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Abstract /Résumé

In this thesis, we study the charged Klein-Gordon equation in the exterior De Sitter-Reissner-
Nordstrém spacetime. We first show decay in time of the local energy by means of a resonance
expansion of the local propagator. Then we construct a scattering theory for the equation and
give a geometric interpretation in an extended spacetime of asymptotic completeness in terms
of traces at horizons. Exponential decay of local energy for solutions of the wave equation in
this extension up to and through horizons is obtained harmonic by harmonic. We next turn to
a numerical study of an abstract Klein-Gordon type equation and introduce a scheme which
approximate solutions up to an error we can control. Finally, we propose a numerical method to
localize low frequency resonances.

Many results in the thesis are prerequisite to the construction of the Unruh state satisfying the
Hadamard property for the charged Klein-Gordon equation in the De Sitter-Reissner-Nordstrom
spacetime.

Dans cette thése, nous étudions ’équation chargée de Klein-Gordon dans I’espace-temps extérieur
de De Sitter-Reissner-Nordstrém. Nous montrons tout d’abord la décroissance en temps de
I’énergie locale au moyen d’une expansion en termes de résonances du propagateur local. Nous
construisons ensuite une théorie de la diffusion pour I’équation et donnons une interprétation
géométrique dans un espace-temps étendu de la complétude asymptotique en termes de traces
aux horizons. La décroissance exponentielle de I’énergie locale pour les solutions de I’équation
d’onde dans cette extension jusqu’aux et a travers les horizons est obtenue harmonique par
harmonique. Nous nous intéressons ensuite a I’étude numérique d’une équation abstraite de type
Klein-Gordon et introduisons un schéma qui approche les solutions avec une erreur que ’on peut
controéler. Finalement, nous proposons une méthode numérique pour localiser les résonances a
basse fréquence.

Plusieurs résultats de la thése sont des prérequis a la construction de I’état de Unruh satisfaisant
la propriété de Hadamard pour 1’équation chargée de Klein-Gordon dans ’espace-temps de De
Sitter-Reissner-Nordstrom.
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Introduction

The theory of general relativity is geometric: gravity is curvature, manifestation of the intrinsic
property of the spacetime to interact with its own content. The rigid Newtonian framework
containing particles and interactions is gone, letting the Einstein’s dynamical container governing
and being governed by the contained density of energy in the universe. From the mathematical
point of view, this is encoded by Einstein’s equations which can be written as

1
Ricy — iRgg +Ag=T (1)

where Ric, is the Ricci tensor associated to the (unknown) metric g, Ry is the scalar curvature, A
is the cosmological constant and T is the energy-momentum tensor describing the energy density
in the model of universe we wish to study. They form a system of coupled non-linear partial
differential equations whose the most famous explicit solution is the (De Sitter-)Kerr-Newman
family of charged rotating black holes, parametrized by the mass M > 0 of the black hole, its
electric charge @@ and its angular momentum a (and the cosmological constant A > 0 in the De
Sitter- case). A natural question we may ask is whether these spacetimes are stable as solutions
of the Einstein equations or not. Full non-linear stability has been shown for the De Sitter-Kerr
spacetime by Hintz-Vasy [HiVal8| for small angular momentum, the De Sitter-Kerr-Newman
spacetime by Hintz [Hil8] for small angular momentum as well as for the Schwarzschild spacetime
for polarized perturbations by Klainerman-Szeftel [I[{15218]. Such results are based on the so-called
linear stability results, meaning a precise description of the solutions of the linearized Einstein
equations around the given spacetime as a stationary part plus a part for which one obtains precise
decay estimates. Linear stability results have been obtained by Dafermos-Holzegel-Rodnianski
[DHR16] for the Schwarzschild spacetime (see also Hung-Keller-Wang [HKW17]), by Giorgi
[Gi19] for the sub-extremal Reissner-Nordstrom spacetime and by Andersson-Béickdahl-Blue-Ma
[ABBM19] as well as by Héfner-Hintz-Vasy [HaHiVal9]| for the Kerr spacetime. We also mention
the work of Finster-Smoller [F'S16] for the Kerr spacetime but which does not contain precise
decay rates.

Einstein’s theory has successfully passed all the tests to be considered as one of the most reliable
theory we dispose of today. Yet, it fails to describe quantum particles in strong gravitational
fields (that is, not considered "infinitely far" from the source of gravitation). No satisfactory
quantum theory of gravity exists, but even the construction of a non-interacting quantum field
theory on a fixed curved background still faces some open questions. A fundamental problem is
the lack of symmetries: in this context, it is even not obvious how to construct an acceptable
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equivalent of the vaccuum state. We can try to construct the so-called Hadamard states which
are possible physical states of the non-interacting quantum field theory on a curved spacetime.
One can construct Hadamard states in quite general geometric situations, see e.g. the works of
Gérard-Wrochna [GW13] and [GW16]. Nevertheless not all of these Hadamard states are natural
and an important question is how to choose the phyiscally most meaningful. While black hole
spacetimes themselves do not admit enough symmetries, a lot of symmetries exist at infinity. One
can therefore construct states invariant by certain symmetries at the horizons or null infinity and
then "send" them inside by scattering theory: these are the so-called Unruh states. Construction
of these states thus requires classical scattering theory. The questions whether these states fufill
the Hadamard condition and to which part of the maximal extension of the spacetime they extend
turn out to be rather difficult. The Hadamard property of the Unruh state is known for bosons in
the Schwarzschild spacetime, see [DMP11], and for massless fermions in the Kerr case, see ungoing
work by Gérard-Héfner-Wrochna [GHW]. The boson case on Kerr spacetime is still open. Note
that very important obstructions to the construction of such states exist in Kerr spacetime due
to the absence of a global timelike Killing vector field, see [KW91]|. Many of these obstructions
already exist for the charged Klein-Gordon field on the De Sitter-Reissner-Nordstrom spacetime.

One can also consider a dynamical situation of the collapse of a star. The states then "evolve"
when considered by a far away observer who will see the emergence of a thermal state even when
starting with a vacuum state: this is the famous Hawking effect, see [Haw75|. Mathematical
rigorous descriptions of this effect exist now, see the series of works of Bachelot [Ba97], [Ba99]
and |[Ba00] for the spherically symmetric case and Héafner [Ha09] for the rotating case. For both
problems, the construction of the Unruh state and the mathematically rigorous description of the
Hawking effect, a fundamental ingredient is scattering theory for the classical field. In this sense,
understanding the classical equation is a first step in understanding the quantization of the field.

In this thesis, we will consider the charged Klein-Gordon equation

((V, +1gAL) (V* +igA") + m*)u =0 (2)

where ¢ is the charge of the field, m > 0 is its mass and A = gdt is the Coulombian 1-form
encoding the electrostatic interaction with the charged black hole (here ¢ is a time coordinate).
The natural spacetime to study equation (2) is the De Sitter-Reissner-Nordstrom (DSRN in the
sequel) spacetime (M, g) introduced in the paragraph 1.1.1; the couple (g, A) solves (1) with
T the Maxwell energy-momentum tensor associated to dA. The ultimate goal is to construct a
Unruh state having the Hadamard property in a black hole context with no positive conserved
energy. Except for the the maximally symmetric Minkowski spacetime, there is no canonical way
to define the vacuum state; the Hadamard property is an extension of this concept in curved
spacetimes. In Schwarzschild spacetime, such a state has been constructed in [DMP11]| In our
context, the strategy is first using the symmetry of the horizons for the construction of a Unruh
state then "propagating" it by back-scattering in the outer communication region of the spacetime.
The prerequisite is therefore the study of the decay as well as the scattering properties of the
equation (2).

The spherical symmetry of the problem makes its study easier. However, the coupling with
A creates issues that doe not exist otherwise. For example, the existence of a global timelike
Killing vector field in the exterior DSRN spacetime is no longer enough to define conserved
quantities associated to solutions of (2) because of negative contributions of A; near horizons.
All happens as if there was no such global timelike Killing vector field anymore after the coupling.
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The situation is in this regard similar to the Klein-Gordon equation in the exterior De Sitter-Kerr
spacetime where the coupling of the field with the black hole is created by the non-zero angular
momentum of the black hole. In this latter case, the coupling has a geometric origin contrary
to the situation we will care of in this thesis. To understand this phenomenon, we will need to
add by hand some geometric tools using an extension of the original spacetime, viewing then the
electrostatic interaction as a rotation in an extra dimension. This enriched background will allow
us to interpret scattering for the charged Klein-Gordon equation as transport along principal null
geodesics in the extended spacetime. We emphasize here that this interpretation only holds in
dimension 1+ 4 as no geodesics in the exterior DSRN spacetime contains the charge and the
mass of the field. Notice also that only the charge prevents us to give a geometric interpretation
of the scattering in the original spacetime as the mass term vanishes near the horizons (so that
the scattering process "does not see" it).

Equation (2) enters the general framework of [GGH17] that we recall now. Let H be a Hilbert
space (typically a L? space). An abstract Klein-Gordon equation is an equation of the form

(07 — 2k, + h)u =0 (3)
where h and k two self-adjoint operators acting on H. Letting v := e *tu, (3) reads
(07 +h(t)u=0

with h(t) = e *¢(h — k?)e*. Therefore equation (3) is hyperbolic if and only if hg := h — k% > 0.
The natural conserved energy associated to a solution u of (3) is given by

ull® := (hu, w)a + [|Opull3;.
However, this energy is not positive if h is not positive. In this situation, we define
[ull3 := (hou, u)p + [[Opu — ikul3,

which is nonnegative, positive if hg > 0, but in general not conserved. Indeed,

 hulls = (lk, hlu uh (@)

which does not cancel if h and k does not commute. This means that this energy can grow in
time. This phenomenon is called superradiance. It happens for example in the euclidean case
when the scalar field interacts with an electric potential; the Hamiltonian associated to (3) is
then not self-adjoint on the underlying Hilbert space but can be realized as a self-adjoint operator
acting on a Krein space, see [Gel2|. In a quite general setting, boundary value of the resolvent
for selfadjoint operators on Krein spaces as well as propagation estimates for the Klein—-Gordon
equation have been obtained in [GGH13] and [GGH15]. A new difficulty occurs when the operator
k as different formal limits at the end of considered manifold. This time the Hamiltonian can
no longer be realized as a self-adjoint operator on a Krein space and the results of both the
latter works are not applicable. This situation can already be encountered in the case of the
one-dimensional charged Klein-Gordon equation, when coupling the Klein-Gordon field with a
step-like electrostatic potential, see [Ba04].

Superradiance can occur in black hole type spacetimes when no global timelike Killing field
exists. This is the case in the (De Sitter-)Kerr spacetimes. In addition the operator & (which is
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linked to the rotation of the black hole) has different limits at the ends of the spacetime. This
also happens in our context where the coupling between the charged scalar field with the black
hole comes from the equation itself and not from the geometry.

Let us review the principal parts of this thesis.

Chapter 1: Decay of the local energy. The first question we will address to is the asymptotic-
in-time behavior of solutions of the superradiant charged Klein-Gordon equation (2). To handle
this problem, we will use the theory of resonances. This is a powerful tool that allows us to
establish decay and non-decay results as well as asymptotic for solutions using resolvent estimates.
Assume that [ik,h] < hg (this hypothesis is satisfied in the present case as well as for the
Klein-Gordon equation in the exterior De Sitter-Kerr spacetime). Then (1) entails

d
dt
which means by Gronwall’s inequality that there exists C, x > 0 such that [lul|¢ < Cerl!l for all
t € R. As an introduction example, we can consider the forward forcing problem:
(0 —2ik0; + h)u = feH
{u(t,-) =0 vVt <0

[ull S (how, uyz < llull?

Let (t,2) be local coordinates. Taking the time-dependent Fourier transform (denoted by the
symbol "), we get

(ho — (2 — k)?)a = f.
Call p(z, k) the quadratic pencil hg—(z—k)2. Assuming that p(z, k) ! is well-defined for &(2) > 0,
we can write
U= p(27 k)_lf'
We know that u can not grow exponentially too fast, so that we have the inversion formula
1 +oo+iv . .
uto) =5 [ e s
27 —oo-+iv
for some v > k > 0. If f is compactly supported in x, then
1 +oo+iv ) L
xu(t, z) = 2/ e xp(z, k)" xf(z, 2)dz (5)
T J —oo+iv

for any cut-off x such that x = 1 on Supp f(t,-). Assume now that xp(z, k) 'x can be mero-
morphically extended to a strip in {3(z) > —v} for some v > 0. Then contour deformations
can be performed to obtain integrals in C~ providing exponential decay. In the meanwhile, the
residue theorem makes appear poles of the meromorphic extension of xp(z, k) ~'x: they are called
resonances. Let Res(p) be the set of resonances; then the above procedure ultimately yields the
asymptotic expansion

m(z)
xu(t, =) = Z Z e*iZttkHikf + E(t)u (6)
z€Res(p) k=0
S(z)>—v
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where m(z) is the multiplicity (as a pole of a meromorphic function) of z, IIX, are cut-off

projectors onto the resonant states associated to z and E(t) = O(e™!). The error term is
estimated thanks to resolvent estimates. See Theorem 1.3.2 for the exact statement of this result
in the DSRN context. Let us make some comments:

1.

In the most elementary case of the wave equation in R, there is only one non-vanishing
term in (6) corresponding to the projection on the resonant state x — 1 associated to a
resonance at z = 0. The existence of the resonance 0 and the resonant state 1 hold in the
De Sitter-Schwarzschild case (see Bony-Héfner [BoHa08|, formula (1.9); observe that the
resonant state is r therein because of the transformation rPr—! below equation (1.3)) as
well as in the De Sitter-Kerr metric (see Dyatlov [DQNMI11], formula (1.5)).

. A detailed analysis of the long-time behavior of linear and non-linear waves on metrics

solving the vacuum Einstein’s equations with positive cosmological constant has been carried
out in [Hil5].

Since the work of Ralston [R69], we know that there is a loss of regularity in presence of
obstacles in local energy estimates. For the wave equation on the De Sitter-Schwarzschild
and De Sitter-Kerr metrics where there exist trapping sets (the so-called photon sphere in
the spherically symmetric case), we lose angular derivatives, cf. respectively [BoHa08| and
[DQNM11].

. Expansion (5) provides the rate of decay or growth in time of solutions of (3) depending

of the localization of resonances. Any resonance in C* gives exponentially growing terms
(the corresponding resonant state is called growing mode); conversely, any resonance in
C~ gives exponentially decaying terms. The existence of real resonances has more subtle
consequences: it leads to polynomially growing terms if the multiplicity of the resonance
(as a pole of the meromorphic extension) is greater than 1, or to a stationary term with no
growth or decay in time for a resonance of multiplicity equal to 1 (this happens in [BoHa08]
and [DOQNMI1]).

. Formula (5) strongly relies on the existence of the meromorphic extension of the cut-off

quadratic pencil. Besides, the exponential weight in contour deformations are usable because
of the exponential decay of some metric coefficients near horizons. When A = 0, only a
polynomial decay holds near 400 and we only expect a polynomial decay in time of solutions
(the Fourier transform in the above argument is replaced by a Mellin transform).

In [Val3], a general setting has been developped for the wave equation on asymptotically De
Sitter-Kerr spacetimes. The key point is a general microlocal framework for the Fredholm
analysis of non-elliptic problems. We think that this framework could also be applied in
the present setting.

We will apply this scheme to our context. We will assume that the charge product s := ¢Q is
sufficiently small in order to use perturbation arguments from results in [BoHa08].

Chapter 2: Scattering theory. Having established the decay of local energy and localized
resonances (at least excluded their existence near and above the real axis), we will turn to the
scattering theory for equation (3) assuming the charge product s small enough. Time dependent
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scattering theory describes large time scale interactions between a physical system (particles,
waves) and its environment. The fundamental result that one may wish to establish is then the
so-called asymptotic completeness which compares dynamics one is interested in to a simpler and
well-known one, a "free" dynamics.

Many works have considered the case when the Hamiltonian associated to the system is
self-adjoint with respect to a Hilbert space structure. In the case when the naturally conserved
energy of solutions of the field equations is not positive along the flow of the dynamics, it is not
possible to realize the Hamiltonian as self-adjoint operator on the underlying Hilbert space. The
generator can have real and complex eigenfrequencies and the energy | - [|¢ can grow in time
at a polynomial or exponential rate. As explained above, this is the case for the superradiant
Klein-Gordon equation (3). This also happens in the euclidean case, when the scalar field interacts
with a strong electromagnetic potential. In this situation however, the Hamiltonian is self-adjoint
on a Krein space, see |Gel2]; in a quite general setting, boundary value of the resolvent for
self-adjoint operators on Krein spaces as well as propagation estimates for the Klein—Gordon
equation have been obtained in [GGH13] and [GGH15].

Another difficulty can occur however when the coupling term have two different limits at
different ends of the considered manifold. If no conserved energy is continuous with respect to
the energy || - ||¢, then it is no longer possible to use a self-adjoint realization with respect to
a Krein structure, c¢f. [GGHI17|. This situation can already be encountered in the case of the
one-dimensional charged Klein-Gordon equation, when coupling the Klein-Gordon field with a
step-like electrostatic potential, see [Ba04]. This issue is also present in our context: the operator
k in (3) has two formal distinct limit operators k4 near horizons. Asymptotic completeness
in Kerr spacetimes has been obtained in absence of cosmological constant in [DRSR18| using
geometric techniques, and for positive cosmological constant and bounded angular momenta of
the field in [GGH17] using spectral methods. We will use methods in [GGH17| to construct our
scattering theory.

As already emphasized, coupling "by hand" the field with the black hole removes any geometric
meaning of the coupling as the charged field is not taken into account in Einstein’s equations.
Superradiance’s origin is then not clear as we dispose of the global timelike Killing vector field 0,
in the exterior DSRN spacetime (i.e. no ergoregion or dyadosphere exists a priori). It turns out
that scattering itself loses any geometric meaning in comparison to the Kerr case. Indeed, consider
the non-rotating exterior Kerr spacetime (that is the Schwarzschild solution). Scattering theory
in this context has been built in [N15] and is also provided with a geometric interpretation as
transport along principal null geodesics. These geodesics are used to construct the event horizon
and the conformal infinity and carry energy spaces thereon (the obtained energy on the horizon
is then the flux through this hypersurface of its Killing generator). In absence of such geometric
background, it is no longer possible to give a geometric interpretation of scattering for equation
(3).

In order to encode the electrostatic interaction in the geometry, we add a fifth dimension
which represents this interaction. As the charge and the mass of the Klein-Gordon field are not in
Einstein’s equation, we "remove" it from the Klein-Gordon operator to produce the gauge-invariant
wave operator for an extended metric: this is what we have called the neutralization procedure.
More precisely, we use the symbol of the operator in (3) to build a (1 + 4)-dimensional Lorentzian
manifold for which the latter operator can be seen as a wave operator. This consists somehow
in quantizing on the unit circle the charge in k and the mass in h. The procedure however fails
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when m = 0. We obtain in this way a Kaluza-Klein extension of the DSRN spacetime. About one
century ago, Kaluza proposed to encode the electromagnetic interaction in an extra dimension in
his paper [Kal21] where he tried to unify gravitation and electromagnetism. He proposed that
electromagnetism could be encoded in a fifth dimension and formulated his theory using the
cylinder condition, stating that no component of the new five-dimensional metric depends on
the fifth dimension (actually, this condition makes equations easier to handle and avoid extra
degrees of freedom). With the then outbreaks of quantum mechanics, Klein interpreted the
cylinder condition as a microscopic curling of the electromagnetic field along the extra dimension
(see |Kle26))

The (very simple) neutralization procedure has several consequences. First of all, it turns the
original black hole into a black ring, the equivalent to black holes in 5 and more dimension, the
difference lying in the topology of the horizon (S! x S? in our situation); the black ring solves
a new Einstein equation whose energy-momentum tensor is the sum of a Maxwell tensor with

effective charge QQ4/1 — % and a perfect fluid tensor acting in the plane generated by the time
and the extra variables. Next, with respect to the extended metric, 9; is no longer timelike near
horizons meaning that dyadorings exist in the extended spacetime (the equivalent of ergoregions
in Kerr’s terminology); the right future direction is then given by V; # 0;. Finally, it provides
us with principal null geodesics which can be used to interpret scattering as transport towards
horizons. More precisely, inverse wave operators are (up to unitary transforms) traces on horizons.
This can be reformulated as stating that an abstract Goursat problem can be solved in energy
spaces on horizons, the latter being obtained by transport along principal null geodesics. The
corresponding energy is then nothing but the flux through the horizons of the corresponding
Killing generator. Issues caused by decoupling the charged field to Einstein’s equation are then
fixed by this method. However, this interpretation can not be "projected" onto the original
spacetime due to the absence of appropriate geodesics; existence and unicity of the abstract
Goursat problem is suspected to be false in 1 4 3 dimensions.

Chapter 3: Decay of the energy through the horizons in the Kaluza-Klein extension.
Chapter 3 establish an exponential decay up to and through the horizons of the extended spacetime
using the decay of the local energy of Theorem 1.3.2 as well as the red-shift effect near the
horizons introduced in [Da05]. We essentially follow [Dy11] which shows the same result for waves
in the exterior De Sitter-Kerr spacetime. The spherical symmetry simplifies some computations
but is not necessary; the situation of an original slowly rotating black hole would require only
tiny modifications in the proof.

Chapter 4: Numerical approximations of solutions of the charged Klein-Gordon
equation in the exterior DSRN spacetime. The fourth chapter of this thesis concerns
numerical approximations of solutions of (3) as well as low frequency resonances. Numerical
approximation consists in two steps: the first one is a control of the error committed when using
the approximated objects, the second one is the optimization of the code used for numerical
computations. The purpose of this chapter is to introduce a method for approximations with a
careful control of the error. A good error estimate allows us to give precise statement about the
considered problem from numerical computations.

In Chapter 4, we propose a numerical scheme which allows us to estimate the error of
approximation of solutions for an abstract Klein-Gordon type equation with Dirichlet conditions.
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Of course, equation (3) enters this setting, and approximated solutions can give some insights on
what happens when the charge product g is not small with respect to the mass of the field m. Let
(71, 1| lw,) and (#%, ||+ |l#,) be two functional spaces. Consider the equation Lu = 0 with u € #4
and L : #1 — #p a (possibly unbounded) linear operator. A scheme for this problem consists in
approximated spaces (V/j*, I| - ||//J*) containing the original ones, as well a family of projectors
Z,,j and lifts Z, j indexed on some (possibly not discrete) set satisfying #,%; := P ;#;* C CHNe
with No € N\ {0} and Z, ; : #;%; — #;*. We then define the approximated operator

Le := 9.,0 oL O%-,l : n//ofl — 7/:,(0
and the approximated solution ue of u as the solution of the discrete linear equation Leue = 0.

The point is that computers understand what elements of 7%, C CN+ are: this makes numerical
computations possible.

W ——s Wy = Ay Wy —— W

W.,ll %.J T@.,o L@.,O
0.0

* * *
Wo,l Wo,l Le .0

Figure 1: Example of an abstract scheme.

We say that the scheme converges if the inductive limits of #, ; exist and are #; (see
Subsection 4.1.2 for more details). The approximated solution wu, then converges to the solution
u if and only if

Hu - %OJUOHW.J T> 0.

It is then natural to ask for consistency of the norms, that is

[olbra, = llollwi | =0 Vo e .

We stress here that in general #4 1 ¢ #1 so that ||ve||», make a priori no sense. The geometric
meaning of the above convergence is the following one: the affine cones Co1 := {|lu — ve|l7, , |
ve € #41} converges in the sense of sets in Ry to the cone C := {|lu —v[|ly, | v € #}, and in
each cone C, 1, the approximated solution ue approach u in the sense that ||u — ve|ly, , — 0 at
the inductive limit. The convergence is shown in the following manner: write '

[ = Fortielle s < llu = Fonully,, + | Fou = Fo 1uely, , (7)

where F j 1= Ko ;P j : W; — Wj are the filters of the scheme. The first term in (7) is shown to
go to 0 at the inductive limit using properties of the projector &, 1 and lift Z, 1 (we have to

wisely choose them considering the original space #1); the second term (7) is controlled using
properties of the discrete operator Lo. Behind all of this are hidden some regularity issues: the
7

smoother the solution w is, the better the control of (7) is.
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Chapter 5: Approximation of low frequency resonances. Chapter 5 is devoted to approx-
imation of low frequency resonances of the charged Klein-Gordon equation in the exterior DSRN
spacetime. Localization of resonances is an interesting but difficult task. High frequency resonances
can be localized in the
(De Sitter-)Schwarzschild spacetime (see [SaZw97]); in Theorem 1.3.1, we have the same re-
sult in the DSRN case for small charge product. Purely numerical approximations of these high
frequency resonances have been carried out in [CCDHJa] and [CCDHJb| based on Chebyshev
type polynomial interpolation. In these references, the authors compute approximated low
frequency resonances in function of the charge product ¢@: the resonance 0 of the uncharged and
non-massive case is shown to move into the upper complex half plane when ¢@Q is not small in
regard of m (Theorem 1.3.2 shows that resonances are repelled to the lower complex half plane
otherwise) then go down to the lower half plane for higher values of ¢@. That this resonance
eventually reaches a certain line 3z = —x/2 with x > 0 is linked to the modern formulation
of the Strong Cosmic Censorship (see [CCDHJb, Section I]). In this thesis, we adopt another
method based on complex analysis. We show in Subsection 1.2.3 that the kernel of the quadratic
pencil p(z, s) := hg — (2 — sV)? is inversely proportional to an analytic function % (z), called
the Wronskian. This provides an explicit characterization of resonances as being the zeros of # .
Using a scheme similar to the one introduced above, we can defined an approximated Wronskian
#e(z) which is analytic in z. Assume that we have a control of the error in the following sense:
there exists C, he > 0 such that for all z € I' C C where I' is a positively oriented contour,

W (2) — #e(2)| < Cha. (8)

The term h,o tends to zero at the inductive limit of the scheme. Then Rouché’s theorem implies
that #4(z) has as many zeros as # (z) inside I' as the scheme converges. Hence, we can have the
number N(I") of resonances (counted with their multiplicity) inside I' at the inductive limit using
the argument principle

z

_ 1 . (2)
No(T') = 27“95 VA dz.

The effectiveness of this method lies in the fact that the above formula gives an integer, so that a
sufficiently small error of approximation provides the exact number of resonances enclosed by
I'. Furthermore, if a resonance z is isolated inside I', then an approximated resonance ze(I") is
given by

_ 1 .,(Z)
ze(I') = %ﬁz%(’z) dz.

The counterpart of such an ambitious precision is that the error can be very difficult to estimate
in practice when #  is not analytic below a line &(z) = ¢, € € R: estimates for the error then
worsen as the contour I' approaches this line.

Chapter 6: Discussions and perspectives. The last part of this manuscript is devoted to
some concluding discussions and remarks about the work carried out during the thesis.
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Notations and conventions

We present here the notations that we will use throughout this document.

The set {z € C| 3z = 0} will be denoted by C*. For any complex number A € C, we will
write (A) := (1 + |)\|2)1/2, D(\, R) will be the disc centered at A € C of radius R > 0 and
D(), R)U its complementary set. For all w = |wlel? € C\] — 00, 0], 8 € R, we will use the branch
of the square root defined by /w := \w|ei€/ 2. To emphasize some important dependences, the
symbol = will be used: for example, a = a(b) means "a depends on b". We will write u < v to
mean u < Cv for some constant C' > 0 independant of v and v.

The notation Cf will be used to denote the space of compactly supported C* functions. Also,
the Schwartz space on R will be denoted by .. If V, W are complex vector spaces, then L(V, W)
will be the space of bounded linear operators V- — W. We will denote by B(V') (respectively
B (V) the space of all bounded (respectively compact) operators acting on V. If W C V is a
subspace and |.|| is a norm on V, then W' denotes the completion of W for the norm ||.|.

All the scalar products (-, -) will be antilinear with respect to their first component and linear
with respect to their second component. For any function f, the support of f will be denoted by
Supp f. If A is an operator, we will denote by 2 (A) its domain, o (A) its spectrum and p (A)
its resolvent set. A > 0 will mean that (Au,u) >0 for all u € Z(A), and A > 0 will mean that
A > 0 and ker(A) = {0}.

Now we define the symbol classes on R??

smni={a € (R, C)| V(a, B) € N*,3Cy g > 0,10¢00a(w,€)| < Cap(e)™ 1)1}

for any (m,n) € Z?? (here N and Z both include 0). We then define the semiclassical pseudodif-
ferential operators classes

= {a"(z,hD) | a € S™"}, P = ﬂ Pren
meZ
with aV(z, hD) the Weyl quantization of the symbol a. For any ¢ > 0, the notation P € c¥""
means that P € "™ and the norm of P is bounded by a positive multiple of c.

When using the standard spherical coordinates (6, ¢) € ]0, 7| x ]0,27[ on S?, we will always
ignore the singularities {0 = 0}, {0 = 7}. We refer to [ON95, Lemma 2.2.2] to properly fix it.
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Let I C R be a Lebesgue measurable set and let v € [0,1]. We denote by C*7(I,K) the space
of k times continuously differentiable functions from I to K whose k-th derivative is y-Ho6lder,
and by Cf "7(I,K) the space of all such functions with compact support in I. These spaces can be
endowed with the following norm:

k
‘ OFu)(r) — (OFu)(+'
[uller (k) = Z 107l oo (rx) + Sup [(07u)(r) — (97 u)( )|

= rrlel |r — /|7

The space of piece-wise C¥ functions on I will be denoted by Clgiece(I ,K); any element u will be

defined everywhere on I by putting u(r) := 0 at any discontinuity point rg.
Given p : I — ]0,+0o0o[ a Lebesgue measurable function, we define the weighted space

Lf, ={u:1—C|ue L*I,p(r)dr)}

and write (. ,.) rz and Il 12 for the associated weighted L? right linear scalar product and norm,
respectively. The standard norm on LP(I,dr) (respectively on HP(I,dr)) will be denoted by
I.llze (respectively by ||.||gr) for all 1 < p < +o00, and we will note (.,.)g» the standard scalar
product on HP(I,dr). Given a (pseudo-)differential operator P acting on Lf) which is self-adjoint
and such that P > 0 (that is P > 0 and ker P = {0}), we define for k£ > 0 the scales of Sobolev
spaces

ﬁik+1 = {u 1 —C| <P2k+1u,u>L2 < +oo},
P
12k . __ . k
H, = qu: I =>C[[P u||L%<—i—oo ,
k ._ 97k 2
H,=H,NL,
with the corresponding norms

1/2
||u||7-{,20k+1 = <P2k+1u, u>L/% ,

lullsige = 1P ul 23,

— 2 2
letllaag =y fllllzz + lully,-

(Scale of) Sobolev spaces with negative exponent are then defined as the dual spaces of the
corresponding (scale of) Sobolev spaces with positive exponent. When p =1 (i.e. p(r)dr is the
Lebesgue measure), we will simply use the subscript LP instead of L} in the norms and scalar
products (when p = 2). We will denote by H, foc and HY respectively the space of locally or
compactly supported H* functions.

If u: R — C is Lebesgue integrable for the measure u, then for all Lebesgue measurable set

S C R such that p(S) # 0, we define

1
u(x) du(z ::/ux du(z).
f @) dute) = s [ @) auta)
The set of Lebesgue points of u (in I) will be denoted by £ (u).
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Chapter

Decay of the Local Energy for the Charged
Klein-Gordon Equation in the Exterior De
Sitter-Reissner-Nordstrom Spacetime

In this chapter, we show a resonance expansion for the solutions of the charged Klein-Gordon
equation on the DSRN metric. As a corollary we obtain exponential decay of the local energy for
these solutions. We restrict our study to the case where the product of black hole charge and the
scalar field charge is small. Such a resonance expansion for the solutions of the wave equation has
been obtained first by Bony-Héfner for the wave equation on the De Sitter-Schwarzschild metric
[BoHa08]. This result has been generalized to much more complicated situations which include
perturbations of the De Sitter-Kerr metric by Vasy [Val3]. This last paper has developed new
methods including a Fredholm theory for non elliptic problems. These methods could probably
also be applied to the present case. In this chapter however we use the more elementary methods
of Bony-Héafner [BoHa08] and Georgescu-Gérard-Héfner [GGH17].

The smallness of the charge product is non-quantitative as it is determined from a compactness
argument. It allows us at many places to use perturbation arguments with respect to the non-
charged case. As far as we are aware the absence of growing modes for the present system is
not known for general charge products. In contrast to that absence of growing modes is known
for the wave equation on the Kerr metric for general angular momentum of the black hole, see
[Wh8&9]. The question of the existence or not of such modes is a very subtle question and growing
modes appear for example for the Klein-Gordon equation on the Kerr metric, see [SR14].

Organization of the chapter. Chapter | is organized as follows. In Section 1.1 we give an
introduction to the DSRN metric and the charged Klein-Gordon equation on it. In Section 1.2, a
meromorphic extension result is shown for the cut-off resolvent and resonances are introduced.
The resonance expansion as well as the exponential decay through the horizons are presented in
Section 1.3. Suitable resolvent-type estimates are obtained in Section 1.4. In section 1.5 we prove
the main theorems by a suitable contour deformation and using the resolvent-type estimates of
Section 1.4. The appendix contains a semiclassical limiting absorption principle for a class of
generalized resolvents which might have some independent interest.

3



1.1 Functional framework

1.1 Functional framework

1.1.1 The charged Klein-Gordon equation on the DSRN metric
Let

with M > 0 the mass of the black hole, @ € R\ {0} its electric charge and A > 0 the cosmological
constant. We assume that

A= 9M?2 —8Q% > 0, max{ ,M}<A<M (1.1)

0

(3M — VA)® (3M + VA)?
so that F' has four distinct zeros —co < 1, < 0 < 7. < 71— < ry < +oo and is positive for all
r € |r_,ry| (see [Hil8, Proposition 3.2|; see also [Mok17, Proposition 1] with A replaced by A/3
for a different statement of the condition). We also assume that 9AM? < 1 so that we can use

the work of Bony-Héafner [BoHa08]. The exterior DSRN spacetime is the Lorentzian manifold
(M, g) with

M =Ry x ]T—7r+[r X Szn g = F(T’) de? — F(T)_l dr? — r2dw?

where dw? is the standard metric on the unit sphere S?.
Let A := %dt. Then the charged wave operator on (M, g) is

2
By = (W~ ig4,) (V — i04) = o ((a 1) I e o, - £ )As2>

and the corresponding charged Klein-Gordon equation reads

Hgu+mPu=0 m > 0.
We set s := q@Q € R the charge product (which appears in the perturbation term of the standard
wave operator), X := |r_,r.[. x SZ and V (r) := r~! so that the above equation reads
(8 —isV)*u+ Pu=0 (1.2)
with
P= —FT(QT) O (T2F(T)ar) — Fr(;) Ag2 + m>F(r)
— P02 F (2]1(’") + gf(r)> 0, — Fg)ASQ +m2F(r) (1.3)

defined on Z(P) := {u e L* (X, F(r)"'ridrdw) ‘pu € L* (X, F(r)~'r?drdw) } (this is the
spatial operator in [BoHa08] with the additional mass term m?F(r)). In the sequel, we will use
the following notations:
T _ -1

Vi = Tlg;li V(r)y=ri".
It turns out that the positive mass makes the study of the equation easier. Besides the fact that
massless charged particles do not exist in physics, it is not excluded that the resonance 0 for the
case s = 0 (see [BoHa08]) can move to CT in the case s # 0 and m = 0.
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1.1 Functional framework

1.1.2 The Regge-Wheeler coordinate
We introduce the Regge-Wheeler coordinate 2z = x (r) defined by the differential relation

dz 1
e Fa) (1.4)

Using the four roots ro of F, a € I :={n,c, —, +}, we can write

1 3r2 A,

F(r) A

rTr—r
acl @

where Ao = [ge (a3 (e — rg)~!for all @ € I, and £ A4 > 0. Integrating (1.4) then yields

r

x(r)= —%ZAQTEC In (1.5)

acl

—_ ra
t— T
with v:= 3 <3M +9M? — 8Q2> (we will explain this choice below); observe that |Q| < %M
if (?7) holds (see the discussion below (17) in [Mok17]). Therefore, we have

7A5r2/(Aar3)
r—r B A
’T—?’a|:|t—7’a| H t_irﬂ eXp <—W[E> VO[EI
gel\{a} A ala
which entails the asymptotic behaviours
A
F(r(z)+|r(z)—ref Sexp| -5 x — Foo0. (1.6)
3A:I:74j:
Note here that
A
S — =9 1.7
3A4r2 (r+) it (1.7)

where k_ > 0 is the surface gravity at the event horizon and xy < 0 is the surface gravity at the
cosmological horizon. Recall that x4 is defined by the relation

XMV, XY = —2k2 X" X =9,

where the above equation is to be considered at the corresponding horizon.
In Appendix 1.6.1, we follow [BaMo93, Proposition IV.2| to show the extension result:

Proposition 1.1.1. There exists a constant o/ > 0 such that the function x — r(z) extends
analytically to {\ € C | |R\| > &/}

On L% (X,dzdw), define the operator P := rPr~1, given in the coordinates (z,w) by the
expression

F(r)

P=—r"19,20,r 1 — 5
,

Age +m?F (r) = =02 — WoAge + W, (1.8)

page 5



1.1 Functional framework

where

Wo (@) = W Wi (@) =

F(r(x))0F

@) o @) R (@) (1.9)

It will happen in the sequel that we write F' (x) for F' (r (z)) and also V' (x) for V (r (z)). Observe
that the potentials Wy and W) satisfy the same estimate as in (1.6).
As

dWy
dz

= F(r)d;/:fo = 2FT§)T) (3Mr — 2Q?% — 7“2) ,

we see that the (unstable) maximum of Wy occurs when z = 0, i.e. 7 =t = % <3M +/IM? — 8Q2>:

this is the radius of the photon sphere. It is the only trapping set outside the black hole for null
geodesics (see [Mok17, Proposition 1]). The trapping will have a consequence on some resolvent
type estimates, see the paragraph 1.4.2.

W()(.%')

+— Black hole horizon Cosmological horizon —

1 > T

Figure 1.1: The potential Wy in the Regge-Wheeler coordinates.

1.1.3 The charge Klein-Gordon operator

Taking advantage of the spherical symmetry, we write
L* (R x §*,dovdw) ~ @D (L* (R,dz) ® Y;) = P Ve
LeN LeN

where for all £ € N, Yy is the (2¢ + 1)-dimensional eigenspace of the operator (—Agz, H*(S?, dw))
associated to the eigenvalue ¢ (¢ + 1). On each Vy, we define Py as the restriction of P onto Vy
which will be identified with an operator acting on L?(R,dz), i.e.

Pr=-024+L(L+1)Wo+ W (1.10)

and we set 7 (P;) := H*(R,dz) so that P, is self-adjoint. In the sequel, we will use the following
(self-adjoint) realization of the total operator P:

P=@r, 7 (P) = {u=(w)ien e Ve | WEN, u e 7(P)}.
¢eN ¢eN

Now the charged Klein-Gordon equation reads

(8 —isV)?u + Pu = 0. (1.11)
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1.1 Functional framework

The point is to see that if w is a solution of (1.11), then v := (u, —i0yu — sV'u) solves the first
order equation

—idw = K(s)v (1.12)

where

K (s) = (5]‘3/ S]‘I/> (1.13)

is the charge Klein-Gordon operator. Conversely, if v = (vg,v1) solves (1.12), then vy solves
(1.11). We also define K, = Ky(s)' with P in place of P for any ¢ € N. Following [GGH17,
Section 3|, we realize K; with the domain

DKy = {u e P, \PLA(R, dz) @ LA(R,dz) | Kpu € P, PLA(R, da) @ LQ(R,dx)}

and realize the operator K as the direct sum on N 3 ¢ of the K.
Let & be the completion of P£_1/2L2(R, dr) @ L?(R,dx) for the norm”

2

L2 de) u = (ug,uy) € &

||U||§Z = <u0,PKUO> + ||U1 — SVU()H

L2(R,dx)

and define (5, |.]l¢) as the direct sum of the spaces & [GGHI17, Lemma 3.19] shows that K
generates a continuous one-parameter group” (e "5);cp on (&, Il ). We similarly construct
14

the spaces (&, |.]le,) and (&,]].l¢) with (P) instead of Pp. Let us mention here that for any
n € R the quantity
+ (P = (sV — n)?)vo, vo)

(v|v)p == (v1 — nVg, v1 — Nwg) (1.14)

L2(R,dx) L2(R,dx)

is formally conserved if v = (u, —i0yu) with u solution of (1.11) and is continuous with respect to
the norm ||.||¢. However, it is in general not positive nor continuous with respect to the norm
|.l¢ (see [GGHIT, paragraph 3.4.3] for more details): this is superradiance. When A = 0 (that is,
when the cosmological horizon is at infinity), the natural energy (.|.)sy_ is positive for s small
enough and it can be used to define a Hilbert space framework.

An important observation is the fact that the norms HHfz and |[|.[|;, are locally equivalent,

meaning that for any v € £ and any cut-off y € C (R,R), we have

Ixvlle < lixvlle < lixoll,- (1.15)

The first inequality is obvious, and the second one is established with the Hardy type estimate
Ixvll,, < ||P1/21/||L2 (see |[GGHI17, Lemma 9.5]; the validity of this result in our setting is
discussed in Subsection 5.1 below).

"We will often drop the dependence in s.

ZNote that the norm HH? is conserved if [P, sV] = 0; it is the case if s = 0.
£ Iy

3The notation is abusive here as the group should be denoted by (e'**¢)

convention in this chapter.

ter. We will however keep this
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1.2 Meromorphic extension and resonances

1.1.4 The quadratic pencil

Let u be a solution of (1.11). If we look for u of the form u = e'**v with z € C for some v, then v
satisfies the equation (P — (z — sV)?)v = 0. We define the harmonic quadratic pencil

pe(z,8) =P — (2 — SV)2 ) D(pe(z,8)) == <PZ>_1L2(R’dm) = HZ(Ra dz)

and realize the total quadratic pencil as

p(Z,S) = @pé (273),

LeN

D(p(z,5)) i= {u = (w)ien € PVe| Y EN, w € Dpu(z5)), S Ipulz s)uel2, < +o0}.
LeN leN

[GGH17, Proposition 3.15| sets the useful relations

p(K))NC\R = {ze C\R|pe(zs): H%*(R,dz) — L*(R,dz) is bijective } (1.16)
and
A (Fols) — o)1 — pe(z,8) " (2 —sV) pe(z,8)""
By (2,9) i= (Kuls) =2) 7 = (]1 +(z=sV)pe(z,8)  (z=sV) (z—sV)p(z, s)_1> (1.17)

for all z € p(K;) NC\ R. In comparison, the relation (1.7) in [BoHa0g] involves the resolvent of
Py, which corresponds to the case s = 0 for us. [GGH17, Proposition 3.12| shows that (1.17) is
also valid for z € p(K¢) NR when we work on (&, ||.[|,); by using the local equivalence (1.15) of

the norms H||£2 and |[.[|¢,, we can use (1.17) for z € p(K¢) NR if we consider the cut-off resolvent

xRy (z,s) x with x € C° (R,R). In the sequel, we will simply call p;(z, s) the quadratic pencil
when ¢ € N will be fixed.

1.2 Meromorphic extension and resonances

We construct in this Section a meromorphic extension for the weighted resolvent of K'(s). The
main result of this chapter, Theorem 1.3.2, which provides asymptotic decay (in time) for solutions
of the charged Klein-Gordon equation (4.37), relies on such a construction. The presence of the
mixed term sV 0y in (4.37) prevents us to directly use Mazzeo-Melrose result [MaMe87]. However,
p(z,5)7! formally tends to (P — 2%)~! as s — 0 for which [MaMe87] applies; moreover, the case
s = 0 is very similar (even easier) to the case treated in [BoHa08]. We will therefore obtain
results for small s using perturbation arguments. Our strategy is the following one:

(1) Define first suitable "asymptotic" energy spaces by removing the troublesome negative
contributions from the electromagnetic potential sV near ry and define "asymptotic"
selfadjoint Hamiltonians H (s) (see the paragraph 1.2.1 below).

(ii) For s = 0, the situation is really similar to the Klein-Gordon equation on De Sitter-
Schwarzschild metric: using the standard results [BoHa08] and [MaMe87], we can mero-
morphically extend the weighted resolvent of ﬁi(O) from C* to C with no poles on and
above the real axis (see Lemma 1.2.1 and Lemma 1.2.2).
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1.2 Meromorphic extension and resonances

(7i7) If s remains small, we can use analytic Fredholm theory to get a meromorphic extension
for the weighted resolvents of the asymptotic Hamiltonians lﬁli(s) into a strip in C~ (the
perturbation argument entails a bound on the width of this strip which is directly linked to
the rate of decay of the potentials Wy and Wj in P near r1). We will also get the absence
of poles near the real axis (see Lemma 1.2.1 and Lemma 1.2.3).

(iv) Finally, we construct a parametrix for the resolvent of an equivalent operator to K (s) by
gluing together the resolvent of H(s) (see (1.25)). Using again the analytic Fredholm
theory for s sufficiently small, we show the existence of the weighted resolvent and also that
the poles can only lie below the real axis (see Theorem 1.2.8).

The sequel of this Section is organized as follows: Subsection 1.2.1 introduces notations and
tools (operators, functional spaces) from [GGHI17| which will be used for the construction of the
meromorphic extension of the weighted resolvent of K (s). Subsection 1.2.2 aims to show that
results obtained in [GGHI17| are available for us. Then Subsection 1.2.3 establishes the announced
results for the asymptotic Hamiltonians ﬁi(s). Subsection 5.1 eventually gives the proof of the
existence of the meromorphic extension of the weighted resolvent of K (s) and also shows that
the poles in any compact neighbourhood of 0 lie below the real axis.

1.2.1 Notations

We introduce some notations following [GGH17, Section 2.1|. First observe that if u solves (4.37),
then v := e 18V+ty satisfies

(0% — 2is(V(r) — V)0 — s2(V(r) — V)2 + P)u = 0.

We can therefore work with the potential' V := V — Vi = O, (r4 —r) in this Section. In

order not to overload notations, we will still denote 174 by V and lim,_,,_ f/(r) = V5.
Let us define H := L? (X, drdw) and

P = TF(T)*l/QPrle(r)l/Q = —7“71F(T’)1/2877’2F(7")87«7‘71F(7')1/2 — 7F(r) Age + mQF(r)

r2
(1.18)

with P given by (1.3). Since u — ' F'/24 is an unitary isomorphism from 7 to L? (X, F*17“2d7"dw),
the results obtained below on & will also apply to P (and thus to P). Observe that the space &
has been defined in our setting with the operator P which is rPrt expressed with the Regge-
Wheeler coordinate, and Pis equivalent to & as explained above; in the sequel, we will denote
by & the completion of 2~'/2H & H for the norm ||(u0,u1)HZD = (up, Pug),, + ||ur — sVugHi.
Let it,j+ € C*°(Jr—,r4[,R) such that

i+ = j+ = 0 close to r, i+ = j+ = 1 close to 74,

P2 +it =1, ixjr=js, ijy=iyj =0

4From a geometrical point of view, we are changing the gauge. Namely, %dt is replaced by (% - %) dt which

does not degenerate anymore at r = r4. To see this, we use the standard Eddington-Finkelstein advanced and
retarded coordinates u =t — x, v =t + x to define the horizons: we have locally near the cosmological horizon

dt = du +dz, dt = dv — dz and then 4 = £F(r)~'. We eventually use that (% - i) F(r)™" remains bounded

and does not vanish at r = r4.
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1.2 Meromorphic extension and resonances

We then define the operators
ki :=s(V :Fj%V,), Py=P — ki, P_=P — (sV. —k_)%

We now define the isomorphism on & (see comments above Lemma 3.13 in [GGH17])

oo (4 )

and we introduce the energy Klein-Gordon operator

H(s) = ®(sV)K(s) (V) = ( P —052V2 zjv>

with domain

D(H(s)) = {u e P VPHGH | Hislue 2V Ha 7-[}

as well as the asymptotic Hamiltonians

He(s) = <99i 2]14::[)

with domains

D(H(s)) = (9;1/27{ N @;w) @ (2) V2,
DA () = 0(sV-) (27U 27 M) @ (2)7 1,

These operators are self-adjoint on the following spaces (see the beginning of the paragraph 5.2
in [GGH17]):

& =2 PH e,
& = d(srh) (32:1/2% ® %) .

In the sequel, we will also use the spaces &+ defined as above but with the operators (£ ) instead
of 2. Finally, we define the weight w(r) := \/(r —r_)(ry — 7).

1.2.2 Abstract setting

Meromorphic extensions in our setting follow from the works of Mazzeo-Melrose [MaMe87] and
Guillarmou |Gu04|, as stated in [GGH17, Proposition 5.3]. The abstract setting in which this
result can be used is recalled in this paragraph.

We first recall for the reader convenience the Abstract assumptions (A1)-(A3), the Meromorphic
Extensions assumptions (ME1)-(ME2) as well as the "Two Ends" assumptions (TE1)-(TE3)
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1.2 Meromorphic extension and resonances

of [GGH1T]:
P >0, (A1)

sV € B(2~ 1212 >0,

if 2 # R then (z — sV)~' € B(227/2L?) and there exists n > 0

such that [|(z — SV)*IHB(Q_I/QLQ) < Sz, , (A2)
there exists ¢ > 0 such that ||(z — sV)7}| < ‘|z| - HSVHLOO‘

B(p—1/212) ~
if |z] = ¢||sV]|

(a) wVw e L™,
(b) [V,w] =0
(c) 2122w w'? € B(L?) for all 0 < € < 1, , (ME1)
(d) if € > 0 then [|w™ul|,, < | 21 2u)| o forallue 2° 1212,
[ (e) w™H{2)~! € B(L?) is compact
For all € > 0 there exists . > 0 such that w=¢(Z — 22)~lw=¢ extends from C*
to {z € C| ¥z > —d.} as a finite meromorphic function with values , (ME2)
in compact operators acting on L?
[z,sV] =0,
z— w(z) € C°(R,R), ’ (TE1)
X1(x)Px2(x) =0 for all x1, x2 € C°(R,R) bounded with all their derivatives
and such that Supp x1 N Supp x2 = 0
There exists /_ € R such that (2, k) and (Z_, (k_ — £_)) satisfy (A2), (TE2)

(a) wiysVigw, wi_(sV —4_)i_w € L™,

(b) [Z — s?V?2,iy] =[P — s*V?,iL]i for some i € C°(]—2,2[,R) such that 5\[,1,1] =1

(¢) (P4, ky,w) and (Z_, (k— — (), w) fulfill (ME1) and (ME2),

d) 2 1/2 1/2 L P2, P12 € B(L2),

() [( —32v2) zi]w@;/%w[(@ — $2V2),iJwP V2 (P — $2V2), iy 2L,
(P — s2V?),ip)| P2~ Y2, 212w, P]w are bounded operators on L2,

 (e) if € > 0 then Hw*GuHLQ < H,@l/ZuH , forallu e 7~ /272

(TE3)

[GGH17, Section 9| shows that all the above hypotheses actually follow from some geometric
assumptions (the assumptions (G1)-(G7) of [GGHI17, paragraph 2.1.1]). We show here that
the charged Klein-Gordon equation in the exterior DSRN spacetime can be dealt within this
geometric setting:

(G1) The operator P in [GGHI7] is —Agz2 for us, and satisfies of course [Agz, 0] = 0.

(G2) The operator hg s in [CCH17] is & for us, that is ai(r) = az(r) = r F(r)V/2, ag(r) =
rF(r)/? and ay(r) = mF(r)Y/2. These last coefficients are clearly smooth in 7. Furthermore,
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1.2 Meromorphic extension and resonances

A

since we can write F'(r) = g(r)w(r)? with g(r) = 3

it comes for all j € {1,2,3,4} as r — r4

aj(r) = w(r) (i-(r) aj +is()af ) =w(r) (9002 = aF ) = Opsr (w(r)?),

(r—rp)(r—re) 2 Lforalrelr_ ri,

1 A —I'n —lc
af —af = L, /Al 7"3)(& re).
L=
I \/A(Ti — 1) (T — 7¢)
042 == )
3
+m [A(re —rp)(re —re)
ay = — )

T+

3
Also, we clearly have a;(r) 2 w(r). Direct computations show that
0,9l (aj —w <i_ o +iy aj)) (r) = Opry (w(r)*—2™)
for all m,n € N.

(G3) The operator kg in [GGH17]is sV (r) for us, so ks = ks, and kg, = 0. We have V(r)—Vy =
Oroyry(Jre —7|) = Orry. (w(r)2) (with V4 = 0, recall the discussion at the beginning of
Subsection 1.2.1) and 99V (r) is bounded for any m,n € N.

(G4) The perturbation k in [GGH17] is simply k = ks = sV for us, so that this assumption is
trivially verified.

(G5) The operator hg in [GGHI17] is simply hg = ho s = & for us, and we have
P = —ay(r)0w(r)?r?g(r)0ran (1) — a1 (r)?Agz + oy (r)*m?r?
= ay(r) (—8Tw(r)2r2g(r)ar — Ag2 + m2r2) aq(r)
2 ay(r) (—8Tw(r)287~ — Agz + 1) ay(r).
(G6) This assumption is trivial in our setting.

(G7) We check that (22, ky ) and (Z_, k_—sV_) satisfy (G5). Since ay (1), ky (r) = Op_ypy (Jre—

r|), we can write for ]s] <mr_

Py = —ai(r)9w(r)’r?g(r)dyai(r) — ai(r)?Age + aa (r)*m*r® — ki (r)?
k(1)
( g(r)0, — Ag2 + m?r? al(r)2> ai(r)
>Oq ( 6 —AS2+1)(11()

As k_(r) — sV_ = Oy, (Jr+ — r]) too, we get the same conclusion with Z_.
To end this Subsection, we recall from [GGH17, Section 9| that
(G3) = (A1)-(A3), (G3) = (MEL), (G3)-(G5) = (TE1)-(TE3)

and (ME2) is satisfied by assumptions (G1), (G2) and (G7) on the form of the operator & using
Mazzeo-Melrose standard result (see [GGH17, paragraph 9.2.2] and also [MaMe87| for the original
work of Mazzeo-Melrose).

page 12



1.2 Meromorphic extension and resonances

1.2.3 Study of the asymptotic Hamiltonians

The aim of this paragraph is to show the existence of a meromorphic continuation of the weighted
resolvent w’(Hy(s) — z)~'w? from C* into a strip in C~ which is analytic in z in a tight box
near 0. We start with the meromorphic extension.

Lemma 1.2.1. For all § > & > 0 and all s € R, w®(Hx(s) — z)"'w’® has a meromorphic
extension from Ct to {w € C| Sw > —4&'} with values in compact operators acting on &x.

Proof. Since hypotheses (G) are satisfied, we can apply [GGH17, Lemma 9.3] which shows that
we can apply Mazzeo-Melrose result: the meromorphic extension of w‘s(,@i - ,22)_110‘S exists from
C™ to a strip Os. This strip is explicitly given in the work of Guillarmou (c¢f. [Gu04, Theorem
1.1)):

05:{26C1z2:/\(3—)\),§}3>\>3—5}.

The absence of essential singularity is due to the fact that the metric g is even (see Theorem 1.4
and also Definition 1.2 in [Gu04]). We have to check that the set Oy contains a strip in C—. To
see this, write A = o+ i and z = a +ib with o, 3,a,b € R, b < 0 and 2% = A(3 — )\). Solving for

{aQ—b2 = a(3—a)+ 2 (1.19)

2ab = (3—2a)p

we find

B = /a2 — 12— 9/4) + 1\/(a — 1% — 0/4)? 1 4a20?

_ 3
a = 3

and these expressions make sense since § = 0 can happen only if ab = 0, and

|al|b|
Vb2 +9/4

If b = 0 then a = 3/2 and 3 solves a®> = 9/4 + 32, and conversely o = 3/2 implies b = 0.
Hence a = 3/2 allows all z € R. We may now assume b < 0 (hence a # 0). The condition

X =a > 3/2 —§ reads %b < ¢, and this condition is trivially satisfied if o > 3/2 since (1.19)

implies that % < 0 < . Otherwise, if o < 3/2 then (1.19) implies that %b > 0 and

B=1 + O4so(a), B = Op0(b).

Bls.
a

B /_aﬁl—ﬂ
a)  a?

b>—

We compute
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1.2 Meromorphic extension and resonances

where ’ denotes here the derivative with respect to a, and

L (a® — b? — 9/4) + 2b?
28 V(@ = b2 = 9/4)% + 4ap?

/B,

so that

af —B=0 < a? <1+ (a? — 07— 9/4) +26° >:2/52

V(a2 — b2 —9/4)2 + 4a2p?
— a*(a® — b* — 9/4) + 2a*b*
= — (b2 4 9/4)\/(a% — b2 — 9/4)2 + 4a2b? + (a® — b* — 9/4)* + 4a°D?
— (b2 +9/4)%((a® — b® — 9/4)% + 4a%b?) = (b* + 81/16 + a?b* — 9a% /4 + 9b%/2)2.

After some tedious simplifications, we obtain the very simple condition
af — =0 < 9a*? =0.

Thus a = 0 is the only possible extremum of 8 when b < 0. One can check that 5 — 1 as
a — Fo00, whence

{zeC|0>S2z>—0} C Os.

From there, we deduce the existence of the meromorphic extension of w®(Hy (s) — z)~tw® for
z € {w € C | Sw > —¢'} thanks to Lemma 4.3 and Proposition 4.4 in [GGH17| (the parameters e
and d therein are identical in our situation, and d,/o can be replaced by any 8 < be). O

Before proving the analyticity near 0 of the weighted resolvent, we need to prove the following
result:

Lemma 1.2.2. For all § > 0, w?(Z — 2%)~'w® has no pole in R.

Proof. We can work with the operator P expressed in the Regge-Wheeler coordinate since P — &2
is an unitary transform (as explained at the beginning of Subsection 1.2.1).

For all ¢ € N, P, is selfadjoint and the potential Wy + £(¢ + 1)W; (with Wy and W as in
(1.9)) is bounded on Z(F;) and tends to 0 at infinity exponentially fast; as a result, the Kato-
Agmon-Simon theorem (cf. [RS4, Theorem XIII.57]) implies that P, has no positive eigenvalue.
As Py > 0, we deduce that there is no eigenvalue on R\ {0}. Furthermore, [BaMo093, Proposition
I1.1] shows that 0 is not an eigenvalue for Py thanks to the exponential decay of Wy + £(¢+ 1)W;.
Finally, P, verifies the limiting absorption principle

sup H(x}fa(Pg — (A + iu))71<x>7°‘H , <+ VA e R\ {0}, Va > 1,
u>0 L
see Mourre [Mou80]. The only issue then is z = 0 which could be a pole.

We introduce then the Jost solutions following [Ba04, Section 2| (recall that we are considering

the case s = 0 in this Lemma so that the potential sV vanishes). Fix £ € N and set W :=
K(E + 1)W0 + Wy, Set

k= min{k_, |k1|} (1.20)
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1.2 Meromorphic extension and resonances

where k4 are the surface gravity at the event and cosmological horizons (cf. (1.7)). For any
a € 10,2k,

+o0
/ ‘Wg(m)‘ea‘x|dx < +00.

—00

The convergence of the above integral comes from the exponential decay of W; at infinity. For all
z € C such that Sz > —k, [Ba04, Proposition 2.1] shows that there exist two unique C? functions
x s et (1, 2,0), that we will simply write es(x) or ex(x, 2), satisfying the Schrédinger equation

(02 + 22 — Wy(z))ex(z) =0 Vr eR

with Oe+ € LS (R, C), and such that if Iz > —, then He, is analytic in z for all 0 < j < 1.
Moreover, they satisfy

lim (’ei(l‘) — | 4 |D,es(z) T izeii”D —0. (1.21)
T—7F00

By checking the formula on C2(R,C) first and then extending it on H?(R,dx) by density, one

easily shows that the kernel K of (P, — (2 — sV)?)7! : H3(R,dz) — L2 .(R,dx) for Sz > —& is

given by’

K(zi2.9) = 5757 (02 (20002 Lz (029) + €4 (02D (22 2) 020 (.0)

where # (z) = ex(z)(e~)'(z) — (e4)'(x)e—(z) is the Wronskian between e4 and e_. Since # is
independent of z € R (as shown at the very beginning of the proof of [Ba04, Proposition 2.1]), we
see using the non trivial limits for ey in (5.4) that a pole z of order n > 0 for w®(Py—(z—sV)?) " 1w?®
with Sz > —k is a zero of order n of the Wronskian %/, and e, (-, z) and e_(-, z) are then collinear.

We now reproduce the computation (2.14) in [BoHa08|. Assume that z = 0 is a pole; for all
(eN, e (-,0,0) € L2 (R,dz) and satisfies Pje; = 0, so that

foc

Ro
0= / (Pres)erdx
—Ro

Ro

— [y —1 Ro fto —1 2 -1, |2
= [rez 0, (r e+)]_RO + |r8x (r e+)‘ de+¢(0+1) F(r)|rtes| da
—Ro —Ryg

Ro 5
+ m2/ F (r)]es+|” da.
—Ry
Letting Ry — 400 and using the decay of the derivative of ey in (5.4) for z = 0 show that e, = 0,
a contradiction®. O

We are now ready to prove the analyticity. In the next result, we will consider s as a complex
number.

50bserve that in the example at the beginning of Section 1.2, the kernel R(z;z,y) is also given in terms of the
Jost functions e (x, z) = %2,

5We may notice here that the positive mass term m? allowed us to conclude that z = 0 is not a pole. For the
wave equation as in [BoHa08], we do not have any positivity for £ = 0 and z = 0 is shown to be a pole.
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1.2 Meromorphic extension and resonances

Proposition 1.2.3. Let 0 < § < £ and R > 0. There exist g9 = £0(0) > 0 and 0 = (2, l%i)
such that the extension of w(Hx(s) — z)~"w’ is holomorphic in (s,z) for s € D(0,0) and
S ]—R,R[—I—i]—{:‘o,é‘o[.

The restriction § < & comes from the fact that the extension of (H(s) — z)~! depends itself
on 0 (see formula (1.22) in the proof). One can increase the exponent of the weight w but the
width of the strip in C~ in which the result of Proposition 1.2.3 holds is bounded by k.

Proof. Observe that (H_(s) — z)~! = (®(—sV_)H_(s)®(sV. _) — 2)~'on &, so it is sufficient to
] 1 5

prove the announced results for w®(H, (s) — z)"'w® and wd(H_(s) — z)'w® with

H_(s) = ®(—sV_)H_(s)B(sV_) = <“:’9‘;_ e ! sv_) .

Proceeding as in the proof of [GGH17, Proposition 4.4], we can work on the operators &7 — (z—l%i)2
with
l;q_ =k, k_:=Fk_—sV_

so that k4 are now exponentially decaying potentials at infinity (and are polynomial in s).

We reproduce the perturbation argument of [GGHI17, Lemma 4.3]. Choose g9 € ]0,d]
sufficiently small and pick z € | =R, R[4 i]—¢o, o[ so that w?(Z — 22)~1w® is holomorphic (it is
possible since there is no pole in R by Lemma 1.2.2) and w®(% — (z — k+)?)""w? is meromorphic’
in z. Write then in H

w (P — 2%) "’ = w (P — (2 — INci)Q)_lw‘S(ﬂ + K+ (s, 2)) (1.22)
with
Kai(s,2) = w%+(22 — ky)ww’ (P2 — 22) 1w,

(s, z) is clearly analytic in s € D(O 1) and in z € |—R, R[+i]—ep, £o[. Since kx = Oy, (w?F)
v (1.6) and (1.20), § < & and w?(ZP — 22)~'w® is compact by Lemma 1.2.1, we see that
z)

(s, is compact. By two-dimensional analytic Fredholm theory, there exists a subvariety
S C D(O, 1) x (] —R,R[+i]—e€q,e0[) such that (1 + K+(s,z)) ! exists and is holomorphic in
(D (]-R, R[ +i]—¢o, 50[)) \ S. We then get the representation formula for the

extenblo
w (P — (2 — k)’ = (2 — 22)71105(]1 + Ki(s, z))_l. (1.23)
We claim that for o > 0 sufficiently small, we have
(D(O,a) X (]—R,R[Jri]—so,eo[)) ns =0 (1.24)

Otherwise, for every n € N\ {0}, there is a couple (sp, z,) € D(0,1/n) x (]—R, R[+ i]—eo,s()[)
such that 1 + KC(sy,, 25,) is not invertible. By compactness, we can assume that (sy, z,) — (0, 20)

"Lemma 1.2.1 of course applies if we replace k_ by k_.
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1.2 Meromorphic extension and resonances

as n — +oo for some 29 € [-R, R] +i[—¢0,p]. But 1+ K(0, z9) = 1 is invertible for all z € C, so
1+ K4 (s, z) must be invertible too for all (s, z) in a small neighbourhood of (0, zp), a contradiction.

Assuming now that s is sufficiently small so that (1.24) is true, we deduce by (1.23) that
the poles of w?(P — (z — k+)?)~'w’ are exactly the poles of w?(Z2 — 2z2)~'w’. Since for
2z € =R, R[+i]—¢€0,e0[, W (2 — 22)~"w’ has no pole, the same conclusion applies for w®(Z? —
(z — k)?)~Lwd. O

1.2.4 Construction of the meromorphic extension of the weighted resolvent

The aim of this paragraph is to show the existence of a meromorphic extension for w? (K (s)—z)~1w®
in a strip near 0 of width uniform in s. Since the operators K (s) and H (s) are equivalent modulo
the isomorphism ®(sV') (by (3.19) in [GGHI17]), we will work with the latter one.

We first need some preliminary results. The starting point is the following result:

Proposition 1.2.4 (Proposition 5.5 in [GGH17]). There is a finite set Z € C\ R with Z = Z
such that the spectrum of H(s) is included in RUZ and the resolvent has a meromorphic extension
to C\ R. Moreover, the set Z consists of eigenvalues of finite multiplicity of H(s).

An important fact is that [GGH17, Proposition 3.6] shows that Z = Z(s) is contained in
the disc D(0, C|s|) for some constant C' > 0 (we can take C' = 2[|V||, . ). We show below that
Z(s)NCT = 0 for s sufficiently small.

We henceforth use the Regge-Wheeler coordinate x introduced in Subsection 1.1.2. We will
still denote by & the operator defined in (1.18) expressed in the coordinates (z,w):

P =—F(r(z)) 22 F(r(x)"? — Wo(z)Ag2 + Wi (z)
Let also H = L?(R x S2, F(r(x))dzdw).
Lemma 1.2.5. For all § > 0, w® sends & into & and & into itself.

Proof. Let u = (ug,u1) € &. We only show that wé C é'i, the proof of the other statements
being slightly easier. We thus look for v = (v, v1) € P72 & H such that (wug, wouy) =
(vo, sV_vg + v1). Since w’ is bounded on R, wu; € H. Next, using the facts that (w®)uo,
Viwduy and le/Qw‘suo are in H thanks to (ME1) (d) (0 < j < 1), we compute

~1/2
|2 2wl ug|?, = (Puwlug, wiug), — |8 (V- — k=) wluol?,

SN2 2uol3,
and working with the operators &7, defined as Py (¢ € N), we get

<<@gw5u0,w5uo>ﬂ = H&cwéuoﬂi + <(—E(€ + )Wy + Wl)w5u0,w5u0>

H’

S22, 2uoll2,
5, 12 5 2 5,012 /212
|0aw’uoll?, < I1(w®Yuol, + wlufll?, < 112 %uoll?.
This proves that wduq € 9’7:1/27{. Hence vy := wug € (@iﬂ%’ and the problem boils down to

show that v1 := w'u; — sV_vy = wluy — sV_wiug is in H; this is a consequence of (ME1) (d)
which implies that sV_w’ug € H. O
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1.2 Meromorphic extension and resonances

For all z € C' and s € R, we introduce for the operator

~ ~

Q(s,2) = 2 (H_(s) = 2) " + 2 (Ha(s) = 2) " = 3% (Hals) = 2) .
+

In Subsection 1.2.3 above, we have studied the resolvents of the asymptotic Hamiltonians. In
particular, we know that Q(s, z) meromorphically extends into a strip in C~ and is analytic in a
small neighbourhood of R. We wish to show that (H(s) — z)~! has the same properties. To do
this, we show that Q(s, z) is a parametrix for the resolvent on the energy space.

By Lemma 1.2.5, Q(s, z)w’ is well-defined in &. Using the potentials k+ = s(V T J2Vo)
introduced in Subsection 1.2.1 as well as the relations i+j+ = 0, we compute:

) =) - =212 (a2 gy (el =27 =21

Since zi +4%2 =1, we obtain in &

(H(s) — 2)Q(s, z)w’® = (11 + ) [H(s), i3] (Hx(s) - z)_1> w’. (1.25)
+

It follows that for all z ¢ Z (see Proposition 1.2.4)
wQ(s, 2)w’ = w(H(s) — z) " 'w® (1 + K (s, z)) (1.26)

with

Ki(s,2) :=w™"Y [H(s),i}](Hx(s) — 2) " 'w’.
+

Lemma 1.2.6. The operators on the left and right-hand sides of (1.26) send & into itself.

Proof. For the left-hand side of (1.26), we successively use Lemma 1.2.5, the facts that (H(s) —
z)~! sends &+ into Z(Hy(s)) C &x and i+ sends &¢ into & by [CGHI7, Lemma 5.4], and again
Lemma 1.2.5.

We now deal with the right-hand side of (1.26). By Lemma 1.2.5, we only have to show that
wO[H (s),i+](Hx(s)—2)"" sends &4 into &. Let u € &y and write v = (vg, v1) : (Hi(s)—2z) lu €
é“}i. We have

-5 . -l s 0 0 _ 0 B 0
w9l )= (0 Y o) = (s ) = (s i suig)
Since w’&y C &4, we can use (TE3) (e) to conclude that the second component is in H, whence
wO[H (s),i+](Hx(s)—2)"'€L € & (when + = —, we use that 212571 is bounded on H). O

In the following, we will consider s as a complex number lying in a small neighbourhood of 0.

Lemma 1.2.7. Let 0 < <k and R > Ry. 1+ l@i(s, z) is a holomorphic family of Fredholm
operators acting on & for (s,z) € D(0,0) x (]—R,R[ +1i]—eo, 50[), with o > 0 sufficiently small
and g > 0 as in Proposition 1.2.5.
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1.2 Meromorphic extension and resonances

Proof. Write

By Lemma 1.2.1, w®(Hx(s) — z)"*w® is compact on & and Proposition 1.2.3 shows that the
extension is holomorphic in (s, z). Furthermore,

w_(s[ﬁ(s)’ii]w_d = <w5 [,@?zi] w? 8)

is bounded on &4 (as a consequence of (TE3) (e), see the end of the proof of Lemma 1.2.6).
Hence K4 (s, z) is compact and thus 1 4 K4 (s, z) is Fredholm. O

We are now ready to construct the meromorphic extension of the weighted resolvent. For
all sp > 0, define Ry := 2C'sg. Proposition 1.2.4 and the remark below then show that Z(s) C
D(0, R/2) for all s € |—sp, so[ and all R > Ry.

Theorem 1.2.8. Let 0 < 0 < k and s € |—so, sol.

1. For s small enough, w’(H(s) — z)"'w® has a meromorphic extension from C* \ Z to
{w e C|Sw > =0} for all 0 < &' < § with values in compact operators acting on &.

2. For all R > Ry, there exists 0 < s1 < so such that for all s € |—s1,s1][, the extension
of wO(H(s) — z)~'w® is analytic in z € |—R, R[ + i]—¢o, g0 with g9 = €0(8) > 0 as in
Proposition 1.2.5.

Proof. We first show Part 1. Let s € C small enough and let z € |-R, B[ +1]—¢",d'[. Since
Hy (0) = H(0), we observe that K+(0,z) = 0 and Q(0,z) = (H(0) — z)~!. Hence the operator
14K+(0,2) = 1 is invertible for all z € C. Finally, Lemma 1.2.1 shows that w’(H(s)— z)” Lw? is
meromorphic in z. We can therefore use the meromorphic Fredholm theory to invert 1 4 lCi(s, 2)
on &. Using (1.26), we have the representation formula

A

w’(H(s) — z)"tw? = w’Q(s, z)w’ (1+ K (s, z))_1 (1.27)
which is valid for z € |—R, R[+1i]—#",0'|. This shows that w®(H (s) — z)~'w’ has a meromorphic
extension in this strip and Part 1 is settled.

Let us show Part 2. of the theorem. We pick this time (s, z) € D(0,0) x (]—R, R[+i]—e¢o, 50[)
with 0,69 > 0. Lemma 1.2.7 shows that, if o is very small, 1 + I@i(s, z) is a holomorphic family
of Fredholm operators acting on &. We can thus use the two-dimensional analytic Fredholm
theory which implies that there is a meromorphic extension D(0,0) x (]—R, R[+1i]—e¢o, 50[) 3
(s,2) — (1 +I€i(s,z))71, and (1.27) is valid for (s,2) € D(0,0) X (]—R, R[+i]—€¢,e0[) with
o small. This shows that the poles of w?(H(s) — z) " w® are the poles of (1 + K1 (s,z))~! and
wQ(s, z)w’, the last ones being the poles of w®(Hx(s) — z)~1w?.

The multidimensional analytic Fredholm theory also implies that there exists a (possibly
empty) subvariety S C D(0,0) x (]—R, R[ +1i]—co,c0[) such that 1 + K(s, 2) is invertible for
(s,2z) ¢ S. We claim that we can take o > 0 small enough so that

(D(O,J) X (]—R,R[—I—i]—so,eo[)) ns =0.
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1.2 Meromorphic extension and resonances

Otherwise, for every n € N\ {0}, there is a couple (sn, z,) € D(0,1/n) x (]—R, R[+i]—€o,c0[)
such that 1 + l@(sn, zpn) 18 not invertible. By compactness, we can assume that (s, z,) — (0, 20)
as n — 4oc for some zg € [~ R, R] +i[—e0, €0]. But 1 +K(0, z) = 1 is invertible for all z € C, so
14K (s, z) must be invertible too for all (s, z) in a small neighbourhood of (0, zo), a contradiction.

We now assume |s| < s; where s; is so small that 1 + K (s, z) is invertible on & for z €
]—R, R[+i]—¢, go[. Using then the formula (1.27), we conclude that the poles of w®(H (s)—z)~w®
are precisely the poles of w’Q(s, z)w®, which are the poles of w?(Hx(s) — z)'w®. We then use
Proposition 1.2.3 to conclude that there is no pole for z € |- R, R[4 i]—ep, €0[. This completes
the proof. O

As a first consequence, we deduce a holomorphy result for the resolvent.

Corollary 1.2.9. Let g9 > 0 as in Proposition 1.2.3. Then for all s € R such that |s| < s1 with
Cs1 < €, the resolvent (H(s) — z)~! is holomorphic in 2 € C*. Furthermore, the spectrum of
H(s) is contained in R.

Proof. We know by Theorem 1.2.8 that the weighted resolvent w®(H (s) — z)~*w® is holomorphic
in z € (|-R,R[+1i]—¢0,20[) NCT € D(0,R/2) C C* if we assume s < s1 by Part 2. of Theorem
1.2.8.

By Proposition 1.2.4, (H(s) — z)~! is holomorphic in C*\ Z. Assume then that zp € Ct N Z is a

pole of order mg € N: there exist some finite rank operators Ay, ..., Ay, : H — H such that
mo A
H(s)—2)"! = ——7 4 holomorphic term Vz € C near z.
() =) =3 s + lomory :

Since R > Ry, ZNC* c D(0,R/2) N C* and then

2 <X w® Ajuw’
w(H(s) —2) '’ = Z ——2— + holomorphic term

ot (z — 20)7
is holomorphic in z near zj, so that Ay = ... = A, = 0 and (H(s) — z)~" is holomorphic in
z € C*. By Proposition 1.2.4, this implies that the spectrum of H(s) in Z N C™" is empty; by
symmetry, we deduce that ZNC~ = () too. O

Remark 1.2.10. Theorem 1.2.8 and Corollary 1.2.9 answer Bachelot’s open question of the
nature of the sets o, (the eigenvalues in C*) and o4 (the real resonances, also called hyperradiant
modes) defined in [Ba0j] by equations (2.35) and (2.36), when the charge product s is sufficiently
small: both are empty as he conjectured at the end of his paper.

We finally deduce the existence of the cut-off inverse of the quadratic pencil and define
resonances.

Corollary 1.2.11. Let s € |—sg,so| small enough. The operator xp(z,s) tx : L*(R,dx) —
H?(R,dz) defines for any x € C° (R,R) a meromorphic function of z € {w € C | Sw > —k} and
analytic if Sz > —eg with g > 0 given by Proposition 1.2.5.

If x is not iflentically 0, then the poles z of this extension are exactly the poles of the cut-off

resolvent x(H(s) — z)~'x and are independent of the choice of x. We call them resonances of p
and write z € Res(p). Similarly, we define Res(p¢) as the poles of xpe(2,8)~1x for all £ € N.
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1.3 Resonance expansion for the charged Klein-Gordon equation

Proof. Let R > 0 and let z € C with —R < Rz < R and &z > —k. The meromorphic
extension w?(H(s) — z)"'w® : & — & (with 0 < § < k) entails the meromorphic extension
wO (K (s) — z) 2w’ : & — € since H(s) and K (s) are equivalent on & modulo the isomorphism
®(sV) introduced in Subsection 1.2.1. Since w(z) is exponentially decaying by (1.6), we can
write for any cut-off x € C° (R, R)

A

Y(K(s) — 2) ' = (xw ) w® (K (s) — 2) ' (w™0x) : L*(R,dz) — H?(R,dz)

using that yw™® € C° (R,R). In particular, if x is not identically 0, the poles of (K (s) —2z) " x
and w® (K (s) — z) 1w’ coincide.

By formula (1.17) and the discussion below, we see that we can define the operator xp(z,s) 1y :
L?*(R,dz) — H?(R,dz) for any x € C° (R,R) as a meromorphic function of z, and its poles are
precisely the poles of y(K(s) — z)"1x.

To conclude the proof, it remains to prove the analyticity in the whole strip {z eC ‘Sz > —50}
(which excludes a possible accumulation of resonances to R at infinity): this follows from Theorem
1.3.1 below. Ul

1.3 Resonance expansion for the charged Klein-Gordon equation

We present in this section the main result of this chapter which is an extension of [BoHa08,

Theorem 1.3|. By using the formula (1.16) and (1.17) as well as (3.21) in [GGH17] and the

local equivalence (1.15) of the norms .||, and |.[[, if 2 € R, we can define for Sz > —x the
14

meromorphic extension of the cut-off resolvent R, ¢(z) := x(K; — z)~'x. For all resonance
29 € Res(p¢), denote by m(zp) € N its multiplicity and set
X . 1 (_l)k »

Ry o(2)(z — zo)kdz

ik 0w fy, k!
defined for all integer k > —(m(zg) + 1) with v a small positively oriented circle enclosing zy and
no other resonance. We will denote by ﬁx(z) and H;.f ;. the cut-off resolvent of the full operator K
and the corresponding generalized projector, respectively. Recall that Res(p) is introduced in
Corollary 1.2.11.

We first introduce the set of pseudo-poles of P whose points approximate high frequency
resonances. The proof is given in Appendix 1.6.2.

Theorem 1.3.1. There exist K > 0 and 6 > 0 such that, for any C > 0, there exists an injective

map b: T — Res(p) with
() 1 ¢Q i 12M  10Q? 1
r= + £+ . -
" ( N\ {0} 5 5 3 t—2 N+ >

VE(x) ¢
the set of pseudo-poles, such that all the poles in
Qo = {)\ eC } Al > K, QA > —max{C’,Q[?R)\\}}

are in the image of b. Furthermore, if p € T and l~)(,u) € Qc¢, then

lim (b(p) — p) = 0.
|| —+o0
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1.3 Resonance expansion for the charged Klein-Gordon equation

If Rpp = ~ ( ) (j:E 1+ \/7> for € € N\{0}, then the corresponding pole b(i) has multiplicity
20+ 1.

We can now state our main result (the proof is given in Section 1.5):
Theorem 1.3.2 (Decay of the local energy). Let x € C° (R, R).

(i) Let v >0 such that v ¢ I' (T' is the set of pseudo-poles as in Theorem 1.5.1), v < k and
Res(p) N {\ € C | SA = —v} = 0. There exists N > 0 such that, for all u € & with
(—=Ag2)Nu € € and s small enough, we have

m(zj)

e yu= Z e TN u + B (t)u (1.28)

% €Res(p) k=
Sz >—v

fort > 0 sufficiently large, with
IE@)ull; S e l[{~Ag)Vull,

and the sum is absolutely convergent in the sense that

> ZHH (—Ag2) V|, < +o0.

zj€Res(p) k=0
Sz >—v

(ii) There exists € > 0 such that, for any increasing positive function g with limy o0 g(x) = +00
and g(z) < x for x >0, for all u € £ with g(—Agz)u € € and s small enough, we have

Ixe ™ xulle < (9(e))lg(—Asg2)ullg

for t > 0 sufficiently large.

Remark 1.3.3. 1. Formula (1.28) provides a physical interpretation of resonances: they are
the frequencies and dumping rates of charged Klein-Gordon field in presence of the charged
black hole (see Chapter 4.35 in [Ch92] for a discussion on the interpretation of resonances).

2. Part (ii) of Theorem 1.5.2 shows that a logarithmic derivative loss in the angular direction
(In(—Ag))*u € € with a > 1 entails the integrability of the local energy:

“+oo LA
/0 xe M &=y udt]| < ||(In(—Age))ull,.

£

3. In the limits 9AM? — 1= and Q — 0, the expansion in part (i) of Theorem 1.5.2 is not
empty has (infinitely many) pseudo-poles of T (introduced in Theorem 1.3.1) lie in the strip
{z e C|3(z) > —/{}, To see this, it suffices to consider the case Q = 0. Then v =3M and

VEQ) |, 120 | _ V1-9AM?
4v '

min {|ImA| [\ €T} = e |~ 1AM
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1.4 Estimates for the cut-off inverse of the quadratic pencil

We show that

V1 —9AM?

— < . 1.29
oy < el (1.29)

Observe that for @ =0, we have

2M  2Ar  1—F(r)

— Ar

so that

Thus (1.29) becomes

V1 —9AM? _ |1 — Ar3|

1.30
6T3M o (1.30)
Set o := 3v/AM < 1. The footnote page 6 in [SaZw97] shows that
L (( 1- a2 1/3) (1.31)
ry = —Im( (F -« +ia> . .
+ \/K

As FV1 — o +ia has modulus one, we can write r4 = Si\r;%i for some 0+ €0, 7] (the roots

are positive) and thus (1.30) reads

V1 —a? - cos? 0+
6\/§M sin 64

VA

We eventually show that

vV1—a? - cos? 0+
23 sinf4

When o« — 17, the left-hand side above goes to 0 whereas the right-hand side remains
positive: this last assertion can be checked in (1.31) as then

Im((i!: 1—a2+ ioz) 1/3> = Im(il/3> = Im(eiﬂ/6> = % # 0.

1.4 Estimates for the cut-off inverse of the quadratic pencil

In this section, we show some estimates on the cut-off inverse of the quadratic pencil. We can work
with ¢ € N fixed but our estimates have to be uniform in £. Since (Xp(—Z—l—QSV, s)x)* = xp(z, 8)X,
we can restrict ourselves to consider z € C with Rz > —2s¢[|V|| , for some fixed sy > 0 such
that 0 < |s| < sg. In the following, we are simply denoting by L? the space L?(R,dz). For some
real numbers R, Cy, C1 > 0 (determined by Theorem 1.4.1 below), we define the
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1.4 Estimates for the cut-off inverse of the quadratic pencil

e zone I as [-R, R] +i[—Cy, Co],

e zone I as [R,¢/R] + i[—Cy, Cy],

e zone I1I as [(/R, R{] +i[—Cy, Co),

e zone IV as ([R{, +oo[ +1]—00,Cp]) N{A € C | IA > —Cp — C1 In(\)} N Q)
with Q, = {w €C|Sw> —H} (recall that k := min{k_, |k |}).

Figure 1.2: The four zones.

We quote here all the estimates that we are going to show in this Section in the following theorem
(which is an extension of [BoHa08, Theorem 2.1] to our setting):

Theorem 1.4.1. Let x € C° (R,R), s € R and Q, as above. If s is small enough, then the
following estimates hold uniformly in £ € N:

1. ForallR>0,C >0 and 0 < Cy < g, Res(p) N ([-R, R] +1[—Cy, C]) = 0 and the operator

xp(z,8) P x: L — L? (1.32)
exists and is bounded uniformly in z € [—R, R| +1[—Cy, C]. Moreover, we have
1
—1 -1
Ixpe (2,9)  xll oy S I (28) Xl ,as, S T Py (1.33)
zjERes(p) J
|z;|<2R

2. There exist R > 0 and 0 < Cy < € such that there is no resonance in [R,{/R] +1[—Cp, Cp].
Furthermore, for all z € [R,{/R] +1[—Cy, Cy], we have

_ 1
Ixpe(z,8) XMl o0 S e (1.34)

3. Let R>0 and 0 < Cy < ¢ be fized and suppose that £ > 0. The number of resonances of py
in [l/R, Rl +i[—Cy, Cy] is bounded uniformly in £ and there exists C' > 0 such that, for all
S [Z/R, Rf] + i[*Co, Co},

1

- c

Ixpe(z,8) " XNl o0 S (2) H o (1.35)
z;j€Res(py) J
lz—zj|<1
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1.4 Estimates for the cut-off inverse of the quadratic pencil

Furthermore, there exists € > 0 such that there is no resonance in [{/R, R{| 4 i[—¢, 0] and
we have for all z € [{/R, R{] + i[—¢, 0]

_ In{z Szl In(z
ez, 0 S L 0, (1.36)

4. Let R>0, Cyp >0 and C; > 0. Set
Q== ([RE, +oo[+1] — 00,Co]) N{A € C | SA > —Cp — C1In(\) } N Q.
There is no resonance in Qy and there exists C > 0 such that for all z in this set,

Ixpe(z,5) Xz e < O (2) 717, (1.37)
Remark 1.4.2. High frequency resonances of the zone III (i.e. resonances whose real part are of
order £ > 0) are localized in Theorem 1.5.1.
The announced estimate in the zone I is a direct application of results of Section 1.2 (see
Theorem 1.2.8). We thus show the estimates for the zones II, III and IV.
1.4.1 Estimates in the zone II

We prove part 2. of Theorem 1.4.1 using the complex scaling introduced in [Zw99, Section
4]. Observe that the zone II does not exist if £ = 0, so that we can assume that ¢ > 1. Let
z € [R,4/R] + i[—Cp, Cp] and choose N € [R,?¢/R] such that z € [N,2N] +i[—Cy, Cp]. We
introduce the semiclassical parameter

h:=N"!
and the new spectral parameter
X = h%2? € [1/4,4] +1[—4Cyh, 4Ch) .
In this setting, we define the operator

(VA s) := B2py (2, 5) = —h202 + &®Wy (x) —A+h2W, (z) + 20V AsV (z) — h2s2V (2)? (1.38)

=Qn =R, (\)

where a := h(£(f +1))/2 > 24/ > 0, o/ as in Proposition 1.1.1.
We now use the (a-dependent) contour I'y := Ty UT, for 0 < § < 7/2, with®

I = {z —i—ifgt(x,ln(gfo)//ii) |z € Ry}
where (using estimate (1.6) for W)

+ . li 2K+ T
= 1m e LL X
9o @ 0( )

8The factor 1/k+ in the second argument of fg: comes from the fact that k+x corresponds to Zworski’s variable
.
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1.4 Estimates for the cut-off inverse of the quadratic pencil

and

0 if 2] < 8/2 — C

+ .
fg (IL’,B) = {9($_5/2) if ‘l’| > /3/2+02

with constants C7,Cy > 0 as in (4.4) in [Zw99, Section 4| (see Figure 1.3 for the behaviour of
['p). Define next L?(I'y) and H?(Ty) as the associated Lebesgue and Sobolev spaces. Using the
analytic extension of x +— r(x) on the set ¥ := {n € C| |Rn| > &/}, we extend V, Wy and W; on
Y (and still denote them V', Wy and Wj). We then define the distorted operators

Pro(VA, 8) = pr(VA,8) Iy, Qno = Qn Iy, Rpo(N) =Ry (M) Iy -

If gn 9 denotes the symbol of Qp g, then |[Zw99, Lemma 4.3| shows that there exists 0 < ¢ < 1

Iy

=l ln(gglo)\/Qﬁf — 0

o In(gd)/2lk+ |

Figure 1.3: The contour I'p.

and 6y > 0 such that
lano (x,€) = Al 2 0((6)* + &% (a)?) +r>0

provided that R(A) > 0, F(A) < cand 0 < 6 <y (recall that £x+ < 0). For h small enough
(that is R large enough), we can apply [Zw99, Proposition 4.1| to get

H(Qh79 - )\)_1||L2(F6)HH2(F9) = 0(9_1)

In order to invert the distorted quadratic pencil, we use a Neumann series argument by
showing that Ry (A) = Or2(r,)(h) (as a multiplication operator). In view of the form of Ry g in
(1.38) and because the extension of r is analytic, it is enough to bound z +— r(x + 1f9i(x)) below
and above for |z| > 2¢/. By Lagrange inversion formula (1.57), we can write

L +oo e2lmix
Ir(x+ify (x)) — r+| Sch x
k=1
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1.4 Estimates for the cut-off inverse of the quadratic pencil

for some coefficients ¢, > 0 (recall from Subsection 1.1.2 that 2k = and the series

#)
3Air§: ’
converges (because (1.57) converges uniformly when |Rz| > o). Since the sum is decreasing with
respect to x, we deduce 7 < 400 on I'y. On the other hand,

_ Anr% _ Acrg _A:FTQI
Ir—ra|=Clr—ry) A% (r—r,) %% |r — | Axry g2nat

with C' € R. Since no terms on the right-hand side can blow up when restricted on I'y and since
the exponential goes to zero when |z| — 400, it follows that r — r1 > 0 as © — *oo. We
therefore conclude that the restriction of r on I'y N D(0, RO)B is bounded from below and above
for Ry > 0, giving Ry, 9(A) = Opz(r,y(h). Thus,

Pro(VA, )™t = (1+ (Qno — A)_th,e(A))_l(Qh,a -N7h

We finally choose x € C° (R,R) and increase if necessary the value of the number &7 so that
Suppx C [~ .27]. From [SjwZ91, Lemma 3.5|, we have in the L? sense

XBho(VA, 8) " x = xBr(VA, ) 1y
whence

prﬁ(zvs)71X”L2_)L2 = h2||Xﬁh(\f)‘a 5)71XHL2_,L2 S <Z>72'

1.4.2 Estimates in the zone III

We turn to the proof of part 3. of Theorem 1.4.1. We define the semiclassical parameter
hi=(£(0+1))7/?

with again ¢ > 0 since the zone does not exist for £ = 0. For z € [(/R, R{] +1i[—Cp, Cp], we define

a new spectral parameter

1
ANi=h* e |
: 6[332’

32] +i[—V/2CyRh, V2 CoRR] C [a,b] + i[—ch, ch]

for some 0 < a < b and ¢ > 0. Finally, we set
Py = h2Py = —h20? + Wy + h*W1, (VA s) :== B, — (VX — hsV)?

and write Py and py for the corresponding distorted operators on the contour I'y as we did in the
paragraph 1.4.1. We are still using the subscript L? when we work with the distorted operators.

As Wy admits a non-degenerate maximum at z = 0 (see Section 1.1, Figure 1.1), (x,&) = (0,0)
is a trivial solution of the Hamilton equations associated to the principal symbol of Py:

{g'; =2
§ =-Wilx)

Therefore the energy level €y := Wy(0) is trapping. For this reason, the zone III is called the
trapping zone.
We first show an adaptation of [BoMi04, Lemma 6.5] to our setting.
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1.4 Estimates for the cut-off inverse of the quadratic pencil

Proposition 1.4.3. For § = Nh with N > 0 large enough and s € R sufficiently small, there
ezist C = C(N) > 0 and € > 0 such that, for all E € [€y—¢e,&y+¢] and |\ — E| < eb/2, it holds

H(pg — (\A — h3V>2)71HL2_>L2 = O(hic) H |)\ —h)\j’.

AjE€Res(p)
[A—=Xj|<eb

Proof. The announced estimate is known for the resolvent (Py—\)~! = pg(v/A,0)~! corresponding
to the case s = 0. The argument can be found in [TZ98] which uses techniques developed in
[Sj96], and the authors of [BoMi04] adapted it for the one dimensional case of a non degenerate
trapping energy level ;. More precisely, for # = Nh with N > 0 large enough, one can construct
a bounded operator K € £ (L%, L?) (see (6.15) in [BoMi04]) satisfying the following properties:

(@) K] =0(1),

L2112
(i3) r:=rank K < O(Ah~"1In(1/6)),

(7ii) for h small enough, there exists € > 0 such that, for all £ € [€) —¢,&) +¢] and A €
[E —eb, E + 0],

I(Py — 10K — N7, <00, 2 = D(Py).

In [SjwZ91, Lemma 3.2], it is shown that Py — ) is a Fredholm operator from its domain 2 to
L?, so we can construct a well-posed Grushin problem

Pp—X R
P(N) ::( ‘;h 0

where R_ and R, are constructed with Py —ifK — X (see [Sj96], page 401, below (6.12) for the
construction).

Now consider s # 0. If s is small enough, (P — i0K — (VA — hsV)?)~! is invertible by
pseudodifferential calculus” as for the case s = 0. By the resolvent identity, one can show that

):9@@’—@2@@ (1.39)

Cr—cCr

I(Py — 10K — (VA= hsV)?)7Y| < O07") + Ols|)||(Py = 10K — (VA = hsV)*) Y|, 0(67")

L2592 L2592

since || < h(|Rz] + [Sz|) < O(1) + O(h). Hence for s sufficiently small, we have

|(Py —i0K — (VA —hsV)H)7Y| <O A€ [E—¢0,E +&d].

L2599 —

Because the quadratic pencil remains a Fredholm operator provided that ||hsV]|, . is sufficiently
small'’, we can write a new well-posed Grushin problem

P(A) = (p‘)(?’ s) oR_ > 1 9eC - L*®C
+ €T —CT

9See the definition of the operator K at the beginning of the proof of Lemma 6.5 in [BoMi04].
10Recall that the set of Fredholm operators in £(2, L?) is open for the norm topology.
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1.4 Estimates for the cut-off inverse of the quadratic pencil

where this time R, and R_ are constructed with Py —i0K — (v X — hsV)2. If we set

E(N) =P = <Jf_((*£) %&;) PaC 5 9aC

then the relations E(A)P(A) = P(A\)E(A) = 1 as well as the following estimate (which is a
consequence of properties (i) and (7ii) above)

|(Py — 0K — (VX — hsV)2) (P — (VA — hsV)?)| = 0(1)

L2512

imply as in [BoMiO4] that [[EA) ., [1E-(M|l 2
O(1). Applying formula (8.11) in [Sj96], we obtain

= 0(071) and HE-&-()‘)HCTﬁxgv HEO(/\)H@%CT =

(B — (VA= hsV)2) ™ = B(\) — By (N Eo(\) " E- ()
which implies

1Py — (VA =hsV)) Y, =00 H(1+ | EoN) Yerer)

L2592

as in [BoMi0O4, Lemma 6.5], and we then follow the end of its proof to conclude. O

We can now follow the arguments below [BoHa08, Lemma 2.2]. The set of pseudo-poles (2.28)
and the injective map (2.29) in this reference exist in our setting by Theorem 1.3.1 (but are quite
different). This implies that there is no resonance in Q(h) := [a/2, 2b] 4+ i[—¢h, ch] provided that h
and s are small enough. As a result, (1.35) holds true. As for the estimate (1.36), we use Burq’s
Lemma:

Lemma 1.4.4 (Lemma 2.3 in [BoHa08]). Suppose that f(X, h) is a family of holomorphic functions
defined for 0 < h < 1 in a neighbourhood of Q(h) := [a/2,2b] + i[—ch,ch] with 0 < a < b and
c > 0, such that

h=C" in Q(h)

FOMISS L oo e

for some C' > 0. Then there exists hy, C > 0 such that, for any 0 < h < hg and any
A € [a,b] +i[—ch,0],

We apply this result to the function f(\, k) := ||[x(Py, — (VA — hsV)?)~ x|, observing that
for all A € Q(h) N C* the resolvent identity gives
1
R2Y

OMlsl) 1

[SA[ 7 [SA]

1Py — (VA= hsV)?) 7! < + Py — (VA= hsV)) 7|

because ||(P, — (VA — hsV)?)~!|| is uniformly bounded on this set for A and s small enough.
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1.4 Estimates for the cut-off inverse of the quadratic pencil

1.4.3 Estimates in the zone IV

This last paragraph is devoted to the proof of part 4. of Theorem 1.4.1. For z € ([R{, +o00[ 4 i]—00, Co])N
{Ae C 3N > —Ch— Cr1n(\)}, there exists a number N > Rl > 0 such that z € [N,2N] +

i[—C1In N, Cp]. We introduce the semiclassical parameters

1
hi=— =L (0 +1)h? = h?.
N’ Iu’ ( + ) Y 4
Observe that these parameters are very small when N > 0. Moreover, we can consider that h < 1
even if £ = 0, simply by taking R > 1 in the zone I if it was not the case (R as in Theorem 1.4.1).
We then define a new spectral parameter

A= 2%h% € [1,2] +i[Chlnh,Coh] C [a,b] +i[—ch|lnh|,ch]

where 0 < a <1< 2<b< +o0and max{C,Cp} < ¢ < 400 (observe that a and b do not depend
on h). Let J := [a,b] and set

Jt:={neC | R e J}.
Define then

Py, := h*P; = —h202 + Wy + vy, (VA 8) == h%pe (2, 8) = P, — (VX — hsV)2.

Semiclassical limiting absorption principle for the quadratic pencil. As in [BoHa0§|,

we first get a control until the real line by using a semiclassical limiting absorption principle

for the semiclassical quadratic pencil. The appendix 1.6.3 provides a proof, close to the idea
developed by Gérard |Ge08], of such a result for a class of perturbed resolvents, so we only have

to check if the required abstract assumptions are satisfied.

Introduce the generator of dilations A := —ih (28, + Oyx) with domain 2 (A) := {u € L? | Au € L?}.

We then pick p € C (R, [0, 1]) such that Supp p C [a/3,3b] and p =1 on I := [a/2,2b], and we

define A as the closure of the operator p(P)Ap(P). In this setting, p(P)Ap(P) is well-defined on
P(A), A is self-adjoint and we have P € C? (A) (c¢f. [BoHa08, Section 2.4]) so that (I) holds. A

direct computation shows that

ih 1P, Al = 4P — 4uWy — 4vWy — 2ua W} — 2va Wy
so that, for u and v sufficiently small, we get the Mourre estimate (M) (uniform in u, v)
1;(P)[P,iA]1;(P) > ahl[(P).

Since V € B(2(P), L?) it is clear that V € L (P,). Moreover, assumption (C) is fulfilled for
f(B) == (Vz — B)?.

It remains to show that assumption (A) is satisfied for B = hV. Observe that this abstract
assumption is particularly well adapted to semiclassical pseudodifferential calculus framework,
especially the commutator estimate which provides the supplementary term h. In [Ha0l], it is
shown that A € U1 (A is the operator ¢y in [Ha01], see above Lemma 3.3). We will use it to
show the following result:
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1.4 Estimates for the cut-off inverse of the quadratic pencil

Lemma 1.4.5. Let o € [0,1]. Then' V € B(2({A)?)) and [V, x(Py)] € hB(2({A)?)).
Proof. Let Q :=[0,1] +iR and let z € Q. On 2({A)?) x 2({A)?), we define the sesquilinear form
Q:(p,¥) = (V(A) 0, (A)%9) Vo, 9 € 2((A)?).
By functional calculus, Q. is well-defined and analytic in z € Q. When z € {0} +iR, |(1+)2)*/2| =
1 for all A € R so that functional calculus first applied to (A)2* and then to (A)~2* gives
Q=(0, %) < V(A ", )]
= {(A) "¢, V)|
< {0, Vi)
<AVl oo el 2 190112

When z = 1, pseudodifferential calculus shows that (A)2V (A)~2 € U0 5o that for all z € {1}+iR
(using again functional calculus for (A)®219%)

)

1Q:(0,9)| < [(AV{A)2(A) %0, )|
< HAPVEA) 2N a2 16 220 19
< (A VA o, o el 2 1]

By the maximum principle, there exists a constant C' > 0 such that (), is bounded by C for all
0 < %z < 1. In particular, we can extend Q,/2 on L? x 2({A)?) as a bounded sesquilinear form
and for o € [0,1] and ¢ € L?, we have

Qoy2(0, ) < Cllgll o 191l -
This means that the map 2((A4)7) 3 ¢ — (V(A) 7, (A)?¢) is continuous. By definition of the
adjoint operator and because (A)7 is self-adjoint, this implies that V(A4)"7¢p € 2((A)?) for all
@ € L2
Consider now the sesquilinear form

Q:(p,¥) = ([Vix(B)l(A) 0, (A)%0) Vo, 0 € Z((A)?).

By semiclassical pseudodifferential calculus, we have (see e.g. (4.4.19) in [?])

VX(B)] = V(@) (€ + uWola) + v W (@)} + H0
— B 00— + h3\:[l—oo,0

because V(z) € W00, V/(z) € 9= and x(P,) € ¥~0. Despite the fact that the error term
above looks less regular than the main term, it is in fact more regular as it can be shown using
expansion (4.4.15) in [?] (but we will not need such a regularity). Now we can proceed as above
with (), and V to conclude. O

Now that all assumptions in appendix 1.6.3 have been checked, we can use Theorem 1.6.3 as
well as the fact that ||(z)77(A)7|| <1 for all ¢ < 1! for o € ]1/2,1] and h small enough, we
have uniformly in p, v

sup ||{z) =B (VR )My s||<x>°'<A>f’H(sup (A (VA 5) " (A) )H<A>U<x>ffush1.
AeJT AEJT

H'We show it using the sesquilinear form (¢, ) — ((x) 77 (A)7p,v) first well-defined on 2(A?) x Z(A?) because
()72 € %72 and then extended to L? x L? by maximum principle.
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Estimates below the real axis. Next, we can use the work of Martinez [Ma02] to get a
bound under the real line. Indeed, Section 4 of the last reference applies in our setting because
pr(v/A, s) is a differential operator (so that Proposition 3.1 and Corollary 3.2 of [Ma02] apply)
and because (A — hsV (x))? € [\ — §, A + 8] +i[chIn h, 0] for all X in the zone IV and all z € R if
s is small enough (so that the estimate (4.6) in [Ma02] still holds). It follows that equation (4.13)
holds with ﬁh(ﬁ, s) instead of Py — p'?. In our setting, this reads

IxPr(VX, 8) ™" x| < CR™ (1.40)

for some C > 0.
To get (1.37), we reproduce the argument at the end of the proof of [BoHa08, Lemma 2.4].
Choose f holomorphic satisfying the following conditions:
|fl <1 for A € [a/2,2b] +i[chlnh,0],
|fl>1  for A € [a,b] +i[chlnh,0],
|f| < hC  for X € [a/2,2b] \ [2a/3,3b/2] +i[chInh, (]

where C' > 0 is the constant in (1.40). Since f is holomorphic, the function

. . C
9 =[x (VA 8) Xl I F)] + S

is subharmonic. We can check that g(\) < In(h™!) on the boundary of [a/2,2b] + i[chIn h,0]. By
the maximum principle, this estimate holds for all A € [a/2,2b] 4 i[chIn h, 0], whence

Ixn (VA 8) x|

The desired estimate (1.37) then follows.

—1_ 513
L2512 S h™ een :

1.5 Proof of the main theorem

We prove in this Section Theorem 1.3.2. The resonance expansion (1.28) follows from the theory
of resonances as presented in [BoHa08, Section 3|, and we can follow the proof of this paper. We
only have to adapt [BoHa08, Proposition 3.1| to get an estimate for the resolvent R, ¢(z):

Proposition 1.5.1. Let £ € N and let x € C (R,R). There exists X € CZ° (R,R) satisfying
XX = x such that for all = € C\ Res(p), the cut-off resolvent x (K¢ — 2)~tx is a bounded operator
on & and satisfies uniformly in ¢

1Rl e, S %P2 8) R o

Proof. Since the norms .||, and |]ng are locally equivalent thanks to the Hardy type estimate

-l » < ||P£1/2.HL2 uniformly in £ (¢f. [GGHI7, Lemma 9.5]), we can work on (&, ||.||,). For

L2 ~
(ug,u1) € &, we have

A up\ _ xpe(z,8) " x((z = sV )uo + u1)
Fxe(2) <u1> - <X(1 + (2 = sV)pe(z,8) "1z — sV))xuo + (2 — sV)xpe(z, s)lxu1> (1.41)

12We can in fact insert any pseudodifferential operator here provided that hypotheses of Section 2 in [Ma02] are
verified.
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and since it holds

Iz = sV)xpe(z, )" xuall < (L4 IV o) (2 IxPe(2, 8) 7o ol

the E-norm of (1.41) can be bounded if we show the following estimates:

1/2 — ~ —1~ 1/2
1P *xpelz, )™ x (2 = sV ol < Cal#)Ixpe(z,8) 7Koo 1P P00 (1.42a)
1/2 — ~ —1~
HPZ/ ng(Z,S) lxul”L2 < Cb<Z>||ng(Z,S) 1XHL2_>L2HU1||L27 (1'42b)

_ - 1 1/2
(1 + (2 = 5V)pu(z,5) (= — sV )xuoll o < Cole) 1oz 9) Koo 1P 2ol (1.420)
We use complex interpolation.
Estimate (1.42a). Let us define
Aa(0) = <z)729Pfxpg(z,s)7le[6.

By functional calculus, A, is analytic from [0, 1] + iR to £(L?, L?) because P, > 0 and (z) > 0.
We want to show that

”Aa(1/2)uHL2 < CallXpe(2, 8)_1>2”L2%L2 HUHL2 Vu € L?

for some C, > 0. By the maximum principle, it is sufficient to bound A, (0) for § € {0,1} + iR,
and since Py is self-adjoint, it is sufficient by functional calculus to restrict ourselves to 36 = 0.
If 6 = 0, there is nothing to do. Now for § = 1, we put u = (z — sV)up and try to show that

|1 Poxpe(z,8) " xull 50 < Cal2)Xpe(z,8) 7 X oo | Peull - (1.43)
Write
Prxpe(z,8) 7 x = [Po, xpe(2, 8) " x + X Pepe(z,8) " x - (1.44)
;:4 =:B

We first deal with A. Pick z € p(K;) N CT so that py(zp,s)~" exists (¢f. (1.16)). Then

[Po, x|pe(z,8) ™" = pe(z0,8) " [pe(20, 8), [Po, X] | pe(z,8) ™" + pelz0,8) " [Po, x| pe(20, 8)pe(z, 8) 7

with

[Pr,x] = —x0x — X/,
[pe(20, 8), [Po, x]] = 2X'02 + (X' + X") 05 + 220sV'x — 25*VV'x.

By pseudodifferential calculus, we get:

pf(ZOWS)il € \1172707 [PZ)X} S \Ill,iooa [pé('anS)? |:P€7X]] € \1127700‘
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On the other hand, we have
pe(20, $)pe(2, s)_l = (pg(z, s) + (22 — 28) —2(z— zo)sV))pg(z, s)”
=14 pe(z,8) (2% — 22) — 2(2 — 20)sVpe(z,5)
= pe(z,8) NP — (22 — 225V + s°V?)) — 2(2 — 20)sVpe(z,s) L. (1.45)

1

Using the identity
xpe(z,8) " Pox = xpe(z,8) " [Po, x] + xpe(z,8) " x P
and the uniform bound in £
Il e S Ixaull,z + lxeu”|l Xj € C°(R,R), Supp x; = Suppx, (1.46)
we obtain from (1.44)
2 = ~a XPe(2, _1>ZHL2%L2HUHL2 (1'47>
[Aull,, < Cal2)l[xpe(z, 5)

where the constant C, only depends on zo, s, V, V', x, X', X", x1 and xa.
We now turn to B. Using again (1.45), we see that

IxXPepe(z,5) " xull , < Ixpe(z0, 8)pe(2,8) " xull
+ [|x (28 = 2208V + s*V?)py(2, 3)_1xu\|L2
< lIxpe(z, 8) ™ (Pe = (25 — 228V + s2V2))xull ., +2(|2] + [20]) [[IV ]| o [IxPe (2, )~ xull
+ (20 + 20| [s[[1V ]| oo + %IV I170) P2, 8) "l
< |Ixpe(z,5) " Poxvl| .,
+ 2(]z0] + 2[s[[V [l oo )" (2 IxPe(z 8) Xl oo -

u

=:Ca

Commuting P; with x and using (1.46), we get (1.43) with C, = max {C’a, 14+ C:’a}

Estimate (1.42b). Let us define
An(0) = (2) " P xpe(z,5) "' x 00,1 +iR.

Ay, is analytic from [0, 1] +iR to £(L?, L?). As the above estimate, it is sufficient to show a bound
on Ap(1), the imaginary part of 6 playing no role and the case § = 0 being trivial. We get (1.42D)
if we show that

1Pexpe(z, )~ xul o < Co(2)?[|xpe(z, 9) 7 X o llull . Ve € L2 (1.48)
for some Cp, > 0. Using the identity (1.44) and the estimate (1.47), we obtain
| Pexpe(z, S)_lquﬂﬁLz < éa<z>“)2p€(z73>_1)~(HL2%L2HUHL2 + |’Xpﬁ(z73)_1P€XUHL2

but this time we ask for the L? norm of u. Hence, we use that
pe(z,8) 1Py =1+ pe(z,8) 1 (z — sV)?

which yields (1.48) with Ct, = max {Ca, 2{s|| V|| >2}
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Estimate (1.42c). Let us define
Ac(0) == ()20 Dx(1 4 (2 — (sV)* " D)py(2, 8) 7 (= — 2271 sV))x P 0.
Once again, A, is analytic from [0,1] + iR to £(L?, L?) and (dropping the imaginary part)
1A 2y < @+ IV o) IxPe(2, ) o -
We then get a bound on A.(1): we prove
(1 + 21z, 5) (2 = 28Vl o < Cell¥pe(,8) Ko P, Vue L2

We have
IX(1+ pe(z,8) " 2(2 = 28V))xull , < MIx(1+pe(z,8) 7 (2 = sV)2x)ull o + [xpe(z,8) 7 sV il ,
and
X(L+pe(z,8) 7 (z = sV)?)x = xpe(2,8) ™ Pex.
Commuting P; with x and using (1.46) gives us
Ixpe(z,8) " 2(z = 25V)xoll 5 < Cellxpelz,9) 7 Kl o o (PO
with Ce = max {(1+ [s[[V] o), X[l oo X1 e + (X2l oc }- i

The proof is now the same as in [BoHa08, Section 3.2]. For v > 0 fixed and for £ € N, we define
L2(R, &r) as the class of functions ¢ — v (¢) with values in & such that ¢ — e Vtu(t) € L2(R, &).
For u € &y, the componentwise defined function

e_itf(‘-’u fort >0
v(t) =

0 fort <0

is in L2(R, &) if v is sufficiently large and thus

+oo
3(2) = / =ty (1)t (1.49)
0
is well-defined as soon as &z > v. For all ¢ > 0, we have the inversion formula
1 +oo+iv .
v(t) = / e_mﬁ(z)dz (1.50)
2m —oo+iv

that is

4 1 +oo+iv i .
e—ltKgu = / e_wt(Kg _ Z)—ludz
2mi —oo-+iv

in the L2(R, &) sense. We then use the following result:
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Lemma 1.5.2 (Lemma 3.2 in [BoHa08]). Let N € N, x € C°(R,R) and define for all j € N

the spaces &’ = (R’g — i)ng. Then for all k € {0,...,N}, there exist bounded operators
Bj e E(S[k,g[k_]) and B € E(Se_k,ggk_N_l) such that

A N Bj BRg(2)x
Rx,g(z) = (Z — i(l/ + 1))j+1 + (Z — i(l/ + 1))N+1

J=0

for some x € C°(R,R) satisfying Xx = X-

Now define
- N B
Ry o(2) == Ry 0(2) — R (1.51)
with B; € E(Sg,g[j) as in Lemma 1.5.2; we thus have'”
N Y = O (1.52)
We can show that
+oo+iv B.
L —dz= 1.
[ T e 159

for all j € N using a contour deformation (integrate first along the square with apexes +Cy + iv,
+Cp — ip and let p — —oo then Cy — +00). We thus obtain

—itK, 1 ooty —izt 5
xe Xu =5 Ry (2)udz (1.54)
—oo+iv

and the integral absolutely converges in E(Sg,fj[?). We then integrate e_ith%X?gu over the

iR
e

K| —R¢ R( K
; : —— R
| I :

Us: Ta.o” iyl T2 Ty

Figure 1.4: The contour used for the derivation of the resonance expansion.

_ '“The purpose of Lemma 1.5.2 is to provide us with integrability in z at the prize of using the weaker spaces
g, 2. The task then consists in showing that all the terms in g, 2 vanish after deformation of contours and the
remaining terms are in &y.
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1.5 Proof of the main theorem

(positively oriented) contour described in Figure 1.4 defined for K, u > 0. Setting

1 o
Iji=— | e 'R, (2)udz,

2mi Jr,
one obtains by the residue theorem:
1 K+ miz)
o e R y(z)udz = Z e_lzfttkﬂz.‘ku%— Z I;. (1.55)
2mi gy A — ’ .
zjERes(py) k=0 1<5<5
Szj>—p

Using the estimate (1.37) in the Zone IV as well as Proposition 1.5.1 and (1.52) above, we compute
for t large enough:

K+iv oA
Il [ e ROl )
¢ K—iln(K) ¢

< Jlull, /1 ey

vt
_9€

< (1)

~

.,

We let K — +o0o: the integrals I3 and I5 then vanish. We still denote by I and I the integrals
over I'y and T'y which now go to infinity. As for (1.53), we can show that

fonsi
I,ulr Uy (Z - I(V + 1))]+1

dz = 0. (1.56)

Now, using (1.35) for I; and (1.37) for Iy and Iy, we get for ¢ large enough:
Re .
< —H —j
1l S [ e Rl =il dr
Re
Seul,, [ o)
tJ—Rre
S e MO Ju],

efi(R£+/\fi(u+ln<>\>))tfgx’e(RE + A =i+ In())ul|  dX

+oo
I, < |
0 £,

+oo
S/ ef,utHqu / o~ ln()\>t+C(1n(/\>+,u)d)\
“Jo

< el

All these estimates hold in &, hence we have established part (i) of Theorem 1.3.2 with N =
(C+1)/2.
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Let us turn to part (ii). For p < g9 with g¢ as in part 2. of Theorem 1.2.8, we know that
there is no resonance in formula 1.55. If £ < e for some £’ > 0, then

(C+1)e’—p)t
In,, <e .
Otherwise, if £ > e°'t, then the exponential decay of the local energy as well as the hypotheses on
g imply together:

_ g(e+1))

—itK
' ZXUHE»Z S1s W

[ xe

It remains to take & small enough and ¢ := min{2¢’, u — (C' + 1)’} to conclude the proof.

1.6 Appendix

1.6.1 Analytic extension of the coordinate r

In this Appendix, we prove Proposition 1.1.1 which is analogous to [BaMo93, Proposition IV.2].
Let r € |r_,r+[. By equation (1.5), we have

A
exp (— 3Air:2tx) = H

aecl

Aq ’I‘CQX

A:ETQ:{:

T —Tqo

T —Tq

Call the left-hand side z and the right-hand side g+ (r). Observe that g+ (r+) = 0. Since r — z(r)
is increasing and analytic, we can apply the Lagrange’s inversion theorem (see for example [De81],
paragraph 2.2 and references therein) to write

IR0 g1 /= T4 ¢
R o 1 ( ) | (157
; o drtt \ ge(r) )

r=r4
Let us introduce Kronecker’s symbol
s . J1 tta==
**7 10 otherwise
and the notation
Ayr?
Bigi=—5 — 0o+
+,« Aﬂ“i a,+
Observe that B_ _ = By | = 0. We then have
At e —re\f (B, 4! (B,
4T (gm)) SR Sl = W U SR
ael\{£} acl\{£}
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We now fix + = 4 (the conclusion will not be changed if we choose + = —). Then
df—k’l

dﬁ—l - .
W ( H (T_Ta) £B+’a) = Z Cé,lﬂ,kg <dr£k1(’r‘ —rn) €B+,n) %

acl\{+} 0<ko<k1<f

dF1—Fke2 B gk2 B
x (dr’fl—’w(r —7c) ZB”) <dr’€2 (r—r_) £B+v>

14 k
con()(2)

where

Direct computation shows that

dP
Frl U ra) Pt = (“1)P(€By o) ((By o+ 1) ... ((B1 o +p —1)(r — ) Fre?.
If we let
K= J[ G-ra)®, By = max {|Byal},
el {4} acl\{+}

then it follows that

dé-t <r — r+>£ y Z '

T =K Coey ko (—1)"%
/—1 yR1,R2

dr g+(r) 0<ka<h1 <l

X (UByn)((Bym +1) ... (EByp + (€ — ky) — 1)(r — 1) " Brm (k1)
X (€B4,e)({Bye+1)...(0By o+ (k1 — ko) — 1)(r — 1)~ Premki=ha)
X ({By Y(UBy _ +1)...((By_ + kg — 1)(1r — ry) " Br-—k2

)

and thus

et r—rg ¢
drt=t \ g4(r)

<KUYBL+0 [ I e —ra) P | x
acI\{+}

% Z Clpy ko (T4 = rn) "R (ry — ) TR TRR) ()R
0<kg<k1<t

L L

= KBy + 1) H (ry —ra) Bre Z (ry —ra) "
ael\{+} ael\{+}

¢
= (K(B+ +1) H (ry —rq) Bre Z (ry — ra)l) s

a€l\{+} ael\{+}
= K%,
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Therefore, the convergence of the original series is absolute for z € C if

(’Z\UN()E < ¢—(1+e)

¢!

for any ¢ > 0. Using Stirling approximation ¢! ~ v/2w¢+1/2 for large values of ¢, we see that it is
sufficient to have

e—(1/2+5) Int/¢

K|z| < — <L
v 2T
This condition is fulfilled if
34,12 -
Rr > 0K

1.6.2 Localization of high frequency resonances

We provide in this Appendix an asymptotic approximation of resonances near the maximal energy
Wo(0) = maxzer{Wo(z)} as h — 0. This a generalization of the main Theorem in [SaZw97] to
the case @ # 0. More precisely, we show that the resonances associated to the meromorphic
extension of p(z,s)~! are close to the ones associated with the extension of (P — 22)~!, provided
that @ is sufficiently small. This is a direct consequence of the fact that the extra term hsV in
the semiclassical quadratic pencil is O(hs).

As in the paragraph 1.4.2, we set h := (£(£ 4+ 1))~*/? with £ > 0 and consider z € [¢/R, R{] +
i[—Cp, Co]. We then define the spectral parameter A := h2z2 and also P, the semiclassical

_ 8Q?
9M?

3M

operator associated to P. Recall also that v = =5~ (1 +4/1 ) is the radius of the photon

sphere and Wy (0) = F(t)/t? with our definition of the Regge-Wheeler coordinate x (see (1.5)).

Theorem 1.6.1. Let
To(h) i= {WO(O) +h (2\/W(0)3V(0) i W (0)/2 (k + ;)) ke N} .

For all Co > 0 such that 9D(Wy(0), Coh) NTo(h) = 0, there is a bijection b = b(h) from T'g(h)
onto the set of resonances of P in D(Wy(0), Coh) (counted with their natural multiplicity) such
that

b(h) () — = op—o(h) uniformly for u € T'og(h).

Proof. This is a direct application of the results of S4 Barreto-Zworski [SaZw97| which are based
on the work of Sjostrand [Sj87] (see Theorem 0.1), the latter dealing with resonances generated
by non-degenerate critical points when the trapping set is reduced to a single point (the difference
for us is Wy(0) # 0).

We recall that in the zone III the symbol of the semiclassical quadratic pencil is the function
(z,8) = & 4+ Wo(x) + h2Wy(x) — (VX — hsV (2))? =: p(x, &) — . We also recall the hypothesis
in [Sj87] for the case of a Schrédinger operator of the form (0.1) in the reference:

e The trapping set is reduced to the point {(0,0)} ((0.3) in [Sj87]),
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e 0 is a non-degenerate critical point ((0.4) in [Sj87], which implies in the Schrodinger case
the more general assumptions (0.7) and (0.9) in the reference).

Although the symbol p depends on A, its principal part py and subprincipal part p_; do not:
indeed, for A € D (Wy(0), Coh) with Cy > 0, we can write when h < 1

p(x, &) = € 4+ Wo(x) +h 2¢/Wy(0)sV () + lower order terms in h.
po(x,€) p—1(,€)

This is enough to apply [Sj87], Theorem 0.1: using formula (0.14) in the reference, we get the

result for the set
. 1
{po(0,0) +h <p1(0,0) +i7h/WE(0)/2 <k + 2)) | k€ N}

which is I'g(h). O

Approximation of high frequency resonances I'g(h) 3 22 = A/h? is obtained as in [SaZw97],
by taking the square root of any element of I'g(h) and using Taylor expansion for 0 < h < 1
(corresponding to ¢ > 0) as well as symmetry with respect to the imaginary axis (for the choice
of the sign of the square root). In our setting, we obtain the set I" of Theorem 1.3.1.

Remark 1.6.2. 1. Let I'pgg be the set of pseudo-poles in the De Sitter-Schwarzschild case
(see the Theorem at the end of [SaZw97]). Then I'pgs is the limit of I' as Q — 0 in the
sense of the sets, i.e. for all z € ', there exists zg € I'pgg such that z — zy as Q — 0.

2. The pseudo-poles in the charged case are shifted with respect to the uncharged case. If
the charges of the Klein-Gordon field and the black hole have the same sign (that is if
q@Q > 0), then all the pseudo-poles go to infinity with a real part which never vanishes.
However, if the charges have opposite sign (qQ < 0), then all the pseudo-poles real part
cancels precisely when q@Q = —(k +1/2)\/F(¢), k € N\ {0}, before going to infinity. Notice
that no pseudo-pole goes to CT as |s| — +oo.

3. We can provide a physical interpretation of the set of pseudo-poles. First observe that
VF(v)/v is nothing but the inverse of the impact parameter b = |E/L| of trapped null
geodesics with energy E and angular momentum L. Theorem 1.5.1 shows that resonances
near the real line in the zone III are qQ-dependent multiples of this quantity: they thus
correspond to impact parameters of trapped photons with high energy and angular momentum.

4. Observe that in Newtonian mechanics, the electromagnetism and gravitation do not interact
with chargeless and massless photons. As a consequence, photons are not deviated and only
ones with impact parameter |b| < r_ can “fall“ in the black hole. Hence, high frequency
resonances in zone III are expected to be multiple of r=t. Asr_ — 0, all resonances go to
ifinity: the trajectory are now classical straight lines as there is no obstacle anymore.

1.6.3 Abstract Semiclassical Limiting Absorption Principle for a class of Gen-
eralized Resolvents

We show in this Appendix an abstract semiclassical limiting absorption principle for perturbed
resolvents.
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/(/
/
/

Figure 1.5: On the left: a relativistic trapped null geodesic. On the right:
classical null geodesic trajectories.

Abstract setting. Let (H,(-,-)) be a Hilbert space, J := [a,b] C R, JF :={w e CT [ Rw €
J, Sw < p} for some p > 0 fixed and hg > 0. The norm associated to (-,-) will be denoted by
| - ||. We consider families of self-adjoint operators P = P(h) and A = A(h) acting on H for
0 < h < hy. We set

L3S.(P) :={A:H — H linear | Vx € CP(R,R), Yu € Z(P), ||[x(P)Aul| < +oc}

and |.|[, will be the operator norm on B(Z(P),H). We also define the local version of the
operator P:

P.:=7(P)P vr € C°(R,R).

Let then f: C x LgS.(P) — Ly .(P) satisfying the following continuity type relation near 0

loc
there exist 6, , : Ry — R satisfying 6, ,(r) = 0asr — 0and ¢, : L5 (P) — L5,
for all (2, A) € JF x L3S .(P) with [|A], small,

L ()

(P) such ct)hat,

f(z,4) =240, ,([Allp) e, (A) (©)
We make the following assumptions:
(P — f(z,hA))™! exists for all z € JJ and A € Ly (P) if h < hg (1)
P e C%(A) (P)
1;(P)[P,iA]1;(P) > ch1;(P)  for some c¢>0and J €I :=]a,f[CR (M)
adl p(e,,(A) € B*B(Z(A))  forall k € {0,1}, x € C°(R,R) and || 4], < ¢ for ¢ > 0.
(A)

Recall that P € C? (A) means for all z € C\ ¢(P) that the map
R 3t (P — z)" e itA

is C? for the strong topology of L?. Recall also that for all linear operators Li, Lo acting on H,
ad} (L2) := Ly and ad]z'fl(Lg) = [Lq, adl}il(Lg)]. Our goal is to show the following result:
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Theorem 1.6.3. Assume hypotheses (C), (I), (P), (M) and (A). Then for all o0 > 1/2,

sup [[(A)~(P — f(z,hB)) A 7| S h ™ (1.58)

zEJ,'f

In the sequel, we will write R(z, hB) := (P — f(z,hB))~! and call it the generalized resolvent
(of P). Also, since J and p are now fixed, we will simply write J, 6 and ¢ instead of J,, d, , and

EJ,M'

Preliminary results. The purpose of this paragraph is to show preliminary results used to
prove Theorem 1.6.3. We first prove an adapted version of [Ge08, Lemma 2.1| to our situation.

Lemma 1.6.4. Let 0 < 0 < 1, 2 € Jt and let x € C® (R,R). If h is small enough, then
R(z,hB) and x(P) are bounded on Z({A)?).

Proof. The result is true for (P — z)~! and x(P) by [Ge08, Lemma 2.1]. Let us show that
R(z,hB)Z((A)7) € Z((A)7):

(A7 Rz, hB)(A) 7| < [[{A)7 (P = 2) ™A 71l + [[(A)7 (R(2, hB) = (P = 2) 7 )(A) ||
S 1+[(A)TR(2,hB) (2 — f(2,hB))(P — 2)"H{(A) |
and (using that e(hB) € B(Z(A)) by Assumption (A) for k = 0)
I(A)7 R(2, hB)(z = f(2,hB))(P — 2) " {A) 7|
< KA R(z, hB)(A) 7N II(A)7 (= = £ (2, hB)(A) I (A7 (P = 2)"H{A) 7|
S O(RIBI) (A e(hB) (A ([[[(A) RB(z, hB){A)~"|.
We then use the uniformity in assumption (A) for £ = 0 to write for h very small

(Al Bl p)I{A)7e(hB)(A) 7 [I[I(A) R(z, hB){A) 7| < %I|<A>(’R(z,h3)<v4>_”||-

The proof is complete. O

Corollary 1.6.5. Let 0 < o0 <1, z € Jt and 7,x € C (R,[0,1]) such that x =1 on I and
X = X. If h is small enough, then (Pr — f(z,hB))x(P), (P; — f(z,hB))x(P)(P +i)~! and
(P — f(2,hB))(P +1i)~! preserve 2({A)7).

Proof. We have

(A7 (Pr = f(z,hB))x(P)(A) ™7 = (A)7(Pr — 2)x(P)(A)™°
+ (A)7(z = (2, hB))(A) 7 (A X(P)(A)~7
which is bounded by assumption (A) for k = 0, Lemma 1.6.4 and the fact that Prx(P) = ¢(P)

with ¢ € C(R,R) by functional calculus. Next, [Ge08, Lemma 2.1] implies that (P +i)~*
preserves Z(A), so we can write

(A7 (Pr = f(2,hB))x(P)(P +1)~HA) ™7 = (A)7(Pr — f(2,hB))x(P)(A) "7 (A)7 (P +1) 7 (4) ™7
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which is clearly bounded thanks to the above computation. Finally,
(A (P — f(z,hB))(P +i) " (A) " = (A)7(P+i—i—z+2z— f(z,hB))(P +i) " (A)~7
=1—(i42)(A)7(P+i)"(A)°
+(A)7(z = f(2,hB))(A) "7 (A)7 (P +1)" 1 (A) 77
and we again use |Ge08, Lemma 2.1| and assumption (A) for k£ = 0. O
The next result is an adaptation of [Ge08, Lemma 3.1] to our setting.

Lemma 1.6.6. Let 0 < 0 <1 and let 7,x € C* (R,[0,1]) such that x =1 on I and Tx = X.
Consider the following three statements:

(1) sup I(A) ™7 R(2, hB)(A)~7|| S h™Y
(ii) For all z € J* and all u € (P +1)" 2((A)?),
A7l S h7HIP = F(z, hB))ull + B H[{A)T (P = f(z,hB))x(P)ull;
(iii) For all z € J* and all u € D((A)?),
1A~ x(Pull S B7HI(A)(Pr = £ (2, hB))x(P)ul.
If h is sufficiently small, then (iii) implies (ii) and (i) implies (i).

Proof. First of all, observe that (i) makes sense by Lemma (1.6.4), and (i4), (7i7) make sense by
Corollary 1.6.5 and because Px(P) = P.x(P).

e We show that (i¢) implies (7). Let uw € H and let v := R(z,hB)(A) %u. Then
w:=u— (A)(f(z,hB) —1)R(z,hB){A)"u € H.

This makes sense if h is small enough because R(z, hB) preserves Z({.A)?) by Lemma 1.6.4
and because

(A)?(f(z,hB) = 1){A)"7 = (A)?(f(2,hB) = 2)(A) "7 + (2 =)
is bounded by assumption (A) for k = 0. Next, using the resolvent identity (P +1i)~! —
R(z,hB) = (P +1i)"Y(f(2,hB) —i)R(2, hB), we see that
(P+1)"YA)w= ((P+i)"" = (P+1)"'(f(2,hB) — 1) R(z,hB)){A)"u
= R(z,hB)(A) u
so that v € (P +1)712((A)?). Hence, applying (ii) to v yields
[(A) =7 R(z, hB)(A)~ul| = [[(A)~v]|
S HHA) ™ ull + (A (P — f(2, hB)X(P)R(z, hB){A) "
S A ull + A (AP — f(z,hB), x(P)|R(z, hB)(A)~"ul|
+ A (AT X(P) (A) ™ ull.
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By assumption (A) for k = 1 and Lemma 1.6.4, we have

AP = f(z,hB), x(P)|R(z, hB){A)"ul
= [{A)7[z = f(z, hB), x(P)|R(z, hB){A)"ul|

< S(hIBI[p)II(AY [e(hB), x(P)I(A)[[[(A)” B(z, hB)(A)~ull
S ho(hl[Bllp)-

Therefore, (i) follows from (i7) if h is small enough.

e We show that (iii) implies (i7). Let ¥ :=1 — y and let u € (P +1i)712 ((A)7). We write

AT ull < [ICA) ™ x(P)ull + [I[(A) 7 x(P)ull (1.59)

and (i77) implies that

A7 x(P)ull £ h=H (A (P — f(z, hB))x(P)ul

because 7 = 1 on Supp x. In order to control the term involving x(P) in (1.59), we write
X = Y_+¢4 with ¢y € C* (R, [0, 1]) such that Supp ¢ C |—00, a] and Supp ¥4 C [, +00].
We also pick p € C°(R,R) such that py_ = ¢_. Since B € L3 (P), we have for any

v e PP)

§R<w (P)*(f(z,hB) — P v,v>

R(Y_(P)2z0,0) + R(p_(P5(h]| B, )e(hB)v, v) — R(v_(P)2Pu,v)

> al— (PYol]® = (1Bl lIo(P)e(hB) |, - (P> — allv_(P)]
> c_[lw—(P)olp (1.60)

where c_ > 0 if h is sufficiently small. Using Cauchy-Schwarz inequality, we get [|¢—(P)(P —
f(z,hB))v| > c_|[v—(P)v]|| and thus |[v_(P)R(z, hB)v| < ||¢—(P)v]||. Similarly, one can
show ||¢4+(P)R(z, hB)v|| < ||1+(P)v]|. These inequalities and ¥ = (¢— +14)% = 2 + 9%

then imply

IX(P)R(z, hB)v[| < [IX(P)o

which in turn implies for u € Z(P)

AT X(P)ull S IX(P)ull
= [IX(P)R(z, hB)(P — f(z,hB))ul|
S IX(P)(P = f(z, hB))ull
S (P = f(z,hB))ull
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Proof of Theorem 1.6.3. We show that the regularity () and the Mourre estimate (M) are
enough to establish (1.58). As pointed out at the beginning of [Ge08], the key point is the following

energy estimate: for any self-adjoint operators H acting on H, u € 2 (H), 7 € C (R, [0, 1]) and
P; := 7(P)P, we have

23(Hu, (P; — f(z,hB))u) = (u, [Py, iH]u) — 23(u, f(z, hB)Hu) (1.61)

where the commutator must be understood as a quadratic form on Z(H).
We follow the proof of [Ge08, Theorem 1]. Let 7, x € C° (R, [0, 1]) such that x =1 on I and
7x = x and let

+oo
F(€)=— /€ GRS

with g € C* (R, [0, 1]) satisfying g (§) =0 for £ > 2 and g () =1 for { < 1. By Lemma 1.6.6, it
is sufficient to prove the following estimate: for any z € J* and u € 2((A)?),

A" x(P)ull S h™HICAY (Pr = f(z, hB))x(P)ull.

As P € C%(A), P and A are self-adjoint and satisfy the Mourre estimate (M) on I, we can apply
the estimate (3.30) in the proof of [Ge08, Theorem 1]:

X(P)[Pr,iF (A)]X(P) Z hx(P){A) "> x(P). (1.62)
Now we apply the identity (1.61) with H = F(A): for all u € 2(A),
23(F(A)u, (Pr — f(z,hB))u) = (u, [Pr,iF (A)]u) + 23( f(z, hB)u, F(A)u).
Since F < 0 is bounded and 3z > 0, we can write for all A sufficiently small

23(F(A)u, (Pr — f(z,hB))u)
= (u, [Pr,iF(A)]u) — 2(S32){u, F(A)u) — 26(h||B||,)S{u,e(hB)F(A)u)
> (u, [Pr, iF(A)u) — 20(A|| Bl ,) e (hB)ull| F (A)ul

where we used that that e(hB) € B(Z(.A)) by Assumption (A). It thus follows
23(F(A)u, (Pr — f(z,hB))u) > (u, [Pr,iF(A)]u). (1.63)
Plugging the estimate (1.62) into inequality (1.63) and putting x(P)u instead of u yield

1A~ x(P)ul)* = <u X(P)(A) "2 x(P)u >
< X(P)[ TvlF U>
h [(F(A)x(P)u 7(PT—f(z,hB))X(p)u>|,

Using again the boundedness of F', we get

A" x(P)ul® S A KA~ X (Pullll{A) (Pr = f(z, hB))x(P)ull

which establishes the point (iii) and thus the point (i) in Lemma 1.6.6.

I/\ Z/\
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Chapter

Scattering Theory for the Charged
Klein-Gordon Equation in the Exterior De
Sitter-Reissner-Nordstrom Spacetime

This chapter deals with scattering results associated to the charged Klein-Gordon equation
(4.37). The mass term mF(r) vanishes at the horizons but not the electrostatic potential
sV (r) — srj_E1 # 0. This means that the comparison dynamics have to contain the charge term
too. It turns out that scattering can not be interpreted as a transport along principal null
geodesics as it can be in the (De Sitter-)Kerr spacetime, as the metric is independent of the
charge of the field. This is just a consequence of the fact that the Klein-Gordon field does not
appear in Einstein equation that yields the DSRN spacetime (M, g).

This motivates us to use an extended spacetime which encodes the charge and the mass of
the field. There are a priori many ways to proceed. The one we choose, yet very simple, leads to
a rich extension of the original manifold in which all the information carried on by the scalar
field is caught. The extended spacetime, which is nothing but a Kaluza-Klein extension of the
original one, verifies a non-trivial Einstein equation in 1 4 4 dimension and provides a natural
interpretation of the asymptotic completeness. We stress out here that this interpretation is false
in the original spacetime as the principal null geodesics used in the extension do not exist there.

Plan of the chapter. Chapter 2 is organized as follows. In Section 2.1, we construct and
present some important properties of the Kaluza-Klein extension of the DSRN spacetime. In
Section 2.2, we build the Killing horizons with the principal null geodesics as well as the conformal
boundary at infinity of the extension. Section 2.3 is devoted to the statement of the analytic
scattering results whose proofs are given in Section 2.4. Finally, in Section 2.5, we interpret the
wave operators as transports along the principal null geodesics. Asymptotic completeness is used
to define traces on the horizons and solve an abstract Goursat problem.
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2.1 The extended spacetime

2.1 The extended spacetime

This Section introduces the basic notions and objects used throughout this chapter. Subsection
2.1.1 presents the neutralization procedure which extends the original spacetime using the charged
Klein-Gordon operator. We next show in Subsection 2.1.2 how the neutralization affects Einstein-
Maxwell equations. We then deduce in Subsection 2.1.3 a dominant energy condition that fulfill
the energy-momentum tensor associated to (M, g) under some assumption on the cosmological
constant A.

2.1.1 The neutralization procedure

In this chapter, we will use a slightly different definition of the horizon function: we let

oM Q% Ar?
o 22 3
with M > 0 the mass of the black hole, @ € R\ {0} its electric charge and A > 0 the cosmological
constant. We then assume (1.1) with Q?/2 instead of Q? (so that now A = 9M? — 4Q?) which
ensures that F' has four distinct zeros —oo < 1, < 0 < 1. < r_ <1y < 400 and is positive for all

r € Jr_,ry[. We also assume that 9AM? < 1. With these conventions, (g, A = (Q/r)dt) solves
the Einstein-Maxwell field equation

F(r)y:=1

) 1 s 1 o
Rlcul/ - ERQ/U/ - Ag,ul/ = _T/un T;U/ = 'S,U,U'Sl/ - Zguug pgap (21)

where Ric is the Ricci tensor, R the scalar curvature and § = dA the electromagnetic tensor.

We now introduce a fifth dimension labeled z € S! in order to reinterpret the charged Klein-
Gordon operator in the De Sitter-Reissner-Nordstrom spacetime as a wave operator in a 1 + 4
spacetime. Define

1

F(r)
Diagonalizing —i0, on the unit circle, we can recover P by restriction to the harmonic —i0, = 1.
We construct a new metric g such that [z = L: the extended metric in the extended Boyer-

L= (8 — sV (r)9,)? — 7128rr2F(r)8T — %ASQ —m2d2.

Lindquist coordinates (t, z,r,w) with signature (4, —, —, —, —) is defined as
~ 52V (r)? o sV(r) L o 1 2 27, 2
g:= (F(r) - m2> dt” — - (dtdz + dzdt) — Wdz “F0 dr® — r*dw”.

It is non-degenerate since the determinant is equal to —r*sin?#/m? < 0 (notice here the crucial
hypothesis m # 0). The inverse extended metric is given by

— 1 sV (r) 82V (r)?
1 _ o o 2
g = F(r)at@at Fr) (0 ® 0, + 0, ®0) + (F(r) m* )0, ®0,
1 1
—F(r)8r®8r— T—239®89— m&p@ﬁh
Let us define the four blocks
M, =Ry x Sk x]0,7.[. x S2, Ma i =Ry x St x Jre,r [ x S2,
Ms =Ry x St xJr_,ri[ xS2, My :=Ry x S x Jry, +oo[, x S2.
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2.1 The extended spacetime

The extended spacetime is then the (1 4 4)-dimensional manifold (ﬂextvg) with

4
Mext = U M]
j=1
In the sequel, we will consider more carefully the outer space

M =Ry x S x o,y xS2

which we will simply call the extended spacetime when no confusion can occur. In ]Vl: , we will use
the timelike vector field Vt = F(r)~1(9; — sV (r)d,) to define an orientation on M: any causal
vector field X € TM will be said future-pointing if and only if

g(Vt, X) > 0.

We can easily check that the outer space is a globally hyperbolic spacetime. Besides, we can
check that X, := 0, — sV,0, are timelike Killing vector fields for o € {¢, —, +} (they will be
useful in Subsection 2.2.2).

Remark 2.1.1 (Dyadorings). For s small enough, the shifted horizon function

s2V? oM Q? 2¢> Ar?
F(r):= F(r) — —3 :1_7“+27“2<1 )

has four roots with two' inside |r_,ry[; call them ri,m9 with r— <ry <ry < ry. We can check
that 0y becomes spacelike when r € [r_,r1[U]re,ri[. We then define the dyadorings

D_:=R; xS. x]r_,m[. xS, Dy =Ry x S! xJro, 74, x S2.
We may observe that if s is too large, namely if

|s| > mrF(r)'/? Vroelr_,re],

then the dyadorings cover the entire outer space M.
The wave equation on (M, g) reads
1

U= —— p — sV (r Z27
= g (00 5v0)2)

F(r)

r2

F(r)
r2

Opr?F(r)0, — Ag2 — m2F(7’)8§) u=20

with u € L2(Ry x SL x Jr_,r4 [ x S2,7?F(r)~'dtdzdrdw). It will be convenient for Section 2.3
to rewrite this equation as

(af 25V ()8, + P) w=0 (2.2)
where
P= —Fr(;) o2 F (r)0, — F:;)Agz — (mQF(r) — SZV(T)Q)az (2.3)

acts on L2(SL x Jr_,ri[. x SZ,7?F(r)~'dzdrdw). Restricting u to ker(id, + z), we get back the
original charge Klein-Gordon operator with the modified mass mz and charge sz.

Tt is a simple consequence of the intermediate value theorem since F < F, F > 0 inside Jr—,r+[ and F cancels
at r=r4.
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02

0.0

functions F(r) and F(r)

Horizon

0 1 2 3 4 5 5 7
Boyer-Lindquist coordinate r

Figure 2.1: The horizon functions F' (in cyan) and F (in red). Data used
for the plot are M = @Q =1, A =0.05, m = 0.2 and s = 0.1.

2.1.2 Extended Einstein-Maxwell equations

The neutralization procedure has modified the Einstein-Maxwell equations (2.1) as follows. Let

A= %m ) ious i ions (9, ﬁ) solves the Einstein field

equations

1~ ~
Ric — g Rg—Ag=-T (2.4)

with Ric the Ricci tensor and R the scalar curvature associated to g. We refer to Appendix 2.6
for a complete list of the tensors involved in the computation of the right-hand side of (2.4). The
extended stress-energy tensor T is given by T = TMaxwell + Tﬁuld with in matrix notations

—F(T) _ 52‘;(27“)2 _3‘7;(27') 0 0 0
_ Q2 ¢ —%(;) —# 0 0 0
ThMaxwell opd <1 — 2m2> 0 0 F%T) 0 0 )
0 0 —r? 0
0 0 0 0 —r2sin?6
52 I 2 S T
‘:n(2) ‘r/n(Q) 00 0
Q2 e Y L9 0 0
Tﬂuld—<A+24<1+2>> 0 0 0 0O
r
0 0 0 0 O
0 0 0 00
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2.1 The extended spacetime

TMaxweH is nothing but the Maxwell electromagnetic tensor associated to g and g; fﬂuid describes
as for itself a perfect fluid:

Thuia = p(r)u © u

with p(r) = A + @ (1 + 51—22) the energy density in the fluid and u = L (sV(r)dt + dz) the dual

by

vector field of the fluid’s velocity which is given by
vt =g"u, = —mao, = %(sV(r)Vt + Vz). (2.5)
Observe that the energy density of the fluid as measured by an observer at rest is zero:
(Thuid) u V*EVVE = 0.

Observe also that taking the divergence on both sides of (2.4) yields

p(r)E(r)W (r)W'(r)
2m?

div(p(r)u @ u) = Op =: —VP

with

22 2 i
q-Q Q*(1+ ;)
P(r) = (A+ S| <0
Moreover, we can see that

div(pu) = 0.

Thus u obeys compressible Euler law for a static fluid with mass density p, pressure P and no
internal source term:

O(pu) +div(pu®@u) = —VP
Op +div(pu) = 0

The second equation above is the conservation of the mass.

2.1.3 Dominant energy condition

In all this Subsection, we will assume that |g| < 2m. Let us rewrite

~T =9(r) (F(r)dt2 S r2dw2) — D(r)(sV (r)dt + dz)’

QQ 2 A 3 2Q2
Q“):w(l‘fmz)’ i’(”:(mzﬂéw)-

Consider then the following condition:

where

m?*D(r) < Q(r) (2.6)

which is equivalent to A < % ( - 2‘12).
+

m2
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2.1 The extended spacetime

Lemma 2.1.2. The condition (2.6) implies that for all timelike vector field X, we have
~T,, XPX" > 0. (2.7)
If Q # 0, then both the above conditions are equivalent.

Proof. Let X = X0, + X?0, + X0, + X%0y + X¥0, be a timelike vector field:

(F(r) — W) (X4H? — 2L(T)thz — %(XZ)2 — F(r) H{(X")? = r2(X9)? — r%sin? 0(X¥)% > 0.

m? m? m
Assume first (2.6). Then

T, XPXY = (r) <§(X,X) + <rr1ﬂ - gg:;

+ 2r2(X%)2 + 22 sin? H(X‘p)2>

> (SQV(T)Q(Xt)z + 28V(7’)XtXZ + (Xz)g)

L_Q(T) 2V (12 (X2 SV (1) XL X7 212
zQ(ﬂ( Q(T)>( V(r)* (X" +2sV(r) X' X* + (X7)7) .

m2

Furthermore,

(-39 )=

as quadratic form since the spectrum of the matrix on the left-hand side is {0,1 + sV (r)*} (the
eigenvalue 0 is associated to Vt). It follows that —TVWX“X” > 0.
Assume now that (2.6) is not verified and @ # 0 (so that Q(r) # 0). Put

a(r) = % — ?)E:% < 0.

Let d,e € C*(Jr—,r4[,]0, +o0[) with e supported far away from the dyadorings and set X :=
§(r) (0 — sV (r)(1 +&(r))d.). Taking e sufficiently small, we get

32V(:r);5(7“)2> >0,

30,%) = o) (Fr) -
Taking now § large enough, we find

~T XMXY = () (70X, X) + a(r)e(r)?6(r)%?V (r)?)

2 2.(,\2
= 20)0) (Flr) = S oo ()?)
<0
for r € Suppe. This completes the proof. O
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2.1 The extended spacetime

Proposition 2.1.3 (Dominant energy condition). Assume Q # 0. Then the condition (2.6) is
verified if and only if

{—TWX“X” >0 for all timelike vector field X, 2.8)

If X is a future-pointing causal vector field, then so is for —TH, X" >0

Proof. Lemma 2.1.2 shows that (2.6) is equivalent to the first condition in (2.8) provided that
Q@ # 0. Next, a direct computation shows that

—TH = —g"T,, = Q(r)0; @ dt + (m*D(r) — Q(r))sV(r)0, ® dt + m*D(r)0, ® dz
+ Q(r)0r ® dr — Q(r)0p @ df — Q(r)d, @ de.

Let X = X9, + X?0, + X"0, + X%9y + X¥0, be a future-pointing causal vector field:
J(Vt,X) = X' >0, (X, X)>0.
We compute:

~TH XY = Q(r) X0, + (m*D(r) — Q(r)sV (1) Xt + m*D(r) X?),
+Q(r) X", — Q(r) X985 — Q(r) X ¥0,.

Then the vector field —T", X" is future-pointing if and only if
G(Ve, —TH X¥) = —TLX" = Q(r)X' > 0

which is always true when @ # 0. Furthermore:

Q(r) (T, X", T, X") = <F(7«) ey <m2©(7’)>2> (X2 — 55V (1) <m2©(r)>2Xth

m? Q(r) m? Q(r)
1 /[ m?D(r) 2 . 1o
“aa (M) ) P F0
= g(X, X)
m2®(r)\ ) [ s2V(r)? . sV(r) viwe 1 .
+ 1—< Q(T())> >< m(2) (X )2+2m(2)XX + (X )2>.

Using g(X, X) > 0, we get:

2
Q(r)72§(fquV7fqul/) > <1 _ <m;3(ar()7’)> > <32‘T/r;(2r)2 (Xt)Q +28‘,r/n(2r)Xth + T;(XZ)2>

and this quantity is nonnegative if and only if m?>®(r) < Q(r) as in the proof of Lemma 2.1.2 (the
same vector field as therein shows the necessity of the condition). This completes the proof. [

Remark 2.1.4. The condition (2.6) is called the dominant energy condition. It will allow us to
define constant surface gravities in Subsection 2.2.2. In the De Sitter-Reissner-Nordstrém case,
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2.2 Global geometry of the extended spacetime

Proposition 2.1.5 is always true. Indeed, denoting by T the corresponding stress-energy tensor as
2
well as Q(r) = %, we have

T, X'XY = Q(r) (F(r)(Xt)2 — P YXT)2 + 12(X0)2 + 12 sin? H(X“")Q) ,
g(0y, TH X") = Q(r) X,
g(Th, X", TH,X") = Q(r)X'g(X, X)

for any vector field X .

Remark 2.1.5. We may notice that condition (1.1) implies a lower bound to A if |Q| > M. In
this situation and for a small charge q, the dominant energy condition (2.6) is not satisfied.

2.2 Global geometry of the extended spacetime

This Section is devoted to the study of the geometry of the extended spacetime. The goal is
two-fold: first, the study of the geometric objects is interesting in its own right as it describes
in details a new solution to Einstein-Maxwell equations in 5 dimensions. On the other hand,
the construction of some geometric objects (such as principal null geodesics and horizons) are
prerequisites to formulate the scattering theory developed in Section 2.3. We will henceforth
assume the dominant energy condition (2.6).

Let us outline here the plan of this Section. Subsection 2.2.1 introduces first special null
geodesics and local coordinates used to build horizons. In Subsection 2.2.2, we define surface
gravities. In Subsection 2.2.3, we add crossing rings to complete the construction of the horizons.
Finally, we define the conformal infinity in Subsection 2.2.4 and show that the extended spacetime
contains black rings.

2.2.1 Principal null geodesics

We introduce in this Subsection a family of null geodesics which send data from the blocks M j
to the horizons located at the roots of F'. They will be used for the geometric interpretation of
the scattering in Section 2.5. We follow the standard procedure (see for example the construction
in [ON95, Section 2.5] in the Kerr spacetime).

Let v : RS o (¢(u), 2(n), (1), (1)) € M be a null geodesic. Denoting by * the derivative
with respect to u, we have

52 T 2 . S T) .
(F(r) — ‘;(2 ) ) 2 — 2 n‘;( )t,é — %22 — F}r)ﬁ =0 (2.9)

if & = r26% 4+ r2sin® 0p = 0. Since 9, is Killing?, there exists a constant 3 € R such that
G(%,0,) = sV (r)i + 2 = —m?3. (2.10)
Plugging (2.10) into (2.9) then yields

1

r 2
PR 7

72 =m?232, (2.11)

2This is a reformulation of the cylinder condition in the Kaluza-Klein theory.
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2.2 Global geometry of the extended spacetime

We build our geodesics so that 3 = 0. This is not only a convenient choice that makes computations
easier and explicit: the geometric interpretation is that

5(7? 82) = O

that is, the principal null geodesics will be g-orthogonal to the velocity vector field of the perfect
fluid appearing in the stress-energy tensor after neutralization (see (2.5)). Solving (2.10) and
(2.11) for 3 =0, we get

dt d

= EF()7 = = FV(Fr)

In particular, we can parametrize our geodesic by pu = +£r.
The incoming principal null geodesic vin(n) = (t(p), z(p), (1), w(p)) is the null geodesic
parametrized by u = —r and defined by

() = F(r)~!
2(p) = —sV(r)F(r)~!
(p) = —1

o(p) =

We then define the extended-star coordinates® (t*, 2*,r, w) with

.

.

€

" dp 1 r—rq
t=t+T T(r) = —— = —1 2.12
w7 T [ e Y gom), (212
ae{n,c,—,+}
sV (p)dp )dp s T — Ty
Y g Z(r) = _ ° 2.13
2+ 2(r), (r) /t CF(p) Z 2raka |TT—Tq ’ (2.13)
ae{n,c,—,+}
for some t € Mext. Here we have used the factorization
A
F(r)= ﬁ(r—rn)(r—rc)(r—r_)(nr—7“) (2.14)

as well as the surface gravities r, == F'(r,)/2 > 0, ke := F'(r;)/2 <0, k_ :== F'(r_)/2 > 0 and
Ky := F'(ry)/2 < 0 (we will give a more precise meaning of them in Subsection 2.2.2). The
function T is the so-called Regge- Wheeler (or tortoise) coordinate, and will be denoted by x in

Section 2.3 and Section 2.5. The expression of the extended metric in these coordinates is given
by

~ sV (r)? sV (r - . 1 . . .
s = (F(r) - m(2)> (dt)? — m(Q) (dt*de” +dz"dt*) — —5(dz")? — (dt*dr + drdt") — rdw’

with inverse
(G) 7t = —m?02% — (O ® O + 0y @ Opr) + sV (1) (Oor @ Oy + Oy ® D)

1 1
®2 ©2 22
- F(r)o.” — ﬁa‘g C r2sin29 ¢

3The map (¢, z,7,w) — (t*,2*,r,w) is one-to-one in each block ﬂg, Ms and My since T and Z are (their
derivative are respectively F~! and —(sV F)~! which have constant signs) and its Jacobian determinant is 1; it
therefore defines a coordinates chart.
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Observe that, by construction, we have {* = 2* = 0: this shows that ¢t — 400 as 7 — (r+)T (but
* remains smooth because t* = 0). The same conclusion can be drawn for z.

We similarly define the outgoing principal null geodesic Yout (1) = (t(1), 2(1), r(p), w(p)) as
the null geodesic parametrized by p = r and defined by

() = F(r)~!

ip) = —sV(r)F(r)~!
F(p) =1

w(p) =0

We then define the star-extended coordinates (*t,*z,r,w) with
t:=t—T(r), *zi=2—Z(r)

with 7" and Z as in (2.12) and (2.13). The expression of the extended metric in these coordinates
is given by

2 2
1
= (F(r) P :;(; ) > (d*t)? — S‘T/n(; ) @tz + dzd*t) - (@) + (dtdr o+ drd*t) - r?dw’

with inverse

9) = —m?0%2 + (O ® O + 0r @ Oy ) — V(1) (0x @ Oy + Oy @ Ov)

1 1
®2 2 ®2
—F(r)o" - r2 %"~ 72 sin? 9(% .
We have *f = *2 = 0 which entails t — Foo and z — Foo as 7 — (r4)T.

2.2.2 Surface gravities and Killing horizons

Surface gravities are accelerations felt in the incoming direction locally near a hypersurface by an
unit test mass due to the gravitational force (measured infinitely far away from the hypersurface).
We compute in this Subsection the surface gravities ko at 7 = r,, for all o € {c, —, +}.

Consider the following normalization of the velocity vector field Vt associated to a static
observer:

F(r)Vt =0, — sV (r)0,. (2.15)

For De Sitter Kerr black holes, —=Zt— is the velocity vector field which follows the rotation of
vV VitV;t
the black hole; it tends to 9; — ﬁ@w as 7 — r4 which provides two Killing vector fields in
T
the ergoregions near the horizons. The equivalent in our setting of the rotations at the horizons
-~z are the terms sV, a € {¢,—,+}. We thus consider the Killing vector fields
T

X = Op — Vo0, X_ =0y — 8V_0yx, X1 =0y — sV 0, (2.16)
which are null at r = r,, @ € {¢,—,+}:

~ s2(V —V,)?
Ge(Xoy Xo) = F = 2220

m
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2.2 Global geometry of the extended spacetime

Remark 2.2.1. We used the extended-starr coordinates to define surface gravities. It is perfectly
fine doing it with the star-extended coordinates, the only difference being the opposite sign we have
to put in formula (2.17) below.

The physical interpretation of the surface gravities leads to the following Newtonian forces
equilibrium®:
(vXaXa) ‘{T:Ta} — _K’QXCM‘{T‘:T’Q} Rq S R (217)

The constants , are well defined since the surface gravities are constant on {r = r,} by the
dominant energy condition (2.6) (see e.g. [Wa84, equation (12.5.31)]). It is easy to see that
VH((Xa)"(Xa)v) = —2kq(Xa)" on the corresponding horizon (cf. [Wa84, equation (12.5.2)]).
We then compute:

V(X0 (Xl [y = ((g*)mar <F - w»

m

{r=ra}

Since ()" = —1 and (g)*" = sV (r) are the only non-zero coefficients of the form (g, )*", we get
in all cases:
F'(ro)  (3rq —3M —2Ar2)

K/a: =

2 3r2

Observe that k. is nothing but the De Sitter-Reissner-Nordstrom surface gravity at the corre-
sponding horizon (we show in the next Subsection that {r = r,} are still Killing horizons in the
extended spacetime). Using the signs of F’ at r = r,, we get:

ke < 0, k— >0, Ky < 0.

The surface gravities k. provide the rate of convergence of the Boyer-Lindquist coordinate
T to ro in terms of the Regge-Wheeler coordinate 7'(r) introduced in equation (2.12): indeed,
using the factorization (4.40), we find

t—rg|~s eZnaT(r) — OT—)Ti (GZHQT(T)) . (218)

P — 1ol = [t = 74 11

Be{n7c77 7+}
BF#o

r—rg

Let now 79 > 0 and define the hypersurface ¥, := R; x S! x {r = r¢} x S2. Using then the
inverse metric expression in the extended-star coordinates, we compute

ny,, = Vr=—0p + sV (r)0 — F(r) <887"> (2.19)
Ex

where (%) 5y 18 the vector field 0, in the extended-star coordinates. Since

~ 0
Ix \ NSpys — I . =1,

4Using that orthogonal null vector fields are collinear, we only know in general that k, is at least a smooth
function {r = ro} = R.
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ny, is a incoming normal vector field to ¥,,. Besides,

7o
g* (nzro ) nzro) = _F(T)

so that the incoming normal ny,  is also tangent to ¥, and this hypersurface is null (we could

have also seen this by observing that det(g.|5, ) =0). As

4 2

det(ﬁ*) = 74?;71;9 = det(*g)
does not vanish at r = r,, ¥, is not degenerate. Since Vr — X, as r — r,, a € {¢, —, +}, this
hypersurface {r = r,} is a Killing horizon, that is a non-degenerate null hypersurface generated
by a Killing vector field. We then define:

AT =Ry x SL x {1}, x S (future Cauchy horizon),
AT = Rey x St x {re}, x S2 (past Cauchy horizon),

HT =Ry x SLox {r_}, x S? (future event horizon),

AT =Ry x St x {r_}, x S% (past event horizon),

IT =Ry x SL x {ry }, x $2 (future cosmological horizon),
I i=Rey x S, x {ry}, x S? (past cosmological horizon).

Observe that the construction of the horizons is not complete so far: we need to add two 3-surfaces
where ST and #~ on the one hand, .#* and .#~ on the other hand, meet. This will be done
in Subsection 2.2.3.

2.2.3 Crossing rings

In the previous Subsections, we have constructed Killing horizons. We now build sets of codimen-
sion 2 which will complete the construction of the hypersurfaces {r = r,} for all a € {¢, —,+}.
As only the event and cosmological horizons will be concerned in the next Sections, we will only
detail computations related to them.

We start with the event horizon. Following (8.19) and (8.20) in [HaNi0O4], we define the
Kruskal-Boyer-Lindquist coordinates

* * ,Z.*
wi=e "t pi=ett = [
t*

The variable zf must be understood as an element of S' (i.e. it is defined modulo 27), the rotation
direction on the circle being imposed by the sign of the charge product s. It is introduced to
follow the "rotation" of the event horizon (by analogy with the Kerr case); concretely, it cancels

t=z+sV_t.

T=r_

2 2
the "rotation" term 2 ‘;(QT )~ in front of dt? in the extended metric as  — r_. The extended
metric g now reads in these coordinates

5o s2(V(r) = V_)

(uv (dudv + dvdu) —u?dv? — UQdu2>

Am2k2 u2v?
s(V(r) — V_) i i 1 o Yy
—m<(udv—vdu)dz +dz (udv—vdu)) _W(dz) — r2dw?.
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We have to ensure that the metric is well defined and non degenerate at r = r_ (that is when
u=wv=0). Set

G_(u,v,r) = r ;UT, — (- r_)e_QR’T(T).

The function G_ is analytic and non vanishing near r = r_ because of (2.18). It follows that the
extended metric

~ S2G—(U7U7T)2 2 2 2 2
g= _—4m2r2r%/€2, (u dv” +v-du ) —
sG_(u,v,7)

2m2rr_k_

uvr)(r—r
2022 7

4m (dudv + dvdu)

((udv — vdu) dzt + dzt (udv — Udu)) — W(dzﬁ)z — 2dw?

extends smoothly on a neighbourhood of {u =v = 0}. Call the set
%::{uzo}x{vzo}beﬁ x S2

the crossing ring at the event horizon (this is the equivalent of the crossing sphere in the usual
case of Kerr-Newman black holes).

We now turn to the construction of the complete cosmological horizon. Computations are so
similar that we will omit most of them. Define the new coordinates

* * *2./
Gi=e ™t pi=et b= <>
T

i t:Z+SV+t.

=r4

Recall that k4 < 0. The extended metric g reads in these coordinates

G (@, 0,r)" 26 (i1, 5, 7)(r —
g— - O Gagpe 4 g2aa) + SEEE B0 2T (4545 1 dvaa)
Am?2r2r2 k2 ImPrirl el
Y 2
_ m ((aa0 — 5a@)d% + % (ads - oda) ) — W(dﬁzy e
with
G4 (t,0,7) == T+: L - (ry — r)e*2'€+T(r).

which is analytic and non vanishing near r» = r; because of (2.18). Then g extends smoothly on
a neighbourhood of {ﬂ =70= O}. Call the set

#. = {i=0} x {0 =0} xS, xS

the crossing ring at the cosmological horizon.
Now the construction is complete. The event horizon is defined as

H =" UR AT
= ([0, +00[yx {0}y x SL, x SZ) U ({0} x [0, +00[, xSk, x S2)
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2.2 Global geometry of the extended spacetime

and the cosmological horizon is

I =g ur/ vt
= ({0}a x [0, +00[5 xS}, x S2) U ([0, +00[z x{0}5 x Si, x S2).

The outer space can be extended itself as the global outer space
M:=MUAU.Z.

As discussed at the beginning of this Section, the compactification shown in Figure 2.2 is not
really complete as some points still lie at infinity whatever the coordinate system is. They are
the future timelike infinity i* and the past timelike infinity 7.

Figure 2.2: The global outer space M (each point in the diagram is a
copy of S! x S?). Only the points it and i~ are at infinity.

2.2.4 Black rings

This Subsection is devoted to the construction of a global structure of Mvext. The procedure is
similar to the standard one for De Sitter-Reissner-Nordstrom spacetime and will reveal the black
rings structure of Mxt.

Conformal infinity. We start by including the infinity to the region {r > r;}. Recall here
that V(r) = 1/r. Let us set the conformal factor  :=1/r. In the coordinates (t*, z*, R,w) with
R:=1/r € [0,1/r4], we define the conformal extended-star metric

Q* = 925*
2 82R2 *\2 5R3 * ] % * 4% R2 *\2 * * 2
= R*(F(1/R) — = | (dt")? — = (dt*dz" + d2*dt*) — —5(dz")? + (dt*dR + dRdt*) — dw
m m

‘m2
and similarly, in the coordinates (*¢,*z, R,w), the conformal star-extended metric is
*ﬁ = Q2*§
2 S2R2 *4\2 8R3 *4 1k * ,, 1% R2 * .\ 2 * * 2
=R°(F(1/R) — - (d*t) (dtdz—l—dzdt)—ﬁ(dz) — (d*tdR + dRd*t) — dw”.

2 m2
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2.2 Global geometry of the extended spacetime

We can check that det g, = det g = &5. Hence, the following hypersurfaces are null:
IF =Ry xSL, x {0}p x S? (future null infinity),
I =Ry x SL x {0}r x S2 (past null infinity),
Ino = IFT U IS (null infinity).

They are the sets of "end points" at infinity of the principal null geodesics; observe that they do
not intersect (the spacelike infinity still lies at infinity as for the De Sitter-Kerr-Newman family).
The conformal metrics then restrict to

X A .
Grlog = *§(dt*)2 —dw’ =g s

Time orientation. We now define a global time function in Mvext ; recall that a time function
7 is a C! function such that V7 is timelike. The extended spacetime M.y is not connected as we
remove the hypersurfaces ¥, for o € {¢,—, +}. As a result, there is no canonical way of defining
a time-orientation on it. Since

Vit = F(r)"1(8; — sV (r)d.), §(Vt,Vt)=F(r)""' >0 in M; and Ms,
Vr =—F(r)o, §(Vr,Vr)=—F(r) >0 in My and My,

we see that +7 is a time orientation in the blocks ./\/(1 and M3 whereas £r is a time orientation
in the blocks /\/lg and /\/l4 From now on, M, j denotes the correspondmg block endowed with

the time orientation ¢ if j € {1,3} or r if j € {2,4}, and M; denotes the same block but with
the time orientation —t if j € {1,3} or —r if j € {2,4}. We still write My := U?:l /Wj and set
ext U] IM,

2 ((X
\\;. Y
e A 8
K o T
! l : Il
o
—t /{0 }’\ ~
4 o
< X

Figure 2.3: The four blocks M ; and their respective time orientation.

Carter-Penrose diagram of the extended spacetime. We now construct a global structure
Myt which respects the time orientation of each block M j and M;

Let Mpgsrn be the maximal analytic extension of the De Sitter-Reissner-Nordstrom spacetime
(see e.g. Subsection 1.2 and particularly the paragraph 1.2.5 in [Mok17]). This extension essentially
consists in defining appropriate coordinates near the positive’ roots of F' in which the metric

®r = 0 being a genuine singularity at which the metric can not be C?, we can not build an analytic extension
near the negative root.
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2.2 Global geometry of the extended spacetime

is analytic, so that all the work boils down to build it considering the quotient of the original
spacetime by the action of the rotations group on S?. Mpggrn also satisfies a local inextendibility
property: there is no open non-empty subset whose closure is non-compact and can be embedded
in an analytic manifold with a relatively compact image (see [Mok17, Subsection 1.2]). We then
define

AA AA 1
Mext = MDSRN XS

which is nothing but the orbit of EDSRN under the action of the rotation on S'. It contains

A/

infinitely many isometric copies of Myt U 222 U2 U . U Sy and M U LU LI U I.

N > 2R 2 ’
N 7 NS , N 7 N ,
.. ’ N K .. ’ N K
N N N , N < N ,
bl )
A r = 400 A
N N
\)} ‘ \)} \(// /
(<] (<) M/ <
. o X n |l o X~ ! ,
\\ o NS () (@) N\ jes) //
N // \): // \A 3
. < & < vt I L7
. T=+00 r = +00 M; r=+o00
) ) )
{7 QA 7 —~ <7 N\
Z )‘\\ X 2 7 7’\\ My % » 7 }’\ X 2
< ;» \(/ K . r(// - K _ r(// \
X Vi X / X
N\ Ms o Aoy Ms RIANEN
> 7 \2& 'Q/)‘ 4 N\ ((/)’ 4 \z <
A < X N\ < / X N < X
2 7 2 4 2 2 7
AN < M" N < N <
. r = +00 2 z = +00 b r =400 AN
7/ N
, Qo Qo .
e N 7 o o \\/x 7 o AN
g A A I et I ‘
& 1 ) A
V) V]
7N AR
< e r=+4o0 < °
e 2 N e 2 N
e Q2 SN e Q SN
L7 > 7 NS > 7 AN
’ AN ‘( N AN <( N

Figure 2.4: The global geometry of the extended spacetime. Time orientation
goes from the bottom to the top of the figure.

Black rings, white rings and worm rings The neutralization procedure presented in Sub-
section 2.1.1 has turned the original De Sitter-Reissner-Nordstrém black hole into a stranger
object, a black ring. It is the equivalent of a black hole except that the topology of the horizon is
S! x S2. As the we will see, the maximal extension Myt contains infinitely many of them so we
have to distinguish the different copies Ofv Myt from each others.

A piece of universe & is any copy of Mext U U 1.7 U I We exclude in this definition
the reverse time-oriented blocks ./\/l; as the physical block (that containing the Earth) is any

copy of the outer space M:g. Adapting the definition of Wald [Wa84] (see Subsection 12.1 therein
which deals with the Kerr case), we will say that:
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2.2 Global geometry of the extended spacetime

e a non-empty closed subset B C Moy is a black ring if 0B = R x S! X S? and if for all
inextendible causal future-pointing geodesic v : R — My starting in M3 and entering BB
at some g, then

U{’y }ﬂM4ﬂ<@—®,

1= o

e a non-empty subset W C M.y is a white ring if it is a black ring for the reverse time
orientation;

e a non-empty subset S C My is a worm ring S if there exist a black ring B and a white
ring W such that S = BN W.

A black ring thus prevents any inextendible causal future-pointing geodesic entering inside it to
escape at infinity in the same piece of universe: it can escape only in another copy of the universe.
Observe that 0B and W are necessarily null.

We can similarly define the more standard notions of black/white/worm holes by requiring
the topology R x S? for the boundary. It turns that the extended spacetime contains only
black/white/worm rings.

Lemma 2.2.2. 1. All the copies of Mv’z U S U are black rings.

2. All the copies of Mo U H. U I are white rings.
3. All the copies of le U7 U and .//\/lv’1 U 7. U S are worm rings.

4. There is no other black/white/worm ring in Moyt Furthermore, Moy contains no black-
J/white/worm hole.

Proof. 1. Let v = (¢, z,7,w) be an inextendible causal future-pointing geodesic which starts in
Jr—,r4[ and such that r(ug) € Jre, r—[ for some py € I (such a curve exists, take e.g. the
incoming principal null geodesics 7i,). Since r(p) < r— for some p < g, there exists a
proper time p € I, u < pig, such that 7(u) < 0. Using that —r is a time orientation in ﬂ’27
we have

7= Vsr = g,¥Y'Vr<O0.

As a result, 7 < 0 along the flow of v with equality as long as «y lies on {r = r_}. Thus ~v
will stay in the block My or will cross {r = r.}, entailing that it can escape to r = +00
only in another piece of universe.

2. and 3. follow from 1.

4. Removmg all the black/white/worm rings from M.y, it only remains copies of Mg, g,
My and M/ % (with the cosmological horizons at r = ). Starting in any of these blocks,
the outgoing principal null geodesics o4t can escape to r = +00, meaning that no black
hole (and thus no white and worm hole) lies there.

O

Remark 2.2.3. All the black and white rings contained in the global extended spacetime Mext
are delimited by horizons. In particular, the timelike singularity {r = 0} lying in all the worm
ring copies is always hidden by horizons. The weak Cosmic Censorship is therefore respected.
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2.3 Analytic scattering theory

2.3 Analytic scattering theory

This section is devoted to the scattering theory associated to the extended wave equation (2.2).
We will show existence and completeness of wave operators associated to several comparison
dynamics for fixed momenta i0, = z € Z # {0} of the scalar field. The case z = 1 corresponds
to the charged Klein-Gordon equation. Most of the results below follows from the work of
Georgescu-Gérard-Héfner [GGH17].

In Subsection 2.3.1, we introduce the Hamiltonian formalism associated to equation (2.2).
The different comparison dynamics used for the scattering are introduced in Subsection 2.3.2. In
Subsection 2.3.3, we explicit the action of the geometric dynamics in term of transport along
principal null geodesics The structure of the energy spaces for the comparison dynamics related
to transport is analyzed in Subsection 2.3.4 in order to prepare the proof of the scattering results.
The analytic scattering results are then presented in Subsection 2.3.5 and proved in Section 2.4.

2.3.1 Hamiltonian formulation of the extended wave equation

We introduce in this Subsection the full dynamics associated to (2.2).

The full dynamics. Observe first of all that if u solves (2.2) then v := e71sV+%=q; satisfies
(af 25V (1)0.0, + P) u=0, Vr) = V(r) - Vs (2.20)

We can therefore work with the potential® V in this Section and use the results in [GGHI17]. In
order not to overload notations, we will still denote V' by V'; to keep track of the potential V', we
will often write V. in the sequel even though it is the constant 0. Note here that we can again

compare sV, to the Kerr rotation Q4 = : the unitary transform performed above is the

a
r2 +a?
equivalent operation in our setting to the variable change ¢ — ¢ — Q4 t at the very beginning of
Section 13 in [GGHI7].

We introduce the Regge-Wheeler coordinate

dx , 1
ar =TSRG

so that = = z(r) is equal to the function 7" up to an additive constant; in particular, x € R and
x — =+oo if and only if 7 — r4. In the sequel, we will denote by ’ the derivative with respect to
the variable r.

Next, let us define H := L? (S! x |r_,ry[. x S2,T'(r)dzdrdw) = L* (S} x R, x S2, dzdzdw)
and

~

h:=rPr!
F(r)
r2

=~ 19,r? 0, - Agz — (m*F(r) — s*V (r)?) 02

F'(r)

1
=02+ F(r) <_7’2ASZ + - m28§> + 5%V (r)%02.

SWorking with this potential is actually equivalent to use the gauge A4, = (% - %) dt.
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2.3 Analytic scattering theory

with P given by (2.3). Here the variable r has to be understood as a function r(x) of the
Regge-Wheeler coordinate. The operator 9, plays a similar role as J, for the De Sitter-Kerr case
(cf. |GGHI17, equation (13.3)]). Observe here that h is not positive in the dyadorings D (because
sV —m?F < 0 near r = r4). This problem is very similar to the failure of 9; to be timelike in the
extended spacetime (or in Kerr spacetime). Considering the timelike (but not Killing) vector field
Vt = F(r)~1(8; — sV (r)d,) instead, we add the extra "rotating" term —sV (r)d, which cancels
the negative parts of (9, d;) near r = r.
Introduce now cut-offs iy, j+ € C*°(Jr—, r+[,R) satisfying

Suppi- =]-o0,1],  Suppiy = [~1,+o0],
i2 +it =1, I+J+ = J+, i+jx =0.

They will be useful to separate incoming and outgoing parts of solutions for the scattering. We
next introduce the following operators:

k:= —isV(r)0;,
ki = —isV4i0,,
Ei =k :Fj:ZFkL,
F
ho:=h+k?>=—r19,r20,r ' — T(QT) Ag2 — mQF(r)ﬁg

/
= 02+ F(r) <—12ASQ + Fir) _ m283> ,
r r
hi = hg — (k — ki)?.

Observe that hg > 0 which witnesses of the hyperbolic nature of the equation (2.2) (¢f. [GGHI17,

Remark 2.2]). Observe also that if s is sufficiently small (that we will always assume in the

sequel), then Ay > 0 to since k — k1 as the same exponential decay at infinity as F, cf. (2.18).
Using the spherical symmetries of the problem, that is, using the diagonalizations —Ag2 =

(£ +1) and —i0, = z with (¢,z) € N x Z, we define

/
he® = —r 1 0,r20,r ! — F(T)e(ﬁ +1) 4+ m2F(r)z? = 92 + F(r) <W +1) + £ (r) + m222> ,

r2 r2 r

P(hi") = {w e H | hG"u € H}.

In their work [BaMo93], Bachelot and Motet-Bachelot show in Proposition I1.1 that —9? + V(z)
has no 0 eigenvalue if the potential V(z) has some polynomial decay at infinity; this is the case
for hg’z which is then an elliptic second order differential operator, thus self-adjoint on H. We
realize hg as the direct sum of the harmonic operators hé’z i.e.

P(ho) == {u = u,

0,z

ups € D(h57), Z thZW,ZHi < —i—oo}
0,z

which is in turn elliptic and self-adjoint. Finally, as k € B(*H), we can also realize h as a self-
adjoint operator on the domain Z(h) = Z(ho). In the sequel, we will use the elliptic self-adjoint
realizations (hy, Z(h4)) defined as above for hg.
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Energy spaces for the full dynamics. We now turn to the definition of the energy spaces
associated to the Hamiltonian H following [GGH17]| (see the paragraphs 3.4.1 and 3.4.2 therein).
We define the inhomogeneous energy spaces

£ = (ho) V*H x |
equipped with the norm’
(w0, ur) |2 := ((1 + ho)uo, uo)w + [ur — kuoll3-

Using that hg > 0 has no kernel in H, we can also define the homogeneous energy space & as the
completion of &€ for the norm®

(o, ua) 1% := (houo, uo)w + [lur — kuoll3-
Observe that, as explained in paragraph 3.4.3 of [GGH17], this energy is not conserved in general.

The natural conserved energies (- |-); defined for all £ € R by

((uo,ur) | (uo,u1))e == ((ho — (k — €)*)uo, uo)p + llur — Luol|3

are not in general positive (because of the existence of the dyadorings). In contrast, the (positive)
energy || - [|¢ is not conserved along the flow of J; and may grow in time: this is superradiance.
From the geometric point of view, superradiance occurs because of the existence of the dyadorings
and we are using the timelike vector field Vt of (2.15) instead of 0y to get a positive quantity
near the dyadorings; the cost to pay for this is the non conservation of the energy since Vt is not
Killing.

Define next the asymptotic energy spaces’

£y = d(ky) (ﬁ;l/"’ﬂ X 7—[)

B(ls) = (7311 g) .

The spaces &, are equipped with the norms

where

| (w0, 1) = (hauo, uo)n + |lur — kruo |3

2 .
12
As discussed above Lemma 3.13 in [GGH17], the operators ®(k+) : %;1/2?{ X H — Ex are
isomorphisms with inverses ®(—k4 ). .

The Hamiltonian form of (2.20) is given by —idyu = Hu with

H—(Z 2ﬂk>, D) = {ueé | Hueé)

“We use here that hg > 0.
8We use here that hg > 0.
9Now we use that h+ > 0.
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is the energy Klein-Gordon operator. We will also need to use the asymptotic Hamiltonians
- 0 1 ~ ~_ ~ ~
He={(~ ), %Hﬂ:@%ﬁ@gmHﬂ@ﬁbq@YmH)
hy 2ki
Given now z € Z, we dqﬁne on ker(i0, + z) the restricted operators h*, h§, k2, H?, ete. as well
as the spaces H?, £%, £% in the obvious way. The operator hf is the one in (1.8) with (s, m)
replaced by (sz,mz). Furthermore, if z # 0, then (ho)~Y/?H? = h51/27-[z = (h3)~V2H2.

[Ha01, Lemma 2.2 shows'” that (H%, 2(H %)) are self-adjoint. The difference with (E%, 2(H?))
is that for the asymptotic operators, we have Hkiu’ 24z < <hftu, U>Hz for all u € @((hi)l/Q) (as
required by (2.22) in [Ha01]); such an estimate is false with k* and hZ.

[GCGHI17, Lemma 3.19] shows that H is the generator of a continuous group (e*#);cg on &.

If u = (ug,u;) solves —idyu = Hu, then ug is a solution of (2.2) and conversely, if u solves (2.2)
then v = (u, —i0yu) satisfies —i0v = Hw.

itH )

2.3.2 Comparison dynamics

We present in this Subsection the comparison dynamics we will use for the scattering.

Separable comparison dynamics. The first dynamics we will compare (eitH “)ier to are the

following separable comparison dynamics. Define the operators

h:l: — —82 F(T)

x T2

Agz: — (m*F(r) — s*V2)02, kioo := —isV10,.

The associated second order equation reads

(07 — 2ik1000; + haoo)u = 0. (2.21)
The corresponding Hamiltonian is given by
. 0 1 . . . .
Hiw = (h:too 2k:|:oo> s -@(Hioo) = {u S gioo | Hiou € gioo}
where the spaces (Sioo, -l éioo) are defined in the canonical way i.e. 1o is the completion of

smooth compactly supported functions with respect to the norm
(a0, u)1Z, = ((haoo + ko) w0, o)y, + llur — kxocto||3-

Denote by hZ.., k%, H%., and £7. the restrictions on ker(id, + z) for z € Z of the above
operators and spaces. If u € £% solves (2.21), then

1 d 1 z Z 17 1z
§&H(u, —18tu)H‘2€~ioo = §R<<( % oo + (Kio)?)u, 8tu>H + (0fu — k% o Opu, Opu — 1kioou>H)
= §"ﬁ(<(hioo + (K200)?)u, Opu, + (ik% Bt — hogu, Opu — ik;w%)

= 3?<<ik‘:ztm8tu, atu>7_t + <hioou, ik::ztoou>7_l)
=0

10942 must be replaced by its completion with respect to the homogeneous norm as pointed out by the author of
this paper in [Ha03], above Lemma 2.1.1.
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because

sign(sz) x <hioou,ikioou>H = iH\kioo\l/Zaqui + iHrilF(r)l/Q]kimll/zvgzu‘}i

+[|m P () Y2 k2 |25, — 1| |k [P 205 |5,
Notice here that the above conservation law strongly relies on the fact that [0;, k1oo] = 0 (in

comparison, [0, k] # 0). It results that the associated dynamics (e'*#%x),cp are unitary on
H?* x H?* and the infinitesimal generators (H% ., Z(H%)) are self-adjoint by Stone’s theorem.

Theorem 2.3.9 states that the operators e 1 ZiieitHﬂztoo and e*itHiOOiieitH “ have strong limits

in B(£%..,£%) and B(£%,E%,) as |t| — +o0.

Asymptotic profiles. We next introduce the asymptotic profiles: they consist in the simplest
possible asymptotic comparison dynamics obtained by formally taking the limit x — +o00 in h
and k. Set

h_y = —02 4+ 5°V. /+82 k_j = —isV_4 0..
The associated second order equation reads
(07 — 2ik_p. 0 + h_yy )u =0. (2.22)
Notice the following factorization :
0F =28V 3 0.0, + h_pp = (0p — 0y — sV_1.0:) (01 + Oy — sV_,.0z).

We call incoming respectively outgoing solutions of (2.22) are the solutions of (0y—0,—sV_;,. 0. )u =
0 respectively (¢ + 0, — sV_,0.)u = 0. Define the corresponding Hamiltonians

: 0 1 : : . .
H_, = , PH_)=uel ) |H yuecl_
I+ (h_/+ %_/+> ) ={uelpy | Hpuey}
with the canonical energy spaces (6"_/+, |-l 5-7”) and the homogeneous norms

o, wn)llz_,, := (Ao + K2, Juo,wo) g + s = ko3

Put h? / and £2 I+ for the restrictions of the above operators and spaces on ker(id, +z).

! kz/+7
Then (e ’”)teR is unitary and (Hf/+,
the separable comparison dynamics above).

Theorem 2.3.10 below states that there exists a dense subspace D 1/1+Z C &2 2k such that

e‘i’ﬂziz_ﬁrei “# and e 7 —/+z'_/+e1tH have strong limits in B(D ﬁl/f,gz) and B(£7, EZ/+)
|t| = +o0.

2(H*” z . )) self-adjoint (the argument is the same as for
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Geometric profiles. Finally, let us introduce two last profiles we will refer to later on as the
geometric profiles. We want them to describe a transport along principal null geodesics Vi out
introduced in Subsection 2.2.1.

The generators of time-parametrized'’ principal null geodesics are given by

Vin = 875 + L,%”a L,%” = _890 - sV(T)@Z,
Vout = O + L g, Ly =0, — SV(T)az-

The natural equation one may want to consider to describe transport along Vi, /ou Would be

1
5 (vinvout + voutvin) =0

However, [Lz, L] # 0 (because [0, V] # 0) and no conserved positive energy can be associated
to this equation.

The idea is to use instead new dynamics with natural conserved energies whose incoming and
outgoing parts are vy, and voyt. Let us define

Li:=—Ly—2sV_0,=0,+s(V(r)—2V_)d,,
L_:=—Ly;—2sV;0,=—0,+s(V(r)—2V})0,

and set

h%ﬂ/y = —(Lt;f/j + SV,/+8Z)2 = —(8z +/— S(V(T‘) - V,/+)8Z)2, kjf// = —iSV,/Jraz.

The associated second order equation reads
((8t — ik{yf/{])2 + h,yf/j)u = 8t2u — 2ik%/j8tu + LJf/gL+/,u =0 (2.23)
so that we have the factorizations

(O —iky)® + hyr = (0o + L) (0r + Ly ),
(0 —iks)? +hy = (0 + Ly) (0 + L)

with this time [L,z, L+] = [L#, L_] = 0. The incoming part (815 + L,yf) describes a transport
towards 72 along ~;, whereas the outgoing part ((9,5 +L y) describes a transport towards .# along
Yout- The artificial parts (Ot + L+/_) describe transports towards % /. along modified principal
null geodesics; they will disappear when we will send data on the horizons later on.

The corresponding Hamiltonians

. 0 1 . . . .
H = , 9(H , = = H. cE .
uiod <he%o/y — K2y 2’%%) (Htr) = {u € Enpo | Huppou € Epyr }

act on their energy spaces (Sj{/‘/j, || - ) with

||é%/ﬂ

| (uo, u1) = (hppuo, o)y, + |lur — kopyruol3

1%
Exe)s

1YWe can parametrize the principal null geodesics by the time variable ¢ as % = :I:F(r)fl, cf. Subsection 2.2.1).
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Notice here that h 4, plays the role of hg for the full dynamics, so that we have to subtract kiﬁ v
in the Hamiltonians H ,,; besides, we can check that h -, > 0 since keryz(h ) = {0} for
all z € Z. By construction, the energies || - || L conserved and the evolutions (eitH%/f )ter
are unitary on ‘H x H.

Using as above the notation  for the restriction on ker(id; + z), Theorem 2.3.11 below
states that that there exists a dense subspace Dg;; - E;f/ » such that e ith Zz‘_/ +eitH;ff/f and
ot — el*” have strong limits in B(Dg;;},é"z) and B(£7, .jf/j). These limits will be
given a geometric sense in Subsection 2.5.4.

Remark 2.3.1. 1. We implicitly used [GGH17, Lemma 3.19] to define all the above dynamics.
We refer to Section 8 therein for a detailed discussion about the energy spaces and the
Hamiltonian formalism associated to abstract Klein-Gordon equations.

2. The self-jointedness of the different Hamiltonians (and thus the unitarity of the associated
dynamics) have different origins:
(i) For the asymptotic Hamiltonians ﬁi, self-adjointness is due to the decay rate E:Zt =
Oy stoo (e2“i$) which ensures that k% < h4.
(ii) For the comparison Hamiltonians H% ., Hf/+ and H;f/j, self-adjointness is entailed
by the conservation of the associated homogeneous energies, which relies on the com-
mutation of Oy with k% = k2 =k

3. Let Sy = {t =t'} x S. x R, x S2. In all the above statements, we implicitly identify the
slices g and Xy for all t € R using the curves {t = constant}. All the energy spaces &, E+x
and E_y use coordinates (z,x,w) in Xo.

2.3.3 Transport along principal null geodesics

The purpose of this paragraph is to explicit the action of the Hamiltonians I-'I(%a/ 7. The same
considerations hold for H —/+» but we omit details here as this case has been treated in [GGH17],
paragraph 13.3.

Let H}%ﬁ/ » be the completions of C°(Xo) with respect to the norms

lullyzs,,, = | Eorrr + ks Yull3y = (|90 +/= s(V(r) = Vo )0:)ullyy-

When s = 0, we have hyyy, = —0?2 and ’H}%/ » are nothing but the standard homogeneous

Sobolev space H (R, dz) naturally associated to the one-dimensional wave equation. Consider
the following canonical transformations:

SR S B S R WA} /1 :

o 1 1 1 1 ‘1 .

While the second column of W is artificial, the first one is related to the principal null geodesics
~in: for an incoming/outgoing solution u™, that is (0; + Lz)u™ = 0, we have ¥ (u™,0) =
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(u', —i0;u™) so U, prepare initial data for evolution along ~i,. Similarly, the second column of
U ~ is related to transport along vout-

Lemma 2.3.2. The transformations V¥ 5, are invertible isometries with inverses

1 Ly i -1 -1 Ly, i -1
\Ij%’:ﬁ<_L%0 i (Ly = Ly) ", \I{ﬂ:\/i o (Ly —L_)"".
Proof. We only treat the s case. Let (ug,u;) € "Hl%a X 7-[1%0 Using the parallelogram law
lla +b]|* + [la — b]|* = 2/lal|* + 2[|b]|?, we compute:

1

1
5\ (L + ik )(ug + ul)Hi + S| i(Le + ik )uo + i(Ly + ik%)ul\};

2

e (a0, )3, =

1 1
= S Lo k) (o + ) [+ 5 [[(Lor + k) (w0 — ),

_ 2
o [ A

Next, the expression for \I/;fl makes sense since Ly — Ly = —2(L » + ik ) have a trivial kernel
in ‘H and we have
€z . x / /
(L + k) r0) (2, 2,w) = — / e 2y V=V ) o o)y Vo € C°(30) Mker(id; + z).
0
To check that \Il;é indeed inverts W, we use that [L», L+] = 0. O

Lemma 2.3.3. The transformations V ,1, diagonalize the Hamiltonians ij/y :
1y : (L 0
U LH U =Hy ;:1< gf L

Ly O
0 L_

»W;@mﬂwﬁﬂ}xﬂy
\I/}lHj\IJ]:HjZ:i< >\I/:¢1@(Hﬂ)—>7'[1¢><7‘[1¢

The dynamics (eitH”/f)teR have therefore unitary extensions on 'H}/y X H;f/j,

Proof. We only treat the J# case. Recall that L, = —L j» — 2ik» and hy — kgf =LyLi. We

compute:
J0., — 0 1 1 L\ _ 1 [iLy iL4
AN T \LwLy 2kn) \iLy iLy) 2 \-L%, —L%)’
. 1 1 iLy 0\ _ 1 (il, iLy
AT T il iLy)\ 0 iLy) T 2 \-L% -I2)°
This gives the desired formula. O

We can now interpret the dynamics (77 ),cp as mixed transports towards the horizons.
Introduce the time-parametrized curves v4 and 7y_ defined in the (z,7,w) coordinates by

{:Mt) = (L s(V(r(t)) — 2V2), F(r(t)),0), (2.24)

Y- (t) = (1,s(V(r(t)) — 2V4), = F(r(1)),0)
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The curve 7, carries data to .# 1 whereas v_ carries data to 7. By Lemma 2.3.3, we have for
all (g, 1) € C(Xp) x C°(Xp) and all t € R:

eitH%/ﬂ <¢0> _ <etL%/"¢ 0 ) <¢0> _ <¢0 O’Yin/out(t)>
01 0 e - ) \ g provy-(t) )’

itHyf] ¢0 _ 1 _L+/—50 _Nigl B o~ 1 Ljf/f%o i_ 1<Z~51 N .
) / <¢1> 2 (iL%ﬂ/J( o L+/*¢O - i¢1)) %n/om(t) * 2 (iL+/ (Léf//(ﬁo + i¢1)> V4/- (t)

®o — i(51 - k;f/ﬂgo)

1
2 (iL%)/f [¢0 - i(<l51 — kjjf/ﬂqso)}) © Yin/out (t)

1 60 +1(61 — ks d0)
T2 <1L+/— {sbo +i(d1 - k%/ﬂ%o)}) ° Y- (1) (2.25)

where 55]- = (Lyys + ik s) 5. At t =0, we get (¢o, ¢1) back on the right-hand side above.

2.3.4 Structure of the energy spaces for the comparison dynamics

We analyze in this Subsection the structure of the energy spaces associated to the asymptotic
and geometric comparison dynamics introduced in Subsection 2.3.2. We will obtain explicit
representation formulas on dense subspaces in smooth compactly supported functions. This will
help us to show existence and completeness of the wave operators in Theorem 2.3.10 and Theorem
2.3.11. In all this Section, we will restrict ourselves to ker(i0, + z) with z € Z.

Structure of the energy spaces for the asymptotic profiles

The solutions of the initial value problem associated to (2.22)

(07 — 2ik? , 0y + h* ), Ju =0
Uz, = Uo S CSO(EQ)

(—i&tu)|20 =uj € C?(EO)

are given by the Kirchhoff type formula:

eisth_/+ T+t
u(t,z,x,w) = (uo(z, x+tw)+ i/ (u1 — sV_/+zu0)(z, y,w))
0
eisth,H 0
+ (uo(z, r—t,w)+ i/xt (u1 — sV_szu0) (2, y,w)) . (2.26)

They are a linear combination of incoming and outgoing solutions of (2.22).

The simplicity of the asymptotic profiles has a cost: all the angular information has been lost
in the construction of H* Iy As a result, as explained in [GGH17|, there is no chance that the
limits

W,,u= lim e_itHzi_ eitHi/+u
U Seo "
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exist for all u € £% . since H? is built from h% which acts on the angular part of u. The strategy
is to define the limits first on a suitable dense subspace then to extend the corresponding operator
by continuity on the whole space £* Jy We define the spaces

finz | z
gl/T = u e l/r

o> 05 ue (LXS' xR, dzdr) ® @ ¥2) x (LA(S' x R, dzdx) @ @D Vo)

<ty £<to
where Y} is the eigenspace associated to the eigenvalue ¢(¢ 4 1) of the self-adjoint realization
(—Ag2, H2(S?,dw)). In order to exploit (2.26) and decompose elements of Elﬁ/r;’z into incoming
and outgoing solutions of (2.22), we will use the following spaces:

gf/i = {(Uo, uy) € 5.,/+ ‘ uy — sV_j zug € L (R, dz; (S' x SQ,dzdw)),

/ (ur — sV_jyzu0) (2,2, w)dz = 0 ae. in z,w}.
R

[GGH17, Lemma 13.3] shows that!”

sLz _ Sinyz Sout,z

87/+f€7/+6957/+ (2.27)
with the spaces of incoming and outgoing initial data

El_n/’: = {(umul) € 55/’1 }u1 = —i0yup — SV_/+zu0},

Solutions in Sf/fr verify a Huygens principle (¢f. [GGH17, Remark 13.4]). The cancellation of the
integral in particular removes the resonance at 0 of the wave equation; the non-vanishing term as
t — to00 is the projection of compactly supported data on the resonant state which is nothing
but the constant solution 1 ¢ H (see the De Sitter-Schwarzschild case for s = 0 in [BoHa0g],
Proposition 1.2 and Theorem 1.3; here the resonant state is r ® wy with wg € Yy the fundamental
spherical harmonic because we use the conjugated spatial operator r]gr_l).

Finally, set
Di? = (C°(S! x R x §%) x C°(S' x R x §%)) N & n €L

Ur lr
Then [GGHI7, Lemma 13.5] shows that D is dense in (£ - lg=,) (and thus in
—/+
(&= i [ é) )). We will show similar results for the geometric profiles in the next paragraph.
—/+

Structure of the energy spaces for the geometric profiles
The solutions of the initial value problem associated to (2.23)
2 ‘Lz z z _
(0F — 2ik%, 0 + L%, L7, Ju=0
ujs, = uo € C°(X)
(—10u) |5, = u1 € C(Xo)

120bserve the different gauge used therein (the initial time-derivative is d;u). To obtain the incoming/outgoing
spaces of [GGH17], we need to replace uy by iui below; this of course does not modify the results.
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are given by the Kirchhoff type formula (we drop the dependence in (z,w) € St x §?):

1. z ’ ’ z+t —j T+t N /
up(t,z) = 5elSZ Jitv(a)de (uo(ﬂf +1) —|—i/ e 7 Iy V) =V-)dy (u1 — szV_uo)(y)dy>
0

[y

—t / / z—t : x— / ’
+ 5eisz 2T (V()—2V_)de (uo(w _ t) B i/ o isZ fy “V(y)-V-)dy (Ul _ SZV_U()) (y)dy) 7
0
(2.28)
| 2PV () —2Vy)da! [ lszfz+t V(y)=Vy)dy'
ug(t,zr) = 3¢ + up(x +1t) +1 Y (uy — sz2Viug) (y)dy
0

1 .. e- Nt Tt L , ,
4+ e sz I Ly (a)dz (uo(x _ t) _ i/ iz fy V() -Vy)dy (Ul o szV+uo)(y)dy> )
0

(2.29)

\)

The solution u 4 is a linear combination of an incoming solution transported along the principal
null geodesic vy, and and outgoing solution transported along the artificial curve v, ; the solution
U, 1s a linear combination of an incoming solution transported along the artificial curve v_ and
and outgoing solution transported along the principal null geodesic 7out. Formulas (2.28) and
(2.29) display the first components of "%/7 u: we can easily check them using (2.25) with (we
omit the dependence in (z,w) € S* x §?)

(L% + ik?f/y)_l(ul — k%,u0)) (2) = —/+/O o7/ V)=V )dy (u1 — s2V_s u0) (y)dy.

It will be useful below using the following simplified forms:

1sth xit ) zt+t YV (e —V_)dz'
2 (t, ) Zelszf - o(x +1)+ i/ el [z (V(@)—V-)dz (u1 — szV_uo) (y)dy |,
z—t
(2.30)
1sth+ zj:t T+t "y ’ ’
ug(t, ) Ze_lszj )=V (2 1 t) 4 i/ e 152 [ V(@)= Vi )dz (u1 — szViug) (y)dy | -
r—t

(2.31)

As for the asymptotic profiles of the paragraph 2.3.4, we need to control the angular directions
on S if we wish to compare the geometric dynamics with the full one. We thus define

iy = ues;f/y'ﬂﬂwo;ue(m X R,dzdr) @ (D Vi) x (L*(8" x R,dzdz) @ (D Vi)
égéo féfo

Formulas (2.28) and (2.29) makes a priori no sense in 52}/’; and the integral terms are not
controlled in H. We thus introduce the following spaces:

Ejfjﬂ {(uo,ul) € gg%/j ‘ uy — szV_s ug € Lt (R,dy - (St x Sz,dzdw)),

/ ot/—isz [ (V(2")=V_ )da’! (ur — szV_/+uo)(z,y,w)dy =0 a.e. in z,w}.
R

We now establish a result similar to [GGH17, Lemma 13.3]: it gives a deeper meaning to incoming
and outgoing data.
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Lemma 2.3.4. Let

gl;}’z = {(Ug,ul) € g%/kz Uy = lefuo}, S;;t’z = {(Ug,ul) € g%/kz u; = iL+U0},
g};’z = {(Uo, ul) € gj,z Uy = iL,uo}, S;Jt’z = {(uo,ul) S g{?z Uy = iL]UO}.

The following decompositions into incoming and outgoing solutions of (2.23) hold:

sLyz  _ Singz sout,z
Exrr = €41 ©E 0y

};Lurthermore, if u = u™ + ut € 5;},7] is supported in SL x [R1, Ra]y x S?, for some Ri, Ry € R,
then

Suppu™ C S} x ]—o0, Ra], x SZ, Supp u®™ C S x [Ry, 4+o0[, x S2. (2.32)
Proof. We only show the lemma for Sﬁfz Recall that
1L pug = —10,ug + szVug, iLiug = 10,ug — sz2(V — 2V_)uyg.
Let u = (up,u1) € S)sz and put @(z) := e%Jo V®=V)dyy (1) Then u € 5;}z if and only if
U = —i0zugp + szV_1g
whereas u € S’%t’z if and only if
w1 = 10,00 + szV_1y.

These conditions define incoming and outgoing states for the asymptotic profiles (see [GGH17],
above Lemma 13.3 with u; therein being iuj for us). We then define'? (omitting the dependence
in (z,w) € St x $?):

+oo
/ [—0yt0 —i(a1 — szV_1p)] (y)dy,

N |

szV_
2

) 1 +oo
' (x) = 5 [—i@m&o + (a1 — szV_ﬂo)] (x) + / [—8y110 —i(ug — szV_foo)] (y)dy,

W) = [ [0yt — i@ — saV-0)] (1),

9" () = = [i0io + (i — s2V_iig)] (x) + saV- / ’ [0yt — i(iiy — s2V_iip)] (y)dy.

2 —00

N |

Direct computations show that

' = —i0pug' + szV_ag', 9" =1i0,u0™ + sz2V_ug",  (fo, @) = (4 + ag", @t 4+ ag™).

13We use formula (13.8) of [GGH17, Lemma 13.3].
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Here we use that
+OO +OO H Yy / !
/ (U — szV_1p)(y)dy = / elsz o (V(y)—-Vo)dy (u1 — sz2V_ug) (y)dz = 0.
It follows that

uin/out sz Jo(V(y)—V_)dy (agn/out7 ﬁiln/out)
satisfy u"/°ut ¢ 51}/ oUZ and u = ul® 4 yOut,
The support condition (2.32) for @in/out directly reads on the above expressions and is in turn

verified for ui®/°ut ag multiplication by eisz Jo VW) =V-)dy qoes not modify supports.
in,z

It remains to show that 5%7 N 6";;“ = {0}. If u lies in the intersection, then @ satisfies
U1 = —i0zptg + szV_1y
1 = 10,0g + szV_1y

Adding and subtracting both the conditions, we see that g is constant and 4, = szV_1ug in H,
whence g = 217 = 0. This entails © = 0 and we are done. O

Remark 2.3.5. Using the definitions of W s in the paragraph 2.3.3, we easily show that
E%% =W (HLZ x {0}) N EL7, EX =W, ({0} x H?) nEL™.
We then have the following adaptation of [GGH17, Lemma 13.5] to our framework:
Lemma 2.3.6. Let

DIYE = (C(S" x Rx 8%) x C°(S' x R x §%)) N €Y% nELT,.
).

Proof. First of all, 52;/’; is dense in S;f/  » by definition of the homogeneous spaces and because

the Hilbert direct sum of the eigenspaces Yy is L?(S?, dw).

Next, (C°(SE xRy xS2)xCP(SLx R, xS2)) ﬂgii;/; is dense in Sf;/; by standard regularization
arguments.

Finally, let 1) € C°(S! x R, x S2) x C°(S! x R, x S2) such that 1 > 0, 9] L1 (st xmxs?) = 1
and put ¥ (2, z,w) := ¢(z,n" 1z, w) for each n € N\ {0}. Pick u € (C°(SL x Ry x S2) x C°(S} x
Ry x S2)) N S;H’Z and define

Then Dﬁy;/zj is dense in (S;f/j7 I Hg‘;f/

ug = up,

ufiz =y — n—1¢ne—/+isz JoV(@)=V_s)da! / e+/_isz JJ(V(a")=V_,y)da! (ul o SZV_/+U0)(Z, y,LL))dy
R

Then u” := (ul,uf) € (C(SL x R, x §2) x C(SL x R, x 82)) NEM* N EL? and we have

[uf = uallage < 20 2 lagellus — 52V ol £ (st crxs?)

< Cn VP uy — 52V uol| (51 xrxs2)

for some constant C' > 0 independent of n. It remains to let n — +00 to conclude the proof. [
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fin,z

Remark 2.3.7 (Minimal propagation speed). Let u = u"4u°" € Dﬁn Zandv = v +0°" € D Y
such that Suppu, Suppv C S} x [Ry, Ra]s x SE for some Ry, Ry € ]R Using the relations

ul = —i0,ul + szVul! u"™ = i0,ud"™ — sz(V — 2V_)ud™,

Vit = —id 0 — sz(V — 2V+)v(i)n, = i0,v)"™ + szVod™,

we can integrate by parts in the Kirchhoff formulas (2.3()) and (2.31) to obtain

(e itHS e oy u™) (2,2, w) = ooz [T V(@ 2Ty (2 e+t w),

( ith, out)o(zjxjw) — olsz [T (I’)*QV—)d’”/ug“t(z,x —t,w),
(e ltHﬂvln>0<z’x’w) — oisz [T (V (@)~ 2V+)dx’vi0n(z’w+t’w)’
( 1tHV¢,U0ut)O(Z’ 7,w) = —1szj‘j*t V(:L”)da:’v(c))ut(27 T —tw).

It follows:
Supp (eitﬂf%”uin), Supp (eitH«zfvi“) CS! x]—o0,Ry — t], x S2,
Supp (eitH;fuo‘“), Supp (eitﬁif vo‘“) C S x [Ry +t, +o00[, X SE.

The dynamics (e ”/f)te]g thus verifies the Huygens principle on Dg;/;

2.3.5 Analytic scattering results

We state in this Subsection the scattering results we will prove in Section 2.4. For all of them, we
need to first restrict to ker(i0, + z) with z € Z in order to apply the abstract theory of [GGH17|
for Klein-Gordon equations with a non zero mass term, then to |s| sufficiently small to use [?,
Theorem 3.8|.

The first result concerns the uniform boundedness of the propagator (e
given in Subsection 2.4.2.

Theorem 2.3.8 (Uniform boundedness of the evolution). Let z € Z\ {0}. There exists so > 0
such that for all s € |—so, so, there exists a constant C' = C(z, so) > 0 such that

itHz)teR. The proof is

Heitqu| ez < Cllullg. Vt € R, Yu € E2.

The next result concerns the asymptotic completeness between the full dynamics and the
separable comparison dynamics. The proof is given in Subsection 2.4.3.

Theorem 2.3.9 (Asymptotic completeness, separable comparison dynamics). Let z € Z \ {0}.
There exists so > 0 such that for all s € |—sq, so[, the following strong limits

Wi =5 tiiinoo e*itHziieitHﬂztoo,
WP =s— Jim e ItH? oitHEoo
Qi =8 tiiinoo e_itHﬂztooz'ieitHz,
Q4 :=s— lim et oo oitH”

t——o0

exist as bounded operators Wf/p € B(E%,E%) and Qi/p € B(E%,€%.).

page 77



2.3 Analytic scattering theory

We now state an asymptotic completeness result with the asymptotic profiles. The proof is
given in Subsection 2.4.4.

Theorem 2.3.10 (Asymptotic completeness, asymptotic profiles). Let z € Z \ {0}. There exists
so > 0 such that for all s € |—sg, so[, the following holds:

1. For allu € D?/I:jz, the limits

f . —itHZ . itHf+
VVl/ru = t_l}inooe ipe u,

v _ . 7itHZ . itHi/+
VVZ/Tu = t_l}r_nooe i€ U

exist in £%. The operators WP extend to bounded operators wir e B(&E?

lr l/r —/+’gz)'

2. The inverse wave operators

tH?

)

. —itH?,, . -
Q) u=s— lim e e
Ur t—+o0

P T —itHfH_. it EZ
Ql/Tu—s tl}r_nooe i€

exist in B(Sz,gf/+).

Finally, we state a last asymptotic completeness result using the geometric profiles. We will
prove the following theorem in Subsection 2.4.5 and give a geometric interpretation in Subsection
2.5.4 (see Remark 2.5.8).

Theorem 2.3.11 (Asymptotic completeness, geometric profiles). Let z € Z \ {0}. There exists
so > 0 such that for all s € |—sq, so[, the following holds:

1. For allw € D™  the limits

H)I
f o —itHE . itH?,, ,
W%g/]u = tlginooe (A 7w,
. —itH= . it H?
W;,,/ﬂu:thm e Y e sy
C/- ——00

exist in E%. The operators ij//]; extend to bounded operators Wj,];{/]} € B( ';f/f,gz).

2. The inverse future/past wave operators

o —itH%,, . itH*

), =5 lim ooy
P . T —itH;f/y. it
Q%/j =5 tl&r_nooe i€

exist in B(SZ,S}M).

Remark 2.3.12. Because of the cut-offs i+, wave operators and inverse wave operators are not
inverse. We will however justify this designation for the geometric profiles in Subsection 2.5.2.
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The geometric wave and inverse wave operators satisfy the following properties (the proof is
given in Subsection 2.4.6):

Proposition 2.3.13. Under the hypotheses of Theorem 2.5.11, it holds:

f/p g ne; flew !

Qyépg C W (R x{0}), sz/ﬂp ,f;zﬂ/p = Uy, itz x oy
f/p g Y1,z flew £

QJ/PS C \I/j({(]} x My )7 Qy/p ,]/p = ]lxlfy({o}xﬁ},’z)'

2.4 Proof of the analytic results

This Section is devoted to the proofs of the scattering results stated in Subsection 2.3.5. Theorems
2.3.8, 2.3.9 and 2.3.10 are direct consequences of the results obtained in [GGH17] once some
geometric hypotheses are checked. Theorem 2.3.11 follows from standard arguments as well as
propagation estimates of the full dynamics showed in [GGH17].

2.4.1 Geometric hypotheses

In this paragraph, we check that the geometric hypotheses (G) of [GGH17]| are verified in our
setting on ker(i0, +z), z € Z \ {0} (z must not be zero to conserve a mass term). We use the
weight w(r) := \/(r — r_)(r4+ —r) defined for all r € |r_,r4[.

(G1) The operator P in [GGH17] is"* —Age — m?r29? for us, and satisfies of course [P, d,] = 0.
(G2) Set
6= F(r)PhEF ()2 = =7 F(r) 20,0 F (r)0,r T F(r)'/? — r 2 F(r) Ag2 + m*F(r)z”.
Then a1(r) = as(r) = v 'F(r)Y2, ay(r) = rF(r)"/? and ay(r) = mF(r)"/?z. These

coefficients are clearly smooth in r. Furthermore, since we can write F(r) = g(r)w(r)? with

g(r) = %(r —rp)(r—re) 2 1 for all r € Jr_, r4[, it comes for all j € {1,2,3,4}

a;(r) —w(r) (i_(r) oy +ig(r) oaj) = w(r) (g(r)1/2 - ozj[) =0y (w('r)z)

for

ot = of = ﬁ _ Tiaff _ 1 Are —rp)(re — 1)
1 3 r3 mz r3 3 '

Also, we clearly have a;(r) 2 w(r). Direct computations show that
gman (aj —w (i_ aj +is aj)) (r) = Opyry (w(r)2~2™)

for all m,n € N.

171t is assumed in [GGH17| that the coefficients of P are independent of 7; we can check however that this
restriction can be relaxed to a broader class of operators including the one we use.
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(G3) Set kZ, := kZ := k” and kZ, := 0, and put k%, := sV_ and k2% = sV,.. We have
V(r) = Ve = Oy (Jrg — r1]) = Orsry (w(r)?) and 97°92V (r) is bounded for any
m,n € N.

(G4) & (G6) Our perturbed operator Af ; is the same as in [GGHI17] at the beginning of the paragraph
13.1 with A, = F, but without the bounded term A(r? + a?). We then copy the proof,
details are omitted.

(G5) Because z # 0, we clearly have
ha = —oy (1) 0w (r)*rg(r)dray (r) — a1 (r)*Ase + o (r)2m?r?z?
= ay(r) (farw(r)2r2g(r)3,, — Ag2 + m27"2z2) aq(r)
2 ay(r) (—8Tw(7')28r — Ag2 + 1) ay(r).

(G7) We check that (hg—k2,ky) and (ho— (k——k_)%, k_—k_) satisfy (G5). Since o (r), k+(r) —
sVy = Orypy (Jr+ — r|), we can write for |s| < mr_:

s = —an(r)w(r)?rig(r)dran (r) — o1 (r)?Age + a1 (r)?m?*r?z? — (ke (r) — sVi)?
") — 2
= ay(r) (—&w(r)erg(r)@r — Age +m?r?z® — W) aq (r)
> ay(r) (—8rw(7“)28r — Ag2 + 1) aq(r).

The geometric hypotheses are thus satisfied and we can apply the scattering results of Section 10

in [GGHI7].

2.4.2 Proof of Theorem 2.3.8

Let us show Theorem 2.3.8. This result is similar to [GGH17, Theorem 12.1].

First, pick 6 > 0 and set w(r) := /(r —r_)(ry —r) defined for all r € Jr_,ry[. In [?],
Subsections 3.3 and 3.4, it is shown that for a positive mass m? > 0 (which correspond to any
z # 0 here), there exists £ > 0 such that for all s € R sufficiently small, the weighted resolvents

w(H% —2) ' : €4 — &, w(H? — 2) "t € = €
extend form CT into the strip {)\ eC |3\ > —6} as meromorphic operators. The poles are
called resonances. Then Proposition 3.3 and Theorem 3.8 state that for both the above operators,
there is no resonance in a tighter strip {A € C | A > —¢’} for some €’ € ]0,e[. Furthermore, [?,

Corollary 3.9] shows that the spectrum of H is real provided that s is small enough.
We can now follow the proof of [GGH17, Theorem 12.1] in Subsection 13.2 therein. It follows

. Z .
from [GGH17, Theorem 7.1] since H* has no eigenvalue and both H and H* have no resonance
on R.

2.4.3 Proof of Theorem 2.3.9

Let us show Theorem 2.3.9. It is similar to [GGH17, Theorem 12.2 | for n # 0 which follows from
Theorem 10.5 therein once we have showed the absence of complex pure point spectrum of H
and also the absence of real resonances of Hy.. These conditions follow again from [GGH17,
Proposition 13.1] for s small enough and z # 0.
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2.4 Proof of the analytic results

2.4.4 Proof of Theorem 2.3.10

Theorem 2.3.10 is similar to [GGH17, Theorem 12.3] and the proof therein applies to our setting.
As we will show below the same result for the slightly more complicated geometric profiles (cf.
Subsection 2.4.5), we omit the details here.

2.4.5 Proof of Theorem 2.3.11
The proof of Theorem 2.3.11 uses the following fact:

Lemma 2.4.1. The operators i_y, : 7 - é‘;f/J are bounded.

Proof. We only show the result for i_. Let u = (ug,uy) € & and write

3_[2 + Hi_(ul — ikzﬁp’u,[))‘ 3—[7‘

liculZ, =10 = i(k* = k3))i-uol
S 105 i-Juol3e + I9wuoll3e + || (k™ = k3 Yi—uol

< llull, + I fuol3=

2o+ lut — ik%uo|[3s + ||i— (k% — k% )uo

where f € C*(R,,R) is exponentially decaying at infinity. Using Hardy type inequality (ii) of
|[GGH17, Lemma 9.5], we get

1/2
| fuolle S N1hg *uollze= S ull g
and the lemma follows. O

Remark 2.4.2. We may notice that i,/JrS.;f/j — E% are not bounded operators. However, the

proof of the existence of the direct future wave operator Wff below will show that
Z.,/+eitH‘z%’ﬂ/J . 5;{%% — SZ

are bounded at the limits t — do0o0 as extensions of bounded operators defined on the dense
subspaces Dg;;;

Proof of Theorem 2.3.11. We will only show the theorem for the future operators in the JZ case.
We closely follow the proof of [GGH17, Theorem 12.3].

Existence of the future direct wave operator ij Let u = u!™ + o ¢ Dg;’z. By
Remark 2.3.7,

(eitHLz%ouin)o(Z, x,w) — eiszf;+t V(m/)d;p/ubn(Z’ T+t w),

L . —t
(eltHLT;f uout) isz [ (V(x’)fQV_)dx’uout

(z,z,w) =e 0 (2, —t,w)

0

and then ngu"“t = 0 because of the support of i_. From now on, we write u = ™. We use
Cook’s method: a sufficient condition for the limit to exist in £ is

d

% (e_itHzi_eitHzfu> = jeitH® (Hzi_ - z'_H;f)eitHgf’u € LY(RS, dt; £7).
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2.4 Proof of the analytic results

Put v = (vg,v1) := eitH3% 1. The above expression makes sense since v is smooth and compactly

supported. Recalling the definition of the operators h* and k* in Subsection 2.3.1 as well as h%,
and k%, Subsection 2.3.2, we compute

H%_ —i_IT%,
0 0
- <hzi —i- (W5 — (K%)*) 2i-(k* - kﬁ/ﬁ)
0 0
- (—[82,1’] +i_ (Vg(’l“) — isz(0.W(r) + W(r)8,) — QSQZQV(T‘)QW(’I“)) —2iiszW(r)> '

where

Vo(r) :== F(r) | 7 F'(r) + 772 Z 00+ 1) +m?z% |, W(r):=V(r)—V_.

0<e<4y

Using the minimal speed of vg (¢f. Remark 2.3.7), the uniform boundedness of eitH* (¢f. Theorem
2.3.8) as well as the exponential decay of F and V — V_ (¢f. (2.18)), we get:

d s 'z z
7(6 itH B 1tH%’LL>

= < (1 o)™ (Juollee + @stollpe + 1o e

&z
S 1+ 60) e ([lvollags + (10 — isz(V — V_))vo|la
+ |1 — iszV,UOHHz)

5 (1 + 60)3672n_t(”v0”}[z —+ ”’UHS%) (234)

Here the symbol < contains no dependence in ¢y (but depends on z). We have ||v\|g;? = HUHg;f

and |lvo(t)|laz = |[ull (- + )|]3¢z = ||ull|l %= as translations are unitary on HZ. In particular, these

norms are uniformly bounded in time This provides a sufficient decay as t — 400 in (2.34) and
proves the existence of the limit w! S on Df}; z,
To extend the existence of the future wave operator to &2 %y, we use a density argument: we
fin,z

show that there exists a constant C' > 0 such that for all u € D",

, s < vy .
HW%U ’5z > C’Hqu%

. . . yass .
Using again the uniform boundedness of e*”, we can write:

He_itﬁzi eitlﬁl;ﬁu’@z < Hi_eitHf»@uH?g-z

< <h§i_v0,i_vo>ﬂz + |li— (v1 — E®v9)||32

< (i—hfvo, i vo> + ([h§, i ]vo,i,vg>%z + |li— (v1 — E®v0)||32

< <2,(h0 — h%)vo, Z,UO>HZ + <h§5vo,vo>ﬂz + <[h0,i,]vo,i,vo>Hz
+[li— (k% — k*)vo)[[F= + llor — kw0l

S H'Ung r(t)

S lullgs, +r(®)

~
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2.4 Proof of the analytic results

where 7(t) = O yo0(e™4=||p||3,2) is a rest similar to the right-hand side of (2.34). Letting
t — 400 thus gives the desired result.

Existence of the future inverse wave operator Qﬁf The existence of Qf;f necessarily

relies on a propagation estimate for the full dynamics (eitH “Vier. In [GGH17, Proposition 6.8], it
is shown that for all 6 > 0 and all u € £%, we have

/RHwéeitHzX(HZ)u‘

godt S lullg (2.35)

where w(r(z)) = \/(r(z) — r_)(ry — r(z)) and x € C®(R) (x must cancel in a neighborhood of
the real resonances of H in [GGH17|, but [?, Theorem 3.8] shows that no resonance lies on R for
us). The operator X(H %) is defined with a Helffer-Sjostrand type formula and is bounded on £2,
see [GGH17, Subsection 5.5].

To prove that Q’;?ﬂ exists, we show that the sequence (e*itHZin_eitH ‘ u) >0 18 Cauchy in 8}
Let e >0and u € EZ First of all, the uniform boundedness of % and e as well as Lemma
2.4.1 imply that e % i_etH" € B(£% &%) for all t € R. The spherical symmetry allows us to

use the decomposition

522@&?‘, £ = {v:ZW

£eN LeN

i = 3 ol < o

LeN

The harmonic v, are such that w + vy(z, z,w) € H*(S?,dw) and —Agevy = (£ + 1)v, on é’gz for
almost every (z,7) € S! x R,. Then we have by dominated convergence

2 2
_ir7Z 1 ITZ _ sl IrZ . il ITZ _iiTTZ LIz .
e ltH”Z,eltH u—e it H%’LfeltH § : Up = |le 1tH‘%pzieltH X(HZ) E :UZ
0<4<¥ly g;f >4 5zyf
2

<C ZW

€>€0 é‘-z

=CY ful?,

>4
< (¢/6)?

for £y large enough as the remainder of a convergent series. Fix such a £o and call again u the
truncated sum Yo, ue- Next,

He—itH;gLeitqu _ o it'H% s Jit'H? < He—itHggLeitHz(l _ X(HZ))u’

ul £z, éz,

+ [le ¥ HSei_e (1 — x(H?))ul

o1
S%
z

+ He—itHgfLeitHzX(HZ)u _ e-it’H%Leit'HzX(HZ)u‘

£5,

We will show that the right-hand side above is lesser than 2¢/3 for ¢, ¢ sufficiently large.

page 83



2.4 Proof of the analytic results

. . . 1 ITZ L TTZ .
Using again the uniform boundedness of €% and e*H” as well as Lemma 2.4.1, we can write

o™ M50 it (1 — x(H))u g+ [le™ o0 e " (1 — x(H?))ul

< 20|(1 — x(H*))u|

£z, £z, gz’

By [GGHI17, Proposition 5.11| combined with the fact that H? has no eigenvalue if s is small
enough (see the proof of Theorem 2.3.8 in Subsection 2.4.2),

— 1 HZ/L) = 1. 2.
s L_lffooX( /L) (2.36)

Fix y so that ||(1 — X(HZ))U‘

22 < €/6C. Thus

He*itHZ%’i_eitHZ(l B X(HZ))U| + Hefit/HZ%,i_eit/Hz(l _ X(HZ))u|

_€
5 & 3

It remains to show that

z

HefitH;m-_eitHZX(HZ)u _ efit’Hyfi_eit’HzX(HZ)u|

_€
€% 3
for ¢,t' large enough.

Pick § € ]0,2[ and compute:

4
dt

(efitH%i_eitHZX(HZ)u> — jo—itH%, (Hﬁfz_ _ ,L-_Hz> w*(;wiseitHZX(HZ)u
Then (2.33) above shows that for all v = (vg, v1) € £,

| (i =i fr) o] 5 (4 £0)? w0l + lgurlle)

£z

for some smooth functions f,g € Oy 400 (e(‘s_%*)'x‘). Using the Hardy type inequality (ii) of
[GGH17, Lemma 9.5|, it follows

|(#3pi- — i fm)w ]| S @+ ) (10 volles + llon = Koo e ) S (14 €0)° o]
e
With Lemma 2.4.1, this gives
o ith%, (H;fi, - LH) w € B(E%,, £7).
The propagation estimate (2.35) then implies that
% (e*im;fi_eitHzx(Hz)u) € LY(R,dt)
whence

HefitHzfi_eitHZX(HZ)u _ efit/Hnyi_eit/HZX(HZ)u|

<e/3

5

for t,t large enough. The proof is complete. O
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2.4 Proof of the analytic results

2.4.6 Proof of Proposition 2.3.13
We only show the f, 57 case:

Q7,87 U (HYZ x {0}), (2.37)
f I
Wi =Ly, 1Lz x 10y (2.38)

Proof of (2.37). We follow the proof of a similar proposition in [Mi]. Let
Y, E;f S u = (ug,ur) — uy — iLpuy € H.
It defines a continuous operator as
1T ullae = llur = iLoruollas < [[(Low + ik )uollae + [lur = keuollae = Ilullgs -
Clearly ker Y0 = W (H;;pz x {0}) so we will show that
T, =0.
We claim that

iLH, ull,. Vu € £%. (2.39)

et

To see this, write T, = %(L+ — Ly)m ¥} with 1 (ug,u1) := u1. Now (2.39) follows from
\If%o CitHSy — (it \I/f and the unitarity of e‘tH%\II ! Eﬂy — Hi; X H;; and L,y + ik =
—5(Ly —iLop) s Hy = HE.

Let now u € £%. In view of (2.39), we are boiled to show that'®

i e

be = 0. (2.40)

Fix £ > 0 and pick £y € N so that

it H=

“T%i_e u!Hzg T%)i_eimz Z Uy + iji_eitHz u— Z Ugp
0<e<0y 2= 0<t<ty 2z
< |opie™ ST w| g2 (2.41)
0<e<ly Az

where —Agouy = £(¢ + 1)uy as in the proof of Theorem 2.3.11 (we used the continuity of
Y ,pi_eltH” E% 5 H? as well as dominated convergence). We will write again u for 20§£§ 0 Ue-

Set v(t) :== eltH”y and compute:

10y + L)Y i = (8, + Ly ) (9, + Ly )i_vo(t)
( lk)f + hjf) vo(t)
- ([h%ﬁ, _(k% — k) +i_(hyp — h))vo(t) + 2 (ke — k)i (1)
=(1). (2.42)

15Recall that i_ € B(Sz,égf), cf. Lemma 2.4.1.
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2.4 Proof of the analytic results

This expression makes sense in H?: we have

12@) |3 < 1 fr(x)vollae + [ fo(2) 0oz + || f3(x)v1 |22
S llg(@)vollaz + [|0zvollzz + |lv1 — kvol|zz

with |f;(z)], |g(z)| < Cj#3e=2F17l| then Hardy type inequality [GGH17, Lemma 9.5] as well as

uniform boundedness of eit/* yield

- . 5 ()
2@ 3= S [19(2)wo(@)llgn S lg(w)wull¢

with & € )0, 2] and |§(x)| < Cl3e~2<1#1=0 By [GGH17, Proposition 6.8], we have = € L' (Ry, H?).
From (2.42) and the fact that L, generates a strongly continuous group on H?*, we then deduce
the following Kirchhoff type formula

: ¢
T i ey =ie Y i+ i/ e~ (=L =1 dt!
0

which we can rewritten as
L ITZ +oo /
Y pi_e "y = jemt+ <T wi_u+i / et L+E(t’)dt’) + 0t 100(1) (2.43)
0

in the L'(R;, H?) sense. Finally, write i_ = j_i_ so that

tH )0 + G i _eltH . (2.44)

Ypi_eu =1 i_(
Since j” is supported near 0, [GGH17, Proposition 6.5] shows that the first term above goes to 0
as t — +o00; the second term above also falls off at the limit using (2.43) since j_e *‘+¢ — 0 as
t — +oo for any ¢ € ‘H%. This shows that the expression in (2.44) is smaller than /2 for ¢ > 0;

back into (2.41), this gives (2.40). O

Proof of (2.38). Notice that we can define Q];f using j_ instead of i_ in part 2. of Theorem

2.3.11; this will immediately cancel mixed terms j_i, below'".

Let first u € \I’Jf(’Hly’; x {0}) ﬂDg;’z so that Wﬁfu is the limit of e~ H*j_eitH%y as t — +oo.
Since u; = iL 4, we obtain as in Remark 2.3.7

(eitH;g;u)O(x) _ eiszf;+tv(g;/)dx’u0<$ 1) = e—tL%ouO(@ (2.45)

tH

where we omit the dependence in (z,w) € S! x S2. Set then @ := e ¢ u; integrating by parts in

Kirchhoff formula (2.30), we get:

(e_itHEfj,ﬁ) o (.’E)
—isztV_

= (Z Q2 [T VD=V 5 (L gy (2 £ 1)
+

x—1
r+1

—isztV_  px—t , Ve (YU (Y
— (o= uoe) = g [ VRV GV (4 t)ay.
x4+t

16Otherwise, we have to involve a propagation estimate to make i,i+eitH% vanish at the limit ¢ — +oo0.
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2.5 Geometric interpretation

Since j_(x —t) — 1 as t — 400, j_(x — t)up(x) = ug(z) for t > 0. The integral term vanishes
for large t because j' is supported near 0 whereas Supp ug(x + t) leaves any neighborhood of 0.
This means that (e*itH;z%” j_eitHLz%" u)o = wyg in finite time and then (e*itHZJf j_elt
using (2.45).

By Theorem 2.3.11, ijf and Qf;f are bounded operators so that

Hzifu)l =1L ypug

s— lm (e 5 j_tH") (e 150 ;_oltH" =/ W/,
t—+o00 A

The above computations show that the left-hand side above is ﬂmﬁ(ﬂl,zx (op) (
Aurz

dense subspace then extended to W Jf(H;’; x {0}) by continuity) which entails (2.38). O

first proved on a

2.5 Geometric interpretation

We provide the geometric interpretation of the scattering associated to the dynamics Hz%o/ 7 of
Subsection 2.3.2. We will show how the inverse wave operators of Theorem 2.3.11 are related to
traces onto the horizons . and .#. We adapt [HaNi04] which deals with Dirac equation in Kerr
spacetime.

This section is organized as follows: in Subsection 2.5.1, we define energy spaces on horizons
using the principal null geodesics; we construct in Subsection 2.5.2 full wave and inverse wave
operators using Theorem 2.3.11; Subsection 2.5.3 then shows that they are indeed inverse; in
Subsection 2.5.4, we extend the trace operators from smooth compactly supported data to energy
spaces as bounded invertible operators; finally, we solve an abstract Goursat problem in Subsection
2.5.5.

2.5.1 Energy spaces on the horizons

We define in this Subsection the energy spaces on the horizons obtained by transport of the
principal null geodesics. This will allow us to define traces in Subsection 2.5.4 and extend them
as abstract operators acting on energy spaces.

First, we explicit the correspondence between horizons and the initial data slice ¥ using
principal null geodesics. Recall from Subsection 2.2.1 the extended-star (t*,z*,w*) and star
extended (*t,*z,*w) coordinates which describe the horizons:

t=t+T(r), t=t—T(r),
Z*:Z—f—Z(T‘), *Z:Z—Z(T),

Ww'="w=w

with 7' = z and

T'(r) = F(r)™, Z'(r) = —=sV(r)F(r)~L.
Then
AT =Ry x She x {—r_}, x S2, IT =Ry xSE x {ri}r xS
A~ =Ry xS, x {r_}, xS, I~ =Ry x Sk x {=ry}, x S2.
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2.5 Geometric interpretation

Let (to, z0, 70, W) € M. Since t* and z* (respectively *t and *z) are constant along i, (respectively
along vYout ), we find

Tl_igl_ Yin(r) = (to + T(r0), 20 + Z(ro), —r—_,wp) € 7,
i Yout(r) = (to = T(ro),z = Z(ro),r+,w0) € I,
Hm o (r) = (to = T(r0), 2 = Z(ro), 7—,wo) € H

rligi Yin(r) = (to + T(ro),z + Z(ro), —r4,wo) € I~

for the end points of the principal null geodesics intersecting (tg, 20, 70, wo) at 7 = rg (the explicit
expressions of T'(r) = z(r) and Z(r) are given in (2.12) and (2.13)). As T, Z : Jr_,r4[ — R are
smooth diffeomorphisms, the applications 9?; c HF = ¥ and 9’} : ST % defined by
—+ —/+
7 (1 o)) ) = 57 (i e 0)n)) =0

r—r

for all pg € Xy are well-defined diffeomorphisms which identify end points on the future/past
horizons to the initial point on 3.

Let us turn to the definition of the energy spaces on the horizons. We define the asymptotic
future/past energy spaces E7 = ((ﬁi) Y HL, x ((FF)71)*HY, and their restrictions &7 to
ker(i0, + z) endowed with the norms

H(S,C)Hz& = (Lo + k) ((F5) ") €HH + |(Ls +iks) ((F5 _1)*(“;-
Using the coordinates recalled in Subsection 2.5.1, we can write

(% = 8t* — SV(T‘)@Z*, az = Oz*,
Op = —Ox + SV(’I“)@*Z, 0y = Osy.

Using Ly = —0, — sV 0, and Ly = 9, — sV 0., we explicitly get:

2
(Lo + k) (FL) 1) €|, = / (at*g - sv_az*g) (t*, 2%, w)dt*dz*dw,
Ryx xS, xS2

2
(Ls+ ik,y)((ﬁ‘*)*l)*CHi = / (a*tg - sV+8*ZC> (*t,*z, w)d*td* zdw.
Rx xSi xS2

Similar formulas hold on .~ and .# .

Remark 2.5.1. The asymptotic energies on the horizons are nothing but the flux of the Killing
generators X_ := Op — sV_0yx, Xy 1= Oq — sV 0, defined in (2.16) through the corresponding
horizon.

2.5.2 The full wave operators

The operators in Theorem 2.3.11 are not inverse despite their name because the cut-offs 74 cancel
outgoing/incoming data. In this Subsection, we construct full wave and inverse wave operators
which encode scattering in both the ends of the spacetime.
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Pick z € Z\ {0}. Let Iy : H5Z x H'* 5 (ug,u1) = (uo,0) € HYZ, Ty HZ x HZ o
(uo,ul) — (O,U1‘) € 7‘[{1]’2 and Il : S;f S (uo,ul) — (U(),O) S H;’; X {O}, II; : 5} = (U(),ul) —
(0,up) € {0} x ”H;’Z. For all ¢t € R, we define the following operators:

W(t) := V2 i W e Mr L) 4 /20 H, W el HrTLy (2.46)
Qt) == e_itH”ﬁoj_eitHz + e_itﬂfﬁljJreitHz. (2.47)
Recall that j_,, € B(Sz,c‘f}/j) by Lemma 2.4.1 so that (2.47) makes sense.

Lemma 2.5.2. Let z € Z\ {0}. There exists so > 0 such that for all s € |—sg, so[, the following
holds:

1. For all uw = (ug,u1) such that (ug,0) € ¥} (Dﬁ;z) and (0,u1) € ¥} (Dﬁ;’z), the limits

Wy = lim W (t)u = WU, Tgu + W/P0 00

t—+o0

exist in E%. The operators WE extend to bounded operators W € B(H;? X 7-'[};,5'7).
We call W the full future/past wave operators.

2. The following strong limits exist:

N i=s— lim Q@) =P 1 v 'l e B(E* 1L x HP).

t—=oo
The operators NF are the full future/past inverse wave operators.

Proof. 1. Let m; : (ugp,u1) — u; be the projection onto the j-th component, j € {0,1}. The
existence of the strong limits on g (\Il;fl (Dg;ﬂ) X <\If}l (Df}nz)) follows from part
1. of Theorem 2.3.11 as \I/%a/jeitH”/f = eltflrss Vz/s. To define the operator on any
u € 7-[{1); X 7—1;2, it suffices to observe that

-1,z

Hy2 < L = mo (WA (D7) xom (W5 (D)) e, (2.48)

This follows from the facts that Dg;; are dense in 8%/ s (cf. Lemma 2.3.6), that W 4,
are homeomorphisms (¢f. Lemma 2.3.2) and that projections are continuous with respect

to the product topology. We then conclude using that WJ{ZP and Wé/ P have continuous
extensions by part 1. of Theorem 2.3.11.

2. Let us write
_. .Z o~ . 'z _. 'z . . 'z _. 'z/\ . 'z _. 'z . . .Z
Q(t) — e ltH%H()eltH% (e 1tH%]_eltH ) +e ltHfﬂleltHf (e 1tHJJ+eltH )
where

e 5% et 5 e B(E’Z,H;;f X Hi;), A T B(EZ,H;Z X H;z)
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2.5 Geometric interpretation

uniformly in ¢ € R. Theorem 2.3.11 then implies that

Q(t) <z(1)) = o~itHZ, e Tl eltH3e nyf <z(1)) +e ‘tHfH e‘tHﬂQf <§(1)> + 015 +00(1).

Next, Prop/(\)sition 2.3.13 shows that Q;EZ C Uy (’Hi; x{0}) and Qf;gz C ¥, ({0} x?il},;z).
Since WV 11y projects onto states u satisfying u; = iL yug, it comes:

o~ itH% ﬁoeitH;f ng <¢0> _ —itHZ, HoeltH% U ;//HO\IJ 1Qf <¢0>
b1 b1
e T o H fiov-tof, <20>
1

etLl% 0 R e~ tL% 0 o ¢0
:( 0 etl% oW s 0 o tL%, MoV, ), N

1
a1l (%o
S (%),

Similarly, we have

W le S, el 0, (io) —volal, <io)
: 7 \¢1 7\

whence finally:

Q(t) <¢0> =v o, <¢°) +u 0l (ii’) + 0t oo (1)-

o1 ¢
O
Remark 2.5.3. We have
ker NF = ker Qgﬂp N ker ij/p. (2.49)
Indeed, let u = (ug,u1) € E%. Using that \I/},f/j are isometries by Lemma 2.5.2, we can write
g = 00, @ < o, o, o

s0 that ker NF D ker Qf/pﬂker Qf/p Since Q%Pé‘z C \If,f('H}}; x {0}) and Qgpgz C ¥4 ({0} x
7-[ ) by Proposition 2.3.13, (Q;/ﬂfju) = 0 entails (ng/’]u)l = 0. This means that the left-hand
szde in (2.50) vanishes if and only if the right-hand side does, and (2.49) follows.

We will show in the proof of Theorem 2.5.5 that both the sets in (2.19) are actually trivial.
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2.5 Geometric interpretation

2.5.3 Inversion of the full wave operators

In this Subsection, we show that the full wave operators and the full inverse wave operators are
indeed inverses in the energy spaces.

Lemma 2.5.4. Let z € Z\ {0} and pick'” x € C°(R). For all u € £7,

G T P T NG S

lim =0.

[t|—+o0

Proof. We only treat the —, 77 case. As in the proof of the existence of the future inverse wave
operator in Theorem 2.3.11 (cf. Subsection 2.4.5), we can assume that —Agzu = 3 o pcy, £(+1)u.

Set v := e*y € £2. Then
< ‘<(th — ho)if’(}o, i7U0>Hz + |<ZQ(U1 — iszV,vo), ZQi(V — Vf)U0>Hz
+ |(i—i(V = Vo )wg,i—(v1 — issz0)>Hz

S () + (V= V0)B)i—vo,i—v0),,
+ [|i—(V = V_)wo|p¢=
(

li-vllgs = llivllZ,

i—(V = Vo)u

+ Hv1 — iszV,vo‘

H= H=

v — isszo‘ 2z

+ [0z vo|34zli- (V = V- )wo|

vy — iszV g

S ‘<g 'l')i*UO)Z.*UO»Hz
+ |Ji=(V = VD) uol |3

HZz

Hz

with | f(2)],]g(x)] < (1 +£3)e 2 17l and & := min{x_, |k1|} (as in (2.34), < is fp-independent but
depends on z). It follows

[li-vl, — li-vl

S <’w2?ﬁo,vo>Hz + ”UHg'szQUO‘ =

where w(r(z)) = /(r(z) —r_)(ry —r(z)) = (’)|xH+oo(e_2“‘””|). The H* norms make sense
thanks to Hardy type inequality [GGH17, Lemma 9.5]:

1/2 1/2
< N1hg w0 2vp| 3 + 0] gall R > w0

HZz

[li-vlZ, — li-vl,
< w20l + ollalw! o]l

S w0l g

Fix now € > 0 arbitrarily small and pick (¢)er a sequence of smooth compactly supported
functions such that ¢, — u in £% as n — +o0o. We have

w2 | 5, < (w2t (B — )| s + |0/ 2 by o
Fix N > 0 so that

[ 2 (g —u)l g0 < /2

"Recall as in the proof of Theorem 2.3.11 that there is no restriction on the support of x because we assume s
small enough so that [?, Theorem 3.8] implies that there is no resonance on R; in the general case, x must cancel
in a neighborhood of the real resonances.
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2.5 Geometric interpretation

then apply |[GGH17, Proposition 6.7] to get

Hw1/2eitHzX(HZ) < Hw1/2 it = (Hz

1/2HB(EZ g2 SON(D!

with Cy > 0 depending on the support of ¢n. Choose t > 0 (depending on N) so that
Cn(t)~! < €/2. Hence, for t large enough, we have

fa Hi,eimzx(Hz) < Ce

‘HiieitHzX(HZ)

for some C > 0 (independent of ¢x). This completes the proof. O]

Theorem 2.5.5 (Inversion of the full wave operators). Let z € Z\ {0}. There exists so > 0 such
that for all s € |—so, sol,

+ywvE
DEWE = Lya e, (2.51)
WEOE = 1,. (2.52)

Proof. Let us show (2.51). Since v2W Iy (respectively +/2W ,II;) is the projection onto
U,y (Hi; x{0}) (respectively onto ¥, ({0} x H;z) ), this identity directly follows from Proposition
2.3.13.

Let us show (2.52). It is sufficient to show that OF is one-to-one, since then the right-inverse
is also a left-inverse'®. By Remark 2.5.3, it is sufficient to show that

ker Q1) = {0}. (2.53)
Let u € £% such that
/Py =l/Pu—o. (2.54)

Pick € >0, t € R and x € C°(R) as in Lemma 2.5.4 then write:
gx T [|[(L = X(H?))ul

ull gz < || X (H*)ul (2.55)

£z

eyl

oo X .
< H +Z ) ltHzX(Hz)
S e () g+ iy ()l

£z
We have used above the boundedness on &2 of eitf” (cf. Theorem 2. 38) and iy (c¢f. [GGH17,

Lemma 5.4]). Next, using Lemma 2.5.4 as well as the unitarity of ">/ we get for [t| > 0:

Il $ -0 g+ s ()l +
S He"tH”z—e”Hzx(Hz . +le ‘t%ue‘mzx(HZ) + <
itH? it = itz . _itH®
S [le™ i el, “‘ngﬂ\e e g .
o le e i (1= x(H)ul g+ [l % i e (1 = X(E))ul|g + .
7 7

(2.56)

8Indeed, assume that AB = 1 and A has been shown to be one-to-one. Then A = (AB)A and the injectivity
allows us to simplify the equation on its left, that is 1 = BA.
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2.5 Geometric interpretation

By part 2. of Theorem 2.3.11, we have for ¢ sufficiently large:

o L e e
Furthermore,

HefitH;f/yi_/JreitHz(l _ X(HZ))U‘

S (L = x(H?))u|

S;f/f £z

by uniform boundedness of the evolutions as well as boundedness of i_, : 2 — Ejf/ » (¢f. Lemma
2.4.1). Back into (2.56), we obtain:

IX(E™)u]| g0 S 1|90l 5 + |27/ oty (2.57)

e 21— x(E*)]

3
Plugging (2.57) into (2.55) and letting the support of y widespread enough in order to use (2.36),
we obtain with assumption (2.54):

lullgs S 195 ulles, + 197 ulles +e <o
As e was arbitrary, we have shown (2.53). This completes the proof. O

2.5.4 Traces on the energy spaces

Let (¢o, ¢1) € C°(2g) X C°(X0). By Leray’s theorem (cf. |Le53]), there exists an unique solution

¢ € C®(M) of

Oz =0
Pz = ¢0 : (2.58)
(—101d) |5, = 1

Moreover, ¢ extends to a smooth function ¢ € C>®(M). In particular,  has traces (6F,¢F) €

C®(AF) x C°(I*). The future/past trace operators are then defined on smooth compactly
supported data by

T+ CX(8g) x C°(X0) 3 (¢o, p1) — (£F,¢F) € C°(H#F) x C°(F7). (2.59)

The purpose of this Subsection is to extend the traces on the asymptotic energy spaces é}z To
do so, we will use completeness of wave operators.

Using the identification diffeomorphisms of Subsection 2.5.1, we first link traces on the horizons
to the operators N*:

Lemma 2.5.6 (Pointwise traces). Define the isometries

FE )+ 0 . S
Yt = <( Sf) (yj;)*> € B(HY, x 1Yy, &L).

For all ¢ = (o, d1) € C°(X0) x C°(X0),

+ [P0\ _ 4kt [P0
7 (@)‘”“ (¢1>.

page 93



2.5 Geometric interpretation

Proof. We only treat the + case. Let ¢ = (¢o, ¢1) € C2°(30) x C°(X0) and set (vo(t),v1(t)) ==

eitHz(ng’ ¢1). The operators (ﬂ;f/y)

20 (37) = ((F5 Gty o i)
(

*e~1tHoe/7 carry data onto the future horizons along principal
null geodesics, so we have

Figure 2.5: Transports from ¥ onto X; along the principal null geodesics iy /out
and the curves v,,_. Data reaching horizons are carried only by i, /out-

Combining Lemma 2.5.6 with Theorem 2.5.5, we obtain:

Theorem 2.5.7 (Extension of the traces). Let z € Z \ {0}. There exists so > 0 such that for all
s € |—so, So[, the traces extend to energy spaces as bounded invertible operators:

T =U*n* € B(£%, £7),
(T75) =WEUF) e B(&2,€%).
Remark 2.5.8. The reqularity of elements in the energy spaces does a priori not ensure the
existence of the traces for general solutions of the extended wave equation. Theorem 2.5.7 shows
that they exist thanks to the completeness of the wave operators.
Theorem 2.5.7 also provides the geometric interpretation of the full wave operators as inverses

of the traces on horizons. Both are linked by the transformations UT which identify points on
horizons and g via transport along principal null geodesics.

2.5.5 Solution of the Goursat problem

The Goursat problem consists in an inverse problem on the global outer space (M, §) constructed
in Subsection 2.2.3. Given boundary data (¢%,(¥) € C°(H#F) x C°(FF), we are asked to find
¢ : M — C? solving the wave equation (2.2) and such that

Pt = EF, Ppx = . (2.60)
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2.6 Appendix: Remarkable tensors

The Goursat problem is linked to the trace operators as being the inverse procedure of taking
the trace of a solution of equation (2.2). The analytic scattering theory solves this problem by
constructing the inverse wave operators. See the paper of Nicolas [N15, Remark 1.1 & Section 4]
for some discussions about the different points of view of the scattering.

Theorem 2.5.7 allows us to solve the following abstract Goursat problem:

Theorem 2.5.9. Let z € Z\ {0}. There exists so > 0 such that for all s € |—sg, so| the following
property: there exist homeomorphisms
T+ : £2 — &%
solving the Goursat problem (2.60) in the energy spaces, that is, for all (£€F,(F) € é"f[, there exists
a unique ¢ € CO(Ry; £2) solving the wave equation on (M, §) with initial data $(0) = (¢o, ¢1)
such that
(€i7 Ci) = Ti(¢07 ¢1)

Remark 2.5.10. In the standard case of the wave equation on De Sitter-Schwarzschild spacetime
[N15], the traces extend as unitary operators between energy spaces defined on Xy and on the

horizons. Here, we only have bounded extensions because of the superradiance. In particular, we
have the following control of the energies:

1
SISO < I, CHIE, < o)l

for some constant C > 0.

2.6 Appendix: Remarkable tensors

In this Appendix, we explicitly give the components in the Boyer-Lindquist coordinates (¢, z,7, 6, ¢)
of the tensors associated to the extended spacetime (ﬂ, g). We will consider the case of an
electromagnetic potential A = W (r)dt with W smooth and put W(r) := sV (r) only for the scalar
curvature and the energy-momentum tensor.

Christoffel symbols. The components of Christoffel symbols T are given in matrix notations

by:
2F/_le
0 0 MWW g
0 0 — - 00
70 ’_ ’ /
B = | e v Sy g
0 0 0 0 0
0 0 0 0 0
m2(FW'—F'W)+W?2W'
0 0 willud 0 0
0 0 s 00
L — | m2(FW —F'W)+W2W'  ww’
Fw/ 2m2F 2m2F 0 0 0f-
0 0 0 0 0
0 0 0 0 0
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2.6 Appendix: Remarkable tensors

Fm*F'—2WW')  Fw’ 0 0
2m? 2m?
FwW’
~2 —&w 0 0 0
J— F/
I 0 0o - 0 ;
0 0 0 —rF 0
0 0 0 —rFsin?0
0000 0 000 0 0
0000 0 000 0 0
™ _ 1 ™ _ 1
r’,=100 0 1 0 : r,=1000 0 L
00 Lo 0 000 0 cotf
00 0 0 —sinfcost 0 0 1 cotd O

Riemann curvature tensor. The components of the Riemann curvature tensor Riem are
given in matrix notations by:

0 —WWE g5 0 0 0 W2 00 0
Ww’? w2
—0 4mA 0 0 00 0 AmA 0 0 0 0
Riem,,,, = 0 0 00 0f, Riem;,, =1 0 0 00 0f:
0 0 00 0 0 0 000
0 0 00 0 0 0 000
-2 2F//+3W/2+2WWN
0 0 w7 0 0
Wl/
. 2 0 2 0 e 0 0
R‘lemQy,l/ — _ —2m*F Zilg/Fﬁ’?WW _2¥2F 0 0 0 ,
0 0 0 00
0 0 0 0 0
(7 2F’+WW/)
0 0 o "= A2
W/
L 0 0 0 e 0
Riems,,, = 0 0 0 0 0f,
o2 / ’
_% _57"52 0 0 0
0 0 0 0 0
0 0 0 0 [EmIHWIVY G2
2m?2
0 0 00 W sin? 6
——0
Riemy,,, = 0 0 0 0 0 :
0 0 0 0 0
M P WW Gin2 g —2W sin20 0 0 0
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2.6 Appendix: Remarkable tensors

0 —m?EWPAWEWE g
L — AW AW 0 000
Riem,,, = 0 0 00 0],
0 0 0 00
0 0 0 0 0
0 WWE g g 0
L SWWE g 0 0 0
Riemluy: 0 0 0 0 01,
0 0 0 00
0 0 0 0 O
m2(F"W —FW'")—W W24+ WW")
0 0 ST 0 0
w24oww”
. 2 1" 1" 12 " / "
Riem,,,, = ~ mA(F W—FW22T;¥(2W +WW") WQ&%%W 0 0 ol
0 0 0 0 0
0 0 0 0 0
r(m2(F'W—FW')-W?2W")
0 0 0 52 0
wWw’
. 0 0 0 — S 0
Riems,, = 0 0 0 0 0f,
_r(mQ(F/W—QiE/’)—WQW’) rgvmtgf’ 0 0 0
0 0 0 0 0
0 0 0 0 r(m2(F'W—-FW")-W?2W') sin2 6
2m?2
0 0 0 0 —WH sin? 0
—~1
Riemy,, = 0 0 00 0 )
0 0 0 0 0
AW IWH WA 29 tW 6in29 0 0 0
0 0 m2(=2m2FF"4+3FW"?+4FWW' )+ W?2W’?
4m2
2m2FW"+WW’?
— 2 0 O o 4mA4
Riem,, B = m2(=2m2FF"4+3FW"2+4AFWW')+ W2 W2 2m2FW"+WW'2
O o 4m* B 4m4 0
0 0 0
0 0 0
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2.6 Appendix: Remarkable tensors

2m?* FW"+WW'2
0 0 (I EWLWWE o g
W/2
., 2 0 2 02 v 0 0
Rlemle: _W _Xg/n4 0 o ol,
0 0 0 0 0
0 0 0 0 0
00000 00 0 0 0
00000 00 0 0 0
—~2 —— 2 ’
Riem,,, = |0 0 0 0 0], Riemg,, = [0 0 0 —%- 0],
00000 o002 o0 o0
00000 00 0 0 0
0 0 0 0 0
0 0 0 0 0
— 2 i
Riemy,, = [0 0 0 0 —£sin?0 |,
0 0 0 0 0
0 0 Lsin?0 0 0
F(—m?F'+2WW’)
0 0 0 R REr 0
FW’
. 0 0 0 U 0
Riemg,,, = 0 0 0 0 01,
F(—m2F' +2WW") FW’
- m2m2r T 2m2r 0 0 0
0 0 0 0 0
0o 00 £% o 00 0 0 0
mer
0O 00 0 O 00 O 0 0
——3 ——3 ’
Riem) ,, = o 00 0 0], Riemy,, = [0 0 0 &5 0],
FW' F’
- 00 0 0 00 - 0 0
0 00 0 O 00 0 0 0
00000 000 0 0
00000 000 0 0
—~—3 ——— 3
Riemy,, = |0 0 0 0 0|, Riemy, =[0 0 0 0 0 ,
00000 000 0 —(F —1)sin?6
00000 0 0 0 (F—1)sin?6 0
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F(=m2F'+2WW’)

0 0 0 0 2m?2r
) 0 0 00 v
Riem,,, = 0 0 0 0 0 )
0 0 00 0
F(—m2F'4+2WW’) FW'
B m2m2r T 2m?2r 00 0
0 00 0 IW 00 0 0 0
mer
0 000 0 00 0 0 0
—~ A1 ——4 i
Riem;,, = 0 00 0 0 |, Riemy,, = [0 0 0 0 %],
0 000 0 00 0 0 0
FwW’ F’
-5 000 0 00 —4£% 0 0
000 0 00000
000 0 00000
— 4 ——4
Riemy,, = [0 0 0 0 o |, Riem,,, = [0 0 0 0 0
000 0 F—1 00000
000 —(F-1) 0 00000

Ricci curvature tensor. The non-zero components of the Ricci curvature tensor Ricc are
given by:

— F(2F +rF") 2FWW'  FWW" FW?  W?2W"?
Riccoo = 2r B m2r + m?2 + 2m? 2m4 )’

Rice Rice FW' FW" WW"?
iccg; = Riccig = —
o1 10 m2r  2m? 2m* )’
o W/2
Ri = ——
1CC11 oA’
— 2Fl 4 TF” W/2
Riccog = —

2rF + 2m2F’
RiCC33 =1—-F— TF/,
Riccas = (1 — F —7F') sin® 4.

Scalar curvature. Put now W(r) := sV (r). The scalar curvature R is given by
~ AF'  2F 2 wr
R=|(F" - - =) -
< Tt e 7"2) 2m?
2092
Q
= R J—
PSRN 9m2rd

with Rpsrny = —4A the Ricci curvature associated to the DSRN metric g. We see here that r = 0
is still a genuine singularity in the extended spacetime.
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Energy-momentum tensor. The extended energy-momentum tensor T is given by T =
TMaxwell + Tauia with in matrix notations

B (0 A e L (3 Ry IR 0
. Qz q2 —%(QT) —mi (3 0 0
TMaxwell = ﬁ (1 - 277’7,2> 0 0 I30) 0 0 ’
0 0 0 —r 0
0 0 0 0 —r2sin®6
52‘;(;)2 5‘;(27’) 00 0
N Q2 e T 9 0 0
Tﬂuid:<A+24<1+2>> 0 0 000
0 0 000
0 0 000
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Chapter

Decay of the Local Energy through the
Horizons for the Wave Equation in the
Exterior Extended Spacetime

Having established the decay of the local energy Theorem 1.3.2 in the exterior DSRN spacetime,
it is possible to obtain decay estimates through the horizons in the Kaluza-Klein extension of
Chapter 2 following Dyatlov paper [Dy11]. The main idea is to use the so-called red-shift vector
field method introduced by Dafermos and Rodnianski in order to obtain decay near horizons
by the red-shif effect, see e.g. [Da05], [DaRo07] and [DaRo09]. This method is applicable in
dimension 1 + 4 even for extensions of non-spherical rotating black holes, provided that the
rotation remains small.

In all this chapter, we will use the notations of Chapter 2, particularly those in Subsection
2.3.1. For example, & is the inhomogeneous energy space defined in the extended spacetime (and
not in the original DSRN spacetime).

3.1 Statement of the main result
Introduce a new time coordinate 7 smooth near r = r4 and set for all 6 > 0

X5 :=SL xJr_ — 8,74 + [, x SZ.
Denote by H?(X5), o € R, the inhomogeneous Sobolev spaces associated to LQ(Sé X Jr_,ryf, x
SZ, F(r)~'d¢drdw) and wet HZ (X;) for the restriction to ker(id, +z), z € Z. As we are interested
in large time estimate, we will implicitly use the convention that Sobolev spaces in time are defined
on |0, +ool.

From the decay of the local energy of Theorem 1.3.2 and the fact that the inhomogeneous
energy || - [|¢- coincide with the inhomogeneous energy defined in the DSRN spacetime (with a
charge term sz), we immediatly deduce the following result:

Lemma 3.1.1. Letz € Z # {0} and x € Xs. For s sufficiently small, there exists v > 0 such that
for all uw € €% solving Ogu with initial data u(0) = ug compactly supported in St x |r_,ri[. x SZ,
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3.2 Construction of the red-shift vector field

we have for t > 0 large enough:
Ixullgs < e ™ Jluol s
We then have the following result (the proof is given in Subsection 3.3):

Theorem 3.1.2 (Decay of the energy through the horizons). Let z € Z # {0}, 6 > 0, ¢ > 0,
o > 0 and let u be the solution of the initial value problem:

Dgu =0
u(0,-) = uo € HIM¥4(Xy) (3.1)
(0ru)(0,-) = w € H'*(Xy)

If § is sufficiently small, then there exist vy = vy(d,e) > 0 and C > 0 (independent of u) such
that, for all v € )0, and s € R sufficiently small, the following estimate holds:

|lu(T, ')HH;’“(Xg) < Ce_w(||uO||Hg+2+s(X6) + ||U1||Hg+1+5(X6)) V1 > 0. (3.2)

One may notice that (3.2) is not a global energy decay as estimates are restricted on a part of
the extended spacetime (M, q), c¢f. Remark 3.3.1.

3.2 Construction of the red-shift vector field

The extension of decay estimates beyond the horizons relies on the construction of the red-shift
vector field. We first need to extend g near r = r+. Define the new coordinates

T:=t—T(r), C:=z—Z(r)
where T, 2 € C*®(Jr—,r4[,,R) satisfy

T'(r) = ;((:,)) + a(r), Z'(r)==sV(r)T'(r) near r.

Here p € C*°(]0, +oo[,R), p = 1 near r+ and a € C*°(]0, +00[,R) are two bounded functions to

be chosen later on. In order to simplify the proof of Lemma 3.2.1 below, we let o depend on the

charge product s € R so that |||z (0,100r) = Os—0(|s]). Observe that 9; = 9, and 9, = ;.
The extended metric ¢ reads in these new coordinates:

s2V (r)? sV (r
g= <F(r) _ sV > dr? — ‘7;(2 )(deC +d¢dr) — %d{z + (a(r)F(r) + p(r)) (drdr + drdr)

+ <p2 _r 1 + 04(7“) (a(T’)F(T> + 2p(74))> dr? — r2dw2.




3.2 Construction of the red-shift vector field

The determinant is still *sin? #/m? so that the metric is smooth and does not degenerate as
long as a remains smooth. The inverse metric is given by

r 2
7 == (M5 el (et F ) + 2000) ) 052

r)? —
+ sV (r) (p(}z(ﬂl + a(r) (Oz(’f‘)F(T) + 2p(r))> (0r ® O¢ + O0¢ ® 0r)

- <m2 + 52V (r)? ('W_l +a(r)(alr)F(r) + 2p(7“))>) og*

F(r)
+ (oz(r)F(r) + p(r))(@T ® O+ 0r ® 0-) — sV (r) (a(r)F(r) + p(r)) (O ® Or + 0r ® O¢)
— PP — 505 — 02

We introduced the function a to make the hypersurfaces ¥., := {7 = 79} spacelike near r for
all 1o € R:

= — 7p(7q)2_1 a(r)\a\r T T
vr = - (P S et atIF ) +2000) ) o

T 2 _
+ sV (r) <p(}3(T)1 + a(r)(a(r)F(r) + 2p(r))> dc + (a(r)F(r) + p(r))or
and
g =— 7/}(7“)2—1 a(r)(a(r)F(r r
3 vr) = = (A0 a6 +200) ).

Since F(r+) = 0 and p(r)2 — 1 = 0 for 7 near r, V7 is timelike in R, x Jry — 8,74 + 5[ x S2, for
0 > 0 small enough if ap < 0 there; asking for [p| < 1 as well as aF'+2p < 0forr € [r— + §,r4 — 9],
we obtain that V7 is timelike in the whole R, x Jr_ — &,74 + &[ x S. This result is independent
of s in « as long as it is non-zero and small enough.

For § > 0 sufficiently small, the metric g thus smoothly extends to

My =R, x St x Ms, Mg :=1]r_ — &,y + 5[ x S2.
Let now
My =Rr x Sf x Ks x SZ, Ks:=1r_ + 8,7 — [, € M.

For all vector field X € T .#j, we define

1.1 L
Ky =5 (£x8)i; — 7 Trg(£x9) Gij-

The red-shift vector field can now be constructed:

Lemma 3.2.1. For § > 0 and s € R sufficiently small, there exits a vector field X € T.#s such
that:

e [X,0,]=0;
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3.3 Proof of the decay through the horizons

o On M5\ Has, X is timelike and X7 > 0, £Xr > 0 near ry;
o The tensor field KX is negative definite on M5\ Has.

Proof. As in [Dyl1], we only show the proposition for s = 0 and at the horizons; the result will
then follow by smoothness for 6 > 0 and s € R sufficiently small.
For s = 0, the extended metric and its inverse become near the horizons

1
g = F(r)dr® — —d¢* £ (drdr + drdr) — r’dw?,
m

1 1
~ 1 29®2 ®2 ®2 ®2
g =-m"07" £ (0:0r + 0,0:) — F(r)0;”" — ﬁae T 2 96‘/) :

Take now X = X" (r)0- + X" (r)0, with X7, X" smooth in r € Ms. Clearly [X,0-] =0 and we
have

G(X,X) = X7 (F(r)X™ £2X")

which is timelike near 4 if X™ =1 and £X" = 1 there. Besides, this choice trivially implies that
X7 =X">0and £Xr = £X(r) > 0 near the horizons.
Next, using the formula

(£xT) = (X*O4Ty + Tey0 X" + Ty X* ) da'da?
for any bilinear form field T, we compute:

(LxF) = X <F/(7")d7'2 - 2rdw2> + (F(r)0,X7™ £ 8,X")(drdr + drdr) % 20, X"dr?,

4
v :=Trg(Lxg) = £2F(r)0, X" + 20, X" F 2F (r)0, X" + p

, Y — Y
oKX = (X F'(r) — 5F(r)) dr? + (&X - 5) (drdr + drdr) + =15d¢”

2m
+ 29, X7dr? — 1 (2 - g) 46 — rsin® 0 (2 - g) dy?
T=T+ rp ot 2 2 1 r 2 2
= X"F'(rg)dr” F —(drdr +drd7) + — ( 0 X" + — ) ¢
T+ m r+
+ 20, X7dr? + 10, X"dw?.

The expression of KX above looks like to the one in [Dy11] with a metric on S! x S? instead. We
can use similar conditions: if 0, X" > 0 and 0, X" < —2/ry at ry, then K X is indeed negative
definite at the horizons. O

3.3 Proof of the decay through the horizons

As in [Dy11], we will obtain decay for solutions of the initial value problem (3.1) by dealing with
the forward problem

(3.3)

Ogu = fe HZT e (a5) for all o > 0
Suppu C {r > T} for some 7' > 0
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3.3 Proof of the decay through the horizons

Indeed, pick n € ]0,T] and let x,, € C*(R,[0,1]) such that x,(7) = 0if 7 < —n, x,(7) = 1 if
7 >1, X'(0) # 0 and x”(0) # 0. Let @ be the solution of (3.1); then u := x,a solves (3.3) with
f =10z, xylt and u = @ for large 7 > 0. As g is smooth in the new coordinates (7,(,r,w) and
sVz is bounded in the Sobolev spaces HZ1+¢(.#), we have

”fHHg+1+E(///§) S ||X;737ﬂ||Hg+1+6(///5) + HXZﬂHHgHH(///é)'
Since u € HI T2 (.#s) (see Remark 3.3.1 below), so is 7. Thus, we have by continuity
1”7 Fll g1+ gy S 1000, ) gg2+e + [1(0-@)(0, )l g1+ + 1

for all v > 0 (the exponential term being bounded on the support of X;] and X%’) and 7 arbitrarily
small.

Remark 3.3.1. Problem (3.3) has an unique solution in HZT>*¢(.ds) by the standard theory of
hyperbolic equation (see Hormander [Ho9/], Theorem 24.1.1) if we consider it on the mazimal
extension of (Mv, g). Indeed, (M5, q) is not globally hyperbolic as we can check by a simple argument
depicted on Figure 5.1. As a result, the energy estimates we will obtain on the restriction of the
solution to Ms are actually local and not global, even though the entire region [r—_,ry] is covered.

Figure 3.1: Example of a timelike geodesic 7 in M& which does not meet
the hypersurface {r = 0}.

Theorem 3.1.2 will therefore follow from the next result:

Theorem 3.3.2 (Decay through the horizons). Let z € Z \ {0} and § > 0 sufficiently small to
apply Lemma 5.2.1. For all € > 0, there exist vg > 0 and sg > 0 sufficiently small such that for
all v € 10,19] and s € ]—so, so[, the solution w of the problem (3.3) satisfies for all o > 0 the
following estimate:

||eVTU||Hg+1(///5) < Hewf”HngHf(///é)- (3.4)
By convention, the right-hand side in (3.4) is +oo if 7 f ¢ HI 1T ( ).

The proof of Theorem 3.3.2 needs some intermediary results. The arguments are really similar
to the ones in [Dy11] using the smallness of the charge product s (which plays a role similar to
the angular momentum a in [Dy11]); in many places, only trivial modifications are needed and
we will then omit the details.
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3.3 Proof of the decay through the horizons

We first link energy estimates on .#s by energy estimates on Ks. The proof is the same as in
[Dy11]; the induction step is even easier as our extended metric has more symmetries that the
metric of De Sitter-Kerr has'.

Lemma 3.3.3 (Proposition 1.7 in [Dyl1]). Let 6 > 0 and s € R sufficiently small to apply
Lemma 3.2.1 and pick ¢ € C°(Jr—,r+[,R) such that ¢ > 0 outside |r_ + 6,7+ — 8[. There exists
vo > 0 such that for all v € |0, 1|, the solution u of the problem

(Og +¥X)u = fecx ()
Suppu C {T > =T} for someT >0
satisfies for all o > 0 the following estimate:
e ull st ) S 1€ Fllie ) + 1wl o - (3.5)

We now turn to local estimates. We want to establish the equivalent of Proposition 2.1 in
[Dy11] which we do using a slightly different proof.

Lemma 3.3.4. Let z € Z\ {0}, § > 0 and 0 > 0. For all € > 0, there exist vy > 0 and s9 > 0
such that for all v € 10,19[ and s € |—so, So[, the solution u of the problem

Suppu C {r > =T} for someT >0 .
satisfies the following estimate:
||ethHHg+1(%) S Heutf”HgHﬁ(%)- (3.7)

Here both the weights €' and €™ are equivalent since |t — 7| is bounded in Ks.

Proof. We show the result for o0 = 0 and 0 € 2N+ 1, the general case following from interpolations
between Sobolev spaces. We will use the Hamiltonian form of the problem:

. - U 0
S G W (1)

We will prove the result for each harmonic ¢ € N (with uniform bounds in ¢); in order to not
overload notations, we will omit the dependence in £ (so u will be uy, K(s) will be Ky(s) and so
on).

Let us start with ¢ = 0. Since f is smooth and compactly supported, so is ' and then U is
smooth too. For v/ > 0 large enough, we have U € L2,(R%, &,) (see the short argument proving
Proposition 1.1 in [DQNMI1] for the existence of such v/, or, equivalently, the proof of Lemma
3.19 in [GGH1T]), hence we can define the time-dependent Fourier transforms of U and F' for
Sz >y and t > O:

+o00 400

Ulz,-) ::/ U (t, -)dt, F(z,-) ;:/ R (t, - )dt.

—00 —00

!To be really concrete, the proof uses that the term [Jz,Y] is zero for any Killing vector field Y on S2 or
Y = 9¢; in comparison, [z, Y] = O(a) in [Dy11] which is handled assuming the angular momentum « sufficiently
small.
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3.3 Proof of the decay through the horizons

We then have:

A A

(K(s)—2)U =F.

The resolvent of K (s) is analytic in C* for s sufficiently small by Corollary 1.2.9; moreover,
2z = U(z,-) and z — F(z,-) are in L?(R,&,) provided that Sz > /. Thus, for t > 0 (which
means 7 > —1 for some 7" > 0), Fourier inversion formula yields

1

" 2r

+oo+iv’ ) ~ ~
/ (R (s) — 2) " B (2, )z

—oo+iv/

Ult,-)

as elements of L2, (R%., &,). Now let x € C(|r—,r+[,R) such that x = 1 on the spatial support of
F' (which is the same as for I) and proceed as in the proof of Theorem 1.3.2. Using the modified
cut-off resolvent R, (z) of (1.51), we can write

1 +oo+iv’ o .
Wit =5 [ R F( s

27 —oo+iv/

this time as elements of £, 2 := (K (s) — i)2&,. This formula is the equivalent of formula (1.54)
(and also of formula (2.1) in [Dy11]). After a contour deformation” using the contour in the proof
of Theorem 1.3.2 but with I'y UT'; UT'3 replaced by {3z = —u}, we obtain

1 +oo—iu o N

Wity =5 [ TR
27 —oo—iu

if we choose p < e, g9 of part 2. of Theorem 1.2.8 (so that we exclude all the resonances inside

the contour). Using then estimate (1.36) for the zone III (which is worst than (1.37) for the zone
IV) as well as (1.56), we get for all v € |0, u[:

+oco—ip N R R
@+ e, € [ S R (E ) s

£z .
—oo—ip

&z

+Oo_iu o o ~
< / =390 () In(2)el S E) | (2, )| de

—oo—ip

AN

+o0 .
[ e,
—0o
< Sv=p)t) vt
< I (39
On the other hand, since the norms ||.[|; and [.[|, are locally equivalent, we have

Ixullgy S IXUE )le= S IXUE g, -

Thus, integrating (3.8) in time over Ry yields (3.11) with o = 0 and € = 2pu.

2Here we use that F(g) is still well-defined for Sz < 0 since F' is smooth and compactly supported in time.
This is not the case for U(z) which can be defined a priori only for Sz > 0 sufficiently large (this is the only
reason why we used the space L2, (R, E,)).
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3.3 Proof of the decay through the horizons

Let now 0 = 2n + 1 with n € N\ {0}. Compute first

12" xullyy, S 1P Xl

n, T HXP”UHHZ'

Since the commutator only contains the terms x™, x(»=Da,, ..., X071 we find

Iellze < [Pl [P~

w, TPl (3.9)

Next, let us write

227171

K(s)? 1 = (K(0) + sV1)*" ' = >~ 54,
Jj=1

where A; = K (0)2"~1/s and Aj a homogeneous polynomial in s with nonnegative degree for
j # 1. For s small enough (depending on n), it turns that

2277,71 2

2
e =[x 2 AU
j=1

2277.—1

D lIxsAU|E +2 R(xs AU, xsARU ),
j=1 J#k

22n71

S xsAUIE, — 20 3 [eAU A |
j=1 J#k

2277,71

> S IsaUl%

j=1
K (01U, (3.10)

“XK(S)Zn_lU

&

v

v

As

R e 0 Pn—l
koP = (o 7).

it follows from (3.9) and (3.10)

Ixull gz S [P ul|,,, < IIxK(©0)**'U

g, S XKy tU

&
We have
2 2n—1 1 oot/ —izt (1 -1 2n—1 ¢
K(s)™ U, ) = — e (K (s) —2) K(s)™ F(z,-)dz
27 —oo+iv!
and thus
2n . 1o 2n—1 1 oot —izt: N\2n D 2 2n—1 1,
XK (51, ) = o e (i2)21 ()R (5)27 L F (2, )l
—oo+iv’
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3.3 Proof of the decay through the horizons

From there, we can proceed as in (3.8) with Rx(z)f((s)%*lﬁ'(z, -) instead of Rx(z)ﬁ'(z, -) and
(2)2n 21 ingtead of (z)1+2#. We need to use that

n—1

HZ+ZHij

Jj=0

HK(S)QHFHSZ = ||(K(0) + sVL)* 1 F|

w, SIIP"F

Ha

where B; contains commutator terms of the form adgl(sV), ad¥,,(P7*+1) which provides Sobolev
norms controlled by HP”_lfHH . This settles (3.11) with 0 = 2n — 1 for all n € N\ {0}. O

Corollary 3.3.5 (Proposition 2.2 in [Dy11]). Let z € Z\ {0}, § > 0 and s € R sufficiently small
to apply Lemma 5.2.1. For all € > 0, there exists vy > 0 such that for all v € ]0,14[, the solution
u of the problem (3.6) satisfies for all o > 0 the following estimate:

HeW“HHg“(//z(;) < HeVTfHHQTHH(t%)' (3.11)

Proof. We show the result for o > 0 integer, the general case following from interpolation between
Sobolev spaces. By Lemma 3.3.3, it holds

e ull g 41y S e Fllaag ) + 1€l g oy

We can use here the restrictions on the kernel of i0, + z because 9, = 0; commutes with [lz.
Applying Lemma 3.3.4 with 7 instead of ¢, it comes

||eVTU||Hg+1(/c5) S ||eVTf||Hg+1+€(;c5)
which provides the desired estimate. O
The last step is to show an exponential decay on a small neighborhood of the horizons.

Lemma 3.3.6 (Proposition 2.3 in [Dyl1]). Let 6 > 0 and s € R sufficiently small to apply
Lemma 5.2.1. There exists vy > 0 such that for all v € ]0,1vy], the solution v of the problem

Ogv = feC (s \ JH5)
Suppv C {7 > =T} for someT >0 (3.12)

V9tas = 0
satisfies for all o > 0 the following estimate:
1”70l gro+1 L\ x55) S 1€ fll o s\ Has) - (3.13)
We can now show the exponential decay through the horizons:

Proof of Theorem 3.5.2. Let u be the solution of (3.3) with first f € CCOO(/K/IV(;) and v be the
solution of (3.12). Set w := u — xv and take y € C>°(Ks) such that y = 0 near Kos5 and x =1
outside Ks5. We have

Ogw = (1 —x).f — [Og, x]v
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3.3 Proof of the decay through the horizons

which is supported in J£5. We have

" Ogwl g+1+2 gy S €77 (1 = X) fwll gz1+e gy + 17 [Og, XJwll gre+1+( g
S ||eu7'(1 _ X)f||Hg+1+s(%) + ||eVTX/8rw||Hg+l+s(///6)

S ||ewf||Hg+1+E(,///5)
where we applied Lemma 3.3.6 to the term x’. By Corollary 3.3.5,

6”7 wll g1y S N Dgull gy S N7 fllprgree

since Lzw is supported in J#5. Since x vanishes on £, we can apply Lemma 3.3.06 again and find:

e ull g+ gy S MWl rgsree gy + 0] 414

< ||eVTfHHg+1+s({///6) + ”eVTf||Hg+l((%5)'

Finally, the functional (C°(My), [[e¥ - ||Hg+1+e(///5)) > fr—ue (HZ (Ms), e - HH;’“({///(;))
being continuous, we can extend it to e*” HJ 1€ (.#s). This concludes the proof. O
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Chapter

Numerical Study of an Abstract
Klein-Gordon type Equation: Applications to
the Charged Klein-Gordon Equation in the
Exterior De Sitter-Reissner-Nordstrom
Spacetime

Chapter 4 proposes a numerical scheme to investigate some important features linked to the
charged Klein-Gordon equation in the exterior DSRN spacetime (such as localization of resonances,
see Chapter 5). The first step is to approximate solutions of the equation using "discretized"
operators, spaces and norms.

In a more abstract setting, a numerical scheme is a method which allows one to discretize a
given problem i.e. transform data in some abstract normed functional space into data in CV for
some N € N\ {0}. The transformation is carried out by means of some projectors and embeddings
which send data from a space to another one. To these operators are associated spaces and norms
that approximate the initial ones. Given a set of indices (N in general, but this is not mandatory),
we construct a family of such operators, spaces and norms. We are then interested in the inductive
limit over the indices (n — +oo for indices n € N). Given an abstract equation between normed
spaces, we wish to find a family of approximated solutions to the discrete version of the equation
(that is, taken in approximated spaces with approximated operators) and then show that this
family converges at the inductive limit to the "true" solution of the "true" equation.

In this chapter, we will be interested in an abstract Klein-Gordon type equation. We propose
a method based on polynomial interpolation. Convergence is then obtained and given a geometric
interpretation in Theorem 4.3.1 and Theorem 4.3.4. A difficulty is to respect the structure of the
spaces: we will not assume data to be smooth enough in order to facilitate estimates. We will
also take care of the error we commit by following each constants in our estimates. As we will see,
this will lead to painful computations. For the sake of clarity, we have postponed each technical
computation to the Appendix, so that the main body of the chapter only contains important
demonstrations. The error is controlled on some compact set in space and grows as the maximal
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4.1 The abstract problem

time T'; the approximation becomes useful as we know that the local energy decays in time (or is
at least bounded).

Organization of the chapter. Chapter 4 is organized as follows: Section 4.1 introduce the
abstract problem we will deal with as well as the scheme and some notations. Consistency and
stability are shown in Section 4.2: they amount of how good the approximation is. In Section 4.3,
we prove that the approximated solution of the abstract problem converges to the "true" solution
as the mesh converges (briefly: the scheme converges) using consistency and stability. We then
apply these results to the charged Klein-Gordon equation in the exterior DSRN spacetime.

4.1 The abstract problem

In this Section, we first introduce the abstract problem we are interested in with some assumptions.
In a second time, we introduce a discretization of the problem in order to numerically solve it.

4.1.1 Introduction of the abstract problem
General assumptions

For 0 <r_ <ry < 4oo,let I =]r_,ri [ CR, po > 0and p: I — |pg,+00[ be a Lebesgue
measurable function. We assume that

1
pE Lﬁoc(LdT)? . (AP1)
p(r) = Orpy (|r — ri]*(lﬂi)) with (+ >0

We next consider a second order partial differential operator P > 0 of the form
P = a(r)d? + b(r)d, + c(r)
self-adjoint on some domain in L;% and such that ker P = {0}. We ask for the condition
HEC HE(I,C)  Vke{0,1,2}. (AP2)

We shall refer to this Assumption for k£ > 2 if needed by explicitly specifying it. Also, the
coefficients of P must satisfy

a,b,c € L*>°(I,R) (AP3)
Let (H,2(H)) be an operator acting in L% X L?, of the form
p=(9 1 P(H) = {u = (uo, wr) € ) x L3 | Hu e 7y x 12} (AP4)
“\P Q) - Ve p " p e

where @ is self-adjoint acting on L% and 1 is the identity operator on L%. We assume that

{Q € B(Hy), (AP5)

Q is local: Supp (Qu) C Suppwu for all u € ’H},
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4.1 The abstract problem

We are interested in the numerical resolution of the abstract Dirichlet problem

—i0ww=H Vit €10, T
i0pu u | € 10,7 | (ADP)
u(0,-) € Z(H) is compactly supported in I

with u € C*([0,T], 2(H)) NC([0,T] ,7:[/1) x L2) for some fixed T' > 0. Finally, we define the norm

2 2 2
(a0, ur)llg, = Iluollzy + llur — Quollz
and the space &, := 7—[/1) X Lg“-”gp' We make two last assumptions:
H generates on 5’,) a strongly continuous one parameter group (el o<t<T, (AP6)

If ¢ is compactly supported in I, then Up<¢<7 Supp (e ) is a compact subset of I. (AP7)

Remark 4.1.1. Assumption (AP1) means that the weight p can explode in the L' sense only
at the boundary of I. It is of course possible to consider cases where this happens at finitely
many points in I by splitting I at these points and applying the theory developed in the setting of
Assumption (AP1).

Remark 4.1.2. The coefficients a and b are linked by the symmetry of P. To see how, pick
X1, X2 € C°(I,R). We have

<PX1,X2>L% = <X1,PX2>L% + /IX1(7“) (XQ(T)((GP)” — (bp)") (r) + 2x5(r) ((ap)’ — (bP))(T)>d7“-

The symmetry of P implies that

ﬂxﬂm@xm«MV—www@v+ham«wy—@mxmym
This means that in the distribution sense, w := (ap)’ — (bp) satisfies:

xa(r)w'(r) = x5(r)w(r) = 0. (4.1)

Since x2 is smooth and has fast decay at the boundary of I, the operator x20, — x4 is hypoelliptic,
hence the above equality implies that w € C*>°(I,R). Now take xo =1 on a compact set K C I:
this gives

((ap) — (bp))(r) =C € R vr e K.

Back into (4.1), we discover (ap)’ = bp on K (that is C =0). As K was arbitrary, this holds
in I. Observe also that ap € WH(I,R) because bp € L*(I,R). Furthermore, for all u,v € ’H;
compactly supported, the integration by parts

[ e @ = - [ om0~ [ B )ptr)dr
I I I

is legitimate thanks to Assumption (AP2).

In fact, it can be said a little bit more on the coefficient a: let a := a/p, b= b/p. Since
p>po>0,abe L®I,R). Butd =bsoac WY (I,R) for all k > 1, whence a € CO'(I,R) is
locally Lipschitz in I. Note that in the case where p is constant (it is the case for the Lebesgue
measure), this implies that ' = b and then P is a divergence type operator:

P =0,(a(r)d,) + c(r).
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4.1 The abstract problem

Remark 4.1.3. The positivity of P also implies ¢ > 0 Lebesque everywhere in I. Indeed, take
X € C(I,R) and compute:

0< (Pxox)yy = [ (4 0) % B0+ el x(r)otr)ar

For any compact K C I, take x so that x =1 on K: this entails
0< / c(r)x(r)?p(r)dr.
K

Since x?p > 0, we conclude that ¢ > 0 almost everywhere on K. As K was arbitrary, the claim is
proved.

Remark 4.1.4. The method developed in this chapter can also deal with Hamiltonian H de-
fined with two different operators Q1 and Q2 in Assumption (AP4), provided they both satisfy
Assumption (AP5). We yet consider the case Q1 = Q2 = Q in order to make computations more
readable. Moreover, we will consider multiplication operator for some concrete applications in this
chapter, even if it is possible to adapt it for more general operators at the prize of increasing the
complexity of the problem (for example, Q could be a differential operator, but then we would have
to discretize it as it will be done for the operator P).

Remark 4.1.5. Assumption (APT7) is a (finite speed) propagation estimate which witnesses of
the wave-type nature of the equation. This gives useful information on the support of the solution
at any time provided that the initial data is compactly supported. The counter part is that the
propagator e s not assumed to be regularizing. One can of course not assume this hypothesis
and consider the truncated propagator xe I for some cut-off x € C°(I,R).

There is a priori no restriction on the existence of e . We can consider that it exists for
any time t > 0, for any time t < T, or that some microlocalization hypotheses have been made on
the initial data in order to avoid singularities as t increases. We refer to [GGH17, Section 3] for
the existence of the propagator associated to an abstract Klein-Gordon equation.

Remark 4.1.6. Lemma 4.1.7 below implies some minimum reqularity for initial data @ in (ADP):
indeed, it must satisfy

€ (’H/l) N Hi) X ’Hll), (p1 — Qo) € 7—[,1).

But ¢ is also compactly supported, so Assumption (AP2) implies that ¢ € H2(I,dr) x H}(I,dr)
and p1 — Qo € HY if Q since local by Assumption (AP5). By Sobolev embedding theorem, we
deduce that ¢ € Ci’l/Q(I,C) X CS’I/Q(I, C) and o1 — Qo € 02’1/2(1, C).

Regularity of solutions

Let ¢ > 0 and let Y = (@07801) € '@(H) and ¢ = (¢07¢1) = eitH((p()vQDl)'

Lemma 4.1.7. For allt > 0, we have

¢(t7 ) € (,lez N IH?)) x len 1/11(t7 ) - Qwﬂ(tv ) S Hfl)
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4.1 The abstract problem

Proof. Every element of 2(H) is by definition in 7-[; X Li. Since (el*);>q is a continuous one
parameter group by assumption (APG), there exists C' > 0 such that

1 g, < M H ], vk €N, vt €R (4.2)
provided that H*p € &, (it is always true for k € {0,1}). Then 1 satisfies

o € H) Qo + 1 € H)
1 — Qyp € L2 (P — Q%o € L2

Since Qg € ’H}) by Assumption (AP5), the first line on the right hand side implies ¢ € "H;
On the other hand, the second line on the right hand side implies Py € 7:[;1 N (L% + H},) =
”H;l + Lg C L% whence 1y € 7—[% Finally, we have 1 — Qv € ’H}, since ) € B(”H})) and
Yo € /Hll, O

Corollary 4.1.8. If ¢ is a solution of (ADP) then for allt > 0, we have
1/}<t7 ) S Ccl’1/2(17(c) X 6871/2(Ia C)v 1/11(t7 ) - QwO(ta ) € 6371/2(17(@) ZfQ is local.

Proof. As ¢ is compactly supported, so is for ¥(¢,-) by Assumption (AP7). It turns that
Y € H? x H! by Assumption (AP2) and Sobolev embedding theorem then gives the announced
result for ¢. The same argument holds for 1, — Qg if @ is local. O

Solutions regularity increases as does initial data’s if we add some assumption on the opera-
tor Q:

Lemma 4.1.9. Let ¢ € 2(H). If H*¢ € P(H) and Q € ﬁlgillB(Hf,) for some k € N\ {0}, then
for all t > 0, we have

(Wo(t, ), 1, ) € (NEIEHE) x (NEt) #LY).

Proof. We show the result by induction. For k = 0 and k = 1, the semi-group estimate (4.2) gives

Qo + 11 € H} Q(Quo + 1) + (Pio + Qi) € H),
(P— Q%o € L (P — Q%) (Qtpo + 1) € L2

Since ¥ € Z(H), we have ¢ € 7—[,1) X Lz. The assumption Q € B(Hﬁl,) combined the first line on
the left hand side then gives ¢ € ’H/l) and the first line on the right hand side entails Py € 7{/1),
S0 Y € Hz Back on the left hand side, the second line combined gives

Pyg e H N (L2+H) C L2

so that i € 7—[% The same argument applies in the second line on the right hand side and gives
QYo + Y1 € ’Hf, If we assume Q € B(’Hz) then it follows that 1)1 € H%

Assume now the result settled for some k& € N\ {0}. We know that ¢ € 'H; x L2 because
Y € 2(H). We want to show that if ¢, H**'¢p € P(H) then the evolution t(t,-) satisfies
e (NFE2HE) x (NZEfTHE). Put then

SE:ZHSOv ¢:H1/J
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4.1 The abstract problem

Then H*@¢ € 2(H) and 4)(t,-) is the evolution of ¢ at the time ¢t > 0. Hence the induction
hypothesis implies that

5 Qo + Y1
o (e

Again we use that 1) € 5’,) S0 Yy € 7—[[1) Using the assumption @ € B(”H;), the first line above
gives 1 € 7—[[1) whereas the second one gives Py € 7-'[;1 N ’H; = LZ ie. g € ’H?, Back to the
first line, we then get ¢ € Hf’, using the assumption Q) € B(?—Zf‘,), and the second line together
with Q € B(”H%) give Py € ”H%, that is 9 € 7—1%. We can keep on increasing the regularity of
in the same way until getting vy € 7—1,2)]”'2 and ¢ € ’H%k“. We finally use the same argument as
above to increase one more time the regularity of 1) and we are done. O

Remark 4.1.10. Solutions u, —i0u — Qu of (ADP) satisfy the abstract Klein-Gordon equation
(67 — 2iQ0; + P)u = 0.

Assume P+ Q? > 0 and the initial data smooth; then the above equation is hyperbolic and u is
smooth by the standard theory of hyperbolic partial differential equations (see e.g. [Le53]).

4.1.2 Discretization of the abstract problem
Meshes

Temporal mesh. The discretization in time will consist in using a regular mesh 7 7(0,7)). A
sequence of elements of .7 ([O T]) will be denoted by T = (9 05 ﬂ. ), where 7, 0 is a points set
of [0,7] and T 1 is the set of intervals of the form |¢, t’[ with ¢ < ¢ two elements of 7, 0- In the
sequel, we will use the following notations: for all s € 9 00

|s| := card{s € :7:0 | s" < s},
L::min{s|3€§:70}:0, f::max{s\seﬁvo}:T,
S_ := max {s' € f?:o | s’ < 3}, Sy = min{s’ € f?:o | s’ > S},

Ne :=max {s; —s_|s€ 9:0}.

We will say that the (temporal) mesh converges if a sequence (%)nEN such that lim, oo np =0
has been built.

Spatial mesh. The discretization in space will consist in using an adapted mesh 7 (I). A
sequence of elements of .7 (I) will be denoted by J4 = (40, Ze,1), Where Z4 o is a points set of I
and J, 1 is the set of intervals of the form |r, [ with » < 7’ two elements of 7, ¢. In the sequel,
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4.1 The abstract problem

we will use the following notations: for all p € J,

lp| := card{p’ € Zap | P < p},

p:=min{p |p € Zo}, p:=max{p|p € Zup},
_Jmax{p' e Zo|p <p} ifp#p
b= r_ ifpz]g’
. {min{p’eﬂ.,o!p’>p} ifp#p
b+ = . _
4 ifp=p
b | P= P PP
D 2 9 2 9
_Jr-+pptp, _]P_+D Ptrs
Wp 1= ) ) wﬁ'_ ) )
b 2 2 2 2
We = U Wp,
PETe.0
he :=max {py —p_ | p € Tap}, he :=min {p; —p_ | p € Tap}.

For all p € J40, wp is the control interval centered at p. We will say that the (spatial) mesh
converges if a sequence (7, )nen such that lim, o hy, = 0 has been built.

p W D
- /L
} o— ——— Ot
p

Figure 4.1: The spatial mesh.

In the sequel and unless it be specified otherwise (as for Lemma 4.2.3, Corollary 4.2.4 and
Proposition 4.2.10), we will implicitly fix an arbitrary adapted mesh 7, satisfying the following
assumption:

Cr:= sup sup Ir=pl < +o0. (M)

T6,0CTe PETe 0 |p - pi|
rEwp

All the following operators and spaces will be defined with respect to a fixed mesh.

Discretized spaces and operators I

We thus define the work spaces
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4.1 The abstract problem

and the approximated spaces
A1 o Ay lllg

W =Hy < H) e,

*=C0 ([0, T],7%),
V/ITH = CO ([07 T]v WI;) s

Wt = L0, T), 15,

Solutions of (ADP) are thus elements of #;. Observe that
W W C Wy (4.3)

N

the first inclusion being a direct consequence of Lemma 4.1.7 (see also Remark 4.1.6). As a result,
we have

W CHYT CHy CHy (4.4)
Next, let
=i+ H

so that the equation in (ADP) boils down to solve Bu = 0 for v € C'([0,T], #) with compactly
supported initial data in #. For all u € #{* and all (t,r) € [0,T] x I, we define the approzimated
operators

9

(OFu)(t.) = {(&,u)(t, ) ifwis C*U, #*) for some neighborhood U > t

otherwise

(P*ug)(t, 1) := {( wo)(t,r) ifug € HP(V) or some neighborhood V 3 r |

0 otherwise

We finally define H* as H with P* instead of P, and we set
=0 + H* : #* — Wy

Projectors, lifts and filters

Let w : [0,T] x I — C be a function. The temporal Lagrange interpolation of u over the set
o ={a1,...,an} C[0,T] is defined where it makes sense by

t—aj
(fﬁfmp@ Zlﬂ u(ag,r), = I —
1§j/§m J )

J'#j

Similarly, the spatial Lagrange interpolation of u over the set # = {b1,...,b,} C I is defined by

(f;;’atu) = Zzﬂ ult, by) w2 = [ Py

b — by
1<k'<n k k

& £k

The following operators are defined after having chosen a mesh 7 .
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4.1 The abstract problem

Temporal projectors. The projectors we will use in the temporal scheme are the following

ones:
(Zema) €)= 3 (F) (0 L)
seﬁo,o
<@£?§p u) (t,r) = Z (7[ u(r, 7’)d7> g5, 1(2)
sej;,o lsso+, &
where
1
][ u(r,r)dr ::/ (j;mpu) ((s4—s)7" +s,7)d7, «  [0,1].
[Svsﬁ-[vd 0

When &7 = {0} one says the scheme is explicit; when o/ = {1}, the scheme is implicit.

Spatial operators. The operators we will use in the spatial scheme are the following ones:

(@fﬂat u) (t,r):= Z (f;ﬁat@ (t,r) 1o, (r)

P€TJe0
with
{p—.p.p+} ifp¢{p,p}
Sp =9 {r-,p} ifp=p ,
{p,r+} ifp=p
and

Z (’jés'satu> (tv 7’) ]lwp (T) if 9.,0 C f(u)
(Fm) (47) o= { wéu |
0 otherwise

Remark 4.1.11. The projector @fﬁat is well defined on W|* since one evaluates functions

only at interior points,which makes sense thanks to Assumption (AP2) and Sobolev embedding
HY(I,dr) c C%V/%(1,C).

As for the projector @f%at, its action on the first component of elements of Wy is well
defined as explained above whereas its action on the second component is well defined by Lebesque
differentiation theorem for meshes defined on £ (u) (which is a full measure subset of I). Indeed
Lebesque’s theorem applies for locally L' functions, so if u € L?) then for all compact subset

K cCl,
1/2 TRE
'/ w(r)dr| < | K|/ (/ ]u(r)|2d7“> < <> 2 < +oo.
K K £0 P

Wf%at filters "bad behaviors" with respect to the measure p(r)dr.

If we assume the second component more reqular than L?), say continuous, then sz%at 18
perfectly well defined for any mesh since in this case £ (u) = I.
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4.1 The abstract problem

Remark 4.1.12. The choice of the set S, for the spatial interpolation can be adapted to the
behaviour of the weight p near the boundary of I. Even though all the computations below are done
for compactly supported functions, we could be concerned with more and more widespread supports
(for long time numerical simulations for example). Here the linear behavior at the boundary has
be chosen according to the concrete case presented in Chapter 7?7 where p(r) = Oy, (I — r]).

Remark 4.1.13. Given a function u € le), it is possible constructing a mesh Iy contained in
Z(u) satisfying (M) and such that max {|w[ |w e 9.,1} < d¢ for some given decreasing family
of positive numbers (Je)e-

A possible construction is to split I into 3/he parts of same length he/3 with he = 1/[1/ds].
Then choose a Lebesgue point of u in the (2k + 1)-th subinterval for all k € {0,1,..., ?’/hT'_l}
(this is always possible since these points form a full measure set in I). In this way, any two
consecutive points of Je are separated by a distance of at least he/3 and at most he < 0 (see
Figure /.2). This gives a suitable mesh with C1 = 3.

We can ever do better: given any countable set of locally integrable functions {un | n € N},
we can arrange ourselves to get

Zoo C [ L (un).
neN

It is possible since a countable intersection of full measure sets still has a full measure, so we can
repeat the above construction and choose the mesh points on each interval in the intersection of
the Lebesgue’s points of the wy,.

T+

Figure 4.2: A possible choice for the spatial mesh (blue dots are points
in .Z(u)).
Remark 4.1.14. If one does not want to deal with Lebesgue points of u to define ,@fﬁ)&tu when
one component of u is only in Lf,, then it is possible to define it as the piecewise constant function

on each control interval w,, p € T4 being equal to the mean value of u over w,. This provides a
convergent scheme but computations are slightly more complicated.

Lifts and filters. For i€ {0,1} and & € {temp, spat}, we set F,; := in.mp o @fgat,

%:"z : ,@f’z (#;*) < #;* the canonical embedding, and Z, ; := %ff}at o %fezm P We then define the
filters ﬁ:‘l = %:.7» o ﬁ:’z and ﬂ.ﬂ- ‘= e, © 33.71- = %fgat o %:?imp 1) (@f‘?imp o (@fgat'

Discretized spaces and operators 11

As the operator B (and the corresponding approximated operators) has temporal and spatial
parts, we introduce some other spaces in order to handle the problem more conveniently. For
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4.1 The abstract problem

i€ {0,1}, let

Wi = Pei(W;),
W = P,
Wspat t@spat (Wﬁ)

L —CO([O T], #.5),
Wiy =0, T, #35™),

W = L0, T, 75",
We also introduce another operators:

M. — (@spat O%spat q//.sl:l)at N Wspat’
H* — gzs%at o H* o%spat 7/* — 7/::07
Do 1= PGP 0 0F 0 My By - Way — Wa,
H, = g@temp o Hy 0 BT : Way — Ve,
The canonical embedding #™* — #}; (see (4.3)) has been implicitly used in the definition of the
operator M,. In the sequel, we may also view this operator as acting from %% to %*H Note

furthermore that H} must act on spatio-temporal spaces as losing a time derivative for solutions
of (ADP) is equivalent to lose spatial derivatives via the action of the Hamiltonian H.

i0f +H*
?spat /_\ ?Spat
o1 0,0
Wy —s W s s Wy 2 Wy
%spatT JJSPM l]bpdt gzspati T@spat
““eo,1 e,0 ““e,0
* *
7/.,1 M, . H i} WQ,O 0.0
7t t
i e
o1 H* e.0
)
%ﬁ?iin J/@temp c@:f’aénpi T]temp
i0e+He
7/.71 %70

Figure 4.3: Summary of the discretization of spaces and operators.

Figure 4.3 above gives some insight about the numerical scheme: we look for a good approxi-
mation of solution of (ADP) in #], so we include the latter space into the bigger one #;* and then
discretize the problem to get the discrete space #, 1. It is in this latter one that approximated
solutions lie, the advantage being that this space is actually some C™* for some N, € N (a similar
but quite different property holds for the discrete target space %, o, even though it is only defined
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4.1 The abstract problem

to give sense to the operators defined above). In a short sentence, the numerical scheme provides
arrows between the two main objects which are #; (the space of solutions) and #, 1 (the finite
dimensional vector space used for the numerical programming).

Once an approximate solution in %, ;1 is exhibited, we still have to show how it consists in a
good approximation of the real one, in the sens that we have to show that the difference between
the solution and its approximation goes to 0 in some sense; in this purpose we have to construct
an approximated norm on the whole space #7*. We will deal with all these points in the next
Section.

4.1.3 Matrix representation

We investigate in this Section the matrix representations of the operators and the norms used for
the discretization of the abstract problem. As concrete computations will be carried out in the
sequel, we will sometimes need to specify (). We thus add the following assumption:

Q is a C*(I,R) multiplication operator on I (Q)

that is: for all u € LP(I,dr), (Qu)(r) = q(r)u(r) with ¢ € C?(I,R). Since @ is assumed to be
self-adjoint, ¢ is necessarily real. Besides, for k € {1,2}, Q € B(”H];(J)) for all open set J € I
since then H];(J ) € H*(J) by Assumption (AP2). Therefore Assumption (AP5) is locally verified
for multiplication operators.

Remark 4.1.15. Actually, we will only need q € HgOC(I,R) in Proposition /.2.10, but this
requires to ask for Too C ZL(q) for each considered sequence . For the sake of simplicity, we
will restrict ourselves to the case of Assumption (Q)) above.

Discrete vector spaces

We introduce in this paragraph the discrete spaces which are used for the numerical programming
For all u,v € Vﬂ.s’lfat, we define

uRv — u(p) =v(p) Vpe€ Jup
and similarly, if u,v € Vﬂjgat, we define
uRpgwv < u(p) =v(p) Ype€ Jap.

We will note [-] and [-]g the corresponding equivalence classes in the quotient spaces “//f;‘l’at /R

and #2* / Ry, respectively.

Remark 4.1.16. If one define the projector @f%at as i Remark /.1.1/, then we can work on

the entire work space 7/:8‘% and the equivalence relation Ry can be defined as follows:

uRgv — ][ u(§)dg = v(&)dE Vp e Zup.

p Wp

It turns out that the spaces #. ™ and V/fgat can be identified respectively to #. 2 /R and

V/f’gat / Ry, which basically means that we can "drop" all the information but the values at the
mesh points p. In fact, we have a little bit more:
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4.1 The abstract problem

Lemma 4.1.17. The spaces WSpat, Spat/R sPat and WSpat/RH are all isomorphic to
C2l7e0!l

Proof. Define first Ilq 1 : WsPat WSpat /R the canonical projection:
Iy 1w = [u].

I1, ; is clearly linear and surjective. If u,v € 7/:’11”“ are such that Il, ju = I, ju, then [u—v]; = [0];
that is (u —v)(p) = 0 for all p € F5 . But (u; — vj)\wp is the restriction of the unique second
order (respectively first order if p = p or p = p) C-valued polynomial which cancels at p_, p and
p4 (respectively at 7_ and p or p and ), thus uj —vj; =0 on w)y for all pe F o and j € {0,1}.
This shows that Il, is injective.

Next, define ¥, : %sj)at —s 2|70l the evaluation function:

Weu := (uo(p), u1(P))peuo-

U, is clearly linear. Tt is surjective since smooth compactly supported regularizations of 1,
are elements of #*. Take now u,v € WSpat such that Weu = Wev. Then (u — v)(p) = 0 for all
p € T, and we conclude as for II, 1 above that U, is injective.

Finally, define

Mo : "//jgat Su:=[ulg € WsPat/RH

isomorphism. As for W, m, the only issue may be the surjectivity as it may happen that all the
second component of elements of ”f/* cancel at the mesh points p € 7, o; however, the range of
the functions (0,1,,,) € #7; by the composition Ve o szf)oat is precisely the canonical basis of

and ¥, g : ngat — C21%.0l the evaluation function. As above, we show that I, is an

Cl70l ensuring the surjectivity of Ve . O

W — Wy

e [z

spat spat
S Yoo
Ve \IIO,HJ/ \
HE R ——, CH7e0l — €A%l «— bt Ry
Weoll, | o mroll,

Figure 4.4: Discretization of spatial work spaces.

Remark 4.1.18. 1. Despite the somewhat singular definition of Wfpoat, we managed to get
equivalences modulo isomorphisms between the discrete space Wﬁpat and the finite dimen-
sional one C2170l . The key argument is that WSpat(V/Spat) has enough elements so that the

evaluation function spans C27e0l: more precisely, given a mesh J4 0, some elements of W
(the functions (0,1,) with p € T4 for us) are sent by Vo g 0 @ff)oat on a generating family
of the target finite dimensional space. The argument of Lemma /.1.17 fails otherwise.
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2. A similar commutative diagram as above can be drawn for the temporal discretization. For
the sake of brevity, we will omit details in the sequel.
Approximated norms

As we wish to evaluate the approximation error of a solution of (ADP), our task consists now in
defining an adequate approximated norm on #{* and then giving a natural matrix representation.
On #™* and #7, we define the spatial approximated norm

NZ(w) = <P*9%.,fl¥.,jvo,%.,jiﬁ.,jvohg + H%'Jmﬂjvl - m-,jmijUOHQLg
where

Po,jvr = (@fgatv)k’ Re jor = ('@f?jat“)k

for all j,k € {0,1}. We placed @ in the definition of N, so that computations in Appendix 4.4.3
are easier. On #/* and %, we then define the approximated norm

[u]e := sup No(u(t,-))

t€[0,T]
The corresponding approximated operator norm is

Neo(Lou)
No(u) -~

|| Lel[le := sup
(%

Note that A2 is an hermitian form on #* (because P is non-negative and self-adjoint), so we
can associate to it the (right linear) sesquilinear form

NZ(u,v) := (P*Rq 1P 100, 9{.,1‘13.,1110>L% + (Re1Be,1 (U1 — Quo) , Re1Pe1 (v1 — Quo) >L%'

It turns out that the approximated norm N, is not convenient to show convergence. We thus
introduce two other ones:

[11(uo, un)lllg, = lluollyyy + llur — Quol .z (uo, u1) € &,

Y. 1/2
Ne((uo,ur)) := <P*%.,1‘B.,1uo,9%.,1313.,1uo>L/% + ||Re,1Be1u1 — %o,1m.71Quo}|L% (uo,u1) € W™
Certainly these norms are respectively equivalent to || - || ¢, and No(4):

- Ullg, < V21 llg, < V2IIT- g, (4.5)
No() S V2NL() < V2NL(). (4.6)

Note however that these norms do not satisfy the parallelogram law (and thus do not define
sesquilinear forms). Our goal is then to show that N(-) converges to ||| - ||| ¢, Is some sense (see
Corollary 4.2.8). Then decay and non-decay results numerically computed with N (-) will apply
to Ne(-), hence to ||| - || £, modulo an error which vanishes as the mesh converges, and finally to
Il - |l ¢, by equivalence of the norms.
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We now turn to the matrix representation of the norm N, (the one we will use for the
numerical programming). As the scheme will converge in the space #{* (see Theorem 4.3.1)
we only need to explicit it on the work space #, 1. Let (ej)1§j§2|9.70| be the canonical basis of
C2l7e0l. By construction, we have

r—r_ (r—p )(r—p, )
—1,. — £y S
U, e < 1, +(B_B+)(B_B++) wp+,0>7

rT—7r_ (r—p)(r—p, )
~1,. _ + ++
Yo (O’p— ~ e p-p)p—p,) )’
(r=pr—p ) (r—=p, )r—p )
“1,. — ++ ++ ——t
Yoo ((m—p)(m—pH) e (o —p ), p+++)]lw"++’0>’
S (r=p)r—p,.) (r=p, )r—p, )
e, e, ) e e, ), ) )
o =P )(r—p__) (r=p__)(r—n)
Ve ool = <<p_ N[ N e S B [ ’0> |
_ (r—p___)(r—p_) (r—p__)(r—p)
Wi~ (05 5 S GG p )
_(r=p__)(r—p_) r—ry
Yo en o1 = <<p—p><p—p>““’ﬁ— R “wv’()) ’
(o r=P__)(r—D_) r—ry
Yo el = <0’ G-p)F-p) 5o “’p)’
1, _ (r—p-)(r—p-) (r—p-)(r—py) (r—p)(r —piy)
Yo e ((p—p——)(p—p—)]l“”p +(p—p—)(p—m)]l“ﬁ(p—p+)(p—p++)]lw’°+’0>’
oy r=p)(r—p- (r—p-)(r—ps) (r—py)(r —pis)
Ve el = <0’ G-p)o-p) T oo )p—pn) " (p—p+)(p—p++)]lw”+)

for all p € j.,o \ {Q+,ﬁ_}. One may be tempted to write \Iljl(ez|p|_1) = (%1%, 0)

but the latter function is not an element of 7, ;.

Note the following orthogonality property: for all (j,k) € {1,...,|Z0|}?, for all j' €
{25 — 1,25} and k' € {2k — 1,2k}, we have

N.Q(\I/:lej/,\l/:lek/) =0 <~ l7— k| >3 (4.7)

that is the matrix representation of N2(¥,!-, U, 1) in the canonical basis is block-hexagonal. In
Appendix 4.4.3 we compute all the non-zero matrix coefficients (.4,2);; :== N2( te;, U le;) of
the sesquilinear form N2(¥ 1. ¥ 1),

With the above construction, for all u = (ug,u1), v = (v, v1) € #e1 and for all t € [0,T], we
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have
N2 %spat %spat
o( o1 u, o1 U)

= > N (‘If._l(€2|p|—1)uo(t,p) + U (egppua(t,p), U3 (eap—1)vo(t, ') + ‘I’._l(€2|p/|)v1(t7p')>
(p.p')€(Ze,0)2

= |:(’/V02)2|p|71,2|p’|71u0(t7p)v()(t?p/) + (A)ajp|—1,21p 0 (t, p)v1 (t, D)
(p:p')€(Je,0)?

+ (Aol 21 -1 (E P)vo (£, 0') + (Ae)2pp) 2t (£, )01 (tapl)}
= (U), 42V (1))

where

2 Za 0l

U(t) = (uo(t,p),ul(t,p))peg.’o, V(t) = (UO(tvp)’Ul(t’p))pEy.,o'

Approximated operators

We now explicit the matrix representation of the approximated operators.

Discrete norm A,. Let u € #e1 and U := Veu € C27s0l its discretized version (Uq acts on
the spatial part of «). Then

2|Ze,01 2|74 0 o
No(ZE ) = \/<U, NEU) 2170 g1 = Z Z (A2)iUiU;.
=1 =1

Matrix associated to M,. The discrete version of the operator M, and is given by
My =T M} C1Fo0l 5 270l

This makes sense since M : %y — Wy and #),, W, are isomorphic to C27+0l by Lemma

4.1.17. For all j,k € {1,...,2|7 9|} we have
(M) ji = <6j,‘IJ.M.‘I/;11LI€k>C2\9‘.,o\-
In Appendix 4.4.1, we show that
(Mou)(p) =u(p)  VYp€ Tap
whence
(M) jk = (ejser) 21700l = ik

that is .#, is the identity matrix. Since W, is an isomorphism, we deduce that M, itself is
invertible.

V) _Ye . 2%l

| Al

Ve H
* °, 2| .
Wiy —= CH7eol
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Matrix associated to H}. The discrete version of the operator H} and is given by
e =V HV, .
For all j,k € {1,...,2|7 0|} we have
() = (e, Vo HIW, rer) ol ol
Assume (Q)). In Appendix 4.4.2, we show that for all u = (ug,u1) € "//,Si)at
(Hou)o (t,p) = q(p)uo(t, p) + ui(t, p),

> 2a(p) + b(p) (2p — (P + i)

o (k= )Pk —pir)

(Hyw), (t,p) = uo(t, pr) + c(p)uo(t, p) + q(p)ua(t, p)

whence:

:<e], pe + b) +epp=—r-) 2a(p+)+b(p+)(p+—p++)e4>
2l Ze 0

p—r- -r)-p,)
— Q)i + b(p) + c(p)(p — 7"_)5j2 2a(13+) + b(ﬂﬁ(&_ —Q++)5j4’
p—r- p-r)-p,)

() j2 = (ej, e1+ Q(p)e ><c2‘9 ol = 01+ Q(p)dj2,

2a b 2p, —
(%ﬁ.*)jg — <€j7Q(p+)€3 + ( (]2-4-) + (B+)( B—i— (B+B++)) I (p+)>

(b, )2, —2.,)

2a(g++) t b(13++)(£++ B B+++) e >
6
(C2|9 ol

b, -2, ), —2. )
B ‘ 2a(p, ) +b(p, )(2p, —(p+p,.)) ‘
= Q(p,)0js + ( T[T )]
2a(p, )+, ), —p ) 5
(Q+ B Q++)(Q+ B Q+++) ”

('%po*)j4 = <eja es3 + Q(£+)e4>(c2|7.’0| - 5j3 + Q(B+>5j47

Oy sies = (65 QP ez s+ SIS
2a(p_) +b(p_)(2p_ — (p__+DP)) |
* ( R ) " C(p‘)> 62‘%*0‘2>629.,0
2a(p__) +b(p__)(P__ —Pp___)
A e e A

b(p_)(2p_ — (p__+D) |
< D —P——)(T?_—T?) +C(p)> 8274 0|2

€2| Te 0| —4

05,2 74 0| —4

page 127



4.2 Consistency and stability
()21 01-2 = (€53 €217 0]-3 T QP21 74 o-2) 21 7a0] = 052172 0]-3 + QP-)32/ 7, |21

2a(p_) +b(p_)(p- —P_-)
P-p--)P-P-)

()2 00|-1 = <€j,Q(P)62y.,o|_1 +

2a(p_) +0(p_)(p- —p__
= QP)dj27 -1 + (p(p)jp_(]j)()(p =

b(p)+c(p)(p—r
N (p) 7(_)( +)5j’2m0|7
b—74

bS]
|
’lﬁ\

(a%ﬂ.*)j,mﬂ‘.,o\ = <€ja €2 Fy0|—1 T Q(ﬁ)€2\7.,0|>@2\9.,0\ =027 o|-1 T QD)Ij 27 o)

2a(p-) +b(p-)(p- —p—-)

(HT)j2pl-1 = <€ja Q(p)egpp—1 + =1 p—p) €2|p|—2
2a(p) + b(p)(2p — (p— + p+))
( (p—p-)p—ps) i c(p)> 2

2a(p+) +b(p+)(P+ —P++) | >
(p—p+)(p—ps+) WIH2 /11
_ } 2a(p-) + b(p-)(p— —p—-)
B e ey
2a(p) + b(p)(2p — (p— +p4)) A 2a(p+) + b(p+) (P+ — P++)
< (p—p-)(p—p+) " C(p)> A T Pi+)

() j21p = (€j» eapl—1 + QD)ea)p)) c217u 0l = G 2p| -1 + Q(P)I; 21y

for all p € 90.,0 \ {BJF@—}'

4.2 Consistency and stability

In this Section, we study the consistency of the operators and the stability of the scheme introduced
in Chapter 4.1 under the hypotheses (AP) of Section 4.1.1. We will consider compactly supported
solutions, motivated by the propagation result Proposition 4.3.5. Roughly speaking, consistency
means that the approximated operators converges to the "true" ones as the mesh converges for
the strong topology of the working spaces; stability says that solutions of a perturbed discrete
problem will stay close to the solution of the unperturbed problem provided that both have same
initial data and the perturbation is small.
The discrete problem consists in solving

By =0 (4.8)
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where (using definitions and notations of the paragraph 4.1.2)
B. = 9.70 o B* o %.71

= PP P 0 (0] + HY) o AH 0 A

= P o (1 0 0} 0 I + FI 0 HF 0 BI) 0 LT

= P (0] 0 Ma+ Ha)o AT
with

— r@fpoat o %f?lat
and
He = ,@f%at oH*o %f?lat.

We implicitly used the canonical embedding #7* — #".

4.2.1 Error of interpolation

We investigate in this Section the error of interpolation with respect to the projector @ff)ft
(considering @f%at as being the same). The obtained results will be used in Section 4.2.2 when
we will show the consistency of the spatial operators of the scheme.

As one may expect, the error worsens as the regularity of the interpolated function decreases.
Assumption (AP2) and Lemma 4.1.9 entail that Holder spaces is a natural framework.

Lemma 4.2.1. Assume (M). Let p € 90.70 and let w € C*7 (I,C) for some k € {0,1,2} and
v € [0,1]. There exists a constant Cr,, > 0 depending only on Cr and |[uller (1) such that

Haf(jgfatu . u) < CI uhmax{mm{l J—2} v} VO</l<k

HLoo(I,C)

Proof. Assume k = 0 and let 7 € w,. We write

(- —p)p-—p+) (@—p-)p—p+) (P+—p-)p+—p

(r—p)(r —py) (r—p_)(r — p)
+ b - - )(u(p—) —u(p)) + I (u(py) —u(p)). (4.9)

(jssgatu)(r):< (r p;(r—m) L r=p ) —pe) (T—p)(r—p))>u(p)

Since

(r—p)(r —p+) Jr(?“—p—)(?“—m)Jr (r—p-)(r—p)

- —0)o-—ps)  P—p)p—p1) 0+ —p)0s—p) !

and |u(r) — u(p)|, [u(p+) — u(p)| < K,hd with K,, > 0 the Hélder constant of u, it comes

|((Fzu) —u)(r)] < (14 2C1)Kyhy.
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Assume now k > 1. Write for all » € w,

k i , 11 _ k-1
upe) = 3 s -+ s - [ (0 s ) = )
j=0 ’

and

11 k-1
[ (9 0t o = )~ a0 )] < G s

with K, x) > 0 the Hélder constant of u®). Then

spat vy _ (=) —ps) | (r=p ) —py) | (r—p)(r—p)
(J5, () ((p—-—pﬂp—-—p+)_+(p-—p—)&r—p+)_+(p+-—p—ﬂp+-—p)> ®)
k

+21<r— (r=pe) - —pY | (r=p)r p><p+—p>f')u<j>(p)

=it (- —p) - —p) (p+ —p-) (p+ —p)
r—op)(r— AT G AT
+ (p)(p)?;)(pm)p) /0 (1(kt)1)! (e @+ - =) — )i

N (r—p_)(r—p)(ps —p)* /1 (1 ( ®) (p+t(pr—p)) - (k)(p)>dt
0

(p+ —p-)(p+ —p) (k—D!
k (J)( —p)k
u —ps)(p£ —p) .
=u(p) + Iy j: X integral term.
®) ;} 7! 22 pifM@+*pJ
(4.10)
For £ = 0, we deduce
spat hj
’(jsf u—u)(r )’ < [’ oo 1,0y e + Z [l HL°°(I(C [ T 201K mh o
j=1
5

< llullerr.cy { 5 +2C1 ) he.
whereas for k = /¢ =1, we get

T(ﬂ;fatu - u)(r)‘ < Ky (1+2C1)h].
When k=2 and ¢ = 1, we find

2
6 (f;patu )(7")‘ S 2||u”||Loo([7(C)h. + *C]Ku//hi—i_v
Cr
< 2l (1+ 3) he
and finally, if k = ¢ = 2, we have
2C

(];patu u) ('r)‘ < Ky (1 + 3I> hy.

This completes the proof. O
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We now turn to the general case of a L?] function. The main argument in the proof relies on a
the construction of a suitable mesh which depends on the given function. This is the object of
the next lemma.

Lemma 4.2.2. Let K = [a,b] CR, n >0, n < |K]|, and let .7, C K be a measurable subset such
that |7, <n. For all 6 > 0 (possibly much smaller than 1), there exists a mesh Jy depending
only on K and %, satisfying all the following properties:

1. K= U w.
w€ T 1

2. Forallw e J41, /9 < |w| <4.

3. If pe TeoN Sy, then wy, C .
4. Ck := max br 7P is uniformly bounded (in particular, it does not depend on n).
pETag |P£ — D

Proof. We may assume that § > 0 is such that 6 ' =: N € N for we can always shrink it otherwise.
Let I :=[a,a+ 6/3], I» :=[ad/3,a+25/3],...,Isn := [b—§/3,b] so that

3N
K=, 11;| = /3.
j=1

For each I;, define

Ir =

I = |min [}, j

min I —l—maxlj]
] )

2
We first choose the mesh points 7, . For all j € {1,...,3N} odd:
1. If I; \ %, # 0, then take any p; € I; \ .7,

[mian + max [;

5 ,maxlj].

2. If I; C .%,, then take any point p; in [min]ﬁmaﬂj 2(min Ij+maxjj)}.

3 ) 3
We now turn to the control intervals 4 1. For all p € 7 o, we will write w;,t the left and right
parts of wp, that is

wp:w;Uw;, w;tc{p}U{TEK]rgp}.

Now let p,p; € T4 with say p € I; and py € Ijo.

L If p,py ¢ .7, then take wi := [p,ﬁ%[ and w,, = [H%,m { Both sets w,/ and
wy,, have length greater or equal to d/6 (the equality occurring when p = max/; and

p+ =minljiz).
2. If pe &, and p; ¢ .7, then take
wi = [p,inf{r € [p,maxI; +6/6] | [p,r[e F}],
Wy, = | inf{r € [p,maxI; + /6] | [p,r[€ I}, p4].

It follows that w; € 7, |wl| € [0/9,50/9] and |w,, | > 6/6.
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3. If p ¢ 7, and p; € 7, then take

wi = [p,sup{r € [minI; 5 —6/6,p4] |1, py] € F}],
wy, = | sup{r € [minlj o —6/6,p4] [|r,ps] € F}, 4]

It follows that w, € %, |w,, | €[6/9,50/9] and |w;| > 6/6.

4. If both p,py € &, (which implies that I; C %, and Ij1o C .%,), then we distinguish two

subcases:
i) If If Uljt1 Ul C ), then take again wy = [p, H%{ and w,, = [p+2p+,P+ [;
once again, both sets w; and w, have length greater or equal to ¢ /6.

ii) Otherwise, there exists p’ € Ij11\ #;: add p’ to Z4 0. Then p,p’ are in the case 2 and
P, p+ are in the case 3 above. We ensure that |wy| > §/9 by requiring

i 1= [p.sup{r 2 p+6/18 | [p,r[C 75, | 2 6/18}],
wp_+ = ] inf{r < b+ — 5/18 ’ ]’r?er] - jnv |w;;| > 6/18}7p+]7

wy = p+0/18,py — 6/18[\ (w, Uw,, ).
This is possible since dist(p, Ij4+1) > 6/9 and dist(p4, [j+1) > 6/9.

5. At last, we complete wp, and wp by taking

If p = a (respectively b = b), then we take [a/,V'] C I containing K such that p > o
(respectively p < V'); it is doable even if we have to decrease 7.

By construction, the control intervals cover K except at finite many points and if p € 7, o N .7,
then wy, C .#,. Furthermore, for each consecutive mesh points p, p’, we have |p, p'| < ¢ and p,p’
are separated by a distance greater or equal to §/9 (the worst situation occurring in the subcase
4. ii) above). This implies that

Cr= sup TPEl g
pETao [P — D]
rEwp

uniformly in 6,7. Finally, it is clear that |wy,| < . We also have |wp| > §/9, the worst scenario
again occurring in the case 4. ii), since p’ can be so close to %, that |wy| = §/9 + € for some
€ > 0 arbitrarily small. This completes the proof.
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5/6 6/6
D R
p\} } L P+
: A Q $‘/ e T (Case 1.)
1  ptp+ 1
| | 2 | |
D > G- y
1 T2
5/9  0/3
R - %
p\} } }‘/p+
: o ¢ e T (Case 2.)
1 %—)—»‘e ———————— " 1
| Lu‘,) | L"'I)A | |
G- , D y
I Ij+2
5/9 5/9
£ =
N R A
\\‘L \\/ | \/ ..
: —¥¢ —o e T (Case 4. ii))
1 ny : 1
| e | |
e > ¢ y
1 T2

Figure 4.5: Examples of "bad" situations in the construction of .Z,. The
set ., is drawn in red.

O

Lemma 4.2.3. Let u € L% and K = [a,b] C I. For all e > 0, there exist a mesh Jy depending

onu and K, as well as a constant C > 0 depending on the mesh, ||ull 2k c) and ||pll 1k c) such
that

t t
|28 P H 0~ “HLg(K,C) < Ce.

Proof. Fix nn > 0 such that n < |K|. We will show that there exists a subset .}, C K depending
on K, u and 7, satisfying || < 10n and such that

1/2

1235 22 0 =l g oy < O+ ) L, +%) ol i

with C' > 0 as in the hypotheses of the lemma. Letting n — 0, we can make the right hand side
above smaller than Ce (if p € L'9(K R) with 6 > 0, we can choose 7 = 5%/10).

By standard measure theory arguments, we can construct a continuous function v : I — C
such that the set

Iy = {7“ ellvu(r)# u(r)}
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satisfies || < n (it is a consequence of Lusin’s theorem, see e.g. the book of Evans & Gariepy
[EvGa9l], Theorem 1.15.). Since K is compact, Heine’s theorem implies that there exists a
constant § > 0 (possibly smaller than 7) such that for all r,7’ € K

lr—7'| <6 = lo(r) —v(r')| <e.

We now construct a mesh as in Lemma 4.2.2 (we can add to it any mesh point as in Remark
4.1.13 outside the compact set K, it does not matter since u = 0 there). Observe that we can
make it so that 7, o C £ (u) since Lebesgue’s points of u form a full measure set in K. Moreover,
the support of the interpolation of u is contained in K by the point 5. in the proof Lemma 4.2.2.

The strategy to get the announced estimate is to replace u by v when it is possible and use a
continuity argument to get an estimate; otherwise, we use a rough bound for the integrand and
integrate over w, which is sufficiently small in some sense. Using formula (4.9), we can write for
all p € ,7.70

<ﬂspat _|_ £+ p r—p;) _ )
s, Zi: (p= — p)( p+—p—)(u(pi) u(r))
It follows:
2 2
| |@ntzma—nm sna= ¥ [ [@xente- o] e

pETa,0NIy &P
2
+ Y / ‘(%ff’ft@fgatu—u)(r)) p(r)dr

pE%,oﬂﬂnC “p

<2 ) [u(p) — u(r)|? p(r)dr

PpE Ta 0NIy * P

)(T’—p:F) o 2 A
+4p€7.zomﬂ/w (p+ —p)(p+ — p_)(u(pi) (p))| p(r)d
+2 Z ’U’(p) - U(T)‘Q p(r)dr
pETe 0NIL “r
)(T_p:F) o 2 A
" /wpi e —p) (s —p) =) —u@)| p(r)d

pETe 0NIL
= I+ II+III+1V.

Estimate for I & II. The crucial point here is that since p € .#,, we have w, C .#,. Therefore

Wp

fu(p) — u(r)|? p(r)dr = / fu(p) — u(r)? p(r)dr
wpNHy
< 2Ju(p)? p(r)dr + 2 / fu(r)? p(r)dr
wpN.Z,

wpNIy pNIn

214 u)?) [ () )olrr

wpNIy
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and similarly

(r—p)(r —ps) .
(p+ —p)(py —p_) (u(p+) — u(p))

p(r)dr

(r_p)(r_pi) o
o —p)ps —p P~ u)

wpNIy

up)P? + [u(p) 2 + 2u(p)?) / p(r)dr.

wpNFy

N
DO
=2

Since p € Z(u), Lebesgue’s differentiation theorem implies

u(p)]” = lim [u(p + €)[7d¢

=0t ]7676[

= lim u(p + te)|2de
Jim, ]71’1[’ ( )|

< ;/K|u(§)|2]lwme(§)df
1
<3 [ lupa
1
< §||U||%2(K,<c)' (4.1)

The above computation relies on the fact that for any p € 4 o, we have |u(p ++)[1|_q < |u|lx
for e <« 1. We deduce that

2
2 / ) )l 4 / >

< 202+ Il e, ) | (1 + [0l ) pLiynsy | 1 .0 + 16CE Nl 2,09 |2t | pr i

(’I” B p)(?“ _p:F) (U(pi) _ u(p))

(p+ —p)(p+ —p-) plr)dr

whence

2 Y[ - ra 3 [ S| LEEEEEED () gy " p(r)ar
PETa 0NIn wp PETe 0N Iy wp (p:t_p)(p+_p—)

< 2(2+ JullZar,0) 11+ [ul® ) p1r, || 1 i o) + 16CT Ul Zo g0y 005, | 1 1y (4.12)

Estimate for III. Since p € f#, we can write

2 = u —ul\r 2 T T v — U\Tr 2 T T.
/w,, ju(p) — u(r)| ”“’d“/wm' (9) — u()? p(r)d +/ [o(p) — o) plr)d

wp ﬁﬂg'

On the one hand, we have

/w ) ) plr)r < 2y /

wpNIy

p(r)dr + 2 / ()2 p(r)dr

wpNFy
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and thus (4.11) gives
[ ) = ) e < (2 el ) 10+ 1oL, sy
wpl 1y

On the other hand, using the uniform continuity of v on K as well as the fact that |p — 7| < § for
all € wp, we find

2
/ o(p) — v(r)? p(r)dr < €|l 11k 0)-
wpN.F8
As a consequence, we obtain:

> [u(p) = u(r)* p(r)dr < (2 + fulFoggc) (L4 1) pLs, || 1 e )+ 1Plr e 0"
pETaonIL "
(4.13)

Estimate for IV. Write
)(7“ —pt) 2 2
/ 2 (ups) — )| pr)dr <2 Y / | (u(ps) — u())] p(r)dr
wp :|: :l: wp

(p+ —p)(p+ — p-)
There is a difficulty here because we do not know whether or not p4 € .. It can be overcome in
the following way: let

o ={p€ Jap|p- € Iyorp;s €I}, Ny = card().

Since all the control intervals has a length greater or equal to §/9, for each p € &7, a contribution
of at least §/9 (and at most 26 if both w,, are in ., and have a length equal to §) in the length
of ., comes from w,,_ or (and) wy, . For ng points in <7, we thus have a contribution of at least
2n0/9 (and at most 2n4J). This means that

< —.
Ny <
Therefore, if p4 € .#,, then we have using (4.11)
2
[(ulp2) — v()) [ p(r)dr < lulZa .00l M i )

and thus

x LX

pETs oNILENA

2
p(r)dr < 2C%||ullZe g ey lPLy, o, wpllor xRy

)(T ~Px) (u(p+) — u(p))

(p+ — p)(p4+ — =)

(4.14)

with

|_| wp| = Z|wp| < ngd < 9.

peA peA
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In the simpler case where p1 € fg , we get

/9>

Combining (4.14) and (4.15) then yields

2

— ) = pe) (u(ps) —u(p))| p(r)dr < 2Cke?|pll k). (4.15)

(p+ —p)(p+ —p-)

pE T, omjcmzfﬁ

2
r—
) / AP (u(pa) ()| plr)r
p€7 oﬁﬂc “r + h
< 2C% <HUH%2(K,C)HP]1|_|I,EQ¢LUPHLl(KJR) + €2HPHL1(K,C)> : (4.16)

Conclusion. Collecting the estimates (4.12), (4.13) and (4.16), we finally get:

|25 2w = [T e oy < B2+ NullFagae,c) | (1 + Tl ) oL, | ey
+ 160%{”“”%?(1{,@) [raw HLl(K,R)
+ (1+2C%) 2ol L . c)

+ 20%(”””%2([(,(3)Hp]ll_lpedwp”Ll(K,]R)‘

We then take:

C? =7+ 2C% + (3+18C%) ull 22 o, Fni=IU | ] w
pEA

The proof is complete. O

We then deduce two results which will be useful for the proof of the consistency of the norms
(Proposition 4.2.8) and the Hamiltonians (Proposition 4.2.2).

Corollary 4.2.4. Let T > 0 and u = (ugp,u1) € #1 be the solution of (ADP). Note K :=
Uo<t<T Supp u(t, -) (it is a compact subset of I by Assumption (AP7)) and pick' Ur C I containing
Kr.

For all ¢ > 0, there exist a mesh J, depending on u and K, as well as a constant C' > 0
depending on the mesh, |[ull g2, c) and [|pll L1 @i c) such that

| 225" (07w — (072 PE )|, < Ce, (4.17)
1225 (0ru — ()2 2 )| < Ce, (4.18)
|07 (Hu)o — 25" 25" (Hu)o) HL% < Ce. (4.19)

The open set % is only needed to use Sobolev and Morrey’s embeddings in Section 4.2.2.
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Proof. The argument is similar to the one used to prove Lemma (4.2.3). Fix n > 0 and build two
continuous functions v; and vy using Theorem 1.15 of [EvGa91] such that

Iy = U fnk, fnl = {7“ el 53u(r) # v1(r)}, an = {T €| (Hu)o(r) # va(r)}

We may as well assume that K7 = [a, b] for we can always find a,b € I such that K7 C [a,b] C I
otherwise. Furthermore, we can ask for 7, 9 C Z(u)NZ(W)NZL (") N L ((Hu);) as Lebesgue’s
points of measurable functions form a set of full measure.

We start with the estimate (4.17) (estimate (4.18) is obtained is a similar way). Using formula
(4.10) available at the Lebesgue’s points of u”, we can write for all r € I

T

S [Zi <r—p>(r—p;>)(u,,(pi)_u,,(p))

Do L e = p)(ps —p-

P (0 — @ wE PN ) (1)

_ 1
P [ (i) L) 1,0

T P+—DP-

The first term on the right hand side is dealt in the same way as in the proof of Lemma 4.2.3
(see estimates (4.12) and (4.16)): we find

2
p(r)dr < 18CE|u" 720 |15 || 1 i gy

(r_p)(r_pi) L
o~ p)pr —py P ~u)

> LE

PE€ETe 0

+2C%2%Ipll 1 (k.0
where .7, C K is a measurable set satisfying || < 10n.

We now deal with the remaining terms. For all p € .7, o, Jensen’s inequality applied to the
convex function x — 2 gives
1
<
0

If p € .4, (which means by Lemma 4.2.2 that w, C .#,) then we can use (4.11) to get the rough
bound

i

because |plw, |11 (kr) = llPlw,ns |21 (k) becomes small when 7 goes to 0 (by convention,

2 2
u”’ (p +t(pt — p)) — u”(p)‘ dt.

/01(1 —1) (“H(p +t(p+ —p)) — u”(p))dt

2
W (p+ tlps — 1)) — " (0)] At < 2 gy B2y + 20 () < B e
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+c,d] := [d, ] for all real numbers ¢, d). Otherwise, if p € /75, then write

1 2
u(p+€) = u'(p)] dg

0

2
o (p+ tlps — p)) — o) dt = |
=[0,p+—p]

- ][ +[0,p+—p]

2
w9 - o) 16
+[0,p+ —p] !

< 2||Uﬁﬂi[p,pi]mf,,||%2(K,<c) + ||U//||%2(K,c)|i [p,p<] N jn‘
+52|:|: [p, p+] ﬁﬂﬂ.

W(p+) " (o) s, (€)d¢

We finally sum up all the above estimates over p € 7, o: it comes
| 2255 (02u0 — (@) P2 o) | 1
’ P

< 180K||UHHL2(K7(C) Hp]ltfﬁn HLl(K,R) + 20%(52HPHLI(K,(C)
+2C% <3Hu”’QLQ(K,(C)Hp]lanLl(K,R) + (2||U”]1ﬂnH2L?(K,C) 2,0l 0] + 52) HpHLl(K,R)>-

Recall that the constant Ck is uniformly bounded by Lemma 4.2.2. As 1 can be chosen as small
as desired to make all the terms containing .#, and .}, lesser than e, we can get the announced
estimate by taking

O = 40 (610" iz ey + ol ey )- (4.20)

We now turn to the estimate (4.19). Using again formula (4.10) for w := (Hu)o, we can write
for all p € Z40 and r € w, N L (W'):

O (w — (972 # 2 w) (r) = w'(p) — w'(T)
Cp) 4 (r— !
—l—Z:t b) Ps) / (1 —t)(w'(p—i—t(pi -p)) —w’(p))dt.

b+ —p- 0

Since w' € L3, we can apply Lemma 4.2.3 for the difference w’(p) — w'(r). As for the other
terms, we can imitate the proof of the estimate (4.17) above with «” replaced by w’. The proof
is complete. O

To end this Section, we show a simple yet useful identity involving the operator M !.
Lemma 4.2.5. Let u = (ug,u1) € #§. Then for any mesh Jy such that T4 C £ (u), we have
A M P = PR in C[X].

Proof. Let j € {0,1} and choose a mesh J, as in Remark 4.1.13. Since M:lﬁf%atuj c@fiatyﬂ*,

there exists (at least one) v € #™* such that M, ﬁsl)latvj = t@s%atuj in 7/.878%. Recalling that
W* C W§ (so that v can be seen as an element of #7;) and M, = Wf%at%ff’lat, we see that

spat spat spat spat spat == __ spat .
‘@00 Uj = 032.1 vj = ‘@0,0 %.,1 32.,1 UJ_‘@.() Uj in C[X].
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It follows that u; = v; on the mesh points 7, ¢ (this is exactly what means .# = 1217, 01 In the
paragraph 4.1.3). As (@fr}atv is determined by the values of v at the mesh points, we get
g@fﬁ)atuj = @f%atvj = Wfﬂatvj = M:lﬁzf%atuj in C[X]

which completes the proof. O

4.2.2 Consistency

We investigate in this Section the consistency of the spatial scheme for solutions of (ADP).
All the bounds will implicitly depend on the maximal existence time 7' via the support of the
considered solutions. If one wish to get uniformity, then one need to make more assumptions;
asking solutions to be in H?(I,C) x H'(I,C) for all time ¢ > 0 is enough (see Corollary 4.2.8
and Corollary 4.2.11). Moreover, getting a convergence rate costs another derivative for the first
component of a solution (see Corollary 4.2.11).

Consistency of the norms

We prove in this paragraph the consistency of N, with ]-11] g, As the speed of convergence
depends on the regularity of the argument in the norm, we distinguish two cases.

Proposition 4.2.6. Let u = (ug,u1) € Co”'(I,C) x CQ’VI(I, C) for some v,~" € [0,1] such that
that

Quo € CX7(1,0). (4.21)
There exist a mesh Ty satisfying (M) and a constant Cr,,q > 0 depending only on the constant
Cr of Assumption (M), HuHcgﬁ(I OV (L.C) and HQUOHC?’"’(LC) such that

=~ 1/2 1/2 in{vy,y’ 1/2
No(w) = llull, | < Crae(hillaptu I} + hllepta 12 + B0 i 112)).

Proof. Choose J, as in Remark 4.1.13 and such that the supports of ug and u; are contained in
we. By definition, we have

Na(w) = llfulllg = ((P*PReiPartio, ReaPauo) /s’ = (Puo, uo) )

+ (Hiﬁ.,lm.gul - m.,fﬁ.,lQUoHL% — |Jus — QUOHL?))
=T+ 1II.

Bound for the term I. Let us write

S \/’<P*mo,lm.,lu07%0,1m071u0>[% - <PU(),'U/0>L/23

1/2

’ (P*Re 1P, 110, 9{.,1‘43.,1u0>1L/%2 — (Pug, uoﬁ/;

< )(P* (9%.,1‘13-,1110 — uo), (9{.71‘;3.71% — u0)>L
1/2

2
)

+ ’<P*U07 (9{.,1‘13.,1% - U0)>Lg

1/2
+ ‘(P*(D%.J‘B.,luo - U0)7u0>Lg

= A+ B+ C.
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4.2 Consistency and stability

(1) We first deal with the term A. Since ug is compactly supported, we can integrate by parts
using Remark 4.1.2 to get

A= / a(r) |0, (Re,1PBe,1u0 — o) (r)*(r)p(r)dr

P€Te,0
+ 3 [ el |OeaBaruo — uo) (1) )
pETe0 WP
Using Holder inequalities, Lemma 4.2.1 and Assumption (M), we obtain
A%< ) )| 10 (Re1Pe110 — o) (r)[*p(r)dr
PETe 0
LY / ()] (BB 1100 — u0) () p(r)dr
pETe0 " WP
< sup (|0 (Re1Po1uo — 1)) L, r)* > llaple, |11
P€ETe 0 pETe 0

+ sup ([|(Re 1P 110 — o) Ly, )" D fleplas, 11
PETe 0

< Cra (W2l aptn 1) + h2lleptun i )
where Cy,, > 0 only depends on the Holder norm of ug and of C'y. We thus have
1/2 1/2
A < Cra (hllapta |15 5y + helleptu 155 5))

where C7,, > 0 is another constant depending on the Hélder norm of ug and of C7.

(79) We now deal with the term B. We have

Z/ )(@rti0) (1) (D (R 1B 1110 — 10)) (r)p(r)dr

pETe0 " WP
- / o(r)uo (1) (Re 1P 10 — ) (r)p(r)dr.
pETa0 WP

Using again Holder inequalities, Lemma 4.2.1 and Assumption (M), one obtains

|B2‘ < Z ’ ’ 8 U() ‘ ‘( ( .,1‘13.,1U0 - UO))(T)‘ ,O(T')dr
PETe 0
+ > / )] uo(r)] | (Re,1%Be, 110 — uo) ()| p(r)dr
PETe 0
and thus
1BI < Crallullessrcy (02 laplud |45 gy + B Zleplen I g, )
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4.2 Consistency and stability

(7i1) We finally bound the term C. Since

C= Z (P (Re,1Pe,1u0 — U0)>U0>Lg(wp) = Z (Pug, (Re,1Pe,1t0 — “0)>Lg(wp)>

P€ETJe .0 PE€Te.0

we clearly have |C| = |B|.

Bound for the term II. Let us write

|9Re,1 B0, 101 — 9%.,1‘13.,16211,0“];% < |96 1Be1u1 — ulHLg + |l — QUOHLg
+ [ (Quo — Re a1 Quo) || 13-

By Lemma 4.2.1 and Assumption (M), we have

90,10, 11 — UlHL% < Cl,uhz/HP]lw.Hi/lQ

and (using that Qug € €7 (I, C) by Assumption (4.21))

HQUO - 9ﬁi.,l‘ﬁ-,lQUOHL% < CI,u,th/”pﬂwo ”2/12

where Cr,,¢0 > 0 only depends on the Holder norm of Qug and of Cy. It follows

1/2

I < CI,u,thnin{%,y,} Hp]lw. HLl

where Cr .0 > 0 denotes another constant depending only on u, @ and C7. Collecting all the
above estimates and writing again Cy, g for the sum of all the previous constants Cy,, C14.Q,
we get the result. O

Remark 4.2.7. If Re 1P 100 had no discontinuity point, then we could have directly written

‘ (PR 1P, 110, 9‘{.,1‘13-,1U0>1L/; — (Puy, U0>1L/§2

= [IP2%0 1B 10llzz — 1P 2wl
< [PV (Re 1P 1uo — uo) |2
1/2

= (P(Re,1PBe, 10 — 1), (Re,1PBe, 10 — “0)>Lg
< CI,u,Qh’oy'

The discontinuity obliges us to use the linear forms <-,uo>Lg and <P*u0, ~>L% wnstead of the norm

-1
Hp

Proposition 4.2.8 (Consistency of the norms). Assume (AP1)-(AP7). Let T > 0 and u =

(ug,u1) € #1 be the solution of (ADP). Note Kr := Up<i<r Supp u(t,-) (it is a compact subset

of I by Assumption (APT)) and pick Up C I containing Kp.
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4.2 Consistency and stability

1. There exist a mesh s satisfying (M) and a constant C; = C1(I, K7,u,Q) > 0 depending
only on the constant C1 of Assumption (M), ||u(t, ‘)HH?(MT,(C)le(uT,(C) and ||Quo(t, ')HHl(uT,C)
such that for all t € [0,T], we have

NGt ) = [llutt, Mg, | < Cr(ha*lapta 5k, my + holleotul il gy + 1210105, 2)):

For all ¢ > 0, there exist a mesh 9, depending on v, v" and Kr, as well as a con-
stant Cy = Co(I, K1, Hu,Q) > 0 depending on the mesh, ||Hu(t, )|l g1 @p,c)xL2wr,c)s
1Quo(t, ) a1 wir,c) and ||pll iy vy such that

Ne(Hul(t, ) = [[[Hu(t,)|l|g,| < Coe.

Proof. 1. We choose 7, as in Remark 4.1.13 and such that the supports of K is contained
in we. Assumption (AP2) combined with Lemma 4.1.7 imply that (uo(t,-),u1(t,-)) €
H?(I,C) x H'(I,C). Sobolev embedding theorem then implies that (uo(t,-),u1(t,")) €
CU1/2(1,C) x C%1/2 (I,C) with support included in K. Finally, Assumption (AP5) implies
that Qug € ’Hfl, and thus Sobolev embedding theorem implies that Qug € C%'/2 (I,C) with
support included in K7 by Assumption (AP5).

We can then apply Proposition 4.2.6. We get the announced norms in the constant C7 ;. w0
using u € CY([0,T],2(H)) and Morrey’s inequality || - ler1z@irc) < Curll - lar+1wr,0)

(here Cy,. > 0 is a constant which only depends on Uz, and thus on Kr).

2. Since Hu € CO([O,T],SP), we do not dispose of a sufficient regularity to directly apply
Proposition 4.2.6. Nevertheless, by looking carefully at the proof of this lemma, we realize
it is enough to estimate the following terms:

107 (R 1Bo1 (Hu)o = (Hu)o) [ 50 [RenPen(Hu)o — (Huo 1z,
[Re1PBer (Hu)t — (Huptllrz,  [RenPBenQ(Hu)o — Q(Huol|z-

The first two terms above come form the term I in the proof of Lemma 4.2.6 whereas the two
others come from the term II. Since u is a solution of (ADP), (Hu)g € ’H}) c COV2(1,C);

furthermore, Q(Hu)gp € 7—[; C C%1/2(I,C) by Assumption (AP5). We therefore see that we
only need to estimate both the terms

(|05 (Re1PBe1 (Hu)o — (Hu)o) HL?)’ [Re1Be,1 (Hu)1 — (Hu)a| 12

Applying (4.19) of Corollary 4.2.4 for the first term and Lemma 4.2.3 for the second one,
we are done.

O

Corollary 4.2.9. Assume (AP1)-(AP7). Let T > 0 and u = (ug,u1) € #; be the solution of
(ADP).

If ¢ ;== max{¢_, (s} <2 and if u(t,-) € H*(I,C) x H'(I,C) for all t € [0,T], then there ewist
a mesh Jy satisfying (M) and a constant C = C(I,u,Q) > 0 depending only on the constant
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4.2 Consistency and stability

Cr of Assumption (M), |[ull Leo (0,17, 52(1,0)xm (1,c)) and ||Quoll poo(jo.17,1 (1,0)) such that for all
t €[0,T], we have

_ ha/2=¢/2 if Co >0
Ne(u(t, ) — [|Jut, H||]e | < C 0.
(ult. ) = llutt. ), {hy%nl/z(h.) ey
Proof. Apply part 1. of Proposition 4.2.8 with the mesh of Remark 4.1.13: it clearly verifies
he = he so that the announced estimate follows from Assumption (AP1) and Assumption
(AP3). O

Consistency of the operator H}

We show in this paragraph the show the consistency of the operator H} with the Hamiltonian H
on the solutions of (ADP). The convergence rate will of course depend on the regularity of the
considered solution, which depends itself on the initial data; for the general case, no rate can be
exhibited.

Proposition 4.2.10 (Consistency of the Hamiltonians). Assume (AP1)-(AP7) and (Q)). Let
T >0 and u = (up,u1) € #1 be the solution of (ADP). Note Kr := Up<t<7 Suppu(t,-) (it is a
compact subset of I by Assumption (APT)) and pick Ur C I containing K.

1. For all € > 0, there ewist a mesh Jy depending on u, u” and Kr, as well as a constant
Cy =i, K7, u,a,b,¢) > 0 depending on the mesh, ||u(t, ) || g2 c)x 51 @wr,c)s 1221 @ir )
and ||al| Lo (1 r), 10/l oo(1,R)s €|l oo (1,R) Such that

N2 M (205 Hult, ) — HL 20 u(t, ) < Cre.

2. If the initial data ¢ satisfies Hp € P(H), then for any mesh satisfying (M), there exists
a constant Cy = Co(I, Kp,u) > 0 depending only on the constant Ct of Assumption (M),

w(t, M a3 @,y v @) and ||l L1 @iy ) Such that

No(ZH MNP Hult,) — HE 25 u(t, )
<y <||a P]lw.H}:/lz(uTR + ||bQP]1w.||1/2u g tle P]IW-H}:/E(L{T,R)) he!?.

Proof. If u = (ug,u1) € #1, then (AP7) implies that u;(¢,.) is compactly supported in I for
j € {0,1}. Fix a mesh 7, as in Corollary 4.2.4 in the first case (and note C the uniform constant
Ck given by Lemma 4.2.3) and any mesh satisfying (M) for the second case, both being such
that the supports of ug and uq are contained in w,. First observe that
(g@bpatHU _ H:(@:%atu) — ng%at (QUO 4 ul) @bpat (Q%bpat @bpatuo 4 %ff)lat e@:%atul)
= P Quo — QA P K (4.22)

since @f%at%Spat,@Spat QSpat But Assumption (()) also implies

spat spat spat spat
Pep Quo = Py QA1 Pq1 U0
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4.2 Consistency and stability

so that (4.22) is identically 0. Next write

(2R Hu — H; 25 )| = PR (Puo + Qui) — PR (PR 2P uo + QD" PP uq)
= P (Pug — PPAP P ).

By Lemma 4.2.5, we have pointwisely %f?latM: 1@%&% = ,@:%atv when v is an element of #}.
We are thus boiled down to estimate the L% norm of the term above.

Since ug € C1/2(I,C) by Assumption (AP2) and Sobolev embedding theorem, we can sum
up the estimates of Lemma 4.2.1 over p € 7, g such that w, € K¢ to obtain

|25 (605 + ) (BB P g = w0)) 12 < Crlbpll i gy’ + Crllpll i 2y he-

We used the obvious estimate ”e@f%atU)||Loo(I7(C) < Cr(ry —ro)|lwl|gee(r,c)- It remains to deal
with the second derivative term.

1. If € > 0 has been fixed, then (4.17) of Corollary 4.2.4 shows that

|| iR (02w — (07 P ) 2z < lallze ) |20 (02 — ()20 P ) || < Ce

Ius
where C' > 0 is a constant which depends on the mesh, |ul| g2, c) and ||l L1 @4y c)- This
gives the announced estimate for part 1.

2. If we allow a loss of derivative for the initial data, then Lemma 4.1.9 for k = 1 shows
in particular that ug € #; (note that Assumption (Q) implies that Q € B(#H2)). By
Assumption (AP2) for k = 3, up € H?>(K, C) and Sobolev embedding theorem then implies
that ug € C>Y/2(K,C). It follows

A 1/2 1/2
lad2(#E PE uo — uo)llzz < Culla® Pl |5y, myhe’
where €, > 0 depends on lugllco1/2@e ) (8iving the dependence in |uollgss,c) by
Morrey’s embedding) and on the mesh (see the proof of Lemma 4.2.1). Collecting all the
obtained estimates gives the announced estimate for part 2.

O

Corollary 4.2.11. Assume (AP1)-(AP7) and (Q). Let T > 0 and u = (ug,u1) € #1 be the
solution of (ADP).

If u(t,-) € H*(I,C) x HY(I,C) for all t € [0,T], then there exist a mesh s satisfying (M)
and a constant C = C(I,u) > 0 depending only on the constant C1 of Assumption (M) and
lull Lo (0,77, 52(1,C)x H (1,c)) Such that for all t € [0,T], we have

No(ZI MNP Hult, ) — H; 20 u(t, ) < Ce.
If furthermore ¢ := max{¢_,(+} <2 and ug € H3(I,C), then

iAo/ if (x>0

N (B M PP Hu(t, ) — HE 5P <C
( o1 ( o0 U( ) o1 U( ))) — hl/? ln1/2(h.) Zf Ci — 0 °
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4.2 Consistency and stability

For the proof of the convergence of the scheme, we will also need a time consistency aresult:

Lemma 4.2.12 (Temporal consistency). Assume (AP1)-(AP7) and (Q). Let T > 0 and v =
(vo,v1) € #4 be the solution of (ADP). Note Kr := Up<¢<7 Suppv(t,-) (it is a compact subset
of I by Assumption (APT)) and pick Up C I containing K.

For all € > 0, there exists a mesh J, as well as two constants C1,Coy > 0 which only depend

on the mesh, on ||u(t, )| 2wy c)x o @r.c)s 1Pl r@ir Ry @l 1 Ry, 1Bl oo (1.R), el Lo (r.r) and on
gl oo (1) for Ca, such that, for all t € [0,T], we have

Ne(v = Z,7P0) < Che, (4.23)
No(FEEZ,5P (05 (v — Z,7P0))) < Cae. (4.24)

Proof. Fix a mesh 7, as in Corollary 424 (and note C7 the uniform constant C'x of this corollary).
Since v € C°([0,T], 2(H)) N C*([0,T7],&,), there exists § > 0 such that for all ¢,¢' € [0,7], we
have

t—t1<é = [ot,) = o(t' g, + 10w(t, ) = Ot g, < e

Let then t € [0,7] and s € T .o the unique element such that ¢ € [s, s, [; we have

vmo—wéf?%ﬂnazvaf»—(t‘5+ma»+»t—sv@%q)

PR R
= (0(t) = v(s,) + S (v )~ v(s.)
so that
o) = ()0, <22

as soon as 7, < 0, which can be assumed for we can always choose ,/7\: so that this conditions is
realized. Using the norm equivalences (4.5) and (4.6), we get

N — FLE00) < fy (0 — FLomPy)
< [ — Z350) — o Zimo]

+{llo =
< [t - 2800) - o - 2

+V2[o = Z070 g,

e,

Now the consistency of the norms showed in Proposition 4.2.8 implies the existence of a
constant C1 = C(I, Kp,v,Q) > 0 depending only on Cj, HUHL‘)"([O,T},HQ(UT,(C)le(uT,(:)) and
HQUOHLOO([O,T],HI(MT@)) such that

(o = Z20) = [[Jo = a5,

12 1/2 1/2 12 1/2
< Cr(ha2lapn 150y gy + ol iy, ) + a0 [T 5y ) +2V25.
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This settles (4.23) with another constant Cy and for he sufficiently small.
Next, for all t € [0,T], we have (dropping the spatial component of v)

t@fimpy(t) = Z <v(s) + (t — s)Ow(s) + (t — s) /01 (@v(s +7(s4 —s)) — Otv(s)>d7'> T, (1),

5€60
(0.7 m::elmpv — Ow)(t) = Z ((@v(s) — O(t)) + /01 ((%1)(8 +7(s4 —s)) — 8tv(s))d7) Tpg s, (1)
€70

whence

P (0 F LT - 0) (1)

= Xy B 00 0
S,54+

s€Z,0
B 1 () — (s — )T+ 85— 54 ols M ols
_8629;0/0 [at (=) ( §— 35+ Oro(s) + S+ — S8 o (+)>‘T1

+ /01 (&gv(s +7'(s4 —5)) — &gv(s))dT’} dr g6, ((2)
— Z [(3,511(5) — O(s4)) + /01 (&sv(s +7'(s4 —s)) — Otv(s))dT'] Tig s ((1)- (4.25)

seio,o

In order to prove (4.24), we can not use the consistency of the norms because of the temporal
derivative. Using Assumption (AP3), Remark 4.1.2 and Assumption (()), we see that it is
sufficient to estimate the L2 norm of the following terms:

O (FS F I (Oro — 0F F,™vo) ) vk € {0,1}, (4.26)
(Z3G F Q0o — 0 F L") ), (4.27)
Fuo LTI (Opor — OF F TP 0n). (4.28)

We start with (4.26). Let wg := ffeomp (Dpvo — 8t*ff.telmpv0) and write
107" (Fa3™ Z35" (o = 07 707" wo) ) 2 = 1 07)" F 35 wol
< H 6* k o‘*spatw — akaHLg + HawaHLQP

Since wg € ’H}) by (4.25), the first term on the right hand side is estimated by Lemma 4.2.1 for
k = 0 and by Corollary 4.2.4 for k = 1, whereas the remaining term is estimated as follows:

k
Har“70HLoo([o,T},Lg) < Nwllpooo,r1,6,) < 26
where we assumed again e < ¢ and used that v € C([0,T],&,). We thus get:

Cohl? £ 9¢ if k=0

H(a*) (ftempf}*ﬁpat(atv —8,5 O-\temp ))HL% < {C3€+25 ifk=1
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where the constants Co, C3 > 0 are as in Lemma 4.2.1 and Corollary 4.2.4, respectively.
The term (4.27) is estimated in the same way since @ is a multiplication operator by a C?(I,R)
function ¢, the only difference being that the constants will also depend on ||g[| oo (7 r). As for

the term (4.28), let wy := J\temp (Opv1 — OF F J\felmpvl) and write

|2 2 (D = G F ) | < | 5

lus T

T
By Lemma 4.2.3, there exists a constant C4 > 0 such that

H O«tempyspat (at’l} _ 8* _o\::elmp )HL% < Cye + 2e.

This gives (4.24) with another constant Cy and concludes the proof of the lemma. O

4.2.3 Stability

In this Section, we interest ourselves in the stability of the scheme in the special case of Assumption
(QQ). We recall here some notations introduced in the paragraph 4.1.2:

Ne := max{s+ — S | S € 3\:,0}7
he := max{p; —p_ | p € Jap}.

Lemma 4.2.13. Assume (Q)) and
(1+2lgllree + lleflpoe) (B4 — 1) < 1 Vt e Juo\ {T}. (4.29)
Then 1 — (t. — )My Hy is invertible for all t € f?};o \{T'} and we have the uniform bound
No(ZH (1 = (ty — )M Hy) 'u) < No(u) Yu e #y. (4.30)
Equality occurs if and only if the operator is applied on ker(HY). In particular,
VEEL = (b — )MV HL) o = 1. (4.31)
Proof. Recall that we showed in the paragraph 4.1.3 that M, is equivalent to .#, (which is the
identity on (CQL%’O‘) modulo the invertible operator W,, so is invertible too. As for the operator

1 —i(ty —t)M;'H,, we shall bhOW that i(ty — t)M; ' H, has a norm smaller than 1.
Let u € # and write U = U Ly € €27+l its discrete version. Using that

2a(p) 2a(p) 2a(p) _0
(p+ —p=)p+—p)  (p-—pP)p-—p+) (P—p-)lp—py)
bp)p—p-) P =—ps) | W) (-tps)

(p+ —p=)p+ —p)  (P- —pP)(P- —Dp+) (p—p-)p—p+)

page 148



4.2 Consistency and stability

as well as the discrete version of M, is the identity operator (see paragraph 4.1.3), we compute:

Ne(ZF M Hyu) = (HATU, NHATU ) 217, o
2|76 0l 2|76 0l

= D > ()i (V) (AU,

i=1 j=1
2174 0l 2174 0l 2174 ol 2174

=2 2 > > (MBI Ui,

i=1 j=1 k=1 (=1

2|Z%,0l 2% 0|
D (M)ig D (Al
=1 =1
2|70l
2a(p+) + b(p+)(p+ — p++)
T2 2 QW O T T e e
Peyno,o
2a(p) + b(p)(2p — (p— +p4)) }
" < (p—p-)(p—p+) " C(p)> 5”2”']
2|76 0l
+Z ZJ Z UE[]2|p| 1+Q()]2|p\]
£=2Jp|
PETJe 0
= > (MU [1 + Q(P)}

T 2a(p) + b(p)(p —p-) | 2a(p) + b(p)(p — p4)
" j:%:p (A Us [Q(p) B NS T R P [y
pejo,o

.\ <2a(p) +o(p) 2P — (- +p4)) | c(p)ﬂ

(p—p-)(p—p+)

= Y (S)iUj [1+Q(p)} + Y ()T QD) + c(p)]

j=2lp|-1 i=2/p|
PETJe,0 PE€ETe.0

and similarly

2|76 0l 2|76 0l
S Y U Ti= Y (T [1+ Q)| + S (KT [Q) + ()]
i=1 k=1 i=2|p|-1 i=2|p|

P€Je0 pEyOo,o
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Using now the symmetry and the positive semi definiteness of .4, one gets:

No@XMIH) = Y Y ()T 1+ QW) [1+ Q)]

i=2|p|-1j=2p'|-1
PE€EZe0 P'E€TJ0

£ Y (T [Qw) + )

i=2|p|-1 j=2|p’|
pe%o peﬂ.

+ 3 Y ()T [Q@H@] [1+Q(p’)]

i=2|p| j=2|p'|-1
PE€EJe0 P'€T6y0

+ 3N ()T [ (p )+@] [Q(p’)JrC(p’)}
;e;ﬂ;’ey,l

= Z (‘/V')ii|Ui|2’1+Q(p)‘2
i:2\12|—1
PETe 0

tom Y (AT 1+ Q)] [T+ W]
i=2|p|-1j=2|p'|-1
P€EJe0 P €T
i
ok S S ()T [14 Q)| [QW) + et
i=2|p|-1 j=2[p’|
PEJe 0 P'ETe 0
+ Y (M)l Q) + ep)

= 2Jp|
PETe 0

2R S S ()T Q) + )| [QW) + )]
i=2[p| j=2p|
PETe 0P €T 0
ji
2|70l 2|76 0l

< (14 2llgllze + llellz=)® D= D (ATl
=1 j=1

that is \||%fp1at U H: e < (142]lqllzee + llcllzo)- The invertibility then follows from (4.29) by
a Neumann series argument.

We now look for a bound to the inverse of 1 —i(t4 — t)H;. Let again v € % and
U=V7lue C21% 0l its discrete version. Compute:

Ne(ZH (1 —i(ty — )M HY ) u) = No(B8 " u) + (ty — t)°No (B My Hw)
+ 20ty — SN B u, ZP My Hu).
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Using again that .#, is the identity matrix, one can write
N ( %splat %splat —1 H* )
L] L]
2|76 0l 2176 ,0l 2|76,

:ZZZ 0)ij () kUil
Jj=1 k=

=1

= 2|§.:0| 2|§c:O| Z Uk n Z 2CL p:t) + b(pzl:)(p:l: p:l::l:)é_
=1 j= k=2|p|—1 ]2|p‘ ' (p—prt)(p—pt) J3,2Ip|+2
Peyno,o
2a(p) + b(p)(2p — (p— + p4)) ) | ]
+< (p—p-)p—p+) +c(p) 05,2/p|
2\%% 0| 2% |
* Z Z )iUi Z Uk[ﬂlp\ 1+ Q(p) j2|p|:|
k=2
b
2|76 0l 217 4
=3 X T [+ Q0]+ 3 3 (MU Q) + ).
== =1 j=2|p|
PET 0 PET0

As (@ is a real multiplication operator, the above computation shows that
SN, (%fplat %fplat My H}u) = 0 and therefore

Ne(Z0 (1 =ity — M HDJu) = No(Z207 " 0) + (g — 0PN @ My Hiu) > No((207 )

with equality if and only if u € ker(H(). But for any invertible linear operator L acting on some
normed vector space (E, || - ), if the operator norm satisfies |||L||]| > § > 0, then for all vector
E >y = Lx # 0 we have

D L N T
Wl IZal Ll =5

Taking L = (1 —i(ty — t)H}) and 6 = 1, the estimate (4.30) follows with equality on (1 —i(t4 —
t)H}) ker(H}) = ker(HY). This completes the proof. O

Proposition 4.2.14 (Stability of the scheme). Assume (Q) and (4.29). Consider the implicit
scheme (that is o/ = {1} in the definition of @.?mp in the paragraph /.1.2). For all u,v € We1
and ee € Wap satisfying

(i0e + He)u =0

(i0e + Ho)v =24

U(L ) = u(zv )

we have

[Ze1(u—v)]e < (1 +T)|I%.,1M:1€.]]..
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4.2 Consistency and stability

Proof. Set w := v — u so that
(4.32)
We can write

w(t,r)= Y (i - iiu?(s,r) + Si__ssﬁ)(s+,r)> Lo () V() €[0,T]xI

seeﬁ,o

for some w € #*. Compute:

(Do) (t.1) = Z <(M.1D)(s+,r) — (M.u?)(s,r)) Ly (1),

Sy — S

sezi,o

/t T (Buw) (r, r)dr = (Maih)(55,7) — (Maid)(s,7),

Vi(sy —s)T+s—s sy —8)1
/ << £ TS S () + M(M.w)(8+,7")> dT) Lo (D),
0 }T:l

§— S8 Sy — S
seti,o * -
= Z (M'w)(5+?r)]l[s,s+[( )7
seﬁ,o

/t (How)(r,1)dr = (£ — ) HEG(Ee, 7).

Let now ¢ € ;:70 \ {T'}. Integrating the first line of (4.32) over [t,t;[ yields (we drop the
dependence in r and view w(t) and w(t4) as functions of r)

ty
iM(w(ts) —w(t)) + (t+ — ) Hiw(t4) = / co(T)dT.
t
Using that M, and 1 — (t; — t)M, ' H} are invertible if 1, is small enough (see Lemma 4.2.13),
we can write

1

w(ty) = (1 =ity — )M HZ) " w(t) +i(1+ (b — )M HZ) ™ / M ()

By induction, we discover the general formula

w(ty) =[] (0 —i(sy — )M HS)™

s<t

hu(t)

+id | I (U —i(sy = HYMIH) T (1 + (54 — ) MTHE) T /8+ M ey (7)dr.

s<t | s<s’'<t
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4.3 Convergence and application

where products over the empty set are equal to 1 by convention. We now use the estimate (4.31)
to get

~ t+
No(Raqw(ty)) < CY Ny(Raqw(t)) + C / No(Rag M7 ey(7))dr (4.33)
t
where 0 < C,,Cy < 1 and C, = 1 if and only if w(t) € ker(H}). Taking the supremum over
t € [0,7] and using w(t) = c4(t,) then yield
[[f%o,lwﬂo S (1 + T)[[,@.JM.—IE.]]..
The proof is complete. O

Remark 4.2.15. FEquation (4.33) shows that if u is a solution of Beu = 0 (that is e = 0 in
(4.32)), then i,o St u(t,-) is exponentially decreasing in the sense that No(%e1u(t,-)) <
()N (Ze1ul(t, ")) for some positive function o : Ry — [0,1]. However, it may happen that
a®)ll = € > 0 ast — +oo even if we are not in the unlikely case u(t,-) € ker(Hy) for all
te 9:70: indeed, if we have uniformly in n >0

No(RBp 1 M H ) > CNG, (u)
for some constant C > 0, then Lemma /.2.15 shows that
a®)! = (1+C(ty —1)?) ™" = exp (= [t|In(1 4 C(t5 — 1)?))

provided that u(t,-) & ker(H}). If we take a uniform mesh n, = \/T/N for some N = N(n),
then we get

. T _
TETma(T) = exp(—C).

Recall that here |T| = N is the position of T' in the mesh point ,/7:0.

4.3 Convergence and application

This Section is devoted to the proof of the convergence of the scheme in the abstract setting.
We then apply the obtained results to the charged Klein-Gordon equation in the exterior DSRN
spacetime.

4.3.1 Convergence of the scheme

We can now prove the scheme convergence using the consistency and stability results showed
above. In the following, we will consider the implicit scheme (that is &/ = {1} in the
definition of @f%ﬂ P in paragraph 4.1.2).

As usual, if more regularity is assumed, then one can get a precise speed for the convergence.
We will distinguish both the cases of low regularity (the general case) and higher regularity (the
particular case where we allow a loss of derivative for the initial data).
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4.3 Convergence and application

For the reader’s convenience, we recall here some notations of Subsection 4.1.2: we have
Be =i0s + H,o with (see paragraph 4.1.2)

L spat spat | spat spat
My := PR 0 B W — Wb,
t t
O 1= t@.?énp 0 Jf o M, o%’f{np cWe1 — Wa o,

t t t t
Hy = P50 0 P84 o HY o B2 0 HE Wy — W,

Furthermore, the filters 9: = %f’z o ,@f'z (& € {temp,spat}) and Fe; = He; 0 Pei =
%fpiat o %:eF Po @fe? P o ,@fpiat are defined in paragraph 4.1.2. As usual, we will omit the
Corilpositioﬁ symbol’o. 7

The idea of the proof of Theorem 4.3.1 below is quite simple: we compare the solution v of
(ADP) to its filtered version .%, 1v by splitting .%, 1 into its temporal and spatial parts. We use
then consistency results of Section 4.2.2 to handle the spatial part, and we use the regularity
v € CO[0,T], 2(H)) N C*([0,T],E,) to deal with the temporal one. The main theorem of this
chapter is the following:

Theorem 4.3.1 (Convergence of the scheme, low regularity). Assume (AP1)-(AP7) and (Q).
Let T > 0 and v = (vg,v1) € #1 be the solution of (ADP):

(i0p+ Hjv=0 vt € [0,T]
v(0, ) = ¢ is compactly supported in
Note K1 = Up<t<7 Suppv(t,-) (it is a compact subset of I by Assumption (APT)) and pick
Ur C I containing K.
For all € > 0, there exists a mesh J, as well as a constant C' > 0 which only depend on

the mesh, on |[u(t, )| 2@ cyxmr @r,c)s 1P @r ) ol ry, [1bllLe 1 r) el r) and on
gl oo (1,r), such that the unique solution ue € Wy of the discrete problem

(18. + Ho)uo =0 vt € 9:,0
U.(O, ) = '@0,1()0
verifies

[v— Reite]e < C1(1+T)e. (4.34)

In particular, the approximated solution ue converges to the continuous solution v in norm: there
exists a constant Cy > 0 depending on the same parameters as Cy above such that, for allt € [0, T,

(e (Bt )) = ot g, | < o1+ T)e. (4.35)

Proof. Fix a mesh 7, as in Corollary 4.2.4 for the spatial part and such that the stability condition
(4.29) is satisfied (this last condition ensures that the discrete problem has a unique solution, see
Proposition 4.2.14). We will settle uniform bounds in ¢ € [0, 7] using the spatial norm N,. Let
us write

Ne(v— Zotte) < No(v— Fo10) + No(Fo 10 — Rojus) = 1+ 1L
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4.3 Convergence and application

Estimate for I. For the first term, we have
Na(v = Farv) < N(v — FLE0P0) 4 N (FLP0 — Fy10).
On the one hand, (4.23) of Lemma 4.2.12 shows that there exists a constants C; > 0 such that

[Ne(o = Z0) = [[Jo = 20| | < Cre.

. t t t . . .
On the other hand, since Z,5".Z 5" = .Z5" on #{*, and since Q is a multiplication operator,

we trivially have”
Nu(FLEmPy — Fo1v) = 0.

This gives an estimate for the term I.

Estimate for II. We use the stability of the scheme in order to bound the term II: by
Proposition 4.2.14, we have

N. (?.711/ — f@.’lu.) < (1 + T) N. (%.JM._IB.(Q.JU — U.))
Since Beue = Bv = 0, we can replace Boue by &, oBv on the right hand side:
N. (ﬁ.JU — %.71u.) S (1 + T) N. (%.JM._l(B.e@.’ﬂ} — @.,oB’U)). (4.36)

Consider first the temporal part of the difference in (4.36):

8. 9.71?./ _ @ Oat'U . (@temp e@span; ((6* ftempjsspat _ a* ftemp ) (8* C,«temp _ 8tv)) )
We use that 9; commutes with F# Pt as well as 9fv = Gy and @Spat z, Spat L@Spat (using the
inclusion #™* C #7};) to get

N (% 1M 1gztemp<@spat (815 <g-temp g\.splatv 8t ﬂtemp ))
_ N.( 1]\4 1@temp t@spat( fspata* mtemp 8* mtempv))
— N.( 1]\4 1gztemp {@spat (at O-stemp a* O—~temp ))
= 0.
As for the other term, we use Lemma 4.2.5 to write
N (% 1]\4 1ytempyspat (a* ftemp _ at’U))
— N (%spat <@fpoatl@temp{@temp(a* gstemp . 8,51)))
_ N (fspat ftemp(a* O«temp - atv)).

and conclude with (4.24) of Lemma 4.2.12 that

N (% 1M 1<@temp<@spat (815 ftempv _ 8t1))) < 028

2This property is the consistency of the spatial filter yf,plat with the identity operator on #*.
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4.3 Convergence and application

for some constant Cy > 0.
Consider now the spatial part of the difference in (4.36):

HoPo1v — Ps oHv_@temP@Spat(( H* ZLP F&R — H* FL0) + (H* L Hv))

The first term above is exactly the one estimated in Proposition 4.2.10 for ¢ € Ta e0 (because of
the temporal filtrations .7, tempﬁ temp) there exists a constant C's > 0 such that

N (% 1M 1(@temp ((@spat (H* @tempgzspat H* _o-stelmp ))
L]
— N (%spat (@spat( ftempH*ytemp fspat - <gf.teénpI_‘[*{g-temp )
< CgE .
As for the remaining term, a direct computation shows for w := Hv that

(FEmPw — Zi F) (1) = 3 LT (w(s) — w(s 1)) e (8

—~ S— 54
s€76,0

We use then Lemma 4.2.5, the norm equivalences (4.5) and (4.6) as well as the consistency of the
norms 4.2.8 (for Hv = H*v): this yields

N (%fpfltM 1@spat< g\.tf:mpH* ftelmpv O«tempHU))

— N (%spat L@spat( ftempH* f.t’elmpv _ gfempHU))

‘N (;\tempH* 0—~telmpv
.7

g\tempH,U) o ‘ | ‘ O«tempH* g\telmpv O«tempHv| ‘ ‘ ‘
5

V| L F R — FE H|,
< Cye + 05\/§€

for some constants Cy, Cs > 0. This gives an estimate for the term II.

Convergence of the norms. We now turn to the convergence in norm of the approximated
solution u, to the continuous one v (estimate (4.35)). The convergence estimate (4.34) and the
norm consistency 4.2.8 imply that there exist two constant C7,Cy > 0 such that

N (Baia) = Nl | < N (Fuia = ) + [N (0) = [llelllg,| < C2(1+ T)e + Coe
as the mesh converges. This completes the proof. 0O

Remark 4.3.2. We can give a geometric interpretation of the notion of convergence (see Figure
4.0). A sequence (Up)nen € [[,en #n,1 converges to a solution v € &, of (ADP) means that

the (affine) cone for the approximated spatial norm N, () above u converges for solutions to the
(affine) cone for the norm ||| - |||5 above u in the sense that Ny, (%, aun(t, ) — [||ult, ')|”g'p for all

t € [0,T), and in each cone {|||v —U\ng | v € W1} C W, the number Ny (R 1un(t, ) —u(t, -))
becomes smaller as n — 400. In other words, we can build a sequence

(N Bount, ) = ult, ) € @)

neN

which goes to 0 as n — 400.
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{lllo—wulllg, [ve i}

{ML+A v = | v e %Hk,l}

/

%,/*

Figure 4.6: Geometric interpretation of convergence.

Remark 4.3.3. The convergence of Theorem /.3.1 implies a local convergence for the graph
topology of ([0,T] x I) @CO([O,T],gp) in the following sense. In each cell [s, sy[xw, of the mesh,
the approximated solution ue is smooth (it is a polynomial in each variable), so it belongs to the
space CO([O,T], Sp); on this cell, we can certainly compare up to a small error both the norms Ny
and || - ||5~p (the only difference lies in the position of the operator @ in the approzimated norm N,
but Assumption (Q)) makes the comparison easy). We use then that the approzimated norm of the
difference w — Ko 1ue is small for a choice of the mesh such that s1 — s and |wy| are small enough.

U]l[575+[><wp

T

uo]]-[s.,er[pr — H(U B u')]l[sver[X"Jp Hg,) ~E

Wp

A
P
s

Figure 4.7: Graph convergence on the cells of the mesh.

Theorem 4.3.4 (Convergence of the scheme, high regularity). Assume (AP1)-(AP7) and (Q).
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Let T > 0 and v = (vg,v1) € #1 be the solution of (ADP):

(i0+ Hv=20 vt € [0,T]
v(0, ) = ¢ is compactly supported in I

Note K1 = Up<t<r Suppv(t,-) (it is a compact subset of I by Assumption (APT)) and pick
Ur C I containing K.

If Hp € 9(H), then for all mesh satisfying Assumption (M) as well as the stability condition
(4.29), there exists a constant C1 > 0 depending only on the constant Cr of Assumption (M),
[ty N o3 @) x 5 Ur,0) @ ||qller 1Ry Such that the unique solution ue € WSy of the discrete
problem

(106 + Ho)ua =0Vt € Jag
U.(O, ) = c@o,lw
verifies

1/2 1/2 1/2 1/2
[v — Zentiale < Co(1+T) (llaphe 55, gy + ha*lepTun 15 gy + 10T iy gy )0

In particular, the approrimated solution ue converges to the continuous solution v in norm: there
exists a constant Cy > 0 depending on the same parameters as C above such that, for allt € [0,T],

e (o a2 ) = [l g, |

1/2

1/2 1/2 1/2 1/2
< Co1 4+ T) (lapLoa | ity gy + o Zlepl I, 2y + 108w 0y y ) e

If furthermore we assume ¢ := max{(_,(+} < 2, then Assumption (AP1) implies

[v — Ze1ue]e — 0.

Proof. Lemma 4.1.9 implies that the solution u of (ADP) satisfies u € H% x H?2. Using Assumption
(AP2) and Sobolev embedding theorem, we see that u € C>'/2(Uy, C) x CVY/2(Uy, C) so that all
the error of interpolation and consistency results obtained in Section 4.2.2 apply for a greater
regularity, yielding the better convergence rate. We then just have to mimic the proof of Theorem
1.3.1 with these better estimates. O

4.3.2 Application to the charged Klein-Gordon equation in the DSRN space-
time

We apply in this Section the numerical scheme introduced previously to the charged Klein-Gordon

equation on the DSRN metric.

Notations

We recall some notations and results from Chapter 1. Let V (r) := r~1. For r € Jr_,r,[, the
charged Klein-Gordon equation reads

(8 —iqQV)* u + Pu = 0, (4.37)
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with

P = —r2F(r)0,r*F(r)0, — r 2F(r)Ags + m*F(r)

— _F(r)202 — F(r) (2F ), F'(r)) d, — Fg )

T

Ag2 + mQF(r).

Here, (m,q) €]0,400[ xR is the couple formed with the mass and the charge of the scalar field
whose evolution is governed by the Klein-Gordon equation. We then define on L? (]r_,r;.[ x §?, F~(r)drdw)
the new spatial operator

P:=rPr7 ' = <+ F(r)0.r2F (18,7~ — 1 2F(r)Agz + m2F(r)
2 r

— P(r)0, F(r)d, — Fr("’)ASQ + () <F/(7’) + m2> (4.38)

We will denote by P, the operator P restricted on ker(Ag: + £(¢ + 1)) for all £ € N. The
Regge-Wheeler coordinate = := ¢(r) is defined by

x=o¢(r)= Z 2/1(1111

ae{nvcvivJ’»}

r—Ta

(4.39)

T—Tq

where ko := F'(14)/2 are the surface gravities and ¢ € |r_, r4[ (we do not necessarily choose t as
the radius of the photon sphere as in Subsection 1.1.2). Then ¢ : Jr_,ry[>r—ax=xz(r) € Ris
an increasing bijection. Using the factorization

A

F(r):ﬁ

(r—rp)(r—rod)(r—r)(ry—r) Vr € Jr_,ry], (4.40)

we see that

K

Ra

T—Tq eQKiCU — Or—):l:oo (e2nix) (441)

Ir —ri| = [t —rs] 11

ag{n,c,F}

r—Tq
which is an exponential decay as x_ > 0 and x4 < 0. In the coordinates (z,w) € R x S?, the
spatial operator P takes the form

P=—r"20,7%0,r ' —r2F(r)Ag2 + m?F(r)

where r is now to be read as a function of x, and P acts on L? (R x S dxdw).
We henceforth use the notation s := ¢@ € R for the charge product. The charge Klein-Gordon
operator is defined as

- sV 1
K(s):= (13 SV) . (4.42)
We can also define Ky(s) with P instead of P. We can check that if u solves (4.37) then
v = (u, —10u — su) solves
—idw = K(s)v. (4.43)

Conversely, if v = (vg,v1) solves (4.43) then vy solves (4.37). Theorem 1.3.2 shows that the
solutions of (ADP) decay exponentially fast in time.
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Application of the mumerical shceme

We easily check that the charged Klein-Gordon equation in the exterior DSRN spacetime enter
the abstract setting introduced in Section 4.1. Only the propagation estimate for of solutions
v = (vg,v1) = (vo, —10vg — sVwvg) of (4.43) is not immediate, so we give the argument in the

tem—1
following lemma. Since v* := e 75"+

(82 — 215V 0y — 2VE + P) U(:)t =0

v satisfies

with Vi :=V — 7";1 and e 7% ¢ is unitary for all ¢ > 0, the supports of v and v* are the same.

Lemma 4.3.5 (Propagation estimate). Assume Suppv(0,.) C [R, R'] for some real constants
R, R’ such that R,R € [r_,ry]. If

2 _ {mw\gj(r —rp)(r—r)(r—r_) foralr>R
s

2 hr , (4.44)
m*==(r —rp)(r—re)(ry —r) forallr <R

then

Suppu(t,.) C [67(8(R) —t), ¢~ (¢(R) +1)] vt > 0.

Proof. We work on R with the Regge-Wheeler coordinate x = ¢(r) € R. For the sake of clarity,
we will consider that £ = 0 (one must add otherwise a non negative extra term £(¢ + 1)|vo(t, z)|?
below which is easily handled).

Define for all ¢ > 0 the function

+oo
B0 [ [l )P + o ()P o+ (m2F( () — PV (r(@)?) o (1,2 P
o(R)+t

The derivative is given by
EL(t) = (\atvo( S(R) + 1)) + |ror o (1, 6(R) +1)|°
+ (m2F<r<<z><R'> +)) = SV (G(R) + 1)) |og (1, 6(R) +1)[*)

+ 23‘8/ atvo Oy (t, 2)0? vg (t, @) + r0pr—ug (t, 2)rder Loy (t, )
R+t

+ (m2F(r(z)) — s2Vy (r(2))2)vg (£, 2)0] (t, @) }dm

and an integration by part for the second term of the integrand yields

400 - -
R [Gtv{f(t,x)afvar(t,x) + 10y tod (t,2)r0pr Oy (t, )
o(R)+t

+ (m2F(r(x)) — $2Vy (r(2))2)od (t, 2) 0 (¢, 2) }dx
= §R/ g (t, :c) 831)3(@3:) — 170,20 (t ) + (MPF(r(2)) — $*Vi(r(z))?)vd (¢, @) }da:
S(R')+t

+ R (Owvg (8, (R) + t)roer g (¢, 2))

= %/ Oy (t z) 215V+(7‘($))6tv0+(t,3:) }dx + R (O (¢, o(R') + t)r@mr_lvg(t,x)) .
S(R)+t
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Since sV, is real, the last integral above is zero, whence

E (t) = —( |0 (¢, p(R) +t) — rdpr Mg (t, ¢(R) + t) }2

F (2E((6(R) + 1) — V2 (r(0(R) + ) [ (L o(R) + 0 ).
If now we assume (4.44), then
m?F(r(¢(R) + 1) = sV (r(o(R) +1))* > 0

for all t > 0 (we used that F' and V. decay at r4 at the same rate r1 — r). In this condition,
E(t) <0 for all t > 0, and thus

EL(t) < E4(0)

+o00
— / [ latvar(t, x)|2 + |r8xr_1v6r(t,x)|2 + (mQF(T(x)) - 52V+(T(3:))2) |vo+(t,x)\2 }daj.
P(R')+t

Since by assumption, we have vd (0,2) = 0 for all x > ¢(R’), it follows that E,(t) < E4(0) =0
for all + > 0, whence vy (¢, (R’) +t) = 0 and thus vt (¢,¢(R') +t) = 0.
In a similar way, we can show that for any ¢ > 0, we have

B(R)—t
E_(t):= / [ 0wy (£, 2) % + [r0zr~ vy (8,2)|* + (m?F(r(2)) — *V_(r(2))?) |vg (¢, @) }dx =0

—00

so that v~ (¢, ¢(R') +t) = 0 for all ¢ > 0. This completes the proof. O

Remark 4.3.6. If one wants to get a uniform upper bound for |s| in (4.44) in order to apply
Proposition /.3.5, we can replace R and R’ in the latter assumption by any ro < r1 in I;
however, the cost to pay is that the conclusion applies only for long times (long enough so that

¢ (G(R) +t) >r1 and ¢~ (G(R) —t) <ro).

4.4 Appendix

In this Appendix, we give compute the discrete operators introduced throughout this Chapter
and in the particular case of the charged Klein-Gordon equation in the DSRN spacetime.

As all the operators we will be interested in are spatial ones, we will only work on the discrete
spaces #* and #};. We will assume (()) and choose a mesh 7, o satisfying (M). Furthermore,
for a given function u € #7;, we will assume that the mesh is included in the Lebesgue points set
Z(u) (see Remark 4.1.13). In this setting, we have @f%ﬁtu = yff)latu.

We introduce here some notations used in the sequel. Let K := {—, ,—i—}. We then define for
allke K and allrel

_ (T_pk/)(r_pk”) N
ok(por) = (P — pi ) (Pr — i) R KALR.
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4.4.1 Computation of M,
Let u € #J and let (¢,7) € [0,7] x Jr—,r4[. Recall that
My = PR 0 BE Wl — Wy
Since %fplat is the canonical embedding #J% — #{" and @Spat ,@fﬂat = Wf’plat, we simply have

(M = 30 S ol r)ult, pi) L, (r) + =t p)Lu, (1) + L u(t, ) Ly (7).

—,_ WP ey —
pE T KEK p p=Ty

Observe that (Meu)(p) = u(p) for all p € 4.

4.4.2 Computation of H}

Let u = (uo,u1) € #J5 and let (t,7) € [0,T] x |r—,7¢[. Recall that
Hy = PN o H o B - o — W,

We will compute @Spat o QZSpat

PP, Then

. . t .
u, viewing X" u as an element of #,*; C #},. Write v :=

@)ty =05 | S0 e, ryult, p) L, (1) + ———u(t,p) Ly, (r) + = u(t, )Ly (r)
p€7. keK =

2r — (prr + P u(t, p) u(t,p
=) Z ) u(t, )L, (1) + ——=1, (r) + u(t,p) )n%(r)
G hek (P — pr) (P — Pr) P
p

and

(@)2) (=2 Y Z tp’“ 1, (r) (4.46)

5 i e = o) (k= i)
p ,0

where we used above the convention k', k" € K \ {k} when k € K was fixed. We have

e (@)t et (Quo)(t,7) +va(t,7)
(H0)r) = ((P*vo><t,r> +(Quit, r)) - (( (1)) + b(r)0; + (1) vo(t,7) + (Qui) (1, r>) |

We then componentwise apply the projector @f%at:

(H}u) = > Y owlp. ) (a(pr)uo(t, pr) + ur(t, pr)) L, (7)
pE_QM keK
+ = (g(p)uo(t, p) + un (£ 9)) L, (1) + ——(a(B)uo (£, B) + un (£, ) L, (1),
B r_ p r+
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UO(t,pkg)
Z (Pke — Prer) (Pre — pk@)) L, (r)

leK

) =2 3 Xt

€7,0 keK

(2P — (e + Prer))
+p§’0 g{ak(p’ T)b(pk) <g;( (Pre — pké')(pke - Pkeﬂ)uou,pw)) ]lwp (7")
b(p)(r —r_) bP)(r—r+)
+WUO(t;B)1w£(T) + Wuo(t’p)ﬂwi(r)
+ Z Z o (p,r)c(pr)uo(t, pr) L, (1)
pey., keK
+C(Z?I)9(iz_)uo(t,)]lwp(r) + (p;(i ;:HU (t,P) Loy (7)
4 Z Z or(p, ) (q(pr)ui(t, Pk))]l (T)
p€<7., keK
o - - (a(pr)ur (t, i) (8, p)Lus, () + i: = (qpr)un (6, pR)) (1 D) Loy (7).
p—r_ =T+

Observe that for all p € j.,o, we have

(Hyu)o (t,p) = q(p)uo(t,p) + ui(t, p),

> 2a(p) + b(p) (2p — (P + pi))

Pk = p) (D1 — Pi) uo(t, pi) + c(p)uo(t, ) + a(p)ua(t, p).

(Hiw), (t,p) =
kel

4.4.3 Computation of the matrix coefficients of .1,

Abstract case

We use the notations of Subsection 4.1.3. Assume (Q)). The non-zero matrix coefficients
(AH32)ij = N2(W e, U ote;)) of the sesquilinear form N2 (W1 W) acting on #4 1 and expressed
in the canonical basis (€j)1<j<2|7, o/ of C21% 0l are given by:

oo [T fon ()

N / 2a(r) +b(r)2r — (p, +p, ) +c(r)r—p)0r—p, )\ (r—p)r—p,_)
wp, p-r)—p.,) e—pr)p—-p_)

2
] p(r)dr

p-p)-p,,)

2
] p(r)dr,
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g = T = /w (r—r)r—rp(r)dr

B—T_ B—T_

- / Q(p) (E “e)b p++)> St 8L SEO AN

p—p)p-p.))p—p)—p,.)

e-p)-pr,,) p, —p)p, —p,.)

B / [ <2a(7") +0(r)(2r —(p, +p, ) +elr)(r—p )(r— p++)> (r=p)r—p.)
Sy, (

+Q<mcz<p+>((“p+><“p++)) ropC e, }p(r)dr,

e-p)e-p,)) @ PP, -2 )

(r—p)0r —p++>> ( D=2 ) e

p,—p)p,—p,)

-p)e-p.,) PP, —p)

/ [ <2a<r> ()@ —(p, +p, ) +er)(r—p, ) —pH)) (r—p)(r—p,)
v, (

— (r=p)r—-p,)\ @—-p0-—p)
+ople.) (@—m@ —w) 0, D, -0,

] p(r)dr,
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[ <2a<r> b2 — (p+p, )+ e —p)(r —p++>> (r-p)r-p,.,)
(

(b, —p)p, —p ) p. -, -2,

+

(r=p)(r—p,,)
“ey) ((er —pp, _p++)>

2
] p(r)dr

o

“riy

2(r) + b2 — (b, +p,, )+ —p, ) -0\ —p, )—p,,.)
b, —p ), —p ) (b, —p ), —p )

_|_

(r— Q++)(r B E+++)
Q) ((p+ - ), ey

2
] p(r)dr,
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(AP35 = (H2)s3
-/ 2a(r) + () 2r — (p+p, )+ e —pr—p, )\ (—p)—p,)
- Wp, (b, —2)e, - 73++) (Q++ 2 (73++ —p,)

+Q<p+>cz<p++)<<(r_p)(r_p++)) p ]pmdr

po—pe,—p ) -0, —py)

e, —p )y —p ) A 00y J)

“ryy

{ <2a<r> o) @r—(p,, +p, ) e —p, ) — p+++>) (r—p)r—p,,.)
(

+Qp, )P, )

( (r— B_H_)(r - Z—)+++) ) (r— B+)(r B B+++) ] p(r)dr,

b, -2, ), -2, J) @ —p )0, —P2, )

(r—p)(r—p++)> (r—p)(r-p,) Sr)dr

(b, -, —p, ), —P, —P)

- / Q(p)< (T_p“)(r_p***)) i 781 FEED RN
£y )

(A =T = [ Q) (

by (B+ N B++)(B+ N B+++) (£++ N Q+)(Q++ N B+++)

- / {<2a<r>+b<r><2r<p+++p+++>>+c<r><rp++><rp+++>> (r—p)0r—p,.,)
- “pyy (E

-2, ), —2 ) S IO CI Y

r—p, Jr—p,,,) (r—p)r—p.,)
po—p ) —p )

+ Q0. ) (< ] p(r)dr,

Py —2J@ P

<( (r—p, Jor—p, ) ) ( Sk il FH p(r)dr,

2 — (A 2o —
()38 = (A?)s3 = / Qe,) p.—p, ), —p )

Wp | Iy |V J
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(‘/1/02)45 = m = _/ (( (r - B)(T _f++) ))Q(p-H_)( (T — B)(T _B+) P(Md?"

p—pe, —py P~ Py

(r—p, )r=p,.) (r=p)r—p )
_/wp (( ++)( —+++ ))Q(p++)(p + +++ p(?”)d?“,

Py =Py Py 2R —p )

(</V.2)46:(</V.2)64=/wp <((T_p)(r_p++) )(p (r—pr—p,)

v, W\ T pp,—p.)) e, —pe, —p)

p(r)dr

_ r—p, )r—p. ) r—p)0r—p.,) Adr
- /WPH ((p+ e e, e ), - P

P~ )P —P )

<(r P ) —p ) )Q r—p)0r—p,)
(p

p(r)dr
— _ Piyy)
wp,  \\By p, )y —p ) VI 0 LIy
(r—p, )r—p (r—p )(r—p, )
(A )as = (=/V.2)84=/ ( Lo )72, 8L 8 p(r)dr,
wp, | Py —p, ), —p )y )0y, P )

wp_ (p—p-—)p—p-) (p_i——)(p—p_)
e (E=2 =) i
+/wp (2@(7“)+b(7“)(27“—gﬁ_;pi;)jgig)(T—p)(T—]N))E}C:i;E;:];i;
e (G5 m )| | o

. f [ <2a<r> F0(r)2r — (p+ 4 pes)) + e(r)r —p)(r —p++>> (r=ps)(r —pss)

(p—p+)® —P++)
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(A app=1.21pl+1 = (D) 2pp|+1,21p-1
_ / [ (261(7”) +b(r)(2r — (p— +py)) +c(r)(r —p-)(r — p+)> (r—p-)(r —p)

(p—p-)—p+) (p+ —p-)(p+ — D)

YoTeSY (r=—p)(r—py)\_(r=p)(r—p)
oWy ((p —p-)(p —p+)) (p+ —p-)(p+ — p)] P

(p—p+)P— P+ (r+ —p)(P+ — P4++)

)
AT (r —p4)(r —p4+) (r—p)(r — p++)
+ QD (=560 ) o=l —p++>] elr)dr,

" [ <2a(7’) +b(r)(2r — (py +pyt)) +c(r)(r —py)(r —P++)> (r —p)(r —p++)

e (=2 =)
—pe)(r—pig)\ (r=p)(r—piq)
/wp+ Qp ( = p++)> 0r =) (s —pis) p(r)dr,

2
(A )2lpl—121p1+3 = (Ae?)2lp|+3,21p—1

_ / <2a(7“) +b(r)(2r — (p+ + pi+)) +c(r)(r —py)(r —p++)> (r—p)(r —p+)
wpy (p—p+)(p—P++) (P++ —p)(P++ — P+)

AT (r —p4)(r — p++) (r—p)(r —p+)
" Q(p)Q(p++)<(p —p+)(p P++)> (P++ —P) P4+ — p+)] plr)dr.

<("” —py)(r —p++)> (r—p)(r —p+) p(r)dr
( )

(</V.2)2|p\—1,2|p\+4 N (‘/1/.2)2‘p|+472‘p|—1 N _/ o) (p—p+)0—Dp++) ) P4+ —P)(P++ — P+)

wWp

2

2 _ (r=p—)r=p)|" 4, Ndr
(A)20p],21p) —/wp = p)—p) p(r)d +/w,, =P —ps p(r)d
(r —p4)(r — p4+) ?
+/wp+ (P —p4+)(P — P++) plr)dr,

(A 2ppl 2l 1 = (Ae2)2ppl1.21p) = —/w <g) : z—ig?—];iDQ(er) (p(+ . §Ep+ _)p) p(r)dr
o (r —p)(r —p++) (r=p)(r —p4+) Mdr
/ (o= o0 g Loy v
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Hianos =iz = [ (G050 B s 2 2
(r —p)(r —piy) (r—p)(r —pys)
! / (<p p)p —p++>> Br =P s —pep) I

(JV )2|p‘ 2|p|+3 = 2‘p|+3 2lp| = / Q(p++) (71 - p)<7n — p+)

(P4t — P) (p++ —Py)

3

s
N
@ﬁ
@@
£
+L

p(r)dr,

o)
(A 2pp2lpl+4 = (HD)2plta2p) = /wp <T P+ +)) (r=p)(r —py)

N (p—p4)( )) (P++ — ) (P++ — P+)

p(r)dr,

(AN2)2Ta o-3,21 7 0|3
-/ [<2a<r>+b<r><2r—<p___+p__>>+c<r><r—p___><r—p__>> (r=p_)(r-p_)
o P (e

po_ (- —p——)(P- —p—-)

+foo (GRS ) ] oo

2a(r) +b(r)2r — (p__+Dp)) +c(r)(r—p__)(r—D)\ (r—D__)(r—D)
Al )

- (- —p-_)(P-—Dp) (V2 I [ ()

(A)217 01321 Fu0|—2 = (Ne2)2)Ta 0|—2,21 70 0|3 = —/ Q({P-) ‘ <((T _?“—)(i_ﬁf) )

pP——

~ — (r=p_)(r=p |
/wﬁ A-) ‘ (6296 15)| oo
(A2 70 0=3.21Fao| -1 = (Ne2)2)7a o112/ 70 0|3
_ / <2a(7") +b(r)(2r — (p__ + D)) +c(r)(r—p__)(r —p)> (r—p__)(r—p_)
wy (- —p-_)(P- —Dp) P-p-_)P—D-)
— . (r=p__)(r—p) \(r—p__)(r—>p_)
+ Q000 (5 5605 ) 6 —p>] p(r)dr

2
(A)2170 01-3.21 70 o] = (He2)2170 01,2170 0|3

. _ (r=p )0 -p) \r=p )r=p) .
- /wﬁ_ -) ((p_ —7)(p- —p)> S LA
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(A2l 0122072 012 = /w,; ‘((p(j :i___ig;__fp_)_»

(AN2)21 T 01-221 0 0|1 = (He2)2] 7 6] —1,2] 70 0|2

_ (r=p__)(r—p) =P ) —p) o
- /wﬁ_<(p_—p__)(p_—p))Q(p)(— o—p_) "

(NP2 70 0=2.21Ta 0] = (H)2]7a 01,21 7 0|2

A (o e ) = L

p—

2
(A)2] Fa 0 -1.21 T 0|1

_ / <2a(7") +0(r)(2r — (p__ +p_)) +c(r)(r —p__)(r —p_)> (r—p__)(r—p_)
wp_ ®-p-)®P-p) P—-p-)P-P-)
(=P )(r=p)\ |
+ oo (G556-57) ] A
b(r)+ec(r)(r—ry)\r—rt =Ty 2
+/wﬁ < p—r+ )P—T++' (p—m) ]p(r)dr
_ 2
(A)2170 01=1,2170 0] = (Ne2)2170 01,2 u 0] -1 = / Q[P g__ r_ij p(r)dr
T_T_l’_
-/ Q||
— — 2
NEV2\Ta 01,21 T 0] = / g__ g: P(T‘)dTJr/ ;:Zi (r)dr,

for all p € 90.70.
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DSRN case
Consider the operator P, with £ € N. Then

a(r) =—F(r)?,

b(r) =200 F(r)F(r),
c(r) = y(f(ﬁ +1)+ m27“2), .
p(r) =g

Let next J := {n, c,—,—l—}. Put

Aaprs = (a+B) +2(y +9), Bags = (a+ B)(y +9) + 276,
Caprs=a+f+y+9 Do g5 = af + ay +ad + By + 56 + 74,
Eo g5 = afy+aBd+ ayd + B0

The coefficients of .#,? are computed by using the following antiderivatives:

1 K,opl -1y
/(7" —a)(r—8)p(r)dr = A2 (9; 30 _BTI:)|T+ 27/“\!3 — (6(/\045 +3)r — 3A(a + B)r? + 2Ar3)> +C

where

Kyap = (AQ*(a+ B) + 2M (AaB + 3))ry — (AMQ* + B + 2M (a + B)) + 3) 2
+ (2AM + (a + B))rd — Q*(Aaf + 3),

/ (r — a)(r — B)(r —7)(r — 6) p(r)dr

1 K~Va5751n|r—7“l,| 9
= hdlet B! — AQ* +6AMC, + A 0+ 3AD, +9
209 <9;7 3(M —ry) + 2Ar} 6(3 6AMCopir5 + Aafy B )T

3A200¢,,3,’y76 rt 6AZrS >

+3A(6M + B 5 +3Cas5)r> —20(ADo s +3)r + : 5

where

K = = (3AQ% + 6AMCo 5 + A2af76 + 3(ADa 5 +3) ) @
+ <(12M + AEqy 5+ 3Capr5) NQ* + 12AM?Cy 5.5 + 2M (A*a8v0 + 3ADg g .6 + 9))ry
— <AQ2 (ADOC”&%(; + 6) + 12AM? + QAM(AEOC”&%(; + GCaﬁ’%(g) + A2aﬁ’y(§ + 3(ADa757%5 + 3))7’12,

+ A(AQ*Cay + 2M (Do + 6) + Mgy + 3Ca,5 ) o

TS OCT'4 7"3
J B0+ e =) — o) ptrir = 55 - 29T 2 (ar g ape?
(r—a)?
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/ 20(r) + ()2 — (@ + B)) + e — a)(r = B)(r —7)(r — 6) p(r)dr
2 3

_9 [Q%ar + (2M~6 + Q%(v +6)) % — 2M(y+8) + Q%+ (v +0)) %

r4 A A o AT
+(2M + (’Y-i- 5))Z + <3’)/(5 — 1) g — g(’)/—i-é)g + 37:|

2 3

r r

2A rd A r® 2A 6 4AT
oM — 2 5+ A " yo(2B ) g s e
+ < 3 (Oé + B)’y + 047/87775> 4 + <3 a,B,7,6 > 5 3 a,B,7,6 6 + 3 7 :|

2 T3

+ [E(E + Dafvyor — L(¢ + 1)Ea,57%5% + (6(6 + 1) Dy g 5 + m*aBy6) 3

4 TS (§ 7“7

r r
= (Ul+1)Caprs+ M Bagrs) 7+ (U4 1) +m* Doy s) e = m*Capyoe + m27] +C

- ( — M (a+ B)76 — 2035 + L(L + 1)04,6’75)7“

2
+ (202M (Baypoi +70) + QA +8)) +2(a+ B8 — AL+ VEayps) 5
2
3
,

—2(2M(Aaprs+ (Y +0) + Q% + Bagys + (v +06)) + €6+ 1)Dy g6 + mQaﬂfyd) 0
2A 9 rd
2 (4M — ?(a + B)70 4+ Aaprs+ (1 +6) ) — (Ll +1)Coprs + M Eapns) T

6

5 2A r
(B s+ (0+9) = m2Casos) T

T
2By +70) + (0 + 1) +m* B s 5 — 6> .

_I_
/\/‘E/\/-\
it
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Chapter

Approximation of low frequency resonances

This chapter is devoted to localization and approximation of low frequency resonances of the
charged Klein-Gordon operator on the DSRN metric. We propose a method based on complex
analysis to precisely compute the number of resonances inside a positively oriented contour in the
complex plane. It relies on a convenient characterization of resonances as zeros of an analytic
function and allow us to give an estimate of the error of approximation.

As we have a good knowledge of the distribution of high frequency resonances in C~ (cf.
Theorem 1.3.1), the low frequency ones are really hard to localize. Yet they could provide
interesting information about our universe: as we do not dispose today of sufficiently precise
detection devices to fully study signals such as gravitational waves, the exact localization of the
nearest resonance to the real axis would be very helpful. It is also linked to the modern statement
of the Strong Cosmic Censorship (c¢f. [CCDHJa| and [CCDHJDbY]).

Organization of the chapter. In Section 5.1, we use the Jost solutions as well as the Wronskian
introduced in Chapter 1 in order to characterize resonances. Section 5.2 introduces the scheme
used to approximate the Wronskian. Convergence and estimate for the error of approximation of
the Wronskian are dealt with in Section 5.3.

we will focus in Section 5.2 on the construction of a scheme which provides a good approxi-
mation of the resonances. Obtained results will be presented in Section 4.3.2.

5.1 Characterization of resonances

Recall from Chapter 1 that there exists §p > 0 such that for a sufficiently small charge prod-
uct s = ¢@Q, the cut-off resolvent of the charge Klein-Gordon operator has a meromorphic
extension from C* to {z € C | S(z) > —dp} with value in compact operators acting on
L? (Jr—,r4[ x S%, F~H(r)r?*drdw): for all x € C°(R,R) and all z € C such that S(z) > —do,

X(K(s) —2) "ty € Bso (L2 (Jr—,ry[ % s?, F_I(T‘)’l"Qdew) ). (5.1)
The constant &g is linked to the surface gravities rq:
F'(rq
8o < k= min{k_, |k1|} Ko 1= (2r ), Va € {n,c,—,+}.



5.1 Characterization of resonances

Recall also here that
B, k— > 0, Ke, kg < 0.

We now recall the definition and properties of the Jost solutions (they have already been introduced
in Chapter 1, ¢f. the proof of Lemma 1.2.2; see [?, Section 2| for the proof of their existence and
uniqueness). Fix (4,s) € N x R and put

Wo(r) := F(r) (E(E—i_ D + F/?ET) + m2> : (5.2)

72

For all z € C such that 3(z) > —r_, the (outgoing) Jost solutions x + e* (z, 2, s,£), that we
will simply write e+ () or ex(x, z), are the two unique C? functions satisfying the Schrédinger
type equation

(02 + (2 — sV)? = Wy(z))ex(z) =0 Ve e R (5.3)
and such that

ey (z) = elzmsVi)z+is fj”(V(y)—Vde(l Ver(a ))

9

e (x) _ efi(zfsV_)a:+is [ (V(y)—V. (1 +e )
Furthermore, dye4+ € L2 (R;, C) and if 3(2) > —k_, then &e is analytic in z for all 0 < j < 1
and
i (Jex (@) + [(0a2) @)]) = 0. (5.4)

The kernel K of (P, — (2 —sV)?) 7! : H3(R,dz) — L2 (R, dx) for S(z) > —k_ is given by

K(x,y,z) =

7/1(2,) (6+ (.CC, Z)e—(y7 Z)]la:Zy(% y) + €+(y, Z)e— (‘Tv Z)]lyZ:t(xy y))

where

W (z) = e (x)e_(x) — € (z)e_(x)

is the Wronskian between ey and e_. Since # is independent of x € R (as shown at the very
beginning of the proof of [Ba04, Proposition 2.1]), we see using the non trivial limits for ey in
(5.4) that a pole z of order n > 0 for (P, — (2 — sV)?)~! with $(2) > —k_ is a zero of order n of
the Wronskian #, and e, (-, z) and e_(+, z) are then collinear. We therefore have a convenient
characterization of resonances

Proposition 5.1.1 (Characterization of resonances). The poles of the meromorphic extension
(5.1) counted with their multiplicity are exactly the zeros of the wronskian # in the set {\ € C |
J(A) > —k}.

The numerical scheme therefore consists in approximating first the Wronskian using the Jost
solutions at a given frequency z € C with &(z) > —& then computing its zeros.

page 174



5.2 Approximation of the Wronskian

5.2 Approximation of the Wronskian

We present in this Section a numerical scheme to approximate the Wronskian #.

5.2.1 Modified Jost solutions

The oscillations at infinity of Jost solutions prevent us to construct a well defined initial boundary
values problem. We thus introduce an ansatz which remove the singular oscillating part at ro of
e+. Let us define the modified Jost solutions

fi(x) — eq:i(z—sVi)zei($)
solving on R
[ag +2i(z — svi)ax} fir= <Wg(x) +s(V(z) — Vi) (22 — s(V (@) + vi))> fo. (5.5

Using (5.4), 0y = F(r)0, as well as V(r) — Vi — 0 as r — r4, we obtain the following well-defined
boundary values:

lim fy(r) =1, lim F(r)(0,f+)(r) =0.

r—r4 r—r4

Let us derive integral representations for fi. For all A € C, the formal kernels K1 of the
operators (92 4 2i\d,) ! are given by

N Di,\(x) = )\

Katny) o [P zels) i =+ ST e ip ) e o {0}
’ D_y(z - y)ly<a(y) if £=- ;r if A =0

By formal kernels, we mean that if ux solves
[8:% + 2i)\3x] Ut = g+
then

+o0 z
wile)= o+ [ Dia— olgw )y, u(o) =+ [ D@ ylg-)dy

—00

provided that |ux —f4| — 0 as * — +oo and g+ decays sufficiently fast at +o0o. For 2 € CT with
$(z) > —k = max{—kK_, K4}, we define from now on

wy =z — sV4.

Thus (5.5) entails the semi implicit forms for £ := f+wy:

+oo
fr@) =14 [ Dy =) (Wilw) + 5V (0) = Vi) (22 = (V) + V2)) ) (),

T

fow) =1 [ Do) (Wily) + 5(V(0) — V) (22 = (V) + 12) ) - (0)dy.

—00




5.2 Approximation of the Wronskian

Formula (4.41) implies the exponential decay of Wy and V — Vi at & — foo which ensures the
convergence of the above integrals: we have |[Wy(z)| + |V (z) — Vi| = Opsto00(e?=/*!) and

Do, (2)] < CeT23x)

for some constant C' > 0. Taking the derivative with respect to x then yields
+o0
@fi)a) == | @Dy~ ) (Welw) +5(V(0) = Vi) (22 = (V) + V2) ) ),
@f)@) = [ (@D (o =) (Wily) + 5(V () ~ Vo) (2 = s(V(0) +12)) ) - )iy

—0o0

with

eF2wrr if iy, e C\ {0
<awai><x>:{1 s
ifwy =0

Hence, back into the interval I = |r_, r,[ using the diffeomorphism ¢ : I — R (¢(r) is nothing
but the Regge-Wheeler coordinate ), we can write for a fixed r = ¢~ () € I:

<<>]<Cj5(fi> > () [ st <F(a)%£2)(a)>;(:f) >0

Do, (¢(0) = ¢(r)) Wy o(0) 0) A(rio) _:< D.,_(¢
—(9:Du, >(<z><> S(r)Wilo) 0)7 700 )

and Wy ¢(r) := We(r) + s(V(r) — Vi)(2z —s(V(r) + Vi))-

with

Ay(r;o) = (

5.2.2 Introduction of the scheme

We introduce the scheme we will use in order to solves the integral equations (5.6). Set
It =1r_,x, IL = e, ry

with v € Jr_, 74 [ (it is not necessarily the radius of the photon sphere). Putting

._ Jx(r)
Uslr) = (F(r)(&fi)(r)) ’

we can rewrite (5.6) as the following fixed point problem

Ui(T) = gi(Uj:)(T) Vr € I:tt

Find U4 € E4 such that
{Ui(ri) = (1,0)

with

G+(Uz)(r) == (é) + /rri Ai(r;a)Ui(a);(Z).
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5.2 Approximation of the Wronskian

We introduce the spaces (E,|| - ||, ) defined by

Be = {(u, Fou) | w e (1L, 0)}, (. Fou) |y = lulleray -

Certainly Uy € Ey. The space of bounded linear operators B(FE4 ) is equipped with the natural
operator norm:

LNy == sup  [|Lullg, VL € B(EL).
ucFE+
lull .y =1

In this setting, G+ € B(E4) for I(z) > —k thanks to the decay of Wy ; near r+. We define next
the work spaces and approximated norms. Let

O I 5 s (Oru)(r) ifuc (,71 on a neighborhood of r
0 otherwise

where the neighborhoods on I} are defined by the topology inherited from R. We define the
Banach space (EL7 Il ) as
*

ETi = {(U7F67Tu> ‘ RS Cgiece(T;:vC)}a H(quaTu)HEl . HUHCI(Y;,C)

and B(EL) is equipped with its natural operators norm. Recall our convention that u €

Cgiece(fti, C) is defined everywhere on I by defining u(rp) := 0 at any point ry which admits no

neighborhood on which u is C¥. The above norms are thus well-defined modulo the identification
of functions null almost everywhere on I% .

We will use (spatial) meshes 7,5 = (5.%, 7. il) as in Subsection 4.1.2 except that I C 3.%

[ ]
(we include the endpoint t), min {p,‘p € ﬁb} = r_ and wy, is replaced by w; := [p,p+] and

w, =]p-,p| forall p € 9.% Such a mesh being fixed, we define the projectors’

U Ue + .
Pexi Bl <F81u> '—> ((Falu).,i> € Pus(PL) = Fis

1

Ue +(T) 1= 5 Z (u(p) + U(pi))]lw;t (r) Vre Il

p€:7.:f:0 )
Ue+(r+) == ut(r4)

the canonical embeddings

Res: Bl — Bl

'This choice of projection is unusual. There are two reasons that motivate it: first of all, we do not need to
take derivatives of the functions which are sufficiently smooth anyway, so that the degree of the interpolation
polynomial can be zero; on the other hand, adding terms as pﬁ:f’p would make impossible explicit computations

for the numerical programming as it would yield integrals without known antiderivative, see below.
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5.2 Approximation of the Wronskian

as well as the filters
Fot i Kot 0 Pet: EI_L — E:L
Finally, we define the discrete version of the functional G.:
Got = Pas0GroRay Bl y — El ..

We summarize all these definitions in the commutative diagram 5.1. The numerical scheme

Jo =N )} LN ) N 5
%o,iT 9 o,il \t@o,i Tgo,i
Ei,i _— Ei,i L Ei,i Ei,i

Figure 5.1: The work spaces and operators associated to (5.7).

consists in solving the discrete version of fixed point problem (5.7):
U.,i(T‘) = g.i(U.’i)(T) Vr e I:tt
U +(r+) = (1,0)

We do not know a priori whether Us + = (fo 4, (F O, f)e+) or not.
It turns out that no antiderivative of (A +(p, r))jo /F(r) is known. We thus need to modify

the discrete operators Go +. Using the factorization (4.40) as well as formula (4.41), we can write
We o(r) =: i o(r)k+(r)e? =) for +(r — ) > 0 where

R e [ UET L CREm )

Find U, + € E:i such that { (5.8)

rr4 rr4
= Wilr) (t+1) F'(r) 5
Wg(r)—FT)— 3 + " +m?,
Kt
T—Tq \ re
ke(r)=le—r<[ | ]I (r_r )
ae{n.cF} “

We define the modified discrete operator

Gi(Ua1)(r) := (é) + /Tri A (r; U)ﬁ.,i(U)Fd(Z_)

where

~ [ Du(60)=6(m) 0\ aue
Ag y(r50) := (_(ame+)(¢(a) ~ () 0) el )p§+0 91.(P)k+(p)1 1 (0),

~ o) = D.,_ (¢(U) —gb(?")) 0 e?n,qﬁ(a) o
Ao (r;0) : ((&ﬂDw)@(J)—qﬁ(r)) 0) pgog-,e(p)k_(p)llw,,( )-
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5.3 Error of approximation

We will therefore look for the solution of the following problem:

Ues(r) = Gos(Uo2)(r) Vre IS

Find ﬁ.}i € ElL such that
* {Uo,:t(r:t) = (170)

Computations for the numerical programming are carried out in Appendix 5.6.1.

Remark 5.2.1. The scheme (5.9) gives an approzimation of (fi, FOf+). It is not possible to
get O f+ alone, at least near r+ because F' cancels there. It is nonetheless not troublesome as we
will never be interested only in the values of O, f+(r) as the Wronskian uses Oy f+ = FO, f+.

5.3 Error of approximation

In this Section, we prove the convergence of the numerical scheme introduced in Subsection 5.2.2
and give an estimate of the error.

5.3.1 Constants in the scheme

Control of the error of approximation of the modified Jost solutions (and thus of the Wronskian)
involves many constants (which actually depends on z and s). We gather all of them in this
paragraph to make the sequel clearer. For the sake of clarity, we give upper bounds for error
terms appearing in the proof of the lemmas and proposition mentioned below. We stress out
here that this does not yield an optimal estimate of the error; following each proof using optimal
estimates presumably increases the final estimate.

Let z € C such that J(z) > —k and set wy := z — sVy. First of all, we define

==, L

=71y, \ | T —U |RE
Ki::|7‘i—t|( )
T+ —Tn

2 2 /00 +1 F'|| 1 1
Cue) = i [ 2l (M0 I o)y B (g (4 1)),

: (5.10)

Ty —T—

r— = r— - r— T
(5.11)
< F Jws] > ]
— if lwi| > |kt
2(|5 | 4+ S(2)7) lwa|
~ V13
G = if 0 . 5.12
1 .
@ if W+ = 0

Let us briefly explain the role of these constants:

e Ky is such that |r — ro| < K1e?+% as +x > 0, cf. the exponential decay (4.41).

e C4(z) is such that |Wy(z) + s(V(z) — Vi) (22 — s(V(z) + V4))

2
+x > 0; this uses the factorization (41.40) as well as 2"{;;‘” = ﬁ(“r —rp)(ry—re)(rye—r_).

< Cy(z)e* = whenever
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5.3 Error of approximation

. éi(z) is used to bound integrals of the form
X
[ Dty = )| (Wita)| + 511V @) = Vil 21|+ 511V () + V) ).
From these constants, we define the following ones:

For Lemma 5.3.1:

o 1 ~ o
C = +4G 1, S(2) Y ) Cul(z), 5.13
co) = (i + A0 ma (Ll +3G)}) Calah, (513
~ _ max {3, [w+|} \
Cj;l(Z) = <1 + m C:t(Z) (514)
with
g 1 1 Ll HSET Lot SE
N U N ¢ |
ae{n,F} for «a c
(5.15)
For Lemma 5.3.2:
- Ci(z) ~ -
Ve (2) = U 1l e 1y 05 ) + 57 T gy | ool e s o 5 (2)
X (1 + O (2)Ga(2) exp (Ci(z)éi(z))> , (5.16)
with
(el o 15 0y < 1+ 1T(2) K G (=) exp (H(z)KiCNJi(z)> ,
~ I(2)K+ ~ ~
[@oihlimaso = 5 oy (L TEKGLE) e (1)KL () )
- ~ 1
:i(Z) = <T:|:(Z)K:|: =+ H(Z)@i) max G:t(Z), m y
AN (r—rp)(r— rc)/I/T?g Alry —r_) || (r— Tn)/Wg
T-(2) = 3 72 * 3 72
Lo (Jr— x[,R) L (Jr— x[,R)
LA [ LA =)= (e =) W,
2 2
; " lpeegr_ eim) " Lo (r— el B) | " {] Lo g o)
A=) =)y 1) W -
3 r? Lo(Jr— x[,R) r Loo(Jr_ ¢[,R) Lee(Jr—x[R)
sl (g 4 Bl (5.17)
r3 r_ )’
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5.3 Error of approximation

A|(r—ry)(r— rC)Wg Ary —ro) || (r— T’n)Wg
T = —
LOOGt)T+ [’R) Loo(]thr[’R)
Ary —r_)(ry —re) ﬁ/\g Al(r—=rp)(r—re)(r—r_) Wg
* 3 = 3 r . =
Loo(]t,'r‘+[,]R) L (}t,T’+ [’R) Lm(}tvr+[7R)
_'_é (r—mrp)(r —2TC)(T—T_) @ N HWé
3 T Lo (Je,r 4 [,R) r Lo (e [R) L>(Je,r+[,R)
s 1 2
92 — 4z 5.18
o 2]+ |s] St ) (5.18)
— 0+ 1 F’
WE(T) — ( J’Q_ ) (7’) +m2’
r r
Ary —rp)(ry —re)(re —7r-) | s 2|s
1(s) = M= = gy + 1 (214 2), (59
r2 r2 r_
Or = [t — 1y > O (5.20)
(a1,a2,03)E{n,c,F}3
alFasFazFa)
and
== ==
19:‘::<t_7”n>"in7 192::1’ 19;— t—T:‘: H$,
ry—Tn Ty —7r_
i 1
() = | == max{l,(t rn) ' } 5
Kn T —Tn (t - ’I’n)
K4+ t—r o 1
+y/ Rt e ¢
(19 )C_ ) max{l, <Ti7"c> } (t*""c)27
=1
EVAR e B I
AR e | e I o
For Lemma 5.3.4:
Ci(z) = max {Cp(2),Ce1(2)} (5.21)

with
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5.3 Error of approximation

For Proposition 5.3.7:

Cx(2)
Co(z) = Zi: Zi,O(Z)mHﬁHLw(I;,C) + Z11(2) 1 f5ll e (12 )
SI\Tr4+ —T_—
+ Ze0()2a(2) + T 2 @) iy | + Zr0(2) 2002

(5.22)
with

[S(=)~

| ~ -
Z4j(2) =¥1(2)he *  + C1(2)|f2llLo(y ) Cx,5(2)-

The constants Cv'iyj(z) are defined in (5.13), (5.14) and W4 (z) is as (5.16). Upper bounds for
C4(z) and fy are respectively given in Lemma 5.3.4 and Lemma 5.3.5.

For Lemma 5.3.8:

K(z) = ax(2)(1+ Be(2)e™ ) (mz) +92(2) + W) + 04 (2) (5.23)
— -
where
28| K4+ ~ o
os(z) = Mai(z) 1 C4(2)G1(2),
r_r4
(1 1 ~ .
wx] \al w80 TE*2) il = el
Gu(z) = 4‘:’3 i S(2) > 0 and 0 < |ws | < || (5.24)
+
1 .
W 1f%(2)<0and0< |W+‘ < |K/i|

Bi(z) = C(2)Gx(2),

B Ci(z)
&) = S+ S
54(z) = Cy(2) |s| K+ '
2(mel + )2 T [Irel + S

Recall that Cy(z) and G4(z) are defined in (5.11) and (5.12) above.

5.3.2 Convergence of the scheme

We show in this paragraph the convergence of the above scheme using slightly different norms,
the convergence in the spaces El being then a corollary of the results below. This will allow us
to identify bounds for the error of approximation of fi and f/ alone.

Let Uy := (fr,FO,f1) € E4 be the fixed point in (5.7) and let Us 1, Us + € E} . be the fixed
points in (5.8) and (5.9). We start with the consistency of the filters with respect to the identity
operator (the proof is given in Appendix 5.5.2).
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5.3 Error of approximation

Lemma 5.3.1. Let z € C such that 3(z) > —k and set wy 1= z — sVi. Assume for simplicity
that’

ri
1 |
the mesh is regular, | ] T:E e he < 1. (5.25)
ry — —Te
Then for all r € I and, we have
1— RIGON
rg

‘(Ui — f.iUi)j(T){ < ”fi||LOO([;:7C)éi,j(Z)ho vy €{0,1} (5.26)

where éi7o(z),6v’i71(z) are defined in (5.13) and (5.14).

As expected, approximations of the modified Jost solutions (5.26) worsen as ¥(z) — —x. The
next result gives an estimate for the error committed whence replacing the solution of (5.8) by
(5.9) (the proof is given in Appendix 5.5.3).

Lemma 5.3.2. For all r € 1Y, we have
| B (Ue s = Us i) (r)] < Wa(2)he vj € {0,1}
where Vi (z) is defined in (5.16).
From Lemma 5.3.1 and Lemma 5.3.2, we can deduce the convergence of the scheme (5.9):
Proposition 5.3.3. Assume (5.25). For all r € I\, we have

S(z)

Ft

- _ - 1-
|(Us = ZatUss).(r)] < Ui(2)he + Co ()| fll oo (ry ) O (2)he

Vj e {0,1}

where V4 (z), Cv'to(z),Cv'i’l(z) are respectively defined in (5.16), (5.13) and (5.14), and with
~ " " do’ do
Ci(z) = max {1 + 2/: [(Ax)jo(r; 0)| exp <:EQ/U ’(Ai)jo(r;a/)}m> F(J)} (5.27)

7€{0,1}
Proof. We only treat the + case. Pick r € I%: there exists p € ‘7-% such that r € w;‘ = [p,p+[.
By the triangle inequality, we first write

‘(U:I: - t%o,:i:[fjvo,:i:)j(r)‘ < ‘%o,:l: (Uo,:l: - ﬁo,:l:)j(rﬂ + ‘(Uj: - %o,:tUo,:t)j(r)‘

and the first term on the right-hand side above is bounded by W (z)he by in Lemma 5.3.2. Next,
we compute:

_ T4 d
(For G2 (Us = FusUs))r) = = / A (r;0)(Uy — Ho 4 U 4)(0) F(‘;)
r—op T4 ‘ do
+ Py Ay (r;o)(Uy — %-,+U-,+)(U)F(U)-

2Recall that the mesh is regular means that for all p € zjfo, p+ — p = he. This hypothesis is absolutely not
necessary but is assumed to make clearer the proof of this lemma. The other hypothesis on the size of he, satisfied
for he sufficiently small, allows us to conveniently compare the term in (5.25) with similar ones to the power

1— S(2)
K+t

page 183



5.3 Error of approximation

It follows for all j € {0,1}:

do

T4
[(Fe G+ (Ut — R+ Us 1));(r)| < 2/ |(As)jo(r; o) || (U — «@o,+Uo,+)j(U)}F(U)- (5.28)
P
Write then
}(U.y.-% ‘§|U+— +U+ T|+‘J.+U+—%.+U ‘
<|(Uy = Fe 1 U ) ()| + | Fo 4G4 (U — +U- +)(7’)‘ (5.29)
Combining (5.28) and (5.29) with Gronwall’s inequality, we obtain:
T4
((Us = R 1 U 1)(1r)] < |(Uy = Fo 1 U )5 }4‘2/ |(Uy = F s U4 ) (0)||(As)jo(r; o))
p
T4+ d / d
X exp <2/ ‘(AJr)jO(T;U,)lFé’)) ﬁi)

< ||(Ux - cojo,:tUﬂ:)jHL‘x’(Ii,C)

« (1+2/pr+ I(A4)jo(r; )| exp (2/;+ |(A+)jo(r;0/)‘F(,i(:)> Fd(z)>

It remains to take p = o = v in the above integrals and apply (5.26) to complete the proof. [

It is worth for the sequel explicating the dependence in z of the constants éi(z). This is the
purpose of the next result.

Lemma 5.3.4. Let z € C such that I(z) > —k and set wy 1= z — sVy. Then

~

5’1(2) < 2(1 + C+(z)exp (ai(z))>

with Cy(2) as in (5.21).

Proof. We only treat the + case. Consider first 7 = 0. Recalling the definition of Wy in (5.2) and
using (4.41) and (4.40), we compute:

" do +o00
2/0 (A )oo(r; U)|% < 2C+(Z)/x ID,,, (y — z)|e*+¥dy

where the constant C(z) is defined in (5.11). The integral on the right-hand side is dealt as in
Lemma 5.5.1; we get:
1
2/[f ][+ ()7 llwy |
V13

(\ful +3(2)7)?

if lwy| > |4

—+o00
/ Do, (y — 2)|e*+¥dy < if 0 < Jwy| < [yl -
x

ifw+:0

,4;
Jrl\'l
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5.3 Error of approximation

Next,
T+ do Foo %ty
[(Ap)o1(r;0) | == < Cy(2) |(8:Du, ) (y — )| €™+ dy.
o F(o) z
We have:
+o00 sy @2R+T
Dy - My = —————.
Recall here that k4 — 3(2) # 0 since $(z) > —k > k4. This concludes the proof. O

5.3.3 Bounds for the modified Jost solutions

While the functions fi are not exactly known, we can use their integral representations derived
in the paragraph 5.2.1 in order to estimate their norms. This together with Proposition 5.3.3 will
yield an estimate for the error of approximation of the Wronskian in the paragraph 5.3.4.

We start by showing the following result (the proof is given in Appendix 5.5.5):

Lemma 5.3.5. Let z € C with $(z) > —k and set wy 1= z — sVy. Then

0e)_—exp (5O
2

(Il + S(2) 7w [f] + 3(2)7)|wx]

(
V1304 (2) X( V1304 (2) )
(

14 ) il 2 s

[ felleos o) £ 91+ 2 if 0 < |ws| < |kl -

(Irs| +3(2)7)? 8(|r+| +S(2)7)?

G0 o (S22

1
M 4k% 4K%

ifwy =0

We then deduce a bound for the first derivative in = using the following estimates (see the proof
in Appendix 5.5.6):

Corollary 5.3.6. Let z € C with (z) > —k. Then

Cy(2)
855 oo < — oo (T .
10: f |l Loe (1,0) < 2(|ni\+%(z))”fiHL (IL.C)

5.3.4 Error of approximation for the Wronskian

Proposition 5.3.3 entails a bound for the error of approximation for the Wronskian #. Indeed, as
# (z) is independent of = € R for J(z) > —k, we can choose x = 0 which corresponds to r = t.
Using

ex(x) i= VT £ () Vx € R,

we see that e4(0) = fi(r) and (9ye+)(0) = i(z — sV4) f(v) + F(v) fi(x), whence:

W (2) = F+©) (i = V) (0) + FESE)) = (i = sVa) 1 (0) + PSR ) ()
= F()(F+(0)f200) = FL©)f-()) +is(Vi = Vo) £ (0 ().

page 185



5.3 Error of approximation

Letting Uy (¢) := (fx(v), F(v)(0r f+)(r), we get (we omit the dependence in t):

W (2) = (U)oU) = (U)1(U-)o +is(Vi = V) (U4 )o(U-)o. (5.30)
Formula (5.30) is exactly the one we will use to compute resonances. Set then
We(2) = (BosUs s )o(Ba—Us )1 — (R +Us 1 )1 (%o —Us _)o + is(Vy — V—)(%-,+ﬁ-,+)0(%o,—ﬁo,—)0
evaluated at r = t. We have (we omit the dependence in t):

W (2) = Wa(2) = (Us = R 1 Us 1)y (U-)1 + (U)o ((U-)
~ (U1 = (%1 Ue i1 )(U Jo — (U+)1(U — e, U ),

whence

W (2) — Wa(2)| < Z [‘(Ui - %'d:ﬁ'd:)o(t)‘Hawf:FHLw(I:'F,(C) + |(Us = BaxUs 1), ()| f5 Nl oo (e )
T

+ (U - '%'iﬁ'vi)o(t)H(UﬂF - '%)-,¥ﬁ-,¥)1(t)}

N "(*_)[Z |(Us = ZesTe ) O[5 215,
rT4T— X
+ [ (Us = s Us 1) (0)]] (U- Us-)o®)] |

Using Proposition 5.3.3, we finally obtain:

Proposition 5.3.7 (Error of approximation for the Wronskian). Assume (5.25). Let z € C such
that 3(z) > —k. Then

where Co(z) is as in (5.22).
We will also need a bound for #7(z) := (0,#')(z) (see Appendix 5.5.7):

Lemma 5.3.8. Let z € C such that I(z) > —k and set wy =z — sVy. Then
W' ()| < K(2)||f+ (2 s )l - 2) e e o)

where I?(z) is defined in (5.23).
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5.4 Approximation of low frequency resonances

We present in this Section a method to approximate the zeros of the Wronskian # (which are the
resonances). We will concentrate on low frequencies, that is, on the zeros contained in a compact
neighborhood of 0 in the complex plane. As explained in the introduction 7?7, we know that no
resonance lies in the set {\ € C | S(A) > —dp} for some &y > 0 (this number is not explicit as it
comes from a compactness argument). We will be limited by the line —ix as the meromorphic
extension (5.1) is a priori not defined beyond this threshold. The research zone will be then of
the form

I':= [—R, R] + i[—CU, Cl] (5.31)

with R, Cy,Cy; > 0 and Cy < k. Observe that for z € C with (z) < —k, the estimates on the
modified Jost solutions in Lemma 5.3.5 are no longer workable.

5.4.1 The method

In general, it is not easy to determine whether or not a function f cancels at some point because
of the unavoidable error one does commit during a numerical approximation. How worth is it to
say that f cancels at zp because |f(z0)| < 10737 What if actually |f(z0)| = 10799 # 0?7 The
situation is however far better if f is analytic. Indeed, we can in this situation ezactly localize its
zeros using the argument principle:

11 f(2)
271 Jr f(2)

Here I' C C is a positively oriented contour and N(I') is the number of zeros of f counted with
their multiplicity enclosed by I'. This formula however requires that no zero of f lies on I'. Of
course, the exact position of the zeros are what we look for and it is not possible to know it a
priori; however, if the zeros are not to close each other, then this difficulty is easily overcome if
we modify the contour as soon as we detect a low value for |f(z)| (a threshold is arbitrarily fixed
here). The power of this method relies on the fact that (5.32) is an integer: if N(I') = 3.026, then
even a precision of 0.5 is sufficient to determine that I' contains exactly 3 zeros of f (counted
with their multiplicity).

Another interesting point is that if I' encloses (but does not intersect) N(I') zeros z1, ..., z2y(r)
of f, then

dz = N(I') € N. (5.32)

1 w12 Lk k
5t Fz f(z)dz—zl—l-...—l—zN(F) Vk € N. (5.33)

In particular, if N(I') = 1 then it is possible to approximate the only zero zy inside I" even if
dist(zg,I") is not small (which avoids some trouble caused by the term 1/f(z) in the contour
integral). If we find N(I") = 2 and if the two zeros are too close to be separated into two different
contours, then we can solve the algebraic system

21+ 20 = «
2422 =8
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where a and § are respectively the right-hand sides of (5.33) for Kk = 1 and & = 2. In this
situation, we get

+ /28 —a? aF /28— a?

Zl:f’ Z9 = 5

More generally, if we have to deal with N(T") close zeros, then we can solve for

Z1+22—|—...+ZN(F) = a1
z%+z§—|—...+z]2v(m = Qg
V@), N, N(D)

+...+z ANy = AN

where ay,ag,...,anr) are respectively the right-hand sides of (5.33) for k = 1,2,..., N(I').
While the system becomes tougher to deal with as N(I') becomes large (as we look for the roots
of polynomials of degrees 1,2,..., N(I")), this alternative can be worthier than looking for an
appropriate contour which separates very close zeros.

5.4.2 Application

We now apply the methods described in the paragraph 5.4.1. Fix I' C C a positively oriented
contour. Write

4
r= Urg
(=1

and choose M, N > 0 as well as a precision he > 0 (we will assume that it is the same as in
Prop031t10n .3.7 even if we can choose a different one) so that I' can be discretized using four
meshes M e T2 MN T3 oy and T4 M.y Whose elements are respectively:

such that Iy = d — < he
(1) 1<k<N such tha 1= [z11,71,8] an Og}ﬁXN{!ﬂn k= 1 k1] }s
; h that Iy = d
(yji)i<jsm such tha 2= [y11,ym1]  an Oglagidﬂyg,
(M) 1<k<N such that I's =[zpmi1,2mn]  and 01<r}€a<xN{|a:Mk — T +1] < hel,
(yj,N)1<j<m such that Ly =[y1,n,ymn] and 01<ng>]<\4{|y] N = Yj+1,n| < he}.

The numbers x1 i, z)rk are all real whereas the numbers y; 1, y; v are all purely imaginary. In
practice, they will be the same as the one used in the paragraph 5.2 for the scheme (5.9).
For all z € T', let

Valz) = Z (2_2%(£>+;_2 (§+)>]1[5,£+[(2’)-

§€Uz 1° Mz NZ

and define

R S S AP
N (T) := _}é%(z)d
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5.4 Approximation of low frequency resonances

1=y b TN =y
T1,1 = Y1,1 \ T1,N = YN,1
—0—0—©& —0—0—© —0-& —0—0—©& !
® ®
® [ ]
r
! .
[ ] ® >
N 4T
2 Py ! p :
z %
® ;q(—)lz | 4
® F%l ® i
? Lo oI5
[ ] ®
Tyl = Yi,M P/ TM,N = YN,M
3

Figure 5.2: Discretization of the contour I'.

The derivative has to be understood along the path I'. Since #, is analytic in z, so is %
Therefore, is the number of zeros inside No(I") provided that no zero lies in I'. This integral is
explicitly computed in Appendix 5.6.2. We now show how good is this approximation of the
number of zeros of # inside I':

Theorem 5.4.1. Assume that

1_18&)7
[ ]

< min {4Q])
C€U3=1=7M,ZN

max {3C4(2) + K (|1 2) s, o)1= (5 Dl re o

(5.34)
where Cy(2) and K (z) are defined in (5.22) and (5.23) respectively. Then No(T') = No(T).
Proof. This is a direct consequence of Rouché’s theorem: if

He(e) = #(2)| < [Fa(2) VzeT
then # and # have the same number of zeros (counted with their multiplicity) inside I'. Using
Proposition 5.3.7, we have

—~ 1S~
Walz) — W (2)] < Ca(2)he VzeT.

Now pick z € I': there exists £ € U?Zlﬁﬂ%v such that z € [{,&4[. Then:
Fa@)l 2 min - {HQN} - ) - (S,
CGUezlyM,eN
[Wa(2) = Ha(€)] = [#a(&s) = #4(6)]
S (&) =W (&) + [ (&4) = W (O] + 7 (£) — #a(§)]

1_1s®7]
< (2Ce(2) + 17 | L2(r.c) )

It remains to apply Lemma 5.3.8 to obtain the condition (5.34). O
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5.4 Approximation of low frequency resonances

Remark 5.4.2. If he is sufficiently small, then formula (5.34) allows us to directly read on the
minimal value of the approzimated Wronskian #e on the mesh points whether or not No(I') = N(T).
As he — 0, the left-hand side goes to 0 so that the scheme necessarily gives the right number
of resonances enclosed by I', unless we detect a zero on I' (that is, an element z € I" such that
]W.(z)\ < he). As for Proposition 5.3.7, the estimate worsens as J(z) — k.

Note that it is possible to take mazimum and minimum over each I'y in (5.31) to improve the
condition.

To end this Subsection, we show that the scheme also allows us to find a simple resonance up
to an error which tends to 0 as he does. The purpose here is not giving a sharp estimate but only
proving that we can approximate resonances with our scheme. In order to avoid estimates for
W' — W] and #,)', we use the analyticity of the functions as follows: we can obtain #' from #
using Cauchy formula

, 1 W (w
W' (z) = @) yﬁz (w—(z))zdw VzeTl

where I'? is a positively oriented rectangle enclosing z € I' (any other I'% is a translation of r#).

We write I'* := Uzlzl I'; and discretize I'* as we did for I': we choose M?, N* > 0 and construct

four meshes fj\gij\,z, 91\53’,%“ T, ]\I/}’;’?\,z and .7, ]\I;[i’jvz whose elements are respectively (aji p)1<k<NZ,

(ﬁwak)lSkSN'za (y§71)1§j§Mz and (yj,Nz)lngMZ. We construct them so that the larger distance
1S~

between two mesh points is at most he  * . Furthermore, we choose I'* so that (see Figure

5.2)

n(z) == dist(z,I'*) > 0.

We also assume that

SR Co(T) = max {Ca(2)} (5.35)

|7 (2)] > € > 2C(T")h

s~
Having | %/ (2)| < C, (F)hi * means that |#(z)| can be 0 in practice; the above condition
can be checked by evaluating the minimum value of W, (z), z € T', then using Proposition 5.3.7.
Let zg € C be a simple resonance inside I' and define

1 : ZCIRAM
0= e £ 770 (5’5 - 2p" >d'

The explicit expression of z, o is given in Appendix 5.6.3.

Theorem 5.4.3. Assume (5.25). Let z € C such that (z) > —k. Then

[S(z0) |

~ 1—
 <e < ° ° "
120 = 2e0] < max {|2]}Ca(D)R
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5.4 Approximation of low frequency resonances

where

~ oy maxser {2} |17
Co(I') = (2m)2 (e — Co(T)hy) =€l {n(z)2

he 3
(o i e (W0 s} )

The dependence in z of Ce(z) and |W'(2)| are respectively shown in (5.22) and Lemma 5.3.8.

(Wl e e ) + 3c.<z>>}

Proof. Form (5.33) for k =1, we can obviously get the term max.cr {|z|} out of the integral.
We start by writing

W (@ Wal2) = W (W) = Hal2) (W (@) = Halw)) + (Falw) = (@) (Falz) = #(2))

) (7/ (2) W(z)) o (2) (%@ - V/(z)).

4
It follows: Let & € ij\l;[fN such that z € [€,£4[. We have
(=1

+ (7w -7 ()

= (o - i)

= (7 -7©) + (7O - 70©)

S (@ -110) + (1O - o) + (re) - i)

W) =z = (#(2) - (@) +

+

with
1
PO = (=) [ #(e+tz- )

g’i—_i‘ < 1, we obtain:

and a similar formula holds for #'(¢) — #'(£4+). Using that

7 (2) = Hal2)| < 20 = N ey + 31~ Halzry (5.36)
4
Likewise, let £% € Ugﬂl}%\” such that z € [£%, &7 [; we have:
=1
|#/(@) = Falw)| < 20 = ENH Nlpoeqre 0 + 31 = Halloeir 0 (5.37)
We also have:
#(@) = # ()| < | = 217 | o 0 (5.38)

Here I'* denotes abusively the set of complex numbers enclosed by I'%.
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Now integrate:

5.4 Approximation of low frequency resonances

W (w) w) | |[dwlldz
N(T) - = ; (2) 7/(2)) :w —HZ|2|
7/ (w)| |dw||dz]
> B ) ‘w—Z’Q
Y (2)| |dw]|d2]
; lw — 2|2
(s |(V7.(w) — @)+ 7 @) = #)]) duljaz]
: W Hl2) o = 2%

=: T4+ 1T+ III.

First, using (5.37), we find:

| |dwl|dz|

1 | (@) = Valw)
<aEh G

: <271r>27§ ZW

&7eliy Tz Nz

i
= (2|7£)|2e m?ﬁ‘{qj(r) (e

I e =2
$ 20w = ENA | Lo o) + 3 — Wall oo (1= 0) |dw)||d2]
£ 7 ()| jw — 2[?

# ey + 3% = Hellmre) |

Next, (5.36) as well as the fact that |WN.(Z)| > W (2)] — Ce(I')he (by Proposition 5.3.4 and

assumption (5.35)) imply:

Y (2)] |dwl|dz|

z

~ (2m)?
¢elUpoy MN

Tl

jw — 22

1 Z /5+ 55 2|z = &7 || o0y + 31 — Well o (r,c) |dw]|dz]|

7(2)] jw = 2[?

= @m2(e— Cu(D)h)

T|
(h-HW’IILoo(RC) +3[7 - W'”L“@C)) e { n(z)? )"

Finally, (5.36), (5.37), (5.38) yield:

A (Faw) = # @)+ [# @) = ()] jdwljdz]

T Y

< ] (
= (2m)%e(e — Co(T)ha)

hel

W (2)Wa(2))| |w — 22

Wiy + 317 = il

]

r he
s s (Rl e 4 3 = ey + 519 i)
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5.4 Approximation of low frequency resonances

By Proposition 5.3.7 and Lemma 5.3.8, we have:

1187
°

< Co(2)h
< R i ar oI e

7" (2)

~

By checking the dependences in s, z of the constants Ce(2) (defined in (5.22)), K(z) (defined
in (5.23)) and |[f+(-,2)[|po(rr c) (¢f Lemma 5.3.5), we see that the estimates increase as

max{1,|s||z|} or (Js+| — 3(2)7)7* for some k € N. Now the theorem follows from
1V — WellLor,c) SN — WellLoo(r=0)s
1 ey < 19 ey = 17 e
since I' C (U, p I'.. This completes the proof. O

Remark 5.4.4. To get a better estimate, we can also start as follows:

i) T TR =) = HU (F () - al2)
7

Wo(€4) — Wa(§)
§+—¢

1
= (110 =#O) + (€~ [ (=0 HEar

W'(2) = Wl(z)=W'(2) -

But as explained above, this would require a control of W' — W] as well as #]', which in turn
requires tedious computations and much time.

5.4.3 Discussion about the constants

We discuss in this Subsection the different values the constant Ce(z) can take depending on all
the parameters M, Q, A, ¢, m and s.

Computing the approximation #4(z) of the Wronskian, we discover that its modulus is small
in practice: |#e(2)| =~ 1075 for s ~ 1073, |#4(2)| ~ 1072 for s ~ 107!, Besides, we need to
more than 48 hours to compute #4(2) for z ranging over a regular mesh with he = 1072 on the
rectangle I' of vertexes 0.5 4+ 0.5i, —0.5 + 0.5i, —0.5 and 0.5. This means that "good" values for
Co(2) would satisfy Ce(2) = 1073 for s ~ 1073, Ce(2) =~ 10 for s ~ 1071

Unfortunately, we did not found such satisfying values for Cy(2) as Ce(2) > 1010 in practice
when z is near 0. It even happens that the value of Cq(z) is so huge that computer answers
"inf" (+00). We however noticed that more decent values are obtained near the extremal case
9AM? = 1 — € with € > 0 very small. The optimal configuration we have found so far is the
following one:

_0.8175

M = 491 =230, A=-—" (=0. 5.39
) Q ) 9M2 ) ( )
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5.4 Approximation of low frequency resonances

Of course, the smaller ¢, m and s are, the better Co(2) is. We would like to emphasize here
the very complex dependence of C,e(z) in the above parameters. Modifying M, @ and A makes
vary the four roots of the horizon function F'; and thus the surface gravities Ky, k., k— and k4.
For the values we have tested, it appeared that increasing M decreases the value of x_, and
decreasing the value of A makes k_ goes to 0. @ is linked as for itself to the Cauchy horizon and
only k. seems to be sensible to variations of Q.

Having a careful look at the intermediary constants in Subsection 5.3.1, we discover that Ce(2)
can casily blow up if Cx(2)Gx(2) becomes large because of the term Cu(2)Ga(z)eC:(2)G=(),
The most favorable situation would occur if A, m, z and s are small and if x := min{x_, |k |}
becomes large. It turns out that x seems not to be able to exceed 0.5 and approach this value for
very large A. Consequently, it is not easy to deduce the optimal value of Cy(2)G4(2) is term of
M,Q and A.

The dependence in z creates undesirable effects near 0. Figure 5.3 shows the behaviour of Ce(z)
when z € R approaches 0 for M, Q, A,/ as in (5.39) and m = s = 1073, Quite surprisingly, Cy(2)

10%8 1022
10% 1020
N 102 o 1018
O U 1016
by 1010 by 10
© © 1014
2 10 210
8 8 1012
- 1013 —
g g 1010
w i
1010
108
107 106
—0.002 —-0.001 0.000 0.001 0.002 -0.002 —0.001 0.000 0.001 0.002
z Z
10% 10
102 1082
— —~ 107
L\‘; 1025
O O 10%
€ €
© 1021 © 10°°
-+ +
= £ 1ot
S 107 g
5 5 107
Eoas =
w 10 - 1028
10° 1010
—0.002 —-0.001 0.000 0.001 0.002 —0.002 —0.001 0.000 0.001 0.002
Zz Z

Figure 5.3: Error constant Ce(z) for z near 0 and for different values of v: at the
top, t = 0.87_ + 0.2r9 on the left, t = 0.67_ + 0.4r9 on the right; in the bottom,
t = 0.4r_ + 0.6r2 on the left, v = 0.2r_ + 0.8r2 on the right.

has maxima outside [—w_,w_] contrary to what we could expect in view of the z dependence
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5.5 Appendix: Proofs of technical results

of the constants in Subsection 5.3.1. We notice that the choice of v modifies the estimates, the
optimal choice lying somewhere near %

While it would be interesting to understand how all the parameters can affect the error, a
more reasonable objective is to improve the estimate of Ce(2) following the proofs in Appendix
5.5. Another room of improvement lies in the fact that we have separately estimated fi and fi/
to obtain our estimates, so that some compensation effects in the formula fy f” — f| f_ could
have possibly been canceled The ultimate purpose being an estimate for the ratio z:,gg, a more
subtle analysis of the functions could presumably lead to better estimates. The scheme used in
this chapter has anyway nothing to do with these issues and furnishes a (improvable) control of

the error.

As optimization of the scheme was not scheduled at the beginning of the thesis, we do not
dispose of a sufficient amount of time to try to improve the above results. This will be the object
of a future work.

5.5 Appendix: Proofs of technical results

This appendix is devoted to the prove of some useful estimates associated to the modified Jost
solutions. More precisely, we prove Lemma 5.3.1, Lemma 5.3.5, Corollary 5.3.6 and Lemma 5.3.8.

Recall from Subsection 5.2.1 that smooth solutions of (5.5) have the following semi implicit
forms for wy := z — sV4 with (z) > —x:

+oo
fr(z) =1+ / Do, (y = @) (Waly) + s(V(y) = Vi) (22 = s(V(y) + V1)) ) f1(y)dy,  (5.40)

f@) =1+ [ Do =) (Wily) +5(V(0) ~ Vo) (2 = s(V(0) + 1)) ) /-0y (541

—0o0

We can check that

V1 — 2eF23w)T cos(2R(wy )x) 4 eFASwa)e
Doy ()| = 2|w |
|J}’ if W4+ = 0

ifws € C\ {0} (5.4

The derivatives 0, f+ can be written as

+oo
@fe)a) == | @Dy ) (Wly) + (V) = V) (22 = s(V(w) + Vi) ) £+(w)ds

(5.43)

(Onf-)(z) = / ’ (OyDo,_)(z —y) (We(y) +s(V(y) — Vo) (22 = s(V(y) + V-)))f-(y)dy (5.44)
with

(9:Dy, ) (z) = eF2wze 8,Dy. (z)| = T2, (5.45)
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5.5.1 Preliminary estimates

Because of the semi-implicit form of the modified Jost solutions, we will need to use Gronwall’s
inequality. The following integrals will appear in our computations:

X
L) = [ 1Dty = 9)IG- )iy >0,
T [ 1P (= IG-(dy 2 <0
where X > |z| and
G (x) = [Wal@)| + |s|IV (@) — Vi (2] + |s][V(x) + Vi) > 0 Vz € R.

We clearly have 0 < G+ (z) < Cy(z)e2IF«l1#l for all z € R. The purpose of this paragraph is to
provide the following z-independent bounds:

Lemma 5.5.1. For all x € R such that +x > 0, it holds

B 1 — o 2(r£[+3(2) ) (XF=) if |wt| > |kl
Ti(w) < Cp(2)Ga(z)e® .
1= (2(|m] + S(2) )X F ) +1)e 2 SEDEFD 40 < Jws| < sl

where C+(2) and G+ (2) are defined in (5.11) and (5.12). Recall that +k+ < 0.
Proof. We only treat the + case. Let us write
z=a+ib, (a,b) € R%,

We distinguish three cases.

First case: b >0 and z # sV;. Assume |wi| > |ky|. By (5.42), we have for all > 0

X
/ De, (v - )|G 4 (4)dy

X
_ &) / e+ /1 — 2e-200-2) cos(2(a — sV )(y — 2)) + e w-2)dy
2|(/J+’ T

X
< C+(Z)/ e2/{+ydy
B ’w—i-‘ T

B C+(Z) (e2/-c+m _ e2/~c+X)

204 |w |

Assume |wi| < |k4|. Let us define for y > x

1
A= / (1 —t)e 2¥qz,
0
1

B := /0 (1 — t)e2tby—a) <3(a —sVi)bsin(2t(a — sV4)(y — x))

+ (2()2 — (a— 5V+)2) cos(2t(a — sVy)(y — x)))dt
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which satisfy

5
AI<5, 1Bl Sl

1
2 )
Using Taylor’s formula, it then comes:

1 — 272077 cos(2(a — sV, )y) + e H0—2) = 2(8v°A + B)(y — 2)* < 13|wy [*(y — z)2

Hence, for all x > 0,

X JT3 "
/ Doy (y = 2)|G+(y)dy < ——C(2) / (y — z)e¥+¥dy
r x
X—x
- \/217304_(2)62”*‘%/ ye2‘%+ydy
0
V13 (62H+x + (2/~c+(X —z)— 1)e2"+X)

2
4/<;+

Second case: wy =0. Since Do(z) = x, we directly get

(e2“+“ + (2/£+(X —x)— 1)e2”+X)
4,%3_ '

X
| Dy - 2)[6- 0y < Ci(2)
x
Third case: 0> b > —k. If |wi| > |k4+| then (5.42) implies for all x > 0 that

X
/ D, (v — 2)|C (9)dy

X
= SE [ e 1 et con(2(a — sV )y — 1) + ey
2’w+| T

Ci(2) [* 5 —2b(y—
= oy / 2 +Ye20(W=2) | [edbly—a) — 2626(y=2) cos(2(a — sV )(y — z)) + 1dy
W x

X
< C+<Z) e2bx/ e2(/~i+—b)ydy
B ‘W+’ T

C+(Z) (625+m _ 62(n+—b)X62bx)

2(b — iy ) w|

Assume now |w| < |k4|. Let us define for y > 0 (and |a — sV4|, |b] < |wy]|)
1
A= [ pettoar
0

1
B = /0 (1 — t)e2y—2) (3(a — sV)bsin(2t(a — sV4)(y — z))

+ ((a — V) — 2b%) cos(2t(a — sV ) (y — :L')))dt
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which satisfy

5
A < B < Sl

1
2 )
By Taylor’s formula, we have

1 —2e7 207 cos(2(a — sV ) (y — @) 4+ e~ 00—

= ) (@07 — 920 cos(2(a — V) (y — ) +1)

— 9~ (y=7) (8b2A’ - B)(y - z)?

< 1o Py — 2)Pe 070,

Hence, for all x > 0,

/ Do, (y — 2)|G4(y)dy < 2C’+(z)e2b‘”/ (y — x)eQ(”” Dy dy
z T
X—z
= \/21>30+(Z)62K+I/0 yez(ﬁ+—b)ydy
_ Vi3, B (247 4 (2(ky — b)(X — x) — 1)e(ms—0)X g2bv)
2 - 4(b — I€+)2 ’
This completes the proof. =

5.5.2 Proof of Lemma 5.3.1

We only treat the + case. Let r € I%; there exists an unique p € Z,%, such that r € wi = [p, p[.
y 0.0 P +

First component

We have

f+(r) = f+(p) . f+(r) — f+(p+).

(fy = Foq f1)(r) = 5 5

(5.46)

Having a bound for the first term on the right-hand side will be enough. The proof is different
whether py = r4 or not.

1. First case: py # r4. In this case r4 —r > ho. We have

(fo(r) = f+(p) = /

(r)

—+00

(D (= 8(r)) = Dy (4 = 6(0)) ) W) f- (1) dy

o(r)
_ /¢ Duy (y = $(p)) Wi e (9) f+ (¥)dy

(»)
= 1+1I

\gitl(l ))/V;_g(.%) = Wo(r(z))+s(V(r(z)— Vi) (22—s(V(r(x))+Vy)). Notice that Wy o(x)] <
+(z)e 7.
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Let us deal with I. When w, # 0, observe that

2wy (y—9d(r)) _ 1  Q2wir(y—o(p) _q

Dw+ (y - ¢(T)) - DWJr (y - <Z>(p)) - 2wy 2iwg
2iwy (y—o(r)) .
QT (1 _ ezmw(rw(p))) if 3(2) >0
2iws (y=6(p)) ,
GT <e2w+(¢<p>—¢><r>> _ 1) if 3(2) <0

1
—2+ (W=o() (g () — ¢(p))/ At em=o®qr  if $(z) > 0
0

1
2w+ (W=2)) (g (p) — ¢(T))/ Pt e=oM) g if I(2) < 0
0

and all the integral terms are bounded in norm by 1 since 0 < ¢(p) < ¢(r) (recall here that
#(r") > 0 if and only if ' > v). It then follows:

(6(r) — ¢(p)) [e+olr) if 3(z) >0
1] < ||f+HLOO(I:L,(C)C+(Z)m o2(r=S3(2))6(r) 23(2)0(p) ¢ S(z) <0

When w, = 0, we simply get
(¢(T’) — ¢(p)) 2k4¢(r)

< ey 00O ()75 e

which is contained in estimate (5.47). Next, formula (4.39) entails with the fact that

Ke, kg < 0:
o) =)= Y. —In|i—tel_ Y L |ETla
p) = 2Ka t— 71y 2Ka t—7rg
OLE{’ILC,—,-"-} OLE{’I’L,C,—,-‘F}
1 — 1 —
S ()i )
2Kq P—Ta 2Ky Ty —p
ae{nvc7_}
- Z 1 1"—10/1 dt 1 r—p /1 dt
- _ r—p _ _ 4 r—p
ac{n,c,—} 2Kap—TaJo 1+ =, S o
el KaP — Ta Kyry —r
1 r—p 1 r—p
< ) 5.48
- Z 2/<cat—ra+2|/-€+\r+—r (5.48)
ae{nv_}
Using (4.41), we can write
Kli
24 p(r) _ T+ T T —Tq | "a 549
¢ ry—t H <t —Ta (549)

aef{n,c,—}
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so that

Ry —S(2)” S(2)” ry—S(2)”

e2(r+=S(2)7)o(r) (62N+¢(7°)) wq (ry — 1")_ wt r—Tq Ko
Ty —7T N Ty —7T N rg =S H <t — Ta)

(r+ — t) Kt ae{n,c,—}

Since r — p < he and 74 — r > h,, we eventually find:

(r — p)e2(re=3())é(r)

C.(2) L.

I < [e'e) T
I < [If+lz 5.5

- — _
”‘i+| + \y(z)) ac{n—} 26T —Tq 2‘/1-"-’ ry—r
Ci(2)
S Wlleeos.0 T3 500
o) e+~ n=S()" 50—
he " (ry —v) ™+ re—re\ T e | e
y N he "t . 5.50
Z /ﬁa(tfra) |I€+| T—Tc ( )

ac{n,—}
Let us turn to II. Applying Lemma 5.5.1 with X = ¢(r) and z = ¢(p), we get

I < || f+ ||Loo(1f+,<(:)0+(Z)é+(3)e%+¢(p)

1 — o2+ +3(2)7)(o(r)—o(p)) if [wy| > [kl
X .
L= (20151 +S(2)7)(8(r) = d(p)) + 1)e 2 FSEIEN=E) i 0 < fw, | < [ry|

We have

1
e 2R HSE @M =0M) = 1 — 2(|ky | + S(2) ) (p(r) — qb(p))/ e 2R+ [+3(2) T)H(e(r) = (p)) g4
0

and the integral in bounded by 1. If |wy| > |k4|, then

1] < 20 fll o (r:.0) O (2) G (2) ([ + S(2) 7)™+ 9P ((r) — 6(p))

~ _ 1 r—p 1 r—p
<2 w~(rr 0)Cr(2)G 3 26+ 6(p)
<2 £ im0 ()G ()4 + 5() e S il I
aE{TL,—}
Using (5.19) with r = p as well as 2=} <2 (because p # 1), We can write
my

o26+0(p) - 2 (TJr _TC>HC'

T —Tr Ty —t tT— T

It follows for |wi| > |k|:

1T < 2/| £l oo (1.0 Ct (2) G- (2) (|4 | + S(2) )
K/i

1 1 Ty —Tc\ re
X he.
Z 20 (t — Ta) * |ki|(ry — 1) < v—"Tc >

ac{n,—}
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Finally, assume 0 < |w| < |x4|. Writing
1= (2154l + S()I6(r) = 6(p) + )2 GG =0l
‘1 |N+\+¢(Z)*)(¢(r)f¢(p))‘ + 2(|kt| + S(2)7)(p(r) — ¢(p))e™ 2Ur+F3E (@) =9p))
< AR +3(2)7)(o(r) — ¢(p)),
we obtain two times the precedent bound for |I1]:

1] < 4]l £l oo (r5.0) C4 (2) G (2) (|4 | + S (2) )

1 1 T+ —Te %
- ( Z 2k0(t — Tq) + kg |(re — ) ( t—7, > ) he. (5.51)

ac{n,—}

2. Second case: py = r4. This time ry — p = he. As above, we only show the computations
for® fi(r) — f+(p) in (5.46). We have

+oo
|f+(r) = f+®)] < I fllpee e ) </¢( (‘Do.q. y—¢(r))| + Do, (y — o(p |)’W+e y)|dy

é(r)
[ -t o)
¢(p)

+0o0

+oo
< N fllpeers ) / Do, (y — ¢(r))[e*+¥dy + 2/
&( #(p)

D, (y — ¢(p !emydy)
r) p

Recalling that ¢(r) > ¢(p), we can use Lemma 5.5.1 for X = 400 and = = ¢(p):
|£+(r) = F(0)] < 3]l Felloe(re o) C (2) Gy (2)e2+90).

It remains to use (5.49) as well as 7y — p = he to obtain

it

407 = £ )] < 31l 0 Co ()G (2)— (*‘) e (552)

re—t\ t—r.

3. Conclusion: comparing the bounds in (5.50), (5.51) and (5.52), we find with assumption
(5.25):

o
Alre] +3(2))

1 1 Iy 1+9() £S5
ry —Te¢ Ke

S I 1, B

Ka(t —Ta) +maX{ "‘5+’}(T+ ) ( v—"Tc )

ac{n,—}

) — Fe@)] < il 0 C (2) ( 4G (2) max {1, x| + %(zr})

1_3(2)_
X he "t . (5.53)

This establishes (5.26) for j = 0.

3The other term is dealt using that fy(ry) = 1.
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Second component

Let us write:

(F(r)0f+ — For F(r)pu)(r) = F(r)fi(r) ; Fp)fi(p) | Fr)fi(r) - 2F(p+)f’+(p+)'

Once again, it is sufficient to get an estimate for the first term on the right-hand side. We have:

F(r)fi(r) = F(p)fi(p) = 0 f1)(6(r) = (9uf+)(6(p))
+oo

__ /¢ oy @D )y = SN W a(0) £ 1)y

+oo
+ /¢ (9D ) (y — SD)) Wi o) - (y)dly

(»)

+00
- /¢< ) (/D)) = 6(r) = (94D, )y = 6(p)) ) W) £+ (9)dy

o(r)
T / (0, ) (y — D)) Wia(y) fr (v)dy
é(p)

= A+ B
We distinguish two cases.
1. First case: py # ri. We start with A’. We have

(OyDay )y = ¢(r)) = (9yDwy )(y = ¢(p))

e2iw+(y—0(r)) _ (2wt (y— ¢( )
21w+ y—ao(r

) —
(1 o2iw+(@ W) it $(2) >0
(

)
Leziw+<y—¢<p>> 2w+ (9(p)—0(r) _ 1) if 3(2) <0

1
it 2+ W90 (4(r) — 6 (p)) / (26~ dgr if S(2) > 0
0

1
2w, e2+W=¢®) (¢(p) — ¢(r))/ Ze+t@®) =gy if $(2) < 0
. 0

and all the integral terms above have norm lesser than 1. It then follows

(w+[(B(r) = 8(D)) 205 —3(2))6(r) 23(2)
o < . Kkt —S(2) 7 )p(r) 123(2) " o (p)
A < 1 f4 ooy 0)C (2) el +S(2) ¢ ¢

which is a multiple of (5.47). The bound (5.50) then gives

O (2) s

A/ < o0 v - < <
’ |— ||f+||L (I+ C>2(|/€+’+%(2))

ST [rq |+S(2) —S(2)”
+ ry—S(2) 1S

Rt _ K _ ke
2> fra L ez (” fe he "F . (5.54)

Ka(t —7q) |kt | T— 1,
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For the term B’, we compute:

o(r) ~
/ 1(0,D) (4 — ()| [Wa e ()] dy < C(2) / o236 2 +u
#(p) o(p)

e2"'€+¢(p)
=01 (2)5

AT (1 _ 62(n+f%<z>><¢(r>—¢(p>>> _
Ky s(2

By (5.48),
1
1 — 2+ =SNG =0C) — 9(|k, | + 3(2))(o(r) — ¢(p))/ o2(r+=S(2))t((r)—¢(p)) ¢
0

< 2|k +S(2))(¢(r) — ¢(p))

1 r—p 1 r—p
< 2|kt +3(2)) ( Z 2iq T — Tq + 2|k | ry T)

ac{n,—}

and (5.49) for r = p implies

Kli
62ﬁ+¢(P) < 1 Ty —Te\ Fe T —p
Te—1r T rp—t\ t—r. e —1

As a result, since Z—:f < 2, we find:

At
1 1 Ty —Te\ Re
B| < o (Tt r ..
B < If+llzoors 0)C (2) (QE%:} 2k0(t — T4) " lki](ry — 1) ( t— T ) ) "
(5.55)

2. Second case: p = ry. We compute:

|(F('r’)8rf+ - 9.,+F(r)8ru) (r)‘

+oo
< ftllzoe ) |(@yDe. )y — &(r)| + (34D )y — d(p))] ) Wae(y)|dy
¢(r)

#(r)
+ / (8D ) (y — ¢(p))] \W+,z(y)\dy>
é(p)

“+o0

< llpee s 0)Cr (2) (/
(30 (r)

T

—+00

|(8,Dus ) (y — (r))|e>+¥dy + 2 / |

#(p

CJF(Z) 2K r 2K
= Hf+||Loo(1§L,<c)W (e +0(r) 4 9¢ +¢(p))

C+(Z) 2K
e T FaT M

Using (5.49) for r = p as well as r4 — p = h,, we finally obtain:

Ci(z Ty —Te o
|(F(r)0r f+ — Fo s F(r)0:u) (r)| < 3| follpoe(re ,(C)2(|,€+|+_’(_ é(z)) T+1_ " < :_ o ) Re.
(5.56)
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3. Conclusion: comparing all the estimates (5.54), (5.55) and (5.56) using assumption (5.25),
we find

‘ (F(r)(?rer — ﬂ.,+F(T)6ru) (7")}

max {3, [w |} )

24|+ 3(2))

[k |+S(2) ry—S(2)"

< N+l peery o) C+(2) (1 +

1— S(2)

<[ 2 Lo lemd () e
g Ka(t —7T4) |Ft | t— T,

This gives estimate (5.26) for 7 = 1 and completes the proof.

5.5.3 Proof of Lemma 5.3.2

We only treat the + case and omit to write %, y as it plays no role in the estimates. Let r € I} .
We have

(Uo,Jr - ﬁo,Jr)(T) = (go,Jon,Jr - §o7+ﬁo,+)('r)
= (Gort — Got ) Us i () + Gat (Us 1 — Us 4 ) (). (5.57)

The left-hand side appears on the right-hand side, so we want to apply Gronwall’s inequality. To
do this, we need two intermediary results. Recall that the constants K1, Gi(z), T+(z), II(2)
and ©4 are respectively defined in (5.10), (5.12), (5.17), (5.18), (5.19) and (5.20).

Lemma 5.5.2. For all r € 1%, we have
}((g%i - gmi)ﬁ-,i)j(r)‘ < H(ﬁ'vi)jHLOO(I“i,C)Ei(Z)h°

where

Z4(z) = (n(z)Ki n H(z)@i) max {éi(z), M} .
A,

The next result is proved in Appendix 5.5

Lemma 5.5.3. For all v € I, we have

H (ﬁ%i)oHLw(@,@ <1+ H(Z)Kiéi(z) exp (H(Z)Kiéi(z)> )

I (z)K+

| (ﬁ"i)luLw(Ij_L,(C) S okl 1+ 502) (1 + 11(2) K+ G (2) exp <U(Z)Ki@i(2)>> :

Assume temporarily these lemmas proved (we give their proofs below). Then we deduce from
(5.57) that

[(Ues = Uet) (1) < [((Gort = Gort ) Uss) (1| + | (Gt (Ua s = Us 1)) (7))
< ||(@. +(2)he

[1]

+)i HLoo(Ijr,C)

+ 04 (2) N (93D, ) (6(0) = &(r)) [+ 97| (Ua 1 = Us 1) (0)]
F(o)
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When j = 0, Gronwall’s inequality implies
| (Ues = ﬁ'ﬂr)o(’")‘
~ T+
< H(Uo,+)0HLoo(Ii7@)5+(z)h- (1 + C+(Z)/ Dy, (0(0) — ¢(r)) e +9(@)
T+ o ooy do’ do
xep (€1 [ [y (010') — o) 2 10 ) 15T,
We can then apply Lemma 5.5.1 with X = 400 and x = 0 < ¢(r) to get

|(Une = Toct )o@ < [ @adoll e 0)F(2) (14 Co ()G () exp (C1 ()G (2) ) )

The case j = 1 easily follows. We have

’ (Ueyr = Ust) 1 (7) ‘

F(o
with
/TH (02D, ) (0(c) — 8(r)) |ezn+¢(a)Fd(Z) _ /d)z:)’o e2(m=S(y gy — Wefﬁif’:(z))
whence
U U = Cy(z) =~ _
O = 0oy < (Il 200+ g g 1O ol 212

< (14 GG D e (C(IEE) ) [
This completes the proof of Lemma 5.3.2.

Proof of Lemma 5.5.2
Let o € [r,ry[and p € 9.'5 such that o € [p,p4[.

1. Estimate for g, o. Recall that

Ao — 1) (0 —1e)(0 — 1) —~ s (2z— S(r++a))

302 rioc

gru(o) =

with

so that

Ary —rp)(ry —re)(re —7-) | = s 2[s
oo llzmqry < St 10 2 g g 1 (214 2 <,
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We have
Ao — rn)(ag;rc)(a —r_) Wy(o) — A(p — 7"n)(p?)];?“c)(p —r_) Wo(p)
= o) (0o e~ 1)~ (- r) o~ )0~ 1)
A=) 1o =) ) <al _ pl)
A r 0 ) (57 ) - 7,)

and

(0—rp)o—r)(o—r)=(@P—ra)p—r)p—71-) = (0 —ra)((6 —7) (0 —p) + (p —7-)(0 — D))
+(p—re)p—r-)(0c—p).

Furthermore,
S (2= s(V(0) 4+ V1)) — = (22— s(V(p) + V) = TP (g (L0 EP
L ’ T+D * r+po r+ op .

It follows using the mean value theorem:

|94,6(0) — g4+0(p)| < KA(U —7n)(0 = Te) n Alry —r_)(o —1y) . Alry — 1) (rp —7_)

352 302 302
Ap—r)(p—7r)p—1_ Ap—rp)lp—r)lp—7=)\ =
p Al ol mr) | A=l b =t g
L A= rn)(p?);zrc)(p —r-) W(o) — Wep)|
5] L, otp
- (2\z| + s <r+ + o )> } (0 —p)
< Ty (2)he. (5:58)

2. Estimate for ky. Recall that

w0 (22)7)

aE{n,c,—}
We have
£+ 5t
t—ry \Fn [ v—1o R
k o] < T — T - K
el < (e =) (Z22) ™ (222) T
Kli
where K is as in (5.10). Set 64(r) := (;:—:‘;) " and compute:

k+(0) = ki (p) = (4 = ¥) (0u(0)0.(0)0-(0) — 6u(p)0c(p)O-(p))
= (1 = 1) (6(0) [8(0) (0 (0) = 0-(p)) + (06(0) — 00()) 0 ()]
+ (0n(0) = 0:(p))0:(p)0-(7) ).
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It comes with the mean value theorem:
k- (0) = e )] < (4 = ©) (100w (1) el oo a5 ) 0~ o1 )
+ 100l Lo (s ) 102 oo (12 )10 Loo (15 R)
+ 100l Lo 1z ®y)10cll oo (e R)1OZ 1 Loo (15 R)

Since Kk, > 0, ke < 0, Kk > 0 and k4 < 0, we have:

)h..

et Rt
t—7T, v\
105 oo (15 ) < (7’+ —rn) ’ 16c ] e (rg ry < 1, 16N 2oy my < <r+ —7"_) 7
E+ 9 1
K =1y ) A
0 || oo 7 < |—F = VSRR
1671l oo (15 ) < P <T+Tn (c— )2’
t o 1
K —re ) e
AT < | 1 . —
16cll oo (1 R) < p maX{ ’<r+—rc )2
T -1 1
H _’r_ K__
0 |l oo m) < |- S —
1Ol zoors ) < | (”_r_) c—r_ )2

Whence:
|k (0) = k+(p)| < O+ he.

3. Conclusion: combining (5.58) with (5.59), we find

|20, (o) — W e(p)| < (\QM( ) = Gt D) Wkt L Lo (1) + 942l Loe (1 ) |- (o) —

< he <T+( VK, +H(z)@+)e2"+¢(”).
We thus have:
[((Gurs = Get)Tar), ()| < [ (0D, (010) = 6001 120.4(0) — Wil
< Tat il pore oy (T (VK + ()04 ) e
< [ 10D (6t) - 90|

When j = 0, we can use Lemma 5.5.1 with X = +o0o0 and z = ¢(r) (but
constant Cy(z)): we find

(5.59)

k4 (p) }>62”+¢(")

do
‘H ot)j HLOO(P,(C)F( )

2rpd(o) 4o
F(o)

without the

| (Gt — 9~.7+)(7.,+) ()| < ||(Ta+)o HLoo I1.0) (T+(Z)K+ +U(2)9+>é+(2)h--

When j = 1, we can directly use that

™ D, o 264 p(0) _2Y do — 223(2)9(r) 2(k+—S(2))y _
10D, (0l) = () e T [y

e2’{+¢(7l)

2(|k4 |+ 3(2))
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to get

~ ~ ~ he
(Gt = Goct) Uait), O] < | ot il e o (T4 (K + 1 (2)04) Wra |+ 30

This completes the proof of the lemma.

5.5.4 Proof of Lemma 5.5.3
By definition of the fixed point [7.7+,

Ger) = () + [ Aerso)les(o) s

and thus
(O, 00+ 3 lawe@lbs @l [ 10IDe)(0(0) ~ 604 (T )o(o) 5
P€=7.,+o 7,74 |[Nwp
<00+ T [ |01D.,) (0(0) - 900)) [+ Ts) )| 1
=0 , 10D ol )

where K is as in (5.10) and II(z) as in (5.19). When j = 0, we use Grénwall’s inequality:

‘(U.,+)0(r)\ <1+II(z)K+ /’”+ Do, (6(0) - ¢<T))‘ezm+¢(a)

P <H(Z)K+ /JT+ ‘D“@ ((b(ff/) - ¢(T)) ‘62ﬁ+¢(0’)Ff1(((77/)> Ffi(z)'

It remains to apply Lemma 5.5.1 with X = +oo, 2 = 0 < ¢(r) and G4+(y) replaced by
I1(2)K 1 e*+Y. From there we immediately deduce the case j = 1:
~ - Tt do
2K o
|(Uat), (r)] < H(U.7+)OHLOO(ILC)H(Z')K+/r |(0:D, ) (#(0) — () e+ )W

+o00
(2K 23E00) / (2(5—3(yqy,
o(r)

_ e2r+8(r)
= || (U'v+)0HLOO(I_“_,(C)H(Z)K"FW.

= H (U°7+)0HL<>O(I;,C)

This yields the announced formulas.

5.5.5 Proof of Lemma 5.3.5

We only treat the 4 case. By (5.40), we have:

“+oo
@)l <1+ / D, (v — 2)|G4 (1) | £+ () dy.

xT

By Gronwall’s inequality, we get

+00 +oo
F@l <1+ [ D= 2IG ) e ( [ D y'>|G+<y'>dy’> dy.

As r = ¢ corresponds to x = 0, we are only needed to estimate the above terms for z =y = 0. It
remains to use Lemma 5.5.1 with X = 400 to conclude.
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5.5.6 Proof of Corollary 5.3.6

We only treat the + case. Using equation (5.43), we can write for all z > 0:

+o0
(@t )@)] < il / 1(0,De ) (y — )| G (v)dy (5.60)

with |0, Dy, (7)| = e 72307 (cf. (5.45)). Tt follows:

+oo
102 f+ Il oo ([0,400[,C) < C+(z)||f+HL°°(I+,(C)/ e BE=T)e2riy gy

T
62n+m

_ G fellze 0
2[[r] + 3(2)]

This completes the proof.

5.5.7 Proof of Lemma 5.3.8

To make appear the dependence in z, we will write fi(x) := fi(x,z). Formula (5.30) reads in
the Regge-Wheeler coordinate:

W(Z) = er(Ov z)(axf*)(a Z) - (8mf+)(07 z)f* (07 Z) + iS(V+ - V,)ij(O, z)f*(oa Z)
Taking the derivative with respect to z yields:
W'(2) = (0:14)(0,2)(0:f-)(0,2) + f+(0,2)(0:05.f-)(0, 2)

— (020, f4)(0, 2) f~(0, 2) + (02 f+)(0, 2)(9: f-)(0, 2)

+ iS(V+ - V—) ((azf-i-)(ov Z)f— (07 Z) + f+(07 Z)(azf—)(07 Z)) :
We will thus get a bound on #/(z) if we can estimate [|(0 f+) (", 2) | (e c) and [[(9:0: f+) (-, 2) | Lo (12 ©)-
We will only treat the + case. Lemma 5.3.8 then follows from (5.62)—(5.67) below, as well as
Lemma 5.3.5 and Corollary 5.3.6.

_ Let z € C such that S(z) > —. We will write z = a+ib with (a,b) € R? and use the constant
G4 (z) defined in (5.12) so that

+0o0o .
/ Do, (y — :L‘)‘eQ’”ydy < Gi(2).

Estimate of the first derivatives

Let us compute

(0D )~ )0 5) + Do, (4 - )0 0.2))

% (Waly) + (v (y) = V) (22 = s(V(y) + Vi) ) dy.

(0:1:)(.9) = [

x

+o0
+ 23/ Do, (y — o) f1(y, 2)(V(y) — Vi )dy
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with
1 iwtx .
(0.0 ) (&) = 4w 7 =D (@) i we €CL{0)
z w4 - .
+iz? ifwr =0
We have

+00
O£ )| < I+ Ay [ 10D )l = )]Gl 2)dy
+oo
218/l £4.( 2) e e / D, (y — 2)(V(y) — Vi) |dy

+oo
+/ IDu, (4 — )] (0=£1) (5. 2)| G (v, 2)dly.

Recall that Gy (z,2) := [We(z)| + [s]|V (z) — V4| (2|z| + |s||V (z) + Vi) < Cy(2)e? +* for all
x> 0. Let

+o0

L) = [ 1000 - )| (0. 2)d,
z+oo

To(x) = / D (v — 2)(V(y) — V4)|dy,

+o0o
Lw) = [ Dy~ 2)|Gi (0. 20y
Then Gronwall’s inequality implies:

(O£ (@, 2)| < 14D eqrs o (Z1(0) + 20T (0) (1+ Zo(0) exp (Z3(0) ). (5:61)

It is therefore sufficient to get an z-independent bound for each Z;(z), j € {1,2,3}. Observe

that we already proved that Zs(z) < Cy(2)G(2) for all # > 0 in Subsection 5.5.5. Observe
furthermore that, using |r — ry | < K, e?*+% when x > 0, we directly get

K
Ty(z) < —
7”_7"+

We therefore only need to bound Z;(x) for all x > 0.

Ky Gi(2).

r_r4

400
/ D, (y — )] 2 ¥dy <
T

1. First case: b > 0 and z # sV. Assume first |w| > |k4|. We compute:

+o00
Li(z) < G4 e) / ((y — z)e?T 25+ 1D, (y — x)‘e2“+y> dy

|w|
C+(Z) e2r+x .
<
7wy <b —hy G+(2)

We then deduce from (5.61):

|(0:f1)(x,2)] < 1+ 2) e 13 0 <C+(Z) ( ! +é+(z)> + 2|5|K+é+(z)>

wi| \b—ry T-T+
Cy(z) ( Ci(z) ))
) (14— exp(——E ) ) (5.62
( ey lfwor] "\ Sy lor] ) ) 6D
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Assume now |w4| < |k4|. Let

1 fu-

If y — 2 > 0 then

21w+t(y x) dt,

2iwy t(y—=x) dt.

- 1(1_t)26
po [HOS0°

1 1
< — < —
YEE B <
It follows
. 2 3 2 8 3
[(9:Du)(y = 2)| = [ily —2)* + diwi(y —2)*(A = B)| < (y —2)" + qws(y — @)
whence
50 <Coa) [ (= + sty =) eteonay
2/<+:p/ < ’OJ |y > 2/<+ydy
21{+x < |w+‘>
||
< 2Kk
C+( ) 4’/€+|3
Estimate (5.61) then gives:
5C4(2) | 2s|K ~
@1 < sy o (s + 28 )
o (14 VI3C:(2) exp 7\/ﬁc; GV e
8K 8K
2. Second case: w4 = 0. We have
Ti(2) < C4 (2 / (s = 2 + (y — ) Vdy
+oo
— 2n+x/ y + y 25+ydy
0
1
— 2Ky -
S e )
It follows from (5.61):
1 1 2ls|K . ~
0:£0)(@. )| <M () (s + o) + g oG]
X <1 + +(2 ?) exp <C+(22)>> .
k4 4rs
(5.64)
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3. Third case: 0 > b > —k. Assume first |wy| > |k4|. The computation carried out for the
first case shows that

P e2n+x -
nw < 8 (1 a)

hence estimate (5.61) becomes:

(0 f+) (2, 2)| <N f+(C )l o) (C;;J(j) <b—1m+ + C~¥+(z)> + 27[5_'7{?5%(2))

(g (o))
(5.65)

Assume eventually |w| < |k4|. Define
1
A= / (1 — t)e  Hertly=a)qy
0
with
1
A< 5
2

if y —ax > 0. We then get

|<8sz+)(y - 1’)‘

o2iws (y—a) | _ o—2iw (y—2)
— )

W4 in_t,_

= e PU2i(y — )2 A'|
< (y o J/,)2ef2b(yf:/r)

whence

+o0
Il(.CC) < C+(z)e2bx/ <y _ x)262(n+fb)ydy

T

+00
_ CJF(Z)eQner / y2e2(ﬁ+—b)ydy
0

C+(Z)e2n+x
- 4‘K,+ — b|3 ’

From (5.61) we obtain:

Ci(z) | 2ls|Ky A
Aky =03 rory G+(2)

V130, (2 V130, (2
X (1 + S(b_:;(r)%exp (8(()—:;5);)) . (5.66)

@£ )| < 14 oy
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Estimate for the mixed derivatives

The mixed derivative is given by

0.0, == [ (00,0000 = 0)4(0:2) + (0,00~ 2)0-F):2))
x (Wel) + sV () = Vi) (22 = s(V () + V) ) dy,
~25 [ @D D V) Vi
with
(0.0,D.,, )(z) = 2ize+.

Since || f+(-, Z)HLOO(Ii’(C) and ||(0.f+)(-, Z)HLOO(]:J(C) have been already estimated, we only have 3
integrals to bound. First, we compute
400 N “+o00 N
[ 100D~ )]G )y £ 204 2B [ (= e Sy
x ioo .
= 20, (2)e¥+T / ye2(rs =3y qy,
0
_ Cu(xee
- 2(ks —S(2))F
Next, we have

+o00 o +o0 o C (z>e2n+x
_ < 23(:)a / 2m-S(Nyqy — BT
/a; |(8wa+)(y x)’G‘i’(y’ Z)dy — C+(Z)e - S dy 2|H+ _ %(Z)‘

Finally,

K+e2n+x

2y — SE)frry

oo Kt ogye [T 206—302)
/ \(3wa+)(y—w)(V(y)—V+)\dySr _ / 2l Vdy =

We eventually obtain the following estimate for all > 0:

Cyi(z s|K
@0c @) < (5 Y Il
P R T R YO | B (5.67)

2|y = 3(2)]

It remains to use the estimates collected in the above paragraph to conclude the proof.

5.6 Appendix: Approximations

This appendix gives explicit formulas for the discrete version of some operators associated to the
scheme as well as the integral giving the number of resonances in a path I' C C.
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5.6.1 Computation of the discretized operators for the scheme (5.9)

In this Section, we compute the coefficients of the discrete operators 5.,1 for the numerical

programming.
Let Uy € Ei such that &, :I:U:t = U + € E 4 (all the functions in El satisfying this

property coincide on the mesh points in <7. 0; as the mesh converges, we know by Proposition

5.3.3 that the only function with this property is the modified Jost solution fi € Ei C El)
Set

oy e [ Des((o) = 6(p)) o1~ [ D (6(p) — ¢(0))
D >"( (9:Du, ) (9(0) — B(p >>> D pso) = <<awa_>(¢<p>¢<a>))

and define the vectors of (C2(‘ 0|+1)

(ﬁ%—)o:l’ (_)%—)1:0 ([_j )2|p|+6J1 %(ﬁ—(p)—i_fj—(p—))j’
Ody =1 Coddyapn =0 Gotdygynysgy = 50e0) + Talpa),,

Recall the convention that |p| is the number of elements p/ € = 0 such that p' < p. For example,
|(r-)+] = 1 and |(r+)-| = |7, \ Notice that the boundary terms for U, _ are in the first
components 0,1 whereas they are for U, + is the last components 2|.7, 0] 2|<7.j’6\ + 1

We identify U.7i with U.7i via the evaluation morphism EI_L — 27 ’O‘H). For py € iio
and j € {0,1}, we have by definition of the problem (5.9):

~ ~ T+
(GeptUspt) (po) = 8o £ / D (po; o) %) | " gs y(p)k(p) L, (0)

po pEy.io
|2 (@) + Fdale)) 1, (o) | 22
2p’69i K Fle)

=G0t Y Seeshelo)(Tdolo) + (Ta)o(ps))
PE'Z%O
£(lpl=Ipol)=0 oy &
x/p D;t(po;a)e%i‘b(”)%.

The operators g~.¢ can then be viewed as affine functions acting on 207, OH'l)

(ﬁ°v—)2|p0\+5ﬂ = (ﬁ.7_)j(p0)
= (é.,_(}.,—)j(po)
=0+ . <9,z(p)k_(p) /pi D;(po;a)e2“—¢(g)ﬁ> (Uom)gyypr (5:68)

PET, o
[pI<|pol
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(Tot) a1y, = (Ust)(po)

= (éo,+ﬁ-,+)j(p0)
P+ do .
+ . 2K o

=00+ ) <9+€ )/ D (po; 0)e+ )F(0)> (Uat) a(p) -1y

PET, g

Ip|=lpol

(5.69)
Recall here that ry ¢ ﬂ% In other words,
g- = ( Jeven)0<g<2|7 ol+1 + Aot

where the non-zero coefficients of the matrices .Z.,i are given by

(ﬂ.,—)2|pol,2\p| = (g,e(P)k—(P) /pp Dy (po; o) ) Olp|<pol

P
(Ao appo 1.2 = <9—7E(P)k(p)/ Dy (po; 0)e =9l >5|PS|IJ0|
p,

P+
(Aoct) ot 12001 1) = <9+€( Vo (p / D (po; o)+ )(O.)>6|P2|po
p

P+ do
2n o
(A'7+)2‘p0‘71,2(‘p|71) - <9+f /p Dy (po; & + )F(O')> Olp| > [po]

for all pg,p € ,7.% Notice that .,Z.,, (respectively A.7+) is lower triangular (respectively upper
triangular) and has non-zero coefficients only in the columns with even index.

We can use (5.68) and (5.69) to inductively find ﬁ-,i starting from the known boundary
values. From there it is straightforward deducing U4 (p) for all p € 3:%:

(U-);(p) = 2(U )2|p|+5 ) — (U-);(p-),
(U-l—)](p) 2(U 7-i-) 2lpl-1)+6;1 (U-l—)j(p—i—)‘

35 38

Let us compute the integrals in the coefficients of A, +. Using dd’( ) = (10), we find for

w4+ # O:

2i o)—
/p+ D+(pg'a)e2“+¢(") do :/p+ e2lwi (¢(o)—¢(po)) _ 1 (204 6(0) do
, O F(o) J, 2w, F(o)

1 Q2(hi+iw )$(0) o= 2wy d(po)  o261(0) | |PT
T | 2wy 2(ky + iwg) 2k, ’
p

P do P [ g2iw—(d(po)—¢(0)) _ 1 do
— . 2k_¢(o) — 2k—¢(0)
/p_ Dy (po; o)e Fo) /p_ ( TS e o)

1 [ e2(r-—iw)p(0) g2iw-o(po)  o2k-0(a)\ "
| 2lw- 2(k- —iw-) 2k ’

pP—
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9

/ " Dt (po; oo o) 97 _ / P 2oy (6(0)—o(po)) 2rrol(e) AT [
P

e2(r4Hiw)(0) g~ 2w d(po) 17T
F(o)

2(k4 +iwy) )

2(k——iw_)¢p(0) n2iw_ p
/ " DT (po; )20 97 _ / P i (o) —0(o) 2n-(o) AT _ | €% [t o) |7
b o F(o0) 2(k— —iw_)

pP—

If we =0, then we get:

/pp+ D (po; cr)ew(a);(i) B /,)p+<<z><a> - ¢<po>>e2“*¢(”)Fd<(:f)
) K(b(g) —¢(po) 1 >e2n+¢(0)]p+
2k 4r% p 7
/pp Dy (po; J)e2ﬁ—¢(U)F(Z) - /pp (¢(po) — d(0))e* =) Fd(i‘)
_ [<¢(P0;/;¢(U) 4i2> e2“¢(0)} E

P+ do P+ do e2“:t¢(0) p+
p ! F(U) p F(U)

5.6.2 Discrete version of the argument principle

In this Appendix, we give an explicit formula for

T R A )
No(T) := 2m§é %(z) dz

where I' C C is a positively oriented contour contained no zero of #,, say I' = [Ry, R1] +1[Co, C1]
with Ry, R1,Cy,C1 > 0 and Ry < Ry, Cy < C;. Recall that this formula is used in the paragraph
5.4.2 to approximate the number of resonances inside I'.

Let us write I' = Uz}:l T'y where I'y = [Rl, Ro] +i1C1, 'y = Ry + i[Cl, Co], I's = [Ro, Rl] +1Cy
and I's = Ry + i[Cp, Cy]. Call I, the integral over I'y:

[T, en [€ a:
L B A N [ AGICaI )
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Put #e(&4) := uy +ivy and #4(€) := u + v with u,v,uy, vy € R. On Ty, &4 =& — he; on Iy,
€, =& —ihe;on Ty, & =€+ he;on Iy, &4 = & +ih,. We compute’:

~he dt
L= )" (FulEs) — 7)) W€t — Wa(E)(t + ha)

0
feg.l,o

—he Ur — W)t — uhe) —1((ve — V)t — Vhe
:Z((u+_u)+i(v+—v))/o (((+ )t —uhe) —i((v4 —v)t —vha)

£l (uy —u)t — uh.)2 + ((v4 — V)t — vh.)2

_ Z 2((u+—u)+1(v+—v)

(v —v)2 + (ug —u)?)

ceq),
2 | .2 B -
% {(u+ —u)hn u; : U;r — 2(v4 — v) arctan <u+(u ut) + v+ (v U+)>
Ut UV4 — ULV
+2(v4 — v) arctan (u(u —uy) +u(v = U+))
UV — ULV
2 | .2
+ - —
—i|l(vy —v)In Uy Ty + 2(uy — u)arctan uy(u—uy)+vi(v—ovy)
u? + v? WO — Up v

— 2(u4 — u) arctan <

u(u—u+)+v(v—v+)> }}

UV — U4V

u? +v? — —
= Z In {4/ 7; ; +1i [arctan (u(u us) +ov v+)>
1 u® + v UV4 — U4V

uy(u—uq) +og(v— U+)>} }

UV — U4V

— arctan <

and same computations show that

2 2
+
I Z ! U v et u(u —uy) +v(v—vy)
u? 4 v? UV4L — U4V

€€700
Uy (u—uy) +op(v— U+)>] }

— arctan
UV — U4 v

for all £ € {1,...,4}. We therefore obtain the following formula:

<arctan (u(u —uy) +o(v— v+>> . <u+<u —uy) +os (o - v+>)> |

Uv4 — U4v Uv4 — U4v

I
|-
M) =
N

=l¢egf

“The computation carried out assumes that uvy — utv # 0, that is #/(€) and #(£1) are not collinear as
elements of R2. In practice, this never happens; it is anyway possible to pick & € J€, £+ [ then work on the intervals

5’ € [676/[ &Hd '5, € [6/75“1’['
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5.6.3 Approximated resonances

In this Appendix, we give an explicit formula for

/
Ze0 i= i 515 z ;(Z)dz
2mi v #(2)

using the notations of Appendix 5.6.2. Call J; the integral over I'y:

— z%(z) L B & zdz
- |7 = L O | et g - e 6

Put #4(&4) := ut +ivy and #4(€) := u + iv with w, v, uy, vy € R. Let us write

JE - KZ-FLZ
where
&+ (z — £)dz
e gy« Ve Z IS ¢ Me(E4)(z =8 = Ha(&)(z = &)
&+ dz
B :gezye e _W'(W/s A EE N AGIFEN

2 + 2 ) _ + _
E%%{m(1$+g)++mm{““;$$2”9>
€70
U+(U—U+)+U+(U—U+)>] }

UV — U4 v

— arctan <

The integral in Ly had already been computed in Appendix 5.6.2. Put

& (2 — )z
e We(§4)(z =€) = Wa(E)(2 — &)

Ko=) (Faler) = #a(9)

56?.[,0

page 218



5.6 Appendix: Approximations

We compute:

£eg)l,
- e ) tifen oy [ (s = W)t —whe)t — (v — )t — vha)i
5; ((ug — u) +i(vy ))/0 (s — )t — wha)? + ((vs — 0)t — vha)?

_ Z (uy —u) +i(vy —v)

((us = w)? + (04 = 0)2)?

—he tdt
Ki= ) (&) - %(5))/0 Weo(E4)t — Wa(€)(t + ha)

dt

5691

2 2
ug + v
U2+’U2

X {(u(vi — %) + 2uyv(v — vy) — u(ugp —u)?)heln

+2(uy —u) ((ug — u)? + (v — v)?) he

—2(v(uf —u?) + 2uvy (u —up) — v(ve —v)?)he <arctan <

ug (u—ug) +op(v— U+)>

U4 — U4v
~retan (u(u —uy) +o(v— v+))>
Uy — U4 v

2 2
uy + vy
w2 + v2

—i|(v(uf — u?) + 2uvy (u — uy) — v(vy —v)?)he In

+2(vp =) ((ur = w)? + (v4 —0)?) ha
Uy (u—uq) +op(v— U+)>

+2(u(v] = ?) + 2usv(v — vy) = u(ug —w)?)he (afctan ( "
- (A=) )
- x et (E22)
(e )

(uy —u)? + (vy —v)? UVL — UL

— arctan <U+(U —uy) + (v — U+))] }

U4 — U4
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We then deduce:

“he tdt

Ky = &ZWO(W.@) ~H(€) /0 T —
i he tdt

-1 3 0ie - o) [ e

. (up —u) —i(vy — o) ) u? + 03
15;220h.{<u+u)2+(v+U)Q(u—l-w)ln (\/M) -1

) il o) (e u) Fo(v — vy )
(U+—U)2+(U+—U)2( * )[ ' < UV — U4V )

— arctan <

Uy (u—uy) +og(v —U+)>} }’

UV — U4V

he tdt
K= Y (W.(&)—W-(f))/o Wa(€)t = Wa(€)(t — ha)

fey.?:o
e tdt
_ _€§0<%<5+> @) [ e e

L (uy —u) —i(vy —v) wtio) I u? + vl B
B €§Oh°{(u+u)2+(v+v)2( +iv)l (\/ u2+v2) !

_i(u+—u)—i(v+—v) wtiv) laretan u(u —uy) +v(v—ovg)
o o a0 arean (M)

— arctan (

Uy (u—uy) +og(v —U+))} }7

Uv4 — U4v

ihe tdt
K4=£§4 (7/,(5+)—W.(§))/0 Ho(E4)t — Wa(E)(t — iha)
. —he tdt
- _lggo(%(@) - %(5))/0 W€ )t — Wa(€)(t + ha)

ur —u) —ilvye —v . u? + v?
=2 h.{((u:u))2+((v:v))Q(u+w)ln( u;—tv;) -1

A0
_(uy —w) —i(oy — ) (u + iv) [arctan <U(u —uy) +ov— v+)>

(up —u)? + (vy —v)? UV — U4V

u+<u—u+>+v+<v—v+>>} }

UV — U4V

— arctan <
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It remains to evaluate:

4 4
1 1
Z.70—%;J4—%;<KZ+LZ>.
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Chapter

Discussions and Perspectives

This final chapter gathers conclusions, comments and perspectives for the work carried out during
the thesis.
Let us start by summarizing the main results obtained in the previous chapters:

e Decay of local energy for solutions of the charged Klein-Gordon equation in the exterior
DSRN spacetime has been proved in Chapter 1 (¢f. Theorem 1.3.2). It is based on the
exclusion of resonances from a neighborhood of C+ which in turn uses a study at low
frequency (c¢f. Theorem 1.2.8) as well as a precise localization of high frequency resonances
(cf. Theorem 1.3.1).

e A scattering theory has been constructed in Chapter 2 for this equation. In particular,
asymptotic completeness has been established for different comparison dynamics (c¢f. Sub-
section 2.3.5). Using a Kaluza-Klein extension of the original spacetime constructed from
the symbol of the charged Klein-Gordon operator, we have introduced geometric profiles
related to transport along principal null geodesics. This gave us a satisfying geometric
interpretation of scattering as traces on horizons (¢f. Theorem 2.5.7). Completeness of wave
operators then allowed us to solve the Goursat problem on the horizons (c¢f. Theorem 2.5.9).
These geometric results do however not hold (and are unlikely) in the original spacetime
because of the absence of the (g, m)-dependent geodesics therein.

e Using the Kaluza-Klein extension, we can deduce the decay of the local energy proved in
Chapter | in the extended spacetime until and through the horizons of the black ring (cf.
theorem 3.1.2).

e Finally, in Chapter 5, we constructed a numerical scheme based on polynomial interpo-
lations to approximate solutions of the charged Klein-Gordon equation and localize low
frequency resonances. We paid attention to the error associated to the method and obtained
convergence results with rates depending on initial data regularity (¢f. Theorems 4.3.1,
1.3.4 and 5.4.1).

6.1 Discussions

We now comment some parts of the thesis.
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6.1 Discussions

Decay of the local energy. The results of Chapter 1 can be certainly extended to the more
general setting of the charged Klein-Gordon equation in the exterior De Sitter-Kerr-Newman
spacetime for small angular momentum « and charge of the field q. The heavy machinery
developed by Vasy in [Val3] is likely powerful enough to tackle down this problem. However,
perturbation techniques used in this manuscript, based on (multidimensional) Fredholm theory,
may be sufficient to obtain satisfying precise decay estimates. Moreover, the red-shift vector
field method introduced by Dafermos [Da05] may allow us to extend exponential decay results
through horizons. This result in the extended spacetime does not "project" onto the DSRN
spacetime, but similar arguments (using the work of Dyatlov [Dy11]) may lead to this result;
the energy-momentum tensor associated to the wave equation has to be replaced by the one
associated to the Klein-Gordon equation such as in [DiNil5], the smallness of the charge product
probably appearing then as a perturbation we can absorb in the positive part of the tensor.

Scattering theory. It is possible to construct a scattering theory for the charged Klein-Gordon
equation in the exterior De Sitter-Kerr-Newman spacetime (with a and ¢ small) using similar
methods to the one introduced in Chapter 2. Proving the absence of real resonances is likely the
only result we need to proceed. Let us give some explanations.

The De Sitter-Kerr Newman metric is given in Boyer-Lindquist coordinates (¢, 7,0, ¢) by

A, (dt—asin®fdy 2 Agsin? 0 [adt — (r? + a®)dyp 2 0t PP,
g:=— 3 — 5 — —dr* — —db",

p P A AW AV
212 2 2 2
1 0 ai (AT—<7" —i—a)Ag)
g —mat@)at— 2O A, (0r ® 0p + 0p ® Oy)
A2 (AT — a?Agsin? 9) A Ay

— 0p @0, — —0p @ Oy — —0p @ O,

p2A, Agsin® 0 o ® 0 p? © p2 " ® 0
where
Aa?

p2:r2+a2c0520, )\:1+T’

2
Ar: <1_A;“> (r2+a2)—2Mr+f,

A 2
Ag=1+ 7&00829,
o = (r* + a®)?*Ag — a®A, sin? 6.
If a is sufficiently small, ¢ > 0 as a bilinear form define on the tangent bundle of M :=
Ry x Jr—,r4[, x S5, where 0 < r_ < ry < 400 are the two largest roots of A,. Let

0,07
qQr asin? 6
=——|dt - de ).
TR < M SD)
The charge Klein-Gordon operator on (M, g) then reads

A, + m? = g"(9y — iwy)? + g*¥(0p — iwsp)2 +2¢% (0¢0p — iwy0p — iwDy — wiwy,)

1 1
+—= —=09\/1919" 95 + m” (6.1)
Vgl Vgl

Oy ‘g‘grrar +
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with |g| = ot S/\ifoe. The neutralization procedure now yields the extended spacetime M =

Ry x SL x Jr_,ry, x S3 ., endowed with the extended metric!

de? dz2 dy?
g =97 (g"wi —=m®) = + (¢"9" = (4")%) = " g (97wl — m?) %
L g#e (gtt% B gt‘pww) (dtdz —;— dzdt) Lt (gw’w@ B gww) (dzde —;— dedz)

ded dpdt
2 29t<p)( 901' ®» )+grrdr2+gggd92

—

+ (9" 9" ww, — g g wi — g g Wl —

where

E=—g" (g"g"w} — 29" g*Pww, + g g7Pwl) — m® (9" g% — (9'9)°) = + Ou0(a)

o

M

and F' is the horizon function of the DSRN metric. The wave operator in (Mv ,g) is then given by
(6.1) where now w; and w,, are multiplied by 8, and m? becomes m?292.
Introduce the extended coordinates

t*=t+T(r), 2¥i=z+ Z(r), =+ D(r)
where T, Z, ® are such that

git Gtz Gio T’
(T/ zZ' Q)/) gtz gzz gqu Z'| = grr-
Gio Gz Goo) \P
=:A

For a small enough, tedious computations show that the real symmetric matrix A has one positive
eigenvalue and two negative ones, so that T, Z, ® are well-defined (and uniquely determined up to
an integration constant). As in Subsection 2.2.1, we can then define the principal null geodesics
of the Kaluza-Klein extension.

Following [GGH17, Subsection 11.2|, we can write the operator (6.1) as an abstract Klein-
Gordon operator as introduced in (3). To obtain the scattering results of [GGH17|, we need
to localize real resonances (if there exists any) and also to fit in the geometric hypotheses (G)
introduced in [GGH17, Subsection 2.1]. The only issue here is Assumptions (G2)-(G3) which
ask for f-independent limit operators as r — 74, which is not the case here since w,(r+) =

p?ff)giM sin?@. To overcome this difficulty, we can use a new variable y defined by

te

g qQ

W+ Twy =1 2.
gt e Y

We can check that y = r (1 + Oa—0(a?)) and 8y =1+ 0,4 0(a?) so that (r,0) — (y(r,0),0) is a
well-defined change of variables. Now if u solves the charged Klein-Gordon equation, then

_.20Q (1, b th
v=e Y+ <t+9+>u, Q4 = lim g_

Tt would be interested to see how Einstein-Maxwell equation has been modified in this context and particularly
how the angular momentum a is involved in the new equation.
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solves another charged Klein-Gordon equation with @y := wy — 99 and Wy 1= Wy — 99 . the

2y 2y+ 04
limit operators at r+ are this time #-independent. Though computations are tougher than the
DSRN case, it may be then possible to follow Chapter 2 to construct a scattering theory in this

context.

Numerical approximations. There are many rooms of improvement in Chapter 4 and Chapter
5.

First of all, the error of approximation of a solution u in Theorems 4.3.1 and 4.3.4 depends on
the local H? norm of the solution w. This is not a problem since u € 7-[3 CH ZQOC(I ,C), but such
an error blows up as we approach the boundary of the interval I. A careful look at the different
proofs of the error estimate makes us observe that we can replace the H? norm by the more
natural H% norm (which does not worsen estimates near the boundary of I). This is certainly
achievable by not splitting into two different parts the estimates for (a(r)9? + b(r)9,)u.

The rate of convergence for general data could also be improved using a weak topology. Indeed,
the local energy is measured using a cut-off x; giving some derivatives of v to x may increase
the rate of decay of the error (that is, the exponent « of hZ). Modifications to carry out in the
proof of the stability of the scheme (c¢f. Proposition 4.2.14) do however not seem straightforward.
Besides, this may make impossible the use of the ’H%, norm for the error of approximation, obliging
us to stay far away from the boundary of I.

We should be able to add the spherical Laplacian —Ag2 in the second order operator P of the

abstract problem introduced in Section 4.1. As an example, we can consider
P :=0,(a(r)0,) — b(r)Asz + c(r)

with @ < 0, b > 0 and ¢ > 0 almost everywhere. More generally, numerical approximation of
solutions of the charged Klein-Gordon equation on De Sitter-Kerr(-Newman) metric is within
easy reach as it only requires adding the angular derivative dy.

Finally, concerning the localization and approximation of resonances, the lake of analyticity of
Jost solutions beyond the line {z € C | J(z) > —«} is the major difficulty when we wish do some
numerical computations. We emphasize here that this issue has nothing to do with the scheme.
The problem comes from the fact that Jost solutions are defined by an implicit integral, so that
only Gronwall’s inequality allowed us to bound them together with their derivatives. Furthermore,
for the sake of readability, we drastically simplified the error of approximation associated to the
scheme (and still many constants were needed to write the error, ¢f. Subsection 5.3.1). As a
result, the error has been overestimated. Notice that the black hole and scalar field parameters
M,Q, A, q,m play an important role in the estimation of the error: some combinations yield
better estimates than others. The conclusion is that a numerical optimization seems to be needed
in order to bring the error estimate back to decent reaches.

6.2 Perspectives

As explained in the introduction of this manuscript, the aim of the present work is the construction
of the Unruh state satisfying the Haddamard property in the exterior DSRN spacetime. The
strategy is first constructing it on the horizons, then sending it inside the Carter-Penrose diagram
via the scattering channel and finally extending its existence beyond the event horizon. Such
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a construction for Dirac equation in De Sitter-Kerr spacetime is in progress in [GHW]. In our
context, the scattering properties of the charged Klein-Gordon equation for small charge product
Chapter 1 and Chapter 2 are a prerequisite to proceed. Having shown satisfying approximation
results, the method developed in Chapter 4 could also be helpful from the point of view of the
quantum field theory.

All along this manuscript, we investigated several problems assuming the charge product
s small as the general case seems out of reach for now. This allowed in many places to use
perturbation arguments from the well-known situation of the Klein-Gordon equation on the De
Sitter-Schwarzschild metric. In particular, exponential decay of the local energy is made possible
thanks to the mass m 2 |s| which repels the resonance 0 of the wave equation into C~. However,
perturbation of the wave equation on the De Sitter-Schwarzschild metric for s, m small enough
reveals that growing modes exist when the charge product is greater to the mass term. This time
the resonance 0 of the wave equation moves to C*. This work [BeHa] is still in preparation. This
confirms the non-decay of the local energy we observed in Chapter 4 (c¢f. Subsection 4.3.2); this
also confirms the numerical results in [CCDHJb| for small charge product s and mass of the field
m. Knowing the full trajectory of this resonance 0 in function of s is a very difficult problem
which will certainly not be overcome by simple perturbation arguments. The charged black hole
background still has some interesting questions in supsense...
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