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Abstract

This thesis has for aim the study of some elliptic problems in some do-
mains becoming unbounded in one or several directions.

In the first part of the thesis, we study the problem

—div (AVuy) = f in Q,
uy = g on 0€)y,

where (2, is the cylinder fw; X wo with w; and wy two bounded domains of
R* and R"* respectively (with 1 < k < n —1). We denote by Q. the
infinite cylinder R¥ x wy and we take f € H, ! (Qs) and g € H} (), s0
that f € H () and g € H'(Q,) for any ¢ > 0. This work is based on
the methods developed in [23] and [19]. We show that it is possible to indif-
ferently pass to the limit in the sequence of cylinders and then to solve the
problem on the infinite cylinder, or to first solve the problem on the cylinder
2, and then to pass to the limit. The limit here is to be understood in the
sense of a Saint-Venant type principle, which is to say that the convergence
takes place for the restrictions of u, to smaller domains Qp (with 0 < ¢ < ¢)
contained in ),. After that, we give some optimality results concerning the

domain in which the sequence of solutions u, converges to uq,.

In the second chapter, we construct some correctors that enable us to
extend the convergence on the whole cylinder. The construction of these
correctors is inspired from the ones made in [17] and [18].

In the third chapter of the thesis we prove that, under some decreasing
conditions at infinity for the data f, it is possible to recover the same con-
vergence on the whole cylinder, without the adjunction of correctors.

In the last part of the thesis, we study the Stokes problem

— pAug + Vpg = fin Q
divu =0 in €y
uw =0 on 9

on a domain ), = B, xw, where B, C R¥ (1 < k < n—1) is the ball of radius
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¢ centered at the origin. Here, an important hypothesis is that f has some
radial invariant properties with respect to the first k£ coordinates. One of the
major tools in the proof of the result of this chapter (concerning especially
the case k > 2) is a result of the divergence-problem type. More precisely,
based on a construction inspired by [9], we prove the following result (here
bGIOW, Dg = Qg+1 \ﬁ[)l

Ifg € WHP(Dy) (1 < p < o0) is a radial function along X, such that/ g=0
and that g = 0 on (Beg1 \ By) X 0w, then there exists u € (Wy™(Dy))" such

that:
{divu =g in Dy
IVull ooy < Cllglleron + IV xa9ll Lo 00)),
the constant C' being independent of ¢ for ¢ > 1 (C' depends on k, n, p and w).

Thanks to this result, used in the case p = 2, we finally prove that in this
case, we also have an exponential rate of convergence of Up,, 1O Uso.
2

Keywords: Cylinders, Long domains, Asymptotic analysis, Stokes prob-
lem, correctors.



Résumé

Cette these a pour objet I’étude de quelques problemes elliptiques dans
des domaines qui deviennent infinis dans une ou plusieurs directions.

Dans la premiere partie de la these, nous étudions le probleme

—div (AVuy) = f dans €
uy = g sur 0€)y,

ot  est le cylindre fw; X ws, avec w; et wy deux domaines bornés de RF
et R"" respectivement (avec 1 < k < n — 1). On note ., le cylindre
infini R¥ x wy, et I'on prend f € H,;'(Qs) et g € HL (D), de sorte que
f e HY ) et g € HY(Qy) pour tout £ > 0. Ce travail se fonde sur les
méthodes développées dans [23] et [19]. On démontre qu’il est possible de
passer indifféremment a la limite dans la suite de cylindres puis de résoudre
le probleme, ou de d’abord résoudre le probleme sur le cylindre €2, puis de
passer a la limite. Ici, la limite doit étre comprise dans le sens d’un principe
de Saint-Venant, c’est-a-dire que la convergence a lieu pour des restrictions
de u, & des cylindres €y plus petits (avec 0 < ¢/ < £). Dans la suite de ce
travail sont présentés des résultats sur 'optimalité du domaine dans lequel
la suite de solutions u, converge vers tq.

Dans le deuxieme chapitre, nous montrons comment il est possible d’éten-
dre le domaine de convergence a I’ensemble du cylindre 2, par la construc-
tion de correcteurs. La construction de ces correcteurs se fonde sur celles
présentées dans [17] et [18].

Dans la troisieme partie de la these, nous prouvons que sous des hy-
potheses de décroissance a l'infini de la donnée f, il est possible de retrouver
la méme convergence sur l'entiereté du cylindre, sans passer par le biais de
correcteurs.

La derniere partie de cette these est consacrée a I’étude du probleme de

Stokes
— uAuy + Vpe, = f dans €

divu = 0 dans €2,
u = 0 sur 02,

7



sur le domaine €2y = By x w, ou B; C R¥ est la boule de rayon ¢ centrée a
I'origine. Ici, une hypothese primordiale est celle qui concerne les propriétés
d’invariance radiale de f par rapport aux k premieres coordonnées. L’'un des
outils principaux dans la preuve du résultat de cette partie (en particulier
dans le cas ol k > 2) est un résultat sur un probleme de divergence. Plus
précisément, en se fondant sur une construction inspirée par [9], nous mon-
trons le résultat suivant (ci-dessous, Dy = Qpy1 \ Q) :

Soit g € WYP(Dy) une fonction radiale par rapport auz k premiéres coor-

données, et qui vérifie g = 0 sur (Byp, \ By) X Ow et / gdx = 0. Alors, il
D,
existe u € (WyP(Dy))" telle que

{divu =g in Dy
IVull ooy < Clllgller oy + IV xegllLron),
avec C' une constante qui, pourvu que £ > 1, dépend seulement de k, n, p et w.

A Taide de ce résultat, appliqué au cas p = 2, nous démontrons finalement
que dans ce cas aussi, il y a convergence exponentielle de Upy,, VOIS Usg.
2

Mots clés : Cylindres, Domaines longs, Analyse asymptotique, Probleme
de Stokes, Correcteurs.
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Introduction

The aim of this thesis is to study the behaviour of some elliptic problems in
domains becoming unbounded in one or several directions. In order to do so,
we consider a sequence of domains 2, C R", constructed as follows:

Qg = @wl X Wa,

with ¢ a real number, w; C R* with 1 < k < n and wos C R™*. Along the
thesis, w; varies from an interval of R to a ball of R* centered at the origin,
passing by a subdomain of R* star-shaped with respect to a ball centered at
the origin. To each of these domains €2, corresponds a solution u, of a given
elliptic problem. This leads to the construction of a sequence of solutions u,.
Furthermore, we define the infinite cylinder 2., as

Qoo :Rk X Way,

and we show that the limit of the solution u, (as ¢ goes to co) is the solution
U Of the elliptic problem on the infinite cylinder €2.,.

The convergence results are very intuitive, since they can be seen as the
commutativity of two processes. More precisely, the limit u., is obtained by
first solving the problem in the cylinder €2, and then get the limit by making
¢ go to infinity in the sequence of solutions u,. But us is also the solution
of the same type of problem in the infinite cylinder {2, which is in fact the
limit of the bounded domains €2, as ¢ goes to infinity.

Let us now be more specific regarding the sense in which the convergence
of uy takes place. The convergence that we consider describes in fact a Saint-
Venant-type principle, meaning that u., is a good approximation of u, as
long as we are far enough from the “lateral boudary” 0(fw;) X wy. More
specifically, under very weak growth assumptions (at infinity) on f, we prove
results of the type ||ug — uoo|lm1(q,) — 0 for some ¢ < £. The minimal case
that presents interest here is the one where ¢’ is a constant (¢’ = ¢;), but as
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we will see in the first chapter, one can also consider ¢’ depending of /¢, as for
instance ¢/ = é

The approach and the techniques used in this thesis are inspired by the
ones developed by Michel Chipot and his collaborators, see for instance [13]-
[23]. However, we would like to mention here the earlier work of O.A. Oleinik
and G.A. Yosifian (see [55]) concerning the classical Saint-Venant principle
in elasticity.

With respect to the asymptotic analysis, one important remark here is
that, at least intuitively, this study can be related to the study of PDE
problems in thin domains. Indeed, in order to do this, is suffices to make the
change of variables y = %x, the domain §2, becoming then a thin domain 2.,
with € = % An important literature related to this topic was produced. We
mention here only a few of these works, starting with some papers written
almost 60 years ago, by M.G. Dzhavadov, who in [32] studied the behaviour
of an elliptic operator in a thin rectangle, by A.L. Goldenveizer, who in [38]-
[40] considered the elasticity problem for thin structures, giving in this way a
justification of the two-dimensional models used for plates and shells. Later,
P.G. Ciarlet and P. Destuynder (see [25]) also justified the plate model by
means of asymptotical analysis.

More recently, G.P. Panasenko considered in [57] the stationnary Navier-
Stokes equations in a network of thin cylinders. Note that this paper contains
very fine results, since an asymptotic expansion of the solution is provided.
Later, G.P. Panasenko and K. Pileckas considered the non-steady Navier-
Stokes system in a tube structure (see [63] and [64]). The asymptotic be-
haviour of a biharmonic problem in a thin multi-structure is studied in [36]
by A. Gaudiello, G.P. Panasenko and A. Piatnitski. The study of Stokes and
Navier-Stokes problems in domains with outlets is also the subject of several
books, such as [34], [35] or [51].

The interested reader can also consult the papers [29] and [58], that are
also treating subjects similar to the ones described here above.

Also related to the study of the behaviour of the solutions of PDE prob-
lems in thin domains, the method of asymptotic partial decomposition of a
domain is an important tool developed by Grigory P. Panasenko (see, e.g.,
[59]-[61]). This method allows to give a good approximation on the whole
domain by separating it in two parts, one (the main part) where a reduction
of the dimension can be made, and a small part where the full dimension is
preserved, this part being the one where the boundary layers are located.

As a proof of the large amount of work that have been done on the topic

12
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of the asymptotic analysis in thin domains, many books have been written
gathering the results of these works. We only mention here several of these
monographs, such as [5], [24], [26], [28], [45], [51].

Let us now come back to the approach adopted in this thesis and make
some comments with respect to the parallels that can be made between the
two approaches (long domains and thin structures). First of all, notice that
when doing the change of variables y = %x, we transform our problems -
where the parameter ¢ intervenes only in the domain €2, - in a problem in
thin domains, where the parameter € intervenes three times, since now the
operator, the domain and the data (the applied forces) depend on e. But most
importantly, with the possible exception of the third chapter, the general
hypotheses on f are not transformed into hypotheses that are adequate to
the kind of problems in thin domains as treated in the works cited here
above. Also, from the point of view of the reduction of dimension - which
is treated here in the first two chapters - the boundary conditions are not of
the same type. We want to emphasize here that, in our case, the reduction
of dimension is made exactly with respect to the complementary directions
as the ones usually considered for the thin domains. Another problem is
that, because of the change of variables formula, a good approximation - in
a Sobolev norm - for the solution to the problem in the thin domain does
not necessary translate into a good approximation in €2,, unless the rate of
convergence is high enough.

However, under some specific hypotheses on the data, the connection
between the two kinds of problems could be tighter. This could be a very
interesting theme for future researches. This is not the topic of this thesis,
our approach being the following: keeping in mind that what we are looking
for is to prove a Saint-Venant-type principle, what can we say with respect
to the most obvious limit u.,, that is the solution of the same problem in the
infinite domain? We prove that not only this natural limit is the good one,
but moreover, the rate of convergence of u, towards u,, (on some smaller
domain p C ) is very high, being in many cases exponential.

Before giving a more detailed presentation of the kind of results that
we obtain, let us point out another related problem. We refer here to the
PDE anisotropic singular perturbation problems in a fixed, bounded domain.
Indeed, making the change of variables y = (Y7,Y;) = (%Xl, Xs) (where x =
(X1, X3) € Qp, with X7 = (x1,...,21) € bw; and Xo = (Tg11,...,%,) € wo)
transforms the variable domain €2, into the fixed domain €2 = w; X wy. The

13
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price to pay is that now the operator and the applied forces f will depend on
€= % However, this dependence only takes place with respect to the first
k coordinates, hence the anisotropic character of the problem. This type of
problems have also been studied by Michel Chipot and his collaborators, see

for instance [4], [14] and [42].

Let us now give some more specific details on the type of problems con-
sidered in this text. We study two different kinds of problems. First, we
consider the equation

—div (AVu) = f.

To start with, by using some techniques developed by M. Chipot, S. Mardare
and K. Yeressian, we prove the following convergence result

[V (ur — uoo) | 22(,) < Ce ™,
2
for the case of nonhomeogeneous Dirichlet boundary conditions. For homo-
geneous Dirichlet conditions, this estimate was proved in [23].

Once proved this inequality, we study the optimality of the domain in
which this convergence holds by making use of some theoretical computa-
tions, as well as some specific examples. Indeed, we prove it is not possible
to have a convergence on the whole cylinder 2, even if it is possible to get a
domain closer to 2, than 2 L.

Then, we consider again this problem, but this time we focus our study
on the construction of some correctors. These correctors have two aims.

The first one is to correct the limit u., with a suitable corrector that
provides a good estimate of u, on the whole cylinder €2,. Therefore, adding
a well chosen corrector w, unables us to have a convergence of the type

||V(UZ — Uso — wg)||L2(Q£) — 0.

Even better, we obtain the same exponential rate of convergence as for u, to
Uso ON §2¢ mentioned above.

2
The second aim is to give a another proof of the optimality for the domain
of convergence in the case studied by M. Chipot and K. Yeressian.

In the third chapter, we find another case where still the convergence on
the whole cylinder holds: assuming that the data f satisfies some decreasing

14
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properties at the infinity, and more specifically that f € H~YRF x wy),
we prove that the convergence of uy, to u. takes place once again in the
whole cylinder, the speed being the slowest between the exponential and the
decreasing speed of f at infinity.

We would like to notice here that one of the main ingredients in proving
the results of the third chapter is the study of the solution u., at infinity.
This kind of study is an important domain of research that has a great
interest on its own. An extensive literature on this topic was written, in
particular by the Russian school. A pioneering work was done in 1963 by
E.M. Landis (see [48]) for second order elliptic equations. In 1977, E.M.
Landis and G.P. Panasenko studied the behaviour of solutions to elliptic
equations with coefficients which are periodic with respect to all variables
except one (see [49]). In 1982, O.A. Oleinik and G.A. Yosifian described
in [56] the asymptotic behaviour at infinity for the solutions of the linear
elasticity problem. For the Stokes and Navier-Stokes problems, the same
kind of study was realized by numerous authors such as L.V. Kapitanskii
[44], O.A. Ladyzhenskaya and V.A. Solonnikov [47], S.A. Nazarov and K.
Pileckas (see, e.g., [54], [65],[66]).

However, the objectives of our study are not exactly the same as in the
papers cited here above. We are interested in determining the rate of decay
versus zero (as the space variable goes to infinity) of the solution, under the
hypothesis that f satisfies a similar decay property at infinity. Also, the tools
used for proving it are similar to the ones used in the previous chapters. In
particular, we do not make use of weighted Sobolev spaces, as in many of the
works cited above.

The second equation, studied in the last part of this thesis, is another
classical elliptic problem: the Stokes problem. In a domain of type B, x ws,
where B, C R¥ is a ball of radius ¢ centered at the origin, we do the same
study of the possibility to swap the two limit processes. Here we adapt the
methods used for the previous problem, but we encounter some additional
difficulties. This is due to the fact that we need to solve a problem of the
form

divu =g in Dy
IVullzepy < Cplllgllzeyy + IVl zepy))s

which represents the main theoretical aspect of the study. Thanks to the
result we prove for this divergence problem and to some results about radial

15



0.1. ELLIPTIC PROBLEMS IN CYLINDERS

functions that we prove along the paper, we finally can make a good use of
the two methods from [23] and [19] to get the same exponential convergence
as in the previous papers.

We would like to emphasize here that the novelty with respect to the
previous works - dedicated to the Stokes problem in long cylinders - arises in
the case k > 2. Indeed, concerning the case k = 1, M. Specovius-Neugebauer
[67] proved the convergence of u, towards us, on . (for any € > 0), with an
exponential rate, provided that the applied forces f satisfy a similar property.
Also in the case k = 1, M. Chipot and S. Mardare [19] proved a Saint-Venant
type result under the same general growth assumptions on f than the ones
made in the forth chapter of this thesis.

This thesis is divided is four chapters as follows:

e Chapter 1: Elliptic problems in long cylinders revisited.
e Chapter 2: Correctors to elliptic problems in long cylinders.

e Chapter 3: Asymptotic analysis of some elliptic problems in long cylin-
ders with data decreasing at infinity.

e Chapter 4: Asymptotic analysis for the Stokes problem in domains
becoming unbounded in several directions.

In the remaining part of this introduction we give a brief overview of our work,
introducing the topic and the problem for each chapter. We also present a
short review of some related works, and describe our contribution to each
problem.

0.1 Elliptic problems in cylinders

In the first chapter of the thesis, we study the very classical problem
—div (AVu) = f

on some cylinder €2,. The study of this problem has been widely developed,
since the first article

e Chipot, M.; Rougirel, A., On the asymptotic behaviour of the solution
of parabolic problems in cylindrical domains of large size in some di-
rections, Discrete Contin. Dyn. Syst. Ser. B 1 (2001), no. 3, 319-338.

16



0.1. ELLIPTIC PROBLEMS IN CYLINDERS

There are two articles that greatly influenced the evolution of this field of
research:

e Chipot, M.; Yeressian, K., Fxponential rates of convergence by an iter-
ation technique, C. R. Acad. Sci. Paris, Ser. I 346 (2008), 21-26.

e Chipot, M.; Mardare, S., Asymptotic behaviour of the Stokes problem
in cylinders becoming unbounded in one direction, J. Math. Pure et
Appliquées, Vol. 90, Issue 2 (2008), 133-159.

The article of 2001 gives a primary convergence result, for some parabolic
problems of the same kind: for a fixed £y, u, converges to u., on the cylinder
2y, as £ goes to oco.

The two articles published in 2008 are more directly relied to the work
we present in the first chapter. In the first one, under some assumptions that
we describe in the next section, the authors prove the following convergence:

|V (e — Uoo)||L2(Q y = 0 as { — +o00.

Nl

This is what is now considered to be the classical expression of this kind of
convergence. Even more important is a technique introduced in this article
and which is nowadays very usual approach.

It consists in an iteration technique: we control the norm of V(uy — tso)
on any cylinder €, (/4 < ¢ — 1) by its norm on the cylinder €, ., the
quotient between the two being less than 1. Then, we iterate this inequality
a suitable amount of times, in order to get an inequality of the type

IV (= too)|| 20, ) < Ce™

Nl

The second article, although it concerns the Stokes problem, provides a
general method used in many following works. The idea developed there
is to consider the sequence of solutions (uy) as a ”Cauchy sequence”. The
use of this method in the first chapter, allows us to get rid of the restrictive
hypotheses on f and A made by M. Chipot and K. Yeressian in their article.

Finally, in 2014, M. Chipot proved the same convergence in the homoge-
neous Dirichlet problem in the laplacian case (A being the identity matrix)
with some general hypotheses, and with a general matrix field A in the book
“Asymptotic Issues for Some Partial Differential Fquations” in 2016.

17



0.1. ELLIPTIC PROBLEMS IN CYLINDERS

Our contribution

In this work, we study the following non homogeneous Dirichlet problem in
the cylinder €2,:

—div (AVu) = f in
ug = g on 0S),

where f € Hy,! (Qs) and g € HL (Qw), so that f € H72() and g € H' ()
for any ¢ > 0.

The first different point here with respect to the results quoted above is
that the Dirichlet condition we consider is nonhomogeneous. In order to deal
with this condition, we make a good use of the two techniques previously
introduced.

Furthermore, there are a few improvements that we describe below: first
of all (see also Asymptotic Issues for Some Partial Differential Equations by
M. Chipot in 2016) we get rid of the hypothesis made in [23] that some part
of the data do not depend on Xj. Indeed, in [23] the authors suppose that f
depends only on X5 and that the matrix A, decomposed as

An Ara
A =
(A21 Azz) ’

verifies that Ajo(x) = A19(X2) and Agy(x) = A (X3). We also make a slight
improvement on the hypothesis concerning the domain w; by allowing it to
be only star-shaped (instead of convex) with respect to an open ball centered
at the origin. Furthermore, we prove (see Section 1.2) that the result of M.
Chipot and K. Yeressian can then be derived as a particular case of the one
presented in this chapter.

In the last part of the chapter, we provide some optimality results on
the domain in which u, converges to u.,. These results, given in the case of
homogeneous boundary conditions, detail some conditions on the parameters
for the convergence to take place. After that, we present some examples
where we retrieve the theoretical parameters for optimality computed before.

18



0.2. CORRECTORS FOR ELLIPTIC PROBLEMS IN CYLINDERS

0.2 Correctors for elliptic problems in cylin-
ders

The topic of correctors for the kind of problems in which we are interested
have been very few explored in the literature. More precisely, to our best
knowledge, there are only two works on this subject:

e Chipot, M.; Mardare, S., On correctors for the Stokes problem in cylin-
ders, Proceedings of the conference on nonlinear phenomena with en-
ergy dissipation, Chiba, November 2007, Gakuto International Series,
Mathematical Sciences and Applications, Vol. 29, Gakkotosho (2008),
37-52.

e Chipot, M.; Guesmia, S., Correctors for some asymptotic problems,
Proceedings of the Steklov Institute of Mathematics, Vol 270, (2010),
263-277.

There are mainly two motivations for the work presented in this second
chapter. The first one is the search of a way to extend the domain in which
the convergence from the Chapter 1 takes place. Indeed, as shown in the
first chapter, the convergence result is classically given on 2 L but can be
obtained on any 2,, for 0 < v < 1, in the case where f has polynomial
growth at infinity. Nevertheless, it is not possible in general to directly
obtain a convergence result on the whole cylinder. Therefore, one of the
main aims of this chapter is to construct a corrector, that is to say a function
we in H'(Qy) such that, added to u., we get a good approximation of u,.
More specifically, we look for a function w, such that

HV(U@ — Uso — U)g)HLQ(QZ) — 0

with the best rate of convergence we can find. Actually, we prove that it is
possible to have the same exponential rate of convergence as in the results
given in the first chapter.

The end of the chapter is devoted to the second motivation, that is to
prove the optimality of the result given by [23]. Here, it is important to note
that the optimality is to be understood in a quite unusual way: we do not
study the optimality of the convergence speed, but instead we look for the
largest domain in which the convergence takes place. Therefore, this justifies
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0.2. CORRECTORS FOR ELLIPTIC PROBLEMS IN CYLINDERS

the use of correctors since we prove that it is not possible, under the general
conditions of this chapter, to get a convergence of uy to u,, on the whole
cylinder.

Our contribution

The work we have done in the second chapter is essentially a generalisation
of the article by M. Chipot and S. Guesmia cited in the first part of this
section. Nevertheless, this generalisation is far from being straightforward.
Indeed, in their article the authors are considering the Laplacian (that is, the
matrix A is the identity matrix of M", the space of square matrices of order
n), which has some convenient symmetry properties, used along the article.
Furthermore, they assume the data f to depend only on X5. Under these
assumptions, they construct a corrector wy, € H'(€)) such that

”V(ug — Uso — w@)HLQ(Qg) < Ce .

Let us point out that their result is self-contained, which is to say that it can
be obtained independently of some convergence results such as the one from
[23] or from the previous chapter. Even more, the convergence result of [23]
can be retrieved from this result.

Here, we work with the problem

—div (AVuy) = f in
Uy = 0 on 89[,

with f a H;!(Q.)-distribution satisfying, for some constant 3 > 0,
1 fllir-10, < Ce” forall ¢>0,
and A = (aij)1<ij<n € L®(Qoo; M, (R)) a matrix field satisfying the proper-

ties:
A\f]Q <Ax)-€ VE eRY ae xz€ O

|A(z)¢] < AlE] VEER™, ae z € Q.

The difference with the first chapter is that we take the specific case k = 1
(with w; = (—=1,1) and wy = w C R™!), meaning that the domain goes to
infinity in only one direction.
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Since our assumptions are weaker than those in [17], as the general ellip-
tic operator does not verify the same symmetry properties as the Laplacian,
we cannot use the construction done in [17].

Instead, the corrector is constructed separately on the right-hand side and
the left-hand side of the cylinder €2,. This is why the corrector we construct
isin H'(Q,\ ({0} xw) and not in H' (). However, we show (see Section 2.1)
that this corrector allows to very easily construct a new corrector belonging
to H'()) and having the same convergence properties with respect to u,.

In the second part of the chapter, we assume the same conditions on the
data as in [23]. Under these conditions, we show that for every ¢, the right
and left correctors w; and w, can be obtained as a translation of the same
functions w* and w™ defined on (—o00,0) x w and (0, +00) X w, respectively.
We then can use the properties of w' and w™ to prove the optimality of the
result from [23] (the optimality being understood in the sense given in the
first part of this section). More precisely, we prove that in general, for a
constant a > 0, we have that

IV (ue — uoo) || L2,y 7 0.

0.3 Elliptic problems in cylinders with data
decreasing at infinity

This smaller chapter comes in the same spirit as the previous one. More
specifically, the aim of this part remains the extension of the domain of
convergence of uy to us. Nevertheless, this time instead of the adjunction
of a new correcting function, we achieve this goal by putting some stronger
hypothesis on the data f. More precisely, as pointed out in a remark of the
second chapter, we reach the convergence result

IV (ue = uco) | 2(p) = 0

by assuming that f € H (R x wy). We would like to emphasize here the
fact that in this chapter, we go back to the general setting concerning the
domains €}, i.e. that they become unbounded in several directions, not only
in one direction as in the second chapter. Another important difference with
the previous chapter is that this time, we do not necessarily have the same
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exponential rate of convergence as we usually do, but here the speed is the
slowest between the exponential one and the decreasing speed of f to 0 at
infinity. Finally, in the very last part of this chapter we prove (see Section 3.2)
that in the case where k = 1, the same result can be obtained more directly
by making a good use of some results proved along the second chapter.

0.4 The Stokes problem in domains becom-
ing unbounded in several directions

In this last chapter, we study a different elliptic problem, the Stokes problem

— nAug+ Vpe= fin Q
divu =0 in €
uw =0 on 0

on a domain € = B, X w, where B, C R¥ is a ball of radius ¢ centered at
the origin.

This work is very different from the others presented in the rest of the
thesis. Indeed, the difficulties to overcome here do not come from a direct
application of the methods described above, but they come from some side
problems arising when trying to make the computations.

In a more precise way, the two principal tools that we use in order to
overcome the difficulties - generated by the fact that k& might be greater
than 1 - are a particular form of the divergence problem described below,
and some results about functions which are radial with respect to the first £
coordinates.

Our contribution

In this chapter, we do not necessarily suppose that the domain becomes un-
bounded in only one direction, but instead we allow it to go to infinity in
several directions.

In the case where k = 1, it has already been proved in [19] that for some
positive constants a and «, the solution (us, ps) of the Stokes problem in €,

22



0.4. THE STOKES PROBLEM

satisfies the estimate

IV (e — Uoo)”LZ(Q%) +IV(pe = Poo)ll 20,y < ae | fllr2 )
2
where @ = (0,1) X w and ﬁ2(Q%) = LZ(Q%)/R.
One of the key ingredients in the proof of the main result of this chapter
(concerning the case k > 1) is a result of the divergence-problem type. Let
us remind here the classical divergence problem:

If Q C R" is a Lipschitz domain and f € L*(Q) is such that / fdx =0,
Q
then there exists u € (Hy(Q2))™ such that

divu = f in )
IVullr2) < C|l fllz2@)

with C independent of f.

In our case, we need to prove a similar result in a domain Dy = €2y, \ﬁg =
(Bey1\By) xw (where B, = B(0,¢) C R* and w C R**), but with a constant
C that does not depend on /.

Actually, we obtain the following result:

Ifg € WHP(Dy) (1 < p < o0) is a radial function along X, such that/ g=0
and that g = 0 on (Begy \ By) X 0w, then there exists u € (Wy™P(Dy))" such
that:

{divu =g Dy

IVullLeny < Cllgller o + IV xa9ll Lo 00)),
the constant C' being independent of ¢ for ¢ > 1 (C' depends on k, n, p and w).

In the proof of the main result of the chapter, we use this result in the
specific case of p = 2. A first important remark is that here, we control the
H'-norm of Vu by the H'-norm of g and not as usually by the L?-norm of
g. Nevertheless, this weaker inequality still remains sufficient as a key tool in
proving the main result of this chapter concerning the asymptotic properties,
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i.e. the one of u, and p, as ¢ goes to infinity.

The second remark concerns the radiality assumption on g. Indeed, with-
out this assumption, the constant C' appearing in the inequality ||Vl g1 (p,) <
Cllgll 1 (p,) depends on £, i.e. the constant C'is in fact a Cy. Hence, in order
to obtain a constant independent of ¢, we make the additional assumption
that ¢ is radial with respect to X; = (z1,...,x;). Then, we prove that it
is possible to construct a vector field v on D, satisfying the properties de-
scribed above, and in particular the inequality involving a constant C' that
is independent on ¢. The construction of the vector field w is inspired by
the one made by Bourgain and Brezis in [9], for the divergence problem in
hypercubes of R™.
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Chapter 1

Elliptic problems in long
cylinders revisited

The asymptotic study of partial differential equations in cylinders becoming
unbounded in one or several directions has known important developments
in the last years, especially thanks to the works of Michel Chipot and his
collaborators, see for example [13]-[23], [41] and [69]. In this paper, we prove
the convergence to the solution of a linear elliptic problem on an infinite
cylinder of the solutions of the same problem taken on larger and larger
truncations of the cylinder. Following the methods introduced in [23] and
[19], we generalize the result of convergence found in [23] for the case where
the data is not necessarily independent of the coordinate along the axis of the
cylinder. We also consider the non-homogenous Dirichlet problem instead of
the homogenous one.

1.1 Introduction and Notation

On a generalized cylinder Qy = fw; xws C R™, where w; C R* (1<k<n-1)
and wy C R" % are bounded open sets, we consider a linear elliptic problem
with non-homogenous Dirichlet boundary conditions. The data is given by
two functions f and g defined on the infinite cylinder R*¥ x wy. Under very
weak assumptions on f and g, we can prove that the restriction to a bounded
subset of R¥ x wy of the solution u, of the Dirichlet problem in €, converges,
as ¢ goes to infinity, to the solution of a similar Dirichlet problem on the
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1.1. INTRODUCTION AND NOTATION

infinite cylinder. Moreover, the rate of this convergence is exponential. We
would like to precise here that the asymptotic analysis for the homogeneous
Dirichlet problem is presented in [15], under a stronger assumption on the
domain w;.

Let us now give the notation that will be used in this chapter.

The notation | - | stands for the Euclidean norm in R*. For x € R* and
r > 0, we use the notation B(x,r) for the open ball of R*  centered at z of
radius r:
B(z,r) ={y eR"; [y —z| <7},

We denote by |A| the k-dimensional Lebesgue measure of a measurable sub-
set A of R*.

If U is an unbounded open set of R"™, we define

L (U)={ve Ll (U)|ve L*0), for any bounded open set O C U},
H (U)={ve H..(U)|ve H'(O), for any bounded open set O C U}.
H N U)={ve H(U)|ve H'(O), for any bounded open set O C U}.

If O is an open subset of R” and v € H}(O), then by convention, we will
also denote by v its extension by 0 outside of O. Note that in this case, we
have v € H}(U) for any open set U D O.

For a bounded Lipschitz domain O C R¥ (1 < k < n), we denote by v(v)
the trace on O of the function v € H'(O).

Let k£ be an integer such that 1 < k < n—1 and w; be a bounded domain
(i.e., open and connected) of R¥, verifying

w; is star-shaped with respect to an open ball of R¥ centered at 0. (1.1.1)

Note that in particular, any bounded open convex set containing 0 satisfies
the property (1.1.1).
Let w, be a bounded Lipschitz domain of R"~*. We set

QEIECL)lXCL)Q, QOOIRkXWQ.
For a point x € R, we set

Xl = (.%'1, 7xk) ) X2 = (Ik+17 ”'7xn)7
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1.1. INTRODUCTION AND NOTATION

hence we can write x = (X7, X3), and we use the notation

P () P ()

81’17 ’ 8l‘k aka’ ’ 8%

The hypothesis of w; satisfying the property (1.1.1) is fundamental in
the proof of the main result of this paper, since this property allows us to
construct a function

p=p(X1) € WH(RP x wy)
such that
0<p<1, p=1lonlw xwy p=0on (R*\ (£+1)w)x ws,

and |V, p| < ¢o in RF x wsy, with ¢y a constant depending only on w;. The
construction of such functions p is possible thanks to the following result:

Lemma 1.1.1. Let w; C R¥ an open set which is star-shaped with respect to
the open ball B; = B(0,6) = {x € R¥ ; |z| < d}. Then for all £ > 0, one has

dist(fw;, R\ (€4 1)w;) > 6. (1.1.2)
Proof. Proving inequality (1.1.2) is equivalent to proving the inclusions
B(X1,0) C ({+ 1w forall X; € lw, (1.1.3)

since (1.1.3) implies [ X; — Y1 > 4 for all X; € lw; and all Y7 € R*\ (04 1)w;.
So let X; € fw, be fixed. Thus, X; = ¢X; for some X; € w;. Then for
any Y, € B(X1,6), we have Y7 = ({ + 1)@%1}/1 and

1 1 ~ ~ 1 - /-
i T N o ) = e (M = ) + e X

But |¥1 — €)~(1| = |Y1 — X1| < ¢, hence Y; — (X, € Bs. Consequently,
since X; € w; and wy is star-shaped with respect to the ball Bs, we deduce
that =Y; € wy, which implies ¥; € (£ + 1)w; for any Y} € B(X,,5). The

+1
argument above being valid for any X; € fw;, this ends the proof of the
inclusion (1.1.3). O
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Note that the condition of w; being star-shaped with respect to the origin
is necessary in order to have the inclusion ¢;w; C fow; for ¢; < /5 and the
hypothesis (1.1.1) is the minimal assumption that insures

liwy Clowy if 4] < ly. (114)

Indeed, if w; is only star-shaped with respect to a convex set of dimsension
k—1, (1.1.4) may no longer be satisfied. Note also that the assumption that
the origin belongs to the open set w; implies R* = | J fwy, thus |J Q = Qu.
>0 >0
Let A = (a;;)1<i<n be a field of n x n matrices defined on R* x ws, such
that a;; € L®(R* x wy) for all 4,5 € {1,...,n}, and for some constants A\ > 0
and A > 0,

MEP <A@)E-€ VEER", ae x€ R xwy, (1.1.5)
|A(z)¢| < AlE] VEER" ae 2 € RF xw,. (1.1.6)

For g € R, we define

Vi(Qeo) = {f € L},.(Qe0) | 3Co > 0 such that || f|| 2, < Coe®™ V> 0},

loc

Wi(Quo) = {f € Hy' () | 3Cy > 0 such that || z-1(q,) < Coe®™ V> 0}.

For any ¢ > 0, we consider the following non-homogenous Dirichlet prob-
lem in €:
{—div (AVu,) = fin € (1.17)

ug = g on 0SY,

where f € H,'(Q) and g € H},
for any ¢ > 0.

In particular, the fact that f € H, !({) implies that (f,v) is defined for
any v € (J,oq Hy (). This remark is useful when defining the problem in
the infinite cylinder Q0 (see Section 1.2).

For the simplicity of the presentation, we consider here a function g de-
fined on the whole infinite cylinder ), in order to define the boundary con-
dition in problem (1.1.7) for any ¢ > 0. However, the results ?f this paper

(Qs0), so that f € H71() and g € H*(Qy)

are easily adapted to the case where we only consider g € Hp2_(0€) and
where the boundary condition in (1.1.7) is replaced by

Uy = gy ON an,
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for some functions g, € H %(894) satisfying
ge=¢g on 09, NN, forall £>0.

Thanks to the Lax-Milgram theorem, there exists a unique weak solution
to problem (1.1.7), i.e. there exists a unique solution u, € H'(£) to the
variational problem:

AVuy - Vodr = (f,v) for all v e HY(Q,),
/m ‘ o) o({2) (1.1.8)

ug =g on 0.

Notice that the last equality is to be taken is the sense of the trace theory in
HY(Qy), i.e. uy satisfies y(ug) = g on 9. The aim of this paper is to study
the behaviour of u, as ¢ goes to infinity.

Let us first recall a classical result that we prove below, for the sake
of completeness. In its proof, we use a technique that have been used for
example by Morrey in [53].

Lemma 1.1.2. Let D, C R¥ be a bounded Lipschitz domain and v € HY(Dyx
wo) such that v =0 on Dy X Qwy. Then, for almost every Xy in Dy, we have:

v(X1,-) € Hy(wa) and [Vx,v](X1,-) = Vx,[v(X1,-)]. (1.1.9)
Proof. Since D; and wy are bounded Lipschitz domains in R¥, respectively
R" % their Cartesian product D; X w, is a bounded Lipschitz domain in

R". Then there exists a sequence {v,} C C'(D; X wy) such that v, — v in
H'(Dy x wy) (see, e.g, [2]). Therefore,

/ (|vk—v|2—|—|V(vk—v)|2)d:vMO.
D1 Xwo
Using the Fubini theorem, we can write

[ oo 4 19 (0 = ) Praxs)ax =5 0.
D1 wo

It follows that, up to a subsequence,

/ (|(vp — ) (X1, ) + | V(v — v)( X1, )]?)d X B4 0 ae Xy € Dy
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and more particularly
/ (I(or — 0) (X1, )2 + [V, (05 — 0)(X1, ) [2)dXs E252% 0 ae. X, € Dy

This last convergence implies that for almost every X; € Dy, vg(Xy,:) —
v(X1,) in HY(wp) and Vx,[v(X1,-)] = [Vx,v](X1,-), since this equality is
valid for every v, € C'(D; x wy). By definition of the trace on 9(D; x wy),
we have that vy, , = v(v) in L*(0(D1 X wy)), so particularly in L*(D; x
Owy). By hypothesis, y(v) = 0 on Dy X dws. Thus,

/ 'U,%(Xl,-)dax:/ (/ vg(Xl,-)daXQ)dxl =0
D1 xOws Dy Owsz

We deduce that, up to a subsequence,

/ ’U]%(Xl, ')dUX2 —0 ae Xj€D;.
Owo

This implies that vy.(X1,-),,, — 0 in L?(Jwsy) for a.e. X; € D;. Since we
know that vg(Xi, ) — v(Xy,-) in H(wy) for a.e. X; € Dy, we have that for
almost every X; € Dy, y(v(X1,-)) = 0 in the sense of the trace theory in
H'(wy). Since wy is Lipschitz, this finally implies that v(X;,-) € Hj(ws) for
a.e. X1 € Dy. [

The previous lemma helps us to establish the following Poincaré inequal-
ity:
Lemma 1.1.3. Let v € H' () such that v =0 on lw; X dws and &1 C lw,

a measurable set. Then there exists a constant c,, depending only on wy such
that:

||U||L2(5J1><w2) S Cw2||szv||L2(&11><w2) . (1110)
Proof. Since w; is a bounded domain satisfying (1.1.1), it is also a bounded
Lipschitz domain (see, e.g., Teorema 1.7 in [33]) and the same is true for {w;.
Therefore, thanks to Lemma 1.1.2, we know that for almost every X; € fwy,
v(X1,+) € Hj(ws) and [Vx,v|(X1,:) = Vx,[v(Xy,-)], which allows us to
apply the usual Poincaré inequality on H}(ws) to v(Xj, ), to get

/U2(X1,X2)dX2§cf,2/ IV x,v(X1, ) > dXo,

w2

where 2, is a constant depending only on w,. To obtain (1.1.10), it is enough
to integrate the previous inequality in X over w;. O]
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1.2 The main result

As announced in the Introduction, the aim of this paper is to prove that
the solutions u, defined in the previous section converge, in a sense that
will be precised in the next theorem, to the solution of a non-homogeneous
Dirichlet problem in the infinite cylinder €2,. This problem is introduced in
the statement of our main result here below.

L Q) such that Vg €
(V5(Qo))™ for some small enough B > 0 and let uy € H' () be the so-
lution of the variational problem (1.1.8). Then for all £y > 0,

Theorem 1.2.1. Let f € W3(Qw) and g € H}

Up — Uso Strongly in H(Qy,)

as £ — 0o, where uy € H} . (Qoo) is the weak solution to the following non-
homogenous Dirichlet problem in the cylinder Qs :

—div (AVuy) = f in Qo
Uso = g 01 O (1.2.1)
Vool 2(0,) < Coce®* V£ >0,

with Cy, > 0 not depending on €.
Furthermore, we have the estimate

|V (up — UOO>HL2(Q%) < Ce™ forall £ >0,

where C' > 0 and a > 0 are constants depending only on wy, wa, A, A, Co,
Co (the constants appearing in the definitions of V() and W5(Qs)) and B.

Let first notice that the variational formulation corresponding to the first
equation of problem (1.2.1) is

/ AV, - Vodz = (f,v) forall v e U H () (1.2.2)
oo £>0
and the inequality satisfied by Vus in (1.2.1) can be reformulated as
Vi € (Vap(Q200))"
Notice also that, thanks to the Poincaré inequality (1.1.10), if f € V3(Q2),

then f € W5(Qs). More generally, any linear combination of functions and
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partial derivatives (in the distributional sense) of functions in V({2 ) belongs
to W@(Qoo)

In the case where the boundary condition in problem (1.1.8) is replaced
by u, = g, on 09, (with g, € H%(('?Qg) satisfying g, = g on 09, N 00,), the
condition Vg € (V3(€2))" should be replaced by

19ell ;3 o, < Coe™ forall £>0,
4

where the norm on Hz(9€)) is given by

= inf{||h]|m (o, ; h € H (%) and v(h) = w on 9Q}.

HwHH%(am)
Note however, that in the statement of Theorem 1.2.1, one does not need to
have an estimate for the whole H!'-norm of g, but only for the L?-norm of
its gradient.

Finally, an important remark is that the existence and uniqueness of the
solution us, to problem (1.2.1) is a result of the theorem. We would like to
emphasize the fact that a growth condition at infinity for u., is necessary in
order to have uniqueness of the solution to problem (1.2.1). To see that, it is
enough to consider the particular case of the Laplacian (where the field A is
constant and equal to the identity matrix), k = 1, f = 0 and ¢ = 0. Then the
functions 0 and (X, X5) — evVFX14)(X,) are both solutions to the problem
given by the first two equations of (1.2.1), where —y < 0 is an eigenvalue
and 1 € H}(wy) is an eigenfunction (associated to —u) of the Laplacian on ws.

Proof of Theorem 1.2.1. The proof of the theorem is divided into six
steps. The first three ones will show that u, is a Cauchy “sequence” for the
norm of H'(Qy,) for all £, > 0, then we prove that the limit of (u,) is the
solution to the problem (1.2.1) and finally we prove the uniqueness of the
solution to this problem.

Step 1. There exists a constant a € (0,1) only depending on wy, wa, A\ and
A such that

/ |V (g — ugy,)|? d < a/ IV (up — ugy,)|? da
Q,

Qe 41

forall 0 > 1, for all ; < ¢ —1 and for all r > 0.
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In this step of the proof, we consider £ > 1 and r > 0 fixed.

Let v € H}(Q). In particular v € H} (), using the convention we
made regarding the extensions of functions in H}(€,). Then we can use
v as a test function for the variational equations satisfied by u, and wusy,.
Substracting the two equations, we derive

AV (up — ugy,) - Vodr =0 for all v € Hy (), (1.2.3)
Qg

given that v and Vv are zero on Q.. \ Q. Taking a good test function
v € Hg(Qy) in equation (1.2.3) allows us to prove the estimate in (I). In
what follows, we describe the construction of such a test function.

Let /1 € R be such that 0 < ¢; < ¢ — 1. We define a function p €
Whoo(R* x wsy) only depending on X; such that 0 < p < 1, p = 1 on €y,
p =0 on (R¥ x wy) \ Qy1, and |Vx,p| < ¢ in Qp, with ¢y a constant
depending only on w, and therefore independent of /1 or £. Since {1 +1 </,
we have

p=0 on O(lwy) X wy. (1.2.4)

Note that this construction is possible thanks to Lemma 1.1.1.
On the other hand, 09, = (8(&01) X wg) U (fwy X Ows) and, since uy = g
on 0€) and uyy, = g on 92y, ,., we derive
Up — Uprr =0 on  fwy X Owsy , (1.2.5)
given that fw; X Ows C (£ 4 r)wy X Ows C Iy,. Therefore, it is possible to
take v = p(ug —upr,) € HL(Qy) (since €y is Lipschitz and p(uy —ueq,) = 0 on

08y, thanks to (1.2.4) and (1.2.5)) as a test function in the equation (1.2.3).
Observing that Vx,p =0 in Qg U (2 \ Q¢ 41), we have

/ AV (up — ugyy) - pV (g — upyy) do
Q
v
= —/ AV (up — ugyy) - ( )élp> (up — upy,) dx
Q,

< / AV (g — ey IV xapllte — s, | da
Qoy+1\ Q¢4
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Using the Cauchy-Schwartz inequality and properties (1.1.5)-(1.1.6) satisfied
by A, this leads to

)\/ pIV (g — upyr )P dx < / PAV (up — upyy) - V(ug — upyy) da
Qp Qg

< coA/ |V (g — wpsr)| e — wpsr| dx
Qoy 41\
< A |V (ue = wesr) || 22000, 0\ [ (we = werr) 2200, 0\00)) -
Then we use the following Poincaré inequality:
[(we = wesr) 22000, c\00,) < Cnll Vi (e — i) 2200, 10000,
which is a consequence of Lemma 1.1.3, since uy — up, € H' (),
le_H \ le = ((61 —+ 1)&)1 \Elwl) X Wy (gl + 1)&)1 \Elwl =w; C &ul

and uy — ugy, = 0 on fw; X Ows.

Consequently,
319w Pdr < cten, [ |V - )P
Qe Qop 11\ Q¢
= colcy, / IV (up — ugy,)|? dx
Qo 41
— col\cy, / |V (uy — ugp)|? da
Q,
which is
2 c 2
Ve = wr) e < — o [ V= ) e
Qg + Qoy 41
with C' = cocm%. This is exactly the inequality we were looking for, with

a:HLCE(O,l).

Step II. There exists constants C' > 0 and a > 0, depending only on wy, wa,
A A, Cy, Cy and B, such that

|V (up — ug+r>||L2(Q%) <Ce™™ foralll >0 and all v €[0,1]. (1.2.6)

34



1.2. THE MAIN RESULT

Let £ > 0 and r € [0, 1]. Starting with ¢; = é, we iterate the inequality

/ |V (g — ugy,)|?dr < a/ IV (up — gy r)|? dx
O,

Qg +1

[£] times, where [£] is the integer part of £. As a result, we have

J

Noticing that

IV (g — ugy,)|? d < al?! / IV (g — ugyr)|* da .
3
14 [6

2
it follows that Q§+[§] C Qy and then

/ V(e — o) Pde < ab ' | V(e — uess) P da.
Qﬁ QZ
2

Hence,

IV (e = werr)l| 2,y < ce™ |V (ue — )| 22(0) » (1.2.7)

£
2

with ¢ = a"2 and & = TIn(3) > 0.

Now, in order to establish the step II, we only need to estimate ||V (u, —
Uetr)| 12(0,). Taking ze = uy — g, we have that z, € Hj(€). Then, we can
use z; as a test function in (1.1.8), leading to

/ AVu, - Vz,de = / AV (zi+ g) - Vzodr = (f, z) .
Qp Qy
Consequently, using properties (1.1.5)-(1.1.6),

A V2| do g/ AVzp - Vzpdr = (f, zp) — / AVg -Vzdx
Q

Qg Qé
< (f %)+ / AV ]| V2 da
Qg

< | flla-1@n Vel 2y + AVl Lz IV 2ell 20
S CQBZHVZgHLQ(QZ),
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thanks to the fact that f € W3(Q2s) and Vg € (V3(Q))™. Therefore,
IVl 20y < Ce™,

for a constant C only depending on A, A and on the constants Cy, Cy ap-
pearing in the definition of the spaces V3(€s) and W3(§2s).
Consequently,

IVull 20 = IV (ze+ 92200 < IVl 2200 + 1Vl 2200 < Ce™. (1.2.8)
In the same way
IVzerrll2 ) < V20 2200, < Ce™ < CePe™,

since r € [0, 1], with C being the same constant as previously.
Since uy — wpy, = 29 — 2p1, o0 {2y, we have

IV (ug — weyr )l 220y = IV (20 — 2e10) I 22000) < V20|l L2(00) + | V2esr || 22000
< Ce™,

with the last constant still not depending on ¢ > 0 or on r € [0, 1].
Combined with the inequality (1.2.7), the last inequality implies

”V(ug — ueJrr)HLQ(Q%) < Cef(dfﬁ)é.

Finally, if § from the definitions of V3(2s) and W3(§2s) verifies f < &
(where & = ;In(2) only depends on wy, wa, A and A, since this is the case
for the constant a found in step I), we have

IV (ue = tpir) || 120, ) < Ce™,
2
for all positive £ and all r € [0, 1], with & € R given by « = & — 3 > 0.

Step IIL. There exists two constants C' > 0 and o > 0 depending only on
wi, wa, A\, A, Cy, Cy and B such that

IV (ue — were) | 220, ) < Ce™®, (1.2.9)

for all positive £ and all non-negative t.
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This is a simple consequence of inequality (1.2.6):

-1
IV (ue = werd)llzzay < 3 IV (s = tesin)llzziay
1=0
+ ||V (wpgpg — UK—H)HL?(Q%)
[t]-1
< Z |V (ueys — WHH)HLZ(Q%)
=0

+ ||V(W+[t} - W+t>HL2(Q£+[t])
2

[t

[t]
< Z Ce—oz(f—f—i) _ Cve—aé Ze—az’
=0

i=0
1

<C

- 1l—e@

—al
)

with a being the same as in step IT and C being different but depending on
the same parameters.

Step IV. There exists us € HL (Qs) such that for all £y > 0, uy — us in
HY(Qy,), and uy — us verifies

IV (ur — o) || 20,y < Ce™™ forall £>0, (1.2.10)

£
2

for some constants C' > 0 and o > 0, depending only on wy, ws, A\, A, Cy,

Co and .

A consequence of the Poincaré inequality (1.1.10) (since upy — upy €
HY () and uy — ugyy = 0 on fw; X Ows) and of inequality (1.2.9) is that
for a fixed ¢y > 0,

lue = werdll e,y < CINV (ur — e |2, < Ce™,

for all £ > 2¢y and all ¢ > 0. This implies that (u,)¢¢ is a Cauchy “sequence”
for the norm of the space H'(€y,). Since H'(€y,) is a Banach space, there
exists u® € H'(Qy,) such that u, — u% in H(€y,).

defined Making ¢, vary in N* gives us a sequence of limits u*_ in €. For all
non-zero natural integer k, we have u, — v in H'(€). Since Qp, C Oy,
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1.2. THE MAIN RESULT

for all k; < ko, we have uf1 = *2

o0 o0
in Hl (le)
We can then construct a function us, € H},
Q. for all positive integer k. It is enough to set

ul, in
Uso =
ub in Qp \ Qpy for all k> 2.

a.e. in Q,, since up — v and uy — u*?

(Qu0) such that ue, = uf in

This function verifies
Up = Uso in H'(Qy,) for allfy > 0.

Estimate (1.2.10) is finally obtained by taking ¢ > 0 fixed and making ¢ go
to infinity in inequality (1.2.9).

Step V. The limit us, from the previous step is a solution to problem (1.2.1).
For a fixed £y > 0, let v € HJ(y,). Then, for all £ > ¢y, v € H}(Qy). Tt

follows that v is a good test function for the variational problem verified by
ug, for all £ > ¢,. Since v is 0 outside of €2, we have that for all £ > ¢,

J

Since Vu, — Ve, strongly in (L2(£2,))", letting ¢ go to infinity leads to

AVUg-Vvdx:/ AV, - Vodzr = (f,v).

20 Q

/AVUOO~Vde:/ AVu - Vodz = (f,v).
Qoo Q

o

This shows that u., satisfies the variational equation (1.2.2), since ¢, is taken
arbitrarily. So u., satisfies the first equation of the problem (1.2.1).

On the other hand, for any fixed ¢y, > 0, we have that, for any ¢ > £y, v(u,) =
g on 09, hence y(uy) = g on lwy X dwsy. Since low; C Lwy, we get y(ug) = g
on fyw; X Owy C 08Yy,. Remembering that uy — us, in H'(Qy,) and using the
continuity of the trace operator, we deduce v(uy) — 7(us) in L*(09y,) and
particularly in L?(fow; X Ows). Thus, v(ue) = g on fow; X Ows. Since £y was

arbitrarily taken, we derive ¥ (us) = g on 00y = R¥x 0wy = |J (Lowi X Ows).
£o>0
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Finally, using the estimate (1.2.10) and the inequality (1.2.8), we have

(

Vool L2p) < 1V (too — u2e)[| L2(0p) + [[ Vel 220y
< [ V(oo = u2e) | z2(0y) + | Vel 20,
< O(e 4 )
< Ce?t.

Step VI. There exists a unique solution to problem (1.2.1).

The existence of a solution being already established, we only need to
prove its uniqueness. Let u.,, Ul be two solutions of the problem. Then for
any ¢, > 0, the computations of step I remain valid for u., and ., replacing
ug and uyp,.. We finally get the inequality

/ |V (U — s ) |* dv < a/ |V (U — s ) |* do,
Q,

Qg 41

for all £; > 0, where a is the same constant as in step I. Then,
- 1 -
IV (oo — tioo) [ £2(020) < @2 [[V (oo — o)l L2(52, 11)-

Iterating k times the previous inequality leads to

- k -
IV (oo = tioo) || 20,) < @2 [V (Uoo = Thoo)l| L2(62, 1)

- e—Z&kHV(Uoo — ﬁOO)HLz(QZlM) ,

with @ = iln(%) found in step II. Combining the last inequality with the

ones satisfied by ., and @, in problem (1.2.1), we deduce that,

IV (oo = i) [ 220, ) < 2000?7200

— 200062/351 e—2(@=B)k

Fixing {; and making k go to infinity, we have that ||V (uc — o) 12(0,,) = 0
since < a.

On the other hand, uy = U = g on 0, implying us — s = 0 on
Q.. More particularly, for any ¢; > 0, we have Uy — @e € H*(€,) and
Uso — Uso = 0 0n fjwy X Qwy. Thanks to the Poincaré inequality (1.1.10), this
implies Uo, — Uoo = 0 a.e. in 2p,. Since ¢; was arbitrarily chosen, this leads
t0 Upo — U = 0 a.e. in Q. OJ

The following generalization of Theorem 1.2.1 is straightforward:
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Theorem 1.2.2. Let f and g satisfy the assumptions of Theorem 1.2.1 and
1
{fe}es0. {ge}eso such that fo € H (), ge € Hz(0SYy) for all £ > 0 and

[ fe— flla-10 < Cre=* forall >0,

9e = 9ll ;13 5,y < Cae™* forall £>0,

for some constants C; > 0, Cy >0, ay > 0 and ay > 0. If u, € H'(Qy) is
the weak solution to the problem

—div (AV’&@) = fg m Qg
=g, on 0y,

then the follounng estimate take place:

[t — uoo|| i,y < Ce™? forall >0, (1.2.11)
2
where Uy is the solution to problem (1.2.1) and C' > 0, v > 0 are constants
independent of (.

This result is an immediate consequence of Theorem 1.2.1 and of the well-
known estimate (obtained by considering the problem satisfied by @, — uy):

It = el < C (e = Flla-1@ + 90 = 113 o)

where C'is a constant depending only on A, A and wy, thanks to the Poincaré
inequality (1.1.10). Hence the estimate (1.2.11) is obtained by taking v =
min{ay, ag, a}, where « is the constant given by Theorem 1.2.1.

Remark. We can obtain the result considered in [23] and corresponding to
a data that is constant in the direction of the cylinder’s axis as a particular
case of Theorem 1.2.1.

More specifically, consider that A is divided into four blocks

A Anp
A =
<A21 A22) ’

where Ay is a p X p matrix and Ay a (n — p) X (n — p) matrix.
Then if the data of the problem satisfy the conditions

Ap = A12(X2), Agy = A22(X2), [ = f(X2)7 g = Q(X2)7
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with f € H Y(wy) and g € H'(wy), we retrieve the result in [23]. Here,
the equality f = f(X2) for some f € H '(ws) is to be understood in the
following sense: for a given f € H~(wy), the element f € H, ! (Q) such
that f = f(X3) is defined by the formula

(f,v>:/Rk<f,v(X1,-)>dX1 for all ve UH&(BRxwg),

R>0

where By is the open ball of R* of radius R, centered at the origin. We
can see that this a valid definition, thanks to Lemma 1.1.2. In fact, the less
obvious part here is the measurability of the integrand, but this can be ob-
tained (using the same technique as in the proof of Lemma 1.1.2) by proving
that this integrand is the a.e.-limit of the sequence of continuous functions
X, € RF 5 (f,vp(Xy,+)), where, for v € HY(Br X wy), {vx} C D(Bg X ws)
is a sequence satisfying vy, — v in H'(Bp X ws).

Using Lemma 1.1.2, we can verify that under these assumptions, the
solution u, of problem (1.2.1) can be written as s, = s (X2), where uq, €
H'(wy) is the weak solution to the problem

{_diVXQ(AQQVUOO) =f in w

u=g¢g on Ows,

i.e. Uy is the solution in H'(ws) to the variational problem

/ AV x, o - Vx,vdr = (f, U> Vv e H&(C‘&)

u=g on OJuws.

Note that, under these particular assumptions, f and g satisfy the hypoth-
esis of Theorem 1.2.1, since f € W5(€s) and Vg € (V3(€2s))" for any 8 > 0.
Indeed, we have [|£]l 1o, < (¢lrl) [ £l s < Coe for all € > 0, by
taking

1 k
Jwr 2 [ f]] -1 (wa) €2

eht

Co =

£e(0,400)

1
A similar computation gives |Vgl|r2i,) = (Flw1]) |V x,9] 12(w) < Coe?* for
all £ > 0.
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1.3 Precisions and optimality results

In this section we give some optimality results concerning the domain of con-
vergence in which the convergence previously proven of u, to us, takes place.
For the sake of simplicity, we only consider here the case of homogeneous
boundary conditions.

To start with, we recall that from the first step of the proof of the main
theorem of the previous section comes the result:

C
[ W< 555 [ 9w
Q41 + Qel +1

which is valid for every r > 0. Instead of following the second step by taking
0 < r < 1, we then can iterate this inequality directly. Therefore, for all
r > 0 and for all /; < ¢ — 1, we have

IV (ug = o) 2200, ) < Ce DNV (w = uegs) |2 - (1.3.1)

Then, assuming that 0 < r < 1, by following the second step of the proof of
the main theorem in the previous section we can derive the inequality

I — v iz < Ce O fllgmgy (132
A
where & = %ln% with a = 00055:2%1 -

Assuming that || f||g-1(0,) = O(e”) we have the following cases:

o If 5 < @, then for any fixed a > 0, it follows from (1.3.2) that
IV (e — werr)| 200 < Cle™ 9Pl = Cem (@A),
Then, for ¢ > 0,the triangle inequality leads to
IV (we = were)l12(0,) < Ce™®

for « = a — f > 0 with 8 < a. Therefore, following the arguments in
the previous section, we get the convergence of u, towards u,, and the
estimate

IV (e — o) || 2200y < Ce™ (1.3.3)
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e Taking 0 < v < 1, if ||f|lz-1(0, = O(e”") with 8 < (1 — 7)a, we have
that

IV (e — u@rr)HLQ(QM) < Qe U= ehl — cre—(a—)=B)t
Then, for ¢ > 0, using the triangle inequality we get
IV (ue — were) [ 20, < Ce = with

a = a(l —v) — . Following again the arguments in the previous
section, we get the convergence of u, towards u,, and the estimate

IV (e — tioo) || 12(0,0) < Ce™" (1.3.4)

Remark 1.3.1. Since the hypothesis f < (1 — v)a& insures the validity of
estimate (1.3.4), we can see that, under the hypothesis f < &, we can always
obtain more than estimate (1.3.3), i.e. an estimate of the type (1.3.4). In-
deed, for any v small enough, more specifically for v satisfying v < 1 — g,
one can derive the estimate (1.3.4) on Q.

Let us now assume that || f||z-1(q,) = O((?) for some v > 0. Using (1.3.2),
it follows that, for a positive constant 7,

IV (ug = o) r2(p ey < Ce @M = C=(@an=7),

We can now see that for n large enough we obtain convergence for u, on
Qo_pine. Indeed, if &/ = an — vy > 1, we can derive that, since £ —nln¢ <
(l+7r)—nln(l+r) for £ >n,

Hv(uf - uz+t)||L2(Qé—nln€) < Z ”V<uf+i - u€+i+1)”L2(Q(z+i)—n1n (e+i))
0<i<[t]-1

+ HV(WHt] - ue+t>HLQ(Q(€+[1])—nln(Z+[t]))
<C Y (k)

0<k<[1]

“+o00
< C'/ r %dz
¢
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where [-] stands for the integer part and C' = -&

Therefore we can directly derive that

a'—1"

IV (ur — wess) || L2y < CO

with o = (&/ — 1) = (an — ) — 1. So we finally have that, since « has
to be positive, that n has to be larger than 1%7 Moreover, we can obtain

polynomial convergence of any order provided that 7 is large enough.

We now suppose that £ = 1 and that f and A verify f(z1, X2) = f(X2)
and Ay = Ap(Xy), Agy = Agy(Xs). First of all, we prove that fQZ IV (ug —
Uso)|[*dz < Cllucollfp,y- To do so, we first of all define a function p =

p(xl) =0 in Qg_l
p(x1) such that p = plxy) =1 in Qf The function
p(z1) = |z —C0+1 in Q\ Q.
Up — Uso + Ploo is then in H} () and can be used as a test function in

/ AV (up — uso) - Voda = 0.
Q,
Using the Cauchy-Schwarz inequality and the properties of A, it follows that
A V(ug — uso) P dz = —/ AV (up — Uno) - V(ptoo) dr
Q

Q

< / AV (g — Uoo) - V(g — U ) dz
Qg

gA( ]V(u@—uoo)\zd:c)é( : \V(puoo)|2dx)§.

Qy

Taking the square of this inequality and making use of the properties of p,

AQ
[V (ue —uso)[Pdz < 5 [ [V(puc)|* dz
Q[ )\ QZ
2

< N2 |va2u00|2 + |uoovx1p|2 dx
Q\Q 1

SC/|um|2+\VX2um|2dx2,
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which is the equality we were looking for. Coming back to inequality (1.3.1),
we derive that, since r in this inequality can be chosen arbitrarily,

IV (e = uoe)l| 22,y < Cem DV (e — uee) |20
by letting r go to +o00. Using the previously proven inequality,
IV (ue — too) | 22(0,,) < Ce™ D lugg 1 0 -

Therefore, in order to ensure the convergence of u, towards u.,, we can in
this case replace ¢4 by ¢ — k(¢) with k(¢) < ¢ and k(¢) — 400. Thus,

—ak(t
|V (ug — u00)||L2(Q£7k(5)) < Ce " K—Too 0,

with a constant C' that does not depend on /.

Remark 1.3.2. In what follows, we would like to give a method due to N.
Bruyére and which, in the case where 2y = By X wy (with By, C RF the open
ball of center 0 and of radius ), gives some better constants for the first two
cases previously treated. In fact, in the case of the laplacian (A = I,,), these
constants are optimal, as can be seen in the examples given at the end of this
chapter.

We place ourselves in the particular case of the laplacian, with the data
f satisfying the growth condition

1 fller-10,) = O(e”) for some S > 0,
and the solution u., in the infinite domain €2, satisfying the condition
IVuce|l 220, = O(e™) (1.3.5)

We start from the equation

V(ug — tso) - Vo = 0 for all v € Hj ().
Q

Then, we define the function

p(X1) = el — o,
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with o to be chosen later on. The function v = p(uy—us,) belongs to Hy (),
and we therefore can derive that

/ pIV (g — us)|Pdr = — | Vi, (g — o) - (Vglp) (up — Uoo) dx.
Q

Q

Since
ool XL

Vi p=—
X1 P g |X1|’

we therefore have that

/ p|V (up — uoo)|2dx < O'/ e_”‘Xl‘lvxl(w — Uno ) ||tg — Uoo| dx.
Qy Qg

We now use the inequality
2 b2

ﬂ—1—§(forany7">0)

b <
W=

to get
r 1
/ pIV (g — uso)|? da < 0/ e (S 1V x, (g — too) |2 4+ —|ue — uoo|?) de.
Q Q 2 2r
Then, using the Poincaré inequality on the section wo

[ = w2 axe £ 2, [ (T - u) 60,0 Ay
leads to

l
/ egxl(w_uooydw:/ eaxl/ (e — o) d X5 d X,
Q wp

-/

<, / e XNV x, (up — uso))? du.
Q
It follows that

2
/ PV (s — u)Pdr < 7 / (|, (g — 1100) P + 2|V, (g — 1000 P)
Q 2 Q r

2
c

max{r, —=} e""Xl'HV(u@ — U )||? da.
T Q

<

ro| 9

(1.3.6)
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Since
02 1 2 2
max{r, —} 2(7" + —) r% = Cup

we can see that the best constant in inequality (1.3.6) is
T = Cu,. Therefore,

/ (e791X1l — 77|V x, (uy — too) [P da < %/ e XV (up — use))? du.
Qg 2 QZ

0 Cuy

2

, reached for

It follows that
(1-%52) / e XNV (g — use))Pde < e [ |V (up — oo )| da.
Qp Qg
Let now ¢; > ¢. Using the fact that 2, C €y, it follows that, for o < %,

—al

/ e XV (up — use))? da < e—g% IV (g — o) * da.
Qel (1 ) o

)

Furthermore, for | X;| < ¢;, we have that e~ < ¢=71Xil and therefore,

—o/ 0'81
/ |V(u5—uoo)|2dx< m2 / IV (up — uso )| d.
Q,

Finally, using (1.3.5) and the estimate for uy, we derive that

c ol
HV(UZ - uoo)Hi2(Q£1) < (1_—0%6 (£ 81)e2ﬁ€ (137)

%)

in the case where || f||g-1(q,) = O(e”%), ¢ being a constant independant of ¢
and ¢;. Let us now consider the two cases {; = a = constant, and ¢, = /
with v € (0,1).
e Case /1 =a > 0.
The inequality (1.3.7) then becomes

C CeO’(Z
|V (g — Uoo)||2L2(Qa) < T oY —olt=a) 260 ey elo=20)¢,
(1 ) ) (1 - 2 )
Therefore the convergence takes place if we can chose o satisfying
2
28 <0< —,
Con

which is possible provided that g < CL
w3
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e Case (4 = ~{. The existence of o is then ensured if § satisfies the
inequality § < CL The inequality (1.3.7) then rewrites
w2

c (o (l—y)—
||V(ug—uoe)||%2(w) < me Uo(1—7)-28
2

To get the convergence to 0 as ¢ goes to infinity, we therefore need ~
to verify (1 —v) — 28 > 0, i.e.

2
v<1-— —6
o
Then, we have
20 2
— <o< —,
1- 8 Cuy
implying % < CL, ie.
w2
7 < 1- 5Cw2'

Let us now take some examples to show the optimality of the results
established above. The optimality is to be understood with respect to the
largest type of domain Qy C €2 such that ||V (us — uso)||12(0,) — 0 as £ goes
to +o0o. In this part, we take €, = (—£,¢) x (0,7) C R?, we assume A to be
the identity matrix (the equation therefore becomes —Au, = f), and f to be
of the form

f(a1,22) = @(21) sin(z,)
(note that xg +— sinxs is the first eigenfunction of —A). Then we can see
that the solutions u, are also of the type

wp(x1, x2) = ¢(x1) sin g,
the function ¢ being solution to the problem
¢ —¢=—pin (=L1)
{¢<—e> — 6(0) = 0,
taking into account the fact that
Alue) (@1, 22) = (¢"(21) — ¢(21)) sin @,
Finally, let us note that in this case, the Poincaré constant (which is equal

to \/LAT’ A1 being the first eigenvalue of —A on wy = (0, 7)) is equal to 1.
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o First example. We prove that the sequence of u, is not a Cauchy se-

quence in H'(Q,) for a > 0 fived, if || f||r20, = O(€").

Remark 1.3.3. From the previous computations, we know that the
estimate (1.3.3) takes place provided that | f| 120, = O(e’) with B <
L = 1. Therefore, the example below proves the optimality of the

Cwog

hypothesis [ < Ci ensuring the validity of estimate (1.3.3).
wa

Let f be defined by f(x) = —2sinh (z7) sin(z3). Then,
Aug) = (¢(w1)" — d(z1)) sin(x2)

and we look for ¢ solution of the equation

@"(z1) — ¢(z1) = 2sinh (7).

Since a particular solution to this equation is ¢(z1) = zjcosh (x1) and
that general solutions of the homogeneous equation are of the type
Cicosh (z1)+Casinh (x1), we have that general solutions of the equation
¢"(x1) — ¢(x1) = 2sinh (x1) are of the type

Cicosh (x1) + Cysinh (x1) + xqcosh (z1).

Then, we make use of the boundary conditions ¢(—¢) = ¢(¢) = 0 to
compute the unique solution u,. The conditions actually are giving

that
fcosh /

sinh ¢

Cl =0 and CQ = —
Then,

Lcosh l . .
e sinh (x1)> sin(xs).

gy, 29) = (xlcosh (1) —

It follows that for any /,

lcosh (€)  2lch(2¢ )

(uge — ug)(z1, 72) = sinh (7;) Sin(x2>< sinh (¢)  sinh (20)

We now can compute

Lcosh (¢ 2{cosh (2¢ . .
IV (une—ue) |2,y = | Lebll) — 2eosh 20 (Hv(smh (331)51n(a:2)>HL2(Qa).
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Since |||V (sinh (21) sin(x2)|| 2(0,) does not depend on £ we just have to

find the limit when ¢ goes to mﬁnlty of (é;ﬁl(;;) — 251(;0}1511%%) We have

that, using the equivalence cosh (¢) ~ sinh (¢) as { — oo

Leosh (£)  2Lcosh (2€) |€| cosh (¢)sinh (2¢)—2sinh (¢)cosh (2¢)
sinh (¢) sinh (2¢) sinh (¢)sinh (2¢)
sinh (¢) sinh (2¢)
_ ||| cosh ©sinh 20025 R G)) ‘ s 400 as £ — +oo.
sinh (¢)sinh (2¢)

Since the limit is not 0, we deduce that u, is not a Cauchy sequence.

e Second example. We have seen in the beginning of this section that if
7100 = (™) with 3 < & then [V(u; — use)lliziay — 0 for
v € (0,1) satisfying B < (1 —y)a. We show in the following example
that the convergence on €y, is lost if v is not sufficiently small.

For this, let f be defined by f(z) = cosh( L) sin(x2). A simple com-

putation shows that || {12, = O(e 2). Hence, here 8 = 5. Following
the same method as in the first example, we look for ¢ solution of the
equation

(1) = o) = —cosh (5,

A particular solution of the equation is ¢(z1) = cosh (%) and therefore,
the homogeneous equation remaining the same, the general solutions
of the equation are of the type

Cicosh (z1) + Cysinh (x1) + cosh (%)

Using the boundary conditions, we have that

cosh (£
Cr=0and €y = — cosh((Z))'
Then ’
B cosh (3) Ty :
Ue= < ~ cosh (0) cosh (1) + cosh <?)) (sin(z2)),
and since

Uny = (cosh (%)) (sin(z2))
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(note that || Vusl|2 () = O(e2), we have that

cosh (£
Up — Usg = — ok ((2)) cosh (1) sin(zs).
Then, we have that
cosh(%) . .
— o oy sinh (1) sin(z)
Vi —ux) = | o 7

cosh (1) cos(z2)

and it follows that

h2(L
IV (1 — uo)|* = % (sinh2(m1) sin?(25) + cosh ?(z) COS2(1’2)>,
which can be written
cosh ?(£ ,
IV (1 — us)|* = WQ(z)(cosh2(x1) — sin®(z,)).

Finally, we deduce that

ol4 h2 ﬁ
HV(UZ - Uoo>||%2(gw) / / o z COSh2(JI1> - Sinz(l’g)) dI1d$2

¢ cosh
b e / h2 14 T
— M/ cosh 2 (x1)dzy — &2(2)/ SiHQ(IEQ)dl’g.
cosh2(0) J_. cosh*(¢) Jo
meosh ( )

We now compute — f " cosh? (x1)dx;. Using the formula

cosh ( Z)

1 + cosh (2z4)

cosh?(x;) = 5

, we derive

i 71 cosh(2 1
/ cosh®(zy)dz; = / —+de1 = yl+—(sinh (27y¢)—sinh (—2+()).
L 2T 2 1

It follows that, when ¢ goes to +o0, since

WcoshQ(g) /’T .
—_— dre — 0
o ?(0) Jo sin®(x9)dzs
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and , -
h2(¢
7 cos2 (5) Lo,
cosh “(¢)
in order to have [|V(us — us)||z2(02,,) — 0 we need to have
inh (2y¢)cosh (%
_ 7sin (2 )QCOS (3) N
cosh “(¢)

which implies that v must be less than %

o Third example. In this example we show that if we have that || f|| g-1(q,) =
O(L7) for somey > 0, then the convergence ||V (ue—too) || 2(Q,_, 1) = 0
can be lost if n is too small. Consequently, we cannot replace nlnt by
a quantity having a slower growth at infinity than In /.

In this example, we suppose that f(x) = x;sin(xs). Hence ||f||;2 =
O(K%). Still following the same method, we look for a solution of the
equation

¢"(x1) — p(21) = —1.

A particular solution of this equation is ¢(x1) = x; and it follows that
the general solutions of the equation are of the type

Cicosh (z1) + Caysinh (z1) + 7.

We derive from the boundary conditions that

—0
Cy=0and Cy = :
L VA2 T G (0
Then,
- :
e (sinh 0 sinh (z1) + xl) sin(xz)
and since

Uso = T Sin(T2)
(note that ||Vl r2(0,) = O((3), we have that

-2/
sinh ()

Up — Upo = sinh (x7) sin(zs).
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From that comes

V(UZ — uoo) — <ﬁ005h (1‘1) Sin(aj2)>

—*_~sinh (1) cos(x2)

and
2
IV (1 — ) |* = 5—2 (cosh2(x1) sin’(z5) + sinh * () COSz(Ig))
sinh “(¢)
62
~ sinh%(0) <Ch2(x1> N COSQ(‘%QD
62 14 Ch(2$1) 2
~ sinh?(¢) < 2 oo ($2)>

We deduce that

|V (ue — uoo)HLQ(E—nlnE) =

ml? /f_nlne 1 + cosh (23:1)dx1

sinh *(£) J_¢1pine 2

- 7T—62(26 —2nln?) /7r cos?(x9)dx
sinh ?(¢) 7 0 S

In order to have ||V (uy — uso)||22(e—yme) — 0, we need to have

7T€2 {—nlnt
— / cosh (2x)dx; — 0.
sinh “(€) J_¢1nme

We have that

£2 {—nlnt £2
7—2/ cosh (2%’1)(1.1'1 = #sinh (2€ — 277 In f)
sinh *(€) J_o1nins sinh “(¢)

2 ,20—2n1nt
e _
~—— = el 77)3’
+oo e
. . t .
since sinh (t) ~ 5. So if we want ||V (us — too)||L2(0—nme) to go to 0 as
+oo

¢ goes to 0o, we need 7 to be greater than 1.
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Chapter 2

Correctors to elliptic problems
in long cylinders

The last years have seen the development of the asymptotic study of par-
tial differential equations in cylinders becoming unbounded in one or several
directions, particularly under the impetus of Michel Chipot and his collabo-
rators. In this paper, we aim to improve some results that have already been
shown about the convergence to the solution of a linear elliptic problem on
an infinite cylinder of the solutions of the same problem taken on larger and
larger truncations of the cylinder. This aim will be realized by the construc-
tion of well-adjusted correctors. Thanks to our main results established in
Section 2 of this paper, we conclude by an application in a particular case
(by taking data that does not depend on the coordinate along the cylinder’s
axis) that the convergence results that can be obtained using the methods
introduced by Chipot and Yeressian (in their paper of 2008) are optimal.
The particularity here is that the optimality is taken in the sense of “the
largest domain where the convergence takes place” instead of the classical
optimality of the speed of convergence itself.

2.1 Introduction

The asymptotic behavior of PDE problems in cylinders of the form 2, =
lwy X wy C R™ (with wy C R* and wy € R** where 1 < k < n — 1) have
been heavily studied during the last twenty years by Michel Chipot and his
collaborators, see for instance [13] - [23], [41], [69]. However, few works were
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2.1. INTRODUCTION

dedicated to the construction of correctors allowing to have good estimates
in the whole cylinder €2,. To the best of authors’ knowledge, this type of
problem has only been addressed in [17] and [18]. In this paper, we will
construct correctors for elliptic problems in cylinders becoming unbounded
in one direction (hence k£ =1 in the definition of €2).

On a cylinder Qy = (—/,¢) x w C R", where w C R"! is a bounded
Lipschitz open set, we consider a linear elliptic problem with homogeneous
Dirichlet boundary conditions. Thanks to the results in [16] (see also [15]),
we already know that the “sequence” of the solutions u, of the problem in a
larger and larger cylinder (i.e., as ¢ goes to infinity) converges to the unique
solution u, of the problem in the infinite cylinder. Since the functions u, are
not all defined on the same domain, this convergence takes place on any fixed
cylinder €2,,. However, one can ask the question of an estimate of uy —u, on
the whole cylinder €2, and we are in particular interested in estimates giving
|te = Uool| 10,y — 0 as £ — +oo. In [16] it was shown that

2
exponentially fast and it is easy to see that, adapting the methods presented
in this paper, one can replace (2 ¢ by cylinders that are closer to €, (see
section 3 for more details). But, under the very weak assumptions made on
the data, it is not possible to replace Qg by € in convergence (2.1.1), see

for instance [15]. In order to have a good approximation of us, on the whole
cylinder €y, we need to add a corrector to the solution u., of the problem
in the infinite cylinder. The construction of this corrector and the proof of
the resulting estimate on (), is the main purpose of this paper and is the
subject of the second section. We would like to mention here the fact that
the correctors problem have been considered in [17] (see also [15]) for the
case of the laplacian and for data not depending on the coordinate along
the cylinder’s axis . However, in this work, the symmetry properties of the
laplacian (implying the symmetry of the solutions) plays an important role
in the proofs. While we follow here some ideas from [17], we also need to find
new strategies allowing us to treat the case of general elliptic operators. One
of the main differences is that the results in [17] are obtained independently
of the previous results concerning the convergence (2.1.1) and one can derive
a new proof of the estimates leading to (2.1.1) as a consequence of the result
on correctors. In our paper, this is not possible, since the convergence (2.1.1)
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2.1. INTRODUCTION

is used in our proof of the estimate involving the correctors.

Finally, the corrector constructed in Section 2 allows us to prove the op-
timality of the results that can be obtained with the methods introduced in
[23] regarding the convergence of uy towards us on cylinders smaller than
Q. This argument is applied to a particular case in Section 3.

Let us now give the notation that will be used in this chapter.

The notation | - | will designate the Euclidean norm in R¥. The space of
n x n square matrices with real entries will be denoted by M, (R).

For an unbounded domain €2 C R", we define the spaces

L;.(Q) = {ve L. (Q)|ve L*(0), for any bounded open set O C Q},

H..(Q) = {veH.(Q) |ve H(O), for any bounded open set O C 2},
H N Q) = {ve H Q) | ve H(O), for any bounded open set O C Q}.

loc

By convention, any function u in H{(f2) is extended by 0 outside of Q and
will still be denoted by wu.

Let w be a bounded Lipschitz domain of R*~!. For any ¢ > 0, we define
Q= (—4,0) X w,

and we set
Qo =R X w.

We denote by } and , the domains
Qf =(0,0) xwand Q, = (—¢,0) x w.
A point x in R" is denoted

r = (z1,2"), with 2’ = (29, ..., x,).

Similarly, we use the notation V' = (%, ce 8%) and div’ where, for v =
(9,03, ..., v,) + w— R
0vy ov
divio=—+--- 4 2.
0xs oz,
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2.1. INTRODUCTION

Let f be a H;,!(Qy) distribution satisfying, for some constant 3 > 0,
1 fllz-10 < Ce? forall €>0. (2.1.2)

We consider a matrix field A = (a)1<ij<n € L®(Qoo; M,(R)), 1. a;; €
L>®(Qy) for all i, j € {1,...,n}, satisfying the following properties:

MEP <A(x)E-€ VE €RY ae 7€ O,

|A(x)E] < AlE] VEER? ae. x € Qy, (2.1.3)

for some constants A > 0 and A > 0. To the matrix field A, we associate the
matrix field A" € L®(Quo; M,,—1(R)) defined by A" = (aij)2<i j<n- It is then
easy to see that A’ also satisfies the properties (2.1.3) for all £ € R"7!) a.e.
T € Q.

We consider the following problem in the cylinder €, :

—div (AVuy) = f in (2.1.4)
uy =0 on 0€y.
This problem has for weak formulation
Find u, € H} () such that
(2.1.5)

AVu,Vvdr = (f,v) for all v € Hy(Q).
Q

Thanks to the Lax-Milgram theorem, there exists a unique solution wu, of
this problem.
We also consider the following elliptic problem in the infinite cylinder 2..:

—div (AVus) = f in QO
U =0 on 00 (2.1.6)
| Vttoo || 12(0,) < Coe*™ for all £ > 0, for some constant Cy > 0,

with 8 > 0 a constant which is small enough.

More precisely, us, is the solution of the variational problem

(Find uy € Hp () such that

/ AVue, - Vodr = (f,v) Vv € Hy(5), for some £ > 0 2.17)

Uso = 0 on 0
Voo £2(0,) < Coe**  for all £ > 0, for some constant Cy > 0.
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2.1. INTRODUCTION

Notice that u, and u, share the property of being 0 on (—¢,¢) X dw. The
following result gives a useful Poincaré inequality for functions vanishing on
the lateral boundary of a cylinder.

Theorem 2.1.1. There exists a constant C., depending only on w such that
for any a,b € R, a < b, we have

[Vl z2((apyxw) < Call VUl L2((ab) %) (2.1.8)
for allv € H'((a,b) x w) satisfying v =10 on (a,b) x dw.

Proof. The hypothesis on v implies that v(z,-) belongs to H}(w) for a.e.
x1 € (a,b). We then derive inequality (2.1.8) from the Poincaré inequality
on w. For a detailed proof of Lemma 2.1.1, see e.g. [11]. O

The following result, established in [16] (see also [15] and [11]), states that
as £ goes to infinity, the restrictions to a fixed cylinder of the solutions u, (of
problem (2.1.5)) converge to the solution u, of problem (2.1.7). Moreover,
this convergence is exponential.

Theorem 2.1.2. Let f verify inequality (2.1.2) for § > 0 small enough, and
let up € H () be the solution of the variational problem (2.1.5). Then for
all by > 0,

Uy — Uy Strongly in Hl(ng)

as { — +00, where us € Hp.(Qs) is the weak solution to the homogeneous
Dirichlet problem (2.1.7) in the cylinder Q.
Furthermore, we have the estimate

IV (w — o) || 20,y < Cre™ ™" for all £ >0, (2.1.9)

Nl

where C1 > 0 and ag > 0 are constants depending only on w, X\, A, Cy (the
constant appearing in (2.1.7)) and B.

Note that the estimate (2.1.9) is a stronger result than the one stating
that u, converges exponentially to uy, in H'(€y,) for any fixed cylinder Q.
On the other hand, (2.1.9) is weaker than having an estimate in the whole
cylinder €,. In order to obtain an estimate in the whole cylinder, we need
to introduce a corrector that, added to the solution u,, of problem (2.1.7),
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2.1. INTRODUCTION

can give a good approximation of u, on €2,. The main purpose of this paper
is to construct such a corrector, introduced below.

Observe first that for a given ¢, the perfect corrector would be w, =
Uy — Uy, verifying

(wy € Hl(Qg)

/ AVw, - Vudz =0 for all v € H}(§)
o, (2.1.10)
Wy = —Us on {—¢} X w and on {{} X w

(w, =0 on (¢, ¢) X Jw.

Nevertheless, we do not use this corrector since the dependence on the param-
eter ¢ is too strong. For practical reasons, we would like to have a corrector
that can be easily derived by some computation: here, we construct correc-
tors wy that, in some particular cases (see Section 4), can be derived only in
terms of two functions wt and w~ which are independent of /.

Le us now describe the construction of our corrector: we build it separately
on Q) and Q. Thus, w, will be defined as

| w, on Q)

where w; is the solution to the problem

(w)f € H'((—00,0) x w)

/ AVw} - Vudr =0 Vv e Hy((—00,/) x w)
(—00,0) xw

(2.1.12)
w) = —uxo(¢, ) on {{} X w
(w; =0 on (—o0,!) X dw,
while w, is the solution of
(w, € H'((—¢,+0) x w)
AVw, -Vudr =0 Yve H((—¢, 400) X w
/(€,+00)Xw ‘ ol ) xw) (2.1.13)

W, = —Uso(—L,-) on {—} X w

(w, =0 on (—¢,+00) X Jw.
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As one could notice, this corrector w, belongs to H*(,\({0} x w)) but
does not necessarily belong to H'(€,).
To get a H'(€y)-corrector, it is enough to take a Lipschitz-continuous func-
tion ¥ : R — R such that

1) = 1
A T ol < 3.

and then to set w, = Yw, € H'(Qy), where 9(x) = ¢ (z;).

Nevertheless, in all that follows, we consider the corrector defined in
(2.1.11) and the gradient of w, will be considered in the sense of D'(€, \
({0} x w)). Since the n-dimensional Lebesgue measure of {0} x w is 0, we
can consider the gradient Vw, as a measurable function on the whole set (2.

2.2 Main results

We begin this section by establishing the existence of the corrector introduced
in the previous section, then we give a first estimate related to this corrector,
which will be used in the final step of the proof of the result justifying the
pertinence of the corrector.

Lemma 2.2.1. There ezists a unique solution w;} to problem (2.1.12).

Proof. Let p: (—00,f) X w — R be the Lipschitz function defined by

{p:p(l‘l), p(l'l) =n+1-lifz € (6_1’6)7 (221)

p(xy) =0 for x; <0 —1.

Then, pus, € H'((—00,f) X w) and, thanks to the Lax-Milgram theorem,
there exists a unique solution w, to the following problem:

Wy € Hy((—00,0) x w)
/ AV, - Vode = / AV (puw) - Vo dz (2.2.2)
(—00,0) Xw (—00,) Xw
VYo € Hy((—00,0) x w)
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Note that the coerciveness of the bilinear form
2
(u,v) € <H§((—oo,€) X w)) r—)/ AVu - Vudx
(—00,0) Xw

is an immediate consequence of Poincaré inequality (2.1.8). Then we can
easily verify that the function w, = 1w, — pus is a solution to problem
(2.1.12). The uniqueness of w; is a simple consequence of the linearity of
the problem and of the coerciveness of the bilinear form defined here above.

O

Lemma 2.2.2. We have
||Vw2_||L2((—oo,€)><w) S 036256, (2.2.3)

where (5 is the constant appearing in (2.1.7) and C3 > 0 is a constant de-
pending only on A\, A,w and Cy (the constant appearing in (2.1.7)).

Proof. Since, (see the proof of Lemma 2.2.1),
w) = Wy — Plioe,
we have
IVwg |2 —ootyxw) < IVellL2(—o0,yxw) F 1V (PUco) [ 22((-s0.00x)  (2-2.4)

Using w, € Hy((—00,f) X w) as test function in the variational equation
(2.2.2), we deduce the inequality

. A
Vel L2 (00,0 xw) < X”v(puoo)HLQ((foo,f)Xw) (2.2.5)

thanks to properties (2.1.3) satisfied by A and the Cauchy-Schwarz inequality.
Note that

V(pts) = pVoo + uso(p', 0, ..., 0).

Hence, since pu., vanishes outside of (£ —1,/) x w, we get

|V (ptioo) | 22((—00,0)xw) = |V (PUo) || L2((0=1,0) xe)

(2.2.6)
< Voo || n2¢(e=1,0)xw) F [[too || L2¢(0=1,0)xw)-
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Using (2.2.5), (2.2.6) and the inequality in (2.1.7), we obtain

A
VW) || L2((—o00) xw) < (X + 1) [V (poo) [ L2((= 00,0 xw)

A
< (X + 1) (IVusol[L2((-1,0)xw) + [[tool[L2((-1,0)xw))

A
< (X + 1) (Coo + D[ Vo]l 2¢(0=1,0 xw)

A
< (X + 1) (Co + D[ Vucol 20y
< 0362,357

where C,, is the Poincaré constant on w C R"! and Cj is given by C3 =
Co (& +1)(Co+1).
n

Remark 2.2.1. Note that in the previous proof we established an even more
refined estimate for Vw,, since we proved that

IV | 2((—o0.0) ) < Cll Vool 2((e-1,0 %) (2.2.7)

with C' = (& +1) (C, +1). Hence the constant C is only depending on A, \
and w. This more precise inequality cannot be exploited under the very weak
assumptions (2.1.2) on the data. However, if the function f satisfies stronger
conditions with respect to its growth at infinity, inequality (2.2.7) can be used
in order to derive a very interesting result, as it will be seen at the end of
this section.

Now comes an important result giving an upper estimate for the L?-norm
of V(up — oo — wy):

Theorem 2.2.1. There exists a constant C' > 0, depending only on A\, A
and w, such that

19t =t = 7)) < CUV (e = 1)l ooy + 190 ) - (2:28)

Proof. Noting that H}(£2;)) is included in both Hj (€) and H} ((—o0, £) xw),
we derive from the equations (2.1.5), (2.1.7) and (2.1.12) satisfied by wug, U
and w, that

/ AV (up — e —w))Vodr =0 Vv € Hy(Q)) (2.2.9)
Qf
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Let p be the function defined by

p(z1)
plr) =1—m for 0 <z <1 (2.2.10)
)=0 for x; > 1.

Noticing that v = (1 — p)(u — us — w;") is in H} (), we have

0 —/ AV (up — oo — w ) Vo da
QF

= AV (up — Uoo — W)V (g — oo — wy) dz
o

- / AV (up — oo — w )V (p(ur — oo — wy})) dz
Qf
and by (2.1.3),

)\/ IV (g — too — w))|* d S/ AV (up — Uoo — W)V (U — Uo — w) ) dx
of QF

= /+ AV (up — Uoo — w1 ) [P/ (21) (U — ueo — w0, . ..
Ql

+ pV (up — U — w;)] d.
(2.2.11)

By taking into account the fact that p = 0 outside of Qf, we derive

)\/ |V(u4—uoo—wj)|2dx§/ AV (up — Uoo — w1 ) (= 1) (ug — oo — w/,0,. ..
QF of

+ / PAV (up — U — W)V (U — Uo — w, ) dz.
of

Since 0 < p < 1 on €2y, we derive the following inequality, using the properties
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2.2. MAIN RESULTS

(2.1.3) of A:

MV (e = e = 0F) [y = )\/m V(e — oo — w2 da

¢

< A(/+ |V (1w — too — w1 ) ||t — oo — wf | dx
Ql

+/ IV (up — too — w))|?) da
of

< AV (ue = oo — w)) || 20 llue — oo — w7 || 207
+ Hv(uf = Uoo — w2)||i2(91+))

< ACL + D]V (e — s — 0 [2a -

where C.,, is the Poincaré constant on w C R* 1.
Setting C' = /2(C,, + 1), we get (2.2.8) thanks to the triangle inequality.
[

The following result will help us to estimate the quality of the approxi-
mation of the solution u, of (2.1.5) by the corrected function u., + wy.

Theorem 2.2.2. Let k € (—oo,l — 1] be fized. Then there exists Cy > 0
depending only on A, X\, k and w; and as > 0 depending only on A, A and w
such that

vaz_HLz((—oo,k)xw) < CQG_OQZHVUJZ_HL2((_0075)><W). (2212)
Proof. Let us first denote by h = h(z;) the function defined by

1 for z; <k
h(zy) =40  foray >k+1 (2.2.13)
-+ k+1 fork<xz <k+1.

Then, for k+1 </,
hw/ € Hy((—00, () x w), (2.2.14)

so that we have
/ AVwfV (hw]) dz = 0.
(—00,0) Xw
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This implies

/\/ |Vw] | de < / AVuw/ - Vuw/ dx
(—00,k) Xw (—00,k) Xw
< / hAVwéIr . ij dx
(—00,0) xXw

= —/ w) AVw, - Vhdx
(—00,) xXw

SA/ lwi ||Vw/ | dx
(kk+1)xw

< AJlwi |z (os 1y e | Vi ([ e2 (e i1y <)
< ACL|I Vw72 gons

Xw)

by (2.1.3), the Cauchy-Schwarz and the Poincaré inequalities. Consequently

AC,
/ \Vw) |>dz < / |Vw] |? da
(—o00,k) xw (k,k+1)xw

AC, AC,
_Ad / \Vw, |* dz — ¢ / \Vw, |? dz
A A
(—o00,k+1)Xw (—o0,k)Xw

which, for C' = %, reeds

C
/ |Vw, | dz < (—) / \Vw, |? dz.
(—o0,k)Xw C+1 (—o00,k+1)xw

Iterating [¢ — k] times this formula, we get

C [¢—k]
/ Vw2 de < (—) / \Vw]|? da.
(—00,k)Xw C+1 (—00,0) Xw

Since ¢ — k —1 < [0 — k] < ¢ — k this leads to

/ |Vw|?dz < 62"‘2(61“1)/ |Vw]|? dz,
(—00,k)Xw

(—00,0) xw

1+C

with as = 1 In €. This completes the proof by taking Cy = e®2(*+1).

This last result finally implies our main result which is
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Theorem 2.2.3. Assuming that the constant 5 appearing in inequalities
(2.1.2) and (2.1.7) is small enough, there exists C' depending only on A,
A, Cy and w and a depending only on A, X\, w and B two positive constants
such that

|V (up — too — wj)HLg(er) < Ce ™ (2.2.15)
for all £ > 0.

Proof. By Theorem 2.2.1, we know that
IV (ue — oo — w;)”m(Qj) < CO(IV(ue — Uoo)“p(szj) + ||vwz-||L2(Qf))'

Combining this inequality with (2.1.9), (2.2.3) and (2.2.12), we directly have,
since Qf C (—o0,1) X w,

IV (e = ttoe = wi) |20y < C(Cre™ + Coe™ |V || 12((-oo.0)x))

S C(C’le_o‘lf + CQCgG_OQZGQﬁK) S Cle_ag
(2.2.16)
with e = min(ay, agp — 203).

The constant « is positive, provided that 25 < as. This is indeed the
case, since the assumption of smallness that § must satisfy in Theorem 2.1.2
is exactly the same (i.e. 25 < ag, with the ay defined at the end of the
proof of Theorem 2.2.2). In order to see this, it is enough to follow the
proof of Theorem 1.2.1, for instance in [11], since in our particular case, the
constant ¢ appearing in the proof of Theorem 2.1 of [11] (corresponding to
the Theorem 1.2.1 of the present paper) is equal to 1. O

Remark 2.2.2. 1. [t is important to notice that the construction of the
constant a in (2.2.15) is well done, since it is not cyclical. Indeed, this is
due to the fact that the constant cs of (2.2.12) depends only on A, X and w,
and therefore is independent of the constants Cy and B appearing in (2.1.7).
2. Note also that in order to obtain the estimate (2.2.15), we only need
an estimate of the H'-norm of uy — uss on Q1. But this kind of estimate
can be obtained even under the weaker assumption that 5 < as. However, in
this case, in order to preserve the uniqueness of the solution u., to problem
(2.1.7), one must replace 2 by [ in the growth condition satisfied by U .

By the same arguments used to prove Theorem 2.2.3, we get
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Theorem 2.2.4. Assuming that the constant 5 appearing in inequalities
(2.1.2) and (2.1.7) is small enough, there exists C' depending only on A,
A, Cy and w; and o depending only on A, A\, w and (B two positive constants
such that

|V (wp — too — w[)HLg(QZ) < Ce ™, (2.2.17)

Observing that
I =t —00) By = 19t =t =0 ) By + 19 =t =) [
(2.2.18)

where Vwy is to be understood as the distributional derivative in the space
D'(Q2\ ({0} x w)), we obtain the main result of this paper:

Theorem 2.2.5. There exists positive constants C' and « independent of £
such that
IV (e — too — we) || 200, < Ce ™ (2.2.19)

for all ¢ > 0, where wy is the corrector introduced in (2.1.11).

As mentioned in the introduction,the corrector defined in (2.1.11) does
not belong to H'(€),), since the traces of w;” and w, on {0} x w may not
coincide. However, we can overcome this difficulty by multiplying w, by a
Lipschitz function vanishing in the neighbourhood of {0} xw. More precisely,
we have the following:

Theorem 2.2.6. Let ¢ : R — R be a Lipschitz-continuous function such

that
(1) = 1
(@) 0 if || < >

and let wy be the corrector introduced in (2.1.11). Then wy, = w, belongs to
H'(Qy) and satisfies

IV (g — oo — W¢) || 120y < Ce™* for all £ >0,
where C, a > 0 are constants independent of £.

Proof. Notice that with such a definition, we have that w, = w, outside of
Q. In order to get the desired inequality, let us start by estimating ¢w;
in QF, a symmetrical argument being used to give an estimate of Yw, in
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(27 . Since 1 is a Lipschitz-continuous function, there exists two constants
K1 > 0and K3 > 0 such that [|¢[| e qr) < K1 and [|[VO[| o or) < Ka. Then
we have, using the Cauchy-Schwarz and the Poincaré inequalities combined
with (2.2.12) and (2.2.3),

IV (Ww ) p20p) < 10Vw) + wi Vil qr
< Vw2 + 0l Vil 2o
< H7/JHLOO(QI+)HV@UZHL2(91+) + HV¢HLOO(QI+)H@UZHL2(91+)
< HwHL‘X’(Qf)vaz_HLQ(QD + HV¢HL00(QI+)Cwva;Hm(Qf)
< (HwHLOO(Qf’) + Cw”VQ/JHLOO(QTDva;“H((foo,l)Xw}
< (Ko + Cuk) Coe™ [V || 12((— 0,0y xw)
< 046—(042—2/3)5

with Cy = CyC3(K; + K>2C,) a positive constant depending on w, A, A, Cj
and .

It follows that there exists C5 depending on the same parameters as Cj
such that || V|| 2,y < Cse~(@2728)¢,
Then we have, using (2.1.9), (2.2.19) and the previous inequality,
IV (ue = v = We) || 120) < IV (e = uoo — W) || 2(00\00) + 1V (U = tos — We) | 22(0,)
= [IV(ue = uos — wo)lL2\00) + IV (e = tos — We)[ L2002
< V(e = oo — w) || 22(0,) + V(e = o) || 22(02)
+ [V 120y
< Ce ™+ Cre 1t 4 C’g,e’(arw)e
< (Ole™

which is exactly the result we were looking for, with a = min{ay, ay — 25}
(see proof of Theorem 2.2.3). O

Remark 2.2.3. Thanks to inequality (2.2.7) of Remark 2.2.1, if f € H (Qx)
(hence in particular, if f € L*(Q)), we have that

IV (ue — uoo) | 2(0,) — 0, (2.2.20)
since f € H1(Qy) implies uy € H'(Qu) and therefore,

||Vuoo||%2(szoo\gg_1) = ||Vu00||%2((—oo,—é+l)><w) + ||vu00||%2((€—1,+oo)><w) —0
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as U goes to infinity.

The convergence (2.2.20) then follows from inequality (2.2.7), (2.2.8) and
their similar counterparts involving w, . Nevertheless, even in this case, using
a corrector remains interesting in order to improve the rate of convergence.

2.3 An important particular case

In this section, we study the case in which both a;;, 1 <4,7 < n and f are
not depending on x;.

First of all, we make the following remark: assuming that instead of
condition (2.1.2), f satisfies the stronger condition

| fll-10n) = OU"), (2.3.1)

where v > 0 is a constant, and using the methods introduced in [23], we can
derive the stronger convergence result

IV (e = ool 2200 e 572 0

for somme large enough constant n > 0. This is a general result that is true
even if the data is not necessarily independent of x; and is also valid in the
framework of domains €, that goes to infinity in several directions (for a
rigorous definition of these domains, see e.g., [23] or [11]). Note that in the
particular case of this section, f satisfies the hypothesis (2.3.1) with v = %

However, in the case of cylinders going to infinity only in one direction
and where the data is independent of 27 (and also in the case where the data
is periodic in the z;-direction), one can even prove the following stronger
convergence:

HV(U@ - uOO)”LQ(QZ,N(D) — 07 (232)

L—~+o0

where k(¢) < ¢ and lim k({) = +oo.
{—+00
Thanks to the results shown in the previous section applied to this par-
ticular case, we are now able to prove that the convergence result (2.3.2) is
optimal. This optimality is to be understood in the following sense: we are
looking for the largest domains that can be considered in the L?-norm ap-
pearing in (2.3.2) such that the convergence of u, to uy described in (2.3.2)
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remains valid. In the end of this section we give two examples proving that,
if we want the convergence (2.3.2) to be preserved, we cannot consider bigger
domains than these of the type {0y with lim k() = +oo.

T—r+00

Let us first remind that, since A and f are independent of xy, it follows
from the definition of u., that u,, has the same property. Indeed, it is easy

to see that if u,, € H}(w) is the weak solution to the problem (see Section 1
for the definitions of A’ and div’)

{ — div/(A'Vuy) = f n w (2.3.3)

Uso = 0 on Jw,

then uo, = us(2’) is the solution to problem (2.1.7).
Hence, the functions w; and w, are solutions of the variational problems

w) € H'((—00,() x w)

/ AVw} -Vudr =0 Vv e Hy((—o00,0) X w)
(—00,0) xXw

(2.3.4)
W, = —Ux on {{} xw
(w, =0 on (—o0,!) X dw
and
(w; € H'((—{,+) x w)
AVw, -Vodr =0 Vv € Hy((—F,+00) X w
/<_e,+oo)m ‘ ‘ ) xw) (2.3.5)

W, = —Us on {—{} xw

(w, =0 on (—¢,+00) X Jw.
Since A and u., are independent of x1, it is obvious that these functions

can be obtained by translations from the solution to problems set on the
fixed domains (—00,0) X w and (0,4+00) x w. More specifically, we have

txy — 4,2, (2.3.6)

wj(xl,x') =w
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where w™ is defined by
(w" € H'((—0,0) x w)

/ AVwTVodr =0 Yo € H)((—o0,0) x w)
(—00,0)xXw

(2.3.7)
wh = —uy on {0} xw
(wt =0 on (—00,0) x dw
and
wy (z1,2") =w™ (21 + £, 2")
with w™ defined by
(w™ € H'((0,+00) x w)
AVw Vudr =0 Vv e Hy((0,+00) x w)
AHMX ’ (2.3.8)

W = —Uy on {0} X w
(w™ =0 on (0,+00) X Jw.

Remark 2.3.1. Using the properties of w" and w™, we can justify that in
general the following negative result takes place:
For a constant a > 0, we have that

IV (we — too) || £2¢0, o) 7+ 0.

Let us suppose that, to the contrary,
IV (e — uoo) | 22(0,—y) = 0

Then, since

IVwell 22,y < V(U — too — we)|| 2200y + [V (e — Uoo) || L2020 _)

and
|V (1 — too — we)|| 120, ,) — 0 (thanks to (2.2.19)),

IV (e = o)l 22(2 ) = 0,
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as { goes to 400, we have
IVwel| 20, ) — 0 (2.3.9)

Obviously HVwZHLz(Q?_ ) = IVw* || 2 ((~¢,—a)xw)- Since the function ¢ +—

|Vw™ || L2((—t,—a)xw) i positive and increasing, it follows from (2.3.9) that
V™ || £2((~o0,—a)xw) = 0. Using the Poincaré inequality, we deduce that

wt =0 ae in (—oco0,—a) X w. (2.3.10)

Let us now give two examples where this is impossible:

e If the coefficients of A are analytic, then it follows from its definition
that w™ is analytic on (—o00,0) X w, see for instance [43] or [52]. Using
(2.3.10) we therefore derive w* = 0 in (—00,0) x w, which contradicts
wh = —uy on {0} X w in the case where uy, # 0, i.e. if f # 0.

e If f <0 on w, then by the weak maximum principle u,, < 0 a.e. in w,
hence a.e. in Q. Therefore wt = —uy > 0 a.e. on {0} X w and again,
by the weak maximum principle applied to w™, one has w™ > 0 a.e. in
(—00,0) X w. But w™ =0 a.e. in (—o00,—a) X w, hence w™ “achieves
its minimum” inside (—o0,0) X w, in the sense that there exists an
open ball B CC (—00,0) xw such that essinfgw™ = essinf(_ g)xow™.
Therefore, thanks to the strong maximum principle (see, e.g. [37]), we
derive wt = 0 on (—00,0) Xw. This is in contradiction with w* = —u
on {0} X w, if us # 0. Obviously, a similar argument is valid in the
case f >0 in w.

The result described in Remark 2.3.1 shows the optimality of the con-
vergence result (2.3.2). We would like to mention here the fact that the
non-convergence result of Remark 2.3.1 have been proved in [17] (see also
[15]), in the particular case of the laplacian.
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Chapter 3

Asymptotic analysis of some
elliptic problems in long
cylinders with data decreasing
at infinity

The asymptotic study of PDEs in cylinders becoming unbounded in one or
several directions have been fairly developped since the beginning of our
century, starting from Michel Chipot and his collaborators. In this paper
we give some estimation about the rate of the convergence to the solution
of a linear elliptic problem on an infinite cylinder of the solutions of the
same problem taken on larger and larger truncations of the cylinder when
the data is in H (), Qs being the infinite cylinder. The difference with
the previous articles of Chipot and co-authors is that the convergence takes
place in the whole cylinder €, (see here below for its definition) instead of
only a portion of it, that usually is 2,/5. As expected, this is possible thanks
to more restrictive assumptions on the data.

3.1 Introduction

We put ourselves in a generalized cylinder €2, = fw; X wy C R"™, where
w1 C Rk(l <k <n-1)and wy C R" % are bounded open sets, and
we consider a linear elliptic problem with homogeneous Dirichlet boundary
conditions, where the data is given f, an element belonging to H~}(R¥ x wy).
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The aim here is to prove that the solutions u, of the Dirichlet problem in
)y are converging, as ¢ goes to infinity, to the solution of a similar Dirichlet
problem on the infinite cylinder, at a speed which is either exponential or
equivalent to the decreasing speed of f at infinity.

In the case k = 1, these results can also be obtained as a consequence of
the estimates obtained in the previous chapter, where the use of correctors
allowed us to obtain good estimates in the whole domain €.

Let us now give the notation that will be used in this chapter.

The notation | - | stands for the Euclidean norm in R™ (m € N*). For
r € R™ and r > 0, we use the notation B(x,r) for the open ball of R™,
centered at x of radius 7:

Bla,r)={y eR™; [y —z[<r}.

We denote by |A| the m-dimensional Lebesgue measure of a measurable sub-
set A of R™.

If O is an open subset of R” and v € H}(O), then by convention, we will
also denote by v its extension by 0 outside of O. Note that in this case, we
have v € H}(U) for any open set U D O.

Let k£ be an integer such that 1 < k <n—1 and w; be a bounded domain
(i.e., open and connected) of R¥, verifying

w; is star-shaped with respect to an open ball of R¥ centered at 0. (3.1.1)

Note that in particular, any bounded open convex set containing 0 satisfies
the property (3.1.1).
Let w, be a bounded Lipschitz domain of R"~*. We set

Qg:£w1 X Wy, Qoo:RkXWQ.
For a point = = (x1,...,2,) € R", we set
Xy = (21,...,21) , Xo= (Trg1,---sTn),

hence we can write x = (X7, X5), and we use the notation

Vx, = <8ia:1’ 7%) , Vi, = <8Iak+17‘.. 7%)
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We will also use the notation 0,, for the partialderivative %.

The hypothesis of w; satisfying the property (3.1.1) is fundamental in
the proof of the main result of this paper, since this property allows us to
construct a function

pe = pe(X1) € WH(Qu)
such that

0<p <1, p=1inQ, pr=0in Qg \ Y1,

and |Vx,pe] < ¢ in Qu, with ¢y a constant depending only on w;. The
construction of such functions p, is possible thanks to the following result,
established in the first chapter (see Lemma 1.1.1).

Lemma 3.1.1. Let w; € R¥ be an open set which is star-shaped with respect
to the open ball Bs = B(0,0) = {x € R* ; |z| < §}. Then for all £ > 0, one
has

dist(fw;, R\ (€4 1)w;) > 6. (3.1.2)

Using classical methods, as for instance the convolution with a regular-
izing sequence of the indicator function of the set E, s = Uy, e, B(X1,3)
2

(with £ = ¢; — 1 for the following lemma), we can now construct the function
p¢ announced above, which plays a major role in the proof of the main result
of this chapter.

Lemma 3.1.2. For any (; > 1, there exists a function p in WH*(Qy)
satisfying p(x) = p(X1),
0 le_l
p=<1 inQy\Qyy
0 S p(%) S 1 n le \le,l
and
Vo= (9. < cs, (3.1.3)
where cs is a constant independent of 1.
Another important tool that is used along this chapter is the following

Poincaré inequality, which was already introduced in the first chapter (see
Lemma 1.1.3).
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Lemma 3.1.3. Let v € H' () such that v =0 on lw; X dws and &1 C lw,
a measurable set. Then there exists a constant c,, depending only on wy such
that:

HU||L2(031><W2) < CW2HVX2U||L2(GJ1><U-12) : (314)

Let A = (aij)1<ij<n be a field of n x n matrices defined on €, such that
a;; € L®(Q) for all 7,7 € {1,...,n}, and for some constants A > 0 and
A >0,

MEP < A(@)E-€ VEER" ae e Qu,
|A(x)E] < AlE] VEER? ae. € Q.

For any ¢ > 0, we consider the following homogenous Dirichlet problem
in Qg:

{—div (AVug) = f in Q (517)

uy = 0 on 08,
where f € H1(Qy), so that f € H*() for any ¢ > 0.
Thanks to the Lax-Milgram theorem, there exists a unique weak solution

to problem (3.1.7), i.e. there exists a unique solution u, € Hj () to the
variational problem:

AVu, - Vudr = (f,v) forall v e Hy(5). (3.1.8)
Qg

Let us € H(Qs) the weak solution to the following non-homogeneous

Dirichlet problem in the cylinder €2.:

(3.1.9)

—div (AVue) = f in Q4
Uso = 0 on 0

Since f belongs to H~!(Q), the variational equation associated to (3.1.9)
simply writes as

/ AV, - Vodr = (f,v) forall v € H} (). (3.1.10)
Qoo

We now recall this classical result on the characterization of the H~!-
spaces, that can be found, e.g., in [10] or [27].
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Lemma 3.1.4. If ) is an open subset of R™ and f is an element of H1(2),
then there exists some functions fo, fi,..., fn in L*(Q), such that

i=1

The following result is easily derived from the previous lemma.
Lemma 3.1.5. If f belongs to H (), then we have
Zli_glo £l -1 gy =0
Proof. If f € H'(Q,), then by Lemma 3.1.4, there exists some functions
fos fi, -+, fn in L*(Qs) such that
f=1Jo+ Zaxbfl
i=1

Then we just have to estimate the norm

Hf”H*l(Qw\ﬁg) = sup (fv)

flvl Hé(Qoo\ﬁe>:1

In what follows, we consider the space H} (€ \ ©¢) endowed with the L2-
norm of the gradient. Note that the result of Lemma 3.1.3 remains valid -
with the corresponding modifications - if one considers v in the Sobolev space
HY Qs \ Q) (see the proof of Lemma 1.1.3).

For any v in H}(Qs \ ) we have that

,U) = vdr — / 0,0 dx,
o= [ G wae=S [

i=1
and then, by applying the Cauchy-Schwarz inequality,

[(fiv)] < HfOHL?(QOO\ﬁg)HUHL?(QOO\QZ) + Z HfiHL2(Qoo\§g)||ain |L2(Qw\§g) :
=1

Hence, for any v satisfying [|v]| 1 q.\q,) = 1, one has

[(f,0)] < Cw2||f0||L2(Qoo\@) + Z ||fz‘||L2(Qoo\m) )
i=1
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using the Poincaré inequality (3.1.4). Therefore,

£l -1 0unay) < Canllfollz2nay + Z I fill 2.y

=1

and the result follows, since | fi|l 2. \a,) — 0 as € — +oo for any 0 <14 <mn,
taking into account the fact that f; € L*(Q).
[

3.2 Main result

To start this section, we recall this result from [16] and [11] (see Theorem
1.2.1 of the first chapter):

Theorem 3.2.1. Let f € H '(Q). Then the functions u, and us intro-
duced in the previous section verify the following inequality:

|V (ue — UOO)HL2(Q%) < Ce™ forall >0, (3.2.1)

where C' > 0 and o > 0 are constants depending only on wy, ws, A and A.

We will see in what follows that, in order to obtain a good estimate on
the remaining part €, \ Q ¢ it suffices to estimate separately u, and u., on
this part, in other words, to describe the decay of u, and u., at infinity.

Note that in the case of u., this means that we study the behaviour
at infinity of the solution to an elliptic equation in an infinite domain. We
would like to emphasize that this kind of analysis is an important research
topic on its own. Let us first remind the 1963 paper of E.M. Landis [48], and
later, in 1977, the work of E.M. Landis and G.P. Panasenko [49], where the
subject was the behaviour at infinity of solutions to elliptic equations. For
the linear elasticity problem, the interested reader can consult the 1982 paper
of O.A. Oleinik and G.A. Yosifian [56]. The asymptotic behavior at infinity
of solutions to Stokes or Navier-Stokes problems in domains with infinite
cylindrical outlets was the subject of many articles. To mention only a few,
see for instance the works of L.V. Kapitanskii [44], O.A. Ladyzhenskaya and
V.A. Solonnikov [47], or S.A. Nazarov and K. Pileckas ([54], [65],66]).

For the sake of completeness, we include here the proof of the result
describing the behaviour at infinity of wu.,, which is very similar to the one
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concerning u,. In many of the works cited above, the asymptotic behaviour
at infinity is described by means of weighted Sobolev spaces. Here, we only
use elementary tools, resembling to the ones introduced in Chapter 1.

Theorem 3.2.2. Assume that f € H (). Then for any ¢ positive, the
following inequality stands:

||vufHL2(Qz\Q%) S C(e_de + ||f||H—1(QOO\Q£)> ) (322)

where C' > 0 and & > 0 are constants depending only on wy, ws, A and A.

Proof. The proof is divided into two steps.
Step I. We will first prove that: for any 1 < {1 < ¢, we have

HVWH%Z(QZ\QM < b”f“i;—l(goo\@ﬂ) + CLHVUZH%Q(QZ\QZI_Q )

where the constants b > 0 and 0 < a < 1 depend only on wy, wy, A and A
(hence they are independent of € and (1).

So let 1 < ¢; < £. We use the function pu,, which belongs to Hj (), as

a test function in (3.1.8) (p being the function introduced in Lemma 3.1.2),
leading us to the following computations:

/ AVu,V (puy) da::/ AVu,V (puy) dac—f—/ AVu,V (puy) dx
Qe 7 Q0 \Qpy 1

+ / AV, NV (puy) dz
Qe\ Qe
= <f7 pUg>
Since the function p is equal to 0 on €, 1, we have that

/ AVu,V(pug) dz = 0.
Qg1

Secondly, since by definition p is equal to 1 in €2 \ Q, one has that
pug = uy in the open set €y \ €y,. Hence V(pu,) = Vuy in Q, \ Q. Using
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the fact that [€, N0y, | = 0 (thanks to the assumptions on w, which imply
that wy is a Lipschitz domain; see e.g., Teorema 1.7 in [33]), it follows that

/ AV u,V (puy) dx :/ AV u,V (puy) dx :/ AVu,Vu,dx
Qe\ Qe Q0\Qe,

Qe\Qy,

= / AVu,Vuy dx .
Q\ Q¢

Using this two observations combined with the property (3.1.5) verified by
A, we have

AVuelaneg < [

AVuVugde = (f, pug) — / AVu,V(puy) dx
o\ Q¢

Qe \ ey -1

= (f, pu¢) — / AVu(pVue + ueVp) do .
Qo \Qpy -1

We now use (3.1.6) in order to derive
)‘HVUKH%Q(QZ\QZI) <{f, pue) + AHVUKH%Q(le\le,l)
+ MVl Lo @00, 0 IVl 2, \00, 0 llwellzzo 00, o) -

Notice that the function pu, belongs to the space H}(2, \ Q¢,_1). We use
now the definition of the H~'-norm and the inequalities (3.1.3) and (3.1.4),
in order to deduce

AHVWH%?(QZ\QZI) < (f, pue) + A1 + C5Cw2)HVUZH%Q(le\le,l)
< I la-—@nge, o IV (pud)ll 2 @pnan, )
+ A1+ Cécwz)||VWH%2(Q¢1\Q[1,1)
= [f g @nge, o IV (pue) 2 @nae, 1)
+ AL+ eseun) [IVuellzao, v, ) -

where in the last equality we have used the fact that the m-dimensional
Lebesgue measure of {2, N 0§, _1 vanishes.

Taking into account the properties of p and the Poincaré inequality (3.1.4),
we obtain as in the previous computations,

IV (pue) lz2 0000, 1) < lollze@nee, oI Vel 2na, )
+ Vol ze@nae, o llvell2@nes, 1)
< (1 + 5w, [ Vel 20000, ) -
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Combining the last two inequalities, we get
>\HVWH%2(QZ\Q@1) <(1 +C5Cw2)||f||H—1(Qg\§[1_1)||Vuf||L2(Qe\Qe171)
+ A1+ c(;cwg)||Vuz||%2(ml\ﬂél_1) .
To continue, we notice that
Qo \ Qg1 = (20 \ Q1) \ (2\ Q) -

Therefore,

Hvuinﬂ(le\Qel_l) = HVUZH%%QZ\QZI_Q - HVWH%%QZ\QEl)a
which leads to the following inequality:
(A+ AL+ C5Cw2))HvufH%2(Qg\Qzl) <(1+ ct;cwz)HfHHfl(Qz\ﬁgl_l)’|Vu€HL2(Qe\Qel—1)

+ A(l -+ C‘SCWQ)Hvuel‘%2(94\941_1) .

We now use the inequality

2
o <2 e
)

which is valid for any € > 0, in order do derive
(A+ A+ 060w2))||vué||%2(95\951)
1 2 2
< (U o) (I 0, + IVl )
+ A(1 + cscu,) Hvu@H%Q(Qg\le,l)

and therefore,

1+ csc
2 w2 2
IVuelzzna,) < de(N 4+ A1+ cpey,)) 17 0,
e(1+ cscuy) + A1 + csc,
A + A(l + Cﬁcwz)

)
[V ||%2(Qé\ml,1)

Let us set

_e(1+ e5cuy) + A1+ c5eu,) and b= 1+ cscy,
B A+ A1+ cse,,) Cde(MNH AL+ cpeu,))
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so that the previous inequality rewrites
HvufH%Q(Qg\le) < beHQH—l(QOO\ﬁelil) + aHVWH%Z(QE\Qh,l) . (3.2.3)

The goal of the first step is now attained, provided that the constant a
satisfies 0 < a < 1. Or this is obtained by choosing an € > 0 such that
e(1+ csCuy) < A

Step II. We deduce the inequality (3.2.2) by an iteration technique. We first
take ¢; = £ in inequality (3.2.3) and then iterate it [£] times, with [-] denoting
the 1nteger part. Keeping in mind that Z+ ool = %a (since 0 < a < 1, this

i
series is convergent), this leads to

]

ISEN

||VW||%2(QZ\Q§) <b

™

i £
(a 1||f||2H_1(Qoo\Q£_Z)) + CL[4] ||VUZ||%2(QZ\Q%7[§])
1

(%]

< b( ai_l) ||f||?{—1(Q \Qy) + ali ]HVUKHLQ(Q@\QN
=1

b

£
= 1 — aHf“Z*l(Qoo\m) +at 1||V7v‘é||%2(ﬂg\nﬁ) )
1 1

7

NS

.;>.

using the fact that

‘ 4
||fHH*1(Qoo\§g )< < fllg-1 =\ for all 7 € {1,..., L—J}

|

Finally, we obtain, by taking & = %ln(

a)’
”VW”;(QZ\Q%) < C(””iz—l(noo\m) + ewHVWHiZ(m\Qﬁ))

< C(If I, + € IVl

£
4

)

and so we retrieve the result of the theorem, thanks to the inequality

Vel 22 () < < fllu 1) _—HfHH

obtained by taking wu, as test function in (3.1.8).
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In the same spirit as the previous one, we have the following result:

Theorem 3.2.3. Assume that f € H ' (Q). Then for any ¢ positive, the
following inequality stands:

HVuoon(Qw\Q%) < C<€7M + HfHHl(Qoo\Qﬁ)) : (3.2.4)

where C' > 0 and & > 0 are constants depending only on wy, wa, A and A.

Proof. The proof is very similar to the one of Theorem 3.2.2. Therefore, we
will outline it by insisting only on the most noteworthy aspects.

As in the proof of Theorem 3.2.2, we begin by establishing the following
result:

There ezists a constant b > 0 and a constant a € (0,1) depending only on A,
A, wi and ws such that

HVUOOH??(QOO\QZQ < b”f“?{—l(goo\ﬁélfl) + CL‘|VUOO|’%2(QOO\§241_1) .
for any 1 > 1.

So let ¢; > 1. The function pu, belongs to HJ (), hence we can use it
as a test function in the variational equation (3.1.10):

/ AVUOOV(puOO)dx:/ AVUOOV(puOO)dw+/ AVuoV(pus) dx
oo Qo -1 Q

00 \Qep -1
+ / AVu,V(pus) dx
Qo0 \ Qg
= ([, pucc).

As in the proof of Theorem 3.2.2; we deduce from the properties of p that
V(pus) = 01in p, 1 and

/ AVu oV (pus) do = / AVuso Vi do .
oo\,

Qoo\QZ1
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Consequently, combining this equalities with the property (3.1.5) verified
by A, we derive

M| Vs ||§2(Qm\%) < / AV U Vo d

o\,

= (f, puco) —/ AVuV(pus) dz
Qe \Q¢y 1

Qe \Qey 1

Using the same arguments as in the proof of Theorem 3.2.2 and taking
into account the fact that pu., € Hg(Qoo \ iy 1), we get
)‘HvuOOH%Q(QOO\le) < [ lla-1@unge, 0 IV (Pioo) 2200\, 1)
A+ ) [VuoelZagey v
< (14 cscan) 1 f L1y, ) I Vool 2200\ 02, 1)
+A(1+ C5Cw2)HvuOOH%?(Qzl\Qel_ﬂ .

Since
Q41 \ Qfl—l - (QOO \ Q51—1> \ (QOO \ Qfl) .
we deduce
||Vuoo||%2(ml\ml,1) = ||Vuoo||%2(szoo\ml,l) - ||Vuoo||%2(noo\ml)-

Thus, the last inequality becomes
(A + AL+ e560,)) Vo | 220004

< (1 =+ C5Cw2>HfHH*1(QOO\§g1_1)HVUOO”LQ(QOO\QQA)
A+ ) [ Vteel B -

We then make the same computations as in the previous proof in order
to obtain the inequality

VUl Zz@aan) < be”iI—l(noo\mlfl) +a||Vuxlliz .0, (3:25)

with @ € (0,1) and b > 0 given by the same formulas as in the proof of
Theorem 3.2.2.
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Now we use an iteration technique: we start with ¢; = % in inequality

(3.2.5) and then we iterate this inequality [£] times. With the same argu-
ments as in the previous proof, this leads us to the following inequality:

IVeslEzoing) < € (11T -saua,y + ¢ IV liana,))
2 4

J4
4
(U 1)
where & = ¢ In(%). Combining the last inequality with the estimate
1
Vol 2wy < S 11000 »

obtained by taking u., as test function in (3.1.10), allows us to establish the
inequality (3.2.4) and thus to end the proof of the theorem.
O

Remark 3.2.1. Note that the constant & appearing in (3.2.4) is exactly the
same as the one in (3.2.2).

Combining the previous results, we can now easily obtain the main result
of this chapter.

Theorem 3.2.4. Let f € H '(Qu). Then for any £ > 0, we have the
estimate:

IV (e = ws) 220 < € (€™ + Ifla-s0mmy)) - (3.2.6)
4

for some constants C' > 0 and o > 0 depending only on A\, A, wi and w,.

Proof. To start with, we make the following splitting:

IV (e = o) 1220,y = IV (e = o) 2000, ) + 1V (10 = o) 122000
2

s
Therefore, using the triangular inequality,
IV (ue = o) [ z2(20) < V(e = uso)llz2i@,) + IV (ue = usc)llz2@nay)
< V(e = o) |20,y + ||VW||H1(QZ\Q%) + HVUooHL?(Qe\Q%)
< IV (ue = uoo)llra@e + 1Vuelz@ine ) + IVuscl2@aey) -
The inequality (3.2.6) is then derived from inequalities (3.2.1), (3.2.2) and
(3.2.4), by taking o/ = min{«, a}. O
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Remark 3.2.2. The inequality (3.2.6) implies that the rate of convergence

to zero of the difference between up and us, on §2; is the slowest between the

one of e=** and the one of [ fll -1 g, )- We recall that, thanks to Theorem
4

8.1.5, we have that || f| -1 q.\a,) — 0, as £ goes to infinity.
4
In particular, if f decays exponentially to zero at infinity, with respect to
the H='-norm, i.e.

[ fll -1 0ngy) < Ce™ "t forall €>0

(C' and " being positive constants independent of €), then we obtain once
again an exponential rate of convergence of uy towards us,, but this time on
the whole cylinder €.

Remark 3.2.3. In the case where k = 1 and wy = (—1,1), the same result
can be recovered using the correctors constructed in the previous chapter.
Indeed, the following estimate was established in Theorem 2.2.3:

IV (ug — oo — w;)HLQ(Qz') < Ce, (3.2.7)

where wy is a corrector and w; its restriction to QF = (0,£) X ws.
On the other hand, we have seen in Remark 2.2.1 that

VW || £2((— 000 xws) < éHVUOOHL?((E—I,Z)Xw)a (3.2.8)
Combining inequalities (3.2.7) and (3.2.8) with (3.2.4) (with 2(¢ — 1) in
the role of £) leads us to the inequality

19 (e = weo) gy < C (e + I HH-I(QM\QH)) '
2

A similar inequality takes place on the other semi-cylinder Q, = (—¢,0) X ws.
Combining the inequalities on Qf and Q , we derive the estimate

)

9 (e = )iz < O + 111 (0,
.

which gives in this case an improved version of (3.2.6).
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Chapter 4

Asymptotic analysis for the
Stokes problem in long domains
becoming unbounded

4.1 Introduction

On a cylinder €, = By, x w where B, C R* is the ball centered at the origin
and of radius ¢ and w C R" ¥ is a bounded Lipschitz domain, we study the
Stokes problem

— uAug+ Vpe = fin
divu = 0in € (4.1.1)
uw =0 on 0

of unknowns u, € (H3())" and p, € L*(Q)/R, where f € L*(€) (for any
¢ > 0) and p is a positive constant describing the dynamic velocity of the
fluid. The aim of the chapter is to describe the behaviour of the solutions
(g, pe) as € goes to oo while assuming a radiality hypothesis on f which, as
we prove along the chapter, involves the same kind of properties for w,.

We remind the following classical result (see e.g. [34] and [68]): there
exists a unique weak solution to the Stokes problem (4.1.1). More specifically,
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4.1. INTRODUCTION

there exists a unique solution (us, ps) to the variational problem

(e, pe) € H(Q) x L (),
u/ Vue - Vodr — / pedivodz = [ fodz for all v € Hy(Q).
Q[ Ql Qg

(4.1.2)

In the case where k = 1, it have been proved in [19] that, provided that

1 fll2n) = O(eP?) for 8 > 0 small enough, then for some positive constants
C' and «, the solution (ug, ps) to the problem (4.1.1) satisfies

IV (ug — UOO)HLQ(Qé) + [|lpe _pOOHEZ(Q@) < Ce ™

2

(QOO))” X L120(:

as £ goes to 0o, where (Uso, Poo) € (H1 (D) /R is the solution

loc
to the following problem:

[ — uAUs + Vpeo = f in (D'(Qm))n
div us = 0 in Qg

Uso = 0 on 0 (4.1.3)

/uw71(X1,X2) dX, =0 forae X;€R

| Vucc|lz2(0,) = O(e*™) |

where 1 ;1 is the first component of u.
In our case, if k£ > 1, the main difficulty comes from the emergence of the
following divergence problem (in what follows, D, = Q1 \ Q):

Let g € H'(Dy) verifying g = 0 on (Byy1 \ By) x 0w and / gdx =0. Then
D,
there exists a vector field u € (H¢ (D))" such that

{divu:g in D,
IVull2p,y < Cllgllar oy,

with the constant C' being independent of £.

Usually, the constant C' depends on the domain Dy, hence it depends on /¢
if k > 2. Nevertheless, under some specific hypotheses on g, it is possible to
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get a constant that does not depend on ¢. As an example, if g is radial along
X1, there exists a function u € H}(D,) solution to the previous problem,
with C' a constant independent of ¢. Note that a difference arising between
this specific problem and the classic results for the equation divu = g is
that here, the H'-norm of u is controlled by the H'-norm of g while usually,
it is possible to have the L?-norm of ¢ instead. Nevertheless, this weaker
inequality is still sufficient for our purposes, since it plays a key role in the
proof of the main result given in the last section of this paper.

We now introduce the notation that we use in the chapter:

The notation | - | stands for the Euclidean norm in R™, m € N*. The
same notation is used for the Frobenius norm for matrices. Let us remind
here that this norm is a matrix norm, i.e. that it satisfies |AB| < |A||B)|
whenever the matrix product AB is possible.

The space of orthogonal matrices of order m is denoted by O™, i.e.
0" ={QeM™,Q"Q = I.}

where M™ is the space of square matrices of order m, Q7 is the transpose of
@ and I, is the identity matrix of M™.

For a vector field v = (v1,...,vy) : O — R™, with O C R! an open set,
we consider Vv as a matrix field taking its values in M™%

81)1'
Vv = ((Vv)i,j)ﬁ%%z - <3x.)1<i<m'
<j< 7 <

1<j<l

Therefore, Vu; is the i-th line of Vu. We also use the convention that each
time a vector of R! appears in a matrix product, it is by default considered
as a column vector.

For x € R¥ and r > 0, we use the notation B, for the open ball of R¥,
centered at 0 of radius r:

B, ={yeR"; [y| <r}.

We say that f € CH(Q) if f is the restriction of a C! function on an open set
O verifying Q2 C O.
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We denote by |A| the k-dimensional Lebesgue measure of a measurable subset
A of R*. We also use the notation o, for the area of the unit sphere of R¥.
We note, for U and O open sets of R"”, U being unbounded,

{ve L} (U)|ve L*0), for any bounded open set O C U}
H}, U) ={ve Hloc( ) | v € H(O), for any bounded open set O C U}

Nt

S

9}

—

-
I

e]HIl( ) | dive =0 in O}

In all the chapter, for v = (v1,...,v,,) a vector field in (W'r(0))™
(1 <p < +00), with O C R! an open set, we define the LP-norm of Vv by

m l

||VUHLP(O) = Z Z Haijz‘HLP(O)

i=1 j=1

Note that this norm is equivalent to the norm

’d\'—‘

v H|VU|HLP( / |Vo|Pdz)

where |Vo| is the Frobenius norm of Vv, i.e.

1

m l
Vol = (DD 10n,uil’)?

i=1 j=1

where 0,,v; denotes the partial derivative g;ff. Indeed, on the one hand we
J

have z
V| < ZZ Oz, Vi
hence
m l m l
|||VU|HLP(O) < H ZZ |a$jvi|HLp(o) < ZZ ||aﬂfjvi||Lp(0) = ”VUHL”(O)
i=1 j=1 i=1 j=1

(4.1.4)
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On the other hand, |0,,v;| < |Vuv| for all 4 and j. Thus

m m 1
IVollrio) = DY M0evillrioy < DY 11Vl oy = MV oo
j i=1 j=1

=1 j=1
(4.1.5)
For w a bounded Lipschitz domain of R" %, we set

U=Bxw, Qo =RF xw.
We furthermore set
Ay=By1\ B, and Dy= Q1 \ Q= A xw.
For a point x € R, we set
Xy = (z1,...,x) and Xo = (Tgy1, ..., Tny)-

Hence, we can write z = (X3, X3), and we use the notation

0 0 0 0
VX1: <a_3317 ,a—xk> s VXQZ (m, ,a—xn>

Also, if u = (uy,...,u,) is a R™valued function, then we note
u' = (ug,...,u) and u” = (Ugg1, .- -, Up).
Hence v = (u/,u"), with v’ and u” being respectively R* and R" *-valued

functions.

For 5 € R, we define
Vﬁ(Qoo) = {f € L? (QOO) ‘ dCy > 0 such that HfHLZ(QZ) < Coeﬁz V> 0}

loc
and we give the following definition:

Definition 4.1.1. Let f : (Bg\ B,) x w — R, with 0 <r < R < +00. One
says that f is radial along X, if there exists a function g : (r,R) x w — R
such that

[(X1, Xa) = g(| X[, Xz)

for all (X1, X5) € (Br\ B,) X w.

We now give some primary results.
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4.2 Preliminaries

We start by reminding three useful general results.

We begin by a first result that can be seen as a spherical Fubini formula.
Indeed, this result can be obtained by first passing in spherical coordinates,
then using the classical Fubini formula.

Theorem 4.2.1. Let a and b be two positive constants such that
0<a<b<+oo, and f a function such that f € L'(By \ B,). Then, we

have that ,
/ f(z)dx —/ ( (x) dax> ds.
Bb\Ea a 8Bs

The second result concerns the change of variables in Sobolev spaces.

Theorem 4.2.2. Let Q2 and €Y be two open subsets of R™ and H : Q' — Q a
bijection such that

HeCY R, H'eCC' (%R
and
J(H) € (L=(Q)"" and J(H") € (L=())""",

where J(H) and J(H™') are respectively the Jacobian matriz of H and the
Jacobian matriz of H™*. Then for u € W'?(Q) (1 < p < 40), uo H €
Wh?(QY) and

(o H)(w) = 3 S () G

V1< i1 <n.
2 o, (y) <j<n

This result and its proof can be found in, as an example, [10].

We also give this Poincaré inequality which is an adaptation of Lemma
1.1.3:

Lemma 4.2.1. Let v € H* () such that v =0 on By x 0w and ©; C By
a measurable set. Then there exists a constant C,, depending only on w such
that:

101 221 xw) < Cull Vvl L2 xw) - (4.2.1)
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We now give some results about radiality.

Theorem 4.2.3. If g : Q — R satisfies g(QX1, Xs) = g(X1, Xo) for all
Q € OF and all (X1, X») € Qy, then g is radial along X1, which is to say that
there ezists a function h : [0,¢] x w — R such that

g(Xl,XQ) = h(r, XQ) fO’l” all (Xl,XQ) € Qg, (422)
where r = | X1].

Theorem 4.2.4. If g : Q, — RF satisfies g(QX1, X3) = Qg(X1, Xy) for all
Q € OF and all (X1, Xz) € Qu, then there exists R : [0,4] x w — R such that
9(X1, X2) = R(r, X3) X;.

Proof. For X; € R* we set r = | X;|. Then we have that |re;| = | X;| where
e; is the first element the canonical basis of R*. Therefore, there exists
Q € O such that Q(re;) = X;. It follows that g(X;, X5) = g(Q(re;), Xo) =
Qg(rer, Xs).

Let now R = diag(1,—1,...,—1), the diagonal matrix of order k in
which the elements of the diagonal coincide with the ones of the vector
(1,—1,...,—1) € R*. Then we have that R € Q" and Re; = e;. There-
fore, we have:

g(rer, Xo) = g(rReq, Xo) = g(R(req), Xo) = Rg(req, Xa).

It follows that
(]k: - R)g(rel,Xz) =0

and therefore g;(re;, Xs) = 0 for all 2 < ¢ < k, which is to say that
g(re1, Xs) = g1(req, Xo)e;. Combining all the equalities on g, we have that

g1 (7“6’1, X2)

9(X1,X2) = QQ(T€1,X2) = Q91(7“€1,X2)61 = 91(7”61;X2)Q€1 = Xi.

This finally implies that g(X1, Xs) = R(r, X5) X, with R(r, X,) = @rer-Xa)

r

]

Theorem 4.2.5. Let f € L'(R™) such that for all Q € QF, one has f(QX,, Xs) =
f(X1,Xs) for a.e. (X1,X2) € R, and let p € D(R") be a radial function
along Xi1. Then, the convolution product f * p is radial along X;.
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Proof. Let f and p be two functions verifying the hypotheses of the theorem.
According to Theorem 4.2.3, it is enough to prove that

(f % p)(QX1, X2) = (f % p)( X1, X2)

for all Q € OF and all (X}, X5) € R*. We now fix Q € OF. Then for all
(X1, X3) € R™, we have

(f * p)(QX1, Xp) = - f(RXy — Y1, Xy = Y5)p(Y1,Ys) dY.

Taking 7, = Y] and Zy = Y5, we have that dZ = dZ;dZ; = dYidY, = dY
since () is orthogonal. Therefore, using the assumptions on f and p, we
obtain for any (X1, X5) € R",

(f*9)(QX1, X2) = | f(QX1 —QZ1, Xy — Z2)p(QZ1, Z5) AZ
Rn

= | f(QX1—21),Xo— Z5)p(QZ1, Zy)dZ
Rn

= f(X1 — 21, Xy — Z2)P(Zl, ZZ) dz

R

= (f * p)(X1, Xo).
O

Theorem 4.2.6. Let g € L'($) such that for all Q € QF, one has g(QX,, Xo) =
9(X1, Xy) for a.e. (X1,X5) € Q. Then g has a representative g, satisfying

g(Xl,XQ) = h(T, Xg) fO’f' all (Xl,XQ) € Qg,
where r = | X1| and h is a function defined on [0,0) X w.

Proof. To start with, we extend g oustide of €}, by 0. For convenience,
we also denote this extend function by g. Note that this extension verifies
g € LY(R* x w) and that for every (X;, X,) € (R¥\ Q) x w and Q € OF,
since QX1 € (R*\ ), g(X1, X2) = g(QX1, Xa).

We now take a sequence {p,,} of mollifiers in C*(R™) such that for all m,
pm verifies that for every (X, X5) € R*¥ x w and Q € OF, p,,(QX1, X5) =
pm(X1, X2). Then, the convolution product also verifies this property and
therefore, by using Theorem 4.2.5, g,, is radial along X; for every m. Con-
sequently, there exists a function h,, : [0, +00) x w such that g, (X, X2) =
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hin (| X1, Xa).
We also know that g, converges to g in L*(R* x w). Therefore, g,, is a
Cauchy sequence in L?(R* x w). We have that

+o0o
19m — gl 2@y = / / / 12 doy, drdXs - 0.
0B,

and then, up to a subsequence,
g (-, X2) — g(-, Xo)| 208,y — 0 in L*((0, +00) X w).

Therefore, for a.e r € (0,+0c0) and a.e. X5 € w,

/ (gm — g)2 dox, =0,
OB,
and it follows that

gm (- X2) = g(-, Xo) || 208,y — 0 for a.e. (7, Xz) € (0, +00) X w).

It follows that there exists a set I' C (0, +00) X w of zero measure such that
{gm (-, X2)} is a Cauchy sequence in L'(9B,) for all (r, X5) € ((0,+00) x
w) \ I'. This implies that, for any fixed (r, X5) € ((0,+00) x w) \ I and for
any € > 0, there exists ng € N* such that for all m; and my greater than ny,
19(, X2)m: — 9(-, X2)ms || 2208,y < earr* 1. Therefore, since

gms = gmall 2205,y = ok M AC, X2y = B, Xo)ms |,
it follows that {h,,(r, X2)} is a Cauchy sequence for all (r, X5) € ((0, +00) x
w) \ I'. Then, for all (r, X5) € ((0,+00) x w) \ I', we have that there exists
h(r, X3) defined by .
h(r,Xs) = lim hy,(r, Xs).

m—r—+00

Let h(r, X) be defined as

h(r, Xs) if (r, X3) € ((0,+00) x w) \ T

hlr, X2) = {0 i (r, X5) € T.

Finally, we set §(Xi, X2) = h(]X1|, X2), and we want to prove that g,, — g
a.e. in R* x w. We have that

Im (X1, X2) = b (| X1], X2) = R(|X1], X2) = h(r, Xs)
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for all (X;,X5) such that (|X1], X2) € ((0,+00) x w) \ I'. Since the set I" is
of zero measure in (0, +00) X w, the set

A (X1, X5) € R* x w; (| X1], X3) €T}

is of zero measure in R* x w. Indeed, we have that g,, — § a.e. in R* x w,
and therefore

g=gae. in R x w,
since , up to a subsequence, we also have
Gm — g in RF x w
Jm — g a.e.
O]

Definition 4.2.1. A function g is satisfying the hypotheses of Theorem 4.2.6
15 said to have radial symmetry along X;.

Convention. In order to simplify the notation, we will use the following
convention for functions radial along Xi: we will write

9(X1, X2) = g(r, X3), where r = [X],

instead of (4.2.2). Moreover, the notation r will be used to denote both a

simple variable (for instance when considering the partial derivative % ) and
the function of X1 defined by

r(X1) = [ X4

as in (4.2.2). The different meanings of this notation will be clear from the
context.

In a similar manner as for Theorem 4.2.6, we can prove the following
result:

Theorem 4.2.7. If g € L*(Qy,R¥) is such that for all Q € O, one has
9(QX1, Xs) = Qg(X1, Xs) for a.e. (X1,Xs), then g has a representative, for
convenience also denoted by g, satisfying

g(Xl,X2> = R(’f’, X2)X1 fOT all (Xl,XQ) c Qg,
where r = | X41| and R : [0,0) X w.
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The following result states that it is possible to approach a Xi- radial
symmetric function in Wh?(Dy) (where D, = Ay X w = (Byy1 \ By) X w) by
regular X;-radial symmetric functions.

Theorem 4.2.8. Let g € W'P(D,) (1 < p < +00) be a function with radial
symmetry along Xy such that g = 0 on Ay xOw. Then, there exists a sequence
{gm} of CY(Dy) functions radial along X, such that

m .
g W1.p(Dy) g

Proof. The idea of the proof is to extend g on a domain larger than D,
in order to approximate g by a sequence (g,,) of C'-functions, using the
convolution with a regularizing sequence. To simplify the presentation, we
consider for g a representative also denoted by g, satisfying

9(X1, Xp) = h(r, Xa)
for all (X1, Xs) € D, (see Theorem 4.2.6).

To start with, we extend g to a W1P-function on A, x R** (also denoted
by g) by defining g(X;, X5) = 0 for all (X, X5) € Ay x (R**\ w). This

function belongs to W'P(A4, x R**) since ¢ = 0 on A; x dw. Then, we
extend this function by g in the following way:

2(4+1 .
G(X1, Xo) =19 (( ‘(th) — 1)X1,X2> ifl+1<|Xy|<l+2 (4.2.3)

g (R - DX Xa) il 0 -2 < X1 <,

with ¢ = min(1,%). Note that for X; € (B \ By), the point Y} =

D)
2(6+1)
[X1]

the symmetric of X; with respect to the point at the intersection between
0Byy1 and the ray [OX;). In the same manner, Z; = (ﬁ >X1 is the

X1

— 1) X is the “radial” symmetric of X; with respect to 0By, i.e.

“radial” symmetric of X; with respect to 0B,. We set
Co = (Bpy2 \ Bi—e) X @,

where @ C R"* is a fixed bounded Lipschitz domain such that w CC @. It
is clear from the radiality of g on D, that g is radial with respect to X; on CY.
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We have that
(X1, X2) € (Bega \ Bea) x @ = ( (WH) - 1) X1, X5) € Ay x @

[ X1]
and

(X1, X2) € (B\Bo_.) x@ ((% - 1) X1,X5) € (Bey\Bo) x@ C Ay X @.

are C'-diffeomorphisms satisfying the hypotheses the diffeomorphism H in
Theorem 4.2.2 (note that their inverses are given by exactly the same formu-
las). Therefore, § € WP ((Bea\ Bey1) x @) and g € WHP((B,\ Bi—.) X ©).
Consequently, § € W» (Og \ Ay X cD) since Cy \ Ay X 0 = ((Bg+2 \ Byy1) ¥
(Ij) U ((Bg \Eg,s) X d))

Since g € WP (A, x®), there exists a sequence {g,, } of functions C* (A, X @)
such that g,, — g in W'P?(A, x @). Therefore,

g _ — Troon 5.
gm|(832+1)Xw LP((0Bes1)x) (0Bey1)x0 9

Next, we extend g, on (Bya \ Brr1) X @ in the same manner as in (4.2.3).

Then the extensions g, belong to C*((Bpys \ Bri1) X @) and satisfy
Gm — §in WHP((Bpya \ Begr) x @)

using the formula of Theorem 4.2.2 and the fact that g, — g in WP(A, x @.
Consequently,

Gm, 5 — TroB,,)xa J-
OB BBty DX

Since gm|(332+1)><® = gmkanw, it follows that ¢ € Wl’p((Bg+2 \ By) x d))

Following the same arguments on (9B;) x @, we have that g € W' ((Bpy; \
ngg) X (:J) ThUS, Q S Wl’p(Cz>.

Since D, CC Cy we therefore can take a sequence of mollifiers {p,,},
radial along X7, verifying that

m=0%pPm —> 4.
9 g*xp W17p(Dg)g

Note that, thanks to Theorem 4.2.5, g,, is radial along X;, since both g and
pm are radial along X;. O]
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The following result will be very useful in the proof of the main result of
this chapter (see section 4.4). It states that if f has some radial symmetry
properties with respect to X7, then the weak solution of the Stokes problem
(4.1.1) has some similar properties.

Theorem 4.2.9. Let (u,p) € HL(Q) x L2(S) be a weak solution to the
Stokes problem in €y, = By X w, i.e satisfying the variational equation in
(4.1.2) with uy and p, replaced by w and p. If f verifies

el ey fI(QXl?XZ) :QfI(XhXZ)
f - (faf ) - {f”(QXl,XQ) — f”<X1,X2)
for all Q € OF and for a.e. (X1, X3) € Qu, then (u,p) satisfies

u(QX1, Xz) = Qu' (X, Xo)
U”(QX17X2) = U”(Xl,XQ)
P(QX1, X3) = p(X1, X2)

for all Q € OF and for a.e. (X1, X5) € Q.

Proof. Let (u,p) be a weak solution of the Stokes problem (4.1.1), which is
to say u € H}(€2), and

p | Vu-Vudr — / pdivodz = [ fvdz for all v € H()
Qg Q[ QZ

divu = 0 in €.
Let Q € OF. We take (1, p) with @ = (@', @”) and

?1,<X1, XQ) = QTUI(QXl, XQ)
’lNJ,/I(Xh Xg) = UN(QXl, XQ) (424)
p(X1, X2) = p(QX1, Xa),

that we can rewrite

(B (§ 20 (5) e
(X1, Xo) = p(QX1, Xz).
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We will prove that (4, p) is also a weak solution to the Stokes problem. The
formulas (4.2.4) will then follow from the uniqueness of the solution to the
Stokes problem. Using the formula V(g o ¢) = (Vg o ¢)V¢, we derive

~ T /
(B (€ 0) (S enn(d L)

by taking ¢( X1, Xo) = (QX1, Xs) = (Cg ]O_k) (i((;) and Vo = (Cb? [O_k)’

which is to say

i QT 0 (Vo (QX1, X2)Q Vi, (QX1, Xo)
v () (X1 X,) = ( / I) (vilm L9 Tl 7X‘;))

and finally
,a/
\% <1~L”) (XlaXQ)

We therefore have that

(QTVX1U/<QX1’ XQ)Q QTVX2UI(QX17 X2))
VXlu"(QXl,XQ) VXQUH(QXl,XQ) ’

div @' (X1, X2)

Te(Vii) (X1, X2)

Tr(Q" Vi, /' (QX1, X2)Q) + Tr(Vx,u" (QX1, X2))
(
(

Tr(Vyx, v (QX1, X3)) + Tr(Vy,u" (QX1, X5))
Tr(Vu(QX1, X))
(le u)(QXl, XQ) =0.

Let now v € H(€). We have that u [ Vi - Vudz — [, pdivvdxr can be
written

QTVx, v (QX1, X2)Q QTVx,u (QX1,X5) ' Vit Vit
ILL/S;Z < VX1U//(QX17X2) VXQ'U//(QX]_,XQ) VXIfU// V.XQU// (QX17X2) dx

— / p(QXh XQ) div ’U(Xl, X2)
Q

Using then the change of variable & = (X1, X,) = (QX1, X5), which gives
(X1, Xs) = (QT X1, X5) and dz = dZ, it then have that the previous expres-
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sion equals

(@79 (0 X (95,)(@7 X0, X0
+ QTV x,u' (X1, X2) - (Vx, ) (QT X1, X)

+ V" (X1, X2)Q - (V") QT X1, X,)
V(X1 Xs) - Vo (QT X, XQ)) d7

—/Q p(Xl,XQ) (diVU)(QTXl,XQ) dz

Let us now compute each term separately after recalling that A - B =

Tr(ABT) = Tr(AT B):

- First of all,

QTVXJ/(XM)Q)Q : (Vxlvl)(QTXth)

= Tr(QTVXlu/(Xl,X2>Q (Vx, ) (QT X1, X3))
= Tr(Vx,u' (X1, X2)Q - (Va, ') (QT X1, X2)Q7)
= Tr(Vx, v/ (X1, X5)(Q(Vx,0)(Q X1, X))
= V' (X1, X2) - Q(Vx,0)(QT X1, X5)QT

-Then,

QTV x,u' (X1, X3) - Vx,0'(QT Xy, X5)

= Tr(QTV x,u' (X1, X2)(Vx, )T (QT X1, X5))
= Tr(Vx,u' (X1, Xo)(Vx,0)T(QT X1, X5)QT)
= Tr(Vx,u' (X1, X:)(Q(Vx,0)(QT X1, X5))")
= Vi, (X1, Xs) - Q(Vx,0) QT X1, X).

-Finally,

Vx,u" (X1, X2)Q - (Vx,0")(QT X1, Xs)
= Tr(VXlu”(Xl, Xz)Q(VXIU”)T(QTXL XQ))
= Tr(Vx,u" (X1, Xo)(Vx,0")(QT X1, X5))T)
= V" (X1, Xs) - Vx,0"(QT X1, X,)QT.
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Therefore, we have that u fﬂé Vi - Vodi — fw pdive dz is

u/ <VX1U/ VXQU/) (X X)(QVXW'(QTXHXZ) QVXQU'(QTXMX?)) dz
0, \Vx,u” Vxu” ) 0TV 0"(QT X1, X2)QT Vv (QT Xy, Xo)

- / p(X, Xo)(divo)(QT Xy, Xy) di.
Qg

By setting 77()21;)22) :N(ﬁ,(XlaXQ)a@”()ghX}) = (QU,(QTXsz)aU”(QTXlaXﬂ)a
and since (div 0)(X1, X») = (dive)(QT X1, X5) we have

<VX1U/ VXQUI

w | Va-Vodz — /erdlvvdx = u/ V" szu”> (X1, Xo) - Vo(Xy, Xy) dZ

Q Q
— / pdivodz
Q
= Vu-Vf)dj—/ pdivodz
Q Q
= fodx
Q

:/ (f/-f}/—l—f”'f)”)di'
Q

B Q f/(X17X2) 'QU/(QTX17X2)

+ f”(Xl, Xz) . U”(QTXl, Xg) dz

= f/(QX17X2) : QU/(XlaXQ)

Qy

+ f"(QX1, Xa) - 0" (X1, Xo) dz
= fude,

Q
where the last inequality comes from the fact that
F(QX1, X2) - QU (X1, X2) = (QU' (X1, X2))T f/(QX1, Xo)
= (v'(X1, X2))T Q" f'(QX1, Xa)

= Q" (QX1, Xs) - v/ (X1, X>)
= (X1, X2) - v' (X1, Xa).
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From the uniqueness of the weak solution of the Stokes problem follows that
u = wu a.e in {2, and since the pressure is unique up to an additive constant,
there exists a constant c¢g € R such that p = p+cg a.e. in €. Then we have
that

/Qe(p(Xl,X2)+cQ)dx - /Qeﬁ(XlaXz)d:U :/

Q

p(QX1, X) d = / (X1, X,) da,
Qg

and therefore the constant cq equals 0, which is to say p = p a.e. in (.
]

Let now g € W'P(D,) satisfying ¢ = 0 on A; x dw and fDe g(z)dz = 0.

In order to construct a function u € VVO1 P(D,) satisfying:

divu =g in D,
IVullzep,) < Cllgllwreo,),

we use a construction inspired by the one in [9]. More precisely, we look for
solutions of the type

u( Xy, Xo) = (h(rv XQ)X1,¢(7”)U(X2))7

where r = | X;| and ¢ : A, — R is a radial function to be determined later.
For the sake of simplicity, we use the same notation for the radial function
defined on A, and for the function defined on (¢, /+1) describing the radiality,

i.e. we write ¢(r) = ¢(X;) if r = | X1|. Finally, v € (Wol’p(w))n_k is a solution
to the problem

divx,v =g inw

IV, 0] o) < CllgllLrw)-
where C' = C(p,w) and g € LP(w) is defined by

3(Xs) = / 9(X1, Xa) dX,.
Ay
Note that such a function v exists since

w wJ Ay Dy

The computations that follow are in a first time made formally (as if all the
functions were regular), their justifications under our regularity hypotheses
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being done later. In order to simplify the notation, we set 0,h(-, Xs) =
9h(-, X5). Then,

(div u) (X7, Xo) = div x, (h(r, X2)X1) + div x, (¢(r)v(X32))

Z <8rh(7“> XZ)S_;wi + h(r, Xz)) + ¢ (r)(div x,v)(X2)

= 0,h(r, XQ)M + zk: h(r, Xs) + ¢(r)(div x,v)(X3)
" i=1
= Oph(r, Xo)r + kh(r, Xa) + ¢(r)g(X>)
= g(r, Xs).
It follows that
Oph(r, Xo)r + kh(r, Xs) = g(r, Xa) — ¢(r)g(Xs).

1 we therefore have

Multiplying by r*~
Oph(r, Xo)r* + kr* " h(r, Xo) = r"g(r, Xy) — r* 1o (r)g(Xy).
This previous inequality then rewrites
Oy (h(r, Xo)r™) =" (g(r, Xo) — ¥ 'o(r)g(Xs)) in (6,€+1).

For X, fixed, a solution to this differential equation is then given by the
formula

h(r, Xy) = — M & 1g(s, Xa) ds — §(X) /@ F16(s) ds}

<

1 T r
= k |:/ / g(XhXQ) dO'deS - g(XZ)/ ¢(S) dO'deS:|
ok ¢ JOB, ¢ JoB;
1 _
= — [/ 9(X1, X5) dX; — g(Xs) ¢(X1)dX1] )
r O-k AE,T A,gm

(4.2.5)
where we denote by A, the set B, \Eg. Note that A = 0 on Ay, x Ow comes
from the fact that ¢ = 0 on A, x dw, which implies g = 0 on Jw.

Since we want our solution u to be in (Hg(D;)), we need v’ to verify
(X1, X2) = 0 on Dy, which is to say

B, X3) = h(£+1,Xs) = 0
h(T’, XQ) =0 VX, € ow.
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Computing h(¢+ 1, X5) gives

RO+ 1, X,) = m [ /A % X)X, ~g(X) [0, dxl}

Ayg
1
= (X, [1— X1)dX, ).
T 1/, san)
Combined with the fact that u” € (H*(D,))"* must satisfy u” = 0 on dD,,
we derive the following conditions for ¢:

¢ € WHe(Ay)
B(0) = (L +1) =0 26)
N o(Xp)dX; =1.
We therefore set ()
o) = (4.2.7)

with @ : [(, ¢ + 1] — R a Lipschitz-continuous function satisfying
¢l) =Pl +1)=0
e+1 (4.2.8)
/ O(s)ds = 1.
¢

In order to fix the ideas, let us take
1
Adir—0) if £<r<i+-
O(r) = 1 (4.2.9)

40+1—r) if €—|—§§r§€—|—1.

[\

Note that 0 < ®(r) < 2 for all r € [¢, ¢ + 1]. Consequently, ¢ > 0 and

2

[l Lo (ap) < pray

Theorem 4.2.10. Let g € CY(Dy) be a radial function, and ¢ € WH>(Ay)
be the radial function defined in (4.2.7). Then the function

(X1,X2) — u/(X1>X2> = h(|X1’,X2)X1,
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with h defined by (4.2.5), belongs to (C*(Dy))* and satisfies

(div x,u')(z) = 9(X4, X3) — ¢(r)g(X>) in D,
u' =0 on (0A) xw (4.2.10)
IV || 2opy < CUlgllLe 0y + 1V x291l0(D2))

for all p € [1,400], where the constant C depends only on k and n (for
¢ >1). Moreover, the mapping associating u' to g is linear.

Proof. We start by proving that ' € (C*(D,))*. From the definition of the
space C*(Dy), it follows that g is the restriction to D, of a function of class
C' on an open set (Byy14c \ By_.) X @ containing D,. For convenience, we
also denote this function by g. We extend ¢ by 0 outside of Ay, and we define
h:(l—el+1+e)xw—Rby
1
rkoy,

U / §(X1, X) dorx,ds — §(Xa) / ¢<X1>daxlds}
Y/ OBs l OBs
~ L b x).

rkoy

h(?”, XQ) =

(4.2.11)
forallr€ ({ —e,l+1+¢)and all Xy € @, where

90X = /A 9(X1, X) dX.

Since g is of class C! on (Byy14. \ Bi_.) X @, we have

(ngg)(Xz):/ (Vx,9) (X1, Xp)dX;.

Ayg

for all X, € w.

Note that the mapping associating the function h to the function g is
linear. Consequently, the application giving u is linear with respect to g.
Another remark is that g is of class C' on @, since g is C* on (Bgyi4e \
Eg_g) X W.

Since X; — | X] is of class C* on R*\ {0} and r — "’kla'k is of class C*° on
(0, 4+00), it suffices to prove that H is of class C' on ({ —e,0+1+¢) X Q.
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Therefore, we will prove that 0,H and Vx,H exist and are continuous on
(0 —e, 0+ 14¢) x@. For X, fixed, we have that

S 9(X1, X5)dox, and s — ¢(X1)doy,
0B 0B

are continuous on (¢ — ¢, ¢+ 1 + ¢) thanks to the continuity of g and ¢.
Therefore, the partial derivative with respect to r exists and

a?‘H(ra X2) = / 9(X1,X2>d0X1 - g(X2) ¢(X1)dUX1~ (4-2-12)
OB, 9B,

Since g depends only on X, and is continuous on @ and r — [ B, o(Xy)doy,
depends only on r and is continuous on (¢ — ¢,¢ + 1 + ¢), the product
9(Xa2) [ #(X1)dox, is continuous on (£ —e,f + 14 ¢) x @. All is left
to do is to prove that the function (r, Xy) = [, g(X1, Xs) dox, is continu-
ous. To do so, let us take (r, Xp) € (( —e,0+1+4¢) x @ and (', X)) €

([r — 6,74 0] x B(X5,7)) C (({ —e,04+14¢) x@). We then use the equality

/ 9(X1, Xy)doy, :rk_l/ g(rYy, Xo) doy,.
OB, 0B1
We derive that
/ Q(XlaXé)dffxl—/ 9(X1, Xp) dox,
9B, OB,
:T,k_l/ g(r'Y1, X3) doy, —Tk_l/ g(rY1, Xs) doy,
BBl aBl
= /1 (/ g(r'Y1, X3) — g(rYl,Xg)dayl)
0B
+ (T/k_l — Tk_l)/ g(rYy, Xy) doy,.
oB1

Since

("Y1, X5) = (rY1, Xo)| = [((r — )YhX' Xo)|

=V (r —)2|ViP? + X5 — Xof?
= \/(r )2 + | X5 — X5|?
= 1(r', X3) — (r, Xo)|
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and (1’ )k_l_is bounded as 1" — r, using the uniform continuity of g on the
compact (B,is5 \ Br_s) X B(X3,7), we derive

k=1 (/ g(r'Y1, X)) — g(rY1, X d0y1)> — 0 as (', X3) — (r, Xa).
0B1

Since (r’*=! —7k=1) — 0 as ' — r, we have that (recall that r and X, are
fixed here)

(r'* =t — rk_l)/ g(rY1, Xo)doy, — 0 as (', X3) — (r, X2),
0B
and so finally
/ g(XhXé) d0X1 - / g(leXé) dJXl — 0 as (Tleé) - (T, XQ)?
oB,,

0By

which implies that 0, H (r, X3) is continuous.
Let us now prove the existence and the continuity of Vx,H. Since for any s
fixed, the function

X2 €W g(Xl,XQ) dO’X1
0B,
is in C1(@) and its gradient on Xy is given by
szg(X17X2> d0X17
0B,

we deduce that for all 7 € ({ —¢,0+1+¢) and all Xy € @, Vi, H exists and
is defined by

Vo, H(r, X3) = / V,g(X1, X) doy, ds—V x,5(Xs) / 6(X1) dory, ds.
l y4 0Bs

0B

To start with, the expression
Vx,9(X2) / ¢(X1)doy, ds
¢ JoB,

is continuous as the product of Vx,g(X5), which is continuous since g is of
class C', with the function 7 — [, [, , #(X1)dox, ds which is continuous
thanks to the local integrability of

S d(Xy)dox, on ({ —e, 0+ 1+¢).
0B,
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Therefore, the only part that remains to study is

/ VXQQ(Xl’XQ) dO'X1 ds.
¢ JOBs

Let ¥(s, X5) = faBs Vx,9(X1, Xs)doy,. Using the same kind of computa-
tions as previously, one can prove that v is continuous on (£ —¢, {+1+¢) X @.
Then, we have that

/;/ (s, X5) ds—/;w(s,Xg) ds = /ET(¢(S,Xé)—¢<S,X2)) d8+/7jw(s,X2) ds

which goes to 0 as (1, X3) — (r, Xp) by using the uniform continuity of
on [(,r] x B(Xy,7) for the first term and its boundedness on [r — 4,7 + d] x
B(X3,7) for the second term. Therefore, the function

(r, X3) — /;w(s,Xg) ds

is continuous and we deduce that Vx, H(r, X3) is continuous.
We have, from the construction, that

(V') (X1, Xo) = (Vxu! Vxu') (X1, Xo)
= (BXL0,h(r, Xo) + h(r. Xo) . X Vx,h(r, X2)) -

Therefore, for any x = (X1, X3) € Dy = Ay X w, we have
X1X1T

(div x,u’)(z) = Tr(

=Z< h(r, Xs) + h(r, X2)>

= r0,h(r, Xs) + kh(r, Xs)
=

Orh(r, Xo) + h(r, Xa)Iy)

= 1 kﬁrh(r, Xo) + krk_lh(r, Xs))
1
= 8T(7” h(r, Xs))

_ 1 o, (H(T,Xz))

,,akfl Ok

__ 1 ( / 90X, X)X = (Xs)

okl

= g(Xy, Xa) — g(X2)o(r)

qS(Xl)daXl)

0By
(4.2.13)
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thanks to (4.2.12) and to the radiality of g and ¢ on D,. Then, all that
remains to do is to prove the estimate

IV o(py) < CU9llzr g + IV x29l20(0))-

e We start by estimating ||V.x, || ze(p,)-
We have that, for any = = (X1, X3) € Dy,

(V) @) = [22L0,h(r, X,) + h(r, Xo) 1]

T

< [r0uh(r, Xa)| |25E | + VEI(r, X2) 1 e

< |rouh(r, Xo)| + VE |h(r, X,)|

X1 X§¥
r2

— 1 and |I;| = Vk. Using the equality (see (4.2.13))

since ‘
10, h(r, X2) + kh(r, X2) = g(r, X2) — ¢(r)g(X2),
we therefore can derive that
(Vx, o) ()] < |g(r, X2)| + [o(r)g(Xa)| + (VE + E) |2(r, X2)] .
It follows that

11V xulll 1oy < Nalleon) + 1l a0l oo + (VE + B) |-l o(oy)-

Futhermore, we have that
=||P _
Ioton = | |/,

1 1P
</ ( / dxl>‘°( |g<X17X2>|de1)” 4, dx,
DE Ag Ag

=/ A7 (/ \g(Xl,Xz)!pd)Q) dX, dX,
=|Ae|5’// lg(X1, X5)|P dX; dX, dX,
Ap Jw J Ay

p

/ g(X1, X)) dX1| dX;dX,

P ~
140?90, 5
" (De)

B+1
<A N9l = AP 9170,
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and therefore
1V ] o,y < N9 llo ) + 19]lciop | Ael 9]l ooy + (VE + B)[[Bllooy
2
< llgllzr(ny + |AZIWH9HLP<D@> + (k + VE) 2| o (Dy)-

On the one hand, we have that

(4.2.14)

041
< O'k/ (20)F Y dr = 2" ot
¢
Using this inequalities gives
IV 3 1o,y < Nallzne + 289l ooy + (k + VE)IR(r, Xo) | Loeoy-

We now have to estimate ||h||z»(p,). Using the expression of h form
(4.2.11), we have that

1
|l Le (g < HWHLOO(DZ)HHHMDA

1
< —||H||r(D,)-
< — iy

For all r € (¢, + 1) and for all X, € w, we furthermore have

H(r, Xy)| = ’ / 9(X1, Xo) A, — g(Xo) | 6(X1)dX,
AZ,T Aé,r

< lg(X1, Xo)[dX, + [g(X2)] [ o(X1)dX,
Ay Ag

<2 |9(X17X2)|dX1
Ap

1
< 2| A7 g (-, Xo) || zecay)
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using that Ay, C Ay and that 0 < ng H(X1)dX,; < fA H(X1)dX; =1
(since ¢ is positive). It follows that

1]l 2o (D) < | g, Xa)llzr(ay)
LP(Dy)

2 2 1

= k </ | Al 1g(X1, Xo)|P dX, dx)
O-kg Dé A[
1

2 E N2
S <|A€|”// / lg(X1, Xo)|P d X d X, Xm)

g Ag w Ag

“ 2 (1407 [ 1otnga)’

7|AZ|F|AZ|5H9HL”(DZ)

IN

< 2 A ok
_w| llgllzr(py) < 7 —l9llr(Dy) »

thanks to equality (4.2.14).

Combining all these estimates, we finally have that
2k(k 4+ Vk)
19500 g < (142 + 2 gl

e We now deal with ||V x,u'||r(p,)-
We have that, since ’%| =1,
(V') (X1, Xo)| = | X1V x,h(r, Xo)|
= |TVX2h(r7 X2)|

1 —
= / Vxg(X1, X5) dXy — Vx,g(Xs) [ ¢(X1)dX,
OrT Aé,r Ae,r
1 p—
S —7 (/ |Vx,9|dX; + |VX29(X2)|/ |¢(X1)|dX1)
orTr Agr A,

using again that A,, C A, that ¢ is positive and that fAz pdX; = 1.
Therefore, using the equality

szg(X2> - / (szg)(X17X2> dX17
Ay
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we derive that

1
|(Vx,u') (X1, X3)| < Py (/ Vx,9(X1, Xo)[dXi + [ [Vx,9(X1, Xo)| Xm)
K A

Ayg

2
< ﬁ/ IVx,9(Xi, Xo)| dXy
OkT Ap

Using the Holder inequality, it follows that

1
1Vt oy < |5

[ 1959030, %) 0,
Lol 4, L»

1 p
N d
~ oplE! </D[ x)

1

1 P P

< </ \A,g|p// |VX29(X1,X2)|”dX1dx>
O'kf Dy A

1
1 2 ~\ 7
(\Ag\p’ / / IV x,9(X1, X5)|P dX; dX, Xm)
Ag w Ag

o lk—1

1
1 L P S\
S O'k[k_l |Aﬂ|p (/A[ ||VX29||LP(D(Z) Xm)

ELENYNTIVNE |Ad
S O-kgk’—l |A£|p |A£|p||vX2g||Lp(Dg) — —||VX29||LP(DZ)

O-kgk—l
S 2k_1||vX2.g”Lp(D[)7

—~

Dy)

3 =

IV x,0(X1, X2)| dX;y

Ag

IN

by using equality (4.2.14).

Combining the estimates satisfied by V x,u" and V x,u" we get, for ¢ > 1,
/

1Vl ooy + 1Vl [] oy

28 (k +Vk -
< (1 + 2k 4 %) ”g”LP(Dg) + 2 1HVX29HLP(D4)

< (1 + 1+ k+ \/E)> 190l o0y + 25V xo 9l o)
< Cr(llgllzooy) + 1V x29ll20(00)) -

The result then follows thanks to the equivalence between the norms

IV o and [IVOI| o p,) (see (4.1.5)).
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For the case p = +o00, while it is possible to give a direct proof, the easiest
way at this point is to let p go to infinity in (4.2.10)3, using the fact that the
constant is independent of p. O

4.3 Some results on the divergence problem

In its simplest form, the divergence problem - which plays a crucial role in the
mathematical approach of fluid mechanics theory - is stated in the following
way:

Let Q be a Lipschitz domain of R™ and g € LP(Q2), with 1 < p < 400,

satisfying / gdx = 0. Then there ezists a vector field u € (WyP(Q))" such
Q

that

divu =g in Q2
(4.3.1)

Vullzr) < Cllgllzry

where C' > 0 s a constant depending only on ).

Despite the simplicity of its statement, this problem is far from being
trivial. The difficulty comes in particular from the boundary condition. In-
deed, without this condition, it is very easy to construct a solution to the
divergence problem (at least for regular domains) by considering a solution
w € H*(Q) to the Laplace equation Aw = g in  (with some boundary con-
ditions, as for instance homogeneous Dirichlet or Neumann conditions) and
then taking u = Vw. Note that if we consider the homogeneous Neumann
conditions, only a small part of the boundary conditions will be satisfied by
u, since in this case, only the normal part of the gradient of w -hence of u-
vanishes on 02, not the whole gradient.

Considering the important role that this problem plays in the study of
the equations of fluid mechanics, there is no wonder that many authors took
interest in finding original solutions to it. To mention only a few, we send
the reader to the pioneering works of O.A. Ladyzhenskaya [46] and Bogovskii
([6] and [7]) and to the more recent papers of Acosta et al. [1], Amrouche
& Girault [3], Borchers & Sohr [8], Bourgain & Brezis [9], and Dacorogna
[30]. For the same problem, we also recommend the books of Dacorogna [31],
Galdi [34] and Temam [68].
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For general domains, the manner in which the constant C' in (4.3.1) de-
pends on Q is quite complex, see for instance [6] or [34]. In this section, we
are interested in solving the problem (4.3.1) in tubular annuli of the type
Dy = Ay xw = (By1\ By) X w (i.e., we take Q = D, in (4.3.1)), and we need
the constant C' to be independent of £. If we consider the constants appearing
in the works cited above, we can clearly see that they depend on ¢. However,
the constructions made in these works do not necessarily lead to the best
constants for the inequality (4.3.1),. Therefore, there is still a chance for
the best constants in (4.3.1) to be independent of ¢, when considering the
problem in the domains Dy, with ¢ going to infinity.

In fact, we know now that without any additional assumptions on g, this
is not possible. Indeed, in a recent paper, C. Mardare [50] proved that the
best constant C' of (4.3.1), is at least of order ¢/%', with % + z% =1.

The following theorem plays a key role in the proof of the main result
of this chapter and it states that one can have on D, a result similar to the
one in (4.3.1), with a constant C' independent of ¢, provided that g is radial
with respect to X;. In fact, the inequality that we obtain is weaker than
the one appearing in the classical divergence problem, since one also needs
the LP-norm of Vx,g - not only the LP-norm of g - in order to control the
LP-norm of Vu. This new inequality is however sufficient for our purpose,
which is the proof of Theorem 4.4.1 in the next section.

Theorem 4.3.1. If g € W'?(D,) (1 < p < o0) is a radial function along

X1 such that / g=20 and that g = 0 on A; X Ow, then there exists u €
Dy

(Wy? (D)™ such that:

divu =g in Dy
(4.3.2)
IVullzoy < CUlgllzepy) + VX9l 2o D)),

the constant C' being independent of ¢ for ¢ > 1 (C depends on k, n, p and
w). Moreover, u can be chosen depending linearly on g.

Remark 4.3.1. We would like to emphasize here the fact that, even with
the weaker inequality in (4.3.2), it is still not possible to drop the radiality
assumption on g, if we want the constant C' of (4.3.2) to be independent of
0. Indeed, without the radiality assumption, the best constant in (4.3.2) is at

least of order (17" (see [50]).
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Proof. To start with, we take once again u defined in the following way:
U(Xb X2> = (h(?“, XQ)Xla ¢(T)U(X2)) = (ulv u”)(Xla XQ)
with A being defined by the formula

h(r, X,) = L [/A“ 9(X1, X3) dXy — g(Xy)

TkO'k

P(X1) Xm} :
Agr

_ n—k
where Ay, = B, \ By (for ¢ <r <{+1),v € (Wol’p(w)) is a solution to
the problem

{div X,V =g inw (43.3)

IVx,0llerw) < Cpullgllirw)

and ¢ is given by (4.2.7) and (4.2.9). Recall that the existence of v is guar-
anteed by the condition fDe gdx =0, which implies [ §(X3)dX; = 0.

We now are going to justify this formula. First of all, since g € H(Dy) is
a radial function along X; and ¢ = 0 on Ay X Ow, it follows from Theorem
4.2.8 that there exists a sequence {g,,} of C*(D,)-functions, radial along X,
such that g,, —— g¢. Therefore, we can construct a sequence of functions

Wp(Dy)
{ul,}, with
u;n(Xl, X2) = hm(T, XQ)Xl
and
1 _
B (r, Xo) = —— {/ I (X1, X2) dX1 — gim(X2) $(X1) Xm}
rkay [ Ja,, Ag,r

in the exact same way as we did before Theorem 4.2.10. Therefore, according
to Theorem 4.2.10, u/, satisfies

(div x,u;,) () = gm(X1, X2) — ¢(r)gm(X2) in Dy
u,, =0 on (0A;) X w
VU, |lopyy < CUllgmllLeoy) + 1V x29mll 2o (Dy))-

We now prove that u), — u' in LP(D,). Since the function

X4

X1, X9) —
( 1, 2) Uka
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is in (L>°(Dy))*, it is enough to prove that

(X1, Xo) = Hpp (| X1, Xo) L—>(D) (X1, Xo) = H(|X1], X2)
P(Dy
where

Hir, X,) = / o(X1, X)X, — 5(X%a) | e(Xy) dX,.

Agﬂ‘ A(’.,r

To simplify the computations, we prove that

((Xl,Xg)i—> gm(Xl,Xg)Xm) . ((Xl,X2)|—>

Q(Xl,Xz)dX1> .
LP(Dy)

Al,r AZ,T

Indeed, using the Holder inequality (with % + z% =1),

J,

p

dx

/A (gm (X1, X2) — 9(X1, X)) dXy

S/ ‘Af,r’;l/ |gm (X1, X2) — 9(X4, Xo) [P d Xy da

D, Al,r

< AP / / [ (X1, X2) — g(X1, Xo)|P X, da
Dy J Ay,

< AP / g (X1, X2) — g(X0, Xo)P dX, do
Dy J Ay

= ‘Adp// |gm(X17X2> — g(Xl,X2)|p dz Xm
Ay J Dy
24
= A" gm — 9llLry)
= [A¢"l|gm — 9llr(Dy) = O,

as m — +00.
The same kind of computations, associated with the fact that

¢<X1) Xm - 17
Ag

lead to

(X1, X2) = gm(X2) P(X1)dXy e (X1, X2) = g(X2) (X)X,
AE,T P(De AZ,T
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and therefore,

(Xl,XQ) —> Hm(|X1|,X2) L?) (Xl,XQ) —> H<|X1|,X2)
P(Dy

Since the mapping giving u' in Theorem 4.2.10 is linear with respect to g, by
noting u’ = uy, one has

/ r_ ) o
Uppy = Uppy = Ug, = Uy = Ug g

Therefore, using Theorem 4.2.10,
IV, — Vg llewo,) = IV, . ey < Cllgm, — Gmallwra(ny),

which implies, since {g,,} is a Cauchy sequence, that {Vu/,} is a Cauchy
sequence and therefore converges in (LP(D,))"™. We then have that

ul,  — u € WHP(Dy). (4.3.4)
Whr(Dy)

and since
||vu;n||Lp(De) < C(HgmHL”(DtZ) + ||VX29m”Lp(De))v
thanks to Theorem 4.2.10, we derive
196l < Clgllermn + IV 529 i000) (43.5)

by letting m — +oo. Furthermore, we have, for every x € Dy,

(divu)(z) = (div x,u') () + (div x,u")(z)
= (div x,u")(x) + ¢(r)(div x,v)(X2) (4.3.6)
= (div x,0')(2) + 6(r)g(X2).

Thanks to the convergence (4.3.4), we know that
div x,ul — div x,u’ in LP(Dy).

Since g,, — g, it follows that
Lr(Dy)

(div x, ) (#) = gm (X1, X2) = (1) gm(X2) = 9(X1, X2) — o(r)g(Xa).

Therefore, (div x,u')(x) = g(X1, X2) — ¢(r)g(Xz) and then we deduce from
(4.3.6) that
divu = g in Dy.

We now estimate |V, u"||1r(p,) and ||V x,u” || 1r(p,)-
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e To start with, we study the term ||Vx,u"| 1»(p,). We have

|(VX1UN>(X1,X2)|: ¢/£T)U(X2)X1T,

. T
and since | XL | =

(Vo u") (X1, Xo)| < [ (r)o(Xa)] = |6 (r)[Ju(X2)-

1
Air—0) if €§r§€—|—§

Since ¢(r) = (I;k r with &(r) = 1
40+1—r) if €+§§7’§€+1,

we have

o) = ( o(r) ) _ i((b’(r) (k — 1)<I>(r)>

prk—1 rk

and then

9/(r)] sai( ! +2<k—1>) < A+l

k-1 (k ok pk—1

if ¢ > 1. Using the Poincaré inequality (4.2.1) for v and the Holder
inequality, we obtain

(/ |V x,u”|P d:v)
D,

PPl X2>|pdx)

[ orecs) |
( )P Xm) ’ (/w |U(X2)yde2> ’
U

IN

1
2 k+1 P
g(ke? 3 Xm) V]| e ()

k+1)
< T Cy, |Ag| IV, v o)
2(k +1) Lo
< it CuCoal Ad7llr)

(4.3.7)
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We now estimate the term ||g||1»(w):

Y
||§||Lp(w)§(/ / 9(X1, Xo)dX, ng)
w | A
Y
< (/( |9(X1>X2)|dX1> dXz)
w Ap
N P , (4.3.8)
< ([ (44719t olinian) a2 )
< 7 ([ ot Xl )

1
< [Ad# llgll Lo (pe)-

It follows that

. v 2k +
VP ) < 2D 0 Al gl
Dy f

2(k+1)
- gk 1
20+ 1)
- akﬁk—l

< Zk(k + 1)Cw0p,w”gHL"(Dz)

L CLCpul Al A7 gl oy

Cpr,UJ'Ae‘ Hg”Lp(DZ)

by combining inequalities (4.3.7) and (4.3.8) with equality (4.2.14).

o We finally take care of the last term ||V x,u”||1»(p,). First of all,

|(Vax,u") (X1, Xo)| = [6(r) (Vx,0) (X2)]-
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Then,

( [ 19 d:c)p < ( 5 |¢<r><vxzv><xz>|pda:)’l’

_ ( [ omrax, [ dXZ)‘l’

< 1@l zrap IV x,0| o)
1
< A7 (|9 Lo (ap) IV x,0] o ()

2 L
< i CrolAd7 9l
2 i .
< Gl Adl 1A lgllveos
2
S WCP’“’|AZ|HQ||LP(DZ)

< 2°Cpullglle oy,
by using inequalities (4.3.8) and (4.2.14).

Putting together the estimates for the LP-norms of |V x,u”| and |V x,u”,
we get

1950 o 1121 o < 24 s (kD Cort 1) gl - (4:39)

|HL”(D[

The estimate (4.3.2) follows from equations (4.3.5) and (4.3.9) combined

with the equivalence of the norm ||V (+)||z»(p,) and || ]V(-)|HLP(D[) (see (4.1.5)).

We now verify that v’ = 0 on 0D, = (0A;) X w|J As x Ow. To start with,
we have that

/ /
W on, o T8

by using the convergence (4.3.4). Since, thanks to Theorem 4.2.10, we know
that (uy, )5, = 0 for all m, it follows that Tr(u’) = 0 on (9A) X w.

The remaining part is to prove that v’ = 0 on A; X dw and to do so, we look
to the traces of u;, on this set. We have that

(u;n)lAgxaw = hm(r7 X2)X1|AZ><8LL)'
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Since — - X1 € L*(A; x Qw), it suffices to prove that

rko

H — 0in LP(A; X w).

m‘Aexw

We will only give the computations proving the convergence of the first term
in the definition of H,,, the second can be treated in a similar manner. We
have:

/AA;g X Ow

/ gm(XlaXQ)Xm
AZ,T

p
dO' S/ ’A&r‘p’/ ’gm(X17X2)|del dU
Agxaw Ag,T
< \AM’/ lgm (X1, X2) P dX, do
Ag)(aw A,g
Ve / g (X1, Xa)[? dor 0,
AgX@w

using the fact that

1(m)1a, o0 1o (arx0w) = | TE(9)[] Lo (4, x00) = 0.

We therefore can conclude that
Tr(u") =0 on Ay X dw.
We therefore have that
v =0 on dD;.

It remains to prove that u” € Wy”(Dy). Since v € W, P (w), there exists a
sequence {v,,} C D(w) of functions converging to v in W1?(w). Therefore,
v, € WEP(D,) N C(Dy) and ¢v,, = 0 on dw, which is to say that ¢v,, €
WyP(D,), and therefore pv € WyP(D,) using the fact that W™ is a closed
space and ¢v,, = 0 on dD,. O

Remark 4.3.2. Note that in the case k =n — 1, hence n — k = 1, we have
an obvious solution to problem (4.3.3), with C,,, = 1, that is even true for
p € [1,400]. Thus, in this case, we have a relatively simple constructive
solution for the problem (4.3.2). Moreover, the result of Theorem 4.3.1 is
this time valid for 1 < p < 400, with the constant in (4.3.2), depending
only on k and w. In order to see that, it suffices to remark that, on the
one hand, the arguments in the proof of Theorem 4.3.1 remain valid for any
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p € [1,+00) (since the Theorem 4.2.8 and the inequality (4.2.10), of Theorem
4.2.10 are valid for p € [1,+00)); and on the other hand, for p = 400, since
the domain Dy is bounded, one has g € W*(Dy) for any s € [1,+00), hence
we can apply the result of Theorem 4.3.1 with p = s and then let s go to +o0
and use the fact that the constant in (4.3.2), is independent of p.

Remark 4.3.3. We would also like to remark here that one obtains a differ-
ent solution u satisfying (4.3.2) for each choice of ® € Wl’oo((é,ﬁ + 1)) that
intervenes in the construction of the function ¢. Indeed, we made the special
choice (4.2.9) in order to fix the ideas, but any positive function satisfying the
properties (4.2.8) is valid, since what is important here is that the function
¢ defined in (4.2.7) satisfies the properties (4.2.6).

Furthermore, we have the following lemma, which can be easily obtained
by a scaling argument.

Lemma 4.3.1. Let { > 1 and g € LP(y) (1 < p < +o0) such that
er gdx = 0. Then there exists u € (W, ()" such that

divu=g in
IVull e,y < Cllgllr)

where C' is a constant depending only on k, p and w.

4.4 The main result

Before giving the main result of this paper, we provide here a last Lemma
that gives a useful property of solenoidal vector fields in €2,, vanishing on
Bg X Ow.

Lemma 4.4.1. If a function v € H*($,) satisfies

dive =0 in
v=0 on By X 0w,

then

/ v-vdo =0
(0Br)Xw

for all r € (0, 7).
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Proof. We have that

O:/ divvdx:/ v'uda:/ v~yda—i—/ v-vdo,
By xw O(Brxw) (0Br)Xw By x 0w

thanks to the divergence theorem. Since B, X 0w C By X dw, it follows that
fBrxawv.yda:O, and therefore f(aBT) v-vdo = 0. —

X

We now give our main result:

Theorem 4.4.1. Let f € V3(Qds) for some small enough B > 0 verify

F(QX1, Xy) = Qf (X1, Xa)

FOX0 Xa) = 11(X0, Xa), (4.4.1)

f:(f/,f”):{

and let uy € H' () be the solution of the variational problem (4.1.2). Then
for all £y >0,

(uﬁapf) - (uompoo) Strongly imn Hl(QZO) X £2(Q€0)

as £ — 00, where (oo, Poo) € (Hio(Qo0))” X LE (o) /R is weak solution to

the following Dirichlet problem in the cylinder Qs :

(s satisfies the same radial properties as f (see (4.4.1))

— AU + VDo = f i (D’(Qoo))n

div e = 0 in Qy (4.4.2)
Uso = 0 0n 0

. HVUOOHLQ(QZ) = 0(62’%).

Furthermore, we have the estimates
[V (ue — uso) || 2(02,) < Ce= forall ¢ >1
2

and
lpe = Poolz2(q, ) < Cle™ for all £> 1,

where C' > 0 and a > 0 are constants depending only on k, n, w, u, Cy (the
constant appearing in the definition of V3(Qs)) and f.
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Remark 4.4.1. The radial properties of us, are used to prove the uniqueness
of Uso, and it is highly probable that without this condition, the uniqueness
of the solution to problem (4.4.2) would be lost. This fact is suggested by the
case k = 1, where one can construct different solutions to problem (4.4.2)
(minus the radial properties) having non-zero fluzes (see e.g. [19]).

Proof. The proof of the theorem is divided in seven steps. The first three
ones will show that u, is a Cauchy “sequence” for the norm of H'(£,) for
all o > 0, then we prove that the limit of (u,) is the solution to the problem
(4.4.2) and the uniqueness of the solution to this problem. Finally, we treat
the estimate of the pressure.

Step 1. There exists a constant a € (0,1) only depending on k, n and w such
that

IV (up — gy, )|? do < a/ IV (up — ugy,)|? do (4.4.3)

Qg Qo 4+1

forall 0 > 1, for all ¢, < ¢ —1 and for all r > 0.

We start here by recalling the variational equalities satisfied by w, and
ugye on €2y and €y, respectively:

i | Vug-Vodz = [ fodz for all v € HE () (4.4.4)
Q Q
and

1 Vg, - Vodr = / fuvdx for all v € Hé(QHT).
L+r l+r

Since a function v € H(€) also belongs to H () (by extending it by 0
outside of ), one can use the same function v as a test function for both
equations. Subtracting the two equations leads to

/ V(g — tgy,) - Voda = 0 for all v € HY (). (4.4.5)
Q

Inspired by the methods from numerous previous works (see e.g. [11] or
[23]), we look for a test function of the type p(u; — uey,), with p = p(X7)
and p(¢) = 0. More precisely, we define p in the following way:
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0if |X3| > 61 + 1
p=p(X1]) = ¢ 1if [Xa] < 44
G+1—Xq|if 6 < |Xq| <6+ 1.

This implies that
X
\Y = ———on Dy,.
X1P |X1| on Ly
However, this kind of functions cannot be considered as test functions in
(4.4.5). Indeed, while p(us — ugy,) € HE(€,), its divergence do not vanish on
(), since

k k
div (p(ue = usr)) = D (00,p) (e = errs) + Y pO, (e = tesr);
i=1 i=1
+ > e (e — wryy);
i=k+1

= (Vxy) - plue — ueer) + pdiv (ue — ur).

Since div (ug — ugy,) = 0, in order to have div (p(up — wpy,) = 0 in Dy,
we therefore have to subtract from p(uy — ugy,) a Hi(Dy, )-function 8 such
that

divB = (Vx,p) - (ug — ugsr) in Dy,
IV 8120y < C (V) - (e = e o) (4.4.6)
1500 - T = s 2o )

Note that here, we use the equality

Ve (Vxip) - (e = uesr)') = (Vxip) - Vi (ue — )

In order to ensure the existence of such a function, we need to verify that
(Vx,p) - (ug — upy,) verifies the hypotheses of Theorem 4.3.1.
First of all, (Vx,p) - (ue — ugy) € HY(Dy,), since Vx,p = 24 €

(Wr(Dy,))".
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Then, we have that (recall that Dy, = Ay, X w)

X
[ Vs (w—wyde = [ - S ) do
Dgl Aél Xw |X1|

(g — ugy,) da
/A/ e (= e

{141
/ / ( Up — ’LLg_H«)/ dO’X1 dX2 dr.
01 8BT)><U.) |‘X'1

Since v(x) = <|§—1|,0> on (0B,) X w, then

X4

s (we — upyr)' = (g — ugyr) - V()

n (0B,) X w
Moreover, we have that 9Q, = ((0B,) x w) U (B¢ x dw) and, since u; = 0
on 0 and uy, = 0 on 0y, ,., we derive

up — U, =0 on By X ow,

given that By X Ow C By, X 0w C 0y,
It follows that

l1+1
/ (Vx,p) - (ug — ugyr) do = —/ / (g — tgyy) - vdodr = 0.
Dy, 0 (0By)xw

thanks to Lemma 4.4.1. Note that the fact that u, — up,,, = 0 on By X Ow
also implies that

(VXI,O) . <Ug — UHT)/ =0on Agl X Ow C By x Ow.

We now have to prove that (Vx,p) - (ug — us,)’ is radial along X;.
Since f verifies that

QX1 Xs) = Qf (X1, Xa)
QX1 Xa) = f(X1, Xa),

we have by Theorem 4.2.9 that u, and u,y, verify

u(QX1, X2) = Qui(X1, X2) and up,, (QX1, X2) = Quy, (X1, Xa).

f=U1" = {
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Then, we know by Theorem 4.2.7 that there exists two functions
Ry = Ry(r, X3) and Ry, = Ryyr(r, Xa),
with r = | X}], such that
up(X1, X2) = Ry(r, X2)X; for all (X1, X3) € Q

and
Uy, (X1, Xs) = Regr (1, Xo) X, for all (X7, X5) € Q.

It follows that, on Qy, (us — upy,) can be written as R(r, X3)X;. Since
Vx,p= —%, we therefore have that

, X
(Vaxup) - (e = wesr) = =5 - Rlr, Xa) Xy = —R(r, Xa)r
1

which is radial along X;. Consequently, we can apply Theorem 4.3.1 and
there exists a function [ verifying the properties (4.4.6). We extend this
function outside D;, by 0, the fonction obtained in this way satisfying the
properties

B € H5(Q) and div 3 = div (p(us — uep,)) in Q.

Therefore, .
v = plug — uerr) — B € Ho(Q).
Then,

/Q V(g — upyy) - V(P(W — Upgr) — 5) dz =0.

This implies, taking into account that |V, p| = 1,

/ pIV(u —upy,)Pde = — | Vi, (ue — upyy) - (e — wggr) (Vi p)* da
Qy Dél
+ / V(ug — ugyr) - VB da
Dy,
< / Vs, ate — )| (e — )|
Dy,
T / 1V (s — wer)| | V5] de
Dgl
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Using the Cauchy-Schwarz inequality, (4.4.6) and the fact that on Dy,
Vx,p= —% and hence ||V, pl|~(p,,) < 1, we deduce that
/ pIV (ug — uger) P dv < [V, (e — verr) 2200, lwe = werrll 22y,
Qy

+ IV (ur = wesr)l 20, )IIV Bl 2204

< [V, (we = wer)[ 22Dy )l we = werr || 22(0y )
+ OV (e = s 2o (1| (e = e 2,
+ 1V e = 42 201y ).

Since (ug — ugy,) vanishes on By X dw, we can use the Poincaré inequality
(4.2.1) to deduce

/ oIV (g —ugy,))? do < C’||V(uz—ue+r)||%z(,3el) = C’/ |V (g — gy, |* da
Q Dél

and, since p is nonnegative, this leads to

/ |V (g — ugy,)|? do = / pIV (ug — upy,) > da < / oV (ug — ugy,)|? da
Qg Qg Qp

<C {/ |V (g — ugyr)|* do — / |V (uy — W+r)’2d$}
Qg 41 Qe

which is to say that

C
_ 2 < - i 2
/QZl |V (ug — wpyr)| da < 5 C |V (ug — wpsy)|* de.

Qg +1

which proves inequality (4.4.3) with a = HLC <1.

Step 11. There exists constants C' > 0 and « > 0, depending only on w, Cy,
B and p such that

|V (wp — ue+T)||L2(Q%) <Ce™™ foralll >0 and all v €[0,1].  (4.4.7)

Let ¢ > 0 and r € [0, 1]. Starting with ¢; = %, we iterate the inequality

/ |V (g — upy,)|?dw < a/ |V (up — gy r)|? d

Qo 41
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[£] times, where [£] is the integer part of £. As a result, we have

/ IV (ug — wpsy)|? da < a[él/ IV (up — wgsy)|? daz .
Qy Qy . e
3 3+l3]
Noticing that
l 1 ¢
——1<[—]<— t O<a<l,
2 2] =32 °© ¢

it follows that Q§+[§] C Qy and then

/ IV (up — ugyr)|* do < az! |V (up — gy, )|? da.
Q% Q

Hence,

IV (ue = vesr)llzay) < ce” NV (ue — ueir) || 2y (4.4.8)

with ¢ = a2 and & = TIn(3) > 0.

Now, in order to establish the step II, we only need to estimate ||V (u, —
Upsr)| 22(,)- We have that uy € Hé(Qg}, and we therefore can use uy as a test
function in (4.4.4). This writes

u/ VUg-Vugdx:/ fugdex.
Q[ QZ

Consequently, using the Poincaré inequality (4.2.1),

i Vuel? de < || fll 2 el 200
Q

< Cullfll 2z I Vuel 220y
< Ce™||[Vue 120y

thanks to the fact that f € V(). Therefore,
IVuelr2 < Ce™, (4.4.9)

for a constant C' only depending on u, C,, and on the constant Cy appearing
in the definition of the space V3(Qx).
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In the same way
IVuer 2@ < IIVuelr2@,,) < CeP < Cele,

since r € [0, 1], with C being the same constant as previously.

We therefore have
19 = wes) iz < Vel + Vsl 2y < O,

with the last constant still not depending on ¢ > 0 or on r € [0, 1].
Combined with the inequality (4.4.8), the last inequality implies

|V (ue — u£+r)\|Lz(Q%) < Qe @B,

Finally, if § from the definition of V() verifies 8 < & (where & = 1 In(2)
only depends on k, n and w since this is the case for the constant a found in
step I), we have

9 e = wesr) 2,y < Ce™,

for all positive ¢ and all r € [0, 1], with o € R given by a« = & — g > 0.

Step I11. There exists two constants C' > 0 and a > 0 depending only on p,
k, n, w, Cy, and B such that

IV (ug — ug+t)||L2(Q%) < Ce ™™, (4.4.10)
for all positive £ and all non-negative t.
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This is a simple consequence of inequality (4.4.7):

-1

IV (e = wee)llzzay) < D IV (esi = wesirn)llzzioy)

5 2
=0

+ |V (wegpg — W+t)HL2(Q%)
[t]-1
<Y IV (i — uerivt)llz2@ )

=0

+ |V (e — W—s—t)HLQ(QeL[t])
2

[t] [t]

< Z Ce—a(f-i—i) — C«e—aé Ze—ai

i=0 =0

<C1

< ; - e—af
—— 67

)

with a being the same as in step IT and C' being different but depending on
the same parameters.

Step IV. There exists us € HL (Qs) such that for all £y > 0, uy — Uy in

loc
H' (), and u — us, verifies

IV (ur — o) || 120,y < Ce™™ forall £>0, (4.4.11)

£
2
for some constants C' > 0 and o > 0, depending only on w, u, Cy and [3.

A consequence of the Poincaré inequality (since u; — upy; € H' () and
g —ugyy = 0 on By X Ow) and of inequality (4.4.10) is that for a fixed ¢y > 0,

[ue = werell o) < CIV (e = ueie) |20y < Ce™,

for all ¢ > 2¢5 and all t > 0. This implies that (u)e¢ is a Cauchy “sequence”
for the norm of the space H! (€, ). Since H'(€y,) is a Banach space, there
exists u € H'(Qy,) such that u, — u2 in H(Qy,).

Making £y vary in N* gives us a sequence of limits u®  defined in Q. For
all non-zero natural integer k, we have u, — u* in H'(£2,). Since Q, C Q4,
for all ky < ks, we have uf! = u*? a.e. in Q4,, since uy — u® and u, — u?
in Hl (le)
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Then, we can construct a function ue € (HyL (Qx))" such that us = uf,

in Q. for all positive integer k. It is enough to set

ul, in

Uoo =

uf in Q \ Qy for all k> 2.

This function verifies
Up — Uso in H'(y,) for allfy > 0.

Estimate (4.4.11) is finally obtained by taking ¢ > 0 fixed and making ¢t go
to infinity in inequality (4.4.10).
Step V. The limit uy, from the previous step is a solution to problem (4.4.2)

First of all, u,, satisfies the same radial properties as f, since for any
fixed go > 0,
Up — Us in H' ()

as { — 400, and uy satisfies the following property: for all @ € OF, one has

ug(QX1, X3) = Quy(X1, X)
uy (QX1, Xa) = uy (X1, X)

for a.e. (X1, Xs) € Q.
The properties for u,, are then obtained by proving that we also have
Up —> Ugo 1N (L2(ng))n
with
ﬂOO(Xh XQ) = (ﬂ,oo’ 7llo/o)()(l? X2) = (QTuloo(QXla X2)u UZO(QXh XQ))
Indeed,
= el = [ 60 0) = Qe (@, X[

Lo

- / QT (W(QX1, Xa) — ! (QX1, X)) da

Lo

- / () — ) (QX 1, Xo)|? da

)

= [ I~ ), Vo) dy
Q

)
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since dz = dy for y = (Y1, Y2) = (QX1, X5) (recall that Q € Q). A similar

computation can be made in order to prove the convergence u; — 4. in

(L2(924,))" .

For a fixed £, > 0, let v € HL(€y,). Then, for all £ > £y, v € H(). It
follows that v is a good test function for the variational problem verified by
ug, for all £ > ¢y. Since v is 0 outside of €, we have that for all ¢ > ¢,

‘),

Since Vuy — Ve, strongly in (L?(y,))", letting £ go to infinity leads to

VUg-Vvdx:,u/ Vuy - Vode = fode = fvdzx.

£ Q Q Qg

(= Atos, v) = u/

Vi - Vodr = / fudx.
Q

Q

Lo )

This shows that u., satisfies the variational equation associated with (4.4.2),
since £, is taken arbitrarily. In particular, u., satisfies

for all ¢ € (D(€Q))™ such that div¢ = 0. Therefore, thanks to the de Rham
Theorem, there exists po € D'(2) satistying

— AU — [ = V.

Hence,
— AU + Voo = fin (D'(Qs))"

Xith Peo = —Poo- Since pAue+f € (H~'(€))" for all £ > 0, this implies that
Poo € L2 (Qs), using the fact that every €, is a bounded Lipschitz domain

loc

(see e.g., [3]). As usual, we consider the class associated to pe in L2 (Qs)/R
(for simplicity also denoted by py,) in order to retrieve the uniqueness for p,..

Therefore, the couple (us, Poo) satisfies the first equation of problem (4.4.2).

On the other hand, for any fixed ¢y > 0, we have that, for any ¢ > ¥,
~v(ug) = 0 on 9y, hence y(u;) = 0 on By X dw, where + is the trace opera-
tor. Since By, C By, we get y(uy) = 0 on By, X dw C 0€y,. Remembering
that uy — us in H'(Qy,) and using the continuity of the trace operator, we
deduce y(us) — Y(uo) in L*(08,) and particularly in L?(By, X Ow). Thus,
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V(o) = 0 on By, x Ow. Since ¢, is arbitrarily taken, we derive vy(uo) = 0
on 90 = RF x dw = |J (By, X w).

£o>0

Finally, using the estimate (4.4.11) and the inequality (4.4.9), we have

Vol L20) < [V (oo — uae)l|22(0p) + [[Vtize| 22 (0y)
< IV (uoo — uae) |20y + | Vuzell 200
S 0(6—2048 + 62,6’()
< O, e

Step VI. There ezists a unique solution to problem (4.4.2).

The existence of a solution being already established, we only need to
prove its uniqueness. Let u, s be two solutions of the problem. Then for
any £; > 0, the computations of step I remain valid for u., and ., replacing
ug and uyp,.. We finally get the inequality

/ |V (U — Tino ) |* dv < a/ |V (U — s ) |* do,
Qe Qo 4+1

for all /1 > 0, where a is the same constant as in step I. Then,
- 1 -
IV (thos — tioo) | 2(520,) < @2 |V (U — oo )[| L2020, 1)-
[terating k times the previous inequality leads to
- k .
IV (tos = tios ) || 2(520,) < 07 [V (U100 = Thoo) | 2202 1)
= 2|V (oo — tioo) || 22

Qey4k)

with & = }Lln(i) found in step II. Combining the last inequality with the

ones satisfied by u, and i, in problem (4.4.2), we deduce that,

||v(uoo - aoo)HL?(Qll) < 2000625(g1+k)€_2&k

= 20, ¥ e HaPk,

Fixing /; and making k go to infinity, we have that ||V (ue — o) 12(0,,) = 0
since < a.
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On the other hand, uy = U = 0 on €, implying us — s = 0 on
0. More particularly, for any ¢; > 0, we have s — liee € H'(€y,) and
Uso — Uoo = 0 on By, X Ow. Thanks to the Poincaré inequality, this implies
Uso — Uso = 0 a.e. in . Since ¢, was arbitrarily chosen, this leads to
Uoo — Uoo = 0 ave. In Q.

Step VII. Estimate for the pressure: there exists a constant C > 0 indepen-
dent of £ such that
Hpﬁ —poo||ﬁ2(Q£) < Cle™* (4.4.12)
2

for any £ > 2.

By substracting the equations (4.1.1) and (4.1.3) we obtain in H™!(£2):

—V(pe — Poo) = — A (g — Uso) -

This is equivalent to

/ (pe — Poo) divodr = | V(ug — u) - Vodr for all v € Hj(€).
Q

Q
R (4.4.13)
For p; — pso belonging to L?(£,), we choose the representative, for the sim-
plicity also denoted by p; — pso, Which satisfies

/ (Pt — poo) dz = 0.
2

Then, by Lemma 4.3.1, there exists v € Hé(Qg) satisfying

{divv =Py — Pso IN Qg

||VUHL2(Q%) < Ollpe — Pooll L2,

J4
2
for some constant C' depending only on k and w (and independent of /).

Extending v by 0 outside Qg and using it as a test function in (4.4.13),
we get

J

(pe = poc)? dz = /

(pr — poo) div v da = u/ V(s — ) - Vo da
Q

Y] Q
2

:u/ V(ug — o) - Voda
0
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This leads to

) IVVllz2@,)

£
2

lpe = Poollzq, ) < #IV (ue — uoo) 220

£

< ClV (up — uoo)HLQ(Q%)HpZ _pooHLQ(Q%) -

Finally, from the definition of the EQ—norm, we have that

Ipe = Poollza, ) < Ipe = Poollzzce,) < CUIV (ug = uso)lr2,) < Cle™.
(@) 5 §
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