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Résumé. Le travaux récent de Calegari et Geraghty|CG12] ont enlevé les re-
strictions de la méthode originale de Taylor-Wiles, cela nous permet d’attacquer les
conjectures de modularité plus générales. Leur méthode se fonde sur deux autres
conjectures, 'une est reliée au probléme d’attacher les représentations galoisiennes
aux classes de torsion dans le groupe de cohomologie de la varieté de Shimura sous
entendue et I'autre a la dégrée de concentration de ces groupes de cohomologie lo-
calisés. La premiere conjecture a été adressée dans une grande généralité par Peter
Scholze [Sch13] mais la seconde reste évasive. Récemment, pour la cohomologie co-
hérente, Vincent Pilloni a dévelopé une version de la théorie de Hida pour les groupes
de cohomologie supérieurs qui construit une interpolation p-adique du complex de
cohomologie en question. Comme une application importante, nous pouvons con-
tourner la second conjecture au dessus et en effet dans un travail commun récent
[BCGP18|, ils ont montré que toutes les variétés abéliennes sur un corps totalement
réel est potentiellement modulaire. Dans cette thése, nous adaptons 'argument de
Vincent Pilloni pour contruire un complex qui interpole les classes de cohomologie
supérieurs de la varieté de Picard. Ces résultats servent comme le premier pas vers
la modularité potentielle des variétés abéliennes de dimension 3 qui proviennent des
Jacobiens de la courbe de Picard.
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ABSTRACT. In their breakthrough work [CG12|, Calegari and Geraghty have
shown how to bypass some serious restrictions of the original method by Taylor-
Wiles, thus allowing us to attack more general modularity conjectures and related
questions. Their method hinges on two conjectures, one is related to the problem
of attaching Galois representations to torsion classes in the cohomology of Shimura
varieties and the other to the requirement that these cohomology groups, localised
at an appropriate ideal are non zero only in a certain range. The first conjecture
is addressed in a great generality by Peter Scholze [Sch13], but the second remains
elusive. Recently, for coherent cohomology, inspired by the classical Hida theory,
Vincent Pilloni has proposed a method consisting of p-adically interpolating the
entire complex of coherent sheaves of automorphic forms on the Siegel threefold.
This serves as a way to get around the second conjecture above and plays a cru-
cial role in a recent work [BCGP18|, where they show that abelian surfaces over
a totally real field are potentially modular. In this thesis, we adapt the argument
in [Pil18] to construct a Hida complex interpolating classes in higher cohomology
groups of the Picard modular surface. In a future work, we hope to use this to
obtain some similar modularity results for abelian three-folds arising as Jacobians
of some Picard curves in the spirit of [BCGP18].
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Part 1. General introduction
1. NOTATIONS

For any field K, let K* denote its separable closure. When it makes sense, we
denote by Ok the ring of integers of K and by mx the maximal ideal O . Recall that
we have the absolute Galois group G of K, i.e the group of all automorphisms of K*
that fix K. This group comes equipped with the profinite toplolgy, i.e the weakest
topology making the projections G — Gal(K’'/K) continuous, where K C K' C K*
runs through finite extensions of K. In particular, G is compact, Hausdorff, totally
disconnected with a basis of open subsets given by subgroups of form Gal(K*/K")
with K’ being some finite separable extension of K. Throughout, we will be only
interested in the case when K is a number field or an extension of @, for some prime
number p.

As it happens in practice, the most fruitful way to study these groups is to examine
their representations.

Let R be any separated, commutative topological ring, then a Galois represen-
tation of K with coefficient in R of dimension n is a continuous group morphism:
p: Gxg — GL,(R) (the topology of GL,(R) is induced by the product topology on
M,2(R) x R via the embedding GL,(R) = M,2(R) x R (M + M x det(M))). We
often consider the cases where:

(1) R = C with its usual topology. Galois representations with complex coeffi-
cient are often called Artin representations, they have finite images. More
over these are conjugated to representations with coefficients in Q.

(2) R is an extension of Q, for some prime number p with p-adic topology, in
this case we say p-adic Galois representation.

(3) R is a finite field of characteristic p.

That being said, we need to find a source of Galois representations.

1.1. Geometry and Galois representation. There is a natural source of Galois
representation from geometry. For example:

(1) Let G,, be the multiplicative group over Z (i.e G,, = Spec(Z[T,T~1)),
then we can define its [-adic Tate module to be T;(G,,) := @uln(KS) where
wn (K®) is the group of I —th roots of unity in K°. This is a free Z;-module of
rank 1. The group G acts on each pyn (K?), thus on T;(G,,). As a result we
obtain a one dimensional representation p : Gxg — GL1(Z;) or equivalently
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a character xx : Gx — Z,°. We call this the cyclotomic character. For any
l-adic Galois representation p, we often denote by p(n) the tensor product of
p and x" for n € Z.

(2) Let A be an abelian variety of dimension g over K. Then we can also take
its l-adic Tate module Tj(A) := lim A[I"](K*) where A[I"](K*) is the group
of points of order " in K*. It is well known that A[["](K*®) = (Z/I"Z)%9.
Similarly, the absolute Galois group G g acts on A[l"](K*), and thus on T;(A)
and we obtain a Galois representation of dimension 2.

pay: Gk — GLay(Zy)

(3) More generally, if X is any proper smooth algebraic variety over K, then we
can consider its étale cohomology groups H*(X s, Q). By constructions they
carry an action of G and this forms a rich source of Galois representations.

Let K be a number field. Given a representation p : Gx — GL,(Q,). For a finite
place v, the local Galois group Gk, can be identified as a subgroup of Gx and we
obtain a representation:

Pov - GKv — GK — GLn(@p)

We then say that p : Gxk — GL,(R) is unramified at v if the image of the inertia
group I, C Gk, is trivial. In other words, the representation p, factors through
Gk,/I, = Gy, where F, is the residue field at v. As a result, the unramified local
Galois representation p, is completely determined by the image p,(Frob,) where
Frob, is a preimage of the generator of G, .

Generally speaking, Galois representations coming from geometry enjoy the fol-
lowing property /definition below.

Definition 1.1.1. Let L be a finite extension of Q, and p : Gx — GLy(L) be a
Galois representation. We say that:

(1) p is geometric if there exists a proper smooth variety X over K such that p
is a subquotient to H,(Xks,Q,) ® L (up to a cyclotomic twist).

(2) p is weakly geometric if p is unramified at places outside a finite set of places
and p, = p|gp, is de Rham at all places v over p.

Remark 1.1.1. By Cebotarev density theorem, such a geometric Galois representa-
tion is then determined (up to semi-simplification) by the images p(Frob,) where v
runs through the set of all unramified places of p.

In fact, it is well known that a geometric representation is unramified outside a
finitely many places. This is a theorem due to Grothendieck [MJ73||L.I77]. More over
geometric representation is de Rahm at all places over p (Fontaine, Messing,Faltings,
Kato, Tsuji, de Jong, see e.g. |P.B] [L.190]). Thus being geometric implies indeed
being weakly geometric. The famous Fontaine-Mazur conjecture predicts that they
are actually equivalent. This conjecture is recently confirmed in many cases for
n =2 and K = Q by Emerton and Kisin independently using p-adic local Langlands
correspondence for GL2(Q)).

Example 1.1.1. In the case of a rational elliptic curve E, the associated Galois
representation pgp : Go — GLa(Zy) is unramified at all primes | # p where E
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has good reduction. Further more the characteristic polynomial of pg p(Froby) reads
det(z — ppp(Frob)) = 2% — (I + 1 — Ny)x + | where N; is the number of points of
E with coordinates in Fy.

We will not forget here another very important invariant : the L-function attached
to an elliptic curve or an algebraic variety. It contains slightly less information about
the elliptic curve than the Galois representation. Indeed, to an elliptic curve E over
Q we associate the L-function L(E, s) = [], Ly(E, s) where p runs through all primes

and for almost all prime p the local L-factor L,(E, s) = (1—(p+1—N,)p~+p'=25)~1.

1.2. Automorphic forms and Galois representations. Another source of Ga-
lois representation comes from the so-called automorphic forms or automorphic rep-
resentations. We can define autormorphic form for any reductive groups but for
introductory purpose, we can content ourselves with modular forms, the simplest
example of automorphic form.

Let To(N) = {(i Z) € SLy(Z)|c = 0(modN)} and Ty (N) = {(‘Cl Z) €

I'o(N)|a,d = 1(modN}. These two subgroups of SLy(Z) are of finite index and
Po(N)/T4(N) = (2/NZ)*.

Definition 1.2.1. A modular form of level N, weight k is a holomorphic function:
f:H={z¢€Clim(z) >0} — C such that:

(1) flay(2) := (cz + d)"Ff(y2) = f(2) for all matrix v € T';(N).

(2) f is holomorphic at the cusps.
We also say that f is of character ¢ : (Z/NZ)* — C* if flyy = €(v)f for all
v € T'o(N).

Let us explain the second condition. First of all, because of condition (1), all
modular forms are periodic, meaning that f(z + L) = f(z) for some L € Z. As
a result a modular form admits a Fourier transform f(z) = > ., an(f)q" where
q = €2™/L This is often refereed to as the g-expansion of f. The condition that f
is holomorphic at the cusps then translates to the fact that the g-expansion of f|zy
has only non zero coefficients in non negative degrees in ¢ for all v € SLo(Z). If
furthermore, these g-expansion have only non zero coefficient in positive degree we
say that f is a cusp form. When the leading coefficient of the g-expansion of a cusp
form is 1, we say that it is normalized.

The set of all modular forms of level N, weight k forms a complex vector space
and is denoted by M (k, N,C) whereas its sub space of cusp forms is denoted by
S(k,N,C). For any [ € N prime to N we can define a Hecke operator T; €
End(M (k,N,C)) preserving the subspace of cusp forms S(k, N,C). These oper-
ators commute and are simultaneously diagonalizable, meaning that M (k, N, C) can
be written as a direct sum of eigenspaces of {1} };jan=1. We also denote the Z-algebra
generated by all T; for [ prime to N by T, this algebra plays a central role in the
theory of modular forms.

There is also an alternative algebraic approach to modular forms. We first point

out that if N > 3, the group I'1 (V) acts on H by <CCL Z) z = Zjis This action is
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properly discontinuous and the quotient Yn(C) := I'1(N)\H admits a structure of
a non compact Riemanien surface. We can then add a finitely many points, called
the cusps to Yn(C) to obtain the so called compactified modular curve Xy (C).
Moreover, Y (C) and X (C) are also the set of complex points of algebraic varieties
Ynx and Xy respectively defined over Z[%] with the latter being proper.

We can even give Yy (resp. Xpy) a modular interpretation, i.e it parametrizes
elliptic curve (resp. generalized elliptic curves) with additional level structure. In
particular, there is a universal generalized elliptic curve E over Xpy. We denote by
w the pull back of the differential sheaf of E along the identity section e : Xy — FE.
This is an invertible sheaf on Xy and the Kodaira-Spencer isomorphism tells us
that w ® w(—D) = Q}(N where Q}(N is the sheaf of differential forms of Xy and
D = Xy — Yy is the divisor corresponding to the cusps.

Using this interpretation, the entire theory of modular forms can be recast alge-
braically (see e.g [Kat73]). More specifically, for all Z[%]—algebra R we can define an
R-valued modular form of level N, weight k as a section of the line bundle w®* on X .
The result is that we obtain a finite R-module M (k, N, R) := H°(Xy Xz 1] R, w®F)
of R-valued modular form of level N, weight k which satisfies very nice functorial
properties in R. Additionally its R-sub module S(k, N, R) of cusp forms is identified
with HY(X X741 R,w®*(—D)), where D is the complementary of Yy in Xy. In
particular, when R = C, we recover the classical spaces M (k, N,C) and S(k, N,C).

This approach also shows the existence of a Z[1/N]-basis for M (k, N,C) and
S(k,N,C). Under this angle, it is immediate that T is a finite Z[%}—algebra. As
a result if f is an eigenform, then all of its eigenvalues lie in a finite extension of
@, we call it the coefficient field of f. By the same token, each normalized cuspidal
eigenform f corresponds to a prime ideal of T. Indeed, there is a character n; : T — C
given by Tj — A\ where T;(f) = A\;f. The image of 7y is clearly the coeflicient field
of f and the kernel of 7y is a prime ideal of T.

The existence of Hecke operators {T}};cny on the space M (k, N,C) make these
seemingly analytic objects more relevant to the number theory. Indeed we have the
following theorem due to Taniyama-Shimura in the case k = 2 [G.S71], Deligne in
the case k > 2 |[Del71] and later Deligne-Serre in the case k =1 [DS74].

Theorem 1.2.1. Let f be an cuspidal eigenform of level T'1(N) of weight k and
character x with g-ezpansion f(q) = _,~; anq". Let F' denote the coefficient field
of f.

(1) If k > 2 then for any place \ above p of F, we have a representation:
pix: Gg = GLa(Op)

This representation is unramified outside the primes dividing Np and for all
prime | 1 pN, we have

trace(pg(Froby)) = a and det(pga(Froby)) = x()IF?
(2) If k =1 then there exists an odd irreducible Galois representation:
ps: Go = GLy(C)
such that ps is unramified at 1 { N and det(XI—ps(Frob)) = X2—a; X +x(l).
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Proof. [Sketch]

(1) We only outline the proof when k = 2 and we also suppose furthermore that
f is a new form. Recall that each modular form of weight 2 and level T';(N) can be
identified with a section f € HY(Xy, Q}(N) Now by Hodge decomposition theorem,
the Betti cohomology with complex coefficient can be written as : H(Xy,C) =
HO(XN,Q%,) ® H' (XN, Oxy) with H'(Xy,Oxy) = H'(Xn, Q). The Hecke
algebra T acts on these vector spaces and we can see them as T-modules. Finally,
by choosing an isomorphism ¢ : @p >~ C, we have the comparison theorem

(1.1) H,(XN)g Q) ® C= HY (XN,C) = H (XN, Z) ®2 C

There is also natural action of T on H}((X N)g»Qp) and the above isomorphism
is in fact an isomorphism of T-modules.

Now giving an eigenform f we can compose p : Gg — Aut(HY((Xn)g, Qp)) with
the projection to the f-eigenspace 1y : T — Op where F' is the coefficient field of f
to obtain py ) : Gg = GL2(OF,). It can be checked that py ) satisfies all the listed
properties above (see appendix of [RS11]).

(2) For modular forms of weight 1, we proceed quite differently. Let f =" - ang"
be a such eigenform and let K be its coefficient field. For any even k& we have a nor-
malized Eisenstein series Ej, = > < bnq" of weight k. It is easy to see that if p—1|k
then b, = 0 mod (p) for all n > 1 so that fEj, = f mod mg, where X is a place
above p.

Now fEj, might not be an eigenform but following Deligne-Serre’s lifting theorem,
there exists an eigenform g = > -, cng" of weight k + 1 with coefficient field K’
such that fEj, mod mg, = g mod m_K/A/ where X is a place above p. We can consider
the representation py» : Gg — GL2(OK/A/). We let pr, = Gg — GLa(k) be the
reduction py »» mod m K/, where k is some finite extension of IF,,. This representation
(up to semi simplification) depends only on f.

More importantly, outside a finite set of prime, we can prove that the image
of pyp is bounded uniformly. Therefore if p is big enough py, can be lifted to a
representation py, : Gg — GL2(F') where F is the coefficient field of f

O

Remark 1.2.1. The L-function as an invariant is not exclusive to algebraic vari-
eties, we can attach an L-function to a modular form or more generally an automor-
phic representations. Take a cusp form [ of weight k > 2 with Fourier expansion
f(z) = >, ang™ we can put L(f,s) := >, apn™*. This carries all the numerical
datum that we can read off from the Galois representation attached to f. More-
over, L(f,s) converges uniformly to a holomorphic functions for s € C such that
re(s) > 1+ k/2 and admits an entire continuation.

One might observe that ps ) is weakly geometric and by construction, it comes
from the étale cohomology of a modular curve, as predicted by the Fontaine-Mazur
conjecture.

Definition 1.2.2. We say that a two dimensional p-adic Galois representation of
G is modular if it is isomorphic to a representation of the form py .
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This is just an instance of the much deeper phenomenon captured and studied
by the Langlands programs. In fact there is a central object in the Langlands pro-
gram called automorphic forms or automorphic representations that vastly generalize
modular forms. We also expect to be able to attach to any such automorphic form
a Galois representation. More precisely, we have the following conjecture/guiding
philosophy:

Conjecture (Langlands-Clozel-Fontaine-Mazur): Let K be a number field, and
a prime p, let us also fix an isomorphism @p & C. Then there is a unique bijection
between the following sets:

(1) the set of L-algebraic cuspidal automorphic representations of G L, (Ax)
(2) the set of irreducible weakly geometric Galois representations G g — G Ly (Qp).

This bijection is supposed to satisfy a number of compatibility that we will not spell
all out but notably, their L-functions are supposed to match.

The direction (1) — (2) consists of attaching Galois representations to automor-
phic forms, this is still wide open in general. When K is a totally real field or a CM
field, we know how to do this in the case where automorphic forms show up in the
Betti cohomology group of locally symmetric space (similar to how modular form ap-
pears in the cohomology of modular curve) (see [Sch15]). The requirement is that this
automorphic representation be regular, a typical example would be modular forms
of weight k£ > 2. The other case of non regular representations are often hopeless
except for the so-called limit of discrete series representations, a simplest example
of this would be modular form of weight 1. These automorphic representations still
contribute to coherent cohomology of relevant shimura variety and following Scholze,
Pilloni-Stroh [Sch13| [PS16b] we know how to treat these cases as well.

The direction (2) — (1) is known as the modularity conjecture and the only known
method is due to Wiles, and Taylor-Wiles. They first introduced the method to prove
that all semi stable elliptic curves over the rational are modular. Their method rests
on a crucial "numerical coincidence" that makes it functional only in certain cases.
Recently a breakthrough of Calegari-Geraghty gave a very satisfying explanation of
this then mysterious coincidence and better, they showed how to fix it. However still,
the new method requires us to show two additional conjectures that we are going to
explain using the case of group GLs in the next section.

2. MODULARITY

As mentioned in the previous section, the modularity direction aims to prove
that certain Galois representation comes from automorphic forms. (The case of 1-
dimensional representations is handled by the class field theory). The case of two
dimensional representation is already quite difficult.

In this section we review some of the main ingredients of Taylor-Wiles method
by focusing on the case of elliptic curve over the rational, which is the simplest
example, and in the next section we will study Artin representations, which requires
a considerable modification of Taylor-Wiles method.

Definition 2.0.1. We say that an Elliptic curve E over Q is modular if for a prime
p, the representation pg ;, is modular, i.e there exist a modular form f with rational
coefficient field such that p;, = pg .
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This definition does not depend on the chosen prime p. Indeed, suppose that E
is modular, and let f =) «,q" be the associated form. Since the Galois represen-
tation pg, and pg, give the same representation, we have (see example 1.1.1 and
theorem 1.2.1):

a=l4+1-N

for unramified [ # p,p’. As a result, if p’ is another prime, the representation
pE,y is also modular, because up to semi-simplification a geometric Galois represen-
tation is determined by the traces of the Frobenii at [ for almost all [, and we have
Trace(pgp(Froby)) = Trace(pg y (Frob)) = oy which depends only on f for almost
all [. Thus pg s is isomorphic to pg .

The starting point is the observation due to Mazur (Conjecture (*) [MT90]) that
in certain situations, modularity can be checked residually, in other words if there is
a modular form f such that ps, = p (mod p), then p is very likely to be modular.
An instance of this observation was first proved by Wiles for the semi-stable rational
elliptic curves which produce semi-stable representations.

Let us briefly explain the terminology before stating the theorem. An elliptic curve
over Q is semi-stable if its reductions at bad primes are of multiplicative type and
a Galois representation p is semi-simple if its reduction p is. Now a representation
p: Gg — F), is semi-stable if

(1) for all [ # p the restriction p|;, is nilpotent.
(2) at p the restriction p[;, is either of form 0’ 1
can be obtained via base change from a finite flat group over Z,.

Xpl1, *> or det(p) = xp and p

Theorem 2.0.1 (Modular lifting). [Wil95, TW95] Let p : Gg — GL2(Ok) be a
Galois representation where K is a finite extension of Q, (p > 2). If p is semi stable
and has cyclotomic determinant and the reduction p : Gg — GL2(F,) is irreducible
and modular, then p itself is modular.

Given this theorem, we can check the modularity by working with any primes and
check the residual modularity instead. With this in mind, the attention is shifted to
the Serre’s conjecture.

Conjecture 1 (Serre’s conjecture ). Let k be a finite field and p : Gg — GLa(k) be
an odd, absolutely irreducible Galois representation, then p is modular.

This conjecture is now a theorem due to Khare-Wintenberger [KW09a] [KWO09b],
but back then we had to resort to a special case of this conjecture.

Theorem 2.0.2 (Langlands-Tunell). [Lan80, Tun81] All odd irreducible representa-
tion p : Gg — GLa(F3) is (residually) modular meaning that there exists a modular
form f such that the reduction of py3 is p.

Now, given a semi-stable rational elliptic curve F, the associated representation
pE,3 can be checked to satisfy the condition of theorem (2.0.1) and thus by theorem
2.0.2, if pg 3 is irreducible then F is modular. Unfortunately, pr 3 can be very well
reducible, such is the case when E has a rational subgroup of order 3. To fix this
problem, there is a clever lemma known as the 3 — 5 trick.
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Lemma 2.0.1 (3 — 5 trick). [Wil95] Let E be a semi-stable rational elliptic curve,
then if pg3 is reducible, then prys is irreducible and there exists another rational
elliptic curve E' such that pps = prr s and ppr g is irreducible.

The proof is based on our concrete understanding of the modular curve Y (5) and
Y (15). In fact, if pg 3 is reducible, then pg s must be irreducible because otherwise,
E has a rational subgroup of order 15 and it defines a rational point of the modular
curve Y (15). We happen to know all of the rational points of Y (15), there are 4
of them, and each corresponds to an elliptic curve of conductor 50, therefore non of
them are semi-stable (conductor of a semi-stable elliptic curve must be square-free).

In short, let E be a semi-stable rational elliptic curve, we can consider pg3. If
pE,3 is irreducible, we are done by theorems 2.0.1 and 2.0.2. If pg 3 is not irreducible,
we apply the 3 — 5 trick and find another curve E’. Since pg 3 is irreducible, it is
modular. As a result £ is modular too because pg 5 = pgr 5.

3. TAYLOR-WILES METHOD

In this section, we review the proof of the theorem 2.0.1. We start with an odd,
absolutely irreducible representation p: Gg — GL2(FF,). Suppose that p satisfies:

(1) det(p) is the inverse of the cyclotomic character.
(2) the restriction plg,, is finite flat (i.e the restriction can be obtained via a

group scheme).

The modularity lifting theorem proposes to show that if p : Gg = GL2(Z,) is a
semi-stable Galois representation and the reduction mod p of p is p. Then if p is
modular, so is p.

First of all, when p is modular, and f is a modular form of weight 2 such that
pfp = p (mod p), we can consider the Hecke algebra Ty, localized at the maximal
ideal m corresponding to f. This algebra actually parametrizes all modular forms
whose associated Galois representations reduce mod p to p.

The idea is to compare the Ty, with the deformation ring R; where :

R is the universal deformation ring of all representations p : Gg — GL2(A) (up
to strict equivalence) where A is any object in the category Artp, of Artinien local
Zy-algebras of residue field k& and

(1) the determinant det(p) = ¢~ 1.
(2) the representation p is semi-stable.
(3) the reduction of p is p.

One remarks in particular that our target representation p can be identified with
a point in Spec(R;) and if we are to show that R; = Ty then the theorem 2.0.1
obviously follows.

The link between R; and Ty, is subtle and it goes back to the proof of theorem
1.2.1. Recall that there is a representation p : Gg — GL2(Ty) satisfying the con-
dition (1), (2) above. Consequently, we have a surjection ¢ : R; — Ty so as to
M := H°(Xy, Q}(N)m becomes a Rz-module. To prove that ¢ is an isomorphism we
can show a stronger result that M is actually a free Rj-module.
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We take a look at some properties of R5. By a result of Mazur [Maz89|, R is
a complete noetherian local Z,-algebra, with residue field IF,. There are two im-
portant invariants attached to p depending on Rj;, an [Fp-linear subspace Sel of
H'(Gg, ad’p) called the Selmer group, and its dual Sel* which is an F,-linear sub-
space of H'(Gg,ad’p(1)). These two groups control the dimension of various defor-
mation rings that we care about. Concretely let g = dimp,Sel and r = dim]FpSelL
(in fact in our situation, g = r but we pretend for the moment that they have noth-
ing to do with each other). We know the dimension of the Zariski tangent space
of R; is g, i.e there is a surjection Zp[[X1, ..., X4]] = R;. This surjection is very
hard to understand, but through an ingenious machinery of Taylor-Wiles method,
we can cook up a pair (Ms, Roo) Where Roo is a Zp[[S1, ..., Sr]]-algebra isomorphic
to Zp[[X1, ..., Xg]] and My is a free Zy[[S, ..., Sy]]-module. The difference is that
we have a very simple relationship of (Mu, R) and (M, R;). In fact by construc-
tion Reo ®z,[51,....5,)] Zp = Rp and Moo ®z,((s,.....5,]] Lp = M. In our case, it turns
out that My, is free as a Ryo-module, this implies immediately that M is free as
Rjp-module. We now go about the detailed construction of such a mysterious pair
(My, Roo)-

Definition 3.0.1. Given our residual representation p : Go — GLy(F)), a prime [
is called a Taylor-Wiles prime if:

(1) I = 1(mod p).

(2) Plag, is unramified and the eigenvalues of p(Frob;) are distinct.

A set Q of Taylor-Wiles prime is called a Taylor-Wiles set if #Q = r and furthermore
the localization map Sel* — @,coH' (Gyg,,ad’p(1)) is injective.

If Q is a Taylor-Wiles set, let Ng := [[,cop and Ag := Z,[Ag] where Ag is
the p-sylow of the finite group [[;coF;* (notice the condition (1) above). Now for
each Taylor-Wiles set Q we can define R; g as the deformation ring parametrizing
all representations p : Gg — GLa(A) for A € Artp, that satisfy:

(1) detp = 1
(2) p is semi-stable.
(3) p is allowed to ramify at primes dividing Q.

In other words, we now allow ramification at places in Q. Because of the condition (2)
of definition 3.0.1 above, R g has a natural Ag-algebra structure. More over we have
a surjection R g — Rjp. We can show that (since #Q = r) this surjection induces an
insomorphism on tangent spaces, that means we have a surjection Z,[[ X1, ..., X4]] =
Rp0-

Now, for each n we can choose a of Taylor Wiles set Q,, (following Wiles [Wil95],
this is possible). Let A, := Zy[Ag,]| = Z,[(Z/p"Z)"]. Regarding R,, it is nothing
but the deformation ring Rj; o, introduced above. For M, we can take the space
of modular forms M,, := H*(X(NQ,,),w")n and let T,, be the Hecke algebra acting
on M,,. We can also show that there is a surjection R,, — T, which again comes
from the existence of Galois representation attached to modular forms. All of these
fit together and produce the following compatible system:

Theorem 3.0.1. [Dia97]



HIGHER HIDA THEORY FOR UNITARY GROUP U(2,1) 15

For each n € N there is a triple (An, Ry, My,) where
(1) A, isomorphic to Z,[(Z/p"Z)"].
(2) M, is a free Ap-module such that My ®n,, Z, = M.
(3) Rp is a Ay-algebra and there is a surjection R, — Rz. Moreover Ry, acts
on M, such that we have the following commutative diagram:

Rn — EndAn (Mn)

l i@/\n Zyp

Ry — Endp(M)

By construction, we have surjections Z,[[X1, ..., X4]] = R, for all n and one can
imagine that as n varies, the triple (A, Ry, My,), form a compatible system and we
can produce a triple (Aso, Roo, Mso) Where

(1) Ao =2 Zp[[Sh, ..., Sr]].

(2) My is a free As-module such that My @4 Zy = M.

(3) R is a Aso-algebra and there is a surjection R, — R;. Moreover Ry, acts
on M, such that we have the following commutative diagram:

Roo — Endy, (Ms)

J J/@Aoo Zy

Ry —— Enda(M)

With these datum we can easily see that M is a free Ry-module. Indeed, recall
the following Auslander-Buchsbaum formula:

depthr M + projdimpM = dimR

for any finitely generated module M over a regular ring R. This yields us the
inequality:

dimAo = depthy My < depthr, . M < dimRs0 < g

In our case, the famous "numerical incidence" g = r happens so that dimA, =
dimR; o0 and My, is a free R oo-module. From the diagram above we conclude that
M is a free Rj-module.

4. BEYOND TAYLOR-WILES

As we start to examine more general modularity statements, we will notice that
the crucial equality g = r need not hold at all, and the classical Taylor-Wiles method
falls apart in such situations.

Luckily, Calegari-Geraghty showed how to fix this problems. To illustrate their
work, we can put ourselves in the case of g = r + 1. We choose to review the case of
modular form of weight 1 which is a typical example of the so-called limit of discrete
series- a type of irregular automorphic forms.

Recall that to a cuspidal eigenform f =) ang" of level N, weight 1 we can attach
an irreducible odd Galois representation ps : Gg — GL2(C) which has finite image
and is unramified outside N. In fact by construction, if we pick a random prime p
big enough, there exists a representation p¢,, : Gg — GLa(k), where k is some finite
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extension of I, this can be lifted to a representation p¢, : Gg — GL2(Ok) where
K is some finite extension of Q, and A is a place diving p. For different p’ we obtain
another py . Moreover ps, and py,s are isomorphic as complex representation. As
a result we can choose a big prime p and work with p¢, : Gg = GL2(Ok).

Inspired by what happens to modular form of weight 2 one would like to in this
case prove the following

Theorem 4.0.1. Let p: Gg — GL2(Ok) be an odd representation such that:

(1) p is unramified outside a finite set of primes.
(2) the reduction p mod mg of p’G@(cp) is absolutely irreducible.

(3) p is unramified at p and the eigenvalues of p(F'roby) are distinct mod mp .

Then p comes from modular form of weight 1.

Like before, we would like to point out the appropriate candidate for the pair of
deformation rings (R, Trm) as in the previous case.

Now we can look at the deformation ring R; parametrizing all representations
p: Gg = GLy(R) with R € Art, satisfying:

(1) the determinant det(p) = ¢~ .
(2) p is unramified at p.

Again, there is a selmer group Sel C H'(Gg, ad’p) and its dual Sel* ¢ H'(Gg, ad’p(1)
and if we let g = dimp,Sel and r = alm"quSell then this time g = r» + 1 and the
dimension of the Zariski tangent space of Rj; is r which means there is a surjection
O X1,.... X;]] » Rp.

Now if we try to mimic the Taylor-Wiles method to proceed, i.e by putting M =
H°(X(N),w)n we will not be able to conclude since g # r. The problem is that our
deformation ring R is of dimension "1-less", so there must be something going on
on the automorphic side. In fact the peculiar thing that happens to modular forms
of weight 1 is that they appear not only in HY(X(N),w) but also in H'(X(N),w).
Let us be more clear on what this means. Consider the exact sequence:

O—>wﬁ>w—>w/(p)—>0

and an induced long exact sequence :
HO(X(N),w) ™% HX(N),w/(p)) = H' (X(N),w)

The fact that H'(X(NN),w) does not vanish (unlike the case of modular forms of
weight at least 2) implies there are modular form of weight 1 mod p that do not come
from modular forms of characteristic 0. More surprisingly, these modular forms in
positive characteristic do produce Galois representations, and they account for the
"missing" representations here. Now according to Calegari-Geraghty method, we
should instead look at the complex RI'(X (N),w). Let T be the Hecke algebra acting
on this complex, and let T¢”" the Hecke algebra acting on H*(X(N),w). We have
a surjection T — T¢”" with nilpotent kernel. Again, T is a semi local ring, and
for any maximal idea m of T, the image of m in T" is included in the support of
H*(Xn,w). In other words, T does parametrize all the modular forms of weight 1,
be it in H(X(N),w) or H'(X(N),w). The generalized Taylor-Wiles method will
have as an input the complex C := RT'(X(N),w)y instead of HY(X(N),w)m.
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Now, the slogan is that if we replace modules of modular forms by complexes of
modular forms everywhere we can proceed as usual. Indeed, for each n, and a chosen
Taylor-Wiles set Q,, (with #9,, = r) we can build the following datum(|[CG12]):

(1) A perfect complex Cp of A,, := O[Ag, ]-module concentrated in degrees [0, 1].
(2) A deformation ring R, which has a structure of A,-algebra and there is a
surjection O|[S1, ..., Sr]] = Ra.
(3) A morphism of A,-algebra R,, — Endp, (Cy).
(4) An isomorphism C? ®kn O = C* such that the following diagram is commu-
tative:
R, —— End(Cy)

i ®rn, O

Ry —— End(C*®)

Remark 4.0.1. What is essential for the construction of these datum is the existence
of Galois representation pm : Gg — GL2(Tw) attached to each mazimal ideal m of T
that satisfies required conditions, and this is highly non trivial.

A similar patching process yields us a system of :

(1) A perfect complex of As-modules C3, concentrated in degrees [0, 1] where
A = O[[ X1, ..., Xg]].

(2) A complete local Ay -algebra Ro with a surjection W[[S1, ..., Sr]] = Rj oo
and a map of Ay-algebras: Roo — Endy_(CY).

(3) An isomorphism C3, ®koo O = C* such that the following diagram is com-
mutative:

Roo —— End(CY,)

[ e
R; —— End(C*®)
To conclude, we need the following lemma

Lemma 4.0.1 (Lemma 6.2|CG12|). Let S be a regular local ring of dimension d and
C* be a perfect complex over S concentrated in degree [0,1] with 0 <1 < d. Then
depths H*(C®) > d — | where H*(C*®) := @&; H'(C*®) and if equality holds then :

(1) C* is a projective resolution of H'(C*®).

(2) HY(C®) as depth d — 1 and has projective dimension .

We can now show that R; — Ty, is an isomorphism. Indeed we have the following
equality:

deptha H*(CS)) < depthr H*(C3,) <dimRs <r=g—1

then from the lemma above, we further have dimy H*(C3) > g — 1.

As a result, depthgr, H*(C%) = g — 1 and the lemma above also tells us that
depthy. H'(CS,) = g—1. Once again, we can use the Auslander-Buchsbaum formula
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to get
g —1=depthy, HY(C?) < depthr_H*(C%) < dimRo =g — 1

This of course means that H'(C%,) is free as Roo-module. In other words, R; — T
is an isomorphism. Finally since we have a surjection T — T" with nilpotent
kernel, the surjection R; — Ty, is an isomorphism.

5. HIDA THEORY AND TAYLOR-WILES METHOD

P-adic modular forms has been a central topic in number theory. The idea is to
put a p-adic topology on the space of modular forms (regardless of their weights)
in a way that if two p-adic modular forms are close then their associated Galois
representations look very similar too. One such theory was proposed by Hida. Con-
cretely, let A := Z,[[Z;]]. This is the Hida’s weight space. For each k there is a
projector e, € End(M(k,pN,Zy,)) commuting with the action of U, such that on
epM (k,pN,Zy) (resp. (1 —ep)M(k,pN,Zy)) the operator U, becomes an isomor-
phism (resp. nilpotent). Hida further proved that there is a projective A-module
M such that for any k& > 2, we have the identification M ® i Z), = e, M (k, N, Zp).
An element of M is called an ordinary p-adic modular form. There is also a natural
Hecke algebra T acting on M and to each maximal idea m of T we can construct a
Galois representation p : Gg — GL2(Ty) satisfying expected properties.

This theory of Hida has proved to be very fruitful in various situations. One of
such illuminating example is the use of Hida theory in modularity. For this we can
look at the pioneering work of Buzzard and Taylor. Well before Calegari-Geraghty’s
breakthrough, they could show that all odd irreducible Artin representations p (un-
ramified at p such that the two eigenvalues of p(Froby,), say o and 3, are distinct
mod p) come from modular forms of weight 1|BT99].

Recall that the problem with modular forms of weight 1 is that they contribute
to two consecutive cohomology degrees, and thus there are some modular forms of
weight 1 in H°(X(N)g,,w) that do not lift to the characteristic zero, and the Galois
representations attached to these forms account for the missing representations not
observed by the deformation ring R;. The idea of Buzzard and Taylor was to work
with p-adic modular forms instead because unlike classical modular forms, Hida’s
p-adic forms are sections of certain line bundle over X° ¢(N) where X°"¢(N) is an
affine open subscheme of X (N), the formal completion of Xy along its special fiber.
The difference it makes is that the higher cohomology groups H!(X°"¢(N),w) vanish
for all 7« > 1. In other words, congruence is not obstructed, or a modular form mod
p now will always lift to a p-adic modular forms in characteristic 0. As a result
classical Taylor-Wiles method carries over perfectly to the p-adic forms. The main
drawback is that we can only show a kind of p-adic modularity. Indeed, they showed
that there are two p-adic modular forms f, and fg of weight 1 attached to p with
property that U,fo, = af, and U,fsz = Bfs. Finally using the assumption a # 3
mod p, they could show that both f, and f3 are classical.

Remark 5.0.1. We can remove the assumption o # B mod p following an idea
of Taylor [PS16af, or we can use the modified Taylor-Wiles method of Calegari-
Geraghty, though we are limited to the minimal case [CG12] .
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This method of Buzzard and Taylor inspired many generalizations. Notably, and
maybe more relevant to us, in |[Pil12a], Vincent Pilloni, using a version of Hida theory
for GSp4 |Pil12b], showed that Tate modules of a big class of abelian surfaces over Q
come from p-adic Siegel forms. Unfortunately, he could only show that these p-adic
forms are classical when certain assumptions on the weight are satisfied [Pill11]. We
will come back to this in the next section.

6. HIGHER HIDA THEORY AND BEYOND TAYLOR-WILES

The modified Taylor-Wiles method supposedly allows us to tackle much more
general modularity statements. It comes however with a catch, we have to verify two
highly nontrivial conjectures, especially the one predicting the expected degrees of
concentration of complexes we use in the construction of Taylor-Wiles systems. This
is very difficult and we do not know the answer most of the time. In this section,
we illustrate how a generalized version of Hida theory can help us circumvent this
difficulty.

As an example, let us look at the case of abelian surface A over the rational. The
Tate module of A at p gives a Galois representation pa, : Gg — GL4(Q,) which
factors through GSp4(Qp) C GL4(Qy).

On the automorphic side, to each pair of integer x := (ki, k2) we can define Siegel
modular forms of weight x, a direct generalization of modular forms, which are
sections of a certain vector bundle Q% over Siegel modular variety X/Z,. This variety
parametrizes abelian surfaces with additional structures. Let us denote the space of
Siegel modular forms of weight x by M (k). We have a natural action of a Hecke
algebra T on M (k) and to each eigenforms f (which is the same as giving a maximal
ideal my of T) we can construct a Galois representations ps, : Gg — GSpa(Qp)
which satisfies very similar properties to those arising from abelian surfaces. In fact,
it is conjectured that all rational abelian surfaces are modular in the sense that
their Galois representations match with those coming from Hilbert modular forms
of weight (2,2). This conjecture looks a lot like the Taniyama-Shimura conjecture,
but it is actually more similar to the Artin conjecture. From a technical standpoint,
Siegel modular forms of weight (2, 2) also contribute to multiple cohomology degrees,
hence the picture resembles the case of modular forms of weight 1. As a result, we
should direct our attention to Calegari-Geraghty method, which can in theory be
applied to all obstructed situation. This method requires us to among other things
establish that the complex RI'(X,w")n, is concentrated in 2 degrees which we are
clueless about.

Nonetheless, inspired by how p-adic modular forms helped us get around the prob-
lems in the case of modular forms of weight 1, Vincent Pilloni has proposed a gen-
eralization of Hida theory in which we p-adically interpolate the complex RI'( X, w")
instead of only H?(X,w") like in classical Hida theory. More concretely, he con-
structed a perfect complex M® of A := Z,[[Z;]]-module concentrated in degrees
[0,1] and for each k a projector e, € End(RI'(X,w")) such that under some mild
condition on k, we have

M*® ®% . Z, = e,RT (X, w")
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More over there is a Hecke algebra T’ acting on M*® and to any maximal ideal m
of T we can construct a Galois representation Gg — GSp4(Ty) which satisfy some
desired conditions. Above all, the fact that this complex is concentrated in degrees
[0, 1] makes it an immediate input for the Calegari-Geraghty method. This is indeed
used in [BCGP18] and they obtain the following spectacular result:

Theorem 6.0.1 (|[BCGP18|). Let X be an abelian surface or a curve of genus 2
over a totally real field. Then X 1is potentially modular.

Remark 6.0.1. (1) In the theorem above, we can only prove that X is potentially
modular since Tight from the beginning, we only strive for a more general form
of the modularity lifting theorem 2.0.1, this theorem assumes that the residual
representation is modular. In the case of representations of dimension 2, we
had the help from Langland-Tunell theorem, or Serre’s conjecture, but in
higher dimension, an analogue of any of these two is completely out of reach.

(2) Other thing we have not talked about is the problem of local-global compatibil-
ity which is another input of Calegari-Geraghty method as well as a crucial
ingredient in the construction of Taylor- Wiles systems. Nevertheless, it seems
easier to handle in general, despite being also quite delicate to establish.

7. A CASE OF ABELIAN THREEFOLD

It is true that this new powerful Calegari-Geraghty method can in theory handle
all obstructed situations, but on the flipped side, it also requires some highly non
trivial inputs, and to get around one we could resort to higher Hida theory, but in
any cases, we have taken for granted the fact that our targeted automorphic forms
contribute to cohomology groups, be it coherent, or étale of some relevant Shimura
varieties. Moreover, in order to develop higher Hida theory, we necessarily need
these automorphic forms to sit inside the coherent cohomolgy groups, and this is flat
out wrong in general, in particular for the case of abelian variety of dimension at
least 3. There is a rather simple way to see this. In fact for an abelian variety A of
dimension n over, say Q, the Galois representation p4 , is conjectured to come from
an automorphic form 7 for the split orthogonal group SOg2,+1. In particular, the
Hodge-Tate weight of p4 , must coincide with the infinitesimal character of . Up to
some normalization, this means the infinitesimal character of 7 reads (0, ...,0,1,..,1)
where the weight 0,1 appear n times. However an automorphic form that appears
in Betty or coherent cohomology must be regular or weakly regular, which means
the Hodge-Tate weight can be allowed to repeat at most twice (see e.g section 9
[FP19] or introduction of [BCGP18]). In other words, for a generic abelian variety of
dimension at least 3, the expected automorphic forms do not even contribute to any
known cohomology theories. As a result, a modularity conjecture for such variety is
still completely out of reach. However, there is a case of abelian threefold which is
still amenable to the current method.

More concretely, it arises as the Jacobian of a Picard curve which is a non-singular
projective curve (P) of genus 3 defined by (affine)equation:

(P) v = f(x) =2t 4 ax® + b +cx +d
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with coefficients a,b,¢,d € Q. Let Vi(P) := HY(Pg, Q) = H'(Jac(P)). Remark
that K := Q[(3] acts on Pk, and we have an induced action of K on Vi(P). As a
result, over Q we have the following decomposition:

ViI(P)® Q= Vi, ® Vo

where x € K acts by  on Vi ; an by Z on V5.

Since the complex conjugate P? of P is isomorphic to P, we conclude that as
l-adic Galois representation VY, = V7,(1) where V", is the dual of V; ;. We have the
following conjecture. 7 7 7

Conjecture[Appendix |Til06]]: Given an [-adic irreducible geometric Galois repre-
sentation p : Gx — V of dimension 3 satisfying V'V = V?(n) then there exists a set
II(called an L-packet) of cuspidal automorphic representations 7 of G(Ag) where G
is the unitary group over Q of signature (2, 1) such that for almost all places v of K
we have L,(m,s) = Ly(p, s).

Remark 7.0.1. (1) Such packet is in fact unique if it exists.
(2) Using base change from G to GL3x GLj we can state the precise compatibility
of their L-functions at remaining places.

Under this correspondence the representations (p, V') with regular Hodge-Tate
weights are sent to discrete series and those with "weakly" regular Hodge-Tate
weights (repeated weights of multiplicity at most 2) are sent to limit of discrete
series.

Now in our case the l-adic Galois representation V; ; satisfies the condition of the
conjecture and since Jac(P) is an abelian of dimension 3, the Hodge-Tate weights
of V1, is (0,0,1) and we expect a packet II of automorphic representations 7 such
that the infinity components 7., are holomorphic limit of discrete series. In fact the
expected automorphic forms are the Picard modular forms (see definition below) of
weight (1,1, 1) and we will see that these forms contribute to multiple cohomological
degrees of certain Shimura variety.

Following the this discussion, we are in the framework of the Calegari-Geraghty
method. In this situation, the main object will be the (compactified) Picard modular
surface § which parametrizes abelian threefolds with action of a quadratic imaginary
field and some additional structures. For each triple s := (ki,ko,k3) € Z® with
k1 > ko, there is a coherent sheaf Q% over S so that Picard modular forms can be
identified with H(S, Q%). We would be interested in the complex RI'(S, Q%). More
precisely, there is a Hecke algebra T acting on this complex and to each maximal ideal
m of T we can construct a Galois representation py : Gk — GL3(Q,). According
to the numerical inputs of this new method, when m corresponds to an absolutely
irreducible py, we would like to prove that the localized complex RI'(S,Q%)y is
concentrated only in two degrees. This task is however not possible to establish with
current techniques, but similarly to the case of abelian surfaces, we will use higher
Hida theory to get around this. Indeed, in this thesis we construct a perfect p-adic
complex over the Iwasawa algebra A := Z,[[Z]], concentrated in degrees [0, 1] and



22 NGUYEN MANH TU

interpolate the ordinary part of RI'(S,Q"). This will be the first step to prove the
conjecture above and we hope to be able to establish a suitable modularity lifting
theorem in the future work.

8. HASSE-WEIL CONJECTURE

Another central topic in number theory is the L-function. Similar to Galois repre-
sentation, L-function can be attached to an algebraic variety or an automorphic form
and it carries a lot of arithmetic information about these objects. We have previously
seen examples of L-function attached to elliptic curves and mordular forms (more
generally to algebraic variety and automorphic forms). Since L-functions coming
from automorphic forms enjoy a lot of properties that we wish to establish for L-
functions coming from algebraic variety, it is thus natural to use the correspondence
between these two classes of objects to answer questions about the latter.

Let X be a smooth proper algebraic variety over a number filed K and let S be
the finite set of places of K outside of which X has a good reduction . This means
X admits an integral model X over Ok s where O g is the localization of Ok at
places in S. The Hasse-Weil zeta function of X is defined as:

1
Cx(s) = H T-N@)
x
where x runs through the set of closed points of X and N (z) is the degree of extension
of residue field at x. This definition does not depend on the choice of integral model
X up to a finite number of Euler factors. Notice that when K = Q and we take X to
be just the point Spec(Q) over Q, then we can choose X = Spec(Z) and recover the
well known Riemann zeta function. In general it is known that (x(s) is absolutely
convergent for s € C such that re(s) > 1+ d where d = dim(X). However just as
the Riemann zeta function, many of its properties remain wide open, the following
conjecture, known as the Hasse-Weil conjecture, (proposed by [Ser70]) is one of them:

Conjecture: The Hasse-Weil zeta function (x(s) admits a meromorphic contin-
uation to the whole complex plane and satisfy the functional equation similar to the
one in the case of Riemann zeta function.

It is also well known that this conjecture would be a direct consequence of a
suitable modularity theorem (or potential modularity theorem).

So far, very few case of Hasse-Weil conjecture is known. The most recent and
strongest result so far is the verification of this conjecture for the curve of genus 2
or equivalently of abelian surface of dimension 2 over a totally real field. This is
a consequence of the modularity of ablien surfaces of dimension 2 over totally real
fields. The case of curve of genus 3 seems hopeless. However, as mentioned above
there is a special case of Picard curve which is still amenable to the method used
in [BCGP18] and we also wish to establish the first case Hasse-Weil conjecture for a
curve of genus 3 as an application of our work.

Part 2. Higher Hida theory

As mentioned earlier in the general introduction, the case of interest for us will
be abelian variety that comes as the jacobian of the Picard curve of genus 3, let’s
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call it A. This abelian variety is defined over Q and has dimension 3 as well as
an action of an imaginary quadratic field. Following conjecture 7 there should be
a Picard modular form associated to A in the sense that their L-functions agree.
Now, the Galois representation attached to A has Hodge-Tate weights (1,1,1,0,0,0)
and we expect that the Picard modular form (see definition below) showing up has
weight (1,1,1). In order to carry out the method of Calegari and Geraghty, we
would like to know the range of concentration of higher cohomology groups to which
our targeted Picard modular forms contribute. Somewhat more concretely, in this
situation, the main object is the (compactified) Picard modular surface S. For each
triple k := (k1, ko, k3) € 73 with k1 > ko, we have a coherent sheaf Q% over S. As an
input, the Calegari-Geraghty method requires us to prove that the localized complex
RI'(S,Q%)m (where m is the maximal ideal associated to the Picard modular form
above) is concentrated only in two degrees, which we do not know how to prove
directly. For this reason, we follow the idea of [Pill8| to construct p-adic Picard
modular forms whose cohomology groups are non zero only in degree 0 and 1.

8.1. Overview of main results and methods. Now let us jump into the precise
settings and the main results of this thesis. Let K be an imaginary quadratic field
over Q with ring of integer Ok and p be a rational prime that splits in K. Let us also
denote by 7 and 7 two primes of Ok above p. We consider the Picard variety My
which is a Shimura variety of PEL type associated to unitary group GU(2,1) over
Spec(Zy) (see below for a detailed definition). This variety classifies (up to isogenies)
abelian varieties of dimension 3 with an action of Ok of signature (2,1), a prime to
p polarization and a level structure I/ that is hyperspecial at p. Let S be the toroidal
compactification of My, with the boundary D := S — My, (we should have denoted
it by Sy but we drop the subscript U to simplify notations). Let A be the universal
semi-abelian scheme over S, and w4 the relative differential sheaf of A. The action
of Ok induces a splitting w4 = war ® waz. For any triple k = (k1, ko, k3) € Z3
such that k1 > ko we define the automorphic sheaf Q" of weight x over My, by:

QF = Symkl*l”wA’7T ® det’”wAJr ® wﬁﬁﬁ

This coherent sheaf extends canonically to & and we still denote it by QF, as well
as its cuspidal subsheaf by QF, := Q"(—D). In this paper we develop a version of
Hida theory that, for each fixed kg, k3, interpolates the complex RI'(S,f,) letting
k1 vary. More precisely there is a projector t, € End(RI'(S,Q%,)) cutting out an
ordinary part t,RI'(S, 2})) that will be interpolated.

We have our first theorem:

Theorem A: For any weight x such that k1 — ko > 1 and k1 + k3 > 3 the complex
t,RI'(S, Q) is perfect and concentrated in degree [0, 1].

For each fixed weight k= := (kg, k3) we also show the existence of a perfect complex
V* (k™) of A-module concentrated in degree [0, 1] , where A := Z[[Z]] is the Iwasawa
algebra of dimension 1. We have our second main theorem:

Theorem B|Control theorem|: For any weight x such that k1 — k2 > 1 and
k1 + ks > 3 we have a quasi-isomorphism:

V*(n7) @K, Zp = 4,RT(S, 9)
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Remark 8.1.1. Readers can observe that in the theorem (B), we have an (integral)
control theorem for weight k such that k1 — ko > 1 and k1 + k3 > 3. This condition
fails for the weight k = (1,1,1) which is our target. However, if we work rationally
by inverting p, we can obtain the control theorem for such weight. This is achieved
by working with overconvergent forms in the third part of this thesis.

Now let us explain the strategy of the proofs.

For the first theorem, let S is the special fiber S xz, Spec(F,), it is enough to
prove that the complex t,RI'(S1, ), i.e the reduction mod p of t,RI'(S, 2})) is per-
fect and concentrated in degree [0, 1]. Now, on this special fiber, there is a convenient
stratification by p-rank of the universal semi-group A. In our situation the p-torsion
Alp] is the product of A[r] and A[7] and the Cartier dual A[x]” of A[r] is A[7]. The
factor A[n] is a truncated Barsotti-Tate group of level 1 of height 3, dimension 2, thus
its multiplicative rank can only be 0, 1 or 2. We can then define two Hasse invariants.
The first one is the classical Hasse invariant Ha € H%(Sy, det?~'w Alx]) that vanishes
on the locus where the multiplicative rank of A[x] is less than 2. Let us denote this
vanishing locus by Slgl and its complementary S72 := 81\8131. We can also con-
struct (see section 10.1.2) a second Hasse invariant Ha' € HO(Sgl,detpzflwAm).
The section Ha' vanishes on the locus where the multiplicative rank of A[r] is
0, we denote this locus by S7° and its complementary S=! := S$\S7". The
reason for the introduction of this stratification is twofold. First of all, the pro-
jector t, is obtained by iterating a Hecke operator T, € End(RI'(Si,})) and
under some assumptions on the weight x, the Hecke projector T, interacts well
with this stratification. By that we mean 7}, commutes with two Hasse invari-

ants and thus induces two operators TpSl € End(RF(Slgl,QleH)*l’ber*l’k?’)) and

T7" € End(RT(STY, Q]B+p+p2_2’k2+p+p2_2’k3). Second of all, under the assumption
on the weight of the theorem, Tp:O = 0, which implies tpRF(Sfo,Q’B) =0. As a
result, we can write down an explicit resolution for the sheaf €%, which has two
terms that are supported on the loci 872 and Si!. Finally the fact that these two
loci are both affine in the minimal compactification helps us conclude.

For the next theorem, we need to understand the construction of the complex
V*(k). Recall that in the classical Hida theory, we construct the family of p-adic
forms on the formal completion of the ordinary locus. The idea of higher Hida
theory is similar, but we work with strictly bigger locus 8121 instead. More precisely,
let & the completion of S along its special fiber, and let &=! to be open formal
subscheme of & where the multiplicative rank of A[r] is at least 1, this locus strictly
contains the ordinary locus =2 where Ha is invertible. Analogous to the classical
case, we will build a pro-covering of =1, called the Igusa tower with an action of Ly
Explicitly, we have an affine étale map &=1(p”) — &=! for each n, where &=1(p") is
the moduli space over &=! parametrizing multiplicative subgroup H, € A[p"] that
is étale locally isomorphic to p,». We define &=1(p>°) = lim &=1(p™). Over each
&=1(p"), we can define a (Z/p"Z)*-torsor by putting Ig, := Isomg=>1 () (pipn, Hp).
By passing to the limit we obtain the Igusa tower 7 : Igoo — &2 (p>®) — &Z1(p)
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which carries a natural action of Z;. We define

P = (m:Opg.. ®ZPA)Z;

where Z) acts on A by the universal character. This is the sheaf of p-adic modular
forms and it lives over &=1(p). Let us sketch its relationship with the classical sheaf
Q*. For any continuous character w : A — ZX, we denote 2" := PR yZy. In
particular when w is induced from an algebraic character ky — ko : Z; — Z; (t —

tk1=F2) we can use Hodge-Tate map HT : HR ® Og>1(pe) = wH,, for the universal
multiplicative group Ho, C A[r>] C A[p™] to construct a surjection over &=1(p™):

(8.1) Q]B7k27k3 — Pphik 5 Q’lc)z,kmks

and thus relating classical forms and p-adic forms. Now, of course this is not sat-
isfying because this surjection has nontrivial kernel, we get around this by defining
a Hecke operator U, acting on the cohomology groups of Pk & ng’b’k?’. One
important feature of this operator is that it acts equivariantly with respect to the
action of operator U, on RI'(&=1(p), Q%) via the surjection (8.1) and furthermore its
action on the kernel of (8.1) is topologically nilpotent (i.e divisible by p). As a result,
after iterating U, to obtain a projector u, € End(RI'(&=}(p), 21~k @ QkDQ’kQ’kS)),
one can expect a good control theorem (see theorem 13.0.2):

(52) upRE(6 (p), ) = w,RI(&7 (p), 2114 @ Q)

Finally, a detailed study of the relationship between the operator U, and T}, shows
that when the weight x is regular enough, we have a quasi-isomorphism (see section
(12.5)):

(8.3) upRT (&= (p), Q%) = t,RI(&=1, Q%)

This allows us to conclude the proof of the theorem B.

9. PICARD VARIETY

For any number field F, its ring of integer is denoted by Op and we will denote
by Ap = Ag s X Ag « the ring of adeles of F, with ring of finite adeles Ag ; and
ring of infinite adeles Ag . For any set S of places of E, we denote by A% the ring
of adeles away from S. Lastly, when E = Q we drop the subscript E (i.e we only
denote the ring of adeles of Q by A = Ay x Ay).

Let K be a quadratic imaginary extension of Q, i.e there exists a square free
Z > § < 0 such that K = Q[v/§]. We fix a rational prime p that is prime to ¢ and
throughout the rest, we suppose that p splits in K and let us denote by m and 7 two
primes of Ok above p. Let (7) be the unique nontrivial element in Gal(K/Q) (i.e
the complex conjugation). Let (M, <,>,h) be a triple where:

(1) M is a Og-lattice of rank 3, i.e a finitely generated, free Z-module of rank 6
equipped with an Og-action.

(2) <,>: M x M — Z is a non degenerate Og-linear Hermitian form on M,
i.e, we have < ax,y >=< z,ay > Va € Ok and z,y € M. This pairing
induces an involution % on Endp, (M) by sending f € Endop, (M) to its
<, >-adjoint.
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(3) h: C — Endo,g,r(M ®z R) is a morphism of R-algebras with involutions
(involution of C is given by the usual conjugation), such that (z,y) —<
x,h(i)y > is symmetric and positive definite. Furthermore we require <
h(a)x,y >=< x, h(a)y >.

Now the involution h(i) € Endo,g,r(M ®z R) gives us a decomposition of V :=
M ®7C into V = V1 &V, where h(z)®1 acts by z on V; and by z on V5. Both V} and
V5 can be also seen as Og ®7 C-modules and as a result we have a decomposition
Vi =Viz®V,z fori e {1,2} compatible with the decomposition of K ®7C = C,®Cx
(induced by two embedding of K to C) in the sense that only the copy C, = C (resp.
C#) acts non trivially on Vi @ Vo » (resp.Vi 7 @ Vaz ). We also make two additional
assumptions:

(1) Thesignature of (M, <, >,h)is (2, 1), meaning that 2 = dim (V1 ) = dim(Vaz)
and 1 = dim(Va ) = dim(Vi 7).

(2) The paring induced by <,> on M ® Z,, is perfect (this condition is required
for the group G defined right below to be reductive over Z,).

Associated with this triple (M, <, >, h), we can define the following algebraic groups:

(1) The unitary similitude group G := GU (2, 1) whose R-point for each Z-algebra
R can be described as:

G(R) :={(g,n9) € Endo,e,r(M @7 R) x R*| < g(x),9(y) >=ng < x,y >}

where 7(g) : g — 14 is called the similitude character .
(2) The unitary group G’ := U(2,1) which sends each Z-algebra R to the set

G'(R) :={(9,m) € G(R)|n(g) =1 € R*}

Remind ourself that the morphism A in the definition of the triple (M, <, >,h) is an
R-algebra morphism, thus we have hc : C x C = Endop, g,c(M @z C) and from this
we can define a map p: C — M ®z C by p(z) = he(z,1). The field of definition of
a GU(C)-conjugacy class of y is a finite extension of Q and we call it the reflex field
associated triple (M, <,>,h) above. In this case the reflex field is K itself because
of the signature of <,> is (2,1).

As p splits in K we have G(Zp) = Z; x GL3(Zp). A level subgroup is an open
compact subgroup U C G(Ay) that we suppose of the form U = UPU, with UP C
G(AP>) and U, C G(Z,). Throughout this paper, we will only be interested in
the case where the level U), is hyperspecial, i.e U, = G(Z,) or parahoric. More
precisely, if we take the canonical basis {ej, e, e3} for Ff;, there are two parabolic
subgroups P; and P» of GL3(Z,) which are the preimages via the reduction map
GLs3(Zp) — GL3(F)) of the subgroups of GL3(F,) that stabilize the line < e; > and
the plane < eq, es > respectively. Via the isomorphism G(Z,) = G,,(Z,) x GL3(Z,),
the parahoric level structure that we consider corresponds to the case where U, =
Gm(Zy) x Py (see also the remark 10.6.2 for an explanation of this choice).

Fix a prime ideal, say m over p. For each level subgroup U = UPU, C G(Ay),
we define the following moduli problem that sends each connected scheme S over
Spec(Ok ) to the set of tuples (A, X\, my,7) up to equivalence by isogenies, where

(1) A — S is an abelian scheme of relative dimension 3.
(2) i: Ok — End(A) ®z Zp) is an injective morphism of Z,)-algebra.
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(3) A prime-to-p polarization A : A — AV inducing a Rossati involution which

sends i(k) to i(k) for all k € K.
(4) my is a U-level structure.
We explain what the level structure 1, means. For any abelian variety A of
dimension g over S satisfying the conditions (1), (2), (3) above and a geometric point
x — S, we can look at the trivialization of the Tate module:

(9.1) Hy(Ay, AD) 2 M @ A

This is an isomorphism of symplectic modules with the symplectic structure on
Hl(Ax,AZ}) given by the Weil paring and on M ® AI} by the standard symplectic
structure. The group G(A}) acts on M ® A and so does UP C G(A%). We are
interested in two cases:

(1) If U, = G(Z,) then my means a choice of an UP-orbit of the above isomor-
phism (9.1).

(2) If U, = Z)) x P then ny means a choice of an UP-orbit of the isomorphism
(9.1) plus a choice of a subgroup H of A[n] of order p?.

The following is well known and can be found in [Lan12].

Theorem 9.0.1. If the level UP is neat, the above moduli problem is represented by
a smooth, quasi-projective scheme My over Spec(Ok ).

Above My, there is a universal abelian scheme A of dimension 3 with an Og
action. We also have the relative differential sheaf w4 := 6*934 /My where e : My —
A is the identity section. This is a locally free sheaf of rank 3 which inherits the Q-
action of A. Since K is also the reflex field, we have a decomposition w4 = w,; B wsx.
In addition, by our assumption on the signature of the triple (M, <, >, h), the type of
wa as an Opq-module is also (2,1). Thus ranko,, (wr) = 2 and ranko,,, (wz) =1
on all connected components of My,.

For each triple k = (k1, k2, k3) € Z3, with k; > ks we define the following coherent
sheaf on My,:

QF = Sym(w:)" " @ det(wq)*? © wks
This sheaf extends to the toroidal and minimal compactification whose construction
we recall in the next subsection.

9.1. Compactification. Fix a level structure U = UPU,, where the level U” is neat
and U, C G(Zp). We assume that U, is either hyperspecial, i.e U, = G(Z,) or
parahoric, i.e Uy = Z; X Ps.

Let € be the set of all totally isotropic factor W C V = (’)%( with respect to
the hermitian form <, > given by the matrix diag(1,1,—1). For each W € € we
denote by C(V/W) the cone of symmetric hermitian semi-definite positive forms
on (V/W)r with rational radical. In particular if W # 0, it can only be of rank
1 and so we can see that C(V/W+) = Ryg. For any W/ C W we have an obvious
inclusion C(V/W+) ¢ C(V/W'L), this generates an equivalence relation ~ in the

set [[ C(V/WL). Let C:= [] C(V/W+)/ ~. As there are only two classes of
Wee wee
equivalence, 0 and < e; + e3 >, we can see that C = R5 [[{0} = R>¢. Usually, in

order to define a toroidal compactification, we need to make a choice of a rational
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polyhedral cone decomposition, but here there is only a unique rational polyhedral
cone for each C(V/W+) which is C(V/W+) itself. Now for each W € € we have a
following tower :

Mw — Bw — Yw

Where Yy is the moduli of elliptic curves over Z, with complex multiplication
by Ok, it also comes equipped with a (neat)level structure outside p, and a level
at p (depending on the relative positions of the W and the lattice pZ & pZ & Z).
Let us denote by &y the universal elliptic curve over Yyy. Above Yy there is
By = E:Ut}gK (€,Gyn x Ok ) which is also isogenous to the dual &}, of &y. Lastly
My is a Gy,-torsor, relatively affine over By, parametrizing 1-motives which carry
the level structure U), at p (recall that we allow hyperspecial or parahoric level struc-
ture). With the interpretation of 1-motifs as in proposition (10.2.14)[Del74], there
is a coherent Op,, -algebra £ with an action of G,, such that My = Specg,, (L).
Additionally, there is toroidal embedding of My associated with an affine toroidal
embedding of G,,:

t
My — Mo

The action of G, on £ induces a decomposition £ = & L(k) via the action of G,
on it. With these notations we have the description MI" = Specg,, (Br>0L(k)).

Inside M%’}" there is a closed strata, which is the zero section of M" and can be

identified with Byy. Let M2 be the completion of ML along its closed strata. We
have the following theorem:

Theorem 9.1.1. When the level UP is neat, and U, is either hyperspecial or para-
horic, there exists a normal proper scheme, of complete intersection Sy such that:

(1) My can be identified as its open subscheme, with the complementary D =
Su — My is a normal crossing divisor( it is just a finite disjoint union of
curves in our case).

(2) There is a stratification of D indexed by the set €/U, with each W € € we
have a strata Zyw C D.

(3) The completion of Sy along one strata Zys is isomorphic to ML .

We will often drop the subscript U if the context is clear. The minimal compact-
ification &;; of My, is obtained by adding a finite number points corresponding to
elliptic curves with CM structure by O, one for each component of the boundary
D. Let x be such a geometric point of §; — My, it can be identified with a point

x € Yy, and if we denote By, x the completion of By along its fibers over x via
Bw — Yw, then we have the following.

Theorem 9.1.2. The completed local ring (7)\35{@ is isomorphic to [ [}~ Ho(gmx, L(k)).

Now the coherent sheaf Q" over My, that we have introduced in the previous sec-
tion extends canonically to Sy, and we call H?(S;,, Q%) the space of Picard modular
forms of weight x and level . We also have cuspidal subspace H°(Sy, Q%) (recall
that for any coherent sheaf F on &y we denote by Fp := F(—D)).
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9.2. Complex Picard variety. In this section, we briefly go over another descrip-
tion of the complex points My(C) as a finite disjoint union of locally symmetric
spaces associated to G(R).

Recall that we have an Og-lattice M. If we denote My := M ®z R, then My is
equipped with an action of O and a complex structure by h : C = Endo, s, Mr
and a Hermitian form of signature (2,1). In other word Mg = C? is a 3-dimensional
Hermitian C-vector space of signature (2,1). Up to ismorphism, there is only one such
Hermitian space, and thus without loss of generality, we suppose that the Hermitian
form is given by the matrix

0 01
J=10 10
-1 0 0

The group G(R) now is just the group of linear automorphism of Mg preserving
the form J. Let X be the set of negative definite lines in the projective space
P(Mg) = P?(C) with respect to J, concretely it can be identified with:

X = {(21, 20) € C?| — 2Im(21) + |22|? < 0}
with this description the action of G(R) on X is given by:

A b 1
= A
<c d )z cz—i—d( zZ+0b)

where A € Matayo(C). It is straightforward to show that G(R) acts transitively
on X with stabilizer K := Stab(i,0) = {4,z € G(2)(R) x C*|n(A) = |z|} where
n(A) is the similitude factor of A, as a result X = G(R)/K. In fact the following
theorem is well known :

Theorem 9.2.1. Suppose that UP is neat. Then the complex point My(C) can be
identified with the set G(Q)\(X x G(A)/U) = G(Q)\G(Ay)/KoU. In other words,
it is a disjoint union of finitely many quotients of X.

Proof. See section 2.3.2 [CEF114]. O

Next, we recall the definition of (analytic)Picard modular form and compare it
with the algebraic definition we have given earlier.

Let P be the parabolic GL2(C) x GL;(C) and let p : P — GL(W) be a finite
dimensional complex representation of P. Now for any map f : X — W and any

g= (<1;1 Z) ,1) € G4(R) we define f|,g : X — W to be the map given by

-1 - =1 .
Flpg(@) = p(n= (b'z + A),n2 (cz +d)) ™" f(g2)
Definition 9.2.1. For a congruence subgroup I' of G(Q) and a finite dimensional
representation p : P — GL(W). A holomorphic automorphic form of weight p and
level I is a holomorphic function f : X — W that satisfies: f|,y = f for any v € I,
We denote the set of automorphic form of weight p level U by S(p,U).

Consider the universal abelian variety A over My,. Over My, thereis a GLox G L1-
torsor T := Isom(sz\,lu,ww) x Isom(Op,,,ws). For each scheme S = Spec(R) over
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Zy, a S-point of T corresponds to a pair of trivializations R*>wg,and R¥w A
The group GLy(R) x GL1(R) acts naturally on R? x R and thus on 7 (R).

Let R be a Z,-algebra and by abuse of notation, we will still denote by My, the
base change of My, over Z, to R

Definition 9.2.2. Let p : GLy x GL; — GL, be an algebraic representation (for
some n). An algebraic automorphic form f defined over R for G of weight p, and
level U is a law that for each R-algebra R’ sends each pair (4,1) € My(R') x T(R')
to f(A,¢) € R™ such that:
(1) f(Aygi/J) - p<tgil>f(A7w>
(2) For any morphism of R-algebra R’ — R” and any (4,1) € My (R') x T(R’)
we have f(A/II%,wRH) = f(A,Y) Qg 1 € R'™.

We denote by S%9(p,U, R) the set of all algebraic automorphic forms defined over
R of weight p, level Y. In particular when R = C we wish to compare S(p,U) and
SU9(p,U,C).

Proposition 9.2.1. We have a bijection between S9(p,U,C) and S(p,U).
Proof. See proposition 3.17|CEF*14]. O

There is yet another way to see S™9(p,U, R) as a global section of some coherent
sheaf V? on My x R ( VP can be defined as T x? R™, where R™ is the underlying
module of the representation p). In particular if we consider p(x) to be the highest
weight (algebraic )representation of GLy x GL; of weight x over some Z,-algebra,
using Frobenius reciprocity, we can see that the V* is isomorphic to 7, and thus

SU9(p(k),U, R) is in bijection with HO(M x R, Q").

9.3. Structure of the p-torsion. In this section we recall some facts regarding the
p-torsion A[p] of the universal abelian schemes which plays a crucial role in later
studies of local properties of Picard variety. Fortunately, in the case that we have
specialized in, it is not difficult to give an explicit description of A[p).

Let A be any abelian variety of dimension 3 over Z, with Og-action of type (2,1).
For each n € N the action by O induces an action by Ok /p™ on Alp"], the p"-
torsion of A. Notice that Ok /p"™ = 7Z/p"Z x Z/p"Z, as a result we have an action of
Ok p = Zyp % Zy, on A[p*™] by passing to the limit. Let e; and ey be the projectors on
the first and second factor of O ,, then A[7™] = e A[p™] and A[7™>] = ea A[p™].
Both of these factors are p-divisible group of height 3. By our assumption on the
signature of the action of Ok, we see that the dimension of A[7*] is 2 and A[7>] is
1.

Let k be a perfect field of characteristic p and W := W (k) its ring of Witt vector as
well as K = W[%] Let o : W — W be Frobenius lift of k. Recall that a Dieudonné
module over W is a free W-module equipped with a o-linear endomorphism F' and
a o~ Llinear endomorphism V. There is a contravariant functor from the category
of p-divisible groups over k to the category of Dieudonné modules over W.

{p-divisible groups/k} — {Dieudonné modules}
(9-2) G+ D(G) = lig Homy_group (Glp"], Wa (k)
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This induces an (anti-)equivalence between the category of p-divisible group over k
and the sub-category of Dieudonné modules of slopes in [0,1]. If G and G’ are two
isogenous p-divisible group over k then D(G) @w K = D(G’) @w K. Furthermore, if
we fix G then isomorphism classes of p-divisible groups isogenous to G are in bijection
with (F,V)-stable W-lattices inside D(G) @w K.

When £ is furthermore assumed to be algebraically closed, the category of Dieudonné
modules up to isogeny is semisimple with simple objects completely determined by
their slopes. For example, if A = & € [0,1] N Q with s, coprime. The simple
Dieudonné module over K of slope 2 is given by E) with a K-basis e, Fv, ..., Fr—1ly
and F"v = p*v whereas V = pF L.

As a consequence, any given p-divisible group G over k = k is isogenous to a
direct sum D(G) @w K = @} EY" with Aj < Ay < ... < A\, and m; € N. We say
that G is of slope (A1, ..., A1, A2, ooy A2y ooy A,y ooy Ay ) with \; is repeated my; times.
In particular for a p-divisible group of height 3, dimension 2 there are only 3 cases
and more specially, isogeny classes become in fact isomorphism classes (see p92,93
[Dem72]) :

(1) If A[x®°] is of slope (0,1, 1), its Cartier dual A[7*°] is of slope (0,0, 1) and
their respective Dieudonné modules are given by (D(A[x*°]), F1,Vi) and
(D(A[7*°]), Fy, V) where D(A[n*°]) = D(A[7*°]) = W (k)? with

p 00
F=Va=(0 p 0
0 01
and
1 00
Vi=F,=10 10
0 0 p
(2) If A[r>] is of slope (%,1,1), its Cartier dual A[7™] is of slope (0,3, 3)

and their respective Dieudonné modules are given by (D(A[7*]), F1, V1) and
(D(A[7°]), Fy, Va) where D(A[r*°]) = D(A[7*°]) = W (k)? with

p 00
=V,=10 01
0 p O
and
1 00
Vi=F=10 01
0 p O
(3) If A[x>] is of slope (2,%,2), its Cartier dual A[7*] is of slope (3,3, %)

and their respective Dieudonné modules are given by (D(A[7*°]), F1, V1) and
(D(A[7*°]), Fy, V) where D(A[x*°]) = D(A[7*°]) = W (k)? with

0
F=Vo=10
1

oo

0
p
0
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and

0
Vi=F=11
0

= o O
oo

10. HIGHER HIDA THEORY FOR U(2,1)

The goal of this section is to construct the generalized Hasse invariant, together
with the classical Hasse invariant, they are used in the study of the stratification
of the special fiber S; = S x Spec(F,). Later in (10.2) we will construct a Hecke
operator T}, that acts locally finitely on the complex RI'(S,f},) and show various
compatibilities of this operator with respect to the Hasse invariants. In the last
subsection (11.2) we use the strategy outlined in the introduction to deduce the basic
theorems regarding some preliminary properties of the ordinary part ¢,RI'(S, Qf)).

10.1. Generalized Hasse invariant. In this section S is always a reduced IF,-
scheme, we denote by BT,,(S) the category of truncated Barsotti-Tate group of level
n. For any G € BT,(95), let QlG/S be its differential sheaf and wqg := e*Qé/S with e
the identity section of G — S and detq := det(wg) the determinant of wg.

We have a contravarient functor D from BTj(S) to the category of locally free
Og-modules of finite rank (see [Ber79|). This functor sends each G € BTi(95) to its
Dieudonné crystal:

D(G) = Emtflzris(G? OS/FP)S
It is a locally free Og-module and we have D(G®)) = D(G)®). By functoriality, these
modules come equipped with actions of Frobenius F : D(G)®) — D(G) and of Ver-
schibung V : D(G) — D(G)®). Furthermore, there exists an exact sequence(Hodge
filtration) :

0 — wg — D(G) = wgp — 0

10.1.1. Classical Hasse invariant. Let G be a finite locally free group over some
F,-scheme S. The Verschibung V : G®) — G induces a map det(V*) : detg —
detgp) = detg7 and gives us the so-called Hasse invariant which is a section Ha(G) €
HO(S, det’é_l). The following example says why this invariant is useful.

Example 10.1.1. let A be an abelian scheme of dimension g over S and Alp] its
p-torsion. The p-rank of A at each geometric point x € S is defined as the dimension
of Fp-vector space A;[p|(F,) and we say A, is ordinary if its p-rank is g. It is well
known that the Hasse invariant Ha(Az[p]) is invertible if and only if A, is ordinary
(cf.[Far11] 2.3). As a result, when viewed as a section Ha(A[p]) € H°(S, detg_l) of

the line bundle detﬁ‘_l, the non-zero locus of Ha(A[p]) is exactly the ordinary locus
of S.

10.1.2. Generalized Hasse invariant. We now begin the construction of the general-
ized Hasse invariant. Let S be a reduced Fj-scheme and G € BT(S) of height 3 and
dimension 2 such that the multiplicative rank of G over S is less than 2. The goal is
to construct a section of HO(S, alet’(';2 71) that vanishes exactly at points where G is
of multiplicative rank 0.
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We first construct such Hasse invariant when G is of multiplicative rank 1, étale
rank 0. This means that G is connected and there is a sub group G,, C G that is
étale locally isomorphic to p,. In this case, the quotient H := G/G,, is in BT} (S)
and it is of height 2 with dimension 1. The Hodge filtration for D(H) and D(H)®
gives us:

0 wg —2— D(H) —2— Y, y 0
JD(V)\NH JD(V) iD(V)
0 wg) 2, DH)P) 2, (w)yp) P —— 0

As H is not ordinary, the restriction of D(V') to wy is zero pointwise, hence zero
as S is reduced, this means that the map D(V) : D(H) — D(H)® factors through
D(V) : w}p = D(H)®. The map D(V) : w},p — (w);p)?) is always zero by

(p)

construction, so that in the end we have an isomorphism D(V) : w, = w}y .
Raise both sides of this isomorphism to the p— 1 power, we obtain (we just choose
to write dety instead of wy here):

det(D(V))P~1: det;g,’ — detﬁpfl)

In other words we obtain a section that we denote by Ha' € HY(S, det?}p -l ® det%_Dl ).
Finally we define:

(10.1)  Hd'(G) := Ha(Gp)"*' @ Ha'(H) € H(S, det?? ") @ det?;, ' @ det?,)
In order to get a section in HO(S, alet’é2 _1) we use the following lemma.
Lemma 10.1.1. Let G € BT,(S). There is a canonical isomorphism:
0 : dethy ! = det?.,,
Proof. Proposition 2 [Farll]. O

p—1 ~

In particular this lemma gives: det),p = detﬁ';1 and thus an isomorphism:

_ _ _ 2_
det?? ™V @ det?ty ! @ deth ) = det?, !
2_
As a result, we get a section that we still denote by Ha'(G) € H(S, det?, 1).
Now, we explain how to extend this construction of generalized Hasse invariant to
the situation where:

(1) G € BTi(S) is of height 3, dimension 2, and multiplicative rank less than 2
whereas S is a normal reduced scheme.

(2) There is a dense subscheme S’ < S such that G|g is of multiplicative rank 1,
étale rank 0. Furthermore, we suppose that S’ is maximal with this property.

Lemma 10.1.2. The hypothesis (1) and (2) above imply that the map V* : wg — w(cf)

(»)

GD 18 Z2€ro.

has constant rank 1 over S and the map V* : wgp — w

Proof. Since S is reduced, it is enough to check the rank of the maps point by
point. Over any geometric point, using the fact that wg = V(D(GP))/pD(GP) and
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wep = V(D(G))/pD(G) we can use the explicit description of D(G) and D(GP)
given in section (9.3) to verify the claims. O

Under these assumptions, we will define a section Ha/(G) € H°(S, deth2 1) such
that the restriction of Ha/(G) to S’ is the Hasse invariant we have previously defined,
i.e Hd'(Q)|s» = Hd/(Glg’). Furthermore, this section vanishes on the complement
of S”in S at order 1.

We first observe that, since G|g/ is of multiplicative rank 1, étale rank 0, we have
a multiplicative subgroup H C G of rank 1, but this group can be seen as the image
of the map V : G[F]®) — G[F] as well. Indeed, let K := ker(V : G[F]®) — G[F)).
We show that K is locally isomorphic to oy, the additive group of order p. As S
is reduced, we can verify this at each geometric points. Over each geometric point

p 0 0

of S, the crystal of G is given by D(G) = W(F,)? with F = [0 0 1] and
0 p O
1 00
V=0 0 1| with respect to the canonical basis {e1, ez, e3} and so D(G[F]) is
0 p O
given by F,é1 & Fpés3 with F =0 and V = (1) 8 . As a result D(K) = F,é3 with

V = F =0, and we can conclude that K is locally isomorphic to «,,. Finally, since
Glg is of slope (3, 3,1) the quotient G[F] (P) /K, now seen as a subgroup of G[F] via
V : G[F]®) — G[F), is multiplicative over S’. We have the following lemma:

Lemma 10.1.3. There exists a finite flat subgroup H C G[F| such that H|g is
locally isomorphic to .

Proof. Let K := ker(V : G[F]®) — G[F]) and put H := G[F]®) /K. If we can show
that H is finite flat, then by the previous discussion, the restriction of H to S’ is
locally isomorphic to .

We first show that K is finite flat. It is obviously finite, and for the flatness, we
can examine the rank function which to each point s € S associates ranks(K) which
is simply the rank of the kernel of V' at this point. If this function is locally constant
then K is finite flat.

For the points of slope (%, %, 1) we have seen just above that K is of rank p. For

the point of slope (%, %, %) we proceed similar. The crystal of G at this point is
) 0 p O 00 p

given by D(G) = W(F)g with F=10 0 plandV =[1 0 0] with respect to
1 00 010

the canonical basis {e1, e2,e3} and so D(G[F]) is given by Fpé; ® Fpéz with F =0

0 0
andV:<1 0

Finally since K is flat, the quotient map H = G[F]?) /K is also flat, even faithfully
flat because we clearly have these Cartesian squares and flatness is a property local

). Thus K is indeed of constant rank p.



HIGHER HIDA THEORY FOR UNITARY GROUP U(2,1) 35

on the target in the fppf topology:

K xg G[F]®) —— G[F]®) xy G[F)|®» =2, q[F]®

(10.2) przl przl lpr

This shows that H is finite flat as we have a flat composition G[F]®) — H — §
with the first map being faithfully flat.
O

Now, the exact sequence H — G[F] — G[F]/H induces the following diagram:

0—— WQ@[F)/H — WqG[F] WH 0
(10.3) lo JV* lVé
0 oW SN () , o) 0
G[F|/H G[F] T YH

The left vertical map is 0 by the definition of H, so this gives us a map: V}; :

wg — wg) and W : wg[)p]/H — wg))/V*w(;. The most important thing here is that

these two map vanish on S\S’ and have the same order of vanishing. Indeed, we

can check this point by point as S is reduced. Let € S\S’ be a generic point, the
(p)

localizations wg , and wg,’, are free Og -modules of rank 2, so we can choose a basis
b}

(e1, e2) for wg , and (f1, fo) for wg’?r so that wgr) .. = Oser and wg[)F]/H@ = Ogf1.

By lemma (10.1.2) V : wg 4, — wg)z is of rank 1. So the matrix for V* with respect

8 ch . Plus V* vanishes over x and has rank 1, so
a € Oi“gw and b € m,;, the maximal ideal of Og ;. As a result, both V7 and W vanish
at z with the same vanishing order.

We have the following diagram:

to previously chosen basis is

wg —— D(G) —— wlp

(10.4) l lv* l“

wg’) —— D)V —— w(v;D(p)

v

GD
wg’) /V*wg by the snake lemma. This map is in fact an isomorphism. Indeed, this
can be checked on points as S is reduced. By definition of S, the multiplicative rank
of G at any geometric points is less than 2, and so the rank of V* : D(G) — D(G)®
is 2 (see (9.3)). Further more, by lemma (10.1.2), the rank of V* : wg — wg) is 1.

As a result, the map Z : wéD — wg ) /V*weg is not zero and thus an isomorphism

since both sheaves are of rank 1.

Since the rows are exact and the right vertical arrow is 0, we have a map Z : w),, —
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Now, let v = det(V}); w = det(W); z = det(Z) and set Hd'(G) := vP@(w ™ loz)P~!
which is a section in:

Using the isomorphism 6 : det’g1 = det%_D1 we can think of Ha/(G) as a section of

HO(S, detgfp _1)). This is the generalized Hasse invariant that we want to construct.

Lemma 10.1.4. The section Ha'(G) vanishes at order 1 along the complementary
S\S" of S" and it extends the section Ha'(G|g) constructed over S earlier.

Proof. Indeed, the map V}; and W vanish over S\S” at the same order and the map
Z is an isomorphism. By definition Ha'(G) = vP® (w™!02)P~! has vanishing order 1
over S\S'. Plus, since the restriction of H to S’ is the multiplicative group Gy, = fip,
the restriction of Ha'(G) to S’ agrees with Ha'(G|g). O

10.1.3. Compatibility with base change. Let S be a scheme of characteristic p. Sup-
pose that we have an isogeny A\ : G — G’ where G,G’ € BTi(S), both of height 3,
dimension 2. This map induces a map : \* : detg — dete and we would like to ask if
NP det? ! s det? " sends Ha(G') € HO(S, det?, ") to Ha(G) € HO(S, det?s ).
Similarly suppose that the second Hasse invariant exists in this case, does AP L
detch,fl — detlgf1 sends Ha'(G') to Ha'(G)? The answer to both questions is the
obvious yes if the isogeny is étale but in general, they are false. However we have
the following propositions.

Proposition 10.1.1. Suppose that G and G’ are of multiplicative type, and X : G —
G’ is an isogeny. Then we can define an isomorphism (depending on \):
)‘:,orm

such that Xgbor sends Ha(G') to Ha(Q).
Proof. This is lemma 6.2.4.1 in [Pil18]. O

s detqr — detg

Proposition 10.1.2. Suppose that G and G’ are of constant multiplicative rank
over S and \ : G — G’ is an isogeny with kernel L such that geometrically, L is a
direct factor of Gp| (i.e for every geometric point x — S , there exists a subgroup
H, € Gzlp] such that Ly & Hy = Gz[p]). Then there exist an isomorphisms X\ :

norm

detcy — dete such that Nk (Ha(G')) = Ha(G) and )\fonzl(Ha’(G’)) = Hd (G).

Proof. This is lemma 6.2.4.2 in |[Pil18]
U

Remark 10.1.1. The isomorphism X!, is a normalization of det(\*) : detgr —

deta where X* is the differential \* : wq — wa and this is the morphism that will be
used to define the Hecke operator later.

10.2. Hecke operator T,. An important ingredient of the classical Hida theory is
a Hecke operator 7}, which we use to construct the so called ordinary automorphic
forms. In this section we explain the construction of such operator.

So far, we have introduced the Picard varieties with hyperspecial and parahoric
level structures that we will denote by M and M,,, respectively. Recall that we
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have a universal abelian variety A over M and that A[p] = A[n] x A[7]. The scheme
Mpar is simply the solution to the following moduli problem:

Mpar : {Z,, — algebra} — {Sets}
Rw— (A H,i,mq, A/~
with (A,4,m, \)/R)/~ € M(R) and H C A[r] is a totally isotropic subgroup of
order p?.
We have seen that M, is quasi-projective schemes of local complete intersection

but it might help us understand the geometry of My, better by spelling out the
structure of its local rings.

Proposition 10.2.1. The completed local rings of Mpe, is either isomorphic to
Zypla,b]] or Zp|la, b, c]]/(ac — p).

Proof. To handle this kind of question, we use the theory of local model (see [Bel02]
section 4, 6). Let M = M’ = Zg, both equipped with the standard symplectic
structure. The action of Ok on these modules factors through the Z,-linear action
of Ox ® Zy, = Z,, X Zy. Via this isomorphism, the action of (1,0) is given by the
matrix diag(1,1,1,0,0,0) while the action of (0,1) is given by diag(0,0,0,1,1,1).
There is a map(isogegy): ¢ : M’ — M given by the matrix diag(p,p,1,1,1,1).

The local model for M, will be given as the moduli space of totally isotropic
direct factors w C M and w’ C M’ such that both have signature (2, 1) with respect
to the action of O and ¢(w’) C w. With the basis of M and M’ we have chosen,
the universal deformation can be written down according to which point z € M we
start with, and up to choosing a suitable basis, there are two types of points :

(1) If = corresponds to the pair w =< eg, e3,e6 >;w =< €, €5, e > then the
universal pair are:

w =< ey + aeq,es + bey, eg + aes + bey >
W' =< ey + ael, e + bel, e + aes + bely >
With the condition ¢(w’) C w, we see that the deformation ring is isomorphic
to Zp|[a, b]].
(2) If = corresponds to the pair w =< eg, e3,e6 >;w =< €], e}, eg > then the
universal pair are:

w =< ey + aey, ez — abey, eg — aes + abey >
W' =< €] + ceh, el + bey, e — aes + abely >

That means the deformation ring is isomorphic to Zy[[a, b, c]]/(ac — p).

We have two natural maps from My, to M :

par

M
D2 p1
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The first map p; just forgets the subgroup H, sending (A, H, i, s A) to (A, i, my, ).

The second map po sends (A, H,i,my, \) to (A’ := ﬁ,i,ﬁu,)\), where :

(1) 4 is the induced Of action on A, this is well defined because the action of
Ok on A|r] factorizes through the action of Z, on A[r] and this obviously
stabilizes H C A[r], similarly for H+ € A[7]. As a result, H + H" is stable
by the action of O, and thus we have an action of Ok on the quotient A’.

(2) 7 is the induced level structure, via the isomorphism Hi (A, A%) 2 Hy (A}, A%)
for any geometric point x < S.

(3) A: A" = (A")! is the descended polarization from pA : A — A* which is still
principle because H 4+ H* is maximal isotropic. In other words, the following
diagram is commutative:

where f: A — A’ is the isogeny with kernel H + H™.

Now we also have a unique toroidal compactification Spe, of M, and the pre-
vious correspondence extends to:

Spar
2N
S S
Lemma 10.2.1. The morphisms p1 and po are finite flat.

Proof. The scheme S is smooth and by proposition (10.2.1), the scheme Mg, is
of local complete intersection, in particular, it is Cohen-Macaulay. By the general
theory of toroidal compactification, Sy, is Cohen-Macaulay too (in general we can
choose a toroidal compactification to be Cohen Macaulay if the interior is (see 14.2
[LAN16]), but in our case the compactification is unique, so this is harmless). The
theorem of miracle flatness then tells us that it is enough to check that the projections
p1 and po have finite fibers at each points. This is indeed true and can be checked
as follow. For each geometric point x < S outside the boundary with residue field
k, and represented by an abelian variety A,, the fibers pl_l(.Ax) simply counts all
subgroups H C Ag[r] of order p?, and the fibers p; 1(A,) counts the number of
isogenies A/ [1%°] — Ay[7%°] with kernel H C A.[r] of order p?>. Now, we can use
the classification of Dieudonné modules given in (9.3) to count such set. For example
for the map py, let (D, F, V') be the underlying Dieudonné module of A;[x], the set
of subgroup H C A.[r] of order p? is then in bijection with the set of sub modules
of D, of rank 1 (i.e sub k,-vector space of dimension 1 of D, stable by the action of
F,V). We can work type by type, for instance if the point A, [7] is of multiplicative
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rank 0, its Dieudonné module is given by D(x) = k2 with:
000
F=10 00
100
and
000
V=1|1100
010

This means that the only rank one stable module of D, is kyes (where {e1, e, e3}
is the canonical basis of k3). Hence pl_l(Am) has only one point. We can similarly
check that py*(A,) and p; ' (A,) are finite for = of any types.

On the boundary, we remark that in our case the rational polyhedral cone decom-
position is unique and for a geometric point x — D, the underlying semi-abelian
scheme is ordinary, so there is always finite number of subgroups of fixed order. Thus
the maps p; and po are quasi-finite over the boundary too. O

This finite flatness makes it easier for us to study the Hecke operator associated
with the correspondence S & Spar PL, S or other similar correspondences later on.

10.3. Correspondence. Let X be a scheme. We denote by D(Ox) the derived cat-
egory of coherent sheaf on X. There are full subcategory D (Ox) (resp. D~ (Ox),
resp. D’(Ox)) of objects isomorphic to complexes that are bounded above (resp.
below; resp. above and below). Let f : X — Y be a morphism of S-schemes. We
suppose that f is finite flat. In this setting one can define the exceptional inverse
image functor f': Coh(Y) — Coh(X) between the categories of coherent sheaves on
Y and X. Explicitly to each F € Coh(Y) we can define ! f'F = Hom(f.Ox,F).
This functor satisfies two following crucial properties:

Proposition 10.3.1. (1) We have a natural transformation Tr : f.f* — Id.
(2) For a flat coherent sheaf F € Coh(Y) we have f'F = f*F @0, [ Oy

Proof. Since the map f is finite flat, we can suppose that X = Spec(B) and Y =
Spec(A) are affine, with finite flat map f# : A — B. The verification is now very
direct:

(1) We want to prove that f' is the right adjoint of f, as then the counit of this
adjunction will give us the map T : f.f' — Id. Indeed, this is equivalent to
the fact that the co-restriction functor Mods — Modg(N — Hom (B, N))
is the right adjoint of the scalar restriction from from B to A. Since f# is
finite flat, this is true by Shapiro’s lemma.

(2) Suppose that F(Y) = M with M a flat A-module. We have a canonical

map Homa(B,A) @4 M Bar, Homy (B, M). We want to prove that h is an
isomorphism. Observe that since we work over a noetherien base we can find

IThere is a bijection between the set of coherent sheaves over X and the set of coherent sheaves
over Y with an action of f.Ox. As aresult Hom(f.Ox,F) with the obvious action of f.Ox defines
indeed a sheaf over Y.
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a presentation A' — A™ — B — 0. This gives us the following diagram (the
rows are exact sequence as M is flat):

0 —— Homa(B,A)®4 M —— Homa(A™, A) @4 M —— Homa(AY, A) @4 M

lh}w lhAm lhAl

0 —— Homa(B,M) ——— Homa(A™, M) —— Homa(Al, M)

Since hygm and h 4 are isomorphisms, hjs is an isomorphism too.
O

Remark 10.3.1. In general the existence of a functor f': D¥(Oy) — DF(Ox) is
not at all obvious and has only been constructed in some special cases, but when it

does exist, it satisfies similar properties like above, i.e (cf. thm (10.5) and prop(8.8)
[Har66]):

(1) There is a natural transformation Tr : Rf.f' — Id of endofunctors of
DT (Ox) and it induces via the adjoint formula:

Ad
Hompo)(F, ['G) = Hompoy)(Rf.F,G)
for any G € DT (Oy) and F € D~ (Ox)
(2) For any G € D*(Oy) is isomorphic to a bounded complex of flat Oy -sheaves
then we have the following formula :

fIF " RfFG = f(F Q)
We explain how to apply these in our situation to a flat coherent sheaf F on S.
Recall that we have seen: S <= Spar P1, S, Here, the map p; is finite flat, so that

the functor p!l is available. We have natural maps (the third equality results from
the fact that p; is affine).

RF(S,JT) — RF(Sparapg}—) = RF(S7p1*p§]:)

Now, in our case of interests, we will be able to define a map A : p5F — piF
and a map 0 : p]F — pll]: which we call the fundamental class. Remark that
by proposition(10.3.1), p!l]: =piF ® pll(/)g, so to define the fundamental class, it
is enough to exhibit a map pjOs — p!l(Qg. Since p; is finite flat, there is the
trace map 17 : p1+0s,,, — Os, and this induces a map p1.QOs,,, — pl*pll(’)g =
Hom(p1:0s,,,, Os).

Combining everything we obtain a map:

T : RI(S, F) = RI(S, prapsF) 2 RI(S, propiF) % RI(S, propi F) 5 RI(S, F)

It should be noted that as it happens in practice, the map A above is often suitably
normalized to improve the integrality of 7" depending on specific situations.

This construction applies most frequently to the automorphic sheaf Q" (or its
cuspidal counterpart Q% := Q" ® Zp) of weight . In this occasion, the universal
isogeny A : A — A’ over Spo, induces amap \i : warr = warand A2 twaz — waz

and hence we obtain a (rational)map, still denoted by A : p3QF 2 p12® which is
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nothing but sym* ~*2\* @ detk?(\%) @ det*3(\%)). Furthermore the maps p1, ps are
finite flat and p’l Os is just the sheaf Hom(p1.Os,,,, Os), as a result the fundamental
class 6 : ptQ® — pi Q" is induced by the trace map T : 1:0,,, — Os.

We thus get the operator 7, € End(RI'(S,")) and call it the Hecke operator at
p. Sometimes, we will write 7, as 7, : p3Q~ — pIQ~ — P to stress which maps

are involved in the construction of 7,.

10.4. Hecke correspondences on special fiber. It is important for us that our
Hecke correspondence gives rise to a correspondence mod p. The following proposi-
tion tells us that the first step is to normalize 7, : p53Q2* — p7Q~ — paQ’*.

Proposition 10.4.1. Write k = (ki,ko; k3) . If k1 + k3 > 1 the map T, factorizes
through p*2+1pi QF.

Proof. We can check this property over the ordinary locus outside the cusps as it is
dense. Now over each point x of this locus corresponding to a pair (H,,.4,) we have
an isogeny \ : A, — AL = A,/(H, + H;), this induces an isogeny of p-divisible
groups :

Aa[p™)] A AL p™]

| |

A1) x Ay [7%°] 22T A7 [79] x AL [7°]

Where the isogeny A; : Az [1°] = A, [1°] (resp.Az) is the quotient by H, C A,[7*]
(resp. Hi C Ag[7>]). These isogenies induce : Aj : war » — w4, and AL :
WA,z — WA, - Now over ordinary locus outside the boundary, there are two possi-
bility for H,:
(1) If H, is of multiplicative rank 1 and étale rank 1 then H is of étale rank 1
( indeed, we have HY = A[7]/H; ), so the map A% factors through pw4,
and A% is an isomorphism. As a consequence the map p5Q" — pyQ~ factors
through p*2 P~
(2) If H, is of multiplicative rank 2, then H;- is of multiplicative rank 1, so that
A~ factors through 102%4%7r and AX through pw4, 7, and the map p5Q~ —
piQF factors through pkrrztksprQr,

For the trace map p7Q~ — p’lﬂ“, we need an explicit description of this map locally
at each point. We will use Serre-Tate theory which firstly says that deforming our
polarized abelian variety A, at point z is equivalent to deforming its p-divisible
group A [p®] = A [r®] x A[7>®]. But since A,[7>®] = A,[7*®]P, we just need to
look at the deformation space for A;[m>°]. Secondly, this theory tells us that each
such deformation corresponds to a map ¢ : Tr(Ay) X Tx(Ay) — @m, called Serre-
Tate coordinate. We have a similar Serre-Tate coordinate for each deformation of
Al [p™], or equivalently of A/ [7>°]. These two deformation spaces are linked by the
isogeny A; : Tr Ay — Tr Al Now, given that :

(10.5) Tr(Ag) = Tr(A)) = Z Tr(A) =2 Tr(A,) = 72

we have the following diagrams:
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Zp x 22— Gy,

woi |

Ly X 12 1 Gm
Here M, (Az) is the matrix given by the isogeny A;. The trivializations of Tate mod-
ules (10.5) give an isomorphism between the deformation space of A, and Z,[[X, Y]]
via Serre-Tate coordinates. We again have two cases:

(1) If H, is of multiplicative rank 1, étale rank 1, then H} is of étale rank 1
and the matrix M, = diag(p,p,1). Then the deformation space of A, is
isomorphic to Z,[[X,Y, X" Y]] /(1+X')? =X —1,Y'—Y)) and this implies
that the trace map piOs,,, — p!logw factorizes through p.p} OSpar-

(2) If H, is of multiplicative rank 2 , we can repeat the whole thing and see that
p10s,., — p!lngM is actually an isomorphism.

So we conclude that if H is of multiplicative rank 1, then 7, is divisible by pF2t1 and
if H, is of multiplicative rank 2, then 7, is divisible by p¥1+*2+ks Qo if ky + ko + kg >

ko + 1, then 7T, factors through p*2+1pt QF. O

This proposition leads us to set T, := Iﬁﬁ,. This normalized correspon-
dence induces a non trivial one on the special fiber &1 := S xz, Fp, ie we have
TolSpars @ P35V |Spary — PiQ¥s,,,., which induces an endomorphism of complex

T, € End(RI'(S1,Q")). As in the introduction of this section, we will study the in-
teraction of this correspondence with various Hasse invariants that we have defined.

10.5. Stratification of special fiber. In this section we study the stratification by
multiplicative rank of the special fiber §; and its interaction with the Hecke operator
T,. Let us denote by SlZZ (resp.Slgl, resp.S7 ) the locus where the multiplicative rank
of universal p-torsion group A[rx] is no less than (resp.no bigger than, resp. equal to)
i. Recall that we have the decomposition A[p|] = A[r| x A[7] and since A[n] is the
Cartier dual of A[7], the multiplicative rank of A[p| is dictated by that of A[x].

Now, the classical Hasse invariants Ha := Ha(A[r]) € H(S,det(wa )P~1) van-
ishes exactly over Slgl. We want to construct a second Hasse invariant of A[r] that
vanishes exactly on the locus S;°. After what we have explained in section 10.1.2,
it is enough to show that 51§1 is smooth.

Before we do so, we would like to simplify notations by denoting det 4. :=
det(war)/S?), where (?) can be (< 4;> 4;= i), hopefully this will not cause confu-
sions. Finally, for any scheme X over Spec(Z,) we denote by X, the base change
Xn =X xz, Z/p" L.

Theorem 10.5.1. The non-ordinary locus 8;1 s smooth.

Proof. As Slgl is cut out by the Hasse invariant Ha, we need to show that Ha
defines a local regular parameter at each points. More precisely, let z € Slgl be any
geometric point with residue field k,, then if Ha induces a non trivial morphism on
the tangent space of Slgl at x, then the point x is smooth by the Jacobian criterion.
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We treat this case by case.

If x corresponds to a point whose underlying p-divisible group A[7r*°] is of slope
(%, %, 1), we have seen that the crystal corresponding A, [n] is given by D, = W (k)3
with Frobenius given by the matrix :

F=

oo
" oo

0
1
0

By the standard theory, the crystal D, is also equipped with a Hodge filtration
wy, = ker(F : Dy/pD, — D,/pD,), so if we fix a basis (ej,eq,e3) for D, and
(e1,e3,¢€3) for D, /pD, this filtration is given by w4, =< e7,e3 >. The first order
deformation ring at z is isomorphic to R = k[X,Y]/(X,Y)?, this is obtained by
formally deforming the filtration w4, C Dj. this means that a deformation of a
point x of slope (1,0) correspond to a lift of w4 inside M = D, ®yy(1,) R which is
of the following form:

1 0
Fill=10 1
XY

We then easily see the induced Verschibung V : M/Fil' — M/Fil' is given by
the multiplication by —Y, and so the Hasse invariant, which is the determinant of
V' is non zero on the tangent space at x.

For the point z of slope (%, %, %) (i.e corresponding to a supersingular point),
we can do a completely analogous calculation, based on the explicit formula for the
associated crystal given in [9.3], and see that the Hasse invariant also defines a regular

local parameter at this point, and we conclude that Slgl is smooth. U

As Slgl is smooth and the locus S;° has only finitely many closed points while
S7! has dimension 1 and thus is dense, we can apply the earlier result (10.1.2) to
get the second Hasse invariant Ha' := Hd/(A[r]) € HO(S=!, det?”” " (wax)), whose
zero locus is S7°.

10.6. Restrictions of Hecke operator and finiteness of coherent cohomol-
ogy. In this section, if k = (k1, k2; k3) is a weight, and n € Z we will denote by:

(1) k(n) for the weight (k1 +n(p — 1), k2 + n(p — 1); k3).
(2) '(n) for the weight (k1 + n(p? — 1), ko + n(p? — 1); k3)
(3) K(n,m) for the weight (k1 +n(p—1)+m(p?—1), ka+n(p—1)+m(p?—1); k3)

We have defined above a map T, : p3Q~ — paQ“ over Spqr1 Which induces an
operator Tj, : RI'(S1, Q%) — RI'(S1,Q") when ky + k3 > 1. A natural question to
ask is how this operator interacts with the stratification by p-rank introduced above
of Spar,1. We have our first proposition.
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Proposition 10.6.1. For all weight k satisfying k1 +ks > 1. The following diagram
over Spar,1 commutes:

p;Q“ Tp pllﬁn
(10.6) xngai ixp!lHa
P 1 plas®)
where in the diagram above, we are using Ha := Ha(A[n]).

Proof. Tt is enough to check this point by point on ordinary locus because it is dense
and our schemes are Cohen-Macaulay. Over the ordinary locus of Sp4r1 we have
the universal isogeny A : A[r>®] — A'[7>°] with kernel H € A[r] of order p*. As
a consequence, we can decompose Spqr1 into a disjoint union of two components
depending on the type of A (i.e depending on whether H is multiplicative rank 1 or
2).

Over a point x in the component where H is of multiplicative rank 2, the map
Py — prQF over alift of 2 to Spa, factors through pF1#2+ks and thus if k1 +k3 > 1,
our Hecke operator over this point vanishes due to the normalization (cf.prop(10.4)).
As the result the commutativity is obvious.

Over the component where H is of multiplicative rank 1, we see that the funda-
mental class pjQ" — p!lQ“ is actually obtained by simply tensoring the fundamental
class piOs, — piOs, with piQ* (Since piQF = piQ* @ p}Os,) and by piHa we
just mean the image of pfHa € H°(Spar1, p{detﬁt; ) under pidet?, 7; — p’ldet%; =
p’{detfa—,; ® ptOs,. As a result, the above diagram (10.6) can be rewritten as :

*
)‘norm *

PR s RO ——— pi Q7 @ p O,
(10.7) Xp;Hal ixp’l‘Ha lpra@l

*

pe() 2y s — i) @ O,
with AF ... is the normalized map induced by the isogeny A.

The commutativity of the right square is tautological, so what is left is that on
the left square. This amounts to checking if the map A’ ., sends p;Ha(A'[7]) to
piHa(A[n]). Let Z € Spar,1 be a point with residue field k. Let W (k) be the ring of
Witt vector with residue field k£ and z € Sy, be a W (k)-point whose reduction mod
p is T (this is possible since the ordinary locus is smooth). We have the universal
isogeny A\, : Ag[r>®°] — A, [r*°] with kernel H, multiplicative of rank 1, and this
isogeny induces a map Ay : dety, —— dety, .. We have normalized this map to

obtain Aj orm 1= A Now as H, is of multiplicative rank 1, this is exactly the
way we normalized to obtain the map A}, in proposition 10.1.1 from A*. By that
proposition, A ... sends Ha(A”[r]) to Ha(Az[n]) and we are done.

norm

O

Because S is the vanishing locus of the classical Hasse invariant pjHa(A') (or
piHa(A)), an immediate consequence of this proposition is that we have a restricted
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operator:
T, : RO(S=Y, W)y — RO(SE, QW)

Inside the locus Slgl the interaction is more involved, we will need to take a detour.
Let us begin with the following lemma :

Lemma 10.6.1. Let G be a truncated Barsotti-Tate of level 1 over an Fy,-scheme S.
If the multiplicative rank and étale rank of G are constant over S and if H C G is a
subgroup of order p, then S can be decomposed into a disjoint union of sub-schemes
S = SIS S™, where S¢ (resp. S™, resp. S°) is open and closed subscheme
over which H is étale (resp. multiplicative, resp. biconnected).

Proof. This is lemma 7.4.2.1 in [Pil18]. O

We use this to decompose our correspondence 7T}, into two parts as follows: over
Spar1 We have the universal isogenies : H — A[r>®] — A'[r>®] and H+ — A[7>] —
A'[7%°] (the group H* is of order p). Because the multiplicative ranks of A4 and A’
are equal, it makes sense to define S} par.1 C Spar,1 as the locus where multiplicative
rank of A (hence of A’) is 1. Further more, over this locus the p-ranks of A[7]
and A [_] are constant, we can thus apply the lemma to get the decomposition
Spar1 = Seb 1 11855, where the S5, (resp.S59,. 1) is the subscheme of S | where
H*+ C A[r] is étale (resp.biconnected). Overall we obtain two correspondences over

=1 .
par,1*

t . ! . !

T; 'p;QN‘SZZm — plQN‘SSZT,l and T;O .pSQ“|3;gr’l — pi Q7 ’5;3T1
Remark 10.6.1. The formation of fundamental class is the only thing we need
to pay attention in this decomposition of correspondence. Indeed, the formation of
fundamental class is stable by Testriction to open or closed subscheme, so at the start

1 < - .
we obtain a correspondence over S 1 ond then over S, 4 Spar1 by restriction

00

and finally over open and closed subschemes Spflm as well as Spg,. 1

We are now ready to prove that the Hecke correspondence commutes with the
second Hasse invariant.

Proposition 10.6.2. For any weight k such that ki + k3 > p + 1, the following

diagram (defined over S=! a1/ commutes:

T,
j23 0 - p!lfl"‘

XpsHa’l lxlea

o T R )
where in the diagram above, we are using Ha' := Ha'(A[r]).

Proof. Similarly to the proof of the proposition (10.6.1), we check this point by
point over dense locus Spalrl of S=1 par,1- INow over this locus, we have a decomposition

I, = T]ft—l—T;". We will actually prove that T;t commutes with Ha' and T, »° vanishes.
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For the commutativity of T]ft with Ha' , the argument of proposition (10.6.1)
carries over, and so it amounts in the end to proving that for any point

T € 5;;%;1 with a lift x € Sp:a%a corresponding to a universal isogeny Ay :

A ] — AL[r>®] with kernel H, such that H. is étale, the induced

2 3
normalized morphism : Iﬁ)\* : deti,ml — detﬁtm1 sends Ha'(Al[r]) to

Ha/(Ag[r]). Now by our definition of T;*, the group Hi is étale, implying
that H is biconnected, so geometrically, H, is a direct factor of A;[7]|. This
setting fits perfectly for the conditions of proposition (10.1.2), because the

morphism prl_l Ay 1s exactly the morphism A} ., there, thus we are done.
Regarding the part TIQ’O(&), it actually vanishes over Sp:a%ﬂ,l. It is enough to

prove this point by point . Let # : Spec(k) — Sy be a geometric point
with residue field k. By deformation theory, we can lift £ to a point z :
Spec(Oc,) — S=l. Letj e S;llm mapping to T via pz and y : Spec(Oc,) —
Soar a lift of § mapping to 2. Now over y we have the isogeny A, : Ay [p>] —
A; [p>°] with kernel Hy—l—H?j- which can be seen as the product of two isogenies
Ayt Ay[m] = A'[r°] and Ay 7 @ Ay[m>] — A} [7*].

We have H, = kerAy = p, x p% and HE = p% over Oc,, where ;%
is the biconnected group of order p. Since the degree of u®° is Iﬁ in the
sense of [Farll] (See also A.2.2 [Pilll] ). It then follows that the differential

Ay of Ay« factors through an ideal generated by (p, ) with @ an element

1
of valuation pil and the differential A} 7 is divisible by pr#T. The result

is that the non normalized map 7,° : p5Qy — paQ” which is nothing but

k1—ko y % ko 3 ks kot Eitks 4 O
sym Ay @det™ N5 - @det™ Ny ~ factors through p™ " »+1 p; QF (the map
Py — p'lQ’y’i is an isomorphism in this case). Finally, we conclude that if
k1 + ks > p+ 1, the normalized map 77° vanishes.

O

By this preposition, we have a well defined operator 1), € End(RI'(ST 0 Qr' (1)

as Ha' vanishes exactly over S;°. We would like to show that when the weight is
regular enough, this operator vanishes on this locus which is crucial for the higher
Hida theory as we will see later on.

Proposition 10.6.3. For all weight k = (k1, ka2, k3) such that ky — ke > 1 and k; +
ks > 3, the Hecke operator Ty, € End(RT'(S1, Q%) acts trivially on RT (S0, Q#(L1),

Proof. First of all, under the condition of the weight, T}, € End(RI'(Si, Q") gives

rise to T}, € End(RF(Slgl,Q””(l)). Let 7 be the sheaf of ideal defining the closed
subscheme S0 inside Slgl (i.e it is generated by Ha'). The proposition can then be
rephrased as under the condition on the weight, the correspondence T}, : p3 s(L1)
p!l(l’f(l’l) over Spgl factors through:

ar,l

T, : p3 QD — piZph QY
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We can write Spar 1= ;17]6; U ;lioo where paT “(res Si&f{o) is the closure of
the subscheme Spalret Sparl (resp. Spalroo pm, 1)vvhere the 7-isogeny A[7>°] —
A'[7°] has étale (resp biconnected) kernel H+. Due to the normalization, the

<1,00

restriction of Tj, to Sp,,7" is zero, we are finally left to prove that the restriction of
T, to 8= vanishes on SV NV (piZ).

par, par,1

Right off the bat we have to comment on the scheme structure of =<\ V (piZ)

par,1
since a priori S=! par,1 a1 its decomposition above are merely topological. There is
no canonical underlying subscheme structure of Sﬁml inside Spqr,1, since two Hasse
invariants Ha(A[r]) and Ha(A'[r]) would define two different scheme structures of

5117, |- Fortunately, we have already ignore the locus S a%” 1° and the scheme structure

S alr elt can be naturally defined as :

Sgl,et _ V(HCL(.A[ ]) ﬂ8<1 et _ (HG(A/[ ]) <1 et

par,l par,1 par,1

It comes from the fact that we can define a canonical isomorphism Apppm :
det(wgrize]) — det(wgjzee)) such that Aot nHa(A'[n]) — Ha(Alx]) (we can use
the deformation theory and prove this similarly as in the lemma 6.3.4.2 [Pil18§]).

Once the scheme structure on ;%«ef has been determined, we can proceed as
follows . First, observe that the maps p1,ps : Sz;lr’et — &7 land in S and as z;z:,tl
parameterizes étale subgroups H- C A[7] of order p, we can see that po : Siliﬁt =
Slgl is actually an isomorphism and p; : Sgllr’jt — 51Sl is nothing but Frob?, the

square of the Frobenius. In particular V (p}(Z)) = p*V (p3(Z)) as divisors of pa'rl’
which implies that it suffices to prove that T}, vanishes at order p? along V (p5(Z)).
Let us denote by x_ the weight (k1 — 1, k2, k3) so that T), is the tensor product of
two maps : Tp(r_) : p3Qr—(11 — pl Q=D (the correspondence of weight £_) and
i D W] = Walroe] (the differential of the isogeny Ar : A[r™] — A'[7*°]). We
claim that A% vanishes at S7° and T,(x_) vanishes at order p> — 1 along S;°, seen

as the subscheme of Sp*alr elt via the isomorphism ps : S <alr fit ~ §=t
Indeed, over S=1 | the kernel H of Ay : A[x>®] — A'[x™] is biconnected, thus

par,1
V2 = 0, which implies that the morphism D(A[7*]) < D(A[x>)] V—2> D(A[?TOO])(pQ)
2

factors through D(A[x*°]/H)®*) and induces an isomorphism WA[roo] = wff[goo]/H
and as a result we have the following diagram:
A
WAree]/H ? WA[ro)

v (%)
WA[r<]/H ’ w./f[ﬂ‘”} JH

(10.8)

In other words, we can identify \* with V2, but as over 51: we have V2 = F and
as the Frobenius is infinitesimal, we conclude that A% is identically zero along S;°
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We will show that 7),(r_) vanishes at order p? — 1 along S;°. This is a simple
consequence of the fact that, under our assumption on the weight, we still have:

TS S
XpEHa’l iXp*fHa’

ps Q- (1) Tp pLQs- (D)

K

Since the section p5Ha' and p} vanishes along S0 at order 1 and p? respectively,
this means that T (k_) :pEQ“(M) — p!l(l”“(lvl) vanishes at order p? — 1 along S7°.
O

Remark 10.6.2. (1) The fact that this proposition holds is very important in
establishing the finiteness of various complexes we will construct in later sec-
tions. This is the very reason that we have chosen to define the Hecke oper-
ator that way. In fact, there are two parahorique subgroups of Alp] of order
p and p? respectively and we chose the one of order p*>. Another choice of
parahorique subgroup H € Alr] C Alp] of order p would gives us another
correspondence S < Sparr — S. We could still prove that the normalized
operator associated to this correspondence commutes with both Hasse invari-
ants but we would not have the important property that T}, acts trivially on
multiplicative rank 0 locus.

11. ORDINARY PROJECTOR AND PERFECT COMPLEXES

In this section we show how one can define an ordinary projector ¢, as in the clas-
sical Hida theory, but in this context, it will cut out a perfect complex t,RI'(S1, )
inside RI'(S1, Q%)).

11.1. Locally finite operator. We borrow the presentation from section 2 [Pil18]
to recall some basic facts about locally finite operators. Let R be a complete local
noetherian ring with maximal ideal m and residue field k := R/m. Let Mody(R)
be the category of m-complete, m-separated R-module. For any M € Modn(R) we
write M, for M @p R/m".

Definition 11.1.1. Let M € Mody,(R). We say that an operator T' € Endr(M)
is locally finite if for all n and any = € M, the sub R,-module of M, generated by
{T"(x) }ien is finite.

Lemma 11.1.1. Let M € Modw(R) and T € Endr(M) a locally finite operator,
then there exists a projector ep € Endgr(M) such that T is invertible on ep M and
topologically nilpotent on (1 — er) M.

Proof. First of all, if such decomposition exists, it is necessarily unique, so it suffices
to exhibit one such decomposition. Now, as M is m-adically separated, it is enough
to prove the lemma for M,,. Furthermore, by our hypothesis T is locally finite so we
can assume that M, is a finite R,-module.

Let us first suppose that M,, is a free R,-module. Then, it makes sense to take
the characteristic polynomial P € R,[X] of T € Endg, (M,). Let and P the image
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of P in k[X]. We can decompose P into P = P; P, where P is of form X™ for some
m € N and P; has nonzero constant term. Since P; is prime to P, by Hensel lemma
there is a decomposition of P = P; P, that lifts the decomposition P = P; Py, where
Py, P, monic and deg(P;) = deg(P;) with i € {1,2}. We define M? := P»(T)M,,
and M)'° := Py(T)M,. Now, we observe that as Po(T)M° = 0, and P, is of form
X™ + a with a € mR,[X], the action of T" on M is nilpotent. In addition, by
Bézout’s identity (P is prime to P»), it is clear that M, = M? & M,°.

We just denote by er the projector M,, — M, so that the decomposition above
can be rewritten as M,, = epM,, ® (1 — ep)M,,.

If M, is not free, there exists a surjective map of R,-module p : Ril — M, for
some [ € N*. We can then lift the action of T on M, to R. so that p becomes
T-equivariant. Now by earlier construction, there is a projector ey such that R =
erR, @ (1 — er)R.,. We define M2 := p(erRl) and M = p(1 — er)R!,. Tt is
immediate that M, = M? + M’ and T is nilpotent on M’ and is invertible on
M2. If x € M2 () M then T*(x) = 0 for some k € N* but as T is invertible on M2,
we deduce that £ = 0 and then M,, = M) & M;°.

O

We recall some useful lemmas used in the next sections.

Lemma 11.1.2. Let 0 — My — My — M3 — 0 be an exact sequence of modules in
Mody(R), and T be an R-linear operator that acts equivariantly on My, My, Ms.

(1) If T acts locally finitely on M3 and My, its action on Ms is also locally finite.

(2) If the action of T' on My is locally finite, then it acts locally finitely on Ms.

(3) If m" My = 0 for somen € N and T acts locally finitely on My, then it acts
locally finitely on M,

Proof. See lemma 2.1.1 [Pil18]. O

An immediate and useful corollary of this lemma is that we can check the local
finiteness of an operator T' € Endgr(M) by looking at its action on the reduction
M /m by using the exact sequence m"~!/m"” @gr M — M/m" — M/m"~ ! — 0 and
induction on n.

Move on to the situation where we have complexes of R-modules instead. Let
D(R) be the derived category of R-modules. Let C“""P(R) the category of bounded
complexes of m-adically complete, separated R-modules and C/ lat(R) its subcategory
of complexes of m-adically complete, separated, flat R-modules. Let D“"P(R) (resp.
D/!*(R)) be the full sub-category of D(R) generated by objects in C“™(R) (resp.
C/lat(R)). We recall that a complex M* € D/ (R) is called perfect if it is quasi-
isomorphic to a bounded complex of finite projective modules . We have the following
useful criteria:

Proposition 11.1.1. Let M* € D/ (R), concentrated in degree [a,b]. If M® ®p
R/m has finite cohomology groups, then M® is perfect and concentrated in degree
[a,b]

Proof. See proposition 2.2.1[Pil18]. O
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In our paper, we study complex of coherent sheaf over S or Sp,r and this propo-
sition says in particular that we can study the restriction of these complexes on the
special fibers to show that they are perfect and concentrated in certain degrees.

Definition 11.1.2. (1) Given a complex M* € C/!%(R) and an endomorphism
T e Endcflat(R)(M.). We say that T" acts locally finitely on M* if its action
is locally finite on each M".

(2) Given a complex M*® € D/ (R) and T € Endpsiar gy (M®). We say that
the action of T is locally finite if there exists a representative Mg € C/1%(R)
and a locally finite representative Ty € Endcfzat(R)(Mg) of T', i.e we have
the following diagram:

Mg . Mg
(11.1) / x /
T/
M*® T

> M*®

We have another useful criteria for detecting locally finite operator:

Proposition 11.1.2. Let M* € D'''(R). Let T € Endpiat gy (M?®), then T' acts
locally finitely on M*® if and only if there is a representative representative M§ €
Cﬂ“t(R) along with a locally finite representative Ty € Endcfzaz(R)(Mg) of T and

the induced action of T on H'(M® ®% R/m) is locally finite.
Proof. See proposition 2.3.1 |Pil18]. O

We have seen that if T acts locally finitely on a module M € Mody,(R) then
there is a projector er € Endp(M) associated to T. Now if M® € C/'®(R) and T
acts locally finitely on M*® then we can apply the projector er to each terms to give
a new complex epM®. For an object M* € D% (R) and a locally finite operator
T on M?®, it is more subtle to define a projector ep € Endelat(R)(M.) as two
representatives (M, Tp) and (M7, T7) might give rise to two different projectors of
M? (the images of eq;, and er; in Endpiat gy (M*®) are not homotopic). Nevertheless,
the subcomplexes eq, M and er, M7 are quasi-isomorphic (cf. lemma 2.3.2 [Pil1§]),
thus the factor erM*® is well defined and can be represented by er,M§ for any
representative (Mg, Tp). Finally we have the following lemma:

Lemma 11.1.3. If the action of T on M* € D/ (R) is locally finite. We have :
H'(epM®) = er H'(M®)

Proof. Let (Mg, Tp) to be a representative of (M, T) with Mg € C/'(R). As we

have seen, the direct factor ey M*® does not depend on a representative and is quasi

isomorphic to er, M. Thus we need to show that Hi(er, M®) = e, H/(MJ). A

standard induction procedure reduces us to the case where we have an exact sequence

0 — My — M; — My — 0 of modules in C/!*(R) and we need to prove that :
eTOMO — 6T0M1 — €T0M2

(1 — eTO)MO — (1 — eTO)M1 — (1 — ETO)MQ
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are both exact. We will show this for the first complex, the treatment for the second
complex is similar. On the first complex, the exactness rests on the fact that Ty acts
invertibly on eg, M;. Indeed, for the exactness on the left, if uy € e, My is mapped
to 0 then let u, € eq, My such that Touf, = ug, then ufy € eq, My C My is sent to zero
in Mj, so uf, = 0 and ug = 0.

For the right exactness, let uy € e My and write ug = Tub with uf, € eq Ma.
Let w3 € M; be some lift of u},. Now it is clear that Tper,uy is sent to ug, and as
er,u1 € er, M1, we are done.

Finally for the exactness in the middle, let u € eq;; M; that is sent to 0 in ez, Mo.
Again as T acts invertibly on er, M7, we can write Tou' = u for some u' € eq M.
Since u; € e, M; C M is also sent to zero in My, it must be the image of some
up € My, and now, obviously T'er,u; is sent to w. O

Remark 11.1.1. All the complexes we consider in this paper satisfy the assumptions
of the lemmas and propositions above, i.e they can be represented by flat objects
in relevant category, as can be checked using Céch complex for some finite affine
COVETING.

11.2. Perfect complex of classical forms. Now we are ready to prove our main
theorem for the complex of classical forms. Let us start with following easy lemma
that is used repeatedly through out this paper:

Lemma 11.2.1. Let X be a scheme, L a line bundle and F a coherent sheaf on X.
Let f € H°(X, L) be any section and j : Z < X be open subscheme of X which is
the nonzero locus of f. We have :

Juj F 2l F & L"
x f

In particular HY(Z,F) = lim HY(X,F® L"),
Proof. There is an isomorphism j* ligrlx ; F® L™ — j*F. Indeed, on each affine open

subset U = Spec(R) small enough of X we can write L|y = R.er, where ef, € L(U).
Let also M := F(U).

If we write f|y = ser, with s € R then the isomorphism j* ligxf FLY — j*F
over U is nothing but the canonical isomorphism ligixs M =M ® R;.

Finally by adjunction, we obtain the isomorphism

lim F @ L = j.j" F
xf

and this finishes the lemma. O

In order to show that the action of T}, on RF(Slzl) is locally finite we begin with:
Proposition 11.2.1. For any weight k = (k1, k2, k3) such that k1 + k3 > p+ 1, the
action of T, on HO(STt, Q%) is locally finite.

Proof. We use lemma (11.2.1) for the line bundle det‘j[;]l and the section Ha' €

HO(SlSl, detf[;}l) to see that :

HO(STY, ) = lim HO(SE, ™)
x Ha'
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The locus SlSl is closed in &7, hence proper, so that each HO(Slgl, Qg(n)) is a finite
dimensional [F,-vector space. Further more, following the proposition (10.6.2), when
ki + k3 > p+ 1, we have Tp.Ha' = Ha'.T, and each H(S=!, Q%' (") is thus stable
under 7,. This means that H°(ST!, Q%)) can be written as a direct limit of T),-stable
finite dimensional spaces, as a result T, is locally finite. U

Now over 8121, we can cook up a resolution for %, in the following way. First,
take a look at the exact sequence (for each n):

x XHa™

(11.2) Q5 ZH orm) 0 () = 0
This induces :

(11.3) b — lim QR = lim Q5" /(Ha™) — 0

n)

We observe that the support of the sheaf hgn Q%( is the ordinary locus Sy2 (See

lemma 11.2.1), and the (reduced) support of the sheaf lim Qg(n)/(Ha") is clearly the
locus S7t. Both these loci 872, STt are affine in the minimal compactification. As a

) r(n)

result the sheaves lim an and lim €}, /(Ha™) are acyclic and the above exact

sequence is a resolution of Q% over 8121. In other words the complex RF(S;I, Qp)
is represented by :

(11.4) HO(ST2,95) — lim HO(S7!, 3" /(Ha")

Proposition 11.2.2. For all weight x such that k1 + k3 > 2, the action of T, on
RF(SIZI,Q%) 18 locally finite.

Proof. For such a weight, we have seen that the Hecke operator 7, commutes with
the classical Hasse invariant so that the above resolution (11.4) of Qf, over 8121 is
Tp-equivariant. By lemma (11.1.2), it is enough to show the local finiteness of 7}, on

both terms H°(S72, Q%)) and ling HO(ST, Qg(n)/(Ha").

(1) For the first terms, we can write H(S72, Q%) as ligHO(Sl, QHD(N)) and the
xHa
condition on the weight x guarantees that T),. Ha = Ha.T}, (see 10.6.1)). As a

consequence 1), on ordinary locus is locally finite since it acts finitely locally
on each H°(S, Q'B(n)).

(2) For the second term, we proceed by induction. If n = 1, notice that x(1) is
the weight (k1 +p — 1,ko +p — 1, k3) so the proposition(11.2.1) applies. For
general n we use the exact sequence:

0 — HO(SZL, Q5™ /(Ha™) — HO(SZY, Q5" ) /(Ha)™ )

— HO(SE, Q5" /(Ha)) = 0

Because T}, acts locally finitely on the third term by lemma (11.2.1), and
on the first term by induction hypothesis, it acts locally finitely on the second
term.

(11.5)
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O

From now on, whenever we have a complex M*® on which T}, acts locally finitely,
we will denote by ¢, the projector associated to T}, (see section (11.1)). The following
result is important:

Proposition 11.2.3. For all weight xk such that k1 — ko > 1 and k1 + k3 > 3, the
complezes t,RI'(S1, Q%) and tpRF(Slzl, Q%) are quasi-isomorphic.

Proof. We reconsider the short exact sequence (11.4) over S; and 5121, this gives us
two long exact sequences:

0 —— HO(S),Q5) — lim HO(Sy, Q") —— lim HO(S), Q5" /(Ha"))

J - Xﬂal

0 —— HOST', Q%) —— @HO(SIZI,Q’B(”)) —— lim HY(S;, Q") /(Ha"))
xXHa xXHa

—— HY(S81,95) —— 0 —— lim HO(Sy, Q" /(Ha™) —— H(S), Q)

[ |

—— HY(SZH, %) 0 0 0
The goal is to show that each vertical arrows is an isomorphism after applying
the projector t,. The first one is an isomorphism because &; is Cohen-Macaulay

and 81\8121 has codimension 2. The second vertical arrow is also an isomorphism
since both are isomorphic to H°(S12, Q). Proving the third one is an isomorphism is

harder. Firstly, it is enough to prove that for each n, we have: t,H%(Sy, QHD(n)/(Ha”)) =
tpHO(Slzl, Q'B(")/(Ha”)). We proceed by induction.

(1) For n =1, then we need to prove that
tpH (S, 95V (Ha) =ty (ST, 95Y) = ,, ST, 0 Y) = 4, HO(SE, 95/ (Ha)

This is handled by lemma (11.2.2) down below which establishes the middle
equality.
(2) For general n, we consider the exact sequence over §; and S=1:

(11.6) 0 — Q5 /(Ha™) — Q5 J(Ha™ ) — Q5 /(Ha) — 0

which induces two long exact sequences:

0 —— HOS, Q5" /(Ham)) —— HO(S,, Q" /(Han ) —— ..

| |

0 —— HOSZY, Q5™ /(Ham)) —— HOSZL Q5 j(Har 1)) —— ..
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HO(S), 0" J(Ha)) —— HY(S), Q3" /(Har)) — .

| |

HOSZ Q5 J(Ha)) —— HY(SEL Q5™ /(Ham)) —— ...

Again, lemma (11.2.2), point (2) says that under our initial condition on the weight
Kk we have:

t,H (S, Q" /(Ha™) = t, HY(SZ, Q5" /(Ha™)) = 0

pH (81,9 /(Ha")) = t, H (ST, Qp " /(Ha"))

Applying the projector ¢, on the last diagram, and use the induction hypothesis, we
obtain the result.
Finally, t,H (S, "™ /(Ha")) = 0 is handled by point (3) of lemma (11.2.2)
below.
O

We have an immediate corollary of this proposition.

Corollary 11.2.1. For all weight k with k1 —ko > 1, and k1+ks > 3. The complexes
of Fp-vector space t,RT(S1, %) and t,RT(S=1, Q%) are perfect of amplitude [0, 1].

Proof. A perfect complex over a field is just a complex of finite dimensional vector
spaces. By proposition (11.2.3), we need to prove that t,RI'(S1,Q%,) is perfect.
For this we need to check its cohomology groups are finite dimensional which is an
immediate consequence of the fact that Sy is proper. O

We recollect some technical lemmas that we need for the proofs of propositions
above.

Lemma 11.2.2. (1) If ki—ke > 1 and k1+ks > p+2, we have tpHO(Slgl,Q'B) =
tpHO(ST, Q).
(2) Ifkyi—ky > 1 and ky+ks > p+2, we have t, H/(S=', Q%) = t, H (STL, Q%) =
0 fore>1.
(3) If k1 — k2 > 1 and ki + k3 > 3, we have tpHi(Sl,Q%(nfl)/(Ha”)) =0 for
i=1,2.
Proof. (1) The short exact sequence:
0— Qf — Qg(l) — Q”D/(l)/(Ha/) -0
gives a long exact sequence:

— H(ST, %) — Hi(ST, Qp W) — Hi(sT0, 05 W) — HH (ST p) -
With the condition on the weight x, this long exact sequence is T)-equivariant by
proposition (10.6.2). Further more when k1 — ko > 1 and ky + k3 > p + 2, the action
of T, on H(S7Y, Q%(l)) is trivial. We deduce that for any f € tpHi(Slgl, QHD(D), we
can find g € Hi(Slgl, Q'E(l)) such that t,(g) = f. In particular, for i = 0, combining
with the fact that there is a restriction HO(S=, Q'z)(l)) — HO(STH, Q'B(l)) we have:

tHO(ST, 0p) = t,HO(SF, )
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Passing to the limit and using the lemma (11.2.1) for the line bundle det]j: ;1 and
the second Hasse invariant Ha', we obtain:

t,HO(SE!, %) = 1, HO(STL, %)

(2) By argument in (1), for all i we have t, H/(S5', Q%) = t,H (ST, Q%), but
as Sy ! has affine image in the minimal compactification, the cohomology group
HY(STY, Q%) is zero if i > 1.

(3) we prove this by induction: For n = 1, this follows from the point (2) as
t,Hi(S1, 0\ /Ha) = t, H (SE!, ™).

For general n, take the long exact sequence associated with the short exact se-
quence (11.6) and the induction hypothesis gives the answer:

HO(S,, Q5™ /(Har)) ——— HO(S;, Q" ) (Ham ) —— HO(S, Q5" /(Ha)) — ...

HY(S,, Q51 /(Ham)) —— HY(Sy, 05" /(Ha")) —— HY(S, Q" /(Ha)) —— ...

O

12. P-ADIC MODULAR FORMS

In this section, we define the Hida complex of p-adic modular forms for each pair
of integer (ki,k2), denoted by V*®(k1,k2). This will be the "ordinary" part of a
huge complex over the weight space Spec(A) where A := Z,[[Z;]]. To cut out this
ordinary part, we will define a Hecke operator U, on this complex, similar to the op-
erator T}, in the previous sections. Finally, for each weight k = (k1, k2, k3) satisfying
certain regularity condition, there will be a map t,RI'(S, Q%)) — V*(k2, k3) ®k,k1 Ly
which induces injections on each cohomology groups, thus V*(kq, k3) interpolates the
complex of classical forms.

12.1. Igusa tower and p-adic modular forms. Let &G be the completion along the
special fiber S; of S, and &=! be the open subscheme of & where the multiplicative
rank of abelian scheme is greater than or equal to 1. We define the formal moduli
scheme &=1(p™) parametrizing the subgroup H,, C A[r>] locally isomorphic in the
étale topology to p,m. For any m > n we have a natural map &=!(p™) — &=1(p")
sending each point (H,,, A) to (Hy,[p"], A).

Remark 12.1.1. If we let Gy, be the completion of Spar along its special fiber then
by definition the forgetful map &=1(p™) — &1 factors through G-} 2, e21 So

par

we should denote &= (p™) by &=L (p™) instead, but we drop the subscript "par”.

par

Lemma 12.1.1. The natural map &=1(p™) — &=1(p") is affine, étale for any
m>n.

Proof. The proof uses the deformation theory and can be done exactly as in lemma
(9.1.1.1) [Pil18]. O



56 NGUYEN MANH TU

We can define a partial Igusa tower Ig,, := M621(pm)(upm’ H,,) with a nat-
ural action of (Z,/p™Z,)*. More precisely, each point z € Ig, corresponds to a
trivialization ¢ : ppm = Hp,, and an element X\ € (Z,/p™Z,)* = End(pym) sends
x to A(z) corresponding to the trivialization 9, o A : ppm = H,,. Let &21(p™) be
the inverse limit of &=!(p™) and we call Iy 1= M@Zl(poo)(/lpoo, H,) the Igusa
tower, this has an action of Z,. Before really defining the sheaf of p-adic forms, we
take a brief moment to recall some facts about the p-adic weight space in our case.

Let A := Zy|[[Z,]] be the completed group algebra. Recall that we have an isomor-
phism Z,[[1+pZp|] = Zp[[T]], sending [1+p] to (1+T'). As aresult, A = Z,[[T]][F,]
since Z,, = F; x (1 + pZ,). We denote by x : Z; — A* the canonical character
sending x to [x]. This character is universal in the sense that, for any Z,-complete
algebra R, any continuous character w : Z) — R* factors through x. In particular,
any character w : Z; — Z; gives rise to a continuous function, still denoted by
w: A =7y

We now return to the problem of defining the p-adic forms. Let

P := (1.0, 0z,8)%

where 7 : &21(p>®°) — &21(p) and Z, acts on m.Ojg., as described above, and it
acts on A via the universal character x. Lastly, for any complete Z,-algebra R and
a continuous character w : Z; — R, let :

PV = @@Awa

12.2. Truncated Igusa tower and Comparison morphism. Recall that we have
denoted by M the interior of the scheme S, where the semi-abelian scheme is an
abelian scheme. For each n, we introduce the following schemes :
(1) S, :=8 x Spec(Z/p™Z) and M,, the interior of S,, away from the boundary.
(2) Sz is a subscheme of S,, where the multiplicative rank of the universal semi-
abelian scheme is at least 1 and M:=" the interior away from the boundary.
(3) SZ1(p™) be the moduli problem parametrizing subgroups H,, C A[r™] C
A[p™] étale locally isomorphic to p,m and again Mz1(p™) is its interior.
We can define a truncated weight space A, := Z/p"Z[[(Z/p"Z)*]] and a truncated
version of Igusa tower over SZ'(p™). Indeed when m > n (so that wy . is lo-
cally free), we can consider Igy n, := Isom S%l(pm)(/.l/pm, H,,) which carries an action

of (Z/p™Z)*, and let &, p, = (ﬂ.*OIgn’m®Z/anAn)(Z/me)X with 7 : SZ1(p™) —

SZY(p). Here, (Z/p™Z)* acts on A, via the obvious map (Z/pmZ)* — (Z/p"Z)* —
A,. Tt is clear that we have &2 = gnh%m@n,m

Over S7!(p) we have the automorphic sheaf Q and one can ask how &2, ,,, and Q*
are related. To see this, we remark that over S=!(p™), the universal multiplicative
group H,, C A[p™] induces a surjection wpm) — wg,,. We can think about &2, .,
as a sheaf on SZ(p) whose sections are "functions" of the trivialization H,, = o'
We also have the Hodge Tate map: HT : HI ® (9851(17,”)
definition of the Hodge Tate map, this is just a short way of saying that there is a
map c : 1O, . — wh,,. It is also immediate that this comparison map induces

— wH,,. Given the
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an isomorphism c : @ﬁlm — w];}m over SZ1(p™) for any k; € Z (we see ki as a
character Z) — Z, sending t to tk1). Combined with the surjections, w Ajpm] — WH,,
we deduce a surjection:

k1,0,0 . k k
Q5T = symMwr — Pt

As a consequence for any weight « (k1 > k2),we obtain a surjection c(k) : QF —
@,’f}njb ® QF2k2k3 et us denote the kernel of this map by KQF.

12.3. Operator U,. The sheaf & we have just defined over S=!(p) is too big for
any practical purpose, we now show how to construct a projector that cuts out a
direct factor which interpolates classical forms similar to how one would do in the
classical Hida theory.

Over MZ1(p™) we can define the correspondence:

Un(p™)

(12.1) ;9/ \{g

M (™) M (p™)

Where U, (p™) parametrizes the triple (L, H,,,.A) with L C A[r] of order p? and
LN H,, = {0}. The map p; then sends each triple (L, H,,, A) to (H,, A) and po

sends each triple (L, H,, A) to (HmLtLLtLL, L-:},l)'

We can also construct a toroidal compactifications of U (p™) and M1 (p™) which
we denote by i, (p™) and SZ!(p™) respectively. The correspondence above extends
to a correspondence:

Un(p™)
(12.2) y K
)

S=Hp™ SzHp™)

Lemma 12.3.1. The morphism py over MZY(p™) is finite, flat.

Proof. Since the base MZ1(p™) is smooth and &L, (p™) is Cohen-Macaulay , we can
use the miracle flatness theorem. It then remains to check that p; is quasi-finite
which we can check using Dieudonné modules like in lemma (10.2.1).

O

For each sheaf F over MZ!(p™) we can form the correspondence : p5F — p!lf
with the fundamental class given by the trace map and define a non normalized
operator U, € End(RF(Mlzl(pm), F)) as before. We extend this correspondence to
the compactifications as in previous section for the operator 7,,. The result is that
for 7 = QF, we obtain a normalized correspondence U, € End(RF(Slzl(pm),Q””))
with Up = —rerlp.

Finally, we show how to construct a correspondence for formal schemes G=!(p™)
by some limit procedure. The construction of p5F — pjF is obvious, the only
subtle issue is the fundamental class pjF — p!1.7: . The point is that we can build
such fundamental class over SZ1(p™), but we need to verify that the formation of
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fundamental class is compatible with the embeddings S=1(p™) — Slzl(pm) forn <.
To see this, we remark that the sheaf of ideal that defines S=!(p™) inside Slzl(pm)
is of finite Tor-dimension. As the result the base change theorem(10.3.1) works,
and it means that we get the fundamental class piF — piF over SZ(p™) from

the one on Slzl(pm) by tensoring with p;O .This shows the compatibility with

Sitm)
respect to restriction and allows us to pass to the limit and obtain the fundamental
class: piF — piF over &1 (p™). As a consequence we can produce an (normalized)

operator U, € End(RI'(&=(p™), QF)

12.4. Compatibility with Hasse invariants. As we have done with the complex
of classical modular forms, we want to establish that under some conditions on the
weight r, the operator U, acts locally finitely on RI'(&=!(p™), %) and then the
ordinary part e,RI'(&=1(p™), Q") (where e, is the projector associated to Up,) is
a perfect complex. We can deduce this from working on the special fiber. For this
reason we will study the correspondence (12.2) on the special fiber and its interaction
with Hasse invariants.

Proposition 12.4.1. For all weight k the operator U, commutes with the classical
Hasse invariant, i.e the following diagram commutes:
U,
p§ K P p!IQn
(12.3) ngHa(A’)l lxpllHa(.A)

PO — s )

Proof. Our schemes are still Cohen-Macaulay, and so, we can check the commuta-
tivity points by points on a locus whose complementary is of codimension at least
2, which in our case is the ordinary locus away from the boundary. After this, the
proof can be repeated verbatim as in (10.6.1). O

Similarly for the generalized Hasse invariant, we also have:
Proposition 12.4.2. For all weight k, the following diagram defined over Slgl(p)
commutes :
3 —" s Pl
ngHa’l lxpllHa/

P ) o PO M

Proof. Exactly as in proposition(10.6.2) U

Remark 12.4.1. Reader can observe that there is no restriction on the weight k
compared to the case of the operator T), in propositions (10.6.1,10.6.2)earlier.

12.5. Operator U, and T,,. We have just defined an action U, on RF(Slzl(p), ),

this operator commutes with Hasse invariants and induces operators U, € End(RT(S72(p), 2%5,))
and U, € End(RI(ST(p), 2%). Recall that we also have similar operators T, €
End(RT(S72,9Q%)) and T, € End(RI'(ST1,Q%)). We wish to study the relation-

ship between the operators 7}, and U, on each stratum.
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12.5.1. Ordinary locus. In this subsection, we show that with some hypothesis on &,
the action of U, on H°(ST%(p), %) is locally finite. For this, we will show that T},
also acts on H(S72(p), %) and deduce the local finiteness of U, based on that of
1.

Away from the boundary, we have a very clear description of Hecke operator T, as
follows, let f € HO(M7T?2, Q") regarded as a "function" on M7 2. Inside the ordinary
locus, the correspondence is finite flat and the fundamental class is given by the trace
map as usual, so that if for any z € M72, we denote by A, the underlying abelian
scheme, the action of T}, on f is given by the formula:

1 Ay

Tp(f)(Az) = PRt ;f(L + Lt

)

Where L runs through the set of all subgroups of A.[r] of order p?. Since we have
the restriction H%(S72(p), Q%)) — HO(MT2,Q), we can pretend that T, is given by
the formula above when analyzing action of 7}, on H°(S72(p), Q%)).

With this description, it is immediate to see that T, can be written as a sum of
two operators Tp1 1 and Tp2 ¥ where T, pl 1 accounts for all the isogenies by subgroup L
of multiplicative rank 1, étale rank 1, and T, 1,2 0 for all isogenies by L of multiplicative
rank 2, étale rank 0. Now for k1 + k3 > 1, due to the normalization (see the proof of
prop(10.4.1)) tells us that T, acts trivially on H(S:2,Q%). What is left is then
the part T,"' and it factors through H(S72(p), %)), we have the following diagram:

(12.4)
HO(S12,Qp)

1,1
Ty

HO(S72, Q)

!
res y res

HO(ST2(p), 25) = HY(ST2(p), )

Indeed as A, is ordinary, and L is of multiplicative rank 1, étale rank 1, the point
L+Ll actually lifts to a point of S;2(p) corresponding to a pair (L+Li ,Hy = AIL[W] ).
By composing with the restriction H°(S72(p), Q%) — HO(S72,Q%) we have an
operator, still denoted by T}, := res o T}, € End(H°(S{(p), ).

Proposition 12.5.1. For all weight k such that k1 > ks, we have UpoT,, = U, o U,
as endomorphism of H°(S72(p), %).

Proof. Remark that T}, = U, + I, where I, accounts for all igosenies with kernel L
such that LN H; # {0}, so that we only need to prove that U, oI, = 0. Over S72(p)
we can analyze U and Ip, the non normalized versions of U, and I,,. For each point

T € S72(p) , we denote by (A;, H;) the corresponding unlversal pair of groups at x.
For any f € H%(S7%,Q%,), we have:

Up(f)(z) =

)y ( A, Hx—i-L—i—LL)
L such that LNnH,={0}" \L+ L+’ L+ L+t
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and

A H,+ L+ L+
I _ E ( T : T )
p(f)(l') L such that Lﬂszé{O}f L+ L+ L+t
So we can write:
S A Hy+L+L++L + L'
Uyol - ( d o )
vel(N@ = > HNprprpror  Lit i In
LNH,={0}
L'NH,#{0}
Now, as A[r] C L+ L' (since L N H, = {0} whereas L' N H, # {0}) and L+ + L'+
is étale, we can do exactly as in proposition 10.4 to see that the correspondence
U, o I, is divisible by p*1+#2%2 with the factor p*1+*2 coming from the differential
of A, —
and Up.
As a consequence U, oI, = Upo [p/p%fr2 = 0(mod p*17*2), 50 as long as k; > ko
we have the claimed result.

m and the factor p? coming from the fundamental classes of I

O

Corollary 12.5.1. For weight k satisfying k1 > ko, the action of U, on HY(ST2(p), 2%,)
is locally finite.

Proof. We need to prove that for each vector v € HY(S72(p), %), there exists a
subvector space V C HY(S72(p), 2%,) of finite dimension and stable under the action
of Up.

Indeed, the action of T}, is locally finite on H°(S72,2%,), hence via diagram (12.4)
it also acts locally finitely on H°(S72(p), %), this means that we can choose a fi-
nite dimensional subspace W € H%(S7%(p), Q%) containing vector Tp(v) and stable
by T,. Now let V =< U,(W),v,T,(v), W >, the sub vector space generated by
Up(W),v,T,(v), W. This is a subspace of finite dimension, and by previous proposi-
tion 12.5.1 it is also stable by Uj,.

U

Let u, be the projector associated to U,, we have:
Theorem 12.5.1. Assume that k1 > ko and ki + ks > 1, the following composition
s a bijection:
0ty HO(ST2, Q) = 1, H(S72(p), ) = upHO(S72(p), )
Proof. We take a look at the composition :
0 : M HY(672,05) XSt HY (S (p), ) 2 up HO(S672(p), )

where t,l)’1 is the projector associated to Tp’ . Recall that T}, = TZ}’I + Tp2’0 and T;?’O
acts trivially on the ordinary locus of the special fiber (when k1 + k3 > 1, due to our
normalization). Thus the reduction mod p of © is the map 6 of the theorem. As a
result, if we can show that © is in fact an isomorphism, we are finished.

First of all, to show that © is surjective, it is enough by Nakayama’s lemma to
show that 6 is surjective. Indeed, let g € u, H°(S72(p), 2%). By definition of u, we
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have u,g = g. Let g1 € H°(S72(p), %) such that Upg1 = g. From the proposition
(12.5.1) we can write:

upg = upUpg1 = upThg1 = uptyTphgn
we can see that T,g1 € HY(ST2, Q%) and so t,T,01 € t,HO(ST2,Q%).
For the injectivity of ©, we claim that there is a section :
up, H(G=2(p), Q) — t,H*(672,Q5)

This section is indeed given by the trace map T : H*(&72(p), Q%) — H* (&2, Q%)
since the projection 7 : &=2(p) — &2 is finite étale. We need an extra lemma:

Lemma 12.5.1. We have Tro U} ores = (Ty)™ for alln > 1.

Proof. We can check this point by point away from the boundary. Let f € HY(&=2, Q)
and let z € =2 be a geometric point with underlying abelian variety (4,), we have:

" 1 Ay Hy+ L+ L
TroUpores(f)(x)ziz]Ef(L I L3Il )

pk2+1 Hy L,
Where H, runs through the set of all multiplicative subgroups of A,[n] locally iso-
morphic to g, and L,, runs through the set of all subgroup of A[r"] of order p*"
and L, N H, = 0. Now by definition, we also have :

1 A H,+ L, + Lt
TL1yn _ ( x z n n)
T () @) e et

where L, runs through the set of all all subgroup of A;[n"] of order p?" which is
locally isomorphic to p,» X Z/p"Z. Now given such subgroup L, there are exactly
p multiplicative subgroups of A, [r] which intersect L, trivially, this allows us to
conclude. O

Go back to our problem, let f € t,H’(&=2,Q%) such that ©(f) = 0. Now,
because O(f) = u, o res(f) = 0 and U, is nilpotent on (1 — u,)H*(&%(p), Q%),
there exists n € N* such that U} o res(f) = 0, implying T'r o U}’ o res(f) = 0. By
invoking the lemma above, we have p(Tpl’l)"(f) =0.

Now since T}"" is invertible on ¢, HO(&=2, Q%)) we deduce that f € pty HO(6=2, Q).
By the obvious induction, [ € pmt;’lHo(SZQ, Q) for all m too. Since t},’lHO(GZQ, Q)
is a finite Zp-module, hence p-adically separated, we can finally conclude that f €
Np™ty HO(S=2, Q%) = 0.

pk2+1 Ln

O

12.5.2. Rank 1 locus. By definition, S;! is isomorphic to Sy !(p) as for a point z €
S7 ! corresponding to A, of multiplicative rank 1 then we have a canonical multiplica-
tive subgroup H C A,[r]°, defined as the the image of A, [r][F]®) /ker(V) < A,[F]
(See arguments right before lemma 10.1.3 ). On this locus we have U, = T},. Indeed,
just as before we can decompose T), into T}, = Ty° + 1790 where T, (resp. Tp™)
accounts for all isogenies A — A’ of kernel L + L+ with L of multiplicative rank 1
and étale rank 0 (resp. biconnected).

When ki + k3 > p + 1, essentially by the renormalization of the Hecke corre-
spondence, TI}’O vanishes on ST (see the end of the proof the proposition (10.6.2),
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Tp1 0 is what we call T7° there ). As a result, only 7, 19 0 remains, but this operator
accounts for all the isogenies A — A’ of kernel L + L with L biconnected, hence
L intersects trivially with the multiplicative subgroup H; C A[x]. This means over
STl =~ S§71(p) we have T, = )0 = Up.

13. HIDA COMPLEX

The comparison between T}, and U, on various strata of the special fiber allows us
to easily carry over most of the properties of T}, to U,. We begin by:

Proposition 13.0.1. (1) For any k such that ky > ko and ki + ks > 2, the

action of Uy, on RF(Slzl(p), Q) is locally finite.

(2) Forky > ko and k1+ks > 2, the natural map tpRF(Slzl(p), Q%) — u,RT(SE (p), %)
s a quasi-isomorphism.

(3) For all k with ky > ky and ky+k3 > 3, then t,RT(S1, ) — u,RT(S7 (p), Q%)
18 a quasi-isomorphism.

(4) For all k with ky > ko and ki + ks > 2, the Fp-complex upRF(Slzl(p), Q) is
perfect of amplitude [0, 1].

Proof. (1) It suffices to show that the complex RF(Slzl(p),Q”D) admits a pre-
sentations by a complex of modules on each term of which , acts locally
finitely. Now as in previous section, we can write down a resolution of QF,
over SZ1(p):

K(n)

(13.1) 0—— QF i QF" —— lim Q5" /(Ha)" — 0

Just as before, hﬂn Qf)(n) is supported on the ordinary locus Sy2(p) and
lign Q"™ /(Ha)" is supported on the multiplicative rank 1 locus S;(p),
both of these loci are affine in the minimal compactification, implying that
both sheaves are acyclic and RI" (Slzl(p), Q) is represented by:

(13.2) HO(ST2(p), ) — lim HO(S7" (), ") /(Ha)")

By corollary 12.5.1, the action of U, is finite on the first term. We can

also show by induction that the action of U, on HO(SIZI(p),QZ(n)/(Ha)”)
is locally finite, exactly as in proposition(11.2.2), using the result of section
12.5.2 which states that T, = U, over ST! = S7!(p) to establish the base
case n = 1 (it is here that we need the condition k1 + k3 > 2). We conclude
that U, acts locally finitely on H(SZ(p), Q).

(2) As we have seen, the complex RF(Slzl(p), Q) is represented by the complex
(17.2), so it is enough to establish that e, H(S72(p), %) = u, H(ST2(p), %)
and ¢, HO(S7" (p), lim Q0 /(Ha)™) = u, HO(S7 (p), lim, Q<) /(Ha)").
But these are settled by theorem 12.5.1.

(3) When & satisfies such hypothesis, we know that 7}, acts trivially on STY,
and we have a quasi isomorphism: ¢,RI'(Si, Q) = tpRF(Slzl,Q%). As a
consequence, (3) is then a direct corollary of (2).
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(4) This is an immediate consequence of the above.
(]

Before we state similar statements but for formal schemes &=!(p); 621 &, we
recall the following lemmas about perfect complex of A-modules.

Lemma 13.0.1. Let M*® € D(A) be a complex representable by a bounded complex
of flat, complete A-module. Assume that for some weight k1, the cohomology groups
HY(M* @k ky Lp) are finite as Zy-modules, then M*® is perfect.

Proof. See Prop 2.2.1 [Pil18]. O

Lemma 13.0.2. Let M* € D(A) be a complex representable by a bounded complex
of flat, complete A-module and T € Endelat(A) (M*®). If for some weight ki, the

action of T on M* ®/L\ ky Lp 1s locally finite, then T' s locally finite.
Proof. See Prop 2.3.1 [Pil18|. O

Theorem 13.0.1. (1) If k1 > ko and ki + k3 > 2, the action of Uy (resp. Tp)on
RI(6=21(p), Q%) (resp. RI(&21,Q%)) is locally finite. We will denote by t,
and u, the ordinary projector associated to T;, and U, respectively.

(2) If k1 > ko and ki + ks > 2, then we have a natural quasi-isomorphism :

t,RT(6=1, Q%) — u,RT(&=1(p), 25)
(3) For all k with k1 > ko and ki + ks > 3, we have a quasi-isomorphism:
t,RT (&, Q%) — t,RT(6=1, Q%)

(4) For all k with k1 > ko and ki + k3 > 3,the natural map t,H (S,Q%) —
u, H (&=L (p), Q%) is an isomorphism for i =0, 1.

(5) For ky > ko, and k1 + ks > 2, the Zy-complex u,RI'(&=1(p), Q%)) is perfect
of amplitude [0, 1].

Proof. All of these statements have been proved for the special fiber. We just need to
perform some limit procedure, except for the point (5) where we use the last lemma
(13.0.1). We prove the point (1) as an example of how one can deduce the claims
from the results we have shown earlier, the other points are completely analogous.
For this, we would like to write down a resolution of €}, over &2! using Hasse
invariant. Recall that over SZ!, the sheaf dety is ample in the minimal com-
pactifications so let N be an integer(depending on n) such that the pull back of

Nip—1
det 3 (P=1) in the minimal compactification is ample, with this assumption, Ha" €

HO(Sy, detﬁ(ﬁ:_l)) lifts to a section Ha € HO(S, detﬁ(ﬁ_l)). Now consider the follow-
ing exact sequence:

0— QF %@Q”(’”N) —)thK(TN)/<If{\ZL)T -0

The middle term is supported on ordinary locus &=2, and the third term is supported
on multiplicative rank 1 locus &=!. We need to show that the sheaves hﬂr Q| g=2



64 NGUYEN MANH TU

and 11_D>ln Q5(N)| -1 are really acyclic. But the formal scheme &=2 and &=' are
completions of =2 and S=! along their respective special fibers, hence we have :

HY(&72 lig Op™) = lim, H' (872, Q™) =0

and similarly H! (&=, lim QHD(TN)) =0 for i > 1.

This implies that the exact sequence above is a resolution by acyclic sheaves of 2
over &1, Now we proceed completely similarly as in proposition (11.2.2), i.e we can
prove by induction on r that T, acts locally finitely on Q'B(TN)) and on Q~(N)/ (I;Tva)T.
Passing to limit we see that the action of T}, on RI'(Sz!(p), Q%) is locally finite. We
can repeat the proof for the action on U, on RI'(SZ1(p), Q%).

(]

Recall that we have constructed a complex of p-adic forms RI(&Z!(p), & ®
QkDQ’kQ’kS). In what follows, we will show the main theorem stated in the introduction.

To lighten some notations, with any weight x = (k1, ko, k3), we denote x™ for the
weight (k1 — k2,0,0) and s~ for (ke, ko, k3).

Lemma 13.0.3. For any weight x such that ki + k3 > 2, the action of U, on
RI(&2Y(p), 2 ® Q% ) is locally finite.

Proof. Recall that we have an Igusa tower Ig and a projection 7 : Ig — &=(p™) —
&=1(p), and we have defined & := (W*Olgoo@ZpA)Z;- We also have a truncated
version (when m > n) P, ,, of & over S=1(p). It is enough to show the lemma for
the truncated version, and then by the remark (13.0.2) above, it is enough to show
that for any ki — ko € Z., the action of U, on RI'(&=1(p), @7]%17;]‘32 ® Q) is locally
finite.

For any n, and any coherent sheaf G of flat Z/p"Z-module over S7!(p), we have
an exact sequence:

(rN

(13.3) 0G20) —lmgey ™ slimge o) "/ (Hd) -0

For any weight x, we have introduced an exact sequence : 0 — K Q’f; — Q’f; —
L@,’fn = e@fgﬁkz — 0 Taking the resolution (13.3) above for each terms of this exact
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sequence gives us a diagram:
(13.4)

0 0

~

HOS(p), KO @ Q) —— lim, HO(S7! (), KO @ Q) ™™ /(Ha'))

n

HO(S72(p), 25) i HO(S2!(p), Q5™ /(Ha"))

~ e

—~7r

HO(S72(p), Pt @ Uy ) —— lim HO(SZ\(p), 25, @ @ "™ /(Ha'))

n m,

~ ~

0 0

By lemma(11.1.2) if we have an exact sequence 0 — M; — My — Mz — 0 over
a local ring (R,mp), where all arrows commutes with action of U, then if the
action of U, is locally finite on M>, it is so on M3, and when M; is killed by
some power of mpg, then U, also acts locally finitely on M; too. As a result, we
see that U, acts locally finitely on all of the terms of the commutative diagram
above. In particular, passing to the limit, one deduce that U, acts locally finitely

on lim RI(SZ (p), @ﬁ;l ® %) = RI(SZH (p), @gofl ® Q) ), and similarly, U, is

locally finite on lim (S (p), ,@gn Q% (rI¥) / (ﬁy). Finally we use the propo-
sition (11.1.2) above to conclude.
(]

Let u, be the ordinary projector associated with U, € End(RI(&2!(p), Z2Q% ).
Definition 13.0.1. For each weight x := (k1, k2, k3) such that k; + k3 > 2, we call
V*(k7) == u,RI(G=Y(p), Z @ Qf )

the Hida complex of p-adic Picard modular form of base weight k= := (ka, k2, k3).
We denote also by V*(k) the specialization u,RT'(&2!(p), 2" QF ) of V*(k7).

Remark 13.0.1. The complex V*(k~) will interpolates only the part Q" of the
classical sheaf QF = Q8 @ QF .

Theorem 13.0.2. The A-complex V*(k™) is perfect and concentrated in two degrees
0 and 1.

Proof. By lemma(13.0.1), it suffices to prove that V* (k) := u,R[(&21(p), 25" @0
is perfect in D(Zp). Then, the previous theorem 13.0.1, point (5) says that it suffices
to show the quasi-isomorphism:

(13.5) u,RT (&2 (p), %) = u,RL(&Z (p), 27 @ Q)
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By proposition 2.2.2 [Pill8|, we can prove this by checking that the morphism on
special fibers :

(13.6) upRE(ST (p), ) = w,RU(ST (p), 205, © Q)

is a quasi-isomorphism. To do so, we reconsider the diagram (13.4) but specialize
in the case of n = 1. Following the lemma (13.0.4) below, we deduce that U,
acts trivially on RF(SIZI,K o ® Q% ). As a consequence the action of U, on
HY(S72, KO © Q%) and lim HO(Slzl,KQ”Jr ® Qg(rN)/(%r)) is topologically
nilpotent, and so when we apply the projector u, on the diagram (13.4), we obtain
two isomorphisms:

(13.7) upHO(ST2(p), 25T @ Q%) = u, HO(ST2(p), )
(13.8)
uplimg H(ST2(p), 25 @ O, ™ J(Ha)") 2 uy limg H(ST2(p), Q"™ /(Ha)")

The two Z,-modules on the right of the above isomorphisms are both finite by point
(5), theorem 13.0.1. We need to check now that it is safe to pass to the limit (with re-
spect to m) the left hand side of the above isomorphisms. In other words, we should
verify that the iterated U)" acting on RI(SZ (p), c@ﬂ ® QF ) is compatible with

restrictions RT(SZ (p), L@ﬂr ®Q° ) I RI(SZ (p), 9”,?;1 ®Q" ). Indeed the corre-
spondence underlying the iterated U;" can be defined as follows. Let Cy, be a scheme
over Slzl(p) parametrizing the triple (A, H, L,,) with L,, € A[r™] of multiplicative
rank 1, étale rank 0 and order p?™ (i.e L,, is locally isomorphic to ppm X Z[p"™7)

such that L,, N H = {0}. We have two maps p; : Cp, — Slzl(p) that simply forgets
>1 H+Lm+Li
the group L,, and py : Cy,, — S (p) that sends (A, H, L,,) to (LmﬁL%n’ 2’m+z# )
Obviously, the correspondence (C,,,p1,p2) gives rise to the operator U,", and more
over the map py actually factors through Slzl(pm) — Slzl(p), by sending (A, H, L)

Hm) € Slzl(pm), where H,,, = Im (A[pm] — m) The upshot is

M)(LmﬁL#’
that we get the compatibility we want.

Finally we can pass to the limit with respect to m the right hand sides of (13.7)(13.8),
and "patch" two isomorphisms into the desired quasi-isomorphism (13.6).

U
Lemma 13.0.4. The action of U, on RF(S,?,KQ”€+ ® Q) is divisible by p.

Proof. Tt is enough to show this property when k™ = (1,0,0). Recall that by defi-
nition, we have an exact sequence : KQ%™ — Q5" — @,’f}nﬂ”
L@ﬁ}ygb = w';}ﬂ:kQ for all k.

Now we prove that U, acts naturally on the surjection: wgp;m) — wpg,, and its
action is divisible by p on the kernel K of this surjection. Indeed, we have the
universal isogeny A(m) : A[r™] — A'[x™] with kernel L C A[x™] of multiplica-
tive rank 1, étale rank 0 which intersects trivially with H,,. On each affine open
Spec(R) € SZ'(p™) such that we have a trivialization R?* 2 w grm] = W gr[zm), and
R = wy,, = wyr , where H], is the image of H,, in A’[7™] via the isogeny A(m) above.

, and an isomorphism
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We can identify wpy,, and wy along with choosing a basis of R? in a way that the
MAaP W g/[xm] = PoWA[rm] —> PIWA[rm] = WA[rm] appearing in the definition of U, can
be written locally over Spec(R) as: R? — R? with matrix (g (1)) and the projec-
tions w gjzm] — wh,, as well as wyrm) — wpy, are given by R? > (z,y) — y € R.
The result is that the map p5K — piK over Spec(R) factors through pR. As a
consequence the action of U, on K is also divisible by p. U

Part 3. Higher Coleman theory
14. INTRODUCTION

In the first part, we have defined a complex of A-modules that interpolates the
ordinary complex computing the ordinary cohomology of Picard modular forms, all
integrally. In this part we formulate a version of Coleman theory for the complex
of overconvergent Picard modular forms. First, let us recall the classical Coleman
theory for p-adic overconvergent modular forms. Let Xy(p) be the adic modular curve
of level I'1 (V) NT'o(p) over Spa(Qp,Zy). In particular, there is a universal subgroup
H of order p inside the universal elliptic curve E. Let Xo(p)™ be the open subspace
of Xo(p) where H has multiplicative reduction, and let Xo(p)™' be the inductive
limit of all strict neighborhoods of X¢(p)™. We call the section of H(Xq(p)™T,wk)
the overconvergent modular forms of weight k. There exists a Hecke operator U,
that acts on H%(Xo(p)™',w¥) and we have the famous classicity theorem due to
Coleman|[Col97]:

Theorem 14.0.1. There is an isomorphism:
H°(Xo(p),w*) ¥ = HO(Xo(p)™ T, ") <F !

where the superscript 7 < k—1” means the subspace of slope < k — 1 with respect
to Up.

What is amazing is that such a classicity theorem should exist for higher cohomol-
ogy too. In the case of Siegel modular form of genus 2, see [Pil18]. In this section,
we will develop a similar theory for higher cohomology of Picard modular forms.

Somewhat more concretely we will study the strict neighborhood system {Spqr (p", €) }
of SZ1(p™) and establish some precise classicity theorem for overconvergent classes

par
in higher cohomology, in other words, when the restriction

RF(Spar (pn), QH) — RF(SPGT(pn’ 6)’ QH)

becomes a quasi-isomorphism.
As an application of this theory, we prove that rationally we can obtain a good
control theorem. In other words, we have the following theorem:

Theorem 14.0.2. For all algebraic weight k = (k1, ko, k3) (with ki > ko, k1 + ks >
1), we have the quasi-isomorphism:

upRT(Fpar (p), ) @F Qp = upRI(G51(p), ) @F Q.
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This is very technical, but roughly the idea is to remark that it is enough to
establish this quasi-isomorphism over C, and once over C,, we will be able prove
that both complexes are quasi-isomorphic to a third complex whose terms compute
the cohomology of certain overconvergent automorphic sheaves.

15. ANALYTIC GEOMETRY

Let C, be the p-adic completion of algebraic closure of @, and O its ring of
integers. We choose a valuation v, on C, such that v,(p) = 1. Let Adme be the
category of admissible O-algebra (i.e flat O-algebra that is isomorphic to a quotient
of covergent series O < x1,...,x, > /I for some n by some finitely generated ideal
I) and Nadmg the category of normal admissible O-algebras. For us, a formal
scheme is a locally topologically ringed space with a structure sheaf that is locally
isomorphic to formal scheme Spf(A) where A is some adic O-algebra with an ideal
of definition containing p. To each affine formal scheme Spf(A) we can associate
an adic space Spa(A, A) over Spa(O, ), this construction can be easily extended
to general formal schemes. Let us denote by Forme the category of formal schemes
over Spf(QO). For any X € Formp we can define its generic fiber by taking an affine
covering i of X and then for each affine formal subschemes Spf(R) € 4 we define
its generic fiber to be Spa(R, R) X spa(0,0) Spa(Cp, O), this construction glues and
gives us the generic fiber, denoted by X;, of X.

Now let &4, € Formp be the p-adic formal completion of Sy, and let .7, be its
generic fiber, let yp%% be the subspace of points whose associated universal subgroup
is multiplicative. We will study an appropriate system {.#pq,(€)}¢ of open subspaces
of .7,qr parametrized by € € R>q, each .74, (€) strictly contains yp%},. There exists
also a systems of sheaves of overconvergent forms . (k,€) of some analytic weight
k on each .#pqr(€), and we are interested in the complex RI'(-Apar(€), Z (K, €)). The
goal of the first section is to prove that this complex is concentrated in degree 0 and
1 for any e, k.

15.1. Hodge-Tate map. We need to study the locus yp%}ﬂ and a compatible system
of its strict neighborhoods. It is possible to use Hasse invariant and its generalization
to define such system of neighborhoods like in the case of modular curves, but it is
more convenient and conceptual to use Hodge-Tate maps as we are going to explain
Nnow.

Recall that we have defined the Picard scheme M and its toroidal compactification
S over Z, but from now on we (by abuse of notation) denote S the base change
S Xspecz, Spec(O). We now define some objects needed for the construction of

overconvergent sheaves.

(1) Let & be the p-adic completion of S and 9t be the interior of & away from
the boundary (i.e p-adic completion of M). They are all formal schemes
topologically of finite type over Spf(O).

(2) .7 be the adic generic fiber of &, it is an adic space over Spa(C,, O). Similarly
we denote by .#Z the generic fiber of 991. By abuse of notation, we still denote
by A the universal semi-abelian scheme over .¥ or the universal abelian
scheme over ./ .
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(3) A (p™) be the analytic space over .# parametrizing isomorphisms
(Z/p"2)° — Alp"]

commuting with action of Ok . As p splits this is also just the space over .#
parametrizing isomorphisms (Z/p")3 = A[x"] or (Z/p")? = A[7"]. The pro-
jection I, : A (p") — A is finite flat. Furthermore, as .Z (p™) is smooth over
spa(Cp, O), we can define its toroidal compactification denoted by .7 (p™)
and minimal compactification, denoted by .#*(p™) (In our case, the toroidal
compactification is unique).

(4) By proposition (1.2) in [PS16b] we can normalize & inside . (p™) to obtain
a formal scheme topologically of finite type over Spf(Q) and we denote it by
S(p™), similarly we have the normalization &*(p™) of &* inside .7*(p™). We
can define also &*(p™) as the Stein factorization of &(p") — &%, that is to
say the unique formal scheme affine over &* that fits into the chain of maps
S(p") & &*(p*) — &* such that pr«Ogpry = Og=(pr). Let M(p™) be the
interior of &(p™).

Recall that for any O scheme S and finite locally free group scheme G over S we
have the Hodge-Tate map HT : G — wgp where G and wgp are identified with
their canonically associated fppf-sheaves over S. Concretely it is defined by sending
r € G = Hom(GP,G,,) to x*% .

Now, over 9 (p") we have the universal abelian scheme A and the Hodge Tate
map HT : A[p"] — wa/p"w4. As p splits , this map is the product of two maps:

HT; : A[n"] = wz/p"wz and HTz : A[T] = wr/p"wr
Theorem 15.1.1. The map HT5 and HT, extend to the toroidal compactification
S(p").
Proof. 1dentical to the proof of proposition 1.5 [PS16b]
U

Furthermore, following prop 1.2 (loc. cit.) the map HT; and the exterior product
N HTy - NH(Z)p"2)3 — Nw, =: det(wy)

defined over &(p™) descends to the minimal compactification &*(p™).
We have a rather useful characterization of the images of these Hodge-Tate maps.

Theorem 15.1.2 ([Farl0],thm.7). For p > 3, and S = Spec(R) be an affine scheme
where R is a normal admissible O-algebra. Let G be a Barsotti-Tate group over
S, truncated of level n, and of height h. Suppose furthermore over S we have the
trivialization G(S) = (Z/p"Z)", then the cokernel of Hodge-Tate map:

HT : G(S) xz 8 = wgp

is killed by the ideal generated by all elements of valuation greater than or equal to
1

p—1-

Remark 15.1.1. This theorem also holds for p = 2 but with ﬁ replaced by 2. As a

result it is possible to extend all the theorems below to the case p = 2 up to changing

the numerical inputs. For this reason, from now on we will suppose that p > 3.
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In particular, the maps HT; and HT%, as well as A2HT; are not surjective and
not suitable for our purposes. However, if we let w™ C w, be the subsheaf of
wyr generated by the inverse images of the Hodge-Tate map HT; via the projection
Wy — wr/(p"), then w™? does not depend on n > 1. Indeed, according to theorem

1
15.1.2, the cokernel of HT% is killed by pr-1, so a fortiori by p, the sheaves wg"“’d

(resp. wsz) then sits in the sequence pw, C w;""d C wx. In other words, w™? is

s
the unique subsheaf of w, containing pw, and whose reduction mod p is the image
of HT%. The same goes for the sheaves wz and det(w;) and we have the following

corollary

Corollary 15.1.1. There exist unique subsheaves w°? and w™°¢ (resp. det(wy)

be of wy and wz (resp. det(wr)) generated by the inverse images of the HTz and HT,
(resp. N2HTx) in wy and wy (resp. det(wy)). These modified sheaves do not depend
onn > 1.

mod )

Notice however that w™? and w?°? are only locally free over the generic fiber

of &(p™) but not over the special fiber. We can remedy this by blowing up &(p™)
successively along the sheaves of ideals I, I» followed by normalizations inside its
generic fiber, where I (resp. I2) is generated the lifts of coefficients(resp. determi-
nants of minors) of the matrices of HT; and HT%. The result is a formal scheme
&™mod(p) with a projective map Bl : &M (p") — S(p") such that Bl*w™*? and
Bl*w? are locally free over &™°¢. To simplify notations, we still denote Bl*w*?
or Bl*w™? by wm*d and w?. A crucial thing to keep in mind is that since the
divisors cut out by 7, I5 lie inside the special fiber, we are modifying S(p™) without
messing up its generic fiber .7 (p").

By a similar process, we can obtain a formal scheme S(p™) with a projective
map Bl': §(p")* such that the pull back Bl"™*(det(wr)) is locally free.

Now let {e;}1<i<3 and {e;}4<i<¢ be a basis of (Z/p"Z)? = A[x"] and (Z/p"Z)3 =
A[7"] respectively such that e; is sent to eg via the Cartier duality and the or-
thogonal of e; is generated by ey, e5. Following the theorem(15.1.2) and the "mod"
construction above, we have the surjections:

*—mod

1
HT; : (Z/p"7) @y Ogmod(pn) — wmed /" p=1 ymod
HTy : (2/p"2) @5 Ogmongyny — Wi /p" T wmed

15.2. Overconvergent neighborhood and flag variety. For each € € [0,n— z%[
we define &(p™, e) C &™(p") to be the formal scheme where v,(HT (e1)) > €. In
particular if n — ]ﬁ > € > e >0 we have S(p™, ') C S(p™,¢).

Over &(p", €), we still have a surjections:
HTy : (Z/p"2)° @z Ogn ¢ = Wi [pw*
HTz : (Z/p"Z)° @7, Ogpn

Suppose that over some affine open SpfR € &™°%(p", €) with R € Admyp the sheaf
w™?d becomes trivial, then we can write the matrices of HTx and HT} respectively
as:

mod /.€ mod
) = wrpwy
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Mat(HT;) = <Z 2 ;) Mat(HT,) = (0 g h)

Let Fil°®® be the sub module of w™? generated by HTx(e4), HTx(e5). Since the
map HTy is surjective, the coefficients g and h are co-linear (i.e there is some A € R*
such that g = Ah. By duality, eq, e3 are sent to ey, e5 respectively and thus HT%(e4)
and HTx(es5) are also co-linear. Furthermore < e; >+=< e4,e5 > and the dual of
ey is eg, as a result wy/Fil®" is generated by the image of HTz(eg). Finally since
HTz is surjective, HT%(eg) must be non zero and independent of HTx(e4), HT%(e5),
we conclude that Fil°™ is locally direct factor of rank 1 of w™? with quotient
wmod | pijean generated by HTx (eg).

Let us denote by &(p", €, e4) (resp. &(p™, €, e5)) the open subscheme of &(p”,€)
where F'il°®™ is generated by HTx(eq) (resp. HT%(e5)).

We denote by §&, the flag variety over &™°¢(p") parametrizing direct factors of
rank 1 of w™°? this means over F£, there is a universal filtration Fil,, C w™°?. Let
also §£,(¢) be the pullback of FL, to &% (p", ¢). For each w € [0, €], we consider
the subspace §L, (¢, w) of FL,(¢) where Fil, = Fil¢*"(mod pv).

More precisely, on each open subscheme Spf(R) C &™°4(p") with R € Admy,
such that w™? = Re;5 & Reg, where g lifts HT (eg) € w?/pfwm™*? and €45 lifts a
basis for Fil¢™ C w™°d /pfwmod. Now it is immediate that

(15.1) SEnle,w)spp(r) = Spf(R(T))

with the universal locally free direct factor of rank 1 of w™? given by (€45 +
p“Teég)R C Reys @ Reg.

Over §£, (e, w), for each 0 < w’ < w we can define yet another scheme F£, (e, w, w'’)
parametrizing all trivializations ¢ : Ogze, (cww) = wmod /| Fil,, such that ¢(1) =
HTx(eg) (mod p*'). Locally over each open affine Spf(R) as above, we have:

(15.2) §Ln(e, w,w')|sprr = Spf(R(T,T))

with the projection py : FL, (e, w,w') — FL,(e,w) over Spf(R) given by R(T) —
R(T,T') sending T to T. The universal trivialization over Spf(R) is given by ¢ :
R < T,T' >— R%/(&45 + p“Tég) such that ¢(1) = (1 + p¥'T")és. Thus, we obtain :

FLa(e,w,w') LEN SLn(e,w) LEN S(p",e)

We define B(e, w) := p1.O0z¢, (e,w,u) and P(€) := p2,PB(e, w). We denote by Z(p", ¢)
and Z(e) the generic fiber of S(p", €) and P(e).

15.2.1. Analytic weight. Let A := Zp[[Z)]] be the Iwasawa algebra of dimension 1
and 20 := Spf(A) be the associated formal weight space with its rigid analytic
fiber W := W X gp0(2,,2,) SPa(Qp, Zp). To each affine adic space T := Spa(R, RT)
the points W(T') of the weight space W is identified with Homeont(Z, , R). Thus,
in particular W(Spa(Qyp,Zp)) = Homeont(Z,, Q) contains all algebraic weights.
For each w € [0,n — ]ﬁ] we have a formal subgroup 20,, defined by 20, (R) =
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Zy (14 pYR) for any R € Admp. Let also 25, be the connected component of 2,
(i.e the sub formal torus that sends any R € Admg to (1 + p*)R.

For each Huber pair (A, A") and a character k4 : A* — A* we say that A is
w’-analytic if k4 extends to a pairing 2,» x Spf(A) = G-

Recall that we have a series of affine maps:

3L, (e, w,w') B FL,(e,w) L5 S(pt€)

There is a natural action of the formal group 207, on p1.§L, (e, w,w’). More con-
cretely, let 8 := {8 };cr be a cover by affine formal subschemes of &(p",€) such
that over each l; = Spf(R;) we have a description of FL, (e, w,w’)y, and FL,(w)y;,
as in (15.1, 15.2). An element g € 20°,(R;) acts on F&, (e, w,w')y, by sending
the trivialization ¢ : R; & R?/(€ + p¥ég) to g(d) : R; = R?/(€ + p¥eg) such that
9(9)(1) = g(1 +p“'T").

Given a w’-analytic character k4 we can consider the sheaf:

kA (1) := (p1.FLnle, w, w )R A) P!

as well as the sheaf €4 (w) := p2,DF4 (w) over &(p",¢). We denote by 2%4(w) and
¢ 4 (w) their generic fibers.

Remark 15.2.1. Notice that the sheaf D4 (w) does not depend on w'.

15.2.2. Formal Picard scheme with parahoric level structure. Let & be the p-adic
completion of GL3xG L3 over O and Bar be the parahoric subgroup of & consisting of
upper triangular matrix with blocks of size 1 x1,2x 2, 2x 2 and 1 x 1 on the diagonal
in that order. Over .7 (p") we have a trivialization p : (Z/p"Z)% = A[x"] x A[7"].
As a consequence, Par(Z/p"Z) acts on . (p") by acting on p. This action is trivial
on ., thus Par(Z/p"Z) also acts on S(p") since it is the normalization of & inside
Z(p™). Furthermore &™°¢(p") is obtained by blowing up along the divisors cut by
ideals I, Is followed by normalization, both of these divisors are stable under the
action of Par(Z/p"7Z). As a result Par(Z/p"Z) acts on &™(p"), and we denote by
6%‘?(1)”) as the quotient of Par(Z/p"Z) by &™4(p").

Now as Par(Z/p"Z) acts on &™°%(p™) by acting on the trivialization p, it clearly
fixes the vector ey, hence there is an induced action of Par(Z/p"Z) on &™4(p" ¢).
We denote by GZZ}Iid(p", €) its quotient and then by .7.(p", €) the generic fiber (recall
that the "modification" does not change the generic fiber, so we do not have super-
script "mod" when taking the generic fiber). Denote by ¢ : Z(p", €) = Fpar(p"™, €)
the natural projection.

15.3. Analytic setting. Over .#(p") as well as . (p", €) we still have Hodge Tate
map :
HT : (Z/p"7)® @7 O

par

(pm) 7 WA

We also care about the integral structure as well, i.e we have a subsheaf (’)}pa o C

(™)
O, (o) and a sheaf of integral differential forms wj but the "integral" Hodge-Tate
map :

n77\6 + T
HT : (Z/p"Z)° @z prm(pn) —wy/(p 1)
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is not surjective, just like the case of formal scheme earlier. We thus define w; mod

and w7 Mod a5 the sub sheaves of wl and wi generated by the images of Hodge-Tate
maps above. Be careful that these modified sheaves are really defined on the étale
site since we use the Hodge-Tate maps to define them.

Now we explain why we call .7, (p", €) an overconvergent neighborhood of yp%}_ (™).

Firstly, the space .%pq,(p") parametrizes the pair (Hy,, A) with H, C A[r"] a sub-
group étale locally isomorphic to Z/p™Z, and so we have a diagram:

H, —— Aln"]

| |

“np ? WAx]

we can fix an isomorphism A[r"] = (Z/p"Z)? and a choice of basis {e;}1<;<3 for

(Z/p"Z)3 such that A[x"] D H, = (Z/p"Z)e1. Then if the group H,, is multiplica-
1

tive then HT (e;) = 0 mod p" »-1. This means that ._L(p") corresponds to a

par
subspace of .Zper(p",n — Z%) and as € varies the schemes {74, (p", €)}¢ are strict
neighborhoods of .2} (p™).

Now, over .Zpq,(p", €) we have a trivialization A[7"] 2 (Z/p"Z)3 and we choose a
basis {e; }a<i<¢ for Z/p"Z such that e; is sent to eg by Cartier duality (recall that
A[r")P = A[7"]. Moreover, the orthogonal H;- is isomorphic to A[7"]/HP this
means that in the trivialization above, H;- corresponds to sub module of (Z/p"Z)? =
A[7"] generated by ey, e5. Similarly to earlier section, we can define (recall that for
any O"-module M, and € € Qs we set M, := M/p*M) :

(1) a filtration Fil®™ C wi ™ over Zpar(P", €) defined as the images of ey, e

via the integral Hodge-Tate map HT% : (Z/p"Z)% @ O +mod

+
Spar (D" €) 7 Wme
(2) Grean as the quotient (wi ™)/ Filcan
(3) #.Z is the flag variety over .#p,,(p") parametrizing locally direct factor (in
zariski topology) of rank one Fil' C w,;. Let also F.Lpur(€) := FL x
ypar (Pn7 €)~
(4) F L par(€,w) is an open subspace of .#.Z () such that étale locally we have
Fil' wr ™ = il (mod p®).
(5) F L par(€, w,w') is a torsor over .#.Zpqr(€, w) that parametrizes the trivial-
izations ¢ : OF =~ ™o (Filt Nwd ™) such that ¢ = HT(1)(mod p*').

F L par(e;w) —

We have the following very important fact:

Lemma 15.3.1. (1) The generic fiber F.ZL (€, w) of FL, (€, w) over . (p™,€) is
the pull back of F L par(€,w) via the projection: .7 (p", €) = Fpar(P", €).

(2) Similarly,the generic fiber F.L (e, w,w') of FLu, (€, w,w") over L (p",€) is

the pull back of F L par(€, w,w") via the projection: . (p™, €) = Fpar (D", €).

Proof. The proof is an application of the following descent lemma (see lemma 4.2.4(|Con06]))
Lemma: Let f: X — X’ be a faithfully flat map of rigid analytic spaces. Let
W C X be an admissible open subspace. Suppose that:
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(1) f admits a fpqc quasi-section (i.e there is a faithfully flat quasi-compact map
U—Y and a Y-map U — X).
(2) if z € X and f(z) € im(W) then z € W.
then the image of W is an admissible open subspace of X'.

Indeed we can consider the flag variety .#.Z over .#pq,(n,€,w) parametrizing
locally free sheaf of rank 1 of wy. The map 2" := F L X o . (n.eww) L (0", 6 w) —
F % is faithfully flat map (since the quotient .7 (p", €, w) — Fpar(n, €, w,w') is).
Now the space .#.Z (e, w) can be identified as a subspace of Z". The fpqc quasi-
section is given by the subgroup H, C A[rn] using the modular interpretation of
Zpar(n, €, w). The second condition of the descent lemma above can also be readily
verified on points. Thus %%, (e, w) arises as a pull back of an open admissible
subspace of .#.Z. This space is exactly .#.Z pa, (€, w).

The point (2) is proved similarly.

O

To sum it up, we have a sequence of maps:

F L parn(€&w,w') B FL par e, 0) 5 Fppar (P €)

For each w-analytic weight k4, we define a sheaf :
PEA(w) = P10z, (1) @A) V'
Recall that for each triple x := (ki, k2, k3) € Z3 with k1 > ko we denote by kT :=
k1 — kg and k= := (kg, k3). By w"  we mean the sheaf det(wy)*2 @ w? and by Py e
the sheaf @;ﬁ ®w"  (an algebraic weight is always analytic). Lastly, if k4 is an A-
valued w-analytic weight, by abuse of notation, let k4 be the triple (ka, ko, k3) with
ﬁ;jg :=ka — kp and K, := (k2, k3) and we simply refer to k4 as A-valued w-analytic
weight. This time 24 (w) denotes ZE4~F (w) @ w™a.

Definition 15.3.1. For each A-valued w-analytic weight k4 we call
Yne(ka,w) = RE(Fpar(p" €), yﬁé(w) ® wn_)

the (n, €)-overconvergent w-analytic complex of weight k4. We can also defined the
cuspidal version:

VP (ka,w) = RO(Fpar (0", €), Pt (w) © " (=D))

Another thing worth pointing out is that we can use a different equivalent descrip-
tion of ¥, ((ka,w). This description uses the fact that .# .2, (e, w) is locally affine
over .7 (p™, €) so that we can find a cover % = {%; };ec1 by affinoids % = Spa(R, R")
such that py L9/, are also affinoids. We can always refine this covering so that each
affinoids %; is stable under the action of Par(Z/p"Z), then using Cech complex we
see that :

(15.3) Yne(ka,w) = H(Par(Z/p"Z), RT(F Lnle, w), 2% (w) @ w™7)

and we also have R’p1, vanishes for i > 1 (indeed, the map p; is also locally affine),
this implies :

(15.4) RI(Z L (e, w), D% (w) @ w"™) 2 RT(F(p", €, w), €% (w) @ W)
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15.3.1. ¥ (ka,w) is concentrated in two degrees. In this section, we prove that
Ve P(ka,w) is concentrated in two degrees when n is big enough.

Recall that we have the minimal compactification &*(p™) and over it there are
Hodge-Tate maps:

1

N2HTy : NZ/P"Z)? @ Oge(pny — det(wr)/(p" 71)

and HT: ® 1 : (Z/p"Z)* @ Ogs () — wr/(p" 71

Let us denote by e;; the exterior product e; A e; for all 0 < 4,5 < 6. We have also
shown the existence of a modified sheaf det(w,)™*? over &*(p") and a formal scheme
&(p™)* ™ with a map &(p")*~™°¢ — &*(p™) such that the pull back of det(w, )™°?
along this map is locally free.

Now, above &(p")* ™4 we can define the scheme &*(p”, €) such that A2H Ty (e45) =
0 mod p¢ and A?HT(eqq) and A?H Ty (es6) are not simultaneously 0 mod p©.

Lemma 15.3.2. We have the following commutative diagram:

6*(1?”, 6) 6(pn)m0d

! |

6*(]?”,6) SN 6(pn)*—mod

Proof. Since over S(p™,€) we have HTx(e1) = 0 mod p€, in particular this would
imply that eg is non zero mod p®. Moreover as es and es are dual to e4 and ej
respectively, A2HT} (e45) = 0 mod p¢ implies that HTx(ez) and HTx(e3) = 0 simul-
taneously mod p¢ and this forces HT%(e1) to be non zero. O

Let £ = det(wﬂ)m"d ® w?"d. For 1 <i <3 and 4 < j,k <6 we let 55 the
section of £ locally defined by the Hodge-Tate map A2HT: @ HT,(ej A ex @ €;).
We would like to use these section to cook up some affine covering of &*(p™,€) but
unfortunately £ is not ample. However we have the following theorem

Theorem 15.3.1. There exists N € N such that for any n > N, there ezists a
formal model &(p™)*~HT (actually a Stein factorization ) with a projective map
S(pr)*—med LN S(p)*~HT inducing an isomorphism on generic fiber with following
properties :
(1) The line bundle L descends to an ample line bundle, denoted by LTT
6(pn)*—HT
(2) For each € there is an integer n(e) such that for all n > n(e) there exist
sections sg,? € HY(&(p")*~HT L) such that their pull backs to &(p™)*—med

agree with sij, (mod p©).

over

Now we can define the scheme &(p”, €)T — &(p"™)T by the condition sﬁg =0

mod (p¢) for all j, k. We also denote by &(p", ¢, ex)” two open formal subschemes

of &(p", €)HT where sﬁg is non zero mod (p¢) for k € {4,5}. Since LT is ample,

the formal schemes &(p™, ¢, e )T are affine. Furthermore we can easily verify that
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the following diagram is commutative for k € {4,5}.

6(pn7 €, ek)*_mOd — 6(pn7 €, ek)HT

(15.5) l l

6(pn76)*—mod ht 6(pn,€)HT

This diagram implies that the top horizontal map is projective. This suggests
us to use S(p", )T to compute coherent cohomology H'(G(p",€)* ™% F) via
H (&(p™, e)HT ht,F) . Fortunately when the coherent sheaf § is nice enough we
can indeed compare the two.

Definition 15.3.2. Let X be an admissible formal scheme, a formal Banach sheaf
§ over X is a family {§F;}; of quasi-coherent sheaves such that :

(1) Each §; is a sheaf of Ox/p’-module.

(2) Each §; is flat over O/p*

(3) For all 0 < m < n we have the isomorphism §, ®o O/p™ = §p,.

We say furthermore that
(1) § is flat if each §; is a sheaf of flat Oz /p‘-module.
(2) § = ml §; is small if the sheaf §; can be written as liglj §1,; of coherent

sheaves §1,; and there exists a coherent sheaf G over & such that successive
quotients §1,j/§1,j+1 are direct sums of .

Lemma 15.3.3. The coherent sheaf f,&"4(w)®@wY, is a small formal Banach sheaf
over &(p", €)*~med,

Proof. See proposition A.1.3.1 [AIP12]. O

We invoke the following theorem (see thm A.1.2.2 [AIP12])

Theorem 15.3.2. Let X be an admissible formal scheme. If X — ) is a projective
map with ) an admissible affine formal scheme which induces an isomorphism on
their generic fiber. Let § be a small Banach sheaf over X and 4 be an affine cover
of X. Then the Chech complex Cech(8L, §)[1/p] is acyclic in positive degree.

Corollary 15.3.1. Suppose that we have a coherent sheaf G over ™% (p", €) and
that G descends to a small formal sheaf & over &™°4(p", €). Then the complex
RI(.#™md(p" €),G) is concentrated in degrees 0 and 1.

Proof. The space 8™%(p", €) is covered by two open subspaces iy := &™%(p", ¢, e4)
and Us := & (p" €, e5). Let U = {4} (i=4,5)- We have a spectral sequence :

BT = B M) = H7H(S" (" ), ©)

Where H? is the sheaf associated to the presheaf over &4 (p™, €) sending each open
subset U to HY(U, 8).

Now, we have projective maps ; — &(p",¢,5,)*H" for i = 4,5. By theo-
rem(15.3.2) above, we conclude that the sheaf H? restricted to i; doesn’t have non
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trivial torsion-free global sections for ¢ > 1. As a result we see that when p is inverted
we have:

y 1 « 1 ;
H (4, (’5)[];] H'(&™(p", ), (‘5)[[9] = H'(S™(p" ), G)
As H' (Y, @)[%] is clearly non zero in degree 0 and 1, we're done. O
We cite another vanishing theorem before concluding:

Theorem 15.3.3. Let 7 : &(p",¢) — &(p", €)™ | then Rm.Og(pn ) (=D) =
T+ O&(pr ) (D)

Proof. See proposition 12.9.2.1|Pil18] O

Theorem 15.3.4. For any € €]0,n — p%l[, then there exists n(e) such that for all
n > n(e), the overconvergent complex ¥, (ka,w) is concentrated in degree 0 and 1.

Proof. We have seen that (15.3):
Y e(ka,w) = H(Par(Z/p"Z), RT(F L (e, w), D¥4 (w) @ w*7))

So we can show that the complex RI'(F.Z,, (e, w), DF4 (w) ® w"~) is concentrated in
degree 0,1 instead. But recall that the projection .#.Z,, (e, w) — .7 (p", €) is locally
affine, so we have a quasi-isomorphism:

RI(.Z(p", €), €4 (w) = RT(F L (e, w), D% (w) @ W)

Finally, we apply the corollary (15.3.1) for the sheaf ¢4 (w) which is the generic
fiber of the small sheaf €%4 (w). O

16. COMPARISON THEOREM

16.1. Comparison map. For each A-valued w-analytic triple k4 = (k}, k) we
have defined the (n,€)-overconvergent w-analytic complex 7, ((k,w). When k :=
(k1, ko, k3) € Z3 with k1 > ko we also have the (n,€)-overconvergent complex of
classical sheaf RI'(Spar (p", €), Q2%,). In fact, there is a natural map:

(16.1) R (par (07, €), Q%) = Ve, w) i= RT(Fpar (07 €), P @ ")

Indeed, it is enough to exhibit a map QrT00 @T’ft Let #.Z be the flag variety
over Spar(p", €) parametrizing the filtration Fil' C wy, and p: FL1 — Spar (p",€)
parametrizing the trivialization of Gr! := w;/Fil'. Since w; is of rank 2 and Fil!
is of rank 1, the flag .#.¥¢" is a G,,-torsor over Zpar(P", €) and the symmetric

QFT00 = Syms W, is nothing but p.O 4 o+ [—&T] where p.O s i [T is

power
the part on which G,, acts by the character ¢ — t=*". Now the open immersion
F L par(6, w,w') — F LT is equivariant with respect to the action of W, on the
left and G,, on the right (under the natural map W,y — G,,). As a result, by
taking —xT invariant part, we obtain a map Qrr00 97’?: defined on each affine
U = Spa(A, AT) C Spar(p™, €) by

Q00 2 O i [k = (peF Lpar (6, w, W)@, 4 ATYVor = 8

,E‘U
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Moreover, the map (16.1) respects the actions of a Hecke operator Ug constructed
in the next section. Above all, this operator is compact and spectral theory allows
us to make sense of cohomology classes of prescribed slopes with respect to UI],L. We
will actually prove that (16.1) become a quasi-isomorphism when restricted to the
finite slope part.

16.2. Operator Ug. In this subsection, we define the Hecke operator U;,f acting on
overconvergent complexes.

Let Cj, be the correspondence defined over .#,,q, (p™) which parametrizes the triple
(A, Hp, L) where (A, H,,) is a point of .#.-(p") and L is a totally isotropic subgroup
of A[r] of order p?> and L N H, = {0}. We have two maps p; : C° — . (p")
sending (A, H,, L) to (A, Hy) and py : Co — Mper(p™t) sending (A, Hy,, L) to
( A p 'Hy+L+L*

L+LL> L+Lt
compactification e (p").

Chn
<”>/ T
p

<Eﬂpar (pn—i- ! )

). As before, this correspondence extends to C, over the toroidal

ypar
Lemma 16.2.1. The pull back of Cp, to Spar(p™,€) gives us the correspondence:

Cn7€ = Cn Xypar(P")J’l ypar (pn, 6)

Fpar (P"5 €) Fpar (P €+ 1)

Proof. Indeed, we have to check that the map C), LEN Fpar (p"*1, €) factors through
Fpar(p"TY, €+ 1) and it is enough to show this on rank 1 points.

Over Cy, . we have the universal isogeny X : A — A’ with kernel Ker()\) = L x L*
where L C A[nr] is totally isotropic of order p? and L+ C A[7] is the orthogonal of
L. In other words we have two commutative diagrams:

AR =22 A7 Al —22 A[7"]

(16.2) lHT lHT’ lHT J’HT’
Y AE

wi{::wd T W:Z;Z:Od w:z:;nod 7 wj/,jnﬁod

Let « : Spa(K,Ok) — C¢ be a geometric point of rank 1. Then using the
trivialization

Ag[r™] x A7) = Z2 x Z2 = AL[n™] x AL[7]

and w;”TOd(:c) =N = wj,’fZOd(a:) as well as wj:;md(x) = Ok = w’%(x). Further
more as the map A% is the differential of the isogeny Ar : A[r>°] — A'[7*°] and AL is
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the differential of Az : A[7>] — A'[7>] of kernel L+, we obtain two diagrams:

(p,1,1) (1,p,p)

z3 Y, 73 z3 L2, 73
(163) lHT lHT’ JHT JHT'
RN 0x 2 0,

Now, by definition v,(HT'(e1)) > € since x € Cj, ¢, and the diagram 16.3 on the
right says that \; sends e; to e; so we must have v,(HT'(e1)) = v,(pHT (€1)) > e+1.

This means that the projection po lands in .74, (Pt e+1).
O

Proposition 16.2.1. Over (),  we have a natural map :
PPt e (W +1) = pi 25 (w)

Proof. We just need to unwind the definition of overconvergent sheaves /4 (w).
Firstly, observe that over C),  we have a map A} : p].#.L — p5.# L where #.Z is
the flag variety parametrizing locally free factors of rank 1 of w4 .. Now, for any
such factor, say Fil' C w4, we get a locally free factor \:Fill of rank 1 of WA
by pull-back via the isogeny A : A[7r>°] — A'[r*].

we claim that A induces a map

(16.4) P1F L par (N, €, w) = pax F Lpor(n+ 1,6+ 1w+ 1)
By definition .# . Zpqr(n, €, w) C F.Z is the open subspace where
Filt ImOd = Fil“"(mod p“)

More concretely, for each point z € #pqr(p",€) of rank 1, we can find an affine
neighborhood of z such that the filtration is given explicitly by Fill = HT(e4) +
a(x)pUHT (eg) or Fill = HT (e5) +a(z)p” HT (eg), depending where the point p; ()
lies in S par (P", € = Fpar (D", €, €4) U Fpar (p", €, €5). We reuse the left diagram (16.3)
above to see that Fill is sent via A% to pHT(e4) + a(x)p“ T HT (eg). This means
that A% Fill lands in .Z.2%" (w + 1).

Similarly, we can show that

(16.5) N i F L par (N, 6, w,0") = P F Lpar(n+ e+ 1w+ 1,0 +1)

Indeed, given a filtration F ilh, » Cwar r and a trivialization
d d
¢ OK o + Mo /F ZA/ J—Z/mo

By pull-back via A} we obtain a filtration F il}m =\ F il}4 » C w4, » and obviously
a trivialization ¢ : O = +mogl/F ll, ﬂer mod o JrmOd/F L 2w +m0d.

Finally, the map p5% Jrl’EJrl(w + 1) — p 97’;12( w) is deﬁned as follows, for any

n

affine open subset U C Ch¢ , and a section s € HO(U, p5 P4, 41 (w + 1)) we can
associate a section s’ of HY(U,p} 254 (w)) by putting s'(z) = s(\s(x)). O
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As a consequence can define a series of map:

(16.6)

) /pk )\*

+ + _
Ppirer1(ha,w+ 1) = RE(Che, p5 Pty g (0 + 1) @ w4) "5 RT(Cpr e, pf Pt (w) @ w4)

1

+ T
_>RP(CTL eapl*pl ( ) ®O.) ) p—> %,G(KA,U))

where the map pl AL is normalized map of A%, and Z%Tr is the normalized trace

map with the normalization calculated as in proposition (10.4). We also have a
natural restriction map

Tes

Pre(k,w) — Py ep1(k,w+ 1)
combined with the above map we obtain the operator for overconvergent complex :

UJ et (B, 0 + 1) = Vogg epr(k,w + 1)

16.2.1. UII and integral structure of overconvergent sheaves. Recall that if .# is a
sheaf on an adic space 2, we are often interested in the subsheaf .# T and .Z ™1 of
power bounded elements and topologically nilpotent elements respectively. In this
section we analyze the effect of U; on the subcomplexes

Ve, w) "= RO (", €), P (w)T)
41/7176(K’+’ ’UJ)JFJF = RF(Y(p”, 6)) <@rll?,e(U))JriF)

Where &) (w)* = @,’it (w)* @w* * and P (w)t = Qﬁt (w)™r @wr tt
For example, a non normalized version of the chain of maps (16.6) would give us an
operator that stabilizes the integral structure, but since we have normalized it by a
factor 1/p*2*! our operator U;,r does not stabilize these subcomplexes anymore.

To see exactly what Ug does with the integral structure of #;, ((ka,w), we need
to unwind yet one more time the definition of U;,r . Above qr(p", €) we have the
universal isogeny A : A[p>] — A’[p>], which can be written as a product of A, :
A[r*®] — A'[7*°] with kernel L and Az : A[7*°] — A'[7*°] with kernel L*. These
induce maps:

AN iwar = war and AL wA/J—r — WA
Now the map A% induces a map A% : A,"r — whit and then det(\;) : det(war ) —
det(w A *) which factors through p.det(w};" A due to the fact that deg(L) > 1. By
definition :
FH = Sym* (w++) ® det*? (wA e detkS( )

We deduce that (\*)* : ps Zna™t™ = pt2ia ™™ factors through p’”p’{ Pratt This
implies that after normahzation -+ det()\ )" still preserves the integral structure.
we observe that as pp is finite, we

For the Trace map T : p1,Oc,, . —> prm (p"€)>
have the restricted trace map T'r : p1*0+n — Oz .. (pn.e++ But at the end we have

also normalized the trace map by dividing p which is the very reason why U, does

not stabilize Z1TT. As a consequence, we conclude that pU; preserves the integral
structure.
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Proposition 16.2.2. The operator Ug € End(RI'(Spar(n, €), Zp4(w))) is compact,

n,e

and we let u}, be the associated projector.

Proof. A composition of a compact map and continuous map is still compact, so it
suffices to prove that the restriction map:

ne(ka, w) = Vi1 er1(k, w+ 1)

is compact. Intuitively, using Chech complex to represent these overconvergent
complex, we can see that locally this restriction map looks like an honest restriction
of sections of sheaves, hence compact. More rigorously , using the local description of
Pne(ka,w) as in (15.3), there exists a cover U = {U}; by affinoids of .7 (p" T, e+ 1)
such that we have :

Yniter1(Fa, w1) = HO(Par(Z/p" T Z), RT(F L i1 (e+1, w+1), 2% (w+1)@w"™)
and
RI(F L ni1(e,w), 2" (w+1)@w ™) Z RO (p" T, e4+1,w+1), € (w+1) @w™")
we observe as well that the closure of % %, 11(e 4+ 1,w + 1) is contained in
" e+ 1) X (pne) F L€, W)

Moreover, we can choose a cover by affinoids U = {U;}; s of F.ZL,41(e +1,w+ 1)
stable by the action of Bar(Z/p"*17Z) and such that there is also a cover by affinoids
V = {Vi}i of (", €+ 1)X gpn.e) F Ln(e,w) such that U; C Vi. Now, we can
always refine these covers so that:

Yne(kia,w) = HO(Par(Z/p" L), Cech(V, €™ (w) @ 7))

it er1(m,w + 1) = H(Par(Z/p" 7)), Cech(U, €54 (w + 1) @ W)
But then the restriction map
Cech(V, € (w) @ w"™) 2% Cech(V, € (w + 1) @ ")
is compact because each ¢4 (w) ® W (V;) =2 €54 (w + 1) @ w* (U;) is. O

We denote by u;r, the projector associated to Ug, then we have a map between the
ordinary parts:

UpRT (Far (b7, €), QEVR2R)Y s P RD (S0 (07, €), PEITR (w) © wikaha)y

It is reasonable now to ask if we can characterizes the image of this map. This is
achieved via a formulation of slope decomposition theory for overconvergent complex
in the spirit of [Pil18], which is a generalization of the original theory due to Coleman
[Col97]. Before giving a precise statement, we review some vocabulary of spectral
theory.
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17. SPECTRAL THEORY

Let L be a complete extension of Q, with valuation v, on L is normalized as usual
(i.e vy(p) = 1). Let (A, AT) be a Tate algebra over L, we can view A as a Banach
L-algebra in the sense of Coleman [Col97|. A Banach module over A is an A-module
equipped with a norm compatible with that on A. The set of all Banach modules
over A forms a category that we denote by Ban(A).

Definition 17.0.1. A Banach module M € Ban(A) is orthonormizable if there
exists a subset of {e;};cn of elements of M with the following properties:

(1) {ei}ien is a basis of M, in the sense that |e;| = 1 and every element m € M
can be written as a sum m = ¥X;enAe; with lim A\; = 0.
1— 00
(2) If we write m = X;enAie; then |m| = maz;en|\;|.
We also say that a Banach module over A is projective if it is a direct factor of an
orthornomizable Banach A-module.

Let M € Ban(A) and U € Enda(M) be a compact operator. By some basic
properties of compact operator, we can represent U in terms of an infinite matrix
{Ai,j} such that [im sup;|\; ;| = 0. This means that we can actually define a char-

j—o0

acteristic series of U as P(U)y := det(1 — XU) € A(X) by formally adopting the
usual formula for characteristic polynomial of operators of finite dimensional vector
spaces. Another advantages of working with compact operator is that we have a very
nice spectral theory with many properties analogous to the classical spectral theory,
some of which we are going to recall.

Definition 17.0.2. Let K be a complete extension of Q,, seen as a Banach Q-
algebra and M € Ban(K) and U € Endg(M). For each h € Q, an h-slope decom-
position of U on M is a decomposition M = M<" @ M>" with :

(1) M=h and M>" are sub vector spaces stable by U .

(2) M="is of finite dimension over K and all eigenvalues of U on M=" are of
valuation < h

(3) Let P € K[X] a polynomial such that the valuations of its roots are strictly
less than h, then P~1(U) (where P! is the reciprocal of P) exists as an
operator of End(M>") and it is invertible.

It is not hard to prove that if M admits h-decomposition then this decomposition
is unique, and we say that M has slope decomposition if it has h-decomposition for
any h € Q.

Now let M*® a perfect complex in the derived category Dpan(a) of Banach A-
modules, that is to say, M*® is quasi-isomorphic to a bounded complex of projec-
tive Banach A-modules. Let U be compact operator of M*® (i.e there is a rep-
resentative of M*® such that U acts compactly on each Ml) For each point x :
Spa(K,Ok) — Spa(A, AT) of rank 1 coming from the rigid space Sp(A), we see
that Uy € Endpg,, , (M) is still compact, thus by the proposition A4.2 [Col97],
each cohomology group H*(M?) has slope decomposition with respect to U,. This,
together with the uniqueness of the slope decomposition also implies that for each
h € Q, we can define H'(M2)=" as a subspace of H'(M2)S" of eigenvectors with
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valuation h. We put
Xa(M®) = @;(—1)'dim(H (M2)=")
then x(.)(M*®) is seen as a function x()M*® : Spa(A, A*) — Z, this function is locally
constant by [Col97].
Suppose furthermore that M*® € Dpap(a) is perfect and admits an h-slope decom-
position with respect to U (i.e there is a representative of M*® such that each terms

admits an h-slope decomposition). Since the full subcategory of perfect complex of
Dgan(a) is idempotent complete we can form its perfect subcomplex M *=h of slopes

17.0.1. Slope decomposition of U;r. Let K = Cp, and M* € Dgan,) and U €
EndDBan(Cp)(M') be a compact operator. Now let M™* be a sub complex of M*®

whose it"-terms M;" := {v € M|jv| < 1} and MT"* a subcomplex of M® whose
ithterm is M; " := {v € M||v| < 1}. We have the following easy but useful lemma:

Lemma 17.0.1. Let M*® € Dganc,) and U € End(M?®) is a compact operator

such that U stabilizes the subcomplex M™T* then for all i the cohomology group
HY(M®*)=" is zero if h < 0.

Proof. Let pr: M® — (M*®)=" be the projection to the h-slope part of M* inducing
a continuous map H'(M®) — H*(M*®)=". Under the projection pr the image of the
subcomplex M*H*® in (M*)=" is open and bounded O-module by definition, and
hence so is the image H'(M*H*)=" of H(M*+*) inside H'(M*)=". Now, by our
hypothesis, M T+ is stable under the action of U and as a result, so is H*(M++*)=",
Since U stabilizes the open bounded submodule H*(M*++*)=" the slope h must be
positive. O

Go back to our situation, we have define the complex ¥}, ((x, w). The index triple
(n,e,w) is obviously filtered and we can define

Hi(t,5,w) = i H (S par (p", €), P (w) @ W)
n,e,w
Similarly for the cuspidal overconvergent forms:

H' (1,1, w0)™ = Tim HY(Spar (p" €), Ppic (w) @ W)

n,e,w
These groups inherits an action of Ug and we have following important theorem

Theorem 17.0.1. The slope of U,],L on H(t,k,w) is greater than or equal to —1
(resp. 0) for all i > O(resp. i =0)

Proof. Intuitively, if there exists a complex M?® that computes the cohomology
groupes H'(t, k,¢) and the compact operator p.U};r preserves the integral subcom-
plex M** hence by lemma (17.0.1), we can conclude. So, we will point out how to
get the complex M*® with such property. Recall that we can find a cover % = {% }icr
such that .#.Zparn(€, w,w'") becomes an affinoid when restricted to %; (see 15.3 ),
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then let M*® be the complex that computes the Cech cohomology of ;4 ®w" with
respect to % . We have a map

H'(M®*) = H (S par(p", €), Pt @ W™ )
Inside H*(M*)
Pre(bka,w) = HO(‘ﬁat(Z/p”Z), RIN(F % (e, w), Dka (w) @ W)

Now we need to show that the complex M*® := RI'(F.Z,, (¢, w), Dk (w) ® w"~) has
an integral structure stable by pUg. For this it is enough to take the subcomplex:

M = RI'(F L (e, w), D4 (w) ™ @ wt ™)
For i = 0 one can embed H(f, s, w) into the space of p-adic modular forms of
weight x, this embedding is compatible with the action of U; on H(f, k,w) and U,

on the latter. Moreover, U, stablizes the integral structure of p-adic forms, hence

the possible slope is positive on H°(f, s, w) (compared with 13.3.3.1 [Pil18] or see
[PS16a]). O

Recall that we have a map QF — e@ﬁ:’w ® Q. For all k € Z, we put L@f;e =

colimﬂzﬁjg’ . There is an exact sequence (relative BGG resolution)
(17.1) 050" - 20 0 L g 0

where r: Z3,  — Z3 s a certain reflection of weight (see 2.4[AIP12]) and Zjom, :=
{k1, ko, kslk1 > ko}. The precise construction of this relative BGG resolution might
not be important here, but the fact to bear in mind is that the differential 0 does
not commute with Ug but instead it induces the following commutative diagram (see
section 6|AIP12|):

(17.2)
T
RT(Fpar (9 €), P5 @ V) — 23 RI(Fpar (p™ ), P55 @ Q)

J J
11—kt st

RI(Fpar (07, €), Zit) " @ Q) ) S RIS (0", ), 208 0 )7

However, recall that pU:;r stabilizes the integral structure of RI'(-Spqr(p", €), @ﬁt ®
0F ), as aresult, prrt Ug stabilizes the integral structure of RI'(-%pq, (p", €), ;%f;w ®
Q7). We deduce that (following lemma 17.0.1, and theorem 17.0.1) the complex

RI(Spar (p", €), @ﬁ(f " ® QrT)<ET=2 g zero. We deduce the following classicity
criteria.

Remark 17.0.1. To see why the factor p1*“+ appears in the diagram 17.2, it is
enough to see this locally on Spar(p", €) and locally L@,’ft ® Q" is isomorphic to the
space of analytic representations of GLo (see section 2 [AIP12] for definition). Using
this interpretation, one can deduce the factor pl_”+. For more details and general
computation, see section 6.2,2.5 and proposition 7.2.3 of [AIP12].
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Theorem 17.0.2. For all weight k = (k1, ko, k3) with k1 > ko we have:
1) H? Foar (P, €), QF <(kt-2) ~ i Foar (D", € “@1{" w) ® Wk <(kt-2)
V4 V4 n,e
(2) HO( o (0,0, 0) <" D) & HO( S (07, ), P () @ ) <4 D)
(3) HY(Fpar (0", €), 2%) <"1 o5 HY( S (p7, ), P2 () ® w0 ) <D s am
imnjection.

Proof. The short exact sequence 17.1 induces the long exact sequence:

RE(par (07 €), 2°) = RT(Fpar (07, €), P05, Q%) = RT(Fpar (0", €), 200 0077

from what we have discussed above, the cohomology group
Hi (S (9" €), P21 @ )< =2 _ g
for all 4 and for i = 0, we have
H(Spar (0" €), ﬂgfff’ ® Qr(n)—)<n+,1 0

The claims follows immediately. O

18. CLASSICITY OF SMALL SLOPE CLASS

In the previous section we have studied the relationship of w-analytic (n,e€)-
overconverent classes and the overconvergent cohomology of classical sheaf. In this
section, we determine which overconvergent cohomology classes of classical is clas-
sical, i.e when does the restriction RI'(Spqr(p™), ") — RI(Fpar(p™,€), Q") be-
comes a quasi-isomorphism. To do this we will use a system of strict neighborhood
{Fpar(p)e}e of Yp%}, (p™).This parametrization uses the function deg as introduced
in |Farl0]. The goal is to determine a precise bound h such that the restriction
RT(Fpar (p), @)= — RI(Fpar(p)e, 2%)=" becomes a quasi-isomorphism, and the

bound h does not depend on e.

18.1. Dynamic of operator Ug. In this subsection, we define the new strict neigh-
borhood system {.%par(P)c }e of Fpar(p)=!, and study the dynamical properties of U;)r
with respect to this system. In order to do so, we first recall all the properties of
this function that we need here for reader’s convenience.

Let K be an extension of @, and Ok its ring of integer. We fix a normalized
valuation v, on K, so that v,(p) = 1. Let G be a finite flat group over Ok, and
wg its sheaf of relative differential form. As G is finite flat , we can write wg =
@0k /a;Ok with a; € Og. Now can its degree deg(G) = ) . vp(a;). We recap
some the properties of this function that we need :

Proposition 18.1.1. Keeping the notation as above.

(1) If G is a Barsotti-Tate group truncated of level n and dimension d then
deg(G) = n.d

(2) we have deg(G) + deg(GP) = height(G).

(3) If 0 = G1 — G — G2 — 0 is an exact sequence of finite flat groups. Then
we have deg(G) = deg(G1) + deg(G2).

(4) If ¢ : Gy — G2 is a morphism inducing an isomorphism on generic fiber
we have deg(Gy) > deg(Gy). Furthermore ¢ is an isomorphism if and only
if deg(G1) = deg(Ga).

+1
—
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(5) If L/K is an extension such that L admits a valuation extending that of K
then we have deg(G ®o, Or) = deg(G).

(6) If H and L are two finite flat subgroup of G, and generically we have G =
H & L then deg(G) < deg(H) + deg(L)

Proof. For the point (1) to (5), see [Farl0], the point (6) is an easy application of
point (4), (5). O

For any ¢ € R, we can define .%,4-(p)e as the open subspace of .74 (p) where
deg(H) > e.

Lemma 18.1.1. For all e € [0,n — }ﬁ], the map Spar(p", €) = Fpar(p) factorizes
through ypar(p)l—%(ﬁp%l)-

Proof. We check this point by point and It is enough to check on rank 1 points. Let
x : Spa(K,Ok) — Fpar(p", €) be a rank 1 point corresponding to a pair (A, Hy,).
We choose a trivialization ¢ : (Z/p"Z)? — A[r"] and a basis {e;}1<;<3 such that via
¢, the subgroup H,, C A[n"] is generated by e;. If we look at the Hodge-Tate map
Z/p"Z — wyp — wyp[m). By theorem 15.1.2, and the fact that z € Fper (", €),

we see that wyp is killed by pPlTl—Fe. As wgp 1s generated by 2 elements, i.e wyp =
Ox /(a) ® Ok /(b)), we deduce that deg(HP) < 2(e +1/(p —1)). Also by point 2 of
property (18.1.1) above, one sees that deg(H,,) > n—2(e+1/(p—1). Now the natural
map Spar (P €) = Fpar(p) sends (A, Hy,) to (A, Hy) with Hy = H,[p"!]. Plus,
remark also that we have a map H,[p¥]/H,[p*~'] — Hi, which is an isomorphism
on generic fiber (by comparing ranks). Varying k and using the points (2),(3) prop.
(18.1.1)) we easily check that deg(H;)+deg(Hy,[p*~'] > deg(H,[p*]). Add everything
up, we see that n.deg(Hy) > deg(Hy[p"]) = deg(Hy) >n—2(e+1/(p—1)). O

On the other hand, we have .74, (p)e C Fpar(p) factors through .74, (p, l—ﬁ) —
“par(p) (see lemma 14.1.2 [Pil18]). In other words, we can switch back and forth
between the two neighborhood systems.

We introduce some extra correspondences over .%pqr(p), these correspondences

correspond to the iteration Up™. Over .#q,(p) we define a correspondence :

%pa’r (p) //pm" (p)

where as usual .#,,(p) parametrizes all pair (A, Hy) with H; € Alr| étale lo-
cally isomorphic to p, and C7 is the space above .#),, parametrizing all triples
(A, Hy, L) with (A, Hy) € Mpar(p) and L, C A[r"] étale locally isomorphic to
(Z/p"Z)? such that Hy N L, = {0}. The map p; ,, sends each triple (A4, Hy, Ly) to

(A, Hy) and the map pa,, sends (A, Hy, Ly) to (¢ le, Hljj;L") We can compactify

it to a correspondence .pqr(p) i C, Pim, Zpar(D)-
We have the first general theorem that summarizes the dynamic of operators

corresponding to the correspondences C,,
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Theorem 18.1.1. Let [a,b] C]0, 1], then there is contraction radius rqp such that
for all € € [a,b], we have p2,1(p1i%ypar(p)e) C ypar(p)e-&-ra’b-
Proof. This is based on two facts

(1) let x € Spar(p)e and y € pg’lpi}(x) then if H, is not a Barsotti-Tate, then
deg(Hy) > deg(H,) (see corrolary 2.2 [Pilll]).

(2) Consider the isogeny A — A/H, this induces a morphism det(wy/p) —
det(wa) and hence a section g € H(Spar(p)e, L), where £ := det(wg/lH) ®
det(wa) we have deg(H,) = val(d,) for any x € Zpar(p)e. Now if we consider
the section p§715H(pfﬁ)_l € HY'(Spar(p)e; 51 L @ pfL£71). This section
attains its minimum valuation r,j over the quasi-compact U, ; X5, 1 C1 where
Uap = deg~'[a,b]. Combined with the first point, we get the theorem.

O

Over C,, we have the universal isogeny X : A[1*] — A,[7>°] with kernel L,, C
A[r"], this induces a morphism \* : wjn . = ij. Taking the determinant we
obtain a section sy € HO(Ypar(p),det(wZn )7t ® det(w] ), and we can define
deg(Ln) = vp(sx)-

Proposition 18.1.2. Let x : Spa(K, K+) — C} be a rank 1 point and (A, Hy, Ly)
be the underlying triple, we have the following:
(1) deg(L1) — deg(L7) = 1.
(2) deg(A[r]/L1) > deg(Hi) and we have equality if and only if Hy is of étale or
multiplicative type.

Proof. As the complementary of the boundary is dense and deg is a continuous
function, it is enough to prove this for all point of rank 1 where A is an honest
abelian variety.

(1) As Ly C A[r] and A[7]P = A[r], we have LY = A[7]/Li , the properties
of the function deg recalled in (18.1.1) tells us that deg(Li) + deg(LP) =
deg(A[7]) = 1 and that deg(L1) + deg(LY) = ht(L1) = 2. As a consequence
deg(L1) — deg(Ly) = 1.

(2) The morphism H; — A[r]/L;1 is an isomorphism on generic fiber (by com-
paring ranks), so we have by the proposition (18.1.1) that deg(A[r]/L1) >
deg(Hy). If more over we have an equality, then this means Hy — A[r]|/L; is
an isomorphism and deg(H1)+deg(L1) = deg(A[rn]) = 2. We can conclude by
the classification of Dieudonné module attached to A[r] that there are only
two possibilities for this. The first case is when deg(H1) = 0 and deg(L1) = 2
corresponding to the case where A[r] is ordinary with Hj is its étale quotient.
The second case is when deg(Hy) = 1,deg(L1) = 1 corresponding to the case
where H7 is multiplicative.

O

18.2. Analytic continuation. Previously, we defined {.#pa,(p)c}e and correspon-
dences C), and see how they contract the overconvergent neighborhoods. Now we
apply this to show that €’-overconvergent class in H*(pqr(p)L), 2%) extends to the
e-overconvergent class in H'(-Fpar(p)e, %) (when € > ¢).
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Let .# be either Q% of QF, over .#pq,(p), and we denote by %, the restriction of

P2,n

F 10 Spar(p)e. Recall that over .74, (p) we have the correspondence .4 (p) —

c, 2o Ypar( ) We define the operator Ug’” € RI'(Spar (p)e, F) starting with the

map p5 % — pi - as usual, we set:

UN™ RO(Fpar (p): F) = RE(Fpar (0), 93,0 F ) = RE(Spar (p), 91 0 F)

)

(18.1) A TT

— R (Spar (p), pl,n*py{,ng) +——— RI(Sar (p), F)

We can actually construct this correspondence over Spq,(p) and then take formal
completion and pass to the generic fibers to get the correspondence over adic spaces.

The upshot is that we can obtain a natural map p3 .7+ — p;  F*T.

Remark 18.2.1. The reason we define a new correspondence C,, is to make sense of
the n**-iteration of U;,L. Indeed, we can check for example that the following diagram
commutes:

. U;”
Hz(ypar(p)e,f) — Hz(ypar(p)e’yg) —

| T T

' Up i Up i
Hz(ypar(p)sag) — H (ypar(p)eaﬁ) — H (ypar(p)e’af)

It is easier to have a modular interpretation of U;’" this way.

For each € > e, there is the natural restriction map res : RI'(Spar(p)e, F) —
RI'(Apar (p)er, F). In what follows we will study when a class of cohomology of
RI(Spar(p)er, F) extends to that of RT'(Apar(p)e, F)

Theorem 18.2.1. Let € < 1 and f € H'(Spar(p)e, F). Suppose that there exists a
monic polynomial P € O[X] with nonzero constant term, such that P(U;,r)(f) =0,
then for all 1 > ¢ > € we can find g € H(Spar(p)L, F) satisfying:
(1) P(US)(g) =0
(2) under the natural restriction: res : RI'(Fpar(p)e, F) = RI(Spar (P)e, F) we
have res(f) =g

Proof. We first show this for P = X — X\ € O[X]. Choose an interval [a,b] C]0,1]
such that €, €' € [a,b] , and let r, the contraction radius as in the theorem ??. Let
n be an integer such that nr,p, + ¢ > €. We set g = AUy f. Tt is immediate

to see that g is also of slope h (because we can pretend that U = (U;)”) This
element g is also unique because the oprator U, € End(RI'(Apar(p)e, F)) is actually
a composition :

UI? : Hz(ypar(p)eay) - Hl(ypar(p)e/’y) — H (ypar(p)my)

For general polynomial P = X" + a,_1 X" ! + ... + ag, we can set Q = —ag (X"
..+ a1X), we have obviously Q(f) = f. We can now repeat the argument above for
the polynomial X — 1.

O
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18.3. Analytic continuation for torsion classes. Under some conditions, torsion
classes also extends to bigger overconvergent neighborhood. Before going into precise
statement, let us start with a lemma:

Lemma 18.3.1. Let x : Spa(K,Ok) — Cy, be a point of rank 1 with the underlying
universal isogeny A — A, of kernel Ly, + L with deg(L) > 2n —¢). Let us denote
a = kT (n—¢€)+2ky(n—€)+ks(n—e€)—n, then the operator Ug’n D (p1)phF — FT
factors through p®.Z .

Proof. As usual, we write the universal isogny of p-divisible groupes \ : A[p>®] —
Ay, [p™] as the product of A\; : A[1*°] — A,[r*°] with kernel L,, and Az : A[7>°] —
An[7] with kernel L;-. As a result we have induced morphisms:

Ariwa, r = war and AL wjn - = W,—Zﬁ

~ ~

Now, we can choose isomorphisms w4, » = Oi = wyy and wjn - = 0 = wj -
such that the matrix for A% is diag(ai,a2) and A% is a multiplication by a3z € Ok.
According to our hypothesis, |ai(z)as(z)| < [p**~¢(z)] but as L,, € A[r"], it is killed
by p™ and therefore |a;(z)| > |p™(x)| for both i, so |a;(z)| < [p"~¢(x)| for i € {1,2}.
Plus, we have that deg(L,) = n + deg(L;-). As a consequence the map

N (k) 1= sym™ (\%) @ det™(\5) @ det?3(\2) : F+ = FT
factorizes through p“+(”_€)+k2(2n_6)+k3("_6)9+. Finally, taking into account the
trace map (see remark (16.2.1)), we have the claim of the lemma. O

Lemma 18.3.2. Let a. = k(1 —€) + 2ko(1 — €) + k3(1 — €) — 1. The map
UN" : RE(Spar (9), F ) = RO(Spar (p), F [p"* F )
factors through

RT(Fpar (0), F ) 255 RY(Fpar(p), F ) 2 RE(Fpar (), F /"% FHF)
Proof. We want to define a map :
PrnPonF T = T[T

It is enough to define this map over a dense open subspace of .74, (p). Now let
x : Spa(K,Ok) — Fpar(p) be a rank 1 point away from the boundary. As the map
D1, is finite away from the boundary, the cardinal of pl_}L(a;) is finite and so we can
choose €’ < € such that deg(Ly,), # 2n — €”,Vy € pl_,ll(a:), this means that there
exist an open neighborhood U of  in .74 (p), such that deg(L,) # 2n — € for all
rzeU. Let V = pf,ll(U) and let V> and V< be two disjoint open subsets of V' where
deg(Ly) < 2n — € and deg(L,) > 2n — € respectively. We have an obvious map:

p§7n§++(v> H V) = P%,ny++(v>) @pé,n9++(v<) S FU) = FJp* FH(U)

Now for y € V=, the lemma above tells us that pj,.7 (V=) maps to zero in
F[p*FZtT and for y € V< | by definition we have deg(L,) < 2n — € which implies
that deg(H) > € and 50 p1 »(y) € Spar(p)e. To recap , we obtain a map :

Prn D3 F T (U) = p3 F (V) = F " FTH(U)
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Theorem 18.3.1. Let f € H(Spar(D)e, F) be an eigenclass with U;f =M. If
vp(A) < KT+ 2ko + k3 — 1 = k1 + ko + k3 — 1 then there is a projective system

{fn}n € @Hi(ypar(p)’ﬂ/pn 5~++)

such that U} f,, = Afn for all n and the restriction of f, € HY (S par(p), F [P F+T)
to H(Spar(p)e, F Jp"F ) is also the image of f in H (S par(p)e, F /p"FTT).
Proof. Firstly, as kT + 2kg + k3 — 1 — v,(\) > 0 by hypothesis, there exists €' such
that kT (1 =€) +2ka(1 —€) + k3(1—€) —1—wvp(N) > 0. If € > € we can consider the
restriction of f to H'(Spar(p)e, F) , and if € < € , by theorem 18.2.1 we can find
' € H(Spar(p)er, F) extending f and such that Ugf’ = Af’. Thus, we can always
suppose that :
KT (1—€) +2ko(1 —€) + k(1 —€) — 1 —vp(A) >0

Now, observe that as the map Zpor(p)e = Fpar(p) is locally affine, we have
HY (S par(D)e, F) = H(Fpar(p), Fc). Plus, up to scaling, we can always assume
that f € H'(Spar(p)), Z, ") and f has maximal possible norm (i.e we have U;f €
HY(Spar(p),p~1.ZFT)). For each n the lemma (18.3.2) gives us a map

Un : RF(ypar(p)7§e++) = RI(Spar(p), 7 /" 0++)

Let f, = AUy, f. We can easily see that image of f,, in H'(Spar(p), F /pm*FTT)
for any n > m is indeed f,,. As a result, we have a projective systems { f,},. We
verify immediately all other properties. O

18.4. Classicity of overconvergent cohomology. For any smooth and separated
adic space 2~ and a locally free sheaf of OF--module . with # = .ZT @ Oy. We
have a natural surjection (which is an isomorphism if 2" is proper) (see lemma 3.3.2
[Pil18]).

HY(Z,7) -l H (2, 7 [p"F )

We want to apply this fact to prove the following lemma

Lemma 18.4.1. The natural map
Hi(ypar(p)& g)ga —> 1‘&1 Hl(ypar(p)a <g\/]?n 2
n

~—

is injective for any rational finite slope a.

Proof. Let V be the image of H(Spar(p)e, Z ) in H(Fpar(p)e, F). It is enough to
show that H*(Spar(p)e, F)=* NV is bounded.

Let U = {U;}icr and U = {U] }ier be two finite affinoid coverings of .4, (p). We
assume that the closure of each U] is contained in Uj; for all i € I. Let U, = {U; ¢};
be the finite affinoid covering U N.#par(p)e. Let € < € be such that Ug(&”pw (p)e) C
Zpar(p)e. Let Us = {U; ¢} be the covering U’ N Fper(p)er. For all i € I, we have

Ui e C Uje. The operator Ug is defined as the composite
RF(ypar(p)ea ,37) _T’ES_) Rr(ypar(p)e’a j) — Rr(ypar(p)ea f)
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If we represent RI'(.%par(p)e, #) by the Cech complex M*® = Cech(Ue, .#) and
RI'(Apar (p)er, F) by N® = Cech(Uy,.F). The operator U; can then be represented

UE 6/ . . .
by M* X% N* —=% M*®. The subcomplex of finite dimensional vector spaces

M*= of M* is its direct summand and H*(Spar(p)e, F)=* = H((M*=%)). Now,
since the natural map H',;,(Ue, F 1) = H'(Fpar(p)e, F ) has cokernel of bounded
torsion, we can replace V' by the image V' of H?, , (U, #) in H(Spar(p)e, F). Let

cech

Z;((M*=%) C M? be the cocycles of slope less than h. This is a finite dimensional
vector space. We denote by M** the Cech complex Cech(U,.#%). Then M>* is
bounded in M?. Tt follows that M** N Z;((M*=%) is bounded and thus a lattice. As
a result, its image in H'(Spar(p)e, F)=* (which is H(-Fpar(p)e, )S*N V') is bounded
and the lemma is proved. O

The following theorem says that small slope overconvergent class is classical.

Theorem 18.4.1. We still denote h = k™ + 2ko + k3 — 1 = ky + ko + k3 — 1. The
restriction map :
RL(Spar (p), Z)<" 25 RT(Spar (p)e, F) "
18 a quasi isomorphism.
Proof. We need to show that for each i, we have an isomorphism:
HY (S par(p), F )" 25 HY (S par (p)er F) "
For any f € H{(Spar(p)e, F)<", we obtain a projective system

{fn}n € @Hi(ypar(p),g/pn 6\++)

by theorem 18.3.1. Now as .%pq,(p) is proper, we can apply proposition (3.2.1) in
|[Pil18] which says that we have an isomorphism:

i H (S par (), F /9" F ) = H (S par (p), F)

As an application, we are now able to prove the rational control theorem :

Theorem 18.4.2. For all k = (ky, ko, k3) € Z3 such that ky > ko, ki + k3 > 1, we
have a quasi-isomorphism.:

upRT (Spar (p), ) ®" Q= UpRF(GEJT (p), D) ®" Qp
Proof. As already mentioned earlier, it is enough to show:

U R (Spar (p), ) @ C, = w,RT (621 (p), ) @ C,

par
Over C, we can see that :
(1) upRT (Spar (p), ) @ Cp = upRT(Spar (p), )
(2) UPRP(GE(}T(Z))? QI;)) ®L CP = upRF(Yp%%(p), QI]B)
Since the ordinary part corresponds to 0-slope part, by classicity criteria (thm(18.4.1)
above), there is a quasi-isomorphism.

upRF(ypar(p)7 QKD) = upRF(ypar(p)e) QE)



92 NGUYEN MANH TU

As a consequence it suffices to show that the restriction :
(18.2) upRE (S par (p) ., ) — upRT (Fpar ()7, )

is a quasi-isomorphism. Let us denote by d;(k) and dg(m) for the Cp-dimension of
upH' (S 2y, Q%) and colimeupH' (S par (p)e, ) with (i = 0,1). We claim do(x) >

df (k) and d; (k) < d} (k) for all k such that ki > ko, k1+ks > 1 and these inequalities
become equality when k1 > ko+1, k1 + ks > 1. For this we need the following lemma.

Lemma 18.4.2. The induced morphism u, H (S par(p)e, %) — upH"(Yp%}a (p), %)
is injective for i = 0 and surjective for i = 1.

Proof. First we notice that both complexes are perfect and concentrated in degrees
[0,1]. There is an injection u,H®(Fpar(p)e, %) — upH(F2L(p)e, %) because

par
upHO(Ypar(p)g, ) = HO(YPQT (P)e, QE):O = colimn75upH0(L§”par)

Recall that we have the minimal compactification &, (p) of and there is a pro-

jection 7 : Spar(p) — &, (p) such that Rm.Qf, = 7. Q. The image of GI?alT(p) in
S;ar(p) is covered by two affines, indeed this image is nothing but &%,,.(p) xg+ &*=1

*

but since the map GPM(p) — & is proper and quasi affine, hence affine, and &*=!
can be covered by two affines i, $lo(corresponding to the invertible loci of some
lifts of Hasse invariants Ha and Ha') with generic fibers %4, %. As a result,
RI(72L(p), Q%) is represented by

par
HO(%l, QHD) & HO(%Q, QKD) — HO(%l N U, QND)
and colime R (Fpar ()e, ) is represented by
HO (2,0, 1) @ H) (U, Up, 1) — H(% N U, 0D, 1)

Where the ” 1”7 means we are taking the overconvergent sections.

From this representation, we see that colimH'(Fpar(p)e, %)) has a dense im-
age in Hl(ypﬁi,Q“D). It follows immediately that colimeu,H (S par(p)e, %) —
upH 1(5”}7%,1” 2})) is surjective as ordinary parts are finite dimensional.

Lastly H(Spar(p)e, %) does not depend on € € [0,1] based on what we estab-
lished above. We deduce that u,H(Fpar(p)e, %) — up, H (2L, QF) is surjective

par>

or put differently d; (k) > di(m). O

From the above, dy(k) > d(T)(H) and dJ{(H) > di(k). More over for ky — ko >
1,k1 + k3 > 1 we have an isomorphism t,H°(.%, Q%) — upHO(Yp%i,Q%) and an
injection t, H (7, Q%) — u, H (L2 (p), Q%). In addition

par
tyH' (S, Q) = upH' (Fpar (p), )
This means that for such & we have u, H'(Lpar (p), Q) = upy H (S 7, Q) (i = 0,1).
The result is that dy (k) —do(k) = d'{(/ﬁ})—dg(:‘i) for all k such that k; > ko+1, k1+k3 >
1.

Finally, since the Euler characteristic di(x) — do(x) and dJ{(H) - d(T)(KZ) is locally
constant, we conclude that dy (k) — dp(k) = dJ{(K,) = dg(n) and consequently d;(k) =
dZ(/@) for all k such that k1 > ko,k1 + k3 > 1. This finishes the proof of the
theorem. O
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