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Chapter 1

Introduction

This thesis is about different aspects of effective algorithms that exploit structure and sparsity to solve
systems of polynomial equations.

Solving polynomial systems is one of the oldest and most important problems in computational
mathematics and has many applications in several domains of science and engineering [Stu02, SWOS].
It is an intrinsically hard problem with complexity at least single exponential in the number of vari-
ables [HM93]]. However, in most of the cases, the polynomial systems coming from applications have
some kind of structure. For example, several problems in biology [PS05. [SFR14], chemistry [Mor(9,
Ch. 9], computational geometry [BT06, |(Can88]||, control theory [GHIZ14], cryptography [KS99, [EJ03],
game theory [Jud98]], optimization [Las00], statistics and learning [[CS02, [DSS09]], and verification and
theorem proving [DMBOS]|| involve polynomial systems that are structured. In this thesis we focus on
exploiting the structure related to the sparsity of the supports of the polynomials; that is, we exploit
the fact that the polynomials only have a few monomials with non-zero coefficients. Our objective is
to solve the systems faster than the worst case estimates that assume that all the terms are present. We
say that a sparse system is unmixed if all its polynomials have the same Newton polytope, and mixed
otherwise. Most of the work on solving sparse systems concern the unmixed case, with the exceptions of
mixed sparse resultants [ER94, Emi96]], geometric resolution algorithms [HJS13]] and homotopy methods
[VVC94, HS9J]. In this thesis, we develop algorithms for mixed systems. We use two prominent tools
in nonlinear algebra: sparse resultants and Grobner bases. We work on each theory independently, but
we also combine them to introduce new algorithms: we take advantage of the algebraic properties of the
systems associated to a non-vanishing resultant to improve the complexity of computing their Grébner
bases; for example, we exploit the exactness of some strands of the associated Koszul complex to deduce
an early stopping criterion for our Grobner bases algorithms and to avoid every redundant computation
(reductions to zero).

In addition, we introduce quasi-optimal algorithms to decompose binary forms; this is the simplest
case of symmetric tensor decomposition, also known as, polynomial Waring’s problem.

1.1 Previous work

In the sequel we overview some of the most important results on sparse resultants, Grobner bases,
solving sparse polynomial systems, and tensor decomposition.

7



8 CHAPTER 1. INTRODUCTION

Sparse resultant. One of the main questions in (computational) algebraic geometry is to decide
efficiently when an overdetermined polynomial system has a solution over a projective variety. The
resultant provides an answer to this question. It is a multihomogeneous polynomial in the coefficients
of the polynomials of the system which vanishes if and only if the system has a solution. We can also
use it to solve square systems. In the case of sparse polynomials, there exists an analogous concept
called the sparse resultant [GKZ0S]]. This object generalizes the resultant to the context of projective
toric varieties [[CLS11) Ch. 2]. The sparse resultant is one of the few tools we can use to solve systems
taking into account the sparsity of the polynomials. Hence, its efficient computation is fundamental in
computational algebraic geometry.

In particular, we are interested in the computation of the multiprojective resultant, as it is defined in
[RémO1, IDKS13,|DS15]], which corresponds to sparse systems consisting of multihomogeneous polyno-
mials. In general, we compute the resultant of a system as a quotient of determinants of matrices whose
elements are polynomials in the coefficients of the input polynomials [Mac02, Jou91, IDDO1} [D’A02,
KS97, ICKOO0, ICK04]; thus the best we can hope for are linear polynomials. A classical example of
such a matrix is the Macaulay matrix, which represents a map of the form (go, ..., gn) — >_; gi fi- In
this case, we say that we have a Sylvester-type formula. Other classical formulas include Bézout- and
Dixon-type; nevertheless, the elements of the corresponding matrices are not linear anymore. We refer
to [EM99Db]| and references therein for details.

When we can compute the resultant as the determinant of a matrix we say that we have a determi-
nantal formula. Such a formula does not exists in general and it is an open question to decide when it
exists. When we consider unmixed multihomogeneous systems, these formulas are well studied; see, for
example, [SZ94,WZ94| I(CK00, DEO3]]. However, in the case of mixed multihomogeneous systems, there
are very few results. We know determinantal formulas for scaled multihomogeneous systems [EM12],
that is when the supports are scaled copies of one of them, for bivariate tensor-product polynomial sys-
tems [BMT17], and some special kind of determinantal systems, for example [[Atk72, Ch. 8]. One way
to obtain such formulas is using the Weyman complex [Wey94]. For an introduction to this complex we
refer to [Wey03| Sec. 9.2] and [GKZO08|, Sec. 2.5.C, Sec. 3.4.E].

Grobner bases of structured systems. The introduction of the first algorithm to compute Grébner
bases in 1965 [BucQ6]] established them as a central tool in nonlinear algebra. Their applications span
most of the spectrum of mathematics and engineering [BW98]. Computing Grobner bases is an in-
trinsically hard problem. For many “interesting” cases related to applications, the complexity of the
algorithms to compute them is single exponential in the number of variables, but there are instances
where the complexity is double exponential; it is an EXPSPACE complete problem [May97], see also
[GG13| Sec. 21.7]. There are many practically efficient algorithms, see [CLO15, Ch. 10] and references
therein, for which, under genericity assumptions, we can deduce precise complexity estimates [BES15].
However, the polynomial systems coming from applications have some kind of structure. One of the
main challenges in Grobner basis theory is to improve the complexity and the practical performance
of the related algorithms by exploiting the structure. This problem was studied intensively in the last
few years. Different examples of the systems for which there are specific algorithms to compute their
Grobner bases include bilinear systems [FSEDS11]], critical point systems [FEDS12], systems invariant
under the action of a symmetric [FS12] and commutative groups [ES13]], quasi-homogeneous systems
[ESEDV13], determinantal systems [FSEDS13]], Boolean systems, [BESS13|], chordal structured sys-
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tems [[CP16], and sparse unmixed systems [ESS14]. Up to this thesis, there were no algorithms that
could exploit the structure of sparse mixed systems.

An approach to exploit the sparsity of the polynomials is to compute Grobner bases over semigroup
algebras [Stu93] [FSS14]. Semigroup algebras are related to toric varieties. An affine toric variety is the
spectrum of a semigroup algebra [CLS11, Thm. 1.1.17]. Hence, the variety defined by the polynomials
over a semigroup algebra is a subvariety of a toric variety. This variety is different from the one defined
by the polynomials over the original polynomial algebra, but they are related and in many applications
the difference is irrelevant; see, for example, [EM99al]. We refer to [[CLS11]] for an introduction to toric
varieties and to [Stu96] for their relation with Grobner basis.

Following [Stu93]], Faugere et al. considered sparse unmixed systems and introduced an algorithm
to compute Grobner bases over the semigroup algebra generated by their Newton polytope [ESS14].
By embedding the systems in a semigroup algebra, they can predict the structure of regular sparse un-
mixed systems and exploit it algorithmically. Their algorithm is a variant of the Matrix-F5 algorithm
[Fau02, IBES15]]. They homogenize the polynomials and compute a Grobner basis, degree-by-degree,
by performing Gaussian elimination on various Macaulay matrices [Laz83]]. They use the F5 criterion
[Fau02] to avoid redundant computations, that is, to skip rows reducing to zero after performing Gaus-
sian elimination. Once they have computed the Grébner basis for the homogenized system, they recover
a Grobner basis of the original system by dehomogenizing the computed basis. The efficiency of this
approach relies on an incremental degree-by-degree construction which, under regularity assumptions,
skips all the rows reducing to zero. One of the properties that they exploit in this work is that, for normal
Newton polytopes [[CLS11} Def. 2.2.9], the homogenization of a generic unmixed system forms a regular
sequence over the corresponding semigroup algebra [CLS11, Def. 9.2.9]. Unfortunately, this property is
no longer true for mixed systems. So, for mixed systems, this algorithm fails to predict all rows reducing
to zero during Gaussian elimination.

Solving sparse polynomial systems. There are different ways of solving sparse polynomial sys-
tems by exploiting their sparsity. These approaches include homotopy methods, for example [VVC94,
HS93]|, chordal elimination [[CP16], triangular decomposition [MB18]], geometric resolutions [HJS13]],
and various other techniques [R0j99,Mas16,[TMVBI8].

Among the symbolic approaches related to toric geometry, the main tool to solve sparse systems
is the sparse resultant [GKZ08]. We can use it to solve zero-dimensional square polynomial systems
(fi,---, fn). For example we can hide a variable or use the technique of the u-resultant; we refer
to [CLOO06, Chp. 3 & Chp. 7.6] for a general introduction. When a Sylvester-type formula is avail-
able, through the resultant matrix, we obtain the matrix of the multiplication map of a polynomial fj in
Klz]/(f1,..., fn). Then, we solve the system (f1,..., f,) via the eigenvalue [Laz81|| and eigenvector
criteria [AS88, [ER94]. These criteria relate the solutions of the system to the eigenvalues and eigen-
vectors of the matrix corresponding to the multiplication map of fy: the eigenvalues correspond to the
evaluations of f at the zeros of the system, and, under some assumptions, from the eigenvectors we can
recover the coordinates of the zeros. Canny and Emiris [CE93]] and Sturmfels [Stu94]] showed that we can
compute the sparse resultant as the determinant of a square Macaulay matrix (Sylvester-type formula)
whose rows are related to mixed subdivisions of some polytopes. Under genericity assumptions, we can
use this matrix to solve square sparse systems by performing eigenvalue and eigenvector computations
[ER94) [Emi96]. Recently, Massri [Mas16l] dropped the genericity assumptions by considering a bigger
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matrix. In all these cases, the arithmetic complexity of the approaches depends on the number of integer
points in the Minkowski sum of the Newton polytopes of the input polynomials.

Alternatively, we can use Grobner bases over semigroup algebras to solve sparse systems [FSS14].
Unfortunately, even in the unmixed case, there are no complexity results for this approach, as the bounds
in [FSS14] miss some assumptions to hold, see Sec.[8.3.1]

Multihomogeneous systems form an important subclass of mixed sparse systems as they are ubiqui-
tous in applications, for example in kinematics [WS11]] and in cryptography [KS99]. Their properties are
well understood, for example, the degree (number of solutions) of the system [vdW78]], the arithmetic
Nullstellensétze [DKS13], and the (multigraded) Castelnuovo-Mumford regularity [HV104, IACGOS,
SVTO06, BC17]. We can solve these systems using general purpose algorithms based on resultants [ER94,
Emi96] and in some cases benefit from the existence of determinantal formulas [SZ94, WZ94]. We can
also use a straight-line program representation of the multihomogeneous resultant [JSO7]] or homotopy
methods [MS87, IHISS02, HR17, ISEDS17]. For regular unmixed bilinear systems, we can compute
Grobner bases without performing reductions to zero [ESEDS11]].

Binary forms decomposition. Symmetric tensor decomposition is an important problem with ap-
plications in several areas, for example signal processing, statistics, data analysis and computational
neuroscience [Coml4]. It is equivalent to Waring’s problem for homogeneous polynomials; that is, to
write a homogeneous polynomial in n variables of degree D as a sum of D-th powers of linear forms, us-
ing the minimal number of summands. This minimal number is called the rank of the polynomial/tensor.
Under this formulation, the problem finds its roots in invariant theory where the decompositions are
related to canonical forms.

In this thesis, we focus on a particular case of this problem corresponding to decomposing binary
forms, that is, to decompose symmetric tensors of dimension 2 and order D. In terms of homogeneous
polynomials, we consider a binary form

D D
flay) =3 (a'y?, (1.1)
where a; € K C C and K is some field of characteristic zero. We want to compute a decomposition
'
fly) =3 (e +Biy)?, (1.2)
where a1, ..., ap, B1,. .., B € K(the algebraic closure of K) and r is minimal. We say that a decompo-

sition unique if, for all the decompositions, the set of points {(c;, 8;) : 1 < j < r} C P}(K) is unique,
where P! (K) is the projective space of K [Rez13al].

Starting from Sylvester in the 19th century [SylO4a, SylO4b|, the decomposition of binary forms
(Eq. (I.2)) has been largely studied for K = C. Sylvester described the necessary and sufficient condi-
tions for a decomposition to exist. He related the decompositions to the kernel of Hankel matrices. For
a modern approach of this topic, we refer to [KR84, [Kun90, Rez13a, IK99].

From the algorithmic point of view, Sylvester’s work leads to an algorithm to decompose binary
forms, see [CM96, Sec. 3.4.3]. In the case where the binary form is of odd degree, then we can compute
the decompositions using Berlekamp-Massey algorithm [Dii89]. When the decomposition is unique, the
Catalecticant algorithm, which also works for symmetric tensors of bigger dimension [[K99, |OO13]],



1.2. CONTRIBUTIONS 11

improves Sylvester’s work. For an arbitrary binary form, [Hel92|] presented a randomized algorithm
based on Padé approximants and continued fractions, in which he also characterized the different possible
decompositions. Unfortunately, all these algorithms have complexity at least quadratic in the degree of
the binary form.

Besides the problem of computing the decomposition(s) many authors considered the subproblems
of computing the rank and deciding where there exists a unique decomposition, e.g., [SylO4a, Syl04b,
Hel92, I(CS11, BGI11]. For example, [SylO4a, [Syl04b|] considered generic binary forms, that is binary
forms with coefficients belonging to a dense algebraic open subset of g7 [CM96), Sec. 3], and proved
that when the degree is 2k or 2k + 1, the rank is k£ + 1 and that the minimal decomposition is unique only
when the degree is odd. In the non-generic case, [Hel92,|CS11},IK99], among others, proved that the rank
is related to the kernel of a Hankel matrix and that the decomposition of a binary form of degree 2k or
2k — 1 and rank 7, is unique if and only if » < k. With respect to the rank, different authors, for example,
[CS11}, ICGLMO8, BGI11]], proposed algorithms to compute its value. They showed that the rank of a
tensor can have only two values ¢t or D — ¢ + 2, where ¢ is the rank of a Hankel matrix. Even though
the authors do not provide complexity estimates, using recent superfast algorithms for Hankel matrices
[Pan01]], we can deduce a nearly-optimal arithmetic complexity bound for the approach of [CS11].

For the general problem of symmetric tensor decomposition, Sylvester’s work was successfully ex-
tended to cases in which the decomposition is unique [BCMT10, (OO13]. For example, [BCMT10]
reduces the problem to find the generators of a linear recursive multidimensional sequence. There are
several ways to do so as Grobner-basis-based methods like the Berlekamp-Massey-Sakata algorithm
[[CLOO6, Ch. 10] and Scalar-FGLM [BBF17]], and border-basis-based methods [Moul7]].

Besides tensor decomposition, there are other related decompositions for binary forms and univari-
ate polynomial that we do not consider, for example, [Gun87, [Rez96, 1IK99, Rez13b| IGKL03| IGR10,
GMKP17].

1.2 Contributions

The contributions of this thesis are along the directions of the previous work that we just introduced, that
is, sparse resultants, Grobner bases, solving sparse polynomial systems, and tensor decomposition.

Sparse resultant. In Chapter [6] we consider mixed multilinear polynomial systems. On the one
hand, this is the simplest case of mixed multihomogeneous systems where no determinantal formula was
known. On the other hand, multilinear polynomial systems are common in applications, for example in
the Multiparameter Eigenvalue Problem related to mathematical physics [Atk72l [VoI8§]].

In the first part of the chapter, Section we study determinantal formulas for the multiprojec-
tive resultant of mixed multilinear polynomial systems. Following [WZ94], we use the Weyman com-
plex, see Def. to introduce determinantal formulas for two kinds of mixed multilinear systems. If
Xq,....,Xqand Y,...,Y pare (A+ B) different blocks of variables, then we consider the following
mixed multilinear systems (f1,..., fn):

1. Star multilinear systems: For each polynomial f;, there is 1 < j; < B such that

fr e KX @ @ K[X a1 @ K[Y j, ]1.
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2. Bipartite bilinear systems: For each polynomial f there are 1 < i, < A and 1 < j, < B such
that
fr € K[X 1 @ K[Y 5 1.

We add an additional polynomial fy, linear or multilinear, and show that the resultant of the new system
is the determinant of a Koszul resultant matrix (related to the maps in the Koszul complex, Prop.[3.3.13).
As the size of the matrix, that is, the degree of the resultant, depends on the multidegree of fj, we derive
determinantal formulas for different choices of fy. We relate the size of the matrices to the number of
solutions of (f1,..., fn) (Sections and [6.1.3). For example, in Lem. we prove that, if we
consider a square star multilinear system (f1, ..., f,) having Y solutions and we introduce a multilinear
fo € K[X1]1 ® --- ® K[X 4]1, then the size of the matrix associated to the determinantal formula of

(fo, f1,---y fn)is )
T (Z#Xi_A-l-l).

i=1
Moreover, T is bigger than (>, #X; — A+1) and so, the size of the formula is polynomial in the number
of solutions.
In the second part of the chapter, Section we exploit the structure of these Koszul resultant ma-
trices to solve square star multilinear systems and bipartite bilinear systems. For that, we generalize the
classical eigenvalue criterion for multiplication maps [Laz81]], see Prop. Our extension applies to a

general class of matrices (Def.[6.2.1)), including the Sylvester and Koszul resultant matrices. Moreover, it
My M2
Mz 1 Ma 2 ]
corresponds to a determinantal formula for (fo, fi,..., fn) such that the diagonal of the matrix M3 2
corresponds to the coefficient of the monomial = in fo, this coefficient only appears in this diagonal,

and the system (a:e, f1,..., fn) has no solutions, then the matrix M ; is invertible and eigenvalues of

relies only on the degree and structure of the associated formula. We prove that if the matrix [

the Schur complement of M o, ij2 = Mas o — Ms1 M1_ 11 M », correspond to the evaluation of % at
every solution of (fi,..., f,). Thatis,

A is an eigenvalue of M3, <= Ja such that {

In the third part of the chapter, Section[6.3] we extend the classical eigenvector criterion [AS88]], see
Prop. to the case of Koszul resultant matrices for 2-bilinear systems. These systems correspond to
the star multilinear systems where A = 1 and B = 2.

Finally, in Section we merge all the tools that we introduce in the chapter to propose a new algo-
rithm to solve the Multiparameter Eigenvalue Problem. The complexity of our approach is polynomial
in the number of solutions.

Grobner basis and mixed sparse polynomial systems In Chapter (/| we study extensions of the al-
gorithms to compute Grobner bases for unmixed sparse systems [ESS14] to the mixed case. We present
algorithms which, under regularity assumptions, perform no reductions to zero.

e Our first extension (Section[7.3)) changes the degree-by-degree strategy (Sec. of the algorithm
proposed in [FSS14]] by a polynomial-by-polynomial strategy, that is, we first compute a Grobner
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basis for the ideal generated by the first 7 polynomials and then we extend this basis to a Grobner
basis for the ideal generated by first (¢ + 1) polynomials. In the language of signature-based al-
gorithms, we change the module monomial order of F5 from <4 (degree-by-degree) to <po
(polynomial-by-polynomial), see [EF17]. This strategy avoids every reduction to zero when the
original (non-homogenized) system is a regular sequence. Unfortunately, this approach requires
to compute using a GRevLex monomial orderings which, as we show in Ex. we can not
define for semigroup algebras. Hence, we introduce a novel Grobner-like basis, that we call scant
Grobner basis. A scant Grobner basis is a basis for an ideal over a semigroup algebra with
similar properties to the usual Grobner basis. Their main advantage is that they allow us to de-
fine GRevLex-like orderings over semigroup algebras with many of the expected properties, see
Sec. .3 To define scant Gribner basis, we need to work with non-monomial-orderings and re-
define the monomial division relation. Hence, a scant Grobner basis is not Grobner basis over a
semigroup algebra. We introduce an algorithm to compute scant Grobner basis for unmixed sparse
systems which, under regularity assumptions, performs no reductions to zero.

e Our second extension (Section[4.6) computes a Grobner basis over a multigraded semigroup alge-
bra; the multigrading is related to the different polytopes of the sparse polynomials. Even though
we embed the system in the multigraded semigroup algebra, the straightforward homogenization
of the input polynomials never results in a regular sequence. Therefore, the existing criteria do
not avoid all the trivial (expected) reductions to zero. Hence, to avoid all the trivial reductions
to zero, we extend the classical F5 criterion (Prop. 4.4.6) by using the exactness of the strands of
the Koszul complex. We introduce the concept of (sparse) regularity, related to the exactness of
these strands, to guarantee that all the reductions to zero are trivial. We present the first algorithm
that computes Grobner bases over these multigraded semigroup algebras which, under (sparse)
regularity assumptions, performs no reductions to zero.

We emphasize that besides the similarity in their name, scant Grobner bases and Grobner bases over
semigroup algebras are completely different objects. In particular, scant Grobner bases are not Grobner
basis over semigroup algebras. Moreover, the corresponding algorithms follow different computational
strategies: to compute scant Grobner bases, we proceed polynomial-by-polynomial, while to compute
Grobner bases over semigroup algebras, degree-by-degree. The assumptions for the algorithms to per-
form no reductions to zero are also different, but both of them are satisfied under (sparse) regularity
assumptions. Last but not least, we can use both objects to solve sparse systems, but we do not have
complexity bounds when we use scant Grobner bases.

Solving sparse polynomial systems We can use both scant Grobner basis and Grobner basis over
semigroup algebras to compute normal forms and so, to solve sparse zero-dimensional system. In Chap-
ter [8] we introduce complexity bounds for solving sparse polynomial systems using our algorithm to
compute Grobner basis over semigroup algebras. We do not discuss how to solve sparse polynomial
systems using scant Grobner basis; nevertheless, we can deduce straightforwardly an algorithm from the
variant of the FGLM algorithm (Alg.[5) proposed in [ESS16| Sec. 4.2]. Unfortunately, we have not bounds
for the arithmetic complexity of this approach, let alone bounds depending on the Newton polytopes.
We build on [ER94] Emi96, Mas16] and, under some assumptions (Ass. [8.1.1]), we propose an algo-
rithm to solve zero-dimensional square systems. Because we work with toric varieties, we only compute
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the solutions lying in (C \ {0})"™. The arithmetic complexity of our algorithm is polynomial in the num-
ber of integer points in the Minkowski sum of the Newton polytopes. Our strategy is to reuse part of
our algorithm to compute Grobner bases over semigroup algebras (Sec. to compute multiplication
maps and, via FGLM [FGLM93]], recover a Grobner basis over the standard polynomial algebra K|x].
As we compute the solutions over (C \ {0})", we do not recover a Grobner basis for the original ideal,
but for its saturation with respect to the product of all the variables. Our algorithm relies on ideas from
resultant theory to avoid the computation of a Grobner basis. Instead, we compute a part of the Grobner
basis which suffices to solve the systems. We compute with a matrix that has the same size as the one
in resultant-based approaches [ER94, Emi96]]. Hence, the complexity of our algorithm is similar to the
one of the resultant-based approaches; however, we do not compute a mixed subdivision and we rely on
weaker assumptions which, in addition, are geometric. Moreover, in general, Grobner-type algorithms
can be extended without any modification to the overdetermined case.

We introduce an algorithm to solve mixed sparse systems (Sec. [8.1)) and two variants for two spe-
cific subfamilies: mixed multihomogeneous systems (Sec. and unmixed systems (Sec.[8.3). The three
algorithms are similar, but they are not the same. In what follows we present a rough description of the al-
gorithms, and we refer the reader to the respective sections for details. We consider NP(f1),...,NP(fy)
as the Newton polytopes of the input polynomials f1,. .., f, € K[z] and MV (NP(f1),...,NP(f,)) as
their mixed volume.

1. Let f1,..., fn € K[z] be a (sparse) regular polynomial system with a finite number of solutions
over (C*)" that equals the BKK bound, that is, MV (NP(f1),...,NP(f,)) (Thm.[2.12.19).

2. Embed the polynomials in a multigraded semigroup algebra K|S, ﬁ] related to the Newton polytopes

NP(f1),...,NP(fy), see Def.

3. For each variable z;:

e Use our algorithm to compute Grobner bases over semigroup algebras (Alg. to construct
a square Macaulay matrix related to (f1, ..., fn, ;) at a degree d, where d is, roughly speak-
ing, a bound on the Castelnuovo-Mumford regularity of the system.

e Split the matrix in four parts and compute a Schur complement. The latter is the multiplica-
tion map of x; in K[z /(f1, ..., fn).

4. Use the multiplication maps and FGLM to get a Grobner basis for (fi,..., fn) : ([[; z:)> with
respect to any monomial order; in particular, with respect to a lexicographical monomial ordering.

5. Use the Grobner basis in lexicographical ordering to solve the system.

Let P(d) be the number of monomials in K[SX]4, that is, the number of monomials of multi-
degree d in the semigroup algebra K[SX]. The complexity of our approach depends on P(d) and
MV (NP(f1),...,NP(f,)) (Thm.[8.1.14): we can solve a sparse system in

02" P(d)*3™ + n MV(NP(f1),...,NP(f,))?) arithmetic operations.

We instantiate the previous complexity bound according to the three families of polynomial systems
that we consider.
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e In Sec. we consider mixed sparse systems. We construct an algebra K[S’g] graded by each
polytope. The complexity of solving this sparse system (Thm. [8.1.14)) is polynomial in the the
number of integer points in the Minkowski sum of the Newton polytopes NP(f1),...,NP(f,)
and the n-simplex A,,, that is,

n
P(d) = #((An + YO NP(f)) N Z").
§=0
This bound agrees with the one obtained using sparse resultant methods [ER94, [Emi96].

e In Sec. we consider mixed multihomogeneous systems. Using bounds for the multigraded
Castelnuovo-Mumford regularity, we obtain a better complexity bound for our algorithm. We con-

sider g blocks of variables x1,...,24, the standard Z9-graded algebra
K[S&] = K[z1] ® -+ ® K[z4], and multihomogeneous polynomials (f1, ..., f,) of multide-
grees di, ..., d, € N9, respectively. Then, the complexity of our approach (Thm.|8.2.8)) depends
on

P(d) = #{X“ e K[z1,...,2zqla}, whered = Zdi — (#x1,..., #xgq)+ (1,...,1),
=1

that is, on the number of monomials with multidegree Y " | d; — (#x1,...,#xq) + (1,...,1).
Our bound generalizes the classical Macaulay bound, which governs the complexity of solving
zero-dimensional square homogeneous systems via Grobner bases [Laz83]]. The Macaulay bound
corresponds to the case ¢ = 1.

e In Sec. we consider unmixed sparse systems. We consider the Z-graded algebra K[Sg] asso-
ciated to the polytope A and a homogeneous regular sequence f1, ..., f, such that f; € K[Sg] d;-
We consider r as the smallest integer such that » - A contains an integer interior point and we fix
d:= (3_;>1di) — r + 1. Then, the complexity of our algorithm (Thm. is polynomial in the
number of integer points in the d homothety of A, that is,

P(d) = #(dAﬁZ").

This complexity agrees with the claimed complexity of the algorithm in [ESS14]]. Nevertheless, as
we show in Sec. [8.3.1] their claimed complexity bound is not always correct for their algorithm,
but it is for ours.

Decomposition of binary forms In chapter 9] we introduce a new superfast algorithm that improves
the complexity of previous approaches to decompose binary forms. For that, we use results from struc-
tured linear algebra. It achieves a softly linear, and so quasi-optimal, arithmetic complexity bound.
To the best of our knowledge, the previously known algorithms have at least quadratic complexity
bounds. Our algorithm computes a symbolic decomposition in O(M(D) log(D)) arithmetic operations
(Thm. , where M(D) is the complexity of multiplying two polynomials of degree D. It is deter-
ministic when the decomposition is unique. When the decomposition is not unique, our algorithm is
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randomized. We present a Monte Carlo version of it and we show how to modify it to a Las Vegas one,
within the same complexity.

From the symbolic decomposition, we approximate the terms of the decomposition with an error of
27 in O(Dlog?(D)(log?(D) + log(e))) arithmetic operations (Thm. 9.4.20). Moreover, we bound
the algebraic degree of the problem by min(rank, D — rank + 1) (Thm. |9.4.15). We show that this
bound can be tight. When the input polynomial has integer coefficients, our algorithm performs, up to
poly-logarithmic factors, O g(D{ + D* + D37) bit operations (Thm. , where 7 is the maximum
bitsize of the coefficients and 27 is the relative error of the terms in the decomposition.

1.3 Conclusions and perspectives

Besides the technical contributions, our work introduces and exploits novel directions to study the un-
derlying algebraic objects and the corresponding applications.

o We introduce determinantal formulas for mixed multilinear systems. Determinantal formulas do
not exist in general, and so they are hard to find. Using the Weyman complex, we construct Koszul-
type determinantal formulas for some families of mixed multilinear systems. These families are
related to particular kinds of (hyper)graphs: star and bipartite. Roughly speaking, we construct
these (hyper)graphs by considering their nodes as the blocks of variables and the edges as the dif-
ferent supports of the polynomials. We have some partial understanding about the relation between
the combinatorics of the (hyper)graphs and the existence of determinantal formulas coming from
the Weyman complex. We believe that we can generalize this relation.

o We extend the classical eigenvalue and eigenvector criteria. We introduce a new linear algebra
approach to solve polynomial systems relying on Koszul-type determinantal formulas. Our eigen-
value criterion is independent of the kind of the formula, for example, Sylvester, Koszul, etc. It
relies only on the degree and structure of the formula. In contrast, we present our eigenvector cri-
terion to solve only 2-bilinear systems. Nevertheless, our experiments indicate that we can extend
this criterion to general Koszul-type formulas. Our results motivate the following three questions:

— Besides Sylvester- and Koszul-type formulas, we can use the Weyman complex to derive
other determinantal formulas of bigger degree as Bézout-type and hybrid formulas; see for
example [DEO3]. Up to now, there are not linear algebra approaches to solve the systems
using such formulas. It worth to explore if we can extend our approach to solve polynomial
systems using Koszul-type formulas to this context.

— When Sylvester-type formulas are available, we can use the resultant matrices to solve poly-
nomial systems by computing multiplication maps [Laz77, IAS88, [ER94]. As a by-product
of our eigenvalue criterion, we show how to construct a matrix which is similar to a multi-
plication map, that is, there is a change of coordinates for our matrix that transforms it into a
multiplication map. Unfortunately, we do not know how to construct such a change of coor-
dinates without solving the system first. This is why, our eigenvector criterion studies ad-hoc
the structure a Koszul-type formula. It worth to explore if there is a universal approach to
recover directly multiplication maps from the Koszul resultant formulas.
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— Sylvester-type formulas have been studied intensively in structured linear algebra to im-
prove the complexity of solving polynomial systems, see for example [MPOO, [EP02], and
in elimination theory [Vil18]. As Koszul-type formulas are closely related to Sylvester-type
formulas, it worth to explore how we can exploit their structure to improve the arithmetic
complexity of solving mixed sparse systems.

o We propose a new algorithm to solve the Multiparameter Eigenvalue Problem. It is a symbolic al-
gorithm. It worth to study its practical efficiency and to compare it to the state-of-the-art symbolic
and numerical methods, for example MATLAB’s library MultiParEig [PMHI8§].

o We introduce the first effective algorithm to compute Grobner bases over semigroup algebras as-
sociated to mixed polynomial systems. We generalize the work of [FSS14] to the mixed case and
propose a MatrixF5-like algorithm which, under (sparse) regularity assumptions, performs no re-
duction to zero. As the classical MatrixF5 algorithm [Fau02], and also as [FSS14]], we depend
on a degree bound to stop our computations. In the thesis, we deduce these degree bounds from
the regularity assumptions. An open question, both in [FSS14]] and in our work, is to propose a
stopping criterion not depending on regularity assumptions. We believe that an extension of Buch-
berger’s S-polynomial criterion is possible. Moreover, we expect that we can adapt our algorithm
to follow a critical pairs approach as other variants of F5, see [EF17].

o We relate the solving techniques using Sylvester-type formulas in resultant theory with Grobner
bases computations. The simplest, but not necessarily the most efficient as there are more compact
formulas [WZ94]|SZ94], way to compute the resultant is to use a Sylvester-type formula and com-
pute it as the determinant of a Macaulay matrix [CLOO6, Chp. 3.4]. Using this matrix we extract
multiplication maps and solve polynomial systems. In the standard polynomial algebra, such ma-
trices are at the heart of some linear algebra algorithms to compute Grobner bases, as Matrix-F5
[Fau02, IBES15]], because they correspond to the biggest matrix that appears during Grobner basis
computations for regular zero-dimensional systems [Laz83|]. However, such a relation was not
known for the sparse case. We bring out this relation and we build on it algorithmically.

o We generalize the F5 criterion to depend on Koszul complexes instead of regular sequences. The
exactness of the Koszul complex is closely related to regular sequences [EisO4, Ch. 17] and, ge-
ometrically, to complete intersections. Roughly speaking, when we consider generic square sys-
tems in the coordinate ring of a “nice” projective variety, then the variety that the system defines
is closely related to a complete intersection. In this case, the Koszul complex of the system might
not be exact in general, but only in some “low” degrees. Hence, even if the system is not a regular
sequence, by focusing on the degrees at which the strands of the Koszul complex are exact, we can
still predict the algebraic structure of the system and perform efficient computations. Using this
property, we extend the classical F5 criterion that applies only to regular sequences. Moreover,
additional information on the exactness of the strands of the Koszul complex and the multigraded
Castelnuovo-Mumford regularity [MS04} [BC17]] results in better degree and complexity bounds;
similarly to the case of the multihomogeneous systems, see Sec. [8.2] or unmixed systems, see

Sec.[83l

o Working with Grobner bases over semigroup algebras introduces new computational challenges.
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Graded reverse lexicographical monomial orderings (GRevLex) are ubiquitous in (standard)
Grobner bases theory. Computing Grébner bases with respect to GRevLex gives us a lot of al-
gebraic and geometric information about the ideal. Moreover, in general, it is faster to compute
a Grobner bases with respect to GRevLex than with respect to any other monomial ordering; see
for example [BM92]] and references there in. In addition, in generic coordinates, the complexity
of computing Grobner bases with respect to GRevLex for a homogeneous ideal is governed by its
Castelnuovo-Mumford (CM) regularity [BS87a]. More precisely, the maximal degree of a poly-
nomial in a reduced Grobner basis is the CM regularity. Roughly speaking, the CM regularity is
the last degree on which our ideal can behave in a “strange way”. It is related to the vanishing
of the local cohomology and to the minimal free resolution of the ideal (Betti numbers) [Cha03].
In the context of resultants, the size of a Sylvester-type formula is related to the CM regularity of
a generic overdetermined system; see for example [Bus06]] and references therein. This relation
explains why the complexities of solving a generic system using resultants or Grobner bases are
similar.

For most of the semigroup algebras, we cannot define GRevLex-like monomial orderings, see
Ex. Hence, it is not clear that we can find a monomial ordering such that the complexity of
computing Grobner bases over the semigroup algebra is governed by the CM regularity of the ideal,
see Sec.[8.3.1] Over the standard polynomial algebra, the difference between the maximal degree
in a Grobner basis and the CM regularity can be huge; see discussion about the Mayr & Meyer
example [MMS&2] and the work of Bayer & Stillman [BS87a] in [GG13], Sec. 21.7]. This, together
with the fact that it is not straightforward how to perform a generic linear change of coordinates
over a semigroup algebra, suggest that computing Grébner bases over semigroup algebras could
be extremely hard, even harder than in the standard case. In particular, solving sparse polynomial
systems using Grobner bases over semigroup algebras might be harder than using sparse resultants.
Another approach is needed to solve zero-dimensional systems; we present such an approach.

We solve sparse systems by truncating our computations of Grobner bases. The classical approach
for solving zero-dimensional systems using Grobner bases involves the computation of an inter-
mediate Grobner basis, usually with respect to GRevLex, that we use to deduce the multiplication
maps. By using FGLM, we obtain the lexicographical Grobner basis of the ideal. If the intermediate
Grobner basis is computed with respect to GRevLex and the input system “behaves well” when
we homogenize it, this strategy is in some sense optimal because it is related to the Castelnuovo-
Mumford regularity of the homogenized ideal [Cha03| Cor. 3], see Sec. 4.5]

However, over semigroup algebras, it might not be always possible to relate the complexity of
the intermediate Grobner basis computation to the Castelnuovo-Mumford regularity of the ideal.
We overcome this obstacle by truncating the computation of the intermediate Grobner basis over
semigroup algebras in such a way that the complexity is given by Castelnuovo-Mumford regularity
of the ideal. This way, our strategy has a similar complexity to the sparse resultant methods.

We do not know how the complexity bounds to solve sparse polynomial systems and the number of
solutions of the systems relate. An open challenge when we solve polynomial systems is to have
an algorithm whose complexity is polynomial in the number of solutions of the system. For tech-
niques involving (classical) resultants or Grobner bases, we know such an algorithm only under
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regularity assumptions, see for example [BES15, Thm. 2]. In the sparse setting, the complexity
bounds that we present in Chapter [§and the ones for solving polynomial systems using the sparse
resultant [Emi96, Ch. 9] depend on the number of integer points in the Minkowski sum of the input
Newton polytopes, meanwhile the number of solutions of the input system is the mixed volume of
these polytopes. In some cases, the difference between these two numbers is exponentially big and
so the bounds of the algorithms are not polynomial in the number of solutions, see [Emi96, Ch. 8].
It worth to explore for which families of Newton polytopes we can get a polynomial bound for
the number of integer points in the Minkowski sum of these polytopes with respect to their mixed
volume. For these families, our algorithm is polynomial in the number of solutions.

o We introduce scant Grobner bases. Before introducing our algorithm to compute Grobner bases
over semigroup algebras, our Grobner-based approach to deal with sparse systems was to compute
scant Grobner bases. They generalize the classical definition of Grobner basis in such a way that
we can consider GRevLex-like orderings over semigroup algebras. Our motivation was to use
them to solve mixed sparse systems. Unfortunately, as we do not have any complexity result for
our algorithm, in this thesis we could not study the complexity of solving sparse systems using
this technique. The reason we present scant Grébner bases in the thesis is because the techniques
that we use to develop them lead to a general framework to construct Grobner-like bases, that
is, objects that behave like Grobner bases in some sense, but they are not restricted to monomial
orderings. Our key idea is to relate these objects to Grobner bases over a standard polynomial
algebra. We suspect that these techniques could be useful to develop a Grobner-like basis such
that, given a positive dimensional ideal, we can compute this basis in a complexity related to the
Castelnuovo-Mumford regularity of the ideal.

o We decompose binary forms in quasi-linear time. We present the first algorithm to decompose
this forms in quasi-optimal arithmetical complexity. Our approach is restricted to Sylvester’s
algorithm, so it is not straightforward to extend it to decompose binary forms over their base field,
for example, over the reals. We expect that our approach to study the algebraic degree of the
problem could be useful for this task.

1.4 Organization of the thesis

The thesis is divided in two parts: Preliminaries and Contributions. The former part contains the back-
ground needed in the latter part, and it contains no original contributions.
Preliminaries

e Chapter 2t We introduce the commutative algebra and algebraic geometry background of the
thesis.

e Chapter[3; We introduce the theory of resultants with a particular emphasis on the projective and
multiprojective case. To compute the multiprojective resultant we introduce the Weyman complex.

e Chapter : We introduce some computational aspects of Gribner bases theory that we extend
later in the thesis.
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e Chapter We introduce polynomial system solving techniques involving Grobner bases and
resultants.

Contributions

e Chapter |6} This chapter contains our contributions to resultant theory.

— Section [6.1} This section contains determinantal formulas for the multiprojective resultant
of particular families of mixed multilinear systems.

— Section[6.2; This section contains our generalization of the eigenvalue criterion.

— Section[6.3;: This section contains our generalization of the eigenvector criterion for Koszul-
type resultant formulas of 2-bilinear systems, that is, bilinear systems in three blocks of
variables with two different supports.

— Section [6.4; In this section, we use our formulas to solve the Multiparameter Eigenvalue
Problem.

e Chapter[7; This chapter contains our contributions in Grébner bases theory. We consider mixed
sparse systems and introduce novel algorithms to compute basis of these systems which, under
regularity assumptions, perform no reductions to zero.

— Section[7.2; In this section, we introduce scant Grébner bases and an algorithm to compute
them.

— Section [7.3; In this section, we introduce an algorithm to compute Grébner bases over
semigroup algebras.

e Chapter 8 In this chapter we use our algorithm to compute Grobner bases over semigroup alge-
bras to solve mixed sparse systems. We present complexity results for three families of systems.
— Section[8.1} In this section, we consider mixed sparse systems.
— Section In this section, we consider mixed multihomogeneous systems.

- Section[8.3} In this section, we consider unmixed sparse systems.

e Chapter [9; In this chapter we introduce a new algorithm to decompose binary forms and study its
arithmetic, Boolean and algebraic complexity.

1.5 Publications

The contributions of Chapter [f| were a joint work with Jean-Charles Faugere, Angelos Mantzaflaris, and
Elias Tsigaridas. Our results were presented in two papers:

e The contents of Sections[6.2]and [6.3] appeared in

Matias R. Bender, Jean-Charles Faugere, Angelos Mantzaflaris, and Elias Tsigaridas. Bilinear
Systems with Two Supports: Koszul Resultant Matrices, Eigenvalues, and Eigenvectors. In Pro-
ceedings of the 2018 ACM International Symposium on Symbolic and Algebraic Computation,
ISSAC °18, pages 63-70, New York, NY, USA, 2018. ACM
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e The contents of Sections [6.1]and [6.4] will appear in

Matias R. Bender, Jean-Charles Faugere, Angelos Mantzaflaris, and Elias Tsigaridas. Determinan-
tal formulas for families of mixed multilinear systems. In preparation, 2019

The contributions of Chapters [7] and [§] were a joint work with Jean-Charles Faugere and Elias Tsi-
garidas. Our results were presented in two papers:

e The contents of Sections[7.2]and [8.2] appeared in

Matias R. Bender, Jean-Charles Faugere, and Elias Tsigaridas. Towards Mixed Grobner Basis
Algorithms: The Multihomogeneous and Sparse Case. In Proceedings of the 2018 ACM Interna-
tional Symposium on Symbolic and Algebraic Computation, ISSAC ’18, pages 71-78, New York,
NY, USA, 2018. ACM

We warn the reader that what we call scant Grobner bases in this thesis is called sparse Grobner
bases in this paper. We changed the name to prevent further confusion between this object and
Grobner bases over semigroup algebras.

e The contents of Sections and [8.3| will appear in

Matias Bender, Jean-Charles Faugere, and Elias Tsigaridas. Grobner Basis over Semigroup Al-
gebras: Algorithms and Applications for Sparse Polynomial Systems. arXiv:1902.00208 [cs],
February 2019. Submitted

The contributions of Chapter [0 were a joint work with Jean-Charles Faugere, Ludovic Perret, and
Elias Tsigaridas. Our results were presented in two papers:

e Matias R. Bender, Jean-Charles Faugere, Ludovic Perret, and Elias Tsigaridas. A Superfast Ran-
domized Algorithm to Decompose Binary Forms. In Proceedings of the ACM on International
Symposium on Symbolic and Algebraic Computation, ISSAC 16, pages 79-86, New York, NY,
USA, 2016. ACM

I was awarded ACM SIGSAM’s Distinguished Student Author Award, ISSAC 2016 for this paper at
the International Symposium on Symbolic and Algebraic Computation, ISSAC ’16.

e Matias R. Bender, Jean-Charles Faugere, Ludovic Perret, and Elias Tsigaridas. A nearly optimal
algorithm to decompose binary forms. Submitted, 2018

This paper is an extended version of the conference paper above.
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Chapter 2

Commutative algebra and algebraic
geometry

In this thesis we focus on solving polynomials systems. The branch of mathematics that study these
systems is Commutative Algebra. We can also think the solutions of the systems as geometric objects
given by points, curves, etc. This approach corresponds to what we know as Algebraic Geometry. Hence,
we introduce some classical results from both worlds, that we will need during the thesis. Part of the
results can be found in the introductory chapters of [EisO4] or [Har77]. For the rest of them, in each
section we give precise references of chapters and books that we used to elaborate this material.

2.1 Notation

In this section we introduce some of the notation we use throughout the thesis. Let K be an algebraically
closed field of characteristic zero. Given a K-vector space V/, let dimg (V') be its dimension V. Consider

the set of variables 1, ..., x,, where n € N. Let K[z] be the polynomial algebra over K generated
by the variables z1,...,x,. Consider the variable g, to which we will refer as the homogenization
variable, and the K-algebra K[x|[zo] := K[zg, 21, . . ., zy].

In the following, R will be a Noetherian commutative ring and M will be a (left) R-module. We
denote by L an additive monoid isomorphic to ZF, for some k. When R, or M, is graded by a monoid L,
we denote by R,,, respectively M,,, the abelian group in R, respectively M, whose grading is m € L.
We denote by (M,, de) the chain complex whose modules are { M, };c7 and its maps are {6; : M; —
Mifl}iez, that is,

My :ooo— M; 2 My —

When the modules in (M,, o) are L-graded, we denote by (M;),, the m-graded part of M;.
For a natural number N € N, we use the abbreviation [N] = {1,..., N}.

25
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2.2 Ideals and quotient rings

The results in this section come mainly from [[CLO15, Ch. 1], [Eis04, Ch. 0], [AM&9, Ch. 1 & Ch. 2]
and [Lan02, Ch. II, Ch. III & Ch. IV].
Let R be a commutative ring. For example, R = K[x].

Definition 2.2.1. An ideal I C R is a set of elements in R such that
e Vfel, VgeR, fgel.
i vflvfz EI’ f1+f2 €l

Given elements f1, ..., fr € R, we define their ideal to be

k
(firo s fo) = {Zgifi:gly---,gk GR}.
i=1

An ideal of a ring is analog to a subspace of a vector space over a field. Both are closed under
addition and multiplication, but in the case of the subspaces we multiply by scalars, and in the case of
ideals, we multiply by polynomials.

The Noetherian rings are commutative rings where every ideal is finitely generated.

Definition 2.2.2 (Noetherian ring). A ring is Noetherian if it satisfies the ascending chain condition. That
is, for any infinite sequence of ideals (1;);cn such that

IyCLCLCIz3C ...,
there is a k such that the sequence “stabilizes”, that is,

Iy = Ipt1 = Ipvo = T3 = ...

Proposition 2.2.3. [[EisO4, Ex 1.1] If R is a Noetherian ring, then every ideal 1 is finitely generated, that
is there are f1,..., fr € Rsuchthat I = (fi,..., fx).

An important class of Noetherian rings consists of the polynomial rings over a field.

Proposition 2.2.4 (Hilbert’s Basis Theorem). [AM69, Thm. 7.5] If the ring R is Noetherian, then the
polynomial ring R[x1, ..., xy] is Noetherian. In particular, as every field is Noetherian, the polynomial
ring K[x]| is a Noetherian ring, and so every ideal I C K[x]| is generated by a finite set of polynomials.

The following proposition presents various operations between ideals.

Proposition 2.2.5. [AM69, Chp. 1] Given two ideals I, J C R, we define the following related ideals;
e Addition: I+ J:={f+g:fel,ge J}
o Product: I.J:= ({fg:fel,geJ})and fork>1, J¢:=JJk L

e [ntersection: I N J.
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e Radical of an ideal: \/T := {f € R: 3k € Ns.t. f¥ € I}.
e Quotient (or Colon) ideal: 1 : J:={f € R: f-J CI}.
e Saturation: I : J® :={f € R:3k € Ns.t. f-JF CI}.

Given an ideal I in R, we can define a new ring R/I, that we call quotient ring, which “erases” from
R the elements in I.

Definition 2.2.6 (Quotient ring). Given an ideal I over R, we define an equivalence relation over R,
~i, where for each f,g € R, f ~; gifand only if f — g € 1. Also, for each f € R, we define
the coset [f] := {g € R : f ~1 g}. This equivalence relation is compatible with the addition and
multiplication. That is, for every f,g € R, [f] + 9] = {f +4¢ : [ € [fl,d € [g]} = [f + g] and
(fllgl={f"d : 1 €lf],d €lg]} = |f g]- Hence, we define the quotient ring R/I as the ring given by
the sets of cosets of R together with the addition and multiplication.

There is a natural way of thinking the ideals J C R/I. Consider the map ¢ : R — R/I which maps
each f € Rtoits coset [f]. This map is a surjective homomorphism.

Proposition 2.2.7. [AM69, Prop. 1.1] There is a one-to-one order-preserving correspondence between
the ideal J of R which contain I, and the ideal J of R/I, given by J = ¢~ 1(J).

The following “special” classes of ideals appear commonly throughout the thesis.

Definition 2.2.8 (Principal ideal). We say that an ideal I is principal if it is generated by one element,
that is there is f € I such that (f) = 1.

Definition 2.2.9 (Proper ideal). An ideal I C R is proper if I # R.

Definition 2.2.10 (Prime ideal). An ideal I is prime if and only if forall f,g € R, f g € I implies f € 1
org € I.

Definition 2.2.11 (Primary ideal). An ideal I is primary if and only if for all f,g € R, f g € I implies
f € I orthere is k € N such that g* € I.

Definition 2.2.12 (Radical ideal). An ideal I is radical if and only if I = /.
These special kinds of ideals are related.

Proposition 2.2.13. [[CLOI5| Lem. 4.8.2] Every prime ideal is radical and the radical of any primary
ideal is prime.

Proposition 2.2.14. [[CLOI5| Prop. 4.3.16] Consider two ideals I, J C R. Then
VInVI=VinJ

Proposition 2.2.15. [[CLOI5| Ex. 4.3.12] Consider two ideals 1,.J C K[x| such that I C V/J. Then, as
they are finitely generated, there is k € N such that I* C J.
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Theorem 2.2.16 (Primary decomposition). [[CLO15| Thm. 4.8.7] Consider an ideal I C K|x]. Then,
there are primary ideals Q1, . .., Q, € R such that,

I'=QiN--NQr,
where (Vi) Qi 2 (;2; Qj and (Vi # j) VQi # /Qj. for i, j € [r].
We call the set (Q1,...,Q,) a minimal primary decomposition of I. The minimal primary decom-

positions of I are not unique, but they involve always the same number of primary ideals and the prime
ideals \/Q1, . ..,\/Q, are the same. These prime ideals are called the associated primes of K[x]/I.

Corollary 2.2.17. [[CLOI5| Cor. 4.8.10] Let I = (._; Qi be a minimal primary decomposition of a
proper radical ideal I C K[x|. Then, each Q; is prime, and so the decomposition is unique.

Given a ring, we can associate it a dimension.

Definition 2.2.18 (Krull dimension). [[Har77, Page 6] In a commutative ring R, the height of a prime
ideal p € R is the supremum of all integers n such that there exists a chain pg C p1 C --- C pp =p of
distinct prime ideals.

The Krull dimension of R, dim i1 (R), is the supremum of the heights of all prime ideals.

The Krull dimension carries a lot of information about the ideal. For example, in the zero-dimensional
case we have the following proposition:

Proposition 2.2.19. [AM69, Thm. 8.5 & Ex. 8.3] Consider an ideal I C K[x] such that the Krull
dimension of the quotient ring K[x]/I is zero. Then, K[x|/I is an Artinian ring (satisfies the descending
chain condition for ideals) and a finite dimensional K-vector space.

We can relate the number of polynomials defining an ideal the Krull dimension of its associated
quotient ring.

Definition 2.2.20 (Zero divisor). Consider a Noetherian ring R. We say that a non-zero f € R is a zero
divisor if there is a non-zero g € R such that g f = 0. We say that a f is regular if it is not a zero divisor.

Proposition 2.2.21 (Krull’s principal ideal theorem). [AM69, Cor. 11.17] Consider a Noetherian ring
R and let f € R such that f is neither a zero divisor nor a unit. Then, every minimal prime ideal p
containing f has height 1.

Corollary 2.2.22. Consider a proper principal ideal I C R, that is, an ideal I = (f) generated by
f € R, such that (f) # R. Then,

dimKrull(R) —-1< dlmKrull(R/I) < dimKrull(R)'

Moreover, if f is a regular element in R, that is (Vg € R\ {0}) it holds f g # 0, then dimg,,;;(R)—1 =
dimKrull<R/[)-

Corollary 2.2.23. Let (f1,..., fr) be a proper ideal of K[zx]. Then, dimg i (R/(f1,--., fr)) > n—r.

The converse of Cor. [2.2.22| does not necessarily hold. That is, for some rings R, there are zero
divisors f € R such that (f) C R is a proper ideal and dim ;i (R/{f)) = dimg(R) — 1.
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Example 2.2.24. Consider R = K[z,y]/(z?, xy). The Krull dimension of R is 1, dimp,;(R) = 1.
The element y is a zero divisor, v ¢ R and vy € R, however dim(K[z,y]/(z%, zy,y)) = 0.

Both, ideals and quotient rings, are special cases of R-modules. An R-module is a generalization of
a K-vector space over a ring.

Definition 2.2.25 (R-module). Let R be a ring with multiplicative identity 1. A (left) R-module M is
an abelian group (M, +) together with an operation - : R x M — M such that for every x,y € R and
f,9 € M it holds:

ez-(f+g)=z-f+z-g

e (xty)-f=z-f+y-f

o (zy)-f=x-(y-f)

e lp-f=f

To simplify the notation, we write x f instead of x - f, forx € Rand f € M.

Definition 2.2.26 (Free module). A free R-module M is a module isomorphic to R, for a k € N. The
rank of this free module M is k.

A particular kind of R-modules are the R-algebras. An R-algebra is a ring A together with a ring
homomorphism ¢ : R — A.

Definition 2.2.27 (R-Algebra). [[AM69, Page 29] Let R and A be two commutative rings and consider a
ring homomorphism ¢ : R — A. We define the multiplication of r € Rand f € Ain A as ¢(r) f. With
this definition of multiplication, the R-algebra A has an R-module structure. In this case, we say that A
is a commutative R-algebra.

Example 2.2.28. The polynomial ring K[x] is a K-algebra.

Given a module M, we can construct algebras related to it which we can use to deduce some proper-
ties of M. To define these algebras, we need to introduce the tensor product of modules, which is related
to the bilinear maps over these modules.

Definition 2.2.29 (Tensor product). Consider two R-modules M and N. The tensor product M @ p N
is an R-module generated by {m ®@n : m € M,n € N} such that for all mi, my € M, nq,ne € N and
r € R, it holds

o (m)+mg) @rny = (m1 @rn1) + (M2 ®g n1),
e m ®p (N1 +n2) = (M1 @rn1) + (M1 Qg n2), and
o (rmi®grni) =(m1®rrni) =r(m Qg ni).

When it is clear from the context, we skip the subindex from Q.
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Proposition 2.2.30. [AM69, Prop. 2.14] The tensor product is associative, meaning that for every three
R-modules My, Ma, Ms, it holds (M @ Ms) @ M3 = M; @ (M ® Ms).

Example 2.2.31. The algebra K[x] is isomorphic to K[z1] @k K[ze] Rk - - - @r K[zy].
Remark 2.2.32. Given a R-module M, M ®r R = M.

Definition 2.2.33 (Tensor, symmetric and exterior algebras). Given a R-module M, let M®° = R and,
fori > 0, let M®" = M ®p --- @r M be i times the tensor product of M with itself. We define the
tensor algebra T (M) as

T(M)=PM¥=R)eMoeMMeMMM)d...
>0

The product of m1®- - -@m, € M®" andn,®---@ns € M@ ismi®@---@m,@n Q- - -Q@ng € ME"T5,
The symmetric algebra of M is the following quotient algebra:

SM):=T(M)/{n@m —-—m®n:m,n € M}.

We call symmetric product the product associated to this algebra and we represent it as m x n. This
product is symmetric, that is m *n = n xm in S(M).
The exterior algebra of M is

/\M::T(M)/{m@)m:meM}.

We call exterior (or wedge) product the product associated to this algebra and we represent it as m A\ n.
This product is antisymmetric, that ism An = —n Amin \ M.

Example 2.2.34. The polynomial ring K[x] is isomorphic to the symmetric algebra S(K), where we
consider K as an algebra over itself.

Proposition 2.2.35. [EisO4, Prop. A2.2] Let M and N be two R-modules. The direct sum commutes
with the tensor product over symmetric and exterior algebras, that is S(M @ N) = S(M) ® S(N) and

AM @ N) = AN(M) @ A(N).

Example 2.2.36. In Ex. 2.2.31|we show that K[z1, ..., x,] = Q]_, Klzi], and in Ex.[2.2.34|we show
that K[zy] =2 S(K). We can combine both arguments to deduce that the polynomial ring K[z1, . .., x,)]

is the symmetric algebra S(K"™), thus

Kz, ... zn] = Q) Klzx] = Q) S(K) = S(K@ -+ @ K) = S(K").
k=1 k=1

Definition 2.2.37 (Tensor product of linear maps). Let F' : M — M’ and G : N — N’ be two linear
maps. We define the tensor products of the linear maps as follows

FoeG: M@N—- M®N'
(m@n)— (FOG)(men)=F(m)®G(n)
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Example 2.2.38. Consider F : K[x] — K an evaluation morphism that specializes x to 1. For example,
for 2® + 2 € K[z], F(2% +2) = 3. Let G : Kly] — K[y] be a morphism that performs a linear change
of coordinates, that is, it replaces y by 2y + 1. For example, for y?> — 1 € K[y, G(y*> — 1) = 43 + 4.

We consider the map F @ G : K[z] @ K[y] = K@ K]y|. Via the isomorphisms K[zx] @ K[y] = K]z, y]
and K ® K[y| = Kly|, we can rewrite this map as F ® G : K[z,y| — Kly|. For example, F ® G maps
2?2y +2xy? € K,y to

(FoG)(z*y+2zy?)
F(z*) G(y) +2- F(z) G(y*) =

=(FRG)(2?y)+2 - (FRG)(zvy?) =
12y+1)+2-1(2y+1)2=8y*+ 10y + 3.

2.3 Graded rings and modules

The results from this section come mainly from [[CLOQ6, Ch. 6] and [EisO4, Ch. 1 & Ap. 2]

In some cases, we can write the rings or the modules as a direct sum of easier algebraic structures, for
example K-vector spaces. To index these structures, we use monoids, that is semigroups with identity.
In this thesis, when we refer to a monoid related to a grading, we are considering a monoid isomorphic
to the monoid given by Z* and the operation of coordinate-wise addition, for some & > 0.

Definition 2.3.1 (Graded rings and modules). Let L be a monoid isomorphic to 7F, for k € N. A
L-graded ring R is a ring that we can write as a direct sum of abelian groups (in our setting, K-

vector spaces) R = @ Ry, such that for all mi,me € L, Ry, Rm, C Rumytm, A L-graded
meL
R-module M is a module M that we can decompose as @, My, where for every mi,my € L,

le Mmz - Mm1+m2’

Example 2.3.2 (Standard Z grading of K[x|). Consider the monoid 7. Then, K[x] = @ K[x]4, where
deZ
K[x]q is the K-vector space given by the monomials in K|x| of degree d, together with 0. As there are

no monomials of negative degree, K[x|q = 0, for d < 0.

Example 2.3.3 (Grading by degree). Consider the monoid Z*. Then, K[z,y] = @ Klz]q, @K[y]a,-
(da sy ) €22

Example 2.3.4 (Grading of S(M), T(M) and A\ M). [EisO4 Cor A2.3] The tensor, symmetric and
exterior algebras of M have a standard grading over N given by the direct sum of the abelian groups
generated by the product of i € N elements, that is

T(M) =P M, S(M)=EPSi(M), and \ M = @/\M
€N €N €N

0
where So(M) = A\ M = R and, fori > 1,
o Si(M) is the abelian group generated by {aj, * --- x aj;, : aj,,...,a;, € M}, the symmetric

product of i elements, and

i
o A\ M is the abelian group generated by {aj, N --- A aj, : aj,,...,a; € M}, the wedge product
of i elements.
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In particular, if M is a free R-module of rank k, with basis ey, . . . , ey, then

o Theset {ej, @ ®ej, :j1,...,7i € {1,...,k}} is a basis of M®*, which is a free R-module of
rank k.
71 times Jk times

o Theset {ey % - xep* - *epx - *eg:j1+ -+ jp =i} isabasis of Si(M), which is a free
R-module of rank (kﬁzl)

i
o Theset {ej, N---Nej, : 1< g1 <--- < jj <k} isabasis of \ M, which is a free R-module of
rank (lf)

i
Note that, fori >k, \ M = 0.

Definition 2.3.5 (Homogeneous ideal). Let L be a monoid such that R is L-graded. We say that an ideal
I C R is homogeneous if, when we consider it as R-module, it is L-graded.

Proposition 2.3.6. [CLOI5 Thm. 8.3.2] Let L be a monoid such that R is L-graded. An element
f € Ry, is homogeneous if there is m € L such that f € R,,. If R is also a Noetherian ring, an ideal 1
is homogeneous if and only if it is generated by homogeneous elements.

Definition 2.3.7 (Grading for homogeneous ideals). A grading on R, with respect to a monoid L, induces
a grading on its homogeneous ideals and on quotient rings of homogeneous ideals. Let I C R be a
homogeneous ideal, then I = @, .; I, and R/1 = @, 1 Rin/Im, where I, := (I N Ry,).

Proposition 2.3.8. Let I € R be a homogeneous ideal. Then, we can write every element f € R as a
sum of homogeneous elements in the ideal, that is, we have f =, f ™) where ™) € I,

As we will see later, when we introduce the twisted graded modules, the same monoid can be asso-
ciated with different gradings of a module. In this thesis we will use three standard gradings for K[x].
In the first one, we consider the monoid Z and we graduate the ring with respect to the total degree of
the monomials (see Ex.[2.3.2). In the second one, we consider the monoid Z" and we graduate the ring
with respect to the degree of each variable (see Ex. [2.3.3). The third one is a mix between the previous
two and we will use it when we introduce multihomogeneous ideals in Sec.[2.10] In the following, if we
do not make explicit the monoid of the grading, then we are considering the first grading related to the
monoid Z.

Example 2.3.9. The ideal I = {x,zy} is a homogeneous ideal with respect to the standard grading in
7 and in 72. For example, consider the polynomial f = x3y + x* € I. Then,

o As I is homogeneous with respect to the monoid 7, f € 14.

o As I is homogeneous with respect to the monoid 7.2, we can write f as a sum of two monomials
which are z3y € K[z](3,1) and zte L4 0)-

The ideal in Ex.[2.3.9]is an example of a monomial ideal.
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Definition 2.3.10 (Monomial ideal). A monomial ideal is a homogeneous ideal I C K[x| with respect to
the standard 7' grading, that is, with respect to the degree of each variable as in Ex.[2.3.3] These ideals
are always generated by monomials.

The aforementioned gradings are special cases of the standard gradings for tensor products and direct
sums.

Definition 2.3.11. Let M and N be L-graded R-modules, for a monoid L. We define two gradings for
M @& N and M ® N over L and over L x L as follows,

Over L Over L x L
Me&N = P M & N, B M e Ny,
meL (m1,m2)ELXL
wer-| @] D Muon.| @ Maon.,
meL m1,mo€L (m1,m2)ELXL
mi1+meo=m

Definition 2.3.12 (Graded homomorphisms). Given two L-graded modules M, N and a homomorphism
0 : M — N, we say that § is a graded homomorphism of degree m € L if, for every n € L, then

(M) C Nptm

Example 2.3.13. Consider the endomorphism in K[x] which multiplies a polynomial by z¢, that is,
§ : K[x] — Klz], such that 5(f) = x¢ f. This map is a graded homomorphism of degree d as, if the
degree of f is D, the degree of v f is d + D, that is §(K[x]p) C K[x]p 4.

Given a graded homomorphism, we can modify the gradings of the domain and the codomain of
the morphism to change its degree. To do so, we need to extend the monoid to a group. Let R be a
graded ring with respect to a monoid L and let L’ be the smallest abelian group that contains L. We can
extended the grading of R to L’ by setting R,,, = 0 for every m € L’ \ L. In the following, we extend
every grading in this way and, by abusing notation, we use the symbol L to denote the abelian group
related to a grading.

Definition 2.3.14 (Twist). Let R be a graded ring with respect to an abelian group L. For any graded
R-module M and m € L, we define the twisted module M (—m) as @D,/ My —,. Note that M (—m)
and M are isomorphic and their only difference is the grading which is “twisted” by —m.

Example 2.3.15. Consider the ideal I € K|z,y| of Ex. and the twisted ideal I1(—2). Then,
I(-2)1=11={}1(-2)3=1 = {2}, and [(—2)4 = I = {22,z y}.

With the appropriate twisting, we can turn every graded homomorphism to a graded homomorphism
of degree zero.
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Example 2.3.16 (Continuation of Ex.[2.3.13). The map § has degree O if we twist its domain by —d, that
is we consider 0 : K[z](—d) — K[z]. Then §(K[z](—d)p) C K[z](—d)p+q = K[z]p.

Definition 2.3.17 (Hilbert’s function and series). Consider a graded ring R with respect to a monoid L
and a graded R-module M. The Hilbert function, H Fyy, is a function that maps m € L to the dimension
of M, as a K-vector space, that is,

HFy:L—7 @2.1)
m +— HFy(m) = dimg (M,,).

The Hilbert series is the formal series HSy(t) = >, 1 HFpy(m)t™.

Proposition 2.3.18. [[CLO06, Prop. 6.4.7] Consider R = K|x] and the standard N grading. For each
finitely generated R-module M there is a polynomial, which we call the Hilbert polynomial H Py, such
that H Pyy(m) = H Fyr(m) for big enough m € N.

Example 2.3.19. We consider K[x| (as a K[x|-module) with respect to the N-grading. Its Hilbert func-
tion corresponds to the number of monomials for each degree d; that is, H Fx|[x](d) = (”;i“d) In this

case, the Hilbert function is a polynomial of degree n — 1. So H Fi[5)(d) = H Pgy)(d) = (n;:rd), for
every d € N. In particular, the Hilbert series is

n—1+d 1
HSKM(t):Z< n_Jlr >td:(1—t)”'

deN

We can read many geometric and algebraic information of a module from its Hilbert series; for
example the Krull dimension.

Proposition 2.3.20. [BH98, Cor. 4.1.8] Consider a homogeneous ideal I C Kx] and let d be the the
Krull dimension of Kx]/I. Then, d is equal to the degree of H Px|y)/(t) and there is a polynomial

H(t) € Q[t] such that H(1) # 0 and H Sk z)/1(t) = 7(fjf)>d.

2.4 Affine varieties

The results of this section come mainly from [CLO15, Ch. 1, Ch. 4 & Ch. 5], [Har77, Sec. 1.1], and
[Per07, Ch. IV]

There is a strong relation between algebra and geometry. For example, when we consider univariate
polynomials over C, the fundamental theorem of algebra tell us that there is a one-to-one correspon-
dence between a finite set of points in C and square-free monic polynomials in C[z]. The objective of
this section is to formalize this relation and to introduce a multivariate generalization, that is Hilbert’s
Nullstellensatz.

Definition 2.4.1 (Affine variety). Given an ideal I € K[x|, the affine variety Vn (I) is the set of all the
points over K" such that every polynomial in I vanishes at these points, that is,

{peK": (Vfel) f(p) = 0}.
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We take the previous definition from [CLO15] and [AMG69]]. Some other authors, as [Eis04] and
[Har77]], call these objects algebraic sets and reserve the word affine variety for the irreducible varieties.
In what follows, we write Vin (f1, ..., fx) to refer to the variety Vin ({f1,..., fx))-

Definition 2.4.2 (Irreducible variety). We say that an affine variety is irreducible if and only if we cannot
write it as a union of two (strict) subvarieties. That is, V is irreducible if for every two affine varieties

Vi,Vo CV suchthat V=V UV, itholds V =V orV =V,

Example 2.4.3 (Reducible variety). The variety Vin(xy) C K2 is not irreducible. This variety equals
to the points that have at least one coordinate equal to 0. So we can write the variety as,

Vin(zy) = {(a,b) € K2 : a=0o0rb=0}=
{(a,b) e K?:a=0}U{(a,b) € K?:y =0} = Vgn(x) U Vgn(y).

Notice that Vgn(x) # Vgn(zy) and Vgn(y) # Vin(zy) because {(1,0),(0,1)} C Vgn(zy) but
(1,0) & Vin(x), and (0,1) & Vin (y).
Given a set of points W in K", we can consider the set of all the polynomials that vanish at W.

Proposition 2.4.4 (Ideal of a set of points). [[CLOIS5| Thm. 4.2.7] Consider a set W C K". The set of
polynomials that vanish at W define a radical ideal 1(W'), where

I(W) :={f € Klz] : (vp € W) f(p) = 0}.

Example 2.4.5. Given a point (a,b) € K2, its defining ideal is

Proposition 2.4.6. [[CLOI5| Prop. 4.5.3] An affine variety V' is irreducible if and only if I(V') is prime.

As every ideal is finitely generated (Prop. [2.2.3) we can think the varieties as the solution set of a
system of polynomial equations.

Definition 2.4.7 (Polynomial system). A polynomial system, or a system of polynomial equations, is a
set of equations defined by polynomials f1, ..., f, € K[x] as

fl(l‘l, e ,CCn) = O
; (2.2)

Sl ) =0

The solutions of the system form an affine variety over K" given by Vin (f1,..., fr). In the following,
we write { f1, ..., fr} € K[x] to refer to this polynomial system.

Despite of the classical topology that K™ might have, we can define another topology for K" related
to algebraic varieties.

Definition 2.4.8 (Zariski topology). The intersection and finite union of affine varieties is again a variety.
Moreover, the empty set and K™ are affine varieties given by Vin ((1)) and V= ((0)), respectively. The
Zariski topology over K" is the topology where the closed sets are the affine varieties and the open sets
are their complements.
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In the Zariski topology some sets over K" are neither open nor close. For this reason, we define the
Zariski closure of a set, which is the smallest closed set in this topology that contains it.

Definition 2.4.9 (Zariski closure). Given a set W C K", we denote by W7 the smallest affine variety
that contains W, that is 2
W™ = Vga (I(W)).

There is a one-to-one correspondence between radical ideals and affine varieties.

Proposition 2.4.10 (Strong Hilbert’s Nullstellensatz). [[CLO15| Thm. 4.2.6] Given an ideal I C K[x],
then

I(V(I)) = V1.

In other words, for every I, if f € K[x| vanishes over the variety Vgn (I), there is a k € N, such that
fFel

Proposition 2.4.11 (Ideal-Variety correspondence). [[CLOI5, Thm. 4.2.7] For any two ideals I, J C
K[| such that I C J, it holds Vgn(I) D Vgn(J). For any two affine varieties V,W C K" such that
V C W, it holds I(V)) S I(W).

Corollary 2.4.12. For any two ideals I,.J C K|z] such that \/T = \/J, it holds Vgn(I) = Viga (J).

Corollary 2.4.13 (Weak Hilbert’s Nullstellensatz). [[CLOI5, Thm. 4.1.1] Let I be an ideal such that
Vin(I) =0, then 1 € 1.

The next table, extracted from [[CLO15, Ch. 4.9], summarizes the relations between affine varieties
and ideals.

’ Algebra Geometry
Radical ideals Varieties
I — VKn (I )
I(V) — Vv
Inclusion of ideals Inclusion of Varieties
I1cJ — VKn(I)DVKn(J)
(V) c (W) — Vow
Addition of ideals Intersection of varieties
I+J — VKn<I)ﬂVKn(J)
LV)+LW) <« Vnw
Product of ideals Union of varieties
1J — Vin (1) UVgn(J)
L(V)NI(W) — Vuw
Ideal quotient Difference of varieties
I:J S Ve D\ Ve ()
V) I(W) VAW
Prime ideal — Irreducible varieties
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As varieties correspond to radical ideals and radical ideals can be written uniquely as the intersection
of prime ideals (Cor.[2.2.17)), then every variety can be written uniquely as the intersection of irreducible
varieties.

Proposition 2.4.14 (Minimal irreducible decomposition). [[CLO15| Thm. 4.6.4] Given an affine variety
V' C K", there are unique irreducible varieties V1, . ..,V such that (Vi # j) V; ¢ V; and

Varieties are geometric objects over the topological space K". Hence, we can associate to them a
dimension, see [Har77, Page 5].

Definition 2.4.15 (Dimension). The dimension of an affine variety V. C K", dim(V'), is the supremum
of all the integers d > 0 such that there is a chain Wy C W1 C --- C Wy C V of different irreducible
affine varieties contained in V.

It follows directly from the definition that we can deduce the dimension of a variety from the dimen-
sion of its affine irreducible pieces.

Proposition 2.4.16. [[Per07, Prop. IV.1.4] Let V. C K" be an affine variety and consider its minimal
irreducible decomposition V = Uig Vi, see Prop.|2.4.14| The dimension of V' equals the maximal of

the dimensions of the irreducible components, that is,

dim(V') = max(dim(V;)).
7

Up to now, given an ideal I C K[z], we associated to it a quotient ring K[x]/I (Def. and an
affine variety Vgn. For both objects, we defined a notion of dimension (Def. [2.2.18)). In what follows,
we show that, for affine varieties, these concepts are the same.

By Hilbert’s Nullstellensatz, different ideals correspond to the same affine variety. To make this
correspondence one-to-one, to each variety we will associate a radical ideal (Prop. and consider its
quotient ring. This ring, that we call coordinate ring, is isomorphic to the ring of polynomial mappings
(regular functions) from the variety to K [Har77, Thm. 1.3.2]. For more information about this relation
see [CLO15, Ch. 5.1].

Definition 2.4.17 (Coordinate Ring). Given a variety V' € K", its coordinate ring is
K[V] = K[z]/I(V).

Proposition 2.4.18 (Dimension of a variety and a coordinate ring). [[Har77, Prop. 1.1.7] The dimension
of an affine variety V' equals the Krull dimension of its coordinate ring, that is,

dim(V) = dim g (K[V]).

As a consequence of this relation, using Cor. [2.2.23] we can bound the dimension of a variety with
respect to the number of generators of an ideal.
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Proposition 2.4.19. [Har77, Prop. 1.1.13] We say that an affine variety V. C K" is a hypersurface, if
there is a polynomial [ € K[x| such that V. = Vgn ((f)), that is, the variety is defined by a principal
ideal. The dimension of an hypersurface is n — 1. Moreover, if the dimension of V. C K" isn — 1, then
V' is an hypersurface.

To generalize the previous proposition we need to introduce the concept of equidimensional variety.

Definition 2.4.20 (Equidimensional variety). Let V' C K" be an affine variety and consider V- = | J,,. V;
its minimal irreducible decomposition. We say that V is equidimensional if the dimension of each irre-
ducible component is the same, that is,

(Vi) dim(V;) = dim(V).
Example 2.4.21. The variety K" is equidimensional.

Proposition 2.4.22. [[Har/77, Prop. 1.7.1] Consider two equidimensional varieties V,W C K" such that
V- NW # 0. Consider the irreducible decomposition of V. \W = Uy U ---U U, (Prop. . Then,
the dimension of each irreducible component U; is lower bounded by dim (V') + dim(W') — n, that is,

(Vi) dim(U;) > dim(V') + dim(W) — n.

Using this proposition, we can bound the dimension of a variety with respect to the number of
generators.

Corollary 2.4.23 (Bounds for the dimension). [Har77, Ex. 1.1.9] Consider I = (f1,..., fr) C Klz]
such that v < n and I is a proper ideal. Then, the dimension of Vin (I) is at least n — r.

From Prop. [2.2.19] if the variety is zero-dimensional, its coordinate ring is a finite dimensional vector
space.

Proposition 2.4.24. [[Cox05 Thm 2.1.2] The Krull dimension of K[x]/I is zero if and only if Vgn (I) is
finite. The dimension of K[x]/I as K-vector space is bigger or equal to the number of points in Vin (I).
In particular, these two numbers are the same if and only if I is radical.

Example 2.4.25. Consider the ideals I(1) = (x,y), I2) = (z,y*) and I3y = (z*,xy,y?) in K[z, y].
These three ideals describe the variety {(0,0)} € K?* and so their Krull dimension is zero. How-
ever; their quotient rings are not the same, as dimg (K[z,y]/I(1)) = 1,dimg(K[z,y]/I(9)) = 2 and
dimg (K[z,y]/I(3)) = 3. The only radical ideal is 1), and so its number of solutions equals its dimen-
sion as a K-vector space.

As we will see in Sec.[5.2] one approach to solve zero-dimensional polynomial systems is to consider
the ideal [ that they define and its quotient ring K[x] /. Proposition[2.4.24]tell us that, in general, K[z]/I
has more information than the solutions of the system, that is, the variety Vi (I). Only when [ is radical,
and so K[z]/I is a coordinate ring, we can expect K[x]|/I to contain no extra information. When the
ideal I is not radical, we can still associate to K[x] /] a geometric object, but this is not a variety anymore,
it is an affine scheme. Roughly speaking, a scheme is a variety on which we can associate to each point
a multiplicity. As a variety Vn (I) is isomorphic to the set of maximal ideals of K[x]/I, a scheme takes
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into account every prime ideal. Schemes are central objects in Algebraic Geometry. However, we will
not elaborate on them and we refer the reader to [Har77] for a classical introduction to the subject.

The degree of a univariate polynomial give us its number of roots, counted multiplicities, over the
algebraic closure of its coefficients’ field. Unfortunately, we cannot do a similar thing when we work
with affine varieties given by non-homogeneous ideals.

Example 2.4.26. Let a € Z and consider the ideal I,) = (22 —y® +azxy,x —y— 1). According to
the value of a the number of elements in Vgn (I(,) changes:

e Fora=0, Vgn(I) = {(3,-%)} and, as Ly is radical, dimg (K[z, y] /1)) =1
e Fora =2 Vign(ly)) = {(%, —l—i—%), (_—3, —1—%)}and, as Iy is radical, dimg (K[, y]/I(2)) =
2.

2.5 Projective varieties

The results of this sections come mainly from [[CLO15, Ch. 8], [EisO4, Ch. 1] and [Har77, Ch. 1].
In the following example we explain why in Ex.[2.4.26| we obtained different number of solutions.

Example 2.5.1 (Continuation of Ex. 2.4.26). We want to study the solutions of the polynomial system
{22 —y? +azy = 0,2 —y — 1 = 0}, with respect to the parameter a. We use the second equation to
eliminate x from the first equation, that is, we use the equality x = y + 1, to write 2> — y> + axy = 0
as ay® + (a+2)y + 1 = 0. We use the quadratic formula to solve this polynomial and deduce that

. . . —+/a2 /a2
the solutions of this polynomial are 1 = %, and By = mfiw. Hence, we deduce that

the solutions of the original system are (a, B1) = (&E2=Ye™+d 4 1 2y 52+4), and (ag, B2) =

—2a
(a+2t2v 52+4 + 1, a+2f5 g2+4), We study the limit of the solutions when a goes to zero. The limit of

(o, B1) is (3, —3), meanwhile the limit of (ca, B2) does not exist. Somehow, (w2, B2) is a solution of
the system {x> —y?> = 0,2 —y — 1 = 0} at infinity.

In this section we introduce projective varieties. These varieties allow us to formalize the notion of
“solutions at infinity” that we observed in Ex.[2.5.1] Projective varieties are related to homogeneous ide-
als. In the following, we will consider the polynomial ring K[x][z(] together with its standard gradings

over N (Ex.[2.3.2).

Definition 2.5.2 (Projective space). [[CLOI5| Def. 8.2.1] The projective space P" represents the space
of lines in K"+ through the origin. Let ~ be an equivalence relation over K"+ \ {0} such that a ~ b
if there exists X € K such that a = \b. We define the projective n-space P" as the quotient of K"t!
(excluding zero) by the equivalence relation ~, that is

P" = (K" {0})/ ~ .

Each (n + 1)-tuple (ag, . . ., a,) € K"t defines a point a € P™ and we say that (ag : -+ - : ay,) are the
homogeneous coordinates of a.
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Remark 2.5.3. Each (n + 1)-tuples defines homogeneous coordinates of a point in P™, but many tuples
define coordinates of the same point. More precisely, two tuples define the same point if the tuples are
equivalent with respect to ~.

Definition 2.5.4 (Projective variety). Given a homogeneous ideal I C K[x][xo], we define the projective
variety Vpn (I) as the zero set of the homogeneous polynomials in I over P, that is

Ven(I) := {p € P" : (Y homogeneous f € I) f(p) = 0}.

We can define the Zariski topology for projective varieties similarly to the way that we did it for the
affine varieties (see Def. 2.4.8).

Definition 2.5.5 (Zariski topology). [[Har77, Page 10] We define the Zariski topology on P™ by consid-
ering the open sets to be the complement of the projective varieties.

When we work with a projective variety, we might want to study the affine variety related to the
homogeneous ideal that defines it. We call this affine variety the affine cone.

Definition 2.5.6 (Affine cone). Let V' C P" be a projective variety such that Vpn (1) = V. We define
the affine cone of V, Cy, as the affine variety in K" that is the zero set of I. Equivalently, Cy :=
VK'fH»l (I)

The empty set () C P™ is a projective variety as ) = Vpn ((1)) and 0 = Vpn ((zg, 21, ..., 25)). If we
apply Hilbert’s Nullstellensatz in the same way as we do in the affine setting, as (1) and (zg, z1, ..., Zy)
describe the same variety, we should conclude that the corresponding radical ideals are the same. But this
is not the case, as v/ (xo, 1, ..., Tn) # \/m . Hence, we cannot extend directly Hilbert’s Nullstellensatz
to the projective setting.

Definition 2.5.7 (Irrelevant ideal). The irrelevant ideal is the biggest ideal that defines an empty variety.
For projective varieties over P", the irrelevant ideal is (xq, 21, ..., Tn) = @;~; Klz][zo];.

Definition 2.5.8 (Ideal of a projective variety). Let V' C P" be a projective variety. If V # (), then the
ideal associated to V is the ideal generated by all the homogeneous polynomials that vanish at every
point of V. If V.=, then its associated ideal is the irrelevant ideal (x, . .., xy).

When the projective variety is not empty, the associated ideal equals the associated ideal of the affine
cone. Hence, by abusing notation, we denote by 1(V') the associated ideal of a projective variety V.

Now we can state the, so-called, projective Hilbert’s Nullstellensatz. It provides an one-to-one cor-
respondence between projective varieties and radical ideals contained in the irrelevant ideal.

Proposition 2.5.9 (Projective Hilbert’s Nullstellensatz). [CLOI5 Thm. 8.3.9] Let I C (xq,...,xpn) C
K[z]|[zo] be an homogeneous ideal. Then,

I(Vpn (1)) = V1.

If Vpn (I) = 0, then there is a k € N such that, for every 0 < i < n, xf el
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One might ask what happened with the 1 € K]x]|[x(] that appears in any ideal defining an empty
affine variety. To answer this question we have to recall the concept of saturation of an ideal, see
prop. Let V C K" be a variety and I C K[x] an ideal. The ideal I has no solutions outside V', that
is V(I) N (K™ \ V) = 0, if and only if V(I) C V. By Prop. this is equivalent to the condition
(V) c VI. By Prop. there is a k € N such that I(V)* C (v I)F C I, and so (I : I(V)*) = (1).
Therefore, the lack of solutions outside V' is equivalent to (I : I(V)>) D (I : I(V)¥) = (1).

Proposition 2.5.10. An ideal I € K[| has no solutions outside V- C K", that is Vgn (I)N(K"\ V') = 0,
if and only if (I : I(V)*°) = (1).

Hence, a proper homogeneous ideal over K[x][zo] defines an empty projective variety if its affine
cone contains only the point 0 € Vin+1((xo, ..., Zp)).

Projective varieties are obtained from “gluing” together affine varieties. These affine varieties are
open subsets of the projective varieties.

Proposition 2.5.11 ([CLO15, Ex. 8.2.9]). For each 0 < i < n, we define U; C P" as the open set of P"
formed by the points whose i-th coordinate is different to zero. Equivalently,

Ui = P" \ Vpn ((2:)).

For each projective variety V. C P™, V N U, is an affine variety. We say that the affine varieties {V NU,; };
form an affine open cover of V.

We can think of this affine open covering as follows: Given a homogeneous ideal I € K[x][x],
consider the affine variety Vpn (1) N Uy given by the intersection of the affine cone Vin+1 () with the
hyperplane ¢ = 1. Hence, we have correspondence

(ap::an) € Ven(I) N Up 4> (1, % o Z”) € Vigner (I + (z0 — 1)),
0 0
There is a similar correspondence for each variable z;.
We can also use the affine open coverings to define varieties. The way of doing so corresponds to
“gluing” the affine varieties, that is, identify the affine pieces (Vpr (I)NU;) NU; and (Vpn (1) NU;) NU;.
For more information see [CLS11, Sec. 3.0].

Example 2.5.12 (Continuation of Ex. . We consider the homogeneous ideal I := (x> — y? x —
y — z) C K|z, y, z]. This ideal defines a projective variety V2 (1) which consists of two points. Let Uy,
Uy, U, be the open sets from Prop.

The affine variety defined by Vp2(I) N U, is isomorphic to the affine variety associated to the ideal
I = {2? —y* x —y — 1} C K[z, y] by setting = = 1. Note that this ideal agrees with the one obtained
in Ex. by setting a = 0. Hence, Vi2(I,) = {(3,—3)}. Over the projective space, the homogeneous
coordinates of this point are {(3 : —% : 1)} C Vp2(I).

The affine variety defined by Vp2(I) N Uy is isomorphic I, := {2? — 1,x — 1 — z} by setting
y = 1. In this case Vg2(1,) = {(1,0), (=1, —2)}. Over the projective spaces, we write these points in
homogeneous coordinates as {(1:1:0),(—1:1:—2)} C Vp2(I). Note that in this case, we obtained
two points as we had expected in Ex.[2.5.1]
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The affine variety defined by V(1) U, is isomorphic I, :== {1 —y? 1 —y— 2z} by setting x = 1. In
this case Vi (1) = {(1,0), (—1,2)}. Over the projective spaces, we write these points in homogeneous
coordinates as {(1:1:0),(1:—1:2)} C Vp2(I).

Hence, we conclude that {(1 : 1:0),(3 : =3 : 1)} = Vp2(I) as Vp2(I) N Uy C Vp2(I) N U, =
Vp2(I) N U.. The point (1 : 1 : 0) is the solution at infinity that we mention in Ex.[2.5.1]

Many definitions and properties from affine varieties extend naturally to the projective case.

Proposition 2.5.13 (Irreducible variety). [[CLOI5| Ex. 8.3.11] We say that a projective variety is irre-
ducible if and only if we cannot write it as a union of two projective (strictly) subvarieties.
The projective variety V' is irreducible if and only if the homogeneous ideal 1(V') is prime.

Proposition 2.5.14 (Minimal irreducible decomposition). Given a projective variety V. C K", there are
unique irreducible projective varieties V1, . .., V, such that (Vi # j) V; ¢ V; and

V=WViu---uV.

Definition 2.5.15 (Dimension). The dimension of an projective variety V. C K", dim(V'), is the supre-
mum of all the integers n > 0 such that there is a chain Wy C Wy C --- C W,, C V of different
irreducible projective varieties contained in V.

As we did in the affine case, we can relate the geometric dimension of a projective variety with the
Krull dimension of its homogeneous coordinate ring.

Definition 2.5.16 (Homogeneous coordinate ring). The homogeneous coordinate ring of a projective
variety V. C P" is the quotient ring K[x][xo]/L(V'). We denote this quotient ring as K[V].

Note that the homogeneous coordinate ring of V' is isomorphic to the coordinate ring of the affine
cone of V, K[Cy/], see [Har77, Ex. 1.2.10]

Proposition 2.5.17. [Har/77, Ex. 1.2.6,Ex. 1.2.10] The dimension of a projective variety V equals the
Krull dimension of its homogeneous coordinate ring minus 1, that is,

dlm(V) = dimKTull(K[V]) — 1.

As in the affine case, see Def.[2.4.20] we say that a projective variety is equidimensional when all its
irreducible components have the same dimension. We can extend Prop. to the projective case. In
this case, the theorem is stronger because we can tell when the intersection of two projective varieties is
non-empty.

Proposition 2.5.18. [[Har77, Prop. 1.7.2] Consider two equidimensional projective varieties V,W C P™.
Consider the irreducible decomposition of VW = Uy U- - -UU,., see Prop. Then, the dimension
of each irreducible projective component U; is lower bounded by dim(V') + dim(W') — n, that is,

(Vi) dim(U;) > dim(V') + dim(W) — n.

Moreover, if dim(V') + dim(W') — n > 0, the intersection V-0 W is not empty.
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For projective varieties, we can have a stronger form of Cor. [2.4.23

Corollary 2.5.19. Consider a homogeneous ideal I = (f1,. .., fr) C Klx] such that v < n and each f;
is homogeneous. Then, Vpn (1) is not empty and its dimension is at least n — .

As we discussed at the end of Sec. [2.4] similarly to the univariate case, we expect to have a relation
between the degrees of the polynomials defining a zero-dimensional variety and the number of points in
this variety. We already saw that, when we work with affine varieties, such a relation does not exist, see
Ex. In what follows, we introduce the concept of degree of a projective variety which formalizes
this expected relation.

Let V' C P™ be a projective variety. If V' is zero-dimensional, we define its degree as the number
of points that V' contains. When V' is not zero-dimensional, its degree corresponds to the expected
number of points, counted with multiplicity, when we intersect V' with dim (V") generic hyperplanes, see
Sec.[2.13] We present an equivalent definition of degree of a projective variety. Our definition relies on
the Hilbert series of its homogeneous coordinate ring, see Def.

Definition 2.5.20 (Degree of a projective variety). Let V. C P" be a projective variety. Consider the
Hilbert series of its homogeneous coordinate ring, H Sk = (11{7(:))(1’ where d is equals the Krull di-

mension of K[V] and H(t) € Ql[t] is a polynomial such that H(1) # 0, see Prop. We define the
degree of V as deg(V) = H(1).

The degree of a zero-dimensional projective variety is an upper bound on the number points that it
contains. This bound is tight if and only if the variety is irreducible, see Prop.|2.4.24]

2.6 Homological algebra

The results of this section come mainly from [[CLOO06, Ch. 6], [EisO4, Ap. 3] and [Lan02, Ch. XX &
Ch. XXI].

First, we introduce chain complexes and resolutions. Roughly speaking, a chain complex is a se-
quence of modules together with maps between them, such that each map generates part of the kernel
of the next map. A resolution of a module M is a chain complex where each map generates exactly the
kernel of the next map and the image of the last map is M. In this way, we can study M by “approxi-
mating” it by a sequences of modules. From a minimal resolution of a graded module M, we can deduce
its Hilbert series, its Betti numbers, and its Castelnuovo-Mumford regularity.

Definition 2.6.1 (Chain complex). A chain complex (M,,d.) is a sequence of R-modules {M;}icz
together with a sequence of homomorphisms between them 6o = {0; : M; — M;_1}icz, such that
Vi € Z, 6;—1 0 6; = 0, that is, Im(0;) C Ker(d;—1). We usually write Mq as

5; 5 Si
M, : ... LI>MZ‘—>MZ‘_1 7—1>

We say that a chain complex is bounded when there are two constants a,b € Z, such that, if i < a or

1 > b, then M; = 0. In this case, we write M, as

) Oit1 8; 05— ba—1
My:0— My 2 02 M 25 Mo —5 225 M, — 0
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Definition 2.6.2 (Exact chain complex). We say that a complex is exact when,
Vi € Z, Im(6;) = Ker(d;—1).
We can characterize how far a chain complex is from being exact by studying its homologies.

Definition 2.6.3 (Homology). The i-th homology of a chain complex (M, ds) is the quotient between
the kernel and the image of consecutive maps, that is

H,; := Ker(d})/Im(éiH).
A chain complex is an exact sequence if and only if every homology vanishes.

Definition 2.6.4 (Free Resolution). Given a R-module M a free resolution for M is a chain complex
(Ma,, be) of the form
M.:---—>M2—>M1—>M0—>O,

where,
o the 0-homology equals M, that is Hy = M,
e fori > 0, the i-homology vanishes, that is, H; = 0, and
o every module M is free, that is, each module M; is isomorphic to R¥:, where k; is the rank of M.

The augmented free resolution of M, is the exact sequence
Meg: -+ — My — M — My— M —=20

Proposition 2.6.5. [EisO4, Cor. 19.6] Every finitely generated module over K[x| has a finite free reso-
lution.

The resolution of an ideal I C K[x] is closely related to the resolution of K[x]/I.

Proposition 2.6.6. [CLO0G, Ex. 6.1.8] Consider a free module M C R™ and let (M,, ds) be the free
resolution of M. Then, the following chain complex is an augmented free resolution of R™ /M.

«vo— My — My — My — R™ — R™/M — 0.

When we consider the free resolution of a graded module the resolution can inherit the grading. For
this, we have to twist the modules so that the maps in the resolution are graded and have degree zero.
We illustrate this in Ex. by considering the Koszul complex of a sequence of three homogeneous
polynomials in K[x]. Among the resolutions of a module, we are interested in the minimal ones.

Definition 2.6.7 (Minimal free resolution). We say that a graded free resolution for a 7.-graded K[x|[x)-
module M, (M, ds), is minimal if

(VZ) Im(éi) C <l’0, - ,{En>Mi_1,

where (g, ..., xn)M;_1 is the module xoM;_1 + - - - + x, M;_1.
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Minimal free resolutions are unique up to isomorphism, see [EisOS5, Thm. 1.1.6].

Definition 2.6.8 (Strand of a complex). Consider a chain complex (M, dq) such that all the modules M;
are L-graded and all the maps 6; are L-graded of degree 0 € L, see Ex. Then, for eachm € L,
the strand of (M, ds) is the chain complex (Ms, de)m, Which correspond to the restriction of (M, ds)
to the m-graded pieces of the modules, that is,

0; 9; ;i
(Mot + oo =5 (M), 25 (M) — ...

We warn the reader that in the bibliography, for example in [Eis04, [EisO5], the word strand is used
in a different, but closely related, sense.

Let us also briefly mention the determinant of a complex. For a particular class of bounded com-
plexes, called generically exact [GKZO08, App. A], we can extend the definition of the determinant of
matrices to complexes. The non-vanishing of this determinant is related to the exactness of the complex.
When there are only two non-zero free modules in the complex, that is, all the other modules are zero,
we can define the determinant of the complex if and only if both the non-zero free modules have the
same rank. In this case, the determinant of the complex reduces to the determinant of the (matrix of
the) map between the two non-zero free modules, [GKZ0S8|, Prop. A.8]. We refer the reader to [AMS09]
for an accessible introduction to the determinant of a complex and to [GKZ0S8, App. A] for a complete
formalization.

2.7 Regular sequences and Koszul complex

The results of this section come mainly from [Eis04, Ch. 17], [Lan02, Ch. XXI] and [BH9S| Ch. 1].

A regular sequence is a sequence of polynomials that shares many algebraic properties with a se-
quence of unknowns. The Koszul complex is a chain complex that it is also a resolution for regular
sequences.

Definition 2.7.1 (Regular sequence). An element f € R is regular in a ring R if it is not a zero divisor,
that is (Vr € R\ {0}) r f # 0. Given elements f1,..., f. € R, we say that (f1,..., fr) is a regular
sequence if

e R/{f1,...,fr) #0, and
e foreach 1 <i <, f;is a regular element in the quotient ring R/{f1,..., fi—1)-

Note that for regular sequences the order of the polynomials in the sequence matters. In Cor.
we will discuss for which regular sequences, when we permute their polynomials, the resulting sequences
are also regular.

Remark 2.7.2. If (f1,..., fr) is a regular sequence over R, then fori < r, (f1,..., fi) is a regular
sequence t0o.

If (f1,...,fr) C K[| is a regular sequence, then the Koszul complex provides a resolution for

K[w]/<f17 R 7f7">-
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Definition 2.7.3. Let E be a K-vector space generated by {e1,...,e,}. We define the map s as the
(—1)-graded map such that, for eachiand 1 < j1 < --- < j; <mn,
D, : N E “ANT'E

k+1 e
ej N Nej, = Pg(e; A-..Aej):{(_1)+ejl/\"'/\ejk_l/\ejk+1/\“'/\€ji ifjr=s
1 7 1 7

0 otherwise

Definition 2.7.4 (Multiplication operator). For each f € K[z, we define the multiplication operator
iy, which is a graded homomorphism of degree d, that corresponds to the multiplication by f.

pr: Klzlp — Klz]pia
g ~—fg
Definition 2.7.5 (Koszul complex). Let E be a K-vector space of dimension r, with basis e1, ..., e,.
Given a set of polynomials f1,..., fr € R, we define the Koszul complex Ko(f1,..., f.) as the chain
complex where Ko = R, K; = R® /\l E = R(:), when r > 1 > 1, or 0 otherwise.
The differential §; : IC; — KC;_1 are homomorphisms such that

r
6’L = Z ,U,fs¢5-
s=1

Equivalently, for each 1 < j; < --- < j; < rand g € K[x],
T
Si(g@ej A Nej) = s (9) @ Aslej, Ao Aey,)
s=1

%
— k+1
—Z(*l) fing®ej N Nej_ Nejy Ao Ny
k=1

When the polynomials f1, ..., fr are homogeneous, then the modules of the Koszul complex are homo-
geneous 100, Ki = @1, c..ji<, B(—j1 — - — Ji) ®ej, Ao+ Nej,.
We denote by H;(f1, ..., fr) the i-th homology of K(f1,. .., fr), that is,

Hi(f1,..., [r) = Ker(d;)/Im(di+1).

Example 2.7.6. Let f1, f2, f3 € K[x| be a sequence of polynomials. The Koszul complex of f1, fa, f3 is
as follows:

-f2 fi O f1
R®ei Nes —fs 0 fl R®er fa
fs —fo f @ 0 —f ® .
O—>R®e1/\eg/\eg[ > 62 1] R®e; Nes 6f3 f2 R®es §—3>R—>0
3 @ 2 @ 1
R®es Nes R ® e3

If we assume that the polynomials fi, fa, f3 € K[x] are homogeneous of degree dy, da, ds3, then we
can make the Koszul complex 0-graded.
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To do so, we start analyzing the last map of the Koszul complex, 61. This map is equivalent to the
map (g1, 92, 93) — Zzzl frgk. In order to make 61 graded, the degrees of f191, f292, 393 must be the
same. Hence, if the degree onizl frgk is d, the degree of g, must be d — dy, + deg(01). If we want the
degree of 01 to be zero, then the first map of the Koszul complex must be

fi
f2
f3

R(—dy) @ R(—d2) ® R(—d3) 6—) R.

Following the same reasoning, the second map of the Koszul complex is the map
(h1,2,h1,3,h23) = (=hi2 fo — h13 f3, h12 fi — ho3 f3, hig fi + ha3 fa).
For this map to be 0-graded, we should find constants D1 2, D1 3, D2 3 such that, for d € 7Z, it holds
d2 (R(=D12) ® R(—=D13) @ R(—Da3)),) C (R(=d1) ® R(~d2) @ R(—ds)),

So, for h12 € R(—D12)q and hy 3 € R(—D; 3)q, we want hy 2 fo+hi 3 f3 € R(—dy)q. Hence, the
degree of h1 2 fa should be equal to the degree of h1 3 f3, that is —di + d. Thus,

d—Dig+dy=d—Diz+d3=d—d.

Using the same arguments for hi 3 and ha 3, we conclude that for each d, we want D1 o, D1 3, D2 3
such that,

d—Dig+do=d—Diz+ds=d—d;
d—Dig+di=d—Dez+do=d—ds ,
d—Dig+di=d—Ds3z+d3=d—d3

which leads to

Do =dy+d2
Dy3=dy +ds
D273 = do + d3

Hence, the map 6 is a graded map if we consider the following graded modules

- 0
R(—dy — ds) [_ﬁ f(l) fl] R(—dy)

= 0 — =

R(—di — ds) ) fs 2 R(—d»)
® : ®

R(—dy — dy) R(—ds).

Finally, we do the same analysis for 03, which represents the map g «— (g f3,—g f2,9 f1). We want
to find a D such that, for every d, it holds

33(R(—D)q) C R(—dy — d2) ® R(—dy — d3) & R(—d2 — d3).
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Equivalently, we are looking for a D such that, for any d and g € R(—D)g, it holds (g f3, —g f2,9 f1) €
(R(—dy — da) ® R(—dy — d3) @ R(—da — d3))4. Hence, the degrees must satisfy the equations,

d—D=d—dy—ds
d—D=d—-dy —ds
d—D=d—dy —d

Therefore, D = dy + ds + ds, which results to

R(—dy — d9)
f3 —f2 f &
R(—dy — da — d3) [ ] R(—dy — d3)
03
@
R(—dy — d3)
Hence, our graded Koszul complex is isomorphic to,
-2 f1 O f
R(=di ~dy) [ “f 0 p | RCd) { 2
_ @ 0 —f &
0 — R(—di — do — ds) s 2 1] R(—d1 — ds) fs 12 R(—ds) ey
03 ® 02 ® 61
R(—dy — ds) R(—ds)

Remark 2.7.7. The 0-th homology of the Koszul complex KC(f1, ..., fr)isHo(f1,--., fr) = R/{f1,. .., fr).
Regular sequences are closely related to the Koszul complex.

Proposition 2.7.8 (Koszul complex of a regular sequences). [[Lan02, Thm. XX1.4.6] Consider f1, ..., f, €
Klz]. If (f1,..., fr) is a regular sequence over K[|, then H;(f1,..., fr) =0, fori > 0.

If fi, ..., fr are homogeneous polynomials, then converse statement also holds, that is, if H;(f1, ..., fr) =
0, fori > 0, then (f1,..., fr) is a regular sequence over K[x|. Moreover, when the polynomials are
homogeneous, if Hi(f1,..., fr) =0then H;(f1....,fr) =0, forj > 1.

In particular, if I is generated by a regular sequence, then the Koszul complex provide us with an
augmented free resolution for K[x]/1I.

Corollary 2.7.9. If (f1,..., fr) is a regular sequence over K|z, then the Koszul complex is an aug-
mented free resolution of the quotient ring K[x]/(f1,..., fr). Moreover, the following chain complex is
an augmented free resolution of I,

00— =Ky —=> K —>1—0.

If (f1,..., fr) are homogeneous, then the free resolutions are minimal, see Def.

The Koszul complex does not take into account the order of the polynomials fi,..., f, in the se-
quence. Hence, when we have a homogeneous regular sequence, any permutation of its polynomials
result a regular sequence.
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Corollary 2.7.10 (Permutation of homogeneous regular sequences). Let o € S, where S, is the sym-
metric group of {1,...,r}, that is, o is a permutation of the set {1,...,r}. Hence, if f1,..., fr are
homogeneous polynomials and (f1, ..., f;) is a regular sequence, then (fy(1y,- .-, fo(r)) is a regular
sequence, t0o.

When a regular sequence does not consist of homogeneous polynomials, then a permutation of its
elements might not result in a regular sequence.

Example 2.7.11 (Permutation of affine regular sequences). Consider the polynomial sequence (z,x (z+
1),y (z+1)) inK[z,y, z|. This sequence is regular because K|x,y, z]/(z) 2 K[z,y| and z (z+ 1) =z
andy (z+ 1) = yin Kz, y, z]/(2). But (x (2 + 1),y (z + 1), 2) is not a regular sequence as y (z + 1)
is a zero divisor in K[z, y, z]/(x (2 + 1)), z (y (2 + 1)) = y(x (2 + 1)) = 0in K[z, y, 2] /(x (2 + 1)).
Hence, Cor. might not hold when the polynomials are not homogeneous.

An ideal of K[x] generated by a regular sequence of r elements describe an equidimensional variety
of dimension n — 7.

Proposition 2.7.12. [Per07, Thm. 1V.2.3] Consider polynomials fi, ..., f, € K[x] such that (f1,..., f)
is a regular sequence. Then, if Vin({f1,..., fr)) is not empty, then it is equidimensional and has
dimensionn — r.

Moreover, if the ideal is homogeneous, then the previous condition is an “if a only if”.

Proposition 2.7.13. [[Hocl6l Page 15] Consider homogeneous polynomials fi,..., f, € Klx][zo].
Then, the following three conditions are equivalent:

e (f1,...,fr) is a regular sequence.

o dim(Vpn((f1,...,fr)) =n—r.
o dim(Vpn({f1,...,fr))) =n—7rand Vpn({f1,..., fr)) is equidimensional.

For regular sequences, because we know their minimal resolution, we can also predict their Hilbert
series and their degree [CLOO06, Thm 6.4.4].

Proposition 2.7.14 (Hilbert series of a regular sequence). [[CLOIS, Lem. 10.2.5] Let (f1,..., f,) be a
regular sequence over K|x| given by homogeneous polynomials of degrees dy, . . . , d,, respectively, then
the Hilbert series of the corresponding quotient ring is

HS IR ECER A | Y
Klz]/(f1sesfr) = (1 _ t)n - (1 _ t)”*r

Corollary 2.7.15 (Bézout bound). Let (f1,..., fr) be a regular sequence over K|x] given by homoge-
neous polynomials of degrees dy, . . ., d,, respectively, then the degree of the variety Vpn ((f1,..., fr)),
see Def. is the product of the degrees of the polynomials, that is,

r di—1 45
Degree(Ven ((f1,..., fr))) = ((1 - t)”—rw>

=1 =1

(1 _ t)n—r .
In particular, if v = n, then the system { f1,..., fn} has at most [[;"_, d; different solutions.
The Bézout bound is tight when the ideal (f1, . . ., f,,) is radical or if we count the number of solutions

taking into account their multiplicities, see [CLOQ6, Sec. 4.2].
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2.8 Betti numbers and Castelnuovo-Mumford regularity

The results of this section come mainly from [Eis04, Ch. 20], [CLO06, Ch. 6] and [BH9S, Ch. 1 &
Ch. 4].

Among the free resolutions of graded modules we can always find a minimal free resolution, which
is unique up to isomorphism, see Def. From the minimal resolution we can read the Betti numbers,
which are important invariants of a module. Using the Betti numbers, we can recover the Hilbert series
and define the Castelnuovo-Mumford regularity.

Proposition 2.8.1 (Betti numbers). [[Eis05 Thm. 1.1.6] If there is a finite minimal free resolution for a
graded R-module M, then the minimal free resolution is unique up to isomorphisms. In this case, we
can always write it as

0 — P R(—j)Praons — - — P R(—j)%s — M — 0,
JEL JEZ

where only a finite number of B3; j are not zero.
The {f3; j }i,; are the graded Betti numbers.

The graded Betti numbers define the Hilbert Series.

Proposition 2.8.2. [BH98, Lem. 4.1.13] Let {b; ;} be the graded Betti numbers of a graded R-module

M, then
HSy(t) = HSR(t ZZ )1 B t?
=0 jE€Z
When R = K[x], then HSR(t) = ﬁ, and so
HSu(t) = 7o ZZ ) Bt
1=0 jEZ

Also, the graded Betti numbers allow us to define the Castelnuovo-Mumford regularity. As we will
see in Sec. this regularity is related to the complexity of solving polynomial systems.

Definition 2.8.3 (Castelnuovo-Mumford regularity). Consider a graded R-module M and let {; ;} be
its set of graded Betti numbers. Then, the Castelnuovo-Mumford regularity of M is,

regem(M) = H;E;X{J' —i: By # 0}
The Castelnuovo-Mumford regularity tell us when the Hilbert polynomial and the Hilbert function
agree.

Corollary 2.8.4. [EisO5 Thm. 4.2] [BS13| Ex. 17.1.10] If d > reggsn(M), then the Hilbert polynomial
and Hilbert function agree, that is, H Py;(d) = H Fy(d).

For homogeneous regular sequences (fi, ..., f.), the Koszul complex give us minimal free resolu-
tions for (f1,..., fr) and K[z]/{f1,..., fr), see Cor. Hence, we can deduce the Castelnuovo-
Mumford regularity.
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Proposition 2.8.5 (Macaulay bound). Ler (fi,..., fr) be a homogeneous regular sequence in K[x]
where the polynomials have degrees d1, . . . , d,, respectively. Then, the Castelnuovo-Mumford regularity
of the ideal (f1, ..., fr) and the corresponding quotient ring is

,
regeom((f1,-.., fr)) = Z d; —r—+1. (Macaulay bound, MB)
i=1
T

regem(K(a]/(fr, ..., fr)) =D di—r.

i=1

2.9 Local cohomology and Castelnuovo-Mumford regularity

The results of this section come mainly from [BS13| Sec. 5.1], [Bus06l Ch .3], and [BH9S|, Sec. 3.5]

In this section we will talk about local cohomology and its relation with the Castelnuovo-Mumford
regularity. For this, we need to introduce localization. We say that a set U C R is multiplicatively closed
if 1 € U and (Va,b € U) ab € U. Roughly speaking, to localize a module M at a multiplicative set U
is like inverting the elements of U in M.

Definition 2.9.1 (Localization). Given a R-module M and a multiplicatively closed set U C M, we
define the localization of M at U, M[U~1Y), as the set of equivalence classes of pairs (f,u), with f € M

and u € U. The equivalence relation ~ is such that (f,u) ~ (f',u’) if and only if there is an element
v € U such thatv (v f —u f') = 0in M.

Proposition 2.9.2. Consider x € U C Rand f € M such that x f = 0in M. Then f = 0 in M[U].

If the ring R is Z*-graded and the elements of the multiplicatively closed set U are homogeneous with
respect to the same Z*-grading, then the localization R[U '] is Z*-graded and the degree of (f,u) €
R[UY]is deg(f) — deg(u).

In most of the cases, we localize with respect to an element or the complement of a prime ideal.

Definition 2.9.3 (Localization at an element). Given an element x € R, we define M [x~!] as the local-
ization of M at the multiplicative closed set U = {x' : i € N} (we consider 0 € N).

Given a prime ideal p C R, the complement (set theoretically) of the ideal, R \ p, is a multiplicative
closed set.

Definition 2.9.4 (Localization at a prime ideal). Given a prime ideal p C R, we define M|p] as the
localization of M at the multiplicative closed set U = R\ p.

Similarly to the Koszul complex, the Cech complex is another central chain complex in algebraic
geometry.

Definition 2.9.5 (Cech complex). [Bus06| Def. 3.1.3] Let R be a ring, f := (f1,..., f,) be a sequence
of elements in R and M a R-module. The Cech complex of f over M is the complex C*(f; M ) whose
modules are

i —1
Co%(f,M):=M  and C'(f,M):= @ M (Hf];.) (1<i<r)
s=1

1<ji<-<gi<r
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and the maps d* : C*(f; M) — CUHV(f: M) are
- m % T
do(m) = Z 1 and d (mjl,..~7ji) = Z (-1) (k)¢k(mj1,...,ji)

i=1 kg{j1,-.di}

i -1 i - j
where mj, ., € M [(Hsl fjs) ], dr(my,,..j.) € M [(fk || ij> ], and 7(k) is such that
.]T(k) <k< jT(k)“rl'
Definition 2.9.6 (Local cohomology). The i-th local cohomology R-module with support in (f) is the i-
th cohomology R-module H<if> (M) = Ker(d")/Im(d(~1) (H?f> (M) = Ker(d®)) of the Cech complex
C*(f; M).

The local cohomology encodes geometric information of the variety defined by ( f). Hence, H Z P (M)

is independent of the generators of ( f) that we choose to construct the Cech complex and only depends
on the radical of the ideal (). Hence, we will write the local cohomologies H(M ) without specifying a
particular set of generators of /. In this thesis we only use some basic properties of the local cohomology;
we refer the reader to [BS13]], [BH98, Chp. 3.5], and [Har77, Sec. I11.4] for a detailed representation.

Proposition 2.9.7. [Bus06| Prop. 3.5] Consider two ideals over R, I = (f1,..., fr)and J = {(g1,...,9gs),
such that /I = /J. Then Hi(M) = H%(M).

The 0-th local cohomology of I over R/.J is isomorphic the saturation of J with respect to I.

Proposition 2.9.8. [Bus06, Eq. (1.1)] The 0-th local cohomology module is the set of elements in M
annihilated by a power of the ideal I = {f1, ..., f,}, that is

HY(M)={meMst3IkeN: ffm=0inMforalli=1...r}

When M = R/J, then the 0-th local cohomology is the saturation of the ideal J with respect to I,
thatis HY(R/J) = (J : I™).

Given a Z-graded finitely generated K[x|-modules M, the local cohomologies of (x1, ..., xz,) over
M vanish at big degrees.

Proposition 2.9.9. [BSI3| Thm. 16.1.5] Consider the ideal B = (x1,...,x,) € K|z] and a Z-graded
finitely generated K[x]-module M with respect to the standard grading, see Ex. Then

e Foreveryi € Nand d € Z, the K-module Hiy(M) is finitely generated.
e Thereisady € Z such that H5(M ), = 0 for every i € N and d > dy.

The difference between the Hilbert function and the Hilbert polynomial is given by the local coho-
mologies.
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Proposition 2.9.10 (Hilbert function and local cohomology). [BH98| Thm. 4.4.3] Consider the ideal
B = (z1,...,2,) € Klx] and a quotient ring M = Klx|/J, where J is a homogeneous ideal and
the Krull dimension of M is t. The Hilbert function of M is the sum of its Hilbert polynomial and the
alternating sums of the dimensions of the local cohomologies as K-vector spaces, that is, for all d € N

we have
t

HFy(d) = HPy(d) + ) (—1)" dimg (H(M)g).
1=0

Local cohomology give us another way of defining the Castelnuovo-Mumford regularity for the Z-
graded ring K[x].

Proposition 2.9.11 (Castelnuovo-Mumford regularity using local cohomology). [IBSI3, Thm. 16.3.7]
Consider the ideal B = (x1, . ..,z,) € K[x| and a finitely generated 7-graded K]|x]-module generated
M, see Ex. Let a; be the maximum degree at which H'y (M) does not vanish, that is

ai(M) = {max({j H(Hp(M)); #0}) if Hp(M) # 0,

—00 otherwise.
The Castelnuovo-Mumford regularity is
regem(M) = max(a;(M) + ).
7

The previous propositions provides a different proof of Cor. [2.8.4

2.10 Multihomogeneous polynomials and multiprojective varieties

In this section we discuss about systems of multihomogeneous polynomial equations and their relation to
the multiprojective space, that is, the Cartesian product of projective spaces. Multihomogeneous systems
arise when we consider the tensor product of homogeneous polynomials. Geometrically, the solution set
of such systems belongs to the Cartesian product of projective spaces. They are the easiest examples,
besides monomial ideals, of multigraded systems.

Definition 2.10.1 (Multihomogeneous polynomials). We consider q blocks of variables x1, ..., x,,
where x; = {0, ..., Tin,}, foreachl < i < q. We consider the polynomial algebra K[zx1, ..., x4 :=
Klz1]) ® - - - @ Klag], that is multigraded with respect to 79, thus

Klzy,...,z)= Y Klzilg @ @ Klzglq,.
(d1,...,dq)€EZ

Given d € 79, we denote by K[z, . .., x4]q the d-graded part of K[x1, ..., x4|. Given a polynomial
feKxi,...,xq4lq we say that it has multidegree deg(f) = d.

When it is clear from context, we refer to the multidegree of a multihomogeneous polynomial as its
degree.
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Example 2.10.2 (Multilinear polynomial). Consider two blocks of variables * = {xg,z1} and y =
{vo,y1}. The polynomials fi := xoyo + xoy1 — 1Yo and fa := xo + x1 are multihomogeneous
polynomials in K|z, y|. Moreover, fi € K[z, y|11) and f2 € K[z, y](1,0). When the multidegree of a
multihomogeneous polynomial is such that every block of variables has degree at most 1, we say that it
is a multilinear polynomial. Both fi and fo are multilinear polynomials.

A multihomogeneous ideal is a Z9-graded ideal in K[z, . .., x,].

Definition 2.10.3 (Multihomogeneous ideal). An ideal in K[z, ..., x,] is multihomogeneous if it is
homogeneous with respect to the grading 71 (see Def.[2.3.5).

Similarly to the case of homogeneous ideals, see Def. if I € Klzy,...,z,] is a multiho-
mogeneous ideal, then K[x1,...,x,]/I is a Z?-graded module and we can define its Hilbert function.
Moreover, there is a multigraded version of the Hilbert polynomial, see Prop.[2.3.1§]

In the following, given two vectors d, dg € Z4, we say that d is component-wise bigger than dp, and
write it as d > dy, if and only if d — dg € N¢.

Proposition 2.10.4 (Hilbert Polynomial and Series). [Rém01} Thm. 2.10] Let I C K[x1,...,x4] be a

multihomogeneous ideal. We define the multigraded Hilbert function of K[z, ..., x4]/1 as
HFK[wl,...,mq]/I(d) = dlmK((K[$17 s 7$q]/1)d)‘
There is a unique multivariate polynomial HPg(g, . /1 € Qlt1,....tg and a do € Z9 such
that for d > do (component-wise) the multigraded Hilbert function of K[x1, ..., x4|/I agrees with the

polynomial, that is
HPK[ml,‘..,mq]/I(d) = HFK[ml,...,mq]/I(d)‘
We call HPg|g, ... z,)/1 the multigraded Hilbert polynomial of K[z1, ..., x4]/I.

Proposition 2.10.5. The Hilbert polynomial of K[x1, . .., 4] is
q
d; +mn;
H%%WMMWM_H<%¢)
i=1 !

Example 2.10.6. Consider two blocks of variables x = {x¢,x1,x2} and y = {yo,y1,y2}. The Hilbert
polynomial of K[z, y] = K[z] @ K[y] is,

. i+2\ (j+2

Consider the multihomogeneous ideal
I := (—af Yoy + To L1 Yo Y1, T Y§ — T1 T2 Yo Y1, —To T1 Y5 + T1 T2 Y5),

generated by polynomials in K|z, y] (2 2) = K[z]2 ® Klyl2. The Hilbert function of K[z, y]/I is

§ﬁ+2u+j?+%i+njf32i23Wsz3(/)

) it +5i+6 i>2andj=2 (M)
HFK[%ZI](Z7])_ %j2+%j+6 i:2andj>2 (.)
TE+1D)@+2)(+1)(G+2) i<lorj<1l (o)
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The following table illustrates the multidegrees corresponding to the different formulas of the Hilbert
function,

J .

6 o o e Vv V V V

5 oo o v V VvV V

4 o o e Vv V V V

3 00 e v VvV vV V (2.3)
2 oo @ B B B N

1 o o o o o o o

0 o o o o o o o

01 2 3 4 5 6 1
The Hilbert polynomial of K[z, y]/I is given by the case (V') and the vector dy is (3,3). Thus,

. 1. .. 27 .
HPK[%y](z,]):izQ—i-sz +]2+?z+11]—32.

Note that H Py 4 (1,2) # H Fi[g 4 (7, 2), for any value of i € Z, no matter how big i is.

In Prop. we mentioned that the Hilbert polynomial is unique and that there is dg € Z? such
that for d > dg the Hilbert function agrees with the Hilbert polynomial. When we write that dg > d,
we mean that the inequality holds coordinate-wise. Using this definition, contrary to the case of the
Z-graded modules,

e with respect to the partial order d > dp if and only if d — dg € N9, there is no minimal vector
do € 74 such that the Hilbert polynomial and function agree, and

e the area at which the Hilbert polynomial and Hilbert function agree might not be bounded.

An example of the last case appears in Ex.[2.10.6] We will study further this relation in Sec. [2.11]
Geometrically speaking, the multihomogeneous ideals correspond to multiprojective varieties.

Definition 2.10.7 (Multiprojective variety). Given an multihomogeneous ideal I C Kz, ..., 4], we
define the multiprojective variety as

Vpnisc...xpra (1) := {p € P™ x --- x P" : (Y multihomogeneous f € I) f(p) = 0}.
A multiprojective variety is a subvariety of the multiprojective space P™ x --- x P™a,

The dimension of a multihomogeneous variety V' corresponds to the supremum of all the integers
m > 0 such that there is a chain Wy C Wy C --- C W,,, C V of different irreducible multiprojective
varieties contained in V. In contrast to what happened with the affine and projective varieties, it is not
possible to relate this dimension with the Krull dimension of its multihomogeneous coordinate ring.

The concept of degree (Def. extends to multiprojective varieties but as a vector and not as
a number. We are not going to enter into details and we refer to the interested reader to [vdW78]]. For
our purposes, we want to know the degree of a zero-dimensional multiprojective variety to estimate the
number of solutions. Generically, we can compute this number as a coefficient of a polynomial.
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Definition 2.10.8 (Square multihomogeneous system). Let N = nq + - -+ + ng. A system of equations
defined by the polynomials fi,..., fn € Klz1,...,x4] is a square multihomogeneous system if it is
defined by N multihomogeneous polynomials.

We can generalize the Bézout bound, see Cor. [2.7.15] to the case of a square multihomogeneous
system.

Proposition 2.10.9 (Multihomogeneous Bézout bound). [Shal3l Example 4.9] Consider a square mul-
tihomogeneous system { f1, ..., fn} of multidegrees dy, . ..,dyn € NY. If the system has a finite number
of solutions over Pt x - .- x P™4, then their number, counted with multiplicities, see [[CLO06, Sec. 4.2],
is the coefficient of the monomial | [; t"" in the polynomial

N q
12> diiti
j=1i=1

When we consider the number of solutions of { f1, ..., fn} without taking into account their multiplic-
ities, this coefficient is an upper bound. We refer to this coefficient as the multihomogeneous Bézout
bound and we will write it as MHB(d1, . .., dy).

The multihomogeneous Bézout bound is tight for systems with generic coefficients, see Sec.[2.13]

Proposition 2.10.10 ([DKS13, Thm. 1.11]). Let dy,...,dx be multidegrees in N. There is an open

subset with respect to the Zariski topology O C Klzx1,...,xgla, X - X K[z1,...,24|a, such that
for every square multihomogeneous system (f1, ..., fn) € O, the number of its solutions, counted with
multiplicities, is exactly the multihomogeneous Bézout bound, MHB(dy, . ..,dN).

2.11 Multigraded Castelnuovo-Mumford regularity

The results of this section come mainly from [Botl1, Ch. 6], [MS04] and [ACGO3].

Our interest in local cohomology emanates from the extension of the Castelnuovo-Mumford regular-
ity in the context of multigraded algebras. We are interested in the multigraded Castelnuovo-Mumford
regularity of modules related to zero-dimensional multiprojective varieties defined by square systems.

In the multigraded case, as we observed with the multigraded Hilbert Series, the regularity it is not a
point, but is a non-bounded region in Z? where some property holds. Following [MS04, Bot11, IBC17]],
the multigraded Castelnuovo-Mumford regularity will be the region of multidegrees at which the local
cohomology modules vanish.

Consider the Z?-multigraded algebra K[z, ..., 4] as in Sec. Consider N :=nj + - + n,
and let {eq, ..., eq} be the standard (canonical) basis of the vector space K?. Let B be the ideal given
by the intersections of all the monomials in each block, that is

q q
B = m<l‘i70, . ,a:l-7ni> = <Hwi’ji . 0 S ]1 S nl> .

i=1 i=1

There is a multigraded version of Prop.|2.9.10, that relates the local cohomology and the multigraded
Hilbert polynomial (see Prop.[2.10.4).
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Proposition 2.11.1. [CNOS, Prop. 2.4.3] Let M be a finitely generated and 79 graded K[x1, ..., x4]-
module. For each m € N? and i € N, H}B(M )m is a finite dimensional K-vector space, and the
multigraded Hilbert function of M is the Hilbert polynomial plus the alternating sums of the dimensions
of the local cohomologies. That is, for each m € N9, it holds

HFy(m) = HPy(m Z ) dimg (Hs (M) ).

In the following, we introduce the notion of multigraded Castelnuovo-Mumford regularity as defined
in [MS04, Def. 1.1] and [BC17, Def. 4.2]. Recall that given two vectors v, m € Z4, we say that ~ is
component-wise bigger than m, and write it as v > m, if and only if v — m € N4

Definition 2.11.2 (Multigraded Castelnuovo-Mumford regularity). Let M be a finitely generated 7.9-
graded Klx1, ..., xq]-module. Given m € 79, we say that M is m-regular if for every v € Z9 such
that v > m (component-wise), it holds

o (H%(M))yte, = 0 foreveryl <k < g, and
o (HJ%(M»‘HZLl sep = 0. foreveryi > 1and Ny, ..., \g € Nsuchthat 3] A\, =i—1.
The regularity of M is the subset of 79 where M is regular, that is
reges(M) := {m € Z9 : M is m-regular}.
Remark 2.11.3. Note that if M is m-regular, then for every v > m, M is ~y-regular, that is v €
regem (M)
Using Prop.[2.11.1] Cor. [2.8.4] extends to the multigraded case.

Corollary 2.11.4. [BCI7| Cor. 4.27] Let M be a finitely generated 7.9-graded K[z, . .., x4|-module
such that M is m-regular. Then, for m € regesm(M ), the Hilbert polynomial and the Hilbert function
agree, that is

Our goal is to extend the Macaulay bound, see Prop. [2.8.3] to the case of multigraded algebras. This
bound give us the Castelnuovo-Mumford regularity of a quotient ring related to a regular sequence. Be-
fore introducing a multigraded version of the Macaulay bound, we need to review the regular sequences.
When we work over the Z-graded algebra K[x], we can consider homogeneous regular sequences. But,
when we work over the Z?-multigraded algebra K[z, ..., x|, there might not be multihomogeneous
regular sequences.

Example 2.11.5. [[SDCO7, Sec. 3.1.2] Consider two blocks of variables x = {x¢,z1} and y = {yo,y1},
and the 7.>-graded algebra K|z, y] = @(” cz2 Klz]; @ Kly];. Consider three polynomials f1, f2, f3 €
K[z, y] of bidegrees strictly bigger than zero. If f1, fo, f3 is a regular sequence, by Prop. m 2.7.13| then
the Krull dimension of K|z, y|/{f1, f2, f3) should be 4 — 3 = 1. But this is not possible because, as

(f1, f2, f3) C (@0 Yo, x1 Yo, To Y1, T1 Y1), it holds
2 = dim g (Kz, y] /(o Yo, 21 yo, To y1, 1 91)) < dimpru (K, y]/(f1, f2, f3)).

Hence, there are not three multihomogeneous polynomials f1, f2, f3 € Kz, y| with bidegrees strictly
bigger than zero such that (f1, f2, f3) is a regular sequence.
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Definition 2.11.6 (Regular sequence outside B). Consider multihomogeneous polynomials f1, ..., f, €
Klz1,...,xq. We say that (f1,..., fr) is a regular sequence outside B if for every prime ideal p C
Klx1,...,xq, such thatp ¢ B, (f1,..., fr) form a regular sequence over K[x1, ..., x4y, the local-

ization of K[z, . .., 4] at p Def.

Such sequences are related to the filter regular sequences [Tru98l Sec. 2] and sequences of “almost”
nonzero divisors [MS04, Sec. 3], [SVTO06, Sec. 2].

If (f1,..., fr)isaregular sequence outside B, then the multihomogeneous variety Vpni «...xpra (f1, - - -

P™ x ... x [P" has dimension > 7 _; n; — 7.

Consider multidegrees dy,...,d, € N%, for r < Zgzl n; such that, for every ¢, d; has all its
coordinates strictly positive, that is, d; — (1,...,1) € N?9. A generic sequence of multihomogeneous
polynomials (fi,..., f,) of degrees ds,...,d,, see Sec. is a regular sequence outside B, see
[ACGOS, Sec. 4].

When we have a regular sequence outside B, its Koszul homologies are B-torsion. This proposition
follows from considering the spectral sequence of the double complex given by the Koszul complex and

the Cech complex of fi,..., fr over B, when fi,..., f, is a regular sequence outside B, see [ACGO05,
Sec. 4].
Proposition 2.11.7. Let (f1,..., f,) be a multihomogeneous regular sequence outside B. Consider the

Koszul complex of K(f1, ..., fr) and let H;(f1,. .., fr) be its i-th homology, see Def. Then, for
every j > 0, the j-th Koszul homology is B-torsion, that is, HY(H;(f1, ..., fr)) = H;i(f1,. .., fr)- In
particular, if i > 0 and j > 0, it holds Hy(H;(f1,..., fr)) = 0.

Given a Z9-graded K[z, ...,z ]-module M, we define sp(M) := {d € Z? : (M)q # 0} as
the set of multidegrees where the module is not zero. Note that, given a finitely generated Z9-graded
K[z, ..., x,]-module M, the multidegrees in sp(H%(M)) are related to the multidegrees in the com-
plement of regean (M ). Hence, we will deduce bounds for regeon (M) in terms of of sp(Hg(M)).

Consider o C {1,...,q}. We define the (), C Z7 as the set of integer points in the polyhedron
defined by the points (v1, ..., vq) € R? such that for every i < g,

{vi<—ni—1 ifi € a,

v; >0 otherwise.

Given v € Z% and a set Q C Z4, we define Q + v := {w+v € R? : w € Q}. If Q = (), then
Q +v:=0.Fora C{1,...,q}, consider the map in?, : {1,...,q} — {0,1} such that, for all i € a,
in?,(i) = 0, and, for all i & «, in?,(i) = 1. Then, we can think (), as

((=1)7eMWN x ... x (=1)17@ON) — (1n?,(1) (1 + 1), ..., in%(q) (ng + 1)).

Let No := ) e, M-
Proposition 2.11.8. [Botll| Lem. 6.4.4 & Lem. 6.4.7] For each i > 0, the degrees at which the i-th local
cohomology of K[x1, . .., x4| over B does not vanishes are
SP(HE(K[mlﬂ”'qu])) = U Qa-
aC{l,...q}
Na+1=i

a0

fr) C
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Example 2.11.9. [Botl1| Ex. 6.4.11] Consider two blocks of variables x = {xy, 1} andy = {yo, y1, Y2, Y3 }-
Let K[z, y] := K[x] @k Kly| and consider B := (z;y; : x; € x,y; € y). By Prop. it holds

o sp(H3(K[z,y])) = Quy = (-N x N) + (-2,0).

o sp(Hy(Klz,y])) = Qrzy = (N x —N) + (0, —4).

o sp(Hp(Klz,y])) = Qpu 2y = (N x =N) + (=2, -4).
o sp(H5(K[z,y])) =0, fori & {2,4,5}.

The gray area in Fig. represents the multidegrees (d,, d,) at which a local cohomology of Kz, y|

does not vanish. Hence, the ring K[z, y| is (—1, —3)-regular (the shaded area does not intersect with
the gray ones).

d’y
+ 2
sp(HE (K[, y]))
<1
— —t—t—+ d,
5 4 3 2 -l 1 l1 2 3 4
(1,3) €rege o (K[z,y])
@ 4 B
14
1 -5
sp(HE (K[z, ]) | pHEE= D)
+ -7

Figure 2.1: Degrees (d, dy) at which a local cohomology of K[z, y] does not vanish. The ring K[z, y]
is (—1, —3)-regular.

Given a multihomogeneous system (fi,. .., f,), consider the set
D deg(fy) I C{l...r} #I =i (2.4)
jeI
containing the sums of the degrees of ¢ (different) polynomials from the set { f1,. .., fr}.

Proposition 2.11.10 (Bounds for the multihomogeneous Castelnuovo-Mumford regularity). [MS04]
Thm. 7.2] [Botll, Rmk 6.4.10], [ACGOS| Cor. 4.3] Let (f1,..., fr) be a multihomogeneous regular
sequence outside B. For every 1, j, it holds

sp(Hp(H;(fr,-- )l U (sp(HEK[z1, ... 2))) +v).

tEZ vES (t+j—1)
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Notethat X(t +j —i) #0 <= 0 <t+j—i <r. By Prop.[2.11.8 the previous equation is equivalent
to

r4+7—1

sp(Hy(Hi(f.--. e U U U @a+v)

=0 veX(t+j—i) aC{l,...,q}
No+1=t
a#D

C U U (Qa"‘v).

aC{l,..,q} vEX(No+14+j—1)
No+1+j—i<r
a0

(2.5)

AsHo(fi,-. o fr) =Klx1, ..., xq)/(f1,- .., fr), when (f1,..., fr) is amultihomogeneous regular
sequence outside B, we can compute bounds for the multigraded Castelnuovo-Mumford regularity of

K[ml,...,xq]/<f1,...,fr).

Example 2.11.11 (Continuation of Ex. 2.11.9). Let (f1,..., f4) be a multihomogeneous regular se-
quence outside B such that deg(f1) = (1,2) and deg(f2) = deg(f3) = deg(f1) = (2,1). We want to
study when the local cohomology H's(Klx,y]/{f1,. .., f1)) vanishes. By Prop. it holds

sp(Hp(Klz, y]/(f1, .., f4))) U U (sp(Hg(K[:c,y]))—l-v).

teZ veX(t—1)

According to Prop. see Ex. it holds
sp(H(K[w,yl/(f1,- . f0) C  J (-NxN)+(=2,0)+0v) U

vEX(2—1)
(N x —N) + (0, —4) + v) U
vEX(4—1)
U (-Nx-N)+(-2,-4)+0).
veEX(5—1)

Note that if 4 > s > 0, then 3(s) = {(1,2) + (s — 1) (2,1),s(2,1)} and £(4) = {(1,2) +3(2,1)}.
Hence, fori =0,

sp(Hp K[z, yl/(f1,-... f))) € (=N xN)+(1,3)) U((-Nx N) + (2,2
(N> =N) +(7,1)) U((N x =N) + (8,0
(=Nx =N) +(7,2)) U((-N x =N) + (8,1)).

The gray area in Fig. shows the degrees (dy, dy) at which the local cohomology of HS (K[z, y]/{f1, - - -

might not vanish.

2.12 Semigroup algebras and toric geometry

The results of this section come mainly from [CLS11} Ch. 1], [MS05, Ch. 7] and [[CLS11}, Ch. 1,2,3.4].

7f4>>
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dy

5

Figure 2.2: The white area represents the degrees (dx,dy) at which the local cohomology of
HY(K[z,y]/(f1, .., f4)) vanishes.

Definition 2.12.1 (Affine semigroup). An affine semigroup S is a finitely generated additive subsemi-
group of 7, for some n € N, such that it contains 0 € 7.

Given a finite set A C 7", we define the affine semigroup NA as the subsemigroup of Z" generated
by A, that is, NA := {3, .4 Aov : (Vv € A) A\, € N}.

Given a semigroup S, generated by a finite set .4, we consider the smallest subgroup of Z" that
contains .S, that is, the subgroup Z.A generated by A, where

ZA = {Z Aov: (Vo € A) N, € Z} : (2.6)

vEA
We consider special classes of affine semigroups, the pointed affine semigroups.

Definition 2.12.2 (Pointed affine semigroup). [IMSO05, Def 7.8] An affine semigroup S is pointed if it does
not contain non-zero invertible elements, that is, for all o, 3 € S\ {0}, a + B8 # 0.

In the following, when we refer to semigroups, we always mean pointed affine semigroups.

Definition 2.12.3 (Convex set and convex hull). A set A C R" is convex if every line segment connecting
two elements of A also lies in A\; that is, for every o, 3 € A and 0 < \ < 1itholds A\a+(1—\)3 € A.
The convex hull of A is the unique minimal, with respect to inclusion, convex set that contains A.

Definition 2.12.4 (Pointed rational polyhedral cones). A cone C is a convex subset of R™ such that 0 € C
and for every o € C and A > 0, Aa € C. The dimension of a cone is the dimension of the vector
space spanned by the cone. A cone is pointed (or strongly convex) if does not contain any line; that is,
if 0 # a € C, then —a & C. A ray is a pointed cone of dimension one. A ray is rational if it contains a
non-zero point of Z". A rational polyhedral cone is the convex hull of a finite set of rational rays. For a
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set of points A C R™, let Ca be the cone generated by the elements in A. If A is (the convex hull of) a
finite set of integer points, then Ca is a rational polyhedral cone.

In the following, when we refer to a cone, we always mean a pointed rational polyhedral cone.
Cones and affine semigroups are related in the following way.

Proposition 2.12.5 (Gordan’s Lemma). [[MS05, Thm. 7.16] Let C € R"™ be a pointed rational polyhedral
cone and G C Z™ a subgroup of Z". then C N G is an affine semigroup.

In particular, a rational polyhedral cone C defines the affine semigroup C N 72, which is pointed if
and only if the cone is pointed.

Every affine semigroup has a unique minimal set of generators, known as its Hilbert basis.

Proposition 2.12.6 (Hilbert basis). [[MS05| Prop. 7.15] Let S be a pointed affine semigroup. Then, there
is a unique and finite minimal set A C S such that NA = S. We call the set A the Hilbert basis of S.

Given a strongly convex rational polyhedral cone C C R", we define its Hilbert basis as the Hilbert
basis of CNZ".

The main objects of this section are the semigroup algebras, which generalize the standard polyno-
mial algebra K[x].

Definition 2.12.7 (Semigroup algebra). Given an affine semigroup S (not necessarily pointed), the
semigroup algebra K[S|] is the K-algebra generated by the monomials {X< : a € S} such that
X XP = xoth,

Example 2.12.8 (Standard polynomial algebra). We can identify the standard polynomial algebra K|z, . . .

with K[N™], where we identify the monomials 15" - - - 28 € K[z1,. .., x,] with X (@1--n) ¢ K[N",

Example 2.12.9 (Laurent polynomials). A Laurent polynomial is a finite K-linear combination of mono-
mials X%, where o« € Z". In other words, a Laurent polynomial is a polynomial that can have mono-
mials of negative degree; for example 2x=2 + x3. The Laurent polynomials form a K-algebra, K[Z"],
that corresponds to the semigroup algebra of 2™ generated by {z® : o € Z}.

Remark 2.12.10. As S is a subsemigroup of 7", the semigroup algebra K[S] is a subalgebra of the
K-algebra of the Laurent polynomials K[Z"].

Proposition 2.12.11. [[MS05 Thm. 7.4] Given an affine semigroup S, the semigroup algebra K[S] is an
integral domain, that is, it has no zero divisors (Def. [2.2.20).

Definition 2.12.12 (Lattice ideal). [MS05 Thm. 7.4] Let A := {a1,...,a,} C Z" and e ...e, the
canonical basis of Z". Consider the group homomorphism p : 7" — ZA that sends e; to a;, for
1 <i < r. We define the lattice ideal I 4 C K[N"] as,

Ig:=(X*—X":0a,8€N and p(o— ) = 0).
This ideal is prime.

~

We can think the semigroup algebras as quotient rings of the standard algebra K|z, ..., z,]
K[N"].
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Proposition 2.12.13. [MSO05, Thm. 7.3] Consider the affine semigroup NA, where A := {a1,...,a,} C
Z". The semigroup algebra K[NA] is isomorphic to the quotient ring K[N"]/I 4.

We consider semigroup algebras related to polytopes.

Definition 2.12.14 (Integer polytopes). A integer polytope A C R™ is the convex hull of a finite set of
(integer) points in 7, that is,

A= {ZAiai:(W))\ieRmand Z)\izl},foral,...,areZ”.

=1

Example 2.12.15 (Simplex). Let {e1, ..., e,} C R"™ be the standard basis of R", that is, the basis where
each e; has one in the i-th position and zero elsewhere. The n-simplex 5 C R" is the lattice polytope
generated by {0,e1,...,e,}.

Definition 2.12.16 (Minkowski sum). The Minkowski sum of two integer polytopes A1 and A5 is
A+Ay={a+B:acA,Be A}

For each polytope A and k € N, we denote by k- the dilation by k of A, that is, the Minkowski sum of
k copies of A,

k times

——
E-A=A+---+A.

Toric varieties relate semigroup algebras with the torus (C*)™. A toric variety is an irreducible variety
X that contains (C*)™ as an open subset such that the action of (C*)" on itself extends to an algebraic
action of (C*)"™ on X [CLSTI] Def. 3.1.1]. Semigroup algebras correspond to the coordinate rings of the
affine pieces of X.

Given an integer polytope A, we can define a projective complete normal irreducible toric variety X
associated to it [CLSI1, Sec. 2.3]. Likewise, given a polynomial system (f1,..., fi,), we can define a
projective toric variety X associated to the Minkowski sum of the corresponding Newton polytopes. We
can homogenize these polynomials in a way that they belong to the total coordinate ring of X [CLS11,
Sec. 5.4]. This homogenization is related to the facets of the polytopes.

Definition 2.12.17 (Newton polytope). Given a Laurent polynomial f = ) cax® € K[Z"], see
Ex.|2.12.9, its support is the set of monomials with non-zero coefficients, that is,

Supp(f) = {x* : ca # 0}.

The Newton polytope of f is the integer polytope generated by the set of the exponents o of the
support of f; that is,

NP(f) := Convex Hull{cx € Z" : * € Supp(f)}).

When we have a zero-dimensional square system, the Bernstein-Kushnirenko-Khovanskii (BKK)
theorem [Ber735, [Kus76, [Kho78|] counts the number of solutions of the homogenization of the system
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over X. This number (called BKK bound) bounds the (finite) number of solutions of a square system of
sparse Laurent polynomials over the torus (C*)™, where

C*:=C\ {0}. 2.7)

The BKK bound is given in terms of the volumes of the polytopes, and more precisely, their mixed vol-
ume. It generalizes the Bézout bound (Cor.[2.7.15)) and the multihomogeneous Bézout bound (Prop.[2.10.9)).

Definition 2.12.18 (Mixed volume). Let A1, ..., A, € R™ be integer polytopes. Their mixed volume,
MV(Ay,...,A,), is the alternating sum of the number of integer points of the polytopes obtained by all
possible Minkowski sums, that is

MV(A1, . Ay) = (D" 4+ (D" 1 > # (A 4+ A,)NZ") | 2.8)
k=1 Ic{1,...,n}
#I=k

Theorem 2.12.19 (BKK bound). [[CLO06| Thm 7.5.4] Let f1, ..., f, be a system of polynomials with
Newton polytopes Ay, ..., A, having a finite number of solutions over (C*)". The mixed volume
MV (A1, ..., Ay) upper bounds the number of solutions of the system over the torus (C*)". If the
non-zero coefficients of the polynomials are generic (Sec.[2.13)), then the bound is tight.

2.13 Genericity

In this thesis, we will discuss many properties that hold in general, meaning that they fail only in degen-
erate situations. To formalize this notion, we use the Zariski topology.

Definition 2.13.1. A property P(uy, ..., un,) is a logic proposition involving m free variables w1, . . . , Up,.

Definition 2.13.2 (Genericity). A property P(u1,. .., uy,) is true generically if there is a non-zero open
subset of O C K™ such that P(cy, ..., cy) is true for every point (c1, ..., cp) € O.

Example 2.13.3. Consider the matrix [ uy} uy3 |. Generically, if we evaluate the matrix on K* it is

invertible. This holds because the matrix is singular if and only if its determinant vanishes. But the
determinant is the non-zero polynomial w1 u22 — u21u12 € K[um, U1,2,U2,1, u272] and the points
where it vanishes are Vin ({u1,1 U2 — u2,1 u12)), which is a closed subset of K.

Observation 2.13.4. Over the Zariski topology, the proper closed subsets of K™ have measure zero.
Hence, a generic property holds for all the points of K™, with exception of a measure zero subset.



Chapter 3

Resultants

Roughly speaking, the resultant of a system of n+1 polynomial equations in n unknowns is a polynomial
in the coefficients of the input polynomials, which vanishes if and only if the system has a solution over
a variety. It is also a tool to solve square systems [Stu02, [CL.LO06]. In this chapter we will discuss two
kind of resultants: the projective and the multiprojective one. Besides their theoretical aspects, we will
focus on how we can efficiently compute them. Normally, we can compute resultants as a quotient of
determinants of matrices [Cha93,IDDO01, D’ A02, Bus06] and, in some cases, as the determinant of only
one matrix. In the latter case, we say that we have a determinantal formula. Such a formula does not
exist in general and it is an open problem to determine when it does. We will study the Weyman complex,
which is a useful tool to derive determinantal formulas [WZ94, DEO3, EM12, BMT17].

3.1 The determinant

We start this chapter by studying the resultant of a linear system, that is, a system of linear polynomials.
Consider homogeneous linear polynomials (linear forms) fi,. .., f, € K[x];, where f; = Z?Zl CijTj,
with ¢; ; € K. The equations f1, ..., f, are linear independent if and only if 0 € K" is the only solution
of the system. The latter corresponds to the projective variety Vpn ((f1, ..., fn)) C P"~! being empty.

We can decide if the linear forms are linearly independent by constructing the matrix (¢; j)1<i j<n
and by checking if its determinant is non-zero. The determinant of a matrix is a multilinear polynomial
in the elements of the matrix, and in our case, it is multilinear in the coefficients of the linear forms.
Hence, we can use it to parameterize all the square linear polynomial systems in K[| that have solutions
different to 0 € K".

To do so, we define the ring of parameters K[u; ; : 1 < 4, j < n] and consider a square polynomial
system over this ring, say {F1,...,Fp} C Klu;; : 1 < 4,5 < n][x] where Fj := >, u; jz;. Let
Det be the determinant of the matrix (u; j)1<ij<n € Klu;j; : 1 < 4,5 < n]" ™. Det is a multilinear
polynomial in K[u; ; : 1 < i,j < n]. LetV € K™ be the affine variety associated to Det. For each
c € V, we consider the morphism that specializes the coefficients of the polynomials at ¢, that is the
morphism sp,. : Klu; j : 1 <14,j < n| — K, where sp(u; ;) := ¢; ;. Then, we can use this morphism to
describe every square linear system that vanishes over P" 1,

{(spc(F1), - s 8pc(Fn)) s e € V= {(f1,.., fn) € K[zl : 3p € P, fi(p) = --- = fu(p) = 0}

65
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In conclusion, we can tell when an linear square system has a solution over P"~! by checking when
a polynomial vanishes. The resultant theory generalizes this condition beyond linear forms.

3.2 The projective resultant

The results of this sections come mainly from [Bus06, Ch. 2 & Ch. 3], [CLOQ06, Ch. 3], [Jou91]], and
[SSO1], Ch. 15].

Consider the Z-graded polynomial algebra K[x]|. To simplify the notation, throughout this section
we fix dy, ..., d, to be elements in Z.

Definition 3.2.1 (Generic system). [Bus06, Sec. 3.1.2] For fix dy, . . . ,d,, we consider the ring Z[u] :=
Luja : 1 < i < n,x® € Klx]|g,], where u = {u; o : 1 < i < n,x® € Klxlg,} is a set of fresh
variables that parametrizes the coefficients of a list of n homogeneous polynomials of degrees dy, . . . , dy,
respectively.
We define the polynomial ring Z[u][x] as the ring of polynomials whose coefficients belong to the
ring Z|u), that is,
Zlullx] := (Z]u])[x1, ..., xn)].

If K[x] is L-graded, then Z[u|[x] inherits this grading, that is, we consider Z|u|[x| as an L-graded
ring, that is,

Zlu][z] = P (Z[u] @z K[z]m).

meL
The generic polynomial system is the system F := {Fy, ..., F,} C Z[u][x], where
F; = Z Uj ™.
x> eK[z]q,

We warn the reader that the notion of generic systems and genericity (see Sec. [2.13]), even though
they are related, they are not the same and they should not be confused. Sometimes, generic systems are
called systems of “universal” polynomials [[CLO06, Sec. 3.2].

Definition 3.2.2 (Specialization morphism). The specialization morphism specializes the elements of
Z[u)] to elements in K. That is, for each ¢ € K*%, we define sp,. : Z[u] — K such that sp.(u;.) = Ci o

To simplify the notation, given an element g € Z|u| and a polynomial system (fi,..., f,) such
that (5p.(F1),...,50.(Fp)) = (f1,..., fa), for some c € K#%, we write g(f1, ..., fn) to refer to the
specialization sp.(g).

Proposition 3.2.3 (Projective resultant). [[Bus06, Thm. 3.8] There is a unique irreducible polynomial
res € Z[u], called the projective resultant, that has the following properties:

o Vpn-1(f1,..., fn) # 0ifand only ifres(fi1,..., fn) =0, and

o res(z™, ... adn) =1.
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By Cor. a system of homogeneous polynomials given by (fi,. .., f.), with » < n, has always
solutions over P"~1, so it makes no sense to define the resultant in this case. However, when r > n,
we can ask ourselves when the overdetermined system has solutions. It turns out that we can define
a mathematical object similar to the resultant, but it is not a single polynomial anymore. It consist of
a set of polynomials, that we call the resultant system. We will not go in this direction, but we refer
the interested reader to [vdW91l Sec. 16.5] or [Jou91l]. The reason we talk about the resultant as a
polynomial in the case when n = r is because the resultant system spans a principal ideal, and so we can
reduce it to only one polynomial, which we call the resultant. For a proof of this statement, see [Bus06,
Sec. 3].

Proposition 3.2.4 (Degree of the resultant). Let w1, ..., u, be a partition of the variables in Z[u] where
u; = {Ujo : ** € Klzlg,}. The projective resultant res is a multihomogeneous polynomial with
respect to this partition, see Sec. The degree of res with respect to the block of variables u; is the
Bézout bound of a square system of polynomials with degrees dy, . .. ,d;—1,diy1, ..., dy, that is, H#i d;

(Cor.[2.7.13).

3.2.1 Computation

In general, when we talk about computing the resultant of a system, we refer to the following two cases:
e We want to compute the polynomial res € Z[u].
e Given a system (f1, ..., fn), we want to check if res(f1, ..., fn) is zero.

Both questions have been addressed extensively. We will concentrate in methods that involve linear
algebra. Either we will compute res € Z[u] as a determinant (or a quotient of determinants) of a matrix,
or we will check if res(fi,..., fn) # 0, by computing the rank of a matrix. To do so, we will exploit
the relation between the systems (fi,. .., f,) such that res(f1,..., f,) # 0 and the regular sequences,
see Sec.

Proposition 3.2.5 (Macaulay resultant formula). [[CLO06, Thm. 3.4.9] For each 1 < i < n, we define
the set
P; = {z* € K[x|ug s.1. :Ufi|a:°‘ and (Vj < i) x® & Pj},

where MB denotes the Macaulay bound for a system of polynomials of degrees di,...,d,, that is,
Zizl d; — n + 1, see Prop. The sets Py,..., P, form a partition of the set of monomials in
K[ZB]MB.

Consider a matrix M € Z[u]1™x(Klzlw)xdimg(K[Zlwe) yhose the columns and rows are indexed by
the monomials in K|x]us. For each element in the matrix, the element in the row indexed by x® and
column indexed by 2P corresponds to the coefficient of the monomial ? in the polynomial :—;Fi, where
x> € P, '

Let M be a submatrix of M obtained from M by taking its rows and columns indexed by the
monomials in the set

{x® € K[x|yp : Ji # j such that xfi]aca and :n;lj |x™}. 3.1
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If the set described in Eq. 1' is empty, we consider M=1
Then, we can compute the projective resultant as a quotient of determinants as,
det(M)
r = .
det(M)
Example 3.2.6. Consider a system of polynomials of degrees (d1,ds,ds) = (1,1,2) in K[z, y, z]. The
system of generic polynomials is as follows:

Fi:=uzr+uyy+u;z,
Fyi=ug v +ugyy+us, 2, (3.2)
Fy = g0 0% + U3y TY + Us e T2 + Uz g2 Y + usy oy 2+ ug 2 2

The Macaulay bound is MB = (14142)—3+1 = 2. To compute the resultant we consider the following
partition of the set of monomials in K|z, y, z|a,

Pl = {$27$ya$2}7
Py ={y? yz}, and (3.3)
Py = {2%}.

Note that the only monomial in K|x,y, z]o related to M is the monomial xy as M|z y and y© |z y.
Hence, the matrices M and M are as follows:

z2 Ty Tz y? Yz 22
2’ U,z U1,y U,z
ry U1,z Uly  Ulz —
M= zz Ul g Uly Ul and M= [ Ul g } .
y2 U2,z U2,y U2 ~
Yyz U2,z U2y U2z
22 U3,x2 U37xy UB,zz u37y2 U37yZ U3722
The resultant of the system is the quotient of the determinants of M and M , that is,
res = ZEEE/A\;; = ujm Ul g (u%x u%,y Ug 2 — u%x Uy U2, USy,> T+ u%x u%z Ug 2 —
’ 2 U,z UL,y U2,z U2,y U3 22 + UL,z UL,y U2, U2,z U3 4,2 +
UL,z UL,y U2,y U2 2 U3z, 2 - Up,x ULy U%,Z U3,z,y +
UL,z UL,z U2,z U2,y U3y, z - 2 UL,z UL,z U2,z U2 2 U3 42 —
Uy ULz U gy U3 2 F U U,z Uy Uz UB gy + Uy UG, U o2 —
u%,y U2 p U2,z U332 T uiy u%,z U322 — UlyUlzUg 4 U3 y,z +
UL,y UL,z U2,x U2 4y U3 2,2 + UL,y UL,z U2, U2, U3 2y

2 2 2
2 u17y u17Z u27y UQ)Z u3,$2 +u1,Z uz,I u3,y2 _ul,Z uQ,I u27y u31m7y +
2 2
Uy, Uy u3,$2)'

A classical method to compute resultants involves the study of the exactness of the Koszul complex
(Def. 2.7.5). This method, that we called the Cayley method, allows us to compute resultants as the
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determinant of Koszul complexes [[GKZ0S, Sec. 3.4.A This approach works for a general kind of
resultants, which include the projective one. The next proposition relates the exactness of the Koszul
complex with the projective resultant. For more details about this relation we refer the reader to [[Cha93|].

Proposition 3.2.7 (Resultant and the Koszul complex). [SSOIl Thm. 15.4] Given n homogeneous poly-

nomials f1, ..., fn € K[x], the following three assertions are equivalent:
e res(fi,..., fn) #0,
e (f1,...,fn) is a regular sequence, and

o The Koszul complex Ko(f1,. .., fn) is exact.

When (f1,..., fn) is a regular sequence, its Castelnuovo-Mumford regularity (Def. is the
Macaulay bound, see Prop.[2.8.5] We can use this fact to restate the previous proposition in terms of a
strand of the Koszul complex, see Def. By doing so, we can decide if the resultant of a system of
polynomial equations vanishes by studying the exactness of a complex of vector spaces.

Proposition 3.2.8 (Exactness of a strand of the Koszul complex). [[GKZ0S8 Thm. 3.4.2] Given n homo-
geneous polynomials f1,. .., f, € K[|, the following statements are equivalent:

e res(f1,...,fn) #0, and
o Any strand of the Koszul complex ICo(f1,. .., fn) of degree v > MB = > . d; — n + 1 is exact.

Using the previous proposition and Prop. [2.7.8] we can decide if res(f1,..., fn) # 0 by studying
the first map of a strand of the Koszul complex.

Proposition 3.2.9. [Masi6, Thm. 3.C] Given a system of homogeneous polynomials fi, ..., fy, its re-
sultant does not vanish, res(fi,..., fn) # 0, if and only if the first map of the strand of the Koszul
complex of degree MB (Prop. is surjective, that is, if and only if the following map is surjective,

(51 . @?:1 K[x]MB—di — K[az MB
(91,---sgn) = 01(g1,--,9n) =D, i fi

As a corollary of the previous proposition, we reduce the question of the vanishing of the resultant to
the problem of computing the rank of a matrix.

Corollary 3.2.10. With the same notation as in Prop. let M be the matrix representing the map
01. The matrix M is full-rank if and only if res(f1,..., fn) # 0.

Remark 3.2.11 (Sylvester map). We call the maps of the form (gi,...,gx) — >, 9i fi, as 61 in
Prop. Sylvester maps.

Following Prop.[3.2.9] we can compute the resultant (which is a polynomial res € Z[u]) as a factor
of the determinant of a matrix with elements in Z[u].

!The determinant of a complex is a generalization of the determinant of a matrix. The determinant of a complex vanishes if
and only if the complex is not exact. For an introduction to the subject see [GKZ08, App. A].
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Corollary 3.2.12. Consider the map 6, to be the first map of the strand of the Koszul complex of the
generic systems (F, ..., F,) at degree MB, that is

610 @r, Zul[xhe-a, — Zlu][z)ws
(g1s--s9n) = 01(g1,---s9n) =2 6i fi

Let W be a free Zu]-submodule of @;"_, Z[u][x]ws_q, of rank equals Rank(Z[u][x]ws) = (MBJ;(nf 1))

such that 5, (W) = Z[u][x]ws. Consider bases for the free Z[u]-modules W and Z[u][x|ug and consider
(n—1) (n—1)
the matrix M € Z[u] (PR (Y) representing the restriction of 61 to W. Then, the resultant

res € Z[u] is a factor of det(M), that is, there is a polynomial E € Z]u), that we call the extraneous
factor, such that,

det(M) = E - res.

Example 3.2.13. The Macaulay resultant formula (Prop.[3.2.3)) is a particular case of Cor.[3.2.12|where
the extraneous factor is the determinant of a submatrix of M.

For some particular systems, we can compute its resultant as the determinant of a matrix, that is, we
have no extraneous factors.

Definition 3.2.14 (Determinantal formula). We say that a matrix M € Z[u]"*" is a determinantal for-
mula for res if res =t - det(M), fort € Z \ {0}. The degree of the formula is the maximal degree of
the elements in M, as polynomials in Z]u).

Example 3.2.15. The determinant of a matrix is a determinantal formula for the resultant of the system
of linear forms defined by its columns, see Sec.[3.1]

Example 3.2.16 (Sylvester matrix). Consider the Macaulay resultant matrix (Prop. for a system
of two generic homogeneous equations f,g € K[fo, f1,- -, fa;, 90, - - -, ga, [, y| of degrees dy and d,,

d . . . . .
where f = 3. s 0 fix'y% " and g = Z;li 0 gizty®s . To construct the Macaulay resultant matrix M
we partition the set of monomials of degree dy + dy — 1 in two sets, P, and P,. These are

P, = {zh.z%: 2% c K[z, y]q,_1} and
P, = {a%®.z2%: 2% e K[z,ylg,_1}-

The matrix M has row/column dimension dy + dg. For dy = 4 and dy = 3, it is

R DO B T I B B
22f i s f bil Jo
zyf fa  f3 P i fo
M= yzf fafs f2 fi Jo
=g | g3 92 g1 9o

r=yg g3 g2 g1 g0
ry g g3 92 g1 g0
yg g3 92 g1 9o
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Note that x™ does not divide any monomial in Py and y* does not divide any monomial in Ps.
Hence, the matrix M equals 1 and so, the resultant of the system is the determinant of the matrix M,
that is, M is a determinantal formula for res,

det(M) = res.

This determinantal formula is given by a Sylvester map. We call Sylvester formulas the formulas due
to Sylvester maps. The degree of the Sylvester formulas is one, as the elements of the associated matrices
are the coefficients of the polynomials.

There other ways for computing the projective resultant that we do not cover in this chapter, for
example, the ones involving Morley forms [Jou9ll], Bézoutians [EM9S8]] and Dixon matrices [KSY94].
We refer to [EM99b]] for a survey on these methods. We refer the reader to [SZ94) WZ94, IDDO1]]
for some works on the existence of determinantal formulas. In particular, [DDOI1] also introduces a
complete framework to study different ways of computing the resultant, which generalizes most of the
known methods.

3.3 The multiprojective resultant

The results of this sections come mainly from [RémO1} IDKS13}IDS15].

We can extend the definition of projective resultant to the multiprojective settings, see Sec.[2.10} The
multiprojective resultant is a polynomial in the coefficients of a multihomogeneous polynomial system
that vanishes if and only if the system has a solution over the multiprojective space. Contrary to the
projective case, the multiprojective resultant is not defined in a unique, or rather uniform, way. Its
definition depends on whether we ask the resultant to be an irreducible polynomial [GKZO08] or if we ask
its degree to be related to the number of solutions of the system [RémO1}, [IDKS13,DS15]]. In many cases,
these definitions are the same [DKS13, Rmk. 1.39]. In this section, we follow the second definition.

Following the notation of Sec. we consider the Z9-graded polynomial algebra K[z1, ..., x,].
We identify the monomials of K[z, ..., ®,] with vectors in Z™*1 x ... x Z"aT! and, for each o =
(@1,...,0q) € ZMTE x - x ZMa Tl we set

q
% = H x; .
i=1

For each multidegree d € 72, we denote by .A(d) the set of exponents of the monomials of multidegree
d, that is
Ad) ={a ez x ... x 2" x® e Klzy, ..., T4)a}-
The cardinality of A(d) is
& (di+n
#A(d) _H< tr )
i=1 i
We fix N = nj + - - - + ng. In this section, we will work over the multiprojective space P™ x - - - x [P"e,

To simplify the notation, throughout this section we fix dy,...,dy to be elements in Z4. Following
Def.[3.2.1] we introduce generic multihomogeneous polynomials systems.
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Definition 3.3.1 (Generic multihomogeneous system). Consider the set of variables u := {uj o : 0 <
k < Nand o € A(dy)} and the ring Z[u]. A generic multihomogeneous polynomial system is the
system F .= {Fy,...,Fn} C Zlu][z1,..., x4, where

F = ZGGA(dk) Upy (™. (3.4)

The generic multihomogeneous system F' parameterizes every overdetermined multihomogeneous
system with polynomials of multidegrees dy, d, ..., dy, respectively. Following Def. for each
¢ = (Cha)o<k<N,acA(dy) € P#A(do)—1 5 ... P#AAN) =1 the specialization of F' at ¢, that we write
as F'(c), is a multihomogeneous polynomial system in K[z1, ..., x|, say (fo,..., fn), where

fr = Fi(c) = ZaeA(dk) Ch.aT®. (3.5)

Let €) be the algebraic variety containing the overdetermined multihomogeneous systems that have
solutions over P X --- x P and their solutions. We call € the incidence variety.

Q= {(p.c) € P x o x PP x PRAUITL s PRAGNL (v € [N]) Fi(e)(p) = 0}

Let 7 be the projection map,

T P"Mox ... x P x ]P#A(d())_l X oo X ]P)#-A(dN)_l — P#A(dﬂ)_l X oo X P#A(dN)_l

(p,c) = m(p,c)=c
(3.6)

We can think 7(€2) as the set of overdetermined multihomogeneous polynomial systems with solutions
over P! x ... x P". This set is an irreducible hypersurface [GKZ08, Prop. 3.3.1]. Its defining ideal in
Z|u] is principal and it is generated by an irreducible polynomial elim € Z[u] [GKZO08| Prop 8.1.1]. In
particular,

The system F'(c) has a solution over P x --- x P <= c € n()) <= elim(c) = 0.

Following [RémO1, [DKS13| DS15], we call elim € Z[u]| the eliminant. We warn the reader that in
[GKZ08]], the polynomial elim € Z[u] is called the resultant. We reserve the word resultant for a power
of elim. More precisely, the resultant res is a polynomial in Z[u] such that

res = :I:elimD,

where D is the degree of the restriction of 7 to the incidence variety 2, see [DS15] Def. 3.1]. Conse-
quently,

The system F'(c) has a solution over P™ x - .. x P" <= res(c) = 0. (3.7)

Proposition 3.3.2 ([RémO1, Prop. 3.4]). Let uy be the blocks of variables in u related to the polynomial
Fy, that is

uy = {Ukataca(d)-
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The resultant res € Z|u| is a multihomogeneous polynomial with respect to the blocks of variables
ug, . .., uy. The degree of res with respect to the variables wy, is the multihomogeneous Bézout bound
(Prop.|2.10.9) of a square system with multidegrees dy, . . . ,dg—1,dg+y1, .. .,dn, that is

degree(res,uy) = MHB(dy, . ..,dg_1,dgs1,...,dN).

The total degree of the resultant is

N

N
degree(res) = Za’egree(res, up) = Z MHB(dy, . ..,dg—1,dk+1,...,dN).
k=0 k=0

3.3.1 Computation

We can generalize many of the ideas from Sec. [3.2.1] to the multihomogeneous case. Nevertheless, in
this section, we follow a different approach and introduce the Weyman complex, that also allows us
to construct determinantal formulas (Def. [3.2.14) for the multiprojective resultant. The results of this
section come mainly from [WZ94, WeyO3|.

The Weyman complex [Wey94l IWZ94, Wey03| of an overdetermined multihomogeneous system
f = (fo,...,fn) in K[z1,...,2,] is a bounded complex (see Sec. that is exact if and only if
the system f has no solutions over P! x - .. x P, More precisely, the determinant of the Weyman
complex of the multihomogeneous generic system F' (see Def. is well-defined and it is equal to the
multihomogeneous resultant [Wey03|, Prop. 9.1.3]. If the Weyman complex involves only two non-zero
vector spaces, then the resultant of F' is the determinant of the map between these spaces. Thus, in this
case, there is a determinantal formula for the resultant.

Definition 3.3.3 (Weyman complex). Let F' = (Fy, ..., Fn) in Zu][x1, ..., x4 be a generic multiho-
mogeneous system having multidegrees dy, . . . , dy, respectively (see Def. . Given a degree vector
m € 74, the Weyman complex, Ko(m), of F is

) Int1(m) d1(m) do(m)

Ke(m): 0 = Kyq1(m <= Ki(m) Ky(m) = K_y(m) —0.

Foreachv € {—N,...,N + 1} each the Z[u|-module K,(m) is

N+1
Ky(m):=@P K,y(m) ®z Z[u], where K, ,(m) := P HE “(m - dp) o\ er.  (3.8)
p=0 Ic{0,...,N} kel kel

#I=p

The term H, "(m — Y. dy.) is the (p — v)-th cohomology of P™ x - - - x P" with coefficients in the
sheaf O(m — Y, di) whose global sections are K[z, . .. ,wq]m,zkel d, (see [Har77, Sec. IL.5]).

The element |\, ey is the singleton {er, N --- A er,}, where Iy < --- < I, are the elements of I,
€o, . .., en is the standard basis of KN, and A is the wedge (exterior) product (see Def.|2.2.33).
For a multihomogeneous system f = (fo,..., fn) in K[x1,. .., 4] that is the specialization of F

at ¢, see Eq. (3.3)), the Weyman complex Ko(m; f) is the Weyman complex Ko(m) where we specialize
each variable uy o, at ¢, o € K.
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Proposition 3.3.4. [WZ94, Prop. 2.1] The vector spaces K, (m, f) are independent of the specialization

of the variables wu, in particular
N+1

= @ K, p(m
p=0

Hence, the rank of K,(m) as a Z[u|-module equals the dimension of K,(m, f) as a K-vector space.
The differentials 6,(m, f) depend on the coefficients of f.

In this thesis, we will not introduce sheaf cohomology and instead we follow [WZ94] to rewrite the
previous cohomologies in terms of polynomials. Nevertheless, it worths to mention that the sheaf coho-
mology is “naturally” isomorphic to the local cohomology (see Sec. in the context of multiprojective
varieties [Har77, Thm. I11.4.5]. For a complete introduction to sheaf cohomology we refer the reader to
[Har77), Ch. III].

Before simplifying the cohomologies in Eq. (3.8), we need to introduce some extra notation. For
this, we exploit the relation between symmetric algebras and polynomials.

For each m € N, let (K"")* be the dual of the vector space K™. For each 1 < i < ¢, we consider
new sets of n; + 1 variables

Bwi = {8%‘2',0, PN ,axi,m}.

As we did in Ex. [2.2.36 where we identified the polynomial algebra K[x;] with the symmetric algebra
of the vector space K1, we will identify the algebra K[8x;] with the symmetric algebra S(K"i*1)*,
In the following, we will write the Z-graduated algebras K[x;] and K[9x;] as

Klz;] = S (K"H) = Si(d)  and  K[dz] = S ((K"H)*) = P S;(d)
deZ deZ

For each i, S;(d) corresponds to the K-vector space of polynomials in K[z;] of degree d and S} (—d) to
the K-vector space of polynomials in K[@x;] of degree d. Note that if d < 0, then S;(d) = S} (—d) = 0.

As we did with the monomials in K[z;], we identify the monomial of K[8z;] with vectors in Z"i 1,
For each a = (ay, ..., ap,) € Z™MT1 we set

nq
a . Qg
= H O;
=0

When P™ x --. x P™ is a product of projective spaces, using Kiinneth’s formula (Prop.|3.3.5), we
can write the cohomologies in Eq. (3.8)) as a product of cohomologies of projective spaces, that in turn
we can identify with the symmetric algebras of S(K™ 1) and S((K"*1)*) for1 < k < q.

Proposition 3.3.5 (Kiinneth Formula). The cohomologies of the product of projective spaces in each
K, p(m) of Eq. (3.8) are the direct sum of the tensor product of the cohomologies of each of the q
projective spaces related to each block of variables, that is

Hp(m =Y d) = P é HE (s =3 dys). (3.9)

kel r1t+-+re=p—v i=1 kel
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By combining Bott formula and Serre’s duality, see [OSS80, Sec. 1.1], we can identify the coho-
mologies of the previous proposition with the rings K[x;] and K[dx;]. Moreover, for each p — v, there
is at most one set of values for (71,...,7,) such that the right hand side of the previous equation does
not vanish.

Proposition 3.3.6. Foreach1 <i < gq, a € Z, it holds

° ngni (a) = Si(a), that is the K-vector space of the polynomials of degree a in the polynomial
algebra K[x;).

o Hpi (a) = Sf(a+n;+ 1), that is the K-vector space of the polynomials of degree a + n; + 1 in
the polynomial algebra K[Ox;).

o Ifr; ¢{0,n;}, then Hgh, (a) = 0.
Corollary 3.3.7. For each 1 < i < g, if Hph, (a) # 0, then r; € {0,n;}. Moreover,

e I[fa>—n; —1, then
Hgh(a) #0 <= r;=0and a > 0.

e Jfa <0, then
Hph(a) #0 <= ri=n;anda < —n; — 1.

We obtain the dual complex of a complex by dualizing the vector spaces and the maps. The dual of
the Weyman complex, is again a Weyman complex. By exploiting Serre’s duality, we can construct the
degree vectors of a dual Weyman complex from the degree vector of the primal.

Proposition 3.3.8. [Wey0O3| Thm. 5.1.4] Let m and m be any degree vectors such that m + m =
Yoidi—(ni+1,...,ng+1). Then, K,(m) = Ki_,(m)* forallv € Z and K.(m) is dual to K(m).

The maps d,(m) between the modules of the Weyman complex are complicated to describe, and
so we will only present them in a particular (alas important) case. Our goal is to obtain determinantal
formulas given by matrices whose elements are linear forms in the coefficients of the input polynomials,
that is linear in u, see Eq. (3.4). To exploit the Weyman complex for this task, by [Wey03| Prop. 5.2.4],
we have to choose a degree vector m so that the Weyman complex reduces to

dy(m)

Ko(m) : 0 = Ky pio(m) @ Klu] —— Ky—1 prv—1(m) @ K[u] =0, (3.10)

where p = >, _;ny, for some set I C {1,...,q}. Thatis, forall ¢t ¢ {v — 1,v}, it holds K;(m) = 0,
Ky(m) = Ky piv(m) and Ky—1(m) = Ky—1 pro—1(m).

We will describe the map 6, (m) through an auxiliary map p that acts like multiplication. For this,
we need to introduce some additional notation. Let R be a ring; for example R = Z[u] or R = K.
For each 1 < i < g, the polynomial ring R[x;], respectively R[Dx;], is a free R-module with basis
{x®*: a € A(d),d € Z}, respectively {0z® : o € A(d),d € Z}. We define the bilinear map

Ky R[C)’Jl] X (R[iL'l] D R[ailil]) — R[ml] ) R[Ba:l], (3.11)
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which acts as follows: for each dy,ds € Z, o € A(dy) and 3,~ € A(dy),we have

dxP~* ifd, < dgand B — a € A(d) — dy)

pipy (%, 27) = @ and ;) (2%, 9z) { 0 otherwise

The map 4u(;) is graded in the following way, for f € S;(d) it holds
pe) (f, Si(D)) € Si(D+d) and  pgy(f,S7 (D)) € S;(D+d).

Remark 3.3.9. If we restrict the domain of p;y to Rlz;] X R[x;], then ;) acts as multiplication, that
is for every f, g € R[x;] it holds

wa(fy9) = fg.

Example 3.3.10. Consider 2% + zox1 € K[zg, 71]2 and 2 023 0z, — 0x¢ 023 € K[Dx0, Ox1] 5. We
want to compute fi(y) (23 + 20 21,2023 01 — O30 023) € K[Dz0,071]-1. As [ (z) is bilinear, we can
rewrite the previous equation as,

2 /,L(z)(l‘%, 0z% 0xq) + 2 () (o 21,028 Om1) — u(w)(a:g, 0o 03) — () (To 21, 020 0z?) =
2 drq + 2 Oxg — 0 — o1 = 20x9 + Ox1.

We define the bilinear map

q q q
p: (Q) Rlmi)) x Q) (Rlz:] & R[Dx:]) — Q)(Rlxi] © R[Oi]), (3.12)
i=1 i=1 i=1
such that, if( 2 e ( R[x;]) and, foreach 1 < i < ¢, g; € (R[z;] ® R[Ox;]), the map acts

q

on (R, X, QL gl) as follows

q
,c’.czaiv®gz ®,Uf(1 Z; ,gl
=1

Example 3.3.11. Consider g = (8$%70®$%70 372,1—81'170 895171 ®l‘g’1) € K[al'l’(), 81’171]2®K[(L‘270, 1‘271]3
and f = z1 9221 + 21,1 2,0 € K[z10, 2111 ® Kl220, 2211
Then jiy(g) = 9210 @ (2325 1 + 22073 1) + 0x11 @ x5 1 € K[D210,021,1]1 © Kl9,0, T2,1]4, €5

w(f,g) = pw(z1,02,1,9) + p(x1,1 22,0, 9

= (/t(fl,o 152,1,593%70 & IC%,O Z2.1) — p(x1,0x2,1,02100x11 ® :c%l)) + p(x1,1 22,0, 9

( )
( )
= (U(l)(xl,O;axio)®,U(2)(-T2,1,33%70$2,1) — (w1022, 00100211 @23 1))+ p(1,1 22,0,9)
( )

_ 2 2 3
= (Oz10®a3073, — (w1022, 00100211 @23 1))+ p(1,1320,9

= (63;10®x20x21 8x11®x21) (0+8$1,0®$2,0$§,1)

Remark 3.3.12. If we restrict the domain of j1 to (Qi_; R[zi]) x (Q{_, R[zi]), then p acts as multi-
plication, that is for multihomogeneous polynomials f,g € (Q?_, R[x;]), it holds

w(f,9)=1fg.
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Given f € (Q7; R[z;]), we define the linear map

pr Qi (Rlz] ® ROzs]) - @, (R[z:] ® R[dxi])
g pp(g) = u(f,9)-

Using the isomorphisms of Prop. and Prop. 3.3.6) for d € N? and f € Klzy,...,x4)q, if we
restrict the map yi¢ to Hy,(m), for 7 € N, and then

My HIE’H X -+ X PTq (m) — Hllr’"l XX P"a (m + d)-

Proposition 3.3.13. [WZ94| Prop. 2.6] Consider a generic multihomogeneous system F' C Z[u|[x1, ..., x4
with polynomials of multidegrees dy, . . . , dn, respectively. Given a degree vector m € 74, we consider
the Weyman complex Ko(m). If thereisv € {—N +1,...,N + 1} andp € {0,..., N + 1} such that

Ky(m) = K, p(m) ® Z]u] and  Ky,_1(m) =Ky 1,-1(m)® Z[u],

then the map 6,(m) : K,(m) — K,_1(m) is

N
5v(m) = ZMF]C (09 <I>]€,
k=0

where g, & P, denotes the tensor product of the maps |1, and Py, from Def.

Definition 3.3.14 (Koszul-type determinantal formula). With the notation of Prop. |3.3.13| when the
Weyman complex reduces to

Ko(m) : 0 = K1 p1(m) @ Klu] 2™ Ky, (m) @ Klu] — 0, (3.13)

we say that the map 61(m) is a Koszul-type determinantal formula.
Example 3.3.15. Consider the blocks of variables x1 := {z10, 21,1} and x2 := {220,221}, and the

systems f := (fo, f1, f2) of multidegrees dy = dy = do = (1,1). That is,

Jo = (aopx1,0+ aioxi,1) 20+ (@01 1,0 +a1,1T1,1) 2,1
fi=(boox1,0+broxi1)x20+ (bo1x1,0+b1121,1) 221 (3.14)

Ja = (co0 1,0 + c1,0®1,1) T2,0 + (€01 T1,0 + €1,1 T1,1) T2,1-
As in [[EMTI16, Lem. 2.2], consider the degree vector m = (—1,2). Then, the Weyman complex is

) 61 (myf)

K’(m7f) :0_>K1,2(m7f KO,l(m).f)_>O7

where

)

Kia(m) = 51(0)® Sa(1)* ® ({eg Aei} @ {eo Aea} @ {er A ez})
Koa(m) = $1(1)® 200" @ ({eo} & {er} @ {ea}).
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If we consider monomial bases for K1 2(m, f) and Ko 1(m, f), then we can represent §1(m, f) with the
matrix that follows. Note that, the element 01 € K[dx1, dx1| corresponds to the dual of 1 € K|z, x2].

| 21,0®01®e 711®01Qe) z10®91®e1 21,1 001Qe1 710001 Qex 711 Q091® e

1® 0z2,0® (e0 Ner) —bo,0 —b1,0 ao,0 a0 0 0
1® 0x2,1 ® (eg Ne1) —bo,1 —b1,1 ao,1 a1 0 0
1® 0z2,0 ® (eo N e2) —C0,0 —c1,0 0 0 ao,0 a0
1® 0x2,1 ® (eo N e2) —co,1 —c1,1 0 0 ao,1 ai,1
1® 0z2,0 ® (e1 Ne2) 0 0 —c0,0 —c1,0 bo,o bi,0
1®0z2,1 ® (e1 Ne2) 0 0 —co,1 —ci1,1 bo,1 b1,1

As we saw in the previous example, once we have fixed a basis for the map in Prop. [3.3.13] we can
represent the Koszul-type determinantal formula by the determinant of a matrix. We refer to this matrix
as a Koszul resultant matrix.

Corollary 3.3.16. [WeyO3| Prop. 5.2.4] Let F be a generic multihomogeneous system of polynomials
with multidegrees dy, . . . , d, respectively. Let m € 71 be a degree vector so that the Weyman complex
Ko(m) becomes

by (m)

Ke(m) : 0 = Ky pio(m) @ Klu] —— Ky—1 prov—1(m) @ K[u] — 0.

Then, the map 6,(m) of Prop.|3.3.13|is linear in the coefficients of F' and so each element in any matrix
representing 0, ( f) is a polynomial in K[u)| of degree one. Moreover, as the determinant of the complex
is the resultant, the rank of both K,(m) and K,.1(m), as K[u]-modules, equals the degree of the

resultant (Prop. , which is
N
degree(Res) = Z MHB(dy,...,dg_1,dg+1,...,dN).
k=0

Remark 3.3.17. Under the assumptions of Prop.|3.3.13} if p = 1 and v = 0, the map 6,,(f) acts as a
. V .
Sylvester map (Rem.|3.2.11)), that is (go, ..., gN) = >_1_o 9k Fk. In this case

N
dp(m)(go®eg+ -+ gnQen) = (ngFk> ® 1.
k=0

Determinantal formulas for the multiprojective resultant of unmixed systems, that is systems where
the multidegree of each polynomial is the same, where extensively studied by several authors [SZ94,
WZ94,|ICK04, IDEO3]]. In [WZ94], the authors derive determinantal formulas using the Weyman complex.
Moreover, they classify all the unmixed systems for which we can construct such formulas and describe
the corresponding degree vectors. We will not introduce the notation needed to describe their result, but
we refer the reader to the formulas of type 1 and 4 in [WZ94, Sec. 4] for further details.

Proposition 3.3.18. [WZ94, Prop. 3.7] Consider a system f = (fo,..., fn) in Klz1,..., 4] with
multidegrees dy, . . ., dn, respectively, such that dy = --- = dy = (d1,...,dy). If there is a degree
vector m such that Weyman complex give us a Koszul-type determinantal formula then, for each 1 <
i < g, min(d;,n;) = 1.
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There are very few results about determinantal formulas for mixed multihomogeneous systems, that
is, when the supports are not the same. We know such formulas for scaled multihomogeneous systems
[EM12], that is when the supports are scaled copies of one of them, and for bivariate tensor-product
polynomial systems [MT17, BMT17]. In Sec.[6.1} we use the Weyman complex to derive new formulas
for families of mixed multilinear systems.

3.4 The sparse resultant

The sparse resultant generalizes the resultant to the context of toric varieties, see Sec. [2.12] In this
section, we will just mention some references related to this object and we refer the reader to [CLOOQG,
Ch. 7] for a general introduction to the subject and to [Emi05] for a more concise introduction with a
focus on applications.

Theorem 3.4.1 (Sparse resultant). [[CLO06| Thm. 7.6.2] Given n+1 full-dimensional polytopes Ao, . . ., Ay,
we define the ring Z[u] generated by the variables

{tjo:0<i<nand ax € A;NZ"},

and the generic system (Fy, ..., F,) such that, for each i,
Fi = Z ui’aXa.
aceN;NZ™

Let sp be the specialization morphism, see Def. and consider Fi(c) := sp.(F;).
The sparse resultant is a polynomial, res € Z[u), such that

res(c) #0 = { The system (Fy, ..., F,)(c) € K[Z"]"H! }

has no solutions over the torus (C*)™

Moreover, following the notation from the discussion in page if res(¢) = 0, then the homoge-
nization of the system (Fy, ..., F,)(c) € K[Z"|"! has a solution over the projective toric variety X
associated to Ao, . . ., A\, see [[CLOO0G, Sec. 7.3].

Proposition 3.4.2 (Degree of the sparse resultant). [[CLO06| Ch. 7] With the same notation as in Thm.
for each i, consider the sets of variables

u; = {uiﬂ e AN Zn}
Then, the resultant res € Z|u), is a multihomogeneous polynomial with respect to the blocks of variables
Ug, . .., Un. Its degree with respect to the block of variables w; is the mixed volume (Def. |2.12.18) of
Ag, ..., A1, AH_l, ..y, Ay. That is,

degui (res) = MV(A(], ey Ai—l; Ai+17 e ,An)
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A classical way of computing the sparse resultant is as a factor of the determinant of a matrix [Stu94,
CE93, |CE00]. This matrix is related to a Sylvester map, see Rem. [3.2.T1] To construct the matrix, we
compute a mixed subdivision of the Minkowski sum of the polytopes, Ag + -+ + A, see [CLO0G,
Sec. 7.6]. Hence, the complexity of this approach is related to the number of integer points in this
Minkowski sum [Emi96|]. There are also incremental constructions of the resultant, see [EC95] and
[Emi05} Sec. 7.2.2], which in some cases results in smaller matrices, for example, for multihomogeneous
systems [[DEO3]]. We can also compute the sparse resultant as a quotient of determinants [D’A02]. Also,
in some cases, we have determinantal formulas (Def. [3.2.14) for the sparse resultant, see for example
[CDS98! ICKO00, [Khe02, Wey03]].

Other kinds of resultants Before finishing this chapter, we should mention that besides the three re-
sultants presented before, resultant theory was extended to various areas, giving birth to different kind
of resultants as, for example, resultants over unirational algebraic varieties [BEMOO], residual resul-
tants [BEMO1, BusO1l], determinantal resultants [Bus04], differential resultants [Rit32} I(Cha91]], sparse
differential resultants [LGY11]] and multivariate subresultants [GV91,|Cha95| Szal0].



Chapter 4

Grobner basis

Grobner bases are at the heart of most nonlinear algebra algorithms [BW98||. We use them to compute
geometric and algebraic properties of ideals and modules. For example, Grébner bases gives us a way
to solve the Ideal Membership Problem, that is, to decide when a polynomial belong to certain ideal.
Moreover, they allow us to do computations efficiently over quotient rings. It is also a tool to solve
polynomial systems. In this chapter, we introduce some basic properties of Grobner bases together with
algorithms to efficiently compute them. Also, we will present bounds for the arithmetic complexity of
these algorithms. The bounds rely on algebraic invariants of the ideals, as the Castelnuovo-Mumford

regularity (Def. [2.8.3).

4.1 Grobner basicdl]

The results from this section come mainly from [CLO15, Ch. 2].

A monomial is a product of variables in K[x]. We will write the monomial z{* - -- 20" as ® where
o = (a1,...,0n) € N (see Ex.[2.12.8). The degree of a monomial is deg(x®) = >_, o. We say that
a monomial ® divides a second monomial & if there is a third monomial = such that £ - ¥ = 8.
In this case, we write |x”. We can think the polynomials in K[x] as finite K-linear combinations of
the monomials in K[z|. We consider a particular kind of total order for the monomials in K[x], called
monomial ordering.

Definition 4.1.1 (Monomial ordering). A monomial ordering > is a total order for N" such that

o [t is a well-ordering for N", that is, for every nonempty subset of N", there is a minimal element
with respect to >.

e [ts compatible with the addition, that is, if &« > 3, then Vv € N, ey > B .

We abuse of the notation and we write x* > xP to refer to o > 3.

'T took this wordplay from Svartz’s PhD thesis [Sval4], which copied it from Sturmfels’ book [Stu96]. As we say in
Spanish: “A thief that steals from another thief has one hundred years of forgiveness” (“Ladrén que roba a ladrén tiene cien
anos de perdén”).

81
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Lemma 4.1.2. [[CLOI15| Ex. 2.3.7] Let > be any monomial ordering and consider two monomials x®
and xP such that P divides ©*. Then, £ > xP.

The two main monomial orders that appear in practice are Lex and GRevLex.
Definition 4.1.3. Consider a monomial ordering > such that 1 > xg9 > -+ > Ty,

e The order > is a lexicographical ordering (Lex) if €@ > @@ if and only if. there is a k < n such
that,

a > B

{(W<k) a; = B;

Roughly speaking, this order is equivalent to the one that we use in a dictionary.

We write this order as >1,cx.

e The order > is a graded reverse lexicographical monomial ordering (GRevLex) if & > P if

and only if,
Y>> B or
Yoo =>;0i and 3k suchthat (Yi>k) o;=p;
and ag < Bk

that is, ** > xP if the degree of x™ is bigger than the one of P, or they have the same degree
and the degree of the smallest variable (with respect to >) such that its degree in x° is different
from its degree in P, is smaller in £ than in xP.

We write this order as >GRevlex-

Example 4.1.4. Consider the Lexicographical order >,y on K[z, y], such that x >1cx y. Then, 12 >Lex
TY, T >Lex y100 andxy2 >Lex T Y-

Consider the Graded Reverse Lexicographical order >GRreviex 01 Kz, y, 2], such that © >GRevLex
Y >GRevLex 2. Then, T y2 >GRevLex 2% 2 and 3/100 >GRevLex T-

In whats follows, we say that a monomial appears in a polynomial, if the coefficient associated to
the monomial in the polynomial is not zero.

Definition 4.1.5 (Leading monomial, coefficient and term). Consider > a monomial ordering and a
polynomial non-zero f = Y- cnn Cax® € K[z].

o The leading monomial of f with respect to >, LM (f), is the biggest monomial (with respect to >)
that appears in f, that is,
LM~ (f) == m>ax{a:°‘ Do # 0}

e The leading coefficient of f with respect to >, LC.(f), is the coefficient associated to the leading
monomial of f, that is,
LC~ (f) := cq such that LM~ (f) = <.

o The leading term of f is the product of the leading monomial and coefficient of f, that is,

LT~ (f) := LC>(f) LMx (f).
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We can extend the notion of leading monomials to ideals.

Definition 4.1.6 (Initial ideal). Let > be a monomial ordering and I C K[x| an ideal. The initial ideal
of 1 is the ideal generated by all the leading monomials of the polynomials in I, that is,

LM (1) := ({LM> (f) : f € 1}).
The initial ideal is a monomial ideal, see Def.|2.3.10,
We use the notion of initial ideal to define Grobner bases.

Definition 4.1.7 (Grobner basis). Let > be a monomial ordering and I C K[x| an ideal. A Grobner
basis of I with respect to > is a set G C I such that

LM (1) = ({LM>(9) : g € G}).
Equivalently, G is a Grébner basis if, for every f € I, there is a g € G such that LM~ (g) divides LM~ ().
Proposition 4.1.8. [[CLOI15| Cor. 2.5.6] A Grobner basis G of I is also a basis of I, that is, (G) = I.

Grobner bases are not unique, neither necessarily finite. To make them unique and finite, we define
reduced Grobner bases.

Definition 4.1.9 (Reduced Grobner basis). We say that a Grobner basis G is a reduced Grobner basis if
and only if,

e every polynomial in G is monic, that is, for all g € G, LC~(g) = 1, and
e forall g € G, no monomial appearing in g belongs to LM (G \ {g}).

Proposition 4.1.10. [CLOI5 Thm. 2.7.5] Let > be a monomial ordering and I C K[x| an ideal. Then,
there is an unique reduced Grobner basis G for I with respect to > and it is finite.

We mention that Grobner basis were generalized to modules, but we will not discuss this subject in
the thesis; we refer the reader to [[CLOO06, Sec. 5.2] and references there in.

4.2 Normal forms, division algorithm and Buchberger

The results from this section come mainly from [CLO15, Ch. 2].

Proposition 4.2.1 (Normal form). [[CLOI5| Prop. 2.6.1] Let > be a monomial ordering, I C K[z] an
ideal and G a Grobner basis of I with respect to >. Consider f € K[x]. Then, there are unique g € I
and r € K[x|, such that f = g+ r and no monomial appearing in r belongs to LM (I). The polynomial
7 is called the normal form of g with respect of I and >. We denote r by NF+, 1(f).

We can check if a polynomial belongs to an ideal by regarding its normal form.

Corollary 4.2.2. [CLOI15| Cor. 2.6.2] Consider a polynomials f, g € K[x]. Then, NF~, 1(f) = NFs 1(g)
ifand only if f — g € 1. In particular, f € I if and only if NF~ 1(f) =0, and f — NFs [(f) € I.
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Algorithm 1 Division algorithm

Input: A polynomial f, a list of polynomials (g1, ..., gs) and a monomial ordering >.
Output: Polynomials r (remainder) and ¢y, . . ., ¢s (cofactors) such that f =) . g; g; + r and none
of the monomials appearing in r are divisible by any LM (g;), for 1 < i < s (or r = 0).
1 rql,...,qs < 0,0,...,0
2 p+ f
3: while p # 0 do
4:  if 3g; € G such that LM (g;) divides LM (p) then

5 J « minimal ¢ such that LM- (g;) divides LMs (p)
LT
) LT>(»)
7: p%p—LT;(gpj)g]
8: else
9: r < 1+ LT~ (p)
10 p <+ p—LT~(p)
11: endif
12: end while
13: return 7,q1,...,Qs

There is an algorithmic way of computing normal forms which involves Grobner basis and the divi-
sion algorithm.

We call the polynomial  from Alg. |l|the remainder of the division of f by (g1, ..., gs with respect
to >.

Proposition 4.2.3. [[CLO15, Thm. 2.3.3] The division algorithm always terminates and it is correct.

Even if the division algorithm always terminates, its remainder might depend on the order of the
polynomials (g1, ..., gr).

Example 4.2.4. Consider a lexicographical order >1 ¢y such that x >1.ex y. We consider the division of
the polynomial xy by the list (xy + y, x) with respect t0 >1ex. As LMs,  (xy + y) divides xy, we use
(x y+y) to reduce xy and obtain —y. As we can not reduce —y any further, the remainder of the division
is 1 = —y. We swap the elements in the list (xy + y, x) and consider the division of the polynomial x y
by the list (x,x y + y) with respect to >1ex. As x divides x vy, the remainder of the division is r = 0.

As we see in Ex. the remainder of the division algorithm is sensitive to the order of the poly-
nomials in the list (g1,...,g,). However, when (g1,...,g,) is a Grobner basis, their order does not
matter.

Proposition 4.2.5. [[CLOI5| Prop. 2.6.1] If G is a Grobner basis of I with respect to a monomial order-
ing >, then the remainder of the division of f € K[x| by G (sorted in any order) with respect to >, that
is, the polynomial r in Alg. I} equals NF+ 1(f), and so it is unique.

We can use the division algorithm to compute Grobner bases.
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Proposition 4.2.6 (Least common multiple). [[CLOI5| Prop. 4.3.13] Given two monomials x, xP e
K[x], consider the intersection of the ideals generated by these monomials, (x®) N (xP). This ideal
is a principal (Def. monomial ideal, that is, there is a monomial, that we call the least common
multiple of x* and x® and denote by LCM(x®, xP) € K[z], such that

(LeM(z®, 2P)) = (x®) N (P).

We can compute the least common multiple of x® and P as

Definition 4.2.7 (S-polynomial). Consider two polynomial f,g € K[x| and a monomial ordering >.
The S-polynomial of f and g, Spol(f,g), is a particular polynomial combination of f and g defined by

LT~ (f)

LT (g)
T LOM(LML (f), LMo (g) 7

~ LCM(LM- (f), LM (g))

f

Sp01>(f7 g) :

An important property of the S-polynomial Spol. (f,g) is that its leading monomial with respect
to > is smaller than LCM(LM~ (f),LMs (g)), see [CLO13, Ex. 2.6.7]. We use S-polynomials to compute
Grobner bases.

Algorithm 2 Buchberger’s algorithm

Input: List of polynomials (f1, ..., fs) and a monomial ordering >.
Output: Grobner basis G of (f1, ..., fs) with respect to >.
LG {f,..., [}
2 G+ {}
3: while G # G’ do
4: G+ G
5. L+ List (G") (we sort the elements of G’ with respect to an arbitrary order).
6:  for each pair f,g € G’ such that f # g do
7: r < Remainder of the division algorithm of Spol(f, g) with respect to L and >.
8: if » ## 0 then
9: G+ GU{r}
10: end if

11:  end for
12: end while
13: return G

Theorem 4.2.8 (Buchberger’s Criterion). [[CLO1S5| Thm. 2.6.6] Given an ideal I, a monomial order >
and a finite set G C 1 such that for each pair of different polynomials f,g € G the remainder of the
division algorithm of the Spol. (f, g) with respect to G and > is zero, then G is a Grébner basis of 1
with respect to >.

Corollary 4.2.9. Buchberger’s algorithm (Alg. |2) is correct.
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Example 4.2.10 (Continuation of Ex. |4.2.4). If we consider the list (xy + y, x), then

T Ty
Spol. (zy +y,z) = ;(wy—ky)—?(x):y.

By Buchberger’s criterion, the set G := {xy + vy, z,y} is a Grobner basis for the ideal (x y + vy, x) with
respect to >, because

Spol.(zy+y.y)=L(xy+y) - (y) =y €G, and

spol. (z,y) = ;% (x) — 5 () = 0.

Proposition 4.2.11 (Termination of Buchberger’s Algorithm). [[CLO1S5| Thm. 2.7.2] As K[x] is a Noethe-
rian ring, see Prop. Buchberger’s algorithm terminates in a finite number of step.

4.3 Properties of the monomial order GRevLex

The results from this section come mainly from [CLO15, Ch. 8].

We study some properties of the monomial order GRevLex (Def. [4.1.3). We show how it allow us
to transform an affine variety, that is, the solution set of an arbitrary polynomial system (Sec. [2.4), into
a closely related projective variety, that is, the solution set of a system of homogeneous polynomials

(Sec.[2.5).

Definition 4.3.1 (Homogenization). [[CLO15| Prop. 8.4.2] Consider a polynomial € Klx| of degree
d. We define f" € K[z|[xo] as the homogeneous polynomial f" := zd f (3t,..., 32). This polynomial
has degree d.

Given an ideal I C K[x], we define the homogenization of the ideal I, I" C K[x][zo], as the
homogeneous ideal in K[x|[xo| generated by the homogenization of all the polynomials in I, that is,

I" .= ({f": f € I}). The ideal I" is a homogeneous ideal, see Def.

We can write the homogeneous polynomials in I" as the product of a power of x( and the homoge-
nization of a polynomial in /.

Proposition 4.3.2. [CLO15| Prop. 8.2.7.iv] Consider an ideal I C K[x] and a homogeneous polynomial
f € IM. Let d be the maximal number such that x¢ divides f. Then, there is f € I such that

f=ad

The homogenization of an ideal contains any ideal generated by the homogenization of a set of its
generators.

Proposition 4.3.3. Consider an ideal (f1,..., f,) = I generated by r polynomials, then the homoge-
nization of the ideal contains the ideal generated by the homogenization of its r generators, that is,

(ff,.. eI

However, in general, the homogenization of an ideal differs from an ideal generated by the homoge-
nization of a set of its generators.
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Example 4.3.4 (Continuation of Ex. . We consider xy +y € K[z, y|, whose homogenization in
Klz,y,z] is 22(2 ¥ + ¥) = xy + y 2. The homogenization of x € K[z, y, 2] is 2(£) = x. Note that
the ideal ({zy +yz,x}) C Klz,y, 2], obtained by homogenizing the set of generators of {xy + y, x},
is different from the homogenization ({xy + y,x})" C K[z, y, z]. We already proved thaty € ({zy +
y z,x}), and so, its homogenization, z (L) = y, belongs to ({z y+y, z})". However,y ¢ ({zxy+y z,2})
because every polynomial of degree one in ({xy + yz,x}) is divisible by x. Nevertheless, note that
yz=1(xy+yz)—y(z)belongsto ({xy+yzzx}) CK[z,y,z|

To generalize our last observation in Ex. [4.3.4] we need to introduce the dehomogenization homo-
morphism.

Definition 4.3.5 (Dehomogenization). Given a polynomial g € K|x][zo], its dehomogenization, x(g),
corresponds to the specialization of the variable xq in g to 1. The dehomogenization is a surjective ring
homomorphism, x : K[z|[zo] — K|x], and, if J C K[x][xo] is an ideal, x(J) C K[| is an ideal too. If
we restrict the domain of x to a graded piece of K[x][xo|, K[x][x0]q, then x is an injective map.

By Prop.[4.3.2] we can think about the dehomogenization as the “anti-homogenization”.

Proposition 4.3.6. Given an ideal I C K|z], then
I=x(I").

Moreover, the affine variety defined by the dehomogenization of a homogeneous ideal J C K[x][z(],
Vkn (x(J)), is isomorphic to the affine piece Vpn (J) N Uy of Vpn (J), see Prop.

The dehomogenization of the intersection of two homogeneous ideals equals the intersection of the
dehomogenization of the two ideals, see discussion after [CLO135, Prop. 8.2.7].

Proposition 4.3.7. Given two homogeneous ideals I, J C K[x][zo], then,

x(I) Nx(J) = x(I N J).
In particular, given two ideals I, J C K[z], then
InJ=x((INnH"=xI"nJ".

Whenever we have a principal ideal and we know its unique generator, we can compute easily its
homogenization.

Lemma 4.3.8. The homogenization of a principal ideal (f) C K[|, see Def. equals the ideal
generated by the homogenization of its generator f, that is, (f)"* = (f).

Corollary 4.3.9. Consider the ideal I = (fi,...,f,) C K[x]. Then, the dehomogenization of I" is
equal to the dehomogenization of (7, ..., f*) C K[z][zo], that is x(I") = x({fI, ..., f").

We can homogenize an ideal by computing its Grobner basis with respect to the monomial ordering
GRevLex, which is a graded monomial ordering.
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Definition 4.3.10 (Graded monomial ordering). We say that a monomial ordering > is graded if, for
every two monomials of different degrees, the biggest monomial with respect to > corresponds to the one
with bigger degree. That is, given two monomials &, xP,

deg(z®) > deg(xP) = z* > 2P,
We can extend graded monomial orderings on K[z] to graded monomial orderings on K[x][zo].

Proposition 4.3.11. [[CLOI5| Ex. 8.4.4] Given a graded monomial orderings > for K[x], we can extend
it to the graded monomial ordering >y, on K[x][xo] such that for x®, P € K[zx][zo] it holds,

deg(x®) > deg(x?), or

e B
TR T = { deg(x®) = deg(xP) and x(x*) > x(xP).

We can define the monomial ordering GRevLex using Prop. 4.3.11] In what follows, we write
GRevLex(z; < - -+ < xyp,) to refer to the GRevLex monomial ordering <GRevLex Such that £1 <GRevLex

*++ <GRevLex Tn-

Example 4.3.12. Consider the monomial ordering GRevLex(x1 < -+ < z,) on K[z]. Then, its
extension, as defined in Prop. 4.3.11} corresponds to the monomial ordering GRevLex(zg < z1 <
e < ) on K[z [zg).

The main property of the graded monomial orderings is that, when we homogenize a polynomial,
they preserve its leading monomials, see [CLO15, Lem. 8.4.5]. That is, for every f € K]z],

LM< (f) = LM<, (f").
This allow us to transform Grobner bases from K[x|[z¢] to K[x] and vice-versa.

Proposition 4.3.13. [[CLOIS5| Ex. 8.4.4] Consider an ideal I C K[x] and let G by a Grobner basis of
I with respect to a monomial ordering > GRevLex(z1 < --- < x,,). Let G" := {g" : g € G} be the
homogenization of the polynomials in G. Then, G" is a Grobner basis for I" C K|x|[xo] with respect to
GRevLex(zg < 1 < -+ < xp).

Proposition 4.3.14. [FSS714) Prop. 3.5] Let I C K[x][xo] be a homogeneous ideal and let G be a finite
set of homogeneous polynomials forming a Grobner basis of I with respect to GRevLex(zg < 1 <

- < xp). Let G := {x(g) : g € G} be the dehomogenization of the elements in G. Then, G is a
Grobner basis for the ideal x(I) C K[x] with respect to GRevLex(z1 < -+ < xp).

We can extend the previous propositions to extended graded monomial orderings, see the proof of
[CLO15, Thm. 8.4.4].

4.4 Computing Grobner bases for homogeneous ideals

In the previous section we observed the following:
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e By Cor. given a finite set of generators of an ideal, (fi,...,f,) = J C K|x], we can
construct a homogeneous ideal I = (f},..., f*) C K[z][zo] such that its dehomogenization is
the original ideal, that is, J = x ().

e By Prop.#4.3.14} from a Grébner basis G for a homogeneous ideal I with respect to GRevLex (g <
x1 < -+ < xy), we can recover a Grobner basis for x(I) with respect to GRevLex(x; < -+ <
xy,) from the dehomogenization of G, that is, the set {x(g) : g € G}.

Hence, to compute Grobner bases with respect to GRevLex, and more in general with respect to graded
monomial orderings, we only need an algorithm that computes Grobner bases for homogeneous ideals.
In this section, we discuss such an algorithm.

Our presentation follows the linear algebra approach introduced by Lazard [Laz83|] and further de-
veloped by Faugere [Fau99, [Fau02]. We introduce simplified versions of the algorithms that are imple-
mented in practice. We refer the reader to [CLO135, Ch. 10] and [EF17] and references there in for more
details.

Definition 4.4.1 (d-Grobner basis). Let > be a graded monomial ordering, I C Kx][zo] a homogeneous
ideal and consider d € N. A d-Grobner basis for I with respect to > is a finite set G C I such that for
every f € I of degree at most d, LM< (f) € ({LM=(g) : g € G}).

As every ideal in K[x][z¢] has a finite Grobner bases (Prop. 4.1.10), there is a d such that the d-
Grobner basis is a Grobner basis.

Theorem 4.4.2 (Degree of regularity). [[Laz83| Sec. III.B]. For each ideal I C K[x|[xo] and each graded
monomial ordering >, there is a d such that the d-Grobner basis of I with respect to > is a Grobner
basis of I with respect to >. The degree of regularity of I with respect to > is the minimal d with this

property.

Using Thm. 4.4.2] we reduce the computation of a Grobner basis to the computation of triangular
bases of K-vector spaces. To do so, we introduce the Macaulay matrix, a generalization of Sylvester’s

matrix (Ex.|3.2.16).

Definition 4.4.3 (Macaulay matrix). Let > be a monomial ordering, f = (f1,..., fr) a list of homoge-

neous polynomials in K[x][x] of degrees d1, ..., d,, respectively. The Macaulay matrix of f in degree
n+d7di)) % (n+d

d € N is the matrix M- 4(f) € K(ZZ( d=d; i) where

o The matrix M q(f) has (”jl'd) columns. We index each column by a monomial in K[x][zo]s. We
sort the columns in decreasing order with respect to the monomial ordering >.

o The matrix M q(f) has ), ("jﬁgl_di) rows. We index each row by a pair (i,x®), where i €
{1,...,r} and x* € K[x|[zo]4—q,. We sort the rows in increasing order with respect to the
following order for their indices,

(i,2%) < (j,2P) < (i <j)or (i = j and x* < =P).

We refer to the pair (i, ™) as the signature of the row.
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e The element in the row with signature (i,x%) and column indexed by xB corresponds to the
coefficient of the monomial P in the polynomial ® f;.

From a commutative algebra point of view, the matrix M 4(f) represents the Sylvester map
(Rem. (91,---59r) = >_; i fi, where each g; € K[z][xo]4—q,. This map corresponds to the
first map of the strand of degree d of the Koszul complex K(f1,..., f.), see Def. As we explain
at the end of the section, this relation is a key ingredient to improve the efficiency of our algorithms to
compute Grobner bases.

From a linear algebra point of view, a linear combination of the rows of M- 4(f) represents a
polynomial f of degree d in the ideal generated by f, thatis, f € (f)4. More precisely, if we multiply a
non-zero constant ¢ by a row with signature (i, %), we obtain a row whose elements correspond to the

coefficients of c z® f;. If we add two rows with signatures (i, ) and (j, £?) we obtain a row whose
n+d
elements correspond to the coefficients of z®f; + P f;. Let v(d) € (K[z] [:L'o]d)( 4")*1 be a vector

whose elements are the monomials in K[z][zo]4 sorted in decreasing order with respect to <. Consider
a matrix M >.d(f) corresponding to a Macaulay matrix M- 4(f) on which we performed linear algebra
operations on its rows. The elements of the vector M ~.d(f) - v(d) correspond to polynomials in (f)g4.
Hence, we say that the rows of M >.d(f) represent polynomials in (f),.

Lazard’s approach to compute a Grobner basis of f with respect to > [Laz83] is to compute it from
the matrices corresponding to the row echelon form of M- 1(f),... s M dyeg (f), say
M>71(f), o 7/,\\/[,>7dmg (f), where d,..q4 is the degree of regularity of f (Thm. . As this strat-
egy constructs the Grobner bases incrementally by computing d-Grobner bases, we say that is follows a
degree-by-degree strategy. For each d, let Py be the set of non-zero polynomials represented by the rows
of M 4(f). As we sorted the columns of M, 4(f) and M-, 4(f) in decreasing order with respect to
>, the set P, is a maximal subset of f,; whose elements have different leading monomials. Hence, the
polynomials of degree d in a d-Grobner basis of f are contained in this maximal subset. We are not
going to introduce linear algebra concepts as (reduced) row echelon forms or Gaussian elimination; we
refer the reader to [Mey0S|, Ch. 2].

Theorem 4.4.4. [Laz83| Sec. IIl.B] Consider a homogeneous system f and let G;_1 be a (d — 1)-
Grobner basis for f with respect to a graded monomial ordering >. Let M- 4(f) be the reduced row
echelon form of the Macaulay matrix M. 4(f). Let Py be the set of non-zero polynomials represented by

the rows of M >.d(f). Let G g be the union of G q—1 and the polynomials in Py whose leading monomials
are not divisible by the leading monomials of the polynomials in G 4_1, that is,

Gq = Gg_1U{g € Py such that (Yh € Gq_1) LMx (h) does not divide LM~ (g) }

Then, G4 is a d-Gréobner basis of f with respect to >.

Hence, for every ideal I C K|x]|[z] and a monomial order >, if we know the degree of regularity of
I with respect to > (Thm. #.4.2) we can compute its Grobner basis using linear algebra.

Example 4.4.5. We want to compute a Grobner basis for a homogeneous ideal generated by f :=
{x+y+2z2,322+ 2y + 22} € K[z,y, 2], with respect GRevLex(z > y > 2). As we will explain
in Prop. the degree of regularity of the ideal (f) with respect to this monomial ordering is 2.
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Algorithm 3 Lazard’s algorithm

Input: A list of homogeneous polynomials f := (fi,..., f.), a monomial ordering >, and a degree d.
Output: The set G is a d-Grobner basis of (f) with respect to >.
If d is the degree of regularity, then G is a Grobner basis of (f).
1: Go + { }
2: for d from 1 to d do
M 4(f) < Macaulay matrix for f with respect to > at degree d (Def. .

M- 4(F) < Reduced row echelon form of M- 4(f).

b

4
5. P, + Non-zero polynomials represented by the rows of M >.d(f).

6: Gg< Gg_1U{g € P;: (Vh € G4_1)LMs (h) does not divide LM~ (g)}.
7: end for

8: return G.

We consider the Macaulay matrix M- 1(f) and its reduced row echelon form Mv>,1 (f),

Ty z‘ - T Yy 2
Moa(f)=1 1 2|(1,1) —Msa(f)=1 0 0 4.1
10 0/[(21) 01 2

Hence, the 1-Grobner basis of (f) is G1 = {z,y + 2 z}.
Then, we consider the Macaulay matrix M o(f) and its reduced row echelon form M- o( f),

[\
[}

2

T4 Ty Y Tz Yz 2
0 0 0 1 1 2]z
0 1 1 0 2 0|1y
1 1 0 1 0 0|(L=
MoplF)= g 0 0 1 0 o0 EQZ))
01 0 0 0 0|2y
1 0 0 0 0 0](22)
3.0 0 0 1 1/[(1)
1 (4.2)
2?2 zy y? xz yz 22
1 0 0 0 0 0
0 1 0 0 0 0
Moa)= g 4 o 1 0 0
0 0 0 0 1 0
0O 0 0 0 0 1

,q
)
@)
@)
@)
=

)

—

Hence, the 2-Grébner basis of (f) is Go := {x,y + 2 2, 22}. As 2 is the degree of regularity of { f) with
respect to >, then G = {x,y + 2 2z, 22} is the Grobner basis of (f) with respect to >. Note that the
last row of M o(f) equals zero, and so, the rows of M o(f) are not linearly independent.
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As we observed in the previous example, Lazard’s algorithm (Alg. [3) has a computational disad-
vantage: many of the rows reduce to zero in the Gaussian elimination step. So, we perform redundant
computations when we reduce these rows. This phenomena is not exclusive of Lazard’s approach. For
example, in Buchberger’s algorithm (Alg. [2)), we perform redundant computations when we execute the
division algorithm to reduce a S-polynomial whose remainder is zero. In the context of Grobner bases,
when we have an algorithm which, as part of its intermediate steps, consider polynomials which, after
performing some computations, reduce to zero we say that the algorithm performs reductions to zero.

Reductions to zero have a strong impact in the practical efficiency of the algorithms to compute
Grobner bases, and so it is really important to try to avoid as much as them as we can. There are several
ways to predict reductions to zero, see for example [Buc79,|GMS88, [Tra89, [Fau02, Mor03l [EF17]. In this
thesis, we concentrate in the F5 criterion [Fau02].

As the ring K[z|[x(] is commutative, many reductions to zero appearing in our computations come
from the identity f g — g f = 0. The idea of the F5 criterion is to use the signatures of the rows of the
Macaulay matrix to prevent these reductions. It turns out that, when our system is a regular sequence
(Sec. [2.7), the F5 criterion identifies every reduction to zero appearing in Lazard’s algorithm (Alg. [3).
The F5 criterion is a particular, and the first, example of the so-called signature-based algorithms for
computing Grobner bases. We are only going to discuss a simplified version of F5, applied to the degree-
by-degree strategy of Lazard’s algorithm, known as Matrix-F5 [BES135]. In the language of signature-
based algorithms, this algorithm uses a <q.poq module monomial ordering. We refer the reader to the
chapter [[CLO135, Ch. 10.4], the PhD thesis [Edel2] and the survey [EF17] for more information about
this family of algorithms.

Proposition 4.4.6 (Matrix-F5 criterion). [BFES15, Prop. 8] Consider a system f :={f1,..., fr} given
by homogeneous polynomials of degree dy, . ..,d,, respectively. Let (i,x%) be the signature of a row
in Ms q(f) such that x® € LM~ ((f1,..., fi—1)), then this row is a linear combination of the rows in

M q(f) with smaller signature, see Def.

Observation 4.4.7. As the polynomials are homogeneous, we can check if x® € LMs (f1,..., fi—1) by
computing a (d — d;)-Grobner basis of (f1, ..., fi—1).

The Matrix-F5 algorithm (Alg.[4) avoids every reduction to zero when the input list of homogeneous
polynomials forms a regular sequence.

Proposition 4.4.8. [BFSI5 Prop. 9] If (f1,...,fr) is a homogeneous regular sequence, then the
Matrix-F5 algorithm (Alg. H) performs no reductions to zero.

The F5 criterion and the Koszul complex As we mentioned before, each Macaulay matrix M-, 4(f)
represents a Sylvester map, see Rem.[3.2.11} and so the first map J; of the strand of the Koszul complex
IC(f)a- Each row in the Macaulay matrix can be thought as an element in the image of the map d;.
More specifically, each row obtained from the matrix by performing linear algebra operations on its
rows represents the image of d; at an element of @, K[x][z¢]4_q,. Hence, when we have a reduction
to zero, that is, a linear combination of rows resulting in zero, we are considering an element g €
D, K[z][xo]4—q, such that d;(g) = 0. Therefore, the reductions to zero appearing in the Gaussian
elimination step of the previous algorithms correspond to elements in the first module of syzygies of
the map d;. As the Koszul complex is a complex, the image of the map d2 of K(f)y belongs to the
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Algorithm 4 Matrix-F5

Input: A list of homogeneous polynomials f := (f1,..., f.) of degrees d1, . .., d,., respectively,

a graded monomial ordering >, and the degree of regularity d,..4 of (f) with respect to >

(Thm.BZ42).

Output: The set G is a Grobner basis of (f) with respect to >.

1: GO,O; R 7G0,dreg < {}, Ceey {}
2: for d from 1 to d,., do

3:  for i from 1 tor do
4: M- a(fi,. .., fi) ¢ Macaulay matrix for (f1,..., f;) with respect to > at degree d, see
Def.[d.43]
5: /\/li?d(fh ..., fi) < Empty matrix.
6: for each (j, ) signature of M~ 4(f1,..., f;) do
7: ifd; > dorforallg € Gj_1 4 4;, LM~ (g) does not divide z* then
8: Add to Mg?d(fl, ..., fi) the row from M, 4(f1,..., fi) with signature (j, ).
9: end if
10 end for
11: M a(f) + Reduced row echelon form of MZ%(f).
12: P; 4 < Non-zero polynomials in the rows of M >.d(f).
13: Gig < Gia—1U{g € P,q: (Yh € G; q—1) LMx (h) does not divide LM (g) }
14:  end for
15: end for

16: return G, 4

reg’
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kernel of d;. The syzygies generated by J- are called trivial syzygies or Koszul syzygies. It turns out
that, when there are non-trivial syzygies, the F5 criterion fails to predict all the syzygies. Hence, the F5
criterion avoids every reduction to zero only when the Koszul complex of the system is exact, and so, by
Prop. only when the system is a regular sequence.

4.5 Complexity

In this section we study the arithmetic complexity of computing Grobner bases. Our complexity model
is the standard arithmetical model, see [GG13) Ch. 2]. We relate the complexity of computing a Grobner
basis for a homogeneous ideal with respect to to a GRevLex monomial ordering with the Castelnuovo-
Mumford regularity (Def. of its initial ideal (Def. [4.1.6). Under some assumptions, this regularity
is the same as the one of the original ideal.

To bound the complexity of computing Grobner bases, we study the Matrix-F5 algorithm (Alg. @).
There are two aspects to consider,

e The size and structure of the matrices on which we have to perform Gaussian elimination.

e The maximal degree up to which we have to compute these matrices, that is, the degree of regu-

larity (Thm.[d.4.2).

In this section we will only focus on the second aspect. About the first aspect, we will just consider
it superficially. We do not consider the structure of the Macaulay matrices and we bound the arithmetic
complexity of the Gaussian elimination step by a general worst-case bound, see [Sto00]. Nevertheless,
we emphasize that this aspect is extremely important from theoretical and practical reasons:

e Complexity-wise, in [BES15] the authors proved that asymptotically, under regularity assump-
tions, the complexity of (a slightly modified version of) Matrix-F5 (Alg.[) is lower than what we
present in this section.

e From a practical point of view, the library FGb [FaulO], Maple’s state-of-the-art software to com-
pute Grobner bases, uses a dedicated library to exploit the structure of the matrices in the Gaussian
elimination step, see [BEF™16]].

When we know the degree of regularity of a homogeneous ideal with respect to a graded monomial
ordering, we can estimate the complexity of Lazard’s algorithm (Alg. [3).

Proposition 4.5.1. [BFSI5 Prop. 1] Consider a homogeneous system f := (fi,..., fr) and a graded
monomial ordering >. Let d,.q be the degree of regularity of (f) C Klx][xo] with respect to >, see
Thm. Then, the complexity of computing a Gribner basis of f with respect to > using Lazard’s al-
gorithm (Alg. , orMatrix-F5 (Alg. , is upper bounded by O(r d;q (”+ZT59)W) arithmetic operations,
where w < 2.38 is the exponent of matrix multiplication [[GGI3, Sec. 12.1].

Let d,.4 be the degree of regularity of an ideal / with respect to a graded monomial ordering >.
Let Gdreg_l, respectively Gdreg, be the (dmg — 1)-Grobner basis, respectively dyeq-Grobner basis, of 1.
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By definition of degree of regularity (Thm.[4.4.2), G4, is a Grobner basis of I with respect to >, but
Gd,.,—1 it is not. By definition of Grobner basis (Def. , it holds,

LM (1) # ({LM>(9) : g € Ga,p—1}) but LM-(I) = ({LM=(9) : g € G, })-

Hence, the degree of regularity of I with respect to > is the maximal degree of a minimal set of generators
of the ideal LM~ (/), and so, it is bounded by the Castelnuovo-Mumford regularity of the initial ideal

LM, (I) (Def.[2.8.3).

Proposition 4.5.2. [BM92| Sec. 3] Consider a homogeneous system f := (f1,..., fr) and a graded
monomial ordering >. Let dycq be the degree of regularity of (f) C Klx][xo] with respect to >
(Thm.@d.4.2). Then,

dreg < Teg@im(LM> (I))

Corollary 4.5.3. The complexity of computing a Grobner bases for a homogeneous system
f:=(f,..., fr) with respect to a graded monomial ordering > is upper bounded by

% <7“ (regem (LM (1)) (” + (”egﬁ“ﬁ(mﬂ )))>w> arithmetic operations,

where w < 2.38 is the exponent of matrix multiplication [[GG/3| Sec. 12.1].

For a further discussion about the bounds on the degree of regularity, we refer to [BM92| Sec. 3] and
[ChaO3].

When we consider Grobner bases with respect to GRevLex monomial orderings, under some as-
sumptions, we can replace, in Cor. [4.5.3] the Castelnuovo-Mumford regularity of the initial ideal by the
regularity of the ideal.

Proposition 4.5.4 (Zero-dimensional case). [(Cha03, Cor. 3] Consider a homogeneous ideal I C K|x][zo]
such that diim(Vpn (1)) = 0, that is, dim g (K[| [20] /I) = 1, see Prop.[2.5.17 Then, the Castelnuovo-
Mumford regularity of the initial ideal of I with respect to a GRevLex monomial ordering is the same
as the regularity of the ideal, that is,

Tegem(LM>GRevLex (I)) = Tegem(l) :

Corollary 4.5.5. The complexity of computing a Grobner bases for a homogeneous system
f = (f1,..., fr) with respect to a graded monomial ordering > such that diim(Vpn ((f))) = 0 is
upper bounded by

n + (regem(I))

w
) > arithmetic operations.
n

0 (tresentn)

In particular, when we have a square system defined by a regular sequence, it describes a zero-
dimensional projective variety Prop.[2.7.13] In this case, we can bound the complexity of computing a
Grébner basis with respect to GRevLex using the Macaulay bound, see Prop. 2.8.5]
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Corollary 4.5.6 (Complexity of computing a Grobner basis for square regular sequence). Consider
a homogeneous square system f := (f1,..., fn) in K[x][xo] given by regular sequence of degrees
di,...,dy, respectively. Then, the complexity of computing a Grobner basis for f with respect to
GRevLex is upper bounded by

d;) +1\”
O (n . (Z d; —n+ 1) <(ZZ )+ > ) arithmetic operations.
- n

When the variety defined by our ideal is not zero dimensional, we need some extra assumptions
to extend the previous result. These assumptions are related to generic coordinates, and their relation
to GRevLex was studied by Galligo [[Gal74, |Gal79], Giusti [Giu84], and Bayer and Stillman [BS87b,
BS8&7a], among others.

Definition 4.5.7 (Linear change of coordinates). A linear change of coordinates is an 0-graded automor-
phism A : Klz][zo] — K[x][xo], that is, an invertible morphism from Kz][zo] to itself.

Proposition 4.5.8. [BS87d, Prop. 2.11] Consider a homogeneous system f := (f1,..., f.) and consider
a generic linear change of coordinates A : Klzx|[zo] — Klz][zo], see Sec. Consider the system

f = (fioA,...,f.oA). Then, the Castelnuovo-Mumford regularity of the initial ideal of (f) with
respect to a GRevLex monomial ordering is the same as the regularity of the ideal, that is,

regem(LMsgreve ((F))) = regem((f))-

4.6 Grobner bases over semigroup algebras

We recall some definitions related to Grobner bases over semigroup algebras from [FSS14]. Let S be
a pointed affine semigroup (Def. [2.12.1)) and consider its associated pointed semigroup algebra K|[S]

(Def. [2.12.7).

Definition 4.6.1 (Monomial order). A monomial order for a pointed semigroup algebra K|[S|, say <, is
a total order for the monomials in K[S| such that:

e Forany a € S\ {0}, it holds X° < X .
o Foreverya, 3,y €S, if X* < XP then X7 < XPt,

Observation 4.6.2. Monomial orders always exist for pointed affine semigroups. To construct them, first
we embed any pointed affine semigroup of dimension n in a pointed rational cone C C R™ (Def.[2.12.4).
Then, we choose n linearly independent forms 11, . . ., 1, from the dual cone of C, which is

{l:R" - R |Va e C,l(a) > 0}.

We define the monomial order < so that X® < XP if and only if there is a k < n such that for all i < k
it holds l;(a) = 1;(B) and li(ax) < lx(B).
If our semigroup algebra is not pointed, we can not define monomial orders.



4.6. GROBNER BASES OVER SEMIGROUP ALGEBRAS 97

Definition 4.6.3 (Leading monomial). Given a monomial order < for a pointed affine semigroup algebra
K[S] and a polynomial f € K[S], its leading monomial, LM (), is the biggest monomial appearing in
f with respect to the monomial order <.

Note that the exponent of the leading monomial of f always corresponds to a vertex of the Newton

polytope of f (Def.[2.12.17).

Definition 4.6.4 (Grobner basis). Let K[S| be a pointed affine semigroup algebra and consider a mono-
mial order < for K[S]. For an ideal I C K[S], a set G C I is a Grobner basis of I if

({LM<(g) : g € G}) = {{LM<(f) : f € I}).
In other words, if for every f € I, there is g € G and X* € K|S] such that LM (f) = X“LM(g).

Proposition 4.6.5. As S is finitely generated, the algebra K[S] is a Noetherian ring [|Gil84, Thm. 7.7].
Hence, for any monomial order and any ideal in K[S], there is a finite Grébner basis.
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Chapter 5

Solving polynomial systems

In this chapter, we discuss different strategies to solve affine systems of polynomial equations having a
finite set of solutions, that is, systems that define a zero-dimensional variety. We present two different
strategies:

e Solving systems by extending the solutions of a univariate polynomial.
e Solving systems by inverting a monomial map.

For the first strategy, we compute a Grobner basis with respect to a lexicographical monomial ordering
(Lex). For the second one, we compute the eigenvectors of a matrix associated to the system, this is the
multiplication map. The results of this chapter come mainly from [CLOOQ6, Ch. 2].

We will not discuss other techniques to solve polynomial systems, and we refer the reader to [DEOS]]
and references there in.

5.1 Lexicographical monomial orderings (Lex)

In this section, we study some properties of the Grobner bases related to lexicographical monomial
orderings (Lex), see Def. These properties relate Lex to elimination theory. The results of this
section come mainly from [[CLO15, Ch. 3] and [CLOO06) Sec. 2.1].

Proposition 5.1.1 (Elimination property of Lex). [[CLOI5| Thm. 3.1.2] Let >1¢x be a lexicographical
monomial ordering such that 1 >1ex ** >Lex Tn and G a Grobner basis of an ideal I with respect to
this order. Then, foreach 1 < k < n, GNK|[zy, ..., zy] is a Grébner basis of the ideal INK[xy, . .., xy)]
with respect to same order.

Theorem 5.1.2 (Extension theorem). [[CLOI5| Thm. 3.1.3] Consider the ideal I := (f1, ..., fr) C K[x]

and I NK[zg, ..., x,). Foreach 1 < i <r, we write f; as,
fi=ci(za,... ,xn):civl + terms in which x1 has degree < N;.
where N; > 0 and ¢; € Kza, ..., xy] is non-zero.
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Suppose that there is a partial solution of INK|[xa, . . ., 2], that is, a point (ag, . . ., ay) € Vgn-1(IN
Klza,...,xzn]). If (a2, ... ,an) & Vgn-1({c1,...,¢)), that is, if all the ¢; do not vanish simultaneously
at the point, then there is an a1 € K such that (a1, as,...,a,) € Vgn(I), that is, there is a solution for

the original system.

Observation 5.1.3. For each partial solution (as,...,a,) € K" ! that extends to a solution
(a1,...,an) € K" we can recover the value ay as the solution of the system of univariate polynomials.

fl(:nl,ag,...,an) =0

fr‘(xlaa2a s 7an) =0

Solving a system of univariate polynomials is equivalent to solve the univariate polynomial given by the
Greatest Common Divisor of the generators of the system (recall that K[z1] is a principal ideal, see
Def. [2.2.8). Hence, the extension theorem tell us that, when we have a partial solution such that the
coefficients c¢;(x2, . .., xy,) do not vanish all at the same time, then the Greatest Common Divisor of the
partial evaluation of the generators of the system is not 1.

When we have a zero-dimensional system, the Grobner basis of the ideal contains a univariate poly-
nomial. Hence, we can solve this polynomial and, recursively, use the extension theorem to recover a
solution of the original system.

Proposition 5.1.4. Consider the variety V. = Vgn(f1,..., fr) such that V is zero-dimensional. The
reduced Grobner basis of I with respect to a lexicographical order, such that x1 > --- > x,, can be
written as a disjoint union of sets G1,...,Gy such that, for i < n, G; C Klz;,...,x,) and G; ¢
Klzi—1,...,2s), and Gy, = {gn} C K[zy,).

Example 5.1.5. We want to solve the system of (f1, f2), where

{ fi(zr,@2) =] + a3 — 2
fo(x1,22) :=2x1 290 — 1.

The Grobner basis of (f1, f2) with respect to >1ex, Such that T1 >Lex T2, is {420 — 8292 +
1,229% — 429 + x1}. The univariate polynomial 4 ot —8mp? + 1 has four solutions:

M _1+v3 9 1-V3 @ -1+V3 g -1-V3
G =Ty @ =g M =g B =

As the coefficient of x1 in 2 x93 — dx9 + 1 is a constant, we can extend all four solutions. For

example, the solution agl) € Vi (4x2* — 8292 + 1) extends to a solution (agl),ag)) € Via(f1, f2)

where (agl), agl)) (771;\/5, 712‘/5).

In the previous example, we could apply the Extension theorem because the coefficients of the mono-
mials lev “in ¢;(xz2), see Ex. do not vanish all at the same time, as some of them are constants. In
particular, this ideal is in shape position.
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Definition 5.1.6 (Shape position). We say that an ideal is in shape position when its reduced Grobner
basis with respect to a lexicographical monomial ordering >1,y, such that x1 >1ex **+ >Lex Tn, IS

g1 (In) — 1

In—1 (xn) — Tp—1
In(Tn)

Theorem 5.1.7. Let (f1,. .., f) be a radical zero-dimensional system. Consider A to be a generic linear
change of coordinates, see Def. and Sec. Then, the reduced Gribner basis of (f10 A, ..., fro
A) with respect to the lexicographical monomial ordering >1.ex, such that 1 >Lex '+ >Lex Tn, IS in
shape position.

For a proof of a stronger version of the previous theorem, see [BMMT94]].
We can solve an ideal in shape position by solving a univariate polynomial g,, € K[z,,]. The solution
set of an ideal I in shape position is given by the parameterization

{(g1(P),-- -, 9n-1(P),P) : P € Vk(gn)}.

5.2 Quotient rings and multiplication maps

Following Prop. if I is an ideal such that K[x]/I is zero-dimensional, then the quotient ring
K[z]/I is a finite dimensional K-vector space. In this section, we use this finite dimensional K-vector
space to solve polynomial systems using linear algebra techniques, in particular eigenvalues and eigen-
vectors computations.

In what follows, we consider a fixed ideal / C K|x] such that the quotient ring K[x]/I is zero-
dimensional. Let D be the dimension, as a finite dimensional K-vector space, of K[|/, that is,

D := dimg (K[x]/I).

Proposition 5.2.1 (Monomial basis). [[CLOO06, Pg. 38] There is a set of monomials {x®*, ..., x*P}
that is a basis of the K-vector space K[x]/I. This set is not unique and we call it monomial basis.

Definition 5.2.2 (Multiplication map). For each f € Klx|, we define the multiplication map *y :
Klz]/I — Klx]/I as the map that multiplies g € Kz|/I by f. If for a fixed monomial basis
ot ..., z%D of K[z|/I, let My € KP*P be the matrix that represents x in this basis.

In the following, we fix the monomial basis of K[z]/I, say {x®!, ..., x*P}.

5.2.1 Eigenvalues and eigenvectors of the multiplication maps

We can recover information of the solutions in Vgn (I) by performing eigenvalue and eigenvector com-
putations with multiplication maps. Our presentation follows [[Cox05. Sec. 2.1] and [[CLOOQ6, Sec. 2.4].
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Proposition 5.2.3 (Eigenvalue criterion). [[Cox05 Thm. 2.1.4] The eigenvalues of the matrix My are the
evaluations of f at the points of Vgn (I). That is,

X is a eigenvalue of My <= X\ = f(a), for a € Vgn(I).
This criterion was proposed for the first time in [Laz81]]. We generalize it in Sec. @

Proposition 5.2.4 (Eigenvector criterion). [[Cox05, Thm. 2.1.4] For each p € Vgn(I), the vector
(¥ (p),...,x*P(p)) € KP, that is, the vector of evaluations of the monomial basis at the solution p,
is a right eigenvector of My, associated to the eigenvalue f(p).

This criterion was proposed for the first time in [[AS88]]. We generalize it in Sec.

When the matrix M is non-derogatory, that is, when the dimension of each eigenspace of My is 1,
we can compute each eigenvector and recover the solutions of the system. For this, we need to invert a
monomial map. If all the solutions of I are curvilinear [Cox03, Def. 2.1.9], for example this happens
when [ is radical, then, for generic choices of f, My is non-derogatory, see [Cox05, Thm. 2.1.11]. If
this is not the case, then we have to apply more sophisticated techniques to recover the solution; see the
discussion at the end of [[Cox05), Sec. 2.1.3] and references there in.

5.2.2 Computing Grobner bases using multiplication maps (FGLM)

Besides using the multiplication maps to solve a system by computing eigenvalues and eigenvectors, we

can use them to compute Grobner bases. We present the FGLM algorithm [FGLM93]], which allow us to

perform such a computation. We refer the reader to [CLOO6, Sec. 2.3] for a more detailed presentation.
We can use multiplication maps to test if a polynomial belongs to an ideal.

Proposition 5.2.5. [[CLO06| Prop. 2.4.1] The map from K[z]/I to M; € KP*P that maps f €
K[z]/I — My € KP*P s an injective linear map. Hence, for every f € Klz], f € I <= M; = 0.

Given the multiplication maps My, , ..., M, , we can compute any multiplication map M.

Proposition 5.2.6. [[CLO06| Prop. 2.4.2] Consider f,g € K[x] and \ € K, then
My, = \I1d, Mf+g:Mf+Mg and Mgf:Mng.

In particular,
M; = FMyy, ..., M,).

The idea of the FGLM algorithm is to use the multiplication maps to construct incrementally poly-
nomials in the ideal. By doing this incremental construction following a monomial ordering, we ob-
tain a Grobner basis. We emphasize that this algorithm terminates because the quotient ring is zero-
dimensional.

Theorem 5.2.7. [CLO06, Sec. 2.3] Let My, , ..., Mg, be the multiplication maps of the quotient ring
K[x]/I with respect to a monomial basis {x**,...,x*P}. Let e € KP be a vector representing the
element 1 € K[x]/I. Then, for any monomial ordering >, FGLM (Alg. |5) always terminates and returns
a Grobner basis for I with respect to >.
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Algorithm 5 FGLM [FGLM93]

Input: Multiplication maps My, ..., M., , an element e € K representing 1 € K[z]/I and a mono-
mial ordering >.
Output: Grobner basis of I with respect to >.
L+ {z* € K[z]}.
B+ {(e,1)} c KP x K[z].
G+ 0.
while L # () do
x® < minimal element in I with respect to >.
if 3f € K[z] s.t. (Mga e, f) belongs to the K-linear space generated by B then
G+ GU{x*— f}.
L+ L\ {zP € K[z] : > divides ="}.
else
B+ BU{(Mgae,x)}.
end if
end while
return G.

The complexity of FGLM is polynomial in the number of solutions.

Proposition 5.2.8. [FGLM93, Prop. 3.1] The arithmetic complexity of FGLM (Alg. |5) is upper bounded
by O(n D3) operations.

The previous complexity bound can be improved [EFGHR13] and, in practice, there are many efficient
implementations of variants of this algorithm, see [EM17]].

5.3 Computing multiplication maps

We can compute multiplication maps using Grobner bases or, under genericity assumptions, using the
formulas to compute resultants from Sec. [3.2.1]

5.3.1 Multiplication maps through Grobner bases

We can use the Grobner basis of I to compute a monomial basis of the quotient ring K|[x]/I. For this, we
use normal forms, see Sec.[4.2] The normal form N F, ;(f) equals zero if and only if f € I (Cor.[4.2.2).
The normal form of a monomial not contained in the initial ideal LM~ (/) (Def. equals to itself,
that is,

For all #® ¢ LM~ () it holds NF j(x%) = x.

Hence, the monomials not belonging to the initial ideal of I with respect to > are linearly independent
over K[z]/I. Moreover, every polynomial f € K]z] is equivalent to a polynomial g € K[x] such that
every monomials appearing in g does not belong to LM (I) (Prop. and Cor. [4.2.2). Hence, the
monomials not belonging to LM~ (/) form a monomial basis of K[x]/I. This monomial basis is called
standard basis.
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Proposition 5.3.1 (Standard basis). Let I C K[x] be an ideal and > a monomial ordering, then the set
of monomials B := {x® € K[x] : ** ¢ LM~ (1)} form a monomial basis of K[x]/I. We say that the set
B is a standard basis of K[x] /.

For every f € K], it holds NF-, [(f) € (B)xk, that is, the normal form of f belongs to the linear
span of B. Hence, the coordinates of f € K[x]/I with respect to the standard basis B correspond to the
coefficients of NF-, 1(f).

We can use Grobner bases to compute multiplication maps with respect to a standard basis.

Corollary 5.3.2. Let I C Kz] be an ideal such that K[x|/I is zero-dimensional. Consider a monomial
ordering > and the standard basis B := {x®*,...x*P} defined in Prop. For each [ € Kz], let
My be the multiplication map of f in K[zx]/I with respect to the monomial basis B. Then, the element
of My in the position (i, j) corresponds to the coefficient of € in the polynomial N F, (9 f),

Example 5.3.3 (Continuation of Ex.[5.1.5). The set G := {429 — 892 + 1,219% — dxo + 21} is the
reduced Grobner basis of the ideal I, with respect t0 >1ex, SUch that x1 >r1.ex 2. The monomials not
belonging to the initial ideal of I with respect to >1x are {1, z2,x3, 23 }. They form a standard basis of
Klz]/I.

To compute M,,,, we need to compute,

NE. (1-21) = —2a3+4a,
NF>7[(ZQ . 1'1) = %
NFs (a3 -21) =522
NF. (23 -21) = 323
Hence,
10 5 00
L 4 0 % 0
My = 2300 0 0 1
3| -2 0 0 0
Note that agl) = %\/g is an eigenvalue of M, and its associated eigenvector is
(1 (1) ( (1))2 ( (1))3 1= (1 1+v3 (1+v3)2 (1+3)3
7a2 ’ a2 ) a2 v ) ) 9 s 1 s 8 .
Change of ordering

The original motivation of the FGLM algorithm (Alg. [5) is to perform change of orderings for Grobner
bases, that is, to use an already computed Grobner basis with respect to a monomial order >1, to compute
a Grobner basis for the same ideal with respect to >2. We can do so by using the Grobner basis with
respect to >; to compute multiplication maps as we detailed previously. In general, we follow this
approach when it is easier to compute a Grobner basis with respect to > and then change the ordering,
than computing directly the Grobner basis with respect to >o. In practice, we follow this approach to
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solve efficiently polynomial systems. We compute a Grobner basis with respect to a GRevLex ordering,
whose complexity we know is low, see discussion in Sec. .5 and then we use the FGLM algorithm to
recover a lexicographical Grobner basis. Hence, using this approach, we can bound the complexity of
solving generic square systems.

Proposition 5.3.4 (Complexity of solving generic square systems). Consider a system of affine polyno-
mials given by (f1,..., fn) in K[x] of degrees di, . .., d,, respectively. Assume that

o Klx]/(f1,..., fn) is zero-dimensional,
e the Bézout bound (Cor. is tight, that is, Vign f1, . .., fn contains different [ [, d; points, and

e the sequence (f},...,f"), that is, the homogenization of the polynomials over K[z][zo]

(Def.H.3.1), is a regular sequence.

Then, we can compute a Grobner basis for (f1,. .., fn) with respect to >1 ey in
> S+ 1V ()
Oln- ( d; —n+ 1) ( i ) +n <H di) arithmetic operations.
n
% i=1

5.3.2 Multiplication maps through the Macaulay resultant formula

In this section, we present how to use the Macaulay resultant formula (Prop. [3.2.5) to compute multi-
plication maps for ideals generated by generic square systems, see Sec. The results of this section
come mainly from [CLOQ6, Sec. 3.6]. We mention that the techniques discussed in this section were
successfully extended to the sparse case, see [ER94, [PS96, [Emi96].

We follow the same notation as in Sec.|3.2} but instead of working over K[z], we work over K[x][x].
We fix degrees dg, dy, ..., d, and, mutatis mutandis from Def. we introduce the generic polyno-
mial system F := {Fy, Fy,...,F,} C Z]u][z][zo], where

Fi = E u@ama.

z*eK[z] [:vo}di

We consider the Macaulay resultant matrix from Prop. but we reorder the variables in the
construction. We consider x; > --- > x, > xg. Hence, the sets P,..., P,, Py required for the
construction of the matrix are as follows:

P {x* € K[z][zo|us s-t. xfi\xa and (V1 < j <i)x* ¢ P;j} fori >0,
v {x* € K[z][zoup s.t. 00|z and (Vj > 0) 2> ¢ P;}  fori =0,

where MB := >""" d; — (n+ 1) 4 1 is the Macaulay bound, see Prop. @L

We consider the Macaulay resultant matrix M € Z[u]dimx(Kl@]lzolu)xdim (K[z][zolw)  from
Prop. related to the partition P4, ..., P, Py, but we will consider a particular order for some of
its columns and rows.
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We fix some monomial ordering > for K[x|[z(] and write the Macaulay resultant matrix as

M= [Ml,l M1,2] 7

Mao1 Mo

where

1

e Both the columns of [ﬁ;l} and the rows of [ M1,1 M1 2] are indexed by the monomials in P; U

-+ U P, sorted in decreasing order with respect to >.

e Both the columns of [ﬁ;i] and the rows of [ M2 M2 ] are indexed by the monomials in Py

sorted in decreasing order with respect to >.

e For each element in the matrix M, the element in the row indexed by ® and column indexed by
aP corresponds to the coefficient of the monomial = in the polynomial :—ZFZ where x® € F;.

Given an homogeneous system fo := (f1,..., fa, fo) and a matrix M € Z[u]***, we define
M (fo) € KX**K as the matrix that we obtain by specializing the elements of Z[u] in the matrix M to
the coefficients of fo, see Def.

Consider a zero-dimensional affine system f := (f1,..., f,) in K[z] defined by polynomials of de-
grees dy, ..., d,. Let i := (fF, ..., f) be the system obtained by homogenizing each f; in K[x][x0),
see Def. Consider an affine polynomial fo € K[z] of degree dp and let f € K[z][xo]q, be its

homogenization. Then, we have the homogeneous system f := (fI',..., fh, fI). It My1(ff) is in-
vertible, then we can read the multiplication map of fy in K[x]/(f1, ..., f,) from the Schur complement
of M(fh).

Definition 5.3.5 (Schur complement). Given a block matrix M := [%; A]Vﬁz] € KK such that M 4

is invertible, its Schur complement is the matrix
-1
Moo — My - (M1,1) - My 2.

Theorem 5.3.6. [[CLO06, Thm. 3.6.7] Consider a zero-dimensional affine system f := (f1,..., fn) in
K[x] defined by polynomials of degrees dy, . .., d, respectively. Let f" := (fl, ..., f1) be the system
obtained by homogenizing each f; in K[x][x], see Def. Consider an affine polynomial fy € K|x]
of degree dy and let fi' € Kx][zola, be its homogenization. We consider the homogeneous system
Fl= (R D). I M1 (FD) is invertible, then

o The set B given by the dehomogenization of Py, see Def. is a monomial basis of

Klz]/(f1,- .., fn), where
B = {x(z): z* € Ry}.

e The Schur complement of M( f{,‘), that is,
Moo (f§) = Mai(F§) - (Mia(F§) ™" Mua(£,

is the matrix of the multiplication map of fo in K|x|/{f1,..., fn), with respect to the monomial
basis B.
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Observation 5.3.7. Note that the specialization M 1 ( fé‘) does not depend on the value of the polyno-
mial f} € K[z|[xo)4,. The existence of an fy such that the M 1(f%) is invertible is independent of
fo. Moreover, if there is an fo such that M ;1 ( f(’,’ ) is invertible, then we can compute any multiplication
map with respect to a polynomial fy of degree d.

Consider a square system (f1, ..., f,). It is problematic to use Thm. to compute the multipli-
cation maps for K[x]/(f1, ..., fn) in the following cases,

e when the system (f]', ..., f?) has more solutions over P" than (fi,..., f,) over K", or
e when the specialization of the extraneous factor M at (fI), My 1(fP), is not invertible,

In these cases, the matrix M 1 ( fg) will not be invertible and so we cannot use this method to compute
the multiplication maps. We refer the reader to the discussion at the end of [CLO06, Sec. 3.6], and
references there in, for some techniques to avoid these problems.
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Chapter 6

Determinantal formulas and algorithms to
solve mixed multilinear systems

Effective computation of resultants is a central problem in elimination theory and polynomial system
solving, see Chapter [3] Commonly, we compute the resultant as a quotient of determinants of matrices,
see Sec. We say that there exists a determinantal formula when we can express it as the determinant
of a matrix whose elements are the coefficients of the input polynomials, see Def. [3.2.14]

In Chapter [6] we consider mixed multilinear polynomial systems. On the one hand, this is the sim-
plest case of mixed multihomogeneous systems where no determinantal formula was known. On the
other hand, multilinear polynomial systems are common in applications, for example in the Multiparam-
eter Eigenvalue Problem related to mathematical physics [[Atk72, [Vol88]].

In the first part of the chapter, Section we study determinantal formulas for the multiprojec-
tive resultant of mixed multilinear polynomial systems. Following [WZ94], we use the Weyman com-
plex, see Def. [3.3.3] to introduce determinantal formulas for two kinds of mixed multilinear systems. If
Xq,....,Xqand Y,..., Y pare (A+ B) different blocks of variables, then we consider the following
mixed multilinear systems (f1,..., fn):

1. Star multilinear systems: For each polynomial fj, there is 1 < j; < B such that

Mk €KX @ @K[X )1 @ K[Y |1

2. Bipartite bilinear systems: For each polynomial f there are 1 < i, < A and 1 < j, < B such
that

T € K[X, 1 @ K[Yj, |1

We add an additional polynomial fy, linear or multilinear, and show that the resultant of the new system
is the determinant of a Koszul resultant matrix (related to the maps in the Koszul complex, Prop. [3.3.13).
As the size of the matrix, that is, the degree of the resultant, depends on the multidegree of fj, we derive
determinantal formulas for different choices of fy. We relate the size of the matrices to the number of

solutions of (f1,..., fn) (Sections and [6.1.3). For example, in Lem. [6.1.12] we prove that, if we

consider a square star multilinear system (f1, ..., f,) having Y solutions and we introduce a multilinear

111
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fo € K[X1]1 ® - -+ ® K[X 4]1, then the size of the matrix associated to the determinantal formula of

(fo, fis--y fn)is

A

T (Z#Xi—/H—l) :
i=1

Moreover, Y is bigger than (>, #X; — A+1) and so, the size of the formula is polynomial in the number

of solutions.

In the second part of the chapter, Section [6.3] we exploit the structure of these Koszul resultant ma-
trices to solve square star multilinear systems and bipartite bilinear systems. For that, we generalize the
classical eigenvalue criterion for multiplication maps [Laz81], see Prop.[5.2.3] Our extension applies to a
general class of matrices (Def.[6.2.1)), including the Sylvester and Koszul resultant matrices. Moreover, it
relies only on the degree and structure of the associated formula. We prove that if the matrix [ ]\Z\Zi %;3 }
corresponds to a determinantal formula for (fo, f1,..., fn) such that the diagonal of the matrix Mgg
corresponds to the coefficient of the monomial 2 in f;, this coefficient only appears in this diagonal,
and the system (zr:e, fi,..., fn) has no solutions, then the matrix M 1,1 1s invertible and eigenvalues of
the Schur complement of M o, M§72 = Moo — M3 Ml_l1 M, », correspond to the evaluation of % at
every solution of (fi,..., f,). Thatis,

fila) =+ = fpo(a) = 0and '

A is an eigenvalue of M3, <= Ja such that {

In the third part of the chapter, Section[6.3] we extend the classical eigenvector criterion [AS88], see
Prop. to the case of Koszul resultant matrices for 2-bilinear systems. These systems correspond to
the star multilinear systems where A = 1 and B = 2.

Finally, in Section we merge all the tools that we introduce in the chapter to propose a new algo-
rithm to solve the Multiparameter Eigenvalue Problem. The complexity of our approach is polynomial
in the number of solutions.
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6.1 Determinantal formulas for some mixed multilinear systems

6.1.1 Mixed multilinear systems of interest

In this section we present the mixed multilinear polynomial systems for which we develop determinantal
formulas. We split the blocks of variables in two groups. For this and to simplify the presentation, we
change somewhat the notation we use for the polynomial systems in Sec.[2.10]and Sec.[3.3]

Fors € N, let [s] :== {1,..., s}. Wereplace the blocks of variables x; by X; or Y ; and the constants
n;, that correspond to the cardinalities of the blocks, by «; or 3;. Let A,B € Nand ¢ = A + B. Let
X be the set of A blocks of variables {X1,...,X 4}. Foreachi € [A], X; := {Zi0,...,Tia,}; SO
the number of variables in each block is a; € N. We also consider the polynomial algebra K[ X ;| =
@Dacz Sx,(d), where Sx, (d) is the K-vector space of polynomials of degree d in K[X].

Similarly, Y is the set of B blocks of variables {Yi,...,Yp}. For each j € [B],
Y = {yj0,---,¥jp, ) hence the number of variables in each block is 3; € N. Moreover, K[Y ;] =
Dacz Sy ;(d), where Sy (d) is the K-vector space of polynomials of degree d in K[Y;].

Consider the Z9-multigraded algebra K[ X, Y], given by

K[X,Y]:= b Sx,(dx,)®- - ®Sx,(dx ,)® Sy, (dy,)®- @Sy, (dy ).

(dxqsdx 4,y seesdy g )ELA

For a multihomogeneous polynomial f of multidegree d € Z?, we denote by dx,, respectively dy ,
the degree of f with respect to the block of variables X;, respectively Y';.

Let N = 224:1 o; + Zle B;. We say that a polynomial system is square if it has N equations and
overdetermined if it has N + 1. We work in the multiprojective space

P i=PY x ... x PP x PP x ... x PPB,

For each group of indices 1 < i3 < -+ < 4 < Aand1 < j; < -+ < js < B, we denote
by K[X;,.-, X4, Yj,..., Y, ]1 the set of multilinear polynomials in K[X, Y] with multidegree
(Xm,...,dXA,dyl,.. . ,dyB),where

(1 iflefir,... i) (1Al (e ds)
dx, _{ 0 otherwise and  dy, = 0 otherwise.

Definition 6.1.1 (Star multilinear system). A square multihomogeneous system f = (f1,..., fn) in
K[X, Y] with multidegrees dy,...,dyx € 74, respectively, is a Star multilinear systems if for every
k € [N], there is ji, € [B] such that

fk S K[Xl, o, X4, ij]l-
For each j € [B], we denote by £; the number of polynomials in f that belong to K[ X 1, ..., X 4,Y j]1.

We use the term star because we can represent such systems using a star graph. The vertices of the
graph are the algebras K[Y'1],...,K[Y g] and K[X 1, ..., X 4]. For each dj, there is an edge between
the vertices K[X1,..., X 4] and Y'; whenever dyy;, = 1. The graph is a star because every vertex is
connected to K[X1, ..., X 4] and there is no edge between two vertices K[Y ;, ] and K[Y j,].
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Example 6.1.2. Let X1, X2,Y 1,Y2,Y 3 be five blocks of variables. Consider the multihomogeneous
system (f1, fo, f3, f1) C K[X, Y] with the following (pattern of) multidegrees

( drxis dixos | ey, diyss diys )
di = ( 1, 1, 1, 0, 0 )
dy = ( 1, 1, 1, 0, 0 )
ds = ( 1, 1, 0, 1, 0 )
dy = ( 1, 1, 0, 0, 1 )

It is a star multilinear system where £, = 2, £5 = 1, and E3 = 1. The corresponding star graph is the
following:

e OK[Y)]
K[Xla ) XA] O w
O K[Y3]
Definition 6.1.3 (Bipartite bilinear system). A square multihomogeneous system f = (fi,..., fn) in

K[X, Y] with multidegrees dy,...,dyx € 74, respectively, is a bipartite bilinear system if for every
k € [N], there are iy, € [A] and ji, € |B] such that

fk € K[sz, ij]l-
For eachi € [A] and j € [B], let &; j be the number of polynomials in K[ X ;, Y ;]1.

We use the term bipartite because we can represent such systems using a bipartite graph. The vertices
of the graph are the algebras K[X ], ..., K[X 4] and K[Y 4], ..., K[Y g]. For each dj, there is an edge
between the vertices K[ X ;] and K[Y ;] whenever d, x, = dj,y; = 1. The graph is bipartite because we
can partition the vertices to two sets, {K[X1],...,K[X 4]} and {K[Y"1], ..., K[Y g]} such that there is
no edge between vertices belonging to the same set.

Example 6.1.4. Let X1, X2,Y 1,Y2,Y3 be five blocks of variables. Consider the multihomogeneous
system (f1, fa, f3, f1) C K[ X, Y| with multidegrees

( dixy, dixos |diyis diyy, diys )
d = ( 1, 0, 1, 0, 0 )
dy = ( 1, 0, 0, 1, 0 )
ds = ( 0, 1, 0, 1, 0 )
dy=( 0, 1, 0, 0, 1 )

This system is a bipartite bilinear system where 11 = 1, E12 = 1, 13 =0, €21 = 0, E22 = 1 and
E23 = 1. The corresponding bipartite graph is the following:
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- — &
NXﬂO-~\\£§j£:::;\
—=Q K[Y3]

Remark 6.1.5. For each square bipartite bilinear system, it holds N = Ef‘: 1 Zle & j. Moreover, if
the system has a finite number of solutions, then for each i € {1,..., A}, it holds Zle Eij > o and

foreach j € {1,..., B} it holds 224:1 Ei.j > Bj; see Prop.|2.10.9

6.1.2 Determinantal formulas for star multilinear systems

We consider four different kinds of overdetermined multihomogeneous systems, related to star multilin-
ear systems (Def.[0.1.T)) and we construct determinantal formulas for each of them. These formulas are
Koszul- and Sylvester-type determinantal formulas (Def. [3.3.14). We study overdetermined polynomial
systems (fo, f1,-- ., fv) in K[X, Y] where (f1,..., fn) is a square star multilinear system and f; is a
multilinear polynomial.

We consider different types of polynomials f,. The obvious choice for fj is to have the same structure
as one of the polynomials fi, ..., fn; still we also choose fj to have a different support. This leads to
resultants of smaller degrees and so to matrices of smaller size. The following fj lead to determinantal
formulas:

e Casel: fy e K[Xy,...,X 41

e Case2: fyec K[Y ], forany j € {1,...,B}.

e Case3: fy e K[Xy,...,X4,Y |1, forany j € {1,...,B},

e Cased: fy e K[Xy,...,X4,Y;,Y,]1, forany ji,jo € {1,..., B} such that j; # jo.

We can interpret the various multidegrees of fo, do = (do x,,-..,do x,,dov;5- - - do,yy), that lead
to determinantal formulas as solutions of the following system of inequalities:

(V1<i<A) 0<dox, <1,
(V1<j<B) 0<dyy, <1, 61
(Vl <1 <19 < A) d07Xi1 = do,XQ, and ’
Zle doyy; <1+dox,-
Definition 6.1.6. Consider a partition of {1,..., B} consisting of two sets P and D and a constant

¢ € N. We say that the triplet (P, D, ¢) is determinantal data in the following cases:

o When fy corresponds to cases 1 or 3: if it holds, 0 < ¢ < A.
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o When fy corresponds to case 2: if it holds,

c=0 i cpdoy, =0, or
c=A ifzjeDdO,Yj:O-

o When fy corresponds to case 4: if it holds,

0<e<A,
ZjEP do,yj S 1, and
ZjeD do,Yj <L

Equivalently, we say that the triplet (P, D, c) is determinantal data for the multidegree dy if the
following conditions are true:

>jepdoy; <1
Yjepdoy; <1

0<c<A if (Vi e [A]) it holds dy x, = 1, (6.2)
c=0 if (Vi € [A]) itholds do,x, =0and }_;cpdoy,; =0,
c=A if (Vi € [A]) itholds do,x, =0and 3_;cpdoy; =0.

Consider the set {0, ..., N} that corresponds to generic polynomials F' = (Fy, ..., Fy) (Def.[3.3.1).
For each tuple s, ...,sp € N, let Zy, 5, s, be the set of all the subsets of {0, ..., N}, such that

e For 1 < j < B, the index s; indicates that we consider s; polynomials from F' that belong to
Z[u][Xl, e ,XA, Yj]l-

e In addition, if sy = 1, then O belongs to all the sets in Zy, s, ... s5-

That is,
Topsrosy = {I 1c{0,...,n},(0 € I<s,=1) and 6.3)
(V1<j<B)s;=#{kel:F,e Z[u][Xl,...,XA,Yj]l}}.

Notice that if I, J € T s,.....s- then I and J have the same cardinality and } , ., dp = >, ; di.,
as they correspond to subsets of polynomials of F' with the same supports.
The following lemma exploits the sets Z, s, ... s, to rewrite the cohomologies of Eq. (3.8).

Lemma 6.1.7. Consider a generic overdetermined system F = (Fy, ..., Fy) in K[u][X, Y] of multi-
degrees dy, . .., dn (Def. , where (Fy, ..., Fy,) is a square star multilinear system such that, for
every j € {1,...,B}, & > B}, and dy is the multidegree of Fy. Following Eq. we can rewrite the
modules of the Weyman complex K,(m) = @;V:Bl K, , ® Z]u) in the more detailed form

B B
_ p—v
Kvyp(m)— @HP (m—(Zsj,..., E Sj,sl,...,SB)—SQdQ)® @ /\ek.
0<s0<1 =1 =1 1€y s,
0<s1<&1

0<sp<&p
so+s1+-+sp=p

-----
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Moreover, the following isomorphisms hold for the cohomologies:

B B
p—v ~
Hp (m—(g Sj?"‘?E Sj,Sl,...,SB)—Sodo):
J=1 J=1
A B B

@ <®H7”i(zz (mXi — Zsj — SOdO,X) ®®H];Z; (my]. —8j — Sod()’y'j)).

TX 15X Y 0e"Y g =1 j=1 j=1
2oiTXH2 Ty ;=P

Proof. We notice that if for I,.J C {0,...,N}itholds } , ., di = >, ; dp, then

(Hg_v(m — de) ® /\ €k> @b (H%;_y(m — Z di) ® /\ ek) o~

kel kel keJ keJ

H%_v(m—de)®</\ekEB /\ ek).

kel kel keJ

Now, if I, J C Zg, s,.....s5» then by definition ) | d, = > dj = (Zf’;l 55, .,Zle 8j,81,.-.,8B)+
kel keJ
so dg, and so

B B

H,]I;iv(m — de) = H%fv(m - de) = Hg;iv(m - (Z Sy ZSj,Sl, e ,SB) — 80 dg)

kel keJ j=1 j=1

By definition of &1, ..., Ep (Def. [6.1.1) the set Z, , ....s; is not empty if and only if 0 < 59 < 1
and foralli € {1,...,B}itholds 0 < s; < &;. Hence,

{I:1c{0,...,N},#I =p} = U Toos1sr-

0<s0<1
0<s1<&

0<SB <SB
so+s1+---+sp=p

Thus, we can write each direct summand of K,(m) = @N+1 Ky p @ Klu] as

B B
Kv,p(m): @Hg_v<m—(Zsj,...,ZSj,sl,...,SB)—80d0>® GB /\ek. (6.4)

0<s0<1 Jj=1 Jj=1 I€Tsy,s5q,....,s g kEI
0<s1<&1

0<sp<&p
So+s1+-+sp=p

Finally, by means of Prop. we have the isomorphism

B B
p—v ~
HP (’l’n—(ZSj,...,ZSj,Sl,...,SB)—80d0> =
j=1 j=1
A

D (®Hriii<mx
=1

TX 0 TXTY 5 TY g
> TXiJFZj Ty ;=p—v

||Mm

B

Y

— spdp X & ®Hp/3j (myj — 85 — S0 d07yj) .
Jj=1
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The following theorem identifies the degree vectors that reduce the Weyman complex to have just
two elements and in this way it provides us a determinantal formula for square star multilinear systems.

Theorem 6.1.8. Consider a generic overdetermined system F = (Fy, ..., Fy) in Z[u][X, Y] of mul-

tidegrees dy, . ..,dyN (Def. , where (Fy,..., F,) is a square star multilinear system. For every

j€{l,...,B} it holds £ > B; and the multidegree of Fy, dy, is a solution of the system in Eq.
For each determinantal data (P, D, ¢) (Def. and a permutation o : {1,..., A} = {1,..., A},

there is a degree vector m = (mx,,...,Mx ,, My, ..., My ), such that
mXi_ZJEDIBJ+ZkZ)1 1a 1y +dox, forl<i<Aando(i)>c
mXifzgeDﬁj‘sz Zi ! 071(k)—1 for1<i<Aando(i)<c
my; =& — Bj+doy, forjeP
my . :—1 forje D

so that the Weyman complex of Ko(m) reduces to

REIUON

K.(m) 20—)K17w+1( )®K[ ] K()w( )®K[u]—>0,

where w = i | oy 1) + Z]eD ;.
Hence, the map 51( ) is a Koszul-type determinantal formula (Def.|3.3.14).

Proof. We rewrite Eq. (3.9) using Lem. and consider

B B
p—v
HY (m—(g sj,...,g sj,sl,...,sB)—sod(J)%
=1 =1

ry .
]-IpﬁjJ (5j — B+ do,yj — 85 — S0 doﬂyj) & [Case Y.1]
jepP .
Hpﬁjj (—1 — 85 — S0 do’Y].) & [Case Y.2]
jeD
S%) .
TX
XX e g Hi (Z B+ Z Qpoipy — 1 — Z s; — sodo X) [Case X.1]
2iTx T TY ;=p—v =1 jeD
A
”
H x_l(z)(Zﬂ] +Zag Lk + do,x, — ZSJ —Sodox> [Case X.2]
i=c+1 jeD k=1 Jj=1
(6.5)
We will study the values for p, v, So,...,SB,"Xys---sTX 4, 7Yy, -,y such that K, ,(m) does

not vanish. Clearly, if 0 < sp < 1 and (Vi € {1,...,B}) 0 < s; < &, then the module
Dicz., ., ., Nrcr ek is not zero. Hence, assuming 0 < so < Land (Vi € {1,...,B}) 0 <'s; <&,
we study the vanishing of the modules in Eq. (6.5). We will study the cohomologies independently. By
Prop. the modules in the right hand side of Eq. (6.5) are not zero only when, for 1 < i < A,
rx; € {0,a;} and, for 1 < j < B, ry, € {0, 8;}. In the following we prove that if Eq. does not
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vanish then,

ry; =0 forj e P [Case Y.1]

ry; = f3; forje D [Case Y.2] 6.6)
X, = forl1 <i< Aando(i) <c¢ [CaseX.1] )
rx, =0 for1 <i< Aando(i) >c¢ [CaseX.2]

Consider the modules related to the variables Y ;, for j € {1,..., B}.

Case (Y.1) We consider the modules that involve the variables in the block Y';, for j € P. As
55 < 5]' and 0 < Sg,do’yj < 1, it holds gj — ﬁj + dO,Yj — 85 — S0 d07yj > *ﬁj — 1. Hence, by
Cor.[3.37,

]P’ﬁJ (5 BJ +d, Y; — 5550 d07yj ) #0<—= (Tyj =0 and Ej —ﬁj+d07yj > 85+So d07yj) . (6.7)

Case (Y.2) We consider the modules that involve the variables in the block Y, for j € D. As
85,80, do,y; = 0,then —1 — s; — sodp,y; < 0. Hence, by Cor. [3.3.7]

TY .
H]}D;,j] (—1 — 8 — 80 d07yj) 7& 0 <— (Tyj = ﬁj and S5+ 80 d07yj > 5]) . (6.8)
Now we consider the cohomologies related to the blocks of variables X, for i € {1,..., A}, as-

suming that the cohomologies related to the blocks of variables Y ; do not vanish.

Case (X.1) We consider the modules related to the blocks X ;—1(1) ..., X;-1(,. We only need to
consider this case if ¢ > 0, so we assume ¢ > 0. We prove by induction that for each 1 < k < ¢,
if the cohomologies related to the variables in the blocks Y ;, for 1 < j < B, and the ones related to
Xs-1(1) - - » Xg-1(k—1)> do not vanish, then

B
rX 4
o (k) S
Hpaa_l(k:) < _l(k) Z 80 dO,XU—l(k,)) 7é 0

"X 1) = Yo 1(k) and Zsj +s0do.x o=k = Zﬁﬂ + Zax ION
=1

JjeD

(6.9)

e Consider k£ = 1 and the cohomology related to the block X ;-1(q),

Xo-1(1) _ -
Hpo 13 (ZBJ 1= Z‘SJ SUdO:Xc*Hk))'

jeD 7j=1

As the cohomologies related to the blocks Y';, for each j € {1, ..., B} do not vanish, then

— Foreach j € D, 3; < sj + sodo,y; (Eq. ).
— Foreach j € P,0 < s;.
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Adding these inequalities we conclude that,

B
D sits0 Y doy, =Y B (6.10)

j=1 jeD jeD
As we assumed that ¢ > 0 and the triplet (P, D, ¢) is determinantal data (Def. [6.1.6), by defini-

tion either dO’XJ_l(l) = 1 or both d07Xa = 0 and Z]ED doyyj = 0. Also, it holds 0 <
50, Y jep do,y; < 1. We conclude that,

—t

B
Z’Bj —1- ZS]' — 50d07XU_1<k) < 59 Zd&yj —1—s5 dO’Xa—l(k) <0
jeD 7=1 jeD

Hence, by Cor.|[3.3.7]

—1
HIP’ 071(21) (Zﬁj—l—ZSJ—SQdQX _1<1)> 750 <~

JjE€D

7,‘)(0_1(1) = 060-71(1) and ZSJ + S0 dO’XU_l(l) 2 Zﬁj + aXU_l(l)
Jj=1 jeD

e We proceed by induction, assuming that Eq. holds for k£ — 1, we prove the property for k. We
consider the cohomology

IP’ 0:11<(kk))<253 —1—1—204 -1

j€D

an

— Sp d()X *1(k))

By definition (Eq. n ), do, x and by inductive hypothesis, if the cohomologies

R 755 ST o
related to the blocks e o—1(1)s - - - » X o—1(k—1) do not vanish, then
B B
ZSj+SOdOvXa—l(k) Z i +s0do,x o=1l(k=1) = ZBJ+ZQX 13y
j=1 j=1 jeD i=1

Hence, by Cor.[3.3.7]

IP’ 0:11&’;)(25] —1—1—204 -1

j€D

—SOdOX 71<k)) 750 e

an

B

TX, 1 = Qot(k) and ZSj + S0 d07Xg*1(k) Z’BJ + Zaa (i) T Qo1 (k)
Jj=1 Jj€D

Case (X.2) We consider the module related to the blocks X ;-1(.41) - .., X 5-1(4). We only need to
consider this case if ¢ < A, so we assume ¢ < A.
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We prove by induction that for each ¢ < k& < A, if the cohomologies related to the variables in the
blocks Y, for 1 < j < B, and the ones related to ngl(kﬂ), X071(k+2), .. ,Xo.—l(A), do not vanish,
then

B
-1
ESSTT0 SRS SSTIUIEIST RS o) PL

jeD i=1 j=1

k—1 B
TXaflk =0 and ZBJ—I-ZCM —1( ZZS]—f- 80—1 dOX (k)
jeb i=1 j=1

(6.11)

e Consider k = A and the cohomology related to the block X ;-1 4),

B
W (S S 0w, 3)

jeD j=1

As the cohomologies related to the blocks Y1, ..., Y g do not vanish, we have

— Forj € P, Ej - ﬁj + d07yj > S5+ S0 d(),yj (Eq. ), and
— Foreachj € D, &; > s;.

By definition, it holds N = EB =24 i+ > jep Bj+ 2> jep Bj. Hence, adding the inequal-
ities we obtain

B
Zaﬁz,@ g - Zﬁj>zs] (so—1)Y doy,- (6.12)

JjeD 7j=1 JeEP jeEP

As we assumed that ¢ < A and the triplet (P, D,c) is determinantal data (Def. [6.1.6)), either
dox 4 = 1 or both dona—l(A) = 0and ZjGP do,y; = 0. Also it holds 0 < s, ZjGP doyy; <1,
we conciude that

A-1

Z,Bj—i-ZOca 1(z)+(1_30)d0X 1 ZSJ > — Q- 1(4)

JjED i=1

Hence, by Cor.

B
-1
H,y o*l((AA>> (Zﬁﬂ + ZO‘ i)+ (1= s0)dox, ) — Zsj) 70 =

jeD j=1

A-1 B
X, 1., =0and zl:)ﬁ] + Z Qg1 > z;s] +(s0— 1) dox, 1, (6.13)
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e We proceed by induction, assuming that Eq. (6.11]) holds for k£ + 1, we prove the property for k£ > c.
We consider the cohomology

B
”““(Zmza—l (1= s0)dox, 1y~ %)

je€D j=1

By definition (Eq. .) do, x sy = do, X, 10" So, if the cohomologies related to the blocks
Yi,....YB, X;-13441)s- - - » X5-1(4) do not vanish, by induction hypothesis,

B

Zﬁ3+za0 (i) 2 (so —1) dox —1(k+1)+ZS] (so—1) dox —1(k)+28j

je€D 7j=1

Equivalently,

B
Z B + Zag 1( (1 —sp) dO,XJ,l(k) - Zsj Z —Qg-1(k)-
j=1

jeD

Hence, by Cor.

B
u»flw(zﬁﬁza —1@) (= s0)dox, 1y — ZSJ>7§O(:)

Jje€D j=1

k—1 B
’I“X071<k) = and Zﬁj—l—za ~1( ZZ 80—1 dOX (k)"

jeD =

We proved that, if the cohomologies in Eq. (6.5) do not vanish then Eq. (6.6) holds. We study the
possible values for v such that K, ,(m) does not vanish. From Eq. (6.4), it holds p = Zle s; + 0. By

Prop. , p—v= Zle rx,; + Zle ry ;. Hence, we deduce that, when K, (1) does not vanish, it

holds,
U—ZSJ+SO—ZBJ Za -1

jeD

We bound the values for v for which Kv,p(m) does not vanish.
e First we lower-bound v. Assume that ¢ > 0. By Eq. (6.9), if we consider k = c,
B
IERRVESIES RS SO
j=1 jeD

Hence, as 0 < sg,do, x o1 (1) < 1, we conclude

B c
V= 89+ Zsj - Z’BJ - Zaa—l(i) > S0 (1 — dO,Xafl@) > 0.
j=1 i=1

jeD
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If c = 0, then v = 23—1 8j + 80 — > jepBj- As (P,D,c) is determinantal data, then 0 <
> jepdoy; < 1. Hence, by Eq. (6.10] -

v > So—Sozdo,Yj >0
jeD

e Finally we upper-bound v. Assume that ¢ < A. By Eq. (6.11)), if we consider £ = ¢ + 1, then

B
Z/BJ+ZQU 1 ZZ 80—1 d[)X o=1(ct1)"

Jj€D =

<1,

Hence, as 0 < sg, dO»ngl(cH) <

”—50+ZSJ > 8- Zo‘*l <sot(I=so)dox, s, <1

JjeD

Ifc = A, thenv = Z]-le S5+ S0 _EjeD 63' —22421 a;. As 0 < So,zjep dO,Yj <1, by Eq. Ii

v<s9—(sg—1) ZdO,Yj < 1.
JeEP

We conclude that the possible values for v, p, rx,,...,rx,, 7y, ..,y such that Eq. @ is not
zero are v € {0, 1} the possible values for rx,,...,rx,, ry,,...,Ty are the ones in Eq. and
P =1 Qo1(s) T D jep B +v. Letw = Y30 ag-1(3) + > ;e p Bj. Hence, our Weyman complex
looks like Eq. - where

(51 (m) : K17w+1(m) & K[u] — K()M(m) & K[u]

is a Koszul-type determinantal formula. 0

Remark 6.1.9. Consider a degree vector m related to the determinantal data (P, D, c) and a permu-
tation o. Then, the triplet (D, P, A — c) is also determinantal data and the map & such that 6 (i) =
(A+1—0(i)) is a permutation of {1, ..., A}. Let T be the degree vector associated to (D, P, A — c)
and &, then, by Prop. Ko(m) is isomorphic to the dual complex of K¢(T).

Corollary 6.1.10 (Sylvester-type formulas). Consider do such that dy x, = 1 and Zje D doyj =
0 (Cases 1 and 3). Let o : {1,...,n} — {1,...,n} be any permutation. Note that the triplet
({1,...,B},0,0) is determinantal data. In this case, the overdetermined systems from Thm. have
a Sylvester-type formula coming from the degree vector m related to the triplet ({1,...,B},0,0) and
the permutation o.
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Size of the determinantal formulas

In this subsection we study the size of the determinantal formulas of Thm. [6.1.8]and we compare them
with the number of solutions of the square system (f1,..., fn).
The multihomogeneous Bézout bound (Prop. [2.10.9) implies the following lemma.

Lemma 6.1.11. The expected number of solutions, Y, of a square star multilinear system is

(S a)! 17 (&
T:= z . .
Hle a;! ]1:[1 <5J>

Lemma 6.1.12. The sizes of the matrices corresponding to the determinantal formulas of Thm. [6.1.8]
that is, the rank of the modules Ky(m) and Ki(m), are as follow:

I If fo € K[X1,..., X al1, then Rank(Ko(m)) = Rank(K1(m)) = T - (1 +3A a)

. 48 (A
2. Ifj € [B] and fy € K[Y j]1, then Rank(Ko(m)) = Rank(K;(m)) =T - J”ﬂgj(_zéﬁl JARY

3. Ifje[Bland fo € K[X1,...,X 4,Y |1, then

(L8 e +1)

Rank(Ko(m)) = Rank(K(m)) =T - & — B +1

4. Ifjl,jg (S {1,...,B} andj1 75j2, f() GK[Xl,...,XA,le,Yj2]1, then

By n Bjs >

A
Rank(Ko(m)) = Rank(K1(m)) =7 - (1 + ZaZ) (1 + € =8, +1 &, —B,+1

1=1

Proof. Following Cor. the size of the Koszul determinantal matrix is the degree of the resultant.
We use Prop.to compute this degree in various cases. Foreach j € {1,...,B},letl; € {1,...,N}
be the index of a polynomial in F' such that Fj; € K[X1,...,X4,Y [j]. Moreover, &; is the number
of polynomials with multidegree equal to d;; and so we can rewrite the degree of the resultant from

Prop.[3.3.2]as

B
deg(res(dy, ..., d,)) = MHB(dy,...,d,) + > & MHB(dy, ... df,_1,dj 41, .., dy).
j=1

A . .
From Lem. [6.1.11} MHB(dy,...,d,) = % . Hle (ZJ) = Y. By Prop. [2.10.9} for every
i=1 G J

1< j < B.MHB(dy,...,dj,—1,d1,41,. .., dy) is the coefficient of ([T, Z% )(TT7., Zy',) in

1

A B A £ A 6
(Z;dO,XiZX'L+Z;dOthZXt>(Z;ZXi+ZYj> H (ZZXi+ZYk) .
7 t= 3

— — = ke{l,...BY\{7} =1
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Consider the last two factors of the previous equation, that is

A

(ZZXi +ZY]~) ’

=1

Then

MHB(dy, . . .

where 93)',(3 is the coefficient of

(T 25T 25

E;i—1

ke{l,..BI\{j} =1

(TS, 25315 24,)

Tx n Eq. (6.14

s

125

A Sk
I1 (Z Zx, + Zyk) . (6.14)

A
adlj—ladfj-‘rlv""dn) = ZdO,XS 7,8 +Zdoyl b

, and 9}@ is the coefficient of

2% in Eq. (6.14)). After some computations, we have

t

v ((Zhia) - 1) <f:j - 1) I (@) . &P

7,8 . . - A . )

(Oé 1)' H'LE{I ..... AR\ {s} o BJ ke{l,..BN\{j} Ok Zi:l Qy gj

(Zity ! B i — i

o ) it o) eepmn ) =75 ift=J.

Y L)l € : & s, _
Hf‘:i - (6ti1)( Jﬁj ) er{lwa}\{t,j} (Bk) =7 45}—65#1 Jgj 7 otherwise.

Using the formulas for 9}'),(3 and 0}; we get

B
deg(res(do, ce ,dn)) = MHB(dl7 R ,dn) + Zgj MHB(do, ce ,d]j_l, d[j+1, . ,dn) =

T+ZS Zdoxsejs—l—Zdoyt )

J=1

B B
T+ZS ZdOXsas +Y & O doy,0)
=1

=1

Next, we simplify the last two summands of the previous equation. For the first one, as
Zle o = ZB (€; — B;) and for all s it holds dy x, = do x,, we obtain

7j=1

B

j=1

j=1 Zz 1%

Zgj (édO,XsefS):igj (Zdoxs o gﬂj> Tdoxlzaz
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For the second one, we perform the following direct calculations

B B B

ZEJ (Z dO,YtQ}jt) = ZEJ ( Z doyytrg _ﬁﬁt + 1 : 56] + dO»YjT?) =
j=1 =1 j=1 te{l,...,.BN\{j} ! ! ’ ’
B
B B — Bj)
T d (& —B)—d B A A | B =
jz; (; 0¥ g 5T (&= Bj) —doy, &—F 1 + o,}g@)

B B
(

B
5 R R
T BJ)(;dO’Yt &—ﬁt+1)+T;d°’Yj & —Bi+1

=1
T(L+§§a)(§§doy-@’)
i=1 l t=1 &= Bitl

At last we have the formula

A A B
deg(res(dy,...,d,)) = T(l +dp x, Zai +(1+ Zai)(ZdO,Yz . %))
i=1 i—1 i—1 + — B +

We complete the proof by instantiating the variables do x,,do,y ;.. .,doy in the previous formula
according to each fj. O
Example

We follow the notation from the beginning of Sec. [p.I.T} Consider four blocks of variables that we
partition to two sets of cardinalities A = 2 and B = 2. The number of variables in the blocks of the first
set are @ = (1,1) and in the second 8 = (1, 1). That is, we consider

X1 :={X10, X11}, X2 :=={X00,X21}, Y1:={Y10,Y1,1},Yo:={Y20, Y21}

Let (f1,..., fa) be a square star multilinear system corresponding to the following graph,

a2t ——0F
K[X 1, X2] O
WQ K[Y )]

2

Y]

The expected number of solutions of the system is 8.
If we introduce a polynomial fy and we consider the multiprojective resultant of (fo, f1,..., fn),
then the degree of the resultant, depending on the choice of fj, is as follows:

e If fy € K[X 1, X 2|1, then the degree of the resultant is 24.
o If fy € K[Y j]1, where j € {1, 2}, then the degree of the resultant is 20.

o If fo € K[X 1, X2,Y |1, where j € {1, 2}, then the degree of the resultant is 36.
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o If fo € K[ X1, X2,Y,Y )1, then the degree of the resultant is 48.

Let fo € K[X 1, X 2|1 and consider the overdetermined system f,

fo:= (a1 20+ azx21) 1,0 + (a3 2,0 + a4 T2.1) T151

fii= ((bryr0 +b2yi;1) 2.0 + (b3 y1;0 + bay1;1) T251) 10
+ (b5 Y150 + bs y1;1) w20 + (b7 Y130 + bs Y1;1) ¥2,1) T151
(

foi= ((cryr0+ c2y1:1) 2.0 + (3 Y150 + cay1;1) T2:1) T150
f= + ((e5 y1,0 + co y1;1) 2,0 + (cr Y10 + 8 Y1;1) T2:1) 131
fz3:= ((diy20 + day2) x2.0 + (d3 y2,0 + day2:1) T2:1) T1:0
+ ((ds y2;0 + d y2:1) 22,0 + (d7 y2;0 + dg y2:1) ¥2,1) T151
fai= ((e1y2,0 + e2y2;1) x2,0 + (€3 Y2;0 + €4 y2;1) T2:1) T10

+ ((e5y2,0 + €6 Y2:1) T2;0 + (€7 Y20 + €8 Y2:1) T2;1) T131

We consider the determinantal data ({1},{2},1) and the identity map ¢ — 4. Then, the degree vector of
Thm. ism = (0, 3,1, —1) and the vector spaces of the Weyman complex K (m, f) become

" eoNerNes) D (eg Ner ANeyg) @
Ka(m. )= 8k,(-1) @ 5x,(0) @ 8y, 0) 0 8, (0) 0 { (070008 oner e |

@ Sx,(—1) ® Sx,(0) ® Sy, (0) ® Sy, ( 1)®{ 61/\63/\64)@(62/\63/\64)}
b S}l(—l)®SX2(0)®SY1(1)®SY2 1)®{ 60/\63/\64) },

Ko(m,f)= Sk,(0)® Sx,(1) ® Sy, (0) ® S, (0) e1 Ne3)® 61/\64)@}

(
® (62/\63 62/\64)
& S%,(0)® Sx,(1) ® Sy, (1) ® Sy, (0) @ { (
& S%,(0)® Sx,(1) ® Sy, (1) @ Sy, (-1) @ { (esNes) }.

60/\63 60/\64) }

The Koszul determinantal matrix representing the map d1(m, f) between the modules with respect to
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the monomial basis is

[a1 a2 —b1 —b2 —b3 —by ]
a3 a4 —bs —bg —b7 —bs
ar a2 —by —ba —b3z —by
as a4 —bs —bs —b7 —bs
al a2 —C1 —C2 —C3 —C4
asz a4 —C5 —Cg —C7 —C8
aip az —C1 —C2 —C3 —C4
a3z a4 —C5 —Cg —C7 —C8
e1 ez —d1 —d3 b1 b b3 by
e eq —do —dy b1 b2 b3 by
es er —ds —dz bs bs b7 bs
e eg —dg —ds bs bs by bsg
e; ez —di —d3 €1 c2 C3 C4
ez e4 —dg —dy c1 c2 c3 cq
es e7 —ds —dr c5 c6 CT C8
eg eg —dg —ds C5 C6 CT C8
ey e3 —dy —d3 ay az
€2 eq —d2 —dy al a2
e1 es3 —dy —d3 a1 az
es eq —dso —dy 51 a2
es er —ds —d7 az  aq
€6 es —ds —dsg az  aq
es er —ds —d7 a3 ay
L €6 es —dg —dg az a4

6.1.3 Determinantal formulas for bipartite bilinear systems

We consider two different kinds of overdetermined multihomogeneous systems, related to bipartite bilin-
ear systems (Def.[6.1.3) and we construct determinantal formulas for each of them. These formulas are
Koszul- and Sylvester-type determinantal formulas (Def. [3.3.14)). We study overdetermined polynomial
systems (fo, f1,-- -, fn) in K[ X, Y] where (fi,..., fn) is a square bipartite bilinear system and fo is
a multilinear polynomial.

We consider different types of polynomials fj. The obvious choice for fj is to have the same structure
as one of the polynomials fi,..., fa; still we also choose fj to have a different support. This leads to
resultants of smaller degrees and so to matrices of smaller size. The following fj lead to determinantal
formulas:

1. fo e K[X;]1,foranyi e {1,..., A}.
2. fo € K[Y |1, forany j € {1,...,B}.
3. foeK[X;, Y ]1,foranyie€ {1,...,A}and j € {1,...,B}.

We can interpret the various multidegrees of fo, do = (do x,, .., do x,,d0v;5- - - do,ys ), that lead
to determinantal formulas as solutions of the following system of inequalities:

V1<i<A) 0<dyx, <1

(V1<j<B) 0<doy, <1
Yty dox, <1
S doy, < 1.

(6.15)
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Consider the set {0, ..., N} that corresponds to generic polynomials F' = (Fy, ..., Fy) (Def.[3.3.1).
For each tuple so, 51,1,...,54,8 € N,let Ty s, ;.54 5 e the set of all the subsets of {0,..., N}, such
that

e For1 <7< Aand1 < j < B, the index s; ; indicates that we consider s; ; polynomials from F
that belong to Z[u][X;,Y ;1.

e In addition, if so = 1, then 0 belongs to all the sets in Zg, s, ;... s4 5

s

That is,

Tso,511, 54,8 = {I 1 C{0,...,n},(0eI<sy=1) and

(V1<i<AVI<j<B)siy=#{kel:fic K[Xl-,Yj]}}. (6.16)

Notice that if I,J € Iso,slﬁl,..”sA’B, then I and J have the same cardinality and Zke[ d, =
> ey di, as they correspond to subsets of polynomials of F' with the same supports.
The following lemma exploits the sets Zg, s, ,,....s 4 5 to rewrite the cohomologies of Eq. (3.8).

Lemma 6.1.13. Consider a generic overdetermined system F = (Fy, ..., Fy) in K[u][X, Y] of mul-
tidegrees dy, . ..,dn (Def.|3.3.1), where (Fi,...,F,) is a square bipartite bilinear system such that,
foreach i € {1,... A}, Z;:1 Eij > oy and for each j € {1,...,B}, Z?:l Ei; > Bj, and dy

is the multidegree of Fy. Following Eq. (3.8) we can rewrite the modules of the Weyman complex
K,(m) = @é\z{)l K, p ® Z|u] in the more detailed form

B B A A
K, p(m) = @ (H;;_U(m—(;51,1'7---7;5&3‘7;51‘,17~~7;Si,3)—Sodo)® EB /\ek).

0<s509<1 I€Zsy,s
(V1<i<A)(V1<j<B) 0<s; j<&;

A B
S0+205=1 25=1 Si,j=P

(6.17)
Moreover, the following isomorphisms hold for the cohomologies:
B B A A
Hgﬁv (m — (Z SLj, ey Z SA’j, Z 8@1, ey Z Si,B) — S0 do) =
j=1 j=1 i=1 i=1
A B
Q) Hye, (mxi — > sij— s0) do,)@)
i=1 j=1
&y B A . (6.18)
TXy X Y ety p =Y L g Hp;;j (ij - Z si,j — do,y; 30)
j=1 i=1

The proof is similar, mutatis mutandis, to the one of Lem.

Theorem 6.1.14. Consider a generic overdetermined system F = (Fy, ..., Fy) in Z[u][X, Y] of mul-
tidegrees dy, . . . ,dy (Def. , where (Fy, ..., F,) is a square bipartite bilinear systems such that,
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multilinear polynomial whose degree dy is a solution of the system in Eq.
There are is a degree vector m = (mx,, ..., X ,, MY, .-, My 5),

foreach i € {1,..., A}, Zle &ij > o and for each j € {1,...,B}, Zle &j > By, and Fy is

mx, :E]‘legi:‘ _Oéi“‘dO,Xi for1 <i< A
my; = —1 for1<j3<B

such that the Weyman complex of Ke(m) reduces to

Ko(m) : 0 = Ky 1 (m) 2 Ko o(m) = 0

where w = Zle ;.
Hence, the map 61(m) is a Koszul-type determinantal formula (Def.|3.3.14)).

Remark 6.1.15. Let m be the degree vector in Thm.|6.1.14] Consider the degree vector

m = (le,...,mXA,myl,...,myB), where
{mxz:—l for1<i<A
my; = 224:1 Eij—Bijtdoy, forl<j<B

Note thatm +mm = Y ) _dp — (ng, +1,...,ny, + 1,81 +1,..., B + 1). Hence, by Prop.
the Weyman complex Ko(m) is the dual complex of Ko(). Therefore, the Weyman complex of Ko(m)
reduces to

d1(m)

_— KO,Zle i (’I’T’L) — 0.

Ko(im) 0= Ky a1 ()

Proof. This proof follows the same idea as the proof of Thm.[6.1.8] We rewrite Eq. (3.8) as in Lem.[6.1.13]
and consider

B B A A

p—v ~
HP m — E 817]',...,5 SAJ',E Si71,...,g Si,B —Sgdg =

® ngiiz Z(gi’j — Si’j) — o4+ (1 - So) dO,Xi [Case X]

@ i=1 j=1
B . A
rx,t+rx ,+ry,+-+ry ,=p—v Y
! 4 ! B ® ® HIPB.; (—1 - Z Si,j - do,yj S()) [Case Y]
j=1 i=1
(6.19)
We will study the values for p, v, 50, 51,15+, 54,B,"X1-+-sTX 4, Y15 -+, Ty 5 such that I, ,(m)

does not vanish. Clearly, if 0 < so < 1 and (Vi € {1,...,A})(Vj € {1,...,B}) 0 < s;; < &,
then the module @IGISMLLWSAB Aser ex is not zero. Hence, assuming 0 < sop < 1 and (Vi €
{1,...,A)(Vj € {1,...,B}) 0 < s;; < &; (Vi € {1,...,B}) 0 < s; < &;, we study the
vanishing of the modules in Eq. (6.19). We will study the cohomologies independently. By Prop.[3.3.6]
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the modules in the right hand side of Eq. (6.19) are not zero only when, for 1 < i < A, rx, € {0,a;}

and, for 1 <j < B,ry; € {0, 5;}. In the following we prove that if Eq. l) does not vanish then,
rx, =0 forl<i<A [CaseX] (6.20)
ry; =p; forl<j<B [CaseY] ’

Case (X) We consider the modules that involve the variables in the block X;, for 1 < i < A. As
(Vj) Si.j S gz"j, 0 S S0 S 1and 0O S dO,Xi S 1, we have Zszl(giJ — Si,j) — o4 + (1 — 80) dO,XZ- >
—1 — ;. Hence, by Cor.[3.3.7]

Pal Z —8ij) —a;+ (1 —s0)dox,) #0 <
7j=1
., (6.21)
rx, =0 and Z(EJ sij) —oi+ (1 —sp)do x, > 0.
j=1

Case (Y) We consider the modules that involve the variables in the block Y ;, for 1 < j < B. As
(Vj €{l,...,B})s;; > 0and so,doy; > 0, then —1 —224:1 sij— 50 do,y; < 0, and so by Cor. ,

A
T
HP;:] - Zs” sodoy;) #0 <
=1
, (6.22)
Ty, = B; and Zsi,j + So do,Yj - B = 0.
i=1

We proved that, if the cohomologies in Eq. (6.19) do not vanish then Eq. (6.20) holds. We study the
possible values for v such that K, ,,(m) does not vanish. From Eq. (6.17), it holds p = Zl 1 Z 185t

s0. By Prop. , p—v= Zle rx, + ijl ry ;. Hence, we deduce that, when K, ,(m) does not
vanish, it holds,

A B B B /A
:Zzsi,j+80—2ﬂj = Z (Zsi,j _/Bj> + S0
=1 j=1

j=1 j=1 \i=1

We bound the values for v for which K, ,,(1m) does not vanish.

e First, we lower-bound v. Assume that the cohomologies involving Y'; are not zero. Hence, if we
sumover j € {1,..., B} the inequalities of Eq. (6.22), we conclude that

0<ZZSU B5) +Sozdoy =v+ 8 Zdoy -1

7j=1 =1

By definition, Eq. (6.15),0 < Y7, doy, < 1,and 0 < so < 1, hence 0 < v.
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e Finally, we upper-bound v. Assume that the cohomologies involving X ; are not zero. Hence, if
we sum over i € {1,..., A} the inequalities of Eq. (6.21), we conclude that

A B
0< Z Z(f/‘@j — Si,j) —o; + (1 — 80) d()_xi
= \i=1
A B A
Sy, Yo SS sy (1 s0) (de).
=1 j=1 =1 j=1 =1

Recall that N = 312, ZjB:I Eij=Yim ai—"Zz‘B;j Bjandv = Y7L, Z]'le Sij 150 _ZzB:j Bj-
Also, as dj is a solution of Eq. 1i itholds 0 < Zle do,yj < 1,and 0 < sy < 1. Hence

A B B
'U:ZZSZ‘J‘"‘SO—ZB]’SSO‘F 1 —sp) (Z%x)
i=1 j=1

i=j
We conclude that the possible values for v, p, rx,,...,7x,, "y, .-,y such that Eq. (6.19) is
not zero are v € {0, 1}, the possible values for rx,,...,rx,, 7y,, ...,y are the ones in Eq. (6.20)

and p = Ele Bj +v. Letw = Ele Bj. Hence, our Weyman complex looks like Eq. 1! where
011 K1 wy1(m) — Kou(m)

is a Koszul-type determinantal formula. O

Size of determinantal formulas

In this subsection we study the size of the determinantal formulas that we deduced in Thm. and
we compare them with the number of solutions of the square bipartite bilinear system (f1, ..., fx).

Lemma 6.1.16. The expected number of solutions for a bipartite bilinear system is

r= Y HH(%)

(s1,1,--554,B)€Emi=1j=1

where T is the set of solutions to the following system of inequalities,

V(i,j) € [A] x [B] 0<s;; <&,
mi= (81’1, RN SA,B) ~ NA'B : Vi € [A] Zszl Sij = Q, and . (623)
‘ A
Vj € [B] Y1 8ig =265 — B

Proof. By Prop. multihomogeneous Bézout bound is equal to the coefficient of

A B

IT2% 112, (6.24)

i=1 j=1
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in the polynomial

A B
=HH (Zx, + Zy, ). (6.25)

We consider a new variables s; ; and the Newton identities

Eij

Eii\ s £ s
xov e o= S (S9) 7 2o

S - @ J
sig=0 """

If we expand Eq. taking into account these identities we obtain,

A B &
Tz 2% - T Y ()50 207 -

i=1j5=1 i=1j=1s;,;=0

11 EA,B

DS HH< ) Shists gl gRl ) | Tl @)
A B

51,1=0 sa,B=0 \i=1j7=1 tJ

Hence, the coefficient of the monomial in Eq. (6.24) is the sum of (Hle ]_[;-3:1 (‘2;)) over the
(s1,1,--.,54,B) such that

. SB s . . 2 (Eij—sij Bj
(Vie{l,.... A}z’ = 2% and (Vj € {l,...,B}) zg=" ) = 729

O]

The set 7 (Eq. is the set of integer points in a (restricted) transportation polytope. Understand-
ing the combinatorial structure of a transportation polytope is a hard and important problem by itself; we
refer the reader to [DLLK14} Sec. 2.3] for a review on the combinatorics of its number of integer points.
Because of this intrinsic hardness, we do not expect to derive sharply bounds for Y, let alone closed
formulas for its value. Hence, we only study the relation between Y and the degree of the resultant in
special cases. We will consider d to be the multidegree of a bilinear polynomial fy € K[X,, Y ,]1, for
some 1 <p < Aand 1 < ¢ < B. The degree of the resultant in the other cases is bounded by the degree
of the resultant in this case.

Lemma 6.1.17. With the same notation as Thm. assume that dg corresponds to the multidegree
of a bilinear polynomial fy € K[ X,,Y ;|1 and

Forany iy,i2 € [A], i, = g,

FOI"Clny]l,]Q € [B]’ 6]1 :sz

Forany (i,j) € ([A] x [BD\{(p, @)}, &ij =Epqg+1

Then, by symmetry, the size of the matrix related to the determinantal formulas that we obtained in

Thm.|6.1.14|is exactly (N + 1) times T (Lem. , that is,
Rank(Ko(m)) = Rank(K1(m)) =7 - (N +1).
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Lemma 6.1.18. With the same notation as Thm. assume that dy corresponds to the multidegree
of a bilinear polynomial fy € K[X,,Y ;)1 and it holds

Epq = By
Epg = p

Vg#7r) Epr>ap

Then the size of the matrix related to the determinantal formulas that we obtained in Thm. is
bounded by

Rank(Ko(m)) = Rank(Ki(m)) <Y -

(Epqg+1)(N+1) (ap,l)

Epq — max(ap, fg) +1 . 2

where Y is the multihomogeneous Bézout bound of the square subsystem, see Lem.[6.1.16]

Proof. As the matrices represent determinantal formulas of degree one (Def. [3.2.14), we bound their
size, equal to the degree of the resultant, using the multihomogeneous Bézout bound. By Prop.[3.3.2] it
holds,

N
degree(res) = ZMHB(dO, coydip—1,dp41, ..., dN).
k=0

Assume that fy € K[X ), Y] has degree dy. By Prop.[2.10.9, for each fj, € K[ X, Y, ]; of degree
dj., the multihomogeneous Bézout bound MHB(dy, . ..,d;_1,dk+1,...,dN) is equal to the coefficient

of the monomial [, z%, Hle Z}ﬁﬁj in

e (Zx: + Zy,) 5
(Zx, + Zv,)

We proceed as in Lem. [6.1.18]and write this coefficient as a weighted sum of the integer points of a
polytope n. We bound the value of this coefficient by mapping the polytope 7 into the polytope 7 from

Eq. (6.23).

First we assume that f; € K[X,Y,]1 and g # r. Then

Eor =1\ (Epg+1 Ei
MHB(dy, . ..,dk—1,dgt1,...,dN) = Z < t’et > < Pq > H < 7]>.

e e
(1,164, B)EN P4 1<i<A ©J
1<j<B

(0,3)¢{(p,9),(t,)}

(ZXp + qu)

(6.26)

where 7 is the set of solutions to the following system of inequalities,

( (V(i,5) € ([A] x [B) \ {(p, @), (t,7)}) 0 <ei; <&,
0<epg < &g +1,
0< Et,r < gt,r -1,
n:i= (61’1, . ,6,473) c NAB . (Vi € [4]) Zle €i,j = O,
(vi € [BI\{a:r}) Ylyeis = Y& = B

Zijl €ig=2_;€iq+1—DBq
\ D1 ir =2 3Er—1=8 )
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We consider the subset 77 C 7 such that

n:={(e11,...,eaB) €EN:epqg>lande,, <&, —1}.
Under our assumptions, it holds 17 = 7 because:

e Forevery (e1,1,...,ea,) € nitholds ;g < & g foralli € [A]\{q} and ep,q+ > ;c1ap (g} €ivg =
Epat 1= Bg+ Xicpapiq) Cir then epg > Epg +1 — By As we assumed that £, > f, then

epg = 1.

e For every (e11,...,e4,8) € nitholds, 0 < e; ; for all (i,5) € [A] x [B] and Zle €i; = ;.
Hence, e, < a;. As we assumed that £, > ay, forall r € [B] \ {¢}, then &, , > e, .

We consider the injective map ¢ : 7 — = that, for each element (eq1,...,e4,B) € 7, it subtracts one
from e, , and adds one to e, ., that is

o((e11,..-,eaB)) =(e11,---repg—1L,...,apr +1,...,€4B).
Hence, when p # t, we can rewrite Eq. (6.26) as
T <5t,r - 1) < Epyr > <5p,q + 1) 11 (&j)
(s110msnm)ed(@m © BT Spr = L) \spg 1 1<i<A %irj
1<j<B
(1,9)¢{(p,q)(t,r),(p,r)}

Following the same argument as above, for any (5171, c ,sAyg) € mitholds s, , > &, 4 — B4 and
spr < ap < &, . Hence, we get the following bounds

(gt,r - 1) _ gt,r — Str <gt,r> < (&f,r)

St,r gt,r Stor)  \Str
( Epr ) _ Sp,r <5p,r> < O‘p<5pﬂ">
Spr — 1 Epr — Spr+1 \Spr/) = 2 \Spyr

Epat 1\ _ &gt (&g < Epqt1 Epg
U \Spg +1 Spgt1 \Spq) ~ Epg—Ba+1 \Spg

We conclude that, when ¢ # r and p # ¢, we can upper bound MHB(dy, . ..,dg_1,dk+1,...,dN) by

ap Sp’q +1 Z H <gz‘,j> < Qp gp,q +1 T
2 Epg—Bg+1 o Sij) — 2 Epg—Bg+1
(s1,15--,84,B)€9(7]) 1<i<A ’
15<B

Following the same procedure, if f € K[X P Y ,]1 and g # r, we can deduce a similar bound,

Epg+1

MHB(dg,...,d_1,d ady) < —
(07 y Ok—1, QOk+4+1, ; N)_Ep’q_6q+1

T.



136 CHAPTER 6. RESULTANTS AND MIXED MULTILINEAR SYSTEMS

If fr € K[X, Y |1, by definition of T, it holds
MHB(dy, . ..,dk—1,dgs1,...,dNy) =T

Finally, we consider MHB(dy, . .., dk_1,dk+1,...,dn) when f € K[X,, Y ]; and t # p. We
proceed as before, and consider a the set of points,

(V(i,5) € ([A] < [BD\{(p,0), (t,0)}) 0 <eij <&y,
0<epqg<&qg+1,
o= (5171,...,5A’B)€NA'B: 0<erg<E&q—1,
(Vi € [A]) 7 sij=a; and
(Vj € [B]) E?:l sij =i Eij— B
Under our assumptions, itholds @ = {(s1,1,...,54,B) € T : 814 < & 4—1} becauseif (s1,1,...,54,B) €

7, then s, ¢ < . We assumed that o, < &), 4, and 50 s, 4 < &, 4. Therefore, we can write the multiho-
mogeneous Bézout bound as

-1 1 o
MHB(do, coy@p_1,dgyq, .- ,dN) = Z (gtvq > <€p,q + > H <8’L,j> .

s s s
(51,15---,54,B)ET t,q p.q 131514 2,]
5t,g<Et,q—1 - 1<5<B
@D (P:0),(t,0)}

Moreover, we have the following inequalities,
(gt,q - 1> _ &g — St <5t,q) < <gt,q)
St,q Etq Stg/)  \Stgq

<5p,q + 1) _ Epg 1 <5p,q> < Epg+1 <5p,q>
Sp.q Epqt1—5pg \Spg) = Epg—p+1\Spg

Hence, we can bound the multihomogeneous Bézout bound,

Epg+1 £ 41
MHB(dy, ..., dj_1,djs1,. .. dy) < — 2L~ e Gatl
“ e N)_Spq_ap+1 Z H < ) Epg—apt1
' (81,1,-p54,B)€T 1<i<A ,
stm<Ero—1 15j<B

To conclude, we use the previous bounds to bound the degree of the multiprojective resultant,
deg(res) = Yo MHB(dp, ..., dg_1,dp11,. . .,dy). It holds,

Eprtl
> b S g

Ep,q+l

+ > Srg Y DN +1

deg(res) < 1z D Epa Bt <7T- (Epg + (N +1) -max(ap,1>
g » Epq — max(ay, By) +1

+1<tZ<Agtq Ep.q qocp+1 T
t#p

+ (&g + 1Y
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Example
Consider four blocks of variables such that A =2, B =2, o = (1,2), 8 = (1,2), and

X1 = {X10, X011}

X9 = {X90,X21,X22}
Yi:= {Yi0, Y11}

Yo := {Y20,Y21,Y22}.

Let (f1,..., fo) be the square bipartite bilinear system represented by the following graph:

51,1:1
X: 0 oY,
& =
h2= £a)
X Y
2 O Er90 =2 OY:

)

The expected number of solutions of the system is 5. If we introduce a polynomial fy € K[X1,Y1]1,
the system ( fo, f1,..., f¢) satisfies the hypothesis of Lem. and so the degree of the resultant is
upper bounded by 50. By Prop.[2.10.9] the degree of the resultant is 24.

We consider the overdetermined system f where,

( fo:= (a1 y10 + a2 y1;1) 1,0 + (a3 y1,0 + a4 y1;1) T151

fi= (b1y1;0 + b2y1;1) w1,0 + (b3 Y10 + bay1;1) T151

fai= (eryro+ cayr) x2,0 + (€5 Y10 + o Y1) T2, + (€3 Y1;0 + Cay11) T2;2

f3 = (d1y2,0 + d2 yo;2 + d3 y2;1) 1,0 + (day2,0 + ds y2;2 + de y2;1) T1,1

Fi=9q fa:= (e1y2,0 + e2y22 +e3y21) T1,0 + (€4y20 + €5 Y22 + €6 Y2,1) 11 (6.27)

f5:= (91 Y20 + 92 ¥2;2 + 93 Y2;1) T2,0 + (97 Y2,0 + g8 Y2;2 + g9 Y2;1) T2;1

+ (94 Y2:0 + 95 Y2:2 + g6 Y2;1) T2;2

fe == (h1y2,0 + h2y2,2 + h3 y2.1) 22,0 + (h7 y2.0 + he y2,2 + ho y2,1) T2,1

\ + (ha y2,0 + hs y2;2 + he Y2,1) T2:2

Following Sec. [6.1.3] we consider the degree vector m = (3,1, —1
Weyman complex K (m, f) looks like,

,—1). The vector spaces of the

'

eg NesNegNes )
)

eg Nea Aeg N eg 60/\62/\64/\65)@
8
)

ea Nes Neg Nes

eg Nes Neygeg

Kalm, )= $x,00) 9 5x,00) 9 55, (0) 0 55, (-1) 0 { | N
(
(

)
)
)
)

Ce DD

60/\62/\64/\66 60/\62/\63/\64 D
(eaNea NesANey) D (eg Aea Aeg Aes

Ko(m,f): SX1(0)®SX2( )®SY1( ®Sy2 ®{ 60/\63/\64 @(62/\63/\64) }

(60 /\63 /\65) (80 /\63 A 66)
(eo NesNes) @ (eg Neg ANeg) @
(61 /\63/\65)@(61/\63/\66) &)
(e1 NegNes) @ (er AegNeg) @
(82 /\63/\64)

@ 5x,(0) ® 5x,(0) ® Sy, (-1) ® Sy, (0) ® {

@ 5x,(1) ® 5x,(0) ® Sy, (0) © Sy, (0
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The Koszul determinantal matrix representing the map d1 (m, f) between the modules with respect to
the monomial basis is,

[ —b1 —b3 a1 a3 ]
—by —by az ag
—b1 —b3 ai ag
—by —by az ag
—by —b3 a1 a3
—by —bs az ag
—by —b3 a1 a3
—by —bs az a4
—c1 —c5 —c3 a1 ag
—c2 —cg —ca az aq
—91 —9g7 —94 €1 e4 —dy —dg
—93 —99 —9g6 €3 €6 —d3 —dg (6 28)
—g2 —gs —9gs €2 €5 —dy —ds :
—h1 —h7 —hy e1  eq —di —dy
—hg —hg —hg e3  eg —d3 —dg
—hy —hg —hs ex es —dy —ds
—c1 —cs —c3 b1 b3
—c2 —ce —c4 by by
—91 —g7 —9g4a €1 e4 —dy —dy
—93 —99 —9gde €3 €6 —d3 —dg
—g92 —98 —9gs e2 es —d2 —ds
—h1 —h7 —hy el eq —dy —dg
—hz —hg —hg €3 eg —d3 —dg
L —hga —hg —hs ez es —dy —ds ]
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6.2 Generalized eigenvalue criterion

As we discussed in Sec. a strategy to solve a zero-dimensional system f1,..., fx € K[z] is to
consider the quotient ring K[x]/(f1, ..., fn), which is a finite a dimensional vector space over K: We
fix a monomial basis, choose fy € K[x], and compute the matrix that represents the multiplication by
fo in this quotient ring. Its eigenvalues are the evaluations of fj at the solutions, see Prop. For a
suitable basis, from the eigenvectors we can recover the coordinates of all the solutions, see Prop.[5.2.4]
To compute these matrices we can use Sylvester-type formulas, see Sec. In this section, we extend
these techniques to a general family of matrices, that include Koszul resultant matrices (Prop. [3.3.13).

As we did in Sec. in this section we fix multidegrees dy, . . . , dy. We will follow the notation
from Sec.[3.3] but we warn the reader that all the results of this section are independent from the multi-
projective resultant and we can use them in more general settings, for example, with the sparse resultant.
The only result restricted to multihomogeneous systems is Cor. because we need to perform a
generic linear change of coordinates, which we cannot necessarily do in the sparse setting.

Definition 6.2.1 (Property Ily). Given an exponent of a monomial of degree dy, that is 6 € A(dy), and a
matrix M := [Aﬂﬁ; %;z] € Z[u]**K, we say that M has the property Ty(dy, . . ., dy), or simply T,

when.:

e the resultant, as a polynomial res € Z[u), divides det(M) € Z[u),
e the submatrix My 5 is square and its diagonal entries equal to v g, and

e the coefficient ug g does not appear anywhere in M expect from the diagonal of My ».
Koszul resultant matrices (Prop.[3.3.13) and so, Sylvester matrices satisfy this property.

Lemma 6.2.2. Assume that we have a Koszul-type determinantal formula for the resultant res € Z[ul]
related to a generic multihomogeneous system of multidegrees dy, . . . , dy, respectively, see Def.
Hence, the Koszul resultant matrix M related to this formulas satisfies property 1y, for any 6 € A(dy).

Proof. We only need to check that the Koszul resultant matrices satisfy the second and third condition of
property ITy. By construction, the entries of the Koszul resultant matrix are the variables of w up to sign.
Note that if u; , € w appears in an entry, then it does not appear in the other entries in the same row or
column. Hence, we can rearrange the elements of the matrix in such a way that the coefficient ug g only
appears in the diagonal of M ». O

Given a multihomogeneous system fo := (fo, ..., fz)inK[z1, ..., x,] of multidegrees dy, . . . , dn,
respectively, let M ( fo) be the specialization of the variables u of M at the coefficients of the polynomial

system fo, see Def. If My 1(fo) is invertible, then the Schur complement of M5 2 ( fo) (Def.[5.3.5)
is

Ma5(fo) — Ma1(fo) - (M11(fo)) ™" - Mia(fo).

To simplify notation, we write this complement as (Mo — My 1 - M 1 11 - M 2)(fo).

Theorem 6.2.3. Consider 0 € A(dy) and a matrix M € K[u)**X such that Tl holds (Def. .
Consider a system fo = (fo,...,fn) in K[x1,...,x4] such that the specialization M 1(fo) is an
invertible matrix. Then, for each solution p € Vpn «...xpra ((f1, ..., fn)) of the subsystem (f1,..., fn)
such that 2% (p) # 0, %(p) is an eigenvalue of the Schur complement of M 2( fo).
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Proof. The idea of the proof is as follows: For each solution p € Vpniy...xpra ({f1,..., fn)) of the
subsystem (f1, ..., fn), we consider a system go, slightly different from fo, with p as a solution. We
study the matrices M (fo) and M (go) and from the kernel of M (gg) we construct an eigenvector for the
Schur complement of M »( fo) corresponding to an eigenvalue equal to i—% (p).

Let p € Vpnis.xpra ({f1,..., fn)) such that % (p) # 0. Consider the polynomial go := fo —
i—%(p) - 2% and a new system go := (go, f1,..., fn). The coefficients of the polynomials gy and f
are the same, with exception of the coefficient of the monomial 29, so the specializations u; o ( fo) and
Ui o (go) (Def. differ if and only if i = 0 and & = 6. Hence, as M satisfies Iy, then ug g
does not appear in M 1, My, and M 2, and M 1(go) = Mi1(fo). Mi2(g0) = Mi2(fo), and
M>,1(go) = M2, (fo)-

The specialization of u g is a ring homomorphism, so ug g(go) = uo,e(fo) — %(p). As TI holds,
ug,¢ only appears in the diagonal of Mj 2. Hence, M>2(go) = Ma2(fo) — Cf:—%(p) - I, where I is the
identity matrix. Therefore,

Migo) = [}t 2] (o) = - [99].

By construction, it holds go(p) = 0 and p € Vpniy.xpra({f1,-..,fn)).  Thus,
P € Vpniy..xpra({go)), and so res(go) vanishes, see Eq. (3.7). By property Iy, det(M) is a mul-
tiple of res € Z[u], hence M(go) is a singular square matrix. Let v € Ker(M (go)), then

M(go)-v =0 <= [ 11302 ] (o) -v = j;%@)- [82] v -

Multiplying this equality by the non-singular matrix related to the Schur complement of M5 o (fo),

1 0 )
—Ma1-M 1 1} (fo), we obtain

M1 1 My 2 fO 00
[ 0 (M2,2*M2,1'M1_,11'M1,2)} (fo) v = 79(p) ' [0 I] v

Consider the lower part of the matrices in the previous identity,

[0M272—M271~M1_711'M172i|(f())"l)—a{%(p)'[0I]"U

and let v := [ 0 ‘ I ] - v be a truncation of the vector v. Then,
(Mg — Moy - My - Mi2)(fo) - 0= “4(p)- 0 .

This equality proves that %(p) is an eigenvalue of the Schur complement of M5 2( fo) with eigen-
vector . O

Definition 6.2.4. Given a square multihomogeneous system f, a multihomogeneous polynomial fy €

Klz1,...,xqla, of degree dy and an exponent § € A(dy), we say that the rational function i—% sep-

arates the zeros of the system f, if for all p € Vpnix...xpra ((£)), €8 (p) # 0 and for all p,p’ €
Vonrsxema (£) () = L5(p') <= p=p.

4
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Corollary 6.2.5. Under the assumptions of Thm. if

o the row dimension of Ms o is the multihomogeneous Bézout bound of a multihomogeneous systems
of multidegrees dy, . ..,dy, MHB(dy, .. .,dy) (Prop.|2.10.9),

° % separates the zeros of (f1, ..., fn), and

e there are MHB(dy, . .., dy) different solutions (f1, ..., fn) (over P™ x ... x P"),

Then, the Schur complement of Mso(fo) is diagonalizable with eigenvalues i—%(p), for
P € Vpnix..xpra (<f17 R fN>)

Proof. As a consequence of Thm. , for each p € Vpni ...xpna (f) we have an eigenvalue % (p) for

the Schur complement of M» > ( fo). As i—% separates these zeros, all the eigenvalues are different. Hence,
we have as many different eigenvalues as the dimension of the matrix, so the matrix is diagonalizable. []

Note that, as the multihomogeneous Bézout bound bounds the number of isolated solutions count-
ing multiplicities, we cannot use Thm. when we have a square system (f1, ..., fx) such that its
solutions over P™ X - -- x P™ have multiplicities.

Whenever we have a determinantal formula, all the eigenvalues in Thm. are related to a solution
of the system.

Lemma 6.2.6. Under the assumptions of Thm. assume that res(fo) # 0 and det(M) =t - res,
where t is a non-zero constant in K, that is M is a determinantal formula, see Def. [3.2.14] If \ is an
eigenvalue of the Schur complement of Ma2(fo), then there is p € Vpniy...xpna (f) such that X =

L (p).

Proof. Consider the system gg := ((fo—A-x?), f1,..., fn). As the matrix of the Schur complement in
My 11 “M21
I
this proof to show that M (go) is singular. As the determinant of M is a non-zero constant multiple of the

resultant, we deduce that res(go) is zero. Hence, we can consider p € Vpn; «...«prqa (go) and conclude
that p C Vpny ...xpra ((f1, .., fn)) and (fo — A - 2%)(p) = 0, equivalently, fo(p) = X - % (p). As we
assumed that res(fo) # 0, then fo(p) # 0 and so %(p) =\ O

the proof of Thm. [6.2.3|is invertible, we extend v to v = [

|(fo) v, and reverse the argument in

Moreover, when we have a determinantal formula, the singularity of the matrix M ;(fo) does not
depend on fo.

Proposition 6.2.7. Under the assumptions of Thm. assume det(M) = t-res € Z[u], where tisa
non-zero constant in K, that is, det(M) is a determinantal formula for the resultant, and that the (row)
dimension of My 3 is MHB(d, ..., dy). Then, for any system fo := (fo,..., fN),

Ve seoxpra (29, f1, ... fn) = 0 <= My 1(fo) is non-singular.

Proof. Consider the determinant of M. As we assumed that it is a multiple of the resultant and the
resultant is a multihomogeneous polynomial of degree MHB(d), . . ., d) with respect to ug (Prop.|3.3.2),
we can write det(M) = P(u) ~ugH;(d1""’dN) +Q(u), where P(u) € K[u] does not involve any variable

in the block up and Q(u) € K[u] is a polynomial such that none of its monomials are multiple of
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ugHeB (d1dN) A M satisfies IIy, ug g only appears in the diagonal of M5 . Consider the expansion by

minors of det(M). If the (row) dimension of M 5 is MHB(d}, . ..,dn), then P(u) = £ det(M; ). The
polynomial P(w) is a constant multiple of the cofactor of ugf{; (145 i the resultant res € Zlu).
By construction, Q(u) is a homogeneous polynomial with respect to the variables ug of degree
MEB(d, ... dy). As ufPdtdv)
variables of u different to ug . Hence, for any system fo, we have Q(we, fiy.-.y fn) = 0. By con-
struction, the polynomial P(u) does not involve any of the variables of ug. Therefore, det(M;1)(fo) =
det(Mi1)(2?, f1,. .., fn). Hence, for any system fo, t-res(x?, f1,..., fn) =det(M)(z?, f1 ... fn)
+det(My1)(x?, f1 ... fn) = £det(M;.1)(fo). The determinant of M is a non-zero constant multiple
of the resultant, and so det(Mj 1)(fo) # 0 if and only if the system (x%, f1,..., fx) has no solutions

does not divide any monomial in Q(u), each monomial involves a

over P™ x - x P, ie., Vpnywoxpna (29, f1,..., ) = 0. O

If the square system (f1,..., fy) has no solutions at infinity in P! x --. x P"4, that is all the
coordinates of the solutions are not zero, then the evaluation of the solutions of f at any monomial in
Klz1,...,2qlq, is not zero. Hence, for any z? € Klzy,...,24a, it holds

Vini xooxpma (29, f1, ..., fn) = 0. By Prop. , Mia(fo, fi,.-., fn) is invertible. To avoid so-
lutions at infinity, in the zero-dimensional multihomogeneous case, we perform a generic linear change
of coordinates that preserves the multihomogeneous structure. We state the following corollary without
proof.

Corollary 6.2.8. Consider a square multihomogeneous system (fi,..., fn) in K[z, ..., 4] of degrees
di,...,dy, respectively, whose solution set Vpni «...xpra ((f1, ..., fn)) is finite. Assume we can con-
struct a determinantal formula for the resultant of a generic multihomogeneous system of multidegrees
do,dy,...,dn as the resultant of a matrix M satisfying Ily. Then, for any fo € Klx1,..., x4q,
and a generic linear change of coordinates A, preserving the multihomogeneous structure, the matrix
Mii(fo, ficA, ..., fyo A)isinvertible.

As a particular case of these results, we can use Thm. [6.2.3] to solve any multihomogeneous sys-
tems for which we know a Koszul-type determinantal formula, see Sec. We present an example in

Sec.[6.3.1
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6.3 Eigenvector criterion for 2-bilinear systems

In this section we only consider Koszul-type determinantal formulas for 2-bilinear systems (see below).
We study the eigenvectors of the matrices from Sec. Our proof is ad-hoc for the 2-bilinear case, so
we introduce some specific notation.

A 2-bilinear system is a particular case of a star multilinear system where A = 1 and B = 2, see
Def. [6.1.1] These systems involve three blocks of variables which we identify by @ (instead of X1), y
(instead of Y7) and z (instead of Y2). We set o := #x — 1, B, := #y — 1, 5, := #z — 1, N :=
o+ By + B, and for all d € N, Sz(d) = K[z]4, S3(—d) = K[z]a, Sy(d) = K[y]a, S5, (—d) = K[y]s,
Sz (d) = K[z]g4, and SE(—d) = K[z]4.

Given a square 2-bilinear system (fi, ..., fy) we denote by &, the number of equations of the 2-
bilinear system belonging to Sz (1) ® Sy(1) and by £, the number of equations belonging to Sy (1) ®
S (1). Without loss of generality, we assume that f1,..., fe, € Sz(1) ® Sy(1) and fg, y1,..., fn €
Sz(1)® Sn(1). We introduce a trilinear polynomial fi € Sz (1) ® Sy (1) ® S5 (1) and consider a Koszul-
type determinantal formula for the resultant of the overdetermined system fo := (fo, f1,..., fn). In
this case, the polynomial fj corresponds to dy := (1,1, 1) and so, to the case (4) in the list appearing in
the page

According to Thm. [6.1.8] we can construct a Koszul-type determinantal formula for the resultant of
fo by considering the degree vector m = (£, — 1,—1,&, — 5. + 1). In this case, the Weyman complex
reduces to

Ko(fo,m) 0 = K1 aig,11(m) 2 Koaip,(m) =0, (6.29)
where (see Eq. [6.3),
Ky avp,+1 = L11® L1 (6.30)
:(s;(—m@s;(ﬁy —&)es00 @ A ek..>EB

I1€Ty ¢, ,6,—p,+1 kEL
(eS8, - & -Des:0e @B Ae).
€T, ¢, .-, kel
Koa+p, = Lo1 @ Lo2® Los @ Loa (6.31)
—(ssesy(5,+1-E)es.0 e D Ao

1610751/_1752_@2_‘_1 kel

(sz@sy(8, - E)es:e P New)o

Iezoygyynggz kel

(sz0@s;(8, - €)es:0e @B Ae)s

]EILSy—LSz—ﬁz kel

(sz@sy(8,-& -Des.)e P New)

IEIl’gyyngngl kel

Let M be the Koszul resultant matrix associated to the map ¢; in Eq. (6.29)), see Prop.[3.3.13] We
split M as in Def.[6.2.T|and study the right eigenvectors of the Schur complement of M3 5 to recover the
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coordinates of all the solutions of the 2-bilinear system (f1, ..., fx). We reduce this analysis to study a
map in a strand of the Koszul complex (Sec. of a linear system with common solutions.
We will assume that the number of different solutions is #Vpa  psy ps. ((f1,---, fN)) = (gz) (gz),

that is, the multihomogeneous Bézout bound (Lem. [6.1.TT).

Letp = (p,,p,, p,) € P*x PPAs x PP=, and without loss of generality assume that (¢ o 20)(p) # 0.
First, we study the kernel of M (fo), when the overdetermined system fo has common solutions. We
relate this kernel to the eigenvectors, as we did in the proof of Thm. For each variable ¢t € {x,y, z},
consider the dual form (see notation in page

¢ .
15,(dy) = Z 7 (Py) ot’ € S;(—dy)
0r€A(dy) O

for d; > 0. If d; < 0, then we take ]ltp(dt) = 0.

Observation 6.3.1. For each variable t € {x,y, 2}, given a polynomial g; € S;(dy), such that d; < d,

then the map ;) from Eq. (3.11) acts over g, and ]li,(dt) as the evaluation of t% at p, that is
0

g _
11y (96 L (de)) = tj{(pt) 1L(dy — dy).

0

To simplify notation, we consider S(dy,dy,d;) = Sz(d;) ® Sy(dy) ® Sz(d), and given multi-
homogeneous polynomials f € S(dz,dy,d.) and a point (p,,p,,p,) € P x PA x PP, we denote

by f(p,,p,) € Sz(d.) the partial evaluation of the rational function %dy atz = p, andy = p,.
0" Yo
This specialization is well-defined because the numerator and denominator share the same degrees with

respect to « and y.

Lemma 6.3.2. Consider d = (dy,dy,d,), d = (dy,dy,d,). Let f € S(d) and g, € S(dy). If dy > dy
and d, > d,, then the map i from Eq. 1D acts over 13 (dy) ® 1}(dy) ® g and [ as the multiplication
of 9. and f(p,,p,), that is

p(12(dy) ® 14(dy) @ gz, f) = 12(dy — dy) ® 1Y(dy — dy) @ (9. - f(Ps,P,))-

Proof. Consider f = ) _c,x?*y?¥z%%. As p is a bilinear map and the tensor product is multilinear, it

is enough to prove this lemma only for the monomials x?*y?» 2% € S(d). For that reason, we study the
monomial case,

pu(1g(de) ® ]lg(d?ﬂ ® gz, 7" QYT ® 27%) =
H(w) (m%’ ﬂg(d‘”)) @ K(y) (y"y,]lg(dy)) Q@ p(z) (gz,z"Z) —

(5 () 120, — d) ® (yz (o) 14 (dy — d,)) © (g - 27 ) =
Zo

(1204, —d)) ® (14(d, — ) @ (- mZ(ax)zdy(ay) FON=
0
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Letw® := Tog, c.—p.+1 and w®? = T ¢,.6.—p.» see Eq. 1' With the notation of Eq. (6.30), for
eachp = (p,,p,,p,) € P* x PPy x PP= such that (zq yo 20)(p) # 0, consider the map

Pp K#w(l) x K#w<2) - L171 @ng,

such that

pp(AD A@) = 37 A0, (]1;(1) ©1L(E — By ©1@ |\ ek>
Icw® kel

+ 3 AP (1;(1)®1g(gy—ﬁy+1)®1® A ek).
Jew® keJ

Ex+1
Note that #w() + #w® = (gff;zil). Hence, we write py, : K(gz—ﬁz+1) — K1 048,+1-

Lemma 6.3.3. Let 61(fo,m) be the map from Eq. (6.29) and consider p = (p,,p,,P,) €
Vpa psy «ps- (fo) such that (xoyo z0)(p) # 0. The linear map

Ex+1

01(fo,m) 0 pp : K(e750) o Ko,at8,

is equivalent to the (€, — 3, + 1)-th map of the Koszul complex of the system in Eq. (6.32)), consisting of
&, + 1 linear polynomials in z,

fz = <f0(pzvpy)a f5y+1(pa:apy)7 RS fn(p:mpy))v (632)

restricted to its 0-graded part, i.e. the strand of the Koszul complex such that its (€, — 3, + 1)-th module

.. . ( Ex+1 )
is isomorphic to K\éz—8z+1/,

Proof. With the notation of Eq. 1| we split the map p as p(A(D), X(?)) .= pg)(}\(l)) + pg)()\(z)),
where pg) R Ly 1 is such that,

AWy = 3 (1) e 1E, - ) e\ e A w),

Iew®@ kel

and pg) CK#P L1 2 is such that

) (A@) = 3 (]1;(1) ®IY(E, ~ B+ AP © A ek>.
Jew®2) keJ

Both maps are injective. As §1(fo,m) o pp = 01(fo,m) © 1(01) + 01(fo,m) 0 pg), we study

91 (fo,m) o pg) and 01(fo,m) o pf) separately. Following the definition of ¢, see Prop.|3.3.13| it
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holds,
51foom)opy) = 3 A1 (fo,m) (T5(1) @ 14(E, — B @10 A er)
ITew® kel
&y
DT (1) @ 1 - B @ L )\ en+
_ Z PN B keI\{I;}
- I a+By+1
fewtt Yo TR © 1(E - B el fr)e N\ e
i=Ey+1 kel\{I;}
By Lem. , 01(fo,m) o pg) is equivalent to,
&y
D D)THE0) @ 14(E, — By — 1) @ fr,(pp) ® N en+
N | =t kel\{I;}
Z I a+By+1
Tew® ST (=)TE0) @ 1L(E — 8) @ f1,(Pep) © N\ e
i=Ey+1 kel\{I;}

Asp = (Py, Pys P2) € Vpaypsy wps- (fo) and, for 1 <7 < &, fr, € S(1,1,0), it holds

fli(vapy) = f[z(p) =

We conclude that the image of 61 (fo, m) o pg) belongs to L 2, and it holds,

a+fy+1
(51(]00, m) o pg) = ]lf,(O) & ]l Z Z ’L 1)\ f[ (px’py) ® /\ Ek).
Iew(l) = gy“rl kEI\{IZ}

) (2)

Now consider d1( fo,m) o pp . Following a similar procedure, we deduce

51(.f07m) Opéz) =
150 @15 - 8) 2 > (AWhmap)e N )+

Iew®) ker\{0}
Ey+1
150) @ 14(E —f -1 > Z( NP (e py) @ N ek)+
Tew(2) =2 keI\{I;}
o+fy+1
x 7, 2
10 @14(E - fy+ Do > > ( Dt penp)© N\ ek).
Tew® i=Ey+1 kel\{I;}

Asp = (pz,py,pz) € Vo psy ops- (fo) and, for 1 <i < &, + 1, fr, € S(1,1,0), it holds

ffi(pzapy) = f[z(p) =
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Hence, the image of d1 (fo, m) o pz(f) belongs to Lo 2 @ Lo 4, and it holds

61(fo,m) 0 Pg) =
120)@1L(E — B ® > (Agz)fo(pmpy) EAN €k)+

Iew®) ken\{o}
04+By+1
LEO0)RILE - B+ > > ( NP L pep) )\ ek).
Tew®@) i=Ey+1 keI\{I;}

Eot1
Using the identity o+ 3y + 8, = £, + &, we can rewrite 1 ( fo, m) o pp : K(frﬁzﬂ) — Lo2® Lo
as

(81(fo,m) 0 pp)(A) = 15(0) ® LY (€, — ) ® Pi(A) + 13(0) ® 1Y(Ey — By +1) @ (1) Po(X)

where

—B.+1

= Z A[fO(pmpy)(X) /\ ex + Z Z J 1/\Jij<pacapy)® /\ k>
Tew keI\{0} Jew®  j=1 keJ\{J;}
gz_/Bz
Z Z (_1)7"—&-]—1)\[ij (p:capy) ® /\ Ck-
Icw® j=2 kel\{1;}

Note that the intersection between the image of P, and — P is trivial. Hence, P, 4+ P» vanishes if
and only if P and PQ Vanish The map 01 o pp is equivalent to the map A — P;(X) + P»(A). Note
that, for all I € w( {1 .,&y} C 1. Therefore, if we expand this map we conclude that it is
equivalent to the 0- graded part of the (€, — B, + 1)-th map of the Koszul complex of the linear system
f=, that is,

—B+1
ISICVER OV Z N f1,(Pe py) © A o
Jc{0,Ey+1,...,n} =1 ke{l...£,JUJ\{J;}

#J=E.—B-+1
O
If fo has a solution (p,, Py, P.) € Vpa,psy . ps. (fo), then, p, is a solution of the linear system

Sz thatis p, € Vpa. (f,). As f is an overdetermined system, the Koszul complex of f, is not exact
[Lan02, Thm. XXI1.4.6].

Lemma 6.3.4. Let fo be an overdetermined 2-bilinear system. If p € Vo psy, o pe. (fo), then there is a

non-zero Xp e K1) such that 91 (fo,m) o pp(X,,) = 0.
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Proof. Following Lem. if we compose 01 (f, m) and pp, then we obtain a map which is similar to
the 0-graded part of the (£, — 3, + 1)-th map of the Koszul complex of the £, + 1 linear polynomials in z,
f= (Eq.[6.32). As the linear system f, has a solution p,, at most /3, of its polynomials are linearly inde-
pendent. Hence, the Koszul complex of f. is isomorphic to a Koszul complex K(f1,..., f,,0,...,0)
of a system of £, + 1 linear polynomials, where (£, — 3. + 1) of them are equal to zero [Lan02,
Lem. XXI.4.2]. The (£, — (B, + 1)-th map of K(f1,. ..,fgz, ,...,0) maps eg_ 11 A...Neg,_p, 41 tO
zero. Hence, its 0- graded part has a non-trivial kernel, and so there is a non-zero )\ € K<fz For1) such
that 0, (f, m) o pp()\p) =0. .

Theorem 6.3.5. Let f := (f1,..., fn) be a square 2-bilinear system such that it has (Ey) . (gz) different
Yy z

solutions over P® x PPy x PP Consider 6 € A(1,1,1) such that the multiprojective resultant of the
system (€2, f1,..., f,) does not vanish, that is

res(z?, f1,..., fn) #0.

Let fy € S(1,1,1) be a trilinear polynomial such that fo separates the elements in Ve  psy . ps. (F)-
Let M be the Koszul resultant matrix related to Koszul- type resultant formula detailed at the beginning
of the section (page . Then, the Schur complement of Ma 2( fo) is diagonalizable, each eigenvalue
equals i—o( ), forp € Voo psy ps. (f1,. .., [N), and we can extend the eigenvector vy, related to i—%(p)

10 vp 1= [Ml 1Mz, | (fo) - Op such that vy, is of the form pp( p), for some )\ € K(e.” )

Proof. By Cor. 6.2.5] the Schur complex of Ms 2 (fo) is diagonalizable and every eigenvalue is differ-
ent. For each p € Vo, ps,  ps. (f), consider the eigenvalue Jo (p), its related eigenvector Up, and the

system gp == (fo— %(p) 20 f1,...,fn). Asp € Vpaxpﬁyxpgz (gp). by Lem.[6.3.4] thereisa Ap, € K
such that 61 (gp, m) o p(Ap) = 0. Hence, there is a vector wy, in the kernel of M (gp), representing the

element p(Ap). Following the proof of Thm. 6.2.3] each element in the kernel of the Schur complement
of Ms 2(gyp) is related to an eigenvector of the Schur complement of M, »( fo) with corresponding eigen-

value % (p). As for each eigenvalue we have only one eigenvector, then the dimension of this kernel is

one. Hence, the truncation of wp, wp = [O | I ] - Wp, 1s a multiple of v, where 0 is the zero matrix of
appropriate dimension and I the identity.

As M 1(gp) is invertible and M (gp) - wp = 0, it holds that [Mflll-MQJ}(gp)ujp = wp. As
[M;}}Mg,l | (gp) does not involve wg g, then [Ml—ll}M“ [(gp) = [Ml 1M1 (fo). Therefore, we con-
clude that, as U, is a multiple of 1wy, then v, = [Ml M2 (fo) - Dp is a multiple of wp,. O

Hence, we can recover the coordinates (p,,p,) of (P, Py, P.) € Vpa,psyyps. (f1,---, fN) by

inverting a monomial map as we do in Prop. Algorithm [6] summarizes our strategy to solve 2-
bilinear systems.

6.3.1 Example: Solving 2-bilinear systems

We consider a 2-bilinear system such that « = 1 = 2 = 1, & = 2 and & = 1. The following
(Eq. b is a square 2-bilinear system and has two solutions over P® x P% x P% namely p; := (1:
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Algorithm 6 Solve2Bilinear

Input: (fi,..., fn) is a square 2-bilinear system such that Vpa  psy o ps. (f1, - .., ) is fi-

nite and has no multiplicities.
1: A < Random linear change of coordinates preserving the structure.

2: (flu'”va)%(floAv"‘vaoA)' (COI'.

3: fo < Random trilinear polynomial in S(1,1,1).
" [MLl M 2 } Matrix corresponding to d&1(m, (fo,..., fn)), split with respect to the
C LMy My monomial 9. (Def.|6.2.1])
fo _ Set of pairs Eigenvalue-Eigenvector of the Schur complement of M 5.
s L (H@1%) ) < T 623)
p .
6: for all (i—%(p),ﬁp) € {(%(p),%) }p do
7: Extract the coordinates p,, p, from pp(:\p) by recovering it from [MfllI'Mll] 0. (Thm.[6.3.5
8:  Letp, € P"= be the unique solution to the linear system, over K|[z], given by

{fl(pxapyaz) = O’ . '7fN(px7py)z) = 0}

9:  Recover the solution of the system (fi,..., f), as A((px, Py pz)).
10: end for

1;1:1;51:1)andpy :=(1:3; 1:2; 1:3).

fa = =bxoyo + Txoy1 — T1Y0 — T1Y1 . (6.33)

f1:= Tzoyo — 8woy1 — T1Yo + 27191
f3 1= —6x020 + 92021 — X120 — 27121

We introduce a trilinear polynomial f and consider the overdetermined 2-bilinear system fo :=

(f07f17f27f3)’ where

fo == 3xoYoz0 — Toyoz1 — 4 Toy120 + 2 Toy121
+ 219020 + 2x1Yy021 + 2T1Y120 — 221Y121-

In this case, the polynomial fj corresponds to case (4) in the list appearing in the page Ac-
cording to Thm. we can construct a Koszul-type determinantal formula for the resultant of fy by
considering the degree vector m = (0, —1,1). To construct the associated Koszul resultant matrix, we
consider the following monomial basis,
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’ Basis of K7 3 (Columns) ‘ ’ Basis of Kg 2 (Rows) ‘

(A) | dzodyleqo0 @D €13}
(B) | 9x19y5eq0,1.2) (ID) e(2,3}
© [ 9n19yieqq.z D | dyoeqony
(D) |  Ozo0yoe(1 23} V) | Odyieon
(E) | Oz00y1€0123) V) dyoeqo,2}
(F) | Oz10yoe(123) (VD) | Oyieqn
(G) | O0r10y1eq123 (VI) | Oyozieq1 2y
(H) | 9209y00y1€{0,1,2) (VID) | Oy121€419y
M | dzodyjeqon2 (IX) | 9yoz0e(1,2)
(J) 8x18y08y16{071,2} (X) 8y1Z0€{172}

The following matrix represents the map d1(m, fo) of the Weyman complex K,(m; f) (Def.[3.3.3),

with respect to the basis above.
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[(4) (B) (C) (D) (B) (F) (G) (H)| ) (J)

(I) 0 0 0 5 —7 1 1 0 0 0
(II) 0 0 0 7 —8 -1 2 0 0 0
(III) 0 -1 0 0 0 0 0 —1|-5 7
(IV) 7 0 —1 0 0 0 0 -1 0 —5
(V) o 1 0 0 0 0 0 —2/-7 8
(VI) 8 0 —2 0 0 0 0 1 0 —7
(V]I) 0 2 0 9 0 —2 0 —2| -1 2
(VIII) 2 0 —2 0 9 0 —2 2 0 —1
(IX) 0 1 0 —6 0 —1 0 2 3 —4
(X) —4 0 2 0 —6 0 —1 1 0 3

My M2

The splitting of the matrix corresponds to its partition as [ Moy Moo ] with respect to the exponent of the

monomial zg yo zo (Def. [6.2.1).
The Schur complement of this matrix is [i :%] . Its characteristic polynomial is 72 — 47T + 3, and

so its eigenvalues are i—%(pl) = 3 and i—%(pQ) = 1, in accordance to Thm. and Lem.
The eigenvector of %(pQ) = 1is Up, := (1,2) . By extending p,, we get

—1
My 1-Ma,

vp, = MM ](fo) - (4) = (4,3,12,1,2,3,6,6,1,2) "

which represents pp, (1,1) =

(8:0(1’0) +3 Bw(o’l)) & (By@’o) + 2 8y(1’1) +4 8y(0’2)> ®1® e,

+ (aw“*‘” +3 83:(0’1)) ® (8y“’°> +2 By“”“) ®1®ef1,2,3)
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Hence, 1p (1) = (1 dx10) 1 33:1:(0’1)), and so p,, = (1 : 3) € P.L  Also,
17,(1) = (1 Ay 42 By(0’1)>, and then p, , = (1 : 2) € P'. We note that

1%2 (2) = (1 .1 ay(Q,O) +1.2. ay(l,l) +2.2. 8y(0’2)) '

We can recover p; , as the solution of f(p; ,,Ps,,2) = 0,

fl(pQ,m7p2,yaz) = f2(p2,m7p2,yaz) =0
f3(p2,z>p2,y)z) = 79 20 + 321

Thus, p, , = (1:3) € Plandso p, = (1:3; 1:2; 1:3) € P x P! x PL.
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6.4 Applications: Multiparameter Eigenvalue Problem

A motivating application for the systems and the determinantal formulas that we study in this chapter
comes from the multiparameter eigenvalue problem (MEP). We can model MEP using star multilinear
systems. The resultant matrices that we construct together with the eigenvalue and eigenvector criterion
for polynomial systems, see Sec. lead to a novel approach for solving MEP. We illustrate it through
a detailed example in Sec. [6.4.1] Because of the importance of MEP in various areas of computational
and applied mathematics we give a detailed presentation of the problem, we mention some of the related
works, and we show how to model it using polynomial systems.

MEP is a generalization of the classical eigenvalue problem. It arises in mathematical physics as
a way of solving ordinary and partial differential equations when we can use separation of variables
(Fourier method) to solve boundary eigenvalue problems. Its applications include Spectral theory and
Sturm-Liouville theory, among others [Atk72| [VoI88), IAM10, HKP04, (GHPR12]. MEP allows to solve
many different eigenvalue problems, for example the polynomial and the quadratic two-parameter eigen-
value problems [GLROS, MP10].

The precise definition of the problem is as follows. Assume o € N, £1,...,8, € N, and square

matrices { M 1)} o<, € KBADXBitD) for 0 < i < a. MEP consists in finding A = (Ao, ..., \a) €
P*(K) and v; € P, ..., v, € PP~ such that
[ (oo (S pue)ese ) oo

We refer to A as the MEP-eigenvalue, v1 ® - - - ® v, as the MEP-eigenvector, and to (A, v1 ® - - - Q v4)
as an MEP-eigenpair.

We model MEP as a mixed square bilinear system. For this, we introduce the variables (zg, ..., z)
to represent the MEP-eigenvalues and, for each 1 < i < a, the vectors (y; 0, - .., ¥i ) to represent the
MEP-eigenvectors. In this way, we obtain a bilinear polynomial system f = (fi0,..., fa,3,), Where
foreachl <t < o,

(

ﬁt «
(t,9)
ft0 Yi.0 Z Z Mi,O] L Yt,i
a ’ i=0 j=0
i | .| ¥
SO PIS VR I I : , (6.35)
Jj=0 : Bt «
t,j
ft.5. Y. Z Mi(,ﬁz) Tj Yt,i
i=0 j=0
and, foreach 1 <t < o, fi0,..., fr5 € Klzo, ..., 2]t ® Klyr0,...,Ys8]1; thatis fi1,..., fi g, are

bilinear polynomials in the blocks of variables {xo, ..., 2z} and {y10,..., Y3}
There is an one-to-one correspondence between the MEP-eigenpairs and the solutions of f. That is,

(A, v1 ® -+ ® vy) is an MEP-eigenpair {M(i’j)} = ARV ®Va) € Vpaypsy o...xpba (f)-

The standard method to solve MEP is Atkinson’s Delta method [|Atk72, Ch. 6, 8]. Foreach 0 < k <

a, it considers the overdetermined system f(; resulting from f (Eq.
constructs a matrix which is nonsingular if and only if f;) has no sol

6.35) by setting x;, = 0. Then, it

utions [Atk72, Eq. 6.4.4]. Subse-

quently, it applies linear algebra operations to these matrices to solve the MEP f [Atk72, Thm. 6.8.1]
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. It turns out that these matrices are determinantal formulas for the resultants of the corresponding
overdetermined systems f(k). The degree of the determinantal formulas is o [Atk72, Thm. 8.2.1], see
Def. One limitation of this method is that the Delta method can solve only nonsingular MEPs,
that is, when there is a linear form in K|z, ..., z,] such that it does not vanish at any MEP-eigenvalue
[Atk72, Thm. 8.7.1].

There are also recent algorithms that exploit homotopy continuation methods as the diagonal coef-
ficient homotopy method [DY Y16] and the fiber product homotopy method [RLY 18]]. These methods
seems to be slower than the Delta method but, as the construction of the matrices of the Delta method is
computationally expensive, they can tackle MEP of bigger size. Also, in some cases, these algorithms
can solve singular MEPs. We can also use general purpose polynomial system solving algorithms that
exploit sparsity to tackle MEP. We refer reader to [FSEDS11]], see also [Spal?2]], for an algorithm to solve
unmixed multilinear systems using Grobner bases, and to [EMT16] using resultants. We also mention
our Grobner-basis-based algorithm to solve square mixed multihomogeneous systems, see Sec. [8.2]

The system in Eq. is a particular case of a star multilinear system (Def.[6.1.1)), where A = 1,
B = a and, for each j € [B], & = B; + 1. Its expected number of solutions is []5_,(8; + 1)
(Lem. . We introduce an extra linear polynomial in K|z, ..., z,] and, using the determinantal
formulas for these systems (Thm. [6.1.8), we propose an alternative to the Delta method for solving
nonsingular MEP. The degree of our formulas is one, meanwhile the one of the Delta method is «.
Moreover, our Koszul resultant matrices are structured matrices. Using eigenvalues and eigenvectors
computations we recover the solutions of MEP. We illustrate our approach by a detailed example in the
following section.

6.4.1 Example: Two-Parameter Eigenvalue Problem

We consider the a nonsingular MEP given by the matrices

M0 .— - 3 M — 122 M12) .— -l
—8 -2 13 1 -7 -1

weo . | T T ey | T T yen. | 0
12 -1 -1

4 1
This is a two-parameter eigenvalue problem (2EP); such MEPs appear in physics, see [GHPR12].
For simplicity, we will name the three blocks of variables as X, Y, Z, instead of X7, Y7, Y2. Following
Eq. we write the 2EP as the following bilinear system

(6.36)

f1 —Txo+12x1 — T2 —3x0+2T1 — T2 Yo
f2 B —8xg+ 1311 — Tx2 —2x9+ 11 — T2 Y1
f3 —1lzg+Tx1 — 429 -39 — 11 20
fa a dxo+ w1 — T2 To+2w1 — T2 21

According to Lem. [6.1.11] the 2EP should have 4 different solutions. To solve this system, we will
introduce a linear polynomial fy € K[X] that separates the MEP-eigenvalue. That is, if A; and Ao
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are different MEP-eigenvalues, then %(/\1) # %()\2), for z; € X (Def. . Then, we consider
a Sylvester-type determinantal formula for the resultant of (fo, ..., f1) (Cor.]6.1.10) and we solve the

original system using eigenvalue and eigenvector computations as in sections and|[6.3]

We assume that the MEP is nonsingular. Hence, any generic fy € K[X] separates the MEP-
eigenvalues. In our case, we choose fo := —zo+ 521 — 3 x2. Following Cor. there is a Sylvester-
type formula for the resultant of the system f := (fo,..., f1) using the degree vector m := (1,1,1).
The latter is related to the determinantal data ({1, 2}, ,0) (Def.[6.1.6). The Weyman complex reduces
to

d1(m,f)

BSx(0)®@Sy(0)®Sz(1)®@{e1®e} | —> (Sx(1)®@ Sy (1) @ Sz(1) @ K) — 0,

( Sx(0)®5y(1)®52(1)®{60} )
0—
BSx(0)® Sy (1) ®52(0) ® {es ® eq}

where the map d;(m, f) is a Sylvester map (Rem. [3.3.17)). Hence, the resultant of f is the determinant
of a matrix C' representing this map, which has dimensions 12 x 12 (Case 1, Lem.[6.1.12). We split C' in

@11 G121 o ecording to Def. [6.2.1)and we have:
Ca1 Co2

i T2Y020 T2Y021 T2Y120 T2Y121 T1Yo2Z0 T1Yo21 T1Y120 T1Y121|ToY020 ToYoZ1 ToY120 ToY121 ]
zZo€é1 —7 -1 12 2 —7 —3
zZ1€e1 -7 —1 12 2 -7 -3
zZp€2 -7 -1 13 1 -8 -2
z1€2 -7 -1 13 1 -8 -2
Yoe€s —4 7 -1 —11 -3
C=| yes —4 7 -1 -1 -3
yoes | —1 -1 1 2 4 1
Yi1€4 —1 —1 1 2 4 1
Yozoeo| —3 5 -1
Yoz1€o -3 5 —1
Yi1zo€o -3 5 —1
L Y121€0 -3 5 -1 i

By Prop.[6.2.77} as the system (f1, ..., f1) has no solutions such that zy = 0, the matrix C ; is non-
singular. Hence, by Lem. we have an one-to-one correspondence between the MEP-eigenvalues
and the eigenvalues of the Schur complement of C5 2, C 2 := Ca 9 — 027101_, 11(3’1,2. Each eigenvalue of

Cf’;g is the evaluation of i—g at a MEP-eigenvalue of the original 2EP. In our case

r 7 1 1 7
1 0 -1 —3
3 3 9
oo | Tror 1 2
2270 21 g 21 5
4 4 2
69 19 63
L T 2 —1 6]

Remark 6.4.1. If the original MEP is nonsingular, after performing a generic linear change of coordi-
nates in the variables X, we can assume that there is no solution of (f1, ..., fn) such that xoy = 0.

Let aq, ..., a4 be the four solutions of (fi,..., f4). Then, the eigenvalues of 672/2 are g—g(al) =

1, L) = 2,L2(a3) = 3 and %(O&L) = —2. As d1(m, f) is a Sylvester-type map, the right

> xo ? xo
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—— T0Yoz0
eigenspaces of (o contain the vector of monomials v := [iﬁ%ﬁﬁé] evaluated at each solutions of
ToY1z1

(f1,---, fa) Prop. If each eigenspace has dimension one, then we can recover some coordinates
of the solutions by inverting the monomial map given by v.

v (o751 (6%) a3 | Oy
ToYo<0 1 1 1 1
ToYoc1 -3|—-1|-2|-3
ToY120 1 1(-1]-3
ToY1<1 -3 -1 2 9

To compute the remaining coordinates, either we substitute the computed coordinates of the solutions in
the original system and we solve a linear system, or we extend each eigenvector v(c;) to w(«;), where
w(a;) is the solution of the following linear system:

Cra C Jo 0 —crte i
[C; o;ﬂ w(a;) = ;0(011') L(ai)] , and so w(q;) = [ 1'10(;;2)”(0‘ )] :
Each coordinate of w(«;) is a monomial in K[X|; ® K[Y']; ® K[Z]; evaluated at a;. Hence, we can
recover the coordinates of «; from w;(«;) by inverting a monomial map. In this case, the solutions to
(f1,..., f1), and so MEP-eigenpairs, are

MEP-Eigenvalues |MEP-Eigenvectors
0, T1, T2 Yo; Y1 ‘ 20, 1
1,-1,-3 1,1 |1,-3

1,3,4 1,1 |1,—1
1,1,1 1,-11(1,-2
1,1,2 1,-31,-3

e

(6.37)
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Chapter 7

Grobner basis and sparse polynomial
systems

Computing Grobner bases is an intrinsically hard problem. For many “interesting” cases related to
applications, the complexity of the algorithms to compute them is single exponential in the number
of variables, but there are instances where the complexity is double exponential; it is an EXPSPACE
complete problem [May97], see also [GG13, Sec. 21.7]. There are many practically efficient algorithms,
see [CLO15, Ch. 10] and references therein, for which, under genericity assumptions, we can deduce
precise complexity estimates, see Sec.[d.5] However, the polynomial systems coming from applications
have some kind of structure. One of the main challenges in Grébner basis theory is to improve the
complexity and the practical performance of the related algorithms by exploiting the structure. In this
chapter we focus on computing Grobner bases for mixed sparse polynomial systems, that is, sparse
polynomials systems defined by polynomials with different Newton polytope.

An approach to exploit the sparsity of the polynomials is to compute Grébner bases over semigroup
algebras [Stu93] [FSS14]. Semigroup algebras are related to toric varieties. An affine toric variety is the
spectrum of a semigroup algebra [CLS11, Thm. 1.1.17]. Hence, the variety defined by the polynomials
over a semigroup algebra is a subvariety of a toric variety. This variety is different from the one defined
by the polynomials over the original polynomial algebra, but they are related and in many applications
the difference is irrelevant; see, for example, [EM99a]. We refer to [[CLS11]] for an introduction to toric
varieties and to [Stu96] for their relation with Grobner basis.

Following [Stu93], Faugere et al. considered sparse unmixed systems and introduced an algorithm
to compute Grobner bases over the semigroup algebra generated by their Newton polytope [ESS14].
By embedding the systems in a semigroup algebra, they can predict the structure of regular sparse un-
mixed systems and exploit it algorithmically. Their algorithm is a variant of the Matrix-F5 algorithm
[Fau02, BES15)]. They homogenize the polynomials and compute a Grobner basis, degree-by-degree,
by performing Gaussian elimination on various Macaulay matrices [Laz83|]. They use the F5 criterion
[Fau02] to avoid redundant computations, that is, to skip rows reducing to zero after performing Gaus-
sian elimination. Once they have computed the Grobner basis for the homogenized system, they recover
a Grobner basis of the original system by dehomogenizing the computed basis. The efficiency of this
approach relies on an incremental degree-by-degree construction which, under regularity assumptions,
skips all the rows reducing to zero. One of the properties that they exploit in this work is that, for normal
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Newton polytopes [CLS11, Def. 2.2.9], the homogenization of a generic unmixed system forms a regular
sequence over the corresponding semigroup algebra [[CLS11l, Def. 9.2.9]. Unfortunately, this property is
no longer true for mixed systems. So, for mixed systems, this algorithm fails to predict all rows reducing
to zero during Gaussian elimination.

In Chapter [/, we study extensions of the algorithms to compute Grébner bases for unmixed sparse
systems [ESS14] to the mixed case. We present algorithms which, under regularity assumptions, perform
no reductions to zero.

e Our first extension (Section[7.3)) changes the degree-by-degree strategy (Sec. [.4)) of the algorithm
proposed in [FESS14]|] by a polynomial-by-polynomial strategy, that is, we first compute a Grobner
basis for the ideal generated by the first ¢ polynomials and then we extend this basis to a Grobner
basis for the ideal generated by first (i + 1) polynomials. In the language of signature-based al-
gorithms, we change the module monomial order of F5 from <4, (degree-by-degree) to <po
(polynomial-by-polynomial), see [EF17]. This strategy avoids every reduction to zero when the
original (non-homogenized) system is a regular sequence. Unfortunately, this approach requires
to compute using a GRevLex monomial orderings which, as we show in Ex. [7.2.1] we can not
define for semigroup algebras. Hence, we introduce a novel Grobner-like basis, that we call scant
Grobner basis. A scant Grobner basis is a basis for an ideal over a semigroup algebra with
similar properties to the usual Grobner basis. Their main advantage is that they allow us to de-
fine GRevLex-like orderings over semigroup algebras with many of the expected properties, see
Sec. To define scant Grobner basis, we need to work with non-monomial-orderings and re-
define the monomial division relation. Hence, a scant Grobner basis is not Grobner basis over a
semigroup algebra. We introduce an algorithm to compute scant Grobner basis for unmixed sparse
systems which, under regularity assumptions, performs no reductions to zero.

e Our second extension (Section[4.6) computes a Grobner basis over a multigraded semigroup alge-
bra; the multigrading is related to the different polytopes of the sparse polynomials. Even though
we embed the system in the multigraded semigroup algebra, the straightforward homogenization
of the input polynomials never results in a regular sequence. Therefore, the existing criteria do
not avoid all the trivial (expected) reductions to zero. Hence, to avoid all the trivial reductions
to zero, we extend the classical F5 criterion (Prop. [4.4.6) by using the exactness of the strands of
the Koszul complex. We introduce the concept of (sparse) regularity, related to the exactness of
these strands, to guarantee that all the reductions to zero are trivial. We present the first algorithm
that computes Grobner bases over these multigraded semigroup algebras which, under (sparse)
regularity assumptions, performs no reductions to zero.

We emphasize that besides the similarity in their name, scant Grobner bases and Grobner bases over
semigroup algebras are completely different objects. In particular, scant Grobner bases are not Grobner
basis over semigroup algebras. Moreover, the corresponding algorithms follow different computational
strategies: to compute scant Grobner bases, we proceed polynomial-by-polynomial, while to compute
Grobner bases over semigroup algebras, degree-by-degree. The assumptions for the algorithms to per-
form no reductions to zero are also different, but both of them are satisfied under (sparse) regularity
assumptions. Last but not least, we can use both objects to solve sparse systems, but we do not have
complexity bounds when we use scant Grobner bases.
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7.1 Semigroup algebras and regularity

We introduce the notation that we use in the chapter. In addition, we use the definitions introduced in
Sections and that is the pointed affine semigroups (Definitions 2.12.1] and 2.12.2)), the semi-
group algebras (Def. [2.12.7), the pointed rational polyhedral cones (Def. [2.12.4)), the integer polytopes
(Def. 2.12.14), the Minkowski sum (Def. 2.12.16), the Laurent polynomials (Ex. [2.12.9)), the Newton
polytope (Def. [2.12.17), the regular sequences (Def.[2.7.1), and the Koszul complex (Def. [2.7.5).

Let K C C be a field of characteristic zero,  := (z1,...,%,), and K[z]| := K[z1,...,z,]. We
consider 0 := (0,...,0)and 1 := (1,...,1). Foreachr € N, let eq,..., e, be the canonical basis
of R". Given dy,d2 € N, we say d; > dg when di — da € N". We denote [r] = {1,...,r}. Let
(f1,..., fm) be the ideal generated by fi, ..., fm.

Semigroup algebras

Given a sparse polynomial system in K[x], instead of consider it over K[x] or K[Z"], see Rem. [2.12.10}
we can embed it in a subalgebra related to the Newton polytopes of the polynomials. In this way, we
exploit the sparsity of the (polynomials of the) system.

Definition 7.1.1 (Semigroup algebra of polytopes). We consider r integer polytopes A1, ..., A, C R"
such that their Minkowski sum, A\ = Z;Zl A;, has dimension n and 0 is its vertex; in particular, 0 is a
vertex of every Newton polytope A;. We also consider the polytope A := > (A; x {e;}), which is the
Cayley embedding of A1, ..., A,.

In what follows, we consider the pointed rational polyhedral cones Ca and Ca, see Def. and
we work with the semigroup algebras K[Sa] := K[CA NZ"] and K[SX] := K[Ca NZ""]. We will write
the monomials in K[SX] as X @D where a € (CA NZ") and d € N".

The algebra K[S%] is N"-multigraded as follows: for every d = (dy,...,d,) € N", K[S&]q is the
K-vector space spanned by the monomials { X% : o € (3d; - A;) N Z"}. Then, F € K[Sk]q is
homogeneous and has multidegree d, which we denote by deg(F").

We can think K[S] as the “dehomogenization” of K[S&].

Definition 7.1.2 (Dehomogenization morphism). The dehomogenization morphism from K[SX] to K[Sa]
is the surjective ring homomorphism x : K[SX] — K[Sa] that maps the monomials X (a.d) ¢ K[Sk] to
(X @Dy .= X e K[SAl

If b is a set of homogeneous polynomials in K[SX], then we consider x(b) = {x(G) : G € b}.

Observation 7.1.3. As 0 is a vertex of A, there is a monomial X %) ¢ K[SR], for every i € [r].
Hence, given a finite set of monomials X', ... X% € K[Sa], we can find a multidegree d € N such
that X (@14 X(@d) ¢ K[SA]q.

Given a system of polynomials f1, ..., fm € K[SA], we can find a multidegree d € N" and homoge-
neous polynomials Fy, ..., F,, € K[SR]4 so that it holds x(F;) = f;, for every i € [m].

Moreover, given homogeneous polynomials Fi, ..., F,, € K[Sﬁ] and an affine polynomial g €
(X(F1),-..,x(Ew)), there is a homogeneous polynomial G € (F, ..., Fy,) such that x(G) = g.

Observation 7.1.4. If we fix a multidegree d € N", then the map x restricted to K|S g]d is injective.
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Observation 7.1.5. The dehomogenization of a homogeneous ideal I C K[SX], x(I) == ({x(f) : f €
I}), is an ideal in K[Sa.

Regularity

We use the Koszul complex (Def. to define our notion of regularity. In what follows, we reintro-
duce only some notation about this complex and we refer the reader to Sec. for more details.

Definition 7.1.6 (Koszul complex). For a sequence of homogeneous F1, . .., Fy, € K[S g] of multidegrees
di,...,dy and a multidegree d € N", we denote by IC(F\, . .., Fy)q the strand of the Koszul complex of
b, ..., Fy, of multidegree d, that is,
é
/C(Fl,...,Fk)d :0— (Kk)d —k> ! (,Cg)d — 0,
where, for 1 <t < k, we have

(Ka= B KlSRl@-xa)® (e, A= Ne,).
el

Ic{1,...,k}
#I=t

We denote by Hi(F1, . . ., Fi)q the t-th Koszul homology of IC(F1, . . ., Fx)a, that is Hi(F, ..., Fx)q :=
(Ker(0¢)/Im(d¢+1))a-

The 0-th Koszul homology is Ho(F, . .., Fx) = (K[SR]/(F, ..., Fk)).

Definition 7.1.7 (Koszul and sparse regularity). A sequence of homogeneous polynomials F1, ..., Fj €
K[SR] is Koszul regular if for every d € N such that d > Zle d; and for every t > 0, the t-th Koszul

homology vanishes at degree d, that is H;(F1,...,Fy)qg = 0. We say that the sequence is (sparse)
regular if Iy, ..., I is Koszul regular, for every j < k.

The BBK bound (Thm. [2.12.19)) is related to Koszul regularity. For example, Kushnirenko used this
notion of regularity in his proof of the BBK bound [Kus76, Thm. 2].

Observation 7.1.8. Note that the Koszul regularity does not depend on the order of the polynomials, as
(sparse) regularity does.

Sparse regularity is related to regular sequences over K[Sa].

Lemma 7.1.9. Consider a (sparse) regular sequence of homogeneous polynomials F, ..., F}, € K[Sﬁ]
of degrees dy, . .., dy, respectively. For each F;, consider its dehomogenization f; = x(F;) € K[Sa].
Then, the sequence (f1, ..., fi) is a regular sequence in K[Sa].

Proof. We prove this lemma by induction on k£ € N. If k& = 1, then the lemma is trivial as K[Sa] is
a domain (Prop. . If £ > 1, then, by definition of (sparse) regular sequence, (F, ..., Fi_1)
is sparse regular, and so (fi,..., fx—1) is a regular sequence over K[Sa]. We only need to prove
that fy is a regular element in K[SA]/(f1,..., fx—1). Consider g € K[Sa] such that g; fr = 0
in K[SA]/(f1,-.-, fk—1). Using Obs. we can prove that there are homogeneous polynomials
Gi,...,G_1,G € K[Sg]d, for some d € N” such that Zf;ll G.F; = G Fy, x(Gx) = gk, and
d> Zé“:l d;. Hence (G1,...,Gg_1,—G}y) belongs to the kernel of the map ¢; from the Koszul com-
plex. As H(F1,...,F;)g =0, then G € (Fi,...,Fx_1), and so gr = x(Gk) € x((F1,...,Fx_1)) =
(fi,.-., fu—1). Therefore, fy is a regular element in K[SA]/(f1,..., fx—1) and so (f1,..., fx) is a
regular sequence on K[Sa]. O
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7.2 Scant Grobner basis

Our objective is to extend the ideas in [ESS14]] to the context of sparse mixed systems. Our approach is
to change their degree-by-degree strategy to a polynomial-by-polynomial strategy. While the optimality
of the F5 criterion for a degree-by-degree strategy relies on the regularity of the homogenization of the
input system (over K[Sﬁ]), the optimality of a polynomial-by-polynomial strategy relies on the regularity
of the input system (over K[Sa]) and so it is more general, see Lem. To consider this strategy,
we need to work with GRevLex-like orderings. As we show in Ex.[7.2.1] in general, we cannot define
a monomial ordering for K[Sa] that behaves like GRevLex. Thus, we are forced to work with sparse
orders which are not monomial orders. In this section, we introduce scant Grobner bases. These bases
extend the notion of Grobner bases to sparse orders. We prove that working with sparse orders is not
as hard as it looks like: (reduced) scant Grobner bases are always finite and they are related to Grobner
bases over the standard polynomial algebra. Moreover, we introduce an algorithm to compute them.
We prove that, if fi,..., fr € K[Sa] form a regular sequence, our algorithm performs no reductions
to zero. Our regularity assumptions are more general than the ones in [FSS14] and they are compatible
with mixed sparse systems, see Lem.

7.2.1 Preliminaries

Recall the definitions from Sec. In what follows, consider the blocks of variables y := (yo, - - ., Ym),
and the standard polynomial algebra K(y| := Kl[yo, . . ., Y. For each a € N1, consider the mono-
mial y* := [[",vy". Let {ao,a1,...,an} be a set of generators of S C Z". Let eg...ep, be the
canonical basis of Z™*t1. Consider the homomorphism p : Zm+l 5 § such that, for each 0 < i < m,

p(e;) = a;). By Prop.[2.12.13] the semigroup algebra K[S] (Def. [2.12.7) is isomorphic to the quotient
ring K[y|/T, where T is the lattice ideal

T = (y* — y’|a, B € N p(a — B) = 0). (7.1)

Moreover, the ideal 7" is prime and K[S] is an integral domain (Prop. . As in [ESS16], in this
section we only consider pointed affine semigroups, see Definitions [2.12.1and [2.12.2]

Given a polytope M C R™, in this section we consider the semigroup algebras K[Sy/] and K[S? /]
corresponding to the semigroup algebras in Def. Note that we use the letter M to denote the
semigroup instead of A. The algebra K[S? ] is Z-graded and, for each d € Z, K[S%,] is a K-vector
space generated by the monomials { X ®% : o € (d- M NZ")}. Given f € K[S¥]4, we define the
degree of f as deg(f) := d € N. Given an homogeneous ideal I C K[S%,], we denote by x(I) C K[Sy]
the ideal obtained by dehomogenizing I, see Obs.

Sparse degree and homogenization

We define the affine degree of X° € K[Sy], 4(X*), as the smallest d € N such that X®9 ¢
K[S?,]. We extend this definition to the affine polynomials in K[S),] as the maximal affine degree of
each monomial. That s, for f := > ¢ ¢;X* € K[S)], the affine degree of f is

SA(f) == max (64(X®) : ¢s #0).

SESM
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Let K[Sps]<q be the set of all polynomials in K[Sy] of affine degree at most d. The map x ™! :
K[Sy] — K[S%,] defines the homogenization of f := >ses,, ¢sX° € K[Su], where x7'(f) :=
D seSas s X (504 ¢ K[S?%,]. Note that this map is not a homomorphism. For an ideal I C K[S)],
x~1(I) is the homogeneous ideal,

XN = (TN s f e D).

Finally, given a polynomial f € K[S%,] we define its sparse degree as §(f) := 6" (x(f)). Note that,
the degree is always bigger or equal to the sparse degree. Even though we use the name sparse degree, it
does not give a graded structure to the K-algebra K|S ]}\‘/[]

Orders for Monomials

A monomial order < for K[S] is a well-order compatible with the multiplication on K[S], that is Vs €
S,s#0 = X% < X®andVs,r,t€ S, X*< X" = X*t' < X" These orders exist on K[S]
if and only if S is pointed, see Sec.

Given any well-order < for K[S)/], we can extend it to a well-order <}, for the monomials in K[S? ]
as follows:

d=d NX°*< X"

We refer to the order <y, as the grading of <. If < is a monomial order, then <}, is a monomial order too.

Given an ideal I C K[S], it is useful to study the vector space I NK[Ss]<4, that is the elements of
I of degree smaller or equal to d. This information allow us, for example, to compute the Hilbert Series
of the affine ideal. It is also important for computational reasons. For example, to maintain the invariants
in the affine signature-based Grobner basis algorithms, as the F5 algorithm [EF17]].

In our setting, to compute a basis of I N K[Sy/]<q, we have to work with an order for the monomials
in K[S)/] that takes into account the sparse degree. This order, <, is such that for any X*, X" € K[S)/],
§4(X*) < 64(X") = X*® < X". Unfortunately, for most of the semigroup algebras K[S;], there
is no monomial order with this property. Therefore, we are forced to work with well-orders that are not
monomial orders.

Example 7.2.1. Consider the set of integer points {[0,0],[1,0],[0,1],[1,1]} C N2 and let M be its
convex hull (Def.|2.12.3)). That is,

M := ConvexHull({[0,0],[1,0],]0,1],[1,1]}) € R%

, d<d
X0d) o xd) e { < (7.2)

Consider a monomial order < for K[Sys]. Without loss of generality, assume X0« X0 Thep,
X PO« x01 <« x 102 Bur, 64( X120 = 2 and 64( XYY = 1. So, no monomial order on K[Sy]
takes into account the sparse degree.

Given a monomial order <, for K[Sy], we define the sparse order < for K[Sy] as follows.
SA(X®) < 64X

7.3
SAXE) =M XT)AN XS <y X7 73

X’ < X" <:>{

Let <, be the grading of the sparse order of K[S J]\l/[] (Eq. . We call this order the graded sparse
order.
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Remark 7.2.2. By definition, these two orders are the same for monomials of the same degree. That is,
vxed xrd e g, XD <, XD — X5 < X7
Usually, this order is not compatible with the multiplication, see Ex. But,
Lemma 7.2.3. If X* < X! and §*(X") + 64(X") = §4(X! - X7), then X* - X" < X' X",
Proof. Note that 04 satisfies the triangular inequality, 64 (X 57") < §4(X®) + 64(X"). As X* < X?,
it holds 64(X®) < 64(X?). By assumption, §4(X?) + §4(XT") = 64(X*"). Then,
FAXTT) < 6A(X5) + §A(XT) < AKX + §A(XT) < 64X,
Hence, either 64 (X **") < §4(X'™) or the sparse degree is the same. In the second case, we conclude

§4(X?®) = 04(X?), and so, as X* < X, itholds X* <j; X*. As <j is a monomial order, X 5™ <,
X" Hence, in both cases, X* - X" < X' - X". O

We extend this property to the homogeneous case.
Corollary 7.2.4. If X (5%) < X ®d0) gpg §( X )y 4 5(X By = §(X (1) . X (B4 hen

X(Svds) . X(T7d7‘) { X(t1dt) . X(rvd”‘).

7.2.2 Definition of scant Grobner basis and properties

We want to define and compute Grébner-like bases in K[S)/] and K[S%,] with respect to a (graded)
sparse order. As these orders are not compatible with the multiplication, not all the standard definitions
of Grobner basis are equivalent. For example, the ideal generated by set of leading monomials of an ideal
in K[Sj/] might contain monomials which are not leading monomials of a polynomial in the original
ideal. We say that a set of generators G of an ideal I C K[S)] is a scant Grobner basis with respect to
an order <, if for each f € I, there is a g € G such that LM~ (g) divides LM~ (f). Similarly for K[S%,].

This definition has a drawback: The multivariate polynomial division algorithm might not terminate.
This can happen when LM< (f) = X' - LM(g) < LM< (X" - g). Then, the reduction step “increases”
the leading monomial, so that the algorithm does not necessarily terminate. We can construct exam-
ples where we have a periodic sequence of reductions. To avoid this problem, we redefine the division
relation.

Definition 7.2.5 (Division relation). For any X (%4s) X (rdr) ¢ K[S%,), we say that X (5:s) divides
X ) and write X (53 || X ™40 if there is a X b%) € K[S?,] such that

X (ode) . x (tde) — X (rde) gpg §( X (42)) 4 §( X (b)) = §( X (rdr)),
Similarly, for X*, X" € K[Sy], we say that X * divides X", and write X*|| X", if x ~1(X*)||x "1 (X").

Remark 7.2.6. If LMy, (f)|| X %), then there is a X%) ¢ K[ST,] such that X (3d) = X (Hde) .
LM, (f) = LMy, (X (B0 . £) by Lem. Similarly over K[Sps].

We define the scant Grobner bases as follows.
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Definition 7.2.7 (Scant Grobner bases). Given a (graded) sparse order <, see Eq. (1.3), and an ideal
I C K[Sy], respectively I C K[S%/], a set G C I is a scant Grébner basis if it generates I and for any
f € I there is some g € G such that LM<(g)||LM<(f).

With this definition, each step in the division algorithm reduces the leading monomial (Rem. [7.2.6)),
and so the division algorithm always terminates; see, for example, [CLO15, Thm. 2.3.3 & Prop. 2.6.1].

Lemma 7.2.8. Let f € K[Sy| and G be a list of polynomials in K[Sys]. Using our definition of division
relation (Def.[7.2.3)), the multivariate division algorithm (Alg.[I) for the division of f by G, with respect
to the order <, terminates. Moreover, if G is a scant Grobner basis of an ideal I with respect to < and
f = f" mod I, then the remainder of the division algorithm for f and f’ is the same. This remainder is
unique and does not depend on the scant Grobner basis of I with respect to < that we choose.

Our next goal is to prove that for every ideal and sparse order, there is a finite scant Grobner basis.
A priori, it is not clear how to extend Dickson’s lemma [[CLO15, Thm. 2.4.5] to this setting; our division
relation (Def. is not compatible with the recursive proof of the lemma. Our strategy is to prove
first that, over K[S% ], there is always a finite scant Grobner basis. Then, we extend this result to K[Sy].
We show that this scant Grobner basis is related to a Grobner basis over a standard polynomial algebra,
so it is finite.

Finiteness of scant Grobner Bases

Homogeneous case. Let <;; be a monomial order for K[Sy,] and < the sparse order related to <y,
Eq. (7.3). Consider <}, the graded sparse order related to < over K[S%,], Eq. .

Consider the lattice ideal 7" from Eq. . This ideal 7' is homogeneous and the algebra K[S%,] is
isomorphic to K[y] /T as a graded algebra. Let ¢ : K[y] /T — K[S%,] and ¢ K[S%,] — K[y]/T be the
isomorphisms related to K[S?] = K[y] /T, such that they are inverse of each other and Y(XON) = y.
We extend ¢ to 1) : K[y] — K[S%,], where ¥(y®) is the image, under ¥, of y® modulo 7. The map
is a 0-graded epimorphism.

For y¢ € Kly], let deg(y®,yo) be the degree of y* with respect to yo and deg(y®) be the total
degree. Given a (standard) monomial order < for K[y], consider the graded monomial order <,, for
K[y] defined as follows,

(deg(y®) < deg(y?)
deg(y*) = deg(y")
deg(y*) = deg(y")

deg(y®,yo) > deg(y’, vo)
eg(y®, yo) = deg(y®, yo) A
Y(y®) <m ¥(y?)
deg(y®) = deg(y’) A deg(y® yo) = deg(y’,50) A
\ by =9 A oy <y’

A
A

Q.

Yy <, yt — (7.4)

This order is a monomial order, because it is a total order, yo is the unique smallest monomial (it is the
only one of degree 0), and it is compatible with the multiplication (every case is compatible).
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For each f € K[y], we define ) as the normal form (the remainder of the division algorithm) of f
with respect to the ideal 7" and the monomial order <,,. With the notation of Prop.[#.2.T} the map 7 is as
follows,

77(f) = NF<y,T(f)-

Recall that » = 7 o 1 and coker(n) = K|y]/T. We notice that for each poset in K[y]|/T, n assigns the
same normal form to all the elements that it contains. Therefore, we abuse notation, and we also use 7 to
denote the map K[y]/T" — K]y] that maps each poset to this unique normal form. As 7" is homogeneous,
1 is a 0-graded map. We extend ¢ to ¢ K[S%/] — K[y] as ¢ :==no ¢. This map is 0-graded and linear,
but not a homomorphism. It holds 1 o ¢ = Id and ¢ o b = n. Figure summarizes these relations.

/\/\/\

4/—77\ — O — n
modT"’K y|/T < - 5 K[SYy op=1d

\/\/\/

Figure 7.1: Maps between K[y], K[y]/T', and K[S%,].

Theorem 7.2.9. Let I C K[S;(A be a homogeneous ideal and consider the homogeneous ideal J, :=
(¢(I) +T) C K[y]. If the Grobner base of J, with respect to <, is G, then )(Gy) is a scant Grobner
base of I with respect to <,

To prove the theorem we need the following lemmas.

Remark 7.2.10. The monomial order >, behaves like GRevLex with respect to the variable yq, that is,

Jorevery f € Klyl, it holds n(f - yo) = n(f) - yo
Lemma 7.2.11. For all y* € K[y|, it holds deg(n(y®), yo) = deg(y®) — (¢ (y®)).

Proof. Let X9 .= ¢(y*) and d = §(X(S’d)). Note that d = deg(y®), because v is 0-graded. We
can write ¢(y) = x 1(X*) - X (0:d=d) We recall that ¢ o ¢) = 1 and apply ¢ = 1 o ¢ to the previous
equality. As ¢ is a homomorphism and by Rem. [7.2.10, we get the equality

n(y®) = n(e(x H(X*)) - J(X D)) = (o (X)) -yl ) = o(x LX) - yd

If deg(p(x " 1(X?®)),90) = 0, then deg(n(y*), yo) = 0 + d — d and we proved our lemma.

If deg(p(x 1 (X*®)), y0) > 0, then there is a monomial ¢y such that yo - y” = ¢(x (X *)), and so,
V(Yo -y?) = w(d(x1(X?))). As tho ¢ = Id and ¢ is a 0-graded epimorphism, then X (1) . ) (y?) =
x~1(X®), but this is not possible by definition of homogenization, see Sec. m O

Corollary 7.2.12. For all X®9 ¢ K[S?,), it holds 6(X 5V) = d — deg(¢(X D), yq).

As 1 and ¢ are 0-graded maps, by Lem.[7.2.11|and Cor.[7.2.12} they preserve the order.
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Corollary 7.2.13. For every y*,y” € Kly] it holds,

(") <y n(y”) = L") = (y”).
Recall that, as 7 is a normal form, if n(f g) = f g, thenn(f) = f and n(g) = g.

Lemma 7.2.14. For every y© € K[y] and X *% ¢ K[S},] it holds
Yo o(X D) = w(y®)|| XD,

Proof. Consider y” such that y® - y# = qﬁ(X(S’d)). Then, ¢ (y®) - ¥ (y?) = XD Ag 7 is a normal

form, n(¢(X D)) = ¢(X D) and then, (¥ (y*)) = n(y®) = ¥ and $(v(y")) = n(y”) = v°.
Hence, by Cor.[/.2.12|and Lem. [/.2.11] we conclude the proof by noting that,

S(X DY = §(1p(y* - yP)) =deg(y® - y?) — deg(n(y™ - ¥”), v0)

= deg(y®) — deg(n(y®), yo) + deg(y”) — deg(n(y”), yo)
=5(1h(y™)) + 5(v(y")).

Corollary 7.2.15. Forall f € K[S¥,], for all g € K[y], it holds
LM<, (n(g)) LM<, (o(f)) = LM, ((g))[[LM<,, (f).

Proof. By Cor. [T2.13} (1M (1(4))) = L, (¥(9)) and w(Li-. (6(1)) = LM<, ((6(f))) = Li, (f).
The proof follows from Lem. O

Proof of Thm. Consider f € I,then ¢(f) € J,. Hence, thereare g1, ..., gr € Gyandpy,...,p; €
K[y] such that ¢(f) = Zle pi -+ gi- As Y o ¢ = Id and ¢ is an epimorphism such that ¢)(T") = 0, then
W(O(f) = f =0y 9(pi) - (i) and ¥(gy), ..., (gk) € I. Hence, 1(G,,) generates .

The set G, is a Grobner basis, then there is a g € G, such that LM< (g)|LM<, (6(f)). As ¢(f) =
n(¢(f)), it holds (LM<, (¢(f))) = LM<, (¢(f)) and n(LM<, (g9)) = LM<, (g). As 7 is a normal form

with respect to <, n(LM<,(g9)) = LM, (n(g)). By Cor.[7.2.15} LM<, (v(g))||LM<, (f). Hence, (Gy)
is a scant Grébner basis for I with respect to <j,. O

Corollary 7.2.16. Given an ideal I C K[Sﬁ\l/[} and a graded sparse order <y, its scant Grobner basis
with respect to this order is finite.

Proof. In Thm. we construct a scant Grobner basis of I with respect to < from a (standard)
Grobner basis of an ideal of K[y], finite as K[y] is Noetherian. O

Remark 7.2.17. As in the standard case, see Prop. we can define the reduced scant Grobner basis
and adapt [[CLO15| Prop. 2.7.6] to prove their finiteness and uniqueness.

Non-homogeneous case. Let < be a sparse order for K[Sy].
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Lemma 7.2.18. Let I, C K[S 5\‘4] be a homogeneous ideal. Let <, be the graded sparse order for K[S ]}\ZJ]
related to < and consider Gy, the scant Grébner basis of Iy, with respect to <j. Then, x(Gy,) is a scant
Grobner Basis for x(I1,) with respect to <.

Proof. The set x(G},) generates x(I;). Note that for homogeneous polynomials, LM, commutes
with the dehomogenization, that is for any homogeneous polynomial g, € K[S%,], LM< (x(gn)) =
X(LM, (gp)). Consider f € x(Iy), then there is an f;, € Ij such that f, = x(f). In addition, there is
gn € Gy, such that LM<, (gp,)| LM<, (fr). Let X9 ¢ K[S?,] such that LMz, (gp,) - XD = LM, (f1)
and 0(LM, (g5)) + 6(X D) = (LM<, (f4)). The sparse degree 4 is independent of the homogeneous
degree, 50 8(x (LM, (g1))) + 6(X®) = 8(x(LM, (). Hence, 6(LM (x(gn))) + 8(X*) = S(LM(f)
and LM< (x(gn)) - X® = LM<(f), so LM< (x(gn))||ILM<(f) and x(G}) is a scant Grobner basis of x (/)
with respect to <. U

Corollary 7.2.19. There is a finite scant Grébner basis for any I C K[Sy| with respect to <.

Proof. Note that, for the homogenization of I, x~'(I), it holds x(x (1)) = I. By Cor.[7.2.16| we can
consider a finite scant Grobner basis Gy, of x ™ (I) with respect to <,. By Lem.[7.2.18| the set x(G},) is
a finite scant Grobner basis of I with respect to <. U

7.2.3 Algorithms

Homogeneous case. To compute a scant Grobner basis of a homogeneous ideal I := (f, ..., f) with
respect to <p, we introduce the d-scant Grobner bases, see Def. A d-scant Grobner basis of I is
a finite set of polynomials G C I such that for each homogeneous f € I with deg(f) < d, it holds
f € (G) and there is a ¢ € G such that LML, (¢)||/LM<, (f). For big enough d, for example equal to
the maximal degree of a homogeneous polynomial in a reduced scant Grobner basis, a d-scant Grobner
basis is a scant Grobner basis. The witness degree of I is the minimal d such that a d-scant Grobner basis
is a scant Grobner basis. We compute d-scant Grobner bases using linear algebra. We follow a similar
approach as Lazard’s algorithm, see Sec.[4.4]

Definition 7.2.20. Let <;, be a monomial ordering and consider d € N. A Macaulay matrix M, qis a
matrix whose columns are indexed by monomials in K[S ﬁmd and whose rows are indexed by polynomials
in K[Sﬁ\‘/[]d. The columns of M, q are sorted in decreasing order with respect to <. The element in
M, a corresponding to the column indexed by X 9 and the row indexed by f € K[S?]a is the
coefficient of the monomial X (5:4) i f. We define Rows(M, q) as the set of non-zero polynomials that
index the rows of M, q.

Following the same idea as in Lazard’s algorithm, see Sec. we can compute a d-scant Grobner
basis by computing the reduced row echelon form of several Macaulay matrices. The proof of the
following lemma follows from [Laz83]].

Lemma 7.2.21. Given homogeneous polynomials f1, ..., fi € K[Sf\y] consider the homogeneous ideal
I:={f1,.., fr) CK[SE] Let M be the Macaulay matrix whose columns are all the monomials in

K[S 5\‘/[] 4 sorted in decreasing order by <y, and the rows are all the products of the form X (s,d—deg(fi)) .

fi € K[S]}\L/[]d, foreach 1 < i < k. Let Mﬁ:"é be the reduced row echelon form of /\/li“:”él Then,
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the polynomials whose leading monomial can not be divided by the leading monomial of a polynomial
obtained in smaller degree, that is

d i—1
U3 7 e Rows(Mis) : [ 49 € | Rows(Mz) | Lo, (g)lILs, (F) ¢
i=1 j=1

form a d-scant Grobner basis of 1.

When we compute the reduced row echelon form of MLQZ"‘ZI, many rows of the matrix reduce to zero
during the Gaussian elimination procedure, and so, we perform redundant computations. We can adapt
the F5 criterion (Prop. #.4.6) to identify these rows and avoid the reductions. We follow a polynomial-
by-polynomial strategy: For each i, we first compute a scant Grobner basis of (f1, ..., f;—1) and then we
extend this basis to a scant Grobner basis of (f1,. .., fi).

In what follows, let G be a scant Grobner basis of a homogeneous ideal I C K[S%,] with respect
to a order <, and consider a homogeneous polynomial f € K[S &]d ; of degree dy. Our objective is to
compute a scant Grobner basis of the ideal I + (f). We compute this scant Grobner basis using a d-scant
Grdobner basis.

For a fixed d € N, consider a set Ry C I NK[S%,], such that:

e For each homogeneous f € I NK[S% ], there is p € Ry such that LM, (f) = LM<, (p).

LM<h (g)

e For each p € Ry, there is g € G such that LM, (¢)||LM<, (p) and p = o) 9-
h

o All the polynomials in R4 have different leading monomials.

Moreover, consider the set of monomials b; C K[S?J]d,d ; such that
by = {X 979 € K[Sh]a—q, : Bg € G st. LML, (g)|| X (=470},
The proof of the following lemma follows from [BES15, Prop. 8].

Lemma 7.2.22 (Scant-F5 criterion). With the notation of the previous paragraphs, consider the
Macaulay matrix /\/lljfL g With columns indexed by the monomials in K[S]f{/[]d in decreasing order with
respect to <y, and rows indexed by the polynomials

RqU{X&ddr) . p o x(sd=ds) c g},

h

L) is the Macaulay matrix of Lem.|7.2.21|for the set G U { f} (which generates the I + (f)).

Moreover, if f is not a zero divisor in K[S%,] /1, then Mii 4 18 full-rank and we can compute Mif d
without performing reductions to zero.

Let MZi o be the reduced row echelon form of ME? .. Then, Rows(//\h/ii 4) = Rows( N:“:”Zl), where

Given the witness degree of I + (f), Lem.7.2.22|supports an algorithm to compute a scant Grobner
basis of I+ (f) (Alg. . If f is not a zero divisor in K[S%,] /1, then the algorithm performs no reductions
to zero.
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Algorithm 7 scantMatrixF5: Scant Matrix-F5 with respect to <

Input: A sparse order <, a scant Grobner basis G of the homogeneous ideal I with respect
to <y, a homogeneous polynomial f & K[S]@[]d ; of degree dy, and the witness
degree ¥ of I + (f).
Output: The set H is a scant Grobner basis of I + (f) with respect to <.
H <+ 0
for d = 1 to d** do
M, 4 < Macaulay matrix with columns indexed by the monomials in K[S ]}\L/[]d in
decreasing order by <j,.
for X 59 ¢ K[S},]4 do
if 3g € G such that LM, (¢)|| X 9 then

. x (s,d)
Add to M, 4 the polynomial g7 - g.
end if
end for

for X (5:4-d5) ¢ K[S})a—a, do
if fig € G such that LM, (g)|| X 4=%) then
Add to M_, 4 the polynomial X (sd=ds) . g,
end if
end for
M, a4 < Reduced row echelon form of M_, 4.
H + H U {h € Rows(M_, 4) such that (Ag € H) : LML, (g)||LM, (h)}.
end for
return .
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Non-homogeneous case. Given an ideal I := (f; ... f,) C K[S)/], we homogenize the polynomials
and use Lem. to compute a scant Grobner basis with respect to <;. By Lem. [7.2.T§] if we
dehomogenize the computed basis, we obtain a scant Grobner basis with respect to < of I. Instead
of homogenizing all polynomials f; simultaneously, we consider an iterative approach, which, under
regularity assumptions, involves only full-rank matrices, and hence avoids all reductions to zero. The
following lemma allows us to compute a scant Grobner basis in the homogeneous case, from the non-
homogeneous one. This lemma is similar to Prop.

Lemma 7.2.23. [f G is a scant Grébner basis of the ideal I C K[Sys] with respect to <, then Gy, :=
x"Y(G) is a scant Grobner basis of (x " (I)) C K[S%,] with respect to <,

Proof. First note that the homogenization commutes with the leading monomial, that is Vg € K[Sy/],
LM<, (x1(g)) = x H(LM<(g)). Let fr, € (x~'(I)). Similarly to Prop. we can write fj, as
X (0:deg(fn)=0(fn)) . x~1(x(f3,)). Consider g € G such that LM~ (g)|[LM< (x(f#)). By deﬁnition
X~ H(LM<(9)Ix (LM< (x(fr))), and by commutativity, it holds that LM<, (x ™' (9))| LM<, (x " (x(f4))-
The sparse degree and the leading monomials with respect to <, are invariants under the multiplication
by X1, Hence, LM<, (x '(9))||LM<, (f#). To conclude, we have to prove that G, is a basis of
(x"Y(I)). As for each f;, € x~!(I) there is a g € G such that LM, (x '(g))||LM<, (f4). Thus, the
remainder of the division algorithm (Lem. is zero, and so we obtain a representation of f;, as a
polynomial combination of the elements of x~1(G). O

Corollary 7.2.24. Let I C K[Sy/] be an (non-homogeneous) ideal and consider the (non-homogeneous)
polynomial f € K[Sy]. Let G be a (non-homogeneous) scant Grébner basis of I with respect to < and
H" be a (homogeneous) scant Grobner basis of (x ' (G) + x "' (f)) with respect to <y,. Then, x(H")
is a (non-homogeneous) scant Grobner basis of (I + f) with respect to <.

Corollary [7.2.24| supports an iterative algorithm to compute a scant Grobner basis of (f1,..., f,) C
K[Sa] (Alg.B):

e Foreachi < r,letl; := (f1,..., f;) and consider G; a finite scant Grobner basis of I; with respect
to <.

Let G? be a (homogeneous) scant Grobner basis of (x " 1(G;—1)) + (x~1(fi)) with respect to <p,.

By Lem.[7.2.23|the set x~!(G;_1) is a (homogeneous) scant Grébner basis of x4 (7;_1).

e Hence, given the witness degree of x~!(Z;—1) + (x~*(f;)) and the (homogeneous) scant Grobner
basis Xfl(Gi_l), Alg. computes the (homogeneous) scant Grobner basis G?.

By Cor.[7.2.24} we recover the scant Grobner basis G; from x(G?).

By the Scant-F5 criterion (Lem. (7.2.22)), if for each i, the polynomial x~1(f;) is not a zero divisor
in K[S%,]/x 1({I;—1)), then Alg. performs no reductions to zero. We conclude this section by proving
that, if f1,..., fr € K[S)s] forms a regular sequence over K[S)/], then the latter holds.

Lemma 7.2.25. If f1,..., f» € K[Su] is a regular sequence, then for each i < k, x~*(f;) is not a zero
divisor of K[S%/]/x " ((Ii-1)).
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Proof. If x~1(f:) is a zero divisor of K[S?]/x~1(I;_1), then there is a ¢ € K[S%,] such that g &
X Y f1,-.-, fic1)) and g - xH(fi) € x Y({f1,..., fi_1)). By definition of the dehomogenization of
an ideal, x(g) & (f1,-.., fi—1) but, as x is a homomorphism, x(g) - fi € (f1,..., fi—1)- So, f1,..., fi

is not a regular sequence. ]
Remark 7.2.26. The (sparse) regular sequences (Def. satisfy the assumptions of Lem.[7.2.25] see
Lem.

Algorithm 8 M?: Mixed scant Matrix-F5 with respect to <

Input: A list of affine polynomial fi,...,f, € K[Sy], a sparse order < and a
list of numbers d¥®,...,d*" € N such that d¥* is the witness degree of
X LS, oo, fic1)) + (xTH(fi)) with respect to <.
Output: The set G, is a scant Grobner basis of (f1, ..., f,) with respect to <.
Go 0.
fori =1tor do
G! + scantMatrixF5(x 1(Gi—1), x 1 (fi), <n, d¥).
G; < x (Gzh)
end for
return G,
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7.3 Grobner basis over semigroup algebras

We follow [Stu93, [FSS14] and consider Grobner bases over semigroup algebras. We construct a semi-
group algebra related to the Newton polytopes of the input polynomials and compute Grobner bases for
the ideal generated by the original polynomials in this semigroup algebra.

We embed the systems in semigroup algebras because in this place they “behave” in a predictable
way that we can exploit algorithmically. Semigroup algebras are related to toric varieties. An affine toric
variety is the spectrum of a semigroup algebra [CLS11, Thm. 1.1.17]. Hence, the variety defined by
the polynomials over the semigroup is a subvariety of a toric variety. This variety is different from the
one defined by the polynomials over the original polynomial algebra, but they are related and in many
applications the difference is irrelevant, e.g., [EM99a]. We refer to [CLS11]] for an introduction to toric
varieties and to [Stu96] for their relation with Grobner basis.

We extend [ESS14] to sparse mixed systems. We relax their regularity assumptions and we introduce
an F5-like criterion (Prop. [4.4.6) that, under (sparse) regularity assumptions, see Def. predicts all
the rows reducing to zero during Grébner bases computation.

7.3.1 Definitions

In this section, we follow the notation and definitions from Sec. We emphasize that K[SZ] is a
7" -graded algebra, in contrast to the algebra K[S J}\‘J] from Sec. which is Z-graded.

Grobner bases

The definitions of monomial ordering (Def. and Grobner basis over semigroup algebras (Def. [4.6.4)
appear in Sec. We introduce a particular family of monomial orders for K[Sg] that we can relate to
monomial orders in K[Sa] and K[N"].

Definition 7.3.1 (Multigraded monomial order). We say that a monomial order < for K[Sg] is multi-

graded, if there are monomial orders <a for K[SaA] and <;, for K[N"] such that, for every
X(and) | x(end) ¢ KISR], it holds

d d
xlard) o xlandy) o )X© < XTor . (7.5)
di = dy and X <A X2

Remark 7.3.2. In what follows, given a multigraded monomial order < for K[Sg] we also use the same
symbol, that is <, for the associated monomial order of K[Sa].

Multigraded monomial orders are “compatible” with the dehomogenization morphism (Def. [7.1.2)).

Lemma 7.3.3. Consider a polynomial f € K[SA]. Let < be a multigraded monomial order. For any
multidegree d and any homogeneous F € K[Sk|q such that x(F) = f, it holds LM (f) = x (LM< (F)).
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Solutions at infinity

As we discussed in Sec. [2.12] semigroup algebras are related to toric varieties. A toric variety is an
irreducible variety X that contains (C*)™, see Eq. (2.7), as an open subset such that the action of (C*)" on
itself extends to an algebraic action of (C*)™ on X [CLSTI} Def. 3.1.1]. Semigroup algebras correspond
to the coordinate rings of the affine pieces of X.

Given an integer polytope A, we can define a projective complete normal irreducible toric variety X
associated to it [CLSI1, Sec. 2.3]. Likewise, given a polynomial system (f1,..., fi,), we can define a
projective toric variety X associated to the Minkowski sum of their Newton polytopes. We can homog-
enize these polynomials in a way that they belong to the total coordinate ring of X [CLS11, Sec. 5.4].
This homogenization is related to the facets of the polytopes.

To be more precise, given an integer polytope A C R", we say that an integer polytope A is a N-
Minkowski summand of A if there is a k € N and another integer polytope Ay such that A; + Ay = k-A
[CLSI1IL Def. 6.2.11]. Every N-Minkowski summand A; of A defines a torus-invariant basepoint free
Cartier divisor D of the projective toric variety X associated to A [CLS11} Cor. 6.2.15]. This divisor
defines an invertible sheaf O x (D) whose global sections form the vector space of polynomials in K[Z"]
whose Newton polytopes are contained in Ay [Mas16, Lem. 1]. Therefore, to homogenize fi,..., f,
over X we need to choose polytopes Aq, ..., A, such that all of them are N-Minkowski summands of
A associated to X and NP(f;) C A;. Hence, for any homogeneous polynomial F' € K[Sg](dl,...,d,«),
we can homogenize x (F') (in the total coordinate ring of X) with respect to the N-Minkowski summand

We alert the reader that homogeneity in K[Sﬁ]d is different from homogeneity in the total coordinate
ring of X, see [CLS11l Sec. 5.4]. Nevertheless, there two notions are related through the degree d.

Definition 7.3.4 (Solutions at infinity). Let (f1,..., fm) be a system of polynomials. Let X be the
projective toric variety associated to a polytope A such that the Newton polytope of f; is a N-Minkowski
summand of A, for all i. We say that the system has no solutions at infinity with respect to X if the
homogenized system with respect to their Newton polytopes has no solutions over X \ (C*)™.

Proposition 7.3.5. Consider a square system (fi,..., fn) having a finite number of solutions over
(C*)™. Let X be the projective toric variety associated to the corresponding Newton polytopes. Then,
the number of solutions of the homogenized system over X, counting multiplicities, is exactly the BKK
bound (Thm. [2.12.19). When the original system has no solutions at infinity, then the BKK is tight over
(CH" C X.

For a proof of the previous proposition see, for example, [Mas16, Thm. 3] or [Sop13, Thm. 2.6].

7.3.2 Algorithm

To compute Grobner basis over K[Sa] we work over K[SZ]. We follow the Lazard’s approach, see
Alg.[3] adapted to the semigroup case; we “linearize” the problem by reducing the Grobner basis com-
putation to a linear algebra problem.

Lemma 7.3.6. Consider homogeneous polynomials F1, ..., Fy, € K[Sg} and a multigraded mono-
mial order < for K[Sa| (Def. |7.3.1). There is a multidegree d and homogeneous {G1,...,G} C
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(F1,....,Fp) N K[SRla such that {x(G1),...,x(Gy)} is a Grobner basis of the ideal
(X(F1),...,x(Fy)) with respect to the associated monomial order < (Rem. .

Proof. Let g1,...,q; € K[Sa] be a Grobner basis for the ideal (x(F1), ..., x(Fy,)) with respect to <.
By Obs. [7.1.3] there are polynomials G1,...,G; € (F1,..., Fy) such that x(G;) = g;, for i € [t].
Consider d € N” such that d > deg(G;), for i € [t]. It suffices to consider G; = X (04~ de8(G0)) G, ¢

K[SR]q, fori € [t]. O

When we know a multidegree d that satisfies Lem. [7.3.6] we can compute the Grobner basis over
K[SA] using linear algebra. For this task we need to introduce the Macaulay matrix, see Def.

Definition 7.3.7 (Macaulay matrix). A Macaulay matrix M of degree d € N" with respect to a monomial
order < is a matrix whose columns are indexed by all monomials X (% ¢ K[Sg]d and the rows by
polynomials in K[Sg]d. The indices of the columns are sorted in decreasing order with respect to <. The
element of M whose row corresponds to a polynomial F' and whose column corresponds to a monomial
X (@d) js the coefficient of the monomial X (a.d) of F. Let Rows(M) be the set of non-zero polynomials
that index the rows of M and LM (Rows(M)) be the set of leading monomials of these polynomials.

Remark 7.3.8. As the columns of the Macaulay matrices are sorted in decreasing order with respect to
a monomial order, the leading monomial of a polynomial associated to a row corresponds to the index
of the column of the first non-zero element in this row.

Definition 7.3.9. Given a Macaulay matrix M, let ﬂ be a new Macaulay matrix corresponding to the
reduced row echelon form of M. We can compute M by applying Gaussian elimination to M.

Remark 7.3.10. When we perform row operations (excluding multiplication by 0) to a Macaulay matrix,
we do not change the ideal spanned by the polynomials corresponding to its rows.

We use Macaulay matrices to compute a triangular basis for the vector space (F7,...,Fi)q =
(F1, ..., Fy) NK[Sk]4 by Gaussian elimination.

Lemma 7.3.11. Consider homogeneous polynomials F, ..., Fy € K[SR] of multidegrees dy, ..., dj €
N, respectively, and a multigraded monomial order <. Let /\/lfl be the Macaulay matrix of degree d
whose columns are sorted with respect to < and its rows correspond to the polynomials that we obtain
by considering the product of every monomial of multidegree d — d; and every polynomial F;; that is

Rows(ME) = {X(avd—dﬁm Li e [k], X (ed—di) eK[sg}d_di}. (7.6)

Let M’; be the reduced row echelon form of the Macaulay matrix /\/lfi (Def. .

Then, the set LM (Rows(ﬂg)), see Def. is the set of all the leading monomials of the ideal
(F1,...,Fy) at degree d.

Proof. We prove that LM (Rows(ﬂﬁ)) = LM ((F1, ..., Fk)a). First, we show that LM< (Rows(ﬂg)) 2
LM< ((F1,...,Fi)a). Let G be a polynomial in the vector space of polynomials of degree d in
(F1,...,Fy). This vector space, (F1, ..., F)4, is isomorphic to the row space of M. which, in turn,
is the same as the row space of M*, by Rem.7.3.10, Hence, there is a vector v in the row space of ./\/l’fi
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Algorithm 9 ComputeGB

Input: A list of affine polynomials fi, ..., fr € K[Sa] and a monomial order <.
Output: A Grobner basis for (fi, ..., fx) with respect to <.
for all f; do

Choose F; € K[Sg]di of multidegree d; such that y(F;) = f;.
end for
Pick a big enough d € N that satisfies Lem. [7.3.6
M Z < Macaulay matrix of degree d with respect to a multigraded order associated to < (Def.
for all F; do

for all X (*4=4) cK[Sk]4_q. do

Add the polynomial X (®4=%) [ as row to ME.

end for
end for
: M% < GaussianElimination(MK).
: return X(Rows(ﬂ’;)).

A A

_ =
—_ O

—_
[\%}

that corresponds to G. Let s be the index of the first non-zero element of v. As MVZ is in row echelon
form and v belongs to its row space, there is a row of ./\7’; such that its first non-zero element is also at
the s-th position. Let F' be the polynomial that corresponds to this row. Finally, the leading monomials
of the polynomials F and G are the same, that is LM< (G) = LM (F'), by Rem.[7.3.8]

The other direction is straightforward. O

Theorem 7.3.12. Consider the ideal generated by homogeneous polynomials Fy, ... F), € K[Sﬁ] of
multidegrees dy, . . ., dy € N", respectively. Consider a multigraded monomial order < and a multide-
gree d € N' that satisfy Lem. Let M'é and /\/lfl be the Macaulay matrices of Lem.

Then, the set X(Rows(/ﬁﬁ)), see Def. contains a Grobner basis of the ideal
(X(F1),...,x(Fg)) C K[Sa] with respect to <.

Proof. Let R := Rows(/ﬁfi) be the set of polynomials indexing the rows of /W’fi By Lem.
for every G € (F1,...,Fy)q there is a F© € R such that LMc(G) = LM (F). As < is a multi-
graded order, it holds LM (x(G)) = LM< (x(F)) (Lem.[7.3.3). As d satisfies Lem. for every h €
(X(F1),...,x(Fg)) thereis G € (F1, ..., Fi)q such that LM< (x(G)) divides LM (h). Hence, there is an
F € R such that LM (x(F")) divides LM< (h). Therefore, R is a Grobner basis for (x(F1), ..., x(Fk)).

O

Theorem leads to an algorithm (Alg. [9) for computing Grobner bases through a Macaulay
matrix and Gaussian elimination.

7.3.3 Exploiting the structure of Macaulay matrices (Koszul-F5 criterion)

If we consider all the polynomials of the set in Eq. (7.6), then many of them are linearly dependent.
Hence, when we construct the Macaulay matrix of Thm. [7.3.12]and perform Gaussian elimination, many
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of the rows reduce to zero; this forces Alg. [9]to perform unnecessary computations. We will extend to
F5 criterion (Prop. #.4.6) to our setting to avoid these redundant computations.

Theorem 7.3.13 (Koszul-F5 criterion). Consider homogeneous polynomials Fi, ..., F} € K[Sﬁ] of
multidegrees d1, . . . , dy and a multidegree d € N" such that d > dy, that is coordinate-wise greater than
or equal to dy. Let /\/l’:fl and M];l:}ik be the Macaulay matrices of degrees d and d — dy, respectively,

of the polynomials F1, ..., Fi_1 as in Thm.|7.3.12| and let /Wf[l and Mfljtk be their reduced row
echelon forms. -

For every X (®d=dx) ¢ 1M_ (Rows(MZ:bk ), the polynomial X (“3=%) F\_is a linear combination
of the polynomials

. X Bd=dr) ¢ K[SR]4_a, and
k—1 ,d—d . d—d

Rows(My; ) U {X(B K Fy X (Bd—di) X(Oed*dkl)c } :

Proof. If X(®4~4) ¢ LM_(Rows(M%_Y, ). then there is G € K[Sk]q—a, such that X (=) 4

G e (F1,...,Fr-1)d—d, and X (evd—dr) > 1M (G). So, there are homogeneous Hy,...,H 1 €
K[kSgl] such that X (®d4-%) L @ = > HiF;. The proof follows by noticing that X (evd—di) py o —
Yoicq (Fy Hy)Fy — G F,. ]

In the following, M'fl is not the Macaulay matrix of Lem. [7.3.11] It contains less rows because of
the Koszul-F5 criterion. However, both matrices have the same row space, so we use the same name.

Corollary 7.3.14. Using the notation of Thm. |7.3.13| let MZ be a Macaulay matrix of degree d with
respect to the order < whose rows are

B,d—dy h
Rows(.//\/lvg_l) U {X(,@-,ddk) Fk : X( k) e K[SA]d—dk and }

X Bd=d) o 1M (Rows(MEZY )
The row space of lei and the Macaulay matrix of Lem.|7.3.11|are equal.

The correctness of Alg. [10]follows from Thm.

Lemma 7.3.15. If H1(F1, ..., Fi)a = 0 and there is a syzygy > ., GiF; = 0 such that G; € K[Sg]d_di,
then Gy, € <F1, ce 7Fk:—1>d—dk-

Proof. We consider the Koszul complex IC(Fi, ..., F}) (Def.[1.1.6). As Y. GiF; = 61(Gy,...,Gy),
the vector of polynomials (G, ..., G) belongs to the Kernel of §1. As Hi(F1, ..., Fi)q vanishes, the
kernel of ¢ is generated by the image of d. The latter map is

(Hi2,..  Hy—15) — Zl<i<j<k: H; j(Fje; — Fie;),

where e; and e; are canonical bases of R*.  Hence, there are homogeneous polynomials
(Hi2,...,Hg_1}) such that

(G1,...,Gk) = Zl§i<j§k H; j(Fje; — Fie;).

Thus, Gy = Zfz_ll Hz,sz and so G, € <F1, - 7Fk—1>d—dk' O
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Algorithm 10 ReduceMacaulay

Input: A list of homogeneous polynomials Fi,..., Fy € K[Sﬁ} of multidegree d;,...,d, a
multidegree d, and a multigraded monomial order <.
Output: The Macaulay matrix of (F}, ..., Fj)q € K[SR] with respect to < in row echelon form.

L: Mlki + Macaulay matrix of degree d with respect to <.
2: if £ > 1 then

3 Mz_l < ReduceMacaulay({Fi,..., Fx_1},d, <).
4 /T/lﬁéildk <+ ReduceMacaulay({F},..., Fx_1},d — di, <).
5. forF e Rows(ﬂs_l) do

6 Add the polynomial F' as a row to M’fi.

7. end for

8: end if -

9: for X (®4~k) ¢ K[Sh]4_q, \ LM< (Rows(M}} )) do
10:  Add the polynomial X (®@~4¥) ) as a row to MZ.
11: end for

122 M% < GaussianElimination(MK).

13: return ./\7’3

The next lemma shows that, under (sparse) regularity assumptions (Def.[7.1.7), we avoid all redun-
dant computations, that is all the rows reducing to zero during Gaussian elimination.

Lemma 7.3.16. If H,(F1,...,Fx)a = 0, then all the rows of the matrix /\/lfl in Alg. |10| are linearly
independent.

Proof. By construction, the rows of M]fi corresponding to //\Xfi_l are linearly independent because the
matrix is in row echelon form. Hence, if there are rows that are not linearly independent, then at least one
of them corresponds to a polynomial of the form X (evd=dx) [y The right action of the Macaulay matrix
M’; represents a map equivalent to the map d; from the strand of Koszul complex IC(Fy, ..., Fk)q4.
Hence, if some of the rows of the matrix are linearly dependent, then there is an element in the kernel of
61. That is, there are G; € K[S&]4_q, such that

e 3"~ G;F; belongs to the linear span of Rows(ﬁz_l),

e the monomials of G, do not belong to LM<(Rows(M§:1dk)), and

L4 Ele Gle =0.

By Lem. [7.3.15| G\, € (Fi,...,Fr_1)d—a,.- By Lem.[7.3.11| and Cor. [7.3.14 the leading mono-

mials of Rows(MvZ:}ik) and the ideal (F7i,...,Fy_1) at degree d — dj, are the same. Hence, we
reach a contradiction because we have assumed that the leading monomial of Gy does not belong to
LM (Rows(M5 ) ). O

Corollary 7.3.17. If F, ..., F}, is a (sparse) regular sequence (Def. and d € N is such that d >
(>, d;), then ReduceMacaulay(F1,..., Fy,d, <) only considers matrices with linearly independent
rows and avoids all redundant computations.
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To benefit from the Koszul-F5 criterion and compute with smaller matrices during the Grobner basis
computation we should replace Lines 4 — 8 in Alg.[9|by ReduceMacaulay(F1, ..., F, d, <) (Alg.[10).



Chapter 8

Solving sparse polynomial systems

We can use both scant Grobner basis and Gréobner basis over semigroup algebras to compute normal
forms and so, to solve sparse zero-dimensional system. In Chapter [§] we introduce complexity bounds
for solving sparse polynomial systems using our algorithm to compute Grobner basis over semigroup
algebras. We do not discuss how to solve sparse polynomial systems using scant Grobner basis; never-
theless, we can deduce straightforwardly an algorithm from the variant of the FGLM algorithm (Alg. [3)
proposed in [ESS16, Sec. 4.2]. Unfortunately, we have not bounds for the arithmetic complexity of this
approach, let alone bounds depending on the Newton polytopes.

We build on [ER94] Emi96, Mas16] and, under some assumptions (Ass. [8.1.1]), we propose an algo-
rithm to solve zero-dimensional square systems. Because we work with toric varieties, we only compute
the solutions lying in (C \ {0})". The arithmetic complexity of our algorithm is polynomial in the num-
ber of integer points in the Minkowski sum of the Newton polytopes. Our strategy is to reuse part of
our algorithm to compute Grobner bases over semigroup algebras (Sec. to compute multiplication
maps and, via FGLM [FGLMO93], recover a Grébner basis over the standard polynomial algebra K[x].
As we compute the solutions over (C \ {0})™, we do not recover a Grobner basis for the original ideal,
but for its saturation with respect to the product of all the variables. Our algorithm relies on ideas from
resultant theory to avoid the computation of a Grobner basis. Instead, we compute a part of the Grobner
basis which suffices to solve the systems. We compute with a matrix that has the same size as the one
in resultant-based approaches [ER94, [Emi96]|. Hence, the complexity of our algorithm is similar to the
one of the resultant-based approaches; however, we do not compute a mixed subdivision and we rely on
weaker assumptions which, in addition, are geometric. Moreover, in general, Grobner-type algorithms
can be extended without any modification to the overdetermined case.

We introduce an algorithm to solve mixed sparse systems (Sec.[8.1)) and two variants for two specific
subfamilies: mixed multihomogeneous systems (Sec. and unmixed systems (Sec.[8.3).

8.1 Mixed sparse polynomial systems

We introduce an algorithm that takes as input a zero-dimensional mixed sparse polynomial system
fiy.-oy fn in K[Z"] and solves it by computing a lexicographical Grobner basis for the ideal

<< frooos fa) AL xj)oo) C K[x]. The latter corresponds to the ideal associated to the intersection

179
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of the torus (C*)™ with the variety defined by I. For this, we reuse our results on computing Grobner
basis over semigroup algebras. We follow the notation of Sec.

8.1.1 The algorithm

Let fi,..., fn € K[x] be a square zero-dimensional system. First we embed each f; in K[Z"]. We
multiply each polynomial by an appropriate monomial, X7 & K[Z"], so that O is a vertex for each
Newton polytope, as well as, a vertex of their Minkowski sum. For each 1 < ¢ < n, we consider the
Newton polytopes:

A; := NP(XPif). (8.1)

Let A be the standard n-simplex (Ex. [2.12.15)); it corresponds to the Newton polytope NP(1 + > x;).
We consider the algebras K[Sa | and K[Sx ] associated to the polytopes Ay, ..., Ay, see Def. IE and
the embedding XP1f,..., XPnf, € K[Sa]. For each i > 1, we consider F; € K[Sg]ei such that
x(Fi) = XPi f; € K[Sal.

Assumption 8.1.1. Using the notation of Sec. let X be the projective toric variety associated
to Ao + -+ + Ay,. Assume that the system (f1,..., fn) has no solutions at infinity with respect to X

(Def. . Further, assume that, for a generic linear polynomial f, the system ( fo, f1,. .., fn) has no
solutions over (C*)".

In what follows, given dy, dy € N"*! we say di > dy if d; — dy € N"T1,

Lemma 8.1.2. [Masl6| Thm. 3.a] Under Ass. for every d € N1 such that d > Zi>0 e;, it holds
Ho(Fu,. .., Fn)a = K[Z"/{f1,. - fn)-

Lemma 8.1.3. [[Masi6| Thm. 3.c] Under Ass. for every homogeneous polynomial Fy € K[Sﬁ]do
such that the system (fi,..., fn, X(F0)) has no solutions over (C*)", the system (Fi,...,F,, Fy) is
Koszul regular (Def. and, for every d € N"*! such that d > Y€ +do, (F1,...,F Fo)g =
K[SK]a-

Proof. The key observation for the proof is that the homogenization of system (f1, ..., fn, X(Fo)) with
respect to the toric variety X has no solutions over X (see the discussion before Def. [7.3.4). To see
this, notice that, by Ass. the homogenization of the system (f1, ..., f,) with respect to X has no
solutions over X \ (C*)" (see also Def.[7.3.4). Moreover, we assumed that (f1,..., f,, x(Fp)) has no
solutions over (C*)".

The proof follows from the argument in the proof of [Mas16, Thm. 3]. This argument is the same as
in [GKZ08| Prop. 3.4.1], where the stably twisted condition is given by [Mas16, Thm. 1]. O

Corollary 8.1.4. Under Ass. for any monomial X(@Pe) ¢ K[Sk]pe, the system
(Fi,..., Fn, X (D €0)) is Koszul regular. For every d € N1 such that d > >, € + Deq, it holds
(Fi...Fy, X(@De0)) ) = K[SK]q4.

We fix a graded monomial order > for K[SZ] (Def. . Let b be the set of monomials that are
not leading monomials of (F1, ..., Fyn)y._ e, thatis

b:= { x(@Tisie) ¢ KISAly .., e (VG € (Fy,.. .,Fn>zz_218i> LM (G) # X(a,zizlen} (8.2)
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We prove that the dehomogenization of these monomials, x(b), forms a monomial basis for

K[Z"™/{f1, - fn)-
Lemma 8.1.5. The monomials in the set x(b) are K-linearly independent in K[Z"]/(f1, ..., fn)-

Proof. Assume that the lemma does not hold. Hence, there are ¢y, . . ., C(#b) € K, not all of them 0, and
g1,---,9n € K[Z"] such that ), ¢; x(b;) = >, gi fi. We can clear the denominators, introduced by the

g:’s, by choosing a monomial X ¢ € K[N"| such that, for every i, ())((7/301 gi) € K[N"]. Moreover, there is
adegree D € N and homogeneous polynomials G; € K[Sa] of multidegrees (D €0+ ;-0 €j—€;)such
that x(G;) = (% gi) and X (@D eo) >.cibi=>,G; F;. By Lem.|8.1.3| (F1,..., F,, X (@Deo)y g
Koszul regular and so, by Lem.[7.3.15) >, ¢; b; € (F7,. .. 7F”>Zi>1 e;- S0, amonomial in b is a leading

monomial of an element in (F7y, ..., f">2i>1 e;- This is a contradiction as, by construction, there is no
monomial in b which is a leading monomial of a polynomial in (F, ..., F”>Z¢>1 e O

Corollary 8.1.6. The set of monomials x(b) is a monomial basis of K[Z™]/(f1,. .., fn)-

Proof. By Lem. the number of elements in the set b and the dimension of K[Z"]/(f1,..., fn) is
the same. By Obs.[7.1.4] as all the monomials in b have the same degree, the sets b and x(b) have the
same number of elements. By Lem. [8.1.5] the monomials in the set x(b) are linearly independent. ~ [J

Remark 8.1.7. A way to compute the set b is to compute a basis of the vector space (F1, . . ., F">Zi>1 e;

using Alg. m that is ReduceMacaulay ((Fl, o FR) D s €, >) .

For each Fy € K[SA]e,, we construct a Macaulay matrix (Def.[7.3.7) at multidegree 1 := >_7_ e;,
say M (Fp), related to the ideal (F1,..., F,, Fy). From this matrix we will recover the multiplication
map of x(Fp) in K[z]/(f1,..., fn). The rows of M(Fp) correspond to polynomials of two kinds:

e the polynomials in Rows(./{/lvé’f), where M? = ReduceMacaulay ((Fy, ..., Fy,),1,>), and
e the polynomials of the form b; Fy, where b; € b.

Lemma 8.1.8. The matrix M(Fy) is always square. It is full-rank if and only if (F1,...,Fn, Fp) is
Koszul regular.

Proof. According to the Koszul-F5 criterion (see Thm. [7.3.13)), the row space spanned by M (Fy) is
the same as the vector space (F7,..., F,, Fy)1 for any choice of Fj € K[Sg]eo. By Cor. , we
can consider an Fy € K[SX]¢, such that (Fy, ..., F,, Fy) is Koszul regular. Then, the rows of M (Fp)
generate K[Sg]l and are linearly independent (Lem. . Hence, by Lem. for this particular
Fy, the matrix M (Fy) is square and full-rank. However, the matrix M (Fp) is square for any choice of
Fy € K[S}]e,, because its number of rows does not depend on Fy. Nevertheless, it is not full-rank for
any choice of Fy € K[S&]e,. If M(Fp) is full-rank, then (F1, . .., F,,, Fp) is Koszul regular because, by
the sparse Nullstellensatz [Som99, Thm. 2], the homogenization of the system (fi, ..., fn, x(Fo)) has
no solutions over (C*)™. Consequently, the proof follows from Lem. 0

We reorder the columns of M (Fj) as shown in Eq. (8.3)), such that
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e the columns of the submatrix {%’ﬁ(%)} correspond to monomials of the form b; X (0:€0) | where

b; € b, and

e the rows of [ M2,1(Fo) | M22(Fy) ] are polynomials of the form b; Fyy, where b; € b.

x (0.e0) b
_ e e _

Rows(M7) M 1 (Fo) My 2(Fo)
M(Fy) = (8.3)

M1 (Fo) || Maa(Fo)

We prove that M 1 (Fp) is invertible and the Schur complement of M2 2(Fp), M3 5(Fp), is the mul-
tiplication map of x(Fp) in the basis x(b) of K[Z"]/(f1,..., fn)-

M5 5(Fy) := (Maz — Mas M;} My 2)(Fp). (8.4)

Lemma 8.1.9. If (F,..., F,, X)) is Koszul regular then, for any Fy € K[S&]e,s the matrix
M 1 (Fo) is invertible.

Proof. By Lem. as the system (F, . . ., F},, X (%:¢0)) is Koszul regular, then the matrix M (X (©-€0))
is invertible. As My ; (X(O’eo)) is the zero matrix and M2,2<X(0760)) is the identity, then M ; (X(O’eo))
must be invertible. By construction, the matrices M 1(Fp) and M »(Fp) are independent of the choice
of Fy. Hence, for any Fy, the matrix M, 1 (Fp) is invertible. ]

Theorem 8.1.10. The multiplication map of x(Fy) in the monomial basis x(b) of K[Z"|/{f1,..., fu) is
M o(Fb), that is the Schur complement of Ms »(Fo) (Eq. .

Proof. Note that for every Fy € K[S&]e, and each element b; € b,

b; Fo = XY (M5 ,(Fo))ijb; in K[SA]/(Fy, ..., Fn),
J
where (M3 4(Fp)):; is the (7, ) element of the matrix Mg, (Fp). Hence, if we dehomogenize this
relation we obtain that,

X(0:)X(Fo) = > (M5 (Fo))ijx(b;) in K[Sal/(XPrfr,..., XPnf,).

J

As K[Sa] € KJ[Z"], the same relation holds in K[Z"]/(f1,..., fn). By Cor. [8.1.6 the set x(b) is
a monomial basis of K[Z"]|/(f1,..., fn). Therefore, M3 ,(Fp) is the multiplication map of x(Fp) in

KIZ"/(f1s-- -, fn)- 0
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Using the multiplication maps in K[Z"]/(f1, ..., fn) and the FGLM algorithm (Alg.[5), we can com-
pute a Grobner basis for (f1,..., fn) : ([[; z:)° over K[z]. The latter is the saturation over K[N"] of
the ideal (f1, ..., f,) by the product of all the variables.

Lemma 8.1.11. Consider polynomials f1,..., fr C K[N"]. We denote by (f1,..., fx)xzn] the ideal
that f1,..., fi generate over K[Z"| and by (f1, ..., fx)xnn| the ideal that they generate over K[N"].
Then, the sets (f1, ..., fx)xz~) VKIN"] and (f1,..., fi)xpe) : ([1; ©:)°° are the same. The latter is an
ideal over K[N"].

Proof. Consider f € (f1,..., fx)xz») N K[N"]. Then there are g; € K[Z"] such that f =}, g; f;. We

can clear the denominators introduced by the g;’s by multiplying both sides by a monomial (]| j xj)d,

where d is big enough. Then, (]]; z))l f = > (T z;)%g;)f; and (TL, z;)%g;) € K[N"]. Thus,

(I1; z))f € (fioooo fdgpey and f € (fi,..., fi)rpe) ¢ ([1;25)°°. The opposite direction is
straightforward as [ [, z; is a unit in K[Z"]. O

We can perform FGLM over K[N"] to recover a Grébner basis for (f1, ..., fa)rpne @ (I1; 7:)°° by
considering the multiplication maps of each z;. These correspond to M§72(X ("‘i’eo)), where a; is such
that x (X (%€0)) = z;. We note that, as > is a multigraded monomial order, it holds X 0Xiz1€) ¢ p
and so, x(X(®2i21)) = 1 € y(b). We omit the details of this procedure.

The following algorithm, Alg. summarizes our strategy to compute Grobner basis for zero-
dimensional systems over the standard algebra.

8.1.2 Complexity

We estimate the arithmetic complexity of Algorithm [IT} it is polynomial with respect to the Minkowski
sum of the polytopes. We omit the cost of computing all the monomials in K[Sﬁ]d and we only consider
the complexity of reading them. Our purpose is to highlight the dependency on the Newton polytopes.
A more detailed analysis might give sharper bounds.

Definition 8.1.12. For polytopes N, ..., A, and for each multidegree d = (dy, . ..,d,) € N"1 of
K[SR], let P(d) be the number of integer points in the Minkowski sum of the polytopes given by d,

P(d) = # (X7 d;A) N Z").
Note that P(d) equals the number of different monomials in K[SZ]g4.

Lemma 8.1.13. Let Fy,... F}, € K[Sg} be a (sparse) regular sequence of multidegrees d, . ..,dy €
N1 respectively. Consider a multigraded monomial order >. For every multidegree d € N"t1
such that d > " d;, the arithmetic complexity of computing ReduceMacaulay ((F1, ..., Fy),d,>) is
O(2F+1 P(d)), where w is the exponent of matrix multiplication [GG13l Sec. 12.1].

Proof. By Cor. as Fy,..., I, € K[Sﬁ] is a (sparse) regular sequence and d > ) . d;, all the
matrices that appear during the computations of ReduceMacaulay ((F1,..., Fy),d,>) are full-rank
and their rows are linearly independent. Hence, for each matrix, their number of rows is at most
their number of columns. The number of columns of a Macaulay matrix of multidegree d is P(d).
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Al

gorithm 11 compute-0-Dim-GB

Input: Affine system (f,...

Output: Grobner basis G for the ideal (f1, . . .

[ T e ——
SANS AN T =

17:

19

20:

R e A A S S e

number of solutions over (C*)™ and satisfies Ass.[8.1.1]

, fn) in K[x] and a monomial order > for K[z], such that it has a finite

o fn) : (I]; 2i)>° with respect to the monomial order >.

Consider the algebra K[Sg] related to the polytopes of fi,..., f, and the n-simplex. (See Eq. E
For each i € [n] do choose F; € K[SZ]e, such that y(F;) = X7 f;. (See Eq. 8.1
Choose a multigraded monomial order > for K[Sﬁ]. (see Def.[7.3.1
C < Rows(ReduceMacaulay ((F1, ..., Fpn), > o0€i>))- (see Al@
b« {X(""Zizlei) €K[SAy, e : X(@Tizie) ¢ c} (see Eq.[8.2
P + Rows(ReduceMacaulay ((F1,...,Fy),1,>)). (see Alg.[10
for all z; € K[z] do
Choose monomial X (%) ¢ K[Sk]., such that y(X (*€0)) = z;.
M(X (o‘“eo)) <+ Macaulay matrix of degree 1 with respect to >. (see Def.
for all I ¢ Pdo
Add F to M(X (@),
end for
forallb; € b do
Add b X (@i:€0) to M (X (@i€0)),
end for
Rearrange M (X (@€0)) ag [%;1 %;z} (X (@ie0)), (see Eq.|8.3
My, < (Mg — Moy M; & My 5)(X(@€0)), (see Thm. [8.1.10
: end for ’
: G+ FGLM (Mg, ..., My, ), >). (See Alg.[5] recall that 1 € x(b))

return G.
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Thus, in this case, the complexity of Gaussian elimination is O(P(d)*) [GG13]. If C(k,d) is cost of

ReduceMacaulay ((F1,. .., Fy),d, >), then we have the following recursive relation
Ok, d) = O(P(d)*) ifk =1,
T Ck—=1,d)+ C(k—1,d—dg) + O(P(d)~) ifk>1.

The cost C'(k — 1, d) is greater than C'(k — 1,d — dy,), as it involves bigger matrices. Hence, we obtain
C(k,d) = Ok P(d)»). O

Theorem 8.1.14. Consider an affine polynomial system (f1, ..., fn) in K] such that Ass.[8.1.1| holds.
Let (FY,. .., F,) be the system associated to (f1, ..., fn), see discussion at the beginning of Sec.[8.1.1}
where F; € K[SRle, and x(F;) = fi, for i € [n]. Assume that (Fy,...,F,) is (sparse) regular
(Def. . Then, the arithmetic complexity of computing a Grébner basis for (fi,. .., fa) : ([, )™
with respect to any monomial ordering > is upper-bounded by

O2" P(d)* + nMV(Ay,...,A,)3) operations.
Proof. Tn Alg.[TT] we need to compute:

e The set Rows(ReduceMacaulay ((Fi,...,Fy),> ;- €;,>)) to generate b (Rem. 8.1.7). By

Lem.|8.1.13] this costs O(2" T P(},_; €:)“).

e The set Rows(ReduceMacaulay ((F1,. .., Fy),1,>)) to generate the matrix M (Fp) of Lem.
By Lem. [8.1.13] it costs O(2" ! P(1)%).

e For each variable x;, the Schur complement of M(Fy), for x(Fy) = x;. The cost of each Schur
complement computation is O(P(1)“), and so the cost of this step is O(n P(1)%).

e The complexity of FGLM depends on the number of solutions (Prop.[5.2.8). In this case, the number of
solutions is MV(Aq, ..., A,) (Prop.[7.3.5). Hence, the cost of this step is O(n MV (A1, ..., A,)3).

O]

Note that MV(Aq,...,A,) < P(1). Hence, to improve the previous bound for lexicographical
orders we can follow [FGHR13].

8.2 Mixed multihomogeneous systems
We consider an algorithm for solving zero-dimensional square multihomogeneous systems, see

Def.[2.10.8] This algorithm relies on the same principles as our algorithm in Sec. [8.1but we improve the
complexity by exploiting the fact that we consider multihomogeneous polynomials.
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8.2.1 Notation
We follow the same notation as in Sections and Letni,...ng € N, N := 3. n;, and n :=

(n1,...,nq) € N9 For 1 <i < g, let z; be the set of variables {z;,...,%;in, }. Let K[z, ..., 4] :=
7, K[a;] be the multihomogeneous Z?-graded K-algebra, such that for all d := (dy, ..., d,) € Z%, it
holds K[x1, ..., %¢lda :== Q7_; K[zi]4,. Given a multihomogeneous polynomial F' € Kx1, ..., Z4d.

we denote its multidegree by deg(F) = d € N%. Given a K[x1, ..., x,|-module M, we consider (M )q
as the graded part of M of multidegree d. Given two multidegrees d;,ds € N9, we say that d; > dy
if the inequality holds component-wise, that is, if d; — dy € N9. We consider the multiprojective space
P ox ... x P, Let1 = (1,...,1) € Z? be the multidegree corresponding to multilinear polynomials
in K[z1,...,x,]. Consider the ideal generated by all the polynomials in K[x1, ..., x41,

q
B = m<l‘i70’ e 7$i,ni>'
=1

Let KCo(F1,. .., Fy) be the Koszul complex of Fi, ..., F over K[xzy,. .., z,], see Def. Let
Hi(F, ..., Fy) be the i-th Koszul homology module of Ko(F1, . .., Fy). Givena K[z, . .., x,]-module
M,let H jjB (M) be its j-th local cohomology module at B (Sec. .

Let ¢, := [[_;zio € K[z1,...,24)1. We say that a multihomogeneous system (I, .., Fy)
has no solutions at infinity if the system (F7, ..., Fx, ) has no solutions over P™ x - - x P". We
dehomogenize a multihomogeneous polynomial by replacing each variable x; o with 1. That is, we
consider the dehomogenization homomorphism Y, see Def. such that,

zi; if7>0
M%ﬁ:{ld

1 ifj=0.
We define the algebra K[x,;] as the K-algebra obtained from the dehomogenization of K[x1, ..., x,],
that is
Kz := x(K[z1, ..., 2¢]) = K[z1,1,. .., Zgn,]-
Given F' € K[z1, ..., x|, we consider as x(F') € K|z, its dehomogenization.
Remark 8.2.1. For each 1 < i < g, let A; := NP(1 + Y77, 2;) C RN. Each polytope \; has
dimension n; and A =1 | A; C RN is full-dimensional. The algebra K[z, ..., x4| is isomorphic to

the Z.9-graded algebra K[SX] from Def. Moreover, K[z g is isomorphic to K[Sa].

8.2.2 Multihomogeneous Macaulay bound

In this section, we construct bounds for the maximal degrees on which the homologies of the Koszul
complex Ko(F1,..., F}) do not vanish. For that, we assume that (F1,..., F}) is a regular sequence
outside B, see Def. We use local cohomology (Sec. and the multigraded Castelnuovo-
Mumford regularity (Sec. [2.TT). We follow the same notation as in these sections.

Proposition 8.2.2 (Multihomogeneous Macaulay bound). Let (F1, ..., F}) be a regular sequence out-
side B and consider d > <Zf:1 deg(FZ-)> —n, wheren := (n1,...,nq) € N9 Then, for each i, j, the
j-th local cohomology of H;(F1, ..., Fy) vanishes, that is, for all i, j it holds

(HL(Hi(Fy,. ... Fy))) 4 = 0.
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Proof. We prove this lemma using Prop. and so, we follow its notation. Fix 7 and j in Eq. (2.5),
and consider & C {1,...,q} suchthat N, + 14+ j —i < k, #a # 0,and v € X(No+1+j — 1),
see Eq. (2.4). We pick t € «. Then, the ¢-th coordinate of any element in Q, + v is < —ny — 1 + v,
where v; is the ¢-th coordinate of v. As all the multidegrees deg(F}), ..., deg(F})) are non-negative,
vy < Zle deg(F;)¢. So, —ny — 1+ v, < —ng + Zle deg(F;): < dy, where d; is the t-coordinate of d.
Hence, d & Q,, + v for any « and v as in Eq. . Therefore, by Prop. , (Hé(Hf))d =0. 0O

If (F,. .., Fy) is aregular sequence outside B, then Prop. give us a bound for the multigraded
Castelnuovo-Mumford regularity of K[z, ..., x4|/(F1,. .., F). We call this bound the multihomoge-
neous Macaulay bound, as it extends the Macaulay bound (Prop. to multihomogeneous polyno-
mials. In contrast with the Macaulay bound, the multigraded Macaulay bound is not tight, see [ACGOS,
Sec. 4.4].

Corollary 8.2.3. Let Fy, . .., Fy be regular sequence outside B and consider d > <Zf:1 deg(Fi)) —-n.

o Ifk = N, then the dimension of (K[x1,...,xq]/(F1,..., Fn))d is the multihomogeneous Bézout
bound, that is, the number of solutions, counting multiplicities, of the system (F1,..., Fn) over

P™ x ... x P™4, see Prop.|2.10.9

o I[fk=N +1, then K[.’Bl,. . .,:qu]d = ((Fl,. .. 7FN+1>)d-

8.2.3 Computing graded parts of the ideals

Let (Fy, ..., F;) be multihomogeneous system in K[z1, ..., x,]. Algorithm [10]computes a set of gen-
erators of the vector space ((F1,...,Fy))q. If (F1,..., F)) form a regular sequence outside B, and

d> (Zle deg(Fi)) — n, then it performs no reductions to zero.

Theorem 8.2.4. If (Fy, ..., F}) is a regular sequence outside B, then for every d > (Zle deg(E)) -

n, ReduceMacaulay(Fy,..., Fj,d, <) (Alg. @) only considers matrices with linearly independent
rows and avoids all redundant computations.

Proof. We proceed by induction on k. Let Dy, := <Zf:1 deg(Fi)> — n. When k = 1, the ideal

is principal and so the theorem holds. In step k, note that d > Dy, implies d > d — deg(Fy) >
Dy, — deg(F},) = Dy_1. Hence, we have no reductions to zero in the recursive calls. By Prop.[2.11.7] it
holds H%(H1(Fy,. .., Fr)) = Hi(F1,..., Fy). As d > Dy, by Prop. [8.2.2] we conclude

(HA(Fy, ..., Fy))g = HY(HL(FL, ..., Fp))g=0.

Hence, by Lem. [7.3.16 the rows of the matrix Mg in Alg. |10|are all linearly independent and so, the
algorithm performs no reductions to zero when it computes Mz. O
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8.2.4 Solving zero-dimensional multihomogeneous systems

Our solving strategy is to dehomogenize the system and to compute the multiplication maps for the
affine variables. Then, we can apply FGLM (Alg. [5) to compute a Grobner basis or to compute the
eigenvalues/eigenvectors of the multiplication maps (Sec. [5.2.1).

Let (F1,..., Fy) be a zero-dimensional system in K[z, . .., x,] with no solutions at infinity, such
that it forms regular sequence outside B. If we do not know that the system has no solutions at infinity,
then we can ensure this condition by performing a generic linear change of coordinates (Def.
preserving the multihomogeneous structure, e.g. see [CLO06, Pg. 121]. We use Alg. [I0]to construct a
monomial basis and the multiplication maps over K[z.«|/(x(F1), ..., x(Fn)). Our strategy is similar
to Sec. but instead of introducing a linear polynomial fj involving every variable in K[z, we
introduce a multilinear polynomial f; € K[z,] which is the dehomogenization of Fiy € K[x1,. .., x4]1.
We do so because, by introducing a multihomogeneous Fj, we do not modify the underling toric variety
[CLS11l Cor. 6.2.14].

Let Dy = (Zf\i 1 deg(Fi)) — n. Following Sec. we fix a graded monomial order < and

consider b as the set of monomials that are not leading monomials of ((F71, ..., Fn))p,. thatis
b:.= {a:a € K[:Bl, R ,CCq]DN : (VG S <<F1, .. 7FN>)DN) LM<(G> #* .’Ba}

We will prove that the dehomogenization of these monomials, x(b), forms a monomial basis for
Klx.]/(x(F1), ..., x(Fn)) following the same arguments as in Lem. and Cor.[8.1.6]

Lemma 8.2.5. If the system F, ..., Fn has no solutions at infinity, then x(b) forms a monomial basis
for K[zl /(x(F1), - - s X(FN))-

Proof. The set x(b) is a monomial basis if and only if all its elements are linearly independent on the
quotient ring K[x.] / (x(F1), ..., x(Fx)) and they generate this ring. By Cor. the dimension of the
quotient ring, as a K-vector space, is the same as the cardinal of x(b). Hence, to conclude the proof we
need to show that the elements of x(b) are linearly independent. Assume that there is a non-trivial linear
combination p := ), ¢; x(b;) of the elements of x(b) such that p = 0 in K[x]/(X(F1), ..., x(FN))-
Then, similarly to Prop.[4.3.2] there isaw € Nsuch that (x,)*-P € (F1,..., Fy), where P := ", ¢; b;.
By construction of b, the set is linearly independent over (F7,..., Fy). Hence, w > 0. As Fy,..., F,
has no solutions at infinity, then the system (F, ..., Fi, ) has no solutions. Using Prop. we

can prove that Hy(Fi,...,Fn,2¥)Dy+w1 = 0. By Lem.[7.3.15  as & - P € ((F1,..., FN))Dny+w1s

then P € ((F1,...,Fn))Dp, and so we get a contradiction. Therefore, such a linear combination p # 0
does not exists and the set x(b) is linearly independent on K|[x.q|/ (X (F1), ..., x(FN)). O
Remark 8.2.6. One way to compute the set b is to compute a basis of the vector space (F1,...,F,)py

using Alg. 10} that is ReduceMacaulay ((F1,...,Fy),Dn,<).

Consider dye; := Dy + 1. We will construct a matrix similar to Eq. and deduce the multipli-
cations maps from its Schur complement. For each Fj € K[Sﬁ]l, we will construct a Macaulay matrix
for (F1,..., Fn, Fy) at multidegree dyeg, say M(Fp). The rows of M (Fy) correspond to polynomials
of two kinds:

e the polynomials in Rows(ﬂgreg), where Mgﬁg = ReduceMacaulay ((Fi, ..., Fy), dreg, <),
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o the polynomials of the form b; Fp, where b; € b.

Lemma 8.2.7. The matrix M(Fy) is always square. It is full-rank if and only if (F1, ..., Fn, Fy) has
no solutions.

The proof of this lemma is the same as the one of Lem. taking into account that, by Cor.[8.2.3]
Ho(Fl, ce ,FN, :Bh)dreg =0.

We reorder the columns of M (Fp) as shown in Eq. (8.5)), such that

e the columns of the submatrix [%Jﬁ(%)} correspond to monomials of the form b; x,, where b; €

b, and

e the rows of [ Ma,1(Fo) | M2,2(Fy) ] are polynomials of the form b; Fyy, where b; € b.

Tp b
- e e
Rows(Mg,,) M 1(Fo) M 2(Fo)
M(Fy) = (8.5)
Fo-b Ms1(Fo) || Ma22(Fb)
Theorem 8.2.8. If the system F1,...,Fn is a regular sequence outside B and has no solutions at

infinity, for any Fyy € K[x )1, the matrix M 1(Fy) is invertible and the Schur complement of M» »(Fp),
M5 o(Fp) == (Ma22 — Ma, Mill M 2)(Fv), is the multiplication map of x(Fy) in the basis x(b) of
Klzw]/ (X (F1); - - -, X(FN))-

The proof of this theorem is exactly the same as the one of Lem. [§.1.9)and Thm. [8.1.10]

8.3 Unmixed sparse polynomial systems

Faugere et. al. [FSS14]] introduced a variant of the FGLM algorithm (Alg. [5) to solve zero-dimensional
unmixed sparse systems. Their approach needs to precompute a Grobner basis over a semigroup algebra
K[Sa], which they use to compute normal forms. By bounding the complexity of computing such a
Grobner basis, they derive complexity bounds for the arithmetic complexity of solving unmixed sparse
systems. In particular, under regularity assumptions, they propose a bound for the maximal degree of
an element in the Grobner basis [FSS14, Lem. 5.2]. Their bound depends on the combinatorics of the
Newton polytope.

In this section, we show that their complexity bound misses some assumptions to hold; in Sec.[8.3.1]
we present a counter-example to it. Moreover, it is not clear which are the assumptions, if any, for this
bound to hold for arbitrary unmixed systems. With this problem as a motivation, we show how we can
adapt our solving strategy from Sec. and combine it with their FGLM-like algorithm to derive a novel
algorithm with the complexity bound claimed in [ESS14, Thm. 5.3].
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8.3.1 Counter-examples to the complexity bound of [FSS14]

Let A be the standard 2-simplex and consider the regular system given by two polynomials Fy, Fy €
K[Sﬁ]g of degree 2, that is,

Fl ::X([270L2) + X([171]72) + X([072]72) + X([1?0]72) + X([Ovl}vz) + X([070L2)
F2 ::X([Q,OL2) + 2X([171L2) + 3X([0’2}72) + 4X([1’0]72) + 5X([0>1]72) + 6 X([070]72)

Consider the graded monomial order < defined as follows,

d1 < dg, or
X (evyildy) o x(w2v2lde) 0 g = dy and 21 < 29, or

di =do and 1 = z9 and y; < Yo

In this case, the bound claimed in [FSS14, Lem. 5.2] is 3. However, the maximal degree of an
element in the Grobner basis of (F, F») with respect to < is 4.

We also studied a more complicated semigroup algebra K[Sg], where A corresponds to the Newton
polytope of 1+2+y+x y+ 2 y>. We considered two generic polynomials I, F € K[Sgb of degree 2
and computed the different maximal degrees of the elements in each Grobner bases of (Fy, Fy). For this
system, we have performed an extensive search over different monomials orderings <, see Def.
We tried more than 40 000 monomial orderings and for none of them the bound in [FSS14, Lem. 5.2]
holds.

8.3.2 Our approach

Following the same notation as in Sec. we consider K[Sa] and K[SX] with respect to only one
polytope A instead of many, and so K[Sg] is a N-graded ring. We assume that A is a normal polytope.

Definition 8.3.1 (Normal polytope). [[CLS1I Def. 2.2.9] We say that an integer polytope /A is normal if
forall k,l € N,
(k-A)NZ"+(1-A)NZ"=((k+1)-A)NnZ".

When A is normal, the algebra K[S g} is Cohen-Macaulay [CLS11, Thm. 9.2.9] and so we can
consider homogeneous regular sequences of maximal length. In particular, generic square homogeneous
systems are regular sequences. This means that, in these cases, our algorithm ReduceMacaulay (Alg.
will avoid every reduction to zero. This is so because the Koszul complex of a regular sequence is exact,

see Prop.

Theorem 8.3.2. Consider homogeneous polynomials (F\, ..., F,, Fy) of degrees dy, . ..,dn,dy € N,
respectively, such that (F, ..., F,, Fy) is a homogeneous regular sequence over K[SX| and dy = 1. Let
1 be the smallest integer such that r - A contains an integer interior point. Let Dy, := (), d;) —r+ 1.
Then, for all d > D,, it holds B

o dimg ([K[SR]/(Fi,..., Fu)la) = MV(d14,...,d, A) and
o dlmK([K[Sg]/<F1, ce ,Fn, F0>]d+1) =0.
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Proof. We can prove this statement by studying the Hilbert series of K[S, g], following the first part of the
argument in the proof of [ESS16, Lem. 5.2]. This series is given by the rational function H Sy Sk (t) =

%, where the degree of Q(t) is (n + 1 — ) [FSS16, Prop. 2.7]. O

We will state the following theorems without proving them. Their proofs rely in the same ideas as in
Sections [8.T]and [8.2] We fix a graded monomial order < and consider b as the set of monomials that are
not leading monomials of [(F1,. .., Fy,)]p,,, that is

bi= { XD cK[Sh]p, : (VG € [(F1,.... Fa)lp,) LH<(G) £ 2°}.
Lemma 8.3.3. If the system (F1, ..., Fy) has no solutions at infinity, see Ass. then the dehomog-

enization (Def. of b, x(b), is a monomial basis of K[Sa|/{x(F1), ..., x(FN))

Let dyeg := Dp+1. Foreach Iy € K[S g] 1, we will construct a Macaulay matrix for (F1, ..., Fy,, Fp)
at degree dyeg, say M (Fp). The rows of M (F)) corresponds to polynomials of two kinds:

e the polynomials in Rows(ﬂﬁrea), where /W’C}reg = ReduceMacaulay ((Fi, ..., Fy), dig, <), and
e the polynomials of the form b; Fy, where b; € b.

Lemma 8.3.4. The matrix M(Fy) is always square. It is full-rank if and only if (Fi,...,Fyn, Fy) isa
regular sequence.

We reorder the columns of M (Fp) as shown in Eq. (8.6), so that

e the columns of the submatrix {%ﬁ(ﬁ—gﬂ correspond to monomials of the form b; X

b; € b, and

(0’1), where

e the rows of [ M2,1(Fo) | M2,2(Fy) | correspond to polynomials of the form b; Fpy, where b; € b.

X(Owl) . b
- —_———
Rows (Mg ) M1 (Fo) | Mio(Fo)
M(Fy) = = (8.6)
Fo-b My 1 (Fp) M 2(Fp)
Theorem 8.3.5. If the system F,..., Fy is a regular sequence, for any Fy € K[Sg]l, the matrix

M 1 (Fo) is invertible and the Schur complement of Ms o (Fp),
M5 o(Fp) == (M2 — M2 Mill M 2)(Fv), is the multiplication map of x(Fy), in the basis x(b),
of K[Sal/(x(F1), ..., x(FN))-
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Once we have constructed the multiplications maps over K[Sa], we can solve the system by, first,
computing a lexicographical Grébner basis for (x(F1),...,x(Fn)) over K[Sa] using the algorithm
Sparse-FGLM [ESS16, Alg. 2], and then inverting a monomial map. This strategy is the same as the one
suggested in [FSS16, Sec. 3], but our approach to compute the multiplication maps is different; we do
not compute an intermediate Grobner basis.

Remark 8.3.6. We emphasize that the matrix ReduceMacaulay ((F1, ..., F}y), dryg, <) that we use to
construct the set Rows(ﬂgmg) is the same as the one computed in [[FSS16, Alg. 1] with the parameters of
[FSS16, Lem. 2]. The correctness of our approach relies on the fact that at degree d,., we have enough
information to compute the multiplication maps. We do not need to assume, as in [FSS10]], that at this
degree we had computed a Gribner basis; which is not true in general, see discussion in Sec.[8.3.1]



Chapter 9

Binary form decomposition

Symmetric tensor decomposition is an important problem with applications in several areas for example
signal processing, statistics, data analysis and computational neuroscience. It is equivalent to Waring’s
problem for homogeneous polynomials, that is to write a homogeneous polynomial in n variables of
degree D as a sum of D-th powers of linear forms, using the minimal number of summands. This
minimal number is called the rank of the polynomial/tensor. We focus on decomposing binary forms, a
problem that corresponds to the decomposition of symmetric tensors of dimension 2 and order D. Under
this formulation, the problem finds its roots in invariant theory where the decompositions are known
as canonical forms. In this context many different algorithms were proposed. In recent years, those
algorithms were extended for the general symmetric tensor decomposition problem.

In chapter [9] we introduce a new superfast algorithm that improves the complexity of previous ap-
proaches to decompose binary forms. For that, we use results from structured linear algebra. 1t achieves
a softly linear, and so quasi-optimal, arithmetic complexity bound. To the best of our knowledge, the
previously known algorithms have at least quadratic complexity bounds. Our algorithm computes a
symbolic decomposition in O(M(D)log(D)) arithmetic operations (Thm. [9.4.19), where M(D) is the
complexity of multiplying two polynomials of degree D. It is deterministic when the decomposition is
unique. When the decomposition is not unique, our algorithm is randomized. We present a Monte Carlo
version of it and we show how to modify it to a Las Vegas one, within the same complexity.

From the symbolic decomposition, we approximate the terms of the decomposition with an error of
27¢ in O(Dlog?(D)(log?(D) + log(e))) arithmetic operations (Thm. . Moreover, we bound
the algebraic degree of the problem by min(rank, D — rank + 1) (Thm. |9.4.15). We show that this
bound can be tight. When the input polynomial has integer coefficients, our algorithm performs, up to
poly-logarithmic factors, Op (D¢ + D* + D37) bit operations (Thm. , where 7 is the maximum
bitsize of the coefficients and 27¢ is the relative error of the terms in the decomposition.

This chapter is self-contained.

9.1 Introduction

The problem of decomposing a symmetric tensor consists in writing it as the sum of rank-1 symmetric
tensors, using the minimal number of summands. This minimal number is known as the rank of the

193
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symmetric tenso The symmetric tensors of rank-1 correspond to, roughly speaking, the k-th outer-
product of a vector. The decomposition of symmetric tensor is a common problem which appears in
divers areas, such as signal processing, statistics, data mining, computational neuroscience, computer
vision, psychometrics, chemometrics, among others. For a contemporary introduction to the theory of
tensor, their decompositions and applications we refer to e.g., [Com14,|[Lan11].

There is an equivalence between decomposing symmetric tensors and solving Waring’s problem for
homogeneous polynomials, e.g., [CGLMO8, [Hel92]. Given a symmetric tensor of dimension n and
order D we can construct a homogeneous polynomial in n variables of total degree D. Then, finding
the decomposition for the tensor is equivalent to write the polynomial as a sum of D-th powers of linear
forms, using the minimal numbers of summands. This minimal number is the rank the polynomial/tensor.

Under this formulation, symmetric tensor decomposition dates back to the origin of modern (linear)
algebra as a part of Invariant Theory. In this setting, the decomposition corresponds to canonical forms
[Syl04b, [SylO4a, |(Gun87l]. Together with the theory of apolarity, this problem was of great importance
because the decompositions provide information about the behavior of the polynomials under linear
change of variables [KR84].

Binary Form Decomposition We study the decomposition of symmetric tensors of order D and di-
mension 2. In terms of homogeneous polynomials, we consider a binary form

‘ D p Do
flay) =3 (Faa'yP ™ .1
where a; € K C C and K is some field of characteristic zero. We want to compute a decomposition
T
flay) = (ajz+By)P, 9.2)
where a1, ..., a,, 51, ..., Br € K (the algebraic closure of K) and  is minimal. We say that a decompo-

sition unique if, for all the decompositions, the set of points {(a;, 8;) : 1 <j <r} C P!(K) is unique,
where P! (K) is the projective space of K [Rez13al.

Previous work The decomposition of binary forms, Eq. (9.2), has been largely studied for K = C.
More than one century ago [SylO4a, [Syl04b] described the necessary and sufficient conditions for a
decomposition to exist (see Sec.[9.2.1). He related the decompositions to the kernel of Hankel matrices.
For a modern approach of this topic, we refer to [KR84, [Kun90, [Rez13al, IK99]. Sylvester’s work was
extended to a more general kind of polynomial decompositions that we do not consider in this work, e.g.,
[Gun87, Rez96, IK99].

From the algorithmic point of view, Sylvester’s work leads to an algorithm (Alg. to decompose
binary forms, see [CM96, Sec. 3.4.3]. In the case where the binary form is of odd degree, then we
can compute the decompositions using Berlekamp-Massey algorithm, [Dii89]. When the decomposi-
tion is unique, the Catalecticant algorithm, which also works for symmetric tensors of bigger dimension
[IK99, [OO13], improves Sylvester’s work. For an arbitrary binary form, [Hel92] presented a random-
ized algorithm based on Padé approximants and continued fractions, in which he also characterized the

'Some authors, e.g. [CGLMO8], refer to this number as the symmetric rank of the tensor.
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different possible decompositions. Unfortunately, all these algorithms have complexity at least quadratic
in the degree of the binary form.

Besides the problem of computing the decomposition(s) many authors considered the subproblems
of computing the rank and deciding where there exists a unique decomposition, e.g., [SylO4al Syl04b|
Hel92, I(CS11, BGI11]. For example, [SylO4a, [Syl04b|] considered generic binary forms, that is binary

forms with coefficients belonging to a dense algebraic open subset of K7 [CMO6, Sec. 3], and proved
that when the degree is 2k or 2k + 1, the rank is k£ 4+ 1 and that the minimal decomposition is unique
only when the degree is odd. In the non-generic case, [Hel92, (CS11} IK99], among others, proved that
the rank is related to the kernel of a Hankel matrix and that the decomposition of a binary form of degree
2k or 2k — 1 and rank r, is unique if and only if » < k. With respect to the rank, different authors,
e.g., [CS11,ICGLMO8, BGI11]], proposed algorithms to compute its value. Even though the authors do
not provide complexity estimates, using recent superfast algorithms for Hankel matrices [Pan01], we can
deduce a nearly-optimal arithmetic complexity bound for the approach of [CS11].

For the general problem of symmetric tensor decomposition, Sylvester’s work was successfully ex-
tended to cases in which the decomposition is unique [BCMT10,/0013]. Besides tensor decomposition,
there are other related decompositions for binary forms and univariate polynomial that we do not treat,
e.g., [Rez96, Rez13bl IGKLO3, IGR10, I GMKP17].

Formulation of the problem Instead of decomposing the binary form as in Eq. (9.2), we compute
M. A, 1.0y, B1... B € K, where r is minimal, such that,

Fley) =30 Alege+8y)". 9.3)

Since every A; belongs to the algebraic closure of the field KK, the problems are equivalent. This approach
allow us to control the algebraic degree [Baj88, [NRS10, DHO™ 16] of the parameters \j, c;, and j3; in
the decompositions (Section [9.4.1)).

Note that if the field is not algebraically closed and we force the parameters to belong to the base
field, that is \;, oj, 8; € K, the decompositions induced by Eq. and Eq. are not equivalent.
We do not consider the latter case and we refer to [Hel92, Rez92, ICGLMO08, BCG11, Blel5]], for K = R,
and to [Rez96| Rez13a,RT17], K c C.

Main results We extend Sylvester’s algorithm to achieve a nearly-optimal complexity bound in the
degree of the binary form. By considering structural properties of the Hankel matrices, we restrict the
possible values for the rank of the decompositions and we identify when the decompositions are unique.
We build upon [Hel92|] and we use the Extended Euclidean Algorithm to deduce a better complexity
estimate than what was previously known. Similarly to Sylvester’s algorithm, our algorithm decomposes
successfully any binary form, without making any assumptions on the input.

First, we focus on symbolic decompositions, that is a representation of the decomposition as a sum of
a rational function evaluated at the roots of a univariate polynomial (Definition[9.4.12)). We introduce an
algorithm to compute a symbolic decomposition of a binary form of degree D in O(M(D) log(D)), where
M(D) is the arithmetic complexity of polynomial multiplication (Thm.[9.4.19). When the decomposition
is unique the algorithm is deterministic and this is a worst case bound. When the decomposition is not
unique, our algorithm makes some random choices to fulfill certain genericity assumptions; thus the
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algorithm is a Monte Carlo one. However, we can verify if the genericity assumptions hold within the
same complexity bound, that is O(M(D)log(D)), and hence we can also deduce a Las Vegas variant of
the algorithm.

Following the standard terminology used in structured matrices [PanQ1l], our algorithm is superfast
as its arithmetic complexity matches the size of the input up to poly-logarithmic factors. The symbolic
decomposition allow us to approximate the terms in a decomposition, with a relative error of 27¢, in
o(D log?(D) ( log?(D) + log(¢))) arithmetic operations [Pan02, MP13]. Moreover, we can deduce for
free the rank and the border rank of the tensor, see [CS11, Sec. 1].

Using results from [KY89]], we bound the algebraic degree of the decompositions by min(rank, D —
rank + 1) (Thm. . Moreover, we prove lower bounds for the algebraic degree of the decomposition
and we show that in certain cases the bound is tight (Sec.[9.4.1). For polynomials with integer coeffi-
cients, we bound the bit complexity, up to poly-logarithmic factors, by 14} (Dl + D* + D37), where 7
is the maximum bitsize of the coefficients of the input binary form and 2~ is the error of the terms in
the decomposition (Thm. [9.4.21)). This Boolean worst case bound holds independently of whether the
decomposition is unique or not.

In this exposition we omit the presentation of our randomized algorithm, which can be found in
[BEPT16]. With respect to our previous algorithm, the main algorithm that we present (Alg. omits
an initial linear change of coordinates as we now rely on fewer genericity assumptions. In contrast to
[BEPT16] the algorithm that we present is deterministic when the decomposition is unique (Thm.[9.4.19).
When the decomposition is not unique, our algorithm is still randomized but we present bounds for the
number of bad choices that it could make (Prop.[9.4.5).

With respect to the algebraic degree of the problem, we propose bounds and study their tightness
(Thm. [9.4.3). We introduce explicit lower bounds showing that our bounds can be tight (Sec.[9.4.1).

Organization of the chapter First we introduce the notation. In Sec. we present the preliminaries
that we need for our algorithm. We present Sylvester’s algorithm (Sec.[9.2.1)), we recall some properties
of the structure of the kernel of the Hankel matrices (Sec. [9.2.2), we analyze its relation to rational
reconstructions of series/polynomials (Sec. [9.2.3), and we present the Extended Euclidean Algorithm
(Sec.[9.2.4). Later, in Sec. we present our main algorithm to decompose binary forms (Alg. [14)) and
its proof of correctness (Sec. [0.3.3). This algorithm uses Alg. [I5]to compute the kernel of a family of
Hankel matrices, which we consider in Sec. Finally, in Sec. we study the algebraic degree
of the problem (Sec. [9.4.1), we present tight bounds for it (Sec. 0.4.1)), and we analyze the arithmetic

(Sec.[9.4.2) and bit complexity of Alg.[I4](Sec.[9.4.3).

Notation We denote by O, respectively Op, the arithmetic, respectively bit, complexity and we use O,
respectively Op, to ignore (poly-)logarithmic factors. M(n) is the arithmetic complexity of multiplying
two polynomial of degree n. Let K be a subfield of C, and K its algebraic closure. If v = (v, ..., v,)T
then P, = Py 4y i= 2oiq i’y ", Given a binary form f(z,y), we denote by f(x) the univariate
polynomial f(x) := f(z,1). By f/(x) we denote the derivative of f(x) with respect to . For a matrix
M, rk(M) is its rank and Ker (M) its kernel.
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9.2 Preliminaries

9.2.1 An algorithm based on Sylvester’s theorem

Sylvester’s theorem (Thm. [9.2.2) relates the minimal decomposition of a binary form to the kernel of a
Hankel matrix. Moreover, it implies an (incremental) algorithm for computing the minimal decomposi-
tion. The version that we present in Alg. @] comes from [[CM96, Sec. 3.2].

Definition 9.2.1. Given a vector a = (ay, ...,ap)", we denote by {HF}1<<p the family of Hankel
matrices indexed by k, where H¥ ¢ K(P—k+1)x(k+1) gpq

ap ai o G 95
al a9 s aj Al+1
k. . . i . .
H, = : : . : : . 9.4)
aGp—k—1 ap—k ot ap-2 ap-i
ap—k ap—k+1 *°° Gap-1 ap

We may omit the a in H¥ when it is clear from the context.

Theorem 9.2.2 (Sylvester, 1851). Let f(x,y) = Zizo (D) a;x'yP = with a; € K C C. Also, consider

1
a non-zero ¢ = (cg, . . ., CT)T € K™+, such that the polynomial

T . . T
P. = Zizo ety = Hj:1 (Bjr — ajy)

is square-free and o, B; € K. Then, there are \1, ...\, € K such that

fla,y) =D Nlajz + Biy)”,

j=1
if and only if (cg, ..., c,;)| € Ker(H?).

For a proof of Thm. [0.2.2] we refer to the work of [Rez13a, Thm. 2.1 & Cor. 2.2]. Thm.[9.2.2]implies
Alg. This algorithm will execute steps 2 and 3 as many times as the rank. In the i-th iteration it
will compute the kernel of H?. The dimension of this kernel is < i, and each vector in the kernel has
7 + 1 coordinates. As the rank of the binary form can be as big as the degree of the binary form, a
straightforward bound for the arithmetic complexity of Alg.[I2]is at least cubic in the degree.

We can improve the complexity of Alg. [12| by a factor of D by noticing that the rank of the binary

)

form is either rk(H 2 1) or D — rk(H[ =) + 2 [CSTIL Sec. 3] [Hel92l Thm. B]. Another way to
compute the rank is by using the minors [BGI11, Alg. 2].

The bottleneck of the previous approaches is that they have to compute the kernel of a Hankel matrix.
However, even if we know that the rank of the binary form is r, then the dimension of the kernel of H"
can be as big as O(D); the same bound holds for the length of the vectors in the kernel. Hence, the
complexity is lower bounded by O(D?).

Our approach avoids the incremental construction. We exploit the structure of the kernel of the
Hankel matrices and we prove that the rank has just two possible values (Lem. [0.3.1). Moreover, we
use a compact representation of the vectors in the kernel. We describe them as a combination of two
polynomials of degree O(D).
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Algorithm 12 INCRDEcoOMP [CM96, Fig. 1]

1. r:=1

2. Getarandom ¢ € Ker(H")

3. If P, is not square-free, r := r + 1 and GO TO 2
4. Write Peas [[_, (852 — ajy)

5. Solve the transposed Vandermonde system:

Dﬁf o g A1 aop
1 - o - Brp*lar

_ =1 : 9.5)
ol . oD Ar ap

6. Return Y %) Aj(ayz + Biy)P

9.2.2 Kernel of the Hankel matrices

The Hankel matrices are one of the most well-known structured matrices [PanO1[]. They are related to
polynomial multiplication. We present results about the structure of their kernel. For details, we refer to
[HR84, Ch. 5].

Proposition 9.2.3. Matrix-vector multiplication of Hankel matrices is equivalent to polynomial multi-
plication. Given two binary forms A = Zio a;x'yP~" and U = Zf:o w;x'yF ", consider R :=
Zﬁ%k rixtyPth=t = A . U. If we choose the monomial basis {yP+*, ... xPT*}, then the equal-
ity A-U = R is equivalent to Eq. , where the central submatrix of the left matrix is HF

(ao,...,ap)
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(Def:19.2.1).

ag 7o
ao ai 1
ao v Qg2 Qg—1 Tk—1
aop ai o Qg1 Qg Uk Tk
al a2 te Qg ag+1 : Tk+1

: = . . (9.6)
Ul .
ap—g Aap—k4+1 - ap-1 A4p Uup D
ap—k—1 ap—k ap TD+1
ap-1 ap TD+k—1
ap T"D4+k—1

Consider a family of Hankel matrices {H*};<;<p as in Def. There is a formula for the
dimension of the kernel of each matrix in the family that involves two numbers, Ni* and Ng'. To be more
specific the following holds:

Proposition 9.2.4. For any family of Hankel matrices { H, j;}lgkg D there are two constants, N{ and N,
such that

1. 0< N¢ < N§ < D.
2. Forallk,1 <k < D, it holds dim(Ker(H")) = max(0; k — N{*) + max(0; k — Ng).
3. N + N§ =D.

We may skip a in N{ and Nj when it is clear from the context.

Figure illustrates Prop. The dimension of the kernels and the ranks of the matrices are
piecewise-linear functions in k, given by three line segments. In the case of the dimension of the kernels,
it is an increasing function. For k from 1 to Ny, the kernel of the matrix is trivial, so the rank increases
as the number of columns, that is, the slope of the graph of the ranks is 1 and the one of the dimension of
the kernels is 0. For k from N7 + 1 to Ns, the rank remains constant as for each column that we add, the
dimension of the kernel increases by one. Hence, the slope of the graph of the ranks is 0 and the one of
the dimension of the kernels is 1. For k from N5 + 1 to D, the rank decreases because the dimension of
the kernel increases by 2, and so the slope of the graph of the ranks is —1 and the one of the dimension
of the kernel is 2.

If N1 = N, the graph degenerate to two line segments. For the graph of the ranks, the first segment
has slope 1 for & from 1 to N7 + 1 and the second segment has slope —1 for k from N; + 1 to D. For
the graph of the dimension of the kernels, the first segment has slope 0 from 1 to N7 + 1, and the second
one has slope 2 from Nj to D.

The elements of the kernel of the matrices in { H*} are related. To express this relation from a linear
algebra point of view we introduce the U-chains.
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dim(Ker(H"))
D
rk(HF)
Ni+1¢F—-—--— | , , Ny — N,
[ [ [
[ [ [
1 I I I
Ny, D N D g
g 2 b Ny Ny D
(a) Rank of the Hankel matrices (b) Dimension of the kernel

Figure 9.1: Relation between Ny, N2 and D

Definition 9.2.5 ([HR84., Def. 5.1]). A U-chain of length k of a vector v = (vy, . .. ,vn)T e K"tlisa
set of vectors {Ugv,U}cv, o ,Ui_lv} C K"k, The i-th element, 0 < i < k — 1, is

Uiv=(0...0,%7 ... on,0...0)

where Ul is a (n + k) x (n + 1) i-shifting matrix [HR84, page 11].

If v is not zero, then all the elements in a U-chain of v are linearly independent. The following
theorem uses the U-chains to relate the vectors of the kernels in a family of Hankel matrices.

Proposition 9.2.6 (Vectors v and w). Given a family of Hankel matrices { H k}lg k<D, let N1 and Ny be
the constants of Prop. There are two vectors, v € KN 12 and w € KN?>*2, such that,

e If0 <k < Ny, then Ker(H*) = {0}.
o If N1 < k < No, then the U-chain of v of length (k — N1) is a basis of Ker(H), that is
Ker(H") = (U)_n,v, ... 7UZ:%1_IU>-
o [f Ny < k < D, then the U-chain of v of length k — N together with the U-chain of w of length
k — Ny is a basis of Ker(H), that is
Ker(Hk) = (Unglv, .. ,Uﬁ:%i_lv, UQ,NQw, . ,Ui:%§_1w>.
The vectors v and w of Prop. are not unique. Vector v could be any vector in Ker (M *1).
Vector w could be any vector in Ker(H™2F1) that does not belong to the vector space generated by the

U-chain of v of length No — N7 + 1. From now on, given a family of Hankel matrices, we refer to v and
w as the vectors of Prop.[9.2.6]
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Let u be a vector in the kernel of H* and P, the corresponding polynomial (see Notation). We call
Py, a kernel polynomial. As P; = 2Iy*~1=7 P,, we can write any kernel polynomial of a family of

Hankel matrices as a combinatiokn of P, and P, [HR84, Prop. 5.1 & 5.5]. Moreover, P, and P, are
relative prime.

Proposition 9.2.7. Consider any family of Hankel matrices { H k h<k<p. Hence, the kernel polynomials
P, and P, are relative prime. Moreover, for each k, the set of kernel polynomials of the matrix H* is as
follows:

o IfO0 < k < Ny, thenitis {0}.
o If N1 <k < Ny, thenitis {P,P,: ue KN}
o If Ny < k <D, thenitis {P,P, + P,P, : p € KF-N1 pc KF-Ne}

Corollary 9.2.8. Let w € Ker(H™2TY) such that P, & { P, P, : u € KN2=NM+1Y then we can consider
w as the vector w from Prop.

9.2.3 Rational Reconstructions

A rational reconstruction for a series or a polynomial is to approximate a series/polynomial as the quo-
tient of two polynomials. Rational reconstructions are the backbone of many problems e.g., Padé approx-
imants, Cauchy Approximations, Linear Recurrent Sequences, Hermite Interpolation. They are related
to the Hankel matrices. For details about rational reconstructions, we refer to [BCG™ 17, Chapter 7] and
references therein.

Definition 9.2.9. Consider a = (ag,...,ap)T € KP*! and a polynomial A := Y2 a;a" € K[z].
Given a pair of univariate polynomials (U, R), we say that they are a rational reconstruction of A modulo
2PtLif AU = R mod 2P+

These reconstructions are not necessarily unique. We are interested in them because there is a relation
between the rational reconstructions of A modulo z”*! and the kernels of the family of Hankel matrices

{H} .

Lemma 9.2.10. Following Eq. , ifw € Ker(HE), then

ap 70
wo
- w1
a Af—1 Tk—1
k = Y. 9.7)
ag al e ag : 0
Wi
ap—k ap—k+1 ' ap 0

Hence, P,(1,z) = Zfzowk_isci and A - P,(1,z) = Zi':ol rix’ mod xPH1. Therefore,

(P,(1,x), Zf:_ol r;x%) is a rational reconstruction of A modulo xP+1,
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Lemma 9.2.11. If (U, R) is a rational reconstruction of A of degree D, then there is a vector w €

Ker(Hglax(deg(U)’deg(R)H)) such that

P, = U(g) pmax(deg(U),deg(R)+1)
X

Proof. Let k = deg(U), ¢ = deg(R),U = >, u;z’ and R = >, r;z'. Following Eq. , AU =R

mod 2”11 is equivalent to,

o
agn -

Ug
ag e ap_1 :

= 9.8)

ap a1 N ag Uy 0

Uug
ap—k GD—k+1 "*° @D 0

If £ > ¢, Eq. reduces to Eq. (9.7), and so w = (uy, . .., ug) € Ker(HF). Moreover,
U(E) af =) uiy'at T =iy ) uk—ja’y’ " = R
=0 =0

If ¢ > k, we extend the vector (ug, . . ., ug) by adding (¢+ 1 — k) leading zeros. We rewrite Eq.
as Eq. lmi The two bottom submatrices form the matrix Hg“, and sow = (0,...,0,ug,...,ug) €
Ker(HI™). Also, P, = Z?:o wjzd Iyl + Z?i}cﬂ 0zt iyl = U (¥) 2771,

ao o

ao cee ag T

ao ai o Qg1 .
: =1 1. 9.9

Tq

. 0

ap “ee Qqg—k Qg4+1—k . Gg41
0
L AD—g¢-1 --- GD—k-1| AD-k " °° ap |

O

Remark 9.2.12. If (U, R) is a rational reconstruction, then the degree of the kernel polynomial P,,(z,y) =
U() gmax(deg(U)deg(R)+1) g max(deg(U), deg(R) + 1). In particular; the maximum power of x that

x
divides the kernel polynomial P,, is x™*(0:deg(R)+1—deg(U))
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9.2.4 Greatest Common Divisor and Bézout identity

The Extended Euclidean algorithm (EGCD) is a variant of the classical Euclidean algorithm that com-
putes the Greatest Common Divisor of two univariate polynomials A and B, ged(A, B), together with
two polynomials U and V/, called cofactors, such that U A + V' B = gcd(A, B). In the process of com-
puting these cofactors, the algorithm computes a sequence of relations between A and B that are useful
to solve various problems, in particular to compute the rational reconstruction of A modulo B. For a
detailed exposition we refer to [BCG™17, Ch. 6] and [GG13, Ch. 3 and 11].

Algorithm 13 Calculate the EGCD of A and B

(U(], Vo, Ro) — (O, 1, B)

(Ul, Vl,Rl) — (1,0,A)

11

while R; # 0 do
Qi—1 + Ri_2quo R; 4
(Ui, Vi, Ry) <= (Ui—2,Vica, Ri—2) — Qi—1 (Ui—1, Vi1, Ri—1)
14 1+1

end while

Return {(Uj, Vi, Rj)}

The Extended Euclidean Algorithm (Alg. computes a sequence of triples {(U;, V;, R;)}; which
form the identities

U A+V;B=R;, foralli. (9.10)

Following [GG13]], we refer to these triplets as the rows of the Extended Euclidean algorithms of A and
B. Besides Eq. (9.10), the rows are related to each other as follows: the degrees of R; form a strictly
decreasing sequence, U; and V; are coprime, and we can deduce the degree of U; from the one of R;_;.

Remark 9.2.13. The degrees of the polynomials {R;}; form an strictly decreasing sequence, that is
deg(R;) > deg(R;+1) for every i.

Lemma 9.2.14 ([BCG'17, Sec 7.1]). For each i, U; Viy1 — U;iy1V; = (—1)%, and so the polynomials
U; and V; are coprime.

Lemma 9.2.15 ([BCG™17, Lem 7.1]). For each i > 0, the degree of U; is the degree of B minus the
degree of R;_1, that is

deg(U;) = deg(B) — deg(R;—1), Vi > 0.

Moreover, every row of the Extended Euclidean Algorithm is a rational reconstruction of A modulo
B.

Remark 9.2.16. For eachi > 0, (U;, R;) is a rational reconstruction of A modulo B.
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9.3 The Algorithm

One of the drawbacks of Alg. [I2] and its variants, is that they rely on the computation of the kernels
of many Hankel matrices and they ignore the particular structure that is present. Using Lem. [9.3.1] we
can skip many calculations by computing only two vectors, v and w (Prop.[9.2.6). This is the main idea
behind Alg. [T4]that leads to a softly-linear arithmetic complexity bound (Sec.[9.4.2).

Alg. [14] performs as follows: First, step [I] computes two kernel polynomials, P, and P,, using
Prop. to obtain the kernel polynomials of the Hankel matrices (see Sec. [0.3.I). Then, step
computes a square-free kernel polynomial of the minimum degree r (see Sec.[9.3.2)). Next, step [3]com-
putes the coefficients Ay, ..., A, (see Sec.[9.4.1). Finally, step[|recovers a decomposition for the original
binary form.

Let f be a binary form as in Eq. and let {H k}lgkg p be its corresponding family of Hankel
matrices (see Def.[9.2.1). The next lemma establishes the rank of f.

Lemma 9.3.1. Assume f, {H"*};, N1 and Ny of Prop. and v and w of Prop. If P,
(Prop. is square-free then the rank of f is Ny + 1, else, it is Ny + 1.

Proof. By Prop. for k < Ny + 1, the kernel of HF is trivial. Hence, by Sylvester’s theorem
(Thm. , there is no decomposition with a rank smaller than Ny + 1. Recall that v € Ker(H™M*1).
So, if P, is square-free, by Sylvester’s theorem, there is a decomposition of rank Ny + 1.

Assume P, is not square-free. For N7 + 1 < k < Ny, P, divides all the kernel polynomials of the
matrices H* (Prop. . Therefore, none of them is square-free, and so the rank is at least No + 1.

By Prop. P, and P,, do not share a root. So, there is a polynomial P, of degree N — Ny such
that Q,, := P, P, + P, is square-free. A formal proof of this appears in Thm.[0.3.6] By Prop. Qu
is a square-free kernel polynomial of degree N2 4+ 1. Consequently, by Sylvester’s theorem, there is a
decomposition with rank No + 1. O

To relate Lem.[9.3. 1| with the theory of binary form decomposition, we recall that the decompositions
are identified with the square-free polynomials in the annihilator of f [KR84];[IK99, Chp. 1]. All the
kernel polynomials of { Hy}; belong to the annihilator of f, which is an ideal. If f is a binary form
of degree D = 2k or 2k + 1, then this ideal is generated by two binary forms of degrees rk(H")
and D + 2 — rk(H k), with no common zeros [IK99, Thm. 1.44]. These are the polynomials P, and
P,,. Using this interpretation, Alg. and its variants, computes a (redundant) generating set of the
annihilator, while Alg. [T4]computes a basis.

9.3.1 Computing the polynomials P, and P,

We use Lem. [9.2.10] and Lem. to compute the polynomials P, and P, from Prop. as a
rational reconstruction of A := > z'O a;z* modulo 2P+, Our algorithm exploits the Extended Euclidean
Algorithm in a similar way to [[CC86] for computing scaled Padé fractions.

In the following, let v be the vector of Prop. consider U, := P,(1,z) and R, € K[z] as
the remainder of the division of (A - P,(1,z)) by 1. Note that, the polynomial R, is the unique
polynomial of degree smaller to N1 + 1 such that A - P,(1,2) = R, mod z”*1.

Lemma 9.3.2. If (U, R) is a rational reconstruction of A modulo x+* such that max(deg(U), deg(R)+
1) < Ny, then there is a polynomial Q) € K[x] such that Q - P,(z,1) =U and Q - R, = R.
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Algorithm 14 FASTDECOMP

Input: A binary form f(x,y) of degree D
Output: A decomposition for f(z,y) of rank r.
1. Compute P, and P, of {HX},
We use Alg.[15|with (ay, ..., ap).
2. IF Py (x,y) is square-free,
Q — Pv
r <— Nj + 1 {The rank of the decomposition is the degree of Q}
ELSE
Compute a square-free binary form Q
We compute a vector p of length (No — Ny + 1),
such that (P, P, + P,,) is square-free (Sec.[9.4.1).
Q<+— P,P,+ P,
r <— Na + 1 {The rank of the decomposition is the degree of )}

3. Compute the coefficients \1,..., )\,

Solve the system of Eq. (9.5) where Q(z,y) = [[;_, (8j — a;y).
For details and the representation of );, see Sec.

4. Return f(z,y) = Y.7_) A\j(oyz + Bjy)”

Proof. Let k := deg(U) and ¢ := deg(R). By Lem. [9.2.11] there is a vector nonzero
w € Ker(HI™®0TDy quch that the kernel polynomial P, is equal to U(¥) gmax(kat+l) " Hence,

Ker(HP*®4HDy £ and so, by Prop. N; < max(k, q+1). We assume that max(k, g+1) < Na,
hence the degree of P, is smaller or equal to N2 and, by Prop. P, is divisible by P,. There-
fore, there is a polynomial Q € Klx,y] such that QP, = P,. Let Q := Q(1,x). By definition,
U, = P,(1,z)and U = P,(1,z),s0 U = QU,. Hence, Q R, = R mod z”*!, because R, = U, A
mod 2P+ and QR, = QU, A = UA = R mod zP*!. If the degrees of (Q R,) and R are
smaller than D + 1, then Q R, = R, as we want to prove. By assumption, deg(R) < Nz < D
and deg(U, Q) = deg(U) < N,. By Lem. the degree of R, is upper bounded by Nj, and so
deg(Q Ry) < deg(U, Q R,) < Ny + Ny = D (Prop.[9.2.4). O

We can use this lemma to recover the polynomial P, from certain rational reconstructions.

Corollary 9.3.3. If (U,R) is a rational reconstructions of A of degree D such that

max(deg(U),deg(R) + 1) < Ny and for every polynomial Q) of degree bigger than zero that divides

U and R, (%, g) is not a rational reconstruction of A, then there is a non-zero constant ¢ such that
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P,=c-U(Y) gmax(deg(U).deg(R)+1) (prop, . In particular, Ny = max(deg(U) — 1, deg(R)).

Proof. By Lem.[9.3.2] thereis a Q € K|[z] such that Q- (U, R,) = (U, R). By Lem.[9.2.10} (U, R,) is
a rational reconstruction, and so deg(Q) = 0. Hence, N; + 1 = deg(P,) = max(deg(U),deg(R) + 1)
and Q - P, (1, L)zl = U (¥)gM+L, O

If (U, R) is a rational reconstruction of A modulo z”*! such that deg(U) + deg(R) < D and
U(0) = 1, then g is the Padé approximant of A of type (deg(R),deg(U)) [BCG™17, Sec. 7.1]. When
this Padé approximant exists, it is unique, meaning that for any rational reconstruction with this property
the quotient g is unique (we can invert U mod z”*! because U(0) = 1). When N; < Nj, we have
that % < Ny (Prop. and so, if the the Padé approximant of A of type (% -1, %) exists,
by Lem. 0.3.2] we can recover P, from it. The existence of this Padé approximant is equivalent to the
condition U,(0) = 1, which means vy,+; = 1. In the algorithm proposed in our conference paper
[BEPT16, Alg. 3], we needed to assume this condition to prove its correctness. In that version, we
ensured this property with a generic linear change of coordinates in the original polynomial. In this
version, we skip this assumption. Following [BCG™ 17, Thm. 7.2], when N1 < N5, we can compute v
no matter the value of vy, 1. This approach has a softly-linear arithmetic complexity and involves the
computation of a row of the EGCD of A and 2P+ We can compute P,, from a consecutive row.

Before going into the proof, we study the case N; = N,. In this case, there are not rational recon-
structions with the prerequisites of Lem.[9.3.2] and so we treat it in a different way.

Lemma 9.3.4. If Ny = No, there is a unique rational decomposition (U, R) such that deg(U) < 2,

deg(R) < % and R is monic. In particular, deg(R) = % and we can consider the kernel polynomial
related to v € Ker(H™*1) (Prop. , as P, =U(¥) 5+,

Proof. First note that, as D = N; —|— Ny (Prop. , then N1 = %. Following Eq. , if we write
U= sz‘\ilo w;x' and R = ZzN:lo u;x’, then we get the linear system,

agp To
ap ai

uN,

TN, -1

agp AN, -1 G, =1 rm
u

aj an, AN +1 1 0
uo

ap-nN, °** ap-1  ap 0

The matrix HV1 € K@~ +DX(5+1) s square and, as Ker(H™) = 0 (Prop. [9.2.6), it is invertible. If
rn, = 0, that is deg(R,) < N1, then the polynomial U is zero. Hence, if R is monic, then 7y, = 1, and
so we compute the coefficients of U and R as

UN, 1 ) ag UnN,
— (HN1+1)—1 —

Ul . TNy—1
Uuo 0 1 ap -+ AaAN;—1 an; uQ
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O

Lemma 9.3.5 (Correctness of Alg. [15). Let {(Uj,V}, R;)}; be the set of triplets obtained from the
Extended Euclidean Algorithm for the polynomials A and xP*'. Let i be the index of the first row of
the extended Euclidean algorithm such that deg(R;) < %. Then, we can compute the polynomials P,

and Py, of Prop.[9.2.7\as
(A) P =U; ( ) max(deg(Ui),deg(Ri)+1)‘

(B) If deg(R;) > deg(Us), Py = Uy (%) - x98Uirn),

(C) If deg(R;) < deg(U;), Py = Uj—1 (%) - adeaFizitl),

Proof. (A). First observe that if 7 is the first index such that the degree of R; is strictly smaller than £ +1

then the degree of R;_; has to be bigger or equal to 2 2* D+l Hence, the degree of U; is smaller or equal to
%, because by Lem.[9.2.15 deg(U;) = D+1—deg(Ri—1) < D+1— % = %. We can consider
R;_1 because, as the degree of Ry = P+ is D + 1> L2+

If Ny = Ny, then D is even and Ny = £ (Prop. |9 LDTJ = L, deg(R;) < £ and
deg(U;) < 2. By Lem. , max(deg(U;), deg(R) —|— 1) = N1 + 1 and we can consider PU as
Ui (L) +L,

If N1 < Ny, assume that there is a non-zero € K[z ] such that @ divides U; and R; and (¥ 0 Q Ri)isa
rational reconstruction of A modulo z”*1. Then, % A = % mod 2P+ and so there is a polynomial V'

such that VaP+1 + d A= 1 . Multiplying by Q we get the equality Q VaP+! + U; A = R;. Consider

the identity V;aP+1 + U; A R; from Eq. ( - Coupling the two equalities together, we conclude
that V; = QV. As @ divides U; and V;, which are coprime (Lem. , @ is a constant, deg(Q) = 0.
If N < Ny, then D < 2N, (Prop. and so max(deg(U;),deg(R;) + 1) < % < N,. Hence, by
Lem. we can consider UZ-(%)a:max(deg(Ui)’deg(Ri)H) as the kernel polynomial P, from Prop. ,
related to Ker(H™M 1),

(B). Assume that the degree of U is strictly bigger than the one of R;, deg(U;) > deg(R;). Then
N1 = deg(U;) — 1, as deg(U;) = deg(P,) = Ny + 1 (Rem.[9.2.12). Note that in this case i > 1 as
U = 1and R; = A is a nonzero polynomial, and so deg(U;) < deg(R;). The degree of R;_1 is N
because, by Lem. deg(R;i—1) = D+1—deg(U;) = D+1—-N1—1= Ny (Prop.. Consider
the degree of U;_;. By Lem. deg(Uifl) =D+1-— deg(RZ-,Q). As deg(Rz;g) > deg(RFl)
(Rem. , then deg(R;_2) > Nj. Therefore, the degree of U;_ is smaller or equal to the one of
R,;_1 because

deg(U;—1) =D+ 1—deg(R;—2) < D+1— Ny = N; + 1, and so

deg(Ui—1) < N1 < Ny = deg(R;—1).

Hence, by Rem. (Ui—1, Ri—1) is a rational reconstruction of A modulo 2P+1 gquch that
deg(U;—1) < Nj and deg(R;—1) = N. So, max(deg(U;—1),deg(R;—1) + 1) = N2 + 1 and, by
Rem. there is a kernel polynomial P, = U;_ 1( )22+l of degree Ny + 1 such that
aNet1=deeUio1) divides P,. As deg(Ui_1) < Ny, zV2t1- M divides zV2t1=des(Ui-1) and so, it di-
vides P,,. We assumed that the degree of U is strictly bigger than the one of R;, and so x does not divide
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P, (Rem. . Hence, there is no binary form @) of degree No — N; such that zN2=M+1 divides
Q P,. Therefore, by Cor.[9.2.8 we can consider P, = P,,.

(C). Assume that the degree of R; is bigger or equal to the one of U;, deg(R;) > deg(U;). Hence,
deg(R;) + 1 = deg(P,) = N1 + 1 (Rem.[9.2.12), and so deg(R;) = Ni. In particular, R; # 0, and
so the (i + 1)-th row of the Extended Euclidean Algorithm, (U;11, Vi11, Rit1), is defined. The degree
of U; 41 is No + 1, because by Rem. deg(Ui41) = D + 1 — deg(R;) = N2 + 1 (Prop.[9.2.4).
The degree of R, is strictly smaller than the one of R; (Rem. [0.2.13)), which is N;. Hence, the
degree of R;;1 is smaller than the degree of U, because deg(R;11) < N; < Ny < deg(Uiy1).
Therefore, P,, = U;11(%)z™2"! is a kernel polynomial in Ker(HV21) (Lem. . By Rem.
as deg(R;+1) < deg(Uit+1), x does not divide P,,. Also, the maximal power of = that divides P, is
gdeg(Ri)+1-deg(Ui) and, as we assumed deg(R;) > deg(U;), = divides P,. Hence, every polynomial in
{Q P, : deg(Q) = Ny + N} is divisible by z, and so, by Cor. we can consider P, = P,,. O

Algorithm 15 COMPUTE_PV_AND_PW

Input: A sequence (ag,...,ap).
Output: Polynomials P, and P, as

1. i + firstrow of EGCD(2P 1,3, a;2°) such that R; < 2.

2. P, Ui(%) . gpmax(deg(Us),deg(Ri)+1)
Ny < max(deg(U;) — 1,deg(R;))
3. IF deg(R;) > deg(U;),
Py 4= Uipa (%) - a9eUisn),

Ny  deg(Uiy1) — 1.

ELSE

Py < Ui-1(3) . pdeg(Ri—1+1)

N2 < deg(RFl).

4. Return P, and P,

9.3.2 Computing a square-free polynomial Q

We can compute @ at step [2]of Alg.[I4]in different ways. If P, is square-free, then we set () equal to P,.
If P, is not square-free, by Lem. we need to find a vector p € K(V2=N1+1) gych that Q= P, x
P, + P, is square-free. By Prop. P, and P, are relative prime. Thus, if we take a random vector
i, generically, @, would be square-free. For this to hold, we have to prove that the discriminant of (), is
not identically zero. To simplify notation, in the following theorem we dehomogenize the polynomials.
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Theorem 9.3.6. Given two relative prime univariate polynomials P,(z) and P, (x) of degrees N1 + 1
and Ny + 1 respectively, let Q,(x) == P, P, + Py, € Kluo, ..., un,—n~,][x]. The discriminant of Q,,(x)
with respect to x is a non-zero polynomial.

Proof. The zeros the discriminant of @, (x) with respect to = over K correspond to the set {y €
RN2=Ni+1 @, has double roots}. We want to prove that the discriminant is not zero.

A univariate polynomial is square-free if and only if it does share any root with its derivative. Hence,
(10 -+ piNy—ny)T € {p € KN~M+L . Q, hasdoubleroots} if and only if, there is
(105 - - 5 Ny— Ny, @) € KN27N1H1 5 K such that the following equations are satisfied

{(P#PU + Py)(x) =0 (9.11)

(PuP,+ PP, + P,)(x) = 0.
In Eq. (9.11), p0 only appears in P, with degree 1. If we eliminate it to obtain the polynomial
(P, - PL + P,)P,— PP,

This polynomial is not identically 0 as P, does not divide P, and P, and P, are relative prime.
Hence, for each (p1, ..., tn,—nNy ), there is a finite number of solutions for this equation, bounded by
the degree of the polynomial. Moreover, as the polynomials of Eq. are linear in g, each solution
of the deduced equation is extensible to a finite number of solutions of Eq. (9.11). Hence, there is a
p € KN2=Ni+1 quch that Q. is square-free. Therefore, the discriminant of @, (z) is not identically

Zero. O
Corollary 9.3.7. For every vector (i1, . .., iN,—N,) € KN2=N gych that there is a wo € Ksuch that y2
does not divides @, where (v = (f10, . . ., UNy—N, ), there are at most 2D + 2 different values for 11 € K

such that the polynomial Q,(x,y) is not square-free.

Proof. If Q,(,y) is not square-free, then it has a double root in P! (K). This root could be of the form
(a,1) € PL(K) or (1,0) € P1(K). We analyze separately these cases

First, we consider the polynomial Q,(z,1) € K|ug, z]. By Thm. the discriminant of Q,(x,1)
with respect to x is not zero. As (), (x,1) is a polynomial of degree No + 1 with respect to z, and of
degree 1 with respect to 19, the degree with respect to y of the discriminant of @, (x, 1) with respect to
x is at most (N2 + 1) + Ny < 2D + 1. Hence, there are at most 2D + 1 values for jig such that Q,(x, y)
has a root of the form (a, 1) € P*(K) with multiplicity bigger than one.

The polynomial Q,,(z,y) has a root of the form (1,0) € P!(K) with multiplicity bigger than one,
if and only if 32 divides Qu(x,y). If this happens, then the coefficients of the monomials y - N2~ Ni—1
and 22~ in the polynomial Q (2, y) are zero. By assumption, these coefficients are not identically
zero as polynomials in 9. As Q,(x,y) is a linear polynomial with respect to 119, there is at most one
value for p such that y? divides Q,(z,y).

Therefore, there are at most (2D + 1) + 1 values such that ), (x, y) is not square-free. O

Remark 9.3.8. The previous assumption is not restrictive. If y> divides Qu, where 1= (110, - . ., [LNy—Ny )
then y? does not divide Q(NO7_"7MN2_N1H) = Qu—i—xN?“ nor Q(N07~~~aUN2—N1—1+17/1«N2—N1) = Q“—i—ny?.
Moreover, if Ny — N1 > 2, y? divides (or not) Qu(x,y) regardless the value of po. Conversely,
if No — Ny < 2, there is always a g such that y* does not divide Qu-
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9.3.3 Correctness of Algorithm [14]

For computing a decomposition for a binary form f, we need to compute the kernel of a Hankel matrix
(Thm.[0.2.2)). Alg.[I5|computes correctly the polynomials P, and P, that characterize the kernels of the
family of Hankel matrices associated to f. Once we obtain these polynomials step [2|(see Cor. and
stepcomputes the coefficients o, 3;, \; of the decomposition. Hence, we have a decomposition for f,

as f(x,y) = Y5_ Njlax + By)P.

Example Consider f(z,y) = y* + Sxy? + 1822y? + 1623y + 52*. The family of Hankel matrices
associated to f are related to the vector a := (1,2,3,4,5)7, it is denoted by { H*},, and it contains the
following matrices:

H§:<1 29 4) Hi=(1 2 3 4 5)

S|
=W N =
U= W N

S
B~ W N
Ot = W

The kernel H! is trivial, so we compute the one of H2. This kernel is generated by the vector
(1,-2,1)T, so by Prop. we consider v = (1,—2,1)T. Also, by Prop. @ N1 +1=2and
Ny = D — Ny = 3. The kernel polynomial P, = 32 — 22y + 22 = (x — y)? is not square-free
thus, by Lem. the rank of f(z,y) is N2 + 1 = 4 and we have to compute the kernel polynomial
P,, in the kernel of HZ. Following Prop. the kernel of H2 is generated by U-chain of v given
vectors Uy = (1,-2,1,0,0)T, Ulv = (0,1,-2,1,0)7, and U2v = (0,0,1,-2,1)7, plus a vector
w linear independent with this U-chain. We consider the vector w = (0,0, 0,5, —4), which fulfill that
assumption. Hence, P, = y? — 2z y + 22 and P,, = 5yx3 — 424

We proceed by computing a square-free polynomial combination of P, and P,,. For that, we choose

Q := (44y* + 11yzx + 1492%) P, + 36 P, = (5z — 11y)(x — 2y)(z + 2y)(z + v).
Finally, we solve the system given by the transposed of a Vandermonde matrix,

54 1 1 1 M
11-5% 2 =2 -1 A2

112.52 22 (=2)2 (—1)? A3 9.12)
)

=W N =

The unique solution of the system is (—ﬁ, 3, %, %)T, and so we recover the decomposition

1 1 3
= ——(11z + 5y)* + 3(2 (-2 1o (- 4
Instead of considering incrementally the matrices in the Hankel family we can compute the polyno-
mials P, and P, faster by applying Alg. For this, we consider the polynomial A := 5z* + 423 +
322 + 2z + 1, and the rows of the Extended Euclidean Algorithm for A and x°.
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J Vj Uj R;

0 1 0 x°

1 0 1 5z 4+ 423 4 322 4+ 22 + 1
2 1 55z —4) | 5(2 + 227 + 32+ 4)
3 —25(5x — 6) 25(z — 1)2 25

4| (et +42° +32° + 20+ 1) | —gea 0

We need to consider the first j such that deg(R;) < %, which is j = 3. Hence,
N; = max(deg(Us) — 1,deg(R3)) = 1 and

2
P, i= Uy £ ) grtdeendesBe) — 95 (L _1)"22 = 25(y — )2

As deg(R3) < deg(Us), we consider Ny = deg(R2) = 3 and

x 1
Py = Uy = ) a2 tl = = (5053 — 4z%).
2<y>x 5 (Oya” — 4z%) 0

9.4 Complexity

In this section we study the algebraic degree of the parameters that appear in the decomposition of a
binary form and the arithmetic and bit complexity of Alg.

9.4.1 Algebraic degree of the problem

If we assume that the coefficients of the input binary form Eq. are rational numbers then the pa-
rameters of the decompositions, a;, 55, and A; (see Eq. (9.3)), are algebraic numbers, that is roots of
univariate polynomials with integer coefficients. The minimum degree of this polynomials is the alge-
braic degree of the problem. We refer the interested reader to [Baj88, [INRST0, DHO™ 16] for a detailed
exposition about the algebraic degree and how it address the complexity of the problem at hand at a
fundamental level.

The complexity of computing Q

Recall that from Lem. [9.3.1|the rank of f could be either N; + 1 of N3 + 1. When the polynomial P, is
square-free, then the rank is Ny + 1 and the Q = P,. Following the discussion of Sec.[9.3.2] we prove
that, when the rank of the binary form is N2 4+ 1, we can compute a square-free kernel polynomial @)
of this degree such that the largest degree of its irreducible factors is /N;. Moreover, we prove that for
almost all the choices of (N2 — Nj + 1) different points in P!(K) (the projective space of K) there is a
square-free kernel polynomial of H V2! which vanish on these points. This will be our choice for Q.

Lemma 9.4.1. Let f be a binary form of rank No+ 1. Given (No — N1+ 1) different points (a, 5o), - - - ,
(aNy— Ny 41, BNy Ny 1) € PYK) such that none of them is a root of P,, then there is a unique binary
form P, of degree No — N1, such that the kernel polynomial Q,, := P, P, + P,, vanish on those points.
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Proof. Without loss of generality, we assume 3; = 1. By Prop.9.2.7| for any polynomial P, of degree

Ny — Ny, @, is a kernel polynomial. Since Q,(a;,1) = 0, we can interpolate P, by noticing that
P 1) = Py (aj,1)
(g, 1) = = Py(a;,1)"

The degree of P, is (N2 — N1) and we interpolate it at (N2 — N7 + 1) different points. Hence there

is a unique interpolation polynomial P,. So, @), is the unique kernel polynomial of H N2+1 divisible by

all those linear forms. O

Example (continuation) For the example of Sec.[9.3.3] we obtained the square-free kernel polynomial
by choosing the points (2, 1), (—=2,1) and (—1,1) € P(K). If we choose other points such that Q,, is
square-free, we will obtain a different decomposition. Hence, f does not have a unique decomposition.
This holds in general. O

Corollary 9.4.2. A decomposition is unique if and only if the rank is N1 + 1. A decomposition is not
unique if and only if the rank is No + 1.

Theorem 9.4.3. Let the rank of f be No + 1. Then there is a square-free kernel polynomial Q) such that
the largest degree of its irreducible factors is at most N7.

Proof. If the rank of f is No+ 1, then for each set of No — N7 + 1 different points in P! (K), following the
assumptions of Lem.[9.4.1] there is a unique kernel polynomial. There is a rational map that realizes this

relation  (see the proof of Lem. [9.4.1). Let this map be (g, where
a = ((ao,B0),-- s (aNy—Nys BNo—ny)) € PHK)N2=Ni+1 The image of the map is contained in

{P.P,+Py:p€ KNQ_NIH}. This set and P! (K)2~"+! have the same dimension, Ny — N7 + 1.

Given a kernel polynomial Q(z, ), there is a finite number of distinct points (c, ) € P!(K) such
that Q(a, B) = 0. Hence, the pre-image of an element in the image of Q[a) 1s a finite set. Therefore, the
dimension of the image and the dimension of the domain are the same.

By Thm. the non-square-free kernel polynomials form a hypersurface in the space of kernel
polynomials of the shape P, P, + P,. If we consider the pre-image of the intersection between this
hypersurface and the image of the rational map, then its dimension is smaller than Ny — N7 + 1.

Therefore, generically, for Ny — Ny + 1 different points in P!(K), the map Qz)(,y) results a
square-free kernel polynomial. As K is the algebraic closure of K C C, the same holds over K. 0

Theorem 9.4.4. Given a binary form f of rank r and degree D, there is a square-free kernel polynomial
of degree r such that the biggest degree of its irreducible factors is min(r, D —r + 1).

Proof. If the rank is r = Na + 1, then min(r, D — r + 1) = N;. By Thm.|9.4.3| such a square-free
kernel polynomial exists. If the rank is » = N; + 1 and N7 < Na, by Lem.[9.3.1] there is a square-free
kernel polynomial of degree min(r, D —r + 1) = Ny + 1. O

The previous result is related to the decomposition of tensors of the same border rank [[CS11, Thm.
2]; [BGI11, Thm. 23]; [Blel5].
We can also bound the number of possible bad choices in the proof of Thm.[9.4.3]
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Proposition 9.4.5. Let f be a binary form of rank No+1. For every set S C P'(K) of cardinal (No— Ny)
such that (¥(c, B) € S) Py(a, B) # 0 there are at most D? + 3D + 1 values (o, Bo) € P1(K) such that
(a0, Bo) € S, Py(aw, Bo) # 0 and the unique kernel polynomial Q,, := P, P, + P, that vanish over S
and (o, Bo) (Lem. is not square-free.

To prove this proposition we use Lagrange polynomials to construct the maps and varieties of the
proof of Thm.[9.4.3

Let S = {(a1,B1),- -, (@Ny—nNy s Brna—N; )} C PH(K) be the set of Prop.[9.4.5] For each (ag, fo) €
P!(K) such that (g, o) & S and P,(c, 30) # 0 we consider the unique kernel polynomial Q®0-%
which vanishes as S and (o, Bp) (see Lem. . Using Lagrange polynomial, we can write this
polynomial as

Py(ao, Bo) M Boxr — apy
ao,B0 z,y)=|— — F; P,(x,y) + Py(x,
@ (z.9) ( P, (ao, Bo) M 040750 ; apBi — aifo (#.9) | Po(@y) + Pu(2,9)
Where EZ (LIZ‘, y) = —}P;Z((z::gf)) H]Q{O,z} % and M(I, y) = Hj\bl i (ﬁ]fL‘ - ajy)

For each (o, 3;), we characterize the possible (ap,3o) € P!(K) such that (a;, 3;) is a root of
Q0% of multiplicity bigger than one. Then, we study the (g, 5o) € P'(K) such that (v, Bo) is a root
of QPo with multiplicity bigger than one. Finally, we reduce every case to the previous ones.

To study the multiplicities of the roots we use the fact that (ayp, Bo) is a double root of an binary
form P if and only if P(ag, fo) = m, P (g, Bo) = 8y P (g, By) = 0. Hence, for each (ag, fo) € P1(K),

we consider 8Q82 0 and 3@@; 0 where
8@040750 Pw(ao,ﬁo) 1 OM BPU
- Py+ M7= ) (@, 13
aﬂf P'U(a07 /60) M(O[O, 50) aaj + ax (‘T y)+ (9 )
NZ*Nl
1 0 Tr — EZP'U 6Pw
60@1 - O‘OBZ ox Or

Let 0507 (2, y) be the product between the last line of Eq. (9.13) and M (v, Bo), that is

0. M (o, Bo) O((Bor — cwy)Ei P, ) P,
o) Z Bowi — aof ou 9) + Moo, fo) (@)

Note that for every (o, 5;) € S, (Bocii — a/3;) divides M (ay, Bg), as polynomials in K|ayg, 3o], so
Ogo-Po (z,y) is a polynomial in K[ayp, Bo][z,y]. The derivative of Q20-% with respect to z is a rational

function in K(ayp, 30)[z, y], that we can write as BQS;’BO =7 (s;agoﬁ)(}\(f(gz 557 Where
oM 0P, _
Tao,ﬁo(xay) = _Pw(a(hﬁ()) ( O P, +M O )(xvy) +Og0ﬁ0(x7y)PU(a07/30) € K[QO’BOHx7y]

2 For each 0 < i < N2 — N1, Q%% (z,y) is a rational function of degree 0 with respect to (a, ;). Hence, it is well
defined the evaluation of the variables (;, 8;) in Q0 (x, ) at points of P! (K).
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Lemma 9.4.6. For each (o, 3;) € S, there are at most Ny + 1 possible (o, fy) € PY(K) such that
(v, B0) € S, Py(cwg, Bo) # 0 and that (cy;, B;) is a root of multiplicity bigger than 1 in Q0.

Proof. If (v, 3;) is a root of multiplicity bigger than 1 in Q0% then 8@ o 0( a;, fi) = 0. Hence,
we are looking for the (cv, Bp) such that 707 (a;, B;) = 0. The polynomlal T”‘ONB0 (e, B;) belongs to
Koo, Bo], so if it is not identically zero, there is a finite number of points (ag, 39) € P!(K) such that
T:5 (a4, 8;) = 0. Moreover, the degree of the polynomial T (qy;, B;) is at most
max(deg(Py), deg(OﬁO"Bo(ai, Bi)) + deg(P,)) = Na + 1, hence, if the polynomial is not zero, this
finite number is at most Ny — Nj.

The polynomial 707 (o, B;) € K[ao,ﬁo} is not zero. Observe that as M is square-free,
M(wi, 8;) = 0 and P,(«;, 8;) # 0, then ( P, +M8P”)(ozi,/8i) # 0. Hence, as P, and P, are
coprime, and so 70,50 (e, Bi) does not Vanlsh in the roots of P,,. O

Lemma 9.4.7. There are at most 2Ns + 1 possible (ag, $y) € PYK) such that (ao,Bo) & S,
Py (v, Bo) # 0 and (a, Bo) is a root of multiplicity bigger than 1 in Q0.

Proof. Following the proof of Lem.|9.4.6, we study 7“0 (v, By) € K], Bo]-

oM 0P,

1207 (g, By) = — Pu(ao, fo) < 9 vt Mo~ >(Oéo,ﬁ0) + 0507 (g, fo) Pu(a, o)

( P, M%P >(ao,5o)+ (050’60 P ég\j>(a0’ﬂo) (00, fo)

The polynomial 70 (a0, Bo) is not zero because, as both P, and M are coprime to P,, P, does not
divides P, M 861; » . We conclude the proof by noting that the degree of 7?0 (ay, fy) is bounded by
2Ny + 1. ]

Lemma 9.4.8. Let (ao, Bo), (a0, fo) € P'(K) such that (o, Bo), (o, Bo) & S, Po(io, o) # 0. Hence,
Q% (g, fo) = 0 if and only if Q0% (z, y) = Q0 ().

Proof. Assume that Q%% (o, 3y) = 0. Following Lem. we write Q%% = P, P, + P, and
Q% = pP,P, + P,. Consider Q%% — Q%5 = P, (P; — P,). This polynomial vanishes over
PY(K) at the Ny + 1 roots of P,, at the N2 — Ny points on S, and at (ag, By) € P'(K). Hence,
Qo0Po —Q0,Bo = 0 asitis a binary form of degree at most Na+1 with Na+2 different roots over P*(K).
Therefore, if Q0% (ag, Bo) = 0, then Q%050 (. y) = Q*0H (., ). By definition, Q0% (g, By) = 0.
Hence, if Q2050 (. y) = Q0 (x,y), then we have Q0% (g, By) = 0. O

Proof of Prop. We want to bound the number of different points (g, 3p) € P!(K) such that
Q0P (z, y) is not a square-free binary form over K[z, y]. If the binary form Q0% (z, y) is not square-
free, then it has a root over P! (K) with multiplicity bigger than one. If such a root is (cv;, 3;) € S, we can
bound the possible number of different values for (ag, fo) € P*(K) by (No + 1) (Lem.[9.4.7). Hence, if
there is a i such that (cy;, 8;) € S has multiplicity bigger than one as a root of Q0% (z, 1), we can bound
the possible number of different values for (ag, 8y) € P*(K) by #S - (Ng + 1) = (Ny — N1)(No + 1).

If Q0% is not square-free and the multiplicity of every root («;, 3;) € S is one, then there must be
aroot (ag, By) € P'(K) such that (&g, fy) & S and its multiplicity as a root of Q0% is bigger than one.
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By Lem. u QdO’BO (z,y) = QP (z,y), and so (&g, By) € P(K) has multiplicity bigger than one
as a root of Q207 (., /). Hence, P,(ég, By) # 0 and, by Lem. 19.4.7, we can bound the possible number

of different values for (ag, 3o) € P'(K) by 2Ns + 1. As Q%% (2, ) has Ny + 1 roots over P'(K) \ S
then, by Lem. there are Ny + 1 different (v, 8y) € P1(K) such that Q%00 (z, ) = Q@050 (z, /).
Hence, for each (ap, 9) € P!(K) such that (ap, 5p) has multiplicity bigger than one as a root of
Q0 (x,y), there are Ny + 1 points (g, B9) € P'(K) such that (&g, 5p) has multiplicity bigger than
one as a root of Q0% (x, 7). Therefore, the number of different values for (ayp, o) € P*(K) such that
Q0% (2, 5) has a root in P! (K) \ .S with multiplicity bigger than one is bounded by (N7 +1)(2Ny +1).
Joining these bounds, we deduce that there are at most (N2 — N1)(Na + 1) + (N7 + 1)(2N2 + 1)
different (g, Bo) € P!(K) such that Qa, g, is not square-free. Recalling that Ny = D— N and No < D
(Prop.[9.2.4), we can bound (N2 — N1)(No + 1) + (N7 + 1)(2Ns + 1), by D> + 3D + 1. O

Complexity of computing A

We compute the coefficients A; of the decomposition by solving a linear system involving a transposed
Vandermonde matrix (Step [3] of Alg.[I4). We follow [KY89] to write the solution of Eq. as the
evaluation of a rational function over the roots of a univariate polynomial.

Definition 9.4.9. Given a polynomial P(x) := > 1 ja;x* and 0 < k < n, let

Quo(P Z a;T

Proposition 9.4.10 ([KY89, Sec. 5]). If a; # «, for all i # j, then there is a unique solution to the
system of Eq. (9.14).

1 1 1 ao
a1 asg ar a1
: A= " (9.14)
a’{_l a;_l al~t ar—1
Moreover; if the solution is X\ = (A1,...,\;)T then, \; = %(aj) where Q)'(x) is the derivative of

Q(z) :=[li_1(z — a;), R(z) :=Y_j ar—iz" ' and T(z) := Quo(Q(a?)R(x), :ET).

Lemma 9.4.11. Given a binary form f(x,y) := ZzDo (D) a;x'yP = let Q be a square-free kernel
polynomial of degree r, obtained after step [3|of Alg. [I4} Assume that y does not divide Q. Let oj be the
j-th roots of Q(z), Q'(x) be the derivative of Q(z) and the polynomial T(z) := Quo(Q(z)R(x),z"),
with R(z) := Y __; ar—ix' L. Then, each \;j from stepin Alg. can be written as \j = %(aj).

Proof. As y does not divide (), we can write it as Q(z,y) = [ [,(x — o;y), where all the «; are different.
Hence, as the r x r leading principal submatrix of Eq. (9.5) is invertible, we can restrict the problem to
solve that r x r leading principal subsystem. This system is Eq. (9.14). Therefore, the proof follows

from Prop.[9.4.10] O
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Proposition-Definition 9.4.12 (Symbolic decomposition). Let () be a square-free kernel polynomial
related to a minimal decomposition of a binary form f of degree D, such that y does not divide (). In
this case, we can write f as

fan= Y é(axax )P,
{a€K|Q(a)=0}

Remark 9.4.13. If the square-free kernel polynomial related to a decomposition of rank r is divisible by
y, we can compute {\;}j<, of Eq. ll as in Lem. |9.4.11} by taking % as the kernel polynomial. It is

without loss of generality to consider QQ = Py, . _; oy, because Q) is square-free, and so y? can not
divide it. Hence, \, = ap — Z;:g W;ap—rtit1 [Rezl3a, Eq. 2.12].

To summarize the section, given a binary form f of rank r, there is a square-free kernel polynomial
@ of the degree r, such that the largest degree of its irreducible factors is bounded by min(r, D —r + 1)
(Proposition-Definition 9.4.12)). If Q(x, y) is not divisible by y, the decomposition is

T
$@9) = 2 emiqe—n g @O+ )7

where T and @’ are polynomials whose coefficients belong to K and whose degrees are bounded by r,
defined in Lem.[9.4.T1] When y divides @, the form is similar.

Lower bounds on the algebraic degree

In this section we analyze the tightness of the bound of Thm. To do so, we construct families of ex-
amples where the bound is tight. We present two families of examples. In the first one, the decomposition
is unique. In the second one, it is not.

Proposition 9.4.14 ([HR84, Theorem 5.21). For every pair of relatively prime binary forms, P, and P,,,
of degrees N1+ 1 and No+1, N1 < N, there is a sequence a = (ag, - . ., ‘IN1+N2) such that N = Ny,
N3§ = Ns, and we can consider the polynomials P, and P,, as the kernel polynomials P, and P,, from
Prop. with respect to the family of Hankel matrices { H*}y.

Theorem 9.4.15. If there is an irreducible binary form of degree N1 + 1 in K[z, y|, then for every
D > 2 Ny, there is a binary form f of degree D such that its decomposition is unique, its rank Ny + 1,
and the degree of the biggest irreducible factor of the polynomial Q) from Alg.|14|in the decomposition is
min(Ny + 1, D — Ny) = Ny + 1. That is, the algebraic degree of the minimal decomposition over K is
N1 + 1 and the bound of Thm. is tight.

Proof. Let P, be a irreducible binary form of degree Np + 1. Let P, be any binary form of degree
Nz +1 := D — Nj + 1 relatively prime with P,. Consider the sequence a = (ao,...,ay,,y,) of

Prop. With respect to P, and Py, and the binary form f(z,y) := 3.1 (?)a;a’yP % As K is of
characteristic 0, K is a perfect field, and so, as P, is irreducible, it is square-free. Then, by Lem.
the rank of the decomposition is N® +1 = Nj + 1, and by Cor. the decomposition is unique.
Following Alg.[14] the polynomial @ is equal to P,, which is an irreducible polynomial of degree N; + 1.

As D > 2Ny, then min(Ny + 1, D — N;) = Ny + 1 and the bound of Thm. is tight. O
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Lemma 9.4.16. Let K = Q and p € N a prime number. Then, there is a binary form f of degree 2(p—1)
whose decomposition is not unique and the bound of Thm. is tight.

Proof. Consider the polynomial f(z,y) := (287:11))361’*1 yP~1. Using Alg. |15, we obtain P, = —y" and
P, = 2P, N = Ny = p— 1. The polynomial P, is not square-free, so we have to consider a square-free
kernel polynomial in Ker(H™2T1). Moreover, the rank of the decomposition is No+1 = p. Every kernel
polynomial in Ker (H™2*1) in Q[x, y] can be written as j1, 2P — p,yP for some iy, i, € Q. We are
interested in the zeros of these polynomials (step [3|of Alg.[14), thus we consider coprime ji,, ity € Z, as
the zeros do not change. As we want to consider square-free kernel polynomials, neither (i, nor p, can be
zero, and so (1,0) € P}(Q) is not a root of any of these polynomials. Hence, we rewrite our polynomial

D . .
L_(BwZ> 1), and so we look for the factorization over Q[z] of £22P — 1, where z = £. We can
HoyP N oy Ho Y

use the Newton’s polygon criterion, e.g., [Cas86, Chp. 6.3], to show that, if ’Z—’: ¢ Q, then Z—fzp —1is

irreducible over Q[z, y] and so the degree of its biggest irreducible factor is p > min(p,2 (p—1)—p+1).
If this is not the case, then Q/ | Z—j\ € Q, and so we can factor it as

(i) == (=) (S () )

The second factor is irreducible because there is an automorphism in Q[z] (given by z +— \l’j—” |2) that

transforms it into the p-th cyclotomic polynomial, which is irreducible as p is prime. Hence, the biggest
irreducible factor of this polynomial has degree p — 1 = min(p,2(p — 1) — p + 1) and the bound of

Thm.[0.4.4]is tight. O

9.4.2 Arithmetic complexity

Lemma 9.4.17 (Complexity of Alg. . Given a binary form f = ZZD:O (?) a;x'yP =" of degree D,
Alg.[15 computes P, and P,, in O(M(D) log(D)).

Proof. The complexity of the algorithm is the complexity of computing the rows (i 4+ 1), ¢ and (i — 1)
of the Extended Euclidean algorithm between ), a;x" and 2P T, where the i-th row is the first row i
such that deg(R;) < % (Lem. . This can be done using the Half~-GCD algorithm, which computes
these rows in O(M(D) log(D)). For a detailed reference of how this algorithm works see [BCG™'17,
Ch. 6.3] or [GG13| Ch. 11]. O]

Lemma 9.4.18 (Complexity of computing Q). Given the kernel polynomials P, and P,, from Prop.
we compute a square-free polynomial Q,, := P, P, + P, with the algebraic degree of Thm. [9.4.4|in
OM(D)log(D)).

Proof. To compute the vector i, we choose randomly No — N7 + 1 linear forms and we proceed as
in Lem. [9.4.1] The complexity bound is due to multi-point evaluation and interpolation of a univariate
polynomial [GG13, Ch. 10]. O
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Theorem 9.4.19. When the decomposition is unique, that is when the rank is N1 + 1, then Alg.
computes deterministically a symbolic decomposition (Proposition-Definition of a binary form in
O(M(D) log(D)).

When the decomposition is not unique, that is when the rank is No + 1, then Alg.|14|is a Monte Carlo
algorithm that computes a symbolic decomposition of a binary form in O(M(D) log(D)).

Proof. The first step of the algorithm, in both cases, is to compute the kernel polynomials P, and P,, of
Prop.[9.2.7|using Alg. By Lem. we compute them deterministically in O(M(D) log(D)).

If P, is square-free, which means that the decomposition is unique, then = P,. Otherwise, we
need to choose some random values to construct the polynomial square-free polynomial @ from the
kernel polynomials P, and P, step[2|using (Thm.[9.4.3), in O(M(D) log(D)) (Lem.[9.4.18). This is the
step that makes the algorithm a Monte Carlo one, as we might fail to produce a square-free polynomial
Q.

In both cases at step [3| we compute the rational function that describes the solution of the system in
Eq. (9.5), in O(M(D) log(D)) [KY89]. At step 4]of the algorithm we return the decomposition. O

We can bound the probability of error of Alg. [14] using Prop. [0.4.5] which bounds the number of
bad values that lead us to a non square-free polynomial (). Moreover, we can introduce a Las Vegas
version of Alg. [T4] by checking if the values that we choose to construct a polynomial ) result indeed
a square-free polynomial. We recall that this check can be done in O(M(D) log(D)) by computing the
GCD between the () and its derivatives.

Theorem 9.4.20. If we want to output an approximation of the terms of the minimal decomposition, with
a relative error of 27, we can use Pan’s algorithm [Pan02|] [MPI3| Thm. 15.1.1] to approximate the
roots of Q. In this case the complexity becomes O (D log?(D) ( log?(D) + log(€))).

9.4.3 Bit complexity

Let f € Z[x,y] be a binary form as in Eq. (9.1), of degree D and let 7 be the maximum bitsize of the
coefficients a;. We study the bit complex1ty of computlng suitable approximations of the «;’s, 3;’s, and
A;’s of Eq. (9 . say oy, ﬂj and /\ respectively, that induce an approx1mate decomposition correct up to
¢ bits. That is a decomposition such that || f — >, by j(ojz + ﬁj Y)P || < 27¢. We need to estimate an
upper bound on the number of bits that are necessary to perform all the operations of the algorithm.

The first step of the algorithm is to compute P, and P,, via the computation of three rows of the
Extended GCD of two polynomials of degree D and D + 1 with coefficients of maximal sized 7. This
can be achieved in 6B(D27') bit operations [GG13, Cor. 11.14.B], and the maximal bit size of P, and
P, is O(D7). We check if P, is a square-free polynomial in O(D?7), via the computation of the GCD
of P,(x,1) and its derivative [GG13} Cor. 11.14.A], and by checking if y? divides it.

If P, is square-free polynomial, then Q = P,. If P, is not square-free, then we can compute () by
assigning values to the coefficients of F,. We assume that y? does not divide P,,, if this does not hold,
we replace P, by the kernel polynomial V2= P, 4+ P,,, which is coprime to P,, and so not divisible
by y, as P, and the original P, are coprime (Prop.[0.2.7)). We set all the coefficients of P, to zero, except
the constant term. Then Q = uoy™¥>~N1 P, + P,,. Now we have to choose /g so that @ is square-free.
As yNTN 1P, and P, are coprime, there are at most 2D + 2 forbidden values for pg such that @ is
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not square-free (Cor. [9.3.7), thus at least one of the first 2D + 3 integer fits our requirements. We test
them all. Each test corresponds to a GCD computation, that costs Og(D?7) and so the overall cost is
Op(D37).

Leto = O (D7) be the maximal bit size of ). By Rem. we can assume that y does not divide
@, consider y = 1 and treat () as an univariate polynomial.

Let {«;}; be the roots of (). We isolate them in O B(D?c) [Pan02]]. For the (aggregate) separation
bound of the roots it holds that —lg[[; A(e;) = O(Do + D1g(D)). We approximate all the roots up

to accuracy 21 in O g(D%0 + DY) [PT174]. That is, we compute absolute approximations of o, say
@, such that |a; — a;| < 274,

The next step consists in solving the (transposed) Vandermonde system, V(&) T\ = a, where V(&)
is the Vandermonde matrix we construct with the roots of (), A is a vector contains the coefficients of
decomposition, and a is a vector containing the coefficients of F, see also Eq. (9.5)). We know the entries
of V(@) up to ¢; bits. Therefore, we can compute the elements of the solution vector A with an absolute
approximation correct up to {2 = {1 — O(D1g(D)o —1g[[; A(«;)) = £ — O(D1g(D)o) bits [PT17b
Thm. 29]. That is, we compute Xj’s such that [A; — XJ\ < 2% At this point we have obtained the
approximate decomposition

flay) = N@z+y)”.
j=1

To estimate the accuracy of f we need to expand the approximate decomposition and consider it
as a polynomial in z. We do not actually perform this operation; we only estimate the accuracy as if
we were. First, we expand each (ojz + y)P. This results polynomials with coefficients correct up
{3 =l — O(Do) = {1 — O(Dlg(D)o) — O(Do) = {1 — O(D1g(D)o) bits [PT17b, Lemma 19].
Next, we multiply each such polynomial with A;, and we collect the coefficients for the various powers
of x. Each coefficient is the sum of » < D terms. The last two operations do not affect, asymptotically,
the precision. Therefore, the polynomial f = > iz Xj(&jx + (1 — &; t)y)P that corresponds to the
approximate decomposition has an absolute approximation such that || f — fH < 2~0+0Dlg(D)o) T
achieve an accuracy of 2~ in the decomposition, such that lf — fvﬂ < 27 we should choose ¢; =
¢+ O(Dlg(D)o). Thus, all the computations should be performed with precision of £ + O(D1g(D)o)
bits. The bit complexity of computing the decomposition of f up to ¢ bits is dominated by the solving
and refining process and it is (53(D€ + D?c). If we substitute the value for o, then we arrive at the
complexity bound of O (Dl + D* + D37).

Theorem 9.4.21. Let f € Z[z,y| be a homogeneous polynomial of degree D and maximum coefficient
bitsize T. We compute an approximate decomposition of accuracy 2~ in Og(D{ + D* 4+ D3T) bit
operations.
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Résumé :

La résolution de systemes polynomiaux est I'un des problémes les plus anciens et importants en
mathématiques informatiques et a des applications dans plusieurs domaines des sciences et de I’'ingénierie.
C’est un probleme intrinsequement difficile avec une complexité au moins exponentielle du nombre de
variables. Cependant, dans la plupart des cas, les syst¢tmes polynomiaux issus d’applications ont une
structure quelconque. Dans cette thése, nous nous concentrons sur 1’exploitation de la structure liée a
la faible densité des supports des polyndmes; c’est-a-dire que nous exploitons le fait que les polyndomes
n’ont que quelques mondmes a coefficients non nuls. Notre objectif est de résoudre les systemes plus
rapidement que les estimations les plus défavorables, qui supposent que tous les termes sont présents.
Nous disons qu’un systéme creux est non mixte si tous ses polyndmes ont le méme polytope de Newton,
et mixte autrement. La plupart des travaux sur la résolution de systémes creux concernent le cas non
mixte, a ’exception des résultants creux et des méthodes d’homotopie. Nous développons des algo-
rithmes pour des systeémes mixtes. Nous utilisons les résultantes creux et les bases de Groebner. Nous
travaillons sur chaque théorie indépendamment, mais nous les combinons également: nous tirons parti
des propriétés algébriques des systemes associés a une résultante non nulle pour améliorer la complexité
du calcul de leurs bases de Groebner; par exemple, nous exploitons I’exactitude du complexe de Koszul
pour déduire un critere d’arrét précoce et éviter tout les réductions a zéro.

De plus, nous développons des algorithmes quasi-optimaux pour décomposer des formes binaires.

Mots clés : Résolution de Systemes Polynomiaux; Systemes Polynomiaux Creux; Résultant; Base
de Grobner; Décomposition du Tenseur; Théorie de 1’Elimination Creux; Systémes Multi-homogenes;

Abstract:

Solving polynomial systems is one of the oldest and most important problems in computational math-
ematics and has many applications in several domains of science and engineering. It is an intrinsically
hard problem with complexity at least single exponential in the number of variables. However, in most
of the cases, the polynomial systems coming from applications have some kind of structure. In this thesis
we focus on exploiting the structure related to the sparsity of the supports of the polynomials; that is, we
exploit the fact that the polynomials only have a few monomials with non-zero coefficients. Our objec-
tive is to solve the systems faster than the worst case estimates that assume that all the terms are present.
We say that a sparse system is unmixed if all its polynomials have the same Newton polytope, and mixed
otherwise. Most of the work on solving sparse systems concern the unmixed case, with the exceptions of
mixed sparse resultants and homotopy methods. In this thesis, we develop algorithms for mixed systems.
We use two prominent tools in nonlinear algebra: sparse resultants and Groebner bases. We work on each
theory independently, but we also combine them to introduce new algorithms: we take advantage of the
algebraic properties of the systems associated to a non-vanishing resultant to improve the complexity of
computing their Groebner bases; for example, we exploit the exactness of some strands of the associated
Koszul complex to deduce an early stopping criterion for our Groebner bases algorithms and to avoid
every redundant computation (reductions to zero).

In addition, we introduce quasi-optimal algorithms to decompose binary forms.

Keywords: Grobner Basis; Mixed Sparse System; Multihomogeneous System; Resultant; Solving
Polynomial Systems; Sparse Elimination Theory; Tensor decomposition.
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