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Chapter 0

Introduction

0.1 Regulator Integrals

The most central objects of this thesis are regulator integrals. In his fundamental
paper [1], Beilinson defined a regulator map and formulated his famous conjectures con-
necting special L-values to regulators. Let X be a smooth quasi-projective variety defined
over Q. Given two integers n ≥ 0 and p, Beilinson’s regulator

rD : Hn
M(X,Q(p))→ Hn

D(X(C),R(p)),

is a Q-linear map from the motivic cohomology (‘an arithmetic invariant’) of X to the
Deligne–Beilinson cohomology (‘an analytic invariant’) of X. The Deligne–Beilinson co-
homology depends only on the complex analytic variety X(C). Beilinson’s conjectures
predict the special L-values at integers, up to a rational factors, in terms of the determi-
nants of regulators of some rational structures in the motivic cohomology groups.

Let N ≥ 3 be an integer and H = {τ ∈ C | Im(τ) > 0} be the Poincaré upper half-
plane. Let Y (N) = Γ(N)\H be the open modular curve associated to the congruence
subgroup

Γ(N) =

{(
a b
c d

)
∈ SL2(Z)

∣∣ a ≡ d ≡ 1 (mod N), b ≡ c ≡ 0 (mod N)

}
,

where the action of Γ(N) on H is given by Möbius transformations. In this case, for
j ≥ 0, the Deligne–Beilinson cohomology group of Y (N)

H2
D(Y (N),R(j + 2)) ' H1

dR(Y (N), (2πi)j+1R)

is simply the the de Rham cohomology group with twisted coefficients (2πi)j+1.
In [2], Beilinson constructed a special cohomology class

Eis0,0,j
D (u1, u2) ∈ H2

D(Y (N),R(j + 2))

in the Deligne–Beilinson cohomology, where ui ∈ (Z/NZ)2. These classes are the image
of certain special elements in the motivic cohomology group H2

M(Y (N),Q(j + 2)) under

5



6 CHAPTER 0. INTRODUCTION

the regulator map. In the case j = 0, they are called Beilinson-Kato elements, which
are constructed using cup-products of certain modular functions on Y (N) called Siegel
units. In general, the class Eis0,0,j

D (u1, u2) is - loosely speaking - constructed by taking the
product of a real-analytic Eisenstein series with a holomorphic Eisenstein series.

Beilinson also proved in [2] the following formula with the Rankin–Selberg method. He
showed that the integrals of these classes are related to some special L-values of modular
forms.

Theorem 0.1.1 (Beilinson [2]). Let f be a cusp eigenform of weight 2 on Γ1(N). Let Kf

be the coefficient field of f . Note ωf = 2πif(τ)dτ the holomorphic form associated to f .
Then

(1) For any u1, u2 ∈ (Z/NZ)2, we have∫
Y (N)

Eis0,0,j
D (u1, u2) ∧ ωf ∈ (2πi)j+1Ω

(−1)j

f L′(f,−j) ·Kf ,

where Ω±f denotes Deligne’s real or imaginary periods of f .

(2) There exist a level N ′ divisible by N and a class Eis0,0,j
D (u1, u2) in level N ′ with

u1, u2 ∈ (Z/N ′Z)2 such that the integral as in (1), computed in level N ′, is nonzero.

However, the constant factor in Kf and the level N ′ are not given explicitly in Beilin-
son’s formula.

A new and more explicit calculation is recently done by Zudilin [49] and Brunault [11]
for j = 0. Instead of integration over Y (N), they considered the following integral of the
regulator along the imaginary axis (i.e. the modular symbol {0,∞})∫ ∞

0

Eis0,0,0
D (u1, u2),

With a powerful method of Rogers–Zudilin [48], they were able to show that

Theorem 0.1.2 (Zudilin [49], Brunault [10]). Let N ≥ 3 be an integer. Let u1 = (a1, b1),
u2 = (a2, b2) ∈ (Z/NZ)2 be nonzero vectors. Then we have∫ ∞

0

Eis0,0,0
D (u1, u2) =

4πi

N2
Λ∗
(
G

(1)
b1,−a2G

(1)
b2,a1
−G(1)

b1,a2
G

(1)
b2,−a1 , 0

)
,

where the functions G(1) are certain Eisenstein series of weight 1 level Γ(N) with rational
coefficients (see Section 1.3 for definition), and Λ∗(f, s) denotes the regularized value of
the completed L-function Λ(f, s).

With the help of the method of Rogers–Zudilin, we are able to generalize Theorem 0.1.2
to arbitrary integer j ≥ 0. Compared to Theorem 0.1.1, our formula is more precise and
does not rely on a higher level N ′.
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0.1. REGULATOR INTEGRALS 7

Theorem 0.1.3. Let N ≥ 3 and j ≥ 0 be integers. Let u1 = (a1, b1), u2 = (a2, b2) ∈
(Z/NZ)2 be nonzero vectors. Then we have∫ ∞

0

Eis0,0,j
D (u1, u2) =

j!(j + 2)2π

N j+2
i(j+1)2Λ∗

(
G

(1)
b1,−a2G

(1)
b2,a1
− (−1)jG

(1)
b1,a2

G
(1)
b2,−a1 ,−j

)
.

Generally, we have classes Eisk1,k2,jD (u1, u2) living in the Deligne–Beilinson cohomology
of fiber products of the universal elliptic curves. A universal elliptic curve E is a complex-
analytic manifold endowed with a fibration p : E → Y (N), with the property that the
fiber of p over a point [τ ] ∈ Y (N) is exactly the elliptic curve Eτ = C/Z + Zτ . Denote
by Ew the w-fold fiber product of E over Y (N). Over each point [τ ] ∈ Y (N), the fiber of
Ew over [τ ] is just the w-th power Ew

τ of the elliptic curve.
Let k1, k2, j be non-negative integers and u1, u2 ∈ (Z/NZ)2 with ui 6= (0, 0) if ki = 0.

Set w = k1 + k2. Deninger–Scholl [22] and Gealy [28] generalized the construction of
Beilinson by defining the element

Eisk1,k2,jD (u1, u2) ∈ Hw+2
D (Ew,R(w + j + 2))

in the Deligne–Beilinson cohomology of Ew. Deninger–Scholl and Gealy also generalized
Beilinson’s formula to higher weight case with the elements Eisk1,k2,jD (u1, u2) and cusp
eigenforms of weight w + 2.

In [11], Brunault considered the following regularized integral of regulator∫ ∗
Xw{0,∞}

Eisk1,k2D (u1, u2),

where Xw{0,∞} is a certain (w+ 1)-chain on Ew, called Shokurov cycle (see Section 3.6
for definitions). Again with the method of Rogers–Zudilin, he gave the following formula∫ ∗

Xw{0,∞}
Eisk1,k2D (u1, u2) = Ck1,k2Λ

∗
(
G

(k1+1)
b1,−a2G

(k2+1)
b2,a1

−G(k1+1)
b1,a2

G
(k2+1)
b2,−a1 , 0

)
,

where

Ck1,k2 =
(k1 + 2)(k2 + 2)

2Nw+2
(2π)w+1ik1−k2+1 ∈ (2πi)w+1Q.

In Chapter 6 we generalize his formula and compute more general regulator integrals.
We obtain the following result (see Section 6.1)

Theorem 0.1.4. Let k1, k2, j be nonnegative integers with w = k1 + k2. Let N ≥ 3 and
u1 = (a1, b1), u2 = (a2, b2) ∈ (Z/NZ)2, suppose that (ai, bi) 6= (0, 0) if ki = 0 and bi 6= 0
if ki = 1, then∫ ∗

Xw{0,∞}
Eisk1,k2,jD (u1, u2) = Ck1,k2,jΛ

∗
(
G

(k1+1)
b1,−a2G

(k2+1)
b2,a1

− (−1)jG
(k1+1)
b1,a2

G
(k2+1)
b2,−a1 ,−j

)
with the constant

Ck1,k2,j =
j!(k1 + j + 2)(k2 + j + 2)

2Nw+j+2
ik1−k2+(j+1)2(2π)w+1 ∈ (2πi)w+1Q.

7



8 CHAPTER 0. INTRODUCTION

It can be shown that the appearance of the power of 2πi and the L-value at s = −j
within our formula are in accordance with Beilinson’s conjectures.

For integrals over more general Shokurov cycles we have

Theorem 0.1.5. Let w ≥ m ≥ k1, k2. Assume that if m = k2 then k1 = 0. Let N ≥ 3
and u1 = (a1, b1), u2 = (a2, b2) ∈ (Z/NZ)2, suppose that (ai, bi) 6= (0, 0) if ki = 0 and
bi 6= 0 if ki = 1, then the regulator integral∫ ∗

XmY w−m{0,∞}
Eisk1,k2,jD (u1, u2)

is a linear combination of L-values of quasi-modular forms (see Section 1.1) with rational
coefficients .

In fact, in the higher weight case, the regulator integral usually does not converge. We
need a theory of regularized integrals to solve this. It is given in the following manner.

0.2 Generalized Mellin Transform and Regularized

Integral

Chapter 3 is devoted to establish a more general theory of Mellin transforms and
regularized integrals.

Fixing an integer k ≥ 2, we denote by Sk(Γ1(N)) the space of holomorphic cusp forms
of weight k level Γ1(N). Given a cusp form f(τ) =

∑
n≥1 af (n)e2πniτ ∈ Sk(Γ1(N)), the

completed L-function associated to f is essentially the Mellin transform of f

Λ(f, s) =

∫ ∞
0

f(iy)ys
dy

y
= (2π)−sΓ(s)

∑
n≥1

af (n)

ns
.

However, for many modular functions, their Mellin transforms do not exist anymore.
To deal with some of these functions, the method of generalized Mellin transforms has
been proposed in various literature, such as [46], [17, Chapter 1] and [19, Section 8.6].

Our theory of generalized Mellin transform handles more general functions. We in-
vestigate first functions with exp-poly-log expansions and define their generalized Mellin
transforms and also their regularized integrals (see Section 3.2 and Section 3.3). The the-
ory of generalized Mellin transform is used among other things in defining L-functions.
For instance, given a weakly holomorphic cusp form f =

∑
n≥n0

af (n)e2πniτ ∈ S!
k(SL2(Z))

of weight k, we are able to recover the definition of L-function of f by Bringmann, Fricke
and Kent [5]

Λ(f, s) =
∑
n≥n0

af (n)Γ(s, 2πnt0)

(2πn)s
+ ik

∑
n≥n0

af (n)Γ(k − s, 2πn
t0

)

(2πn)k−s
.
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0.2. GENERALIZED MELLIN TRANSFORM AND REGULARIZED INTE-
GRAL

9

∞

0 βα

Figure 1. Modular symbols

Let α, β ∈ P1(Q) be two distinct rationals. Let f(τ) ∈ S2(Γ1(N)) be a cusp form
of weight 2 level Γ1(N). A modular symbol {α, β} is an oriented geodesic from α to β
on the upper half-plane H (depicted in Figure 1). According to the idea of Birch (also
independently by Manin), we can pair the closed form f(τ)dτ with {α, β} in the following
way

〈f(τ)dτ, {α, β}〉 =

∫
{α,β}

f(τ)dτ.

In particular, from Eichler–Shimura theory (see for example Kohnen–Zagier [31]), we find
the period of the cusp form

r0(f) = Λ(f, 1) = −i〈f(τ)dτ, {0,∞}〉.

By Stokes’ theorem, we have the following 3-term relation∫
{α,β}

f(τ)dτ +

∫
{β,γ}

f(τ)dτ +

∫
{γ,α}

f(τ)dτ = 0.

For a general modular function f , the closed form f(τ)dτ probably does not vanish at
cusps and has nonzero residues. Consequently, the integration of f(τ)dτ along a modular
symbol may not converge and the 3-term relations may not hold as well.

We need the terminology of modular caps by Stevens [44] (see Section 2.1) to handle
closed forms with exp-poly-log expansions. A modular cap [γ, β]α is the segment of the
infinitesimal horocycle at α cut by two modular symbols {α, β} and {γ, α} (depicted
in Figure 2). With our theory of regularization, we succeed in defining the regularized
integrals of a given closed form ω along modular symbols and modular caps in Section 3.6.
The 3-term relations is replaced by the 6-term relations (see again Figure 2)∫ ∗

{α,β}
ω +

∫ ∗
[α,γ]β

ω +

∫ ∗
{β,γ}

ω +

∫ ∗
[β,α]γ

ω +

∫ ∗
{γ,α}

ω +

∫ ∗
[γ,β]α

ω = 0,

where the ∗ indicates regularized integrals.

9



10 CHAPTER 0. INTRODUCTION

{γ, α}

{α, β}

{β, γ}

βα γ

[γ, β]α [α, γ]β [β, α]γ

Figure 2. Modular caps

These results can be summarized in the following theorem

Theorem 0.2.1. There is a well-defined integration pairing

Ω1
epl(H, C)×K2 −→ C,

where K2 is the space of modular symbols and modular caps, Ω1
epl denotes the space of

closed forms on the Poincaré upper half-plane H with some growth conditions at cusps.

This integration pairing can also be generalized to higher weight cases, see Section 3.6
for more details.

0.3 Double L-functions

In [33], Manin constructed multiple L-functions of holomorphic cusp forms. In this
thesis we shall focus double modular L-functions. Let f =

∑
n≥0 ane

2πniτ and g =∑
m≥0 bme

2πmiτ be two modular forms with respect to a congruence subgroup of SL2(Z).
Their double L-function is the following double Dirichlet series

L(f, g, s1, s2) =
∞∑
n=1

∞∑
m=0

anbm
ns1(n+m)s2

.

10



0.4. DOUBLE L-VALUES WITH ROGERS–ZUDILIN METHOD 11

Manin studied also the iterated Mellin transform of cusp forms. The iterated Mellin
transform of f and g is given by the following integral

Λ(f, g, s1, s2) =

∫ ∞
0

g(it2)ts2−1
2 dt2

∫ ∞
t2

f(it1)ts1−1
1 dt1,

which is also called a double L-function of f and g.
Based on our theory of regularized integrals, we give a tentative generalization of

double L-function to weakly holomorphic modular forms. Let f =
∑

n≥n0
anq

n and g =∑
m≥m0

bmq
m be two weakly holomorphic modular forms in level SL2(Z) of weight k1 ≥ 2

and k2 ≥ 2 respectively. Fix an integer 0 < s1 < k1. We define the double L-function
Λ(f, g, s1, s2) using generalized Mellin transform and show in Section 4.2 that

Theorem 0.3.1. The double L-function Λ(f, g, s1, s2), as a function of s2, extends to a
meromorphic function on the whole complex plane. It has possibly poles when s2 is an
integer from −s1 to 0 or from k2 to k2 + k1 − s1, and is holomorphic elsewhere.

We have also included some of its residues, for example,

Res
s2=−s1

Λ(f, g, s1, s2) =
a0b0

s1

.

When a0 = 0, k1 = k2 = k we shall have

Res
s2=0

Λ(f, g, k − 1, s2) = −(k − 2)!

(2π)k−1
{f, g},

where {f, g} is the Bruinier-Funke pairing (see [7, (1.15)] for definition).

0.4 Double L-values with Rogers–Zudilin Method

Rogers and Zudilin introduced a new powerful method in the proof of Boyd’s conjec-
tures on Mahler measures (see [48]). A reinterpretation of their method via correspondence
of modular forms can be found in Diamantis–Neururer–Strömberg [23]. In [41], Shinder
and Vlasenko use Rogers–Zudilin method to compute an explicit example of double L-
value of Eisenstein-like series.

Inspired by the example of Shinder–Vlasenko, we look for more general identities of
double L-values in Section 4.4. Write the double L-function

L(f, g, s1, s2) = (2π)−s2Γ(s2)L(f, g, s1, s2).

Then for fixed s1 ∈ Z, the function L(f, g, s1, s2) is meromorphic in s2. From our theory
of generalized Mellin transform, the regularized value L∗(f, g, s1, s2) in s2 always exist.
Applying Rogers–Zudilin method, we show that

11



12 CHAPTER 0. INTRODUCTION

Theorem 0.4.1. Let N ≥ 1 be an integer. Let a1, a2, b1, b2 ∈ Z/NZ and k1 ≥ 2, k2 ≥ 2
be positive integers. Suppose that 1 ≤ s1 ≤ k1 − 1, 1 ≤ s2 ≤ k2 − 1 are integers with
k1 ≤ s1 + s2. Then the double L-value

L∗
(
G

(k1)
a1,b1

, H
(k2)
b2,a2

, k1 − s1, k2 − s2

)
+ (−1)s1+s2−1L∗

(
G

(k1)
−a1,b1 , H

(k2)
b2,−a2 , k1 − s1, k2 − s2

)
is a linear combination of L-values of certain quasi-modular forms with coefficients in
Q(ζN) of level Γ1(N2). Here G and H are certain Eisenstein series with coefficients in
Q(ζN) (see Section 1.3 for definitions).

In particular in level N = 1, set Gk(τ) = −Bk
2k

+
∑∞

n=1 σk−1(n)qn to be the Eisenstein
series of weight k. We deduce that

Theorem 0.4.2. Let k1 ≥ 4, k2 ≥ 4 be even number. Let 1 ≤ s1 ≤ k1 − 1 and 1 ≤ s2 ≤
k2 − s1 be integers with opposite parity. Set p = min{k1 − s1, s2} − 1. Then

is1+s2−1L∗ (Gk1 ,Gk2 , s1, s2) = Λ∗
(
DpG|k1−s1−s2|+1 ·Gk2−s1−s2+1, 1− s1

)
+ δs1+s2=k2−1(4π)−1Λ∗

(
DpG|k1−s1−s2|+1,−s1

)
.

Furthermore, the double L-value L∗(Gk1 ,Gk2 , s1, s2) is a Q[1/π]-linear combination of L-
values of modular forms with rational coefficients and L-values of G2

L∗(Gk1 ,Gk2 , s1, s2) ∈
p∑
l=0

QΛ
([

G|k1−s1−s2|+1,Gk2−s1−s2+1

]mod
p−l , 1− s1 − l

)
πl

+ δs1+s2=k2−1

QΛ
(
G|k1−s1−s2|+1,−s1 − p

)
πp+1

+ δs1+s2=k1±1
QΛ (Gk2−s1−s2+1,−s1 − p)

πp+1
.

Example 0.4.3. Here we consider an example (k1, k2) = (8, 10) and (s1, s2) = (1, 4). We
have p = 3. As we shall see, this double L-value L∗(G8,G10, 1, 4) can be made explicitly

L∗(G8,G10, 1, 4) = Λ∗(D3G4 ·G6, 0)

= − 1

6720π3
Λ(G10,−3)− 3

3640π2
Λ(∆12,−2)− 1

1872
Λ(∆16, 0),

where ∆12 and ∆16 are the unique normalized cusp forms of weight 12 and 16 respectively.

0.5 Mordell–Tornheim Double Eisenstein Series and

Cohen Series

This part is a joint work with Zhang. Let k1, k2 and k3 be non-negative integers.
Tornheim [45] considered the following double series

∞∑
n=1

∞∑
m=1

1

nk1mk2(n+m)k3
,

12
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which is now called the Mordell–Tornheim double zeta function.
Following this pattern, in this thesis we define the Mordell–Tornheim double Eisenstein

series

G (τ ; k1, k2, k3;ω1, ω2) =
∑′

τ1,τ2∈Z+Zτ

1

τ k11 τ k22 (ω1τ1 + ω2τ2)k3
,

where k1, k2, k3 are non-negative integers and ω1, ω2 are two integers, the primed summa-
tion means the terms which τ1, τ2 or ω1τ1 + ω2τ2 vanishes are omitted.

To find an explicit form of Mordell–Tornheim double Eisenstein series, we need to
introduce Cohen series. Given 0 ≤ n ≤ k − 2, define Rn ∈ Sk to be the following series

Rn = c−1
k,n

∑
a,b,c,d∈Z
ad−bc=1

(aτ + b)−n−1(cτ + d)n+1−k with ck,n =
π
(
k−2
n

)
2k−2in+1−k .

The series Rn can be also described as the unique cusp form such that

〈f,Rn〉 = rn(f) for all f ∈ Sk,
where 〈, 〉 indicates the Petersson inner product. The Cohen series is later extended by
Diamantis and O’Sullivan [24] to more general settings. Using their theory of Cohen series,
we are successful to give an explicit formula of Mordell–Tornheim double Eisenstein series
in Section 5.4. Loosely speaking, we prove that

Theorem 0.5.1. The Mordell–Tornheim double Eisenstein series is

G(τ ; k1, k2, k3;ω1, ω2) = Geis +Gcusp,

where Geis is an explicit Eisenstein series and Gcusp is a linear combination of (modified)
products of Eisenstein series.

In the case ω1 = ω2 = 1 setting G(τ ; k1, k2, k3) := (−1)k3G(τ ; k1, k2, k3; 1, 1) we get

G(τ ; k1, k2, k3) =
∑′

τ1+τ2+τ3=0
τ1,τ2,τ3∈Z+Zτ

1

τ k11 τ k22 τ k33

,

which is symmetric in k1, k2 and k3. We obtain the following formula

Theorem 0.5.2. Let k1, k2 and k3 be nonnegative integers with k1 + k3 > 2, k2 + k3 > 2,
k1 + k2 > 2 and k = k1 + k2 + k3 > 4. Then the Mordell–Tornheim double Eisenstein
series is the following modular form of weight k

G(τ ; k1, k2, k3) = (−1)k3
( k1−2∑

µ=0

δµ≡k1(2)

(
k2 + µ− 1

µ

)
Gk1−µGk2+k3+µ

+

k2−2∑
ν=0

δν≡k2(2)

(
k1 + ν − 1

ν

)
Gk2−νGk1+k3+ν

− 4π2

k − 2

(
k1 + k2 − 2

k1 − 1

)
DGk−2 −

(
k1 + k2

k1

)
Gk

)
.

Hence the form 1
πk
G(τ ; k1, k2, k3) has rational coefficients.

13
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Example 0.5.3. As an instance, let (k1, k2, k3) = (2, 3, 7), with a direct computation we
get

G(τ ; 2, 3, 7) =
34π12

127702575

(
E12(τ) +

62270208

11747
∆(τ)

)
.

0.6 Outline of this Thesis

Chapter 1 and Chapter 2 provide an introduction to the objects and theories needed in
this thesis. In particular, we recall the theory of quasi-modular forms and give a definition
of their L-functions, we also give a short introduction of Eisenstein symbols.

In Chapter 3, we review briefly the classical theory of Mellin transform. In the rest
of this chapter, we develop a theory of generalized Mellin transforms and regularized
integrals. These are the basic tools of the rest parts.

The Rogers–Zudilin method is introduced in Chapter 4. We study the double L-
functions of weakly holomorphic modular forms. Certain double L-values of Eisenstein
series are computed with Rogers–Zudilin method at the end of this chapter.

The last chapter contains our final results on regulator integrals. All the computation
of regulator, involving periods and residues, is included in Chapter 6.

Chapter 5 is an independent chapter, which includes a collaborative work on Mordell–
Tornheim double Eisenstein series with Zhang.

14



Chapter 1

Preliminaries

In this chapter, we review the basic background knowledge about modular forms, L-
functions and incomplete gamma functions. We also introduce some preliminary results
which we will be using in this thesis.

1.1 Modular Forms and Quasi-Modular Forms

This section provides a brief introduction for the readers who may not be familiar
with the theory of quasi-modular forms or (weakly) holomorphic modular forms. Clear
and systematic references of quasi-modular forms are [19] and [47].

We fix the notations first. By H = {τ ∈ C | Im(τ) > 0} we denote the Poincaré upper
half-plane. Write H = H ∪ P1(Q). An element γ = ( a bc d ) ∈ GL+

2 (Q) acts on H by

γτ =
aτ + b

cτ + d
.

We will write for brevity j(γ, τ) := cτ + d and q := e2πiτ .
In this thesis we usually focus on the following subgroups of Γ1 = SL2(Z)

Γ1(N) :=

{(
a b
c d

)
∈ Γ1

∣∣ a ≡ d ≡ 1 (mod N), c ≡ 0 (mod N)

}
Γ(N) :=

{(
a b
c d

)
∈ Γ1(N)

∣∣ b ≡ 0 (mod N)

}
for a positive integer N . The notation Γ usually indicates a congruence subgroup, that is,
a subgroup of SL2(Z) containing the special subgroup Γ(N) for some N .

Let f be a function from H to C and γ = ( a bc d ) ∈ SL2(Z), the slash operator of weight
k is defined as

(f |kγ) (τ) = (cτ + d)−kf

(
aτ + b

cτ + d

)
= j(γ, τ)−kf(γτ).

15



16 CHAPTER 1. PRELIMINARIES

1.1.1 Definitions and Examples

Let Γ be a congruence subgroup of SL2(Z) and k be a positive integer throughout this
section.

The cusps of Γ are a collection of left coset representatives of Γ\P1(Q). For every cusp
α ∈ Γ\P1(Q) we have an element σα ∈ Γ\ SL2(Z) with σα∞ = α.

Definition 1.1.1. Let h be the smallest positive integer such that ( 1 h
0 1 ) ∈ Γ. Let f(τ +

h) = f(τ) be a periodic function. Then

(1) We say that f is holomorphic (resp. meromorphic) at ∞, if the function g : D −
{0} → C extends holomorphically (resp. meromorphically) to 0, where g(e

2πiτ
h ) =

f(τ) and D = {z ∈ C | |z| = 1} is the unit disk.

(2) We say that f is holomorphic (resp. meromorphic) at a cusp α, if f |kσα(τ) is
holomorphic (resp. meromorphic) at ∞.

Definition 1.1.2. A function f : H → C is called a modular form of weight k, level Γ if

(1) f is holomorphic on H.

(2) f is modular, i.e. for all γ = ( a bc d ) ∈ Γ, f |kγ(τ) = f(τ).

(3) f is holomorphic at every cusp α ∈ Γ\P1(Q).

If we replace (3) by

(3’) f is meromorphic at every cusp of α ∈ Γ\P1(Q),

then f is called a weakly holomorphic modular form.

A weakly holomorphic modular form has a Laurent Fourier expansion at a cusp α

f |kσα(τ) =
∑
n≥n0

aαn(f)qn/h.

Thus a weakly holomorphic modular form has possibly exponential growth at cusps. We
call f cuspidal if f has constant term aα0 (f) = 0 at every cusp α of Γ. Denote by later
Mk(Γ), Sk(Γ), M !

k(Γ) and S!
k(Γ) the space of holomorphic modular forms, holomorphic

cusp forms, weakly holomorphic modular forms and weakly holomorphic cusp forms of
weight k respectively. When Γ = SL2(Z) we omit it from the notations.

Example 1.1.3. Let k ≥ 4 be an even integer, then we have Eisenstein series

Gk(τ) =
∑′

(c,d) 6=(0,0)

1

(cτ + d)k
,

16



1.1. MODULAR FORMS AND QUASI-MODULAR FORMS 17

they are modular forms of level SL2(Z) and weight k. We can compute their Fourier
expansions, which are given by the normalized Eisenstein series

Ek(τ) =
Gk(τ)

2ζ(k)
= 1− 2k

Bk

∞∑
n=1

σk−1(n)qn,

where Bk is the k-th Bernoulli number defined by

x

ex − 1
=
∑
k≥0

Bk

k!
xk

and σk−1(n) =
∑

d|n d
k−1.

Definition 1.1.4. A quasi-modular form of level Γ and weight k is a holomorphic function
f on H with a collection of functions f0, . . . , fp over H such that

(1) each fi is holomorphic over H.

(2) f is quasi-modular,

(f |kγ) (τ) =

p∑
j=0

fj(τ)

(
c

cτ + d

)j
(1.1)

for any γ = ( a bc d ) ∈ Γ.

(3) f has at most polynomial growth, i.e. there exists a constant N > 0 such that
f(τ) = O

(
y−N(1 + |τ |2)N

)
as y →∞ and y → 0.

If fp is nonzero in (1.1), the degree p is called the depth of f .

Denote by QMk(Γ) the space of quasi-modular forms of weight k and by QM≤p
k (Γ) its

subspace containing quasi-modular forms of weight k with depth ≤ p.

Example 1.1.5. It is also possible to define Eisenstein series of weight k = 2. Set

E2(τ) =
G2(τ)

2ζ(2)
:= 1− 24

∞∑
n=1

σ1(n)qn.

In this case, the function E2 is in fact quasi-modular of depth 1. It verifies the following
transformation rule (see for example [19, Corollary 5.2.17])

(cτ + d)−2E2

(
aτ + b

cτ + d

)
= E2(τ)− 6i

π

(
c

cτ + d

)
with f = f0 = E2 and f1 = −6i

π
in (1.1).

Generally speaking, quasi-modular forms come from the derivatives of modular forms.
Let D = q d

dq
= 1

2πi
d
dτ

be the differential operator, then the following result is well-known.

17



18 CHAPTER 1. PRELIMINARIES

Proposition 1.1.6 (Zagier [47, Proposition 20]). (1) The space of quasi-modular forms
QMk(Γ) is closed under the differentiation D.

(2) Every quasi-modular form can be written uniquely as a linear combination of deriva-
tives of modular forms and E2. More precisely, let QM≤p

k (Γ) denote the subspace of
quasi-modular forms of depth ≤ p, then

QM≤p
k (Γ) =

{⊕p
j=0D

j (Mk−2j(Γ)) p < k
2
,⊕k/2−1

j=0 Dj(M̃k−2j(Γ)) p ≥ k
2
,

where M̃k(Γ) = Mk(Γ) for k 6= 2 and M̃2(Γ) = M2(Γ)⊕ CE2.

Remark 1.1.7. It follows from Proposition 1.1.6 that, given a quasi-modular form f in
QM≤p

k (Γ) of depth at most p ≥ 1, we have a unique decomposition

f =

min{p,b k−1
2
c}∑

j=0

Dj(Fj) with Fj ∈ M̃k−2j.

As an example, for the quasi-modular form E2
2 of weight 4 and depth 2, we have the

following identity (observed originally by Ramanujan)

E2
2 = E4 + 12DE2.

1.1.2 L-functions of Quasi-Modular Forms

In the rest of this section we offer a definition of L-functions for quasi-modular forms.
Fix now Γ = Γ1(N) with N ≥ 1 an integer.

Given a modular form f =
∑

n≥0 an(f)qn ∈ Mk(Γ), recall that the L-function of f
is defined as the Dirichlet series L(f, s) =

∑∞
n=1 an(f)n−s. This Dirichlet series can be

analytically continued via the completed L-function

Λ(f, s) = N s/2(2π)−sΓ(s)L(f, s) = N s/2

∫ ∞
0

(f(iy)− a0) ys
dy

y
.

Let WN : Mk(Γ)→Mk(Γ) be the Atkin–Lehner involution

(WNf)(τ) = ikN−k/2τ−kf

(
− 1

Nτ

)
,

then we have functional equation

Λ(f, s) = Λ(WNf, k − s).

Moreover, the function Λ(f, s) + a0(f)
s

+ a0(WNf)
k−s is entire in s. Thus Λ(f, s) has only

possible poles at s = 0 and s = k. We refer readers to [37, Section 4.3] for more details
about L-functions of modular forms.

18



1.1. MODULAR FORMS AND QUASI-MODULAR FORMS 19

Definition 1.1.8. We define the L-function of E2 via its Dirichlet series

L(E2, s) =
∞∑
n=1

σ1(n)

ns
= ζ(s)ζ(s− 1)

and we define its completed L-function as

Λ(E2, s) = N s/2(2π)−sΓ(s)ζ(s)ζ(s− 1).

A derivative Djf has Fourier expansion Djf =
∑

n≥1 n
jan(f)qn. We can define its

L-function via the Dirichlet series

L(Djf, s) =
∞∑
n=1

an(f)

ns−j

=L(f, s− j),

and herewith we have its completed L-function

Λ(Djf, s) = N s/2(2π)−sΓ(s)L(Djf, s) =
N j/2(s− 1)j

(2π)j
Λ(f, s− j),

where the Pochhammer symbol (s−1)j is the falling factorial (s− j)(s− j+ 1) . . . (s−1).
In general, we define the L-functions of a quasi-modular form as follows

Definition 1.1.9. Let f ∈ QMk(Γ) be a quasi-modular form. Given a decomposition

f =
∑p

j=0 D
j(Fj) for Fj ∈ M̃k−2j, we define the L-function of f to be

L(f, s) =

p∑
j=0

L(Fj, s− j),

and the completed L-function to be

Λ(f, s) =

p∑
j=0

N j/2(s− 1)j
(2π)j

Λ(Fj, s− j).

Proposition 1.1.10. Let f ∈ QM≤p
k (Γ) be quasi-modular form of depth at most p, then

Λ(f, s) extends to a meromorphic function on whole complex plane, which has only possibly
simple poles when s = 0 or when s is an integer from k − p to k.

Proof. Suppose that f is given by the decomposition f =
∑p

j=0 D
j(Fj) for Fj ∈ M̃k−2j,

then

Λ(f, s) =

p∑
j=0

N j/2(s− 1)j
(2π)j

Λ(Fj, s− j).

19



20 CHAPTER 1. PRELIMINARIES

If Fj is modular, then (s− 1)jΛ(Fj, s− j) has only possibly simple poles at s = k − j if
j > 0 and has only possibly simple poles at s = 0 and s = k if j = 0. We only need to
focus on the remaining issue

Λ(E2, s) = N s/2(2π)−sΓ(s)ζ(s)ζ(s− 1).

Since zeta function vanishes at negative even integers, the function Λ(E2, s) has only
simple poles at s = 0, 1, 2. If j = 0, then we have k = 2 and (s−1)jΛ(E2, s−j) = Λ(E2, s).
If j > 0, then (s− 1)jΛ(E2, s− j) has only possibly simple poles at s = k − j.

Definition 1.1.11. Let f and g be two smooth functions on H and k and l are fixed
integers, recall that the Rankin–Cohen bracket (see [19, Definition 5.3.23]) is

[f, g]n =
n∑
j=0

(−1)j
(
k + n− 1

j

)(
l + n− 1

n− j

)
Dn−jfDjg.

Also, when f or g is an Eisenstein series of weight 2 we modify the construction of
Rankin–Cohen bracket to

[E2, g]modn = [E2, g]n − (−1)n
12

n+ l
Dn+1g,

[f, E2]modn = [f, E2]n −
12

n+ k
Dn+1f,

[E2, E2]modn = [E2, E2]n − (1 + (−1)n)
12

n+ 2
Dn+1E2.

Proposition 1.1.12 ([19, Theorem 5.3.24, Proposition 5.3.27]). Let f ∈ M̃k(Γ) and

g ∈ M̃l(Γ) be two forms. Then

(1) The modified Rankin–Cohen bracket [f, g]modn is a modular form of weight k+ l+2n.
In general, the Rankin–Cohen bracket [f, g]modn is always a cusp form for n > 0 .

(2) When f and g have rational Fourier coefficients, so does [f, g]modn .

(3) We have [g, f ]n = (−1)n[f, g]n and [g, f ]modn = (−1)n[f, g]modn .

Let δk = D − k
4π Im(τ)

be the Maass–Shimura differential operator. For j > 0, set

δjk = δk+2j−2 ◦ δk+2j−4 ◦ · · · ◦ δk and δ0
k to be the identity operator. Given two modular

forms f ∈Mk(Γ) and g ∈Ml(Γ), Lanphier [32] gave the following formula

δnkf · g =
n∑
j=0

(
n
j

)(
k+n−1

j

)(
k+l+2n−2j−2

n−j

)(
k+l+2n−j−1

j

)δjk[f, g]n−j.
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Lemma 1.1.13. Let f ∈ M̃k(Γ) and g ∈ M̃l(Γ) be two forms. Then

Dnf · g =
n∑
j=0

(
n
j

)(
k+n−1

j

)(
k+l+2n−2j−2

n−j

)(
k+l+2n−j−1

j

)Dj[f, g]n−j. (1.2)

Proof. The proof follows exactly the same as Lanphier [32, Theorem 1]. It is worth
noticing that his proof is purely combinatorial. We take holomorphic part in his proof
and everything carries over to the operator D and forms f and g.

From this lemma we get immediately the following identities of L-functions

Lemma 1.1.14. Let f ∈ M̃k(Γ) and g ∈ M̃l(Γ) be two forms. Then

L (Dnf · g, s) =
n∑
j=0

ank,l(j)L ([f, g]n−j, s− j) ,

Λ (Dnf · g, s) =
n∑
j=0

ank,l(j)N
j/2(s− 1)j(2π)−jΛ ([f, g]n−j, s− j) ,

where

ank,l(j) =

(
n
j

)(
k+n−1

j

)(
k+l+2n−2j−2

n−j

)(
k+l+2n−j−1

j

) .
Remark 1.1.15. Using Lemma 1.1.14 we are able to decompose Λ (Dnf · g, s) into a linear
combination of L-functions of Rankin–Cohen brackets. This process plays a significant
role in Chapter 4 and Chapter 6.

In Section 3.4 we will tackle the L-functions of weakly holomorphic modular forms.

1.2 Zeta Functions and L-functions

Let x ∈ R/Z and Re(s) > 1. The Hurwitz zeta function is the absolutely convergent
series

ζ(x, s) =
∑
y>0

y≡x (1)

1

ys
.

The Hurwitz zeta function can be extended to a meromorphic function for all s ∈ C. It
has only a simple pole at s = 1 with residue 1.

Definition 1.2.1. Let α : Z/NZ→ C be a complex function. We define the L-function
of α to be the series

L(α, s) :=
∞∑
n=1

α(n)

ns
=

∑
m∈Z/NZ

α(m)N−sζ
(m
N
, s
)
.
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22 CHAPTER 1. PRELIMINARIES

We write α̂(n) =
∑

m∈Z/NZ α(m)ζ−mnN for the Fourier transform of α.

Remark 1.2.2. For a ∈ Z/NZ, let δa and δ̂a be the following functions from Z/NZ to C

δa(n) :=

{
1 n ≡ a (N),

0 else,

δ̂a(n) := ζ−anN .

Then
L(δa, s) = N−sζ

( a
N
, s
)
,

and
L(δ̂a, s) = ζ̂

(
− a

N
, s
)
,

where ζ̂(x, s) is the periodic zeta function

ζ̂(x, s) =
∞∑
n=1

e2πinx

ns
.

We write α−(n) for the function n 7→ α(−n). We say that the function α is even
(resp. odd) if α− = α (resp. α− = −α) holds. For even or odd α, the following functional
equation holds

Theorem 1.2.3. Let α : Z/NZ → C be a complex function and α̂ be the Fourier trans-
form of α. If α is even then

L(α, 1− s) =
1

π

(
2π

N

)1−s

Γ(s) cos
(πs

2

)
L(α̂, s).

If α is odd then

L(α, 1− s) =
i

π

(
2π

N

)1−s

Γ(s) sin
(πs

2

)
L(α̂, s).

Proof. It is proved in [30, Corollary 2 (b)] that we have the following functional equation
of Hurwitz zeta function

ζ(x, 1− s) =
Γ(s)

(2π)s
(e
−iπs

2 ζ̂(x, s) + e
iπs
2 ζ̂(−x, s)).

The proof is completely straightforward after summation over all x ∈ 1
N
Z/NZ.

Also we have
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Theorem 1.2.4. If n is a negative integer, then

L(α, n) = (−1)n+1L(α−, n).

Moreover,
L(α, 0) + L(α−, 0) = −α(0).

In particular, if α is even, then L(α, s) vanishes at −2,−4, · · · , if α is odd, then L(α, s)
vanishes at −1,−3, · · · .

Proof. For s = 0 we have the following Hurwitz zeta values (see [11])

ζ(x, 0) =

{
1
2
− {x} if x 6= 0,

−1
2

if x = 0.

Sum over all x ∈ 1
N
Z/NZ then we get the two identities.

1.3 Eisenstein Series and S-series

Let N be a positive integer. Brunault used certain Eisenstein series of level Γ(N) and
Γ1(N2) in [11]. Following his notations and definitions, we will briefly review some facts
about Eisenstein series and their L-functions.

Given two functions α, β : Z/NZ→ C and t, u ∈ C, we define the S-series

St,uα,β(τ) =
∑
m≥1

∑
n≥1

α(m)β(n)mtnuqmnN ,

where qN = e
2πiτ
N . We see

DkSt,uα,β =
1

Nk
St+k,u+k
α,β .

The following three kinds of Eisenstein series will be useful in our later computations.

Lemma 1.3.1. Let k ≥ 1 be an integer and (a, b) ∈ (Z/NZ)2. Suppose (a, b) 6= (0, 0) in
the case k = 2. Define

F
(k)
a,b (τ) = a0(F

(k)
a,b ) +N1−k

(
S0,k−1

δ̂−b,δa
(τ) + (−1)kS0,k−1

δ̂b,δ−a
(τ)
)
,

where

a0(F
(1)
a,b ) =


0 if a = b = 0,

1
2

1+ζbN
1−ζbN

if a = 0 and b 6= 0,

1
2
−
{
a
N

}
if a 6= 0,

and for k ≥ 2

a0(F
(k)
a,b ) = ζ(

a

N
, 1− k).

Then F
(k)
a,b (τ) is an Eisenstein series of level Γ(N) weight k.
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Lemma 1.3.2. Let k ≥ 1 be an integer and (a, b) ∈ (Z/NZ)2. Suppose a 6= 0 in the case
k = 2. Define

G
(k)
a,b(τ) = a0(G

(k)
a,b) +

(
S0,k−1
δb,δa

(Nτ) + (−1)kS0,k−1

δ̂−b,δ−a
(Nτ)

)
,

where

a0(G
(1)
a,b) =


0 if a = b = 0,
1
2
−
{
b
N

}
if a = 0 and b 6= 0,

1
2
−
{
a
N

}
if a 6= 0 and b = 0,

0 if a 6= 0 and b 6= 0,

and for k ≥ 2

a0(G
(k)
a,b) =

{
Nk−1ζ( a

N
, 1− k) if b = 0,

0 if b 6= 0.

Then G
(k)
a,b(τ) is an Eisenstein series of level Γ1(N2) weight k.

Lemma 1.3.3. Let k ≥ 1 be an integer and (a, b) ∈ (Z/NZ)2. Suppose a 6= 0 in the case
k = 2. Define

H
(k)
a,b (τ) = a0(H

(k)
a,b ) +

(
S0,k−1

δ̂a,δ̂b
(Nτ) + (−1)kS0,k−1

δ̂a,δ̂b
(Nτ)

)
,

where

a0(H
(1)
a,b ) =



0 if a = b = 0,

−1
2

1+ζbN
1−ζbN

if a = 0 and b 6= 0,

−1
2

1+ζaN
1−ζaN

if a 6= 0 and b = 0,

−1
2

(
1+ζaN
1−ζaN

+ 1
2

1+ζbN
1−ζbN

)
if a 6= 0 and b 6= 0,

and for k ≥ 2

a0(H
(k)
a,b ) = ζ̂(− b

N
, 1− k).

Then H
(k)
a,b (τ) is an Eisenstein series of level Γ1(N2) weight k.

Let WN2 be the Atkin–Lehner involution of level Γ1(N2), then we have ([11, Lemma
3.10])

WN2(G
(k)
a,b) =

ik

N
H

(k)
a,b if (a, k) 6= (0, 2),

with a, b, b′ ∈ Z/NZ.
We also introduce the following real analytic Eisenstein series, which will give us the

Fourier expansion of Eisenstein symbols.
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Definition 1.3.4 (Brunault). Let a, b ≥ 0 be integers and u1, u2 ∈ Z/NZ. We define the
following real analytic Eisenstein series

F a,b(u1,u2)(τ) = ζ̂
(u2

N
, a+ b+ 2

)
+ (−1)a+bζ̂

(
−u2

N
, a+ b+ 2

)
+ (−1)b2πi

(
a+ b

a

)
δu2=0(2iy)

−a−b−1
(
ζ̂
(u1

N
, a+ b+ 1

)
+ (−1)a+bζ̂

(
−u1

N
, a+ b+ 1

))
+

(−1)b+1N

b!

a∑
j=0

(a+ b− j)!
j!(a− j)!

(
−2πi

N

)j+1

(2iy)−a−b−1+j

(
Sj−a−b−1,j

δ̂−u1 ,δ−u2
(τ) + (−1)a+bSj−a−b−1,j

δ̂u1 ,δu2
(τ)

)

+
(−1)a+1N

a!

b∑
j=0

(a+ b− j)!
j!(b− j)!

(
−2πi

N

)j+1

(2iy)−a−b−1+j
(
S
j−a−b−1,j

δ̂−u1 ,δ−u2
(τ) + (−1)a+bS

j−a−b−1,j

δ̂u1 ,δu2
(τ)
)
.

These Eisenstein series have constant terms which are usually complicated to compute.
To solve this, given an S-series St,uα,β(τ) with t, u two integers, we introduce the following
notation in this thesis

Definition 1.3.5. Let α, β : Z/NZ→ C be two functions and t, u ∈ Z, we define

S
t,u
α,β(τ) =

{
S0,u
α,β(τ) + 1

2
α(0)L(β,−u) t = 0,

St,uα,β(τ) t 6= 0.

Set

G
(k)
α,β(τ) :=

∑
(a,b)∈(Z/NZ)2

α(a)β(b)G
(k)
a,b(τ),

if k = 2 we assume further that α(0)
∑

n∈Z/NZ β(n) = 0. Then G
(k)
α,β(τ) is an Eisenstein

series of level Γ1(N2) weight k. In particular, we have

G
(k)
a,b(τ) =G

(k)
δa,δb

(τ)

H
(k)
a,b (τ) =G

(k)

δ̂b,δ̂a
(τ).

The Eisenstein series become simpler via S-series with constant terms

Lemma 1.3.6. We have the following identity

S
0,u
α,β(iNy) + (−1)u+1S

0,u
α−,β−(iNy) =


G

(u+1)
β,α (iy) u > 0,

G
(1)
β,α(iy)− 1

2
α(0)β(0)− β(0)L(α, 0) u = 0.

= G
(1)
β,α(iy)− 1

2
β(0)L(α− α−, 0)

Proof. Note that for k ≥ 1 we have

L(δa, 1− k) = Nk−1ζ(
a

N
, 1− k).
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Also

L(δa, 0) =

{
1
2
−
{
a
N

}
if a 6= 0,

−1
2

if a = 0.

The lemma follows straightforwardly by summation over all a, b ∈ Z/NZ.

Their Atkin–Lehner involutions are

Lemma 1.3.7. Let k ≥ 1 and α, β : Z/NZ → C. If k = 2, assume further that
α(0)

∑
n∈Z/NZ β(n) = 0. Then

WN2

(
G

(k)
α,β

)
=
ik

N
G

(k)

β̂,α̂
.

A quick computation shows

Lemma 1.3.8. Let k ≥ 1 and α, β : Z/NZ → C. If k = 2, assume further that
α(0)

∑
n∈Z/NZ β(n) = 0. Then

Λ
(
G

(k)
α,β, s

)
= N s (2π)−s Γ(s)

(
L(α, s− k + 1)L(β, s) + (−1)kL(α−, s− k + 1)L(β−, s)

)
= ikNk−s−1(2π)s−kΓ(k − s)

(
L(α̂, k − s)L(β̂, 1− s) + (−1)kL(α̂−, k − s)L(β̂−, 1− s)

)
.

1.4 Incomplete Gamma Function and Generalized Ex-

ponential Integral

The incomplete gamma functions have an important role in our later definition of
generalized Mellin transform. The main goal of this section is to give an introduction to
them. As a precise reference of incomplete gamma functions, see [38, Chapter 8].

We recall initially the definitions of incomplete gamma functions. The incomplete
gamma functions are defined as the following integrals

Γ(s, z) =

∫ ∞
z

ts−1e−tdt,

γ(s, z) =

∫ z

0

ts−1e−tdt,

for Re(s) > 0 and z ∈ C. Let γ∗(s, z) = z−sγ(s, z)/Γ(s). Then the function γ∗(s, z) has
the following power series expansion

γ∗(s, z) = e−z
∞∑
k=0

zk

Γ(s+ k + 1)
,

it can be extended to an entire function in both s and z. With the relation Γ(s, z) =
Γ(s)(1 − zsγ∗(s, z)), we also have the analytic continuation of Γ(s, z). In the case s is a
nonpositive integer, we take limits of s to fill missing values.
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Example 1.4.1. Let s = 0, the incomplete gamma function Γ(0, z), i.e. the exponential
integral E1(z) (see below), is the following multivalued function

Γ(0, z) = −γ − Log z −
∞∑
k=1

(−z)k

k(k!)
.

With the recurrence relation Γ(s+1, z) = sΓ(s, z)+zse−z we can derive the values Γ(−n, z)
for positive n.

Lemma 1.4.2. The function Γ(s, z) can be extended to

(1) an entire function in z, when s ∈ Z>0.

(2) a multivalued function (due to the multivalueness of Log z) in z with branching point
at z = 0, holomorphic in each sector, when s /∈ Z>0.

(3) an entire function in s, when z is nonzero.

For z ∈ R<0 and s ∈ C, the incomplete gamma function has exponential growth
asymptotic expansion

Γ(s, z) ∼ zs−1e−z
(

1 +
s− 1

z
+

(s− 1)(s− 2)

z2
+ . . .

)
as |z| → ∞ (see [38, Section 8.11 (i)]).

Let j be a nonnegative integer. The generalized exponential integral defined in Mil-
gram [36] is the following integral

Ej
s(z) =

1

Γ(j + 1)

∫ ∞
1

(log t)jt−se−ztdt.

For j = 0, it is known as the exponential integral

Es(z) =

∫ ∞
1

t−se−ztdt

=zs−1Γ(1− s, z).

Since for nonzero z the exponential integral Es(z) is entire in s, by

Ej
s(z) =

(−1)j

j!

∂j

∂sj
Es(z),

the derivative Ej
s(z) can be continued to an entire function in s. For z = 0, we have

special value ([36])

Ej
s(0) =

(
1

s− 1

)j+1

for Re(s) > 1.
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We hereby add the definition Ej
s(0) := 1/(s− 1)j+1 for all s ∈ C\{1}. Then the function

Ej
s(z) is defined for all (s, z) ∈ (C\{1})× C.

Milgram computed explicitly the function Ej
s(z) with power series expansion and log-

arithms. In general for j > 0, Ej
s(z) is multivalued, holomorphic on each branch of

Log z.
To sum up, we have

Lemma 1.4.3. The function Ej
s(z) is

(1) an entire function in z, when s ∈ Z<0 and j = 0.

(2) e−z/z, thus meromorphic in z with only a simple pole at z = 0, when s = 0 and
j = 0.

(3) a multivalued function (due to the multivalueness of Log z) in z with branching point
at z = 0, holomorphic in each sector, when in the else cases for s and j.

(4) an entire function in s, when z is nonzero.

(5) 1/(s−1)j+1, thus meromorphic in s with a pole of order j+ 1 at s = 1, when z = 0.
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Chapter 2

Eisenstein Symbols

Chapter 2 is dedicated to give a quick introduction and definition of Eisenstein sym-
bols. The readers are invited to obtain more details in Deninger–Scholl [22], Deninger [21]
and the book of Brunault–Zudilin [13]. We need to introduce several objects. In Sec-
tion 2.1, we will recall the definition of universal elliptic curve. We will discuss in Sec-
tion 2.2 the Deligne–Beilinson cohomology, in Section 2.3.2 and Section 2.4 the Beilinson
conjecture and the construction and realization of Eisenstein symbols and the Beilinson–
Deninger–Scholl elements.

2.1 Universal Elliptic Curve

In this section we give a brief introduction on universal elliptic curve. The notations
are dispersed in different literature, here in this thesis we will follow the conventions
in [12].

Let N ≥ 3 be an integer. Let Y (N) be the modular curve over Q with full level N
structure. From [29, (1.8)], the complex points of Y (N) are described as follows

Y (N)(C) ' SL2(Z)\ (H×GL2(Z/NZ)) ,

where the action of SL2(Z) on H is given by Möbius transformations, on GL2(Z/NZ)
is given by left multiplications. It is endowed with the left action of GL2(Z/NZ) by
γ · (τ ; g) = (τ ; gγᵀ). This curve is not geometrically connected, there is an isomorphism
of Riemann surfaces

(Z/NZ)× × Γ(N)\H ∼−→ Y (N)(C)

(a, [τ ]) 7→
[(
τ ;

(
0 −1
a 0

))]
.

Let E be the universal elliptic curve over Y (N). Let Ew be the w-th fiber product of
E over Y (N). Then the complex points of Ew can be described by the isomorphism ([21,
3.4])

Ew(C) '
(
Z2w o SL2(Z)

)
\ (H× Cw ×GL2(Z/NZ)) , (2.1)
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where the left action of SL2(Z) is(
a b
c d

)
· (τ ; z1, . . . , zw; g) =

(
aτ + b

cτ + d
;

z1

cτ + d
, . . . ,

zw
cτ + d

;

(
a b
c d

)
g

)
,

the left action of Z2w is

(m1, n1, . . . ,mw, nw) · (τ ; z1, . . . , zw; g) = (τ ; z1 +m1 − n1τ, . . . , zw +mw − nwτ ; g).

The group GL2(Z/NZ) acts on Ew(C) on the left side by

γ · (τ ; z1, . . . , zw; g) = (τ ; z1, . . . , zw; gγᵀ).

Here in the semidirect product Z2w o SL2(Z), the group SL2(Z) acts on Z2w on the left
side by γ · (z1, . . . , zw) = (z1γ

−1, . . . , zwγ
−1), regarding each element zi ∈ Z2 as a row

vector. There is an isomorphism of complex analytic manifolds

(Z/NZ)× ×
(
Z2w o Γ(N)

)
\ (H× Cw)

∼−→ Ew(C)

(a, [τ ; z1, . . . , zw]) 7→
[(
τ ; z1, . . . , zw;

(
0 −1
a 0

))]
.

For a point [(τ ; g)] ∈ Y (N), the fiber of the projection Ew(C)→ Y (N)(C) is exactly
the w-th product of elliptic curve Eτ , where Eτ = C/(Z + Zτ).

2.2 Deligne–Beilinson Cohomology

The purpose of this section is to give a short description and to review some properties
of Deligne–Beilinson cohomology. Classically it is defined as the hypercohomology of the
Deligne–Beilinson complex (cf. [22, Section 2]). The definition of Deligne–Beilinson
cohomology which is more convenient for us to use in this thesis comes from Burgos.
Further details can be found in Burgos-Kramer-Kühn [16], Burgos [15, Section 2] and
Brunault-Zudilin [13, Section 8.1].

For a subring R of R we set R(n) = (2πi)nR. Let X be a smooth quasi-projective
complex variety. Suppose that j : X ↪→ X is a smooth compactification of X with normal
crossing divisor D = X\X. For Λ ∈ {R,C}, we denote by En

log,Λ(X) the space of Λ-valued

smooth differential n-forms on X with logarithmic singularities along D.
The complex E∗log,C(X) is bigraded by

En
log,C(X) =

⊕
p′+q′=n

Ep′,q′

log,C(X),

where Ep′,q′ denotes the subspace of forms of type (p, q) in En
log,C(X). The differential

d : En → En+1 can be decomposed as d = ∂+∂ with ∂ : Ep′,q′ → Ep′+1,q′ and ∂ : Ep′,q′ →
Ep′,q′+1.
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Definition 2.2.1 ([15, Theorem 2.6], also [13, Definition 8.3]). For an integer p ≥ 0, let
the complex Ep(X)∗ = (Ep(X)n, dnE)n≥0 be

Ep(X)n =


(2πi)p−1En−1

log,R(X) ∩
(⊕

p′+q′=n−1
p′,q′<p

Ep′,q′

log,C(X)

)
if n ≤ 2p− 1,

(2πi)pEn
log,R(X) ∩

(⊕
p′+q′=n
p′,q′≥p

Ep′,q′

log,C(X)

)
if n ≥ 2p.

and

dnEω =


−π(dω) if n ≤ 2p− 1,

−2∂∂ω if n = 2p− 1,

dω if n ≥ 2p,

where π is the projection
⊕

p′,q′ →
⊕

p′,q′<p.

Definition 2.2.2. Let X be a smooth quasi-projective complex variety. The Deligne–
Beilinson cohomology groups of X are defined as

Hn
D(X,R(p)) = Hn(Ep(X)).

There is also a real version of Deligne–Beilinson cohomology. Let X be a smooth quasi-
projective variety defined over R. Let F∞ : X(C) → X(C) be the complex conjugation
(real Frobenius) on the complex points of X. Given a complex differential form ω, we have
the de Rham conjugation FdR : ω 7→ F ∗∞(ω). For an integer p ≥ 0, we set the complexes
Ep(X/R) to be the invariants under the de Rham conjugation

Ep(X/R) := Ep(X(C))FdR .

With the complex Ep(X/R) we can define

Definition 2.2.3. Let X be a smooth quasi-projective variety defined over R. The
Deligne–Beilinson cohomology groups of X are defined as

Hn
D(X/R,R(p)) = Hn(Ep(X/R)).

Remark 2.2.4. Our definition here relies on the smooth compactification X. However, it
follows from [14] that the Deligne–Beilinson cohomology does not depend on the choice
of the compactification X.

When p ≥ n, the Deligne–Beilinson cohomology groups Hn
D(X/R,R(p)) are given by

Proposition 2.2.5. Let S∗X be the complex of real-valued smooth differential forms over
X(C) invariant under the de Rham conjugation on X(C). Let Ω∗

X
(logD) be the complex

of holomorphic forms on X(C) with logarithmic singularities along D. Set πn(ω) = 1
2
(ω+

(−1)nω). For integers n ≥ 2 and p > n, we have

Hn
D(X/R,R(n)) '

{ϕ ∈ Sn−1
X ⊗ R(n− 1) | dϕ = πn−1(ω) with ω ∈ Ωn

X
(logD)}

d(Sn−2
X ⊗ R(n− 1))

,

Hn
D(X/R,R(p)) ' {ϕ ∈ S

n−1
X ⊗ R(p− 1) | dϕ = 0}
d(Sn−2

X ⊗ R(p− 1))
.
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Proof. Notice that the complex E∗log,R(X) actually computes the de Rham cohomology
Hn
dR(X,R). The rest follows by direct computation with the complexes Ep(X/R).

Remark 2.2.6. When p > n, we see that the Deligne–Beilinson cohomology groups
Hn
D(X,R(p)) are simply the de Rham cohomology groups Hn−1

dR (X,R(p− 1)) with twisted
coefficients.

The cup product of Deligne–Beilinson cohomology (see [16, Definition 5.14], also
in [22]) is a nature homomorphism, which is contravariant functorial, associative and
graded

∪ : Hn
D(X/R,R(p))⊗Hm

D (X/R,R(q))→ Hn+m
D (X/R,R(p+ q)).

In particular, for two classes [ϕn] ∈ Hn
D(X/R,R(n)) and [ϕm] ∈ Hm

D (X/R,R(m)) associ-
ated to ωn, resp. ωm, their cup product is represented by

ϕn ∪ ϕm = ϕn ∧ πm(ωm) + (−1)nπn(ωn) ∧ ϕm.

We also need to introduce the pullback and pushforward morphisms of Deligne–
Beilinson cohomology.

The Deligne–Beilinson cohomology groups Hn
D(X/R,R(p)) are contravariant functorial

in X. Let f : X → Y be a morphism between smooth quasi-projective complex varieties.
For all nonnegative integer n and integer p, there is a pullback morphism

f ∗ : Hn
D(Y/R,R(p))→ Hn

D(X/R,R(p))

given by
f ∗[ϕ] = [f ∗ϕ],

where the inner f ∗ is the pullback of differential forms.
Let f : X → Y be a proper morphism between smooth quasi-projective complex

varieties of relative dimension e. With Poincaré duality and the covariance of Deligne–
Beilinson homology ([16, Section 5.5]), for all nonnegative integer n and integer p there
is a pushforward morphism

f∗ : Hn
D(X/R,R(p))→ Hn−2e

D (Y/R,R(p− e)).

If 0 ≤ n ≤ p and 0 ≤ n− 2e ≤ p− e, such pushforward morphism is given by

f∗[ϕ] = [f∗ϕ],

where the inner f∗ is the integration along the fiber (see [3, Definition before Proposition
6.14.1]), it is given by the following differential form

f∗ϕ =
1

(2πi)e

∫
f

ϕ.

For reader’s convenience, we give at the end of this section a summary of properties
of Deligne–Beilinson cohomology.
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Theorem 2.2.7. (1) The functors X 7→ Hn
D(X/R,R(p)) are contravariant in the cat-

egory of smooth quasi-projective complex varieties. Given a morphism f : X → Y
between smooth quasi-projective varieties, we have the pullback morphism with con-
travariant functoriality

f ∗ : Hn
D(Y/R,R(p))→ Hn

D(X/R,R(p)),

such morphism is given by the pullback of differential forms.

(2) Let f : X → Y be a proper morphism between smooth quasi-projective complex
varieties of relative dimension e, we have the pushforward morphism with covariant
functoriality

f∗ : Hn
D(X/R,R(p))→ Hn−2e

D (Y/R,R(p− e)).

If 0 ≤ n ≤ p and 0 ≤ n − 2e ≤ p − e, such morphism is given by the integration
along the fiber of differential forms.

(3) There is a cup product ∪ which is contravariant functorial, associative and graded.

2.3 Eisenstein Symbols

2.3.1 Beilinson’s Conjectures

Beilinson’s conjectures describe, up to rational factors, the special L-values of varieties
over number fields at integers. The central concept is a regulator map from the motivic
cohomology to the Deligne–Beilinson cohomology. For explicit descriptions of motivic
cohomology and regulator map, see [34] and [13, Section A.1, Section A.2].

Let X be a smooth quasi-projective variety over a field k. Let n be a nonnegative
integer and p be an integer, we have the motivic cohomology group Hn

M(X,Q(p)) of X.
It has properties as follows

Theorem 2.3.1 ([22, (1.3)], [34, Lecture 3]). (1) The functors X 7→ Hn
M(X,Q(p)) are

contravariant in the category of smooth quasi-projective varieties over k. Given a
morphism f : X → Y , we have the pullback morphism with contravariant functori-
ality

f ∗ : Hn
M(Y,Q(p))→ Hn

M(X,Q(p)).

(2) Let f : X → Y be a proper morphism between smooth quasi-projective varieties
over k of relative dimension e, we have the pushforward morphism with covariant
functoriality

f∗ : Hn
M(X,Q(p))→ Hn−2e

M (Y,Q(p− e)).

(3) There is a cup product ∪ which is contravariant functorial, associative and graded.
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Let k = R or C. Let X be a smooth quasi-projective variety over k. There is a
regulator map (see [22, (2.6)], also [13, Section A.2]), defined by Beilinson

rD : Hn
M(X,Q(p))→ Hn

D(X/R,R(p)),

which commutes with cup products, pullbacks and pushforwards. Let k be a number field
and X be a smooth quasi-projective variety over k. Write X/R = X ⊗QR. The regulator
map associated to X is defined as the composition

rD : Hn
M(X,Q(p)) −→ Hn

M(X/R,Q(p)) −→ Hn
D(X/R,R(p)),

where the first map is obtained by base change and the second map is the regulator map
of X/R.

Example 2.3.2. Let X be a smooth quasi-projective complex variety. In the case n =
p = 1, we have isomorphism

H1
M(X,Q(1)) ' O×(X)⊗Z Q.

The map rD sends any invertible function f to log |f |.

Assume that X is a smooth quasi-projective variety defined over Q. Let H i
M(X,Q(j))Z

be the integral part of the motivic cohomology (see [2, 2.4.2] or [22, (1.6), (1.7)]). Beilinson
defined a natural Q-structure Bi,j in detRH

i+1
D (X/R,R(j)) (see [2, 3.2] or [22, 2.3.2]).

Then he formulated the following conjecture on the L-value L(H i+1(X), s)

Conjecture 2.3.3 (Beilinson [1]). Let X be a smooth projective variety defined over Q.
Let 0 ≤ i ≤ 2 dimX and let j > i

2
+ 1 be integers. Then

(1) The regulator map induces an isomorphism

rD : H i+1
M (X,Q(j))Z

∼−→ H i+1
D (X/R,R(j)).

(2) We have
rD(detH i+1

M (X,Q(j))Z) = L∗(H i+1(X), i+ 1− j) · Bi,j,

where L∗(H i+1(X), i+ 1− j) denotes the leading coefficient of the Taylor expansion
at s = i+ 1− j.

2.3.2 Construction of Eisenstein Symbols

Here we give a short review on the construction of Eisenstein symbols. Eisenstein
symbols live in the motivic cohomology of fiber products of the universal elliptic curve.
Their images under the regulator map in Deligne–Beilinson cohomology can be described
with real-analytic Eisenstein series. For references and more explicit definitions see [22,
Section 4] and [2].
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Let N ≥ 3 be an integer and Y (N) be the modular curve with level N structure. Let
X(N) be its usual compactification, obtained by adjoining some cusps. The set of cusps
CN = X(N)− Y (N) is a finite set of closed points with bijections

CN '
{(
∗ ∗
0 ±1

)}
\GL2(Z/NZ).

The motivic cohomology group H1
M(Y (N),Q(1)) ' O(Y (N))× ⊗ Q is the group of

modular units defined over Q. There is a divisor map

Res0
M : H1

M(Y (N),Q(1))→ Q[CN ](0),

where Q[CN ](0) is the Q-linear space of divisors of degree 0 over CN .
Let n be a positive integer. We define Q[CN ](n) to be the space

Q[CN ](n) =

{
f : GL2(Z/NZ)→ Q

∣∣∣∣ f ((∗ ∗0 1

)
g

)
= f(g) = (−1)nf(−g) for all g

}
.

Recall that En is the n-th fiber product of the universal elliptic curve E over Y (N).
Beilinson defined a residue map (see [2, (2.1.2)], also [22, (4.3.3)])

ResnM : Hn+1
M (En,Q(n+ 1))→ Q[CN ](n).

There is an Eisenstein symbol map defined by Beilinson [2] (also [22, (4.6)]), which is
a canonical right inverse of ResnM for n ≥ 0. Beilinson constructed the Eisenstein symbol
map EnM with cup-products of certain elliptic functions which have divisors on N -torsion
sections of E. It is a map

EnM : Q[CN ](n) → Hn+1
M (En,Q(n+ 1))

satisfying ResnM ◦ EnM = id. In particular, the residue map ResnM is a surjective map.
Let the horospherical map λnN : Q[(Z/NZ)2] → Q[CN ](n) be the following family of

map

λnN(φ)(g) =
∑

(v1,v2)∈(Z/NZ)2

φ
(
g−1(v1, v2)

)
Bn+2

({v2

N

})
,

where Bn+2 denotes the Bernoulli polynomial and {x} is the fractional part of x.

Definition 2.3.4. For u ∈ (Z/NZ)2, assume further u 6= 0 if n = 0, we define the
Eisenstein symbol to be

Eisn(u) = EnM ◦ λnN(φu) ∈ Hn+1
M (En,Q(n+ 1)),

where φu is the characteristic function at u.

The group GL2(Z/NZ) acts (right) on Hn+1
M (En,Q(n+ 1)). Since the map ResnM and

EnM are GL2(Z/NZ)-equivariant, we have
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Lemma 2.3.5. For all g ∈ GL2(Z/NZ) and all u ∈ (Z/NZ)2 with u 6= 0 when n = 0,
we have

g∗ Eisn(u) = Eisn(ug).

Let k1, k2, j be non-negative integers and set w = k1 + k2. Let k = w + 2. Consider
the following diagram

Ek1+j+k2

Ek1+j Ek1+k2 Ej+k2

p1
p

p2 ,

where p1 : Ek1+j+k2 → Ek1+j is the projection on the first k1 + j components, p2 :
Ek1+j+k2 → Ej+k2 is the projection on the last k2 + j components, and p : Ek1+j+k2 →
Ek1+k2 is the projection by omitting the middle j components. Deninger–Scholl [22] and
also Gealy [28] constructed the following element

Definition 2.3.6. Let u1 = (a1, b1), u2 = (a2, b2) ∈ (Z/NZ)2 with ui 6= 0 when ki = 0.
Then the Beilinson–Deninger–Scholl element is

Eisk1,k2,j(u1, u2) = p∗(p
∗
1 Eisk1+j(u1) ∪ p∗2 Eisk2+j(u2))

∈ Hw+2
M (Ew,Q(w + j + 2)).

Example 2.3.7. In the case k1 = k2 = j = 0, we have Eis0(u) = gu ⊗ (2/N) where gu
is the Siegel unit on Y (N). After taking cup products we get the Beilinson-Kato element
(see [29]) Eis0,0,0(u1, u2) = 4/N2{gu1 , gu2} in the K-group K2(Y (N))⊗Q.

2.4 Realization of the Beilinson–Deninger–Scholl El-

ements

The aim of this section is to provide an explicit formula for the realization (i.e. the
image under regulator map) of the Beilinson–Deninger–Scholl element in the Deligne–
Beilinson cohomology.

Denote by (τ ; z1, . . . , zn) the coordinates on En(C). For all integers 0 ≤ a ≤ n we
define the following n-form on Cn

ψa,n−a =
1

n!

∑
σ∈Sn

dzσ(1) ∧ . . . dzσ(a) ∧ dzσ(a+1) · · · ∧ dzσ(n).

After [2] and [11, Section 8], we have the following proposition

Proposition 2.4.1. Let u ∈ (Z/NZ)2. Assume u 6= 0 if n = 0. Then the element
rD(Eisn(u)) is represented by the following real analytic n-form

EisnD(u) = −n!(n+ 2)

2πN
Im(τ)

n∑
a=0

F a,n−a
gu1

(τ)ψa,n−a mod dτ, dτ .
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Moreover, we have d EisnD(u) = πn(Eisnhol(u)), where

Eisnhol(u) = (−1)n+1n+ 2

N
(2iπ)n+1F (n+2)

σgu1
(τ)dτ ∧ ψn,0,

where the Fourier expansions of the functions F a,n−a
∗ and F

(n+2)
∗ are given in Section 1.3.

Let u1 = (a1, b1), u2 = (a2, b2) ∈ (Z/NZ)2. If ki = 0 we assume ui 6= 0. Recall that
we have the following Beilinson–Deninger–Scholl element

Eisk1,k2,j(u1, u2) = p∗(p
∗
1 Eisk1+j(u1) ∪ p∗2 Eisk2+j(u2))

∈ Hw+2
M (Ew,Q(w + j + 2)).

With the formula of cup product, pullback and pushforward morphisms of Deligne–
Beilinson cohomology, we can get an explicit formula of the regulator of the Beilinson–
Deninger–Scholl element

Proposition 2.4.2. The element Eisk1,k2,jD (u1, u2) = rD(Eisk1,k2,j(u1, u2)) is represented
by the following differential form

Eisk1,k2,jD (u1, u2) = p∗
(
p∗1 Eisk1+j

D (u1) ∧ πk2+j+1(p∗2 Eisk2+j
hol (u2))

+ (−1)k1+j+1πk1+j+1(p∗1 Eisk1+j
hol (u1)) ∧ p∗2 Eisk2+j

D (u2)
)
.

It is also possible to define the regulator of Beilinson–Deninger–Scholl element in level
N = 1, 2. In these cases, the universal elliptic curve E(N) of level N does not exist
anymore. Letting N ′ divisible by N with N ′ ≥ 3, we have the universal elliptic curve
E(N ′) over Y (N ′). The group GL2(Z/N ′Z) acts on the complex points of the universal
elliptic curve E(N ′)(C) and the Deligne–Beilinson cohomology of E(N ′)w. Write K for
the kernel of GL2(Z/N ′Z)→ GL2(Z/NZ). We define

Definition 2.4.3. Let N = 1, 2. Given the integer N ′ ≥ 3 with N |N ′, the Deligne–
Beilinson cohomology of E(N)w is formally defined as the following K-invariant

Hn
D(E(N)w/R,R(p)) := Hn

D(E(N ′)w/R,R(p))K .

Observe that for g ∈ GL2(Z/N ′Z) we have g∗ Eisk1,k2,jD (u1, u2) = Eisk1,k2,jD (u1g, u2g). A
regulator of level N can be constructed from a regulator of level N ′ which is invariant
under K. We make the following definition

Definition 2.4.4. Let N = 1, 2 and u1, u2 ∈ (Z/NZ)2. Let k1, k2 ≥ 2 and j be integers.
Suppose that the integer N ′ ≥ 3 is divisible by N . The element Eisk1,k2,jD (u1, u2) of level
N is defined as the following element of level N ′(

N ′

N

)w+2j+2

Eisk1,k2,jD

(
N ′

N
u1,

N ′

N
u2

)
∈ Hw

D (E(N)w/R,R(w + j + 2)) .
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Note that our definition relies on the choice of N ′. However, we will later recognize
that all our arguments and computations in Chapter 6 pass over directly in level N = 1, 2.

In the next chapter, we will define the Shokurov cycles. In general, the differential
form Eisk1,k2,jD (u1, u2) has nonzero constant terms in its Fourier expansion (cf. Section 1.3).
So the integral of the regulator Eisk1,k2,jD (u1, u2) over a Shokurov cycle usually does not
converge. We will build in Chapter 3 a theory of regularized integrals to solve this problem.
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Chapter 3

Regularization and Mellin Transform

The history of Mellin transformation can be traced back to Riemann. In his famous
study of ζ-function, he gave the following formula

Γ(s)ζ(s) =

∫ ∞
0

1

ex − 1
xs−1dx.

In general setting, let f(x) be a complex-valued function with positive variable x, we have
the integral

M(f, s) =

∫ ∞
0

f(x)xs−1dx

with complex variable s. These integrals were later systematically analyzed by Mellin,
after whom the name of theory was derived. Mellin transform appears everywhere in the
theory of L-functions. For example, the Mellin transform of a modular form f ∈ Mk

along the imaginary axis is the completed L-function associated to f , as witnessed in
Subsection 1.1.2.

We aim to build a generalization of Mellin transform to more general modular func-
tions. This chapter is structured in two parts. The first part concerns about general-
ized Mellin transform and the latter concerns about periods and residues over extended
modular symbols. In the first part, we start by reviewing the classical theory of Mellin
transform, and then in Section 3.2 and Section 3.3 we define generalized Mellin transforms
and regularized integrals, the main tool of this thesis. Several examples of L-functions
are given in Section 3.4. The second part is oriented towards regulator integrals. We
recall the extended modular symbols defined by Stevens [44] and formulate afterwards in
Section 3.6 a theory of periods and residues of certain closed forms, such as our regulator
Eisk1,k2,jD (u1, u2).

3.1 Mellin Transform

In this section, we retrieve the classical theory of Mellin transform, which can be found
in typical textbooks involving integral transforms. The Mellin transform is a basic tool in
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40 CHAPTER 3. REGULARIZATION AND MELLIN TRANSFORM

analyzing zeta functions and L-functions. References of this section include [20, Chapter
8] and [26].

Definition 3.1.1. Let f(x) be a continuous complex-valued function on (0,∞). The
Mellin transform of f is given as

M(f, s) =

∫ ∞
0

f(x)xs−1dx.

Let us recall that we have an existence strip when the asymptotic conditions at 0 and
∞ are given.

Lemma 3.1.2. If we have two real constants α and β with α < β such that

f(x) = O(x−α) when x→ 0,

f(x) = O(x−β) when x→∞,

then the Mellin transform M(f, s) exists on the open strip α < Re(s) < β.

Also, we have an inversion formula for Mellin transform.

Lemma 3.1.3. Let F (s) = M(f, s) be the Mellin transform of f(t) on the strip α <
Re(s) < β. Assume that F (c + it) is integrable with respect to t for all α < c < β, then
we have equality

f(x) =
1

2πi

∫ c+i∞

c−i∞
F (s)x−sds

for all x on (0,∞).

We also list some basic formulas about Mellin transform.

Lemma 3.1.4. Let F (s) = M(f, s) (resp. G(s) = M(g, s)) be the Mellin transform of
f(x) (resp. g(x)) on the strip α < Re(s) < β (resp. α′ < Re(s) < β′). Then we have the
following table about Mellin transforms.

Original functions Mellin transforms Existence strips

f(ax), a > 0 a−sF (s) α < Re(s) < β

f(x−1) −F (−s) −β < Re(s) < −α

xzf(x), z ∈ C F (s+ z) α < Re(s+ z) < β

Dkf(x), k positive integer (− 1
2πi )

k(s− k)kF (s− k) α+ k < Re(s) < β + k∫∞
0
f(t)g(x/t)dtt F (s)G(s) max{α, α′} < Re(s) < min{β, β′}
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3.2 Generalized Mellin Transformation and Regular-

ized Integral I

The classical Mellin transform deals with function relying on some crucial conditions
at boundaries. However, these conditions do not hold for many modular forms that we
encounter in this thesis. The technique of generalized Mellin transform, which appears
in many literature such as [26] and [46], are widely used to treat more general functions.
In a nutshell, the idea is that there is a connection between the asymptotic expansions of
a function and the poles of its Mellin transform. Similar ideas can also be found in [19,
Section 8.6].

Definition 3.2.1. Let f(x) be a complex-valued function of positive real variable x. We
say that f has poly-log asymptotic expansion at ∞ if for any real N

f(x) =
∑

Re(sn)≤N

cn x
−sn(log x)ln + o(x−N) when x→∞,

or in short
f(x) ∼

∑
n

cn x
−sn(log x)ln when x→∞,

where sn is a series of complex numbers with non-decreasing real parts Re(s0) ≤ Re(s1) ≤
· · · ≤ Re(sn) ≤ · · · such that either there are finitely many sn or Re(sn) tends to infinity
as n → ∞, and ln are nonnegative integers. If there are only finitely many (sn, ln),
we call f has finite poly-log asymptotic expansion. We write a(f ;∞) as the formal sum∑

n cn x
−sn(log x)ln for the poly-log expansion of f at ∞.

We can also consider functions with poly-log asymptotic expansion at 0.

Definition 3.2.2. One says that f(x) has (finite) poly-log asymptotic expansion at 0 if
f( 1

x
) has (resp. finite) poly-log asymptotic expansion at ∞. This is to say, for any real

N we have
f(x) =

∑
Re(s′n)≥N

cn
′ x−s

′
n(log x)l

′
n + o(x−N) when x→ 0

with s′n a series of complex numbers with non-increasing real parts Re(s′0) ≥ Re(s′1) ≥
· · · ≥ Re(s′n) ≥ · · · such that either there are finitely many s′n or Re(s′n) tends to negative
infinity as n → ∞, and ln nonnegative integers. Similarly, we write formally a(f ; 0) =∑

n cn
′ x−s

′
n(log x)l

′
n for its poly-log expansion at 0.

We will see soon, given a function f(x) with poly-log asymptotic expansions at 0 and
∞, we can truncate its asymptotic expansions to define its generalized Mellin transform
F (s). Generally speaking, the asymptotic expansions of f(x) at 0 and ∞ correspond to
the poles of the meromorphic continuation of F (s).

We are about to define the regularized value and regularized integral for a function
with poly-log asymptotic expansions. The idea is to take only the constant term in a
given expansion.
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Definition 3.2.3. Let f(x) be a continuous function on (0,∞) with poly-log asymptotic
expansion at ∞. The regularized value of f at ∞ is defined as the constant in a(f ;∞)
(i.e. those terms with (sn, ln) = (0, 0)), denoted by f ∗(∞). In a similar way, we can also
define the regularized value f ∗(0).

Let F (s) be a meromorphic function on the whole complex plane with discrete poles.
The regularized value of F at a ∈ C is defined as

F ∗(a) :=

{
lims→a(F (s)− Pa(s)) if a is a pole,

F (a) else,
(3.1)

where Pa(s) is the principal part in the Laurent expansion of F (s) at s = a.

Let f(x) be a continuous complex-valued function on (0,∞). Assume that f has poly-
log asymptotic expansion at ∞. Let s ∈ C. Suppose that g(x) is a primitive of f(x)xs−1,
that is,

dg(x) = f(x)xs−1dx,

Then we claim that g(x) has also poly-log asymptotic expansions at 0 and ∞. Notice
that we have∫

xs(log x)l dx =

{
(−1)l l!

(s+1)l+1x
s+1el (−(s+ 1) log x) + C s 6= −1,

(log x)l+1

l+1
+ C s = −1,

where el(x) =
∑l

i=0
xi

i!
is a polynomial. Hence there exists a poly-log asymptotic expansion

Q(x, log x) with zero constant term such that

g(x) ∼ g∗(∞) +Q(x, log x) when x→∞.

Similarly we have the same argument at 0.

Definition 3.2.4. Let f(x) be a continuous function on (0,∞) with poly-log asymptotic
expansions at 0 and ∞. Let g(x) be a primitive of f(x)xs−1 for a given s ∈ C, then the
regularized integrals of f(x) are defined as∫ t,∗

0

f(x)xs−1 dx = g(t)− g∗(0),

∫ ∞,∗
t

f(x)xs−1 dx = g∗(∞)− g(t),

and ∫ ∞,∗
0

f(x)xs−1 dx = g∗(∞)− g∗(0),

where t is an arbitrary positive real number.
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Example 3.2.5. The regularized integral of a poly-log function is always zero. In fact,∫ ∞,∗
0

xs(log x)l dx =

∫ 1,∗

0

xs(log x)l dx+

∫ ∞,∗
1

xs(log x)l dx

=

{
(−1)l l!

(s+1)l+1x
s+1el (−(s+ 1) log x) |x=1 − (−1)l l!

(s+1)l+1x
s+1el (−(s+ 1) log x) |x=1 s 6= −1,

(log x)l+1

l+1
|x=1 − (log x)l+1

l+1
|x=1 s = −1,

=0.

Now let f(x) be a continuous function with poly-log asymptotic expansions

f(x) ∼
∑
n

cn x
−sn(log x)ln when x→∞,

f(x) ∼
∑
n

cn
′ x−s

′
n(log x)l

′
n when x→ 0

(3.2)

as in Definition 3.2.1 and Definition 3.2.2. To give a definition for the Mellin transform
of f(x), we split it into two parts with a cutting point t0 ∈ (0,∞)∫ ∞

0

f(x)xs−1dx =

∫ ∞
t0

f(x)xs−1dx+

∫ t0

0

f(x)xs−1dx

=:L(s) +R(s).

The first part L(s) converges absolutely for Re(s)� 0 and the second part R(s) converges
absolutely for Re(s) � 0. In fact L(s) can be continued meromorphically to the whole
complex plane. For arbitrary real α and Re(s)� 0, we have

L(s) =

∫ ∞
t0

f(x)xs−1dx

=

∫ ∞
1

(f(x)− a≤α(f,∞))xs−1dx−
∫ t0

1

f(x)xs−1dx

+
∑

Re(sn)≤α

(−1)ln+1cn ln!

(s− sn)ln+1
,

(3.3)

where
a≤α(f,∞) =

∑
Re(sn)≤α

cn x
−sn(log x)ln .

Therefore L(s) can be extended meromorphically to the half-plane Re(s) < α. All the
same also works for R(s). It can be seen from (3.3) that their sum L(s) +R(s) does not
depend on the choice of t0. In this manner, we can define

Definition 3.2.6. The generalized Mellin transform of f(x) is the sum of meromorphic
continuations of two parts

M(f, s) := L(s) +R(s).
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Typical examples of generalized Mellin transforms are completed L-functions of mod-
ular forms, see Example 3.4.1 for details.

Conversely, the meromorphic continuation of Mellin transform also encodes the infor-
mation of poly-log asymptotic expansions at 0 and ∞.

Lemma 3.2.7 ([26, Theorem 4, (i) and (ii)]). Let f(x) be a continuous complex-valued
function with positive real variable x. Let F (s) = M(f, s) be its Mellin transform with
nonempty existence strip α < Re(s) < β. Suppose F (s) extends to a meromorphic func-
tion on the strip γ < α < Re(s) < β < δ with finitely many poles, and F (s) is analytic on
Re(s) = γ and Re(s) = δ. Let the sum of principle parts in the Laurent expansion F (s)
at all its poles in the strip γ < Re(s) < δ be∑

n

rn
1

(s− sn)ln+1
.

If there exist η1, η2 ∈ (α, β) such that for Re(s) ∈ (γ, η1) ∪ (η2, δ),

|F (s)| = O(|s|−1−ε) with ε > 0

as |s| → ∞, then f(x) has a poly-log boundary conditions

f(x) =
∑

Re(sn)≤α

rn

(
(−1)ln+1

l!
x−sn(log x)ln

)
+O(x−γ) when x→ 0,

and

f(x) =
∑

Re(sn)≥β

−rn
(

(−1)ln+1

l!
x−sn(log x)ln

)
+O(x−δ) when x→∞.

Theorem 3.2.8. Suppose that f(x) is a continuous function on (0,∞) with poly-log
asymptotic expansions

f(x) ∼
∑
n

cn x
−sn(log x)ln when x→∞,

and
f(x) ∼

∑
n

cn
′ x−s

′
n(log x)l

′
n when x→ 0.

Let s ∈ C and assume that g(x) is a primitive of f(x)xs−1. Let F (s) = M(f, s) be the
generalized Mellin transform of f(x). Then the following quantities are equal

(1) the regularized integral ∫ ∞,∗
0

f(x)xs−1 dx = g∗(∞)− g∗(0),
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(2) the regularized value h∗(∞) of the function

h(x) =

∫ x

1/x

f(t)ts−1 dt,

(3) the following convergent integral obtained by removing poly-log parts∫ t

0

(f(x)− a≥s(f ; 0))xs−1dx+

∫ ∞
t

(f(x)− a≤s(f ;∞))xs−1dx

−
∫ ∞
t

a>s(f ; 0)xs−1dx−
∫ t

0

a<s(f ;∞)xs−1dx

−
∫ 1

t

a=s(f ; 0)xs−1dx−
∫ t

1

a=s(f ;∞)xs−1dx

where

a≤s(f,∞) =
∑
sn≤s

cn x
−sn(log x)ln ,

a<s(f,∞) =
∑
sn<s

cn x
−sn(log x)ln , and

a=s(f,∞) =
∑
sn=s

cn x
−sn(log x)ln

(similar for a≥s(f, 0) and so forth) are finite series and t is an arbitrary positive
real number.

(4) the regularized value F ∗(z)|z=s at s.

Proof. By h(x) = g(1/x) − g(x) we see (1) and (2) are equal. Notice that there is some
ε > 0 such that f(x)− a≥s(f ; 0) = O(x−s+ε) and a<s(f ;∞) = O(x−s+ε) when x tends to
0, f(x)−a≤s(f ;∞) = O(x−s−ε) and a>s(f ; 0) = O(x−s−ε) when x tends to∞. Recall that
the regularized integral of a poly-log function is always zero. So the regularized integral
in (1) equals ∫ t

0

(f(x)− a≥s(f ; 0))xs−1dx+

∫ ∞
t

(f(x)− a≤s(f ;∞))xs−1dx

−
∫ ∞
t

a>s(f ; 0)xs−1dx−
∫ t

0

a<s(f ;∞)xs−1dx

−
∫ ∞,∗
t

a=s(f ; 0)xs−1dx−
∫ t,∗

0

a=s(f ;∞)xs−1dx.

Since x−1(log x)l has primitive (log x)l+1

l+1
which vanishes at x = 1 and has regularized values

0 at both x = 0 and x = ∞, we conclude that (1) and (3) are the same. It remains to
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show that (3) coincides with (4). Take t = 1 in (3), we get∫ 1

0

(f(x)− a≥s(f ; 0))xs−1dx+

∫ ∞
1

(f(x)− a≤s(f ;∞))xs−1dx

−
∫ ∞

1

a>s(f ; 0)xs−1dx−
∫ 1

0

a<s(f ;∞)xs−1dx

=

∫ 1

0

(f(x)− a≥s(f ; 0))xs−1dx+

∫ ∞
1

(f(x)− a≤s(f ;∞))xs−1dx

−
∑
s′n>s

cn
′ (−1)l

′
nl′n!

(s− s′n)l′n+1
−
∑
sn<s

cn
(−1)lnln!

(s− sn)ln+1
,

which is exactly the regularized value F ∗(s).

3.3 Generalized Mellin Transformation and Regular-

ized Integral II

In Section 3.2 we considered functions with poly-log expansions at 0 and ∞. This
includes a fair amount of functions. But there are also many usual functions having
exponential growth at cusps, such as the j-invariant

j(τ) =
1

q
+ 744 + 196884q + 21493760q2 + . . .

To cover these functions, we define

Definition 3.3.1. Let f(x) be a complex-valued function of positive real variable x. We
say that f(x) has exp-poly-log expansion at ∞ if for any real N

f(x) =
M∑
m=1

am x
σmeλmx +

∑
Re(sn)≥N

bn x
−sn(log x)ln + o(x−N) as x→∞,

or in short
f(x) ∼

∑
m

am x
σmeλmx +

∑
n

bn x
−sn(log x)ln as x→∞,

where σm ∈ C and λm ∈ R>0 are finite series, sn and ln satisfy the same conditions as in
Definition 3.2.1. If the asymptotic expansion has no log terms, then we say that f(x) has
exp-poly expansion.

Similarly as before we define
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Definition 3.3.2. We say that f(x) has exp-poly-log expansion at 0 if f( 1
x
) has exp-poly-

log asymptotic expansion at ∞. So the function f has asymptotic expansion

f(x) ∼
∑
m

am
′ xσ

′
meλ

′
m/x +

∑
n

bn
′ x−s

′
n(log x)l

′
n when x→ 0,

where σ′m ∈ C and λ′m ∈ R>0 are finite series, s′n and l′n satisfy the same conditions as in
Definition 3.2.2.

Let f(x) be a continuous function on (0,∞) with exp-poly-log asymptotic expansions

f(x) ∼
∑
m

am x
σmeλmx + some poly-log terms as x→∞,

and
f(x) ∼

∑
m

am
′ xσ

′
meλ

′
m/x + some poly-log terms as x→ 0

as in Definition 3.3.1 and Definition 3.3.2. We consider again the following decomposition∫ ∞
0

f(x)xs−1dx =

∫ ∞
t0

f(x)xs−1dx+

∫ t0

0

f(x)xs−1dx,

both integrals do not converge since they grow exponentially at 0 or ∞. Inspired by the
method of regularization of Petersson inner products in Bringmann–Diamantis–Ehlen [4],
we introduce

L(s;ω) +R(s;ω) :=

∫ ∞
t0

f(x)xse−ωx
dx

x
+

∫ t0

0

f(x)xse−ω/x
dx

x

with a complex variable ω. It suffices to consider only the first integral L(s, ω). For
Re(ω)� 0, it converges absolutely. We see for Re(ω)� 0

L(s;ω) =

∫ ∞
t0

f(x)xse−ωx
dx

x

=

∫ ∞
t0

(
f(x)−

∑
m

amx
σmeλmx

)
xse−ωx

dx

x

+
∑
m

am(−λm + ω)−σm−sΓ(σm + s, (−λm + ω)t0)

=:L1(s;ω) + L2(s;ω).

Taking ω = 0, the first line L1(s; 0) is an integral of function with poly-log expansion at
infinity. As we showed before, it can be continued to a meromorphic function on whole
s-plane. We also want a definition of L2(s; 0), the typical way is to define it with analytic
continuation with respect to ω. Following [4], we take only one branch of Log(z) with the
branch cut to be the ray {reiθ | r ∈ R>0} to avoid problems on negative real axis, where
θ ∈ (π, 3

2
π) is a fixed angle.
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Lemma 3.3.3. Let ω and s be complex numbers. For Re(ω)� 0, the second part L2(s;ω)
defines an entire function in s. It can be continued to a holomorphic function of (ω, s) in
the open domain C\{λn + reiθ | r ∈ R≥0}×C. Moreover, the function L2(s; 0) is entire in
s and is independent of the choice of θ.

Proof. Recall that the incomplete gamma function Γ(s, z) can be extended to a holomor-
phic function in both s and z in the sector {z ∈ C | − 2π + θ < arg z < θ}. As long
as θ ∈ (π, 3

2
π), the negative real axis is always contained in this sector. Accordingly, we

have an analytic continuation of L2(s;ω) within the open set C\{λm+reiθ | r ∈ R≥0}×C.
Since −λmt0 are negative reals, the incomplete gamma functions Γ(σm + s,−λmt0) are
independent of the choice of θ.

Write L(s; 0) = L1(s; 0) + L2(s; 0). In the same spirit we can define R(s; 0).

Definition 3.3.4. The generalized Mellin transform of f(x) is the sum of two parts

M(f, s) := L(s; 0) +R(s; 0).

This definition is independent of the selection of t0. We observe that

L(s;ω) =

∫ ∞
1

(
f(x)−

∑
m

amx
σmeλmx

)
xse−ωx

dx

x

−
∫ t0

1

f(x)xse−ωx
dx

x
+
∑
m

am(−λm + ω)−σm−sΓ(σm + s,−λm + ω),

summing up L(s; 0) and R(s; 0) together we see that the part involving t0 vanishes.

Remark 3.3.5. In L1(s;ω), recall that we have the generalized exponential integral function
(see Section 1.4)

Γ(ln + 1)Eln
sn−s+1(ω) =

∫ ∞
1

(log t)lnts−sn−1e−ωtdt

and its special value

Γ(ln + 1)Eln
sn−s+1(0) =

(−1)ln+1ln!

(s− sn)ln
,

which is exactly the principle part coming from the Laurent expansion of L(s; 0) at the
pole s = sn.

We offer in Section 3.4 several examples about generalized Mellin transforms of mod-
ular functions with exponential growth.

Let f(x) be a continuous function with exp-poly-log expansion

f(x) ∼
∑
m

am x
σmeλmx +

∑
n

bn x
−sm(log x)ln as x→∞.
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For σ ∈ C and λ > 0 we have∫
xσeλx dx = −(−λ)−σ−1Γ(σ + 1,−λx) + C.

Given s ∈ C, let g(x) be a primitive of f(x)xs−1 then

g(x) ∼ −
∑
m

am(−λm)−σm−sΓ(σm + s,−λmx) +Q(x, log x) as x→∞

for some poly-log asymptotic expansion Q(x, log x).

Remark 3.3.6. Note that for positive integer σ we have

Γ(σ,−λx) = (σ − 1)!eλxeσ−1(−λx).

Thus if all σm + s are positive integers, Γ(σm + s,−λnx) are nothing but polynomials of
x and e−λnx. In this case the primitive g(x) has also exp-poly-log expansion.

Definition 3.3.7. Let g(x) be a complex-valued function of positive real variable x.
Suppose g(x) has asymptotic expansion

g(x) ∼
M∑
m=1

(
amΓ(σm,−λmx) + a′mx

σm−1eλmx
)

+
∑

(sn,ln)6=(0,0)

bn x
−sn(log x)ln + c as x→∞,

where σm, λn, sm and ln satisfy the same conditions as in Definition 3.3.1. The regularized
value of g(x) at ∞, denoted also by g∗(∞), is defined as taking x = 1 in the exponential
part and omitting the poly-log terms

g∗(∞) =
∑
σm,λn

(
amΓ(σm,−λn) + a′me

λn
)

+ c.

Similarly we can define g∗(0).

Remark 3.3.8. Note that we have infinite asymptotic expansions

Γ(σ,−λx) ∼ (−λx)σ−1eλx
(

1 +
(σ − 1)

x
+

(σ − 1)(σ − 2)

x2
+ . . .

)
.

The finite sum
∑

m(amΓ(σm,−λmx) + a′mx
σm−1eλmx) must have exponential growth (if

nonzero). Hence the regularized value is well-defined.

This leads us to the definition of regularized integral.
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Definition 3.3.9. Let f(x) be a continuous function on (0,+∞) with exp-poly-log asymp-
totic expansions at 0 and ∞. Let g(x) be a primitive of f(x)xs−1 where s ∈ C, then the
regularized integrals of f(x) are defined as∫ t,∗

0

f(x)xs−1 dx = g(t)− g∗(0),

∫ ∞,∗
t

f(x)xs−1 dx = g∗(∞)− g(t),

and ∫ ∞,∗
0

f(x)xs−1 dx = g∗(∞)− g∗(0),

where t is an arbitrary positive real number.

An analogue of Theorem 3.2.8 is given here

Theorem 3.3.10. Let f(x) be a continuous function on (0,∞) with exp-poly-log asymp-
totic expansions. Let s ∈ C and assume that g(x) is a primitive of f(x)xs−1. Suppose that
F (s) =M(f, s) is the generalized Mellin transform of f(x). Then the following quantities
are equal

(1) the regularized integral ∫ ∞,∗
0

f(x)xs−1 dx = g∗(∞)− g∗(0),

(2) the regularized value h∗(∞) of the function

h(x) =

∫ x

1/x

f(t)ts−1 dt,

(3) the regularized value F ∗(z)|z=s at s.

Proof. The incomplete gamma function Γ(σm + s,−λn) is always entire in s. Hence,
everything follows directly from Theorem 3.2.8.

Remark 3.3.11. The generalized Mellin transform defined in this section lacks some prop-
erties, comparing to the classical one. For example, the generalized Mellin transform of
f(ax) may not be a−sF (s). However one can still verify the followings

M
(
f(x−1), s

)
=−M (f(x),−s) ,

M (xzf(x), s) =M (f(x), s+ z) .
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3.4 Examples of L-functions

Let k ≥ 2 be an integer. We work with only level SL2(Z) throughout this section,
though everything carries over to arbitrary levels.

Example 3.4.1. Given a holomorphic modular form f =
∑

n≥0 af (n)qn ∈ Mk, we see
the generalized Mellin transform of f is exactly the L-function of f

Λ(f, s) = − af (0)

s
− ik af (0)

k − s

+

∫ ∞
t0

∞∑
n=1

af (n)e−2πnyys
dy

y
+ ik

∫ ∞
1/t0

∞∑
n=1

af (n)e−2πnyyk−s
dy

y
.

We know that the function Λ(f, s) is a meromorphic function of s with possibly poles at
s = 0 and s = k. It verifies the functional equation

Λ(f, s) = ikΛ(f, k − s).

Example 3.4.2. Let f =
∑

n≥n0
af (n)qn ∈ S!

k be a weakly holomorphic cusp form of
weight k. In [5], Bringmann, Fricke and Kent defined the L-function of f to be

Λ(f, s) =
∑
n≥n0

af (n)Γ(s, 2πnt0)

(2πn)s
+ ik

∑
n≥n0

af (n)Γ(k − s, 2πn
t0

)

(2πn)k−s
.

Our regularization recovers their definition. In fact the generalized Mellin transform of f
is ∑

n0≤n<0

af (n)Γ(s, 2πnt0)

(2πn)s
+ ik

∑
n0≤n<0

af (n)Γ(k − s, 2πn
t0

)

(2πn)k−s

+

∫ ∞
t0

∞∑
n=1

af (n)e−2πnyys
dy

y
+ ik

∫ ∞
1/t0

∞∑
n=1

af (n)e−2πnyyk−s
dy

y
.

We see that Λ(f, s) is an entire function of s. It satisfies the functional equation

Λ(f, s) = ikΛ(f, k − s).

Example 3.4.3. Let f =
∑

n≥n0
af (n)qn ∈ M !

k be a weakly holomorphic form of weight
k with af (0) 6= 0. Then the L-function of f is

Λ(f, s) =
∑
n≥n0

af (n)Γ(s, 2πnt0)

(2πn)s
+ ik

∑
n≥n0

af (n)Γ(k − s, 2πn
t0

)

(2πn)k−s

− af (0)

s
− ik af (0)

k − s
.
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The last line comes form the constant term of f . We see that the function Λ(f, s) is a
meromorphic function of s with poles only at s = 0 and s = k. It satisfies the functional
equation

Λ(f, s) = ikΛ(f, k − s).

Remark 3.4.4. We can also write the L-function of f as

Λ(f, s) =
∑
n≥n0

af (n)E1−s(2πnt0) + ik
∑
n≥n0

af (n)E1−k+s(2πn/t0),

in view of the special value of exponential integral function E1−s(0) = −s−1.

Example 3.4.5. Let f be a harmonic Maass form of weight 2−k (see [6] for the definition
of a harmonic Maass form) with Fourier expansion

f(τ) =
∑
n≥n0

a+
f (n)qn +

∑
n<0

a−f (n)Γ(k − 1,−4πny)qn.

Then f has exp-poly expansions at 0 and ∞. The generalized Mellin transform of f is

Λ(f, s) =
∑
n≥n0

a+
f (n)Γ(s, 2πnt0)

(2πn)s
+ i2−k

∑
n≥n0

a+
f (n)Γ(2− k − s, 2πn

t0
)

(2πn)2−k−s

+

∫ ∞
t0

∞∑
n=1

a−f (−n)Γ(k − 1, 4πny)e2πnyys
dy

y

+i2−k
∫ ∞
t0

∞∑
n=1

a−f (−n)Γ(k − 1, 4πny)e2πnyy2−k−sdy

y
.

Writing explicitly we get

Λ(f, s) +
a+
f (0)

s
+ i2−k

a+
f (0)

2− k − s
=∑

n≥n0

a+
f (n)Γ(s, 2πnt0)

(2πn)s
+ i2−k

∑
n≥n0

a+
f (n)Γ(2− k − s, 2πn

t0
)

(2πn)2−k−s

+ (k − 2)!
k−2∑
l=0

2l

l!

(
∞∑
n=0

a−f (n)Γ(l + s, 2πnt0)

(2πn)s
+ i2−k

∞∑
n=0

a−f (n)Γ(l + 2− k − s, 2πn
t0

)

(2πn)2−k−s

)
.

This gives us one way to define the L-function of f . The function Λ(f, s) has possibly
poles at 0 and 2− k. It verifies the functional equation

Λ(f, s) = i2−kΛ(f, 2− k − s).
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3.5 Modular Symbols and Modular Caps

In this section we introduce the theory of extended modular symbols, including mod-
ular symbols and modular caps, originally defined by Stevens [44].

Let H be the Poincaré upper half-plane. Let HBS
be the Borel–Serre completion of H

obtained by adding to each rational cusp a horocycle at infinity Hα. Let α ∈ P1(Q) be a
cusp and x ∈ P1(R)− {α}, we add the ‘initial point’ πα(x) of the oriented geodesic from
α to x to the boundary component of α. For each α ∈ P1(Q) and y > 0, we can assign α
with a horocycle Hy

α. At the infinity cusp, the horocycle Hy
∞ is the straight line Im τ = y.

Given α = p/q ∈ Q with p and q coprime, Hy
α is the horocycle with Euclidean diameter

1/(q2y). We may think of the horocycle at infinity Hα as the limit of the horocycle Hy
α

when y →∞.

Given a pair of distinct cusps, recall a modular symbol {α, β} is a 1-chain on HBS

represented by the closed oriented geodesic from α to β (illustrated in Figure 3) . It
has boundary πβ(α)− πα(β). We write πyα(β) for the intersection of {α, β} and Hy

α. Let
{α, β}y be the segment of {α, β} joining πyα(β) and πyβ(α). Then the modular symbol can
be viewed as the limit of 1-chain {α, β}y, as y →∞.

Hy
∞

Hy
α

∞

0 βα

πyα(β)

Figure 3. Modular symbols and Horocycles at infinity

The modular cap, defined by Stevens, is the 1-chain represented by the segment of a
horocycle at infinity cut by two distinct modular symbols (illustrated in Figure 4). Write
[β, γ]α for the segment of Hα joining πα(β) to πα(γ). Let [β, γ]yα be the segment of Hy

α

joining πyα(β) and πyα(γ). Then a modular cap [β, γ]α can be seen as the limit of [β, γ]yα,
as y →∞.

We reformulate the definition of extended modular symbols by Stevens with relations
on modular symbols and caps.

Definition 3.5.1. Let K2 be the free abelian group spanned by modular symbols and
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Hα Hβ Hγ

{γ, α}

{α, β}

{β, γ}

βα γ

[γ, β]α [α, γ]β [β, α]γ

Figure 4. The 6-term relation

caps, modulo the 6-term relations

{α, β}+ {β, γ}+ {γ, α} = [α, β]γ + [β, γ]α + [γ, α]β,

3-term relations
[α, β]δ + [β, γ]δ + [γ, α]δ = 0

and relations

{α, α} =0,

{α, β} =− {β, α},
[β, β]α =0,

[β, γ]α =− [γ, β]α.

(The 6-term relation is depicted in Figure 4.)

There is a left action of GL+
2 (Q) on K2 given by

g{α, β} ={gα, gβ},
g[β, γ]α =[gβ, gγ]gα.

This action is compatible with the action of GL+
2 (Q) on the Borel–Serre completion HBS

.
Let Γ be a subgroup of GL+

2 (Q). Then Γ acts on K2. The space K2(Γ) is defined as
the group of Γ-coinvariants, i.e. K2/〈x− γx |x ∈ K2, γ ∈ Γ〉, and modulo all torsions.
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Theorem 3.5.2 (Stevens [44, (1.8)]). Let α be a rational number with continued fraction
in the form

α = a0 −
1

a1 −
1

. . . −
1

an
,

where a0 is an integer and ai are positive integers.
Let p−1

q−1
= 1

0
, p0
q0

= a0
1
, p1
q1
, . . . , pn

qn
= α with qi > 0 be the successive convergents and set

γ−1 =

(
1 0
0 1

)
, γ0 =

(
−p0 p−1

−q0 q−1

)
, · · · , γn =

(
−pn pn−1

−qn qn−1

)
.

Then we have the following decomposition

{∞, α} = −
n∑
k=0

γk{∞, 0}+ γn[0,
qn−1

qn
]∞ +

n∑
k=0

γk−1[0, ak]∞ − [0, α]∞.

Unlike modular symbols, extended modular symbols are unlikely to be finitely gener-
ated since there are too many caps. From Theorem 3.5.2, we deduce immediately

Theorem 3.5.3. Let N ≥ 1 be an integer and r0, . . . , rm be the right coset representatives
of Γ(N) in SL2(Z). Then K2(N) := K2(Γ(N)) is generated by the Manin symbols ri{0,∞}
and caps ri[0, α]∞, where α ∈ Q.

3.6 Integration over Extended Modular Symbols

Observe that the regulator Eisk1,k2,jD is represented by a closed form which has usually
polynomial growth at cusps. Its integral along the Shokurov cycle (see Definition 3.6.11
later) ∫

XmY w−m{0,∞}
Eisk1,k2,jD (u1, u2)

will not converge in general cases.
Another example comes from the weakly holomorphic quasi-modular form f = E2j of

weight 2. It has Fourier expansions

f(τ) =
1

q
+ 720 + 178956q + 16714880q2 + . . .

and exp-poly growth at certain cusps. To define a period of E2j means to inspect the
integral of closed form f(τ)dτ along the modular symbol {g−1∞,∞} for g ∈ SL2(Z)

rf (g) =

∫ ∞
g−1∞

E2j(τ)dτ.
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Unfortunately this integral is not convergent.
Let ω be a real-analytic closed 1-form on H. Usually ω is set to be invariant under

some congruence subgroup, then ω is real-analytic modular of weight 2. One may pose
the following questions

(1) Is it possible to define the period of ω, namely, for every modular symbol {α, β}, a

(regularized) integral
∫ β,∗
α

ω?

(2) If so, will we have 3-term relations like Stokes’ formula?

(3) Do we have periods in higher weights?

3.6.1 Weight 2 Case

Let us use our theory of regularization to introduce a definition of regularized integrals
along extended modular symbols. The first thing that we need is a moderate growth of
the closed form ω at every cusp.

Let ω be a real-analytic closed 1-form on H. Any element g ∈ GL+
2 (Q) acts on H and

we have g∗ω as the pullback of the differential form ω. Given any α = p/q ∈ Q with p
and q coprime, we set

σα =

(
p u
q v

)
∈ SL2(Z),

then σα∞ = α. The element σα is unique modulo the parabolic subgroup at infinity. For
two such elements σα and σ′α we have

σ′−1
α σα ∈

{
±
(

1 m
0 1

) ∣∣∣∣ m ∈ Z
}
.

Definition 3.6.1. Let Ω1
epl(H,C) be the space of real-analytic complex-valued closed

1-forms ω which satisfy the following conditions

(1) for every g ∈ SL2(Z), the 1-form g∗ω has exp-poly-log expansions at infinity with
respect to y. This is to say, let τ = x + iy ∈ H and g∗ω = f1(x, y)dτ + f2(x, y)dτ ,
then for every x, the functions f1(x, ·) and f2(x, ·) have exp-poly-log asymptotic
expansions at ∞.

(2) for every g ∈ SL2(Z) and x ∈ R, the integral
∫

[0,x]y∞
g∗ω has exp-poly-log expansions

at infinity with respect to y, where [0, x]y∞ is the line segment from iy to x+ iy.

Indeed, the first condition guarantees the existence of integrals of ω along modular
symbols (periods) and the second condition guarantees the existence of integrals of ω
along modular caps (residues).
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Remark 3.6.2. If f(y) has exp-poly-log expansion at infinity, it is evident that f(ay) has
also exp-poly-log expansion at infinity for a ∈ R>0. This indicates that we can replace in
the definition SL2(Z) by GL+

2 (Q) since(
r s
0 t

)
· τ =

rτ + s

t

only changes the imaginary part y = Im(τ) to its multiple.

Proposition 3.6.3. Let ω ∈ Ω1
epl(H,C) be a closed 1-form and {α, β} be a modular

symbol. Then the function

I(y) =

∫
{α,β}y

ω

has exp-poly-log expansion at infinity. In particular, the regularized value I∗(∞) exists.

Proof. The integral is taken from πyα(β) to πyβ(α) (see Figure 3). Take any cutting point
t between them on {α, β}, we denote by {πyα(β), t}(resp. {t, πyβ(α)}) the segment joining
πyα(β) and t (resp. t and πyβ(α)). Then∫

{α,β}y
ω =

∫
{πyα(β),t}

ω +

∫
{t,πyβ(α)}

ω

=

∫ σ−1
α t

Re(σ−1
α t)+iy

σ∗αω +

∫ Re(σ−1
β t)+iy

σ−1
β t

σ∗βω.

Since σ∗αω and σ∗βω have exp-poly-log expansions at ∞, the regularized values of both
integrals at ∞ are well-defined.

For integrals over modular caps, let us use the same idea.

Proposition 3.6.4. Let ω ∈ Ω1
epl(H,C) be a closed 1-form. Then the function

J(y) =

∫
[β,γ]yα

ω.

has exp-poly-log expansion at infinity. In particular, the regularized value J∗(∞) exists.

Proof. By σ−1
α [β, γ]yα = [σ−1

α β, σ−1
α γ]y∞, we have∫

[β,γ]yα

ω =

∫
[σ−1
α β,σ−1

α γ]y∞

σ∗αω

=

∫
[0,σ−1

α γ]y∞

σ∗αω −
∫

[0,σ−1
α β]y∞

σ∗αω.
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Definition 3.6.5. Let ω ∈ Ω1
epl(H,C) and let {α, β}, [β, γ]α be a modular symbol and a

modular cap. We define the regularized integrals of ω along the modular symbol {α, β}
and cap [β, γ]α ∫ ∗

{α,β}
ω ,

∫ ∗
[β,γ]α

ω

to be the regularized values of
∫
{α,β}y ω and

∫
[β,γ]yα

ω as y →∞.

It is imperative that we can perform change of variable on our regularized integrals.
This is to say, given an extended modular symbol κ ∈ K2, for all g ∈ SL2(Z) we should
have the identity ∫ ∗

κ

g∗ω =

∫ ∗
gκ

ω.

In particular, if ω is invariant under some congruence subgroup Γ, then we can pair it with
elements in the extended modular symbol space K2(Γ). Luckily, this is not a problem
with our definition of horocycles Hy

∗ .

Lemma 3.6.6. An element g ∈ SL2(Z) preserves the horocycles Hy
∗ , that is,

gHy
α = Hy

gα.

In particular, we have σαH
y
∞ = Hy

α.

Proof. Let α = p/q ∈ Q with p and q coprime. Then

w ∈ σαHy
∞ ⇐⇒ Imσ−1

α w = y ⇐⇒ Im(w)

|p− qw|2
= y

⇐⇒ (Re(w)− p/q)2 +
(
Im(w)− 1/(2q2y)

)2
=
(
1/(2q2y)

)2

⇐⇒w ∈ Hy
α.

For general g ∈ SL2(Z) we have

gHy
α = (gσα)Hy

∞ = Hy
gα.

Lemma 3.6.7. Let ω ∈ Ω1
epl(H,C) and g ∈ SL2(Z). Let {α, β}, [β, γ]α be a modular

symbol and a modular cap. Then∫ ∗
{α,β}

g∗ω =

∫ ∗
{gα,gβ}

ω∫ ∗
[β,γ]α

g∗ω =

∫ ∗
[gβ,gγ]gα

ω
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Proof. From Lemma 3.6.6 we find that g ∈ SL2(Z) preserves the horocycles, that is,

gHy
α = Hy

gα, gHy
β = Hy

gβ.

Consequently, ∫
{α,β}y

g∗ω =

∫
{gα,gβ}y

ω∫
[β,γ]yα

g∗ω =

∫
[gβ,gγ]ygα

ω.

Take both side regularized value we win.

Theorem 3.6.8. There is a well-defined pairing

Ω1
epl(H, C)×K2 −→ C

(ω, {α, β}) 7−→
∫ ∗
{α,β}

ω

(ω, [β, γ]α) 7−→
∫ ∗

[β,γ]α

ω

given by the regularized integrals over modular symbols and caps.

Proof. We only need to check the 6-term relations. The rests are obvious. Let α, β, γ ∈
P1(Q) be distinct cusps. Integrating ω over the closed 1-chain {α, β}y+[α, γ]yβ +{β, γ}y+
[β, α]yγ + {γ, α}y + [γ, β]yα (see Figure 3), by Stokes’ theorem we get∫

{α,β}y
ω +

∫
[α,γ]yβ

ω +

∫
{β,γ}y

ω +

∫
[β,α]yγ

ω +

∫
{γ,α}y

ω +

∫
[γ,β]yα

ω = 0.

Take regularized value we see∫ ∗
{α,β}

ω +

∫ ∗
[α,γ]β

ω +

∫ ∗
{β,γ}

ω +

∫ ∗
[β,α]γ

ω +

∫ ∗
{γ,α}

ω +

∫ ∗
[γ,β]α

ω = 0.

Let Γ be a congruence subgroup of SL2(Z). We write Ω1
epl(H,C)Γ for the subspace of

closed 1-forms invariant under the action of Γ. Immediately we have

Theorem 3.6.9. There is a well-defined pairing

Ω1
epl(H,C)Γ ×K2(Γ) −→ C

(ω, {α, β}) 7−→
∫ ∗
{α,β}

ω

(ω, [β, γ]α) 7−→
∫ ∗

[β,γ]α

ω

given by the regularized integrals over modular symbols and caps.
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Remark 3.6.10. With continued fraction decomposition (see Theorem 3.5.2), to determine
all the periods and residues of ω ∈ Ω1

epl(H,C), it suffices to compute for every g ∈ SL2(Z)
the integrals ∫ ∞,∗

0

g∗ω,

∫ ∗
[0,α]∞

g∗ω.

3.6.2 Higher Weight Case

The way to deal with higher weight forms is using Shokurov cycles [42] (see also [35]).
Let k ≥ 2 be an integer and set w = k − 2. Let Z〈X, Y 〉w be the linear subspace of the
free Z-algebra generated by X and Y which consists of non-commutative homogeneous
polynomials of degree w. Define the left action of g = ( a bc d ) ∈ SL2(Z) on Z〈X, Y 〉w by

(gP )(X, Y ) = P (dX − bY,−cX + aY ).

The linear space Z〈X, Y 〉w has dimension 2w and is generated by the polynomials
∏w

i=1(aiX+
biY ) with ai, bi ∈ Z.

Definition 3.6.11. Let 0 ≤ m ≤ w be an integer and α, β ∈ P1(Q) be two distinct
cusps. Let σ = ( 0 −1

1 0 ). Given a non-commutative polynomial P =
∏w

i=1(aiX + biY ) with
ai, bi ∈ Z, the Shokurov cycle is the following (w + 1)-cycle on Ew(C)

P{α, β} = {(τ ; t1(a1τ + b1), . . . , tw(awτ + bw);σ) | τ ∈ {α, β}, t1, . . . , tw ∈ [0, 1]},

where {α, β} is the modular symbol.

Denote by γτ,P the fiber of projection P{α, β} → {α, β} at τ . If P =
∏w

i=1(aiX+biY )
with ai, bi ∈ Z then

γτ,P = {(τ ; t1(a1τ + b1), . . . , tw(awτ + bw);σ) | t1, . . . , tw ∈ [0, 1]}.

In particular, the fiber of the projection XmY w−m{α, β} → {α, β} at τ , is

γτ,m = {(τ ; t1τ, . . . , tmτ, tm+1, . . . , tw;σ) | t1, . . . , tw ∈ [0, 1]}.

and the fiber of XmY w−m{0,∞} → {0,∞} at iy is

γy,m = {(iy; it1y, . . . , itmy, tm+1, . . . , tw;σ) | t1, . . . , tw ∈ [0, 1]}.

If ω = 0 then the Shokurov cycles are nothing but modular symbols.

Definition 3.6.12. The torsion-free abelian group Kk = Z〈X, Y 〉w⊗ZK2 is call the space
of weight k extended modular symbols . We endow the space of extended modular symbols
Kk with the tensor product action of SL2(Z).
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The abelian group Kk is generated by the modular symbols P{α, β} and caps P [β, γ]α,
where P =

∏w
i=1(aiX + biY ) is a polynomial in Z〈X, Y 〉w. Let Kk(N) be the quotient of

Kk by all γx− x for x ∈ Kk, γ ∈ Γ(N), that is, the Γ(N)-coinvariants, and then modular
any torsion.

Let ν be the following holomorphic map

ν : H× Cw → Ew(C)

(τ ; z1, . . . , zk) 7→ [(τ ; z1, . . . , zk;σ)]

which maps to a connected component of Ew(C). Let ω be a complex-valued real-analytic
closed (w + 1)-form on Ew(C). To integrate ω along a Shokurov cycle P{α, β}, it is
equivalent to integrate ω on the fiber γτ,P first and then on the modular symbol τ ∈ {α, β}∫

P{α,β}
ω =

∫
{α,β}

∫
γτ,P

ω.

Since integration along the fiber commutes with the exterior differential (see [3, Proposi-
tion 6.14.1]), the form

∫
γτ,P

ω is a closed form on H. Seeing this, we define

Definition 3.6.13. Let Ωw+1
epl (Ew,C) be the collection of complex-valued real-analytic

closed (w + 1)-form ω on Ew(C) which verifies the following conditions

(1) ν∗ω is of the form

ν∗ω =
∑

ε1,...,εw∈{0,1}

ωε1,...,εw ∧ dz
(ε1)
1 ∧ · · · ∧ dz(εn)

w ,

where ωε1,...,εn is a 1-form on H and dz
(0)
i = dzi, dz

(1)
i = dzi.

(2) We have
∫
γτ,P

ω ∈ Ω1
epl(H,C) for every P =

∏w
i=1(aiX + biY ) ∈ Z〈X, Y 〉w. That is,

integration along the fiber of ω always gives us a closed 1-form with exp-poly-log
expansions.

Here the first condition ensures the linearity of integration along extended modular
symbols. The second condition allows us to define the regularized integrals. With these
conditions, we can define

Definition 3.6.14. For a differential form ω ∈ Ωw+1
epl (Ew,C) and P{α, β}, P [β, γ]α a

modular symbol and a modular cap in Kk, we define symbolically the regularized integrals∫ ∗
P{α,β}

ω =
∑
j

aj

∫ ∗
{α,β}

∫
γτ,Pj

ω,∫ ∗
P [β,γ]α

ω =
∑
j

aj

∫ ∗
[β,γ]α

∫
γτ,Pj

ω,

where P =
∑

j ajPj is a decomposition of P with Pj =
∏w

i=1(aj,iX + bj,iY ) for some
aj,i, bj,i ∈ Z.
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Now we arrive at

Lemma 3.6.15. Let ω ∈ Ωw+1
epl (Ew, C) and g ∈ Γ(N). Let P{α, β} and P [β, γ]α be a

modular symbol and modular cap in Kk. Then∫ ∗
P{α,β}

ω =

∫ ∗
(gP ){gα,gβ}

ω,∫ ∗
P [β,γ]α

ω =

∫ ∗
(gP )[gβ,gγ]gα

ω.

Proof. Given P =
∏w

i=1(aiX + biY ) with ai, bi ∈ Z we denote the (w + 1)-cycle

P{α, β}y = {(τ ; t1(a1τ + b1), . . . , tw(awτ + bw);σ) | τ ∈ {α, β}y, t1, . . . , tw ∈ [0, 1]}.

Now ω is invariant under the action of an element g ∈ Γ(N). Thus∫ ∗
P{α,β}

g∗ω =

∫ ∗
P{α,β}

ω.

Then our regularized integral
∫ ∗
P{α,β} ω is the regularized value of the function

I(y) =

∫
P{α,β}y

ω =

∫
g(P{α,β}y)

g∗ω

as y → ∞. Let g = ( a bc d ) ∈ Γ(N). Setting τ ′ = gτ , we find that g(P{α, β}y) is the
following (ω + 1)-cycle{

(τ ′; t1
a1g
−1τ ′ + b1

cg−1τ ′ + d
, . . . , tw

awg
−1τ ′ + bw

cg−1τ ′ + d
; gσ)

∣∣∣ τ ′ ∈ {gα, gβ}y, t1, . . . , tw ∈ [0, 1]
}
.

Since ti
aig
−1τ ′+bi

cg−1τ ′+d
= ti(ai(dτ

′ − b) + bi(−cτ ′ + a)), we have g(P{α, β}y) = (gP ){gα, gβ}y.
Thus,

I(y) =

∫
P{α,β}y

ω =

∫
(gP ){gα,gβ}y

ω.

Take regularized value as y → ∞ we see the identity. The same works for modular
caps.

Following the same pattern,

Theorem 3.6.16. There is a well-defined pairing

Ωw+1
epl (Ew,C)×Kk(N) −→ C

(ω, P{α, β}) 7−→
∫ ∗
P{α,β}

ω

(ω, P [β, γ]α) 7−→
∫ ∗
P [β,γ]α

ω.

Proof. All that remains for us to check is the 6-term relations. It follows directly from
the 6-term relations of the form

∫
γτ,P

ω ∈ Ω1
epl(H,C).
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3.7 Application to Eisenstein Symbols

Proposition 3.7.1. Let t, u ∈ C. The S-series St,uα,β(iy) has poly-log asymptotic expan-

sions at y = 0 and ∞. Moreover, if t and u are both integers, the S-series St,uα,β(iy) +

(−1)t+uSt,uα−,β−(iy) has finite poly-log asymptotic expansions.

Proof. When Re(s)� 0, the S-series St,uα,β(iy) has Mellin transform (see [11, Lemma 7.1])

F (s) =

(
2π

N

)−s
Γ(s)L(α, s− t)L(β, s− u).

It continues to a meromorphic function on the whole complex plane with only finite
many poles from two L-functions, and it may have poles (possibly infinite many) of large
negative integers from the gamma factor. But in either case, the Mellin transform has
finitely many poles on every bounded strip and verifies the condition of Lemma 3.2.7,
thus f has poly-log asymptotic expansions at y = 0 and ∞.

The Mellin transform of St,uα,β(iy) + (−1)t+uSt,uα−,β−(iy) is(
2π

N

)−s
Γ(s)

(
L(α, s− t)L(β, s− u) + (−1)t+uL(α−, s− t)L(β−, s− u)

)
.

If t and u are both integers, the L-value L(α, s−t)L(β, s−u)+(−1)t+uL(α−, s−t)L(β−, s−
u) vanishes for large negative integer s, thus St,uα,β(iy) + (−1)t+uSt,uα−,β−(iy) has finite poly-
log asymptotic expansions.

Since St,uα,β(iy) has poly-log asymptotic expansions we see

Proposition 3.7.2. For functions α, β : Z/NZ→ C and t, u ∈ C. Let s ∈ C, we have∫ ∞,∗
0

St,uα,β(iy)ys
dy

y
=

((
2π

N

)−z
Γ(z)L(α, z − t)L(β, z − u)

)∣∣∣∣∗
z=s

.

Recall the real analytic Eisenstein series

EisnD(u1) = −n!(n+ 2)

2πN
Im(τ)

n∑
a=0

F a,n−a
gu1

(τ)ψa,n−a mod dτ, dτ

and the holomorphic Eisenstein series

Eisnhol(u1) = (−1)n+1n+ 2

N
(2iπ)n+1F (n+2)

σgu1
(τ)dτ ∧ ψn,0

can be expressed with S-series.
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Proposition 3.7.3. The element Eisk1,k2,jD (u1, u2) belongs to the space Ωw+1
epl (Ew,C). So

there is a well-defined linear map∫ ∗
−

Eisk1,k2,jD (u1, u2) : Kk(N)→ C.

Proof. Since for g ∈ GL2(Z/NZ) we have g∗ Eisk1,k2,jD (u1, u2) = Eisk1,k2,jD (u1g, u2g), it is
enough to show that for all u1, u2 ∈ (Z/NZ)2 (with ui 6= 0 if ki + j = 0), the differential
form

∫
γτ,P

Eisk1,k2,jD (u1, u2) has exp-poly-log expansion and residues at infinity. Let P ∈
Z〈X, Y 〉w be a polynomial. Integrating the forms dz

(ε1)
1 ∧ · · · ∧ dz(εn)

w on the fiber γτ,P
gives us polynomials of τ and τ .

The form
∫
γτ,P

Eisk1,k2,jD (u1, u2) is a linear combination of products of τ , τ and St,u∗,∗(τ),

St,u∗,∗(τ). Since S-series decreasing exponentially at infinity ([23, Section 3]), the differential

form
∫
γτ,P

Eisk1,k2,jD (u1, u2) has also poly-log expansion at ∞.

Every term in the Fourier expansion involving qn/N = e2πnτ/N with n ≥ 1 tends to 0
as y →∞. Thus, the residue comes only from the constant terms of EisD and Eishol. To
compute a residue of a regulator at infinity is hence equivalent to compute the residue of
a polynomial of τ and τ at infinity. Thus, the residues always exist.
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Chapter 4

Double L-values

In this chapter, we discuss the double L-functions and the method of Rogers–Zudilin.
We define and study the double L-functions of weakly holomorphic modular forms in
Section 4.2, with our theory of generalized Mellin transform. In Section 4.3 we explain
the method of Rogers–Zudilin. In the last Section 4.4, we use Rogers–Zudilin method to
show that many double L-values of Eisenstein series are linear combinations of modular
L-values.

4.1 Generalized Iterated Mellin Transform

In [33] Manin defined the multiple L-functions for several modular forms. Some special
double L-values of Eisenstein series are discussed in Brown [9] and Shinder–Vlasenko [41].
We start first with introducing their definitions.

Let f =
∑

n≥0 anq
n and g =

∑
m≥0 bmq

m be two modular forms of some congruence
subgroup of SL2(Z). Their double L-function is the following double Dirichlet series

L(f, g, s1, s2) =
∞∑
n=1

∞∑
m=0

anbm
ns1(n+m)s2

.

We write L(f, g, s1, s2) = (2π)−s2Γ(s2)L(f, g, s1, s2).
If a0 = 0, there is another double L-function of f and g given by the following iterated

integral (see [33])

Λ(f, g, s1, s2) =

∫ ∞
0

g(it2)ts2−1
2 dt2

∫ ∞
t2

f(it1)ts1−1
1 dt1.

The connection of two L-functions is given by Sreekantan’s formula [43]. Let a0 = 0 and
s1 be a positive integer. Then

L(f, g, s1, s2) =
(2π)s1

Γ(s1)

s1−1∑
r=0

Λ(f, g, s1 − r, s2 + r). (4.1)
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The double L-function is an iterated Mellin transform of the two functions f and g. In
general the iterated Mellin transform is the following iterated integral

M(f, g, s1, s2) =

∫ ∞
0

g(it2)ts2−1
2 dt2

∫ ∞
t2

f(it1)ts1−1
1 dt1.

We manage to generalize this definition for functions with more general growth conditions.
Let f(x) be a function with poly-log expansions. Recall that the primitive of f(x)xs−1

also has poly-log expansions. We define

Definition 4.1.1. Let f and g be two functions with poly-log expansions at 0 and ∞.
Then the generalized iterated Mellin transform of f and g is the following iterated regu-
larized integral

M(f, g, s1, s2) =

∫ ∞
0

g(it2)ts2−1
2 dt2

∫ ∞,∗
t2

f(it1)ts1−1
1 dt1.

Let f(x) be a function with exp-poly expansions and s ∈ C such that the following
condition is met

f(x) ∼
∑
σm,λn

am,nx
σmeλnx + some powers of x as x→∞,

f(x) ∼
∑
σ′m,λ

′
n

a′m,nx
σ′meλ

′
n/x + some powers of x as x→ 0

such that σm + s and −σ′m − s are nonnegative integers.

(‡)

We know from Remark 3.3.6 that the primitive of f(x)xs−1 also has exp-poly expansions.
So we define

Definition 4.1.2. Let f and g be two functions with exp-poly expansions. Let s1 ∈ C
and f satisfying the condition (‡). Then the generalized iterated Mellin transform of f
and g is the following iterated regularized integral

M(f, g, s1, s2) =

∫ ∞
0

g(it2)ts2−1
2 dt2

∫ ∞,∗
t2

f(it1)ts1−1
1 dt1.

4.2 Double L-functions of Weakly Holomorphic Mod-

ular Forms

In this section we give an analogue of double L-functions to weakly holomorphic mod-
ular forms. The essential tool that we use is the generalized iterated Mellin transform
introduced in the former section.

Let f =
∑

n≥n0
anq

n and g =
∑

m≥m0
bmq

m be two weakly holomorphic modular forms
of level SL2(Z), with weight k1 ≥ 2 and k2 ≥ 2 respectively. Notice that the forms f and
g have exp-poly expansions at infinity. Moreover, if 0 < s1 < k1 is an integer, then f and
s1 satisfy the condition (‡). Hence, we define
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Definition 4.2.1. Let f, g ∈ M !
k be two weakly holomorphic modular forms of level

SL2(Z) with weight k1 ≥ 2 and k2 ≥ 2 respectively. Let 0 < s1 < k1 be an integer. The
double L-function of f and g is the following generalized iterated Mellin transform

Λ(f, g, s1, s2) =

∫ ∞
0

g(it2)ts2−1
2 dt2

∫ ∞,∗
t2

f(it1)ts1−1
1 dt1.

To compute double L-function, we split it again as before

Λ(f, g, s1, s2) =

∫ ∞
0

g(it2)ts2−1
2 dt2

∫ ∞,∗
t2

f(it1)ts1−1
1 dt1

=

∫ ∞
1

g(it2)ts2−1
2 dt2

∫ ∞,∗
t2

f(it1)ts1−1
1 dt1 +

∫ 1

0

g(it2)ts2−1
2 dt2

∫ ∞,∗
t2

f(it1)ts1−1
1 dt1.

Here both integrals are evaluated in the sense of generalized Mellin transform. The left
one is

L =

∫ ∞
1

g(it2)ts2−1
2 dt2

∫ ∞,∗
t2

f(it1)ts1−1
1 dt1

=

∫ ∞
1

g(it2)ts2−1
2

(∑
n6=0

anΓ(s1, 2πnt2)

(2πn)s1
− a0

ts12

s1

)
dt2.

Since Γ(s1, x) = (s1 − 1)!e−xes1−1(x), we see that L is

−a0

s1

∫ ∞
1

g(it2)ts1+s2−1
2 dt2 + (s1 − 1)!

∑
n,m

anbm

s1−1∑
r=0

1

(2πn)s1−rr!

∫ ∞
1

e−2π(n+m)ttr+s2−1dt.

Explicitly,

L =

s1−1∑
r=0

1

r!

(s1 − 1)!

(2π)s1+s2

∑
n+m 6=0
n 6=0

anbmΓ(s2 + r, 2π(m+ n))

ns1−r(m+ n)s2+r
−

s1−1∑
r=0

1

r!

(s1 − 1)!

(2π)s1−r

∑
n+m=0
n 6=0

anbm
ns1−r

1

s2 + r

− a0

(2π)s1+s2

∑
m6=0

bmΓ(s1 + s2, 2πm)

ms1+s2

1

s1

+ a0b0
1

s1(s1 + s2)
.

Expressing with exponential integral it becomes

L =

s1−1∑
r=0

(s1 − 1)!

r!

∑
n,m
n 6=0

anbmE1−s2−r (2π(m+ n))

(2πn)s1−r
− 1

s1

∑
m

a0bmE1−s1−s2(2πm),
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For the right one we have

R =

∫ 1

0

g(it2)ts2−1
2 dt2

∫ ∞,∗
t2

f(it1)ts1−1
1 dt1

=

∫ 1

0

g(it2)ts2−1
2 dt2

(∫ ∞,∗
0

f(it1)ts1−1
1 dt1 −

∫ t2,∗

0

f(it1)ts1−1
1 dt1

)
= ik2Λ(f, s1)

∫ ∞
1

g(it2)tk2−s2−1
2 dt2 − ik1

∫ 1

0

g(it2)ts2−1
2 dt2

∫ ∞
1/t2

f(it1)tk1−s1−1
1 dt1.

So

R = ik2Λ(f, s1)
∑
m6=0

bmΓ(k2 − s2, 2πm)

(2πm)k2−s2
− ik2Λ(f, s1)b0

1

k2 − s2

− ik1
∫ 1

0

g(it2)ts2−1
2 dt2

∫ ∞
1/t2

f(it1)tk1−s1−1
1 dt1

The last line is

− ik1
∫ 1

0

g(it2)ts2−1
2

∑
n6=0

anΓ
(
k1 − s1,

2πn
t2

)
(2πn)k1−s1

− a0
ts1−k12

k1 − s1

 dt2

= −ik1+k2

∫ ∞
1

g(it2)tk2−s2−1
2

(∑
n6=0

anΓ (k1 − s1, 2πnt2)

(2πn)k1−s1
− a0

tk1−s12

k1 − s1

)
dt2.

Similar to L, we have

R =ik2Λ(f, s1)
∑
m6=0

bmΓ(k2 − s2, 2πm)

(2πm)k2−s2
− ik2Λ(f, s1)b0

1

k2 − s2

− ik1+k2

k1−s1−1∑
r=0

1

r!

(k1 − s1 − 1)!

(2π)k1+k2−s1−s2

∑
n+m 6=0
n 6=0

anbmΓ(k2 − s2 + r, 2π(m+ n))

nk1−s1−r(m+ n)k2−s2+r

+ ik1+k2

k1−s1−1∑
r=0

1

r!

(k1 − s1 − 1)!

(2π)k1−s1−r

∑
n+m=0
n6=0

anbm
nk1−s1−r

1

k2 − s2 + r

+ ik1+k2
a0

(2π)k1+k2−s1−s2

∑
m 6=0

bmΓ(k1 + k2 − s1 − s2, 2πm)

mk1+k2−s1−s2

1

k1 − s1

− ik1+k2a0b0
1

(k1 − s1)(k1 + k2 − s1 − s2)
.
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The result can be shorter with exponential integral functions

R =ik2Λ(f, s1)
∑
m

bmE1−k2+s2(2πm)

− ik1+k2

k1−s1∑
r=0

(k1 − s1 − 1)!

r!

∑
n,m
n 6=0

anbmE1−k2+s2−r (2π(m+ n))

(2πn)k1−s1−r

+
ik1+k2

k1 − s1

∑
m

a0bmE1+s1+s2−k1−k2(2πm).

In conclusion,

Theorem 4.2.2. Let f =
∑

n≥n0
anq

n and g =
∑

m≥m0
bmq

m be two weakly holomorphic
modular forms of weight k1 ≥ 2 and k2 ≥ 2 respectively. Let 0 < s1 < k1 be an integer.
Then

1. The double L-function Λ(f, g, s1, s2), as a function of s2, extends to a meromorphic
function on the whole s2-plane.

2. As a function of s2, Λ(f, g, s1, s2) has possibly poles when s2 is an integer from −s1

to 0 or from k2 to k2 + k1 − s1, and Λ(f, g, s1, s2) is holomorphic elsewhere.

3. We have residues

Res
s2=−s1

Λ(f, g, s1, s2) =
a0b0

s1

, Res
s2=k2+k2−s1

Λ(f, g, s1, s2) = ik1+k2
a0b0

k1 − s1

.

4. Suppose a0 = 0, k1 = k2 = k then

Res
s2=0

Λ(f, g, k − 1, s2) = −(k − 2)!

(2π)k−1
{f, g},

Res
s2=k2

Λ(f, g, 1, s2) = −(k − 2)!

(2π)k−1
{f, g}+ ikΛ(f, 1)b0,

where {f, g} =
∑

n∈Z
anb−n
nk−1 is the Bruinier-Funke pairing of f and g defined in [7,

(1.15)].

Remark 4.2.3. It is interesting to observe that Bruinier-Funke pairing appears in the
residue. Here we give a clue. The pairing {f, g} = 0 for all g ∈ S!

k is equivalent to say
that D1−kf is a weakly holomorphic form of weight 2 − k. Then g · D1−kf is exactly a
weakly holomorphic form of weight 2, which must be cuspidal. Therefore there is no pole
in the L-function Λ(f, g, k − 1, s2).

69



70 CHAPTER 4. DOUBLE L-VALUES

Following the identity (4.1), when a0 = 0 we define another double L-function of f
and g to be

L(f, g, s1, s2) =
(2π)s1

Γ(s1)

s1−1∑
t=0

Λ(f, g, s1 − t, s2 + t).

We have immediately

Theorem 4.2.4. Let f =
∑

n≥n0
anq

n and g =
∑

m≥m0
bmq

m be two weakly holomorphic
modular forms of weight k1 ≥ 2 and k2 ≥ 2 respectively. Suppose a0 = 0. Let 0 <
s1 < k1 be an integer. Then as a function of s2, the double L-function L(f, g, s1, s2) can
be extended meromorphically to the entire s2-plane. It has possibly poles when s2 is an
integer from −s1 to 0 or from k2 to k2 + k1 − s1, and holomorphic elsewhere.

4.3 Rogers–Zudilin Method

Rogers and Zudilin [40] introduce a powerful tool to calculate Mahler measures and
L-series. Their method has various applications, especially in evaluating double L-values
of Eisenstein series. We will introduce in this section their method.

Lemma 4.3.1. Let t1, t2, u1, u2, s ∈ C be complex numbers and α1, α2, β1, β2 : Z/NZ→ C
be functions. We have∫ ∞

0

St1,u1α1,β1

(
i

y

)
St2,u2α2,β2

(iy)ys
dy

y
=

∫ ∞
0

St1+s,t2
α1,α2

(iy)Su1,u2−sα2,β2

(
i

y

)
ys
dy

y
.

Proof. (See [24, Theorem 3.2]) This is equivalent to∫ ∞
0

St1,u1α1,β1

(
i

Ny

)
St2,u2α2,β2

(iNy)ys
dy

y
=

∫ ∞
0

St1+s,t2
α1,α2

(iNy)Su1,u2−sα2,β2

(
i

Ny

)
ys
dy

y
.

Upon the change of variable y → m1

n2
y, we find∫ ∞

0

α1(m1)β1(n1)α2(m2)β2(n2)e
−2π

m1n1
N2y e−2πm2n2yys

dy

y

=

(
m1

n2

)s ∫ ∞
0

α1(m1)α2(m2)β1(n1)β2(n2)e−2πm1m2ye
−2π

n1n2
N2y ys

dy

y
.

We finish the proof by summing up every term.

Rogers–Zudilin Method can be seen as a way to exchange L-functions of Eisenstein
series. We provide a simple heuristic interpretation of this. Consider the following Mellin
transforms of S-series

F1(v) =

∫ ∞
0

St1,u1α1,β1
(iy)yv

dy

y
=

(
2π

N

)−v
Γ(v)L(α1, v − t1)L(β1, v − u1)
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and

F2(v) =

∫ ∞
0

St2,u2α2,β2
(iy)yv

dy

y
=

(
2π

N

)−v
Γ(v)L(α2, v − t2)L(β2, v − u2).

With inverse Mellin transform we see their convolution is∫ ∞
0

St1,u1α1,β1

(
i

y

)
St2,u2α2,β2

(iy)ys
dy

y
=

∫ c+i∞

c−i∞
F1(−v)F2(v + s)dv.

Pay attention that the Mellin transforms F1(−v) and F2(v + s) should both exist when
Re(v) = c (this may not happen in general!). Exchanging the L-functions we get(

2π

N

)−s ∫ c+i∞

c−i∞
Γ(−v)L(α1,−v − t1)L(β1,−v − u1)

· Γ(v + s)L(α2, v + s− t2)L(β2, v + s− u2)dv

=

(
2π

N

)−s ∫ c+i∞

c−i∞
Γ(−v)L(β1,−v − u1)L(β2, v + s− u2)

· Γ(v + s)L(α1,−v − t1)L(α2, v + s− t2)dv.

The latter is exactly ∫ ∞
0

St1+s,t2
α1,α2

(iy)Su1,u2−sβ1,β2

(
i

y

)
ys
dy

y
.

We give now the following variation of Rogers–Zudilin method which can simplify a
lot of things in our later calculations.

Lemma 4.3.2. Let α1, α2, β1, β2 : Z/NZ → C be functions. Let t1, u1, u2 and s be
integers with 1 ≤ −u1 ≤ s ≤ u2 and t1 ≥ 0. Suppose further that L(β1, z) has no poles
when u1 = −1 and L(α2, z) has no poles when s = 1. Then∫ ∞,∗

0

(
S
t1,u1
α1,β1

+ (−1)t1+u1+1S
t1,u1
α−1 ,β

−
1

)( i
y

)(
S

0,u2
α2,β2

+ (−1)u2+1S
0,u2
α−2 ,β

−
2

)
(iy) ys

+ (−1)t1+s
(
S
t1,u1
α−1 ,β1

+ (−1)t1+u1+1S
t1,u1
α1,β

−
1

)( i
y

)(
S

0,u2
α−2 ,β2

+ (−1)u2+1S
0,u2
α2,β

−
2

)
(iy) ys

dy

y

=

∫ ∞,∗
0

(
S

0,u1+s
α2,β1

+ (−1)u1+s+1S
0,u1+s

α−2 ,β
−
1

)
(iy)

(
S
t1,u2−s
α1,β2

+ (−1)t1+u2+s+1S
t1,u2−s
α−1 ,β

−
2

)( i
y

)
ys

+ (−1)t1+s
(
S

0,u1+s

α−2 ,β1
+ (−1)u1+s+1S

0,u1+s

α2,β
−
1

)
(iy)

(
S
t1,u2−s
α−1 ,β2

+ (−1)t1+u2+s+1S
t1,u2−s
α1,β

−
2

)( i
y

)
ys
dy

y
.

Proof. Note that∫ ∞,∗
0

(
St1,u1α1,β1

(
i

y

)
+

1

2
δt1=0α1(0)L(β1,−u1)

)(
S

0,u2
α2,β2

(iy) +
1

2
α2(0)L(β2,−u2)

)
ys
dy

y
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is the sum of the integral ∫ ∞
0

St1,u1α1,β1

(
i

y

)
S0,u2
α2,β2

(iy) ys
dy

y

and two regularized values(
1

2

(
2π

N

)z
Γ(−z)L(α1,−z − t1)L(β1,−z − u1)L(β2,−u2)α2(0)

) ∣∣∣∣∗
z=s

+

(
1

2

(
2π

N

)−z
Γ(z)δt1=0L(β1,−u1)L(α2, z)L(β2, z − u2)α1(0)

)∣∣∣∣∗
z=s

.

There are exactly eight products like this, they sum altogether to become∫ ∞,∗
0

(
St1,u1α1,β1

+ (−1)t1+u1+1St1,u1
α−1 ,β

−
1

)( i
y

)(
S0,u2
α2,β2

+ (−1)u2+1S0,u2
α−2 ,β

−
2

)
(iy) ys

dy

y

+(−1)t1+s

∫ ∞,∗
0

(
St1,u1
α−1 ,β1

+ (−1)t1+u1+1St1,u1
α1,β

−
1

)( i
y

)(
S0,u2
α−2 ,β2

+ (−1)t1+u2+s+1S0,u2
α2,β

−
2

)
(iy) ys

dy

y

and two regularized values

1

2

(
2π

N

)s
α2(0)L(β2 + (−1)u2+1β−2 ,−u2)

·
(
Γ(−z)L(α1 + (−1)t1+sα−1 ,−z − t1)L(β1 + (−1)u1+s+1β−1 ,−z − u1)

) ∣∣∗
z=s

+
1

2

(
2π

N

)−s
δt1=0α1(0)L(β1 + (−1)u1+1β−1 ,−u1)

·
(
Γ(z)L(α2 + (−1)sα−2 , z)L(β2 + (−1)u1+s+1β−2 , z − u2)

) ∣∣∗
z=s

.

(4.2)

Applying Rogers–Zudilin method to the products St1,u1∗,∗ ( i
y
)Su2,0∗,∗ (iy), we see that the

integral becomes∫ ∞,∗
0

(
S0,u1+s
α2,β1

+ (−1)u1+s+1S0,u1+s

α−2 ,β
−
1

)
(iy)

(
St1,u2−sα1,β2

+ (−1)t1+u2+s+1St1,u2−s
α−1 ,β

−
2

)( i
y

)
ys
dy

y

+(−1)t1+s

∫ ∞,∗
0

(
S0,u1+s

α−2 ,β1
+ (−1)u1+s+1S0,u1+s

α2,β
−
1

)
(iy)

(
St1,u2−s
α−1 ,β2

+ (−1)t1+u2+s+1St1,u2−s
α1,β

−
2

)( i
y

)
ys
dy

y
.

Since L(α1 + (−1)t1+sα−1 ,−s− t1) = 0 and the only poles in (4.2) comes from Γ(−z),
we can exchange the L-functions

α2(0)L(β2 + (−1)u2+1β−2 ,−u2)

·
(
Γ(−z)L(α1 + (−1)t1+sα−1 ,−z − t1)L(β1 + (−1)u1+s+1β−1 ,−z − u1)

) ∣∣∗
z=s

=α2(0)L(β1 + (−1)u1+s+1β−1 ,−s− u1)

·
(
Γ(−z)L(α1 + (−1)t1+sα−1 ,−z − t1)L(β2 + (−1)u2+1β−2 ,−z − u2 + s)

) ∣∣∗
z=s

.
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Similarly,

α1(0)L(β1 + (−1)u1+1β−1 ,−u1)

·
(
Γ(z)L(α2 + (−1)sα−2 , z)L(β2 + (−1)u1+s+1β−2 , z − u2)

) ∣∣∗
z=s

=α1(0)L(β2 + (−1)t1+u1+s+1β−2 , s− u2)

·
(
Γ(z)L(α2 + (−1)sα−2 , z)L(β1 + (−1)u1+1β−1 , z − u1 − s)

) ∣∣∗
z=s

.

After collecting everything we get indeed∫ ∞,∗
0

(
S

0,u1+s
α2,β1

+ (−1)u1+s+1S
0,u1+s

α−2 ,β
−
1

)
(iy)

(
S
t1,u2−s
α1,β2

+ (−1)t1+u2+s+1S
t1,u2−s
α−1 ,β

−
2

)( i
y

)
ys
dy

y

+(−1)t1+s

∫ ∞,∗
0

(
S

0,u1+s

α−2 ,β1
+ (−1)u1+s+1S

0,u1+s

α2,β
−
1

)
(iy)

(
S
t1,u2−s
α−1 ,β2

+ (−1)t1+u2+s+1S
t1,u2−s
α1,β

−
2

)( i
y

)
ys
dy

y
.

4.4 Double L-values of Eisenstein Series

With Rogers–Zudilin method we are able to give some interesting identities about
double L-values.

Let N ≥ 1 be an integer. Let f =
∑

n≥0 anq
n and g =

∑
m≥0 bmq

m be two modular
forms of level Γ1(N), weight k1 and k2 respectively. Their double L-function

L(f, g, s1, s2) =
Γ(s2)

(2π)s2
L(f, g, s1, s2)

=
Γ(s2)

(2π)s2

∞∑
n=1

anbm
ns1(n+m)s2

converges for s1 and s2 sufficiently large.
Following Shinder and Vlasenko [41], given 0 < s1 < k1 and s2 ∈ C with Re(s) � 0,

we are capable to write the double L-function L(f, g, s1, s2) as an integral

L(f, g, s1, s2) =
∞∑
n=1

∞∑
m=0

anbm
ns1(n+m)s2

∫ ∞
0

ys2−1e−2π(m+n)ydy

=

∫ ∞
0

∞∑
n=1

∞∑
m=0

anbm
ns1

e−2π(m+n)yys2
dy

y

=

∫ ∞
0

(
g ·D−s1f ∗

)
(iy)ys2

dy

y
,

where D−s1f ∗ =
∑

n>0 n
−s1anq

n is the repeated primitive of f ∗ = f − a0.
Noticing a quasi-modular form or a repeated primitive of modular form must have

poly-log expansions at 0 and ∞, we make the following definition
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Definition 4.4.1. Fixing s1 ∈ Z, the double L-function L(f, g, s1, s2) is defined as the
generalized Mellin transform

L(f, g, s1, s2) =

∫ ∞
0

(
g ·D−s1f ∗

)
(iy)ys2

dy

y
.

Generally L(f, g, s1, s2) is meromorphic as a function of s2. Denote by L∗(f, g, s1, s2)
as its regularized value at a given s2.

A direct corollary of the Rogers–Zudilin method in Lemma 4.3.2 is

Theorem 4.4.2. Let a1, a2, b1, b2 ∈ Z/NZ and k1 ≥ 2, k2 ≥ 2 be positive integers. Let
1 ≤ s1 ≤ k1 − 1, 1 ≤ s2 ≤ k2 − 1 be integers with k1 ≤ s1 + s2. If s1 + s2 ≤ k2 then

ik2Nk2−1L∗
(
G

(k1)
a1,b1

, H
(k2)
b2,a2

, k1 − s1, k2 − s2

)
+ (−1)s1+s2−1ik2Nk2−1L∗

(
G

(k1)
−a1,b1 , H

(k2)
b2,−a2 , k1 − s1, k2 − s2

)
= is1+s2−k1+1N s1+s2−k1L∗

(
G

(k2−s2−s1+1)
b2,a1

, H
(s1+s2−k1+1)
b1,a2

, 1− s1, s1 − k1 + 1
)

+ (−1)s1+s2−1is1+s2−k1+1N s1+s2−k1L∗
(
G

(k2−s2−s1+1)
b2,−a1 , H

(s1+s2−k1+1)
b1,−a2 , 1− s1, s1 − k1 + 1

)
+

1

2
δs1+s2(k1)δb1(0)L(δa2 − δ−a2 , 0)Λ∗

(
Ds1−1

(
G

(k2−k1+1)
b2,a1

+ (−1)k1G
(k2−k1+1)
b2,−a1

)
, s1 − k1

)
.

If s1 + s2 > k2 then

ik2Nk2−1L∗
(
G

(k1)
a1,b1

, H
(k2)
b2,a2

, k1 − s1, k2 − s2

)
+ (−1)s1+s2−1ik2Nk2−1L∗

(
G

(k1)
−a1,b1 , H

(k2)
b2,−a2 , k1 − s1, k2 − s2

)
= is1+s2−k1+1N s1+s2−k1L∗

(
G

(s1+s2−k2+1)
a1,b2

, H
(s1+s2−k1+1)
b1,a2

, s2 − k2 + 1, s1 − k1 + 1
)

+ (−1)s1+s2−1is1+s2−k1+1N s1+s2−k1L∗
(
G

(s1+s2−k2+1)
−a1,b2 , H

(s1+s2−k1+1)
b1,−a2 , s2 − k2 + 1, s1 − k1 + 1

)
+

1

2
δs1+s2(k1)δb1(0)L(δa2 − δ−a2 , 0)Λ∗

(
Dk2−s1−1

(
G

(k1−k2+1)
a1,b2

+ (−1)k1G
(k1−k2+1)
b2,−a1

)
, s1 − k1

)
.

All the G’s and H’s here are supposed to be Eisenstein series.

Remark 4.4.3. It is worth noticing that the latter double L-values in the above proposition
are nothing but L-values of quasi-modular forms. Moreover, if ki = 1 or some G, H are
quasi-modular of weight 2, Theorem 4.4.2 remains true, in the sense of modulo L-values
of Eisenstein series. In these cases there will be some lost constant terms in Eisenstein
series of weight 1 or 2.

In particular if N = 1 let Gk(τ) = −Bk
2k

+
∑∞

n=1 σk−1(n)qn be the Eisenstein series of
weight k. With Theorem 4.4.2 and Lanphier’s formula (1.2), we obtain

74



4.4. DOUBLE L-VALUES OF EISENSTEIN SERIES 75

Theorem 4.4.4. Let k1 ≥ 4, k2 ≥ 4 be even number. Let 1 ≤ s1 ≤ k1 − 1 and 1 ≤ s2 ≤
k2 − s1 be integers with opposite parity. Set p = min{k1 − s1, s2} − 1. Then

is1+s2−1L∗ (Gk1 ,Gk2 , s1, s2) = Λ∗
(
DpG|k1−s1−s2|+1 ·Gk2−s1−s2+1, 1− s1

)
+ δs1+s2=k2−1(4π)−1Λ∗

(
DpG|k1−s1−s2|+1,−s1

)
.

Moreover, the double L-value L∗(Gk1 ,Gk2 , s1, s2) is a Q[1/π]-linear combination of L-
values of modular forms with rational coefficients and L-values of G2

L∗(Gk1 ,Gk2 , s1, s2) ∈
p∑
l=0

QΛ
([

G|k1−s1−s2|+1,Gk2−s1−s2+1

]mod
p−l , 1− s1 − l

)
πl

+ δs1+s2=k2−1

QΛ
(
G|k1−s1−s2|+1,−s1 − p

)
πp+1

+ δs1+s2=k1±1
QΛ (Gk2−s1−s2+1,−s1 − p)

πp+1
.

Here we give some concrete examples of double L-values in level SL2(Z).

Example 4.4.5. Let k1 = 6, k2 = 6. Noticing there is no cusp form of weight 10, we
have

L∗(G6,G6, 2, 1) = − L∗(G4,G4, 0,−1)

= − Λ∗(G4 ·G4,−1)

= − 1

120
Λ(G8,−1)

and

L∗(G6,G6, 2, 3) =L∗(G2,G2,−2,−1) + (4π)−1Λ∗(D2G2,−2)

= Λ∗(D2G2 ·G2,−1) + (4π)−1Λ∗(D2G2,−2)

=
5

4π3
Λ(G2,−4) +

3

16π2
Λ(G4,−3).

Example 4.4.6. Let k1 = 6, k2 = 8. Then

L∗(G6,G8, 1, 2) = − L∗(G4,G6,−1, 0)

= − L∗(DG4 ·G6, 0)

=
11

25200π
Λ(G10,−1) +

1

350
Λ(∆, 0)

and

L∗(G6,G8, 1, 4) =L∗(G2,G4,−3, 0)

=L∗(D3G2 ·G4, 0)

= − 3

560π4
Λ(G4,−4)− 3

640π3
Λ(G6,−3) +

1

672
Λ(∆, 0),

where ∆ is the unique normalized Hecke eigenform of weight 12.
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Example 4.4.7. Let s1 and s2 verify the conditions in Theorem 4.4.4. Assume that
s1 = k1 − 1 or s2 = 1. Then

L∗(Gk1 ,Gk2 , s1, 1) = is1Λ(Gk1−s1 · Gk2−s1 , 1 − s1) − δs1=k2−2i
k2(4π)−1Λ(Gk1−s1 ,−s1),

and

L∗(Gk1 ,Gk2 , k1 − 1, s2) = −ik1+s2Λ(Gs2 ·Gk2−k1−s2+2, 2− k1)

− δs2=k2−k1i
k2(4π)−1Λ(Gk2−k1−s2+2, 1− k1).

A list of extra examples about double L-values is given in Appendix A.

Remark 4.4.8. If s1 and s2 have same parity, then the double L-value L∗(Gk1 ,Gk2 , s1, s2)
maybe not modular. Such examples can be find in [9].
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Chapter 5

Mordell–Tornheim Double
Eisenstein Series

The Mordell–Tornheim double zeta function, originally defined by Tornheim [45], is
the double series

∞∑
n=1

∞∑
m=1

1

nk1mk2(n+m)k3
,

where k1, k2 and k3 are both non-negative integers. He studied in detail the convergence
condition of such series and their values. It can be seen as a double version of the Riemann
ζ-function.

We manage to construct a double version of the original Eisenstein series

Gk(τ) =
∑′

ω∈Z+Zτ

1

ωk
.

The double Eisenstein series of Mordell–Tornheim type is the following series

G (τ ; k1, k2, k3;ω1, ω2) =
∑′

τ1,τ2∈Z+Zτ

1

τ k11 τ k22 (ω1τ1 + ω2τ2)k3
,

where k1, k2, k3 are non-negative integers and ω1, ω2 are two integers, the primed summa-
tion means the terms which τ1, τ2 or ω1τ1 + ω2τ2 vanishes are omitted. In the later part
of this chapter, it is always convenient to assume that ω1 and ω2 are coprime positive
integers.

To investigate the Mordell–Tornheim double Eisenstein series, we introduce the theory
of Cohen series developed by Diamantis and O’Sullivan [24] in Section 5.3. With the
technique of partial fraction decomposition and Cohen series, we are able to give in Section
5.4 an explicit formula of Mordell–Tornheim double Eisenstein series into an Eisenstein
part and a cusp part. The formula we obtained in the specific case ω1 = ω2 = 1 (Theorem
5.4.2) has some interesting applications, some identities on divisor functions will be given
in Section 5.5.
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5.1 Convergence of Mordell–Tornheim Double Series

In this section, we will give the sufficient and necessary conditions of the convergence of
both double zeta series and Eisenstein series of Mordell–Tornheim type. We recall firstly
a necessary and sufficient condition of convergence for Mordell–Tornheim zeta function,
given in Tornheim [45].

Lemma 5.1.1 (Tornheim). Let k1, k2, k3 be reals. Then the Mordell–Tornheim double
zeta series

ζMT (k1, k2, k3) =
∞∑
l1=1

∞∑
l2=1

1

lk11 l
k2
2 (l1 + l2)k3

converges if and only if k1 + k3 > 1, k2 + k3 > 1 and k1 + k2 + k3 > 2.

We now state the following theorem which concerns the convergence of Mordell–
Tornheim double zeta series.

Theorem 5.1.2. Let k1, k2, k3 be non-negative integers. Then the symmetrized Mordell–
Tornheim double zeta series

ζMT,Z(k1, k2, k3;ω1, ω2) =
∑′

l1,l2∈Z

1

lk11 l
k2
2 (ω1l1 + ω2l2)k3

converge absolutely if and only if k1 +k3 > 1, k2 +k3 > 1, k1 +k2 > 1 and k1 +k2 +k3 > 2.

Proof. Up to some sign change, it is equivalent that we consider the following two sum-
mation

∞∑
l1=1

∞∑
l2=1

1

lk11 l
k2
2 (ω1l1 + ω2l2)k3

and
∞∑
l1=1

∞∑
l2=1

1

lk11 l
k2
2 |ω1l1 − ω2l2|k3

.

The convergence of first series is equivalent to

∞∑
l1=1

∞∑
l2=1

1

lk11 l
k2
2 (l1 + l2)k3

,

which is exactly the Lemma 5.1.1. We divide the second summation into two parts by
considering ω1l1 − ω2l2 > 0 and ω1l1 − ω2l2 < 0. For the first part, it is equivalent to

∞∑
l2=1

∞∑
l3=1

1

(l3 + ω2l2)k1 lk22 l
k3
3

,

which can be also deduced from Lemma 5.1.1. The second part is similar.
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Theorem 5.1.3. Let k1, k2, k3 be non-negative integers and τ ∈ H. Then the Mordell–
Tornheim double Eisenstein series

G (τ ; k1, k2, k3;ω1, ω2) =
∑′

τ1,τ2∈Z+Zτ

1

τ k11 τ k22 (ω1τ1 + ω2τ2)k3

converge absolutely if and only if k1 +k3 > 2, k2 +k3 > 2, k1 +k2 > 2 and k1 +k2 +k3 > 4.

Proof. As well-known, given a fixed τ ∈ H, for any m,n ∈ Z,

|m+ nτ | �τ |m|+ |n| and |m|+ |n| �τ |m+ nτ |.

Therefore we know that the absolute convergence of the series is equivalent to the con-
vergence of the following positive series∑′

m1,m2,n1,n2

1

(|m1|+ |n1|)k1 (|m2|+ |n2|)k2 (|ω1m1 + ω2m2|+ |ω1n1 + ω2n2|)k3
. (5.1)

Clearly the series (5.1)

�
∑′

m1,m2∈Z

1

|m1|k1/2|m2|k2/2|ω1m1 + ω2m2|k3/2
∑′

n1,n2∈Z

1

|n1|k1/2|n2|k2/2|ω1n1 + ω2n2|k3/2
.

Note that some terms are missing in the inequality, in fact they converge obviously under
our condition, so we omit them for simplification.

According to Theorem 5.1.2, both two sums are convergent if k1 +k2 > 2, k1 +k3 > 2,
k2 + k3 > 2 and k1 + k2 + k3 > 4. This gives us the if part.

Conversely, we can assume that ω1 and ω2 are positive. Then the sum (5.1) has a
subseries ∑′

m1,m2,n1,n2≥0

1

(m1 + n1)k1 (m2 + n2)k2 (ω1m1 + ω2m2 + ω1n1 + ω2n2)k3
.

By setting l1 = m1 + n1, and l2 = m2 + n2, it becomes∑
l1,l2>0

(l1 + 1)(l2 + 1)

lk11 l
k2
2 (ω1l1 + ω2l2)k3

.

Note that both ω1 and ω2 are positive, by Lemma 5.1.1 we find that the sum (5.1)
converges only if (k1 − 1) + k3 > 1, (k2 − 1) + k3 > 1 and (k1 − 1) + (k2 − 1) + k3 > 2.
Recall that the Mordell–Tornheim double Eisenstein series have the same convergence
as the sum (5.1). Thus the series G (τ ; k1, k2, k3;ω1, ω2) converges only if k1 + k3 > 2,
k2 + k3 > 2 and k1 + k2 + k3 > 4.
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Since ω1 and ω2 are coprime, setting τ3 = ω1τ1 + ω2τ2 we find

G (τ ; k1, k2, k3;ω1, ω2) =
∑′

τ1,τ2∈Z+Zτ

1

τ k11 τ k22 (ω1τ1 + ω2τ2)k3

= (−1)k2ωk11

∑′

τ2,τ3∈Z+Zτ

1

(τ k13 + ω2τ2)k1τ k22 τ k33

= (−1)k2ωk11 G (τ ; k2, k3, k1; 1, ω2) .

This implies that G (τ ; k1, k2, k3;ω1, ω2) converges only when all the four symmetric con-
ditions k1 + k2 > 2, k1 + k3 > 2, k2 + k3 > 2 and k1 + k2 + k3 > 4 hold. This gives us the
only if part.

5.2 Double Zeta Functions and Partial Fraction De-

composition

The aim of this section is to determine the Mordell–Tornheim double zeta values. In
fact, they can be made explicitly with products of Hurwitz zeta values. We will see the
key ingredient in the proof is the following partial fraction decomposition.

Lemma 5.2.1. Let k1, k2 and k3 be nonnegative integers. Then we have the following
partial fraction decomposition

1

lk11 l
k2
2 (l1 + l2)k3

=

k1−1∑
µ=0

(
k2+µ−1

µ

)
lk1−µ1 (l1 + l2)k2+k3+µ

+

k2−1∑
ν=0

(
k1+ν−1

ν

)
lk2−ν2 (l1 + l2)k1+k3+ν

=

k1−1∑
µ=0

(−1)µ
(
k3+µ−1

µ

)
lk1−µ1 lk2+k3+µ

2

+

k3−1∑
ν=0

(−1)k1
(
k1+ν−1

ν

)
(l1 + l2)k3−ν lk1+k2+ν

2

.

Let x ∈ R, we will need the following Hurwitz zeta function

ζZ(s, x) =
∑′

n∈Z

1

(n+ x)s
.

Here
∑′ means the summation omit the term n = −x when x ∈ Z. The function ζZ(s, x)

converges absolutely for Re(s) > 1. It can be also defined for s = 1 as a Cauchy principal
value. In this case, it reduces to the cotangent function

ζZ(1, x) = lim
N→∞

∑′

|n|≤N

1

n+ x
=

{
0 if x ∈ Z
π cot(πx) else

Proposition 5.2.2. Let k1, k2, k3 be nonnegative integers which verifies the condition in
Theorem 5.1.2. Then Mordell–Tornheim double zeta value ζMT,Z(k1, k2, k3;ω1, ω2) is a Q-
linear combinations of ζ(k) and Hurwitz zeta values

∑
r (ω2) ζZ(m, r/ω2)ζZ(k−m,ω1r/ω2)

with 1 ≤ m ≤ k − 1, here the sum is taken for all r modulo ω2.
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Proof. With partial fraction decomposition, a general Mordell–Tornheim double zeta
value can be reduced to the case where k1 or k2 equals 0.∑′

l1,l2∈Z

1

lk11 l
k2
2 (ω1l1 + ω2l2)k3

=
∑′

l1,l2∈Z

(
k1−1∑
u=0

ωu1ω
k2
2

(
k2+u−1

u

)
lk1−u1 (ω1l1 + ω2l2)k2+k3+u

+

k2−1∑
v=0

ωk11 ω
v
2

(
k1+v−1

v

)
lk2−v2 (ω1l1 + ω2l2)k1+k3+v

)

=

k1−1∑
u=0

ωu1ω
k2
2

(
k2 + u− 1

u

)
ζMT,Z(k1 − u, 0, k2 + k3 + u;ω1, ω2)

+

k2−1∑
v=0

ωk11 ω
v
2

(
k1 + v − 1

v

)
ζMT,Z(0, k2 − v, k1 + k3 + v;ω1, ω2).

It remains to focus on the case k2 = 0. Taking modulo ω2, we are able to decompose each
term into a product of two Hurwitz zeta values.∑′

l1,l2∈Z

1

lk11 (ω1l1 + ω2l2)k3

=

ω2−1∑
r=0

∑′

l1≡r (ω2)
l3≡ω1r (ω2)

1

lk11 l
k3
3

− ω−k31

∑′

l1∈Z

1

lk1+k3
1

=

ω2−1∑
r=0

ω−k1−k32 ζZ(k1, r/ω2)ζZ(k3, ω1r/ω2)− ω−k31 ζZ(k1 + k3).

Note that this series is not convergent if k1 or k3 equals 1, but we can interpret this sum
as a Cauchy principal value and everything still works.

5.3 Cohen Series and Periods of Cusp Forms

In this section we introduce the Cohen series originally defined by Cohen [18], roughly
speaking, these series represent the linear functionals arising from the periods. We will
also generalize these series to a more general twisted version.

Let Γ1 = SL2(Z) be the full modular group. Let Γ(N) ⊂ Γ1 be the congruence group
of level N and let α be a cusp of Γ(N). The parabolic subgroup Γ(N)α contains all the
elements in Γ(N) that fix α. Let σα ∈ SL2(R) be the element such that σα∞ = α and

σ−1
α Γ(N)ασα · {±1} =

{
±
(

1 N
0 1

)m ∣∣∣∣ m ∈ Z
}
.

A cusp form f ∈ Sk(Γ(N)) have a Fourier expansion at α

f |kσα(τ) =
∞∑
m=1

aα,f (m)qm/N .
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Let p/q be rational, recall that the twisted L-function associate to f is

Lα(f, s; p/q) =
∞∑
m=1

aα,f (m)ζpmqN
ms

,

this Dirichlet series can be continued to the whole complex plane via the completed L-
function

Λα(f, s; p/q) = (2π)−sN sΓ(s)Lα(f, s; p/q) =

∫ ∞
0

(f |kσα)

(
iy +

p

q

)
ys
dy

y
.

In particular, for 0 ≤ n ≤ k − 2, we have the twisted n-th periods of f

rn(f ; p/q) := Λ∞(f, n+ 1; p/q).

Consider the cusp form Rn in Sk(Γ1) which represents the periods of cusp forms, that
is, for any f ∈ Sk(Γ1)

〈f,Rn〉 = rn(f),

Cohen in [18] (see also Kohnen–Zagier [31]) gave an explicit characterization of Rn which
is given via the so-called Cohen series

Rn = c−1
k,n

∑
a,b,c,d∈Z
ad−bc=1

1

(aτ + b)n+1(cτ + d)k−n−1
,

where ck,n = ik−1−n22−kπ
(
k−2
n

)
.

They also showed that there exists a unique cusp form Xm,n ∈ Sk(Γ1) such that for
any Hecke eigenform f , we have the following Rankin-Selberg type identity

〈f,Xm,n〉 = rm(f)rn(f),

where m,n be two integers with opposite parity. An explicit formula for Xm,n in term
of Eisenstein series is also given. Let f, g ∈ Mk(Γ(N)) be two modular forms of weight
k1, k2, recall the Rankin–Cohen bracket of index l is given by

[f, g]l =
∑
µ+ν=l

(−1)ν
(
k1 + l − 1

ν

)(
k2 + l − 1

µ

)
DµfDνg.

This Rankin–Cohen bracket is in general a modular form of weight k1 + k2 + 2l, and is a
cusp form if l is nonzero. In the case when f or g is Eisenstein series of weight 2, recall
that the modified Rankin–Cohen bracket is defined by

[f,G2]modl = [f,G2]l −
4π2

k1 + l
Dl+1f,

[G2, G2]modl = [G2, G2]l − (1 + (−1)l)
4π2

2 + l
Dl+1f.
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Let 0 ≤ m < n < k/2 with opposite parity, then Xm,n is given by

Xm,n =(−1)(k+n−m+1)/2 1

8(πi)k
(
k−2
m

)
·
(

(2πi)2mΓ(k − n−m− 1)Γ(n−m+ 1)[Gk−n−m−1, Gn−m+1]modm

− δm,0
Γ(k + 1)

Bk

Bn+1Bk−n−1

(n+ 1)(k − n− 1)
Gk

)
.

With the obvious relation Xm,n = (−1)k/2Xm,k−2−n, all other Xm,n can be determined in
the same manner.

We follow Diamantis–O’Sullivan [24] to define the generalized Cohen series

Ck,N,α(τ, s; p/q) :=
∑

γ∈Γ(N)

1

(σ−1
α γτ + p/q)sj(σ−1

α γ, τ)k
,

where s ∈ C. Then we state the following theorem, which is originally from Diamantis–
O’Sullivan, with a slight modification to arbitrary width N .

Theorem 5.3.1. Let k > 2 be an integer and p/q ∈ Q. Then the series Ck,N,α(τ, s; p/q)
is absolutely convergent when s lies in the strip 1 < Re(s) < k− 1. It has a meromorphic
continuation to all s ∈ C as a cusp form in Sk(Γ(N)), which satisfies the following
Petersson inner product identity for all cusp form f ∈ Sk(Γ(N))

〈f, Ck,N,α(τ, s; p/q)〉 = εN22−keisπ/2π
Γ(k − 1)

Γ(s)Γ(k − s)
Λα(f, k − s;−p/q), (5.2)

where εN = 2 when N ∈ {1, 2} and εN = 1 when N > 2.

For simplicity, we write Ck(τ, s; p/q) = Ck,1,∞(τ, s; p/q). The Cohen series Ck(τ, s; p/q)
satisfies

Ck(τ, s; p/q) = Ck(τ, s; p/q + n), n ∈ Z.

With generalized Cohen series, we now state the twisted version for kernel of the period
map.

Theorem 5.3.2. Let k > 2 be an even integer and p/q ∈ Q, then there is a unique cusp
form Rn(p/q) ∈ Sk(Γ1) such that

〈f,Rn(p/q)〉 = rn(f ; p/q)

given by
Rn(p/q) = c−1

k,nCk(τ, k − n− 1;−p/q).
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Let ρm : Sk → Sk be the linear functional defined by

f 7→ rm(f)f, f any normalized Hecke eigenform.

We define the cusp form

Xm,n(p/q) := ρm(Rn(p/q) + (−1)n−m+1Rn(−p/q)).

Given a basis of Hecke eigenforms, the cusp form Rn(p/q) + (−1)n−m+1Rn(−p/q) decom-
poses as

Rn(p/q) + (−1)n−m+1Rn(−p/q)

=
∑
f

〈Rn(p/q) + (−1)n−m+1Rn(−p/q), f〉〈f, f〉−1f

=
∑
f

(
rn(f ; p/q) + (−1)n−m+1rn(f ;−p/q)

)
〈f, f〉−1f.

Apply the functional ρm we see

Xm,n(p/q) =
∑
f

rm(f)
(
rn(f ; p/q) + (−1)n−m+1rn(f ;−p/q)

)
〈f, f〉−1f.

So we conclude that

Proposition 5.3.3. Let k > 2 be an even integer and p/q ∈ Q, then there exists a unique
cusp form Xm,n(p/q) ∈ Sk(Γ1) such that for any normalized Hecke eigenform f〈

f,Xm,n(p/q)
〉

= rm(f)
(
rn(f ; p/q) + (−1)n−m+1rn(f ;−p/q)

)
.

The cusp form Xm,n(p/q) can also be made explicitly in terms of Rankin–Cohen brack-
ets of Eisenstein series, however, of higher level rather than level 1.

Let N > 1 be an integer and u ∈ (Z/NZ)2. Recall an Eisenstein series of weight k
and level Γ(N) is the following series

Gu
k(τ) :=

∑
(c,d)≡u (N)

1

(cτ + d)k
.

Lemma 5.3.4. Let n ≥ 1,m ≥ 1 and l be positive integers. Let N > 1 be an integer and
ω ∈ (Z/NZ)×. Suppose that n + m > 4 and k = n + m + 2l is an even number. Let
f ∈ Sk(Γ1) be a cusp form, then〈

f,
∑

u,v∈(Z/NZ)2
v=ωu

[Gu
m, G

v
n]modl

〉
=

22−2lik−nπm+n

Γ(m)Γ(n)

(
k − 2

l

)
N−n

· rl(f) (rm+l−1(f ;−ω/N) + (−1)mrm+l−1(f ;ω/N)) .

Here
∑

u,v∈(Z/NZ)2
v=ωu

[Gu
m, G

v
n]modl is a modular form of level 1.
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Proof. Let u ∈ (Z/NZ)2 and v = ωu. A direct computation shows that

[Gu
m, G

v
n]l =(2πi)−l

∑
µ+ν=l

(−1)µ
(
l

µ

)
Γ(m+ l)Γ(n+ l)

Γ(n)Γ(m)Γ(l + 1)

·
∑′

c,d∈Z
(c,d)≡u

(
cµ

(cτ + d)m+µ

∑′

a,b∈Z

(aN + ωc)ν

(aNτ + bN + ω(cτ + d))n+ν

)

=(2πi)−l
Γ(m+ l)Γ(n+ l)

Γ(n)Γ(m)Γ(l + 1)
N−n

·
∑′

a,b,c,d∈Z
(c,d)≡u

(ad− bc)l

(cτ + d)m+l(aτ + b+ ω
N

(cτ + d))n+l
.

(5.3)

Summing around all u ∈ (Z/NZ)2, they in (5.3) splits into three parts

∑′

a,b,c,d∈Z
(c,d)≡u

(ad− bc)l

(cτ + d)m+l(aτ + b+ ω
N

(cτ + d))n+l

=
∑′

a,b,c,d∈Z
ad−bc=0

+
∑′

a,b,c,d∈Z
ad−bc>0

+
∑′

a,b,c,d∈Z
ad−bc<0

.

the first sum is either 0 (when l > 0) or an Eisenstein series of level 1 (when l = 0) which
makes no contribution in the Petersson product. The second and the third sum altogether
turn out to be a cusp form of level 1

∞∑
h=1

1

hm+n+l−1
(ThCk(τ, n+ l;ω/N) + (−1)mThCk(τ, n+ l;−ω/N)) .

Hence by Theorem 5.3.1,

∞∑
h=1

1

hm+n+l−1

〈
f, ThCk(τ, n+ l;ω/N) + (−1)mThCk(τ, n+ l;−ω/N)

〉
=
∞∑
h=1

af (h)

hk−l−1
ck,m+l−1 (rm+l−1(f ;−ω/N) + (−1)mrm+l−1(f ;ω/N))

=
(2π)k−l−1ck,m+l−1

Γ(k − l − 1)
rk−l−2(f) (rm+l−1(f ;−ω/N) + (−1)mrm+l−1(f ;ω/N)) .

In the case where m or n equals 1 or 2, we use Hecke’s trick to add |cτ + d|s in the
summation. The corresponding Rankin–Cohen bracket is changed to the modified version.
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Corollary 5.3.5. Let N > 2, we have

X0,n(−ω/N) =in+1 Γ(k − n− 1)Γ(n+ 1)

4πk
Nk−n−1

( ∑
u,v∈(Z/NZ)2

v=ωu

[Gv
n+1, G

u
k−n−1]mod0

−
∑

r (N) ζZ(n+ 1, ωr/N)ζZ(k − n+ 1, r/N)

2Nkζ(k)
Gk

)
.

In particular, we recover Zagier’s identity

X0,n =in+1 Γ(k − n− 1)Γ(n+ 1)

8πk

(
[Gn+1, Gk−n−1]mod0

+
Γ(k + 1)

Bk

Bn+1Bk−n−1

Γ(n+ 2)Γ(k − n)
Gk

)
.

We now define further the double Cohen series

Ck(τ, s1, s2;ω1, ω2) :=
∑
γ∈Γ1

1

(γτ + ω1)s1(γτ + ω2)s2j(γ, τ)k
, (5.4)

where ω1, ω2 ∈ Q and s1, s2 are integers such that 1 < s1 + s2 < k − 1.

Lemma 5.3.6. Let ω1, ω2 ∈ Q and s1, s2 be integers with 1 < s1 + s2 < k − 1. Then the
double Cohen series Ck(τ, s1, s2;ω1, ω2) converges absolutely.

Proof. We omit the detail and refer to [24]. The treatment is similar as there.

Proposition 5.3.7. Let ω1, ω2 ∈ Q and s1, s2 be integers with 1 < s1 + s2 < k− 1. Then
the double Cohen series is a cusp form in Sk, more precisely

Ck(τ, s1, s2;ω1, ω2) =

s1−1∑
µ=0

(−1)µ
(
s2+µ−1

µ

)
(ω2 − ω1)s2+µ

Ck(τ, s1 − µ;ω1)

+

s2−1∑
ν=0

(−1)ν
(
s1+ν−1

ν

)
(ω1 − ω2)s1+ν

Ck(τ, s2 − ν;ω2).

Proof. We proceed with Lemma 5.2.1 to get∑
γ∈Γ

1

(γτ + ω1)s1(γτ + ω2)s2j(γ, τ)k

=
∑
γ∈Γ

s1−1∑
µ=0

(−1)µ
(
s2+µ−1

µ

)
(γτ + ω1)s1−µ(ω2 − ω1)s2+µ

1

j(γ, τ)k

+
∑
γ∈Γ

s2−1∑
ν=0

(−1)ν
(
s1+ν−1

ν

)
(γτ + ω2)s2−ν(ω1 − ω2)s1+ν

1

j(γ, τ)k
.
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In both two sums each term is a Cohen series except for the cases µ = s1− 1, ν = s2− 1.
The exceptional cases contribute as

(−1)s1−1

(
s1+s2−2
s1−1

)
(ω2 − ω1)s1+s2−1

∑
γ∈Γ

(
1

γτ + ω1

− 1

γτ + ω2

)
1

j(γ, τ)k
.

This series should converge absolutely since the else converge absolutely by Theorem 5.3.1.
To compute this term, we need the following Cauchy principle value when u ∈ C\Z

lim
N→∞

N∑
n=−N

1

n+ u
= π cot πu.

By rearranging the summation, we have∑
γ∈Γ

(
1

γτ + ω1

− 1

γτ + ω2

)
1

j(γ, τ)k

=
∑

γ∈Γ∞\Γ

∑
n∈Z

(
1

γτ + n+ ω1

− 1

γτ + n+ ω2

)
2

j(γ, τ)k

=
∑

γ∈Γ∞\Γ

(cotπ(γτ + ω1)− cotπ(γτ + ω2))
2π

j(γ, τ)k
.

(5.5)

On the other hand, let q = e2πiγτ and qj = e2πiωj , j = 1, 2, we have

cot(π(γτ + ωj)) = i
qjq + 1

qjq − 1
= −i(1 + 2qjq + 2q2

j q
2 + · · · ).

Hence the equation (5.5) gives us the cusp form∑
γ∈Γ∞\Γ

∞∑
m=1

−4πi(qm1 − qm2 )qm

j(γ, τ)k
= −4πi

∞∑
m=1

(qm1 − qm2 )
∑

γ∈Γ∞\Γ

qm

j(γ, τ)k
.

Let f be a cusp form, as in the proof of Theorem 5.3.1, we can compute the following
Petersson inner product〈

f,−4πi
∞∑
m=1

(qm1 − qm2 )
∑

γ∈Γ∞\Γ

qm

j(γ, τ)k
〉

= 4πiΓ(k − 1)
∞∑
m=1

af (m)

(4πm)k−1
(q−m1 − q−m2 ).

On the other hand,

〈f, Ck(τ, 1;ωj)〉 = 23−kπiΛ∞(f, k − 1;−ωj)

= 4πiΓ(k − 1)
∑
m≥1

af (m)

(4πm)k−1
q−mj .

Hence by comparing these two Petersson inner products, we find∑
γ∈Γ

(
1

γτ + ω1

− 1

γτ + ω2

)
1

j(γ, τ)k
= Ck(τ, 1;ω1)− Ck(τ, 1;ω2). (5.6)
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5.4 Mordell–Tornheim double Eisenstein Series

Let k1, k2 and k3 be positive integers with k1 + k3 > 2, k2 + k3 > 2, k1 + k2 > 2 and
k1 + k2 + k3 > 4. Then by Theorem 5.1.3, the Mordell–Tornheim double Eisenstein series

G (τ ; k1, k2, k3;ω1, ω2) =
∑′

τ1,τ2∈Z+Zτ

1

τ k11 τ k22 (ω1τ1 + ω2τ2)k3

converges absolutely. In this section, we will give an explicit formula for the Mordell–
Tornheim double Eisenstein series in terms of classical Eisenstein series. More precisely,
we have the following theorem

Theorem 5.4.1. Let k1, k2, k3 be positive integers, ω1, ω2 ∈ Z and τ ∈ H, then we have

G(τ ; k1, k2, k3;ω1, ω2) = Geis +Gcusp

Here Geis is an Eisenstein series which is given by

Geis =
ζMT,Z(k1, k2, k3;ω1, ω2)

2ζ(k)
·Gk.

The Gcusp is a cusp form given by

Gcusp =

k1−2∑
µ=0

(−1)k1
(
k3+µ−1

µ

)
ωk3+µ

2 ω−µ1

δµ≡k1(2)

·
(

[Gk1−µ, Gk2+k3+µ]mod0 − 2
ζ(k1 − µ)ζ(k2 + k3 + µ)

ζ(k)
Gk

)
+

k3−1∑
ν=0

(−1)k1
(
k1+ν−1

ν

)
ωk1+ν

2 ω−k11

·
( ∑

u,v∈(Z/ω1Z)2
v=ω2u

[Gv
k3−ν , G

u
k1+k2+ν ]

mod
0 −

∑
r(ω1) ζZ(k3 − ν, ω2r/ω1)ζZ(k1 + k2 + ν, r/ω1)

2ωk1ζ(k)
Gk

)
,

here the modified Rankin–Cohen brackets in last line involves only Eisenstein series of
even weights when ω1 is 1 or 2.

Proof. Let τ1 = aτ + b and τ2 = cτ + d, we write

det(τ1, τ2) = det

(
a b
c d

)
.

First, we consider the part

Geis =
∑′

det(τ1,τ2)=0

1

τ k11 τ k22 (ω1τ1 + ω2τ2)k3
.
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Since τ1, τ2 and ω1τ1 + ω2τ2 are proportional,

Geis =
∑′

det(τ1,τ2)=0

1

τ k11 τ k22 (ω1τ1 + ω2τ2)k3

=
∑′

n,m∈Z

1

nk1mk2(ω1n+ ω2m)k3

∑′

gcd(c,d)=1

1

(cτ + d)k

= ζMT,Z(k1, k2, k3;ω1, ω2)/2ζ(k) ·Gk.

Now we consider the remaining part

Gcusp =
∑

det(τ1,τ2)6=0

1

τ k11 τ k22 (ω1τ1 + ω2τ2)k3
.

We split again the sums into two parts∑
det(τ1,τ2)6=0

1

τ k11 τ k22 (ω1τ1 + ω2τ2)k3

=
∑

det(τ1,τ2)>0

1

τ k11 τ k22 (ω1τ1 + ω2τ2)k3
+

∑
det(τ1,τ2)<0

1

τ k11 τ k22 (ω1τ1 + ω2τ2)k3
.

Changing the variable by τ2 → −τ2 in the second sum, we see it is enough to calculate only
the first one. This sum can be computed with double Cohen series and Hecke operator∑

det(τ1,τ2)>0

1

τ k11 τ k22 (ω1τ1 + ω2τ2)k3

=
∑

a,b,c,d∈Z
ad−bc>0

1

(aτ + b)k1(cτ + d)k2(ω1(aτ + b) + ω2(cτ + d))k3

= ω−k31

∞∑
n=1

∑
a,b,c,d∈Z
ad−bc=n

1(
aτ+b
cτ+d

)k1 (aτ+b
cτ+d

+ ω2

ω1

)k3
(cτ + d)k

= ω−k31

∞∑
n=1

∑
det γ=n

1

(γτ)k1(γτ + ω2/ω1)k3j(γ, τ)k

= ω−k31

∞∑
n=1

1

nk−1
Tn (Ck(τ, k1, k3; 0, ω2/ω1)).

Hence, Gcusp equals

ω−k31

∞∑
n=1

1

nk−1

(
TnCk(τ, k1, k3; 0, ω2/ω1) + (−1)k2TnCk(τ, k1, k3; 0,−ω2/ω1)

)
.
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Recalling Proposition 5.3.7 we see that

∞∑
n=1

1

nk−1

(
TnCk(τ, k1, k3; 0, ω2/ω1) + (−1)k2TnCk(τ, k1, k3; 0,−ω2/ω1)

)
=

k1−2∑
µ=0

(−1)µ
(
k3 + µ− 1

µ

)
(ω1/ω2)k3+µ

·
∞∑
n=1

1

nk−1

(
TnCk(τ, k1 − µ; 0) + (−1)k1−µTnCk(τ, k1 − µ; 0)

)
+

k3−1∑
ν=0

(−1)k1
(
k1 + ν − 1

ν

)
(ω2/ω1)k1+ν

·
∞∑
n=1

1

nk−1

(
TnCk(τ, k3 − ν;ω2/ω1) + (−1)k3−νTnCk(τ, k3 − ν;−ω2/ω1)

)
.

If ω1 is 1 or 2, the last line vanishes when k3−ν is odd. As has been evaluated in the proof
of Lemma 5.3.3, the sum Gcusp can be computed clearly with Rankin–Cohen brackets.

In the case ω1 = ω2 = 1, the Mordell–Tornheim double Eisenstein series

G(τ ; k1, k2, k3) :=
∑′

τ1+τ2+τ3=0
τ1,τ2,τ3∈Z+Zτ

1

τ k11 τ k22 τ k33

,

symmetric in k1, k2 and k3, may be expressed in a more brief form.

Theorem 5.4.2. Let k1, k2 and k3 be positive integers which satisfy the condition in
Theorem 5.1.3. Then we have the following

G(τ ; k1, k2, k3) =(−1)k3
( k1−2∑

µ=0

δµ≡k1(2)

(
k2 + µ− 1

µ

)
Gk1−µGk2+k3+µ

+

k2−2∑
ν=0

δν≡k2(2)

(
k1 + ν − 1

ν

)
Gk2−νGk1+k3+ν

− 4π2

k − 2

(
k1 + k2 − 2

k1 − 1

)
DGk−2 −

(
k1 + k2

k1

)
Gk

)
.

Hence 1
πk
G(τ ; k1, k2, k3) has rational coefficients.
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5.5. EXAMPLES AND FOURIER COEFFICIENTS OF MORDELL–
TORNHEIM DOUBLE EISENSTEIN SERIES

91

5.5 Examples and Fourier Coefficients of Mordell–

Tornheim Double Eisenstein Series

Recall that we have the normalized Eisenstein series Ek

Ek(τ) =
Gk(τ)

2ζ(k)
= 1− 2k

Bk

∞∑
n=1

σk−1(n)qn.

Example 5.5.1. Let k = 6. All the Mordell–Tornheim double Eisenstein series of weight
6 is listed as follows

G(τ ; 1, 2, 3) = − π6

945
E6(τ),

G(τ ; 2, 2, 2) =
2π6

945
E6(τ).

Example 5.5.2. Let k = 8. All the Mordell–Tornheim double Eisenstein series of weight
6 is listed as follows

G(τ ; 1, 2, 5) = − π8

14175
E8(τ),

G(τ ; 1, 3, 4) = − 2π8

14175
E8(τ),

G(τ ; 2, 2, 4) =
2π8

14175
E8(τ),

G(τ ; 2, 3, 3) = 0.

Example 5.5.3. Let k = 12 and k1 = k2 = k3 = 4. Then we have a Mordell–Tornheim
double Eisenstein series of weight 12

G(τ ; 4, 4, 4) =
38π12

91216125

(
E12(τ)− 111196800

13129
∆(τ)

)
,

where ∆ is the unique Hecke cusp form of weight 12.

Example 5.5.4. For any integer k ≥ 1, we have G(τ ; 2k, 2k+ 1, 2k+ 1) = 0. In fact, we
have

3G(τ ; 2k, 2k + 1, 2k + 1)

=
∑′

τ1+τ2+τ3=0

τ1 + τ2 + τ3

τ 2k+1
1 τ 2k+1

2 τ 2k+1
3

= 0.
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Using Theorem 4 and evaluating the coefficients of qn, we have the following formula

2
2k−1∑
µ=1
2-µ

(
2k + µ

µ

)((
6k + 1

4k + µ

)
B2k+1−µσ4k+µ(n) +

(
6k + 1

4k + 1 + µ

)
B4k+1+µσ2k−µ(n)

− 2(6k + 1)

(
6k

2k − µ

) n−1∑
m=1

σ2k−µ(m)σ4k+µ(n−m)

)

= (6k + 1)

(
4k

2k

)
nσ6k−1(n)−

(
4k + 2

2k + 1

)
σ6k+1(n).

When k = 1, we recover the classical formula from Ramanujan

504
n−1∑
m=1

σ1(m)σ5(n−m) = 20σ7(n) + 21σ5(n)− 42nσ5(n) + σ1(n).

Example 5.5.5. For any integer k ≥ 1, G(τ ; 1, 2k, 2k + 1) is an Eisenstein series. In
fact, we have

G(τ ; 1, 2k, 2k + 1) +G(τ ; 1, 2k + 1, 2k)

=
∑′

τ1+τ2+τ3=0

τ2 + τ3

τ1 τ
2k+1
2 τ 2k+1

3

= −G4k+2(τ).

Evaluating the coefficients of qn, we get

2k−2∑
µ=0
2|µ

(
B2k−µ

(
4k + 1

2k − µ

)
σ2k+1+µ(n) +B2k+2+µ

(
4k + 1

2k − µ− 1

)
σ2k−µ−1(n)

−2(4k + 1)

(
4k

2k + µ+ 1

) n−1∑
m=1

σ2k−1−µ(m)σ2k+1+µ(n−m)

)
= (4k + 1)nσ4k−1(n)− (4k + 3)σ4k+1(n)/2.

When k = 1, we recover the classical formula from Ramanujan

240
n−1∑
m=1

σ1(m)σ3(n−m) = 21σ5(n)− 30nσ3(n) + 10σ3(n)− σ1(n).

More examples of Mordell–Tornheim double Eisenstein series G(τ ; k1, k2, k3) can be
found in Appendix B.
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Chapter 6

Final Computations

In Chapter 2 we introduced the element Eisk1,k2,jD (u1, u2) and then in Chapter 3 we
established a theory of regularized integrals which is applicable for this regulator. So the
following regulator integrals do make sense∫ ∗

P{0,∞}
Eisk1,k2,jD (u1, u2) and

∫ ∗
P [0,α]∞

Eisk1,k2,jD (u1, u2).

In this chapter we aim to compute these integrals. We begin first by stating our fi-
nal results on computation of regulator integrals, including periods and residues of the
regulator Eisk1,k2,jD (u1, u2) for P = XmY w−m for certain m ≥ k1, k2. In Section 6.3 and
Section 6.2, the regulator integral is clearly delineated. We will need certain preparatory
calculations about regulators, given in Section 6.4 and Section 6.6. The whole computa-
tion and our final proof are included in Section 6.7 and Section 6.8. The vital tool is the
Rogers–Zudilin method given by Lemma 4.3.2.

6.1 Results

We compute explicitly the periods of the regulator. The period∫ ∗
Xw{0,∞}

Eisk1,k2,jD (u1, u2)

is exactly a Q(w + 1)-multiple of L-value of a modular form with rational coefficients.
More precisely we obtain

Theorem 6.1.1. Let k1, k2, j be nonnegative integers with w = k1 + k2. Let N ≥ 3 and
u1 = (a1, b1), u2 = (a2, b2) ∈ (Z/NZ)2, suppose that (ai, bi) 6= (0, 0) if ki = 0 and bi 6= 0
if ki = 1, then∫ ∗

Xw{0,∞}
Eisk1,k2,jD (u1, u2) = Ck1,k2,jΛ

∗
(
G

(k1+1)
b1,−a2G

(k2+1)
b2,a1

− (−1)jG
(k1+1)
b1,a2

G
(k2+1)
b2,−a1 ,−j

)
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with the constant

Ck1,k2,j =
j!(k1 + j + 2)(k2 + j + 2)

2Nw+j+2
ik1−k2+(j+1)2(2π)w+1 ∈ Q(w + 1).

Remark 6.1.2. The appearance of the L-value at s = −j is in accordance with the Beilin-
son’s conjectures that we discussed in Subsection 2.3.1.

Also we compute the residues∫ ∗
Xw[0,x]∞

Eisk1,k2,jD (u1, u2),

the result is given below

Theorem 6.1.3. Let k1, k2, j be nonnegative integers with w = k1 + k2. Let N ≥ 3 and
u1 = (a1, b1), u2 = (a2, b2) ∈ (Z/NZ)2, suppose that (ai, bi) 6= (0, 0) if ki = 0 and bi 6= 0
if ki = 1, then∫ ∗

Xw[0,x]∞

Eisk1,k2,jD (u1, u2) = Rk1,k2,j(u1, u2) + (−1)k1+k2+j+1Rk2,k1,j(u2, u1),

where

Rk1,k2,j(u1, u2) = (−1)
1
2
j(j−1)+k2δ0(a1)

(k1 + j)!(k1 + j + 2)(k2 + j + 2)

2(k2 + 1)Nk2+j+3
(2πi)k2+1

· L(δ−a2 ,−k2 − j − 1)L(δb1 + (−1)k1+jδ−b1 , k1 + j + 1)xk2+1.

Here we exhibit several examples of regulator integrals.

Example 6.1.4. Let j = 0, then we recover the following Brunault’s result [11, Theorem
1.1]∫ ∗

Xw{0,∞}
Eisk1,k2D (u1, u2) =

(k1 + 2)(k2 + 2)

2Nw+2
(2π)w+1ik1−k2+1Λ∗

(
G

(k1+1)
b1,−a2G

(k2+1)
b2,a1

−G(k1+1)
b1,a2

G
(k2+1)
b2,−a1 , 0

)
.

Example 6.1.5. Let k1 = k2 = 0 and j = 1 then we have period∫ ∗
{0,∞}

Eis0,0,1
D (u1, u2) =

9π

N3
Λ
(
G

(1)
b1,−a2G

(1)
b2,a1

+G
(1)
b1,a2

G
(1)
b2,−a1 ,−1

)
and residue ∫ ∗

[0,x]∞

Eis0,0,1
D (u1, u2) = R0,0,1(u1, u2) +R0,0,1(u2, u1)

with

R0,0,1(u1, u2) = δ0(a1)
9πi

N4
L(δ−a2 ,−2)L(δb1 − δ−b1 , 2)x.
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Example 6.1.6. Let k1 = 0, k2 = 1 and j = 1 then we have periods∫ ∗
X{0,∞}

Eis0,1,1
D (u1, u2) = −24π2i

N4
Λ
(
G

(1)
b1,−a2G

(2)
b2,a1

+G
(1)
b1,a2

G
(2)
b2,−a1 ,−1

)
and ∫ ∗

Y {0,∞}
Eis0,1,1
D (u1, u2) =

∫ ∗
σ∗X{∞,0}

Eis0,1,1
D (u1, u2)

=−
∫ ∗
X{0,∞}

Eis0,1,1
D (u1σ, u2σ)

=
24π2i

N4
Λ
(
G

(1)
−a1,−b2G

(2)
−a2,b1 +G

(1)
−a1,b2G

(2)
−a2,−b1 ,−1

)
.

In more general, for certain k1, k2 ≤ m ≤ w, the period∫ ∗
XmY w−m{0,∞}

Eisk1,k2,jD (u1, u2)

is a linear combination of L-values of quasi-modular forms with rational coefficients.

Theorem 6.1.7. Let k1, k2, j be nonnegative integers with w = k1 + k2. Let m be an
integer with k1, k2 ≤ m ≤ w. Assume that if m = k2 then k1 = 0. Let N ≥ 3 and
u1 = (a1, b1), u2 = (a2, b2) ∈ (Z/NZ)2, suppose that (ai, bi) 6= (0, 0) if ki = 0 and bi 6= 0
if ki = 1, then∫ ∗
XmY w−m{0,∞}

Eisk1,k2,jD (u1, u2) =
j!(k1 + j + 2)(k2 + j + 2)

4Nw+j+2
ik1−k2+(j+1)2(2π)w+1

·
(

Λ∗
(
Dw−m

(
G

(m−k2+1)
b1,−a2 − (−1)w−mG

(m−k2+1)
b1,a2

)(
G

(m−k1+1)
b2,a1

+ (−1)jG
(m−k1+1)
b2,−a1

)
,−j

)
+

j∑
l=1

1

l!

(
4π

N

)l
· Λ∗

(
(−1)w+m+1Dw−m+lG

(m−k2+1)
b1,a2

G
(m−k1+1)
b2,a1

+ (−1)jDw−m+lG
(m−k2+1)
b1,−a2 G

(m−k1+1)
b2,−a1 ,−j + l

)
− (−1)j

w−m∑
l=0

(j + l)!

j!

(
4π

N

)−l
C

(1)
k2,m−k1,k2−l

Λ∗
(
Dw−m−lG

(m−k1+1)
b2,−a1 G

(m−k2+1)
b1,a2

+ (−1)w−m+j+1Dw−m−lG
(m−k1+1)
b2,a1

G
(m−k2+1)
b1,−a2 ,−j − l

)
+ (−1)j

w−m∑
l=−j

(j + l)!

j!

(
4π

N

)−l
C

(2)
k2,m−k1,k2−l,j

Λ∗
(
Dw−m−lG

(m−k1+1)
b2,a1

G
(m−k2+1)
b1,a2

+ (−1)w−m+j+1Dw−m−lG
(m−k1+1)
b2,−a1 G

(m−k2+1)
b1,−a2 ,−j − l

))
,

where the C(1) and C(2) are integers defined in Definition 6.4.4.
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Remark 6.1.8. Thanks to Lanphier’s identity, we are able to rewrite the result in The-
orem 6.1.7 as linear combination of L-values of modular forms (also G2) with rational
coefficients.

After an inspection we can find out that Theorem 6.1.7 extends to level N = 1, 2. In
particular, we get

Theorem 6.1.9. Let k1 ≥ 2, k2 ≥ 2 be even integers with w = k1 + k2. Let the integers
k1, k2 ≤ m ≤ w be odd and j ≥ 0 be even, we have in level 1∫ ∗

XmY w−m{0,∞}
Eisk1,k2,jD (0, 0) = ik1−k2+(j+1)22(2π)w+1j!(k1 + j + 2)(k2 + j + 2)

·
(

2Λ∗
(
Dw−mGm−k2+1 ·Gm−k1+1,−j

)
+

j∑
l=1

(4π)l

l!
Λ∗
(
Dw−m+lGm−k2+1 ·Gm−k1+1, l − j

)
−

w−m∑
l=0

(j + l)!

j!
(4π)−l C

(1)
k2,m−k1,k2−lΛ

∗ (Dw−m−lGm−k1+1 ·Gm−k2+1,−j − l
)

+
w−m∑
l=−j

(j + l)!

j!
(4π)−l C

(2)
k2,m−k1,k2−l,jΛ

∗ (Dw−m−lGm−k1+1 ·Gm−k2+1,−j − l
) )
.

6.2 The Regulator Integrals

Recall in Section 2.3.2 we introduced the regulator

Eisk1,k2,jD (u1, u2) = p∗(p
∗
1 Eisk1+j

D (u1) ∪ p∗2 Eisk2+j
D (u2))

∈ Hw+2
D (Ew/R,R(w + j + 2)),

where p, p1 and p2 are the projections

Ek1+j+k2

Ek1+j Ek1+k2 Ej+k2

p1
p

p2 .

Write θ for the isomorphism on Ek+j defined by

θ : Ek2 ×Y (N) E
j ×Y (N) E

k1 ∼−→ Ek1 ×Y (N) E
j ×Y (N) E

k2 .

Note that θ also restricts to an isomorphism Ek2+k1 → Ek1+k2 we write it also as θ by an
abuse of notation.

Set q = θ−1 ◦ p ◦ θ, q1 = p1 ◦ θ and q2 = p2 ◦ θ. We have commutative diagram

Ek2+j+k1 Ek1+j+k2

Ek2+k1 Ek1+k2

q

θ

p

θ

.
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6.2. THE REGULATOR INTEGRALS 97

Since θ∗p∗ = (θ−1)∗p∗ = q∗(θ
−1)∗ = q∗θ

∗ and θ∗p∗i = q∗i , we have

θ∗ Eisk1,k2,jD (u1, u2) = q∗(q
∗
2 Eisk2+j

D (u2) ∪ q∗1 Eisk1+j
D (u1)).

Definition 6.2.1. Let ηy,m be the following fiber of (θ−1)∗X
mY w−m{0,∞} on Ek2×Y (N)

Ek1

ηy,m = {(iy; it1y, . . . , itm−k1y, tm−k1+1, . . . , tk2 , itk2+1y, . . . , itwy, σ) | t1, . . . , tw ∈ [0, 1]} .

We endow ηy,m with the orientation induced by the product orientation [0, 1]k2 × [0, 1]k1 .

With the isomorphism (2.1), we write (τ ; z1, . . . , zk1 , t1, . . . , tj, z
′
1, . . . , z

′
k2

) for the co-
ordinates on Ew+j(C). We take the canonical orientation dz1 ∧ dz1 ∧ · · · ∧ dzk1 ∧ dzk1 ∧
dt1 ∧ dt1 ∧ · · · ∧ dtj ∧ dtj ∧ dz′1 ∧ · · · ∧ dz′k2 on Ek1+j+k2 .

We divide the whole regulator integral into two parts∫ ∗
XmY w−m{0,∞}

Eisk1,k2,jD (u1, u2) =

∫ ∗
XmY w−m{0,∞}

p∗
(
p∗1 Eisk1+j

D (u1)∧πk2+j+1(p∗2 Eisk2+j
hol (u2))

)
+

∫ ∗
XmY w−m{0,∞}

(−1)k1+j+1p∗
(
πk1+j+1(p∗1 Eisk1+j

hol (u1)) ∧ p∗2 Eisk2+j
D (u2)

)
.

For the second integral we have

(−1)k1+j+1

∫ ∗
XmY w−m{0,∞}

p∗
(
πk1+j+1(p∗1 Eisk1+j

hol (u1)) ∧ p∗2 Eisj+k2D (u2)
)

=(−1)k1+j+1

∫ ∗
(θ−1)∗XmY w−m{0,∞}

θ∗
(
p∗
(
πk1+j+1(p∗1 Eisk1+j

hol (u1)) ∧ p∗2 Eisj+k2D (u2)
))

=(−1)(k1+j+1)(k2+j+1)

∫ ∗
(θ−1)∗XmY w−m{0,∞}

θ∗
(
p∗
(
p∗2 Eisj+k2D (u2) ∧ πk1+j+1(p∗1 Eisk1+j

hol (u1))
))

=(−1)(k1+j+1)(k2+j+1)+k1j+k2j

∫ ∗
(θ−1)∗XmY w−m{0,∞}

q∗
(
q∗2 Eisk2+j

D (u2) ∧ πk1+j+1(q∗1 Eisj+k1hol (u1))
)
.

The isomorphism θ change the orientation of XmY w−m{0,∞} with a sign (−1)k1k2 , so it
is

(−1)k1+k2+j+1

∫ ∞,∗
0

∫
ηy,m

q∗
(
q∗2 Eisk2+j

D (u2) ∧ πk1+j+1(q∗1 Eisj+k1hol (u1))
)
.

For brevity, we set

Ik1,k2,j(u1, u2) =

∫ ∞,∗
0

∫
γy,m

p∗
(
p∗1 Eisk1+j

D (u1) ∧ πk2+j+1(p∗2 Eisk2+j
hol (u2))

)
,

and

Jk1,k2,j(u1, u2) =

∫ ∞,∗
0

∫
ηy,m

q∗
(
q∗2 Eisk2+j

D (u2) ∧ πk1+j+1(q∗1 Eisj+k1hol (u1))
)
.
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98 CHAPTER 6. FINAL COMPUTATIONS

Finally, the full regulator is given as∫ ∗
XmY w−m{0,∞}

Eisk1,k2,jD (u1, u2) =

∫ ∗
XmY w−m{0,∞}

p∗
(
p∗1 Eisk1+j

D (u1) ∧ πk2+j+1(p∗2 Eisk2+j
hol (u2))

)
+

∫ ∗
XmY w−m{0,∞}

(−1)k1+j+1p∗
(
πk1+j+1(p∗1 Eisk1+j

hol (u1)) ∧ p∗2 Eisk2+j
D (u2)

)
= Ik1,k2,j(u1, u2) + (−1)k1+k2+j+1Jk1,k2,j(u1, u2).

6.3 Explicit Regulators

Let us start by recalling our object of interest.
Given u1 = (a1, b1), u2 = (a2, b2) ∈ (Z/NZ)2, we have the differential forms

Eisk1+j
D (u1) = −(k1 + j)!(k1 + j + 2)

2πN
Im(τ)

k1+j∑
a=0

F a,k1+j−a
gu1

(τ)ψa,k1+j−a mod dτ, dτ

= −(k1 + j)!(k1 + j + 2)

2πN
Im(−1

τ
)

k1+j∑
a=0

F a,k1+j−a
σgu1

(−1

τ
)τ−aτ−k1+aψa,k1+j−a mod dτ, dτ

and

Eisk2+j
hol (u2) = (−1)k2+j+1k2 + j + 2

N
(2iπ)k2+j+1F (k2+j+2)

σgu2
(τ)dτ ∧ ψk2+j,0.

Let π : Ek1+j+k2(C)→ H and π′ : Ek2+j+k1(C)→ H be the canonical projections onto
the upper half-plane. Let ν : H → Y (N)(C) be the map onto the connected component
of Y (N) given by τ 7→ [(τ, σ)]. Given t ∈ R, set W = π−1({0,∞}), W ′ = π′−1({0,∞}),
V = π−1([0, x]y∞) and V ′ = π′−1([0, x]y∞). They can be seen as subvarieties of Ek(C).
Then we see directly that

Lemma 6.3.1. We have differential forms

p∗1 Eisk1+j
D (u1)|W = C1y

−k1−j−1

k1+j∑
a=0

(−1)k1+j−aF a,k1+j−a
−u1 (

i

y
)p∗1ψa,k1+j−a mod dy

p∗1 Eisk1+j
D (u1)|V = D1y

k1+j∑
a=0

F a,k1+j−a
σu1

(x+ iy)p∗1ψa,k1+j−a mod dτ, dτ

and

p∗2 Eisk2+j
hol (u2)|W =2C2dy ∧ F (k2+j+2)

−u2 (iy)p∗2ψk2+j,0

p∗2 Eisk2+j
hol (u2)|V =2D2dx ∧ F (k2+j+2)

−u2 (x+ iy)p∗2ψk2+j,0,
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where

C1 =− i−k1−j (k1 + j)!(k1 + j + 2)

2πN
, C2 = i

k2 + j + 2

2N
(−2iπ)k2+j+1,

D1 =− (k1 + j)!(k1 + j + 2)

2πN
, D2 =

k2 + j + 2

2N
(−2iπ)k2+j+1.

Symmetrically we get

Lemma 6.3.2. We have differential forms

q∗2 Eisk2+j
D (u2)|W ′ =C ′1y

−k2−j−1

k2+j∑
a=0

(−1)k2+j−aF a,k2+j−a
−u2 (

i

y
)q∗2ψa,k2+j−a mod dy

q∗2 Eisk2+j
D (u2)|V ′ =D′1y

k2+j∑
a=0

F a,k2+j−a
σu2

(x+ iy)q∗2ψa,k2+j−a mod dτ, dτ

and

q∗1 Eisk1+j
hol (u1)|W ′ =2C ′2dy ∧ F

(k1+j+2)
−u1 (iy)q∗1ψk1+j,0

q∗1 Eisk1+j
hol (u1)|V ′ =2D′2dx ∧ F

(k1+j+2)
−u1 (x+ iy)q∗1ψk1+j,0,

where

C ′1 =− i−k2−j (k2 + j)!(k2 + j + 2)

2πN
, C ′2 = i

k1 + j + 2

2N
(−2iπ)k1+j+1,

D′1 =− (k2 + j)!(k2 + j + 2)

2πN
, D′2 =

k1 + j + 2

2N
(−2iπ)k1+j+1.

With the Fourier development in Lemma 1.3.4, we are able to use S-series to demon-
strate the differential form p∗1 Eisk1+j

D (u1).

Lemma 6.3.3. We have
p∗1 Eisk1+j

D (u1)|W = η0 + η1

with

η0 = C1

k1+j∑
a=0

(−1)k1+j−aαy−k1−j−1p∗1ψa,k1+j−a,

η1 = (−i)k1+j N

2k1+j+2
C1

k1+j∑
l=0

(
S
l, l−k1−1−j
δb1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

l, l−k1−1−j
δ−b1 ,δ̂−a1

(
i

y

))
Ωl

+ (−i)k1+j N

2k1+j+2
C1

k1+j∑
l=0

(
S
l, l−k1−1−j
δ−b1 ,δ̂−a1

(
i

y

)
+ (−1)k1+jS

l, l−k1−1−j
δb1 ,δ̂a1

(
i

y

))
Ωl mod dy,
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where
α = L(δb1 , k1 + j + 2) + (−1)k1+jL(δ−b1 , k1 + j + 2)

and

Ωl =
(k1 + j − l)!

l!

(
4π

N

)l+1

y−l
k1+j∑
a=l

p∗1ψa,k1+j−a

(k1 + j − a)!(a− l)!
.

Proof. (See [11, (25)]) Note that we write the Fourier expansion with the S-series here
for the sake of simplicity. This will prevent us from some intricate discussions of constant
terms later.

After exchanging k1 and k2,

Lemma 6.3.4. We have
q∗2 Eisk2+j

D (u1)|W ′ = η′0 + η′1

with

η′0 = C ′1

k2+j∑
a=0

(−1)k2+j−aα′y−k2−j−1q∗2ψa,k2+j−a,

η′1 = (−i)k2+j N

2k2+j+2
C1

k2+j∑
l=0

(
S
l, l−k2−1−j
δb2 ,δ̂a2

(
i

y

)
+ (−1)k2+jS

l, l−k2−1−j
δ−b2 ,δ̂−a2

(
i

y

))
Ω′l

+ (−i)k2+j N

2k2+j+2
C1

k2+j∑
l=0

(
S
l, l−k2−1−j
δ−b2 ,δ̂−a2

(
i

y

)
+ (−1)k2+jS

l, l−k2−1−j
δb2 ,δ̂a2

(
i

y

))
Ω′l mod dy,

where
α′ = L(δb2 , k2 + j + 2) + (−1)k2+jL(δ−b2 , k2 + j + 2)

and

Ω′l =
(k2 + j − l)!

l!

(
4π

N

)l+1

y−l
k2+j∑
a=l

q∗2ψa,k2+j−a

(k2 + j − a)!(a− l)!
.

6.4 Binomial Identities

We first prove some identities involving binomial coefficients which we will need in the
future computations of the regulator integral.

Definition 6.4.1. Let a, b, c be nonnegative integers such that b, c ≤ a. The numbers
Ha,b,c are the hypergeometric sums

Ha,b,c =
∑

ε1+···+εa=c
εi∈{0,1}

(−1)ε1+···+εb =
∞∑
s=0

(−1)s
(
b

s

)(
a− b
c− s

)

=

(
a− b
c

)
2F1

(
−c, − b

a− b− c+ 1
;−1

)
.
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One see directly that

Lemma 6.4.2. Let k,m, a be non-negative integers and a,m ≤ k, we have

Hk,m,k−a = (−1)mHk,m,a.

The following variation of Chu-Vandermonde identity is needed in the computation.

Lemma 6.4.3. Let n, a, b be positive integers,

a∑
j=0

(−1)a−j
(
a

j

)(
b+ j

c

)
=

{
0 c < a,(
b

c−a

)
c ≥ a.

We will need also the following constants.

Definition 6.4.4. Let k,m, l, j be non-negative integers and m ≤ k, we define the con-
stants

C
(1)
k,m,l :=

k∑
a=l

(
a

l

)
Hk,m,k−a,

C
(2)
k,m,l,j :=

k+j∑
a=max{j,l}

(
a

l

)
Hk,m,k+j−a.

Lemma 6.4.5. Let k,m, l, j be non-negative integers and m ≤ k.Then the constants C
(1)
k,m,l

and C
(2)
k,m,l,j will vanish if l < m.

Proof. Let us show that C
(2)
k,m,l,j = 0 when l ≤ j, the proof of the other case l > j follows

in exactly similar way, and C
(1)
k,m,l follows as well. Note that

C
(2)
k,m,l,jx

k =
k∑
a=0

m∑
s=0

(−1)s
(
a+ j

l

)(
m

s

)
xa+s

(
k −m

k − a− s

)
xk−a−s,

thus C
(2)
k,m,l,j is the k-th coefficient in the power series of product of

(1− x)m2F1

(
1, j + 1

j − l + 1
;x

)
+ o(xk) =

k∑
a=0

m∑
s=0

(−1)s
(
a+ j

l

)(
m

s

)
xa+s

and

(1 + x)k−m =
k−m∑
t=0

(
k −m
t

)
xt.

Meanwhile,

(1 + x)k−m(1− x)m2F1

(
1, j + 1

j − l + 1
;x

)
= (1 + x)k−m(1− x)m−l−1

2F1

(
j − l, − l
j − l + 1

;x

)
is a polynomial of degree k − 1. So we conclude C

(2)
k,m,l,j = 0 for l < m.
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We shall need the following lemma to simplify some L-values of quasi-modular forms
with Lanphier’s formula.

Lemma 6.4.6. Let m,n ≥ 1 and r, p ≥ 0 be integers. Set

alm,n(t) =

(
l
t

)(
m+l−1

t

)(
m+n+2l−2t−2

l−t

)(
m+n+2l−t−1

t

)
to be the coefficient which appears in Lanphier’s formula (1.2). Then

r∑
t=0

(−2)t
(r)t

(t+ p)!

(
at+pm,n(t) + (−1)r+1at+pn,m(t)

)
= 0.

Proof. We see

r∑
t=0

(−2)t
(r)t

(t+ p)!
at+pm,n(t) =

(m+ n+ p− 2)!(m+ n+ 2p− 1)

(m+ p− 1)!

·
r∑
t=0

(−2)t
(m+ t+ p− 1)!r!

(m+ n+ t+ 2p− 1)!t!(r − t)!
.

This is exactly the hypergeometric value

(m+m+ p− 2)!

(m+ n+ 2p− 2)!
2F1

(
−r, m+ p

m+ n+ 2p
; 2

)
.

With the relation

2F1

(
−r, m+ p

m+ n+ 2p
; z

)
= (1− z)r2F1

(
−r, n+ p

m+ n+ 2p
; z

)
we conclude.

Lemma 6.4.7. Let k,m be non-negative integers and m ≤ k, then

k∑
a=0

Hk,m,a =

{
0 m 6= 0,

2k m = 0.

Proof. Exchange the order of sum, we see

k∑
a=0

Hk,m,a =
k∑
a=0

∞∑
s=0

(−1)s
(
m

s

)(
k −m
a− s

)

=
∞∑
s=0

(−1)s
(
m

s

) k−m+s∑
a=s

(
k −m
a− s

)
=
∞∑
s=0

(−1)s
(
m

s

)
2k−m

= δm=02k−m.
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6.5 Some Preparations I

In preparation to computing the regulator integral, we first evaluate their integration
along the fibers γy,m and ηy,m. Let us start by the following integrals.

Lemma 6.5.1. When m ≥ k1,∫
γτ,m

p∗(p
∗
1ψa,k1+j−a ∧ p∗2ψk2+j,0) =

{
C3 · (−1)k1−a

(
k1+j−a

j

)
ym+j 0 ≤ a ≤ k1,

0 k1 < a ≤ k1 + j,

∫
γτ,m

p∗(p
∗
1ψa,k1+j−a ∧ p∗2ψ0,k2+j) =

{
C3 · (−1)m−a

(
a
j

)
ym+j j ≤ a ≤ k1 + j,

0 0 ≤ a < j,∫
γτ,m

p∗(p
∗
1ψk1+j−a,a ∧ p∗2ψk2+j,0) =

{
C3 · (−1)j−a

(
a
j

)
ym+j j ≤ a ≤ k1 + j,

0 0 ≤ a < j,

and∫
γτ,m

p∗(p
∗
1ψk1+j−a,a ∧ p∗2ψ0,k2+j) =

{
C3 · (−1)m−k1+j−a(k1+j−a

j

)
ym+j 0 ≤ a ≤ k1,

0 k1 < a ≤ k1 + j,

where

C3 = (−1)
1
2
j(j−1) imk1!j!

πj(k1 + j)!
.

Proof. Recall that we take the canonical orientation dz1 ∧ dz1 ∧ · · · ∧ dzk1 ∧ dzk1 ∧ dt1 ∧
dt1 ∧ · · · ∧ dtj ∧ dtj ∧ dz′1 ∧ · · · ∧ dz′k2 on Ek1+j+k2 . For the first identity, when 0 ≤ a ≤ k1,
we have

p∗1ψa,k1+j−a ∧ p∗2ψk2+j,0

=

(
k1 + j

a

)−1 ∑
Σεi=k1+j−a

dz
(ε1)
1 ∧ · · · ∧ dz(εk1 )

k1
∧ dt(εk1+1)

1 ∧ · · · ∧ dt(εk1+j)j

∧ dt1 ∧ · · · ∧ dtj ∧ dz′1 ∧ · · · ∧ dz′k2

=(−1)
1
2
j(j+1)

(
k1 + j

a

)−1 ∑
Σεi=k1−a

dz
(ε1)
1 ∧ · · · ∧ dz(εk1 )

k1
∧ dz′1 ∧ · · · ∧ dz′k2

∧ (dt1 ∧ dt1) · · · ∧ (dtj ∧ dtj),

and when a ≥ k1, this form vanishes because we have at least one dti∧dti = 0. Integrating
along each fiber of the projection p : Ek1+j+k2 → Ek1+k2 while noticing the fact

∫
Eτ
dt ∧
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dt̄ = −2i Im τ , we get∫
γτ,m

p∗(p
∗
1ψa,k1+j−a ∧ p∗2ψk2+j,0)

=

∫
γτ,m

1

(2πi)j

∫
Ejτ

p∗1ψa,k1+j−a ∧ p∗2ψk2+j,0

= (−1)
1
2
j(j+1)(2πi)−j

(
k1 + j

a

)−1(
k1

k1 − a

)
τ k1−aτm−k1+a(−2iy)j

= C3 · (−1)k1−a
(
k1 + j − a

j

)
yj.

The second one is similar, when j ≤ a,∫
γy,m

p∗(p
∗
1ψa,k1+j−a ∧ p∗2ψ0,k2+j)

=

∫
γy,m

1

(2πi)j

∫
Ejτ

p∗1ψa,k1+j−a ∧ p∗2ψ0,k2+j

=

∫
γy,m

1

(2πi)j

∫
Ejτ

(
k1 + j

a

)−1 ∑
Σεi=k1+j−a

dz
(ε1)
1 ∧ · · · ∧ dz(εk1 )

k1
∧ dt(εk1+1)

1 ∧ · · · ∧ dt(εk1+j)j

∧ dt1 ∧ · · · ∧ dtj ∧ dz′1 ∧ · · · ∧ dz′k2

= (−1)
1
2
j(j−1)(2πi)−j

(
k1 + j

a

)−1(
k1

k1 + j − a

)
(−1)m+j−a(iy)k(−2iy)j

= C3 · (−1)m−a
(
a

j

)
ym+j.

Take k1 + j − a instead of a and we get the rests.

For integral over ηy,m we have similar results.

Lemma 6.5.2. When m ≥ k1,∫
ηy,m

q∗(q
∗
2ψa,k2+j−a ∧ q∗1ψk1+j,0) =

{
C ′3 ·

a!(k2+j−a)!
j!k2!

Hk2,m−k1,k2−ay
m+j 0 ≤ a ≤ k2,

0 k2 < a ≤ k2 + j,∫
ηy,m

q∗(q
∗
2ψa,k2+j−a∧q∗1ψ0,k1+j) =

{
C ′3 · (−1)k1+j a!(k2+j−a)!

j!k2!
Hk2,m−k1,k2+j−ay

m+j j ≤ a ≤ k2 + j,

0 0 ≤ a < j,∫
ηy,m

q∗(q
∗
2ψk2+j−a,a ∧ q∗1ψk1+j,0) =

{
C ′3 ·

a!(k2+j−a)!
j!k2!

Hk2,m−k1,a−jy
m+j j ≤ a ≤ k2 + j,

0 0 ≤ a < j,

and∫
ηy,m

q∗(q
∗
2ψk2+j−a,a∧q∗1ψ0,k1+j) =

{
C ′3 · (−1)k1+j a!(k2+j−a)!

j!k2!
Hk2,m−k1,ay

m+j 0 ≤ a ≤ k2,

0 k2 < a ≤ k2 + j,
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where

C ′3 = (−1)
1
2
j(j−1) imk2!j!

πj(k2 + j)!
.

Proof. The proof follows exactly the same as Lemma 6.5.1. We take the first one as an
example.

The form

q∗1ψa,k2+j−a ∧ q∗2ψk1+j,0

=

(
k2 + j

a

)−1 ∑
Σεi=k2+j−a

dz
′(ε1)
1 ∧ · · · ∧ dz′(εk2 )

k2
∧ dt(εk2+1)

1 ∧ · · · ∧ dt(εk2+j)j

∧ dt1 ∧ · · · ∧ dtj ∧ dz1 ∧ · · · ∧ dzk1

=(−1)
1
2
j(j+1)

(
k2 + j

a

)−1 ∑
Σεi=k2−a

dz
′(ε1)
1 ∧ · · · ∧ dz′(εk2 )

k2
∧ dz1 ∧ · · · ∧ dzk1

∧ (dt1 ∧ dt1) · · · ∧ (dtj ∧ dtj)

vanishes precisely if 0 ≤ a ≤ k1. Recalling the constant

Hk2,m−k1,k2−a =
∑

ε1+···+εk2=k2−a
εi∈{0,1}

(−1)ε1+···+εm−k1 ,

we integrate this form on ηy,m and get the first formula.

With Lemma 6.5.1 we can get

Lemma 6.5.3. When m ≥ k1, for 0 ≤ l ≤ k1 + j, we have∫
γy,m

p∗(Ωl ∧ p∗2ψk2+j,0) =

{
C3 · 1

k1!

(
4π
N

)k1+1
ym−k1+j l = k1,

0 l 6= k1,∫
γy,m

p∗(Ωl ∧ p∗2ψ0,k2+j) =

{
C3 · (−1)m−k1+j 1

k1!(l−k1)!

(
4π
N

)l+1
ym+j−l k1 ≤ l ≤ k1 + j,

0 0 ≤ l < k1,∫
γy,m

p∗(Ωl ∧ p∗2ψk2+j,0) =

{
C3 · (−1)k1 1

k1!(l−k1)!

(
4π
N

)l+1
ym+j−l k1 ≤ l ≤ k1 + j,

0 0 ≤ l < k1,∫
γy,m

p∗(Ωl ∧ p∗2ψ0,k2+j) =

{
C3 · (−1)m+j 1

k1!

(
4π
N

)k1+1
ym−k1+j l = k1,

0 l 6= k1.
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Proof. For the first one,∫
γy,m

p∗(Ωl ∧ p∗2ψk2+j,0) = C3 ·
(k1 + j − l)!

j!l!

(
4π

N

)l+1

ym+j−l
k1∑
a=l

(−1)k1−a

(k1 − a)!(a− l)!

= C3 ·
(k1 + j − l)!

j!l!

(
4π

N

)l+1

ym+j−l
k1−l∑
a=0

(−1)k1−l−a

(k1 − l − a)!a!

= C3 ·
(k1 + j − l)!
j!l!(k1 − l)!

(
4π

N

)l+1

ym+j−l
k1−l∑
a=0

(−1)k1−l−a
(
k1 − l
a

)

=

{
0, l 6= k1,

C3 · 1
k1!

(
4π
N

)k1+1
ym−k1+j l = k1.

For the second one∫
γy,m

p∗(Ωl ∧ p∗2ψ0,k2+j)

= C3 ·
(k1 + j − l)!

j!l!

(
4π

N

)l+1

ym+j−l
k1+j∑

a=max{j,l}

(−1)m−aa!

(k1 + j − a)!(a− l)!(a− j)!
.

We consider the case l ≥ j first, then∫
γy,m

p∗(Ωl ∧ p∗2ψ0,k2+j)

= C3 ·
(k1 + j − l)!

j!l!

(
4π

N

)l+1

ym+j−l
k1+j−l∑
a=0

(−1)m−l−a(a+ l)!

(k1 + j − l − a)!a!(a+ l − j)!

= C3 ·
1

l!

(
4π

N

)l+1

yk+j−l
k1+j−l∑
a=0

(−1)m−a−l
(
k1 + j − l

a

)(
a+ l

j

)
.

With Lemma 6.4.3 we know this equals{
0, 0 ≤ l < k1,

C3 · (−1)m−k1+j 1
k1!(l−k1)!

(
4π
N

)l+1
yk+j−l k1 ≤ l ≤ k1 + j.

106



6.6. SOME PREPARATIONS II 107

For the case l < j, we have∫
γy,m

p∗(Ωl ∧ p∗2ψ0,k2+j)

= C3 ·
(k1 + j − l)!

j!l!

(
4π

N

)l+1

yk+j−l
k1∑
a=0

(−1)k−j−a(a+ j)!

(k1 − a)!a!(a− l + j)!

= C3 ·
(k1 + j − l)!

j!k1!

(
4π

N

)l+1

yk+j−l
k1∑
a=0

(−1)k−j−a
(
k1

a

)(
a+ j

l

)
,

which leads to the same result as l ≥ j. The rest calculations are similar.

Along the same lines of Lemma 6.5.3, we have the followings results.

Lemma 6.5.4. When m ≥ k1, for 0 ≤ l ≤ k2 + j, we have∫
ηy,m

q∗(Ω
′
l ∧ q∗1ψk1+j,0) =

{
C ′3 ·

(k2+j−l)!
j!k2!

(
4π
N

)l+1
C

(1)
k2,m−k1,ly

m+j−l m− k1 ≤ l ≤ k2,

0 else,

∫
ηy,m

q∗(Ω
′
l∧q∗1ψ0,k1+j) =

{
C ′3 · (−1)k1+j (k2+j−l)!

j!k2!

(
4π
N

)l+1
C

(2)
k2,m−k1,l,jy

m+j−l m− k1 ≤ l ≤ k2 + j,

0 else,∫
ηy,m

q∗(Ω
′
l∧q∗1ψk1+j,0) =

{
C ′3 · (−1)m−k1 (k2+j−l)!

j!k2!

(
4π
N

)l+1
C

(2)
k2,m−k1,l,jy

m+j−l m− k1 ≤ l ≤ k2 + j,

0 else,∫
ηy,m

q∗(Ω
′
l∧q∗1ψ0,k1+j) =

{
C ′3 · (−1)m+j (k2+j−l)!

j!k2!

(
4π
N

)l+1
C

(1)
k2,m−k1,ly

m+j−l m− k1 ≤ l ≤ k2,

0 else.

6.6 Some Preparations II

We compute in this section some explicit regularized L-values of Eisenstein series and
their derivatives.

Lemma 6.6.1. Let l > 0 and k ≥ 0 be integers, then∫ ∞,∗
0

yl
(
F

(k+2)
a,b (iy) + (−1)l−1F

(k+2)

a,b (iy)
) dy
y

=

(2π)−lΓ(l)N l−k−1L(δ̂−b + (−1)l−1δ̂b, l)L(δa + (−1)l+kδ−a, l − k − 1).

In particular, if l ≤ k, this regularized integral will vanish.
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Proof. Let a0(F
(k+2)
a,b ) be the constant term in the Fourier expansion of F

(k+2)
a,b . We have

F
(k+2)

a,b (iy) = F
(k+2)
a,−b (iy). These lead to

H(s) :=

∫ ∞
0

ys
(
F

(k+2)
a,b (iy) + (−1)l−1F

(k+2)

a,b (iy)
) dy
y

=

∫ ∞
0

ys
(
F

(k+2)
a,b (iy) + (−1)l−1F

(k+2)
a,−b (iy)

) dy
y

=

∫ ∞
0

ys
(
F

(k+2)
a,b (iy) + (−1)l−1F

(k+2)
a,−b (iy)− a0(F

(k+2)
a,b ) + (−1)la0(F

(k+2)
a,−b )

) dy
y

=N−k−1

∫ ∞
0

ys
(
S0,k+1

δ̂−b,δa
(iy) + (−1)k+1S0,k+1

δ̂b,δ−a
(iy)

+ (−1)l−1S0,k+1

δ̂b,δa
(iy) + (−1)l+kS0,k+1

δ̂−b,δ−a
(iy)

) dy
y

=N−k−1

∫ ∞
0

ys
(
S0,k+1

δ̂−b+(−1)l−1δ̂b,δa+(−1)l+kδ−a
(iy)

) dy
y
.

Therefore by Proposition 3.7.2,

H(s) =
(2π)−sΓ(s)

Nk+1−s L(δ̂−b + (−1)l−1δ̂b, s)L(δa + (−1)l+kδ−a, s− k − 1).

This function H(s) extends to a meromorphic function on the whole s-plane. So the
regularized integral has the value H ∗ (l). If l ≤ k then L(δa + (−1)k−lδ−a, l − k − 1) = 0
holds. Hence H(l) = 0 in this case.

Lemma 6.6.2. Let k be a nonnegative integer, then∫ ∞,∗
0

(
F

(k+2)
a,b (iy)− F (k+2)

a,b (iy)
) dy
y

=

(2π)−k−2Γ(k + 2)ik+2NL(δ̂a + (−1)k+1δ̂−a, k + 2)L(δb − δ−b, 1).

Proof. Notice that F
(k+2)
a,b (i/y) = (iy)k+2F

(k+2)
b,−a (iy). Therefore,∫ ∞,∗

0

ys
(
F

(k+2)
a,b (iy)− F (k+2)

a,b (iy)
) dy
y

=

∫ ∞,∗
0

y−s
(
F

(k+2)
a,b (i/y)− F (k+2)

a,−b (i/y)
) dy
y

=

∫ ∞,∗
0

y−s(iy)k+2
(
F

(k+2)
b,−a (iy)− F (k+2)

−b,−a(iy))
) dy
y

=N−k−1ik+2

∫ ∞,∗
0

yk+2−sS0,k+1

δ̂a+(−1)k+1δ̂−a,δb−δ−b
(iy)

dy

y

=
(2π)s−k−2Γ(k + 2− s)ik+2

N s−1
L(δ̂a + (−1)k+1δ̂−a, k + 2− s)L(δb − δ−b, 1− s).

Take s = 0 we get the result.
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Lemma 6.6.3. Let k1 ≥ k2 and s ≥ 1 be nonnegative integers. Let α, β : Z/NZ→ C be
functions. Then∫ ∞,∗

0

(
S
k1,k2
α,β + (−1)k1+k2+1S

k1,k2
α−,β−

)
(iNy)y−s

dy

y

+ (−1)k1+s+1

∫ ∞,∗
0

(
S
k1,k2
α−,β + (−1)k1+k2+1S

k1,k2
α,β−

)
(iNy)y−s

dy

y

=ik1+k2+1Nk1+k2+2s(2π)−k1−k2−s−1 (k1 + s)!(k2 + s)!

s!

· L(α̂ + (−1)k1+s+1α̂−, k1 + s+ 1)L(β̂ + (−1)k2+sβ̂−, k2 + s+ 1).

Proof. Notice that when z → 0, we have Γ(z+ l− s) ∼ (−1)s−l 1
(j+1−l)!z

−1 and Γ(z− k2−
s) ∼ (−1)k2+s 1

(k2+s)!
z−1. Thus,∫ ∞,∗

0

(
S
k1,k2
α,β + (−1)k1+k2+1S

k1,k2
α−,β−

)
(iNy)y−s

dy

y

+ (−1)k1+s+1

∫ ∞,∗
0

(
S
k1,k2
α−,β + (−1)k1+k2+1S

k1,k2
α,β−

)
(iNy)y−s

dy

y

=(2π)s lim
z→0

(
Γ(z − s)L(β + (−1)k2+sβ−, z − k2 − s)

)
· L(α + (−1)k1+s+1α−, z − k1 − s)

=(−1)k2(2π)s
(k2 + s)!

s!
lim
z→0

(
Γ(z − k2 − s)L(β + (−1)k2+sβ−, z − k2 − s)

)
· L(α + (−1)k1+s+1α−, z − k1 − s)

=(−1)k2(2π)−k2
(k2 + s)!

s!
Nk2+sΛ(G

(k1−k2+1)
α,β + (−1)k2+sG

(k1−k2+1)

α,β− ,−k2 − s).

With Atkin–Lehner involution in Lemma 1.3.7 it becomes

(−1)k2(2π)−k2
(k2 + s)!

s!
Nk2+sΛ(G

(k1−k2+1)

β̂,α̂
+ (−1)k2+sG

(k1−k2+1)

β̂−,α̂
, k1 + s+ 1)

Finally applying Lemma 1.3.8 we find that the regularized integral is

(−1)k2(2π)−k1−k2−s−1 (k1 + s)!(k2 + s)!

s!
ik1−k2+1Nk1+k2+2s

· L(α̂ + (−1)k1+s+1α̂−, k1 + s+ 1)L(β̂ + (−1)k2+sβ̂−, k2 + s+ 1)

6.7 Final Computations

Now we manage to calculate the full regulator integral. To do this, we will separate
the full integral into four parts I1, J1, I2 and J2 in the Subsection 6.7.1. In the case
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m > k1 and m > k2, we will find that I1 and J1 actually vanish. Via Rogers–Zudilin
method, we will be able to write I2 and J2 precisely with some modular L-values. For the
rest case, we will inspect carefully the remaining terms, then we will be aware that they
will not appear in the final result. At last we will show how to evaluate the residues of
the regulator in the Subsection 6.7.4.

6.7.1 Full Regulator Integrals

Consider first the regulator integral

I =

∫ ∗
XmY w−m{0,∞}

p∗

(
p∗1 Eisk1+j

D (u1) ∧ πk2+j+1

(
p∗2 Eisk2+j

D (u2)
))

,

we see

πk2+j+1

(
p∗2 Eisk2+j

D (u2)
)
|W = C2dy ∧

(
F

(k2+j+2)
−u2 (iy)p∗2ψk2+j,0 − F

(k2+j+2)

−u2 (iy)p∗2ψ0,k2+j

)
= dy ∧ C2

(
F

(k2+j+2)
−a2,−b2 (iy)p∗2ψk2+j,0 − F (k2+j+2)

−a2,b2 (iy)p∗2ψ0,k2+j

)
.

The integral I divides into two parts I1 and I2.

I1 =

∫ ∞,∗
0

∫
γy,m

p∗

(
η0 ∧ πk2+j+1(p∗2 Eisk2+j

hol (u2))
)

=(−1)k1+jC1C2

∫ ∞,∗
0

dy

∫
γy,m

k1+j∑
a=0

(−1)k1+j−aα1y
−k1−j−1

· p∗
(
p∗1ψa,k1+j−a ∧ (F

(k2+j+2)
−u2 (iy)p∗2ψk2+j,0 − F

(k2+j+2)

−u2 (iy)p∗2ψ0,k2+j)
)
.

Precisely, with Lemma 6.5.1 we have

I1 = (−1)k1+jα1C1C2C3

∫ ∞,∗
0

dy

(
(−1)j

k1∑
a=0

(
k1 + j − a

j

)
ym−k1−1F

(k2+j+2)
−u2 (iy)

− (−1)m−k1+j

k1+j∑
a=j

(
a

j

)
ym−k1−1F

(k2+j+2)

−u2 (iy)

)
.

Hence I1 is the following regularized integral

(−1)k1α1C1C2C3

(
k1 + j + 1

j + 1

)∫ ∞,∗
0

ym−k1
(
F

(k2+j+2)
−u2 (iy) + (−1)m−k1−1F

(k2+j+2)

−u2 (iy)
) dy
y
.
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For the other part I2 we have

I2 =

∫ ∞,∗
0

∫
γy,m

p∗

(
η1 ∧ πk2+j+1(p∗2 Eisk2+j

hol (u2))
)

= (−1)k1+jC2N
−k2−j−1

∫ ∞,∗
0

dy

∫
γy,m

(
S

0,k2+j+1

δ̂b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂−b2 ,δa2
(iy)

)
p∗ (η1 ∧ p∗2ψk2+j,0)

− (−1)k1+jC2N
−k2−j−1

∫ ∞,∗
0

dy

∫
γy,m

(
S

0,k2+j+1

δ̂−b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂b2 ,δa2
(iy)

)
p∗ (η1 ∧ p∗2ψ0,k2+j) .

Writing explicitly with Lemma 6.3.3 we see I2 is a sum of four integrals

I2 = ik1+j 1

2k1+j+2
N−k2−jC1C2

(∫ ∞,∗
0

dy

k1+j∑
l=0

(
S
l, l−k1−1−j
δb1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

l, l−k1−1−j
δ−b1 ,δ̂−a1

(
i

y

))
·
(
S

0,k2+j+1

δ̂b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂−b2 ,δa2
(iy)

)∫
γy,m

p∗ (Ωl ∧ p∗2ψk2+j,0)

+

∫ ∞,∗
0

dy

k1+j∑
l=0

(
S
l, l−k1−1−j
δ−b1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

l, l−k1−1−j
δb1 ,δ̂−a1

(
i

y

))
·
(
S

0,k2+j+1

δ̂b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂−b2 ,δa2
(iy)

)∫
γy,m

p∗
(
Ωl ∧ p∗2ψk2+j,0

)
−

k1+j∑
l=0

(
S
l, l−k1−1−j
δb1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

l, l−k1−1−j
δ−b1 ,δ̂−a1

(
i

y

))
·
(
S

0,k2+j+1

δ̂−b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂b2 ,δa2
(iy)

)∫
γy,m

p∗ (Ωl ∧ p∗2ψ0,k2+j)

−
k1+j∑
l=0

(
S
l, l−k1−1−j
δ−b1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

l, l−k1−1−j
δb1 ,δ̂−a1

(
i

y

))

·
(
S

0,k2+j+1

δ̂−b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂b2 ,δa2
(iy)

)∫
γy,m

p∗
(
Ωl ∧ p∗2ψ0,k2+j

))
.

Also we have the other part of the regulator

J =

∫ ∗
(θ−1)∗XmY w−m{0,∞}

q∗

(
q∗2 Eisk2+j

D (u2) ∧ πk1+j+1

(
q∗1 Eisk1+j

D (u1)
))

,

it divides into the following two integrals J1 and J2 as well. Applying Lemma 6.4.7 we
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get the first part

J1 =

∫ ∞,∗
0

∫
ηy,m

q∗

(
η′0 ∧ πk1+j+1(q∗1 Eisk1+j

hol (u1))
)

= (−1)k2+jC ′1C
′
2

∫ ∞,∗
0

dy

k2+j∑
a=0

(−1)k2+j−aα′y−k2−j−1

·
∫
ηy,m

q∗

(
q∗2ψa,k2+j−a ∧ (F

(k1+j+2)
−u1 (iy)q∗1ψk1+j,0 − F

(k1+j+2)

−u1 (iy)q∗1ψ0,k1+j)
)

It follows from Lemma 6.5.1 that J1 is

(−1)k2+jα′C ′1C
′
2C
′
3

(
k2∑
a=0

(−1)k2+j−aa!(k2 + j − a)!

j!k2!
Hk2,m−k1,k2−a

∫ ∞,∗
0

ym−k2F
(k1+j+2)
−u1 (iy)

dy

y

+

k2∑
a=0

(−1)m+j−a+1a!(k2 + j − a)!

j!k2!
Hk2,m−k1,k2−a

∫ ∞,∗
0

ym−k2F
(k1+j+2)

−u1 (iy)
dy

y

)
.

Therefore,

J1 = α′C ′1C
′
2C
′
3

k2∑
a=0

(−1)a
a!(k2 + j − a)!

j!k2!
Hk2,m−k1,k2−a

·
∫ ∞,∗

0

ym−k2−1
(
F

(k1+j+2)
−u1 (iy)dy + (−1)m−k2−1F

(k1+j+2)

−u1 (iy)
)
dy.

The second part is

J2 =

∫ ∞,∗
0

∫
ηy,m

q∗

(
η′1 ∧ πk1+j+1(q∗1 Eisk1+j

hol (u1))
)

= (−1)k2+jC ′2N
−k1−j−1

(∫ ∞,∗
0

dy

∫
ηy,m

(
S

0,k1+j+1

δ̂b1 ,δ−a1
(iy) + (−1)k1+jS

0,k1+j+1

δ̂−b1 ,δa1
(iy)

)
q∗ (η1 ∧ q∗1ψk1+j,0)

−
∫ ∞,∗

0

dy

∫
ηy,m

(
S

0,k1+j+1

δ̂−b1 ,δ−a1
(iy) + (−1)k1+jS

0,k1+j+1

δ̂b1 ,δa1
(iy)

)
q∗ (η1 ∧ q∗1ψ0,k1+j)

)
.
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Likewise we have

J2 = ik2+j 1

2k2+j+2
N−k1−jC ′1C

′
2

(∫ ∞,∗
0

dy

k2+j∑
l=0

(
S
l, l−k2−1−j
δb2 ,δ̂a2

(
i

y

)
+ (−1)k2+jS

l, l−k2−1−j
δ−b2 ,δ̂−a2

(
i

y

))
·
(
S

0,k1+j+1

δ̂b1 ,δ−a1
(iy) + (−1)k1+jS

0,k1+j+1

δ̂−b1 ,δa1
(iy)

)∫
ηy,m

q∗ (Ω′l ∧ q∗1ψk1+j,0)

+

∫ ∞,∗
0

dy

k2+j∑
l=0

(
S
l, l−k2−1−j
δ−b2 ,δ̂a2

(
i

y

)
+ (−1)k2+jS

l, l−k2−1−j
δb2 ,δ̂−a2

(
i

y

))
·
(
S

0,k1+j+1

δ̂b1 ,δ−a1
(iy) + (−1)k1+jS

0,k1+j+1

δ̂−b1 ,δa1
(iy)

)∫
ηy,m

q∗(Ω
′
l ∧ q∗1ψk1+j,0)

−
k2+j∑
l=0

(
S
l, l−k2−1−j
δb2 ,δ̂a2

(
i

y

)
+ (−1)k2+jS

l, l−k2−1−j
δ−b2 ,δ̂−a2

(
i

y

))
·
(
S

0,k1+j+1

δ̂−b1 ,δ−a1
(iy) + (−1)k1+jS

0,k1+j+1

δ̂b1 ,δa1
(iy)

)∫
ηy,m

q∗(Ω
′
l ∧ q∗1ψ0,k1+j)

−
k2+j∑
l=0

(
S
l, l−k2−1−j
δ−b2 ,δ̂a2

(
i

y

)
+ (−1)k2+jS

l, l−k2−1−j
δb2 ,δ̂−a2

(
i

y

))

·
(
S

0,k1+j+1

δ̂−b1 ,δ−a1
(iy) + (−1)k1+jS

0,k1+j+1

δ̂b1 ,δa1
(iy)

)∫
ηy,m

q∗(Ω
′
l ∧ q∗1ψ0,k1+j)

)
.

In later subsections we will compute thoroughly I1, I2, J1 and J2. The part I1 and
J1 can be evaluated with the regularized L-values introduced in Section 6.6. As we said
before, we do not expect that they appear in our final results after some cancellations.
The more important parts I2 and J2, we will show they give us modular L-values by dint
of Rogers–Zudilin method.
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6.7.2 Case m > k1, m > k2

With the regularized L-values of F in Lemma 6.6.1 we find in this case I1 = J1 = 0, so
I = I2 and J = J2. According to Lemma 6.5.3, the integral I2 is a sum of four integrals

I2 = ik1+j (4π)k1+1

2k1+j+2Nk1+k2+j+1k1!
C1C2C3

·
(∫ ∞,∗

0

ym−k1+jdy

(
S
k1,−1−j
δb1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

k1,−1−j
δ−b1 ,δ̂−a1

(
i

y

))
·
(
S

0,k2+j+1

δ̂b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂−b2 ,δa2
(iy)

)
+ (−1)k1

j∑
l=0

1

l!

(
4π

N

)l ∫ ∞,∗
0

ym−k1+j−ldy

(
S
l+k1,l−1−j
δ−b1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

l+k1,l−1−j
δb1 ,δ̂−a1

(
i

y

))
·
(
S

0,k2+j+1

δ̂b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂−b2 ,δa2
(iy)

)
+ (−1)m+k1+j+1

j∑
l=0

1

l!

(
4π

N

)l ∫ ∞,∗
0

ym−k1+j−ldy

(
S
l+k1,l−1−j
δb1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

l+k1,l−1−j
δ−b1 ,δ̂−a1

(
i

y

))
·
(
S

0,k2+j+1

δ̂−b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂b2 ,δa2
(iy)

)
+ (−1)m+j+1

∫ ∞,∗
0

ym−k1+jdy

(
S
k1,−1−j
δ−b1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

k1,−1−j
δb1 ,δ̂−a1

(
i

y

))
·
(
S

0,k2+j+1

δ̂−b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂b2 ,δa2
(iy)

))
.

We take out the eight products of the first, last integrals and the eight products of the
terms l = 0 within the second and third integrals. They are(
S
k1,−1−j
δb1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

k1,−1−j
δ−b1 ,δ̂−a1

(
i

y

))
·
(
S

0,k2+j+1

δ̂b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂−b2 ,δa2
(iy)

)
+ (−1)k1

(
S
k1,−1−j
δ−b1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

k1,−1−j
δb1 ,δ̂−a1

(
i

y

))
·
(
S

0,k2+j+1

δ̂b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂−b2 ,δa2
(iy)

)
+ (−1)m+k1+j+1

(
S
k1,−1−j
δb1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

k1,−1−j
δ−b1 ,δ̂−a1

(
i

y

))(
S

0,k2+j+1

δ̂−b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂b2 ,δa2
(iy)

)
+ (−1)m+j+1

(
S
k1,−1−j
δ−b1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

k1,−1−j
δb1 ,δ̂−a1

(
i

y

))(
S

0,k2+j+1

δ̂−b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂b2 ,δa2
(iy)

)
.

Via Rogers–Zudilin method as in Lemma 4.3.2, the sixteen products of S-series can be
collected together to provide us the following integral∫ ∞,∗

0

S
k1,w−m
δb1+(−1)k1δ−b1 ,δ−a2+(−1)w−m+1δa2

(
i

y

)
S

0,m−k1
δ̂b2+(−1)m−k1+j+1δ̂−b2 ,δ̂a1+(−1)j δ̂−a1

(iy).
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For each 1 < l ≤ j, we have eight products of S-series

(−1)k1
∫ ∞,∗

0

ym−k1+j−ldy

(
S
l+k1,l−1−j
δ−b1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

l+k1,l−1−j
δb1 ,δ̂−a1

(
i

y

))
·
(
S

0,k2+j+1

δ̂b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂−b2 ,δa2
(iy)

)
+ (−1)m+k1+j+1

∫ ∞,∗
0

ym−k1+j−ldy

(
S
l+k1,l−1−j
δb1 ,δ̂a1

(
i

y

)
+ (−1)k1+jS

l+k1,l−1−j
δ−b1 ,δ̂−a1

(
i

y

))
·
(
S

0,k2+j+1

δ̂−b2 ,δ−a2
(iy) + (−1)k2+jS

0,k2+j+1

δ̂b2 ,δa2
(iy)

)
Applying Rogers–Zudilin method in a similar manner, they become the following integral∫ ∞,∗

0

(−1)k1+k2+m+1
(
S

0,m−k1
δ̂b2 ,δ̂a1

+ (−1)m−k1+1S
0,m−k1
δ̂−b2 ,δ̂−a1

)
(iy)

·
(
S
l+k1,l+w−m
δb1 ,δa2

+ (−1)m+k2+1S
l+k1,l+w−m
δ−b1 ,δ−a2

)( i
y

)
ym−k1+j−l+1dy

y

+

∫ ∞,∗
0

(−1)j
(
S

0,m−k1
δ̂b2 ,δ̂−a1

+ (−1)m−k1+1S
0,m−k1
δ̂−b2 ,δ̂a1

)
(iy)

·
(
S
l+k1,l+w−m
δb1 ,δ−a2

+ (−1)m+k2+1S
l+k1,l+w−m
δ−b1 ,δa2

)( i
y

)
ym−k1+j−l+1dy

y
.

Thus we get

I = (−1)k2+ 1
2
j(j+1)+1 i

m+k2+j(2π)k1+k2+1j!(k1 + j + 2)(k2 + j + 2)

4Nk1+k2+j+3

·
(∫ ∞,∗

0

S
k1,w−m
δb1+(−1)k1δ−b1 ,δ−a2+(−1)w−m+1δa2

(
i

y

)
S

0,m−k1
δ̂b2+(−1)m−k1+j+1δ̂−b2 ,δ̂a1+(−1)j δ̂−a1

(iy)

· ym−k1+j+1dy

y

+

j∑
l=1

1

l!

(
4π

N

)l ∫ ∞,∗
0

(−1)k1+k2+m+1
(
S

0,m−k1
δ̂b2 ,δ̂a1

+ (−1)m−k1+1S
0,m−k1
δ̂−b2 ,δ̂−a1

)
(iy)

·
(
S
l+k1,l+w−m
δb1 ,δa2

+ (−1)m+k2+1S
l+k1,l+w−m
δ−b1 ,δ−a2

)( i
y

)
ym−k1+j−l+1dy

y

+

j∑
l=1

1

l!

(
4π

N

)l ∫ ∞,∗
0

(−1)j
(
S

0,m−k1
δ̂b2 ,δ̂−a1

+ (−1)m−k1+1S
0,m−k1
δ̂−b2 ,δ̂a1

)
(iy)

·
(
S
l+k1,l+w−m
δb1 ,δ−a2

+ (−1)m+k2+1S
l+k1,l+w−m
δ−b1 ,δa2

)( i
y

)
ym−k1+j−l+1dy

y
.
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Changing variable y 7→ 1
Ny

we see

I = (−1)k2+ 1
2
j(j+1)+1 i

m+k2+j(2π)k1+k2+1j!(k1 + j + 2)(k2 + j + 2)

4Nk1+k2+j+3
·N−m+k1−j−1

·
(∫ ∞,∗

0

S
k1,w−m
δb1+(−1)k1δ−b1 ,δ−a2+(−1)w−m+1δa2

(iNy)S0,m−k1
δ̂b2+(−1)m−k1+j+1δ̂−b2 ,δ̂a1+(−1)j δ̂−a1

(
i

Ny

)
· y−m+k1−j−1dy

y

+

j∑
l=1

(4π)l

l!

∫ ∞,∗
0

(−1)k1+k2+m+1
(
S
l+k1,l+w−m
δb1 ,δa2

+ (−1)m+k2+1S
l+k1,l+w−m
δ−b1 ,δ−a2

)
(iNy)

·
(
S
m−k1,0
δ̂a1 ,δ̂b2

+ (−1)m−k1+1S
m−k1,0
δ̂−a1 ,δ̂−b2

)( i

Ny

)
y−m+k1−j+l−1dy

y

+

j∑
l=1

(4π)l

l!

∫ ∞,∗
0

(−1)j
(
S
l+k1,l+w−m
δb1 ,δ−a2

+ (−1)m+k2+1S
l+k1,l+w−m
δ−b1 ,δa2

)
(iNy)

·
(
S
m−k1,0
δ̂−a1 ,δ̂b2

+ (−1)m−k1+1S
m−k1,0
δ̂a1 ,δ̂−b2

)( i

Ny

)
y−m+k1−j+l−1dy

y

)
.

We have always w−m ≤ k1. If m = w, we claim that Sk1,w−m
δb1+(−1)k1δ−b1 ,δ−a2+(−1)w−m+1δa2

(iNy)

is already an Eisenstein series. In fact, if m = w then

S
k1,w−m
δb1+(−1)k1δ−b1 ,δ−a2+(−1)w−m+1δa2

(iNy)

=S
k1,0

δb1+(−1)k1δ−b1 ,δ−a2−δa2
(iNy)

=G
(k1+1)
b1,−a2 (iy)−G(k1+1)

b1,a2
(iy).

By Lemma 1.3.2 and Lemma 1.3.3 we have the following identities about Eisenstein
series and their derivatives

S
k1,w−m
δb1+(−1)k1δ−b1 ,δ−a2+(−1)w−m+1δa2

(iNy) = Dw−m
(
G

(m−k2+1)
b1,−a2 (iy)− (−1)w−mG

(m−k2+1)
b1,a2

(iy)
)
,

S
0,m−k1
δ̂b2+(−1)m−k1+j+1δ̂−b2 ,δ̂a1+(−1)j δ̂−a1

(
i

Ny

)
= H

(m−k1+1)
b2,a1

(
i

N2y

)
+ (−1)jH

(m−k1+1)
b2,−a1

(
i

N2y

)
.

Also, we have

S
l+k1,l+w−m
δb1 ,δa2

(iNy) + (−1)m+k2+1S
l+k1,l+w−m
δ−b1 ,δ−a2

(iNy) = Dw−m+lG
(m−k2+1)
b1,a2

(iy),

S
l+k1,l+w−m
δb1 ,δ−a2

(iNy) + (−1)m+k2+1S
l+k1,l+w−m
δ−b1 ,δa2

(iNy) = Dw−m+lG
(m−k2+1)
b1,−a2 (iy)
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and

S
0,m−k1
δ̂b2 ,δ̂a1

(
i

Ny

)
+ (−1)m−k1+1S

0,m−k1
δ̂−b2 ,δ̂−a1

(
i

Ny

)
= H

(m−k1+1)
b2,a1

(
i

N2y

)
,

S
0,m−k1
δ̂b2 ,δ̂−a1

(
i

Ny

)
+ (−1)m−k1+1S

0,m−k1
δ̂−b2 ,δ̂a1

(
i

Ny

)
= H

(m−k1+1)
b2,−a1

(
i

N2y

)
.

At last, we perform the Atkin–Lehner involution WN2(H
(k)
a,b ) = i−kNG

(k)
a,b to all the Eisen-

stein series H, then the integral I becomes a sum of L-values of quasi-modular forms.
Eventually we get

I = (−1)k2+ 1
2
j(j+1) i

k1+k2+j+1(2π)k1+k2+1j!(k1 + j + 2)(k2 + j + 2)

4Nk1+k2+j+2

·
(

Λ∗
(
Dw−m

(
G

(m−k2+1)
b1,−a2 − (−1)w−mG

(m−k2+1)
b1,a2

)(
G

(m−k1+1)
b2,a1

+ (−1)jG
(m−k1+1)
b2,−a1

)
,−j

)
+

j∑
l=1

1

l!

(
4π

N

)l
Λ∗
(

(−1)w+m+1Dw−m+lG
(m−k2+1)
b1,a2

G
(m−k1+1)
b2,a1

(6.1)

+ (−1)jDw−m+lG
(m−k2+1)
b1,−a2 G

(m−k1+1)
b2,−a1 , l − j

))
.

The computation of J2 is the same as I2. We can separate J2 into two integrals, each
contains a sum of eight products of Eisenstein series

ik2+j (4π)k2+1

2k2+j+2Nk1+k2+j+1k2!
C ′1C

′
2C
′
3

w−m∑
l=0

(j + l)!

j!

(
4π

N

)−l
C

(1)
k2,m−k1,k2−l

·
(∫ ∞,∗

0

(
S
−l−1−j,−l+k2
δ̂a2 ,δb2

(
i

y

)
+ (−1)k2+jS

−l−1−j,−l+k2
δ̂−a2 ,δ−b2

(
i

y

))
·
(
S

0,k1+j+1

δ̂b1 ,δ−a1
(iy) + (−1)k1+jS

0,k1+j+1

δ̂−b1 ,δa1
(iy)

)
ym−k2+j+ldy

+ (−1)m+j+1

∫ ∞,∗
0

(
S
−l−1−j,−l+k2
δ̂a2 ,δ−b2

(
i

y

)
+ (−1)k2+jS

−l−1−j,−l+k2
δ̂−a2 ,δb2

(
i

y

))
·
(
S

0,k1+j+1

δ̂−b1 ,δ−a1
(iy) + (−1)k1+jS

0,k1+j+1

δ̂b1 ,δa1
(iy)

)
ym−k2+j+ldy

)
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and

ik2+j (4π)k2+1

2k2+j+2Nk1+k2+j+1k2!
C ′1C

′
2C
′
3

w−m∑
l=−j

(j + l)!

j!

(
4π

N

)−l
C

(2)
k2,m−k1,k2−l

·
(

(−1)m−k1
∫ ∞,∗

0

(
S
−l−1−j,−l+k2
δ̂a2 ,δ−b2

(
i

y

)
+ (−1)k2+jS

−l−1−j,−l+k2
δ̂−a2 ,δb2

(
i

y

))
·
(
S

0,k1+j+1

δ̂b1 ,δ−a1
(iy) + (−1)k1+jS

0,k1+j+1

δ̂−b1 ,δa1
(iy)

)
ym−k2+j+ldy

+ (−1)k1+j+1

∫ ∞,∗
0

(
S
−l−1−j,−l+k2
δ̂a2 ,δb2

(
i

y

)
+ (−1)k2+jS

−l−1−j,−l+k2
δ̂−a2 ,δ−b2

(
i

y

))
·
(
S

0,k1+j+1

δ̂−b1 ,δ−a1
(iy) + (−1)k1+jS

0,k1+j+1

δ̂b1 ,δa1
(iy)

)
ym−k2+j+ldy

)
.

Applying Rogers–Zudilin method in the same way as I2, J2 becomes

J2 = ik2+j (4π)k2+1

2k2+j+2Nk1+k2+j+1k2!
C ′1C

′
2C
′
3

w−m∑
l=0

(j + l)!

j!

(
4π

N

)−l
C

(1)
k2,m−k1,k2−l∫ ∞,∗

0

ym−k2+j+ldy

(
S
−l+k2,−l−m+w
δb2 ,δ−a1

(
i

y

)
+ (−1)m−k1+1S

−l+k2,−l−m+w
δ−b2 ,δa1

(
i

y

))
·
(
S

0,m−k2
δ̂b1 ,δ̂a2

(iy) + (−1)m−k2+1S
0,m−k2
δ̂−b1 ,δ̂−a2

(iy)
)

+ (−1)w+m+j+1

(
S
−l+k2,−l−m+w
δb2 ,δa1

(
i

y

)
+ (−1)m−k1+1S

−l+k2,−l−m+w
δ−b2 ,δ−a1

(
i

y

))
·
(
S

0,m−k2
δ̂b1 ,δ̂−a2

(iy) + (−1)m−k2+1S
0,m−k2
δ̂−b1 ,δ̂a2

(iy)
)

+ ik2+j (4π)k2+1

2k2+j+2Nk1+k2+j+1k2!
C ′1C

′
2C
′
3

w−m∑
l=−j

(j + l)!

j!

(
4π

N

)−l
C

(2)
k2,m−k1,k2−l,j∫ ∞,∗

0

ym−k2+j+ldy · (−1)

(
S
−l+k2,−l−m+w
δb2 ,δa1

(
i

y

)
+ (−1)m−k1+1S

−l+k2,−l−m+w
δ−b2 ,δ−a1

(
i

y

))
·
(
S

0,m−k2
δ̂b1 ,δ̂a2

(iy) + (−1)m−k2+1S
0,m−k2
δ̂−b1 ,δ̂−a2

(iy)
)

+ (−1)w+m+j

(
S
−l+k2,−l−m+w
δb2 ,δ−a1

(
i

y

)
+ (−1)m−k1+1S

−l+k2,−l−m+w
δ−b2 ,δa1

(
i

y

))
·
(
S

0,m−k2
δ̂b1 ,δ̂−a2

(iy) + (−1)m−k2+1S
0,m−k2
δ̂−b1 ,δ̂a2

(iy)
)
.

In the case l = w−m, we claim that all the S-series S−l+k2,−l−m+w
∗,∗ +(−1)m−k1+1S−l+k2,−l−m+w

∗,∗
in the integral are already Eisenstein series. If a1 = 0, then the constant term of
Gb2,−a1 − Gb2,a1 vanishes. If a1 6= 0, then the constant terms of both Gb2,−a1 and Gb2,a1

are zero.
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Thus

J = (−1)k1+ 1
2
j(j+1) i

k1+k2+j+1(2π)k1+k2+1j!(k1 + j + 2)(k2 + j + 2)

4Nk1+k2+j+2

·
w−m∑
l=0

(j + l)!

j!

(
4π

N

)−l
C

(1)
k2,m−k1,k2−l

Λ∗
(
Dw−m−lG

(m−k1+1)
b2,−a1 G

(m−k2+1)
b1,a2

+ (−1)w+m+j+1Dw−m−lG
(m−k1+1)
b2,a1

G
(m−k2+1)
b1,−a2 ,−j − l

)
−

w−m∑
l=−j

(j + l)!

j!

(
4π

N

)−l
C

(2)
k2,m−k1,k2−l,j

Λ∗
(
Dw−m−lG

(m−k1+1)
b2,a1

G
(m−k2+1)
b1,a2

+ (−1)w+m+j+1Dw−m−lG
(m−k1+1)
b2,−a1 G

(m−k2+1)
b1,−a2 ,−j − l

)
.

6.7.3 Case m = k1 > k2 or m = k2, k1 = 0

In the case m = k1 > k2 or m = k2 but k1 = 0 we are facing two problems. The first
one is that there are lost integrals I1 and J1 which may not vanish. The second one is that
there are Eisenstein series of weight 1 having some lost constant terms. We will compute
exactly those lost integrals and constant terms in this section and show they actually do
not appear in the final result.

Evaluation of the first part I. Recall that the integral

I1 = (−1)k1αC1C2C3

∫ ∞,∗
0

(
k1 + j + 1

j + 1

)
ym−k1−1

·
(
F

(k2+j+2)
−u2 (iy) + (−1)m−k1−1F

(k2+j+2)

−u2 (iy)
)
dy.

By Lemma 6.6.1, I1 vanishes unless m = k1. If m = k1 happens, with the regularized
L-value of F in Lemma 6.6.2 we have

I1 = δm=k1αC1C2C3

(
k1 + j + 1

j + 1

)
·
∫ ∞,∗

0

(
F

(k2+j+2)
−u2 (iy)− F (k2+j+2)

−u2 (iy)
) dy
y

Namely

I1 = δm=k1(−1)
1
2
j(j−1)+k1

ij(k1 + j + 2)!(k2 + j + 2)!

8(j + 1)πj+2N
L(δ̂b1 + (−1)k1+j δ̂−b1 , k1 + j + 2)

· L(δ̂−a2 + (−1)k2+j+1δ̂a2 , k2 + j + 2)L(δ−b2 − δb2 , 1)

= δm=k1(−1)
1
2
j(j+1) i

j(k1 + j + 2)!(k2 + j + 2)!

8(j + 1)Nπj+2
L(δ̂−b1 + (−1)k1+j δ̂b1 , k1 + j + 2)

· L(δ̂−a2 + (−1)k2+j+1δ̂a2 , k2 + j + 2)L(δ−b2 − δb2 , 1).
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Next we are going to evaluate I2, recall

I2 =(−1)k2+ 1
2
j(j+1)+1 i

m+k2+j(2π)k1+k2+1j!(k1 + j + 2)(k2 + j + 2)

4Nk1+k2+j+3
·N−m+k1−j−1(∫ ∞,∗

0

(
S
k1,w−m
δb1 ,δ−a2

+ (−1)m+k2+1S
k1,w−m
δ−b1 ,δa2

)
(iNy)

·
(
S

0,m−k1
δ̂b2 ,δ̂a1

+ (−1)m−k1+1S
0,m−k1
δ̂−b2 ,δ̂−a1

)( i

Ny

)
y−m+k1−j−1dy

y

+ (−1)w+m+j+1

∫ ∞,∗
0

(
S
k1,w−m
δb1 ,δa2

+ (−1)m+k2+1S
k1,w−m
δ−b1 ,δ−a2

)
(iNy)

·
(
S

0,m−k1
δ̂b2 ,δ̂−a1

+ (−1)m−k1+1S
m−k1,0
δ̂−b2 ,δ̂a1

)( i

Ny

)
y−m+k1−j−1dy

y

+

j∑
l=0

(4π)l

l!

∫ ∞,∗
0

(−1)w+m+1
(
S
l+k1,l+w−m
δb1 ,δa2

+ (−1)m+k2+1S
l+k1,l+w−m
δ−b1 ,δ−a2

)
(iNy)

·
(
S

0,m−k1
δ̂b2 ,δ̂a1

+ (−1)m−k1+1S
0,m−k1
δ̂−b2 ,δ̂−a1

)( i

Ny

)
y−m+k1+l−j−1dy

y

+

j∑
l=0

(4π)l

l!

∫ ∞,∗
0

(−1)j
(
S
l+k1,l+w−m
δb1 ,δ−a2

+ (−1)m+k2+1S
l+k1,l+w−m
δ−b1 ,δa2

)
(iNy)

·
(
S

0,m−k1
δ̂b2 ,δ̂−a1

+ (−1)m−k1+1S
0,m−k1
δ̂−b2 ,δ̂a1

)( i

Ny

)
y−m+k1+l−j−1dy

y

)
.

(6.2)

The evaluation of I2 is exactly the same compared to the case m > k1 and m > k2, unless
we have some lost constant terms in S-series. In fact if k1 = 0 then

S
0,w−m
δb1+δ−b1 ,δ−a2+(−1)w−m+1δa2

(iNy)

=S
0,0
δb1+δ−b1 ,δ−a2−δa2

(iNy)

=G
(1)
b1,−a2(iy)−G(1)

b1,a2
(iy).

Thus the lost constant terms only come from the S-series S0,m−k1
∗,∗ . This happens only

when m = k1. If so we see

S
0,0

δ̂b2 ,δ̂a1

(
i

Ny

)
− S

0,0

δ̂−b2 ,δ̂−a1

(
i

Ny

)
=H

(1)
b2,a1

(
i

N2y

)
− 1

2
− L(δ̂b2 , 0),

S
0,0

δ̂b2 ,δ̂−a1

(
i

Ny

)
− S

0,0

δ̂−b2 ,δ̂a1

(
i

Ny

)
=H

(1)
b2,−a1

(
i

N2y

)
− 1

2
− L(δ̂b2 , 0),

they both share the same constant term

1

2
+ L(δ̂b2 , 0) =

1

2
L(δ̂b2 − δ̂−b2 , 0) =

N

2πi
L(δb2 − δ−b2 , 1).
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Then we have
I2 = A+B + C,

where the part A is the one which is identical to (6.1), the part B is coming from the lost
term in the first two integrals of (6.2) when m = k1, and the part C is from the lost term
in the last two integrals of (6.2) when m = k1.

The part A is

A = (−1)k2+ 1
2
j(j+1) i

k1+k2+j+1(2π)k1+k2+1j!(k1 + j + 2)(k2 + j + 2)

4Nk1+k2+j+2

·
(

Λ∗
(
Dw−m

(
G

(m−k2+1)
b1,−a2 − (−1)w−mG

(m−k2+1)
b1,a2

)(
G

(m−k1+1)
b2,a1

+ (−1)jG
(m−k1+1)
b2,−a1

)
,−j

)
+

j∑
l=1

1

l!

(
4π

N

)l
Λ∗
(

(−1)w+m+1Dw−m+lG
(m−k2+1)
b1,a2

G
(m−k1+1)
b2,a1

+ (−1)jDw−m+lG
(m−k2+1)
b1,−a2 G

(m−k1+1)
b2,−a1 , l − j

))
.

With the regularized L-value in Lemma 6.6.3, we can compute B and C. We have

B = δm=k1(−1)k2+ 1
2
j(j+1)+1 i

k1+k2+j(2π)k1+k2+1j!(k1 + j + 2)(k2 + j + 2)

4Nk1+k2+2j+4

· (−1)k1+j N

2πi
L(δ̂−b1 + (−1)k1+j δ̂b1 , k1 + j + 2)

·
(∫ ∞,∗

0

(
S
k1,k2
δb1 ,δ−a2

+ (−1)k1+k2+1S
k1,k2
δ−b1 ,δa2

)
(iNy)y−m+k1−j−1dy

y

+ (−1)w+m+j+1

∫ ∞,∗
0

(
S
k1,k2
δb1 ,δa2

+ (−1)k1+k2+1S
k1,k2
δ−b1 ,δ−a2

)
(iNy)y−m+k1−j−1dy

y

)
,

that is,

B = δm=k1(−1)
1
2
j(j−1)+1 i

j(k1 + j + 2)!(k2 + j + 2)!

2j+4πj+2(j + 1)N
L(δ̂−b1 + (−1)k1+j δ̂b1 , k1 + j + 2)

· L(δ̂−a2 + (−1)k2+j+1δ̂a2 , k2 + j + 2)L(δ−b2 − δb2 , 1).

In a similar manner we have

C = δm=k1(−1)
1
2
j(j+1)+1 i

j(k1 + j + 2)!(k2 + j + 2)!

2j+4πj+2(j + 1)N

j∑
l=0

(−1)l

(2π)l
(4π)l

(
j + 1

l

)
· L(δ̂−b1 + (−1)k1+j δ̂b1 , k1 + j + 2)L(δ̂−a2 + (−1)k2+j+1δ̂a2 , k2 + j + 2)

· L(δ−b2 − δb2 , 1),
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that is,

C = δm=k1(−1)
1
2
j(j−1) i

j(k1 + j + 2)!(k2 + j + 2)!

2j+4πj+2(j + 1)N

(
1− 2j+1

)
· L(δ̂−b1 + (−1)k1+j δ̂b1 , k1 + j + 2)L(δ̂−a2 + (−1)k2+j+1δ̂a2 , k2 + j + 2)

· L(δ−b2 − δb2 , 1).

Sum up altogether we see immediately I1 +B+C = 0. Eventually only the main part
A will survive. We conclude that I = A.

Evaluation of the second part J . We are now left to compute the other part J . Like
our computation of I, only if m = k2 do we have nontrivial J1 and lost constant terms in
J2. Then m = k2 and k1 = 0 in this case. If so we have

Jk1,k2,j(u1, u2) =

∫ ∞,∗
0

∫
ηy,m

q∗
(
q∗2 Eisk2+j

D (u2) ∧ πk1+j+1(q∗1 Eisj+k1hol (u1))
)

=Ik2,k1,j(u2, u1).

6.7.4 Residues of the Regulators

In the present subsection we compute the residues of Eisk1,k2,jD (u1, u2) along the mod-
ular caps. We will compute only in the case m = w, its residue along Xw[0, x]∞. For
general cases m < w, we can compute its residues along XmY w−m[0, x]∞ exactly the same
way.

In the beginning we have the following integrals. Their calculations are exactly the
same compared to Lemma 6.5.1.

Lemma 6.7.1. We have∫
γτ,w

p∗(p
∗
1ψa,k1+j−a ∧ p∗2ψk2+j,0) =

{
D3 ·

(
k1+j−a

j

)
yjτ k1−aτ k2+a 0 ≤ a ≤ k1,

0 k1 < a ≤ k1 + j,∫
γτ,w

p∗(p
∗
1ψa,k1+j−a ∧ p∗2ψ0,k2+j) =

{
D3 · (−1)j

(
a
j

)
yjτw+j−aτa−j j ≤ a ≤ k1 + j,

0 0 ≤ a < j,∫
γτ,w

p∗(p
∗
1ψk1+j−a,a ∧ p∗2ψk2+j,0) =

{
D3 ·

(
a
j

)
yjτa−jτw+j−a j ≤ a ≤ k1 + j,

0 0 ≤ a < j,

and∫
γτ,w

p∗(p
∗
1ψk1+j−a,a ∧ p∗2ψ0,k2+j) =

{
D3 · (−1)j

(
k1+j−a

j

)
yjτ k2+aτ k1−a 0 ≤ a ≤ k1,

0 k1 < a ≤ k1 + j,

where

D3 = (−1)
1
2
j(j−1) k1!j!

πj(k1 + j)!
.
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Let us look back on the regulator

p∗1 Eisk1+j
D (u1)|V = D1y

k1+j∑
a=0

F a,k1+j−a
σu1

(x+ iy)p∗1ψa,k1+j−a mod dτ, dτ

and
p∗2 Eisk2+j

hol (u2)|V = 2D2dx ∧ F (k2+j+2)
−u2 (x+ iy)p∗2ψk2+j,0,

where V = π−1([0, x]y∞). Since

πk2+j+1

(
p∗2 Eisk2+j

D (u2)
)
|V = D2dx ∧

(
F

(k2+j+2)
−u2 (iy)p∗2ψk2+j,0 + F

(k2+j+2)

−u2 (iy)p∗2ψ0,k2+j

)
= dx ∧D2

(
F

(k2+j+2)
−a2,−b2 (x+ iy)p∗2ψk2+j,0 + F

(k2+j+2)
−a2,b2 (x+ iy)p∗2ψ0,k2+j

)
,

we have

R(y) :=

∫ ∗
Xw[0,x]y∞

p∗

(
p∗1 Eisk1+j

D (u1) ∧ πk2+j+1

(
p∗2 Eisk2+j

D (u2)
))

=(−1)k1+jD1D2

∫ ∗
[0,x]y∞

dx

∫
γτ,m

k1+j∑
a=0

(
a0y + (−1)k1+j−a

(
k1 + j

a

)
b0y
−k1−j

)
· p∗ (p∗1ψa,k1+j−a ∧ c0(p∗2ψk2+j,0 + p∗2ψ0,k2+j)) +O(e−2πy/N),

where

a0 =L(δ−a1 , k1 + j + 2) + (−1)k1+jL(δa1 , k1 + j + 2),

b0 =δa1(0)(−2i)−k1−jπ
(
L(δ−b1 , k1 + j + 1) + (−1)k1+jL(δb1 , k1 + j + 1)

)
,

c0 =N−k2−j−1L(δ−a2 ,−k2 − j − 1)

are constant terms which appear in the Fourier expansions of F a,k1+j−a
−b1,a1 and F

(k2+j+2)
−a2,±b2 .

After Lemma 6.7.1 we have

R(y) = (−1)k1+jc0D1D2D3

∫
[0,x]y∞

dx

·

(
k1∑
a=0

(
a0y + (−1)k1+j−a

(
k1 + j

a

)
b0y
−k1−j

)(
k1 + j − a

j

)
yj(x− iy)k1−a(x+ iy)k2+a

+ (−1)j
k1∑
a=0

(
a0y + (−1)a

(
k1 + j

a

)
b0y
−k1−j

)(
k1 + j − a

j

)
yj(x− iy)k2+a(x+ iy)k1−a

)
+O(e−2πy/N).
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Viewing R(y) as a polynomial of y, we only need to consider its constant terms. Therefore
R∗(∞) is the coefficient of yk1 in

(−1)k1+jb0c0D1D2D3

∫
[0,x]y∞

dx

·
( k1∑

a=0

(−1)k1+j−a
(
k1 + j

a

)(
k1 + j − a

j

)
(x− iy)k1−a(x+ iy)k2+a

+

k1∑
a=0

(−1)a+j

(
k1 + j

a

)(
k1 + j − a

j

)
(x− iy)k2+a(x+ iy)k1−a

)
.

Observe that this polynomial is

(−1)k1b0c0D1D2D3

(
k1 + j

j

)∫
[0,x]y∞

dx

·
k1∑
a=0

(
k1

a

)(
(−x+ iy)k1−a(x+ iy)a(x+ iy)k2 − (x− iy)k2(−x+ iy)a(x+ iy)k1−a

)
=(−1)k1b0c0D1D2D3

(
k1 + j

j

)
(2iy)k1

∫
[0,x]y∞

(
(x+ iy)k2 + (x− iy)k2

)
dx.

This yields

R∗(∞) = (−1)k12b0c0D1D2D3

(
k1 + j

j

)
(2i)k1+1

∫ ∗
[0,x]y∞

xk2dx

= (−1)k12b0c0D1D2D3

(
k1 + j

j

)
(2i)k1(k2 + 1)−1xk2+1.

Set Rk1,k2,j(u1, u2) = (−1)k12b0c0D1D2D3

(
k1+j
j

)
(2i)k1(k2 + 1)−1xk2+1 then we can obtain

another integral

Sk1,k2,j(u1, u2) =

∫ ∗
[0,x]∞

∫
ητ,m

q∗

(
q∗2 Eisk2+j

D (u2) ∧ πk1+j+1

(
q∗1 Eisk1+j

D (u1)
))

=Rk2,k1,j(u2, u1).

6.8 Proof of Results

Proof of Theorem 6.1.7 and Theorem 6.1.3. The full regulator is given as∫ ∗
XmY w−m{0,∞}

Eisk1,k2,jD (u1, u2) =

∫ ∗
XmY w−m{0,∞}

p∗
(
p∗1 Eisk1+j

D (u1) ∧ πk2+j+1(p∗2 Eisk2+j
hol (u2))

)
+

∫ ∗
XmY w−m{0,∞}

(−1)k1+j+1p∗
(
πk1+j+1(p∗1 Eisk1+j

hol (u1)) ∧ p∗2 Eisk2+j
D (u2)

)
= Ik1,k2,j(u1, u2) + (−1)k1+k2+j+1Jk1,k2,j(u1, u2).
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And when m = w the residue is∫ ∗
Xw[0,x]∞

Eisk1,k2,jD (u1, u2) =

∫ ∗
Xw[0,x]∞

p∗
(
p∗1 Eisk1+j

D (u1) ∧ πk2+j+1(p∗2 Eisk2+j
hol (u2))

)
+

∫ ∗
Xw[0,x]∞

(−1)k1+j+1p∗
(
πk1+j+1(p∗1 Eisk1+j

hol (u1)) ∧ p∗2 Eisk2+j
D (u2)

)
= Rk1,k2,j(u1, u2) + (−1)k1+k2+j+1Sk1,k2,j(u1, u2).

We get the result directly from the computations of periods I and J and residues R and
S we did in Section 6.7.

If m = w we have much simpler result with Lanphier’s formula.

Proof of Theorem 6.1.1. Ifm = w then we have the constants C
(1)
k2,k2,k2

= 1 and C
(2)
k2,k2,k2+l,j =(

j
l

)
. We deduce instantly from Theorem 6.1.7 that∫ ∗
Xw{0,∞}

Eisk1,k2,jD (u1, u2) = (−1)
1
2
j(j+1) j!(k1 + j + 2)(k2 + j + 2)

4Nw+j+2
ik1−k2+j+1(2π)w+1

·
(

2Λ∗
(
G

(k1+1)
b1,−a2G

(k2+1)
b2,a1

− (−1)jG
(k1+1)
b1,a2

G
(k2+1)
b2,−a1 ,−j

)
+

j∑
l=0

1

l!

(
4π

N

)l
Λ∗
(
−DlG

(k1+1)
b1,a2

G
(k2+1)
b2,a1

+ (−1)jDlG
(k1+1)
b1,−a2G

(k2+1)
b2,−a1 , l − j

)
+

j∑
l=0

1

l!

(
4π

N

)l
Λ∗
(

(−1)jDlG
(k2+1)
b2,a1

G
(k1+1)
b1,a2

−DlG
(k2+1)
b2,−a1G

(k1+1)
b1,−a2 , l − j

))
.

We claim that the last two lines actually vanish. With Lanphier’s formula we can rewrite
the L-value of quasi-modular forms

j∑
l=0

1

l!

(
4π

N

)l
Λ∗
(
−DlG

(k1+1)
b1,a2

G
(k2+1)
b2,a1

+ (−1)jDlG
(k2+1)
b2,a1

G
(k1+1)
b1,a2

, l − j
)

to the following explicit sum of L-values of Rankin–Cohen brackets

j∑
p=0

B(p)

(
4π

N

)p
Λ∗
([
G

(k1+1)
b1,a2

, G
(k2+1)
b2,a1

]
p
, p− j

)
with

B(p) =

j−p∑
t=0

(−2)t
(j − p)t
(t+ p)!

(
at+pk1+1,k2+1(t) + (−1)j−p+1at+pk2+1,k1+1(t)

)
.

It is indicated in Lemma 6.4.6 that we have actually B(p) ≡ 0, this gives us the desired
result.
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Appendix A

Table of L∗(Gk1,Gk2, s1, s2) with
k1 + k2 ≤ 14

Let the L-functions be

Λ(Gk, s) = (2π)−sΓ(s)ζ(s)ζ(s− k + 1)

and
Λ(∆, s) = (2π)−sΓ(s)

∏
p

(
1− τ(p)p−s + p11−2s

)−1
,

they satisfy the functional equations

Λ(Gk, s) = ikΛ(Gk, k − s) and Λ(∆, s) = Λ(∆, 12− s).

Double L-values L∗(Gk1 ,Gk2 , s1, s2) with 1 ≤ s1 ≤ k1 and 1 ≤ s2 ≤ k2 − s1.

k1 = 4, k2 = 4

L∗(G4,G4, 1, 2) = 3
8π2 Λ(G2,−2) + 5

48π
Λ(G4,−1)

L∗(G4,G4, 2, 1) = − 3
4π

Λ(G2,−2)− 5
12

Λ(G4,−1)

k1 = 4, k2 = 6

L∗(G4,G6, 1, 2) = 1
80π2 Λ(G4,−2) + 7

480π
Λ(G6,−1)

L∗(G4,G6, 1, 4) = 1
2π3 Λ(G2,−3) + 1

16π2 Λ(G4,−2)

L∗(G4,G6, 2, 1) = − 1
8π

Λ(G4,−2)− 7
80

Λ(G6,−1)
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128 APPENDIX A. TABLE OF L∗(GK1 ,GK2 , S1, S2) WITH K1 +K2 ≤ 14

L∗(G4,G6, 2, 3) = − 3
4π2 Λ(G2,−3)− 5

24π
Λ(G4,−2)

L∗(G4,G6, 3, 2) = 1
π
Λ(G2,−3) + 5

12
Λ(G4,−2)

k1 = 6, k2 = 4

L∗(G6,G4, 1, 2) = 3
10π2 Λ(G4,−2) + 7

240π
Λ(G6,−1)

L∗(G6,G4, 2, 1) = − 3
8π

Λ(G4,−2)− 7
80

Λ(G6,−1)

k1 = 4, k2 = 8

L∗(G4,G8, 1, 2) = 1
168π2 Λ(G6,−2) + 5

1008π
Λ(G8,−1)

L∗(G4,G8, 1, 4) = 1
168π3 Λ(G4,−3) + 1

160π2 Λ(G6,−2)

L∗(G4,G8, 1, 6) = − 7
16π3 Λ(G4,−3)− 1

48π2 Λ(G6,−2)

L∗(G4,G8, 2, 1) = − 1
12π

Λ(G6,−2)− 5
126

Λ(G8,−1)

L∗(G4,G8, 2, 3) = − 3
80π2 Λ(G4,−3)− 7

240π
Λ(G6,−2)

L∗(G4,G8, 2, 5) = 21
40π2 Λ(G4,−3) + 7

120π
Λ(G6,−2)

L∗(G4,G8, 3, 2) = 3
16π

Λ(G4,−3) + 7
80

Λ(G6,−2)

L∗(G4,G8, 3, 4) = − 7
16π

Λ(G4,−3)− 7
80

Λ(G6,−2)

k1 = 6, k2 = 6

L∗(G6,G6, 1, 2) = 1
480π

Λ(G8,−1)

L∗(G6,G6, 1, 4) = − 15
16π4 Λ(G2,−4)− 1

16π3 Λ(G4,−3)

L∗(G6,G6, 2, 1) = − 1
120

Λ(G8,−1)

L∗(G6,G6, 2, 3) = 5
4π3 Λ(G2,−4) + 3

16π2 Λ(G4,−3)

L∗(G6,G6, 3, 2) = − 5
4π2 Λ(G2,−4)− 5

16π
Λ(G4,−3)

L∗(G6,G6, 4, 1) = 5
4π

Λ(G2,−4) + 5
12

Λ(G4,−3)
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k1 = 8, k2 = 4

L∗(G8,G4, 1, 2) = 2
7π2 Λ(G6,−2) + 5

336π
Λ(G8,−1)

L∗(G8,G4, 2, 1) = − 1
3π

Λ(G6,−2)− 5
126

Λ(G8,−1)

k1 = 4, k2 = 10

L∗(G4,G10, 1, 2) = − 1
225

Λ(∆, 0) + 1
288π2 Λ(G8,−2) + 11

4800π
Λ(G10,−1)

L∗(G4,G10, 1, 4) = − 1
432

Λ(∆, 0) + 1
448π3 Λ(G6,−3) + 5

3024π2 Λ(G8,−2)

L∗(G4,G10, 1, 6) = − 1
540

Λ(∆, 0)− 1
864π2 Λ(G8,−2)

L∗(G4,G10, 1, 8) = − 1
432

Λ(∆, 0) + 27
64π3 Λ(G6,−3) + 5

432π2 Λ(G8,−2)

L∗(G4,G10, 2, 1) = − 1
16π

Λ(G8,−2)− 11
480

Λ(G10,−1)

L∗(G4,G10, 2, 3) = − 1
56π2 Λ(G6,−3)− 5

504π
Λ(G8,−2)

L∗(G4,G10, 2, 5) = 1
240π

Λ(G8,−2)

L∗(G4,G10, 2, 7) = − 27
56π2 Λ(G6,−3)− 5

168π
Λ(G8,−2)

L∗(G4,G10, 3, 2) = 1
8π

Λ(G6,−3) + 5
126

Λ(G8,−2)

L∗(G4,G10, 3, 4) = − 1
120

Λ(G8,−2)

L∗(G4,G10, 3, 6) = 3
8π

Λ(G6,−3) + 5
126

Λ(G8,−2)

k1 = 6, k2 = 8

L∗(G6,G8, 1, 2) = 1
350

Λ(∆, 0) + 11
25200π2 Λ(G10,−1)

L∗(G6,G8, 1, 4) = 1
672

Λ(∆, 0)− 3
560π4 Λ(G4,−4)− 3

640π3 Λ(G6,−3)

L∗(G6,G8, 1, 6) = 1
840

Λ(∆, 0)− 9
4π5 Λ(G2,−5)− 5

56π4 Λ(G4,−4)

L∗(G6,G8, 2, 1) = − 11
5040

Λ(G10,−1)

L∗(G6,G8, 2, 3) = 1
40π3 Λ(G4,−4) + 3

160π2 Λ(G6,−3)
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130 APPENDIX A. TABLE OF L∗(GK1 ,GK2 , S1, S2) WITH K1 +K2 ≤ 14

L∗(G6,G8, 2, 5) = 45
16π4 Λ(G2,−5) + 1

4π3 Λ(G4,−4)

L∗(G6,G8, 3, 2) = − 3
40π2 Λ(G4,−4)− 7

160π
Λ(G6,−3)

L∗(G6,G8, 3, 4) = − 5
2π3 Λ(G2,−5)− 3

8π2 Λ(G4,−4)

L∗(G6,G8, 4, 1) = 1
4π

Λ(G4,−4) + 7
80

Λ(G6,−3)

L∗(G6,G8, 4, 3) = 15
8π2 Λ(G2,−5) + 5

12π
Λ(G4,−4)

L∗(G6,G8, 5, 2) = − 3
2π

Λ(G2,−5)− 5
12

Λ(G4,−4)

k1 = 8, k2 = 6

L∗(G8,G6, 1, 2) = − 1
350

Λ(∆, 0) + 11
16800π

Λ(G10,−1)

L∗(G8,G6, 1, 4) = − 1
672

Λ(∆, 0)− 6
7π4 Λ(G4,−4) + 3

128π3 Λ(G6,−3)

L∗(G8,G6, 2, 1) = − 11
5040

Λ(G10,−1)

L∗(G8,G6, 2, 3) = 1
π3 Λ(G4,−4) + 1

16π2 Λ(G6,−3)

L∗(G8,G6, 3, 2) = − 4
5π2 Λ(G4,−4)− 7

80
Λ(G6,−3)

L∗(G8,G6, 4, 1) = 1
2π

Λ(G4,−4) + 7
80

Λ(G6,−3)

k1 = 10, k2 = 4

L∗(G10,G4, 1, 2) = 1
225

Λ(∆, 0) + 5
18π2 Λ(G8,−2) + 11

1200π
Λ(G10,−1)

L∗(G10,G4, 2, 1) = − 5
16π

Λ(G8,−2)− 11
480

Λ(G10,−1)
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Table of G(τ ; k1, k2, k3) with weight
lower than 12

Mordell–Tornheim double Eisenstein series G(τ ; k1, k2, k3) with k = k1 + k2 + k3.

k = 6

G(τ ; 1, 2, 3) = − π6

945
E6(τ)

G(τ ; 2, 2, 2) = 2π6

945
E6(τ)

k = 8

G(τ ; 1, 2, 5) = − π8

14175
E8(τ)

G(τ ; 1, 3, 4) = − 2π8

14175
E8(τ)

G(τ ; 2, 2, 4) = 2π8

14175
E8(τ)

G(τ ; 2, 3, 3) = 0

k = 10

G(τ ; 1, 2, 7) = − π10

155925
E10(τ)

G(τ ; 1, 3, 6) = − π10

66825
E10(τ)

G(τ ; 1, 4, 5) = − π10

93555
E10(τ)
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132 APPENDIX B. TABLE OF G(τ ;K1, K2, K3) WITH WEIGHT LOWER THAN 12

G(τ ; 2, 2, 6) = 2π10

155925
E10(τ)

G(τ ; 2, 3, 5) = π10

467775
E10(τ)

G(τ ; 2, 4, 4) = 4π10

467775
E10(τ)

G(τ ; 3, 3, 4) = − 2π10

467775
E10(τ)

k = 12

G(τ ; 1, 2, 9) = − 404π12

638512875

(
E12(τ)− 51891840

69791
∆(τ)

)
G(τ ; 1, 3, 8) = − 326π12

212837625

(
E12(τ) + 34594560

112633
∆(τ)

)
G(τ ; 1, 4, 7) = − 643π12

638512875

(
E12(τ) + 1089728640

444313
∆(τ)

)
G(τ ; 1, 5, 6) = − 739π12

638512875

(
E12(τ)− 1089728640

510649
∆(τ)

)
G(τ ; 2, 2, 8) = 808π12

638512875

(
E12(τ)− 51891840

69791
∆(τ)

)
G(τ ; 2, 3, 7) = 34π12

127702575

(
E12(τ) + 62270208

11747
∆(τ)

)
G(τ ; 2, 4, 6) = 43π12

58046625

(
E12(τ) + 42456960

29713
∆(τ)

)
G(τ ; 2, 5, 5) = 38π12

91216125

(
E12(τ)− 111196800

13129
∆(τ)

)
G(τ ; 3, 3, 6) = − 68π12

127702575

(
E12(τ) + 62270208

11747
∆(τ)

)
G(τ ; 3, 4, 5) = − 19π12

91216125

(
E12(τ)− 111196800

13129
∆(τ)

)
G(τ ; 4, 4, 4) = 38π12

91216125

(
E12(τ)− 111196800

13129
∆(τ)

)
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[39] V. Paşol and A. A. Popa, Modular forms and period polynomials, Proceedings of the
London Mathematical Society 107, No. 4 (2013), pp. 713-743.

[40] M. Rogers and W. Zudilin, From L-series of elliptic curves to Mahler measures,
Compositio Mathematica 148, No. 2 (2012), pp. 385-414.

135

http://resolver.caltech.edu/CaltechETD:etd-12162005-124435
http://resolver.caltech.edu/CaltechETD:etd-12162005-124435


136 BIBLIOGRAPHY

[41] E. Shinder, and M. Vlasenko, Linear Mahler measures and double L-values of modular
forms, Journal of Number Theory 142 (2014), pp. 149-182.

[42] V. Shokurov, A study of the homology of Kuga varieties. Izv. Akad. Nauk SSSR Ser.
Mat. 44 (1980), pp. 443-464.

[43] R. Sreekantan, Values of Multiple L-functions and Periods of Integrals, preprint
(2005).

[44] G. Stevens, The Eisenstein measure and real quadratic fields, Théorie des nombres,
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