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Extending the Unstructured PEEC Method
to Magnetic, Transient, and Stochastic

Electromagnetic Problems

by Riccardo TORCHIO

The main focus of this thesis is to extend and improve the applicability and the accuracy
of the Unstructured Partial Element Equivalent Circuit (PEEC) method. The interest on this
subject is spurred by the growing need of fast and efficient numerical methods, which may
help engineers during the design and other stages of the production of new generation electric
components.

First, the PEEC method in its unstructured form is extended to magnetic media. In this
regard, two formulations are developed and compared: the first one, based on the Amperian in-
terpretation of the magnetization phenomena, is derived from the existing literature concerning
the standard (structured) version of PEEC; the second one, based on the Coulombian interpre-
tation of the magnetization phenomena, is proposed by the author with the aim of collocating
PEEC in the context of Volume Integral Equation methods.

Then, the application of low-rank compression techniques to PEEC is investigated. Two
different methods are applied: the first is based on hierarchical matrices (H and H? matrices)
whereas the second is based on hierarchical-semi—separable (HSS) matrices. The two methods
are compared and the main numerical issues which emerge by applying low—rank techniques to
PEEC are analyzed.

Finally, the developed unstructured PEEC method is combined with the Marching On—in—
Time scheme for the study of fast transient phenomena with wide range of harmonics. Moreover,
two different stochastic PEEC methods are developed for uncertainty quantification analysis.
The first is based on the Polynomial Chaos expansion while the second is based on the Parametric

Model Order Reduction technique coupled with spectral expansion.
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Chapter 1

General introduction

1.1 Context

In recent years, many industrial sectors are facing a progressive electrification. For instance,
in the automotive industry (which is probably one of the most affected industrial sectors), the
interest in the development of full and hybrid electric vehicles is constantly growing, which is a
crucial point in the discussion concerning global warming and environmental awareness.

Moreover, other industrial contexts are facing an increasing electrification with the aim of
improving the efficiency and the accuracy of the devices and to contribute in the safety and
security of people and environmental protection [1].

Thus, more and more sophisticated and dense electric and electronic systems will be embed-
ded in several kind of complex devices (e.g. electric and traditional vehicles, see Fig. 1.1) leading
to an increasing need for numerical simulations, required during the design of new components
and other steps of the process, e.g. pre-certification.

In this framework, one of the main issue that engineers have to face concerns the study of
Electromagnetic Interferences (EMI), which may compromise the functionality and the efficiency

of the electric components, and then of the overall device.
Most of the new generation electric components is based on the Printed Circuit Board (PCB)
technology. Thus, such components often include very thin conductive traces (e.g. thickness

from 35 pm to 70 pum) printed on multi layers dielectric supports and ferrite magnetic cores (e.g.
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Figure 1.1: Electric and electronic devices in a standard vehicle.



2 Chapter 1. General introduction

Figure 1.2: L-C-T transformer, thin conductive traces printed on multilayer dielectric substrates and ferrite
magnetic core.

Fig. 1.2 shows an L-C-T transformer device [2]). The characteristic dimension of these devices is
usually between 5 cm to 30 cm and the working frequency is in the range of 20 MHz to 200 MHz.
From the electromagnetic analysis point of view, these geometrical and operational features
require to include both inductive and capacitive effects in the numerical simulations. Moreover,
in some cases (e.g. antennas for wireless communication), the electromagnetic devices cannot
be considered electrically small and the time delays on the propagation of the electromagnetic
fields must be considered.

Furthermore, nowadays electromagnetic devices are often connected with power condition-
ing units, which requires a comprehensive circuit interpretation (e.g. inverters). Thus, when
devices are connected with those modeled by means of lumped circuit components, a coupled

electromagnetic-circuit problem should be considered.

1.2 Finite Element Method vs Integral Equation Method.

A quick survey

One of the most popular methods for the solution of (low—frequency) electromagnetic problems
is the well-known Finite Element Method (FEM), which relies on the differential formulation
of the Maxwell’s equations [3]. Such a method has been widely studied and optimized for the
solution of several kind of electromagnetic problems (e.g electrostatic, magneto-static, magneto
quasi-static, full-wave) involving all kinds of electromagnetic material (i.e. inhomogeneous,
anisotropic, non-linear media) and it has been efficiently coupled also with other physics, e.g.
thermodynamics.

Beyond its wide generality and level of optimization, the FEM method shows some critical
issues when applied to problems of the kind described in the previous section. Indeed, one of
the main features of FEM is the need of discretizing both the active (i.e. conductive, dielectric

different from vacuum, and magnetic media) and inactive domains (e.g. the air). Moreover,



Chapter 1. General introduction 3

Figure 1.3: Near Field Communication Antenna, FEM model and mesh (only some domains are shown for
clarity).

Figure 1.4: Near Field Communication Antenna, detail of the FEM model and mesh (only some domains are
shown for clarity).

when an open boundary problem is solved by means of FEM, the computational domain must be
restricted to a big enough space portion which surrounds the devices and an artificial boundary
condition must be typically imposed; although special techniques exist.

Thus, when small geometrical details and thin conductive parts (such as the car body or
conductive traces printed on multilayer dielectric substrates) must be discretized, FEM easily
incurs in prohibitive computational costs. Moreover, also the time required for the construction
of the model and its discretization is often considerable and requires a great expertise by the
final software users (e.g. see Fig. 1.3 and Fig. 1.4 for the case of a Near Field Communication
antenna). On the other hand, the final algebraic system of equations obtained from FEM is usu-
ally very sparse and, over the years, a lot of efficient numerical techniques have been developed

to efficiently solve it (e.g. iterative solvers combined with ad-hoc preconditioning techniques).
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Figure 1.5: Near Field Communication Antenna (IEM model and mesh).

Figure 1.6: Near Field Communication Antenna (detail of IEM model and mesh for the conductive copper
trace).

As an alternative to FEM, Integral Equation Methods (IEMs) can be adopted. Two big
families of IEMs are: the Volume Integral Equation (VIE), which relies on the Volume Equiv-
alence Principle (VEP), and the Surface Integral Equation (SIE), which relies on the Surface
Equivalence Principle (SEP) [4]. Then, other integral approaches such as the Boundary Element
Method (BEM) have also been introduced [5].

Contrary to FEM, VIE and SIE rely on the integral formulation of the Maxwell’s equations.
IEMs have been mostly developed in the context of high frequency electromagnetic problems.
Indeed, with the increase of the frequency, the propagation of the electromagnetic fields becomes
more significant and the FEM method would require a larger computational domain (or the
adoption of sophisticated boundary conditions, e.g. perfectly matched layers) which would
results in an increasing computational effort. One of the most characteristic features of IEMs is
the need of discretizing the active domains only (or just their boundaries in the context of SIE).
Thus, with respect to FEM, IEMs allow for a very fast discretization of the models, without the
need of significant expertise by the final users (see Fig. 1.5 and Fig. 1.6).

However, the main drawback of IEMs is the generation of dense algebraic systems of equa-

tions which suffer from quadratic complexity in terms of storage and basic arithmetic operations.
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Moreover, the use of iterative methods combined with preconditioning techniques is still a matter
of research in the context of IEMs [6]. Thus, the only possible solution is often the adoption of
direct solvers (e.g. LU decomposition) which however suffer from cubic complexity with respect

to the amount of degrees of freedom.

With the aim of reducing the computational cost of IEMs, over the years, several low—rank
compression techniques have been developed [7]. In the electromagnetic and acoustic framework,
one of the most popular and oldest method adopted for matrix compression is probably the Fast
Multiple Method (FMM) [8, 9]. Such method requires an explicit knowledge of the kernel
function resulting in problem-dependent method. Nevertheless, FMM efficiently allows reducing
the complexity of the storage and the assembly of IEMs systems of equations.

More recently, different algebraic compression techniques have been developed. Such new
techniques are mostly based on Hierarchical matrix representation coupled with Adaptive Cross
Approximation (a purely algebraic method) or Hybrid Cross Approximation (a semi-analytical
method) [10, 11]. Such numerical methods are usually very general tools (contrary to FMM,
they do not require the explicit knowledge of the kernel function) and allow for increasing the
size of the largest solvable problem. Thus, in most of the cases, their use becomes mandatory.
Such methods provide a great speed up in algebraic operations, such as matrix multiplication
and solution of linear systems of equations.

In the last years, the development of these new compression techniques has boosted the in-

terest on IEMs also for the study of low and medium frequency electromagnetic problems.

Finally, for the sake of completeness, it is worth noting that numerical methods which combine
the features of FEM and IEMs have been actually developed, e.g. FEM coupled with Boundary
Element Method (FEM-BEM). These methods allows merging the advantages of FEM and
IEMs but they also introduce other numerical issues. Thus, it can be stated that a general and
multi—-purpose numerical method which allows efficiently solving all the kind of electromagnetic

problems does not currently exist.

1.3 The Partial Element Equivalent Circuit method

The Partial Element Equivalent Circuit (PEEC) method was first introduced by A. Ruehli in
the 70s for the solution of electromagnetic problems coupled with lumped circuit components
[12].

PEEC is a particular form of VIE in which the discretization approach provides a useful
circuit interpretation of the electromagnetic problem [13]. Indeed, the geometric entities of the
mesh are interpreted as electric circuit nodes and branches (see Fig. 1.7), which can be easily
connected with lumped circuit components. Thus, the final electromagnetic—circuit problem is
interpreted as an equivalent and fully coupled circuit (i.e. the discretized domains) possibly
connected with a lumped external circuit.

In the original form, only conductive media were considered in PEEC models. Later, the
method was extended to include dielectric regions with electric properties different from those of
vacuum [14] and numerous extensions have been proposed to consider, e.g., retardation effects
and incident fields [15, 16]. More recently, the method was extended to magnetic media under

the quasi-static assumption [17].
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Figure 1.7: PEEC method: from physical discretization to equivalent circuit.

For historical reasons, the PEEC method was initially developed and extended outside the
context of VIE. Indeed, in the 70s, due to the limited computing power, the studied systems
were made by very coarse meshes and, at that time, the main interest on the PEEC method was
the possibility to include electromagnetic interactions between poorly discretized devices in the
(even large) circuit problem. Thus, the final electromagnetic—circuit problem mainly consisted
of lumped circuit components, therefore it was natural to solve it by means of Spice-like solvers.
For this reason, PEEC was mostly related to the use of Spice-like solvers in the context of
coupled circuit problems [18].

However, with the massive increase of the computing power and available RAM for standard
workstations, the interest in performing increasingly complex and computationally expensive
electromagnetic simulations has grown.

This, together with the progressive electrification and the development of more and more
sophisticated and dense electric and electronic systems, spurred renewed interest in the PEEC
method which provides the advantages of standard IEMs together with a useful circuit interpre-
tation. However, nowadays the coupled electromagnetic—circuit problem is usually more biased
toward to the electromagnetic problem rather than the circuit one. Indeed, compared to the
past, the current computing power allows for very fine discretizations of the devices.

Thus, for these reasons, although the basic theory of PEEC method has not changed, nowa-
days different solution strategies are more likely to be applied for the solution of the PEEC
problem, which is also used in contexts other than those of the past [19]. Moreover, for the
different nature of the problems of interest, the formulation and the theoretical background of
PEEC have been changed in the recent years and by different communities, leading to some
difficulties and misunderstandings in the definition of what PEEC is and what it is not [20].

Another important aspect which usually creates some misunderstanding is the discretization
process adopted for the PEEC method.

Indeed, in the original PEEC method a peculiar discretization process was adopted. The
discretization process of the PEEC method was ruled by the main goal of providing a direct
circuit interpretation of the mesh of the modeled devices [13]. However, beyond its intuitiveness,
such discretization method only allowed for structured meshes (Manhattan type) and zero order
shape functions (Fig. 1.8). Moreover, the assumptions made in the derivation of such scheme
sometimes lacked of a systematic background and may lead to a un—precise numerical method
[21] since the property of the electromagnetic unknowns are not strongly enforced.

In recent years, the PEEC discretization scheme has been re—formulated introducing the
concept of duality and primal and dual grids (Fig. 1.8). The unstructured PEEC discretization

scheme was pioneeringly introduced in [21] for equivalent surface conductive models where the
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Figure 1.8: PEEC method, standard discretization vs unstructured discretization. 2-D model.

concepts of primal and dual grids (common to the Cell Method discretization approach [22])
have been introduced in the framework of the PEEC discretization. Then, the unstructured
PEEC discretization was extended to the case of volume conductive and dielectric media [6,
23]. Moreover, this theoretically sound formalization of the PEEC tessellation allows for the
study of structured and unstructured meshes without any particular additional effort and the
electromagnetic properties of the unknowns are naturally and strongly imposed.

In recent years, both the original and the unstructured PEEC methods have been extended
and adopted by different communities. The original PEEC method is usually named as Stan-
dard-PEEC method while the unstructured version introduced in [21] has been named as Dual—
PEEC [24] or Unstructured-PEEC [6].

1.4 Aim of the thesis

The main goal of the work is to extend the applicability of the Unstructured-PEEC method and
improve its efficiency and accuracy.

In this regard, the extension of the Unstructured-PEEC formulation for the inclusion of
conductive, dielectric, and magnetic media is the first objective of the research. Moreover, the
basic idea of the research is to properly collocate the PEEC method in the context of VIE, with
the aim of developing a sound and rigorous formalization, taking advantage of the results and
the wide research carried out in the context of VIE. Indeed, the intention is to maintain a high
generality without limiting the method only to very specific cases.

Moreover, with the aim of providing at once natural and sound circuit interpretation of the
electromagnetic problem, the Cell Method approach is adopted for the discretization process.

Although the thesis deals with the PEEC method in general, the extension and the improve-
ment of the applicability of the method for the study of industrial problems (such as the ones
discussed in the first section of this introduction and others which appear during the PhD thesis)
is the long term goal in which this thesis is taking place.

Therefore, considerations concerning the accurate evaluation of the distribution of the elec-
tromagnetic quantities are consider as crucial aspects. Indeed, these matters strongly affect the
accuracy of the evaluation of quantities of industrial interest, such as losses and EMI.

Thus, since VIE (and IEMs in general) have been mainly developed for problems of different
nature (e.g. scattering), a particular attention is given to aspects that instead may be labeled

as minor in standard VIE for high frequency problems.
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Another ambitious goal of the thesis is the coupling of the PEEC method with efficient
compression techniques. In this regard, this thesis aims to continue the work of a former PhD
student of G2ELab, Grenoble, concerning PEEC and compression techniques [6]. A particular
attention is given to the analysis of the issues which may appear when different electromagnetic
problems are solved with PEEC coupled with compression techniques. Moreover, different kinds
of compression techniques are investigated.

As a further goal, the thesis aims to provide a comprehensive description and analysis con-
cerning the main numerical aspects of the Unstructured-PEEC method and it aims to provide
an exhaustive reference and a starting point for future investigations and researches. For these
reasons, physical and mathematical aspects which may be well-known for readers experienced
in IEMs are however thoroughly discussed.

In this regard, particular attention is also given to the theoretical background concerning
Maxwell’s equations, the interpretation of the magnetization phenomena, and the integral rep-
resentation of the electromagnetic problem. These aspects are very well-established. However,
different assumptions and different interpretations are usually made by different communities
(e.g. low frequency and high frequency communities). Thus, the author believes that misunder-

standings may arise if such aspects are not adequately discussed.

Once obtained a proper expertise concerning the theoretical background of the Unstructured—
PEEC method and after having contributed to its extension and development, the interest shifts
on the combination of the PEEC method with different numerical techniques. In this regard,
the study of transient phenomena with a rich harmonic content is investigated. Moreover, the
application of the PEEC method in the context of stochastic analysis for uncertainty quantifi-
cation is also investigated. Furthermore, the efficiency and accuracy of the developed methods

are analyzed by studying challenging problems of industrial interest.

Finally, as a background goal, the thesis aims to promote international collaborations with
several groups of research. In this regard, the main work has been carried out under the joint—
PhD agreement between Universita degli Studi di Padova, Padova, Italy, and University Grenoble
Alpes, CNRS, Grenoble, (G2ELab). During the PhD activity the following collaborations have

been undertaken:
e Institute for Fundamentals and Theory in Electrical Engineering, TU Graz, Austria,
e Department of Energy “G. Ferraris”, Politecnico di Torino, Italy,

e Dipartimento di Elettronica, Informazione e Bioingegneria, Politecnico di Milano, Milan,
Ttaly.

The rest of the work is organized as follows. In Chapter 2, the formulation of the PEEC
method is derived and discussed. Two alternative formulations are presented: 1) The Amperian
one, which was first proposed in [25] for the standard PEEC method and then has been developed
by the author in its unstructured form [26], and 2) the Coulombian one, which has been mainly
developed by the author during the thesis [27] and which makes it possible to collocate PEEC
in the framework of VIE.
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In Chapter 3, both the Amperian and the Coulombian PEEC formulations are discretized by
means of the Cell Method with specific focus on inhomogeneous media and equivalent surface
models.

Chapter 4 concerns the solution and the choice of the best structure of the PEEC system of
equations when different electromagnetic problems are considered. Numerical issues which may
arise during the solution of the PEEC problem and how to prevent them are matters of thorough
discussions.

Chapter 5 instead collects the experiences and the numerical analysis concerning the coupling
of the PEEC with low-rank compression techniques. Critical numerical aspects which may
appear when low-rank techniques are applied to the PEEC are discussed and some possible
solutions are presented.

The remaining chapters concern the extension of the PEEC method for the study of fast
transient phenomena and stochastic analysis. In particular, chapter 6 concerns the coupling of
the PEEC method with the Marching On—in—-Time scheme for time domain analysis while in
Chapter 6 the PEEC method is combined with Polynomial Chaos and Parametric Model Order
Reduction techniques for uncertainty quantification analysis.

Finally, in Chapter 8 conclusions are drawn and in the appendices some secondary aspects
are discussed (i.e. charge density distribution inside electromagnetic media and axisymmetric

problems).






Chapter 2

PEEC formulations

This chapter deals with the development of the mathematical formulation of the PEEC method
under the frequency domain assumption. The PEEC formulation is first presented in its orig-
inal form, i.e. the Amperian-PEEC (A-PEEC) formulation. Then, the Coulombian-PEEC
(C-PEEC) formulation, introduced by the author during the PhD research, is presented and
discussed.

The aim of this chapter is to derive the integral equations which represent the electromag-
netic problem. Then, these integral equations will be discretized and then numerically solved as
presented in Chapter 3 and Chapter 4, respectively. Both the PEEC formulations are presented
in their more general form and the most significant mathematical and physical aspects are thor-

oughly discussed in order to provide a complete and self-consistent presentation.

2.1 Domain definition

Since PEEC is a particular form of VIE method, only the active domains must be discretized
and the electromagnetic interactions are considered by means of inductive and capacitive cou-
plings. For isotropic media, the term active domains refers to conductive (materials with electric
conductivity, o, different from 0), dielectric (materials with relative electric permittivity, e, dif-
ferent from 1), and magnetic (materials with relative permeability, u,., different from 1) media.
These three domains are defined as ., Qq4, and €, respectively, and Qc, Qq, 2, € R3.

When anisotropic media are considered o, €,-, and ., are tensor quantities, thus the definition
of active domains must be properly changed by using tensors instead of scalars. However, the
development of the mathematical formulation and its discretization is the same for both scalar
and tensor material quantities. Thus, in the following (unless specifically noted otherwise), the
material parameters o, €., and p, can be indistinctly considered as scalar or tensor quantities.

The three active domains can consist of non—connected sub—domains (i.e. Q. = U]kv Qe ,
where N is the number of conductive sub—domains) and any intersection involving 2., 4, and
Q,, can be in general different from the empty set, as exemplified in Fig. 2.1. The active domains
are surrounded by the unbounded domain €y € R? \ (2. U Q4 U Q,,), having characteristics of
vacuum (inactive region). The boundaries of ., 4, and Q,,, are defined as ', = 9Q,, T'y = 0y,
and T',, = 9, respectively.

The union of the conductive and the dielectric domains, Q. = Q. U 4, is defined as the
electric domain, having boundary I', = 0.. Moreover, Q, = Q. U Q4 U Q,, is defined as the

active domain with boundary T', = 0€),,.

11
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Figure 2.1: Domain subdivision and intersections.

For the sake of clarity, in this chapter homogeneous media only are considered, i.e. o, &,
and p, are uniform quantities inside each kth sub—domain Q,, , Qg4, , and €,,,,. The case of non—
homogeneous materials will be treated in Chapter 3. The cases of lossless and lossy materials are
both considered, while the case of nonlinear materials has not been investigated in the context
of this PhD thesis.

In this and the following chapter, for the sake of generality, the full Maxwell’s equations have
been considered. Then, in Chapter 4, the systems of equations for the cases of quasi-static and
static assumptions are derived such as particular cases of the most general one. However, by
imposing a priori the proper assumption (static or quasi-static) ,such quasi-static and static

cases could be also directly derived following the procedure of this and the next chapter.

2.2 Amperian PEEC formulation

In order to simplify the discussion and following the chronological evolution of the A-PEEC
method (i.e. the PEEC method based on the amperian interpretation of the magnetization
phenomena), the formulation is first developed for conductive media only. Then, the extension
of the method to lossless and lossy dielectric media is given in Section 2.2.2. Finally, the more
general method considering conductive, dielectric, and magnetic media is presented in Section
2.2.3.

2.2.1 Conductive media

For its great importance, the derivation of the integral equations which link the electromagnetic
potentials to their sources are thoroughly discussed in this section. Therefore, the well-known
Electric Field Integral Equation (EFIE) (i.e. the starting point of the PEEC formulation) is
obtained and the final PEEC electric equation is then presented.

Maxwell’s equations and potentials
Full Maxwell’s equations in the frequency domain read [28]:

V-D =g, V x E = —iwB,
V-B =0, VxH=J.+ iwD,

(2.1)

where 4 is the imaginary unit, w is the angular frequency, D, E, B, and H are the electric
displacement field, the electric field, the magnetic flux density field, and the magnetic field,
respectively. g is the free volume electric charge density and J. is the conduction current density

(bold letters indicate complex vectors). Since no dielectric and magnetic media are considered
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in this section, the following linear constitutive (material) equations can be introduced:

D= 80]1—‘47 (22)

where €y and p are the permittivity and permeability of vacuum, respectively.

Because B is divergence free, the vector potential A can be introduced:
B=VxA.
This expression for B can be inserted into the second equation of (2.1), yielding:
V x (E+iwA) =0. (2.4)
Then, by using the vector calculus identity
V x V[e] =0, (2.5)

(2.4) allows writing:
E = —iwA — V., (2.6)

where ¢, is the electric scalar potential.

It is worth noting that, in the low frequency community, A is usually called magnetic vector
potential. However, in order to avoid misunderstandings with the names of the potentials defined
in Section 2.3, in this work the author always refers to A as vector potential.

Integral equations for A and ¢,

In order to obtain an integral expression which links the electric field E to its sources, the integral
expressions of the potentials A and ¢, must be obtained.

Considering the fourth equation in (2.1), since H = H—IOV x A and using (2.2), provides:

1
VX (VX A) =T+ i (2.7)
0

By letting (2.6) in (2.7) and applying

V x (V x [8]) = V(V - [o]) — V?]e], (2.8)

to the left side of the equation, one obtains

1
M—(V(V CA) = V2A) = J. 4 iweo(—iwA — V). (2.9)
0
The Lorenz gauge choice V - A = —iweguop. allows decoupling A from ¢, in (2.9). It

should be noted that a different and interesting approach based on the Coulomb gauge could
also be adopted [29] to develop an integral Equation method, however this would not lead to the
traditional PEEC approach.
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Therefore, (2.9) simplifies to:
V2A — (iw)*poco A = —pod., (2.10)

or, equivalently, to
OA = pode, (2.11)

2¢y? — V2 is the d’Alembert operator and ¢ is the speed of light in vacuum.

where [0 = (iw)
The solution of (2.11) can be derived from the following fundamental partial differential

equation (PDE) [30, 31]:

V2G(z —y) + BG(x —y) = —5(z — y), (2.12)
where
e~ 1B(z—y)
Gz —y) = 7 (2.13)

and d(z — y) is the Dirac delta function and z,y,8 € R.
When the frequency dependent term is negligible (w?upep — 0), i.e. low frequency as-
sumption, (2.11) becomes the vector Poisson equation, which is solved by the following integral

expression:

A(r) = /,Lo/ Je(r")go(r,r")dSY, (2.14)

c

where r is the field point and r’ is the integration (or source) point moving in €. and

go(r,r') = —, (2.15)

is the static Green’s function (derived from (2.13)) and r =|| r —r’ || is the distance between the

two points .

When the low frequency assumption does not hold, the effect of the time delay on the field’s

propagation must be taken into account, so that the solution of (2.11) becomes:

AW = po [ T(glr, ). (2.16)
Qc
where

g(r,x') = e=" gy (r, 1), (2.17)

is the dynamic Green’s function and g = % is the propagation constant.

In (2.14), the single value of J.(r'), in a specific point r’, gives a contribution to the vec-
tor potential A(r) in phase with itself, while in (2.16), J.(r") and its contribution to A(r) are
generally out of phase by a quantity equal to Br; this is the role of the exponential term in
the expression of ¢g(r,r’). The corresponding time domain integral expression links A(r,t) to
Jo(r',t'), where t' = ¢ — ~ and, with a slight abuse of notation, A(r,?) and J.(r’,¢’) are now

considered as real vectors and not as phasor vectors.

For low frequency electromagnetic problems (i.e. when I << A, where [ is the characteristic

dimension of the computational domain and ) is the electromagnetic wavelength) the time delay
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effects can be neglected, i.e. (2.14) can be adopted instead of (2.16). In the following discussion,
for the sake of generality, (2.16) is considered, but a low frequency PEEC formulation can be
easily derived by substituting g(r,r’) with go(r,r’). Comments on the low frequency assumption

are given when required.

From (2.16), and with the Lorenz gauge assumption, an integral expression for . can be

obtained:

—iwpe(r) = VEOJ;O = —1/ V- (r,r'))dsY, (2.18)

where the symbol V operates with respect to the field point r

Then, the vector calculus identity:
V-(aA)=aV-A+Va-A, (2.19)

where A is a vector field and « is a scalar field, can be used to derive an integral expression for
the electric scalar potential ¢, from (2.18).
By applying (2.19) to the integrand of (2.18), one obtains:

V- (Je(r)g(r,x)) = g(r, 1)V - I (x') + Vg(r,x) - Jo(r'). (2.20)

Noting that V - J.(r') = 0 [30], and applying Vg(r,r') = —V’g(r,r’) [30], where V' means

that the operator V operates on r’, (2.18) can be written as:
—iwpe(r) = —gg 1/ Jo(r') - V'g(r,r')dsY. (2.21)
QC

As proposed in [23] and by the author in [27], this equation can be directly adopted for the
development of a PEEC method. However, with the aim of presenting the formulation related
to the canonical PEEC method, (2.21) must be further handled.

Applying the identity (2.19) to the integrand of (2.21), the following expression can be

obtained:
iwpe(r) =5 [/Q V' (T (x)g(r,x'))dQ — /Q g(r, e \V' - J.(x")dQ'|. (2.22)
Now, we have to define the following continuity equations for J:
V' Jo(r') = —iwp(r'), (JFE) =T (1) - n = —iwe(r), (2.23)

where ¢, is the free surface electric charge density laying on a surface over which J. is discon-
tinuous; the superscripts + and — indicate the two sides of the surface, and n is the outgoing
unit norm vector. The set of these surfaces of discontinuity is indicated by I'.. When only
homogeneous media are considered, as assumed in this chapter, the only surface of discontinuity
is the boundary of €., thus I'. = I'. and the second equation in (2.23) reduces to:

J.(r') - n=iwc.(r) = J.(r") - n = iwe.(r). (2.24)

c
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Indeed the positive side of the surface belongs to Qp, thus JT(r') = 0.
The divergence theorem can be applied to the first integral of (2.22):

FC

/ V' (Je(x)g(r,x")dQ = / (JF)=JI (") - n g(r,x')dl’. (2.25)
Qc

By using these relationships, the final integral expression for ¢, is obtained:
@e(r) = ¢ {/ Se(r')g(r,x)dl’ +/ 0c(r)g(r, v )dY |. (2.26)
. Qe

As stated above, since only homogeneous media are considered in this chapter, I'. can be substi-
tuted with I'.. It must be noticed that the free volume electric charge density o. is completely
negligible in almost all engineering problems. This argument is further discussed in the Appendix
A. However, for the sake of clarity and generality, o. is maintained during the development of

the formulation.

EFIE, Electric Field Integral Equation

The derivation of the Electric Field Integral Equation [31] is now straightforward. In (2.6), A
can be substituted with (2.16), whereas ¢, can be substituted with (2.26), yelling:

E(r) = —iwuo/ Je(r')g(r, r')dQ =V {Eol / Se(r)g(r,x')dl" + &5t / oc(r)g(r,x")deY |,
c T. Q.
(2.27)
where E is directly linked to its sources: the current density J. and the charge densities o, and

Se-
By using (2.23), the EFIE can also be rearranged in order to relate E to J. only:

E(r) = — iwpo / 3.()g(r,v)de
o (2.28)
- Y =JI7 (")) - ng(r,r)dl’ — " o) g(r, 2" )dQY .
[/Fcuc() 3 6) mglr)ar = [ 93,6500

TWEQ Q.

Since w appears in the denominator of the second part of the right side of the equation, this

expression of the EFIE can only be used when the frequency is different from zero.

PEEC electric equation

Now the attention is focused on the derivation of the equation that will be discretized in Chapter
3. The total electric field, E, is split into the scattered electric field, E;.,, and the external electric
field, E..¢, as

E=Eq+ Ecgt. (2.29)

Inside conductive media (€2.), Ohm’s law, which locally links the total electric field, E, to

the conduction current density, J., is given by:

E(r) = pe(r)de(r) = ; (2.30)

where p. = o ! is the electric resistivity. Instead, the scattered electric field, Eg,, is given by
the EFIE, (2.27) or (2.28).
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The external electric field (incident electric field), Eq.¢, is the field produced by external
sources (current and/or charge densities) that are not considered inside the computational do-

main 2 = Q, U Q. Thus, the following PEEC electric equation can be obtained:
E(irt(r) = E(I‘) - Esca (I‘), (231)

that, by choosing (2.27), in explicit form becomes:

1) o
7o(r) ~+ iwpg /Qc J.(r")g(r,x")dQ

+V [561 /1_1 So(t)g(r, v )dT + et /Q 0c(r')g(r, r/)dQ’] .

c

Eezt (I‘) =

(2.32)

Whereas, by choosing (2.28), it becomes:

Ecqi(r) = Te(r) +in0/ J(r")g(r,x")dQ’
UC& - (2.33)
~ weo [/F (I (") = 3. () - mg(r,x)dl" + /Q v Jc(r')g(r,r’)dﬂ’}

It should be noted that the above approaches are integral equation methods which avoid the dis-
cretization of the unbounded air domain. This feature is extremely attractive for high frequency
electromagnetic problems and when complex structures are embedded in a large air domain.
Equations (2.32) and (2.33) are derived from two different expression of EFIE given by (2.27)
and (2.28), respectively. However, in the original PEEC method the final PEEC electric equation

is given by:

Eeut(r) = Je(r) Jriwuo/ J.(r)g(r, v )dQY + V. (r), (2.34)

UC(I') Q.

where the electric scalar potential ¢, remains as unknown. Thus, this last equation is solved

together with

r:—1 (Y = I (")) - ng(r,r’ ! " r')g(r,r’ !
o) [ @) - aw) e [ 9. 2a)

inO

obtained as the combination of (2.23) and (2.26).

2.2.2 Conductive and dielectric media

In order to consider the presence of dielectric media, the formulation presented above must be
revised. For the sake of clarity and simplicity, ideal (lossless) dielectric media are first considered
and then the extension to lossy media is given.

Lossless dielectric media

The main idea is to introduce the electric polarization P as an equivalent source in vacuum.

Therefore, when dielectric media are present, equation (2.2) must be changed in:

D=cE+P or D=¢e,E (2.36)
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Following the discussion of Section 2.2.1, by using (2.36) instead of (2.2), we get the following
differential equation:
V2A — (iw)?pogoA = —po(J. + iwP). (2.37)

The term iwP, in the right—-hand side of the equation, is usually called the polarization current
density vector, J4 = iwP. This quantity is non vanishing in the dielectric domain €.

Now, since (from a mathematical point of view) J, acts exactly as the conduction current
density J., the electric current density vector, J. = J. + J4, can be introduced. This quantity
is zero outside €2.. In this section, lossless dielectric media are considered, thus no conduction
current flows in Qg, i.e. Q. Ny =0, and J. =T, in Q. and J. = J4 in Q4.

After the introduction of J., the proceeding of the formulation is straightforward. The

solution of (2.37) is proven to be:

A(r) = o / Je(r)g(r,r')dsY. (2.38)
Qe
Likewise Section 2.2.1, the integral expression of ¢, is now obtained from (2.38) applying the

Lorenz gauge:

iwpe(r) = eyt [/Q v (Je(r’)g(r,r’))dﬂ’ - /Q g(r, )V - Jo(x)d|. (2.39)

e

Now, complementary to (2.23), the following continuity equations are introduced:

V' -P(r) = —pq(r), (P+(r') — P_(r’)) ‘n = —g(r'),

(2.40)
V' Ja(r') = —iwoq(r), (Jj(r’) — J;(r’)) ‘n = —iwey(r’)

where g4 is the volume polarization charge density (volume bound electric charge density), and
¢q 1s the surface polarization charge density (surface bound electric charge density) laying on
a surface over which P is discontinuous. Likewise for the conductive media, the set of these
surfaces is indicated by I'y. As discussed in Appendix A, when homogeneous dielectric media are
considered g4 vanishes and 'y = I'y. Thus, since the positive side of the surface of discontinuity
belongs to Qy, P+ and J j are also equal to zero. However, for the sake of clarity and generality,
04, Pt and J ;{ are maintained during the development of the formulation.

With the introduction of J., the continuity relationships (2.23) and (2.40) can be combined

resulting in:
V' T (r)) = —iwpe (1), (I =T, (") -n=—iwe(r)), (2.41)

where 9. = 9. + 04 is the volume electric charge density and ¢, = <. + ¢4 is the surface electric
charge density laying on T', =T, UT .

Inserting this continuity equations in (2.39), the following expression is obtained:

o) _551[ [ stoterar+ [ o igtrra]. (2.42)

Ie e

where, thank to the homogeneous media assumption, I'c = T,.
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Now, the derivation of the EFIE for conductive and dielectric media is straightforward:

E(r) = —iWMO/Q J.(x)g(r,r")dQY — V[Eol/ Se(r")g(r,")dl’ —|—€61/ 0e(r")g(r, r')dQ’],

e e QS
(2.43)
or analogously, by using the continuity relationships:
E(r) =— iwuo/ J.(x")g(r,r")dsY
o e (2.44)
- {/ (I =T () -ng(r,x')dl" + / (V’ . Je(r’))g(r, r/)dQ’].
wWEQ f‘F Q.

In Section 2.2.1, the PEEC electric equation for conductive media is obtained by combining
Ohm’s law (which locally links E to J. ) with the EFIE equation (which links E to its sources by
means of an integral equations). Now, a corresponding constitutive relation which locally links
E to J; must be obtained. This equation can be easily derived combining the two equations in
(2.36):

E(r) = pa(r)Ja(r) =

. r€Qy, (2.45)

where 04 = iweg(e, — 1) and pg = 0(;1 are and the equivalent electric conductivity and resistivity
defined for dielectric media, respectively.

Therefore, the following constitutive equation can be introduced:

E(r) = pe(r)Je(r) = , req, (2.46)
where o, and p. are the equivalent electric conductivity and resistivity, respectively, defined as

oo(r) = o.(r), forreQ, () = pe(r), forre Q. . (2.47)
o4(r), forreQq pa(r), forreQy

Finally, likewise Section 2.2.1, the PEEC electric equation for conductive and dielectric media

is obtained by combining the constitutive equation (2.46) with the new EFIE expression (2.43):

Boor(r) = ;'8 o [ 3@t + S [ / gl + / E @e<r’>g<r,r'>(d:;8.)

Clearly, likewise Section 2.2.1, (2.42) and (2.48) can be written avoiding the use of the free
and bound charge densities by simply using the continuity relationship (2.41).

e

Lossy dielectric media

Inside lossy dielectric media, several phenomena can cause the dissipation of electromagnetic
energy. One of them occurs for materials having electric conductivity greater than zero (non-
ideal dielectric media). In this kind of materials the presence of free charge is not negligible and
therefore the effect of Joule losses, due to the emergence of conduction currents, must be taken

into account. Therefore, Q. N Q4 # 0. This kind of regions can be modeled by extending the
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definition of the equivalent electric conductivity and resistivity, that become:

0o(X) = 0o(r) + jwso(en(x) - 1), Pe““):Uc<r>+ngt<gr<r>_1>’ req,.

Then, the PEEC electric equation in (2.48) still holds.

Another phenomenon which causes the dissipation of electromagnetic energy is due to the
time delay on the polarization of the dielectric media [32]. This phenomenon can be easily mod-
eled by defining a complex electric permittivity. For this kind of materials the whole discussion
presented for lossless dielectrics still holds, keeping in mind that e, is this time a complex value

(or a complex tensor).

2.2.3 Conductive, dielectric, and magnetic media

When magnetic media are involved, the formulation presented above for the case of conductive
and dielectric media must be complemented. In this section, the extension of the formulation
to magnetic media is addressed by following the Amperian PEEC (A-PEEC) formulation. As
discussed in Chapter 1, this formulation was presented in [33, 34, 35] for the Standard PEEC
formulation and then by the author in [26] for the Unstructured PEEC formulation. It is worth
noting that other methods have been presented in the literature for the inclusion of magnetic
media, e.g. [36] where PEEC and Method Of Moment (MOM) [37] are combined or [38] where
PEEC and Boundary Integral Method (BIM) are combined. However, these alternative methods
do not allow the same circuit interpretation of the classical PEEC method.

First, the case of ideal (lossless) magnetic media is considered and then the case of lossy

media is discussed.

Lossless magnetic media

When conductive, dielectric, and magnetic media are considered, (2.3) modifies to
B = poH + poM = poprH, (2.49)

where the magnetization M acts as an equivalent source in vacuum.

Thus, since H = M—IOV x A — M, equation (2.37) now becomes
V2A — (iw)?pogoA = —po(Je + V x M). (2.50)

The solution of this differential equation is given by

A(r) ZMO{/Q

where J,(r') = V x M(r') and K, (r') = (M_(r’) - M+(r’)) x n are the volume and surface

amperian currents, respectively. I',, is the set of surfaces for which M is discontinuous. Like-

J.(r)g(r,r")d + /

Ja(r')g(r,r')dQ’—i—/ K, (r')g(r,")dl’|,  (2.51)
QWL f‘m,

e

wise the previous Sections, when only homogeneous magnetic media are considered I',,, = T,
therefore M+ = 0 and K, (r') = M(r') x n. It is worth noting that V x M(r’) is not defined for
r’ € T',,. Indeed (2.51) is obtained from (2.50) by using mathematical concepts belonging to the
distribution theory (generalized functions). From a physical point of view, the EM effects due

to the magnetized regions are taken into account by introducing the amperian currents which
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depends on the curl of the magnetization. This interpretation is called the amperian model. For
a further discussion about this topic the author refers to [39].

The integral expression of ¢, can be obtained again by combining (2.51) with the Lorenz
gauge condition. This leads again to (2.39) and (2.42). Indeed J, and K, are obtained from
the curl of M and thus they are divergence free. As a matter of fact, in ideal (non—conductive)
magnetic media free and bound electric charge are not present, thus the presence of magnetic
media does not directly affect the electric scalar potential.

From (2.6), the derivation of the EFIE for the case of conductive, dielectric, and magnetic

media is now straightforward:

_v[agl [ stgtraiar et [ @e<r’>g<r,r’)d9’],

e e

Je(x)g(r,r")dQ + /

o, Jo(r)g(r,x")dQ + /Fm K, (r')g(r, r’)dl"’}

(2.52)

or analogously, by using the continuity relationships (2.41):

E(r) = — iwpo Uﬂ

\%

iwé‘o

Je(r')g(r,r/)dQ’+/ Ja(r’)g(r,r’)dﬂl—i-/ Ka(r’)g(r,r')df'}
Qm Lo

e

(2.53)
UF (IE() = IZ (") -ng(r,r')dl” + /Q (v’-Je(r’))g(r, r’)dQ’].

By using (2.46) and (2.52), the PEEC electric equation for the case of conductive, dielectric,

and magnetic media can be obtained:

Ecui(r) :g:gi + iwpg [/e J.(r)g(r,v")dQ + /Qm Jo(x)g(r,v")dQY + /Fm Ka(r’)g(r,r’)dF']
+ % {/F<e(r')g(r7r')dfl +/Qge(r')g(r,r’)dﬂ’}, r € Q,

(2.54)

or equivalently

Ecu(r) ‘;:E:; + iwiig [/Q

+ Ve(r), reQ.,

3y )ae + [ 3 g(e)ae + [ Ka<r'>g<r7r’>dr’]
QU T

e

(2.55)
where ¢.(r) is given by (2.39) or (2.42).

However, since no constitutive relationship exists between the amperian currents and the

electric field, the electric equation must be complemented by the PEEC magnetic equation:
Be.i(r) = B(r) — Byea(r), (2.56)

where B is the (total) magnetic flux density field, B.,; is the field produced by external sources
that are not considered inside the computational domain Q = Q, U2, and By, is the scattered
magnetic flux density produced by the electric and amperian currents.

Likewise for the PEEC electric equation, the scattered field is obtained through an integral

expression whereas the total field is obtained through a constitutive relationship.
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Since Byey = V X Ay, the integral expression of the scattered field is directly obtained
from (2.51). The constitutive expression instead is obtained by combining the two equations in

(2.49), resulting in:

B(r) = mM(r)7 r e Q. (2.57)

Likewise the Ohm’s law, this expression locally links B to M.
Finally, from (2.56), the PEEC magnetic equation results in:

Beut(r) =a, (r)M(r) — uoV x [/ﬂ J.(r)g(r,r")dsY
. (2.58)
+/Q J.(rg(r,r")dQ +/Fm Ko(r)g(r,e")dl'|, reQpy,

m

where a,,, = Z"—ﬁq
-

Finally, (2.53) (or the combination of (2.52) and (2.41)) and (2.58) are the electric and
magnetic integral equations which represent the EM problem for the general case of conductive,

dielectric, and magnetic media.

Lossy magnetic media

Inside lossy magnetic media, several phenomena can cause the dissipation of electromagnetic
energy. One of them occurs for materials having electric conductivity greater than zero. In this
kind of materials the presence of free charge is not negligible and therefore the effect of Joule
losses, due to the emergence of conduction currents, must be taken into account. Therefore,
Q. NQ,, # 0. This kind of regions can be modeled by simply imposing both the PEEC electric
and magnetic equations for the domain Q.N€2,,. Thus, the formulation developed in the previous
Section is still valid for the case of both conductive and magnetic media.

Another phenomenon which causes the dissipation of electromagnetic energy is due to the
time delay on the magnetization of the magnetic media. This phenomenon can be easily modeled
by defining a complex relative permeability. For this kind of materials the whole discussion
presented for lossless magnetic media still holds, keeping in mind that g, is in this case a

complex value (or a complex tensor) and not a real one.

2.3 Coulombian PEEC formulation

In the previous section, the A-PEEC formulation has been presented where electric (conductive
and dielectric) and magnetic media are considered in two different manners. In this section,
an alternative PEEC formulation, introduced by the author in [40, 27], is presented. This
formulation is based on electric and magnetic (vector and scalar) potentials derived from the
Hertz potentials. This alternative approach, similar to the VIE method presented in [41], leads
to a formulation where electric and magnetic media are treated in a completely equivalent way
and it is based on the coulombian interpretation of the magnetization phenomena. As discuss
in Chapter 3, this formulation present some advantages with respect the A-PEEC formulation.

The development of the Coulombian PEEC (C-PEEC) formulation is carried out considering
the more general case with conductive, dielectric, and magnetic media from the beginning. It
is worth noting that when magnetic media are not actually involved, the A-PEEC and the

C-PEEC formulations are equivalent, i.e. they only differs for the symbolic point of view.
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2.3.1 Conductive, dielectric, and magnetic media

In this section, the formulation is derived by introducing electric and magnetic potentials which
have different definitions with respect to Section 2.2. Moreover, following [39], the equivalent
magnetic currents and charges are introduced and a symmetrized form of Maxwell’s equations
is adopted.

For its great importance, the derivation of the new integral equations which link the new EM
potentials to their sources is thoroughly discussed in this section. Indeed, the literature con-
cerning this subject is sometime misleading and not fully exhaustive. Therefore, the derivation
of the EFIE and the Magnetic Field Integral Equation (MFIE) are throughly discussed and the
new PEEC electric and magnetic equations are then derived.

Homogeneous media are assumed hereafter. In Section 2.3.1, an alternative formulation
which allows the direct study of inhomogeneous media is derived. In this section, the discussions
of Section 2.2 concerning lossless and lossy media still hold and thus no additional considerations

are made.

Maxwell’s equations and potentials

Following [39] (Chapter 5, 7), the magnetization phenomena can be interpreted by using a
different mathematical interpretation, commonly adopted in classical Integral Equation Methods
for high frequency problems, which is called the magnetic-charge model. Thus, the magnetic

current density vector, J,,, and the volume magnetic charge density, o,,, are introduced as:
Jm =iwpoM,  0m = =V - (peM). (2.59)

By using J,,, and o,,, Maxwell’s equations in the frequency domain can be written in a more

symmetric form, avoiding the use of D and B [39, 42]:

E=2% _VxE=J, +iwuH,
o (2.60)
V- -H="T7, V x H=1J, +iweE.
Ho

It is worth noting that this way to write the Maxwell’s equations is completely equivalent to
(2.1). Indeed, by using (2.36), (2.49), and (2.59), equations (2.60) can be derived from (2.1) and
vice-versa.

As shown in [30] and [43], the electric and the magnetic fields can now be written as:
. 1 ) 1
E=—iwA, — Vo, — ;V X A, H=—-iwA,, — Vo, + u—V X A, (2.61)
0 0

where A, is the electric vector potential, A,, is the magnetic vector potential, and ,, is the
magnetic scalar potential. The definition of ¢, is completely equivalent to that one already given
in Section 2.2. The potentials A, and A,, are equivalent to the electric and magnetic vector

Hertz potentials scaled by iw and they are related to the vector potential A by

1
A=A, +—VxA,,. (2.62)
WweQ
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Integral equations for A., A,,, p., and ¢,,

In order to obtain two integral expressions which link E and H to their sources, the integral
expressions of the potentials A, A,,, ¢. and ¢, are obtained.
Combining the fourth equation in (2.60) with (2.61) yields:

1 1

WV X Ay — V X Vo +V x (;v x Ae> — 7, +iw60<—iwAe ~ V.~ —V x Am>. (2.63)
0 0

After some basic calculations and applying the vector identity (2.5), this last equation becomes:

V x V x A, + (iw)? pogoA e + iweopio Ve = pode. (2.64)

Then, applying the vector identity (2.8) to the term V x V x A, (2.64) becomes:
VV - A, — VZA, + (iw)?pocoAe + iweopo Ve = piode. (2.65)

By introducing the Lorenz gauge condition:

V- A. = —iwpgegpe, (2.66)
Equation (2.65) simplifies in:
VZA, — (iw)’pogoAe = —pode, (2.67)
or equivalently:
OA. = poJe. (2.68)

Combining the second equation in (2.60) with (2.61), introducing the Lorenz gauge condition:

V- Ay = —iwfiogoPm, (2.69)

and following the same procedure as above, the following PDE is obtained:
VA, — (iw)? g0 Ay = —0J 1, (2.70)

or, equivalently,
OA,, = ecodm. (2.71)

The solution of (2.68) and (2.71) is obtained likewise in Section 2.2.1, resulting in the fol-

lowing;:

Aur) =m0 [ 30)g(e,r)a, (2.72)

e

A, (r) :50/ o (t)g(r,x")d. (2.73)
Qrm
It is clear now that the source of the vector electric potential A, is the electric current density
vector J., whereas the source of the vector magnetic potential A,, is the magnetic current
density vector J,,. As shown by (2.51), the sources of the vector potential A are instead J. and

the amperian currents J, and K,. Indeed, when the amperian model is adopted, the magnetized
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media are considered as regions affected by the flowing of equivalent electric currents (i.e. the
amperian currents). On the contrary, when the magnetic—charge model is adopted, no electric
currents flows in the (non—conductive) magnetic regions and the electromagnetic effects of the
magnetized domains are taken into account by introducing the magnetic current and charge
densities J,,, and o, (Vm~2), which are proportional to the magnetization and its divergence,
respectively. Both the amperian model and the magnetic—charge model (Coulombian) are two
valid interpretations of the magnetization phenomena; although the amperian model is criticized
n [39] (Chapter 7) for reasons concerning the electromagnetic energy inside permanent magnets,
and the magnetic—charge model (Coulombian model) is criticized in [44] for reasons concerning
the microscopic interpretation of the magnetization phenomena.

The integral expressions of ¢, is obtained by combining (2.66) with (2.72). This leads again
0 (2.39) and (2.42). The integral expression of ¢,, can be obtained by combining (2.69) with

(2.73) and following the same procedure adopted for the derivation of ¢.. This results in:

) VA,
— WPy, (r) = ————= Eo,uo _No / V- Yg(r,r’))dsY. (2.74)

Then, applying (2.19) to the integrand of (2.74), after some algebraic manipulations, one obtains:

—iwpm (1) = —pg / I (') - Vg(r,r")d, (2.75)

m

that can be further rearranged resulting in

iWm(r) = pg* [/ V' (I (r)g(r,r"))dQ — / g(r, e )V - J,,(x")dQ' | . (2.76)
Qm le
Now, we have to define the following continuity equations:
V' Jn(r') = —iwon, (), (JLE) =T () 0= —iwg, (r), (2.77)

where ¢, is the bound surface magnetic charge density laying on a surface over which J,, is
discontinuous; the superscripts + and — indicate the two sides of the surface. The set of
these surfaces of discontinuity is again indicated by I',,. When only homogeneous media are
considered, as assumed in this chapter, the only surface of discontinuity is the boundary of €,,,
thus I',,, = I, and the second equation in (2.77) reduces to:
I (') n=iwe,(r') = Jn(r) - n=iwvs,(r). (2.78)

Indeed the positive side of the surface belongs to Q, thus J;f (r') = 0.

Applying the divergence theorem to the first integral of (2.22) and using (2.77) the final
integral expression for ¢, is obtained:

eutt) =i | [ sntotexrar [ g @t (2.79)
m Qi

As stated above, since only homogeneous media are considered in this chapter, I',, can be
substituted with I',,,. It must be noticed that the bound magnetic charge density o,, is zero when
homogeneous media are considered. Further details are given in the Appendix A. However, for

the sake of clarity and generality, g,, is maintained during the development of the formulation.
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EFIE and MFIE, Electric and Magnetic Field Integral Equations

In the following, two integral equations which link the electric and the magnetic fields to their
sources are derived.

In (2.61), the potentials A., A,,, ¢, and ¢, can be substituted with their integral expression
(2.72), (2.73), (2.26), and (2.79), respectively.

Thus, the electric and magnetic field integral equations are obtained, where E and H are
directly linked to their sources, i.e. the current densities J. and J,,, and the charge densities g,

Ses Om, and ¢, as

E(r) = — iw,uo/ J.(r)g(r,v)dQ —V [50_1 /F Se(r)g(r, v )dl + 651 / 0e(r')g(r, r’)dQ’]

Qe Qe

1
- =V x/ Jon (t)g(r,r")dY, (2.80)
€o Qi

() = —iweo [ 3n@otex)a = ¥ [ug? [ gt 4t [0 )gte i

192 m m

+ iv ></Q Je(r)g(r,r’)dsY. (2.81)

By using the continuity equations (2.41) and (2.77), the electric and magnetic integral equa-

tions can also be rearranged in order to relate E and H to J. and J,, only:

E(r) = — iwpo / 3. ()g(r,v')deY

e

- UF (I () =3 (x") -ng(r,r’)dr'—/ﬂg V’-Je(r’)g(r,r’)dQ'] (2.82)

iUJEQ
1

-—V X/ o (t)g(r, x")d,
€o Qrm

H(r)=- inO/Q Jon () g(r,v")d

m

_ iLO [/Fm (35 (') = 3, (r")) - ng(r,r')dl" — /Qm V' I (r)g(r, r’)dg’} (2.83)

1
+—V x/ Je(r")g(r,r")dY.
Ho Qe

Since w appears in the denominator of the second part of the right hand side of the equations,

these two expressions can only be used when the frequency is different from zero.

C—-PEEC integral equations

Now the attention is focused on the derivation of the two equations that will be discretized in
Chapter 3. Likewise in Section 2.2, the total electric field, E, and the total magnetic field, H,
are written as the sum of the scattered fields, E., and H,.,, and the external fields, E.;; and
Hey:

E=Eyq+Eq, H=H,, +H.,. (2.84)

The total electric field, E, is locally related to J. by (2.46). Similarly, the total magnetic
field, H, can be locally related to J,, by the following:

H(r) = pm(r)n(r) = , T EQy, (2.85)
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where

1
pm(r) = o 1)’ r e Qn, (2.86)
is the magnetic resistivity and o, = p,.! is the magnetic conductivity. Equation (2.85) can be
easily obtained combining the first equation in (2.59) with (2.49).
Instead, the scattered fields, Es., and Hs.,, are given by (2.80) and (2.81) or, equivalently,
by (2.82) and (2.83).
The external fields (incident fields), E..; and H,,;, can be interpreted as the fields produced
by external sources (current or charge densities) that are not considered inside the computational
domain 2 = Q, U Q.

Thus, the following electric and magnetic equations can be obtained:
Ecot(r) = E(r) — Esea(r), Hept(r) = H(r) — Hoeo(r), (2.87)

that, by choosing (2.80) and (2.81), in explicit form become:

Je(r) . / / / /
Ecui(r) = + iw Je(r)g(r,r")dQ2
t( ) ae(r) Ho . ( )g( )
#9]st [ et 55t [ o gt (2:9)
T. e
+ iV X / Jon (2 g(r,r")dY,
Ho Qm
Jm(I‘) . / / ’ ’
H..:(r) = + iwe Jn(x)g(r, r")dQ
t( ) am(r) 0 o, ( )g( )

+V[uol/ <m(r’)g(r,r’)d1“’+u51/
. Q

— iv ></ Je(x")g(r,r")dsY.
Qe

om(r')g(r, r’)dQ’] (2.89)

m

Whereas, by choosing (2.82) and (2.83), they become:

Je(r) . , / /
o(r) —kuo/ste(r Yg(r,r")dQ

\% [/F (JT(") =32 (")) -ng(r,r')df//ﬂe v'.Je(r/)g(r,r/)dQ/} (2.90)

iwao

1
+ —V x/ I (r)g(r,r")d,
Ho Qm

Hewt (I‘) = Jm (r)

B 0'7rL(r)

| D (I‘) =

+iw50/ o (t)g(r, r")d
Q

m

+ icZLo [/fm (J;(r') — J;(r’)) ‘ng(r,r")dl’ — /Qm v . Jm(r’)g(r,r’)dﬁ’} (2.91)

- iV x/ Je(r)g(r,r")dsY.
€o Qe

In the original PEEC method . is taken to unknown. Thus, similarly to the original PEEC

method, . and ¢, can be considered as unknowns and then the following four equations are
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solved together:

Ecui(r) :‘;g +iwpo /Q e Jo(x')g(r, ' )dSY + Vi, + iv x /Q ) I ()g(r, ')A, (2.92)
He.o(r) :‘;:g; +iweo /Qm 30 () g, ¥ )Y + Vg, — %v « /Q 3. )g(r, ')Ay, (2.93)
pe(r) =— MIEO {/F (I @) -JI.(") .ng(r,r’)dr’+/ V’~Je(r’)g(r,r’)d§2’], (2.94)
o) == | [ @)~ 1) mgtesyar [0, (299

Total div—free currents formulation

In the previous Section, the electric and magnetic currents have been chosen as unknowns. How-
ever, when inhomogeneous media are considered, these currents are in general not—divergence
free. Thus, during the discretization of the formulations they must be properly handled in order
to correctly impose their electromagnetic behavior. This issue will be further discussed in the
next chapter.

In [27], the author proposes an alternative PEEC formulation where the total divergence free

electric and magnetic current densities are introduced as problem unknowns:
Jiot = J, +iweE, Jiot = J,, +iwpoH. (2.96)

By combining (2.46) and (2.85) with (2.96) the following relationships hold:

0e(T) ot Om(T) ot
Je(r) = J (r), Qe, Jn(r) = Jo(r), Qs 2.
()= T, re o (1) = T, x e (297)
where
oL = 0.+ iweper (2.98)
is the total electric conductivity and
o, = Wl iy (2.99)

is the total magnetic conductivity.

Then, (2.97) are inserted in (2.92), (2.93), (2.21) and (2.75), as shown in [27]. Thus, final
electric and magnetic integral equations are obtained where the unknowns are J&°* and J%! only,
which are divergence free quantities.

Therefore, the final integral continuum equations considered in this formulation are given by:

Eeut(r) :Ji(r) + iwuo/ *(r’/) Jet () g(r,v')dQ + V.
st " e 100
+ %V X /m (I'/)J (I' ) (I‘ r )dQ
Hewt( ) _JT(P) + 0 m( ,)J (I‘) (I’ r )dQI —+ V(‘Om
Um(lr) *(" ) o () (2.101)
- =V Lt (e g(r,r)dQY
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1 0e(r') “tot) / N0y

(r) = - o Vg(r,r")dY, 2.102

eult) = o | T ) Vgt (2.0
1 om(r) “ior, s / / ’

m(r) = - I (x") - Vig(r,x")dY. 2.103

pult) = o [ TSI g(er) (2109

The total div—free currents formulation, mostly developed in the framework of a collaboration

with G2ELab group, has the advantage of naturally considering inhomogeneous media. However,

as more deeply discussed in the next chapter, the introduction of material parameters inside the
integral equations (2.100)—(2.103) leads to lose the energy interpretation of the PEEC matrices
(i.e. the ones derived from the discretization of the PEEC formulation). Moreover, when para-

metric simulations or frequency sweep analysis are performed such formulation is generally less

efficient.

Thus, such formulation presents pros and cons with respect the previous one where non—

divergence free currents are adopted instead. Therefore, depending on the kind of the problem

to be solved, one of the two formulation would be more convenient respect to the other one.






Chapter 3

PEEC discretization

With the aim of obtaining an approximate numerical solution of the electromagnetic problem
(i.e. the solution of the Maxwell’s equations), PEEC integral equations derived in the previous
chapter are to be discretized.

In the original PEEC approach (standard PEEC method [13]), the active domains are dis-
cretized by means of a Manhattan—type discretization (structured, orthogonal grids). More re-
cently, the standard PEEC method has been extended to the more general case of non—orthogonal
grids [13, 45] through ad—hoc adjustments.

In recent years, the so—called unstructured PEEC method, which naturally allows modeling
general structures without restrictions on the geometry, has been developed. This approach has
been first proposed in [21] for surface conductive models. Later on, thanks to the contribution
of research groups from the University of Padova and Grenoble (including the author), the Un-
structured PEEC method has been extended to volume models, dielectric media, and magnetic
media, for both A-PEEC and C-PEEC formulations [6, 27, 26, 23].

In this chapter, the discretization of the A-PEEC formulation is first discussed and then the
C-PEEC case is presented. For the sake of simplicity, both the discretizations of the A-PEEC
and C—PEEC formulations, are first presented for the case of homogeneous media and, then, the
more general case of the inhomogeneous media is considered. The discretization of the C-PEEC
formulation based on the use of total divergence free currents (which formulation is presented at
the end of the previous chapter, Section 2.3.1) is also considered. The equivalent 1-D and 2-D
PEEC models are finally discussed.

3.1 Discretization of the A—PEEC formulation

This section deals with the discretization of the A-PEEC formulation presented in Section
2.2. First, the well established standard discretization scheme is shortly presented. Then, the
unstructured discretization procedure based on the Cell Method and developed by the author
during the PhD thesis is presented.

3.1.1 Standard discretization approach

The standard discretization procedure is here presented in its basic and original form. More
exhaustive references can be found in [13, 45, 46]. The discretization is carried out considering
conductive media only. Then, the extension to dielectric and magnetic media is shortly discussed

and appropriate references are given.

31
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T
T

(a) node (b) capacitive (c) inductive x (d) inductive y

Figure 3.1: Mesh Standard PEEC.

In the original PEEC formulation introduced by Ruheli in 1972 [47], the conductive domains
(that are the only active media considered in the original PEEC formulation) are subdivided
into rectangular volume and surface cells, thus restricting the analysis to Manhattan—type model
geometries. Thus, once obtained a regular discretization of the conductive domains, an inductive
mesh (consisting of three meshes oriented along the orthogonal axes x, y, and z) and a capacitive
mesh are defined [13]. Then, the unknown current and charge density distributions are approx-
imated by using locally uniform functions whose supports are the elements of the inductive and
capacitive mesh, respectively.

For instance, Fig. 3.1 shows a 2-D mesh used to approximate the current and charge dis-
tribution of a thin conductive structure, with negligible thickness (e.g. a metallic chassis or a
planar antenna).

The current density J. is approximated by the following expansion

N
Jo(r) = jerpr(r), (3.1)
k=1

where N; is the number of inductive cells, py is the vector pulse basis function, and j.  is the
unknown degree of freedom (DoF) related to the kth element of the inductive mesh. Thus, the
current density vector J. is discretized into N; volume (inductive) cells by vector pulse functions
px(r) defined as
A7lu,, T € Ay
k v 7
pr(r) = , (3.2)
0, elsewhere
where v = z,y, z depending on the orientation of the inductive mesh, u, is the unit vector along
the orthogonal direction ~y, Ay, is the cross section of the kth element of the inductive mesh and
Ay is the support of the kth basis function (i.e. the kth element of the inductive mesh).

The volume and surface charge densities, o. and ¢. are approximated by

Ny Ng
0c(r) =D quph(r), se(r) =D g5 pi(r), (3-3)
k=1 k=1

where pj, and p; are the pulse functions defined for the volume and surface capacitive cells,
respectively, and ¢, and g;, are the unknown DoF's related to the kth volume and surface
element of the capacitive mesh, respectively. N; and N, are the number of volume and surface

capacitive cells, respectively. Thus, g. and ¢, are discretized into N; volume and Nj surface
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capacitive cells, respectively, by pulse functions p}(r) and pj(r), defined as

Vol reAy A7t reAs
ph(r) =4 " b=t S (3.4)
0, elsewhere 0, elsewhere

where Vj, is the volume of the kth volume-capacitive cell, A is the area of the kth surface—
capacitive cell, A} is the support of pj, (i.e. the volume-capacitive cell), and Aj, is the support
of pj (i.e. the surface-capacitive cell).

Expansions (3.1) and (3.3) are then inserted in (2.34) and (2.26), resulting in

N N
Eeoi(r) =0, (r) Z (jmkpk(r)) + iwuo/ﬂ Z (jc,k.pk(rl))g(r, r')dQ + Ve (r), (3.5)
k=1 e k=1

and

Ny Ny
<pe(r) = |:/F Z (qqkpk(r))g(r’r’)dr’ —|—/Q Z (qc7kpk(r))g(r7r’)d9' . (36)

1
£
0 k=1 k=1

According to the Galerkin’s scheme, the pulse functions py, py and pf are also used for

testing (3.5) and (3.6). This procedure leads to the following matrix equations

ecat =Rje +iwLj. + Al ¢, (3.7)
¢. =P.q, (3.8)

where
® e,y is the vector array with coefficients eeqy p, = fQ Pr(r) - Ecege(r)dQY, for h=1,--- , Nj.

e R is the N; x N; resistance matriz defined as

Rk = [ pu(r) - pulr)os ! (0)ds (3.9)

Jjc is the vector array with coeflicients j., for k =1,--- , N;.

L is the N; x N; inductance matriz defined as

Lk = o / / pa(r) - pr(r')g(r, 1')dY S (3.10)

A, is the (N] + N;) x Nj incidence matrix of the equivalent circuit obtained from the
discretization of the conductive domains: each inductive cell is interpreted as a circuit

branch connected to two circuit nodes (i.e. the nodes of the mesh).

¢, is the vector array which stores the DoF's related to .. ¢, is subdivided into ¢, =
[@e; po] where @7, = Jo Ph(r)@e(r)dQ for k=1, Ny, and @7, = Jrpi(r)pe(r)dD for
k=1,---,NJ; the scalar electric potential is instead related to the nodes of the mesh in

a one—to—one relationship with the volume and surface cells of the capacitive mesh.
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PU’U P’US
e P_is the (N + Ng) x (NY + N;) potential matriz subdivided into P, = sz st ,
e e
where
r=st [ [ (e aeras, @)
' Qp JQp
Pi,szeal/ / Py ()pi(r))g(r, x')drdr, (3.12)
' Ty JTy
Pt [ [ emigte s as, 513
Qp JTg
P, =e5t / / i (r)pp(x")g(r, x')dQ'dr. (3.14)
’ Ty J Q%

e ( is the vector array whose coefficients are related to g. and ¢.. q is subdivided into
q = [q”;q°] where q" stores the DoFs ¢y, for k = 1,--- , N/, and q° with DoFs ¢, for
k=1,---,NJ.

AT represents the algebraic equivalent of the gradient operator in (3.5). Moreover, since j.
stores the fluxes of J. through the cross sections of the inductive cells of the mesh and q stores
the electric charges enclosed inside the capacitive cell of the mesh, the continuity equations (2.23)

can be represented in an equivalent algebraic form as
Aje =iwq, (3.15)

where A, represents the algebraic equivalent of the divergence operator.

Since the vector pulse function py has local support which coincides with the kth inductive
mesh element, R is a diagonal matrix and the term Rj. in (3.7) can be interpreted as the ohmic
voltage drop along the « direction, with v = x,y, 2 depending on the orientation of the kth
inductive mesh element.

Matrix L is a symmetric matrix characterized by three diagonal dense matrix blocks:

L 0 0
L=|0 Lw o], (3.16)
0 0 L=

indeed the inductance coefficient (3.10) vanishes when p; and p; have mutually orthogonal
directions. The term iwLj. in (3.7) can be interpreted as an inductive voltage drop due to the
self and mutual inductive couplings between the elements of the inductive mesh.

Finally, the last term in (3.7) can be interpreted as a capacitive voltage drop obtained as the
algebraic difference between the potentials of the ends nodes of the inductive mesh elements (i.e.
the circuit branches). In (3.8), the potentials are related to the electric charges by means of the
dense symmetric potential matrix P..

Following the circuit interpretation, equations in (3.7) can be interpreted as Kirchhoff Voltage
Laws (KVLs) written for each branch of the electric circuit. The KVLs are complemented by
the charge conservation law (3.15), i.e. the Kirchhoff Current Laws (KCLs).

Then, (3.8) and (3.15) can be combined together resulting in

Aj. —iwCe, =0, (3.17)
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where C = P_! is defined as the capacitance matriz.
Finally, (3.7) and (3.17) (i.e. KVL and KCL) can be assembled into a unique matrix system

of algebraic linear equations:
jc €ext
= ) 3.18
¢j l 0 ] )

Thanks to this circuit interpretation, the electromagnetic problem can be easily coupled with

R +iwL AT
A, —iwC

external circuit elements (not related to the EFIE). Thus, the currents and the potentials on
the branch and the nodes of the lumped circuit elements can be added as unknown in (3.18).
The, KVL and the KVC are written for this extra unknowns and solved together with (3.18).
Moreover, the incidence matrix A, must be properly modified in order to consider the possible
connections of the lumped circuit components with the circuit nodes of the mesh. The zero
vector in the right—hand-side (rhs) of (3.18) can be also substituted with j.o, which is the vector
array of the external currents jo 5 injected in the kth node of the mesh. Thus, (3.18) becomes

Je | _ |Ceat| 3.19
¢e‘| [jeo] ( )

Matrix system in (3.18) (and (3.19) as well) is a complex symmetric matrix and it generally

R +iwL AT
A, —iwC

owns good numerical properties (more detail are given in Chapter 4). Unfortunately, C is
obtained from the inverse of P, and this operation requires a considerable computational cost
which grows as O((N; + N, ;)3). However, by agreeing to losing the symmetry of the system,

(3.19) can be also written avoiding the inversion of P.:

€ext

_ (3.20)
Pe.]eO

P.A, —iwl| |o,

R+iwL AT ] ljc

where 1 is the identity matrix. Finally, (3.20) can also be reduced by eliminating ¢, with the
Schur complement approach, as:

1 1
(R + iwL + — ACTPCAC) je = €cat + —ATPjeo. (3.21)
1w 1w

System (3.21) is the discrete version of the continuum integral equation (2.33). This system
is also complex symmetric and of a smaller size than (3.19). However, since w is at the denom-
inator, (3.21) can be adopted only when the frequency is sufficiently larger than zero. Indeed,
although the system is theoretically solvable for w # 0, the inductive term iwL and the capac-
itive term i A.TP.A. scale differently with w and for relative small values of the frequency

this different behavior could lead to the well known breakdown in frequency problem, which is

deeply discussed in Section 4.2.3.

The extension to dielectric media can be easily obtained by applying the expansions (3.1) and
(3.3) to J¢, 0e and ¢.. Then, the same discretization process is applied to the integral equations
presented in Section 2.2.2 for the case of conductive and dielectric media [32].

When magnetic media are also considered the magnetization is also expanded by using local

pulse vector basis functions. Electric and magnetic PEEC integral equations (2.55) and (2.58)
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in Section 2.2.3 are both discretized with a Galerkin approach. A comprehensive literature con-
cerning the extension of the Standard PEEC method to magnetic media can be found in [13,
48, 49, 17, 25, 33, 38].

The standard PEEC discretization scheme is based on an intuitive circuit interpretation of
the continuum electromagnetic equations. However, the assumptions made in the derivation of
that scheme sometimes lack of a systematic background and leads to a inaccurate numerical
method [21] since the conservation properties (e.g. divergence) of the electromagnetic unknowns
are not explicitly enforced. For these reasons, in the recent years the PEEC discretization scheme
has been re—formulated introducing the concept of duality and primal and dual grids. In the
next Section, this more sound discretization approach (i.e. unstructured PEEC discretization)
is applied to the A-PEEC formulation presented in Section 2.2.3 for the case of conductive,

dielectric, and magnetic media.

3.1.2 Unstructured discretization approach

The unstructured PEEC discretization scheme has been pioneering introduced in [21] for equiva-
lent surface conductive models where the concepts of primal and dual grids (common to the Cell
Method discretization approach and with some similarities with the Finite Element Networks
[50]) have been introduced in the framework of the PEEC discretization. Then, the unstruc-
tured PEEC discretization of the A-PEEC formulation has been extended to the case of volume
conductive and dielectric media in [6, 23] and finally to the general case of volume conductive,
dielectric, and magnetic media in [26].

This section deals with the discretization of the A-PEEC formulation by means of the Cell
Method. The more general case consisting of conductive, dielectric, and magnetic media is here
considered.

Conductive and dielectric media are subject to the same discretization procedure, thus, the
electric domain Q. (i.e. Q. = Q.UQy) is here considered (instead, when the conductive and the
dielectric media require to be considered as distinct domains, it will be specified). From now
on, the subscript e indicates quantities related to the electric domain €., while ¢ and d indicate
quantities related to the conducting 2. and dielectric 23 domains, respectively; the subscript m
indicates quantities related to the magnetic domain €2,,. All the definitions introduced for €2,
are still valid for Q. and 24 by simply changing the subscript e with ¢ and d, respectively.

Q. is first discretized into a primal tetrahedral or hexahedral grid Go, = Go, UGq, consisting
of ne = n. + ng nodes, e, = e. + eq edges, fo = fo + fq faces, and v, = v. + vg volumes [22].
Then, a dual grid GQE = QQC U di consisting of dual geometric entities (e, €e, fe, ¥e) can be
obtained by taking the barycentric subdivision of Gg_ [51].

Since the dual grid has been obtained as the barycentric subdivision of the primal one, a
one—to—one relationship exists between the entities of the primal and the dual grid: n. < v,
ee > fe, fe ¢ €c, ve <> Nie. The primal and dual grid entities for the particular case of a
hexahedral structured mesh are represented in Fig. 3.2. In this particular case, both the primal
and the dual grids consist of hexahedral elements, whereas, for a general unstructured primal
grid, the dual grid obtained by its barycentric subdivision consists of generic polyhedra (more
exhaustive representation of the primal and dual grids can be found in [22]).

The same discretization approach can be applied to the magnetic domain €2,,, then the primal

grid Ga,, (Nm, €m, fm, Um) and the dual grid Ggm (Pmy €m, f,m Dy, ) are defined. Again, a
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Figure 3.2: Primal and dual grids for the case of an hexahedral structured mesh.

one—to—one relationship exists between the elements of the two grids: n,, < Um, €m < }m,
fm > €m, U <> My, Thus, Go, is chosen to consist of tetrahedral/hexahedral elements, while
ng is obtained by its barycentric subdivision.

The electric current density is expanded by means of vector face shape functions related to
the faces of the mesh [23, 52]:

fe
Jo(r) = wl(r)je,, (3.22)
k=1

where w,{ is the Whitney face shape function [53, 54] related to the kth primal face f,, of Gg, .
A different choice of shape functions can be however made [55, 56, 57], leading to the possibility
of considering general polyhedral elements for the mesh discretization. Thus, once selected some
proper shape functions, the use of general polyhedral elements would not affect the following
discussion and considerations in this thesis. However, this topic has not been deeply investigated
in the context of this PhD thesis.

In (3.22), je, represent the flux of J. through f,, i.e. je, = ff% J. - ds. The fluxes je,, for
k=1,---,f, form the array of degrees of freedom (DoF) j. = (je, ) on faces f., € Gao.. An
equivalent definition holds for the conduction and polarization currents, leading the the array of
DoF's j. and jj,.

According to Tonti’s scheme [58] for classification of physical variables, the magnetization M

is expanded by means of vector edge shape functions [26]:
M) = 3 we(r)m, (3.23)
s=1

where w¢ is the Whitney edge shape function [53] related to the sth primal edge e,,, belonging

to Gq,,. ms is defined as m, = fe M - dl along e,,, € Gq,,, leading to the array in the array

m = (my).

The following incidence matrices [51] representing discrete gradient, curl, and divergence
operators are then defined for the primal grids Go, and Gq,,: Gq, (primal edges—primal nodes),
Cq, (primal faces—primal edges), and Dq_ (primal volumes—primal faces), on Gq_, where oo =
e, m indicates the domain.

Dual gradient, curl, and divergence matrices can be obtained also for @ga, ie. éQa (dual

edgesdual nodes), Cq, (dual facesdual edges), Dq, (dual volumes-dual faces).
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Figure 3.3: Primal (Go_ ) and augmented dual electric CM grids (@?26) for the A-PEEC method. Boundary
primal faces f¢ (blu face) and dual boundary nodes 7% (red dots) are named in the figure.

These matrices consist of 0, 1, and —1 entries and (in analogy with the corresponding con-
tinuum operators) fulfill Dg_Cgq, = 0 and Cq_Ggq, = 0, the same for the dual matrices.
Moreover, since an is obtained as the barycentric subdivision of Gq,, the following relations
hold: Df = —Gq,, C, = Cq., G, = -Dq
applied to the unstructured PEEC formulation by the author in [26], the f* x f. divergence

., with @ = e,m. As proposed in [51] and
selection matrix Dr, which extracts the boundary faces f° of Gq, is introduced. Moreover, the
dual boundary nodes fLZ are added to 6967 leading to the augmented dual grid defined as Gg .
These dual boundary nodes are in a one—to—one relation with the boundary faces of the mesh:
ﬁg <+ f2, indeed they are located in the barycenter of the the boundary faces f, as exemplified
in Fig. 3.3.

In order to consider the presence of the dual boundary nodes ﬁg (i.e. the endpoints of the
dual edges related to the primal boundary faces), the gradient selection matrix ére = —D%ﬁ is
also introduced and the augmented divergence and augmented gradient matrices are defined as
D¢ = [Dq,;Dr,] and é?lﬁ =-Dg = [Gq,, Gr,], respectively.

In the A-PEEC formulation, electric and magnetic media are differently handled, thus they
also need different discretization procedures. Thus, the e’ x e, curl selection matrix Cr, which
extracts the primal boundary edges e, of Gq
defined as C3 = [Cq,,;Cr,,].

is introduced and the augmented curl matrix is

m

!

i

Figure 3.4: Primal (Gg,,) and augmented dual magnetic CM grids (Q?zm) for the A-PEEC method. Dual
boundary edges éfn (red dots) are in green in the figure.
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Moreover, the dual magnetic grid, Go, , is augmented by introducing the dual boundary

edges &°, (in a one-to—one relation with e? ) leading to the augmented dual magnetic grid Qém,
as exemplified in Fig. 3.4. Dual magnetic boundary nodes are not needed in the A-PEEC
discretization of the magnetic media, thus they are not represented in Fig. 3.4 (empty circles).

In order to consider the presence of &%, which close the contour of the dual faces that are in
a one-to-one relationship with the primal boundary edges e’ , the dual augmented curl matrix
is defined as é?zm =cyl = [Ca,,Cr, ]

Thus, when the A-PEEC method is adopted, the discretization of electric media is given by
Fig. 3.3, where dual boundary nodes ﬁ’; have been added to QQQ. Instead, the augmented grid
for magnetic media is given by Fig. 3.4, where éfn have been added to QQ

In the CM discretization, in order to comply with the Tonti’s scheme [22, 58], the electro-
magnetic fields, charges, and potentials are associated to algebraic quantities properly related
to the geometric entities of the primal and the dual grids. The following arrays of DoFs which
live on the primal and dual entities of the electric domains can be introduced for the A-PEEC

formulation:
e & = (&, ) on dual edges ¢, &, = fé% E-dl,
e &) = (ép,) on dual edges é., ey, = féek Ecy: - dl,
° &Se = (a)ek) on dual nodes 71, and dual boundary nodes ﬁZ, Q?)ek = @e(rn, ),
e q¢ = (g¢,) on primal volumes v, qf, = fv% Oedv,
e q; = (¢, ) on boundary primal faces ré 9e, = ff};k Seds,
e a° = (ay') on dual edges é., aj, = féek A - dl,

whereas, the following arrays of DoFs living on the primal and dual entities of the magnetic

domains are defined:
e a™ = (ay') on dual edges &, a;' = [, A -dl,
mi

~myp

e 3" = (a}") on dual boundary edges &’,, a* = Joo A -dl
my

e b = (b) on dual faces f,,, bp = f}m]c B . ds,

e by = (by,) on dual faces f,,, by, = fj; B..: - ds,

® jo = (ja,) on primal faces fi,, jo, = fka Jo - ds,

e k, = (k,, ) on primal boundary edges €’ , k,, = femk M - dl

The array of DoF (}be associated to the electric potential, ., can be subdivided into &e =
[&:, (}52], where a): refers to the interior dual nodes of Gq, (in a one-to-one relation with v,)
and &52 to the boundary nodes 72 (in a one-to-one relation with f?). Thus, a one-to-one
relationship exists between ¢, = [¢.; d.] and q. = [q¥; q¢]. The primal and dual electric grids
with the related DoF's are exemplified in Fig. 3.5 for an equivalent 2-D case.

Thanks to the choice of the Whitney shape functions and to the definition of the primal and

dual grids, the arrays of DoF's introduced above can be placed in the Tonti’s scheme of Fig. 3.6
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Figure 3.5: Primal (Gq_) and augmented dual electric CM grids (Qge), 2-D case exemplification.
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Figure 3.6: Tonti scheme for the A-PEEC method. Arrows without a label refer to resistance, inductance, and
potential PEEC matrices.

dual nodes

M
N

and they satisfy algebraic relations equivalent to the differential equations introduced in Section
2.2.

For instance, the continuity equation (2.41) (in terms of DoFs) is given by the following
Dg.je = —iwq?, Dr_je. = —iwq?, D¢, je = —iwqe, (3.24)
the relationships between the electromagnetic fields and the potentials are given by
&= —iwd® — Gg ¢, +8&, b=Cgq & + by, (3.25)
while the relationship between the magnetization and the amperian currents are represented by:

ja = Cq,, m, k, = Cr, m, la ka] = CH, m. (3.26)

In the A-PEEC formulation derived in Section 2.2, the amperian volume and surface currents

are adopted in the integral expressions of the electromagnetic potentials. Thus, it is convenient
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to introduce expansions for both J, and K,. Therefore, J, is expanded by the following:

Jo(r) =D Wh(r)jas, (327)

the fluxes j,,, for k = 1,---, fn,, are stored in the already defined array of DoF j, = (Jq,)-
Moreover, j, must satisfy also the first relation of (3.26).

K, is instead expanded by the following:

b

€m

Ku(r) = wi (r)ka,, (3.28)

k=1

where w;" = n x w{, is the surface face shape function related to the kth boundary edge e? with
triangular of quadrilateral support, n is the unit normal vector of the boundary support (i.e.
the boundary face), and k,, , for k = 1,--- e’ . are stored in the already defined array of DoF
k, = (ka,).- Moreover, k, must satisfy also the second relation of (3.26). Expansion (3.28) can
be also derived by combining (3.23) with the definition of K, = M X n.

The expansions (3.22), and (3.23), (3.27), and (3.28) can now be inserted in the integral
equation (2.55) derived in Section 2.2.3. Moreover, according to the Galerkin scheme, face
elements are adopted as test functions for (2.55).

By doing this, and thanks to a property of Whitney elements (consistency property) [59],
e.g.

Qe, :/ Ae(r).dlz/w{(r).Ae(r)dQ, (3.29)
& Q

the continuum integral equation (and thus the whole electromagnetic problem) can now be
written directly in terms of the previously defined arrays of DoFs. Thus, the discrete form of
(2.55) is given by

R.j. + iwad® + Gg_ ¢, = &, (3.30)

where
a‘ = Lije + Lizja + Lle“mkaa (3-31)
¢, =P.q.. (3.32)

R. is the sparse f. x fo. PEEC electric resistance matrix representing the discrete form of

the constitutive equation (2.46). Its coefficients are

Re = [ plowl ) w](x)a (3.33)

e

L¢, Ly, and L~ are instead the dense PEEC electric inductance matrices that represent
the integral terms of equations (2.51). The dimension of the volume matrices LE, L¢, is fe X fe
and f. X fp, respectively, while the dimension of volume/surface matrix L is f. x el . For

the sake of conciseness, defining oo = e, m and 8 = e, m, matrix inductance coefficients are

L3, = Lguk = po wi (r) / W]]:(r/)g(r,r/)dQ'dQ, (3.34)
Qg Q.
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and
QZ—WMZMJ"W L/Wﬁr )l dg2, (8:35)
uk o,

which are symmetric due to the symmetry of the shape function.
P. is instead the dense ((ve + f2) x (ve + 7)) PEEC potential electric matrix representing
the discrete form of (2.42). P, is subdivided into

VU vSs
Pe P€

P, =
Py P:

: (3.36)

T . .
where PYV, P2%, and PY® = P3V" are the volume, surface, and volume/surface potential matrices

defined as: )
QY dO
%VW/ /gmﬂdd,

PP = "Ydr'dr,

P =P = ———— ")dI" d2
Cuk €ku EOVuSk ~/veu /Ek g(I‘,I‘) ’

in which V}, and S} indicate the volume and the area of a generic hth volume and surface cell,

VU
Peuk -

respectively.
Expressions (3.37) can be derived from the Galerkin testing of (2.55) (combined with the
expansions (3.22), (3.27), and (3.28)) by applying the following property of the Whitney face

elements:
1

V-wl = 5 (3.38)

1
7,[117 W"{ ‘n =
where V, is the volume of the support of w/ and SZ is the area of the boundary face f,lL’ related
to the kth Whitney face element. Indeed, the expansion of J. in (3.22) induces the following

expansion of the charge densities because of (3.38)

fe
ZP v, se(®) =Y i), (3.39)
k

in which pj, = V% and pj = Sb’ where V4, is the volume of the kth tetrahedral/hexahedral ele-

ment of the mesh and SZ if the area of the kth boundary triangular/quadrilateral face.

Matrices Re, L., and P, represent constitutive and integral interactions between the elec-
tromagnetic DoFs. In the CM discretization these kind of matrices define relationships between
DoF's which live on the primal grid with DoFs which live on the dual grid, following the one—to—
one relationships between the geometric entities of the two grids. Thus, R., L., and P, matrices

represent the unlabeled arrows of the Tonti’s scheme in Fig. 3.6.

Expansions (3.22), (3.23), (3.27), and (3.28) can now be inserted in the integral continuum
equation (2.58) and, following the Galerkin scheme, the resulting equation is then tested with

the Whitney edge functions. Thus, the discrete form of (2.58) results in

Fm - C;, [a™;a™] = by, (3.40)
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where
a" =L"je + L"j. + L k,,
) oo e e (3.41)
a"™ =L,"je + L, jo + Ly ka.
F is the constitutive magnetic e,, X e, matrix which represents the discrete form of the

constitutive equation (2.57) and its coeflicients are given by

F.s = / o (r)Wi(r) - wi(r)dQ. (3.42)
Qim,

The expression of the coefficients of the volume inductance matrices L*, L in (3.41) is still
given by (3.34), whereas the ones of the volume/surface matrices L" , LIm LLm are given by

(3.35). The coefficients of the surface inductance matrix Lgm are instead given by

Ly :HO/F Wfir(l“)'/F wi"(r')g(r,x’)dI"dr. (3.43)

The evaluation of the inductance and potential coefficients requires the computation of double
volume or surface integrals. When the support of the basis and the test functions overlap the
integrand shows a singularity due the Green’s function. Thus, singularity extraction techniques
should be adopted in order to properly evaluate matrix coefficients. In the literature, several
singularity extraction techniques are proposed for the evaluation of the coefficients and the
computation of the electromagnetic fields in the post—processing. Some useful references are [60,
61, 62, 63, 64, 65, 66, 67].

The third equation in (3.24) can be combined with (3.32) leading to:

D¢ j. +iwP, ¢, = 0. (3.44)
Then, (3.30), (3.40), and (3.44) can be written together, resulting in the final system of equations

R. +iwLé Gy iw[LS,,Lg ]Ca

m

P,D¢ iwl 0 Je o
€ Qe 7 —
i 3 b =0l (3.45)
Co.|ir.| 0 FCe,LuCh, | [m bo
where
L™ L™
Ly, =| "™ "“Imf, 3.46
e L (3.46)

is the amperian inductance matrix.

The solution of this final system of equations provides also an approximate solution of the
continuum electromagnetic problem. Indeed, once obtained the values of j. and m, g, jo, and
k, are obtained from (3.49) and (3.26). Then, the (approximate) distribution of J., Jo, K,
Pes 0c, and M can be obtained from the expansions (3.22), (3.27), (3.28), (3.23), and (3.39).
Therefore, the electric and the magnetic fields can be evaluated for field sources in the whole
space by using the integral expressions derived in Chapter 2.

The numerical features of (3.45) and the strategies to be adopted for its solution are thor-

oughly discussed in Chapter 4.
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3.1.3 Circuit interpretation

When the A-PEEC formulation is discretized, and hence (3.45) is solved, the CM approach offers
a natural circuit interpretation of the electromagnetic problem for the electric domain. Indeed,
the nodes n. together with the boundary nodes fzg can be interpreted as electric circuit nodes,
while the edges e, can be interpreted as electric circuit branches carrying the electric currents j..
Thus, as in the standard PEEC discretization, the first row of (3.45) can be interpreted as KVLs
written for each branch of the equivalent electric circuit (dual edges €.) and QQ represent the
graph of the equivalent electric circuit. The second row of (3.45) can be instead interpreted as
KCLs written for each node of the equivalent electric circuit (dual nodes 7. and dual boundary
nodes 7). Thus, for the electric domain only, the structure of the original PEEC elementary
circuit cell shown in Fig. 3.7 [21] can be adopted to represent the equivalent circuit derived from
the discretization of the electric domains.

However, the third row of (3.45) derived from the discretization of the magnetic domains,
does not offer the same circuit interpretation by means of the traditional PEEC elementary
circuit cell. Thus, when magnetic media are actually involved and the A-PEEC formulation
is discretized, the whole electromagnetic problem cannot be interpreted with the same circuit
interpretation introduced for the original non-magnetic PEEC method.

Thus an MNA Spice-like solver can not be directly used to solve (3.45) since a circuit with
the same structure as the electric one cannot be constructed for the magnetic domains.

Nevertheless, since the discretization of the electric domain allows an useful circuit interpre-
tation, the electromagnetic problem can now be easily coupled with lumped circuit components
with port currents j;,, with & = 1,..., N; where N; is the number of the lumped element ports
[68]. As for the standard PEEC discretization, the coupling is handled by adding the lumped
elements to the circuit graph (as exemplified in Fig. 3.8) and solving the electromagnetic prob-
lem together with the KVLs and KCLs written for the lumped elements, so the array of DoFs
ji = (jx) and ‘}Se, = (g?)el’k), with £k = 1,..., N,, where N,, is the number of the lumped nodes,
are added to the problem unknowns. Lumped ports can also be connected to internal 7. or
external 72 nodes of Gg_ (usually the external ones for cases of practical interest), in which case
the incidence matrices A.; must be introduced in order to consider the connections between the

lumped elements and the nodes n, and ﬁg. Moreover, as done in Section 3.1.1, the zero vector in

€
R L .
h 1l ell Jel k
Yiwgqp, Yiwqy
Vet fL Vet fL
Pop. 1 Py, 1 5
Pl es —— Pepn 2. prriwge, —— Pery
s#h s#k

b
fe fm em

er=eo; + 2 (wLg, + Reis)jes + 20 iwliy jas + 20wl ) Kas
sF#l s s

Figure 3.7: Elementary A-PEEC circuit cell for the Ith electric face.



Chapter 3. PEEC discretization 45

Figure 3.8: Electric Equivalent Circuit, a 2D case exemplification.

the rhs of (3.45) can be also substituted with jeo, which is the vector that stores jo x, i.e. a pos-
sible external current injected in the kth dual node of the mesh. Thus, the final electromagnetic

problem coupled with lumped circuit elements can be written as

[ R.+iwLé  Gg  wlLE, L JC4 0 071 1 o
P.Dy. iwl 0 P.AT, o || €0
L™ ’ ¢e Je0
—Cq,, lLﬁm] 0 F-Cy L7Cg 0 0 m|=|bol, (3.47)
j u
0 Ac 0 Z, Ay (};l 0
i 0 0 0 A;‘,:l 0 It e,l | Jio

where A;; is the incidence matrix which describes the connections between the lumped branches
and lumped nodes, Z; is the lumped impedance matrix, u;q is the array which stores the external
voltage excitation of the lumped branches and jj is the array which stores the external currents

injected in the lumped nodes.

3.2 Discretization of the C—PEEC formulation

This section deals with the unstructured Cell Method discretization of the C-PEEC formulation
presented in Section 2.3.

Since the A-PEEC and the C-PEEC formulations are equivalent when magnetic media are
not involved, the more general case consisting of conductive, dielectric, and magnetic media is
here considered.

As in the A-PEEC method, conductive and dielectric media undergo the same discretization
procedure, thus, as in Section 3.1.2, the electric domain . = Q. U Qg is here considered. All
the definitions introduced for €2, are still valid for 2. and Q4 by simply changing the subscript
e with ¢ and d, respectively.

The electric domain €. is discretized in the same way of Section 3.1.2. Thus, the primal
electric grid Gq_ consists of tetrahedral or hexahedral elements and primal electric geometric
entities are defined: n. nodes, e, edges, f. faces, and v, volumes [22]. Then, as in Section 3.1.2,
the augmented dual grid Q?le consisting of dual geometric entities (7, 4712, &, }e, D) is obtained
by taking the barycentric subdivision of G, and adding the dual boundary nodes ﬁg [51]. Again,
since the dual grid has been obtained as the barycentric subdivision of the primal one, a one-to—
one relationship exists between the entities of the primal and the dual grid: ne < v, €. < fe,

- - b
fe 4> Eey Ve ¢ Tie, fE 4> .
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In the C-PEEC formulation, electric and magnetic media are handled with a unified ap-
proach. Thus, unlike the A-PEEC method, the same discretization procedure performed for
Q. is now applied to the magnetic domain §2,,. However, in order to be consistent with the
Tonti’s scheme, the role of the primal and dual grids are exchanged in the discretization of the
magnetic domain. Indeed, the dual magnetic grid Go, is now chosen to consist of tetrahedral
or hexahedral elements while the primal magnetic grid Gq , is obtained as the barycentric sub-
division of GQm, and thus it consists on general polyhedral (except when a structured case is
considered). Therefore, the dual magnetic grid ng consists of dual geometric entities (7, €m,
fm, Uy ) while the primal magnetic grid Gq,, consists of primal geometric entities (N, €m, fm,
b

m 11 & one—to—one

vpm) and it is augmented by inserting the boundary primal magnetic nodes n
relationship with the dual boundary faces }fn Thus, the augmented primal magnetic matrix
Gg,, consists of ny, nodes, n?, boundary nodes, e,, edges, f,, faces, and v, volumes.

This choice in the definition of Ggm and Gq,, allows for a convenient collocation of the DoF's
related to the electromagnetic quantities. So, when the C-PEEC formulation is discretized, the
primal and dual electric grids (i.e. the ones for €2.) are the ones represented in Fig. 3.3. Primal
and dual magnetic grids (i.e. the ones for ),,) are instead shown in Fig. 3.9, where the only

difference with respect to Fig. 3.3 is the changing in the definition of primal and dual.

The electric current density vector J. is now expanded as in (3.22) and the array of DoF's
je is introduced with the same definition. In the C-PEEC formulation, the magnetic current
density vector J,, is introduced in (2.59) as equivalent source in the magnetic domains and it is
considered as unknown of the electromagnetic problem. J,, is now expanded by means of vector

face shape functions whose supports are the tetrahedral /hexahedral elements of Gom:

W1 (1), (3.48)

]+

Jn(r) =

£
Il

1

where jmk represents the flux of J,, through ]”mk, i.e. jmk = f}Mk J.n - ds. The fluxes jmk, for
k=1,---,f,, form the array of DoFs j,, = (Jm,) on faces }mk €Ga,,.

With the same definitions given in Section 3.1.2, the incidence matrices [51] representing
discrete gradient, curl, and divergence operators are defined for the primal and dual electric

grids: Ggq, (primal edges—primal nodes), Cq_ (primal faces—primal edges), and Dgq_ (primal

Figure 3.9: Augmented primal (ggm) and dual magnetic CM grids (Ggm) for the C-PEEC method. Boundary

dual faces fin (blu face) and primal boundary nodes nl, (red dots) are named in the figure.
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volumes-primal faces), Gq, (dual edges-dual nodes), Cq, (dual faces—dual edges), Dq, (dual
volumes—dual faces).

As done in Section 3.1.2, the f* x f. divergence selection matrix Dr_ which extracts the
boundary faces f of G, is introduced; the dual gradient selection matrix Gr, = —D¥ s also
introduced and the augmented divergence and augmented dual gradient matrices are defined as

6. = [Da,;Dr,] and éé =-Dgl' = [Gq,, Gr,], respectively.

Since electric and magnetic media are considered in the same way in the C-PEEC method, the
same incidence matrices are now introduced for the magnetic domains. Thus, gradient, curl, and
divergence operators are defined for the primal and dual magnetic grids: Gg,, (primal edges—
primal nodes), Cq, (primal faces—primal edges), and Dq, (primal volumes—primal faces),
Gq,. (dual edges—dual nodes), Cq  (dual faces—dual edges), Do, (dual volumes-dual faces).
Then, keeping in mind that the role of the primal and dual grids is exchanged with respect the
electric domains, the ffn X fo, dual divergence selection matrix Dr, which extracts the dual
boundary faces }fn of GQ is introduced; the primal gradient selection matrix Gr,, = —Dlifm is
also introduced and the augmented divergence and augmented gradient matrices are defined as
Dg = [Dgq,,;Dr,,] and égm =-Dgl = [Gq,.,Gr, ], respectively.

As in Section 3.1.2, the electromagnetic fields, charges, and potentials are associated to
algebraic quantities that are properly associated to the entities of the primal and the dual grids.
Thus, the following arrays of DoF's which live on the primal and dual entities of the electric

domains can be introduced for the C-PEEC formulation:
e & = (&, ) on dual edges ¢, &, = fé% E-dl,
e &) = (ép,) on dual edges é., ¢y, = féek E..: - dl,
o b, = ((%ek) on dual nodes 7, and dual boundary nodes 7, <~é6k = @e(rn, ),
e gy = (g2, ) on primal volumes v, gy, = fvek 0edv,
e q; = (¢¢,) on primal boundary faces r, q, = ffgk Geds,

a, = (a.,) on dual edges é., d., = fée Al

e a, = (af,,) on primal edges e, af, = [ A, -dl,

m m; i

whereas, the following arrays of DoFs living on the primal and dual entities of the magnetic

domains are defined:
e h = (hy) on primal edges e,,, hy = fem,k H-dl,
e hy = (ho, ) on primal edges e,,, ho, = fem’k H, - dl,
e ¢,, = (¢m,) on primal nodes n,, and primal boundary nodes n%,, ¢, = @m(rs,. ),

~U _ (~V 7 P —
* G, = (qy,,) on dual volumes ¥, 3y, = [;  omdv,

~ ~ ~b
e 4,;,=(q;,,) on dual boundary faces f,,, qfnk:f}?n _Omds.

® a,, = (am, ) on primal edges em,, am, = [, . Ay, - dl,

e &' = (ay;) on dual edges &, a;, = fém,k A, -dl,
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primal nodes D dual volumes

m
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Figure 3.10: Tonti scheme for the C-PEEC method. Arrows without a label refer to resistance, inductance,
and potential PEEC matrices.

As one can notice, there are obvious similarities between the DoFs introduced for the electric
and the magnetic domains and this reflects the symmetries of the C-PEEC formulation in the

handling of electric and magnetic media.

As in Section 3.1.2, the array of DoF 556 is subdivided into (}e = [(ZSZ, &z] and a one-to—one
relationship exists between (}36 = [&5:, &Z} and g, = [qY; q]. A completely equivalent argument
holds also for ¢,,, = [@,,; ;] and §,,, = [G,,; 4.,], Where ¢, refers to the interior nodes n,, of
Gm (in a one-to-one relation with ¥,,) and ¢?, refers to the boundary nodes n’, (in a one-to—one

~b
relation with f,,).

The arrays of DoFs introduced above can be placed in the Tonti’s scheme shown Fig. 3.10
and they satisfy algebraic relations equivalent to the differential equations introduced in Section

2.3. For instance, the continuity equation (2.77) (in terms of DoFs) is given by the following
= it . ~ ~ < .~ ~a .~
DQme = _qu:nﬂ DFme = _qu:n? DQme = —lWqy, (349)

and (3.24) is still valid for je, q¥, and qf.
As for the electric currents and charges, the expansion (3.48) adopted for J,, leads to the

following expansions of the magnetic charge densities:

O 7,
om(®) =Y pEE)@0, (@) =Y D), (3.50)
k k

in which p} = V% and pj = 1., where V}, is the volume of the kth tetrahedral /hexahedral ele-

by
Sk‘

ment of G and S? if the area of the kth boundary triangular /quadrilateral face.
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The expansions (3.22), and (3.48) can now be inserted in the continuum integral equations
(2.92) and (2.93) derived in Section 2.3. Moreover, following the Galerkin scheme, the Whitney
face elements are adopted as test functions for both the resulting equations. Thus, the discrete
forms of (2.92) and (2.93) are given by

R.j. + iwd, + Gg_ ¢, + M, ., Cq,as, = &, (3.51)
R, + iwam + G& ¢, — M, ), Ca, a7 = hy, (3.52)

where
a? - Le.]e7 am - Lm.]m7 521 = N?j@? - an‘jm? (353)
@=P&m¢m=ﬁﬂw (3.54)

The definition of the PEEC resistance matrix R, is the same one given in (3.33). The electric
inductance matrix L¢ has also the same definition of the one derived for the discretization of the
A-PEEC method and its coefficients are still given by (3.34). The same argument holds for the
potential matrix P, the definition of which is given in (3.36) and (3.37).

Matrices Rm, L

PEEC matrices. Their definitions are equivalent to the ones given to the corresponding electric

m, and P,, are instead the resistance, inductance, and potential magnetic

matrices. Thus, the sparse f,, x f,, PEEC magnetic resistance matrix R, represents the discrete

form of (2.85) and its coefficients are:

R, = /Q ) P (1YWL (1) - w (r)d€2. (3.55)

The dense f,, x f,, PEEC magnetic inductance matrix I:Z instead represents the discrete

form of equation (2.73) (while L¢ is now related to (2.72)) and its coefficients are given by
Ly =L, =¢ / / wi (r')g(r,r')d dS. (3.56)

~b ~b ~
The ((Vm + f.) X (Om + f,,)) PEEC potential magnetic matrix P, is instead the discrete

form of (2.79) and, as the corresponding electric matrix, it can be subdivided into

_ f’vv l—jvs
Pm = ~7sri) ~Z;‘| 5 (357)

~ VU ~SS ~ VS . .
where P, , P, ,and P, =P}’ T are the volume, surface, and volume/surface potential magnetic

~ VU ].
P = Ny d)
- m%%l /ng> ,
~ 88 1
P = — r r dF dr’,
A / /f (3.58)

- p / "\dI ds,
fer

matrices defined as:

ey

~ VS

Muk L Mgy NOV Sk/’(;

€u
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in which V}, and S} indicate the volume and the area of a generic hth volume and surface cell,
respectively.

Matrices N7* and N; represent instead the mutual interaction between the electric and the
magnetic domains. In particular, the full (&,, X f.) N7* matrix is the discrete form of (2.73) when
the magnetic potential A, produced by J,, is evaluated in the electric domain €).. Instead, the
(ee X f,,) matrix N; is the discrete form of (2.72) when the electric potential A, produced by
J. is evaluated in the magnetic domain 2,,,. Thanks to the consistency property (3.29), N7
and an are defined by evaluating the line integral of the electric and magnetic vector potentials

along the primal and dual edges, i.e.

N™ =po / (/Q wl (t')g(r, r')dQ/) dl, (3.59)
N;uh =¢co /e (/Q W{L(r')g(r,r’)dﬁ’) -dl. (3.60)

m

Finally, M, /., and Ml/m are mass matrices of dimensions (f. x f.) and (}m X }m), respec-

tively. Their definition is given by

1
My, == /Q wi(r) - wl (r)de,
‘ (3.61)
~ 1
Wi, = [ whie) - whwyin,

and they represent the terms é and ;Tlo in (2.92) and (2.93), respectively.

Finally, the whole problem can be represented as an algebraic system of equations. Thus,
equations (3.54), (3.49), and (3.24) can be combined together resulting in (3.44) and

~a ~ ~_—1
Dg, Jp +iwP,, ¢, = 0. (3.62)

Then, (3.51), (3.52), (3.44), and (3.62) can be written together, resulting in the following

system of equations

R, +iwL¢ Gg, K, 0 je &
P.D¢ jwl 0 0 ¢ 0
Q Wt . Tel = ; (3.63)
—K™ 0 Ry,+iwl, G& | |in ho
0 0 P,Dy il ¢ 0
where
K,, =M,,.,Cq.N,, (3.64)
and
K" =M,,,Cq, N (3.65)

As (3.45), the solution of (3.63) provides also an approximate solution of the continuum
electromagnetic problem. Indeed, once obtained j. and ]m, the vector arrays q. and q,, are
obtained from (3.24) and (3.49), respectively. Then, the distribution of Je, Jm, 0c, Om, Se, and
Gm are obtained from the expansions (3.22), (3.48), (3.39), and (3.50). Finally the electric and

magnetic fields can be evaluated in the whole space by using the integral expressions derived in
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Chapter 2.

The numerical features of (3.63) and the strategies to be adopted for its solution are thor-
oughly discussed in Chapter 4, where (3.63) and (3.45) (i.e. the PEEC system of equation
derived from the A— and C-PEEC formulations) are also compared.

3.2.1 Circuit interpretation

When the C-PEEC formulation is discretized, and hence (3.63) is solved, the Cell Method
discretization approach offers a natural circuit interpretation of the electromagnetic problem
for both the electric and the magnetic domains. Indeed, the nodes 7i./n,, together with the
boundary nodes 72/n®, can be interpreted as electric circuit nodes, while the edges . /e,, can
be interpreted as electric circuit branches carrying the electric currents j. /jm Thus, the first
and the third rows of (3.63) can be interpreted as KVLs written for each branch of the equivalent
electric circuit (dual edges ¢, and primal edges e,,) and Gq, /Gq,, represent the graph of the
equivalent electric circuit. The second and the fourth rows of (3.63) can be instead interpreted as
KCLs written for each node of the equivalent electric circuit (dual nodes 7, plus dual boundary
nodes ﬁg and primal nodes n,, plus primal boundary nodes n%). Thus, for both the electric
and the magnetic domains, the structure of the original PEEC elementary circuit cell shown
in Fig. 3.11 can be adopted to represent the equivalent circuit derived from the Cell Method
discretization.
It is worth noting that the circuit related to the magnetic domain can be considered as
a magnetic circuit mutually coupled with the electric circuit related to the electric domain.
Indeed,
R.j. = €o, (3.66)

can be considered as the (discrete) matrix version of the Ohm’s law, whereas

ijm, = hOa (367)

can be considered as the (discrete) matrix version of the Hopkinson’s law.
Thus, the problem can be in principle solved by means of a MNA Spice-like solver (more

details concerning this points are given in Section 4.2.1).
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Figure 3.11: Elementary C-PEEC circuit cell for the lth electric face. A completely equivalent cell can be
adopted to model the magnetic domains.
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Furthermore, as discussed for the A-PEEC formulation, the electromagnetic problem can
now be easily coupled with lumped circuit components and, as done in Section 3.1.1, the zero
vector in the second row of the rhs of (3.63) can be also substituted with jeo, which is the vector
that stores jo  (a possible external current injected in the kth dual node of the mesh).

Although it may not have a practical interest, artificial lumped magnetic elements can be
also connected to the equivalent magnetic circuit in order to simulate a hypothetical amper-turn
generator. Moreover, external magnetic currents can be injected by replacing the fourth row of
the rhs in (3.63) with j,,, which is the array of external magnetic currents.

Thus, the final electromagnetic problem coupled with (electric) lumped circuit elements can

be written as:

R, +iwLe G, K, 0 0 01 (i1 Te]
P.DY  iwl 0 0 PAL 0| |¢, jeo
K™ 0 RT +~i(;uf,7mn o, 0 0 m _ | ho ’ (3.68)
0 o P,Dy  iwl 0 0 0
0 A, 0 0 z, AL wo
o 0 0 0 Ay 0] [d]  Lind

where A.;, Ay, Zi, o, and jjo have already been introduced for the A-PEEC system (3.47).

3.3 Extension to inhomogeneous media

In this section, some physical and numerical aspects concerning homogeneous media are first
discussed. More details related to this topic can be found in Appendix A (where the presence of
the charge density distribution inside conductive, dielectric, and magnetic homogeneous media
is discussed) and in Section 4.2.4 where the numerical techniques to be applied for a strong
imposition of the properties of the homogeneous media are presented.

Then, the case of inhomogeneous media is discussed and the extension of the discretization
schemes introduced in Sections 3.1 and 3.2 are given in order to properly handle inhomogeneous
media. In is worth noting that the handling of inhomogeneous media is essential for the extension
of the PEEC method to non linear materials. Thus, even if non linear media have not been
considered in the context of this thesis, the research concerning inhomogeneous media is also
spurred by the interest to extend the PEEC method also to this kind of devices.

Finally, the discretization of the C-PEEC formulation based on total div—free currents pre-
sented at the end of Section 2.3 is shortly presented. This particular formulation of the C-PEEC
method allows for naturally considering inhomogeneous media without introducing adjustments

during the discretization process.

3.3.1 Conservation properties of homogeneous media

Until now, only homogeneous media have been considered in the formulation. For this kind
of media, ¢, and p, are uniform values (or more generally tensor quantities) inside each (not—
touching) sub—domain of Q4 and €,. As shown in Appendix A, the volume charge densities
04 and o, are always zero for this kind of media [39] (for the whole frequency range), while in

general ¢z and ¢, are not.
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When the C-PEEC method is considered, from (2.41) and (2.77), the vanishing of g4 and
om also implies that
vV-J,=0, V-J,=0. (3.69)

Since the C-PEEC method is a particular form of Volume Integral Equation (VIE) method,
these conditions are naturally and implicitly imposed by (3.63), but not in a numerically strong
sense [69]. Indeed, all the effects of the full Maxwell’s equations are considered in (3.63), in-
cluding the ones due to the presence of possible bound volume charges o4 and g,,. Thus, since
Maxwell’s equations imply that g4 = 0 and g,, = 0 when homogeneous media are considered,
the solution of (3.63) must satisfy this property. However, as stated above, this condition is
actually imposed, but not in a numerically strong sense. Indeed, as mentioned in [70], when a
VIE is solved, the solution will be close to the right one, but the volume charge densities g4 and
om Wwill not be exactly zero inside 24 and €,,, particularly for the mesh elements close to the
boundaries I'y and I';,,. Anyhow, this in general does not particularly affect the global quality

of the solution but it could be an issue when high accuracy is required.

In the A-PEEC formulation, the magnetic charges are not considered but the above dis-
cussion still holds with regard dielectric media. Instead, amperian currents are introduced as
equivalent sources in the magnetic domains. As more widely discussed in the following, also
the electromagnetic properties of the amperian currents (i.e. the magnetization) are implicitly
satisfied by system (3.45), but again not in a numerically strong sense. For instance, in steady
state condition and for non—conductive homogeneous magnetic media, only the surface ampe-
rian currents exist while the volume amperian currents are zero. This condition is not strongly
enforced by (3.45) and a distribution of J, close to the boundary I'y, is obtained also when
a zero frequency problem is solved. Anyhow, again this does not particularly affect the global
quality of the solution but it could be an issue when high accuracy is required or when the actual
distribution of the magnetization is important. Numerical techniques to be applied in order to
strongly impose 94 =0, 9,, =0 (i.e. V-J; =0, V-J,,, =0) and the electromagnetic properties
of M are presented in Section 4.2.4.

In the above discussion, only dielectric and magnetic media have been mentioned. Instead,
the presence of free charge density inside conductive media is a sensitive issue which is discussed
in appendix A [71]. However, from an engineering point of view, g, is almost negligible for the
whole frequency range [70], while ¢, ~ 0 only when the frequency is sufficient low. Thus, the
above discussion concerning dielectric and magnetic media holds also for the conductive media

and in Section 4.2.4 also the case of conductive media is treated.

3.3.2 Inhomogeneous media

In this section, the case of inhomogeneous media [72] is considered. The extension of the C-
PEEC method is first considered. Then, the case of the A-PEEC method is discussed and finally
the discretization of the C-PEEC formulation proposed at the end of Section 2.3 which involves

the use of total div—free currents is presented.

C—-PEEC method for inhomogeneous media

When inhomogeneous dielectric and magnetic media are involved, ¢, and p, must be considered

as functions of the position, i.e. &,(r) and u,(r). For the sake of clarity and simplicity, conductive
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domains are not considered in this section, thus the electric domain €2, coincides with the
dielectric domain 4. Therefore, since we will refers to dielectric media and not to conductive
media, the subscript d is used instead of e.

Thus, starting from the following relations derived from the constitutive equations introduced
in Chapter 2,

P—(1- El)D, (3.70)
JoM =(1 — i)B, 3.71)

and applying the divergence operator to both the equations, the following expressions are ob-

tained:
V-P=v. (- )D)=(1- 1)V D+D V(1) (3.72)
Er Er e’
V- (M) =V (1~ )B) = (1~ )V-B+B V(1 ). (3.73)
Hr Hr Hr
Moreover, since 9o = —V - P and g,,, = =V - (£oM), we finally obtain:
1 1
1
—0m =V - (uoM) =B - V(1 — M—) (3.75)

When ideal dielectric media are considered (i.e. no free charges are presented in ), equation

(3.74) reduces to
1

—dev-P=D~V(1—E—), (3.76)

since V-D = 0.
Thus, unlike homogeneous media, volume bound charges are actually present when inhomo-
geneous dielectric and magnetic media are considered. Indeed, the rhs of (3.74), (3.75), and

(3.76) are non—vanishing quantities.

For the sake of clarity, let’s now distinguish two different cases:

(a) e-(r) and p,(r) are piecewise continuous functions, i.e. Qg and Q,, consist of (homoge-
neous) sub—domains within which the permittivity and the permeability have unique values.

Thus, &,(r) and p,(r) show a discontinuity on the surfaces which divide the sub-domains;

(b) &-(r) and p.(r) are continuous smoothly varying functions in Q4 and Q,,.

Case (a) When ¢,(r) and p,(r) are piecewise continuous functions, equations (3.74) and (3.75)
must be handled in the distribution theory sense [39], since the computation of the gradient of a
noncontinuous function is required. Thus, considering that €24 consists of two sub—domains Qg4,
and g, divided by the interface face Ty, and that Q,, consists of two sub—domains Qn, and

O, divided by the interface face I',,-, we obtain

—a=P1-Py) n=(1-¢.")—(1-¢."))D n, (3.77)
—n =Ho(My = M) -n = (1= pz)') = (1= ., ))B - m, (3.78)
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Figure 3.12: Graph adjustments for piecewise inhomogeneous dielectric media in C-PEEC method.

where the subscripts 1 and 2 indicate the left and the right side of the interface region between
the two (dielectric or magnetic) sub-domains, respectively, and n is the unit normal vector of
I'g- and T,,-. Thus, for a piecewise homogeneous material, the volume charge densities g and
Om are zero in 4 and €Q,,,, while electric and magnetic surface charge densities ¢4 and ¢, appear
in T'4- and T+, respectively.

It is clear now that the normal components of P and M (i.e. J, and J,,) are discontinuous
in [y~ and T,,-. However, the Whitney face elements w/ adopted in (3.22) and (3.48) for the
expansion of J, and J,, impose the continuity of the normal component. Thus, if no adjustment
is done to the girds, no surface charge can lay on I'g- and T',,,-.

To solve this problem (i.e. to allow a surface charge distribution on the interfaces between
different materials), the primal dielectric grid G4 and the dual magnetic grid Gm are slightly
changed. For simplicity reasons, since in the C-PEEC formulation dielectric and magnetic
media are handled in a completely equivalent manner, the following discussion is carried out for
the dielectric media only.

First, the set of the interface faces which discretizes [y« is defined as f,. Thus, each trian-
gular/quadrilateral face fdk € f, must be virtually divided into two faces, a left one fa,,, and a
right one fg4, ,. So, two distinct current DoF's jp, , and jp, , must be considered: j,, , related to
fd,...> and jp, , related to fq, ,, as shown in Fig. 3.12 for an equivalent 2-D case. The support of
the Whitney face function associated to jj, , is (only) the volume element which belongs to 4,
while the support of the Whitney face function associated to jp, , is (only) the volume element
which belongs to Q4,.

Then, interface (dual) nodes ng, , are added to the grid, as exemplified in Fig. 3.12. More-
over, D¢, and ég , (i.e. the incidence matrix of the equivalent electric circuit) must be prop-
erly modified in order to consider fg, , and fg, , instead of f,; and their connections with
np, .- These modified incidence matrices are defined as D%d and (:}?2 , and they also satisfy

, = G- )

Moreover, the contribution of the charge that lays on the interface faces f,; must be taken
into account. Therefore, the array of DoFs qf = (qf}k) which stores the charges laying on j_”dk,
with k& = 1,---, f4, must be defined. Each DoF, g; , related to the charge which lays on the

interface face fdk, must satisfy the continuity relation:

jplc,l _jpk,z = —iquk. (379)
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Thus, the discrete continuity equation for the general case of inhomogeneous dielectric media
becomes
D§,,ja = —iwqy, (3.80)

where q% = [qY; q5; qj] and with a proper re-ordered of the entities of the mesh.

The array of DoFs q~bz, in a one-to—one relation with g%, must also be introduced, where
(Ebzk is related to the kth interface face j_”dk. Subsequently, the electric potential matrix must be
properly augmented:

Py Py Py
Py = |PY P P, (3.81)
Ps’ P P

where PY* = P37 Ps5 = P57 and P3F are volume/surface and surface potential matrices
whose coefficients are given by (3.37). With the introduction of P9, the discrete relation between

the scalar electric potential and the electric charges is finally given by
¢ = Pidj. (3.82)

Where (Fisd = [&L‘b &)d’ &d].
So, finally, (3.80) and (3.82), are combined together resulting in

D§, j, +iwPi g, = 0. (3.83)

A completely equivalent procedure can be applied to the case of inhomogeneous magnetic

media resulting in

where f)gm, ¢, P, and %, have definitions equivalent to the corresponding dielectric ones.
Thus, the final system of equation for the case of inhomogeneous dielectric and magnetic

media is given by

~a ~d ~
Rd + ZWLg GQd Ml/go CQde 0 ‘]d, €p
_ PaDa, b 0 0 PO (3.86)
~Mi/4,Co, NG 0 Ry +iwk, G§ | |in ho
0 0 P, D, iwl | | o 0

When this procedure is adopted, and thus (3.86) is solved, (3.77) and (3.78) are strongly imposed.

Alternatively, the interface faces fg, , and fg, , can be interpreted as boundary faces (as the
ones on I'g), so 7ip, has not to be defined and the graph remains actually divided, as exemplified
in Fig. 3.13. With this choice, the value of o4 which lays on f; is implicitly imposed by the
integral formulation as the sum of two charge densities that lay on fg, , and fg, ,, but not in a

numerically strong sense. The same for the magnetic case.

Summarizing, following the circuit interpretation, the solution is given by replacing each
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Figure 3.13: Graph adjustments for piecewise inhomogeneous dielectric media in C-PEEC method. Implicit
imposition.

circuit branch representing an interface face with two distinct branches connected to two floating
nodes. The two floating nodes can be merged into a single interface node or remain distinct and
considered as normal boundary faces. For both cases, each one of the two distinct branches can
be represented by means of the traditional PEEC elementary circuit cell: one circuit node is the
interior node (i.e. the barycenter of one of the two tetrahedral /hexahedral elements sharing the
interface face), while the second circuit node is one of the two floating nodes placed in fq, , and
fa. .- Then, the two floating nodes can be merged into a single interface node (Fig. 3.12) or
remain distinct (Fig. 3.13).

Case (b) When e,.(r) and pu,(r) are continuous functions which smoothly vary in Q4 and Q,,,
Jp, and J,,, are continuous inside 24 and ,,.

Then, from (3.74) and (3.75), volume charge densities o; and g, appear inside Q4 and Q,,.
This case can be simply considered without forcing the divergence of J,, and J,, to be zero and
evaluating the entries of Ry R, as shown in (3.33), and (3.55), where the value of py(r) and
pm(r) depends from e,(r) and p,(r) point-by—point, respectively.

Alternatively, once the discretization of 4 and 2, is obtained, a given value of &,(r) and
tr(r) (e.g. the mean value or the barycentric value) can be associated to each mesh element,
leading to a piecewise constant approximation of the functions €, (r) and p,.(r). Then, each mesh
face that separates two elements with different value of e, and u, must be treated as discussed
in Case (a). Thus, strongly inhomogeneous media can be handled by systematically treating

all the internal faces as interface faces.

A-PEEC method for inhomogeneous media

Since A-PEEC and C-PEEC methods are formally equivalent when magnetic media are not
involved, inhomogeneous dielectric media in the A-PEEC formulation can be handled in the
same way of the C-PEEC formulation, as discussed above.

These methods behave differently when magnetic domains are involved. Thus, the handling

of inhomogeneous magnetic media for the A-PEEC method is here discussed.
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The magnetization is related to the magnetic field as

H
M=——" .
-t (3.87)

Thus, by applying the curl operator to the above equation one obtains

1

VxM=
pr — 1

VXH+V< i1>xH. (3.88)

[hr

Moreover, since J, =V x M and V x H = J. + iwD, the following relations are obtained:

1 1
J,=VxM= VXH+V< )XH, (3.89)
:ur_l Nr_l
J. + iwD 1
J =V xM= e ™ +v< )xH (3.90)
pr =1 pr =1

Thus, when homogeneous media are considered (i.e. p, is uniform inside each disconnected
sub—domain of ,,), the volume amperian currents are not zero when the magnetic domain has
a conductivity greater than zero or when the frequency of the problem is not zero. When non—
conductive homogeneous magnetic media are considered, and when the frequency is low, J, is

instead a negligible quantity.

When inhomogeneous magnetic media are considered, the term V(H 1_1) x H in (3.90) is in
general a non—vanishing quantity which contributes to the value of J,.

Two different cases are considered as above:

(i) pr(r) is a piecewise continuous function, i.e. €, consists of (homogeneous) sub—domains
within which the permeability has unique value and thus p,(r) shows a discontinuity on

the surfaces which divide the sub—domains;
(ii) pr(r) is a continuous smoothly varying function €.
Case i When p,(r) is a piecewise continuous function, (3.90) must be handled in the distribu-

tion theory sense. Thus, considering that €2, consists of two sub-domains €,,,, and €,,, divided

by the interface face f‘:n, we obtain

1 1
Ka—(Ml—Mg)xn—(url1—Mr21>H><n, (3.91)
where the subscripts 1 and 2 indicate the left and the right side of the interface region between
the two magnetic sub-domains, respectively, and n is the unit normal vector of I',,-. Thus,
surface amperian currents K, appear in T'y,«.

It is clear now that the tangential component of M is discontinuous in T',,~. However, the
Whitney edge elements w® adopted in (3.23) for the expansion of M impose the continuity of the
tangential component. Thus, if no adjustment is done to the magnetic gird, no surface amperian
current can lay on [',,-.

To solve this problem, the primal magnetic grid G,, is slightly changed. First, the set of
the interface edges which discretizes T+ is defined as é,,. Thus, each edge €., € €, must
be wvirtually divided into two edges, a left one ey, , and a right one e, ,. So, two distinct
magnetization DoFs my 1 and my 2 must be considered: my ;1 related to ey, ; and my 2 related

to em,, ., as exemplified in Fig 3.14. The support of the Whitney edge function associated to
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Figure 3.14: Graph adjustments for piecewise inhomogeneous magnetic media in the A-PEEC method.

my1 are (only) the volume elements which belong to €,,, while the support of the Whitney
edge function associated to my 2 are (only) the volume elements which belong to €, .

Then, an interface edge ép , is added to the grid, as exemplified in Fig. 3.14. Moreover,
the contribution of the amperiah surface current related to the interface edge ér  , must be
taken into account. Therefore, the array of DoFs k = (k) which stores the amperian currents
related to ép, ,, with k=1,--- €5, must be defined. Each DoF must fulfill the relation:

me,1 — My =k, (3.92)

L
Thus, the discrete relations between the magnetization and amperian currents for the general

case of inhomogeneous magnetic media become
jo =Cq, m, k, = Cr, m, ki = Cf m, (3.93)

where C? is the curl selection matrix which extracts the DoFs related to the left and right

magnetizations unknowns my ; and my, o resulting from the virtual splitting of the interface face

I'yp«. Thus, the third equation in (3.93) is the matrix form of (3.92).
With a proper re-ordering of the entities of the mesh, relations (3.93) can be written in a
compact form as:

[ja;ka;ki] = C?Z m

m

(3.94)

where C%m = [?Qm; Cr,; C%m} is the modified augmented curl matrix for inhomogeneous mag-
netic media. Cgm = Cg:

s
a’

The array of DoFs a™°, in a one-to-one relation with k3, must also be introduced, where

~m,S

a"* is related to the kth interface edge é,,,. Subsequently, the effects of the surface amperian
currents flowing in T',,« must be taken into account. Thus, the wvolume/surface inductance
matrices Lle;m and Lgm (L%Z = lem), which represents the mutual effects between the electric
domain and k¥, must be added. Moreover, the amperian inductance matrix (3.46) must be

properly augmented:

Ly Ly, Ly
Ly = |Li» Lym Lpm|. (3.95)

f,L 1i‘rn f\m,
LL» Lim L™
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Figure 3.15: Graph adjustments for piecewise inhomogeneous magnetic media in the A-PEEC method. implicit
imposition.

Thus, the final EB-PEEC system of equation for the case of inhomogeneous magnetic media

is given by
[ R.tiwli  Go iw[Lg.Li L Ch ]
P.D%. iwl 0 Je €o
L é.|=10]. (3.96)
-G, L] o F-C, LiCh | |m| b
Ll=

When this procedure is adopted, and thus (3.96) is solved, (3.91) are strongly imposed.

Alternatively, the interface edges e, , and ey, , can be interpreted as a boundary edges,
so ép, , has not to be defined and the graph remains there divided, as exemplified in Fig. 3.15.
With this choice, the value of K, which flows in I',,« is implicitly imposed by the integral for-

mulation as the sum of two amperian currents that flow on the right and left side of T',-.

Summarizing, the solution is given by replacing each edge which discretizes I',,,- with two
distinct edges. The difference between the two magnetizations DoF's related to these edges
gives the value of the amperian surface current DoF, the effects of which must be considered by
augmenting the inductance matrices. By doing so, equation (3.91) is explicitly enforced.

Alternatively, €2, can be actually cut in [',,,-. Thus, the two sides of ', are considered as
normal boundaries, and then two distinct amperian currents are considered, one for the left part
and one for the right part. By doing this, equation (3.91) is implicitly enforced by the integral

formulation, but not in a numerically strong sense.

Case ii When p,(r) is a continuous function which smoothly varies in €2,,,, M is continuous
inside ,,. Then, from (3.90), volume amperian currents J, appear inside €2,,,. This case can be
simply considered by evaluating the entries of F as shown in (3.42), where the value of a;,(r)

depends on p,.(r) point—by—point.
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Alternatively, once the discretization (2, is obtained, a given value of p,.(r) (e.g. the mean
value or the barycentric value) can be associated to each mesh element, leading to a piecewise
constant approximation of the function g, (r). Then, each mesh edge that separates two elements
with different value of p, must be treated as discussed in Case (i). Thus, strongly inhomoge-
neous magnetic media can be handled in the A-PEEC method by systematically treating all the

internal edges as interface edges.

Discretization of C—-PEEC formulation based on total div—free currents

The procedure presented in Section 3.3.2 for the handling of inhomogeneous media, which con-
sists in modifying the equivalent graph, leads to a duplication of the unknowns related to the
interface faces between domains with different values of ¢, and p,.. Thus, when strongly inho-
mogeneous media are handled with the procedure described in Case (a), the dimension of the
final system of equations to be solved may grow significantly.

The C-PEEC formulation introduced in Section 2.3.1 (presented in [23] for the case of con-
ductive and dielectric media and extended to the case of magnetic media in [27] by the author)
allows reducing the computational cost when inhomogeneous media are considered. This method
indeed can be interpreted as an extension of the method proposed in [73] for the study of elec-
tromagnetic scattering by arbitrarily shaped inhomogeneous dielectric bodies.

Indeed, the unknowns adopted in this formulation are the total electric and magnetic currents
densities, Ji°* and J°, introduced in (2.96), which are diverge free for both homogeneous and
inhomogeneous media. Thus, thanks to this choice of unknowns, no adjustment must be done
when inhomogeneous media are considered, and the DoFs on the interfaces between materials
are not duplicated.

Jiot and JIo are expanded with the same procedure adopted in (3.22) and (3.48), resulting

in
fe
Jtet(r) = " wi (r)jtet, (3.97)
k
}m ~t t
Tt () = Wl (X)jpm, (3.98)
k

where j? represent the flux of J¢** through fe,: j&* = [, Ji* - ds. The fluxes jg!, for
ek

k=1,---,fe., arestored in the array of degrees of freedom (DoF) jtot = (jt') on faces fe, € Ga,.

<tot
Jiet and the corresponding array of DoFs j,: is introduced.

An equivalent argument holds for
The rest of the discretization follows the procedure described in Section 3.2 and the same
arrays of DoFs are introduced.
Finally, the expansions (3.97) and (3.98) are introduced in equations (2.100), (2.101), (2.102),
and (2.103). Then, following the Galerkin scheme, the resulting equations are tested with the

same Whitney face functions. Thus, the final algebraic system of equations to be solved is

R +iwLi G, K7tot 0 ] [t &
piot —iwl 0 0 (.Z'S 0

7(; tot ~tot . =~tot o 7toet = , (3.99)
—K™ 0 R, +iwL, G& | |in h
0 0 p —iwl] |o, 0
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where
~ e,tot ~ e,tot
K,, =M,;,,CoN,, , (3.100)
K™t =M, ,,Cq, NIt (3.101)
and ji°t. ., jf;t, and j:t are the unknowns.

In (3.99), unlike (3.63), the electric and magnetic potentials are directly related to the elec-
tric and magnetic currents, respectively. Indeed, P and ﬁfst are rectangular matrices with
dimensions ((ve + ) x fe) and ((@m + ffn) X fm), respectively, and they can be subdivided
into Pt = [Pyt P59 and f’:t = [f’m()t' p't

The definitions of the (new) matrices in (3.99) (derived from the Galerkin testing of (2.100),
(2.101), (2.102), and (2.103)) are given by the following:

m ’ m ]'

1
tot _ () - wi (r)dQ 102
R = [l wieie, (3.102)
~ tot 1
_ fr) - wi(r)dQ 1
B /Q Ufn(r)ww(r) W, (£)dS, (3.103)
/
v =1 = [ Wl [ T4 wl gt (3.0
Qe 0, 05(r')
/
L =Lt =20 [ sl [ 2wl gte i, (3.105)
Qi Qi O-’H'L(r )

/ () () - g(r,r') dYd, (3.106)
Q

wi(r') - V'g(r,r’) dQ'dT, (3.107)

~ v, tot 1 O (1)

putet _ / / m\) e () -V g(r.v) dYdQ, 3.108
" 10V o Jon, () k(') - Vig(r, ') (3.108)

N / InE) () - Vg(r. ') dYdT (3.109)
mn e - k . g\r, y .
h,k 1o frnh -?mh Qo O'm<r/)

/
N;Z;fozf :NO/ (/ O’e(rl) W,J:(I'/)g(r, I‘/)dQ/) .d17 (3'110)
- Q.

e oi(r')
- e tot o (r')
N, =€0 /eeu ( o O%(r,)w};(r')g(r,r')dﬁ’) -dl, (3.111)

where o and o7, are defined in (2.98) and (2.99), respectively.

This formulation offers a circuit interpretation similar to the one of Section 3.2.1. Moreover,
inhomogeneous media can be naturally considered without any adjustment of the equivalent
circuit and increasing of the number of unknowns.

Unlike the C-PEEC formulation of Section 3.2, in this method the coefficients of the integral
inductance and potential matrices depend on the material parameter that are frequency depen-
dent. Thus, when frequency sweep problem are considered, all matrices must be recomputed for

~ tot
each value of the frequency. Moreover, the coefficients of Pt and Pn(z depend on the gradient
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of the Green’s function, which has a strong singularity that must be properly handled.

In the PEEC methods that use the traditional currents and the magnetization as unknowns
(i.e. Je, I, and M), the inductance and potential matrices exhibit useful numerical properties,
i.e. they are related to the concepts of magnetic and electric energy [21] (i.e. positive defi-
nite). In this particular C-PEEC method, instead, because of the dependence of the integral
matrices on the material parameters, these properties are less evident, since the inductance and
potential matrices depend on the material properties of the media involved. For instance, when
inhomogeneous media are considered, inductance and potential matrices are mo more complex
symmetric.

It is worth noting that the total currents are divergence free in 2. and (2, and they have
non-zero normal component in I', and T',,,, in general. Thus, the arrays of DoFs related to J&

and J!° exhibit equivalent (discrete) properties, i.e.:

~ ~tot

Dg,j =0, Daq,j, =0. (3.112)

These properties are implicitly imposed by (3.99), but again not in a numerically strong sense.
In Section 4.2.4, the methods to be applied in order to strongly enforce the zero divergence of

Jiot and Ji are presented.

3.4 Equivalent 2—D and 1-D PEEC models

When the shape of the devices or the electromagnetic problem provide an a priori knowledge of
the distribution of the unknowns, equivalent 2-D or 1-D models can be adopted. It is worth
noting that in this thesis 2-D and 1-D models refer to equivalent surface and linear models,
respectively, which are used to represent a 3-D device (with small thickness of small cross
section). Thus, even if the equivalent models are surfaces (2-D) or stick elements (1-D) the
problem is actually 3-D.

Typically, these equivalent models are adopted for the study of conductive media devices,
but they can also be adopted for the study of dielectric and magnetic media which allow the use

of these simplified models.

3.4.1 2-D models

When thin conductive devices are considered (e.g. antennas, printed circuits, etc.), equivalent
surface models can be adopted. Indeed, when the current is uniformly distributed along the
thickness of the device, the model can be meshed with only one element along the thickness [74,
75]. Thus, the 3-D model can be replaced with an equivalent 2-D model, i.e. a surface placed
in the middle of the thickness of the 3-D model [76].

For the sake of simplicity, a purely conductive case is considered (i.e. dielectric and magnetic
media are not involved). When an equivalent surface model is adopted, the volume conductive
domain (), is replaced with the equivalent surface domain I'2P. This domain is first discretized
into a triangular or quadrilateral grid Greo consisting of 12D faces, €2P edges, and n2P nodes.

~2D ~2D

- ~2D
Then, a dual grid Gr:p consisting of dual geometric entities (f. , €., ;") can be obtained by

taking the barycentric subdivision of Grzp. As for the 3-D case, the entities of the primal and
2D

. . . - - +2D
dual grids are in a one-to-one relation: f2° « 722, €20 « 2P n2P « f.7. Moreover, the

following incidence matrices are defined for the primal grid Grep: Grazp (primal edges—primal
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nodes) and Crzp (primal faces—primal edges). The same can be done for the dual grid @FgD
defining the following incidence matrices: ér‘gD (dual edges—dual nodes) and CFED (dual faces—
dual edges). These matrices satisfy the following properties: Cr2oGrzp = 0, CI‘%D éFgD =0,
Cr2p = —~Grap, and Grzo = Cran.

It is worth noting that, because of the introduction of the equivalent surface model, the
incidence matrices are now related to different mathematical operators. For instance, matrix
Crzp is now related to the divergence operator.

Although a surface model is adopted, a thickness is still associated to Grzp. Thus, faces 2P
are the 2-D equivalent of (3-D) volumes, edges e are the 2-D equivalent of (3-D) faces, and

D

nodes n2P are the 2-D equivalent of (3-D) edges. The conduction current is then expanded as:

Z wi (r ]ek , (3.113)

where jgf is the current DoF related to the kth edge (3-D face) of the mesh eng and ¢ is the
thickness associated to the equivalent 2-D model I'2P. Thus, the array of DoFs j2P which stores

D Jfor k=1,---,e2P is introduced.

? C

2d are added to ngm thus the aug-

In analogy with the 3-D case, dual boundary nodes nb
mented dual grid is defined as gpzp. These nodes are in one—to—one relation with the bound-
ary edges €%?P which discretize the contour of I'?P defined as A?2P = 9I'2P. Moreover, the

selection matrix Cpzo which extracts the boundary edges eb2D of Grzpo is introduced. The

gradient selection matrix Gzp = —CKED and the augmented matrices C%%D = [CFZD; CAgD],
~a - - i
GAgD =— l‘izD = [szn, GAgD] are also introduced:

Then, in analogy with the 3-D case, the following arrays of DoF's are introduced:

& = (ezD) on dual edges &P , €5, = [rep E-dl,
, 21

o &0 = (egD) on dual edges 27, eg? = fé?f Ecy: - dl,

° J)Z’QD = ((}SZ;?D) on dual nodes 727, (}S:;QD = @e(rﬁzi),

. &SZ’QD = ((}SZLQD) on dual boundary nodes 752, a)ZfD = @e(r- IliD)
o qU?P = (qu ) on primal faces f2P, qg)? = 5ff3,f’ 0.ds,

o 2P (qf}?) on boundary edges €27, qﬁkQD fe}é‘kw S.ds,

o 30 — (dZ’QD) on dual edges €27, aj’ b= =4/ 20 A -dl.

~2D ~v,2D ~s2D. |
The vector arrays related to the electric potential can be grouped in ¢, = [qﬁz ,¢>Z ] in a

one to one relation with g2 = [q¥2P, q52P].

Such as the 3—-D case, the arrays of DoF's introduced above satisfy algebraic relations equiv-
alent to the differential equations introduced in Chapter 2.

For instance, the discrete continuity equation is now given by:

Cranj2l = —iwg!??, Chzpj2P = —iwq)??, Cfzpj2? = —iwqz?, (3.114)
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while the discrete relation between the potentials and the electric field is given by
&P = —jwa° GF2D¢ + &P, (3.115)

The expansion (3.113) is now inserted in the continuum equations (2.34) and (2.35). Then,
the resulting equations are tested by using a Galerkin approach. Thus, the discrete form of
(2.34) and (2.35) is finally given by:

R2P32P 4 jwa®?P 4 GrquS = &>, (3.116)

where
S P (3.117)
b, =Pzl (3.118)

The e, X e, resistance matrix of a 2-D equivalent conductive model is given by

R = /F " pcér) wi (r) - wir (r)dl, (3.119)

while the expression of the coefficients of L&2P is the same of the surface inductance matrix in
(3.43). The dimension of L&2P is e, x e..
Matrix P2P, with dimension ((f2? + e2?P) x (f2P + €%2P)), is instead subdivided as

Pss 2D Psl 2D

PP = : (3.120)

Pls 2D Pll 2D

T , . .
where P20 PU2D and Ps2D = PLs:2D7 are the surface, linear, and surface/linear potential

matrices defined as:

1
P’ = "\dI'dTl
Cuk EQS Sk /2D /2D g(r,r) ’

i _
pl = EoL i /b 2D/ (r,v")dA dA, (3.121)

AdT,
&‘QSLk/zD/ I‘I‘dd

in which Sp, and Ly indicate the area and the length of a generic h—th face and boundary edge,

sl _ pls __
Pcuk' _Pek'u -

respectively.

Finally, combining (3.114) and (3.118), the whole problem can be written as

R2P + iwL&2D é{‘iﬂ [ ng] B lé%D]

3.122
P20Cs,,  iwl | |G 0 (3.122)

be

In the above discussion, the more general discretization of an equivalent 2-D conductive

model has been presented. However, often the model is simplified, i.e. the boundary charges
s,2D

~s,2D . .
q2“" and the boundary potentials ¢, ? are not defined. Thus, the primal and the dual grids

are not augmented, as well the incidence matrices. In general, for practical cases this further
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Figure 3.16: Charge distribution for an equivalent 2-D model of a conductive plate excited by an external
electric field along the z direction. a) 2-D model with surface charges, values in C/m?2. b) Simplified 2-D model
without surface charges C/m?.
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Figure 3.17: Charge distribution from 3-D to equivalent 2-D model.
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Figure 3.18: Current flow exemplification: leakage case.

simplification does not affect the quality of the solution. Indeed, when this simplification is
performed, the effects of the surface charges which lay on the boundary A. (i.e. the surface
obtained by the extrusion of A. along the thickness of the equivalent surface model) are neglected.
However, an approximate solution is obtained where the effects of the missing boundary charges
are replaced by the volume charges which lay on the faces (i.e. 3-D volumes) connected to the
boundary edges. In Fig. 3.16, the results obtained from a (complete) 2-D model (i.e. the boudary
charges are considered) and a simplified 2-D model (i.e. the boudary charges are neglected) are
shown for the case of a conductive plate excited by a vertical electric field. In order to allow
a clear visualization, the results obtained with the 2-D equivalent models are reported to the
original 3-D model. As one can notices, the values are scaled by a factor 0.01 which is the
thickness of the plate (6 = 0.01 m). Indeed, in Fig. 3.16.a the color scale is related to the surface
charge density C/m? while in Fig. 3.16.a the color scale is related to the volume charge density
C/m3.

Even if the two charge distributions in the two cases of Fig. 3.16 are different, the electro-
magnetic fields evaluated in the points of the 3-D space are almost identical, except for the
points very close to the boundary of the conductive domain.

When a 2-D equivalent model is adopted (complete or simplified), an obvious approximation

is introduced. Indeed, J. is approximated as a vector which flows with tangential direction with



Chapter 3. PEEC discretization 67

x 10732

Figure 3.19: Charge distribution in a conductive plate excited by an external electric field along the y direction.
a) 3-D model with surface charges. b) 2-D model with equivalent volume charges.

respect to I'2?. Thus, the normal component of J.. (with respect of I'2P) is completely neglected.
Furthermore, also the potentials A and A, produced by the approzimated J. are neglected.
In volume conductive media, the volume charge density . is in general truly negligible (see
Appendix A) while the boundary charge ¢. must be taken into account when the frequency is
sufficiently high or when the capacitive effects are significant. From the continuity equation
(2.23), <. is related to the normal component of J.. When the complete simplified 2-D model is
adopted, the surface charge ¢. is considered only on the boundary A., whereas the charge which
lies on the other two sides of the boundaries of the real 3-D domain are replaced by a charge
which lies on the (only) surface I'2P, as exemplified in Fig. 3.17.

This approximation is appropriate when in the real 3-D problem J. flows outside (or inside)
the 3-D domain from both the two sides, as exemplified in Fig. 3.18. Indeed, in this case a
surface charge distribution of the same sign lays on both the sides of the domain. Thus, this
two charge layers can be approximated by a volume charge of the same sign placed in I'2P.

Instead, when the surface charge distributions have opposite signs in the two sides (for
instance, .1 > 0 and ¢, < 0 in Fig. 3.17) the equivalent 2-D approximation could be totally
inappropriate, most of all when ¢.; = —¢. 2. Indeed, no equivalent 2-D distribution can produce
the same effects of the real 3-D one.

In Fig. 3.19, the case of a square conductive plate excited by an external electric field along
the y direction is considered. Fig. 3.19.a shows the results obtained from a 3-D model of the
problem while Fig. 3.19.b shows the results obtained form the equivalent 2-D model, that are
clearly wrong.

The case considered in Fig. 3.19 is a very specific case, where the external field is purely
normal to the equivalent 2-D model (and so J. too). Although this case is maybe not so
significant in the practice, it is clear that an equivalent 2-D model may not be capable of
properly reproduce all the electromagnetic effects of a real 3-D problem. Thus, the equivalent
2-D approximation must be properly adopted (i.e. when the tangential direction of J. can
actually be imposed) or proper adjustments must be applied.

It is worth noting that the equivalent 2-D models are usually adopted when high frequency
problems involving conductive media are considered [77]. Indeed, when the frequency is suffi-
ciently high, the current is mainly distributed in the proximity of the boundaries of the conductive

device. However, although the current is concentrated in a very thin layer, its distribution is far
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from being uniform and indeed its distribution can be described by means of Bessel functions.
If the uniform distribution of the current is still enforced, a mean value of the current will be
obtained as solution of the electromagnetic problem. The solution in terms of electromagnetic
fields evaluated outside the device may be close to the real one but the quantities related to
the actual distribution of the conduction current density will be strongly affected because of the
approximation. For instance, if the interest is in the accurate evaluation of the Joule losses,
that are strongly affected by the actual distribution of the conduction current, the use of an
equivalent 2-D model will be probably inappropriate.

A solution to this problem can be the one proposed in [76], where the conduction current is
expanded by imposing an exponentially decay along the thickness. However, this solution may
extend the applicability of the use of equivalent 2-D models but it is not general. Indeed, as
stated in [76], a more general solution to this problem would require the adoption of higher order
Surface Impedance Boundary Conditions (SIBCs) [78, 79, 80], which is actually a sensitive topic.

The above discussion is related to a purely conductive case. However, when the C-PEEC
formulation is adopted, the same procedure can be applied to obtain an equivalent 2-D model
of the dielectric and the magnetic domains. Nonetheless, as shown for the case of the conductive
plate above, the equivalent 2-D model can be properly adopted when the currents (J. and J,;,)
mainly flow in the tangential direction (as for the case of Fig. 3.16) or when they flow likewise
Fig. 3.18. The condition shown in Fig. 3.18 may represent the flow of the conduction current
along a transmission line (when the frequency is sufficiently high).

However, a similar condition is not common for the polarization and the magnetic currents
J, and J,,,. For instance, for thin magnetic media this condition could be fulfilled when the per-
meability is sufficiently high. Thus, the magnetization tends to flow in the tangential direction
and the two surface charge distributions laying in the two sides of the thin object may not be
purely mirror images (with reverse sign). Thus, an equivalent 2-D model as the one described
above can in principle be adopted also for dielectric and magnetic media. However, for some
practical case, the model for thin dielectric or magnetic media should be properly adjusted in

order to have an appropriate approximation of the real 3—-D problem.

It is worth noting that with problems consisting of equivalent 2-D conductive models and
magnetic media, the mutual coupling between the two domains must be properly considered.
In the 3-D problem, the effects of the magnetic media on the electric domain are given by the
block term (1, 3) of system (3.63):

€

M, .,Ca, N (3.123)

e
m-]ma

where af, = anjm is the array of DoF's related to the edges of the tetrahedral/hexahedral mesh

e
m

of Q.. Or more specifically, aé stores the line integrals of A,, along the edges of the tetrahe-
dral/hexahedral mesh of .. Then, when a¢, is multiplied by the curl matrix Cq, the resulting
array of DoFs is related to the fluxes of V x A, trough the faces of the tetrahedral/hexahedral
mesh fe. Then, matrix M, /., projects these fluxes from the primal faces f. to the dual edges é.
of the electric grids. However, when an equivalent 2-D model is adopted, the faces of the mesh
are collapsed to edges. Thus, the evaluation of the mutual coupling between the electric and the
magnetic domains must be properly handled.

From the implementation point of view, one possibility is to wvirtually restore the real 3-D

structure of the electric domain. Thus, the term Cq N, can be replaced by the (24 x f, )
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7 @

Figure 3.20: Restoring the 3-D model for the evaluation of the mutual coupling between the 2-D electric and
3-D magnetic domains.

. ~e2D
matrix T, evaluated as:

~e,2D ~ e ~ e ~ e ~ e
Tor = Nokon T Nokor 7 Nonksh + No kans (3.124)

knowing that Cq, is a sparse matrix the coefficient of which are only —1, 1, and 0. The restored
3-D geometrical entities are shown in Fig. 3.20; N,en,kuh, with u =1,---,4 is evaluated likewise
(3.60) for the four (restored 3-D) edges e}” shown in Fig. 3.20.

Then, the matrix M, ., is replaced by the corresponding equivalent 2-D one defined as

M%fgo. The dimension of M%ZO is e2P x 2P and its coefficients are given by:

1
2D _ f . f
Mijeo.. = 235 ao wy' (r) - Wit (r)dl. (3.125)
Finally, when the electromagnetic problem consists of equivalent 2-D conductive models and

3-D magnetic models, the final system to be solved can be written as

=a ~e,2D . _
RZP +iwLg?P  Grao M2 T, 0 ngl; G
P2Dca iwl 0 0 ~ 0
ST S w e | = : (3.126)
—Mi /4, Ca,, NT5p 0 R, +iwL,, g im ho
0 0 P,D,  wl] [, 0
where a generic coefficient of the &,, x e?P matrix N7y p is given by
€D, = Ho / ( wir (r')g(r, r’)dF’) dl. (3.127)
&, SJI2D

The general case consisting of a mixture of equivalent 2-D models and 3-D models for both
electric and magnetic domains can be derived by performing similar adjustments on the equiv-

alent electric and magnetic 2-D models.

Finally, some consideration on the A-PEEC method. Clearly, since C-PEEC and A-PEEC
handle electric media in the same ways, an equivalent 2-D model can be constructed exactly as
above for the electric domains. For the magnetic domains instead it is not possible to define
an equivalent 2-D model based on the A-PEEC formulation (or at least its construction is not
straightforward). Indeed, when the 3-D models is collapsed to the equivalent 2-D one, the

definition of the amperian currents is partially lost and it may be restored by using distribution
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theory concepts.

3.4.2 1-D models

When electric or magnetic thin wires are considered, equivalent 1-D models can be adopted.
Likewise the case of equivalent 2-D models, when an equivalent 1-D model is adopted the
distribution of the currents is considered uniform (or at least known) in the cross section of the
wire. Thus, a discretization process similar to the one proposed above for the 2-D models can
be applied for the 1-D ones. More details concerning equivalent 1-D models can be found in
the work proposed by the author [19] where an equivalent 1-D PEEC model has been adopted
for the study of the Toroidal Field coils system of a thermonuclear fusion reactor magnets.

Clearly, as for the case of 2-D models, the adoption of equivalent 1-D models introduces some
simplifications and thus it may not be capable of properly reproducing all the electromagnetic
effects of a real 3-D problem. Thus, likewise the 2-D case, the equivalent 1-D approximation
must be properly adopted (i.e. when the currents mainly flow along the direction of the wire).
However, dedicated equivalent 1-D models which restore the real 3-D geometry can be developed
as the one proposed in [81] for the study of array magnetic wires.

In the context of an ongoing collaboration with Prof. Thomas Bauernfeind from the Tech-
nical University of Graz, Austria, a PEEC code for equivalent 1-D models has been developed
during the PhD thesis. Such code has been adopted for the design and the optimization of high
frequency electromagnetic devices (e.g. Near Field Communication Antennas) and the results

are disseminated in several joint publications [82], [83], [84], [85].



Chapter 4

Solution of the PEEC system of

equations

In Chapter 2, the A-PEEC and C-PEEC formulations have been presented. Then, in Chapter
3, both the formulations have been discretized by means of the Cell Method scheme leading to
the final algebraic system of equations (3.45) and (3.63) (or their variants when lumped circuits
elements or inhomogeneous media are considered).

In this chapter, the PEEC algebraic system of equations derived from the Cell Method
discretization of the A-PEEC and C-PEEC formulation are discussed. Indeed, depending on
the kind of problem to be solved (e.g. low and high frequency), the system of equations can
be properly handled and different solution strategies can be adopted in order to efficiently solve
the electromagnetic problem. Thus, in the following, the numerical properties of the A-PEEC
and the C-PEEC system of equations are discussed and different way to re—write the system are
proposed. Then, different solution strategies are proposed and discussed. The numerical issues
arising from the solution of the final system of equations (e.g. break down in frequency) are
discussed and the techniques to avoid this problem are presented.

It is worth noting that the storage and the computational effort required for the solution of
system of equations derived from VIE methods (as the PEEC method) grow rapidly with the
number of the unknowns. Thus, its solution may becomes unfeasible on standard workstations
when large problem are considered. Low-rank approximation techniques can be indeed adopted
to increase problem size while maintaining the same computing research. Although this topic is
indeed a solution strategy, due to its importance in the context of this PhD work, this argument
is not considered in this chapter while Chapter 5 is completely dedicated to that.

At the end of this chapter, academic and industrial numerical test cases are considered.

4.1 PEEC system of equations

The system of equations (3.45) and (3.63) (i.e. the ones obtained from the A-PEEC and C-
PEEC methods) are the final PEEC system of equations, where the unknowns are the currents,
the magnetization, and the potentials (as in the the traditional PEEC method where currents
and potentials were considered as unknowns).

Systems (3.45) and (3.63) show good numerical properties. However, they cannot be directly
solved when zero frequency problems are considered. Moreover, when objects with a relatively
fine discretization are considered, the storage and the computational effort required for the
solution of (3.45) and (3.63) may be unfeasible. Thus, in the following, the two system of

71
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equations are handled in order to allow a DC solution. Furthermore, they are also re-written in
a more compact form, i.e. by using a reduced number of unknowns.

In the following, for the sake of simplicity, the case of homogeneous media is considered
and the presence of the external lumped circuits elements is neglected. Indeed, the following
discussion can be easily extended to the case of inhomogeneous media and external lumped

circuit elements.

4.1.1 A-PEEC system of equations

The system of equations obtained from the Cell Method discretization of the A-PEEC formula-
tion for the case of homogeneous media is reported in (3.45), where lumped circuit elements are

not considered. By performing simple algebraic manipulations, (3.45) can be rewritten as

R. + iwL¢ Go, iw[Le,, L 1C8 ) )
_De —iwP1 0 Je 0
Qim e ¢e — 0 (4 1)
iwCy L;m] 0  —iwF+iwCq L:LCE | |m —iwby

Thanks to the relation between the primal and dual incidence matrices, the above system
of equations is symmetric. However, the inversion of P, is required, which could be actually
unfeasible or really computationally expensive.

When the frequency is zero, the magnetic media do not affect the electric ones and the electric
and magnetic problems can be decoupled [86]. Moreover, conductive and dielectric media act
differently when the frequency is zero, thus they must be considered separately. Therefore, the

zero—{requency problem (4.1) can be written as

R.  Gol[i] _ e 42)
-Dg. 0 | |, 0|’ '

for the conductive media, where coefficients of R, are

Re = [ pelrywl(e) - wl(r)an, (43)

c

The solution of the magnetostatic problem is instead given by

[F -G, 1,Ch | m=bo+Ch,

LZ’} :
e (4.4)
Ll

The electrostatic problem for dielectric media instead needs a little more of discussion. In-
deed, when the frequency is zero the polarization currents J, = iwP are obviously zero. Thus,
the polarization P must be now considered as the problem unknown and the array p = (p;), with
i =1,---, fq, which stores the fluxes of P through the primal faces of the mesh is introduced.

Therefore, the electrostatic problem for dielectric media can be written as:

Rao é?zd P|_|® (4.5)
-P.DE. 1 | |o. 0|’ '
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where coefficients of Rg4g are

wi(r) wi(r) o (46)

Ra,, = | —2——2
Wur = Jo, eolen(t) = 1)

The above systems are obtained from the traditional form of the A-PEEC system of equa-
tions, where the potentials are considered as unknowns. Except for the discrete magnetic equa-
tion, the electric equations are in a form suitable for the Modified Nodal Analysis (MNA). Indeed,
the unknowns are the nodal potentials of the equivalent electric circuit (the reference node is the
infinite node) and the currents of the circuit branches with voltage sources (i.e. all the circuit
branches). Indeed, all the electric circuit branches can be modeled with the elementary PEEC
circuit branch shown in Fig. 3.7. Thus, each branch of the equivalent circuit is made of current—
controlled voltage sources, therefore each current must be considered as unknown. The choice
of write the final system of equations in MNA form is useful for Spice-like solvers. However, as
more widely discussed in Section 4.2.1, this choice is actually useful only for some specific case.

On the other hand, when problems of industrial interest are considered, it is convenient
to reduce the size of the final system of equations. Starting from system (3.45) and applying
the Schur complement it is possible to delete the presence of the electric potential from the

unknowns. Thus, the following system of equations is obtained:

R, +iwL¢ + L Gq P.Dg,  iw[Lg, L 1C3 | )
= e m m Je eo

~a | L™ “0 o e =|-1. (4.7
_CQm LFm F — CQmLmCQm m b()

This system of equations has a smaller dimension compared to (3.45) and by multiply the second
row for —iw it can be made symmetric. However, as discussed in Section 4.2.3, (4.7) may suffer
from numerical issues common to Integral Equation Method, e.g. the breakdown in frequency
[87]. Nevertheless, change of basis techniques can be applied to (4.7) in order to improve its
numerical properties and avoid the breakdown in frequency problem. These techniques are
presented in Section 4.2.4.

It is worth noting that even if ¢, has been deleted from the unknowns of (4.7), when the

problem is solved q~be can be still evaluated by

1 .
b= —P.DpJ.. (43)

Moreover, the electromagnetic problem offers the same circuit interpretation and lumped cir-

cuit elements can be still considered. When lumped circuit elements are involved, the Schur
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complement can be applied to system (3.47) leading to

R, +iwLe + LGq P.Dg  iw[Le, L €8 LG P.AT, 0| .
’ je
o [Lm ca
~Ch | . F-Cy 12,Co 0 0 |m|_
AL P.DY, 0 Z, Ay é)]l
i 0 0 A7, o] (4.9)
€ + iégePejeO
by
a0 ’
Jio

which can be made symmetric (by multiplying the second row for —iw). The electric potentials
(276,1 related to the lumped nodes cannot be removed from the system. Indeed, they are not in a
one-to—one relationship with the electric charges.

The Schur complement can be also adopted to reduce the dimension of (4.5) leading to
[Rao + G5, P.Dp | p =&, (4.10)

Finally, similar considerations can be carried out for the case of inhomogeneous media starting

from system (3.96).

4.1.2 C—-PEEC system of equations

When the Cell Method discretization is applied to the C-PEEC formulation, the system of equa-
tions (3.63) is obtained, where homogeneous media are considered and lumped circuit elements

are not involved. By performing simple algebraic manipulations, (3.63) can be rewritten as

R, +iwLé  Gg, K, 0 je &

-D¢ —iwP; ! 0 0 ¢ 0
2 e . Pe | _ . (4.11)

K> 0 Ry, —iwL,, —-G§ | |in —hg
0 0 D, P, | | dm 0
The symmetry property of this system depends on matrices:

K;, =M, ., Co N, , (4.12)
K" =M, ,,Cq, N (4.13)

From a physical point of view, R; and K" represent the mutual effects between electric and
magnetic media and they should satisfy an = K™7T. However, unless sophisticated singularity
extraction techniques are adopted, the coefficients of an and N7 are evaluated numerically
and an unavoidable approximation is introduced. Moreover, N,en and N7* are obtained by inte-
grating the vector potentials along the edges, which also introduces an approximation; indeed
the electromagnetic potentials are obtained from the Green’s function and thus they are not
linear varying quantities in the 3-D space. Therefore, if Kfn and K" are explicitly evaluated,

the resulting matrices do not exactly satisfy an = K™7T. Indeed, both f{fn and K* are two
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different (equivalent) numerical approzimations of an ezact integral operator. However, once
~ €
Km

matrices M, /o and NT* are not calculated.

~ T
is evaluated, the symmetry can be actually enforced by replacing KI* with Kfn . Thus,

Likewise the A-PEEC formulation, when the frequency is zero the electric and magnetic
problems can be decoupled. The resulting system for the case of conductive and dielectric media

are again given by (4.2) and (4.5). The magnetostatic problem instead is given by

Rmo G?zm ISWL _
_f’mf)g 1 ¢m

m

hy + M, ,,Ca, N7j,

. , (4.14)

where p,, = (p,,,), with i =1,--- ,}m is the array of fluxes of poM through the dual faces of

Q,, and coefficients of RmO are

. _ [ W) wi()
Fon = [ 0 (419

The system above is in the MNA form. Unlike the A-PEEC method, in the C-PEEC method
also the magnetic equation is written in the MNA form. Thus, the electromagnetic problem can
be theoretically solved by means of a MNA Spice-like solver. More details concerning this topic
are given in Section 4.2.1.

However, for most of the problems of industrial interest, it is convenient to reduce the size
of the final system of equations. Starting from (3.63) and applying a Schur complement it is
possible to delete the presence of the electric and magnetic scalar potentials from the system

unknowns. Thus, the following system of equations can be obtained:

R. +iwL¢ + £ Go, P.Dg, K., ] [J] — léol (4.16)

—K™ R,, +iwL,, + Gg P,Dq | |j h
This system has a smaller dimension compared to (3.63) and by multiplying the second row for
—1 it can be made symmetric. However, such as the A-PEEC method, this system may suffer
from numerical issues. This topic is discussed more in detail in Section 4.2.3.

The Schur complement can be also applied to (4.14), (3.68) (where lumped circuit elements
are considered), and also (3.86) for the case of inhomogeneous media, as above for A-PEEC.
Thus, the electric and the magnetic scalar potentials can be always removed from the unknowns
of the C-PEEC system of equations.

When the C-PEEC formulation based on the total div—free current is adopted, a completely
equivalent discussion can be provided and systems of equations similar to the ones presented

above can be obtained.

4.2 Techniques for the solution of the final algebraic sys-

tem of equations

As discussed in the previous section, the final algebraic system of equations can be written in
many different forms. Indeed, depending on the kind of problem to be solved, one of the previous

forms of the system should be more convenient that the others. Therefore, different solution
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strategies can be applied and, depending on the form of the final system of equations, different
solvers can be applied.

In the following, different possible solution strategies are discussed. Moreover, the numerical
properties and the numerical issues arising from the solution of final system are presented.
Finally, change of basis techniques which allow for strongly imposing the properties of the

unknowns and improve the numerical properties of the final system are presented.

4.2.1 MNA Spice-like solver

In the 70s, when the PEEC method was first proposed, due to the limited computing power
the studied systems were mainly small interconnects or PCB traces with very crude meshes.
Indeed, at that time the main interest on the PEEC method was the possibility to couple the
full Maxwell electromagnetic problem with the circuit problems (even huge ones) consisting of
lumped components with limited connectivity between ports.

When this kind of problems is considered, since the final coupled electromagnetic—circuit
problem mainly consists of lumped components, it is natural to consider the problem in the
context of electric circuits, rather than of electromagnetic fields. Thus, the more natural way to
solve the final problem is to adopt a Spice-like solver. Typically, the input file required by this
kind of solvers is the net list of the electric circuit to be solved and then the problem is written
in the MNA form by the software itself. In the most of the cases, the connections between the
components are limited, thus the resulting system of equations is a very sparse matrix (even of
huge dimension). Indeed, the solvers adopted in Spice softwares are usually direct solvers which
operate efficiently when the system is a sparse matrix, e.g. T. Davis’s KLU [88]. Therefore,
when this solution strategy is chosen, the final PEEC system of equations to be solved is (3.47)
for the case of the A-PEEC method, and (3.68) for the case of C-PEEC method. Actually,
the net list of the equivalent circuit (obtained from the Cell Method discretization of the PEEC
method coupled with the lumped elements) must be constructed and the resulting file is the
input of the Spice software. Thus, the final system of equations is actually assembled by the
software. One of the main advantage on the use of a Spice solver is that a lot of passive and
active circuit component models are already implemented in the Spice software. Thus, the user
can use them as black boxr components during the construction of the net list, which is a very
attractive feature for some kind of applications.

As already stated, it is worth noting that system (3.47) derived from the A-PEEC method
is not directly suitable to be written in MNA form. Indeed, the magnetic domains cannot be
represented by means of the PEEC elementary circuit branch and thus they must be further
handled [13]. Instead, the C-PEEC formulation proposed by the author offers the same cir-
cuit interpretation of both electric and magnetic domains by means of the traditional PEEC
elementary circuit cell.

Different ways to construct the net list from the equivalent PEEC circuit are shown in [89]
and [18]. However, as very clearly stated in these papers, with the current computing power the
use of a MNA Spice-like solver for solving the final electromagnetic—circuit problem is actually
feasible only when the discretized objects are represented with a small number of equivalent
electric branches (a few hundred). Indeed, the equivalent circuit components obtained from the
PEEC discretization are fully mutually coupled. Thus, with the increase of the number of mesh
elements the sparsity ratio of (3.47) and (3.68) decreases and the efficiency on the use of sparse

solvers is drastically reduced. Moreover, with most of the Spice solvers a very limited number
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of mutual connections between the lumped components is allowed. Furthermore, when a lot of
mutual connections are considered, the net list itself would require a considerable amount of
disk space and computational time for file reading.

Finally, it is worth noting that when Spice-like solvers are considered both frequency and
time domains simulations can be performed by using the same equivalent circuit (i.e. the same
net list). However, when the dynamic Green’s function is adopted (i.e. retarded effects are
considered) time domain analysis cannot be studied with traditional Spice software. Indeed, as
widely presented in Chapter 6, Marching On—in—Time (MOT) scheme should be applied to the
PEEC method in order to perform transient simulations considering the time delay effects in

the propagation of the electromagnetic fields.

4.2.2 Direct and iterative solvers for dense PEEC matrices

With the massive increase of the computing power and available RAM for the standard work-
stations, the interest in performing increasingly complex and computationally expensive electro-
magnetic simulations has grown up. For the applications where the air meshing is computational
expensive, integral equation methods are usually preferable to the Finite Element Method. The
PEEC method offers all the advantages of integral equation methods together with a useful cir-
cuit interpretation of the electromagnetic problem. Thus, when complex electromagnetic devices
are coupled with lumped circuit components, the PEEC method is competitive.

As discussed in Section 4.2.1, when the meshing of the electromagnetic devices requires a
relative high number of equivalent circuit branches, it is convenient to consider the problem
in the context of electromagnetic fields, rather than electric circuits. Thus, since MNA Spice—
like solvers cannot be efficiently used for the solution of coupled electromagnetic—circuit PEEC
problems, different solution strategies must be adopted.

As discussed in detail in Section 4.2.3, systems (3.47) and (3.68) show good numerical prop-
erties. Therefore, when the storage of the system matrix is not prohibitive in terms of memory
consumption, (3.47) and (3.68) can be solved by means of an LU matrix decomposition. It is
worth noting that, since the system of equations are symmetric (or they can be made symmet-
ric), only the lower triangular L matrix of the LU decomposition must be evaluated. The zgesv
routine of Intel®Math Kernel Library LAPACK can be adopted for an efficient solution of the
final system of equations by means of the LU decomposition. However, since %N 3 floating—point
operations ar required (where N is the matrix system dimension), it is convenient to operate on
a system as small as possible. Therefore, when this solution strategy is adopted, the compact
systems (4.9) and (4.16) are more desirable.

In recent years, the interest in using iterative solvers for the solution of the final PEEC system
of equations has been increasing. Indeed, the final purpose is to provide a method which allows
for an accurate approximation of the solution with a computational cost reasonably smaller than
that one required by LU decomposition. However, good results can be obtained only when an ap-
propriate preconditioner is adopted, which is currently a very sensitive issue. Interesting results
and discussions have been presented in [6] (a PhD work carried out by a former PhD student in
the G2Elab research group) where different preconditioning approaches have been investigated
for different PEEC formulations. In the literature concerning Volume Integral Equation meth-
ods, the sparse resistive matrices are usually adopted as preconditioners [90, 91]. However, all

these solutions are far from being general and more sophisticated preconditioning approaches
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should be adopted [92]. For instance, incomplete-LU (ILU) preconditioning has been investi-
gated in the literature in the context of scattering problems [93, 94]. Thus, the preconditioning
topic still requires a lot of research and a completely general solution is probably not possible

since the numerical nature of the final PEEC system is highly problem dependent.

Besides the problem of the computational cost required for the solution of the final system
of equations, the storage of the matrix itself is a sensitive issue which must be considered. For
all these reasons, in the context of this PhD thesis, the preconditioning topic has not been di-
rectly investigated. Instead, the application of low—rank approximation techniques to the PEEC
method has been examined and the use of iterative solvers has been mainly considered in the
context of low—rank approximations. Indeed, for problems of practical interest, low—rank ap-
proximation approaches are often mandatory. Thus, iterative solvers combined with appropriate
preconditioning techniques would be actually useful only when combined with low-rank approx-

imation methods. Some numerical experience are presented in Chapter 5.

Finally, the preconditioning topic is also affected by the conditioning number and the nu-
merical properties of the final system. In the following sections, the numerical issues emerging
during the solution of the final PEEC system are discussed and subsequently some techniques

to avoid these numerical problems are presented.

4.2.3 Numerical issues

The literature concerning the numerical issues arising when integral equation methods are solved
is very broad. In this section, the round—off /breakdown in frequency issue (which is probably
the most important and basic issue) is considered and the author refers the interested readers
to specific works for a more comprehensive discussion [95, 96, 97]. Moreover, another numerical
issue caused by the material coefficients of the A— and C-PEEC formulations is first discussed.

These two numerical issues (i.e. breakdown in frequency and the one due to the material
coefficients) are chosen for the discussion since they have been actually encountered during the
PhD thesis.

Material coefficients of the A-PEEC and the C—-PEEC methods

In the A-PEEC formulation, dielectric and magnetic media are differently considered. The

resistance dielectric matrix, Ry, depends on the coefficient

1

= 4.17
pd iweg (e, — 1) (4.17)

whereas the constitutive magnetic matrix, F, depends on
Q= 0T (4.18)

Hr — 1
In the C-PEEC formulation, dielectric media are considered as in the A-PEEC formulation

while the resistance magnetic matrix, R,,, depends on

1
P — (4.19)
iwpo(pr — 1)



Chapter 4. Solution of the PEEC system of equations 79

The A-PEEC method, which is based on the amperian interpretation of the electromagnetic
phenomena, suffers from a numerical issue when magnetic media with high permeability are
actually involved. Indeed, when increasing the relative permeability, the coefficient «,, in (4.18)
tends to po (i.e. @, — po with the increasing of p,.). For instance, numerically speaking, the
difference between p, = 100 and p, = 1000 is left to the last significant figures of a,,, and this
numerical information can be completely lost when floating—point arithmetic is used. Especially
when matrix F is added to other integral matrices which (due to the integration of the Green’s
function) are affected by numerical approximations orders of magnitude grater than the last
significant figures of a,, (most of all for the non-zero entries of F which correspond to the self
and close-mutual coefficients of the integral matrices that are subject to the most significant
approximations).

It is worth noting that a similar numerical issue may arise also when coefficients (4.17) and
(4.19) are involved (i.e. when dielectric media are involved in the A-PEEC method or when
dielectric and magnetic media are considered in the C-PEEC method). However, the numerical
experiments during this PhD thesis showed that such issue is much less severe with respect the
one due to coefficient (4.18).

C-PEEC method is usually preferable to the A-PEEC formulation also for this reason.
Numerical test cases which show such numerical issues are reported in Section 4.3 and in Section

5.4 (in the context of low—rank approximation techniques).

Breakdown in frequency

When MNA Spice-Like solvers cannot be used, systems (4.9), for A-PEEC, and (4.16), for C—
PEEC, are preferable for their smaller dimension. For the sake of simplicity, magnetic media
are not considered in this discussion. Thus, under this assumption, (4.9) and (4.16) lead to the
same matrix system:

[R. + iwL¢ + %GQQEPQD&CU@ = &. (4.20)

From a physical point of view, the three matrix terms at the left hand side of the equation are
related to the resistive, inductive, and capacitive interactions. The inductive and the capacitive
terms, in accordance with their physical interpretation, act differently with the varying of the
frequency. In order to provide an useful interpretation of the different terms, one can state that
the capacitive term %égePeDge enforces the divergence of j. while the inductive term iwL¢
enforces the curl of j..

When the frequency is low, due to the different dependence on w, the magnitude of the
capacitive term increases while the magnitude of the inductive term decreases. This different
dependence on the frequency leads to the well-known breakdown in frequency. Indeed, in low
frequency problems both the inductive and the capacitive terms act an important role. However,
when (4.20) is assembled, the capacitive term is orders of magnitude larger than the inductive
one. Thus, because of the use of floating point numbers, the information related to iwL¢ can be
completely lost when the inductive and the capacitive terms are summed together. When this
occurs, the solution of (4.20) is completely inconsistent because of severe system ill-conditioning.
This numerical issue can be related to the well defined round—off problem [98, 99] which arises
when two very different numerical quantities are added together in floating—point arithmetic.

It is worth noting that with the increase of the frequency a similar problem may arise since

the information related to the capacitive term can be canceled out by the increasing of the
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inductive term. However, with the increasing of the frequency others predominant numerical
issues may arise [100].

A naive approach to avoid this problem is to solve systems (3.47) or (3.68) instead (i.e. that
ones with the scalar potentials as unknowns). Indeed, in this larger system the capacitive and
the inductive effects are separated by keeping the scalar potentials as unknowns. Thus, the
breakdown in frequency problem does not arise. However, other approaches can be adopted in
order to avoid the breakdown in frequency while maintaining a small size of the final system. In

the following section, these approaches are described.

4.2.4 Change of basis

In this section, different change of basis techniques are presented. As stated in the previous
chapters, the final PEEC system of equations derived from the CM discretization of the A-PEEC
and C-PEEC formulations correctly enforce the electromagnetic properties of the unknowns, but
not in a numerically strong sense. Indeed, the final discretized equations are obtained from the
full Maxwell’s equations; therefore, all the electromagnetic effects are considered. However, due
to the discretization scheme, some of the properties of the unknowns (e.g. the divergence of
the currents) are imposed by the integral matrices, which are affected by unavoidable numerical
approximations.

As already discussed in Section 3.3.1, the numerically weak imposition of the electromagnetic
conservation properties usually does not affect the global quality of the solution, but it could be
an issue when high accuracy is required or when the actual distribution of the electromagnetic
fields is important. Moreover, when some specific property want to be enforced (e.g. div—{ree), it
is possible to adopt a change of basis in order to strongly impose such property and also reduce
the number of the unknowns, i.e. the dimension of the final system to be solved. Furthermore,
the change of basis techniques can be adopted to avoid the problem of the breakdown in fre-

quency.

In the following, the case of C-PEEC formulation is first considered. Then, the case of

magnetic media for the A-PEEC formulation is discussed.

C-PEEC

From a mathematical point of view, conductive and dielectric media have been considered to-
gether during the discretization of the formulations under the definition of electric media. How-
ever, the conduction and the polarization currents, from the physical point of view, show different

behaviors. Concerning conductive media, the following cases can be considered:

1. for low frequency problems and when capacitive effects are completely neglected, the con-
duction current J. can be considered divergence free and with zero normal component on
I'e: V-J.=0and J.-n=0;

2. for high frequency problems the effect of the boundary electric charges can be considered
whereas the volume charge are neglected, thus the conduction current J. can be considered

divergence free in €2, but with a non—zero normal component on I'.: V-J. = 0and J.-n # 0;

3. both the volume and surface charges are considered to be possible non—vanishing quantities,
thus V-J.#0 and J.-n # 0.
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For the case of dielectric media, the following cases are considered instead

1. for homogeneous media, the polarization current J, is always divergence free in Q4 (bound
volume electric charges are null) whereas the normal component of J, on I'y is generally

different from zero (bound surface electric charges are not null): V-J; =0 and J;-n # 0;

2. both the volume and surface charges are considered to be possible non—vanishing quantities
(which is the case of inhomogeneous media with smoothly varying permittivity), thus
V-J,#0and J;-n#0.

Dielectric and magnetic media are considered with a unified approach in the C-PEEC
method, thus, completely equivalent considerations hold for J,,.

For the sake of simplicity, in the following the discussion is carried out considering the
electric current density j. and no distinction is made between conductive and dielectric media.
Indeed, even if the physical reasons are different, conductive and dielectric media can be treated
equivalently. Moreover, a completely equivalent discussion can be done for the magnetic media.

It is worth noting that the same considerations can be provided when the total div—{ree
electric and magnetic currents are chosen as unknowns. These currents indeed always satisfy:
V- Jet =0, 3% n#0 (and V- J =0, J1°" - n # 0). Thus, when the C-PEEC method based
on the discretization presented at the end of Section 3.3.2 is adopted, those properties can be

strongly imposed as discussed in the following.

When the divergence free conditions want to be strongly imposed on J., two main possibilities

are considered:

(i) A first possibility to enforce V-J. = 0 and J.-n # 0 is to impose J. = V x T, where T,
is an electric vector potential in €).. In matrix form, by means of the Cell Method, this
condition is given by

je = Cq,te, (4.21)

where t. = (t,) are the array of DoFs related to T, i.e. ., = fee T, - dl. Anyhow, to
guarantee the uniqueness of T, a gauge should be introduced. Different ways to impose
this gauge can be adopted [101]. One of the most common technique is the Tree—Cotree
Gauging described in [102]. First, the tree edges e of the graph made up by the edges
ee € Gq, are defined. Then, matrix C’g’fed is defined as a reduced matrix Cq, where the

columns related to the tree edges have been deleted. Thus, J. = V x T, is now given by
je — (jg’ze:ltzoifree7 (422)

whereas "¢

is automatically set to zero imposing a gauge on T.. In order to impose
Je -n = 0 together with V - J. = 0, the tree—cotree decomposition must be performed
building the tree in such a way that each cotree edge on I'. forms an independent loop
consisting of tree edges still located on I'. only. Then, also the cotree boundary edges are
eliminated from Cg’id leading to the new reduced matrix C?id*. Thus, V- J. = 0 and
Je -n =0 is now given by

je = Cipd geotree”, (4.23)

This procedure is computationally simple. However, it is not valid when 2. is a non—simply

connected region, unless some extra equations are added to the system [103].
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(ii) Another procedure based on the basis reduction scheme can be instead used. This proce-

dure is widely discussed in [104], where also a comparison with method (i) is presented.
Following this idea, a tree—cotree decomposition is first applied to the dual graph con-
sisting on dual edges &, € G, (i.e. the circuit branches crossed by the currents j. in a

one-to—one relation with the primal faces of the mesh f.). So, j. can be subdivided into

Je = [jlree; jeotree]. Now, in order to impose Dg_j. = 0 (i.e. V-J. = 0), a relation between
je and jS°'¢¢ must be obtained such that
stree AV
Je = [.iitme} = [1] jeorree = Mojeerree. (4.24)
e

In [104], a depth—first method to construct the proper V is suggested. An efficient alter-
native method (which can be derived by following [105]) for obtaining V is by computing
the reduced row echelon form (RREF) of matrix D¢, , where

ae — [Daoetree’ Dg"eee]

is a reordered Dg, matrix where the columns that multiply ji¢¢ are positioned as first

and the ones that multiply jS°'"¢¢ as last. Since Dy, is very sparse and it consists of 0, 1,
and —1 entries, its RREF can be evaluated by performing a QR decomposition, leading
to a very efficient algorithm (a fast MATLAB®) algorithm for that can be found in [106]).
Finally, since

RREF(Dg, ) = [1,-V],

the change of basis matrix M is easily obtained and the condition V-J. =0and J.-n # 0
is given by imposing j. = M°jco"¢¢. Tt is worth noting that this procedure is similar to the
one proposed in [107] where a set of independent loop current is selected as new unknowns.
Indeed, from a symbolic point of view, in (4.24) j°®"°¢ can be substituted with j°, where
Je, is the kth loop current defined by the +1 and —1 coefficients of the kth column of M°.

The condition J, - n = 0 is simply imposed by neglecting the presence of the boundary

faces from the equivalent graph. Instead, the global surface neutrality condition
/ Je -ndl’ =0, (4.25)
Te

can be naturally imposed by considering the exterior region as a node of the graph in which
all the (dual) branches related to the boundary faces converge. This procedure holds for

both simply and non—simply connected domains.

Finally, with the aim of reducing the non—zero entries of M° (which is useful for reducing
the memory allocation and for the application of low—rank approximation, see Section 5.3)
it is useful to perform a reordering of the unknowns before the tree—cotree decomposition.
Indeed, with the aim of reducing the incidences between fundamental cut—sets and the
cotree edges, the faces of the mesh should be reordered by using the nested dissection
algorithm implemented in METIS libraries [108]. Then, the tree—cotree decomposition is
performed by selecting all the edges of the graph (faces of the mesh) following the reordered
order and, when possible, add them to the tree of the graph. Then, the construction of
MP° proceeds from equation (4.24). In Fig. 4.1, matrix RREF( ;‘IC)T obtained with and
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Figure 4.1: RREF(DEG)T obtained without (a) and with (b) the reordering technique.

without the use of this technique are shown.

As discussed in [6], method (i) can be considered as a particular case of method (ii) where
the independent loop currents are the smallest possible loops (the ones flowing around the edges
of the mesh, i.e. minimum support fundamental loops). Thus, in the following M?° is only

considered and Cg’fed is considered as a particular case of M°.

The above discussion is adopted to strongly impose the div-free condition on the current
unknowns. However, the proposed methods can be also used to apply a discrete quasi—Helmholtz
decomposition of j. [109], i.e. to separate the div—free and not div—free components of j.. Indeed,
this topic which refers to the Loop—Star and Loop—Tree quasi-Helmholtz decomposition, has been
historically introduced to solve the breakdown in frequency related to the EFIE equation [110,
111]. In the following, this topic is only marginally discussed and the author refers interested
readers to more specific and exhaustive works in the literature [97].

The electric current density j. (or equivalently j, ) can be decomposed as
jo = M2j + MU, (4.26)

where MP° is the loop matrix and jg is the array of the independent currents defined above. The
vector array j; stores the star currents and M”* is the the star matrix. The kth star current
Je, is instead defined as a linear combination of j., where the +1 and —1 coefficients of the kth
column of M* define the coefficient of that linear combination.

Matrices M° and M* must satisfy

M M° = 0. (4.27)

Thus, from (4.27) and from the properties of the Cell Method incidence matrices, a possible
choice for M* is

M* =Dg¢ T, (4.28)

where Drﬂid is the Dg, matrix without one row for each sub-domain €2.y.
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When (4.26) is applied, the capacitive effects are ruled by the term M*j*. The inductive
effects instead are mainly produced by M°j°. Indeed, since (4.26) is a quasi—Helmholtz decom-

position, inductive effects are also produced by M*j:.

The square change of basis matrix
Q. = [M°, M"], (4.29)

can now be applied to the system (4.20) where, for the sake of simplicity, only electric media are

considered. Thus, applying (4.26) and using QI as a projection matrix, system (4.20) becomes

3%

M°T[R, + iwLe]M° M°T[R, + iwLe|M* 1 |:]‘| B [MOTéO
A

_c © . (4.30)
M*T[R, + iwLEM°  M*T[R, +iwL¢ + =G, P.Dg |M* M*T&,

In the system above, the capacitive term is only present in the matrix block (2,2). Indeed, due
to the properties (4.27) and (4.28), the capacitive term vanishing in all the other matrix blocks.

One can notice that in the matrix block (2,2) of (4.30), we still have two terms which shows
opposite behavior with the frequency. However, the term M*[iwL¢]M* is much less significant
compared to M*[% égePeDge]M* and, when the frequency is low, it can be also completely
removed (indeed, it models the negligible inductive effects due to the star unknowns).

Finally, by scaling the second row of (4.30) for w? e, the breakdown in frequency issue can
be removed and (with a further scaling of the polarization currents) the problem can be solved
till w = 0.

Obviously, a completely equivalent procedure can be applied when magnetic media are con-
sidered. Thus, thanks to this change of basis technique, a system of the same dimension of (4.16)
(much smaller than (4.11) where the scalar potentials are kept as unknowns) can be adopted also
for the study of low frequency electromagnetic problems avoiding the breakdown in frequency

issue.

When for some physical reason the divergence free condition V-J. =0 and J. - n = 0 have
to be enforced, the star matrix M* and the star unknowns j; are not needed anymore. Thus,

the system to be solved becomes
M°T[R, + iwLM°jS = M°T&,. (4.31)

It is worth noting that the equation above could have been directly derived from the formu-
lation of Chapter 2 by assuming the quasi-static assumption. Indeed, in (4.31), the effects of
displacement currents is not taken into account.

The dimension of the system (4.31) is (fe — (ve — Ne)) X (fe — (ve — Ne)), where N, is the
number of disconnected electric domains e = Qe, UQe, U--- LU,y . Thus, when the property
V-J. =0 and J.-n = 0 holds, it is convenient to solve (4.31) instead of (4.20) which has a
larger dimension.

When for some physical reason the condition V -J. = 0 and J. - n # 0 have to be instead
enforced, a proper M° matrix (e.g. M° = C”Qeed) can be directly adopted as a change of basis of
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(4.20). Thus, the following system holds

M°T[R, + iwL¢ + %é;EPeDge]MOjg = M°Tg. (4.32)
However, since CaidTGQE =0 and Dﬂccgj =0, (4.32) becomes

M°T[R, + iwL¢ + iéFePgSDFE]MO jo = M°Tég. (4.33)

Indeed, when V-J. = 0 the volume charge density is zero, thus only the surface potential matrix
is needed.

System (4.33) may suffer of the breakdown in frequency issue. However, only the currents
related to the boundary faces contribute to the capacitive effects. Thus, that unknowns can
be separated from the others and properly scaled. Thus, the breakdown in frequency can be
avoided also when (4.33) is adopted.

Finally, for the sake of completeness, when an electrostatic problem is considered, the loop
currents vanishing. Indeed, no electric conduction or polarization current flows and only free or

bound electric charges are present. This problem is represented by
M7 [R.y + G, P.Dg IM*p: = M*Té,, (4.34)

where R is equal to Rgo in (4.6) for the case of dielectric media and Rep is equal to the
null matrix for the case of conductive media. The array p} of star electric polarization fluxes

obtained from (4.34) then provides p. = M*p; and q. = D _pe.

When a change of basis is applied (e.g. (4.30)), the resistance, inductance, and potential
matrices are evaluated. Then, the change of basis matrices are applied and matrix—matrix
products must be carried out. The change of basis matrices are in general very sparse, however
the matrix—matrix products may still require a considerable computational effort. Furthermore,
both the old and the new matrices must be stored for a given time. Alternatively, the system of
equations can be directly assembled in the form (4.30). This is equivalent to use different basis

functions for the expansion of J., i.e.

No N,
Je(r) =Y wiv)je, + > wilr)iz,, (4.35)
k=1 k=1

where N, is the number of loop basis function and N, is the number of the star basis functions.
The kth loop basis function wj and the kth star basis function wj are obtained as a linear
combination of W]{, i.e. (in MATLAB® notation)

wi =M°(,k)wl,  wi=M*(; k)wi. (4.36)

For instance, when M° = Cq_, w} becomes the curi-edge basis function related to the kth edge
of the mesh.

Thus, (4.30) can be alternatively written as

R + iwLo® RO* + iwLoor
*0 : e, %0 *k : e, k% 1 5T
R’° + iwLg Ry* +iwLg™ + -3 P.Xg,

J] = lMOT‘?O] : (4.37)

i ]_\/-[*Te0
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where X, = D¢, M*, the loop-star resistance matrices are given by

R = [ pewi) wied, R = [ pwi() - wime
* e (4.38)
R, = R, = [ pwi) wit)an,

e

and the loop-star inductance matrices are given by

Lo° :,uo/w /w;€ r')dY dSQ,
Q
L :,uo/w /W;€ r')dY dSQ, (4.39)
Loy =Ly” —Mo/ w, /W,C r')dQ dSQ.

It is worth noting that when wf has a limited support (e.g. when M° = Cgq,) the coefficients
of the loop—star inductance coefficients can be evaluated without an excessive computational
effort. Instead, when longer independent loops are adopted (i.e. when the sparsity ratio of M°
decreases), the support of wj, can be considerably large and the computational cost required for

the evaluation of the inductance coefficients grows.

Some considerations can now be done for the case of the C-PEEC method with div—free
total currents. When this method is adopted, the unknown currents always satisfy V - Ji°¢ = 0
while in general JI° - n # 0 (the same for J°). Thus, the above discussion still holds and the
loop matrix M° can be applied as a change of basis and projection matrix in order to strongly

impose the div—free condition of Ji°* and J!* as shown in [27] by the author.

Finally,it should be also noted that the change of basis procedure (complemented by an
appropriate scaling) allows for improving the condition number of the system to be solved and

they can be combined with ad—hoc preconditioning techniques [112].

A-PEEC

When the A-PEEC method is applied, electric media can be handled as shown in the previous
section. In the case of magnetic media instead the final system must be treated in a different
way.

In the A-PEEC method, the magnetization is introduced as unknown and it is expanded by
means of edge shape functions. Thus, whereas for the C-PEEC method the divergence of the
currents is investigated, for the A-PEEC the curl of the magnetization must be considered.

From the Maxwell’s equations and from constitutive relationship for magnetic media the

following relation can be derived:

V x ( ) =J. +iwD. (4.40)

pr — 1

For a non—conductive and homogeneous magnetic media (4.40) becomes

V x M = iweg(pr — 1)E. (4.41)
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Thus, when the frequency is sufficiently small, M can be considered to be curl-free. More in

general, as proposed by the author in [26], the magnetization can be decomposed as:
M = Vi, + iwPy,, (4.42)

where v, is a magnetic potential defined in 2, and P,, is a magnetic polarization in ,,.

Thus, an equivalent decomposition can be introduced for the discrete form [26]:
m = G?ﬁf‘/)m + {WwPm, (4.43)

where Gf{d is a Gg,, without one column for each sub—-domain Q,1, 1,, = (¥m,) is defined
for each node n,, of the mesh (except one for each sub—domain 2,,; considered as reference
potential) and p,, is defined for each edge of the mesh.

Then, unlike what has been proposed in [26], the discrete decomposition (4.43) can be further
developed and it can be made a complete discrete Helmholtz decomposition (i.e. imposing the
dive—free property of p,,) by imposing

pn =Cx%7d,,, (4.44)

m

where a C?fj is a Cq,, matrix without a set of faces related to a (dual) tree. Indeed, as for the

loop—star decomposition, Cgfn‘f T and G’gfj satisfy

(CglM'Gg! =o0. (4.45)
Then, the change of basis
m = [G"? jwCred ] Y| _ Q2 Y , (4.46)
d’"L dm

can be applied to (4.7) (or to any system where m is considered as unknown) and Q::7T is

adopted as projection matrix for the magnetic A-PEEC discrete equation.

When only magnetic media are considered, the discrete magnetic equation of the A-PEEC

method (reported here for the sake of clarity):
[F - C,, Ls,Co, Jm = by, (4.47)

does not suffer from the breakdown in frequency issue. Thus, the problem can be solved without
adopting the change of basis presented above. However, as already stated in the previous chapter,
when (4.7) is solved, the property of the unknowns are imposed, but not in a numerically
strong sense. For instance, when the frequency is low the volume amperian currents vanish,
ie. Vx M = 0. However, this condition is not strongly satisfied by (4.47) and an inaccurate
distribution of M is obtained. Applying the change of basis (4.46), the property of M can be
instead strongly imposed. Moreover, it is worth noting that when the frequency is zero (or close
to zero) Q7 can be chosen as Q4 = Gaej. In this way the dimension of the system to be solved

is also decreased.
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4.3 Case studies and numerical examples

In this section, academic and industrial numerical test cases are considered. These studies
allow for comparisons between the A— and C-PEEC formulations. Moreover, the change of
basis solution strategies are shown. The numerical cases reported in this section have been
obtained without using low—rank approximation techniques and the MATLAB®) backslash has
been adopted to solve the system of equations. Thus, a LU decomposition has been adopted
resulting in a considerable computational cost for simulating industrial cases. However, other
numerical results obtained by using low-rank compression techniques are presented in Section
5.4 where computational costs are drastically reduced.

It is worth noting that most of the presented test cases are low frequency/medium frequency
problems and retardation effects have been rarely considered. Indeed, considering the framework
of the group of research of the University of Padova and Grenoble, the industrial applications
considered during the PhD thesis have been mostly related to this range of frequency (i.e.
when both inductive and capacitive effects must be considered and retardation effects can be
neglected). Nonetheless, the developed codes and the proposed methods can be also used for
the study of high frequency problems. However, it is worth noting that when retardation effects
are considered, the computation of the dense matrix coefficients is generally more complicated
with respect to the not-retarded case. Moreover, generally speaking, with the increase of the
frequency a finer mesh should be used, thus leading to a increase of the memory requirement.

Several 3-D, 2-D, and 1-D codes based on the A-PEEC and C-PEEC have been developed
during the PhD thesis. MATLAB®) has been used for the system assembly and data handling,
while MEX-FORTRAN functions combined with OpenMP libraries have been adopted for the
computation of the matrix coefficients and post—processing. Both tetrahedral and hexahedral
elements can be adopted for the mesh discretization of 3-D objects and both triangular and
quadrilateral elements can be adopted for the mesh discretization of equivalent 2-D models.
Thin wires can also be used for the discretization of equivalent 1-D models. Furthermore,
both external electromagnetic fields and lumped elements can be considered for the problem
excitation. The codes have been validated on several benchmarks including the cases shown

here.

4.3.1 Academic cases

Breakdown in frequency and loop—star decomposition With the aim of showing the
effects of the breakdown in frequency issue, the simple case of a 1 m x 1 m square conductive
plate with thickness 0.025 m is here considered. The plate in centered at the origin of the xz—y
plane and it is excited by a uniform magnetic flux field directed in the z direction, i.e. Beyr = u,,
H.: = ﬁuz, Eopt = %iwyuz - %iwxuy . The conductivity of the plate is 57 - 10 S/m and
the frequency of the problem is f = 10 Hz. The PEEC model of the plate consists of 841
quadrilateral elements (i.e. the equivalent surface model described in Section 3.4.1 is adopted).

The problem is solved by using four different solution strategies (for the sake of clarity, the

4 system of equations actually solved are also reported):

1. the direct solution of (4.16) (which is equivalent to (4.7) since magnetic media are not

considered) without any change of basis:

R, +iwLt + £ G6 P.Dg | [i] = [e] (4.48)
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2. the application of the loop-star change of basis discussed in Section 4.2.4, i.e. jo = M°jo +

M*j2:
M°T[R, + iwLe¢|M° M°T[R, + iwLe]M*r il [MeTe
MR, +iwLdM°  TMT[R, +iwLE + £ Go P.Dg IM*7T| |jr|  [vM*T&|
(4.49)

where 7 is the scaling factor 7 = w,/peo,

3. the application of the loop change of basis (star unknowns are set to zero), i.e. jo = M°j:
(MR, +iwLgMe| [52] = [M7&| (4.50)
4. the application of the star change of basis (loop unknowns are set to zero) , i.e. jo = M*ji:

MR, 4oL + LG, PDg M| [52] = (Mg (4.51)

It is worth noting that, due to the kind of the problem excitation (magnetoquasistatic),
method 4 (i.e. system (4.51)) is not be capable to provide the right solution. Indeed, the
application of M* neglects the rotational component of the fields, i.e. the rhs of the system
(4.51) is zero (or almost zero).

Moreover, due to the low frequency of the problem and the high conductivity of the plate,
the breakdown in frequency issue is very severe for this numerical study. Indeed, the norm
of R, (resistive effects), the norm of iwL¢ (inductive effects), and the norm of %é;cPeDge
(capacitive effects) are 2.917-107¢ Q, 2.025- 1076 Q, and 1.254 - 10! Q, respectively. Thus, it
is clear that round-off errors appear when system (4.48) is assembled and solved.

The results in term of Joule losses W; where and the conditioning numbers of the final system
of equations (4.48)—(4.51) are reported in Table 4.1. Moreover, Fig. 4.2 shows the current density
vector distribution obtained from the four methods in a corner of the conductive plate.

As already stated, due to the low frequency and the kind of excitation of the problem, the
contribution to the solution of star unknowns is truly negligible. Indeed, results obtained from
the loop—star and the loop techniques are practically the same.

Even if the star change of basis strategy is actually not applicable to this kind of prob-
lem, it is interesting to note that the conditioning number of the loop system (4.50) is much

better than the one of the star system (4.51). However, both the conditioning numbers are good.

Table 4.1: Joule losses for the conductive plate

W; [W] Conditioning number
Direct solution of (4.16) 3.475712203115757 - 10° 3.745284122585657 - 10*8
Loop-star 1.909349947442374 - 106 8.323919981160288 - 10*

Loop 1.909349947442374 - 10° 17.283831696619270
Star 3.972944765077949 - 10729 | 8.323919981198369 - 104
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Figure 4.2: Current density (real part) distribution obtained from: a) the direct solution of (4.16), b) the
loop—star change of basis strategy, c) the loop change of basis strategy, and d) the star change of basis strategy.
Values in A/mm™2.
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Figure 4.3: a) Electric polarization (real part) distribution, (C/m™2. b)) Electric charge density distribution
(C/m=3).

Finally, the same plate model is simulated by imposing an electrostatic excitation: E..; = u,,
f = 0 Hz. Complementary to the previous magnetoquasistatic problem, for this electrostatic
case the loop—star and the star solution strategies are able to provide the right solution. The
loop strategy would produce a null solution instead and (4.48) cannot be solved instead since
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Figure 4.4: Scattered electric field magnitude (V/m) on the xz-plane, dimensions in m. Left: 3-D PEEC-Hertz.
Right: COMSOL®. Top: R part. Bottom: <& part.

w = 0. The results in terms of electric polarization vector distribution P, (i.e. J. = iwP,, which
is not the dielectric polarization, see [30], Chapter 8, Section 8.3) and electric charges are shown
in Fig. 4.3

Dielectric and magnetic spheres Two spheres with 1 m radius, a dielectric one (g, = 2)
and a magnetic one (u, = 10) placed 3 m apart on the y—axis and excited by a linearly polarized
plane wave Eg = e~ "*0%u,. Where kg = 27 f\/eopto, f = 30 MHz. The magnitude of the real
and imaginary part of the scattered electric field has been compared with the Radio-Frequency
module of COMSOL®) with good agreement (Fig. 4.4). Small discrepancies are due to the sphere
meshes required by C-PEEC and FEM, the intrinsic differences of the two approaches, and the
numerical post processing adopted for C-PEEC.

Homogeneous anisotropic magnetic sphere The academic case of a homogeneous and
anisotropic magnetic sphere, p, = {é%g}, excited by a plane wave By = e~ “?%/%u_, with
f =107 Hz, is considered. The radius of the sphere is 1 m and it is centered in [0, 1.5,0] m.

Fig. 4.5 shows the scattered magnetic field evaluated by the C-PEEC code along a 16 m
straight line in the z direction, centered in the origin.

The results are compared with ones obtained with a commercial FEM software (COMSOL
Multiphysics®), RF module). In the FEM simulation a third order discretization with tetrahedral
support has been adopted (~ 11 - 105 DoFs) and FGMRES method with a relative tolerance of

10719 has been chosen for the solution of the resulting linear system.
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Figure 4.5: Scattered magnetic field (real and imaginary part), (A/m). FEM: blue dots, PEEC-no—ch: red
solid line, PEEC—ch: black dashed line.

For the C-PEEC method, two solution strategies have been used: 1) the direct solution of
(4.16) without any change of basis (PEEC—no—ch), and 2) the change of basis procedure proposed
in Section 4.2.4 to apply the condition V - J,,, =0, J,;, - n # 0 (PEEC—ch). Thus, for PEEC—ch
the change of basis matrix Q,, (i.e. J,, = QmjS,) is chosen to be Q,, = C;;j (PEEC—ch), where
é;;j is the reduced curl incidence matrix of the magnetic region.

The results of Fig. 4.5 show an excellent agreement between FEM and the C-PEEC method.
As previously discussed, as it can been seen from the imaginary part of the z component of H,
the accuracy of PEEC—ch is greater than the one of PEEC—no—ch; however, the both methods

are very accurate.

Inhomogeneous magnetic cube An inhomogeneous magnetic cube (1 m side) centered in
the origin and excited by a plane wave Eq = e~#*/¢u, with f = 10% Hz is now considered.
The permeability of the cube is defined as p,(r) =41 — 40|r|/(1 m).

Fig. 4.6 shows the more significant components of the scattered magnetic fields evaluated
along a circular line (1 m radius) surrounding the cube in the yz—plane. The inhomogeneous
media is treated by the C-PEEC method in two different ways as explained in Case (b) in
Section 3.3.2, i.e. without the use of the interface faces (PEEC-no-int) and with the use of the
interface faces (PEEC—int) for all the internal faces. For PEEC—int, the barycentric value of p,.
is assigned to each hexahedral element.

The solution is compared with the one obtained from the already mentioned FEM software.
Both PEEC—no—int and PEEC—int show an excellent agreement with FEM results.
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Figure 4.7: NFC antenna model. Antenna: blue, FR4: red, ferrite foil: green.

4.3.2 Industrial cases
NFC Antenna

For this case, simulations were run on a Linux machine equipped with a dual 6-core/12-thread
processors (Xeon E5-2643 v4 @3.40GHz) and 512 GB of RAM.

The case of a real NFC antenna is now considered [113]. The device consists of a copper trace
(0, = 57-10% S/m, 35 um thick, 1 mm wide) placed on a FR4 dielectric substrate (g, = 4.3).
The coil has outer dimensions of 30 mmx17 mm, while the FR4 substrate is 61 mmx52 mm
wide, with a 1.35 mm thickness. A ferrite foil (u, = 163), 40 mmx27 mm wide and with 100 pum
thickness, is mounted on top of the copper trace in order to reduce the detuning effects because
of the eddy currents. The operating frequency is f = 13.56 MHz.

The device is discretized into hexahedral elements and a lumped voltage source is connected
to the quadrilateral faces that discretize the terminals of the conductive antenna by means of
short circuit branches, as shown in Fig. 4.7.

The value of the equivalent impedance Z,, obtained from the simulations by means of the
A-PEEC and C-PEEC codes is compared with measurements [113], with the values obtained

from the already mentioned FEM software, and a well known commercial software based on
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Table 4.2: Equivalent Impedance NFC Antenna
Zeq mod.1 [Q] Zeq mod.2 [Q]
Measured | 0.4589 + ¢55.3896 | 0.3630 + i34.8196
C-PEEC | 0.4498 + ¢55.1837 | 0.3654 + ¢34.3945
FEM 0.4446 + ¢55.0611 | 0.3605 + i34.4629
1E 0.3302 + #57.6515 | 0.3299 + i35.5193
A-PEEC | 0.3933 + ¢35.9283 | 0.3654 + i34.3945*
* C-PEEC and A-PEEC are equivalent when
magnetic media are not involved.
10° A
| —FEM
= |E
10% £ x PEEC
s - % Measured
N
107 ¢
A ‘
107" |

10°
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Figure 4.8: |Zcq| mod.1 vs. frequency. Values in [Q].

10°

IEM (IE). The results are shown in Table 4.2; for this study the device has been considered with
(mod.1) and without (mod.2) the presence of the ferrite foil.

From Table 4.2, it can be noticed that the results obtained from C-PEEC are in good
agreement with measured values and that C-PEEC method is capable to capture the influence
of the thin magnetic foil on the value of the active losses (i.e. real part of Z.,). A-PEEC,
instead, seems to be not capable of obtaining an accurate value of Z.,. This behavior often
emerges when thin magnetic objects are placed very closed to conductive media probably due
to the numerical issues discussed in Section 4.2.3 and to the numerically weak imposition of the
amperian currents distribution. Indeed, an inaccurate distribution of J, and K, locally perturbs
the values of the electromagnetic fields, thus therefore also the value of Z.,. However, in order
to allows a fair comparison between the A— and the C-PEEC methods, the same mesh and the
same precision for the evaluation of the matrix coefficients have been adopted for A-PEEC and
C-PEEC codes.

Fig. 4.8 shows the magnitude of Z., in the frequency range computed by the implemented

C-PEEC code and commercial software. Moreover, the electric and magnetic fields produced
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Figure 4.9: Complex magnitude of H and E along the elliptical line.

by the device along an elliptical line surrounding the NFC antenna are evaluated and compared
with the results obtained from FEM software. The support of the elliptical line is p, = 0
mm, p, = 30 mm-cosf, p, = 4 mm-sinf, with § € [0,2x], and also for this analysis mod.1
and mod.2 are considered. The results of the magnetic and electric fields magnitude are shown
in Fig. 4.9. The computation of the electric and magnetic fields along the elliptical line has
been efficiently performed in parallel with Mex-OpenMP Fortran functions. For that case,
such computation time was truly negligible with respect to the time required for the system
assembling and solution. However, it is worth noting that such computation time may become
significant when the electromagnetic fields are evaluated in a great amount of target points.
Table I, Fig. 4.8, and Fig. 4.9 show a good agreement between the results obtained from the
implemented C-PEEC code, measurements, and commercial software.

Concerning the computational cost, the model adopted for FEM simulations consists of
a large amount of elements since very thin volumetric objects, such as the copper trace and
the magnetic foil, have been discretized. In particular the FEM model consists of ~ 6.2 - 106
tetrahedral elements and 5,508 prisms (for the Perfectly Match Layer condition), leading to
~ 39.3-10% DoFs, and required 4,230 s simulation time and 235 GB peak memory usage (PMU).
FGMRES solver with a relative tolerance of 10~7 has been chosen.

On the contrary, the C-PEEC method requires a small number of hexahedral elements for the
discretization of the conductive, dielectric, and magnetic domains. In particular, a very coarse
mesh consisting of 322 conducting, 1,374 dielectric, and 2,852 magnetic hexahedral elements is
sufficient to attain a very good accuracy in terms of the produced electromagnetic fields. Indeed,
concerning the evaluation of the electromagnetic fields, one element carrying a (mean) value of
the conduction current density is sufficient for the discretization of the cross section of the copper
trace. The number of DoF's of the final system is 17,335.

Since only homogeneous media have been considered, the change of basis procedure discussed
in Section 4.2.4 is adopted (ie. V-J.=0,J., - n#0,V-J;=0,J3-n#0,V-J,, =0,
and J,,, - n # 0), leading to 12,789 DoF's for the system to be solved in the reduced basis. The
simulation time is 98 s and the PMU is 10.7 GB.

On the other hand, the evaluation of the real part of the equivalent impedance (related to

the energy losses) requires a larger amount of elements for the discretization of the copper trace,
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Figure 4.10: Magnetic potential evaluated with C-PEEC code on the magnetic foil of the NFC antenna. Values
in A.

Figure 4.11: Surface amperian currents evaluated with A-PEEC code on the magnetic foil of the NFC antenna.
Values in Am~?.

since it is necessary to obtain a good approximation of the real distribution of the conduction
current density vector, that is strongly affected by proximity effects. Thus, the model adopted
for A-PEEC and C-PEEC codes for the evaluation of Z., consists of 6,480 conducting, 1,374
dielectric, and 12,060 magnetic hexahedral elements, leading to a total amount of DoFs equal
to 81,059 for the assembled system, 59,669 for the system to be solved, 4,817 s simulation time,
and 184 GB PMU (which, by appropriate optimization, can be reduced to ~ 56 GB, i.e. the
memory required by the storage of the system to be solved). The C-PEEC system was solved
by an LU decomposition.

For the commercial IE software, since lumped voltage sources can be applied only to the
interior edges of surface models, an equivalent surface model has been adopted for the copper

trace and the two terminals of the antenna have been physically connected. The computational
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a)

Figure 4.12: a) L-C-T prototype. b) L-C-T Model.

cost is comparable with the PEEC one (coarse case). However, probably because of the use of
a too simplistic equivalent surface model, the real part of Z., seems not to be influenced by the
presence of the magnetic foil, even when finer meshes are adopted. This can be an issue when
computing joule losses. Instead, with the 3-D C-PEEC code, volume models can be naturally
connected to lumped circuit elements allowing for properly evaluate the value of the active losses
of the NFC antenna, which is an important quantity to be considered during the design process.

Fig. 4.10 shows the magnetic scalar potential evaluated on the magnetic foil by C-PEEC
code. Fig. 4.11 shows the amperian surface current distribution, K,, evaluated by the A-PEEC

code.

LCT transformer

The Unstructured-PEEC method based on the C—formulation with total div—free currents devel-
oped with MATLAB®) and parallel MEX-FORTRAN functions based on OpenMP libraries is
here adopted. The simulations were run on a Windows machine equipped with 6-core/24-thread
processors (Intel E5645 @2.40GHz) and 104 GB RAM.

The L-C-T component proposed in [2] is here considered. All geometrical and material
details of the device are reported in [114] (Appendix 4). The device is made by 16 copper layers
(70 pm thickness each) that compose the first and the second part of the primary winding of the
transformer. Any copper layer is printed on a dielectric substrate made of Kapton (e, = 3.3,
50 pm thick) or Preg (e, = 4.5, 140 pm thick). The magnetic core is made of Ferrite 3F3.
Fig. 4.12 shows a picture of the L-C-T component and its corresponding model. Note that
neither the dielectric nor the magnetic media are simply connected regions. The device is fed by
a voltage source connected to only two of the four terminals of the primary winding (Fig. 4.12).

Fig. 4.13 shows the model of the conductive domain of the L-C-T device, scaled along the
z—axis.

At low frequency, the device behaves as a capacitor. The primary winding is an open circuit
and the current flows from the first part to the second part of the winding thanks to capacitive
effects [2]. The working frequency of the device is close to the first resonance frequency, thus
the components acts like a transformer and a filter too. In Fig. 4.14 the magnitude and the
argument of the equivalent impedance (Z.,) obtained from the PEEC code are compared with
measurements and with the numerical results obtained from FEM and an Integral Equation
Method (IEM) commercial software. Fig. 4.15 shows the cases of the device without the the

magnetic core (no—core) and the case with the conductive media only (con-only). The PEEC
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Figure 4.14: Z., absolute value and argument of the L-C-T component.

model of the (entire) L-C-T component is made by hexahedral elements and consists of 18,429
DoFs. The time required for the computation of the matrices is 545 s. The matrix system is
solved by means of LU decomposition and the solution time for a single frequency value is 733
s with 15 GB PMU.

For a frequency sweep analysis, the PEEC matrices can be computed only once. Then, for
each frequency value, the system (4.16) is assembled and solved.

In order to assess the computational cost required by FEM for the study of the L-C-T
component, three simulations have been run. Due to the small thickness of the layers a great
amount of elements is needed for the discretization. The FEM problem is first solved by adopting
liner basis functions (4,956,667 DoF's) and using a direct solver (MUMPS). This required 8,914
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Figure 4.15: Z., absolute value and argument, no—core and con-only cases.

s and 380 GB PMU. Then, starting from the obtained solution, an iterative solver (FGMRES)
and quadratic basis functions are adopted to increase the solution accuracy (29,582,652 DoFs,
9,799 s, PMU of 430 GB).

The model adopted for the commercial IEM software consists of 35,243 DoF's and the mesh
is made by tetrahedral and triangular elements. An equivalent surface model is used for the
copper layers to include in the model the voltage excitation. The simulations requires 1,892 s
and a 19 GB PMU for each frequency value.






Chapter 5

Low—rank approximation applied
to PEEC

In Section 4.2, different approaches for the solution of the final PEEC system of equations have
been discussed. However, such as all integral equation methods, the storage and the computa-
tional effort required for the solution of the PEEC system of equations rapidly increase along
with the number of unknowns and its solution becomes unfeasible on standard workstations. Al-
ternatively, low—rank approximation techniques can be adopted to increase the size of the largest
solvable problem and, in most of the cases, they become mandatory numerical tools. Thus, all
the discussions of Section 4.2 should be considered under the context of compression techniques
allowing a great speed up in algebraic operations, such as matrix multiplication and solution of
linear systems.

During the last years, several low-rank compression techniques based on Hierarchical (H)—
matrices [7] and Adaptive-Cross—Approximations (ACA) [10] or Hybrid—Cross—Approximations
(HCA) [6] have been developed and successfully applied to integral equation methods [77].

In the context of this PhD thesis, the author decided to not develop new or ad—hoc low—
rank approximation approaches (which is a sensitive topic in applied mathematic context and
image processing but probably outside the area of expertise of computational electromagnetic
engineers). Instead, the use of different low—rank compression methods available in free and
highly optimized libraries has been investigated in the context of PEEC method for low and
high frequency problems. Moreover, the use of several numerical techniques previously described
(e.g. loop—star decomposition) have been investigated with the aim of improving the compression
performances of these libraries.

In this chapter, the HLIBPro library [115] (which relies on H— and H?-matrix representation
coupled with ACA) and STRUMPACK Dense Package (SDP) [116] (which relies on Hierar-
chically Semi-Separable (HSS) matrices) are investigated in the context of their application to
PEEC method. Thus, the theory beyond H—matrix, HSS matrices, and ACA is shortly intro-
duced. Then, the application of those methods to different PEEC problems is investigated and
the performances of H— and HSS matrices are also compared. Moreover, some numerical pro-
cedures which allow improving the compression performances of such libraries are discussed in

the context of numerical simulations of industrial devices.

101
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5.1 PEEC and low-rank approximation

In this PhD thesis, in accordance with several groups of research and works in the literature,
the PEEC method is interpreted as a particular form of Integral Equation method which allows
a natural and useful circuit interpretation of the full Maxwell electromagnetic problem [20].

In Chapter 2, two different PEEC formulations are derived based on the Amperian and
Coulombian interpretation of the magnetization phenomena, respectively. Then, in Chapter 3
these two PEEC formulations are discretized following the Unstructured discretization based
on the Cell Method. The final results of such discretization process are the algebraic system of
equations (3.47) and (3.68) where, as commonly done in the context of standard PEEC methods,
currents and potentials are considered as independent unknowns.

However, as discussed in Chapter 4, scalar potentials can be removed from the independent
unknowns resulting in a more compact PEEC system of equations (i.e. with a reduced number
of unknowns): (4.7) and (4.16). These systems of reduced size present some numerical issues
(which however can be prevented by using loop—star or other change of basis techniques) but they
are more suitable for the application of low—rank approximation techniques. Indeed, contrary
to (3.47) and (3.68) which are block structured matrices consisting of sparse (topology) and
dense (mutual interaction) matrix blocks, systems (4.7) and (4.16) have only (potentially low—
rank) dense matrix blocks. This more homogeneous composition of (4.7) and (4.16) allows for
an easier application of low—rank compression techniques and therefore they have been selected
when HLIBPro and SDP libraries have been adopted. However, it is worth noting that, at the
expense of a more complicated algorithm, low—rank compression techniques can also be applied
to the dense matrix blocks of (3.47) and (3.68) while keeping uncompressed the other sparse
matrix blocks. However, this possibility has not yet been investigated in the context of this PhD
thesis and is a possible future research topic.

For the sake of clarity and simplicity, in this chapter the reduced size PEEC system is adopted.
The PEEC system is indicated as M. A generic entry of the system matrix M involves the double
integration of the Green’s function (2.17) which, for the sake of clarity, is here reported:

e—ik()?“

glw,r) = p— (5.1)

where r is the geometric distance and kg = w/cp, in which ¢q is the speed of light in vacuum.
In the next section, the basic theory concerning low low—rank approximation techniques
applied to matrix M is discussed. However, even if the PEEC system is firstly represented with
M, it is worth noting that its actual structure (which depends on the media involved in the
problem, the frequency, change of basis, etc.) highly influences the compression performances,

how shown by the numerical test cases.

5.2 Low-Rank approximation

Although fully populated, the N x N matrix M arising from the PEEC formulation contains low—
rank blocks (typically the ones far from the diagonal) that make M suitable for the compression.
Thus, M is commonly defined as a hierarchical off-diagonal low-rank (HODLR) matrix [117].
We recall that a complex valued matrix A € C™*" (e.g. a off-diagonal block of M) is low-rank
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if there exists a pair of matrices U € C™**¥ and V € C"**, with k(m +n) < mn, such that [7]:
A=UV", (5.2)

where * indicates the conjugate transpose operator and k is the ezact rank of A. Therefore, M
can be expressed by a suitable data—sparse representation, that stores its rank—deficient blocks
by computing a reduced number of entries only. The remaining (high-rank blocks) are entirely
stored as dense matrices. Moreover, the use of a data—sparse representation allows a great speed
up in algebraic operations, e.g. matrix multiplication and solution of linear systems. It is worth
noting that the exact rank &k of each low-rank block is not known a priori. Hence, the factors in

(5.2) are computed in approximate way by a rank-revealing factorization [118]:
||A—Uk/V;$/||F <eg, (53)

where |- || p indicates the Frobenius norm, Uy € C™*¥ |V, € C"**' and K is the minimal rank
such that the approximation error is lower than a prescribed tolerance . The above truncated
factorization defines a low—rank approximation of the block A.

Different techniques may be applied to compute the low—rank approximation of a matrix. A
truncated SVD may be the easiest choice. However, since the cost of SVD is roughly O(mnk’),
when the size of A is not small enough, other factorization methods should be applied, avoiding
the access to all the matrix entries. Among different data—sparse representations, H—matrices,
H2-matrices, and Hierarchically Semi-Separable (HSS) matrices are commonly used.

Each one relies on a binary cluster tree that identifies the hierarchical partitioning of the row
and column indices of the matrix to compress, i.e. M. Once the matrix is partitioned, the high
and low—rank blocks are distinguished according to the chosen representation. Let Iy = {1, ..., N}
be the set of row/column indices of the matrix. The whole interval I identifies the root node
(cluster) 7o that corresponds to the first level of the tree. A second level is obtained halving I
into two parts, for example in equal subintervals I; = {1, %} and Iy = {% +1,...,N}, that
correspond to children nodes (clusters) 71 and 72, respectively. If at each level all the nodes are
recursively halved, the last p level contains 2P~! nodes (clusters) without any children (these
nodes are also called leafs of the tree).

When discretizing operators involving kernel functions with geometric dependency as in (5.1),
each row/column index of the matrix is related to a specific unknown having one or more
geometric elements of the mesh as support (i.e. volumes, faces, edges, or nodes of the mesh).
Thus, each row/column index can be associated to a geometric coordinate in the 3-D space,
e.g. the barycenter of the support. In this regard, the tree construction can be managed by a
geometrical clustering, that splits the mesh with the aim of obtaining leaf nodes corresponding
to evenly populated mesh clusters. The described process leads to more general trees, where not
all the nodes may have been halved. This clustering process is exemplified in Fig. 5.1.

In the next two sections, on the basis of the previous general description of low-rank ap-
proximation of dense matrices, the theory of H— and HSS matrix representation (which are
the theoretical background of HLIBPro and STRUMPACK Dense Package libraries) is shortly
presented. It is worth noting that the discussion of the next section is far from being an ex-
haustive and comprehensive presentation of that topic. Thus, the author refers the interested
readers to dedicated references such as [119] for HSS matrix representation, [120] for H? matrix

representation, [11] for a comparison between HSS and H? matrix representation.
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Figure 5.1: Binary cluster tree with 4 leaf nodes 7 and related matrix partition.

5.2.1 HLIBPro, H— and H?*-matrices

Once the row/column index coordinates are provided, a partitioning algorithm, based on geo-
metric bisection, splits the mesh into disjoint clusters and builds a binary tree which ends as
soon as a prescribed condition is reached (e.g. when leaf nodes contain at most a fixed number
of elements). It should be noted that each kth row/column index corresponds to the kth DoF,
which has a geometrical collocation in the space. For instance, if the DoF's are associated to the
faces of the mesh, the position of each kth DoF can be associated to the barycenter of the kth
face, i.e. rg. Thus, the kth row/column index is in turn associated to ry.

It is worth noting that, if the clusters contain suitably numbered unknowns, the off-diagonal
matrix blocks represent the electromagnetic coupling between unknowns belonging to pairs of
distant clusters. HLIBPro natively provides this functionality (i.e. partitioning algorithm).
Therefore, because of the decay of Green’s kernel with the relative distance between the clusters,
blocks compatible with a low-rank representation can be identified.

Let be (1x,7x) a generic pair of clusters belonging to the same tree level. The following

definitions are then introduced [121]:

diam(7y;) := maz {||rp —rpll2 : vk, Th € TR}, (5.4)

dist(t, ) := min{||vx — rpll2 i vk € TH,TH € TH}, (5.5)

where rj, and rj;, are the coordinates related to the row/column indices belonging to the clusters
T, and 7. Then, the tree is traversed from top to bottom and each pair of disjoint clusters

belonging to the same level are tested against the following admissibility criterion:
man{diam(7y), diam ()} < ndist(mg, 1), (5.6)

where 7 is the admissibility parameter (0 < 1 < 2). The criterion identifies the H-matrix
format in which the system matrix M will be compressed. If true, the corresponding blocks
Ayp =M(I,,,I,,) and Ay, = M(I,,, I,,) are expressed by a low-rank approximation, otherwise
the blocks are split in their sons following the tree structure and the procedure is repeated down
to the deepest level of the tree. The final hierarchical matrix structure includes non—admissible
high-rank blocks, stored as dense sub—matrices, and low—rank ones factorized by ACA or other
suitable methods. Indeed, HLIBPro allows for the use of different kind of compression techniques
such as: SVD, ACA, Advanced ACA, ACA with full pivot search, HCA, and rank revealing QR. If
A is a low—rank candidate to be stored, at each step v, ACA computes a pivot row u,, and column
v, of A in order to obtain a rank—1 approximation of the remainder matrix A — E:;i uuvg

[10]. The algorithm adaptively increases the number of pivot rows and columns until, after &’
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steps, a prescribed relative tolerance € 4o 4 is obtained such that:

k/
A — Zyzl UH’UZ”F

Al

< EACA- (5.7)

ACA and Advanced ACA do not require to access all matrix entries, hence the approach
is completely matriz—free, i.e. no matrix blocks satisfying (5.6) are actually stored. User has
only to provide an element—access routine, able to compute each single entry required by ACA.
Once M is compressed, a H-LU factorization is performed in #-matrix arithmetic and used as
preconditioner for a GMRES solver.

The experience gained from numerical experiments (partially reported in Section 5.4) indi-
cates that the use of H-LU preconditioner allows for a very efficient solution of the PEEC system
of equations by means of GMRES solver. An easy and general introduction to the construction
of H-LU preconditioner starting from H-matrices can be found in [6] (i.e. the PhD thesis of
a former PhD student of G2ELab). Other specific references concerning the solution and the

preconditioning of H—matrix system of equations can be found in [122], [123], [124], and [125].

5.2.2 STRUMPACK Dense Package, HSS—matrices

The approach of SDP library, based on HSS—matrix representation, is less conservative, since
a low-rank approximation is applied to all the off-diagonal blocks without any geometrical
admissibility criterion test.

The matrix is partitioned according to a binary tree which is constructed by recursively
halving the index interval. Its depth can be controlled by the user setting the number of levels
or the maximum size of leaf clusters. In the HSS representation, off-diagonal matrix blocks A,

and Ay, corresponding to tree nodes 75, and 7, are factorized as [126]:
Ay, =UMIB,, . VY9 Ay =TUYMWB,, VI (5.8)

In HSS format the bases Ul;i_g and Vﬁig that identify the previous factorization are nested.

Namely, let 7, be a parent node with children 7 and 75, the following property holds:

) Ubig 0 ) Vibig 0

big __ T1 ‘rbzgi T1 AV4

UTk - [ 0 IIbig‘| UTk-’ Th [ 0 ‘rbig] Tk * (59)
T2 T2

Otherwise, at leaf nodes UY = U, and VY9 = V.. The SDP low-rank approximation
algorithm is based on randomized sampling [127] combined with an Iterative Decomposition
(ID) factorization method [126]. Given a matrix A € C™*™, the ID finds a vector J of &’
column indices of A and a matrix X € C¥*" such that:
|A = AG NX|r
A7

<érp, (5.10)

where €7 is a prescribed tolerance. Let R",R¢ € CN*E" be random matrices, in which k” is an
integer number fixed by the user. Then, row and column samples of the bases of M are defined

as:

T *

S"=MR’, S¢ =M R°. (5.11)
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Opposite to HLIBPro, in SDP the tree is traversed in a bottom—up order. For each node 7%, the

following matrices are defined:

S:k = ST(ITk’ :) - D‘I’kRT(I‘I’kv :)7 (512)
S‘Cf'k = SC(ITk’ :) - DikRC(I‘f‘k7 :)7 (513)

where D, is the diagonal block M(I,,,I,). S7 and S¢_ represent the action of the product
between the off-diagonal blocks M(I,,, Io \ Ir,), M(Io \ I, I,) with the given set of random
matrices [126].

If the selected 74 is a leaf node, the diagonal block D, is stored as a dense matrix. Then,
Jy
that are subsets of I . Otherwise, if 7, has children 7, and 7, U, and V, together with

T c bi bi : : bi
Jr. and. J¢, are computed by ID. Then, U9 and V!9 are evaluated with (5.9) by using U%9
and Vﬁgg coming from the computation on the lower levels. A consequence of using ID is that

the ID factorization of samples ST, and S, yields to factors U;,, V, and to vectors J7, ,

B;, -, = M(J., JS,), and this completes the low-rank approximation.

The randomized sampling avoids the direct access to all the off-diagonal block entries. Nev-
ertheless, the SDP approach cannot be considered entirely matrix—free. Thus, together with an
element—access routine, the user has to provide a multiplication routine able to compute sample
matrices without storing the whole M matrix. Since ID works on sample matrices, it is able to
find the right truncated rank &’ that verifies (5.10) only if random matrices contain a sufficient
number of columns. Therefore, the user has to generate random matrices such that &7 > £/,
where the &’ is the maximum rank found by ID of low-rank blocks (HSS rank). Furthermore, in
contrast to HLIBPro, SDP does not include any clustering algorithm. Thus, a mesh partitioning
routine has to be provided by the user in order to split the mesh following the tree structure
and then reorder the clusters with the aim to have low—rank off-diagonal blocks.

Once M is obtained in a low-rank form, the problem is solved by means of a fast Cholesky
or ULV factorization of the HSS matrix and backward substitution [119, 126], without any
refinement of the solution. This solution strategy does not require any preconditioning and is
generally very fast and efficient. Instead, the time required for the compression of M, due to
the nested factorization, is generally greater than the one of HLIBPro. However, considerations

concerning the time and the efficiency of the compression are highly problem dependent.

5.3 Challenges in the use of low—rank compression tech-
niques for the PEEC method

Regardless of the method chosen for the compression, when low—rank compression techniques
are applied to system of equations derived from PEEC method some issues must be properly
addressed.

Even though the coefficients of inductance, potential, and integral interaction PEEC matrices
depend on the Green’s function (5.1), the PEEC matrix M is generally obtained by combining
together all these matrices with projection and incidence matrices. Thus, M may lose its off-
diagonal low-rank behavior if some particular issues are not properly addressed.

With the aim of improving the efficiency and the accuracy of the compression techniques, the
off-diagonal blocks of M must be actually low-rank. In this regard, HLIBpro library provides

a reordering and partitioning algorithm based on geometric bisection which would provide an
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excellent HODLR structure of M, assuming that the general khth coefficient of M only depends
on the inverse of the distance between DoFs kth and hth. However, in the practice, coefficients
of M do not only depend on the mutual distances between DoFs. Thus, a reordering and
partitioning algorithm based on a pure geometric bisection may be too simplistic and may
produce non-optimal HODLR structure of M.

When compression techniques based on HODLR structures are applied to PEEC, the choice
of the PEEC formulation (e.g. Amperian or Columbian), the choice of the discretization method
and unknowns, the use of change of basis techniques, and other arguments which affect the final
structure of M must be properly taken into account.

In this regard, some issues to be addressed in the context of low—rank compression techniques
applied to PEEC are:

Reordering When different kind of media are considered the partitioning of the unknowns
should be performed by forcing the first clustering subdivision collecting all the variables of the
same kind in a dedicated cluster. Thus, when for instance conductive, dielectric, magnetic media,
and lumped circuit elements are considered, the first clustering partition should be carried out
with respect of these 4 kind of variables. Then, the clustering partition proceeds by following a
geometrical bisection. The same discussion holds when, in the context of structured mesh, vector
basis functions with orthogonal directions are used or when boundary and internal unknowns are
differently handled. This issue is actually addressed in the Induction heating pot and Embedded

Wireless Power Transfer cases of Section 5.4.

Breakdown in frequency and non—simply connected domains The breakdown in fre-
quency issue discussed in Section 4.2.3 is more severe when compression techniques are applied.
Indeed, the compression procedure based on ACA may delete essential information which ac-
counts for the last significant digits of the matrix coefficients. Thus, round—off issues may
appear for higher values of the frequency with respect PEEC problems solved with standard
direct solvers (i.e. without the use of compression techniques). However, this problem can be
overcome by using the loop—star decomposition or other change of basis procedures proposed in
Section 4.2.4. However, such techniques must be properly applied in order to maintain a proper
HODLR structure of the resulting PEEC system in the new basis. At this aim, when change
of basis methods based on independent loop currents are adopted, it is important to ensure a

small support of the loop shape functions [6]. This can be achieved in different ways:

a) by using the curl matrix as loop change of basis (see discussion on equation (4.21)) and

add extra equations when non-simply connected domains are considered [103],

b) following the approach in [107] where the independent loops search algorithm gives priority

to loops with small support,
c¢) applied the procedure described in Section 4.2.4 based on the use of METIS libraries.

It is worth noting that, while methods a) and b) provide an optimal or semi—optimal selection
of small loops, method ¢) (which allows for an easier implementation) has lower performances.
Finally, the breakdown in frequency issue should be avoided also by selecting PEEC systems
(3.47) or (3.68) for the compression (ones with scalar potential as unknowns). However, this

choice would lead to others issues to be addressed as described in the following paragraphs. The
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breakdown in frequency issue is actually addressed Embedded Wireless Power Transfer case of
Section 5.4.

High frequency and oscillating kernel When high frequency problems are considered (i.e.
when retardation effects are significant and the dynamic Green’s function is used), due to the
oscillating kernel of M, standard ACA approaches may fail. Thus, alternative approaches should
be adopted for the matrix compression. Numerical results of Section 5.4 (Dielectric sphere and
Ion Cyclotron Resonance Heating cases) shown that the use of an ACA with full pivot search
avoids this kind of problem. However, this kind of ACA requires the computation of all the matrix
coefficients of M and thus a longer time for the matrix compression with respect traditional ACA
methods.

Complex—structure HODLR matrices When matrix M consists of dense off-diagonal
blocks and also sparse off-diagonal blocks describing connections between elements (e.g. when
lumped circuit elements are considered or when PEEC systems (3.47) and (3.68) are selected for
the compression) it is important to do not apply compression techniques to sparse off-diagonal
blocks. Thus, a complex—structure HODLR matrix with compressed and sparse (topological)
uncompressed off-diagonal blocks must be handled. This is actually possible with the general
and highly optimized HLIBPro library. However, such complex—structure HODLR matrix affects

the performances in the creation of the H—LU preconditioner.

High-rank matrix blocks When non-simply connected domains are considered and loop
unknowns are used, a set of loops with an extended support is inevitably created (the number of
this long loops is almost equal to the number of holes). This set of loops with extended support
(long loops) must be properly treated when compression techniques are actually applied. A first
possibility is to group them in a independent cluster. However, this operation may slow down the
final construction of the LU since, as discussed in the previous paragraph, a complex—structure
HODLR matrix must be handled. Indeed, the block matrices which describe the interactions
with long loops may be not low—rank. A second possibility proposed by the author during this
PhD thesis is to apply the Schur complement to matrix M with the aim to completely neglect

the presence of long loops form the unknowns of the system. Thus, subdividing M as

(5.14)

_ |[M;; M
v P e ’
M1 Moy

where My, describes the interactions between long-loops unknowns, the Schur complement

applied to the PEEC system of equations
M;; M b
Vi M X1l _ |ba (5.15)
My M| |x2 bs

- - 1 - 1
(M1 + Mi2M,, Mai)x; = by — MMy, bo, (5.16)

results in

where x2 (long—loops unknowns) are not present. It is worth noting that for practical indus-
trial application the number of holes in non—simply connected domains is generally very small.

. . . S = ol
Thus, Mys is a small square matrix which can be easily inverted. Moreover, M12Mq, Mo is



Chapter 5. Low-rank approximation applied to PEEC 109

RCS - ¢,

1 T T T

0- ‘ ——PEEC mesh1 ]
. ——PEEC mesh2

1t f A\ |[—MIE ]

0 20 40 60 80 100

€
r

Figure 5.2: RCS of a dielectric sphere excited by a plane wave at 30 MHz vs the permittivity value.

a low-rank matrix of rank equal to the rows of Mas since it satisfies (5.2). Thus, if My, is a
low—rank matrix, system (5.16) has still low—rank off-diagonal blocks. Furthermore, low—rank
compression techniques can be applied to M;; + 1\_/1121\_4;211\7121 in two possible ways: 1) by di-
rectly considering (M —l—l\_/Ilgl\_/I;Qll\_/Igl), or 2) by compressing M; and M12M521M21 and then
efficiently performing the matrix summation in H—matrix algebra. Finally, it is worth noting
that when the support of the long loops is actually relatively small (which is the case of devices
with relatively small holes), long loops can be treated as small loops without any particular

attention.

5.4 Numerical results

In this Section, HLIBPro v2.7 and SDP v1.1.1 are applied to the PEEC method for the study of
different test cases. The simulations were run on a Linux machine equipped with dual 6-core/24-
thread processors (Xeon E2543 v4 @3.40GHz) and 500 GB of RAM.

Dielectric sphere

When the scattering from dielectric and magnetic media is considered, the frequency values
are higher than typical values fpr the breakdown in frequency. Thus, the PEEC system of
equations (4.16) can be used. However, when high frequency problems involving dielectric or
magnetic media with high values of permittivity and permeability are considered, VIE methods
(such as the PEEC method) require a very fine mesh. This issue, shortly discussed in Material
coefficients of A-PEEC and C-PEEC methods in Section 4.2.3, is widely discussed in [128, 100,
129]. Indeed, with the increasing of the permittivity (or permeability) and the frequency, the
polarization current density distribution inside the media shows a really complicated behavior

and internal resonances appear. Thus, the adopted shape functions cannot easily capture the
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Figure 5.3: RCS of a dielectric sphere excited by a plane wave at 60 MHz vs the permittivity value.
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Figure 5.4: RCS of a dielectric sphere excited by a plane wave at 100 MHz vs the permittivity value.

oscillation of the electromagnetic fields. Therefore, a very fine mesh should be adopted when
high permittivity (or permeability) and frequency values are considered.

In this regard, Fig. 5.2 shows the Radar Cross Section (RCS) of a 1 m dielectric sphere
excited by a plane wave at 30 MHz versus the value of the permittivity. Results obtained form
the MIE solution and from the (uncompressed) PEEC method with a mesh of ~ 8,300 tetrahedral
elements (PEEC meshl) and ~ 16,400 tetrahedral elements (PEEC mesh2) are compared.

Instead, Fig. 5.3 and Fig. 5.4 show the results obtained from the MIE solution of the same
dielectric sphere excited by a plane wave at 60 MHz and 100 MHz, respectively. As can been
seen, many internal resonances appears with the increasing of the frequency. Such discussion
motivates the use of compression techniques when scattering from high contrast dielectric and
magnetic media is considered, since a high number of DoF's is required to capture the internal
resonances.

The academic case of the RCS of a high—contrast homogeneous dielectric sphere (radius 1 m,
e, = 80), excited by a linearly polarized wave Eq = e~%*0%u_, f = 10 MHz, is now considered
in the context of compression techniques. This case is also reported in [130] in the context of

a collaboration with a a group of researcher from the RFX Consortium, Padova. A fine mesh



Chapter 5. Low-rank approximation applied to PEEC 111

0.6 : ‘
=SDP g@ = SDP
~ ©HLIBPro, <9 < HLIBPro|
1Ll_J0.4 [ +M|E 1 g
ped () N
80 | ® 0‘[‘ _______
m - -% N
‘ -5
O@ . ! ‘- . . . .
0 /2 T 37/2 2T 0 /2 T 37/2 2m

Figure 5.5: RCS along a yz—circular target, distance 500 m.

Table 5.1: CR and TRs of the Sphere case — HLIBPro & SDP

HLIBPro | SDP Dense
£ 1073 1076 -
TR compression (%) 184 209 13,851 (s)
TR solution (%) 75 5.1 12,394 (s)
TR tot. (%) 132 112 | 26,245 (s)
CR (%) 11 9.1 -
HSS rank (k') — 6,578 -
PMU (%) 29 19.6 || 287 (GB)

with 133,921 unknowns with volumetric support is adopted, leading to a dense matrix of 287
GB RAM for its storage.

HLIBPro and SDP are adopted to solve the PEEC system of equations (4.16) with the aim
of comparing their performances when oscillating kernels are considered.

Fig. 5.5 compares the RCS evaluated by using the two libraries with the MIE [131] analytical
solution implemented in the open—-source MATLAB®) toolbox [132].

In Table 5.1 the computational performances obtained by applying HLIBPro and SDP li-
braries are shown and compared with those required by the solution of the original (uncom-
pressed) system (4.16) by means of an LU decomposition. The compression ratio (CR), which
expresses the memory ratio between the approximate and the dense versions of the PEEC matrix
M, and the peak memory usage (PMU) are also given. Moreover, the time ratios (TR) for the
matrix computation and the system solution, with respect to the ones for the dense case, are
reported.

During the compression phase, SDP requires the storage of random and sample matrices, with
dimension at least N xk’, together with the approximate version of M. On the contrary, HLIBPro
has to store in addition the LU factors of the compressed matrix for the solver preconditioner,
that leads to almost comparable PMU.

Due to the high frequency of the problem and the oscillating kernel of M, an ACA with
full pivot search has been adopted for improving the convergence of the HLIBPro compression
process. It is worth noting that, at the expense of a greater computation time due to the

randomized sampling, SDP allows for a very fast solution of the final system of equations thanks
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Figure 5.6: ICRH device geometry (dimensions in m). Courtesy of ICRH group, Max—Plank Institute for
Plasmaphysics, Garching, Germany.

to the efficiency of the ULV factorization of the HSS matrix.

Ion Cyclotron Resonance Heating

The second test case consists in a more complex device used for the Ion Cyclotron Resonance
Heating (ICRH) of plasma in fusion machines, see Fig. 5.6 [133]. The Faraday screen in the
frontal part of the device is used as a scatterer of the electromagnetic wave emitted by the
internal antennas. These results are also reported in [130].

The device is fed by two lumped ports, placed on the back, with |[J| =1 A/m? at a 100 MHz
frequency. The model consists of 141,031 unknowns with surface support (i.e. an equivalent 2-D
PEEC model discussed in Section 3.4.1 has been adopted), leading to a full matrix of 318.24 GB.
Thus, the PEEC system obtained by Schur complement of (3.122) with only electric currents
as unknowns has been selected. Also for this case, HLIBPro and SDP are adopted to solve the
PEEC system of equations.

With the aim to compare the performances of the two libraries, the compression tolerance are
varied from 1073 to 10~° for HLIBPro and from 106 to 10~® for SDP. Results are also compared
with the computational cost required for the solution of the uncompressed PEEC system. In
Fig. 5.7 the magnitude of the imaginary part of E, evaluated along a line perpendicular to the
antenna surface, is compared with the results obtained by solving the uncompressed system
(REF).

Table 5.2 summarizes the most significant computational performances of HLIBPro and SDP,
respectively. The Root Mean Square Error (RMSE) of the solution vectors with respect the one
obtained from the dense system is also given in the table. In spite of obtaining very accurate
solutions with small and comparable CR, the two libraries work on a different range of com-
pression tolerances. In SDP, the absence of a solution refinement requires a sufficiently accurate
approximation of M. On the other hand, the iterative solver used in HLIBPro, admits a worst

low—rank approximation, but it requires a longer time for the system solution.

Comparing the results obtained for the Dielectric sphere case and the ICRH case, it appears

that, although having almost the same number of unknowns, in the sphere case the time required
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Figure 5.7: log|S(E)| along a line (top: HLIBPro, bottom: SDP)

Table 5.2: CR and TRs of the ICRH case — HLIBPro & SDP

HLIBPro €404 1073 | 107* | 107° Dense
TR compression (%) | 183 185 187 4,338 (s)
TR solution (%) 41 | 67.6 | 120 | 14,546 (s)
TR tot. (%) 74 | 95 | 135 || 18,884 (s)
CR (%) 53 | 7.8 | 105 -
PMU (%) 106 | 155 | 21 | 318.24 (GB)
RMSE (-107%) 7.31 | 0.72 | 0.12 -
SDP ¢;p 1076 | 1077 | 10°8 Dense
TR compression (%) | 339 352 535 4,338 (s)
TR solution (%) 2.0 3.4 5.5 14,546 (s)
TR tot. (%) 79 | 83 | 127 || 18,884 (5)
CR (%) 45 | 6 | 95 -
HSS rank (k') 3,998 | 4,842 | 5,860 -
PMU (%) 159 | 19.8 | 26.1 | 318.24 (GB)
RMSE (-10~4) 181 | 1.8 | 03 -

8

for compression is much larger. This is mainly due to the different computational efficiency of

the element—access routines (i.e. volumetric vs. superficial). It is worth mentioning that high—

frequency problems are not easily compressible because of the oscillatory behavior of the retarded

Green’s kernel. Hence some blocks, labeled by either library as rank—deficient, may actually be

almost full-rank. In HLIBPro, improved ACA methods may fail in rapidly converging to a small

set of pivoting rows and columns for such blocks, hence a full pivoting ACA could give better

performances. Moreover, to avoid ACA working on big clusters that may have very high ranks,

the 7 parameter can be set to small values (e.g. 0.5 = 1) that makes only the smaller blocks

admissible.
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Figure 5.8: Axisymmetric model of the induction cookware. Dimensions are in mm. [;) Stainless Steel, l2)
Aluminum, I3) Magnetic Steel, l4) Stainless Steel, l5) External coil, lg) Ferrite (flux concentrator), l7) Aluminum
(shield).

Table 5.3: Material parameters of the induction heating pot.

ll l2 l3 l4 lﬁ l?
o [MS/m] | 1.04 [ 291 | a)0 b)2 |1.04| 0 |29.1
Js 1 1 400 — 2175 1 2300 1

The accuracy of the results, as well as the CR and TR, shows that the PEEC formulation
for high frequency problems can be effectively coupled with low-rank approximations. The
performances are highly problem—dependent and, because of the oscillatory kernel, may not be
so promising like in low—frequency problems [134]. Nevertheless, the application of the PEEC
formulation to devices with complex geometries would not be possible without compression.
HLIBPro and SDP demonstrated to be the powerful tools also when high frequency problems
are considered that require a careful setting of their parameters to obtain the best performances.
Finally, the development of more efficient element-access routines would reduce the absolute
times in matrix assembling, and the compression times would scale with almost the same TRs

presented.

Induction heating pot

With the aim of showing the performances of HLIBPro when applied for the solution of matrix
systems with smooth kernels, the case of the Induction Heating Pot presented in [135] is here
considered by means of the Axisymmetric PEEC methods presented in Appendix B and based
on the Amperian and Coulombian interpretation of the magnetization phenomena.

Two algorithms based on the two proposed integral axisymmetric formulations have been im-
plemented in MATLAB®) and parallel MEX-FORTRAN functions based on OpenMP libraries.
Moreover, the code has been also combined with HLIBpro library in a matriz—free logic. Thus,
when HLIBPro is adopted, PEEC systems (B.41) (Amperian) and (B.82) (Coulombian) are
never actually assembled and stored. In the following, the (axisymmetric) code based on the
formulation of Section B.1 is defined as A—code (Amperian code) while the one based on Section
B.2 is defined as C-code (Coulombian code). Thus, such numerical test case also allows for
comparing the two axisymmetric PEEC formulations proposed in appendix B and based on the

two PEEC formulations proposed in Chapter 2 (i.e. Amperian vs Coulombian).
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%1073

Figure 5.9: Z, of the induction cookware. Results obtained from A-code, C—code, and FEM for cases (a) and

().

The geometry of the problem is completely described by Fig. 5.8. With respect of Fig. 5.8,
layers l1, ls, I3, and [4 constitute the bottom part of the pot, layer [5 is the external current—
driven coil (the problem excitation), s is the magnetic flux concentrator, and I7 is the shield for
th electronic components. The material parameters of the pot layers are the ones in Table 5.3.
With the aim of investigating the numerical behavior of the A— and C—codes under different
conditions, the magnetic steel (layer I3 in Fig. 5.8) is modeled in two different ways: a) by
non conductive magnetic media, and b) by conductive magnetic media with a conductivity of
2 MS/m. The frequency of the problem, f, is swept from 20 kHz to 100 kHz. The equivalent
impedance of the device, with respect to a uniform (external) current flowing in the external coil,
is modeled as Z., = R+ iwL and evaluated with the two proposed methods. Due to the strong
skin effects (skin depth of § ~ 0.06 mm for the worst case), a great amount of mesh elements is
required for the discretization of the conductive layers. Thus, the mesh of the induction cookware
model consists of 54,120 conductive quadrilateral faces and 16,680 magnetic quadrilateral faces.
With the aim of allowing a fair comparison, the same mesh is adopted for the A— and C—codes.

In Fig. 5.9, the results obtained from A—code and C—code are compared with the ones from
the commercial Finite Element Method software COMSOL®), which allows for a very efficient
solution of this kind of device and therefore is considered as a reference. The axisymmetric

FEM model consists of 64,847 mesh elements and third order basis function.
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Figure 5.10: Relative error of |Zeg| for A—code and C—code for cases (a) and (b).

Table 5.4: Induction cookware: Computational Data

Npors Time [s] PMU [GB]
FEM 1,029,074 55 4.36
Uncompressed A—code* 88,307 432%+4-3,408° 238
Compressed A—code# 88,307 744-43° 2.8
Uncompressed C—code* 88,307 335%+3,308° 238
Compressed C—code# 88,307 704445 3.0

@ Assembling. *Solution.

Fig. 5.10 shows the relative error of the magnitude of Z., obtained from A-code and C—code
with respect to FEM for both cases (a) and (b).

Results in Fig. 5.9 and Fig. 5.10 show an excellent agreement when case (a) is considered.
For case (a), the simulations have been carried out with and without the imposition of (B.42)
and (B.84), i.e. (axisymmetric change of basis). However, as expected, even if a little distortion
on the distribution of M is obtained when (B.42) and (B.84) are not enforced, the results in
terms of Z., differ less than 0.05%.

For case (b), C—code still shows an excellent agreement with FEM. A-code instead shows a
lower accuracy, especially for the real part of Z.,; which is more affected by the actual distribution
of M, that is not enforced in a numerically strong sense (in accordance with the discussion in
Section 4.2.3 and Section 4.2.4). Indeed, it is worth noting that for case (b), since a conductive
magnetic media is considered, (B.42) cannot be enforced since M is not curl free.

Moreover, due to round—off errors, the A—code is very sensitive to the accuracy of the numer-
ical integrations. However, due to the numerical nature of round—off errors, a higher accuracy in
the computation of the integral matrices does not ensure to avoid this numerical issue. For the
sake of comparison, the same number of Gauss points has been chosen for the A— and C—codes.

In Table 5.4 the computational details of the two methods are reported for case (b) and
f =100 kHz. For the A and the C—codes, the computational time and the Peak Memory Usage
(PMU) are reported with and without the adoption of low—rank approximation techniques. The
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results of Table 5.4 have been obtained without the imposition of (B.42) and (B.84) (axisymmet-
ric change of basis), the compression tolerance described in Section 5.2.1 is set to 404 = 10—3
(much lower than the ones adopted for the 3-D cases of the dielectric sphere and the ICRH
previously considered) and the admissibility parameter is 7 = 2. With this choice of € 4c 4, the
relative error introduced by the low—rank approximation on the solution is less than 1%. Thus,
it is safe to say that the errors introduced by the low—rank approximation do not noticeably
affect the accuracy (results shown in Fig. 5.9 are the ones obtained from HLIBpro).

With respect Table 5.4, for the uncompressed case the problem is solved with an LU de-
composition of the matrix system. Instead, as discussed in Section 5.2.1, the compressed case
is solved by means of GMRES solver with an H-LU preconditioner. Thus, the solution time
includes both the H-LU and the GMRES solution. For both the uncompressed and compressed
cases, the PMU almost coincides with the memory required for the storage of the system matri-
ces and LU factorizations. The H-LU is generated by imposing the same tolerance € 4o 4 and
its storage requires almost the same memory of the compressed system. As can been seen from
Table 5.4, due to the big size of the problem, the use of low—rank approximation techniques
is mandatory. Indeed, thanks to the remarkable smoothness of axisymmetric Green’s function
(i.e. the kernel of the PEEC matrix M), the adoption of HLIBpro library allows for a drastic
reduction of the computational cost required by the PEEC methods which become comparable

with the highly optimized FEM commercial software for this kind of application.

Embedded Wireless Power Transfer

This section is the result of a collaboration with the Department of Energy “G. Ferraris”, Politec-
nico di Torino, Italy, in the context of the numerical modeling of road embedded transmitting
wireless power transfer coil. Results reported here are the ones in [1306].

Several research projects are demonstrating that the wireless power transfer (WPT) for the
charge of electric vehicles (EVs) can represent an effective technology to boost their widespread
adoption. The system developed by the Politecnico di Torino, named PoliTO Charge While
Driving, has been oriented to the direct embedment of the transmitters in the road pavement
for an easier installation and a reduction of the maintenance. However, the direct embedment
of the coils in the road pavement incurred in significant technical issues since the behavior of
the embedded coil strongly deviated from the expected one. Measurements only did not allow
for fully understanding and quantifying the physical phenomena causing these modifications.

In this regard, with the aim of understanding and quantifying how the electromagnetic pa-
rameters of the concrete and the geometrical parameters of the WPT influence the overall device
behavior, an ad-hoc numerical method which couples the PEEC method with low-rank com-

pression techniques has been developed.

Embedded WPT coil experiment The first experiment of embedment was with the trans-
mitter depicted in Fig. 5.11, having inner dimensions 1.25 m x 0.5 m and consisting of 9 turns
of litz wire with a diameter of 4 mm. The coil was buried between two layers of non—reinforced
concrete, i.e. without rebar in order to prevent any possible alteration of the distribution of
magnetic field produced by the coil. The equivalent impedance Z., of the coil was preliminary
measured in laboratory conditions (i.e. far from metallic objects) at 85 kHz by means of an
LCR meter. The measured Z., was interpreted as the series of a lumped resistance R and an

inductance L having values of 303 m{2 and 211.8 pH, respectively.
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Figure 5.12: PEEC model of the embedded coil. (a) Full model. (b) Detail of the connection between the 9
coil turns and the lumped shorts.

Measurements carried out after the embedment in dry concrete revealed a strong non—linear
dependence of Z.q on the frequency above 60 kHz. This behavior showed that the embedded
coil cannot be properly modelled as an equivalent R-L circuit with constant lumped parameters.
Moreover, capacitive stray currents strongly limiting the effectiveness of the wireless transmission
occurred.

With the aim of quantifying the effects of the electromagnetic parameters of the concrete
on the overall coil behavior, a dedicated PEEC model of the embedded device was constructed.
Resistivity and permittivity of standard concretes may vary in a very wide range and they are
strongly affected by the water content and external environmental parameters. Thus, a dedicated
measurement arrangement for the characterization of the concrete adopted for the embedment of
the coil was carried out. Such study identified a range from 10 Qm to 1000 Qm for the concrete

resistivity p., and from 5 to 50 for the concrete permittivity &,...

Parametric sweep and Low—Rank compression In this section, the numerical procedure
developed to optimize the parametric analysis by means of PEEC is described. For the case of

the embedded WPT device described above, only conductive and dielectric media are involved.
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In order to reduce the complexity of the mesh (i.e. the number of unknowns), the 9 turns
of the WPT are modelled as 9 independent open turns which are connected with lumped short
circuits, as shown in Fig. 5.12. The coil is fed by a lumped voltage source connected to the
terminals of the most internal and external turns. Since the litz wires guarantee an almost
uniform current distribution at the frequency range of interest, the 9 turns are modelled with
only one mesh element in the cross section adopting a conductivity of oy = 57-10° S/m.

Thus, identifying the 9 turns (plus lumped elements) and the concrete with subscripts ¢ and
¢, respectively, the algebraic system of equations (4.16) derived by applying PEEC method to
the embedded WPT model can be written as

Jf] = [et] : (5.17)
Je 0

where Bog = iwLag + %DZTPQI;D% (with « = t,c and 8 =t,c¢).

w

R; + By B
Bct Rc + Bcc

Before applying low—rank compression techniques, the problem must be properly handled
in order to improve the compression performances. In this regard, following the discussion of
Section 5.3, two main issues must be addressed: 1) the well-known breakdown in frequency issue
would lead to severe round—off errors which would make compression techniques very inaccurate,
and 2) both the concrete and turns are non—simply connected regions which require to be properly
handled.

To solve the breakdown in frequency issue, the loop—star decomposition method is adopted.
Thus, following the discussion in 4.2.4, change of basis matrices M (loop to currents) and MY
(star to currents) are evaluated. Since both the concrete and the turns models are non—simply
connected regions, the independent loops search algorithm proposed in [137] is adopted in order
to generate independent loops giving priority to that ones with small support. This technique
generates a small number of loops with large support (i.e. almost equal to the number of holes)
ensuring a good low—rank behavior of the resulting system of equations [6]. Matrix M instead is
easily obtained from the incidence matrix D% by removing one column and taking its transpose.

Once obtained M2 and M?, the Loop—Star quasi-Helmholtz decomposition (4.26) can be
applied to j: and j., i.e. jo = MSje + M5j%, where j2 and j: are the loop and star unknowns,
respectively (the same holds for j.). Therefore, matrix rows of (5.17) can be projected into a
new set of equations by left multiplying them by [Mg, MZ]T. This results in (4.37). Thanks
to the Loop—Star quasi-Helmholtz decomposition, the resulting new system of equations, in the
unknowns j7, j7, jo and ji, does not suffer the breakdown in frequency.

The resulting system in the loop—star basis is now suitable for the application of low—rank
approximation techniques. In the context of parametric analysis, when the material parameters
of the concrete change, only matrix R, in (5.17) changes while all the other matrices remain
unchanged. Thus, differently from the previous numerical cases considered in this section where
the entire PEEC system has been compressed, the system of equations to be solved (i.e. (4.37))
is here written as
]T

[M, + M,] [jo*,52*]" = [es*,0]", (5.18)

where jo* = [j2, jc], 3¢ = [i7, 3], ef* = [ef, 7], and
v, — |0 O w, — | R+ BiE Bi
0 Ro*|’

Ber Be* ’ (519)
ct cc
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and superscript “ox” denotes the projection onto the loop—star basis. Thus, to drastically min-
imize the computational effort required by the parametric analysis, the low—rank dense matrix
M, can be compressed only once at the beginning of the parametric analysis by applying the
low—rank approximation method described in Section 5.2.1 and based on H-matrices and ACA
implemented in the HLIBPro library [115]. It is worth noting that, how stated in Section 5.2.1,
M, is evaluated in a matriz—free logic thanks to the functionality of HLIBPro. Thus, the dense
matrix is never stored and, thanks to ACA, only a set of its coefficients is actually evaluated.

Sparse matrix M; (converted in H-matrix thanks to the functionality of HLIBPro) is instead
updated at each parametric evaluation by setting the value of the equivalent electric resistivity
of the concrete pe,,, (i.e. p. and ere), with a negligible computational effort (indeed, the concrete
is considered as an homogeneous material). Thus, compressed matrices H-M; and H-M, are
added together in #H-matrix algebra, i.e. H-M = H-M; + H-M,.

System H-M is finally solved for each value of the parameter Peq, by means of a GMRES
solver (implemented in HLIBPro) and preconditioned with an incomplete H-LU decomposition.
In this regard, there are two possibilities: 1) evaluate the H-LU preconditioner of H-M at each
parametric evaluation, and 2) using a pre—evaluated H-LU preconditioner obtained by imposing
a mean value of the parameter pe,.. At the expense of a greater computational effort due to
the need of evaluating the H-LU at each parametric evaluation, the first choice allows for a
very robust solver which requires only few GMRES iterations. However, numerical simulations
showed that the use of a pre—evaluated H-LU preconditioner is sufficient to guarantee a very
good convergence of the GMRES, drastically reducing the overall computation time.

Finally, from the discussion in Section 5.3, it is worth noting that, in order to obtain H-—
matrices with actually low—rank off-diagonal blocks (i.e. HODLR matrices), it is important to
force the first clustering partition of the unknowns by subdividing j7, j;, jo and j* into different
clusters. Moreover, loop unknowns should be further subdivided into two clusters: the ones with
local support (small loops), and the ones with extended support (long loops). Then, as described
in Section 5.2.1, the partitioning algorithm proceeds with the construction of the cluster tree
starting from these master cluster nodes.

The above procedure is summarized in Algorithm 1, which implements both the precondi-
tioning possibilities. The inputs of such algorithm are fun-GetEntry-M; and fun-GetEntry-M,
which evaluates a generic entry of M; and Ma, respectively.

It is worth noting that, when a single simulation is considered, the long loops unknowns
can also be removed by means of the Schur complement method (5.16) proposed in Section
5.3. However, this solution is not convenient in the context of parametric analysis since at each

parametric evaluation the Schur complement must be re—evaluated.

Results In this paragraph, the results obtained from the numerical method proposed above
applied to the embedded WPT coil described above are reported.

Before performing the parametric analysis, for validation purposes and to construct an ef-
ficient PEEC model of the embedded WPT device, the results of the simulations have been
compared with those obtained from measurements considering a concrete having measured re-
sistivity and permittivity of 11.8 Qm and 26.7, respectively. Such comparison is reported in
Fig. 5.13, showing a good accordance. Then, the thickness of concrete which is actually signifi-
cant for the PEEC model has been investigated. In this regard, the frequency sweep simulation

was repeated with a progressively smaller concrete model cross section until a difference of about
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Algorithm 1 Parametric Analysis of the embedded WPT coil

Input: fun-GetEntry-My, fun-GetEntry-M,
Output: Z.4(peq,.) of the embedded WPT coil
Initialisation

Compute and store H—Ma

Set the mean value of peq,, i.e. pe,.

Compute H-M;(p,,, )

Compute H-M(p,, ) = H -Mi(p.,. ) + H M,
Compute and store H-LU(p,,.) of H-M(p,,.)
Parametric analysis

6: for all the selected values of pe,, do

7. Compute H-M; (peq,.)

8:  Compute H-M(peq,) = H-Mi(peq,) + H-Ma

9:  Solve (5.18) with GMRES and H-LU(p,,, ) precond.
10:  if GMRES does not converge then

11: Compute H-LU(peq,) of H-M(peq,.)

12: Solve (5.18) with GMRES and H-LU(peq,) precond.
13:  end if

14:  From Loop-Star to currents: j, = Mgjo + M3j%
15:  Evaluate Zey(peq,.) of the embedded WPT coil
16: end for

17: return Z, for all the selected values of peq,,

Table 5.5: Computation time and memory requirement of Algorithm 1 for the case of WPT PEEC

model.
Time [s] | Memory [GB]
H-M, 88.9 2.0
H-M,(p,.) and H-M;(p.) 1.1 12-1073
H-A(p.) = H M, (p,) +H M, 1.3 2.0
H-LU(p,) of H-M(p,) 57.7 1.9
GMRES solution of H-M(p,) 11.2 -

3% in the amplitude of Z, was reached. This study showed that only the concrete close to the
turns actually affects the overall coil behavior. Thus, the PEEC model of the concrete can be
substantially reduced and only the material in close proximity to the copper turns must be ac-
tually discretized. Indeed, results of Fig. 5.13 are obtained with a concrete thickness of about
5 X 5 cm cross section, i.e. the one represented in Fig. 5.12.

As a further result of such analysis, it has been noticed that the electric current density
in the concrete has two main components: one which flows parallel to the current inside the
winding (inductive component) and a second one which flows from the external turn to the
internal one (capacitive component), accumulating charge at the interfaces between the concrete
and the turns. Fig. 5.14.(a) and Fig. 5.14.(b) show the qualitative behavior of the current in the
concrete (in logarithmic scale) at 10 kHz and 100 kHz, respectively. As can been seen, when
the frequency is low, the inductive component is predominant whereas, with the increase of the
frequency, the capacitive component becomes more relevant, significantly affecting the overall
coil behavior.

Finally, the constructed model of the embedded WPT coil is simulated varying p. and &,
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Figure 5.13: Absolute value of Z., of the embedded coil (measures vs PEEC results).
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Figure 5.14: PEEC model simulation: distribution of Je (real part) in the concrete (arbitrary units).
a) Inductive component predominant. b) Capacitive component predominant. a) and b) not in the same
scale.
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Figure 5.15: Z., of the embedded coil for a concrete resistivity from 10 2m to 1000 Qm, parametrized
for &,. equal to 5, 40, and 80.

from 10 Qm to 1000 2m by applying Algorithm 1. Such model is made by 1,368 hexahedral

elements for the turns model and 14,592 hexahedral elements for the concrete model plus 9
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Figure 5.16: Z., (absolute value and argument) of the embedded WPT vs frequency parametrized for
a resistivity equal to 10 Qm, 100 Qm, and 1000 Qm.
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Figure 5.17: Z.q (absolute value and argument) of the embedded WPT with increased insulation vs
frequency parametrized for a resistivity equal to 10 Qm, 100 2m, and 1000 2m.

lumped circuit elements which connect the 9 turns. This results in 57,322 DoF's which (without
the use of Algorithm 1) would require 52.6 GB of RAM for the storage of system (5.17) and a
computation time of ~ 2,657 s for each parametric solution with a Peak Memory Usage of ~ 105
GB (due to the storage of the LU decomposition during the solution).

In Table 5.5, the computation time and memory requirement resulting from the adoption
of Algorithm 1 are reported. Timings and memory refer to a selected parametric evaluation.
However, all the parametric evaluations showed similar results.

It is worth noting that the “if” statement of Algorithm 1 (reached after 20 GMRES iterations)
was satisfied only for the extrema values of the range of p. and normally only ~ 6 GMRES
iteration are sufficient to reach a residual of 10717,

The results obtained from this analysis are shown in Fig. 5.15 and Fig. 5.16. Moreover, to
study the effects of the coil geometry, such analysis is repeated with a different model having
an increased insulation thickness between turns and concrete. The results obtained from such

analysis are shown in Fig. 5.17 and, more in detail, in [136].






Chapter 6

Marching On—in—Time PEEC
method

6.1 Short overview on time domain PEEC approaches

The PEEC methods discussed in Chapters 2—4 are based on the electromagnetic harmonic as-
sumption, i.e. Frequency Domain (FD) assumption.
When a transient phenomena (i.e. time domain) want to be analyzed instead, at least three

procedures are possibles [138]:

1. Apply the well-known #—method [139] to the PEEC systems (3.47) and (3.68), (or other tra-
ditional procedures such as: forward Euler, backward Euler, Crank—Nicolson, and Runge
Kutta methods),

2. Apply the Inverse Discrete Fourier Transform (IDFT) to frequency domain simulations

and extract the time domain simulation results for a given temporal window,
3. Apply the Marching On-in-Time (MOT) scheme [140].

It is worth noting that, the application of the #—method to PEEC systems (3.47) and (3.68)
is straightforward only under the assumption of electrically small devices, i.e. when the prop-
agation effects are neglected [141, 142, 143, 15]. Indeed, when electrically long devices are
considered, the dynamic Green function (2.17) must be adopted, which means that the electro-
magnetic interactions between the DoF's of the mesh are not instantaneous. Thus, fast transient
phenomena can not be studied with such method.

Instead, the application of IDFT allows for considering the time delay effects on the propa-
gation of the electromagnetic fields. However, when time domain analysis with a rich harmonic
content are analyzed, this method easily results in a considerable computational cost. Indeed,
for each frequency simulation the PEEC problem must be solved. Moreover, when the selected
frequencies to be simulated do not allow neglecting the time delay propagation effects, the in-
tegral PEEC matrices must be properly updated considering the dependence of the dynamic
Green function with the frequency. Since retardation effects must be considered, the dense in-
tegral matrices of FD-PEEC must be updated at each frequency simulation. However, to avoid
prohibitive computation time, the exponential term of the dynamic Green’s function can be
considered to be constant within every single cell (with a good approximation) in order to avoid
the re—evaluation of the integrals at each frequency step. Thus, the integral PEEC matrices are

updated at each frequency value by multiplying each matrix entry with the related (retardation)
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coefficient. Moreover, a further limitation of the IDFT method is the non natural handling of
media which exhibit a non—linear behaviour with the electric and magnetic fields.

In the context of this PhD thesis, with the aim of overcoming the shortcomings of the
application of the #—method and IDFT in the context of PEEC method, the application of
the MOT scheme to the Unstructured C-PEEC formulation derived in section 2.3 has been
investigated.

The MOT scheme has been first applied to integral equation methods in [140]. Such numer-
ical method allows for naturally considering the time delay propagation effects and non-linear
properties of the electromagnetic media.

The possibility to combine the MOT procedure with the structured (standard) version of
PEEC has been shortly discussed in [9] and [144], while in literature time-domain PEEC methods
under the assumption of electrically short structures have been mostly proposed. Very recently,
a MOT-PEEC method based on the standard PEEC discretization approach has been presented
in [145, 146] for the study of conductive and dielectric media.

Compared to the aforementioned work, the MOT-PEEC formulation presented in the follow-
ing section is based on the Unstructured version of PEEC, and the MOT procedure is differently
applied to the PEEC formulation. Moreover, magnetic media are also treated by the proposed
MOT-PEEC method and, with respect to [145], a reduced amount of unknowns is required.
Furthermore, the proposed formulation provides the same well-known circuit interpretation of
the harmonic PEEC method, easily allowing for coupling discretized devices and lumped circuits
components. Non—-homogeneous and anisotropic media can be considered as well and numerical

results show good stability properties of the proposed method.

6.2 Unstructured Marching On—-in—Time PEEC method

for conductive, dielectric, and magnetic media

In this section, the Unstructured MOT-PEEC method developed during the PhD thesis is pro-
posed. The method here proposed is intended as a basic and general formulation which is however
suitable to be combined with more sophisticated approaches [147] and parallelization techniques
[148] widely proposed in the literature in the context of MOT integral equation methods. The
PEEC formulation based on the Coulombian interpretation of the magnetization phenomena
has been selected for the derivation of the unstructured MOT-PEEC method. However, an
analogous procedure can be easily derived for the PEEC formulation based on the Amperian
interpretation of the magnetization phenomena by following the space and time discretization

proposed in the next sections.

6.2.1 Formulation

For the sake of completeness and self consistence, the definition of some quantity given in the
previous chapters is here shortly repeated.

Thus, €2, Q4, and €,,, are the conductive (¢ > 0), dielectric (e, # 1), the magnetic (u, # 1)
domains, respectively, where o is the electric conductivity, €, is the relative electric permittivity,
and p, is the relative magnetic permeability.

The electric domain is also . = Q.U and the following boundaries are defined: I'. = 02,
Ty =004, I'yy = 0Q,, and 'y = 9Q,. The computational domain is 2 = Q. U Q,,.
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As introduced in section 2.3, where a time harmonic PEEC method is proposed, the electric,

E, and magnetic, H, fields can be written in terms of electric and magnetic potentials, i.e.

E:—%Ae—v@e—galeAm+E07 (61)
0
H:—gAm—v@m‘i‘MalVXAe—"HO? (62)

where A. and A,, are electric and magnetic vector potentials, ¢. and ¢,, are electric and
magnetic scalar potentials, and Ey and Hy are external electric and magnetic fields produced
by some source domain. Electromagnetic quantities in (6.1) and (6.2) are evaluated in the field
point r and at the present time instant .

Moreover, as in Section 2.3, J., J4, and J,,, (i.e. the conduction, polarization, and magnetic
current, respectively) can be introduced. Time domain constitutive relations which links E and
H with current densities J., Jq4, and J,,, are also derived from (2.30), (2.45), and (2.85):

E(r,t) = pe(r,t)Jc(r, 1), r € Q, (6.3)

t
E(r,t) = pd(r,t)/ Ja(r,7)dr, v € Qq, (6.4)

0

t
H(r.t) = pu(r,0) [ Jn(eir)dr, v € 2 (65)

0
where p. is the electric resistivity, pq = m, and p,, = m, where €9 and pg are the

vacuum permittivity and permeability, respectively.

The time domain expressions of vector potentials A, and A,, are given by:

_ Ho Je(I‘l,t/)
Acrt) =40 /Q R (6.6)
o [ Tl t)
A _ Lo [ dml ) g .
m(r:1) 47r/g r— /| - (6.1)

[r—r’]

” is the retarded time; ¢q is the

where J, = J. + Jg, r’ is the integration point, and ' =t —
velocity of light in vacuum.
Analogously, the time derivatives of A, and A,, which appear in (6.1) and (6.2) are given

by:

0 Ho 38/Je(r/vt/)

N = Mo [ arZe® ") g .
ot e(ra t) Ar /\F |I‘ _ I./| d ) (6 8)
0 o 768/ I (2 t)
—A,,(rt) = — LlASULSEAS A/ 0 ) .
ot (r,) 4 /Qm |r — 1’| (6.9)

The integral expressions of scalar electric and magnetic potentials in time domain are instead

given by:

Polr,t) = — [/Q Qe(r"t/)azgw/F Mdr], (6.10)

~ e . r—r]

om(r,t) = — [/Q Q”‘(r/’t/)dﬂ+/r Mdr}, (6.11)

A r—r'|

m
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where g, and ¢, are the volume and surface electric charges, respectively, while g,, and ¢,, are
the volume and surface magnetic charges.

Electric and magnetic charges are related to J. and J,, by means of continuity relations:

0e(r,t) = 7/0 V- J(r,7)dr, Sel(r,t) = 7/0 Je(r,7) - ndr, (6.12)
om(r,t) = _/0 V- I (r, 7)dr, Sm(r,t) = —/0 J o (r, 7) - ndr, (6.13)

where n is the outward unit normal vector of I', and I',,.

6.2.2 Spatial and temporal discretization

Given a spatial discretization G of Q and a temporal discretization 7 of the time interval of
interest, J. is expanded in terms of degrees of freedoms (DoFs) by using Whitney face shape

functions w and temporal basis functions T' [147]:

Ny Ny
Jo(r,t) =3 wi(0)Te(t)jey. . (6.14)
k=1s=0
where j, , is the flux of J. through the kth face of the mesh (i.e. the kth branch of the equivalent
circuit) at the sth time step, Ny and N; are the number of space (i.e. faces of the mesh) and
temporal basis functions, respectively. At each time instant s (i.e. ¢t = sAr), the DoFs are
stored in the array jec,. Jq and J,, are expanded likewise, leading to the vector arrays jq, and
jins.

From now on T is considered as the well-known hat shape function with support [—Ar, Ar],
where A7 is the chosen time step. This leads to a causal MOT scheme. However, how discussed
in the following, a different choice of the basis function can be made, leading to a non—causal
MOT system [147].

As in the pioneering work [140], a Galerkin approach for the spatial expansion and a colloca-
tion method for each sth time instant for the time discretization are applied to (6.1) and (6.2)
combined with (6.3)—(6.13). For each sth time step, this operation leads to the following matrix

equations:

Hr

€c, = RCst + é?}j’cg + Z (Lccujcs.u + Lcdujds-u + Kcmujms-u)a (6]—5)
u=0
for the conductive media,
ds . ~a . . .
ea. = ArRa (% +uzl.1ds_u) +Ga,datd (Laduiasu+noLacuiesy+ Kamujms-u ), (6:16)

for the dielectric media, and

Jm

2

NT HT
hs = AT]R'm( . +ijs—u) +GSa)m ¢ms+z (meujms-u+chujos-u+Kmdujds—u) ’ (617)
u=1 u=0

for the magnetic media.
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Vi

Reference
DoF

Figure 6.1: Marching matrices interactions exemplification.

Matrices and vector arrays in (6.15)—(6.17) are the corresponding time domain version of
the frequency domain quantities defined in section 3.2 with the Cell Method discretization ap-
proaches. Also the same concepts of primal and dual grids are maintained. However, for the

9

sake of simplicity, “~” symbol is not adopted to distinguish between primal and dual arrays of
DoFs and matrices (with the except of the gradient incidence matrices). Moreover, for the sake
of conciseness, these quantities are defined without dwelling on their interpretation.

In (6.15)—(6.17), ec, and eq, are the array of DoFs related to Eq in Q. and €4, respectively,
and h; is the array of DoF's related to Hy in §2,,. The other matrices and vector arrays are defined
in the following, and, for the sake of clarity, subscripts ¢, d, and m are introduced to indicate
the conductive, dielectric, and magnetic domains and material quantities, respectively. When
a double subscript is used, the first indicates the target domain, while the second the source

domain. Thus, similar to Section 2.3, the coefficients of time domain MOT-PEEC matrices
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which appear in (6.15)—(6.17) are given by

Repn :/ pe(r, t)wi(r) - wp(r)T(0)dQ, (6.18)
Rapn, :/Q pa(r, t)wi(r) - wy(r)T(0)dS2, (6.19)
R, :/ P (r, ) Wi (r) - wp(r)T(0)dS2, (6.20)

m

for the resistance matrices (note that 7'(0) = 1 when hat temporal shape functions are used),

lé]
wi(r Nar T (tu)
Lec, on =Ho / / er_r?'t dQds, (6.21)
wi(r) - wp(r )WT(tu)
L = dQde 6.22
ddu,kh /’LO /Qd Qd 47T|r7r/‘ I ( )
wii(r) - wi (') g T (tu)
Ledy o =Ho / 47r\r—r(?r dQde, (6.23)
o)
wi(r (r') g5 T'(tu)
L = dQdQ 6.24
dew,kn —HO /Qd/ 47r\r—r’| ) (6.24)
wie(r) - Wi (r) g T (tu)
Lmm on =€0 / / 47T|r_ r?It dQdqQ, (6.25)

for the inductance matrices, and

Kcmu,kh,: /wkr / wh(r r—r <| >

T(t ()
K =— ot QdQ 2
meukn = - / wi(r / wh(r (|r—r’|3 cor—r/|2>d dsa, (6.27)

T(t,)  arT(t)

— r,|3 e )% (6.20)

T(t 2T
Kdmu,kh = in / / wh,(r ot (tu) d2dS2, (6.28)

|I'—r’|3 co\r—r’|2
1 T(t,) D.T(t,)

Kpg o = — . N (r—1 u or
du,kh Ar /Qm wi(r) a, wi(r) x (r r)(|r_r/|3 + colr — /|2

for the interaction integral matrices between electric and magnetic domains. It is worth noting

dodQ,  (6.29)

that, for the sake of conciseness, differently to Section 3.2, the interaction matrices between
electric and magnetic domains (i.e. K-matrices) are here differently derived. However, the
approach of Section 3.2 can be also used to derived the interaction matrices.

All the resistance, inductance, and interaction matrices have dimension Ny x Ny iE with
a—cdmandﬂ—cdmln(621) (6.29), ty, = uAp —|r — 1’| /co.

GQ , GQd, and G¢, , are (augmented) gradient matrices defined in Section 3.1.2 with di-
mension Ny, X (Ny, + Nyp, ), where Ny, and Ny, are the number of volume and boundary
faces of the mesh of €, with a = ¢,d, m.

Matrices Lag, and Kag, (o = ¢, d,m and 3 = c¢,d,m), with u = 0,--- , Hy, represent
the electromagnetic interactions between the unknowns at the time instant s and those at the
previous time instant s — u (when w = 0 they represent instantancous interactions between
unknowns at the same time instant). In (6.15)—(6.17), Hr = [1 4+ Dpaz/(Arco)] indicates
how many previous time steps actually interact with the present solution, where D,,q. is the

maximum distance between two mesh elements of €2 and [e] is the ceiling operator (see Fig. 6.1).
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so—lz—l S z s+1 z+1

Figure 6.2: Primal (7) and dual (7) temporal discretization.

As in section 3.2, arrays of DoFs ¢, ¢g4,, and ¢,,, . store the averaged scalar electric and
magnetic potentials related to Ny, + Nyp., Nyg+ Nypy, and Ny, 4+ Nyp o (i.e. the nodes of the
equivalent circuit), respectively, at the instant ¢t = sAr.

Indeed ¢, and ¢4, are related to the electric scalar potential in domains €. and €24, whereas
b is related to the scalar magnetic potential in €.

In the same fashion of the frequency domain PEEC method, the time derivative of ¢, ¢4,
and ¢,, , is related to the divergence of the electric and magnetic current array of DoFs (i.e. the

electric and magnetic charge array of DoF's) by means of integral potential matrices, i.e.:

Hr
8 1 ~aT, ~aT,
ad)Cs = a Z (PCCUGQCJCs—u + PCduGQdes—u)7 (630)
u=0
H
0 1 <& ~aT, ~aT,
fidas= 2 (PaduGnide + Pacu G jer ) (6.31)
u=0
Hr
) 1 _
ad)ms = % Z (Pmmungﬂ;Jms_u)a (632)
u=0

where, as in Section 3.2, potential matrices Pog, (With a = ¢,d,m and 8 = ¢, d, m) of dimension

(Nyo+Nyp,,) X (Nyg +Nﬂ,ﬁ) are subdivided into volume, surface, and volume—surface matrices,

ie.
o [ 7]
P, P,
and their coefficients are given by
i T(t.)
vo W) 1040, 6.33
e =Tt [, . e v (039
1 / / T(t,)
o A %) grar, 6.34
S VT e (054
1 / / T(t,)
ve W) gar, (6.35)
Bt o [ fonll Ju, J gy, Amlr =]
1 / / T(t,)
S W) g, (6.36)
Bt | fonlllonll Jpv, Jo, dmle =]
where || - || indicates the measure (i.e. volume or area) of the kth, hth volume and surface

elements. For the sake of conciseness, with respect to frequency domain methods, the electric
and magnetic PEEC potential matrices are scaled by €¢ and pq, respectively. Thus, electric and

magnetic potential matrix coefficients have the same expression.
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Following a leap—frog scheme [144] and according to the classical Tonti diagram, @ and @,
are expanded onto the dual spatial and temporal grids G and T obtained by the barycentric
subdivision of G and T, respectively (see Fig. 6.2). Thus, %(75(:57 %(ﬁds, and %q&ms are also

given by

0 _¢cl B ¢cl—1
57 Ben =TS, (6:37)
0 g — Pay_4
g(ﬁds - AT 9 (638)
0 _¢ml - ¢ml—1
&d)ms Y w— (6.39)

where subscript { in (6.37)-(6.39) refers to the time instant ¢; = t; + Ar /2, while ¢, ¢4, and

b, , are given by

el T Pey
b, :%, (6.40)
+
b, :%) (6.41)
_l’_
B :%_ (6.42)
Finally, combining (6.30)—(6.32) with (6.40)—(6.42), one obtains:
¢C _¢C_ 1 ki ~aT, ~aT,
% :% Z (PccuGQCJCs—u + PcduGQd.]ds_u>, (643)
u=0
Ga; — ¢ 1 I aT o
‘“TT"”A = Z (PdduGdeds-u + PcicuG}de,:S_u>7 (6.44)
u=0
¢ml - ¢ml_1 1 Ar, ( -
ELASERE )
Ar o uz_:o wond (6.45)

Equations (6.15)—(6.17) and (6.43)—(6.45) (scaled by Ar to improve the conditioning) are
finally combined leading to the MOT-PEEC scheme where (for each time step sth and Ith) the
unknowns are jeg, jds, Jmss Peps Payy and @,,,;. The system of equations to be solved is given

by

- a B B _ B
.

R¢ + Lecg Lcao Kemo %észc 0 0 Jes b
Laco STRq + Laao Kamo 0 %é?zd 0 Jds bgs
Ko Kmdo %Rm + Limmo 0 0 %ngm Jms | |Pms

ArPeyGo,  ArPeaoGa, 0 ~Arl 0 0 | |¢a| |b&
ArPacoGy ArPaaoGo. 0 0 -Ar1 0 bas b%,
0 0 ATP ramoGeT 0 0 —A7rl| [¢pm] LD,

i (6.46)
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where
. . . ~a
bcs =€cg — UZ:1 <LCCuJCs—u + LCdqus—u + Kcmqus_u) - §G§1C¢cl—17 (647)
Hr 1 —a Nt
ba, =€as — Y (deujds_u + Lacujes + Kdmujms_u) ~5G0,ba1 ~ ArRa Y jac,
u=1 u=1
(6.48)
HT 1 NT
bms :hms - Z (meujms—u + chust—u + Kdmujds—u) - §G9m ¢ml—1 - ATRm ijs—u’
u=1 u=1
(6.49)
Hr
rl ~aT, ~aT, 1
bfl =Ar|— Z (PCCuGQCJCs—u + PCduGQdes—u) - T¢CZ—1]’ (650)
LEQ 1 T
Hr
rl ~aT, ~aTl, 1
bﬁl =Ar|— (PdduGQd.]ds-u + PdCuGQCJCS-u) - F¢d171}a (6.51)
LED f—t T
-1 Hr 1
be, =Ar|— (Pmm G . ) - } 6.52
m] T L 120 uz::l W' FQ,,Jms gy AT ¢ml—1 ( )

System (6.46) is made by resistance, incidence, and instantaneous matrices only (i.e. ones
with u = 0) and is the same for each time step. The right-hand side is instead updated at
each time step by multiplying the marching matrices (i.e. ones with v = 1,--- , Hr) with the
previous Hr solutions, as shown in (6.47)—(6.52). It is worth noting that instantaneous and
marching matrices are in general sparse with a sparsity ratio which depends on the choice of
Ar (i.e. the smaller A, the lower the sparsity ratio, the greater Hr). As distinctive feature
of PEEC, connections with lumped circuit elements are easily considered by adding the circuit
currents and node potentials of the lumped components to the unknowns and solving Kirchhoff’s
Voltage and Currents Laws together with (6.46).

Finally, it is worth noting that the proposed approach has been developed without consid-
ering moving domains. Even if the extension of the proposed method to moving domains is
theoretically possible, the computational cost for considering such a case would probably signifi-
cantly increase since the mutual coefficients which model the electromagnetic couplings between

the moving parts must be re-evaluated at each time step.

6.2.3 On the choice of the unknowns and temporal shape function

With the aim of increasing the stability and the accuracy of the MOT scheme applied to integral
equation methods, several authors in the literature propose different temporal shape functions
(e.g. higher order with a more extended [149] and/or not—causal support [147]) and different
choices of the unknowns (e.g. electric and magnetic polarizations P and M or densities field D
and B). Indeed, these different choices (which also allow reducing the number of unknowns by
neglecting the scalar potentials from the independent unknowns [147]) seem to generally improve
the accuracy and the stability of the MOT method. Indeed, the use of a smoothly varying
temporal shape function alleviates the instability issues caused by the numerical integration of
integral matrix coefficients subject to the encroachment of the propagating electromagnetic wave
[150], [151], [150] (see Fig. 6.3).
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Figure 6.3: Integration inaccuracy leads to oscillating instabilities, graphic representation.

However, the use of temporal shape functions with a large support deteriorates the sparsity
ratio of the matrices and, when temporal shape functions with non causal support are chosen,
the need to predict several future solutions [152]. In the context of the proposed MOT-PEEC
method, in accordance with the analysis presented in [145], hat shape functions have been chosen
since they provide a good trade—off between stability, accuracy, and numerical performances.
However, the discretization process here proposed can be easily modified by considering different
temporal shape functions and/or predictor—corrector schemes [152]. Indeed, the here proposed
MOT-PEEC method (which is intended as a basic and general formulation) is however suitable
for the application of more sophisticated approaches [153, 154, 155, 156] and parallelization
techniques, as proposed in [148].

Lastly, the choice of considering the scalar potential as independent unknowns make it pos-
sible to separate the inductive (Lag,) and capacitive (G¢,_ PaﬁuGgfg) effects, avoiding insta-

bilities attributable to round—off errors (breakdown in frequency).

6.2.4 Numerical results

In this section, some case study simulated by the proposed MOT-PEEC method is presented.
The MOT-PEEC code has been developed with MATLAB®) and parallel MEX-FORTRAN
functions based on OpenMP libraries. Thin wire, triangular, and hexahedral mesh elements can
be considered by the implemented code. Integral matrix coeflicients are evaluated numerically
with a double Gauss—Legendre quadrature rule with an higher rule for the instantaneous coef-
ficients. The simulations were run on a Linux machine equipped with a dual-Xeon E5-2643 v4
processor (6 core, 12 thread, @3:40 GHz) and 512 GB RAM.
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Figure 6.5: Frequency spectra of H. Cases 1), 2), and 3).

Dielectric shell

The first test case consists of a dielectric shell (0.5 m outer radius, 0.48 m inner radius) excited
by the Gaussian Modulated Pulse (GMP) in [148]:

t—to—Z/CQ

V2

with fo =20 MHz, fp, = 20 MHz, ¢ = ﬁ, and tg = 4¢. Three cases are here considered:

Eo(z,y,2,t) = exp [—( )2] cos(2m fo(t — tog — z/co))Us, (6.53)

1. homogeneous medium with e, = 10,
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N
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Figure 6.6: NBI PEEC model (not in scale). Blue: external conductive shell; green: internal conductive shell;
red: magnetic core snubbers. Values in mm.
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Figure 6.7: Current flowing in the voltage source connected to the NBI.

. . . . 323
2. anisotropic medium with ¢, = [% g g],
3. non-homogeneous medium with e, =5+ 7z.

The results obtained from the MOT-PEEC code are compared with the ones obtained from
the frequency domain PEEC (FD-PEEC) code [27]. For case 1) only, the results are also
compared with the MIE solution. Discrete Fourier Transform (DFT) and Inverse Discrete Fourier
Transform (IDFT) are adopted to extract frequency domain results from time simulations and
vice-versa.

For case 1), the scattered magnetic field norm (in time domain) evaluated in [5 m,5 m,5 m]
is shown in Fig. 6.4. For cases 1), 2), and 3), the frequency spectra of the three components
of the scattered magnetic field are shown in Fig. 6.5. The same hexahedral mesh with 3,072
elements has been adopted for MOT-PEEC and FD-PEEC.

Results show good agreement and some small discrepancy can be observed only for the

smallest components of H.
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Figure 6.8: Snapshot of the electric potential wave propagating on an equivalent surface model of an Airplane.

Neutral Beam Injector

In the context of Neutral Beam Injector (NBI) for Thermonuclear Fusion applications, the
protection against the grid breakdown and other possible failures is a very sensitive issue [157].
NBI are generally complex devices fed by long transmission lines (e.g. ~ 70 m for ITER) which,
with a good simplification, can be modeled as coaxial cables operating in electrostatic condition
during normal functioning. With the aim of protecting the NBI against possible breakdowns
(i.e. damping dangerous voltage oscillations), magnetic core snubbers (combined also with other
technologies) are usually adopted.

Here, the simplified case of a NBI is considered. The NBI model (discretized by hexahedral
elements) consists of two 14 m long concentric cylindrical shells and it is exemplified in Fig. 6.6.
The inner and the outer shells have inner radii of 72 mm and 1.13 m, respectively. Both the
shells have a thickness of 3.3 mm and a conductivity of 100 kS/m. The device is fed by a real
lumped voltage source (R=50 €2, L=5 nH) by means of short circuits which connect the end
points of the voltage source with all the boundary faces discretizing the initial cross sections of
the NBI model. Five equally spaced cylindrical magnetic shells (x, = 200, 1.4 m long, thickness
3,3 mm, inner radius 75.3 mm) are placed around the internal conductive shell of the NBI
(magnetic core snubbers). The voltage source generates a unit step voltage (rising time 150 ns).
The simulations were run using Ar = 3 ns, Ny = 450, 6,840 conducting and 1,140 magnetic
mesh elements.

The time evolution of the current flowing though the voltage source is shown in Fig. 6.7. The
results are compared with those obtained from IDFT FD-PEEC code with a frequency sweep of
150 equally spaced values in the range from 0 Hz to 20 MHz. The results obtained by truncating
the sweep after 10, 20, 30, 70, and 150 frequency simulations are shown in Fig. 6.7. Since
retardation effects must be considered, the dense integral matrices of FD-PEEC must be updated
at each frequency simulation. Thus, to avoid prohibitive computation time, the exponential term

of the (harmonic) dynamic Green’s function is considered to be constant within every single cell
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Figure 6.9: EM wave propagation in a Transmission line.

(with a good approximation) and the inductance and potential PEEC matrices are updated at
each frequency value by multiplying each matrix entry with the related retardation coefficient.

The Peak Memory Usage (PMU) reached by the MOT-PEEC method is 9.7 GB, the time for
the generation of the matrices is T, = 324 s, and the time for a single time solution is Ty = 1.4
s. For the sake of comparison, the computational details of the IDFT FD-PEEC are 15 GB of
PMU (due to the need of storing the non-retarded matrices, the retardation coefficients, and the
system to be solved), T, = 254 s, and Ty = 49 s (i.e. time for the updating of the matrices and
the assembling and solution of the system). Thus, the total simulation time of MOT-PEEC is
T; = 954 s while the one of FD-PEEC is T} = 7,604 s.

Equivalent surface models: airplane, transmission line, and conducting plate

Following the discussion of section 3.4 concerning the discretization process for equivalent 2-D
PEEC models, the MOT-PEEC formulation can be easily modified for the study of equivalent
surface models. In Fig. 6.8 a snapshot of the electric potential wave propagating on an airplane
excited by a GMP (fo = fyw = 100 MHz, ¢ = ﬁ, to = 4¢) is shown. The model consists of
83,240 triangular elements, p. = 7 m{2/m, a thickness of 1 mm, Ay = 0.5 ns, and Ny = 800.
Computation time are T, = 927 s, and T = 6.7 s with PMU of 78 GB.

Fig. 6.9 instead shows the transient evolution of an electromagnetic wave in a transmission
line fed by a sinusoidal lumped voltage source (f = 70 MHz, Az = 0.4 ns).

Finally, the MOT-PEEC formulation for the case of equivalent surface conductive models is
validated on the case of a 1 x 1 m? square plate with normal [—0.34u,,0.81u,,0.34u,] excited
by the GMP (6.53) with fo = 10%® Hz, ¢ = ﬁ, to = 4, and fi, = 10® Hz. The thickness
(8) of the plate is 1 mm and the resistivity is p = 4 - 107° Q/m. The chosen time step is
A7 = 1077 s. Fig. 6.10 shows the temporal evolution of the current density (z—component)
in one of the triangular mesh element obtained from the implemented MOT-PEEC code. The
result is compared with the ones obtained from the Inverse Discrete Fourier Transform (IDFT)
applied to a frequency domain PEEC code and the well-known commercial software FEKO®)

based on Integral Equation methods.
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Figure 6.10: Current evolution on the square plate excited by a GMP.
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Figure 6.11: Eigenvalues distribution of the transmission MOT matrix in the complex plane for the case of a
conducting sphere shell.

Stability analysis: eigenvalues distribution

When the dimension of the problem is relatively small, the stability analysis proposed in [158]
and based on the eigenvalues distribution of the MOT transmission matrix can be applied.
Thus, following [158], MOT-PEEC scheme provides an unconditionally stable time—domain
method if the magnitude of each eigenvalue of the MOT transmission matrix (constructed fol-
lowing [158]) is lower than 1. Fig. 6.11 shows the eigenvalue distribution of the MOT-PEEC
transmission matrix for a 1 m conducting sphere shell with conductivity 10 kS/m and thickness

1 mm (all the eigenvalues have magnitude lower than 1).






Chapter 7

Stochastic—-PEEC method

In many electromagnetic applications the values of the material parameters are affected by
unavoidable uncertainties. Moreover, conductivity, permittivity, and permeability of media are
often strongly influenced by technological uncertainties and external uncontrolled phenomena,
such as temperature, pressure, humidity, and other environmental quantities.

Whenever the interest is the extraction of stochastic information of the quantity of interest
coming from the aleatory uncertainty in the input material parameters, the traditional Monte
Carlo (MC) method can be adopted. However, even considering its generality, the computational
effort required by MC is often prohibitive, since several deterministic problems (usually no less
than 10,000) must be solved.

To avoid this problem, many different techniques have been proposed in the literature [159].
Most of them are based on the polynomial chaos expansion (PCE) [159], which unfortunately
does not allow for easily considering correlated random variables. PCE technique has already
been successfully applied to the Finite Integration Technique (FIT) method for magnetostatic
[160], eddy—current [161], and electrokinetics [162] problems.

Moreover, the author in [163] successfully applied the PCE technique to an Integral Equation
approach based on the PEEC method. However, when the intrusive PCE technique of [163] is
applied to IE methods, the computational cost and the memory requirement for the storage of
dense matrices rapidly grow with the number of aleatory parameters.

An interesting and efficient alternative which allows for considering both uncorrelated and
correlated material parameters has been recently proposed in [164] for electrokinetic problems
based on FIT method.

In this chapter, the stochastic PEEC method presented in [163] and based on PCE technique
is discussed in Section 7.1. Then, in Section 7.2, an approach equivalent to the one of [164] which
combines the well known advantages of Parametric Model Order Reduction (PMOR) with the
efficiency of spectral approximation technique is applied PEEC (and more in general to Vol-
ume Integral Equation methods). In the here considered formulation, all the effects of the full
Maxwell equations are taken into account and conductive, dielectric, and magnetic media can

be involved in the simulations.

In this work, only the uncertainty on the material parameters has been considered. Instead,
the uncertainty on (general) geometrical parameters and shape of the devices has not been taken
into account. Indeed, such case leads to some numerical complications since the dense mutual
matrices (which depends on the shape of the devices) are affected by the uncertainties. For this
reason, in the context of Integral Equation methods, such case has been poorly considered in

the literature [165] and it is still an open matter.

141
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This chapter is the result of an ongoing collaboration with Professors Lorenzo Codecasa and
Luca Di Rienzo from Dipartimento di Elettronica, Informazione e Bioingegneria, Politecnico di
Milano, Milan, Italy.

7.1 Polynomial Chaos Expansion

In the proposed stochastic PEEC method the advantages of the integral equations method are
combined with those of Polynomial Chaos Expansion technique [159]. The described approach al-
lows for quantifying the uncertainty of the output quantities of interest coming from the aleatory
uncertainty in the input material parameters, with a potentially less time-consuming process
compared to the traditional Monte Carlo (MC) method. Differently from the MC method, which
requires to solve several deterministic problems, with the stochastic PEEC based on PCE only
one (computationally larger) problem must be solved and only conductive, dielectric (e, # 1),
and magnetic (u, # 1) media must be discretized, considering one or more material parameters
as random variables.

In this section, the Unstructured-PEEC method is adopted but an equivalent formulation
can be also derived basing on the Standard—PEEC approach without any additional effort. In
the numerical results, the formulation is validated against the MC method considering the cases
of a double spherical conductive shield and a double spherical magnetic shield. With the aim
of maintaining a feasible simulation time, the MC method is applied to axisymmetric Finite
Element Method simulations and to the analytical expression of the shielding factor for the case

of the double spherical magnetic shield.

7.1.1 Deterministic PEEC formulation

The proposed stochastic PEEC formulation starts from the deterministic PEEC method. In
the following, for the sake of clarity, only homogeneous and piecewise—-homogeneous conductive
media are considered, while the cases of surface conductive, dielectric, and magnetic media are
discussed in section 7.1.3.

With the aim of providing a stand alone presentation and limiting the amount of cross—
references with other parts of the thesis, the PEEC formulation is shortly derived.

The Electric Field Integral Equation introduced in Chapter 2 is here reported:

E(r) = Bn()+iwo | 3.9l )i +9 [ [ egolaten)af+ [ 5ol )gtr.x)ar],

Q. Q. I 1)
where E is the (total) electric field, E..; is the external electric field, and J. is the conduction
current density vector. g. and ¢. are the free volume and surface charge densities, respectively,
w is the angular frequency, po and gy are the permeability and permittivity of the vacuum,
respectively. r is the field point, r’ is the integration point, g(r,r’) is the Green’s function, and
Q. is the conductive domain (computational region) with boundary I'. = 9€2.. Moreover, the

following continuity relations which link J. to o. and ¢. are defined:
V- Je(r) = —iwee(r), (I(r) = I (1) n = iwe(r), (7.2)

where the subscripts + and — indicate the two sides of the surface where the conduction current

density is discontinuous and n is the unit normal vector of that surface.
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When conductive media are considered, Ohm’s law, that locally links E to J., can be applied:

E(I‘) - pc(r)‘]c(r)’ in 2, (73)

where p. = 1/0, is the electric resistivity and o, is the electric conductivity. The computational
domain €. is then discretized into a tetrahedral or hexahedral mesh consisting on v, volumes,

f. faces (of which f° boundary faces), e. edges, and n. nodes. J. is now expanded as:

To(r) = 30 Wi (7.4)

k

where w(r) is the Whitney face shape function and j., is the flux of J. through the kth face
of the mesh.

Combining (7.1) with (7.2), an integral equation where E only depends on J (and the external
electric field E,;) can be obtained. Thus, combining (7.1) with (7.2) and (7.4), and applying a

Galerkin projection to the resulting equation, the following matrix equation is obtained:
& : c 1 al'pcmyae 1 ~
e=- [ZWLC + EDQC PcDQC]Jc + €, (7.5)

where j. = (j¢i) is the array of degrees of freedom (DoFs) storing j.,. € and & are the arrays
of DoF's related to E and E.;.

D¢, is the volume-face augmented divergence defined in Chapter 3. Lg and P¢ are the
(dense) inductance and potential matrices having dimensions f. x f. and (v. + f°) x (v + f2),
respectively. The expression of a generic khth entry of L¢ and P¢ are given in (3.34) and (3.37),
respectively.

The same Galerkin projection can now be applied to equation (7.3), combined with the
expansion (7.4). This results in

€ =R.j, (7.6)

where R, is the (sparse) f. X f. resistance matrix. The expression of the matrix entries of R,

are

Repn = /Qpc(r)wk(r) - wy(r)dr. (7.7)

Finally, combining the matrix equations (7.5) and (7.6), the following deterministic algebraic

system of equation is obtained:
1 : -
[Re + iwL + ED?{P;D?)C] je = &o. (7.8)

This system requires the storage of f2 complex entries, unless compression techniques are
adopted. Equation (7.8) can be solved as is or, eventually, it can be projected into a reduced set
of unknowns as proposed in Section 4.2.4. Moreover, the mesh of (2, can be interpreted as an
electric circuit where the faces represent the circuit branches and the volumes and the boundary
faces represent the circuit nodes. Thus, (7.8) can be interpreted as the Kirchhoff’s voltage law
written for each circuit branch and the electromagnetic problem can be easily coupled with

external circuit elements.
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Table 7.1: Multi-index with ¢ =3 and n =2

|a]  multi-index o global-index k

0 (0,0,0) 1
(1,0,0) 2
1 (0,1,0) 3
(0,0,1) 4
(2,0,0) 5
(1,1,0) 6
) (1,0,1) 7
(0,2,0) 8
(0,1,1) 9
(0,0,2) 10

7.1.2 Stochastic PEEC formulation

In the same fashion and notation of [161], the electric resistivity p. is now assumed to depend
on a small number ¢ of random variables i, ...,&,;, which can be assumed to be statistically
independent. In the case of statistical correlation the approach proposed in the Section 7.2 can
be adopted. Vector & = [1,...,&,] can be defined so that p. = p.(r,€). PCEs can now be

introduced for all the electromagnetic fields, e.g.

To(r, &) = D Jealr)hy(é), (7.9)

lee|<p

where p is the order chosen for the PCE, o = (o, ..., ®q) is a multi-index of ¢ elements (see
Table 7.1)[159], |a| = o + a2 + ... + ¢, and

Yalb) = o, (€005, (&) .- ¥E, (&), (7.10)
in which z[;f({k) with 7 = 0,1,... are polynomials of degree not greater than p forming an
orthonormal basis in the probability space of random variable &, for k= 1,...,¢ [159]. Jca(r)

is the projection of J(r, £). onto 1, (£); the same expansion is adopted for E and E.;.

The functions 4, (€) form a basis of dimension n = (p:q) and satisfy the nonorthogonality
property:
Bl al€%a(E)] = [ $al€a(€)/()d€ = Sap (7.11)

where E[-] indicates the statistical mean value, I is the support of the polynomials, dog is the
g—variate Kronecker delta function, and f(£€) is the Probability Density function (PDF).
From (7.9), analogous PCEs are obtained for the arrays of DOFs j., €, and &g, e.g.:

Jc(&) = Z jca'l»ba(é)’ (7-12)

lee|<p

where j.o is the projection of j(&€). onto 1, (€):
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The same procedure can be repeated for € and €y, leading to the projections €4 and €yo. These

projections can be stored in the global vector arrays

J.= [jca]v EO = [éOa]a E = [éa]7 (714)

where sub-vectors of multi-indices « are stored in lexicographical order as shown in [159].
The vector arrays j, €, and &g in (7.5) are now substituted with their PCEs. Then, a Galerkin
approach is applied by projecting the resulting matrix equation onto each polynomial ), ().

As result, the following matrix equation is obtained for each polynomial ¥, (&):
o ; c 1 al'peyae 13 ~
€a = — [ZwLC + %DQC PCDQJJCOL + €0 (715)
w

This equation written for all the multi-indices a (with || < p) results in the following matrix
equation

- 1 -
E = —(1, ® [iwki + -—DH PeDy, |)J e + Eo, (7.16)

where ® is the Kronecker product and 1,, is the identity matrix of dimension n x n.
The same procedure can now be applied to the discrete form of the Ohm’s law in (7.6). Thus,
by projecting (7.6) onto each polynomial ¥5(§) and substituting € and j. with their PCEs, the

following equation is obtained:

E =R.Je, (717)
where R. can be written in block form
Reii Rez
Re=[Reapl=| . (7.18)
RCn,l RCn,n

The khth coefficient of the ny x ny matrix R.qg is given by

Reapin = /Q Elpe(r, £ (€)% (E)]wa(r) - wa(x)dr- (7.19)

For homogeneous or piecewise-homogeneous conductive media the resistivity can be consid-
ered uniform inside each mesh element, p.(r,&) = p.(€). Thus, the statistical mean in (7.19)
can be moved outside the spatial integral. Assuming that p. is uniform and equal to p¥ in each

subregion Q¢ ., withu=1,--- ;7 (e =Qc1U---UQ.,), R¢ can be evaluated as

Rc - Z ‘Ilu ® Rc,ua (720)

u=1

where the coefficients of the n x n matrix ¥, are

Vu,ap = Elp: (§)Ya(§)Ya(8)], (7.21)

whereas the entries of the ny x ny matrix R, are given by

Ry kh = /Q wp(r) - wp(r)dr. (7.22)
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Finally, combining (7.16) and (7.17), the following stochastic matrix equation is obtained

-
[Z ¥, @R, + 1, ® (iwLe + %D&ngDgzc)} J. = E,. (7.23)
u=1

The nny X nny matrix system in (7.23) is characterized by dense diagonal blocks and sparse
off-diagonal blocks and it requires the storage of ~ nn} matrix entries. Alternatively, for the
particular case of r = 1, equation (7.23) can be solved as proposed in [166]. Thus, the inversion
of two ny x ny dense matrices and the storage of ~ Bn? complex matrix entries is required but
the whole stochastic system is not explicitly assembled. Furthermore, for » > 1, compression
techniques can be applied to the dense diagonal blocks of (7.23) that can be described with the

same low-rank approximation of the dense matrix iwL{ + iD%{PgD%C.

7.1.3 Extension of the formulation

In the previous sections the deterministic and the stochastic PEEC formulations for the case of
piecewise—homogeneous volume conductive media have been presented. In the following, the case

of equivalent 2-D PEEC models and the cases of dielectric and magnetic media are discussed.

Equivalent 2-D PEEC models

When very thin conductive devices are considered or when the skin effect is dominant, an
equivalent 2-D model can be adopted (see section 3.4). When an equivalent 2-D model is
adopted, the current density is considered with a known distribution along the thickness. Thus,
when the distribution of J. is imposed, the coefficient of the resistance matrix depends on
5 = p/d, where 0 is the thickness of the equivalent 2-D model. Therefore, p. and 6 can be
considered also as random variables.

A similar consideration holds for the case of 1-D equivalent models.

Dielectric and magnetic media

The formulation presented here can be easily extended to the case of dielectric media simply by
replacing J. with the electric current density J. = J. + iwP, where P is the polarization vector.

Moreover, the constitutive equation (7.3) is substituted with
E(r) = pe(r)Je(r), (7.24)

where p, is the equivalent electric resistivity:

1
0c + iweg(en(r) — 1)

Peq(r) = , in Q., (7.25)
in which Q. is the electric domain Q, = Q. U Q4. Thus, p. can now be assumed as a stochastic

quantity.

When magnetic media are considered, an equivalent procedure can be applied staring from
the Amperian or Coulombian PEEC discretization proposed in Chapter 3. Thus, all the material

parameters of electric and magnetic domains can be considered as random variables. Moreover,



Chapter 7. Stochastic-PEEC method 147

when only magnetic media are considered it is sufficient to perform the following substitutions:

E=H, Ec=Ho, Je=Jn, 0= 0m <= m, (7.26)

Mo = €0, €0 = Mo, P = Pm,

in which H is the magnetic field, Hy is the external magnetic field, J,, = iwpuoM is the magne-
tization current vector (where M is the magnetization), g,, and ¢, are the volume and surface
magnetic bound charge density, respectively, and p,, = (iwpuo(pr — 1))~1 is the magnetic re-
sistivity (where u, is the relative permeability). Then, applying (7.26), the stochastic PEEC
method for magnetic media can be developed following the procedure given in the previous
section (Section 7.1.2).

Lumped circuit elements

In the PEEC method, the mesh of the active domain can be interpreted as an electric circuit
where the faces represent the circuit branches and the volumes and the boundary faces repre-
sent the circuit nodes. Thus, the final PEEC system of equations can be interpreted as the
Kirchhoff’s voltage law written for each circuit branch. Thanks to this circuit interpretation,
the electromagnetic problem can be easily coupled with external circuit elements. Furthermore,
the electric parameter (resistance, inductance, or capacitance) of these lumped circuit elements

can be considered as stochastic quantities.

7.1.4 Numerical results

The case of a double conductive spherical shield in a uniform time-harmonic magnetic field
is now considered. The inner and outer radii of the internal shield are 0.91 m and 0.93 m,
respectively, whereas the inner and outer radii of the external shield are 0.98 m and 1.00 m,
respectively. The conductivity of the two shells are modeled by two statistically independent
et with uniform probability density functions (PDF) in the range of
30—80 kS/m for ¢ and 50 — 90 kS/m for 0¢¢. The frequency of the problem is f = 100 Hz. In
order to impose Heyy = [0,0, 1o 11, the formulation requires to impose Ep¢ = [iwy/2, —iwz/2,0].
The PDF of the shielding factor S = H/H,,; (evaluated in the center of the spherical shells) is
computed with the Stochastic PEEC method. In Fig. 7.1, the results obtained with p = 4 are

compared with the ones obtained from the MC method (10* runs) applied to the simulations of

conductivities o2 and o

a well-known commercial FEM software. An axisymmetric model of the device is adopted for
the FEM simulations. Fig. 7.2 shows the relative errors ¢, of the first two moments of S versus p
and with respect to the solution obtained choosing a PCE order equal to 9. The model adopted
for the Stochastic PEEC method (p = 4) uses 28,200 unknowns and the simulation requires 482
s with a ~ 2.7 GB peak memory usage (PMU). The MC-FEM simulation requires 6,576 s and
a~ 2 GB PMU.

The second test case consists of a double magnetic spherical shield in a uniform magneto-
static field. The “dual” magnetic form of the Stochastic PEEC method has been adopted (i.e.
substitutions (7.26) are applied) in its magnetostatic form by simply scaling the final matrix
equations by iw. The results in terms of & are compared with the ones obtained with MC
method (25 - 105 runs) using the analytical expression of S [167]. The inner and outer radii of
the internal shield are 0.89 m and 0.90 m, respectively, whereas the inner and outer radii of the

external shield are 0.99 m and 1.00 m, respectively. The relative permeability of the two shells
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Figure 7.3: PDF of S, stochastic PEEC (p = 4) vs MC—Analytic.

are modeled by two statistically independent relative permeabilities pi* and p¢**, with uniform

PDF in the range of 1,600 — 3,000 for " and 1,500 — 3,500 for x¢**. The comparison between
the Stochastic PEEC and the MC method are compared in Fig. 7.3. The model adopted for the
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Stochastic PEEC method (p = 4) consists of 29,380 unknowns and the simulation requires 1,303
s with a ~ 1.5 GB PMU.

The results in Fig. 7.1, Fig. 7.2, and Fig. 7.3 show the good accuracy and convergence (respect
the value of p) of the proposed Stochastic PEEC method. Small disagreements in Fig. 7.3 are
due to the mesh discretization of the spherical shells and not to the stochastic method. The
simulations were run on a Windows machine equipped with a dual-6-core/12-thread processors
(Intel E5645 @2.40GHz) and 104 GB of RAM.

7.2 Parametric Model Order Reduction and spectral ap-

proximation

In this chapter, the well known advantages of Parametric Model Order Reduction (PMOR) with
the efficiency of spectral approximation technique is applied to Volume Integral Equation (VIE)
methods such as PEEC with the aim of overcoming the shortcomings of the Stochastic-PEEC
method presented in the previous section ans based on PCE. The discussions of this chapter
have been submitted to Journal of Computational Physics and are now under peer—revision.

It is worth noting that, although the PEEC formulation is here considered, the same stochas-
tic approach here proposed can be applied to different VIE formulations.

The following section is organized as follows. In section 7.2.1, the structure of the deter-
ministic parametric problem is first described. Then, in section 7.2.2, the stochastic method is
presented and subdivided in three parts. First, a PMOR algorithm which drastically reduces
the dimension of the parametric problem is presented and widely discussed. Thank to the choice
of the adopted VIE method, at each iteration of the PMOR algorithm only the sparse material
matrices must be updated, while the dense integral ones remain constant. This leads to a very
fast and efficient method where the computational cost is headed by the solution of only few
deterministic VIE (i.e. PEEC) problems. In the second part of the code, a spectral approxima-
tion is applied to describe the relationships between the (aleatory) material parameters and the
quantities of interest derived from the unknowns of the parametric VIE problem. Then, in the
last part of the code, a MC simulations is finally applied to the spectral approximation with a
negligible computational cost.

In section 7.2.3, the analytical case of a multi—shell dielectric sphere and the industrial case of
the induction heating pot presented in [135] are considered. The obtained results demonstrate
the efficiency and accuracy of the implemented method, which is able to consider both 3-D
and axisymmetric electromagnetic problems with a (relatively) high number of random material
parameters. The electromagnetic media exhibit complex material quantities, where the real
and the imaginary parts are considered as two potentially independent aleatory variables. The
considered numerical cases show that a very small dimension of the reduced order model is
sufficient to reach very high accuracy. Moreover, the exponential convergence of the spectral
approximation is observed in the numerical studies [159].

In the presented numerical test cases, the values of the chosen frequencies allow for neglecting
the time delay effects on the propagation of the electromagnetic fields. Indeed, this choice allow
for focusing the main attention on the stochastic part of the problem, without falling back
into the well-known numerical issues of VIE methods (see section 4.2.3, [128]). However, the

proposed method can be potentially extended to the case of high frequency problems.
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The final results of the implemented code consist of: 1) a reduced order model of the para-
metric problem and, 2) a further spectral expansion of any quantity derived from the unknowns
of the electromagnetic problem. Then, stochastic analysis can be carried out by assuming differ-
ent probability distributions and correlation between the material parameters, without the need
of re-running the code. With respect to [164], sparse grids have been successfully adopted to
mitigate the well-known problem of the curse of dimensionality and accelerate the code [159].
Moreover, since the construction of the reduced order model relies on the solution of few deter-
ministic problems, low-rank approximation techniques could be adopted to further reduce the

overall computational effort, as shown in Chapter 5 [19, 77].

7.2.1 Deterministic parametric problem

The starting point of the discussion is the (reduced) system of equation obtained from the C—
PEEC. For the sake of clarity the system, which has been first introduced in (4.16), is here

reported

R, + iwL¢ + £ Gg, P.DY M; ., Co, N, ] [J] _ [éol (7.27)

M, ,,,Cq, N7 R,, +iwL,, + £Gg P,Dq | |] hy

Let us now assume that the active domain 2, = 2, USQ,, consists of K sub-regions where the
electric and magnetic resistivities are uniform functions equal to p,, and p,, in each sub-region
Qp, with k=1, | K, i.e.: pe(r) = Zszl Pe,, (r) and pp,(r) = Elfle Pm, (r), where

Thus, (7.27) can be now written as

[R+Ujx=b, (7.28)

where U, x, and b are defined independently of the subdivision of €,:

o |de L | U L+ LG, P.Dg M, ., Ca.N;,
j hg -M;,,,Ca, NI iwL,, + iGgm P,.Dq
(7.29)
Matrix R instead is given by
K _
R 0
R= Zlkak7 with kak = |fkk °* _ ~ ‘| ; (730)
k=1 0 Py, Rmk

in which R,, and R,,, are defined as in (3.33) and (3.55) setting a unitary value of the electric
and magnetic resistivities in the kth sub-region and 0 elsewhere. For the sake of simplicity and
with a slight abuse of notation, the general resistivity p, = (p.,p,,) has been introduced in
(7.30).

Equation (7.28) can now be transformed into a parametric problem. Indeed, each resistivity

value p,, and p,,, (with k¥ =1,---,K) can be considered as a function of a small number @
of parameters &1,--- ,&g stored in the vector array &, ie. p, = p,(§). Each parameter &,
with k = 1,---,Q, varies in the set [~1,1]. Thus £ varies in the set 2 = [~1,1]9, i.e. the

(Q—dimensional master hypercube. Therefore, the parametric electromagnetic problem is ruled
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by

K
(> A@R+ Ulx(€) =b. (7.31)
k=1

When the resistivities p,, with k =1,--- , K, are modeled with a given Probability Density
Function, a Monte Carlo method can be applied to extract the stochastic informations of some
quantity of interest. However, problem (7.31) must be solved for each MC sample. Thus, due to
the slow convergence of the MC approach, this method would result in a prohibitive computation
time. Moreover, if the assumption on the PDF of the resistivities changes, the MC simulation
must be performed again. In the following, an alternative method which drastically reduces the

computational time required by the stochastic analysis is proposed.

7.2.2 Stochastic VIE method

The main idea is not to completely avoid the use of MC, which, beyond its slow convergence, is
a general and robust method. Instead, the goal is to drastically reduce the computational effort
of the problem and finally apply MC to a simple equation. At this purpose, a parametric model
order reduction is first applied to (7.31) and then a spectral expansion is applied to the reduced
order model. Finally, MC is applied to the spectral expansion with a negligible computational

effort. In the following, these three steps are described.

Parametric Model Order reduction

The reduced parametric model of (7.31) is constructed by using an iterative approach based on
the Parametric Model-Order Reduction algorithm [168] described in Algorithm 2 and previously
proposed in [164] for an electrokinetic problem discretized by the Finite Integration Technique
(FIT).

According to the PMOR Algorithm 2, at step 0, a @—dimensional grid defined as x is
constructed. This grid is here assumed to be the cartesian product of @ sets of P Gaussian
points of Legendre polynomials resulting in N, = P® grid points, but other choices of x are
possible. The points of the grid are indicated as ¢, with ~ = 1,---,N,. Moreover, the
projection matrix Vj is initialized as the empty set and the index ¢ counting the number of
iterations of the algorithm is initialized to 1.

Then, at step 1, the parametric problem ruled by (7.31) is solved for a given choice of &,
which is initialized to € = 0 at the beginning of the algorithm.

At step 2, the projection matrix V. is evaluated by applying a Gram-Schmidt orthogonal-
ization (GSO) to the matrix which stores V._; and x(&) (i.e. the solution of the parametric
problem obtained at step 1):

Ve = GSO([Ve—1,x(§)])- (7.32)

Columns of V. are orthonormal basis vectors of the space spanned by all the solutions obtained
at step 1. Thus, V. is a N, X ¢ orthonormal matrix, where NN, is the dimension of the parametric
problem (i.e. the dimension of x(£)).

At step 3, the parametric reduced model M. is finally constructed by projecting (7.31) onto

the space spanned by the columns of V, i.e.

K
(Y p@R., +0]x(6) = b, (7.33)
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Algorithm 2 PMOR Algorithm

Input: Matrices U and Ry and the functions p,(€), (with k =1,--- | K)
Construct x //0
Set £ =0
Set r = 400
Set Vo =0
Set c=1
Set a desired value of  (e.g. = 107%)
while » > n do
Find the solution x(€) of (7.31): x(€) = [ /<, . (§)Re + U] \ b. //1
Update the orthonormal basis of dimension ¢: V. =GSO([V.-1,x(&)]) // 2
Generate the reduced order model ¢: U, = VIUV,, and R., = VIRiV,, with k =1, | K
//3
for h=1,---, Ny (parallel) do
Extract the hth grid point ¢, of x
Find the solution %(¢,,) of the reduced order problem (7.33) and then evaluate X(¢,,) = V%(¢},)
/] 4
Evaluate the residual: , = | [Zle (C)RE + U]i(ch) —bl||/|Ib| /] 5
end for
Find M € [1,---, Ny] such that r}; = max(r},, with h =1,--- | Ny)
Set r =1y
Set € = Cp /)6
if r > n then
Setc=c+1
end if
end while
Output: Reduced order model M. consisting of U, and ch, with £ = 1,--- | K, and the projection

matrix V.
where
b.=V'b, U.,=VIuv, R, =VIR,V,, with k=1,--- K. (7.34)
U, and f{ck (with k =1,---, K) are square matrices of dimension ¢ X ¢, b is a vector array of

dimension ¢, and %(&) is the solution of M, for a given choice of &.

A parametric reduced order model M, of dimension ¢ is now constructed. This model of
reduced dimension allows obtaining an approximate solution of the original parametric problem
(7.31). Indeed, when %(&) is obtained by solving (7.33), an approximate solution of (7.31) is
given by

%(€) = V.X(8), (7.35)

where, if M, provides an accurate approximation of (7.31), x(&) ~ %(&). In the following steps
of the algorithm, M, is tested against all the grid points to check if the reduced model actually
provides an accurate approximation.

Thus, at step 4, (7.33) is solved for each value of ¢, € x, with Ao = 1,---, N, and the
approximate solutions X(¢;,) are evaluated according to (7.35).

Then, at step 5, the accuracy of each approximate solution X(¢,), with h = 1,--- | Ny, is
tested by evaluating the related hth residual as
K - -
, | > k=1 Pr(Cr)RE + U|X(C,) — b
rh = ) (7.36)

bl
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If for each point ¢;, belonging to the grid x, the residual 7}, is smaller than the required tolerance
7, then the algorithm stops and the reduced order model M. of dimension c is obtained. Instead,
if 7, is greater than 7 for some points of ¢;, € x, the one which maximizes the value of the residual
is chosen as the next candidate of a further iteration of the algorithm.

Thus, at step 6, £ is set equal to the grid point ¢, which maximizes the residual r. Then, if
r > 1, the value of the counter c is updated (i.e. ¢ = ¢+ 1) and the algorithm restarts from step
1. At each iteration of algorithm 2, the reduced order model is not re—constructed from scratch.
Instead, only the new information obtained from the solution of (7.31) for a new selected grid
point is added to M,._1, resulting into M,. It is worth noting that, due to the adoption of the
Gram-Schmidt orthogonalization, it is important to avoid that the algorithm choses an already

selected grid point.

The for—loop in Algorithm 2 can be executed in parallel by the workers of multi—core comput-
ers or clusters. However, due to the well-known problem of the curse of dimensionality [159], the
number of points of x (i.e. Ny = P?) exponentially increases with the dimension Q. Therefore,
the computation time required by the for—loop in Algorithm 2 significantly increases with @,
even with parallelized for—loop.

A solution to this problem consists on replacing the Gaussian grid x with a sparse grid
x* [159]. Sparse grids have been introduced as a computationally more efficient method of
integrating multidimensional functions [169]. Indeed, while the Gaussian grid x is obtained as
a (complete) tensor product of @ sets of Gaussian points, the sparse grid x* is obtained as a
much smaller subset of the tensor product. The sparse grid MATLAB®) toolbox in [170] based
on the Clenshaw-Curtis rule is used in the implementation. The number of points of the sparse
grid for this rule is

2L L
Ny =~ @ ,
L!

where L denotes the level of the sparse grid [159]. Moreover, contrary to the Gauss—Legendre

with Q >> 1, (7.37)

points, the Clenshaw-Curtis points are mostly located on the boundary of the grid. This allows
the PMOR Algorithm to explore the border of E and select the extrema points of x* which

usually hold useful information of the parametric problem.

The dimension ¢ of the reduced order model M, is generally much smaller than N, (i.e.
the dimension of the original parametric problem). Thus, in the context of stochastic analysis,
a MC approach can now be adopted by solving the reduced order model M, for each sample
&, with h = 1,--- | Nye and Ny is the number of MC samples. However, since the MC
method exhibits a O(1/v/Nyc) convergence rate, when the stochastic analysis requires an high
accuracy, the value of Nj;¢ grows significantly, and therefore also the computation time, using
the parametric reduced-order model.

In the next section, with the aim of further reducing the computational cost required by the

stochastic analysis, a spectral approximation is applied to the reduced order model M..
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Algorithm 3 Spectral Approximation Algorithm

Input: Reduced order model M. consisting of U, and ch, with k = 1,--- , K, and the projection matrix
A%
for h =1,---, Ny (parallel) do

Extract the hth grid point %(¢;,) of x
Find the solution %(¢},) of the reduced order problem (7.33) and then evaluate X(¢j,) = VX({p) /7

Evaluate the approximated quantity wp(¢;,) ~ F(X(¢y)) // 8
Store wy, in the vector array w = (wp,)
end for
for |a| < P (parallel) do
Set wo =0
for h=1,---,Ny do
Wa = Wa + wp Wit (Ch) /]9
end for
end for

Output: Spectral approximation of w(&)

Spectral Approximation

Let us now assume that a given quantity of interest, w(&), is obtained as a function of x(§) (i.e.

the solution of the parametric problem (7.31)), i.e.

w(§) = F(x(£))- (7.38)

which can be for instance the value of the electric and magnetic current for a given set of faces
of the mesh, the electric and magnetic field components in a given set of target points, the joule
losses, etc. All these quantities can be directly obtained from x(£) by applying a proper operator
here defined as the continuous function F(-) [159].

A spectral approximation can be then applied to

w&) = Y watPa(8), (7.39)

lee|<P

where wq, is the projection of w(€) onto ¥, (), i.e.

wa= [ w(©walEde (7.40)
In (7.40), oo = (1, -+ , @) is a multi-index of @ elements with |a| = a3 + - -+ + ag, and
Ya(§) = Vo, (§1)Va1 (E2) -+ Yag (E@-1)Paq Q) (7.41)

in which #,, with p = 0,--- , P, are the first P + 1 Legendre polynomials defined in [—1,1].

Functions v, with |a| < P, form a basis of all polynomials in ) variables and of degree smaller

Nt = (P ;Q) (7.42)

or equal to P, with dimension

Starting from the reduced order model M, (i.e. the output of Algorithm 2), the spectral
approximation of w (&) shown in (7.39) can be obtained with the non-intrusive method described
in Algorithm 3.

According to Algorithm 3, at step 7, the reduced order model is solved for all the points of x.
Thus, for each solution %(¢},), with h = 1,--- , Ny, the approximate solution X(¢,) is obtained
from (7.35). At step 8, according to (7.38), an approximation of wp(¢;,) is obtained and then
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stored in the array w = (wy,), with h =1,--- | Ny.
Finally, at step 9, the ath spectral projection of w(€) is approximated by numerically inte-

grating (7.40) with a Gaussian quadrature rule in the grid points of x:

NX
Wa = wyWhthe(Ch), (7.43)

h=1

where W), is the weight related to the hth Gauss point, with A =1,---, N,.

As in Algorithm 2, the two for—loops of Algorithm 3 can be executed in parallel and they are
also affected by the problem of the curse of dimensionality. However, as discussed in Section
7.2.2, sparse grids can be adopted again to alleviate this problem. Thus, the Gaussian grid x
can be replaced with a sparse grid x* [159], which can be also different from that adopted in
Algorithm 2.

Monte Carlo Analysis

The above described procedure is completely deterministic. Let us now assume that the interest
is to quantify the uncertainty of w deriving from the uncertainty of the material parameters
(i.e. pg, with k = 1,---,Q). MC analysis can be efficiently carried out by using the spectral
approximation of w.

Nyrc Monte Carlo samples &, are generated according to the Probability Density Function
(PDF) of each @ parameter. Then, w(&},) is efficiently evaluated by using (7.39). Thus, even
when Njsc is very large (e.g. Nasc > 109), the whole computational effort can be reasonably ad-
dressed. In this manner unprecedented levels of accuracy in the stochastic analysis when random
variables are correlated can be achieved. Moreover, as discussed in [164], a further advantage
of the proposed method is the completely independence on the PDF of the material quantities.
Furthermore, the case of correlation between the material parameters can be considered as well.

Finally, a significant advantage of the proposed approach is that the spectral approximation
of w can be adopted assuming different PDFs of the @) parameters without re—running Algorithm
2 and 3.

7.2.3 Numerical results

A Stochastic-PMOR~VIE code derived from the C-PEEC code has been developed in MATLAB®)
and parallel MEX-FORTRAN functions based on OpenMP libraries. In this section, an analyt-
ical case and an industrial case are considered. All the simulations have been run on a Linux
machine equipped with 6-core/24-thread processors (Intel E5-2643 v4 @3:40GHz) and 516 GB
of RAM.

Multi—shell sphere

The case of a dielectric multi-shell sphere consisting of 5 concentric shells is considered (Fig. 7.4).
The external radius of the shields are 1 m, 0.8 m, 0.6 m, 0.4 m, and 0.2 m, respectively. The
thickness of each layer is 0.1 m. The sphere is excited by an external plane wave E..;(r) =

e~ hozy,, where ko = 2rf % and f =5 -10°% Hz frequency.
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Figure 7.4: Slice view (3/4 of multi-shell sphere model).

Table 7.2: Permittivity values for any shell.

Region | R(e,,.) | S(er,) | R(Ae) | S(Ae,)
1 25 —25 22 —22
2 15 —15 10 -10
3 20 —15 15 —14
4 17 —15 13 —13
5 20 —18 18 —16
4000 a) 3000 r
%PDF(FR”’)
L %PDF(FSP,Q)
3000 ~PDF(Fp_g) 2000!
- —)&PDF(FSP,L‘;) _—
‘% 2000t -« PDF(Fyc-13) [
1000
1000 1
0 ‘ 0
-2 0 2 4 6 8 -2

w [W] <1074

Figure 7.5: PDF of w for the uncorrelated (a) and correlated (b) cases.

The real and the imaginary part of the electric permittivity of each layer is considered as an

aleatory variable. Thus, the electric permittivity of the kth layer, with k =1,--- .5, is given by

e = Rer, ) + Eon1R(Bep,) +(S(er,,) + ErS(Aey,)),

where the mean values and the variation ranges of the real and imaginary parts are the ones
given in Table 7.2. Thus, for this analytical case, the number of parameters is Q@ = 10 (i.e.

the size of £). Two different cases are considered: 1) the real and the imaginary parts of
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Convergence of Algorithm 1
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Figure 7.6: (a) PDF of w for the correlated case obtained from the spectral approximation for different sets of

random samples with Np;c = 102,103, ---,107. (b) Residual r of Algorithm 2 for iterations ¢ = 2,---,13. (c)

Kolmogorov-Smirnov statistic (distance) between the set Fasc,, with ¢ = 2,---,13, and the reference set Fref
for the uncorrelated and correlated cases.

the permittivities are considered as 10 statistically independent aleatory variables with uniform
PDFs in the ranges defined by Table 7.2 (uncorrelated case), 2) the same uniform marginal PDF's
are assumed for the 10 aleatory variables and a Gaussian copula with correlation matrix C with

non-zero entries

C(k, k) =1, withk=1,---,10,

(7.44)
C(1,6) =C(6,1) =—0.7250,  C(9,10) = C(10,9) = —0.8023,

is introduced (correlated case) [171].
The spectral approximation procedure described in Section 7.2.2 is applied to the active
power losses generated in the dielectric shells. Thus, in this analytical case, the quantity of

interest introduced in (7.38) is evaluated as

1

w(g) = F(x(€)) = SR (x(€) Rx(¢)).

Different (approximated) sets of random samples of w consisting of Ny = 10,000 values
are extracted from the Stochastic-PMOR-VIE algorithm: sets Fia;c_., with ¢ = 2,--- 13, are
obtained by directly applying the MC method on the reduced order model M, (as described
at the end of section 7.2.2); sets Fgp_. are obtained by running a MC method on the spectral
approximation (7.39) of order P = 5 starting from the reduced order model M, with ¢ =
2,---,13. Moreover, the Reference set Fr.y is obtained by running a MC method on the Mie
solution of the problem implemented in the free MATLABG®) tool available in [132].

Fig. 7.5 shows the PDFs of w for both the uncorrelated and correlated cases. Such PDFs
are extracted from the sets of random samples described above. With the aim of allowing a fair
comparison, the same set of Nj;¢ samples is adopted for all the MC simulations (i.e. one set
for the uncorrelated case, and another set based on the correlation matrix C for the correlated
case). Fig. 7.5 shows a very good agreement between the PDFs for both the correlated and
uncorrelated case. Moreover, even if only two correlation coefficients have been introduced
between the parameters, a significant difference between the uncorrelated and correlated cases

can be noted.
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Figure 7.7: Values of w obtained from the MIE, Full-VIE, PMOR, and spectral approximation for 10 selected
& samples (a). Errors introduced by Full-VIE (b), PMOR (c), and spectral approximation (d).

Fig. 7.6 (a) shows the PDFs of w for the correlated case obtained from the spectral approx-
imation applied to M3 for different sets of random samples with Na;c = 102,103, ---,107. It
can been seen that when high accuracy is required a large number of random samples Ny
is needed, which can be handled by the proposed procedure differently from other literature
approaches.

Fig. 7.6 (b) shows the convergence of Algorithm 2, and Fig. 7.6 (¢) shows the value of the
Kolmogorov-Smirnov statistic D,, [172], which is a measure of the distance between the two
empirical distribution functions obtained using the analytical solution and the PMOR method.
The null hypothesis that the corresponding random samples come from different distributions is
always rejected (at 5% significance level), except for ¢ = 2.

With the aim of investigating the size of the error introduced by the steps of the algorithm, 10
samples &, with k = 1, --- |10, for which the value of w goes from the minimum to the maximum
(with respect to Frey) are selected. The value of wy, (where k =1, - -, 10, denotes the extracted
sample &;,) obtained from Fr.y (Reference), Farc—13 (MOR), and Fsp_13 (Spectral) are shown
in Fig. 7.7 (a) together with the values obtained from the direct solution of (7.31) (Full-VIE).
In the other plots of Fig. 7.7, the errors introduced by the VIE discretization, PMOR, and the
spectral approximations are shown. It can be observed that the largest error is introduced by
the VIE discretization. Instead, the PMOR and the spectral approximation generate errors of
orders of magnitude smaller than the Full-VIE one.

In this case study, due to the large number of random variables, the use of a sparse grid x*
is mandatory. Indeed, because of the curse of dimensionality, the use of a dense Gaussian grid
x with P =5 gauss points would lead to N, = P® =510 =9.765,625 grid points, resulting in
a prohibitive computational time. Instead, a sparse grid x* with only N,~ = 8,761 grid points
was used.

In Table 7.3, the computation time required by the different steps of the method are reported
for the case ¢ = 13 and Njs¢o = 106.

The VIE model of the multi—shell sphere consists of 12,960 DoF's. Thus, the storage of the
(full) parametric VIE system requires ~ 2.7 GB, which is also the Peak Memory Usage (PMU)
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Table 7.3: Computational time for the case of the multi—shell sphere.

Algorithm 2 Algorithm 3 MC-Spectral, Ny;c = 108 || Total time
Time [s] | ~14-134+62=244 | ~ 23435 =58 ~ 28 ~ 330

STD||E|| mean|[H]| STD|[H]|

.65 2.70

EET . aEEm S .
0.0 1.75 2.5 0.00 0.12 0.25 2 275 0 6 12
x1073 x107¢

Figure 7.8: Mean and standard deviation of the electric and magnetic field magnitude in [V/m] and [A/m],
respectively.

reached during the whole simulation.

Table 7.3 shows that the major computational effort is due to the solution of (7.31), which
is solved for 13 selected choices of & during Algorithm 2 by means of a LU decomposition which
requires ~ 14 s. The remaining part of the computation time is mostly due to the (relatively)
high dimensionality of the problem, which requires a (relatively) large amount of grid points. The
time required to generate Fiy;o—13 and Fsp_13 (consisting of Npse = 10,000 samples) are instead
~ 19 s and ~ 0.27 s, respectively. It is noticeable that the spectral approximation drastically
reduces the time required by the stochastic analysis with respect to the direct application of MC
to My3. Moreover, this gain further increases when Njs¢ grows (i.e. when an higher accuracy
is required), and the same spectral approximation can be used with different choices of the PDF
and correlation of the parameters. For the sake of comparison, the time required by the direct
application of a (non—parallelized) MC method on (7.31) would require ~ 14 - 10,000=140,000 s,
and the time required for the generation of Fr.y (MC with 10,000 on the Mie solution) is ~ 272
S.

Finally, the proposed algorithm can be adopted also for the evaluation of stochastic informa-
tion related to the electromagnetic fields in the whole 3—D space. For instance, Fig. 7.8 shows
the mean and the standard deviation of the electric and magnetic field magnitude in the z = 0

plane obtained as post—processing from the Stochastic-PMOR-VIE algorithm.

Induction heating pot

The case of the induction cookware presented in [135] is considered. This case has already been
considered in Section 5.4 in the context of low—rank approximation. In this kind of application
the power electronic supply consists of ac/dc rectifier, a bus filter, and a resonant inverter. In
resonant inverters zero—voltage or zero—current switching are attained when the R-L—C circuit,
representing the induction system and the matching capacitance, is resonating. In this condition
power switching losses are minimized enabling high frequency operations, with limited size and
cost of the device. In this framework, the analysis of the equivalent impedance of the coupled
inductor-vessel system becomes mandatory in order to obtain an optimal design of its supply
system as discussed in [135]. Therefore, the proposed Stochastic-PMOR-VIE method can been
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Table 7.4: Material parameters of the induction heating pot.

oc [MS/m] fhr
Iy | 1.04+£0.33 1
I | 29.1+9.36 1
I3 0 400 + 100 — (175 4 43.75)
ly | 1.04+£0.33 1
ls 0 1
lg 0 2300 £ 575
l7 | 29.1 £9.36 1

adopted to investigate the effects of the uncertainties of the material parameters on the value of
the equivalent impedance.

In order to exploit the axial-symmetry of the electromagnetic problem, the Coloumbian
formulation presented in Appendix B is here used.

The geometry of the problem is completely described by Fig. 5.8 where layers (1, lo, I3, and
l4 constitute the bottom part of the pot, layer I5 is the external current—driven coil (the problem
excitation), lg is the magnetic flux concentrator, and l7 is the shield. In Table 7.4, the material
parameters of the various parts of the device are given with their uncertainties. The maximum
values of the conductivities are that ones given in [135], whereas the minimum values are chosen
assuming that the temperature (which can reach different values in the various parts of the
device) attains the maximum value of 230°C. The average value of the permeabilities is again
the ones given in [135] and an uncertainty of 25% is assumed (consistent with most of the data
sheets provided by ferromagnetic producers).

Thus, for this case, the number of parameters is Q = 7 and the uncertain material quantities
of Table 7.4 are considered as 7 aleatory variables. The same uniform marginal PDF's are assumed
for any aleatory variable and a Gaussian copula with correlation matrix C is introduced [171]. C
has non—zero off-diagonal entries equal to 0.5 for all the parameters which model the materials
l1, la, I3, and 14 indicated in Fig. 5.8.

The frequency of the problem is set to f = 20 kHz and the extracted quantity of interest
is the equivalent impedance w(§) = Z¢q(&) of the device, with respect a uniform (external)
current flowing in the external coil. Different sets of random samples of w(&) are extracted from
the Stochastic-PMOR-VIE algorithm. Contrary to the case of the sphere, for this case the
dimension of the reduced order model obtained from Algorithm 2 is kept constant and equal to
¢ = 7 with a final residual of » = 1.82-10~%. Then, Fy;¢ is obtained by directly applying the
MC method on the reduced order model M+~. Instead, sets Fsp_s are obtained by running a
MC method on the spectral approximation (7.39) of order s = 2,--- ,6. Moreover, with the aim
of comparing the results obtained from the Stochastic-PMOR-VIE algorithm with a different
method, the set of random samples F,,,, is obtained by applying MC on an axisymmetric FEM
simulation performed with the commercial software COMSOL®). All the sets described above
have been generated from the same set of Ny = 10,000 samples &.
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Figure 7.9: Real and imaginary parts of the PDF of w = Z¢4 obtained from Feom, Fame, Fsp—a, and Fsp_4 —
108.

Table 7.5: Computational time for the case of the induction cookware.

. ) MC-Spectral, .
Algorithm 2 Algorithm 3 Total time
Ny C =108
Time [s] | ~7-8.6+12.7=729 | ~83.4+2.2=090.6 ~ 18 ~ 180

Kolmogorov-Smirnov statistic

2 2.5 3 3.5 4 4.5 5 55 6
Spectral Order

Figure 7.10: Kolmogorov—Smirnov statistic between Fgp_g, with s =2,--- |6, and Feom.

Fig. 7.9 shows the PDFs of the real and imaginary parts of w = Z., obtained from Fyc,
Fsp_y4, and Fipp. Moreover, the PDF's obtained by running MC on the spectral approximation
of order 4 with a different set of (correlated) random samples consisting of Njyc = 10° is
also shown and indicated as Fgp_4 — 105. As can been seen, the three PDFs obtained from
Friey, Fsp_g, and F,,,, show excellent agreements. Instead, the more accurate PDFs obtained
from Fgp_4 — 10° is quite detached from the others. This shows that when high accuracy is
required the MC analysis should be performed with a large amount of samples. As a further
remark, this level of accuracy (i.e. large amount of MC samples) is actually achievable with the
proposed algorithm, whereas the application of other traditional approaches would easily result
in a prohibitive computation time.

Fig. 7.10 instead shows the Kolmogorov—Smirnov statistic, D,,, between the sets Fsp_g,
with s =2,--- 6, and Fi,,,. Numerical results show an exponential convergence of the adopted

spectral approximation.
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In Table 7.5 the computation time required by the different steps of the algorithm is reported
for the case s = 5. For the sake of comparison, the time required for the generation of F_.,
and Fiyso (consisting of 10,000 samples) are ~ 32,160 s and ~ 359.0 s, respectively. Instead, the
time required for the generation of Fsp_4 (N = 10,000) is only ~ 0.17 s. As for the case of
the multi-shell sphere, to alleviate the problem of the curse of dimensionality a sparse grid of
Ny~ = 2,437 points was adopted.

The axisymmetric VIE model of the induction cookware consists of 10,328 DoFs. Thus, the
storage of the full parametric VIE system requires ~ 1.7 GB, which is also the PMU attained

during the whole simulation.



Chapter 8

Conclusions and outlooks

The goal of the PhD research has been to extend and improve the applicability and the accuracy
of the Unstructured PEEC method. The interest on this topic was spurred by the increasing
need of fast and efficient numerical methods which may help engineers during the design and
other steps of the production of new generation electric components.

This PhD work can be seen as the continuation of the PhD thesis of J. Siau [6], a former
PhD student of G2ELab. The work of J. Siau was in turn the continuation of the PhD works of
two former PhD students of G2ELab, i.e. the thesis of V. Ardon [173] and the thesis of T.-T.
Nguyen [174].

Main outcomes of this PhD are summarized as follows:

e Extension of PEEC to magnetic media. The PEEC method, in its unstructured form,
has been extended to magnetic media. Two formulations have been developed. The first,
based on the Amperian interpretation of the magnetization phenomena, has been derived
from the already existing literature concerning the standard (structured) version of PEEC
[25, 33]. The result of such work has been presented by the author in [26], where the
Cell Method approach has been adopted for the discretization. Then, with the aim of
overcoming the shortcomings of the Amperian PEEC method, a new formulation based on
the Coulombian interpretation of the magnetic phenomena has been adopted and presented
by the author in [40, 20]. In [27], a PEEC formulation based on the total divergence free

currents has been presented.

e PEEC and Volume Integral Method. With the aim of developing a rigorous and sound for-
malization of PEEC, a lot of effort has been spent to collocate PEEC in the context of VIE.
Some considerations concerning such topic are given in [20]. Indeed, the interpretation of
PEEC as a particular form of VIE has made it possible to use the well-established nu-
merical techniques developed in literature (e.g. loop—star basis function) for improving the
accuracy of Integral Equation methods. Moreover, the inclusion of PEEC in VIE by means
of the Coulombian interpretation has allowed maintaining a strong circuit interpretation

also when magnetic media are involved.

o Low-rank approximation. Investigations concerning the coupling of PEEC with two differ-
ent low-rank approximation techniques (one based on H/H? matrices and the other based
on HSS-matrices) have been carried out. These studies have allowed for understanding and
identifying the main issues which arise when low-rank techniques are applied to PEEC. In
this regard, some solutions have been proposed and applied for the study of problems of

industrial interest. Some of these results are reported in [19, 77].
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e Time domain PEEC. The Marching On—in—Time scheme has been successfully applied to
the PEEC method for the study of fast transient phenomena. The results of this work
have been submitted to IEEE Transaction on Magnetics, Compumag, 2019, and are now

under peer—revision.

e Uncertainty quantification. In the context of a collaboration with Politecnico di Milano,
the PEEC method has been combined with Polynomial Chaos expansion (PCE) for un-
certainty quantification analysis. Results have been presented in [163]. Then, with the
aim of overcoming the shortcomings of the PCE-PEEC method, a novel approach based
on Parametric Model Order Reduction and spectral expansion has been developed. The

results of this work have been submitted and are now under peer—revision.

o Industrial problems. With the aim of testing the applicability and the performances of
PEEC when applied to challenging problems, industrial cases have been considered in
several cases reported in this thesis and in some published and submitted papers. In
this regard, the results of the collaboration with the Politecnico di Torino, concerning the
application of PEEC for the study of a Wireless Power Transfer device are reported in

[136] and others are under peer-revision.

o Reference for future investigation. Finally, this work also attempts to be an exhaustive

reference for future researches and investigations.

From a research perspective, future investigations will concern the coupling of PEEC and
compression techniques. Indeed, although some results and solutions concerning this topic have
been obtained during this thesis, the issue is still very problem dependent and the best low—rank
compression technique to be coupled with PEEC has not yet been identified.

Moreover, since very thin conductive and magnetic objects are often adopted in the new
electric components, the development of advanced and accurate Surface Impedance Boundary
Conditions would be very useful and would allow strongly reducing the number of unknowns
when quantities such as Joule losses must be evaluated. The coupling of PEEC with other
numerical techniques for the study of specific problems could be the matter of future research
and investigations.

Another interesting subject for future researches would be the study of non-linear materials.
In this thesis this kind of media has not been considered. However, the study of inhomogeneous
media is essential for the extension of the PEEC method to the case of non linear materials and
this is the reason which has motivated the research in this subject.

Finally, during this thesis the topic of preconditioning techniques has been differently consid-
ered with respect to the PhD thesis of J. Siau [6] where the performances of different precondi-
tioners have been compared. Indeed, in this thesis, such topic has been entirely considered under
the context of compression techniques, which are almost always mandatory for the study of in-
dustrial problems. The main focus here has been on how to make the PEEC system suitable for
low—rank compression techniques. Then, highly optimized and efficient low—rank compression li-
braries have been adopted for the solution, i.e. HLIBPro [115] and STRUMPACK libraries [116].
The first, which relies on 72 matrices uses an incomplete #-LU preconditioner, which showed
to be efficient for very different problems. The second, instead, relies on HSS—matrices and the
solution of the system of equations is finally obtained by a direct solution of the HSS—matrix,

which is efficiently obtained by means of a fast Cholesky or ULV decomposition in HSS-algebra.
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For these reasons, the preconditioning topic has not been central in the research. Thus, if dif-
ferent compression techniques are adopted (or they are not used at all), the issue concerning
the choice of the best preconditioning technique is still an open matter which requires future
researches. As a very last consideration, recently, in the electromagnetic community framework,
the Quantized Tensor Train (QTT) [175] method has been proposed for the solution of Boundary
Element Method problems [176]. Such a method is very attractive since it allows for reducing
the computational complexity to O(log(N)) only. Thus, the application of QTT to VIE equation

methods, such as PEEC, could be the subject of future researches.






Appendix A

Charge inside conductive,

dielectric, and magnetic media

In this appendix, some physical considerations concerning the presence of volume charge density
inside dielectric, magnetic, and conductive media are given.

The presence or absence of volume charges inside media is directly related to the divergence
of the current density vectors. Thus, it is important to know in which case the volume charge

density must be zero and when it is not.

A.1 Dielectric media

Lossless dielectric media are considered here. With the term lossless we mean non—conductive
media: no conduction current density is present, i.e. no free charge is present. This assumption
leads to V - D = 0, since 9. = 0 and ¢. = 0.

Combining the two constitutive equations:
D=¢E+P, D = ¢¢e,E,

D can be written as
&

D= P. (A.1)

er—1

Thus, applying the divergence operator to the both sides of the equations we get

v-( e P):O, (A.2)

er—1
which, applying the Green’s identity, becomes

 V.P+P-V

Er
Erfl Er —

-=0. (A.3)

Thus, since V - P = pg4, one can notice that the presence of the bound volume electric charge
density inside dielectric media depends on the material properties of the media: i.e. g4 = 0 in

homogeneous media and g4 # 0 in inhomogeneous media.
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168 Appendix A. Charge inside conductive, dielectric, and magnetic media

A.2 Magnetic media

A.2.1 Coulombian interpretation

When the Coulombian interpretation is adopted the magnetization phenomena are modeled by
means of magnetic charges and currents which depends on the magnetization vector M. When
this interpretation is chosen, magnetic and dielectric media are treated in a completely equivalent
way.

Thus, since V - B = 0 (until now magnetic monopoles have not been found in nature which
means that not free magnetic charge is present), the discussion above concerning dielectric media
can be repeated for the magnetic media by simply substituting the electric quantities with the
corresponding magnetic ones.

Thus, combining the two constitutive equations:
B = poH + poM, B = poprH,

B can be written as

pr
B = M. A4
=11 (A4)

Thus, applying the divergence operator to the the both sides of the equations we get

v. (MT“: - ﬂom) —0, (A.5)

which, applying the Green’s identity, becomes

Hr Hr
V- (poM) + poM -V =0. A6
for — 1 ( ) My — 1 ( )

Thus, since V - (10M) = g,,,, one can notice that the presence of the bound volume magnetic
charge density inside magnetic media depends on the material properties of the media: i.e.

0m = 0 in homogeneous media and g, # 0 in inhomogeneous media.

A.2.2 Amperian interpretation

When the amperian interpretation of the magnetization phenomena is embraced, magnetic cur-
rents and charges are not defined. Instead, volume and surface amperian currents are introduced
as the curl of the magnetization, i.e. J, =V x M and K, = (M’ - M*) X n.

This equivalent electric currents are, by definition, divergence free, thus no electric charge
density is present inside non—conductive magnetic media.

Consideration concerning on the distribution of J, and K, in homogeneous and inhomoge-

neous media are given in Section 3.3.

A.3 Conductive media

In conductive media free electric charges are present. However, in most of the engineering
problems the presence of free volume charge density, o., inside conductive media is not considered

and only free surface charge density, ¢. is considered.
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From the physical point of view, this matter is a sensitive issue known as the Decay Paradoz
in Metals [71].

By combining Maxwell’s equations with the Ohm’s law, the following well-known time do-
main equation is obtained

_ 14

0c(r,t) = 0c(r,0)e” 7", (A7)

where 7, = £ is the electric relazation time constant. For good conductors 7. is very short,
.

which means that the charge density rapidly decays in conductive media and it is forced to move
on the surface of the media. Which is also the reason why in engineering problems involving
conductive media the volume electric charges are not considered.

However, as deeply discussed in [71], equation (A.7) leads to a paradox which presupposes
that the free electric charges can move faster than the speed of light. Without going deeper
in these considerations, such paradox is due to the use of a too simplistic Ohm’s law (2.30)
that does not properly model the behaviour of real conductive media. Indeed, whenever free
electric charges actually move in a conductive media the traditional Ohm’s law (which assumes
an homogeneous material property) is not valid anymore and a more sophisticated law which
includes diffusion and other effects should be instead [71].

Having said that, for engineering purposes, when good conductive media are considered (e.g.
copper) the presence of volume free electric charges can be actually neglected. Indeed, decay
phenomena and inductive effects (skin effect and proximity effect) lead the electric currents to
be mostly concentrated in a thin layer on the border of the conductive domain. Thus, although
from the physical point of view volume electric charges are not actually zero (mostly for very
high frequency problems), they can be forced to be zero and only the effects of surface charges
can be considered.

However, it is worth noting that when conductive media with long 7. are considered a more

sophisticated Ohm’s law should be considered instead.






Appendix B

Integral formulation for

axisymmetric problems

Axisymmetric problems involving conductive media have been extensively studied in the past
[177]. However, the more general case involving conductive and magnetic media does not appear
to have been studied in the literature. In this appendix, as done for the PEEC method, two
different Integral axisymmetric methods involving conductive and magnetic media are presented:
one based on the Amperian PEEC formulation presented in Section 2.2 and the other based on
the Coulombian PEEC formulation presented in Section 2.3. As for the PEEC method, The
Amperian and the Coulombian methods only differs on the handling of magnetic media.

The case of dielectric media is not considered. Indeed, when the axisymmetric condition holds
(the one adopted here), the polarization currents are forced to be divergence free. Thus, the main
effect of the dielectric media (i.e. the enhancement of capacitive effects due to the bound electric
charges), is not present in the electromagnetic axisymmetric problems. Therefore, the interest in
the inclusion of dielectric media fails for problem of practical interest. However, both the methods
presented here can be easily extended to the case of dielectric media by simply substituting the
conduction current with the electric current (conduction and polarization current). However,
only the (weak) inductive effects produced by the polarization currents would be considered

while the capacitive effects are not present.

B.1 Amperian axisymmetric method

The 3-D conductive and magnetic domains are defined as ), and (,,, respectively. These
domains can intersect and their union is defined as the active domain Q, = Q. U Q,,. These
domains are obtained from the axial revolution of 2-D domains QC, Qn“ and Qa, ie. Q. =
Q. x [0,27], Q,, = 0, x [0,27], and Q, = Q, x [0, 27]. The boundaries of €. and ,,, are defined
as I'c = 09, and T',,, = 09Q,,, respectively, and analogously ', = I, x [0,27], Ty, = L) X [0, 27],
where I'. = 9, and T, = Q..

B.1.1 Formulation

When the amperian interpretation of the magnetization phenomena is adopted [39], the integral

form of the electromagnetic problem reduces to the solution of the following

E(r) = —iwA(r) — Ve(r) + Eep(r), (B.1)
B(r) =V x A(r) + By (1), (B.2)
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172 Appendix B. Integral formulation for axisymmetric problems

where E and B are the electric and the magnetic flux density fields, respectively. A is the vector
potential and ¢, is the scalar potential. E.,; and B, are the external fields (i.e. the excitation
of the electromagnetic problem).

The integral form of A, already given in (2.51), is

A(r) = po [/Q Jo(r")g(r,r")dr’ +/

T (' )g(r, ' )dr’ + / K.()g(r,)dr'|,  (B3)
c Qm T

in which J. is the conduction current density, while J, = V x M and K, = M X n are the
volume and surface amperian currents.

When the axisymmetric condition holds, the electromagnetic quantities can be written in
cylindrical coordinates (7, b, Z) and the vector quantities only exhibit some (cylindrical) compo-
nent:

Je=Je,d, Ja=1Ju,d, Ko=Ka o, E=Esd A=Ay,

(B.4)
B=B,7+B.zZ, M=M7+M.Z%

When the Lorenz gauge condition is imposed, the scalar electric potential . is related to

the volume and surface electric charge densities (g, and ¢.) by means of the well known:

pol) = 25! [ [ gt + [ owigtr)ar] (B.5)

Qe

e

Moreover, p. and ¢, are related to J. by means of the continuity relations
V' I (r") = —iwpe (1), J.(r') - n = —iwe. (r). (B.6)

However, when the axisymmetric condition holds, J. is divergence free. Thus, no moving electric
charge is present and therefore @, (r) = 0.

The integral expression of A can be formulated in cylindrical coordinates as shown in [178]:
Ag(x) = o /Q 3, 1) (o, (1) + Ja, ())dS2 + /F §(r.x) Ky, ()0 (B.7)

where g is the axisymmetric Green’s function [179], r = (r, 2, ¢) is the filed point, and ' =
(r',¢',2") is the source point. The axisymmetric Green’s function (which is the axisymmetric

solution of the Poisson equation for a ring carrying a uniform current [180]) is defined as

4 (2 — k2K (k) — 28 (K?)

g N = — B.
g = e , (B.3)
where
K =\/(r'+7)? + (2 = 2)%,
g2 A (B.9)
K2’

and K and & are the elliptic integrals of the first and second kind, respectively (defined with the
same convention of [178]).

Equations (B.1) and (B.2) are complemented by the following constitutive equations:

E(r) =pe(r)J.(r), r € O, (B.10)
B(r) =a, (r)M(r), r € Q,,. (B.11)
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where p, is the electric resistivity and a,, = %

Finally, combining (B.1) with (B.10), and (B.2) with (B.11), the following final continuum

equations for an electromagnetic axisymmetric problem are obtained

pe(r)Jo(r) = — iwA(r) + Eepi(r), v € Q, (B.12)
m (1)M(r) =V X A(r) + Begi(r), r € Q. (B.13)

B.1.2 Cell method discretization

The 2-D domains QC and Qm are discretized into two quadrilateral grids: QQC for QC and QQM
for (),,,. As for the A-PEEC discretization, these two grids consist of (primal) geometric entities:
Q. consists of f, faces, e, edges, and n, nodes, while {,,, consists of f, faces, e, edges, and n,,
nodes. Then, dual grids GQC and GQn are obtained by taking the barycentric subdivision of ch

and Gg , respectively. Moreover, dual geometric entities are defined for the two dual grids: f.,
€., and n, for @QC, and f,, ., and 7, for GQ A one-to-one relation between the entities of
the primal and dual grids exists: f, <> 7., e, ¢ €., n, & }C; and the same for the geometric
magnetic entities. The primal and dual conductive geometric entities are represented in Fig.
B.1.a) in a rectified axial geometry.

The following incidence matrices can be now defined for the primal grid Gg, : G, (primal

edges—primal nodes) and Cq. (primal faces—primal edges). The same can be done for the dual

grid (:}QC: GQ (dual edges—dual nodes) and CQC (dual faces—dual edges). These primal and dual

° ~ = ~T
incidence matrices satisfy the following properties: Cy G =0,Cy Gy =0,Cy =—-Gg,
~T
and Gg, = Cg_ .
Completely equivalent considerations can be done for the primal and dual magnetic grids;

thus, the magnetic incidence matrices are also defined: CQm’ Gflm’ éflw and éQn

¢ =2

AA*TWﬂT*AA
bt

Figure B.1: a) Primal and dual geometric entities for the conductive grid; rectified axisymmetric geometry. b)
Axisymmetric w€ edge shape function.
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The conduction current is then expanded as:

fe
Je(r) = wir)e,, (B.14)
k

=1

where j., is the flux related to the kth face of the mesh f. . Then, the array of DoFs j. which
stores j. , for k = 1,---, f, is introduced. W,‘f is the vector shape function related to f., and

defined as )
wi(r) = 56, T € fi, (B.15)

where Ay is the area of f,, .

The magnetization instead is discretized as
M(r) = 3 wi(r)my. (B.16)
k=1

where m,, = fe M - dl, is the line integral of M along e, . Thus, the array of DoFs m which
stores m,,, for Z =1,--- e, is introduced. w{, is the (traditional) edge vector shape function
related to e,, and exemplified in Fig. B.1.b.

It is useful to introduce also the expansions of J, and K,. The volume amperian currents

J. are expanded likewise (B.14), i.e.:

f'm,

Ja(r) = wi(r)o,, (B.17)

k=1

thus, the array of DoFs j, is defined likewise j,. Analogously, the surface amperian currents K,

are expanded as

eb
Ki(r) =Y wi*(r)k,,, (B.18)
k=1
where k,, is the flux of K, through the kth boundary edge of the mesh efnk. Then, the array
of DoFs k, which stores k, , for k=1,--- b, is introduced. Wgs is the vector shape function
related to el;nk and defined as
s 1 -
w*(r) = 0 TE el (B.19)
k

where Ly, is the length of €?, .

As in the A-PEEC method, additional arrays of DoFs can be introduced for E and A living

on the entities of QQC:

e & = (&) on dual nodes 7., where
ék = 27TT‘ﬁCE¢(I‘ﬁC), (B20)

=c

e 3° = (af) on dual nodes 7., where

ELZ = 27TT;10A¢(I';10), (B21)
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(18

=L

Figure B.2: Augmented axisymmetric magnetic grid Qg for the Amperian formulation.
m

where r; = (r7_, ¢7_, 2n,) is the position of the kth dual node 7i,. The array of DoFs &, related
to Eggt is defined likewise €.

It is worth noting that, due to the axisymmetric assumption, the dual nodes n, are in a
one-to-one relationship with the 3-D (dual) edges &2° obtained the by axial revolution of 7,
as represented in Fig. B.1l.a. Indeed, (B.20) and (B.21) are the line integrals of E and A along
the kth 3-D edge ég‘f).

Other arrays of DoF's related to B and A can also be introduced for the magnetic grid G, .
However, before to do that, we need to augment the dual grid Qﬁm. Thus, the boundary dual
nodes %, (in a one-to-one relation with the set of the boundary edges e,,) are added to the dual
magnetic grid. Then, the augmented dual magnetic grid is defined as ng and it is represented

in Fig. B.2. Moreover, the selection matrix Cy ~ which extracts the boundary edges el of 9o,

is introduced. The (dual) gradient selection matrix éf‘m = —CIZ and the augmented matrices
Cg =I[Cq,:Cp, ] and Go, = -Cyl = (G, .Gy ] are also introduced. Now, the following

arrays of DoFs living on the dual geometric entities of Q?‘zm can be defined:

om

e 3™ = (ay') on dual nodes 7,,, where
ap' = 2mra, As(ra, ), (B.22)
where rz = (Tﬁm,(bﬁm, Zﬁm) is the position of the kth dual node 7,,;

e 3" = (@) on boundary dual nodes 7%, where

~mb

ap = 27TT’FL?,LA¢(I"&?")7 (B23)

where rjp = (170 , ¢o , 250 ) is the position of the kth boundary dual node nl
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Figure B.3: Algebraic relations between b and a™ for the Cell Method approach.

e b = (b,) on dual edges ¢,,, where

by, = / 271( x B) - dl, (B.24)

mp

i.e. b, is the flux of B trough the 3-D (dual) face ffni obtained as the axial revolution of
€,,, (see Fig. B.2);

my

o b = (52) on dual boundary edges ¥, where

by, = [b 21r(§ x B) - dl, (B.25)

mk

ie. l;z is the flux of B trough the 3-D (dual) boundary face }l;,iD obtained as the axial

revolution of éfnk (see Fig. B.2).

The array of DoF's 60 related to B,y is defined likewise b.

In the Cell Method approach, the continuum differential relationships between the electro-
magnetic quantities can be translated into algebraic relations between the arrays of DoFs. For
instance, referring to Fig. (B.3), the differential equation B = V x A is translated in

b=al+ay +ay +ay, (B.26)

where b is the flux of B through the green (3-D) face related to a kth dual edge é,, and @} is the
line integrals of A along the edges of the green face of Fig. (B.3) with h = 1,--- ,4. However,
due to the axisymmetric condition and since A = A¢<$ + 07 4 0Z, we have that a7" = —a3' = 0.
Thus, (B.26) becomes

b=ay +ap. (B.27)

The relation (B.27) written for all the DoF's results in

b=Gg [a™,am). (B.28)
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Analogously, the continuum relations J, =V x M and K, = M x

Jo | _ ca

j(L:CQ m, k ZCf‘ ’m, [ a,,

Finally, the expansions (B.14) and (B.16) are inserted in (B.12) and
equations are tested following a Galerkin approach. Thus, the following
represent the discrete form of (B.12) and (B.13) are obtained:

R, j. + iwd® =&,

N2 r~m ~mb
Fm - Gg [a",a™"] =by,
where

a” =Lgj. + [Ly,, L7, |GG, m,

QmII‘l.

Ll (oL,
C

m
= J
ms ms ms
LC Lm Lms

The resistance matrix R, is defined as:

)

R,y = / 2mrw? (r) - Wi () pe(x)dT,

c

while the constitutive matrix F is

F, = / 2rwi(r) - wi (r) o, (r)dl.

m

n are translated in

m, (B.29)

(B.30)
(B.31)

(B.13), and the resulting

discrete equations which

(B.34)

(B.35)

(B.36)

(B.37)

The volume, surface, and volume—surface axisymmetric inductance matrices are instead de-

fined as

LY. =LS = po / 2mrw( / w(r r')dY d, (B.38)

Lye =L, ﬂo/ 2mrw( / wit(r')g r')di” g, (B.39)

L, = [ 2wl [ w0t ar.

m

where o = ¢, m and 8 = ¢, m.
Therefore, the discrete electromagnetic problem can be represented

system of equations

R, + iwL¢ iw[L¢,, L, ]CL )
" ao [T ) g H -
- — Gg - m
Ly B R A

(B.40)

as the following algebraic

FO] : (B.41)
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which can be made symmetric by multiplying the second row for —iw.

Once obtained the solution of (B.41), the unknown distributions of J., J,, K, and M can be
re—constructed by using the expansions (B.14), (B.16), (B.17), and (B.18). Then, the solutions
in terms of the electromagnetic fields can be evaluated in the whole 3-D space by post processing
using (B.2), (B.1), and (B.7).

As discussed more in detail in section 4.2.4, system (B.41) naturally enforce the electromag-
netic properties of the magnetization, but not in a numerically strong sense. For instance, in
steady state condition and for homogeneous non-conductive magnetic media, only the surface
amperian currents exist while the volume amperian currents are zero (V x M = J, ~ 0). This
condition is not strongly enforced by (B.41) and a distribution of J, close to the boundary is
obtained also when a zero frequency problem is solved. Anyhow, this usually does not partic-
ularly affect the global quality of the solution but it could be an issue when high accuracy is
required or when an accurate knowledge of magnetization distribution is important. However,
this condition can be enforced by imposing

m=Gg ¢,, (B.42)

m

where ¢,,, is the array of DoFs related to a discrete scalar magnetic potential associated to the
primal nodes n,, (except one considered as reference) of Go . Thus, (B.42) can be applied
to (B.41) and the second row of (B.41) can be projected into a new set of equation by using
Ggm (without one column for each magnetic sub-domain). The resulting system has a reduced

dimension and, since j, = 0, the evaluation of L7, L¢,, and L] is not needed anymore.

This method is based on the amperian interpretation of the electromagnetic phenomena as
done for the A~-PEEC method. Unfortunately, as the A~-PEEC method, this method suffers from
a numerical issue when magnetic media with high permeability are actually involved. Indeed,
the constitutive relation (B.11) depends on «;,,. With the increasing of the relative permeability
the coefficient a,, tends to the value po (i.e. ay, — po with the increasing of u,.). For instance,
numerically speaking, the difference between p,, = 100 and u, = 1000 is left to the last signif-
icant digits of a,, and this numerical information can be completely lost when floating-point
arithmetic is used.

This numerical issue is discussed more in detail in section 4.2.3 in Material coefficients of
A-PEEC and C-PEEC methods.

B.2 Coulombian axisymmetric method

In the following an alternative method for the study of axisymmetric electromagnetic problems is
proposed. In the previous section, the magnetization phenomena have been considered following
the amperian interpretation. Here, instead, the magnetic currents and charges are introduced

and different electric and magnetic potentials are adopted.

B.2.1 Formulation

In this section, an integral axisymmetric method based on the C-PEEC formulation is derived.

When the magnetization phenomena are interpreted introducing the magnetic currents and
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charges, the integral form of the electromagnetic problem reduces to

E(r) = —iwA.(r) — Vg (r) — %V X A (r) + Byt (1), (B.43)

H(r) = — iwA,,(r) — Vo, (r) + iv X Ae(r) + Hegt(r), (B.44)

where A, and A, are the electric and magnetic vector potentials [43], ¢, is the scalar magnetic
potential, H(r) is the magnetic field, and He.(r) is the external magnetic field.
The integral form of A, and A,, is given by

A =0 [ 3.()g(r ) (B.45)

c

A, (r) :ao/ Jom(x)g(r,r")dr’, (B.46)
Qp
in which J,, = twpeM is the magnetic current density.

Equations (B.4) are still valid and they are complemented with

A =A,p, H=HF+HE, I = I T4 I, 2, A=A T+ Ay 7.
(B.47)
When the Lorenz gauge condition is imposed for A, and A,,, the scalar electric potential ¢,
is related to g, and ¢. by means of (B.5) while ¢,, is related to the volume and surface magnetic

charges (¢, and g,,) by:

eot) =i | [ nteatesar + [ o @gtentar|. (B.48)

m m

where, 0,, and ¢,, are related to J,, by means of the continuity relations
V' Jn(r') = —iwon, (1), Jon(r") - n = —iwg, (r'). (B.49)

As in section B.1.1, when the axisymmetric condition holds, J. is divergence free. Thus, no
moving electric charge is present and therefore ¢.(r) = 0.

The integral expression of A, can be formulated in cylindrical coordinates as shown in [178]:

Ao, () = g /Q 3,1 T, (), (B.50)
with the same definition given for (B.7).

The definition of ¢, can be also derived from [178]:

1 N .
() = 7[/ g(r,r')gm(r')d9+/ 90, ) ()P | (B.51)
Ho L Ja, I
where g is the axisymmetric Green’s function of the scalar potential and the other quantities
keep the same definitions given for (B.50). The axisymmetric Green’s function g (which is the
axisymmetric solution of the Poisson equation for a uniformed charged ring [181, 182]) is defined
as o
- ! r 2
r') = K(k7), B.52
glr.r) = T K() (5.52)

where the quantities are defined as in (B.8).
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The author fails on finding a proper reference for the expression of A,, in cylindrical coordi-
nates. However, this integral expression can be extrapolated from the one of the scalar magnetic

potential, i.e.
A, (r) = g0 / g(r,r") T (r')dS2, (B.53)
Q

where a =1, z.
Equations (B.43) and (B.44) are complemented by (B.10) and the following constitutive

equation:
H(r) =pm(r)Jm(r), r € Q. (B.54)

where p,, = (iwpo(p, — 1))t is the magnetic resistivity.
Finally, combining (B.43) with (B.10), and (B.44) with (B.54), the following final continuum

equations for an electromagnetic axisymmetric problem are obtained

pe(r)Jo(r) = —iwA.(r) — Ve (r) — %V X A (r) + Eepe(r), r € Q, (B.55)
P (T)I (r) = —iwA,(r) — Vo, (r) + iv X Ac(r) + Hege(r), T € Qi (B.56)

where, however, V. (r) = 0 since ¢.(r) = 0.

B.2.2 Cell Method discretization

As in the A—formulation of section B.1.2, conductive and magnetic domains are now represented
by means of Q. and Q,,,, respectively. These 2-D domains are discretized into two quadrilateral
grids: Gg,  for the conductive domain Q., and G, for the magnetic domain Q.-

All the geometric entities previously defined in B.1.2 (A—formulation) for the conductive grid
QQC are introduced also for the C—formulation. Moreover, the dual conductive grid QQC is defined
likewise B.1.2, as well all the conductive primal and dual incidence matrices. The conduction
current density J. is also expanded as in (B.14). The only difference concerning the conductive
media between the Amperian and Coulombian formulations is on the definition of the arrays of
DoF's related to the vector potentials. Indeed, while in the Amperian formulation a® is defined for
A in the Coulombian formulation A is substituted with A, and A,, (i.e. A = A+ ﬁv XA

Thus a® is not defined for the Coulombian formulation and the following arrays of DoFs related

to A, and A, are instead introduced:

c __ (~cC ~
e a; = (ag ) on dual nodes 71, where

ag = 27T, Ae, (Ti, ), (B.57)

where r; = (r7_, ¢a_, 27_) is the position of the kth dual node 7,

c __ C 1
e aj, = (aj, ;) on primal edges e, where

Uy o = / A, (r)-dL (B.58)
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Figure B.4: a. Primal and dual geometric entities for the magnetic grid of the Coulombian axisymmetric
formulation. b. Axial symmetric w”? edge shape function.

Magnetic media instead are differently considered by the A— and C— formulations. Thus, in
the following, the discretization will only consider the magnetic domains.

As for the C-PEEC discretization, following the Tonti scheme of Fig. 3.10, the role of
the primal and dual grid for the magnetic domains is now exchanged with respect of the A—
formulation. Thus, the dual magnetic grid Gﬁm now consists of quadrilateral elements while
the primal magnetic grid Gg, s taken as the barycentric subdivision of Qﬂm The two grids
“—n

consist of dual and primal geometric entities that are in a one-to—one relationships: f

m m?

Em & €y My j"m. The magnetic geometric entities are represented in Fig. B.4 in a rectified
axial geometry.

Magnetic incidence matrices can now be introduced for the dual and primal magnetic grids:
éﬂm (dual edges-dual nodes), Cr, (dual faces—dual edges), Gy, (primal edges—primal nodes),
and Cg (primal faces—primal edges). These primal and dual incidence matrices satisfy the
following properties: éQm é@m =0,Cqy Gy =0.

The magnetic current density J,,, which is one of the unknown of the integral electromagnetic

problem, is now expanded as
Jm(r) = Zwl]gc(r)jm,k7 (B59)

where

is the flux of J,, through the 3-D (dual) face fifi represented in Fig. B.5.a and related to the
kth dual edge ¢, (i.e. fank is the axial-revolution of €,, as shown in Fig. B.5.a). Thus, the
array of DoFs j,. which stores jm’,w for k =1,--- ¢, is introduced. w,{ is the (scaled) face
vector shape function related to é,, and exemplified in Fig. B.4.b. The face shape functions

w}: satisfies
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Figure B.5: Augmented axisymmetric magnetic grid Qg for the EB formulation.

~3D

where € is the unit vector in the direction of €,, and Ay is the area of f,, .
The expansion (B.59) introduced for J,, also induces an expansion for g,, and ¢, when
combined with (B.49). Thus, the following expansions can be introduced for the volume magnetic

charge density

—q, B.60
Vk Qm,k7 ( )

s
3
—~
=
~
Il
?
=
—_

where
Ge= [ 2mron)ar = [ on(r)a0
Fom, i
is the (net) magnetic charge inside the kth 3-D (dual) volume @f’,ﬁ obtained from the axial
revolution of ]”mk (see Fig. B.5) and V4 is the volume of f)f’nDk Thus, the array of DoFs q,, which
stores @y, j, for k=1, ,fm, is introduced.

Analogously, the surface magnetic charge density is expanded as

éb

moq .
gﬁL(r) == Z qum,ka (B61)
k

where

Tk = / 277G (r)dA = [b . Sm(r)dl
o, e
is the (net) magnetic charge laying on the kth 3-D (dual) boundary face f?,’iD obtained from
the axial revolution of the boundary edge éfnk (see Fig. B.5) and Ay is the area of ff,’iD. Thus,

the array of DoF's q,, which stores gy, ,, for k=1, - ,&b s introduced.

Additional arrays of DoF's can be now introduced for H, A., A,,, and ¢,,. Before to do that,
the primal grid ng must be augmented. Thus, the boundary nodes n?, (in a one-to-one relation
with the set of dual boundary edges él,’n) are added to the primal magnetic grid Gg, . Then, the

augmented primal grid is defined as gg . Moreover, the selection matrix éfm which extracts
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the set of dual boundary edges &, is introduced. The (primal) gradient selection matrix Gy =
~T ~ ~ ~ ~aT

—Cy  and the augmented matrices C%m = [Cg, :Cs | and Ggm = Cgm = [Gq, ,Gp, ] are

also introduced.

Now, the following arrays of DoF's living on the primal geometric entities of gg can be
defined:

e h = (h;) on primal edges e,,, where
hy, = / H(r) - dl, (B.62)
e

m

e a;, = (a, ;) on primal edges e,,, where

am = / A, (r) - dl, (B.63)

e ¢, = (¢, ) on primal nodes n,,, where

s = 22, (B.61)
and Vj is the volume of Ungw
* ¢, = (¢}, ) on primal boundary nodes n’ , where
A ¢";12r), (B.65)
and Ay is the area of fﬁ;i’D,
e &' = (a,) on dual nodes 7,,, where
acy, = 2mrq, Ae, (va, ), (B.66)

where r; = (ra, , ¢ %27, ) is the position of the kth dual node 7,,. ag is the line
integral of A, along the 3-D (dual) edge &P obtained from the axial revolution of 7,,

shown in Fig. B.5.
The array of DoFs h related to H.,: is defined likewise h.
In the Cell Method approach, as for the Amperian formulation, the arrays of DoF's satisfy al-

gebraic relations equivalent to the continuum differential equations. For instance, the continuity

equation (B.49) in discrete form becomes

~v
Co, Jm = —iwd@l,  Cp 3= —iwd,  Ch Jm = —iw [qm] . (B.67)

Finally, the expansions (B.55) and (B.56) are inserted in (B.43) and (B.44), and the resulting

equations are tested following a Galerkin approach. Thus, the following discrete equations which
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represent the discrete form of (B.55) and (B.56) are obtained

R jo +iwa + M, . Cq al, =&, (B.68)
Rydm + iway, + Gg [dp, dr) =My, G &7 =hy, (B.69)
where e -
éz = sz(n Nm-]m) a":nl = LWij?
o s a’, ) o (B.70)
[(bmv ¢m] = ~5 ] ’ aZL = Nc .]c'

The axisymmetric resistance R, and inductance LS matrices are already defined in (B.36)

and (B.38), respectively. The magnetic axisymmetric inductance matrix EZ is instead given by
L. =¢o / 2mrwi ( / wl (r)g(r,')dQ dQ, (B.71)

and the magnetic axisymmetric resistance matrix R,,, is defined as

Ry = /Q 2mrw (r) - wi (1) oy (1)d€2. (B.72)

m

The magnetic axisymmetric potential matrix, f’m, is subdivided into

~ VU ~ VS
P,=|.0 _& (B.73)
P7n/ Pm

in which

~ VvV

P, = Aknguo/ /mu r,r’) dQ ds, (B.74)

7n k

3

where V3P is the volume of the uth 3-D volume f)m[j '~ (i.e. the axial revolution of ]”mu) and Ay

is the area of f,, \;

P, ")dY dr, B.75
where Ly, is the length of the dual boundary edge éf’n) P
P, = AkA3DMo/ / (r,r’) dI‘ d, (B.76)

m,u

~b.3D . . . N
where A3P is the area of the uth 3-D face f,, ~ (i.e. the axial revolution of ef’n,u);

NdL'dr. B.
P = o [y [, 7 (B.77)

It is worth noting that g(r,r’) is a non—symmetric function (i.e. g(r,r’) # g(r’,r)) while 15m is

a symmetric matrix.
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M, ., and M, /uo are projection matrices defined as

1 A
My = [ 2wl (s) - wile) -, (B.78)
~ 1 R
Mg = [ 27wl @) wl(0)- (B.79)

Matrices Nzn and N; (which represent the coupling between the electric and magnetic

domains) are defined with a Discrete Hodge, i.e.

e N U
NG = M02Wﬁm,k¢'/ﬁ w?(r')g(r,r')dsY (B.80)
where 7 is the coordinate along 7 of 7, ;;
N = 80/ é’-/ W}:(r’)g(r,r’)dﬂldf‘, (B.81)
el} Q’"l

where € is the unit vector in the direction of e,.

Finally, the discrete electromagnetic problem derived from the C—formulation can be repre-

~j°‘ _ % . B.82

From the physical point of view, the matrix blocks (1,2) and (2, 1) should satisfy

sented as the following algebraic system of equation

R, + iwL¢ M,,. . Cq N,

1/e0
-M,,,,Gq N* R +iwLZ+iG%umCQm

m

MUEOCQENm = —(—Ml/#OéQmN;")T. (B.83)

However, since N:n and N7* are only numerical approzimations of integral discrete operators,
this property is numerically lost. However, property (B.83) can be enforced resulting in a more
accurate method which strongly satisfies the physical properties of the electromagnetic fields.
Moreover, by substituting the matrix block (1,2) with —(2,1)7, matrices M, /uo and N are
not needed anymore (or vice—versa). Thus, multiplying the second row of (B.82) by —1, the
system can be made symmetric.

Finally, as more deeply discussed in Section 3.3.1, when homogeneous magnetic media are
considered V-J,,, = 0 (thus g, = 0). This property is enforced by (B.82) but not in a numerically
strong sense. However, the vanishing of the volume magnetic charges can be strongly enforced
by imposing

jm =Gg, ., (B.84)

where X,, is the array of DoF's related to a discrete vector potential associated to the dual nodes
Tl (3-D edges 73P) of §9m7 (except one considered as reference). Then, (B.84) is applied to
(B.82) and C.-"me (without one column for each magnetic sub-domain) is used to project the
second matrix row of (B.82) into a new set of equations. The resulting system has a reduced
dimension and it strongly enforces éQmjm =0 (i.e. gy, = 0and V-J,,, = 0). Moreover, matrices
f’zf, 15;37 and 132: are not needed anymore.

The system (B.82) derived from the C—formulation does not suffer from the numerical issue
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discussed for system (B.41) derived from the A—formulation. Moreover, when the frequency is
not very high, the effects related to matrix EZ are negligible. Thus, system (B.82) can be further
simplified by neglecting the presence of the term zwiz in the matrix block (2,2).

B.3 Comparison between A— and C— formulations

The method proposed in section B.1 is based on the amperian interpretation of the magneti-
zation phenomena. When this approach is adopted, the inductance matrices are the only full
integral matrices to be evaluated, resulting in a relatively easy implementation. Moreover, sev-
eral analytical expressions for the self and mutual inductances of loops with rectangular cross
section exist [177, 183]. Thus, all the inductance matrices can be efficiently evaluated using
analytical formulas.

As already stated, the main drawback of this method consists in a poor numerical perfor-
mance when magnetic media with relative high permeability are involved. Especially when they
have a non—zero conductivity or when they are very close to conductive media. This problem is
alleviated when (B.42) is enforced. However this is only possible when non—conductive magnetic
media are considered.

The effort required by the implementation of the Coulombian method described in section
B.2 is slightly more expensive since different integral matrices must be evaluated and matrix L]
does not allow for an easy analytical evaluation. Moreover, when properties (B.42) and (B.84)
are enforced, the amperian approach leads to a magnetic matrix equation with a lower sparsity
ratio (~ n®, /n,,) while the magnetic equation of (B.82) remains full. However, system (B.82)
does not suffer from the numerical issue described above for conductive magnetic media with
high permeability. Moreover, when the frequency is sufficiently low, L] ~ 0. Thus, system
(B.82) can be further simplified by neglecting the presence of the term iwL!" in the matrix block
(2,2), which leads to a relatively sparse magnetic equation when property (B.84) is enforced

(sparsity ratio ~ n? /n,,).

B.4 Low-rank compression techniques

Both systems (B.41) and (B.82) are suitable for the application of low—rank approximation tech-
niques, allowing a drastic reduction of the storage and the computational cost arising from the
handling of full matrices. In the numerical studies presented in Section 5.4, the low—rank ap-
proximation techniques implemented in HLIBPro library have been applied to both the proposed
methods.

HLIBPro relies on the hierarchical (H)-matrix representation coupled with adaptive cross
approximation. Such library also provides a partitioning algorithm, based on geometric bisection,
which splits the DoF's into disjoint clusters and builds a binary tree which terminates as soon
as a prescribed condition is reached. However, in order to obtain matrix blocks which are
actually low—rank (see Section 5.3 for a more detailed discussion), it is important to force the
first clustering partition of the unknowns. Thus, when (B.41) (or (B.82)) is solved, j. and m
(or j. and j,,) must be subdivided into two different clusters, and m (or j,,) should be further
subdivided into boundary and internal unknowns. Then, as described in Section 5.2.1, the
partitioning algorithm proceeds with the construction of the cluster tree starting from these

three master cluster nodes. A completely equivalent discussion holds for v, (or t,,) when

m
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(B.42) (or (B.84)) is enforced. When these measures are embraced, thanks to the smoothness of
the Green’s kernel, very low compression ratios can be reached (e.g. less than 3%, as shown in
the numerical studies).

Finally, it is worth noting that both (B.41) and (B.82) can be adopted for the solution of
steady state problems: (B.41) can be directly solved when w = 0 while (B.82) only requires a

scaling of the unknowns j,, by iw.
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Appendix D

Riassunto

L’obiettivo principale di questa tesi € di estendere e migliorare 'applicabilita e 'accuratezza
del metodo Partial Element Equivalent Circuit (PEEC) non strutturato (Unstructured PEEC).
L’interesse riguardo tale argomento e stimolato dalla crescente necessita di metodi numerici ra-
pidi ed efficienti, che possono aiutare gli ingegneri durante la progettazione e altre fasi della pro-
duzione di componenti elettrici ed elettronici di nuova generazione. Durante la prima fase della
tesi, il metodo PEEC (nella sua forma non strutturata) & esteso ai mezzi magnetici. A questo
proposito, vengono sviluppate e confrontate due formulazioni: la prima, basata sull’interpretazione
amperiana dei fenomeni di magnetizzazione, deriva dalla letteratura esistente relativa alla ver-
sione standard (strutturata) del metodo PEEC; il secondo, basato sull’interpretazione coulom-
biana dei fenomeni di magnetizzazione, & proposto dall’autore con l’obiettivo di collocare il
metodo PEEC nel contesto dei metodi di integrali di volume (Volume Integral Equation). Suc-
cessivamente, la ricerca si focalizza sull’utilizzo di tecniche di compressione a basso rango al fine
di risolvere problemi PEEC in maniera computazionalmente efficiente, salvaguardando tempo e
memoria di calcolo. A tal proposito, vengono applicati due metodi diversi: il primo si basa su ma-
trici gerarchiche (matrici H e H?) mentre il secondo si basa su matrici gerarchiche-semi-separabili
(HSS). I due metodi vengono confrontati e vengono analizzati i principali problemi numerici che
emergono applicando tali tecniche di compressione a basso rango al metodo PEEC. In seguito, il
metodo PEEC non strutturato viene combinato con I’approccio Marching On-In Time (MOT)
per lo studio di fenomeni transitori rapidi con un ricco contenuto armonico. Infine, sono stati
sviluppati due diversi metodi PEEC stocastici per la quantificazione dell’incertezza. Il primo
si basa sull’espansione Polynomial Chaos, mentre il secondo si basa sulla tecnica di riduzione

d’ordine parametrica (Parametric Model Order Reduction) unita all’espansione spettrale.
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Appendix E

Résumé

L’objectif principal de cette these est d’étendre et d’améliorer la précision de la méthode des
circuits équivalents & éléments partiels non structurés (Unstructured PEEC). L’intérét pour ce
sujet est stimulé par le besoin croissant de méthodes numériques rapides et efficaces, qui peuvent
aider les ingénieurs pendant la conception et les autres phases de la production de composants
électriques et électroniques de nouvelle génération. Dans un premier temps, la méthode PEEC
sous sa forme non structurée est étendue aux supports magnétiques. Deux formulations sont
développées et comparées: la premiere, basée sur 'interprétation ampérienne des phénomenes
d’aimantation, provient de la littérature relative a la version standard (structurée) de la méthode
PEEC. La seconde, basée sur l'interprétation Coulombienne des phénomeénes d’aimantation, est
proposée par I'auteur dans le but de recentrer la méthode PEEC dans le contexte des méthodes
d’intégrale de volume (Volume Integral Equation). Dans un deuxiéme temps, les travaux por-
tent sur 'utilisation de techniques de compression de bas rang afin de résoudre efficacement les
problemes de PEEC et de préserver le temps et la mémoire de calcul. Deux méthodes différentes
sont appliquées: la premiere est basée sur des matrices hiérarchiques (matrices H et H?), tandis
que la seconde repose sur des matrices hiérarchiques semi-séparables (HSS). Les deux méthodes
sont comparées et les principaux problemes numériques qui se posent en appliquant ces tech-
niques de compression de bas rang a la méthode PEEC sont analysés. La méthode PEEC
non structurée est ensuite combinée & ’approche Marching On-In Time (MOT) pour I’étude des
phénomenes transitoires rapides avec un contenu harmonique riche. Enfin, deux méthodes PEEC
stochastiques différentes ont été développées pour la quantification des incertitudes. La premiere
est basée sur l'expansion Polynomial Chaos, tandis que la seconde repose sur la technique de
réduction de lordre du modele paramétrique (Parametric Model Order Reduction) combinée &

une expansion spectrale.
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