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Introduction

Les équations cinétiques sont une classe d’équations aux dérivées partielles issues de la physique
statistique, utilisées entre autre en théorie cinétique des gaz, en physique des plasmas ou encore
en théorie du transfert radiatif. A une échelle intermédiaire entre microscopique (Iéchelle des
particules) et macroscopique (I’échelle de la chambre renfermant le gaz) que d’aucun pourrait
qualifier de mésoscopique, on cherche a décrire non pas la dynamique individuelle de chacune des
particules, mais plutot le devenir statistique de ’ensemble, au travers d’une équation évolutive
portant sur la fonction de distribution probabiliste des particules. En 1872, le physicien autrichien
Ludwig Boltzmann généralise les travaux de 1’écossais James Clerk Maxwell portant sur ’équilibre
thermique des gaz, en proposant un modele régissant un systéme non-homogene et en évolution :
désignant par f(¢,z,v) la densité de probabilité qu'une particule, au temps ¢, se situe a la position
x et admette la vitesse v, I'équation de Boltzmann s’écrit sous la forme générale

atf"‘”'vxf"'F'vvf:C[f]a

ou F désigne le champ des forces extérieures appliquées au gaz et C[f] est un opérateur rendant
compte de la collision entre deux particules. Dans le cadre de la physique des plasmas, ou les
collisions binaires sont bien souvent négligeables, on est ramené a 1’équation de Viasov qui consiste
en un transport libre :

Of+v-Vuf+F-V,f=0,

ou F = E 4+ B x v rend compte des forces issues du champ éléctromagnétique extérieur et induit
par les particules.

Pour de tels modeles intermédiaires, a I'interface entre microscopique et macroscopique, la ques-
tion des limites d’échelles se pose naturellement : comment et en quel sens s’effectue la transition
entre les différents niveaux de description? D’une part, on peut s’intéresser a 1’obtention d’une
description cinétique continue a partir du systeme de particules discret sous-jacent, dans la limite
ou le nombre de particules tend vers 'infini. D’autre part, a grandes échelles de temps et d’espace,
on peut examiner le passage d’une équation cinétique, portant sur une distribution statistique, a
une équation fluide décrivant I’évolution de quantités macroscopiques.

Du mésoscopique au macroscopique

Commengons par aborder la transition vers les équations fluides. Il est a noter que l’espace
des phases d’une équation cinétique est relativement grand, si bien que, dans la pratique, les
descriptions cinétiques nécessitent des calculs extrémement cofiteux. Pour décrire le comportement
d’un fluide observé a 1’échelle macroscopique, on a donc tout intérét a remplacer ce modele cinétique
par un modele hydrodynamique, mettant en jeu les quantités intégrées

/vf(t,a:, v)dv
p(t x)

qui correspondent a la densité et a la vitesse moyenne du fluide en un point. Pour étudier cette
transition d’un régime a l'autre, on effectue une changement d’échelle de temps et d’espace en
posant

p(t,x) = /f(t,a:,v)dv, u(t,x) =

fa(tvmvv) = f(t/T(€)7£L'/€,v)
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ou 7(g) — 0 lorsque € — 0. Si f est régie par I’équation de Boltzmann, la quantité f¢ vérifie ainsi
7(5)8tf6 +ev- vwfe + I vvfe = O[fs]

et on cherche & déterminer I’équation limite satisfaite par p® (et/ou u®) lorsque € — 0 : on parle
alors de limite hydrodynamique. De nombreux travaux se sont penchés sur cette asymptotique :
ainsi, selon le régime étudié — et notamment en fonction du ratio 7(¢)/e considéré — I’équation
de Boltzmann conduira par exemple aux équations fluides d’Euler, Stokes ou Navier-Stokes, com-
pressible ou incompressible. Nombre de ces limites hydrodynamiques sont par exemple présentées
dans [Vil01]. A titre d’illustration, considérons ici I'équation de Boltzmann sans force extérieure,
avec un opérateur de collision linéaire

Clf] = Llf] :== pM — f,

ot M(v) = (21r)~%/? exp(—|v|?/2) désigne la distribution Maxwellienne des vitesses. La renormali-
sation temporelle 7(g) = €2 conduit a I’équation

€ 1 € 1 €

Déterminons heuristiquement la limite hydrodynamique associée. En appliquant la méthode du
développement de Hilbert, c’est & dire en posant I’Ansatz

fe=fot+efi+eifa+ O(?) (0.2)

et en identifiant les termes de méme ordre en e dans (0.1), on obtient le systéme d’équations

L(fo] =0, (0.3)
L[fl] =v- Vg fo, (0.4)
Lifa] = Ocfo+v-Vaufi. (0.5)

On montre facilement que I’équation L[f] = ¢ d’inconnue f admet des solutions si et seulement si
[ g(z,v)dv = 0, auquel cas ces solutions sont de la forme f(z,v) = —g(z,v) + ¢(z)M(v).
L’équation (0.3) exprime le fait que f¢ converge vers une distribution fy qui présente un équilibre
Maxwellien des vitesses, c’est a dire de la forme

fO(t"r7U) = p(tax)M(U)'

Il en résulte immédiatement que la condition [v-V, fodv = 0 est satisfaite, si bien quune solution
f1 de (0.4) est donnée par

fl(t,iZ?,U) =—v- foo(tvav) + Q(tvx)M(U)'

Enfin, en intégrant I’équation (0.5) en vitesse, on obtient

/(@fo +v- Vg fi)dv =0,
ce qui, a 'aide des expressions précédentes, se réécrit
Op — Vg - (KVgp) =0, (0.6)

ou la matrice définie positive K est donnée par
K = /(v ® v)M (v)dv.

Cette analyse suggeére ainsi que, dans la limite ¢ — 0, la quantité f°(¢,z,v) solution de I’équa-
tion cinétique (0.1) peut étre approchée par p(t,z)M (v), ou p est solution de I’équation diffusive
(0.6). En ce sens, on parle parfois d’approzimation-diffusion. Au passage, notons que lessentiel du
raisonnement que ’on vient de développer repose sur notre capacité a résoudre rigoureusement le
probléme inverse L[f] = g associé a 'opérateur L. Une condition nécessaire (et suffisante ici) pour
garantir que g € Im(L) s’exprime comme I’annulation de I'intégrale [ g dv, et on sait alors définir
(explicitement ici) un antécédent f en fonction de g. Nous reviendrons sur le caractére central de
ce genre de probléme inverse un peu plus tard.
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Du microscopique au mésoscopique

Evoquons & present le passage d’un modele discret, miscroscopique, & une EDP cinétique. A
cette fin, considérons une équation de Vlasov non-linéaire, o le champ de force F' dépend (non-
localement) de la configuration du systéme f :

Ouf +v-Vof +F[f)(x) - Vof =0. (0.7)

On peut penser au cas hamiltonien ot la force résulte d’un potentiel d’interaction V (), soit

Flfl(x) = —=(VV xp)(x) = —//VV(JC — ') f(2',v")dz'dv'.

La dynamique d’un tel systeme peut étre décrite naturellement d’un point de vue microscopique
en considérant le systéme de particules en interaction associé & (0.7). Pour ¢ € {1,..., N}, notant
XZ’N,Vti’N la position et vitesse de la i-éme particule au temps ¢, la dynamique newtonienne
conduit au systeme différentiel ordinaire

d % 7

aXtVN =V ’N’

d_. 1 Y : :

AR D DAUAC P S
j=1

En introduisant la mesure empirique

N
1
Iuiv = NZ(s(Xf,Nyti,N) S P(de),
i=1

I’équation régissant la vitesse peut se mettre sous la forme

d . .
GV = PG, avee Pl(@) = - [ [ 9V (@ - 2 (o).
Ceci vient mettre en évidence le fait que I'interaction entre les particules est de type champ moyen.
Les particules jouent un role symétrique : chacune d’entre elle interagit avec la "moyenne" de toutes
les autres, au travers de la mesure empirique. Cette derniére, par construction, satisfait I’équation
(0.7) au sens des distributions : pour tout N > 1 fixé,

ﬁtuNnLv.quNJrF[,uN] VN =0.

Par souci de simplicité, on se permet dans la suite de maintenir un voile sur le sens précis attribué
aux différentes notions de convergence. Lorsque N — oo, pour peu que la distribution initiale
des particules ) converge vers une distribution continue po(drdv) = fo(z,v)drdv, on montre
typiquement la convergence de la mesure empirique p¥ vers une distribution de densité f(t,z,v),
solution de I’équation de Vlasov (0.7). On parle alors de limite de champ moyen. Quant a la
trajectoire individuelle des particules, on déduit aisément que pour tout ¢ > 1 fixé, pour peu
qu’initialement

(X" V) = 2= (),

pour tout ¢ > 0, on a la convergence

(xp N, v N 7} (2)

ot Z{ (2) = (X] (2), V) (2)) désigne le flot des caractéristiques

GXO=7), o) ==
d avec { ; (0.8)
Vi (2) = FIAI(X] (2)), Vi (z) =v.

dt
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On parle ici de caractéristiques non-linéaires, au sens ou les coefficients de 1’équation différentielle
(0.8) dépendent de la solution f; = limy oo 1l de (0.7), qui est elle-méme donnée par le transport
de la donnée initiale par le flot :

fe=(Z])" fo, (0.9)

c’est & dire, pour tout ¢ € Cy(R??),

/ 6(2) ful2)dz = / (7 (2)) fol2)dz

En ce sens, a z fixé, ’équation (0.8) vérifiée par th (z) dépend des trajectoires de toutes les particules
{z] (), 2 € R2}, et I'égalité (0.9) s’interpréte comme un point fixe. Ces résultats de convergence
de champ moyen peuvent étre aisément établis dans le cas élémentaire ou le champ de force VV/
est globalement Lipschitzien.

Dans le méme esprit, on peut considérer des équations de Vlasov avec un terme diffusif :

2

Of +v-Vaf + FIfI@) - Vof = TAS. (0.10)

11 est alors pertinent d’interpréter (0.10) comme une équation de Fokker-Planck non-linéaire, en
introduisant le processus stochastique Zj S = (th , Vt ) régi par

dx}/ =v/at, ;
avec Zy =&o ~ fo (0.11)

av/ = FIf)(X])dt + o dB,

ol & € R?? est une variable aléatoire de loi fy et (Bt)t>0 est un mouvement Brownien dans R¢
indépendant de £. Dans ce cadre, le point fixe (0.9) est naturellement remplacé par

fo=Lz)),

ot £(Z]) désigne la loi de la variable aléatoire Z; . Une diffusion "non-linéaire" (Z4)t>0 satisfaisant
(0.11) avec f; = L(Z;) s’appelle un processus de McKean-Vlasov. Considérons maintenant le
systéme de particules stochastique Z4V = (X®N V&) donné par

{ axpN = vV,

avec ZoN = ¢l ~ 0.12

vt = Flu|(Xp"Y)dt + o dBj, v .
ou (56)1-21 est une famille de variables aléatoires i.i.d de loi fj et les (Bi)Ql sont des mouvements
Browniens mutuellement indépendants, et indépendants de (£});>1. On peut a nouveau établir un
résultat de champ moyen : lorsque Y (dzdv) — fo(z,v)dzrdv, la mesure empirique (aléatoire cette
fois) uN converge vers une mesure & densité f; satisfaisant (0.10). Concernant les trajectoires des
particules, pour tout ¢ > 1 fixé, on a la convergence

AR O GR Al ——
N—o00

ol (Z})>0 est le processus de McKean-Vlasov satisfaisant (0.11) avec la condition initiale Z§ = &.
Plus précisément, ce contexte est le cadre typique d’apparition du phénomene de propagation du
chaos. S’agissant d’un systéme de particules en interaction, il est clair que deux particules ZZ’N,
th’N pour i # j sont corrélées des lors que ¢ > 0. Cependant, dans la limite ou le nombre de
particules est grand, les corrélations fini-dimensionnelles disparaissent : si I’on observe un nombre
fixé de particules, tout se passe comme si elles évoluaient de fagon indépendante, en suivant chacune
la dynamique dictée par le processus McKean-Vlasov (0.11). Ce résultat peut s’exprimer comme
suit : pour tout 7 > 1 et ¢1,...¢, € Cy(R?),

[H@ Z“V}—>HE[¢Z (2] /(ﬁl Vfil2)dz),

ol f; = L(Z}) satisfait P'équation (0.10). Encore une fois, ces résultats sont classiquement établis
dans le cadre ot VV est globalement Lipschitzien. On pourra par exemple se référer & [Szn91].
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Les processus de McKean-Vlasov constituent ainsi une premiere inclusion naturelle d’aléa au
sein d’un modele cinétique, afin de faire apparaitre un terme additionnel diffusif. Il est cependant a
noter que, conformément a l'intuition donnée par la loi des grands nombres, ’aléa introduit dans le
systéme de particules (0.12) disparait & la limite par moyennisation, si bien que PEDP (0.10) reste
déterministe. L’introduction d’un bruit de nature aléatoire au niveau de 1’équation cinétique elle-
méme est pourtant riche de sens, tant mathématiquement que du point de vue de la modélisation,
afin de rendre compte d’incertitudes diverses.

Cette these se propose donc d’étudier quelques transitions d’échelles pour des modéles ciné-
tiques bruités, ou 'objet limite est encore de nature aléatoire, régi par une équation auzr dérivées
partielles stochastique (EDPS). Dans le chapitre 1, on s’intéresse au passage du mésoscopique
au macroscopique, en considérant un systéme d’équations cinétique (modélisant le comportement
d’un "spray" dans un fluide ambiant) perturbé par un processus de Markov mélangeant. Apres
un changement d’échelle approprié, on montre la convergence de la densité p = [ fdv vers une
limite hydrodynamique, qui s’exprime comme une équation de conservation stochastique. Dans
un second temps, on étudie des équations cinétiques stochastiques correspondant a des modeles
biologiques de mouvement collectif. Cette étude se divise en deux travaux qui se consacrent a deux
modeles distincts. Dans le chapitre 2, on s’intéresse a la limite de champ moyen du systéme de
particules stochastique associé a des perturbations aléatoires du modele classique de Cucker-Smale.
Dans le chapitre 3, on étudie un modele plus fin, rendant compte d’une interaction locale entre les
individus, pour lequel on démontre I'existence de solutions martingales.

Contenu du chapitre 1 : Limite hydrodynamique pour un
modele cinétique de spray perturbé par un bruit markovien
mélangeant

Dans ce premier chapitre, on considére un modeéle-jouet visant a décrire le comportement d’un
"spray" de molécules immergées dans un fluide ambiant : on peut penser a des molécules de parfum
vaporisées dans ’air, ou encore a des particules de polluant dans un cours d’eau. On désigne par

f = f(t,z,v) la densité cinétique associée aux particules composant le spray, dont 1’évolution est
donnée par 1’équation de Vlasov (sous forme conservative)

Ohf+v-Vof +V, - (F(t,z,0)f) =0,

ou le terme de force
F(t,z,v) = (u(t,z) —v) + m(t,ex)

exprime l'alignement de la vitesse d’une particule avec la vitesse u(t,z) du fluide ambiant. Cet
alignement est perturbé au cours du temps par un terme de force aléatoire, modélisé par un
processus de Markov centré & valeurs fonctionnelles m = (m(¢, x));>0. On suppose de plus que
I'influence du spray sur le fluide ambiant est tres faible, si bien que I’équation régissant ce dernier
est donnée par

O — Agu = &2 /(v —u) fdv.
On s’intéresse alors au changement d’échelle
fe(t,z,v) = f(t)e? x/e,v), uf(t,x) = e tu(t/e?, /), me(t,z) = m(t/e?, x),

ce qui nous ameéne au systéme d’équations

1 1
o ff + gv~szs+€—2Vv~ [(eus —v+4+m°)f¢| =0,
(0.13)
Opu® — Ayu® = /(v —eu®) fedv.

La premicre étape est bien-siir de montrer I’existence et 'unicité d’une solution de (0.13) & ¢ fixé. A
cette fin, on cherche a résoudre I’équation de transport sur f¢ par la méthode des caractéristiques,
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ce qui nécessite que la fonction u® correspondante soit Lipschitzienne. On doit dans ce cas se
restreindre & la dimension 1 (x € T = R/Z et v € R) et imposer la condition suivante sur les
données initiales, pour & > 0 fixé : f§ > 0 avec [ [ f5(x,v)dzdv =1, et

//(1 + [o|H| f§ | dxdv + / /(1 + V)|V fildzdv < 0o,  wug € HI pour n > 3/2.  (0.14)

En ce qui concerne le processus de Markov m = (my)¢>¢ dirigeant 1’équation (0.13), pour des raisons
similaires, il est raisonnable de considérer qu’il est a valeurs Lipschitziennes. Plus précisément, son
espace d’état E, muni d’une norme || - |, est supposé complet, séparable et borné :

m € ECW2®, |-y S| lles suplnfle < oo
nek
On suppose que le processus m = (1my);>0 posséde une mesure stationnaire v € P(E) centrée :

Vh e C(T), /(h, n)ydv(n) = 0.

L’hypothese de mélange s’exprime de la maniere suivante : pour tout n € E, il existe un couplage
cadlag (mj(n), my)i>o dont les distributions marginales sont celles du processus m avec les lois
initiales respectives ¢, et v, et tel que

vt >0, E[llmi(n) = mille] < ymia(t) (0.15)

La fonction v,,4., qui caractérise la vitesse de mélange, est supposée intégrable en temps. On peut
typiquement penser a une chaine de Markov a temps continu (m;);>¢ irréductible et récurrente
positive, a valeurs dans un espace d’état dénombrable E constitué de fonctions régulieres. La
propriété de mélange (0.15) sera par exemple satisfaite si I’espace d’état E est fini, ou encore si les
sauts de (my)¢>0 sont tirés indépendamment selon la loi v.

On démontre le résultat de convergence suivant pour la quantité intégrée p* = [ fedv.

Théoréme 1. Supposons que les données initiales f§,u§ satisfont (0.14), la convergence
p5 — po dans LY, u§ — ug dans HY pour un o € [1/2,3/2],

ainsi que la borne uniforme

sup//\v\3f§dacdv< 0.
e>0Jz Jov

Alors, pour tout v > 1/2 et B < «, il existe une sous-suite (p=*, u*),>1 telle que
(p°*, uf*) = (p,u) en loi dans C([0,T]; H; Y x HP)

ot (p,u) est une solution faible (au sens probabiliste, c’est d dire du probléme de martingale) de

_ 1/2 —
{@+@WuaWHﬂMQ W] =0, (0.16)

8{114 — 82’& =0.

Dans (0.16), W = (Wy);>0 désigne un processus de Wiener cylindrique dans L2. Le coefficient
a = a(x) et Uopérateur de trace Q sur L2 sont déterminés explicitement a partir de la loi du
processus de Markov m = (my)>o.

Ainsi, dans la limite ¢ — 0, le processus aléatoire complexe (p°);>0, dirigé par un processus
de Markov relativement général, peut étre approché par un processus de diffusion (p;)¢>0, dont le
drift et la covariance sont entierement déterminés par la loi de (my)s>0, ou plus précisément du
processus stationnaire (7m;);cr associé (de loi initiale mg ~ v). Dans cet esprit, on pourrait avancer
que le Théoréme 1 constitue un résultat d’"approximation-diffusion” en un sens probabiliste.

L’essentiel de la preuve de ce théoreme est basé sur la méthode de la fonction test perturbée
introduite par [GPV77] et développée dans [FGPS07]. Ce travail s’inscrit dans la continuité des
résultats développés notamment dans [DV12, DDMV16, DV17] ot la méthode de la fonction test
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perturbée est exploitée pour établir des limites hydrodynamiques stochastiques. Une des spéci-

s s e e

collision dans (0.13). En conséquence, le processus limite satisfait une équation de conservation
stochastique (sous forme Stratonovich) plutdt qu'une EDPS diffusive. Par ailleurs, en contraste
avec les travaux précédents, une attention particuliére est portée a la construction rigoureuse des
correcteurs impliqués dans la méthode de la fonction test perturbée, en exploitant ’hypothese de
mélange du processus de Markov m. Afin de souligner ce dernier point, donnons maintenant les
grandes lignes de la preuve du Théoreme 1.

A partir de 'équation (0.13), on détermine aisément le générateur infinitésimal £° du processus
de Markov (ff,us, m§)e>0. On le décompose selon les différents ordres en € en posant

Vo =o(f,u,mn), L°¢= E%L#qﬂr §£b¢+£0¢+eﬁl¢. (0.17)

Puisque la loi d’'un processus de Markov est essentiellement déterminée par son générateur infi-
nitésimal, afin de dégager I’équation limite satisfaite par la loi de (p°,u®), il convient d’étudier
LEG(f, u,n) pour une fonction test de la forme

¢(f7uan) = ¢(f> u) = ¢<P7 u)

Typiquement, il est suffisant de considérer, pour &, ¢ € C*(T,),

o(f,u) = (p,&) + (u, ) et o(f,u) = |(p, &) + [{u, )|

La méthode de la fonction test perturbée apparait alors en quelque sorte comme une version duale
de la méthode de Hilbert (0.2) : au lieu de chercher un développement de la solution ff en puissance
de g, on vient perturber la fonction test ¢ en

¢€(f7 U, TL) = ¢(p? U) + €¢1(f7 U, n) + €¢2(f7 U, n)
Lorsque € — 0, on a d’une part ¢° = ¢ + O(¢), et d’autre part on cherche a avoir
LG (f,u,n) = LP(p,u) + O(e) (0.18)

pour des correcteurs ¢1 et ¢o bien choisis. L’opérateur £ s’interprete alors comme le générateur
infinitésimal du processus (p¢,us)i>0 limite. Identifiant les ordres en e, on cherche & résoudre le
systeme d’équations

Lyg =0, (0.19)
Lydr = —Lyo, (0.20)
Lyds =LY — Lyd1 — Lo@. (0.21)

Comme dans le cadre de la méthode de Hilbert présentée précédemment dans un contexte déter-
ministe, il apparait clairement que l'identification du générateur limite L¢ et la construction des
correcteurs ¢ et ¢ sont intimement liées a la résolution de problémes inverses de la forme

Lyt =10, (0.22)

d’inconnue 1. Il importe donc d’étudier 'opérateur L4, qui est naturellement le terme dominant
dans le développement (0.17) de L°. A cette fin, on introduit un processus de Markov auxiliaire
(g1, m¢)i>0 dont le générateur infinitésimal est précisément donné par L. Cela revient essentielle-
ment & ne conserver que les termes d’ordre ¢ =2 dans (0.13), de sorte que I’évolution d’une trajectoire
(g¢(f,n), my(n))e>0 issue de (f,n) est donnée par

{ Org + 0y [(—erm)g} =0,

gOZfa mo ="n.

La résolution de I’équation des caractéristiques conduit a I’expression explicite

g(fyn)(z,v) = etf(a;et[v - wt(n)(ac)]>7 avec wi(n) = /Ot e *my_s(n)ds.
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On détermine alors une famille de mesure stationnaires {y,, p € L1} pour le processus auxiliaire :
la densité intégrée

ploi(t.m) = [ai(smdo = [ gao=p

étant un invariant de I’équation, il est naturel que cette famille soit indexée par p. On définit
(partiellement) la mesure p, € P(P(Tm x Ry) x E) par

W0 =0(7m), ((8.n0)) = [ O(Fm)diy(f.m) = E[80p @ o ) (0.23)

quand cette expression fait sens. Dans (0.23), (m:)icr désigne le processus stationnaire associé a
m, et la mesure p ® 0~ est définie par

V¢ € Cp(T, X Ry), §,p®5 / E(z,w(x))p(x)d,

oo
@:/ e *m_gds
0

correspond & la limite en loi de w;(n) en temps long. En exploitant 'hypothése de mélange (0.15)
faite sur le processus (my)i>0, on établit le résultat suivant : notant (Q;);>o le semi-groupe du
processus (g¢, My)1>0, on a en temps long, pour un large panel de fonctions test 6 = 6(f,n),

ou la vitesse

QiB(f.m) > ({6.11,)) ol p = / fdv

avec la vitesse de convergence intégrable

bt = (0| < O [ [+ 1o fando) o)
Dy [@eb(.m) = (0.1, (@) < CL+ (o)
VD [QuOFm) = ({6,1,))] ()| < COL+ o)),

ot 7 = r(t) € L*(Ry). Revenant au probléme inverse (0.22), une condition nécessaire a I'existence
de solution est

Yp, ({0 p1p)) = 0.

Lorsque cette condition est satisfaite, pour peu que la fonction test 6 soit convenable, le résultat
de convergence précédent garantit que
o0
- [ Qorma
0

est bien défini et dans le domaine de l'opérateur L£4. On montre qu’il s’agit alors d’une solution
de (0.22) : c’est ainsi I'examen précis du comportement en temps long du processus auxiliaire
(g¢,m4t)1>0, reposant sur hypothese de mélange (0.15), qui nous permet de construire rigoureuse-
ment les correcteurs ¢ et ¢s.

Puisque ¢(f,u) = ¢(p,u) et que p est un invariant du processus auxiliaire, ’équation (0.19) est
satisfaite. On montre que ((L,¢, it,)) = 0, si bien que I'on peut définir (explicitement) un premier
correcteur ¢1 = ¢1(f,u,n) solution de (0.20). Par suite, la condition nécessaire d’existence d’une
solution ¢ & (0.21) impose la forme suivante pour le générateur limite :

Lo(p,u) = (Lydr(u), pp)) + ((Lod(u), prp))-

Le calcul montre que la premiere contribution peut se réécrire

(Ls61(u). 1)) = (Ap. Dyo(p.)) + 5Tr(0.[0@%] Do, ) [p0?] ).
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ou A est un opérateur différentiel d’ordre 2, ce qui correspond & PEPDS limite (0.16) écrite sous
forme It6. Quant a la seconde contribution, il s’agit simplement de

({Los(w). 10)) = (82, Dus(p,w) ).

ce qui correspond a I’équation de la chaleur déterministe. Par suite, on peut définir rigoureusement
le second correcteur ¢o solution de (0.21).

Pour tout € > 0 fixé, le probleme de martingale associé au générateur L£° du processus
(ff,ui, m7)>0 peut s’exprimer de la maniére suivante : pour tout s; < ... <s, =5 <t

E[ (0 (5, ug mi) — 0715, g, ms) - / 5 (15wt ms o) HY] = 0

ot H® = h(pS,,us,,...,p5,  us, ) avec h : (HyY x HJ)™ — R continu et borné. Par construction
de la perturbation ¢, on déduit de I’égalité (0.18) que

e[ (905~ oto) — [ 200550 7] = 0

Aprés avoir montré la tension des lois de (p,u®) dans I'espace C([0,T]; H; Y x HS) (pour v > 1/2
et 8 < «a) on utilise le théoréme de représentation de Skorokhod pour passer a la limite dans
I’égalité précédente et obtenir

e[ ((pr ) = o) = [ ' L6(pp. o)) H] =0

ot H = h(ps,, Usys---, Ps,,Us, ). On en déduit que le processus
t
N¢(t) = ¢(pt7ut) - ¢(POaUO) - / L¢(p87us)ds7 t> 0
0

définit une martingale continue adaptée & la filtration F; = U((ps, us) € H;Y x HS, s € [O,t]).

Reprenant ces arguments avec la fonction test |¢|?, on identifie également la variation quadratique
de Ny (t). On peut alors classiquement utiliser le théoréme de représentation de martingale [DPZ14],
Theorem 8.2, pour déduire que la loi de (p¢)>0 correspond & une solution faible de (0.16).

Le résultat d’existence faible du Théoreme 1 est complété I'unicité trajectorielle suivante.

Théoréme 2. Soient py € LY et ug € W, On suppose que le coefficient a = a(z) et le noyau
k = k(x,y) de Uopérateur de trace Q impliqués dans (0.16) satisfont

a €Wy, sup k(- y)|protse < oo pour un § > 0.
yeT v

Alors, pour v > 1/2, une solution forte p € C([0,T); H;") (p.s) de ’EPDS (0.16) telle que
ol eerzers <1
est trajectoriellement unique.

En diagonalisant 'opérateur Hilbert-Schmidt Q'/? dans L2, on peut introduire des fonctions

(¢r)k>0 et des mouvements Browniens indépendants (8x)x>0 de sorte que

QY 0dW, =) 1o dBf.
k

L’équation de conservation stochastique (0.16) peut donc se réécrire, sous forme It0,

{ dp-+ (:((a ~ w)p) — 3 4 020102(660)) )t = X, Du 0u0)dB},
p(0) = po € LL.
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L’unicité trajectorielle pour cette équation est déduite de I'existence d’une solution forte suffisam-
ment réguliere a I’équation duale, qui prend naturellement la forme d’une EDPS rétrograde :

{ d -+ (= @)D+ 3 Y 02 (G10) — X2 102 2% ) dt = X2, 25,
¢(T) = wTv

d’inconnue (1, Z). Pour montrer 'existence d’une solution & cette derniére équation, on commence
par la perturber avec le terme additionnel %331/1. Dans ce cadre super-parabolique, avec I’hypothese
de régularité sur les coefficients, [DM10] Theorem 2.3 garantit I’existence d’une solution (9=, Z¢)
satisfaisant

T T
Ehwnm@p+q4wm%ﬂ+2ﬂluzﬂ@ﬂ<w
k

te[0,T)

On établit alors une estimation uniforme de (¢, Z¢), avant d’envoyer ¢ vers 0 pour conclure.

Contenu du chapitre 2 : Limites de champ moyen pour des
modeles de Cucker-Smale stochastiques

Dans ce deuxieme chapitre, on s’intéresse a des modeles cinétiques issus de la biologie, destinés
a décrire le mouvement collectif d’'un groupe d’individus, et plus précisément ’émergence d’un
alignement des trajectoires, d’un consensus adopté par le groupe malgré ’absence de meneur.
Ce phénomeéne, que I'on observe invariablement chez différentes populations (nuées d’étourneaux,
essaims d’abeilles, bancs de sardines, certaines colonies de bactéries...) est communément dénommé
flocking (ou swarming) dans la littérature. Un des premiers modeles mathématiques destinés a
décrire ce genre d’organisation spontanée est celui de Cucker-Smale, introduit dans les papiers
fondateurs [CS07a, CSO7b]. Il s’agit d’un modele particulaire : désignant par X, V"N € R? la
position et la vitesse d’un agent, I’évolution du systéeme a N agents est donnée par

d i i
@X{N — VN,
4
dt

IR 4 ‘ ' | (0.24)
V;Z’ _ N Z,IZJ(X%N . X],N)(VJ,N o Vz,N).
j=1

Chaque individu cherche ainsi & aligner son vecteur vitesse avec ceux de ses voisins. Cet alignement
est pondéré par une fonction 1) : R — R, qui décroit & mesure que les individus sont éloignés,
typiquement de la forme

A
Q/J(CC—Z/):( A,y > 0.

L+ |z —y?)’
Afin de modéliser des incertitudes de différentes natures, il est naturel de vouloir introduire du bruit
dans ce systéme d’équations. On peut penser a la perturbation stochastique générale suivante pour
le terme de force :

aviN — {N Z BXPN — xIN YN V%N)} At +o(XPN, VN o dB:
j=1

1

N
T BN = XNV V) o dy,

Jj=1

+FON VN o dWy 4 |

Le terme de diffusion o o dB;, dirigé par des mouvements Browniens indépendants (B%);>1, est
un bruit individuel qui rend compte du degré de liberté de chaque individu. Les termes dirigés
par les mouvement Browniens W et 3 sont des bruits communs : F' o dW; rend compte d’un aléa
environnemental affectant simultanément I’ensemble des individus; le dernier terme rend compte
d’un aléa dans l'interaction, obtenu en perturbant la fonction de poids 1 en @ + ¥ o df;.

La limite de champ moyen pour un tel modéle avec bruit individuel a été étudié dans [BCC11]
pour o(z,v) = VDId, et dans [CS19] pour o(z,v) = R(v), fonction de troncation de la vitesse.
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Pour ce qui est du bruit commun, on trouve dans la littérature des résultats de convergence
en champ moyen pour des coefficients de diffusion linéaires : un bruit environnemental de type
F(z,v) = D(v—v,) pour v, € R? constant est étudié¢ dans [AH10] ; une perturbation de I'interaction

avec ¢ = v/20 constant est étudié dans [CS17] et [HIJR19]. On souhaite ici étendre ces résultats a
des coefficients de diffusion plus généraux.

En notant Zti"N = (XZ"N, Vti’N) € R?? et en introduisant la mesure empirique

N
1
n = N £ 6Zz,N7 (025)

le modele de Cucker-Smale perturbé peut s’exprimer comme un systeme de particules stochastique
a champ moyen, de la forme générale

dzy™ = Bl )2V )dt + Clui')(ZN) 0 dBy + 0(Z;™) 0 dB, (0.26)

ot Blu], Clu] désignent les opérateurs & noyaux

Bll) = [ b)), ) = [ el ().

2d

Notons que l'on a choisi d’introduire des bruits sous la forme Stratonovich, car il s’agit de la forme
d’intégration stochastique ayant le plus de sens physique. Le systéme (0.26) peut se réécrire sous
forme It6 avec un terme de drift additionnel

azy™ = (Bl )(ZN) + S (20 N) )d + Clu (2N )ag, + o(2 ) dB],

avec S[p] sous la forme

ShlG) = [ [ s au ) au,

ou le coefficient s = s(z,2’,2") s’exprime en fonction de ¢, V,c, o et V,o. On s’intéresse a la
limite de champ moyen associée & (0.26), c’est & dire au comportement de la mesure empirique p™
dans la limite N — oco. Ce comportement est bien connu et établi dans le cadre ou les coefficients
b, ¢, 0, s sont globalement Lipschitziens : on pourra se référer par exemple a [Szn91] pour le cas de
bruits individuels, et & [CF14] pour le bruit commun. Cependant, il est clair que les modeles de
Cucker-Smale perturbés qui font 'objet de notre étude dépassent ce simple cadre, les coefficients
impliqués dans (0.24) étant seulement localement Lipschitziens.

La convergence de la mesure empirique est étudiée dans les espaces de Wasserstein : étant donné
un espace de Banach séparable (E, || - ||), on définit, pour p > 1,

Py(E) = {u eP(E), [ lalPduto) < oo}
muni de la distance

1/p
_ : 1 2pp 1.2
Wplu, V] (ﬂegim/ExE " —a%|Pdm (2, x ))

ou II(u, v) désigne l'ensemble des mesures de probabilités sur E x E, de marginales p et v. Dans
un premier temps, sous des hypotheses tres générales, on démontre le résultat de champ moyen
faible suivant.

Théoréme 3. Notons C = C([0,T];R??) I’espace des trajectoires. On suppose les coefficients
b, c, 0, s localement Lipschitziens et sous-linéaires :

[b(z, 2')| + le(z, 2)] + | (2)| + Is(2, 2", 2) S 1+ |2] + 2] + 127].

On suppose que les données initiales satisfont, pour un § > 0,

ud = po dans Po(R??) et sup/|z\2+5duév(z) < 0.
N
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Alors il existe une sous-suite (V¥ )p>1 telle que
pNe = en loi dans Py (C)

ot p est une solution faible (au sens probabiliste) de I’EPDS
1 1
dpe + ¥ - (B[] e )dt +V - (Clpe)pe) 0 dBe + 5V (Tr(Vool)p)dt = 3V (V- (oo™ py))dt. (0.27)

Ainsi, Vintroduction d’un bruit environnemental sous forme Stratonovich C[pN](Z") o df; au
niveau des particules conduit naturellement au terme de conservation V - (Clu|u) o df; au niveau
de I'équation limite (0.27). Le bruit individuel est quant & lui moyennisé pour conduire au terme
diffusif V-V - (607 ) dans le membre de droite.

Donnons a présent les grandes lignes de la démonstration du Théoreme 3. Voyant la mesure
empirique ¢V comme une variable aléatoire & valeurs dans 'espace des mesures de probabilité P(C)
portant sur les trajectoires, il s’agit essentiellement d’un résultat de compacité en loi dans I’espace
de Wasserstein P,(C). Etant donnée une variable aléatoire & valeurs mesures u : @ — P(E), on
définit son intensité I(p) € P(E) comme la mesure déterministe donnée par

Vf € Cy(E), (£1(n) =E[(f.m)].
Il est classiquement établi que la tension des lois d'une famille de variables aléatoires (u™)x a
valeurs dans P(E) se réduit & la simple tension des mesures déterministes (I(uY))x. On peut par
exemple se référer a [Szn91], p178. On montre que ce résultat s’étend aux espaces de Wasserstein de
la fagon suivante : étant donnée une famille de variables aléatoires (u”)x & valeurs dans Po(E), il y
a équivalence entre la relative compacité des intensités (I(1))y dans I'espace Po(E), et I'existence

d’un espace de probabilité (€, F,P) muni de variables aléatoires (7™V*) et 7 telles que

vk, Ve ~ uVF en loi,
Wo [N, 1] = 0 P-presque stirement et dans L?(€).

Dans le cas d’une mesure empirique (0.25), la mesure intensité s’obtient simplement comme la
moyenne des lois des trajectoires des particules :
1
Ny _ iN -
1Y) = NEP[Z € }
i=

La relative compacité de (I(u"))y dans P(C) découle donc d’estimations uniformes du systéme de
particule (0.26), déduites de la sous-linéarité des coefficients. Comme développé dans le chapitre 1,
on peut alors passer & la limite dans le probléme de martingale associé & (0.26), la convergence
dans I'espace de Wasserstein étant suffisante pour assurer le passage a la limite dans les termes
non-linéaires. On utilise enfin le théoreme de représentation de martingale pour déduire 1’existence

d’une solution faible & 'EDPS limite (0.27).

Dans un second temps, sous des hypothéses plus restrictives, on souhaite établir un résultat de
convergence forte. On se limite pour cela au cas d’un bruit commun, si bien que ’équation limite
attendue est ’équation de conservation stochastique

duy + V- (Blpepe)dt + V- (Clpae]pae) o dBy = 0. (0.28)

Comme mentionné précédemment dans le cadre d’une équation de Vlasov déterministe, une solution
de (0.28) est naturellement recherchée sous la forme d’un transport de la donnée initiale

1= (2" o (0.29)
par les caractéristiques stochastiques non-linéaires
dZ}'(z) = Blu(Z}'(2))dt + Clue)(Z}'(2)) o By, avec Zf(z) = 2. (0.30)

On peut alors énoncer le résultat suivant.



19 Introduction

Théoréme 4. On suppose les coefficients b, s sous-linéaires, le coefficient ¢ borné
[b(2, )] +1s(2, 2", 2")] S 1+ |2 + |2 + 2], le(2,2")] S 1.
ainsi que les estimations Lipschitz
b(z1,24) = blz2, 28)| S Lo(2) (121 — 22l + 121 = 1)
[s(z1, 21, 21) = s(22, %, 24| S La(2) (I21 = 22l + |21 — 24 + |21 = 241),
le(z1, 21) — €22, 28)| S Le(2) (121 — 22 + |4 — 241,
avec, pour un 6 € [0,1),
Ly(2) = 1+ 22" + |21 + |25*7 + |25,
Ls(z) = 1+ 1] + 211 + 272 + |22 + 5% + |25,
Le(z) = 1+ 21|’ + 217 + |25 + |z,

On suppose les mesures initiales pl) a support dans un compact K C R et wd — po dans Pp(de)
pour un p > 2. Alors on a la convergence

N = u dans LP(Q;P,(C))
ot p est Uunique solution de (0.28) de la forme transport p = (ZH)*ug

Les hypotheses faites ici sur les coefficients permettent notamment de considérer un modele de
Cucker-Smale stochastique avec une perturbation de la forme

NZ ’LN 7X] N)(V]N 1N dt Z *XtJVN)R(‘/tJ,N 7‘/;,N) Od,Bt

oit R € C°(R?) est une fonction de troncature de la vitesse.

Décrivons les éléments clés de la preuve du Théoreme 4. On note d’abord que pour tout N > 1,
N

la mesure empirique p'¥ est de la forme (0.29) et les caractéristiques Z!' associées correspondent
précisément au systeme a N particules. Dés lors, estimer la distance de Wasserstein entre deux
mesures empiriques revient a comparer les trajectoires des systémes de particules associés : si I’'on
introduit un couplage optimal m € P(R?? x R2?) de sorte que

Wg[uévl7uév"’] = / |z — 2'|Pdr(z, 2),
R2d x R2d

il s’en suit que
. P
217 (2) - 27 ()] dr(z, ).

WP (N2 <
p[:u‘t alu’t }_AdeRQd

Les coefficients de (0.30) étant seulement localement Lipschitziens, il est naturel d’introduire un
temps d’arrét afin de contraindre les trajectoires de toutes les particules a rester dans un ensemble
borné. Considérant des mesures initiales ) a support dans un compact K C R??, on déduit ainsi
le controdle suivant : pour tout R > 0 fixé,

E[ sup Wrle™, w1 < CaWgld 1] (031)

t<tR

ou le temps d’arrét 7 est donné par

Tr = inf {t >0, sup [|Z;““ (2)] + |ZfN2(z)|} > R} AT
zeK

Par suite, afin d’obtenir une convergence globale en temps pour ¥, on est amené & estimer
Sup,c | Z4'(2)], c’est a dire la taille du support de la mesure p, = (Z}')*po lorsque pg est a
support dans K. Il est a noter que cette difficulté est spécifique au cadre aléatoire. Dans le cas
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déterministe, les caractéristiques d’une équation de conservation a coefficients sous-linéaires issues
d’un compact restent contraintes a un compact en temps borné. Dans le cas stochastique, les
trajectoires Browniennes ont une portée arbitrairement grande avec probabilité positive, si bien
que lon peut avoir P[rg < T] > 0 pour tout R > 0 fixé.

Sous ’hypothése ou le coefficient de diffusion C[u] est borné, avec une méthode similaire a celle
développée dans [BCC11], on établit I’existence de moments exponentiels pour les caractéristiques :
pour tout ag € (0,1], il existe ar > 0 tel que

Yt € [0, T, E[exp (aT(‘Zf(z)‘z + / |z’|2dut(z’)))} < exp (a0(|z|2 + / |z’|2d,u0(z’)>).

Lorsque la mesure initiale pg est support dans un compact K C R??, on exploite ces moments
ainsi que 'hypothése sur le caractere Lipschitzien des coefficients afin d’obtenir une estimation de
Kolmogorov, pour tout p > 1,

Vz, 2 € K, E[ sup ’Zt“(?f) - Z{(7)
t€[0,T]

p !
:| 5 |Z -z |pa
d’ou 'on déduit finalement ’estimation désirée

E{ sup sup |Z}'(z)
te[0,T] zeK

p
}51.

Revenant & (0.31), on peut alors établir la convergence des mesures empiriques pv dans LP(2; P,(C)),
et passer & la limite dans le point fixe pu?V = (Z“N)*,uo pour obtenir u = (Z*)* .

Sous les mémes hypotheéses, on démontre par ailleurs un résultat de propagation du chaos condi-
tionnel semblable & celui obtenu dans [CF14] dans le cas de coefficients globalement Lipschitziens.

Théoréme 5. On suppose que les coefficients b, c, s satisfont les hypothéses du Théoréme 4.
Soit g € P(R?*?) a support dans un compact K C R*? et (.Ftﬁ)tzo la filtration canonique de 3.
Introduisant (58)i21 une suite de variables aléatoires dans R*?, i.i.d, Fg—mesumbles, de loi o,

on considére ZHN la solution du systéme de particule (0.26) avec la condition initiale Zé’N = &.
Alors, pour tout p > 2, on a la convergence

N = dans LP(Q;P,(C))
ot p est Uunique solution de (0.28) de la forme transport u = (Z")*png. De plus, pour tout r > 1
et ¢17 . ,¢T € Cb(C),

E[Hqﬁi(Zi’N) ‘]—'ﬂ — H((bi,u} dans L'(Q).
i=1 i=1
Finalement, soit Z* la solution de
dZ} = Bl (Z})dt + Clpi(Z}) 0 dBy, avec Zj = &.
Alors p est une version de la loi conditionnelle E(Xﬂ]—"g) et on a pour tout i > 1 la convergence

ZWN 5 7' dans LP(4;C).

Comme dans les cadres classiques considérés dans [Szn91] ou [CF14], ce résultat de propagation
du chaos repose essentiellement sur la symétrie du systéme de particule (0.26) : pour ¢1, ¢2 € Cp(C)
avec |¢1], |p2] < M, on peut écrire

E[E[01(2"V)02(22Y)| F2] = (61, ) (62 )] < EIAY] +EIBY]
avec
AN = [E[01(21V)6a(22) | FL| = E[ (01,0 (02, 1™)| F

BY = [E[(01,1) 02, 1) 7] — E[(61, ) (02,0 | 7] |

)
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Par symétrie,

S (T e R e ]

1 1 e
< 2 2 _o9 7
<N2 < N2>(N ~ N)M? + M 2= 0.

D’autre part, E[B”] tend vers 0 par des arguments similaires & ceux développés dans la preuve du
Théoréme 4.

Contenu du chapitre 3 : Existence de solutions martingales
pour des modeles stochastiques de mouvement collectif avec
alignement local

On poursuit maintenant 1’étude des modeles cinétiques de mouvement collectif en s’intéressant
& un modele plus précis, rendant compte d’un alignement local des vitesses. Dans [MT11], les
auteurs mettent en évidence les limites du modéle de Cucker-Smale (0.24) en terme de cohérence,
lorsqu’on le confronte & des distributions trés hétérogenes d’individus (deux groupes évoluant & une
tres grande distance I'un de lautre par exemple). Afin de remédier & ces incohérences, le modele
particulaire suivant, dit de Motsch-Tadmor, est proposé :

d i\N 7, N
L xiN vy
dt
N
VlyN — E ¢(XZ7N o Xj,N)(v],N o V’L,N).

TVt N : ;
dt Ej:l P(XBN — XI.N) j=1

La fonction de poids ¢ : R — RT est typiquement & support compact, et 'interaction entre deux
individus est cette fois renormalisée par la somme totale des interactions, traduisant un alignement
local des vecteurs vitesse. Comme suggéré dans [KMT13], il peut étre judicieux de considérer un
modele hybride, en laissant ’alignement de type Motsch-Tadmor (MT) gouverner l'interaction
locale, et le terme du modele de Cucker-Smale (CS) diriger 'interaction & grande distance. Ceci
conduit naturellement a I’équation de conservation suivante, régissant la distribution f(¢,x,v) des
individus :

6tf+v-wa—|—Vv~((LCS[f]JrLMT[f])f) =0, (0.32)

ou les termes de forces sont donnés par
L) = [ [ le =)' - o) )da'a

//(bac—x v —v)f(ac v')da' dv’
T T 0@ —a)f@, )ded

Dans [KMT13], le modeéle de Motsch-Tadmor est également considéré dans le cas limite ou la fonc-
tion de poids ¢ converge vers la distribution de Dirac en 0, conduisant ainsi au terme d’alignement
fortement local (SLA : Strongly Local Alignment)

(W =) f(z,v)dv" .
LSLA[f](JU,’U): / - - — ](I) —w
[ f@,v")dv p(x)

LMT

mettant en jeu les quantités intégrées

= /f(xm’)dv’, j(z) = /U’f(x,v')dv'.
On considere alors ’équation de conservation

Ouf +v-Vof +V,- ((Lcs[f}+LSLA[f])f) ~0. (0.33)
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L’existence de solutions aux équations (0.32) et (0.33) est démontrée dans [KMT13]. Par ailleurs,
dans [KMT12], les auteurs établissent la convergence des solutions de (0.32) vers celles de (0.33)
lorsque ¢ converge convenablement vers la distribution de Dirac dg. Comme mis en place dans le
chapitre précédent dans le cadre du modele de Cucker-Smale, on cherche ici a étendre ces résultats
déterministes au cas ou les équations (0.32), (0.33) sont perturbées par un bruit dirigé par un
mouvement Brownien. On s’intéresse ainsi a I’équation de conservation stochastique

df + (v Vaf)dt+ o - (L[] + LIS dt+ Vo - (KIf1F) odBe =0, (034)
avec L = LMT ou L = LS4 ¢t le coefficient de diffusion
K(fl(e0) = Fla)+ [ [ e =)0’ ~ o) (@' o) do'ae’

Ceci correspond & l'ajout d’un bruit environnemental F(z) o df;, ainsi qu'une perturbation de la

fonction de poids ¢ de I’alignement de Cucker-Smale en 1) + 1 o dfB;. On démontre alors le résultat
suivant.

Théoréme 6. On fait les hypothéses suivantes :
024(@)| + 1026 ()] S 1 pour tout 0 < |a] < 4,
€ C®RY) et 30 < 71 < 1y < 00, inf ¢(B(0,71)) > 0, et Supp(p) C B(0,r3), (0.35)
FeC®R?Y et |F(z)| <1+ ||

Soit fo : R* — RT avec [qou fo(2)dz =1 satisfaisant, pour un 6 > 1 et 6 € (0,1),

1 d+2,4
/ [fo(@)Pdz + / (el + ") fo(e)dz < 00, p=1+43, k> 2dT2D)
R2d R2d 0 1-6

Alors il existe une solution faible f (au sens probabiliste) de (0.34) avec L = LMT.

La preuve de ce résultat s’effectue en deux temps. On commence par introduire un parameétre
de régularisation R > 0, et on considére ’équation (0.34), sous forme It6, avec des coefficients
régularisés :

A+ (0 Vo f R dt+ Vo - (LG + IHTIFR) + SalfR)S7) at
+ 9, (KalfR177) g, = 0, (0.36)
de sorte que qu'on ait, pour R > 0 fixé, les estimations Lipschitz
LGS [)(2) - LG ()
Krlu)(z) — KlV](')

LY ()~ T < Ca(lz = 2 + Wil o),
+ |Snl(2) = S| < Cr(lz = 2/ + Wil ).

On peut alors écrire le systéme de particules stochastique Z»V = (X®N V&N) associé
Xyt =V,
AV = (LGS )+ LY )+ Swla]) (20 )t + Kl (2 ) d.
Les coefficients de cette équation étant globalement Lipschitziens (c’est le cadre considéré dans
[CF14]), par des arguments similaires & ceux exposés dans le chapitre 2, on établit la limite de

champ moyen. Pour tout p > 1, sous I’hypothése oti 12’ converge vers une mesure & densité fo(z)dz
dans P,(R?%), on a

N
1
W= > dzin = fR(2)dz dans LP(; P, (C)),
i=1

ot fF désigne I'unique solution de (0.36) donnée par le transport fF = (ZF)*fy de la donnée
initiale par les caractéristiques stochastiques non-linéaires associées :

AXF(2) = VA (=),
{ AV (z) = (LGSUF) + LYTUFF) + SelfF)) (ZF()dt + KnlfF( 2 (2))ds.
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Les coefficients étant réguliers, la théorie des flots stochastiques développée par [Kun84| garantit
que z — Z[*(z) définit un diffeomorphisme. En inversant ce flot, on déduit ainsi I’expression
explicite

7t 2) = det[ D, ((2P)71() | fo((2F) (=)

si bien que pour une condition initiale fy réguliere, f% définit presque stirement une solution forte
(au sens des EDP) de ’équation (0.36). Dans un second temps, on établit les estimations suivantes
sur 2, uniformément en R > 0 :

e[ sup I7O] < 1ol

tel0,T
E[ sup / (ol + o) f R (2, 2)dz] S 1+ / (2] + o) fo(2)dz.
t€[0,T] JR2d R2d

et, pour un certain q > 1,
vt € [0.T], E[IFR0) — SAs)5a] S 1t s,
De ces estimations, on déduit la tension de la famille de variables aléatoires (f#)r~o dans I'espace
C([0,T]; H,,7 1 (R*Y), o >0,

ot Hy”, désigne un espace de Sobolev a poids. Cette convergence faible en espace n’est pas
suffisante pour passer & la limite dans 1’équation non-linéaire (0.36). Afin d’obtenir une convergence
plus forte, on exploite un lemme de moyenne stochastique (similaire & celui énoncé dans [DDMV15])
en généralisant au cadre aléatoire la méthode L? déterministe exposée dans [BD99]. On obtient
ainsi la régularité

EI0813:m] S 1. (avee n = 1/6)
pour les quantités

pEta) = [ o) (e, o e CFRY.

Il en résulte, pour tout ¢ € C°(R?), la tension de la famille de variables aléatoires (pfz) Rr>0 dans
L%([0,T); L*(RY)). 1l s’agit enfin de passer & la limite R — oo dans le probléme de martingale
associé a I’équation (0.36) :

ME(®) = (. £7(0) = (o)~ [ (LalfU 0. 7)), 120,
ou 'opérateur Lg[f] est défini par

Calf) = v 9.0+ (LGS( + LY+ Salf)) VoW + o 3 Kalff KalfP3, ¥

1<Z,j<d

Le terme linéaire vV, ¥ ne pose pas de difficulté. Les non-linéarités issues de LE5[f] et Sg[f] sont
de méme nature que celles rencontrées dans le chapitre 2. Le terme le plus délicat est bien-siir celui
impliquant la non-linéarité de Motsch-Tadmor LMT[f], qui met en jeu un ratio de deux quantités
intégrées. Un examen soigneux du terme en question, avec la convergence dans L%([0, T]; L?(R%))
des pg, permet de conclure. De nouveau, on utilise le théoreme de représentation de martingale
pour déduire I'existence d’une solution faible.

En s’appuyant sur les mémes arguments, on démontre également la convergence des solutions
dans le régime ¢ — Jy, telle qu’elle est établie dans [KMT12] dans le cas déterministe. Ce résultat
s’énonce de la maniere suivante.

Théoréme 7. On suppose les hypothéses du Théoreme 6 satisfaites.

Soit ¢; € C(R?) satisfaisant (0.35). Pour v > 0, considérons la fonction ¢.(z) = ri¢i(z/r).
Alors les solutions faibles f" de (0.34) avec L = LMT et ¢ = ¢, construites dans le Théoréme 6
satisfont, pour une sous suite r, — 00,

frm = f en loi dans C([0, T); Hy?, (R*)) pour tout o > 0,

ou f définit une solution faible de (0.34) avec L = L54. Lespace de Sobolev H,;7 . (R*?) est
pondéré par W1(z) = (1 + |z|)~*






Diffusion-approximation for a kinetic
spray-like system with markovian
forcing

1.1 Introduction

1.1.1 Overview of the kinetic model

We consider a toy model for spray-like behavior, describing the motion of some particles im-
mersed in an ambient fluid, given by the following conservation equation

Of+ev-Vuf +V, - (F(t,z,v)f)=0. (1.1)
The forcing term
F(t,x,?}) = (Ut(ﬂf) - U) + mt(x)

expresses how the speed of a particle tends to align with the local speed u(x) of the ambient fluid.
It is perturbed by some random forcing naturally modeled by a space-dependent, centered Markov
process (my(z))i>0. Assuming that the particles have very little impact on the behavior of the
ambient fluid, u = u.(x) evolves according to

5‘tquu:€2/(v7u)fdv. (1.2)

To simplify the resolution of the system of coupled equations (1.1) and (1.2), we omit the Burgers
transport term u -V u in equation (1.2). This term plays no major role in the arguments developed
in the present work and could hence be added without too much difficulty. In order for the system
(1.1)-(1.2) to admit a solution (fi(z,v),u:(x)), we need, in fact, to restrict ourselves to the one-
dimensional case :

re€T=R/Z, wveR.

One can refer to section 1.8 below (and in particular Remark 1.8.2) for details regarding the
well-posedness of this system. The rescaled variables

fts(x’v) = fs*zt(xvv)a uf(m) = E_lus*%(x)v mf(x) = ms*Qt(m)v

then satisfy

BfF + e Lwd, f7 + 2729, [(eus(x) v me(a))fe| =0,
(1.3)
Ous — O2uf = /(v —eu®) fedv.

Introducing the integrated quantity

(@) = / £, v)dv, (1.4)

we are interested in the behavior of (p®,u®) as € goes to zero. In essence, we wish to describe
how the random forcing m added on a "mesoscopic level" translates on a "macroscopic level" in the
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scaling limit. More precisely, we shall determine the stochastic partial differential equation satisfied
by the limiting law of p° as € goes to 0.

This work is naturally in line with the various stochastic diffusion-approximation results deve-
loped in [DDMV16, DV12, DV17]. In the case considerd here, it is to be noted that due to the
absence of collision term in the first equation of (1.3), the limiting SPDE satisfied by p° will be of
order one : it is in a fact a stochastic conservation equation when written in Stratonovich form. In
particular, the question of uniqueness for this limiting SPDE is not trivial, and is dealt with using
a completely different approach from the one used in [DDMV16, DV12, DV17]. The study of the
scaling limit relies essentially on the perturbed test function method, first introduced in [GPV77]
and developed further in [FGPS07]. In contrast with previous works on the matter, particular
attention will be paid to the rigorous construction of the correctors involved in the perturbed test
function method. This will be achieved by handling infinitesimal generators and their domains
in an overall more cautious way, and by exploiting the mixing assumptions made on the driving
Markov process to properly solve Poisson equations associated with these generators.

1.1.2 Main results
Throughout our study, we will be led to work with the following spaces :
L%U =LP(TxR), LP:=L"T),
WP = WP(T), H? .= W27 (T).

We will denote by P(E) the set of probability measures on a metric space E. When it is well
defined, we will denote

(f.9) = / f(z,v)g(z, v)dzdv or / f(2)g(x)d.

depending on the context. Finally, we shall sometimes use the handy notation A(z) < B(z) to
signify that there exists a constant C' > 0 such that A(z) < CB(z) for all 2.

Let us now state our diffusion-approximation result.

Theorem 1. Let (0, F, (Fi)i>0,P) be a filtered probability space equipped with a Markov process
m = (my)i>0 satisfying Assumptions 1 through 4, described in section 1.2.2 below. Let T > 0.
Assume that the initial data (f§,u§)e>0 satisfy

15 >0 and //fg(x,v)dxdv =1,
p5 — poin LE,  u§ — ug in HS for some o € (1/2,3/2]

and, for all fivzed € > 0,

//(1 + [v|M| £ P dwdv + / /(1 + )| Ve fildzdv < 0o,  ug € H) forn(e) >3/2. (1.5)

Assume the following uniform bound :

sup//\vﬁfédxdv < 00. (1.6)

e>0

Let (f¢,u®) be the unique solution of (1.3) with initial data (f§,u§) (in the sense of (1.33), given in
Proposition 1.3.1 below). Then for all v > 1/2 and B < «, there exists a subsequence (p=*,u*)p>1
such that

(67, u™) = (p,u) in law in C([0,T]; Hy " x HE)
where u satisfies the heat equation
Ou— 0%u =0,  with u(0) = uo,

and p is a martingale solution (in the sense of [DPZ14], Chapter 8) of

dp = 0y [(a — u)p] dt + 0y [lem o th} ,  with p(0) = po, (1.7)
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satisfying sup,eio ry llpellzy <1 a.s. In (1.7), (Wi)i>0 denotes a cylindrical Wiener process on L2.
The coefficient a = a(x) and the trace operator Q on L2 are completely determined by the law of

the stationary process (My)i>0 associated with the random driving term m (see section 1.2.2 below
for a definition of m) :

a(z) = % /0 OOE{BIﬁLO(x)ﬁLt(x) —mo(x)ammt(x)] dt + /0 h e*tE[mO(x)azmt(x)]dt, (1.8)

Q1) = | ks @y, with K) = [ €[Foam)]d (19)

Note that assumption (1.5) is only necessary to ensure that the system (1.3) can indeed be
uniquely solved for fixed ¢ > 0, as will be stated later on, in Proposition 1.3.1. The result of
Theorem 1 holds when the underlying probability space 2 is equipped with the probability P,, —
so that P,[mo € A] = p(A) — for any initial law p € P(F). For instance, one may consider the
case [t = 0, where the process (m;):>o starts at some fixed n € E'; or one may consider the case
where p = v is the invariant measure of m, so that (my)¢>0 := (M4)1>0 is a stationary process (see
again section 1.2.2 below).

The weak existence result established in Theorem 1 is completed by the following strong uni-
queness result.

Theorem 2. Let pg € L. and ug € W, Assume furthermore that the coefficient a and the
kernel k defined in (1.8), (1.9) satisfy

a€Whe, sup [[k(-, y)|| 104600 < 00 for some § > 0. (1.10)
yeT v

Then a solution p € C([0,T]; H,; ") of (1.7) satisfying the bound

sup |lpellzr <1 a.s
t€[0,T)

18 path-wise unique.

The regularity properties (1.10) will be satisfied under some adequate assumptions on the
driving process (m):>o (see the end of section 1.2.2).

In the limit where € goes to 0, the rather complex random process (pf)¢>o driven by a general
Markov process m = (my);>0 can therefore be approximated by a much simpler diffusion (p)i>0
whose drift and covariance are explicitely determined by the law of the associated stationary process
m = (My)i>0. Let us give a quick overview of the proof of Theorems 1 and 2.

In section 1.2 we start by introducing a rigorous framework for solving Poisson equations asso-
ciated with generators of Markov processes, which will be of great use in section 1.5 in particular.
The tools and results presented here are all very classical, however the authors could not find a
reference really suited for the specific setup adopted in the present work. We then describe the
assumptions made on the driving process m and their consequences in section 1.2.2. In section 1.3,
we establish some estimates regarding the solutions of (1.3) and rigorously determine the generator
of the process (f¢,u®, m®). The essential work is developed in section 1.5 where we use the pertur-
bed test function method to determine the limiting equation (1.7) and pave the way towards the
convergence of the martingale problem. Section 1.6 concludes the proof by proving the convergence
announced in Theorem 1. Finally, the path-wise uniqueness of (1.7) stated in Theorem 2 is looked
upon in section 1.7.

1.2 Generators and Poisson equations

1.2.1 Generalities on generators

On a filtered probability space (2, F, (F;)i>0), let us consider a cadlag, time-homogeneous Mar-
kov process X = (X;);>0 taking values in some separable metric space X = (X, dy). Throughout
this paper, we will naturally use the handy notation (X;(z)):>0 to denote (X;);>o under the pro-
bability Ps, (that is Xo(x) = x a.s). All the processes we shall encounter in this work satisfy the
following assumptions :
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— X is stochastically continuous :

Vo e X, V>0, Ve >0, P{dX(XS(x),Xt(x)) > 5} —0. (1.11)

s—t

— X is locally bounded (in space and time) :
Vr > 0,¥T > 0,3R > 0,¥z € B(0, ), P[Vt €[0,T], X,(z)e B(O,R)} -1 (L12)

Let us denote by (Q:);>0 the semigroup associated to (X;);>o. The local boundedness assump-
tion (1.12) allows to define it over locally bounded test functions : let us introduce the spaces

Bl°¢(X) = {1 : X — R measurable, ¢ maps bounded sets onto bounded sets } (1.13)
Cloe(X) = {4 : X — R continuous, 1) maps bounded sets onto bounded sets } (1.14)

and define the semigroup Q; : B'°¢(X) — B¢(X) as
Vi € B(X), Qup(x) = E[(X(2))]-

Note that, using assumption (1.11), the map ¢ — Qub(x) is continuous whenever ¢ € Cl°°(X).
The Markov property

Vip € Bl°(X), E[W(Xir1s)|Fs] = Quo(X,) aus
yields in particular the semigroup property Q4 = Q;Q, on Blo¢(X).

Definition 1.2.1 (Infinitesimal generator). The infinitesimal generator of X is the operator
A: D(A) C B(X) — Cloo(x)
defined as follows : for all ¢ € B°¢(X) and § € C*°(X),

Qup—v
t

¥ € D(A) and AY =6 if and only if % 0 € Cloo(x)
t—

where b.p.c denotes the (locally) bounded pointwise convergence :

bopc Ve € X, 0(z) — 0(x)
0r = 0 <=4 VB C X bounded, sup sup |0;(z)| < co.
t>0 zeB

We then have the following classical result.

Proposition 1.2.1 (Kolmogorov’s equation). For all ¢ € D(A), for allt > 0,
Qeys — QY b

.p.c
S s—0

QrAY.

In particular, for all x € X,

d

%Qﬂ/}(l’) = QtAY(x).
Remark 1.2.1. Provided that Q; A € C'éoc(/'\,’), this states that Qi € D(A) and AQu) = QrA.
Proof. For s > 0, we may write

Qi+sY — Quyp QsY(Xi (7)) — ¥(Xi(z)) .

S

(@)= @[ ")) = ]

Making use of (1.11) and (1.12), we may use dominated convergence as s goes to 0 to conclude for
the right derivative. As for the left derivative, we simply note that

QM — Qt—sw _ Qs'(/) — w
S - S

Q-] — AG] + Qu oAy

and conclude in the same way, keeping in mind that Ay € C}°°(X) so that u — Q,A¢(z) is
continuous. .
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The following property will be of great interest, and could in fact be an alternative way of
defining the generator A.

Proposition 1.2.2 (Martingale problem). For all ¢ € D(A), for all z € X,

My () = (X (x)) — / AY(X,(x))ds, 30

defines an (Fi)i>o-martingale.

Proof. Let us write X; := X;(z) for simplicity. We need to check that, for all h bounded, F-

measurable,
e[ (v — i )n] = [( A, )du) ]
Using the Markov property (twice) and Proposition 1.2.1, the right hand side can be written as
e[g| / v )dui ] n]) = [( / [EAvxi ] dn)n] —€( / ' QueeAv(X.)du )]

E[(/Ot Qo )au)n) = E[(Qu-ww(x)du — v(x.))H]
= E[(w(x) - (X))

Again, we have used the fact u — Q, Ay (z) is continous since A is continuous. O
Let us now give a natural context in which one can interchange generator and integral.

Proposition 1.2.3 (Generator under the integral sign). Let (t,z) € RT x X — 94(z) € R be a
measurable map, such that 1y € D(A) for allt > 0. Assume that, for all B C X bounded,

/OO sup |[¢(z)|dt < oo (1.15)

0 x€B

/ sup | Ay (z)|dt < oo (1.16)
0 xz€B

Then ¢ = /OO Pedt € D(A) and A = /Oo Ayt
0 0

Proof. Let us not get into the questions of measurability. First, 1/ is well defined, in B'¢(X), and
we have Qs¥(x fo Qs (x)dt. The interversion is justified by Fubini’s theorem since, using
(1.15),

el [ ko] < [ sup i < o0

yEB

where B C X is a bounded set such that Vo € [0,s], X,(z) € B, P a.s. It follows that

Qs¥(x) —P(x) / Qsthe(2) = Yu(2)

For x € B(0,r) for some r > 0, for s < 1, we have the bound

Quttelw) —(x)| _

s o€l0,s]

%Qﬂ/& (I) = sup

o€[0,s]

Qo At (x)] < sup | Avu(y)|

yeB
where B C X is bounded and such that Vo € B(0,r), Vo € [0,1], X,(z) € B, P-a.s. Dominated
convergence then gives the b.p.c of fooo sTH Qi (z) — e ())dt to fooo Aty (x)dt. Assumption (1.16)

and the fact that Ay, € C}°°(X) for all t > 0 guarantee that [~ Avydt is in C{°°(X), so that we
can indeed state ¢ € D(A). O
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Proposition 1.2.4 (Resolution of a Poisson equation Ay = 0). Let 6§ € D(A) N Clo¢(X). Assume
that, for all B C X bounded,

/ sup |Q.0(x)|dt < oo (1.17)

0 =z€EB

/ sup |QrAf(z)|dt < oo (1.18)
0 z€eB

Then ¢ = —/ Q:0dt € D(A) and Ay = 0.
0

Proof. Since QA6 is not necessarily continuous, we cannot exactly state that ¢, = Q0 € D(A).
Let us hence be a little more careful : using the same arguments as the previous proof, we can
show that

. . oo T d
Quv(z) —Y(z) boe, _ /O QuAf(z)dt = lim — /O Q) =0(x) — lim Qro(x).

S T—o0 T—o0

Hence, limp_, o Qr8(z) exists and assumption (1.17) implies limy_, oo @78(z) = 0. We have shown

Qs — v bpe 9
S 5s—0
and @ is in C!°°(X) by assumption, so that we have indeed ¥ € D(A). O

Remark 1.2.2. Assuming (1.17) only, one can still define the B°(X) function ¢ = — [; Q,0dL.
If for some reason we know in advance that v € D(A), then we can conclude immediately that
Ay = 0 without assumption (1.18). Indeed,

Qsth(z / Qr+s0(z)dt = / Q:0(

which gives, since t — Q0(x) is continuous,

Q)| _ = Qo) = 0(a)

and using Kolmogorov’s equation, we know that

Q)| _ =A@

ds+ =0

1.2.2 The random driving term

We now describe the assumptions made on the process m = (m;);>o driving equation (1.3).
Let us define its canonical filtration

Fi=o0(ms, 0<s<t), t>0.

We assume that m = (my)¢>0 is a cadlag, stochastically continuous Markov process taking values
in some separable, complete normed space (F, || - ||g), satisfying the continuous embedding

my € EC W2, with |- [lyze S |- |5 (1.19)
This enables us to consider linear test functions of the form
Yy :n € Ews (hyn), he (W>>®),
Assumption 1 (Bounded state space). For some C* > 0,
In||lg < C* foralln € E. (1.20)

We denote by (P;)¢>0 the semigroup associated to m and by (M, D(M)) its infinitesimal gene-
rator, in the sense of the b.p.c convergence introduced in section 1.2.1.
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Assumption 2 (Stationary measure). There exists some measure v € P(E) satisfying :

vt >0, Vi € B(E / Pup(n)dv(n / P(n)dv(n (Stationary)
Yh € (W2>Y, /wh(n)du(n) =0. (Centered)

We shall denote by (m¢)i>0 the process with initial law v.

Note that it is possible to build a cadlag stationary process (m;):er indexed by ¢ € R : one may
indeed use the Kolmogorov extension theorem with the finite dimensional distributions

P[ms € Ao, Migss, € A1, ... fgps, € An] - P[mo € Ao, e, € Ay, ... Ty, € Ay,

for s € R and t;,...,t, > 0. This extended stationary process will still be denoted by (74 )¢er-
Furthermore, we require that m satisfies the following mixing property.

Assumption 3 (Mixing). There exists a non-increasing, integrable function Yy € L*(RY) such
that, for any initial state n € E, there exists a cadlag coupling (m}(n), m;)i>o0, whose marginal
laws are respectively those of (my(n))i>0 and (My)i>o0, satisfying

Ellm(n) — mf e < ymis(t), t>0. (1.21)

An immediate consequence is the following : for any Lipschitz-continuous function ¢ : £ — R
such that [, ¥ (n)dv(n) =0,

|Pn)| = [ELwmi () — 0)]| < 19 sipimia () € LERY). (1.22)

As a result, the coefficient a(x) and the kernel k(z,y) introduced in (1.8), (1.9) are well-defined :
for k(x,y) we may for instance write (using the stationarity of m)

[ [E[r@mw][a = [~ [[au@mmw]|a+ [~ |E[mwmd]|a

and note that, using the Markov property,

/ ’E[mg( )iy ‘dt / ’/ (]dy ‘dt<C*/Oooymim(t)dt<oo.

As discussed in section 1.2.1, the property (1.22) allows to solve a number of Poisson equations.
We may indeed define, for h € (W2:°°)’,

M~y (n) = — / Py (n)dt = — / £ h.mu(n) )t
0 0
It is then natural to introduce the function n € E + M ~I(n) defined by
vh e (W2Y, (M~I(n),h) = M~ (n).

In other words,

M~(n) = — /000 E[m:(n)]dt € W2, (1.23)

Note that the function M~'I is bounded : since E[m;] = [, ndv(n) = 0 in W2>>°, we have

oo

I3 T yzoe < [ 1m0 yzoedt = [l ) = e

o0 o0
g/ EHm;‘(n)—ﬁ"LtHEdtg/ i (B)dt < 0.
0 0
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Assumption 4 (Generator). For all h € (W2>°), M~y € D(M) and M~'I satisfies
IML () = M)z S lin— 1. (1.24)
Furthermore, for all h € L.,
Myl € D(M) and MM (n)] S 1A, (1.25)
Note that, as stated in Remark 1.2.2, the assumption M~ € D(M) guarantees that
M<M*11(n),h> = (n, ).

It is typically obtained under the assumptions of Proposition 1.2.4. Combining (1.24) with the
mixing property (1.21) essentially allows to define M ~21I, which shall prove necessary in the cal-
culations developed later on.

Let us conclude by discussing the additional assumption (1.10) made in Theorem 2. This re-
quires of course some more regularity for the stationary process m. A natural setup would be the
following : assume that the stationary measure v is reversible (that is (m_;)i>0 = (M4)e>0 in law)
and supported in W10+%® with

€y govse = [ Il ndv(n) < oc.

Making use of the time-reversibility (1.8) and (1.9) become

a(z) = /O h e E[ o (@)D ()t k() =2 /0 ooE{ﬁzo(x)ﬁzt(y)]dt (1.26)

and it follows that

lalhws < ([~ et ([ InlBysdvio) < .

and
Ietlyporss <2 [ | [ €m0,

<2 [ ) ([ Inlygossecavi)) < .

Alternatively, one could drop the reversibility assumption on v and assume that the whole process
(m¢)e>o0 takes values in E C W09 with || - || 10450 S| - |-

1.2.3 An elementary example

Let us give a simple example of a Markov process m = (my);>o satisfying the assumptions
detailed above, in the form of a jump process. Consider a discrete-time Markov chain (M;);en
whose (bounded) countable state space E consists of sufficiently smooth functions :

E={n’,jeN}cC*T), -lle=1"lck,

for some k large enough, say k > 10. Let us denote by P = (P(n,n/)), nep its transition matrix.
Let us consider a probability space (€2, F,P) where an i.i.d sequence (U;);en+ of random variables
uniformly distributed in [0, 1) is given. The trajectory of (M;(n)) for any initial data n € E can
then classically be simulated in the following manner : My(n) = n and, for all i € N,

Mit1(n) = T(M;i(n); Uiya),
where the jump function is given by

Jj—1 J
T(M;U) = n/ when ZP(M,ne) <U< ZP(M,ne).
=1 =1
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We may define the time-continuous, constant-rate jump process associated with the discrete Markov
chain (M;) : considering a Poisson process (N (t))¢>o of rate 1 with N(0) = 0, independent of (U;),
we simply define
m¢(n) = My (n), t>0.
Let us assume that the transition matrix P = (P(n,n’)) is irreducible, aperiodic and positive
recurrent. As a result, let us introduce the unique invariant law v € P(FE) of the chain (N;);en
(which we may assumed to be centered, in accordance with Assumption 2).

Let us prove that the mixing property given in Assumption 3 is satisfied. To this intent, we
introduce a coupling similar to the one developed in the classical proof of the ergodic theorem for
Markov chains. Let us consider a random variable n € E of distribution v and an i.i.d sequence
(U;)ien+ of uniform random variables, mutually independent and independent of (U;);en+. One

can then introduce the Markov chain (M;(7%));en~ defined by ]T/fo(ﬁ) =n and, for all i € N,
M1 (7)) = T(M;(n); Usp)-

As a result, (M;(7)) defines a stationary Markov chain of transition matrix P, independent of
(M;(n)). For fixed n € E, we then define the stopping time

= inf {z >0, M(n)= J\Z(ﬁ)}
and the process
i) { M; () if i > 7.
One can easily see that (M;(n)) defines a Markov chain of transition matrix P, so that

(M;‘(n), i > o) ~ (Mi(n), i> 0) in law.

Moreover, (C;)ien = (M;(n), M;(7))in defines a Markov chain on E x E, of transition matrix P® P.
The assumptions made on P guarantee that P ® P is irreducible, and since v ® v is an invariant
probability, it is also positive recurrent. As a result, since 7 is the first hitting time of the diagonal
D = {(n,n), n € E} by (C;), we deduce that E[r] < co. Now, defining the continuous-time
processes -
mi(n) = My (n),  mi=Myy(@), 20,
the coupling (mj(n), m;);>o has the expected marginal laws and
T—1 tk
P[m:(n) > m:] - P[N(t) < T} = E[e 53 E}
k=0
This tends to zero as t goes to infinity by dominated convergence. Regarding the integrability in
time, simple calculations give
e} _ oo 1
/ P[mi (n) # 7 dt = 3"k + DP(r > k) = JElr(r +1)].
0 k=0
The mixing Assumption 3 is therefore satisfied as soon as the hitting time 7 admits a second
moment. This holds for instance if the state space F is finite : it is indeed a well-known fact that
hitting times of Markov chains with finite state space have exponential tails (see e.g [Roc15], Lemma
3.25). Another possible setup is the one where the transition matrix is given by P(n,n’) = v(n’),
that is when M, is drawn on E according to the law v, independently of M;.
In the general case, the generator of (m;):>¢ is given by

My(n) = Y P(n,n)e(n) = (n)
n'er
and we derive that M ~1I = (M ~'I(n)),cp satisfies the linear system
VneE, > P(nn)M'I(n)—-M"I(n)=n.
n'ck
When the state space E is finite, it is clear that M 1T satisfies the Assumption 4. In the case
where P(n,n') = v(n'), since v is centered, we get simply

M~I(n) = —n.
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1.3 Solutions of the kinetic system

For k > 0, let us introduce the Banach space (G¥, || - ||c+) defined by

~{rette Iflon= [ [+ plir oo < oo} (1.27)

When f € G4, we shall denote

0= 1@, I0@= [, K= [P

Since solutions f¢ of (1.3) are of course expected to be probability densities, we also introduce the
complete normed space (G§, || - ||g+) defined by

GF:=G*n {f >0, //f(x,v)dmdv = 1} . (1.28)

1.3.1 Path-wise weak solutions

Let us start by stating the well-posedness of the PDE system (1.3). Taking ¢ = 1 for simplicity,
it may be written as

8tf+vawf+av [(m—l—u—v)f} =0, (1.29)
Opu — 0%u = J(f) — pu.

We consider a fixed w € ), so that a trajectory m = m(w) belongs to D([0,T]; E'), space of cadlag

functions taking values in the separable complete space E.

Whenever w € D([0,T]; E) is given, the solution f[w] to the linear conservation equation

Ouf + 00 f + 0, [(w—v)f] =0,
fO € Lx v

is naturally expressed as

filw](z, v) = €' fo 0 By (,v), (1.30)
where ®%(z,v) = (X!(z,v), Vi(z,v)) is the flow associated to the characteristics :
d
3= Ve X (w,v) =,

(1.31)

d
%‘/st:ws(xg)_‘/;t7 ‘/tt(xav)zvv

which is clearly well defined since w is globally Lipschitz-continuous in the space variable. Note
that the fact that w is only cadlag in time causes no issue since this differential problem should be
thought of in integral form. It is in fact easy to check that, for x € D([0,T];R),

! d d
vt € (0,7, yt:/o wods if and only if 'Vt € [0,T], dt—ﬁ:xt, dt—{

= T¢—-

In the following, we will sometimes write "full" derivatives % for simplicity, but rigorously speaking
one should rather consider left and right derivatives. We may now state our well-posedness result.

Proposition 1.3.1. Assume that
//<1+ |v|4)\f0|2dxdv+//(1+ o)V foldado < 00, uo € HY for 5 € (3/2,2). (1.32)

Then, for all B € (3/2,7), there exists a unique couple (f,w) with u € C([0,T); HY) solution of the
system (1.29) in the sense that
fi = film+u] as defined in (1.30),

= S(t)uo + /0 St ) (1) = pousds, (1.33)

where S(t) = €%z denotes the semigroup associated to the heat equation. For any k > 0, assuming
fo € GE, we have additionally f € C([0,T]; G§).
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The proof of Proposition 1.3.1 is based on a rather classical fixed point argument. Since it is
not a central aspect of the present work, it is postponed to section 1.8.

Remark 1.3.1. The uniqueness of the solutions wvia an explicit iterative construction method
classically guarantees that w — (fi(w),us(w)) € G§ x HE is F; = o(ms,0 < s < t)-measurable.
It is of course to be expected that (fi,uy,my)i>0 defines a Markov process. We will not however
attempt to rigorously prove it, since it is in fact not necessary for the purpose of this work.

Let us simply justify here that the unique solution (f,u) in the sense of (1.33) satisfies some
weak formulation of (1.29). In particular, we derive some estimates that will be useful to rigorously
determine the generator of the process (f;, ue, my)i>0 later on.

In order to properly express the weak formulation of the equation satisfied by f; € G*, we
now introduce the space Cj which should be thought of as the natural dual of G* "along" equation
(1.29).

Definition 1.3.1. For k >0 and £ € CY(T x R) let us introduce the norm

1 + |U‘ z, v§
M) = el + 1| 14
k(€) 1+ JvlFllLee 1+ |vl* L, (1.34)
and the associated normed space, given by the closure
Cr = {£ € CH(T? xR, Ni(&) < oo} .
Proposition 1.3.2. Let k > 0 and assume that fo € G*. Then for all £ € Cy,
t
o€ = (s €) = [ (Fusv0u+ (s 4 me — )2, )ds
0
and the following estimate holds : for all t,s € [0,T],
fias:8) — (fi, € .
Uersr&) “U68)) < 0k, 0%, s, TINU(E) ol (1.35)
Proof. Let us denote ®; := ®) for simplicity. Since
<ft+sv£ //f £O¢t+5(x7v)s_€oét(x7v) dxdv,

we want to dominate the integrand uniformly for ¢,¢t 4+ s € [0, T]. For all ¢ > 0,

§o®py(x,v) —EoPy(x,v) 1/t+sd
s ), do

S S

E(Py(x,v))do.

with

%g(q)t(va)) = Vt(xvv)awg o (I)t(x7v) + ((ut + mt)(*Xt(xﬂ U)) - Vt(x7v))8v£ © (I)t(xvv)

which, by design, can be bounded by
(1 +C* + [lull g, )Nk () (1 + [Vi(z, v) ).
From the sub-linearity of the equation of characteristics (1.31), we easily derive
vt e (0,7, |Vi(z,)|* < CC*, Jullrg,, T)(1 + |v]*).
Combining these bounds, we have dominated

§o By (z,v) — o dy(x,v)
S

fz,v)
uniformly for ¢,¢ + s € [0,T] by an expression of the form
C(k, C*, |lullzgs, . T)| fo(z, v)| (1 + [v]*).

This is exactly the expected estimate, and the dominated convergence theorem leads to

fn / J(x,v) =& 0 ®(x,v)drdv = <ft7vam§ + (ug +my — U)8v§>-
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Similarly, u is a weak solution of the corresponding equation :

Proposition 1.3.3. For all ¢ € C*(T),

(ug, &) — (uo, &) = /Ot<us,3§§) + <J(fs) - psus,§>ds.

We deduce the estimate : for all t,s € [0,T],

Weres & =008 | < ouge, . follen T) (€l + 162 ). (136)

S

Proof. The weak formulation is classically derived from the mild form (1.33) (¢f. [Bal77] for
example). The estimate is easily deduced. 0

1.3.2 Estimates uniform in ¢
We now establish some uniform bounds for the solution (f¢,u¢) of (1.3).
Proposition 1.3.4. For all e € (0,1), we have (almost surely)
Ve 0.7) £, = £l =1
and

sup | f7lla, < O(T,C%, [|lugllLess [ f6lla ),
te[0,T]

sup ||ugllree < C(T,C7, [|ugllLee, [ fllGa)-
t€[0,T)

Démonstration. The conservation of the L' norm of f¢ is clear from the transport form (1.33).
Assuming f§ >0, f§ € C° (we conclude in the general case by density), we get

%//Ivlff(x,v)dxdv: f572//|v|aﬂ {(m§+gu§ — ) f¢ | dzdv
hence denoting J(f) = fa; fv |v|fdxdv, (so that ||fllg, = [|fllz1  + J(f)) we get

x,v

d - B o=
I () <e2(Imillee +ellugllge) — e 2T(f)

and Gronwall’s lemma gives
t
J(fF) < e LI(fS) + / e 2 I (|ml | pe + el|ul| e ) ds.
0

We may note that fot e 2e7¢ "ds =1—e° 't <1 so0 that we get

J(ff) < J(f5) +(C" +¢ sup, llugllzee)- (1.37)
se|0,t

On the other hand, using the mild form (1.33) for u¢, usual heat-semigroup estimates, and making
use of the embedding H;/QH C Le for any 6 > 0, we have

t
lugllzee < llugllzee + C/ [t = s|TV20NI(f2) — epfu|nads
0
t t
< Mol +€ [ fe= ol 30T oy + C [ e = s e ds
0 0
t
< wgllze + CUI Gy +C7) +C€/ [t =727 sup ||ug|p=ds,
0 o€l0,s
using (1.37). We finally get an estimate of the form

t
s 0l < Ol 15l ©) (142 [ 1= o172
0, ;

se

sup s | ds)

oe(0,s

and deduce the desired estimates using a singular Gronwall inequality. O
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The higher v-moments for f are obtained by induction using the same arguments. For the sake
of brevity, we omit the proof.

Proposition 1.3.5 (Higher moments for f). For all k > 1, we have (almost surely)

sup || ffllgr < C(k, T, C, [lugllree, 1 £5 llan)-
te[0,7]

Let us finally state some compactness estimate for u®.

Proposition 1.3.6 (Compactness for u). For o € (1/2,3/2), we have (almost surely)
lugllmre < Cle, T, C% lug|[me 1 f5 lle)
W9 <a fuf = udllyy < Ol 8707 Iuilus. 1) | 0(o)do,
where 6 € L'([0,T]) 4s independent of €.
Démonstration. Consider the mild form
ui = S(t)uf + /Ot S(t —o)gsdo, where g5 = J(f3) —epSus. (1.38)

The embedding L. C HP0

S(t) lead to

for all § > 0, and a classical regularity estimate for the heat kernel
IS wllme S (14t @H/2H2)|w|| 1, (1.39)
from which we derive

t
lug e S [lull e +/ (14 [t = o ZOF2H02) | g2 | 1 do
0

Using Proposition 1.3.4, we have ||lgf[[r: =< C(T,C*, |lugllr=, | f5llc,), which leads to the first

estimate, since (a+ 1/2 +9)/2 < 1 for ¢ small enough.
For the second estimate, we first write, for all £ € H; 7,

K t
(505 - 505135, = | [ (S()06.026)do]| < el s [ 15@)udlyzedo
S . s
< Cllgl = llugl me / (1 + a—(2+ﬁ—a>/2)d0’

which gives [|S(t)ug — S(s)ufllzs < |ugl e fst 01(c)do with 6; € L' since (2 + 8 — a)/2 < 1.
Finally,

. t
H/ S(tfa)gidcr’Hﬁ S/ 1S(t — 0)ggdo|| e do

and we use again (1.39) with 8 instead of & to conclude from the mild form (1.38). O

1.3.3 Generator of the process

As previously mentioned, (ff,u®);>0 is not a Markov process in itself, however the process
£ ouf,ms$)i>p is. In view of (1.3), its generator is naturally expected to be
t t)t>

Loy = éc#w + %Ebw + Loy + eLa, (1.40)
where
Lyl fyum) = =(ul(n = v)f), Dyo(frum) ) + Mi(f.u,m),
£y(f,u,m) = —(00, f +udy f, Dyy(fu.m)),
Low(f,u,n) = (92u+ J(f), Duto(fu,m)),
LiY(fyu,n) = —<pu,Duz/J(f,u,n)>.

(1.41)
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Let us quickly get into the details of the notation ”D” used here. For 1) : G¥ — R, let Diff 1) denote
the usual differential in f € G* of ¢, that is

Vf e GF, Diffpu(f) € (GY) = L (T4 x RY (1t ol )dedv) ~ L5,
There exists h(f) € LgS, such that
vy € G*, Diffu(1)(o) = (0. (), o = (0 (1 + IR,

The differential Diff¢1)(f) is naturally identified with the L3, function h(f). For convenience, we
shall rather denote by Dy1(f) the function (1 + [v|*)h(f), so that

Vg € G5, Diff;u(f)(9) = (9. D).

To avoid cluttering notation, we do not indicate the dependence of Di(f) on the choice of the
parameter k > 1. In section 1.5, where the perturbed test-function method is developed, the value
k = 3 is fixed for good. The natural bound on Dy is consequently

Bt I
1+ |v|*

= |[Diff b (f)l[grr < o0

Similarly, for ¢ : H? — R, D, is defined so that

Vw € HP, Dift,h(u)(w) = <w,Duz/J(u)>.

We will not properly identify the complete domain of the infinitesimal generator £° : for the
purpose of this paper, it will in fact be sufficient to show that £¢ satisfies the martingale problem
associated with (f¢,u®, m) for a large enough class of test functions.

Definition 1.3.2 (Good test function). Let k > 1 and o € (1/2,3/2) be given. Recalling the space
GE introduced (1.28), define the state space for the process (ff,us, m$)i>o :

X2 =Gk x HY x E. (1.42)
A function ¢ : (f,u,n) € G*¥ x HY x E — R is said to be a "good test function" on X when :
1. v € Boe(xQ)
2. For all (f,u) € GE x H, ¢(f,u,-) € D(M) and My € C}°(X2)
3. For all (u,n) € H® x E, ¥(-,u,n) is G*-differentiable and
Df’(/J : X]? — (Ck,Nk)
(fyusn) +— Dgp(f,u,n)
where the normed space (Ci, Ni) has been introduced in Definition (1.3.1)
4. For all (f,n) € GE x E, o(f,-,n) is HY-differentiable and

is Cy7 (X Cr),

Dy : X — C%(T)

(f,u,n) L Duw(f,wn) SCIOC(X;?;CQ(T))'

Note that the local boundedness required in point 3. can be expressed as

Dy m) < C(11f s lullms ) (1 + o],
[00: Dy (f )| < C (e Nullme ) (1 + o),
U+ Do, D, m] < € (7l Nl ) (1 + fol®),
which is a natural condition to ensure that £ is well-defined and C})"C(Xko‘). This suggests that,

when f € G, typical good test functions involve moments of order at most k — 1 for f. Later on,
we will for instance consider the test function

U(fm) = (Tea (), @M T)E), € €W,
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and linear combinations of such functions. Introducing the canonical filtration of m®

FE= a(mg, 0<s< t) = Foap, 20,
the process t — (ff,uf) € GE x HY is naturally (F§)-adapted, as mentioned in Remark 1.3.1. We
can now state the following result :

Proposition 1.3.7. Let k > 1, and o € (1/2,3/2) be given. Let v = ¥(f,u,n) be a good test
function on X*. Then 1 satisfies the martingale problem for L% in the sense that

V(fou,n) € X, LEY(f,u,n) is well-defined, L € CF°(XL)
and for any (f§,ug,n) € X (with f§,u§ satisfying the assumption (1.32)),

t
Mi(t):w(ff,U§,mf)—/o CEp(fE i, m)ds, ¢ 0

defines a cadlag, L? martingale with respect to the filtration (F¢)i>o under P(feugn)-
Moreover, if |¢|? is also a good test function, the predictable quadratic variation is given by :
€ 1 ! 2
[Mw} )= (M|¢| - 2wa)( < uE,me, s)ds.
0

Remark 1.3.2. The predictable quadratic variation {M] (t) is the unique cadlag, predictable, in-

creasing process such that |M(t)|> — [M} (t) defines a martingale. When M (t) is moreover conti-

nuous, this coincides with the standard quadratic variation (see [JS03], p.38).

Proof. The assumptions on ¢ clearly guarantee that £ is well defined and C}°¢(X). To simplify,
we shall consider the case ¢ = 1 and write (f:,us,m:) instead of (ff,u$,ms). The estimates
established in the previous subsections show that, (fo,ug) being fixed,

VTS0,V 0,7 fillar + lullig <C@),  Jmills < C7,

almost surely under the probability P(fe e .. If follows that My (t) is well defined and in L*°(2)
for ¢ > 0. We now need to prove that, for s < ¢t and h bounded and F¢;—measurable,

E[ (4 s wesme) = (s, wsmy) - / e ot mp)de ] = 0. (1.43)

To this purpose, let us formulate two natural lemmas :

Lemma 1.3.1. We have
d
%dj(ft;%”) = ’7<wa(ftaua n)7atft>”
= (fur 00Dt fos ) + (w + my = )2, Dyt (fur,m) ).

Proof of the lemma. One can simply write

U(fers,usm) = (feu,m) <wa(ft wn), Jtos — ft>

s
with

1
R, = / <wa(ft +0(firs — fi),u,n) — Dy(fr,u,n), fias — ft>
0

Since D¢)(fi,u,n) € Ci, Proposition 1.3.2 guarantees that

ft—i—s

(Dt furum), I (D m) 000

and that

IR S sup Ni(Drb(f +0fors = fi),um) = Dyto(fi, um) )
0€10,1]

which tends to 0 as s — 0, since fiys — f; in G§ and Dy is continuous. O
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This second lemma is proved in a similar fashion.

Lemma 1.3.2. We have
d
£¢(f7 utv”) = ”<Du7//(f7 Ut,n),atut>"
= <us,8§Du1/)(f, ut,n)> + <J(ft) — prug, Dy (f, Ut,n)>-

Introducing a subdivision tg = s < t; < ... < ty =t of [s,t] of step § = max; [t;11 — ], we
may split (1.43) into 3 terms :

tit1

A= E[(Zw(ftﬂut”mtm) = (feo, ume,) — M¢(f”’u”7m")da>h]’

ti

B

i

(30 0 tome) = 6t omo) = [ (Drtostesm). 008, Yio )],

c

tit1
E |:( Z w(fti ) uti+1 ) mti+1) - '(/)(ftl ) uti ) mti+1) - / <Duw(fa'7 Ug, ma)7 8aua>d0) hj| .
i ti
Let us treat the first term A : conditioning with respect to F;, and using the Markov property,

E[(Wftwutwmtm) - ¢(ftwutwmti)) h} = E[(Pmrti [O(frirut;, ) (me,) — w(ftwutwmti))h}'

We note that, for all ¢ > 0 and (f,u,n) € X2,

t t
B (fou,))(m) — 9(f,u,n) = /0 P, M (f,u,n)do =E, /0 My(f, 1, m)do,

where we have used Kolmogorov’s forward equation from Proposition 1.2.1 and the interversion
E J = [ E is justified since M1 is locally bounded. We are hence led to

e (vt m) s )] = €[ (B, [ A0 o) )]

_E :(/Otm_ti M(fo, a0, )dor ) )

=E ( :H Mw(fti,ut,i,mg)da> h}

where we have once again used the Markov property. It follows that A can be rewritten as

A= E[(/: a5(a)da)h]

with
a(;(a) = Z 1[ti,ti+1] (0) (Mw(ftz » Uty s mU) - M¢(faa Ug, ma)) .

For fixed o € [s,t], since t — (fi,u;) € G§ x HY and M1 are continuous, it is clear that, as § — 0,
we have as(0) — 0 almost surely (hence in probability). Moreover, M being locally bounded,
we get ag € L%([s,t] x Q) with a bound uniform in §. In particular, E[as(c)h] tends to 0 and is
uniformly integrable in o € [s, t], so that we may conclude A — 0.

§—0
Using the two lemmas introduced earlier, one can write in a similar fashion

B= E{(/t b(;(a)da)h} C = E{(/Stc(;(o)dcj)h},

S

with
b5(0) = Z 1[ti;ti+1](g)<wa(f0" Utiyqs mt1:+1) - wa(ftf’ Ug, mU)a 8ofa>

C(S(J) = Z 1[ti,ti+1](o—)<Duw(fti7uavmti+1) - Dud}(fayuovmo’)y 8auo>
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and conclude in the same way using the estimates from Propositions 1.3.2 and 1.3.3 and the fact
that (my);>o is stochastically continuous and D1, D,y are Clo¢(X2).

If |¢|? is also a good test function, then Lf]1|? is locally bounded, and M, 2(t) defines a

martingale. Using these facts, (we may refer to the proof of Theorem B.3 in [DV17] for details)
one can show that the predictable quadratic variation of M, is given by

AIME)() = (L1012 = 20L50) (7, ui,mi )t

which, in our case, boils down to e=2(M||? — 2¢p M) since D|p|? = 2¢pDyp for any first order
differential operator D. O

1.4 The auxiliary process

In section 1.5, we will be led to solve Poisson equations relative to the partial generator L
defined in (1.41). To this purpose, it is natural to study the auxiliary Markov process (g, m¢)i>0
whose generator is expected to be L£4. We hence define g = ¢¢(f,n) as the solution of

0 Oy - =0,
19t + Oy [(Mme(n) — v) gl (1.44)
go(f7n)2f7 mO(n):n7
and let (Q;)¢>0 be the corresponding semigroup
v € BY(GE x E), Qup(f,n) = E[(g:(f,n),my(n))]-
The characteristics associated with the conservation equation (1.44) solve
Vi(v) = my(a) = Vi(v),
leading to the explicit expression
¢
Vi(v) = et (v +/ e“mu(x)du).
0
Definition 1.4.1. The solution of (1.44) is defined by
ge(f,n)(z,v) = etf(x, e [v - wt(n)(x)D, t>0 (1.45)
where
t t
wi(n) z/ eI m(n)ds :/ e *my_s(n)ds € W™, (1.46)
0 0

It is easy to verify that, for all f € G&, we have g(f,n) € C([0,T]; G§) with a bound

lg:(fsn)llgr < C(T,C%, || fllan)-

Additionally, g;(f,n) defines a weak solution of (1.44) just as in Proposition 1.3.2.

1.4.1 Generator of the auxiliary process

With the explicit expression (1.45), one could easily prove that the auxiliary process (g, m¢)i>0
rigorously defines a (locally bounded) Markov process on the state space G§ x E. In order to solve
Poisson equations later, it is of interest this time to truly characterize the generator in terms of
b.p.c convergence.

Proposition 1.4.1. Let k > 1 be given, and let 1 = 1(f,n) be a good test function on Gf x E.
Then v € D(Ly) in the sense that Lyip € Cl°(GE x E) and

Qtw(fv 71) B w(f7 TL) b.p.c

t t— 0t

Lyb(f,n).
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Proof. The properties satisfied by the good test function 1 clearly guarantee that Ly is well
defined and C/°¢(GE x E). Let us denote (g;(f,n), m(n)) by (g¢,m¢) for simplicity. We split the
ratio into two terms

thp(fv n) — w(f’ 7’L) — E[w(f’ mt)
t

w(gtvmt) — w(f’ mt)
; .

—w(f,n)}

) e

The first term is simply ¢t~ (P (f, n) —(f,n)) which converges to M1 (f,n) and can be bounded
ast — 0 by

sup Py fa ) = Sup Pth(fan))

t€0,1] ‘ds te0,1]
which is locally bounded in (f,n). For the second term, we write

1/)(gt,mt) *lb(f,mt)
t

_ <Df¢(f,n),g* >+Rt (1.47)

)do.

As in the proof of Lemma 1.3.1, we see that (1.47) converges to (wa(f, n), —dy[(n — v)f}) and

is uniformly locally bounded in (f,n) as t — 0. We conclude by dominated convergence. O

with

1
R, = /0 <Df¢(f + H(Qt — f),mt) - Df¢(f’ n)7 &

1.4.2 Limiting measures and mixing properties

We will now determine to some extent the limiting law of (g, m:)(f,n) as ¢ goes to infinity,
which naturally corresponds to an invariant measure for the semi-group (Q;);>o. More precisely,
we shall describe how the mixing assumption (1.21) on the driving process (m¢):>o impacts the
speed of convergence of ); to this invariant measure, along a certain type of test functions. From
the explicit form (1.45) for example, we see that

plgi(f,n)) = p(f),

for all ¢ > 0. The density p being invariant along the trajectory (g, m:)(f,n), the limiting law
(which we define in (1.49)) will therefore be naturally parametrized by p.

Definition 1.4.2. For p: T — Ry with [p(x)dz =1 and w : T — R, we define the probability

measure p @ d,, on T X R as
VE € Co(T xR), (& p®dy) /gxw (x)dx,
Keeping in mind expression (1.45), we easily have
etf(x, elfv — w(x)]) == P(2) @ Oy ()

in the distributions sense. Moreover, we will see that w;(n) = [ !

0 € *mi_s(n)ds —— w in law,

t—o0
where

0
w= / e*msds. (1.48)

— 00
We therefore expect the limiting measures to have the following form.

Definition 1.4.3 (Invariant measures). For p: T — Ry with [ p(z)dx = 1, we (partially) define
the probability measure p, on P(T x R) x E by

Vo= uhn), (o)) = [0 din(fon) = E[w(o 0 85,70)]. (1.49)

when this expression makes sense.
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Remaining on a formal level, one may compute the first moments
plp @ 65) = /p®5gdv = p,
J(p®é~) = /vp@é;dv = wp,
K(p®dz) = /v2p® §~dv =w’p.

We are now ready to state the following result.

Proposition 1.4.2 (Mixing speed for the auxiliary process). Let us work with f € GE for k > 3.
Let i be a function of the form

(fm) = (Gmp.&m) or (J(f).am) or (K(1).¢) (1.50)
with &1,& : E — W Lipschitz-continuous functions :
li(m) = &)y S lIn =l
or & € Who°. Then for all (f,n) € GE x E, letting p = p(f), we have
Quilfym) > (W 11p))-

More precisely, for all B C GE x E bounded,

sup|Qui(f,m) — (1)) € L'(RY),

(f,n)eB
swp_ Ny (D [Quif.m) — (0, m,))]) € LNRY).
(f,m)eB
Remark 1.4.1. — Note that in particular, when ({1, p,)) = 0, we have

/00 sup ‘Qtw (f,n ‘dt < 0, /00 sup Ni(DpQu(f,n))dt < oo.
0 0

(f,m)eB (f,m)eB
This allows to define ¥1(f,n) fo QY (f, n)dt which then satisfies
Yy € B°(GE x E) and Dy, € CI°°(GE x E;C})

as in Definition 1.5.2 of a good test function.
— Later on, we will typically consider &(n) = n,M~1I(n),0,M~1I(n) which are indeed
Lipschitz-continuous functions according to the assumptions made on the driving process.
— The proof of this result will in fact emphasize that it holds for any test function ¥ such that

w(gt(f, n), mt(n)) depends "at most quadratically on n" with the general rule of thumb :

&(n) (with € Lipschitz) <+— n,
p — 1

J(f) «— n,

K(f) — nZ

For instance, the test function ¥(f,n) = <p,§(n)><J(f),§> can be considered.
Proof. Recalling (1.45), simple computations lead to

p(gi(f,n)) =p(f)=p
J(ge(fin)) = e J(f) + wi(n)p(f)
K(gi(f,n)) = e K(f) +2e "we(n) J(f) + we(n)’p(f).
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Let us introduce the coupling (mj(n), m})¢>o given by the mixing Assumption 3, and define

¢ 0
wy (n) :=/0 e *mi_,(n)ds, wy ::/ e*my, ds.

Recalling (1.46) and (1.48), one can observe that, since (Mmy):cr is stationary,
(we(n),me(n)) ~ (wy(n),m;(n)) in law, (w,mg) ~ (W, my) in law.

The mixing assumption gives

o0

t
Elluwf (n) — || < / e Ellmi_y(n) — Fif_||pds + / e Ell_ | ds
0

t
t
5/ € Ymix(t — 8)ds + e L.
0

Noting that
t o]
/ e *Ymix(t — s)ds < / e *Ymix(t — s)ds —— 0,
0

0 t—00
[e’¢] t [e'e] [e'e] [e'¢]
/ € Ymix(t — 8)dsdt = / e’ / Ymix (t — §)dtds = / Vmiz (t)dt < 00,
t=0 Js=0 s=0 t=s 0

we have shown that
t = Ellw; (n) — w; ||z € L'(RT)

and tends to 0 as t — oo. Let us first consider ¥(f,n) = <§1 (n)p, §Q(n)>. In this case,

Qufm) = (s ) = E(E(m; (m))ps E2(m; (n))) — E(&1(7))p, (i) ),
Dy [Quib(f.m) = (1)) | = E[&1(m; (m))&almi (n) = &a(i))a () -
The Lipschitz assumption on &; and the inequality
[, k) = . R)| < IRl = Tl =+ 1EA — (1.51)
lead to

Quufm) = (b, o) S e rmia(®,  Ni(Dr[Qusf.m) = ()] ) S i 8):

Let us now consider ¢(f,n) = <J(f),§1 (n)> In this case,

Quu(f.m) = (W 1)) = e E(I(F), €1ma(m) ) + [Ew; (), &1 (mi (n) ) — E(; (m)p. &1 () )|
Dy [Qup(f.m) = (1)) | = e Elva(me ()] + E[w] ()& (m] (n)) — @ (n)€1 (57 (m) .

t

The first terms can be bounded by some Ce™*, and we can use (1.51) again to bound the second

terms. Finally, let us consider 9 (f,n) = <K(f)7 §>. In this case,

Qu(f:m) = (1)) = 2E(K(£),€) + 26 E(we(n)J(£),€)
+ [E(wim?p.€) — E((@)20.€)]
D[ Qufm) = (W 1))] = €202 + 2~ Elw(m)]o + E [wi (n)?* — (5})?]¢.
We conclude in the same way. O

Let us complete this section by pointing out some identities regarding the laws of w, mg, and
M~1I(mg) which will be useful for calculations later on.
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Proposition 1.4.3. We have the following identities :

e[ ()] = % /R e~ ME o )i (v) | . (1.52)
e[ ) )] = [ (- e (o) d (1.53)
— E i) M~ (o) (y) + @) o) (1.54)

Proof. Recalling Definition 1.48 and using the fact that 7 is stationary, the quantity E [@ (x){ﬁ(y)}

can be written

/_oo /_oo el @) )lirds = | im / im e Eliin ()i (y)ldtds.

We set r =t — s and use Fubini’s Theorem to obtain the expression
0 0 e} —r
/ (/ e2sds> e"E[mo(z)m,(y)]dr + / (/ e2sds) e"E[mo(x)m,(y)]dr,
r=—00 s§=—00 r=0 s§=—00
which gives (1.52). As for the second relation (1.53), we have

E[@(@M*l](mo)(y)} - / ' eSE[ﬁLS(z)M’ll(ﬁlo)(y)}ds. (1.55)

— 00

For s < 0, recalling definition (1.23) and using the Markov property,
€ [ (e) M~ 1G0) )] = [ E[malm) )M 1))
[ ms<n><x>E[mt<n><y>|fo]}dtdu(n)
—— [ [ E[m@mi o] dravin)

= —/ E{ms(a:)mt(y)}dt. (1.56)

0

It follows that (1.55) is equal to

/ / ms Ymy(y dsdt / / mo Ymi—s(y)|dsdt.
—o0 Jt=0 —o0 Jt=0

Setting again r = ¢ — s and using Fubini’s Theorem leads to the expression

- [ - e maten )] ar

=0

for (1.55). Using (1.56), we also recognize this to be (1.54) O

1.5 The perturbed test function method

From this point on, we shall work in the state space (f,u,n) € A2 = Gk x HY x E, for k =3
and a € (1/2,3/2). The aim of this section is to identify a "limiting generator' L satisfying, for a
large class of test functions ¢,

LEO(fyu,n) = Lo(p,u) + O(e) (1.57)

where ¢ is a perturbed version of ¢ of the form

¢E(f7u7n) = ¢(f7 u) + 5¢1(f7uvn) + E2¢2(f7 U, n)
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and the correctors ¢, ¢o are good test functions to be identified. The O(e) is to be understood
as some R°(f,u,n) such that suppg |R*(f,u,n)| = O(¢) as ¢ — 0 for all bounded B C X{*. Let us
start with a good test function ¢ = ¢(f,u) € B°(X) of the form

o) = (£, Q)) = @ ((p, ) (. ) (1.58)

with @ € C3(R?), and ¢ = £(x), ¢ = ((z) € C?(T). Since, for fixed initial data f, the quantity p(x)
is conserved along the auxiliary equation (1.44), in the following we shall often write ®, 9;® (etc...)

instead of specifying <I>(<p, &); (u, ()), 31»(1)((,0, &); (u, C)) (etc...). Identifying the different orders in
e in (1.57), we get the set of equations

g2 £#¢(fa U, n) =0,
671 : £#¢1(fvu7n) + ‘Cb(b(fvu?n) = 07
50 : E#d)Z(fv u, n) + Eb(bl(fa u, ’I’L) + £0¢(f7 u, n) = ‘C(b(p? u)7

as well as

52 . £1¢1(fvuvn) +£0¢2(fau’n) = 0(671)7 (159)

51 : £1¢(f7 u, n) + E0¢1(f7uan) + £b¢2(fauan) = O(l)?
e Liga(f,u,n) =0(?).

1.5.1 Order 2

Given the form (1.58) for ¢, we have ¢(f,u) = ¢(p(f), ), which is invariant along the trajec-
tories of the auxiliary process (g¢,my)i>0. It follows that, indeed Lx¢(f,u,n) = 0. Furthermore,
one may observe that

£,0(f,u) = (1), 0:D50(f,u)) = (T(f), 0.6 )1
is a good test function satisfying the assumptions of Proposition 1.4.2.

1.5.2 Order 7! : first corrector

We wish to solve the Poisson equation in ¢y :

£#¢1(fv u, n) = _‘de)(fv ’LL)

The solution is expected to be given by

¢1(f,%n)=/0 Q+[Lyd](f,u,n)dt.

Proposition 1.4.2 guarantees that this corrector is indeed well-defined and locally bounded as long
as ((Ly¢, f1p)) = 0, and indeed, since m is centered,

(36, 11p)) = E( piB, 0. Ds6(p,) ) =0,

The first corrector ¢; can in fact be calculated explicitly :

o0

o) = [ E(wwo.Dsosw)i = (1, [ Elwwlar 0,000 ).

0 0

/O " Ejwn(n)]dt = /:; / t_oe_(t_s)E[ms(n)]dsdt: / i ¢*E[ma(n)] /:O e~ dtds

= /00 E[ms(n)]ds = =M *I(n).

=0

with

We hence get the expression

é1(F.u.m) = (9 [M I (m)p = ()] Dyo(f.). (1.60)
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that is, with (1.58),
O1(f.u.m) = (J(f) = MM 1(n)p, 0,€ )91,

which is clearly a good test function, thus in the domain of generator £4. Making use of Re-
mark 1.2.2, we have hence rigorously proven the following.

Proposition 1.5.1. The first corrector given by (1.60) is a good test function which satisfies

Lydi(fiu,n) = —Lyp(f,u).

A simple calculation then leads to

(Drér(foum).h) = (0u[M I (m)p(h) = J ()], Dsé .

| u)> (1.61)
+D36(p, u)(p(h), o [M " (m)p = I (£)]).

1.5.3 Order ¢° : Limiting generator and second corrector

We now wish to solve the Poisson equation in ¢o :

£#¢2(f7 u, TL) = _ﬁb(bl(fa u, ’I’L) - ‘C’O¢(fa u, ’I’L) + E(b(pv U)

Again, the solution is expected to be given by

¢2<f7 u, TL) = / Qt |:£b¢1 + ‘CO¢ - £¢(p7 U) (f7 u, n)dt
0
which should converge whenever

Lo(p,u) = ({Lyd1, ko)) + ({(Lod 1o))- (1.62)

This last condition determines the form of the limiting generator Lo.
Limiting generator
We first compute L,¢1(f,u,n) : letting h = —(v0, f + ud, f) in (1.61), noting that
p(h) = =0 J(f), J(h) = =0 K(f) +up
leads to the expression
£y61(f,u,m) =(00 = M7 ()2 (f) + 0K () = up, Dyolp,u))
+ D36(p, w)( = 0.T(f), (M T (m)p = J()]). (1.63)

According to (1.62), the first contribution £, to the limiting generator is hence given by

Lo6lp.0) 1= (Lsbr ) = E(0,[01(@)6] = M~ 1(0)0, (] — up] . Dyo(p. 0))

+ED30(p, ) (0u[p), 0. (@ — M 1(R0) ) p] ) .
Similarly, recalling that
Lo (f.u) = (D2u+J(f), Dud(fu)) (1.65)
the second contribution £, to the limiting generator is given by
Ludlpsu) = (Lo ) = (92u, Dug(p,u) ). (1.66)
Defining the operator £ as
Lo(p,u) = Lyd(p,u) + Lud(p,u), (1.67)

let us now describe the corresponding process.
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Limiting SPDE

The limiting process corresponding to the generator £, will be denoted by (py, ut);>o for sim-
plicity in this subsection only. Since it appears to be a diffusion process, we are naturally led to
determine the associated SPDE.

Firstly, note that this limiting process (p¢, ut)>0 is decoupled : the contribution £,¢ given by
(1.66) corresponds to the simple deterministic PDE

815’Uz = aiu

Let us hence focus on the contribution £,¢ given by (1.64) which describes the evolution of
(pt)1>0- The second order differential in ¢ is associated to to the diffusive part of the SPDE : we
must identify the corresponding covariance operator. Let us assume that D?(b(p, u) is associated
to some symmetric kernel ¥. Then,

E[D36(p, u) (0uliwp], 0. | (@~ M~ 1(0) ) ] )]
=& [ [ v v, @ v 10 sy

e/ / W(a,4)0, [0, [i5() (i — M 1(0) ) ()o(2)p(w)|| ey, (1.68)

We are thus naturally led to study the kernel E {iuv(x) (@(y) - M‘ll(ﬁzo)(y))] Note that since ¥

is symmetric in (1.68), we may as well consider the symmetrized version
N 1 ~ 1~ ~ 1~
E|@(@)i(y)| - 5 (E[@@)M " 16R0) ()| + E[ @) M I0) ()] ).

Making use of the expressions obtained in Proposition 1.4.3 as well as the stationary character of
(M4)ter, we easily derive

1 1

E|@(@)i(y)] - 5 (E[@@) M T(o)(y)| + E[@) M 1(0)(@)) ) = Shia,y)  (1.69)

where k(z,y) is the kernel defined in (1.9). Let us denote by @ the linear operator on L2 associated
to this kernel :

Viel2 Qf(x)= / Kz, ) f(4)dy. (1.70)

Y

Proposition 1.5.2. The operator Q is self-adjoint, compact and non-negative :

Vf e L*(T;R) (Qf.f)>0.

We refer to [DV12], Lemma 1 for a proof. As a result, we can introduce the square root Q2
of the operator ), and denote by ¢ the associated kernel :

Q21w = [aw)f@dy. ko) = [ o 2otz
Yy z
We may now define the operator on L2

0,002 ] (1)(@) = [ 0. [p@ate.v) 1w dy, (1.7)

Y

whose adjoint is given by

0.[00"] 0)w) = [ 0: [pl@)ate. )] g(a)da,

x

A straight-forward calculation then leads to

0002 DPo(p.0. [0Q2] (N0 = [ N(t.) 1)z
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where

N(t,z) = / o [p(w)q(% t)} U(z,y)0, [p(y)q(% Z)] dxdy.

zJy
We can now get back to (1.68) and derive

E[Dj(p. ) (2sl@pl. 0. | (@ = M 1(00) )] )| = % /m /y W(a, )0 |9, | p(2)p(y) k(. ) || dedy
= ;/:c/y/z‘ll(x,y)ax [(9y {p(m)p(y)q(m, z)q(z,y)“dmdydz = %/ZN(Z’ 2)dz

= 2 1(0:[0@"%] D3(r)0. Q"] ).
Consequently, the contribution £, to the limiting generator £ may finally be rewritten as
L,6(p ) = (Alp, Dyolp. ) + 5 Tx(2:[ Q'] Dioto,w)an[p@"7]),  (172)
where A! denotes the second order differential operator
Al p = |0, (0[] — M~ I(0)0,lip] — pu) . (1.73)
This naturally corresponds to the following SPDE, given in It6 form
dp, = Al p, dt + 9, [thl/Zth]. (1.74)

Finally, let us determine the Stratonovich form associated with (1.74). Recalling (1.69), the Ito
operator Al may be rewritten as

1 1~ N1~
Alp = 58% {k(x, x)p} + 0y [E (BI[M 1I(m0)]w> p] — Oz [up].
The correction from the It6 to the Stratonovich form is given by the formula
0, [pQ1% 0 AWy | = 0, [pQ"/2dW, | + AT
where

A= Lo, / (e, 9)0x (p()a(e,) ) dy] = 502 [k 2)p] — 0. [ (kG )o]

Y

since k(z,z) = fy q(w,y)?dy. Hence, (1.74) can be expressed in Stratonovich form as
dpy = ASpy dt + 0, {lem o th}
where the differential operator A° is of order one :
A= Alp— 415 = 0, | (B0, M 1(o)] + i@xk(m‘, r)—u)p).

Using once again expression (1.69) and the identities from Proposition 1.4.3, straight-forward
calculations give

ASp = 0, (a— u)p]
where a = a(z) is given by (1.8).
Second corrector

Using the form (1.58) for ¢, recalling (1.63) and (1.65), calculations lead to the expressions

Lion(fowm) = ~(J() 0.0 ()0,6) )10+ (K(1).02)n + (pudi)or®
~(009),0:6) (0. M 10,6 )70 + (9(1), 0.6 D30 o

and
Lod(fu) = (u, 82020 + (T(), ¢ ). (1.76)

We now prove the following result.
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Proposition 1.5.3. The second corrector given by

ool o) = [ @01+ Lav — £6] (Fou i
0
defines a good test function which satisfies

£#¢2(f7 u, n) = _£b¢1 (fv U, n) - £0¢(fa u, n) + £¢(p7 ’LL), (177)
where L is the limiting generator given by (1.67).

Proof. Firstly, note that 0 := L,¢1 + Logp — Lo € C1¢(X2) (recall that k = 3) has the form of a
good test function. In particular, it is in the domain of £4. For B C & bounded, we shall prove
the following points :

1. First point : /C>C sup ‘Qt [£b¢1£0¢ — E¢} (f,u,n)‘dt < 00,
0

(f,u,n)eB

9. Second point : / sup ‘Qtﬁ# [,cm ¥ Lod— ,cqs} (f,u, n)‘dt < o0,
0 (f,u,n)€B

3. Third point : / sup  Ng (Dth {[,b(ﬁl + Lo — Ed)] (f, u,n))dt < 00,
0 (fiu,n)eB

4. Fourth point : / sup || Dy,Q: [L'bqbl + Lo — Ecﬁ} (f,u,n)||c2(mydt < o0,
0 (f,u,n)eEB

Point 1 shows that ¢ is well defined and in B¢(X&). Once point 2 is obtained, we can use
Corollary 1.2.4 to conclude immediately that ¢, € D(L4) and satisfies (1.77). It then remains to
prove that ¢- is a good test function.

Points 3 and 4 guarantee that ¢o meets the last two requirements of Definition 1.3.2. Moreover,
using the same decomposition as in the proof of Proposition 1.4.1, we may write

Pt¢2(f7uan) B (ZSZ(fau?n) _ Qt¢2(f7uvn) B (,ZSQ(f,U,Tl) . E|:¢2(gt7u7mt) — ¢2(fauamt)i|
t t t '

Considering the b.p.c convergence of each term of the right hand side as ¢ goes to zero, we obtain
¢2(f,u,-) € D(M) and

M¢2(f7u7n) = £#¢2(f7 u, n) - <87J[(v - n)f],Df¢2(f,u7n)>

which is in CZZ)OC(X,?), concluding the proof. Let us now review the different points.

First point It is clear from the explicit expressions (1.75) and (1.76) that £,¢; and Lo¢ are
linear combinations of functions satisfying the assumptions of Proposition 1.4.2, i.e essentially
"quadratic in n". By definition, Lo(f,u) = ((Lyd1 + Lo, i1,)), so that

Q1| L3601 + Lot — L8] = Qe[ L3601 + Lod| — (L1 + Lo, p1p))-

One can easily check that the estimates obtained from Proposition 1.4.2 are also locally bounded
inwe LP C HY (since a > 1/2).

Second point Let us compute explicitely L4 [£b¢1 + Lo — Eqb}, recalling that

Lap(f.n) = (b Dy(f,m)) + Mip(f,n)

where h = 9,[(v —n) f]. Since Lo = LP(p, u), we have Ly [Lydr + Lod — LP| = Ly L1 + Ly Lod.
Using Proposition 1.4.2 once again, we simply need to show that the test functions involved have
the right form and are centered with respect to the invariant measure 1, of the auxiliary process.
Calculations give, for xy = x(x),

(h,x) = (p(h),x) =0,
(J(h),x) = (np = J(f),x)>

(K (), x) = 2(nd () = K(f).x)-
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Let us review the different terms in (1.75) and express the corresponding parts in £4L,¢1.
The first term is ¢4 (f,n) = —<J(f)7am(M_ll(n)5x§)>81<I>. We get

M1 (f,m) = =(J(F), 0 (n.0,€) D1,
(b Dun(Fm)) = (J() = mp. 0o(M~H1(0).0:6) )1,

so that £ has the form required in Proposition 1.4.2. Calculations give the following expression
for ((Lytr, pp)) -

E[ - <ﬂ7p, az(mo.aw5)> ¥ <ap, aI(M—lf(mo).axg» - <m0p, 6w(M‘1I(ﬁzO).6$§)>}61<I>.
Using the identity (1.54) from Proposition 1.4.3, this is indeed 0.
The next term is ¢o(f,n) = <K(f),83£>81<1>. We get
Mw2(f7 TL) = Oa
(h.Dis(f,m)) = 2(nJ(f) = K(£), 02 )01,
so that Ly, satisfies the assumption of Proposition 1.4.2. Here,
(Lptoa, 1)) = 2E( (0@ — @)p, 026 )01 .

Using the identity (1.52) from Proposition 1.4.3 as well as the stationarity of m, we see that
E(mow) = E(w?), so that this is indeed 0.
The next term (p,u0,£)01® is in fact constant along the trajectories of (g, m;)i>0, giving no

contribution. The following term is 93 (f,n) = 7<J( ), (9z§><p, M*lf(n)amg>al2<1>. We get

Mis(f,m) = —(J(£). 056 ) (p.mds€ ) O},
(1 Dis(£.m)) = =(np = J(1),0:) (p, M~ 1(n).0,€ ) O},
so that L#13 satisfies the assumption of Proposition 1.4.2. Here,
(Latis, 1p)) =E[ = (@, 0.€) (p, 10.04 ) = (TT0p, 0. ) (p, M~ 1(20).02€ )
+ <wp, 8z§><p, M—lf(mo).awgﬂ 92
Again, using the identity (1.54) from Proposition 1.4.3, this is indeed 0. Finally, the last term is
valf.m) = (J().0,€) 030, We get
Myu(f,n) =0,
(b Dia(f,m)) = 2(np = J(£),0.€) (I (). 0:€ ) O},
so that L4y satisfies the assumption of Proposition 1.4.2. Here,
(Lgtoa, 1)) = 26| (iTiop, 06 )(Tp,02€ ) — (iTp, 0, ) (ip, Dt ) | 0700 (1.78)

Using the identity (1.52) as well as the stationarity of m, we see that

S Eliio(@)i(y) + o ()(a)] = Ela () (y)]

hence, making use of the symmetry of (1.78), it is indeed 0. It remains to study LxLod(f,u). The
first term (u, 92¢)02® is constant. As for the second term <J(f)7 (>32<I>, we get

L4 [(7().¢)2a2] = (I(0),)2a® = (np = (1), )0

which satisfies the assumption of Proposition 1.4.2 and

<<<np = J(f), C>32<I>,up>> = E<m0p — Wp, ¢>82<1> = 0.

This concludes the proof of the second point.
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Third point Once again, we simply use Proposition 1.4.2 (the part regarding the mixing speed
of DyQy1)) since, as previously mentioned,

Qi [ L1+ Loo — £6] = (QilLs61] = (Lo, 1)) + (Qilod] = (Lo, 11,)) )

and the different terms in (1.75), (1.76) are good test functions satisfying the requested assump-
tions.

Fourth point Reviewing Q; [qubl + Lo — Egﬂ, we see that it is a sum of terms of the form

(@ f.m) = () D@, €): (u, ).

with 4,5 = 1 or 2 and ¢ of the form required in Proposition 1.4.2 (the terms involving u in (1.75)
and (1.76) are constant along the trajectories of (g, m¢);>0 and are hence canceled out). The
differential with respect to u of such a term is hence simply

(@ f.m) = (1)) ) 22050 (£, ): (u, )G

Since we assumed ® € C3, its || - |c2(r) norm over B C X can be bounded by

¢ sup |Quulf.m) = (W) ICllea

(f,u,n)eB

which is integrable over RT according to Proposition 1.4.2. O

1.5.4 Consequence

Note that since @, ¢1, ¢2 are good test functions, the equations with a positive order (1.59) are
automatically satisfied since L,¢, L,¢; are locally bounded for i = 1,2, and x = 0,1,b. Let us
summarize the results we have obtained : for all ¢ good test-function of the form

o(f) = 2((p,€); (u,C))

with @ € C3(R?), &€ = £(z), ¢ = ((z) € C*(T), there exist correctors ¢1, ¢o which are good test
functions, such that the perturbed test function ¢° = ¢ + e¢1 + €2¢, satisfies

['E(be(fv U, n) = £¢(p7 u) + Rs(f’ U, TL)

where £ is the limiting generator identified in (1.67), and R¢ /e is locally bounded. As a result, we
know from Proposition 1.3.7 that

t
ME(t) = ¢ (f5, u§, mf) —/0 Lo67 (S5 us, mS)ds, €30

defines a (F;)¢>o-martingale, so that

t
N3(t) = o(pi.u) — | Lolsiuids, ¢ 0
0

is "almost" a martingale, up to some O(e). This is an essential step towards our diffusion-approximation

result.

1.6 Diffusion-approximation

1.6.1 Tightness

We now prove the following result.
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Proposition 1.6.1. Let o € (1/2,3/2] and assume that

sup [lugllag + sup ([ f5lla; < oo
e €

Then the family of random variables (p°,u®)e>o s tight in the space
C((0,77; H, ") x C(0,T: H])), v >1/2, B<a

Démonstration. The estimates from Proposition 1.3.6 guarantee that (u®). lies in a (deterministic)
compact subset of C([0,T]; H?). We only need to prove the tightness of (p?). in C([0,T]; H;").
To this intent, we will once again use the perturbed test function method, but this time only up
to the first order. Firstly, note that since the injection L1 C H_7 is compact for v > 1/2, it is
sufficient to prove

limsup P(||p®||poepr > M) — 0, (1.79)
e L M —oc0
Vr >0, limsupP(w,(p%;0) > ) = 0, (1.80)
I3 —

where w, (p; §) denote the modulus of continuity

wy(p;6) = sup |[pr — PsHH;"f-
[t—s|<é

One may refer to [Bil99], Chapter 2, for details on this tightness criterion. The first point (1.79) is
obvious since ||pf |1 = ||p5llz: = 1. Note that for any 1 > v an interpolation inequality gives, for
some 6 € (0,1),

0
wy(p;6) < (2 sup IIptHL;) wy(p; )7
t€[0,T)

so that it is in fact sufficient to establish (1.80) for v large enough. Let us define the diagonal
operator
J=(Id—NA,)"'?

that is, considering the L?(T) Hilbert-base {e;(z) = (2m)~1/2e¥®, j € Z},
JE=D (1411172 e5)e;,
J

so that

17702 = D 1o, T7e)> = D (L + 15137 pe)® = ol
J J

For fixed j € Z, we consider the good test function
¢;(f) = (p, J7¢€j). (1.81)
which is indeed of the form (1.58) used in the perturbed test function method, with
177 ejllem = (2m) 72152 (L + [51%) /2.
The associated first corrector
03(f.n) = (J(f) = M (0)p, 0, 7e; ) (1.82)
is designed so that L#qﬁjl- (f,n) = —Ly¢;(f). Defining the first order perturbation

d’;(f’ TL) = d)j(p) +5¢]1(f7 TL)

it results that
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in the sense that it can be bounded by C||J7e;||c2 when (f,n) lies in a bounded B C X. Let us
choose v large enough so that

D 17el8e < oo,
J
that is in fact, v > 5/2. We now define
0°(t) = J Y ¢5(f5,mf)e; € H
J
and notice that, using the form (1.82) and Proposition 1.3.4, for all t € [0,T7,
2
loF = 6= (Ol g = 17705 = J6°(Ollz2 = Y |65(05) — &5 (7 m§)| =)

J J

<eC(T, 0%, llugllee 1f5ller) D I1T7e;l12r Se.
i

2
¢ (fi,mg)

We deduce that (1.80) can be derived from the tightness of (6°). in D([0,T]; H; ") : indeed, p°
being continuous,

Wy (p%50) S w(p%36) S wl(60°:0) +¢

where w/, denotes the modulus of continuity in D([0,T]; H;”) (see again [Bil99], Chapter 3, for

details). We apply Aldou’s criterion to prove the tightness of (6°). and conclude : let § > 0 and
T1, T2 be two (Ff)¢>o-stopping time satisfying

71 <1 <7146, o < T. (1.84)

Introducing the square integrable martingale

t
ME(t) = 62(f5,m5) — / Lo (f5 uS, mS)ds

we have
2

EHHE(TQ) - QE(TI)HE;W = Z

J

:ZE)M;(T2)—M;(71)—/ LG5 (f5, us, mg)ds
j m

¢5(f7,,m3,) — ¢5(f7,,m3,)
’2
On one hand, using Doob’s optional sampling theorem, we have

|15 () — M5 )| = E(IMF )2 — M5 ()7 = E([M5] () — [a5] ()

where [M7](t) denotes the predictable quadratic variation of M3 (t). We know from Proposition
1.3.7 that it is given by

] = 5 [ (165 - 20505 ) gzomiras = [ (M1} - 261163 (7 midas

after some straight-forward calculation. Using expression (1.82) and the quadratic inequality (1.25),
we deduce that the integrand can be bounded over [0,7] by C|J7¢e;||Z., so that
2
ZE]M;(TQ)—M;(Tl)) <. (1.85)
J

On the other hand, making use of (1.83),

t 2 t
| [ eoiizasmiis| s [ e mdPds S 176 2l - o
S S
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so that the choice of v guarantees that
T2 2
ZE]/ o5 (s meds| <4 (1.86)
i m

Combining (1.85) and (1.86) and using Markov’s inequality, we conclude that

Vr > 0, limsup sup P(

S T1,T2

0° (1) — 96(71)‘ > r) —0,

where the supremum is taken over all stopping times 71, 79 satisfying (1.84). Aldou’s criterion is
met, which concludes the proof.
O

In the following, let us fix v > 1/2 and 8 < a and a subsequence (p®, u%/);>1 which converges in
law to some (p,u). Using Skorokhod’s representation theorem, we may introduce some probability
space (2%, P*) hosting some random variables (pi’,us’)j>1 , (P, u.) satisfying

(2, us?) ~ (p5,u%), (pse,us) ~ (p,u) inlaw in C([0,T]; H;Y) x C([0,T]; HY)

and
(7, us’) —— (ps,us) a.s in C([0,T]; HY) x C([0,T]; HP).
Additionally, note that passing to the limit in the equality [|p5(t)[[z1 = 1 leads to the inequality

sup lo- (Bl <1 as
(0,17

or equivalently, regarding the limiting law,

P sup ol <1 =1. (1.87)
t€[0,T] ’

1.6.2 Convergence of the martingale problem

Let us consider a good test-function ¢ of the form (1.58). The final result obtained in section 1.5
can be summarized as follows : for any s1 < s2 < ... < s, =s <tand any 6 : (H;"7 X Hf)" —R
continuous and bounded,

€ [ (ot uf) — o(p5.05) — | Lo e )00, )] = 0. (189)

Regarding the adaptedness of the process, note that since w ~ (pf,us)(w) € LL x H® is Fi-
measurable, and since the injection L. x HY C H, 7 x HY is continuous, the random variable
w s (p5,u5)(w) € HYY x HP is also F§-measurable. The martingale property (1.88) only depends
on the law of (p%,u¢) € C([0,T); H;” x HY), so that we may in fact write, on the new probability
space (Q*, P*),

t
E*[ (6002 (000 (6) — 6007 (51,5 (5)) = [ L0067 (0). (@) )0.| = O(e),

where 0, = 0(py’ (1), ...,u% (s,)). From the expressions (1.64), (1.66) and (1.67), we easily deduce

that L¢ is continuous and locally bounded on H; Y x H? as soon as the functions ¢ and ¢ involved

in (1.58) have enough regularity (namely ¢ € H)*2 ¢ € H2~"). We may then apply the dominated

convergence theorem on the probability space £2* to send ¢; to zero. Using once again the invariance
of the law, we obtain

E[(¢(pt7ut) — &(ps,us) — /st £¢(pa7ug)da>9(psl7usl, ey Py s Us, )| = 0.

This equality holding true for any s; < ... < s, = s < t and 0, we deduce that

t
Ny (t) = d(pr, ur) — d(po, uo) — /o Lo(ps,us)ds, t>0
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defines a continuous martingale, starting at 0, with respect to the natural filtration
Fi =a<(ps,us) € H” x Hﬁ, s €0, t]) t>0.

This reasoning also holds for the good test function |¢|? which is still of the form (1.58), so that
Njg)2(t) defines a continuous martingale as well. As mentioned in the proof of Proposition 1.3.7
(see again [DV17], Theorem B.3) we derive that the quadratic variation of Ny(t) is given by

¢
Nyl (t) = Llo|* — 26L s, Us)ds.
()0 = [ (210l ~2026) (prru)as
Let us consider ¢(p,u) = (p, &) + (u, (). Simple calculations from the expression (1.72) give
L(p,u) = (Alm €) + (97u,¢),
(c10f ~2020) o) = | [ bt pte)an@otose oy

where the operator A! and the kernel k(z,y) are defined in (1.73) and (1.9). Let us introduce the
H;7=2 x H32_valued process

t t
N(t) = (pt — po —/ Alpyds , up — ug —/ 8§usds), t>0.
0 0
Then for all (§,¢) € HY™? x H27P,

(N(1),(6,0)), t=0

defines a continuous real-valued (F;);>o-martingale of quadratic variation

(veoNo=[ | | K v @050 w)0,e 0 sy (1.89)

Using the polarization formula (N, hq)(N, hs) = i((N, hi+ he) — (N, hy — h2>>, we derive from
(1.89) that

(N0, 66 ) (N), (€,0)) - (VD &), 120

is a continuous real-valued (F;);>o-martingale, where the operator V() is given by

(V&) /// 2,9)pu ()06 (2)pu ()0, 0 (y) iy
= [ ([ 2ot e @ar)( [ onwats. )atwray)a:

_ / (0:100Q 21761 (=) ) (ul Q) €a(2) ) d2

z

We have used the notation introduced in (1.71). That is in fact

V(t) =0, [thl/Q]ax [thl/z]*'

We may therefore apply the martingale representation theorem [DPZ14, Theorem 8.2] : there exists
some filtered probability space ( (]-'t)t>0) equipped with a Wiener process W and a process (p, )
defined on © whose law is that of (p,u), such that the process

~

t t

Ny = (f-p— [ Alpds, -~ [ 2a.ds). tz0
0 0

can be represented as the Wiener integral

50 = ([ o.[p@ai] o).

This shows that the limiting process (ps, ut)¢>0 is a weak solution of the expected SPDE (1.7),
which concludes the proof of Theorem 1.
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1.7 Uniqueness for the limiting SPDE

We now prove the path-wise uniqueness for the limiting SPDE stated in Theorem 2. For conve-
niency, let us drop the hats on the quantities p,u introduced earlier and consider the limiting
process (p,u) € C([0,T]; H;Y x HY), where p satisfies the SPDE of (1.7) given on a filtered proba-
bility space (2, (F;)¢>0) equipped with a Wiener process W = (W;)¢>o. Of course, u = (u¢)ejo,1]
is completely determined as the solution the deterministic heat equation with initial data ug. Let
us denote

bi(z) = a(z) — u(x),

with a given by (1.8). Diagonalizing the compact operator Q'/? involved in (1.7), we may introduce
functions (¢y)k>0 such that

QY2 odW, = Z br 0 dBF, (%) independent Brownian motions.
k

As a consequence, equation (1.7) can be re-written as
{ dpu+ Da (pr)dt = 0, (py o X2 oY),
p(0) = po € Ly,
or, equivalently, in It6 form,
{ dpi -+ (Da(bipn) = § 504, 00 (010u(b100) )t = X2, Ou(G1p0) dBE (1.90)
p(O) =po € Liv

Recall that, as mentioned in (1.87), the solution p constructed as a weak limit of (p°). in Theorem 1
satisfies the additional bound

sup |lpellrr <1, a.s. (1.91)
t€[0,7] :

Under the additional regularity assumptions of Theorem 2, it is clear that b € L*°([0, T]; W:°).
Regarding the regularity of ¢y, one may note that, for o > 4 + 1/2,

Sl e < 3 Ionlltry = 1QY2 12, 0o sy = Tree (1727Q)
k k

where J is the positive regularizing diagonal operator introduced in (1.6.1). Applying Corollary
C.2 and Proposition C.3 from appendix C of [DPZ14], we deduce, for any 6 > 1,

Trrz (J_QUQ) = Trp2 (JOT0T727Q) < Trp2 (J?) |77 T2Q) £ (12).

On one hand, Trz2(J%) = >, (1 4 |k|?)~%/2? < oo since 6 > 1. On the other hand, for f € L2, we
have

(0420)/2
T=ORQ f(a) = / (ra-22)

Y

k(z,y)f(y)dy

so that the bound ||J’(9+2")Q||5(L5) < oo is ensured as soon as

sup ||k(a y)wa+2a7m < 0.
y€eT

The number 6+ 20 can be chosen as close to 1+2 x (4+1/2) = 10 as desired. Hence, the regularity
assumption (1.10) of Theorem 2 leads to

Sl < oo,
k

It is now clear that the proof of Theorem 2 boils down to that of the following result.
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Proposition 1.7.1. Assume that po € L} and

be L>((0,T); W™, S llok]Z 0 < o0 (1.92)
k

Then a solution p € C([0,T]; H,;7) a.s of (1.90) satisfying (1.91) is path-wise unique.

We are naturally led to consider the dual BSPDE (Backward SPDE) associated with (1.90), of
unknown (¢, Z) :

{ e+ (= 0Dty + 5 S kD (O6Datn) = 5y 040, 21 )t = Xy, ZFdB (1.93)
W(T) = .

For o > 0, let us define the spaces (where "prog." stands for "progressively measurable")
T
= {zp :Q x [0,T] — HZ prog., ||[¢||E = E/ Hth%{gdt < OO},
¢ = {Z = (Z") : Q% [0,T] = HE prog., | Z||3. = ZE/ 124|342 dt < oo}.

The existence theory for (1.93) is linked to the uniqueness for (1.90) in the following way.

Lemma 1.7.1. Assume that for some s > 1/2, for all Fr-measurable Y7 : Q — C>(T,), (1.93)
has a solution (v, Z) € HZ+2 X HSZ'H. Then the conclusion of Proposition 1.7.1 holds.

Proof of the lemma. Considering two solutions p!, p? of (1.90), let us define p = p* — p?, so that
p(0) = 0. We start by regularizing (1.90) using an appropriate kernel ks € C*°(T,),d > 0 (one
may for instance consider the Féjer kernel). Denoting ps = ks * p and 95 = ks * 9., we have

{ a3 + (05(bipe) = 5 50, 05(00a (Bpr)) )t = 32, Ds(Gnpe) B
p°(0) = ks * po := pf)

in the "strong sense" that (p?)¢>o is an L2-valued semi-martingale. 1t6’s formula is now licit (one
may verify that the assumptions of [DPZ14] Theorem 4.17 are satisfied) and gives

d(pf, ) = [ <86(btpt) 1/1t> - <pf,b5ﬁ/}t>} dt
4[5 (05(0nuonp). 00) — (o} 0n0u (65000 )t
k
|

Z <pt7¢k8fo> + <85(¢kpt), Zf>:| dt
k
+ [<85 brpr), > + <pf, Zfﬂdb’f.
k

The assumptions easily guarantee that the last term defines a square-integrable martingale. We
may hence write

E (o, s )| = —E /OT<pt,bt (s ) — b+ [0eat] )t

-3EY [ (o 01000000k ) = ks » it ndnl)ar - (199)

T
_ EZ/O <pt, ks * (0102 ZF] — ¢10x (ks * Zf)>dt. (1.95)
k

The left-hand side easily goes to E[{pr,1r)],while the right-hand side vanishes as § — 0. For
instance, using (1.91), one may control the second term (1.94) with

>e / 0500 (340 (s % ) — ks * (640 (61060 | -t
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The assumptions guarantee that 1, € H5t? C W2 a.s, so that the integrand tends to 0 for all
fixed k,t and almost every w. With the uniform bound

1680 (010x (s * 1)) — ks * [P0 ($r02¥0)]l|Le < Clldrllfy oo [Wellyyze < Clidwllfy e e yeve

and the regularity assumption (1.92), we may apply dominated convergence to conclude. Note that
the bound for the third term (1.95) is

ks * (0500 ZE] — $10s (ks * ZF)|Lge < ol Lo 127 2o < N0nlTe + 1 ZE 1120

Since [|pr|lzy < 1 as, the equality E[{(pr, )] = 0 for all Fr-measurable ¢r : Q — C(T) leads
to pr(z) = 0 for almost every (z,w) € T x Q. This holds for all T' > 0 and since p € C([0,T]; H; ")
almost surely, we conclude p = 0 a.s. O

It now remains to prove the existence of sufficiently regular solutions to the BSPDE (1.93). Let
us consider the equation perturbed with an additional ga§¢ :

{ e+ ( (b4 55 0k0008) 0uthe = 5y, 010,21 )t + 3 (5, 6% + 2) 020dt = ¥, ZFdB

Y(T) = ¢r.
(1.96)
In this super-parabolic setup, in view of the assumptions (1.92) on the coefficients, assuming
furthermore that

br € L2((Q,fT);H;§),

Theorem 2.3 of [DM10] guarantees the existence of a solution (1), Z¢) of (1.96) such that

(%, Z°) € H® x H*  and E[ sup ||¢§||§,§] < . (1.97)
te[0,T]

Of course, the corresponding estimates in these spaces may depend on € > 0.

Proposition 1.7.2. For all 0 < m < 4, the solution (¢=,Z°) = (v, Z) of (1.96) satisfies the
estimate

1 e
Szl + 5 [ (0l + 3 100 2E + m(0 ) 0acn) — 002 b)) ds
¢ k

2
?;;H)ds - Zk:/tT <3;"¢s,8;”Z§>dB§, (1.98)

<

DN | =

T
Jozirl +C [ (ol + 2122
k

with the convention || Z|| ym-1 = 0 when m = 0, where the constant C depends only on the quantities
involved in (1.92).

Remark 1.7.1. Note that (1.97) guarantees that, for 0 <m < 4,
t
=Y [ (orvnorziyast, 10
= Jo
defines a real-valued L' martingale. Indeed,

T 9 T
Vr :=Z/ (o, 00 2E)| dr < sup IthII%{mZ/ |1ZE | pdt < 00 as
—Jo te[0,T] © 7o ’

ensures that My is a local martingale. Burkholder-Davis-Gundy’s inequality [BDG72] then gives

T
/
el sup 13l] SE[V"] SE[ sup Wil ] + ;E/ 12 gyt < .

Let us now give a proof of Proposition 1.7.2.
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Proof. We apply 1t6’s formula to [07"¢:]|2,. To make it rigorous (so that the assumptions of

[DPZ14] Theorem 4.17 are again satisfied), one may start by regularizing the coefficients b and
(¢)x involved in (1.96), so that [DM10] provides the regularity (1, Z) € H% x H®. We obtain

1
SOl = (A} + AP + A} + A+ A7 )dt + (0701, O Zed Wy ),

with
A= (O O ), A= (070 N (b)) A =Y (0 O (k0 2E) ),
k
b= SN2 A7 = g S {07 O (6u0e(4000)) e
k k

Let us review the different terms. The first term A} appears untouched in (1.98). We may expand
the second term into

m—1

= (o) 5 () o e
=0

m—1

= —%<|5;"1/Jt|2,5mbt> +) (7) <8;”wt,agl—lbtai+l¢s>’

which can be bounded by C'|b| ey ||wt||%{1n Similarly, the third term can be expanded into

A} = [ 3 (0w, n0 T 28 ) + m{ 0, 0.0 2F )|
k

m—2
XX <"Z> (opwopton otz =B+ B
k  1=0
The term Bf can be bounded by

O Il ellwe =128 N gms S el S Nbwlyme + S 1ZE 2.
k k k

Using a polarizing identity, the term B} may be rewritten as

Bl = — Z <az(a;nqpt¢k) — mOT Oy i, 3?Zf>

k

1 1

= =3 2107 ZE 52 — 5 D 10:(07 bedn) — mOT hu0ui 7
k k

1
+3 g 10 ZF + mdT D i — 0 (O i) |13 2

= C} +C} + C}.
The term C} cancels out A}. The term C} appears untouched in (1.98). We are hence left to study
1 1
Dyi= A} + C2 = -3 zk; (0201, 0 (610 (01000))) — 5 ij 10 (957 e ) — mOL he0n i 72

By expanding the derivatives and integrating by parts as done previously, we get the expression

IS (o ou0e0) - (107 0?) + S (7) @z or—toei o)
k

1=0
for the term AP, and
1

02 = =3 3 [(19m 0l m = 120600 + (m = D)0 (640u6n) ) + (107 00l 01 |
k

We see that the unwanted terms involving 9771, therefore cancel out in Dy, and the remaining
terms can once again be bounded by Cl[¢[|Fm > |0kllFm.o- O
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From Proposition 1.7.2, we derive the following uniform bound.
Corollary 1.7.1. The solution (v°,Z¢) of (1.96) satisfies the bound
1% I + 1125 < 1
The constant involved in < depends only on T and the quantities of (1.92).

Proof. Let us simply denote (¢, Z) = (¢, Z%). As mentioned in Remark 1.7.1, we may take the
expectation in (1.98), which gives, in particular, for 0 < m < 4, the estimate

T T
€l < Elvrlf +C( [ Elulppds+ Y [ EIZA G ds). (199
t k t :

Writing
100 ZE || 2 < (|00 ZF + m(05 ) (0ubr) — O (00 s k)| 2 + /MO s ) (Oubi) — O (05 b5 k)| 12,

and using (1.98) again, we also obtain
T T T
Z/ E[| 24 |2 ds < Ellr | +c(/ E||ws||§1;n+1ds+2/ (1242, ds).  (1100)
A t v i

Recalling the convention || Z|| ;-1 = 0, in Proposition 1.7.2, inequality (1.100) yields, for 0 < m < 3,

T T
S [ BNz s S Bl + [ Bl (1101
k
Coming back to (1.99), we get, for 0 < m < 4,

T
EllrlBrs S Ellorly + | ElvnlBrsds
t
and Gronwall’s Lemma provides the desired estimate for . The estimate for Z is obtained by
taking ¢ = 0 in (1.101). O

Now, let us consider 1,e2 > 0 and denote (¢, Z) = (p°* —p°2, Z%1 — Z¢2). In the same fashion
as Proposition 1.7.2, one can prove the following estimate, for 0 < m < 3 :

1 1T
Slomilis + 5 [ 321002 + m(@re.)@:00) - 0u(0 vudu)|zds
tog
T T
< Clea — e / (I2 12 + 022 200 ) ds + € / (103 + D 125020 ) ds
k

T
3 (orenorztast

Relying on the bound from Corollary 1.7.1 and applying similar calculations as in its proof, we
deduce

[0t == s + 125 = 22| < ler — eal.
As a consequence, (1%, Z¢) converges to some (¢, Z) in the Banach space H? x H? as € goes to zero.
It is now easy to send € to zero in (1.96) and verify that (¢, Z) € H3 x H3 is indeed a solution of
(1.93). Lemma 1.7.1 may be applied, which concludes the proof of Proposition 1.7.1, and therefore
that of Theorem 2.

1.8 Appendix : Well-posedness of the path-wise kinetic sys-
tem

For the sake of completeness, we wish to prove the well-posedness of the deterministic PDE
system

(1.102)
Ou — 2u = J(f) — pu.

Here, we consider a fixed w € €, so that m = m(w) belongs to D([0,T]; E), space of cadlag
functions taking values in the separable complete space E.

{ atf+vazf+av[(m+u—v)f} —0,
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1.8.1 L! and L? estimates for a conservation equation with Lipschitz
coefficients

Recall that, whenever w € D([0,T]; E)) is given, the solution f[w] to the linear conservation
equation

Ouf + 00,1 + 0, (w—v)f] =0,
fO S Li,ya

is naturally expressed as
felw)(z,v) = €' fo o ®(z,v),

where &% (z,v) = (X!(z,v), VI(z,v)) is the flow associated to the characteristics :

— Xl =V XHz,v) =2

(1.103)

Vi =w(X) - V!

s

Vi(z,v) =v

Gronwall’s lemma immediately gives the following result.

Lemma 1.8.1. Let w,w € D([0,T]; E) and let ®[w], P[w] denote the respective flows. Then,

Vst 0,7), ||@tfu] - oLl S o - @i

The constant involved in S depends on T\ ||0zw||Lse , [|0xwW| L2 only.

Let us now fix some w € D([0,T]; F) and give some estimates regarding the v-moments of
fi[w]. Recall the notation, for f € G,

0= [ 1wvd. IO@ = [orow.
Lemma 1.8.2 (L' moments estimates). Let fo € Ly, . Then for all t € [0,T],
[ felwlllzs, = Ilfollzy , -
Assume furthermore that fo € G*, k > 1. Then for allt € [0,T7],

| felwlllar < [l foll k-

The constant involved in S depends on T,k and ||w||Le  only.
The estimate for the first moment is precisely :

I llsg, < (1) lag +¢ sup ez ols: )~
s€[0,t

Proof. Without loss of generality, we may assume fy > 0. When w € D([0,1]; E) is smooth, it
is clear that the flow ®[w] is a globally-defined C°°-diffeomorphism, whose Jacobian determinant
is given by J®[w] = det(D®}[w]) = €. The conservation of the L'-norm is then obtained by a
change of variable using the form (1.30). The result is generalized to w € D([0,1]; E') by density
using Lemma 1.8.1.

For simplicity, we only prove the estimate in G' : the estimates on higher moments can be
obtained by induction using the same process. Assuming fo € C°(T xR), the following calculations
are justified :

G = 5 [ [l odzas = = [ [10l(0.5 + 0, [twita) = ) fla 0] dado
=—/$w@ﬂ%@ﬁ@wﬂ%ﬁ/WM@wﬂu

v v

so that

d
S Fley < llwillee L folles = Tl < sup fws|lzee [ folles = [T (fe)ll Lz
dt s€[0,t]
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that is, integrating over [0, ¢],
t
1z < (1ol + s oo Ufllag) = [ 1 iz
se|0,t 0

Gronwall’s lemma gives the expected result. Again, the inequality holds for a general initial data
fo > 0 by a density argument, using Fatou’s Lemma. O

Corollary 1.8.1. Let fo € L2 . Then for allt € [0,T],

I felwllez, = e[l foll 2, -
Assume furthermore that |fo|? € G*, k > 1. Then for all t € [0,T),
I felw)llar S N5 lln-
The constant involved in < depends on T, k and |[wl|Lx, only.
Proof. Simply note that hy := e~!(fi[w])? = e’ f o ®} and apply Lemma 1.8.2 to h. O

Corollary 1.8.2 (L? moments estimates). Let fo € L2, and f§ € Gy4. Then, for all t € [0,T],

x,v

1/2

le(fibeDllz: < 163116

1/2

17 (fil)llee S 1531657

The constants involved in S depends on T and ||w||Ls  only.

Proof. For instance, for the second estimate, Holder’s inequality gives

([1olsa) = ( [+ poiis < o) < ([ ppira) ([ qrmm)

from which we deduce [, J(f)*dz < C||f?||c,, and we use the estimate from Corollary 1.8.1. [J

We will now establish some kind of stability estimate for f as a function of w. Let us start with
a lemma regarding the gradient.

Lemma 1.8.3 (L' gradient estimates). Assume that [|[ Ve follz: = < oo. Then,
Ve filwlllzy, < C(T 10ewllLe ) I Vewfollry -
Assume furthermore that |[vV ., folly | < oo. Then,

[0V filwlllzy, < C(T, wllieg, s 10ewllLge s (Ve folloy [0V ewfollr )

Proof. Let us assume that fo € C2°, so that we are dealing with smooth, compact-supported,

c

strong solutions. The general case is once again deduced by density arguments. From
Ouf +00,f +(w—0v)0f—f=0
we derive that g1 = 0, f, g2 = O, f satisfy

Org1 + 00291 + 0w g2 + (W — v)0yg1 — g1 = 0, (1.104)
Org2 + gl +v0,92 + (W — v)0ypga — 2g2 = 0 (1.105)

Multiplying (1.104) by sign(g;) and integrating over time (to be rigorous, one should replace sign(z)
by sy(z) = /(|| +n) and carefully let n go to zero), we are easily led to

d
G [ [atasdo < osuluze, [ [ lgeldao,

Similarly, multiplying (1.105) by sign(gs) we get

d
ﬁ//|g2|d$dvﬁ//|g1|d$dv+//\gs\dxdv.
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Summing these and applying Gronwall’s inequality gives the expected estimate. Let us now es-
tablish the estimate on [[vV,,f[[z: . From (1.104), (1.105), we derive that hy := v0,f and
hy := v0, f satisfy '

O¢h1 4+ v0zhy + (Opw)ha + v(w — v)0yg1 — hy =0,
&ghg + h1 + ’Uath + v(w — v)@vgg — 2h2 =0

Now since (w — v)0yh; = (w — v)g; + v(w — v)0,g;, we can rewrite
v(w — v)0yg; = (W — v)Oph; + h; — wg;
and get

Othy + 00z hy + (Opw)ha + (w — v)0yh1 —wgr = 0,
8th2 + hl + Uazhg -+ (U) - ’U)avhg — hg — wgs = 0.

We then use the same approach to obtain
d
S Olcy , < 10ewllzee Mha@llzy , = 1Pa®)llzy, + lwllzz, llor®lrs
%”hQ(t)HL;W <@y, + lwllze g2y,
and conclude by applying the previous estimates and Gronwall’s inequality. O
Corollary 1.8.3 (L! stability). Let w,w € D([0,T]; E). Assume
11+ ))Veufollrr, < +oo.
Then the following estimates hold :

lpe[w] = pelwll| Ly < [ felw] = felw]llzy , S llw = @l[Lg,
[T (few]) = J(felw])lLy S llw — @l[Lge, -

The constants involved in < depend on T, |[(1+[v|)Vawfollr s [wlzse,, WlLse , [0xw||Lse , and
|0z w]| L3, only.

Proof. Let us once again assume that fy € C°. Let us denote f; = fi[w], fi=fi [W], F=f— f
and W = w — w. These quantities satisfy

OF + 00, F + 0, [(w — ) F+WJf| =0
which can be rewritten as
OF 4+ v9, F + (w — v)d,F — F + W, f = 0.
Multiplying by sign(F’), we get
0| F| + v, |F| + (w — 0)8,|F| — |F| + sign(F) W, f =0
and we deduce

< Wz, Va0 fll

v z,v

d
—||F'(t
SIF @)z

Using the L' gradient estimates on f from Lemma 1.8.3, we get the first inequality. Now let
G = vF. Multiplying (1.8.1) by v, we get

0G4+ v0,G +v(w —v)d,F — G+ UW&,J?Z 0.
Since (w — v)0,G = (w — v)F + v(w — v)0, F' this can be rewritten as

8,G 4 v9,G + (w — v)9,G — wF + VW, f = 0.
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Multiplying by sign(G), we get
0G| + v, |G| + (w — )8, |G| — sign(G)wF + sign(G)Wvd, f =0

and we deduce

+ Wz, [[0Vaw f (8] L1

x,v

d
GGy, < =IG@ ey, + llwllze, 1)l

z,v x,v T,v

Using the L' gradient estimates on fand the inequality we just showed, Gronwall’s lemma gives
the expected estimate. 0

1.8.2 Existence and uniqueness

We are now ready to prove the following result.

Proposition 1.8.1. Assume that

//(1 + oY) fol*dzdv + / /(1 + [v)| Ve foldedv < 0o, g € H) for ne€(3/2,2).
x v xr Jv
Then, for all B € (3/2,n), there exists a unique couple (f,u) with u € C([0,T); H?) solution of the
system (1.29) in the sense that
fo = film+u] as defined in (1.8.1),

t
w=S(0uo + [ (= 3)[I() - pou] s
0
where S(t) = €%z denotes the semigroup associated to the heat equation. For any k > 0, assuming

fo € G*, we have additionally f € C([0,T]; G*).

Remark 1.8.1. The "numerical constants" used in the following proof may all depend on the
quantity supye(o 7y 1M (W) yy1.00, which is in any case assumed to be bounded in Assumption 1.

Let us define the recursive sequences

]“’”GC’([O,T];L;U)7 n>0
u™ € C([0,T]; HI), n>0
as follows : (f2,u?) = (fo,up) and

it = fim4+u"] as defined in (1.8.1), (1.106)

t
ul ™t = S(t)ug —I—/O S(t—s) {J(f;’“) — p" | ds. (1.107)

Claim 1 : these sequences are well-defined

Since n > 3/2, and we work in dimension 1, the embedding H? C W1 guarantees that
fi[m + u™] can be properly defined as long as u™ takes values in H!. We have

ds

S(t = 5) [J(fHY) = pi ]

t
a2+ 2 < ool + [
0

with the classical estimate

‘H;’

Vwe I, |SOulmy S 0+ wl.
The L? estimates for f{"** = f;[m 4 "] from Lemma 1.8.2 give
170+ = gy < O sup o) (14 sup fufz))
te[0,T] te[0,T]
from which we deduce
t
a2 < oz + € sup fuflee)) [ (15772, (1.108)
t€[0,T) 0

Since n < 2, it follows that, for all n > 0, u™ € C([0,T]; HI) and f™ is well defined.

Remark 1.8.2. This calculation explains why we have to restrict ourselves to the one-dimensional
casex € T.
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Claim 2 : (u"), is bounded in C([0,T]; L3°)
We have

I e < ol + [ e =) [t = g+t _as

’L;O

1/2—6

and since H;/HJ C L for 6 > 0, we get Lglﬁ C H, and the estimate

Vw e Ly, [IS@wlze < IS@wllyiee S A +E2)wll 10 S (141270l
The L' estimates for f{"** = f;[m 4 u™] from Lemma 1.8.2 give

IT(F) = Pl S 1+ sup Jluglipge +llufllze S1+ sup [luglze.
o€l0,s] o€l0,s

It follows that (forgetting the § > 0 for simplicity)

t
o s < oo +€ [ (140972 (14 sup ol )
0 o€l0,s

Introducing, for p > 0, the norm

VMEC([O7T]7L?)7 Hw”M: sSup e_MtHthLZ"7 (1'109)
t€[0,77]

)

is is easy to check that ||u™ (|, < a,|lu™||,+0b with a, € [0,1) for 41 chosen large enough. It follows
that sup,, ||u™]|,, < oo, hence the result claimed.

Claim 3 : (u™), is bounded in C([0,T); HY)

Since supyejo ry |u”([zee < 1, this follows directly from (1.108).

Claim 4 : (u"),, is compact in C([0,T]; H?)
Noting that, with g” = J(f") — p"u" "1,

t
VE € C(T), (uf.€) — (ull.€) = / (u?, 02€) + (g7 €)ds,

we are led to

to
(i, =] < [ 103201+ a2 Ol

< [t ~ 1l (I oo rarn 1€z + g leqozyzz, Il )
S [t2 = talll€ll g2,
that is in fact u® € C%([0,T); H?~?) with a Lipschitz constant uniform in n. Ascoli’s theorem

therefore guarantees the compactness of (u™),, € C([0,T]; H7=2). Recalling the bound from Claim
3, we get the compactness of (u"),, € C([0,T]; H?) by interpolation.

Conclusion

We simply note that the mapping u,, — u,41 is a contraction on C([0,T]; L) :

|u

t
S [ (e = ) (10 = T e + o ™ = s ).

n+1
t — U

(1.110)

oo
x

= /OtS(t—s)[J(f!‘“) T = (= ) ds|
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Since f"*1 = flm +u"] and f* = f[m + u"~!], using Corollary (1.8.3) and the fact that (u"), is
bounded in C([0,T]; W1>°), we get for all s € [0,T)

1T = T S sup Jlug —ug™"lzs,

o€[0,s]
and
o2t ul — pluf = o <llpd*H (ud —ud™Hllos + 18 = p2)ul ™
< sup lu) —ud e
c€l0,s]
Therefore,

t
||u?+1 _ u?”Lgo < / (1 +(t— 5)*1/2) sup |Jul* — U:,LilHLgOdS.
0 o€l0,s]

Using once again the norm |||, defined in (1.109), we are easily led to
Hun—H — "l < kyllu” - U"_1||u

with k, € [0,1) for p large enough. As a result, u™ converges to some u in the Banach space
C([0,T); L). Since (u™),, is also compact in C([0, T]; H?) we deduce that u™ — u in C([0,T]; H?).
We may now introduce f = f[m + u]. Using the same estimates as before (only replacing u"*! by
w in (1.110)), we easily derive, as n goes to infinity,

ug = S(t)up + /Ot S(t—s) [J(fs) - psus} ds.

Hence, (f,u) is indeed a solution to (1.102). If (f,%) is another solution with @ € C([0,T]; H?)
and f = f[m + 4], the same estimates lead to

llu = all,y < kpllw —all,
so that w = u and f: f. This concludes the proof of the well-posedness of (1.102).

Finally, let us assume that fo € G* and prove that f € C([0,T]; G¥). It is clearly enough to
show that ||f; — follgr — 0 as ¢ goes to 0. Given the form (1.8.1) and Lemma 1.8.1, this result
is easily obtained by dominated convergence when f, € C.(R??). It may then be generalized by

density to any fy € G¥, since, given ]70 € C,(R%)

vt € [0,1], |Ifi — filler = /(1 + V5 ())fo(2) = fo(2)ldz S [l fo — follar-

We have used the estimate |V (z,v)|¥ < 1+ |v|* easily derived from the sub-linearity of (1.103),
with [[m +ul[Le < oo.






Weak and strong mean-field limits for
stochastic Cucker-Smale particle
systems

2.1 Introduction

2.1.1 Overview of the model.

Flocking, or swarming, is a phenomenon consistently observed in nature where individuals from
a population (birds, fish, insects, bacterias...) tend to naturally align their trajectories without the
need of a leadership. One of the most commonly studied model which intends to describe this kind
of behavior is the Cucker-Smale model, introduced in [CS07a] and [CSO7b].

In this model, each individual interacts with the group in a mean-field-like manner : denoting
by XN, V&N ¢ R? the position and velocity of the i-th individual, the behavior of the system
can be written as

d . )
%th,N _ Vvtz,N
d_in 1 Y N NN (2.1)
s ¥ 2 T = XPH T v

j=1

where the weight function 1) : R — R™ is even and bounded, typically of the form

A

—— A,y >0.
tlz—ypy 7

Pz —y) =
In order to take into account unpredictable phenomena of different natures, it is rather natural
to perturb this deterministic model with some noise. In [CDP18], where the flocking phenomenon
(alignment of speeds, distance between the individuals bounded over time) is studied in a variety
of different stochastic Cucker-Smale models, three different kinds of perturbations are identified.
The first one considers the degree of freedom of each individual by adding some independent
noise, dragged by a brownian motion B?, to each of them :

N
AV = 3w = XPN VPN = VNt + o (xPY V) o B, (22)

This setting typically appears in the propagation of chaos framework. The flocking behavior for
(2.2) has been studied in [HLLO09]. The mean-field limit as N goes to infinity is considered in
[BCC11], in the case of a constant diffusion coefficient o(z,v) = v/DId, and more recently in
[CS19] for o(x,v) = R(v) a "truncation function" of the speed. Note that, when presenting new
models, we insist on introducing noise in Stratonovich form, since it is the most physically relevant
form.

Another kind of perturbation might emerge from the environment in which the individuals
evolve. In this case, we add some common noise dragged by a Wiener process dW =3, oRdWPF :

’ 1 ¢ j j i, i, i,
M= =N Z (XN = PNV - VNt + ;O—k(Xt NNy o awk. (2.3)



Chapitre 2. Weak and strong mean-field limits for stochastic Cucker-Smale particle systems 70

A version of (2.3), with a diffusion coefficient of the form o(z,v) = D(v — v.) for some constant
ve € R%, is studied in [AH10].

Lastly, one may consider that the weight function ¥ modeling the interaction between indivi-
duals is perturbed into ¢ = ¥ + d€, where £ is some space-dependent Wiener process given by

d¢ =Y, dxdB*, leading to

N
d‘/vtz,N _ 2 :w(th,N _ Xg,N)(Vvtj,N _ Vvt'L,N)dt
Jj=1

N
1 i j j i
o 2 D e = XPN (VPN =V o dpt. (24)
j=1 k

The mean-field limit and flocking for (2.4) is looked upon in [CS17] and more recently in [HJR19]
in the particular case where the perturbation £ does not depend on x : d§ = v/20df;.

In this paper, we focus on the mean-field limit of these particle systems. Namely, we intend to
extend the results mentioned above by studying the behavior of the empirical measure

1 N
N _ 2 : ) )
n = N — 6(X1,N,V1,N)

as N goes to infinity, for general stochastic Cucker-Smale model of the form (2.2), (2.3) or (2.4) (or
combinations of these models). Let us keep the notions of convergence a little vague for a moment,
in order to give a quick overview of the results to come : we will show for instance that, for (2.4),
under the assumptions

D lerllz < oo, Y llewllf, < oo, (2.5)
k k

where [|¢||1ip = sup,, W

converges in law, up to a subsequence, to some p; which is a weak solution of the expected limiting
stochastic PDE

k

, provided that plY — po, the (random) empirical measure uf’

with
Flu)(,v) = / (e — g)(w —v)dp(y,w), Filul(z,v) = / or(z — 1) (w — v)dp(y, w).

It is of some interest to note here that the noise added in Stratonovich form in (2.4) directly
translates into the expected conservative form (2.6) for the limiting equation, which emphasizes
the physical relevance of Stratonovich’s integration over Itd’s.

Regarding the flocking phenomenon, the method developed in [CS17] could in fact be easily
extended to the model (2.6). Given a solution 1 = ()0 of (2.6), the average velocity v, = [ vdu,
is conserved over time. Assuming that

W = ming(z) > 0, > lgwll < oo
k

and denoting
E; = / |v — v |2 dpg (2, v)
R2d
calculations easily lead to

4
dt

E[E] < —2 (wm = ||¢k||§o> E[EY].
k

Therefore, under the condition ¢, > 43", ||¢x|/%,, the model (2.6) exhibits a flocking behavior in
the sense that E[E;] — 0 exponentially fast as ¢ goes to infinity.
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Under the same assumptions (2.5), the "strong" mean-field convergence p — p; (see Theorem
4 below for details) is obtained for the whole sequence if we consider "truncated velocities" in the
perturbative term, that is a model given by

N
. 1 . . . .
avyN s > (XN = XP VPN = v dt
=1

N
1 . .
5 2 D (XN = XPRVIY — V) o dpy (2.7)
k

j=1

where R : R? — R? is smooth and compactly-supported, similarly to the case considered in [CS19].
We are in fact allowed slightly more general truncation functions, as will be detailed later on in
section 2.3.2.

Let (2, F, (Ft)t>0, P) be a filtered probability space, and let 3, (B%);>1 be independent, respec-
tively R-valued and R%-valued (F;)-brownian motions on (2, starting from 0. Throughout the rest
of this paper, we extend our study to a stochastic interacting particle system in R? of the general
mean-field form

aXPN = Bl ) (XNt + Clud(XEN) 0 dB, + o(XiN) o dB], (2.8)
1e€{l,...,N},

where
N
i =5 b Bl = [Mendiw). Ol = [cwnduy)  29)

for some coefficients b,c : R? x R? — R? and ¢ : R? — R%*? . The particles in (2.8) are subject
to two noises of different nature : some individual noise dragged by B and some common noise
dragged by (. The case c(z,y) = c(z) corresponds to a noisy environment (as in (2.3)) whereas
the case ¢(x,y) = ¢(x — y) corresponds to a noisy interaction (as in (2.4)).

For simplicity purposes, from this point on we choose to only consider a "one-dimensional
common noise ¢(z,y) o df;. It may of course be replaced with a more general Y 7o | ¢ (z,y) o agr.
The results presented in this paper will still hold, provided essentially that the assumptions made
here on ¢ are satisfied by all ¢, with constants which are square-summable over k, as suggested in

(2.5).

In view of usual stochastic mean-field results, it is natural to expect that the limiting equation
for the empirical measure pl¥ associated to (2.8) as N goes to infinity is given by

dpe +V - (Bl )dt +V - (Clualpe) o dfs + %v (Te(VooT ) )dt = %v (V- (00 1) )dt
(2.10)

where we have used the slight abuse of notation :

d
(Tr(VUaT)) =Tr((Voy)o Z (Ok0i1)0k1- (2.11)

¢ k=1

)

Due to the driving noise ; which is common to all particles, (2.10) is an SPDE, so that the
limiting measure (u¢):>0 is still a stochastic process. The individual noises 0dB} are expected to
average into the elliptic operator 2V - (V- (00™.)). The first order operator 1V - (Tr(VUUT).) only
results from the correction from Stratonovich to It6 integration. In the partlcular case o(x) = old,
we are simply left with

2
dpie + V- (Blulpae)dt +V - (Cludlpe) o dBy = T (Ape)dt

The mean-field limit of the particle system (2.8) is well known and established when the co-
efficients b, ¢ and o are globally Lipschitz-continuous (see e.g [CF14]). In this article, we want
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to consider Cucker-Smale perturbations of the form (2.2), (2.3) and (2.4). This corresponds to
ZPN = (XPN VY satisfying (2.8) in R24 with coefficients of the form

(500D = (o Sy ) @i = (o oy ) €12

which, when 1 and ¢ are globally Lipschitz-continuous, are only locally Lipschitz-continuous.
This leads to additional difficulties compared to the "globally Lipschitz" case. A classical way to
deal with such difficulties is to introduce suitable stopping times. In the case considered here, the
problem is more difficult since the non-linear terms in equation (2.10) depend on the trajectories
of all the particles. This requires to stop every particle at once, leading us to essentially derive
estimates on 4

sup  sup | XV (2.13)

i€{l,...N} t€[0,T)

as made clear in Proposition 2.3.2 and developed in section 2.3.4. The bound (2.13) is the crucial
tool in [CS17] for instance, where it is derived from a stochastic Gronwall inequality that relies on
the simple linear form of the noise. In our case where the noise is more complex, this bound can
be obtained through the use of exponential moments for the particles, using a method similar to
the one suggested in [BCC11]. This is dealt with in more details in section 2.3.3.

Under the assumption that the coefficients b, ¢ and o are only locally Lipschitz-continuous
and sublinear, we prove the convergence in law (up to a subsequence) of the empirical measure
associated to (2.8) to a weak solution of the limiting SPDE (2.10). In a more restrictive setting,
considering only common noise, requiring boundedness for ¢ and additional assumptions regarding
the growth of local Lipschitz norms of the coefficients, this weak convergence is turned into a strong
LP(Q) convergence and the propagation of chaos is established. Precise assumptions and results
are stated in section 2.1.2 below.

Note that (2.8) and (2.10) have only been given in the (heuristical) Stratonovich form. In section
2.1.3, we shall determine the corresponding It6 forms and derive a proper definition for solutions
of (2.8) and particularly (2.10) (see Definition 2.1.2).

2.1.2 Main results.

In the rest of this paper, P(E) shall denote the set of probability measures on some space E.
The results presented here along with their proofs involve some considerations regarding
Wasserstein spaces Pp(E).

Definition 2.1.1. Given (E,||.||) @ separable Banach space and p > 1, the pth-Wasserstein space

P,(E) = {u € P(E), /IEE [z]|Pdp(z) < 00}

is equipped with the distance

1/p
Wl = (_int [ et = o pran(at )
well(p,v) 1 22cE

where

M, v) = { € P(E?), /

z2€E

7(.,dz?) = pu and /

zl€FE

n(dxt,.) = 1/}.

In the rest of this paper, we shall sometimes use the notation A(z) < B(z) to signify that there
exists a constant C' > 0 independent of the variable z considered such that A(z) < CB(z) for all
z. Defining the Stratonovich corrective terms (see section 2.1.3)

si(z,y,2) = % Vee(z,y)e(z, z) + Vye(z, y)cely, 2), (2.14)
d
Sa(x) = Tr((Voi)a™) = Z (Okoi1)ok 1, (2.15)
k=1

we shall first make the following assumptions on the coefficients of (2.8) :
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Assumption 1 (Sublinearity).
b(z,y)| S 1+ [z + |yl le(z, )| S 1+ |z + |yl lo(@)| S 1+ |z]
s1(z,y,2)] S 1+ [x] + [y] + |21, |S2(2)] S 1+ |f.
Assumption 2 (Locally Lipschitz).
b,c,0,Ve,Vo are locally Lipschitz-continuous.

In this rather general setup, the local Lipschitz-continuity alone is not enough to ensure "stan-
dard" estimates of the form

E(WEl 1| < CWEl)
and we are not able to establish the "strong" convergence of the particle system. Instead, we rely
on compactness arguments to prove the following weak mean-field limit result.

Theorem 3. Let T > 0 and C := C([0,T};R?) equipped with ||z|~ = Supyeo,ry 7t -
Suppose that Assumptions 1 and 2 are satisfied. Let o € P(R?) such that

/|x\2+5d,u0(33) < oo for some § > 0.

Let (XZN);;%)N be a solution of (2.8) and u™N € P(C) the associated empirical measure.
Provided that

pd — po in Po(RY)  and sup/ 2> dud () < oo,
N
there exists a subsequence (u™N )n+ such that
pN' = in law, in Py (C)

and p is a martingale solution of (2.10) (in the sense of [DPZ14], Chapter 8) : there exists some
other probability space (2, F,P) equipped with a brownian motion B such that p satisfies the as-
sumptions of Definition 2.1.2 below on €.

This weak convergence can be strengthened into a strong convergence for compactly supported
initial measures, under some more restrictive assumptions on the coefficients.

First, we shall only consider the case of common noise (adding individual noises would require
additional work, see Remark 2.3.4).

Assumption 3 (Common noise only).
o=0.
In this case, the limiting SPDE (2.10) becomes a stochastic conservation equation :
dpe + V- (Bluepe)dt + V- (Clue]p) © dfy = 0. (2.16)

Non-linear stochastic conservation equations resembling (2.16) (with local non-linearities) have
been studied for instance in [GS15], [LPS14]. A solution of (2.16) is naturally expected to be "of
the transport form" p = (X*)*ug, i.e p is given by the push-forward measure of the initial data
by the (non-linear) stochastic characteristics

dX{'(x) = Bl (X{ (2))dt + Clue (X{ () 0 dy,
Xh(z) =2 e R%
A precise statement on measures of the transport form is made in Definition 2.3.1. Let us make
some additional assumptions on the coefficients :
Assumption 4 (Sublinear drift, bounded diffusion coefficient).
b(z,y)| S 1+ [z + |y,
[s1(z,y,2)] S 1+ [+ [yl + 2],
le(z, y)| S 1,
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Assumption 5 (Growth of the local Lipschitz constants).

bz, ) = b(@" )| S Lol .2’ ) (1 = /) + |y — ),
|81($, y>Z) - Sl(x/7yl7 Zl)' S./ Ls(x7y7 Z7$/7 y/a ZI) (|{L’ - .’L'/| + ‘il/ - y/| + |Z - Z/‘)7
e, ) — (@ y)| S Lelw,y,2 ) (Jo = @'l + Iy — o]
where, for some 6 € (0,1)
Ly(z,y,a',y") = 1+ 2" + [y + " + |7,
Ly(w,y,z, 2"y, 2") = 1 |2 + [y + 22 + 22 + [y + |7,
Le(z,ya'yy') = 1+ |2” + yl” + |2/ + |y'|°.
Theorem 4. Let T >0, p > 2 and C := C([0,T];RY).
Suppose that Assumptions 3, 4 and 5 are satisfied. With the same notations as before, provided
that ud is uniformly supported in some compact set K C RY and pd — po in Pp(Rd), we have the

convergence
pN = pin LP(Q;Py(C)),

where 1 = (pt)ieo, 1) 5 the unique solution of the transport form of (2.16), in the sense of Defini-
tions 2.1.2 and 2.3.1 below.

Finally, let us complete this last statement by presenting a result of (conditional) propagation
of chaos similar to the one formulated in [CF14].

Theorem 5. Let T >0, p > 2 and C := C([0,T];R?).
Suppose that Assumptions 3, 4 and 5 are satisfied, and let (}—t/j)te[O,T] denote the canonical filtration
associated with B. Given g € P(R?) supported in some compact set K C R?, let us introduce

(56)2-21 1.4.d, foﬁ—measumble, Re-valued random variables with law .

Let (X;™)iZU ™ be the solution of (2.8) with the initial conditions Xg™ = €, and let u¥ € P(C)
be the associated empirical measure. Then we have the convergence

pN = pin LP(Q;Py(C)),

where p1 = (pt)ieo, 1) 5 the unique solution of the transport form of (2.16), in the sense of Defini-
tions 2.1.2 and 2.3.1 below. Additionally, for allr > 1 and ¢1,...,d, € Cp(C) we have

r

E [¢1(X17N) . ..¢T(XT’N)|]:§} - H<¢i,/,6> in LY(Q).

Finally, for alli>1, let X* be the solution of

{ dX} = Bl (X})dt + Clp](X}) o dpy,
Xo = &

Then the limiting measure p € P(C) is a version of the conditional law /J(Xﬂ]—'g) and we have the
convergence A _
XN o X in LP(;0).

2.1.3 Ito form.

Let us now determine the proper Ité form expressions of (2.8) and (2.10). Itd’s formula gives
i 1 i j
d| M) = 5 D dle(xi N, x7 V)]
J
= (3 32 Vel XPN )OI XN) + Ve, X)) ) s
J

+dV + dMY
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where V"7 is a process with bounded variation and

AV = ST (TaelN XPN ) (XN )AB] + oK, X o (X7 dB])
J
It follows that the correction from Stratonovich to It6 is given by

Clu)(X0™) 0 dp = Clu| (X ™)y + Salf (X0

with
S1lp(z) = / / 51(,y, 2)dpa(y)dpz) (2.17)
where
1(2,9,2) = 5 Ve, p)el,2) + Ve, p)ely, )

as defined in (2.14). Similarly, the correction for the individual noise is given by
o(XNY 0 dB! = o(X[™NVdB} + Sy (XN )dt
with
1 T
Sa(z) = §T1"(VO'(.I)O' (x))
as defined in (2.15). We may now rewrite the particle system (2.8) as
axiN = (BN + S| )de + Ol (X N)ds, + (XN )aBl (218)
where

Slu)(z) = S1[p](x) + S2(z) is defined in (2.17) and (2.15) .

As for the SPDE (2.10), it is to be understood in the following weak sense : for any 1 € C2(R%),

A4, ) = (Bl + 5 Tr(Voo™)) - T )t + (Clua] - Vb, ) o d + 3 (Tr(o (V)0 "), .
Let us determine the correction corresponding to the Stratonovich term. We have
a[(Cliu) - Voo, )] = (Cloa) - Vb dpae) + (@] Clue] - T ).
On one hand,

(Clue] - Voo, dpe) = (Clyue] - V(Clpae] - V), ) dy + AV
= ((VClIClue)) - Vb ) + (V2 - Clyae)2, ) ) dBs + v,

where V(1) is a process with bounded variation. On the other hand,

Clue)(z) - Vip(z) = / G(y)dpe(y) = (6, ) with ¢(y) = c(x,y) - Vib(x)
so that
d|Clu] - Vo (2) = dlo, ) = (Cliu] - Vo, pu)dBy + AV (@)

= ((f vt Chd () ) - 7o) ) i+ a7, o)
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where V(z)(x) is a process with bounded variation. Combining both expressions, we are led to
A[(Cludd - T, )| = @8[] - V46 + V2 - (Clu] ®2), o) B + dU;

where U; = fot (st(l) + (dVS(Q), [LS>) is a process with bounded variation. The correction is there-
fore given by

<C[Mt} 'V¢7Mt> odf; = <C[Nt] -V, pe)dps + ((Sl [Mt} : V¢7ﬂt> + %<V21/1 : (C[Nt]®2)»ﬂt>)dt-

Consequently, the It6 form corresponding to the SPDE (2.10) is exactly

1
dpi + V- ((B[ut] + S[Ut])ﬂt>dt +V - (Clulpe)dfy = 5V -V - ((UUT + C[ut]C[ut]T)ut)dt
(2.19)
with S[u] as in (2.18). This allows us to precisely define the notion of solution for (2.10).

Definition 2.1.2. Let (2, F, (F:), P) be a filtered probability space equipped with an (F;)-brownian
motion 3. Let g € P(R?).

A measure-valued process 1 = (fi¢)ecor) @ Q@ — PRHOT] s said to be a solution of the
SPDE (2.10) (or equivalently (2.19)) with initial value pg when for all v € C?(R?), the process
({0, pt))eejo,r) is adapted with a continuous version and satisfies

where S[u) is defined in (2.18) and the second order operator Alu] is given by
1
Al = 557 (2 o + CilulCylil ) 02,0 (2.21)
ij ok

Remark 2.1.1. Comparing the particle system (2.18) and the SPDE (2.19) expressed in Ité form,
we see that the correction from Stratonovich to Ité integration adds some "virtual" interaction
kernel S[u] to the system. On the SPDE (2.19), it additionally results in the operator A[u] which
is of order 2 and consequently is not "visible" on the particle system (2.18).

2.2 Weak mean-field convergence

2.2.1 Properties of the coefficients.

In the entirety of section 2.2, we shall assume that Assumptions 1 and 2 are satisfied.

Assumption 2 guarantees that the coefficients of the SDE system expressed in Itd form (2.18)
are locally Lipschitz-continuous, which classically provides the local existence and uniqueness of
solutions. The sublinearity Assumption 1 immediately results in

Bld@L 1CW@I 18l@)] < (141l + [ blduto)). (2.22)
Of course, Assumptions 1 and 2 are satisfied in the classical "globally-Lipschitz" setup when
[Vb|,|Vel, Vo] S 1, Veand Vo locally Lipschitz-continuous.

Most importantly, we are indeed allowed to consider coefficients with the Cucker-Smale form : let
b and ¢ be given by (2.12). Assuming that ¢, ¢ are bounded and locally Lipschitz-continuous, b
and c are clearly sublinear. Moreover, a simple calculation gives, with z; = (x;,v;),

0
s1(21, 22, 22) = ( —d(x1 — z2)P(21 — w3)(v3 — V1) + P(T1 — T2)P(T2 — T3) (V3 — V2) )

which is sublinear as well.
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2.2.2 Estimates for the particle system.
Firstly, Assumption 1 naturally guarantees some moment estimates for the solutions of (2.8).

Proposition 2.2.1 (Moment estimates, global existence).
Let T >0, ¢ > 2 and ) = >, 6y~ be such that [ |z|%dud (x) < co. Then the SDE system
0

(2.8) (or equivalently (2.18)) has a unique solution defined on [0,T], which satisfies,

e swp [ faltdu ()] S1+ [ Jalrau (@) (2.23)
te[0,T]
and for alli € {1,...,N},
E[ sup XV 1+ (|Xé’N|q+/|m|qduéV(x)>. (2.24)
t€[0,T]

The constants involved in < depend on T and q only.

Proof. The assumptions guarantee that the coefficients of the SDE (2.18) are locally Lipschitz-
continuous, which provides the local existence and uniqueness of the solution. To simplify the
notation, we shall consider that all stochastic integrals are well defined : for a more rigorous
framework, one should consider the solution of the truncated equations with a suitable stopping
time; classically, estimate (2.24) (uniform on the truncation) then ensures that the solution is
globally defined. Using (2.22), one can write

. t . . .
ReRdLEb it +/0 (1Bl (X M)+ 1S 1(X ™)) ds + | M|
. t . .
S1+XGM 1+ QXY+ [ faltduyas+ i (2:25
0
where M} = fg CluN|(XeN)dBs + fot o(XN)dB:. Taking the mean over i, and letting

X7 = / jeftduy

we are led to

t
1 7
RS 14 T [T+ 3 v

and therefore,

t
1 ,
sup | X579 <1+ |Xo|¢ —|—/ sup |X,|%ds + — Z sup |M_:|9. (2.26)
o€(0,t] 0 o€[0,s] N . o€[0,4]

) 14/2
Burkholder-Davis-Gundy’s inequality from [BDG72] states that E |:Sup0€[0.t] |M;|q] SE <{M’] ) .
' ¢ t
Using (2.22),

t t
0], = [1CWNIEaP + o) Pds S 1+ [ XV + TR Tds
t 0 0

149/2 ) _
hence [M’} S1+4 f(f | X5N |9 4| X, |2ds. Coming back to (2.26),
¢

t —_—
E[ sup |Xg|q] §1+|X0|q+/ E[ sup |Xg|q}ds (2.27)
o€[0,t] 0 o€l0,s]

and we use Gronwall’s Lemma to get the first estimate of Proposition 2.2.1. We can now get back
to (2.25) to get

t
sup [X)M0 S 1+ XY+ [ sup [XEVrds+ sup TR+ sup [
o€[0,t] 0 o€0,s] c€0,T] c€[0,t]
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Using the previously established estimate and Burkholder-Davis-Gundy’s inequality once again,
E| sup |X]N|7| < (1 + x5 + |Xo\‘1> +/ E| sup |XoN|7| ds
c€[0,] 0 o€l0,s]
and we may apply Gronwall’s Lemma to obtain the second estimate of Proposition 2.2.1. O
Remark 2.2.1. Given some 1 € C%(R?) with |V|,|V2¢| < 1, Ité’s formula gives
dp(XPN) = V(X ™) - (Blu] + Sl ) (Xe Y )dt + Vo (X)) - CluM (XY )dBy
+ V(XN - o (XPN)AB] + Al (Xt

hence taking the mean in i € {1,..., N} we are led to

t

W, i) = (W, Yy + / (BN + S[N]) - Vo + AL, 1) ds + / (M) - Vi, 1) dp
ﬂle | v (oxian) (28)

Given the bounds on E[[ |z|?duly (z)], it is easy to see that the stochastic integrals involved are
continuous martingales. Aside from the last term, which is expected to vanish as N goes to infinity,
this is exactly the SPDE (2.19).

Let us now establish some estimates regarding the regularity of solutions of (2.8).

Proposition 2.2.2 (Kolmogorov continuity for the particle system).

Let T >0, q>2 and p = %>, 6in be such that [ |z|9dpd (z) < oc.
0

The following estimate holds uniformly for t,s € [0,T)

1 . ,
¥ SERY < XN (L [ falrau e - s

The constant involved in < depends on T and q only.

Proof. Again, one can write
iV o 5 | [ 1)+ D o]+ agf e
St — s /t(IB[uiv](Xi’N)lq +[S[ug (XZ™)|9)do + | M — M|,
hence using the estimates from Proposition 2.2.1,
¥ B XN g oot (14 [l ) + 5 S EM - e
Burkholder-Davis-Gundy’s inequality gives

et - o] - o] "

S

‘q/2

t t
SE| / 1+ XNP + | XN 2do| - St — 5|7/ / 1+ E[[XN7 + |X2N|9)do

since ¢/2 > 1, hence
1 i i
v 2 E|M; — M9 < |t — 5|92 (1 + / x|qdu{)v>

which concludes the proof O
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2.2.3 Tightness of measure-valued random variables.

In this subsection, we state general results regarding the tightness of random measures, which
we shall later apply in our special case.

Let (E,||.||) be a separable Banach space. The space P(E) of probability measures on E is
equipped with the topology of the weak convergence. More precisely, we shall consider that P(E)
is equipped with the Lévy-Prokhorov metric, which also makes it a polish space (one may refer to
[Bil99] for details regarding this topology and tightness in general).

Definition 2.2.1. For a random measure p : Q — P(E), we define the intensity I(u) of u by
Vf: E — R measurable, bounded , (f,I(n)) =E[(f, p)],

that is I(p) € P(E) is a deterministic probability measure on E.

The following result (mentioned e.g in [Szn91] p178) establishes a link between the relative
compactness in law of p and the tightness of its intensity measure I(u).

Proposition 2.2.3.

For a sequence (MN)Nzl of random measures on E, the two following statements are equivalent.

i) The sequence of P(E)-valued random variables (u™ )y is tight.

ii) The sequence (I(u™N))n of measures on E is tight.
Proof. Firstly i) clearly implies 4i) since
(1N — p in P(E) weakly on Q] implies [I(u") — I(n) weakly on E] .
Let us assume i) : we introduce a sequence (Ciy,)m>1 of compacts of E such that

vm > 1, sup I(u™V)(CS) < 47™.
N

For a given € > 0, let us define
K.={p€eP(E), Ym>1, u(Cs) <e'27™}. (2.29)

Prokhorov’s theorem on tightness states that K. is a compact of P(F) equipped with the Lévy-
Prokhorov metric. Now, for all N > 1, using simply Markov’s inequality,

Pl ¢ K] <SP (CE) > 12 < e 30 T(nY)(Ca)2m <

Let us extend this reasoning to the Wasserstein space Pa(E) recalled in Definition 2.1.1.
Firstly, the following convergence criteria is well known.

Proposition 2.2.4.
For a sequence of measure (u™¥)n € Po(E)N, the following statements are equivalent :

i) pN — poin Pa(E)
i) uN — pin P(E) and limsup/ |z ||2dp™ () —— 0
N Je|>R fimreo
i) (¢, uNy — (¢, u) for all ¢ continuous such that ¢(x) < C(1 + |z|?).

One could refer to [Vil08], section 6 (Theorem 6.9) for a proof. This immediately results in

Corollary 2.2.1 (Compact subsets of Pa(E)).
A subset A C Po(E) is relatively compact if and only if
— The family of measures (1) ,ca is tight

— sup [/ ||x||2d,u(:lc)} —0 as R — oo.
ped L)jz|>R
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We can now state the following criteria for the relative compactness in law in Py (E), which we
conveniently express through the means of a Skorokhod representation theorem.

Proposition 2.2.5. Let u : Q — Py(E), N > 1, be a sequence of random measures on E.
The following statements are equivalent :
i) {I(uN), N > 1} is relatively compact in Po(E)
i) The family of measures (I(u™N))n is tight and Sup/ || 2dI (™) (z) - 0
—

l=zl>R °

iii) Out of any subsequence of (u™)n, one can extract a subsequence (NN/)N/ satisfying the follo-

wing : there exists some probability space (Q ]-" P) and random variables
N 5 Q= Po(E) such that

’

YN, N~ 1N in law
Wo[iN', i) —— 0 P-a.s and in L*(Q).
N’'—o0
Remark 2.2.2. Note that the statement expressed in point i) is in fact slightly stronger than the

tightness of the Po( E)-valued random variables (u™)n since, up to a change of probability space,
we are able to obtain a convergence in L?(Q;Pa(E)).

Proof of Proposition 2.2.5. The equivalence between ¢) and i4) is exactly stated in Corollary 2.2.1.
Assuming 1), we can introduce (Cy,)m>1 compacts of E and (R,,)m with R, — oo such that for
allm>1,

sup I(uV)(C5,) < 47, swp [ JalPan(p) @) <4
N |z]|>R

For a given € > 0, let us define

K. = {u € Py(E), Ym > 1, u(Ce) <e 2™, /

[|z||>Rm

l|[*dpe(z) < e727 ’"}
which is a relatively compact subset of Po(FE) by Corollary 2.2.1. Then, using Markov’s inequality

Pl ¢ K] ZP[ 512m}+P[/”|>R P (@) > e~ 2]
<eg 2™ I (N (CC ) + 2™ 2||2dI(uN)(z) < 2¢
< mz (™)(C5) + /mum eI (@) <

which proves the tightness of the Py (E)-valued random variables (V). Let us introduce a sub-
sequence (uN) N/ which converges in law to some u € Po(E). Applying Skorkhod’s representation
theorem on the polish space Py(F) we get, on some probability space (ﬁ,f ), N "5 [asin
P2 (E). -

To conclude regarding the convergence in L2(€%; Py(E)), it suffices to show that WZ[EN', fi] is
uniformly integrable in N’. To this purpose, one can simply write

Wi A S [Nl + [ felPa (2:30
and note that for all R, M > 0,
2qnN’ E 2 j=N' 5 2 5~N’
E[( [ 1P )1, pprsr] <E[ [ NelPa ]+ 3B [ el > ]

M
<sup [ alar(e) + G sup [ alPare)
N JzlIP>M N
This shows that for all M > 0,

li E diN'1 , }< 201(uN) = 0 as M — oo,
msupswpE [ [P e g] S5 [ PG 0 M o0
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hence the first term in (2.30) is uniformly integrable. As for the second one, a use of Fatou’s lemma
gives E{f ||1:H2dﬁ} <supy [ ||z||2dI (V) < co. We have proved iii).

Finally, let us show that #ii) implies ). Let us introduce 7(w) an optimal plan between iV (w)
and pi(w), that is

WEE ) = [ et - PRt o)
zl,x2€FE
Note that such a coupling exists, and can indeed be selected to be measurable, see [Vil08], Theorem

4.1 and Corollary 5.22. Then 7 € I[N, Ji] (for every w € ) and it is clear from the definition
that

I(7) € TMI(EN"), 1)) =TI (™), I(w)].
Therefore it follows that

’

W (™), I(w)] < / ot —2?|2dI (%) (2", %)
1 x2€E

_ E[/ o — a?|Pdi(a,2?)] = E[WEEN 7] 0 as N’ = oo,
zl,z2€E

2.2.4 Proof of the weak convergence.

We will now prove the result stated in Theorem 3. Consider o € P(R?) satisfying

/|x|2+5duo(x) < oo for some ¢ > 0

. N
and a sequence of empirical measures (4 = % >.,_; 0,:.~)n such that
0

i = o i PoRY), sup [ Jaf2 o (@) < o

Let (XE’N)te[07T], i € {1, ..., N} be the solution of (2.18) with intial data Xé’N = xé’N. We shall look
at these processes as random variables taking values in the (separable Banach) space of continuous

functions : )
XN — ¢=C(0,T];RY) (2.31)
w = (XN (W))iefo,1] '
where C is naturally equipped with the norm |[z]lec = supycpo 1 [2¢]-

The associated empirical measure u” = % Zfil dxi.~ is hence seen as a random element of P(C).
Its intensity measure is given by

N
1 .
I(pM)(A) = =) P(X"N cA), AecB(©). 2.32
(W™)(A) = ; ( ) ©) (2.32)
Let us verify the assumptions of Proposition 2.2.5 to establish the compactness in law in Ps(C) :
1. Firstly, supy [, .o [zol?dI(u™) = supy [, cga [2[*dud’ < 0o and Proposition 2.2.2 gives

1 ) ,
sup [ o - POT(Y) = sup 1 STEXGY - XV
N JzecC N i

< (14 sup / e+ Y[t — 5[+,
N

Classically, using Kolmogorov’s continuity criterium, for any « €]0, 1/2], defining the compact
subset of C

Kgp = x€C, |CL’0|§R, sup |xt*xs|§R|t7$‘a ’
t,s€[0,T]

we get supy I (™) (K$§) o 0 the sequence (I(u))y is tight.
—» 00
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2. We have
1
[ leldro®) e =€ [ el @)] < €[ [ lelan®

and taking the mean over i in Proposition 2.2.1,

e[ [ Il @) = NZ [ ] 51 [l o )

te[0,T]

hence limsup/ llz||2,dI (™) (x) — 0.
N

llz]loe >R R0

We can therefore introduce a subsequence and some probability space (ﬁ,f’) with random
variables iV, i : Q@ — P5(C) such that
VYN', ﬁN/ ~ MN/ in law
Wi, i) — 0 as (and in L2(9)).
=00

Now, considering the law of the process (1 );>o only, equation (2.28) can be translated as :
for all ¢ € C%(RY) with |Vy|,|V?y| <1,

M) = oy = i) = [ (L), 10,
where Ll = (Bl + S[u]) - V4 + Ao, (2.33)

is a continuous L? martingale on §) with respect to the canonical filtration of (u}¥);, whose quadratic
variation is given by

] /) ] V)| ds+NQZ/] (x| d

Equivalently, this can b;) expressed as
E[(M{y(t) - Mg(s))h(ugf, ...,Mﬁn)} =0 (2.34)
EHM{X(t) - ij(s)fh(ﬂgf, ..mgn)} - E[([Mg] (t) — [M,ﬂ (s)) Wl ooy i) (2.35)

forall 0 < ty,....t;, < s<tandh: PQ(Rd) —R contmuous bounded. Since ™V N o uN N in law in
P5(C), it is clear that the processes (uY )fe[o 71 and (@fY )te[o 71 have the same law. It follows that

(2.34) and (2.35) also hold on the probability space (£, P) for

1 v s 5 [ QoTp i2as

MY () = (. ) — <¢,Mévl>*/0< LY 1. i Y ds, ¢ 0

making it a continuous L? martingale on ﬁ with respect to the canonical filtration of (i /)t, with

quadratic variation {Mﬁ] fo ClaN'] - v, 5" ds—|— N fo (|loTVy2, 5 )ds.

We can now establish the following result.

Proposition 2.2.6. For all ¢ € C?(R?) such that |Vy|, |V < 1,

NEp(t) = (b, Fi) — (8, o) — /0 (L[, Fis)ds, ¢ 0

is a continuous L? martingale on Q with respect to the canonical filtration of (fit):, whose quadratic
variation is given by

ds — Vip(t).

[Mw /‘ (5] - Vo, pis)
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Proof. Let us work on S~2, but drop the tildas on p, P and the primes on N for clarity.
Given 0 < s <t<Tand 0 <t < .. <t, < sand h continuous bounded, we wish to send
N — oo in (2.34) and (2.35). It is enough to verify the following points :

1. M (t) = My(t) in probability

2. |M12V (t)|? is uniformly integrable in N

3. [MY](t) = Vi(t) in probability

4. {MJJV} (t) is uniformly integrable in N.

Given that Wy [u®, u] — 0 almost surely, using the immediate inequality
Wilp @', v @) < Wilu,v] + Wil v/,

we also derive that Wa[(uV)®2, u®2], Wa[(1™)®3, u®3] — 0. Recalling (2.33), let us review the
different terms involved in Mziv (t).

Since | (z)| < 1+ |z|, we deduce from Proposition 2.2.4 that (v, uN) — (¥, u) a.s. Moreover,
[, ni) S 1+ [ llzllocdu™ (2).

The term fg(B[,quV] -V, uN)ds can be written as

/Ot /(Rd)2 b(x,y) - Vip(z)d(pl @ pi)(z,y)ds = / (/Ot bz, ys) - V%b(xs)ds)d(,uN ® 1) (x,y)

c2

which converges almost surely to the expected term since the functional is indeed sub-quadratic (
|b(z,y)| < |z| + |y| and |[Vy| < 1). The term involving S[uV] is treated in the same way.

Recalling the form (2.21), the term fg(A[uév]w, pN)ds can be written similarly as

> / t L[] [ uat@)ossto) + e ey ] R @ ) @ ) o).

again, this converges almost surely since

oi(@)oj () S 1+ Jaf?,

(e y)ei(,2)| ST+ [P+l + 2 V2 S 1.

Point 1. is hence proven. Let us skip Point 2. for now and consider {Mé)v } (t). Using the same

2 2
arguments as before, [(C[ulN]- Vi), uf)’ — ‘(C[us] -V, )

The bound

2
(€] o] 1+ [lleldn™ (@), with supE[ [ fal2 0 ()] < oc

almost surely for fixed s € [0,¢].

guarantees the uniform integrability in (¢,w), so that

t
/Ov

in particular in probability. Additionally,

" Vy(t) in LA (@),

(Clps] - Vb, ps)

o -ve) = [

0

(\UTVQZ)\Q,uéV)’ <1+ [|lz|%.du™N (z) which is bounded

n uniformly in NV, so that
in L'(Q) uniformly in N h
1 [t ~
¥ [AoTTuP ) 0in L@,
0

in particular in probability, which proves point 3.
We have in fact just seen that [le)v} (t)1+9/2 < 1+ [||2)|>F%du™N () which is bounded in L' Q)
uniformly in N, hence giving point 4. Finally, Burkholder-Davis-Gundy’s inequality gives

=prof " zefpuelol

and we derive point 2. from point 4. O
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From (fit);>0 satisfying this martingale problem stated in Proposition 2.2.6, we classically
construct a weak solution using a martingale representation theorem in some Hilbert space.

We start by noting that P»(R?) is continuously embedded in the Sobolev space H=Y = (H7)’
(where HY = W72(R%)) as soon as v > 1 + d/2. Indeed, for 1) € H",

W) = ()] < IV oWalp ] < Cl 2 Walp, ]

where we have used the continuous Sobolev embedding H”Y C C,} for v > 1+d/2. We may consider
the H~7""2-valued process

NE(t) = it — po — /0 L) fids, € [0,7]
which satisfies, for all » € H7*2 (a Sobolev embedding gives |V4|, V29| < 1),
(M (1), ) = My(®), t€[o,T],
which is a continuous L? martingale with respect fo the filtration
Fi =0 (jis € Po(RY), s €[0,4]), tel0,T],

with quadratic variation Vi (¢). Using a polarisation formula, we deduce more precisely that for
¢17 ¢2 € H’Y+2a

(M (), 1) (M (t),102) — (V ()1, 32), t € [0,T] (2.36)

is a continuous (F;);-martingale, where (V (£)t1, 12) fo |-V, i) (Clis] - Viba, fis)ds. The
martingale representatlon theorem from [DPZ14] p222 (Theorem 9.2) then holds, giving another

probablhty space (Q, F, P) with a filtration (ft)te (0,7] and a (F; x F¢)-brownian motion (Wi)eepo,m
on (Q x Q,P ® P) such that

N()(@,) == M(H)(@) = — / V- (Clis(@)]fis(@)) AW (@, ). (2.37)

It follows that (@, @) = (1:(@))se[o,r) is a solution of (2.10) on Q x Q according to Definition 2.1.2
(whose law is of course the same as that of @ — (1:(©))sefo,17)-

2.3 Strong mean-field convergence

In this section, for simplicity, we restrict ourselves to the setting of a common noise, according
to Assumption 3.

In this case, the limiting SPDE (2.10) becomes a stochastic conservation equation (given by
(2.16)) and solutions y; are naturally expected to be obtained as the push-forward measures of g
through the flow of the associated (non-linear) stochastic characteristics.

2.3.1 Stochastic characteristics.
Let us suppose that Assumptions 1 and 2 hold.

Definition 2.3.1.
Given some random p € Pa(C) such that E[f ||x|\c2>odu(x)] < 00, the characteristics X* are defined

as the solution of

dX}(z) = (B[,Ut] + S[Mt]) (X} (x))dt + Clue] (X ())dBy, t €[0,T], (2.38)
XN(x) =2 € R

A random measure p : Q — Pa(C) is said to be "of the transport form" if it satisfies the fized-point
like identity

pw= (X" uy a.s (2.39)
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where X* = (X{'(x))icjo,1),0cra s the flow of characteristics associated to (2.38) and the measure
(XY * o € P(C) is defined by : for allm > 1, ty,...t,, €[0,T], ¥ € Cp((RH™),

/ B, )d (XM / GOXE (), .. XE (2))dpo ().
C

Remark 2.3.1. Using Assumptions 1 and 2, given u € P2(C) satisfying E[f Hx||god,u(a?)} < 00,

one may easily establish that, for any fized x € R?, E{SUPte[o,T] ’Xt“(x)m < 00, so that (2.38)
admits a unique global solution.

Moreover, it is to be noted that the flow x — X*"(x) € C is almost-surely continuous, so that the
push-forward measure (X*)*uo is indeed well defined. This can easily be seen in the case where the

kernels b, ¢, sy are globally Lipschitz-continuous, since we can derive some Kolmogorov estimate
of the form

E[ sup |Xt(@) = XL@)P] S lo - o)
t€[0,T)

The result follows in the locally Lipschitz-continuous case using a classic stopping-time method
(found e.g in [FZ03]).

Remark 2.3.2. For some fited N > 1, let (X*N)=LN be the solution of the particle system
(2.8) with initial data (™) =N and let pN = ~ Zfil dxin the associated empirical measure.

Then one can see that X}~ = X! (xf)’N) so that uv = (X“N)*uév is of the transport form.
Measures of the transport form are, by design, solutions of the conservation equation (2.16)

Proposition 2.3.1. Let ug € P2(C) and = (X*)*po be of the transport form.
Then p = (it )iefo,) satisfies the SPDE (2.16) in the sense of Definition 2.1.2.

Proof. Firstly, using the same reasoning as in the proof of Proposition 2.2.1, one can easily show

E /C |2 dyu(z) = E / sup ¢ )| “dyso () £ 14 /Rd|x|2duo<x>, (2.40)

 ¢€[0,T]

so that the characteristics (2.38) are globally well-defined. For any ¢ € C?(R%), since u € P(C),
the process ((1, pit))tejo,r] is automatically (adapted and) almost surely continuous. Itd’s formula
then results in

B(XE() / Vi(XP()) - (Blua] + Slits] + Alpsa]) (X4(2))ds
4 / V(XL () - Clia] (X2 () dBs-
0

Note that, using the sublinearity Assumption 1 and the estimate (2.40), the stochastic integral
involved here easily defines a square-integrable martingale. Integrating with respect to dug(x)
using a stochastic Fubini theorem gives exactly (2.20), so that Definition 2.1.2 is satisfied. O

We now formulate an estimate which locally compares two solutions of the transport form.

Proposition 2.3.2 (P,-comparison estimate for compactly-supported initial data).
Let po, fig € P(R?) be supported in some compact set K C R, and let u,fi : @ — P2(C) be of the
transport form. For all p > 1, R > 0, defining the stopping time

Tr = inf {t >0, sup (|Xt“(x)| + \XE(:U)D > R} AT

rzeK

there exists some constant Cp, 7 > 0 such that

E[ b[up ]W”[uuut]} < Cp . r W] 10, fo]- (2.41)
te|0,Tr
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Remark 2.3.3. Given some sequence (zi)i>1 dense in K, the continuity of x — X{'(x) € C gives

{ra >t} = {sup sup (| X2 (x)] + [X£ (2)]) < R} = {ralan) > 1)

€K [0,1] E>1

where Tr(z) = inf {t >0, | X1 (2)| + | XE(x)] > R} AT is a stopping time, so that Tr is indeed a
stopping time.

Remark 2.3.4. The proof of this comparison estimate relies strongly on measures of the transport
form (2.39) which are natural solutions of the stochastic conservation equation (2.16). Whenever
o # 0, solutions of SPDE (2.10) no longer exhibit a natural "transport form'. Moreover, for fized
N > 1, the empirical measure u” cannot be written as the solution of some SPDE (see (2.28)).
The case of a particle system with independent noise therefore requires additional work.

Proof of Proposition 2.3.2. For the sake of making calculations clearer, we only treat the case
p = 2. Let us forget about S[u] since it plays the same role as B[u]. Let us introduce a local
Lipschitz constant cg > 0 so that for all |z|, |y, 2’|, |v'| < R,

b(z,y) — b y)| < er e =2/ + Iy — ')
e, y) = (') < er (o = ' + |y — ')
le(z,y)| < cr-
This easily results in the following for all |z|, |2'| < R, v, v/ with support in B(0, R),
Blv](z) — B[V'|(2")| < crl |z — 2| + Wi[v,V']) < crl|z — 2| + Walv, V]
(") <crllz— 2|+ Wiy, V']) < crll|x — 2| + Wiy, V'] (2.42)

(z)] < cpg.

Q
2
&
I
Q
~

Using Theorem 4.1 from [Vil08], we may introduce an optimal plan 7 € (g, fig) so that

W20, jio) = / & — y[2dn(z,y).
K2

Since p, @ are of the transport form, denoting X; = X' and X, = X}, introducing the mapping
T : (z,y) € (RH? — (X4(x), X¢(y)) € (RY)?, one can easily see that T*7 € I(uy, fi). It follows
that

W, i) < = [ [Xuw) - Koo e, (2.43)

K2

We now apply It6’s formula to 1 (z, y) = Xi(z) — Xi(y) to get

(. y)|* = (2nt<x,y> Bl (Xi(@)) = BEI(K ()] + | Clud (X (@) - cmtufct(y))f) dt
+ 2m(2.y) - (Clul (Xi(@)) = Cliael (Kely)) ) d.
Applying (2.42), we deduce, for some Cr > 0,

d|nt/\TR (.CE, y)|2 S CR <|77t/\TR (Iv y)‘z + W22 [/Lt/\TR’ ﬁt/\‘rR])dt + th/\TR (‘T7 y)

< Cr(mnrn (@ W) + Juine ) dt + AMinry (3, ) (2.44)

with My(x,y) = /0 2ns(z,y) - (C[,us](Xs(a:)) — C’[ﬁs]()zs(y)»d,@s. We may integrate this expres-

sion with respect do dr(z,y) using a stochastic Fubini theorem to get

dJinrg < CrIinrpdt + dMipry (2.45)
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with M; = /Ot </KZ 2ns(z,y) - (C[us](Xs(x)) — C[ﬁs]()?s(y)))dﬂ'(x,yo dt . Taking the expecta-

tion in (2.45) and applying Gronwall’s lemma leads to
vt € [OvT]v E[Jt/\TR] < CR7TW22 [,Uo,ﬁo].

Coming back to (2.45) one may now write, using Burkholder-Davis-Gundy’s inequality

T
E[ sup Jinr | < Cr /O E[inrsJdt + E[sup Minry] < CrorWiluo, fio] + CE(IMIYZ,, )

[0,7] [0,7]
With
T ~ 2
Mrn =4[] [ mcalen) - (Cliunrad Xinea (@) = Clienra) (Runra ) ). |
0
T 2
S 4CR/ (/}(2 |77t/\TR (l‘, y)‘ (Ut/\rR (Z, y) + W2 [,ut/\TRa ﬁt/\‘rR]>d7T(ma y)) dt
0
T T
<o [ Uune it < Co (50 T | [ inont
0 [0,7] 0
Holder’s inequality classically gives
) _ 1/2 _
E { sup Jt/\TR:| < Cr,r W5 o, fo) + Cr,rE { sup Jt/\TR:| Walto, fio]
[0,7] [0,7]
from which we easily derive
E[ sup Wg[ﬂtaﬁt]} < E[SHP Jt/\TR:| < CrrW3 o, fio)- (2.46)
te[0,7x] [0,T7]
O

Remark 2.3.5. Secing = (X)*uo and Ji = (X)*ip as random elements of Pp(C), we can in fact
be a little more precise. With m € II(po, fio) an optimal plan between po and fig, we have

Wyl f) < g = [ sup [Xilo) - Katw)]dn(a.n) (2.47)
K2 t€[0,T)

and one could easily adapt the proof (apply Burkholder-Davis-Gundy’s inequality in (2.44) before
integrating) to get the estimate

E [J:R} S Cp,R,TW;f[/«Lm/jO]' (248)

The result from Proposition 2.3.2 makes it clear that, given a compactly-supported measure p, one
should naturally require some estimates regarding the growth of the support of u;, that is, estimates
on sup,¢ g | X} (z)|. In [CS17] and [HJR19] for instance, where the diffusion coefficient ¢(z,y) is
linear, precise almost-sure estimates for the support of u; are achieved using some stochastic
Gronwall inequality.

The assumptions from Theorem 4 provide another setting (where, in particular, the diffusion
coefficient is bounded) in which we are able to obtain a bound on the moments

E | sup sup | X/ (2)PP|, p> 1.
€K [0,T]

2.3.2 Properties of the coefficients.

From this point on, we suppose that Assumptions 4 and 5 are satisfied.
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Note that, as mentioned in the introduction, these assumptions allow us to consider stochastic
Cucker-Smale models with "truncated velocities" in the interaction perturbation, given by (2.7).
Indeed, this corresponds to coefficients of the form

b5 00) = (o Sy ) @00 = (o iy ) 29

Provided that the weight functions 1, ¢ and the truncation function R satisfy, for some 6 € [0, 1),

(@)l lo(@)l, IR ST,
[W(@) = )| < (L+ 2]’ +[yl”)]z — yl,
|6() = o)l S (1 + [z]° + |y|) |z — yl,

IR(v) = R(w)| S (1 + [o]” + [w]”)]v —wl,
IVR(v) = VR(w)| S (1 + [0]** + [w**) v — wl,

one can check that all the required assumptions are satisfied, with, denoting z; = (z;,v;),

0
s1(z1, 22, 29) = —d(x1 — 22)d(x1 — 23)VR(v2 — v1)R(v3 — v1)
+¢($1 — :L‘g)gb(.’l,'g — LL‘3)VR(’U2 — U1)R(U3 — ’()2)

From Assumptions 4 and 5, we easily derive
[Blu@] S 1+ Jal + [ lolduy) (2.50)

|Blul(2) - Blu()

S (1o P 4 [ (o) o - o (251)
and similar estimates for S[u], as well as
‘C[u](x)‘ Sl (2.52)

Clul(@) - Clu(a)

S (L lal” + 21+ [ lol’dn(w)) o~ . (253)

2.3.3 Estimates for the stochastic characteristics.

In this context, let us start by establishing some exponential moments for the stochastic
characteristics.

Lemma 2.3.1 (Exponential moments).
Let po € P2(RY) and pu: Q — P2(C) be of the transport form.
Then, for all T > 0, ag € (0,1], there exists ar > 0 and Cr > 0 such that for t € [0,T], z € R%,

e [exp (o (17 + [1Pdi) )] < oo (o (1e+ [loPan)). 250

Proof. This method is inspired from the one developed in [BCC11], Lemma 3.5. Again, let us forget
S[p] since it satisfies the same estimates as B[u]. It6’s formula gives

a[IXF )] = (2XF () - Bl (X)) + [Clul (XY @)[?) dt + 2 (2) - Clul (XY (@)
Integrating with respect to dug(x) leads to
[ [ Paw)] = [ [ (20 Bludw) + 1€l ) duelw)] dt + [ [ (20 Cloal) )it a5

Hence, letting Y; = | X/ (z)* + [ |y|*du; and summing these two identities, we get

d}ft = atdt + Jtdﬁt
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with, using (2.50) and (2.52), |as|, |o¢|*> < (1 + Y2). Let a(t) be a deterministic, positive smooth
function to be fixed later on. Letting 7, = exp (a(t)l@), it follows that, for some C > 0,

a(t)?
2

dZ, = 7, (o/(t)Yt +at)a; + af)dt + Zoa(t)oudBs
< Z (a’(t)Yt + C(1+Yy)(a(t) + a(t)2)>dt + Zya(t)odpy
— 7Y, (o/(t) + Calt) + caZ(t))dt oz, (a(t) + a(t)Q)dt + Zya(t)ordBs.
Choosing «(t) so that o/ + Ca + Ca? < 0, that is for instance a(t) = age 2, we are led to
dZ, < C (oo + af) Zydt + Zya(t)ordp;, (2.55)

hence taking the expectation (again, one may use a stopping time to be more rigorous) and applying
Gronwall’s lemma gives

e (2] < exp (Clan + ) exp (e (Iaf + [ loPduats)) )

This is the expected result with ap = inf,e(o 7 (t) = ape 2T and Cr = exp (C(ag + 03)T). O
We can now establish some bounds regarding the support of p;.

Proposition 2.3.3 (Kolmogorov continuity estimates for the stochastic characteristics).
Let po € P(R?) be supported in some compact set K C R, and p : Q — Pa(C) be of the transport
form. For all T >0, p > 1, there exists a constant Ck 1, such that

Vz,o' € K, E| sup |X/'(z)—X['(2")]"| <Ckr1,p
t€[0,T]

xz—a'|P.
Using Kolmogorov’s continuity theorem, one can then bound all the moments of the a-Holder
constant

XH — XH(2!
N, (X")= sup sup | X} () /1;(33 )
z,x' €K t€[0,T] “T - |

for all & € (0,1). The set K being compact, an immediate consequence is the following.

Corollary 2.3.1. Let juy € P(R?) be supported in some compact set K C RY, and p : Q — P5(C)
be of the transport form. For all T > 0, p > 1, there exists a constant Cx 1, such that

E [sup sup |Xt“(x)|p1 < Cgrp-
z€K [0,T]

Proof of Proposition 2.3.3. Let us once again forget S[u|. Letting n, = X/'(z) — X['(2), 1t0’s
formula gives

d d
dlne* = 2p|ne[ P2 ne - di + 2p(p — 1) D> I mimldln’ ) + 0> Inel P 2d [0’
ij=1 i=1

with
di = (Blpe (X{'(2)) — Blue] (XY (2"))) dt + (C[p (X () = Clue)(X{'(2"))) dB
dln’,n’]e = (O[] (X (2) = C' e (X (7)) (C7 e (X () — 7] (XF (2))) dt.
Using the Lipschitz estimates from (2.51) and (2.53), we derive that, for some C, > 1,

d[ne* < Ailnme|*Pdt + dM;,  with (2.56)

At = M(x, ) := C, <1 + X (@) + | X () + / |y|29dut> ) (2.57)

My = [ 2P, (Clul (X ) = Clu (X2 @) dB.. (258)



Chapitre 2. Weak and strong mean-field limits for stochastic Cucker-Smale particle systems 90

Let us define
t
Ay = My(z,2') = *y/ As(z, 2")ds, (2.59)
0

where the consant 7 > 1 is to be fixed later on. One can now write

A A
E [sup [P | <E |exp <T) sup (exp (—t) |r]tp>
[0.7] 2 /1) 2

< E[exp(ar)] E| sup (ex0 (<) ) " (2.60)

Let us fix ag = 1 and introduce a7 > 0 such that the estimate from Proposition 2.3.1 holds. Then,
T
[ exp(Ar)] < / e[ exp(ynn)]at
0
T
= [ efew (e (14 xt@P xR+ 1) ) Jar
0

<0y [ elow (% (It@P + 1kt + [lPan) ) o o

where the constant Cx = Cx(T,~) > 0 is chosen large enough so that (recall that 6 € [0,1))

Vu € RT, exp (vC.(1 + u20)) < Cyexp (O%TUQ) .

We may now use Holder’s inequality in (2.61) and apply the estimate from Proposition 2.3.1 to
conclude

E[exp(AT)} < Crr (2.62)
Combining (2.60) and (2.62), it only remains to prove that

E[sup (exp (—Ay) \nt|2p)} < Cgrlz— 2. (2.63)
(0,7]

By design, we derive from (2.56) with It6’s formula that

t
exp(—Ag)|ne? < |z — 2! |*P —|—/ exp(—As)dM;
0
so that, denoting N; the martingale term, with Burkholder-Davis-Gundy’s inequality,

E[[sou% (exp (=M I ) | S o — o127 + E (IN)}/?) (2.64)

This quadratic variation is given by
T 2
(N =4 [ exp(=20)ln P20, - (Clul (X2 @) = Ol (X2 @) | at

T T
< [ expl-2ndn/va S sup (ex0 (<) ) | e a0 nnpat
0 0,7 0
so that (2.64) leads to

E{sup (exp (—Ay) |7]t|2p) }
(0,7

12 7 1/2
Sle—a'? + E[[sup (exp (=A0) [ [7) | < / E[exp (~A) Al ] dt) .
0

)
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The estimate (2.63) will therefore hold if we can establish
vt € (0,7, E{exp(fAt) Aelml?P] < Crlz — |22 (2.65)

The integration by part formula gives

d [exp (—A¢) Ae|ne ] = exp (=As) ([ne]*PdAe + Aed(|ne|*P) + d[X, [n]*P]e — Ajhe|ne|*Pdt)
= exp (—Ay) (Ime?PdAe + Med(|ne]*P) + d[X, [n]*P)e — v AT e *Pdt) . (2.66)

Given that E [exp (—Ag) Ao|no|*’] < Cklz — #/|??, it is enough to prove that the drift terms in
(2.66) are all negative for v chosen large enough.
Recalling (25()), Atd(|’f]t‘2p) 5 A%|’I’)t|2pdt + Atht.
Moreover, using the sublinearity Assumption 5, we easily get from the expression (2.57)
A S+ dmg(a) + (') + [ dmely)du(v) (2.67)
where dmy (y) = 20| X[ (y)[** X[ (y) - Clpe) (X' (y))dBr, (2.68)

so that [ne|?PdAe S Ae|me|?Pdt + |ne|?P (dme(z) + dmy(a’) + [ dme(y)dpo(y)).
We conclude by noting that

A 1) = d[m(a) + m(a') + [ my)duo(u), M| S Al
since for all y € K, d[m(y), M} can be written
t

(201X} ()2 X (y) - Clud(XE W) (2pIne|*P >0y - (Clud (X[ (2)) — Clud (X[ (2')))) dt

SIXEWP (14 IXE @ XA + [ 1)) I
S (1 K@ PR 4 P 4 [ 1P ) )
S (14 IXE@P? + P KPP + [ 1) ) .
Note that A; > 1 so that \; < )\f. The proof is complete. O

2.3.4 Proof of the strong convergence.

Now that the support estimate from Corollary 2.3.1 is acquired, we can prove Theorem 4.

Let us fix some 7' > 0 and p > 2. Let K C R? be a compact set, g € P(R?) be a probability

N . .
d_ i~ )N be a sequence of empirical measures with
0

measure with support in K, and (u) = % D ic10,

support in K such that

Wy [1g) s o] ~o O

Letting (XZ’N)te[o,T} be the solution of (2.8) with initial data X" = zi™, let us introduce

uN = % Ziil dxi,~ the empirical measure associated with the particle system, which is naturally

of the transport form : v = (X*" ) .
Consequently, for N, M > 1, Proposition 2.3.2 gives, for all R > 0,

S Cp,R,TW;:;)[/J’(])V7M(])W]

E [ sup  W2[u, ]
te|

N,M
0,751

where the stopping time is given by

L {t >0, sup (|X5” ()] + |x" (m)|) > R} AT. (2.69)
rzeK



Chapitre 2. Weak and strong mean-field limits for stochastic Cucker-Smale particle systems 92

Let us in fact be more precise and use the inequality (2.48) : introducing an optimal plan 7¥-™ ¢

H(ud, ud") so that
WElug' 119" = /Kz o = ylPdn ™M (@, ),

we have

N M p
Wen i) < g [ sup X0 @)= Xt ) 4 ), (270)
K2 te[0,T]

with the inequality

E |:J:N,J\/I:| < Cp’R’TW;)[MéV,/LéW]. (2.71)

R

It then follows that
E[Wyle®, 1)) < B S E[Jilp gy | +E [Jil v ] (2.72)

<E[Jivw| +CE [1{Tg,M<T}( | el + [ ||zzzoduM<x>)]]

1/2 1/2
< Wl 1+ P (< 7) " (sw | [ elzan @] )
x

€
Therefore, using the bound from Proposition 2.2.1,

1/2
E [Wg[p,N,’u,M]] < CP,R,TW;f[MéV?Mé”] 4O, xP (Tg’M - T)

Now using Corollary 2.3.1, Markov’s inequality leads to
P (Tg’M < T) <P| sup sup (|X,§‘N ()] + |Xt“M (x)|) >R| <C,xR2
te[0,T) zeK
We conclude that

. N M -1
EES};;E Wy, ] < Cp kBT —0.

This shows that (u™)x>1 is a Cauchy sequence, hence converges in LP(£2;P,(C)) to some p.

Let us now prove that the limiting measure p is also of the transport form and therefore satisfies
the SPDE (2.10) with initial data ug (according to Proposition 2.3.1).
Denoting v = (X*)*po € Pp(C), we may slightly adapt the proof of Proposition 2.3.2 to obtain an
estimate of W2[u™, v]. Indeed, introducing an optimal plan 7 € TI(u{, 1) so that

el ool = [ o=y (o),
K
we have this time

N P
Welnt o) < g [ s X" @) - Xt dn @) (2.73)
K2 t€[0,T)

and we are naturally led to study n:(z,y) = X{‘N (z) — X!'(y). Setting p = 2 for simplicity,
calculations give, as in (2.44),

d|nt/\7'g (1‘7 y)|2 S CR (|77t/\7'g (177 y)‘z =+ W22 [/’l’i\j\TR’ ﬂt/\‘rﬁ]) dt + th/\Tg (‘T7 y)

< Cr (Imnry (@9 + WEI™ 4]} dt + dMy (2, y)

R

where the stopping time is defined as

N = inf {t >0, sup (|X;‘” (z)] + |X{‘(gc)|) > R} AT.
zeK



93 2.3. Strong mean-field convergence

We can now carry on as in the proof of Proposition 2.3.2 to obtain the estimate
E L] < Cprar (WY o] + E [W2IE™, 1)) < Cp B WY, 1] (2.74)

From (2.73) and (2.74), using the same method as in (2.72), since (), j10 are supported in K C R,
we are led to

E [W2[N,v]] < CprrE [WP2[UN, ] + CpiP (7 < T)2.

Sending N, R — oo in the same fashion as before, we conclude that E [W;’ [, VH =0, thatisu=v
almost surely : therefore p is of the transport form.

Lastly, the uniqueness of a solution of the transport form for p supported in K C R? is again
obtained in the same way : given p = (X*)*ug and g1 = (X#)*po two solutions of the transport
form, we may apply Proposition 2.3.2 (or more precisely equation (2.48)) and the method used in
(2.72) to obtain

E [WPlu, i]] < CpiP(mr <T)"?

with
R = inf {t >0, sup (|Xt“(x)\ n |Xf(x)|) > R} AT.
reK
We may then send R — oo to get u = i almost surely. This concludes the proof of Theorem 4.

2.3.5 Propagation of chaos.

We now prove Theorem 5. To this purpose, we naturally extend the definition of the stochastic
characteristics introduced in (2.38) in the following way.
Given some random measure p : Q — Po(C) with E[f ||x||godu(x)} < oo and an Fjp-measurable

random variable & :  — R?, we shall denote by X*(&) = (X}'(£0))tefo,7] the solution of
{ AX} (€0) = (Blur) + Slyu] ) (XF (€))dt + Clud (X (&) dr, ¢ € [0,T), (2.75)
X5 (€o) = o

Let us start by establishing a link between the law of X*(&y) given by (2.75) and the flow of
characteristics defined in (2.38).

Proposition 2.3.4.

Let pu: Q — Po(C) such that E [ ||z|% du(z) < cc.

Let & : Q — R? be an Fo-measurable random variable with law po supported in some K C R%.
Then, letting X*(&y) be defined by (2.75), for all ¢ € Cy(C),

e [o0xreo|77] = [ o @)duo(e) o

where (X#(x))yera s defined in (2.38).

Proof. Let us first consider the case where £, takes a finite number of values : let us introduce a
partition (Ax)ke(1,..n} € (Fo)™ of Q and (zx)reqa,... .ny € (R?)™ such that

n
& = Z%Lw (2.76)
k=1
One can easily prove that, in this case,

X['(€0) = > X[ (wr)la,, t€[0,T], as
k=1

n



Chapitre 2. Weak and strong mean-field limits for stochastic Cucker-Smale particle systems 94

by checking that the left and right hand side both satisfy problem (2.75), for which path-wise
uniqueness is established. Given ¢ € Cy(C), it follows that

|
\E

E [o(X" ()| F7] = DB [o(xX*(@u)1a,

Eelwortooneld

1

I
M=

B @(d) = [ 60X @) dola),

E
I

1

where we have used the facts that X#(z) € C is fﬁ—measurable and Fy is independent of ]-'?.
Given a general random variable &, of law pg, let us introduce a sequence (fg)kzl of random
variables of the form (2.76) such that &8 — & a.s. Denoting by uf the law of £, since the almost
sure convergence implies the convergence of the laws, we deduce that uf — pg weakly. For all
E>1,

e [oeeen|#2] = [ s @) as

Recalling that the mapping z — X*(z) € C is almost-surely continuous (see Remark 2.3.1), the
result is deduced by taking the limit in L' () as k goes to infinity, using the dominated convergence
theorem, O

With definition (2.75) in mind, introducing the unique solution p of (2.16) of the transport
form (given by Theorem 4) the variables considered in Theorem 5 may be rewritten as

XON = XN (en), XD = X1, (2.77)

where the empirical measure is of the transport form pV = (X “N)*uév with the random initial
measure ) = % sz\; 656' Note that the strong law of large numbers gives, for any 1 € Cy,(R?),

IR
o) = 5 06 1 [ vlalduoo) as

Since p{) and o are supported in the compact set K C R%, we easily deduce that
b = po in LP(Q; P, (RY).

From here, we may easily proceed as in the proof of Proposition 2.3.2 to obtain

S CV;D,R,TE [W;’[,uév, /J/O]] —_— 07

N— o0

E| sup WEu, ]
tel0,75]
where the stopping time is defined as
N — inf {t >0, sup (|Xt“N ()| + |Xf(x)|> > R} AT
reK
The arguments developed in section 2.3.4 then provide the first convergence in Theorem 5 :
E [W;[MN,/IJH — 0.
The mean-field limit being established, the propagation of chaos announced in (5) will be deduced
by exploiting the following symmetry property : using (a slightly tweaked version of) Proposi-
tion 2.3.4, one can write, for all r > 1 and ¢ € Cy(C"),
E [o(XMY, . x| FL] =B [ox ™ (@), X (€)| F

_ /(FW X (1), o, XP () ApS (21, oy 2y) a8

since, by independence, £(£},...,&5) = u§". In particular, this shows that

Voes,, E [¢(X”(1)’N7...,X"(T)’N)‘]-'ﬂ —E [gb(Xl’N, . ,X“N)’fﬂ a.s. (2.78)
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The convergence (5) can now be proved in the same way as in [CF14], Theorem 24. We detail
the proof here for the sake of completeness : for simplicity, let us consider the case r = 2. For
1,2 € Cp(C) with |@1], |p2] < M, let us write

E[E [0 (X" )gn(x2N)| 77| = (91, m) (e, )| < E[AV] + E[BY]
where
V= |E [ M)0a(x> )| F7] B [(61.n") (62 0™)| L] |
= ’E I ¢17HN><¢2aMN>’]:ﬂ -E {<¢1,u><¢2,u>‘fqﬁﬂ} ‘

On one hand, using the symmetry property (2.78), we may rewrite AV as
_ ) N\ | 8 i) i,N\| 8
’NQ NZE[ (X5 7)6a (X7 )’fT} sz [ (X7 ) (X7 )‘fTH

1 1 1 M2
< N? - N)M? M?=2— —0.
<N2 N N2)( M+ 5 N

On the other hand,
E[BY] < E‘<¢17MN><¢27IJN> —(P1, 1) (P2, )| = 0
using the dominated convergence theorem, given that u — pu in Pp(C) (hence in particular

(¢, ™) — (¢, ) in probability. This proves (5).
Furthermore, for all ¢ € Cy(C), since p = (X*)* g is of the transport form, Proposition 2.3.4 gives

E [o(x)

}—E[(x#go ‘]?ﬁ /ng“ Ydpio /¢> Vdu(z) as

so that p € P(C) is indeed a version of the conditional law £ (Xﬂ}"ﬁ)

Lastly, one may again use (a slightly tweaked version of) Proposition 2.3.4 to write

. . N . . p
BN - X =0 () - X € [ s [X2 ) - Xt duoto),
te

Once again, the arguments developed in section 2.3.4 (see (2.73) and below) give the required
convergence : we obtain X*~ — X in LP(£2;C), which concludes the proof of Theorem 5






Existence of martingale solutions for
stochastic flocking models with local
alignment

3.1 Introduction, main results

3.1.1 Collective motion with local alignment

The emergence of a consensus or ordered motion amongst a population of interacting agents
has been drawing a fair amount of attention among the scientific community in recent years. This
phenomenon, consistently observed in nature, from schooling fish to swarming bacteria, is usually
referred to as flocking. One of the earliest and most commonly studied mathematical models
describing this kind of behavior is the celebrated Cucker-Smale model, introduced in [CS07a,
CS07b]. In this model, agents interact in a mean-field manner : for 1 < ¢ < N, denoting by
XN VN ¢ Re the position and velocity of the i-th individual, the evolution of the system is
given by

d . .
%th,N — ‘/tz,N,

d . 1 & , , . ‘
SV = Do et = v = v,

Jj=1

where the weight function 1 : R? — RT is even, typically of the form

¢(m—y):m, A,y > 0.
Equivalently, one may consider the conservation equation
Ohf+v-Vauf + V- (L5[f]f) =0 (3.1)
where the Cucker-Smale alignment term LES[f] is given by the convolution
L) = [ bl - y)(w o) fly. w)dydw, (32
Rd xRd

Equation (3.1) is naturally associated to the particle system, since it is satisfied by the empirical
measure

1 N
N _
H = 5 20 e
i=1

in the sense of distributions. In [MT11], Motsch and Tadmor brought to light several drawbacks
regarding the physical relevance of the Cucker-Smale model when confronted to strongly non-
homegeneous distributions of agents, due to the normalizing constant % in the alignment force,
which involves the whole group of individuals. To remedy these issues, they proposed a new model
where the influence between two agents is normalized by the total influence :

d . .
gt =ver
d_ . 1 N , . ‘ ,
7‘/2171\7 _ ~ : ‘ Z¢(XZ7N _ XJ,N)(VJ7N _ Vl,N).

N N t t t t

j=1
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Considering some weight function ¢ : R? — R with compact support, we may naturally consider a
hybrid model, letting the Cucker-Smale forcing dictate the long-range interaction and the Motsch-
Tadmor term dictate the short-range interaction :

Ohf+v-Vaof + V- (L[] + LMT[f])f) =0 (3.3)

where the LMT|[f] is given by

MmT /Rd Rd ¢(z —y)(w = v) f(y, w)dydw
LY [ fl(x,v) = == .

[ o= )i widyde
R4 xRd
Note that the Motsch-Tadmor forcing term can also be written

LM f)(x,v) = ulf](2) — v,

expressing the alignment of the speed with the local average velocity u[f], defined as

/ B(x — y)w £ (g, w)dydw
R4 xRd

ulf](x) = :
/ o(z —y) f(y, w)dydw
R4 x R4

As suggested in [KMT13], we may also consider (3.3) in the singular limit where the weight function
¢ governing the short-range interaction converges to the Dirac function dg, leading to

Oif +v-Vaf + V- (LES[f] + LSEA[f]) f) = 0. (3.5)
In (3.5), the Strong Local Alignment term LS54[f] is given by

LA f)(, ) = uo[f)(x) — v, (3.6)
where the local velocity uo[f] is given by

_ fRd wf(z,w)dw
Jra 2, w)dw

The existence of solutions to the kinetic equations (3.3) and (3.5) has been established in [KMT13].
Moreover, in [KMT12], the authors rigorously explore the limit ¢ — dp : considering some ¢; €
C.(R%) and weight functions of the form ¢"(x) = r=%¢;(z/r), solutions (f"),>o of (3.3) converge
(up to some subsequence) to a solution f of (3.5).

In order to take into account random phenomena emerging from the environment, or unpredic-
table interactions between the agents, it is rather natural to perturb the deterministic equations
(3.3) and (3.5) with some noise, driven by a Wiener process dW (z) = Y, Ki[f](2)dBF, leading to
the stochastic conservation equation

uo[f](x)

dfs + [0+ Vo + Vo - (LU | dt + D Vo - (Kelfilfe) o dBf = 0
k

with L[f] = LE°[f]+ LMT[f] or L[f] = LE%[f]+ LS4 f]. Here, for simplicity purposes, we choose
to only consider a "one-dimensional" noise driven by a real valued Brownian motion 5 = (8;)¢>0,
leading to equations

dfy + [0+ Vi Vo - (LS + LTINS [ dt + V- (KIfIf) 0 dBi =0 (3.7)
and
dfet [0 Vi Vo (L] + LA ) |dt+ Vo (KIRIR) 0 dBr =0 (38)

The methods developed in the present paper shall not rely on this particular form, so that the
results may be easily generalized to SPDEs with multiple Brownian motions. Note that these
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stochastic conservation equations are written in Stratonovitch form, since it is the most physically
relevant form. As in the deterministic case, equation (3.7) is naturally associated to the stochastic
particle system

N _ 1,i,N
{dXt =V Nat, (3.9)

AV = L) (XY, Ve de + Kp (X ™, Vi) o dpy
where pl¥ = £ 5N 8w yany and Llu) = LOS[u] + LMT[p].

The mean-field convergence of (3.9) to the corresponding limiting SPDE has been studied in the
litterature in the case of the Cucker-Smale interaction, that is with L[u] = L®[u]. The diffusion
coefficient K [u](x,v) = D(v—v,) for some constant v. € R? is considered in [AH10] ; the coefficient
K[u)(z,v) = V20(v — v), where v = [wdu(y,w), is looked upon in [CS17] and [HJR19]; some
more general (non linear) diffusion coeflicients are considered in [Ros19)].

As for the Motsch-Tadmor model, that is for L{u] = L™ [yu], the flocking phenomenon for the
particle system (3.9) (alignment of speeds, distance between the individuals bounded over time)
is studied in [LX15] in the case of a multiplicative noise K[u](z,v) = Dv. However, even in the
deterministic case, due to the singular ratio involved in the non-linear term LM7[u], the mean-field
limit of the Motsch-Tadmor particle system is a very delicate question (as suggested in [MT11] and
[MT14]) to which the authors could not find a proper answer in the litterature. It should also be
noted that the strong local alignment term LS4 f] given by (3.6) is ill-defined when f is a general
measure, so that the particle system associated with equation (3.8) cannot in fact be written.

In the present work, we shall consider a diffusion coefficient of the form

KIfl(e.0) = Fa)+ [ e =9)w = 0)f(o. widydo (310)
X

which corresponds to some random environmental forcing F(x) o df;, as well as a random pertur-
bation ¥ < ¢ + zﬂ/; o df; of the weight function involved in the Cucker-Smale alignment term (3.2)
(as considered in [CS17] and [Ros19] in the case of the Cucker-Smale model only). Note that the
choice F' = 0 and ) = /25 leads in particular to the simpler coefficient K [u](z,v) = V20 (v — ).
The arguments developed in the present work also easily apply to the case K[u](x,v) = Dv looked
upon in [LX15].

In this paper, we extend the work developed in [KMT13] and [KMT12] in the deterministic
case to establish the existence of martingale solutions (see Definition 3.1.1 below) for the stochastic
conservation equations (3.7) and (3.8). To this intent, we start by regularizing the coefficients :
in section 3.2, we prove the existence of a unique solution of equation (3.7) with regularized
coefficients, which is naturally constructed as the mean-field limit of the corresponding stochastic
particle system. Then, in section 3.3, we prove the tightness of these approximate solutions with
respect to the regularizing parameter, and rigorously pass to the limit in the martingale problem
associated with (3.7).

3.1.2 Assumptions and main results
The weight functions %, : R? — RT involved in (3.2) and (3.10) are assumed to satisfy
(@) + (@) S 1, [95v(@)| + 059 (x)| S 1for 1 < o] < 4. (3.11)

The weight function ¢ : R? — RT involved in (3.4) is assumed to be smooth and compactly
supported around zero : ¢ € C>°(R?) and for some 0 < r; < 7y < 00,

xeli?r(lgm) ¢(z) >0, Supp(¢p) C B(0,r3). (3.12)

The forcing F' involved in (3.10) is assumed to be smooth and sublinear :
[F ()] S 1+ [x].

Simple calculations show that the proper It6 form associated with SPDE (3.7) is

Ao+ Vo - (ST + LT 1R+ SUARL) 1)+ Vo - (KAL) e = 5 VA(KTRIRIATT fo)de



Chapitre 3. Existence of martingale solutions for stochastic flocking models with local alignment 100

where we have used the notation
VAR = Y 02, [KUTKIS]
1<i,j<d
and the additional drift forcing term S[f] is given by
SUIE) =5 [ 9w =) (KA. 0) = K1) £ w)dyde
This motivates the following definition.

Definition 3.1.1. Let T > 0 and (0, F, (Fi)o<i<r, P, B) be a filtered probability space equipped
with an (F;)-brownian motion B. Let fo : R** — Ry with fRQd fo(z)dz = 1.

A process f € L™ (Q;LOO([O,T];Ll(de))> with

[/R F@)(t,2)ldz < 1, dt-ae], P-as (3.13)

satisfying the estimate

E[/OT/RM(I—i— \u|2)|f(t,z)|dzdt} < 0 (3.14)

is said to be a solution of (3.7) on (R, 8) (with initial value fo) when, for any test function ¥ €
C(R%), the process ((f(t), ¥))o<i<T is adapted with a continuous version and satisfies

t

), 9) = (fo, ) + / (LLF()T, f(s))ds + / (KIf(s)] - Vo, f(s))dBs, t € [0.T]

where L]f] denotes the second order operator

LI = v Vo ¥+ (LOSf] + LYT[f] + S[f]) - Vo + % > KUTKIYo;, . (3.15)
1<i4,5<d

If there exists some probability tuple (Q, F, (Fi)o<i<T, P, B) and a solution f of (3.7) on (Q, ), we
say that equation (3.7) has a martingale solution (in the sense of [DPZ14], Chapter 8).

Estimates (3.13) and (3.14) are quite natural since we expect solutions of (3.7) to be densities.
On can easily check that these estimates guarantee that the process ({f(¢), ¥)):>o is well defined,
the stochastic integral being a square integrable martingale. Solutions of equation (3.8) are defined
similarly. We now state our main results.

Theorem 6 (Stochastic Motsch-Tadmor flocking).
Let fo : R* — Ry with [g.q fo(2)dz =1 such that, for some § > 1 and 6 € (0,1),
max(d + 2,4)

T (3.16)

: 1
/ fol2)IPdz +/ (12l + o) fo()dz <00, p=1+7, k>
R2d R2d

Then there exists a martingale solution f of equation (3.7) with initial data fo.

We also prove the existence of a martingale solution of (3.8), which can be constructed as a
weak limit of solutions of (3.7) as the function ¢ involved in the Motsch-Tadmor alignment term
(3.4) properly approaches the Dirac function dy, similarly to the result established in [KMT12].

Theorem 7 (Stochastic flocking with strong local alignment).
Let ¢1 € C°(R?) satisfy (3.12). Let us consider the sequence of functions (¢y)r~o given by

Ve € R ¢n(x) = ripi(z/r).

Assuming (3.16), the martingale solution f" of equation (3.7) with ¢ = ¢, constructed in Theorem
0 satisfies, along some subsequence r, — 0,

™ = finlaw, in C’([O,T];HV_V‘L(RM)) forall o >0,

where f defines a martingale solution of (3.8). The weighted Sobolev space H;V",I(de), with
W=Y(z) = (1 + |2|)~ is introduced in (3.78) below.
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Note that, although f only converges weakly in space, the use of a stochastic averaging lemma,
(developed in Proposition 3.3.4 below) will guarantee that integrated quantities of the form

Py = /Rd @(v) fdv

converge in the strong space L?([0,T]; L?(R?)). This allows to properly pass to the limit in the
non-linear equation (3.7).

3.2 Regularized equation

In this section, we prove existence and uniqueness of a solution of equation (3.7) with regularized
coefficients. This solution will be naturally obtained as the mean-field limit of the corresponding
particle system.

For R > 0 let us introduce smooth, compactly supported truncation functions
xr € C°(R%R),  0p € C°(RYGRY)
satisfying
Xr(z) =1 if [z[ <R, IXr(2)] <1,
Or(v) = v if |o] <R, 0r(v)] < [v], (3.17)
|Vy-0r(v)] <1 uniformly in R > 0.

We may then introduce the following regularized coefficients :
LW = [ Xtz = 9ol = p)n(w ~ D)du(y. )

/d , d(x — y)0r(w) du(y, w)
uplp)(z) = ~R=R :
R+ oz — y)du(y, w)
RxR¢ (3.18)
LT [u)(z) = ur[p)(z) — v,

KRrlpl(2) = xr(z)F(x) + /Rd g Xr(@ — 90 (x — y)0r(w — v)du(y, w),

Sulpl(z) =5 | 9 =) (Knlply w) = Knlul.0))duty, w).

Simple calculations show that, for fixed R, these regularized coefficients are globally Lipschitz
continuous in the following sense : for all z, 2’ € R??, u, v € P(R?),

LG5 [u)(2) = LES ()| + ‘L%T[u](Z) = LYT(E)| S |2 = 2+ Wap, v,

Krlu)(z) = Kplp](=)| + |Sulul(2) - Salv](')

(3.19)
Sz = 2[4+ Wilp, v]

~

where the constants involved in < in (3.19) depend on R, and W; denotes the Wasserstein distance.
The assumptions made also guarantee the uniform sub-linearity of some coefficients : for all z € R??,
p € P(R),

LG50 + [Knlpd )] + [Sali(2)] S 1+ 121+ [ 121ducz) (3:20)

where the constant involved in < in (3.20) does not depend on R.

3.2.1 Mean-field limit of the associated particle system

We may now consider the associated mean-field particle system on Z4N = (X&N ViN) ¢ R2,
ie{l,....,N}:
{ dXN =viNat

i i i 3.21
aviN = (LGS0)+ LT ] + Sald)) (20 )t + Knlu /(2 )d, (3:21)
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where 1Y denotes the empirical measure

1 N
= N Z(SZ:’N.
i=1

From the sub-linearity of the coefficients, we easily deduce the following result.

Proposition 3.2.1. For any T > 0 and z;" € R4, i € {1,...,N}, the SDE system (3.21)

with initial condition Zé’N = z(i)’N has a unique global solution (ZZ’N)igf&%]"N} which satisfies the

following estimates : for any p > 1,

e[ swp [ rdd )] s1s [ lPau o)
t€[0,T] JR2d R2d

. D .
E[ sup ’ZZ’N‘ ] < 1—|—|zé’N|p+/ |2|Pdud (2).
t€[0,T] R2d

The constants involved in < depend on R,p and T only.

Proof. The coefficients of (3.21) being locally Lipschitz-continuous, the local existence and unique-
ness of solutions is guaranteed. The estimates of Proposition 3.2.1 should first be established with
the stopping time

v = inf{t >0, max ZivN‘ > M} AT,
1<i<N

which should then be sent to T, as M goes to infinity. For the sake of simplicity, we omit this
stopping time in the following. Given the sub-linearity of the coefficients, It6’s formula gives

’ZZ’N‘p = NP+ /Ot Alds + /Ot Bidg, (3.22)
with
A1z [lbas B =o|Z T2 a2,
Averaging (3.22) over i, we are led to
t N o tq N
/|Z|Pdugv :/|z\PduéV+/0 (N;A;)dH/O (N;B;)dﬁs (3.23)

from which we easily deduce, for all 0 <r < T

E[ sup /|z|pduiv] §1+E[/\z|pdué\]} —|—/ E[ sup /|z|pd,uiv}ds
te(0,r] 0 te(0,s]

+E[ sup /t (12N:Bi)dﬁs}.
te[0,r] JO Ni:l °
Burkholder-Davis-Gundy’s inequality (from [BDG72]) gives
e[ [ (v <el([ |y 3 st)”z} Se[([ e frera
tefo,)Jo \N = ° ~ N&&=" ~ 0 °
/2, (T 1/2
s1egf( s / an) | [ epaas) }
/2

2
S1+E[ swp [lalan] / sup [ oy
tG[O 7] telo,s]

so that we may come back to (3.23) and get

sup /| \pd.“t <1+E /| |pdﬂo / sup /|Z|pd#t ds
t€[0 7] te(o,s]

We may now apply Gronwall’s lemma to derive the first estimate. Coming back to (3.22), a similar
reasoning leads to the second estimate.

2ds) 1/2}

O



103 3.2. Regularized equation

Let us now consider the space of trajectories

C=C(0,TER™),  2llos = sup |2
t

)

and view the empirical measure as a (random) probability over C :

1 N
== 6z~ €P(C)
N i=1

More precisely, for p > 1, we introduce the Wasserstein space

Pp(C) = {H € P(C), /zec 2|2 du < oo}

equipped with the usual distance

Wyl =  inf (/ |21 — 2|2 dn(z z))l/”
plMs —WGH(;W) (erom)cc? 1 2|l 1,22

where

tH.) = { € Pie?), [ tterdn) = iz, | wldor,dz) = v(dz) |

1€C
We may now state the following mean-field limit result.
Proposition 3.2.2. Let p > 1. As N — oo, provided that il — po in Pp(R??), we have pV —
win LP(Q;Pp(C)) where p solves the regularized SPDE

dpiy + 0 Vapedt + V- (LG5l + LHT 0] + Sulud] ) e ) dt + Vo - (Krlpul) dBy
= 2V (Vo (Knlul Klpd ") it (324

in the following sense : denoting the operator

1 ) .
Lalp)¥ =v- VU + (LGS + LY T[u) + Selu)) - Vow + 5 > Kalu) Kelun' 92,9 (3.25)
1<i,j<d

we have, for any test function ¥ € C°(R??),

t

(e 0) = G, ) + [ (Ll )ds + [ (snind v Yase, ve o

More precisely, p is the unique element of L*(%;P,(C)) given by the push-forward measure of the
initial data by the non-linear characteristics :

= (Z")* o in P(C), a.s (3.26)
where Z" : z € R* — (X['(2), V! (2))iejo,r) € C is the flow associated with the SDE

dX}'(z) = VF(2)dt
V() = ( GSla) + LY ) + Sul] ) (ZE)dt + Kl ZE) B, (3:27)
Zh(z) =

Démonstration. For simplicity, let us consider the case p = 2. We start by noticing that, for fixed
N > 1, the empirical measure pV naturally satisfies the fixed-point-like equation (3.26). For all
N, M > 1, introducing an optimal plan m € TI(u), z!) (one may refer to [Vil08] for details) such
that

W2, ) = / |21 — 2Pl (a1, 22),
(21,22)€(R24)?
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it follows that
WL < | 128" (20) = 28" ()2l (o1, 20) = JEM (3.8)
(z1,22)€(R29)
and we may simply re-write

. . 2 . .
D DD DI e E(E e ) (329

1<i<N 1<j<M t€ [0.T]

where Z" is the solution of (3.21). It&’s formula easily leads to

. . 2
a|zpN - Zi’M\ = (Gt + ¢F+ G+ ¢t )dt + ¢ap,

where

“‘»—\

2z - 2 - (LGP ZY) - LES 1z,
3= (2% = 2™ - (L") = LT )2
Gt =2(20N = 20™) - (Srl)(Z20™) = Sel (20,

b= | Kaln 1) ~ Kala) (2™

¢ =220 = 2™ - (Kalud1(2Y) = KalidWZ0™)).

Using the Lipschitz estimate (3.19), we deduce (for fixed R > 0)

. . 2 . . 2
ziN = M| s (|20 - 2|+ WAl w2t + R,
. . 2
< (‘Z;vN - ngM‘ + It + G (3.30)

Taking the expectation in (3.30) and applying Gronwall’s lemma leads to

o2 , 4
—2pM)" 5 (15N - M P+ EYM).
Coming back to (3.30), we may write

sup
o€[0,t]

2 . ) t ) 2
- z3M| §|23,N,23,M|2+/ (|78 = z2M| "+ g ) ds + w / ¢2dp
0 oe(0,t

and therefore

. . 2 . . t
E[ sup ‘Z};N—Z(J;M‘ } < |26’N—zg)’M\2+/ E[JSN’M]ds—i-E sup / §5d58 (3.31)
o€l0,t] 0 06[0 1]

Burkholder-Davis-Gundy’s inequality gives

sup/cd,@s | <e[( /\<5|d
o€[0,t]

) ) _ ) 2 1/2
SE[ swp |20V - 22| ( / \KR[M§V1<Z;’N>—KR[uM(Zz*M)\ as) |
s€0,t] 0
i, N ’M21/2 ‘ N i, N M j, M 2 1/2
SE[ sup 2% - 2T [ EfRal)20Y) ~ Knlpt) (22 ds)
se|0,t

Making use of (3.19) again, we get

E[ sup /l7 C?dﬂs} < E[ sup 2

o€0,t] JO s€[0,t]

) o 1291/2 t ) 2
ZiN —ngM‘ | (/ E‘Z;N —ngM\ + BT M]ds)
0
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and we may come back (3.31) to obtain

i, N j, M 2 i, N i, M |2 K i, N j, M 2 N,M
E[ sup ‘Zg; —zM] S 1Y - A +/ (E‘Z;’ = Z0M| 4 BLINM)) ds.
o€[0,t] 0

Summing over 7 and j as in (3.29) finally leads to
(] < wh )+ [ Mas.
Gronwall’s lemma hence gives E[JéV’M] S W2 Y, pd!] so that, coming back to (3.28), we get
E[WEIY, 1] S WEld ] >0

as N,M are sent to infinity. We have shown that pu converges to some g in the complete
space L2(2;P2(C)). Let us now prove that u satisfies the fixed-point identity (3.26). First, since

El [.cc ||z||g0d,u] < 00, one could easily deduce from the sub-linearity of the coefficients that

Zé‘(z))Q} < o0,

E[ sup
t€[0,T)

thereby guaranteeing that the solution Z!'(2) of (3.27) is unique and global. Moreover, it is a
well known fact (see e.g [Kun84]) that the flow Z* : z € R*® — (Z}'(2))sejo,7) is almost-surely
continuous, so that the push-forward measure involved in (3.26) is indeed well-defined. This could
be seen in this case by establishing a Kolmogorov estimate

E[ sup ‘Zt“(z) — ZI'(#) 2} S|z =22, Vz,7 € R

te[0,T]

Let us introduce the measure v = (Z*)* . Introducing an optimal plan 7 € TI(ud), o) so that

Wg[”é\{a“d = / |21 —Z2|2d7T(2’1722)
(21,22) €(R2?)2

we have this time

N 2
WZQ[MN,V] < / sup )Zt“ (z1) — Zf(zg)‘ dm(z1, 22) =: quy.
(21,22)€(R24)2 t€[0,T]

As in (3.30), Itd’s formula gives an expression of the form
u " 2 ul m 2 21 N
Azt () - 28| S (|27 () = 2 )|+ WELY )t + Gy
N 2
< (|27 ) - 2| + WEIS ) dt 4GB
Proceeding as in the first part of the proof, we eventually obtain
E[Wlu™,v]| S E[WEln" ul].

Letting N go to infinity, we conclude that u = v a.s, that is exactly (3.26).

We may once again use the same arguments to prove that the fixed-point-like equation (3.26)
has a unique solution : considering p and v such that p = (Z#)*uo a.s and v = (Z¥)*1y a.s, we are
led to

E[W22 (1, V]} < W5 lpo, vo)

so that o = 1y implies p = v a.s.
Finally, let us notice that any u satisfying (3.26) defines a solution of (3.24). Indeed, for any
test function ¥ € C°(R2?), 1t&’s formula gives exactly

W(Z{(2)) :‘II(Z)+/O ER[us]‘I’(Zﬁ‘(Z))dSJr/O VU(Z{(2)) - Krlps)(2L(2))dps.

where Lg[p]¥ is given by (3.25). Since (¥, pi;) = [, _gea U(Z{'(2))dpio(2), integrating with respect
to duo(z) using a stochastic Fubini theorem gives the expected result. O
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3.2.2 Flow of characteristics, regular solutions

For some fixed R > 0, let us consider the unique solution p of (3.24) constructed in Propo-
sition 3.2.2. Although this measure, as well as the associated characteristics (Z}');>0, depend on
R > 0, we shall hide this dependence in the following expressions to avoid cluttering notation. One
may note from expressions (3.18) that the coefficients

LG5ud(2), Ly " [mel(2), Srlud(2), Krlud(2)

involved in the SDE (3.27) have the regularity C*(R??) in the z variable. More precisely, assumption
(3.11) guarantees that, for fixed R > 0, for 1 < || < 4,

02 LG | +

O L u]| +

02 Silpu]| +

02 Krlpi)| 5 1
uniformly in ¢ € [0,7] and w € Q. In particular, the first, second and third order z-derivatives of
the coefficients are globally Lipschitz-continuous. As a result, Theorem 4.4 of [Kun84], Chapter II,
yields

{Vt €10,T], Z!':zeR*— Z/'(z) € R* is a C3-diffeomorphism }, P—a.s. (3.32)

More precisely, for 0 < s < ¢, denoting by Z%';(z) the solution of the SDE
t
th(z) — +/ VI (2)dr,

t
Vi (2) = v+ /

r=s

(LG5 00) + LT (0] + Salyar] ) (22, (2))dr + / t_ Krlu](Z,(2))dB,,
the inverse map (Z",)~!(2) satisfies the corresponding backward SDE

X)) =am [ G

(Vi) Mz =v- / _ (LG5 1) + LY () + Silier] = Swlier]) ((Z1) 7 (2))dr

_/: K] ((Z1) () dBr,

where Splu] = V,Kg|u]Kg[u) and fst - df,; denotes the backward Stratonovich integral (see again
[Kun84] Theorem 7.3 for this result and p.194 for the definition of the backward integral). When
s = 0, we simply denote

Z}'(2) = Z6,(2), (2) (=) = (267 (2).

In the particular case where the initial measure 1o admits a density fo € L'(R?*?) with respect
to the Lebesgue measure on R??, for any test function ¥ € Cy(R??) we may write

/ (=) () = / U(Z(2)) fol2)dz = / U()e(2)H fol(20) 7 (2))dz
z€ER2d z€R?2d 2€R2d

where J;(z)~! denotes the jacobian determinant
Ji(2)" = det [ D((2})7)(2)]. (3.33)

Considering a countable separating family of such test functions ¥, from p = (Z*)* fo in P(C), we
deduce that
YVt € [0,T], du(z) = f(t,z)dz}, P—a.s,

where
ft,2) = Je(2) " fol(Z1) 71 (2)). (3.34)

Note that we may drop the absolute value in (3.34) since J;(2)~! > 0 a.s. Let us now give some
estimates regarding the forward and backward characteristics.
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Proposition 3.2.3.
For all p > 1, let fo € L*(R*) such that [ |2'|Pfo(2)ds’ < oo. Let u € L*(Q;P2(C)) such that
= (Z")*fo as in (3.26). Then for all z, 21,20 € R* t.t;,t, € [0,T] and 1 < k < 3,

E[ sup |Zt”(z)|p} ST+ 2P + / |2/ [P fo(2)dZ’, (3.35)
te[0,T]

eIk ] s 1+ [ 121 Red,

E| sup |Z0'(21) - 2 (z2) 7] S J21 = 2l (3.36)

Ltefo.1]
ez @] S P+ [ 12 o)z,
[z = @y || S 1 -l + (14l + [ P01 0 = a2, (33)
e [Pk ] S 1+ [ 1P RE, (3.39)

e[| Dt ) - DE ) |

} Slz =2+t — o2, (3.39)

The constants involved in < depend on p,k, T, R only.

These estimates are deduced in a classical manner from the sub-linearity and the global Lip-
schitz continuity of the coefficients of the equations satisfied by Z!(z) and (Z!')~1(z). Applying
Kolmogorov’s lemma to (3.37) and (3.39), we deduce that, for all 0 < k < 3,

(t,z) €[0,T] x R* = D*((Z!")™1)(2) (3.40)

is continuous P — a.s. Additionally, we may deduce from (3.35) and (3.36) the following estimate :
given a compact set K C R? and zy € K, for any p > 1 and o € (0, 1),

E| sup sup |Zf(z)\p} < E[ sup |Zf(zo)\p} + E[||Z"HpaLoo]diam(K)ap < Cgrp < oo. (3.41)
2€K te[0,T) t€[0,T 2

In (3.41), diam(K) = sup {|21 — 22|, 21,22 € K} and || Z"|cars denotes the a-Hélder semi-norm

H H
|1Z¥|car= = sup sup 1Zi (1) — Zy ()|
z t p
21722 €R24 €[0,T) |21 — 22

which satisfies indeed E [||Z“||p QL?O} < 1 by applying Kolmogorov’s lemma to (3.36). We may now
establish the following result.

Proposition 3.2.4 (Regular solution). Let fo € C2(R??). Let u € L?(;P2(C)) such that p = (ZH)* fo
as in (3.26), and let f(t,z) be defined as in (3.34), so that p may be represented as dyi(z) =
f(t,2)dz. Then f is a regular solution of (3.24) in the following sense :

— P-almost surely, f(t,-) € C*(R*) for all t € [0,T) and the maps

(t,2) €[0,T] x R* = 82 f(t,2), 0<|a] <2

are continuous.
— Denoting the operator

(Ealf])'g = —v- Vug — Vo (LG + LHTIA) + Salfo) + 3 Vo - Vo Knlf1Krlf"g),
(3.42)

we have for all z € R??, t € [0, T], P-almost surely,

£6:2) = o)+ [ Calt@) 5. 2as = [ 9, (Kalf(lf(s.)ds.. (349)
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Démonstration. As a consequence of (3.40), it is clear from expression (3.34) that the first condition
is met. Furthermore, f(¢,-) is almost surely compactly supported, uniformly in ¢ € [0, T], with

vVt € [0,T], Supp(f(t,-)) C {z €R? |z| < sup sup |Zt”(z')|}
2'€K t€[0,T]

Since f is a solution of (3.24), for any ¥ € C>°(R??), P-almost surely,

(709 = o9+ | {(ErlF ) F(s), W)as - / (9, - (Kal)1(5)). 0)ds,

We can then interchange the integrals

/Ot<.,\11>ds - </0t.,\11>ds, /Ot<~,\11>d55 _ </0t,’\1,>d55'

Since all functions are compactly supported (for fixed w € ), the integrals with respect to ds
cause no issue. As for the stochastic integral, we may use a stochastic Fubini theorem, as long as

/Ot /z€R2d EHVU . (KR[f(S)]f(s))\Il(z)r]dzds < 00.
From expressions (3.18), we deduce (for fixed R > 0)

[Kr[f®))(2)| + Vo (Kr[f(E))(2)] S 1,

From expression (3.34), (and |det[A]| < |A]??) it is clear that
2 2 < k(-1 1 2 2
2P 4191 2)F 5 (14 max [DE(2E ™)) (ol + 1V folli )

for some ¢ = ¢(d) > 1. We may hence write

€|V, (Kelf1£)) ()] % 1+ €[ max [ D20 )] 51 (3.44)

thanks to the bound (3.38). It follows that

/ot /ZERZd EHVU. (KR[f(s)}f(s))\I/(z)‘Q] dzds < /Zede U (2)[2dz < .

Consequently, P-a.s, (3.43) holds when integrated against any ¥ € C'°(R24). We deduce that (3.43)
holds for almost every z € R??. Since both sides of (3.43) are continuous with respect to z (thanks
to (3.44) again), we conclude that the equality holds for every z € R24.

O
3.3 Weak convergence of approximate solutions

From now on, let us fix some initial data fy satisfying (at least) for some ¢ > 1,

fo>0, / fo(z)dz =1, / |2|° fo(2)dz < 0.
Z€R2d ZeRQd
For any R > 0, considering the particle system (3.21), with initial data satisfying
pdY (dz) — fo(z)dz in Ps(R?*?),

we may introduce the solution pg of (3.24) constructed in Proposition 3.2.2. As previously discus-
sed, we naturally identify pf* with its density f% = (fF(¢, 2))iefo,1],zcrea defined by (3.34).
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3.3.1 Uniform estimates

In this section, we shall establish some estimates on f® uniformly on the regularization para-
meter R.

Proposition 3.3.1. Let p > 1 and fy € LP(R?*?). Then f € L>([0,T]; LP(R?*%)) a.s, with the
estimate

E| sup [FROIG] S 1ol
t€[0,T]

The constant involved in < depends on p and T only.

Démonstration. Let us start by considering fy € C?(R??) supported in some compact K C R??.
Then f% is a regular solution of (3.24) in the sense of Proposition 3.2.4. For any z € R24, applying
It6’s formula to | f£ (¢, 2)[P hence gives

R = foer = PR [ Ve (s,2) + 9, - (Balf ()]s, ) | ds

+ g/o |fR(st)\p_1Vy -V, - (KR[fR(S)]KR[fR(S)]TfR(s,z))ds

p(p—1)
2

[ 1P - (Kalr )5, 2)) B (3.45)

+ /Ot |fR(8,z)|p*2’V,U . (KR[fR(S)]fR(S’Z))‘zdS

where Bp[f] denotes the drift coefficient L$5[f] + LY T[f] + Sr[f]. We can now integrate (3.45)
with respect to dz and interchange the integrals :

t t t t
/ / . dsdz:/ / - dzds, / / . dﬁSdZZ/ / - dzdfs,
z€R24 JQ 0 JzeRz2d z€R24 JQ 0 JzeRz2d

Since all the integrands in (3.45) are compactly supported in z uniformly for ¢ € [0,7] (for fixed
w € ), the integrals with respect to ds cause no issue. As for the stochastic integral, we may use
a stochastic Fubnini theorem if we can justify that

T
&= E[/O /zeR2d

As in the proof of Proposition 3.2.4, one can see that (with u(dz) = f#(2)dz)

FR(s,2)P 1V, - (KR[ PRI (s, z)) \2dzds} < . (3.46)

77,2779 (Kl @076 2)) [ S 1+ [DE20 )|

for some ¢ = q(d,p) > 1. Denoting S = sup sup |Z}'(z')], it follows that

tel0,T] 2’ €K
/zeR2d

and, fixing some m > 2d,

q
dz

£, 219, (Kaly ") s,2) a5 [ [DE(2) 1))

|2|<s k=12

maxg—1,2 ‘Df((zf)il)(z)‘q

/ max ‘Df((Zt”)fl)(z) qdz:/ (1+ |z|)m/2 5 dz
|2|<s k=1.2 l2|<S (1+ [z))m/
2q dz
< 142 mdz—f—/ anax‘D’Zc ik z‘ —_
/ZSS< Araz+ [ e DAz 6)|
29 dz
< (14 8™t / ‘Dk ZM 1 —_

Using (3.41) and (3.38), we deduce

es1+e[sm]+ [ e[ [Dhz o)) T <
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We may hence integrate (3.45) with respect to z, which leads to

/ \fR(tvz)lde=/ fo(2)Pdz + I (t) + Ix(t) + Is(t) + 14(t), (3.47)
R2d R2d

where

O =-p [ [ 6P o Vs o)+ Vo (Bals 175, 2)) |,
B =5 [ 1% 2 (Rl Rl £, s,

a0 =22 [ [ R p= | (Kl s, ) [ Cdeas,

I,(t)

t
o [ [ (Kl 6 2) )
Simple calculations lead to the classical identity
J1570719 Baf e = P [150(9,  Bryds (3.45)
so that
_ t
B ="t [ e (9, Balf)(:)dzds

t
<|lv, B R‘ // R(s \|Pdzds.
<[V Bl ey o 2 s

From expressions (3.18), we derive

Vo LS = [ xale =)ot = 9)9 - (Orte = o)) flw)dyd,
V- L¥T(2) = —d,

Vo KalflG) = [ xale =)= 9)9, - (9r(0 =) fn.w)dydo.

Voo Salfle) = —5( [ 6= ) w)dydu) V.- Kalf):)

Assumptions (3.11), (3.17) guarantee that these terms are bounded uniformly in ¢ € [0, 7], z € R??,
w e, R >0, so that

Lt) < / / 1ff(s, 2)dsds.

Similarly, we have the following identity :
J 1 I KK+ 0 1) [179P29, - (K f )P

== 1) [ £ 2 [I9 (Knf O = Vo9, (KRKE )] d:

~(p-1) [ £V, KnP
so that, again,

-1 t 2 i
B0+ 150 = K20 [ 5%, P |9y Kl o) deds < [ [ 17, 2frdzds.
0 R2d 0 R2d

Since (3.46) guarantees that I,(¢) defines a (square integrable) martingale, we may take the ex-
pectation in (3.47) and apply Gronwall’s lemma to derive

e[ [, 11 2Pde] S Ul
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It follows that

E[ sup /RQd |fR(U,z)|pdz} < /OtE{/de |fR(s,z)|pdz}ds+E{ sup I4(0’)}

o€(0,t] o€[0,t]

and Burkholder-Davis-Gundy’s inequality yields (making use of (3.48) again)

[ o 1ol <e[( [ | [ 19 teatrses o) )

o€0,t]
([ | [ e pasfan)™]

t
glE[ sup / |fR(a,z)|pdz} +C/ E[/ |fR(a,z)|pdz}da
2 logo, Jrea 0 R2d

which gives the expected result. We now extend the estimate to any f, € LP(R??) satisfying
[12]° fo(z)dz < oo by considering a sequence of densities f§ € C2(R*?) such that, as k goes to
infinity,

S

m

f¥ — fo as and in LP(R*?),

sup/ |2]° fi(2)dz < oo.
z€R2d

E>1
It is easy to see that these assumptions imply in particular
f& = fo in P.(R*)

for any 1 < r < 4. Denoting by f* the solution of (3.24) with initial data f¥ constructed in
Proposition 3.2.2, we may deduce (as in the proof of Proposition 3.2.2),

E| swp WyIfE fi| < E[WIIF 0| S WIS £l — 0.
t€[0,T

Up to a subsequence, we may hence assume that

sup W,.[fF, f,] =0, P—a.s. (3.49)
t€[0,T)

From the estimates
E[ sup I/ S 1551, k> 1,
te[0,T)

we derive that (f*)r>1 is bounded in LP L L? and therefore, up to a subsequence
¥ = g weak % in LP (Q; >=([0,T]; LP(RM))) (3.50)
where g satisfies the bound

E| sup llg(t)l1%,] < Hmsup | f§ 1%, = 1 follf (3.51)
te[0,T] k

Let us consider ¥ € C.([0,T] x R??), ¢ € L*°(Q) and introduce ®(w,t,2) = £(w)¥(¢t, 2). From
(3.49) we deduce

[Vt € (0,77, /fk(t,z)‘l/(t,z)dz% /f(t,z)\ll(t,z)dz , P—a.s.

and the bound ’fz fk(t,z)\Il(t,z)dz’ < || ¥]|Lg, guarantees

T T
/ /fk(t,z)\lf(t,z)dzdt%/ /f(t,z)\If(t,z)dzdt, P—a.s.
=0Jz t=0Jz

t



Chapitre 3. Existence of martingale solutions for stochastic flocking models with local alignment 112

Finally, the bound

Sl 1. €@ F(w,t,2) W (8, 2)dzdt] < T 12e W] 2=, grarantees

/to/fwtz tz)dzdt%E /to/fwtz tz)dzdt}

so that, according to (3.50),

E[g/:o/zg(t, D1, 2)dzdt] = E[g/:o/zf(t,z)m(t,z)dzdt]

We easily derive that f = ¢ in LP L°LP and the bound (3.51) concludes the proof. O

Proposition 3.3.2. For all f : R?** - RT and p > 1,

@@ [ ep s

The constant involved in < depends on ¢ only.

Démonstration. It is clear from the expression of ug[f] (3.18) and Jensen’s inequality that

| i@ ses <
ZEde

/ Iy Lo IwI%(fv—y)f(y,w)dydwf(x,v)dxdv

oy 8@ = y) f(y, w)dydw

/ / / *M— )de ) [w]? (3 w)dedyduw

o) = [ s@n s =@en@=[ [ ot nswie

where

The desired estimate hence follows from the inequality

werh [ B8y <o) (352)
zeR? p( )

where, with assumption (3.12) in mind, C(¢) is some constant proportional to

SUPB(0,rs) @

infpr) @

The proof of (3.52) is given in [KMT13], Lemma 5.2.

C(¢) o (R/r)<. (3.53)

O
Proposition 3.3.3. Letk > 2,1 < § <2 and fo be a density satisfying [, (|z|°+v|*) fo(2)dz < oo.

Then,

E[ sup /de |U|kfR(t,Z)dZ} S1 +/de 0| fo(z)dz

te[0,T)

e[ sup [ £ ] S 1k [l ) o)

tel0,T
The constants involved in < depends on k, 6, T and ¢ only.

Démonstration. The first estimate should first be established with the stopping time

Ty = inf {tEO, / |v|kft(z)dzZM}/\T,
z€R24

which should then be sent to T', as M goes to infinity. For the sake of simplicity, we omit this
stopping time in the following. Let us denote f(¢,2) = f#(t,z) and the associated characteristics

Zi(z) = Zé‘R(z) (with pf(dz) = fE(2)dz), satisfying (3.27). We have

[ et = [
z€R2d z€R2d

k
Zt(z)‘ fo(z)dz
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and It6’s formula gives, for fixed z € R%¢,

d[ V@] =kIVi()2Valz) - (LGS + LT fi] + Srlfi] ) (Zu(2))dt
+ KIVi(2) [F2Vil2) - Kl f)(Z(2))dBy
2 2
+ k(k/2 = DIV Viz) - Krlfd(Ze(2))| db + Vi) "2 KRl fi](Ze(2)] dt.

From the uniform sublinearity (3.20), we derive

t

[Vi(2)|F = |v|* —i—/o (ai(z) + a?(z))ds —i—/o a(2)dps, (3.54)
where

@I+l S (1 e+ [ e,

a}(2) = V() V(=) - (unlfil(Xi(2)) = (2)).

We may then integrate (3.54) with respect to fo(z)dz using a stochastic Fubini theorem, which
leads to

t t
/ ol £(t, 2)dz = / Jol¥ fo(z)dz +/ (42 + 42)ds +/ A3dB,,  (3.55)
z€R2d z€R2d 0 0
where
Al 148 5 (14 [ e ri)z). (3.50
A? = k:/ [v|* =20 - (uR[ft](a:) — U)ft(z)dz.
ZER2d
To deal with A7, one may write
1 2 2 1 2
(u—0v) == _ — |y — (u— < Z
vw=v)=7(v+@=v)P —p-@=v)F) < 7l
so that
1
J1ul=20 (o) = v) (e < 1 [ 1ol a1z
1 1
<1 [l s@i [ @ e
From Proposition 3.3.2, we hence deduce
45 [ ol fi)e (3.57

From SDE (3.55) with the sublinear terms (3.56) and (3.57), using Gronwall’s lemma and Burkholder-
Davis-Gundy’s inequality, we classically obtain the first estimate. Moreover, from

t S t
X = [o+ [ Vi@as| S1alal+ [ Vo) Pds
0 0
since § < 2, we derive the second estimate, which concludes the proof. O

3.3.2 Stochastic averaging lemma
Proposition 3.3.4. Let us assume that the initial data fo satisfies, for some 6 € (0, 1),

4

1
/ |f0(z)|pdz+/ (1+ [v[*) fo(2)dz < 00 with p=1+ =, k> ——. (3.58)
2€R2d 2€R2d 0 1-6
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For all, o € C(RY), letting n = 1/6, the averaged quantity
pg(t,:lc) = /Rd o) fB(t,z,v)dz
lies in L*([0,T); H"(RY)) almost surely, with the estimate

E|Io2 1220 | S 1. (3.50)
The constant involved in < in (3.59) depends on fo, ¢, T and ¢ only.

Démonstration. The proof of this result is based on a classical L? averaging lemma (see e.g [BD99)
for the deterministic case), which we adapt here to the stochastic case, in a similar fashion to
[DDMV15], Lemma 4.3. Let us first consider some initial data fy € C2(R?9) so that f = ff is a
regular solution of (3.24) in the sense of Proposition 3.2.4, which may be written as follows : P-a.s,
for all z € R%4,

df (t,2) +v -V f(t,2)dt = ( > 0,G () + Y O G”tz))dt

1<i<d 1<4,5<d
+ (X 0nH(t2))ds, (3.60)
1<i<d

where we have introduced the coefficients

GH(t,2) = (LG2LF0)] + LY (0] + Salf (0]) (2) £ (. 2),
G (t, 2) = Krlf(1))(2) Kn[f(D](2)/ £ (1, 2), (3:61)
H'(t,z) = Kr[f(1)]'f(t, 2).

Let us fix £ € R%. For simplicity, let us drop the summation signs in (3.60) and integrate it with

respect to e~ ®dz. This is possible (for every v € R?) thanks to the bound (3.46) with p = 1
established previously. Denoting the z-Fourier transform

fteo = [ e st
zER4
we are led to
Af(t,6,v) +iv- EF(t,€,v)dt = +(0,G7 + 07, GV ) (1. € v)dt. + Dy H (1, &, v)df,
Therefore, introducing some A = A(§) > 0, we get

df(t,€,0) + (A +iv- €) f(t,€,0)dt = \f(t, €, v)dt + (a G+ 2, G ) (1,6, v)t
+ aviHi<t7€7v)dﬁt7

from which we deduce the expression

t
F(t6,) = e OFHVO (e ) 1\ / 0T (s, € v)ds
0
t .
+/ e—(M-w'E)(t s (a Gz+82 )(s &v )
0
t —_—
- / e~ OHwt=9)g [i(s, &, v)dps. (3.62)
0

We now integrate (3.62) with respect to ¢(v)dv. This is possible since one could show that

JLL
sef /UeRJH'v'%!%ERd

~O+iv (=9 g (s, €, v )‘ dvds

AV (KR[f(s)]f(s))‘dx)deds < o0
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for fixed R > 0, by a method similar to the one employed to establish (3.46) in the proof Proposition
3.3.1. Introducing the (z,v)-Fourier transform

Feeo= [ [ et a s,
equation (3.62) leads to
P (t,€) =M F (fop) (€, &) + A /0 e T F(Fo)(5,€,E(E— 9))ds
t

b [N F (@G + F (3, 6 ) (5,6t~ 5))ds
0

+ / e AT F (00, H)p) (5,6, E(t — 5))dBs.
0

Note that since

(00,G")¢ = 00, (G'p) — G0y, 0, (3.63)
(65ivj G”)QD = 812;1,1)9' (GZ]QD) - avq‘, (G”a]@) - av_] (G”al(p) + Gijagivj(p (364)

forgetting the summation signs again, we may as well only consider terms of the form
Po(t, ) =e M F(foW)(€, &) + A /Ot e ATV F(f)(5,€,€(t — 5))ds
+ /Ot e*’\(t’S)F(aﬁ(GB\I/)) (s,€,6(t — s))ds
+ /Ot e_A(t_‘g)f(aﬁ(Hi‘PD (5,€,8(t —s))dBs (3.65)

where ¥ = ¥(v) € C°(R?) and «, 8 and 7 are multi-indexes of order 0 < |a| < 2,1 < |3| < 2 and
0 < |vy| < 1. From (3.65) Itd’s isometry gives

T
E / Pt OPdt < T (E) + Ta(E) + J5(E) + 1a(E) (3.66)
where
T
11(6) = / e F(foW) (€. £1) P,
7 = XE [ | [ 0rgu) s cte— spis] ar
T, gt 2
= e~ M=) *(GP s —5))ds
no=[ |/ F (05GP ) (s, €, €t — ))ds|

Ja(€) =E /0 ' /O P

Using a trace lemma (see e.g [Tri83], Theorem 2.7.2) we get, for some s > (d — 1)/2,

f(ag(Hixp)) (5,6, E(t — s))fds dt.

2 2
n© < [ |Fumiee| a=i [ |Frmie gof
2
S [ =8 FGew) (e )| du
It then follows by Plancherel’s identity, since ¥ is compactly supported, that

7€) < ¢ / (14 o) @) fole, 0o  Jel / e oPae. @67)
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For the second term J(&), Jensen’s inequality gives

T t
Jo(€) < \E / / e ME=s)
0 0

< /\E/OT/ST‘]—"(f\l/)(s,f,g(t—s))‘zdtds < /\E/OT (/R ]f(fm)(s,g,gt)fdt)ds

and the same manipulation leads to

F(fU)(s, &, E(t — s»fdsdt

T
Jo(€) 5/\|§\—1E/0 /R |f(s,€,0)>dvds. (3.68)

Similarly, for the third term J3(&), Jensen’s inequality gives

T i
JS(&) < )\_IE/ / e—)\(t—s)
0 0

T t
S)\‘lE/O /Oe_’\(t_s)§|4(t—3)4‘}"(G5\I’)(3,§,£(t—s))‘zdsdt

FO3(CP0) (s, &, €01 — )| dsat

T 2
sxigle [ ([ |Ferwssen] s
0 R
where we have used e~ *(!=*)(¢ — 5)* < \=%. The same manipulation hence leads to

T —
IO SNHIE [ 165,60 v (3.69)

Finally, for the fourth term Jy(&), we get
T t ) 2
@ < [ [ eI o F ) g6l - 9 s
o Jo

T . 2
sxziepe [ ([ [Fares g e )| da)as
0 R
and the same manipulation leads to
T —
VAR )\‘2|§|E/ / |Hi(s,&,v)|*dvds. (3.70)
0o Jrd

Now fixing some 1 > 0, let us consider

T
E / / 1+ PR OPdedt = 1+ Ty

where

T T
= 5> 2 o |~ 5
I E/0 /Rd g (£, €)] d§dt+E/0 /£<1 (€177 1Po (¢, )" ddt, (3.71)

T
=E 215> 2dedt. )
L / /01 €275 (1, €) [Pdet (3.72)

On one hand, making use of Plancherel’s identity, and since ¢ is compactly supported,

T T
I < QE/ / |Po (¢, )P dédt < E/ / |0 (t, ) [ dzdt
0 R4 0 Rd
T
N E/ / |f(t, 2, v)|*dvdzdt < 1
0 Rd JRd4

thanks to Proposition 3.3.1, and the initial bound (3.58). On the other hand, from the bounds
(3.67), (3.68), (3.69) and (3.70) we deduce (using Plancherel’s identity once again)

I S sup [IE[2771 + MOIE™ + M€ Pl + M) el
|€>1

T
x [/ |f0|2dz+E/ / (\f|2+ |Gﬂ|2+|H1\2)dzdt] (3.73)
z€R2d 0 z€R2d
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Expressions (3.61) and the sublinearity estimate (3.20) immediately give

G2 S (14 P+ [ 0P F ) + Jurl O] )I£, 2P, (374
GRS (14 ol + [ 07 a) )P (3.75)
AP S (14 P+ [ 1RSI0, (3.76)

from which we easily deduce (using the same method as in the proof of Proposition 3.3.3 for the
term involving ug[f(¢)]), for € (0,1),

/ GiPdz < / (1+ o] 29) f(£)d= + / O,
Z€R2d zERQd zER2d

/ G 2dz < / (1 + ol ™) f(1)d= + / F) e,
z€R2d z€R2d

z€ER2d

/ HPdz < / (1+ || 7) f(t)dz + / FO* Pz,
z€R2d z€R?2d

z€R2d

so that, thanks again to Proposition 3.3.1, Proposition 3.3.3 and the initial bound (3.58), (3.73)
yields

12 5 sup 16771 NI+ ) T+ A0 e
£>1

Considering A(§) = |£]", this supremum is bounded under the requirements
2n-1<0, 2p—14r<0, 2n+3-5r<0, 2n+1-2r<0,

which can be met as soon as n < 1/6. For such 7, we have shown that

T
E el SE [ [ O+ IPIm 0 Pded 5 1.

which concludes the proof in the case of a regular initial data fo € C?(R??). We may extend this
last inequality to general initial data similarly to the proof of Proposition 3.3.1. O

3.3.3 Tightness

Given an increasing weight function, say
W(z,v) =1+ |z| + |v|,

let us introduce the weighted Sobolev space
3 Ro0) = { € DR, 191, = [I020PEW s <o} @)
and the dual space
Hy? (R = (1, (RP) with [l > | = sup { (0. 0), 9], =1} (378)

We may also define the intermediate Sobolev spaces HG, (R??), Hy,” (R?*?) for non-integer 0 < o < 2.
Note that || ¥z < ||¥| sz, so that ||Ally-2 < |Alg-2.

w—1
Proposition 3.3.5. Let us assume that the initial data fo satisfies, for some § > 1 and 6 € (0,1),

4

1
/ | fo(2)|Pdz +/ (|z]° + |v|") fo(2)dz < 00 with p=1+ =, k> -——. (3.79)
2€R2d z€R2d 0 1-6

Then for all o > 0, the family of random variables (f%) o is tight in C([0,T]; H,y"1 (R?)) .
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Démonstration. Without loss of generality, let o € (0,2). For some a € (0,1/2) and M > 0, let us
introduce the set

K = {f € CQOTI HZ . R¥) | 1fleez2 < M. fll ey, < MY,
where | - ”C? H? denotes the a-Holder semi-norm

176 = F&llu -,

t T w—l = t#s ‘t—8|a

< fllegr—=-

Since the embedding H, (R*?) C L?(R*?) is compact, the dual embedding L?(R*?) ¢ H,7,(R*?)
is compact. Additionally, for f € Ky, an interpolation inequality (in weighted Sobolev spaces)
yields, for some 7 € (0,1),

2
Hf”ch;V{I S ||f||zf°L2 Hf| CQH L S M

Consequently, Arzela-Ascoli’s theorem guarantees that Kj; is a relatively compact subset of the
separable, complete space C([0,T]; Hy;”, (R%4)). Markov’s inequality gives

P[fR ¢KM} gM*zE{ sup || f7(t )||iz} + M WE[”fR”C“H 2D

t€[0,T]

for v > 0. The first term is bounded uniformly in R thanks to Proposition 3.3.1. The bound on
the second term results directly from Kolmogorov’s continuity theorem and the following lemma.

Lemma 3.3.1. For some q > 1, for allt,s € [0,T],
E[IlF2(0) — £R(s) 3] S 1t = sl

The constant involved in < depends on q, fo and T only.

We now prove this lemma : let 0 < s <t < T. Let us simply denote f = f% and note that
2 _ 4 4y—1 _ 2 1
e[l - Fe-] =[] [ [ aviet+1097 | Free 0 - Freseo| el

As in the proof of Proposition (3.3.4), we may apply the (z,v)-Fourier transform Ff(¢,&, () to
equation (3.60) to get (forgetting the summation signs)

Fi0) - F16) = [ (i€ Fwh) + i F(G) - COFE ) do +i [ CF (1.
1t6’s formula results in
F1(0)- F106)[ =2 [ FF@) =T - i€ Fof) + iC G - O FG o
s [P i+ 2 [ FTGT R F a5,
so that, integrating against (1 + [£|* + |¢|*)~tdéd(, we get
1F(@) = £ S / 1£(e) = F($)I3-2dor + D, + M, (3.80)

where
D= / L (F@NE+IFGOR + 1F(@)P + 7)) dedcde

M, = 2i / / (L1611 + [ F (o) = FU)C F(H)dedC ) ds.



119 3.3. Weak convergence of approximate solutions

From (3.80) we derive

B0 - SO 5 [ E10) ~ 1o D] +E[rp]. sy

Plancherel’s identity gives
q ! 2 012 012 2 4
Dt =] [ (IleflEe + 1G22 + G132 + 1|32 ) do|
St sl / (o138 + G135 + G138 + I1H 3 ) dor

so that

E[1Dd7] 5 1= s8] smp (Ief OIS +IG OIS +IGTOIF: + 1 OI)]

tel0,T

Considering (3.74), (3.75), (3.76), we see that we essentially need a bound (uniform in R) on

sup |/ (1+ ol £ (¢, 2) 2z

tE[O T)

] (3.82)
This is possible since, for any m > 2d,
q
[ @i aPae] s [ ot e s
R2d R2d
S [ (U et oo g
R2d
so that, for 7 € (0, 1),
q m(g—1) 4g+m(g—1) a—
[P s [l S S e [
R2d R2d, RQd
S [ il ol pde+ [ 1opas
R2d R2d

whenever, recalling (3.79), for some v > 0,

4q+m(q—1) <k-:4+7

1—-7 T1-6

-1 1 m(q—1)<(S
T 6’ 1—7 —7

These requirements can be met for some ¢ = ¢(y) > 1 close enough to 1 (and 7 close to 6). As for
the martingale term, Burkholder-Davis-Gundy’s inequality gives

e[imaie] | [ ( / (1 + € + 1)~ 1FF (o) — FH(s)ClIF () dac) do] "]
<l [ 150 - 16l 2||HZHL2da] 2]
sE:tesB%]nHZ "] [ 1560 - s r-sao]”]

<[ sup O] + [ E10) — e (3.53)

te[0,T)

Considering (3.76), the first term in (3.83) is again controlled by the bound on (3.82). We may
then come back to (3.81) and use Gronwall’s lemma to conclude.
O

Proposition 3.3.6. Let us assume that the initial data fo satisfies (3.79).
Then, for all ¢ € CX(RY), the family of random variables (pE)r>0 is tight in L ([0, T]; L%*(R%)).
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Démonstration. Let us introduce the weight function
V(@) =1+ o]

and the associated weighted spaces HZ (R?) and H;zl (R?) as in (3.77) and (3.78). One could prove
the following lemma as previously.

Lemma 3.3.2. For some q¢ > 1, for all t,s € [0,T],
E[Iof(0) = pE -] Sl = sl

The constant involved in < depends on q, fo, ¢ and T only.

We may now fix some M > 0 and naturally introduce the set

Ko ={p = [otorsan | £ € Far}.

where F); denotes the set of functions f = f(¢, z,v) satisfying, for n = 1/6 and some « € (0,1/2),

sup |[f(£)[7» < M, (3.84)
te[0,T]

sup /(1 Flelf + o) F(t)dz < M, (3.85)
t€[0,T]
Pl o < M, (3.86)

lpgllco -2 < M.

Markov’s inequality, gives, for some v > 0,

Plof ¢ K| <378 sup IS, ] + MUE[ sup Ja jal + iy

+ My | + ME|I0E N 5]

which tends to zero uniformly in R > 0 as M goes to infinity, thanks to Proposition 3.3.1,
3.3.3, 3.3.4 and Lemma 3.3.2. It only remains to prove that Kj; is a relatively compact subset
of L*([0,T]; L*(R%)). Let us introduce a sequence (pl})n>1 in K.

First, let us show that (p;), is compact locally in space, that is in LQ([O,T]; LZ(B(O,’I“))) for
any 7 > 0. Since [|pf[ 12 < [[¢ll=, we deduce from (3.84) that

||PZ||L;>°L§ S M.

Similarly to the proof of Proposition 3.3.5, we may then use Arzela-Ascoli’s theorem to deduce
that (o), converges in C([0,T7; H;;?,(R%)) up to some subsequence (which we omit for clarity).

An interpolation inequality (in weighted Sobolev spaces : H‘Z_l C L%/,l C H;%l) yields
lollz2 o) Slellzs -, < llelly -2 ol S llel-2 el
-1 1 v—1 v—1

where 7 = 25 € (0,1). It follows that
T T 21
| 1020 = 2O ot < [0 = o0, 0 = o2 Ol

< ([ o0 (t) — p?(t)llivildt)T(AT o (t) — pgl(t)uﬁﬂdt)l’

2(1—
< Tl = PPN 0 a2 % W6 = PR e -

Thanks to (3.86), we deduce that

o5 = P3N 2o, 77:L2(B(0,r)) — 0 as n,m — oo.



121 3.3. Weak convergence of approximate solutions

To derive compactness globally in space, that is in L?([0,T]; L?(R%)), it is enough to establish a
uniform integrability estimate of the form

T
sup {/ / \pZ(t,x)Fdxdt] — 0 as r — oo.
0 Jzzr

n>1

To this intent, since ¢ is compactly supported, we may simply write

o s@pas [ b <o [ i o
< p77 8\ £n n p
ST (/ (1+[=[°)f (z)dz+/R2d|f (2)| dz)

R2d

where v = §(1 — 0) > 0, according to (3.79), and then use the bounds (3.84) and (3.85) to
conclude. O

3.3.4 Convergence of the martingale problem

Let us introduce a sequence R,, — oo and a countable subset D of C>°(R?), which we assume
to contain the truncation functions

{0r,,n>1} C D C C*(RY). (3.87)

Recall that the function fg(v) has been introduced in (3.17). Since D is countable, it follows from
Proposition 3.3.5, Proposition 3.3.6 and Tykhonov’s theorem that the family of random variables
(ffm, (pBn) pep)n>1 is tight in the space

O00.71: R (R¥) x (£2(0.T): 22 R%)

for o > 0. Using Skorokhod’s representation theorem, up to a subsequence of (R,,),, which we omit
i 2
for simplicity, we may introduce random variables f,pg, f,p,, defined on some other probability

space (2, F,P) such that, for all n > 1,

n

_ D
(7", (Pe)pen) ~ (1, (P )pep) in law, in C([0,T]; Hy? , (R¥) x (L2(0, T} L2RY))
and the following convergences hold P-almost surely :

= Fin C([0,T); Hy? L (R*)) aus,
Vo €D, b — P, in L*([0,T]; L*(R)) a.s.

More precisely, since Proposition 3.3.1 and Proposition 3.3.4 provide the bounds
=N n Tlli=n 7
E[IF 132 s2] =E[If" 3rz] S1 E[WbI2emy] =E[I0ll3emy] ST (388)

uniformly in n > 1, we derive in particular that the families of random variables (?n)n and (p};)n
are uniformly integrable, and therefore

7" = Fasandin L' (ﬁ; c([0,T]; H;V‘T,l(RQd))). (3.89)
Vo €D, pl.—p, asand in L' (ﬁ; L2([0, T); LQ(Rd))). (3.90)

Consequently, up to a subsequence, we may also assume that
Yo € D, [ﬁg(t, z) = py(t,x), dt ® da:—a.e}, P-a.s. (3.91)

Remark 3.3.1. For all p € D, from the equality pj, = [ p(v)frdv, P-a.s, it is clear that Py =
Jra ©(v)f " dv, P-a.s. The convergence (3.89) then guarantees that, for all ¢ € D, P, is indeed given
by
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Let us now introduce the averaged quantities
p= fdv, j= / vfdv.
Rd Rd
By requiring some greater moments for the initial data, we may extend the convergence (3.90) to
pand j.
Lemma 3.3.3. Assume that the initial data fy satisfies, for some 6 € (0,1),

d+2

1
/ | fo(2)[Pdz +/ (1+ |oF) fo(2)dz < o0 with p=1+4 %, k>392 (392
e e 9 =0

Then the following convergences hold in L (ﬁ; L2([0,T]; LQ(Rd))) :

PP J =7 pQRn_>]7
$*p" = $x P, ¢ =], O * Py, — O*J

Consequently, up to a subsequence, we may also assume that these convergences hold dt @ dx almost
everywhere, P almost surely.

Démonstration. Let us, for instance, prove the convergence of En For fixed N > 1, denoting
Y = QRNa

17" = Glleera < 15" = Pellezre + 175 = Pollzzrz + 15, =l (3.93)

and we note that, for any v > 0 and m > d,

- _n 2 2 B o
17 —p¢|2= ‘/'U_GRN(’U)L]C dU’ S ’/ [v| f dv‘ SRNQV‘/ " dv
[v[>RNn Rd

SB[ ()

SR ([ ) [ Frta)
R4 R4
SEI( [ @) T o [ (7o)

R4 Rd

for (7, m) close enough to (0,d). As a result,

sg[iﬁ[ﬂjn —ﬁZH%%Li} < RX,QV —0as N — oo.
n_

Since, from (3.89), we classically derive

T
E[// (4 [o)¥F + (7P ) dc] <bup5// (4 (D" + (71 ) dade] <1
0 R2d n>1 R2d

we deduce similarly that E[H} — ﬁ@HiQ Lg} — 0 as N goes to infinity. We may hence come back to
tH

(3.93) and conclude. The convergence of the convoluted functions is easily deduced.
O

For fixed n > 1, f%» defines a (strong) solution of (3.24) on (2, F,P). In particular, it satisfies
the associated martingale problem : recalling the operator Lg[f] defined in (3.25), for all ¥ €
C>°(R??), the process

MO = (0.7 (0) = (0 f0) — [ (La [ @I 0)ds, e 0T] (300

0

defines a continuous, real valued L? martingale on (€, F,P) with respect to the filtration

Fr= a(fR”(s) € Hy? ((RM), se [O,t]), te0,7).
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Its quadratic variation is given by
2
{M@}( / ‘ KR [fRn(s)] - Voo, fRn (s )>‘ ds. (3.95)

We are now ready to state the following result.
Proposition 3.3.7. Let us introduce, on (Q,F,P), the filtration
F, = a(f(s) € Hy7,(R¥), se [O,t]), te[0,77.
Recalling the operator L[f] defined in (3.15), for all test functions U of the form
U(x,v) = Uy (2)Us(v), Uy, Ty e CP(RY) with V, ¥y € D, (3.96)

the process

Ta(t) = (0.70) = (0. o)~ [ (LT F)ds te0.7)

defines a continuous, real-valued L? martingale with respect to (70,20, with quadratic variation

[ () = / (K@) Vo) ds

Remark 3.3.2. The assumption V, Uy € D in (3.96) is only technical : for any given countable
family F = (V3)g,cr of test functions in C2°(RY), on can initially choose the countable subset
D such that {V, ¥y, Uy € F} C D, so that the conclusion of Proposition 3.3.7 holds true for all
U(z,v) = ¥y (2)Wa(v) with ¥; € CX(R?) and ¥y € F.

Proof of Proposition 3.3.7. The martingale problem set on {) may be expressed as
E[(Mg(t) - Mg(s))H"] =0,

E HM{fj(t) - M\ﬁ(s)rH"} —E [(V£(t) - Vg(s))H”}

for all H" = h(fR"(ti),l <i< m), where 0 < #1,...,t, < s <t,and h: (Hy7, (R%))™ — R is

continuous and bounded, Since the laws of f™ and ?n coincide, it follows that, on €,

il

[(M@(t) - M’g(s))ﬁ”} 0, (3.97)
—n ’2

(|50 = 25) [ 7] =E[(Vi(t) - Vi) ) ] (3.98)

il

where H' = h(?n(ti), 1< < m) and M$ and V:IL,(t) are naturally defined on Q, as My and

Vg (t) . We may decompose these into

o) = (.70 - s~ [ (o907 6) + ZM TE)ds (399)

- [ |pe@ o
0
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where, recalling expressions (3.18),

:/I/ngf[f]~Vv\I/fdxdv:/I/v(<I>}L*f).vvq;fdxdv7
:/I/USRn[f]'Vv\I/fdxdv

. / [ (@208« )= 19112 (@2 +02 4 1)) - 9,9 fdac,

Mi<f>= > / Kb [f1KG, [f102, fdedv

1<L3<d
_ 2 3 * E 2 3 " J 2
_ 1<;<d /m / (@2 + @3 £) (92 + 834 1) 02, W pdadv,
i) = [ [ 11w wsdeds = [ [ unls) =) 90 fdsdo
O * pog.

W . pV\I/z\I/]_dx — / / v - V»U\Ilfdxd'l]

M2 (f //KR V\I'fdxdv—//<b2+¢>3*f) V.,V fdzdv
with
@, (2,v) = xr, (¥)¢(2)0r, (—v),
o7 () = xr, (x)F(x),
®3 (2,v) = X, (2)0(2)0r, (—v),

We wish to send n to infinity in (3.97) and (3.98). Thanks to the convergence (3.89), the first three
linear terms in (3.99) cause no issue; let us hence focus on the remaining terms. Let us consider
the term involving ML (f) : defining the natural limiting term

:/z/v(tbl*f)-vv\llfdacdv

with ®!(z,v) = ¢ (z)(—v), we have

| /: My (F"(0))do ~ /: M (J(0))do| < T} + T2 (3.100)

where

~ (@ *7)‘|vvqf|\7|dxdvda,

jn =
J? = ’/:/I/U(fb}l*f")~vv\11(fn—f)dxdvdo’.

First, for J! we have, thanks to (3.88),

7' < E[/: /zeswp(m @« 7") — (@7 dzda / /m dzdo]'

< E[/: /zesw(m ]((I’i*?") - (qﬂ*?)] dzdarm.

For all n > m > 1, for fixed (z,v) € Supp(¥), we may write

(3.101)

2

]

EH@; « 1 — ! *?m gEH@}n * f = ol *?‘2} +EH(<I>,11 —®l )

+E[j@ —al)+7]]
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which converges to 0 as n goes to infinity thanks to the convergence (3.89), and the bounds
_ 21— 2
el|@i-ab)« 7S] [ [ -l oy
|[v—w|>R.m
< B2 (ol + [ [ ol rayn]) < R+ ol
and, for some v > 0, recalling that (z,v) € Supp(¥),
—= —n 2+ —= —n
el|e < 7w o) £ 14 E[ [P Ty <1

for all n > m. Note that this last bound also guarantees the uniform integrability in (w, o, z,v) of
the integrand in (3.101), so that E{jnl} — 0. Additionally, for v > 0 small enough, the bound

_r [t +y _
E[/ / ‘fbi " 7|f|2+mzda]
s JzeSupp(¥)
t
E{ / / (1+ / |w|2ﬂ?”dydw) m?ﬂdzda}
s JzeSupp(¥)
t
SE[ [ [ Wi+ Trdde] 1
s JR2d

vy
} < 1. Similarly, for J2, we write, for all n > m > 1,

1 2+
T

J2 S‘/St/z/v@}n*fm)-vvllf(fn—f)dxdvda‘
1

(@b < T") = (@4 + 7| IVo 2| (T + [Fl)dadvdo

guarantees that E [

so that

’/// (@4, +7™) - Vo) (F" = F)dadvdo]]
ve[ [ [T - e 7 ]

Since, for fixed m > 1, (B +f)-V, ¥ € C°(R24), we conclude in a similar fashion that E [._73} =0

24y
and E[ - } < 1. Coming back to (3.100), we have shown that

t
/ M}L(? ))do — / M (f(0))do in probability,

e[ [ sl Jen

which is sufficient to pass to the limit in the corresponding term of (3.97) and the left-hand side
of (3.98).

The terms involving M? (f) for i = 2,3,5 can be treated with similar arguments. Let us now
handle the more delicate term, involving M2 (f) : we wish to prove that

/ / ¢*p6R Uy dxdo = / /u Uy dxdo (3.102)
Ril + o PV, R PV, :

converges to the expected limiting term. Let us introduce

n — N

T" =g, [ P, :uRn[?"]-/vv%(v)?"dv. (3.103)
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For some ¢ > 2 and 7 € (0, 1), we have

/|J |qu<//|uR "7 |dedv<//|u3n’ k=i dxdv+//|f M dadu
//1+|uR Vi dxdv+//|f IPdzdy

as soon as 7 = f(q — 1) and L= < ﬁ, which can be met for ¢ close enough to 2. Hence, thanks
to Proposition 3.3.2, we derive

| tes[%pT]/u (t,2)["da] E[tes[%%] (/Z(H|v\)kfn(t,z)dz+/z|fn(t,z)|pdz)} <1 (3.104)

As a consequence, up to some subsequence which we omit for simplicity,
7'~ T weak * in L (ﬁ; >=([0,T]; Lq(Rd))). (3.105)

It is clear that this weak convergence is enough for the term (3.102) to pass to the limit in (3.97).
Therefore, it only remains to identify the limit as

if (pxp)(t,x) #0 (3.106)

J =1 Pyy,, where u(x,t) :=u[f](z,t) =4 (
0 if (p* p)(t,z) =0.

First, considering the set, for r > 0, w € Q,
Ar(w) =A{(t,2) € [0,T] x B(0,7) | (¢ *p)(w, t, ) = 0},

we have

. o 1/2 1/2
/ 7" |dzdt < ( / / lur, [F'112F d:cdt) ( / p"d:cdt) (3.107)
A, (t,x)eA, JveESupp(¥s) A

"

so that, with Proposition 3.3.2,

el [ ] <el [ [ el e | paca] e[ [ o]

From (3.105) and Lemma 3.3.3, we deduce

o T o o T 1/2
E[/ / |J\dxdt] < E[/ / ﬁdwdt} = 0.
0 Jaw) 0 J{aeB(0.r) | p+7=0}

Indeed, it is easy to see that, when p € C(R%),

/ p(x)dz =0
{zeB(0,r) | ¢xp=0}

and the same equality is deduced for any p € L?(R?) by density. Hence, P almost surely, J = 0
a.e on A,. Since this holds for any r > 0, we deduce that, P almost surely, J = 0 holds whenever
¢+ p =0, so that we only have to check equality (3.106) whenever (¢ x p)(¢, z) # 0.

Recalling (3.91) and Lemma 3.3.3, we have

—n (b*ﬁan —n (ZS*} — =
= Rl %" PV, T ¢*E'Pvm2 =U- PV,
almost everywhere on the set {(t,z) € [0,7] x R | ¢ x p # 0}, P almost surely. It follows that
equality (3.106) holds.
Finally, it remains to pass (3.102) to the limit in the quadratic equality (3.98). To this intent,
we simply notice that

*
¢+p;R*p pv\I,\I/dxdo //// (o1, 2)T " (02, y) W1 (2) Uy (y)dadydodoy
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where J" (o, ) is defined as in (3.103). We have the uniform bound

_ —n 1/2 _
E{ sup sup //‘J o1,2)J (02,y } :E{
01€[0,T] 02€[0,T]

with ¢/2 > 1 so that, up to some subsequence

T (0, 2) ‘qdaj} <1

sup
cel0,T] Jx

—=Nn

J (o1, )7 (02,y) = J(01,02,7,y) weak * in LY/? (ﬁ; LOO([O,T]Q;Lq((Rd)Q))).

This time, thanks to (3.104)

E[/ / ’jn (0'1, x)jn(ag, Z/) ‘dxdaldyd(h}
(z,01)€A, J(y,02)€B(0,7)x[0,T]

Sel(f [ ], ] €[],

Using (3.107), it follows that

£[( /A 7" awar) ] < € | ' L L P Ve / T 7" Pdwat]
SE/ [t s gmepaza) V[ [ /
gﬁ/ 7 |2dxdt]/

Using again Lemma 3.3.3, we deduce that, P almost surely, J = 0 almost everywhere on

{(o1,02,2,y) € [0,T]* x R")? | (¢ %p)(01,x) =0 or (¢ *p)(02,y) =0} .

Ik

1/2
i 2d:cdt]

The limit is then determined to be J(oy,02,2,y) = (H(x) PV, (Ul,x)> (ﬂ(y) - PV, (ag,y)) on

the complementary set using pointwise convergence, as done previously.
O

From the martingale problem of Proposition 3.3.7, we classically construct a martingale solution
of (3.7), in the sense of Definition 3.1.1, using a martingale representation theorem. First, note that
estimates (3.13) and (3.14) are easily derived from the convergence (3.89) using Fatou’s Lemma.
Introducing the process

M(t) = f(t) = fo - /0 (LLF ()" F(s)ds, te(0,T) (3.108)
we see that, for all test function ¥ € C2°(R??) of the form (3.96),
(M(), %) =My (t), te0,T]

which is a continuous L? martingale with respect to the filtration (?t)te[O,T]a with quadratic
variation V. With Remark 3.3.2 in mind, by density, we may carefully extend this statement to
any test function ¥ in some separable Hilbert space 7. One may convince oneself for instance that
the weighted Sobolev space

H = {\IJ € D'(R*), max/ ez|85\1'(z)|2dz}
R2d

1B1<2

is suitable. Using a polarization formula, we deduce that for U1, ¥y € H,
<M(t), \1/1><M(t), \1f2> - <V(t)\1/1,\112>, te 0,7

defines a continuous (ft)te[oj]—martingale, where the operator V(t) is defined through

(Viw.w) - | (K@) 9,90 ) ) (K TF0)] - Vo0, T s
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The martingale representation theorem from [DPZ14] (p222, Theorem 9.2) holds for the H’-valued
process (3.108), giving another probability space (£, F,P) equipped with a filtration (F).c(0,77,
and a (F; x F;)-brownian motion (Wi)tepo,r) on Q x Q such that

W(0).9) = W@ =~ [ Vo (KTGT))aw.(@0).

It follows that (@, @) € Qx Q — (F(t) (@))tefo,) defines a solution of (3.7) on € x Q). This concludes
the proof of Theorem 6.

3.3.5 Strong local alignment

The proof of Theorem 7 can be established using the same arguments. Indeed, the only role
played by the weight function ¢ in the estimates of sections 3.3.1 and 3.3.2 is through the constant
C(¢) in Proposition 3.3.2, given by (3.53). Introducing ¢, of the form ¢,(z) = r%¢; (x/r) we notice
that

C(¢r) o

rd SUPB(0,r,) P1 ( T2 )d _ SUPpB(g,,) $1 (7‘3
infpry @1 \1r1 X7 infp(o,r) ¢1

) o)

T1

uniformly in 7 > 0. As a result, introducing f" a weak solution of (3.7) with ¢ = ¢" constructed
(in law) as previously, the following estimates hold uniformly in 7 > 0 : for any ¢ € C2°(R9),

E| sup / PN + (L (2l + o)) £ (8, 2)dz] + B[} I3 200] 1
t€l0,T] JR2d e

and for some g > 1,
2 2
Bl @) = £ ()52 +E[le7(6) = " ()I3-2] < It = sl
From here, we may use the same arguments as previously to establish the tightness of (f"),>¢

(resp. (pl)r>0) in C([0,T]; Hy”y (R??)) for o > 0 (resp. in L*([0,T]; L*(R?))) and then pass to the
limit in the martingale problem satisfied by f"™ as n goes to infinity.
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Titre : Limites d’échelles pour des modéles cinétiques stochastiques

Mots clés : Equations aux dérivées partielles stochastiques, Limites hydrodynamiques, Systémes de

particules stochastiques, Limites de champ moyen

Résumé : Cette thése se propose d’étudier quelques
transitions d’échelles pour des modéles cinétiques
bruités ou I'objet limite est encore de nature aléatoire,
régi par une équation aux dérivées partielles
stochastique. Dans le premier chapitre, on s’intéresse
au passage d’'une description mésoscopique a une
description macroscopique en considérant un
systéme d’équations — modélisant le comportement
d’'un « spray » dans un fluide ambiant — perturbé par
un processus de Markov mélangeant. Aprés un
changement d’échelle approprié, en s’appuyant sur la
méthode de la fonction test perturbée, on montre la
convergence de la densité de particules vers une
limite hydrodynamique qui s’exprime comme une
équation de conservation stochastique dirigée par un
processus de Wiener.

Title : Scaling limits for stochastic kinetic models

Dans un second temps, on étudie des équations
cinétiques stochastiques correspondant a des
modeéles biologiques de mouvement collectif. Cette
étude se divise en deux travaux consacrés a deux
modéeles distincts. Dans le chapitre 2, on s’intéresse
a la limite de champ moyen du systéme de particules
stochastique associé a des perturbations aléatoires
du modéle classique de Cucker-Smale. Dans le
chapitre 3, on étudie un modeéle plus fin, rendant
compte d’une interaction locale entre les individus,
pour lequel on établit I'existence de solutions
martingales.

Keywords : Stochastic partial differential equations, Hydrodynamic limits, Stochastic particle systems, Mean-

field limits

Abstract This thesis aims at providing an
understanding of certain scaling limits for kinetic
models perturbed with some random noise, where the
limiting object remains of stochastic nature, governed
by a stochastic partial differential equation. In the first
chapter, the transition from a mesoscopic to a
macroscopic description is studied through a kinetic
system of equations — corresponding to the behavior
of a “spray” of particles embedded in an ambient fluid
— perturbed by a mixing Markov process. Under a
suitable scaling, relying on the perturbed test function
method, we establish the convergence of the density
of particles to a hydrodynamic limit which can be
expressed as the solution of a stochastic conservation
equation driven by a Wiener process.

Next, we focus on stochastic kinetic equations
derived from biological models of collective motion.
This study is split into two different works, devoted to
distinct models. In chapter 2, we first examine the
mean-field limits of a few different particle systems
which correspond to random perturbations of the
classical Cucker-Smale model. Then, in chapter 3,
we establish the existence of martingale solutions for
some more advanced model, which allows local
interactions between individuals.
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