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Résumé

Dans cette thése, on s’intéresse a 1'idée d’homéomorphismes de Teichmiiller dans
le cadre de la géométrie CR sphérique de dimension 3. On en considére alors deux
approches. La premiére est celle d’homéomorphismes quasiconformes avec des pro-
priétés extrémales. Dans cette direction, on construit explicitement et on prouve
I'unicité (& composition avec une rotation autour de 'axe vertical prés) d’un mini-
miseur d’une distortion moyenne entre cylindres du groupe de Heisenberg. On étend
par la suite ces résultats aux relevés, par une projection naturelle dans le demi-plan
supérieur, de quadrilatéres du demi-plan supérieur. Cela permet en particulier de
reconstruire ’homéomorphisme quasiconforme connu sous le nom de "radial stretch
map" et de retrouver son unicité (& composition avec une rotation autour de 'axe
vertical prés) comme minimiseur d’une distortion moyenne entre anneaux du groupe
de Heisenberg. On montre également un résultat général de relévement d’homéomor-
phismes quasiconformes du demi-plan supérieur sur le groupe de Heisenberg.

La seconde approche est celle d’homéomorphismes quasiconformes qui dilatent
les trajectoires horizontales d'une différentielle quadratique CR. On parvient a la no-
tion de différentielles quadratiques CR en étudiant une décomposition du complexe
de Rumin sur les variétés CR sphériques. On termine par des exemples d’homéomor-
phismes quasiconformes qui dilatent les trajectoires (horizontales et/ou verticales)
de différentielles quadratiques CR. En particulier, on verra que, sous certaines condi-
tions, il existe au plus une famille a deux paramétres d’homéomorphismes quasicon-

formes qui dilatent les trajectoires horizontales de différentielles quadratiques CR.

Mots-clés

Homéomorphismes quasiconformes extrémaux, différentielles quadratiques, modules

de familles de courbes, groupe de Heisenberg, géométrie CR sphérique.



Extremal quasiconformal maps and
quadratic differentials in spherical CR
geometry

Abstract

In this thesis, we are interested in the idea of Teichmiiller homeomorphisms in the
setting of 3-dimensional spherical CR geometry. We then consider two approaches of
it. The first one is about quasiconformal mappings which have extremal properties.
In this direction, we construct explicitly and prove uniqueness (up to composition
with a rotation around the vertical axis) of a minimizer of a mean distortion between
cylinders in the Heisenberg group. After that, we extend those results to lifts, by
a natural projection in the upper half-plane, of quadrilaterals in the upper half-
plane. It allows us to reconstruct the quasiconformal map known as the "radial
stretch map" and prove its uniqueness (up to composition with a rotation around the
vertical axis) as a minimizer of a mean distortion between annuli in the Heisenberg
group. We also prove a general result about lifting quasiconformal from the upper
half-plane to the Heisenberg group.

The second approach is the one of quasiconformal mappings which dilate hori-
zontal trajectories of CR quadratic differentials. For that, we need to define what
are CR quadratic differentials. We manage to do it by considering a decomposition
of Rumin complex on spherical CR manifolds. Finally, we give several examples
of quasiconformal mappings which dilate (horizontal and/or vertical) trajectories of
CR quadratic differentials. In particular, we will see that, under certain conditions,
there is at most a two-parameters family of quasiconformal mappings which dilate

horizontal trajectories of quadratic differentials.

Keywords

Extremal quasiconformal mappings, quadratic differentials, modulus of curve fami-

lies, Heisenberg group, spherical CR geometry.
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Introduction

(English version follows).

La théorie de Teichmiiller est née de la volonté de répondre au probléme des
modules de Riemann : combien de paramétres (modules) interviennent dans la dé-
formation d’une surface de Riemann ? Etant donnée une surface compacte, connexe,
orientable, 32, I’espace des modules de 3 est le quotient de ’ensemble des surfaces de
Riemann homéomorphes & X par la relation d’équivalence de biholomorphie. Il s’est
alors avéré qu’étudier un espace qui "se souvient" de I’homéomorphisme est plus
simple. Cet espace est I’espace de Teichmiiller de ¥ et c¢’est le revétement universel

de l'espace des modules de X..

Lorsque X est de genre supérieur ou égal a deux, son espace de Teichmiiller peut
étre identifi¢ & une boule dans un espace vectoriel complexe de dimension (complexe)
3g—3 ou g est le genre de X ; identification qui se fait grace a des homéomorphismes
particuliers appelés homéomorphismes de Teichmiiller. La construction d’'un homéo-
morphisme de Teichmiiller entre deux surfaces de Riemann X et Y peut étre vue en
deux étapes. D'une part, ¢’est un homéomorphisme qui envoie deux feuilletages sin-
guliers orthogonaux, dits horizontal et vertical, de X (objets entiérement portés par
la notion de différentielle quadratique holomorphe) sur deux feuilletages singuliers or-
thogonaux de Y. D’autre part, cet homéomorphisme a un comportement particulier
sur ces feuilletages : il dilate le feuilletage horizontal d’un facteur K et le feuilletage
vertical d’un facteur % Ces homéomorphismes sont également les homéomorphismes

quasiconformes de distortion minimale dans leur classe d’homotopie.

La géométrie CR est née, quant a elle, de ’envie de comprendre les invariants
mis en jeu pour distinguer deux hypersurfaces (réelles) de C*™!. Une structure CR
sur une variété lisse est la donnée d’un sous-fibré involutif du complexifié du fibré

tangent, qui soit transverse a son conjugué. La structure complexe sur C**! induit
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alors naturellement une structure CR dite standard sur toute hypersurface.

Une variété CR localement CR équivalente a la sphére S ¢ C"*! munie de
sa structure CR standard est une variété CR sphérique. Une autre maniére de voir
une variété CR sphérique est en tant que variété munie d’une structure (G, X) pour
X = 8" et G = PU(n,1). La recherche de structures CR sphériques sur une
variété donnée est un domaine de recherche actuel et actif.

Ce n’est pas directement ce type de probléme qui va nous occuper ici. On s’in-
téresse plutot a la question de déformation de structures CR sphériques. L’idée est
donc plus de travailler sur un espace de type Teichmiiller sur ces variétés, qui a été
défini par Wang [56] en utilisant la théorie des applications quasiconformes sur le
groupe de Heisenberg développée par Koranyi et Reimann [35,36]. Le but de cette
thése est alors d’étudier la notion d’homéomorphismes de Teichmiiller dans ce cadre,

que 'on restreindra aux variétés de dimension trois exclusivement.

Quelles sont les applications quasiconformes entre deux variétés CR sphériques
qui minimisent la distortion dans leur classe d’homotopie? Cette question est dif-
ficile et le travail présenté ici s’inscrit dans ce domaine de recherche actuel. Avant
de pouvoir répondre a cette question trés générale, obtenir un théoréme de type
Grotzsch pour des domaines du groupe de Heisenberg semble étre une étape néces-
saire, mais en ’absence d’un théoréme de représentation conforme, chaque domaine
doit étre traité au cas par cas.

Plutot que de chercher des applications quasiconformes qui minimisent la distor-
tion maximale, on peut en chercher qui minimisent une distortion "moyenne". C’est
le chemin emprunté par Balogh, Fissler et Platis |7]. Ils ont trouvé explicitement un
minimiseur pour la distortion moyenne entre deux anneaux du groupe de Heisenberg.
Dans leur travail, ils expliquent comment vérifier qu'une application quasiconforme
donnée est bel et bien un minimiseur pour la distortion moyenne. Néanmoins, trou-
ver un candidat minimiseur est délicat. Comment peut-on construire un candidat
minimiseur de distortion moyenne ? Le début du chapitre 2 concerne la construction
explicite d'un tel candidat entre deux cylindres du groupe de Heisenberg. Cette ques-
tion donne également lieu a un théoréme plus général de relévement des applications
quasiconformes dans la lignée d'un résultat de Capogna et Tang [16].

Le second article de Balogh, Féssler et Platis [8] sur le sujet porte sur un résultat
d’unicité du minimiseur trouvé entre deux anneaux du groupe de Heisenberg. Une
telle unicité pourrait s’avérer utile pour la compréhension de ’espace de Teichmiiller

puisqu’elle pourrait permettre de choisir un "bon" représentant dans chaque classe
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d’homotopie. Dans le chapitre 2 on construit et on montre un résultat d’unicité d’'un
minimiseur de distortion moyenne entre deux cylindres du groupe de Heisenberg.
Quelle raison géométrique se cache derriére ces deux résultats d’unicité ? La fin du
chapitre 2 explique en quoi ces deux exemples font en réalité partie d’'une méme classe
d’exemples en extrayant les propriétés géométriques communes entre un anneau et
un cylindre.

Comment définir un homéomorphisme de Teichmiiller entre deux variétés CR
sphériques 7 On apporte notre pierre a cet édifice en définissant une notion de dif-
férentielle quadratique CR au chapitre 3. On utilise ensuite cette notion pour retra-
vailler les exemples du chapitre 2 avec en filigrane 1'idée de dilater les trajectoires
horizontales d'une différentielle quadratique CR. Notamment, dans les exemples des
anneaux et cylindres du groupe de Heisenberg, on trouve toutes les applications
quasiconformes qui dilatent les trajectoires horizontales pour des différentielles qua-
dratiques CR fixées. Ces exemples offrent un contraste étonnant avec la théorie
classique dans laquelle il existe une profusion d’homéomorphismes quasiconformes

qui dilatent les trajectoires horizontales d’une différentielle quadratique holomorphe.

Présentation des résultats

Un premier point de vue sur les homéomorphismes de Teichmiiller est qu’ils sont
ceux qui minimisent la distortion maximale dans leur classe d’homotopie. Ce point
de vue est amené par ’étude des homéomorphismes quasiconformes extrémaux. Les
exemples les plus simples (et qui par ailleurs fournissent le modeéle local d’un ho-
méomorphisme de Teichmiiller) de tels homéomorphismes proviennent du théoréme
de Grotzsch. Dans sa version la plus élémentaire, ce théoréme stipule que ’homéo-
morphisme quasiconforme qui minimise la distortion maximale sur ’ensemble des
homéomorphismes entre les deux rectangles R, = {z € C | 0 < R(z) < a, 0 <
J(z) <blet Ryy ={2€ C|0< Rz <d, 0<F(2) <V} quisont quasi-
conformes a 'intérieur de R, et qui envoient homéomorphiquement {0} x [0, b] sur
{0} x[0,] et {a} x [0, 8] sur {a'} x [0, b']est I'homéomorphisme (z+iy) — Lx+i%y.
On voudrait donc étudier la possibilité d’un tel résultat dans le cadre des homéo-

morphismes quasiconformes sur le groupe de Heisenberg.

Le groupe de Heisenberg H est C x R muni de la loi de groupe :

(z,t) % (2, t) = (2 + 2, t + 1 + 23(27))).



12 INTRODUCTION

H est également muni d’une distance invariante a gauche

1
dy(p,q) = o~ * qlla ot [|(z, 1) [l = (J2* + %) "
Un homéomorphisme f : 2 — € entre domaines de H est dit quasiconforme si

max dy(f(p), f(q))

— lim dy (p,q)=r
Hip. f) = lim swp = = ) F(@)

dy(p,q)=r

est uniformément bornée sur 2. On dit que f est K-quasiconforme si || H(., f)||z~ <
K. Comme dans le cas complexe, on a des définitions analytiques équivalentes.
En particulier, si f est un homéomorphisme quasiconforme préservant I’orientation
entre domaines de H, en notant f = (f1, f2) avec fi la partie complexe de f et f,
sa partie rélle, alors fi et fy + i|f1|* satisfont presque partout la méme équation de
type Beltrami

Zu = pZu
ou p est une fonction dans la boule unité de L>,

0 0 0 0
7 = &—Hza—etZ a—zza

La fonction de distortion de f est alors définie par

L+ [u) _ [ZA@)]+1ZA(0)

K. J) =100 = Z f1(p)] — | Z f1(p)|

pour tout p € € ou cette expression a un sens.

Autour des homéomorphismes quasiconformes extrémaux

Suivant un résultat de Balogh, Féssler et Platis [7,8], on s’intéresse au probléme
de minimisation suivant : on considére une classe F d’homéomorphismes quasicon-
formes entre deux domaines (fixés) Q2 et ' de H. On cherche un homéomorphisme

quasiconforme f, € F tel que

/Kl%fo po(p)dL? (p) mm/Kp, o(p)AL*(p)

pour une densité py qui dépend de la géométrie de © et ot dL? est la mesure de

Lebesgue sur R3. Lorsque 'on trouve un tel fy € F, on dit que f; minimise la
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distortion moyenne sur F pour la densité py. Les domaines considérés dans |7, §]

sont des anneaux sphériques
Agi={pe M |1 <|pllu <a} et A :={peH |1<|pll <a*}

ota > 1let 0 < k < 1 sont deux réels, la classe d’homéomorphismes quasicon-
formes est ’ensemble F des homéomorphismes quasiconformes de A, dans A, qui
se prolongent homéomorphiquement aux bords et envoient {p € H | ||p|l% = r} sur

£l

_ Lk _ np S B
{pe M| |plle =7r"} pour r = 1,a et la densité est po(z,t) = /AT

Théoréme 0.0.1 (Balogh, Féssler, Platis [7,8]). L’homéomorphisme quasiconforme

fr, connu sous le nom de "radial stretch map", défini pour tout (z,t) € A, par

1
t—1 2 3 k—1 t - 21k
fuert) = («% (el ) powaap el 2B )

t —ik|z|? Tt 4 ik| 2|2

minimise la distortion moyenne sur F pour la densité py. De plus, fr est l'unique

tel minimiseur, a composition avec une rotation autour de l’axe vertical pres.

La difficulté pour produire des homéomorphismes quasiconformes dans ce cadre
provient du fait que ceux-ci sont, s’ils sont de classe C! (et sinon dans un sens
faible), des transformations de contact pour la structure de contact sur H induite
par la forme w = dt — 1zdz + izdz. Une certaine rigidité se dégage donc qui est le
motif principal de I'unicité. Notons d’ailleurs que les résultats de cette thése ont été
obtenus en ne considérant que des homéomorphismes quasiconformes de classe C?

et qui préservent l'orientation.

Dans le second chapitre, on montre un résultat similaire. On considére deux
cylindres
Cop = {(z,t) €eH | 0 <t <a, |2| <Vb} et

Cov ={(z,t) eH|0<t <d, |z] <V}

ou a,b,a’, b’ > 0 sont des réels vérifiant % > 1 et la classe F des homéomorphismes
quasiconformes de C, ; dans Cy  qui se prolongent homéomorphiquement aux bords
et envoient {(z,t) € H | |2| < Vb, t = 0} sur {(z,t) € H | |2| <V, t = 0} et
{(z,t) € H | |2| < Vb, t =a} sur {(2,t) € H | || < Vb, t =a’}. On montre alors :
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Théoréme 1 (Theorem 2.2.9). L’homéomorphisme quasiconforme

fO: Ca,b — C’a’,b’
( t) X er%(li%blﬁt a/t
) EETATRTIRTART
V=)

minimise la distortion moyenne sur F pour la densité po(z,t) =

|| De plus, a

composition avec une rotation autour de l’axe vertical pres, fo est 'unique tel mini-

miseur.

L’homéomorphisme ﬁ] a été obtenu en relevant tous les minimiseurs d’une dis-
tortion moyenne entre les rectangles R,; et R,y par la projection de Koranyi
[(z,t) = t + i|z]?, ce qui a amené & se demander : quels sont les minimiseurs
d’une distortion moyenne entre deux domaines €2, ' du demi plan supérieur H qui
se relevent par II en homéomorphismes quasiconformes entre II7(Q) et IT71(') ?

On répond a cette question en montrant le résultat plus général suivant.

Proposition 2 (Proposition 2.3.9). Soit g : Q@ — Q' un homéomorphisme (de
classe C2) entre domaines simplement connezes de H. Notons Q = II71(Q) et @ =
().

— Si g est un symplectomorphisme pour la forme d’aire hyperbolique sur H

(c’est a dire que g*T =T ou T = dx;dy>, alors il existe une transformation
de contact (pour w) f : Q — O telle que o f = golIl. De plus, f est de la

forme

(2,t) — ( VS (g(t + 1|2 )ih(t”'ZQ),?R(g(t+2’|z\2))>

ou h : QQ — R satisfait pour tout w € 2

oh ) — I 1 OR(g) w
ﬁw( ) 43(w)  28(g(w)) ow (w).

— Réciproquement, s’il existe une transformation de contact f : Q — O telle
que IT o f = goIl, alors g est un symplectomorphisme pour la forme d’aire
hyperbolique sur H et f est de la forme donnée précédemment.

— Si f Q — O est une transformation de contact telle que 11 o f = g oI,
alors f est quasiconforme si et seulement si g est quasiconforme. Dans ce

cas, la distortion de f en un point (z,t) € Q est égale a la distortion de g au
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point t + i|z|? € Q.

Ce résultat a un intérét au dela des homéomorphismes quasiconformes qui mini-
misent une distortion moyenne et donne un nouveau moyen de relever des homéo-
morphismes quasiconformes du plan vers le groupe de Heisenberg différent de |9, 16|

par exemple.

Qu’en est-il de I'unicité obtenue dans les théorémes précédents; d’ou vient cette
unicité 7 Cette question est plus ouverte et nécessite d’introduire quelques concepts
pour étre étudiée. Un quadrilatére (@, I, I5) est la donnée d’une partie @ de C
homéomorphe & un disque fermé dont on distingue deux parties de son bord I; et
I, qui sont disjointes, connexes, non vides et non réduites & un point. Le prototype
d’un quadrilatére est un rectangle R, = {z € C | 0 < R(2) < a, 0 < F(2) < b}
ou a,b > 0 dont les parties du bord distinguées sont les segments verticaux. De
maniére générale, tout quadrilatére est conformément homéomorphe & un unique
tel rectangle a dilatation pres, si bien que le quotient % est un invariant conforme
de quadrilatére appelé son module. Précisons que deux quadrilatéres (Q, I3, I5) et
(@', 17, 1) sont (quasi)conformément homéomorphes s’il existe un homéomorphisme
¢ : Q — @' qui envoie homéomorphiquement [; sur I} pour j = 1,2 et qui soit
(quasi)conforme a 'intérieur de Q.

L’absence d’un théoréme de représentation conforme sur H nous force a consi-
dérer les quadrilatéres comme étant différents les uns des autres. Typiquement, ré-
soudre un probléme de minimisation entre cylindres est différent de la résolution du
méme probléme entre deux anneaux sphériques, bien que la projection par II d’'un
anneau sphérique (fermé) soit un quadrilatére. Le lien entre ces deux exemples est
plus subtil.

Prenons deux quadrilatéres (Q, I1, I3) et (@', I1, I}) dont les intérieurs sont dans
H et notons Gg ¢ 'ensemble des homéomorphismes quasiconformes entre les qua-
drilateres (Q, I, 1) et (@, I}, I,). Considérons les domaines € et € qui sont les
intérieurs dans H des parties II"1(Q) et II7*(Q’) respectivement (la projection IT
est définie sur #H tout entier et est donc a valeurs dans HUR). On note E =117Y(1;),
1:;’. =111 i) pour j =1,2et Foq I’ensemble des homéomorphismes quasiconformes
de 2 sur €' qui se prolongent homéomorphiquement aux bords et envoient I; sur I ]’
pour j = 1,2. Soient les densités

- 2 ~ 2 ) ~
palent) = 22 ot i) s et i (2.8) = 2|3/t fef?) sr O
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ol a: @ — Rypet B:Q — Ryy sont des homéomorphismes conformes de
quadrilatéres. La condition rendant compte des résultats d’unicité est la "pull-back
density condition" (Definition 2.3.3) qui demande que pg (resp. pgr) réalise le module
de la famille de courbes qui correspond au probléme que I'on note fQ (resp. fQ/).
Enfin, on note [ la famille des courbes legendriennes dans Q qui connectent I et

]NQ. On obtient le résultat suivant.

Théoréme 3 (Theorem 2.3.19). Si fQ et fQ/ vérifient la "pull-back density condi-
tion", alors on a la dichotomie suivante.
— Soit 1l existe un minimiseur de la distortion moyenne sur Gg o pour la densité
po = %|O/| qui se releve en un homéomorphisme quasiconforme f € Fgg,.
Dans ce cas, | minimise la distortion moyenne sur Fg o, pour la densité 0Q-
De plus, tout tel minimiseur est obtenu ainsi.
— Soit aucun des minimiseurs de la distortion moyenne sur Gg o pour la densité
pq ne se reléve en un homéomorphisme quasiconforme dans Fg g, Dans ce

cas, pour tout f € Fgq,
M <f (f)) < /ﬁK(.,f)%dLS

ou M (f (f)) est le module de f (f)
Les exemples des anneaux sphériques et des cylindres sont des cas particuliers de

ce résultat. On donne un troisiéme exemple a la fin du chapitre 2 ou, cette fois-ci,

la deuxiéme alternative du théoréme est vérifiée.

Autour des différentielles quadratiques CR

Une autre maniére de voir un homéomorphisme de Teichmiiller est comme un ho-
méomorphisme qui dilate les trajectoires de différentielles quadratiques holomorphes.
Une variété CR sphérique (de dimension 3), est une variété localement modelée sur
le groupe de Heisenberg muni de la structure CR V' = span(Z). C’est a dire, c’est
une variété munie d’un atlas de cartes a valeurs dans H et dont les fonctions de
transition sont des difféomorphismes CR de (H, V) (i.e. des difféomorphismes pré-
servant V7). On peut alors définir ’espace de Teichmiiller d’une variété CR sphérique
compacte et le munir d’une distance de la méme fagon que dans le cas des surfaces
de Riemann compactes |[56] si bien qu’avoir une notion analogue a celle de différen-
tielle quadratique holomorphe semble nécessaire a la compréhension des (potentiels)

homéomorphismes de Teichmiiller dans ce cadre.
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Le chapitre 3 a pour ambition de proposer une notion de différentielle quadra-
tigue CR sur une variété CR sphérique. Celle-ci est définie grace a 1’étude de la
décomposition de Garfield-Lee |22] du compleze de Rumin [48] qui donne un fibré
en droites complexes A au-dessus d’une variété CR sphérique et un opérateur de
type Dolbeault, D", sur ses sections. Opérateur que l'on parvient a "étendre" en un

opérateur D sur les sections du fibré en droites complexes ALY @ A0,

Définition 4 (Definition 3.3.6). Une différentielle quadratique CR sur une variété
CR sphérique est une section ¢ de AM® @ AL telle que Dg = 0.

De maniére équivalente, si (U;, p; : Uy — U/);er est un atlas CR sphérique d’une
variété M, une différentielle quadratique CR sur M est une collection de fonctions
q; € C=(U]) telles que

— pour tout ¢,j € I, en notant g;; = ¢; o 30;1 et gjll la partie complexe de g; ;,
o 2
Vi, j, ¢ = (g5 0 g5i) (Zg;;)” swr @i(U; N ;) et

— pour tout ¢ € I,
3

Z°q;=0

Les trajectoires horizontales et verticales d’une différentielle quadratique CR se
définissent alors aisément. On note que, bien qu’il soit tout a fait possible de définir le
fibré en droites A @ AL au-dessus de toute variété CR strictement pseudoconvexe
(de dimension 3), I'opérateur D ne semble, lui, défini que lorsque la variété est CR
sphérique.

Une fois armé de ces objets, on retourne aux relevés de quadrilatéres du chapitre
2. On reprend les notations précédentes concernant les quadrilatéres et leurs relevés.
Sur @ (resp. @), la différentielle quadratique holomorphe & considérer est qo =
ardw? = (/(w))? dw? (resp. qo = S*dw? = (8'(w))*dw?). Sur Q (resp. ), on

consideére la différentielle quadratique CR

g5 = 1T"qq (resp. qg = " qq)

de sorte que la famille de courbes fQ (resp. le) est exactement la famille des
trajectoires horizontales de ¢g (resp. ¢g,) dans Q (resp. % ). Dans ce cadre précis,
on introduit ce que signifie de dilater les trajectoires horizontales de (qﬁ, qﬁ,) et on

obtient le résultat :

Théoréme 5 (Theorem 3.4.6). Supposons que fQ et fQ/ vérifient la "pull-back
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density condition” et soit f € Fgg,. Si [ dilate les trajectoires horizontales de

(C](p C]@) alors il existe g € Gg o tel que Ilo f = goll.

Ce théoreme offre un contraste intéressant avec le cas classique, en particulier
lorsqu’il est combiné avec la Proposition 2. En effet, toujours en supposant la "pull-
back density condition", la combinaison de ces deux résultats donne que 1’ensemble
des homéomorphismes quasiconformes dans ]-"ﬁﬁ/ qui dilatent les trajectoires hori-
zontales de (qﬁ,qﬁ,) est

— soit vide (cela se produit lorsque @ et @' n’ont pas la méme aire hyperbolique

par exemple),

— soit une famille & un parameétre,

— soit une famille & deux paramétres
et on donne des exemples de chacun de ces cas. Le cas classique étant celui des
homéomorphismes quasiconformes de quadrilatéres qui dilatent les trajectoires hori-
zontales de (qq, gor) et ceux-ci existent en quantité (il y en a au moins autant qu’il y
a de diffeomorphismes croissants d’un segment dans lui-méme fixant les deux points
du bord).

Plan de thése

Cette thése est composée de trois chapitres. Le premier chapitre expose d’une
part le cas classique, a savoir les homéomorphismes de Teichmiiller entre surfaces
de Riemann afin de servir de motivation pour toute la suite. D’autre part, on pose
les bases de la géométrie CR (sphérique) et on introduit les homéomorphismes qua-
siconformes sur le groupe de Heisenberg, nécessaires a la définition de I'espace de

Teichmiiller d'une variété CR sphérique.

Le second chapitre s’intéresse aux minimiseurs de distortion moyenne. On com-
mence par introduire les modules de familles de courbes nécessaires pour poser et
résoudre le probléme de minimisation de distortion moyenne. On résoud ensuite ex-
plicitement ce probléme de minimisation entre cylindres du groupe de Heisenberg.
Enfin, on s’intéresse au probléme de minimisation sur les relevés de quadrilatéres et
on termine par des exemples.

Ce chapitre a donné lieu a l'article [53].

Le dernier chapitre a pour ambition de définir les différentielles quadratiques CR.

Pour cela, on commence par introduire le complexe de Rumin ainsi que la décom-
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position de Garfield-Lee de celui-ci sur les variétés CR strictement pseudoconvexes.
Notamment, on y introduit le fibré ALY et Iopérateur D” sur ses sections. On fait
ensuite un détour vers un autre complexe de formes différentielles, inspiré du com-
plexe de Rumin et de la décomposition de Garfield-Lee de celui-ci, sur les variétés
CR strictement pseudoconvexe qui a le bon gotit d’avoir un espace de cohomologie
de dimension finie. On calcul exactement cet espace de cohomologie dans le cas des
variétés CR strictement pseudoconvexes munies d’une action CR du cercle. Aprés ce
léger détour, on analyse la décomposition de Garfield-Lee du complexe de Rumin sur
les variétés CR sphériques, ce qui permet de définir les différentielles quadratiques
CR sur ces variétés comme sections d'un fibré dans le noyau d’un opérateur D. On
explique en quoi I'opérateur D est une extension des opérateurs 9y sur les fonctions et
D” sur les formes de bidegré (1,0). Enfin, on traite d’exemples d’homéomorphismes
quasiconformes qui préservent les trajectoires de différentielles quadratiques CR.

Ce chapitre a donné lieu a l'article [54].
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Introduction

Teichmiiller theory was born from the desire to answer Riemann moduli problem:
how many parameters (moduli) intervene in the deformation of a Riemann surface?
Let ¥ be a connected, compact, oriented surface, the moduli space of ¥ is the space
of all Riemann surfaces homeomorphic to ¥ up to biholomorphy. It was found that
studying a space which "remembers" of the homeomorphism is simpler. This is the
Teichmiiller space of  and it is the universal cover of the moduli space of X..

When ¥ has genus greater than two, its Teichmiiller space can be identified
to a ball in a complex vector space with (complex) dimension 3g — 3 where g is
the genus of X; the identification is given by particular homeomorphisms known as
Teichmiiller homeomorphisms. The construction of a Teichmiiller homeomorphism
between two Riemann surfaces X and Y can be done in two steps. First, this is
a homeomorphism which sends two orthogonal singular foliations, said horizontal
and vertical, of X (objects entirely given by the notion of holomorphic quadratic
differential) to two orthogonal singular foliations of Y. Then, this homeomorphism
behaves in a particular way on those foliations: it dilates the horizontal foliation by
a factor K and the vertical foliation by a factor % These homeomorphisms also
are the quasiconformal mappings which minimize the distortion in their homotopy
class.

The CR geometry was born from the desire to understand the invariants in-
volved to distinguish two (real) hypersurfaces in C"™'. A CR structure on a smooth
manifold is an involutive subbundle of the complexified tangent bundle which is
transversal to its complex conjugated. The complex structure on C"™! naturally
induces a CR structure called standard on any hypersurface.

A CR manifold locally CR equivalent to the unit sphere S*"™' ¢ C"*! endowed
with its standard CR structure is a spherical CR manifold. Another way to see a
spherical CR manifold is as a manifold endowed with a (G, X )-manifold for X =
S*"*! and G = PU(2,1). Finding a spherical CR structure on a given manifold is

an active and a present-day research area.

21
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We will mainly be interested in the question of deforming spherical CR struc-
tures. The idea is to work on a Teichmiiller type space on those manifolds which
has been defined by Wang [56| using the theory of quasiconformal mappings in the
Heisenberg group developed by Koranyi and Reimann [35,36]. The purpose of this
thesis is to study the notion of Teichmiiller homeomorphisms in this setting, which

we will reduce to 3-dimensional manifolds.

What are the quasiconformal mappings between two spherical CR manifolds
which minimize the distortion in their homotopy class? This is a difficult question
and the work presented here lies in this present-day research area. Before answering
this general question, having a Grotzsch type theorem for domains in the Heisenberg
group seems to be a necessary step. However, the lack of a Riemann mapping
theorem forces us to treat domains separately from each other.

Instead of looking for quasiconformal maps which minimize the maximal distor-
tion, one can look for such maps which minimize a "mean" distortion. This is the
path being taken by Balogh, Fissler and Platis [7]. They found explicitly a mini-
mizer of a mean distortion between annuli of the Heisenberg group. In their work,
they explain how one can verify that a quasiconformal map is indeed a minimizer of a
mean distortion. Nevertheless, finding a candidate for minimizing a mean distortion
is tricky. How can we construct a candidate for minimizing a mean distortion? The
beginning of chapter 2 deals with the explicit construction of such a map between
two cylinders in the Heisenberg group. This question also leads to a general lifting
theorem for quasiconformal maps in line with a result of Capogna and Tang [16].

The second article of Balogh, Fassler and Platis [8] on the subject gives a unique-
ness result of the minimizer of the mean distortion found between annuli. Such a
uniqueness could be useful to understand the Teichmiiller space since it could allow
to choose a "good" representative in each homotopy class. In chapter 2, we con-
struct and prove a uniqueness result of a minimizer of a mean distortion between
cylinders in the Heisenberg group. What geometrical reason hides behind these two
uniqueness result? The end of chapter 2 explains how these two examples are part of
the same class of examples by extracting the geometrical properties shared between
annuli and cylinders.

How can we define a Teichmiiller homeomorphism between two spherical CR
manifolds? We make a contribution by defining a notion of CR quadratic differential
in chapter 3. We then use this notion to work again on examples from chapter 2

with the idea of dilating horizontal trajectories of CR quadratic differentials. In
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particular, in the examples of annuli and cylinders, we find all quasiconformal maps
which dilate horizontal trajectories of well-chosen CR quadratic differentials. Those
examples contrast with the classical theory where quasiconformal maps which dilate
horizontal trajectories of well-chosen holomorphic quadratic differentials exist in a

large number.

Statement of results

A first point of view of Teichmiiller homeomorphisms is that they are those which
minimize the maximal distortion in their homotopy class. This point of view was
brought by the study of extremal quasiconformal maps. The simplest examples
(and which are the local model of a Teichmiiller map) of such maps come from
Grotzsch’s theorem. In its most elementary version, this theorem states that the
quasiconformal map which minimizes the maximal distortion in the set of home-
omorphisms between rectangles R, = {z € C | 0 < R(2) < a, 0 < J(z) < b}
and Ryy = {2z € C|0 < R(2) <d, 0 <F(2) <V} which are quasiconformal
inside R, and send homeomorphically {0} x [0, b] onto {0} x [0,0'] and {a} x [0, 0]
onto {a’} x [0,¥] is the map (z + iy) —> %/x + i%/y. We wish to study the possi-

bility of such a result in the setting of quasiconformal maps in the Heisenberg group.

The Heisenberg group H is C x R endowed with the group law:
(z,t) % (2/,t) = (2 + 2/, t + ' + 25(27)) .
‘H is also endowed with a left-invariant metric

1
du(p,q) = |lp~" * qlln where [|(2,8)|l5 = (J2|* +2)7.
A homeomorphism f : 2 — Q' between domains of H is said quasiconformal if

e du(f(). S(@)
Hip, ) o= lim s ) 7 (@)

dy(p,q)=r

is uniformly bounded on Q. We say that f is K-quasiconformal if || H (., f)||z~ < K.
As in the complex plane case, we have equivalent analytic definitions. In particular,
if f is an orientation-preserving quasiconformal map between domains of H, denoting
f = (f1, fo) with f; the complex part f and f, its real part, then f; and fo + i|f1|?
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satisfy almost everywhere the same Beltrami type equation
Zu = uZu

where p is a function in the unit ball of L*°,

0 0 0 0
Z—&—Hza— and Z = &—Zza

The distortion function of f is then defined by

L+ [u) _ [ZA@]+Zf(0)

Ko ) = 1) = 12h0) = ZA0)]

for every p € () where the expression makes sense.

Around extremal quasiconformal maps

Following a result by Balogh, Féssler and Platis [7,8|, we are interested in the
minimization problem: consider a class F of quasiconformal maps between two
(fixed) domains 2 and Q' of H. We are looking for a quasiconformal map fy € F
such that

[ Ko 1P ear o) = min | K 002 o)

for a density py depending on the geometry of € and where dL? is the Lebesgue
measure on R3. When we find such a f; € F, we say that f, minimizes the mean
distortion on F for the density py. The domains considered in |7, 8] are spherical

annuli
Ag={peM|1<|plly <a}and Ay :={peH |1 <|ply <d"}

where @ > 1 and 0 < k < 1 are real numbers, the class of quasiconformal maps is
the set F of quasiconformal maps from A, to A,» which extend homeomorphically
to the boundaries and send {p € H | |p|lly = r} onto {p € H | ||pllsx = r*} for

r =1,a and the density is py(z,t) = —L .
In(a)/t24]|z|*

Theorem 0.0.1 (Balogh, Fassler, Platis [7,8]). The quasiconformal map fi, known
as the "radial stretch map", defined for every (z,t) € A, by

t—ilz|? \t—|—2|z| ¥
)= Ve [ — ) prhEll
filz1) (\/—Z (t—ik\z|2) il } |t+zk!z\ |
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minimizes the mean distortion on F for the density py. Moreover, fi is the only

such minimizer up to composition with a rotation around the vertical axis.

The difficulty to produce quasiconformal maps in the Heisenberg group comes
from the fact that, if they are C' (and, if not, in a weak sense), they are contact
transformations for contact structure on ‘H induced by the form w = dt —izdz+12dz.
There is some rigidity around quasiconformal maps which is the principal motive
of the uniqueness. Notice that the results presented in this thesis were obtained by
considering orientation-preserving, C? quasiconformal maps.

In the second chapter, we show a similar result. Consider two cylinders
Cop = {(z,t) eH |0 <t <a, |z| < Vb} and

Coy ={(z,t) eH |0 <t <d, |2z| <V}

where a,b,a’, b’ > 0 are real numbers satisfying % > 1 and the class F of quasicon-
formal maps from C,; to Cy p which extend homeomorphically to the boundaries
and send {(z,t) € H | |2| < Vb, t = 0} onto {(2,t) € H | |2| < V¥, t = 0} and
{(z,t) €H | |2| < Vb, t=a} onto {(z,t) € H | |2| < Vb, t = a'}. We prove:

Theorem 1 (Theorem 2.2.9). The quasiconformal map

fO : Ca,b — Ca’,b’

(z,t) +—> (erﬁ(lz/b?)t “—/t>

/ /7
VO=i)ksr

minimizes the mean distortion on F for the density po(z,t) = % Moreover, up to

composition with a rotation around the vertical axis, fy is the only such minimizer.

The map ﬁ) was constructed by liftind every minimizer of a mean distortion
between rectangles R, and R,y by the Kordnyi map II(z,t) = ¢ + i|z|?, which
led us to ask: what are the minimizers of a mean distortion between domains {2
and ' of the upper half-plane H which lift by IT into quasiconformal maps between
I 1(Q) and TT-(Q')? We answer this question by showing the more general following

theorem.

Proposition 2 (Proposition 2.3.9). Let g : @ — Q' be a (C*) homeomorphism
between simply connected domains of H. Denote € = IT"1(Q) and €/ = IT-1(QY).
— If g is a symplectomorphism with respect to the hyperbolic area form on H

(meaning that ¢*7 = 7 where 7 = %), then there is a contact map (for
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w) f: Q — ' such that I o f = goll. Moreover, f has the form

(ert) ( NSRS ED >Z‘h(t“'”%%(g(t+z’|z|2>>)

where h : 2 — R satisfies for every w € (2

oh o) = I 1 0R(9) w
(9w( ) 4¥(w)  28(g(w)) Ow (w)-

— Conversely, if there is a contact map f : Q — O such that IT o f=goll,
then g is a symplectomorphism with respect to the hyperbolic area form on
H and f has the form given above.

— Iff: Q —» (' is contact map such that Ilo f = goll, then f is quasiconformal
if and only if ¢ is quasiconformal. In this case, the distortion of f at a point
(z,t) € Q is equal to the distortion of g at the point ¢ + ilz|* € Q.

This result has an interest beyond quasiconformal maps which minimize a mean
distortion and gives a new way to lift quasiconformal maps from the plane to the

Heisenberg group different from e.g. [9,16].

What about the uniqueness in the previous theorems; where does it come from?
This question being more open, it needs to introduce a few concepts to be stud-
ied. A quadrilateral (@, Iy, l3) is the data of a subset @) of C homeomorphic to
a closed disc where we distinguish two parts of its boundary I; and I, which are
disjoint, connected, non-empty and not reduced to a single point. The prototype
of a quadrilateral is a rectangle R, = {z € C | 0 < R(2) < a, 0 < F(z) < b}
with a,b > 0 and the distinguished boundary parts are vertical line segments. In
general, every quadrilateral is conformally homeomorphic to a unique such rectan-
gle up to dilation, so that g is a conformal invariant of the quadrilateral called
its modulus. Let us specify that two quadrilaterals (@, I1, 1) and (Q', I}, 1)) are
(quasi)conformally homeomorphic if there is a homeomorphism ¢ : @ — @’ which
sends homeomorphically I; on I for j = 1,2 and which is (quasi)conformal inside
Q.

The lack of a Riemann mapping theorem on H forces us to consider quadrilaterals
as different from each other. Typically, solving a minimization problem between
cylinders is different from solving the same problem between spherical annuli even

though the projection by II of a (closed) spherical annulus is a quadrilateral. The
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link between these two examples is more subtle.

Let (Q, I, 1) and (Q', I1, I}) be two quadrilaterals whose interiors are both con-
tained in H and denote G ¢ the class of quasiconformal maps between the quadri-
laterals (Q, Iy, I,) and (@, 1], 1}). Consider the domains © and €' which are the
interiors in H of the sets II7!(Q) and IT7!(Q’) respectively (the projection II is
defined on the entire H and so is with value in H U R). Denote fj = I (1;),
.7;’. = H_l(IJ’-) for j = 1,2 and F5 g, the class of quasiconformal maps from Q to
which extend homeomorphically to the boundaries and send I; onto I} for j = 1,2.
Let

- 2 ~ - 2 ~
oz t) = 220/t 4 i122)] on 3 and g (2. ) = 221 92 4 41212) on ¥

where o : Q — R,y and  : ) — Ry are conformal homeomorphisms of
quadrilaterals. The condition allowing the uniqueness results is the pull-back density
condition (Definition 2.3.3) which asks that pg (resp. pg) realizes the modulus of
the curve family corresponding to the problem which we denote fQ (resp. sz).
Finally, denote T the family of all legendrian curves in Q connecting I, and I,. We

get the following result.

Theorem 3 (Theorem 2.3.19). If fQ and fQ/ satisfy the pull-back density condition,

then we have the following dichotomy.

— Either there is a minimizer of the mean distortion on Gg ¢ for the density

1
pq = Gl
minimizes the mean distortion on Fg g, for the density pg. Moreover, every

'| which lifts into a quasiconformal map f € Fgg,. In this cas, f

such minimizer is constructed by this process.

— Either none of the minimizers of the mean distortion on G ¢ for the density

pq lifts to a quasiconformal map in Faq- In this case, for every f € Faars
T ~4
M (f (r)) < /QK(., £)2phdL?
where M <f (f)) is modulus of f (f)

The examples of spherical annuli and cylinders are special cases of this result.
We give a third example at the end of chapter two where, this time, the second

alternative is verified.
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Around CR quadratic differentials

Another way to see a Teichmiiller map is as a map which dilate trajectories of
holomorphic quadratic differentials. A (3-dimensional) spherical CR manifold is a
manifold which is locally modeled on the Heisenberg group endowed with its CR
structure V' = span(Z). Meaning that it is a manifold endowed with an atlas of
charts with value in ‘H and whose transition functions are CR diffeomorphisms of
(H,V) (i.e. diffeomorphisms preserving V). One can then define the Teichmiiller
space of a compact spherical CR manifold and its metric in the same way than in the
case of compact Riemann surfaces [56] so that having a notion similar to holomorphic
quadratic differentials seems needed for the understanding of (potential) Teichmiiller
maps in this setting.

The purpose of chapter 3 is to propose a notion of CR quadratic differential
on a spherical CR manifold. It is defined thanks to the study of the Garfield-Lee
decomposition [22| of Rumin complex [48] which gives a complex line bundle AN
over a spherical CR manifold and a Dolbeault type operator, D”, on its sections.
We are able to "extend" this D” in an operator D on the sections of the complex
line bundle A0 @ ALY,

Definition 4 (Definition 3.3.6). A CR quadratic differential on a spherical CR
manifold is a section ¢ of A ® ALY such that Dg = 0.
Equivalently, if (U;, ¢; : U; — Ul);e; is a spherical CR atlas of a manifold M, a
CR quadratic differential on M is a collection of functions ¢; € C*°(U]) such that
— for all 4, j € I, denoting g;; = ¢ 0 ¢; ' and g}, the complex part of g;;,

.. 2
Vi, j, ;= (q;095:) (Zg};)" on ¢;(U; N U;) and

— for every i € I,

73%‘ =0

The horizontal and vertical trajectories of a CR quadratic differential can then
easily be defined. We notice that, even though one can perfectly define the line
bundle AM? @ ALY over any (3-dimensional) strictly pseudoconvex CR manifold, the
operator D seems defined only when the manifold is spherical.

Once we have those objects, we go back to lifts of quadrilaterals. We take back
the previous notations. On @ (resp. @), the holomorphic quadratic differential to
consider is g = a*dw? = (o/(w))? dw? (resp. qo = f*dw? = (F'(w))*dw?). On Q
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(resp. % ), consider the CR quadratic differential

g5 = IT"qq (resp. g5 = IT"qor)

so that the curve family fQ (resp. fQ/) is exactly the family of horizontal trajectories
for gg (resp. gg,) lying in O (resp. QO ). In this particular setting, we introduce what

it means to dilate horizontal trajectories of (qﬁ, qﬁ,) and we get the result:

Theorem 5 (Theorem 3.4.6). Assume that fQ and fQ/ satisfy the pull-back density
condition and let f € F5¢q,. If f dilates the horizontal trajectories of (qQ, q;)/) then
there is g € Gg ¢ such that IIo f = go Il

This theorem gives an interesting contrast with the classical case, especially when
combined with Proposition 2. Indeed, still assuming the pull-back density condition,
the combination of these two results gives that the set of quasiconformal maps in
]-}2,5, which dilate the horizontal trajectories of (qQ, qﬁ/) is

— either empty (it happens for instance when @ and @’ don’t have the same

hyperbolic area),

— either a one-parameter family,

— either a two-parameters family
and we give examples of each of these cases. The classical case being the one of qua-
siconformal maps of quadrilaterals which dilate horizontal trajectories of (qq, qq)
and they exist at a large number (at least as many as there are increasing diffeo-

morphisms from a line segment to itself fixing the two boundary points).

Organisation of the thesis

This thesis is composed by three chapters. The first one deals with the basics.
For one part, we explain the classical case, that is Teichmiiller maps between Rie-
mann surfaces, so that it motivates what follows. For another part, we recall the
basics of (spherical) CR geometry and of the theory of quasiconformal maps in the
Heisenberg group which are needed for the definition of the Teichmiiller space of a

spherical CR manifold.

The second chapter deals with minimizers of mean distortions. We begin with an
introduction to moduli of curve families which are necessary to expose and solve the

problem of minimizing a mean distortion. Then, we solve explicitly this minimiza-
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tion problem for cylinders in the Heisenberg group. Finally, we will be interested in
the minimization problem for lifts of quadrilaterals and as an end, we give examples.

This chapter gave rise to the article [53].

The purpose of the last chapter is to define and study CR quadratic differen-
tials. For that, we begin with introducing the Rumin complex and its Garfield-Lee
decomposition on strictly pseudoconvex CR manifolds. In particular, we introduce
the line bundle A'Y and the operator D” on its sections. Then, we do a deviation to-
ward another differential complex, inspired by Rumin complex and its Garfield-Lee
decomposition, on strictly pseudoconvex CR manifolds which has a finite dimen-
sional cohomology space. We compute this cohomology space explicitly in the case
of strictly pseudoconvex CR manifolds endowed with a CR action of the circle. After
that short deviation, we analyse the Garfield-Lee decomposition of Rumin complex
on spherical CR manifolds which leads to the definition of CR quadratic differentials
as section of a line bundle in the kernel of an operator D. We explain how D extends
the operators d; on functions and D” on (1,0)-forms. Finally, we give examples of
quasiconformal maps which preserve trajectories of CR quadratic differentials.

This chapter gave rise to the article [54].



Chapitre 1

Préliminaires : Théorie de
Teichmiiller et géométrie CR

(sphérique)

Ce premier chapitre a pour vocation de poser les bases (doubles) du cadre dans
lequel ce travail s’inscrit. Il s’agit donc d’une part de rappeler briévement les grandes
lignes de 1’élaboration de la théorie de Teichmiiller dans le cas des surfaces de Rie-
mann. D’autre part, on introduit la géométrie CR, son penchant sphérique et la
théorie des applications quasiconformes sur le groupe de Heisenberg nécessaire a la

définition de 'espace de Teichmiiller d’une variété CR sphérique.

1.1 Le cas classique

(Reéférences principales : [2,28,30])

1.1.1 Homéomorphismes quasiconformes

Commencons par les homéomorphismes quasiconformes qui se trouvent & la base
de la théorie de Teichmiiller. Ceux-ci peuvent étre définis d’un certain nombre de ma-
niéres ; ces différentes définitions étant utilisées selon les propriétés que I'on souhaite
mettre en avant. On se concentrera ici sur trois définitions :

— une premiére dite analytique qui est celle généralement utilisée lorsque ’appli-

cation considérée est explicite (et ce, d’autant plus lorsque ’lhoméomorphisme

est assez régulier),

31
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— une définition dite métrique qui permet d’étendre la notion a des espaces
métriques plus généraux et enfin,

— une géométrique qui fait évidemment intervenir des phénomeénes géométriques,
mais donne également facilement que la composition des deux homéomor-
phismes quasiconformes et l'inverse d’un homéomorphisme quasiconforme

sont eux-mémes quasiconformes.

Définition 1.1.1 (Homéomorphisme quasiconforme : définition analytique). Soient
f : U — V un homéomorphisme entre ouverts de C et K > 1 un réel. On dit
que f est K-quasiconforme si ses dérivées partielles au sens des distributions sont
localement, L? (c’est a dire que f est dans I'espace de Sobolev W12 = H?) et vérifient

of of

| <k|= ; .
92| < k P dans Lj . (1.1)

o0 <k=%m <1
Le plus petit K pour lequel f est K-quasiconforme est appelé la distortion de f,

notée Kjy.

Comme expliqué, dans cette premiére définition il n’est pas clair que 'inverse
et la composée d’homéomorphismes quasiconformes soit quasiconforme car I’espace
de Sobolev H! n’est pas stable par ces opérations. Néanmoins, certaines proprié-
tés peuvent étre prouvées. Premiérement, un homéomorphisme 1-quasiconforme est

conforme. C’est une conséquence du lemme de Weyl :

Lemme 1.1.2 (Lemme de Weyl). Soit f : U — C une distribution sur un ouvert
U de C telle que % =0 sur U. Alors f est holomorphe sur U.

Ensuite, la composition (& gauche ou a droite) d’'un homéomorphisme K-quasi—
conforme et d’une transformation conforme est K-quasiconforme. Cela découle du
fait que la composée (& gauche ou a droite) d’un élément de H'NC? par une fonction
C! reste dans H'NCP et que les formules classiques exprimant les dérivées partielles
d’une composition restent vraies.

La définition géométrique d’'un homéomorphisme quasiconforme que 1’on va don-
ner est la définition originale d’Ahlfors. Pour la donner, il faut introduire la notion

de quadrilatere.

Définition 1.1.3 (Quadrilatére). Un quadrilatére (@, I, I5) de C est une partie @

de C homéomorphe a un disque fermé, avec deux composantes de bord I; et I, qui
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sont disjointes et connexes. De plus, I; et I, sont des segments non vides et non

réduits & un point.

De tels objets ont une forme normale qui est celle d’'un rectangle Ry, = {z €
Cl0O< Rz <1, 0<3(2) <M} avee M > 0. Clest a dire que pour tout
quadrilatére (@, I, I3) il existe un unique M > 0 et un homéomorphisme ¢ : Q —
Ry qui soit holomorphe a 'intérieur de @) et envoie I; sur le segment {0} x [0, M|
et I sur le segment {1} x [0, M]. Ce réel M est alors appelé le module de (Q, 11, I5),
noté Mod(Q, I1, I5). Un homéomorphisme K-quasiconforme entre deux quadrilatéres
(Q, I, I5) et (@', I1, 1) est un homéomorphisme f : Q — @', K-quasiconforme a

Iintérieur de @ et qui envoie homéomorphiquement [; sur I} pour j = 1,2.

Théoréme 1.1.4 (Théoréme de Grotzsch). Soit f: Q — Q' un homéomorphisme
K -quasiconforme entre les quadrilatéres (Q, I, 1) et (Q', 1], 1}). Alors

1
?MOd<Q7 [17 [2) S MOd(Qla I{? [é) S KMOd<Q> [17 12)

De plus, l’égalité (a gauche ou a droite, selon que Mod(Q, I, I;) < Mod(Q', I, I})
ou Mod(Q, I, I5) > Mod(Q', I}, 15)) est réalisée si et seulement si pour tout z =
T+ 1Y € RMod(Q,11,15)

Mod(@Q', I3, I3
(¢ ofo 90_1) (x + Z?J) =r+1 M(;d((%:fll,’]j))y

avec ¢ : Q — Ryvodao,n.n) €t ¥ 1 Q' — Rntod(qr,1,1) définies comme précédem-

ment.

La preuve originale de ce théoréme est appelée méthode des aires-longueurs a
elle-méme permis d’amener la notion de module d’une famille de courbes dont on
étudiera son penchant sur le groupe de Heisenberg au chapitre suivant (voir [55]
pour cette notion dans le cas du plan complexe).

On ressort du théoréeme de Grotzsch deux intéréts principaux. Tout d’abord,
il donne existence et unicité d’'un homéomorphisme quasiconforme qui minimise la
distortion dans la classe des homéomorphismes quasiconformes de quadrilatéres.
C’est a dire que, si (Q, 11, I3) et (@', 1], I}) sont deux quadrilatéres et si ’on note F
la classe des homéomorphismes quasiconformes entre les quadrilatéres (Q, I, Io) et
(@', 17, 1), alors pour tout f € F,

Kf Z sup (MOd(Q,7 [{7 Ié) MOd(Q? [17 IQ) )

Mod(@Q, I, I2) " Mod(@Q", I1, I5)
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et il existe un unique fy € F tel que

o (Mod(Q I} 1y) Mod(@.1,.1y)
fo =P\ NMod(Q, I, ) Mod(Q', 11, 13) ) -

Le deuxiéme intérét est que la premiére partie peut servir de définition pour un

homéomorphisme quasiconforme.

Définition 1.1.5 (Homéomorphisme quasiconforme : définition géométrique). Un
homéomorphisme f : U — V entre ouverts de C est K-quasiconforme s’il préserve

I'orientation et si, pour tout quadrilatére (Q, I1, 1) de U, on a

%MOd(Q, I, I;) < Mod(f(Q), f(I1), f(I2)) < KMod(Q, I1, I2).

De cette définition, il découle immédiatement :

Proposition 1.1.6. Soient U,V et W trois ouverts de C. Soient f : U — V
un homéomorphisme Ki-quasiconforme et g : V. — W un homéomorphisme K-

quasiconforme. Alors, go f est Ky Ks-quasiconforme et f=! est K,-quasiconforme.

L’équivalence entre la définition géométrique et la définition analytique est loin
d’étre évidente. On peut prouver celle-ci en faisant intervenir la notion de quasisy-
métrie (que 'on ne détaillera pas ici). L’idée ensuite est de prouver que la définition
analytique implique la définition géométrique (c’est le théoréme de Grotzsch), en-
suite la définition géométrique implique la quasisymétrie et enfin, la quasisymétrie
implique la définition analytique. La difficulté étant de récupérer la régularité de la
définition analytique. On termine avec la définition métrique, que 'on mentionne
principalement parce qu’elle s’avérera étre le point de départ de la théorie des ap-

plications quasiconformes sur le groupe de Heisenberg :

Définition 1.1.7 (Homéomorphisme quasiconforme : définition métrique). Soit f :

U — V un homéomorphisme entre ouverts de C et notons pour tout z € U,

sup [ f(w) — f(2)|

|lw—z|=r

H(z) =limsu )
(=) = i s = @) = 7))

|lw—z|=r
f est quasiconforme si H est essentiellement bornée supérieurement.

On voit bien comment on peut étendre cette définition a n’importe quel espace

métrique en remplagant les modules par des distances. La difficulté a partir de celle-ci
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est qu’elle soit équivalente a une définition géométrique ou analytique. Ce qui donne
'occasion de mentionner Heinonen et Koskela [25] qui ont montré I’équivalence entre
définition métrique et quasisymeétrie dans le cas des groupes de Carnot et de plus, que
I’on peut remplacer, dans le cas de R™, la limite supérieure par la limite inférieure.

Il semble enfin indispensable de mentionner peut-étre le théoréeme le plus im-
portant concernant les homéomorphismes quasiconformes & savoir le théoréme de
représentation de Riemann mesurable, généralement attribué a Ahlfors et Bers,

concernant les solutions de 1’équation de Beltrami :

Théoréme 1.1.8 (Théoréme de représentation de Riemann mesurable). Soit U
un ouvert de C et p € L®(U) avec ||u||oc < 1. Alors il existe une application

quasiconforme g : U — C solution de [’équation de Beltrami :

of _ of
= == 1.2
a2 Moz (12)
De plus, si h est une autre solution quasiconforme de 1.2, alors h o g=! est holo-

morphe.

1.1.2 Espace et théoréme de Teichmiiller

Dans cette partie, on se fixe une surface de Riemann compacte X.

Définition 1.1.9. L’espace de Teichmiiller de X, noté T(X), est le quotient de
I'ensemble des couples (Y, f) ou Y est une surface de Riemann et f : X — Y est un
homéomorphisme quasiconforme (un homéomorphisme entre surfaces de Riemann
est quasiconforme s'il 'est lu dans les cartes) par la relation d’équivalence : (Y7, f1)
et (Ya, f2) sont équivalents si et seulement si fyo f;' : Yy — Y5 est homotope & un

biholomorphisme. On notera les classes d’équivalence [V, f] et [X,Id] est appelé le
point base de T (X).

On peut alors mettre une distance sur ’espace de Teichmiiller de X :

Définition 1.1.10 (Distance de Teichmiiller). Pour [Y3, fi] et [Y2, fo] deux points
de T(X), on pose
d (Y, fi], Y2, fol) = infIn (K)

ou l'infinimum est pris sur I’ensemble des homéomorphismes quasiconformes f :

Y} — Y, homotopes & fo o f; . (T(X),d) est alors un espace métrique complet.



36 CHAPITRE 1

Si on est capable de comprendre les homéomorphismes quasiconformes de plus
petite distortion dans leur classe d’homotopie (si tant est qu’un tel homéomorphisme
existe), on comprendra topologiquement 7 (X'). Ce qui améne aux homéomorphismes
de Teichmiiller qui, pour étre correctement définis, nécessitent de parler de différen-

tielles quadratiques holomorphes.

Définition 1.1.11. Une différentielle quadratique holomorphe (resp. méromorphe)
sur une surface de Riemann Y est une section holomorphe (resp. méromorphe) du
fibrée K&, Ky désignant le fibré canonique de Y. On notera Qy I'espace des diffé-

rentielles quadratiques holomorphes sur Y.

Localement, si z est une coordonnée holomorphe sur un ouvert U d’une surface
de Riemann Y, une différentielle quadratique holomorphe (resp. méromorphe) est
de la forme

q(2)dz?

ol ¢ est une fonction holomorphe (resp. méromorphe). La condition de recollement

entre coordonnées holomorphes z; et z; est donc

e () =0tz

C’est a dire, en notant g;;(z;) = z;

¢ = (g5 © 954) (9§,z’)2

Si Y est une surface de Riemann compacte de genre g, alors une application
directe du théoréme de Riemann-Roch donne la dimension de Qy : c’est 1si g =1
et 3g — 3 si g > 1. Les zéros d’'une différentielle quadratique holomorphe non nulle
q sur Y sont appelés ses singularités. Comptées avec multiplicité, ¢ n’a aucune
singularité si g = 1 et 4g—4 si g > 1. Une coordonnée naturelle pour une différentielle

quadratique holomorphe ¢ est une coordonnée holomorphe z telle que
q = dz>.

De telles coordonnées existent partout en dehors des singularités de g. En effet, pre-

nons un point wy € Y tel que g(wp) # 0, une coordonnée holomorphe w quelconque
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sur un voisinage ouvert U de wq sur lequel ¢ ne s’annule pas et notons
q = q(w)dw

sur U. Quitte a réduire U, il existe une racine carré holomorphe de ¢(w) sur U. On

pose alors
o) = [ Valoc

sur U. On a donc

dz* = q(w)dw? = ¢

sur U.
De plus, deux coordonnées naturelles ne différent que par translation et signe. Tout

ceci nous permet de définir :

Définition 1.1.12 (Trajectoires d’une différentielle quadratique holomorphe). Soit
g une différentielle quadratique holomorphe sur une surface de Riemann Y. Soit
~v: I — Y une courbe paramétrée. On appelle v une :
— trajectoire horizontale de ¢ si ¢(7'(t)) > 0 pour tout ¢ € I; ou de maniére
équivalente si v est une droite horizontale en coordonnée naturelle pour ¢
— trajectoire verticale de ¢ si g(7/(t)) < 0 pour tout t € I; ou de maniére
équivalente si v est une droite verticale en coordonnée naturelle pour q.

On parle de trajectoire critique lorsque v part d’une singularité de q.

L’idée géométrique derriére la donnée d’une différentielle quadratique holomorphe
non nulle est qu’elle donne une "métrique" euclidienne en dehors de ses singularités,
mais qui dégénére en ses singularités. On renvoie a [49] pour une étude plus appro-
fondie de ces objets et on mentionne [29] pour un lien profond entre différentielles

quadratiques holomorphes et feuilletages mesurés.

Définition 1.1.13 (Homéomorphisme de Teichmiiller). Soient Y; et Y5 deux surfaces
de Riemann compactes, f : Y7 — Y5 un homéomorphisme et K > 1 un réel. f est
appelé homéomorphisme de Teichmiiller de constante K s’il existe deux différentielles

quadratiques holomorphes ¢; € Qy, et g2 € Qy, telles que
1. f envoie les singularités de ¢; sur les singularités de ¢s ;
2. si ¢ est une coordonnée naturelle pour ¢, alors

L (K + Do n— (K -1CoD)
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FIGURE 1.1 — Trajectoires des différentielles quadratiques dz?, zdz? et z2dz2. Les
trajectoires verticales sont en bleu et les trajectoires horizontales en rouge.
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est une coordonnée naturelle pour ¢;.

Remarque 1.1.14. En reprenant les notations de la définition pour f, K, ¢ et ¢o,

localement, si (; = & + in; est une coordonnée naturelle pour ¢; centrée en x; (ot

xy = f(z1) et g;i(x;) # 0), alors

Gofol (w+iy) = +ize.

C’est a dire que f est affine en coordonnées naturelles.

Un homéomorphisme de Teichmiiller de constante K envoie donc toute trajec-
toire horizontale de ¢; sur une trajectoire horizontale de ¢ de méme longueur et
toute trajectoire verticale de go sur une trajectoire verticale de ¢» de longueur dila-
tée par % C’est ce comportement particulier que 1’'on va tenter de retrouver pour
des homéomorphismes quasiconformes entre variétés CR sphériques.

L’importance principale de ces homéomorphismes réside dans le théoréme de Teichmiil-

ler, dont le théoréme de Groétzsch peut étre vu comme une version locale.

Théoréme 1.1.15 (Théoréme de Teichmiiller). Soit f : Yy — Y5 un homéomor-
phisme de Teichmiiller de constante K entre deux surfaces de Riemann compactes
de genre strictement supérieur a deuz. Soit g : Y1 — Yo un homéomorphisme K'-
quasiconforme homotope a f.

Alors K' > K avec éqgalité si et seulement si f = g.

1.2 Variétés CR

1.2.1 Généralités

Une maniére de voir une structure CR est comme un modéle abstrait d’hyper-

surface de C"™!. Démarrons tout d’abord par les structures (presque) complexes.

Définition 1.2.1 (Structure presque complexe). Une structure presque complexe
sur une variété (réelle) M est une section J du fibré End(T'M) telle que J? = —Id.

Remarque 1.2.2. 1. Si une variété admet une structure presque complexe, alors

elle est de dimension paire.

2. Soit M une variété complexe et (U;, z; = x; +1iy;) jer un atlas holomorphe de

M. Alors J, définie par J (%) = 8%1- et J (6%]_) = —a%i est une structure

presque complexe sur la variété réelle sous-jacente de M.



40 CHAPITRE 1

3. On étend linéairement J & CTM := C®TM et onnote V ={X —iJX | X €
TM?} T'espace propre associé & la valeur propre i. Alors V NV = {0} et
CTM =V V.

Réciproquement, soit V' un sous-fibré de CTM tel que V NV = {0} et
CTM =V @ V. Alors, 'endomorphisme J de CT'M dont l'espace propre
associé a la valeur propre 7 est V' et I'espace propre associé a la valeur propre
—i est V définit une structure presque complexe sur M. Ce qui permet de

définir de maniére équivalente :

Définition 1.2.3 (Structure presque complexe (2)). Une structure presque com-

plexe sur une variété M est un sous-fibré V de CT'M tel que
VNV ={0}etCTM =V V.

Le théoréme désormais classique de Newlander et Nirenberg s’énonce :

Théoréme 1.2.4 (Newlander-Nirenberg). Soit V' une structure presque complexe
sur une variété M. Alors (M, V') définit une structure complexe si et seulement si
V' est involutive ; c’est a dire que pour toutes sections locale Vi,V de V', le crochet
de Lie [V, V4] est toujours dans V.

Aprés ce bref rappel, on passe aux hypersurfaces de C*™!. Prenons donc une

hypersurface (réelle) M de C"*! et notons

0
THC" ! = span (a—,z =0,-- n) c CeTC!
Zi

la structure (presque) complexe standard de C*™!. On définit alors

TYOM = THOC" N CTM et TU'M = TWOM = TLOC+1 N CTM

de sorte que
1. TYM NT% M = {0},
2. dime T"°M = n et
3. THOM est involutive car THC"*! Dest.
Ces trois propriétés ne faisant pas intervenir que M est une hypersurface de C**1,

elles aménent a la définition abstraite de variété CR.

Définition 1.2.5 (Variété CR). Une variétée CR (M, V) est la donnée d’une variété
(réelle) M de dimension impaire 2n + 1 et d'un sous-fibré V- de CT'M tel que
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1. VNV = {0},
2. dimcV =net

3. V est involutif.

Remarque 1.2.6. 1. Les variétés CR telles que définies ici sont parfois appelées
variétés CR de type hypersurface. Une définition plus générale de variété CR
(qui, au passage englobe celle de variété complexe) serait la donnée d’une
variété M de dimension 2n + d et d’un sous-fibré involutif V' de CT'M de
rang n tel que V NV = {0}. Dans ce cas, d est appelé la codimension de
la variété CR (M, V). Par conséquent, une variété CR de type hypersurface
est une variété CR de codimension 1 tandis qu'une variété complexe est une

variété CR de codimension 0.

2. Comme on a vu avant la définition de variété CR, si M C C"*! est une
hypersurface, alors V' = TH°M est une structure CR sur M. On appellera

cette structure la structure CR standard de M.

3. Lorsque n = 1 (c’est a dire lorsque M est de dimension 3), la condition
d’involutivité est automatiquement vérifiée pour tout sous-fibré de CT'M de

rang 1.

4. Comme dans le cas des structures (presque) complexes, on peut donner une
définition réelle de variété CR. En effet, prenons (M, V) une variété CR et
notons H la distribution (de rang 2n) telle que C® H = V & V. Soit alors .J
I’endomorphisme de H tel que V est le sous-espace propre associé a la valeur
propre i et V celui associé & —i. Alors tout d’abord, J?> = —Idy. De plus,

puisque V' est involutif, pour tous X,Y € H il existe Z € H tel que
(X —iJX)Y —iJY| =7 —iJZ.
Or,
(X —iJX)Y —iJY| =[X,Y] - [JX,JY] —i([JX, Y]+ [X,JY]).
Par conséquent,
(X,)Y]-[JX,JY|e Het J([X,Y]|-[JX,JY])=[JX,Y]+[X,JY].

Réciproquement, soit H une distribution de rang 2n et soit J une section de
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End(H) telle que J*> = —Idy et J est intégrable dans le sens que
[X,Y]— [JX,JY] € Het J([X,Y] - [JX,JY]) = [JX,Y] + [X, JY].

Alors, le sous-espace propre associé a la valeur propre 7, noté V est une
structure CR sur M. En effet, il est clair que V' est de rang (complexe) n et
est transverse a son conjugué (qui est le sous-espace propre associé a —i). Ce
qu’il faut vérifier c’est que V' est involutif. Pour cela, on prend X,Y € H et
on veut montrer que [X —iJX,Y —iJY] € V. Or

(X —iJX,)Y —iJY]|=[X,Y] - [JX,JY] —i([JX, Y]+ [ X, JY])
et par hypothese,
(X, Y] - [JX,JY]| e Het J([X,Y] - [JX,JY])=[JX, Y]+ [X, JY].
Par conséquent, en notant Z = [X,Y] — [JX,JY] € H, on a
(X —iJX)Y —iJY]|=Z—iJZ V.
Ce qui permet de définir de maniére équivalente :

Définition 1.2.7 (Varié¢té CR (2)). Une variété CR (M, H, J) est la donnée d’une
variété M de dimension 2n + 1, d’'une distribution H de rang 2n et d’une section
intégrable J de End(H) telle que J? = —Idg, I'intégrabilité de J étant la vérification
pour tous X,Y € H des propriétés

[X,Y] = [JX,JY] € H et J([X,Y] = [JX,JY]) = [JX, Y]+ [X, JY].

Soit (M, V') une variété CR de dimension 2n + 1. Bien que V' soit involutif, il n’y
a aucune raison pour que V@V le soit. La forme de Levi mesure a quel point V&V
est proche d’étre involutif. On la définit comme suit. Soient (L1, - - - L,,) un champ de
bases au voisinage d'un point x de M et U un champ de vecteur réel (également au
voisinage de x) transverse & V @ V. Alors (Ly,--- , Ly, L1,- -+ , Ly, U) est un champ
de bases de CT'M au voisinage de z. On définit une matrice g(z) = (g;x),x par :

pour tout (j, k),

[Lj,fk] = Z'gj’kU mod{Ll, s Ln,fl, e ,fn}
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Cette matrice g(z) est clairement hermitienne. De plus, bien qu’elle soit non-invariante
par changement de base, sa signature l'est; la signature de g(x) étant le triplet
(p,q,7) ot p est le nombre de valeurs propres de g(z) strictement positives, ¢ le
nombre de valeurs propres strictement négatives et r le nombre de valeurs propres
nulles modulo 'identification de (p, ¢, 7) avec (q,p, 7).

En effet, soit (L},---,L!) un autre champ de bases de V' au voisinage de z et U’

un autre champ de vecteur réel transverse & V @ V. On peut alors écrire pour tout
je {17 7n})

Ly =" AjuLy et U' = bUmod{Ly, -, Ly, Ly, , Lo}

k=1

ot A = (Aj)jr est inversible et b # 0. Soit alors la matrice ¢'(x) = (g,);x telle

que pour tout (j, k),

!/

L}, T, = ig; mod{ L}, -~ , L\, T}, , L, }.
On a alors pour tout (j, k),

> AjAgmlLy, L) = ibg) Umod{Ly,- -+, Ly, L1, -+ , L}

Im

Et donc, pour tout (7, k),

D Ajgum Ak m = bg
Im
Autrement dit,

g'(z) = b Ag(x) A"

et par conséquent, ¢'(z) a bien la méme signature que g(z) ('identification de (p, g, )
avec (q,p,r) est faite car b peut trés bien étre strictement négatif).

Bien que non-invariante par changement de base, on appellera la matrice g(z) la
forme de Levi de M au point x. On pourrait donner une définition invariante par
changement de base de celle-ci, néanmoins on ne s’intéressera ici qu’a sa signature

et par conséquent la définition donnée est suffisante pour la suite.

Définition 1.2.8 (Variété CR strictement pseudoconvexe). Une variété CR (M, V)
est dite strictement pseudoconvexe si sa forme Levi en tout point est définie positive

ou définie négative, c’est a dire que pour tout x, la matrice g(z) est de signature
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(n,0,0) ou (0,n,0).

Comme souvent, lorsque l'on introduit une nouvelle structure, on cherche les

applications qui préservent cette structure.

Définition 1.2.9 (Fonction CR). Soit (M, V') une variété CR et f: M — C une

fonction. On dit que f est une fonction CR si pour toute section L de V,
Lf=0.

De maniére équivalente, si (M, H, J) est une variété CR et f : M — C est une
fonction, f est CR si
dfoJ = Jyodf

ou Jy est la structure complexe standard de C.

Lorsque la variété M est une hypersurface de C"!, les restrictions a M de
fonctions holomorphes sur des ouverts de C**! sont naturellement des fonctions

CR. La réciproque n’est en générale pas vraie, néanmoins, on a (voir [31, p. 18]) :

Théoréme 1.2.10. Soient M une hypersurface analytique réelle de C***, p € M,
U un voisinage ouvert de p dans M et f : U — C une fonction CR analytique
réelle. Alors f est la restriction a M d’une fonction holomorphe sur un voisinage

ouvert de p dans C"*!
Pour ce qui est des applications entre variétés CR, on définit :

Définition 1.2.11. Soient (M, V) et (M, Vs) deux variétés CR. Une application
f: My — M, est dite CR si
fVi C V.

De maniére équivalente, si (M, Hy, J1) et (Msy, Hy, Jo) sont deux variétés CR, une

application f: M; — M est CR si
df oJ; = Jyodf.

Si de plus f est un difféomorphisme, on dit que c’est un difféomorphisme CR.

Deux problémes naturels se posent en géométrie CR. Le premier est celui du
plongement global qui peut étre vu comme l’envie d’avoir un analogue CR aux

théorémes de plongement de Whitney et de Kodaira. La question est alors : étant
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donnée une variété CR M, existe-t-il un plongement CR de M dans un CV. Dans
les années 70, Boutet de Monvel [11] a montré que toute variété CR strictement
pseudoconvexe compacte de dimension supérieure ou égale a 5 peut étre CR-plongée
dans un CV. On peut également citer comme exemples de variétés CR-plongeables le
cas des 3-variétés CR strictement pseudoconvexes munies d’une action CR du cercle
[27,39]. Mais en général, les variétés CR strictement pseudoconvexes compactes de
dimension 3 ne sont pas forcément CR-plongeables [47].

Le second probléme est celui du plongement local qui est bien plus spécifique a
la géométrie CR. Il est connu que toute variété CR strictement pseudoconvexe de
dimension supérieure ou égale a 7 est localement CR-plongeable [3,38|. Pour ce qui
est de la dimension 3, il existe des exemples de variétés strictement pseudoconvexes

qui ne sont pas localement CR-plongeables [18,42].

1.2.2 Le complexe de Cauchy-Riemann tangentiel

Le complexe de Cauchy-Riemann tangentiel, aussi appelé complexe de Kohn-
Rossi [34], est un objet important de la géométrie CR. C’est a la fois un analogue
CR du complexe de Dolbeault et en méme temps un complexe de Dolbeault "in-
duit". On en donne deux constructions (constructions tirées de [10] bien que 'on
ait choisi ici de se passer de métriques). La premiére est une construction pour une
hypersurface de C**! rendant compte de I'idée d’'un complexe de Dolbeault induit,
reprenant la terminologie de [10], on I'appellera extrinséque. La seconde est une
construction valable pour toute variété CR, ici encore, on reprendra la terminologie

de [10] et on l'appellera intrinseéque.

Commencons donc par I'extrinséque. Soit M une hypersurface de C**! définie
par p: C"™' — R (i.e. p est une submersion au-dessus de 0 et M = p~1(0)). Pour
tout (p, ), on note I”7 I'idéal de QP (C"*') engendré par p et dp ot QP (C"+1) est
I'espace des formes de bidegré (p, q) sur C"*! et 0 est 'opérateur de Dolbeault. Si

bien qu'un élément de 79 est du type
pa+ B A p avec o € QP9 (C"H) et B € QPO (C™).

On définit alors )
g — QP4 (Cn+ )/]p,q

et on note ty : QP (C"T) — EP la projection canonique.
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Définition /Proposition 1.2.12 (0, extrinséque). Soient o € EPY et & un relevé
de a dans Q1 (C"*1). On pose

éb& = tM (562) .

Alors, Oy ne dépend pas du choix de & et ainsi Uopérateur Oy : EP9 — EPITL est
bien défini. De plus,

Démonstration. Soient &,E € QP9 (C™) tels que ty (@) = ty <E) Alors, par

définition,
B=a+ py—+08A0dpavec y € QP4 (C**1) et § € QP71 (C"HY).
Ainsi,
98 = da+0pAy+pAdp+85ADdp
= Ja+pu
ot it = pdy + (86 — ) A dp € 1P+, Donc

ta (55) =ty (9Q)

et par conséquent, J, est bien défini sur £79. Le fait que 5; = 0 découle immédiate-
ment du fait que 9 =0. O
0y et les £ forment donc un complexe différentiel pour chaque p. Ce sont ces

complexes que 1’'on nomme complexes de Cauchy-Riemann (ici extrinséques).

Passons maintenant a l'intrinséque. Soit (M, V') une variété CR de dimension
2n + 1. De maniére générale, si F est un fibré vectoriel au-dessus de M, on notera

['(E) I'ensemble de ses sections lisses. Pour tout (p, ¢), on considére
AP = {o € NPHICT*M | ouv1, - -+ ,Upiq) = 0 si card ({v1, -+, vpg} NV) > ¢}

et on définit
NAT*M = A"/ pi1 g1 et €24 = T (APIT* M)

ot on remarque que A"™ = {0} si m est strictement négatif.
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Remarque 1.2.13. 1l semble intéressant de constater ici une certaine asymétrie qui se
détecte entre AYOT*M et AYYT* M. En effet, les trois fibrés mis en jeu dans AM0T* M
et AY1T*M sont

={a e CT"M | ay = 0}, A>7' = {0} et A% =CT*M

Par conséquent, la restriction & V' d’une 1-forme fournit un isomorphisme naturel
entre AUYT*M = CT*M/{a € CT*M | ayy = 0} et V" tandis que AMOT*M nlest
pas isomorphe a V* puisque AYYT*M = {a € CT*M | a7 = 0} est de rang n + 1
tandis que V* est de rang n.

C’est cette asymétrie que 1’on va contourner au chapitre 3 en considérant la décom-
position de Garfield-Lee du complexe de Rumin plutét que le complexe de Cauchy-
Riemann tangentiel pour définir un analogue CR aux formes holomorphes sur une

surface de Riemann.

La différentielle extérieure d est bien définie sur les sections de AP? puisque

celles-ci sont des (p, ¢)-formes sur M.
Lemme 1.2.14. Pour tout couple (p,q), on a
d (T (AP%)) C T (APt

Démonstration. Soit o une section de APY et soient vy, - , vy, des vecteurs tan-
gents & M tels que card ({vo, -+ ,Upsq} NV) > ¢ + 1. Alors,

p+q
da = Z(—l)kka (o (vo, = 5 Uy 5 Upig))
k=0
+ Z Z+JOé [Uiavj]vvﬂ)"'al/};?'”7{)}7”.’1}79""1)
0<i<j<p+q

ou L, désigne la dérivée de Lie suivant v et 'accent circonflexe signifie I'omis-

sion du vecteur dessous. Par définition de «, chaque o (vg, -+, Ok, -+, Upsq) €st
nul car card ({vo, c Ukt Upigp ) V) > ¢ et, comme V est involutif, on a aussi,
card ({[vi, V], 0, Uiy Uyt Upag OV) > ¢. Donc da € T (AP+1), ]

Pour tout (p, q), on note I179 la projection canonique de I' (AP9) sur EP.

Définition /Proposition 1.2.15 (9, intrinséque). Il existe 0 : EP9 —> EPTHL tel
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que le diagramme
I (AP9) _dr (APat)

prql lnp,qul

Era % gpatl

commute. De plus,

Démonstration. Si a € EP?, on pose
Opar = TIP7H (d@y)
oil & est une section de AP telle que IIP7 (&) = av. 0y est bien défini car
gra =T (Ap’q)/P (AP+La-1)s gravt =T (Ap,qH)/F (AP+La) et

A (I (APHL971)) © T (Ar+ia).

9, = 0 découle alors de d? = 0. O

Comme pour 'extrinséque, 0, et les £7¢ forment un complexe différentiel pour
chaque p. Ces complexes sont appelés complexes de Cauchy-Riemann tangentiels

(ici, intrinséques).

Lorsque la variété CR est une hypersurface de C**!, les complexes de Cauchy-
Riemann tangentiels extrinseques et intrinseques sont naturellement isomorphes
(Theorem 1 de [10, p. 135]). Par conséquent, on parlera juste de complexe de Cauchy-
Riemann tangentiel (ou complexe de Kohn-Rossi, ou encore complexe J,) et on no-
tera H}'? ses espaces de cohomologie. Pour le résultat suivant concernant les H}™?,

on renvoie a 21, p. 88|.

Proposition 1.2.16. Soit M une variété CR strictement pseudoconvexe de dimen-
sion 2n + 1 > 5, alors pour tout p et tout ¢ € {1,---,n — 1}, HYU (M) est de

dimension finie.

Dans la suite, on va assez vite se limiter aux variétés CR de dimension 3, et parmi

celles-ci, une classe toute particuliére nous intéressera : les variétés CR sphériques

[12].
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1.3 Géométrie CR sphérique

1.3.1 Premiéres définitions

Parmi les variétés CR, on a vu que les hypersurfaces de C**! jouent un role

particulier et 'hypersurface de C**! la plus basique est la sphére unité S?*+1.

Définition 1.3.1 (Variété CR sphérique). Une variété CR sphérique de dimension
2n + 1 est une variété CR (M, V) de dimension 2n + 1 localement CR~difféomorphe

a la sphére unité S**™! C C"*! munie de sa structure CR standard.

Dans toute la suite de cette partie, on ne considérera que des variétés CR sphé-

riques de dimension 3.

Pour étudier de telles variétés, il semble pour commencer indispensable de com-
prendre plus en profondeur S? munie de sa structure CR standard. Cela nécessite
un léger détour vers la géométrie du plan hyperbolique complexe HZ. On ne fera
qu’esquisser cette géométrie ici, le but étant d’arriver a la géométrie CR sphérique
ce qui nécessite d’introduire proprement le groupe PU(2,1). Pour une introduction

a la géomeétrie hyperbolique complexe, on renvoie au livre de Goldman [23].

On note C?! 'espace vectoriel C*> muni de la forme hermitienne de signature
(2,1), < .,. >, définie pour tous vecteurs u = (uy, us,u3) et v = (vy,vy,v3) de C3
par

< U,V >= UV] + UVy — U3V3

dont la matrice hermitienne associée est donc

o O

H, =

o O =
oS = O

On considére alors
Vo={z€C*\{0} | <z,z>=0}et V. ={2€C* | <v,0><0}

Soit P : C*1\{0} — CP? la projection canonique. Dans la carte {23 # 0} C C>!,
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[P est donnée pour tout (21, 22, 23) € {23 # 0} par

]P(Zl,ZQ,Zg) = <ﬁ Q) .

23’ Z3

Comme < .,. > est une forme hermitienne, pour tout nombre complexe non nul A
et tout vecteur z € C*' Az € Vj (resp. Az € V_) si et seulement si z € Vj (resp.
ze V).

Le modele projectif du plan hyperbolique complexe HZ est P(V_), son bord est P(Vjp).

En considérant les intersections respectives de V_ et de V; avec le plan {z3 = 1}
de C*!, on obtient comme modeéle de HZ la boule unité B de C?, dont le bord est la

sphére unité S® de C2.

Par ailleurs, en prenant pour autre forme hermitienne de signature (2, 1), la forme

hermitienne de matrice

VIEH

o O

H2:

oS = O

0
5 0

on obtient un troisieme modeéle de HZ : le domaine de Siegel
S ={(21,2) € C* | S(21) > ||}
dont le bord est
OS = {(21,22) € C* | S(21) = |22*} U {0}

Notons a ce stade que parfois le domaine de Siegel est défini autrement selon

le choix de la forme hermitienne de signature (2,1). Par exemple, la forme hermi-
001

tienne de signature (2,1) dont la matrice est [0 1 0| donne comme domaine
1 00

correspondant & V_ N {23 = 1} le domaine {(21,22) € C? | 2R(21) + |22/> < 0} dont

le bord est {(21,29) € C? | 2R(21) + |22)* = 0} U {o0}. Le choix de la matrice Hy

a été fait ici afin de faire naturellement apparaitre la projection de Kordny: plus loin.

Le groupe unitaire associé¢ a la forme hermitienne < .,. > est U(2,1) = {A €
M;3(C) | A*HiA = Hy} ou A* est la transconjuguée de A. U(2,1) préserve donc
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automatiquement V_. On obtient de ce fait une action de U(2,1) sur B que 'on

peut donner explicitement : A = (a;,)1<ij<3 € U(2,1) agit sur B par

(21, 22) —> <

1,121 + Q1222 +a13 Q2121 + Ag222 + a2,3>
, )
3121 + Q3222 +a33 Q3121 + A3222 + A33

Réciproquement, tout biholomorphisme de B dans lui-méme est ’action d’un élément
de U(2,1) (voir par exemple [31, p. 41]).

L’action de U(2,1) sur la boule unité de C? n’est pas fidéle puisque pour tout
Ae U(1l) ={z € C| |z| = 1}, l'action de A3 € U(2,1) donne l'identité de B. Pour
la rendre fidéle, il suffit de quotienter U(2,1) par U(1). Ce quotient est le groupe
projectif unitaire PU(2, 1). Ainsi donc, PU(2, 1) est le groupe des biholomorphismes
de B dans lui-méme.

Comme U(2, 1) préserve aussi Vj, 'action holomorphe de PU(2,1) sur B se pro-
longe en une action CR de PU(2,1) sur la sphere S® (munie de sa structure CR
standard). Il s’avére alors que PU(2,1) est le groupe des difféomorphismes CR de
S3 dans lui-méme et qu'’il vérifie un théoréme de type Liouville (voir par exemple
[12, p. 224]).

Théoréme 1.3.2 (Théoréme de type Liouville). Soit f : U — U’ un difféomor-
phisme CR entre ouverts de la sphére S* (munie de sa structure CR standard). Alors

f est la restriction a U de laction d’un élément de PU(2,1).

Le groupe de Heisenberg

Les matrices unipotentes triangulaires supérieures de SU(2,1) (ici, SU(2,1) dé-

signe I'ensemble des matrices de déterminant 1 qui préservent la matrice Hy) sont

de la forme
1 2z t+ z|z|2
A(z,t) == 0 1 z
0 0 1

avec z € C et t € R. On définit alors 'application

¢: CxR — SU(2,1)
(Z,t) — A(Z7t)

Pour faire de ¢ un homomorphisme, il faut munir C x R de la loi de groupe

(2, 0)(Z, ) = (2 + 2t +1 +23(27)).
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C x R muni de cette loi est le groupe de Heisenberg, que 'on note H. En termes

réels, H est R® muni de la loi
(z,y, )"y t) = (x+ 2"y + ¢, t +¢ +2(a'y —zy)).

Sur H, il vient naturellement deux champs de vecteurs invariants a gauche et
linéairement indépendants
0 0 0 0
X=—+2y—etY =——20—
ar Vot gy ot
qui permettent de définir une structure CR sur H : d’abord en termes réels, P =
span(X,Y’) pour le champ d’hyperplans et J définie par JX =Y et JY = —X pour
la structure presque-complexe sur P (on a indiqué précédemment que la condition

d’intégrabilité est automatique en dimension 3). Puis en termes complexes, V =

span(Z) ou
1 0 0
Z=>(X-iV)= 2 1izZ
2 ( W) 0z + T
avec % = % (8% — @'8%). (H,V) est de plus strictement pseudoconvexe. En effet,

comme H est de dimension 3, il suffit de vérifier que Z, Z et [Z, Z] sont linéairement

indépendants. Or, un calcul immédiat montre que

2,7) = —2iT

ouTl = %. Par conséquent, il est clair que Z, Z et [Z, Z] sont linéairement indépen-

dants.

(H,P,J) étant strictement pseudoconvexe, P est une structure de contact sur
H. C’est a dire que P est localement le noyau d'une 1-forme w telle que dw est
non-dégénérée sur P (ou de maniére équivalente, telle que w A dw est partout non

nulle).

L’homomorphisme ¢ fournit un difféomorphisme CR naturel du groupe de Hei-
senberg sur le bord (moins le point a I'infini) du domaine de Siegel. Ce difféomor-
phisme CR est :

o: H —  0S\{oo}
(z,t) — (t+1]z]%2)

En effet, comme 0S\{oo} est muni de sa structure CR standard, il suffit de montrer



1.3. GEOMETRIE CR SPHERIQUE 53

que (z,t) — t +i|z|* et (2,t) — 2 sont des fonctions CR sur (H, V). Autrement
dit, il suffit de remarquer que Z ((z,t) — t +1|z|>) = 0 et Z ((z,t) — 2) = 0.

En rajoutant un point & U'infini, on obtient un difféomorphisme CR entre (H U
{0}, V) et S? muni de sa structure CR standard. En effet,

B — S
- 1—wo w1
(wl’ wQ) (Z 1+ws”? 1+w2>

est un biholomorphisme qui se prolonge en un difféomorphisme CR v de S*\{(0, —1)}

sur 0S\{co} munis de leur structure CR standard respectives. La composée

e toy: S\{(0,-1)} — H

\ ;w1 2S(w2)
(w1, we) (Z L+ws? [14+wa]?

est donc un difféeomorphisme CR d’inverse

—2iz 1—|z* +t
T+ 22—it’ 1+ |22 — it

(z,1) —> (

et qui se prolonge a §*. PU(2, 1) s’avére ainsi étre également le groupe des automor-
phismes CR de (HU{oo}, V) et le théoréme de type Liouville reste aussi valable sur
H U {oo}. Il est également connu (voir [23] par exemple) qu'un automorphisme CR

de HU{oo} est une composition des quatre types de difféomorphismes CR suivants :
1. les translations & gauche L. : (2,t) — (2 + 20, + to + 23(%%)), pour
(z0,t0) € H ;
2. les rotations autour de l'axe vertical 7, : (2,t) — (uz,t), pour p € U(1);
3. les dilatations 6y : (z,t) — (Az, \?t), pour A > 0; et enfin

’: : . z t
4. Vinversion [ : (z,t) —> (—tH'ZlQ, —t2+|z|4)'

1.3.2 Des variétés CR sphériques a la géométrie CR sphé-
rique
Le théoréme de type Liouville est capital. Il permet de munir toute variété CR

d’une structure (G, X) avec G = PU(2,1) et X = S% ou H.

Définition 1.3.3 (Structure (G, X)). Soient X une variété connexe et G' un groupe
de difféeomorphismes de X qui agit transitivement et analytiquement sur X (le ca-

ractére analytique de l'action est défini par : si de deux éléments de G coincident
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sur un ouvert de X alors ils coincident sur tout X ). Une variété M est munie d’'une
structure (G, X) s’il existe un recouvrement ouvert (U;);c; de M et des plongements
@; : Uy — X dont les fonctions de transitions ¢; o ¢; ! sont des restrictions d’élé-
ments de G.

La donnée d’un tel recouvrement ouvert et de tels plongements est appelé un atlas

(G, X) de M.

A une structure (G, X) sur une variété M sont associés deux objets : une ap-
plication développante et un morphisme d’holonomie. On en rappelle brievement la
construction et on renvoie a [52| pour un traitement plus approfondi. Une appli-
cation développante est un (G, X)-morphisme du revétement universel de M, M ,
dans X. On peut en construire une en prolongeant a M une carte d'un atlas (G, X)
sur M. Pour étre plus précis, prenons (U;, ¢;); € I un atlas (G, X) de M tel que
U; N U;;1 # 0. Par définition d'un atlas (G, X), pour tout i, il existe g; € G tel que
@i—1 = gi © ;. Si p € Uy, on pose

D(p) = g10---0gi(pi(p))-

D est bien définie sur M car si p € Uy N Uy, alors

g1©:-+0 gi+j<90i+j(p)) =g10---0 gi(%‘(p))-

Il est clair que D est un morphisme (G, X), c’est a dire un difféomorphisme local
qui, lu dans les cartes, est 'action d’un élément de G.

Par analycité de 'action, deux (G, X)-morphismes D et D’ de M dans X ne
différent que par l'action d’un élément de G (i.e. il existe g € G tel que D' = go D).
Soit p € M et notons m; = w1 (M, p) le groupe fondamental de M. Le morphisme
d’holonomie associé & une application développante D est I’homomorphisme p :

m — G tel que pour tout v € my,

Doy =p(y)oD.

Par ailleurs, si ¢ € G, alors ’holonomie de g o D est la conjugaison par g de celle
de D. Ainsi, la donnée d’une structure (G, X) sur M est la donnée d'une classe
d’équivalence développante-holonomie (D, p) pour la relation : (D, p) est équivalent
a (9D, gpg™").

L’existence d’une structure (G, X) sur une variété M se traduit donc comme

Iexistence d’une représentation du groupe fondamental de M dans G qui soit 1'ho-
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lonomie d’une structure (G, X). En ce qui concerne les déformations de structure
(G, X), le résultat général est le principe d’Ehresmann-Thurston qui stipule que si
M est compacte et py est ’holonomie d'une structure (G, X) sur M, alors toute
représentation suffisamment proche de py est ’holonomie d’une structure (G, X).

Parmi les structures (G, X), certaines sont naturelles. Par exemple, si I" est un
sous-groupe de G qui agit librement et proprement discontinument sur X, le quotient
X/F est naturellement muni d’une structure (G, X) et dans ce cas, I'application
développante est un revétement de X. Une structure (G, X) sur une variété pour
laquelle I'application développante est un revétement, est appelée compléte (certains
auteurs appellent une structure compléte lorsque la développante est un revétement
sur son image). Lorsque I" est un sous-groupe de G qui agit librement et proprement
discontinument sur un ouvert 2 de X, le quotient Q/F est muni d’une structure
(G, X). Une structure (G, X) sur une variété est dite uniformisable lorsqu’elle est
(G, X)-équivalente & un tel quotient.

Grace au théoréeme de type Liouville, on peut donc définir une variété CR sphé-
rique comme une variété munie d’une structure (PU(2, 1), S?) (ou (PU(2,1),H)). Un
atlas (PU(2,1),H) est appelé un atlas CR sphérique de la variété. La recherche de
structure CR sphérique sur une variété est un domaine actif de la recherche actuelle.
Parmi les résultats positifs, c’est a dire d’existence de structure CR sphérique, on
peut citer par exemple les fibrés en cercles au-dessus de surfaces hyperboliques [19]
ou le complémentaire du noeud de huit [17]. Le tore de dimension 3 en revanche est

connu pour ne pas admettre de structure CR, sphérique [24].

1.4 Homeéomorphismes quasiconformes sur le groupe

de Heisenberg

On s’intéresse ici a la théorie générale des homéomorphismes quasiconformes sur
le groupe de Heisenberg. La premiére définition est due & Mostow [41]. La théo-
rie générale des homéomorphismes quasiconformes a été ensuite développée (entre
autres) par Koranyi et Reimann [35] ou leurs premiéres propriétés importantes ont
été prouvées sous réserve d’hypotheses de régularité. Pour obtenir des définitions
analytiques et géométriques équivalentes que 'on peut trouver dans [36], il a fallu
trouver la "bonne" régularité de ces homéomorphismes. Notamment, il a fallu consi-
dérer la notion de P-différentiabilité [43].

La théorie des homéomorphismes quasiconformes sur le groupe de Heisenberg a
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été une théorie pionniére dans I’élaboration de théories analogues sur des espaces
métriques plus généraux. Pour de telles théories, on mentionne & nouveau le travail
de Heinonen et Koskela [25,26|. Le premier article sur les groupes de Carnot (dont
le groupe de Heisenberg fait partie) et le second sur des espaces métriques plus abs-

traits.

Dans toute cette partie (et dans toute la suite), on reprendra les notations in-
troduites avant concernant le groupe de Heisenberg, a savoir X,Y, Z, Z,T, P. De
plus, on ne considérera que des homéomorphismes préservant ’orientation en grande
partie car 'espace de Teichmiiller d’une variété CR sphérique sera défini a partir

d’homéomorphismes quasiconformes préservant 1’orientation.

1.4.1 Définition métrique et propriétés des homéomorphismes

quasiconformes réguliers

On peut munir le groupe de Heisenberg d’une distance invariante a gauche. Celle-

ci est donnée pour tous points (z,t), (z/,t') € H par

dq.[((Z, t)? (Zla t,)) = H(Z7 t)_l(z/’ t/>||?-l

1
ot ||(z,t) |l = (£* + |2|*)*. Comme on I’a indiqué, la définition métrique d’un homéo-
morphisme quasiconforme entre ouverts de C a pour avantage de pouvoir s’étendre
a d’autres contextes, et en particulier a celui du groupe de Heisenberg muni de la

distance dy. Soit f : U — U’ un homéomorphisme entre domaines de H. On note

Li(p,r) = sup du(f(p), f(q)) et ly(p,r)= inf d,(f(p), f(q))

dn(p,q)=r dn(p,q)=r

ou dy(p,0U) > r et

L¢(p,7)

H = lim sup——=.

7(p) = lim sup L)

Par analogie avec la définition métrique d’un homéomorphisme quasiconforme entre

ouverts de C, on définit :

Définition 1.4.1 (Homéomorphisme quasiconforme : définition métrique). Un ho-

méomorphisme f : U — U’ entre domaines de H est K-quasiconforme si

esssup|Hy(p)| < K.
pelU
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Pour construire des homéomorphismes quasiconformes qui ne sont pas des actions
de PU(2, 1), commengons par montrer que les homéomorphismes quasiconformes de

classe C'!' sont des transformations de contact.

Théoréme 1.4.2. Soit f : U — U’ un homéomorphisme quasiconforme de classe
C! entre domaines de H. Alors f est une transformation de contact, c’est a dire que

f.P=P.

Démonstration. Soit p € U. On veut montrer que f,P, = Py,). Puisque les trans-

lations & gauche sont des transformations de contact, on peut supposer que p =

f(p)=0.

Soit Vi = 21X + 1Y € Py tel que f,Vi = 51X +151Y € Py. Un tel vecteur V;
existe car f,Pg) est de dimension 2 et intersecte donc Py. Supposons qu'il existe
Vo = 22X + 1Y € Py tel que f,.Vo = T2 X + 1Y + T ¢ Py. Clest a dire que ¢ # 0.
f étant de classe C, pour tout € > 0 il existe § > 0 tel que pour |t| < § on ait

n Py |t:0f<t$“ ty;, 0) < €.

eucl
Ainsi, pour |t| < 4§, on a

|f(tzs, ty;, 0) — tVi]ewa < €lt|.

En notant (x}(t),y.(t), ci(t)) = f(tz;, ty;,0), on a obtenu les deux inégalités suivantes
pour [t| < ¢ :
(@1 (2), ¥1(2), ¢, () = (£21, 41, 0)leuer < elt]

|(:E/2(t), yé(t)v CIQ(t)) - (tff?v tg?v tc)|eucl < €|t|

Par conséquent, on a () (t) — t71)* + (y;(t) — t71)* + ¢} (t)? < €*t? et donc
d(t)? < et
De plus, en utilisant I'inégalité triangulaire, on obtient,
(120 + & (0))7 = [t]1Z] < elt].
Ainsi, |2](t)[* < t*(e + |Z1])*. Par conséquent,

(48, (D)l < (84 (e + )" + €27)5.



o8 CHAPITRE 1

D’autre part,

1(z2(8), 5 ()l = |22, te) I — [1(22(8) — £22, &5(8) — te = 26Tm(275(1))) [l

Or
|5 (1) — te — 2tIm(Z7Z5(t))| < [cy(t) — te| + 2|t |[Im(Z2Z5(1))].

De plus,
Zall25(t) — t2] = [|2Z(t) — t1Z%)°]

= ((Re(z75(1) — t12)*)? + Im(275(1))?)
> [Im(Z7Z,(t))]-

N

Ainsi, on en déduit que
() — te — 2tTm(Z5Z5(t))] < elt|(1 + 2[¢]|Za)),
ce qui implique que
1(24(8), h(E) I > (H[Z]* + £2¢3)7 — (M + 22(1 + 2Jt]| %)) 7.

Finalement,

, C H Z|" +t°c i— €t +e€ + 29 i c% — e%
(), S0l o (7" + e 202
1@l — (ti(e + |Z])* + €2t2)a 50 ez

[[(z5,(£),¢5 (t)) |2

G D) — O €€ qui contredit que f est quasiconforme.
1 "1

]

Par conséquent, lim sup
t—0

On a un résultat réciproque dans une certaine mesure. Soit f : U — U’ une
transformation de contact de classe C!. La longueur d'un vecteur V = aX + bY de
P est donnée par |V]y = (a® + bQ)%.

La version complexe est celle qui sera finalement la plus utilisée par la suite.
CP = C®P est le noyau de la 1-forme w = dt —izdz +izdZ et a comme base (7, Z).
La longueur d’un vecteur V = aZ + bZ de CP est donnée par |V |3 = (a® + bz)%.

Comme f,P = P, on peut considérer pour tout p € U,

A= sup  |fiV]n et Ao(p) = inf  |fiV]s.

VeP,, |V|'H:1 VePy, ‘Vlf;{:l
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Le résultat réciproque du théoréme précédent s’énonce alors (voir [35, p. 328|) :

Théoréme 1.4.3. Soit f : U — U’ une transformation de contact de classe C*
entre domaines de H. Soit K > 1 un réel. St pour tout p € U on a

1(p)

o(p)

>

< K,

>

alors f est K-quasiconforme.
En particulier, laction sur un ouvert de H d’un élément de PU(2,1) est une trans-

formation conforme (i.e. un homéomorphisme 1-quasiconforme).

Le fait que toute transformation conforme soit la restriction & un ouvert de
l'action d'un élément de PU(2, 1), c’est a dire I’analogue du lemme de Weyl dans le
cas du groupe de Heisenberg, est aussi vrai. On peut se référer a 35, p. 337| pour
le cas C* et |14, p.869| pour le cas général.

Une fois ce théoréme connu, il devient plus simple de produire des homéomor-
phismes quasiconformes en prenant un champ de contact, c’est a dire un champ de

vecteurs (C*) dont le flot en tout temps est une transformation de contact.

Proposition 1.4.4. Soit p : H — R une fonction C*. Alors, le champ de vecteurs

1 1
V:_Z(YP)X+Z(Xp)Y+pT

est un champ de contact sur H. Réciproquement, tout champ de contact est de cette

forme avec p = w(V'), w étant la forme de contact w = dt — 2ydz + 2zxdy.

Démonstration. C’est une application du fait général suivant (théoréme de Lieber-
mann dans la littérature) : soit M une variété et 7 une forme de contact sur M.
Alors I'ensemble des champs de contact sur M est en bijection avec C*(M) via
V +—— 7(V). Pour obtenir la bijection réciproque de V' +— 7(V'), & une fonction

C*, H, on associe I'unique champ de vecteur V tel que
7(V)=H et vydr = dH(R)T — dH

ou R est le champ de Reeb associé & 7, c’est & dire 'unique champ de vecteurs
vérifiant
T(R) =1 et tgdT = 0.
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Une fois ceci connu, il reste a savoir pour quelles fonctions a valeurs réelles p
est-ce que les fonctions Ay et A\; satisfont la condition du Théoréme 1.4.3, ce qui est
I'objet du théoréme suivant [35, p. 331].

Théoréme 1.4.5. Soit p : H — R une fonction de classe C*. Notons fs le flot

au temps s du champ de vecteurs

1 1
V= —Z(Yp)X+Z(Xp)Y+pT.
Supposons qu’il existe un réel k tel que
|ZZp| < k,

alors, en tout temps s, fs est K -quasiconforme avec K vérifiant

% (Ks + %) < V2l

Cette méthode pour produire des homéomorphismes quasiconformes a notam-
ment été utilisée par Miner [40] pour obtenir que les dilatations sur le groupe de Hei-
senberg sont quasiconformément conjuguées. Dans ce méme article, il est également
prouvé que les translations a gauche L gy et L(o1) ne sont pas quasiconformément
conjuguées (ce résultat a été étendu par Kim [32]) et par conséquent les deux cy-
lindres H/ < (1,0) > et H/ < (0,1) > ne sont pas quasiconformément homéomorphes.
D’un autre c6té, Aebischer et Miner [1| ont montré que les déformations lisses de
groupes de Schottky, avec des domaines fondamentaux dont les faces sont des bis-
secteurs de HZ, sont quasiconformément conjuguées (voir aussi [33] pour le résultat
analogue pour les déformations lisses des groupes de Schottky avec des domaines

fondamentaux dont les faces sont des "packs").

1.4.2 Deéfinitions analytique et géométrique

Afin d’obtenir une définition analytique, il faut introduire une notion de diffé-
rentiabilité différente de la notion usuelle, a savoir la P-différentiabilité définie par
Pansu [43].

Définition 1.4.6 (P-différentiabilité). Une application f : U — U’ entre ouverts
du groupe de Heisenberg est dite P-différentiable en p € U si

Cc

5t oLJf(lp) ofolL,0d,



1.4. HOMEOMORPHISMES QUASICONFORMES 61

converge uniformément sur un voisinage de p lorsque ¢ — 0 vers un homomorphisme
h de H dont le morphisme d’algébre de Lie correspondant h, préserve P. (Ici, 6.
désigne la dilatation de facteur c et L, la translation a gauche par p.

On note Dy f(p) = h et Dof(p)e = ha.

Cette définition est naturelle dans le cadre du groupe de Heisenberg. En effet, si
une application f : U — R3 ot U est un ouvert de R? est différentiable en p € U,

alors pour tout vecteur v de R3,

. flp+tv)— f(p)

Dyf(v) = lg% ; -
L’idée est donc de remplacer les différentes opérations effectuées par leurs analogues
sur H. L’addition de deux vecteurs est donc remplacée par la loi de groupe de H, et

la multiplication par un scalaire est remplacée par une dilatation. Notons d’ailleurs
que la P-différentielle de f = (f1, fa, f3) s’écrit matriciellement dans la base X, Y, T :

Xfi Yh 0
Xfe Y/ 0
0 0 XfAYf—-—XfLYf

et en termes complexes, c’est & dire dans la base Z, Z, T, en notant f; = f1 +ifs

Zfr Zf 0
Zf Zfr 0
0 0 [ZfHPP—1ZfiP

L’écriture matricielle permet de remarquer que pour tout point p € U,

IDof(p)ll:= sup  |Dof(p)(V)| = |Zf1(p)| + | Z f1(p)| et

VECP | [V|y=1

T¢(p) := det(Dof(p).) = (1Zf:1(0)]> = 1Zf:?)".

Pour obtenir la définition analytique d’un homéomorphisme quasiconforme, il
faut introduire un espace de Sobolev horizontal. Si p > 1 et U est un ouvert de H,
on définit Vespace HW,-P(U) comme étant espace des fonctions u € P, (U) telles

que Vou existe au sens des distributions et |[Vouly € L{’OC(U) ot Vj est le gradient

horizontal :

Voo = (X)X + (Y)Y
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Une application f = (f1, fo, f3) : U — U’ est dans H W'l})cp(U ) si ses fonctions
coordonnées fi, fy et f3 sont dans H I/Vlif(U ).
La définition analytique d’un homéomorphisme quasiconforme est alors (on ren-

voie a [15, p. 139] pour cette formulation ne faisant pas intervenir la propriété
"ACL") :

Définition 1.4.7 (Homéomorphisme quasiconforme : définition analytique). Soit
f : U — U’ un homéomorphisme entre domaines de H. On dit que [ est K-
quasiconforme si f € H T/Vl(ljf(U ), f est presque partout P-différentiable et sa P-
différentielle Dy f vérifie

Do f(p):||* < KJ¢(p)

pour presque tout p € U ot K < 1 est un réel.

Une seconde définition analytique équivalente fait intervenir un systéme d’équa-

tions ressemblant a 1’équation de Beltrami dans le cas complexe.

Définition 1.4.8 (Homéomorphisme quasiconforme : définition analytique (2)).
Un homéomorphisme f : U — U’ entre domaines du groupe de Heisenberg est
quasiconforme s’il est dans H I/Vlf)f(U ), presque partout P-différentiable et satisfait

presque partout 1’équation
Zfr= 1z fr

avec ||p|loo < 1. p est appelé le coefficient de Beltrami de f. La distortion maximale

de f est
_ 14l

=1 _1n.n
1= lplloe
et la distortion de f en un point p ot f est P-différentiable est

1+ [u(p)|
K(p, f) = ———.
1— |p(p)]
Remarque 1.4.9. 1. La P-différentiabilité presque partout d’un homéomorphisme

quasiconforme f, en particulier le fait que f soit (en un sens faible) une trans-
formation de contact implique que si f; satisfait presque partout 1’équation

de Beltrami

7f] = pZfr

alors frr = f3 + 1| f1|* satisfait presque partout I'équation de Beltrami pour

le méme pu.
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2. al’heure actuelle, il n’existe pas de théoréme de type représentation mesurable
dans ce cadre. Autrement dit, on ne sait pas si pour tout y dans la boule unité

de L*°(H) I'équation de Beltrami précédente a une solution quasiconforme.

Une maniére de montrer I’équivalence entre la définition analytique et la défini-
tion métrique est, comme dans le cas complexe, de montrer que toutes deux sont
équivalentes & une définition géométrique. Pour étre plus précis, le chemin employé
est, comme dans le cas complexe, la définition métrique implique la définition ana-
lytique qui implique la définition géométrique qui implique la définition métrique.
Dans le cas complexe, la définition géométrique avait nécessité la notion de module
d’un quadrilatére. Dans le cas présent, la méthode employée par Koranyi et Reimann

dans [36] va nécessiter la notion de capacité d’un anneau.

Définition 1.4.10 (Capacité d'un anneau). Un anneau A est une partie de H =
H U{oo} telle que H\ A est la réunion disjointe de deux parties compactes, connexes

et non-vides Cy et (. La capacité de A est
cap(A) := inf/ |Voul3,
vJn
ol u parcourt 'ensemble des fonctions u € C*(H,R) telles que u|c, = 0 et ujc, = 1.
Par exemple (voir 36, p. 44]),
Aap ={p € H | a <|lplln < b}

est un anneau de capacité

a

cap(A) = 21In (9> -

Le théoréeme de type Grotzsch a été obtenu par Pansu (voir [36, p. 46] pour une

preuve) et stipule :

Théoréme 1.4.11. Soit f : U — U’ un homéomorphisme K -quasiconforme (pour

la définition analytique) entre domaines de H. Alors, pour tout anneau A € U,
cap(A) < K2cap(f(A)).

Comme dans le cas complexe, ce théoréme peut servir comme définition géomé-

trique d’un homéomorphisme quasiconforme.
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Définition 1.4.12 (Homéomorphisme quasiconforme : définition géométrique). Un
homéomorphisme f : U — U’ entre domaines de H est quasiconforme s’il existe

une constante K’ telle que
cap(A) < K'cap(f(A))

pour tout anneau A C U.

Le théoréme précédent nous donne alors que la définition analytique implique la
définition géométrique. On renvoie ensuite & [36, p. 49] pour le fait que la définition
géométrique implique la définition métrique et a [36, p. 40| pour le fait que la
définition métrique implique la définition analytique.

Remarquons par ailleurs que la définition géométrique donne immeédiatement
que la composée de deux homéomorphismes quasiconformes est quasiconforme. Le
fait que I'inverse d’un homéomorphisme quasiconforme soit quasiconforme est vrai
également (voir [36, p. 62|) mais ne découle pas de la définition géométrique. Pour

ce qui est des distortions, on résume ce que ’on obtient dans la proposition suivante.

Proposition 1.4.13. 1. La composition d’un homéomorphisme quasiconforme
de distortion maximale K et d’une transformation conforme est un homéo-

morphisme quasiconforme de distortion mazimale K.
2. Un homéomorphisme quasiconforme a la méme distortion que son inverse.

3. La composition d’un homéomorphisme quasiconforme de distortion mazximale
Ky par un homéomorphisme quasiconforme de distortion Ky est un homéo-

morphisme quasiconforme de distortion mazimale K avec K < K1 Ks.

Pour finir, on mentionne un résultat général de relévement des homéomorphismes
quasiconformes du plan complexe que 'on peut trouver dans |9, 16| par exemple. I
s’agit de comprendre quels sont les homéomorphismes quasiconformes f : U — U’
entre ouverts de H pour lesquels la partie complexe f; ne dépend pas de t. En
clair, en notant p : (z,t) — =z la projection de H = C x R sur C, quels sont
les homéomorphismes quasiconformes ¢ entre ouverts de C pour lesquels il existe
un homéomorphisme quasiconforme f entre ouverts de H tel que po f = g o p.
On va donner une preuve élémentaire dans le cas d’homéomorphismes de classe
C? car celle-ci donnera l'idée de preuve dans le cas de la projection de Koranyi

II: (2,t) — t +i|z|? au chapitre 2.

Proposition 1.4.14. Soit g : C — C un homéomorphisme de classe C?.
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— Si le jacobien de g, Jac g, est constant, alors il existe une fonction fo : H —>
R telle que
fr H +— H
(z,8) — (9(2), fo(2,1))
est une transformation de contact. De plus, pour tout (z,t) € H, fo(z,t) =
Jac g(2)t + h(z) ou h: C+—— R vérifie pour tout z € C

%(z) = —izJac g(z) —Hg_)%( ) —1g(z )gg( )

— Réciproqguement, s’il existe une transformation de contact f = (f1,f2) :
H— H tel que f1(z,t) = g(z) pour tout (z,t) € H, alors Jac g est constant
et f est de la forme donnée précédemment.

— Si f : H — H est une transformation de contact telle que fi(z,t) = g(z)
pour tout (z,t) € H, alors f est quasiconforme si et seulement si g est qua-
siconforme. Dans ce cas, la distortion de f en un point (z,t) € H est égale a

la distortion de g au point z € C.

Démonstration. Dans toute la preuve, on notera 0, = gz, 0 = 6% et 0, = %

— Pour le premier sens, on doit juste montrer que I'application f : H —— H
définie dans le théoréme existe et est un homéomorphisme quasiconforme. Par
hypotheése, il existe une constante C' telle que pour tout z € C, Jac g(z) = C.
Considérons k : C — C définie pour tout z € C par

k(z) = —iCZ 4 ig(2)0.9(2) — ig(2)0.g(2) et

B = kdz + kdz.

Un calcul immédiat montre que 3 est fermée. Le lemme de Poincaré assure
alors que 3 est exacte. Il existe donc une fonction a valeurs réelles (car 8 = 3)
h:C+—— R telle que

O.h=ket O-h=Fk

On conclut alors que 'application f définie dans le théoréme existe et on
vérifie aisément que c’est une transformation de contact.

— Soit f = (g,k) : H — H une transformation de contact ou k : H — R. La
condition de contact f*w = Aw pour une fonction partout non nulle A, donne

le systéme suivant d’équations aux dérivées partielles que doivent vérifier g
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et h:
)\:6th

0.k —ig0,g +i90.,g = —izZ\
Ozk — ig0zg + 190G = iz\.

En dérivant les deux derniéres équations par rapport a ¢t et en remplacant A

par Ok, on trouve
822k = —iE@Ztk and szk = iz@itk

De plus, en dérivant I’expression de —iz0,k par rapport a z et ’expression de

120k par rapport & z on obtient
02k —igds g +ig02 g = i|2°0; k — iOk + iJac g et

(‘9;216 — ig@%zg + ig(?%j = i|z|283tk +i0:k — iJac g.

Par conséquent, on obtient
Jac g = Oik.

En particulier, 0,k est indépendant de ¢. Ainsi, tak = 0 et on déduit que
Oi .k et O,zk sont aussi identiquement nuls. Cela ameéne au fait que 9,k est
constante et donc Jac g également. Finalement, on peut écrire k(z,t) =

Jac g(2)t + h(z) ou h est une fonction a valeurs réelles satisfaisant

9.h(z) = —iJac g(z) +1g(2)0.9(2) — ig(2)0.9(z)-

Le troisiéme point du théoréme découle immédiatement de la formule donnée
pour la distortion ponctuelle de f.
0

Tout automorphisme CR de H est 'action d’un élément de H x (U(1) x R") ou
((z0,%0), A\, ¢) agit sur (z,t) par

((20,t0), A, ) (2, 1) = (20 + Az, to + Pt — 23 (cA2Z0)) -

Autrement dit, un automorphisme CR de H est la composée d'une translation &

gauche, d’une rotation et d’'une dilatation. Ce sont donc exactement les relevés par
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p de similitudes affines directes de C.

1.5 Espace de Teichmiiller d’une variété CR sphé-

rique compacte

Cette partie, plus courte, est consacrée a la définition de 1’espace de Teichmiiller
et de sa métrique comme définis dans [56]. Comme indiqué dans la partie précédente,
on supposera que les homéomorphismes considérés ici préservent 1’orientation.

Le fait d’avoir un atlas CR sphérique permet de définir aisément un homéomor-
phisme quasiconforme entre variété CR sphériques. Plus précisément, un homéomor-
phisme f : (M,V) — (N, V') est quasiconforme s’il 'est lu dans les cartes. Comme
les changements de cartes sont des restrictions d’action de PU(2, 1), la distortion de
f en un point p € M o, lue dans les cartes f est P-différentiable, est indépendante
du choix des cartes. On note K (p, f) la distortion de f en p et on définit la distortion

maximale de f :
Ky =sup K(p, f)
P

ol p parcourt ’ensemble des points de M ou f est P-différentiable lorsque lue dans

les cartes.

On se fixe une variété CR sphérique compacte (M, V).

Définition 1.5.1 (Espace de Teichmiiller). L’espace de Teichmiiller de (M, V') noté
T(M,V), est le quotient de 'ensemble des couples ((N, W), f) ot (N, W) est une
variété CR sphérique et f : (M,V) — (N, W) est un homéomorphisme quasicon-
forme par la relation d’équivalence : ((N1, W1), f1) et ((Vs, Vo), Wa) sont équivalents
si et seulement si fyo f; ' (N1, Wi) — (No, Wy) est isotope & un difféomorphisme
CR. On note les classes d’équivalence [(N, W), f] et [(M, V), 1d] est appelé le point
base de T (M, V).

Remarque 1.5.2. Les homéomorphismes quasiconformes étant (faiblement) des trans-
formations de contact, on peut voir I'espace de Teichmiiller d'une variété CR sphé-
rique comme un espace de déformation de la structure CR sphérique, & structure

contact fixée.

Définition 1.5.3 (Pseudo-distance sur I'espace de Teichmiiller). La pseudo-distance
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entre deux points [(Ny, W1), fi] et [(Na, Wa), fo] est

d ([(N1, Wh), fil, [(N2, W2), fo]) = ir}fln (&)
ou l'infimum est pris sur I’ensemble des homéomorphismes quasiconformes isotopes
A fao fit.

Le fait que d soit bien définie et une pseudo-distance découle immeédiatement de
la Proposition 1.4.13. Le premier point assure que d est bien définie, le second donne
la symeétrie de d et le troisiéme donne 'inégalité triangulaire. On renvoie alors a [56]

pour une preuve du théoréme suivant.

Théoréme 1.5.4. d est une distance sur T (M, V) et 'espace métrique (T (M, V), d)

est complet.

On appelle d la distance de Teichmiiller.



Chapter 2

Extremal quasiconformal mappings

in the Heisenberg group

Quasiconformal maps with extremal properties between domains of the Heisen-
berg group are still mysterious. Some progress has been made recently with mini-
mizing a mean distortion. A method relying on the notion of modulus of a curve
family has been developed [7]| in order to understand when a quasiconformal map
minimizes a mean distortion. In particular, the authors gave a condition, easy to
check, to verify that a candidate for minimizing a mean distortion is indeed a mini-
mizer. However, finding such a candidate may be quite challenging and this chapter
starts with as a goal, a study of how to construct such candidates. Notice that
minimizing a mean distortion is different from the classical Grétzsch problem which
concerns minimizers for the maximal distortion. Nevertheless, the modulus of curve
families method can be used to find lower bounds for the maximal distortion and so,
it can also be used for Grotzsch-type problems (see [51] for this type of arguments
in CR geometry). For other uses of moduli of curve families, we may quote again

[32,40] who studied quasiconformal conjugacy classes of CR diffeomorphisms.

Another motivation for studying quasiconformal maps which minimize a mean
distortion is through their behavior on a family of curves: these maps dilate a family
of curves (as we will see several times in the chapter). As we saw, dilating families
of curves is one of the defining properties of Teichmiiller homeomorphisms so under-
standing quasiconformal maps which dilate family of curves seems to be a necessary

step to the notion of Teichmiiller homeomorphisms between spherical CR manifolds.

In this chapter, we are then interested in the construction of quasiconformal

69
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mappings between several domains of the Heisenberg group which minimize a mean
distortion. The method employed can be summed up in the following way. We
associate a corresponding minimization problem to the one we began with, but the
associated problem deals with quasiconformal maps between domains in the upper
half plane H. This problem will then be easy to solve and we can try to lift every of
its solutions on H. To be precise, we consider the following minimization problem:
let F be a class of quasiconformal maps between two fixed domains 2 and Q' of H.
We wish to find fy € F such that

feF

/ K(p, fo)2p (p)AL3(p) = min / K(p, F)2pt(p)dL? (p) 2.1)

for a density py depending on the geometry of € and where dL? is the Lebesgue
measure on R3. If f; satisfies 2.1, we say that f; minimizes the mean distortion in

F for the density py.

We propose here a geometric way to construct such minimizers in specific cases.

Our construction relies on the Koranyi map

Mm: H\ ({0} xR) —s H
(2,t) — t 41|z

which, as we saw, comes from the identification of H with the boundary of Siegel

domain S. Moreover, 0S\ ({oo} U {z2 = 0}) is also diffeomorphic to a trivial circle

bundle over the upper half plane H simply by taking (z,29) —— ( f( ),21>.

Identifying OS\ ({oo} U {22 = 0}) with H\ ({0} x R), it gives a diffeomorphism

vt H\({0} xR) — St x H
(2,t) — (ﬁ,t—l—z’|z|2)

and the Koranyi map II, is simply the second component of that diffeomorphism.
The (topological) identification of H\{z = 0} with a trivial circle bundle over the
hyperbolic plane isn’t new. For example, Koranyi and Reimann in [37] introduced
coordinates

2

(a,, ) — (a COS%(C\J)GW,Q sin(«))

so that (up to rotation and conjugation), (a?, «) correspond to polar coordinates in
H. The first question following that would be: when can a minimizer of a mean

distortion between domains of H be lifted by II into a quasiconformal map between



71

domains of H?

Section 2.1 deals with moduli of curve families and explicit the minimization
problem considered in H and its corresponding one in H. In particular, if a minimizer
of the corresponding problem in H can be lifted by II into a quasiconformal map in
‘H, then this lift is a nice candidate for minimizing the mean distortion considered
in H (see Corollary 2.1.14). Then, in section 2.2 we totally and explicitly solve
a minimization problem between cylinders in H. In this case, there is only one
solution to the corresponding problem in H that can be lifted into a quasiconformal
map and we compute explicitly this solution, as well as its lift. A small step is
then needed to ensure that the lift is indeed a minimizer of the mean distortion
we started with. All of this leads to Proposition 2.2.5. After that, Theorem 2.2.6
states that a minimizer of the mean distortion considered is inevitably the lift of
a minimizer of the corresponding problem in H. Since there is only one solution
of the corresponding problem in H that can be lifted into a quasiconformal map,
uniqueness of the minimizer in H, up to composition with a rotation around the
vertical axis, follows.

This uniqueness (already observed in [8] in a similar case) is quite surprising
when compared to the abundance of solutions to the corresponding problem in H.
This phenomenon made us ask ourself: when does a minimizer of a mean distortion
in ‘H inevitably comes as a lift by II of a solution of the corresponding problem in
H?

Section 2.3 extracts geometric data which made necessary the fact that a mini-
mizer of the mean distortion considered between cylinders is necessarily a lift of a
solution to the corresponding problem in H. In particular, the cases of cylinders
and spherical annuli from |7, 8] both satisfy what we call the pull-back density condi-
tion. We will see that it is in fact mostly this condition which gives uniqueness. We
consider, as domains in H, lifts by II of quadrilaterals which satisfy the pull-back
density condition. (Recall that the lack of a Riemann mapping theorem forces us to
consider most of domains in H as different from each other so that solving a mini-
mization problem between lifts of two quadrilaterals isn’t enough to solve the same
problem for lifts of all quadrilaterals). Theorem 2.3.19 states that if a solution of the
problem between quadrilaterals can be lifted into a minimizer of the mean distortion
in H, then every other minimizer is constructed this way. It reduces the problem
of finding minimizers to solving an ordinary differential equation with boundary
conditions (Proposition 2.3.7). We shall also prove a general lifting theorem for

quasiconformal maps between (simply connected) domains of H: Proposition 2.3.9.
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We end this chapter with two examples, including the one between spherical annuli
for which existence and uniqueness are recovered as a special case of the results from

section 2.3.

We assume, in the whole chapter, that every quasiconformal map considered is

C? and orientation-preserving and every curve is C*.

2.1 Minimization problem considered in H and its

corresponding one in H

2.1.1 Modulus of a curve family

By analogy with the complex case, in order to understand extremal properties
of a quasiconformal map between two domains of the Heisenberg group, we look at
its behavior on a well chosen family of rectifiable curves (with respect to dy) that
foliates the domain. We restrict the study here to C' curves and C? orientation-
preserving quasiconformal mappings, but most of the results of this section were

proved in a general case. First of all, rectifiable curves are legendrian.

Definition 2.1.1 (Legendrian curves). A C*' curve 7 :]a, b[— H is called legendrian
if its tangents are in the contact distribution D = ker(w). This condition is given
explicitly by the following. Let v(s) = (71(s),72(s)), s €]a,b] be a curve in H. Then,

v is legendrian if and only if
Aa(s) = —23(F,(s)41(s)) for all s €]a, b].
We can then define the modulus of a family of legendrian curves

Definition 2.1.2 (Modulus of a family of legendrian curves). Let I" be a family of
legendrian curves in a domain 2 of H. We denote adm (I") the set of measurable
Borel functions p : @ — [0, +00] such that f7 pdl := f; p(v(s))|¥1(s)|ds > 1 for all
curves vy € I'. We call densities the elements of adm(I"). The modulus of the family
I' is then defined by

M@= it ) ar )

p€adm(T")

We say that a density pg is extremal if it verifies M (T') = [, po(p)*dL?(p).
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When an extremal density exists, it is essentially unique (Proposition 3.4 in
[8, p. 143]).

Lemma 2.1.3. If p; and py are both extremal density for a family I' of legendrian

curves in a domain 2 of H, then p1 = py a.e. in €.

There is a link between quasiconformality and modulus of a family of legendrian

curves. Indeed, we have the following.

Proposition 2.1.4. Let f: QQ — Q' be a quasiconformal map between domains of
H. Then, for every family of legendrian curves T' in Q and every p € adm ('), one

has
M(f(I) < / K(p, £)?0(p)*dL*(p). (2.2)

This result is a direct consequence of an essential notion we will need. Fixing a
density p and a C! quasiconformal map f : Q — @', one may define a push-forward
by f of the density p (see e.g. [7]).

Definition /Proposition 2.1.5 (Push-forward density). Let f = (f1, fo) : @ — &
be a quasiconformal mapping between two domains of H, I' a family of legendrian

curves in 0 and p € adm(I"). Then,

’:%o -1 d ).
= IRz [T €adm (f (1))

Moreover,

/ p’4dL3:/K(.,f)2p4dL3.
(94 Q

Proof. A simple application of the chain rule and the fact that every v € I' is
legendrian lead to the following. For every curve v = (v1,7) :|a,b]— Q, v € T,

one has

(from)(s) = ZAi(v())n(s) + Zfi(3(s)F1(s) for every s €]a, b
This leads to the important inequality: for every s €]a, b],

Z1(4(s))] — [Z ()] < W < 1ZAGEN +IZAOE). (23)
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If v € T, using inequality 2.3 and the fact that p € adm(I"), we find

'dl = b*o s o~)(s)|ds b 5))|71(s)|ds
[ ti= [ el e melds 2 [ pt(e)kn(elas 2 1

For the second part, this is simply an application of the following change of variable
formula for quasiconformal mappings (Theorem 16 in [7, p. 175]). For every non-

negative measurable function u : ¥ — R, we have

/

/ (wo £)()|J(p, AL (p) = / u(@)dL(q)
Q

where J(p, f) = (|Zf1 (p)? = 1Zf, (p)]2)2. Using this formula and the definition of

o', we have

- 2
apt = [ pUZAEZIZAP) s [ g pptare
Jorw= ] e (124l = 1Z) J

Just applying the previous proves Proposition 2.1.4.

Remark 2.1.6. In fact, moduli of families of legendrian curves give another geometric
definition of a quasiconformal map. Take an annulus A and denote Cy and C} the
compact, connected, non-empty components of H\A. Then it is known (see e.g.
[36, p. 46|) that

cap(A) = M(T)

where I is the family of all legendrian curves in A connecting Cy and Cf.

Now, in order to find a minimizer of a mean distortion in a class of quasiconformal
maps, a first place to look would be for maps realizing equality in inequality 2.2 and

then, use the following (obvious) proposition.

Proposition 2.1.7. Let , € be domains of H, F a subset of the set of all
orientation-preserving quasiconformal maps from Q to €, and Ty a family of legen-

drian curves in Q with p € adm(Ly). Suppose that fo € F satisfies

M(fy(To)) = /Q K(.. fo)?pdL?

and that there is a larger family T' D Ty of legendrian curves in Q with p € adm(T")
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and verifying
M(fo(To)) < M(f(T'))

for every f € F. Then, fo minimizes the mean distortion in F for the density p.

Proof. Proposition 2.1.4 ensures that for every f € F we have
M) < [ KPP
Q
Moreover, for every f € F,

Kot = M(a(To) < M(F(D))

So, for every f € F,

[ Kt < [ K prptars
Q

Q

O

Theorem 1 in |7, p. 153| gives a sufficient condition on a map to ensure that it
minimizes the mean distortion in a subset of quasiconformal maps between bounded

domains of H for a nice density.

Theorem 2.1.8. Let 2 and Q) be bounded domains of H. Let v :Ja,b[x A — Q be
a diffeomorphism that foliates 2, where Ja,b|C R with a > 0 and A is a domain of
R? such that (-, \) is a legendrian curve verifying |%1(s,\)| # 0 for all X\ € A and
dL3((s,N) = [31(s, N)|*dsdp(X\) for a measure dp on A.

Then,
1

b—a)l(y~(p))l
is an extremal density for the family Tg := {~v(-,\) | A € A}.

po(p) == (

Moreover, if F is a subset of the set of all quasiconformal map from 2 on € and

fo € F is such that:
1. Nfo(V(S))zi—g < 0 for all s €]a,b|,
2. forall X € A, K(v(s, ), fo) does not depend on s, and

3. there is I' D Ty such that po € adm(I") and M(fo(Ty)) < M(f(I')) for all
ferF.

Then fo minimizes the mean distortion in F for the extremal density py.
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2.1.2 The corresponding problem in H

The previous theorem gives a way, once we have a candidate, to check if that can-
didate minimizes a mean distortion functional. However, finding such a candidate
may be quite challenging, one can see for example the complexity of the cartesian
expression of the radial stretch map from [7,8] which is, we remind, the only min-
imizer of a mean distortion, up to composition with a rotation around the vertical
axis. Here, we explain how to construct such mappings in specific cases. As said
in the introduction, the construction relies on the identification of H\{z = 0} with
S x H where S! is the unit circle of C and H is the Poincaré half plane, identification
given by the diffeomorphism ¥~! defined in the introduction whose inverse is the

map

U: S'xH — H\ ({0} x R)
(€, w) («/%(w)ew,?)?(w))

It gives new coordinates on #H\ ({0} x R) and a simple computation gives the

following expression of vector fields Z and Z

,L'e—iG

Z = 2i/S(w)e 0, — ———0p
2/ (w)
i
7 = —2i/S(w)e?og + L@g.
2/S(w)
where 0,, = a%, = 8% and Oy = %.

In the following, we consider  and € domains in #\({0} x R) such that
y-t (ﬁ) =S x Q and U! (ﬁ’) = S x O with Q, € domains of H. We will
look at lifts by II of curves in the half-plane.

Lemma 2.1.9. Let v :]Ja,b[— H be a C' curve. Then, the only legendrian curves

on H\({0} x R), ¥ = (71,72) such that I1(¥) =~y are the curves (w%(’y)e”, 3?(7))
R(Y)
.

where T = —

Proof. Saying that v, + i|y|* = v gives 72 = R(y) and |y| = /S(7). So, we only

have to check that <\/ S(y)e’m, 3‘%(7)) is legendrian if and only if 7 = —2%((77)), which

is a simple application of the definition of a legendrian curve.
m
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Remark 2.1.10. Notice that lifting a curve gives a one-parameter family of curves in
‘H, which are obtained by rotating one lift around the vertical axis. Moreover, for a

family of curves in H, I', we define
I'={7|1(7) eT}

and call T the lifted family of T.

Before going further, let’s recall how the modulus of a curve family is defined
in C. Let I' be a family of curves 7 :]a,b[— Q in a domain Q of C. We denote
again adm(I") the set of measurable Borel functions p :  — [0, 00] such that
S, pdl = fab p(7(s))|7(s)|ds > 1. The modulus of the family T is

M(T) = inf / p*dL?
Q

pEadm(T)

where dL? is the Lebesgue measure of R?2. With that in mind, we can define the
pull-back by II of a density.

Definition /Proposition 2.1.11 (Pull-back density). Let 2 be a domain in H and
Q= V(ST x Q). Let T be a curve family in Q0 and denote T its lifted family in Q. If
p € adm(T"), define p for every (z,t) € Q by

plz,t) = | Z10(z, t) [ p(T1(2, 1)) = 2l2|p(t +il2[*).

Then p € adm(I"). We call the density p the pull-back by 11 of p.

Proof. Let v = (71,72) € I. By definition, there is v € I such that v, + iln|*=1.
Since 7 is legendrian, 4 = 2i%,7;. Using the definition of p, we find

b b
[ i = / 211 () (7 (3)) 1 (5) s = / p(y(3)3(s)|ds > 1.
]

Notation 2.1.12. — Let T be a curve family in a domain Q of H and p €
adm (). Then, IT*p refers to the pull-back by 11 of p. Moreover, one can de-
fine the same notion of push-forward density in C by setting g.p = mo

g~ for any quasiconformal map g : Q — ' C C. In that case, the push-



78 CHAPITRE 2

forward density satisfies

/,(g*p)zcle=/Qp2K(.,g)dL2

where K (., g) is the quasiconformal distortion function of g.

— LetT bea family of legendrian curves in a domain Q of H, p € adm (f) and

I Q—QCcHa quasiconformal map. Then, the push-forward by f of p
is denoted f.p.

The following proposition and corollary explain the link between some mini-
mization problems in the Heisenberg group and corresponding problems in the half

plane.

Proposition 2.1.13. Let Q and Q' be domains of H. Denote Q := ¥(S' x Q)
and Q= U(St x Q). Let T be a curve family in Q and T its lifted family in
Q. If p € adm(T") and g : Q — Q' is a quasiconformal map such that there is a
quasiconformal map f : Q — O with T o f=goll, then

I*(gxp) = fu(II"p)

Before going through the proof, we give a corollary of this.

Corollary 2.1.14. Let g : Q@ — Q' and f : Q — Q be as in the previous
proposition. Let T' be a curve family in € with continuous extremal density py and

I := g(I") with continuous extremal density p). Suppose the following

= J5(Il*po)*dL? where T is the lifted family of T, and

2. M F' =[5 (IT*py)*dL? where I is the lifted family of T".

Then,

M(f(F)) = / (I po) K (., f)?dL?

- / K(.,g)pydL”.
Q

Proof of Corollary 2.1.14. Notice that I" = ¢(I') = ¢(II(T)) = H(f(T)) and I =

if and only if
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rree

Now, assume first that M(I") = [, K(.,g)pgdL?. Then, g.po and p, are both ex-
tremal for I'. By a result similar to Lemma 2.1.3 for the complex plane, and

continuity of g.po and pf, g«po = p, in 2'. So
[ Il pg = 11" g.po = " pg

in V. Thus, we have

M) = M) = [ (1)L = [ K92 )L

Conversely, assume that M(f(T)) = J& (fII*po)*dL?. Then, we have

| @ayazs = (@) = [ (Cg.p)tars
Q Q

By Lemma 2.1.3, and continuity of densities, we deduce that II*g.py = II*pj in Q.
Using the formula given for pull-back densities, one easily finds that g.po = pj.

Leading to
M(I") = M(g(T)) = / K (. )L,

Proof of Proposition 2.1.13. By definition, g.p = g~ ! and so

p
— O
0w g|—|0wy|

* P -
II*(g.p) = | Z1]] (mog 1OH>-

Moreover, since f is contact, one as (see [35, p. 335])

Z(Mo f)y=Z(fa+ilfi]) =2if, Zf1 and Z(I1o f) = Z(fo +i| f1]) = 2if, Z f1.
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Thus, since IT is a CR-function, using the chain rule we have

_ 1 _
Zfi| = |ZH] = m(\Z(HOf)I—!Z(HOf)\)
1
1 _
= m(\z(goﬂ)!—lZ(goﬂ)l)
Z11
_ %mawm—%gnom
Now, computing f.(II*p), we find
. 1Z0|(poll) .,
*H = — O
AR
= o f1 AOHO 1>
20 7 (G 21

P -1
_ ozt oy on)
| |(|3wg|—|€%g|
O

Lemma 2.1.15. Let g : Q@ — Q' be a map between domains of H. Denote Q=
(S x Q) and ' = U(S* x V). Assume that there is a contact map f: Q —
such that Tl o f = goIl. Then, for every (z,t) in Q,

K((z,1), f) = K(II(2,1), g).
Meaning that, f is K-quasiconformal if and only if g is K-quasiconformal.
Proof. Just using
Z(Mo f)=2if Zfi and Z(Ilo f) = 2if,Z fy
together with the fact that II is CR, leads to

ZHi] = 1Zfil _ 10wg] — |0g] .
\Zfil +1Zf]  |0wg] + |0yl

which is exactly the statement of the lemma. O

Thus, if we are looking for a quasiconformal map on the Heisenberg group that

minimizes a mean distortion for a nice density, a first step would be to look for
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solutions of the corresponding problem in H that can be lifted by II into contact

transformations. Which is what we will do in the next section for cylinders.

2.2 Construction and uniqueness of an extremal qua-

siconformal map between cylinders

2.2.1 Construction of the map

In this section, we construct explicitly a minimizer of a mean distortion func-
tional in a class of quasiconformal maps between cylinders, our objective is to prove
Proposition 2.2.5.

As said, we are looking for a quasiconformal map between cylinders defined as a lift
by II of a quasiconformal map between projections of cylinders. For r, R > 0, we

denote C, r the cylinder
Corn={(z,t) eH|0<t<r&|z| < VR}.

We are here interested in finding a quasiconformal map f : C,, — Cy py With % >
1 that minimizes a mean distortion functional within the set F of all orientation-
preserving quasiconformal mappings from C,; to Cy  that extend homeomorphi-
cally to the boundary and map
— the disc {(z,t) € H | |2] < Vb& t = 0} to the disc {(2,t) € H | |2] <
VI & t =0},
— the disc {(2,t) € H | |2] < Vb &t = a} to the disc {(2,t) € H | |z| <
VI & t=ad'},
— and the cylinder {(z,t) € # | |2| = Vb & 0 < t < a} to the cylinder {(2,t) €
H ||zl =vb&0<t<al.
Projections by II of II(C,,\{z = 0}) and II(Cy y\{z = 0}) are respectively the
rectangles
Ry ={weC|0<R(w) <a, 0<J(w) <b}

and
Ra’,b’ = {w eC | 0< §R(w) < CL/, 0< S(w) < b,}

So that cylinders are analogs (up to the projection II and a rescale of constants by a
dilation) to quadrilaterals on their normal form in C. Since extremal quasiconformal

maps between quadrilaterals are the local model for Teichmiiller homeomorphisms,
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it seems appropriate to consider minimization problems for quasiconformal maps
between cylinders.

On the cylinder, C,;, there is a natural foliation by legendrian curves given by
To = {7.(s) = (ze_JTS\Q,S> |10 < |2 <Vb& 0 <s<a}
which are the legendrian lifts by II of horizontal lines
Yy(s) =s+iyfor 0 <y <b

in R, (see Figure 1).

Figure 2.1 — Cylinder foliated by curves in o (foliation given by rotations around
the vertical axis of drawn curves and the vertical axis itself).

To state the minimization problem we are dealing with, we need to find the

modulus and extremal density of L.

Lemma 2.2.1. The curve family fo has modulus

~ 167b?
M(T,) = -
(To) 3a3
and its extremal density is po(z,t) = %

Proof. If p € adm(fo), by definition we have

/ = [ aﬁ@(s))% >1
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for all 0 < |2| < v/b. So,

/0 " B(.(s))ds > 2 (2.4)

for all 0 < |2| < v/b. But,

2m Vb
/ prdL? / / / pt(r, 0, t)rdtdrdd
Cab cyhndrlcal coordinates 0 0

substitution Wlth Jacobian 1

Moreover,

a . 1 a 4
[ 7 Gutnas = ([ (o)
0 Holder inequality @ 0

1674
>

inequality 2.4 a’

for all 0 < r < vband 0 < @ < 27. Thus, we get

2 1670°
/ ptdL? > s2m 7"5d7" _ 16mb
ab

for all p € adm(fo). Consequently,

~ 167b°
M(To) 2 3a3
Moreover, set
2|
t) = —.
p0<27 ) a

Then py € adm(Ty) and

]

Let us set I'y = {v, | 0 < y < b} where v, :]0,a[— R, is defined by ~,(s) =
s+ 1y. It is known since the work of Grotzsch that 'y has modulus % and extremal
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density po(w) = % Let G be the set of all quasiconformal mappings from R,; to

R, i that map homeomorphically the vertical and horizontal boundary components
of R, on the corresponding ones of R, . Here, and in the following, rectangles are
considered as subsets of C and so, boundaries are considered in C. The following is

well known (a short proof is given in the appendix A).

Lemma 2.2.2. Any minimizer of the mean distortion in G for the density py is a
map fo(v +iy) = Ca +ip(y) where ¢ : [0,b] — [0,] is a diffeomorphism such
that ©(0) =0, ¢(b) = b and $ > %

Notice also that py = IT*py and

Mmmm:L (IT AL

where pj(w) = % is extremal for f,(I'g) = Iy and I'} is the family of horizontal lines
in Ry (which is true for every ¢ defined as in the previous lemma). Moreover,

every f, defined as in the previous lemma satisfies
M) = [ KLk
Ra,b

Then, according to Corollary 2.1.14, if we find a quasiconformal map f € F that
maps the vertical axis homeomorphically on the vertical axis and such that ITo f:

fo oIl for a function ¢ defined as previously, then fwill satisfy
MFE) = [ KC TP
Ca,b

Proposition 2.2.3. There is only one function ¢ : [0,b] — [0,0'] with »(0) = 0,
o) = and ¢ > %/ such that f, can be lifted into a quasiconformal map ]7:
Cap —> Cowrp. That function is defined for every x € [0,b] by

Vx

b’ b’
- o)+

plr) = (
and the lifts are compositions with rotations around the vertical axis of

fO : Ca,b ? Ca’,b’

(2,t) +— (er;b(l_mt a—’t).

! /)
VO )ereey
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Proof. To prove this, it will be more convenient to compute in usual cylindrical
coordinates on H = R3. Meaning, (r,60,t) — (re,t). In those coordinates, the

contact form writes as
w = dt + 2r*dé.
So, we are looking for four functions R, O, T, ¢ such that
/

T 4+ iR (r,0,t) = —t +ip(r?) and dT + 2R*O = \(dt + 2r2d0)
a

for a nowhere vanishing function A\. Moreover, for all r, ¢, O(r,.,t) is 2m-periodic
modulo 2. Since T + iR%(r,0,t) = Ct + ip(r?), we get

T(r,0,t)=T(t) = %,t and R*(r,0,t) = R*(r) = o(r?).

The idea is to use the system of PDEs that the functions R, © and 7" must verify in
order to find an ordinary differential equation that ¢ must verify. In the following,
we denote by an index r (resp. 6, resp. t) the partial derivative of a function

according to r (resp. 0, resp. t).

Since T, =Ty = 0, T(t) = %, and dT + 2R?*d© = \(dt + 2r?df), we get that

CL/?”Q
O,(r,0,t) =0 and Oy(r,0,t) = a0 (D) + 2r?0,(r, 0,1).
Moreover, from ©, = 0, we deduce that
@r,G = @r,t = 0.

So, differentiating Oy (r,0,t) = % + 2r20,(r, 0,t) with respect to r gives

20,(r.0.1) = %’r2¢(i2)(;2)4ﬂ(7‘2)

and we deduce )
a 7,4 ") ( 7,2 )

ag?(r?) -
From the fact that ©, 9 = 0, putting = r?, ¢ must verify the differential equation

£(59)-

@9(7“, H,t) = @9(7“) =
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whose solutions are the functions

x .
o(x) = ot D with C, D € R.

For such functions, we have Ogy(r,0,t) = %'D. So, for (R,0©,T) to be a homeomor-

phism, we must have D = £. Moreover, we want that ¢(b) =/, so C' = % ( — %)
Consequently
(2) b'x
90 :L. = b/ b/
(1—)z+ %

for all z € [0,5] (one may check that (1 — %)z + % > 0 if v € [0,b]). Moreover, it

is easy to see that

a/
p>L
a
Replacing ¢ by its value, we find
@9(’/", 9>t) =1
O,(r,0,t) = 0
1 a
0,t) = — —
Ou(r,6,7) % 2al
And so
1/1 d .
O(r,0,t) = 9+§ (g—%)t—Fan’chaeR

Vi'r
V=)

/

T(ro,t) = Lt
a

R(r,0,t) =

Which gives in usual coordinates

. !
/ i QL 1_afl/7 t /
beze2b\" ab a

,—1

VO -2y a2+

ﬁ(z7t) =
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The mappings fa are quasiconformal with distortion function

K((th)7ﬁv) - /

and maximal distortion

Moreover, they map the vertical axis homeomorphically to the vertical axis, so

according to what we said before the proposition, they satisfy
ME) = [ K(F'Rar
Ca,b

It still remains to show that they minimize the mean distortion in F for the density
po. For that, we will use Proposition 2.1.7 and so, we need to find a larger family
of legendrian curves I' O Ty for which py € adm(I) and M(f;(fo)) < M(f(T)) for
every f € F.

Let T be the set of all legendrian curves in C,j joining the discs CopN{t =0}
and Cop N {t = a}.

Lemma 2.2.4. Let I be the set of all legendrian curves joining the two boundary

discs of Cqp and take an element v of I. Then,

/%dZL
.

Moreover, we get equality if and only if v € fo.

Proof. 1f v € f, take a parametrization of v between 0 and a,

1 [ .
/m&::—/2meMﬂ®
v a Jo

_1/“

-

1 /e,
> 2 [ hateias
1.

55(72—+ikvlf)(8) ds

Equality happens if and only if |y;|? is constant. In that case, one may check that

—i@ . =
v(s) = (ze 2z2,§(s)). Meaning, v € T'y.



88 CHAPITRE 2

]

Moreover, by definition of F, for every f € F, f (f) is the family of all legendrian
curves in Cyy joining the two discs Coyy N {t = 0} and Cpy N {t = a'}. So, for
every f € F, fa(Ty) C f(I') and thus we have M(fa(Io)) < M(f(T)) for every
f € F. Applying Proposition 2.1.7 is enough to prove the following.

Proposition 2.2.5. Every composition by a rotation around the t-axis of the map

fO : C1a,b — Ca’,b’

(2,8) — (\er;b(lg;’;)t ,“—,t>

VO=g)lsrar e

s a minimizer of the mean distortion in F for the density po.

2.2.2 Uniqueness up to rotations of the map

Here, we are dealing with finding every minimizer of the mean distortion in F
for the density py. We will show that such minimizers must be constructed as we did

in the previous section. Thus, the section is dedicated to the proof of the following.

Theorem 2.2.6. Suppose that f € F minimizes the mean distortion in F for the
density po. Then, there is a € R such that f = ]7a

The proof is decomposed in two big steps. The first is a reformulation of the
beginning of [8] in the setting of cylinders. The idea is to show that a minimizer of
the mean distortion in F for the density po dilates curves in fo. The second step
is to prove that if f is a minimizer of the mean distortion considered, then II o f
does not depend on arg(z), so ITo f induces a quasiconformal map ¢ : R, — Ry
which will be in fact a minimizer of the mean distortion in G for the density py.

Let T, be the curve family
I = {6.(s) = (ze*iﬁ,s) 10 < |2] < VI

Notice that f € F minimizes the mean distortion in F for the density py if and only
if M(T}) fc £)?pLdL3. Indeed, since f, minimizes the mean distortion in

F for the den31ty po, any other minimizer f satisfies

| wComar = [ KL
Ca,b Ca,b
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Moreover, we have
MUalFo) = M(Fy) = [ KC oyt
ab

So, f € F satisfies [, K(.,f)?’pdl’= [, K (., fa)?PAdL3 if and only if M(T}) =
/. o K( f )2pedL3. Fix f a minimizer of the mean distortion in F for the density
po. We begin with proving the following.

Proposition 2.2.7. f(Iy) = I}, meaning that for every 0 < |z| < Vb there is a

homeomorphism from |0, a[ to |0,a’[ ¢, such that for every s €0, al,

Cz(s)
Foo) = (4 ).
Moreover f maps the vertical axis on the vertical axis.

Proof. The fact that f minimizes the mean distortion in F for the extremal density

po ensures that f,pp is an extremal density of the family f() But,

22|

al

Po(z:t) =

is also an extremal density of the family fg Then, by Lemma 2.1.3, since f,py and

~ .
pp are continuous,
fePo = po

Let 0 € f{), according to the previous lemma, we get,

1—/p0dz /fpodl /fpo ))161(s)ds.

Moreover, since f~1(J) € T, we have, using the fact that [Z(f~1)i| + [Z(f~1)1| =

1 _ 71 . .
TRz © f7" and inequality 2.3,

|Z f1]—
| < / Fodl
F=1(6)
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_ / " L (6(5))]1(s)ds
1

Using Lemma 2.2.4, it means that f~1(8) € Ty. So,

Cow\{z =0} C f(Cop\{z =0}).

Since f is a homeomorphism,
f(Ca’b N {Z = O}) C Ca’,b’ N {Z = 0}

Moreover, using that f € F, it implies f(0,0) = (0,0) and f(0,a) = (0,a’). So, f
maps the vertical axis to itself and f(I'y) = I') because Iy and I are foliations of
Cap\{z =0} and Cy y\{z = 0} respectively.

[l
Now we know that f (ze_iﬁ,s) = (z’e_igi’s%,éz(s)) we want to find the

functions (..

Proposition 2.2.8. For every 0 < |z| < Vb, there is 0 < |2'| < V' such that, for

every s €)0, a[, we have

_;_S i a's a/
f (ze Z2|z\2,s> = (z'e 2l s )
a

We say that f dilates curves in fo.

Before giving a proof, we need the following result: Proposition 2.12 in [8, p. 133].

If f is a map as in Theorem 2.5, then for every curve v € Iy,

(ol = (1ZAW| = ZAW) Il (2:5)

This property is called the minimal stretching property.

Proof. In order to prove this, we consider two vector fields on H\{z = 0}
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Then, W) = %1(s)Z ) and Wﬁ,(s) = 71(3)77(3) for every v € I'y. Thus,

WA + WA = ZAM) +TZH0)] = [(fro)].
So, using 2.5, we have
W)+ WA= (12 = ZHO)]) [l
Since [Zf1(7)| = [Z/1(v)| = 57 (WA = W fi(7)]), we get that
(W +Wh| = WA = [Wfil.
From this and the fact that f is a contact transform, we also deduce
(W(Ilo f) + W(Ilo f)] = [W( Lo )| — [W(ILo f)] = 2| il (W fi| = [Wfi]) -

Finally, by definition of W and W, we find

Wtto ) - [W(ie | = Llzp - 1za) (2.6)

||

Now, we know that

Po ~2lA| 1

fipoo f = Zf| = [Zfi] w26 a |W(llo f)| — [W(Ilo f)]

and, by continuity and Lemma 2.1.3,

_ 211l
fpno f=fhof ==

Thus,

a/

Wi ) - [W(iTe ) = £

Moreover, Proposition 2.2.7 leads to (ITo f o v,)(s) = (.(s) + i|z|? for every curve
~. € To. So, d¢.(s)=L(lo for.)(s). But,

Yo for)

ds = [Z(Mo f)(3:) 41 + Z([o £)(72)7..1

= [W(Ilo f)(v.) + W(ITo f)(.)|
= [W(Ilo f)(v.)] — [W(IIo f)(7.)]
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S]

2 |

Thus, ¢, (s) = Zs for every 0 < |z| < V. O

a

In particular, we proved that fo(z,t) = %/t. Now, we are in position to prove the
announced theorem. We need to show that fy+i|f|* does not depend on arg(z) and
that the induced quasiconformal map between R,; and R,y minimizes the mean

distortion in G for the density py.

Proof of Theorem 2.2.6. As in the proof of Proposition 2.2.3, it is more convenient to
write in cylindrical coordinates. In those coordinates, the curves ~, are the curves
S (r,H— = 5) for 0 < r < vb and # € R and write the map f as (R,0,T)

2r27

meaning that (fi, fo) = (Re™®,T)). Since f maps Ty to f’, then
0

%R(r,&—%,s) =0.

Thus,

Ry <r,9— 2%2,5> = 2r’R, (7’,9— 2%2,5> )

As it is true for every r, 6, we have
Ro(r,0,t) = 2r2R,(r, 0, 1) for every (r,6,t) €]0, Vb[xRx]0, al.
Differentiating with respect to r, we also find,
Ryo(r,0,t) = 4rRy(r,0,t) + 2r*R,.,(r, 0, 1)

for every (r,6,t) €]0, vVb[xRx]0, a[. Since (R, ©,T) is a contact map with T,.(r, 0, t) =
0, then
O,(r,0,t) = 0.

Moreover, there is a nowhere vanishing function A such that for every (r,60,t) €

10, VB[xRx]0, a[, we have

% F2RY(r,0,1)0,(r, 0. 1) = \(r,0,t) and 2R(r,0,£)O4(r, 0,t) = 2r2\(r, 0, 1).
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Leading to, for every (r,8,t) €]0, vVb[xRx]0, al,

CL/T2

9,2
Op(r,0,t) = 2r°0,(r,0,t) + TR 0)

(2.7)

Now, since O, = 0, differentiating the previous equation with respect to r, we get
for every (r,0,t) €]0, Vb[xRx]0, al,

a 2r 2r2R,(r,0,1)
—4 « _ .
’ T&“aw+a(mm&w W@aﬂ)

Then, for every (r,6,t) €]0,vVb[xRx]0, a]

a TRT(Tu ‘97 t) 1
2 =— B '
@t(raeat> a ( Rg(’f’,@,t) R2<T7‘97t))

Replacing in 2.7: for every (r,6,t) €]0,vVb[xRx]0, a|

a'r*R,(r,0,t)

@9(7", 6), t) = W

Differentiating the expression of ©, with respect to 6, replacing Ry(r,0,t) by
2r2Ry(r,0,t) and R, o(r,0,t) by 4rRy(r,0,t) + 2r*R, 4(r,0,t), we find that for every
(r,6,t) €]0,Vb[xRx]0, al,

@9,13(7“, ‘9, t) =

a

a'r? (4R(r,0,t) + rRy,(r,0,t) _ 3rR(r,0,0)Ry(r,0,1)
R3(r,0,t) R(r,0,t)

Differentiating the expression of ©y with respect to t, we have for every (r,0,t) €
10, VB[xRx]0, al,

@t,9<T7 0, t) =

ar? (1R, (r,0,t) _ 3rR(r,0,0)R(r,0,1)
R3(r,0,t) RY(r,0,t)

a

Since we assumed all our maps to be C?, by use of Schwarz theorem about commu-

tativity of partial derivatives, we conclude that for every (r,8,t) €]0, Vb[xRx]0, a

4Rt(7"0, t)
R 0,0)

Leading to
Ri(r,0,t) = Ry(r,0,t) =0,
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for every (r,6,t) €]0,vb[xRx]0,a[. Then, f must be constructed as a lift of a
quasiconformal map ¢ between rectangles. Now, it remains to show that ¢ is a
minimizer of the mean distortion in G for the density po.

First, notice that
MUEE) = [ KL and 7o =T
Ca,b

Moreover, if ['j) = H(f(fo)), then by Proposition 2.2.7, I'; is the family of straight
horizontal lines in the rectangle R, ,y which has as extremal density pf, = % and its
lifted family is by definition f{) which has as extremal density II*p,. We can then
apply Corollary 2.1.14 to state that

M(g(To)) = /R K(..g)p2dL2,

Finally, let I" be the set of all curves in R,; connecting the two vertical boundary
edges. Then, py € adm(I") and for every h € G, since g(I'g) C h(T"), M(g(Ty)) <
M(h(T)). So, by a result similar to Proposition 2.1.7 for quasiconformal maps in
the complex plane, g minimizes the mean distortion in G for the density po. Thus,
by Lemma 2.2.2 and Proposition 2.2.3, f is one of the fa

0

To sum up, in section 2.1 we proved

Theorem 2.2.9. The map

fO : Ca,b — Ca’,b’

(z,t) —> (W“ﬁ(l_zz’?)t “'t)

7 7 q
JO-)klrsr
minimizes the mean distortion in F for the density py and is the unique such mini-

mizer up to composition with a rotation around the vertical axis.

2.3 Generalized construction

2.3.1 Notations and the "pull-back density condition"

In this section, we want to determine conditions in order to generalize the con-

struction we made before to domains in H that are not conformally equivalent to
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cylinders but whose projections on the half plane are (interior of) quadrilaterals.
So, let us take two bounded domains of H, €2, ; and €2, with two biholomorphic
maps ¢ @ R,p — Qup and ¢ : Ry y — Qg that extend homeomorphically to

boundaries (boundaries taken in C).

Notation 2.3.1. — We denote Ty (resp. 1Y) the family of horizontal lines in
Rap (resp. Ry ), then T'y = ¢(Iy) and 'y, == ¢(I7).

— We denote again py = % (resp. ph = %) the extremal density of U'o (resp. T7).
Set, pp = ¢upo € adm(Ly) and py = Y.p € adm(I'y) for the push-forward
densities. Since ¢ and ) are holomorphic, py (resp. py) is extremal for T'y
(resp. T'y).

— Consider R,p and Ry as |0,a[x]0,b] and ]0,a’[x]0,V[ and still write ¢ :
10, a[x]0,b]— Qap and ¢ :)0,a’[x]0,b'[—> Qu p for the holomorphic maps.
Then, for every s € [0,a], 09 := ¢({s} x [0,b]) and for every s € [0,d'],
oY, = ({s} x [0,0]).

— We denote Gy the set of quasiconformal maps from €,y to Qo that extend
homeomorphically to boundaries and map 0 to 0K, and 082, to 0S2,,. Going
back to quadrilaterals, Gy, is the set of quasiconformal maps between the
quadrilaterals (m, 890,89(1) and (m, 896,0(@).

Recall from Lemma 2.2.2 that every minimizer of the mean distortion in G for

the density pg is of the form

/

folo +iy) = %l’ +ip(y)

for a function ¢ : [0,b] — [0,'] with ¢(0) = 0, ¢(b) = b and ¢ > %’ Now, since
the modulus of a curve family is a conformal invariant, every minimizer of the mean

distortion in Gy, for the density py, is one of the
g¢:¢of¢o¢_1,

In order to state the results of the section, we need to introduce more notations.
Notation 2.3.2.  — (., = U(SL x Quy) and Quy = V(ST x Qy). These
are the right domains to considers since, as in cylinders, we don’t want po-
tential pieces of the vertical azis to be on the topological boundaries.
— f¢ (resp. fd}) is the lifted family of Ty (resp. T'y).
— FExtending 11 to a function from H to HU {S(w) = 0}, we write for every
s €[0,a], 8, = II71(09,) and for every s € [0,d'], O, = TIL(DLY,).
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— The set of quasiconformal map from ﬁa,b to ﬁaW that extend homeomorphi-
cally to boundaries and map 99 to OQ) and 9Q, to A, is denoted Foup- It

is then clear that Fiqq s the set F from section 2.

Notice that it could happen that 99, lies inside (Nlaﬁb for s € {0,a} and not in
the topological boundary of QM.

Definition 2.3.3 (Pull-back density condition). We say that f¢ (resp. fw) satisfies
the pull-back density condition if IT*py (resp. II*p,) is extremal for f¢ (resp. fw)

In the whole section, we will assume that f¢, and fd, satisfy the pull-back density
condition. This is an important condition for both existence and uniqueness results
of this section. We will need to get a better understanding of it, but to begin with,
let us give an exemple of a holomorphic map ¢ for which II*p, isn’t extremal for the

family f¢.

Example 2.3.4. The example is quite simple. We know that in a rectangle Ry,
horizontal lines satisfy the above property. But vertical ones don’t. Indeed, let A be

the family of curves

0:(s) =z +1is, for0<zx <aand0 < s <b.

1
E.
Now, let A be the lifted family of A. One may verify that A is the family of curves

It 15 well known that the modulus of the family A is ¢ with extremal density o =

Sy (s) = (s2,t), for|z|=1,0<t<aand0<s< Vb.

With a calculus quite similar to the one done in the proof of Lemma 2.2.1, we find
the modulus of A to be

~ 167a
M(A) =
(4) 27b
with extremal density
5(,1) 2
o(z,t) = —F—
3b3|z|3

which is not the pull-back by 11 of 0. Now, we may send the rectangle Ry, to the
2
which 1s a holomorphic map sending horizontal lines to vertical ones.

rectangle Rqyp by the composition of a rotation of angle 7 and a translation by a

The following gives an interpretation of the pull-back density condition in our

setting (A’ refers to the complex derivative of any holomorphic function h).
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Proposition 2.3.5. If lﬂ s a function of the imaginary part only, then

ME) = [ (par

Qa,b

Conversely, if M(Ly) = fQ IT*py)*d L3, then % is a function of the imaginary

part only.

Proof. Let ;.4 € f¢. By definition,

Toa(s) = (VSO0 2)e 7, R (s, 7))

s R(pt(t,x)
0 2S(o(t,

derivative with respect to the first variable). Then, computing, we have for every

with 7(s,2) = dt for every s,z (here, the index t refers to the partial

’ ¢/ (s, )|
2./S(6(5,2))

where v, o1 is the first coordinate of the curve 7, ,. Thus, if p € adm(f¢), then, for

RN e
/0 el g ol s 2 1.

But, by substitution, we have the following

1 27 b a ,
/@ I = /0 /0 /0 P (1a(8)] (5, ) Pdsdzda. (2.8)

Moreover, using Holder inequality, we have for every z, a,

(/0 p(%c,a(S))%ds>4 < (/0 p4(%,a(s))|¢’(s,g;)|2ds>

/( /(s )éds
o \ 23000 2)

H/x,a,l (3)| =

every x we have

a,

So that

3

1 < /Oapﬁt(%,a(s))\qs'(s,x)|2ds /0 (%) ds| . (29
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Now, assume first that 1L s a function of only, then by assumption, there is a

3(¢)
real valued function h such that

M for every s, x.

h(z) =

|¢'(s, )]
Thus, using 2.9, we have for every x,
a 16h(x
[ o Cualnie s s > AL,
0

Using 2.8, it leads to,
~ 167 [°
M(Ty) > _;T/ h(z)dz.
0
Now, by definition,
" Z1
Po= T T
T alg(¢ o))

So, again by substitution,

2 167
T py)* dL? = )’ dsdxda = — h dz.
/ﬁa,b( / / / a4|¢’ S, T ’2 e a® Jo (z)dz

Thus,

ME) = [ arpgtart
a,b

Conversely, assume that M(T',) = Ja ( , IT*pg)*dL3. Then, using 2.8 and 2.9, we
find for every p € adm(F¢),

b
d
/~ ptdL? > 167T/ ’ 3
Qao o))t S)

(fo (S(¢(s.2))3

Now, let p € adm(f¢) be defined for every z, s, a by

ama- ([ ¢'(s, )3 ds)IM
p(%&,a( ) (/0 2(%((25(5,&:)))% (3((s,2)))

b
d
/~ prdL? = 167r/ -
Gap 0 (fa |¢f(s,a:>32ds>
3

o=

Then,
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Since, II*py is extremal, we have II*p, = p. This leads to

o)l 1 [ el
o

(S(6(s,2))F  ato (3(d(s,2)))5

16

' 30) does not depend on s. O

for every s,x. So

To end (for now, we will come back to it later at the end of chapter 3 when
CR quadratic differentials will be defined) the discussion on the pull-back density
condition, one can show that, by the previous proposition, it is equivalent to the
condition given on the foliation in Theorem 2.1.8.

In the following, we will answer (in this setting) the questions asked in the
introduction. First, we will give conditions on the function ¢ so that g, lifts to a
quasiconformal map between €,,\{z = 0} and Q4 ,\{z = 0}. To be more precise,
we will prove that g,, can be lifted to a quasiconformal map between ﬁayb\{z =0} and
ﬁa/,b/\{z = 0} if and only if ¢ satisfies an ordinary differential equation. Moreover,
we will see that when such a ¢ can be found and if lifts of g, can be extend to maps
in Fy4, then those lifts minimize the mean distortion in Fy , for the density I1*p,.
After that, we will explain that if we can find a minimizer of the mean distortion
functional by that process, then we actually found all of them. We will finish the

section and the chapter by giving two non-trivial examples.

2.3.2 Conditions for existence of a lift

As stated, we wish here to find conditions on ¢ so that g, can be lifted by II
into a quasiconformal map between ﬁ%b\{z =0} and ﬁa/,b/\{z = 0}. To do so, we
make a change of coordinates in H more adapted to the problem. New coordinates

are then given by the following two maps:
Ty o ]0,a[x]0,B[xR — Qup\{z = 0}
(s.2.0)  — (VSO0 R(o(s.2)))

U, 0 ]0,a'[%x]0,0'[xR
(s,z,0)

— Qu i\ {z = 0}
— (VS 2, R((s,2)))
So that

MoWy(s,z,0) = ¢(s,z) and [T o VUy(s,z,0) = (s, x)
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where it makes sense. Moreover, a map (5, X, ©) :]0, a[x]0, [ xR —]0, a'[x]0, b'[ xR
induces a well-defined map (g1, g2) : me\{z =0} — Qup\{z = 0} if and only if
S, X are 2m-periodic (in the third variable) and © is 27-periodic modulo 27 (also
in the third variable). Then, one may verify that a map (S, X, ©) defines a contact
map from ﬁmb\{z =0} to ﬁa/,b/\{z = 0} if and only if there is a nowhere vanishing

function A such that,

R(s(S, X))dS — S((S, X))dX + 23(1(S, X))dO =
A (R(6s)ds — S(¢y)dz + 23(¢)d6) . (2.10)

Here again, we denote the partial derivative with respect to s (resp. x , resp. 6) by

an index s (resp. xz, resp. 6). Finally, a map (5, X, ©) defines a lift of a g, if the

diagram
10, a[x]0, B[xR X0, a/[x]0, ¥ [xR
HO\I]d)j lHO\Ifw
Qa,b 9o Qa’,b’

1s commutative.

Lemma 2.3.6. Let (5, X,0) :]0,a[x]0,b[xR —]0,a'[x]0,b'[xR. The previous

diagram 1s commutative if and only if, we have

/

S(s,xz,0) =S(s) = s and X(s,z,0) = X(x) = ¢(x)

a

for every (s,z,0) €]0,a[x]0,b[xR. In other words, (s,x) — (S(s), X (x)) agrees
with fg.

Proof. The diagram is commutative if and only if,
(go0IloWy)(s,z,0) = (ILoWy)(S(s,z,0), X(s,x,0),0(s,x,0))

for every (s,x,0) €]0,a[x]0,b[xR. Leading to,

(5 X)(5,2.0) = (07 0.9, 00)(5.2) = fy(s,) = (L.l

for every (s, x,0) €]0,a[x]0, b[xR. O

To sum up, a map (5, X, 0) :]0,a[x]0,b[xR —]0, a’[x]0, [ xR induces a con-
tact lift of g, if and only if, (s,z) — (S(s), X (z)) agrees with f,, © is 2r-periodic
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modulo 27 in the third variable, and the functions S, X and © satisfy the contact
condition 2.10. Now, we are able to state conditions for the existence of a contact

lift, then quasiconformality of the lift comes from Lemma 2.1.15.

Proposition 2.3.7. Suppose that (S, X, ©) is a contact transform from |0, a[x]0, b[xR
to ]0,a’[x]0,b'[xR such that

goolloW, =1IloW,o (S, X,0).

Then, first, for every (s,z,0) €]0,a[x]0,b[xR,

!/

S(s,z,0) = %s and X (s,x,0) = o(x).

Moreover, v, 1 and ¢ satisfy for every (s, x,0) €]0,a[x]0, b[xR

/

P [ G 5) | W TCICEO)))

L 2.11
s (3 (0 (Ls0@))) o

Conversely, if those conditions are satisfied, then (S, X, 0) : (s, z,0) —> (%/s, o(x), 0+
h(s,z)) with

oy S (Ese@) o S(0u(s.2))

el = S (0 (@) T S(0(5.) (2.12)
ooy~ Reu(s2)  a R (Y (T3 0(2))

2hs(s,x) = S(o(s,2))  a (Y (Ls,p())) (2.13)

is a contact transform satisfying g, o llo Wy =110 W, 0 (S, X, 0).

Proof. The proof is similar to the one of Proposition 2.2.3, we take information from
the map (5, X, ©) to be contact in order to find the three partial derivatives of ©. Ac-
cording to the previous lemma, we know that S(s,z,0) = %s and X (s,z,0) = ¢(x)
for every (s, z,0) €]0,a[x]0,b[xR. Now, the contact condition gives the following
PDEs :

/

TRO(S,X)) +23(6(5.X)0, = AR(6) (2.14)
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(S5, X))0y = A3(0) (2.16)

for a nowhere vanishing function A. From 2.16, since &(¢) > 0, we find

S(¥ (S, X))
3(9)

Replacing in 2.14 and 2.15 and dividing by (¢(S, X)) > 0, we deduce

A= Op.

o R(1(5, X)) Ry
SWAS, X)), . ()
SW(S,X) Y20 T g (2.18)

Differentiating 2.17 with respect to x, 2.18 with respect to s and using Cauchy-

Riemann equations for ¢ and ¢, we find

_g¢(wm4&xn+(m%@ﬂw)j+a@w=ﬁ@Q%ﬂ

3 T\S06E50) 360
C([S(@ss) | (R(6))
(%@)*(%@))99@”)

¢ [SWes(S. X))  (SW(S, XN Lo S(8)
2 ( ( >)> s

= 3(g) O

3oss) _ (3()Y’
*(w@ (w@)>%<mm

Thus, replacing the value of 20, , from 2.19 in 2.20, and using |//|? = (R(hy))? +

(S(hs))? for any holomorphic function, we find

L WEXP Ry 1P S0
Ot BEIE T S0

" SEEX)P T 80)
Now, differentiating 2.17 and 2.18 both with respect to 6, we also have

_ R(5)
23(9)

(2.21)

(6

65,0 2%(¢) @0,6‘

@9,9 and 91,9 =
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So, replacing those in 2.21, we finally have

a .

0y = Loy ¥ (s 2@ (S50
© s D) (3 (0 (55 0@))

The term on the right side does not depend on . So
0=06p9 =0,9=0,4.

Thus, Oy is constant. So, for © to follow the periodicity condition, Oy must be
everywhere equal to 1. Which ends the first part of the proof.

For the second part, it is a simple verification that a map (S, X, ©) defined by
(s,2,0) — (%5, (), 0 + h(s,x)) with

(77Z)s (%Sa (p(I))) QO(Z‘) . %(gbs(sv x))
(¥ (%s,0(2))) S(¢(s,z)) "

_ R@u(s,2)) @ R (W (55 9()))
S(o(s, 7)) S (¢ (Zs, p(x)))

and ¢ satisfying 2.11 is a contact transform satisfying g,olloW, = IToW,0(S, X, O).

a’
a

2hs(s, )

Moreover, such a function h exists: using the fact that ¢ satisfies 2.11, one may verify
that

2<%WA%M@D. w@@@v:
ds 4

and so, the system of equations for h has a solution by Poincaré lemma. O

Finally, let us take a map (s, z,6) — (%3,90(;5),9 + h(s,x)) with ¢ satisfying
2.11, p(0) =0, p(b) =¥, ¢ > %’ and h satisfying 2.12 and 2.13. Then, it induces
a quasiconformal lift of g,, g : Qup\{z = 0} — Quy\{z = 0}. Assume moreover
that g can be extended continuously to a map in F,,. Then, Corollary 2.1.14

ensures that

ww&mzé K (., g)(IT*py) L.

Now, let I be the family of all legendrian curves in ﬁa,b connecting 9Q0 and 9Q,.
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Then, IT*p, € adm(I') (see Lemma 2.3.14). Moreover, by definition of F,,, for
every [ € Fyy, g(f¢) c f(I') so that

M(g(Ty)) < M(f(T))

for every f € F4,. Thus, using Proposition 2.1.7, g minimizes the mean distortion

in Fyu for the density II*py. To sum up, we proved:

Theorem 2.3.8. Let g, : Qp — Qo be a minimizer of the mean distortion in
Go.w for the density p, with ¢ satisfying 2.11. Then, there is a quasiconformal lift
of go, g : (~2a7b\{z =0} — (NZa@b/\{z = 0}. If g can be extended continuously to a
map in Fyy, then g minimizes the mean distortion in Fy for the density 11" pg.

To end this section, we give a general theorem for lifting quasiconformal mappings
from H. It produces a new way to lift quasiconformal mappings from the plane to
the Heisenberg group different from [9,16]. The formulation of the theorem (to

be precise the link between the formula r* (%?;)312 = 1 and the preservation of the

hyperbolic area form) is heavily inspired by a work in progress by Cano and Platis
(see [13]). In their work, the authors create a setting in which the lifting theorem
fits. The proof they give is therefore more conceptual than the one we give here (in
the appendix A) which relies on the same kind of computations than the proof of

Proposition 2.3.7.

Proposition 2.3.9. Let g : Q — Q' be a C? homeomorphism between simply
connected domains of H. Let Q = II71(Q) and @ = IT-1(Y).

— If g is a symplectomorphism with respect to the hyperbolic area form of H (i.e.

for every w € €, (é?;(fu(;"g))g = (g(;))z where Jac g is the Jacobian determinant

of g), then there is a contact map f : Q — Q' such that 1o f = goll.

Moreover, f is of the form:

(2,8) > (2(Jac glt + il=2) T R(g(t +i]2[2)) )

where h : ) — R is given by the following equations, for every w € €,

oh ) — 1 1 0R(g) w
8w( ) AF¥(w)  28(g(w)) Oow (w)

Oh o) = 1 1 0R(g) w
8w( ) 1¥(w)  28(g(w)) 0w (w)
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— Conversely, if g can be lifted by 11 into a contact map between Q and ﬁ’, then
g is a symplectomorphism with respect to the hyperbolic area form of H and
f has the form given previously.

— If f: Q —s O is contact map such that Ilo f = goll, then f is quasiconformal
if and only if g is quasiconformal. In this case, the distortion of f at a point

(z,t) € Q is equal to the distortion of g at the point t + i|z|* € Q.

Remark 2.3.10. Proposition 2.3.7 is a version of Proposition 2.3.9 in the case

g:gw:@boftpoﬁb_l'

In particular, using holomorphicity of ¢ and %, and Jac f, = %gb, condition 2.11 is

equivalent to

Jac (9,)(9(s, 7)) _ g’(p(x) 9" (fo (s, 2)) _ 1
(S(g0(d(s,2))))*  a ™" "¢/ (5, 2) P(S(W(fo(s,2))))* (S(d(s,2)))*

So that condition 2.11 is equivalent to g, being symplectic with respect to the

hyperbolic area form.

2.3.3 Uniqueness of the construction

In this section, we will prove that when there is a minimizer of the mean distortion
in G4, for the density p, that can be lifted into a quasiconformal map in Fy 4, then
every minimizer of the mean distortion in Fy, for the density II*p, is constructed
by that process. The section is dedicated to the proof of the following theorem,
which may be understood as a converse of Proposition 2.1.13 in the case of domains

2 and € being (interior of) quadrilaterals.

Theorem 2.3.11. Let f : ﬁmb — Qa/7b/ be a quasiconformal map in Fy, such that
fIl*py = II*py. Suppose that f¢ and f¢ satisfy the pull-back density condition.
Then, f is a lift of a minimizer of the mean distortion in Gy, for the density pg.
Namely, there is a quasiconformal map g € Gy, such that Il o f = goll and

GxPp = Pop-

Remark 2.3.12. 1t could be tempting to phrase the previous theorem using modulus

of a curve family as: if f¢> and ﬁp satisfy the pull-back density condition, then every
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quasiconformal map f € F,, such that
MUE) = [ KCPrp)ar
a,b

is a lift of a g,.
But this is not what Theorem 2.3.11 states. In fact, it concerns maps f € Fy
satisfying

M(T,) = / K (. f)2(0T py) AL,

Nevertheless, we can still phrase Theorem 2.3.11 using moduli of curve families.
Only, not with f(f(z,)

Let T be the family of all legendrian curves in me connecting 8()0 and 8(~2a.
Then, IT*py € adm(T') (see Lemma 2.3.14) and so it is extremal for . In the same
way, II*p,, € adm(I") is also extremal where I” is the family of all legendrian curves
in ﬁa@b/ connecting 8?26 and 86221,. Now, by definition of Fy , for every f € Fy .y,
F(T)=T". So,

FITp, =TUpy = MUE) = [ KC T p L

Thus, Theorem 2.3.11 is equivalent to the following theorem.

Theorem 2.3.13. Let I be the family of all legendrian curves in ﬁa,b connecting
8?20 and 8§a and I’ be the famaly of all legendrian curves in ﬁaljbl connecting @Q{)
and 3@;,. Assume thatT and T" satisfy the pull-back density condition. Let f € Fy

be a quasiconformal map satisfying
MUE) = [ KCpPT g ars.
a,b

Then, f is a lift of one of the g,.

The proof of Theorem 2.3.11 follows the same steps as the one of Theorem 2.2.6.
We first prove that a quasiconformal map f = (f1, f2) as in the previous theorem
dilates curves from f¢ to l:w then, f has the property: (fy + i|f1]*)(2,t) does not
depend on arg(z). Let us set a quasiconformal map f : SNla,b — ﬁa’,b’ with the
hypothesis of the theorem. The first objective is to show that a map f € Fy , such
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that f.II*p, = II*p,, must be defined by a map (S5, X, ©) that sends a curve

(s,z,a+ 7(s,x)) with 74(s,z) = —

on a curve

(Lecraen (Lor)) with o) — - 2s)

For that, we will follow essentially what we did in section 2.2. First, a curve (t) =
(s(t),z(t),0(t)) in ]0,a[x]0, b[xR (resp. in |0, a’[x]0, b [xR) is said to be legendrian
if Wy(3(t)) is legendrian in Qg (resp. Wy (3(t)) is legendrian in Qg ).

Lemma 2.3.14. Let I be the family of all legendrian curves
F(t) = (s(t), z(t),0(t)) such that s(0) =0 and s(a) = a’.

Then, for every v € f,

()

Moreover, equality is achieved if and only if ¥4 (7) € f¢.

Proof. Let 7 be a curve in I and v = W4(¥). Then, we have the following

o @)
/VH’”’O” = / Ao (o))
B HO’)/ )
- /|¢f o) "
_ 5/0 8(t) + i (1)]dt
> %/Oa\s(tﬂdt
1

We have equality here if and only if £ = 0. One may then verify that a curve

(s(t),zo,0(t)) is legendrian if and only if its image by W, is an element of f¢.
[

Now, we may prove the following the same way that we proved Proposition 2.2.7.



108 CHAPITRE 2

Proposition 2.3.15. In our setting we have
f(Ty) =Ty

Moreover, f maps (potential pieces of) the vertical axis to itself.

Thus, according to this proposition, we can restrict our attention to @a,b\{z =
0} and Qu4\{z = 0}, meaning that f induces a well defined map (S, X,0) :
10,a[x]0,b[ xR —]0, a’[x]0, b'[xR that sends a curve

Vwo) = (8,2, + 7(s,2)) with 7(s,2) = _%

on a curve

5 R(1s(s, x
5(38/’&,)(8) - (C(w’o‘)(s)’ l’/, o + U(C(I,a)(s>7 x/)) with 1.}(3, l’) = _M.

It remains to show that .
a

g(x,a) (S) = ES.

Proposition 2.3.16. The map (S, X, 0) sends a curve Y(z,q)(s) = (5,2, +7(s,2))

with 7 (s, x) = —;R%(‘?;Ezg% on a curve g(x/va/)(s) = (%/s,x’, o +u(Ls,a')) withv(s,x) =
_ R(s(s,2))
23((s:2)) *

We say that f dilates the curves from f¢ to fw

Proof. Again, the proof is very similar to the one of Proposition 2.2.8. We consider

the following two complex vector fields

B Gt 1) PP et ) I

U .=
2|2[? 2|z[?

Then, using the same method as in Proposition 2.2.8, one may check that

S 1 A R E )]

[U(ITo f)] = [U(TTo f)] ] (IZfil = 1Z 1)

Now, since

fibg o f = Py o f with pg =1II"ps = 1", pg and py = II"py, = "4, g
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we have

ot 20| __ A
e a([Uo f)] - [UMo f)])  a@l/(b~"oTlo f)|

Leading to ,
U(tLe )| = [T ) = Z|o/(¢" o Lo f)].

R(¢s(s,7))

~25((se)) 20

Now, let ;\y/(a;,a)(s) = (S7x7 a+ T(Sa LE)) with 7.-<S7'T> =
Y(ze)(8) = Y6 (V(z,a)(5)). Then we have,

ITofo 'V(a:,oz)(s) = w(C(x,a)(s)a QL’/).

Thus,

(00 F0) ()] = )]

But we also have

(T Forw) (9

= U0 f)(Yaa) ()] = [U(IT o f)(Yw.a)(s))]

- %W(w—l ollo foryam)(s)l

a/

= _W/(C(ac,a)(s)a ).

a

S0, Clz,0)(8) = %/s which ends the proof.
[

Finally, a rather long but elementary calculus (done in the appendix A) shows

the following.
Proposition 2.3.17. The map (5, X, 0) satisfies Xy = 0.

Remark 2.3.18. One notices from the proof that, for the previous to be true, having
a map satisfying the hypothesis of the theorem isn’t necessary. In fact, the property
of the map which is used is that it dilates curves from qu to fw. We shall come back
later in chapter 3 to this proposition where we will be able to express it in terms of

trajectorties of CR quadratic differentials.

Combining Propositions 2.3.16 and 2.3.17 together with Corollary 2.1.14 is enough
to prove Theorem 2.3.11. Before giving examples, we sum up the results obtained
in section 2.3. In the following theorem, we denote by T the family of all legendrian

curves in @a,b connecting 8@0 and 8§a.
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Theorem 2.3.19. If II*p, is extremal for ib and IT*py, is extremal for fw. Then,

we have the dichotomy:

1. If there is a minimizer g of the mean distortion in G, for the density pe
that can be lifted into a quasiconformal map f € Fyy. Then, f minimizes
the mean distortion in Fy, for the density 11" p,. Moreover, every minimizer
of the mean distortion in Fy for the density 11*py is a lift of a minimizer of
the mean distortion in Gy for the density pg.

2. If none of the minimizer of the mean distortion in G, for the density py can

be lifted into a quasiconformal map in Fy ., then, for every f € Fyy,
MUD) < [ KPP po L,
a,b

Proof. We only have one thing left to prove here: in the first case, every minimizer of
the mean distortion in Fy ,, for the density II*py is a lift of a minimizer of the mean
distortion in Gy, for the density p,. We will show that in that case, a minimizer
f must satisfy f.II*py, = II*py,. Then, the result will follow by Theorem 2.3.11.
Pick f € ;. a minimizer of the mean distortion and denote f, a minimizer of the
mean distortion coming from the hypothesis. Then, it is clear that fo(f¢) = lN“¢.

Moreover, Corollary 2.1.14 ensures that

M(fo(Fy)) = / K (., fo)2 (0T py)dL?.

So,
M(ﬁp):/~ K(.,f0)2(H*p¢)4dL3:/~ K(., /)?(IT*pg)*d L
Qa,b Qa,b

which means that f,II*py is extremal for f¢. Since II*p,, and f.II*p, are continuous,
they are equal by Lemma 2.1.3.
O

We wish now to give two examples of the construction. The first one is between
spherical annuli on the Heisenberg group and comes from [7], [8] where extremality
and uniqueness were proved. Here, it is constructed using the holomorphic map
z — e*. Applying Proposition 2.3.7 and Theorem 2.3.11, we are able to reconstruct
the map and prove its uniqueness. The second example uses the translation z ——

zZ 4+ 1.
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Example 2.3.20. Let us consider two half-annuli in H:
Ay={weH| 1< |w <d®} and Age :={w e H | 1 < |w| < a®*}
for k<1 and a > 1. Then,
A, = ¢(]0,21In(a)[x]0,7[) and Az = 1(]0, 2k In(a)[x]0, 7[)

where ¢(s,x) = P(s,x) = 5. Then,

is a function of x only. Moreover, we denote

A, =T (A) = {(=t) € H | 1< [I(.8)ln < a}

and

A =T A = {(z,0) € H | 1< ||(2,0)|n < a*}

the spherical annuli in H. The set Fyy is here the set of quasiconformal maps
fi Ay, — A that extend homeomorphically on {(z,t) e H | 1< |(z,t)||n < a},

sending {||(z,1) [l = 1} on {||(z, )|l = 1} and {||(2, )|l = a} on {[|(z, )]l = a*}.
Finally, the family of curves considered here is the family of radial curves

’Y(x,a)(s) - ( V e’ Sin xei(a—%s% es coS .I)

which has modulus 72 In(a)™ with extremal density

2|

NN

for A, and 72 In(a®)=% with extremal density

||

pu(z 1) = In(ak)/t? + |z|*

for Zak (see Figure 2).

According to Proposition 2.3.7, if a lift (S,X,0) of g, exists, it must verify the
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Figure 2.2 — Spherical annulus foliated by radial curves (foliation given by rotations

around the vertical axis of drawn curves and the two pieces of the vertical axis
itself).

following :
A sin?(z)
sin®(¢())
Thus, solving the ordinary differential equation, we find for every x,

=kt

o(x) = cot (k™ cot(z) + D) where D € R.

Moreover, ¢(x) > k for every x. For p(x) = cot™! (k7! cot(z) + D), this is equiva-
lent to

k+ 2D cot(z) + kD* < 1 for every .
Which is possible if and only if D = 0. So,

¢(z) = cot™" (k" cot(z))

for every x €]0, w[. In particular, notice that ¢ extends continuously in a homeomor-
phism from [0, 7] to [0, 7|. By Proposition 2.3.7 again, we know that we can find the

function © to make (S, X, 0) define a quasiconformal map between spherical annuli
(minus pieces of the vertical axis):

O(s,z,0) =0+ h(s,x)
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where h verifies
2hs(s,z) =0 and 2h,(s,z) = $(z) — 1.
Thus, we find

h(s,z) = W + 0y with 6y € R.

Using U, one is invited to check that in usual coordinates, it gives (up to composition

with a rotation around the t-azis) the map

f+ ANz=0} — Ay\{z =0}
—i|z|? % . k=1 i|z|2|F
(2,1) — (\/EZ (tt,ik'p"z) |+ il2]?] 2 ’tIiIiL|z|2|>

Then, f extends in a homeomorphism in Fy . This is the map studied in |7| called
the radial stretch map. By Theorem 2.5.8, f minimizes the mean distortion in Fy
for the density py. Finally, the first part of Theorem 2.5.19 ensures that, up to
composition with vertical rotations, [ is the only minimizer of the mean distortion
in Fyy for the density py.

The radial stretch map appeared in various contexts for instance in [40], |5].

Example 2.3.21. Let us consider a subset of a cylinder
Dip={(zt) eH|0<t<r, 1<|z°<R+1}.

We are interested in the same minimization problem as in section 2.2 but this time
a(b/+1)
' (b+1)
given by the subset of I'y of curves that lie in D,y.

between D and Dy with > 1. Meaning we consider the foliation of D,

Those cylinders are simply lifts up by I of rectangles ¢(R,p) and ¢(Rq ) for
¢(w) = w + 1. According to Proposition 2.3.9, a lift of one of the g, exists only if
O(Rap) and ¢(Ra ) have the same (finite) hyperbolic area. Moreover, equation 2.11

writes as

a . x+1)?
LPVRICES I
a’ " (p(x)+1)
whose solutions are functions defined for x by
a r+1
=—————— —1withC eR.
#(x) aCr+C+1 v <

From ¢(0) = 0, we deduce that
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Figure 2.3 — D, foliated by a subset of fo (foliation given by rotations around the
vertical axis of drawn curves).

So, for every x € [0,],
@)=2 T
A ey P

Then, assume that ¢(R,.p) and ¢(Ry ) have the same hyperbolic area, meaning
that,
ab  a't!
b+1 V41

Using % = Z/((bl,’ig, we have then

b B Vb+1) _
1—2)b+1 b +1)=bO+1)+0+1

/

o) = o7

So, g, can be lifted to a contact map between D,y and Dy . Moreover, for every
s€[0,al, z€[1,b+1],
a’ a’ x a’ a’

R Al Cy oy RS ) P

Replacing % by
x € [1,b],

Z,(E’;IB in the imaginary part of g,, we find for every s € [0,al,

a '+ 1)x _ad '+ 1)x

L (AT P2

b b a’(b+1) a’
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which is exactly the restriction to [1,b+ 1] of the function found in section 2.2 from
the rectangle [0,a] x [0,b+ 1] to the rectangle [0,a’] x [0,0" + 1]. So g, can be lifted
into a quasiconformal map between Dy, and Dy, and a lift is the restriction to D,y
of one of the fa : Capt1 — Cy pys1 from Proposition 2.2.3. Finally, Theorem 2.5.8
ensures that lifts of g, minimize the mean distortion in Fy 4 for the density I1*py.
So, Theorem 2.3.19 gives the dichotomy:
— If ¢(Rup) and ¢(Ry ) have the same hyperbolic area, then restrictions of
f(; : Copr1 — Cor g1 to Doy minimize the mean distortion in Fy, for the
density IT*py and they are the only such minimizers.
— If 9(Ruyp) and ¢(Ry ) dont have the same hyperbolic area, then for every
quasiconformal map f € Fy 4,

M(f(F)) < /D K (., [T py)dL?

where T is the family of legendrian curves in D,y connecting the two boundary

annuli.
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Chapter 3

CR quadratic differentials on
spherical CR manifolds

The construction of a Teichmiiller map in the case of Riemann surface is carried
out by holomorphic quadratic differentials. A similar notion in the case of spherical
CR geometry would be a nice way to get close to the study of extremal quasiconfor-
mal maps between spherical CR manifolds. Before getting further, we remind that

we restrict ourself to 3-dimensional (spherical) CR manifolds.

Recall that a holomorphic quadratic differential on a Riemann surface X is a
holomorphic section of the line bundle K$? where K is the canonical bundle (that
is, the bundle whose holomorphic sections are precisely the holomorphic forms on
X). The two first properties we shall insist on are: K% is a line bundle and we
consider holomorphic sections of it. Then, once we have a holomorphic quadratic
differential on X, we can define its trajectories which are particular curves on X.
The idea behind the notion of a CR quadratic differential on a spherical CR manifold
M is to get back these three properties. Namely, we want to consider a line bundle
over M, a natural operator on its sections and the zero set of this operator will give
CR quadratic differentials on M. Then, we will be able to define trajectories of a
CR quadratic differential.

Before getting to quadratic differentials, one shall already try to define analogues
of holomorphic forms on (spherical) CR manifolds. The tangential Cauchy-Riemann
complex on a CR manifold M is unpleasant for such a notion because of the asym-
metry noticed in the remark 1.2.13: AMYT*M is a (complex) rank 2 bundle. In order
to get more symmetries, we will consider Rumin complex introduced in [48] and the

decomposition of it on strictly pseudoconvex CR manifolds given in [22] (we call it

117
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the Garfield-Lee decomposition of Rumin complex). Those notions give naturally
an operator on sections of a line bundle over 3-dimensional strictly pseudoconvex
manifolds, from which we deduce a natural analogue of holomorphic forms on such

manifolds.

Mixing the Rumin complex with its Garfield-Lee decomposition, we first define
a differential complex on 3-dimensional strictly pseudoconvex CR manifolds with
a finite dimensional cohomology space (on compact manifolds) which gives a CR
invariant. We compute explicitly this cohomology space on strictly pseudoconvex
CR 3-manifolds endowed with a CR action of the circle. This complex is also different
from Rumin complex since it is not an acyclic resolution of the constant sheaf.

After that, we go back to spherical CR manifolds where we study more precisely
the Garfield-Lee decomposition of Rumin complex in this case. This study allows
us to naturally define CR quadratic differentials on spherical CR manifolds. The
notion of trajectories of a CR quadratic differential follows easily.

Of course, since the Garfield-Lee decomposition of Rumin complex on any strictly
pseudoconvex CR 3-manifold M gives rise to a line bundle A} over M, one can
define a notion of quadratic differential on M simply by taking section of AM0 @ ALO.
However, defining a natural Dolbeault type operator (that is defining the "CR" part
of "CR quadratic differential") in this setting seems to be more difficult (if even it
is possible) since A'? is not a CR line bundle (a CR bundle is a complex bundle
with CR transition maps). The difficulty in defining CR quadratic differentials on a
spherical CR manifolds is then to find a natural Dolbeault type operator on sections
of AM® @ A and the way we do it here seems to be specific to the spherical CR
geometry setting.

Finally, we work again with the examples given in chapter 2 of quasiconformal
maps between domains of the Heisenberg group. Namely, we express these examples
in terms of trajectories of CR quadratic differentials. A translation of Proposition
2.3.17 with trajectories of quadratic differentials (Theorem 3.4.6) and the lifting
theorem (Proposition 2.3.9) allow us to compute explicitly, in these examples, all
quasiconformal maps which dilate trajectories of several quadratic differentials. To
be more accurate, Theorem 3.4.6 and the lifting theorem ensure that, for two well-
chosen CR quadratic differentials on two also well-chosen domains of H, up to com-
position with a rotation around the vertical axis, there is

— no quasiconformal map which dilate horizontal trajectories of a couple of

given CR quadratic differentials or
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— a unique quasiconformal map which dilates horizontal trajectories of a couple
of given CR quadratic differentials or

— a l-parameter family of quasiconformal maps which dilate horizontal trajec-
tories of a couple of given CR quadratic differentials

and we provide examples for these 3 situations.

The chapter is organized as follows. Rumin complex and its Garfield-Lee de-
composition are defined in section 3.1. Section 3.2 is devoted to the introduction of
another differential complex, heavily inspired by Rumin complex and its Garfield-
Lee decomposition. Contrary to the 9, cohomology, the complex has a finite di-
mensional cohomology space (if the manifold is compact) and is a CR invariant.
It is also different from Rumin complex since it is not an acyclic resolution of the
constant sheaf. In section 3.3, we study the Garfield-Lee decomposition of Rumin
complex on spherical CR manifolds. This study allows us to define CR quadratic
differentials. Section 3.4 is an interpretation of the results obtained in [7,8] and in
chapter 2 in terms of trajectories of CR quadratic differentials. In particular, we
find explicitly all quasiconformal maps between cylinders or spherical annuli which

dilate horizontal trajectories of a couple of given CR quadratic differentials.

3.1 Rumin complex and its Garfield-Lee decompo-
sition
3.1.1 Rumin complex on contact manifolds

Let M be an orientable 3-manifold with a contact structure P, that is, P C T'M
is a rank 2 distribution defined locally as the kernel of a 1-form w such that w A dw
is nowhere zero; and so, (dw);p is nondegenerate. On such manifolds, Rumin [48]
defined a differential complex as follows.

Let Q°*(M) be the algebra of differential forms on M. If U is a (sufficiently small)
open subset of M, let wy be a 1-form on U with kernel P. Then, two such forms
differ only by multiplication with a nowhere vanishing real valued function so that
the differential ideal generated by all these wy, denoted I°, is well defined. To be
precise, for every k, with the convention that Q* = {0} if k < 0,
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I* = {7 € Qk(]\/[) | Vwy with P = kerwy, v = wy A a+dwy A S
with a € Q*1(U), B € Q" 2(U)}.

Consider also F'* the annihilator of I°®. That is, for every k,

F* = {a € Q"(M) | Vwy with P = kerwy, a Awy = a A dwy = 0}.

(M)

Moreover, let EF := 1k, then it is easy to see that

1
E°=c>(M), B' =Y M) B = {0} itk > 2,

F?={ac QP(M) | wy Aa=0,Yuy with P =kerwy}, F? =Q*(M) and
F*={0}ifk < 1.

We have then two natural differential operators
dp =prg, od: E° — E' and dp = djp2 : F? — F?

where prg, is the canonical projection from Q'(M) to E'. In order to get a dif-
ferential complex, one needs to define an operator D : E! — F? such that
dpoD : E' — F3and Dodp : E° — F? vanish. Rumin in [48] defines
D : E' — F? in the following way.

Lemma 3.1.1. If a € E*, there is a unique representative v € QY (M) of a such
that dy € F2, then we set,
Da = dy.

Proof. 1t B € Q! represents a, locally, there is a unique function fiy € C*(U) such
that

Wy A d(ﬁ + fUWU) = 0

Indeed, if fy € C>(U), then
wy N d(ﬁ + waU) =wy N\ (dﬁ +dfy ANwy + fwaU) =wy N (dﬂ + fwaU).

Thus,
wy N d(ﬁ + fU(UU) =0 <— (dﬁ + fwaU>|P =0.
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Since (dwy)jp is nondegenerate, there is a unique such function.

Therefore, there is a unique ay € QY(U) representing o on U and such that
day € F*(U). Uniqueness ensures that these ap define a global 1-form o € Q' (M)
representing « and such that da € F?(M). O

D being defined, we just have to verify that dp o D and D o dp vanish.
If a € B, let v € Q! be the unique representative of o such that dy € F2. Then,

(dpoD)a=(dod)y=0.

If f € C°°(M), by definition of dp, d f is a representative of dp f and d(df) = 0 € FZ.
By definition of D,
(Dodp)f = d(df) = 0.

Definition 3.1.2. Rumin’s complex is the differential complex
0—R— £ & prt By p2 B p3
We write HE(M) the cohomology spaces corresponding to this complex.

It is proved in [48]| that this complex is locally exact and so it is an acyclic
resolution of the constant sheaf. Its cohomology spaces are then isomorphic to
the corresponding ones in de Rham cohomology. In the following, we will denote
H3,(M) the de Rham cohomology.

Remark 3.1.3. The spaces E¥ and F* can be interpreted as spaces of sections of
vector bundles. Let A be the subbundle of T*M of forms vanishing on the contact
distribution P. Then, E' is the space of sections of the bundle

AN =T"M/ ~p
Let A? be the subbundle of A2T*M of forms vanishing on P?, then F? is the space

of sections of AZ2.

3.1.2 Garfield-Lee decomposition of Rumin complex on strictly

pseudoconvex CR manifolds

In [22], the authors give a decomposition of the Rumin complex on a strictly

pseudoconvex CR manifold.
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Let (M, V) be a 3-dimensional strictly pseudoconvex CR manifold. Then, CP =
C®P =V @V is a (complex) contact structure on M and we can consider Ru-
min complex on M. In order to decompose the Rumin complex, a first step is to
decompose the spaces CEF = C ® E¥ and CF¥ = C ® F*. Let p, ¢ be non-negative

integers, then define
EP = {a € CEPT | 3y € COPM st prep(7) = a and 447 is of type (p,q)}

and
FP4 = {y € CFPt1 | (LXV)\V@V is of type (p—1,q) VX ¢ V @V}

with the standard convention that a (p, ¢)-form with p < 0 or ¢ < 0 is 0. The only

non-trivial spaces are
E% = C>(M,C), E*, E™ F?° FY%'and F*!' = Q3(M,C).

It is also clear that CE* = &, - EP? and CF* = &, ,—xFP? and, for p+q # 1, dp
induces (to simplify the notations, we still write dp and D for dp ® id¢ and D ® id¢

on complex forms)
dp : BP9 — EPTH g EPOTY and dp : FP? —s FPTLO g pRatt

which allows us to decompose dp in two operators d’ : RP? — RPTL4 and d” :
RP1 — RPHL where RP? = EP9 if p+ ¢ < 1 and FP4 if not.
When p + ¢ = 1, things are not as easy. In general,

. 1P, +1, q+1 +2,g—1
D : EPY —y Frla g pratl g pri2a-1
which gives a decomposition in three operators
D’ . EPa ; Fp+1,q’ D" - Epa s FPatl gnd DT - EPA y FPt2a-1

To be precise,
D:EY — F* g F!

so that DT vanishes on E'? and

D:E" — Fbl g P20
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which means that D” vanishes on E%!'. Relations dp oD = D odp = 0 and the

decomposition according to the bidegree give the following:
d//D// — D//d// — 0

d/D// + d//D/ — D/d// + Dlld/ — O
d'D* = D*Hd =0,
dD'+d"'D" =D'd’ +D*d" =0
Remark 3.1.4. We don’t obtain a double complex since d’'D’ and D’d’ don’t vanish.

Definition 3.1.5. The Garfield-Lee decomposition of Rumin complex are the com-

plexes given by the operators d” and D”. That is, the three complexes
0 — CR (M) — E* & po1 D7

0 — ker (D” - pL0 Flvl) _ v g0 L” Fll d_”> 0
0 — ker (d” R0 F2»1) 20 Y21 g
Their cohomology spaces are denoted Ho? ; (M).

It is clear that the H%?, are CR invariants of the manifold. Moreover, Theorem
1 in [22] states that the H{?, are isomorphic to their corresponding spaces in the

0Op-complex.

Remark 3.1.6. As for Rumin complex, we can see spaces EP? and FP? as spaces of
sections of complex line bundles. Let B (resp. B®') be the subbundle of CT*M
of forms vanishing on V' (resp. the subbundle of CT*M of forms vanishing on V).

Then, £ is the space of sections of

Let Ab! (resp. A%?) be the subbundle of A? of forms with vanishing interior product
with every vector in V' (resp. the subbundle of A? of forms with vanishing interior

product with every vector in V). Then F'! is the space of sections of Al and F*°
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is the space of sections of A%C.

Local description

We provide now a local description for forms and for the operators dp,d’, d”, D,
D’ and D” (refer to [4] for details).
Let Z be a nowhere vanishing vector field of V' in an open set U C M. We can
assume that L,(Z,7Z) = 1 where L, is the Levi form defined for all Vi, V, € V' by
L,(V1,V3) = idw (VI,VQ). Let R be the Reeb vector field of w, that is, the only
vector field such that
trdw = 0 and w(R) = 1.

Then, (Z,Z,R) is a frame of CT'M in U and we denote (¢, {,w) its dual coframe.
By definition of R and Z, we have

dw=iCAC.

Locally, we can write a form « according to its bidegree in the following way

(0,0): = f,
(1,0) s a = [f(la,
0,1): a = [f{.
(1,1):a=f(Aw

(2,0):a=f(Aw
(2,1):a=fCAlAw
where f € C*(U,C). Let

a=1i¢([Z,Z]), b= (([Z, R]) and ¢ = (([Z, ]).

Classical differential calculus on manifolds give

d¢=ial NC—bCAw—cC Awand dC = ial A —C Aw — bC A w.
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Thus, if f € C*(U,C), we have
dp(f¢Aw) = (iaf = Zf)CACAw,

dp(f¢ Aw) = (iaf + Zf)( ANCAw and
dpf = [Zf¢+ Z [

For E0 let f¢ + hw with f,h € C>(U,C) be any representative of [f(],,. Then we

have
A(fC+ hw) = (ih +iaf — Zf)CAC+ (Zh — Rf —bf)C Aw + (Zh — cf )¢ Aw

and so,
Ad(f¢+ hw) € CF? <= h=—af —iZf.

Therefore, we find
DIfCle = —(Z(af) +iZZf + Rf + bf) Aw — (Z(af) +iZ f + cf)C Aw.
We can show the same way that, for f € C*(U,C), we have
D(f¢l = (i2°f = Z(af) —ef)( Aw+ (i1ZZf — Z(af) —bf — Rf)C Aw.

Operators d’,d”, D’,D” and DT, are then

d/f = [(Zf)dwv d”f = [(Ef)awa

D'[fle=—(Z(af) +iZZf + Rf +bf)( Aw,
D'[fCls = = (Z(af) +iZ°f + ¢f ) S Aw,
D'[f. = (iZ2f - Z(@f) - bf — Rf) ( Aw,
DF[fCl. = (i12°f = Z(af) —¢f) C Aw,
d"(f¢Aw) = (iaf = Zf) (ACAwand d'(fCAw) = (iaf + Zf)(ACAwW

and the others vanish.
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3.1.3 An example : Heisenberg manifolds

In this section, we compute explicitly the Garfield-Lee cohomology space Hé’g L
of the Heisenberg manifold.

If L is a (cocompact) lattice on H, then H/ 7, has a natural CR structure induced
by V' = span(Z) where

Moreover,
1
Q= 3 (dt —1zdz + 12dZ)

is an invariant contact form on H and kerQ = V @ V. Q and V define a strictly
pseudoconvex structure on 7_[/ 7, so that Rumin complex and its Garfield-Lee decom-
position are defined on it. The Reeb vector field for €2 is R = 2% and we can verify
that Lq(Z, Z) = 1. Moreover, the dual coframe of (Z, Z, R) is (dz,dz,)) and easy
computations show

i[Z,Z) =R, [Z,R]=[Z,R] =0

implying that the functions a,b and ¢ from the previous section vanish. Conse-

quently, for f € C*°(U,C), where U is an open subset of H, we have
D'[fdz]g = (Rf +iZZf) QA dz, D'[fdz)g =iZ fQAdz,

D'[fdzlg = (Rf —iZZf) QA dz and DT[fdz]q = —iZ>fQ A dz.

Thus, a form o € kerD” := ker (D" L E10 (’H/L> L (H/L» lifts to a L-
invariant function f € C*°(H) such that 7 f = 0. Moreover Hé:g L (H/ L> = ker D".

To sum up, Hé;’g L <H/ L) is isomorphic to the space
KY*(H) := {f € C*°(H), L — invariant | 72f =0}.

Let us fix for the example, L =< (1,0), (,0) >.
Proposition 3.1.7. Hé’EL (H/L> 15 infinite dimensional.

Proof. Up to a change of coordinates corresponding to see H as the group of upper

triangular matrices of the form

o O =
S =
_ 0 o
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with the multiplication law, we can see H as R3 with the group law

(p.q.9) ¢, s)=(p+v,9+d,s+5 +pq)

and L =73 Let M = "/ 7, we have a well known description of L*(M) (see [20]):

every L-invariant function on H is of the form

g(l% Q) + Z g2imns Z Z fn(p +k+ a)€2i7rn(k+a)q

nez* a€Ay, kEZ
where f,, € L*(R) and g is a P(L)-invariant function (P : (p,q,s) — q+ip). Then,
let F' € KL(H), we have

P09 = i) + 30 7 3 S o kot e

neL* ac€An k€

with ¢ € C*(C,C), P(L)-invariant and f,, € C*°(R) and notice that, in (p, ¢, s)

coordinates, we have

1 /0 0 0 — 1[0 0 0 10
2= (2 24,2, 22 (2422 r--2
2 (8q Z@p—i_p@s)’ 2 (8q+28p+p83) and 4 0s

So, Z'F = 0 if and only if

92
o2? =0
where 8% = % (8% + i%) and for every n € Z* and every x € R,
1 (x) + drna f) (x) + 27n(1 + 2mna?®) f.(z) = 0.
In particular, (z — 1,2 — e*”2, T > 6*2”2, -+ +) defines an infinite linearly inde-
pendant family of K (H). O

We will come back later to ker (D” : E'Y — F'M) which seems natural as an
analogue of holomorphic forms. But the fact that the space is infinite dimensional

motivates the introduction of another differential complex.
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3.2 Another differential complex, definitions and com-

putations

3.2.1 Definition of the complex

Let us introduce a new differential complex on strictly pseudoconvex 3-dimensional
CR manifolds heavily inspired by Rumin complex and its Garfield-Lee decomposi-
tion. Let (M,V') be a compact strictly pseudoconvex 3-dimensional CR manifold.
We consider again spaces EP?, FP? and operators dp,d’,d”,D,D’, D” and D*. The

complex is:
0— C— CR(M) & g0 By p2 deops .

where CR(M) is the space of CR functions on M. In the case of compact Riemann
surfaces, the space of holomorphic forms is the space of d-closed (1, 0)-forms. Since
there are no nonconstant holomorphic functions on compact Riemann surfaces, there
are no d-exact (1,0)-forms except 0. Meaning that, the space of holomorphic forms

on a compact Riemann surface identifies with the space

{closed (1, 0)'f0rm}/{exact (1,0)-form}-

Thus, we will be interested in the space:

1,0 _ ker (Do : EYY — F?
() = ot (Oie Y ( CR(M) — B’

dPlCR(M) :
Since the space H'?(M) takes into account only (1,0)-forms, we can notice that

1,0 _ EYYNker(D: E' — F?
H> (M) = ( )/E1,0 N Im (dp : C(M) — B (3.1)

Remark 3.2.1. Local exactness of the complex seems to be a tricky question. The

local exactness for the part
dp 1,0 D 2
CR(M) — E*»’ — F

follows from local exactness of Rumin complex. Indeed, let v € E*° be a D-closed
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form. Then, using local exactness of Rumin complex, locally,

v=dpf

for a C*° function f. But, since v € B0, d”f = 0, meaning that f is actually a CR
function. Thus, locally, there is a CR function f such that

v=dpf.

For the part
Ry N )

this is just local exactness of Rumin complex.

A difficulty arises for the part
EW 2, p? 07 p,

Here, local exactness of Rumin complex says that, for every dp-closed form v € F2,

there is, locally, a form o € E*' such that
v = dpa.

But «a has no reason to be a (1,0)-form.
For the Heisenberg group, the question of local exactness is linked with solving linear

PDEs involving Lewy’s operator

Let U be an open subset of H,
1 _
v = ?(fdz/\w—l—gdz/\w)
i

a 2-form in F?, where w = dt —izdz +i2dz and f,g € C*™ (the % is here to remove
constants later), and
a = [udz], € EM.

Then, we saw (in a slightly different way) that

1 — —
Da = — ((ZZu —2iTu)dz Aw + 7 udz A w)

27
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: __ 0

local exactness of the part

7 is dp-closed if and only if Zf = Zg. To sum up, the question of

D d
El,O F2 P F3

reformulates as: let f, g be O™ functions satisfying Zf = Zg. Does the system

ZZu —2iTu = f

72u:g

have a C'*° solution?

Local exactness of the part

says that the equation

has (locally) a CR solution if and only if
Z7f—2Tf=27"f=0.
However, there is something sure:
0—C-—CR—EY —F 5 F 0

is not an acyclic resolution of the constant sheaf since, as we will see in Proposition

3.2.7, there is a strictly pseudoconvex CR manifold M such that
dimg (H"(M)) # dimc¢ (Hjz(M,C)).

The advantage of the space H(M) is that it is finite dimensional.

Proposition 3.2.2. Let (M, V) be a strictly pseudoconvex 3-dimensional CR man-
ifold, then
dime (H"°(M)) < dime(Hjp(M,C)).

Proof. The restriction to ker(D : E' — F?) N E' of the canonical projection
from ker(D : E' — F?) to Hi(M,C) has kernel Im(dp) N E'? so that it induces
an injective morphism from H'® to Hy(M,C). Since Hy(M,C) is isomorphic to
H}o(M,C) we get the result.
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]

It is easy to see that Rumin’s operators dp and D are natural (that is, for every
contact transform f : (M,Py) — (N,Py), f*oD =Do f* and f*odp = dpo f*).
Moreover, a CR diffeomorphism preserves the bidegree. Therefore, H'¥ is a CR

mvariant :

Proposition 3.2.3. Let (M, V) and (N, W) be strictly pseudoconvez 3-dimensional
CR manifolds and f : M — N be a CR diffeomorphism. Then f* induces an
isomorphism from H*(N) on H"*(M).

3.2.2 Circle bundles over surfaces

An important class of 3-dimensional manifolds is formed by circle bundles over
surfaces. Let (M, V) be a strictly pseudoconvex 3-dimensional CR compact manifold
endowed with a free action of U(1). The quotient ¥ = M/U (1) is a compact surface
of genus g and we denote II : M — ¥ the projection. Since II is a submersion,
it induces an injective morphism II* : Hj,(X,C) — Hj,(M,C) and, since prg, :
Q°*(M) — E" induces an isomorphism from H},(M) to HL(M), IT" = prg, o II*
Q' (X) — E' also induces an injective morphism ¢ : Hjp(X) — Hp(M).

Lemma 3.2.4. Let N be a circle bundle over a compact surface S of genus g and
let e be the Euler class of the bundle. Then

dim(H}p(N)) = 29, if ¢ £ 0
dim(Hjp(N)) =2g9+1, ife=0

Proof. Gysin long exact sequence reads here as:
0 = Hip(S) = Hip(N) = Hip(S) = Hip(S) = Hip(N) = Hgg(S) = 0

where e, is the exterior product by e. If e # 0, then e, is an isomorphism. So, we

have the following exact sequence:
0 — Hjp(S) — Hip(N) — HI5(S) — H3z(S) — 0.
If e = 0, then we have:

0 — Hjn(S) — Hip(N) — HJx(S) — 0.
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Since we know H%.(S), the result follows easily.
[

This lemma has as important consequence that IT* : Hj,(3,C) — Hjp(M,C)
is in fact an isomorphism as well as ¢ : H}5(X) — HL(M) when the circle bundle
has non-vanishing Euler class. Moreover, we saw that we can see H"*(M) as a
subset of HL(M,C). Consequently, in the case of a circle bundle with non vanishing
Euler class, H"%(M) is isomorphic to a subspace of Hn(3, C).

We now compute explicitly H? for compact CR circle bundles. Let R be the

global vector field induced by the U(1)-action on the CR manifold (M, V). We say
that the U(1)-action is transversal if for each x € M

CT,M =CR,®V,®V,

and the action is said CR if
[R,T(V)] CT(V)

where I'(V') refers to the space of sections of V. A CR circle bundle is a strictly
pseudoconvex CR manifold endowed with a free, transversal, CR action of U(1).
Let (M, V') be a CR circle bundle, R the vector field induced by the U(1) action and
denote w its dual form (that is, w(R) = 1 and w4y = 0). Then, w is a (global)
contact form on M and R is its associated Reeb vector field. For the computation
of HYO(M) we have to recall a few facts about pseudohermitian manifolds.

A pseudohermitian structure on a manifold NV is a pair (w, J) where w is a contact
form on M and (P = ker(w), J) is a CR structure on N. From the discussion above,
a CR circle bundle admits a natural pseudohermitian structure. One can define a
natural connection on a pseudohermitian manifold: the Tanaka-Webser connection
(see [50,57]).

Definition /Proposition 3.2.5. Let (N,w, J) be a pseudohermitian manifold. Then,
there is a unique connection V : I'(TM) — T'(T*M ® TM) such that

1. for each X € I'(TM), Vx (I'(P)) C I'(P),

2. VR=0,VJ =0, Vdw =0,

3. ats torsion T satisfies

VX,Y e T(P), T(X,Y) = dw(X,Y)R and
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VX e (TM), T(R,JX)+ JT(R,X) = 0.
T(R,.) is called the pseudohermitian torsion of the manifold.

Webster [57, p. 33| proved that the pseudohermitian torsion vanishes if and
only if the Reeb vector field induces a 1-parameter family of CR automorphisms.
In particular, a CR circle bundle has a vanishing pseudohermitian torsion. The

Webster metric g on a pseudohermitian manifold is defined by
9(X,Y) = dw(X, JY), g(X,R) = g(R,X) =0, g(R, R) = 1

for every X,Y € I'(P). This metric canonically extends to differential forms. Once
a metric is given, we can identify E' with the orthogonal of I' and then, define the
adjoint operators of D and dp denoted D* and dp respectively. Following Rumin
[48, p. 290], define the laplacian

Ap = D*D + (dpdp)® on E.

Then, Rumin proved a Hodge decomposition. If (N,w, J) is a compact pseudoher-

mitian manifold, then we have an orthogonal decomposition
E' =ker Ap & Im Ap.
Moreover,
ker D =ker Ap & Im dp. (3.2)

He also showed (see e.g. [48, p. 312]) that Ap preserves the bidegree when the

manifold has vanishing pseudohermitian torsion which leads to:

Proposition 3.2.6. Let M be a compact CR circle bundle. Then H'Y is isomorphic
to B9 Nker Ap.

Proof. Let ¥ : E* — ker Ap be the orthogonal projection. First, we show that
U (EM0) ¢ EYY. Take a = B+ Apy € EYY with Apf3 = 0 and decompose 3 =
B0 4 BOL = A0 4 401 with gPa AP4 € EP4. Then, since o € B, Apf3 = 0 and

Ap preserves the bidegree,

50,1 — —AP’}/O’I and APBO,I = 0.
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Therefore, 5% € ker Ap NIm Ap = {0}.
Now, consider W|gioner p- Then, using the decomposition 3.2, its kernel is

exactly E*NIm dp. Thus ¥ gioqke p induces an injective linear map
U HY — EYNker Ap.

The surjectivity of ¥ follows from ker Ap C ker D. m

The fact that Ap preserves the bidegree also induces a decomposition of Hj,
for compact pseudohermitian manifolds with vanishing pseudohermitian torsion.
Namely, if (NV,w, J) is a compact pseudohermitian manifold with vanishing pseudo-

hermitian torsion, then
Hip(N) ~ker Ap = B Nker Ap @ E%' Nker Ap.

In particular, H5(N) has even dimension. If M is a compact CR circle bundle, using

Lemma 3.2.4, we get then,
dim (H{(M)) = dim (Hyp(M)) = 2g
where ¢ is the genus of M/U(l)' In conclusion, we have:

Proposition 3.2.7. Let M be a compact CR circle bundle. Then
dim (H"*(M)) = g.

Even more explicitly, > = M/U(l) inherits of a Riemann surface structure for
which the projection II : M — ¥ is a CR map and II* induces a natural iso-
morphism from K (X) to H"? where K(X) is the space of holomorphic forms on
3.

3.3 CR quadratic differentials on spherical CR man-
ifolds

3.3.1 Differential forms on spherical CR manifolds

Seeing spherical CR manifolds as manifolds endowed with a spherical CR atlas

will allow us to define (1,0) and (0, 1) forms with cocycle relations.
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We denote T = % on H and w = dt —1zdz + izdz. We saw that

i[2,7) = 2T

and other commutators vanish. Moreover, if U is an open subset of H, a function
f:U+— Cis CRif and only if Zf = 0. Let g : U —> H be a map. We denote

g = (g1,92) with gy : U — C and g, : U — R. g is CR if and only if ¢; and

gr1 = go +i|g1]* are CR functions. Then, we can verify the following formulas for a

CR diffeomorphism g = (g1, g2) of H:
Zg2 = —ig1Zg1, Zgo = ig,Zg1 and

Zag1|* = Tgs — ig,Tg1 +ig: T g1

Moreover, if f € C*(H,C) and g = (g1, 92) is a CR diffeomorphism, then
Z(fog)=2f(9)Zg, Z(|Zq:|) = —2iT g1 Zg, and

T(fog)=Zf(9)Tg + Zf(9)Tgi +Tf(9)|Zaq|*

Let (M, V) be a spherical CR manifold, (U, ¢) a chart of M and denote U’ = ¢(U).
Then, since ¢ is a CR function, a form « in U is of type (1,0) if and only if p.« is
a (1,0) form on U’. That is, if and only if there is a function f € C°°(U’) such that

a = p*[fdz],.

Let (V, ) be another chart of M with UNV # () and V' = ¢)(V'). Then, 8 € E(V)
if and only if there is a function h € C*°(V’) such that

B = ¢*[hdz],.
Therefore, « = f on U NV if and only if
[fdzl, = (Yo 1) [hdz]..

Denote g = v o o~ ! the transition map (which is a CR diffeomorphism between
domains of #), then
g*[hdz], = [(ho g)Zg1dz]..
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So, « = on UNV if and only if
f=(hog)Zgy on p(UNV).

The same thing can be done for (0, 1)-forms. So, we can define:

Definition 3.3.1. A (1,0)-form on a spherical CR manifold M is a collection of
functions f; : Ul — C, where (U;,¢; : Uy — U}); is a spherical CR atlas of M,
such that

(fj095:) Zgj; = fi on 0;(U; NU;), where g;; = (95,,95:) = ¢j0¢; -

A (0, 1)-form on a spherical CR manifold M is a collection of functions f; : U/ — C,
where (U, @; : U; — U]); is a spherical CR atlas of M, such that

(fi©9i) Zg;; = fi on (Ui NU;), where g;; = p; 0 ;.
Moreover, we saw that the operators D’ and D” on (1,0)-forms on H are:
/ 1 2 . " l—2,
D'[fdz], = % (ZZf — 20T f) dz Aw and D"[fdz], = ?Z fdzAw
i i
and D" and DT on (0, 1)-forms on H are:

D'[fdz], = — (ZZf + 2iTf) w A dz and D¥[fdz], = %Z%} Adz.

1
21
Since the operators D', D” and D' commute with CR maps, we can define:

Definition 3.3.2. Let M be a spherical CR manifold.
1. Let o = (f;); be a (1,0)-form on M. Then « is said:

— D'-closed if for every i,
ZZf; =T f,
— D"-closed if for every 1,
7 =0.
2. Let = (fi); be a (0, 1)-form on M. Then « is said:

— D'-closed if for every i,

— D -closed if for every 1,
Zin - 0
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3. A CR form on M is a D"-closed (1, 0)-form.

3.3.2 CR quadratic differentials

Before getting to spherical CR manifolds, we begin with quadratic differentials
on any open subset U of H. In this section, we will use bundles AP?, BP? and A
defined in remarks 3.1.3 and 3.1.6. A quadratic differential on a subset U of H is a
section of the complex line bundle A @ AN over U. Since A1 @ AL is naturally

isomorphic to o o
B ) ® B )
/BY® A+ A® B

a quadratic differential is the class modulo the contact form w of a form gdz? with

q € C>=(U). We write such classes [qd2?],. Then, we define an operator

D: O (U, (/\1’0)2> s O (U A ® A)
[qdz?],, — ZqdZ Aw @ w.

A quadratic differential on a spherical CR manifold is a section of the line bundle
(A9)? over the manifold. As for (1,0)-forms, it can be understood with cocycle
relations.

Let ¢ be a quadratic differential on a spherical CR manifold M and (U;, g; :
U; — U]) a spherical CR atlas of M. Then, for every i, there is a unique function
q; € C*(U]) such that

q = ¢;q:dz’]o.

If U;NU; # 0, we have
[¢:d2%]., = g,lq;d2%). on @;(U; N U;) where g;; = ¢; 0 ¢; .
That is,
[:dz"], = [(g5 0 gj,i)(Zggl‘,i>2dZ2]w on ¢;(U; N Uy) where g;; = ¢; 0 ;.
Therefore we define:

Definition 3.3.3 (Quadratic differential). A quadratic differential ¢ on a spherical
CR manifold M is a section of the line bundle (AM)2 If (U;, ¢; : Uy — UY) is a

spherical CR atlas of M, g can be seen as a collection of functions ¢; € C*°(U}) such
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that, for every 1, 7,

2 _
¢ = (g; © 9j:) (Zgjlz) on ¢;(U; N U;) where g;; = @; 0 ¢; "

Following that, we need to extend D to global sections of (A}0)?.

Definition /Proposition 3.3.4. Let q be a quadratic differential on a spherical CR
manifold M and (U, p; : Uy — U]) a spherical CR atlas of M. For every i, we set

Dq = ¢;D[g:d2?], where ¢ = ¢}[q;d2*], on U;.

Then, D defines an operator from quadratic differentials on M to sections of the line
bundle ANM' @ A over M.

Proof. In order to prove the proposition, we just have to verify that for every 1,
with U; N U; # 0,
Dlg;d2"] = g;; (Dlg;dz"L.,)

where g;; = ¢; o ¢; !. For that, it is enough to prove that we have,
955 (Dlg;d="L.) = D (g],lg;d2"L) -

Lemma 3.3.5. Let U,V be open subsets of H, ¢ € C*°(U) and g : U — V a CR
diffeomorphism. Then

g (ﬁ[qsz]w) =D (g* [qsz]w) )
Proof. First, we compute

g (5[qdz2]w) = g <73qd5 ANw® w)

_3 —_ _
= Zq9(9)Zq|Zq|*"dZ N w @ w.
Then, compute

D (9°[gd2"l,) = Dllgog) (Zg)*d=’L,
=7 ((gog) (Zg)?) dZ Aw® w.

However, using formulas given in section 3.3.1, we have:

Z((fo9)(Z91)?) = Zf(9)Zq|Zr|* + 4i(f 0 9)Zu T g
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Thus,

Z ((fog)(Za)’) = Z f(9)|Za|' — 20Zf(9)Tg:|Zn|?
+227f(9)T91|Z91|2 + 427f(9)T91|Zg1|2
—8(f o g) (Tgr)*
= Zf(9)|Zail* + 4Zf(9)Tg:|Zan? — 8(f © 9) (Tgr)”

and finally,

Z((fo9)(Z)’) = Z'f(9)Zg:i|Zo|" — 47" f(9)|Zor*Tn Zg:
+4iZ FONZnPTg1 Zg1 +8Z f(g) (T91)2Z_£Jl
—8Zf( ) (Tg1)* Zg1
= ( VZ 1| Zgi|*.

Which proves the lemma. O
Now, the result follows from the lemma and the fact that

9;il4;42%] = [:d2%].,

since ¢ is a quadratic differential on M. O

Thus, we can define:

Definition 3.3.6 (CR quadratic diffenrential). A CR quadratic differential on a
spherical CR manifold M is a quadratic differential ¢ on M satisfying Dg = 0.

If (Ui, i : Up — U]) is a spherical CR atlas of M, a CR quadratic differential on
M is a collection of functions ¢; € C*°(U]) satisfying:

— the cocycle relation

o 2 _
Vi, j, ¢ = (Qj © gj,i) (Zgjlz) on ¢;(U; N Uj) where g;; = ¢; 0 ¢; !

— and the CR condition
Vi, Z°q; = 0.

Remark 3.3.7. 1. If &« = (fi); is a CR form on a spherical CR manifold M, then
= (f?); is a CR quadratic differential on M.
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2. If M est uniformizable, then we can write M = Q/F for an open subset
Q of H and I' a discrete subgroup of PU(2,1) acting freely and properly
discontinuously on 2. The space of CR quadratic differentials on M identifies
to the space of I'-invariant CR quadratic differentials on 2. This space will
be denoted Q'(£2). In other words, the space of CR quadratic differentials
on M identifies to

Q"(Q) ={g € C®(Q,C) | ¥y = (11,72) €T, (g07) (Z71)* = q and
73(1 = 0}.

Let us explain how the operator D is a natural extension of d” (on functions) and
D” (on (1,0)-forms) in the case of a spherical CR manifold M. For k € N, define
k-th order differential on a spherical CR manifold as a section of the line bundle
(ALO)% over M (when k = 0, a k-th order differential is a function on M). On an
open subset U of H a k-th order differential is the class modulo w of a form adz*
with o € C®(U), we write it [adz®],. If (U;,p; : Uy — U) is a spherical CR
atlas of M, then a k-th order can be seen as a collection of functions a; € C*°(UJ)

satisfying
k _
a; = (a;09;:) (Zg;;)" on ¢i(U; NU;) where g;; = ;0 ¢; "
On an open subset U of ‘H, define

Dy: C®(U,(ANO)F) — C=(U,AM @ AF1)

[ad2*],, — Z7Madz Aw® wh!

For k = 0, A~! is the dual bundle of A which is naturally isomorphic to CTM/P.

Then, we have a bundle isomorphism
WA @ CTM 4y A0

defined by
V(o ®[X]) = [exal.

So that Dg : O=(U, (A')%) — C=(U, A" @ A~1) is identified with d” : C>°(U) —
C>=(U, A1), Then, with a proof similar to the one of Definition/Proposition 3.3.4,
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we can define:

Definition 3.3.8. Let a be a k-th order differential on a spherical CR manifold M
and (U;, ¢; : U; — U]) a spherical CR atlas of M. For every i, we set

Dy = gpfﬁk [aidzk]w where a = ¢ [aidzk]w on Uj.

Then, D, defines an operator from k-th order differentials on M to sections of the
line bundle AM ® A1 over M.

Thus, on a spherical CR manifold, the operator d” on functions is Dy, the oper-
ator D" on (1,0)-forms is D; and the operator D on quadratic differentials is Dy. In
that sense, D is a natural extension of d” and D”.

Now, we wish to give examples which illustrate the fact that the CR condition

73% = 0 can be restrictive.

3.3.3 CR quadratic differentials with symmetries
Heisenberg manifolds

Let L be a lattice in H. We denote A = P(L) where P(z,t) = z. Then, A is a
lattice in C and P induces a circle bundle P : 7/ T, — C 'A- We denote Q2(C) the
space of A-invariant holomorphic quadratic differentials on C. The pull-back by P
of an element of Q*(C) defines a L-invariant CR quadratic differential on H. We
can say a little more than this. Let A = P~'(A), meaning that

A=({0} xR)UL
and consider
QX H) = {q € C*(H,C) | Vs € A, ¥p e H, q(dp) = q(p) and Z'q = 0}

that is, the space of A-invariant CR quadratic differentials on H.
Proposition 3.3.9. Qz(”}{) is isomorphic to Q2(C).

Proof. First, it is clear that the pull-back by P of an element of Q*(C) is an element
of Q2(H). Let ¢ be an element of Q2 (H). Since ¢ is A-periodic, we have ¢(z, t+to) =
q(z,to) for every z,t,ty and so

a—Y
ot!
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Meaning that ¢ actually defines a quadratic differential on (C/ 'A- We just have to
show that it is a holomorphic one.

Since 73q = 0, we have

aS
0z
Thus, % is a A-periodic holomorphic function. So % is a constant function.
Denote
*q \
oz2
Integrating, we get
0 _
gq(z) = A2+ h(z)
where h is holomorphic. Since 6?:8(]2 = h’ is A-periodic, A’ is constant. So we have
0

g (2) =X+ pz+v

with p,v € C. Take a complex number w € A\{0}. since a%q is A-periodic, we
have

h(z +w) = h(z) — \w.
From it, we deduce that
w
= —A—.
w
This is true for every w € A\{0}. In particular, if we take two R linearly independant
complex numbers w; and wy in A, we have
AL\
wq W2
which is possible only if A = 0. So, a%q is constant and doing the same reasoning

we deduce that %q vanishes. Therefore, ¢ is a A-invariant holomorphic function on
C. O

C-fuchsian complex hyperbolic groups

An important class of spherical CR manifolds is given by representations of
surface groups in PU(2,1) (refer to [23,44] for more about the subject). Let HZ be

the complex hyperbolic plane and let us fix a compact surface ¥ of genus g > 2 and
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denote m; its fundamental group. We are interessed in the space

Hom(my, SU(2,1
(m, SU ))/SU(Z, 1)

where SU(2,1) acts by conjugaison. A representation p : m; — SU(2,1) is called

complex hyperbolic quasifuchsian if p is discrete, faithful, convex cocompact and

totally loxodromic. The complex hyperbolic quasifuchsian space Q¢ () is the subset

of Hom(my, SU(2, 1>>/SU(2, 1) formed by such representations.

In HZ, there are two types of totally geodesic submanifolds: complex lines and
Lagrangian planes. In the unit ball model, it corresponds (up to isometry) to the
following two ways of embedding a disc in HZ. The first one is given by u — (u, 0)
and the second one by u —— (R(u),I(u)). Thus, it gives two types of complex

hyperbolic quasifuchsian representations.

— A homomorphism p : m; — SU(2,1) is said R-Fuchsian if p(m;) preserves
a Lagrangian plane. In that case, p is conjugated to a homomorphism p’ :
m — S0(2,1) — SU(2,1).

— A homomorphism p : m; — SU(2, 1) is said C-Fuchsian if p(7;) preserves a
complex line. In that case, p is conjugated to a homomorphism p’ : 71 —
S(U(1) x U(1,1)) — SU(2,1).

A C-Fuchsian representation induces then a complex hyperbolic structure on
a disc bundle over . Indeed, as said, a complex line in HZ is, up to isometry,
D x {0}. So, if p(m) preserves D x {0}, it acts on it by isometries. In other words,

the projection (z,w) — z induces a disc bundle

H2
“p(m) ]D/ﬁ(ﬂl)

where 7 is the representation associated to p, with value in SU(1, 1).

To get from complex hyperbolic geometry to spherical CR geometry, we just
have to get to the boundary of HZ. For that, we extend the projection (z,w) — 2
on OHZ = S? and we remove from it the preimage of the unit circle. In other words,

we consider the projection

S\ (St x {0}) — D
(z,w) — Z.

Since SU(2, 1) acts by CR diffeomorphisms on S? and since p preserves S x {0},
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we obtain a spherical CR structure on the circle bundle over X:
S\ (ST x {0} D
( Yotm) = Yt

In the models of Heisenberg group and upper half-plane, one may check that (z, w) —

z gives the Kordnyi map

II: H* — H
(2,t) — t+i|z]?

where H* = H\{z = 0}. Thus, denoting A = p(m) and T' = p(m) < SL(2,R), IT
induces a circle bundle:

If we see the C-fuchsian group A as a group of CR diffeomorphisms of H U {oo},
we can describe the associated Fuchsian group I' as the group of all isometries v of
H for which there is an element § € A such that [Iod = v o II. We can also begin
with a Fuchsian group I' in order to define a C-Fuchsian group by choosing for each
element v of I' a unique lift by IT and doing it so that we obtain a group. In practice,
if we have a system of generators (71, - - ,72,4) of I', we juste have to choose, for each
i, one (and only one) lift by IT denoted 7;. Then, the group generated by the 7; is
C-Fuchsian. A Fuchsian group I' can also be used in order to define the lifted group
of I, T = {7, CR diffeomorphism of H U {oco} | [Io7 =y oIl, with v € T'}.

For the following, let A be a C-Fuchsian group, I' its associated Fuchsian group
and T the lifted group of I'. Let ¢ be a holomorphic quadratic differential on H/F.
Up to universal cover, we can see ¢ as a holomorphic function ¢ : HH — C such that
(qo7)(v)? = q for every v € T', we denote the space of these functions Q' (H) . We
define the pull-back by II of ¢ by:

Q: H — C
(2,t) — —4Z%q(t + 1]z|%).

(The "—4%2" corresponds just to (ZI1)%.)

It is clear that Z°Q = 0. Moreover, if 3 = (v1,7) €T, then (Q 0 ¥)(Zm)? = Q.
Indeed, let 7 = (71,72) € [ and denote ~ the element of I such that Il o7 = ~ o II.
Simple computation shows that 2i7,Zv, = Z(Il o 7) = 2iz(y' o II). So,

(QoF)(Zm)? = (qoIloF)(2i7,Z7)* = (gory o I)(2iz(y o IT))* = —4z° (¢ o I).
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Then, denote Q*(H*) the space of A-invariant CR quadratic differentials on H* and
QF(H*) the space of T-invariant CR quadratic differentials on H*. Since A is a
subgroup of T, QF(’H*) C Q7(H*). The pull-back by II defines a natural injection
from QV(H) to QF(H*) C Q(H*). We will show, as in the case of Heisenberg
lattices, that Q' (H) and or (H*) are isomorphic.

Let’s begin with holomorphic forms. Denote K'(H) the space of I'-invariant

holomorphic forms on H and K f(7‘—[*) the space of I-invariant CR differentials on

H*. In other words,

K"(H) := {8 : H — C holomorphic | (307)y = 3,Vy € '} and

K (1) == {a : H* —> C smooth | Z%a = 0 and (a0 7)(Z7) = o,
V3 = (11,72) € T}

Proposition 3.3.10. K'(H) and KF(H*) are isomorphic.

Proof. If 3 € KV (H), we define the pull-back by II of 3:

mrg:. H* — C
(z,t) — 2izB(t +i|z]?).

One can easily verify that IT* is an injective morphism from K*(H) to K f(’H*) We
need to show that it is also surjective.
Let o € KY(H*). Then, for all ¥ = (y1,7) € I, (0 07)Z71 = . In particular, if

(z,t) € H* and 7 is the rotation around the vertical axis with angle arg(z), we get:

a(z,t) = af|z], ) =.

||

Consequently, there is a smooth function § : HH — C such that
afz,t) = 2iZB(t +i|z]?)

for all (z,t) € H*. We just have to show that § € K'(H).
First, by hypothesis on «, for every v € I', we have

(Boy)y =B
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Meaning that 5 defines a smooth (1,0)-form on H/F. We need to show that [ is
holomorphic. For that, denote 6 = 93. Then, ¢ is a d-exact (1,1)-form on H/F.

Since H/F is a closed manifold, Stokes theorem ensures that

L s=o
H/F

But, from A 0, we deduce that

5 (sw2g2) <o

Moreover, for every v € I', we have

300 ((52) 07) = cwpie (52 ) o) = (S 5

Thus, (%(w))Qg—g defines a holomorphic function on H/P, holomorphic function
which is necessarily constant. So, there is a complex number ¢ such that § = cw
where w is the hyperbolic volume form on H/F. Since the integral of § on H/F van-
ishes, 0 vanishes identically. In other words, § is a holomorphic form on H/F. O

Proposition 3.3.11. Q' (H) and QF(H*) are isomorphic.

Proof. The proof is similar to the one of the previous proposition. As said, the
pull-back by II defines an injective morphism from Q' (H) to QF(H*).

Take Q € or (H*). Using the same reasoning as in the previous proposition, there
is a smooth function ¢ : H — C such that Q = (ZI1)*(¢ o IT) and (g o 7)(v)* = ¢
for every v € I'. We just have to show that ¢ is holomorphic. First, remark that
(%(w))zg—% defines a holomorphic form on H/F. Indeed, since (g o v)(y/)? = ¢ for

every v € I, differentiating with respect to w, we get

@: @o /‘ /’2
ow \ow 1)1

for all v € I'. Thus,

SO (3L 07) o = (S gE

< defines a (1,0)-form one H/F. Moreover,

S
=
=
-2
m
-
p—f
B
o
—+
jm
@
=
=
O
=
0,
\.U)
<
S
e
|Qv
(=}
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from Z () = 0, we deduce, with an easy calculus, that

147
2 (3(w)) =0

So, there are three folomorphic functions h,j and k such that

J(w) = w2h(w) + wk(w) + j(w)
B (S(w))?
for all w. We compute then

i o 5 0q B h4+wk +j
7% (W’)) a_w) TS
But, 2 ((S(w))?2) and 55wy

S(w))?

a holomorphic function on /F Thus

define (1, 1)-forms on H/F. So w?h+wk+j defines

Jw

5w (Q)P5t) -
Since 2 ((S

(S(w))*

(w))? 8‘1) defines an exact (1, 1)-form, Stokes theorem implies that ¢ =
0. Consequently, (J(w))* 5% %4 defines a holomorphic form on H/F

Assume know that this form isn’t 0. Then W
where Z (3—2) is the set of zeros of g—% Consequently,

isa (1,0)-form on H/F\Z (_%)
1

1 _ 9 q
Sw))? ~ 0w

<%<w>>2§—i>
is an exact (1,1)-form on H/F\Z (—% Using Stokes theorem, we have

)-
Jor ™ Jin

8q_

which is a contradiction. So

=0
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3.4 Quasiconformal mappings preserving trajecto-

ries of CR quadratic differentials

As an end, we provide examples of quasiconformal maps between domains of H
minimizing the maximal distortion or a mean distortion in a classes of quasiconfor-
mal maps and explicit the CR quadratic differentials involved in those examples.
Before getting to the examples however, we give the following well-known theorem

we shall use (see e.g. [7, p. 177]).

Theorem 3.4.1. Let f: Q2 — Q' be a quasiconformal map between domains in H

and I' a family of legendrian curves in 2. Then

1. for all j € adm(f(T)),
M) < [ K705 0L ),
2. for all p € adm(T),
M) < [ K06 ()2 ),

3. and so

First of all, we need to define:

Definition 3.4.2 (Trajectories of a CR quadratic differential). Let M be a spherical
CR manifold and ¢ a CR quadratic differential on M. Let v : I — M be a
parametrized legendrian curve. -y is called:

— a horizontal trajectory for ¢ if, for every s € I, ¢(7/(s)) > 0

— a vertical trajectory for ¢ if, for every s € I, g (7/(s)) < 0.

Definition 3.4.3. Let f : M — N be a quasiconformal map between two spherical
CR manifolds. Let ¢ be a CR quadratic differential on M and ¢’ a CR quadratic
differential on N. We say that f preserves horizontal (resp. vertical) trajectories of
(q,¢") if for every horizontal (resp. vertical) trajectory ~ for g, f o~ is a horizontal
(resp. vertical) trajectory for ¢

We say that f preserves trajectories of (g, q’) if it preserves both horizontal and

vertical trajectories of (¢, q).



3.4. QUASICONFORMAL MAPS PRESERVING TRAJECTORIES 149

Example 3.4.4. First, we begin with an example of a quasiconformal map between
domains of H with constant distortion. This example was given in |7, p. 171] and
is constructed using the projection P(z,t) = z. Consider a rectangle R, = {z €
C|l0<R(2) <a, 0<S(2) < b} with a,b> 0 foliated by vertical lines

0:(8) = x +is

for x €]0,a] and s €]0,b]. Lifting (by P) such a vertical line to a legendrian curve

m H gives a 1-parameter family of curves

pa(s) = (z +is, t — S((x +is)?)).
In this way, we obtain a bounded domain
Q={(zt—S(z*) €EH | 2€ Rayp, 0 <t <c}
where ¢ > 0. The curves gm are vertical trajectories for the CR quadratic differential

g = [d2%..

Horizontal trajectories for q lying in €2 are the curves

Oy(s) = (s + iy, t + 2sy)
for s €]0,a[, y €]0,b] and t + 4ys €]0,c[. Consider another domain
A ={(2t—S(*)€H | 2€ Ry, 0<t <}
with ', b, > 0 such that

For y >0, denote
0, = {(z,t —S(z%) | S(2) =y}

and consider the class F of all quasiconformal mappings [ : Q — Q' which extend

homeomorphically to the boundary with

F(0Q0) = 0% and f(9y) = 09,
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Then, the map fy defined by

a voodb
folx +ay,t) = (E:)s + ZEy, Et>

15 a quastconformal map in F which minimizes the mazximal distortion in F. More-

over, fo maps the vertical trajectory s —— 53;,)5(8) to the vertical trajectory s ——

’gi/$ oy t(%s) and the horizontal trajectory s — 7,.(s) to the horizontal trajectory
a7 ab

S — %iy ﬂt(%S) which 1s what s expected of a Teichmiiller homeomorphism.
b7 ab

Example 3.4.5. The second example is the counterpart of the previous example
using the Kordnyi map 1(z,t) =t +i|z|>. Consider again a rectangle R, = {z €
C|l0<R(2) <a, 0<S(2) <b} with a,b> 0 foliated by vertical lines

0:(8) = x +1is

for x €]0,a] and s €]0,b]. Lifting such a vertical line to a legendrian curve in H

gives the 1-parameter family of cylindrical radii:
0.4(s) = (s2,1)
with |2| =1, 0 <t <a and 0 < s < vb. For 0 < ¢ < 2m, consider then the domain

C={(z,t) €H | t+i|z]* € Rup, 0 < arg(z) < c}.

We specify that arguments are taken in [0,27[. The curves gz,t for |z =1, 0 <
arg(z) < c and t €]0,a[ are the vertical trajectories of the CR quadratic differential

q = [—4z*d2?],
on C'. Horizontal trajectories for q lying in C are
Y.(s) = (ze_iﬁ,:;)
for0 <]z <vb, 0<s<aand0 < arg <ze_i2\%l2> < ¢. Consider another domain

C'={(z,t) eH | t+i|z]* € Ruy, 0<arg(z) <}
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with o', b >0, 0 < ¢ < 27 such that

Denote
9C, ={(z,t) € C | || = Vy}

and consider the class F of all quasiconformal maps f : C — C" which extend

homeomorphically to the boundary with
f(9Cy) = dCy and f(OC) = IC,,.

Then, the map fy defined by

b/ ca’b CL/
1) = e zﬁarg(z)’_t
et = et 22}

is a quasiconformal map in F which minimizes the mazimal distortion in F.
Indeed, let Ay be the family of curves gzﬂg 10, Vb[— C with 2| =1, 0 < t < a.

Then, one can compute

8ac
M(Ay) = —
with extremal density
(1) =
2 l) = 1 i-
Po 3b3|z|3

Moreover, let A be the family of all legendrian curves connecting 0Cy and OC.
Then, since py € adm(A), it is extremal for A. Thus,

8ac

M(A) = 2.

Denote A’ the corresponding family in C'. Then, by hypothesis on F, for every
f € F one has
f(A)=A

and the third point in Theorem 3.4.1 gives for every f € F

1 8ac _ 8a'd ,8ac
K270 — 270 ~ T 27b
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. be __ bc
Thus, since =%, one has, for every f € F,

ab\? [ab\?

Meaning precisely that fo minimizes the maximal distortion in F.
Moreover, fo maps the vertical trajectory s — gz,t(s) to the vertical trajectory s —

gyy < %’s) with 2 = ze# and t' = %t and the horizontal trajectory s — 7,(s) to

the horizontal trajectory s — 7. (%5) with 2/ = \/g\z|ei379 arg(z)

The next examples are those from chapter 2.

Consider two (interior of ) quadrilaterals © and €’ in H and write the holomorphic
maps ¢ : R,p, — Q and ¢ : Ryy — Q' where R,;, and R,y are rectangles as
in the previous examples. On these domains, define the holomorphic quadratic
differentials

qs = d.dw?® on Q and g, = ¥.dw? on .

Horizontal trajectories for ¢, (resp. for qy) are
5 fyj’(s) = ¢(s +1iy) (resp. s — %zf(s) = Y(s +iy))
for y €]0, 4] and s €]0, a[ (resp. y €]0,4'[ and |0, a’[) and denote
Ly = {7y |y €]0,b} and Ty, = {;" | y €]0,0'[}.

Then, consider the domains in H, © = II"1(Q) and @ = I (), where
[(z,t) =t +i]z|*, endowed with the CR quadratic differentials

a(z) = H*q¢> and aw = H*Qw
Horizontal trajectories for g, are

s Apal) = (VSO0 i)ac™ R (o(s + 1))

99 (p44
for 7,(s) = — f; %d% la| =1, y €]0,b], s €]0,a] and horizontal trajectories

for g, are

s 30a(s) = (VS (s + igac™ ™, R (6(s +iy) )
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s %(al(i‘f‘ly))

ey 42 lal =1,y €0, 0], 5 €]0,a’. Then, denote

for oy (s) = — [, =5

Typ= {700 |y €)0.b], la| =1} and Ty = {7¥,, | y €]0,], |a| = 1}.

Now, let f : Q — ' be a quasiconformal map and A > 0. We say that f
A-dilates horizontal trajectories of (qs,qy) if for every (y,a) €]0,b[xS*, there is
(v, ') €]0,V[x S such that

Vs €]0,al, f(T0a(s)) =70 (Xs).

Moreover, pg : w — [(¢71) (w)| (resp. py : w — 2 [(¥71)(w)]) is an extremal
density for I'y (resp. for T'y) and IT*py : (z,t) — 2|2|py(t + i|z|*) (resp. IT*py :
(2,t) — 2|z|py(t +1i|2]?)) is an element of adm <f¢) (resp. of adm (f¢>) Recall
that f¢ (resp. fw) satisfy the pull-back density condition if II*p, (resp. II*py) is

extremal for f¢ (resp. for ip) Then, we can state Proposition 2.3.17 as:

Theorem 3.4.6. Assume that f¢> and fw satisfy the pull-back density condition.
Let f - Q —  be a C2 quasiconformal map that %—dilates horizontal trajectories

of (qp, qy). Then, there is a C? quasiconformal map g : Q@ — Q' such that
[Tof=goll

Remark 3.4.7. The map ¢ of the above theorem %—dilates horizontal trajectories
of (g4,qy). Moreover, according to the lifting theorem (Proposition 2.3.9), g is

symplectic with respect to the hyperbolic area form on H.

Remark 3.4.8. We can give a more geometric sufficient condition for the pull-back
density condition to be true. If vertical trajectories of g4 are geodesic for the hyper-
bolic metric on €2, then f¢ satisfy the pull-back density condition. Indeed, vertical

trajectories for g4 are the curves
s +— 0%(s) = ¢(x + is)

for z €]0,a[ and s €]0,b[. On the one hand, saying that they are geodesics for the
hyperbolic metric on §2 implies, by the geodesic equation, that
o1 2 0p1 Oy

- 1 2 3.3
y? ¢2 Oy Oy (3:3)
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Py 1 9o\ g1\
e a((a—y> ‘(a?)) 34

where ¢, is the real part of ¢, ¢, its imaginary part and y is the imaginary part on

R, . On the other hand, by Proposition 2.3.5 and using Cauchy-Riemann equations
to express partial derivatives of ¢; and ¢ only with respect to y, saying that f¢

satisfy the pull-back density condition is equivalent to

0¢2 0’91 0¢1 B¢ _ 104 ((%)2 4 (%> 2> . (3.5)

oy o0y* Oy 0y? ¢o Oy Jy y

Equations 3.3 and 3.4 clearly imply 3.5 and so the statement is true.

It is not clear if the converse holds.

Remark 3.4.9. We chose not to insist on the previous theorem in chapter 2 because
it is a deeper result when expressed with the idea of dilating horizontal trajecto-
ries of CR quadratic differentials, especially when it is combined with the lifting
theorem. Namely, the combination of Theorem 3.4.6 with the lifting theorem gives
the following, taking back the notation Fy, from chapter 2. If ﬁb and fw satisfy
the pull-back density condition, then, up to composition with a rotation around the
vertical axis, there is
— no quasiconformal map in Fy,, which dilates horizontal trajectories of (g, Gy )
or
— exactly one quasiconformal map in F, , which dilates horizontal trajectories
of (g, qy) or
— a l-parameter family of quasiconformal maps in F;, which dilate horizontal
trajectories of (gy, Gy).
This is quite different from the classical case where quasiconformal maps between
the quadrilaterals © and €' which dilate horizontal trajectories of their natural

holomorphic quadratic differentials exist at a considerable number.

The next examples are applications of this theorem in order to find all quasicon-
formal maps in appropriate classes of quasiconformal maps between domains of H
which dilate horizontal trajectories. For cylinders, there is, up to composition with
a vertical rotation, a unique quasiconformal map (in an appropriate class of qua-
siconformal maps) which dilates horizontal trajectories. For cylinders from which
a smaller cylinder has been removed, there can be no quasiconformal map (in an

appropriate class of quasiconformal maps) which dilates horizontal trajectories. Fi-
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nally, for spherical annuli, there is a 2-parameters family of quasiconformal maps (in
an appropriate class of quasiconformal maps) which dilate horizontal trajectories.

Consequently, the three possibilities listed in the previous remark occur.

Example 3.4.10. Consider cylinders C,p and Cyy where
Cor={(z,t) eH | |2]> < R,t €]0,7[},

for a,b,a’, b’ > 0 satisfying
ab’

a'b

and the trajectories of the CR quadratic differential

> 1

q = [—47%d2?,,.
Vertical trajectories are the cylindrical radi
9.4(s) = (s2,1)

for |z| = 1, t €]0,a] and s €]0,v/b| and horizontal trajectories are the curves

) = (7 7)

for 0 < |z| < Vb and s €]0,a| (see Figure 3.1).
Consider the class F of quasiconformal maps from Cup to Coy which extend
homeomorphically to the boundary and map
— the disc {(z,t) € H | |2| < Vb &t = 0} to the disc {(z,t) € H | |2| <
VU &t =0},
— and the disc {(z,t) € H | |2| < Vb &t = a} to the disc {(z,t) € H | |2 <
VU 6t =ad},
Let Ty be the family of all horizontal trajectories of q. Then we saw that, the map
fo defined by

P - [ a,
Y-+

is a quasiconformal map in F which minimizes the mean distortion in F for the

extremal density of I'y and it is the unique such minimizer up to composition with a
rotation around the vertical axis. Moreover, fy %—dz’lates horizontal trajectory of q: f

sends the horizontal trajectory s — ~y,(s) to the horizontal trajectory s — 7,/ (%/5)
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Figure 3.1 — Horizontal and vertical trajectories for the CR quadratic differential
q = [—4z*dz?|, lying in a cylinder. Horizontal trajectories are rotations around the
vertical axis of the red curves and vertical are rotations around the vertical axis of
the blue curves.

Vb= _
VOl
vertical trajectory s — 6,4(s) to the vertical trajectory s — 0, 4 (—<1 \ﬁf?')s - b,)

— a9 Vg +ﬂ7/
it 17a’b)

a’b
. ’ L ao
with t' = “t and 7 = ze2b( ab’ /),

with 2/ =

But it only preserves vertical trajectories of q: f sends the

Theorem 3.4.6 says more: up to composition with a vertical rotation, fo is the

only C? quasiconformal map in F which %—dz’lates horizontal trajectories of q.

Indeed, let f be a quasiconformal map in F which %/—dilates horizontal tra-
jectories of q. Then, according to Theorem 3.4.6, there is a quasiconformal map
g:Rep — Ry such that Ilo f = goll. Since f %-dilates horizontal trajectories
of q, for every v +1iy € Ry,

/

R(g(x +1y)) = %x

and 3(g) depends only on the imaginary part. Then, Proposition 2.3.9 states that g
must be a symplectomorphism with respect to the hyperbolic area form of the upper
half-plane. Thus, ¢ = I(g) satisfies for every x + iy € Ryp,

a’ Op 1 1

Ea_y(iy)w(iyﬁ Ty
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Solving, we find for every v + iy € Ryp,

a'y

Ple+ i) = e

for a constant C. Moreover, since f sends {(z,t) € H | |2| = Vb &0 <t <a} to
{(z,t) eH | |2| = Vb 0 <t <a}, we have

p(ib) =V

and so, C =V — =%. Thus, g is completely determined and so f is also determined
up to composition with a rotation around the vertical axis (this is a consequence of
Proposition 2.3.9). Then, f is, up to composition with a rotation around the vertical

axis, ]%.

On the other hand, there is no C? quasiconformal map in F which %'—dilates
vertical trajectories of q. Indeed, let f be such a map and write it in cylindrical
coordinates r = |z|, 0 = arg(z) andt =t as (R,0,T). Then, the fact that f sends

vertical trajectories to s — 0,4 < %’s) implies that

oT 00 v
E—W—O cde—\/;r.

The contact form w in cylindrical coordinates is
dt 4 2r2dé.

Since [ is contact, R,© and T satisfy

or b ,00 1 0T V00
— +2—r— =

ot v ot T 2200 T b a0 (3.6)

Then, differentiating it with respect to r gives

/
2b_T28_@ = _L@_T

b Ot 2r2 00

and reporting this expression in 3.6, we obtain

or | 10T 190
ot 1200 b od
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leading to
or

00
This, together with the fact that % = 0 smplies that there is a map g : R, — Ra
such that

0.

ITof=goll
Since R = \/%'r, for every x + iy € Rqy

/

S(g(x +1y)) = Y

Again, the lifting theorem implies that g is a symplectomorphism with respect to the

hyperbolic area form of the upper half-plane which leads to

OR(g) _V

ox b’

Since g maps {w € Rqp | R(w) = 0} on {w € Ryy | R(w) = 0}, it must be the
dilation with factor % which 1s impossible by the hypothesis Z%/) > 1.

Consider two domains
Dip={(z,t) eH|0<t<a, 1<|z]><b+1} and

Dyy={(z,t) EH | 0<t<d, 1<|z> <V +1}

for a,b,a’, b’ > 0 with
a(t/ +1)
a(b+1)

and the trajectories of the CR quadratic differential

> 1

q = [—4z%dz%,,.

Let F be the class of quasiconformal maps from D,y to D,y which extend homeo-
morphically and map the two boundary annuli to their corresponding ones and the
two boundary cylinders to their corresponding ones. Denote vy, the horizontal tra-
jectories of q. Then, what was done in Example 2.3.21 can be used to state that a

quasiconformal map gy € F which %—dilates horizontal trajectories of q exists if and
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only if ) n
a a

b+1 41
(meaning that the rectangles {w € C | 0 < R(w) < a, 1 < F(w) < b+ 1} and
{weC|0<Rw) <d, 1<J(w)<b+1} have the same hyperbolic area). If

it 1s the case, then go is, up to composition with a vertical rotation, the restriction

to Dgy of the map fo : Copr1 — Cowr 1 given previously (with b replaced by b+ 1
and b/ by b’ +1).

Example 3.4.11. For the last example, consider two spherical annuli A, and Agx
fora>1and 0 <k <1, where

A ={(z,t) eH | 1< ||(z,)]|ln <7},
foliated by radial curves

Tuals) = (Versm{ylae 0, ¢ cos(y))

for |a] =1, y €]0,x[. These curves are horizontal trajectories for the CR quadratic
differential

—472
— | — 7" 2
1 me)z ]

and its vertical trajectories are spherical arcs
dral(s) = < er sin(s)aeélog(sm(s)),e‘r cos(s))

for |a| =1, x €]0,2log a[ (see Figure 3.2).
It will be more convenient here to write in logarithmic coordinates introduced in
[45]:

E+i(yp—3n)

(z,t) = <z cosze  Z -, —sin ¢65>

for § € R, € [-5,5] and ¥ — 31 < 2 < o + m. In those coordinates, up to

parametrization, horizontal trajectories of q are

:?1/’777(3) = <va7n - tagws>

and its vertical trajectories are

gfﬂ?(s) = (57 S, 77) .



160 CHAPITRE 3

Figure 3.2 — Horizontal and vertical trajectories for the CR quadratic differential

qg= [%dz@] lying in an annulus. Horizontal trajectories are rotations around
w

the vertical axis of the red curves and vertical are rotations around the vertical axis
of the blue curves.

Let F be the class of all quasiconformal maps from A, to A, which extend home-
omorphically to the boundary and map the boundary spheres (with respect to ||.||x)
of A, to the respective boundary spheres of A,x. Let fi be the radial stretch map

defined in logarithmic coordinates by

g = (et () ).

Then, we saw that fi, minimizes the mean distortion in F for the extremal den-

sity of the family of horizontal trajectories of q in A, and, up to composition with
a rotation around the vertical axis, fr the only such minimizer. Moreover, f; k-
dilates horizontal trajectories of q: fi maps the horizontal trajectory s — 7y ()

to the horizontal trajectory s — ;\y/tan_l(m) 77(l{:s); and preserves vertical trajec-
k b

tories of q: fi sends the vertical trajectory s — ¢, (s) to the vertical trajectory

5 gkg,n (tan_1 (w%))

However, contrary to the case of cylinders, composition with rotations around
the vertical axis of fi are not the only quasiconformal maps in F which k-dilates

horizontal trajectories of q. Indeed, for every real number D, the map defined in
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logarithmic coordinates by

g ¢ (E.1,m) —> (kf,tan_l (% i D) . %)

is a quasiconformal map in F which sends s — Yy n(S) to s — Yy v (ks). Up to
composition with a vertical rotation, these maps gp are the only C? quasiconformal
maps in F which k- dilate horizontal trajectories of q (this is a consequence of The-
orem 3.4.6).

On the other hand, as in the case of cylinders, there is no C? quasiconformal map
in F which 1-dilate vertical trajectories of q. The proof of this goes along the same
lines as the one for cylinder, except that it is more convenient to use logarithmic

coordinates.
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Appendix A

Several proofs left aside in Chapter 2

Proof of Lemma 2.2.2. First, it is a simple verification that maps f, minimize the

mean distortion in G for the density pg. Moreover, since those maps satisfy
MTy) = [ KLz
Ra,b

every minimizer must also satisfy it. So, with the same argument as in Proposition
2.2.7, if f € G minimizes the mean distortion functional, then f(I'y) = I';. So for

every s, v,
f(s+iy) = ¢y(s) +ip(y)

for functions ¢, and ¢. Moreover, using a similar argument as the one in Proposition

2.2.8, we find that

/
(y(s) = —s for every s, y.
a

To sum up,
/

. a . .
flx+idy) = e +ip(y) for every x + iy € Rgp.
For such a function to be orientation-preserving, » > 0 and, since f sends horizontal
boundary components on the corresponding ones, ¢(0) = 0 and ¢(b) = ¥'. Finally,
the minimal stretching property in that case leads to |¢| > % So f is one of the f,.
O

Proof of Proposition 2.3.9. In this proof, partial derivatives are denoted by an index.
For the first part, let k£ :  — C be defined for every w € 2 by
1 (R(g))w(w) v

k(w) = B 23(g(w)) and § = k(w)dw + k(w)dw.
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Then, using the fact that ¢ is a symplectic map, a calculus shows that [ is closed,
hence exact by Poincaré lemma. So (since [ is a real 1-form) there is a real valued
function h : 2 — R such that

hy, = k and hy = k.

Now, it is a simple verification to check that the map f defined in the theorem is a

contact map.

For the second part, let f : Q —>  be a contact lift of g. Here, it will be easier

to compute in usual cylindrical coordinates (r,0,t) — (re? t). f is then a map

(R,©,T) with
R(r,0,t) = \/S(g(t +ir?)) and T(r,0,t) = R(g(t + ir?)).
The contact form w is in those coordinates
w = dt + 2rdé.

So, f is contact if and only if the following three PDEs are satisfied

T.+2R?0, =0
T, + 2R*0, = \
R?0y = 2\

with A\ a nowhere vanishing function. Moreover, for every (r,0,t),
Ty(r,0,t) = 2ir (R(9))w(t + ir*) — (R(9))w(t +ir?))
and
Ty(r,0,t) = (R(9))w(t +ir?) + (R(g))w(t + ir?).
So, we find

i

O,.(r,0,t) = m

((R(g))w(t +ir*) — 0u(R(g))(t +ir?))

and deduce the following two
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and
Or1 = g (SO + B6)e) (R~ (Rl
+ 5057 (RO = (R(9)) o)

Moreover, we have

and so, differentiating with respect to r, we find

o, - riJacg  (R(9)w + (R(9))w
2(3(9))? 23(9)

From that, we deduce two things:

O =0 and Oy = r

So,
@979 =0.

Thus, Oy is constant with value 1 (if not so, (R,©,T) would not be a homeomor-

phism). It leads to
Jac g 1

(S(9))*  (S(w))?
which ends the proof of the second point.

The third point is simply Lemma 2.1.15.

Proof of Proposition 2.3.17. The proof is similar to the one of (the last part of)
Theorem 2.2.6. First, by hypothesis, for every (s, z,0) €0, a[x]0, b[xR,

a/

S(s,xz,0) = e and %X(S,x,a +7(s,2)) =0.

It leads to

_ R()
"7 2%(0)

X, (A.1)
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Now, since (S, X, ©) defines a contact map, there is a nowhere vanishing function A
such that

!/

SRS, X)) = SW(S, X)X, +23((S, X)), = MR(6)  (A2)
S(1hs(S, X)) X, — 23(1(S, X))Op = AS(04) (A.3)

—S(s(5, X)) Xo +23(¥(S5, X))Oy = 2A3(¢). (A.4)

From A.4, since (¢) > 0, we find

Replacing A by its value in A.2 and A.3, and using A.1, we have the following

R(5.) o o R((5.X))

© T RO TR0 X) )
SWMS.X) . S(6) SEA(5.X) . (@)
O = BEX) T B0 BEE.X) w0 @&

From now, to follow computations, as a rule, we decide to express all partial deriva-
tives of R(¢), RN(¥) , I(¢) and F(¢p) with respect to s (we do it using Cauchy-
Riemann equations). Differentiating A.5 and A.6 both with respect to 6, we find

CORG) . (RWua(SX) RS, X)((5,X))
O = 35(g) <2o<w<s,x>> 2(5(0(5, X)) )X‘g
S(er(5. X)) (S, X)) (e (5, X))
o = <2%<¢ (5.%)) 23(6(5, X)))? )XQXI
$(60) (S(ue(S. X)) S, XNSWa(S X)) o o
33 ><2s<wsx 2S5, X))? )(X”
o), 4 0)SOE) | S5, X)
B0t B BOE D) T BEE R



Using Cauchy-Riemann equations, we have

LR, @ (SWa(S.X)
s = /@ T (2%@(5,)0) 23

((%ASX» R(¢s(S,
(¥ (S, X)) (WW
Vs

(5.X)) (Y,
2365, X))X”’” 3(0) 250

Moreover, differentiating A.1 with respect to = gives

X, () _Ro0S0) y, , B0

23(0) | 2(3(0))? 23(0) "

and so,

Ko = - (S

(R6))Y o, R
R HaR) K B

))? 23(¢)

Then, differentiating A.1 with respect to 6:

_ (o)
Xos = 25(0) 0"
Now, we differentiate A.5 with respect to x
o= (5 305 @ ) on iy ons
o ( ($ua(5, X)) R(64(5, X)) (S, X))
a \ 23(¥(5, X)) 2(S(y(5, X))
leading to:
[ S(¢ss) | (R(0s))? R(ps)
0. =~ (3505 * 26077 O 250310
L0 (WS X)) | RS, X))
a \ 23(¥(5, X)) 2(3((S, X))
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(A.9)

(A.10)

)x.

Z) X,. (A.11)
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23(¢)

)

2(3(9))?
and replace X by its value from A.1, X, , by A.9, X,y by A.10 and ©,4 by A.T:

(9)

R

2

Differentiate A.6 with respect to s:
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~
—
=
3 <
< =D
S =N
= \\U»)Xa SIS sled
< XA EREC SE
) B eI o o I IS
i ) [ LR =417}
Sl g ww 28 4 IS
AR ] S
< RS2 F2E LN LT
IS = (2(& ~__ '
TG EIR T 2T T
== M =5 2 “W
= xS S 2E
) R N N o o [l
IS IE IR RN S~
R ol A S A IS ) K o N
L EE OIS T 2T 518 el
))wsww\XX\w@/muQ%Q _
Ol = Sl S ~———
SR ERN SIS SE ST S =
28 T Zlp el SRAS 9
e + 22228
& Ela SF &l als
~— + = RES) (o7
SRS + =¥
I _
x7
©

where |I/|? is the Jacobian determinant of h for any holomorphic function. Now,
since O;, = O, 5 the previous two are equal. Thus, using the value of O, ¢ found in

A8, we get
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Replacing in A.5 we have

RS [0S, X)) 3(6,)
O« = 13500 [T, X)) P X”z%w)X@)
R(6) S(S. X)) - a R (S, X))
T80 BEE X)) T aswE.x) Y

By Proposition 2.3.5, we can write

(S, X))
GPSwE X )

for a real valued function h :)0,b[x]0,'[— R. We write hy the partial derivative
of h with respect to the second variable. Now, differentiate A.13 with respect to s:

&Eiﬁ

0,9 = %hz(., X)X, (Xx n ;%(((bd))) Xg) n

#2000 (Xnt (500

a <%(wss(5 X))
23(¢ (5, X))

(s (S,
" < 23S,

N

Y

w o=

[\D/\[\—) ()

\_/M >
<
+ g
«
&
2
~—

“ 5
= X
w ==
Nl
e

©

5

<
}3
@
=
©
<
= 8
=

)

and use formulas for X, and X y:

Os0 = %/hz(., X)Xy ( f%(ib)) X, + %@%ﬁ”?@)

a Ws) B W R(ps) ()
L R wss S X R((S, X))S(1(S, X)) )
( )7 ) o)
X)) (s
X (

* 2500) 2S((S.
R(6.) S(4(S, X)) (o (5, X)) (5. X)))?
3(9) 2305, %) T a ( (5. X))

Now, differentiating A.14 with respect to 6 leads to:

4
X)
) (S, (S

2 (S, (8, X)) 2(S

_a (6 . R6JS(6)
6. = Gt 0% (o + i39) X)
(s,

(b 2
23(¢) \ 23(¥(S, X)) 2(%(1#(5 X)))

+
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o R(6,) (6,) R(6,) S((S, X))
02500 ) (Xm 56%) * B 1)
o (a5, X)) (RS, X)))?
( 2505, X)) | 2(3((5, X)) )X9 (4.16)

Finally, using the fact that ©49 = Oy, and the definition of h, we find

[¢'(S, X)”

SR

which leads to
Xy =0.
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