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Résumé

Stratégies multicouche, avec mémoire, et a métrique variable en méthodes de point
fixe pour I’éclatement d’opérateurs monotones et ’optimisation

Plusieurs stratégies sans liens apparents coexistent pour mettre en ceuvre les algorithmes
de résolution de problemes d’inclusion monotone dans les espaces hilbertiens. Nous pro-
posons un cadre synthétique permettant d’englober diverses approches algorithmiques
pour la construction de point fixe, clarifions et généralisons leur théorie asymptotique,
et concevons de nouveaux schémas itératifs pour 'analyse non linéaire et 'optimisation
convexe. Notre méthodologie, qui est ancrée sur un modele de compositions de qua-
sicontractions moyennées, nous permet de faire avancer sur plusieurs fronts la théorie
des algorithmes de point fixe et d’'impacter leurs domaines d’applications. Des exemples
numériques sont fournis dans le contexte de la restauration d’image, ot nous proposons
un nouveau point de vue pour la formulation des problemes variationnels.

Mots-clés : algorithme inertiel, algorithme a métrique variable, algorithme multicouche,
algorithme avec mémoire, algorithme de point fixe, éclatement d’opérateur monotone,
opérateur moyenné, optimisation convexe, traitement de I'image.

Abstract

Strategies with multiple layers, memory, and variable metric in fixed point methods
for monotone operator splitting and optimization

Several apparently unrelated strategies coexist to implement algorithms for solving mo-
notone inclusions in Hilbert spaces. We propose a synthetic framework for fixed point
construction which makes it possible to capture various algorithmic approaches, clarify
and generalize their asymptotic behavior, and design new iterative schemes for nonli-
near analysis and convex optimization. Our methodology, which is anchored on an ave-
raged quasinonexpansive operator composition model, allows us to advance the theory
of fixed point algorithms on several fronts, and to impact their application fields. Nu-
merical examples are provided in the context of image restoration, where we propose a
new viewpoint on the formulation of variational problems.

Key words : algorithm with memory, averaged operator, convex optimization, fixed
point algorithm, image processing, inertial algorithm, monotone operator splitting, mul-
tilayer algorithm, variable metric algorithm.
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Notations et glossaire
Les notations suivantes sont utilisées dans le manuscrit.

Notations générales

e H,G : Espaces hilbertiens réels.

e (- |-) : Produit scalaire d’un espace hilbertien.

e || - || : Norme d’'un espace hilbertien.

e B(x;p) : Boule de centre z € H et de rayon p € ]0, +00].
e Id : Opérateur identité.

e 271 : Ensemble des parties de H.

e ['o(H) : Ensemble des fonctions de # dans |—oco, +00], convexes, propres, et semi-
continues inférieurement.

e B (H,G) : Espace des opérateurs linéaires bornés de ‘H dans G.
o B(H)=B(H,H).

e L*: Adjoint d’'un opérateur L € B (H,G).

e S(H)={LeB(H)|L =L}

e — : Convergence forte.

e — : Convergence faible.

o 020 = {(€nen € 040" }

o (™(N) = {(fn)neN e RN suIN) 1€n] < +oo}.

o 09 = {(Eahen € B 6ol < +oo.
neN

o 209 = {(€nen € B Tleal < +oc.
neN

e [-]" : Partie positive d’'un réel.

Notations relatives a un sous-ensemble C de H

e .- : Fonction indicatrice de C :

0, si xeC,

Lo H — [—o0,+00] : x> {—l—oo, SiodC.
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int C' : Intérieur de C.
C : Adhérence de C.
de: H — [0, +00]: z — in?f{ d(z,C) : Fonction distance a C.
e
Supposons C convexe, fermé, non vide. Po = proj.: H — H: x — argmin ||z —p|| :

peC
Opérateur de projection sur C.

Notations relatives a un opérateur 7: ‘H — H

FixT = {z € H | Tz = «} : Points fixes de 7.

T est une contraction si

(Vee H)(vy e H) [Tz —Ty| <z -yl
T est une quasicontraction si

(Ve e H)(Vy € FixT) [|Tz -yl < [z —y.

Soit a € |0, 1]. T est a-moyenné si

1—a||

(Ve e H)(Vy € H) [Tz — Tyl <z —yl* - (Id =T)z — (Id =T)yl|*.

(0%
Soit v € 0, 1]. T' est a-quasimoyenné si

1—

UNTz — 2|2
[0

(Vo € H)(Vy € FixT) [Tz —y|I* < [lo —ylI* —

Soit 5 € |0, +oo]. T est 3-cocoercif si
(Ve e H)(Vy € H) (v —y|Te—Ty) > BTz — Ty|*

Soit u € H. T est demi-fermé en u si pour toute suite (x,,),en dans H et pour tout
x € H tels que x,, — x etTx, — u,on a Tz = u. De plus T est demi-fermé s'’il est
demi-fermé en tout point de H.

Notations relatives 4 un opérateur multivoque M : H — 2%

domM = {z € H | Mz # @} : Domaine de M.
graM = {(z,u) € H x 1 | u € Mz} : Graphe de M.
M= H—=2": u— {z €M |ue Mz} : Inverse de M.
zer M = {x € H | 0 € Mz} : Zéros de M.
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ranM = {u € H | (3z € H) u€ Mz} : Image de M.
s: dom M — H tel que (Vx € dom M) s(z) € Mz : Sélection de M.

M est monotone si

(V(l’l,ul) € gra M)(V(.TQ,UQ) € gra M) <SL’1 — T9 | Uup — U2> > 0.

M est maximalement monotone si M est monotone et s’il n’existe pas d’opérateur
monotone de H dans 2* dont le graphe contient strictement gra M.

Jyr = (Id +M)~1 : Résolvante de M.

Soit © € H. M est demi-régulier en z si pour toute suite ((x,, u,))nen dans gra M
et pour tout u € Mz tels que z,, — zetu, > u,o0nax, — .

Notations relatives a une fonction f € I'y(H)

e dom f = {z € H | f(z) < +o0} : Domaine de f.
e Argmin f : Ensemble des minimiseurs de f sur H.
o f*:H —]—00,+00] : urssup ((z | u) — f(z)) : Conjuguée de f.
TeH
e Of  H—=2"x— {ueH|(VyeH)(y—a|u)+ f(z) < f(y)} : Sous-différentiel
de f.

e Soite €]0,+ool. O.f: H 2" as {ueH|(VyeH)(y—a|u)+ f(z) < fly) +e}:
e-sous-différentiel de f.

e [ estlisse sidom f = H, si f est différentiable et si V f est lipschitzien.

e Soit C' un sous-ensemble C' de H. f est uniformément quasiconvexe sur C si il
existe une fonction ¢: [0, +o0o][ — [0, +0o0] croissante ne s’annulant qu’en 0 et si

(Vo € C)(Vy € C)(Va € ]0,1])
flax + (1 = a)y) + a(l = a)o(llz — y[) < max{f(z), f(y)}. 1)



Chapitre 1

Introduction

1.1 Meéthodes de point fixe et éclatement d’opérateurs

Dans de nombreux domaines de I'analyse non linéaire, les méthodes de point fixe
sont un moyen naturel de modéliser, d’analyser et de résoudre des problemes com-
plexes [7, 12, 29, 45]. Dans [14] il est montré que des méthodes classiques d’optimisa-
tion et de résolution d’inclusions monotones peuvent étre modélisées et étudiées en tant
que méthodes de point fixe. Ces dernieres interviennent naturellement dans de nom-
breux champs des mathématiques appliquées : statistiques, apprentissage automatique,
traitement du signal, équations aux dérivées partielles, problemes inverses, transport op-
timal, optimisation [2, 4, 15, 19, 20, 23, 27, 28, 30, 34, 39, 42]. La notion d’opérateur
moyenné, introduite dans [5], joue un réle fondamental dans notre travail.

Définition 1.1 Soient H un espace de Hilbert réel, o € ]0,1] et T': H — H. Alors T est
a-moyenné s’il existe une contraction R: H — H telle que 7' = (1 — a) Id +aR.

Un probleme générique de point fixe est de
trouver x € ‘H telque = =Tz, ou T estune contraction. (1.1)

Pour plus de flexibilité, il est préférable de considérer une formulation multicouche ot
I'on décompose l'opérateur 7' en opérateurs plus simples. En particulier, ceci permet
de modéliser de maniere plus souple les problemes d’éclatement pour les inclusions
monotones. Pour tout i € {1,...,m}, soit T;: H — H un opérateur moyenné. L'objectif
est de

trouver x € H telque =z = (Tyo---0T,,)z. (1.2)

Plus généralement, nous allons considérer une famille de problemes de la forme (1.2)
et obtenir la formulation suivante déja proposée dans [14, 24].
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Probleme 1.2 Soit m > 2 un entier. Pour tout ¢ € {1,...,m} et tout n € N, soit «;,, €
10, 1] et soit T; ,,: H — H un opérateur «; ,-moyenné. L'objectif est de

trouver z € ﬂ FixT, #@, ou (VvneN) T,=Ty,0---0Tp,,. (1.3)

neN

Pour résoudre ce probléme, le théoreme suivant permet des relaxations modélisées
par la suite (\,),en. Des erreurs lors du calcul de chaque opérateur y sont également
tolérées.

Théoreme 1.3 [24, Theorem 3.5(iii)] On considére le cadre du Probléeme 1.2. Soit ¢ €
10,1/2[. Pour tout n € N, soit ¢, € |0, 1] une constante de moyennage de T,, soit \, €
10, (1 —e)(1 + e¢,)/on] et, pourtouti € {1,...,m}, soite;,, € H. Pourtouti € {1,...,m},
on suppose que Y .y Apll€in|| < +o00. Pour tout n € N, on itére

Tn41 = xn—i_)\n (Tl,n (TQ,n( e Tmfl,n(Tm,nxn_'_em,n)_'_emfl,n e ) _'_62,11) +€1,n_xn> . (14)

Alors () nen converge faiblement vers un point de (), . Fix T, si et seulement si tout point
d’accumulation séquentiel faible de (x,,)nen est dans (), oy Fix T,,.

En théorie des opérateurs monotones, la construction d'un zéro d’'une somme d’opé-
rateurs est un probleme fondamental [8, 11, 31, 41, 43, 46, 47], qui intervient notam-
ment dans la résolution des problemes de minimisation (voir [16] et sa bibliographie).
Le résultat suivant est un résultat de base dans ce domaine.

Théoréme 1.4 [41, Theorem 1] Soit M : H — 2" un opérateur maximalement monotone
tel que zer M # @. Soient y € |0, +oo] et xg € H. On itére

(Vn e N) x40 = Jym,. (1.5

Alors (x,)nen converge faiblement vers un zéro de M.

Une formulation générique a deux opérateurs est la suivante.

Probleme 1.5 Soient A: H — 2% et B: H — 2% deux opérateurs maximalement mono-
tones. Supposons que zer (A + B) # @. L’'objectif est de

trouver x € ‘H tel que 0 € Az + Bx. (1.6)

En principe, si A + B est maximalement monotone, on peut poser M = A + B et
résoudre le Probleme 1.5 via le Théoreme 1.4. Cependant cette approche n’est générale-
ment pas possible car le calcul de la résolvante de M est trop complexe. On utilise une
méthode dite d’éclatement, dans laquelle les opérateurs A et B sont activés de maniere
indépendante. L’algorithme de Douglas-Rachford permet de résoudre le Probléme 1.5
dans ce cadre [14, 18, 26, 31].



Théoréme 1.6 [8, Theorem 26.11] On considére le cadre du Probléme 1.5. Soient v €
10, +o00[ et yo € H. On itére

pourn=20,1,...
Ty = ’\/Byn (1 7)
Zn = 7A(2xn - yn)
Ynt1 = Yn + 2n — T

Alors (x,,)nen converge faiblement vers un zéro de A + B.

Dans certaines situations, 'opérateur B est cocoercif, on peut alors utiliser la mé-
thode explicite-implicite ci-dessous [14, 21, 23, 31].

Théoreme 1.7 [14, Corollary 6.5] On consideére le cadre du Probléme 1.5 et on suppose
que B est cocoercif. Soient 3 € |0, +oc la constante de cocoercivité de B, (Vn)nen une suite
a valeurs dans |0, 2[3[ telle que 0 < lim~,, < lim~, < 205, et xy € H. On itére

(Vn eN) x40 = Jy,a(zy — W Bxy,). (1.8)

Alors (z,)nen converge faiblement vers un zéro de A + B.

On peut résoudre les problemes d’éclatement d’opérateurs monotones par le forma-
lisme des opérateurs moyennés [14, 24]. Considérons donc une version a deux couches
du Probléme 1.2.

Algorithme 1.8 Pour tout n € N, soient 73 ,,: H — H et T ,,: H — H deux opérateurs
moyennés et soit zy € H. On itere

(Vn € N) Tnt1 = (Tl,n e} sz)xn. (19)

Si, pour tout n € N, on prend 7} ,, = J,, 4 et Ty, = Id —,, B, alors (1.9) se ramene
a la méthode explicite-implicite (1.8). On voit ici I'intérét des méthodes de point fixe
multicouches pour analyser et résoudre les problemes d’éclatement d’opérateurs mono-
tones.

Dans les algorithmes ci-dessus, a l'itération n € N, z,,,1 est calculé en utilisant ex-
lusivement l'itéré courant x,. Il est aussi possible de construire des algorithmes avec
mémoire, dans lesquels z,,,; est calculé a partir de z, =1, ..., x,. Cest le cas notam-
ment de la théorie des moyennes de Mann [6, 17, 25, 32, 33, 38]. Pour étudier ces
algorithmes, la notion de matrice concentrante introduite dans [17] est pertinente.

Définition 1.9 [17, Definition 2.1] Soit (14, j)nen 0<;j<n Une matrice de réels positifs telle
que

lim_ 4, ; = 0. (1.10)
—+00

n—+o0o £ n—+

lim Y pn;=1 et (Vj€N)
7=0



Alors (fin, ;) nen,0<j<n €St concentrante si toute suite (&,),eny & valeurs dans [0, +oo[ qui
satisfait

(EI (€n)nen € [0, +oo[N> an <+oo et (VneN) &< Z,uwfj +e, (1.11)
=0

neN
converge.

Ce cadre permet de trouver un point fixe commun a une famille d’opérateurs (7},)nen
comme suit.

Théoréme 1.10 [17, Theorem 3.5(1)] Soit ¢ € ]0,1], soit (in ;)neno0<j<n UNe matrice
concentrante et, pour tout n € N, soit T,,: H — H un opérateur 1/2-quasimoyenné et
soit A, € |e,2 — ¢|. Supposons que (), .y FixT,, # @ et soit xy € H. On itére

pourn =20,1,...
j=0

Tpi1 = Tp + A (T0Tn — Tp) -

Alors () nen converge faiblement vers un point de (. Fix T, si et seulement si tout point
d’accumulation séquentiel faible de (x,,),en est dans (), oy Fix T,,.

Ce type de méthode a coexisté avec un autre type d’approche avec mémoire, a
savoir les algorithmes dits inertiels qui utilisent un poids négatif sur un itéré passé [1, 3,
9, 10, 13, 35, 37, 40]. La méthode explicite-implicite (1.8) a ainsi été étudiée avec un
terme inertiel, dans le cas particulier de la minimisation de la somme de deux fonctions
convexes f et g, ou g est lisse. Ceci correspond a poser A = df et B = Vg dans le
Probleme 1.5.

Algorithme 1.11 (Algorithme explicite-implicite inertiel) Soient 3 € ]0,+oc[, v €
10, 8] et (m,)nen une suite a valeurs dans |0, 1[. Soit f € T'o(H), soit g: H — R une
fonction convexe lisse de gradient 1/3-lipschitzien telle que Argmin (f + g) # &, et soit
r_1 = 9 € H. On itere

pourn =0,1,...
Tns1 = Prox, (Yo — YV9(yn)).

A litération n € N, au lieu d’appliquer les opérateurs directement a z,, on les
applique a y,,, que nous interprétons comme une combinaison affine entre z,, et x,_;.
Remarquons qu’on impose ici v < [ contrairement au Théoréme 1.7 ou v < 243. Pour
certaines suites (7, ),en, cet algorithme produit une suite ((f+g¢)(x,) —min(f+¢)(H))nen

4



qui réalise un taux optimal au sens de [36]. De plus, si pour toutn € N, 7, = (n—1)/(n+
3), la convergence faible des itérés vers un minimiseur est garantie [13].

Un de nos principaux objectifs va étre de proposer un cadre général qui unifie et
étend ces techniques et leurs champs d’application.

1.2 Motivations et organisation de la these

De nombreuses stratégies sans liens apparents coexistent pour résoudre les pro-
bléemes d’inclusion monotone. Dans le but de simplifier et rationaliser I'état de l'art
autour de principes élémentaires, nous proposons une théorie cohérente capable d’en-
glober diverses techniques algorithmiques dans un cadre synthétique. Par exemple, les
méthodes inertielles et celles des moyennes de Mann sont toujours étudiées de maniére
distincte. De méme, les techniques d’itérations a métriques variables n’ont été étudiées
que dans le cadre d’algorithmes spécifiques. Nous développons des outils pour analyser
ces différentes constructions algorithmiques conjointement, clarifions et généralisons la
théorie asymptotique de ces méthodes, et proposons de nouvelles méthodes itératives
pour I'analyse non linéaire et I'optimisation. Notre méthodologie, ancrée sur un mo-
dele de compositions de quasicontractions moyennées, nous permet de faire avancer
simultanément sur plusieurs fronts la théorie des algorithmes de point fixe et de leurs
applications aux inclusions monotones. Des exemples numériques sont proposés dans le
cadre de la restauration d’image, ol nous exposons un nouveau point de vue pour la
formulation des probléemes variationnels.

La these est organisée comme suit.

Dans le Chapitre 2, nous nous intéressons aux algorithmes dont les regles de mise
a jour utilisent 'ensemble des itérés déja générés. Nous présentons un cadre général
d’itération de point fixe dont le but est d’englober d’'une part les méthodes de point
fixe générales et, d’autre part, deux méthodes avec mémoire qui semblaient indépen-
dantes, a savoir les moyennes de Mann et les techniques inertielles. Nous fournissons
de nombreux exemples d’applications de notre théoreme principal, et montrons qu’il
couvre une large part des résultats connus dans ces divers domaines. Nous revisitons
alors l'algorithme explicite-implicite, 'algorithme de Peaceman-Rachford, mais aussi par
exemple I'algorithme du sous-gradient projeté de Polyak.

L’objectif du Chapitre 3 est de compléter I'analyse du Chapitre 2 en étudiant plus en
détail la notion de matrice concentrante. Nous en proposons une spécialisation, appelée
superconcentrante, qui nous permet d’obtenir des résultats de sommabilité. Nous four-
nissons des exemples de telles matrices et nous proposons aussi de nouvelles matrices
inertielles. Finalement, nous montrons l'intérét d’obtenir la sommabilité en proposant
des exemples d’algorithmes avec mémoire dont on ne sait pas prouver la convergence
sans matrices superconcentrantes, comme l’'algorithme de Krasnosel’skii-Mann, ou en
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'utilisant pour garantir la convergence forte d’'une suite.

Le Chapitre 4 présente une extension des méthodes de point fixe au cadre ou la
métrique sous-jacente change a chaque itération. De telles variantes ont notamment été
étudiées dans le cas de l'algorithme explicite-implicite [22, 44]. Nous appliquons ces
techniques pour proposer un algorithme multicouche sur-relaxé d’opérateurs moyennés
avec métrique variable. Nous présentons plusieurs nouvelles méthodes et, en particulier,
une application a l'algorithme explicite-implicite sur-relaxé a métrique variable, et a
un algorithme explicite-implicite sur-relaxé dans I'espace primal-dual pour résoudre un
probleme composite.

Enfin, le Chapitre 5 est une réflexion originale sur le choix des algorithmes dans les
applications. Sur des exemples simples, nous avons constaté I'efficacité de I'algorithme
de Douglas-Rachford (1.7) par rapport a l'algorithme explicite-implicite (1.8), pourtant
habituellement privilégié sur ce type d’exemple. Ce constat nous conduit a remettre
en cause la stratégie qui consiste a utiliser systématiquement des pas explicites sur les
termes lisses dans les méthodes d’éclatement en optimisation convexe du premier ordre.
Cette proposition peut surprendre car l'utilisation explicite d’opérateurs monotones se
fait presque systématiquement en raison des propriétés supplémentaires (régularité, co-
coercivité) dont ils jouissent. Nous fournissons un grand nombre de fonctions lisses utiles
dans les applications dont on sait calculer 'opérateur proximal. Plusieurs simulations
numériques en traitement de I'image viennent illustrer cette étude, montrant qu’il peut
étre avantageux d’utiliser des algorithmes entierement proximaux, donc implicites, plu-
tot que des méthodes qui font intervenir des pas explicites.

1.3 Contributions principales

Les contributions principales de la these sont les suivantes.

e Conception et étude de la premiere méthode de point fixe multicouche avec mé-
moire sur-relaxée avec erreurs. (Chapitre 2)

e Extension des algorithmes du cadre des opérateurs moyennés au cadre des opéra-
teurs quasimoyennés et contractants. (Chapitre 2)

e Généralisation de nombreux algorithmes d’éclatement existants. (Chapitres 2, 3
et4)

e Unification et généralisation des méthodes inertielles et des moyennes de Mann.
(Chapitres 2 et 3)

e Introduction de la notion de matrice superconcentrante qui permet 'obtention des
résultats de sommabilité sur les algorithmes avec mémoire. Des exemples de telles
matrices sont fournis. (Chapitre 3)

e Utilisation de la notion de matrice superconcentrante pour développer de nou-
veaux algorithmes avec mémoire. (Chapitre 3)
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Conception et étude des premiers algorithmes de point fixe multicouches sur-
relaxés a métrique variable. (Chapitre 4)

Conception et étude d’un algorithme explicite-implicite avec un pas proximal
(7n)nen pouvant dépasser la borne habituelle en contrepartie d’'une sous-relaxation.
(Chapitre 4)

Calcul de nouveaux opérateurs proximaux. (Chapitre 5)

Proposition d’utilisation d’opérateurs proximaux dans le cas de fonctions lisses.
(Chapitre 5)

Proposition d'un nouveau cadre pour les problémes d’admissibilité convexe qui
peut modéliser des contraintes lisses et non lisses. (Chapitre 5)

Présentation de simulations numériques comparant des algorithmes implicites et
d’autres explicites et montrant 'efficacité d’une activation implicite plutét qu’ex-
plicite. (Chapitre 5)
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Chapitre 2

Itérations quasicontractantes : des
moyennes de Mann aux méthodes
inertielles

Dans ce chapitre, nous présentons un nouveau modele itératif ot la mise a jour est
obtenue en appliquant une composition de quasicontractions a un point de 'enveloppe
affine de l'orbite générée par les itérés précédents. Cette démarche permet d’unifier de
nombreuses constructions algorithmiques incluant les moyennes de Mann, les méthodes
inertielles et les méthodes multicouches. Elle fournit un cadre qui permet de proposer
de nouveaux algorithmes pour résoudre des problemes d’inclusion monotone et de mi-
nimisation convexe.

2.1 Description et résultats principaux

Dans ce chapitre nous nous concentrons sur le probléme qui suit. C’est une for-
mulation qui permet de couvrir un grand nombre d’applications classiques et dans des
domaines tres divers.

Probleme 2.1 Soit m un entier strictement positif. Pour tout n € N et tout i €
{1,...,m}, soit o, ,, € ]0,1] et soit T} ,,: X — H un opérateur «;,-moyenné si i < m,
et o, ,-quasimoyenné si i = m. De plus, pour tout n € N, 'une des propriétés suivantes
est satisfaite :

(@) T}, est o, ,-moyenné.

(b) m > 1’ Omn < 19 et ﬂyil lecrz,n # .

(©) m=1.
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L’objectif est de
trouver z € S=(|FixT,#@, ot (VneN) T,=Ti, - Tpn 2.1)
neN

Algorithme 2.2 On considere le cadre du Probléme 2.1. Pour tout n € N, soit ¢, une
constante de moyennage de T, soit A\, € ]0,1/¢,] et pour tout ¢ € {1,...,m}, soit
€in € H. Soit (fi,, ;) nen,0<j<n Une matrice de réels qui satisfait les propriétés suivantes :

(@) sup,en D5 .| < +oc.
(b) (Vn e N) X\ gpn;=1.
© (vjeN) lm p;=0.

(d) 1l existe une suite (,)nen @ valeurs dans |0, +oof telle que inf,cn x, > 0 et telle
que toute suite (&,),en a valeurs dans [0, +oo[ qui satisfait

N ZnEN Xn€En < +00
(3 (En)neN c [O, +OO[ ) {(vn c N) §n+1 < Z?:O ,un,jgj + &, (22)

converge.
Soit xy € H. On itere

pourn =0,1,...

n
Ty = E Hon,j T
=0

Tnt1 = Tn_'_)\n (Tl,n (T2,n( e Tmfl,n<Tm,nTn+em,n)_'_emfl,n e ) +e2,n> +€1,n_fn) .
(2.3)

Le théoreme principal de ce chapitre est le suivant.

Théoreme 2.3 On considére le cadre de U'Algorithme 2.2. Pour tout n € N, on définit

In =2 > llenll et (Vie{l,...om}) Tin=4 *" o SLEZME o 4
Py Id, St i =m,
etonpose
Vn: S = [0,4+00]: & = U, (2||Tn — | + 9y). (2.5)

Alors les propriétés suivantes sont satisfaites :
(i) Soientn € Netz € S. Alors ||z,1 — | < 220 |pnyl 25 — ]| + Ve
(ii) Soientn € Net x € S. Alors

2 - o 1 O 2
|nsr — 2l* <Y pngllzy — 2l* — 3 SN gl — el
§=0

§=0 k=0

— M1/ b — M) TnTn — EnHQ + V().
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(iii) Soient n € Net x € S. Alors

|1 — ] ZMMH% —af* -5 Z Zunmnk!m — a|?

j=0 k=0
+A( — DTz, — 7

1— ,n —
— \, max < %, |(Id =T; )Tt nTp — (1d —ﬂ7n)ﬂ+7nx||2)

1<i<m O[Ln

+ vy ().

Supposons que

ZX"ZZ“W”"R H:L’]—a:kH < +4oo et (Yxe€S) anun < +00. (2.6)
neN  j=0 k=0 neN
Alors les propriétés suivantes sont également satisfaites :
(iv) Soit x € S. Alors (||z, — x||)nen converge.
W M1/ pn — AN) 10T — Tn||* — 0.

Vi) D00 D koltn gbin k] Fllxy — @k]]? = 0.
(vii) Supposons que

(Fee]0,1)(VneN) X, < (1—&)/on. 2.7)

Alors x,,1—%, — 0. De plus, si tout point d’accumulation séquentiel faible de (T,,),en
est dans S, alors il existe x € S tel que x, — .

(viii) Supposons que (T,),eny @ un point d’accumulation fort x dans S et que (2.7) est
satisfaite. Alors x, — .

(ix) Soit x € S. Supposons que (e € ]0,1])(Vn € N) A\, <e+ (1 —¢)/¢,. Alors

1 — U n _
Ap MAX —— 2" |[(Id —~T;) Tog T — (Id —T}) Topmz||> — 0.

1<i<m O{i,n

Ci-dessous on présente un corollaire du Théoreme 2.3 pour une certaine classe de
matrices. Il permet de développer des algorithmes dits inertiels.

Corollaire 2.4 On considére le cadre de UAlgorithme 2.2 avec (Vi € {1,...,m})(¥n € N)

e;n = 0. On pose x_; = x et on suppose qu’il existe une suite (1, )nen d valeurs dans [0, 1]
telle que ny = 0 et

141, Sij=mn;
(VneN)(Vje{0,...,n}) ;=4 1, Si j=n—1; (2.8)
0, st j<n-—1.
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Pour tout n € N, on pose

0, si k< n;
k
Vk e N n= , 2.
(Vb eN) Z(nj—), si k> n, (2.9)
j=n+1

et on suppose que Xn = Y -, exXp(Cyn). Supposons que lune des propriétés suivantes est
satisfaite :
(a) ZnGN X [|Tn — 21 ||? < Ho0.
() > ennllzn — zpoa|®* < +oo et il existe T € [2,+o0[ tel que (Vn € N~ {0}) 7, =
(n—1)/(n+ 7).
(© X enMnlln — zno1||* < +oo et il existe ) € [0, 1] tel que (Vn € N) n, < n.
(d) On pose (¥n € N) w, = 1/¢,, — An. Il existe (0,9 € |0, +o0[* et 5 € ]0, 1] tels que

;

Mo < Mot <7
v < Wb =n(n(L+n) + ndwnis +0)

(Vn € N) "9+ (1 +n) + wes + o) (2.10)
”?(1+n)+no 1
\ 19 < %
Alors les propriétés suivantes sont satisfaites :

D Aa(1/6n = AT — Tl = 0.
(ii) Soit x € S. Supposons que (e €]0,1[)(Vn € N) \, < e+ (1 — €)/¢,. Alors

2
= " Wnt1-

1-— Qin

)\, max 1A =T;,) Ty T — (Ad =T;,)Tip mz||* — 0.

(iii) 7, — z, — 0.
(iv) Supposons que tout point d’accumulation séquentiel faible de (T,,),cn est dans S. Alors
il existe x € S tel que x, — .

Remarque 2.5 Le cas (d) avec m = 1 et une contraction correspond aux résultats
de [14]. Ce résultat couvre aussi le cas d'un opérateur moyenné puisque l'itération

(VneN) z,01 =2, + \(Txy — 7)) (2.11D)
avec « € ]0,1] et T: H — H un opérateur a-moyenné peut étre ramené a
(VneN) x,41 =z, + \pa(Rz,, — ) (2.12)

ou R: H — H est une contraction. Ainsi, afin de traiter le cas des opérateurs a-
moyennés, il est possible d’utiliser [14]. Néanmoins, cela donne un résultat moins précis
que lorsque 'on passe directement par les opérateurs moyennés : la borne supérieure de
la suite (\,)nen est plus petite.
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Nous proposons une nouvelle méthode explicite-implicite avec mémoire.

Proposition 2.6 Soit 3 € |0, +ool, soit ¢ € |0, min{1/2, 3}[, soit xy € H, soit A: H — 2%
un opérateur maximalement monotone et soit B: H — H un opérateur [3-cocoercif. Soit
(Vn)nen une suite a valeurs dans [e,28/(1 + €)], soit (fin,j)nen0<j<n Une matrice de réels
qui satisfait les conditions (a)-(d) de UAlgorithme 2.2, et soient (a,)nen et (by)nen deux
suites a valeurs dans H telles que ) Xnllan|| < +o0et D . Xallbn| < 4o00. Supposons
que zer (A + B) # & et que

(VneN) A\, € [5,1 T (1-e) <1 - ﬁ)} : (2.13)

et on pose (Vn € N) ¢,, = 2/(4 — v,/ ). Pour tout n € N, on itére
Tpil = Tn+ An (J%A(fn — Y (BT, + bn)) +a, — En>, ol T, = Z 2. (2.14)
=0

Supposons que l'une des propriétés suivantes est satisfaite :

(@) inf min g, ; > 0.
neN 0<j<n =

(b) a, = b, = 0, (inj)neno<j<n satisfait (2.8), et Uune des conditions (a)-(d) dans le
Corollaire 2.4 est satisfaite.
Alors les propriétés suivantes sont satisfaites :
1) J,, 4Ty — v BT,) — T, — 0.
(i) Soit z € zer (A + B). Alors BT,, — Bz.
(iii) Il existe x € zer (A + B) tel que ©,, — .

(iv) Supposons que A ou B est demi-régulier en tout point de zer (A + B). Alors il existe
x € zer (A + B) tel que z,, — .

2.2 Article en anglais

QUASINONEXPANSIVE ITERATIONS ON THE AFFINE HULL OF
ORBITS : FROM MANN’S MEAN VALUE ALGORITHM TO INERTIAL
METHODS !

Abstract. Fixed point iterations play a central role in the design and the analysis of
a large number of optimization algorithms. We study a new iterative scheme in which

1. P. L. COMBETTES AND L. E. GLAUDIN, Quasinonexpansive iterations on the affine hull of orbits :
From Mann’s mean value algorithm to inertial methods, SIAM J. Optim., 27 (2017), pp. 2356-2380.
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the update is obtained by applying a composition of quasinonexpansive operators to a
point in the affine hull of the orbit generated up to the current iterate. This investigation
unifies several algorithmic constructs, including Mann’s mean value method, inertial
methods, and multi-layer memoryless methods. It also provides a framework for the de-
velopment of new algorithms, such as those we propose for solving monotone inclusion
and minimization problems.

Keywords. Averaged operator, fixed point iteration, forward-backward algorithm,
inertial algorithm, mean value iterations, monotone operator splitting, nonsmooth mi-
nimization, Peaceman-Rachford algorithm, proximal algorithm.

AMS 2010 Subject Classification : Primary 65J15, 47H09 ; Secondary 47H05, 65K05,
90C25

Dedicated to the memory of Felipe Alvarez 1972-2017

2.2.1 Introduction

Algorithms arising in various branches of optimization can be efficiently mo-
deled and analyzed as fixed point iterations in a real Hilbert space #; see, e.g.,
[9, 10, 13, 16, 18, 19, 22, 26, 43]. Our paper unifies three important algorithmic fixed
point frameworks that coexist in the literature : mean value methods, inertial methods,
and multilayer memoryless methods.

Let T: H — H be an operator with fixed point set Fix7. In 1953, inspired by
classical results on the summation of divergent series [11, 29, 44], Mann [34] proposed
to extend the standard successive approximation scheme

rw€H and (VneN) =z, =Tz, (2.15)
to the mean value algorithm

rw€H and (VneN) z,.,=T7, where 7, € conv (:c]) (2.16)

0gy<n’
In other words, the operator T is not applied to the most current iterate as in the me-
moryless (single step) process (2.15), but to a point in the convex hull of the orbit
(x;)o<j<n generated so far. His motivation was that, although the sequence generated by
(2.15) may fail to converge to a fixed point of T, that generated by (2.16) can under
suitable conditions. This work was followed by interesting developments and analyses
of such mean value iterations, e.g., [8, 12, 15, 28, 30, 32, 35, 37, 42], especially in the
case when 7' is nonexpansive (1-Lipschitzian) or merely quasinonexpansive, that is (this
notion was essentially introduced in [27])

(Vz € H)(Vy € FixT) ||Tz —y| < ||z — y]|. (2.17)
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In [21], the asymptotic behavior of the mean value process

g €H and (Vn €N) z,.1 =T, +\, (TnfnJren—fn), where 7,, € conv (xj)0<j<n,
(2.18)

was investigated under general conditions on the construction of the averaging process
(Tn)nen and the assumptions that, for every n € N, ¢,, € H models a possible error made
in the computation of 7,7, A\, € ]0,2[, and 7,,: H — H is firmly quasinonexpansive,
i.e., 2T,, — Id is quasinonexpansive or, equivalently [10],

(Ve € H)(Vy € FixT,) (y—Tpx|x—T,z) <O0. (2.19)

The idea of using the past of the orbit generated by an algorithm can also be found
in the work of Polyak [39, 41], who drew inspiration from classical multistep methods
in numerical analysis. His motivation was to improve the speed of convergence over
memoryless methods. For instance, the classical gradient method [38] for minimizing
a smooth convex function f: H — R is an explicit discretization of the continuous-
time process —i(t) = V f(x(t)). Polyak [39] proposed to consider instead the process
—&(t) — px(t) = Vf(z(t)), where 8 € )0, 4+o00[, and studied the algorithm resulting from
its explicit discretization. He observed that, from a mechanical viewpoint, the term ()
can be interpreted as an inertial component. More generally, for a proper lower semi-
continuous convex function f: H — |—oco, +00], Alvarez investigated in [1] an implicit
discretization of the inertial differential inclusion —2(¢) — Sz(t) € df(x(t)), namely

Ty = (1 + nn>xn — hTp—1
(Vn € N)  xp41 =prox  ,;7,+e,, Where N, € 10,1] (2.20)

Yn €10, 00l

and where prox; is the proximity operator of f [10, 36]. The inertial proximal point
algorithm (2.20) has been extended in various directions, e.g., [3, 14, 17]; see also [5]
for further motivation in the context of nonconvex minimization problems.

Working from a different perspective, a structured extension of (2.15) involving the
composition of m averaged nonexpansive operators was proposed in [19]. This m-layer
algorithm is governed by the memoryless recursion

(VneN) x,01 =2, + \n (Tl,n o T + €5 — :En), where )\, €]0,1]. (2.21)

Recall that a nonexpansive operator 7: H — H is averaged with constant o € |0, 1] if
there exists a nonexpansive operator R: H — # such that 7' = (1 — «) Id +aR [7, 10].
The multilayer iteration process (2.21) was shown in [19] to provide a synthetic analysis
of various algorithms, in particular in the area of monotone operator splitting methods.
It was extended in [25] to an overrelaxed method, i.e., one with parameters (\,)nen
possibly larger than 1.
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In the literature, the asymptotic analysis of the above methods has been carried out
independently because of their apparent lack of common structure. In the present paper,
we exhibit a structure that unifies (2.15), (2.16), (2.18), (2.20), and (2.21) in a single
algorithm of the form

rg€H and (VneN) z,01=7T,+\, (Tl,n o Tn@n + €5 — fn),

where 7, € aff (z;) and A, €]0,+o0[, (2.22)

0<jsn

under the assumption that each operator 7; ,, is «; ,-averaged quasinonexpansive, i.e.,

(Vo € H)(Vy € FixT; )
21— i) (y = Tont | 2 = Ton) < 2ain — (o = yl> = 1 Ton — ol?), (2.23)

for some «;,, € |0, 1], which means that the operator (1—1/«;,)Id +(1/a;,)T; ,, is quasi-
nonexpansive. In words, at iteration n, a point Z,, is picked in the affine hull of the orbit
(x;)o<j<n generated so far, a composition of quasinonexpansive operators is applied to
it, up to some error e,, and the update x,,, is obtained via a relaxation with parame-
ter \,. Note that (2.22)—(2.23) not only brings together mean value iterations, inertial
methods, and the memoryless multilayer setting of [19, 25], but also provides a flexible
framework to design new iterative methods.

The fixed point problem under consideration will be the following (note that we
allow 1 as an averaging constant for added flexibility).

Problem 2.7 Let m be a strictly positive integer. For every n € N and every ¢ €
{1,...,m}, a;, € 10,1] and T;,,: H — H is o, ,-averaged nonexpansive if : < m, and
am.n-averaged quasinonexpansive if i = m. In addition,

S=()FixT,# @, where (YneN) T,=Ti, - T, (2.24)
neN
and one of the following holds :
(a) Foreveryn e N, T, , is a,,, ,-averaged nonexpansive.
(b) m > 1 and, for everyn € N, o,,,, < 1 and (-, Fix T} ,, # &.
(&) m=1.
The problem is to find a point in S.

To solve Problem 2.7, we are going to employ (2.22), which we now formulate more
formally.

Algorithm 2.8 Consider the setting of Problem 2.7. For every n € N, let ¢, be an ave-

raging constant of 7,,, let A, € ]0,1/¢,] and, for every i € {1,...,m}, lete;,, € H. Let
(ftn,j)nen0<j<n be a real array which satisfies the following :

18



(@) Sup,en D _j—g |Hn,jl < +o0.
(b) (¥ € N) S7g pny = 1.
(c) (VjeN) lilf pinj = 0.

(d) There exists a sequence (X, )qen in |0, +oo[ such that inf,cy x, > 0 and every se-
quence (&, )ney in [0, +oo] that satisfies

Y onen Xn€n < 400
3 (en)nen € [0, +oo[" n€ 2.25
(3 (enlner € [0, +00[") {(WGN) o T s 4o (2.25)

converges.
Let o € H and set

forn=0,1,...
n
Tn = E Hn 5T
j=0

Tn41 = fn"“)\n (Tl,n (TZ,n( e Tm—l,n(Tm,nEn‘l“em,n) +6m—1,n Tt ) +62,n) +61,n_fn> .
(2.26)
Remark 2.9 Here are some comments about the parameters appearing in Problem 2.7
and Algorithm 2.8.

(i) The composite operator 7,, of (2.24) is averaged quasinonexpansive with constant

m —1\ —1
Qi n . . .
¢n = <H<Zl—am> ) - pE e < (2.27)

=1
1, otherwise.

The proof is given in [25, Proposition 2.5] for case (a) of Problem 2.7. It easily
extends to case (b), while case (c) is trivial.

(if) Examples of arrays (1, ;)nen0<j<n that satisfy conditions (a)-(d) in Algorithm 2.8
are provided in [21, Section 2] in the case of mean value iterations, i.e.,
inf, ey minge <y, tn; = 0, with x,, = 1. An important instance with negative co-
efficients will be presented in Example 2.14.

(iii) The term e, ,, in (2.26) models a possible numerical error in the implementation of
the operator 7; ,,.

The material is organized as follows. In Section 2.2.2 we provide preliminary re-
sults. The main results on the convergence of the orbits of Algorithm 2.8 are presented
in Section 2.2.3. Section 2.2.4 is dedicated to new algorithms for fixed point computa-
tion, monotone operator splitting, and nonsmooth minimization based on the proposed
framework.
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Notation. # is a real Hilbert space with scalar product (- | -) and associated norm || - ||.
We denote by Id the identity operator on H; — and — denote, respectively, weak and
strong convergence in . The positive and negative parts of £ € R are, respectively,
¢t = max{0,¢} and £~ = —min{0, {}. Finally, ¢,, ; is the Kronecker delta : it takes on the
value 1 if n = j, and 0 otherwise.

2.2.2 Preliminary results

In this section we establish some technical facts that will be used subsequently. We
start with a Gronwall-type result.

Lemma 2.10 Let (0,,),en and (g,)nen be sequences in [0, +oo|, and let (v,),en be a se-
quence in R such that (Vn € N) 0,41 < (1 + v,)60,, + €,,. Then

(Vn € N) 6,11 < Gpexp (Zl/k> + Z&?] exp ( Z ) + &, (2.28)

k=j+1

Proof. We have (Vn € N) 1 + v, < exp(v,). Therefore 0; < 6y exp(vy) + &9 and

(Vn e NN {0}) 60,41 <0O,exp(v,) +en

<
< 01 exp(vy) exp(l/n 1) + en1exp(vy) +ep

90H€Xp Vi, +Z€J H exp(vg) + en

Jj=0 k=j+1

= 0y exp (Zyk> + 253 exp ( Z ) + &n, (2.29)

k=j+1
as claimed. O

Lemma 2.11 [31, Theorem 43.5] Let (&,).en be a sequence in R, let £ € R, suppose
that (pun,;)neno<j<n IS a real array that satisfies conditions (a)-(c) in Algorithm 2.8. Then

gn — g = Z?:O Mn,jgj — g

Lemma 2.12 Let (5,)nen, (Yn)nens (0n)nens (Mn)nen, and (N, )nen be sequences in [0, +o0],
let (¢, )nen be a sequence in |0, 1], let (¢, 0) € ]0, +oo[ , and let n € ]0,1[. Set _1 = By and

(Vn€N) w, = ¢i — A, (2.30)

and suppose that the following hold :
(@ (Vn eN) ny < Mpga <.
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®) (VneN) 7, <n(l+n)+niw,.
1+n)+no 1
7 1797) L a — W1
9/¢n —n(n(L +n) + n0wnss + 0)
D1 +nl+n)+nlw,sr +0)
(1/én — M) (nn/<77n +9N,) — 1
An

(c) (Vn €N)

@ (WneN) 0< A, <

(e) (Vn € N) ﬁnJrl_Bn_nn(Bn_ﬁnfl) <
Then

5n+1 + fynén

nen On < oo

Proof. We use arguments similar to those used in [3, 14]. It follows from (c) that (Vn € N)
0 < 9/¢p — NPwni1¥ — n*(1 +n) — no. This shows that (), ),en is well defined. Now set
(Vn € N) p, = 1/(n, +9\,) and k, = B, — 1.5n-1 + Vn6n. We derive from (a) and (e)
that

(vn S N) Kpn41 — Kn < BnJrl - nnﬁn - ﬁn + nnﬁnfl + fyn+15n+1 - fyn(sn

< ((1/¢n - A;) (hpn = 1) | %H) S, (2.31)

On the other hand, (Vn € N) 9(1 + (n(1 + 1) + ndwp41 + o)) > 0. Consequently, (d) can
be written as

0
(Vn € N) 9N, + 9N, (n(14n) +nwyi1+0) < . n(n(L+n)+ndw,ir+0). (2.32)

n

Using (a) and (b), and then (2.32), we get

v,
(Vn € N) (0 +9X) (Yng1+0)+0N, < (n4+9N,) (n(1+n)+ndw,s1+0) +IN, < " (2.33)
However,

9
(VneN) (9, +9\) (Vi1 +0) + 09\, < <Z5_
< (M + 9A) (Vo1 +0) = (1/dn — An)P <O

& (1/én = A )< n;j” ) < ~(Yr1 +0)

@(1/% A)n(nnpn 1)

+ Tn+1 < —0. (234)
It therefore follows from (2.31) and (2.33) that
(VneN) Kpp1 — Kp < —00p41- (2.35)
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Thus, (£, )nen is decreasing and
(Vn € N) B, —nBn-1 = En — Ynon < Kn < Ko, (2.36)

from which we infer that (Vn € N) 5, < ko + n5,_1. In turn,

’i) . (2.37)

n—1
(Vn e NN {0}) B, < nnﬁo+ﬁoz77j < "o+ 1
=0

Altogether, we derive from (2.35), (2.36), and (2.37) that

(Vn € N) 025j+1 < Ko — Kpt1 < Ko + 1B, < 1 /{—077 + 0" B,. (2.38)
=0

Hence, >, 6; < ro/((1 —n)o) < +o0, and the proof is complete. I

Lemma 2.13 Let (1,).en be a sequence in [0, 1]. For every n € N, set

0, if k< n;
k

Z(Wj_ )7 ifk>n7

j=n+1

(Vk €N)  Cop = (2.39)

and X, = ) _;~,, exp(Cx,n). Then the following hold :

(i) Let 7 € [2,+o0[ and suppose that (Vn € N) n,.1 = n/(n+ 1+ 7). Then (Vn € N)
Xn < (n+7)/2.

(ii) Suppose that (3n € [0,1])(Vn € N) n,, <n. Then (Vn € N) x,, <e/(1 —n).

Proof. (i) : We have (VYn € N)(Vk € {n+1,n+2,...}) G =—(1+7) Zf:nﬂ 1/(j+7) <
-3 Ef:nﬂ 1/(j +2). Since £ — 1/(§ + 2) is decreasing on [1, +o0], it follows that

Mag (n+3)*
k 1 2,... < — =1 . 2.
(VneN)(VEe{n+1,n+2,...}) Cn 3/n+1 o n(k+3)3 (2.40)
Furthermore, since £ — 1/(¢ + 3)3 is decreasing on |—1, +oo|, (2.39) yields
(n+3)* 3/+°° d¢ (n+3)3 n+7
N) yn < < = < . (2.41
(meN) X ;(k+3)3 m+3)° | TraE 2mear s 2 @4

(ii) : Note that

(VneN)(Vk € {n+1,n+2,..}) Gau= Y m-1)< > (n—1)=n-1)(k—n).
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(2.42)
Since & — exp((n — 1)¢) is decreasing on |—1, +o0|, it follows that

(VneN) x, < Zexp (n=1)(k—n)) < /+°° exp (71— 1)(€ —n)) dé = exp(l — 77)7

om -1 1—n
(2.43)
which proves the assertion. [

The next example provides an instance of an array (i, ;)neno<j<n Satisfying the
conditions of Algorithm 2.8 with negative entries. This example will be central to the
study of the convergence of some inertial methods.

Example 2.14 Let (y,, ;)neno0<j<n D€ a real array such that pyo = 1 and

(VneN) 1<, <2 and (Vje{0,...,n}) Mn,j:{ Hnm, W] =T

0, if j<n-—1
(2.44)
For every n € N, set
0, if k< n;
VEEN) (n={ w , 2.45
(VE €N) G, S (uys—2), i k> (2.45)
j=n+1

and suppose that x, = ;.. exp(Ckn) < +00. Then (i, j)neno<j<n Satisfies conditions
(a)-(d) in Algorithm 2.8.

Proof. (a) : (Vn € N) 37 [tn sl = finn + |1 = finnl < 3.
(b) : (vn S N) Z?:() ,un,j = (1 - ,un,n) + ,un,n =1.
(c) : Let j € N. Then (Vn € N) n > j + 1= pu, ; = 0. Hence, ligrrl fn; = 0.
n—-—+oo
(d) : We have (Vn € N) x,, = >, exp(Cen) = exp(Cnn) = 1. Now suppose that

(&n)nen is @ sequence in [0, 400 such that there exists a sequence (&,,),¢n in [0, +o00[ that
satisfies

> Xngn<+oo and (Vn€N) & <Y pasés +en. (2.46)
7=0

neN

Set 6y = 0and (Vn € N) 0,11 = [{ny1 — &1 and v, = gy, — 2. It results from (2.46),
(2.44), and the inequalities & — & < (10,0 — 1)& + €0 and

(\V/TL e N\ {0}) gn-f—l - gn < (:un,n - 1)§n + (1 - ,un,n)gn—l + én
= (:un,n - 1)(§n - gn—l) + €n, (2.47)
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that (Vn € N) 0,41 < (tnn — 10, + e, = (1 + vp)0, + €,. Consequently, we derive
from Lemma 2.10 and (2.45) that (Vn € N) 0,41 < >} _,crexp((, k). Using [31, Theo-
rem 141], this yields

D 001 <D ekexp(ar) = Y er Y exp(Cor) = > kX (2.48)

neN neN k=0 keN n=k keN

Now set (Vn € N) w, =&, — > p_ bk Since >, . xxer < +00, we infer from (2.48) that
> nen On < +oo. Thus, since inf,en &, > 0, (wn)nen is bounded below and

(vn S N) Wn4+1 = €n+1 - Hn—i-l - Z ek; < gn—i-l - gn-i—l + gn - Z ek; = Wn. (2-49)
k=0 k=0

Altogether, (w,),en converges, and so does therefore (&,)nen.

2.2.3 Asymptotic behavior of Algorithm 2.8

The main result of the paper is the following theorem, which analyzes the asympto-
tic behavior of Algorithm 2.8.

Theorem 2.15 Consider the setting of Algorithm 2.8. For every n € N, define
O = M inll and (Vi€ {1,..., Tipm=1_ " " ' (2.50
> llessll and (Vi {1 m)) T {Id’ il (250
and set
Vn: S = [0, 4+00]: 2 — 0, (2||T, — x| + Jy). (2.51)

Then the following hold :
() Letn € Nand x € S. Then [|zp 1 — || < Y07 [n ] |25 — || 4 On.
(ii) Let n € Nand x € S. Then

[2n41 — 2] < ZMWH% z|* =5 ZZNnJNn kllz; — |

7=0 k=0
_An(l/gbn_ n)HTn"En_"EnH + V().

(iii) Letn € Nand x € S. Then

[2ns1 — 2] < ZﬂnJij z|? - _ZZNnJNnk”xJ — z?

j=0 k=0
+ )\n()\n — |,z — T|?

]-_ n _
— )\, max ( %, 1(1d =T}, Ty T — (1d —E,n)m,anZ) + v ().

1<i<m Q{Ln
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Now assume that, in addition,

ZX"ZZ”W“”’“ |x]—xk|| <400 and (Vze?9) anun ) < +o0. (2.52)

neN 7=0 k=0 neN

Then the following hold :
(iv) Let z € S. Then (||x,, — x||)nen converges.
W) Au(1/dn — M) T0T — EnHQ — 0.

Vi) D00 D koltnbin k] Tz — @k]]? = 0.
(vii) Suppose that

(3e €10,1)(Vn € N) A, < (1 —¢€)/bn. (2.53)

Then x,1 — T, — 0. In addition, if every weak sequential cluster point of (T, )nen is
in S, then there exists x € S such that x,, — x.
(viii) Suppose that (T, ).en has a strong cluster point x in S and that (2.53) holds. Then
Ty — T.
(ix) Let x € S and suppose that (3¢ € 0,1[)(Vn € N) A, < e+ (1 —¢€)/¢n. Then

1 — Un _
Ap MAX —— 2" ||(Id —~T;) Tog T — (Id —T}) Topn||> — 0.

ISism Qi p
Proof. Let n € N and set
en=T1, (TM( Ty (T + €min) + €mtm++) + 62,,1) Yo — TyTn. (2.54)
If m > 1, using the nonexpansiveness of the operators (7; ,,)1<i<m—1, We obtain
len]]

< llewall + \

Tl,n <T2,n( e Tmfl,n<Tm,nTn + em,n) + €m—1,n"" ) + e2,n) - Tl,n e Tm,nfn

< llevnll+

7

< llevnll + llenll+

|

<D leinll
i=1

T2,n <T3,n( T Tmfl,n<Tm,nfn + em,n) + €Em—1n """ ) + e3,n) + €n — T2,n T Tm,nfn

T3,n <T4,n( T Tmfl,n (Tm,nfn + em,n) + €m—1n """ ) + e4,n) + €3n — T3,n T Tm,nfn

(2.55)
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Thus, we infer from (2.50) that
Anllen|l < 9. (2.56)

On the other hand, we derive from (2.26) and (2.54) that

Tn1 = Ty + M (LaTp + €5 — Tn).- (2.57)
Now set
1 1 -
R, = ¢—Tn - %214 and N = AnGn. (2.58)

Then 7, € |0, 1], Fix R, = FixT,,, and R,, is quasinonexpansive since 7, is averaged qua-
sinonexpansive with constant ¢, by Remark 2.9(i). Furthermore, (2.57) can be written
as

Tpi1 = Tn + 0 (RTn — Tp) + Anen. (2.59)
Next, we define

Zn = Tn + M(ToTn — Tn) = Ty + N (RyTn — Tn). (2.60)
Let z € S. Since x € Fix R,, and R,, is quasinonexpansive, we have

(1 - nn)(fn - 1‘) + nn(RnEn - 1‘)”
< (= n)Tn — || + 0l BT — 2|
< @, — . (2.61)

lzn = zf| = |

Hence, (2.59) and (2.56) yield

[ 41 = l] < [lzn = 2l + Anllenll < llzn — (] + On. (2.62)
In turn, it follows from (2.61) and (2.51) that

11 = 2l1* < lzw = 2l + 20020 — 2] + 95 < 2w — 2[* + va (). (2.63)
In addition, [10, Lemma 2.14(ii)] yields

2 n n n
1
= gl =all? =5 D0 > gty — e *. (2.64)

j=0 7=0 k=0

n

> b j(wj—w)

Jj=0

|z~ =

(i) : By (2.62) and (2.61),

(VneN)Vz € 5) |xp —z|| < ||Zn — z|| + 90 < Z |pon | |z — x| + ¥ (2.65)
=0
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(ii) : Letn € Nand z € S. Since
120 = 2] = (1 = 7) (Tn — @) + N (RaTn — 2)||°
(1 )Hxn - xHQ + nnHRnEn - "EHQ - nn(l - nn)HRnEn - TnHQ
< HE - xHQ - nn(l - nn)HRnEn - EnHQa (2.66)
we deduce from (2.63) and (2.58) that
[€ni1 — 2] < |20 — 2] + va(2)

< an - "EHQ - nn(l - nn)HRnEn - EnHQ + Vn(x)

= [Zn — || = M (1/bp — M) | T0Tne — Tn||? + vn(2). (2.67)
In view of (2.64), we obtain the announced inequality.

(iii) : Let n € N and x € S. We derive from [10, Proposition 4.35] that

(Vie{l,...,m—1})(V(u,v) € H?)

1 ,n
ITs = Tio]® < Jfu = o> = —22(1d =T, )u — (Id =T}, )o]|.
’ (2.68)
If m > 1, using this inequality successively for i = 1,...,m — 1 leads to
||Tnfn - ZL‘||2 - ||T1,n T Tm,nfn - Tl,n T Tm,nx||2
m—1
1 —ap _
<N TunT = T = S~ (1 ~T,) To o — (1d =T T ]|

i=1 Ln
< ”Tm,nfn - Tm,an2

1-— Qn

— max
ISi<m—1 Qg

1Ad =T;,) Ty T — (Ad =T;,) Tzl (2.69)

Note that, in cases (a) and (c) of Problem 2.7,

1— m,n _
= (1 T, — (I =Tz (2.70)
(8%

m,n

||Tm7n§n - Tm,nx||2 < ||fn - :L‘||2 -

This inequality remains valid in case (b) of Problem 2.7 since [10, Proposition 4.49(i)]
implies that

Fix (Typ - T ﬂleTm (2.71)

and, therefore, that « € Fix T, . Altogether, we deduce from (2.69) and (2.70) that

1—ap,

17T —2|? < |[To—]|? — max 1(d ~T})Tis T — (Id —T30) T+ (2.72)

1<i<m Qi oy,
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Hence, it follows from (2.60) that

|20 — x”Z = I(1 = A) (@ — 2) + M (T0 T — 5U>H2
= (1= \)[|Zn — xHQ + Ml T — "EHQ + An(An — DT 7, — EnHQ

1 — ygn _
Qi | (1d T3 Ty — (Id —T;) Tig ]|

T
< ||Tn — 2| )\”112{2% Qin

F A = D To — T (2.73)

In view of (2.63) and (2.64), the inequality is established.
(iv) : Let z € S and set

n = ||on — ||
Vn e N 1 ¢~ _ (2.74)
TEN N e = o)+ 5 D0 ] s —
=0 k=0
Since inf,eny A\ (1/0, — A\y) = 0, (2.52) and (i) imply that
ansn <400 and (VneN) ¢, < Z,uw{j + &, (2.75)
neN j=0

In turn, it follows from (2.52) and condition (d) in Algorithm 2.8 that (||, — 2||)nen
converges.

(v)-(vi) : Let z € S. Then it follows from (iv) that p = lim,, . ||z, — x| is well
defined. Hence, Lemma 2.11 implies that > " s, ;|| z; — 2> — p* and therefore that

> tngllrs = @l = lzngs — 2> = 0. (2.76)
7=0
Since inf,,cn x,, > 0, (2.52) yields

vo(x) >0 and > Y [ gpas] 7 — 2> — 0. (2.77)

=0 k=0
It follows from (ii), (2.76), and (2.77) that

B B 1 n n
7=0 k=0

n 1 n n B
< pngllzy = 2l = lwnes — 2l* + 5 SN gt ] Ny — zil* + vi(2)
j=0 §=0 k=0

— 0, (2.78)
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which gives the desired conclusions.
(vii) : Set ( = 1/e — 1. We deduce from (2.52) and (2.51) that ), U7 < 4oc.
Hence, it follows from (2.57), (2.56), (2.53), and (v) that
lnss — Zal® < 2(A2Hmn = Zal[* + Allen?)

An 2
<2 (1 2100 = AT T+ )

— 0. (2.79)

Therefore z,.; — 7, — 0 and hence the weak sequential cluster points of (x,),cy lie in
S. In view of (iv) and [10, Lemma 2.47], the claim is proved.

(viii) : Since z, .1 — T, — 0 by (2.79), (z,)nen has a strong cluster point = € S. In
view of (iv), z,, — .

(ix) : Set ¢ = 1/e — 1. Then, for every n € N, A, < 1/(1 4 ¢) + ¢/(¢n(1 4+ ¢)) and
hence (1 + )\, — 1 < (/pn, e, Ay — 1 < ((1/b, — A\,). We therefore derive from (iii),
(2.76), (2.52), (v), and (2.77) that

- ai,n

0 < A\, max

n 1 n n B
<Y tnglley =zl = zngs — 2z + B SO lpngpni) "z — il
=0

=0 k=0
+ A = DI TT — EnHz + V()

n
<Y ptngllay = @l = o — 2] + < Zzﬂmunk 17|y — l®
7=0

7=0 k=0
+ CA(1/ 0 — M) | T _$n|’ + vn()
— 0, (2.80)

1A =T;,) T T — (1d =T} ) Thp ||

which shows the assertion.

Next, we present two corollaries that are instrumental in the analysis of two impor-
tant special cases of our framework : mean value and inertial multilayer algorithms.

Corollary 2.16 Consider the setting of Algorithm 2.8 and define (9, )nen as in (2.50).
Assume that

inf min p,; >0 and anﬂn < +o00. (2.81D)

neN0j<n
neN

Then the following hold :
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@ 702 ko tn g kllz; — zpl|* — 0.

(ii) Let x € S and suppose that (3¢ €]0,1[)(Vn € N) A\, < e+ (1 —¢€)/¢n. Then

1-— Ozim

)\, max 1(1d —T3,0) T T — (Id =T5) i ]| — 0.

1<i<m O[Ln

(iii) Suppose that every weak sequential cluster point of (Z,)nen is in S and that (Je €
10,1))(¥n € N) A\, < (1 —¢)/bn. Then z,,1 — T, — 0 and there exists x € S such that
T, — .

(iv) Suppose that every weak sequential cluster point of (T, )nen is in S, that sup,,cy ¢n <
1, and that (3¢ € ]0,1])(Vn € N) A\, < e+ (1 —¢)/¢,. Then z,, 1 — T, — 0 and there
exists x € S such that z,, — .

(v) Suppose that every weak sequential cluster point of (T,)nen IS in S and that
inf,en ptn,n, > 0. Then x,, — T, — 0 and there exists x € S such that z,, — .

Proof. We derive from Theorem 2.15(i) that (Vn € N) ||, 1= < 227 fin jllz;— ]|+,
In turn, it follows from condition (d) in Algorithm 2.8 that (||z,, — z||),en converges. As
a result, (z,)nen is bounded and (2.81) therefore implies (2.52).

(i)—(iii) : These follow respectively from items (vi), (ix), and (vii) in Theorem 2.15.

(iv) : Set 6 = (1 — sup,,cy ¢»)- Then § € ]0,¢[ and (Vn € N) (¢ — 0)/¢, > . Hence,

_ _ _ 1—
1 5:€+1 5_5 5< 5. (2.82)

(el d<et =g & o

The claim therefore follows from (iii).

(v) : Set
n,n 1 . .
1 Hon 12 , if j=mn;
b= — and (VneN)(Vje€{0,...,n}) ;= 2 (2.83)
nf Hn i i j<n
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Then, using Apollonius’ identity, [10, Lemma 2.12(iv)], and (2.83), we obtain

_Hxn - xn”

2

1 9 2) Ty, + T

> (170 = all? + fla — o] .

1 - 2

= 5 (I = 2l + llzw — 2ll?) - D il

1

= 5 (I =l + Il — ]?) - Zwmuxj eI+ Y Angvaslla; -l

0<j<k<n

(Zwm 2ll? + [l — 2 ) - Z%,juxj — a?
1 2
Y sl — +Zuwm 1)lz; — za]

bg|»4

4
0<j<k<n
1 n
5( Hngllzs = 2 |* + [l - :cuz) =3 e — ol
j=0 =0
1 n—1
+7 ( S gl — 2l 0 pinjpinllz; — xn||2>
0<y<k<n 3=0
1 & n
2 ( pngllzs — 2|® + llzn — ff||2> > mjllz — 2l
j=0 =0
> gtz — ) (2.84)
0<j<k<n

Next, let us set p = lim ||z, — z[|*. Then it follows from Lemma 2.11 that > " i, ;| v; —
x> — p and Y7  ymjllz; — 2> — p. On the other hand, (i) asserts that
> o0<jehen tnjbnillz; — xpl|> — 0. Altogether, (2.84) yields |7, — 2,| — 0. Thus, the
weak sequential cluster points of (x,),cn belong to S, and the conclusion follows from
the fact that (||z,, — z||),en converges and from [10, Lemma 2.47]. U

Corollary 2.17 Consider the setting of Algorithm 2.8 with (Vi € {1,...,m})(Vn € N)
e;n = 0. Set x_y = xy and suppose that there exists a sequence (1, )nen in [0, 1[ such that

no = 0 and

L+n,, 1f j=mn;

(W €N € {0,..,n}) fny = —mr  Fi=n—1; (2.85)

0, if j<n-—1
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For every n € N, set

0, if k< n;
k
(VkeN) (up = Z (77]' 1), ik, (2.86)
Jj=n+1

and assume that x,, = ) -, exp(Cx.). Suppose that one of the following is satisfied :

@ > ,en XntnllTn — T 1])? < +o0.

(b) > ennllen — zno1]|* < +oo and there exists T € [2,+o0[ such that (Vn € N~ {0})
= (n—=1)/(n+7).

(© > nennllzn — 2o ||* < +oo and there exists n € [0, 1] such that (Vn € N) 5, <.

(d) Set (Vn € N) w, = 1/¢,, — M. There exist (0,19) € ]0,4o00[* and 5 € 0, 1] such that

M K Mnt1 S 1)
v < Wb =n(n(L+n) + ndwnis +0)
(Vn € N) " 19(1 +n(1+n) + ndwper + a) (2.87)

2
n”?(l+n)+no 1
9 < % —772wn+1.

\

Then the following hold :
(i) An(l/ﬁbn - An)HTnEn - EnHz — 0.
(ii) Let x € S and suppose that (3¢ € ]0,1[)(Yn € N) A\, < e+ (1 —€)/¢,. Then

— Qn

|(1d =T ) T T — (Id —T;0) i ] |* — 0.

1
A, Max
1<i<m O[Ln
(i) 7, —z, = 0.
(iv) Suppose that every weak sequential cluster point of (T, ),en is in S. Then there exists
x € S such that x,, — x.

Proof. In view of Example 2.14, (i, ;)neno<j<n Satisfies conditions (a)-(d) in Algo-
rithm 2.8.

(a) : Set x = inf, ey X, and define (v,) ey as in (2.51). We have sup,,.y(1 +7,) < 2
and

(Ve € S) xntn(z) =0.

Hence (2.52) holds, and (i) and (ii) follow from Theorem 2.15(v)&(ix), respectively.
Furthermore, (2.85) implies that

1T — 2al® < 02 n — T > < Tl — 2012 < %nxn — 2P = 0. (2.89)
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Thus, (iii) holds. In turn, the weak sequential cluster points of (x,),cn belong to S and
(iv) therefore follows from Theorem 2.15(iv) and [10, Lemma 2.47].

(b)=-(a) : It follows from Lemma 2.13(i) that

n+7
> Xntalln = 2aca | <Y =l = 2 ||* < oo (2.90)

neN neN

(c)=(a) : Lemma 2.13(ii) asserts that sup,,cy x» < €/(1 —n).
(d)=(c) : Let x € S. It follows from Theorem 2.15(ii) that

(Vn€N) lzna — 2l <A+ m)llzn — 2l = mullzn-1 — 2l* + 701+ 7o) |20 — 20a [1”

1
-\ <— — )\n> | T T — Tl (2.91)
Pn
Now set 5_; = ||zg — z||* and
1
(VneN) B, =z, —z|>, 6 =|2n—20]?, and p, = PRk (2.92)
Then
(VneN) |17, — 7> = —ﬂxwl Tn) + N(Tn1 — )|

( n+1 + ’%5 + Tin <2<\/p_n<xn+1 - xn)

“7))

( il T 12600 (pnénH + %) ) (2.93)
Thus, we derive from (2.91) that
(0 €N Brn— (B — o) < L2055 299
where
(Vn €N Yo =nu(1 +7n) + 7 (i = An) % > 0. (2.95)

However, it follows from (2.92) that (Vn € N) 9 = (1 — p,n,)/(pn\n). Hence, (2.95)
yields

1
(YneN) v, =n,(141,)+ <¢_ — An)ﬁ < (1 +n) +ndw,. (2.96)

Thus, by Lemma 2.12, > 7m0y < > _,cn O0n < 400 and we conclude that (c) is satisfied.
O
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Remark 2.18 In Corollary 2.17, no errors were allowed in the implementation of the
operators. It is however possible to allow errors in multilayer inertial methods in certain
scenarios. For instance, suppose that in Corollary 2.17 we make the additional assump-
tions that A, = 1 and that | J, . ranT}, is bounded. At the same time, let us introduce
errors of such that (Vi € {1,...,m}) > .\ Xnll€in| < +o00. Note that (2.26) becomes

forn=0,1,...
T = (14 0n)2n — Nnn—1 (2.97)
Tn41 = Tl,n (TQ,n( Tt Tm—l,n(Tm,nEn+em,n)+em—1,n o ) +62,n> +€1,n~

Hence, the assumptions imply that (z,,),cy is bounded. In turn, (7, ),cy is bounded and
it follows from (2.51) that (Vo € S) >, .y Xn¥n(%) < +00. An inspection of the proof of
Corollary 2.17 then reveals immediately that its conclusions under any of assumptions
(a)-(c) remain true.

2.2.4 Examples and Applications

In this section we exhibit various existing results as special cases of our framework.
Our purpose is not to exploit it to its full capacity but rather to illustrate its potential on
simple instances. We first recover the main result of [21] on algorithm (2.18).

Example 2.19 We consider the setting studied in [21]. Let (7},),en be a sequence of
firmly quasinonexpansive operators from H to #H such that S = (", . FixT,, # @. Then
the problem of finding a point in S is a special case of Problem 2.7(c) where we assume
that a;, = 1/2. In addition, let (e, ),y be a sequence in # such that ) _ |le,|| < +oo,
let (A\,),en be a sequence in |0,2[ such that 0 < inf,ey A, < sup,cy A < 2, and let
(fn.j)nen,0<j<n e an array with entries in [0, +oo[ which satisfies the following :

(@) (VneN) > 0 gpn; =1

(b) (Vj eN) nl—l>r—|r—loo fn.; = 0.

(c) Every sequence (&, )nen in [0, +00[ such that

Y onen En < +00

2.98
(Vn € N) Ent1 < Z?:O /~Ln7j£j tén ( )

(3 (n)nen € [0, —i—oo[N) {

converges.
Clearly, conditions (a)-(c) above imply that, in Algorithm 2.8, conditions (a)-(d) are
satisfied. Now let x, € #, and define a sequence (z,,),en by

(VneN) x,01 =Tp+ A\ (Tnfn + e, — En), where 7z, = Z T 5, (2.99)
=0

34



which corresponds to a 1-layer instance of (2.26). This mean iteration process was seen
in [21] to cover several classical mean iteration methods, as well as memoryless convex
feasibility algorithms [18] (see also [13]). The result obtained in [21, Theorem 3.5(i)]
on the weak convergence of (z,).cny to a point in S corresponds to the special case of
Corollary 2.16(iii) in which we further set y,, = 1.

Next, we retrieve the main result of [25] on the convergence of an overrelaxed
version of (2.21) and the special cases discussed there, in particular those of [19].

Example 2.20 We consider the setting studied in [25], which corresponds to Pro-
blem 2.7(a). Given z, € H and sequences (€1 ,)nen, ---5 (€mn)nen i H such that
Y onen An D itq lleinll < oo, construct a sequence (x,)nen via the m-layer recursion

(VneN) x,01 =x,+
)\n (Tl,n (TQ,n( Tt Tm—l,n(Tm,nxn + 6m,n) + €m—1n"" ) + 62,n> + €1n — xn)a
where 0 <\, <e+(1—¢)/¢,. (2.100)

Note that (2.100) corresponds to the memoryless version of (2.26). The result on the
weak convergence of (z,),cy obtained in [25, Theorem 3.5(iii)] corresponds to the spe-
cial case of Corollary 2.16(iv) in which the following additional assumptions are made :

(@ (VneN)x,=1and (Vj € {0,...,n}) pn; = 0n;-.
(b) (Fe€]0,1))(Yn e N) X\, < (1 —¢&)(1/¢n + €).

Note that condition (a) above implies that, in Algorithm 2.8, conditions (a)-(c) trivially
hold, while condition (d) follows from [10, Lemma 5.31]. We also observe that [25,
Theorem 3.5(iii)] itself extends the results of [19, Section 3], where the relaxation pa-
rameters (\, ),en are confined to |0, 1].

The next two examples feature mean value and inertial iterations in the case of a
single quasinonexpansive operator. As is easily seen, the memoryless algorithm (2.15)
can fail to produce a convergent sequence in this scenario.

Example 2.21 Let 7: H — H be a quasinonexpansive operator such that Id —7 is de-
miclosed at 0 and Fix T" # @, let (y,, ;)nen,0<j<n D€ an array in [0, +oo] that satisfies condi-

tions (a)-(d) in Algorithm 2.8 with x,, = 1 and such that inf, ey ftn41 0011041 > 0, and

let (e,)nen be a sequence in H such that ) [len|| < +oo. Let 2y € H and iterate

(Vn €N) 2ppq =TT, +e,, where T, =) . z;. (2.101)
7=0

Then Tz,, — T,, — 0 and there exists « € FixT such that z, — zand 7, — z.
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Proof. We apply Corollary 2.16 in the setting of Problem 2.7(c) with T}, =T, a;,, = 1,
¢, = 1, and )\, = 1. First, note that (2.81) is satisfied. Furthermore, Corollary 2.16(v)
entails that 7,, — z,, — 0, while Corollary 2.16(i) yields fini1.nftnt1.n1l|Tns1 — 24]|> — 0
and hence z,,;; — x, — 0. Therefore 7,, — 77, = (T, — ©,,) + (¥, — x,11) + €, — 0. Since
Id —T is demiclosed at 0, it follows that every weak sequential cluster point of (7, )nen
is in Fix T'. In view of Corollary 2.16(v), the proof is complete. [

Example 2.22 Let T: H — H be a quasinonexpansive operator such that Id —7 is
demiclosed at 0 and FixT # @, and let (7,).en be a sequence in [0,1] such that
m = 0,n = sup,entn < 1, and (Vn € N) 5, < 7,41. Let (,9) € ]0,+oo[* be such
that (n*(1 + n) + no)/Y < 1 —n? and let (\,),en be a sequence in ]0, 1] such that
0 < infren A < SUPpey An < (0 —n(n(l +n) + 00 + 0))/(I(L + n(l +n) +nd + 0)).
Let zy € H, set x_; = xy, and iterate

(Vn €N)  2pi1 =T + M\ (TT0 — Tp), where T, = (1+n,)z, — Np2p—1. (2.102)

Then Tz, — Z,, — 0 and there exists « € FixT such that z,, — z. In the case when 7T is
nonexpansive, this result appears in [14, Theorem 5].

Proof. This is an instance of Corollary 2.17(d)(i)&(iv) and Problem 2.7(c) in which
Ty, =T, a1, =1, and ¢, = 1. Note that condition (d) in Corollary 2.17 is satisfied
since (Vn e N)w, =1—-\, < 1.0

Next, we consider applications to monotone operator splitting. Let us recall ba-
sic notions about a set-valued operator A: H — 27 [10]. We denote by ran A =
{ueH | 3z €H)ue Az} the range of A, by domA = {z€H | Av+# o} the
domain of A, by zerA = {z €M | 0€ Az} the set of zeros of A, by graA =
{(z,u) e L xH } u € Az} the graph of A, and by A~! the inverse of 4, i.e., the ope-
rator with graph {(u,z) € H x H ] u € Az}. The resolvent of A is J4 = (Id +A4)~! and
s: dom A — H is a selection of A if (Vx € dom A) s(z) € Ax. Moreover, A is monotone
if

(V(z,u) € graAd)(V(y,v) € grad) (r—y|u—v) =0, (2.103)
and maximally monotone if there exists no monotone operator B: H — 2% such that
graA C graB # gra A. In this case, J, is a firmly nonexpansive operator defined eve-
rywhere on H and the reflector R4 = 2J4 — Id is nonexpansive. We denote by ['o(#)
the class of proper lower semicontinuous convex functions from H to |—oo, +o0]. Let

f € To(H). For every & € H, f + ||x — -||*/2 possesses a unique minimizer, which is
denoted by prox,z. We have prox; = Jy;, where

of it H—=2" o {uet|(VyeH)(y—a|u+ flz) < f(y)} (2.104)

is the Moreau subdifferential of f. Our convergence results will rest on the following
asymptotic principle.
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Lemma 2.23 Let A and B be maximally monotone operators from H to 2%, let (z,,, Uy )nen
be a sequence in gra A, let (y,,v,)nen be a sequence in gra B, let x € H, and let v € H.
Suppose that x, — x, v, — v, v, — vy, — 0, and u,, + v, — 0. Then the following hold :

(i) (z,—v) € graAand (z,v) € gra B.
(ii) 0 € Az + Bxand 0 € —A~(—v) + B~ 1.

Proof. Apply [10, Proposition 26.5] with £ =H and L =1d.0

As discussed in [19], many splitting methods can be analyzed within the powerful
framework of fixed point methods for averaged operators. The analysis provided in the
present paper therefore makes it possible to develop new methods in this framework, for
instance mean value or inertial versions of standard splitting methods. We provide two
such examples below. First, we consider the Peaceman-Rachford splitting method, which
typically does not converge unless strong requirements are imposed on the underlying
operators [20]. In the spirit of Mann’s work [34], we show that mean iterations induce
the convergence of this algorithm.

Proposition 2.24 Let A: H — 2" and B: H — 2" be maximally monotone operators
such that zer (A + B) # @ and let v € |0,4o0[. Let (a,)nen and (b,)nen be sequences in
H such that ) |las|| < +ooand Y- ||bn]] < +o0, let o € H, and let (fy ;)nen,0<i<n
be an array in [0, 00| that satisfies conditions (a)-(d) in Algorithm 2.8 with x,, = 1 and
such that inf, ey fin41nfint10+1 > 0. Iterate

forn=0,1,...

Ty = § Hon,jTj
=0

Yn = 'nyn + bn
Zn = 'yA(Qyn - En) + an,
| Tng1 =T+ 2(20 — Yn).

(2.105)

Then there exists « € Fix R, 4R, such that x,, = x and z,, — x. Now set y = J,px. Then
yezer(A+B), z, —Yn — 0, y, — y, and z, — .

Proof. Set ' = R 4R, and (Vn € N) e, = 2a,, + R a(R,5T,, + 2b,) — R,a(R,pT,). Then
T is nonexpansive, Id —7 is therefore demiclosed, and, since zer (A + B) # @, [10,
Proposition 26.1(iii) (b)] yields FixT" = Fix R,4R,p # . In addition, we derive from
(2.105) that

(VYneN) z,q =TT, + ey, (2.106)
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where

> lenll <7 @llanll + | Rya(RypTn + 2b,) = Rya(Ry5T0)])
neN neN
<> 2(llanll + 16a1))
neN

< +00. (2.107)

Consequently, we deduce from Example 2.21 that (x,),en and (Z,,),en converge weakly
to a point z € FixT = FixR,4R,p, and that 7z, — 7,, — 0. In addition, [10, Pro-
position 26.1(iii) (b)] asserts that y € zer (A + B). Next, we derive from (2.105) and
(2.106) that 2(z, — yn) = zpy1 — T = (T7T, — T,) + €, — 0. It remains to show
that y, — y. Since (T,),eny converges weakly, it is bounded. However, (Vn € N)
lYn—voll = | Jy8Tn—JyBxo+by|| < ||T0n—20||+||bs||. Therefore (y,,),en is bounded. Now let
z be a weak sequential cluster point of (v, )nen, Say yx, — 2. In view of [10, Lemma 2.46],
it is enough to show that z = y. To this end, set (Vn € N) v, = v YT, — vy, + b,) and
Wy, =7 (2Yp—Tn—2,+a,). Then (Vn € N) (2,—a,, w,) € gra A and (y,,—b,,v,) € gra B.
In addition, we have 7, — =, 2z, —ax, — 2, vp, — v (2—2), (zx, —ar,)— (Yr,, —br,) — O,
and vy, +wy, = v (Y, — 2k, + ax, + by,) — 0. Hence, we derive from Lemma 2.23 (i)
that (2,7 '(z — 2)) € gra B, i.e., z = J,px = y. [

Remark 2.25 Let f and g be functions in I'((#), and specialize Proposition 2.24 to
A =0f and B = 0g. Then zer (A + B) = Argmin (f + g). Moreover, (2.105) becomes

forn=0,1,...

Ty = E Hon § T
=0

Yn = Prox. T, + by,
2 = proxwf(Qyn —Tp) + ay
Tpt1 = T, + 2(Zn - yn)u

(2.108)

and we conclude that there exists a point y € Argmin (f + ¢) such that y, — y and
Zn — Y.

We now propose a new forward-backward splitting framework which includes exis-
ting instances as special cases. The following notion will be needed to establish strong
convergence properties (see [4, Proposition 2.4] for special cases).

Definition 2.26 [4, Definition 2.3] An operator A: H — 2% is demiregular at x € dom A
if, for every sequence (z,,u,),en in gra A and every u € Ax such that x, — =z and
u, — u, we have z,, — .

Proposition 2.27 Let 3 € |0, +ool, let € € ]0, min{1/2, B}|, let xy € H, let A: H — 2" be
maximally monotone, and let B: H — H be [-cocoercive, i.e.,

(Ve € H)(Vy € H) (x—y | Bx— By)/3 > |Bx — Byl (2.109)
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Furthermore, let (v,)nen be a sequence in [,25/(1 + ¢)], let (jtn ;) nen0<j<n be a real array
that satisfies conditions (a)—(d) in Algorithm 2.8, and let (a,)nen and (b,,),en be sequences
in H such that 3, .\ Xnllan]| < +ooand >~ .\ Xnl|bn|| < +00. Suppose that zer (A + B) #
@ and that

(VneN) )\, € [5,1+(1—5)<1—;—g)} , (2.110)

and set (Vn € N) ¢, = 2/(4 — v,/ ). For every n € N, iterate
Tnil = Tn+An (J%A (Tn —%(Bfnern)) +a, —§n>, where T, = Z fn ;2. (2.111)
=0

Suppose that one of the following is satisfied :

(a) inf min > 0.
neN 0sjan Hd 2

(b) a, = b, =0, (in,;)nen0<j<n Satisfies (2.85), and one of conditions (a)-(d) in Corol-
lary 2.17 is satisfied.
Then the following hold :
(i) J,, 4Ty — v BT,) — T, — 0.
(ii) Let z € zer (A + B). Then Bz, — B=.
(iii) There exists x € zer (A + B) such that z,, — .

(iv) Suppose that A or B is demiregular at every point in zer (A + B). Then there exists
x € zer (A + B) such that z,, — .

Proof. We apply Corollary 2.16 in case (a) and from Corollary 2.17 in case (b). We first
note that (2.111) is an instance of Algorithm 2.8 with m = 2 and (Vn € N) T}, = J,,. 4,
Ty, = 1d =, B, €1, = ay,, and ey, = —,b,. Indeed, for every n € N, T}, is ay -
averaged with o, ,, = 1/2 [10, Remark 4.34¢(iii) and Corollary 23.9], T3 ,, is « ,,-averaged
with ay,, = 7,/(28) [10, Proposition 4.39], and the averaging constant of 7}, 715, is
therefore given by (2.27) as

Q1 n + Qg n — 2a1,na2,n - 2 -
1— a1 Qg n 4 — 7n/6

On.- (2.112)

On the other hand, we are in the setting of Problem 2.7(a) since [10, Proposi-
tion 26.1(iv)(a)] yields (Vn € N) Fix (T3 ,,7T%,) = zer(A + B) # &. We also observe
that, in view of (2.110),

l—ec 1-ay, 1— o,
(VneN) e<h, <et—" n _ 1, and D2 > ¢ (2.113)
¢n A1n Q2 n
which, by (2.27), yields
1+4+¢
n < 2.11
SUpOn S 75z < (2.114)
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In addition, it results from (2.112) that (Vn € N) A\, < 1/¢,+¢c <2—7,/(20)+c < 2+e.
Therefore,

Shen Xodnllenll = (2 +2) X, ey Xnllan|| < +o00
ZneN Xn)\nHeQ,nH < 26(2 + 5) ZneN Xn”an < +00,

which establishes (2.81) for case (a). Altogether, (2.113), Corollary 2.16(ii), and Corol-
lary 2.17(ii) imply that, for every z € zer (A + B),

(2.115)

{(TM 1) Ty + (To = 14)2 = (Ty = 1) T = (T = 1d)To02 =2 0 5 1o
(Tom —1d)Z — (Ton — 1)z — 0.
Now set
(VneN) vy, =J,, 4T, —7BT,), u,= fn; Yn -~ B%,, and v, = BT,, (2.117)
and note that
(Vn € N)  wu, € Ay,. (2.118)

(i) : Let z € zer (A + B). Then (2.116) yields J., 4(T, — 7.B%n) — Ty, = (T1n —
1) Ty T + (Top — 1)z + (To — 1d)T — (To — Id )2 — 0.

(ii) : We derive from (2.116) that

| BT, — Bz|| = v, | TonTn — Tn — Tonz + 2|| < e Y| TonZn — T — Tomz + 2| = 0.
(2.119)

(iii) : Let (k,)nen be a strictly increasing sequence in N and let y € H be such that
Tk, — y.In view of Corollary 2.16(iv) in case (a), and Corollary 2.17(iv) in case (b),
it remains to show that y € zer (A + B). We derive from (i) that y, — 7, — 0. Hence
Y, — y.Now let z € zer (A+ B). Then (ii) implies that B, — Bz. Altogether, vy, — v,
g, — Bz, yr, — Ty, — 0, up, +vi, — 0, and, for every n € N, uy,, € Ay, and v, € BTy, .
It therefore follows from Lemma 2.23(ii) that y € zer (A + B).

(iv) : By (iii), there exists = € zer (A + B) such that z,, — x. In addition, we derive
from Corollary 2.16(iv) or Corollary 2.17(iii) that

Tp—Tp1 — 0 or T, —x, —0. (2.120)

Hence it follows from (2.117) and (i) that y, — =z, and, from (2.117) and (ii), that
u, — —Bx. In turn, if A is demiregular on zer (A + B), we derive from (2.118) that
Yyn — x. Since y,, — T, — 0, (2.120) yields z,, — z. Now suppose that B is demiregular
on zer (A + B). Since 7,, — uz, (ii) implies that Z,, — = and it follows from (2.120) that
Tp — x. [
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Remark 2.28 As noted in Remark 2.18, we can allow errors in inertial multilayer me-
thods and, in particular, in the inertial forward-backward algorithm. Thus, suppose
that, in Proposition 2.27, A\, = 1 and A has bounded domain. Then |J,.yranT;, =
U,.enran (Id +v,A)~! = dom A is bounded. Hence, it follows from Remark 2.18 that,
if Y cn Xnllan|| < +ooand )\ Xallbn|| < 400, the conclusions of Proposition 2.27(b)
under any of assumptions (a)—(c) of Corollary 2.17 remain true for the inertial forward-
backward algorithm

forn=0,1,...
Tn = 14+n)Tn — T (2.121)
Tpi1 = Iy a (T — Y (BTn + by)) + an.

Remark 2.29 Let f € I'o(#H), let g: H — R be convex and differentiable with a 1//-
Lipschitzian gradient, and suppose that Argmin (f + ¢g) # @. Then Vg is -cocoercive
[10, Corollary 18.17]. Upon setting A = df and B = Vg in Proposition 2.27, we see
that, for every n € N, (2.111) becomes

Tpt1 = T+ )‘n (PrOX%f (fn - 7n(v.g(fn) + bn)) +an _En) ) where Ty = Z Hn 5T 5,
j=0

(2.122)

and we conclude that there exists 2 € Argmin (f + g) such that x,, — z and Vy¢(z,) —
Vg(x).

Remark 2.30 Various results on the convergence of the forward-backward splitting al-
gorithm can be recovered from Proposition 2.27.

(i) Suppose that (Vvn € N) A, < 1 and (Vj € {0,...,n}) pn; = 6,,. Then condi-
tions (a)-(d) in Algorithm 2.8 hold with y,, = 1 by [10, Lemma 5.31]. In turn,
Proposition 2.27(a)(iii) reduces to [19, Corollary 6.5]. In the context of Re-
mark 2.29, Proposition 2.27(a) (iii) captures [24, Theorem 3.4(i)]. In this setting,
under suitable conditions on the errors, it is shown in [23, Theorem 3(vi)] that
(f + 9)(zn) — min(f + g)(H) = o(1/n).

(ii) In the context of Remark 2.29, let (1,).en be a sequence in [0, 1] that satisfies
condition (b) in Corollary 2.17, and set x_; = xy and 1y = 0. If v, = 79 < 8 and
A = 1, Proposition 2.27(b) (iii) covers the scheme

(Vn €N)  zp41 =Pprox_ ; (xn+77n(xn—xn_1)—WOVg(xn+77n(:En—xn_1))> (2.123)

studied in [17, Theorem 4.1], where it was established that )~ n|lz, — 2,1 |* <
+o00. In this case, it is shown in [6, Theorem 1] that (f + ¢)(z,) — min(f + g)(H) =
o(1/n?) .

(iii) If A\, = 1, then Proposition 2.27(b)(iii) under hypothesis (c) of Corollary 2.17
establishes a statement made in [33, Theorem 1]. Let us note, however, that the
proof of [33] is not convincing as the authors appear to use the weak continuity of
some operators which are merely strongly continuous.

41



(iv) Suppose that (Vn € N) A\, < (1 —¢)(2+ ¢ — v,/(256)) and (Vj € {0,...,n})
fn,; = 0n ;. Then items (a)(iii) and (a)(iv) of Proposition 2.27 capture respecti-
vely items (iii) and (iv) (a) &(b) of [25, Proposition 4.4]. In addition, in the context
of Remark 2.29, Proposition 2.27(a)(iii) captures [25, Proposition 4.7 (iii)].

(v) Proposition 2.27 also applies to the proximal point algorithm. Indeed, when B = 0,
it suffices to allow g = +o00 and as,, =0, to set 1/4+00 = 0 and 1/0 = +o0, and to
take (v,)nen in [g, +o0]. In this setting, the proof remains valid and :

(a) Proposition 2.27(b)(i)&(iii) under hypothesis (c) of Corollary 2.17 capture
the error-free case of [2, Theorem 3.1], while Theorem 2.15 covers its general
case.

(b) Let n € ]0,1/3[, set 0 = (1 — 3n)/2 and ¥ = 2/3, and suppose that \, = 1.
Then Proposition 2.27(b) under hypothesis (d) of Corollary 2.17 yields [3,
Proposition 2.1].

Next, we derive from Corollary 2.16 a mean value extension of Polyak’s subgra-
dient projection method [40] (likewise, an inertial version can be derived from Corol-
lary 2.17).

Example 2.31 Let C' be a nonempty closed convex subset of # with projector P, let
f: H — R be a continuous convex function such that Argminf # @ and 6 = min f(C)
is known. Suppose that one of the following holds :

(i) f is bounded on every bounded subset of H.

(ii) The conjugate f* of f is supercoercive, i.e., lim,|—to0 f*(u)/|u|| = +o0.
(iii) M is finite-dimensional.
Letn €]0,1[, let £ € ]0,7/(2 + n)[, let (pn j)neno<j<n be an array in [0, +-oo[ that satisfies
conditions (a)-(d) in Algorithm 2.8, let (&,)nen be in [1,2 — )], let (A, )nen be in [e, (1 —
e)(2 — &,/2)], let s be a selection of df, and let 2y € C. Iterate

forn=0,1,...

Tp = § Hon T
=0

= _ (2.124)
{xn a (Pc (f i gnwsm)) - f) if s(7,) # 0:
Tpy1 =

(@)l

T, if s(7,) = 0.

Then there exists x € Argmin ¢ f such that z, — z.

Proof. Let G be the subgradient projector onto D = {z € H \ f(x) < 6} associated with
s, that is,
0— f(z) .
GHoHam {7 e ) >0 (2.125)
x, if f(x) <90.
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Then G is firmly quasinonexpansive [10, Proposition 29.41(iii)]. Now set (Vn € N)
Ty, = Po, Th,, = 1d +&,(G —1d), an,, = 1/2, and ay,, = &,/2. Then, for every n € H,
Ty, is an a4 ,-averaged nonexpansive operator [10, Proposition 4.16], T3, is an ag,-
averaged quasinonexpansive operator, [10, Proposition 4.49(i)] yields

Fix T}, Ty, = Fix Ty, NFixTy,, = C' N D = Argmin ¢ f, (2.126)

and Remark 2.9(i) asserts that 77,75 ,, is an averaged quasinonexpansive operator with
constant ¢, = 2/(4 — &,) and A\, < (1 — ¢)/¢,. Thus, the problem of minimizing f
over C' is a special case of Problem 2.7(b) with m = 2, and (2.124) is a special case
of Algorithm 2.8 with e;,, = 0 and ey,, = 0. Now let (k,),en be a strictly increasing
sequence in N and let + € H be such that 7;, — 2. Then, by Corollary 2.16(iii),
it remains to show that x € C N D. We derive from Corollary 2.16(ii) and (2.126)
that TQ,knfkn — PCT2,knfkn — 0 and Tp, — T27kn§kn — 0. Therefore C' > PCT2,knfkn =
(PcTo ke, Tk, — Tony,) + (Tok, Tk, — ZTk,) + Tx, — « and, since C' is weakly closed,
x € C. On the other hand, |Gz, — 7,,|| = | 12,Tn — Tnl|/&n < || T2,0Tn — @0 | /n — 0. Since
(iii))=-(ii))<(1) [10, Proposition 16.20] and (i) imply that Id —G is demiclosed at 0 [10,
Proposition 29.41(vii)], we conclude that z € FixG = D. [

Remark 2.32 Example 2.31 reverts to Polyak’s classical result [40, Theorem 1] in the
case when (Vn € N) A\, = 1 and (Vj € {0,...,n}) p,; = 0, ;. The unrelaxed pattern
An = 1 is indeed achievable because (Vn € N) \, € [, (1 —¢)(2 —¢&,/2)] and (1 —¢)(2 —
n/2) 2 (1=2)2—=2=-n)/2) > (1 =n/2+n)1+n/2) = 1.
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Chapitre 3

Matrices concentrantes,
superconcentrantes, et méthodes
inertielles

Nous introduisons une notion plus fine de matrice concentrante (cf. Définition 1.9)
pour obtenir des résultats de sommabilité dans les méthodes de point fixe avec mémoire.
La construction que nous proposons permet en particulier des pondérations négatives.
La combinaison de ces résultats et du formalisme introduit dans le Chapitre 2, ouvre la
voie & la construction de nouveaux algorithmes avec mémoire. !

3.1 Introduction

La notion de matrice concentrante a été développée dans [5] pour étudier la conver-
gence d’'une famille de schémas itératifs de point fixe avec mémoire. Nous étendons ici
la définition de matrice concentrante a des matrices n’étant pas nécessairement a va-
leurs positives. La bibliographie du Chapitre 2 contient une liste de références sur les
algorithmes avec mémoire. Le lecteur est invité a s’y reporter.

Définition 3.1 Soit (1, j)nen 0<j<n UnNe matrice de réels telle que

n

sup 3 [pin | < oo, ng@;ﬂn,j:l et (VjeN)

lim p,,; =0. (3.1)
neN =0 ©

n—-+

Alors (fin,j)nen,0<j<n €St concentrante s’il existe une suite (x,)ney @ valeurs dans |0, +o00[

1. Un article basé sur ce chapitre est en préparation.

47



telle que inf,cy x,, > 0 et si toute suite (&,),en a valeurs dans [0, +oo[ qui satisfait

(EI (€n)nen € [0, +oo[N> anen <400 et (VneN) &< Zuwfj +e, (3.2)
neN j=0

\

converge. De plus, (i, ;)neno<j<n €St superconcentrante s’il existe une suite (X, )nen @
valeurs dans |0, +oo] telle que inf, ey x,, > 0 et si toutes suites (&, )nen €t (B,)nen @ valeurs
dans [0, +oo][ qui satisfont

(EI (5n)nEN € [07 +OO[N> Z Xnén < 4oo et (\V/TL € N £n+1 ZMWQ Bn +5n

neN

(3.3)
respectivement converge et est dans /!(N).

Définition 3.2 Soit (u,, ;)nen,0<j<n Une matrice de réels vérifiant (3.1) et soit p € N\ {0}.
L’ordre d’une matrice vaut p si pour tous les entiers n > p et j < n—p, i, ; = 0. Si aucun
entier p ne satisfait cette propriété, la matrice est dite d’ordre infini.

3.2 Résultats préliminaires

Commencons par quelques lemmes utiles sur des suites réelles.

Lemme 3.3 Soit j € N, soit (v,)nen @ valeurs dans [0, 1], soit (0,),en @ valeurs dans
10, +00[ et soient (0,)nen et (Mn)nen deux suites a valeurs dans R, telles que

(V’I’L > ]) 0n+2 < nn+20n+1 + Un+20n- (34)
Supposons que (Vn = j) NpioVpt1 + Onto < Upg1Vnio et que 8; < v, Alors (Yn > j)

en < H;l:j 14

Démonstration. On procede par récurrence forte. Soit n > j, soit k € {j,...,n+ 1} et
on suppose que 6, < Hz -y, Alors par (3.4), 010 < Mpao H?jﬂl v + ong2 [[12; - On
remarque que

n+1 n+2
Nnt2Vns1 + Onga < Vng1Vng2 = Tpyo H v+ Opga H v < H iz (3.5)
I=j I=j
et ainsi,
n+2
Ony2 < H v, (3.6)

qui conclut la récurrence. [
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Lemme 3.4 [8, 843.3.] Soient (o) nen et (5, )nen deux suites a valeurs dans R. Supposons
que Y o lom — an| < Focetqued Bn < +oo. Alors Y o, < 400,

Lemme 3.5 [8, Theorem 43.5] Soit (&,).en une suite réelle et soit £ € R. Supposons que
(Hn,7)nen 0<j<n st une matrice concentrante de réels. Alors &, — § = > 7 pin ;&5 — &

Lemme 3.6 [3, Lemma 4.5] Soit j € N. On a

—+00

k : 5
ZH (3.7)

k=j

Lemme 3.7 Soient (0,)nen €t (1n)nen deux suites a valeurs dans 10, 1]. Soit (0,,),en une
suite a valeurs [0, +oo telle que 01 = 6y = 0 et telle qu’il existe une suite (£,),en dans
[0, +-00[ qui satisfait

(Vn € N) 0,11 < bp + 0p0,1 + €. (3.8)
On pose
_ 1 _ T On _|én
w=l]. wem a=fr 5[] a9

et

VLeN)(Wn=1l) Af=A, A, 7y=u Alu et Xo=)» Tupr.  (3.10)

I>n
Supposons que ., €;x; < +00. Alors 3 0n1 < Do 0€5X; < +o0.

Démonstration. On définit

(YvneN) t,= [eg“} et e, = {Eg] : (3.11)
Ainsi, en utilisant < pour 'ordre composante par composante, on obtient
(VneN) to1 < Autn + €5 (3.12)

et par induction (Vn € N) 11 < 37 g A7 je;. Ona (Vi € N) 0,00 <uf 37 A7y je; =
S oul Aprejet (V5 € {0,...,n}) ul A%y je; = ejul A}y uy. Ainsi,

ZGnH < ZZUI ;»LJrlej = ZSJ' ZulTTn,jHul = ZEij’ (313)

n>0 n>0 j=0 J20  n>j =0

ce qui conclut la démonstration. [J
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Remarque 3.8 Supposons qu'’il existe n et o dans [0, 1] tels que n + o < 1 et (Vn € N)
op < 0,n, <n.0nposev = (n++/n*>+40)/2 < 1. En remarquant que (Vj € N)(Vn > j)
Tot2; < NTat1; + 0Tajs €L qQue nv + o < 12, on peut appliquer le Lemme 3.3 et conclure
facilement que (x,)nen €St bornée.

Lemme 3.9 Soit (&,),en une suite de réels positifs. On pose 01 = 0y = 0 et (Vn € N)
Ons1 = [Ens1 — &n] ™. Supposons que Y~ 0,11 < +00. Alors (€, )nen converge.

Démonstration. On pose (Vn € N) w, = &, — Z?:o ¢;. On sait que inf, ey &, > 0, donc
(wn)nen est bornée inférieurement et

n

(vn € N) Wnt1 = £n+1 - 9n+1 - Ze_] < §n+1 - £n+1 + fn - Ze_] = Wp- (314)
7=0

=0
Ainsi (w,,)nen converge, et donc (&,)nen aussi. [

Les deux lemmes suivants serviront a étudier la convergence forte de nos algo-
rithmes, mais aussi des cas particuliers de techniques inertielles.

Lemme 3.10 Soient f3 et v dans |0, 1] tels que 5+ 27y < 1. Soit (jtn ;) nen 0<j<n UNe matrice
de réels d’ordre 3 telle que

(Vne{2,3,...}) finn-1 <P et fpna<1. (3.15)
Soit (z,)nen une suite de H telle que 3, ||Tn1 — D5 fin 57|l < +00. Alors (z,)nen est

une suite de Cauchy.

Démonstration. On veut montrer que ) ||Zn41 — || < +00. On pose (Vn € N) 7, =
Z?:O fin ;- ON @

(Vn22) [[#nrs — 2ol < [J@ner — Zall + [|T0 — 22l
< || (,un,n—l + ,un,n—Q)(xn—l - xn) + Mn,n—Z(xn—Q - xn—l) ||
+ [[zps = Tall. (3.16)
On pose
(Vn eN) 0,11 = ||lxne1 — x| et e, =|zpe1 — Tl (3.17)
Il suit que
(vn € {27 37 .. }) en—f—l < (Nn,n—l + ,un,n—Q)en + ,un,n—Qen—l + €n
< (B+ )0 +70n-1 + €n. (3.18)

On utilise les notations du Lemme 3.7. On a (x, ),y bornée d’apres la Remarque 3.8 et
on appelle y € |0, +oo[ sa borne. Ainsi le Lemme 3.7 assure que

Z@n_H < foij < XZEj < +-00. (319)

n>0 >0 =0

On conclut ainsi que (z,),en est une suite de Cauchy. [
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Proposition 3.11 Soient § et v dans |0, 1] tels que 5 + 2y < 1. Soit (fin ;)nen,0<j<n UNE
matrice d’'ordre 3 superconcentrante telle que

(\V/TL € N) Hnn—1 < 67 Hnn—2 <7, (320)

et soient (x,),en une suite a valeurs dans ‘H et S un sous-ensemble d’intérieur non vide de
H tels que

(Vx € S)(Vn €N) ||zpe1 — || < ||T0 — || + 0. (3.21)
Alors (x,,)nen converge fortement.

Démonstration. Soient x € int S et p € ]0, +oo| tels que B(x, p) C S. On définit (y,),en @
valeurs dans B(z, p) par

x, B SI Tpy1 = Tp;
(VTLGN) Yn = x_p|xn+1_xn

_ sinon.
|xn+1 - fn” ’

Ainsi, on a (Vn € N) ||z41 — Ynl|| < ||Tn — ynl| + €,. De plus
(Vn e N)  |zpe1 — || < ||Tn — || — 20||Tns1 — Tl + €n- (3.22)

et (L, )nen,0<j<n €tant superconcentrante, on a » ||Zn41 — Tnl| < +o00. Donc par le
Lemme 3.10, (x,)nen est une suite de Cauchy, et donc converge fortement. [l

3.3 Construction de matrices superconcentrantes

3.3.1 Matrices superconcentrantes positives

Le résultat suivant donne un critére pour s’assurer qu'une matrice concentrante
positive d’ordre fini est superconcentrante.

Théoréme 3.12 Soit p un entier strictement positif et soit (fi, ;)neno<j<n UNE ma-
trice concentrante d’ordre p de réels positifs. Supposons que pour tout entier j < p,

Zn@ |nt1mt1— — nn—i| < 400. Alors (fin,j)nen0<j<n €St superconcentrante.

Démonstration. On définit
k
(Vn € N)(Vk € {0,...,n}) Tuk =D _ tnj- (3.23)
=0
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Supposons que (&, ).en est une suite a valeurs dans [0, +oo| telle qu’il existe deux suites
(Ba)nen €t (€n)nen dans [0, +oo[ qui satisfont

D en<+oo et (YneEN) &< Z fin &5 — B + En. (3.24)

neN

On sait que (&,)nen converge. Pour montrer que ), 3, < +00, il suffit de prouver que
> nsp (E?:o n ;&5 — &1 + 5n> < +oo0. De plus,

n

(Vn

\%
=

Z ,un,jgj - gn-f—l +éen = Z Hn,j (
=0

(& — §k+1)) +eén

=j

= ; <;um) (& — &kr1) +en

= Z Tn,k(fk - §k+1> + €n- (325)
k=0

On remarque que pour tous entiersn > p et k < n —p, on a 7, = 0. Ainsi, pour
tout entier n > p,

n

ZTn,k(fk — &) = Z Tk (§k — Ert1)
pn

k=n—p+1

p
= Z Tn7k+7Z—P(§k+n—p - gk-l—n—p—f—l)- (326)
k=1

Pour tout entier strictement positif & < p, on étudie indépendamment les p suites
(Tnsetn—p(Ektn—p — Ek+n—p+1))nen. Par le Lemme 3.4, il reste & montrer que pour tout
entier strictement positif £ < p, on a Z@p | Tt 1 ktn—pt1 — Tnk+n—p| < +00. OL, pour tous
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entiers n > p et k < p strictement positifs,

k+n—p+1 k4+n—p
Tn+1,k+n—p+1 — 7_n,lc—i—n—p| - E Hnt15 — E Hn, 5
j=0 7=0
k+n—p+1 k4+n—p
= E : Hn+1,5 — § : Hn,j
Jj=n—p+2 j=n—p+1
k+n—p+1
= E Hn+1,5 = Hn,j-1
Jj=n—p+2
k4+n—p+1
< E |Nn+17j - Mn,j—1|
Jj=n—p+2
n+1
< D gy — gl
Jj=n—p+2
p—1
= E [Hnt1mi1-5 = Hnn—jl; (3.27)
Jj=0

ce qui conclut la démonstration grace a 'hypothése de départ. [

La conjecture suivante est une extension du théoréme précédent pour des matrices
d’ordre infini.

Conjecture 3.13 Soit (i, j)nen,0<j<n Une matrice concentrante de réels positifs. On pose

n n+l—3 = Mnn—j|» sin > 7
(\V/TL c N)(vj e N) TnJ’ — |NJ +1,n+1—j 1% , ]| ‘ = j
0, stn<j.

(3.28)
Supposons que pour tout entier j € N, Y 7, ; < 400. Alors (fin, j)nen,0<j<n €St SUpPercon-
centrante.

Exemple 3.14 Soit p € N\ {0} et soit (i, ;)nen0<j<n Une matrice d’ordre p + 1 de réels
positifs. Soit (a;)o<i<, une famille a valeurs dans [0, 1] telle que " a; = 1 et telle que
les racines du polynéme z ~— 2P+ — > o a;2P~J sont toutes dans le disque unité fermé
avec exactement une racine sur sa frontiere. Supposons que

0 if 0<j<n,

(vne{0,..p=1NV €0, nd) pmy=1] o
lf .]_na

. , (3.29)
0 if 0<j<n—p,

Vn > p)(Vj € {0,..., nj = . 4
(Vn 2 p)(Vj €{ n})  fin, {an_j if n—p<j<n

Alors (pn, ;) nen,0<j<n €St SUPerconcentrante.
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Démonstration. (f, j)nen,0<j<n €St concentrante par [5, Example 2.7]. On remarque que
(Vn = p)(Vj € {0,...,n}) pnn—; = a;. Il suffit alors d’appliquer le Théoreme 3.12 pour
conclure. [

Exemple 3.15 Soit (4, j)nen0<j<n Une matrice de réels positifs d’ordre 2 et soit (o, )nen
une suite a valeurs dans |0, 1] telle que lim o,, > 0. Supposons que (Vn € N) ., = «, et
fnn1 =1 — a,. Supposons que ((1 — a,)(1 — apy1))neny € £1(N) et que (Ja, 1 — an|) €
(Y (N). Alors (fin, j)nen 0<j<n €St SUpPErconcentrante.

Démonstration. (i, ;)nen,0<j<n €St concentrante par [5, Example 2.5] et car ((1 —ay,)(1—
ni1))nen € £H(N). 11 suffit alors de remarquer que (Vn € N) i, — fn 101 = Qni1 — Qi
et d’appliquer le Théoréme 3.12. []

Remarque 3.16 Les deux conditions ne sont pas redondantes. On prend «,, = 1—1/y/n.
Dans ce cas ((1 — an)(1 — @pi1))nen € C1(N) et (|anir — @nl)nen € £1(N). On prend
maintenant o, = 1 — ((—1)"/n + 2/n). Dans ce cas, on obtient le résultat inverse.

Remarque 3.17 Supposons que (i, j)neno<j<n €St dordre 1. On retrouve alors le cas
sans mémoire et la matrice est bien superconcentrante d’apres 'Exemple 3.15.

Remarque 3.18 Soient N et p dans N\ {0}, soit 7: RY — R” une contraction, et soit
(ftn,j)nen0<j<n une matrice d’ordre p qui vérifie (3.1) et telle que ses coefficients sont
choisis de la maniere suivante

pourn =0,1,...

i 2
Argmin H Y (T — )
(un i h<i<p €O T 570 2 (3.30)
Tny1 = Z pn LT
i j=0

Cette méthode de sélection est connue sous le nom de méthode d’accélération
d’Anderson [9]. 1l est naturel de se demander si les poids produits par 'accélération
d’Anderson engendrent une matrice concentrante, voire superconcentrante. Dans ce cas
nous pourrions appliquer cette méthode a nos problemes. Tel que démontré ultérieure-
ment dans la Section 3.4, notre formalisme est également capable de traiter le cas d’'une
combinaison affine des images plutét que des itérés.

3.3.2 Matrices inertielles d’ordre 3

Par souci de clarté, nous avons choisi de présenter les résultats de cette section pour
des matrices d’ordre 3. Ces résultats s’étendent a des matrices d’ordre p > 2 quelconque.
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Théoreme 3.19 Soient (0,)nen et (Nn)nen deux suites a valeurs dans |0,1] et soit
(Hn,j)nen0<j<n Une matrice de réels d’ordre 3 telle que pog = 1, puo = 0, 11 = 1et

L+ 1, St j=n;
(Vne{2,3,.. )(VjeN) pp;=<0,—1n,, St j=n—1; (3.31)
—Op, si j=n—2.

Supposons que
(VjeN) n;<v; et (VneN) n1tnpi1 + 0ng1 < Vpgp1Vpso (3.32)

et que l'une des propriétés suivantes est satisfaite :

@ >[I v < +oo

(ii) Il existe a € ]2, +oo[ tel que (VYn € N) v,, = (n —1)/(n + a).
(iii) Il existe v € ]0,1[ tel que (Vn € N) v,, < 1.

Alors (pn, j)nen0<j<n €St SUperconcentrante.

Démonstration. On utilise les notations du Lemme 3.7, et on traite en premier lieu la
concentration.

(i) : D’abord remarquons que (Vj € N)(Vn > j) Tpi2j = Dnt2Tni2j + OnyoTn ;. Ainsi,
par le Lemme 3.3, 7, ; < [ v, etdonc x,, < +oo. Maintenant, on suppose que (&, )nen
est une suite de [0, +oo] telle qu'’il existe une suite (&,,),en dans [0, +o0o[ qui vérifie

D Xntn<+oo et (WnEN) &1 <D &+ en. (3.33)
7=0

neN

Il reste a montrer que (&,),en converge. Nous avons &; — &y < (oo — 1) + o et

(Vn 2 2 £n+1 - gn = 77n<§n - fnfl) + Un(&nfl - fn72> + En- (334)

On pose alors §_; = 6y =0 et (Vn € N) 0,11 = [§r1 — &) On déduit de (3.33) et des
inégalités ci-dessus que (Vn € N) 6,41 < 7,0, + 0,0,_1 + £,. Il suit du Lemme 3.7 que
> ns0Ont1 < D250 €5x;. On sait par (3.33) que ), x;&; < +00, done Y, 0, < +oo.
Finalement, la convergence de (¢, ),cn est donnée par le Lemme 3.9.

(i) &(iii) : (iii)=-(i) est claire et il suffit de remarquer que (ii)=-(i) par le Lemme 3.6
pour conclure. Pour la superconcentration, on appelle (5, ).cn la suite qui doit étre som-
mable. Elle vérifie

(vn € N) 9n+2 < nn9n+1 + O'n‘gn - Bn + €n. (335)

La positivité de (6,,),en et la sommabilité de (¢,,)nen, (700n+1)nen €t (0,0, )neny Permet de
conclure.
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FIGURE 3.1 — Zones de concentration

Comme illustré par la Figure 3.1, les matrices concentrantes permettent d’agir sur
I'enveloppe affine de I'orbite des itérés. Le Théoreme 3.19 assure que I'on peut agir dans
la zone verte. La zone violette correspond au cas ot (Vn € N)n, <n,0, <ocetn+o <
1 dans la Remarque 3.8. Les moyennes de Mann permettent, elles, de traiter la zone
bleue. L’inertiel classique correspond simplement a la ligne jaune. Les cas compliqués
traités par le théoreme sont les frontieres des différentes zones. La conjecture suivante
offrirait la possibilité d’action sur le segment rouge. Une telle possibilité démontrerait la
flexibilité de cette théorie.

Conjecture 3.20 Soit (7,)neny une suite a valeurs dans |0, 1], et soit (ty j)neno0<j<n UNE
matrice de réels telle que 100 =1, p10 =0, g1 =0et

14+n,, sij=mn;

—21y, st j=n—1

(Vne{2,3,..})(Vj eN) p,,= (3.36)

M, st j=n—2;
0, St j<n-—2.

Supposons que (Vn € N) n, < (n —1)/(n+ 3). Alors (fin j)nen,0<j<n €St SUperconcentrante.
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3.4 Applications

Nous considérons le méme probleme qu’au Chapitre 2.

Probleme 3.21 Soit m un entier strictement positif. Pour tout n € N et tout i €
{1,...,m}, soit o, ,, € ]0,1] et soit T} ,,: X — H un opérateur «;,-moyenné si i < m,
et o, ,-quasimoyenné si ¢ = m. De plus, pour tout n € N, 'une des propriétés suivantes
doit étre satisfaite :

(@) T}, est o, ,-moyenné.
(b) m > 1, ay,, < Let(-, FixT;, # &.
() m=1.

L’objectif est de

trouver r € S = ﬂ FixT, # @, ou (YneN) T,=T, - Thn (3.37)

neN

On va utiliser le formalisme habituel de la these pour le résoudre, mais avec des
matrices superconcentrantes.

Algorithme 3.22 On considere le cadre du Probleme 3.21. Pour tout n € N, soit ¢,
une constante de moyennage de 7, soit \,, € |0,1/¢,] et pour touti € {1,...,m}, soit
€in € M. Soit (i1, j)nen 0<j<n UNE mMatrice superconcentrante. Soit z, € H. On itere

pourn =0,1,...
T = D Hnis
7=0
Tnt1 = fn—i_)\n (Tl,n (TQ,n( e Tmfl,n<Tm,nfn+€m,n> +€m71,n e ) +€2,n) _'_el,n_fn) .

(3.38)

Une extension du Théoréme 2.3 du Chapitre 2 au cas superconcentrant est ici pré-
sentée. Désormais, ce théoreme recouvre entierement les résultats récents d’itérations
d’opérateurs moyennés [6].

Théoréme 3.23 On consideére le cadre de UAlgorithme 3.22. Pour tout n € N, on définit

(Vie{l,....m})(VneN) Tp,=14_ *" o Figm (3.39)
’ Id, if i=m
et on pose
Vn: S — [0, +00[: = 9, (2T, — x| + Un). (3.40)
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Supposons que

an ZZ[Mn,jMn,k]_ij—%HQ <400 et (Yrebl) anl/n(l‘) < 4o00. (3.41)

neN  j=0 k=0 neN
Alors :
@D D e 20 2pmolbngtin k] Iz — zp]|* < 400
(ﬁ) ZneN AN(1/¢n - )‘n)HTLn o 'Tm,nfn - EnHz < +o0.
(iii) Soit x € S. Supposons que (¢ € ]0,1[)(Vn € N) A\, < e+ (1 — €)/¢,. Alors

1-— Qn
A, Max

|(Id =T n)Tig nTn — (1d _Ti,n)Ti—i—,anQ < +o0.

neN

(iv) (x,)nen converge faiblement vers un point de S si tout point d’accumulation séquentiel
faible de (T, ),en est dans S. Dans ce cas, la convergence est forte si int S # & et
si (3.20) est satisfaite.

Démonstration. C’est un corollaire du Théoreme 2.3 avec une hypothese supplémentaire
sur la matrice (ft, ;) nen,0<j<n-

(ii) : Par le Théoreme 2.3(ii), on a

s — 22 < 3 nglles = 22 = A(1/b0 = A Tin - TrnnZa = Zall® + vi(a).
§=0
(3.42)

Etant donné que (y,, ;)nen 0<j<n €St SUperconcentrante, le résultat est prouvé.

(iii) : On utilise le Théoreme 2.3(iii) et le méme schéma de démonstration que dans
le Théoréme 2.15(ix).

(iv) : On applique le Théoreme 2.3(iv) pour la convergence faible. Le résultat de
convergence forte est fourni par la Proposition 3.11 et par (3.42) car pour tout = € S,
(Vn () )nen est bornée indépendamment de . [

Remarque 3.24 On considere le cadre du Théoréme 3.23, en définissant cette fois-ci
(xn)neN par

pourn =20,1,...

Yn = Tn + )\n (Tl,n <T2,n( e Tmfl,n<Tm,ann + em,n) + Em—1,n"" ) + e2,n) + €1n — xn)

Yn = Z Hin, Y5
=0

| Tn41 = yn
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(3.43)

Alors (z,)nen converge faiblement vers un point de S si tout point d’accumulation sé-
quentiel faible de (7, ),cn est dans S.

Démonstration. On s’inspire de [5, Corollary 3.6] pour notre démonstration. On re-
marque que pour tout entier n > 1,

Yn = Yn—1 +An (Tl,n <T2,n ( c Tmﬂ,n(Tm,n?nﬂ +em,n) +em-1n-" ) +€2,n) +eé1n —@nl) .
(3.44)
Le Théoreme 3.23(iv) assure que (y,),eny converge faiblement, on appelle x € S sa

limite et on a (Vz € H) (y, | z2) — (x| z). De plus, le Lemme 3.5 assure que (Vz € H)
(U, | z) = (x| 2) et donc (z,,),en converge faiblement vers z. [

Remarque 3.25 On considere le cadre du Théoréme 3.23. Supposons que (/i ; )nen,0<j<n
est d’ordre 1 et que

A €10, (1 — &)1+ £n) /bl - (3.45)

Ce cas du Théoreme 3.23 coincide avec [6, Theorem 3.5].

Le théoréme suivant est une version a deux pas de mémoire de I'algorithme de
Krasnosel’skii-Mann [7, 1]. L’objectif ici est double : d’'une part il vise a exploiter le
théoréme précédent et ses résultats de sommabilité, et d’autre part il entend utiliser la
propriété de concentration sur une autre suite que (||, — z||)nen-

Théoreme 3.26 Soit T': H — H une contraction telle que FixT # &, soit (A, )nen Une
suite a valeurs dans [0, 1] telle que )\ A\n(1 = A,) = 400, SOit (fin,j)nen0<j<n UNE Matrice
superconcentrante de réels positifs d’'ordre 2 et soit xo € H. On itére

pourn=20,1,...
En = Z,uw»xj (346)
j=0
Tpi1 = T+ A (T — T

Alors 3~ (1 = X\)||TT, — T,||* < +oo. Supposons de plus que l'une des propriétés
suivantes est satisfaite :
(@) (|77, — Tu||)nen converge.

(b) Il existe une suite (ay)nen @ valeurs dans |0,1] telle que lima,, > 0 et > (1 —
Q1)1 —ap) (1 —apq) < +ooet (Vn €N) iy, =ap et finpn1=1—a,.

Alors (z,)nen converge faiblement vers un point de Fix T.
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Démonstration. Par le Théoréme 3.23(ii), on sait que D~ . A (1 =) [|TT, — T ||* < +00.
De plus, on sait que } . An(1 — A,) = +00, donc on a lim |77, — Z,| = 0.

(a) : On en déduit que |77, — T,|| — 0, et on conclut par demi-fermeture de
Id —T [1, Theorem 4.27].

(b) : On pose
(VneN) & =Tz, —T,|| et dni1 = ||Tns1 — - (3.47)
Pour toutn € N,

s — T2l + 7% — T

Uit || Tni1 — TZpl| + (1 — )| — TZ,||

+ anp ||z = Tnll + (1 — anga) |2, — o]

= api1(1 = A)[| T — T || + anr A[| 7T — Ty |

+ (1= ) (lon = Tall + 20 — T

= aniién+ (1= anin) (20 = Tl + o = T7)). (3.48)

||En+1 - Tfn-i-lH <
<

On cherche a majorer les suites (||z,, — Ty || )nen €t (||, —TZ, || )nen. Pour tout entier n > 2,
on a d’une part

511 < ”Tnfl - xnle + )\nflfnfl = )\nflgnfl + (1 - Oénfl)dnfl (349)
et
Hxn — fnH g (1 — O‘n)()\nflfnfl + (1 - O‘n71>5n71)7 (350)

et d’autre part

1Zn — Trnall < anllTn — Tl + (1= ) |71 — T
< an)\n—lgn—l + (1 - an)(l - O‘n—l)()\n—an—Q + (]- - an—2)5n—2)
(3.51)
et
|T%, — 2| < | T% — TTh || + [|[TT1 — 20|
< Oén)\nflgnfl + (1 - an)<1 - an71><)\n72£n72 + (1 — O4n72)5n72)
+ (1 - )\n—l)gn—l- (352)
Ainsi, pour tout entier n > 2,
||Tfn - {L‘nH + ||{L‘n - En” < gn—l + (1 - an)(l - O‘n—l)(én—l + (1 - an—2)5n—2
+ )\n—2§n—2) (353)
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et (3.48) devient alors

gn—i-l < an—l—lgn + (1 - an—l—l)gn—l
+ (]- - an—i—l)(l - an)(l - O‘n—l)(dn—l + (1 - O‘n—2)5n—2 + >\n—2€n—2)- (354)

Finalement, il est clair que

(i eN) fen —all <3 pnglla; - 2l (3.55)

et ainsi [5, Lemma 2.3] assure que (z,),en €t (T, ),en SOnt bornées, et par suite, (£,)nen
et (0n)nen aussi. On sait que ), [(1 — app1) (1 — ) (1 — 1) (On—1 + (1 — ay—2)0p 2 +
An—2€n—2)| < +00, et que (fi, ;)nen,0<j<n €St concentrante, donc (&, ),en converge et on
conclut par (a). U

Remarque 3.27 Dans le cas particulier ou (vn € N) a,, =1 —1/(n+ 1), la suite (x,,)nen
converge faiblement vers un point de Fix 7.

Il a été démontré que certains algorithmes inertiels peuvent garantir un taux opti-
mal, en un certain sens, sur les valeurs de la fonction objectif [2]. Nous nous demandons
ici s’il est possible de conserver ce taux avec des algorithmes inertiels a 3 pas de mémoire.

Conjecture 3.28 Soit (fiy j)neno<j<n Une matrice d'ordre 3. Soit f € Ig(H) et soit
g: H — R une fonction convexe différentiable avec un gradient 1//-lipschitzien. Suppo-
sons que Argmin (f + g) # @. Soit v € ]0,5] et soit x_5 = x_1 = xy € H. De plus, soit
a > 2 et on pose pour tout n entier strictement positif v, = (n — 1)/(n + a). On itére

pourn=20,1,...
T = fnyT; (3.56)
j=0
Lntl = Proxyf(fn —YVg(Ty)).

Supposons que les conditions suivantes sont satisfaites :

(i) Il existe deux suites (1), )nen et (0,)nen a valeurs dans 10, 1] telles que

14+n,, sij=mn;

On — Tln; st j=n—1;

(Vne{2,3,.. }))(VeN) p,;= (3.57)

—0p, St j=n—2;
0, Sl j<n-—2.

(H) (vn € N) Tin < vp et Tn+1Vn+1 + On+1 < Vnt1Vn42-

Alors les propriétés suivantes sont satisfaites :
(1) (TLH{L‘n - xn—1||2)neN € El(N)
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(i) (xn)nen converge faiblement.

(i) ((f + g)(xn) — min(f + g)) = O(1/n?).

Les trois exemples qui suivent sont des applications directes du Théoréme 3.23.
IIs sont des généralisations respectivement de [1, Proposition 28.13], [1, Proposi-
tion 28.1(1)&(iii)] et [4, Theorem 7.3(i)]. Ces exemples montrent a nouveau que les
matrices superconcentrantes permettent de généraliser aisément de nombreux résultats.

Proposition 3.29 Soit f € I'y(H), soit § € ]0,+o0[, soit g: H — R une fonction convexe
différentiable avec un gradient 1//-lipschitzien, soit (ji, j)nen0<j<n UNe matrice supercon-
centrante de réels positifs, soit ¢ € |0, min{1, S}|, soit (v, )nen une suite a valeurs dans
[e,28 — €], soit (A\,)nen une suite a valeurs dans [e, 1] et soit xy € dom f. Supposons que
Argmin (f + g) # @. On itére

pourn =20,1,...

n
Ty = E Hon 5T
=0

Yn = Tp — VnVQ(fn)
Zn = PTOX. +Un
Tnil = Tp + Ap (zn — En)

(3.58)

Alors les propriétés suivantes sont satisfaites :
(i) Soit x € Argmin (f + g). Alors Y, . |IVg(Zn) — Vg(2)||* < +oc.
() X,en 120 — Tnl]? < +o0.
(i) 3=,en((f + 9)(@n) — inf(f + 9)(H))? < +o0.
(@) (v € N) (f +9)(@ns1) < X0g pingf(15):
(V) (xn)nen et (Tp)nen convergent faiblement vers un méme minimiseur de f + g.

(vi) Supposons que f + g est uniformément quasiconvexe sur tout sous-ensemble borné de
dom f. Alors (z,,),en converge fortement vers U'unique minimiseur de f + g.

Démonstration. Soit n € N et z € Argmin (f + ¢g). On a

20 — 212 = [prox, ;(Fn — 1 Vg(Fa)) — prox,, ;(z — V()|
”(Id _%VQ)EH - (Id _Van>x|’2 - ”yn — Zn + ”anQ(stz
|

[T — 2l = (28 = 1) IVa(@n) = Va(@)I* = lyn — 20 + 3 Va(2)|”
(3.59)

<
<

D’autre part, par la convexité de |- ||?, on a ||z, 11 — || < (1= X\)|Zn — Z||* + Aal| 2 — 2|2
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Ainsi on a

Znsr = 2]* < |Tn = 2]|* = £7(28 = W) IV9(Tn) = V()|

— ellyn — 20 + 1 Vg(2)]|2 (3.60)

< T — z|? — €| Vg(Tn) — Vg(2)|? (3.61)

<D tngllzy — | (3.62)
7=0

qui implique que (||xx — z||)xen converge.
(i) : Clair par (3.61) et superconcentration.

(i) : Par (3.60), on sait que >y |zn — ¥n — % Vg(z)|> < +o0. On conclut car

(zn — Tp)nen = (20 — Yn — WV I(X))neny + (1 Vg(x) — 7V 9(T1) )nen, et ces deux termes
sont dans ¢*(N).

(iii) (iv) : Soit z € H et soit n € N. Car z, = prox., ,y,, on déduit de [8, Proposi-
tion 12.26] que

<Z — 2 | 7;1(fn — Zn) — VQ(ETL» = <Z — Zn | '7;1(yn - Zn)>
< f(2) = f(z). (3.63)

D’autre part, on a
(2 =20 | Vg(2n)) + 9(2n) < 9(2) (3.64)

par la [8, Proposition 17.7]. Soit ;1 = sup,ey |2k — 2||. Car (||zx — 2||)ken converge, (ii)
assure que i < +oo. De plus, avec (3.63) et (3.64), on obtient

—pl[Tn = zall(1/€ +1/5) 4 h(zn)
< =%z = 21T = 2all = 20 = 2lIV(@n) = Vg(za) || + h(20)
< <Z — Zp | '71;1(xn —2n) — (Vg(x,) — Vg(Zn))> + h(zn)
<h(2). (3.65)

Ainsi h(z,) — h(z) < p(1/e +1/8) ||z — Tl < (2u/€)||2n — Tyl €t si z € Argmin h, alors
0 < h(z) — inf h(H) < %“Hzn — ol (3.66)
On déduit de (3.63) que
F(zn) < f(@a) = (T = 20 | 1 (@ — 20) — Vg(@n)) (3.67)

et par le lemme de descente ([8, Theorem 18.15]), on a aussi

9(zn) < 9(F) — (Fn— 20 | V(@) + %nzn _ 7. (3.68)
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En additionnant (3.67) et (3.68), on obtient alors
1 1
h(z,) < WME,) — (— — =)z — Zull* < h(T). (3.69)
(2n) < 1(Tn) (% 2/3)” I (Tn)

Dongc, par convexité de h

h(@nt1) = h(Anzn + (1 = An)T0)
< Mh(zn) + (1= M) h(Tn)
= h(Tn) — A (R(T0) — h(20))
< bz (3.70)

Ce qui montre que la relation requise par (iv) est bien vérifiée et que >, . M\ (h(Tr) —
h(Zk)) < +o00. Car iIlfkeN AL =€,

> " h(@) — h(z) < +oo. (3.71)
keN
Ainsi, en utilisant (ii) et (3.66), on a (h(z) — inf h(H))ren € (*(N). Ainsi, (h(Ty) —
inf h(H))ren € C3(N).
(v) : Puisque (||x, — z||)nen converge, on doit montrer avec =, — =z € H, que
x € Argmin (f + g). Car infyey Ay > €, 0na z, — 7, — 0 etdonc 7, — x. Or, puisque
h(Z,) — min h(H) et h € T'y(H), on conclut que = € Argmin (f + g).

(vi) : On sait par la [1, Proposition 11.8(i)] que ~» a un unique minimiseur, on
I'appelle x. Puisque h(Z,) — min h(#), on pose C' = {x, }neny U {x} C dom h. Soit ¢ le
module d’uniforme de quasiconvexité de h sur C, et soit o € |0, 1[. Par définition de ¢,
pour tout n € N, on a

W) + a(l = a)o([[7n — 2]) = inf h(H) + (1 = a)o([|7n — )
= h(aZ, + (1 — a)z) + alpha(l — a)¢(||z, — =)
= max{h(T,, h(x)}
= h(T,). (3.72)
On sait que h(Z,) — h(z), donc ¢(||Z, —z||) — 0 et ainsi on peut conclure car ||z, — x| —
Oetw, —x, — 0.0

Proposition 3.30 Soit f € T'y(H) telle que Argmin f # &, soit (pn, j)nen,0<j<n UNe matrice
superconcentrante de réels positifs, soit (v,)n,en une suite a valeurs dans ]0,+o0] et soit
(An)nen une suite a valeurs dans |0, 1] telle que ) A\nyn = +00 €t Y o A, = +00. Soit
To € H et on itére

pourn=20,1,...

o ;0 it (3.73)

Y = PrOX, /T,
Tpt1l = Tp + An (yn - En) .
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Alors les propriétés suivantes sont satisfaites :

(1) ZneN )‘n'Yn(f(yn) - InlIlf(H)) < fooet ZneN )‘n(f(yn) - f(fn)) < 400
(D) (Vn e N) f(zn1) < D27 g tnjf (7))
(iii) f(z,) — min f(H)

(iv) (x,)nen converge faiblement vers un minimiseur de f.
Démonstration. Par (3.73) et par la définition de prox,, on a
(Vn € N) Tp—yn € WmOf(yn) (3.74)
et la définition de 0f montre que
(VzeH)(Vn e N) (2= yn [ Tn —yn) S W(f(2) = (). 3.75)
On obtient de (3.74) que
(Vn e N)  0< (Tn = ¥n | Tn = yn) /10 < f(Tn) = f(yn)- (3.76)

Soit z € Argmin f. La convexité de || - ||* assure que pour tout n € N, ||z, — z|]* <
(L= AT = 2[* + Anllyn — 2[|* et que

lyn — 2012 = 1T0 = 201> + 2(@n = 2 | Yo — Tn) + |90 — Tal®
= |Tn — 2” = llyn = Tull® + 2(yn — 2 | Yo — T)
< NTn = 2)1* = 29a(f (yn) — min f(H)). (3.77)

Car (fin,j)neno<j<n €St superconcentrante, on a »_, . An7n(f(yn) — min f(H)) < +oo.
Ainsi, car ) AyY, = +00, on a lim f(y,) = min f(H).

(ii) : 1l suit de (3.76) que

(Vn € N)  f(zni1) < (1=2) [(@n) + A0S (Yn) = f(@n) + A0 (f (yn) = f(T0)) < Zﬂn,zf(xz)
T @78

Doncona ) Au(f(yn) — f(Tn)) < +o0.

(iii) : Par (ii), ona lim f(y,) = min f(H), lim f(y.)— f(T,) = 0, et puisque (f(Tn))nen
converge, on déduit que f(7,) — min f(H) et f(y,) — min f(H). De plus, par (3.78),
ona f(z,) — min f(H).

(iv) : Soit z un point d’accumulation séquentiel faible de (z,,),en. On déduit de (ii)
et de la [8, Proposition 11.21] que x € Argmin f. Il suffit d’appliquer le [8, Theorem 5.5].
a
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Proposition 3.31 Soit f: H — R une fonction convexe continue et soit C un sous-
ensemble convexe fermé de H. Le probléme est de

trouver x € C telque f(x)=f ot f=inff(O) (3.79)

Appelons S Uensemble des solutions de ce probléeme et supposons le non vide. Supposons que
lensemble des solutions de ce probléme est non vide et on Uappelle S. Soit ({5 j)nen 0<i<n
une matrice superconcentrante de réels positifs, soit § €]0, 1], soit (a,)nen € £*°(N) \ £}(N),
s0it (gp)nen € (H(N), soit (Vp)nen @ valeurs dans 16,2 — §[ et soit (s,)nen une sélection de
(0, [ )nen. Soit xy € H. On itére

forn=0,1,...
T, = n,jxj
;0” Js (3.80)

Yn = Tp — O‘nsn<Tn)
Tntl = Yn + Vn<PCyn - yn>

Supposons qu’il existe r € |0, +00[, (By)nen € £+ (N) N Y(N), et (y)nen € £4(N) N H(N)
tels que

(VneN) [ =i < f(@ns1) < [(T0) — Kanllua]? + Ba (3.81)

Alors (x,,)nen converge faiblement vers un minimiseur de f et lim f(Z,) = min f(C).

Démonstration. On pose ¢ = f — sup,,cy V- Par (3.81), on a

(VneN) 0< f(@n1) = ¢ < (f(@a) =€) = maw|[unl* + B (3.82)

Car (finj)neno<j<n €St superconcentrante, on a la convergence de (f(zn))nen et
(an||un|[?) € ¢*(N). Donc, pour n € N~ {0},ona f — f(Z,) < v, et

> agllul® + 2(F — f@)) T+ 20 <) anllugl|® + 295 + 224 < +00 (3.83)
keN keN

Maintenant, on pose (Vn € N) T3, = Id 4+v,(Po — Id ) et T5,, = Id —a,s,,. Ainsi
(Vn € N) T+l = Tl,nT2,n§n (384)
Soit x € Argmin f. Car P. est une contraction ferme, on a, pour tout n € N,

[Zne1 — 2| <[|T0 — 2||* — va(2 — vi)de(yn)®
+ A ||un|]* + 20, (f — [(Tn)) + 20nn. (3.85)

La superconcentration de (/i,, j)nen,0<j<n assure que

> an2(f@n) = F) = 220 — anllun]?) < +o0. (3.86)

neN
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Ona}_, o, = +oo et donc
Lm 2(f(Tn) — f) — 260 — o |un|* < 0. (3.87)

On conclut que lim f(%,) < f. Pour utiliser le Théoréme 3.23(iv), il reste & montrer que
tout point d’accumulation séquentiel faible de (z,,),cn est dans S. Soit une sous-suite de
(ZTn)nen telle que x, — x. Lhypothése sur (v, ),en et (3.85) impliquent que d¢(y,,) — 0.
Sachant que (ay,)peny € [, ON @ ay||u,|| — O et ainsi Zy, — ap,ux, — . Par faible
semicontinuité inférieure de d¢, on déduit que d¢(z) < limde(Ty, — ax,ug,) = 0. On a
donc z € C et, ainsi f < f(x). Puisque f est faiblement semicontinue inférieurement,

[ < fz) <lim f(T,) = lim f(7,) < f. (3.88)

On a ainsi f(z) = f etz € O, et donc x € S, ce qui conclut la démonstration. [J

3.5 Bibliographie

[1] H. H. BAUSCHKE AND P. L. COMBETTES, Convex Analysis and Monotone Operator
Theory in Hilbert Spaces, 2nd ed. Springer, New York, 2017.

[2] A. BECK AND M. TEBOULLE, A fast iterative shrinkage-thresholding algorithm for
linear inverse problems, SIAM J. Imaging Sci., 2 (2009), pp. 183-202.

[3] A. CHAMBOLLE AND C. DOSSAL, On the convergence of the iterates of the “Fast
iterative shrinkage/thresholding algorithm”, J. Optim. Theory Appl., 166 (2015),
pp. 968-982.

[4] P. L. COMBETTES, Quasi-Fejérian analysis of some optimization algorithms, in :
Inherently Parallel Algorithms for Feasibility and Optimization, D. Butnariu, Y.
Censor, and S. Reich, eds. Elsevier, New York, 2001, pp. 115-152.

[5] P. L. COMBETTES AND T. PENNANEN, Generalized Mann iterates for constructing
fixed points in Hilbert spaces, J. Math. Anal. Appl., 275 (2002), pp. 521-536.

[6] P. L. COMBETTES AND I. YAMADA, Compositions and convex combinations of ave-
raged nonexpansive operators, J. Math. Anal. Appl., 425 (2015), pp. 55-70.

[7] R. COMINETTI, J. A. SOTO, AND J. VAISMAN, On the rate of convergence of Kras-
nosel’skii--Mann iterations and their connection with sums of Bernoullis, Israel J.
Math., 199 (2014), pp. 757-772.

[8] K. KNoPP, Theory and Application of Infinite Series, Blackie & Son, London, 1954.

[9] H. F. WALKER AND P. N1, Anderson acceleration for fixed-point iterations, SIAM J.
Numer. Anal., 49 (2011), pp. 1715-1735.

67



68



Chapitre 4

Itérations moyennées a métrique
variable

L’intérét d’'une métrique variable dans certains algorithmes d’optimisation est bien
connu, cf. [16, 22] et leur bibliographie. Dans ce chapitre nous étendons cette straté-
gie au cadre des méthodes de point fixe multicouches avec opérateurs moyennés. Pour
compléter cette étude nous fournissons des applications de cet algorithme, en particulier
dans le cas d’'un probleme d’inclusion monotone composite.

4.1 Description et résultats principaux

Nous allons étudier I'inclusion monotone fondamentale qui suit.

Probleme 4.1 Soit A un opérateur maximalement monotone, soit § € |0, +oo] et soit
B : H — H un opérateur [S-cocoercif. De plus, on suppose que

S =zer(A+ B) # @. (4.1)
L’objectif est de trouver un point dans S.
Nous utilisons le cadre général des opérateurs moyennés. On rappelle que I'on

cherche a produire un algorithme pour lequel la métrique peut changer a chaque ité-
ration. Pour cela, nous allons avoir besoin de la définition suivante.

Définition 4.2 Soit ;1 € |0, +oo], soit U € P,(H), soit o € |0,1] et soit T: H — H un
opérateur. Alors 7' est a-moyenné sur (H, U) si

11—«

(Ve e H)(Vy € H) [Tz — Tyl <z —ylly - 1Tz — =l (4.2)

Si a =1, on dit que T est contractant sur (#, U).
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Nous allons résoudre le probleme auxiliaire suivant.

Probleme 4.3 Soit « € ]0, +00], s0it (1,,)nen € £} (N) et soit (U, ) ey une suite de P, (H)
telle que

pw=sup||U,]| <+oo et (YneN) (1+n,)U,1 = U,. (4.3)
neN

Soit m > 1 un entier. Pour tout n € N et tout ¢ € {1,...,m}, soit a;,, € ]0,1] et soit
Tin: H — H a;,-moyenné sur (H, U, ). L'objectif est de

trouver z € S = ﬂ FixT, #9, ou (VneN) T,=T, - Th,. 4.4)

neN

On présente maintenant le résultat central de ce chapitre.

Théoréme 4.4 On consideére le cadre du Probléme 4.3. Soit ¢ € |0, 1] et pour tout n € N,
soit ¢,, une constante de moyennage de T, soit \,, € |0, ¢,,] et soit e; ,, € H. On itére
pourn=20,1,...
\‘ Yn = Tl,n (TQ,n( e Tm—l,n(Tm,nfL‘n + em,n) + €m—1n"" ) + eZ,n) + €1.n (45)

Tpt+1 = Tp + )\n(yn - xn)

Supposons que

Vie{l,....,m}) > Alleinlly-r < +o0, (4.6)

neN

et on définit

(Vi € {1, €N) Ty, = Letn T G0 7m @.7)
Id, if 1=m.

Alors les propriétés suivantes sont satisfaites :
(1) ZnEN )\n(l/gbn - )\n)HTLn  Tn®n — anzU;l < +o00.
(ii) Supposons que (Vn € N) A\, € 10, + (1 — €)/¢,). Alors (Vx € S)
(1 — o
max M |(Id =T;.0) Tt s, — (Id —Ti,n)ﬂJﬁan(Q];l < 400. (4.8)

<1< .
Isism neN nLn

(iii) (x,)nen converge faiblement vers un point de S si et seulement si tout point d’accu-
mulation séquentiel faible de (z,),cn est dans S. Dans ce cas, la convergence est forte
siintS # @.

(iv) (x,)nen converge fortement vers un point de S si et seulement si lim dg(z,) = 0.
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On résout le Probleme 4.3 grace a un algorithme explicite-implicite sur-relaxé a
métrique variable.

Proposition 4.5 Soit § € |0,4o0[, soit ¢ € |0,min{l1/2,5}], soit a € ]0,+o0[, soit
(N )nen € €4 (N) et soit (Uy,)nen une suite a valeurs dans P, (H) telle que

p=supl||U,]| < +oo et (YneN) (1+n,)Unsi1 = Upn. (4.9)
neN

Soit xy € H, soit A: H — 2" un opérateur maximalement monotone et soit B: H — H
un opérateur [3-cocoercif. Soient (a,)nen et (b, )nen deux suites a valeurs dans H telles que
Y omen llan]l < +ooet 3o |Ibn]| < +o00. Supposons que zer (A + B) # @ et, pour tout
n € N, soient

203 } { ( %H%Hﬂ
w€ |6, —————— et N\, €l l+(1—-¢e)(1— ) (4.10)
) [ CE=ITTA SR CT
On itére
(VR €N)  @nir = Tn + A (J%UnA (20 — YU (B + by)) + a, — xn) (4.11)

Alors les propriétés suivantes sont satisfaites :
D X en 1nvnal@n — vUnBay) — 2, ||* < 400
(ii) Soit z € zer (A + B). Alors . __\ ||Bx, — Bz||* < +co.

(iii) (x,)nen converge faiblement vers un point de zer (A + B).

neN |

(iv) Supposons que l'une des propriétés suivantes est satisfaite :
(a) A est demi-régulier en tout point de zer (A + B).
(b) B est demi-régulier en tout point de zer (A + B).
(c) intS # @.
Alors (x,,)nen converge fortement vers un point de zer (A + B).
Maintenant, au lieu de décomposer l'opérateur explicite-implicite en deux opé-
rateurs moyennés, considérons-le comme un seul opérateur. Nous ne pouvons plus
travailler en dimension infinie, mais cela permet de proposer un second algorithme

explicite-implicite dont les parametres sont étroitement liés.

Exemple 4.6 Soit a € ]0, +00l, soit (1, )nen € €1 (N) et soit (U,),en une suite a valeurs
dans P, (H) telle que

p=sup||U,]| < +oo et (VneN) (1+n,)Up1 = U,. (4.12)
neN
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Soit e € 0,1/2[, soit A: H — 2" un opérateur maximalement monotone, soit 3 €
10, +oc], soit B un opérateur 5-cocoercif et soient (7, )nen €t (ftn)nen deux suites a valeurs
dans [, +oo] telles que

2,0
on="7—7>7—S1—¢ (4.13)
4B = ||Unllvn
Soit xy € H et on itére
(VneN) x,01 =x, + tin (JMU”A(xn — 7 U,B) — xn> (4.14)

Supposons que H est de dimension finie et que zer (A + B) # @. Alors (x,,),en cOnverge
vers un point de zer (A + B).

4.2 Article en anglais

VARIABLE METRIC ALGORITHMS DRIVEN BY AVERAGED
OPERATORS !

Abstract. The convergence of a new general variable metric algorithm based on
compositions of averaged operators is established. Applications to monotone operator
splitting are presented.

Keywords. averaged operator, composite algorithm, convex optimization, fixed
point iteration, monotone operator splitting, primal-dual algorithm, variable metric

AMS 2010 Subject Classification : 47H05, 49M27, 49M29, 90C25

4.2.1 Introduction

Iterations of averaged nonexpansive operators provide a synthetic framework for
the analysis of many algorithms in nonlinear analysis, e.g., [3, 4, 7, 9, 18]. We establish
the convergence of a new general variable metric algorithm based on compositions of
averaged operators. These results are applied to the analysis of the convergence of a
new forward-backward algorithm for solving the inclusion

0 € Ax + Bz, (4.15)

1. L. E. GLAUDIN, Variable metric algorithms driven by averaged operators, a paraitre dans H. H. Bau-
schke, R. Burachick, and R. L. Luke (eds.), Splitting Algorithms, Modern Operator Theory, and Applications,
Springer, New York.
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where A and B are maximally monotone operators on a real Hilbert space. The theory of
monotone operators is used in many applied mathematical fields, including optimization
[10], partial differential equations and evolution inclusions [5, 21, 23], signal processing
[13, 17], and statistics and machine learning [12, 19, 20]. In recent years, variants of
the forward-backward algorithm with variable metric have been proposed in [15, 16,
22, 24], as well as variants involving overrelaxations [18]. The goal of the present paper
is to unify these two approaches in the general context of iterations of compositions of
averaged operators. In turn, this provides new methods to solve the problems studied in
[1, 4, 6,8,9, 14].

The paper is organized as follows : Section 4.2.2 presents the background and nota-
tion. We establish the proof of the convergence of the general algorithm in Section 4.2.3.
Special cases are provided in Section 4.2.4. Finally, by recasting these results in certain
product spaces, we present and solve a general monotone inclusion in Section 4.2.5.

4.2.2 Notation and background

Throughout this paper, H, G, and (G;)i<i<m are real Hilbert spaces. We use (- | -)
to denote the scalar product of a Hilbert space and || - || for the associated norm. Weak
and strong convergence are respectively denoted by — and —. We denote by B (H, G)
the space of bounded linear operators from # to G, and set B (H) = B (H,H) and
8(H) = {Le€B(H)|L=L"}, where L* denotes the adjoint of L, and Id denotes the
identity operator. The Loewner partial ordering on 8 () is defined by

(VU ES(H)VV €8(H) UxrV < (eeH) (Ux|z)=(Ve|z). (4.16)
Let a € |0, +00[. We set
Poa(H)={U € SH)|U»ald}, (4.17)

and we denote by /U the square root of U € P,(H). Moreover, for every U € P, (H),
we define a scalar product and a norm by

(VeeH)(VyeH) (xly)y=Urly) and |zlly = {Uz]|z), (4.18)

and we denote this Hilbert space by (#,U). Let A: H — 2" be a set-valued ope-
rator. We denote by domA = {z€?H | Az +# o} the domain of A, by grad =
{(z,u) € H x H | u € Az} the graph of A, byranA = {u € H | (32 € H) u € Az} the
range of A, by zer A = {x € | 0 € Az} the set of zeros of A, and by A~ the inverse
of A which is the operator with graph {(u,z) € H x H | u € Az}. The resolvent of A is
Ja = (Id +A)~!. Moreover, A is monotone if

(V(z,u) € graA)(V(y,v) € grad) (x—y|u—v) =0, (4.19)
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and maximally monotone if there exists no monotone operator B: H — 2% such that
gra A C gra B # gra A. The parallel sum of A: H — 2" and B: H — 27 is

AOB=(A"'+B )L (4.20)
An operator B: H — 2% is cocoercive with constant 3 € |0, +oo| if

(Vo € H)(Vy € H) (v —y| Bz — By) > B Bx — Byl”. (4.21)
Let C' be a nonempty subset of . The interior of C' is int C'. Finally, the set of summable

sequences in [0, +oo] is denoted by ¢! (N).

Definition 4.7 Let p € |0,4o0[, let U € P,(H), let « € |0,1], and let T": { — # be an
operator. Then 7' is an a-averaged operator on (#, U) if

11—«

(Ve e H)(Vy € H) [Tz —Tylli < llz -yl — 1Tz — =z (4.22)

If « = 1, T is nonexpansive on (H, U).

Lemma 4.8 [4, Proposition 4.46] Let m > 1 be an integer. For every i € {1,...,m}, let
T;: H — H be averaged. Then 17 - - - T,, is averaged.

Lemma 4.9 [4, Proposition 4.35] Let ;i € |0, +oo|, let U € P,(H), let o € ]0, 1], and let
T be an «a-averaged operator on (H,U). Then the operator R = (1 — 1/a)Id +(1/a)T is
nonexpansive on (H,U).

Lemma 4.10 [4, Lemma 5.31] Let (ay,)nen and (B,)nen be sequences in [0, +ool, let
(1 )nen and (e,,)nen be sequences in € ¢, (N) such that

(VneN) api1 < (1+n,)a, — Bn + €n. (4.23)
Then (B,)nen € 1 (N).

Lemma 4.11 [15, Proposition 4.1] Let o € |0, +o0[, let (W,,)nen be in P, (H), let C be a
nonempty subset of H, and let (x,),cn be a sequence in H such that

(3 ()mers € L-(N)) (V2 € C) (3 (en)nen € L1 (N))(¥n € N)
s = 2l < (Ut )l — [, + o0 (424)

Then (x,,)nen is bounded and, for every z € C, (||, — z||w, )nen converges.

Proposition 4.12 [15, Theorem 3.3] Let « € |0, +00|, and let (W,,),en and W be opera-
tors in P,(H) such that W,, — W pointwise, as is the case when

sup [|[W, || < +oo and (3 (n)new € LL(N))(Vn € N) (1 +0,)W,, = Woyr. (4.25)

neN

Let C be a nonempty subset of H, and let (x,)nen be a sequence in H such that (4.24) is
satisfied. Then (x,,)nen converges weakly to a point in C'if and only if every weak sequential
cluster point of (x,,)nen is in C.
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Proposition 4.13 [16, Proposition 3.6] Let o € 0,+oo|, let (v,)nen € (L(N), and
let (W, )nen be a sequence in P,(H) such that sup,cy||W,| < 400 and (Vn € N)
(1 4+ v)Wyy1 = W,. Furthermore, let C' be a subset of ‘H such that intC # & and let
(zn)nen be a sequence in ‘H such that

(3 (En)nen € CL(N)) (3 (M )nen € €L(N))(Vz € H)(Vn € N)
s — 2l < (U4 )20 — @l + 20 (4.26)
Then (x,)nen converges strongly.

Proposition 4.14 [15, Proposition 3.4] Let o € |0, +oo], let (W,).en be a sequence in
Po(H) such that sup,cy ||[W,| < 400, let C be a nonempty closed subset of H, and let
(zn)nen be a sequence in ‘H such that

(3 (En)nens € L5 (N)) (3 (Ma)men € EL(N)) (V2 € C)(¥n € N)
s — 2l < 4 )l — 2%, +ene (4:27)

Then (x,)nen converges strongly to a point in C'if and only if lim d¢(z,) = 0.

Lemma 4.15 [16, Lemma 3.1] Let a € |0,+o00|, let u € |0, +o0], and let A and B be
operators in 8 (H) such that u1d = A = B = ald. Then the following hold :

D a'Id = B 1s A= u ' 1d.

(i) (Vo e H) (A | ) > A lal]%

(i) A7 <a™h

4.2.3 Main convergence result

We present our main result.

Theorem 4.16 Let o € ]0,+o0o], let (n,)nen € (1(N), and let (U,).en be a sequence in
Po(H) such that

p=sup||U,]| < +oo and (VneN) (1+n,)Ups1 = U,. (4.28)
neN
Let ¢ € ]0,1[, let m > 1 be an integer, and let ©y € H. For every i € {1,...,m} and

every n € N, let ;,, € 10,1], let T;,,: H — H be «;,-averaged on (H,U, "), let ¢, be an
averagedness constant of Ty, - - - Ty, let A\, € )0, ¢,,), and let e, ,, € H. Iterate

forn=0,1,...
\‘ Yn = Tl,n <T2,n( e Tm—l,n(Tm,nxn + em,n) + Em—1,n " ) + 62,n) + €1,n (429)

Tpt+1 = Tn + An(yn - xn)
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Suppose that

S=(Fix(Tin- Ton) # @ (4.30)
neN
and
Vie{l,....,m}) Y Alleinlly-r < +o0, (4.31)
neN
and define
Vie{l,....m)(¥neN) Tp,={. """ o Yigm (4.32)
Id, if 1=m.

Then the following hold :
@) ZneN )\n(l/(bn - )‘n)”Tl,n T Tm,nxn - anQU,fl < +00.
(ii) Suppose that (Vn € N) A\, €10, + (1 —¢)/¢,). Then (Vx € 5)

max w |(Id =T;.n)Tis s, — (Id —7}7n)7}+,na:|]2U;1 < 400. (4.33)

<1< .
Isism neN el

(iii) (2, )nen converges weakly to a point in S if and only if every weak sequential cluster
point of (x,)nen is in S. In this case, the convergence is strong if int S # &.

(iv) (2, )nen converges strongly to a point in S if and only if lim dg(z,,) = 0.
Proof. Let n € Nand let z € S. Set
T, =T Thun (4.34)
and
en = Yn — Tpx,. (4.35)

Using the nonexpansiveness on (H, U, !) of the operators (7} ,,)1<;<m, We first derive from
(4.35) that

m

leallyzr < llenllyz- (4.36)

=1

Let us rewrite (4.29) as
Tnpl = Tn + A (Tnxn +e, — xn), (4.37)

76



and set
R,=(01-1/¢,)1d +(1/¢,)T,, and p, = dpr,. (4.38)

Then Fix R, = FixT,, and, by Lemmas 4.8 and 4.9, R, is nonexpansive on (#,U,").
Furthermore, (4.37) can be written as

Tyl = Tp + ln (Rnxn — xn) + A\né,, where p, €]0,1]. (4.39)

Now set z, = z,, + pn(R,z, — ). Since x € Fix R,,, we derive from [4, Corollary 2.14]
that

120 = @[l = (1= po)llzn — 2l 0 + pall Buzn = Ruzllf
— (1= 1) | R = a2 (4.40)
<l = 2l1F -0 = An(1/6n = X)) [ Toen — @71 (4.41)
Hence, (4.39), (4.28), and (4.41) yield
ler = 2l < VI Tallza = 2l + Aa/TH mallenll (4.42)
< VI talltn = 2y + A/TF mllenllz (4.43)

and, since ), . Axllex||, < +oo, it follows from Lemma 4.11 that
v= Z Ak ]ekHU_l - QSup || — a:HU-1 < +o0. (4.44)
keN
Moreover, using (4.42) and (4.41) we write
(14 10) " |#ng1 = xlléﬁl <z = 271 + Qllzn = 2l + Aalleallyz1) Mnllenll o
(4.45)
< oy — $"2U;1 = M1/ 0 — M) Thzn — xn”ZU;l
+vAallenlly- (4.46)

(i) : This follows from (4.46), (4.34), (4.30), (4.44), and Lemma 4.10.

(ii) : We apply the definition of averagedness of the operators (7} ,,)1<i<» to obtain

||Tnxn - ZL‘||2 -1 = ||T1,n e Tm,nxn - Tl,n T Tm,nx||2U*1
Un n
< ||T2,n e Tm,nxn - T2,n o Tm,nx||?]gl
11—«
- o Ln H (Id _Tl,n)T2,n te Tm,nxn - (Id _Tl,n)T2,n tre Tm,anQ(jgl
1n
<l — xHU :

S (14 T )T — (1 T Tl . (447)

zn

=1

77



Note also that

1—¢ 1 1 1
An < - < (-—1)—
et 7 s
1 1
- )\n—1<<——1)<——)\n>. (4.48)
: o

Thus (4.45), the definition of z,, and [4, Corollary 2.14] yield

(1+ nn)_lnxn—i—l - l‘HQU;il < (T = A) (@0 — ) + A (Trwn — 1‘)||2U;1 + V>‘n||en||U;1
=1 =) zn — xHQU;l + Al Ty — "EH(Q];l
+ A (A = D[ Than — xn”?]gl + vAnllenllyz

(L= A)len = lPs + Aall T — 221+ 20, (4.49)

where
1 1 )

En =My - L) — = A )1 Tozn — 2allj-1 + vAnllenlly (4.50)

Now set
1— Qin 2

/Bn == )\nlrélzi%m( ai’n ”(Id _CZ—'i,n)EJr,nxn - (Id _ﬂ,n)ﬂJr,n'r”Ugl ) . (4-51)
On the one hand, it follows from (i), (4.44), and (4.30) that

keN

On the other hand, combining (4.47) and (4.49), we obtain
(L4 n0) Hzn = 2lF-1 <l = 2)lF -1 = Bu + €n (4.53)
n+1 n

Consequently, Lemma 4.10 implies that ), 8 < +00.

(iii)—(iv) : The results follow from (4.53), (4.52), and Proposition 4.12 for the weak
convergence, and Propositions 4.13 and 4.14 for the strong convergence. []

Remark 4.17 Suppose that (vn € N) U, = Id and A\, < (1 —¢)(1/¢, + €). Then Theo-
rem 4.16 reduces to [18, Theorem 3.5] which itself extends [9, Section 3] in the case
(Vn € N) A, < 1. As far as we know, it is the first inexact overrelaxed variable metric
algorithm based on averaged operators.
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4.2.4 Applications to the forward-backward algorithm
A special case of Theorem 4.16 of interest is the following.

Corollary 4.18 Let a € ]0,+oo|, let (1,)nen € €1 (N), and let (U,)nen be a sequence in
P.(H) such that

p=sup||U,|]| <+oo and (VneN) (14 n,)Uns1 = U,. (4.54)
neN

Let ¢ € |0,1] and let o € H. For every n € N, let oy, € |0,1/(1+¢)], let az, €
10,1/(1+¢)], let Ty ,,: H — H be ay,-averaged on (H,U, "), let Ty,,: H — H be ay,-
averaged on (H,U, "), let e,,, € H, and let ey, € H. In addition, for every n € N, let

A1 + Qg n — 2a1,na2,n

Ay, € [e,aJr E} , Where ¢, = (4.55)
n 11— a1 nQgn
and iterate
Tpy1 = Ty + )\n (Tl,n (T2,nxn + 62,11) + €1n — xn) . (456)

Suppose that

S=[VFx(T1nTem) # 2, Y Aallernll <+00, and > Anlleanll < +oo. (4.57)

neN neN neN

Then the following hold :

D Y e 1T Tonw, — 2, ||* < 400

(i) (Vo€ S) Y, ey ITinTontn — Ton®y 4+ Topnx — x|]* < +o0.
(i) (Vo € S) >, en ITontn — 2 — Topa + |* < +o0.

(iv) Suppose that every weak sequential cluster point of (z,)nen 1S in S. Then (x,)nen
converges weakly to a point in S, and the convergence is strong if int.S # .

(v) (x,)nen converges strongly to a point in S if and only if lim dg(x,) = 0.

Proof. For every n € N,

1 1
—=llenll <llerallpr and  —=lleznll < fleznll, (4.58)

Vi Vi

and T4,/ 15, is ¢,-averaged by [4, Proposition 4.44]. Thus, we apply Theorem 4.16 with
m = 2.
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(1)—(iii) : This follows from Theorem 4.16(i) that

;

A1 = Qi
S 2= yag )1, (0 T T < oo
neN 1,71
(1= gy
(Vres) D % 1(0d —Ty0)2n — (Id =To0)z7-1 < +00 (4.59)
neN )
1
> (5 = ) [TiaTans = i < o
\ neN n

However, we derive from the assumptions that

(
Tl,nT2,nx =X
)\n 1— a1 n
(1=aw)
al,n

(Vz € S)(Vn € N) A (1 —asy)

Qo n

\ gbn

Combining (4.54), (4.59) and (4.60) completes the proof.
(iv)=(v) : This follows from Theorem 4.16(iii)—(iv). O

. (4.60)

1— ¢p 2¢?
= .
On 2e 41

Remark 4.19 This corollary is a variable metric version of [18, Corollary 4.1] where
(VneN) U, =1d and A\, < (1 —¢)(1/¢,, + €).

We recall the definition of a demiregular operator. See [2] for examples of demire-
gular operators.

Definition 4.20 [2, Definition 2.3] An operator A: H — 2% is demiregular at z € dom A
if, for every sequence ((x,,u,))nen in gra A and every u € Az such that x,, — z and
u, — u, we have z,, — x.

Proposition 4.21 Let « € |0, +oo|, let U € P, (H), let A: H — 2% be a maximally mono-
tone operator; let 3 € ]0, +oo], let v € ]0,28/||U||], and let B a (-cocoercive operator. Then
the following hold :

(i) J,ua is a 1/2-averaged operator on (H,U™1).
(ii) Id —yUB is a v||U||/(2B)-averaged operator on (H,U™1).

Proof. (i) : [16, Lemma 3.7].
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(ii) : We derive from (4.21) and Lemma 4.15(iii) that for every « € H and for every
yeH
(x—y|UBx —UBy)y- = (x —y | Bv — By)
> (Bx — By | Bx — By)
= (U (UBxz — UBy) | UBx — UBy>U_1
> U~ BIIU Bz — UBy|3-1. (4.61)
Thus, for every = € H and for every y € H
I(z = yUBz) — (y = yUBy)[;+ = llz = ylli + |1"UBz — yUBy|f
—2y(x —y | UBx — UBY) ;- (4.62)

<z = yllg-
—v(2B/IIU| = DIUBz — UBy|jj;-1,  (4.63)

which concludes the proof.

Next, we introduce a new variable metric forward-backward splitting algorithm.

Proposition 4.22 Let 5 € |0, o0, let ¢ € |0, min{1/2, 8}|, let o € ]0, +oc], let (n,)nen €
(% (N), and let (U, )nen be a sequence in P, (H) such that

pw=-sup||U,|]| <4+oo and (Vn€N) (1+n,)Ups1 = U,. (4.64)
neN

Let xy € H, let A: H — 2" be maximally monotone, and let B: H — H be (-cocoercive.
Furthermore, let (a,)nen and (by)nen be sequences in H such that )\ |lan| < +o00 and
Y nen 1bn]] < +oo. Suppose that zer (A + B) # @ and, for every n € N, let

S | (-5
n € |6 ———— and M\, € |e,1+(1—¢)[1— —— ) (4.65)
) {u+wmm L=l =755
and iterate
Tpil = Tp + A (J%UnA(xn — YU, (Bzx, + bn)) +a, — :L‘n> (4.66)

Then the following hold :
D e 1000 @0 = 3UnBr,) — 2l < +oc.
(ii) Let x € zer (A+ B). Then Y, ||Bx, — Bz|* < 4.
(iii) (z,)nen converges weakly to a point in zer (A + B).
(iv) Suppose that one of the following holds :
(a) Ais demiregular at every point in zer (A + B).
(b) B is demiregular at every point in zer (A + B).
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(c) intS # @.
Then (x,,)nen converges strongly to a point in zer (A + B).

Proof. We apply Corollary 4.18. Set

(vn S N) Tl,n = JyUnAy TZ,n =1Id _’YnUnBa €1n = Qp, and €an = _’YnUnbn
(4.67)
Then, for every n € N, T, is a; ,-averaged on (H,U,!) with o, = 1/2 and Ty, is

g n-averaged on (H, U, ') with ay,, = 7,||U.,|/(28) by Proposition 4.21. Moreover, for
every n € N,

a1n+a2n_2a1na2n 26
n = — ’ = (4.68)
¢ 1-— al,nQQ,n 46 - ’Yn”UnH
and, therefore, (4.65) yields
]_ _
A, € [g, e+ 1 . (4.69)

Hence, we derive from (4.68) and (4.69) that (Vn € N) A\, < 2 + . Consequently,

> onen Mnllernll = (24¢€) 32, ey llanl| < +o0
Y onen Anlleanll <282+ e)pa™ Y oy l1bn]l < +oo.

Furthermore, it follows from [4, Proposition 26.1(iv)] that

(4.70)

(VneN) S =zer(A+ B) =Fix(T1,T>,) # 2. (4.71)
Hence, the assumptions of Corollary 4.18 are satisfied.
(i) : This is a consequence of Corollary 4.18(i) and (4.67).
(ii) : Corollary 4.18(ii), (4.67), and Lemma 4.15(iii) yield
Y Bz, = Bal® =) 7. 20U (Tonin — 0 — T + )|

neN neN

1

g2a?

< Z ||T2,nxn — Tn — TZ,n:E + xHQ

neN

< 400. (4.72)

(iii) : Let (k,)nen be a strictly increasing sequence in N and let y € H be such that
x, — y.In view of Corollary 4.18(iv), it remains to show that y € zer (A + B). Set

Yn = 'ynUnA<xn - fYnUann>
(Vn € N) Up = v, Uz, — yn) — By (4.73)

n

v, = Bx,,
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and let z € zer (A + B). Hence, we derive from (i) that y,, — x,, — 0. Then y,, — y and
by (ii) Bz, — Bz. Altogether, v, — vy, vx, — Bz, yx, — Tk, — 0, ug, +vi, — 0, and, for
every n € N, uy, € Ay, and v, € By, . It therefore follows from [11, Lemma 4.5(ii)]
that y € zer (A + B).

(iv) : The proof is the same that in [18, Proposition 4.4(iv)]. 0

Remark 4.23 Suppose that (Vn € N) U, = Id and A\, < (1 —¢)(1/¢,, + ). Then Pro-
position 4.22 captures [18, Proposition 4.4]. Now suppose that (Vn € N) A\, < 1. Then
Proposition 4.22 captures [16, Theorem 4.1].

Using the averaged operators framework allows us to obtain an extended forward-
backward splitting algorithm in Euclidean spaces.

Example 4.24 Let o € ]0,+o0], let (,)qen € ¢1(N), and let (U,).en be a sequence in
P.(H) such that

pw=sup||U,]] <+oo and (VneN) (1+n,)U,s1 = U,. (4.74)
neN

Lete €]0,1/2[, let A: H — 2" be a maximally monotone operator, let 5 € ]0, +oc[, let B
a [3-cocoercive operator, and let (+,,),en and (1, )nen be sequences in [e, +o00[ such that

2p3
=—" < 1—c¢. (4.75)
T 74
Let 2y € H and iterate
(VneN) z,01 =z, + pin (J%U,LA(% —7U,B) — xn> (4.76)

Suppose that H is finite-dimensional and that zer (A + B) # . Then (x,,),en converges
to a point in zer (A + B).

Proof. Set (Vn € N) T, = Id +p,(J, v, 4(1d —7,U, B)—1d ). Remark that, for every n € N,
T, is ¢,-averaged. Hence we apply Theorem 4.16 with m = 1 and A = 1. It follows from
Theorem 4.16(i) and (4.75) that T,,z,, — x,, — 0. Since H is finite-dimensional, the claim
follows from Theorem 4.16(iii). O

Remark 4.25 An underrelaxation or an appropriate choice of the metric of the algo-
rithm allows us to exceed the classical bound 2/4 for (v, ),en-. For instance, the parame-
ters v, = 2.99/5, u, = 1/2, and U,, = Id satisfy the assumptions.

4.2.5 A composite monotone inclusion problem
We study the composite monotone inclusion presented in [14].

83



Problem 4.26 Let z € H, let A: H — 2" be maximally monotone, let . € ]0, +o0|,
let C: H — H be u-cocoercive, and let m be a strictly positive integer. For every ¢ €
{1,...,m}, let r; € G;, let B;: G; — 29 be maximally monotone, let v; € |0, +oo], let
D;: G; — 2% be maximally monotone and v;-strongly monotone, and suppose that 0 #
L; € B(H,G;). The problem is to find € H such that

z€ AT+ Y Li((B;OD:)(LT — 1)) + CT, (4.77)

i=1

the dual problem of which is to find 7, € Gy, ...,7,, € G,, such that

S I*n. € A
Quen) (- LmlivicAviCe (4.78)
The following corollary is an overrelaxed version of [16, Corollary 6.2].

Corollary 4.27 In Problem 4.26, suppose that

z € ran (A + ZLf((BzDDi)(Li -—1i)) + C), (4.79)

=1

and set

B =min{p,v1,...,Un}. (4.80)

Let ¢ € |0, min{1, 5}[, let a € ]0, +o0], let (\,)nen be a sequence in |0, +oc[, let zy € H, let
(an)nen and (¢, )nen be absolutely summable sequences in ‘H, and let (U, ),en be a sequence
in P,(H) such that (Vn € N) U,y = U,. For every i € {1,...,m}, let v;o € G;, and
let (b;n)nen and (d; ,)nen be absolutely summable sequences in G;, and let (U, ,)nen be a
sequence in P, (G;) such that (Vn € N) U; 11 = U, .. For every n € N, set

m —1
0n = (JZ II\/Ui,nLMU?HQ) -1, (4.81)
=1

suppose that

1+9, 1
CTZ = > ) (4-82)
(1 + 0p) max{ | Upn ||, [[Urnlls - s [[Unnll} = 28 —¢
and let
1
A€ le,1+(1—2)(1— ) (4.83)
sira-a(i-g5)]
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Iterate

forn=0,1,...
Pn = Ju, A (xn — Un(zzn:l Livip + Cxpy + ¢ — z)) + ay
Yn = 2pn — Tn
Tpt1 = T + An(Pn — ) (4.84)
fore=1,....,m
Qijn = JUZ- nB_*1 (vi,n + Ui,n (Llyn - Di_lvi,n - di,n - Tz)) + bi,n
| | Yin+1 = Vip T+ M (@i — Vi)
Then the following hold for some solution T to (4.77) and some solution (vy,...,7,,) to
(4.78) :
i) z, — T
(ll) (V’l € {1, c.. ,m}) Vim — V.
(iii) Suppose that C'is demiregular at T. Then z,, — T.
(iv) Suppose that, for some j € {1,...,m}, D; " is demiregular at v;. Then v;, — T;.
Proof.SetG =G, @ - ©G,,, K=H DG, and
(A IC— 2% (w01, .. 0m) — (07, Liv; — 2 + Ax)
x(ry — Lyx + By'wy) X -+ X (rp — Lnx 4+ B o)
B:K—K: (T,01, ..., V) > (C’x, D'y, .., D;fvm) (4.85)
S K-> K: (T, 01, .., Up) — <E;11L;*vi, —Lqx,. ..,—me)
Now, for every n € N, define
U,: 1K — KC: (T,01, ..., Vm) —> (Unx, Upnvr, ..., Umvnvm>
V,: K= K: (4.86)

(7,01,...,0m) (Un1$ — > iy Liws, ( — Lix + Uiv_nlvi)1<i<m)

and
'fn = (Zp, Vi - -, Umn)
Un = (pna q1n, - - - an,n) _
Gn = (Any b1y b))
Cn = (Cns iy dimn)
| dn = (U an, U s -, Uyt bin)
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It follows from the proof of [16, Corollary 6.2] that (4.84) is equivalent to
(Vn €N)  Foir = Tn + A (Jvnfl (@0 — Vo (BT + b)) + a0 — zzn) (4.88)

that the operators A and B are maximally monotone, and B is B-cocoercive on H.
Furthermore, for every (7,v) € zer (A+ B), T solves (4.77) and v solves (4.78). Now set
p=1/a+ /> ", |Li]|*>. We deduce from the proof of [16, Corollary 6.2] that (Vn € N)
Vil < ¢ <28 —cand VY = Vil € Py, (K). We observe that (4.88) has the

structure of the variable metric forward-backward splitting algorithm (4.66) and that all
the conditions of Proposition 4.22 are satisfied.

(i) &(ii) : Proposition 4.22(iii) asserts that there exists

T=(T,01,...,0p) € zer (A + B) (4.89)

such that 7,, — 7.

(iii)&(iv) : It follows from Proposition 4.22(ii) that Bz, — Bz. Hence, (4.85),
(4.87), and (4.89) yield

Cz, - Cz and (Vie{l,....m}) D;'v;, — D;'v;. (4.90)
We derive the results from Definition 4.20 and (i)-(ii) above. O

Remark 4.28 Suppose that (Vn € N) A, < 1. Then Corollary 4.27 captures [15, Corol-
lary 6.2].
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Chapitre 5

Activation proximale de fonctions lisses
dans les méthodes d’éclatement

Les problemes d’optimisation convexe comprennent typiquement a la fois des fonc-
tions lisses et non lisses. Habituellement, la stratégie est d’utiliser le gradient pour les
fonctions lisses et 'opérateur proximal pour les autres. Nous montrons dans ce chapitre
qu’il pourrait étre judicieux d’essayer de ne pas s’astreindre a cet a priori. En effet 'opé-
rateur proximal est calculable pour bon nombre de fonctions lisses. Nous présentons
donc de nombreux nouveaux exemples utilisés dans les applications ou il est possible
de calculer cet opérateur. Un nouveau cadre pour modéliser les problemes d’admissibi-
lité convexe incompatible est proposé. Finalement, nous appliquons cette stratégie a la
restauration d’'image, ot sont comparées des méthodes completement implicites et des
méthodes implicite/explicite de plusieurs algorithmes d’éclatement. Les résultats obte-
nus mettent en évidence I'efficacité des activations implicites dans les algorithmes.

5.1 Description et résultats principaux

Le probleme étudié dans ce chapitre peut étre formalisé comme suit.

Probleme 5.1 Soit H un espace hilbertien réel, soient / et J deux sous-ensembles finis
et disjoints de N tels que K = [ U J # @, soit f € ['o(H) et soit (Gy)rex une famille
d’espaces hilbertiens réels. Pour tout k € K, soit 0 # L, € B (H, Gx) et soit 1. € Gy. Pour
tout ¢ € I, soit g; € I'g(G;) et pour tout j € J, soit p; € |0,400[ et soit h;: G; — R une
fonction convexe et différentiable de gradient y;-lipschitzien. Supposons que

0 € ran <8f +Y Liodgio(Li-—ri)+ Y Ljo(Vhy)o(L;- _rj)). (5.1)

icl jed
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L’objectif est de

minimiser f(z) + Z gi(Lix — ;) + Z h;(Ljx —1;). (5.2)

zeH
i€l jeJ

Ce type de problemes d’éclatement est habituellement étudié d’un point de vue qui offre,
pour chaque fonction ¢ présente dans le modele, 'alternative suivante :

(i) Si ¢ estlisse, et on utilise V.
(i) Sinon on utilise 'opérateur proximal de ¢, prox,,.

Nous allons essayer de nuancer cette méthode de sélection et montrer qu’utiliser I'opé-
rateur proximal, méme dans le cas d’une fonction lisse, peut s’avérer efficace. Cette idée
d’utiliser des étapes implicites est déja évoquée dans [11], ou il est proposé d’utiliser
la version implicite de descente de gradient plutot que la version explicite, et qu’elle
fournirait de meilleurs résultats.

On présente ici deux exemples de calculs d’opérateurs proximaux de fonctions lisses,
cruciaux pour notre analyse.

Exemple 5.2 Soit [ un sous-ensemble fini non vide de N. Pour tout i € I, soit G; un
espace hilbertien réel, soit V; un sous-espace fermé de G, soit r; € G;, soit L; € B (H, G;)
et soit o; € ]0,4o00[. On pose h: H — R:z — (1/2)> .., aidi (Liz — 1;) et Q =
(Id +v 3 5e; auLiprojy.1 L;) ™" Soit v € |0, +oc], on pose 8 = 37, o L;|* et soit z € H.
Alors h: ‘H — R est convexe et Fréchet différentiable avec un gradient -lipschitzien,

Vh(z) = Z o; Liprojy . (Lix—r;) et prox,z = Q (x + Z aiL;‘projV_Mi) . (5.3)

i€l el

L’exemple suivant couvre un large spectre d’exemples en régularisant la fonction
distance a un ensemble convexe C.

Exemple 5.3 Soit C' un sous-ensemble convexe fermé non vide de #, soit 5 € |0, +o0],
soit : R — R paire convexe et dérivable avec une dérivée [-lipschitzienne et on pose
h = ¢ odc. Soient v € ]0,+o00[ et x € H. Alors h: H — R est convexe et Fréchet
différentiable avec un gradient j-lipschitzien,

¢ (de(x)) : : .
‘7h(x):: ——ggigﬁ——(x —-prthx), S1 x ¢ CL (5.4)
0, sixeC
et
) prox. ,dco () R . .
prox. .z = { Proc? e (z —projox), si x¢C; 5.5)
x, si xeC.
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Un autre aspect de ce chapitre est '’étude des probléemes d’admissibilité convexe,
couramment étudié en analyse non linéaire. On les formalise comme suit.

Probleme 5.4 Soit H un espace hilbertien réel, soit X un sous-ensemble non vide de N,
et soit (G )rex une famille d’espaces hilbertiens réels. Pour tout k£ € K, on suppose que
0# Ly € B(H,Gy), soit 1, € Gy, et soit Cy un sous-ensemble convexe fermé non vide de
G- L'objectif est de

trouver x € H tel que (Vk € K) Lyx —ry € Cy. (5.6)

Malheureusement, il n’est pas rare que cet ensemble de solution soit vide. Il est né-
cessaire de relaxer le probleme et nous proposons un nouveau cadre pour cela. Contrai-
rement a ce qui a pu étre fait auparavant, ce nouveau probleme permet d’utiliser des
contraintes lisses et d’autres non lisses.

Probléme 5.5 On considere le cadre du Probleme 5.4. Soit (/,.J) une partition de K
telle que, pour tout i € I, ¢; € I'j(R) une fonction paire qui s’annule seulement en 0
et pour tout j € J, ¢;: R — R une fonction paire différentiable convexe qui s’annule
seulement en 0 telle que v} est lipschitzienne. L’objectif est de

minimiser »  ¢;(de,(Liz —1:)) + > ;(de, (L —1;)). (5.7)

zEH - -
i€l jeJ

Il s’agit d’un cas particulier du Probléme 5.1 et il couvre de nombreux problémes
importants proposés dans la littérature [14, 21, 25, 37, 56].

5.2 Article en anglais

PROXIMAL ACTIVATION OF SMOOTH FUNCTIONS IN SPLITTING
ALGORITHMS FOR CONVEX IMAGE RECOVERY !

Abstract. Structured convex optimization problems typically involve a mix of
smooth and nonsmooth functions. The common practice is to activate the smooth func-
tions via their gradient and the nonsmooth ones via their proximity operator. We show
that, although intuitively natural, this approach is not necessarily the most efficient nu-
merically and that, in particular, activating all the functions proximally may be advan-
tageous. To make this viewpoint viable computationally, we derive a number of new
examples of proximity operators of smooth convex functions arising in applications. A

1. P. L. COMBETTES AND L. E. GLAUDIN, Proximal activation of smooth functions in splitting algorithms
for convex image recovery, soumis a SIAM J. Imaging Sci.
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novel variational model to relax inconsistent convex feasibility problems is also inves-
tigated within the proposed framework. Numerical applications to image recovery are
presented to compare the behavior of fully proximal versus mixed proximal/gradient
implementations of several splitting algorithms.

Keywords. convex optimization, image recovery, inconsistent convex feasibility pro-
blem, proximal splitting algorithm, proximity operator

5.2.1 Introduction

Splitting in convex optimization methods for image recovery can be traced back to
the influential work of Youla [55, 57]. The convex feasibility framework he proposed
consists in formulating the image recovery problem as that of finding an image in a Hil-
bert space H satisfying m constraints derived from a priori knowledge and the observed
data. The constraints are represented by closed convex sets (C;);<;<» and the problem
is therefore to

findz € S =(C. (5.8)

i=1

Now, for every i € {1,...,m}, let proj., be the projection operator onto C;, which maps
a point = € H to the unique closest point in C;, that is,

0, if y € Cj;
(5.9

1
projo.: H — H: xr — argmin (Lci(y)+§||x—y||2), where ¢, : y — {

yeEH

The methodology of projection methods is to split the problem of finding a point in S
into a sequence of simpler problems involving the sets (C;)1<;<,n, separately [7, 22]. For
instance, the POCS algorithm advocated in [57] is governed by the updating rule

(Yn € N) 2,41 = (Projg, o - - o projo, )n. (5.10)

Projection operators are of limited use beyond feasibility and best approximation pro-
blems. Modern image recovery convex variational formulations have a complex structure
that requires sophisticated analysis tools and solution methods. To solve such formula-
tions while preserving the spirit of splitting methods in feasibility problems, one ap-
proach is to use an extended notion of a projection operator. In [33] it was suggested to
use Moreau’s notion of a proximity operator [45] for this purpose. Recall that the proxi-
mity operator of a proper lower semicontinuous convex function ¢: H — |—o0, +00] is

1
prox,: H — H: x> argmin (@(y) + §||:zc - y||2), (5.11)

yeEH
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which reduces to (5.9) when ¢ = .¢,. We refer the reader to [8, Chapter 24] for a
detailed account of the properties of proximity operators with various examples, to [29]
for a tutorial on proximal methods in signal processing, and to [5, 10, 18, 20, 28, 46, 47,
48] for specific applications to image recovery. Current proximal splitting methods can
handle complex structured convex minimization problems such as the following, which
will be the focus of our discussion (see below for notation).

Problem 5.6 Let H be a real Hilbert space, let I and J be disjoint finite subsets of N
such that K = T U J # @, let f € T'y(H), and let (Gx)rex be a family of real Hilbert
spaces. For every k € K, suppose that 0 # L, € B (H,Gx) and let r, € Gy. For every
iel,letg €I'g(G;) and, for every j € J, let yi; € |0, +o0[ and let h;: G; — R be convex
and differentiable with a p;-Lipschitzian gradient. Assume that

0 € range (8f + ZL* odg; o (L;-—r;) + ZL* (L, - —rj)). (5.12)

i€l jeJ

The goal is to

minimize f(z)+ Z gi(Lix —r;) + Z h;(Ljx —1;). (5.13)

x€EH
i€l jeJ

The principle of a splitting method for solving (5.13) is to use separately each of
the functions f, (g;):cs, and (h;),es, and each of the operators (Lj)iecx, so as to reduce
the execution of the algorithm to a sequence of simple steps. A prevalent viewpoint in
modern proximal splitting algorithms is that to activate each function ¢ appearing in the
model there are two options :

— if o is smooth, i.e., real-valued and differentiable everywhere with a Lipschitzian
gradient, then use Vy;

— otherwise, use ¢ proximally, i.e., via its proximity operator (5.11).

In the present paper we propose a more nuanced viewpoint and submit that, when ¢
is smooth, it may be computationally advantageous to activate it proximally when its
proximity operator can be implemented. To motivate this viewpoint, let us first observe
that a tight Lipschitz constant for the gradient of ¢ may not be easy to estimate (see,
e.g., [1, 12, 16]), which limits the range of the proximal parameters and may have
a detrimental incidence on the speed of convergence. Our second observation is that
proximal steps behave numerically quite differently from gradient steps, which may have
a positive impact on the asymptotic behavior of the algorithm. On this last score, let us
stress that the idea of using proximal steps in smooth problems can already be found
in [11, Section 5.8]. There, the problem under consideration was the standard least-
squares problem of minimizing the smooth function ¢: RY — R: x — [|Az — b||*/2 in
connection with the numerical inversion of the Laplace transform. Given v € |0, +o0]
and z, € R", the algorithm proposed in [11, Eq. (5.8.3)] assumes the form

(Vn €N)  @np1 = (1d +7ATA) " (2, +vATD), (5.14)
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and it is reported to be better than the standard steepest descent approach. This ob-
servation echoes the well-known fact that, in numerical analysis, implicit methods have
better stability and accuracy properties than explicit ones [52]. Let us note that (5.14)
is nothing but an early instance of Martinet’s proximal point algorithm [44]

(VneN) x,01 = prox. (5.15)
for minimizing a function ¢ € T'y(H).

The paper is organized as follows. In Section 5.2.2, we enrich the list of known
proximity operators by providing new closed form expressions for those of various
smooth convex functions commonly encountered in applications. This investigation is
of interest in its own right since some splitting algorithms operate exclusively with
proximal steps. In connection with the numerical solution of Problem 5.6, we review
in Section 5.2.3 some pertinent proximal splitting methods. In Section 5.2.4, we pro-
pose a new variational model, based on Problem 5.6 and the results of Section 5.2.2,
to relax inconsistent convex feasibility problems. Image recovery applications are pre-
sented in Section 5.2.5. Numerical comparisons between splitting algorithms in which
smooth functions are activated via gradient steps and those in which all functions are ac-
tivated via their proximity operators are conducted. While no universal conclusion may
be drawn from these experiments, they suggest that fully proximal splitting algorithms
deserve to be given serious consideration in applications.

Notation. The notation follows that of [8]. Throughout, # is a real Hilbert space
with scalar product (- | -), associated norm || - ||, and identity operator Id . Weak conver-
gence is denoted by — . Given a real Hilbert space G, we denote by B (H,G) the
space of continuous linear operators from H to G. We set ¢ = || - ||*/2 and denote by
['o(H) the class of lower semicontinuous convex functions f: H — |—oo, +00| such that
domf = {zeH ] f(z) < +oo} # @. Let f € T'y(H). Then f* denotes the conjugate of
f, 0f the subdifferential of f, and f O g the inf-convolution of f and g € T'y(H). Let C be
a convex subset of . The strong relative interior of C' is denoted by sri C, the indicator
function of C by ¢¢, the distance function to C' by d¢, the support function of C' by o¢
and, if C' is nonempty and closed, the projection operator onto C' by proj.. The Hilbert
direct sum of family of real Hilbert spaces (#;);cs is denoted by &,_, H;; in addition if,
foreveryi € I, fi: H; — [0, +o0], then

D s @PHi = (0,407 (@i)ier = Y filwi). (5.16)

i€l iel iel
The standard Euclidean norm on R” is denoted by || - ||».

5.2.2 Proximity operators of smooth convex functions

Let 8 € ]0,+o0l, let v € ]0,400[, and let h: H — R be a convex function with a
p-Lipschitzian gradient. Then there exists a function g € I'((#) such that h = ¢*0(8q)
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[8, Corollary 18.19]. In this case, we derive from [8, Proposition 12.30 and Proposi-
tion 24.8(vii)] that

Vh = g(1d —prox,. ;) and prox.,z =Id +i (Prox (54 1y4e /5 — 1d ). (5.17)

vB8+1

The closed form expression of prox_,x above is however of limited use since g* and its
proximity operator are usually not available explicitly. Even when H = R, computing
the proximity operator of a smooth convex function may be involved : for instance the
derivative of h: z + v/1 + 26/3 is v/2-Lipschitzian but evaluating prox_, requires solving
a high degree polynomial equation. Nonetheless, as we now show, a variety of smooth
convex functions encountered in applications have readily computable proximity opera-
tors.

Example 5.7 Let I be a nonempty finite set. For every i € I, let G; be a real Hilbert space,
let V; be a closed vector subspace of G;, let r; € G;, let L; € B (H,G;), and let o; € |0, +0o0].
Set h: H — Rea = (1/2) 37, qudiy (Liw — 7;) and @ = (Id +y 37,y o Liprojy.s Li) 1.
Let v € ]0,+oo|, set § = >_._; 4| L;|*, and let # € H. Then h: H — R is convex and
Fréchet differentiable with a (-Lipschitzian gradient,

Vh(z) = Z a; Liprojy. (Lyx —r;), and prox ,z = Q (x + 7 Z aiprrojV,Lri) :
iel iel

(5.18)

Proof. The convexity of & is clear. We have h(z) = (1/2) Y, ; ci||projy. (Liz — r;)||* and
Vh(z) is given by (5.18) since (Vi € I) Vd}, /2 = Id —proj,, = proj,... Moreover, (Vi € I)
17 projys Lill < [ILF|| |[projy. [ Lall < [|Li[[*. Hence, for every y € H,

IVh(z)=Vh(y)| =

S autiprois L) < X alLille-yl = plle-yl. 5.19)

el el

Now set p = prox.,z. Then we derive from (5.18) that

x—p=7Vh(p) =~ < Z aiprrojvﬁLi>p - Z ;L projy . v, (5.20)

i€l el

which yields the expression of prox_,x. [

Example 5.8 Let / be a nonempty finite set. For every i € I, let G; be a real Hil-
bert space, let r; € G;, let L; € B(H,G;), and let a; € ]0,+o00[. Set h: H —
R:z — (1/2) > o6l Liz — ri||> and @ = (Id +yY,c; aiLiL;) ™. Let v € 0, +o0], set
B =3 icraillLi||?, and let z € H. Then h: H — R is convex and Fréchet differentiable
with a §-Lipschitzian gradient,

Vh(z) = Z o;Li(Liz —r;), and prox,z = Q(az + Z aiL;-kri). (5.21)

el el
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Proof. This is a special case of Example 5.7 with (Vi € I) V; = {0}.0

The next construction, which involves the distance function d- to a convex set C,
captures a broad range of functions of interest. First, we need the following fact.

Lemma 5.9 [8, Proposition 24.27] Let C' be a nonempty closed convex subset of H, let
¢: R — R be an even convex function that is differentiable on R ~. {0}, set h = ¢ o d¢, and
let x € H. Then

prox,.dc(z) ) " oo
prox,r = W(Proch — ), if do(z) > maxdp(0);

proj.z. if do(x) < maxd6(0).

Example 5.10 Let C' be a nonempty closed convex subset of H, let 5 € ]0, +o0], let
¢: R — R be even, convex, and differentiable with a S-Lipschitzian derivative, and
set h = ¢ odc. Let v € ]0,+o0[ and © € H. Then h: H — R is convex and Fréchet
differentiable with a -Lipschitzian gradient,

(5.22)

¢ (de(x)) : : .
Vhiz) = | doqn) @~ Prole), if w & C; (5.23)
0, if x e,
and
. prox. ,dc(z) . . .
prox. .z = { Proe? T e@ (z —projox), if = ¢ C; (5.24)
X, if xeC.

Proof. Since ¢ and ds are convex and ¢ is increasing on [0, +oo[, h is convex [8, Pro-
position 11.7(ii)]. In addition, since 0 is a minimizer of ¢, ¢/(0) = 0 and we derive
(5.23) from [8, Proposition 17.33(ii)]. Next, we infer from [8, Proposition 13.26] that
h* = oc + ¢* o || - ||. Now, we invoke [8, Theorem 18.15] to first deduce that ¢* is
(1/B)-strongly convex and that h* is therefore likewise, and then to conclude that VA
is 5-Lipschitzian. On the other hand, we derive from [8, Proposition 11.7(i)] that 0 is a
minimizer of ¢ and therefore that d¢(0) = {0}. Hence, Lemma 5.9 and [8, Remark 14.4]
imply that

prox4)-dc()

. " .
prox.,r = T+ de(z) (projer — x), if do(x) > v maxdp(0);
projox, if do(z) < ymaxd¢(0)
d - d
- c(x) — prox. ,de(x) (projr — 2). if de(x) > 0.
= de(x)
Projcxa if d(j(l‘) <0

de () (5.25)

rox. .d
_ ) projez + M(x — projoz), if z ¢ C;
x, if ze€C,
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as announced. [

Example 5.11 Let C' be a nonempty closed convex subset of H and set h = d% /2. Let
v € 10,400 and x € H. Then h: H — R is convex and Fréchet differentiable with a
nonexpansive gradient, V f(x) = = — proj.z, and

1 .
Prox.,x = P} (z + yprojoz). (5.26)

Proof. Set ¢ = | - |*/2 in Example 5.10. [

Example 5.12 (abstract smooth Vapnik loss function) Let ¢ € ]0,+oc|, let § €
10, +00], let ¢: R — R be even, convex, and differentiable with a -Lipschitzian deriva-
tive, let J: £ — max(|-|—¢, 0) be the standard Vapnik loss function, and set h = ¢ovo]|-||.
Let v € ]0,4+o00] and = € H. Then h: H — R is convex and Fréchet differentiable with a
B-Lipschitzian gradient,

¢l —¢) .
Vh(z) = g o lell>= (5.27)
0, if ||zf] <e,
and
e+ prox,(llzfl —¢) .
x, if ||z|| > ¢
prox.,r = ||| I (5.28)
x, if ||z]| <e.

Proof. Let C' be the ball with center 0 and radius ¢ in Example 5.10. [

Here is an extension of the previous example.

Example 5.13 Let C' be a nonempty closed convex subset of H, let ¢ € |0, +o0[, let
f € ]0,4+00], let ¢: R — R be even, convex, and differentiable with a g-Lipschitzian
derivative, and set h = ¢ o max(d¢ — ¢,0). Let v € |0, +oo[ and = € H. Then h: H — R
is convex and Fréchet differentiable with a -Lipschitzian gradient,

¢'(de(x) —¢) : : .
Vh(z) = do () (z — projoz), if deo(z) > e; (5.29)
0, if do(x) <e,
and
. € + prox_4(dc(z) — ) o . '
prox = { PO + do () (z —projez), if de(v) > 5 5

x, if de(x) <e.
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Proof. Set ) = ¢ o max(| - | — £,0), apply Example 5.10 in R to ¢, and use Example 5.12
for the gradient and the proximity operator of . [J

Example 5.14 (abstract Huber function) Let C' be a nonempty closed convex subset
of H, let p € ]0,4+00], and set
p?
pdo(z) — o if do(z) > p;
h:H—-R: 2z~ (5.31)

d 2
C(;““) , if de(x) < p.
Let v € |0,+o00[ and = € H. Then h: H — R is convex and Fréchet differentiable with a
nonexpansive gradient,

p . .
x — projox), if de(x) > p;
Vh(z) = dc(x)( projce) ole) > p (5.32)
& — proj.z, if do(z) < p,
and
P : . ,
r + ——(projox — z), if de(z) > (v + 1)p;
de(x)
prox.,r = 1 (5.33)
P (z + yproj.z), if do(z) < (v+1)p.
Proof. Let
2
plel =5 if fel >
¢:R—>R: € (5.34)

2
EE i<,
2
be the standard Huber function with parameter p. Then ¢’ is 1-Lipschitzian. In addition,

using the expression of prox_, from [8, Example 24.9] and then Example 5.10, we obtain
(5.33).0

Example 5.15 Let C be a nonempty closed convex subset of H, let w € |0, +oc[, and set
B =w?and h = wde — In(1 + wde). Let v € ]0,4+00[ and let € H. Then h: H — R is
convex and Fréchet differentiable with a S-Lipschitzian gradient, and

prox.,r =
2
) yw? + 1 — wde(x) — v/ |wde(x) — yw? — 1|2 + dwde(x ) )
projx + c(@) \/LWdCC((x)) | el )(prOJCa: —x), if = ¢ C,
T, if zeC.

(5.35)
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Proof. Set ¢ = w|-|—In(1+w|-|). Then ¢’ is w*-Lipschitzian. Furthermore, we derive prox_,
by arguing as in [8, Example 24.42] (where v = 1) and then invoking Example 5.10.

Example 5.16 Let 3 € |0, +oo[, let ¢: R — R be even, convex, and differentiable with

a [(-Lipschitzian derivative, and set h = ¢ o || - ||. Let v € ]0,+oo[ and € H. Then
h: H — R is convex and Fréchet differentiable with a -Lipschitzian gradient,
U=l . prox.|lzf
, if 0; — " ", if 0;
Vhi) =4 ol = TP and prox ,z = Lo 270 (55
0, if ©=0, x, if x=0.

Proof. Set C'= {0} in Example 5.10. [

The following extension of Example 5.10 involves a composition with a linear ope-
rator.

Example 5.17 Let G be a real Hilbert space and let M € B(H,G) be such that
MM* = 01d for some 6 € ]0,+o00|. Let D be a nonempty closed convex subset of G,
let 1 € |0, +00], let ¢: R — R be even, convex, and differentiable with a p-Lipschitzian
derivative, and set h = ¢ o dp o M and B = pu||M]||*. Let v € ]0, +oo] and x € H. Then
h: H — R is convex and Fréchet differentiable with a -Lipschitzian gradient, and

0~ (dp(Mx) — prox_g,dp(Mz))

T+ M*(proj,(Mz) — Mz), if Mz ¢ D;

Prox.,r = dp(Mx)
x, if Maxe D.
(5.37)
Proof. Set g = v¢ o dp. We first derive from [8, Proposition 24.14] that
Prox., & = Prox & = x + 6~ M* (prox,, (Mz) — Mz). (5.38)

We then obtain the expression of prox,, = prox.,,,,, from Example 5.10 and, in turn,
(5.37).0

Remark 5.18 The condition M M* = 61d used in Example 5.17 arises in particular in
problems involving tight frame representations [19]. When it is not satisfied, one can still
deal with smooth functions of the type ¢odco M in modern structured proximal splitting
techniques by activating prox,,, . and M separately; see Propositions 5.34, 5.36, and
5.38 below and [8]. One can then invoke Example 5.10 to compute the former.

Example 5.19 Let (2, F, ;) be a complete o-finite measure space, let (H, (- | -),;) be a
separable real Hilbert space, let C be a closed convex subset of H such that 0 € C, and let
¢: R — R be even, convex, and differentiable with a S-Lipschitzian derivative. Suppose
that H = L*((Q,F,u);H), and that u(Q) < +oo or ¢(0) = 0. Set h: H — R: z —
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Jo @(de(x(w)))p(dw). Let v € ]0,+oo[ and = € H. Then h: H — R is convex and Fréchet
differentiable with a -Lipschitzian gradient, and for p-almost every w € €,

¢'(dc(z(w))) : . '
(Vh(@) @) = delate)) )~ Proce@). i #(o) £C (5.39)
0, if z(w)eC
and
 prowde(a() . . |
(prox,, ) (w) = {Proch(w) + dcd()x(w)) (z(w) — projea(w)), if z(w) ¢ C;
z(w), if z(w) e C.
(5.40)

Proof. Set ¢ = ¢ o dc. As seen in Example 5.10, ¢: H — R is convex and Fréchet diffe-
rentiable with a -Lipschitzian gradient,

¢ (dc(x)) ) ) '
(WxeH) Vo) =4  de(x) (x — projex), if x ¢ C; (5.41)
0, if xeC,
and
d
projcx + prox, ;e (x) (x — projcx), if x ¢ C;

(vx € H) prox x= { dc(x) (5.42)

if x e C.

X

)

Since ¢ is convex and even, it is minimized by 0 [8, Proposition 11.7(i)], and we have
¢'(0) = 0 and, since 0 € C, »(0) = ¢(0), while (5.41) yields V(0) = 0. Consequently, by
virtue of the descent lemma [8, Theorem 18.15(iii)],

(% € H) 00 < 9(0) + (x| V(O + Sl = 9(0) + Il (5.43)
Hence,
. am
) = [ ela@)n(de) < O + 5 el < o (5.4

On the other hand, [8, Proposition 16.63(ii)] asserts that Vh(z) = (V) ox u-a.e. which,
combined with (5.41), yields (5.39). Now let y be in ‘H. Then

HVh(SU)—Vh(y)HQ:/QH(Vh(SU))(w)—(Vh(y))(W)HZHu(dw)
=/Q||V<P(w(w))—Vw(y(w))llﬁu(dw)

< B / (@) — y(w)a(dw)
Q
= 3|z — y|*, (5.45)
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which shows that V1 is g-Lipschitzian. Finally, we apply [8, Proposition 24.13] to derive
(5.40) from (5.42).0

Remark 5.20 Let ) be a nonempty bounded smooth open subset of R?, let H = R?, let
i be the Lebesgue measure, and suppose that C = {0} in Example 5.19. Furthermore,
let ¢ be the Huber function of (5.34) and, for every x € H}(Q2), let Dz be the gradient
of x. Then the function

hoD: H(Q) = R: / (|| D (w)]|2)dw (5.46)
Q

can be found in [39, 41, 43, 49] and it is called the Gauss-TV (or TV-Huber) function.

We now turn to a different scheme to construct smooth convex functions.

Example 5.21 Let ¢ € I'o(#H), let 8 € |0,400|, and define h = g — (Bg) Dp. Let v €
10,4+00[ and = € H. Then h: H — R is convex and Fréchet differentiable with a /-
Lipschitzian gradient,

1
Vh(z) = Bprox, sz, and Pprox ,z =z — 57proxﬂ(lfm) <1 n ﬁvx). (5.47)

Proof. It follows from [8, Proposition 12.30] that Vh = §(Id —(Id —prox, z)) =
Bprox,, 3, which is -Lipschitzian since prox, 4 is nonexpansive [8, Proposition 12.28].
Finally (5.47) follows from [8, Proposition 24.8(viii)]. U

Example 5.22 Let C' be a nonempty closed convex subset of #, let 3 € |0, +o0], and set
h = B(q — d%/2). Let v € |0, +oo[ and = € H. Then h: H — R is convex and Fréchet
differentiable with a -Lipschitzian gradient,

(5.48)

1
Vh(z) = Bprojoz, and prox ,r =z — BVProj. (mx)

Proof. Set ¢ = 1 in Example 5.21. [

Remark 5.23 For 5 = 1, the function / in Example 5.22 is the generalized Huber func-
tion of [24, Example 3.2], that is

: 2
(x| projr) — Pt g g
o]

2 )

(Ve e H) h(x)= (5.49)

if zeC.

If H = Rand C = [—p, p| for some p € |0, +o0], h reduces to the standard Huber function
(5.34).
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The next example revisits a construction proposed in [33] ; see also [31, 35, 36] for
special cases.

Example 5.24 Suppose that # is separable and that @ # K C N, and let (e;)rex be
an orthonormal basis of . For every k£ € K, let 8, € |0,+oc[ and let ¢,: R — R be
a differentiable convex function such that ¢, > ¢x(0) = 0 and ¢, is Si-Lipschitzian.
Suppose that § = sup,cx O < +oo and define (Vo € H) h(z) = >, x or((z | ex)). Let
v €10, 4+oc[. Then h: H — R is convex and Fréchet differentiable with a -Lipschitzian
gradient,

(Vo €M) Vh(z) =Y &z ex)e, (5.50)
keK
and
(Vo € H) prox,z = Z (prox, (z | ex))ex. (5.51)
kek

Proof. The identity (5.51) is established in [8, Proposition 24.16]. The frame analysis
operator is

F:H—(K):z— ((z]e))rex (5.52)

and its adjoint is the frame synthesis operator

F*: C(K) = H: (S)rex — Y Exer (5.53)

keK

Now denote by x = (&)rex a generic element in /%(K) and define

p: P(K) — ]—00, +00] : x = Y di(&)- (5.54)

kek

Then h = ¢ o F. Since all the functions (¢y)rex are minimized at 0, we have (Vi € K)
#:(0) = 0 = ¢%(0). In turn, we derive from the descent lemma [8, Theorem 18.15(iii)]
that

(h € K)(V6 € B) 0u() < 6x(0) + (& ~ 0)6h(0) + 2o~ & = D, (5.59)

As a result,

(v € A(K =Y anle) < 03 lel = (5.56)

keK keK

and, therefore, ¢: (*(K) — R. In addition,
(Vk € K)(V& € R)  [4,(&)]7 = |0k(&k) — 94 (0)” < Bil&x — 012 < B2[&f*,  (5.57)
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which yields

(W e P(K) D 161 < 82D 1&l” = B2IIXI* < +oo, (5.58)

keK keK

and allows us to conclude that ¢ is differentiable with (Vx € (?(K)) Vip(x) = (¢}, (&))kex-
Moreover,

(Vx € £(K)) (Yy € C(K) Vo) = Vo> = D 164(&) — ¢r(me)
keK
< Bk — mil?
kek
< Bx =yl (5.59)

Altogether, ¢: (*(K) — R is convex and differentiable with a j3-Lipschitzian gradient.
Hence h = p o F': H — R is convex and differentiable, with VhA = F* o Vy o F'. Further-
more, since F and ['* are isometries,

(Vz e H)(Vy € H) [[Vh(z) = VR(y)|| = [|[F*(Vep(Fz)) — F*(Vo(Fy))|
= |[Vo(Fz) — Vo(Fy)||
< Bl[Fz — Fy|
= Bllz —yll, (5.60)

which shows that V# is 5-Lipschitzian. U

Remark 5.25 It is clear from the proof of Example 5.24 that if the condition

ok = ¢r(0) =0 (5.61)

is not satisfied for a finite number of indices in k£ € K, the results remain valid. In
particular, if H is finite-dimensional, (5.61) is not required. An example of a smooth
convex function ¢,: R — R with explicit proximity operator is ¢, = dQ(;k /2, where CY,
is a nonempty closed interval in R (see Example 5.11). In this case, (5.61) holds if and
only if 0 € Cy. If Cy = [1,+00], ¢ is the squared hinge loss [50]; if C}, = [—¢,¢&] for
some ¢ € |0, +oo[, ¢y, is the smooth Vapnik insensitive loss [4] (see also Example 5.12).
2cSpecializing Examples 5.10, 5.14, 5.15, and 5.22 to # = R provides further examples
of functions of interest. For instance, taking ¢, = ¢, odc, , where 1), is the Huber function
(5.34) and C}, = [1, +00[ yields the modified Huber function [58].

Example 5.26 Let M be a strictly positive integer and let @ # K C N. For every
i € {1,...,M}, suppose that H,; is a separable real Hilbert space with orthonor-
mal basis (e;x)rex. Let § € ]0,+o0[, and let ¢: R — R be a differentiable convex
function such that ¢ > ¢(0) = 0 and ¢’ is [(-Lipschitzian. For every (zy,...,z)
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in Hl D - D HM, set h(l‘l,...,l‘M) = ZkeK¢(||(<x1 | 617k>,...,<l‘M | 6M,k>)||2)- Let
v €10, +o0[, let (z1,...,20) € H1 ® -+ D Hu, and set, for every k € K,

if max [(x; | e;x)| > 0;

¢ (11 | ern), - (zar | earn))ll2)

g = [((z1 | ern), - (ear | enp))llz 1<isM (5.62)
0, otherwise,

and

ToX .
prox_,([|((x1 [ e ), - -+ (ar | €M,k>)H2)’ if max [(z; | e;x)| > 0;

o = ({1 | err)s- - (zar | eari)) 2 I<isM (5.63)
1, otherwise.

Then h: Hi & --- ® Hy — R is convex and Fréchet differentiable with a §-Lipschitzian
gradient,

Vh(l’l, e ,SL’M) = <Z Oék<l’1 | 61,k>61,k7 ey Z()ék<3?M | eM,k>eM,k> s (564)

keK keK

and

p].’OX,yh(l‘l, e {L‘M) = (Z 5k<ZL‘1 | 617k>617k, RN Z 5k<ZL‘M | 6M,k>€M,k> . (565)

keK keK

Proof. Arguing as in (5.55)-(5.56), we obtain that h is real-valued and, arguing as in
(5.57), we get sup,cx . < 3. Hence (Vi € {1,...,M}) (ar(; | eix))rex € ¢*(K) and
Y kek Ok(Ti | €ik)eir € H;. Likewise, since ¢ is minimized at 0, prox ,0 = 0 and thus
supyex O < 1. It therefore follows that (Vi € {1,...,M}) (0x(x; | €ix))rex € ¢*(K) and
> wex Ou(Ti | ein)ein € Hi. Now let 2(K;RM) = @, .« R be the space of square sum-
mable sequences with entries in RY, and set

e RM 5 R (&, &) = O, -+ &an)l2)
U:-HiD---BHy —)Ez(K,RM) (ffl,---yxM) — (((xl | 61,k>7"'7<x]\/[ | 6M7k>))ke]1('

(5.66)
Then U is a bijective isometry,
Ult=U"PKRY) -H, @ - OHuy: (5.67)
(s - - s park) ek (Zm K€L k» - - -aZNM,keM,k>a (5.68)
keK keK

and h = (@,x ») o U. In turn,

Vh = U*oV(Eng) ol = U*oV(EB (gol|-[I2 >OU U*o <®v do||||2 >oU, (5.69)

kek keK keK
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which yields (5.64) using Example 5.16. On the other hand, using [8, Proposi-
tion 24.14], we obtain

PIOX.), = ProX, (@ Loy = (U*oprox,YEBkEWoU) =U*o <®prox,y¢o|_”2> oU, (5.70)

keK

which yields (5.65) using Example 5.16. [

5.2.3 Splitting algorithms

In this section, we review several proximal splitting methods which are relevant to
our discussion and will be used in our numerical comparisons (see [8] for the supporting
theory). We start with the forward-backward splitting algorithm.

Algorithm 5.27 (forward-backward) Let 5 € |0, +oc], let f € To(H), let g: H — R be
convex and differentiable with a -Lipschitzian gradient, let (v,),cn be a sequence in
10,2/8] such that 0 < inf,en v, < Sup,eyvn < 2/5. Let zp € H and iterate

forn=0,1,...
Yn = Tp — ’Yan(l‘n) (5.71)
Tpy1 = PIOX ;Yn.

Proposition 5.28 [31] Let (z,,),en be a sequence generated by Algorithm 5.27 and suppose
that Argmin (f+g) # @. Then there exists x € Argmin ( f+g) such that z,, — z. In addition

(f +9)(@n) —inf(f + g)(H) = o(1/n).

Inertial variants of the above method have been popularized by [10]. They require
additional storage capabilities but have been shown to be advantageous in terms of
convergence speed in certain situations. The following implementation proposed in [17]
guarantees convergence of the iterates.

Algorithm 5.29 (inertial forward-backward) Let § € 0,400, let f € To(H), let
g: H — R be convex and differentiable with a g-Lipschitzian gradient, let v € |0,1//5],
and let « € ]2, +00]. Let 2y = x_; € ‘H and iterate

forn=0,1,...
n—1

e AR (5.72)

Yn = Zn — VVQ(ZH)
Tnt1 = PIOX, ;Yn.

Zn = Ty +

Proposition 5.30 [17] Let (z,,),en be a sequence generated by Algorithm 5.29 and suppose
that Argmin (f+g) # @. Then there exists x € Argmin ( f+g) such that z,, — z. In addition

(f +9)(@n) — inf(f + g)(H) = O(1/n?).
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The next algorithm does not require smoothness of any of the functions.

Algorithm 5.31 (Douglas-Rachford) Let f and g be functions in I'y(#) such that 0 €
sri(domg — dom f), let v € ]0, 400, and let (\,),en be sequence in [0,2] such that
Y nen (2 = A,) = +o00. Let yy € H and iterate

forn=0,1,...
Zn = PIOX, U
Ty, = Prox_ (22, — yn)
Ynt1 = Yn + An(Tn — 2n).

(5.73)

Proposition 5.32 [28] Let (x,,),cn be a sequence generated by Algorithm 5.31 and suppose
that Argmin (f + g) # @. Then there exists x € Argmin (f + g) such that z,, — z.

Although this feature will not be used in Section 5.2.5, it should be noted that
the forward-backward [31], inertial forward-backward [6], and Douglas-Rachford [23]
algorithms tolerate errors in the implementations of the proximity operators. The next
three algorithms are specifically tailored to handle Problem 5.6 and they also compute
dual solutions. For brevity, we present only the primal convergence result and the error-
free, unrelaxed formulations of these algorithms. The first one is known as the primal-
dual forward-backward-forward algorithm ; see [30] for details and [54] for a variable
metric version.

Algorithm 5.33 Consider the setting of Problem 5.6. Set § = Y oier 1Lil|* +
> jes illLjl1%, let e € 10,1/(B + 1)[, let (y,)nen be a sequence in [e, (1 —¢)/f], and let
(Vi € I) v}y € G;. Let 29 € H and iterate

forn=0,1,...
Yin = Tn — Tn ( Zie] L:U;n + ZJEJ L;k (Vh] (LJZL‘n — T‘j)))
Pin = proxm{nf Yin
foreveryi € I
Y2,in = U;n + ’Yanxn
D2,in = PIOX, g« (y2,z',n — YnTi)
Q2,in = P2in + nLliPin
Vi1 = Vin — Y2.n + Qin
qin = Pin — Tn ( Zie[ L;(p2,i,n + Zje] L; (th(Ljpl,n - Tj)))

| Tn+1 = Tn — Yin + q1,n-

(5.74)

Proposition 5.34 [30] Let (z,).en be a sequence generated by Algorithm 5.33. Then there
exists a solution x to (5.13) such that z,, — =.

The next algorithm is an implementation of the forward-backward algorithm in a

renormed primal-dual space (see [18, 26, 34, 38, 53] for special cases and variants, and
[32] for a more general variable metric version).
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Algorithm 5.35 Consider the setting of Problem 5.6 and let (7,,),cn be a sequence in
]0, +00[ such that (Vn € N) 7,41 > 7,. For every i € I, let v}, € G;, let (0;,)nen be a
sequence in |0, +oo] such that (Vn € N) 0;,,+1 > 0;,,. Suppose that

1
sup (\/Tnzai,nLiQ + 5 max {Tnvr?ealxai,n} ZM]’”LJ'W) <1 (5.75)

Let zy € H and iterate

forn=0,1,...
Yin = Tn — Tn(zz'el Livg, + ZjeJ L (th(Ljfcn - Tj)))
Tpy1 = PIOX, Yin
Zn = 2Ty — Ty (5.76)
for everyi € I
Yo,im = Uiy + Oin(Lizn — ;)
{ Vi1 = ProX,, o «Y2in-

Proposition 5.36 [32] Let (x,,),en be a sequence generated by Algorithm 5.35. Then there
exists a solution x to (5.13) such that z,, — =.

The following algorithm was first proposed in [2] in the case when J = &, which
was extended in [27] to a block-coordinate and block-iterative asynchronous method.
The following version, which explicitly exploits smooth functions, is proposed in [40].

Algorithm 5.37 Consider the setting of Problem 5.6 and let (v,),cn be a sequence in
]0, +oo[ such that 0 < inf,enyn < SUpP,, ey Yn < +o0. For every k € TU J, let v}, € Gy, let
(k. )nen be a sequence in |0, +oo[ such that 0 < inf,en ftgn < SUpP, ey fkn < +00, and let
(An)nen be a sequence in |0, 2[ such that 0 < inf,ey A\, < sup,ey An < 2. Let 2y € H and
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iterate

forn=0,1,...
b= 2herus Livin
an = Prox, (v, — Ynly)
ay, =7, (Tn — @) — I}
foriel
li,n = LZZL'n
binm =1 + prox,, .. (lm + umv;ﬁn - Ti)
b = U + ,Ltfi(lm —bin)
L ti,n = bi,n - Liay,
forjeJ
l]’,n == ijn
bjn = lin — 1in(Vgi(ljn —15) —v5,)
b;,n = ng(bj,n — Tj)
L t]’,n = bj,n — Ljan
tr=an+ > rervs Libin
o = 60112 + 2 keros [tenll?
ifr, =0
T = a,
forkeluUJ
| Vi =+ o (b — bin)
| terminate.
ifr, >0
A
b= 2 wmae { (o | £) (00 ] 02) + Secpug (b | 01) — (b [5,)))

n
S *
Tpil = Tp — Opt

forkeluUuJ
I L U;;n+1 = v;;n — Optpn.

(5.77)

Proposition 5.38 [40] Let (z,,).cn be a sequence generated by Algorithm 5.37. Then there
exists a solution x to (5.13) such that z,, — =.

5.2.4 Application to inconsistent convex feasibility problems

As mentioned in the introduction, the convex feasibility formalism first proposed in
[57] has enjoyed continued interest from the image recovery community [13, 22, 42,
51]. A structured formulation of this problem is the following.

Problem 5.39 Let H be a real Hilbert space, let K be a nonempty finite subset of N, and
let (Gi)rer be a family of real Hilbert spaces. For every k € K, suppose that 0 # L €
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B (H,Gr), let r, € G, and let C}, be a nonempty closed convex subset of G;. The goal is
to

find = € H suchthat (Vk € K) Lyx —ry € Cy. (5.78)

In applications, because of possible inaccuracies in a priori knowledge, unmode-
led dynamics, or too aggressive confidence bounds on stochastic constraints, the above
convex feasibility problem may turn out to be inconsistent [15, 21, 22, 37, 56], i.e.,

() Li' (e + Cr) = 2. (5.79)
keK

In the presence of a possibly inconsistent feasibility problem, we propose the following
variational formulation as a relaxation of (5.78).

Problem 5.40 Consider the setting of Problem 5.39. Let (1, J) be a partition of K such
that, for every i € I, ¢; € I'y(R) is an even function that vanishes only at 0 and, for every
j € J,¢;: R = Ris a differentiable convex even function that vanishes only at 0 with a
Lipschitzian derivative. The problem is to

minimize Y ¢;(de,(Liz — ) + Y i (de, (Liz —1;)). (5.80)

zeH
el jeJ

Problem 5.40 unifies several formulations that have been proposed in the literature
as surrogates to the possibly inconsistent Problem 5.39.

— If (5.78) happens to have solutions, they are the same as those of (5.80).

— Suppose that J = @ and (Vi € I) ¢; = 1{0}. Then (5.80) reverts to (5.78).

— Let (wj)jes be real numbers in ]0, 1] such that }_;;w; = 1. Suppose that | = &
and (Vj € J) G; = H, L; = 1d, r; = 0, and ¢; = wj| - |*/2. Then we recover the
least-squares formulation of [21], namely

.. 1 9
mlrélerglze 3 Z wjdcj (x). (5.81)
jeJ

— Let (wj) es be real numbers in ]0, 1] such that } . ;w; = 1. Suppose that I = {0},
¢o = vy, and (Vj € J) G; = H, L; = 1d, r; = 0, and ¢; = w;| - |*/2. Then we
recover the hard-constrained least-squares formulation of [25], namely

.. 1 9
mlirvlércr(l)lze B Z wjdcj (x). (5.82)
jeJ
For J = {1}, this framework reduces to the formulation

N S
mlgércg(l}ze Qda@) (5.83)

proposed in [37, 56].
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— Let (wj);es be real numbers in |0, 1] such that » . _;w; = 1. Suppose that I = {0},
¢o = {0y, and (J;, Jo) is a partition of J. Suppose further that (Vj € J;) G; = *H,
Lj = Id, Ty = 0, and ’l/)j = wj\ . |2/2, and that (Vj € Jg) r; = 0 and ’l/)j = wj\ . ‘2/2
Then we recover the formulation of [14], namely
1 1
minimize > widg () + 5 > wid? (Ljx). (5.84)

zeCy 4 4
jeN jEJ2

— Let (H¢)1<e<m and (Kg)i1<x<, be real Hilbert spaces. For every ¢ € {1,...,m} and
k € {1,...,p}, let D, be a nonempty closed convex subset of H,, let §, € I'o(R)
be even and vanishing only at 0, let £}, be a nonempty closed convex subset of
K, let pp € ]0,+oc[, and let M, € B (H,, K). Consider the multivariate convex
feasibility problem

find z; € Dy,...,x,, € D,, such that ZMMSL’g eFy,..., ZMpgl’g € E,.

(5.85)

In [12, Section 3.3], this problem was relaxed to

. . . 2
mimize 300 c0) + 35 (D). e

Now let
"H:@anl}[g, G =H, G = @k 1 K
01:D1X"'XDm,CQ— XEp
(bli Rm — ]—OO7 —|—OO] . (517 e 7£m) — Z;nzl «9@(&) (5.87)

Por RP = R (1, ,mp) = 02 mi/ (2pn)
(L1 =1d, Ly: H — Go: (X1, Tm) — (E’Z;Muxg,.. Dy pgl’g)

Then ¢, € I'o(R) vanishes only at zero and so does the smooth convex function .
Moreover, (5.85) reduces to

find x € H suchthat Lz € C; and Loz € O, (5.88)

which is an instance of (5.79), while (5.86) reduces to
minien#ize ¢1 (dcl (Lll')) + wg (d02 (LQI‘)) , (589)

which is an instance of (5.80) with / = {1} and J = {2}.

Let us note that Problem 5.40 corresponds to the special case of Problem 5.6 in
which

f = 0, (\V/Z € I) g; = ¢z o dCia and (\V/j € J) hj = Q/}j ¢} dcj. (590)
To solve it with a fully proximal algorithm, one can invoke Lemma 5.9 for the nonsmooth

terms, and Example 5.10 or Example 5.17 for the smooth ones.
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5.2.5 Numerical illustrations

The objective of this section is to illustrate the viewpoint formulated in the Intro-
duction, which suggests that it may be computationally advantageous to activate smooth
functions proximally in certain instances.

We consider digital image restoration problems. All images have 128 x 128 pixels
and therefore the underlying Hilbert space is H = RY (N = 128%) equipped with the
standard Euclidean norm || - ||;. We have run many instances of each problem under
various configurations, and the limited numerical results we present here are represen-
tative of the behavior one can expect. Note that the results are given in terms of iteration
numbers as the algorithms compared in each experiment have similar execution time per
iteration.

We shall use in particular Example 5.8. Note that in this context the linear ope-
rators model convolutions and they are representable by block-circulant matrices. The
computation of () in (5.21) is therefore straightforward via the fast Fourier transform

[3].

5.2.5.1 Forward-backward versus Douglas-Rachford splitting

We consider a very basic instance of Problem 5.6 with only two functions. More
specifically, we compare the numerical behavior of the forward-backward algorithms
of Propositions 5.28 and 5.30 with that of the Douglas-Rachford algorithm of Proposi-
tion 5.32, which is a fully proximal method.

The original image is 7 and the degraded image is
y=HT +w, (5.91)

where H models a convolution with a uniform rectangular kernel of size 15 x5 and w is a
Gaussian white noise realization (see Fig. 5.1(a)-(b)). The blurred image-to-noise-ratio
is 15.5 dB. Since each pixel value is known to be in [0, 255], we use the hard constraint set
C = [0,255]". As is customary, the natural sparsity of Z is promoted using the function
|| - ||1. Altogether, the problem is to

e 1
minimize ||z|, + =|Hz — y|3. (5.92)
zeC 2

Now set f = || - |1 +tc and g = ||H - —y||3/2, and let v € |0, +oo[. Then f € T'y(H)
has an explicit proximity operator prox. , = proj. o soft, [8, Propositions 24.12(ii) and
24.47], where soft, is the soft thresholder on [—v, 7]. On the other hand, g is smooth and
its proximity operator is provided by Example 5.8. We can therefore solve (5.92) with
the forward-backward algorithms (5.71) and (5.72), as well as with the fully proximal
Douglas-Rachford algorithm (5.73).
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The algorithms are initialized at zero and implemented with parameters for which
they seem to perform better, that is, v, = 1.9/ for (5.71), v = 1/ and « = 3 for (5.72),
and v = 30 and )\, = 1.9 for (5.73). The results of Figs. 5.1-5.2 show a superior per-
formance for the fully proximal algorithm (5.73). Note from Propositions 5.28 and 5.30
that the inertial forward-backward algorithm (5.72) is more demanding in terms of me-
mory requirements than its standard counterpart (5.71), but it has a better theoretical
upper bound on the rate of convergence of the objective function. However, as shown in
Fig. 5.3, in this example, the actual behaviors of the methods in terms of the decrease of
the objective function are quite comparable.

Remark 5.41 In the context of an inconsistent convex feasibility problem with two
nonempty closed convex sets Cy and (4, the forward-backward algorithm (5.71) was
applied to (5.83), which resulted in the alternating projection method (¥n € N)
Tpy1 = (Projg, © proje, )z,. This method was compared to the form of the Douglas-
Rachford algorithm studied in [9] to solve (5.83). There too, the fully proximal Douglas-
Rachford algorithm was reported to be faster than the forward-backward algorithm.

5.2.5.2 Primal-dual splitting

We consider a scenario similar to that of Section 5.2.5.1, but with a different original
image T and two observations (see Fig. 5.4(a)-(c))

Y1 = Hlf + wy and Yo = HQE —+ wsy. (593)

Here, H, and H, model convolution blurs with kernels of size 3 x 11 and of 7 x 5,
respectively, and w; and w, are Gaussian white noise realizations. The blurred image-to-
noise-ratios are 27.3 dB and 35.4 dB.

We use C' = [0,255]" as a hard constraint set. We assume that the diffraction of =
has been partially observed over some frequency range K, possibly with measurement
errors. To exploit this information we use the soft constraint penalty d%, where (Z de-
notes the two-dimensional discrete Fourier transform) F = {x e RY } Tl =71 K}. The
set K contains the frequencies in {0,..., N/8 — 1}* as well as those resulting from the
symmetry properties of the discrete Fourier transform. Finally, we use the total variation
penalty to control oscillations in the restored image. This leads to the formulation

minimize 1dE(x) + 2h(Dx) + §||H1x — 1 |* + §||HQ:1€ — % (5.94)
zeC 2 5 4 4

where D: RY — RY x RY: 2 — (Giz,Gyx), G, and G, being horizontal and ver-

tical discrete difference operators, and where (Vy; € RY)(Vy, € RY) h(yy,40) =

SN Ok m2k)l2), ¢ being the Huber function (5.34) with parameter p = 2. We

derive from (5.94) two versions of Problem 5.6.
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Problem 5.42 In Problem 5.6, set I = {1}, gy = 0.5d¢, L1 = 1d, r; =0, J = {2,3,4},
hg = 04h, L2 = D, 9 = 0, hg = 075” : ||§, L3 = Hl, r3s =Y, h4 = 075” . ||§, L4 = HQ, and
T4 = Y2.

Problem 5.43 (fully proximal) In Problem 5.6, set I = {1,2,3,4}, J = &, g1 = 0.5dc,
Ly =1d,r, =0, g0 = 04h, Ly = D, ry = 0, g3 = 0.75||H, - —y1||3, Lz = Id, r3 = 0,
gs = 0.75||Ha - —y2||3, Ly = Id, and r4 = 0.

We apply to these two problems Algorithms 5.33, 5.35, and 5.37 with f = (» and
all initial vectors set to 0. The following parameters are used, where 5 = /> .., || L[| +
> jes 1l L;||* (these parameters were found to optimize the performance of each algo-
rithm) :

— Algorithm 5.33 : v, = 0.99/6.

— Algorithm 5.35-S (with smooth terms for Problem 5.42) : 0y, = 8/(54) and 7, =
8/(58).

— Algorithm 5.35-P (fully proximal for Problem 5.43) : 01,, = 1/(20), 02, = 1/(25),
o3n =3/8,04,=3/B,and 1, = 1/8.

— Algorithm 5.37-S (with smooth terms for Problem 5.42) : v, = 0.4, uy,, = 1.0,
fon = 2.49, ps, = 0.65, pg, = 0.65, and A, = 1.99.

— Algorithm 5.37-P (fully proximal for Problem 5.43) : v, = 0.25, 11, = 1.0, pto,, =
1.5, pugn = 1.0, pa,, = 1.0, and A, = 1.99.

The proximity operators and the gradients used in these experiments follow from [8,
Example 24.28], Example 5.26 (with M = 2 and K = {1,...,N}, and using [8,
Example 24.9] to get the proximity operator of ¢), Example 5.14, and Example 5.8.
Observe that || D||? = 8 and || H,||?> = ||H:||*> = 1. On the other hand, the functions 0.4%,
0.75| - |2 and 0.75|| - ||3 are differentiable with a Lipschitzian gradient, and their Lip-
schitz constants are respectively 0.4, 0.75, and 0.75. Thus, all the assumptions required
by the algorithms are satisfied. The results shown in Figs. 5.5 and 5.6 illustrate the better
numerical behavior of the fully proximal algorithms compared to their smooth versions.
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FIGURE 5.1 — (a) Original image 7. (b) Degraded image y. (c) Image restored by the
forward-backward algorithm (5.71) after 50 iterations. (d) Image restored by the iner-
tial forward-backward algorithm (5.72) after 50 iterations. (e) Image restored by the
Douglas-Rachford algorithm (5.73) after 50 iterations. (f) Restored image (all algo-

rithms yield visually equivalent images).
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FIGURE 5.2 — Normalized distance in dB to the asymptotic image produced by each
algorithm versus iteration number.
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FIGURE 5.3 — Normalized objective function of (5.92) in dB versus iteration number.
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FIGURE 5.4 — (a) Original image 7. (b) Degraded image y;. (c) Degraded image ys. (d)
Restored image (all algorithms yield visually equivalent images).
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FIGURE 5.5 — (a) Image restored by Pb. 5.42/Alg. 5.33-S after 20 iterations. (b)
Image restored by Pb. 5.43/Alg. 5.33-P after 20 iterations. (c¢) Image restored by
Pb. 5.42/Alg. 5.35-S after 20 iterations. (d) Image restored by Pb. 5.43/Alg. 5.35-P
after 20 iterations. (e) Image restored by Pb. 5.42/Alg. 5.37-S after 20 iterations. (f)

Image restored by Pb. 5.43/Alg. 5.37-P after 20 iterations.
120



—10

—20

—30

—40

—30

--- Pb. 5.42/Alg. 5.33-S
— Pb. 5.43/Alg. 5.33-P
--- Pb. 5.42/Alg. 5.35-S
—Pb. 5.43/Alg. 5.35-P
--- Pb. 5.42/Alg. 5.37-S

— Pb. 5.43/Alg. 5.37-P

0

10

20

30

40

20

60

70

80

90

100

FIGURE 5.6 — Normalized distance in dB to the asymptotic image produced by each
algorithm versus iteration number.
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Chapitre 6

Conclusion et perspectives

6.1 Conclusion

Dans cette these, nous avons proposé un cadre général et souple pour I'étude des
méthodes de point fixe qui engloble diverses stratégies de mise en ceuvre. Ces méthodes
peuvent étre multicouches, avec mémoire, ou a métrique variable. Elles tolerent de plus
des erreurs et permettent des relaxations. Outre le développement de nouveaux algo-
rithmes, cette étude nous a permis de rassembler dans un cadre unique et simplifé des
résultats trés divers concernant 1’éclatement d’opérateurs monotones. Parmi les nou-
veaux algorithmes développés, nous avons étudié la premiere méthode pour résoudre
des problémes multicouches de point fixe a métrique variable, et ’'avons appliquée a des
problemes d’inclusions monotones composites. En dernier lieu, nous avons proposé l'uti-
lisation d’opérateurs proximaux pour des fonctions lisses alors qu’il est d'usage d’utiliser
leur gradient. Nous avons aussi présenté une nouvelle formulation pour les problémes
incompatibles ot justement, les fonctions lisses peuvent étre utilisées. Des simulations
ont été fournies pour illustrer 'efficacité des algorithmes implicites par rapport aux al-
gorithmes explicites.

6.2 Perspectives

e Dans le Chapitre 3, nous avons émis plusieurs conjectures : peut-on construire des
matrices superconcentrantes d’ordre infini? Est-il possible de montrer la conver-
gence d’'un algorithme explicite-implicite inertiel a au moins 3 pas de mémoire
tout en conservant un taux de O(1/n?) sur la fonction objectif ? Il serait intéressant
a la fois d’un point de vue théorique et numérique d’y répondre.

e La méthode d’Haugazeau généralisée permet d’obtenir un principe de convergence
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forte pour des suites qui convergent faiblement [8]. Peut-on appliquer ce principe
pour obtenir la convergence forte dans le cas des algorithmes avec mémoire géné-
raux ou des algorithmes a métrique variable ?

Pour un algorithme inertiel de la forme

pourn =0,1,...
Tnt+1 = Tf?%

la suite (7,,),en Vérifie
(VneN) ZTpu =TT, +0y1(TT) — TTp—1), (6.2)

ce qui peut étre considéré comme une forme de sur-relaxation. Maintenant, pre-
nons spécifiquement le cas de I'algorithme explicite-implicite. On sait qu’en dimi-
nuant le parametre proximal (7, ),en jusqu’a 3, ot 3 est la constante de cocoercivité
de I'un des deux opérateurs (ce qu’'on est obligé de faire dans les méthodes iner-
tielles type FISTA pour assurer la convergence), la sur-relaxation (\,),cn peut étre
augmentée jusqu’au seuil 3/2, comme rappelé dans le Chapitre 4. Si on appelle
(pn)nen la suite telle que A\, = 1 + p,, alors on a

(VneN) x,1 =20+ (T2, — ) = Ty + pp(Txy, — ). (6.3)

On retrouve ainsi un schéma proche de l'inertiel, mais avec (p,),en bornée par
0,5, alors que la suite (7, ),en est habituellement bornée par 1. Ainsi il y a une
différence entre ces deux relaxations qu’il serait utile de comprendre.

Dans [14], des versions stochastiques de méthodes de point fixe multicouches ont
été développées et appliquées a de nombreux algorithmes pour les inclusions mo-
notones. Peut-on appliquer ce formalisme a nos méthodes avec mémoire ?

Récemment les distances de Bregman ont été utilisées en éclatement d’opéra-
teurs [6, 12, 16]. Ces méthodes permettent d’appliquer les méthodes classiques
d’optimisation dans des cadres plus larges. L’extension de nos résultats a 'aide de
ces outils serait intéressante a développer.

Nous nous sommes principalement concentré sur les problemes de décomposition
de type A + B, ou A et B sont deux opérateurs maximalement monotones, pour
ne pas alourdir les exemples. Cependant, de nombreux problemes récents font in-
tervenir un opérateur linéaire borné, comme dans le probléme composite suivant.

Probléme 6.1 Soient A: H — 2" et B: G — 29 deux opérateurs maximalement
monotones et soit . € B (H,G). Supposons que zer (A + L*BL) # &. L'objectif est
de

trouver x € H tel que 0 € Az + L*BLx. (6.4

124



Nous disposons depuis une dizaine d’années de méthodes pour résoudre ce pro-
bléme sans y imposer de contraintes supplémentaires [1, 2, 10, 11, 13, 15]. L’appli-
cation de nos méthodes avec mémoire a la résolution de ces problemes composites
pourrait avoir un effet trés positif sur la convergence.

e Les processus continus liés aux algorithmes inertiels ont été étudiés dans [3, 4, 5,
9]. 1l serait intéressant d’interpréter nos résultats dans le cadre continu. La dyna-
mique continue

(Vt €10, +o0[) x(t) + 2(t) = Tx(t) (6.5)
donne, apres discrétisation,
(Vn € N)  xpi1 =2p + (T (1) — ). (6.6)

Dans notre cas, nous pouvons regarder la dynamique suivante

e 0 ool) yio)+ a0 =7 (& [ ylsimals)) ©7)
et sa discrétisation

(v € N) g1 =y + An(T0(¥n) — yn), (6.8)
qui est d’ailleurs differente de notre processus

(Vn eN) zp1 =Tn + M(T0T0 — Tn). (6.9)

L’étude complete de (6.7) peut fournir de nombreux résultats nouveaux et per-
mettre d’affiner le choix des matrices.

Paris, le 13 Décembre 2018
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