❛❧s♦ ♥❡❡❞
t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛❧♠♦st ♣❡r✐♦❞✐❝ r❛♥❞♦♠ ❢✉♥❝t✐♦♥s ✭❛❧♠♦st ♣❡r✐♦❞✐❝ r❛♥❞♦♠
♣r♦❝❡ss❡s✮✳

❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ❢♦r st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s

▲❡t (Ω,F ,P) ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❧❡t (X, ‖.‖) ❜❡ ❛ s❡♣❛r❛❜❧❡ ❇❛♥❛❝❤ s♣❛❝❡✱ ❛♥❞ ❧❡t
X = (Xt)t∈R ❜❡ ❛♥ X✲✈❛❧✉❡❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss✳ ❲❡ ❞❡♥♦t❡ ❜② ❧❛✇ (X(t)) t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X(t)✱ ❜② ❊(X) ✐ts ❡①♣❡❝t❛t✐♦♥✱ ❛♥❞ ❜② M+

1 (X) t❤❡ s♣❛❝❡ ♦❢ ❇♦r❡❧
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ X ❡♥❞♦✇❡❞ ✇❤✐❝❤ t❤❡ t♦♣♦❧♦❣② ♦❢ ♥❛rr♦✇ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❤✐❝❤ ✐s
t❤❡ ❝♦❛rs❡st t♦♣♦❧♦❣② s✉❝❤ t❤❛t t❤❡ ♠❛♣♣✐♥❣s µ → µ(f) ❛r❡ ❝♦♥t✐♥✉♦✉s ❢♦r ❛❧❧ ❜♦✉♥❞❡❞
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s f : X → R✳ ❋♦r f ∈ Cb(X)✱ ✭✇❤❡r❡ Cb(X) ✐s t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ ♦❢
❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ X✮✱ ✇❡ ❞❡✜♥❡

‖f‖
▲
= sup

{ |f(x)− f(y)|
dX(x, y)

; x 6= y

}

,

‖f‖∞ = sup
x∈X

|f(x)| .

❛♥❞
‖f‖

❇▲
= max {‖f‖

▲
, ‖f‖∞} .

❋♦r µ, ν ∈ M+
1 (X)✱ ✇❡ ❞❡✜♥❡

d❇▲(µ, ν) = sup
‖f‖

❇▲
≤1

|
∫

X

fd(µ− ν) | .

✸✽
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❚❤❡ s♣❛❝❡ (M+
1 (X), d❇▲) ✐s ❛ P♦❧✐s❤ s♣❛❝❡ ✭s❡❡ ❬❉✉❞✽✾✱ ❈♦r♦❧❧❛r② ✶✶✳✺✳✺✱ P✳✸✶✼❪✮✮✳ ❲❡

r❡❝❛❧❧ ❛♥♦t❤❡r ❞✐st❛♥❝❡ t❤❛t ✇❡ ❝❛♥ ✉s❡ ❢♦r ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❧❛✇ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ▲❡t
X, Y ❜❡ X✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞❡✜♥❡❞ ♦♥ s♦♠❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳ ❘❡❝❛❧❧ t❤❛t t❤❡
❲❛ss❡rt❡✐♥ ❞✐st❛♥❝❡ ❜❡t✇❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X ❛♥❞ Y ✐s

❲p(µ, ν) = inf
{

(

❊
(

‖X − Y ‖p
))1/p

; ❧❛✇(X) = µ, ❧❛✇(Y ) = ν
}

. ✭✸✳✷✳✷✮

❚❤❡ s♣❛❝❡ (M+
1 (X),❲

p) ✐s ❛❧s♦ ❛ P♦❧✐s❤ s♣❛❝❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹ ❬❱✐❧✵✽✱ ❘❡♠❛r❦ ✻✳✺❪ ❋♦r µ, υ ∈ M+
1 (X)✱ ✇❡ ❤❛✈❡

d❇▲(µ, ν) ≤ dL(µ, ν) = ❲1(µ, ν) ≤ ❲p(µ, ν),

❢♦r ❛❧❧ p ≥ 1✳

◆♦✇✱ ✇❡ ❣✐✈❡ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ❢♦r ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss X =
(Xt)t∈R ✐♥ ❞✐✛❡r❡♥t s❡♥s❡s✳ ❚❤❡s❡ ❞❡✜♥✐t✐♦♥s ❛r❡ ✐♥s♣✐r❡❞ ❜② ❚✉❞♦r ❬❍▼❚✽✽✱ ▼❚✽✾❪✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✺ ✖ ❲❡ s❛② t❤❛t X ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s✲
tr✐❜✉t✐♦♥ ✐❢ t❤❡ ♠❛♣♣✐♥❣ t → ❧❛✇ (X(t)) ❢r♦♠ R t♦ (M+

1 (X), d❇▲) ✐s ❲❡②❧ ❛❧♠♦st
♣❡r✐♦❞✐❝ i.e.✱ ✐❢✱ ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡ ❡①✐st k = k(ε), l = l(ε) > 0 s✉❝❤ t❤❛t ❛♥②
✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ k ❝♦♥t❛✐♥s ❛t ❧❡❛st ❛♥ ε✲❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞ ✭i.e ❛ ♥✉♠❜❡r τ✮ ❢♦r
✇❤✐❝❤

sup
x∈R

(

1

l

∫ x+l

x

dp
❇▲
(❧❛✇ (X(t+ τ)) , ❧❛✇ (X(t)))dt

)

1

p

< ε.

✖ ❲❡ s❛② t❤❛t X ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ✐❢✱ ❢♦r
❡✈❡r② ✜♥✐t❡ s❡q✉❡♥❝❡ t1, ..., tm ∈ R t❤❡ ♠❛♣♣✐♥❣
t 7→ ❧❛✇ (X(t+ t1), X(t+ t2), X(t+ tm)) ❢r♦♠ R t♦ (M+

1 (X
n), d❇▲) ✐s ❲❡②❧ ❛❧♠♦st

♣❡r✐♦❞✐❝✳

✖ ■❢ X ❤❛s ❛ ✈❡rs✐♦♥ ✭s❤♦❧ ❞❡♥t❡❞ ❜② X ❢♦r s✐♠♣❧✐❝✐t②✮ ✇❤❡r❡ tr❛❥❡❝t♦r✐❡s ❧✐❡ ✐♥ s♦♠❡
❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡ (Y, dY) ♦❢ ❢✉♥❝t✐♦♥s✱ ✇❡ s❛② t❤❛t X ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝
✐♥ ♣❛t❤ ❞✐str✐❜✉t✐♦♥ ✐❢ t❤❡ ♠❛♣♣✐♥❣ t 7→ ❧❛✇ (X(t+ .)) ❢r♦♠ R t♦ M+

1 (Y) ✐s ❲❡②❧
❛❧♠♦st ♣❡r✐♦❞✐❝✱ ✇❤❡r❡ M+

1 (Y) ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ d❇▲ ❛ss♦❝✐❛t❡❞ ✇✐t❤ dY✳

❖❜✈✐♦✉s❧② ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ✐♥ ♣❛t❤ ❞✐str✐❜✉t✐♦♥ ✐♠♣❧✐❡s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ✐♥
✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧
❞✐str✐❜✉t✐♦♥✳

❲❡ s❤❛❧❧ ♣r♦✈❡ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ✐♥ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❢♦r s♦❧✉t✐♦♥s
♦❢ s❡♠✐❧✐♥❡❛r st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ✐♥ ❍✐❧❜❡rt s♣❛❝❡s✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✻ ▲❡t ▲0(Ω,P,X) ❜❡ t❤❡ s♣❛❝❡ ♦❢ ♠❡❛s✉r❛❜❧❡ ♠❛♣♣✐♥❣s ❢r♦♠ Ω t♦ X✱ ❡♥❞♦✲
✇❡❞ ✇✐t❤ t❤❡ t♦♣♦❧♦❣② ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♣r♦❜❛❜✐❧✐t②✳ ❘❡❝❛❧❧ t❤❛t t❤❡ t♦♣♦❧♦❣② ♦❢ ▲0(Ω, P,X)
✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ❞✐st❛♥❝❡

dprob(U, V ) = ❊(‖U − V ‖ ∧ 1),

✇❤✐❝❤ ✐s ❝♦♠♣❧❡t❡✳

❚❤❡ ♣r♦❝❡ss X ✐s s❛✐❞ t♦ ❜❡ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ♣r♦❜❛❜✐❧✐t② ✐❢ t❤❡ ♠❛♣♣✐♥❣ X :
t → ▲0(Ω,P,X) ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳

✸✾
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▲❡t ▲p(P,X) ❜❡ t❤❡ s♣❛❝❡ ♦❢ X✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❛ ✜♥✐t❡ p✲♠♦♠❡♥t (p ≥ 1)✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✼ ❚❤❡ ♣r♦❝❡ss X ∈ ▲p
loc(R,▲

p(Ω,X)) ✐s s❛✐❞ t♦ ❜❡ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝
✐♥ pt❤ ♠❡❛♥✱ ✐❢ t❤❡ ♠❛♣♣✐♥❣ t 7→ X(t),R → ▲p(Ω,P,X) ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✳

❲❤❡♥ p = 2✱ ✇❡ s❛② t❤❛t X ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ sq✉❛r❡✲♠❡❛♥✳

✸✳✸ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝✐t② ✐♥ ❞✐str✐❜✉t✐♦♥ ❢♦r s♦❧✉✲

t✐♦♥s ♦❢ ❙❉❊s

▲❡t (H1, ‖.‖H1
) ❛♥❞ (H2, ‖.‖H2

) ❜❡ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡s✱ ❛♥❞ ❧❡t ✉s ❞❡♥♦t❡ ❜②
L(H1,H2) t❤❡ s♣❛❝❡ ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦rs ❢r♦♠ H1 t♦ H2✱ ❛♥❞ ❜② L2(H1,H2) t❤❡
s♣❛❝❡ ♦❢ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♦♣❡r❛t♦rs ❢r♦♠ H1 t♦ H2✳

❲❡ ❝♦♥s✐❞❡r t❤❡ s❡♠✐❧✐♥❡❛r st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭❙❉❊s✮

dXt = AX(t)dt+ F (t,X(t))dt+G(t,X(t))dW (t), t ∈ R, ✭✸✳✸✳✶✮

✇❤❡r❡ A : D(A) ⊂ H2 → H2 ✐s ❛ ❞❡♥s❡❧② ❞❡✜♥❡❞ ❝❧♦s❡❞ ✭♣♦ss✐❜❧② ✉♥❜♦✉♥❞❡❞✮ ❧✐♥❡❛r
♦♣❡r❛t♦r ❛♥❞ F : R × H2 → H2✱ ❛♥❞ G : R × H2 → L(H1,H2) ❛r❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s✳
❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤❡s❡s ✿

(H1) W (t)✱ t ∈ R✱ ✐s ❛♥ H1✲✈❛❧✉❡❞ ❲✐❡♥❡r ♣r♦❝❡ss ✇✐t❤ ♥✉❝❧❡❛r ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r Q
✭✇❡ ❞❡♥♦t❡ ❜② trQ t❤❡ tr❛❝❡ ♦❢ Q✮✱ ❞❡✜♥❡❞ ♦♥ ❛ st♦❝❤❛st✐❝ ❜❛s✐s (Ω,F , (Ft)t∈R,P)✳

(H2) A : ❉(A) → H2 ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ C0✲s❡♠✐❣r♦✉♣ (T (t))t≥0 s✉❝❤ t❤❛t
t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t δ > 0 ✇✐t❤

‖T (t)‖L(H2) ≤ e−δt, t ≥ 0.

(H3) ❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t M s✉❝❤ t❤❛t t❤❡ ♠❛♣♣✐♥❣s F : R × H2 → H2 ❛♥❞
G : R×H2 → L2(H1,H2) s❛t✐s❢②

‖F (t, x)‖H2
+ ‖G(t, x)‖L2(H1,H2) ≤ M(1 + ‖x‖H2

)

❢♦r ❛❧❧ t ∈ R✳

(H4) ❚❤❡ ❢✉♥❝t✐♦♥s F ❛♥❞ G ❛r❡ ▲✐♣s❝❤✐t③✱ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥
L(.) ∈ S

q(R)✱ q ≥ 2✱ s✉❝❤ t❤❛t

‖F (t, x)− F (t, y)‖H2
+ ‖G(t, x)−G(t, y)‖L2(H1,H2) ≤ L(t)‖x− y‖H2

❢♦r ❛❧❧ t ∈ R ❛♥❞ x, y ∈ H2✳

(H5) F ∈ W
p❆PK(R×H2,H2) ❛♥❞ G ∈ W

p❆PK(R×H2, L2(H1,H2)) ✭p ≥ 2✮✳

❚❤❡ ❇❛♥❛❝❤ s♣❛❝❡ ❯❇
(

R,▲p(P,H2)
)

♦❢ p✲♠❡❛♥ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s
✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖X‖∞,p =

(

sup
t∈R

(

❊‖X(t)‖p
H2

)

) 1

p

.

✹✵
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❚❤❡♦r❡♠ ✸✳✸✳✶ ▲❡t t❤❡ ❝♦♥❞✐t✐♦♥s (H1)− (H5) ❜❡ ❢✉❧✜❧❧❡❞✳ ❋♦r p ≥ 2✱ t❤❡ ❡q✉❛t✐♦♥
✭✸✳✸✳✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ♠✐❧❞ s♦❧✉t✐♦♥ ✐♥ ❯❇

(

R,▲2(P,H2)
)

❣✐✈❡♥ ❜②

X(t) =

∫ t

−∞

T (t− s)F
(

s,X(s)
)

ds+

∫ t

−∞

T (t− s)G
(

s,X(s)
)

dW (s), ✭✸✳✸✳✷✮

♣r♦✈✐❞❡❞ t❤❛t 2
p
+ 2

q
= 1 ❛♥❞

(

2
pq+2p−q

q ‖L‖p
Sp

δ
pq+2p

2q

(

1− exp(pδ
4
)
)

+
2

pq+p−q

q Cp (trQ)
p

2 ‖L‖p
Sp

(qδ)
p

p

(

1− exp(−pδ
2
)
)

)
1

p

< 1, ✭✸✳✸✳✸✮

✇✐t❤ Cp =
1

(2c)
p
2

(

2+2c
p−1

− 2
p

2

)

❢♦r ❛♥② c > (p− 1)2
p

2 − 1✳

■❢ ❢✉rt❤❡r♠♦r❡ p ≥ q ≥ 2 ✇✐t❤ 2
p
+ 2

q
= 1 ❛♥❞

22p ‖L‖p
Sq

pδ
p

2
+1
(

1− exp( 4
qδ
)
)

p

q

+
22p (trQ)

p

2 ‖L‖p
Sq

pδ
(

1− exp( 2
qδ
)
)

p

q

< 1, ✭✸✳✸✳✹✮

t❤❡♥ X ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥✳

Pr♦♦❢

▲❡t Γ ❜❡ t❤❡ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❜②

ΓX(t) =

∫ t

−∞

T (t−s)F (s,X(s))ds+

∫ t

−∞

T (t−s)G(s,X(s))dW (s) ❢♦r X ∈ ❯❇
(

R,▲2(P,H2)
)

.

■♥ t❤❡ ✜rst ♣❛rt✱ ✇❡ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ♠✐❧❞ s♦❧✉t✐♦♥ ✐♥ ❯❇
(

R,▲2(P,H2)
)

✳

❋✐rst ♣❛rt

❚❤✐s ♣❛rt ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ st❛❣❡s ❀ ✐♥ t❤❡ ✜rst ♦♥❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♦♣❡r❛t♦r Γ
✐s ✇❡❧❧✲❞❡✜♥❡❞✱ i.e., t❤❡ ♦♣❡r❛t♦r Γ ♠❛♣s ❯❇

(

R,▲p(P,H2)
)

✐♥t♦ ✐ts❡❧❢✱ ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞
♦♥❡✱ ✇❡ s❤♦✇ t❤❛t Γ ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ♦♣❡r❛t♦r✳

P❛rt ✶✲❛

▲❡t ✉s s❤♦✇ t❤❛t Γ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ t❤❛t ΓX ❤❛s ❛ ❝♦♥t✐♥✉♦✉s ✈❡rs✐♦♥✳

▲❡t ✉s ❞❡♥♦t❡ Γ = Γ1 + Γ2✱ ✇❤❡r❡

Γ1X(t) =

∫ t

−∞

T (t− s)F (s,X(s))ds

❛♥❞

Γ2X(t) =

∫ t

−∞

T (t− s)G(s,X(s))dW (s).

✹✶
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❋✐rst✱ ❧❡t ✉s s❤♦✇ t❤❛t✱ Γ(X(t)) ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ▲p✲❜♦✉♥❞❡❞✳ ❯s✐♥❣ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②
❬❑▼❘❞❋✶✺✱ ▲❡♠♠❛ ✸✳✹❪✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② X ∈ ❯❇

(

R,▲p(P,H2)
)

✱

❊‖ΓX(t)‖p ≤2p−1 (❊‖Γ1X(t)‖p + ❊‖Γ2X(t)‖p)

≤2p−1 ❊

∥

∥

∥

∥

∫ t

−∞

T (t− s)F (s,X(s))ds

∥

∥

∥

∥

p

+ 2p−1 ❊

∥

∥

∥

∥

∫ t

−∞

T (t− s)G(s,X(s))dW (s)

∥

∥

∥

∥

p

≤2p−1 ❊

(

(∫ t

−∞

e−δ(t−s)ds

)
1

2
(∫ t

−∞

e−δ(t−s) ‖F (s,X(s))‖2 ds
)

1

2

)p

+ 2p−1 ❊

∥

∥

∥

∥

∫ t

−∞

T (t− s)G(s,X(s))dW (s)

∥

∥

∥

∥

p

≤2p−1

δ
p

2

❊

(∫ t

−∞

e−δ(t−s) ‖F (s,X(s))‖2 ds
)

p

2

+ 2p−1Cp ❊

(

trQ

∫ t

−∞

e−2δ(t−s) ‖G(s,X(s))‖2 ds
)

✇❤❡r❡ Cp ❛ ❝♦♥st❛♥t ❣✐✈❡♥ ✐♥ t❤❡ ❤②♣♦t❤❡s✐s ✭✸✳✸✳✸✮✳ ❯s✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② (2
p
, 2
q
)✱ ✇❡

❤❛✈❡

❊‖ΓX(t)‖p ≤2p−1

δ
p

2

(∫ t

−∞

e−
qδ

4
(t−s)ds

)

p

q

❊

∫ t

−∞

e−
pδ

4
(t−s) ‖F (s,X(s))‖p ds

+ 2p−1Cp (trQ)
p

2

(∫ t

−∞

e−
qδ

2
(t−s)ds

)

p

q

❊

∫ t

−∞

e−
pδ

2
(t−s) ‖G(s,X(s))‖p ds

≤ 2
pq+2p−q

q

δ
pq+2p

2q (q)
p

q

∫ t

−∞

e−
pδ

4
(t−s) ❊‖F (s,X(s))‖pds

+
2

pq+p−q

q Cp (trQ)
p

2

(qδ)
p

q

∫ t

−∞

e−
pδ

2
(t−s) ❊‖G(s,X(s))‖pds.

❚❤❡♥✱ ✉s✐♥❣ (H3)✱ ✇❡ ❤❛✈❡✱ s✐♥❝❡ 1 + ❊‖X(t)‖p (t ∈ R) ✐s ❜♦✉♥❞❡❞

❊‖ΓX(t)‖p ≤2
2pq+2p−2q

q Mp

δ
pq+2p

2q (q)
p

q

∫ t

−∞

e−
pδ

4
(t−s) (1 + ❊‖X(s)‖p) ds

+
2

2pq+p−2q

q Cp (trQ)
p

2 Mp

(qδ)
p

q

∫ t

−∞

e−
pδ

2
(t−s) (1 + ❊‖X(s)‖p) ds

≤
(

2
2pq+2p

q Mp

p (q)
p

q δ
pq+2p+2q

2q

+
2

2pq+p−2q

q Cp (trQ)
p

2 Mp

p (q)
p

q δ
p+q

q

)

(1 + ❊‖X(s)‖p) < ∞.

❚❤✐s s❤♦✇s t❤❛t t❤❡ ✐♥t❡❣r❛❧s ✐♥ Γ1X(t) ❛♥❞ Γ2X(t) ❛r❡ ❝♦♥✈❡r❣❡♥t ❛♥❞ t❤❛t Γ(X) ✐s
▲p✲❜♦✉♥❞❡❞✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Γ1X ❝❛♥ ❜❡ ♣r♦✈❡❞ ❛s ✐♥ ❬❇■▼❘❞❋❪✳ ❚❤❡
❝♦♥t✐♥✉✐t② ♦❢ Γ2X ❢♦❧❧♦✇s ❢r♦♠ ❉❛ Pr❛t♦✲❩❛❜❝③②❦ ❬❉P❩✶✹✱ Pr♦♣♦s✐t✐♦♥ ✼✳✸❪✱ ✇❤✐❝❤ s❤♦✇✱
✐♥ ❛❞❞✐t✐♦♥✱ t❤❛t X ❤❛s ❛ ❝♦♥t✐♥✉♦✉s ✈❡rs✐♦♥✳

✹✷
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P❛rt ✶✲❜

❆ss✉♠❡ ♥♦✇ ✭✸✳✸✳✸✮✱ ❛♥❞ ❧❡t ✉s s❤♦✇ t❤❛t Γ ❤❛s ❛ ✜①❡❞ ♣♦✐♥t ✐♥ ❯❇
(

R,▲p(P,H2)
)

✳
❋♦r ❡✈❡r② t ∈ R ❛♥❞ X, Y ∈ ❯❇

(

R,▲p(P,H2)
)

✱ ✇❡ ❤❛✈❡ ❢r♦♠ ✭❍✶✮

❊ ‖(ΓX)(t)− (ΓY )(t)‖p
H2

≤2p−1 ❊

(∫ t

−∞

e−δ(t−s)‖F (s,X(s))− F (s, Y (s))‖H2
ds

)p

+ 2p−1 ❊

∥

∥

∥

∥

∫ t

−∞

T (t− s)[G(s,X(s))−G(s, Y (s))]dW (s)

∥

∥

∥

∥

p

H2

=2p−1 (I1(t) + I2(t)) .

▲❡t ✉s ❡st✐♠❛t❡ I1(t)✳ ❯s✐♥❣ (H4) ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥ ✿

I1(t) = ❊

(∫ t

−∞

e−δ(t−s)‖F (s,X(s))− F (s, Y (s))‖H2
ds

)p

≤
(∫ t

−∞

e−δ(t−s)ds

)

p

2

❊

(∫ t

−∞

e−δ(t−s)‖F (s,X(s))− F (s, Y (s))‖2
H2
ds

)

p

2

≤ 1

δ
p

2

❊

(∫ t

−∞

e−δ(t−s)‖F (s,X(s))− F (s, Y (s))‖2
H2
ds

)

p

2

.

❚❤❡♥✱ ✉s✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② (2
p
, 2
q
, ✇❤❡r❡ 1

p
+ 1

q
= 1

2
)✱ ✇❡ ❤❛✈❡

I1(t) ≤
1

δ
p

2

(∫ t

−∞

e−
qδ

4
(t−s)ds

)

p

q
∫ t

−∞

e−
pδ

4
(t−s)Lp(s)❊ ‖X(s)− Y (s)‖p

H2
ds

≤ 2
2p

q

δ
pq+2p

2q

(∫ t

−∞

e−
pδ

4
(t−s)Lp(s)ds

)

sup
s∈R

❊ ‖X(s)− Y (s)‖p

≤ 2
2p

q

δ
pq+2p

2q

(

∞
∑

n=0

∫ t−n

t−n−1

e−
pδ

4
(t−s)Lp(s)ds

)

sup
s∈R

❊ ‖X(s)− Y (s)‖p

≤ 2
2p

q

δ
pq+2p

2q

(

∞
∑

n=0

e−
npδ

4

∫ t−n

t−n−1

Lp(s)ds

)

sup
s∈R

❊ ‖X(s)− Y (s)‖p

≤ 2
2p

q ‖L‖p
Sp

δ
pq+2p

2q

(

1− exp(pδ
4
)
)

sup
s∈R

❊ ‖X(s)− Y (s)‖p .

✹✸
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❋♦r I2(t)✱ ✉s✐♥❣ ■tô✬s ✐s♦♠❡tr②✱ (H4) ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t ✿

I2(t) =❊

∥

∥

∥

∥

∫ t

−∞

T (t− s)[G(s,X(s))−G(s, Y (s))]dW (s)

∥

∥

∥

∥

p

H2

≤Cp ❊

(

trQ

∫ t

−∞

e−δ(t−s) ‖G(s,X(s))−G(s, Y (s))‖2 ds
)

p

2

≤Cp (trQ)
p

2

(∫ t

−∞

e−
qδ

2
(t−s)

)

p

q
∫ t

−∞

e−
pδ

2
(t−s)Lp(s)❊ ‖X(s)− Y (s)‖p ds

≤Cp (trQ)
p

2

(qδ)
p

q

(

+∞
∑

n=0

∫ t−n

t−n−1

e−
pδ

2
(t−s)Lp(s)ds

)

sup
s∈R

❊ ‖X(s)− Y (s)‖p
H2

≤ 2
p

qCp (trQ)
p

2 ‖L‖p
Sp

(qδ)
p

p

(

1− exp(−pδ
2
)
)
sup
s∈R

❊ ‖X(s))− Y (s))‖p
H2
.

❲❡ t❤✉s ❤❛✈❡

‖ΓX − ΓY ‖p∞,p ≤
(

2
pq+2p−q

q ‖L‖p
Sp

δ
pq+2p

2q

(

1− exp(pδ
4
)
)

+
2

pq+p−q

q Cp (trQ)
p

2 ‖L‖p
Sp

(qδ)
p

p

(

1− exp(−pδ
2
)
)

)

‖X − Y ‖p∞,p .

■t ✐♠♣❧✐❡s t❤❛t

‖ΓX − ΓY ‖∞,p ≤
(

2
pq+2p−q

q ‖L‖p
Sp

δ
pq+2p

2q

(

1− exp(pδ
4
)
)

+
2

pq+p−q

q Cp (trQ)
p

2 ‖L‖p
Sp

(qδ)
p

p

(

1− exp(−pδ
2
)
)

)
1

p

‖X − Y ‖∞,p .

❚❤❡♥✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ❤②♣♦t❤❡s✐s ✭✸✳✸✳✸✮ t❤❛t Γ ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ♦♣❡r❛t♦r✱ ❤❡♥❝❡ t❤❡r❡
❡①✐sts ❛ ✉♥✐q✉❡ ♠✐❧❞ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✸✳✸✳✶✮ ✐♥ ❯❇

(

R,▲2(P,H2)
)

✳ ❋✉rt❤❡r♠♦r❡ X ❤❛s
❛ ❝♦♥t✐♥✉♦✉s ✈❡rs✐♦♥ ❜② P❛rt ✶✲❛✳

❙❡❝♦♥❞ ♣❛rt

■♥ t❤✐s ♣❛rt✱ ✇❡ s❤♦✇ t❤❛t t❤❡ s♦❧✉t✐♦♥ X ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✸✳✸✳✷✮ ✐s ❲❡②❧ ❛❧♠♦st
♣❡r✐♦❞✐❝ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥✳

▲❡t τ ❜❡ ❛ r❡❛❧ ♥✉♠❜❡r✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♠✐❧❞ s♦❧✉t✐♦♥ Xτ t♦

dXτ (t) = AXτ (t) + F (t+ τ,Xτ (t))dt+G(t+ τ,Xτ (t))dW (t). ✭✸✳✸✳✺✮

▼❛❦❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ s = r − τ ✱ t❤❡ ♣r♦❝❡ss

X(t+ τ) =

∫ t+τ

−∞

T (t+ τ − r)F (r,X(r))dr +

∫ t+τ

−∞

T (t+ τ − r)G(r,X(r))dW (r) ✭✸✳✸✳✻✮

❜❡❝♦♠❡s

X(t+ τ) =

∫ t

−∞

T (t− s)F (s+ τ,X(s+ τ))ds+

∫ t

−∞

T (t− s)G(s+ τ,X(s+ τ))dW̃τ (s),

✹✹
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✇❤❡r❡ W̃τ (s) = W (s + τ) − W (τ) ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s
W (s)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ♣r♦❝❡ss X(.+ τ) ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s Xτ ✳

❙♦✱ t♦ s❤♦✇ t❤❛t X ✐s Wp ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥✱ ✐t ✐s ❡♥♦✉❣❤
t♦ s❤♦✇ t❤❛t✱ ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡ ❡①✐st l = l(ε) > 0 ❛♥❞ k = k(ε) > 0✱ s✉❝❤ t❤❛t ❛♥②
✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣❤t k ❝♦♥t❛✐♥s ❛t ❧❡❛st ❛ ♥✉♠❜❡r τ ❢♦r ✇❤✐❝❤

sup
x∈R

(

1

l

∫ x+l

x

(

❊‖Xτ (t)−X(t)‖2
)

p

2 dt

)

1

p

< ε. ✭✸✳✸✳✼✮

◆♦t❡ t❤❛t✱ s✐♥❝❡ X ∈ ❯❇
(

R,▲2(P,H2)
)

✱ t❤❡ ♠❛♣♣✐♥❣ t 7−→ (❊‖X(t)‖2)
p

2 ✐s ❧♦❝❛❧❧② ✐♥t❡✲
❣r❛❜❧❡✱ t❤✉s t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✸✳✼✮ ✐s ❛❧✇❛②s ✜♥✐t❡✳

❚❤✉s✱ ❢♦r ❡✈❡r② t, τ ∈ R ❛♥❞ ❜② t❤❡ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

❊‖Xτ (t)−X(t)‖2 =❊‖
∫ t

−∞

T (t− s)[F (s+ τ,Xτ (s))− F (s,X(s))]ds

+

∫ t

−∞

T (t− s)[G(s+ τ,Xτ (s))−G(s,X(s))]dW (s)‖2

≤4❊‖
∫ t

−∞

T (t− s)[F (s+ τ,Xτ (s))− F (s+ τ,X(s))]ds‖2

+ 4❊‖
∫ t

−∞

T (t− s)[G(s+ τ,Xτ (s))−G(s+ τ,X(s))]dW (s)‖2

+ 4❊‖
∫ t

−∞

T (t− s)[F (s+ τ,X(s)))− F (s,X(s))]ds‖2

+ 4❊‖
∫ t

−∞

T (t− s)[G(s+ τ,X(s))−G(s,X(s))]dW (s)‖2

:=Iτ1 (t) + Iτ2 (t) + Iτ3 (t) + Iτ4 (t).

◆♦✇✱ ✉s✐♥❣ (H1)✱ (H4) ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

Iτ1 (t) = 4❊‖
∫ t

−∞

T (t− s)[F (s+ τ,Xτ (s))− F (s+ τ,X(s))]ds‖2

≤ 4❊

(

(∫ t

−∞

e−δ(t−s)ds

)
1

2
(∫ t

−∞

e−δ(t−s)‖F (s+ τ,Xτ (s))− F (s+ τ,X(s))‖2ds
)

1

2

)2

≤ 4

δ

∫ t

−∞

e−δ(t−s)L2(s+ τ)❊‖Xτ (s)−X(s)‖2ds.

✹✺
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❯s✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② (p
2
, q
2
)✱ ✇❡ ❤❛✈❡

Iτ1 (t) ≤
4

δ

(∫ t

−∞

e−
qδ

4
(t−s)Lq(s+ τ)ds

)
2

q
(∫ t

−∞

e−
pδ

4
(t−s)

(

❊‖Xτ (s)−X(s)‖2
)

p

2 ds

)
2

p

≤ 4

δ

(

∞
∑

n=0

∫ t−n

t−n−1

e−
qδ

4
(t−s)Lq(s+ τ)ds

) 2

q (∫ t

−∞

e−
pδ

4
(t−s)

(

❊‖Xτ (s)−X(s)‖2
)

p

2 ds

)
2

p

≤ 4

δ

(

∞
∑

n=0

e−
qδ

4
n

∫ t−n

t−n−1

Lq(s+ τ)ds

) 2

q (∫ t

−∞

e−
pδ

4
(t−s)

(

❊‖Xτ (s)−X(s)‖2
)

p

2 ds

)
2

p

≤ 4 ‖L‖2
Sq

δ
(

1− exp( 4
qδ
)
) 2

q

(∫ t

−∞

e−
pδ

4
(t−s)

(

❊‖Xτ (s)−X(s)‖2
)

p

2 ds

)
2

p

❋♦r Iτ2 (t)✱ ✉s✐♥❣ ■tô✬s ✐s♦♠❡tr② ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t

Iτ2 (t) = 4❊‖
∫ t

−∞

T (t− s)[G(s+ τ,Xτ (s))−G(s+ τ,X(s))]dW (s)‖2

≤ 4 trQ❊

∫ t

−∞

‖T (t− s)‖2‖G(s+ τ,Xτ (s))−G(s+ τ,X(s))‖2L2(H1,H2)
ds

≤ 4 trQ

∫ t

−∞

e−2δ(t−s)L2(s+ τ)❊‖Xτ (s)−X(s)‖2ds

≤ 4 trQ

(∫ t

−∞

e−
qδ

2
(t−s)Lq(s+ τ)ds

)
2

q
(∫ t

−∞

e−
pδ

2
(t−s)

(

❊‖Xτ (s)−X(s)‖2
)

p

2 ds

)
2

p

≤ 4 trQ ‖L‖2
Sq

(

1− exp( 2
qδ
)
) 2

q

(∫ t

−∞

e−
pδ

2
(t−s)

(

❊‖Xτ (s)−X(s)‖2
)

p

2 ds

)
2

p

.

❋♦r Iτ3 (t)✱ ✉s✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

Iτ3 (t) = 4❊‖
∫ t

−∞

T (t− s)[F (s+ τ,X(s)))− F (s,X(s))]ds‖2

≤ 4

δ

∫ t

−∞

e−δ(t−s) ❊‖F (s+ τ,X(s))− F (s,X(s))‖2ds

≤ 4

δ

(∫ t

−∞

e−
qδ

4
(t−s)ds

)
2

q
(∫ t

−∞

e−
pδ

4
(t−s)

(

❊‖F (s+ τ,X(s))− F (s,X(s))‖2
)

p

2 ds

)
2

p

≤ 2
2q+4

q

δ
q+2

q q
2

q

(∫ t

−∞

e−
pδ

4
(t−s)

(

❊‖F (s+ τ,X(s))− F (s,X(s))‖2
)

p

2 ds

)
2

p

✹✻
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❋✐♥❛❧❧②✱ ❢♦r Iτ4 (t)✱ ✉s✐♥❣ ■tô✬s ✐s♦♠❡tr② ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t

Iτ4 (t) = 4❊‖
∫ t

−∞

T (t− s)[G(s+ τ,X(s)))−G(s,X(s))]dW (s)‖2

≤ 4 trQ

∫ t

−∞

e−2δ(t−s) ❊‖G(s+ τ,X(s))−G(s,X(s))‖2ds

≤ 4 trQ

(∫ t

−∞

e−
qδ

2
(t−s)ds

)
2

q
(∫ t

−∞

e
−pδ

2
(t−s)

(

❊‖G(s+ τ,X(s))−G(s,X(s))‖2
)

p

2 ds

)
2

p

≤ 2
2q+2

q trQ

(qδ)
2

q

(∫ t

−∞

e−
pδ

2
(t−s)

(

❊‖G(s+ τ,X(s))−G(s,X(s))‖2
)

p

2 ds

)
2

p

.

❚❤❡♥ ❢♦r ❛❧❧ x ∈ R✱ τ ∈ R ❛♥❞ l > 0✱ ✇❡ ❤❛✈❡

gτ,l(x) :=
1

l

∫ x+l

x

(

❊‖Xτ (t)−X(t)‖2
)

p

2 dt

≤2p−2

(

1

l

∫ x+l

x

(

(Iτ1 (t))
p

2 + (Iτ2 (t))
p

2

)

dt+
1

l

∫ x+l

x

(

(Iτ3 (t))
p

2 + (Iτ4 (t))
p

2

)

dt

)

.

✭✸✳✸✳✽✮

❯s✐♥❣ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ ❋✉❜✐♥✐✬s t❤❡♦r❡♠✱ ✇❡ ❣❡t

1

l

∫ x+l

x

(

(Iτ1 (t))
p

2 + (Iτ2 (t))
p

2

)

dt

≤ 2p ‖L‖p
Sq

δ
p

2

(

1− exp( 4
qδ
)
)

p

q

1

l

∫ x+l

x

∫ t

−∞

e−
pδ

4
(t−s)

(

❊‖Xτ (s)−X(s)‖2
)

p

2 dsdt

+
2p (trQ)

p

2 ‖L‖p
Sq

(

1− exp( 2
qδ
)
)

p

q

1

l

∫ x+l

x

∫ t

−∞

e−
pδ

2
(t−s)

(

❊‖Xτ (s)−X(s)‖2
)

p

2 dsdt

≤ 2p ‖L‖p
Sq

δ
p

2

(

1− exp( 4
qδ
)
)

p

q

1

l

∫ x+l

x

∫ 0

−∞

e
pδ

4
s
(

❊‖Xτ (t+ s)−X(t+ s)‖2
)

p

2 dsdt

+
2p (trQ)

p

2 ‖L‖p
Sq

(

1− exp( 2
qδ
)
)

p

q

1

l

∫ x+l

x

∫ 0

−∞

e
pδ

2
s
(

❊‖Xτ (t+ s)−X(t+ s)‖2
)

p

2 dsdt

≤ 2p ‖L‖p
Sq

δ
p

2

(

1− exp( 4
qδ
)
)

p

q

∫ 0

−∞

e
pδ

4
s1

l

∫ x+l

x

(

❊‖Xτ (t+ s)−X(t+ s)‖2
)

p

2 dtds

+
2p (trQ)

p

2 ‖L‖p
Sq

(

1− exp( 2
qδ
)
)

p

q

∫ 0

−∞

e
pδ

2
s1

l

∫ x+l

x

(

❊‖Xτ (t+ s)−X(t+ s)‖2
)

p

2 dtds.

✹✼
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❯s✐♥❣ ❛❣❛✐♥ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s

1

l

∫ x+l

x

(

(Iτ1 (t))
p

2 + (Iτ2 (t))
p

2

)

dt

≤ 2p ‖L‖p
Sq

δ
p

2

(

1− exp( 4
qδ
)
)

p

q

∫ 0

−∞

e
pδ

4
s1

l

∫ x+s+l

x+s

(

❊‖Xτ (t)−X(t)‖2
)

p

2 dtds

+
2p (trQ)

p

2 ‖L‖p
Sq

(

1− exp( 2
qδ
)
)

p

q

∫ 0

−∞

e
pδ

2
s1

l

∫ x+s+l

x+s

(

❊‖Xτ (t)−X(t)‖2
)

p

2 dtds.

≤ 2p ‖L‖p
Sq

δ
p

2

(

1− exp( 4
qδ
)
)

p

q

∫ x

−∞

e−
pδ

4
(x−s)1

l

∫ s+l

s

(

❊‖Xτ (t)−X(t)‖2
)

p

2 dtds

+
2p (trQ)

p

2 ‖L‖p
Sq

(

1− exp( 2
qδ
)
)

p

q

∫ x

−∞

e−
pδ

2
(x−s)1

l

∫ s+l

s

(

❊‖Xτ (t)−X(t)‖2
)

p

2 dtds.

❲✐t❤ t❤❡ s❛♠❡ st❡♣s✱ ✇❡ ❛❧s♦ ✜♥❞

1

l

∫ x+l

x

(

(Iτ3 (t))
p

2 + (Iτ4 (t))
p

2

)

dt

≤ 2
pq+2p

q

δ
pq+2p

2q q
p

q

∫ x

−∞

e−
pδ

4
(x−s)1

l

∫ s+l

s

(

❊‖F (t+ τ,X(t))− F (t,X(t))‖2
)

p

2 dtds

+
2

pq+p

q (trQ)
p

2

(qδ)
p

q

∫ x

−∞

e−
pδ

2
(x−s)1

l

∫ s+l

s

(

❊‖G(t+ τ,X(t))−G(t,X(t))‖2
)

p

2 dtds

:=C1J
1
τ,l(x) + C2J

2
τ,l(x),

✇❤❡r❡

C1 =
2

pq+2p

q

δ
pq+2p

2q q
p

q

❛♥❞ C2 =
2

pq+p

q (trQ)
p

2

(qδ)
p

q

.

❚❤❡♥✱ ❢♦r ❛❧❧ x ∈ R✱ τ ∈ R ❛♥❞ l > 0✱ ✇❡ ❤❛✈❡✱ ✉s✐♥❣ ✭✸✳✸✳✽✮✱

0 ≤ gτ,l(x) ≤ CJτ,l(x) + β1

∫ x

−∞

e−δ1(x−s)gτ,l(s)ds+ β2

∫ x

−∞

e−δ2(x−s)gτ,l(s)ds,

✇❤❡r❡

Jτ,l(x) = J1
τ,l(x) + J2

τ,l(x), C = 2p−2 max{C1, C2}, β1 =
22p−2 ‖L‖p

Sq

δ
p

2

(

1− exp( 4
qδ
)
)

p

q

,

β2 =
22p−2 (trQ)

p

2 ‖L‖p
Sq

(

1− exp( 2
qδ
)
)

p

q

, δ1 =
pδ

4
❛♥❞ δ2 =

pδ

2

✹✽
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❚❤❡ ❤②♣♦t❤❡s✐s ✭✸✳✸✳✹✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ δ′ > β✱ ✇✐t❤ δ′ = min{δ1, δ2} ❛♥❞ β = β1 + β2✳
❲❡ ❝♦♥❝❧✉❞❡ ❜② ❛ ✈❛r✐❛♥t ♦❢ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ❬❑▼❘❞❋✶✺✱ ▲❡♠♠❛ ✸✳✸❪✱ t❤❛t✱ ❢♦r ❛❧❧

γ ∈]0, δ′ − β] s✉❝❤ t❤❛t
∫ 0

−∞
eγsJτ,l(s)ds ❝♦♥✈❡r❣❡s✱ ✇❡ ❤❛✈❡✱ ❢♦r ❡✈❡r② x, τ ∈ R✱

0 ≤ gτ,l(x) ≤ CJτ,l(x) + Cβ

∫ x

−∞

e−γ(x−ξ)Jτ,l(ξ)dξ.

❚♦ s❤♦✇ ✭✸✳✸✳✼✮✱ ♦✉r ❛✐♠ ✐s t♦ s❤♦✇ t❤❛t✱ ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡ ❡①✐st l = l(ε) > 0✱
k = k(ε) > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ a ∈ R✱ t❤❡r❡ ❡①✐sts τ ∈ [a, a+ k] ❛♥❞ t❤❛t✱ ❢♦r ❡✈❡r② x ∈ R✱
✇❡ ❤❛✈❡

CJτ,l(x) =C
(

J1
τ,l(x) + J2

τ,l(x)
)

=C

∫ x

−∞

e−δ1(x−s)1

l

∫ s+l

s

(

❊‖F (t+ τ,X(t))− F (t,X(t))‖2
)

p

2 dtds

+ C

∫ x

−∞

e−δ2(x−s)1

l

∫ s+l

s

(

❊‖G(t+ τ,X(t))−G(t,X(t))‖2
)

p

2 dtds

<
εp

2

❛♥❞

Ψτ,l(x) := Cβ

∫ x

−∞

e−γ(x−ξ)Jτ,l(ξ)dξ <
εp

2
. ✭✸✳✸✳✾✮

▲❡t ε > 0✳ ❋✐rst✱ ✇❡ ❡st✐♠❛t❡ J1
τ,l(x)✳ ❋♦r s, τ ∈ R✱ l > 0 ❛♥❞ X ∈ ❯❇(R,▲2(P,H2)✱ ❧❡t

zτ,l(s) =
1

l

∫ s+l

s

(

❊‖F (t+ τ,X(t))− F (t,X(t))‖2
)

p

2 dt.

❯s✐♥❣ (H3)✱ ✇❡ ❤❛✈❡

zτ,l(s) ≤
2

p

2

l

∫ s+l

s

(

❊‖F (t+ τ,X(t))‖2 + ❊‖F (t,X(t))‖2
)

p

2 dt

≤2pM
p

2

l

∫ s+l

s

(

1 + ❊‖X(t)‖2
)

p

2 dt

≤2pM
p

2 sup
t∈R

(

1 + ❊‖X(t)‖2
)

p

2 < ∞.

❚❤❡ s♦❧✉t✐♦♥ X ❤❛s ❛ ❝♦♥t✐♥✉♦✉s ✈❡rs✐♦♥✳ ❚❤❡♥✱ t❤❡ ♣r♦❝❡ss s 7→ e−δ1(x−s)zτ,l(s) ❞❡✜♥❡❞ ♦♥
]−∞, x] ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢♦r ❡✈❡r② x ∈ R✳ ❙♦✱ t❤❡r❡ ❡①✐sts x∗ = x∗

ε✱
s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② x ∈ R✱

J1
τ,l(x) =

∫ x

−∞

e−δ1(x−s)zτ,l(s)ds ≤
∫ x∗

−∞

e−δ1(x∗−s)zτ,l(s)ds+
εp

8C

≤
+∞
∑

n=0

∫ x∗−n

x∗−n−1

e−δ1(x∗−s)zτ,l(s)ds+
εp

8C
≤

+∞
∑

n=0

e−nδ1

(

max
s∈[x∗−n−1,x∗−n]

zτ,l(s)

)

+
εp

8C
.

✭✸✳✸✳✶✵✮

✹✾
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❚❤❡ ❧❛st t❡r♠ ✐s ❝♦♥✈❡r❣❡♥t✱ t❤✉s✱ t❤❡r❡ ❡①✐sts N1 = N1(ε) ≥ 1 s✉❝❤ t❤❛t

∑

n>N1

e−nδ1

(

max
s∈[x∗−n−1,x∗−n]

zτ,l(s)

)

<
εp

16C
.

❙♦✱ ❢♦r ❡✈❡r② l > 0✱ τ ∈ R ❛♥❞ X ∈ ❯❇
(

R,▲2(P,H2)
)

✱ ✇❡ ❤❛✈❡

J1
τ,l(x) ≤

N1
∑

n=0

e−nδ1

(

max
s∈[x∗−n−1,x∗−n]

zτ,l(s)

)

+
εp

16C
+

εp

8C
.

❙✐♥❝❡ s 7→ zτ,l(s) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ [x∗−n−1, x∗−n]✱ t❤❡r❡ ❡①✐sts s∗n,ε ∈ [x∗−n−1, x∗−n]
s✉❝❤ t❤❛t

max
s∈[x∗−n−1,x∗−n]

zτ,l(s) = zτ,l(s
∗
n,ε).

▲❡t s∗ε ∈ argmaxn∈{0,···N1} zτ,l(s
∗
n,ε)✳ ❚❤❡♥

J1
τ,l(x) ≤

N1
∑

n=0

e−nδ1zτ,l(s
∗
n,ε) +

εp

16C
+

εp

8C
≤

N1
∑

n=0

e−nδ1zτ,l(s
∗
ε) +

εp

16C
+

εp

8C

≤
(

1− e−δ1(N1+1)

1− eδ1

)

zτ,l(s
∗
ε) +

εp

8C
+

εp

16C
≤ 1

1− eδ1
zτ,l(s

∗
ε) +

εp

16C
+

εp

8C
.

◆♦✇✱ ❜② P❛rt ✶✲❛✱ ✇❡ ❤❛✈❡
sup
t∈R

❊ (‖X(t)‖p) < ∞.

❚❤✉s✱
(

‖X(t)‖2
)

t∈R
✐s ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts η = ηε > 0 s✉❝❤ t❤❛t

sup
t∈R

sup
P(B)<η

❊
(

‖X(t)‖2 ✶❧B
)

<

(

1− eδ1
) 2

p ε2

2
2p+9

p C
2

pM
1

2

. ✭✸✳✸✳✶✶✮

◆♦✇✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ω 7→ X(ω) |[s∗ε ,s∗ε+l] t❛❦❡s ✐ts ✈❛❧✉❡s ✐♥ C([s∗ε, s
∗
ε + l],H2)✱ t❤✉s✱

t❤❡r❡ ❡①✐st η = ηε > 0 ❛♥❞ ❛ ❝♦♠♣❛❝t s✉❜s❡t Kε ♦❢ C([s∗ε, s
∗
ε + l],H2) s✉❝❤ t❤❛t

P{X(t) ∈ Kε, ∀t ∈ [s∗ε, s
∗
ε + l]} > 1− η.

❇② ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❆r③❡❧à✲❆s❝♦❧✐ t❤❡♦r❡♠✱ t❤❡ s❡t

K
∗
ε = {X(t)/t ∈ [s∗ε, s

∗
ε + l] ❛♥❞ X ∈ Kε}

✐s ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ H2✱ P (A) < η✱ ✇❤❡r❡

A = {∃t ∈ [s∗ε, s
∗
ε + l]/X(t) /∈ K

∗
ε}.

❇② ✭✸✳✸✳✶✶✮✱ ✇❡ ♦❜t❛✐♥

∫

A

(

1 + ‖X(t)‖2
H2

)

dP <

(

1− eδ1
) 2

p ε2

2
2p+8

p C
2

pM
1

2

.

✺✵
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❚❤❡♥✱ ✉s✐♥❣ (H3)✱ ✇❡ ❤❛✈❡

zτ,l(s
∗
ε) =

1

l

∫ s∗ε+l

s∗ε

(

❊‖F (t+ τ,X(t))− F (t,X(t))‖2
)

p

2 dt

≤2
p

2
−1

l

∫ s∗ε+l

s∗ε

(∫

Ω\A

‖F (t+ τ,X(t))− F (t+, X(t))‖2 dP
)

p

2

dt

+
2

p

2
−1

l

∫ s∗ε+l

s∗ε

(∫

A

‖F (t+ τ,X(t))− F (t,X(t))‖2 dP
)

p

2

dt

≤2
p

2
−1

l

∫ s∗ε+l

s∗ε

(

❊‖F (t+ τ,X(t))− F (t,X(t))‖2 ✶❧Ω\A

)
p

2 dt

+
Mp2p−1

l

∫ s∗ε+l

s∗ε

(∫

A

1 + ‖X(t)‖2
H2

dP

)
p

2

dt

≤2
p

2
−1

l

∫ s∗ε+l

s∗ε

(

❊‖F (t+ τ,X(t))− F (t,X(t))‖2 ✶❧Ω\A

)
p

2 dt+

(

1− eδ1
)

εp

32C
.

❯s✐♥❣ ❛❣❛✐♥ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ K∗
ε✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ u1, . . . , uk ∈ K

∗
ε s✉❝❤

t❤❛t

K
∗
ε ⊂ ∪k

i=1B



ui,

(

1− eδ1
) 1

p ε
(

2
2p+3

p 3
1

pC
1

p ‖L‖
Wp

)



 .

❇② (H5)✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ l1 = l1(ε) > 0 s✉❝❤ t❤❛t

1

l1

∫ s∗ε+l1

s∗ε

‖F (t+ τ, u)− F (t, u)‖p dt <
(

1− eδ1
)

εp

2
4p+6

6 3kC
, ∀u ∈ K

∗
ε, τ ∈ TS

p
l1

(ε, F,K∗
ε).

✭✸✳✸✳✶✷✮
❖♥ Ω\A✱ s✐♥❝❡ X(t) ∈ K

∗
ε✱ ✐t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r ❡✈❡r② t ∈ [s∗ε, s

∗
ε + l1] t❤❡r❡ ❡①✐sts ❛ r❛♥❞♦♠

✈❛r✐❛❜❧❡ i(t) ∈ {1, 2, . . . , k} s✉❝❤ t❤❛t

∥

∥X(t)− ui(t)

∥

∥

2
<

(

1− eδ1
) 2

p ε2
(

2
4p+6

p 3
2

pC
2

p ‖L‖2
Wp

) . ✭✸✳✸✳✶✸✮

✺✶
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❲❡ ❤❛✈❡ t❤❡♥

1

l1

∫ s∗ε+l1

s∗ε

(

❊‖F (t+ τ,X(t))− F (t,X(t))‖2 ✶❧Ω\A

)
p

2 dt

≤22p−2 1

l1

∫ s∗ε+l1

s∗ε

(

❊‖F (t+ τ,X(t))− F (t, ui(t))‖2 ✶❧Ω\A

)
p

2 dt

+ 22p−2 1

l1

∫ s∗ε+l1

s∗ε

(

❊‖F (t+ τ, ui(t))− F (t, ui(t))‖2
)

p

2 dt

+ 22p−2 1

l1

∫ s∗ε+l1

s∗ε

(

❊‖F (t, ui(t))− F (t,X(t))‖2 ✶❧Ω\A

)
p

2 dt

≤22p−2 1

l1

∫ s∗ε+l1

s∗ε

Lp(t+ τ)
(

❊‖X(t)− ui(t))‖2 ✶❧Ω\A

)
p

2 dt

+ 22p−2

k
∑

j=1

1

l1

∫ s∗ε+l1

s∗ε

(

❊‖F (t+ τ, uj)− F (t, uj)‖2
)

p

2 dt

+ 22p−2 1

l1

∫ s∗ε+l1

s∗ε

Lp(t)
(

❊‖X(t)− ui(t))‖2 ✶❧Ω\A

)
p

2 dt

:=S1(s
∗
ε) + S2(s

∗
ε) + S3(s

∗
ε).

❯s✐♥❣ ✭✸✳✸✳✶✸✮✱ ✇❡ ❤❛✈❡

S1(s
∗
ε) =22p−2 1

l1

∫ s∗ε+l1

s∗ε

Lp(t+ τ)
(

❊‖X(t)− ui(t))‖2 ✶❧Ω\A

)
p

2 dt

≤22p−2 sup
t∈[s∗ε ,s

∗
ε+l1]

(

❊‖X(t)− ui(t))‖2 ✶❧Ω\A

)
p

2
1

l1

∫ s∗ε+l1

s∗ε

Lp(t+ τ)dt

≤22p−2 ‖L‖pW p

(

❊‖X(t)− ui(t))‖2 ✶❧Ω\A

)
p

2

<

(

1− eδ1
)

εp

253C
.

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ st❡♣s ❢♦r S3(s
∗
ε)✱ ❜② ✭✸✳✸✳✶✸✮✱ ✇❡ ♦❜t❛✐♥

S3(s
∗
ε) = 2p

1

l 1

∫ s∗ε+l1

s∗ε

Lp(t)
(

❊‖X(t)− ui(t))‖2 ✶❧Ω\A

)
p

2 dt <

(

1− eδ1
)

εp

253C
.

❋♦r S2(s
∗
ε)✱ ✉s✐♥❣ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② ✭s✐♥❝❡ u 7→ ‖u‖

p

2 ✐s ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥✮ ❛♥❞ ✭✸✳✸✳✶✷✮✱
✇❡ ❤❛✈❡

S2(s
∗
ε) =2p

k
∑

j=1

1

l1

∫ s∗ε+l1

s∗ε

(

❊‖F (t+ τ, uj)− F (t, uj)‖2
)

p

2 dt

≤2p
k
∑

j=1

❊

(

1

l1

∫ s∗ε+l1

s∗ε

‖F (t+ τ, uj)− F (t, uj)‖p dt
)

<

(

1− eδ1
)

εp

253C
.

✺✷
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❚❤✐s ✐♠♣❧✐❡s t❤❛t

zτ,l1(s
∗
ε) =

1

l1

∫ s∗ε+l1

s∗ε

(

❊‖F (t+ τ,X(t))− F (t,X(t))‖2
)

p

2 dt <

(

1− eδ1
)

εp

16C
.

❚❤✉s

J1
τ,l1

(x) <
εp

4C
∀τ ∈ TS

p
l1

(ε, F,K∗
ε). ✭✸✳✸✳✶✹✮

❋♦r t❤❡ s❛♠❡ r❡❛s♦♥ ❛s ❢♦r Jτ,l1(x)✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ l2 = l2(ε) > 0 ❛♥❞ ✇❡ ❝❛♥ ✜♥❞ ❛ ❝♦♠♣❛❝t
s✉❜s❡t K∗∗

ε ♦❢ H2 ✭t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❛s ❢♦r K∗
ε✮ s✉❝❤ t❤❛t

J2
τ,l(x) <

εp

4C
∀τ ∈ TS

p
l2

(ε,G,K∗∗
ε ). ✭✸✳✸✳✶✺✮

▲❡t L1 = max{l1, l2}✳ ❋r♦♠ ✭✸✳✸✳✶✹✮ ❛♥❞ ✭✸✳✸✳✶✺✮✱ ✇❡ ❤❛✈❡✱ ❢♦r ❡✈❡r② τ ∈ TS
p
L1

(ε, F,K∗
ε) ∩

TS
p
L1

(ε,G,K∗∗
ε )✱

CJτ,L1
(x) = C

(

J1
τ,L1

(x) + J2
τ,L1

(x)
)

<
εp

2
. ✭✸✳✸✳✶✻✮

◆❡①t✱ ❧❡t ✉s ❝♦♥s✐❞❡r Ψτ,l(x) ❞❡✜♥❡❞ ✐♥ ✭✸✳✸✳✾✮✳ ❯s✐♥❣ (H3)✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② ξ, τ ∈ R✱
l > 0✱ X ∈ ❯❇

(

R,▲2(P,H2)
)

❛♥❞ ❢♦r s ≤ ξ✱

Jτ,l(ξ) =

∫ ξ

−∞

e−δ1(ξ−s)1

l

∫ s+l

s

(

❊‖F (t+ τ,X(t))− F (t,X(t))‖2
)

p

2 dtds

+

∫ ξ

−∞

e−δ1(ξ−s)1

l

∫ s+l

s

(

❊‖G(t+ τ,X(t))−G(t,X(t))‖2
)

p

2 dtds

≤2

∫ ξ

−∞

e−δ1(ξ−s)2
pM

p

2

l

∫ s+l

s

(

1 + ❊‖X(t)‖2
)

p

2 dt

≤2p+1M
p

2 sup
t∈R

(

1 + ❊‖X(t)‖2
)

p

2

∫ ξ

−∞

e−δ1(ξ−s) < ∞.

❚❤❡♥✱ ❢♦r ❛♥② x ∈ R✱ t❤❡ ♣r♦❝❡ss ξ 7→ eγξJτ,l(ξ) ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♥
]−∞, x]✳ ❲❡ ❝❛♥ ✜♥❞ ❛ r❡❛❧ ♥✉♠❜❡r x′ = x′

ε s✉❝❤ t❤❛t

Ψτ,l(x) ≤ Cβ

∫ x′

−∞

e−γ(x′−ξ)Jτ,l(ξ)dξ +
εp

4

=Cβ
∞
∑

n=0

∫ x′−n

x′−n−1

e−γ(x′−ξ)Jτ,l(ξ)dξ +
εp

4
≤ Cβ

∞
∑

n=0

e−nγ

∫ x′−n

x′−n−1

Jτ,l(ξ)dξ +
εp

4
.

❆s ✐♥ ✭✸✳✸✳✶✵✮✱ ✇❡ s❡❡ t❤❛t Jτ,l ✐s ❜♦✉♥❞❡❞✱ ❛♥❞ ✇❡ ❤❛✈❡

Jτ,l(ξ) ≤ Cβ
∞
∑

n=0

e−nγJτ,l(ξ
∗
n,ε) +

εp

4
, ✭✸✳✸✳✶✼✮

✇❤❡r❡ ξ∗n,ε = argmaxξ∈[x′−n−1,x′−n] Jτ,l(ξ)✳ ❙✐♥❝❡ t❤❡ s❡r✐❡s ✐♥ ✭✸✳✸✳✶✼✮ ❝♦♥✈❡r❣❡s✱ ✇❡ ❝❛♥
✜♥❞ ❛♥ ✐♥t❡❣❡r N2 = N2(ε) > 1 s✉❝❤ t❤❛t

∑

n>N2

e−nγJτ,l(ξ
∗
n,ε) <

εp

8
.

✺✸
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❚❤❡♥

Ψτ,l(x) ≤
N2
∑

n=0

e−nγJτ,l(ξ
∗
n,ε) +

εp

8
+

εp

4

≤
N2
∑

n=0

e−nγJτ,l(ξ
∗
ε ) +

εp

8
+

εp

4
≤ 1

1− e−γ
Jτ,l(ξ

∗
ε ) +

εp

8
+

εp

4
,

✇❤❡r❡ ξ∗ε = argmaxn∈{0,··· ,N2} Jτ,l(ξ
∗
n,ε)✳ ❚♦ ❡st✐♠❛t❡ Jτ,l(ξ

∗
ε )✱ ✇❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡

❛s ❢♦r zτ,l(s
∗
ε)✳ ❲❡ ❣❡t t❤❛t✱ t❤❡r❡ ❡①✐st L2 = L2(ε) ❛♥❞ ❛ ❝♦♠♣❛❝t s✉❜s❡t K3∗

ε ♦❢ H2✱ ❛♥❞
t❤❛t ✇❡ ❝❛♥ ❝❤♦♦s❡ ❛ s❡t r❡❧❛t✐✈❡❧② ❞❡♥s❡ TS

p
L2

(ε, F,K3∗
ε ) ∩ TS

p
L2

(ε,G,K3∗
ε )✱ s✉❝❤ t❤❛t✱

Jτ,L2
(ξ∗ε ) <

εp

8

(

1− e−γ
)

∀τ ∈ TS
p
L2

(ε, F,K3∗
ε ) ∩ TS

p
L2

(ε,G,K3∗
ε ).

❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❡✈❡r② τ ∈ TS
p
L2

(ε, F,K3∗
ε )∩TS

p
L2

(ε,G,K3∗
ε ) ❛♥❞X ∈ ❯❇

(

R,▲2(P,H2)
)

✱

✇❡ ❤❛✈❡

Ψτ,L2
(x) <

εp

2
. ✭✸✳✸✳✶✽✮

❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t✱ ❢♦r l = max{L1, L2}✱ t❤❡r❡ ❡①✐sts ❛ s❡t r❡❧❛t✐✈❡❧② ❞❡♥s❡ TS
p
l
(ε, F,G,K)

s✉❝❤ t❤❛t ✭✸✳✸✳✶✻✮ ❛♥❞ ✭✸✳✸✳✶✽✮ ❛r❡ ✈❡r✐✜❡❞ ❛♥❞

gτ,l(x) < εp.

❚❤❡r❡❢♦r❡✱ ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡ ❡①✐st l = l(ε) > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② τ ∈ TS
p
l
(ε, F,G,K)✱

✇❡ ❤❛✈❡

sup
x∈R

(

1

l

∫ x+l

x

(

❊‖Xτ (t)−X(t)‖2
)

p

2 dt

)

1

p

< ε.

❍❡♥❝❡✱ t❤❡ s♦❧✉t✐♦♥ X t♦ ❡q✉❛t✐♦♥ ✭✸✳✸✳✷✮ ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❞✐str✐❜✉t✐♦♥✳

❚❤✐r❞ ♣❛rt

■♥ t❤✐s ❧❛st ♣❛rt✱ ✇❡ s❤♦✇ t❤❛t t❤❡ s♦❧✉t✐♦♥ X ✐s ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥✳

❚♦ ❞♦ ✐t✱ ✇❡ ❥✉st s❤♦✇ ✐t ❢♦r n = 2✱ t❤❡ r❡❛s♦♥✐♥❣ ✐s s✐♠✐❧❛r ❢♦r ❛♥② n > 2✳

▲❡t dH2
2
❜❡ t❤❡ ❞✐st❛♥❝❡ ♦♥ H

2
2 ❞❡✜♥❡❞ ❜②

dH2
2
((x1, x2), (y1, y2)) = max

i∈{1,2}
dH2

(xi, yi),

✇❤❡r❡ dH2
❜❡ t❤❡ ❞✐st❛♥❝❡ ♦♥ H2 s✉❝❤ t❤❛t

dH2
(x, y) = ‖x− y‖

H2
,

❡t
‖(x1, x2), (y1, y2)‖H2

= max
i∈{1,2}

‖xi − yi‖H2
.

✺✹
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▲❡t t1, t2 ∈ R✳ ❯s✐♥❣ ❚✉❞♦r✬s ♥♦t❛t✐♦♥ ❬❚✉❞✾✺❪✱ ✇❡ ❞❡✜♥❡✱ ❢♦r ❡✈❡r② t ∈ R✱

µt := ❧❛✇(X(t)) ❛♥❞ µt1,t2
t := ❧❛✇(X(t1 + t), X(t2 + t))

❚❤❡♥✱ ✇❡ ❤❛✈❡✱ ❢♦r ❡✈❡r② t, τ ∈ R✱

d❇▲(µ
t1,t2
t+τ , µ

t1,t2
t ) ≤

{

(

❊‖((X(t1 + t+ τ), (X(t2 + t+ τ))− ((X(t1 + t), (X(t2 + t))‖2
) 1

2

}

≤







(

❊

(

2
∑

i=1

‖X(ti + t+ τ)−X(ti + t)‖2
))

1

2







≤
{

(

❊‖X(t1 + t+ τ)−X(t1 + t)‖2
) 1

2

}

+
{

(

❊‖X(t2 + t+ τ)−X(t2 + t)‖2
) 1

2

}

≤❲2(µt1+t+τ , µt1+t) +❲
2(µt2+t+τ , µt2+t)

=❲2(µ̃t1+t+τ , µt1+t) +❲
2(µ̃t2+t+τ , µt2+t),

✇❤❡r❡ µ̃t1+t+τ = ❧❛✇(Xτ (t+ t1)) ❛♥❞ µ̃t2+t+τ = ❧❛✇(Xτ (t+ t2))✳ ■t ✐♠♣❧✐❡s t❤❛t

d❇▲(µ
t1,t2
t+τ , µ

t1,t2
t ) ≤❲2(µ̃t1+t+τ , µt1+t) +❲

2(µ̃t2+t+τ , µt2+t)

≤
(

❊‖Xτ (t1 + t)−X(t1 + t)‖2
) 1

2 +
(

❊‖Xτ (t2 + t)−X(t2 + t)‖2
) 1

2 ,

✇❤❡r❡ Xτ t❤❡ ♠✐❧❞ s♦❧✉t✐♦♥ t♦ ✭✸✳✸✳✺✮✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② x ∈ R ❛♥❞ l > 0✱ ✇❡ ❤❛✈❡

1

l

∫ x+l

x

dp
❇▲
(µt1,t2

t+τ , µ
t1,t2
t )dt

≤1

l

∫ x+l

x

(

(

❊ ‖Xτ (t1 + t), X(t+ t1)‖2
)

1

2 +
(

❊ ‖Xτ (t2 + t), X(t+ t2)‖2
)

1

2

)p

dt

≤2p−11

l

∫ x+l

x

(

❊ ‖Xτ (t1 + t), X(t+ t1)‖2
)

p

2 +
(

❊ ‖Xτ (t2 + t), X(t+ t2)‖2
)

p

2 dt.

❲❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ st❡♣s ❛s ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt✳ ❲❡ ✜♥❞✱ ❢♦r ❡✈❡r② ε > 0✱ t❤❛t t❤❡r❡ ❡①✐st
l = l(ε) ❛♥❞ k = k(ε) > 0 s✉❝❤ t❤❛t ❛♥② ✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ k ❝♦♥t❛✐♥s ❛t ❧❡❛st ❛ ♥✉♠❜❡r τ
❢♦r ✇❤✐❝❤✱ ❢♦r ❡✈❡r② i ∈ {1, 2}✱

sup
x∈R

1

l

∫ x+l

x

(

❊ ‖Xτ (t+ ti), X(t+ ti)‖2
)

p

2 dt <
εp

2p
.

❙♦✱ ❢♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐st l = l(ε) > 0 ❛♥❞ ❛ r❡❧❛t✐✈❡❧② ❞❡♥s❡ s❡t TS
p
l
(ε, f) ⊂ R s✉❝❤

t❤❛t

sup
x∈R

(

1

l

∫ x+l

x

dp
❇▲
(µt1,t2

t+τ , µ
t1,t2
t )dt

)

1

p

< ε.

❚❤✉s X ✐s ❛❧s♦ ❲❡②❧ ❛❧♠♦st ♣❡r✐♦❞✐❝ ✐♥ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥✳

✺✺
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t♦ ❛❜str❛❝t s❡♠✐❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✇✐t❤ ❙t❡♣❛♥♦✈ ❛❧♠♦st ♣❡r✐♦❞✐❝
❝♦❡✣❝✐❡♥ts✳ ❏✳ ❈♦♠♣✉t✳ ❆♥❛❧✳ ❆♣♣❧✳✱ ✶✸✭✷✮ ✿✷✸✶✕✷✹✷✱ ✷✵✶✶✳ ✶✺✱ ✷✻

❬❉P❚✾✺❪ ●✳ ❉❛ Pr❛t♦ ❛♥❞ ❈✳ ❚✉❞♦r✳ P❡r✐♦❞✐❝ ❛♥❞ ❛❧♠♦st ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ❢♦r s❡♠✐✲
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