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Chapter 1

Introduction

Motivation

In this thesis, we mainly talk about the problem of the flow of a viscous incom-
pressible fluid moving in a rigid porous inhomogeneous medium. A good example of
this problem is that water moves in the subsurface.

In the subsurface, rock is deposited in layers. Fluid flow within and between the
rock layers is governed by the permeability of the rocks. However, to account for
permeability, it must be measured in both the vertical and horizontal directions. For
example, shale typically has permeabilities that are much lower vertically than hor-
izontally (assuming flat lying shale beds). This means that it is difficult for fluid to
flow up and down through a shale bed but much easier for it to flow from side to side.
Ultimately, if the pressure difference between a hydraulically fractured zone and a
fresh water aquifer is not great, the distance between the zones is relatively large,
and there are rocks with low vertical permeabilities in between the deeper and the
shallower zones, flow between the zones is unlikely to occur. The exception to this
is where there is a separate flow pathway such as an open bore hole or a series of
faults or joints that intersect both the fractured zone and the fresh water aquifer.

Under either of these circumstances, the pressure difference and distance will be the



Chapter 1. Introduction

determining factors as to whether fluid can migrate from the lower to the upper zone.
The principle that governs how fluid moves in the subsurface is called Darcy’s law.
Darcy’s law is an equation that defines the ability of a fluid to flow through a porous
media such as rock. The law was formulated by Henry Darcy based on the results of
experiments [33] on the flow of water through beds of sand. It also forms the scientific
basis of fluid permeability used in the earth sciences, particularly in hydrogeology.
Although Darcy’s law (an expression of conservation of momentum) was determined
experimentally by Darcy, it has since been derived from the Navier-Stokes equations
via homogenization. It is analogous to Fourier’s law in the field of heat conduction,
Ohm’s law in the field of electrical networks, or Fick’s law in diffusion theory.

One application of Darcy’s law is to water flow through an aquifer; Darcy’s law along
with the equation of conservation of mass are equivalent to the groundwater flow
equation, one of the basic relationships of hydrogeology. Darcy’s law is also used to
describe oil, water, and gas flows through petroleum reservoirs.

Darcy’s law at constant elevation is a simple proportional relationship between the
instantaneous discharge rate through a porous medium, the viscosity of the fluid and

the pressure drop over a given distance. Darcy found that his data could be described

by
_ —kAPR,-P,

_— 1.0.1
L (10.1)

where, U (units of volume per time, e.g., m?®/s) is equal to the product of the intrinsic
permeability of the medium, k(m?), the cross-sectional area to flow, A (units of area,
e.g., m?), (P, — P,) (Pascals) is the total pressure drop, and L, the length over which
the pressure drop.

The negative sign is needed because fluid flows from high pressure to low pressure.
Note: the elevation head must be taken into account if the inlet and outlet are at
different elevations. If the change in pressure is negative (where P, > PB,), then the

flow will be in the positive 'z’ direction. Dividing both sides of the equation by the

10



Chapter 1. Introduction

area and using more general notation leads

-] (1.0.2)
W

where, u is the flux (discharge per unit area, with units of length per time, m/s) and
VP is the pressure gradient vector (Pa/m).

For very short time scales, a time derivative of flux may be added to Darcy’s law,
which results in valid solutions at very small times (in heat transfer, this is called the

modified form of Fourier’s law),

ou —k
i S 1.0.
T@t+u MVh, (1.0.3)

where 7 is a very small time constant which causes this equation to reduce to the
normal form of Darcy’s law at "normal" times.

At last, in fact the water is the incompressible fluid, so the equation will also satisfy
the incompressible condition:

V- (u)=0.

A long this thesis we will focus on the following model : find a velocity u and pressure

p solutions of :

.
au+ grad p=af in Q,
divu=0 mn €,
(1.0.4)
u-n==%k on I'y,
(| P = Do on I'y

Spectral, spectral element and mortar element methods

Spectral methods are a class of techniques used in applied mathematics and scien-

tific computing to numerically solve certain differential equations, often involving the

11



Chapter 1. Introduction

use of the Fast Fourier Transform. The idea is to write the solution of the differential
equation as a sum of certain "basis functions" (for example, as a Fourier series which
is a sum of sinusoids) and then to choose the coefficients in the sum in order to satisfy

the differential equation as well as possible.

Spectral methods have been used extensively during the last decades for the nu-
merical solution of partial differential equations (PDE) due to their bigger accuracy
when compared to Finite Differences (FD) and Finite Elements (FE) methods. The
rate of convergence of spectral approximations depends only on the smoothness of the
solution, yielding the ability to achieve high precision with a small number of data.

This fact is known in literature as "spectral accuracy".

Spectral element techniques are high order methods which allow for either obtain-
ing very accurate results or reducing the number of degrees of freedom for a fixed
standard accuracy. As firstly explained by [51, 41|, they rely on high degree piecewise

polynomial approximation, and on the use of tensorized bases of polynomials.

For these reasons, the basic geometries for these methods are tensorized, i.e. they
are square or cubes. We refer to 38, 43, 21| for a general presentation and analysis of
the spectral methods in these geometries, and also to [36, 29, 55| for extensions to tri-
angles or tetrahedra. The discrete spaces for spectral methods are simply polynomial

spaces, and the discretization parameter is the maximal degree of these polynomials.

The mortar element method, introduced in [24], is a domain decomposition tech-
nique which allows for working on general partitions of the domain without con-
formity restrictions. It is particularly important when combined with spectral-type
discretizations, since handling complex geometries from very simple subdomains can
be performed with this method in a very efficient way. It can also be used to couple
different kinds of variational discretizations on the subdomains, such as finite ele-
ments or spectral methods. So it leads to discrete problems which are most often

non-conforming in the Hodge sense, which means that the discrete space is not con-

12



Chapter 1. Introduction

tained in the variational one. It was first analysed in the case of the 2D Laplace
equation [24] which admits a natural variational formulation in the usual Sobolev
space H'(Q) of functions with square-integrable first-order derivatives. We also refer
to [9] for the first 3D results. It was extended [14] to the bilaplacian equation where
the variational space is the standard space H?(f2) of functions with square-integrable
first-order and second-order derivatives and also to the Stokes problem which is of
saddle-point type; however, it still involves the usual Sobolev spaces. We also quote
[13] for an application of the mortar technique to weighted Sobolev spaces, in order

to handle discontinuous boundary conditions for the Navier-Stokes equations.
Objectives of the thesis

In this thesis, we mainly talk about the analysis of the mortar spectral element
discretization of the problem (5.1.1 where © be a bounded, connected, open set in
R?, d = 2 or 3, with a Lipschitz continuous boundary 92, and let n denote the unit
outward normal vector to €2 on 02, I'1 and I's be a partition of 02 without overlop. «
is constant or piecewise continuous coefficients. The data are now the function f and
the boundary conditions k& and pg . The unknowns are the velocity u and the pressure
(or hydraulic head, according to the model) p. we are interested in the case where
this function is not globally continuous but only piecewise smooth and also such that
the ratio of its maximal value to its minimal value is large. This models, for instance,
the flow of a viscous incompressible fluid in a rigid porous inhomogeneous medium.
A very interesting and unusual feature of Darcy’s equations is that they admit two
equivalent variational formulations, whether the space of velocities is more regular
than the space of pressures or not, see [6, 2, 19]. The drag coefficient o will be con-
sidered as piecewise constant or piecewise smooth functions. The variational spaces
can be choosen as (u;p) in H(div; Q) x L*(Q) or in L?(Q) x H*(). So two mortar
discrete problems based on Galerkin numerical integration (GNI) will be constructed.
Then we obtain the well-posedness and regularity properities of the problems. Next, it

is necessary to prove a priori error estimates of spectral type: the order of convergence

13



Chapter 1. Introduction

only depends on the regularity of the solution, more precisely on its local regularity
in each subdomain. For the implementation of the mortar technique, it mainly relies
on an appropriate treatment of the matching conditions on the interfaces.

In this thesis, we will also develop a spectral method for fourth-order differential equa-
tions in one dimension. A Legendre Petrov-Galerkin method for linear fourth-order
differential equations and a Legendre Petrov-Galerkin and Chebyshev Collocation
method for the nonlinear Kuramoto-Sivashinsky equation will be presented. Also we
will prove the optimal rate of convergence in L? norm of the method, and numerical

experiments will be given which demonstrate the efficient of proposed schemes.

Thesis outline

The thesis is composed by 2 parts. The first part is dedicated to the main subject
of my work and concerns the numerical analysis of the martar method applied to
the Darcy problem. During the first part of my thesis I worked on the analysis of a
Legendre Petrov-Galekin method for linear fourth-order differential equations in one
dimension and a Legendre Petrov-Galerkin and Chebyshev collocation method for
the nonlinear Kuramoto-Sivashinsky equation have been developed. The second part
contains the description of this contribution This invesgation will be given in the end
of then mauscrit (see Appendix).

After a short introduction given in chapter one, we will consider in chapter 2 the
Darcy’s equations with general boundary conditions and piecewise continuous coeffi-
cients in a bounded domain. This problem can be formulated in two different spaces.
Then we prove the well-posedness of the equivalent variational problem of the Darcy’s
equation. We also give the regularity properties.

In chapter 3 we present the discretization of the steady Darcy problem. We propose
spectral discretizations of this problem based on the Galerkin with Numerical Inte-
gration (G-NI) variants. The Numerical analysis of the discrete problem is performed.
We also present the two-dimensional numerical experiments.

In chapter 4 we consider Darcy’s equations with general boundary conditions and

14
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piecewise continuous coefficients in a bounded domain. This problem can be formu-
lated in spaces of square-integrable functions with square-integrable divergence. We
propose a spectral element discretization of this problem which relies on the mortar
domain decomposition technique. The Numerical analysis of the discrete problem is
performed. We also present the two-dimensional numerical experiments. They turn
out to be in good coherency with the theoretical results.

In chapter 5 we also consider Darcy’s equations with general boundary conditions and
piecewise continuous coefficients in a bounded domain. A spectral element discretiza-
tion of this problem relies on the mortar domain decomposition technique is proposed.
We present the numerical analysis and two-dimensional numerical experiments, which
turn out to be in good coherency. This chapter ends with the comparison of the two

spectral element methods will be presented in Chapter 6.

15
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Chapter 2

Darcy’s Equations

2.1 Introduction

We first talk about the analysis of the mortar spectral element discretization of

the problem introduced by Darcy [33] as follows

¢

au+ grad p = af in Q,

divu=0 mn €,
(2.1.1)

u-n==%k on I'y,

| P="Do on I'y

where ) is a bounded, connected, open set in R?, d equals to 2 or 3, with a Lipschitz
continuous boundary 0f2, and n denotes the unit outward normal vector to {2 on 012,
I'y and I'y, with a positive measure, being a partition of 92 without overlop. The
data are now the equation f and the boundary conditions k& and py . The unknowns
are the velocity u and the pressure (or hydraulic head, according to the model) p.
The coefficients a are constant or piecewise continuous. We are interested in the case

where this function is not globally continuous but only piecewise smooth and also such

17



Chapter 2. Darcy’s equations

that the ratio of its maximal value to its minimal value is large. This models, for
instance, the flow of a viscous incompressible fluid in a rigid porous inhomogeneous

medium.

2.2 Sobolev spaces

In this section, we recall the main notions and results, concerning the classical
Sobolev spaces, which will be used in later sections, also some properties. Although

they are stated without proof, these results are complete, rigorous and fairly general.

We define ©(€2) to be the linear space of infinitely differentiable functions, with

compact support on 2. Then we set
D(Q) = {¢lo; ¢ € D(RY)}
or equivalently, if © denotes any open subset of RY such that Q C O,

Now, let ®'(€2) denote the dual space of D(Q), often called the space of distribu-
tions on . We denote by < -,- > the duality pairing between ©'(Q) and D(Q) and
we remark that when f is locally integrable function, then f can be identified with a

distribution by
< fid>= / f(@)o(x)dz, Vo € D)

In other words, < -,- > is an extension of the scalar product of L*(Q).

For v = (vy,vg, ..., vy ), we define the divergence operator by:

N

div v= Z(@Vi/axi).

i=1

18



Chapter 2. Darcy’s equations

Note the identity:
div (gradv) = Av.

So far, we have been mainly interested in subspaces of H*(2)"; but subsequently,
it will be worthwhile to use functions with less regularity. Bearing this in mind, we

introduce the following spaces:
H(div;Q) = {v e L2(Q)N;divv € L*(Q)},
which is clearly a Hilbert space for the norm:

Vlzaivi) = (IVI5.a + 1div vi[ga)">. (2.2.1)

Next we are coming to the trace theorems. The trace on the boundary I' of a
function v € H*(Q) is ,in a sense to make precise, the value of v restricted to I'. If
we denote by C°(Q) the space of continuous functions on ), the precise result reads

as follows, see ([40], Chapter I):

Theorem 2.1 Let Q be a bounded open set of R with Lipschitz-continuous boundary
I' and let s > 1/2.

1. There exists a unique linear continuous map v : H*(Q) — H*"Y%(T') such that
Yov = v|r for each v € H*(Q).

2. There exists a linear continuous map Ry : H*/2(T) — H3(Q) such that 1Rop =
@ for each o € H*7Y/2(T).

The next theorem concerns the normal component of boundary values of functions of

H(div; Q).

Theorem 2.2 The mapping v, : v — v - n|p defined on D(Q)N can be extended by

continuity to a linear and continuous mapping, still denoted by ~,, from H(div ;<)

to H=Y/2(T).

19



Chapter 2. Darcy’s equations

By extension, 7,V is called the normal component of v on I' and is denoted simply
by v - n.

From the above two theorem, we derive the following Green’s formula:
(v,grade) + (divv,¢) =< v-n,¢ >p, Vv € H(div;Q),Ve € H(Q). (2.2.2)

As a consequence, we can now extend Green’s formula for the Laplace operator to a

wider range of functions.

Corollary 2.1 Let u € H'(Q) and Au € L*(Q). Then Ou/On € H-/*(T") and

(grad u, grad v) = —(Au,v)+ < du/On,v >r, Vv € H'(Q). (2.2.3)

Two useful applications of Green’s formula will also be given here.

Lemma 2.1 Let Q be a bounded open subset of RN with a Lipschitz-contunuous
boundary T".
1. Foru and v in H*(Q) and for 1 <i < N, we have

/u(av/axi)dx = —/(Gu/awi)vdx+/70u701mids (2.2.4)
Q Q r

2. If in addition uw € H*(Q) we have

N N N
Z 8u 81} aQu 5u

— ; 2.2.
— /Q T axi Xr ;/Q (93522 ; - /F( 9xiv)n’d8 ( 5)

Adopting the usual notations

N 92
Au = Z %, gradu = (Ou/0xy,...0u/dzyN)
=1 i

20



Chapter 2. Darcy’s equations

(2.2.5) becomes:
(gradu, gradv) = —(Au,v) + /(8u/8n)fyovds. (2.2.6)
r

When ¥ is an open (non-empty) Lipschitz continuous subset of the boundary I, we
introduce the space

HL(Q) = {v € H(Q)|ygv = 0}.

An important result, which will find widespread application in the sequel, is the

so-called Poincaré inequality, see ([25], Chapter 1, Lemma 2.6):

Theorem 2.3 Assume that Q is a bounded connected open set of RY. Then there

ezists a constant Co(X) > 0 such that

/Q v (@)dz < Co(3) /Q Vo(a)[2d (2.2.7)

for each v € HL(Q).
We next recall Sobolev embedding theorem ([3], Chapter 4).

Theorem 2.4 Assume that Q is a (bounded or unbounded) open set of R with a
Lipschitz continuous boundary, and that 1 < p < oo. Then the following continuous
embedding hold:

1. If 0 < sp < d, then W*P(Q) C LP"(Q) for p* = dp/(d — sp);

2. If sp=d, then W*P(Q) C L1(Q2) for any q such that p < q < 00;

8. If sp > d, then W*P(Q) C C°(Q).

2.3 Variational formulations

A very interesting feature of Darcy’s equations is that they admit two equivalent

variational formulations, whether the space of velocities is more regular than the space

21



Chapter 2. Darcy’s equations

of pressures or not, see [6, 2, 19]. The drag coefficient a will be considered as piecewise
constants or piecewise smooth functions. The variational spaces can be choosen as
(u;p) in H(div;Q) x L%(Q) or in L?(Q) x H'(Q2). So two variational formulations will
be constructed.

Throughout the thesis, we make the following assumptions on the function a: there
exists a finite number of domains €2;,1 <[ < L, such that :

e they form a partition of 2 without overlapping:
L
Q=) "0, qnQ =0, 1<1#1 <L, (2.3.1)
=1

ethe restriction of a to each €, 1 <[ < L, is bounded and positive, i,e. there exists

constants o]"** and o™ such that

" = sup a(x) < +oo, o = inf a(x) > 0. (2.3.2)
XEQ[ XGQZ
We set
o™ = max ", ™" = min o"". (2.3.3)
1<I<L 1<I<L

2.3.1 Velocity in H(div, ()

In this subsection, for each domain O in R with a Lipschitz-continuous boundary,
we use the full scale of Sobolev spaces H*(O) and H§(O), s > 0, their trace spaces
on JO and their dual spaces. We denote by C*(O) the space of restrictions to O of
indefinitely differentiable functions of R? and by D(0O) its subspace of functions with
a compact support in O.

Let T be any part of 9Q with positive measure. We also recall that HZ,(T') is defined as
the space of functions in Hz(T') such that their extension by zero belongs to Hz (92).

22



Chapter 2. Darcy’s equations

We have the following formula

Vq e HO%O(F), < (v-n),q(x) >= /Q(div v) q(x)dx + /Qv~ (grad q)(x)dx

where 7 is any lifting in H'(€2) of the extension by zero of ¢ to 9. So the normal
trace on I' of a function v in H(div,{2) makes sense in the dual space HO%O(F)/ of
HO%O(F)' In fact, the integral in the left-hand side of the above equality represents a
duality pairing.

We next define
Hy(div, Q) = {v € H(div,Q);v-n = 0 on 082} (2.3.4)

Then D(Q)? is dense in Hy(div, ), and both Hy(div, Q) and H(div, Q) are Hilbert
spaces for the scalar product associated with the norm defined in (2.2.1).

We now introduce the variational spaces

X(Q) = H(div,Q),

(2.3.5)
Xo(Q)={veX(Q);v-n=0o0nT4}.
Both of them are equipped with the norm
Ivllx@) = [IVlla@v o) = (V720 + 1ldiv vI[Eag)2. (2.3.6)

The variational problem we consider reads: Find (u,p) in X(Q) x L*(Q2) such that
u-n=~%on Iy and that

Vv € Xo(Q), an(u,v)+b(v,p) = L(v),

(2.3.7)
Vg € L*(2), b(u,q) =0,
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Chapter 2. Darcy’s equations

where the bilinear forms and linear form are defined by

ao(u,v) = lzloq /Ql u(x) - v(x)dx,
b(v,q) = —/Q(divv)(x)~ q(x)dx.
L(v)= Z al/

=1 &

f(x) - v(x)dx — / po(s) (v -n)(s)ds

1)
We make the following assumption on the data

/

’ 1 1
fe Xo(Q) s k e (H020<F1)) , Do € HOQO(FQ), (238)

2.3.2  Velocity in L?*(2)

The variational problem that we consider now reads : Find (u,p) in L*(Q)¢ x

H'(Q) such that p=py on Ty and that

Vv e L2()4,  an(u,v) +b(v,p) = L(V),

(2.3.9)
Vg € HL,(Q), b(u,q) =[5 k(7) q(r)dr,
where the bilinear forms and linear form are defined by
L
ao(u,v) = Zal/ u(x) - v(x)dx, (2.3.10)
=1 &
b(v,q) = / v(x) - (grad ¢q)(x)dx. (2.3.11)
Q
and
L(v) = / af(x) - v(x)dx (2.3.12)
Q
Hp () ={qe H'(Q),g=0o0n Ty} (2.3.13)
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2.4 Well-posedness of the problem

2.4.1 Case of velocity in H(div, ()

Proposition 2.1 Assume that the partition of 0N into I'y and T's is sufficiently
smooth for D(Q U Ty) to be dense in Xo(2). If the data (f k,po) satisfy assump-
tion (2.3.8), any smooth enough pair of functions (u, p) in X (Q) x L*(Q) is a solution
of problem (2.3.7) if and only if it is a solution of problem (2.1.1).

Proof: We refer to [15]. If Y/(Q2) = D(Q)(Q) N Xo(2), then Y (Q) is dense in X,(€2).
When multiplying the first line in (2.1.1) by a function v in Y'(€2), integrating by parts,
we obtain that the first equation of (2.3.7) is satisfied for all v in Y'(€2), hence for all
v in X(§2) by density. Conversely, letting v run through D(QUI3) N X, (Q2) gives the
first line of (2.1.1) in the distribution sense and letting v run through Y (€2) leads to
the fourth line. Due to the density of D(Q2) in L*(2), the second line in (2.1.1), when
taken in the distribution sense, is fully equivalent to the second equation in (2.3.7).

To prove the well-posedness of problem (2.3.7), we first construct a lifting of the

boundary conditions. Before that we introduce the a-dependent norms

L
. 1
1V]la,x (@) = (Z O‘l(HVHiQ(QZ)d + ||div V||i2(91)>)2 (2.4.1)
=1
S|
1
lallas z2@) = O EIHQHL?(QI))Q (2.4.2)

=1

Lemma 2.2 There exists a divergence-free function u, in X () which satisfies

u-n==~k onl;, (2.4.3)
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Chapter 2. Darcy’s equations

and

w|la,x(0) < C v/Omax|[K]| (2.4.4)

(HO2O F )

where C' is dependent with o.

Proof: We now denote by I(2) the space
I(Q) ={pe H(Q); p=0 on T},

and we consider the problem :

Find A in I(Q2) such that ,

Ve I(Q), [y (grad)) - (gradu)(x)dx = [, (k 1) (x)dr (2.4.5)

This problem has a unique solution. Moreover the function u, = grad A is divergence-

free on 2 and satisfies u, - n =k on I'7, and

HubHaX (Q) < C V OémakaH % (246)
Hg,

()

To go further, we set: uy = u — u,, and consider the following problem: Find (uy, p)

in Xo(Q) x L*(Q) such that

Vv € Xo(Q), aq(ug,v)+0b(v,p) = —as(up, v) + L(v),

(2.4.7)
Vg € L*(Q), b(ug,q) = 0.
Then we can see that the kernel
V(Q) = {v € Xo(Q); ¥ g € L(9), b(v,q) = 0} (2.4.8)

coincides with the space of functions in X,(€2) which are divergence-free on 2. So it

is easy to have the following Lemma about a,(-,-):
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Lemma 2.3 The following ellipticity property holds

Vo € V(Q), aa(v,v) = |[v]]2 x0- (2.4.9)

L
Proof: V veV(Q),a.(v,v)=> « le V- vdx = ||V||i,X(Q)'
=1

Lemma 2.4 There exists a constant 5 > 0 such that the following inf-sup condition

holds

b ’U, (] Apin
Voe LX), sup 2D 5 g [Omny
vEX((Q) ||v||a,X(Q) Mmag

a*,L2(Q)- (2410)

Proof: We first define the space
W ={x|xe H' (), x=0 on Iy},

then for all ¢ € L*(Q), their exists Y € W, such that

—AY =g¢q, in ()
gradY -n=0, onl} (2.4.11)
Y =0 only,

Letting v = grad Y, then v € X((Q2) and —div v = ¢ in 2. Obviously,

Mwﬁz—[yquw:|m@my

Thanks to Green’s formula and Poincaré-Friedrichs inequality

Mmdw@@:/qnmsmmmMWWQSdmm@Mmdwm@.
Q

It follows with

[[V|[z2(0) = [lgrad Y||r2) < cllq|z2(0)
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Chapter 2. Darcy’s equations

So .
. 1
IVlax@) = O a2y + lldiv v][320))? < Cv/@masllgl|r2)
=1

Then we obtain the result

b m’Ln
Vg € L*(Q), sup (v.q) >c a

veXp(Q HVHaX Q) Amax

()-

It follows from Lemma 2.3 and Lemma 2.4 that problem (2.4.7) has a unique
solution (ug,p) in Xo(Q) x L*(2) and that this solution satisfies

amzn 1
IPlla= L2 < € ([aslax@) + [fl]z2@) +[lpoll 3 )

max man H020 (I'2)

(2.4.12)

||u0||a,X(Q) +c

We now obtain the main result of this section.

Theorem 2.5 For any data satisfying (2.3.8), problem (2.3.7) has a unique solution
(u,p) in X(Q) x L*(Q). Moreover this solution satisfies

(07

min maxk i

s < e~ (Bl 3 1+ L+ ol )
2.

lelloxioy .
4.13)

2.4.2 Case of velocity in L*(Q)

Proposition 2.2 Assume that the partition of 0N into I'y and T's is sufficiently
smooth for D(QUTY) to be dense in Hp (). Any smooth enough pair of functions
(u,p) is a solution of problem (2.3.9) if and only if it is a solution of problem (2.1.1)

in the distribution sense.

Proof: Due to the density of D(Q)? in L?(02)¢, the first line in (2.1.1), when taken
in the distribution sense, is fully equivalent to the first equation in (2.3.9). On the
other hand, when multiplying the second line in (2.1.1) by a function ¢ in D(QUTY),
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Chapter 2. Darcy’s equations

integrating by parts and using the third line, we obtain that the second equation of
(2.3.9) is satisfied for all ¢ in C>°(2) N H}, (), hence for all ¢ in HY, (€2) by density
according to [15]. Conversely, letting ¢ run through D(Q UT;) gives the second line
of (2.1.1) in the distribution sense and letting ¢ run through C>(Q2) N HY, () leads
to the third line.

We now introduce the a-dependent norms

L

1 1 1
IV]la = Z&zHVHLz )7 w=0 alqﬁ{lml))z (2.4.14)

=1

To prove the well-posedness of problem (2.3.9), we first cite the following Property
(48], Chap. 1, § 11).

1
Property 2.1 For all py € Hg(I'2), the extension py by zero from I'y to 092, such

that polr, = po belongs to Hz (99 and satisfies |Ipol[ 3 ) ||p0|] T
00

Then we construct a lifting of the boundary conditions of py. We give the following

lemma.

Lemma 2.5 There exists a linear continuous map Ro : H* V() — H*(Q) such
that Ropo = P, and

< Cllpoll (2.4.15)

inf ||P 0,3 2
P[] 1) = HPOHH%(aQ)— HZ(T2)

~o(P)=po

To go further, we set: P, = p — P, and consider the following problem: Find
(u, P) in L2(Q)? x HE () such that

Vv € L3(Q), ao(u,v)+b(v, P) = —b(v,P) + L(v),

(2.4.16)
Vg € Hy,(Q), b(u,q) =<k, q>r, .
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Indeed, the form a,(-, ) and b(-, -) satisfy the continuity properties and we have the
ellipticity property
Vve L) an(v,v) = ||v]%. (2.4.17)

We also have the inf-sup condition on the form b(-,-) as follows:

Lemma 2.6

Vqge H%2(Q), sup

. (2.4.18)

Proof: ¥ q € H},(Q), letting v = a~'Vgq, then v e L*(Q)*. b(v,q) = [yv-Vq =
2. So o > Mo > |

ol = llglfax

lg|

It follows from (2.4.17) and (2.4.18) that problem (2.4.16) has a unique solution
(u, P) in L?(Q)? x HE, () and that this solution satisfies

lalla + [1P1]la. < C(Iflla + [17]

o) (2.4.19)

We are now state the main result of this section.

Theorem 2.6 For any data (f, k,po) in L2(Q)4x H™2(I';) x HO%O(FQ), problem (2.3.9)

has a unique solution (u,p) in L*(Q)% x HY(Q). Moreover this solution satisfies

Ulla + IPlle. < C(|Ale + + /Cmaz| |k . 2.4.20
el + lplle. < Ao+ Izl + Vaaallfl] ) (2420

Proof: We establish successively the existence and uniqueness of the solution.
1) It follows from the Lax-Milgram lemma, combined with Bramble-Hilbert inequality,

that there exists a unique p in Hf, () such that

Vo € Hp (), /(grad 1) - (grad @)dx =<k, ¢ >p, . (2.4.21)
Q
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Thus, the function u, = grad p satisfies

Wlla < cv/amaxl|lkll 1 ) 2.4.22
lle < v/l il 1y (24.22)

On the other hand, it follows from the standard results on saddle-point problems

([40], Chap,I, Cor.4.1) that the problems

Find (uo, P1) in L2(Q)* x HE () such that

Vv e L2(Q), an(ug,v)+b(v,P) = —b(v, P) — as(uy, v) + L(Vv),

(2.4.23)
Vg € Hy, (), b(ug,q) = 0.
has a unique solution (ug, P;) which morever satisfies
[1aolla + 1 P1lla. < C(l[us]la + [flla + [1P]]ax) (2.4.24)

Then, the pair (u, p) with u = ug +w,, p = P, + P, is a solution of problem
(7?7)-(2.3.9), and estimate (2.4.20) follows from (2.4.22) and (2.4.24). The pair(u =
U + uy, p = P, + P) is a solution of problem (??7)-(2.3.9), and estimate (2.4.20) is a
consequence of (2.4.15) and (2.4.19). On the other hand, let (uy,p;) and (ug, p2) be
two solutions of problem (2.3.9). Then the difference (u; — ug, p; — p2) is a solution
of problem (2.4.16) with data w, f, P; equal to zero, also py equal to zero. Thus, it
follows from (2.4.20) that it is zero. So the solution of problem (2.3.9) is unique.

2.5 Regularity properties

Let O be a subdomain of  such that « is a constant in a neighbourhood of O in
Q2. We first set
H(curl,div; O) = H(curl, O) N H(div, O).
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Then we introduce a space

Wy = {u € H(curl,div;O)lu-n € L*(00)}.

Due to ([5], Remark 2.16) and [30], when O is a general Lipschitz domain, the space
W, is imbedded in Hz(O). When the domain O is convex, due to (|5], Theorem
2.17), then the space W, is continuously imbedded in H'(©), in fact, u - n has even
higher regularity, u-n € H %(8(9). In the subdomain O, taking the curl of the first

equation in (2.1.1), yields
curl (au) = curl (af) in O.
This leads to the following local regularity result.

Proposition 2.3 Let O be a subdomain of ) such that o is a constant in a neigh-
bourhood of O in Q. Then the mapping: (f k,po) — (u,p), where (u,p) is the so-
lution of problem (2.1.1), is continuous from H*(Q)? x H*"2(Q) x H* 2(Q) into
H*(0)* x H*T(0), (i) for 0 < s < 1 in the general case, (ii) for 0 < s <1 when O

1S Convez.

It follows from [31] that these results still hold with O replaced by O N,

i) in dimension d = 2, when the € are polygons and O does not contain any

vertex of the €,

i) in dimension d = 3, when the ; are polyhedras and O neither contains a vertex

of the {; nor intersects an edge of the €);.

However when O either contains a vertex of the €; or intersects an edge of the €; and

when we consider the global regularity properties, the results will be weaker. More
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properties can be proved only in dimension d = 2 and thus we only consider this case
in what follows.

We first consider the local regularity properties. We introduce here also a space
W = {u € H(curl,div;Q)|ju-n € L*(0Q)}.
We know from [30] when € is a polygon, a function u in W can be written as
u = u, + grads, (2.5.1)

where u, belongs to H'(Q)? and S is a linear combination of the singularities of the
Laplace equation provided with Neumann boundary conditions. We recall that each
singularity in the neighbourhood of a corner of the polygon with aperture w has the

form

i ((0) + (logr)P(6)),

where 7 is the distance to the corner, 8 the corresponding angular variable, p is equal

to 0 except when T is an integer where it is equal to 1. More generally, any such

function u which has the further property
div u € H(Q2), curl u € H(Q)?, (2.5.2)

admits the expansion (2.5.1) with u, in A5 (Q)? for all 5,0 < s < 2% — 1.

Taking the curl of the fisrt equation in (2.1.1), which yields
curl (au) = curl (af) in Q.

So when € is a polygon, u admits the expansion (2.5.1), and if curl f belongs to
H:(Q)% 0<s< %’r — 1, where w denotes the largest angle of €2, the regular part u,

in this expansion belongs to H*™ ().

We next give the regularity property of p. Taking div of the first equation in
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(2.1.1), we consider the following mixed boundary conditions problem:

div (L grad p) =div f in Q,
19, p=1f-n on T, (2.5.3)

P = Po on I'y

We know from [34] that there exists a real number so, 0 < sy < 3, only depending
on the geometry of Q, amin and ampax, such that when div £ € H*1(Q) and py €
Hng%(FQ), the solution p of the equation (2.5.3) belongs to H*™(Q) for all s < s,
where H ZJF%(FQ) stands for the space of functions such that their restrictions to any
edge e contained in I'y belongs to H 5+%(e). Morever, when € is a polygon, according
to ([42],Chapter 5) and [34], p will belong to H*™(€2), s < min{sg, X — 1}.

We then consider the local regularity properties when O contains either vertex of the
(), or intersects an edge of the €);. we are now at the last conclusion of this section.
Suppose flg,, k, po belongs to H* ()2 x H%~2(€) x H+2(€,) for any real positive
number s;: i) When € contains no corner of €2, the regularity of (u,p) on €; only
depends on the data f, and (u, p) belongs to H*(;)? x H*T(€)).

ii) When () contains a corner of  with w, we derive from (2.5.1) that u|g, =

u, +grad S, plg, =p, +S. So the first equation of (5.1.1) can be rewritten as
1 ! ’
—grad p =f—u,wherep =p, + (1+a) S. (2.5.4)
a

Taking the curl of the first equation of (5.1.1) and taking div of the equation (2.5.4),
we can get that (u,, p,) belongs to H*()? x H* () for s < s, and s < 2%
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Spectral Discretization of Darcy’s

Equations

3.1 Orthogonal polynomials

We firstly work on the interval A = [—1, 1], since all results on 2 are deduced from
their analogues on A thanks to tensorization arguments. Over A, all the approxima-
tion properties rely on a proper choice of an orthogonal basis of L?(A) : the Legendre

polynomials.

The family of Legendre polynomials is a family (Lg)r>0 of polynomials in one
variable, which are orthogonal to each other in L?(A). For any integer k£ > 0, the
polynomail L, has degree k. If Li(z) is normalized so that Li(1) = 1, then for any

k:
[k/2]

Lu(z) = 2—1k S (-1 (’;) (zk - 2l> 2, (3.1.1)

(1=0)
where [k/2] denotes the integral part of k/2.

It can be noted that, for all £, the k zeros of L, are distinct real numbers in A and
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also that the polynomial L, is even if k£ is even and odd if k is odd.

The norm of each Ly is given by the formula
Lo 1
/_ Li(x)dx = .

1

(3.1.2)

We recall from (1], Chapter 22) some very important properties of these polynomials,

firstly the differential equation
(1 —a2?Ly) + k(k+ 1)Ly =0,k >0, (3.1.3)

secondly the integral equation
(3.1.4)

(2k + 1)Ly, = Lyoq — Ly_y, k> 1,

thirdly the induction formula, which allows for computing them:

k
k+1

Ly (), (3.1.5)

2k +1
Lia(r) = - oLi(z) —

where Ly(z) =1 and Li(z) =z
We consider now discrete Legendre series. Since explicit formulas for the quadra-
ture nodes are not known, such points have to be computed numerically as zeros of
approximate polynomials. The quadrature weights can be expressed in closed form

in terms of the nodes, as indicated in the following formulas: ([44], Chapter 2)

e Legendre- Gauss (LG) : forj=1,...,N
(3.1.6)

xj are zeros of Ly,i;
2
(3.1.7)

T A=) Ly ()]
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e Legendre -Gauss-Lobatto (LGL) : forj =0,...,N

’

z; are zeros of (1 —2%)Ly; (3.1.8)

wj = 2 L (3.1.9)
N(N +1) [Ln(z;)]?

3.2 Quadrature Formula

As we know that, the most natural quadrature formula in the polynomial context
is the Gauss Lobatto formula associated with the Lebesgue measure, since it allows
for easily handling boundary conditions and leads to diagonal mass matrices. We

firstly describe it, next we study the corresponding interpolation operators.

The Gauss Lobatto formula
Let us set 29 = —1 and 2y = 1. There exists a unique set of N — 1 nodes z;, 1 <
J < N —1 and a unique set of N + 1 weights p;, 0 < j < N, such that the following

exactness property holds
1 N
Vo € Pan—1(A), / $(w)dr = o(x;)p;. (3.2.1)
-1 =0

The zeros z;,1 < j < N — 1, are the zeros of L}v and the weights p; are positive,

given by
2
Pj = 2 N
N(N +1)L5(x)

0<j<N. (3.2.2)

We conclude with a further useful property of the quadrature formula.

Lemma 3.1 There exists a constant ¢ such that
N
Yoy € Pn(A),  [lonl[72) < Z(b?v(xj)ﬂj < 3[|on[72n)- (3.2.3)
=0
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Proof: We write the expansion of any polynomial ¢y in L*(A) :

N
oy =Y anLy.
n=0

We deduce from the exactness property (3.2.1) that

N
H¢NH%Q(A) = Z OéiHLnH%%A)a
n=0

N

N-1 N
Y on(@)p =Y arllLulliamy + ok Y Liv(@))p;,
n=0 7=0

J=0

(3.2.4)

so that it suffices to prove the results with ¢ = Ly. Noting that the degree of the

polynomial L% + N=2(1 — 2?)L2 is less than 2N — 1 (this comes by computing the

coefficient of 2%V), we derive that

N

1 ic0

or equivalently, since the z; are the zeros of (1 — x2)L}y,
N 1 I
Z Ly (z)p; = / Ly(z)dr + N~2 [ Lg(x)(1 - 2?)dx.
The second integral is easily computed, leading to
- 1
> Li(@)e; = 2+ lLwllZa),

§=0

Since N > 1, this gives the desired result.
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3.3 Polynomial approximation

3.3.1 Polynomial approximation on the interval

Let now N be a fixed positive integer > 2. In what follow, ¢ stands for a positive
constant independent of N. We introduce the orthogonal projection operator 7y from

L?(A) onto Py(A). Then the projection operator can be expressed in the following

way:
N
Vo€ L’(A), 7n¢ =) ¢"Ln, (3.3.1)
n=0
where
1 1
On () Ly (x)dx. (3.3.2)

Ll S

Lemma 3.2 For any real numbers s > 0, the following estimate holds for any ¢ in

H*(A):

6 — mndl|r2(a) < eN72|[0] s (a)- (3.3.3)

For the proof of this lemma, we propose (|23], Proposition 1).

We now consider the orthogonal projection operator 75" from H{ (A) onto P}, (A),
for the scalar product associated with the norm | - |g1(a). Its properties are derived
from the formula (7y")" = 7y_1¢ for the bounded in H'(A), plus a duality argument

for the bounded in L*(A).

Proposition 3.1 (/23/, Proposition 2) For any real number s > 1, the following
estimate holds for any ¢ in H5(A) N H}(A):

|6 — 7 bl ay + N|¢ — a0l L2 a) < eNY72|] | arsa)- (3.3.4)

Finally, with any function ¢ in H'(A), hence continuous, we associate the function
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¢ defined by

B0() = 6() — o~ 1) — 61 (335)
and since it belongs to HJ(A), we define the polynomial k¢ by
(mkd)(x) = (m000) () + D(~1) 15" + 6(1) T2~ (33.6)

2 2

This operator does not correspond to an orthogonal projection, but it preserves the

values in &1 and its properties are easily derived from the formula ¢ — 7i¢ = ¢g —

1,0
TN Po-

Proposition 3.2 (/23/, Proposition 3) For any real number s > 1, the following
estimate holds for any ¢ in H5(A) N HJ(A):

|6 — TNl + Nllé — ndllr2a) < eN'°l|¢|

e (3.3.7)

3.3.2 Polynomial approximation on the square or cube

For each n > 0, let P,(2) be the space of polynomials worth degree < n with
respect to each variable, and P! be its subspace made of all polynomials which vanish

on the boundary 0f2.

As previously, we fix an integer N > 2. The best fit of a given function is realized
via projection operators onto Py () or P%,(Q), and analyzing their properties relies
on tensorization arguments. For instance, if IIy denotes the orthogonal projection

operator from L?(Q) onto Py (£2), it coincides with w](\f) ow%) in dimension d = 2, with

7TJ($) o 715\‘1,’) owj(é) in dimension d = 3, where the exponent after an operator denotes the
direction in which it is applied. So the approximation properties of the operator Ily

are derived from the triangular inequality, in dimension d = 2 for instance:

[[o = Tyl < [lo = 7 vl 20) + 17 (0 = 75 0) | 2(0)- (3.3.8)
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Proposition 3.3 (/23/, Proposition 4) For any real number s > 0, the following
estimate holds for any v in H*(S2) :

HU — HNUHLQ(Q) S CNisHU’ Hs(Q)- (339)

Let now I1)’ stand for the orthogonal projection operator from H}(Q) onto P} ().

Using a further duality argument, we derive the next proposition.

Proposition 3.4 ([23], Proposition 5) For any real number s > 1, the following

estimate holds for any v in H*(Q) N Hy(Q) :

lv — H}\}Olel(Q) + N|lv — H}\}O’U”LZ(Q) < eN'"¥||v|| s (- (3.3.10)

Finally, the approximation properties of the orthogonal projection operator II}

from H'(2) onto Py () are derived from the same triangular inequality .

Proposition 3.5 ([23], Proposition 6) For any real number s > 1, the following
estimate holds for any v in H*(Q) :

lv — H}VU|H1(Q) + N||lv— H}VUHLQ(Q) < CN1_8||’U|

Ho(5)- (3.3.11)

3.4 Polynomial interpolation

In this section, we will introduce the interpolation operator on Gauss-Lobatto

points.
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3.4.1 Polynomial interpolation on the interval

Our aim is to derive the appxoximation properties of the Lagrange interpolation

operator iy at the nodes z;,0 < j < N, with values in Py (A), which means that

(ing)(x;) = ¢(x;), 0<j<N. (3.4.1)

Lemma 3.3 (/23], Lemma 8) There exists a positive constant ¢ such that, for any

function ¢ in H}(A),

lindll2a) < el L2y + N7l mi(a))- (3.4.2)

Applying the above inequality to the function ¢ —}¢ obviously gives an estimate
for the interpolation error of functions which belongs to H'(A). However, we have
rather state a slightly more general result which allows for interpolating less smooth

functions.

Proposition 3.6 (/23/, Proposition 7) For any real number s > 3, the following
estimate holds for any ¢ in H*(A):

|0 — ind||r2a) < cN7%||4)]

Hs(A)- (3.4.3)

Proposition 3.7 (/21], Theorem 13.4) For any real number r and s satisfying s >
max{%, r} and 0 < r < 1, there exists a postive constant ¢ depending only on s such

that, for any function ¢ in H°(A), the following estimate holds:

|¢_iN¢|H'“(A) S CNT_S||Q5||Hs(A). (344)
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3.4.2 Polynomial interpolation on the square or cube

By tensorization, we associate with the nodes x; the grid

zi,x;),0< 1,7 <N i dimension d=2,
N = {( J) J } (3.4.5)

{(zs,zj,2),0 <i,j,k < N} in dimension d=3,

(1]
|

and also the discrete product: for all continuous functions u and v on €,

N N
Yo wlwy, xj)v(w, ;) pip; in dimension d=2,
1=0 5=0
(wo)v=91 ~'v ~ (3.4.6)
Y03 ulwy, wg, xp)v(s, x4, TR ) Pipi Pr in dimension d=3,
i=0 j=0 k=0

The grid of Gauss Lobatto points when N=18 and d=2

0&H H

06 H -

04 H H

02 H B
0.4 4 l

06 H H

08 L

02 04 08 08 1

pog=1

Figure 3-1: The Grid of Gauss Lobatto points when N=18 and d=2

We denote by Zx the Lagrange interpolation operator on the grid =y, with values

in Py (£2). The operator coincides with ig\,) o zg\z;) in dimension d = 2, and with
z%) o z%) o zg\z,) in dimension d = 3. So, proving its approximation properties is now

obvious.
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Proposition 3.8 For any real number s > g, the following estimate holds for any v
in H5(Q) :

llv — Znv|| 2@y < eN7%[v]

Hs(Q)- (3.4.7)

For any real number r and s satisfying s > max{g,r} and 0 < r <1, there exists a
postive constant ¢ depending only on s such that, for any function ¢ in H*(2), the

following estimate holds:

|U —INU HT(Q) < CNrisHvl Hs(Q)- (348)

3.5 Spectral discretization of the Darcy’s problem

According to the variational forms in Chapter 2, we here discuss the discrete

problems.

3.5.1 First discretization

According to the variational formulation, we introduce the discrete spaces as fol-

lows:

Dy = Py ()%, (3.5.1)

also we introduce another space:

]DS)V = {llN S DN, uy-n=0on Fl} (352)

For the space of pressure, there are different choices. Usually we consider the

spurious modes on the pressure, namely the set

Zn = {qn € Pn(Q), Vvy € DY, by (v, qn) = 0} (3.5.3)
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which is analyzed in [8] and [25]. The space of pressure My will be taken as the

orthogonal space of Z,, in Py.

But here we choose another pressure space as My = Py_5(2) which has not been
discussed yet in the literature as far as the author’s knowledge. Assuming that the
functions f, k, po has continuous restrictions to { and I'y,T'y respectively. Then
the discrete problem built from the variational formulation reads: Find (uy,py) in
Dy x My such that

uy-n= I]E,lk on I'y, (3.5.4)

and

Yy € DY, a)(un,vn) +b0n(Va,pn) = Ly(vi),

Vgy € My, bn(un,gn) =0.

(3.5.5)

where the bilinear forms a’ (-, -) and by(,-) are defined by

aév(uNaVN) = a((un, vn))n,

by (v, qn) = —((div v, qn)) N, (3-5-6)

Ly(vn) = ((a £,vx))x = ((po, viv - m)) -

Next we introduce the a— dependent norms

v o = (al(||Vv 2+ dZUV 2 %,
[valla = (a(l[val]* + [|div v l]*)) (3.5.7)

o = (@ |lan|[?)>.

llgw|

Lemma 3.4 There exists a divergence-free function ub, in Dy which satisfies

uy -n=1Tyk onTy, (3.5.8)
and
b T
Uy|la < C Vamal|INE]| 1 . 3.5.9
unlla < [ Zy ”(Ho%mn/ (3.5.9)
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where C' is dependent with c.

To go further, we set: u} = u — u%;, and consider the following problem: Find

(u%,p) in DY x My such that

Vq € My, bN(u9VaQ> = 0. -
Then we can see that the kernel
Vv = {vy €DY;V gy € My, by (v, qn) = 0} (3.5.11)

coincides with the space of functions in D%, which are divergence-free on Q. So it is

easy to have the following Lemma about a)) (-, -):

Lemma 3.5 There exists a constant ¢ independent of the discretization, such that

the following ellipticity property holds

V'UN c VN,G,(]XV(’UN, UN) > CH’UNHZ. (3512)

Next, we come to the inf-sup condition.

Lemma 3.6 There exists a constant f > 0 such that the following inf-sup condition

holds
by (v, gN)
Vgv € My, sup ————= > B|qn]|
ovend,  ||ON]|a

- (3.5.13)

Proof: The proof is given only in the case d = 2, since the corresponding proof in

the case d = 3 is completely similar. Any function gy in My has the expansion

N—-2N-2

gn(z,y) = Z Z O Ly (2) Ly (1) (3.5.14)

m=0 n=0
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We can derive that

N-2N-2 1
lan |72 = o2, (3.5.15)
by = 22 S oy
The idea is now to choose vy = (vly,v2y), with
—2 m
Lint1(x) — Lin—a(z)
1 = mn L, 3.5.16
and N-2 N-2
— — Ly 1(y) = Lin—1(y)
2 — L . 51
m=0n=m+1
In fact, the polynomial v belongs to D%, and which satisfies div vy = —qy. Next,
we note that N
%) 1 @
uln(,y) = 5" GpnLin(@) Laly) (3.5.18)
m=0 n=0
which allows for bounding ||aU1N—Iy) ||2() by comparing with (3.5.15). Using a similar
argument for ﬁg—y(z’y), we derive that
ale(xa y) @UQN(xa y)
——— ] ——— |2 < 2 3.5.19
| Oy z2(0) + | ay 220 < cllanllr2 () ( )

and also, thanks to the Poincaré-Friedrichs inequality applied with respect either to

Z or vy,

vln (@, )|z + [lv2n (@, Y)| L2 (0) < cllan]lrz@), (3.5.20)

then the inf-sup condition is obviously.

It follows from Lemma 3.5.12 and Lemma 3.6 that problem (3.5.10) has a unique

solution (u%;,p) in D, x My and that this solution satisfies

< C(||wplla + [|Znfl| L2 (e + ||IJFV2p0||H% ) (3.5.21)
go(I'2)

[l1o]]a

We now state the main result of this section.
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Theorem 3.1 For any data (f, k,po) such that each f, and k, py are continuous on
and on 'y, Ty, problem (3.5.4) — (3.5.5) has a unique solution (uy,py) in Dy x My.

Moreover this solution satisfies

. < ! , T T2 . 5.22
|un||a + [|pn|ar < C(HIN k||(H%) ) + Nﬂ|L2(Q)d + || Np0||Hé)(F2)) (3.5.22)

00

Proof: The pair(u = u% +u¥;, p) is a solution of problem (3.5.4)-(3.5.5), and estimate
(3.5.22) is a consequence of (3.5.21) and (3.5.62). On the other hand, let (uy, p;) and
(ug, p2) be two solutions of problem (3.5.4)-(3.5.5). Then the difference (u; —ug, p1 —
p2) is a solution of problem (3.5.10) with data wuy, f, py equal to zero. Thus, it follows
from (3.5.22) that it is zero. So the solution of problem (3.5.4)-(3.5.5) is unique.

e Error estimate : here we introduce a new norm as follows:
1
[un a2 = (alluy|?)?.

We prove an error estimates, first for the velocity, second for the pressure. Let u be
the solution of equation (2.1.1), uy the solution of equation (3.5.4)-(3.5.5) and wy
any function in the kernal Vi (€2). Multiply the first line of (2.1.1) by wy gives

a/ Uy - wydx + b(wy,p) = a/ f -wydx — a/ u, - wydz. (3.5.23)
Q Q Q
Using the definition of Viy(€2) thus implies, for any ¢y in My (),

a/uo-dex—l—b(wN,p—qN) :a/f-dex—a/ub-dex. (3.5.24)
Q Q Q

48



Chapter 3. Spectral Discretization of Steady Darcy’s Equations

In (3.5.24), letting wy = ul; — vy and subtracting the first line of (3.5.10) leads to

= vl o0 < @ [ (0= vir) - (= vahdx [ v (= va)ix
Q Q

—a((vy, uy = va))y + b}y — v, p — av) + a((f uly — vi))y

(3.5.25)
—a/ f-(ul — vy)dx + a/ u’ - (u} — vy)dx—
Q Q

(e, 0y — V) + / po - [0 — V) - 1lds — ((po, (W — V) - m))52.

Using a triangle inequality yields

[l = o, z2e) < [0 = vvllaace + |1y = vavlla e + [l = uilla o)

‘ a [, vy -wydx — a(vy,wy))k

< C{ inf |[ug = vn||a,r2() + sup { Jo : .
vNEVN wn€EDN HwNHa:LQ(Q)

a((fwn)k —a [, frounvdx o[y wydx —a((u},wy))k

HwN\ \a,m(n) HwN! !a,LQ(Q)
Jr, po - Wx -m)ds — ((po. Wx -0))Y  blwy,p — qn)

|wn||a,z2(0) l|wn|]a,z2(0)

+ [y — u a2 }-

(3.5.26)

All the items above can be found in (|25], Chapter V), we will not prove here and we

will give the first theorem about the velocity as follows.

Theorem 3.2 Assume that the solution (u,p) of the problem (2.1.1) in H™(Q)? x
H™(Q) for m > d/2; the function f belongs to H™(Q)? for m > d/2; the function
k on 'y in H*(I'y) for s > %, and py on Ty in HY(Q) for t > %, we have the

following estimate:

v = unlla,r2@) < AN ([|4l|am@ + [Pl am()

(3.5.27)
N gy + Nkl as sy + N pollaers))-
Due to the inf — sup condition, for any ¢y in My(2), we derive that
— PN — 4N div VN dx
Bollpy — qnllas < sup Jol ) ) (3.5.28)

vneDy (Q) VN lla
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In order to evaluate — [, (py — qn)(div vy)dx, we first use the discrete problem

(3.5.5):

- / (o — a)(div vi)dx = a((£, var))ly — (po, vy - )12
@ (3.5.29)

—O./((UN,VN))R;—G—/QQN(C%U vy )dX.

Next, we apply equation (2.1.1) to the function vy, integrate by parts and add it to

the previous line, which yields

— — w vy)dx = a((f, vy ﬁ,—a - vydx
/QuaN a)(div vy)dx = a((£, vy)) / Fovd

+a /Q u-vydx — a((u,vy))k (3.5.30)

+/ po- (v-m)ds— ((po, vy -n))y? + /(qN —p) divvydx
Ty 0

Now, it is easy to derive the next theorem.

Theorem 3.3 Assume that the solution (u,p) of the problem 2.1.1 in H™(Q)? x
H™(Q) for m > d/2; the function f belongs to H™(Q)? for m > d/2; the function
k on Ty in H*(Ty) for s > ©L, and po on Ty in H'(Q) for t > L, we have the

following estimate:

| — un|la,z2) + || — P llax < c(NT"(||w||gm@ya + ||| Em ()

AN Al @)e + N0k

(3.5.31)

mery) + N7 |pollmeqrs))-

3.5.2 Second discretization

e Well-posedeness of the solution : According to the variational formulation,

we introduce the discrete spaces as follows:

Xy =Pn(Q)?, My =Py (), (3.5.32)
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also we introduce another space:
My = {qn € My, gy = 0 on T'y}. (3.5.33)

Assuming that the functions f, k, po has continuous restrictions to all ,1 < k <
K and T'y,Ty respectively. Then the discrete problem built from the variational

formulation reads: Find (uy,py) in Xy X My such that
pN =Dpo on I, (3.5.34)

and

Vvy € Xy, al(un,vn) 4+ bn(va,pn) = Ly (V).

’ (3.5.35)
VqN S M}V? bN(“NaQN) = ((k7QN))N1

where the bilinear forms @’ (-, -) and by(,-) are defined by

al (un,vn) = a((uy, v))n,
by (v, qn) = (v, grad gn))w, (3.5.36)
»CN(VN) = ((a f, VN))N-

We introduce here related norm and semi-norm as follows:

o = (@ Vgn[?)?.

1
lunlle = (eflanl[)2, llgx|

We construct a lifting of the boundary condition of py, we give the following lemma

according to the reference ([25], Th. II1.3.1) or ([7], Lemma 4.1).

Lemma 3.7 If py is continuous on Ty, then there exists a function p in My and a

constant ¢ independent of N, such that

Py = Iy*po on Ty, (3.5.37)
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1 Iy
- <y /amm 1Z52p0ll3 1, (3.5.38)

To go further, we set p& = py — pb, and consider the following problem: Find

and

1P|

(uy, p%) in Xy x M} such that

Yy € Xy, al(uy,vn)+bn(vn,pY) = Ly (vy) — by (v, pY),

’ (3.5.39)
Van € My,  by(un,qn) = ((k,qn)) N

Lemma 3.8 The form al (-,-) satisfies the following continuity and ellipticity prop-
erties

Yuy € XN,V’UN € XN,ag(uN, ’UN) < CH’UJNHQH’UNHQ, (3540)

Yuy € XN, aév(uN, UN) > HUNH(QI (3541)

Proof: We use the Cauchy-Schwarz inequality to (3.4.6), we can derive

(0, v)x < (0, u)3((v, V)3 (3.5.42)

For all uy in Xy, because «;, is piecewise constant, we have

N N
al (uy,uy) = a ) > ui(@i, z5)pip;, (3.5.43)

i=0 j=0

then we can easily derive:
Yuy € Xy, |Juy|]? < a (uy,uy) < cfjuy|?. (3.5.44)

We next come to the inf-sup condition:
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Lemma 3.9 The bilinear form by(-,-) satisfies the inf-sup condition

b
VqNEM}V, sup N(UN7QN>

> C |lgn]
vy EXy H’UNHQ

o (3.5.45)

Proof: We note that for any gy in M}, we can define the function vy by
vy = o 'gradgy, (3.5.46)

It is obvious that vy € Xy. Then we have the above inf-sup condition. From (3.5.40-
3.5.41) and the inf-sup condition (3.5.45), the saddle-point problem (3.5.39) has a

unique solution (uy, p%/) which satisfies

o < C (lpy]

i+l wo NI Hll oy ) + I TnEl @) (3547)

Now we are in the position of the main result of this section:

Theorem 3.4 For any data (f, k,po) such that each f, and k, py are continuous on
and on I'1, Ty respectively, problem (3.5.34) — (3.5.35) has a unique solution (uy,pn)
in Xy X Mly. Moreover, there exists a constant c independent of N such that this

solution satisfies

o < C ([[Zy?poll

|[un]o + | |p] VTN Bl g gy + 1IN Alz@e)  (3.5.48)

1
H2(Ty

Proof: We establish successively the existence and uniqueness of the solution.
1) It follows from the Lax-milgram lemma, combined with Bramble-Hilbert inequality,

that there exists a unique ¢y in Xy such that

Von € My, ((grad o, grad ¢n))n = ((k, én)) - (3.5.49)
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Thus, the function ub, = grad ¢y, satisfies

[yl < ev/omad TN Bl 3 - (3.5.50)

On the other hand , it follows from the standard results on saddle-point problems

(]40], Chap.I, Cor.4.1), that the problem : Find (u%, p%) in Xy x M}, such that

Vvy € Xy, al (ul, vn)+on(va,p%) = Ly(vy) — by (v, ply) — ag(u?v,szrg,E) 51
Vgy € MY, by(uy,gn) = 0.

)

has a unique solution (u;, p%;) which satisfies

ar < C (Il

[yl +1[Py] ar + uylla + [[Zvfl] 20)a) (3.5.52)

Then, the pair (uy, py), with uy = ul +u;, py = p{ +p%, is a solution of problem
(3.5.34) - (3.5.35), and estimate (3.5.48) follows from (3.5.50) and (3.5.52).

2)The pair(uy, py = pX+0%) is a solution of problem (3.5.34) - (3.5.35), and estimate
(3.5.48) is a consequence of (3.5.38) and (3.5.47). On the other hand, let (un1,pn1)
and (upe, pn2) be two solutions of problem (3.5.34) - (3.5.35). Then the difference
(un1 — Un2, PN1 — Paz2) is a solution of problem (3.5.39) with data uY;, f, py equal to
zero. Thus, it follows from (3.5.48) that it is zero. So the solution of problem (3.5.34)
- (3.5.35) is unique.

To conclude, we introduce the discrete kernal
Vv = {vy € Xy;Vay € My, by (Vy, qn) = 0} (3.5.53)

As usual, it plays a key role in the numerical analysis of problem (3.5.34) - (3.5.35).

e Error estimate
This section is devoted to the error estimates, first for the velocity, second for the
pressure. We intend to prove here an estimate between the solution (u, p) of problem

(2.3.9) and the solution (uy,py) of problem (3.5.34)-(3.5.35).
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Let wy be any function in the kernal V. Multiplying the first line of (2.1.1) by wy

gives

Gty wy) + bwn, P1) = a / £ wydx — ao(Wwy) — bwy, P).  (3.5.54)
Q

which implies, due to the defination of Vi, that for any ¢y in M (Q),

(o, ) + (@, Py — ) = a/ £-wydx — ao (W, wy) — bww, P).  (3.5.55)
Q

Next, we deduce from the ellipticity property, that we have for any vy in Vy
[[ul — vyl2 < a (ud — vy, ud — vy). (3.5.56)
Adding (3.5.55) with wy = u%, — vy and substracting the first line of (3.5.35) leads

to
[uly — vnlla < ag (U} — vy, uy — viy) < aa(to — vy, Uy = V) + aa (v, uy — viy)
—a (v, ul — vy) +b(ud — vy, P — qn) + ((of, ud — vy))n
—a/ f-(uly — vy)dx + aq (1, ud — vy)
Q

—ay (W, uy — vy) +b(uy — v, P) = by(uy — v, ply).

(3.5.57)

It is obvious that

Vvy € XN, qu c Mjl\h bN(VN,qN) < HVNHquN| o - (3558)

So, combining the above inequality and triangle inequality, we derive that the error

||lu — uyl|s is bounded, up to a multiplicative constant, by the sum of seven terms:
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e the approximation error in Xy

> B
ot [[ug = vlla,

e the error approximation in M}

inf ||P — qnl|ars

gnEMY,
e three terms issued from numerical integration

sup a,a(VN,UJN) - CLéV(VN,wN)

wnEXN ||wN||a

Y

sup ao(wp, wy) — aév(u?v,wN)

wyeXy lwn|la

)

sup ((af,wn))a —a [, f-wydx

wnEXN l|wn]]a

9

sup b(wN7 P) - bN(wNap?V)
wneXy HWNHa .

and

[y — uy ]

We refer ([32], Section 2.6.2), the following estimate could be found there.

For r > 2,
((of,wn))a —a [, frwydx .
sup Jo < N7 e ya-
wnyeEXy HwNHOI
For s > 1,
N (14b
Ao \Up,WN ) — a, (Uy,WN —s
sup ( ) (uy,wy) < N7 | grs ey
wyeXy HwNHOI

(3.5.59)

(3.5.60)

(3.5.61)

(3.5.62)

(3.5.63)

(3.5.64)

(3.5.65)

(3.5.66)

(3.5.67)

Lemma 3.10 (/32/, Lemma 2.6.2) For allm > d—2, and the function w in H™ ()4,
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we have:

inf |[[ug — vn||la < N7 |uo]| gm(q)e- (3.5.68)

vNEVN

Then,

inf [Py — anllar < NPyl . (3.5.69)
qNEM}V

So, according to the above estimate, we have the first approximation error for the

velocity.

Theorem 3.5 Assume that the solution (u,p) of the problem (2.1.1) in H™(2)?¢ x
H™ Q) for m > d — 2; the function f belongs to H"(Q)? for r > 2; the function
k on Ty in H*(T'y) for s > 2, and py on Ty in H'(Q) for t > d — 1, we have the

following estimate:

[lu = unlla < (N (|[ull @ + |lpllamer @)

AN Al @)a + N7 K|

(3.5.70)

me(ry) + N7HIpollmery))-

Then we come to the error estimate for the pressure. From the inf — sup condition

(3.5.45), we derive that, for any ¢y in MY,

o _ .0
Bl — il < sup YN 0)
vy EXN HVNHa

(3.5.71)
We first use the discrete problem (3.5.35)
by (v, Py —an) = (o £, v))nv —ag (ay — vv) = by (v, piy) = bn(Viv, dy)- (3.5.72)

Next, we apply equation (2.3.9) to the function vy, and adding it to the previous
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line. This yields

bv(vi, o — %) = a/

(u—uN)~dex+a/ uy - vydx — a® (uy — vy)
Q

Q

—l—/ vy -grad (P, — ¢%)dx + / vy - grad (P — ph)dx
Q Q

+((a £, vi))wa /Q £ vdsx.

(3.5.73)

According to the triangle inequality, we have

o 165 = a¥llax + 1P = Dy llar (3.5.74)

o = 1P — qy|

||p—CJN|

So using the same arguments as in the estimation of terms issued from numerical

integration together with the above triangle inequality yields

o [ouy - vydx —al (uy, vy)

P = anllas < e(llu = unlfo + sup

vNEXN HVNHa
afv —a [, fy - vydx
1Py = ¢%Jar + sup (o fva))n —a oty v (3.5.75)
vNEXN HVNHa
b(vy, P) — bn(v, Q8 _
+ sup ( N ) N( N QN)+||P_p?V|a*)'
vyEXN ||VN||04

Then we give the second theorem about the error estimate of the pressure:

Theorem 3.6 Assume that the solution (u,p) of the problem (2.1.1) in H™(Q)? x
H™Y(Q) for m > d — 2; the function f belongs to H"(Q)? for r > 2; the function
k on Ty in H*(I'y) for s > %, and py on Ty in HY(Q) for t > d — 1, we have the

following estimate:

or S (N (||u]] gmya + [|P]| 1))
+N""| A e ya + N 7K

lu— unlla +[lp — pn]
(3.5.76)

Hs(Ty) T+ N_t||P0||Hf(F2))-

o8



Chapter 3. Spectral Discretization of Steady Darcy’s Equations

3.6 Numerical results

In this section, we will talk about the numerical computation for the schemes
proposed in the above sections. Because « is piecewise constant in our work, for
simplicity, we suppose here a constant in the whole domain, and we set a = 1.

For the details of the computation, including the linear system, Uzawa algorithm and
the numerical implementation, we refer to ([25], V.4) and ([32], Chapter 2). Here
we only give some numerical results to support our estimate convergence.For the

simplicity of the computation, we set here I'; = 0.

3.6.1 The first discretization

o snlle | 1.97e-2 | 9.42e-5 | 9.42e-9 | 4.68¢-13 | 4.8¢-15
_llpm[ja* 4.93e-2 | 1.99e-5 | 1.86e-9 | 1.38e-13 | 3.4e-15

Table 2: The relative error for the second case

3.6.2 The second discretization

The first example is as follows with analytical velocity and the pressure is also

with regular property:

u(z,y) = sin(mz) COS(.M/) , plz,y) = sin(w(x +v)). (3.6.1)
— cos(mzx) sin(my)

The following table indicate the spectral approximation property, which means the

the rate of convergence is exponentional.
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pllax

N 5 9 13 17 19
—”“ﬁ]f”;;ij;m 3.81e-2 | 5.42¢-5 | 4.08¢-9 | 4.33¢-13 | 7.83¢-15
le—pxllar | 57369 | 2.49¢-5 | 1.86¢-8 | 1.09¢-12 | 3.47¢-15

Table: The relative error for the first case

Where (uy, py) is the velocity and pressure respectively computed on the Legendre-

Gauss-Labatto points. We can know that the error with order 107*°. The following

figure represents the logarithm of error, in norm L?(2)? and H'(Q2). It shows that the

error decays fast when N increase. In addition, the error decays expontionaly when N

increase. These results confirm the numerical analysis obtained in the above section.

The Curve of the

in L2(+)and H'(+)

or)

log10(err

Figure 3-2: The curve of convergence in L*(Q2) and H'(Q)

The second example is given as non-homogeneous:

u(z,y) =

cos(mx) sin(my)

— sin(mwz) cos(my)

60

, p(x,y) = sin(r(z +y)).

(3.6.2)
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The boundary conditions are:

—sin(ny),if —1<y<landx=1and z = —1
k(z,y) = (3.6.3)
sin(rz),if —1<z<landy=1andy=—1

The next table give the numerical results for the solution given above.

N 9 12 15 18 21

Tu—unll, 2. 62 3e-6 | 4e9 | 4.3¢-12 | 2.8e-14
||u||a7L2(Q)

lpotxllar | 2 73e-4 | 5.49e-7 | 6e-10 | 3e-13 | 1.de-14

Table : The relative error for the first case

We can know that the error with order 1074, The following figure represents the
logarithm of error, in norm L%*(Q)? and H'(Q). It shows that the error decays fast

when N increase. In addition, the error decays expontionaly when N increase. We

Figure 3-3: The curve of convergence in L?(Q) and H'(£2)

are also interested in the case where the solution of the problem is not so regular, so
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Chapter 3. Spectral Discretization of Steady Darcy’s Equations

the third example as follows:

u(z,y) = 5_5‘”(33 FUP) ey = sin(r(x + ). (3.6.4)
sr(a? +y?)

The boundary conditions are:

_95 NI if_1 <y < — - _
Fry) = 2y(1+y1)4),zf 1<y<landx=1andzx 1 (3.6.5)
e+ 1)iif —1<z<landy=1andy=—1

The results are given in the following table:

N 3 9 13 17 19

||U*UNHQ’L2(Q)

e-3 Te-6 | 4e-9 | 6.3e-14 | 2.8e-15

HUHQ,LQ(Q)

Ippxllax | 9 46-3 | 5.7¢-5 | -8 | 3e-12 | 8.4e-15

Hp”a*
Table : The relative error for the first case

The next figure represents the logarithm of error, in norm L?(2)? and H*(€2). It shows
that the error decays fast when N increase. In addition, the error decays expontionaly

when N increase.

In the end, we present the following problems, the knowns datas are:

flx,y) = (12 , in Q, k(z,y) =0 on 02 (3.6.6)
—x
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The curve of

—&— Norm L2(velocity)
—©&— Norm H'(pressure)

1072

107

16
1070

Figure 3-4: The curve of convergence in L?(Q) and H'(2)

63



Chapter 3. Spectral Discretization of Steady Darcy’s Equations

OO
AN Y
*, PO\ \
ol ‘.0 () ‘.‘\\\\\\
(X
0

e,
Iy Yy
1"‘:'

’

A
4 W\
5 0000

*

e AN
" N

SEOSEIKIARN

Figure 3-5: The curve and isovalue of the first component of velocity obtained by
N=48
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Figure 3-6: The curve and isovalue of the second component of velocity obtained by
N=48
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Figure 3-7: The curve and isovalue of the pressure obtained by N=48
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Chapter 4

Mortar Spectral Discretization of

Darcy’s Equations(I)

4.1 Introduction

Let © be a bounded, connected, open set in RY, d = 2 or 3, with a Lipschitz
continuous boundary 02, and let n denote the unit outward normal vector to §2 on
0€), I'y and I’y be a partition of 92 without overlop. We will talk about the Darcy’s

equations as follows

au+ grad p = af in Q,
div u=0 mn €,
(4.1.1)
u-n==% on I'y,
(| P = Do on I'y

The data are now the function f and the boundary conditions k and py . The unknowns
are the velocity u and the pressure (or hydraulic head, according to the model) p.

We assume that the function « is piecewise constant: There exists a partition of the
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Chapter 4. Mortar Spectral Discretization of Darcy’s Equations(1)

domain €2 without overlap into connected subdomains €2;,1 <[ < L, such that « is

constant equal to «; on €2;. We introduce the notation

Qmin = Min g  and Qe = Max o,
1<I<L 1<I<L

and, without restriction, we assume that a,,;, is positive.

The mortar element method, due to Bernardi, Maday and Petera [24], is a do-
main decomposition technique which allows for working on general partitions of the
domain, without conformity restrications. It is widely used to discrete second-order
elliptic equations when set in standard Sobolev spaces, we refer to [16] and [6]. In
[6], Azaiez, Belgacem and Bernardi extend this method to problems formulated in
spaces of square-integrable functions with square-integrable divergence, where Darcy’s

equations with homogeneous Dirichlet boundary is discussed.

We firstly consider the key situation where the function « is piecewise constant.
We refer to (|58], Subsec. 1.5) for a first application of this method to discontinuous
coefficient in the finite element framwork. For spectral element framwork, we refer to
[16] for the second-order elliptic equations and [32] for Darcy’s equations formulated
in standard Sobolev spaces. For the boundary conditions, we introduce a subspace
of H(div, ) with trace u-n = 0 on I';. Thanks to the recent paper [15] by Bernard,

we can derive its density results and then the well-posedness of the problem.

The approximation properties of divergence-free functions in the mortar discrete
space are needed for the numerical analysis of the discrete problem. According to this,
wo can prove a spectral type error estimate: the order of convergence only depends on

the regularity of the solution, more precisely on its local regularity in each subdomain.

Finally, an appropriate treatment of the matching conditions on the interface is
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the main point of the implementation of the mortar technique, we refer to [6]. We
also refer to [10] to see another way of treating these conditions. Two dimensional
numerical experiments are presented. They are in good coherency with the numerical

analysis.

4.2 Description of the mortar spectral element dis-

cretization

Throughout this section, we work with a piecewise constant function . We now
assume that © admits a disjoint decomposition into a finite number of (open) rect-
angles in dimension d = 2, rectangular parallelepipeds in dimension d = 3, denoted

by €2, with edges all parallel to the coordinate axes,

K

O=J% and %NQy=01<k#k <K (4.2.1)

k=1

We make the further assumption that the intersection of each 00 with 0f2, if not
empty, is a corner, a whole edge or a whole face of 2. For 1 < k < K, we denote by
Iyi,1 <1< L(k), the (open) edges in dimension d = 2, faces in dimension d = 3, of
Q) which are not contained in 0{2. We denote by n; the unit outward normal vector
to €5, on 0€,. The decomposition is said to be conforming when the intersection of
two different €, if not empty, is a corner or a whole edge or a whole face of both of

them. For simplicity, we denote by ay, the constant value of a on each 2,1 < k < K.

K
The skeleton S of the decomposition, equal to | J 02 \0f2, admits a decomposition
k=1
without overlapping into mortars

M
S=Jm and Ny, =01<m#m <M. (4.2.2)

where each 7y, = ['y(m),i(m) i @ whole edge in dimension d = 2, face in dimension d = 3,
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of a subdomain €, denoted by €2,,). Note that the choice of this decomposition is

not unique, however it is decided a priori for all the discretizations we work with.

In order to describe the discrete problem, we introduce the discretization param-
eter 9, which is here a K-tuple of positive integers N, 1 < k < K, with each N > 2.
Indeed, the local discrete space on each €2 is the space Py, (€2;) of restrictions to
Q. of polynomials with degree < N, with respect to each variable. In all that fol-
lows, ¢ stands for a generic constant which may vary from line to line but is always

independent of 9.

We first introduce the discrete spaces. From the trace theory and (2.3.5) we know
that the space X (€2) coincides with the space of functions v such that their restrictions
to each Qf, 1 < k < K, belong to H(div,)) and their normal traces are continuous
through the skeleton §. For 1 < m < M, we define the mortar function ¢ on each
Tm Dy

Plym = Vsl my * Dk(m)-

Then we define the corresponding discrete space of velocities Ds(2) of functions vs
such that

1. their restrictions vs|q, to each Q4,1 <k < K, belong to Py, (),

2. such the following matching condition holds on each edge I';;, 1 <k < K,1 <[ <

L(k), which is not a mortar:

VI € Py, (T, / (Valor - e+ ) ()T (t)dt = 0. (4.2.3)

Cra

We also define the following space

DY) = {vs; €Ds(Q)| v n=0 on I} (4.2.4)

According to (|8], Lemma 4.1) and (|24], Thm 24.1), the space M of the discrete
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pressures is introduced by:

M;(Q2) = {as € L*(Q); gslo,, € Prny—2(), 1 <k < K}

(4.2.5)

Assuming that the functions f, k and p, have continuous restrictions to all 2,1 <

k < K and I'y, T, respectively. Then the discrete problem built from the variational

formulation (2.3.7) by the Galerkin method with numerical integration(GNI) reads :

Find (U5,p§) in ID)(;(Q) X M(;(Q) such that
Us - n :I(srlk on Iy,

and

Vvs € DY), al(us,vs) + bs(vs, ps) = Ls(v5),
Vgs € Ms5(2),  bs(us,gs5) = 0.

where the bilinear forms al(-,-) and bs are defined by

ad(us, vs) = f: ai((us, vs))5,

bs(Vs,q5) = — i((diV Vs, ds))5s

k=

Eod

La(vs) = 5 anl(Es vs))k — ((po,vs - m)E=.

k=1

Thanks to the exactness property of the quadrature formula, we note that

Vvs € DS(Q), Vg5 € M(;(Q), bg(V(;, q(;) = — / Q5(diV V(;)dX.
Q

(4.2.6)

(4.2.7)

(4.2.8)

(4.2.9)

Since Dy(2) is not contained in H(div,2) in the general case, we need the "bro-
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ken"norm defined by

K
1
||V||a,§ = (Z OékHVH%{(div,Qk))za
= (4.2.10)

Koo )
a*s = (k; A Hq,|L2(Qk))§~

4]

We then construct a lifting of the boundary conditions.

Lemma 4.1 There exists a divergence free function u? in Ds(Q2) which satisfies

w-n=1I,'k onTy, (4.2.11)
and
[165llas < C v/ 15 Kl 3 1 - (4.2.12)

where C' is independent of § and o.

We set u) = us — ub. To go further, we consider the following problem: Find

(u, ps) in DY(Q) x M;(Q) such that

Vvs; € DYQ), al(ud,vs) + bs(vs,ps) = —al(ul, vs) + Ls(vs),

(4.2.13)
Vgs € Ms(Q),  bs(ud, gs) = 0.
We introduce the kernel
V5(Q2) = {vs; € DY(Q); Vgs € My, bs(vs,q5) = 0} (4.2.14)
We can also write it like this:
V5(€) = {vs € D(Q); Vg5 € My, b(vs,¢5) = 0} (4.2.15)

For the sake of generality, we prove the ellipticity property on a space that contains

all the V5(Q).
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Lemma 4.2 There exists a constant ¢ independent of the discretization, such that

the following ellipticity property about a’(-,-) holds

Vs € V3(Q), a’(vs, vs) > c||vs] |25 (4.2.16)

We next prove the inf-sup condition: First introduce two spaces associated with Ds((2)
and M (9):
Mp(Q) = {q € L§(Q); qlo, € R, 1 <k < K}; (4.2.17)

Clearly this space only depends on the decomposition.

Next, for a positive integer L, we consider the space Dpp(€2) of functions vs such
that

1. their restrictions vs|q, to each €, 1 < k < K, belong to P (),

2. vs - n vanish on 0f).

3. which are continuous on ).

Note that the space only depends on the decomposition and on the integer L.
Note also that it is contained in all spaces D$(2) such that the Nj are larger than L.
We intend to establish that an inf-sup condition links the spaces Dp(€2) and Mp(€),
for an appropriate choice of L. According to the reference ([12], Proposition 3.1), we

have the following lemma.

Lemma 4.3 There exists a constant L only depending on the decomposition, such

that for any function q in Mp(Q) satisfiing
Vv € Dp(Q2), b(v,q) =0,

then q must be zero on the whole domain €.

We can then derive the inf-sup condition.
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Lemma 4.4 There exists an integer Np only depending on the decomposition of €}

such that, if all the N, > Np, the following inf-sup condition holds

— div vs)dx
Vg; € Ms(Q),  sup Jo, 05 )
v;EDY(R) |05 ] 5

> Bpllgsllas s, (4.2.18)

for a positive constant fp depending only on the decomposition of ) but not 0.

Proof: Let ¢s be any function in Mjy(2), according to the Boland and Nicolaides

technique [28], the idea consists in writing ¢s as

1

qs = @s + G5, with gs|a, = m

/ e(x)dx, 1 <k <K.
Qp

The decomposition is orthogonal in the sense of

laslZ0) = 11sl1220) + 11Gs]122(0)- (4.2.19)

Since §s|q, has a null integral on €, it follows from [8] that there exists a function

v in Py, () Ho(div, Q) such that

—div Vi = (i(S‘Qk and ||VkHH(div7Qk) S 6||q5|QkHL2(Q). (4220)

So, the function vs defined by vs|o, = vk, 1 < k < K, belongs to D(Q) (and even
to Ho(div, ).

Concerning the function g, (note that its integral on € is equal to the integral of g;,
hence to zero) , we refer to ([12|, Proposition 3.1) that there exists at least a function

Vs in Dp, with v4|q, in Py, ()4, such that
—div v§ =qs and H{’(SHH(di\mQ) < 6||q5||L2(Q). (4.2.21)

This function vs belongs to DY(2) when all the N, > Np.
We finally take: vs = vy + uvy, for a positive parameter p. Indeed, div vy is orthog-

onal to s (this comes from the Stokes formula applied on each €} and grad gs = 0),
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so that, from the previous two equations, we have

—/ gs (div vs)dx > |[as[F20) + pllaslfz) — plldiv VsllLellds|Leo-
Q

Then it is readily checked that

—/% (div ve)dx > ||ds||F2q) + wll@s[F2) — pell@s|liz@ollaslliza  (4.2.22)
Q

=2
. uct | -
> Sllsllie) + 1t = =)@y (42.23)

N | —

Choosing j = ELZ and using (4.2.19) gives

- [ ataiv va) = clasl e
Q

On the other hand ,we have

1Vsllas < ellgs| 2@ + pll@sllze) < cllgsllo 5

This ends the proof.

It follows from Lemma 4.2 and Lemma 4.4 that problem (4.2.13) has a unique
solution (uf, ps) in DY(Q) x Ms(2) and that this solution satisfies

1056 + psllass < CI[5]las + [1flpgcay + IIpoll ) (4.2.24)

1
Hg(T2)

We now have the main result of this section.

Proposition 4.1 For any data (f, k,po) such that each flo,,1 < k < K, and k,po
are continuous on Yy, and on Ty, Ty respectively, problem (4.2.6) — (4.2.7) has a unique

solution (ugs,ps) in Ds(2) x Ms(Q2). Moreover, there exists a constant ¢ independent

of 0 such that this solution satisfies

[|ts]as + [1Psllars < C(||I§1k?||H_%(F1) + |1 Z6fllpgay + ||I§2po||H§O(F2)) (4.2.25)
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Proof: The pair(us = u + u?, p;) is a solution of problem (4.2.6) and (4.2.7), and
estimate (4.2.25) is a consequence of (4.2.24) and (4.2.12). On the other hand, let
(us1,ps1) and (us2, ps2) be two solutions of problem (4.2.6) and (4.2.7). Then the
difference (us; — g, ps1 — ps2) is a solution of problem (4.2.13) with data u?, f, py
equal to zero. Thus, it follows from (4.2.25) that it is zero. So the solution of problem

(4.2.6) and (4.2.7) is unique.

4.2.1 Approximation of divergence-free functions.

We now intend to estimate the distance of a divergence-free function to the space
V5(€2) introduced in (4.2.14). Here we consider separately the case of dimension
d =2 and d = 3. For each § = (N1, Ny, ..., Np) and a = (ay, ag, ..., ), we define the
parameter s
e equal to the maximum of the ratios a;/ay in the case of a conforming decomposition,
e cqual to the maximum of the ratios (o V;)/(caw Ny ) for all adjacent subdomains €2
and Qp, 1 < [,I' < L, where ; and Q share a part of an edge in dimension d = 2,
or a part of a face in dimension d = 3.

We also define the quantity p as the largest ratios of ay/ay.

We note that the constant i only depends on the decomposition and on the choice of
the mortars but not on the discretization parameter. However ps depends on § for a
nonconforming decomposition.

We introduce here new norms as follows:

K
1
[0lla,z20) = D arllvgllzz,))?
k=1

K

1

0],y = O arllvg, | fn o)
k=1
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Proposition 4.2 Assume the function w in V such that each ulg,, 1 < k < K,
belongs to H* (Q)%, sp > % In the case of dimensition d = 2, there exists a constant

¢ independent of & such that

1
Hon()d) (4.2.26)

K
. 1 1 —2s
inf ||u— vs||a <c(l4 pz 4+ p} ar N, “Fllu
v,;eV(Q)H 5lla,z2@) < c(1+p %)(;:1 kN, |

Proof: Since u is divergence-free, there exists a stream-function ¢ in H*({2) such
that u = curly, with each |g, in H*™!(€;).According to the isotropic case in ([24],
Appendix B) and [16], there exists a function s:

e which is equal to ¥ on 012,

e which preserves the values of ¢ in all the corners of the {2,

e such that each 1s]o, belongs to Py, (€2;) and satisfies on each I'y,

Wy € Pyy_a(Ths), / (s — &)xdr = 0. (4.2.27)

Iy

Here, ¢ stands for the mortar function associated with s, equal to z/Jg\Ql(m) on each

Ym-
e and finally which satisfies (refer to (|16], Lemma 3.4))

K
1 1 —2s 1
1 = Wslla i) < L+ 2 + 1) (Y arN = [0l Feps a) - (4.2.28)
k=1

Taking vs = curlyy, the mortar function associated with vy is defined by, for 1 <
m < M,

¢1 = Viloy,,, - Mim) = K sloy,, = ¢ (4.2.29)
which gives the results (4.2.26). So we only need to check that it satisfies the matching

condition. Let 7 denotes the unit vector dircetly orthogonal to mny,), the mortar

function associated with vy is defined by, for 1 < m < M,

O1 = Vol  Mim) = Orslay,,, = ¢ (4.2.30)
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So, we have on each I'y; which is not a mortar (recall that ¢;5|q, — ¢ vanishes at each

endpoint of I'y; )

Vx € PNIQ(Pk,l>7/

1Y)

(vl - e + 1)xdr = — / (Ortslen, — & )xdr

T

—/ (¥sla, — @)X'dr =0
IV
which is the desired matching condition.

We now consider the case of dimension d = 3, which is much more complex. In
order to prove the approximation results, we first introduce the mortar space Cs(2)
which is the analogue of Dg(2) for the approximations in H(curl,2). It is the space
of functions vy such that:

e their restricions vs|g, to each Q, 1 <k < K, belongs to Py, (Q%)?,

e the mortar function ¢ being defined on each ~,, by

Plym = V5|Qk(m) X N (m),

the following matching condition holds on each edge I'y;,1 < k < K,1 <1 < L(k),

which is not a mortar:
\V/X € PNk_Q(Fk’l)g,/ (V5|Qk X ng + (,D)(T) : X(T)d’r = 0. (4231)

Tk

Here we first consider the case of a conforming decomposition, with some restrictions

on the choice of the Nj.

Lemma 4.5 Assume that the function uw is equal to curl & for a function & in
H(curl,Q), and is such that each wgq,,1 < k < K, belongs to H*(Q)%, s, > %
In the case of dimension d = 3, if the decomposition is conforming and if morever

for each mortar vp,,1 < m < M, which is a face of both Q) and 0, Nymm)y > Ni,
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there exists a constant ¢ independent of & such that

K
. 1 _9g 1
nt = curt €5y < oL+ H0)(Y N e, (4232)
5 5 k=1

Proof: It follows from ([11], Them 4.9) that for 1 < k < K and s, > 2, there exists

a polynomial &% in Py, (Q)® such that &5 x n coincide with £€* x n and that

ag|[curl € — curl €| 12(,) < carN, | [ul]gow )2 (4.2.33)
Morever, for 1 <1 < L(k), this function &% satisfies
Vg € Py, ol [ (€65 xn-gir =0 (4.2.34)
L

In the case of a conforming decomposition and thanks to the assumption on the Ny,
equation (4.2.34) implies that the function &5 defined by &5, = &F, 1 < k < K,

belongs to Cs, whence the result.

Proposition 4.3 Assume that the function w in V such that each ujo,,1 < k < K,
belongs to H® ()%, s > % In the case of dimension d = 3, if the decomposition is
conforming and if morever for each mortar v,,,1 < m < M, which is a face of both
Qi) and Qi, Nimy>n,, there exists a constant c independent of & such that

K
. 1 —2s 1
inf [ = wplloxp < o1+ 1) AN gt (42:35)

v5EVs(Q
5E€V5(Q) —

Proof: It follows from [5] that there exists a vector potential £ such that u = curl &.
Estimate (4.2.32) yields that the function vs = curl & satisfies the desired property
(4.2.35). Moreover, it can be checked ([11], Chapter 4) that, on each face I' of € ,
curl & - n is equal to the orthogonal projection (in L*(T')) of u-n onto Py, _1(T'). So
the jump of curl & - n through T is zero (or its trace if I' is contained in 0f2), and

the function v belongs to V(€2).
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4.2.2 FError estimate

We prove an error estimates, first for the velocity, second for the pressure. Let u
be the solution of equation (4.1.1), us the solution of equation (4.2.6)-(4.2.7) and ws
any function in the kernal V3(€2). Multiply the first line of (4.1.1) by w;s gives

K K K
Zak/ u0~w5dx—|—b(w5,p):Zak/ f-w(;dx—Zak/ w’ - wsdz
— O — O — Q

k=1
—/ p-w(;-nds—/p[w(;-n]df
Ty S

where the notation [-] means the jump across S.

Using the definition of V(£2) thus implies, for any g5 in M(£2),

K K K
Zak/ uo-wgdx+b(w5,p—q(;):2ak/ f-w(;da:—Zak/ ub - wsdz
k=1 Qp, k=1 Q k=1 &

—/ p-w(;-nds—/p-[wg-n]df
I s

(4.2.36)

Due to (??), we have for any v; in V
K
10§ = vsllZ r2) < D (U — v, u§ — v5))5.

k=1

In (4.2.36), letting ws = u§ — v and subtracting the first line of (4.2.7) leads to

K K
1§ = vsllZ o) € Y 0%/ (0 — vs) - (uf — vs)dx + Zak/ Vs - (ug — vs)dx
k=1 Qk k=1 Q

K

=3 (v ul — va))k + b(ud — vi,p — g5) + / (0 — vs) -] - pdr
+Zak((f,ug—v(;))5—2ak/ﬂ f-(u(;—v(;)dx—l—Zak/Q u’ - (uy — vs)dx
=3 ol ud — vk / po - [(u2 = vg) - nlds — ((po, (u — v5) - m))L

k=1 Iz
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Using a triangle inequality yields

lu = uslla,z2(0) < [[0° = Vsllar2) + [[u§ = Vsllaz2i0) + |[u® = u§]la,r2(0)
K K

Z (673 ka Vs -w(;dx — Z ozk((V5,w5))’§
< C{ 1nf ||u — Villa,2() + sup{ k=1
wsEDs | |w5| |a,L2(Q)
K K
Z s((Bws))§ — 30 an fo, frwsdx
L k=t k=1
l|ws||a,L2(0)
K , K
cwsdx — w
+kz::1 g ka u’ - wsax kz::loék((ll(sa 5))s fr2 Po - (ws - n)ds — ((po, (ws - n))(l;z
lws|[a,r2(0) l|ws||a,r2(0)
b(ws, p fs Ws - — gs)dt b b
U — Ugs||q,L2 .
||w5||aL2 @ Hw6HaL2(Q) H 6H L (Q)}

(4.2.37)

Next, let ITy, 1 be defined as the orthogonal projection operator from L*(£)) onto
Py,-1(Q4). By adding and subtracting the function Iy, ;u°, we deduce from the

exactness of the quadrature formula that

K K
Z ak/ V- wsdx — Zak((va,wa))(s
K

K
- w / (v — Ty, 11”) - waddx — 3 ap((vg — Ty, 1), w))’

k=1 O k=1

(4.2.38)

So we have

K K

Z (692 ka Vs 'w(st — Z ozk((V5,w5))’§ K

= k=1 d 012 1
sup <(3*+1 apllv —IIy, _ju 2
ws€D; HwéHa,LQ(Q) ( )(; k“ Nip—1 HLZ(Qk))

K

< (37 + )]0 = Vsllaza@) + B3+ DO anllu® — Ty, u®|25q, )7
k=1
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Suppose the solution U‘?Qk is in H®* ()4, s > 0, then according to the properity of

the orthogonal projection operator,

K K
> ay fo Vo wsdx — 37 ap((Vs,ws))s
sup E=L k=1
ws€Dg wa;”a,LQ(Q) (4239)
K
—2s 1
< 4f[u” = vs[a,r2) + C(Z IV, k||u?szk”i13k(szk)d)2‘
k=1

Similarly, we also have

K

K
Zak/ f-w(;dx—Zak((f,wg))lg
k=1 e k=1

[™] =

K
ak/ (F = Ty, —1f) - wsdx — Y on((F =y, _1f),w5))5  (4.2.40)
i k=1

k=1

M)~

< V(100 [ = Ty 1l 720, 00)2 + N — Zsf]| 220, ) [[ws 220, -

i
I

Suppose the function fjo, is in H 7k(Q)?, o) > 0, then according to the properity of

the orthogonal projection operator Iy, _; and interpolation operator Zs,

K K

Ozk((f, w5))§ — Z Qg ka f-w(;dx

k=1 k=1
sup

wseDs [[wslla,2() (4.2.41)
K
20 1
< ¢y Oémax(z Ny, ka|QkH?—Iak(Qk)d)2'

k=1

Similarly suppose the function pg is in H%(T'y N O8Y,), O > 0, then we have

fr2 Po + (ws - n)ds — ((po, (ws - n))gQ

sup
€D, HwaHa,L2 Q
o X “ (4.2.42)
1 —20 1
sc . (Z Ny, kHPOHiI%(mek))Q

k=1

We refer to (|21], Thm.7.1) and ([21], Thm.14.2) for the approximation properties of
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the operators Ily, _1 and Zj, respectively.

According to Lemma 4.1, we also obtain that

K K
> ay fo 0 wsdx — 37 ag((uf,ws));
sup k=1 k=1
ws€Ds [lwslla,2() (4.2.43)

K
< C\/amax(z N]g_28k||u|bﬂk“§{5k(ﬂk)d)§‘
k=1

According to (|6], Lemma 6.1 and (6.9)) we know that

/[wa -n|(p — gs)dr
s

L(k) )

<oy —(1+p) ZZNka 061172, ) 2 [lwslla 2.

k=1 =1

(4.2.44)

So we have

fs[wé -n|(p — gs)dr 1 LR 2 2 1
sup <cyfo—(1+ wO D Nl — asllie, )7 (4-245)

ws€Ds Hw(;] ’a,LQ(Q) k=1 I=1

the estimation of norm ||p — gs| |%2(Fk ;) Will be showed later.

Because of the ellipticity property of ad(:,-) in Vs, we have

K
b(ws, p — q5) Z/ div (ws)(p — gs)dx

Qk

9 1 (4.2.46)

< ||div (ws)||a,L2(0) Z o P — dsllr2(n)
-1 min
So we can get
b(ws,p — q5) =
5P — 5

sup <c Z Hp — 5|l L2(0,)- (4.2.47)

ws€Ds ||w5|’a L2(Q

Next, we choose s by: ¢s/% = I, _,p, where I}, _, stands for the orthogonal
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projection operator from H'(£2;) onto Py, 2(€2) defined by

grad(p — I}y, ,p) - gradgdx = 0, / (p — My, yp)dx =0

Qp

Vg € Pn,—2(%), /

Qg

In fact,the following approximation properties of this operator are well-known: if the

function pjq, belongs to H**1(Qy), s, > 0,

lp = Ty, —opl (0, + Nillp — Ty, —opll20,) < N Ipll e,y (4:2.48)

While estimating the norm ||p — H}Vk_QpH 12(ry,,) results from a duality argument and

we refer to (|6], Lemma 6.2) for the following lemma.

Lemma 4.6 For 1 < k < K, there exists a constant ¢ independent of N such that,

if the function p|q, belongs to H**T1(Qy), sp > 0,

g1
||p - H}Vk—2p||L2(Fk,l) < CNk e ||p| Hsktl (4-2-49)

We are in a position to write the first error estimate, due to the above analysis and

using the approximation properties stated in Propositions 4.2 and Propositions 4.3.
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Theorem 4.1 Assume the data f such that each flo,,1 < k < K, belongs to
Hox (), 01, > £, the solution (u,p) of problem (4.1.1) such that each (ulq,, pla,),1 <
k < K, belongs to H*(Q)* x H**1(Qy), s, > d — 3. Then, in the two cases

1. wn dimension d = 2,

2. in dimension d = 3, if the decomposition is conforming and if morever for each
mortar v, 1 < m < M, which is a face of both Q) and Qi, Nygn) = N,
the following error estimate holds betweem the velocity w and the velocity us of

problem (4.2.6) — (4.2.7):

K

Hu — U§||a,L2(Q) S CZ{<1 + 2 + ,u(;) V OémaxNk_SkH’u’\Qk|

k=1

—sp+1 Y
Ny " Ipi () + v/maxNg 7| fia | lHow @i}

H%k(Q)

+(1 + ps)

min

(4.2.50)

+CZ ¢— - pol

H5k+2(1“ Noy)

K,

+¢ 3 (14 i+ 15)y/Canax Ny, |

k=1

1 .
H%~ 3 (1100,

Remark 4.1 FEstimate (4.2.50) is not fully optiaml, however, we know that for a
general decomposition (of course inculding the nonconforming case), when

(1 + p + ps) max{\/Omax, \/a—ern} is bounded (in fact,lthis is most often the case in
practical situations), the lack of optimality is only N;2. In fact, the estimate results
of the two cases when the decomposition is conforming, seems to be improved, but we

don’t prove the results here.

A more explicit estimate can be deduced from the previously quoted regularity results
in the two-dimension case of a polygon 2. We refer to ([6], Corollary 6.4) and [25]

for the next result.
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Corollary 4.1 In the two-dimensional case of a polygon 2, we have the same as-
sumptions with Theorem4.1 about the data f. Then the following error estimate

holds between the velocity w and the velocity us of problem (4.2.6) — (4.2.7):

K
1 1
}Y N B fioglaer@

||u - u(5||a,L2(Q) < C(]_ + p+ /l(S) max{ V Qmax, — ——
v/ ®min k=1

Ny ? il |pol

Hgk+2 Fgﬂan)

Ko
+cz \/_
K

1
+e(1+ o+ pt5) max{y/Cmax, @} > Eillkllop- s Lo

k=1

where Ep,1 < k < K s equal to N, °* if Q) contains no corner of
! _
Q, sup{N, ", N, *(log Np)z}, if Qu contains a monconvez corner of 0 and

sup{ N, 7, N, *(log Nk)%}, if Q contains a no nonconvex corner of €.
Next we will estimate the error of the pressure which is easier now.

Theorem 4.2 [f the asumptions of Theorem 5.1 are satisfied and in case (i) and (ii)
of this theorem, the following error estimate holds between the pressure p of problem

(4.1.1) and the pressure ps of (4.2.7):

|lp — ps|

a*,0

Hk ()

K
< CZ{(l + 1+ 115) v/ Cmax Ny || ey, |
k=1
1
v/ ®min

v/ Ni ¥ || Ficne ||k () }+cZ ¢—
Ky

+e ) (L4 p+ 15) v/ Omax Ny |||

k=1

1
(14 1+ 115) max{y/Gmmaz, ——— Ny max{ N7, (log Ne)* Pl oy

—Sk—
: [[pol Ho+3 (Tono0y)

1 .
H°k™2 (T'1NoQ2y)

where v is equal to zero if the decomposion is conforming, to 1 otherwise.
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Proof: Due to the inf — sup condition, for any g5 in Ms(2), we derive that

< sup — fﬂ(p(; — Q5)(diV V(g)dX
a*,d >
v5€D(Q) [1Vllas

Bollps — a5 (4.2.51)

In order to evaluate — [, (ps —¢s)(div vs)dx, we first use the discrete problem (4.2.7):

ar((£,v5))s — (o, vs - )y

- /Q(p 5 — 65)(div vs)dx =

)
vl

K (4.2.52)

_Zak((u(;,v(;))’g—k/qg(div vs)dx.

k=1 Q

Next, we apply equation (4.1.1) to the function vy, integrate by parts and add it to

the previous line, which yields

K

— /Q(p(; — ¢s)(div vg)dx = Z ar((f,vs))s — Zak/

k=1

=SSl [ ) (v

2

—1—/(% —p) divwdx—l—/[v-n] - pdr.
Q S

Using a triangle inequality yields

[P = psllars < c(llp = gsllars + |1 — usla 220
K K
STy fﬂk usvsdx — > ap((ug, vs))¥
k=1 =1
+ sup {
ws€DY | |v5| |a,L2(Q)
K RS
ar((£,vs))§ — 3 an Jo, £ vsdx (4.2.53)
=1 =1
+
[Vl loz2(2)
oo (v - m)ds — ((po, (v - )
|| Vs]]a,z2(0)
vs - n|pdx
+fs[ 1 ]p

Vsl
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All the right-hand side terms have been estimated previously, except the last one
which corresponds to the consistency error. We refer to (|16], Lemma 3.3) for the
following result:

f S [vs - n]pdx -

o y 1
sup =t < o1+ ) (Y N > (log Ni)"|Ipl[241)2 (4.2.54)
wsen?  ||Vollas p

where v is equal to zero if the decomposion is conforming, to 1 otherwise.
Combining all the results above, yields the desired estimate.

As in Corollary 4.1, we also have the following result:

Corollary 4.2 In the two-dimensional case of a polygon €, if the same assumptions
as in Theorem4.1 hold about the data f. Then the following error estimate holds
between the velocity p and the velocity ps of problem (4.2.7):

1
ot pomaVom G50 > max(v (tog M0} Eul i o
min Tl

Ny ? Exl|pol

Hgk+2 (T'2no,)

—|—ch

1

Tace) 2 Bl 1

K1
‘I‘C(l + pu+ [1'5) maX{ V Omax;

(4.2.55)

where v is equal to zero if the decomposion is conforming, to 1 otherwise; and Ej,1 <

k < K are given by:

N %%, if Q. contains no corner of §Q,
Er = ¢ sup{N, %, N, *(log No)2Y, if Q contains a no nonconvex corner of €,
_4 _
sup{N, ¥, N, *(log Nu)z}, if Q contains a nonconvex corner of Q.

(4.2.56)
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4.3 Numerical implementation

Firstly, we briefly explain how to implement the discrete problem in section before.

The full set of unknowns of the discrete system is given by

e the vector U of the values if u; at all nodes (z¥,4%),0 <i,5 < Np, 1 <k < K,

in dimension d = 2, (2§, yf, 28),0 < i,j,p < Ni,, 1 < k < K, in dimension d = 3,

e the vector P of the values if ps at all nodes (:vf, yf), 0<i,j<N,1<Ek<K,in

dimension d = 2, (f,yF, 25),0 <i,7,p < Np,1 < k < K, in dimension d = 3.

Let (U, P) denote the vector made of these values. Then the mortar condition can

be expressed in the following way: there exists a rectangular matrix () such that the

boundary and matching conditions can be enforced, which leads to a new vector QU.

Then problem (4.2.6) — (4.2.7) can now equivalent to the following linear system
Q"AQ Q'B U Q'FQ

- , (4.3.1)
BTQ 0 P 0

where Q7 stands for the transposed matrix of ). The matrix A is fully diagonal, its
diagonal terms are the p** pgj’k or the p*, p?’k, p* according to the dimension. The
matrix B is only block-diagonal, with K blocks Bj on the diagonal, one for each 2.

For the first experiment, we concern the 2D L— shaped domain
Q=[-1,3*\11,3]

partitioned into three subdomains illustrated in Fig.4-1 (upper panel). I'y will be
chosen to be [—1,1] x {3} U{—1} x [—1,1], then T'y = 9Q \ T';. We divide the three
domains as follows: ; = [—1,1] x [1,3],Q = [-1,1] x [-1,1],Q5 = [1,3] x [-1, 1],
which associated with Ny = 22, N, = 17, N3 = 17. We set here a1 = 1, a5 = 10, a3 =

100. We use our spectral method to compute an approximation of the analytical
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solution (u,p) given by

u(z,y) = a sin(wx)' cos(my) ,p(x,y) = sin(m(z + y)). (4.3.2)
cos(mx) sin(my)

The lower panel of Fig.4-1 depicts, in a semi-logarithmic scale, the curves of the

errors ||u — Usl|a,r2(0) and ||p — ps||ar 22(q) as a function of N.As can be seen from
estimates in section 5, the convergence rate here is nearly exponential despite the
non-conformity of the discretization.

We then consider the square € = [—1, 3]?, with a nonconforming decomposition into
two squares Q; = [—1,1)%, and Q3 = [1,3] x[—1, 1] and a rectangle Qy = [—1, 3] x[1, 3].
For an integer N > 8, we take all the Ny equal to N. We work here with the solutions

(u,p) given by
—sin(7x) cos(my)

u(z,y) = ' ,p(z,y) = sin(mx) cos(my). (4.3.3)
cos(mx) sin(my)

In Fig.5-2 the curves of the errors ||u—ug| ar,12() , for both cases

a,r2() and ||p—ps|
as a function of N, are plotted. For the smooth solution, a linear /logarithmic scale is
used and we observe that the exponential decay of the error is preserved despite the

non-conforming domain decomposition.
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-1 0.5 0 0.5 1 1.5 2 25 3

10 T T T T T
o el2(pressure)
3 +  el2velocity)

lag(errar)
=]

Figure 4-1: The non-matching grids for N = 22 and the velocity and pressure error
curves
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25H

0.5

0.5

1.5 2 25 3

Figure 4-2: The non-matching grids for a non-conforming decomposition with N =
32

10 T T T T T
o el2{pressure)
4 el2{velocity)

log(errar)
o
1

10 1 1 1 1 1

Figure 4-3: The error curves for an analytical solution
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Chapter 5

Mortar Spectral Discretization of

Darcy’s Equations(II)

5.1 Introduction

In this chapter, we mainly talk about the analysis of the mortar spectral element

discretization of the problem introduced by Darcy [33] as follows

(

au+ grad p = af in ,

div u=0 m €,
(5.1.1)

u-n==% on Iy,

(| P = Do on I'y

where 2 be a bounded, connected, open set in R, d = 2 or 3, with a Lipschitz
continuous boundary 02, and let n denote the unit outward normal vector to {2 on
0f), I'1 and I'; be a partition of 902 without overlop. The data are now the function
f and the boundary conditions k£ and py . The unknowns are the velocity u and the

pressure (or hydraulic head, according to the model) p. we are interested in the case
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where this function is not globally continuous but only piecewise smooth and also

such that the ratio of its maximal value to its minimal value is large.

This problem is an expansion of [32]|, where the problem with special boundary
condition has been discussed. Here the idea of this paper is different: our problem
has the general boundary conditions, including u and p. So new spaces with special

traces have to be introduced.

5.2 Analysis of the mortar SE discretization

Throughout this section, we work with a piecewise constant function o. We now
assume that €2 admits a disjoint decomposition into a finite number of (open) rect-
angles in dimension d = 2, rectangular parallelepipeds in dimension d = 3, denoted

by €, with edges all parallel to the coordinate axes,
K
Q=J% and QNQu=01<k#k <K (5.2.1)
k=1

We make the further assumption that the intersection of each 02 with 02, if not
empty, is a corner, a whole edge or a whole face of €. For 1 < k < K, we denote
by I'x;, 1 <1 < L(k), the (open) edges in dimension d = 2, faces in dimension d = 3,
of Q which are not contained in 02 . We denote by n; the unit outward normal
vector to €, on 0€. The decomposition is said to be conforming means that the
intersection of two different ), if not empty, is a corner or a whole edge of both of

them.

K
The skeleton S of the decomposition, equal to |J 92 \0€2, admits a decomposition
k=1
without overlapping into mortars

Vm and Yy N,y =0,1 <m # m < M. (5.2.2)

C=

S:

1

m
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where each 7y, = ['y(m),i(m) i @ whole edge in dimension d = 2, face in dimension d = 3,
of a subdomain €, denoted by €2,,,). Note that the choice of this decomposition is

not unique, however it is decided a priori for all the discretizations we work with.

In order to describe the discrete problem, we introduce the discretization param-
eter 0, which is here a K-tuple of positive integers N, 1 < k < K with each Ny > 2.
Indeed, the local discrete space on each € is the space Py, (£2;) of restrictions to €
of polynomials with degree < N, with respect to each variable. In all that follows, ¢
stands for a generic constant which may vary from one line to the other but is always

independent of 0.

We here introduce the discrete space according to (7?)-(2.3.9). For each k,1 <

k < K, the discrete space of velocities Xy is defined by

Xs = {vs € L*(Q)% vsla, € Pn, ()4 1<k < K} (5.2.3)

We give the mortar function ®(q) for each piecewise regular function ¢: On each
Yms 1 < m < M, the restrication of ®(q) to v, is equal to the trace of g|q,m). We
then define the discrete space of pressures My of functions g;:

1. which belong to L*(9),
2. their restriction to each € belongs to Py, (2;),1 <k < K,
3. the following matching condition holds on all subdomains 2,1 < k£ < K, and for

all I'y, ; of € that are not contained in 02 and not a mortar,

Vip € P, —2(Lkj), / (g5, — ®(g5))pdr =0, (5.2.4)

Lr,j

where ]P)Nk_g(rkd.) is the space of polynomials with degree < N —2 on I'y ;.
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We also introduce another discrete space M} associated with Ms:

M; = {gs € Ms| ¢ =0 on Ty} (5.2.5)

Assuming that the functions f, k& and py has continuous restrictions to all ), 1 <
k < K and I', T respectively. Then the discrete problem built from the variational

formulation(2.3.9) reads:

Find (ug, ps) in Xs5(Q) x Ms(€2) such that
ps =ZI;°po on Ty, (5.2.6)

and

Vvs € X5(Q), al(us,vs) + bs(vs, ps) = Ls(vs),

(5.2.7)
Vgs € M}(Q),  bs(us, gs) = ((k,q5))5*

where the bilinear forms al(-,-) and b; are defined by

K
ag (s, vs) = 3o ax((us, vs))5,
k=1

bs(Vs, qs) = f (vs,grad gs))%, (5.2.8)

L5(vs) = (o

—_

f V(;))(;.

Since M is not contained in H'(2), we define the “broken” norm and semi-norm

K K

1 - 1

[1Vslla = (D anllusllZ2 a2 asllar = (Y i laslFr o))
k=1 k=1

Let M be the maximal number of points of which are contained in the same edge

'y ;. We first introduce the following space M}, of functions ¢ definedon €2, such that:
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1. which belongs to L?(),

2. their restriction to each Qj belongs to H'(),1 <k < K,

3. vanish on I's,

4. the following matching condition holds on all subdomains €2;,1 < k < K, and for

all I'y, ; of € that are not contained in 02 and not a mortar,
Vo € Pry_o(Ty ), / (g0, — ®)pdr =0, (5.2.9)

Lr,j

where ]P’M_g(pk’j) is the space of polynomials with degree < M — 2 on I'y ;.

Not that the definition of M is similar to that of M}, however M}, is no longer a
discrete space: its dimension is infinite and it only depends on the decomposition of
the domain. Not also that M}, contains all the spaces M}, such that the N in d are
larger than M.

Lemma 5.1 There exists a constant C' independent of 6 such that

K
Vg € Mp(Q), > llallfa,) < CVmas llalla-- (5.2.10)
k=1

and C' is only dependent with the decomposition of ().

Proof: Firstly, we consider a function ¢ in M}, such that all the right hand side
of (5.2.10) is zero. Thus, ¢ is a constant on each {2 and due to the choice of M,
according to (|22], Proposition 20), which yield that ¢ is zero on €. Next, we observe
that

K
1
lallz ey = clllalliz@) + Z/Q (grad g,)*dx)>. (5.2.11)
k=1 "k

Also, since the imbedding of each H'(£2;) in L?*(£2) is compact, the imbedding of M1,
into L?(€2) is compact. So, the desired result follows from the Peetre-Tartar lemma

([40], Chap.I, Theorem 2.1).
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We construct a lifting of the boundary condition of py, we give the following lemma

according to the reference ([25], Th. II1.3.1) or ([7], Lemma 4.1).

Lemma 5.2 If py is continuous on [y, then there exists a function p§ in Ms(Q) and

a constant ¢ independent of &, such that

ps =T5*po on Ty, (5.2.12)

[ 1
o < T2 P 5.2.13
= Qmin || g pOHHO%O(FZ) ( )

To go further, we set p§ = ps — p%, and consider the following problem:

and

1951

Find (us,p?) in X5(Q) x M}(Q) such that

Vvs € X5(2),  al(us,vs) + bs(vs, p}) = Ls(vs) — bs(vs, p3),

(5.2.14)
Vgs € M(Q),  bs(us,qs) = ((k,q5))5"

0
e

Lemma 5.3 The form al(-,-) satisfies the following continuity and ellipticity prop-

erties

Vs € X5(Q), Yos € X5(Q), a (us, v5) < c||us]|al|s]]a (5.2.15)

Yus € X(;(Q),ai(u(g, ’u,5) > Hu(;Hi (5216)

The proof is similar to the reference ([32], Chap.3, Lemma 3.21).

We next come to the inf-sup condition:

Lemma 5.4 The bilinear form bs(-,-) satisfies the inf-sup condition

bs(vs, qs)
v5E€Xs Hv5||a

Vgs € M;(2), > C' |gs]

. (5.2.17)
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Proof: We note that for any g5 in M3(2), we can define the function vs by
Vilo, = oy 'grad(gslo,), 1 < k < K, (5.2.18)

It is obvious that vs € Xs5(Q2). Then we have the above inf-sup condition.

From (5.2.16) and the inf-sup condition (5.2.17), the saddle-point problem (5.2.14)

has a unique solution (ug, pd) which satisfies

ar < C (1§l + 175Kl

[|uslla + 1175] 1Al 2 qya) (5.2.19)

1
H™ 3 (I

Now we are in the position to give the main result of this section:

Theorem 5.1 For any data (f, k,po) such that each flo,,1 < k < K, and k,py are
continuous on Q and on T'y, Ty respectively, problem (5.2.6) — (5.2.7) has a unique
solution (ug, ps) in Xs(Q) x Ms(Q). Moreover, there exists a constant c independent

of 0 such that this solution satisfies

]l + l1pslloc < C (IZFpol g3 g, + IE Bl g oy + IEAlzys)  (5:2:20)

Proof: We establish successively the existence and uniqueness of the solution.
1) It follows from the Lax-Milgram lemma and (5.2.10),that there exists a unique @4
in X; such that

Vos € M}, ((grad o5, grad ¢5))s = ((k, d5))5". (5.2.21)

Thus, the function u = grad (s, satisfies

105 < €3/l [ Z5 K]y 1 - (5.2.22)
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On the other hand , it follows from the standard results on saddle-point problems

([40], Chap.I, Cor.4.1), that the problem

Find (u,p?) in Xs5(Q2) x M}(Q) such that

Vvs € X5(2), al(ud, vs) + bs(vs, p}) = Ls(vs) — bs(vs, p%) — ad(ul, vs),

(5.2.23)
Vgs € M5(Q),  bs(us,qs5) = 0.
has a unique solution (ug, pg) which morever satisfies
[[uglle + (19§10 < C ([|P5]lax + [[05]a + || Znfl] r2(0)e) (5.2.24)

Then, the pair (us, ps), with us = u§ +u%, ps = p? + p?, is a solution of problem

(5.2.7), and estimate (5.2.20) follows from (5.2.22) and (5.2.24).

2)The pair(us, ps = p} + p}) is a solution of problem (5.2.6) and (5.2.7), and
estimate (5.2.20) is a consequence of (5.2.19) and (5.2.13). On the other hand, let
(us1,ps1) and (us2, ps2) be two solutions of problem (5.2.6) and (5.2.7). Then the
difference (us; — g, ps1 — ps2) is a solution of problem (5.2.14) with data u?, f, py
equal to zero. Thus, it follows from (5.2.20) that it is zero. So the solution of problem

(5.2.6) and (5.2.7) is unique.

To conclude, we introduce the discrete kernal
Vs = {vs € X;;Vqs € M3, bs(vs,qs5) = 0}. (5.2.25)

As usual, it plays a key role in the numerical analysis of problem (5.2.7).
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5.3 Error estimates

This section is devoted to the error estimates, first for the velocity, second for the
pressure. We intend to prove here an estimate between the solution (u, p) of problem

(2.3.9) and the solution (ugs, ps) of problem (5.2.7).

Let ws be any function in the kernal V5. Multiplying the first line of (5.1.1) by ws

gives
K —
o (g, ws) + blws, P1) = Y ozk/ fwsdx — aq(uy,ws) — b(ws, P). (5.3.1)
k=1 L

which implies, due to the defination of Vj, that for any g5 in Ms(£2),

ao (g, ws) + b(ws, P — qs) = i@k/g fwsdx — aq(up,ws) — b(ws, P).  (5.3.2)
k=1 b
Next, we deduce from the ellipticity property (5.2.16), that we have for any vy in Vj
[[ud — vs|> < ad(u) — vs,u? — vs). (5.3.3)
Adding (5.3.2) with ws = u — vs and substracting the first line of (5.2.7) leads to

[[ug = vsl[2 < ag (uf = vs,uf = vs) < aq(ug — Vs, uf — v5)

+a0(vs, 1) — vs) — @’ (vs,u) — vs) + b(u§ — vs, P — g5)

K (5.3.4)
+((af, ud — vj))s — Zak/ f-(u) — vs)dx + an(ap, uj — vs)
k=1 Qk
_ai(uln ug - V5) + b(w57 ]5) - b5(w57pg)'
It is obvious that
Vvs € X5, Vg5 € M, b5(vs, q5) < |[Vsllallgslla- (5.3.5)
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So, combining the above inequality and triangle inequality, we derive that the error
||lu — us||q is bounded, up to a multiplicative constant, by the sum of seven terms:

e the approximation error in X

inf |jug — Vs|as (5.3.6)

vsEVs

e the error approximation in M}

inf [P — sl (5.3.7)
qs €M5

e three terms issued from numerical integration

ao(Vs,ws) — al(vs,ws)

s , (5.3.8)
ws€Xs Hw(SHa
_ 0 (b
sup aa<ub7w5) aa(u&wfs)’ (539)
wseX;s ||w5|’a
K
((af,ws))a — 3 ar Jo, £rwsdx
k=1 ’ (5.3.10)
||ws||a
b(ws, P) — b ;
. (ws, P) = bs(ws, p) (5.3.11)
wsEXs ||w5||a
and
. (5:312)

We first estimate the terms issured from numerical integration, which is easy since
they can be evaluated seperately on each subdomain €. Let IIy, _; denote the
orthogonal projection operator from L?(€) onto Py, _1(£) for each k,1 < k < K.

For any ws in X, since each product of Ily, _1u by ws belongs to Pay, —1(£2), it follows
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from the exactness propertity (?7) that

o (Vs,ws) — al (vs,ws) =

gt

ak(/ (vs — Ty, _1g) -wdx — ((vs — Ty, —1uo,ws)), ).
Qg

So, we deduce from the continuity property (5.2.15) that

K
aa(V(Sawé) - a‘;(v(g,w(g) ) )
Supb <100 agflvs — Ily,—qu :
ws€Xs l|lws||a (; 4l Ne-10l[72(0,)0)
K
1
< 10f|ug — vs||a + 10( E agl|ag — HNk—1u0||§,2(Qk)d)§‘
k=1

Because of the well-known properties of the operator IIy,_; ([21], Theorem 7.3),
we can get the following estimate: if the solution ug satisfies that ug, belongs to

H8k+1(Qk)d, Sk > 0

sup ao(vs,ws) — al(vs,ws)

1
2
ws€Xs ||w5||oc H% () )

(5.3.13)

K
< Affug = Vol + (D N, 2 [ug, |13
k=1

Similarly, for any ws in Xs, we have
K
Oéf U)5 Z&k/ f-w(;dx = Zak(((Igf—HNk_lf,wg))’ka
k=1
—/ (f— HNk—lf) 'U)(ng).
Q
So, we also apply the exactness property of the Gauss-Lobatto formula, which yields
K
((af,w;s)) Zak/ Frwsdx < /O (100 |1 = Tx, _1f][720, 0)2
k=1
FIIE = Lot 20, | lwsl [ 22w

According to the approximation properties of the operator Zs (|21], Theorem 7.1) and
Iy, -1 ([21], Theorem 7.3), we derive that, if the function f which satisfies that fio,
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belongs to H* ()%, o > 1.

K

((Oéf, w(;))a — Z (673 ka f- w(;dx K X
k}zl — 20 =
Sup < Cvamax(§ :Nk ’ k||f|Qk||§-I°k(Qk)d>2‘ (5.3.14)
ws€Xs ||w5||0¢

k=1

By analogy, we estimate the numerical integration term (5.3.9), we have

8 (vb K
o (Wp, ws) — a(ug, ws _os 1
sup ( ) ) < cw/amax(z N2 |upje, | zsk(Qk)d)Q' (5.3.15)
ws€X;s ’ ""’5 ’ |a 1
Also, the term (5.3.11) derives that
b(w5 P) - bg(wlg pb) K ) — 1
sup ’ < ¢ amaX(Z N, || Pa,| ?{sk+l(9k)d)§. (5.3.16)
ws€X;s ‘ |w5| |a 1

Due to (2.4.21) and (5.2.21), combined with ([18], Chap. VI, Lemma 5.1), we can
get the estimate results of (5.3.12)

(5.3.17)

1 .
H®~ 2 (T'1N0Qy)

K
[y — {0 < cv/amax Y Ny k]
k=1
where K is such that T'y N 9Qy, # 0.

We are now in the position to derive the approximation error in X; (5.3.6). We

refer to (|32], Chap.3, Lemma. 3.24) for the following lemma.

Lemma 5.5 There exists a constant ¢ independent of 6 such that

- n)|qs|dT
inf ||ug — vs]la < c( inf ||ug — z5]]a + sup Js(uo - m)las] ). (5.3.18)
v5€Vs zsE€Xs

gemy |19l

a*

Proof: Let zs be an arbitrary element of X;. The inf — sup condition (5.2.17) and

104



Chapter 5. Mortar Spectral Discretization of Steady Darcy’s Equations(II)

(|40], Chpt. 1, Lemma 4.1) prove that there exists a unique ts5 € V- such that

1 bs(zs,
bs(ts, q5) = bs(2s,q5), and |[ts]|la < - bs (25, 45)

(5.3.19)
6 q(;EM(I; Hq5|

a*

Thus, if we set vs = z5 — ts, then by combing the exactness property (?7?), we have

[o197% S

K K
bs(ug, q5) = Z/Q up - grad g¢sdx = Z/ (up - n)gsdr = /(uo -n)[gs|dT,
k=1 V% k=1

therefore
b — Zs, _ . d
el < ¢ sup 22000 = 7:05) = Js(uo - m)[asldr

(5.3.20)
95 EM; HQ5|

a*

This inequality and triangle inequality implies

[luo = Vslla < [luo = 2s][a + [[ts]]a

Up-n dr
SC(||UO_Z6||O¢+ sup fS( 0 )[Q5]
qs €M H%‘

a*

Since zs is arbitrary element of Xy, this implies the lemma.

So the approximation error in Xj (5.3.6) can be divided into two parts, the first
term is the approximatino error in Xs, another term is the consistency error.
We first estimate the approximation error in Xs. Taking zs equal to the orthogonal

projection operator Ily, _jug on each €1, we can derive the following lemma.

Lemma 5.6 Assume that the solution (u, p) of problem (7?7) — (2.3.9) is such that
each wq, belongs to H*x(Q)? for a real number s, s, > 0. The following estimate

holds

K
3 —2s 1
nf fuig = zslla < (37 N e s 00) (5.3.21)
k=1

Next we come to the consistency error. It involves the quantity u, defined as the
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largest ratio of 2£ it is
Oék/

f = (max )3, (5.3.22)
Oék/

We refer to ([16], Lemma 3.3) and (|32], Chap 3, Lemma 3.26) for the following

lemma.

Lemma 5.7 For any function u such that each ujq,,1 < k < K, belongs to Hex(Qy,)?
for a real number sy, s > %, the following estimate holds

Jslto W (14 137 0 10 M)

k=1

sup

2 eiona)?. (5.3.23)
a5 €M} 1] H (@)

a*

Remark 5.1 In fact, (log Nk)% in (5.8.23) disappears when all the edges of 0
which are not mortars are contained either in OS2 or in one mortar, however it is

negligible in comparison with the N, ** when Ny is large enough.

Estimating the approximation error in Mj is more technical and more complex. We

first introduce the quantity which depends on ¢,

). (5.3.24)

The nonconforming case for d = 3 is much more complicate, so we here only consider
the conforming case of d = 3 and the general case of d = 2. We refer to ([18|, Chap.
V, Theorem 5.1) and ([32], Chap.3, Lemma3.27) for the following lemma.

Lemma 5.8 Assume that the solution (u, p) of problem (?7) — (2.3.9) is such that
each pjq,, 1 < k < K, belongs to H***'(Qy,) for a real number s, s > %, then in
the two cases

(i) in dimension d = 2,

(i) in dimension d = 3, if the decomposition is conforming,
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the following estimate holds

_ 1
mf le — o)|ar < (1 + pu+ py) ZaklN MNPy 3,7 (5:3.25)
k=1
where
, ,  for d=2 and 3, and a conforming case,
P A forming (5.3.26)
s for d=2, and a nonconforming case.

Remark 5.2 When (1 + p + ;) is bounded (this is most often the case in practical
situations), for a general decomposition of dimension d = 3, the lack of optimality is

3
(log Ny)N;?. For further more results, we refer to ([18], Chap.V).

According to the above result, now we arrive at the first theorem in this section.

Theorem 5.2 Assume that the function « is constant on each Q, 1 < k < K. If
the solution (u, p) of problem (2.3.9) is such that its restriction to each Q, 1 < k <
K, belongs to H* () x H*TH(Qy), sy > S2L, and the function f is such that its
restrication to each Qy, 1 < k < K, belongs to H°*, o} > —, i the two cases:

(i) in dimension d = 2,

(i) in dimension d = 3, if the decomposition is conforming,

the following error estimate holds between this solution (u, p) and the solution (us, ps)

of problem (5.2.7)

K
llw— usllo < e((1+ p+ 15) Y Ny (VOmax(log Ni)lltho, |k ) + v/1/ rmin
k=1

K

o) T Vomax )N, a'“||fszk||H%(Qk)d+\/O‘maxZN P11l o (1, r00)-

k=1

[P |

where ,u; is the same as it in (5.3.26) and the constant c is independent of the param-

eter & and the function .
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So it is readily checked that the following improved estimate holds for a conforming

decomposition.

Corollary 5.1 If the decomposition is conforming and if the assumptions of Theorem
4.1 are satisfied, the following error estimate holds between the solution (u, p) of

problem (2.3.9) and the solution (us, ps) of problem (5.2.7)

K
[l = wslla < e((L+ 1) D Ny (vmarl [ty laee @ + ) = |Ipia, o+ @y)
k=1 min
K
Vamax Y Ny |Ifig, 1o @41+ v/max Z Ny ™ El s rino) )
k=1

where the constant c is independent of the parameter § and the function a.

Estimating the error on the pressure now is easy.

From the inf — sup condition (5.2.17), we derive that, for any ¢s in M3,

b5(vs, P§ — s
BIp§ = @3ller < sup (Va7 — d5) (5.3.27)
vs€Xs HVtSHa
We first use the discrete problem (5.2.7)
bs(Vs, 0§ — d3) = ((a £,v5))s — ag(us — Vi) = bs(vs, p5) — bs(vs,q3).  (5.3.28)

Next, we apply equation (2.3.9) to function vy, and adding it to the previous line.

This yields
b(g(V(;,pg Z (677 / u— 1_15 V(ng + Z Ozk/ Us - V(ng
— ag(us — vs) + / vs - grad (P — gj)dx
Q

K
+ / vy - grad (}5 —pg)dX—F (a f,vs)) Zak/ f-vsdx.
Q k=1 S
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According to the triangle inequality, we have

+ 11p§ — g3l]a

1P = @sllax = |11 = g5la- (5.3.29)

So using the same arguments as in the estimation of terms issued from numerical

integration together with the above triangle inequality yields

K

> ag Jo us - vsdx — a) (s, vs)
o < of||lu—uslla + sup k=1
vs€Xs HvtsHa
K
((Oé f, V§))5 — Z (0753 ka f5 : V(;dX (5330)
+|[P1 = g§]|ax + sup it
vs€Xs ||V5||a
b(vs, P) — bs(vs, ) _
+ sup ( 6 ) 5( éq‘$)+||P—pl§|a*).
vs€Xs ||V5||a

All the terms in the right-hand side have been estimated previously except the term

o Because p? is in M, so the estimate result of this term is simily to the

term || P — q)

o+ We refer to ([18], Chap. VI, Lemma 5.1 and Lemma 5.2) for the

following result.

Lemma 5.9 Suppose py be a function in H%(Fg) such that each po|rynaq, belongs to
HS’C+%(F2 NOQ), 0k > 0, in the two cases:

(i) in dimension d = 2,

(ii) in dimension d = 3, if the decomposition is conforming,

the following error estimate holds

L+t pp)y [ = E:NSWW|

where ,u; is the same as it in (5.3.26) and the constant c is independent of the param-

1P — pb|a

o+ (Tano0,)" (5.3.31)

eter 0 and the function a.

Now we get the second estimate result of this section on the pressure.
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Theorem 5.3 If the assumptions of Theorem6.3 are satisfied in dimension 2. In
dimension 3, it needs that the decomposition be conforming and the the following

error estimate holds between the pressure p of problem (?7) and the pressure ps of

problem (5.2.7):

||Z? p(s\

K
o S (L4 p+ p15) Y N ™ (Omax(log Ni)l|wia, | o )
k=1

\/ ||p|Qk|

+ /Cmax Z N |Ik]

Hsk+1 Qk + \/amaxzN];o.k“uﬁQkHHgk(Qk)d

—s
H%~3 (' noQy) 1+#+M5 \ mmZN {[pol

H5k+2 (Fzﬂan))'

In the two-dimensional case of a polygon {2, a more explicit estimate can be deduced
from the previously quoted regularity results. In the end of this part, we give the

following corollary according to (|20]) and ([6]).

Corollary 5.2 In the two-dimensional case of a polygon ), assume that the date
(f. k, po) belongs to H* ()2 x H7 =2 (D1 MO ) x HO4 T2 (T MO ), 0 > 1 Then, the
following error estimate holds between the solution pair (u, p)of problem (7?7)—(2.3.9)

and the solution pair (us,ps) of problem (5.2.7):

|l — us||a - < o1+ p+ ps) max{ y/Cupar; Vo } k (log Ni)”
Kl K2

[ fiy Il @2 + Z EkaHH”k’? o) T Z Ex|lpoll o +3 Fgmam))
k=1

where v equals to zero in the conforming decomposition and to 1 other-

wise, and Ep,1 < k < K is equal to N_% if Q. contains no corner of
_4 _

Q, sup{N, ", N, *(log Np)z}, if Qu contains a monconvex corner of 0 and

sup{ N, 7, N, *(log Nk)%}, if Q contains a no nonconvex corner of <.
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5.4 Numerical implementation

Firstly, we briefly explain how to implement the discrete problem in section before.

The full set of unknowns of the discrete system is given by

e the vector U of the values if us at all nodes (2%, y*),0 <i,7 < N, 1 <k <K,

in dimension d = 2, (xf,yf,z;f),O <1,7,p < Np,1 <k <K, in dimension d = 3,

e the vector P of the values if ps at all nodes (z¥,y¥),0 <4,j < N, 1 <k < K, in

dimension d = 2, (zF, yF, z]’j),O <1,7,p < Np1<k<K,in dimension d = 3.

Let (U, P) denote the vector made of these values. Then the mortar condition can
be expressed in the following way: there exists a rectangular matrix ) such that the
boundary and matching conditions can be enforced, which leads to a new vector QU.

Then problem 5.2.6 — 5.2.7 can now equivalent to the following linear system

A B¢ I , (5.4.1)

QTBT 0 P QTG
where Q7 stands for the transposed matrix of Q. The matrix A is fully diagonal, its
diagonal terms are the p", p?’k or the pi*, p?’k, p* according to the dimension. The
matrix B is only block-diagonal, with K blocks Bj on the diagonal, one for each 2.
Then the system can be solved by conjugate gradient algorithm. We then consider
the square Q2 = [—1, 3]?, with a nonconforming decomposition into two squares Q; =
[—1,1)%, and Q3 = [1,3] x [~1,1] and a rectangle Qs = [—1,3] x [1, 3], see Fig.5-3.
For an integer N > 8, we take all the N, equal to N. The mortars are chosen here

as {1} x [1,3]U[—1,3] x {1}.

set here a; = 1, a9 = 10, a3 = 100. Then we work here with the solutions (u, p) given
by
— sin(7x) cos(my)

u(z,y) = ' ,p(z,y) = sin(mx) cos(my). (5.4.2)
cos(mx) sin(my)
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245K
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1.5 2 25 3

Figure 5-1: Non-matching grids for a non-conforming decomposition with N = 32

5.5 Comparison between the two methods

In our work, we mainly talk about the generally decomposition in d = 2, including
the conforming decomposition and non-conforming decomposition, and the conform-
ing decomposition in the case of d = 3. No convergence results are proven in the case
of dimension 3 and with a non-conforming decomposition. For the same problem with
the same assumptions for f, k, py, we return to the Theorem 5.1 and Theorem 5.2 in
Chapter 5 for the first decomposition with velocity in H(div, 2), and the Theorem 6.2
and Theorem 6.3 in Chapter 6 for the second decomposition with velocity in L?(£2)%.
For the first decomposition, with velocity in H(div, ) we can observe that from The-

orem 5.1, the estimate about the velocity ||u — usl|a,12(q) is fully optimal. However,

from Theorem 5.2, the estimate about the pressure ||p — ps||a+ s is not fully optimal,

even if the decomposition for d = 2 and d = 3 are both conforming. The lack of
1

the optimality is max{N;?, (log Ni)"}, where v is equal to 0 if the decomposition is

conforming, to 1 otherwise.
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10° : : : : : ;
O eHlifpressure)
109 *  el2fvelocity) |

log(errar)

Figure 5-2: The error curves for an analytical solution

For the second decomposition, with velocity in L?(Q)¢, we can see that from

Theorem 6.3, the estimate about the pressure ||p — ps||o+ is fully optimal. However
from Theorem 6.2, the estimate about the velocity ||u — us]|, is not fully optimal, for

both conforming and non-conforming cases. The lack of the optimality is log N.

We can see from the above statements that the first mortar spectral discretization
derives a better (optimal) convergence result for the velocity. The second mortar

spectral discretization derives a better (optimal) convergence result for the pressure.

The results about the numerical compution

For the two mortar discretizations, we mainly consider Dary’s equations on the
same domain as follows. We consider the square = [—1, 3]?, with a nonconforming
decomposition into two squares ; = [—1,1]?, and Q3 = [1,3] x [—1, 1] and a rectangle
Qy = [—1,3] x [1, 3], see Fig.5-3. For an integer N > 8, we take all the N, equal to
N. The mortars are chosen here as {1} x [—1,1]U[—1,3] x {1}. The condition of the
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numerical experment are the same then previousely.

25H

1.5F

0.5

0.5

1.5 2 25 3

Figure 5-3: Non-matching grids for a non-conforming decomposition with N = 32

In the following figure, we can see the comparison of the error curves for an
analytical solution, where the left subfigure denotes the first discretization and the

right subfigure denotes the second discretization. In Figure 5-4 are plotted, the curves

log(error)

Figure 5-4: Comparison of the error curves for an analytical solution

of the errors ||u — us||, and ||p — ps||a+ for both cases as a function of N. For the
smooth solution, a linear or logarithmic scale is used. We observe that the exponential

decaying of the error is preserved despite the nonconforming domain decompsotion.
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Chapter 6

Conclusion and Perspectives

In the whole thesis, we are mainly interested to the spectral approximation and
mortar spectral element method for the Darcy’s Equations with general boundary

conditions.

In Chapter 3, we have presented the spectral discretization for the Darcy’s equa-
tions. The spectral method has been proven optimal in the sense that the order of
convergence is only limited by the regularity of the solution. The chapter 4 and Chap-
ter 5 are the key chapters in out thesis. We propose two different discretization relies
on the mortar spectral method. Both the numerical analysis of the discretization
problems are performed and numerical experiments are presented, which turn out to
be in good coherency with the theoretical results. The last Chapter is an appendix,
which is an exception in our thesis, because a spectral scheme have been presented for
fourth-order equations. We here have developed a Legendre-Petrov-Galerkin method
for linear fourth-order differnetial equations in one dimension and a Legnedre-Petrov-
Galerkin and Chebyshev Collocation method for nonlinear fourth-order equations.
We propose two different discretization relies on the mortar spectral method. Both
the numerical analysis of the discretization problems are performed and numerical ex-

periments are presented, which turn out to be in good coherency with the theoretical

115



Chapter 8. Conclusion and Perspectives

results.

In our later work, we will extended to unsteady Darcy’s system, which models

the time-dependent flow of an incompressible fluid such as water in a rigid porous

medium.
( ou(x,t) + au(x,t) + grad p(x,t) = af(x,t) in Q x[0,T],
div u(x,t) =0 in Q% [0,7],
u(x,0) = uy(x,0) in Q, (6.0.1)
u(x,?) - n = k(x,t) on I'y x [0,T],
p(x,t) = po(x,1) on Ty x 0,7

It also admits two equivalent variational formulations as the steady Darcy’s sys-
tem. For time adaptivity, in order to avoid Courant-Friedrichs-Lévy conditions, an
implicit scheme such as the backward Euler’s scheme could be used. Concerning the
space discretization, it can be extended from the previous problems. A priori error
estimates will also be proved to justify the optimal convergence properties of the

discretizations.
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Chapter 7

Appendix : A Spectral Method for
4-th Differential Equations

In this chapter, we develop a Legendre Petrov-Galekin method for linear fourth-
order differential equations in one dimension and a Legendre Petrov-Galerkin and
Chebyshev collocation method for the nonlinear Kuramoto-Sivashinsky equation. The
numerical experiments are given which demonstrate the efficient of proposed schemes.

Finally, we give the optimal rate of convergence in L?-norm of the methods.

7.1 Introduction

There are many applications of Galerkin methods and collocation methods in the
literatures for fourth-order differential equations. In [52, 53|, Shen proposes a class of
spectral-Galerkin methods for the direct solution of second- and fourth-order equa-
tions based on Legendre and Chebyshev polynomials. In [27], a Legendre spectral
Galerkin method is presented for the solution of the biharmonic Dirichlet problem.

Their approach is based on a mixed method which gives rise to a variational formula-
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tion for two second order differential equations. A similar approach has been applied
in the Legendre spectral collocation solution of the same problem in [26]. In [35],
the authors present some efficient spectral algorithms based on the Jacobi-Galerkin
methods for fourth-order equations. Theoretical work of the two methods is referred

to [17, 21, 39).

However, to the authors’ knowledge, there is little previous work on Petrov-
Galerkin methods for fourth-order differential equations. Because of the merits of
Petrov-Galerkin methods, that is, the test functions do not satisfy all the boundary
conditions, they are widely used in computation [37, 45, 49, 50|. This motivated our

interest in such methods.

As is pointed out in [41, 53|, the direct application of the tau method for fourth-
order equations is numerically unstable, because it results by ill conditioned system.
Meanwhile, it is difficult to get optimal error estimate in L?-norm. Therefore, in
this study, we present a Legendre Petrov-Galerkin (LPG) method for fourth-order
equations in one dimension. Through the numerical experiments, we can note that
the LPG method is an efficient algorithm. Moreover, optimal error estimates in L*-

norm of the LPG method can be obtained.

In a recent work [54], a linear steady fourth-order equation has been computed
by the LPG method and get desirable numerical results. However, the algebraic sys-
tems and error estimates are not given. In this work, we give the algebraic scheme of
LPG method and prove the optimal rate of convergence in L?-norm for linear fourth-
order differential equations. Moreover, for nonlinear equations such as the Kuramoto-
Sivashinsky(K-S) equation which is an important equation in physical models, a Leg-
endre Petrov-Galerkin and Chebyshev collocation (LPG-CC) method is developed.
The scheme of the linear part is formulated in the LPG form while the nonlinear
term is treated with the Chebyshev collocation method. The time discretization is
a classical leapfrog/Crank-Nicolson scheme. To get optimal error estimate, we apply

the approach of [54] in which a norm stronger than standard L?-norm is used.
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The chapter is organized as follows. In the next section, we propose the LPG
scheme and the LPG-CC scheme for linear and nonlinear fourth-order equations,
respectively. Some numerical experiments are presented in Section 3. In Section 4,
we recall some recent results on some projections and a Chebyshev-Gauss-Lobatto
interpolation with a negative weight. In Section 5, optimal error estimates of the two

schemes are given. The final section is for concluding remarks.

7.2 Chebyshev polynomials

Classical reference on the Chebyshev polynomials are [41]. The Chebyshev poly-
nomials of the first kind, Ty(z),k = 0,1, ..., are the eigenfunctions of the singular

Sturm-Liouville problem

k’2

(\/ 1-— :L‘2T];(ZL’))/ + ﬁ

For any k,Ti(z) is even if k is even ,and odd if k is odd. If T}, is normalized so that
Tr(1) =1, then
Ti(x) = coskf, 6 = arccosz. (7.2.1)

Thus, the Chebyshev polynomials are nothing but cosine functions after a change of

independent variable. Due to the trigonometric relation
cos(k 4+ 1)0 + cos(k — 1)0 = 2 cos 6 cos(kb),
we will give the recursion relation of Chebyshev polynomials:
Tii1(z) = 22Ty (z) — Tr—1(2), (7.2.2)

with Ty(xz) =1 and Ti(z) = x.
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Next we will introduce the Chebyshev-Gauss-lobatto points and weights:

xo=1,ony = —1,

— _ I
Wo = WN = 55>

_ T _ 11 ;
xj—cosﬁ,wj—ﬁ,lngN—l.

Let{z — i}?¥, be the Chebyshev-Gauss-Lobatto points, i.e. z; = cos L, and u be
=0 y N

a function on [—1,1]. The Chebyshev interpolation polynomial I§ is defined as a

polynomial of degree less than or equal to N such that

IGu(xs) = u(z;), i=0,1,...,N. (7.2.3)

7.3 Spectral discretization scheme

7.3.1 Linear equation

At first, we consider the following 1 dimension linear fourth-order equation

0iU — BO2U + aU = g, x € (—1,1),

(7.3.1)
U(+1) = 0,U(+1) = 0,

where o, 5 > 0.

Let Vy = Py (I)NHZ(I)NH(I), Wy—s = Py_o(I)NHL(I)NH(I), where I = |1, 1].
A Legendre Petrov-Galerkin method for the problem (7.3.1) is to find uy € Vy such
that for any v € Wy _s,

a(uy,v) — B(OPun,v) — (Puy, v) = (g,v). (7.3.2)
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Appropriate base functions of Vy and Wy _4 are chosen to set up the corresponding

system of equations as in [52]. For 0 <n < N — 4, we let

cn = 1/4/2(2n + 3)2(2n +5),
d, =1/(2n+1),

and

0n(2) = culLn(2) — 252 L ia(2) + 322 Loa(a)],

Vn(7) = dpia[Ln(7) — Lnya(2)],

where L, (x) is the Legendre polynomial of degree n. We note that all the polynomials
L,(z),0 <n < N are orthogonal, and

1
|!Ln(x)|!%2(1) = n—Jr%
N—4
Expanding un(z) = > U,¢,(z) and taking v = ¢,,(z) in (7.3.2) lead to

n=0

N—4
[Oé(¢n, wm) - ﬂ(ag¢n>¢m> - (62%, arwm)] ’&n = (ga ?/Jm), 0 <m < N —4.

n=0

(7.3.3)
Let Anm = (¢n7 wm); bnm == (ag%¢n7¢m>7 Prnm = _(a§¢n7 axwm)a then

p

2¢,dpmi1(dy + 2d,43), n=nm,

—2¢cpdmi1dy, n=m-+2,
Unm = —2Cn0pmi1(2dpi3 + dpysdpga/dny1), n=m —2,
20, dpy1dni3dnia/dni, n=m—4,

0, otherwise.
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2¢,(2n 4 3)dpy3, n=m—2,
bnm - Cn(2n + 3)<(Ln+3 - Ln-l—l)a Lm+1) == —20n(2n + S)dn+1, n=m,

0, otherwise.

Prm = € (2n+3)(2n+5) (L1190 Lin41) =
cn(2n+3)(2n +5)(1 — (=1)™™+3) m < n.

We denote
A= {anm}OSn,mSN—47 B = {bnm}ogn,mSN—éla P = {pnm}OSn,mSN—4>

Gm = (Q,Q/Jm), g= [g()aglu e ,QN_4]T.

The scheme (7.3.3) can be written in a matrix form as follows:

(tA— BB+ P)i=g, = [l ..., 0x_q)". (7.3.4)

Remark 7.1 In Table 1, we list the condition numbers of the fourth-order term of

the LPG method and that of the Legendre tau (LT) method which we expand uy(x) =
N-—4

> Undn(x) [44] and take v = L, (x), 0 <m < N —4. The command "cond" is used
n=0
m Matlab to compute the condition numbers.

Table 1 Condition numbers for the fourth-order equation

N 16 32 64 128
LT | 3.97e+2 | 4.72e+3 | 5.46e+4 | 6.23e+5
LPG | 1.58e+1 | 4.64e+1 | 1.34e+2 | 3.82e+2

We note that the condition numbers of the LPG method are smaller than the LT
method from Table 1.
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7.3.2 Nonlinear equation

Next, we consider the Kuramoto-Sivashinsky equation

U + 0, F(U) + 02U + 03U = g(x,t) (x,t) € (=1,1) x (0,T)
U(£1,1) = 8,U(%1,) = 0 te,T)  (7.35)
U(z,0) = Up(x) x e (=1,1).

where F(z) is a smooth function of z, and 7" > 0

The semidiscrete LPG-CC method for the problem is to find uy(t) € Vx such
that for any v € Wy _o,

(Oyun,v) + (OIGF (uy),v) + (O*uy,v) — (Bun, 0.v) = (I$g(t),v) te (0,T)

UN(O) = ]?quv
(7.3.6)

where I§ is the Chebyshev interpolation operator at the Chebyshev-Gauss-Lobatto

points.

Let 7 be the step size in time space and S; = {k7: k=1,2,... ,ny;t =n,7}. For
simplicity, denote u; — %(u(t ) —ult—7)), alt) = %(u(t )t ult — 7).
Using leapfrog/Crank-Nicolson scheme in time such that the linear part is treated
implicitly and the nonlinear part explicitly, we get the fully discrete LPG-CC approx-
imation to (7.3.5): to find uxy € Vy such that for any v € Wy _s,

(UN{,U) + (@clgF(uN), U) + (8%’17,]\7, U) — (8;2’71]\,, 8901}) = ([gg, U), t e ST,T,
(un(7),v) = (I§[uo + 70:u(0)], v),

UN(O) = ﬁUO.

(7.3.7)
Note that d;u(0) = g(0) — O>ug — dtug — 0. F (u).
N—14
In computation, expanding uy(z) = > U,¢n(z) and taking v = ¢, (z), the scheme
n=0

of the linear part can be written in a matrix form as in (7.3.4). The nonlinear term
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and the right-hand term can be computed by the fast Legendre transform (FLT) [4]
between the coefficients of the Legendre series and its values at the CGL points, such

as

{in} ™5 {un(2;)} = {Flun(,)} 25 {(ISF(un)E),

—

where (I§F(uy))L are the Legendre expansion coefficients of IGF (uy).

7.4 Numerical results

We first consider linear fourth-order differential equations.
Example 7.1 The 1-D fourth-order equation
OtU — 02U + U = ((kn)* + (km)? + 1) sin(knz), zel,
with a smooth exact solution U(x) = sin(kwz).

We compute Example 7.1 by the LPG method compared with the LT method with

k=6. The maximum error is listed in Table 2.

Table 2 Maximum error for Example 7.1

N 16 32 64 128
LT |4.02 | 2.37e-5 | 4.35e-13 | 4.14e-13
LPG | 5.28 | 1.15e-5 | 3.71e-13 | 5.14e-14

From Example 7.1, we note that the Legendre Petrov-Galerkin method is a little more
accurate than the Legendre Tau method although the boundary conditions which test
functions satisfy of the tau method are less than that of the Petrov-Galerkin method.
Furthermore, through the appropriate combination of base functions, the tau method

also possess the property of numerical stability.
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Example 7.2 The 1-D fourth-order equation
oMU +4U =1, zel
with an analytical solution

U(x) = 0.25(1 — (sin(1) sinh(1) sin(z) sinh(zz)
+ cos(1) cosh(1) cos(x) cosh(z))/(cos(2) + cosh(2))).

This example is taken from [56] in order to make a comparison with the Sixth-order
method based on non-polynomial spline functions in [56]. We list the maximum error

in Table 3.

Table 3 Maximum error for Example 7.2

N | Sixth-order method in [56] | N | LPG

16 9.99¢-9 8 | 2.58e-8
32 1.89e-10 10 | 7.92e-11
64 2.82e-12 12 | 2.17e-13

Example 7.2 shows that our method is of the same accuracy as the Sixth-order method

in [56] through taking less points.
Example 7.3 The 1-D fourth-order equation

U + zU = —(8 + Tz + 1%)e”, 0<z<l.
with an analytical solution U(x) = x(1 — z)e”.

This example is also taken from [56] in order to make a comparison with the Sixth-
order method based on non-polynomial spline functions in [56]. The maximum errors

of U and its nth-order derivatives (n = 1,2,3,4) by the Sixth-order method in [56]
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are listed in Table 4. The results by our method are listed in Table 5. Here U; and

in; denote the analytical results and numerical results.

Table 4 Maximum errors of U and its nth-order derivatives (n = 1,2,3,4) by the

Sixth-order method in [56] for Example 7.3

N | max |U; — up;| | max |U; — u)y;| | max |U; — uy,;| | max |U;" — uy,| | max |Ui(iv) - u%)|
8 3.70e-10 4.91e-6 3.42e-4 7.20e-3 1.85e-10
16 7.51e-12 1.99e-7 2.24e-5 1.20e-3 4.16e-12
32 6.99e-14 6.21e-9 1.85e-6 1.78e-4 3.90e-14

Table 5 Maximum errors of U and its nth-order derivatives (n = 1,2,3,4) by our method

for Example 7.3

1"

"

max |Ui(iv) —u

(iv) |

N | max |U; — up;| | max |U; — u)y;| | max|U; — uy,;| | max |U;" — uy,] N
8 2.80e-8 1.76e-7 1.08e-6 2.36e-5 5.05e-4
12 1.06e-14 1.10e-13 1.12e-12 4.96e-11 2.74e-9
16 5.55e-17 2.22e-16 4.44e-16 8.88e-16 3.11e-15

We note that the maximum errors computed by our method are more accurate than

by the Sixth-order method in [56], especially for the errors of nth-order derivatives

(n=1,2,3,4).

Finally, we consider a nonlinear evolution equation.

Example 7.4 The Kuramoto-Sivashisky equation

.U + Ud,U + 82U + 9:U = 0,

with exact solution

15
t p— —
U(z,t)=C+ =

19
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We compute Example 7.4 by the scheme (7.3.7) at T = 1 with C = 0.1,k =
%,/%,xo = —10,1 = [-30,30] . To see the order of accuracy,we let 7 decrease
from 107! to 10~* for large N = 256 and let N increase from 64 to 256 for small

7 = 1073. The results are given in Table 6.

Table 6 Error at T = 1 for Example 7.4

T | N | L® —error | L* —error
le-1 7.21e-5 1.07e-4
le-2 7.21e-7 1.07e-6

256
le-3 7.19e-9 1.07e-8
le-4 7.08e-11 1.07e-10
64 5.25e-2 9.37e-2
le-3 | 128 3.17e-5 1.28e-4
256 7.19¢-9 1.07e-8

In Table 7, L> and L? errors are recorded at time ¢t = 0.1;0.3;0.5;0.7; 1. We compare
the results with those presented in [57| by the mesh-free collocation method based
on multiquadric (MQ) with ¢(MQ)=2.5 advancing in time by the Crank-Nicolson

scheme. For the nonlinear term, they linearize it.

Table 7 Maximum error of MQ method in [57] and LPG-CC method for Example 7.4
at time ¢ = 0.1;0.3;0.5;0.7; 1 with N = 120;7 = 0.001; I = [-30,30]; C = 0.1;z9 = —10

t 0.1 0.3 0.5 0.7 1.0
MQ method | 1.03e-4 | 1.85e-4 | 2.89e-4 | 3.85e-4 | 5.23e-4
L —error
LPG-CC 2.56e-5 | 2.58e-5 | 2.53e-5 | 2.57e-5 | 3.52e-5
MQ method | 1.73e-5 | 3.86e-4 | 7.30e-4 | 7.13e-4 | 1.51e-3
L? — error
LPG-CC 6.77e-5 | 8.30e-5 | 9.40e-5 | 1.03e-4 | 1.15e-4

It is noticed that the LPG-CC method shows better accuracy than the MQ method
in [57].

127



7.5 Preliminaries

In this section, we state approximation properties of some projection operators
and an interpolation operator, which will be needed in the proof of convergence.

Throughout this chapter, C' will denote a generic positive constant.

Let I = (—1,1), and w, g(z) = (1 —2)%(1+)? be a certain weight function in the

usual sense. Denote by (,-)s, ; and || - ||, , the inner product and the norm of the

Wa, B

weighted space LZM([ ), respectively. We adopt the standard notation HJ B(I ) for
weighted Sobolev space with norm || - ||, ,» and semi-norm |- |, , +. The subscript
w will be omitted whenever w, g(x) = 1. Let Py(I) be the space of polynomials of

degree at most /N on the interval I.

The Jacobi orthogonal projection operator with the weight w, s(z) is defined Pﬁ}’ﬂ :
Lia,ﬁ(j ) — Pn(I). For simplicity, we set Py = 73](1;0. Next, we introduce the spectral
projection operator PY : H*(I) — Py(I) |21, 46, 54] defined by

x

Plyu = u(—1) + / (PE\Oeu)de, k> 1,
-1

where Py = Py. The projection operator has the following properties [46]:

(OLPEu)(1) = OLu(l), (O PEu)(—1)=0'u(-1), 0<I<k-—1, (7.5.1)

(OF(PEu—u),v) =0, Vv €Py_y. (7.5.2)

Here we need a stronger result, which is in negative weight.

Lemma 7.1 ([54]) Ifu € H"(I) then it holds that for all 0 <[ <k <,

105 (PRt = W)l < CN'T 050wy, (7.5.3)
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Denoting by I§ the Chebyshev-Gauss-Lobatto (CGL) interpolation operator, we have

Lemma 7.2 ([46]) Ifu € H"(I) and r > 1, then it holds that for all 0 <1 <1,

105 (Iju — u) < CN'7"||0pu

Wr—1,r—1" (754)

lefl,zq

7.6 Convergence of the schemes

7.6.1 Linear equation

At first, we give an optimal rate of convergence for the scheme (7.3.2). Assume
that the theoretical solution U(z) is smooth enough. Let n = U —u* and e = uy —u*,

where u* = PyU. From (7.3.1) and (7.3.2), we have
a(e,v) — B(dze,v) — (Oie, Opv) = o, v) — B(n, F;v). (7.6.1)

where we have used the fact (921, 9,v) = 0 for all v € Wy _,, according to (7.5.2).
Because of e(+1) = d,e(£1) = 0 by (7.5.1), we can take v = w_; _je. It is easy to

derive the following equalities

—(83%6, 0,v) = 2]8961)(1)]2 + 2]&31}(—1)]2 + 4”(9931)”2 + H@gvHQ

wi1,1°

—(0ze,v) = [l00][3,, + I

Therefore, we have

allelli, , + Bllvl* + Bl0avlE,, +200:0(1)[* + 2/0:0(=1)* + 4] 00]* + 1|01

w—1,-1 w11 wi,1

IN

Blinlloos - [10z0]lors + allnll]lv]
1 a? 15}
2012 2112 2 2
< Bl .+ gl + Sl + ol
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According to (7.5.3), we have
lellw_,_, SC*NT.
Furthermore, from the inverse property of polynomials (see (3.17) of [47]), we have
10zell < CNleflo, —, < ON'T,

which means the method also admits optimal error estimate in H'-norm.
We arrive at the following convergence result via the triangle inequality and Lemma

7.1.

Theorem 7.1 Assume that r >3 and U(z) € H"(I), then
IU = un|| < IU = unlloy -, SCNTT,

and

U — unl|| + N7H0.(U — uy)|| < CN ",

7.6.2 Nonlinear equation

Next, we consider the Kuramoto-Sivashinsky equation (7.3.5). We give the sta-
bility and an optimal rate of convergence for the semidiscrete scheme (7.3.6) of the
LPG-CC method.

Suppose that uy and the term on the right-hand side in (7.3.6) have the error iy
and g, respectively. Then by (7.3.6) we have

(ataNa U) + (aﬁjﬁﬁ7 U) + (aNa ({931)) - (a:xsﬁNv amv) = (g7 U)'
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where F = F(uy + ty) — F(uy). Taking v = w_y _1uy € Wi_o, we have

1d
2 dt

i i 1
< IRFIP + ZH(%UHQ +llanlls ., + —||(92v||w11 + 11912, + 1901

—lanlls, -, + 20001 + 20:0(=1)]" + 4] 0,0]* + 1|05,

Let
unr = 12X {{[un(s)llzoor) + | atin (8)l ey}
Cr(z1,20) = max  |0,F(2)|+ (Jz1| + |22]) max |92F(z)].
|2]<]21 |+|22] |2]<]21 |+|22]
Assume

lin (8)[| (1) < Ch, Vs € (0,].

By (7.5.4), we have

HREIN < G F Ny oy < HRE = Fllosy oy + 1 F s

< CN YO + (1 Flloy,
< ON7Y| / ) + 0t (5)) (D () + 00yt () () + F" (v (5) + Oty () Dt (5)0) o,
L / F' (un(s) + it ())iin ()6 o, _,
0
< Crlun, C) (N 10sinl ooy -y + [l 1)
< CCp(un, C)||unw_y
SO,

1d’
2dt

* ||~ 1 ~
< Claxls, , + §||<3’mv||2 + 71920112, . + 113112,

lan s,y + 2001 + 2100(=1)|* + 4l|0xv]|* + [[070][2, ,

Therefore, integrating the inequality in time leads to

B0 < o) + 0 [ B
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where C* is a positive constant dependent on Cg(uys, Ch), and let

t

7 3
E(t) = ax (@)l +/ 2(0p0(1)]” + 210p0(=1)* + 5100 ]” + 71100112, , ds,
0

w—_1,-1

t
o(t) = v ()2, , + / 311 1 ds.

We can get the following theorem. The process of the proof for this theorem is similar

to that of the proof in [54].

Theorem 7.2 If p(T) < 2C2e¢=“"T/(N +1)?, then

E(t) < p(t)ef™.

Now, we consider the convergence of the scheme (7.3.6). Let u* = PyU, n=U — u*

and e = uny — u*. By (7.3.5), (7.3.6), (7.5.2), we have

(Dhe,v) + (015G v) — (D2e, Dyv)
= (O, v) + (Iyg — g,v) + (Ou(F(U) — IgF(u")),v) = (e, 02v) + (1, 03v) + (931, Opv)
= (0m,v) +(

- (6, Qﬁv) + (777 agv)

Ig = g,v) + (OIG(F(U) = F(u")),v) + (0(F(U) = IxF(U)), v)

= h+ DL+ i+ 1s+ I + I,
where G = F(u* + ¢) — F(u*). Taking v = w_; e, we can get

1 1
L] = [(@m,v)] < ||0m|*, + le@wll2 < ON~7|oU|2., + leax?fHQ,
LI = |(I§g—g.v)| < 159 — gll-1]|8.v]

o 1
< CN~||g[l7_, +1H3va2~

Let
Upt = max {|U(s)]| oony + 102U (8)]| () }-

0<s<T
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5| = [INFEU) = Fu)),0,0)] < |IN(FU) = F(w)|* + %lHaach2

< [HY(FU) = F(u)) = (FU) = F))|* + | F(U) = F(u”)]* + EH@JUHQ

IN

* —2r 1
CCp(Un IU = [l (DN HTI7 + 71001,

1
(L] = [(F(U) ~ IxF(U),0,0)| < |F(U) = IxF(U)|* + U
1
< CNTEWU)IE+ 71001,
2 2 1 2,112
151 = I, )l < llelli_, -, + 711920115, .
2 2 1 2,112 —2r 2 1 2,112
ol = |(n, 0z0)] < lInlli_, -, + 7 119z01l5,, < ONTTIUI + 7 110z0115,

For the initial error,we have from (7.5.3) and (7.5.4) that
le(0) -y - < MUK = PR)Vollucy - < CNTT| U]l

Just as the proof of stability, we can get the following convergence theorem.

Theorem 7.3 Assume that r > 3 and U € H*(0,T; H™(I) N H(I)), F(z) € C"(R)
and g € L*(0,T; H™~*(I)), then there exists a positive constant C* such that when N

1s large enough, we have

[U(t) —un@I < |U@) —un(@)floy o SCNT", £ € (0,T]. (7.6.2)

7.7 Conclusion

In this work, we develop the Legendre Petrov-Galerkin method for linear fourth-
order equation and the Legendre Petrov-Galerkin and Chebyshev collocation method
in space combined with leapfrog/Crank-Nicolson method in time for the Kuramoto-

Sivashinsky equation. We present some numerical results which demonstrate the effi-
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ciency of proposed schemes, and coincide very well with theoretical analysis. Optimal
error estimates in L?-norm of the two methods for fourth-order differential equations

are also given.
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Résumé

Nous parlons essentiellement dans cette thése la simulation numérique par la méth-
ode spectrale de 1’écoulement stable dans un milieu poreux rigide qui est simulé
par les équations de Darcy avec des conditions aux limites générales. La méthode
s’avere optimale en ce sens que l’erreur obtenue n’est limitée que par la régularité
de la fonction. Un des paramétre dépend de la perméabilité du milieu et, lorsqu’il
n’est pas homogéne, les variations de ce paramétre peuvent étre extrémement impor-
tantes. Pour traiter ce phénomeéne, nous proposons deux discrétisation différente par
¢léments spectraux avec joints. Nous donnons des estimations a priori de ’erreur
et nous confirmons 1’étude théorique par des résultats numériques. En outre, nous
développons une Lagendre-Petrov-Galerkin méthode pour I'équations différentielles
linéaires du 4éme ordre & une dimension, et un Legendre Petrov-Galerkin et Cheby-
shev collocation méthode pour I’équation non linéaire Kuramoto-Sivashinsky. Nous
effectuons 'analyse a priori de cette discrétisation et présentons quelques expériences

numériques qui confirment les résultats de I'analyse.

Mots-clés: milieu poreux, équations de Darcy, méthode spectrale, éléments spec-

traux avec joints, estimation d’erreur, équation de Kuramoto-Sivashinsky.
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Abstract

We mainly talk about in this thesis the numerical simulation of the steady flow
in a rigid porous medium which is simulated by Darcy’s equations with a general
boundary conditions, by spectral method. The method has been proven optimal in
the sense that the order of convergence is only limited by the regularity of the solution.
One of the parameters of the system depends on the permeability of the medium
and, when this one is not homogeneous, the variations of the parameter could be
very high. To handle this phenomenon, we propose two different discretization relies
on the mortar spectral method. Both the numerical analysis of the discretization
problems are performed and numerical experiments are presented, which turn out
to be in good coherency with the theoretical results. In addition, we develop a
Legendre Petrov-Galekin method for linear fourth-order differential equations in one
dimension and a Legendre Petrov-Galerkin and Chebyshev collocation method for
the nonlinear Kuramoto-Sivashinsky equation. The numerical experiments are given
which demonstrate the efficient of proposed schemes. Finally, we give the optimal

rate of convergence in L2 -norm of the methods.

Keywords: porous medium, Darcys’s equations, spectral method, mortar spec-
tral element method, piecewise continuous coefficients, fourth-order equations, Kuramoto-

Sivashinsky equation, Legendre Petrov-Galekin method.
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