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Résumé

Dans cette these on s’intéressons a la régularité de ’application du transport optimal
sur des variétés riemanniennes compactes.

Dans le premier chapitre, on rappelle certaines définitions sur une variété riemanni-
enne.

Dans le deuxiéme chapitre, on décrit la variation de la courbure sur des géodésiques.

Dans le troisiéme chapitre, on étudie le tenseur de MTW sur une variété riemanni-
enne compacte. On montre qu’une condition de MTW améliorée est satisfaite sur une
variété presque sphérique. La preuve consiste a une analyse minutieuse, combinée avec
les arguments de perturbation sur des spheres.

Dans le quatriéme chapitre, on étudie le comportement de l'inverse de la matrice
Hessienne de la distance au carré.

Dans le cinquieme chapitre, on prouve la régularité du transport optimale sur deux
classes des variétés riemanniennes compactes— des variétés presque sphériques et des
produits riemanniens des variétés presque sphériques.

Dans le dernier chapitre, on déscrit quelques perspectives sur le transport optimal
dans la littérature.

Mots-clés
Transport optimal, équation de Monge-Ampere, fonction c-convexe, tenseur de MTW,

condition de MTW, convexité du domaine d’injectivité, principe de maximum, méthode
de continuité.



ii



Abstract

In this thesis, we are concerned with the regularity of optimal transport maps on
compact Riemannian manifolds.

In the first chapter, we give some definitions and recall some facts in Riemannian
geometry.

In the second chapter, we examine the variation of the curvature on the geodesics.

In the third chapter, we study the MTW tensor on compact Riemannian manifold.
We show that an improved MTW condition is satisfied on nearly spherical manifold.
The proof goes by a careful analysis combined with the perturbative arguments on the
spheres.

In the fourth chapter, we study the inverse of the Hessian matrix of the squared
distance.

In the fifth chapter, we prove the smoothness of the optimal transport maps on two
classes of compact Riemannian manifold-—nearly spherical manifolds and Riemannian
products of nearly spherical manifolds.

In the last chapter, we provide some perspectives about the optimal transportation
in the literature.

Keywords

Optimal transport map, Monge-Ampeére equation, c-convex function, MTW tensor,
MTW condition, convexity of injectivity domain, maximum principle, continuity method.
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Synthese de la these

Dans cette thése, on se concentre sur la régularité de I’application du transport op-
timal. Ce sujet a été amplement étudié ces derniéres années. On prouve la régularité de
I’application du transport optimale sur deux classes de variétés riemanniennes compactes—
des variétés presque sphériques et des produits riemanniens des variétés presque sphériques.

0.1 Le probleme du transport optimal

Le transport optimal est un sujet ancien. Il est étudié pour la premiere fois par
Monge en 1781 [79] avec le coiit de la distance euclidienne. Depuis, il est apparu dans
de nombreux domaines tels que la théorie de probabilité, I’économie, I’optimisation, la
météorologie, etc... L’introduction générale a la théorie du transport optimal peut étre
trouvée dans des livres [98] [99)].

Le probléme du transport optimal s’exprime comme suit: soient (X, uo) et (Y, u1)
deux espaces métriques avec des mesures de probabilité pg et p; respectivement. Soit
c: X xY — R une fonction du coiit. Le probléeme du transport optimal consiste a
minimiser la fonctionnelle du cotit total

Cost(G):/Xc(z,G(x))dug

parmi toutes les applications mesurables G : X — Y, telles que G419 = p11, cela signifie
que pour tout ensemble £ C X mesurable, on a

1 (E) = po(G~1(E)).

Les minimiseurs sont appelés les applications du transport optimal.

L’existence de I'application du transport optimal n’est pas triviale. D’une part, il
peut y avoir aucune application tel que Gxuo = p1. Par exemple, quand pg est égale a
la mesure de Dirac alors que p1 ne l'est pas. D’autre part, le probléme est non linéaire.

Cent soixante ans plus tard aprés Monge, Kantorovich [60] a réduit le probléme ci-
dessus a un programme linéaire & dimension infinie. Plus précisément, on cherche une
mesure de probabilité p sur X x Y tel que

/ (@, y)dp(z,y) = inf / o(z,y)dy(z,y), 1)
XxY XxXY

Y€ (po,p1)

IT(po, 1) = {7 : v est une mesure de probabilité sur X x Y. Pour les
applications 7x : X XY — X, (z,y) — x et
Ty : X xY = X, (x,y) — y,on a

(7x)47 = po, (Ty )¢y = pu1 }-

La mesure p est appelée le couplage optimal. Ce probléme de minimisation est plus
général. L’existence est connue sous certaines hypotheses. Par exemple, soient X

ix
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et Y deux espaces métriques complets séparables. Soit ¢ une fonction semi-continue
inférieure. Le couplage optimal existe [98] [87].

Kantorovich a montré que le probléme (1) a une formation duale. Concrétement, on
cherche une paire de fonctions (u,v) telle que

- /X udpo — /Y vipy = sup {~ | duo— /Y by ). (2)

(6,9)€6 X

S ={(¢,¢) :Y(z,y) € X xY,¢(x) + (y) > —c(x,y)}.

Lorsque le maximum est atteint par (u,v), on a

u(z) = sup[—c(z,y) — v(y)],v(y) = sup[—c(z,y) — u()].
yey reX

0.2 L’existence de ’application du transport optimal

Avant d’introduire I’existence de 'application du transport optimal, on donne d’abord
la définition de la c-convexité [98].

Définition 0.1. (Fonction c-convexe) Soit ¢ : X X Y — R une fonction. La fonction
u: X = RU{oo} est c-conveze, si pour tout xg € X, il existe un yo € Y tel que

Vo € X, u(x) = u(zo) + c(zo,y0) — c(@, yo)-
La c-sousdifférentiel de la fonction u au point xg est définie comme
dcu(zo) = {yo €Y : Vz € X, u(z) > u(zo) + c(z0, yo) — c(z, 40)}-

On donne des exemples des fonctions c-convexes. Lorsque X =Y = R" et ¢(x,y) =
—(x,y), la c-convexité est équivalente & la convexité usuelle. Lorsque X =Y = R" et
c(z,y) = 3|z — y|*, une fonction u est c-convexe si et seulement si la fonction u + |z|?
est convexe. Lorsque X =Y = M un espace métrique et c(z,y) = d(z,y), la fonction
u est c-convexe si et seulement si |u(z) — u(y)| < c(z,y),Vr,y € M.

Il est clair que la fonction u est c-convexe si et seulement s’il existe une fonction
v:Y — R telle que u(z) = sup,cy[—c(z,y) — v(y)]. De plus, pour une solution du
probléme (2), des fonctions u et v sont c-convexes.

Maintenant, on décrit 'existence de I'application du transport optimal. Lorsque
c(z,y) = |z — y|, Sudakov [88], Evans-Gangbo [33], Caffarelli-Feldman-Mccann [15],
Trudinger-Wang [93] ont démontré P'existence de 'application du transport optimal. En
général, Papplication du transport optimal n’est pas unique. Lorsque c(z,y) = %|m—y|2,
si po est absolument continu par rapport & la mesure de Lebesgue, Brenier [4] a montré
I’existence et 'unicité de I’application du transport optimal. Il a également prouvé que
I’application du transport optimal est le gradient d’une fonction convexe. Pour une
fonction du cott général, l'existence de l'application du transport optimal peut étre
trouvée dans [8] [51] [98].

Lorsque c est égal a la moitié de la distance géodésique au carré sur une variété
riemannienne compacte, McCann [77] a généralisé la théorie de Brenier. Si ug est ab-
solument continu par rapport a I’élément de volume, McCann a prouvé qu’il existe
une unique application du transport optimal G. Il a également montré que G(m) =
exp,, (Vmmu) pour une certaine c-convexe fonction u. La fonction u est appelée le po-
tentiel du transport optimal. Sur une variété riemannienne non-compacte, 1’existence
de l'application du transport optimale peut étre trouvée dans [34].
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0.3 La régularité de l’application du transport opti-
mal

On étudie ici la régularité de l'application du transport optimal sur une variété
riemannienne compacte. On a déja vu que l'application du transport optimal s’écrit
comme G(m) = exp,,(Vnu). L'étude de la régularité de I’application du transport
optimal revient & étudier la régularité du potentiel. Le potentiel u vérifie une équation
elliptique complétement non-linéaire.

0.3.1 L’équation du transport optimal

Soient pgdvol et pydvol deux mesures de probabilité sur une variété riemannienne
compacte (M, g) & densité continue strictement positive. Si le potentiel u est de classe
C?, alors lapplication du transport optimal G est un difféomorphisme de classe C*.

La condition Gxpo = p1, signifie que pour tout ensemble mesurable £ C M, on a

[ mdvolia) = [ prly)dvol(w).
G-1(E) E

Par un changement de variable y = G(x), on en déduit

/ po()dvol(x) = / p1(G())] det dyGlduvol ().
G-1(E) G-1(E)

ce qui donne @
o(x
Vo € M, |det d,G| = m.
En utilisant la propriété de la fonction c-convexe u, on a
Ve e M,V,u+ Vye(z,G(z)) =0.
En différenciant par rapport a x, on obtient

Vo € M,det(Viu + Vic(z,G(z))) = det(—=V, yc(z, G(2))d.G).

Encore par la propriété de la fonction c-convexe u, VZu + VZc(z, G(x)) est positif. En
conséquence,

det(V2u + Vic(z, G(x))) |det Vg yc(z, G(z))|| det d, G|

= 7[)0(1‘) € c\x X

En vertu de exp,(—Vc(z,y)) =y, on en déduit

det(V2u + Vic(z,G(z))) = | det dy. upei(;C)|p1(G(x))

En rappelant det dy_,, exp, > 0, on obtient ’équation

Vo € M, det(V2u + V2¢(z, G(z))) = Po(@) . 3
z € ( U+ IC(:E7 (l’))) pl(G(x))det qu eXp ( )
On donne ici quelques exemples.
Dans le cas euclidien, ’équation (3) est de type Monge-Ampére généralisé

po()

det(VZu +1) = (G
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Lorsque M est un tore T", équation (3) s’écrit

oz
det(V?u + g) = plp(Cg(:z))
Lorsque M est une sphere S™, I’équation (3) devient
sin[Vu| " det(V?u + S(z, Vu)) = _rol@)
[Vl ’ p1(G(z))’

S(m,v)(€) = & — (1= ] cot [V]) (€ — gm (&, m—

V|

).

0.3.2 Le tenseur de Ma-Trudinger-Wang

L’application du transport optimal n’est pas forcément continue ou lisse. Afin de
garantir une certaine régularité, des hypotheses supplémentaires sont nécessaires. Dans
lespace euclidien, Ma-Trudinger-Wang [76] ont introduit une quantité en utilisant les
dérivées de la fonction du coiit ¢ jusqu’a l'ordre 4, dite le tenseur de Ma-Trudinger-
Wang. Ils ont montré la régularité C? du potentiel sous la condition A3S, c’est-a-dire, le
tenseur de MTW est strictement positive. Plus tard, Kim et McCann [64] ont interprété
de nouveau le tenseur de MTW comme la courbure de Riemann sur certains 2-plans
d’une métrique pseudo-riemannienne issue de la fonction du cofit sur I'espace produit
M x M. A propos du tenseur de MTW ou plus généralement la courbure croisée, voir
les références [75] [45] [67] [43] [73] [28] [29].

Avant de définir le tenseur de MTW, on donne quelques notations. Soit (M, g) une
variété riemannienne compacte de dimension n > 2. d et dvol désignent respectivement
la distance géodésique et 1’élément de volume sur M. Etant donné m € M, Cut(m) note
le lieu de coupure du point m. Le domaine d’injectivité du point m est noté par I(m).

Définition 0.2. (Le tenseur de MTW) Soient m € M,v € I(m),&,n € T,,M. Le
tenseur de MTW est défini par

3 ot d?

Cm,v)(&,n) = =5 5272 >
20s20t% | _,_, 2

(exp,, (£8), expyy, (v + s1)).

Cette définition a un sens. En fait, lorsque ¢ et s sont suffisamment petits, exp,, (v +
sn) ¢ Cut(exp,, (t€)). Et donc d?(exp,, (t€), exp,, (v + sn)) est lisse par rapport a t et s.
On énonce quelques propriétés élémentaires: quand & = 0 ou n = 0, le tenseur de MTW
s’annule. En général, si le rang de la famille de vecteurs {v, &, n} est plus petit que 1,
alors le tenseur de MTW s’annule. Il est clair que le tenseur de MTW est homogene
de degré 2 par rapport a £ ou 7, et homogene de degré 1 par rapport a la métrique g,
c’est-a-dire

C(m,y) ()\57 77) = )‘2C(m,1/) (67 77); C(m,y) (57 >‘77) = )‘2C(m,u) (ga 77);

C();i’u) (Ea 7]) = Ac(gmﬂj) (55 77)

Lorsque (M, g) est plate, le tenseur de MTW s’annule.

Le tenseur de MTW a des liens étroits avec la courbure de Riemann de la variété.
Loeper [73] a trouvé que le tenseur de MTW sur le diagonal coincide avec la courbure
sectionnelle. En effet, on a

d*(exp,, t&, exp,, sn) = [€[2,6% = 2gm (&, m)ts + 0|7, 8% —
1
3 R (&, EmE%s” + o(£2 + 57)%).

ce qui donne

C(m,0)(&,n) = Rin(&,n,6,m)- (4)
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De plus, le tenseur de MTW a un développement (voir [67])

Clmn)Em) = En(&m&m + 5(VyBn(En&m) +

LV R)n(E 7. 6.1) + ollvlm).

0.3.3 La condition de Ma-Trudinger-Wang

La régularité de ’application du transport optimal est liée a la positivité du tenseur
de MTW. On introduit des conditions de courbure suivantes.

Définition 0.3. (La condition de MTW)

(i) On dit que le tenseur de MTW est positif, si pour tout m € M, &,n € T, M, on a

C(m,v)(&,mn) = 0.

(it) On dit que la condition ASW est vérifiée, si pour tout m € M et pour tous &,n €
TinM avec g (€,m) =0, on a

C(m,v)(&n) > 0.

(i) On dit que la condition A3S est vérifiée, si pour tout m € M et pour tous &, €
Ty M\ {0} avec g (§,m) =0, on a

C(m,v)(&,m) > 0.

Il est intéressant de trouver des variétés riemanniennes qui satisfont la condition
de MTW. On donne quelques exemples. Lorsque M est plate (par exemple R™ T"),
la condition A3W est satisfaite, mais la condition A3S n’est pas satisfaite. Loeper
[74] a prouvé que la condition A3S est satisfaite sur la sphére S”. Kim-McCann [65]
ont montré que la submersion riemannienne de la spheére S"™(par exemple CP" HP")
satisfait la condition A3S. Delanoé-Rouviere [31] ont montré que la variété riemannienne
symétrique a courbure sectionnelle strictement positive satisfait la condition A3S. Figalli
et Rifford [44] ont prouvé que la condition A3S est vérifiée sur une surface simplement
connexe dont la métrique est une perturbation de classe C* par rapport a celle de la
sphere S2. Lorsque la courbure de Gauss de la surface s’approche de 1 en norme C?,
Delanoé-Ge [28] ont obtenu la condition A3S la-dessus. Figalli-Rifford-Villani [45] ont
démontré que la condition A3S est satisfaite sur une variétés riemannienne compacte de
dimension n dont la métrique est une perturbation de classe C* par rapport & la sphére
canonique S™. Du-Li [32] ont donné une condition suffisante pour que la condition A3S
soit vérifiée sur une surface fermée.

On donne quelques remarques sur la condition A3W et la condition A3S.

Tout d’abord, il est clair que la condition A3S implique la condition A3W, mais la
réciproque est fausse en général.

Et puis, la condition A3W implique la positivité de la courbure sectionnelle (voir
[73]). En revanche, la réciproque n’est pas vraie(voir [62]). De méme, la condition A3S
implique que la courbure sectionnelle est strictement positive.

Pour les autres fonctions du cofiit, la condition A3S n’implique pas forcément que
la courbure sectionnelle est positive. Par exemple, on consideére la fonction du cofit
¢(+,-) = —coshd(-,-) sur I'espace hyperbolique H". La condition A3S est satisfaite,
mais la courbure sectionnelle de H” est toujours égale & —1.

En outre, la condition A3W et la condition A3S sont préservées pour une submersion
de Riemann [65]. La condition A3S est également stable sous la limite de Gromov-
Hausdorff [100].
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On a d’autres caractérisations pour les conditions A3S et A3W. Loeper [73] a prouvé
que, la c-convexité des ensembles de contact, la condition A3W et la connexité de la c-
sousdifférentiel du potentiel c-convexe sont toutes équivalentes. Si le lieu de coupure d’un
point n’est pas un lieu conjugué, Loeper-Villani [75] ont prouvé que la condition A3S im-
plique la convexité uniforme de les domaines d’injectivité. Figalli-Gallouét-Rifford [38]
ont montré que la condition A3W implique la convexité des domaines d’injectivité sous
des hypotheses convenables. Cependant, ce probléme n’est pas complétement résolu.

Les conditions A3W et A3S jouent un role important dans la théorie de la régularité
de lapplication du transport optimal. Loeper [73], Villani [99], Figalli-Rifford-Villani
[46] ont prouvé que la condition A3W est nécessaire pour la continuité de application
du transport optimal.

On considere la fonction du cotit égale a la distance au carré. Dans ['espace euclidien,
la régularité de ’application du transport optimal a été entierement résolue. Dans ce cas
la, Péquation (3) est équivalente & 1’équation de Monge-Ampére classique. L’issue de la
régularité est obtenue par Caffarelli [11-13], Delanoé [24] et Urbas [96]. Sur une variété
riemannienne, Cordero-Erausquin [22] a prouvé que 'application du transport optimal
sur un tore T™ est lisse(voir également [27]). Loeper [74] a montré que Papplication
du transport optimal sur une sphere standard S™ est lisse. Si le lieu de coupure ne
rencontre pas le lieu conjugué et si M satisfait la condition A3S, Loeper et Villani [75] ont
obtenu le résultat de régularité. Pour le produit des spheres standards, la régularité de
Papplication du transport optimal est montrée par Figalli-Kim-McCann [42]. Delanoé et
Ge ont étudié ce probleme de régularité sur des variétés riemanniennes dont la courbure
est proche de celle de la sphére standard S™ en C? norme. Delanoé [27] a prouvé
que 'application du transport optimale est lisse sur la variété symétrique a courbure
sectionnelle strictement positive, et sur une surface dont la courbure de gauss est proche
de 1 en C? norme.

0.4 Résultats principaux

Avant d’énoncer les résultats, on rappelle quelques notations et définitions. Soit
(M, g) une variété riemannienne compacte connexe lisse sans bord de la dimension n > 2.
On dit brievement une variété riemannienne fermée. Soit K la courbure sectionnelle
de (M,g). La courbure de Riemann de (M, g) est notée par Riem. Le carré de la
superficie du parallélogramme engendré par deux vecteurs tangents £, € T,, M est
égal & [E A7, = €7, 015, — gm (&)

Soient X,Y, Z, W des champs de vecteur lisses sur M. Le produit de Kulkarni-
Nomizu T7 ® T3 de deux champs de 2-tenseurs symétriques 77 et T, est défini par

Tl ) TQ(Xv Y’ Zv W) = Tl(Xa Z)TZ(Y7 W) + Tl(Ya W)T2(Xa Z) -
Ty (X, W)Tx(Y, Z) — Th (Y, Z)T2(X, W).

On suppose toujours que la courbure sectionnelle de (M, g) satisfait

min K =1. (5)
Gra (M)
et la courbure de Riemann satisfait
. 1
[Riem — 290 gllezar,g) <€ (6)
Pour v # 0, on consideére

= v v

S(m, v, 1)(§) = & = (1 = [vfm cot [v[m)(§ = gm (&, |V|m)m) (7)

et on note C(m, v)(&,n) le tenseur de MTW sur la sphere standard S”, c’est-a-dire,

Clm,)(Em) = 5 5 lomogm (S(m. v+ 51, 1)(6), ©) Q
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Il est clair que lin%g(m,u, 1)(&) = |€)?, et que
v—

lim C(m, v)(§,1) = R (&,0,6,0) = [€[71007, — gm (&, m)*. (9)

Les résultats principaux dans cette thése sont inclus dans deux prépublications (voir
[52,106]).

Le premier résultat consiste a la stabilité de positivité du tenseur de MTW sur une
variété presque sphérique.

Théoréme 0.1. Soit (M,g) une variété riemannienne fermée de dimension n > 2.
Suppose que (M, g) satisfait (5). Alors il existe deux constantes strictement positives
€0, ko > 0 qui ne dépendent que de n, telles que si (6) est vérifée avec e < eq, alors pour
tout m € M,v € I(m) et pour tous vecteurs tangents £, € T, M, on a

C(m,v)(&m) = ro(1€ A nly + €50 A vl +1E AV InT,). (10)
Une conséquence immédiate du théoréme est la suivante:

Corollaire 0.1. Soient My et Mo deux variétés riemanniennes fermées de dimension
ny > 2 et ng > 2 respectivement. Suppose qu’il existe un nombre petit g > 0 dépendant
de n tel que (5) et (6) avec e < g soient satisfaites sur My et My. Alors le tenseur de
MTW est positif sur la variété produit My x Ms. En particulier, la condition ASW est
satisfaite.

Dans la preuve, on utilise des estimations suivantes:

Proposition 0.1. Soit (M, g) une variété riemannienne fermée de dimension n > 2.
Suppose que (M, g) satisfait (5) et qu’il existe un nombre petit g > 0 dépendant de
n , telle que (6) avec € < gg soit satisfaite. Alors il existe une constante strictement
positive C > 0 qui ne dépend que de n, telle que pour tout m € M,v € I(m), |v| > %7'.

1) |S_1(m7 v, 1) - S_l(ma v, 1)| < 08,

2) 0,87 (m,v,1) — 9,8 (m,v,1)| < Ce,
|D,S7Y(m,v,1) — D,S 1 (m,v,1)| < C¢;

3) |a§x8_1(m7v7 1) - agasg_l(fnﬂvv 1)| < 057
|02 DS~ (m,v,1) — 0, D, S~ (m, v, 1)| < Ce,

|D2,87(m,v,1) = D2,87 (m,v,1)| < Ce.

A Taide de la méthode de continuité, on prouve le résultat de la régularité de
I’application du transport optimal.

Théoréme 0.2. Soit (M,g) une variété riemannienne fermée de dimension n > 2.
Suppose que (M, g) satisfait (5). Alors il existe une constante strictement positive eg > 0
qut ne dépend que de n, telle que, si

1

Riem —
|| Riem 5

90 gllc2(m,g) < €o,

alors pour tout (k,a) € N x (0,1), avec k > 2, le potentiel du transport optimale est
de classe C*t2 pour des mesures de probabilité sur M podvol et pidvol a densité
strictement positive de classe C*.

Le Théoreme 0.2 implique que sur une variété presque sphérique lisse, si la densité
des mesures est réguliere et strictement positive, alors I’application du transport optimal
est réguliere.

Corollaire 0.2. Sous les mémes hypothéses que le théoreme 0.2, suppose que les den-
sités po,p1 sont de classe C°. Alors lapplication du transport optimal est de classe
C*.
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De la méme maniére, on obtient la régularité de ’application du transport optimal
sur une variété produit des variétés presque sphériques.

Théoréme 0.3. Soient M, et My deuz variétés riemanniennes fermées de dimension
ny > 2 et ng > 2 respectivement. Suppose que Vi, (M;,g;) satisfait (5). Il existe une
constante strictement positive g > 0 qui ne dépend que de n; pour i = 1,2, telle que, si

. 1
|| Riem; — 591 ® gille2(m,,g:) < €0,
alors pour tout (k,a) € N x (0,1), avec k > 2, et pour toutes mesures de probabilité a
densité strictement positive de classe C*® sur My x My podvol et pydvol , le potentiel
du transport optimal envoyant podvol vers pydvol est de classe C*+2,

Une conséquence directe est la suivante.

Corollaire 0.3. Sous les mémes hypothéses du Théoréme 0.3, toutes mesures de prob-
abilité a densité strictement positive de classe C*° sur My x Ms podvol et pidvol, le
potentiel du transport optimal envoyant podvol vers prdvol est de classe C°.

Dans [106], on montre également que si la métrique sur M; x M, n’est pas sous
forme de produit, alors ’application du transport optimal n’est pas forcément réguliére
méme si la métrique est proche du produit des spheres en norme C*. Plus précisement,
on a

Théoréme 0.4. On note g* le produit des métriques canoniques sur S™ x S™2 quec
ny > 2 et ng > 2. Alors Ve > 0, il existe une métrique g sur S™ x S"2 conforme d g*
satisfaisant

lg =g lles <e

telle que l’on puisse trouver des mesures de probabilité a densité C™° strictement positive
sur S™ x S™ dont Uapplication du transport optimal correspondante n’est pas lisse.

Ceci provient du fait que 'on n’a pas la stabilité de la condition A3W sur I’espace
produit si I'on sort de la classe de produit des métriques.



Chapter 1

Preliminaries

1.1 Basic notations and conventions

In this section, some basic notations from Riemannian geometry will be stated.
See [1] [2] [18] [19] [20] [80] as references on Riemannian geometry.

Let (M, g) be a complete connected smooth Riemannian manifold of dimension n >
2. Let X,Y,Z,W be smooth vector fields on M. The (3,1)-type Riemann curvature
tensor of the Riemaniann manifold (M, g) is defined by

R(X.Y)Z =VxVyZ -VyVxZ-Vixyv|Z

where V denotes the Levi-Civita connection of g.
We set Riem for the associated (4,0)-type Riemann curvature tensor?, i.e.

Riem(X,Y, Z, W) = (R(Z, W)Y, X).

Throughout the thesis, we adopt the Einstein summation convention over repeated
indices.

In a local coordinate system{z!,--- 2"}, the components of Riemann curvature
. 9 9 o _ pl 9 o — .. RP i
tensor are given by R(5:7, 5.5 ) 507 = Lijraer and Rk = gipRjy, respectively. The

Ricci tensor is obtained by the contraction Ric;; = g™t R;1;1 and the scalar curvature by
Scal = g Ric;;.
The Riemannian metric induces norms on all the tensor bundles. Precisely, the

squared norm of (r, s)-tensor field T in the coordinate system x = (z!,--- ,2") is given
by
2 11 il iy i ok K
IT|" = Girky *+ Gick, g - g/ T T

where T;;;r are components of 7" in the coordinate system z.

We will need notation for the second covariant derivative of a tensor field, we write
ViyT = (V*T)(X,Y,--).

It is remarkable to note that V% 7 = Vx(VyT) = VyyT.
Another fact will be used frequently is that the tensor g ® g is parallel, i.e.

V(gog)=0. (1.1)

For later use, the (3,1)-form of %g ® g is denoted by R, i.e.

R(X,Y)Z = (Y, Z)X — (X, Z)Y.

Given a local coordinate system{xz!,--- 2"}, the components of R are given by
I N R RNV
R(%, w)@ = Rijk@? with Rijk = 5]9116 - 5kgij~ (12)

We use g(-,-) and (-,-) interchangeably.
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Let K : Gra(M) — R be the sectional curvature defined on the Grassmann bundle of
tangent 2-planes(to see [27]). We suppose that (M, g) be closed manifold of dimension
n > 2 throughout the thesis unless otherwise specified. We also assume the sectional
curvature of M satisfies

min K =1. (1.3)
Gra(M)

and the Riemann curvature tensor satisfies
. 1 .
|Riem — 290 gllez(a,g) < €, with & small. (1.4)

If (M, g) satisfies (1.3) and (1.4), we say that (M, g) is nearly spherical.
It is readily to see that (1.3) and (1.4) hold on round sphere S™.
In addition, by (1.4), it follows that

[Ric — (n — 1)gllcz(ar,g) <€,
[Scal —n(n — 1)[|c2(ar,g) < e

In two dimension, up to a constant, the curvature assumption (1.4) is equivalent to
|K — 1‘02(1\4’9) < E.
While in n > 3 dimension, up to a constant, the curvature assumption (1.4) deduces

Scal

|Riem — =1

9O gllez(ag) < e

Indeed, from the well-known decomposition of Riem we obtain the identity

Scal

=1 (Scal —n(n —1))%

1
[Riem — 29 @ g|* = [Riem — g0 91>+

2
n(n —1)
Together with the parallel property (1.1) and the definition of Scalar curvature, the
result is derived.

The assumption (1.3) and (1.4) contain some geometric information of (M,g). In
view of Bonnet myers theorem [20], the normalization (1.3) implies that (M, g) is com-
pact and there is at least one conjugate point along every geodesic. The compactness
infers that there is cut point along every geodesic [18].

Let m € M. For Yv € T,,, M, |v|, = 1. Set tc(m,v) be the distance from point m to
the cut point of m along the geodesic exp,, (tv),i.e.

tc(m,v) = sup{t > 0;exp,, (sv)|o<s<: is a minimizing geodesic}.
The injectivity domain at m is denoted by I(m), i.e.
I(m) = {tv;0 <t <tc(m,v),v e T, M\{0}}.
The focal time tg(m,v) is defined by
tp(m,v) = inf{t > 0;exp,, (tv)is conjugate to m}.

Recall that the cut time is smaller than the focal time. The injectivity domain is
an open subset contains the origin in 7;, M and star-shaped with respect to the origin.
Moreover,M = exp,,(I(m))| | Cut,,, where | | means disjoint union. The exponential
map exp,, : I[(m) — M\Cut,, is a diffecomorphism.

The geometry of injectivity domain is complicated. But on some special manifolds
they have nice geometric properties. For instance, the injectivity domain of round sphere
S™ is the open ball of radius 7 centered at the origin. If the Riemannian manifold is
simply connected, complete and with non-positive curvature, from theorem of Hadamard
[18], we know that the injectivity domains are R™. Figalli-Rifford-Villani [45] established
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that the injectivity domains are uniformly convex on the Riemannian manifold which is
the C* metric perturbation of round sphere S™. Bonnard [6] proved that the injectivity
domain of the ellipsoid {(z,y,z) € R3 : 2% + % + ;ZTZ = 1}(p € (0,1]) is convex if and
only if u > %

The notation exp;,!(y) stands for all the velocities v € T,,, M such that the geodesic
exp,, (sv)|o<s<1 is minimizing and exp,, ¥ = y. Under the curvature assumption (1.3),
by the Bonnet-Myers theorem [20], for each v € exp..}(y), the length of v is not great
than 7. Moreover, if v € I(m), by Rauch comparison theorem, the length of v is strictly
less than 7. We will use these facts frequently throughout the thesis.

2

For y € M, we consider the functions %() = 3d?(-,y) which is smooth in M\Cut,.
For any m ¢ Cut,, the Gauss lemma implies that

2

grad ?y(m) = —exp,ly. (1.5)

Given a real smooth function u defined on M. The Hessian of u at m is given by the
linear operator from 7T,, M to T,,M defined by the identity

for V€ € T, M, V2 u(€) := Ve(grad u).
It is easy to see that the Hessian is self-adjoint and can be calculated as follows

d2

(V2u(©),6) = 5| uly(s)), (16)

where 7 is a geodesic with the initial point m and the initial velocity &.

1.2 Jacobi matrix

1.2.1 Initial Jacobi matrices

In this section, we give the definition and some basic facts about the initial Jacobi
matrices. The definition is stated as follows. See Chapter 14 in [99] as references on the
initial Jacobi matrices and the Jacobi matrix.

Definition 1.1. Givenm € M,v € T, M\{0}. Let {E1, Ea,--- , E,} be an orthonormal
basis of Ty M with Ey = v/|v|m. Let () be a geodesic with initial point m and initial
velocity v and {ey,eq, -+ ,e,} be the parallel transport of {E1, Ea,---,En} along v
with e;(0) = E;. We define the matrices Jo(m,v,t) and Ji(m,v,t) as the matriz valued
solutions of the second order equation

Jo+RJ, =0,a=0,1, (1.7)
with the initial condition

Jo(m,v,0) =0, jo(m,u, 0) =1I,,
Ji(m,v,0) = I,, Jy(m,v,0) =0,

where the elements of R are given by
Rij(t) = (R(ei(t), 7(£))7(t), €5(1)). (1.8)

The matrices Jo(m, v, t) and Ji(m, v, t) are called the initial Jacobi matrices. The matrix
(Rij) is called curvature matriz. The equation (1.7) is called the Jacobi equation. A
matriz J is called Jacobi matriz if it satisfies the Jacobi equation (1.7).
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We give some facts about the curvature matrix. It is clear that the curvature matrix
(Rij;) has vanishing first row and first column. The curvature matrix (R;;) is symmetric
and its the trace gives the Ricci curvature. In addition, the curvature matrix (R;;) is
positive semi-definite if the sectional curvature of M is non-negative.

As same as on the sphere, we define J,(m,v,t) as the matrix-valued of the second
order equation )

Jo+RJ, =0,a=0,1,
Jo(m,v,0) =0, Jo(m,v,0) = I, (1.9)
Ji(m,v,0) = I, J;(m,v,0) = 0.

The elements of R are given by

Rij(m,v,t) = (R(ei(t), () ¥(t), €;(1))-

It is readily to see that Jy and J; are given respectively by

g t 0 J o 1 0
0= Jo Wby 1T 0 cos([wt) 1|

[

From the homogeneity of a geodesic(to see [18] p.64), we get the homogeneity of the
initial Jacobi matrices,i.e.

Ao(m, Av,t) = Jo(m, v, At),
Jr (m, A, t) = Jl(m, v, )\t), A>0.

For t € [0,1],a = 0,1, we can extend the initial matrix J, by continuity at v = 0
by J,(m,0,t) = I,,. Similarly, we can extend Jp, J(gk),k > 2at v =0 by Jy(m,0,t) =
I, I (m,0,4) =0 and J* k> 1 at v =0 by J¥ (m,0,t) = 0.

For simplicity, the initial Jacobi matrix J,(m,v,t) is abbreviated to J,(t) unless
otherwise specified.

By definition of the conjugate point, the initial matrix Jo(¢) is invertible for every
t € (0,tp(m,v)). Moreover, in view of Proposition 14.30 in [99], the continuity derives
that det Jo(t) > 0 for every ¢t € (0,tp(m,v)).

We now present the Hessian of the squared distance in terms of the initial Jacobi
matrix and a representation formula of the inhomogeneous Jacobi equation.

Proposition 1.1. Under the hypothesis of Definition 1.1, we have

(a) Let J(t) be the Jacobi field along the geodesic exp,,(tv) defined by the conditions
J(0) =&, J(1) = 0. Then J(t) = —Jo(t)Jy (1) J1(1)(€) + J1(£)(€);

(b) Fort € [0,tp(m,v)). Let S(m,v,t) be the linear operator from T, M to Ty M whose
matriz in the orthonormal basis {E1, Eo, -+, E,} is given by tJo(t)"1J1(t). Then
the linear operator S(m,v,t) : T, M — T,,M is self adjoint. Moreover, if v € I(m),
then for V€ € T, M,

(Ve expy, v)(€),6) = (S(m, 1, 1)(€), €).

(c) (Representation formula)The solution of the matriz valued inhomogeneous Jacobi
equation

J(t) + R(t)J(t) = B(t)
is given by the formula

J(t) = Jo(t)J(0) + J1(£).J(0) + Jo(t) /0 t JiBds — Jy(t) /O t Ji Bds,

where * means transpose of matrix.
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Remark 1.1. 1.(Homogeneity)From the homogeneity of the initial Jacobi matrices, we
infer that

S(m, v, t) = S(m, v, \t),\ > 0.
Thus we can extended S by continuity at v =0 by S(m,0,t) = Id;
2.The linear operator S(m,v,t) has explicit formula on space forms [68], for instance,
on the round sphere S™,

S(m,v,)(€) =€ = (1 — tlv|cot(t|v]))(€ — (&,

14 v

)

||yl

Equivalently, the assocz'ated covariant symmetric 2-tensor field is given by g — (1 —
tlv| cot(t|v]))(g — \,,| ® \Vl)
3. We obtain the representation formula for the scalar function,i.e.

f(t) = f(0)cost + f(0)sint + sint /t @(s) cos sds — cost /t ¢(s) sin sds, (1.10)
0 0

where ¢ = f+f

Proof. (a) is direct result of the uniqueness of the second order ordinary differential
equation.

(b)The self-adjoint property of S refers to Proposition 14.30 in [99]. We prove the
second assertion here. Let £ be a tangent vector based at m.

If v =0, tJo(t)~! can be extended by continuity at ¢t = 0 by I,,. So

(V2e(-,m)(€),€) = [€]* = (S(m,v,1)(€),&).

If v € I(m)\{0}, then the curve o(t) = exp,, (t/)|¢c|0,1) is the unique minimizing geodesic
from m to exp,, .
Let v(-) be the geodesic with the initial point m and the initial velocity &. Consider
the family of the geodesics o (¢, s) = exp, ) (t exp,;(ls)(expm v)), so that o(¢,0) = o(t).
By the definition of the Jacobi field, it follows that J(t) = Z|,_o0 is a Jacobi field
along the geodesic o(t) with J(0) = ¢ and J(1) = 0. Moreover,

. o2 d _
J(0) = @E:t:OU = %|s:O eva(ls) (exp,, V) = _v?nc('veXpm v)(§)-

where the last equality follows from (1.5) and the definition of Hessian.
Hence

(Vie( exp,, v)(€),€) = —(J(0), J(0)).
From (a) the term J(t) is equal to —Jo(t)Jy 1 (1)J1(1)(€) + Ji(t)(€). So
J(0) = —S(m, v, 1)(6).
Therefore
(Ve exp,, v)(€), ) = (S(m, v, 1)(€),€).

(c) The result follows from a direct calculation(the details refer to Lemma 3.2 in [45]).
This finishes the proof of Proposition 1.1. O

1.2.2 The approximation of initial Jacobi matrices
In this subsection, we present the approximation of the initial Jacobi matrices.

We first give a basic fact from the theory of second order differential equations [29].

Lemma 1.1. Let (M,g) be a closed manifold of dimension n > 2. Suppose that M
satisfies the curvature assumptions (1.8) and (1.4). Then there exists a positive constant
Cy depending only on n such that for every m € M,v € T, M and every t € [0,1], the
g norms of the initial Jacobi matrices:

|Ja(m7V7 t)|7 |j(l(m7’/7 t)|aa =0,1
are all bounded above by C.
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Keeping in mind the assumption (1.4), the initial Jacobi matrices can be estimated
as follows [29].

Lemma 1.2. Let (M,g) be a closed manifold of dimension n > 2. Suppose that M
satisfies the curvature assumptions (1.3) and (1.4). Then there exists a positive constant
Cy depending only on n such that for every m € M,v € T, M and every t € [0,1], the
following estimates hold:

g&
E
S
=
|
L
3
S
=
IA

0267
|Jo(m, v, t) — ja(m, vt)] < Cie,a=0,1.

Remark 1.2. For later use, regarding |Jo — jg\, the constant Co can be taken value

2v/n — 1. (to see Remark 5 of [29])

Proof. It is obvious for v = 0. Without generality, we assume that v # 0. The length
of the tangent vector v is denoted by 7.
Note that the Jacobi equation (1.7) can be rewritten as follows:

J.+RJ, = (R~ R)J,.

Applying a representation formula in [29] to the elements of the matrix J,, we have

_ tqd s _
Jo = Jy + 72sin(rt) / _ / sin(r0)(R — R)J.do.
0 Sin ) Jo

X(rs
Using (1.3) and the Cauchy-Schwarz inequality, we derive

_ t dS s
J, — Ju < JL|72 sin(rt / 7/ in(76)do|.
o = Jal < € o 1l Sm(”‘ o 52 (wols) Jp Y

Together with Lemma 1.1 and the expression

t s
1 — cos(tt) = 72 sin(rt)/ 578 / sin(76)db,
o sin®(7s) Jo

we obtain that there exists a positive constant C' depending only n such that
|Jo(m,v,t) — Jo(m,v,t)] < Ce,a=0,1. (1.11)

Note that Remark 1.2 follows from the Rauch comparison theorem [18].

For the second inequality, from the initial condition .J,(0) = J,(0), we get

. t .
gy - J, / Jo— 1) d
(o= da) s
t
/ (RJo — RJ,) ds
0

_ /t R(Jy = Ju) + (R = R)Juds.
0

Together with the curvature assumption (1.4), Lemma 1.1 and (1.11), we imply that
there exist a positive constant C' such that

|\ Ju(m, v, t) — Jo(m, v, t)] < Ce.

This finishes the proof of Lemma 1.2 by choosing Cy = max{C, C'}. O
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1.3 Fermi coordinate system

In this subsection, we state the definition of Fermi coordinate system.

Definition 1.2. (Fermi coordinate system) Let (M, g) be an n-dimensional Riemannian
manifold. Given a compact interval I C R which contains 0. Let v : I — M be
a geodesic with |y = 1 and {e1(t),e2(t), -+ ,en(t)} be a parallel orthonormal moving
frame of vector fields along the geodesic v with e1(t) = 4(t). The Fermi coordinate
system {x',--- 2"} are defined by

2 (expy ) (D Mes(t) =,

=2

2% (expy (3 Nes(t)) = A2 <a<mtel.
B=2

where \? are sufficiently small so that the exponential maps are defined.
In the Fermi coordinate system {x',---  x™}, 7 is called the axis.

Observe that the differential of the map (z',---,2") = exp, 1) (X5, zPes(t)) on
the axis is equal to the identity. Thanks to the inverse function theorem, the Fermi
coordinate system makes sense.

The Fermi coordinate system is generalization of the normal coordinate system. To
see this, along the axis we have

Viaj7k € {1327 e an}agij(xlao) = 5ij76kgij(z1a0) =0. (112)

We will require higher order derivatives of the metric and Christoffel symbols on the
axis. In the following, the Latin indices run over 1,---  n and the Greek indices run
over 2,--- ,n.

On the axis, we have the following expressions.

Lemma 1.3. The following identities hold on the axis:

%911 = —2Rin;, 0ap01 = *%(Ramﬂ + Raupi)s (1.13)
82/39/3# = _%(R(wﬁu + Rappp)s (1.14)
Ty = Riy,0aTh, = 3 (Rhoy + Bio) (1.15)
Tl = ViRja + VaRig, (1.16)
Tl = %(le}m —ViR}50) — VaR}15, (1.17)
RpTr, = %(qufw1 + VRl + é(leQ,@u +ViRG,,)- (1.18)

Furthermore, applying p times 8%1 (axis-derivative) to any of the preceding left side

quantities, yields on the axis the p-th covariant derivative VY of the corresponding in-
trinsic right side quantity. For instance:

O1(0kT;) = ViRY,,.

Proof. The results are given in [29] except (1.14). We only prove (1.14) here. By defi-
nition of the Riemann curvature tensor, on the axis, we have

1
Rappp = 5(65;;904;1 + ‘ﬁpgﬁp - 8§ﬁ9pu - 8§uga/3)'

Thanks to the identity:
92 9ap = 05,908,
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We derive
Rappp = aiugﬁp - 5359%'
Thus
Roppu + Raupp = 5§,ﬂﬂp + 6§pgﬂu - Qac%ﬁgpu
= *332139%-

where the last inequality follows the well known identity
92098p + 0 59ap + 07 950 = 0.

This finishes the proof of Lemma 1.3. O



Chapter 2

The behaviour of the
curvature matrix

In this chapter, we study the behaviour of the curvature matrix (R;;). We start by
giving some notations. Let (M, g) be an n-dimensional Riemannian manifold satisfying
(1.3) and (1.4) for some small positive number . Fix mg € M and vy € I(mg)\{0}.
The length of the tangent vector vy is denoted by 7.

Taking the orthonormal basis {E1, Ea, -+, E,} of Tp,, M. Let the curve vy(t) be
the geodesic with the initial point mo and the initial velocity cos0F; + sin0Fs. For
|0 sufficiently small, let {eq(0,t),e2(0,t), - ,en(6,t)} be the parallel transport along

the geodesic vy (t) with e;(6,0) = cosOFE; + sinfF,, e2(0,0) = —sinfE; + cos0F,,
€;(0,0) = E; for i > 3. Then {e1(0,t),e2(0,t), --- ,e,(0,¢)} is the parallel orthonormal
moving frame along the geodesic vo(t) with e;(0,t) = Yo(t).

Let * = (2,22, --- ,2") be the Fermi coordinate system along the geodesic 7o (t)
and v = (v!,v2 - ,v") be the fiber coordinates of TM — M naturally associated to
x. We abbreviate the partial derivatives as follows:

8, o o 0 9 9 0?
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For each m € M,v € I(m) with m in the domain of the Fermi coordinate system x, we
set:

X = X(x,v,t) = (XY (x,v,t), X*(z,v,t),--, X"(z,v,t)) = z(exp,, (tV)),

where z = x(m) and v = v%0;.
As t — exp,, (tv) is a geodesic, thus the n-tuple X = X (z,v,t) is the solution of the
following Cauchy problem:

(2.1)

X' 4T, (X)XIXF =0,
Xi(z,v,0) = 2%, X*(x,v,0) = v’

In the sequel, the dot will stand for the derivative with respect to ¢ and the prime for
the derivative with respect to 6. We will say that a constant is under control whenever
it depends only on the dimension n. Given two real function f(t) and h(t), we write
f(t) = B(h(t)) if there exists a positive constant C under control such that |f(¢)] <
Clh(t)] for all ¢ in a given range. The third derivative of f(¢) with respect to ¢ will be

denoted by f(t).

2.1 The geodesic motion

In this subsection, we examine the geodesic motion on the axis. Let X(0,t) =
(X1(0,t), X%(0,t),--- ,X"(0,t)) denotes the coordinate of the geodesic v4(t) in the

9
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Fermi coordinate system x, i.e.
X%(0,t) = X0, (cos#,sin 6,0, --- ,0),1).
The geodesic motion is stated as follows.

Lemma 2.1. Let (M, g) be a closed Riemannian manifold of dimension n > 2. Assume
that (M, g) satisfies (1.3) and (1.4). Fiz mg € M and vy € I(mg)\{0}. In the Fermi
coordinate system x, for any t € [0, 7], the geodesic motion X on the axis satisfies:

1) X'(0,t) = (0,sint + B(et?), B(et?), - - -, B(et?))”,
X'(0,t) = (0,cost 4 B(et?), B(et?), - -- (atZ))
X/(0,1) = (0, - sint + B(et), Blet), -~ , Bet))";

2) X"(0,t) = (—sintcost+B(Et3),3(st3),-~- ,B(et?)T,
X"(0,t) = (—cos(2t) + B(et?), B(et?), - - - , B(et?))T,
X"(0,t) = (4sint cost + B(et), B(et), - - - l’j’(st))T7

3) X'(0,0) = (0,~R3,(0), - , ~ R, (0)7,

X"(0,0) = (—4R35,(0),0, =4R35, (0), - - , —4R5y, (0))""

Proof. Under the above assumptions, from (2.1), we know that X (6,t) is the solution
of the following Cauchy problem:

X'+ T (X)XIXF =0, (2.2)
X(0,0) =0,X(0,0) = (cosh,sin,0,---,0)7. '
On the axis, since the Christoffel symbols vanish, we have

We will settle Lemma 2.1 from 1) to 3) term by term.
1). We first handle the term X'. Differentiating (2.2) with respect to 0, it follows that

X7 49,0 (X)XIXPXP 42D (X)X XF =0,
with the initial condition
X7(0,0) = 0,X7(0,0) = 8.

Evaluated on the axis, from (1.15),(2.3) and (1.12), we get the following equations

{Xl +R1a1( )Xa/ = 07 (24)

X'(0,0) = 0, X'(0,0) = (0,1,0,--- ,0)7.
It is clear that X' (0,t) = 0.
For i > 1, we first establish the following standard estimate.
Claim 2.1. For anyt € [0,7] C [0, 7],
max{|X'], | X} < .

Proof of Claim 2.1. Let f; = |X'|?> 4+ |X'[> with f,(0) = 1. The derivative of f takes
the form

fl - 2( 1a1( ) *Rfal(X))XalXﬁl7

where the term RY | is defined by (1.2).
Suppose that € < 1, using the Cauchy-Schwarz inequality, we derive that

fl < hi.
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Finally

fi<e <em.

This completes the proof of Claim 2.1.
Before proceeding, we define X (t) = (X' (t),---, X" (t)) as follows

X"+ R, (X)X =0,
X'(0,0) =0,X'(0,0) = (0,1,0,--- ,0)T".

Let £ be the difference X — X' Let us rewrite the equation (2.4) in the pertur-
bative form:

51 +gl = (71(11 - ial)Xa )
with the null initial conditions:
£(0) = £(0) = 0.
Applying the representation formula of scalar function (1.10) to £, it follows that
. t — . . ’ t _ . . ’
& = sint/ (Rig1 — Rig1)X® cossds — cost/ (Rio1 — Rig1) X sinsds.
0 0

From the inequality sint <t in [0, 7), the Cauchy-Schwarz inequality and Claim 2.1, we
infer that |£7| < 2e2et?. Precisely,

e

, 3 4 =
|X? —sint| < iethf < “tPe?,

w N w

B

<j<n.

)

. 3 o2 3
X7 < Zet?e? < Z42
| |_2E€ _26

Keep in mind that £ = —&" + (Ri_, — Ri,,)X®, by the Cauchy-Schwarz inequality
and the inequality sin¢ < ¢ in [0, 7) again, we conclude

) 9 x 3 =
1€ < |E + el X'| < (\/4#26”(71 —1)+3mez +1+ 27re2> et,

as desired. .
By integrating £* with respect to ¢, we derive the expression for X’ and X’ i.e.

E(t) = /té'(s)ds = B(et?),
0

E(t) = /té(s)ds — Bet?).
0

2). As similar as 1), we first deal with X”. Differentiating the equation (2.2) twice with
respect to 6 :
X7 49,1 XIX XP + 07 T XTXFXP X9 +
49,0, X7 Xk xP 4 or% (X7 XF + XT XM =0,
with the initial condition
X7(0,0) =0, X" (0,0) = —6.
Evaluating on the axis, from (1.15),(2.3),(1.16) and (1.12), we get the following equations
X" 4+ R, X" + (VaRig + ViR, )XY XP + 4R, XX =0,
X"(0,0) = 0,X"(0,0) = (=1,0,---,0)T"

Similarly, we need the following Claim.
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Claim 2.2. There exists a positive constant C under control such that, for any t €
[0,7‘] c [Ovﬂ-L .
max{|X"|, | X"|} < 2e2°.

Proof of Claim 2.2. Let fo(t) = |X”|? +|X"|?. Then
f2 (t) _ 2Xi”Xi// I 2Xi//Xi//
= oxX7' X" 2R X" X7~ 2[(VaRiy +
ViR, )XY X + 4R, XY XX
Cfa(t) + C.

IN

We thus conclude that
fa(t) < 2eCt < 267,

This ends the proof of Claim 2.2.
We go back to the proof of Lemma 2.1.
Ifi=1,let f3 = X' +sintcost, then

fi = “ViRhX¥ X7 + 4(Rbpy — Rpo) XY X7 —
4Réa1X‘l/Xﬂ/ —4sintcost
= 4X¥X* —4dsintcost + B(et)
4X% X% —4sintcost + B(et)
= 4(X? —sint)X? +4(X? — cost)sint + B(et)
= B(et).

If i > 1, the term X satisfies the following equation
X" + X" = (_im - ial)XaN - (vaRziﬁl +
ViR, )XY X7 — 4R, XV X7
with the homogenuous initial condition
X"(0,0) = X" (0,0) =0. (2.5)
Using the representation formula of scalar function (1.10) to X " we see that

.11

¢
Xt = sint/[( to1 — R101) XY — (VaRig + ViRp, ) X X7 -
0

"

t
4Rga1X”‘/Xﬂ/] cos sds — cost/ [(R:,, — Ri,)X* —
0
(VaRig + ViR )XY X — 4RS X X7 sin sds.
By Ri,, — Rl = B(E),VaRim = B(e), VlR%al = B(E),Rgal = B(e), Claim 2.1 and
Claim 2.2, we have _
X' = B(et).
Arguing as above, we have
X"(0,t) — (4sintcost,0,---,0)T = B(et).

By integrating, together with the initial condition (2.5), we obtain

X"(0,t) — (= cos(2t),0,---,0)T = B(et?),
X"(0,t) — (=sintcost,0,---,007 = B(et?).
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3). The results are derived by tedious computation. We include the details in the
following. Differentiating (2.2) once with respect to § and t respectively:

X7 4 2T XIXEXPXT 49,1 (XIXEXY +

XIXkXV 4+ XIXFXP )+ 20, I‘sz] XkxP 4

o (X9 X* 4+ X7 X*) = 0.
Evaluating at the origin, and combining with the following relations X'(0,0) = 0, X(0,0) =
(1,0,---,0)7, X’(0,0) = (0,1,0,---,0)T, (1.15) and 81F§-k(0) = F;-k(()) = 0, we con-

clude .
X! (070) = R121( )

Differentiating the equation (2.2) twice with respect to 6 and once with respect to ¢
respectively, we have

i 4 92T XIXEXPX 4
8pI‘jk(2X7XkXp + XIXREXP)
93,0 XIXExP X7 X!
202 Dl (XIXFXP X0+ XIXEXP'XT) +
492, 1%, X7 X XPXT 49,1 (X7 XP X7 4
XV Xk x? 4 XTI XRXP) 4
20,0, (X7 X* + X7 X)) XP +
oD% (07 X + X0 K 4 2X7 X = 0.
Evaluatmg at the origin, and combining with the following relatlons X " (0 0) =0, X’ ’(0 0)

(-1,0---, ) ,311—‘;1( )—O,X'(0,0)—O,X(0,0) (0,1,0-- X(0,0) = (1,
(1.15) and I}, (0) = 0, we have

0)7,
X7(0,0) = 4Ry, (0).

The Lemma 2.1 is proved. O

2.2 The orthonormal chart motion

To proceed, we study the orthonormal chart motion.
Along the geodesic 74(t), there are two charts:the natural chart {-2; 5.7 and the or-

thonormal chart {e,---,ez}. To differentiate the curvature matrix (1.8), we need the
coordinate of {e1, - ,ea}. Set (Y/(0,t)) for the coordinates of the orthonormal chart
{61, s ,62}, i.e.

ei(9, t) = }/ij (9, t)aj.
It is clear that Y/ (0,t) = X*(6,t).
Since the orthonormal moving chart {ey,--- ,e,} is parallel, we have the equation:
Vi + T (X)X'Y) =0, (2.6)
with the initial condition

cosf —sinf
Y (6,0) = [sinf cosf
In—2

It is useful to note that Yy = X*. Moreover, it is obvious that Y (0,t) = I,,.
The orthonormal chart motion is presented as follows.
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Lemma 2.2. Let (M, g) be a closed Riemannian manifold of dimension n > 2. Assume
that (M, g) satisfies (1.8) and (1.4). Fix mg € M and vy € I(mg)\{0}. In the Fermi
coordinate system x, for any t € [0, 7], the derivatives of the orthonormal chart motion
along the axis satisfy:

1) yjz (0,8) = —(8167 — 046}) cos t + B(et?),
Vi (0,t) = (5502 — 656} ) sint + B(et);

2) in” (0,2) = =610 cos(2t) — 0467 cos® t+
5(85 — 640} — 0463) sin® t + B(et?),
Yf” (0,t) = 4016] sint cost + 25507 sint cos t+
(8 — 616) — 0503) sint cos t + B(et);

5) ¥}(0,0) = —Rip (0), |
Y} (0,0) = 2532‘ 121(0) = 3(1+ 567) R2;(0).

Proof. We will settle Lemma 2.2 from 1) to 3) term by term.
1). Similar to the proof of Lemma 2.1, we first consider Y’. Differentiating the equation
(2.6) with respect to 0 :
Y/ 49, XIXPYF 4 T (XVYF + XY F) =0,
Evaluating on the axis, and replacing X, Y, I‘};l, 8pl"§€1 by the related values, we get
Y/ + R, X¢ =0,

with initial condition

Y} (0,0) = 856 — 6107, (2.7)
Then
Vi (0,8) = —Ri,X°
= ( ;’041 - R;’al)Xa - R}alXa .
Lemma 2.1 yields,
Vi0,0) = —Ri X +B(et)

= —RiyX? +B(et)
= (5%5?- - 5;5}) sint + B(et).

Integrating with respect to t, together with the initial condition (2.7), we derive
./ v t .
Y/ (0,t) = Y;(0,0) —|—/0 Y/ (0,s)ds

t
= 050; — 6107 + (6107 — 5;5;)/0 sin sds + B(et?)
= (635; - (5%(5]2») cost + B(et?).

2). Similarly, we take account of Y. Differentiating equation (2.6) twice with respect
to the parameter 6 :

V" + 92, i, XX XU YF 4 20,00, XU X YE ¢
9L X' X7V 4+ 20,00, X' XP'VF +
LXVYE 42X Y 4 XY E) = o0,
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with the initial condition
Y/ (0,0) = —616; — 6507 (2.8)

On the axis, replacing X, Y, I‘};h Bpf‘zl by the corresponding values, the above equation
reduces to

i’ 2 1 @ % o B
Y, +aﬂr X XP 420,18, X XF 4

Ri X + 2R, XY} =0,

As a result, the term in” has the form

.71

Ve _ 2 i o’ B’ i o B’
Y/ = -0, X% X7 =20, X X7 —
Rl X — 2R} XYV,
Since the result follows from Lemma 2.1 if j is equal to 1, thus it is sufficient to assume

that 7 > 1.
From (1.17), Lemma 2.1 and (1.15), it follows that

vi' = (RM + R )XY X —2RE L XYYF 4 Bet)
2
= 3( Lo+ Rlap) XY X 2R XYY 4 Bet)
2 ] = i = ’ ’
= 3 boj + Rigg) X* X% — 287 Ri5 XY, + B(et)

2 -
= —3 22] smtcost+25 R, sintcost + B(et)
2, . . )
= 5(5; - 656]2) sintcost + 2555]2- sint cost + B(et).

Integrating with respect to ¢, together with the initial condition (2.8), we have

t
v = v 00- [0
‘ . t
= —55(5]2- + 25;6]2-/0 sin s cos sds +
2, ¢
5(6; - 535]2)/0 sin s cos sds + B(et?)
A , 1 .
= —0407 + 0587 sin® t + 3(0 - §567) sin®t + B(et?)
7 1 i i .
= —626]2 cos® t + §(5j - 626]2) sin? t 4+ B(et?).
3). Differentiating equation (2.6) one with respect to ¢ and 6 respectively:
Y/ 4 0, D X XPX Y] 4 9,Tj (X' XVY) +
XZX”/Y]"“ + Xsz’ij) + 8pF§;l(Xl/ij +
X'YF)XP 4+ T3, (XVYF + XUYF +
vk L wlvEY
XY+ X)) =0.
Evaluating at the origin, together with the following relations X'(0,0) = 0 X (0,
(1,0---,0)T, X'(0,0) = (0,1,0--- ,0)T,Y(0,0) = I,,, (1.15) and ', (0) = 9, T'%,(0) = 0,

we see that N _
le (an) = —3;21(0)-
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Differentiating equation (2.6) twice with respect to 6 and once with respect to ¢ respec-
tively:
V" 4202 I, X XPX YY) + 20,1, (X'XP'YF + XIXPYF +
XUXPYF) 4 02, T XIXP XY 4 0,Th (XX Y 4+ XX YE +
XIXP'Y ) 4 202, T XV XPXTY ] + 20,1, (XU XP'Y) + XV XYY+
XUXPVF) + 02, Dl XXX XOYF 4 02 D5 (XIXP XTYF
X'XVXUYF 4 XXV XY+ XIXP XCYE) 49,15, (XY +
2X1’ij' +lejk" JerY}k“) —0,
0,0) = (1,0---,0)7,

Evaluating at the origin, combining (20) with the relations X (0,
1,0-- O)T, Y (0,0) =

X'(0,0) = X”(0) = 0,X(0,0) = (0,1,0---,0)7, X"(0,0) = (—
I, and Ffj (0) = 811"%(0) =0, we get

Y}i”((),()) = *2Rk21( ) ( )7282F§j(0)
= —251 (0 )+252 121(0) —

26} R, (0) — :23( — 0})Riy;(0)

2

= 51 221"‘252 191(0) — 3 %2]‘(0)

252 121() ;(1+551) 223(0)

This completes the proof of Lemma 2.2. O

2.3 The behaviour of the curvature matrix

In this section, we take account of the behaviour of the curvature matrix. Combining
(1.8) with vo(t) = e1(6,¢), by the anti-symmetry of the Riemann curvature tensor, we
see that R;;(0,t) =0, if i = 1 or j = 1. Thus all order partial derivatives of R;; and
R;1 with respect to 6 or ¢ vanish identically. Without loss of generality, we assume that
1,7 > 1 in this section. In the following, the Riemann curvature tensor are evaluated at
~0(t), otherwise specifically.

The behaviour of curvature matrix is illustrated as follows.

Proposition 2.1. Let (M,g) be a closed Riemannian manifold of dimension n > 2.
Assume that (M, g) satisfies the curvature assumptions (1.3) and (1.4). Fiz mo € M
and vy € I(mo)\{0}. In the Fermi coordinate system, for any t € [0,7] and i,j > 1, we
have

a) Ri;(0,t) = ViRi;,

R;j( , ) (Rllgj + legz) cost + VQR]_ZlJ sint + B(€t2)
b) Rzy( ) ) VllRl’Llj}

R;]( , ) (V RhQJ +V legl + VQleLlJ) cost + B(Et)

R5(0,t) = [2Rai9j + (02i + 025 — 2) Rui1 ] cos® t+
(_lelilj + 2V R1i2j + 2V Ry jo;) sint cost + B(et?);

) (VzRuzj(O) + VaRy2:(0)),
%(o, 0) = B).
£22,(0,0) = B(e).
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Remark 2.1. (1).We will need the initial value of R, R', R and R". Based on a) and
b), we know that

£0.9= [0 0, mumy00)

0 0
R, 070 = ’
©.0) [0 Rii2;(0) + R1j2i(0)}

. 0 0
R'(0,0) =

( ’ ) |:O lelin(O) + lelei(O) + VQRlilj(O)] ’

0 0 0
R//(0,0): 0 0 —nglj(O) ;

0 —Ri112(0) 2R2i2;(0) — 2R141,;(0)
(2).From a) and b), we know that R, R', R, R' and R" are all globally small enough,i.e.
there exists a positive constant C' under control such that

vt € [0,7), max{|R|,|R'||Rl,|R'|,|R"|} < Ce.

Proof. Fix i,j > 1. To differentiate R;;, we need to rewrite the expression (1.8) in the
Fermi coordinate system. Recall that

er(0,t) = X7(0,£)0;,ei(0,t) = Y7 (6,1)0;.
From (1.8), we can write
R;;(0,t) = (R(ei(0,t),e1(0,t))e1(0,t),e;(6,t))
= Rgopa(X) XV XV
—  Rapea(X)X°VPXCYY, (2.9)
where the last equality holds with respect to the symmetry of the Riemann curvature

tensor.
a). Differentiating (2.9) with respect to t :

Rij(0.t) = OpRapca XV XVIXP + Rapeady (XY XV
= OpRabcaX VXY XP + Rapea( XY XV + (2.10)
Xay';chY'jd + XaY'ichY'jd + XaY;bXCY}d).

The partial derivative in the first term can be written in terms of the covariant
derivative. The definition of the first covariant derivative gives:

ap]:iabcd = vaabcd + FZathcd + FZbRahcd +
I Rapha + ThyRaben-

Since the Christoffel symbols vanish identically on the axis, it follows that
ap}%abcd = vaabcd- (211)

Evaluating on the axis, and substituting (2.11) and X (0,t) = (¢,0,--- ,0)T,Y(0,t) = I,
into (2.10), the result is

Rij (O, t) = VlRlilj-

To finish the proof of a), it remains to estimate R;;. Differentiating (2.9) with respect
to 0 :

Rij(0.1) = 0pRopcaX VX VSXY 4 Ropealy (XY XY
= pRupca XY XVIXY 4 Rupea XY XVS
Xa)/ib XC}/jd —+ Xa}/ibXC }/jd =+ Xa}/ibXC}/jd )
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Evaluating on the axis, (2.11) and the relations X (0,t) = (¢,0,---,0)7, XY (0,t) =
0,Y(0,t) = I, infer
R;;(0,t) = vaRlilea/ + (Raitj + Rliaj)—).(a/ +
Rlaleia/ —+ Rlilay}a/-

Using Lemma 2.1 and Lemma 2.2, we obtain

jo (O,t) = VQRMUXQI + (R2i1j + Rligj)XQI + B(€t2)
= V2R1i1j sint + (Rligj + legi) cost + B(EtQ).

b) Differentiating (2.9) twice with respect to ¢, we have

Rij(0.t) = 02 RapcaXVPXYIXPX9 + 0, RapeaX Y XYIXP +
20 RapeaOy (XY XY XP + Rapealf (XY XY

= O Rapea XY XV XP XY+ 0pRupea XY XVIXP +  (2.12)
23pRabcd(X“YibXCde + X‘IY;”Xchd + X“Yichde +
XaYichyjd)Xp + Rabcd()%aY;bXCY;d + QXGKchde +
QXaY—ichY—jd + 2Xay—ichY'jd + Xa}'}ichY—jd +
2X“Yichde + 2Xa}'/ichde n XaYib)'échd T

2Xa}/ibXC)/jd+XaY'ibXC)/jd)'

We write the second partial derivatives in above expression in terms of the related
covariant derivatives. By the definition of the second covariant derivatives, we see that

D2 Raved = VigRavea + 0l Rivea + 0pT'hy Ranca + 0pl'h, Rabna +
apFZdRabch + Fgaapthcd + FZbapRahcd + FgcapRabhd +
L4a0p Raven + UpgViRaved + oV Ruved + Ty Vg Ranea +
FZCVqRabhd +T1 YV Raven-

p

Evaluating on the axis, since the the Christoffel symbols vanish identically, we have

2 Ravea = VigRavea + OpLh, Ruvca + OpT'ty Ranca + (2.13)
apl—‘gc]%atbhd + apl—‘ngabch-
Recall that 61F§k = 0 on the axis. Thus, we get
312qR1i1j = quRulj- (2.14)
Substituting (2.14) and X (0,t) = (¢,0,---,0)T,Y(0,t) = I, into (2.12), the result is

Ri;(0,t) = V31 Ry

Next, we begin to estimate R;J Differentiating (2.9) with respect to 6 and ¢ respec-
tively:
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R..(6,1 92 Rapea X Y XYIXIXP + 0, Ropea XY XYIXP +
ij Pq i J P i j

OpRapcdOt (XaYibXCY}d)Xpl + OpRapcdOs (XaYZbXCYJd)Xp +

Rabcda?e (XaY;chde)

_ aquabchaY;bXCY}quXp, + apRabchaY;bXCdeXp, +
apRabcd(XaY;‘chijd + Xa}'/ichY'jd + Xay;chy*jd +
XaYichyjd)Xp’ + apRabcd(Xa’Yichde + Xay;_b’chvjd +
XaY;'bXCl}/}d 4 XaY;»bXC}/jd/)Xp + Rllbcd(Xa/}/ibXCde 4
Xa'}'/ichY'jd +XQ,Y;bXCY}d +Xa'y;chY;d +Xay;b'ch*jd +
Xa}'/ib/XcY}d _’_Xa}/ib/ch*jd _’_Xay;b/ch'*jd =+ XaY;ch/Y;-d +
XaY;ch’Y}d _|_XaY"ich’Y}d +Xay;ch’Y}d _’_Xay;bX(:}/jd/ =+

Xa}'/ibXC)/jd' +Xa}/ibXC)/jd' +Xa}/ibXC}'/jd').

Evaluating on the axis, the relations X (0,t) = (£,0,---,0)T, XV (0,t) = 0,and Y(0,t) =
I, infer

R(0,t) = 02 Rin; X + 0uRiit; X + 01 Roit; X +
O1R1a1; V¥ + 01 Rujo; X' + 01 Rupna Y +
RMUXO‘, + leﬂlfia/ + lean/ + Rmana/
= BIQQRMUXO‘/ + (0aRii1; + O1Rairj + allej)X“’ +
(Rainy + Riiag) X' + 01 Rion; Ve + 01 Rina Y2 +
+R1a1ij/ + Rulana/-

From (2.11), (2.14), Lemma 2.1 and Lemma 2.2, we get

R(0,1) V2, R1i1; XY 4 (VaRinj + ViRaij + ViR ) X +

(Raitj + Riiaj) X + ViRia Y + ViRipaYS +

R0 Y + R1i1ana/

= V%QRlile? + (VaRui1; + ViRoi; + VlRlin)XQI +
(Rai1; + R1i2j)X2/ + B(et)

= ViRiajsint + (VaRinj + ViRaii; + ViRiioj) cost —
(R2i1j + Ruioj)sint + B(et)

= (ViRuyi2j + ViRyjoi + VaRy1j) cost + Blet),

where in the last equality the fact was used that Ri,0; = B(e).

To finish the proof of b), it remains to estimate R};. Differentiating (2.9) twice with
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respect to €, we infer
RIO,1) = 02 RupeaX VP XYIXY XV + 0y Rapea XY XYXPY +
20, Rapeadp (XYL XY XY + RapeaOfy (XY XY
= 02 RapeaX YVPXYIXP XV 4 0y Rapea XV XY XP" +
QapRabcd(Xa/Yichde + Xayib/Xchd n X“Yichled n
XaYichde’)Xp’ 4 Rabcd(Xa”Yichde 1 2Xa’Yib’Xchd 4
2X“/Yichled I 2Xa'}/;chy3d' n XaYib”chjd I
2XoVY XY 2Xo Y XY 4 XoYPX Y 4
2X“Yich,de/ n X“Yichde”).
Evaluated on the axis, the relations X (0,t) = (¢,0,- - - ,O)T,X1/(07t) =0,Y(0,t) = I,
imply

R;I/j(ovt) = aiﬁRlilea/Xﬁ/ + 6,,R11'UX”” + anRBﬂan’Xﬁ’ +
200 Rigi; XY + 200 Ruigy X X7 4 20, Rip XY +
Roij X% 4 2R ; XYY 4 2Rai5; X X7 + 2Rai13XO‘/YjB' +
Ripi; Y +2Rip0; XY + 2R1015Y Y} + Ruigs X' +
2R1mbXa/ij/ + Rlilﬁ}/jﬁ”

= aiﬁRulea/Xﬁl + apRlilep” + 2(0aRpir; +

Do Rig) X X7 + 200 Rip1; XY + 00 Ring XY +
(Raitj + lej)Xa” + 2RaiBan/X6/ + 2(Rable“/Yib/ +
lebXa/ij/) + 2(Rai15X°"Yjﬁ, + ngana/Yiﬁl) +
2R1a1ﬁY¢a/YjBl + Rlﬁleiﬁ” + Rm/jyjﬁ”.

We are now in the position to calculate 82 sRii; and OpRy;1;. For the first covariant
derivative, from (2.11), we have 0,R1;1; = VpR141,. For the second covariant derivative,
from (2.13), it follows that

835R1i1j = viﬁRlilj + 8aFfﬁRpi1j + 8aFfﬁR1p1j +
8aF11’BR1ipj + 8QP§BR1¢1P
= VigRiitj + 0aT 3(Rpitj + Ruipj) + 0alt s Rip1j +
aa]-—?nglilp
1
= VasBiij + Ry (Buipj + Rujpi) + 3 (Bl + R Ruptj + (215)

1
g(Rpa,ﬁ —+ Rp )Rlilp-

J Baj

where the last equality holding due to (1.15) and (1.16).
Hence aiﬂij is uniformly bounded. Therefore

RU(0,1) = 3Ry XY X 4+ V,Rii; X + 2(VaRgn; +
VaRligj)XalXB/ + 2(VaR151an/YiB + VQRlilﬁXa/Y;‘ﬂ )+
(Railj + Rliaj)Xa” + ZRQZL-}JXO/XB/ + 2(Roéb1on/}/—ib/ +
RliabXalY}b,) + 2(Rai15Xa,}/jﬂ/ + Rlﬂana/KB/) +
QRlaina/Yjﬁ + Rip Y] + Rumyjﬁ .
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From Lemma 2.1 and Lemma 2.2, we obtain

RI(0,t) = 0%Ru; X¥ X? + ViR, XY +2(VaRoin, +
Vszj)XQ/XQ/ + 2R1i1jX1” + 2R2i2jX2/X2/ +
2(52iR211jX2/Y21/ + R1i2152jX2,Y21/) +
Riin; Yy + RuY) + B(et?)

= 8222R1i1j sin?t — ViRyiijsintcost + 2(VaRaiij +
VaRiia;)sintcost — 2R1;15 cos(2t) + 2Ra0; cos?t +
2(62; + 025)R1i1; cos?t — (02i + 625)Rai1j cos?t +
%(&-3 + 03+ + Oin + 6jn) Rujj sin? t + B(et?)
= 03 Rujsin®t + (=ViRi; + 2VaRaei; +
2VoRiio;) sint cost — 2R1;1; cos(2t) + 2Ra;0; cos? t +
(02; + 625)Rai1j cos?t +

1
g((slg -+ 5j3 + -+ 5177, + 5jn)Rli1j SiIl2 t+ B(€t2).

For the term 93, R1;15, the formula (2.15) gives:

93 Riiy = ViaRuij + Ry (Rpinj + Ruipy) +
1 1
gRgziRlplj + §R12)2jR1i1p
8 1
= *gRulj + 5(521' + d95)R1i1j + Ble),

where the last equality follows from the assumption (1.4).
Therefore

8 1
R;/] (0, t) = 7§R1i1j SiIl2 t+ 5(522 + 62j)R1i1j SiIl2 t+
(_lelilj + 2v2R27;1j + 2v2R1i2j) sintcost —
2R11‘1j COS(Qt) + 2R2i2j cos?t + (6% + 62]’)R1i1j cos? +

1
5(513 + 03+ -+ 0in + djn) Ruitj sin? ¢ + B(Etz).

Since 5i3+"'+5in =1 _522')5]'3 +"'+5jn =1 —62j, for Z,j > 1. Then

R};(0,t)

8 ) 1 .
_gRlilj Sll’l2 t+ 5(521 + 52j)R1i1j SHI2 t+
(—VlRUlj + 2v2R2i1j + 2VQR1¢2]‘) sintcost —

2R1i1j COS(Qt) + 2R2i2]’ cos?t + ((521 + 62j)R1ilj cos? t +

1
§(2 — 5% — 52]')R1i1j SiIl2 t+ B(EtQ)

= —2Ryu;sin®t + (=ViRi1; + 2VaRair; +
2V2Ryi9;)sint cost — 2Ry415 cos(2t) + 2Rai0, cos®t +
(02i + 025) R4t cos® t + B(et?)

= 2(Rajo; — Ryi1j) cos® t + (—V1Ryirj + 2VaRuyinj +
2VoRjo;) sint cost + (02; + 025)Rui1; cos®t + B(stZ).

21
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¢). Differentiating (2.9) twice with respect to 6 and once with respect to ¢ :

RI0,) = 82 RapeaX YIXYIXFXY X 4
02 Rapcadr(X VP XY XP' XY +
aIQ)qRabchaY;chY}d(Xp/Xq/ + Xp/Xq/) +
92, Rapea XY XYIXIXP" 4
OpRapedOt (X‘ZYichde)Xp” +
OpRapea XY XYAXP" +
202, Raeadp (XY X Y XIXP +
20, Rapeadiy (XY XY XV +
20, Rapeady (XY XY XY +
OpRabeadl (XY XV XP +
RapedOipg (XY XY,

Evaluating at the origin, the initial conditions X'(0,0) = X”'(0,0) = 0 infer

RI(0,0) = OpRapeaX YPXCYIXP +
20 Rabeadp (XY XY XY +
Oy Rupeal2y (XY XY XP 4
Rabeadipg(X YL X V).

The term 209, RapeaOo (X “YibX Cde)Xp/ can be handled as follows

20y Rabeadp (XY X Y[ ) X7
_ 2apRabcd(Xa/)/ichY;'d n Xay—ib’XcY'jd n
Xoybxe ve + XaYichde')Xp/
= 20,Rpi; X XP 420, R, XY +
200 R1ip; X% X7 + 20, Riins X*Y)
= 2(VaRuii2; + VaRij2).
where the last equality follows from X’(0,0) = (0,1,0,--- ,0)7 and in/ (0,0) = —5%5]2» +
8507
The term 8pRade836 (X“Y;chde)X”.
Oy Ry (XY X X
_ 3pRabcd(Xa”YibXCde i 2Xa’Y'ib’XcY'jd n 2Xa’y;ch’de n
2X“/Yichde/ i XaYib”Xchd i 2Xayib’Xc’de i
2Xay;b'ch*jd' I XaY;ch”Y*jd i 2Xay;ch'y*jd' I
XaY'ichY'jd”)Xp
= N Raiy XV + 201 Rapi; XYY + 201 Raipy X X7 4 201 Rainp XY +
3131513'}2[3” + 231R1ﬁana/3/;ﬁl + 25’131(115}?/3@5/ + 31lean” +
231RuabXa/ij/ + 313111(33/}&”
= =2V Ry + (021 + 025) ViR + 2V 1 Raioj,



2.3. The behaviour of the curvature matrix 23

where the last equality follows from the following relations X’QO, 0) = (0,1,0,---,0)7,

X'(0,0) = (0,-1,0,---,0)T, X”(0,0) = (=1,0,--- ,0)” and Y} (0,0) = =167 + 654

The term 93, (X“Yichde).
Dipe (XY XY

_ Xa”YibXCde + XGNYibXCde + Xa”YichY—jd + Xa”}/;bXC}./}d +
2Xa’yib’chjd + 2Xa/}'/ib’chjd + 2Xa/yib’chjd + 2Xa/yib’Xchd +
QX“/YibXC,de + QXG,YibXC,Yj‘i + QXG,Y;’XC/ de + 2X“,Yich/ de +
2Xa'}/ichY}d’ + QXa’Yichyjd’ + QXa’Yichyjd’ + 2Xa'y;chY*jd' +
Xay;b”chjd + XaY;b”chjd + XaY%b”chjd + Xay—ib”ch'—jd +
QXaYib/Xc’de + 2XaYib/Xc’de + QXaYib/Xc’de + ZXaY'ib’Xc’ de +
QXa}/ib’XC}/jd’ + QXaYib'Xchd’ + 2XaYib'chvjd’ + 2Xa}/ib'Xchd' +
X“YibXC“de + X“Y;-bXCHde + X“YibXC”de + Xay;_ch"Y—jd +
ZX“YI»”XC/ de’ + QXaY;»ch/ de’ + QXaYich’de’ + QXGYZ»”XCIde/ +
XaYibXCde” + XaYibXCde” 4 XaYibXCde” =+ XaYibXCde”

= 0,

where the last equality holds because of X(0,0) = X’(0,0) = X”(0,0) = 0 and Y (0,0) =
¥'(0,0) = Y"(0,0) = 0.
Therefore

R;/j(ovo) = 2V Ry + (02; + 025 — 3)ViRyn; +
2(VaRu1i2; + VaR1j2i).

By a lengthy computation, one can prove that R;] (0,0) = B(e) and R;’j (0,0) = B(e).
This ends the proof of Proposition 2.1. O
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Chapter 3

A reinforced MTW condition

This chapter contains the various subtle estimates of the MTW tensor. The MTW
tensor plays an important role in the regularity of the optimal transport map. Thus
it is useful to understand the behaviour of the MTWtensor. Firstly, we exploit the
formula in [45] to calculate the MTWtensor. Secondly, we recast the approximation of
the MTWtensor by the MTWtensor on the round sphere originated from Theorem 2
in [29]. In the end, we prove that the MTWtensor on the nearly spherical manifold
satisfies a reinforced MTW condition.

3.1 The calculation of MTW tensor

In this section, we calculate the MTWtensor. As a starting point, we give some
notations. Let (M, g) be an n-dimensional Riemannian manifold. Henceforth, we fix
m € M,v € I(m)\{0} and (¢,n) € T, M xT,,, M. Since the M'TWtensor is homogeneous
with degree 2 in both £ and 7, it suffices to assume that ||, = 7], = 1.

Taking the orthonormal basis {E1, Fa, -+, E,} of the tangent space T,, M so that
v=|v|nE1,§ =&+ &Es+ E3E5, 1 = mEp + n2Es and identify the tangent vectors
at m with their coordinates in this basis. Then the metric g,, is given by the canonical
scalar product of R™. It will be implicitly understood throughout the calculations that
the inner product and the Riemann curvature tensor are evaluated at the point m.

Recalling the definition of MTWtensor (0.2), it follows that

d2
Clm )& = —5a5|  (Thelsexp,, v+ sm)(E), Em
s=0
3 d?
= -5 SZO(S(m,u+s17,1)(f),§>m7

where the second equality follows from Proposition 1.1(b).
For any s € R small enough, we can write

v+ sn=t(s)(cosOF; +sinEs),

where

- 812
t(s) = v+ s1|m, 0(s) = tan™* .
(5) = o sl (5) =t~ (2 )

From the Remark 1.1(1), it follows that

3 d? :
Clm)(Em) = —5 slomo(S(m, cos O(s) By + sin0(s) B, ¢(5)) (€), Ehm.
To proceed, we give some more notations. Let vy(t) be the geodesic with initial point
m and initial velocity cos@F; + sin §FEs. For |f] sufficiently small, let the orthonor-
mal frame {e1(0,t),e2(0,t), -+ ,e,(0,t)} be the parallel transport along the geodesic

25
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~o(t) with the initial conditions e1(6,0) = cos@F; + sinfF,, e2(0,0) = —sinfFE; +
cosOEs, e;(0,0) = E; for i > 3. Let Jo(0,t) and J;1(6,t) be the solutions of the
Jacobi equation (1.7) and R(6,t) be defined by (1.8) along the geodesic ~vq(t). Re-
call that the matrix of the linear operator S(m,e1(6,0),t) in the orthonormal basis
{e1(6,0),e2(0,0),--- ,e,(6,0)} is tJo(0,¢) "1 J1(0,1).

Then the matrix of the linear operator S(m,e1(6,0),t) in the orthonormal basis

(Ey, B, By} is Q0)TS(0,)Q(0), ie.
(S(m,e1(0,0),t)(£), &) = (S(0,1)Q(0)E, Q(O)E). (3.1)

where

cosf sinf
Q) = |—sinf cosb .
In—2

In the sequel, the dot will stand for the derivative with respect to ¢t and the prime
for the derivative with respect to 6.

Differentiating (3.1) once and twice with respect to s, respectively:

d

£<S(m, 61(9’ 0)7 t) (6)7 €> = [<8/Q£, Q§> + 2<SQ§7 Q/§>]% *

(808,08

d2

5 (S(m, e1(6,0),)(€). ) = (3.2)

(67Q¢, QE) + 4(S'Qe, Q') +2(SQE, Q'€) + 2(SQE, Q"E)(T)? +

dt db

dsds ©
) N a2t

[(S'Q¢, Q€) +2(SQE, Q€))7 + (SQ€, Q) -

2(5'QE, Q&) + 4808, Q'E)) 5 & + (3QE QO (S +

By a straitforward computation, we have

. stmi4m)+mm dt T3

ds vty Tds2 v+ sy

g ar 4?0 2rmp[s(nf +n3) + ]
ds — S2mF+nd)+2stm+72 ds? [$2(nF +n3) + 257 + 722

where 7 = || .
Evaluating at s = 0, we have

dt Pt oy, d mp A0 2mm

t=717,— = - =22 0=0—== — =
s T Mg T’ "ds 1 ds? T2

‘We write

Pé-: (51752707"' 7O>T3PL£: (527_51707"' 7O)T'

Then at s = 0, we have

Q6 =¢,QE=PE Q"¢ =—PE. (34)
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At s =0, plugging (3.3),(3.4) into (3.2), we obtain

d2
@\SZOQS'(m,61(9,0),0(5)75)

— [(S76.6) + 4SS PHe) + 2ASPE, Phe) - 2(SE, POYE +
[2(8'€,€) + 4(S&, PHOIE + (8¢, &)t +
(5166 +2(Se, PLON- 22 4 (5.6

= (B6Om + 60 + 286 PLe) - S(56.6) -

- <85,Pl£>1nm2 (8766 + ~(S6,6) +

4
2
SHEE PE) + S(SPE PrE) - (56 PR

Finally, we get

Clm, v)(€n)
(e om + 3[_;3/5,@ - 286, Pre)+ (35)

%<s £,6)+ (6 PO + S~ (S"E, )
i
2

(86,6) — 5 (S'E, PLE) — S (SPYE PReE) + 25 (6 PO

= a1 (m, v, )n; + ar2(m, v, E)mnz + aza(m, v, )n3.

We note that the term £2 does not appear in the coefficients a;; and a12. The details
will be discussed in section 3.3.

3.2 The approximation of MTW tensor
In this section, we recast Theorem 2 in [29] as follows.

Theorem 3.1. Let (M, g) be a closed n-dimensional Riemannian manifold satisfying
(1.8) and (1.4) for some positive constant €. Given m € M and v € I(m). Assume € is
small enough such that

|

1
e< .
sin|v|” T 4v/n—1

Then there exists a positive constant C > 1 (independent of (m,v,€)) such that, for any
unit tangent vectors £,n € T,, M, the following inequality holds:

lv|

[C(m, v) (&, 1) — C(m, v)(&n)| < Ce( HIEH + It ).

sin |v|

We give some comments about Theorem 3.1. Theorem 3.1 provides a qualified
control of MTWtensor by the MTWtensor on the sphere. The control depends on &
and |v| which will be important for the blow up rates when |v| is close to 7. It will be
used to show that, under the hypothesis of (1.3) and (1.4), the MTWtensor satisfies a
reinforced MTW condition in section 3.3.

Remark 3.1. Theorem 3.1 is obvious when v is equal to 0, because of (4) and (9).
Therefore, we will consider only the case v € I(m)\{0}.
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Proof of Theorem 3.1. Recall that we can calculate the MTWtensor by formula (3.5).
Replacing the term C by C, we get the corresponding formula for MTW tensor on the
sphere C. The difference between C and C can be estimated as follows:

C(m, ) (6 m) ~ Clm, v) €, 1) (3.0
28 - 86,07 +3[-1(8E,6) + (86,6 — (S -

8)6 PH&) + (8~ )6 PHe)lmm + o5 (876.€) -

LS - 8)6.6) ~ S(SPHEE - (S - SPHE PO +

(S~ 8)e, Pe)n3

Observe we calculate the above expression on the right hand side at the point (m, E1, T)
where 7 = |v|.

The proof is divided into four steps. From now on, we will compute at the point
(m, Ey,t) where t € (0,7].
Step 1.In first step, we will prove that there exist a positive constant C such that,vt €
(0, 7],

B 6
S-S < cel (3.7)

sin® ¢

. 5
$-8 < ce ', (33)

sin* ¢

. 4
§-8 < o= (3.9)

sin® ¢

By integrating with respect to t, it suffices to show the last inequality (3.9). We
start by evaluating the difference J; - Jy L. For this purpose, we write

Jo = Jo[I, — Jy *(Jo — Jo)]-

Then we infer the formal expansion

oo

Jot = e (Jo = Jo)F Iyt
k=0

Recalling that Jy is diagonal and first row and first column of the matrix Jy — J,

vanish, we have
o0

_ t t _
Jit—Jgit= — — k(T — Jo)E.
0 0 sintkzl(sint) ( 0 0)

From Remark 1.2, we derive that |Jo — Jo| < 2ey/n — 1. Together with the assumption

€ < 4\/% and the real function is increase in the interval (0, ), the latter

t
sint
expansion is uniformly convergent in any compact subset in (0, 7). Moreover, we have
- t
|Jot = It < 4vin — 1(—— )%, (3.10)
sint
provided ¢ is sufficiently small. The triangle inequality provides the upper bound
t
JohHt <2vin —1—. 3.11
g < 2V =T (3.11)

We are in position to estimate the term S — S. The second derivative of S with
respect to ¢ takes the form

S=2J5 = 2tdy o dy 4 2tdy oy o dg = 2dy Yoy P (3.12)
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Replacing S by §, one can get the corresponding formula. After using the finite
differences trick in a systematic way, we have
$—8 = 20y  — Iy + 205y — ) — 26Tt — Ty V) dody L —
2T (o — Jo)Jg L — 2tdy Vo (Jgt — Ty )y —
24T Jo i (i — J) + 26(J5 Y — T ) dodg Vo Jg L +
25 (Jo — Jo)Jg Lo dg Ty + 2605 Vo (Jgt — T3 doJg by +
2T Jo 5 (Jo — Jo)Jg t Iy + 20y Vo dg Moyt = Jg ) +
2T o Jg t Jods M — J1) — 26(J5 Y — Ty Yo dgtdy —
2T (o — Jo)Jg L — 2tdy Vo (Jgt — Ty )y —
2T o dg () —T) + (gt — Ty + Iy — ).
From (3.10), (3.11), Lemma 1.1 and Lemma 1.2, we infer that there exsits a positive
constant C such that
.= t4
sin® ¢
Step 2.In this step, we will show that there exists a positive constant C' > 0 such that

t4

S < Ceepy, (3.14)
sin“t

. t4
sin” ¢

We first deal with Jj and J]. By differentiating the equation (1.7) with respect to
the variable 6, evaluating at the point (0,t), one can derive that J} and Jj satisfy the
following equations

J'+RJ, =-R'J,,
J(0) =0=J.(0), a=0,1.

By the representation formula (Proposition 1.1 (¢)), we obtain
¢ ¢
J, = —Jo/ J{R J,ds + J1/ JR Juds,a = 0,1. (3.16)
0 0

By virtue of a) in Proposition 2.1 and Lemma 1.1, we derive that there exists a positive
constant C such that
|J!| < Cet,a=0,1. (3.17)

Note that
S’ = —tJy Ty Iy

From (3.11), (3.17) and Lemma 1.1, we infer that there exists a positive constant C
such that

14
sin?t’

IS’ < Ce

We are in position to estimate (3.15). We first handle Jj and Jj.
By differentiating the equation (1.7) with respect to ¢ and ¢ once respectively, eval-
uated at the point (0,t), one can derive that J) and Jj satisfy the following equations

j(/l—FRjC/L:—R/Ja_R/ja_RJC’“ a=0,1.
J§(0) = 0= Jj(0),
J1(0) =0, J{(0) = —R/(0).
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From the representation formula (Proposition 1.1 (¢)), we have

Jy o= —Jo /Ot JF(R'Jo+ R'Jo + RJ})ds +

Ji /0 t J3 (R Jo + R Jo + RJ})ds, (3.18)
J = —JoR'(0)—Jy /Ot JF(R'Jy + R'J, + RJ})ds +

Ji /O t JE(R'Jy + R Jy + RJy)ds. (3.19)

By virtue of a),b) in Proposition 2.1 and Lemma 1.1, we derive that there exists a
positive constant C such that

|J| < Cet, | J]] < Ce.
Note that
S = Iy I A Iy o dy Iy T — (3.20)

tIy LIy Ty A+t T I oy Ty —

tIg I I g T — Iy o dg T+

tJy L.
Together with (3.17), (3.11) and Lemma 1.1, we infer that there exists a positive constant
C such that
4

sin® ¢’

8’| < Ce

Step 3.In this step, we will verify that there exists a positive constant C' such that

t5
YVt € (O,T]7 |S”| < Ce— 7. (3.21)
sin” ¢t

We first deal with JJ' and J;. Differentiating the equation (1.7) with respect to 0
twice, evaluating at the point (0,¢), one can derive that J§ and J; satisfy the following
equations

J'+RJ'=—-R"J,—2R'J,, a=0,1,
J;/(0) = 0= J7(0).

Making use of the representation formula (Proposition 1.1 (c)), we see that
t t
J! = —JO/ JY(R"Jy + 2R J))ds + J / (R"J, +2R'J})ds,a =0,1. (3.22)
0 0
By virtue of a),b) in Proposition 2.1 and Lemma 1.1, we derive that there exists a
positive constant C' such that
|Jo| < Cet, |J)'| < Cet.
Note that
S" = I I IS T Iy T — tI T g T — (3.23)
2tJy VI Iy I+t Y

Together with (3.17), (3.11) and Lemma 1.1, we infer that there exists a positive constant
C such that
45

|SN| < Ci':m,vt S (O,T].
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Step 4. Notice that the first row and the first column of the matrices S — §, S',8,S -
S,8—8,8” all vanish. Using (3.6), (3.7), (3.8), (3.9), (3.14), (3.15), (3.21) and the fact

that [E3mn2], |€263mmal, [€3mmnal, [616ammal, [€1€3mmn2| are all controlled by [€[* 4[|,
we get the desired result. This completes the proof of Theorem 3.1. (]

3.3 A reinforced MTW condition

This section is devoted to showing that the MTWtensor on nearly spherical manifold
has a reinforced lower bound. The result is formulated as follows.

Theorem 3.2. Let (M, g) be a closed n-dimensional Riemannian manifold satisfying
the curvature assumption (1.3). Then there exist some positive constants ey and kg such
that if

1

Riem —
|| Riem 5

90 glle2(m,g) < €o-

Then for any m € M,v € I(m) and any tangent vectors £,m in T, M,

C(m,v) (&) = ro(I€ Al + [El7In AV, + 16 AVIZINE), (3.24)

where [€ An|2,, In A V|2, and |€ A v|?, stand for the squared areas of the parallelograms
defined in Tpn M i.e.: |EAN[5, = €[5 1015, = gm (&) InAVE, = 03|05 —gm (0, )2, [EA
vl = €l Iv]5 — gm (€ v)*.

Notice that Theorem 3.2 was established for n = 2 in [28]. Moreover, the round
sphere S™ satisfies the curvature assumptions in Theorem 3.2, the associated result
was established in [31]. The similar result was obtained under the C* perturbation of
the round spheres in [45]. It is easy to see that Theorem 3.2 implies that the closed
Riemannian manifold under the above hypotheses satisfies the A3S condition.

As a direct consequence of Theorem 3.2, the A3W condition holds on Riemannian
product of nearly spherical manifolds.

Corallary 3.1. Let My and Ms be two closed Riemannian manifolds of dimension
n1 > 2 and ny > 2 respectively. If My and My both satisfy the curvature assumptions
as in Theorem 3.2, then the ASW condition holds on the Riemannian product manifold
My x My. Moreover, the associated MTW tensor is non-negative.

Proof of Theorem 3.2. Remark the tangent vector v takes value in I(m). To prove
Theorem 3.2, we discuss three cases for MTW tensor: when the tangent vector v is
close to the origin, close to the focalization and rest cases. In the following, the length
of the tangent vector v is denoted by 7.
Step 1.We consider the behaviour of MTW tensor when v is away from the zero and
from the focalization.

Assume that 0 < §; < 7 < §3 < tp(m,v) < mand 0 < & < ﬁ%. Since the
function ﬁ is non-decreasing in the interval [0, ), thus the condition of Theorem 3.1

t
is satisfied. Then

Clm ) Em) > Clmv)(Em) — C(-2

4_(p2 o2 2
sin52) (& + &5 +n3).

As it was known that, on the round sphere, there exists a positive constant [31] such
that

Cim,v)(&m) > Fo[(I€P 7 — (& m)?) +72(& + &) Inl* + 7°1€*n3 ]
= Ko [(IEPMI* = (&m?) +72(&5 + & +m3)] -
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As a direct consequence, we have

C64
Cim,v)(&m) > Ro(l€P I — (€.m)?) + (RoT” — ﬁf)(fg +&+n3)
Co4
> Ro(I€Pnl* = (&,m)?) + (Ro — mE)Tz(ﬁg +&+n3)

> PPl (6 m)? + 7€ + € + ).

Ko 6% sin® b2
2065
1_106% sin4 62

2065

where the last inequality follows from the assumption ¢ <

and kK] =

Then for 6; < 7 < §o, we infer the existence of constant 1 = E

such that

Clm,v)(&m) > [P = (€ m)?) + 72(& + &) l* + 1€ n3] -

Step 2. We investigate the behaviour of MTWtensor near the focalization.
Under the curvature assumption (1.3) and (1.4)(e is small enough), one can derive by
the method in [45] near the focalization that there exist positive numbers eo, ko, 52( <

52 < 7) such that the MTWtensor has the following estimate:

£ < 2,7 2 03,C(m,v)(&,1) = k2(ISTEP 0| + €1n3), (3.25)

where S+ denotes the orthogonal projection of S on the orthogonal subspace v=.

Recalling the curvature assumption (1.3), then the Hessian comparison theorem [19]
infers
T COST

_SL > - Infl'

sin 7T

Hence the term |S+¢|? controls €2 + €2 if 7 > 37 je. [ST€2 > 2(52 —|— 53) In addition,
by Cauchy-Schwarz inequality, the term \5152771772| is bounded by 212 + 452771
From (3.25), up to the constant k2, we see that

Cm.v)(En) > [smﬁ Lo _ 5152n1n2+(f%+§§>|n|2}

w2 | 106PI0P — (€ + 160 + ol + S

ko (1€ 117 = (& m)?) + (& + ED)lnl* + [ n3]
ko [(1E°7 117 = (€, m)?) + 72(&3 + &) nl* + 7°[¢*n3] ,

where the last inequality holding due to 7 <m. -
We derive the existence of constant es, ko and do such that for 0 < e < €9,y < 7 <
tF(ma V)

Clm,v)(&m) = o [([EPII° = (&, m)?) + 72(&5 + &) nl* + 721 n3] -

Step 3.In the last step, we examine the asymptotic behaviour of MTW tensor when
v is near the origin. From (3.5), we know that it suffices to study the expansion of
the coefficients a11, a12 and aso. By definition, the coeflicients a11, a12 and ase contain
S8.8,8,8.,8,8". Asa result, we only need to deal with the expansion of S, S8,8.8.,8,8".
It is clear that 81(9 t) =870, t) = §;. Without loss of generality, we address the ex-
pansion of S? ,S;,S; ,SJZ ,S},S’ with 4,5 > 2.

In the follovvmg7 given a real function f, we write f = O(et? + t?)(p,q > 0) if
there exists two positive constant pg,C’ which are both independent of £ such that
vt € [0, o), | f(t)| < C(et? + t9). The notation f = O(et?)(p > 0) or f = O(t7)(¢ > 0)
can be defined in the similar way.

We first take account of the asymptotic behavior of the coefficient a;; which involves

AV,
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Lemma 3.1. Under the curvature assumptions (1.3) and (1.4), on the axis, we have

12 3. t
= I,— — - - —A 46 2

5(0,1) S R(0,0) — R0,0) — ZA+ Ot +19), (3.26)
S 2 t 4 3 3,45

80,1) = —StR(0,0) ~ -R(0,0) ~ A+ Ot +7), (3.27)
.. 2 . 4

$0,0) = —2R0,0)- %R(0,0) - SPAL O + 1Y), (3.28)

0 0
where A = {O IH_J .

Remark 3.2. (1).The formula (3.26) can also recover the expression of the MTWtensor
in the special case v = 0. Using a Riemannian normal coordinate system at m, it follows
from the definition of the MTWtensor (0.2) that

3 d?

C<m> O) (£7 77) = _§@|s:0<8(m7 m, S)(E)’ §>

= <R(070)£7£> = Rm(&ﬁ;&ﬁ)

Before showing Lemma 3.1, we give some facts about the coefficient aq;. Since the
first row and first column of S vanish, the coefficient a;; is independent of £3.
As a consequence of (3.28), one has the expansion of aq;

3 - 2
a11(m,z/, f) = <R(070)£7£> + ZT<R(O7O)£7£> + ST2<A§a£> +
O(em® +74)(& + &)
= Ri21263 + 2R1213&63 + Rizi3és +
27(V1R1212§§ + 2V R1213&263 + ViRi31363) +
G+ D) + O + (& + )
= R(ELEED)+ ZT(VlRuufg + 2V1R12136283 + (3.29)
ViRins) + o 7@ + )+ 0 +7)(E + ).

Proof of Lemma 3.1. First, we examine the expansion of S. Let Jy and J; be the
solutions of the following second order differential equations:

o) + R(0,0)J.(t) = 0,a = 0, 1.

with the initial conditions
Jo(0) = 0,J0(0) = I,

J1(0) = I,,, 51 (0) = 0.

Obviously, the matrices Jy and Jp satisfy the equations

Ja(t) + R(Oa O)Ja(t) = (R(Oa 0) - R(Ovt))Ja(t)a a=0,1.

Using the representation formula (Proposition 1.1 (c¢)), we derive
t t
Jo=1Jo + J]o/ J1[R(0,0) — R(0, s)]Jods — Jh/ J5[R(0,0) — R(0, s)]Jods,
0 0

t t
Ji=I1 + Jo/ T[R(0,0) — R(0, 5)]Jyds — J, / J5[R(0,0) — R(0, s)]Jyds.
0 0



34 Chapter 3. A reinforced M'TW condition

Notice that the matrices Jo and J; have the following expansions
t3
t) = tI P e
Jo(t) n 6R(0 0)+120R (0,0) + O(t7),
2

Lt = I,- %R(0,0) + ﬂR?(o,o) + O(t%).

In addition, from the Taylor formula and b) in Proposition 2.1, we see that

R(0,t) = R(o,0)+tR(0,o)+/t(t—s)R(0,s)ds,
0

R(0,0) 4 tR(0,0) + /t(t — 8)V2, R(0, s)ds,
0

R(0,0) +tR(0,0) + O(et?).

Thus
th .
Jo(0,t) = Jo(t) — ER(O’ 0) + O(€t5)

3 4
= tI, — %R(O, 0) — t—R(O 0) + mRQ(O 0) 4+ O(et® +t7)
t3 t4
= tI,— ER(o, 0) — —R(O 0) + mA + O(et® +17), (3.30)
3.
J(0,t) = Ji(t) — gR(O, 0) 4+ O(et?)
t2 t3
= In 5 )
t 5 R(0,0) - R(O 0)+24
t2 3

3.
= I,— — - = —A t* +19). 31
2R(O,O) 6R(O,O)+24 + O(et™ 4+ t°) (3.31)

R?(0,0) 4+ O(et* 4 1°)

Then

S(O’t) = tJO(Ovt)iljl(O’t)
= t[tl, — t;R(O 0) — —4R(0 0)) + ﬁA+O(szt5 + D)1, —
R(0,0) — —R(O 0)+ 3 v oAt O(et* +1%)]
2 3
= [l + t6 R(0,0) + 7 R(O 0) + %O#A + O(et* + %)) [1, —
t2 3 4

3.
5 R(0,0) - 10,0+ ﬂA + O(et* +1%)]
t2 t3 . 4 4 6
= I, — —=R(0,0) — —=R(0,0) = —A+O(et* + ¢t
—R(0,0) ~ TR0,0) ~ A+ O0(et! + ),

We are in position to deal with the expansion of S. It is easy to see that S =
(I, — tJy " Jo)Jg M Jy + tJy ' Jy which involves Jg ' Jo and J; ' Ji. We shall consider the
expansions of J, 'Jy and J; ' J;.

Differentiating (1.7) with respect to ¢,

t2

Jo+ Ry =—RJ,, a=0,1
Jo(0) = I,,, Jo(0) = 0,
J1(0) =0, J1(0) = —R(0,0).

Making use of the representation formula (Proposition 1.1 (c)) again,
t t
Jo = Ji— Jo/ Ji RJods + Jl/ Ji RJyds,
0 0

t t
J o= —JOR(O,O)fJO/ JfRJlderJl/ JyRJyds.
0 0
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Then

t t
tiytdy = tJgtJ — /JlRJodertJO_lJl/ Ji RJods
0 0
t . t .
= —t / Ji RJods + S(0,1) / JE RJods,
0 0
t
Jo'J = —R(0,0) - /JfRJ1d5+JO_1J1/ JiRJyds
0 0

t t
= —R(QO)—/O JfRJldHJ(;lJl/O JiRJyds.

By b) in Proposition 2.1, it follows that

Then

tJy

Jo

t
RO0,t) = R(0,0)+ / £2(0, 5)ds
0
t
= R(o,o)+/ V2, R(0,5)ds
0
= R(0,0) + O(et).
. 3. 3.
LJo(0,t) = S(O,t)fER(O,O)+S(0,t)§R(0,O)+O(st4)
= I —ﬁR(o 0)—£R(o 0) — ﬁA+0( t* + %)
I Tt A R T c ’
Li(0,) = —R(o,O)—%R(0,0)+0(5t2+t4).

Therefore, we obtain

S:

(I — tJy  Jo) gt +tJyt
t2 3 4 3

t t
LA 4OV, — = -
S R(0.0) + 4R(o 0) + 3z A+ Oet! +1)|ftL, — TR(0,0)
t4 t2 3

t° .
- A 5 7 71] _ _
R0, 0)+120 + Ot + )] M1, = S R(0,0) = TR(0,0)+
t4

A+ O(eth + 1)) + 1| =R(0,0) - %R(o, 0) 4+ O(ct® + 4]

t . t3 . t2

[—R(O 0) + ZR(O 0) + —A + O(et® + t°)|[1,, + ER(O’ 0) +

ﬁR(O 0) + 7—A+O( 4+ t9)][1, — ﬁR(O 0) — ﬁR(o 0) +
360 2 6

t4 2 .

AT O(et* +1%)] — tR(0,0) — 51%(0, 0) + O(et® + t°)

t 2 . 7t 3 s t?
[—R(O 0) + —R(O 0) + Q—A + O(et® + t°)|[1,, — ER(O’ 0) —
t3 2

6
> t2 5 3 5

2 2 4 3 3 .5

Similarly, from (3.12), we know that

F

= 2(I, —tJy ' Jo) g Ty 4 2(t Ty 1JO) STy o — 1,)S

t2 3 4

[3 R(0,0) + ! R(O 0) + 45A+ O(et* +t%)][-R(0,0)—

" k0,0) + A + O(st4 +15Y] — tR(0,0) — %R(o, 0) + O(ct® + )

35

(3.32)

(3.33)
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t . 12 3 .
5R(o,o) +O(et? +tY) + 2L, — gR(o, 0) — ZR(o, 0) —
B oA 0t + 9L R0.0) - LR0.0) - LAy
45 c R AT
2 4 t2 t3 - t4 4 6
O(et? +t9)][In — 3 R(0,0) = 5 1(0,0) = = A+ Ofet* +°)]
2 1 t.
= —§t2R2(0) + O(et? +t1) + 2[5 R(0,0) = R(0,0) +
ﬁA + O(et? + ][I ﬁR(O 0) ﬁR(o 0) ﬁA + O(et* +19)]
45 c n g T Rt T gy c
2 2 : 2
= —§t2R2(0) - gR((m) - %R(O, 0) + 5752A + O(et? +t*)
_ 2 t 4 2 2 4
= —3R(0,0) = SR(0,0) = LA+ O(et® + ).
This ends the proof of Lemma 3.1. O

We are in position to consider the expansion of the coefficient aj2. It is easy to see
that the co'efﬁcient a2 involves the terms &’ and &’. We shall examine the expansions
of &' and &'.

Lemma 3.2. Under the curvature assumptions (1.3) and (1.4), on the axis, we have

2 3
S0,8) = —%R'(O,O)—%R’(O,O)+O(at4+t6), (3.34)
. 2 .
$0,) = —%tR’(O,O)—%R’(O,O)+O(st3+t5). (3.35)

As a consequence of Lemma 3.2, we can derive the expansion of the coefficient aqs.
Noting that (£, P€) = 0, thus the coefficient a2 takes the form

aalm, ) = ~2{E6E ~ 236 PO + (56,6 +

S s —nye.pre.

T

Since the first row and first column of S’, S, S’ and S — I, vanish, the coefficient a2
is also independent of £2.
Plugging (3.35)(3.27)(3.34) and (3.26)into the above expression, we get

an(m &) = 2AR(0,06) + Sr(R (0,068 +

4(R(0,0)¢, P*¢) + §T<R(0, 0)¢, PE) +
S, PAE) — (R(0,0)6 €) — T(R(0,06,6) -
2(R(0,0)8, P6) = 2 (R(0,0)¢, P1¢) —
1357%45, Pre) +

Oet* +t1)(&5 + & + &1&o + &183)
= (R(0,0),€) +2(R(0,0)&, P€) +

(SR 0,006, + (R0,0)6, P1e)) +

STHAE PAE) + Ol +64)(6 + 8 + 6162 + 6s).
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Using (1) in Remark 2.1, we get that

ara(m,v,€) = 2Ry2236283 + 2R139385 + 2(—Ri212€1&0 — Ri21361&3) +
1
T[§V23121253 + (ViR1223 + VaR1213)283 + (V1 R1323 +

1
§V231313)532, — ViRi121261&2 — ViRi2136183] —

2725152 +O0(Eer® + )&+ & + L&+ &)

1
= 2R({, E1,6 Es) + T[§V2R1212§§ + (ViRi223 + (3.36)
1
VaRi1213)6283 + (V1 Rize3 + §V2R1313)§§ -

ViRi2126182 — V1R1213&1€3] — 2725152 +
O(e® +7)(& + & + &1a + &183).

Proof of Lemma 3.2. First, we handle the expansion of S’. One can prove that &' =
—tJy YTy J Iy 4 tJy LT which involves the terms Jy'Jf and Jy'J), thus we shall
investigate the expansion of these two terms.

Recall that we can use the representations (3.16) which contain the term R’ for the
matrices Jj) and J{. We shall address the expansion of R’.

Notice that the second order derivative R'(0,0) of R’ can be computed in the fol-
lowing way )

/ / /
#(0,0) = 2 Tim R'(0,t) — R'(0,0) — tR'(0,0)

t—0+ t2

By the definition of the limit, for any p > 0, there exists a small positive constant § > 0
which depends on p such that

vt € [0,6),|R'(0,t) — R'(0,0) — tR'(0,0)| < (%|R’(0,0)| + )t

From c¢) in Proposition 2.1, we derive that there exists a positive constant C' > 0 such
that

vt € [0,6),|R'(0,t) — R'(0,0) — tR'(0,0)| < (Ce + p)t>.
Assume that € < p,
vt € [0,0),|R'(0,t) — R'(0,0) — tR'(0,0)| < (C + 1)ut?.
That is
R'(0,t) = R'(0,0) + tR'(0,0) + O(ut?).

Without the confusion, we write

R'(0,t) = R'(0,0) + tR'(0,0) + O(et?). (3.37)
It follows that
t t
JoLJb0,t) = —/ JfR’Jods—nglJl/ JER Jods
0 0
12 3.
= ng’(O,O)fﬁR’(O,0)+O(5t4+t6), (3.38)
t t
JotJi(0,t) = _/ JfR’J1d5+J0_1J1/ JiR Jyds
0 0
t

2
- —iR’(0,0) - %R’(0,0) +O(et® + 1°). (3.39)
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As a consequence,

S = —tJy Iyt Iyt
= —Jy'\HS+tit;

t2 t3 . t2
= —[-—=R'(0,0) — ER’(o,o) + O(et* +19)][I,, — §R(0,0) -

6
t3 - t4 4 6 t2 / t3 S/ 4 6
hl A -z -z
5 1(0,0) = A+ Ot +19)] = TR'(0,0) = T R(0,0) 4+ O(ct" + %)
t2 / t3 S5/ t2 / tg S5 4 6
= —R(0,0)+ — - = _—
S 17(0,0) + SR(0,0) = SR(0) = = R/(0,0)+ O(et* +1°)
t2 / tS S/ 4 6

Secondly, we deal with the expansion of §’. Since S’ involves J; ' J§ and J; *.J], thus
we shall investigate the expansions of these two terms.

We use again the representations (3.18) and (3.19) for Jj and .J|. Therefore, from
¢) in Proposition 2.1, the first order derivative formula R’(0,0) = lim;_,o+ w
of R' and by the definition of the limit, we get

R'(0,t) = R'(0,0) 4+ O(et). (3.40)

Combining (3.30) (3.38) and (3.39), we know that

4

t3 th .

Jh(0,t) = —ER’(O,O)—ER’(O7O)+O(5t5+t7),
t2 t3 .

J0,t) = —§R’(O,O)—ER’(O,O)—i-O(st‘l—i—tﬁ).

Together with (3.30)(3.31) (3.37)(3.40) and R(0,t) = R(0,0) + O(et), it follows that
. t . . .
A —/ Ji (R Jo+ R Jo + RJ})ds +
0

t
Jo / JE(R' Jo + R Jo + RJ})ds
0

2
- ‘%R'(om—%R’(070)+0<st3+t5>7 (3.41)
t
JoLJl = _R'(o,o)_/o JH(R'Ji+ R'Ji + RJ})ds +

t
Jot / Jy(R'Jy + R Jy + RJ;)ds
0
t .
= —R'(0,0)— 5R’(o, 0) + O(et* +t*). (3.42)
From(3.20), we obtain

S = Iy Iy Iy ey T T T -
tJy LI Tt T Iy T g g —
tIy LI I+ Iy =ty oy N+
tJy L,

= (tJy o — L) I b dg g — Iy LIS +
Jy LTI oS =ty Ly Jy g +
(I, — tJy " Jo) oty + tJy Ly
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Plugging (3.32)(3.38)(3.26)(3.41)(3.33)(3.39)(3.33) into the above expression, we see
that
t? tt

S'(0,t) = [—§R(O, 0) — %R(o,o) — AT O(et* + tﬁ)][—éR’(O, 0)—

ﬁR’(o 0) + O(et® + t°)][I,, — ﬁR(o 0) — ﬁR(o 0) — ﬁA-i-
1270\ c A T

Ot +19) - [-L7(0,0) - LR(0,0) + Ot + )] -

® R0,0) = £ 20,0) = LA+ 0@t +1) + - L R(0,0) -
A DR T c 6\
2 t3 4

2 ., 3 s t . t

ﬁR (0,0) + O(et® + °)][I, — gR(O,O) — ZR(o,o) - 4—5,4 +
4 6 t2 t3
t2 / t3 5/ 4 6 -
2 4 tz t3 > t4 4 6

O(et” 4+ t7)] + [gR(o,o) + ZR(o,o) + £A+O(st +t%)]

2 2
[—%R’(0,0) - %R’(o,o) +O(et® + 5)] — tR'(0,0) — %R’(O,o) +
O(et® +1°)

. t4
R(0,0) = = A+ O(et* +1%)] —

= ER’(o 0) + ﬁR’(o 0) + [—ER’(O 0) — L
2 ’ 3 ’ 6 ’ 12
t2 £ ! 4 4 46 '
I, — — - - —A - -
[l = 5 R(0,0) = 5 R(0,0) — = A+ O(et* +1°)] = tR'(0,0)

R'(0,0) + O(et® + t°)]

2 .
5R’(O,O) + O(et® +t°)

= ER’(OO) ﬁR’(OO)
6 ’ 12 ’

t 2 . .
- 5R’(O,O) - ER'(o, 0) + O(et® + t°)
2 / t2 >/ 3 5

This ends the proof of Lemma 3.2. O
We now consider the expansion of the coefficient asy. The coefficient aqo involves the
term S”. We shall examine the expansion of S”.

Lemma 3.3. Under the curvature assumption (1.3) and (1.4), on the axis, we have

2 3
S"(0,4) = —%R”(O,O)—%R”(O,O)+O(z—:t4+t6). (3.43)

As a consequence of Lemma 3.3, we can derive the expansion of the coefficient ass.
Noting that (P+¢, PL€) = (€, P¢), the coefficient asy takes the form

6
2

anlm ) = 58766 — 366 — S(SEPE) -

3 3
(S = L)PHE PR + (S = L)&, PO

Note that, through the first row and first column of S”,S,8,8 — I,, and S — I,
vanish, the coefficient ass depends on ff

Plugging (3.43) (3.27)(3.34) and (3.26)into the above expression, we get the following
expansion:
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azz(mWa 5) =

SIRY(0,006,€) + T{R"(0,0)6,€) +
(

R(0,0)6,6) + %< 0)6,6) + =T {AE€) +
A0,06, PA6)+ LU0, 01, Pe) +

(R(O,0)P4¢, PH6) + T (RO,0/P6, PH6) +
T (APtE P — (1
%(Ag, PE) + O(er® + 7%

,0)€, PE) — *< 2(0,0)¢, PE) —

= SIR'(0,0)6.8) + (R(O,0)6,€) +2(R(0,0)6, P1¢) +
(RO0PE PHe) — (RO.0)%, PE) +
0

IS (R1(0,0)6 € + SUR(0,0)6.€) + (R (0,006, P€) +
§<R<o 0P, Pe) — (0,0, PE)] +

2

TI2AE ) + (AP, PLE) — (A6, PO + O(er” + 7).
Applying ¢) in Proposition 2.1 and (1) in Remark 2.1, we know that

aze(m,v,€) = —Ri213&&s + (—Riz13 + Roz3)&3 +
Ri212€3 + 2R121360€3 + R131365 — 2R120361 65 +
Ri212&7 — (R121283 + Ri2136283) +

1
T{g[*leuuﬁ% +4(=V1Ri213 + VaR1223)&283 +
(2V1R2323 —3V1Ri313 + 4V2R1323)§§] +
3
é(V1R1212§§ + 2V 1 Ri2136283 + Vi Ri31363) —

1
§[V2R1212€1§2 + (V1R1223 + VaR1213)6183] +

1 1
1V1R1212§% - 1(V1R121zf§ + ViR12136263) }
2
-
26 2+ -8+ 0’ + 7).
After combing the similar terms, we have

aga(m, v, &) = Ri91267 — 2R19236163 + Raososls +
1 1 1
7[1V1R1212€% - §V231212§152 - §(V131223 +

1 1
VaRi213)61&3 + §V2R1223€2§3 + (Zle%QS +

1 -2
5 Vo Ris23)€5] + E(ﬁ? + & +26)+O0(er* + 1)
1 1
= R(§ By, ¢ Ea) + T[Zleuuf% - §V2R1212§152 - (3.44)

1 1
§(V131223 + VaRi213)6163 + §V231223§2§3 +

1 1 T2
(7 Vihass + §v2R1323)£§] + g(ﬁf +& +28) +
0(57’2 + 7'4).



3.3. A reinforced MTW condition 41

Proof of Lemma 3.3. In view of (3.23), we know that S” involves the term J;'Jy and
Jy LJ). We shall investigate the expansions of these two terms.

From the representations (3.22) for Jg and Jy', together with the Remark 2.1 and
the formula R”(0,0) = 2lim,_, o+ = OH-R 22’0*“%' 0.0 e get

R"(0,t) = R"(0,0) 4+ tR"(0,0) + O(et?).

Then
t t
Jo L0t = —/ Jf(R”Jo—i—QR’J{))derngJl/ (R"Jo + 2R J})ds
0 0
12 .
= —ER”(O,O)—ER”(O,O)nLO(st‘*—HG), (3.45)
t t
JotJl0,t) = —/ Jf(R”J1+2R’J{)ds+JO_1J1/ (R"J, + 2R J})ds
0 0
i 1" t2 I 3 5
= —5R"0,0) - ok (0,0) 4+ O(et® 4+ 1°). (3.46)
From (3.23), we have
S" = 205 IS — I TS —

I (o F R e

Plugging (3.38)(3.26)(3.45)(3.38)(3.46) into the above expression, we get
t2 3 . t2
S’ = 2[—ER’(0, 0) — 1—2R’(0, 0) 4+ O(et* + tG)][—ER’(o, 0) —
3 . 46 t? 3.
—R t* 4+ t9[1, — = - — —
12R (0,0) + O(et* + °)][ 3 R(0,0) 12R(O, 0)
ﬁA + O(et* +1%)] — [—ﬁR”(O 0) — ﬁR”(o 0) +
15 © R DR
2 3 t4

4 6 72 7L' _
Ofet! +t°)][1, = 5 R(0,0) = 5 R(0,0) = =A+

t? .
O(et* +t%)] — Qt[fER'(O,O) - ER’(O,O) +
t 2 .
O(et" + )| [-5R'(0,0) — = F'(0,0) +
O(et® +1° —ﬁR”OO —ﬁR”oo
(et” + 7)) = 5 R7(0,0) 5 12(0,0)+
O(et* +t°)
= ﬁR”(o 0) + ﬁR”(o 0) — ﬁR”(O 0) — iR”(o 0) +
6 ’ 12 ’ 2 ’ 6 ’
O(et* + %)
t2 3 .
- —gR”(O, 0) — ER”(o,o) + O(et* +19)

This ends the proof of Lemma 3.3. O

From now on, we come back to the proof of Theorem 3.2. Under the above prepara-
tions, we can obtain the expansion of the MTWtensor near the origin. From (3.29)(3.36)(3.44),
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we have
Cim,v)(&,m) = [R(§ B, Er)+ ZT(V131212§§ +2V1Ri12138283 +
ViRisias€d) + 273 (€ + &) + O(er + 7)(&d + ) +

5
1
{2R(&, E1, &, Ea) + T[§V2R1212§§ + (ViRi223 +

1
VaR1213)6283 + (Vi Ri323 + §V231313)5§ -

ViRi21261&2 — ViR121361&3]) — %7'25152 +
O(em + 1) (& + & + Lo + &1&3) hmma +
{R(&, E3, &, E) + 7[2V1R1212€% - %V231212€152 -

1 1
§(V1R1223 + VaRi213)6163 + §V2R12235253 +

1 1 2
(ZV1R2323 + §VzR1323)§32,] + %5(5% + &5 +283) +
Ofer® +74) 1R
= R(ga El, Ea El)ﬂ% + 2R(£a Ela 57 E2)771772 + R(g, EQ; 57 EQ)nS +

3
ZT(V1R1212§§ + 2V Ri21362és + Vi R131383)ni +

1

T[§V2R1212§§ + (ViRi223 + VaR1213)&283 +
1

(ViRi323 + §V2R1313)f§ — ViR12126162 — ViRi213&1&3]mne +

1 1 1
T[ZV131212§f — §V231212§1§2 - §(V1R1223 + VaRi213)6163 +
1 1 1
§V2R1223§2§3 + (ZV1R2323 + §V231323)§§]77§ +

1 2 2 1 2 2

TQ(ﬁf%U% - 35152771772 + 55377% + ﬁﬁgni + 35377% + Bé;?n%) +

O(er® + ) (&1&amma + Ex&smma + &35 +

Emna + &7 + Emnz + n3)
— [+ II+III+1V.

We will estimate each term from I to I'V. The combination of the zero order term
and the second order term will control all the negative parts.
The term I It is readily to see that the zero order term I = R,,(&,1,§,7n). Recalling
the curvature assumption (1.3), by the definition of sectional curvature, the term I can
be bounded from below:

I > [P —(&n)? (3.47)
= (&m—&m)*+ &0 + n).

The term II The term II involves the first order derivatives of the curvature as
coefficients for the terms 7213, 76303, 7¢€1€2n3 and 7E€3m1m2. They can not be directly
controlled by the related terms of the second order in ¢ and 7, but the combination of
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them will compose good terms, more precisely, the term I can be stated as:

I =

3 T
ZTV131212§§77% — TV1R121261&2mm2 + ZV1R12125577§ +

2
1
T[(V1R1223 + VaR1213)6283 + (V1 Rig23 + §V2R1313)€§ -

1
ViRi21361&]mmne + 7'[—5(le1223 + VaRi213)61€3 +

1 1 1
§V2R1223f2§3 + (ZV1R2323 + §VQR1323)§§]77§ +

T T
ZV131212(€2771 —&me)® + §V1R1212(§2771 —&inp)am +

-
2

1
T(V1R1223 + VaR1213)6283 + (V1 Rig23 + §V2R1313)§§ -
1
ViR1213&1&3])mn2 + T[—§(V1R1223 + VaRi213)6163 +

1 1 1
§V2R12235253 + (ZV1R2323 + §v2R1323)§32,}77§'

T 3 3
=VaRi212(E3mne — &160m3) + §TV1R1213§2§377% + ETVIRIM?’&%’”%

43

+

3 3
*V2R1212(§2771 - 51772)52772 + §TV131213§2§377% + ZTV1R1313§§77% +

Using the curvature assumption (1.4) and the parallel property (1.1), the term I can
be estimated as follows:

€ €

7 > —17’(52771 —&imp)? — 57'\(52771 —&ime)am| —

€ 3 2 3 2 2

§T|(§2771 —&1m2)62m2| — §5T|§2§3771| - 15753771 -
3

e7(2|&83mne| + §|§§771772| +1&1&3mmnz2l) —

1 3
eT(|&1&3m3) + §|€2§377§| + 153%77%)-

In view of the Cauchy Schwartz inequality, it follows that

27((bam — &am)6am| < (o — &amp)? + T2E3E,
27)(&am — Gama)&ame| < (S — &) + T2E3 N3,
276t < T8N + &,
27|&&mme| < TENT + &0,
20&mme| < &0t + &g,
27|61 &smme| < TEIME + &3,
27&1&smy| < TEmE + &5,
27|&8am5| < TREEME + &35

Finally,

T

1
7 > _E(Z + 5)(51772 — &om)? — e s — 2eT3E5n; —

2 4

1 5 3 7 3
—er?&ms —e(= + =1)Ent —e(= + =T)Em3.

2 4 2

Now assume 0 < 7 < 2, the following inequality holds:

11 >

2

1
Ser’Eims — e

—e(&ma — Eam)® — eT?EIN; — 2eT7ES; —
5 3 7 3
1t oman —e(g +5mEms.

4 2

(3.48)
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The term III The term III consists of all terms whose coefficients involving the
second order derivatives of the curvature. The term &;&3m11272 is bad one. It will be
handled in the following. The others are all good ones. They are used to control the
negative terms in the following.

The term IV We now handle the remainder IV. By definition, there exists a small
positive number d3 which is independent of € and a positive constant C' such that, for
any 0 < 7 < 03,

IV > —C72(e+ ) (03 + Enf + &5 + Ent + 03 +n3).

Given a small positive real number £, which will be determined later, assume that
0<e<35%,0<7<min{\/5%,03}. We have:

IV > —e3m(E5n5 + &n3 + &5m5 + E3n3 + &5m5 + 13). (3.49)

Under the above estimations, we can imply the lower bound of the MTWtensor.
Assume that 0 < e < 53,0 < 7 < min{,/52,d3} with €3 small enough.

Substituting the lower bounds (3.47),(3.48) and (3.49) into (3.47), we can derive:

Clm,v)(&m) > (&me — &am)® + &1 + 77%) - 163(51772 —&m)”® -
%537251772 — esTEm] — *537' 52772 - 53(2 + 37’)53771
(; + 7)53772 ( 51772 5152771772 + 552771 +
§2772 + 53771 + stﬂh) —e3m?(E7m;5 +

52771 + 52772 + &7 + &0 +n3).

Gathering similar terms, we get

ClmnEn) > (1= D) Em — om)+ (1= — se)r el -

15 2
2 2 1 5
=T 28 Eammn + (3 — 2e3)7°E3m; + (B - 163) T2Em5 +
2 13 3
[57'2 - 53(@ + 17) 16507 +

2 15 3
[ETZ —e3(— 3 —+ ET) +1]&3m5 — esmn3

= (1- 253)(51772 —&m)? + (%5 — 3e3)T2Em5 —
g7' 2e1&amna + (2 — 3e3)T7EmT +

3
1(51772 —om)? + SesTEINS + a3 ENT +

2
1 5
(B - 153) T +
13 3 15 3
[1—es(g + lami + [ —es(5 + glems +

2 2
3 53771 157' 53772 — 377 772
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= - Se (g et - 20 - et Dhatomm +
[1- 253 + (% — 3e3)7°JE3mT + 25(51772 —&m)? +
gé":ﬁ En3 + a3’ E5nT + (%5 - 253)7 &5 +
[1- w(% + %T)K?nf +[1- 53(%’ + %T)]f%ﬂ% +

2 2
*7'253771 253772 - 537' 772

Note that the discriminant of the quadratic polynomial A ,(t) = [1—3e+ (& —3¢)7]¢?
21—3e+ 2 )t +1—3e+ (2 —3¢)7? is polynomial with arguments (e, 7). It is given by

1 121 9 1 7
AN=47% | —— + —c — Z¢£? -9 .
TR 25+(75+55 5) ]
Assume ¢ < 45 , there exists a small positive constant £s < 30, such that the discriminant
is non-positive in [0,£3] x [0, 1], i.e. for any (e,7) € [0,&3] x [0, 1],

149 27,

So if €3 < &3,

Clm,v)(Em) > ff(gmrmm[1—eg<9+§7>1s§n%+

8 4
15
[1—es(+ 3 + 7')]53772 + 537' 285 +es T Em; +
1 5 2
(15 1° e3)TE3m5 + ~rent + I 235 — esTn;.

Assume that e3 < §. For all 7 < min{q/%,&g},
5
C(m,v)(&n) = *3(51772 —&om)? + (1 — 2e3)&3n7 +

(1- 53)53772 + 537' 285 + e3T2Em; +
1 2

5
(ﬁ - 153) T2Em; + 7' 53771 5T2€§U§ — e377;.

Replacing 73 by 13(63 + €3 + €3), we get
gf
Clm,w)(€n) = (&anz —&am)® + (1 - 2ea)E3n7 +

9 1
(1- 53)53772 + 537'251772 +e372E5m; +
1 9 2
(B - 153)7' &3 ‘|' =T + (B

Assume that e3 < min{:2, $,&3}, then for any 7 < min{,/Z%, 55}, we have

— &3)7 &35

Clm.v)(&n) = 3"'(51772—52771) it +

53772 + 537’ 285 + esT2EmE +

TS + 7' 2t + 07'253%775-

We infer the existence of positive constants 3, k3 and d3 such that for Vv € T,, M with
|V| < (53,

Cm,v)(&n) > wa [(IEPn° — (& m)?) + [VI*(&F + &) nl* + [v?|e*n2] -
The proof of Theorem 3.2 is thus complete. O
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Chapter 4

The inverse for the Hessian of
the squared distance

This chapter is devoted to the asymptotic property of the inverse of the Hessian
of the squared distance. Firstly, we deal with the derivatives of geodesic motion from
order one to order three. Secondly, we give a basic formula to calculate the Hessian
of the squared distance. Finally, we examine the approximation for the inverse of the
Hessian of the squared distance. We begin by some notations.

Let (M, g) be a closed Riemaniann manifold of dimension n > 2. Assume that (M, g)
satisfies the curvature assumptions (1.3) and (1.4). Fix mg € M, vy € I(mg)\{0}. Set
7(t) = exp,,, (tro). Let {ei(t),e2(t), - ,en(t)} be a parallel orthonormal moving frame

of vector fields along the geodesic v with e;(t) = % Taking the corresponding Fermi

coordinate system z along the geodesic exp,,, <t\%>7 the fiber coordinate of TM — M
naturally related to x is denoted by v = (v!,v?, .-+ ,o").
For each m € M,v € I(m) with m in the domain of the Fermi coordinate system x,

we set:
X = X(z,v,t) = (X (x,v,t), X*(z,v,t),-, X"(x,v,t)) = z(exp,, (tV)),

where = x(m) and v = v%0;.

Thus, X(z,v,t) is the coordinate of the geodesic exp,, tv. Then the n-tuple X =
X (z,v,t) is the solution of the Cauchy problem (2.1).

Note that (mqg, 1) corresponds to (0,v) where vo = (Jp],0) in the Fermi coordinate
system z. On the axis, set for short Xo(¢) := X(0,vo,t).

4.1 The derivatives of the geodesic motion

4.1.1 The first derivatives of the geodesic motion

In this subsection, we are concerned with the first derivatives of the geodesic motion.
Recall that X (z,v,t) is the coordinate of the geodesic exp,, tv and X = X (x,v,t) is
the solution of the Cauchy problem (2.1). It is clear that X (0,vo,t) = (|olt,0,---,0)T.
Let J, be 0, X or D, X.

Differentiating (2.1) once with respect to the variable z(or v), on the axis, we obtain
the following equation:

Ji+ O (X)XIXFJL + 2T (X) X7 JF =0,
with the initial conditions, namely either
D X1(0) = 01,0, X%(0) = 0,
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Or . . . .
D,X'(0)=0,D,X"(0) =¢..

Evaluating on the axis, and using (1.15), the relations X (0,vo,t) = (|volt,0,---,0)T
and (1.12), we get the following equation

Ji+ vol? Rl 5, (X0)JE =0,
This equation is exactly (1.7). Thus from Lemma 1.1, we get

Lemma 4.1. [29] On the azis, for t € [0,1], the terms:
‘aﬁX(Ov Vo, t)|, |(3'EX(O, Vo, t)|v |DUX(07 Vo, t)|v |DUX(07 Vo, t)|a
are all bounded from above by a positive constant C' > 0.

We require the notation 9, Xo(t) and D, X(t) for the solution .J, of the unperturbed
equation

Jo + o2 Rigy JE = 0,

with the initial conditions, namely either

0uX3(0) = 82, 0.X3(0) = 0,
or L .
D, X}(0) = 0,D,X(0) = 6.

It is clear that 0, Xo(t) and D,Xo(t) go back to J; and Jy respectively on the axis.
From Lemma 1.2, we obtain

Lemma 4.2. [29] There exists a positive number C > 0 such that on the axis, for all
t € [0,1],, we have

10, X (0,v0,t) — 0, Xo(t)] < Ce,
|0,X(0,v0,t) — 6wX0(t)| < Ce,

|D, X (0,v0,t) — DyXo(t)] < Cé,
DX (0,v0,1) — Dy Xo(t)] < Ce.

4.1.2 The second derivatives of the geodesic motion

In this subsection, we handle the second derivatives of geodesic motion. Let J,; be
02,X,0,DpX, D,0p X or D2, X.

a
Differentiating (2.1) twice with respect to the parameters x and v, we get

—Op T XIXFJLIY — 20T X (JFTL + JETL) — o1, J) Tk
with homogenuous initial conditions:

(0) = Ji

(0) = 0.

Evaluating on the axis, and using (1.15), the relations X (0,vo,t) = (|volt,0,---,0)T
and (1.12), we obtain

Jiy + [0 |* Rl 01 (X0) IS, = — w022 T4, JLIE — 2|vo| Ryygy (Xo) (JF TS + JET)).  (4.1)

Using (1.15),(1.16) and Lemma 4.1, we record a standard result of the second order
differential equations, namely:
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Lemma 4.3. [29] On the axis, for t € [0,1], the terms:

‘8393‘)((07 UO’ t)|a |a§wX(0> ’U07 t)|7
10, Dy X (0,00,1)|, 02Dy X (0,v0,1)],
|D2,X (m,vo,t)|,|D2,X(0,v0,t)|

are all bounded from above by a positive constant C' > 0.

Let us introduce the solutions 82, Xo, 9, D, Xo, D0, Xo and D2 X, along the axis
of the unperturbed equation:

Tl + (o] 20L T8 = —2|vo| (8561 — 6187)(JEJF + T TE), (4.2)

with homogenuous initial conditions

Ji,(0) = Ji,(0) = 0. (4.3)

Lemma 4.4. [29] There exists a positive number C' > 0 such that on the axis, for all
t € [0,1], we have

|35$X(0,U0,t) - aa%a:Xo(t” < Ce,

102, X (0,00, t) — 92, X, (t)| < Ce,
02D, X (0, v0,t) — 9, Dy Xo(t)| < Ce,
10, D, X (0,00,1) — 3, Dy Xo(1)] < Ce,
|D2,X(0,v0,1) — D2, Xo(t)] < Ck,
|D2,X(0,v0,1) — D2, Xo(t)| < Ce.

Furthermore,|0?,X (0,v9,t)| < Ce, |01 Dy X (0,v9,t)| < Ce.

Proof. Let &,(t) be the matrix valued function whose elements £/, (t) are given by the
difference J?, — J?,. Combining the equations (4.1) and (4.2) with (1.15),(1.16), Lemma
4.1, Lemma 4.2 and Lemma 4.3, we find that there exists a positive constant C' > 0
such that |, + RE,| < Ce. Applying a representation formula [29] to EL (1), it yields
|€a] < Ce. The remaining approximations come from the representation:

awzéﬁmm.

The last two approximations are just the consequences of the facts 97, Xo(t) = 0 and
01Dy X0o(t) = 0 which follow from the equation (4.2) and the initial condition (4.3).

4.1.3 The third derivatives of the geodesic motion

In this section, we address the third derivatives of the geodesic motion. Let J¢, (¢)
be 93, X (0,vo,t),02,D, X (0,v9,t), 0, D2, X (0,v0,t) or D3, X(0,v0,t).

VVU

Differentiating (2.1) three times with respect to the variable z and v :

e + Wol* Rigt (X0) IS = —|vol?0 T JLTE TS — woPO5T Y T J?
(a,b,c)
—2wo|0ilh Y JETJE
(a,b,c)

—2|uo| R 1 (Xo0) Z (ijbﬂc +J5J7)

(ab.c)
—20pT%, Y JLIETL.

(a,b,c)
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with homogenuous initial conditions

abe(0) = Japc(0) = 0.

abe
Repeating the procedure in Lemma 4.3 we get:
Lemma 4.5. [29] On the axis, for t € [0,1], the terms:
l TTT (07’00’ )| | TTT (0 Yo, )‘7
102, D, X (0,v0,t)|, 02, D X(O vo, 1),
10.D3,X (0,00, )], 02 D3, X (0,00, 1),
|vav (07U07 )| |vav (Ov’UO’ )|

are bounded from above by a positive constant C > 0 (independent of t,vg).

Let us introduce the solutions 92, X, 02, Dy X0, 02 D,0, X0, D,02, X0, 0:D2,Xo,
D,8,D,Xo, D2,0, X, and D

3 vX0 along the axis of the unperturbed equation:

abc + |V| 604 abc (44)
= 501 = 80) 3 (wPTEIIE — 20000 -
(a,b,c)
2(|(558% — 6160 S (JEIL + T8 TP —
(a,b,c)
200, — 0104) > JadyJE+
(a,b,c)

26161 + = (51 Siok)) S (TEILTE 4 JLIETD).
(a,b,c)

with homogenuous initial conditions
7;170(0) = zbc(o) =0.
Repeating the procedure in Lemma 4.4, we get

Lemma 4.6. [29] There exists a positive number C' > 0 such that on the axis, for all
t € [0,1], we have

192,, X (0,00, 1) — B2, Xo(t)| < Ce,
102, D, X (0,v9,t) — 02, Dy Xo(t)] < Ce,
0,D2,X(0,v0,t) — 0, D2, Xo(t)| < Ck,
|D3,,X(0,v0,t) — D3,,Xo(t)] < Ce.

4.2 The Hessian of the squared distance

In this section, we compute the local expression of the Hessian of the squared dis-
tance. We start from the well-known identity(p.156 [59]):

p2 = exp,, [—grad, c(-,p2)], (4.5)

where the identity makes sense whenever (p1,p2) € M x M are no cut points of each
other.

Suppose that the points p; and po lie in the domain of the Fermi coordinate system
x. The coordinates of p; and py are given by 1 = x(p1) and x5 = x(p2) respectively.
Let m be in the domain of the Fermi coordinate system x. Set v € I(m). The coordinate
of v is denoted by v = v'9; i.e.v’ = da'(v).
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Differentiating (4.5) with respect to the coordinates xz; at 1 = x(m), we get for
X(x1,v,t) at 1 = z(m),t = 1 and at v = v'9; given by exp,, v = pa, the following
identity:

D X" (x,v, 1)Vfc(m, exp,, V) = 5]-VXi(x, v, 1), (4.6)

where 07 X* = 9; X" — T (z)v' D, X"
This is the fundamental formula to compute the approximation of the inverse for
the Hessian of the squared distance.

4.3 The inverse for the Hessian of the squared dis-
tance

In the last section, we consider the approximation of the inverse of Hessian of the
squared distance. The result is presented as follows.

Theorem 4.1. Let (M, g) be a closed n-dimensional Riemannian manifold satisfying
(1.3) and (1.4). Then there exists positive numbers C > 0 and €9 > 0 depending only n
such that, for any e < ¢ and for any mo € M,vy € I(mg), [Volme > 3{, the following
inequalities hold

1) |871(m051/07 1) 7371(7”’0’1/071)' < 057

2) |8w8_1(m0, 1o, 1) - 8w3j1(m0,1/0, 1)| < Ce,
|DUS_1(m07 o, 1) - D'US_l(mOa Vo, 1)‘ S C€7

3) 192,81 (mo, v, 1) — 02 S_l(mo,yo, 1)] < Ce,
|8wDU8_1(m0,V0,1) —

02D, S (mg, v0,1)| < Ce,
|D12w5_1(m0, o, 1) — ngs_l(mo, 1o, 1)| < Ce.

Proof. Set mog € M,y € I(mg), |Vo|m, > 2. Let = be the Fermi coordinate system
along the geodesic exp,,, (t\%\) and v be the fiber coordinate of TM — M naturally

associated to z. Set 7o = ||

1) Making use of (b) in Proposition 1.1, we know that the matrix of the linear operator
S(mo, vg, 1) from T,,M to T, M in the orthonormal basis {e1(0),e2(0),-- ,e,(0)} is
given by J; L J1. As a consequence, the matrix to the inverse of S is given by Ji YJo. Tt
is clear that 1) is just a result of Lemma 4.1 and Lemma 4.2.

2) The inverse of S is denoted by A. The components of A in the Fermi coordinate
system z is denoted by A; From the formula (4.6) and (b) in Proposition 1.1, we obtain
the formula

Al(x,v) = Z|.D; X", (4.7)

where Z,iéijk = 4.
Differentiating (4.7) once with respect to x :
0aAl = —Z]0.0) XPZID; X* + Z,,0,D; X"
= —Z[02,X" — 0,1 (2)v' Dy XP —
T4 (2)0' 0, D XP) Z1D; X* + Z0,D; X"
Evaluating on the axis, we have
0aAl = —ZU(02,X" — roRl, DaXP)ZID; X* + Z]0,D; X"

Applying Lemma 4.1, Lemma 4.2, Lemma 4.3 and Lemma 4.4, and together with the
facts _
8§JX5(15) = (—Tot + sin rot COS Tot)(% (6(1]' — 51,15”).
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sin? rot

8aDjX8(t) = _51j(6¢i1 - 6%51(1)15 sin Tot + (5;(&”' — 51a51j)7

To
we get '
0o A = B(e).
To calculate the corresponding derivatives on the sphere, we need to give the formula
of S71. From the Remark 1.1(2), we see that

= v 14

S(m, v, 1)(€) = & — (1 = [v| cot(W])) (€ = (& )

It can be checked that the inverse of S which is denoted by A takes the form

).

| |vl

- V] v, v
A =& - (1 — — 2N Y,
Differentiating A% = ¢ — (1 — ta|:|‘u\ )(6% — g"’“(‘ﬂ;}ivk) with respect to  and evaluating

at (m,v), we get 0, A% = B(e).
Differentiating (4.7) once with respect to v, we infer

7 7 v k i M2 k
DA = —ZiD.oy XPZ{D; X"+ Z} D2, X
= —Z}[Da0,X? — T4, (x)DgX? —
I'd (2)v' D2, XP)Z}D; X* + 7, D2, X*
Evaluating on the axis, this gives
DAl = —ZID.0,XPZ!D; X"+ Z] D% X*

Applying Lemma 4.1, Lemma 4.2, Lemma 4.3 and Lemma 4.4, and combining with the
facts

D,0; X}(t) = 0; D, X{(2).

m(t) = (rlotcosrot - rlgsinrot)(éflélj + 030aj — 201014015) +
t 1 . . )
v 12 sinrot cos rot)014(8; — 61615),
we obtain
Dudj = (% - ti%xazau + 0104 — 20181a815) +
(Seiro - tarr%ro)él“(‘s; — 81615) + Ble)

= Da/_lé- + B(e).
3)Differentiating (4.7) twice with respect to x, we have
AL = ZI0.0Y X ZI0woy XPZID; X" + (4.8)
ZL0,0) X 280,67 XPZ1D; X* —
ZL02,05 XPZID; X* — 770,07 XP Z}9,D; X* —
Zi0,03 XP Z10,D; X" + Z,,02,D; X*

Using Lemma 4.1, Lemma 4.2, Lemma 4.3 and Lemma 4.4,Lemma 4.5, Lemma 4.6,
together with the facts

a3 vi To . 1 . i i
Qijijo(t) = (Etsm rot + G sin? rot cos rot) (65 — 0}6},) Z 55555? +
(a,b.9)
1 . .
§(T0t sinrot — sin? 7ot cos rot) (8% — 6167) Z 5K (6n; — 555})
(a,b,5)
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92,D; X{(t) =

sin?rgt  tcosrot  sinrgt i i 1\ sk B 5B B sk 58
( 6o — 5 50 ) (6, — 6165,) (0,6, 5j + 0o 00) +
sin?rot  tcosrot  sinrot i i i .
(e R [0 — 8101) — 2036} tsinrot]0L sy 6 +
1, sin®rot sinrot, , o i s1yrsk 151
5= o Ticostot — —— )61 = 6161)[64 (055 — 6,65) +

Sp (6aj — 0001)] +
( sin? rgt  3tcosrot  3sinrot
2T0 2 27’0

) (8 — 010435 (dap — 3403,

we obtain

tan ) )
. % —sec? 10)(dab — 61a015) (8% — 83017) + B(e)

02,41 + B(e).

agbA;" = (

Differentiating (4.7) with respect to x and v respectively, we infer

OaDy Al = Zi0.0) X°ZIDy6) XPZ1D; X" +
ZIDyoy X°Z30,6) XP Z1D; X  —
Z}0aDy6y XPZID; X* — 770,07 XV Z} Dy, X* —
ZiDyoy XPZ10.D; X" + Z40, D, X*

93

In view of Lemma 4.1, Lemma 4.2, Lemma 4.3 and Lemma 4.4,Lemma 4.5, Lemma 4.6,

and using the facts

0aDy0; X(t) = 07; Dy X6 (t).

aaDlngé(t) =
tsinrot  sin®rotcosrot. , . . X
0
tsinrgt  sin®rotcosrot. . P o1
- 0y — 030
[( 20 612 )(0F, — 010%) +
2t in2rot. .
(= sinot cosrot — SmT;O )6161](8255 87 + 6057 8%) +
0
tsinrot

(

L i s
+ %3 sin? ot cos rot ) (65 — 8%6}) Z 5K (6n; — 5;5}) T

2
"o (ab.7)

—t? cosrot (5}, — 0103 )05 6,07,
we have
8anA;' = B(E)
Similarly, differentiating (4.7) twice with respect to v, we obtain
D2 AL = ZID.6y X°ZIDyy XPZID; X" +
ZiDyoy X°Z3Do6y XPZED; X* —
ZiD2,6Y XPZ{D; X" — Z1D,8Y XP Z{ D}, X" —

Z\Dysy XPZID2, X" + Zy Dy, X"

(4.10)
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Thanks of Lemma 4.1, Lemma 4.2, Lemma 4.3 and Lemma 4.4,Lemma 4.5, Lemma 4.6,
together with the facts

D3,0; X5(t) = 9; D5, X5 (1)

0. D}, X3(1) =

( sin®rot  tcosrot  sinrgt

5i — 86k
63 2r2 2r3 )(9); = 0101) +

2 2 )
(—r—gt cos? rot + 3 sin rot cos rot)d% 04 ] Z 55655? +
(a;b,4)

sin®rot  3tcosret  3sinrot

T T 5 )0k = 0100 D> 03(0e; — 3307) +
’ ’ ’ (a.b.7)
t 2 2tcosrot, , ; ;
(*% sinrot + % sinrot — T)(ak _ 51(%) Z 525,}6]1,
(a;b,5)
we get
DAL = DAL+ B(e).

This finishes the proof of Theorem 4.1. O



Chapter 5

The smoothness of the optimal
transport map

This chapter is concerned with the smoothness of the optimal transport map on
two classes of compact Riemannian manifolds which are nearly spherical manifolds and
Riemannian products of nearly spherical manifolds. The optimal transport map is given
by exp(grad u), where the potential function u satisfies a Monge-Ampére type equation.
By the method of maximum principle, we prove that the Jacobian of the exponential
map at grad v has an uniform positive lower bound. Then the Ma-Trudinger-Wang’s
device, together with the method of continuity implies the smoothness of the optimal
transport map.

5.1 Introduction

Let (M, g) be a closed Riemannian manifold of dimension n > 2. Assume that (M, g)
is smooth.
Let Hess'“u be c-Hessian of u, namely,

Hess9u = V2 u+ V2,¢(-, exp,, Vi)

As in subsection 0.3.1, the C? potential function u of the optimal transport map
G(m) = exp,,, Vinu, pushing forward ppdvol to pjdvol, satisfies the following Monge-
Ampere type equation:

po(m)
p1(G(m))’

Conversely, a classical C? solution of the above equation is the potential function of the
optimal transport map G pushing forward pgdvol to pidvol.

We say that a C? function u : M — R is admissible if for every point m € M,
Vmu € I(m) and Hess9u > 0.

It is known that the C? solutions of (5.1) are unique up to a constant(see [27]).

We consider the regularity of the potential function u, that is, given (k,a) € N x
(0,1), with & > 2, if both py and p; are C*®, we want to know whether the solution u
is Ck+2,a.

We will address the above problem by the continuity method.

Let Z be the set of the parameter ¢ € [0, 1] for which there exists a C¥*%< admissible
solution u; of the equation (5.1) by replacing p1 by pi(-) = (1 —t)po(:) +tp1 0 G(+). To
ensure the uniqueness, the solutions u; are normalized by | 2 utdvol = 0.

It is clear that 0 € Z, so the set Z is nonempty. The openness is derived by an
implicit function theorem [53]. The connectedness of the interval [0, 1] will imply that
the equation (5.1) admits a C* solution if Z is closed.

det(dy , , exp,,) det Hess(Du = (5.1)

55
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Delanoé(see Proposition 4.1 in [27]) reduced the closedness to an uniform upper
bound on the Hessian of the classical solutions u; for all ¢ € Z. Moreover, Delanoé(see
[27]p.50) also showed that the existence of an uniform upper bound on the Hessian of
the classical solutions wu; is equivalent to the following two estimates:

(1) There exists a positive constant dy, such that

Y(t,m) € I x M,det(dy,, v, €xp,,) = do, (5.2)

(2) There exists a positive constant C, such that
Hess,, ur + S(m, Vipue, 1) < Cld,y,, (5.3)
for any (t,m) € Z x M.
In conclusion, Delanoé(see [27]) derived the following fact.

Lemma 5.1. Given a closed Riemannian manifold and given (k,«) € N x (0, 1), with
k > 2, the potential function u is C*+t2% for every couple of C* positive probability
measures (podvol, prdvol), if, for each such couple, the requirements (5.2) and (5.8) are
fulfilled. Moreover, if either (1) or (2) fails, there exists a number tg € [0,1] such that,
the potential function uy, is not C*.

The first result of this chapter shows the regularity of the optimal transport map on
nearly spherical manifold.

Theorem 5.1. Let (M, g) be a closed n-dimensional Riemannian manifold satisfying
the curvature assumption (1.3). Then there exists a positive constant €g depending only
n such that if

. 1
|| Riem — 29 B glle2(am,g) < €o,

then for any couple (k,a) € N x (0,1), with k > 2, the potential function of the op-
timal transport map is C*+t2% for every couple (podvol, pidvol) of C** positive Borel
probability measures on M.

A direct result of Theorem 5.1 is the smoothness of the optimal transport maps on
nearly spherical manifold.

Corallary 5.1. Under the same assumptions as in Theorem 5.1, let podvol and pidvol
be two smooth positive Borel probability measures on M. Then the optimal transport
map s smooth.

The second result of this chapter concentrates on the regularity of the optimal trans-
port map on the product of nearly spherical manifold.

Theorem 5.2. Let My and Ms be two closed Riemannian manifolds of dimension
n1 > 2 and ny > 2 respectively. Suppose that both My and Mo satisfy the assumptions
(1.8). There exists some positive constant eg > 0 such that if (1.4) holds on My and My
with € < g, then for any couple (k, ) € N x (0,1), with k > 2, the potential function of
the optimal transport map is C*T2 for every couple (podvol, pydvol) of C** positive
Borel probability measures on the Riemannian product My X M.

As a direct consequence of Theorem 5.2, we get the smoothness of the optimal
transport maps on the product of nearly spherical manifolds.

Corallary 5.2. Under the same hypothesis as in Theorem 5.2, let podvol and pidvol
be two smooth positive Borel probability measures on My X Ms. Then the corresponding
optimal transport map is smooth.
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At the end of this chapter, we derive that the optimal transport map may not be
smooth on some manifolds sufficiently close to the product of the standard spheres in
C* norm. More generally, we prove the following result.

Theorem 5.3. Let (M, g1) and (Ma, g2) be two closed Riemannian manifolds of di-
mension ni > 2 and ny > 2 respectively. The product metric produced by g1 and g is
denoted by g*. Then, for any given € > 0, there exists a metric g on My X Ms that is
conformal to g* and satisfies

lg =97 lles <e,

such that there exist podvol and pidvol two smooth positive Borel probability measures
on My x Ma, the corresponding optimal transport map on (M1 X Ma,g) is not smooth.

If (M1,91) and (Ma, g2) satisfy the conditions of Theorem 5.1, we know that the
optimal transport map is smooth on (M; x Ms, g*). By Theorem 5.3, we also know
that the smoothness of the optimal transport map is not stable on the perturbed metric
of (M1 X Mg,gx).

5.2 The smoothness of the optimal transport map on
nearly spherical manifold

5.2.1 Preliminary

In this subsection, we will establish some a priori estimates of the Monge-Ampére
type equation (5.1) and a key proposition.

Lemma 5.2. Let (M,g) be a compact Riemannian manifold of dimension n > 2. The
diameter of (M, g) is denoted by D. Then for all admissible function u with fM udvol =
0, the following estimates hold

max |u| < D?,
M

max |Vu| < D.
M

Proof. Let the function u be admissible with [, udvol = 0. Fix m € M. By definition
of the admissible function, the curve exp,, (tV,,u) is a minimizing geodesic from m to
exp,, Vmu. Thus

|Vu| = d(m, exp,, Viu) < D.

As a consequence, the oscillation of u is bounded above by D?. The vanishing average
gives the results. O

As mentioned in section 5.1, the existence of a uniform upper bound on the Hessian
of the classical solutions u, is equivalent to estimates (5.2) and (5.3). The Ma-Trudinger-
Wang’s estimate reduces the existence of a uniform upper bound on the Hessian of the
classical solutions u; to the estimate(5.2) under the assumption that the MTW tensor
satisfies the A8S condition.

Lemma 5.3. Let (M, g) be a closed Riemannian manifold of dimension n > 2. Assume
that the MTW tensor of M satisfies the A3S condition. Let podvol and pidvol be C?
positive Borel probability measures on M. If the requirement (5.2) is fulfilled, then there
exists a positive constant C' depending on n, 0, maxzy y |d1og pt|cz2, such that the norm
of Hessgfl)ut is bounded from above C, for every couple (t,m) € T x M.
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Proof. The proof is given in Delanoé [27].

To conclude this subsection, we give a key proposition which is used in next subsec-
tion.

Let J(m,v) = —|v|2S71(m,v,1). We are interested in the behaviour of J when
lv| > 3%. So we assume that |v| > 2% in the following. It is clear that —|v|? is the first
eigenvalue of J with the associated eigenvector |”7‘ By virtue of 1) in Theorem 4.1,
there exists a positive number C' > 0 such that

|T (m,v) — T (m,v)| < Ce. (5.4)
Let us now describe the behavior for the derivatives of 7.

Proposition 5.1. Let (M, g) be a closed n-dimensional Riemannian manifold satisfying
the curvature assumptions (1.3) and (1.4).Then there exist positive constants €9 and
C > 0 such that, for any € < eg, and for any mg € M, vy € I(myp),|vo| >7—06,0< 0 <
T, the absolute value of the first and second partial derivatives of the components \7;
with respect to (x,v) at the point (0,|vg|,0), are all bounded from above by Ce, except
the following partial derivatives:

Dl‘jii’ Dﬁjﬁl = Dﬁjlﬁa 3?3/37;» D%Dyii’
DIy = DIy = D3T3 = D3T3,
D3sJi, D, Tl = DY, Tl = D Ty = DhJi p # r.

and the following estimates hold:

D1 J} 427 < Cle+6),|D1JS + 7| < Cle +6), (5.5)
IDsJ +7| < Cle+9), (5.6)
0357 —21%| < C(e+10),[033T2 —7°| < Cle + ), (5.7)
D3 TP +2] < Cle+96), D30 < Cle +9), (5.8)
|D3,00 | < Cle+6),|D3aTs + 14265 < Cle +6), (5.9)
D2 Tl +1] < Cle+06),1+# k. (5.10)

Vg
|V0\

and v be the fiber coordinates of TM — M naturally associated to x. Set g =
gij(x)da'da? v = v'0z;, T = —[v|? S (m,v,1). The components of J in the Fermi
coordinate system are denoted by jj, Le.J = J; idxd ® aw'

In view of Theorem 4.1, there exists a posmve constant C' > 0 such that

Proof. Let x be the Fermi coordinate system associated to the geodesic exp,, s

02T (mo, v0) — 82T (mo, )| < Ce, (5.11)

ID J (mo, v9) — Dy J (mo,v0)| < Ce, (5.12)
|02, T (mo, vo) — 02, (mo,vo)] < Ce, (5.13)

|0 Dy T (Mo, 1) — Oy D J(mo,l/o)| < Ce, (5.14)
D3, T (mo, v0) — D, T (mo, )] < Ce. (5.15)

Thus we only need to calculate the following derivatives:
0T}, DT}, 02,7}, 0a Db T}, D2, T,

Let us compute the above derivatives of 7. To differentiate the components of jji,
we need an explicit formula for jj’ By virtue of (7), the map J has the expression

>m)-

T(€) = ~wPSTHE) = ~ e + (Iv]* — [v[ tan|v])(€ — (€, ol
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As a consequence, the components of 7 in the Fermi coordinate system x are given by

251 2 i Ui Uk
—W P8+ (v = Il tan w05 — g5 (2) 7 0)

jji

= —|vP5; + (V) (v} — gjwv'o®). (5.16)

tan |v|
[v|

where o(|v]) =1 —

Let us compute the first order derivatives of jjz Differentiating (5.16) with respect
to x and v respectively, one has

3{1‘7; = —3agklvkv15§ + ﬁaagpqvpvq(\yféj _ gjkvivk) n
‘P(aagklvkvl(s; — 3agjkvivk),
DuJj = —2gav*d) + ﬁgapvp(ll/l25§ = gjro'v") +

©(29arv™ 0% — giediv® — gjav’).
Set ro = |vo|. As 0;gx; = 0 at the point mg, we have at the point (mg, o) = (0, r,0),
9T} = 0.
Combining with (5.11), there holds that
|0.T| < Ce.
Recalling g;; = d;; at the point mg, we obtain
DoJ} = —2r08,6% + rgpde(8) — 616;) +
rocp(26;(5§ — 626; — 6{6;)
= —2rg6,016} + (g — 2r0)64 (8% — 6161) +
7"04,0(25;5; — 62(5} — 6{6}’)
= —27”05;5%5]14 + (tan o —To SeC2 ro — 27’0)(5;(5; - 515]1) +
(ro — tan ro)(25}15§ - 526; — 5}5}‘)
Ifa=1,
Dljji = —2r05§(5]1- + (tanrg — rosec® rg — 27"0)(5;- — 511'5]1-) +
2(rp — tan ro)(éé - 6;{6]1-)
= —2r05§6; + (—tanrg — g sec? 7“0)(5;» - 6;6]1)
Observe that Dljj =0 if i # j. Thus we only consider the case i = j.
D1 J¢ = =218t + (—tanrg — rosec? ro)(1 — &%)
= =278 — (1 —6%) + B(9).

Together with (5.12), this gives (5.5).
If a > 1 (we note by 3)

DT} = (—ro+tanro)(d50] +067).

In particular, ngji # 0 except when i = 1,5 = f or i = 3,j = 1. By symmetry of 7,
it remains to prove the case i = 3,5 = 1.
nglﬁ = —rg—+tanry
= —7+ B(9).
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Now by (5.12), we get (5.6).
Let us compute the second order derivatives of jf Differentiating (5.16) twice with
respect to z, one has

2T = —0%gmv™'sl + [(2|f|2 - Q‘L;P)aaglhdvhabgpqvpvq N
%aibgpqv%qmyp&; — girv'v®) +
%abgpqupyq((%gkwkvl(;; _ aagjkvivk) n
%aagpqv%q(abgkwkvlfs; — pgjrv'vt) +

cp(@%gklvkvlé; - nggjkvivk).

Evaluating at the point (mg, o) = (0,79, 0), and by virtue of (1.12), we have
82 j'L _ 282 67 70873082 57 62 61
v = —T9091105 + 9 bg11(8; — 0107) +
7"(2)80(531;9115; - 32;,91'15%).
Ifa=11<b<norl<a<n,b=1,since 02,91 = 0 at the point (mq,vp), we thus
obtain 03, = 0 or 92, J; = 0. From (5.13), we derive |03, J| < Ce or |92, T| < Ce.
Ifa,b>1, for j =1,
OupJi = —T50agn101.
Together with (1.4) and the first expression in (1.13), it follows that
OLTl = 2028w + Ble).

As a consequence, 9%, Ji = B(e) if i > 1 or a # b, thus [0%,Jf| < Ce. It suffices to
consider the case ¢ =1 and a = b.

9 Th = 22 4B

= 212 4+ B(e +9).

Making use of (5.13), we infer the first inequality in (5.7).
For j > 1, by the symmetry of J, we assume that ¢ > 1. Recalling (1.13),(1.4), we
derive

agbjj = 27’(2)5ab6; — rgng(Lbé; — 21"(2)4,05(1{,5; + B(e)
= (27"3 — 27"34,0 — rg’gb)éabé;- + B(e)
= (rotanrg + r sec? To)éab(?;- + B(e).
Note that 82bjji = B(e) if a # b or i # j, thus it suffices to consider the case a = b and
i=j.
33TS = rotanrg + rgsec® ro + B(e)

= 72+ B(e+9).

Exploiting (5.13), we infer the second expression in (5.7).
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Differentiating (5.16) twice with respect to = and v respectively, one has

L
V|2

9aDy T} —20, 9510”0} + (g — ﬁ)aaglhvlvhgbpvp +

f’flaagbpvp]wa; — gpuioh) +

%gbpvp(2aagklvkvl(5§ — Bagjkvivk) +
ﬁaagpqvpvq@gbkvk(s; - gjkézvk - gjbvi) +
@(23a9bkvk5§' - 8agjk517;’0k — Ougjpv").

Evaluating at the point (mg,vy) = (0,70,0), and together with the fact 9;gx; = 0 at the

point my, this yields B
0aDpJ; = 0.

Combining with (5.11), we get
|8anj| S CE.

Differentiating (5.16) twice with respect to v, one has

P
v[?

i ; %
ng*jj = _29ab5;' + [( - W)gapvpgbqvq +

mgab](|V|25§ — girv'v®) +

ﬁgbpvp@gakvkcﬁ- — gjr0iv" — gjav') +
£ p(2 k:(;i . 61 k_ . i) +
|V|gapv GvkV 05 — Gjk0pU gjbv

©(29ab6; — gjabh — g;04)-
Evaluating at the point (myg,vp), and using the fact g;; = d;; at the point my, there
holds
DT} = —20a0% + (1@ — 109)6a04 + Todas] (85 — 816) +
ropdy (26407 — 648} — 616%) +
ro@o, (20465 — 0305 — 610%) +
©(260507 — 6,65 — 5,65).
Ifa=b=1,
D3J} = =260 +12¢(8h — 816%) + 4rop(8L — 618}) +
2p(65 — 515}-)
= —256{0} + (rg@ + drog + 20 — 2)(6} — 516))
= —25{(5]1- + (=270 tan rg sec® rg — 2 sec? 7"0)(5;- - 515;)

Notice that D%ljj = 0 if ¢ # j. Therefore, it suffices to consider the case i = j.

D} Tl = 26 —2(1-6}) + B(6)
= =2+ B(9).
Together with (5.15), we deduce the first inequality in (5.8).
Ifa=1,b>10ra>10b=1. In view of Dibjji = Dﬁajji, we only need to consider
the case a = 1,b > 1.

DT = (g + )63 + 6100,
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As a consequence, D%bjji =# 0 except wheni=1,j =bori=0>b,57 = 1. By the symmetry
of 7, it suffices to consider the case i = b,j = 1.

DLJIP = —(rog+¢)
= sec? ro—1
= B(9).

Combining with (5.15), we get the second inequality in (5.8).
Ifa,b>1,
Dibjji = 2(p— 1)5,11)5;» + r0¢6ab(5§ — 6%6}) —
P(8,05 + 6,07).
Observe that ngjji # 0 except when a = b,i = jora # b,i =a,j=bor a#b,i=

b,j =a.
The case a =b,i =5 :

DTl = 20p 1) +rop(1 - 81) — 204,
t t ;
= —2% + (M —sec?rg)(1 — %) +
0
t .
2 anry 16
To

= —(1-48%) —d + B(9).

Combining with (5.15), we get (5.9).
The case a # b,i £ jyi=a,j=bora#b,i#ji=bj=a:

DTy = Dzzzbj: = —¥
t
_ tanmg
To
= —14B(9).
Together with (5.15), we derive (5.10). This ends the proof of Proposition 5.1. O

5.2.2 Proof of Theorem 5.1

In this subsection, we are going to prove Theorem 5.1. Assume that the curvatures
of M satisfy (1.3) and (1.4). Fix any couple (k,a) € N x (0,1), with & > 2. Let
(podvol, pydvol) be a couple of C*¥@ positive Borel probability measures on M.

As mentioned in Chapter 3, the MTW tensor on nearly spherical manifold satisfies
the A3S condition. Thus the condition of Lemma 5.3 is satisfied. Granted Lemma 5.1,
to complete Theorem 5.1, it is sufficient to prove (5.2).

Fix (t,m) € Z x M. Note that the left side in (5.2) is related to the initial Jacobi
matrix Jy, i.e.

det dy, v, €xp,, = det Jo(m, V,ug, 1).

It is also useful to recall that the gradient of u; at m locates in the injectivity
domain at m. Then by the Bishop’s theorem, detdy, ., exp,, is uniformly bounded
from above by 1 if M has non-negative Ricci curvature. As mentioned in Section
1.2.1, we know that detdvy, ., exp,, is positive. But detdv, ., exp,, may not has a
positive lower bound. Recall det Jo(m, v, 1) vanishes if (and only if) exp,, v is conjugate

to m. Hence, the estimate (5.2) is not obvious. For instance, on the round sphere
sin |V, uy )n—l
|Vm“t‘
Observe that the assumption (1.3) infers that the length of gradient V,,,u; is strictly
less than 7. Making use of Lemma 1.2, the estimate (5.2) is obvious if max{|V,,u;| :

me M} < %’T. Thus, without loss of generality, we assume that there exists at least a

S™, detdv,, u, €xXp,, = ( is close to zero as |V,,u;| approaches .
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point such that the length of gradient Vu; at that point is not less than 37

Proof of Theorem 5.1. We assume that there exists at least a point such that

the length of gradient Vu, at that point is not less than 2%, We will use the method of

maximum principle to prove (5.2). We need to constructed an appropriate test function.
Let J(m, Viuy) = —|Vimu|2S™H(m, Viuy, 1). Consider the minimization problem:

min{(T€,€) - (m,€) € TM, °F < [Vl |6l = 1,ELV ).

Suppose that the minimum is attained at the point (mg,&p). We consider the test

function: ( Vi )2
JE &) + (& Vu

&) = \€|2_<5,Vut>2t '
[Vu[?

Then h attains the minimum at the point (mg,&y) in a neighborhood of the point
(mg, &) in TM. To see this, let £+ be the orthonormal part of &. Then

1 oel
&+
By continuity, the test function h attains the local minimum at the point (mg,&p) in a
neighborhood of the point (mg, &) in TM.

The minimum h(mg, &) has a nice explanation, that is the second eigenvalue of the
self-adjoint operator 7. Specifically, as h is bilinear on the orthogonal complement sub-
spaces (V,,us)" with respect to &, thus the minimum h(mo, &) is the second eigenvalue
of the self-adjoint operator J(mg, V., u:) with the associated eigenvector &.

As a consequence of the above explanation, a necessary condition for (5.2) is that
the minimum h(mqg, &) has a positive lower bound. Thus (5.2) is transformed into the
positive lower bound of h(mq, &p). Notice that the minimum h(mg, &) has to be positive.
To see this, from the Hessian Comparison Theorem, we know that —S= is not less than

%I —1 which is positive definite when rg = [V, us| € (5, 7). Thus the minimum
h(myg, &) is positive.

In view of (5.4), we deduce

To Sin rg To Sin rg

— Ce < h(mg, &) < —

< + Ce, (5.17)
cos T cos T

where ry > ?jf.

Since the real value function —T:O‘# is decreasing in (7, ), thus the right inequality
infers that the minimum h(mg, &) has a positive upper bound. If h(mg,&y) has a
positive lower bound which is independent of the densities, by choosing ¢ sufficiently
small, the right inequality also infers that ro < 7 — § for some 6 > 0. This is the uniform
gradient estimate.

In order to differentiate the test function h, it needs to rule out the boundary case.
Since the function —Z3LL s decreasing in (Z,), the left inequality in (5.17) ensures
that we can assume that ro > 7 — 4,0 <0 < 7.

Henceforth, we will drop freely the subscript ¢.

Vingu )

Take the Fermi coordinate system x along the geodesic exp,, (s o)
TYLO

Some local notations
Components of some tensors in x will be denoted by:

_ 7t 9 LA vi) J 9 % J 9
grad u =V u(m)—axi,vmu = Viu(m)dz’ @ —— By ;8 =8 (m,v,1)dr’ @ prk
, 9 , 9 , )

— 7i iw Y 9 — i j _ i J
J = Jj(m,v)dx ®8x“H Hj(m)dx ®8 -, F = F;(m)dz ®8x“

where, 1} = Viu+ Si, H.F; = 6.
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Fix £ € T, M. The coordinate of £ in the Fermi coordinate system x is denoted by
& =¢9;. Then

(TEE) = T gap€P€P |E° = gap b, (€, Vu) = "V qu. (5.18)

In the following all terms are evaluated at the point (x,v) = (0,79,0). It will be
implicitly understood throughout the calculations. The components of &, are denoted
by &, i.e. & = £5i, &5 = 0.

The first derivative condition
Differentiating the test function h with respect to z?, the first derivative condition for
the critical point could be read as:

(0:T§ + DpJgVEWESES = 0. (5.19)

The second derivative condition
Differentiating twice on the test function h with respect to x* and x? respectively, the
second derivative condition read as follows:

0< I+ I+ 11T, + 1V + Vi, (5.20)
where
L = —{J&, &) Fio2gaptsel + Fio%gan TEESEL,
II, = —FloThViuD, Jeeses + Fio2ggeses,

III, = 2FViud;DyJ5EEs,
1 ) .

Vi = 201+ 5(J6,6)F;ViuVhus e +
0

FViuV{uD{ J5EED
Vi = Fio;VEuDJSESES.
At the point mg, the potential function u satisfies the equation:

det Jy det(H!) = 22, (5.21)
Pt

It is clear that the positive definiteness of the the matrix (H;) implies that Viu is
strictly greater than —1. We will also require the following expression:

1 0
8(0,70,0,1) = {0 SE‘} . (5.22)
Note that —S+ = —(S%) has a uniform lower bound under the curvature assumption
B

(1.3). Indeed, from the Hessian Comparison Theorem, we know that —S+ is not less

than —=2c2220 ], 1. Making use of the fact that the real function —Lcost is increasing
S 0 sint

us

in (3, ), we have for ro > %"7

-St> ?%In_l. (5.23)

We will calculate each term from I; to Vj.
The term I; Since g;; = §;; on the axis and J, = 0 at the point (0,70, 0), the term I;
can be written as:

It = (T 60, £0) F 02, 90pE0E0 + F5 024900 THEGEs -

Making use of (1.14), it follows that

2 2
Il - §<j§0, €0>~F$Rtpaw5£8‘§g - gflthpawbjﬂnggg
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Together with the curvature assumption (1.4), the positive definiteness of (F}) and the
uniform bound for the norm of J, we have

LS 3(T608)F2 - 5 (T60 6 FREEL -
S\ T60, 60V F2 + SFSTFEGE + CeF
= (T L) FREE + SFLTSERE + CeFy
< 2T - )60 EVFFEREL + CeF,

where the last inequality follows from (5.4).

By virtue of (5.4) and the positive definiteness of (F}) again, we derive that there

exists a universal constant such that the following upper bound holds:
I < CeF§. (5.24)

The term II; There are two terms in I1;. Proposition 5.1 derives that the second term
is bounded by 72F% + C(e + §)F;. We mainly deal with the first term. By the first
expression in (1.15) and Vu = (rg,0) at the point mg, we get

~Fio,TEVuD JSESE) = —roFiRE, DrJSESES
= —r0F RL, D1TSEGES — roFiRG Do TSEGE)
< =T FE 4+ Cle + 6)F,

where the last inequality holds because of (1.4) and Proposition 5.1.
Thus we derive that there exists a positive constant C' > 0 such that the following
estimate holds:

IIl S 7T(7T—7"0).F3+C(6+5).7:Z
< Cle+6)F. (5.25)
The term I1]; Using that f;Viu = (5}'€ - }'}Si, the term I11; becomes:

11, = 20, D JSES €S — 2FISL0: Dy IS8 €S-

It is easy to see that the first term is bounded by Ce by Proposition 5.1. For the second
term, Sy is unbounded as the gradient goes to the conjugate locus. From FS = ST'SFS
and the boundedness of S™1, we infer the existence of a positive constant C' such that:

I, < Ce(1+ FiSES]).
Let us observe that the following identity holds:
FiVbuViu = Viu-S8f+ FiSks]. (5.26)
In particular,
FiVouViu = H§—285 + FiSrsy
By (5.23),(5.22) and the positive definiteness of (H}), (=S§), we get
I, < Ce(Fl + FViuviu). (5.27)

The term [IV; Splitting the negative term f;Vqu{uDzljgfgfg into four parts,
we get
IVi = FiViuViuD} J5eel + 2F iV uviuD}, J5eqes +
FIVuViuD? Jseses + Y FiViuVi,uD?, Jgeses +
pFEY
1 _ .
21+ -5 (T0. ) F Vi uVpués.
0
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Using Proposition 5.1, we infer that there exists a positive constant C such that

Vi < [Cle+d)—2

;V}uV{u +

(T, &) — FViuViu.

[ o

[C(e +0) +

oN

r
In view of (5.26), it follows that

FiViuViu = Hi—2+FL
For ¢ and ¢ small enough(e,d < &), by the positive definiteness of (7—[;), we get

vy < [Cle+0)—2)(Fl —2)+ (5.28)

(Cle+0)+ 3(T6.€0) — UFVeuTho
The term V; The term V; involves the third derivatives of u. After commuting the
third derivatives of u, the term V; can be written:

Vi = Fl(OxViu + roRE ) Dy TS ESES.

We first compute the third derivative. In the Fermi coordinate system x, the deter-
minant of the positive matrix (gi;),, ;<,, is denoted by |g|. Recall the equation (3), by
definition of detdy,, , exp,,, the potential function u satisfies the Monge-Ampere type
equation

det Hess(9y = l91(x)po() .
' V910X det(Dy X)pr(2)

By taking the logarithm and differentiating the associated equation with respect to the
variable z* at the point (0,7¢,0), we obtain

(5.29)

Ikpo (1 —1)0kpo + t0pp1 (0 XP + Dy XPVu) B

f;@kvzu B Po Pt
BP(0xDp X9 + DY X IV ) + FiSES) 0 AL +
F;S18) DI APV u
— p
_ 3,1;0/)0 e t)ak/)o;ztapplakX — BPORD, X +
FiSISI0p AP + (= O DX BYD? X1 +

Pt
FiS18) DAYV u,

where the matrix (BE) is the inverse of the matrix (D;X") and (A?) is the inverse of
the matrix (S7).
Thus we get the following simplified expressions:
[3kpo B (1 —1t)Okpo + tOpp1 0K X?
Po Pt

FiSISIONAY| DTS ES + (

Vl = - BgakDqu +
tdppr D XP
Pt

FiSISIDIAP\ uDy TSES €Y + roFiRE Dy TS €S €S .

2
— BED% X+

By the critical condition (5.19), Lemma 4.3, Lemma 4.4, Proposition 5.1, Cauchy-
Schwarz inequality, we deduce that there exists a positive constant C' such that
Vi < CM+C(e+0)F +[C(e+0) —m?)Fe + (5.30)
Ce+ 5)f;V§"uV£u,
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where 9 = max{max; |dlog po|, maxy; |dlog p1|}.
Plugging the upper bounds (5.24),(5.25),(5.27),(5.28),(5.30) into the inequality (5.20),
we obtain the following inequality:

0 < 4+CM+[AC(e +6) — 2JFf +[3C(e +6) — T FL +
2 P .
[3C (e +0) + 772<a7§0,§0> - 1)F;ViuViu
0

= 4+ OM+ [AC(e +6) — 2JF! + [3C(e + 8) — 72| F +

1., , 2 1., ‘
[3C(e +0) = SIFViuVau+ (5(T, o) — 5)F; ViuViu.
0
Fix e < %, 0 < %. Therefore, we get the inequality:
0 < 4+Cm-2Fly (1 - ) Fe — Lrisesi 4
— 3 1 4 ™ « 4 ] % «
2 1, -
(=5(T&0,80) — 5)F;ViuViu
g 2

1__. ; 2 1. . )
< 4+CMm— ngsfs,z + (%(«750,5@ — ) FViuviu.

2
If (T7&,&) > @, there is nothing to prove. We only have to consider the case
2
(T &0, &) < (W—T(S). Observe that the last term is non-positive in this case, thus

1 i ok oJ
0 < 4+C£m—1fjsi8;.

By the inequality of arithmetic and geometric means and the equation (5.21), we get
that there exists a positive number C' such that

, P~ 1
FiSks! > (min{1, 27—
e po” (T, Eo)w
. cn min{l,%} . .
Thus (J&o,&o) is bounded below by 6 = <T6rac) - In conclusion, we just need to

choose €, such that 0 < £ < 51,0 < § < min{zi5, T —2v/d}, then the estimate (5.2)
is proved. By the continuity method, we prove Theorem 5.1.

5.3 The smoothness of the optimal transport map on
product manifolds

In this section, we investigate the smoothness of the optimal transport map on Rie-
mannian product manifold of nearly spherical manifolds. By Lemma 5.1, the regularity
of the optimal transport map reduces to (5.2) and (5.3).

Let (Mj,g) and (Mz, §) be two closed Riemannian manifolds of dimension n; > 2
and ny > 2 respectively. Suppose that both M; and M, satisfy (1.3) and (1.4).

It is known that the sectional curvatures of M; x Mjy are non-negative and may
vanish. Using Corollary 3.1, the corresponding MTW tensor satisfies ASW condition
and may vanish on some directions. Moreover, the MTW tensor is non-negative.

The non-trivial cut locus and the vanishing of MTW tensor are the main obstacles of
the smoothness. The strategy is to establish that the optimal transport map uniformly
stay away from the cut locus by the maximum principle. This result allows to derive
the uniformly second order derivative estimate. Then the method of continuity implies
the smoothness of the optimal transport map.
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5.3.1 Preliminary

In this subsection, we recall some facts about product Riemannian manifolds.

Let (M, g) and (Ma, §) be two complete smooth Riemannian manifolds of dimension
n1 > 2 and no > 2 respectively. It is well known that the tangent vector space has the
decomposition

\V/( {0 ,m) S M1 X MQ, T(m,m)(Ml X Mg) = Tﬁ«,Ml @TmMg

Denote by (M; x Ms, g) the Riemannian product of (M, ) and (Ma, §). We denote
by ~ and A the projection mappings of T'(M; x Ms) to TM; and T M, respectively. For
vector fields X = X + )?, Y=Y + Y on M; x My. And the Levi-Civita connection V
of (M1 x My, g) is given by

VxY = 6;5} + 6)’(\?,

where %, V denote the Levi-Civita connections of M, M5 respectively.
In addition, the Riemannian curvature tensor Riem of M; x M, takes the form

Riem(X,Y, Z, W) = Riem(X,Y, Z, W) + Riem(X, Y, Z, W), (5.31)

where PG'EHL Riem denote the Riemannian curvature tensors of M, M5 respectively.
Let v(t) = (3(t),5(t)) be a curve on M7 x Ms. By definition, ~ is geodesic on
M x Ms if and only if 7,7 are geodesics on M7, My respectively. Moreover, the tangent

~

vector field J = (i J) € T, (M; x My) is Jacobi field along the geodesic v if and only
if J e T;;Ml, Je T;Mg are Jacobi fields along the geodesic 7,7 respectively.

The Jacobi matrices with the initial conditions on Riemannian product M; x My
can be described by ones on M; and M,. More precisely, we have the following result.

Lemma 5.4. Let v(t) = (3(t),4(t)) be a geodesic on My x M. Let the orthonormal
vector frame field {é1,€s,- - ,€,,} in T5M; be the parallel transport along 4 with & =
% and the orthonormal vector frame field {€,,41,€n, 42, ,€n,4n,} @ T5Ms be the
parallel transport along 4 with é,,41 = ﬁ Then the vector frame field {e; = %l,eg =
€2, »€ny = én1;6n1+1 = Wl‘("ﬂél - H/|én1+1)aen1+2 = én1+2’ T Clnydng = én1+n2}
in Ty (My x My) is an orthonormal parallel transport moving frame along ~v. Moreover,
the Jacobi matrices with the initial conditions Jy and Ji takes the form:

Ta(t) = (jao(t) fa0<t)> =01,

where ja and ja are the Jacobi matrices with the initial conditions on My and Moy
respectively.

Proof. The Lemma follows from (1.7), (1.8) and the decomposition (5.31). O

As a direct consequence, the Hessian of squared distance on M; x My can be de-
composed into the Hessian of squared distance on M; and M.

Corallary 5.3. Suppose the same assumptions as in Lemma 5.4 are satisfied. Given
m = (m,m) € My x Ma,v = (9,0) € I(m), let S(m,v,t) be the linear operator from
T7My to Tz My whose matriz in the orthonormal basis {€1(0),é2(0), - ,&,,(0)} is
given by tJo(t) "' Ji(t) and §(m, D,t) be the linear operator from Ty, My to Ty Ms whose
matriz in the orthonormal basis {€1(0),é2(0),--- ,én,(0)} is given by tJo(t)~1Ji(t).
Then _ N
S(m,v, 1) =S(m,v,1)+ S(m,0,1),

where S(m, v, t) is the linear operator from T, (My x Ms) to T,, (M x Ms) whose matriz
in the orthonormal basis {e1(0),e2(0), -, €n,tn, (0)} is given by tJo(t) "1 J1(2).
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5.3.2 Uniform stay away estimate

In this subsection, we will settle the estimate (5.2). Even through the cut locus of
M x Ms is non-trivial, we will prove that the optimal map uniformly stay away from
the cut locus by the method of maximum principle.

Fix any couple (k, ) € N x (0,1), with k > 2. Let (podvol, p1dvol) be C** positive
Borel probability measures on M; X Ms. Fix t € Z,m = (1h,7) € My X M.

Note that the left side in (5.2) is related to the initial matrix Jy. Actually,

detdv,, u, exp,, = detJo(m, Vyuy, 1)
= det Jo(ri, Viue, 1) det Jo (i1, Vg, 1),

where the second equality follows from Lemma 5.4.

It is also useful to mention that the gradient of u; at m locates in the injectivity
domain at m. Then by the Bishop’s theorem, det Jo (72, Vynuy, 1) and det Jo (2, Vg, 1)
are all uniformly bounded from above by 1 1f both M; and M5 have non-negative Ricci
curvatures.

By the description of Jacobi fields in Section 1.2.1, we know that the discriminants
det Jo(m, Viug, 1) and det Jo(m Vmut, 1) are all positive. Thus the positive lower
bound of det dv, ., €xp,, is equlvalent to the positive lower bounds of the discriminants
det Jo (., Vimug, 1) and det Jo (2, Vug, 1). But det dv, u, €Xp,, may not has a positive
lower bound in general. Since det Jo(m, v, 1) vanishes if (and only if) exp,, v is conjugate
to m, so the estimate (5.2) is not obvious, for instance, on the Riemannian products of

is close

sin |[Vsue| \ng—1/8in |V ue| \no—1
N . ( IV e ) ( IV e )
to zero as |Vue| approaches m or |Vy,ue| approaches .
We will use the method of maximum principle to prove (5.2). It needs to construct
an appropriate test function.
Henceforth, we will drop freely the subscript ¢.
Before showing the estimate (5.2), we give a Claim first.

the round sphere S™ x S™2,detdv,, v, €xp,, =

Claim 5.1. Set J (i, 1,7, 0) = J (m, 7))+ (i, D) where J (i, 7) = —|7|28~(m, 7, 1)
and J (M, 0) = —|0|2S~ (M, 0,1). Then the minimum

min{((J€, &) + 7% — |V,nul? )(< £&) +7° - |?mu|2) :
(£,€) € T“ Ml x Ty M2a Els =1 =€, 3, Viau) = 0 = §(€, Vinu),

|VmUV> |VmuV>‘*}

has a positive lower bound §1 which depends on the densities and ni,ns.

Notice that both (J¢,€) and (J&,€) have to be positive. To see this, from the
Hessian Comparison Theorem, it follows that —S*(the restriction of —S to (]RV,,LU)
in T M) is not less than — "5 T, 4 which is positive definite when r; = |Vmu| €

sin ry
(5, 7). By definition of J, we know that (JE,€) is positive. Similarly, (J¢,¢) is also
positive.
By virtue of 1) in Theorem 4.1, there exists a positive number C such that, for any
(Eaé-) € T My X T3 My, ‘§|ﬁl =1= ‘§|ﬁh

_7‘1 S 71 _Ce S <j£, €~> S _’/‘1 S111. 71 -‘1-05, (532)
cos T CcoS T

JASSL e < g€ ) < SRS L o (5.33)
COS 51 COS §1

where r1 = |[Vue| > 25 and s = |[Viue| > =
Since the function — Lrsing is decreasing in ( ), thus the right inequalities in (5.32)
and (5.33) infer that both <j§, €) and (J€,€) are bounded from above by some positive
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constant. In such case, we infer that max{ry, s} < — 6 for some § > 0. These are the
uniform gradient estimates. R

Proof of Claim 5.1. Tt is clear that the minimum of ((J€,&) + 72 — |Vsul2)((TE, &) +
72 — |Vmul?) is attained and finite. Let (g, 0, &0, &) be the minimum point. We
consider the test function:

(TE.€) + (€, Vu)?

— 2 1%7,,12
[Vul?
(TEH+EVe? | 5 e
log( = [Vaul).
o (& Vu)?
i - S

Then h attains the minimum at the point (mo,mo,éo,éo) in a neighborhood of the
point (g, 10, &0, &) in T(M; x My). To see this, let £+ be the orthonormal part of &
in Ty, M7 and £+ be the orthonormal part of £ in Ty, Ma. Then

<~7£L7£J—> . |@u|2)_’_10g(<‘7£J—7£L>

log( ap T e 2= |Vul?) = h(m,¢).

By continuity, we obtain that the test function h attains the local minimum at the point
(Mg, o, o, 50) in a neighborhood of the pomt (Mo, o, o, 50) in T(M; x My).

Note that the terms (J&,&) and (T, &) are all eigenvalues of the self adjoint
operator J. B R o

Set for short:ry = |Vpoul, 51 = |V ul, 72 = (T €0,&0) > 0,52 = (T&, &) > 0,r3 =
2 — 12 53 =m2 — 52

Let z be the Fermi coordinate system in M; along the geodesic expmo(svff—lou)

and y be the Fermi coordinate system in M, along the geodesic exp,;, (s v’;lou). Then
z = (x,y) is the coordinate system in M; x Ms. The associated coordinate system in

tangent bundle T'(M; x My) is denoted by (z,v).

In the following all terms are evaluated at the point (z,v) = (0,71,0,s1,0). It will
be implicitly understood throughout the calculations. The components of &, = (50,50)
are denoted by (£51,£2) ie.

ni+nz
Z 50 a i1 750 Z §0 aym' (534)
i1=1 io=n1+1

It is clear that &' = {(m+1) =g,

We are in position to calculate the derivatives of the test function h. It is clear that
the Claim 5.1 is proved if max{ry,s1} < ng for ny € (0,7). Without loss of generality,
we shall assume that min{ry,s;} > 7 — § where § € (0, §) is determined later.

We give the following notations:the Latin indices run over {1,---,n; + na}, the
indices 41,71, - run over {1,--- ,ny}, the indices i3, jo,--- run over {n; +1,--- ,ny +
na}, the indices aj, B, -+ run over {2,---,n1}, and the indices ag, 32, run over
{’I’Ll +2,---,m —|—n2}.

The first derivative condition
By differentiating the test function h with respect to z?, the first derivative condition
could be read as:

« e% k o ~B ni+1
ro + 173 [(aijﬁll + DpJ5 ! Viwée &'t — 251V U} +

o [(aijgj + DRI VEu)Ege S — 27’1V%u} —0. (5.35)
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The second derivative condition
Differentiating twice the test function h with respect to z' and 2z’ respectively, the
second derivative condition read as follows:

0L Lb+I1l+1IL+1IVo+Vo+ VI, (5.36)

where

1 ) - .
I = -  _F az (e51] D Oflvk oy &P

2 (ra +13)2 J[( Jﬁl + DT, i W& Eo

251 Vi Hl[(0; 750 + DuT) Vi) e — 25 VI Ly —

_ 1

(82 + 83)2

2 Vi) [(0;T52 + DT Viu)E52E8* — 2r1 Vi,

1 i1 92 k fai g 2 San &

Il = To + 73 ‘Fj [aijgalkjﬁlgglgol - TQaijgalﬁlfglfol +

(23jF’72+n - 3fjgp2q2)vp2 uV%2u] +

192

Fil0iT52 + DeJg2Viu)és &y —

152 k oz & 2 S 28:
So + ngé[aijgar“kj’g? 07" — 8281'1'9@252 0 60" +

(20,11 — 6i2jgp1q1 YV ),

q1

1 102 goq far ¢f1 k7l i Foy &
1112 = - r3fj (a”j 1150150 - @Fllv 'U/ij 1160 1501) +
1 i (92 Fag & kol Fog &
59 + 83-73'(31‘]«76;2532502 — oIV UijgffngoQ)v
2 iv7J a1 Foy &
Vo = T Viudi DeJg 60 & +
2 y .
i as fan £
m]:jvkuakajBffo2502’
1 ik j 2 gorfor
Vo= e FVATuDR T &

/r‘ . ~ ~ .
21+ )V uVh u€g g — 2V uVi,ul +
1
1
So + S3

2(1+ i%)vg2uvg2u532£02 — 2VF UV ),
1

FiVEuViuD J52 €02 66 +

1 7 ay Fay &P
VI, = - FOViuDJ5 66" — 20,V uV i) +
1 4 2 fan £ k1
g (0;ViuDy J52E5285% — 20,V uV, u).

The potential function u at the point mg satisfies the equation:

det Jy det(H?) = %. (5.37)
t

Notice that the positive definiteness of the matrix (H ]’) implies that both V}u and

Vgxﬁgu are all greater than —1. We will also require the expression:

1 ~0 0 O
0 8* 0 0

8(077’1,0781,0,1) = 0 8 1 0 (538)
0 0 0 8
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Note that —(ggll) and —(35;) are both uniformly bounded from below under the cur-
vature assumption (1.3). In fact, from the Hessian Comparison Theorem, we know that
—(8;‘11) > —%In_l and —(ng) > —%In_l. Making use of the fact that the
tcost
sint

real function — is increasing in (%, ), for min{ry, s1} > 2T, we have

o 3 2o 3T
~(851) = T, —(832) = Tl (5.39)

We will cope with I to VI term by term.
The term I, It is obvious that I is non-positive. That is

I, <0. (5.40)

The term I, Since g;; = d;; on the axis and .70%1 = ,§;“+1) = Jff = jf; = 0 at the
point (0,71,0, s1,0), the term II; can be written as:

1 1 ) 5 5 ni ) ~ _
I = ro 471 [ Z ‘Fjl'alzjgo‘lkj& 611501 —T2 Z ‘F;a?jgalﬁl 8”501 +
2T k=2 =2
ni+nz2+n ( |
2 i +1 2
51 Z J-"}(28ﬂ‘£;1+1) - aijg(n1+1)(m+1))] +
i,j=n1+2
1 nitns ) o ni+ns ) o
So+ s [ Z f;afjgwkjgz 32502 — 82 Z ]:]Z‘aizjgazﬁa 32502 +
2 3 i jk=ni 42 i,j=n1+2
n
ri Y Fi20;Th - 950u0)].
i,j=2

By (1.14), it follows that

1 2 i Fan & 2 - i Fay &
Iy = (=3 D FiRioinT5E 6 + 372 D FiRionin & & +
ro+r3s 3 4 3 7 L
1,5,k=2 1,j=2
ni+nz ( N
a ni+
st D FCRSL Y T 2R i) +
t,j=n1+2
1 2 ni+nz _ \ o 2
_Z ‘F,L’Ri()é . sz £B2
52 +83[ 3 .k,Z: i HlioainTpto"50" +
4,J,k=n1+2
2 ni+nz ) o ni '
552 Z ]:;Riazjﬁzg(()mgoz "’T% Z f;(sz'ljl +2Rlz'1j)]
i,j=n1+2 i,j=2
1 2 o S 2 &L o
= (=% D FiRiojn 5 & + 52 Y FiRinyjs 560 60") +
rotr3 3 ¢ 37 L=
1,5,k=2 1,j=2
1 2 ni+ns ) \ o
J— ‘/—_’Z‘Ria . g ¢P2
T I L
i,5,k=n1+2
2 ni+nz ) A
352 > FiRijnb62E0°).
i,j=n1+2

Together with the curvature assumption (1.4), the positive definiteness of (.7-";) and the
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uniform bound for the norm of J, we have

L ——(nF 4 SFRTREE +

%7“2-7:511 - §T2f§11 COLET + CeFS) +
52 _]’-_ S3 (7§SQ~F322 + §f35j£2£32£02 *
;827322 - 282]:522532502 + CeFg?)

= ﬁ(%?&; T 6" - %Tzfgf 01 E + CeFal) +
ﬁ(%f;‘yﬁfég‘%& - 252}"5‘22532502 + CeFS2)

< T - D ) FE &+ e +
T - Do e P+ 0oFD),

where the last inequality follows from (5.4).

By virtue of (5.4) and the positive definiteness of (F}) again, we derive that there
exists a universal constant C' > 0 such that there holds:

<S5 Fory 5 gon (5.41)
ro 4+ 13 B So + 83 2

The term 115 Noting Vu = (r1,0, s1,0) at the point mg, and using the first expression
in (1.15) and the definition of 7, it follows that

1 o -
I, = > Fo5Ts e -
2 ro + 73 (ijzz J 1]‘7/31 50 60

ni
1 Z f;Rflekjilfglfol)"‘
1,5,k=2

1 ni+nz ] o
(Y FoRT&Er -

4,j=n1+2

82+83

ni+nz
i pk as Fao FB2
st Y FiRe, ) DhI5E 607
1,,k=n1+2

In light of Proposition 5.1 and the curvature assumption (1.4), we obtain

1 .

1L, < r2+r3[7r(7r77"1)]:§11+C(€+5)}";11]+
1 .

P [7(m — s1)Fq +Cle +0)F;2]

Thus we derive that there exists a positive constant C such that the following estimate
holds:

Cle+9) 1y, Cle+9) i (5.42)

111, < i s
ro + 173 L So + 83 2
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The term IV; Making use of ]-'}Viu = 511 — f;Si, the term IV, becomes:

2 ~ . o - .
Vo = = (ODRTS & — FiSIODRTS 6 &) +

o DRI " — FiSiOiDRT g E)

2 ny ~ N ny ) ) 5 B
= QO ADITREE — Y FSODJTR S +

27T 0 i k=1
2 ni+ng o ni+nsg o o

— (X ADIREE” - Y FiSODWIGE ).

2T 1 ij k=n1+1

According to Proposition 5.1, the identity FS = ST!SFS and the boundedness of S71,
it follows that

C o C
S AT —

TV:
2 o+ T3 S2 + 83

(14 FiSPS]).

Let us observe that the following identities holds:

FiViuViu = Viu-S8f+ FiSkS]
= M —28f + FiSkS]. (5.43)

By (5.38),(5.39) and the positive definiteness of (H}), (—ggf), (—3522), we derive the
existence of a positive constant C' such that:

Ce
ro + rs

Ce ( (n14+1)
So + 83 (n1+1)

IV, (Ff + FIVHuVi u) +

+ F;V2uVi u). (5.44)
The term V5, By definition of 7, we get

1 2l ) ) o
Vo = > FiVEuviuDR Jg 8 +
2 Ty + T3 [k — J l klY B3, S0 S0

21+ 3)F VI uVh, b & — 2F Vv ul +
1

1 ni+nz —h ) A
[ D FViuV{uD I ErE +
2793 pi=ny+1

2(1 + i—g)f;v;&uv;;zuég%; —2VEI UV ]
1 i j a1 Faq &
= Mt [(IjVMV{UD%jgffolfol +
2FIVuV] uD}, J5 & +
FIV{uVi uD? | TS e e +

P1p1
Y FVEuvy ub?, TG 6+
p1#P1
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2(1 + :—%)f;vgluvgluégléol — 2FIVEuV u] +
1
S2 + S3
2fzvn1+1uvj uD n1+1)L2~752 532602
]:lvwzuvj UD<2Pz¢2ja2532§02
Z ]:1VSO2UVJ UDﬁozwz 0;2532502 +
p2FY2
52 0 2 j Fao & Awdi! j
21+ ) F Vi uV,ugg? 6 — 2F; V5 uVi, u)
1

[(HV?IHUVZHHUD(QTLIH n1+1)\7§;2fg2502 +

Making use of Proposition 5.1, we infer that there exists a positive constant C such that
the following esimate holds

Va

{[C(e +9) — Q]F;V}UV{U +

Toro+rs
2 _ .
[C(e+0) + :1 UFIVO UV, u— 2FiVuvi u) +

S92 + 83 {lCle+0) - ]]:lvnﬂ—luvj LUt

289 . ,
[C(e +6) + ssl UFIV&uVi, u— 2FIVHuv] ul.

In view of (5.26), it follows that

FiViuViu = H—2+F},

Avii ! J _ n1+1 ny+1
FiVIAT UV, quo = Hg o — 24+ Fl

Choose ¢ and § small enough(e,§ < &). By the positive definiteness of (H%), (—ggll)
and (—§g§), we have

—2(FL -2
[ TZ +T3{[C(€+6) J(F—2)+
Cle+06)+ 22 NFIVEuVy u—2(Fpf] —2) = 2FV&uvi u} +
Tl ni+1 gV 2
_9l(Fmtl _
5 T 53 {[Ce +9) = 2(Fp1i1 —2)+
[Cle+6) + 2ﬁ — UFEV2uV),u—2(F] —2) = 25,V uV), u}
1
1
< {84+ [C(e +90) — 2JF] +
ro + 13
[C(e+0) + 2: UFIVO UV, u— 2F"H — 2FiVeuvi_u} +
1
1
8) — 2] Fmfl
52+53{8+[C(€+ ) — 2] F +
259
[C(e +6) + SS UFIV&uVI, u—2F) — 2FIVS UV, u}. (5.45)

1

The term VI, The term V15 involves the third derivatives of u. After commuting the
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third derivatives of u, the term VI, can be read as:

1 ( ] ay cay @B
VIQ - o +T3 []’j(akV§u+r1Rflj)ijﬁl 50 50 —

251F ) (Ony 41 ViU + SlRZﬁim)] +
1

So + 83
2r F (01 Viu + r1 R}y ;)]

[F5 06V + 51 R, 1)) DRT5E07 €6 —

We compute the third derivative. In the Fermi coordinates, the determinant of the
positive matrix (gij),<, ;,, is denoted by |g|. Recall the equation (5.29). By definition
of detdvy,, ., exp,,, the potential function u satisfies the Monge-Ampére type equation

m

det Hess(9y, = l9](2)po(2) . p
t 91(Z) det(DyZ)py(2) (5.46)

By taking the logarithm and differentiating the associated equation with respect to the
partial variable z* at the point (0,71, 0, s1,0), we obtain

Opo (1 —1)0kpo + tOpp1 (0K ZP + D, ZPVu)

Po - Pt -
BP(0yDyZ% + D2 29V u) + FISS) 0, AL +
FiSISI DALY u

FiopViu =

1-—1 t zZP
_ Ikpo . ( )Okpo + Opp10k _ B(z])akDqu +
Po Pt
. 10,01 D1 27
FiSISIOpAD 4 (— 2112 ;t e BrDLZ+

FiSISI DAV u,

where the matrix (BE) is the inverse of the matrix (D;Z*) and (A?) is the inverse of
the matrix (S}). Thus we get the following simplified expressions:

1 1-—-t¢ t XP
VIQ _ 8kp0 o ( )8kp0 + 8pp18k) _ BgakDqu +
r2+73 " po Pt

T SIS] o AL Dr T 667 60" + (

_tap[JlDlXp
Pt

]:;S?SngAg)V%Uijﬁléglgo1 + Tl]:;Rqukj/%lgglgol -

251[3n1+1po (=)0, 41p0 + t0pp10p, 41 X7
Po Pt

. ) td,p1 D XP
Fy 81 S) 041 A7)+ 21 (P =

}-JZ:S?S;;DIAS)VLIHU - 23%}-;R?(1TI<1+1)J~} +
1 6kp0 B (]. — t)akpo + tapplakXp
S2+S3 po Pt

FiSISIONAL DTS +

- BYD2 X+

— BEO,, 41D, X +

+ BPD? X7 —

— BP9y D, X +

. té)ppl DlXp
Pt
FS1S) DAY VD T2 €660 + s1.F Riy; DrT 52667607 —

- BYD2 X7+

[81p0 _ (1 — t)81p0 + tapplﬁlXp
Po Pt

o t0p1 DI X?
FiS1S10, AP + 2r1(7pp1pt l

FiSISI DALYV u — 2ri Fi R}y }-

27“1 — Bg@leXq +

+ BYD2 X7 —
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By the critical condition (5.35), Lemma 4.3, Lemma 4.4, Proposition 5.1, Cauchy-
Schwarz inequality, we deduce that there exists a positive constant such that the fol-
lowing estimate holds:

VI, < !
9 + T3
Cle+ O)FIVIuVL u+ Cle + 6)Fpft +
[C(e +6) — 272 F22 + C(e + 8) FiVe2uvi,_u} +

1

S92 + S3
Cle + ) FiVEuVi u+ C(e + 6)Ff +
[C(e+0) — 27r2]]-“g‘11 +C(e+ 5).7'—;:V?1uv&1u}.

{CM+Cle+8)F +[Ce+6) — | FS +

{CM+ Ce+ )T +[Cle+06) — ] F2 +

where 9 = max{maxns, x r, |d10g po|, maxas, « s, |dlog p1}-
Plugging the upper bounds (5.40),(5.41),(5.42),(5.44),(5.45),(5.47) into the inequal-
ity (5.36),we obtain the following inequality:

0

IN

{8+ CM + [4C (e + 8) — 2|F} + [3C(e + 8) — w2 F21 +
T2 + 73

2 . .
8C(e+9) + =5 = UF VI uVh,u+[C(e+6) - A7 +
1

[C(e+6) — 27°]F32 + [C(e + 6) — 2] F} V{2 uVi,u} +

{8+ CM + [4C(e + 8) — 2JF 1] + [3C (e + 6) — nF22 +

) . .
3C(e +6) + ? — YFIVe UV u+ [C(e + 6) — 2F) +

82+83

2
1
[Ce +6) = 2n%| F& + [Cle + ) — 2 F} Vi uV), u}.

Fixing € < %, o< ﬁ, we get the inequality:

1 50 o o
0 < T2+r3[8+09ﬁ—§f1—1.7:;-81-18&1—1—
2 1, . 1_. ;
(Tig — FVE UV u— FSkS] ]+
1 5o 1 s o
po— [84+ CM — g]-'l — i]—'}SZ *S), +
282 1 i j 1 i ok o
(g — 5)}—jvz UVOCQU* Z./—'.]SI Skl]
1 1 ki
< _ _F'SFSY
S i [8 + CM 4.7-381 Si +
2 1, .
(22 — D) FIVOuvi, u] +
1 2
! [8 4+ Com Lrisksi &
So + 83 47 Ik
282 1 p— .
1

_5\2
If § is small enough, we can assume max{ry, s2} < s 45) . Hence, we have

1 . .
0 < 8+cmt—1f;sf$;.

By the inequality of arithmetic geometric means and the equation (5.46), we get that
there exists a positive number C' such that

. . ~ 1
f;-SfSi > C'(min{1, &}"1i"2 :
Po (7'252) nitng



78 Chapter 5. The smoothness of the optimal transport map

ni+n min P1
Thus ras2 is bounded from below by 6232-5-420—931)*;{11%2} This ends the proof of the Claim

5.1

Proof of estimate (5.2). We will prove the estimate (5.2) in three steps. Fix (7, m) €
M1 X Mg. _

Step 1.We first treat the case:|Vyu| < 71, |Viu| < f; for some constants 71,71 € (0,7).
Using Lemma 1.2 and the definition of determinant, there exists a positive constant

C > 0 such that
. ~ nlfl
s1n~|Vmu| e
IVinul

. ~ ngo—1
sin [Vinl —Ce < detp
[Vinul

IN

det jo,

Recall that real function Ss

enough, we get the estimate. _ R

Step 2.In this step, we will examine the case:min{|Vzul,|Vnul} > 7 —0, for 6 € (0, F)
small enough. Using Claim 5.1, by choosing § small enough, we derive that both the
second eigenvalue of J and the second eigenvalue of J have some positive lower bounds.
By definition of J and j we obtain that both det Jo and det Jo have positive lower
bounds. _ R

Step 3.In the last step, we address the case |Vsu| > 7 — no, |Viaul < 7o for some
constants 7o € (0, ), 72 € (0,7) or |Vinu| < s, |§mu| > m—np for some constants 79 €

is increasing in the interval (0,7). By choosing ¢ small

(0, %), 72 € (0, 7). Without loss of generality, we assume that Vil > 7=n0, |Vl < A
for some constants 79 € (0, §),72 € (0,7). The constant 7y will be determined later.

As same as step 1, for |§mu| < 1)a, the determinant det jo(ﬁz, Vi, 1) has a positive
uniform lower bound. To complete the proof, it suffices to show that the determinant
det Jo (1, Vsu, 1) also has a positive lower bound.

Note that one can prove that the minimization problem min{(J¢,¢) : (,m) €
My x M, € =€+ €8 € Ty, € € TpM, [€ln = 1 = [&],3(§, Viau) = 0,|Viu| > 57}
also has a positive lower bound. Thus as same as step 2, det fo(m, ?mu, 1) has a positive
uniform lower bound. This completes the proof of the estimate (5.2).

5.3.3 Proof of Theorem 5.2

This subsection is devoted to the proof of Theorem 5.2. It is known that the sectional
curvatures of M x M, are non-negative and may vanish, besides its c-curvature is non-
negative and may vanish on some directions. The vanishing of c-curvature are the main
obstacles of the smoothness. We will derive the uniformly C? estimate by estimate
(5.2). Then the method of continuity implies the smoothness of the optimal transport
map.

To begin with, we give a basic lemma.

Lemma 5.5. Let (M, g) be a closed Riemannian manifold of dimensionn > 2. Suppose
that (M, g) satisfies (1.3). Then there exists a positive constant Ay depending only on
n such that, for 0 < e < Ag,if
. 1
|| Riem — 59 B gllezmg) <e, (5.47)

then for every m € M,v € I(m) and every positive definite linear operator F(m,v) :
T,,M — T,,M, the following estimate holds

trSFS +trFR > %tr}',

where R(-) = R(-,v)v.
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Proof. Tt is clear that left side is equal to trF when v = 0. So we assume that v # 0.
Taking the Fermi coordinate system along the geodesic expm(sﬁ).

If || > 3%, set R(:) = R(-,v)v. In view of the curvature assumption (5.47) and the

positive definiteness of the linear operator F, we have

trSFS +trFR > Fl +trFR —cetrF

= Fi+ 7 Z]—'Z’ —etrF

i=2
> (1—e)trF
1
> ZirF,
= 3 T
where the last inequality yields provided & < %
If [v| < 2%, the condition of Theorem 3.1 is satisfied provided ¢ < L From

374y/2(n—1)"

(3.10), we know that

‘ng_j(;1| < 4vn—1( |V| 2
sin |v|
9
< —rtn— g, (5.48)

2

t
sint

where the last inequality follows from the fact that the function
(0, 7). Observe that

is increasing in

S-S = (Jo_l —j()_l)J1+j()_1(J1 _j1)~

By (5.48), Lemma 1.1 and Lemma 1.2, we derive that there exists a positive constant
C depending only on n such that

|IS — S| < Ce.
It is readily to see that S is bounded. Thus
trSFS+trFR > trSFS+trFR — Ostrf
= F g (s, Z]-" + v Z]-" CetrF

Csinfy|
|V|2 n )
Fl+ —5—= Y F —CetrF
sin® [v] <=

> (1-Ce)trF,
oo . . gl 1
The desired inequality follows if we choose £ < min{55, W} O

We now prove Theorem 5.2 by the continuity method. Assume that the condition
of Theorem 5.2 is satisfied.

Let Z be the set of the parameter ¢ € [0, 1] for which there exists a C*¥+2% solution
uz of the Monge-Ampere type equation (5.29) with p; replaced by p; = (1 —t)po + tp1.
To ensure the uniqueness, we assume that | My x M, ugdvol = 0.

It is clear that 0 € Z, so the set Z is nonempty. The openness is derived by an implicit
function theorem [53]. The connectedness of the set [0, 1] will prove the equation (5.29)
admits a C* solution if Z is closed.

In subsection 5.3.2, we have proved the estimate (5.2). By Lemma 5.1, in order to
prove Theorem 5.2, it is sufficient to prove that there exists a positive constant C such
that

Vt€Z, max |V ur +S(m, Vyue, 1)] < C. (5.49)

me My X M-
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From Corollary 3.1, we know that the MTW tensor on M; x M, satisfies the ASW
condition but not A3S condition. Moreover, it is non-negative. Thus the condition of
Theorem 6.1 in Delanoé [27] is not satisfied. We have to prove the second derivative
estimate.

Proof of Theorem 5.2. Suppose that the condition of Theorem 5.2 is established. As
mentioned before, it is sufficient to prove (5.49). Let

d2
H = V3u+ V? 76‘
2
where G is the optimal transport map and the derivative of %”(m) = dz—z(m,p) is with
respect to m and then to take value at p = G(m).
Consider the maximization problem

max{(HE, €)es VUl m € My x My, € € Tpo(My x M), |€|m = 1},

where (3 is a positive constant to be determined later.
Assume that the maximum is achieved at the point (pg, &). Fixing m € My x Ms,& €
T (M1 x M3)\{0}, we consider the test function:

(Hf, €> eg|Vu|fn.
€12

It is clear that h attains the maximum at the point (mg,&o).

Take the coordinate system z = (x,y), where z is normal coordinate system in M
around the point py and y is normal coordinate system in My around the point py. The
associated coordinate system in tangent bundle T'(M; x M) is denoted by (z,v), where
v =1 821' .

Components of tensors will be denoted by:

h (m,ﬁ) =

Vou=V u(p)%, Vf,u = Viu(p)dz’ @ 550
; 0 g O
S =Sjpv,1)dr @ @,’H =Hj(p)dz’ ® 550
where Hj FF = 6L,
Suppose that the tangent vector & = 8%1 . We may also assume that (7—[;) is

diagonal at the point pg.
Let m be in the domain of the coordinate system z. The associated coordinate is

given by z = (z1,---,z™*"2), Fix £ € T},,(M; x Msy). The associated coordinate of ¢ is
denoted by & = ¢' 2. Then
(HE,€) = Higap€"€P, €17 = gar€™€". (5.50)

In the following all terms are evaluated at the point (po, o). It will be implicitly
understood throughout the calculations.

It is clear that the function logh also attains its maximum at the point (pg, &o)-
The first derivative condition
From (5.50), by differentiating the function log h with respect to 2, the first derivative
condition could be read as:

ViH}
Hi
The second derivative condition

Differentiating twice the test function log h with respect to z?, 27, the second derivative
condition can be written as follows:

+ BVEuViu = 0. (5.51)

0>1I3+ 115+ 1115, (552)
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where

I; = —PV]V 5 FIVHI VI,
° Hi (Hl)
II3 = BFNVIViuViu+ Hl]-'lvjsl,
III; = BFIViuV] u+ﬁ]”8Jgk1’Hk Fi0Zg11-

We denote by I3, I3 and 1115 these terms.
Term I3 The term I3 involves the fourth derivative of the potential function u. Making
use of the covariant derivative commutative formula

Viiju = Vijru+ (ViRy, + ViRj;)Vsu +
Rsklefu + RskliV?l +
RgijViu + Ry Viu,
we get:
FiVIViu = FiViViu+ Fi(V,;Riy; + ViR, Veu+
2Fj(R511iju + Rsileiu).
Thus
I; = H (Pvlvf ﬁ]ﬂv HIVIHL) +

1
Hi

2-7:j( sitiHi + Re11; M) —
Q.FJZ(RSHJS? + Rsllij)}.

1 []: (VIR’LIJ + V th)v U+

Differentiating the equation (5.29) twice, we derive

FIViViu = FIN\HIFIVH +Vie— FIvis)

FiFI(ViH])? + Vig — FiViS..

The first term in the above expression is non-negative. Moreover, it can control the
negative term in I3. Indeed,

FIFI(ViH])? - ﬁf’(v H1) ;P (Vi)
— FE(VH i
= FF(ViH])® - (Hl) S(ViHi)? — 7—[1 ;}' (ViHi)?

Y

SO F(VHY + o S F(VHD)? — (VD))
2%1 i>2 Hl i>2
Z}" (ViH] — ViH})%

1 i>2
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where the last inequality follows from

% ST FIVIHY? — (ViHb)

15>
2 .
= ST FINHE - VAHIVIHE + VA
i>2
2 .
= SN FVH - VHNIVHE - VA + 2V
H% 1>2
> 2H12FZV’H ;PVJ-L — VAHL.

As a consequence, we have

L > f%Zf;'(le}—vm})? 1(V¢ FiViS)) + (5.53)
(H1)? & Hi

1
le
2_7:j (Rsi1;ST + Rs11;S;)]
= I31 + I3o + Is3.

[FUV1RS, + VRS Vsu+ 2F} (R H + RayHi) —

We first deal with I3;. After commuting the third derivatives, we see that

ViH! -VH = RE Viu+0S! - 0,51 +

DS} Viu — DS VEu

= RiuViu+ oS! — ;8] -
Dy S} S + DiSiSF +
DypSiHE — DkSll’Hk

= Ry Viu+ oS} —0,8] —
m$&+m&$
DS} M} — DSHHE,

where the last equality follows from the fact that the matrix ('H;) is diagonal at pg.

Note that H1 is the maximal eigenvalue of ('H;) Assume that H1 > 1. From Lemma
5.2, we have

Iz, > —-C—-CitrF. (5.54)
We now treat I32. By a lengthy computation, we get
Vie = 056 +201Dp¢Viu+ D2 oViuViu+
Dy (01 Vhiu — 0 TF Vou).
After commuting the third derivative, we obtain
Vie = 056 +201Dp¢Viu+ D2 ¢Viuviu+
Dy¢(0kViu+ R5 1 Vsu — 0115, Vou)
= 000+ 201Dx¢Viu+ D) 6ViuViu+

Dpd(VFHY 4+ RS, Viu — 0. S; —
DpSiVhu — 01T Vou).
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Making use of the critical condition (5.51) again, it follows that

Vie = 056 +201Dp¢Viu+ D2 ¢ViuViu—
SHIDpdViuV u+ Dy(R5y Vou —
OS] — DpSIVEu — 01T, Vou)
= 0%¢ + 20, Dp¢HE — 201 D6 ST +
Dy ¢(HY = ST)(HY - ST) -
BHI D¢V iuVu + Dy (R, Viu —
kSt — DpSTHE + DpSiSE — 0hTh Vo).

In view of Lemma 5.2, we derive
1
V6 2 —Clloll - CllolIHi - BDVEuT .
1
Similarly,

pg—
FiDpSH(VFHL + Rijy Veu — 9,St —
D, SIVEu — 0, TF Vou)
= —Fi0},S! — 2F 101 DyS]Vhiu — FiD2 SIViuviu +
BHIF D SIViuVu + FIDyS] (R Veu +
oSt + DpSIVEu — 01 T5 Vou).

~FIVIS! = —Fio}4S! — 2F 01 DS} Vi — FiD2 S ViuViu —

Note that the MTW tensor on My X Ms is non-negative. Thus

L

*H%f}V%Sf > —CtrF + BFIDSIViuviu,

By virtue of (5.55) and (5.56), it follows that

Iy > =Cli¢| - CtrF = Cllé|H; —
BDy¢VFuV'u + BFDS] ViuV'u.

For I33, using Lemma 5.2, we get

1 . ,
Is = o7[F/(ViRiy + VR, Vau + 2F (RipniHi + RaniHy) —
1
2F(Rei1iS; + Re11:S)))

> —CtrF.
Substituting (5.54)(5.57)(5.58) into (5.53), we see that

Iy > —C=Cllgll - CtrF - Cllo|H; -
BDr¢VuN'u + BF; DyS! VEuVPu.
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(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

The term I3 We are in position to deal with the term II3. It is readily to see that

1
Hi
D} SIVEIuViu + DpS10;Viu — DpSL ;T V).

II3 = BFINVIViuViu+ 1 FH(058] + 20, DS Viu +
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After commuting the derivatives, we find
II3 = BFINEVIuVFu+ BFIR., ViuViu +

ﬁf’(eﬂ St +20; D S{VEu +

D SIVEuVhu + DSV Viu+
DiS1 Ry, Vu — DyS10;Th V)
= BFIVVIuVFu+ ﬂ]—'lleJVluV u+

ﬁ}"zkaquksll a0
20; DS} V¥u + DS VEiuViu +

DiS1 R} Vu — DiSO;T, V).

.7-"1(82 S+

Differentiating the equation (5.29) with respect to z¥, we deduce
FiViViu = 0wd+ Di¢Viu — FiohSi — FiDSiViu.
Thus
IIs = B(0k¢d+ DiopViu— Piaks? — FiDSIViu)VFEu +

BT} Ry ViuV*u + — DS} (0r¢ + Dy Viu —

le
FiowS! — FIDS!Viu) + @Jm(a2
28»Dk811V’?u + D} SIVEUVIu +
Dy St RV u — D81 0,1, Viu).
Let us observe that
FiViu = oF - FisF, (5.60)
FiViuviu = Hj —28 + FiSFS]. (5.61)
Together with Lemma 5.2, we infer
II3; > —C—-C(1+p)|¢llcr —CtrF + (5.62)

BD Vi uV u — BF0pSIVF u —
BFIDS]ViuVFu + BFIRY, YV uVFu.
The term [1I3 In view of (5.61), we get

Iy = pBtrH —2ptrS + BtrSFS + fla]g,d%k Fiodgn

H
> —CB— CtrF + fH;i + BtrSFS. (5.63)
Substituting (5.59)(5.62)(5.63) into (5.52), we see that
0 > —C(1+p)—-C2+p)e|l —3CtrF +
(B = Cligl)Hr — BF;0S;V u +
B(trSFS +trFR).
where R(-) = R(, Vu)Vu.

Note that Theorem 4.1 and (3.10) imply that there exists a positive constant A
depending only on ni,no such that

|FO.S| < Are max{trF,trSFS}.
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Choosing 0 < £ < Ag, due to Lemma 5.5, we derive
0 > —C(1+p)-C2+p)l¢ll+ (8- Cllol)Hr +

[(% — wAre)f — 3CTF + (% — wA)trSFS,
Taking e < g and 8 > max{2C||¢||,24C}, we get
lolHT < (1+8)+ 2+ 84l (5.64)

Thus the H} is bounded above at the point py. By the positivity of H, thus |H]| is
bounded from above. This finishes the proof of Theorem 5.2.

5.4 The smoothness on C* perturbation of product
Riemannian manifold

In this section, we prove Theorem 5.3. Let (M, g) and (Ma, §) be two closed Rie-
mannian manifolds of dimension n; > 2 and ns > 2 respectively. Let pgdvol and p;dvol
be two smooth positive Borel probability measures on My X Ms. Set (M; x My, g*)
be Riemannian product of (M, §) and (Ma, §) and Riem the corresponding (4,0)-th
Riemann curvature tensor.

Note that Theorem 5.3 is trivial if the optimal transport map on (M; x My, g*) is
not smooth. Indeed, we just take g = g*. Without generality, assume that the optimal
transport map on (M; X My, g*) is smooth.

Let h be a non-trivial C* smooth function on M;. Consider the conformal metric
(My x Ms,g = e 2"g*) with u = —3log(1 + ¢h?). Note that u can be viewed as a
function on My x Ms.

It is clear that g is C* perturbation of g* for e sufficiently small, i.e.

llg — g™ |lcs < e, sufficiently small.

Let o € M; be a point such that &u(mo) < 0. The existence of my follows from
the method of integration by parts. Indeed, if Aw is non-negative on M;. From the
integration by parts, we know that

/ (u— minu)&u = 7/ |Vul?.
M,y M, M,

Thus h is trivial, this gives the contradiction.

Fix a point iy € M. Let z = (z,y) be a local coordinate system where z is the
geodesic normal coordinate system in M; centered at mg and y is the geodesic normal
coordinate system in My centered at my.

It is known that the Riemann curvature tensor Riem" of the conformal metric g is
given by

1
Riem" = e~ ?“[Riem + (V?u + du ® du — 5\Vu|2gx) ® g
Fix i€ {1,---,n1}. Thus
Riemi‘(m_‘_l)i(mﬂ) = e 2 [Viu+ (Viu)? — |[Vul?].

As a direct consequence,
ny
. ~ A —2ur A < 121/ .~
D Riem(,, {1)in +1) (0, 0) = €2 [Au — (ny — 1)|Vul?](1i2g) < 0. (5.65)
i=1
It is known that the A3W condition is a necessary condition of the continuity of
the optimal transport map. Note that the A3W condition implies that the sectional
curvature on plane which is spanned by the mutually perpendicular vector is non-
negative. Using (5.65), we know that there exists some optimal transport map on
(M; x My, e~ 2%g*) with the regular positive probability measures is not continuous.
In conclusion, we derive Theorem 5.3.
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Chapter 6

Perspectives

In this thesis, we mainly prove the smoothness of the optimal transport map on two

classes of compact Riemannian manifold which are nearly spherical manifolds and Rie-
mannian products of nearly spherical manifolds. It is interesting to find other manifolds
such that the corresponding optimal transport map is smooth.

(1)

We list some open questions about the optimal transportation in references.

Does the A3SW condition imply that the injectivity domain is convex?

Loeper-Villani [75] showed that the A3S condition implied that injectivity domain
is uniformly convex in case of non-focal Riemannian manifold. Figalli-Gallouét-
Rifford [38] showed that the A3BW condition deduced that injectivity domain is
convex in case of non-focal Riemannian manifold.

Is the continuity of the optimal transport map equivalent to the A3W condition
and the convexity of the injectivity domain?

Figalli-Rifford-Villani [46] proved that the A3W condition and the convexity of the
injectivity domain is necessary for the continuity of the optimal transport map and
also sufficient in dimension 2.

Does one has the control on the Hausdorff dimension of the singular set?

Figalli [37] proved that the singular set is a 1-dimensional manifold of class C* out
of a countable set in the plane when the target is not convex. But the result is not
known in high dimension.
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