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Introdution

Being a reently emerging mahine learning orientation, transfer learning aims at solving

learning tasks when there is a dataset shift. For traditional mahine learning tehniques, training

and testing data should be generated from the same distribution while for transfer learning, there

is no suh obligation. Transfer learning aims to take advantage of relatedness among data and

transfer knowledge from easily olleted training data (soure) to help the learning proess of

di�erent but related testing data (target). However, using all possible soure data is unwise :

transferring from the least related or even unrelated soure data may lead to a degradation of

the performane. In general, a similarity riterion is applied to measure the relatedness and gua-

rantees the quality of transfer. To the best of our knowledge, there are many transfer learning

literatures that have suessfully extended traditional mahine learning methods to adapt to

transfer learning ontext with e�etive similarity riteria taken into aount.

As transfer learning an make use of all related data to help the learning proess, it has

reognized a wide range of appliations. Sine 1995, homogeneous transfer learning has attra-

ted muh attention : all data share the same feature spae ; related appliation domains inlude

omputer vision, natural language proessing, biologial and medial data proessing. Then,

heterogeneous transfer learning was proposed in the last deade : soure and target an have

di�erent features. New appliations have also been studied : using text data to help image pro-

essing ; ross-language text lassi�ation, et. The transfer learning task overs lassi�ation

and regression with only labeled soure, or labeled soure and few labeled target, and lustering

with no label information for soure and target. Compared to traditional mahine learning, a

gain in performanes is usually obtained. The e�ieny of transfer learning is at least ompa-

rable as traditional mahine learning. On transfer learning tasks, transfer learning approahes

an provide both auray and e�ieny.

Among a variety of transfer learning ontexts, we fous on homogeneous transdutive trans-

fer learning (ovariate shift and domain adaptation). For our spei� ontext, su�ient labeled

soure data is available while no label information is provided for target data. Our objetive is to

align soure and target data so that soure lassi�er an perform well on target data. As there is

no label information in target, onsidering probabilistially the above homogeneous transdutive

transfer learning problem may be a good solution and setting onstraints on the onditional

probabilities (as assumptions) seems to be reasonable.

After a general introdution to transfer learning, homogeneous transfer learning approahes

are presented : we start from presenting the most simple homogeneous transfer learning - ova-

riate shift ; then, on relaxing the ovariate shift assumption, more generalized domain adaptation

approahes are presented.
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Introdution

This thesis is organized as follows :

� In Chapter 1, fundamentals are presented : a brief introdution of statistial learning theory

in lassi�ation, kernels and some kernel based mahine learning approahes. In the latter

hapters, this knowledge will be used and some presented approahes will be extended to

�t our homogeneous transdutive transfer learning ontext.

� In Chapter 2, a thorough overview of transfer learning is given : both homogeneous transfer

learning and heterogeneous transfer learning are presented. More details about transdu-

tive transfer learning are given as well as other homologous transfer learning ategories.

To obtain a general view of transfer learning advanes, many well-known transfer learning

approahes are introdued by ategory. Negative transfer learning (transferring unrelated

knowledge that degrades the learning performane) is also inluded in the presentation as

well as some literatures against negative transfer. More transfer learning appliations are

listed in the end of this hapter.

� In Chapter 3, we start solving the homogeneous transdutive transfer learning with a strong

assumption on onditional probabilities :

pS(y|x, x ∈ S) = pT (y|x, x ∈ T )

where S represents the soure and T represents the target ; y ∈ Y represents the label of

an observation x. With this assumption, ovariate shift transfer learning approahes were

proposed. However, the performane of these approahes is unsatis�ed in some omplex

simulated and real datasets. Therefore, we propose to relax the ovariate shift assumption

to beome :

∃A, b : pS(y|x, x ∈ S) = pT (y|Ax+ b, x ∈ T )
with A and b being parameters. Based on this relaxed assumption, a parametri maximum

likelihood transdutive transfer learning approah is proposed : by maximizing likelihood

w.r.t transformation parameters A and b (on x ∈ T ), we maximize the probability of

Ax + b, x ∈ T under the distribution pS(.). In other words, we align pS(x, x ∈ S) and

pT (Ax + b, x ∈ T ) so that after the transformation A and b, soure and target data are

very similar.

� However in the previous hapter, the relaxed assumption is still strong. Thus, we further

extend the relaxed assumption to beome more general :

∃g(.) : Rm → R
n | pS(y|x, x ∈ S) = pT (y|g(x), x ∈ T )

where g(.) is a smooth transformation funtion (linear or nonlinear). Within this assump-

tion, we aim to align pS(x, x ∈ S) and pT (g(x), x ∈ T ). As g(.) is usually nonlinear, kernel

methods are onsidered.

In Chapter 4, we propose a transdutive transfer learning approah (spei�ally, domain

adaptation) based on this assumption : SVM subjet to a Maximum Mean Disrepany-like

onstraint (SVMMMD). There, soure and target data are projeted into a shared RKHS

subspae where Maximum Mean Disrepany (MMD) equals 0 ; therefore, after projetion,
soure and target are expeted to be well aligned.
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� In Chapter 5, based on the same assumption made in Chapter 4, some KPCA based trans-

dutive transfer learning approahes (spei�ally, domain adaptation) have been proposed.

All KPCA based approahes are designed to improve SVMMMD by aligning expliitly

the RKHS representations of soure and target. For the �rst approah, we �x the soure

KPCA subspae and align target to soure by seleting the best target KPCA subspae,

whih minimizes the MMD between the two KPCA representations. The seond approah

further applies a linear transformation. The third approah linearly transforms target data

in the original spae for an alignment of KPCA representations of soure and target. The

similarity measure used is always MMD. We have also ompared all of our methods to

some state-of-the-art domain adaptation approahes, whih shows the e�etiveness and

e�ieny of our approahes.

We �nally onlude this thesis by a brief summary of ontributions and present perspetives

for future works.
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Chapter 1. Mahine Learning and Kernels

1.1 Introdution

Sine the last entury, mahine learning has been prosperous during deades. Its objetive

is to teah omputers to learn from existing data and generate the models that allow good

predition apaity. Traditional mahine learning inludes supervised learning, semi-supervised

learning and unsupervised learning depending on the availability of label information. Related

data proessing tasks inlude dimension redution, regression, lassi�ation, variable seletion,

et in a variety of appliations. The whole of this thesis ontributes to lassi�ation : to �nd a

lassi�er from training data that an generalize to test data.

By 1990s, mahine learning with kernel methods has reognized great suess (beause of the

popularity of SVM). By mapping input data to a higher dimensional kernel spae, it is possible

to use traditional linear lassi�ation approahes to solve nonlinear lassi�ation tasks. Examples

an be found in Setion 1.4.2 (SVM) and Setion 1.4.3 (KPCA).

In this hapter, we start by introduing the general framework : a brief review of statistial

learning theory (Setion 1.2). Then, fundamental knowledge of kernels is presented in Setion

1.3. Further developments of kernel methods are presented in Setion 1.4. The two latter setions

onsist of the basis that help to understand the following hapters. Note that we only onsider

binary lassi�ation in this hapter.

1.2 Statistial Learning Theory in Classi�ation

There have been many books, surveys and tutorials on statistial learning theory and ma-

hine learning. Here is a short list of literatures : [145℄, [34℄, [47℄, [68℄, [78℄, [82℄, [89℄, [15℄, [67℄, et.

1.2.1 Statistial Formulation

Let X denote the input spae and Y denote the output spae ; let x be an observation in

X and its orresponding label is y, y ∈ Y. Sine we onsider only binary lassi�ation task,

Y = {+1,−1}. Any pair (x, y) (independent and identially distributed, denoted as iid after-

wards) is sampled aording to some distribution P . The lassi�ation task is to �nd a deision

funtion f : X → Y that an predit the label of any new iid observation. The observations

used for �nding f form the training dataset while new iid observations form the testing dataset.

The iid ondition guarantees that all observations follow the same distribution (P ) and they

are maximally representative of the underlying distribution. The optimal f should perform well

on both training and testing datasets. The performane an be evaluated by some loss funtion

(in Setion 1.2.3). But having the best performane on training dataset does not guarantee the

optimum : we an obviously �nd a f that designates every training observation its label and the

opposite labels for all the testing data (over�tting, in Setion 1.2.4). Meanwhile, we expet f to

be onsistent : as there are more and more training data, the f found is getting loser and loser

to the optimal deision funtion. Thus, there are needs for subtle restritions on the lass of f
(F ∋ f ) : the lass of f should be as large as possible so that the optimal f is within the lass,

while the lass should not be too rih (over�tting problems). Then, as some ompromise, the

solution of the optimal f is found by some trade-o� between the loss and omplexity (measured,

for example by VC-dimension in Setion 1.2.5). This ompromise will be presented in Setion

6



1.2. Statistial Learning Theory in Classi�ation

PSfrag replaements

P (x|y = 1)P (y = 1)

P (x|y = −1)P (y = −1)

w+1 w−1

Figure 1.1 � Bayes Error (represented by the shadowed area).

1.2.6 and Setion 1.2.7.

1.2.2 Bayes deision rule

If we assume that the a priori and a posteriori probabilities are known, we an get the mini-

mum error for lassi�ation task.

Let P (y|x) denote the a posterior probability of label y given observation x ; P (x) the a priori
probability ; P (y) the prior probability on label y. Then, we assign the label (+1 or −1) to x
depending on P (y|x) :

P (y = 1|x)
w−1

≶
w+1

P (y = −1|x)

where w+1 and w−1 represent the assigned labels (+1 and −1, respetively).

The error ours when the true label of x is +1(−1) and it is assigned −1(+1) :

Rbayeserror = P (y = 1)P (w−1|y = 1) + P (y = −1)P (w+1|y = −1)

7



Chapter 1. Mahine Learning and Kernels

The total minimal error orresponds to the shadowed area in Figure 1.1 and analytially :

R∗ =

∫

x∈X
min{P (y = 1|x), P (y = −1|x)}P (x)dx

The Bayes deision rule ahieves the smallest error rate among all the deision rules. However,

for most of the time, P (y|x) is not easily aessible, so instead we an �rst use P (x|y) and then

ompute P (y|x) by Bayes theorem :

P (y = 1|x) = P (y = 1)P (x|y = 1)

P (x)

P (y = −1|x) = P (y = −1)P (x|y = −1)
P (x)

with P (x) = P (y = 1)P (x|y = 1) + P (y = −1)P (x|y = −1).

Generally, when the true probability density funtions and priors are not known, good es-

timation of distributions is ruial for approximating Bayes deision rule. However, in many

appliations, there is no guarantee for the quality of suh estimation. Other data driven deision

rules are proposed that ahieve relatively small error rates. In the following setions, we will

present another framework of risk minimization, whih enables other deision rules (for example,

the hyperplane lassi�er of SVM in Setion 1.4.1).

1.2.3 Loss Funtions for Binary Classi�ation

We �rst de�ne the loss funtion ([113℄) :

De�nition of loss funtion : Let (x, y, f(x)) ∈ X × Y × Y be a triplet with x an obser-

vation, y the label of x and f(x) a predition on x. The map c : X × Y × Y → [0,∞) with

c(x, y, y) = 0,∀x ∈ X ,∀y ∈ Y is alled a loss funtion.

With c(x, y, y) = 0,∀x ∈ X ,∀y ∈ Y, orret preditions will not lead to any loss and when

wrong predition exists (y 6= f(x)), c > 0. However, de�ning a good loss funtion for a given

problem is not always an easy task. Furthermore, a loss funtion an be di�ult to optimize.

In lassi�ation, the most intuitive loss funtion is to ount the mislassi�ation error :

c(x, y, f(x)) =

{
0 if y = f(x)
1 otherwise

If x is orretly lassi�ed, there is no penalty ; otherwise, we inrement the loss every time of

mislassi�ation. Some extensions have been made, for example replaing the ounting by some

funtions that are related to x.

Then, instead of prediting only the membership of x, a f(x) that measures the on�dene

level is further developed. In this ase, sign(f(x)) represents the label and |f(x)| represents the
on�dene level. For binary lassi�ation ase (y = +1 or y = −1), an example of suh loss

funtions is soft-margin loss ([8℄) :

c(x, y, f(x)) = max(0, 1 − yf(x)) =
{

0 if yf(x) ≥ 1
1− yf(x) otherwise

(1.1)
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1.2. Statistial Learning Theory in Classi�ation

where yf(x) represents the on�dene level and 1 represents a margin (whih an also be onsi-

dered as threshold). This soft-margin loss has been widely used in SVM based approahes.

Generally, as the joint probability P (x, y) and the prior P (y) are unknown, to express the loss,

we refer to the olletion of observations A = {(xi, yi)}, ∀i = 1, 2, . . . , n :

∑n
i=1 c(xi, yi, f(xi)) =∑n

i=1max(0, 1 − yif(xi)) =
∑n

i=1 ǫi, ∀(xi, yi) ∈ A (as in Setion 1.4.2).

1.2.4 Expeted Generalized Error and Empirial Risk

In the previous setion, we have quanti�ed the loss on a single observation x. However, the
minimum error (zero error for every observation x) obtained by training dataset may not guaran-

tee the low error rate on unseen testing dataset. Figure 1.2(a) shows an over�tting ase of SVM.

Obviously, ompared to Figure 1.2(), in Figure 1.2(a), we an build a lassi�er that �ts exatly

the data while performs badly on unseen data (testing data). This ase is alled over�tting. To

avoid over�tting, the �rst issue is how to evaluate properly the error on testing dataset, whih

enables the lassi�er to generalize to unseen data.

Theoretially, the test error (alled expeted generalized error) is de�ned ([113℄) :

R[f ] = E[c(x, y, f(x))] =

∫

X×Y
c(x, y, f(x))dP (x, y)

where P (x, y) is the joint probability of all iid pairs (x, y) ∈ X × Y.

However, the expeted generalized error is generally unmeasurable, beause we have no ana-

lytial information about P (x, y). As we have training dataset ((xi, yi) ∈ X ×Y, ∀i = 1, . . . , n),
we an approximate R[f ] using the empirial density :

pemp(x, y) =
1

n

n∑

i=1

δxi
(x)δyi(y)

Then, we have the approximation (the empirial risk) :

Remp[f ] =

∫

X×Y
c(x, y, f(x))pempdxdy =

1

n

n∑

i=1

c(xi, yi, f(xi))

Unfortunately, with empirial risk, there is still no guarantee of a good generalization a-

paity. Beause the minimization of Remp[f ] w.r.t f is ill-posed. Thus the seond issue that we

need to take into aount is a suitable lass of funtion (F ∋ f ). To ahieve good performane,

F should be rih enough to inlude the optimal f , otherwise, there are under�tting ases as

shown in Figure 1.2(b) and F should also be not too rih to avoid over�tting (Figure 1.2(a)).

(Compared to Figure 1.2(a) and Figure 1.2(b), an appropriate SVM lassi�ation is shown in

Figure 1.2().)

1.2.5 VC dimension

Before limiting the lass F , we will �rst introdue a lassi�ation apaity measure (om-

plexity) of F ∋ f : the VC dimension.
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(a) SVM Over�tting with gaussian kernel σ = 0.4
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(b) SVM Under�tting with gaussian kernel σ = 50
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() Good SVM with gaussian kernel σ = 10

Figure 1.2 � SVM lassi�ation on syntheti data. A good lassi�er is shown in Figure 1.2() while over-

�tting ase is shown in Figure 1.2(a) and under�tting ase is shown in Figure 1.2(b).
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(a) VC dimension dV C = 2 (in R) (b) VC dimension dV C = 3 (in R
2
)

Figure 1.3 � Illustration of VC dimension of the family of linear detetors. "×" represents a point from

a group while "

⊗
" represents a point from another group. When VC dimension dV C = 2, 3

points annot be shattered (Figure 1.3(a)). Similarly, when VC dimension dV C = 3, 4 points
annot be shattered (Figure 1.3(b)).

De�nition of VC Dimension ([113℄) : in binary lassi�ation, sine the labels are only

{+1,−1}, there are at most 2n di�erent possible labeling for n observations ; a very rih funtion

lass might be able to realize all 2n separations, in whih ase it is said to shatter the n points..

The VC dimension of a lass F , is the largest number of n points that F an shatter. If there is

no suh n, the VC dimension is de�ned to be ∞.

0 2 4 6 8 10
−1.5

−1

−0.5

0

0.5

1

1.5

Figure 1.4 � VC dimension is ∞ : y = sign(sin(xt)), where t is the parameter and x ∈ R. The �gure

shows two possible urves of y = sin(xt).
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As shown in Figure 1.3(a), when F ⊆ Rd
and d = 1, any linear detetor (f ∈ F) an shatter

2 points but not the set of 3 points (dV C = 2) ; in Figure 1.3(b), when d = 2, we an shatter 3
points but not the set of 4 points (dV C = 3). In this ase, VC dimension is d+ 1.

Figure 1.4 is an example for in�nite VC dimension. By di�erent value of t, F an shatter an

in�nity of points (x ∈ R).

1.2.6 Strutural Risk

Intuitively, we want VC dimension to be high so that the lassi�er is apable of shattering

a large number of points. However, onstruting a too ompliated deision rule an lead to

over�tting. It is the same with a too rih lass of funtion f (F in Setion 1.2.4). Strutural

Risk is the sum of two antagonisti terms proposed to �nd a ompromise between lassi�ation

apaity and the empirial risk :

Rstruc[f ] = Remp[f ] + r(capacity, size)

where r(capacity, size) is a penalty term w.r.t the size of the training set and the apaity de�-

ned by VC dimension. We suppose that the number of training data points (size) is �xed here.

PSfrag replaements

VC dimension

error

Under�tting

Over�tting

Rstruc[f
∗]

Rstruc

Remp

r(capacity, size)

V C(f∗)

Figure 1.5 � Strutural Risk Minimization

Usually, the hoie of f∗ is given by �nding the minimum of Rstruc[f ], whih makes a om-

promise between the empirial risk (Remp) and the omplexity of f (measured here by VC

dimension). Figure 1.5 is a good illustration of minimizing strutural risk.
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x

y

(a) Data in Original Spae (onentri irles).

x
y

z

(b) Data in Higher Dimensional Spae.

Figure 1.6 � Same data in di�erent spaes. Figure 1.6(a) represents onentri irles in the original spae

(R2
). Figure 1.6(b) represents the same data in higher dimensional spae (R3

).

1.2.7 Regularization

Other approahes have also been proposed to �nd the best deision funtion f within the

suitable F . Generally, F is limited to a ompat set based on the solution of ill-posed problems

([138℄, [107℄). Then, we add a regularization term to the empirial risk minimization task :

minRreg[f ] = minRemp[f ] + λreg(f)

where reg(f) represents the regularization term and λ is the regularization parameter that

ontrols the trade-o� between Remp[f ] and reg(f).

The regularization term an serve as enforing the simpliity of f or the smoothness of f , et.
For example, in oding language, reg(f) an be hosen as the length of desription of a model ;

in lassial statistis, the free parameter

1

an be hosen as reg(f) (as omplexity). Compared to

strutural risk minimization, regularization is more easily implemented and authors an design

spei� regularization term depending on the speial task. However, tuning intelligently the re-

gularization parameter λ is still under researh.

1.3 Kernel Fundamentals

Before introduing kernel methods in mahine learning, the fundamentals of kernels are pre-

sented in this setion.

1.3.1 Positive De�nite Kernels

We start by illustrating the priniple of kernels in Figure 1.6.

1. A free parameter is a parameter that an be adjusted to make the model �t the data.

13



Chapter 1. Mahine Learning and Kernels

In Figure 1.6, we map data of R2
to be in a spae of R3

:

R2 → R3

(x, y)→ (x, y, z)

with z = x2 + y2. From the �gure, we an observe that nonlinearly separable original data an

be separated linearly in higher dimensional spaes. However, the transformation from R2
to R3

is not unique. To take advantage of nonlinear aspet of transformations to higher dimensional

spae, kernel is proposed for any suh possible transformation (φ(.)).

De�nition of Kernels

Let φ(.) denote the transformation from original spae to a higher dimensional spae (whih

is also alled feature mapping) :

φ :X → H
x→ φ(x)

where H represents the spae after transformation φ.

Then, we an de�ne the kernel (k) as a measure of the similarity between any two observations

by a inner produt between their orresponding φ(x) and φ(x′) :

k(x, x′) =< φ(x), φ(x′) >H

and replaing the inner produt < φ(x), φ(x′) >H by k(x, x′) is alled the kernel trik.

There are several properties of kernels.

Positive De�niteness

Positive De�nite Matrix : let M denote a n× n real matrix, for any ci ∈ R,

∑

i,j

cicjM(i, j) ≥ 0, ∀i, j = 1, . . . , n

where M(i, j) represents the element (i, j) of matrix M ; then M is alled positive de�nite.

Gram Matrix ([113℄) : Given a funtion k : X 2 → R and observations xi ∈ X ,∀i = 1, . . . , n,
the n×n matrix K with elements K(i, j) = k(xi, xj) is alled Gram Matrix of kernel k with res-

pet to xi (xi ∈ X ,∀i = 1, . . . , n).

De�nition of Positive De�nite Kernel : The kernel that always indues a positive de�-

nite Gram Matrix, is alled positive de�nite kernel.

1.3.2 Other Properties of (Positive De�nite) Kernels

Cauhy-Shwarz Inequality for Kernels ([113℄) : Given k a positive de�nite kernel, and

xi, xj ∈ X ,∀i, j = 1, . . . , n, then,

|k(xi, xj)|2 ≤ k(xi, xi)k(xj , xj)

14



1.3. Kernel Fundamentals

Proof This an be easily shown by omputing the determinant of the Gram matrix assoia-

ted to elements xi and xj .

Other properties : we present here the simple manipulations on positive de�nite kernels

that do not hange the kernel nature.

� Let k be a positive de�nite kernel, for any onstant λ > 0, λk is always a positive de�nite

kernel.

� Let k1 and k2 be two positive de�nite kernels, then g(x, x′) = k1(x, x
′) + k2(x, x

′), where
x, x′ ∈ X is always a positive de�nite kernel.

� Let k be a positive de�nite kernel, for any integer p, kp
is always a positive de�nite kernel.

� Let k be a positive de�nite kernel, exp(k) is always a positive de�nite kernel.

� Let k be a positive de�nite kernel, f : X → R, g(x, x′) = f(x)k(x, x′)f(x′) is always a

positive de�nite kernel.

Here after, we simply use kernel for any positive de�nite kernel.

1.3.3 Reproduing Kernel Hilbert Spae (RKHS)

De�nition ([113℄)

Given X a nonempty set and H a Hilbert spae of funtions f : X → R. Then, H is alled

Reproduing Kernel Hilbert Spae with the dot produt < ., . > ( and the norm ||f || = √< f, f >),
if there exists a funtion k : X × X → R with the following properties :

� Reproduing Property :

< f, k(x, .) >= f(x), ∀f ∈ H

in partiular,

< k(x, .), k(x′, .) >= k(x, x′)

� Closed Spae Property : k spans H
Suh k is alled reproduing kernel.

Theorem of Uniqueness ([117℄)

For a RKHS, k is the unique reproduing kernel if it exists.

Proof We suppose that there are two reproduing kernels for a RKHS, namely k and k′.
With the reproduing properties :

< k(x, .), k′(x′, .) >H= k(x, x′) = k′(x, x′)

Thus, there is a unique k assoiated to a RKHS.

Theorem of Existene ([117℄)

H is a RKHS if and only if it has a reproduing kernel.

15



Chapter 1. Mahine Learning and Kernels

Collary ([136℄)

Every reproduing kernel is a kernel.

Proof We an �nd a feature map φ suh that :

φ : X → H
φ(x) = k(x, .)

where k is a reproduing kernel. Then, k(x, x′) =< k(x, .), k(x′, .) >H. Thus every reproduing

kernel is a kernel.

Moore�Aronszajn Theorem ([9℄, Theorem 3)

Given any kernel funtion k on X , then there is a unique RKHS assoiated.

However, for the same k, the feature representation (also alled feature map) is not unique.

For example (from [116℄), if we suppose X ∈ R2
and k(x, y) =< x, y >2

, we have :

k(x, y) = x21y
2
1 + x22y

2
2 + 2x1y1x2y2

= [x21 x22
√
2x1x2]





y21
y22√
2y1y2





= [x21 x22 x1x2 x1x2]







y21
y22
y1y2
y1y2







Therefore, we an de�ne two di�erent feature mappings φ1(x) = [x21 x
2
2

√
2x1x2] and φ2(x) =

[x21 x
2
2 x1x2 x1x2], both of whih are valid feature representations assoiated to k(x, y) =

< x, y >2
. Their feature spae H1 = R3

for φ1(.) and H2 = R4
for φ2(.) are di�erent.

1.3.4 Merer's Theorem

In this setion, we present the Merer's Theorem, with the help of whih a RKHS an be

de�ned.

Merer's Theorem Given a ontinuous kernel k, we an de�ne a linear operator [Tkg](x) :

[Tkg](x) =

∫

X
k(x, x′)g(x′)dx′

Then, we have

k(x, x′) =
∞∑

j=1

λjψj(x)ψj(x
′)

where ψj(.) is an eigenfuntion of Tk and λj (λj > 0, ∀j) is the orresponding eigenvalue.
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1.3. Kernel Fundamentals

With Merer's Theorem satis�ed, a feature map an be de�ned ([113℄) :

φ : x→
√

λjψj(x), ∀j = 1, . . . , NH

The inner produt < φ(x), φ(x′) > an approah k(x, x′) within some auray. Furthermore, if

X is a ompat set and k a ontinuous funtion, then the �nite dimensional feature spae indued

by φ(.) is a RKHS (suh k is alled Merer Kernel).

1.3.5 Examples of Kernels

In this setion, we list some ommonly used kernels :

Type of Kernels Expressions

Polynomial Kernels k(x, x′) =< x, x′ >d

Inhomogeneous Polynomial Kernels k(x, x′) = (< x, x′ > +c)d, c ≥ 0

Gaussian Kernels k(x, x′) = exp(− ||x−x′||2

2σ2 ), σ > 0

Sigmoid Kernels k(x, x′) = tanh(θ < x, x′ > +υ), θ > 0, υ ≥ 0

Table 1.1 � Commonly used Kernels

More details about spei� kernels an be found in [1℄, [83℄, [111℄,et.

1.3.6 Representer Theorem

Proposed in 1971 by Kimeldorf and Wahba ([65℄), the Representer Theorem represents the

optimal solution of any regularized minimization task :

Representer Theorem : Given Γ : [0,∞) → R a stritly monotoni inreasing funtion ;

a set X ; a kernel k ; any loss funtion c ; then, the minimizer f∗ in RKHS (H) of the objetive

funtion :

1

n

n∑

i=1

c(xi, yi, f(xi)) + Γ(||f ||H)

admits a representation of the form :

f∗(.) =
n∑

i=1

αik(xi, .)

Proof :

Let f(x) = f∗(x) + f∗⊥(x), then,

f(xj) =< f(.), k(xj , .) > =< f∗(.) + f∗⊥(.), k(xj , .) >

=
n∑

i=1

αik(xi, xj)+ < f∗⊥(.), k(xj , .) >H

=

n∑

i=1

αik(xi, xj)

= f∗(xj)

17
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PSfrag replaements

< w, x > +b = +1

< w, x > +b = −1

< w, x > +b = 0

2
||w||

Figure 1.7 � Illustration of a hard margin SVM. The red triangles represent the negative lass and the

blue squares represent the positive lass. Dotted lines are margins and the lassi�er is the

solid line.

Therefore,

1
n

∑n
i=1 c(xi, yi, f(xi)) =

1
n

∑n
i=1 c(xi, yi, f

∗(xi)).

For the seond term of objetive funtion :

Γ(||f ||H) = Γ̄(||f∗||2H + ||f∗⊥||2H) ≥ Γ̄(||f∗||2H)

The equality holds when ||f∗⊥||2H = 0 and the minimizer should be f∗.

This theorem has been used in many kernel based appliations, for example SVM, KPCA

(presented in Setion 1.4).

1.4 Mahine Learning with Kernels

1.4.1 Hard Margin Support Vetor Mahines (SVM)

SVM is a supervised lassi�ation approah that separates data with maximal margin :

min
1

2
||w||2

s.t. yi(< w, xi > +b) ≥ 1, ∀i = 1, . . . , n
(1.2)

where w is parameter that in�uenes the margin ; yi is the label of an observation xi ; b is
the bias. In Figure 1.7, we illustrate SVM lassi�ation with the geometrial interpretation of

every element. The �nal deision funtion is f = sign(< w, x > +b) (for binary lassi�ation).

Multi-lass SVM an be found in [152℄.
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1.4. Mahine Learning with Kernels

Atually, theoretial arguments show that SVM optimal hyperplane possesses good generali-

zation apaity :

Theorem (from [144℄) : Given a hyperplane de�ned by < w, x >= 0 and w is normalized

with respet to X ∋ x : minx∈X | < w, x > | = 1. If all deision funtions de�ned by f =
sign(< w, x >), (x ∈ X ) satisfy the ondition that ||w|| ≤ Λ, then their VC dimension h is upper

bounded by :

h ≤ R2Λ2
(1.3)

where R represents the radius of the smallest hyperplane entered on the origin ontaining all

x ∈ X . When the margin is maximal, ||w|| is minimal then the upper bound on VC dimension

in Eq. 1.3 is as tight as possible. Thus, the maximal margin indues good generalization perfor-

mane.

1.4.2 Soft Margin Support Vetor Mahines (SVM)

However, the SVM problem 1.2 allows no lassi�ation error. To allow overlaps between

lusters, the soft-margin SVM is proposed :

min
1

2
||w||2 + C

n∑

i=1

ǫi

s.t. ǫi ≥ 0, ∀i = 1, . . . , n

yi(< w, xi > +b) ≥ 1− ǫi, ∀i = 1, . . . , n

(1.4)

where ǫi ≥ 0 is the possible error and C is the trade-o� parameter between the maximum margin

and the error. In this formulation,

∑n
i=1 ǫi an be onsidered as a loss funtion (soft-margin loss

in Eq. 1.1) and it is regularized by the margin parameter

1
2 ||w||2. An illustration is given in

Figure 1.8.

One limitation for both hard-margin and soft-margin SVM is that they only perform well on

data for whih the best lassi�er is linear. Therefore, the kernel tehnique has been introdued

to SVM so that nonlinear SVM lassi�er is simply realized : we �rst transform the original input

data x by a nonlinear kernel mapping φ(.) ; then, we use the standard SVM and obtain :

min
1

2
||w||2 + C

n∑

i=1

ǫi

s.t. ǫi ≥ 0, ∀i = 1, . . . , n

yi(< w,φ(xi) > +b) ≥ 1− ǫi, ∀i = 1, . . . , n

(1.5)

We then solve the above problem by Lagrangian method :

L = max
α,β

min
w,b,ǫ

1

2
||w||2 + C

n∑

i=1

ǫi −
n∑

i=1

βiǫi −
n∑

i=1

αi[yi(< w,φ(xi) > +b) + ǫi − 1]

where α and β are Lagrangian multipliers and they are non-negative.
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PSfrag replaements

ǫi
||w||

Figure 1.8 � An illustration of soft-margin SVM. The olors designate the lasses +1 or −1. There is a
blue square that is wrongly lassi�ed as the lass of red triangles.

Then, we an �rst minimize L w.r.t w, b, ǫ :

∂L
∂w

= w −
n∑

i=1

αiyiφ(xi) = 0

∂L
∂b

=

n∑

i=1

αiyi = 0

∂L
∂ǫi

= C − βi − αi = 0, ∀i = 1, . . . , n

Therefore,

w =

n∑

i=1

αiyiφ(xi) (1.6)

βi =C − αi, ∀i = 1, . . . , n
n∑

i=1

αiyi = 0

we replae w and βi and obtain :

max
α
−1

2

n∑

i=1

n∑

j=1

αiyiαjyj < φ(xi), φ(xj) > +
n∑

i=1

αi

s.t.

n∑

i=1

αiyi = 0 and 0 ≤ αi ≤ C
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whih is equivalent to :

min
α

1

2

n∑

i=1

n∑

j=1

αiyiαjyj < φ(xi), φ(xj) > −
n∑

i=1

αi

s.t.

n∑

i=1

αiyi = 0 and 0 ≤ αi ≤ C
(1.7)

Using the kernel trik, < φ(xi), φ(xj) > an be replaed by k(xi, xj).

The �nal dual form (problem 1.7) is a onvex quadrati problem w.r.t α and the feasible do-

main is also onvex. Convexity guarantees uniqueness of the solution. Then, standard quadrati

optimization tools an be used to solve SVM. In general, most of the αi, i = 1, . . . , n are zeros.

Geometrially, most of the data are loated outside the margin and are orretly lassi�ed. The

data within the margin or wrongly lassi�ed are alled Support Vetors (their orresponding αi

are stritly positive). The optimal hyperplane is only determined by support vetors (Eq 1.6).

Thus, there are fast optimization algorithms proposed.
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Figure 1.9 � SVM on spiral data (nonlinear ase). Red triangles and blue squares are from two di�erent

lasses.

Then, the predition on a new observation z is :

yz = sign(< w,φ(z) > +b) = sign(

n∑

i=1

αiyi < φ(xi), z > +b) = sign(

n∑

i=1

αiyik(xi, z) + b)

The bias b is found by using KKT onditions ([16℄). A SVM on nonlinearly separable data is

shown in Figure 1.9.
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1.4.3 Kernel Prinipal Component Analysis (KPCA)

PCA

Before introduing KPCA, we �rst review the fundamentals of Prinipal Component Analy-

sis (PCA). PCA is an unsupervised statistial proedure that linearly transforms data to a new

oordinate system so that the greatest variane lies on the �rst oordinate, the seond greatest

variane on the seond oordinate and so on. A prinipal omponent designates eah oordinate.

Let X be the matrix (n × m) of observations, the objetive is to �nd the vetor u so that

Xu extrat the most important part of data information, here measured by the variane of Xu.
We begin by determining the �rst prinipal omponent de�ned by the vetor u that aptures the

largest variane of Xu. We �rst enter the data : xc(j) = xj − 1
n

∑n
i=1 xi, xi ∈ X,∀i = 1, . . . , n

and let Xc denote the matrix of entered elements (xc(j) ∈ Xc, ∀j = 1, . . . , n) ; then, the problem
is de�ned as follows :

argmax
u
||Xcu||2 = argmax

u
uTXT

c Xcu s.t. uTu = 1
(1.8)

The onstraint uTu = 1 guarantees that the optimization problem is not ill-posed. Introduing

the Lagrangian, we have :

L = uTXT
c Xcu− λ(uTu− 1)

Therefore,

∂L
∂u

= 2XT
c Xcu− 2λu = 0⇔ XT

c Xcu = λu

From the above solution, we an �nd that the Lagrange parameter λ an be onsidered as an

eigenvalue of XT
c Xc and the the �rst prinipal omponent u is the eigenvetor that orresponds

to the largest eigenvalue λ. With a similar reasoning, we understand that the lth prinipal om-

ponent is the eigenvetor that orresponds to the lth largest eigenvalue of the ovariane matrix

XT
c Xc.

KPCA

KPCA is a kernelized version of PCA that extrats the prinipal omponents in a RKHS. After

transformation of the data into the RKHS, the ovariane matrix of the data beomes : CK =
1
n

∑n
i=1 φc(xi)φc(xi)

T
, where φc(xi) = φ(xi)− 1

n

∑n
j=1 φ(xj) ; φ(X) is the kernel transformation

of original data X ; φc(xi), i = 1, ..., n enters all the data in the high-dimensional spae spanned

by φ(.), orresponding to Xc in (1.8). The formulation for KPCA is :

argmax
V

V CKV
T

s.t. V TV = I (1.9)

As KPCA manipulates data in the same RKHS, eigenvetors (V ) should be spanned by

φc(xi). So we have V =
∑n

i=1 αiφc(xi). Then,

λ̃V = CKV ⇔ nλ̃α =Mα

where M = (In − 1
n
1n1

T
n )K(In − 1

n
1n1

T
n ),K =< φ(X), φ(X) >H, In is the identity matrix

of size n × n and 1n is the n × 1 olumn vetor with all elements equaling 1. As in problem

1.9, V TV = I. Therefore, αTMα = I, whih is equivalent to nλ̃αTα = I, with α being the

eigenvetors of M and λ̃ being eigenvalues
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Then, expressing the oordinates (V φc(Z)) of any data set Z after KPCA, we obtain :

V φc(Z) = αTKc where Kc(i, j) =< φc(xi), φc(zj) >H

and φc(Z) an be presented in the new oordinate system (axes are V ) by :

φc(Z) = αTKcV

Like PCA, for KPCA, a small number of prinipal omponents is generally su�ient to retain

the main struture of the data. For the whole thesis, we generally use 2 or 3 prinipal omponents.

One disadvantage of KPCA is its ine�ieny when the number of observations augments,

beause of the omputation of Kc.

1.4.4 Maximum Mean Disrepany (MMD)

Introdued in [45℄, Maximum Mean Disrepany (MMD) is a non-parametri distane bet-

ween two probability distributions. It measures the maximum distane between the expeted

values of these distributions (any distribution p and any distribution q) w.r.t any transformation

(f : x→ f(x), where x is a random variable drawn from the distribution)

MMD[F , p, q] = sup
f∈F

(Ep[f(x)]−Eq[f(y)])

In [41℄, from the Theorem on MMD, we an onlude that distributions p and q are equal i�
MMD = 0. Then, using kernel embedding of distributions, Smola [127℄ and Gretton et al. [55℄

have shown that MMD an be easily evaluated in a RKHS. Aordingly, MMD an be expressed

as

MMD = ||µp − µq||H (1.10)

where H represents a RKHS, µ{p,q} stands for E{p,q}[k(x, .)] and k(x, .) is the representation of

x in the RKHS, whih is equivalent to any transformation funtion f beause of the nature of

kernel. But the kernel must be universal.

De�nition of Universal Kernels : Given a ompat set X , a RKHS kernel k and a �nite

Borel measure µ, if the kernel embedding :

µ→
∫

X
k(., x)dµ(x)

is injetive, then k is alled universal kernel. (For more details see [129℄ and [130℄). Gaussian

kernels are universal ([84℄).

In other words, given a universal kernel, the kernel mean embedding µ : p → µp (where p is

any distribution) is injetive ([127℄). Thus, the MMD an be kernelized as in Eq 1.10.
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The kernelization of squared MMD is shown as follows :

MMD2[F , p, q] = [ sup
||f ||H≤1

(Ep[f(x)]−Eq[f(y)])]
2

= [ sup
||f ||H≤1

(Ep[< φ(x), f >H]−Eq[< φ(y), f >H])]
2

= [ sup
||f ||H≤1

< µp − µq, f >H]2

= ||µp − µq||2H

Then, the theorem proposed by Dudley is extended to :

Theorem (Steinwart [130℄ and Smola [128℄) : MMD[F , p, q] = 0 i� p = q when F = {f :
‖f‖H ≤ 1} provided that H is universal.

Then using the kernel trik, the squared MMD an be further developed as follows :

MMD2[F , p, q] = ‖µp − µq‖2H
= Ep,p[k(x, x

′)]− 2Ep,q[k(x, y)] +Eq,q[k(y, y
′)]

Here, x and x′ are independent observations drawn from distribution p, y and y′ are inde-

pendent observations from distribution q, k designates a universal kernel funtion.

To make kernelized MMD alulable, an unbiased estimation for squared MMD is proposed

in [118℄ :

M̂MD
2

u[F ,X, Y ] =
1

m(m− 1)

m∑

i=1

m∑

j 6=i

k(xi, xj)

+
1

n(n− 1)

n∑

i=1

n∑

j 6=i

k(yi, yj)−
2

nm

m∑

i=1

n∑

j=1

k(xi, yj)

(1.11)

where xi, i = 1, . . . ,m and yi, i = 1, . . . , n are iid examples drawn from p and q respetively.

1.4.5 Kernel Density Estimation (KDE)

Kernel Density Estimation (KDE) is a non-parametri density estimation approah. We �rst

review the fundamentals of non-parametri density estimation to show how suh density estima-

tion works.

In a probabilisti aspet, given an observation x, drawn from distribution p(x), it will fall in
a region X with probability :

P =

∫

X
p(x′)dx′

Now, given n observations, the probability of k iid observations (out of n) fall in the region X
is :

P (k) =

(
n
k

)

P k(1− P )n−k
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PSfrag replaements

x

x1

x1

x2

x2

x3

x3

K(x− x1) = 0

K(x− x2) = 1

K(x− x3) = 1

1
Vol

Volume(h)

Figure 1.10 � An example of Retangular Windows estimation. The vertial dashed line indiates the

position of x.
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Chapter 1. Mahine Learning and Kernels

whih is a binomial distribution with the mean E[k] = nP and the variane V ar[k] = nP (1−P ).
Thus,

E[
k

n
] = P

V [
k

n
] =

P (1− P )
n

When n→∞, V [ k
n
]→ 0 so that we an estimate P by

k
n
.

However, when the region X is small, we need to take into onsideration the volume (v) of
X . The estimation then beomes :

P ≈ k

nv

Aording to the above priniple, Retangular Windows (of KDE) is proposed by estimating

on �xing v and ounting the number of observations (k) within v.

Retangular Windows

Figure 1.10 shows the Retangular Windows density estimation. In this �gure, Denote k a

kernel funtion :

k(
x− xn
h

) =

{
1, if xn is within the retangular window entered on x
0, otherwise

Then the total number of points inside the retangular window n
inside

=
∑n

i=1 k(
x−xi

h
) and

the density an be estimated by

1
nh

∑n
i=1 k(

x−xi

h
).

KDE (Parzen Windows) with Smooth Kernels

However, Retangular Windows Estimation distributes equal weight to all observations, re-

gardless of their distane to the enter of the window (x in Figure 1.10) and there may be dis-

ontinuities in the estimated density. Therefore, smooth kernel funtions are used, for example

gaussian kernel.

An example of estimation is shown in Figure 1.11.

The h, alled smoothing parameter or bandwidth is ruial for density estimation. Figure

1.11(a) shows the extreme ases when h is too small and Figure 1.11(d) shows the ase when h
is too large. We set h , the one that mathes our priors.

1.4.6 Preimage

Generally, expliit kernel mapping is not neessary and the exat orrespondene between

original input spae and kernel spae is unlear. To �nd the orresponding features in the original

input spae of features from kernel spae, preimage is proposed. It has been suessfully applied

to image denoising.
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Figure 1.11 � KDE with smooth kernels (bandwidth h). The real distribution is a univariate gaussian

mixture : one entered on 0 with a variane of 1.52, the other entered on 5 with a variane

of 12 (estimated using 100 observations).

As the kernel mapping is projeting data into a (muh) higher dimensional spae, we annot

guarantee the existene of preimage for every φ(.). However, we an still approximate preimages

by minimizing some riterion. For example, in [110℄, the preimage problem is :

argmin
z
G = argmin

z
||φ(z) − Pnφ(x)||2

where Pnφ(x) is the kernel feature ; z is the preimage of Pnφ(x) suh that the square distane

between φ(z) and Pnφ(x) is minimized. For an illustration, see Figure 1.12. For image denoising

appliation, Pnφ(x) an be the KPCA representation of φ(x) ([86℄). If we use gaussian kernels,

z an be found by setting the derivative of G (w.r.t z) to zero. Obviously, Pnφ(.) an be other

kernel representations ([3℄).

Then, the previously introdued preimage tehnique is extended by regularizing G ([176℄) ;

some others have also taken into onsideration the in�uene of the some nearest neighbors (from

training set φ(x), x ∈ Training set) of Pnφ(x) ([175℄ ,[69℄).

We applied the preimage method proposed in [60℄. The objetive funtion is replaed by

minG = min
1

2

n∑

i=1

n∑

j=1

||xTi xj −ΨT
xi
Ψxj
||2 + λ||ΨT

xi
Ψxj
||

27



Chapter 1. Mahine Learning and Kernels
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Figure 1.12 � An illustration for preimage

where Ψ. =
∑k

i=1 αiφk(.) and αi,∀i = 1, . . . , k is to be found. Instead of minimizing feature spae

distanes, this G preserves the isometry of input spae and kernel spae and �nds the preimage

by

ΨT
xi
Ψ∗z = xTi z

where Ψ∗z is the KPCA representation of Ψ(z) and z designates the preimage.

In Setion 5.5, preimage is applied to show the input spae alignments after KPCA domain

adaptation alignment.

1.5 Conlusion

In this hapter, we �rst presented the general framework of statistial learning (Setion 1.2),

based on whih the learning approahes are designed. Then in Setion 1.3, the kernel fundamen-

tals were introdued to help the omprehension of the following thesis. A large part of Chapter 1

ontributed to introduing mahine learning approahes based on kernel methods, namely SVM,

KPCA, MMD, KDE, Preimage. Of ourse, there are many other kernel based approahes ; we

limited our presentation to the approahes that we have used. Based on these fundamentals,

we developed our domain adaptation approahes (KDE based approah in Setion 3.4, SVM

and MMD based approah in Setion 4.3.3, KPCA based approahes in Setion 5.3.2, 5.3.3 and

Setion 5.4).
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Chapter 2. Overview of Transfer Learning

2.1 Introdution

Traditional mahine learning has a major assumption : training and testing data are gene-

rated from the same distribution. When this assumption is violated, training and testing data

are onsidered as two di�erent tasks. However, to learn individually from testing data may be

di�ult and the ollet of orresponding training data is tedious and unreliable. Transfer Lear-

ning, whih aims at solving this problem by making full use of easily obtained di�erent but

related training data, has attrated more and more attention sine 1995. In the transfer learning

ontext, training and testing data an follow di�erent distributions and their priors, features,

distributions of features, labels, distributions of labels an all be di�erent. The only assumption

is that suh training and testing data are related. Taking a good advantage of this relatedness

(generally latent) allows the knowledge transfer among data from di�erent distributions.

We �rst de�ne neessary elements of transfer learning ([94℄) :

� De�nition of Domains : Given observations xi ∈ X ,∀i = 1, 2, 3, . . . , a domain D is

de�ned by X and the prior distribution P (X ) : D = (X , P (X )).

� De�nition of Tasks : Given labels yi ∈ Y,∀i = 1, 2, 3, . . . , a task T is de�ned by Y and

the predition funtion f (f : X → Y) : T = (Y, f(.)). From the probabilisti point of

view, f(xi) is equivalent to the onditional probability P (yi|xi) with xi ∈ X , yi ∈ Y. Here
after, we use the notation T = (Y, P (Y|X )).

� Soure : training data with enough information that will help the learning on objetive

data, denoted by S.

� Target : data on whih we would like to ahieve good performane and whih is di�ult

to train on its own, denoted by T .

� De�nition of Transfer Learning : Let DS and TS be the domain and task for soure and

DT , TT be domain and task for target, respetively, then transfer learning is the tehnique

that helps the learning of target using soure, where DS 6= DT and/or TS 6= TT .

We take spam detetion as a real example to illustrate the di�erene between traditional

mahine learning and transfer learning as well as the fundamental elements of transfer learning.

In spam detetion, given a mail (x, x ∈ X ), the objetive is to label the mail to be spam or ham

(useful mails) (Y). As the same mail may be onsidered as spam for some users and ham for

other users, spam detetion task for di�erent users should be onsidered di�erent. To ahieve

good detetion, traditional mahine learning needs training data from every onsidered user and

the relationships among users are not taken into aount. Still, for the same user, the lassi�-

ation of spam and ham may hange along time. If only insu�ient information is provided, we

annot expet good results. However, for transfer learning approahes, there are usually few or

even no labeled data from the onsidered user (target data). Instead of onstruting training

data from the same target distribution, we take advantage of related data (soure), for example

the well labeled data from similar users. Obviously, the domains and tasks among similar users

are related yet di�erent. How to make full use of the related information is the fous of transfer

learning.
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2.2. Taxonomy

2.2 Taxonomy

In this setion, we give several taxonomies of transfer learning methods. The taxonomy allows

us to easily ompare di�erent methods ; it also de�nes the ontext of our researh. To the best of

our knowledge, besides appliation-based ategorization, transfer learning an be ategorized by

three riteria : the availability of labels in soure and target, the di�erenes in feature/label spae

and the transfer approah. We present the last three ategorizations and leave appliation-based

ategorization for further researh.

2.2.1 Transfer Learning Categorized by availability of labels in soure and

target

Like traditional mahine learning, the label information is also very important in transfer

learning. In most of the ases, the label of soure is easily aessible while the label of target is

usually di�ult to obtain.

abundant Yt

Here, there is no need for transfer learning, beause we an adopt diretly traditional mahine

learning methods for the target. But if we have soure and target to be learnt simultaneously,

multi-task learning is proposed ([20℄).

abundant Ys but sare Yt

Beause of the sarity of labeled data in target domain, diret training will lead to a large

bias, whih degrades the generalization ability. Therefore, transfer learning outperforms traditio-

nal semi-supervised learning, as the former bene�ts from the related soure domain knowledge.

Many real and syntheti experiments have proved the e�etiveness of transfer learning in this

ase. However, we need to treat di�erent-domain knowledge di�erently, as the available target

domain knowledge is more important than that from soure domain. How to make use of the re-

lated soure domain knowledge, the labeled target domain data and the unlabeled target domain

data all together, is the key problem of this type of transfer learning. Typial methods inlude

[30℄, [32℄, [38℄, [59℄, [157℄, [159℄, [160℄, [166℄, et.

abundant Ys but no Yt

Compared with the previous ase, "abundant Ys but no Yt" is more hallenging. We have

no labeled target data to guide the transfer. How to transfer orretly and e�iently beomes

a more di�ult task. Some literatures assume a shared onditional probability : [62℄, [167℄, [10℄,

[40℄, [131℄, [132℄, et ; some others assume latent relationships between (among) soure(s) and

target : [11℄, [12℄, [53℄, [54℄, [92℄, [93℄, et.
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neither Ys nor Yt
The di�ulty inreases and this is the most di�ult ase. In the literature, the situation is

alled unsupervised transfer learning. One solution is to modify traditional lustering methods

to adapt to the transfer learning ontext. Typial methods inlude [29℄, [31℄, et.

Generally, the label of target data is ruial to transfer learning task, although some ap-

proahes an ahieve good performanes without taking into onsideration target labels. With

more and more labeled target data available, the learning tasks beomes easier and easier and the

deision beomes more and more reliable. In [174℄, [21℄, [150℄, ative learning has been introdued

to transfer learning : labeling atively the most ambiguous target data (seleted with the help of

soure data) leads to improvement in e�ieny and auray.

2.2.2 Transfer Learning Categorized by di�erenes in feature spae/label

spae

indutive transfer learning

� De�nition ([94℄) : given a soure and a target, indutive transfer leaning aims at solving

transfer learning problems where Ys 6= Yt or/and P (Ys|Xs) 6= P (Yt|Xt).

� Ys 6= Yt : generally, when label spaes are di�erent, the orresponding onditional pro-

babilities are also di�erent. In other words, there may be di�erent numbers of lasses in

soure and target data, for example lustering soure and target into di�erent numbers of

lusters. Generally, the lasses in soure over a wider range of lasses than those of target.

There are also ases when new lass(es) appears(appear) in target data, whih are more

hallenging.

� P (Ys|Xs) 6= P (Yt|Xt) while Ys = Yt : Without equality of onditional probabilities of

soure and target (P (Y|X )), the equality of soure and target no longer holds, even if they

have the same domain. Unlike the seond ase of transdutive transfer learning, we need

to further take into aount the alignment of onditional probabilities of soure and target.

Most of the literatures presented in Setion 2.3.1 belong to this ategory.

transdutive transfer learning

� De�nition ([94℄) : given a soure and a target, transdutive transfer learning aims at sol-

ving transfer learning problems where Xs 6= Xt or/and P (Xs) 6= P (Xt).

� Xs 6= Xt : In general, when the feature spaes are di�erent, so are their marginal probability

density funtions. This situation is denoted as Heterogeneous Transfer Learning. A typial

example is when we have images as target domain while texts or aousti information as

soure. Beause of the large di�erene in the soure and the target, a partiularly important

issue is how to selet the e�etive soure features (instanes), beause transferring some

irrelevant features (instanes) will degrade the lassi�ation performane in target domain

(denoted as negative transfer). A brief review of reent advanes in heterogeneous transfer

learning will be given in Setion 2.4.
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� P (Xs) 6= P (Xt) while Xs = Xt : with the assumption that soure and target share the

same task, if we align P (Xs) and P (Xt), we an ensure that, after the alignment, soure and

target are very similar ; beause in probabilisti aspet, the distribution is governed by the

joint probability P (X ,Y) = P (Y|X )P (X ). Therefore, many literatures have ontributed

to this situation, for example sample seletion bias and ovariate shift.

impliit transfer learning

� De�nition : given a soure and a target, impliit transfer learning ours when the soure

and the target are di�erent in both feature spae and label spae. However, we assume some

latent relationships between soure and target data. Sometimes, when label information is

unavailable on soure and target data, we also onsider it impliit transfer learning.

� Impliit transfer learning an be applied to heterogeneous transfer learning and the lear-

ning tasks for impliit transfer learning are generally lustering or dimension redution.

[31℄, [151℄ for homogeneous transfer learning and [22℄, [177℄ for heterogeneous transfer lear-

ning.

Note that transfer learning among totally di�erent soure and target is meaningless and some-

times negative transfer an degrade the performane. Thus, the relatedness between soure and

target is a key issue in transfer learning. Suitable relatedness measures (or similarity measures)

inlude KL-divergene ([28℄), Maximum Mean Disrepany ([92℄) and other statistial distanes

2

.

Transfer Learning Taxonomy

in Setion 2.2.2

Subordinate Ys Yt

Transdutive Transfer

Learning

Domain Adaptation,

Sample Seletion

Bias/Covariate Shift

√ × 3

Indutive Transfer Learning

Multi-task Learning

√ √

Self-taught Learning × √

Impliit Transfer Learning × ×

Table 2.1 � Taxonomy of Transfer Learning

2.2.3 Transfer Learning Categorized by transfer approah

instane-based transfer learning

Instane-based transfer learning onnets soure and target by instanes or reweighed ins-

tanes.

In importane sampling based transfer learning approahes, the instanes from soure are

weighted aording to soure and target distributions and then suh instanes are used to help

2. A summary of statistial distane : https://en.wikipedia.org/wiki/Statistial_distane.

3. Generally, some labeled target data an improve the learning performanes and in some literatures, few YT

is supposed available.
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the target mahine learning tasks. More details are in Setion 2.3.2.

TrAdaboost ([30℄) is another instane based approah with a few labeled target data needed.

It follows the priniple of boosting strategy : a supervised mahine learning approah that om-

bines the "weak lassi�ers", by weighing di�erently the data instanes, to form a �nal "strong

lassi�er" (a more aurate lassi�er). To �t the transfer learning ontext, TrAdaboost treats

the labeled soure data and the labeled target data di�erently : it applies traditional boosting

method (Adaboost) for labeled target data, augmenting the weights for instanes that are mislas-

si�ed by the previous "weak lassi�er", while for the soure, it dereases iteratively the weights

of the mislassi�ed instanes using the same "weak lassi�er" as in the target domain. In this

way, TrAdaboost is expeted to avoid the possible negative transfer and meanwhile boosting the

performane of target-domain "weak lassi�er" with the help of soure data.

Some other approahes ontribute to seleting the most in�uential soure instanes to target

data, for example, DASVM ([18℄). The SVM based only on soure data an be onsidered as an

initial result. With more and more target data, the SVM is iteratively adapted jointly by target

instanes and in�uential soure instanes.

feature-based transfer learning

Feature-based transfer learning aims at �nding a feature spae where soure and target are

similar. Some transfer soure (target) to the same feature spae of target (soure) ; some transfer

both soure and target to a shared ommon feature spae. The �nal ommon feature spaes an

be of lower dimensionality or higher dimensionality and the way of �nding suh feature spaes

is di�erent depending on the spei� ase onsidered. Brief summaries are given in Setion 2.3.1

and Setion 2.3.2.

parameter-based transfer learning

In this ategory, parameters are shared between soure and target. For example, in SVM

based transfer learning, a ommon margin parameter an be shared between soure and target

(more details in Setion 2.3.1 and Setion 4.2.1). In [48℄, a weighting parameter that indiates

the neighborhood is transferred between soure and target. Most parameter-based transfer lear-

ning approahes ontribute to transferring free parameters among soure and target probabilisti

models ([71℄, [13℄, [114℄). Generally, when there are a few soure domains, better performanes

are observed than in the single soure transfer learning ase.

relation-based transfer learning

Relation-based transfer learning onsists prinipally in network-based transfer learning, for

example, Markov logi network based transfer learning ([85℄, [33℄), bayesian network based trans-

fer learning ([146℄). There are also deep learning related transfer learning that transfers the CNN

networks. For a brief survey on transfer learning with deep CNN, readers an refer to [27℄ and [96℄.
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Moreover, there are hybrid methods that ombines instane-based and parameter-based trans-

fer learning priniples : [155℄.

2.3 Overview of Homogeneous Transfer Learning

2.3.1 Indutive Transfer Learning

Instane-based approahes

TrAdaboost ([30℄) is a well known instane based indutive transfer learning proposed by

Dai et al. : Dai et al. weight soure data so that well related soure data in�uene more the

�nal deision while the less related soure data have redued e�et on the deision (the error is

evaluated only on target data).

Then it is extended in [166℄ to multiple soures setting. They �rst train only on soure data

to obtain weak lassi�ers. Then, the weak lassi�ers of soure are used as input to target domain

boosting phase. The �nal lassi�er is found by boosting soures weak lassi�ers on labeled target

data.

[160℄ further extends [166℄ to multi-soure and multi-view transfer learning. The �rst step is

the same as in [166℄. Then, they apply multi-view to transfer boosting algorithm : the weights

of weak lassi�ers are determined by the agreement of lassi�ation results on di�erent views.

Feature-based approahes

In [104℄, authors propose to onstrut transferrable features (bj). First, they optimize on

unlabeled soure data :

min
b,a
||xiS −

∑

j

aijbj ||22 + λ||ai||i, s.t. ||bj ||2 ≤ 1, ∀j = 1, . . . , s

Then new features of target data are omputed by aT where aiT = argminai
T
||xiT −

∑

j a
i
Tj
bj||22+

λ||aiT ||. Finally SVM is applied to �nal features.

In [123℄, a disriminative lustering based metri learning transfer approah is proposed : both

the disriminability of target lusters and the disriminability of soure and target are taken into

aount ; thus, with the help of soure lustering, the �nal lustering works well on target data.

Parameter-based approahes

In indutive transfer learning, as there is a distribution shift in onditional probabilities

p(ys|xs) 6= p(yt|xt), to align the onditional probabilities with transferring parameters, multiple

soures transfer learning is generally the ase onsidered. At least, there should be some labeled

target data to help the transfer. The parameters to be transferred depend on the model onstru-

ted. To the best of our knowledge, the model an be SVM or Gaussian Proess based lassi�ation.
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For SVM based indutive transfer learning, the margin parameters an be transferred or

even the deision funtion an be transferred. Here,we list three di�erent SVM based indutive

transfer learning :

� Transferring diretly the deision funtions :

In [38℄, soure deision models are integrated into the transfer learning task :

min
d,w,b,β,fT

1

2
(||w||2 + λ||β||2) +C

nu
t∑

i=i

lǫ(fT (xi)− f(xi)) +
γ

2

mS∑

s=1

ds

nu
t∑

i=1

(fT (xi)− fS(xi))2

s.t. f(x) =

mS∑

s=1

dsβsfS(x)+ < w,ϕ(x) > +b

mS∑

s=1

ds ≥ 1, ds ∈ {1, 0}

where nut is the number of unlabeled target data ; mS is the number of soures ; lǫ is the
loss funtion ; fT is the target lassi�er on unlabeled data ; f(.) is the lassi�er found

by soure lassi�er

∑S
s=1 dsβsfS(x) and labeled target data ; ds, βs are the weights ; λ,

γ are parameters. The �nal target lassi�er is found as a ompromise between lassi�a-

tion performanes on labeled target and the soures models. Similar approahes inlude [36℄

� Transferring margin parameters :

[139℄ and [35℄ transfer the margin parameters. For example, in [139℄, the target model is

found by optimizing :

min
w,b

1

2
||w −

mS∑

s=1

γsws||2 + C

nl
t∑

i=1

(yi− < w,φ(xi) > −b)2

s.t. 0 ≤ γs ≤ 1, ∀i = 1, . . . ,mS ;

with w =

mS∑

s=1

γsws +

nl
t∑

i=1

αiφ(xi)

where mS represents the number of soures and nlt represents the number of labeled target

data ; the �nal w is a ompromise between lassi�ation error on labeled target data and

a ombination of soure-lassi�ers parameter ws.

� Transferring indutively taking into aount the transformation between soure

and target :

In [59℄, not only the parameter but also the transformation between soure and target (U)
are taken into aount in a single objetive funtion :

min
U,w,b

1

2
||U ||2F +

1

2
||w||2

s.t. yis(

[
xis
1

]T [
w
b

]

≥ 1), ∀xis ∈ DS

yit(

[
xit
1

]T

UT

[
w
b

]

≥ 1), ∀xit ∈ DT

36



2.3. Overview of Homogeneous Transfer Learning

Other SVM based indutive transfer learning approahes inlude [63℄, [4℄, [37℄, [79℄, et.

For Gaussian Proess based indutive transfer learning, the gaussian proess parameters an

be transferred among soures and target. Related works inlude [71℄, [13℄, [114℄.

2.3.2 Transdutive Transfer Learning

Instane-based approahes

For Transdutive Transfer Learning, one of the important researh branh is the sample sele-

tion bias/ovariate shift : the onditional probability p(y|x) is supposed to be unhanged between

soure and target and there is a single support (X ×Y) for soure and target ; only the marginal

distributions di�er (pS(xs) 6= pT (xt)).

If we base on the expeted risk minimization (R[f ], whih equals to E[l(x, y, f)], in Setion

1.2.4), the best solution for target data is

4

:

θ∗ =argmin
θ∈Θ

EPT (x,y)[l(x, y, θ)]

= argmin
θ∈Θ

∫

X×Y
l(x, y, θ)PT (x, y)dxdy

=argmin
θ∈Θ

∫

X×Y
PT (y|x)PT (x)l(x, y, θ)dxdy

=argmin
θ∈Θ

∫

X×Y
PS(y|x)PT (x)l(x, y, θ)dxdy

=argmin
θ∈Θ

∫

X×Y

PT (x)

PS(x)
(PS(y|x)PS(x))l(x, y, θ)dxdy

=argmin
θ∈Θ

∫

X×Y

PT (x)

PS(x)
PS(x, y)l(x, y, θ)dxdy

To estimate θ∗, we an make use of the labeled soure data and estimate expeted risk by

empirial risk :

θ̂∗ ∼ argmin
θ∈Θ

∑

(xi,yi)∈S

PT (xi)

PS(xi)
l(xi, yi, θ)

so that the target solution an be found by weighting the soure solution (by

PT (xi)
PS(xi)

). This ap-

proah is alled importane sampling and it has been widely used in sample seletion bias/ovariate

shift transfer learning problems. Related literatures inlude [62℄, [167℄, [10℄, [40℄, [131℄, [132℄, [140℄,

[124℄, [26℄, [106℄, et. (More details an be found in Setion 3.3.)

However, previously introdued approahes require good estimation of marginal probabilities.

Thus, other approahes have been proposed for sample seletion bias/ovariate shift. With the

same assumption, in [157℄, a PageRank Algorithm ([95℄) based re�nement strategy is proposed

to attribute a reliable label to a doument. There are two steps :

4. A neessary ondition is that the support of PT (.) is the same as the support of PS(.) ([62℄), denoted by

X × Y.
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Chapter 2. Overview of Transfer Learning

� Step 1 : take advantage of both labeled soure and unlabeled target, starting from an initial

unre�ned on�dene sore, a re�ned on�dene sore is generated.

� Step 2 : use the re�ned on�dene sore on only unlabeled target to re-generate further

re�ned sore. This �nal sore will be used to provide reliable predition of labels.

The algorithm of generation of re�ned on�dene sore an be found in [157℄ Algorithm 1.

Feature-based approahes

Generally, feature-based transdutive transfer learning aims to �nd a ommon feature spae

that bridges soure and target. In this ommon feature spae, it is expeted that soure and

target are very similar.

� Feature augmentation :

To �nd a ommon feature spae, one approah is that soure and target features are

augmented by ommon features and target-spei� or soure-spei� data ([32℄) :

ϕs(Xs) =
[
Xcommon, Xsource−specific, 0

]
ϕt(Xt) =

[
Xcommon, 0, Xtarget−specific

]
(2.1)

where ϕ{s,t} represents the feature augmentation on soure or target and 0 represents zero

padding. After this transformation, all data (X ∈ Rd
) are represented by ommon features,

soure-spei� features and target-spei� features (Xaug ∈ R3d
). For soure (target) data,

there is no target-spei� (soure-spei�) features and we use 0s to �ll in. Finally, tradi-

tional mahine learning tehnique an be applied on ϕs(Xs) and ϕt(Xt).

� Pivot feature :

[12℄ proposes another solution to ommon feature spae based transdutive transfer lear-

ning. Authors �rst de�ne a set of pivot features. Suh features frequently appear in both

soure and target data and an be extrated without the label information of both do-

mains. Then, the mapping (U) from original data to a low-dimensional ommon feature

spae is found. With the help of labeled information, a lassi�er is trained on labeled soure

(no labeled target) augmented with UXs (shared features). Bliter et al. further extend the

idea to take into aount the label information ([11℄). The pivot features seletion is based

on both the o-ourrene in both soure and target and the mutual information between

pivot features and the soure labels. Then in the �nal step, with a few labeled target data,

the performane of the trained lassi�er an be improved.

� Ditionary Learning :

For more ompliated appliations, ditionary based transfer learning is proposed. Like

the pivot features, the ditionary onnets soure and target. Related works are [101℄, [91℄,

[121℄, [98℄. For example, in [121℄, soure and target are transformed to a shared latent

spae, based on whih a shared disriminative ditionary is built.
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2.3. Overview of Homogeneous Transfer Learning

� Common projetion subspae : To �nd a ommon feature spae, some projet soure and

target data so that after projetion, soure and target are expeted to be as similar as

possible.

• In [93℄ and [92℄, Maximum Mean Disrepany(MMD) is used as a similarity riterion to

ontrol the projetion : �nding a subspae where MMD is the smallest with respet to

some onstraints an lead to good transfer learning results. Similar literatures an be

found in [125℄, [141℄, [87℄, [74℄, [36℄ : either other similarity riteria are applied or the

onstraints are modi�ed and/or regularization terms are added.

• [54℄ and [53℄ propose to interpolate the hange from soure to target by geodesi �ow.

The features of intermediate domains (of low-dimensionality) form new shared ommon

spae, whih an help the learning task on target.

• Metri learning has also been extended to transfer learning : given any two observations

xi, xj ∈ X , a distane metri an be de�ned as (xi − xj)MTM(xi − xj)T ; in transfer

learning, a general framework of metri learning ([159℄) is proposed as follows :

min
M,w,f

tr(MTM) + λψ(w) + βl(f,M,w;DS ,Dl
T )

where the �rst term is a regularization term that ontrols the omplexity of M ; the se-

ond term is to regularize instane weights (w) ; the third term is the loss funtion with

the deision funtion f applied to weighted (by w) soure data (DS) and transformed

(by M) labeled target data (Dl
T ). Suh a framework generalizes lassi�ation task and

regression task in one framework and it summarizes the ideas of metri transfer learning

in [46℄, [172℄ and [19℄ (most related).

2.3.3 Impliit Transfer Learning

Indutive transfer learning deals with the ases when soure and target are di�erent in tasks

(TS 6= TT ), while transdutive transfer learning deals with the ases when soure and target

share the same task but di�er in domains (DS 6= DT ). Impliit transfer learning takes into

aount both di�erenes (TS 6= TT and DS 6= DT ). Thus, it is a more hallenging transfer lear-

ning problem and to the best of our knowledge, there have not been many researhes in this area.

� Clustering based impliit transfer learning :

In [151℄, a dimension redution based unsupervised transfer learning approah is proposed.

[151℄ redues di�erent soure and target domains into a ommon subspae where the intra-

luster di�erenes are minimized and inter-luster di�erenes are maximized (the priniple

of Linear Disriminant Analysis). Moreover, [151℄ an also take advantage of the label infor-

mation of soure data and the intrinsi struture of unlabeled target data. Other lustering

based impliit transfer learning approahes inlude [31℄.

� Aligning both marginal and onditional probabilities :

• In [22℄, marginal distributions are �rst aligned by landmark seletion with Maximum

Mean Disrepany (detailed in Setion 4.2). Then to align the onditional distributions :
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Chapter 2. Overview of Transfer Learning

with soures and target sharing the same labels (Ys = Yt), multiple soures data are

used to �rst �nd soure models (f is(.), i = 1, . . . , n
soure

). Given labeled target sample

xt, soure models on xt are weighted to approah the true label of xt :

n
soure∑

i=1

βif
i
s(xt) ≈ yt = ft(xt)

where ft(.) is the objetive deision funtion. As f{s,t} is equivalent to pS(y|xs) and

pT (y|xt), respetively, with weights β, pS(y|xs) is aligned to pT (y|xt). Similar approahes

an be found in [61℄.

• Others build meta features based on multi-views ([155℄). The learning approah is to

onsider every view as a soure. Thus, [155℄ is equivalent to multi-soures based impliit

transfer learning in [22℄.

• [178℄ also hooses to ombine the models intelligently to align onditional probabilities.

But di�erently from former literatures, their weighting strategy is based on ross valida-

tion. Then, to align marginal distributions, [178℄ applies importane sampling.

2.4 Overview of Heterogeneous Transfer Learning

Homogeneous transfer learning an be extended to heterogeneous transfer learning. In the

latter transfer learning ontext, soure and target have di�erent feature spaes, for example we

an use text data as soure to help the learning on image data (target). Their relatedness is

usually latent and re�eted by some o-ourrene matries (if there exist). How to take good

advantage of o-ourrene matries is studied in many literatures (Setion 2.4.1). Generally,

the reliability of o-ourrene matries greatly in�uenes the learning performane. However,

there are ases when the o-ourrene information is di�ult to ollet and there is no available

prior orrespondenes between soure and target data. In suh ases, the transfer learning task

beomes more hallenging and new models should be used (Setion 2.4.2). Popular heterogeneous

transfer learning with/without o-ourrene information are reviewed in this setion.

2.4.1 Heterogenous Transfer Learning with Co-ourrenes

Although soure and target have di�erent feature spaes, we an take advantage of their re-

lationship to transfer knowledge. Usually, the relationship is modeled by o-ourrenes between

(among) soure(s) and target domains.

One of the most intuitive approahes is to �nd for every domain a transformation matrix and

to projet all data (soures and target) into the same latent spae. In [148℄, it is supposed that

there are l − 1 soure domains and authors transform l times (for both soures and target) by

manifold alignment. For soures domains, they use the o-ourrene information and never-o-

ourrene information to build similarity and dissimilarity matries, respetively (similarly to

[161℄). For target domain, they use exp(−||xit − xjt ||2) to model the similarity matrix. A regula-

rization tehnique is applied to ahieve the transfer learning objetive.
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2.4. Overview of Heterogeneous Transfer Learning

Image1 Image2 Image3

Text1 Text2 Text3

Figure 2.1 � An illustration of oupled Markov hain heterogeneous transfer learning.

Probabilisti approahes

In [28℄, a probabilisti orrespondene is modeled by a Markov hain. In soure spae, we

have c → zs → xs, while in target, the Markov hain model is c → zt → xt, where c represents
the label information and z{s,t} represents the features of data x{s,t}. To relate soure and target,

the o-ourrene is the relationship zs → zt and the translated hain is c→ zs → zt → xt. The
objetive funtion is the risk :

R(c, xt) ≈ ∆(θ̂c, θ̂xt)p(θ̂c|c)p(θ̂xt |xt)

with θ̂c = argmaxθc p(θc|c) and θ̂xt = argmaxθxt p(θxt |xt), representing the lassi�ation models

only related to c and xt, respetively ; with lassi�ation models integrated, the Markov hains

beome :

θ̂c → c→ zt → xt → θ̂xt

θ̂c → c→ zs → zt → xt → θ̂xt

Based on the above hains, ∆(θ̂c, θ̂xt) (representing the dissimilarity between models θ̂c and θ̂xt)

is measured by KL-divergene : KL(p(zt|θ̂c)||p(zt|θ̂xt)).

A oupled Markov hain based heterogenous transfer learning is proposed in [90℄, [134℄, [154℄

and [163℄. A simple illustration is presented in Figure 2.1 : the retangle represents the image

data and the irle represents the text data ; the o-ourred text and image are onneted by

dotted lines ; the solid urve represents the transition from an instane to another instane based

on transition matrix. In this ontext, the transition matrix is alulated by similarity between
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Chapter 2. Overview of Transfer Learning

PSfrag replaements

W

V

Z F

P (z|w)

P (z|v)

P (f |z)

Figure 2.2 � Model of aPLSA.

instanes : the similarity among instanes ross-domain ([154℄) ; or the similarity taking into

aount both intra-domain (target domain) instanes and inter-domain (ross-domain) instanes

([90℄, [134℄, [163℄). The o-ourrene rate helps to onstrut the similarity ross domains.

Another probabilisti approah is aPLSA model ([164℄). aPLSA an be summarized as in Fi-

gure 2.2 : W represents the soure - text data and V represents the target - image data ; Z is the

shared latent variable that indiates the luster belongings ; F is the ommon feature spae. The

objetive is to estimate the lustering funtion : g = argmaxz∈Z P (z|v),∀v ∈ V with the help

of two o-ourrene matries : text-to-feature o-ourrene matrix (Aij is the frequeny of the

feature fj(∈ F) appearing in the instane vi(∈ V)) and image-to-feature o-ourrene matrix

(Bij is the frequeny that fj(∈ F) o-ours with the text feature wi(∈ W)). The optimization

algorithm is EM lustering.

Feature based approahes

Other papers use feature-based transfer learning methods. For example, in [100℄, authors �rst

proposed a similarity measure between soure and target in heterogeneous transfer learning ase,

denoted as d (a similarity after some transformation on soure and target data with the help of

o-ourrene rate). Then the objetive funtion is formed :

min
f∈F

γl(f,XS ,XT ) +
η

2

nt∑

i,j=1

S(Qij , dij) + Ω(f)

The �rst term is the loss funtion, in [100℄, the optimal f is ating on a ommon feature spae of

soure (UXS) and target (V XT ) and the optimization an be transformed to minimizing w.r.t

U and V . The seond term is a penalty term that fores similar instanes in target domain (the

similarity is measured by Q) to remain similar after transformations (the similarity is measured

by d). The third term is a omplexity regularization term. A similar idea an also be found in [99℄.

[179℄ also proposed a feature-based heterogeneous transfer learning approah. In this paper,

ommon tags for soure and target data should be available

text (soure)

F⇐⇒ tag(V )
G⇐⇒ image (target)
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2.4. Overview of Heterogeneous Transfer Learning

where G and F are the o-ourrene information matries and V is the latent variable that

represents the shared tags. The learning problem an be :

min
U,V,W

λ||G− UV T ||2F + (1− λ)||F −WV T ||2F +Ω(U, V,W )

where U and W are latent semanti representations of image and text, respetively ; Ω(U, V,W )
is the regularization term. A olletive matrix fatorization ([126℄) an be used to optimize the

above riterion.

2.4.2 Heterogenous Transfer Learning without Co-ourrenes

To the best of our knowledge, heterogeneous transfer learning without o-ourrenes models

are prinipally developed from homogeneous transfer learning. Thus, a list of suh models is

presented.

Heterogeneous Feature Augmentation

One diret approah is to �nd a ommon feature spae where soure and target data beome

similar. In [39℄ and [72℄, the ommon feature spae is found by feature augmentation (�rst

proposed in [32℄). Similarly to Eq. 2.1, all data are represented by ommon features, soure-

spei� features and target-spei� features. Unlike [32℄, the ommon features are found by

projeting soure and target data to have the same dimensionality :

ϕ′s(Xs) =
[
XsP, Xs, 0

]
ϕ′t(Xt) =

[
XtQ, 0, Xt

]
(2.2)

where P and Q are projetion matries to be determined. Finally, a SVM is trained on ϕ′s(Xs)
and ϕ′t(Xt) :

min
P,Q

min
w,ξs,ξt,b

1

2
||w||2 + C(

ns∑

i=1

ξis +

nt∑

j=1

ξjt )

s.t.yis(w
Tϕ′s(x

i
s) + b) ≥ 1− ξis, ξis ≥ 0

yjt (w
Tϕ′t(x

j
t) + b) ≥ 1− ξjt , ξjt ≥ 0

||P ||2F ≤ λP , ||Q||2F ≤ λQ

where ξis depends on P and ξjt depends on Q (by Eq 2.2) ; λ{P,Q} are parameters. Note that few

target labels are neessary.

Graph based Heterogeneous Transfer Learning

Graph based homogeneous transfer learning has also been extended to heterogeneous trans-

fer learning. Di�erent from the homogeneous ase, a joint graph regularization is used to align

transformed soure and transformed target data (the transformations are independent). There

is a Laplaian matrix (Annexe 2.1) indiator that distinguishes the ase when soure and target

belong to the same ategory or not. Related referenes inlude [168℄.
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Chapter 2. Overview of Transfer Learning

Asymmetri Metri Transfer Learning

[66℄ establishes diretly the onnetion between soure and target by an asymmetri trans-

formation matrix W : W ∈ Rds×dt
. The learning task an be :

min
W

r(W ) + λ
∑

l(XsWXT
t )

s.t.l(xisWxjt) = (max(0, v − xisWxjt))
2, xis ∈ Xs, x

j
t ∈ Xt and xis, x

j
t ∈ S

l(xisWxjt) = (min(0, u − xisWxjt))
2, xis ∈ Xs, x

j
t ∈ Xt and xis, x

j
t ∈ D

(2.3)

where xis, x
j
t ∈ S(D) represents that xis, x

j
t are from the same ategory (di�erent ategories) ;

u and v are two threshold predetermined ; r(W ) is a regularization term w.r.t W (in [66℄,

r(W ) = 1
2 ||W ||2F ). In their paper, a kernelized version of problem 2.3 has also been propo-

sed.

Meta-feature Heterogeneous Transfer Learning

In the previously presented approahes, the label spae of soure and target should be similar.

However, in [44℄, there is no suh assumption. As there is no help of o-ourrene information,

diret mapping from target to soure is omputationally expensive. Therefore, authors onstrut

meta-features : features seleted from soure(s) that are most similar to target features. The sele-

tion is based on the similarity between meta-features and target data. Then, �nd the �nal deision

rule on {meta-features ∪ target features} suh that the minimum error of l(meta-features,YS) is
ahieved. Finally, this deision rule is applied to target.

2.5 Comments on Negative Transfer

2.5.1 Negative Transfer

Although transfer learning an be applied in a variety of ases, however, in some litera-

tures, if we ompare the lassi�ation performanes ahieved using traditional mahine learning

approahes and transfer learning approahes, we an observe transfer learning degrades the per-

formane in some spei� learning task. Usually, when unrelated soure(s) is(are) used during

the learning proess, suh negative transfer will our. [108℄ disusses negative transfer problem

and negative transfer is shown in their experiments.

2.5.2 Overview of literatures against negative transfer

Generally, the prinipal strategy against negative transfer is to selet among available soure(s)

so that only the related soure data is used :

� in [42℄, the transfer relationship is modeled by a graph of available soure models (vertex)

and the transferability in-between (edges). The transferability (from soure Si to soure

Sj) is de�ned as the hange in performane on task TSj
between learning with and without

transfer from soure Si ; only positive transfer is retained.
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2.6. Appliations

Step 1 :
Train a
regularized
classifier on
labeled 
source (and
pseudo 
labeled taget)
 

Step 2 :
Infer pseudo-
label on
unlabeled
target data,
only data with
a  high
confidence
level is labeled

Step 3 :
Remove
irrelevant
source data

Step 4 :
Train a target
classifier on
labeled source
and
pseudo-labeled
target. Predict
on unlabeled
target.

Classifier

Peuso-labeld
target data

Reach stopping criterion
NO YES

 

Figure 2.3 � Approah proposed in [115℄.

� in [50℄, relatedness of every soure model is estimated by Supervised Loal Weight Sheme :

�nding the weight of every soure model so that the best ompromise is found between

the lassi�ation error on labeled target data and the value of a spetral regularization

term with the same soure model on unlabeled target data. In suh a way, suitable soure

models an be found and so are the orresponding weights. These weights are then used

to inorporate soure model information into target lassi�ation task. Therefore, negative

in�uene of unrelated soure models an be mitigated. The strategy is motivated by [48℄

(Loal Strutural Mapping) and [50℄ ahieves better performane than [48℄.

� in [22℄, di�erent from the above strategy, an extra instane seletion strategy is further ap-

plied : the seleted instanes will render the Maximum Mean Disrepany (between soure

instanes and target instanes) minimum.

� in [115℄, authors relate the soure and target by iteratively seleting the relevant soure

data. A summary of [115℄ is shown in Figure 2.3.

Similar approahes an be also found in [156℄ and [56℄.

There are not many literatures on negative transfer learning and how to avoid negative trans-

fer learning more e�etively and more e�iently remains an important issue to be further studied.

2.6 Appliations

2.6.1 Appliations for Homogeneous Transfer Learning

Transfer learning has been applied to many real situations. In [94℄, a few appliations have

been listed (see Table 2.2).

A more detailed appliation list of homogeneous transfer learning an be found in [81℄. There

are information retrieval (espeially Natural Language Proessing - NLP), biologial data pro-

essing, TCP (Transmission Control Protool) intrusion detetion, aousti appliations, medial

data proessing.
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text di�erent subategories but

same parent ategory

20-Newsgeoups, SRAA,

Reuters-21578

email spam or ham 2006 ECML/PKDD

disovery hallenge

Wi�-

loation

loation task based on WIFI ICDM-2007 Contest

Sentiment

lassi�a-

tion

di�erent produts with

similar produt reviews from

Amazon.om

Amazon sentiment

lassi�ation

Table 2.2 � Some appliations for homogeneous transfer learning ([94℄).

Transfer Learning has also ahieved suess in Computer Vision. There are surveys espeially

for domain adaptation in omputer vision : [119℄, [96℄ and [27℄. Transfer Learning tasks vary

from fae reognition, objet detetion, pedestrian re-identi�ation, video onept lassi�ation,

ativity reognition, et.

[77℄ summarizes more appliations by setors (biology, �nane, business, et).

2.6.2 Appliations for Heterogeneous Transfer Learning

In Table 2.3, we show a list for heterogeneous transfer learning appliations.

image reognition using text information to help

image reognition

ross-language text

lassi�ation

texts from di�erent soure

languages

drug e�ay

lassi�ation

[122℄

software defet

lassi�ation

[88℄

Table 2.3 � Some appliations for heterogeneous transfer learning.

2.7 Conlusion

In this hapter, we �rst presented the general transfer learning ontext, whih is di�erent from

traditional mahine learning. Then more details were provided on transfer learning approahes :

taxonomies of transfer learning (in Setion 2.2.1) ; homogeneous transfer learning approahes (in

Setion 2.3) and heterogeneous transfer learning approahes (in Setion 2.4). Although transfer

learning an bene�t from inter-domain relationships, it also has limitations : when soure and

target are unrelated, transfer learning an degrade the performane (negative transfer). There

are literatures against negative transfer (in Setion 2.5), but further researh remains to be done.

In the last setion, we listed some well-known transfer learning appliations.
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2.7. Conlusion

We fous our works on single soure domain homogeneous transdutive transfer learning.

In the following hapters, we will start from sample seletion bias/ovariate shift and relax the

assumption on the equality of the onditional probabilities of soure and target little by little :

�rst, in Chapter 3, ∃ A, b : pS(y|x, x ∈ S) = pT (y|Ax + b, x ∈ T ) where A, b are parameters ;

then, in Chapter 4 and Chapter 5, ∃ g(.) : pS(y|x, x ∈ S) = pT (y|g(x), x ∈ T ) where g(.) is a
smooth funtion (generally nonlinear). We aim at rendering soure and target data as similar as

possible so that a lassi�er trained on soure data an also work well on target. In Setion 5.6,

experimental results will show the e�ay of our approahes.

47





Chapter 3

Covariate Shift and Relaxed Covariate

Shift

Contents

3.1 Introdution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.2 Bakground . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.2.1 Context and De�nition of Covariate Shift . . . . . . . . . . . . . . . . . 50

3.3 Overview of Covariate Shift . . . . . . . . . . . . . . . . . . . . . . . . 55

3.3.1 Covariate shift transfer learning with Similarity Criteria integrated . . . 56

3.3.2 Covariate shift transfer learning with Sample Seletion Strategy . . . . . 57

3.4 Relaxed Covariate Shift . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.4.1 Indutive Relaxed Covariate Shift . . . . . . . . . . . . . . . . . . . . . 58

3.4.2 Transdutive Relaxed Covariate Shift (MLRCV) . . . . . . . . . . . . . 59

3.5 Simulations and Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.6 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

49



Chapter 3. Covariate Shift and Relaxed Covariate Shift

3.1 Introdution

Based on the transfer learning fundamentals presented in the previous hapter, we now start

to onsider thoroughly, from a probabilisti point of view, homogeneous transfer learning (the

feature spae is shared by soure and target) where the label spae is also the same between

soure and target. We �rst onsider the ovariate shift,

pS(y|x, x ∈ S) = pT (y|x, x ∈ T ) (3.1)

The di�erene between soure and target is only on the prior probabilities on x : pS(x, x ∈ S) 6=
pT (x, x ∈ T ). Aligning priors is enough to ahieve good transfer.

However in many ases, the Assumption 3.1 is not always satis�ed. Therefore, reent works

aim at aligning both onditional probabilities and prior probabilities with some latent relation-

ship shared between soure and target. With the same objetive, we expliitly model the latent

relationship : in this hapter, we propose to solve transfer learning problems within the assump-

tion :

∃A, b : pS(y|x, x ∈ S) = pT (y|Ax+ b, x ∈ T ) (3.2)

where A and b are parameters. This assumption relates soure and target. Suitable A and b are
expeted to lead to good transfer.

Then in the two following hapters (Chapter 4 and Chapter 5), the above parametri as-

sumption is further relaxed to a more general ase, see Assumption 4.1.

This hapter is organized as follows : we will �rst introdue dataset shift in a probabilisti

way where ovariate shift is onsidered as a spei� kind of dataset shift. Then, a brief review of

ovariate shift transfer learning is presented in Setion 3.3. To adapt to more realisti situations,

relaxed ovariate shift approahes appeared (presented in Setion 3.4). In Setion 3.5, we use our

proposed method (presented in Setion 3.4) to solve a syntheti transfer learning problem where

standard ovariate shift might fail.

3.2 Bakground

3.2.1 Context and De�nition of Covariate Shift

The objetive of transfer learning is to take advantage of soure to help the learning in tar-

get domain, even though there is some dataset shift in-between. In another aspet of transfer

learning, we onsider here to model dataset shift : for every ommon form of dataset shift, we

relate a probabilisti model. In this way, we hope that a thorough presentation of dataset shift

will help to understand possible di�erene between soure and target. Probably, with the help

of dataset shift, we an possibly speify the positive transfer onditions and build other new

transfer leaning approahes aordingly.

We start the presentation by ovariate shift, the simplest model ; then, other models are in-

trodued, from the model the most related to ovariate shift to less related models.
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3.2. Bakground

� Covariate Shift

Given data distributed aording to p(x, y) = p(y|x)p(x), ovariate shift designates the

ase where only p(x, x ∈ S) is di�erent from p(x, x ∈ T ) while p(y|x) remains the same.

Figure 3.1 shows an example of ovariate shift.
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Figure 3.1 � An illustration of ovariate shift (from [124℄). Red irles are soure data and blue irles

are target data. All observations are generated aording to y = −x+ x3 with 0.3 standard

deviation of Gaussian noise.

For ovariate shift, the predition of y is dependent on x and the dependene does not

vary between soure and target. Therefore, �nding p(x, x ∈ T ) is equivalent to �nding the
generation model pT (x, y, x ∈ T ) with onditional probability (p(y|x)) known.

� Prior Probability Shift

Given data distribution p(x, y) = p(x|y)p(y), prior probability shift designates the ase

when p(y) hanges between soure and target while p(x|y) remains the same. In this ase,

the Bayes rule is applied to infer the predition :

p(y|x) = p(x|y)p(y)
p(x)

=
p(x|y)p(y)

∑

y∈Y p(x|y)p(y)

Figure 3.2 illustrates the prior probability shift in 2D.

� Sample Seletion Bias

Figure 3.4 gives an illustration of sample seletion bias. Sample seletion bias ours when

the soure data annot represent the target data, beause the seletion of every observation

is dependent on the labels. This is a ommon situation in survey design : ertain groups

of people are very ative in partiipating into the survey investigation while some other
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Figure 3.2 � Illustration of Prior Probability Shift. Figure 3.2(a) represents soure and Figure 3.2(b)

represents target. Di�erent olors of points represent their labels. We an see that the dis-

tribution of x, x ∈ S ∪ T is dependent on prior probabilities (denoted as p(y)). However,
given y, the distributions of x are similar.

groups refuse the partiipation ; thus, the result of survey is biased and in�uened by the

group of people.

� Imbalaned Data

The Imbalaned Data designates ases in multi-lass learning where one (or several) lass

is rare ompared to other lass(es). Imbalaned Data an be onsidered as a speial ase

of sample seletion bias. Thus, one solution is to weight the rare observations to be more

important than the ommon lass observations or to rejet ommon lass observations du-

ring the learning proess. But di�erent from sample seletion bias, the bias of imbalaned

target data is only dependent on the lass label.

� Domain Shift

Domain Shift designates the hange of measurements or methods of desription. It as-

sumes some underlying unhanged latent representation shared by soure and target data.

Domain shift motivates many latent ommon fator based transfer learning, inluding he-

terogeneous transfer learning.

� Soure Component Shift

Soure Component Shift designates the ase where domains an be represented by a om-

bination of weighted di�erent soures

5

. Both soure and target ome from suh origins and

as the proportion of soures

5

hanges from soure to target, soure and target di�er from

eah other.

Three pratial ases of soure omponent shift is proposed in [103℄, Chapter 1 :

5. Here, the soure denotes the origin of the data
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3.2. Bakground

X

Y

Y

X

Covariate Shift Prior Probability Shift

Figure 3.3 � Covariate Shift and Prior Probability Shift. For ovariate shift, the shift in x auses the

domain shift and y of target hanges aordingly ; for prior probability shift, it inverses the

role of x and y : it is the hange on prior of y that shifts the domain so that x of target

hanges aordingly.

Figure 3.4 � An illustration of Sample Seletion Bias. Red irles represent the soure while blue irles

represent the target. Obviously, if we selet data inside the small irle, the seleted data

annot well represent the whole data, neither the target data.

• samples that ould ome from one of a number of subpopulations, between whih the
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(a) Sample Seletion Bias.
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(b) Imbalaned Data.

Figure 3.5 � Comparison of Sample Seletion Bias and Imbalaned Data. In Figure 3.5(a), ρ represents the
seletion proess : ρ = 1 takes into aount the observation ; ρ = 0 rejets the observation. For
sample seletion bias, both domain information and label information in�uene the seletion

proess : ρ is dependent on both x and y. If there is no dependene between ρ and y, it is the
ase of ovariate shift ; in Figure 3.5(b), ρ has the same meaning as in Figure 3.5(a). Here,

ρ is only dependent on y.

F

X

L

Y

Figure 3.6 � Domain Shift. F designates some transformation from soure to target : xt = f(L), f ∈ F ,
where L designates some latent fators that are shared between soure and target. p(y|L)
remains unhanged.
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3.3. Overview of Covariate Shift

X

Y S

Figure 3.7 � Soure Component Shift. S represents the origins of data. With the hange of proportions

of S, dataset shift ours. Therefore, S in�uenes both the domains and labels.

quantity to be predited may vary ;

• samples hosen are subjet to fators that are not fully ontrolled for, and that ould

hange in di�erent senario ;

• targets that are aggregated values averaged over a potentially varying population.

Figure 3.3, Figure 3.5(a), Figure 3.5(b), Figure 3.6 and Figure 3.7 illustrates the dependenies

among data fators for di�erent types of dataset shifts (from [103℄).

This thesis is a ontribution to homogeneous transdutive transfer learning. Covariate shift

is one of the most important ases in homogeneous transdutive transfer learning. Hereafter, we

fous on ovariate shift (Setion 3.3), based on whih the relaxed ovariate shift approahes are

proposed (in Setion 3.4).

3.3 Overview of Covariate Shift

In this setion, we fous on ovariate shift and present a brief review of ovariate shift. For

sample seletion bias, readers an refer to [167℄. Approahes for other dataset shifts an be found

in [170℄.

One well-known diret type of ovariate shift solutions is importane sampling : soure data

are weighted to align target data distribution ; thus weighted soure data an be onsidered as

e�etive training data for target. How to �nd the weights is an important issue in importane

sampling approahes. As presented in Setion 2.3.2, reasoning from the shift of empirial risks,

we an attribute the weight as

PT (xi)
PS(xi)

∥
∥
∥
xi∈D

where D is the ommon support of soure and target.

For example in [124℄, the log-likelihood funtion (empirial risk) is weighted by

PT (xi)
PS(xi)

∥
∥
∥
xi∈D

;

theoretial analyses show that when there is a su�iently large number of data, the model found

by weighted log-likelihood approah tends to be optimal.
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Chapter 3. Covariate Shift and Relaxed Covariate Shift

3.3.1 Covariate shift transfer learning with Similarity Criteria integrated

With the same priniple, Huang et al. ([62℄) introdue importane sampling into other loss

funtions, for example SVM and penalized logisti regression. For SVM in binary lassi�ation,

we have :

min
w,ǫ

1

2
||w||2 + C

ns∑

i=1

βiǫi

s.t. yi(< w,φ(xi) > +b) ≥ 1− ǫi, ∀i = 1, . . . , ns

ǫi ≥ 0, ∀i = 1, . . . , ns

where βi =
PT (xi)
PS(xi)

and the optimization proess remains similar. But instead of estimating diretly

PT (.) and PS(.), Huang et al. estimates βi with the help of Maximum Mean Disrepany :

min
βi

|| 1
ns

ns∑

i=1

βiφ(x
i
s)−

1

nt

nt∑

i=1

φ(xit)||

=
1

n2s
βTKSSβ −

2

nsnt
K.Sβ + onst

s.t. onstraints on β

where KSS(i, j) =< φ(xis), φ(x
j
s) > and K.S(j) =

∑nt

i=1 < φ(xit), φ(x
j
s) >. The above problem is

a quadrati optimization problem w.r.t β. Thus, as KSS � 0, there is a unique solution for β.
More details an be found in Setion 4.3.1.

Instead of the Maximum Mean Disrepany, the Kullbak-Leibler divergene an also be

applied to estimate the weight of importane sampling ([132℄ and [140℄). Let ŵ(x) be the weight
PT (x) = ŵ(x)PS(x), then

KL(PT (x)||P̂T (x)) =

∫

x∈D
PT (x)log(

PT (x)

ŵ(x)PS(x)
)dx

=

∫

x∈D
PT (x)log(

PT (x)

PS(x)
)dx−

∫

x∈D
PT (x) log(ŵ(x))dx

We an use a linear model to express ŵ(x) : ŵ(x) =
∑l

i=1 αiϕi(x) where ϕi(x) is the ith basis

funtion and αi is the parameter to be found. Then based on the above KL-divergene, the

objetive funtion is :

min
α
KL(PT (x)||P̂T (x))

⇔

min
α
−

∫

x∈D
PT (x) log(ŵ(x))dx

≈

max
α

1

nt

nt∑

i=1

log(ŵ(xit)) = max
α

1

nt

nt∑

i=1

log(

l∑

j=1

αjϕj(x
i
t))

(3.3)
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3.3. Overview of Covariate Shift
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Figure 3.8 � Disriminative Learning, from [10℄.

Moreover αj ≥ 0, ∀j = 1, . . . , l and

1 =

∫

x∈D
P̂T (x)dx =

∫

x∈D
ŵ(x)PS(x)dx

≈ 1

ns

ns∑

i=1

ŵ(xs) =
1

ns

ns∑

i=1

l∑

j=1

αjϕj(x
i
s)

(3.4)

With Eq 3.4 and the onstraints on αj inorporated into problem 3.3, we have

max
α

nt∑

i=1

log(
l∑

j=1

αjϕj(x
i
t))

s.t.

ns∑

i=1

l∑

j=1

αjϕj(x
i
s) = ns and αj ≥ 0, ∀j = 1, . . . , l

whih is a onvex optimization problem and a unique solution exists.

[132℄ further proposes a strategy of seleting models (the basis formed by ϕj(.), ∀j = 1, . . . , l)
by likelihood ross validation and hooses the model with maximum likelihood.

[140℄ further improves [132℄ in e�ieny.

3.3.2 Covariate shift transfer learning with Sample Seletion Strategy

[10℄ proposes a totally di�erent weighting strategy to solve ovariate shift : seleting the most

useful soure observations to help the target learning proess and the probability of seleting

an observation given domain-dependent parameters is proportional to the importane sampling

weights given parameters (Eq 3.5).

As shown in Figure 3.8, the sample seletion parameter ρ relates soure and target data :

p(ρ = 1|x, θ, λ) represents the probability that x is from the target data and p(ρ = 0|x, θ, λ)
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Chapter 3. Covariate Shift and Relaxed Covariate Shift

represents the probability that x is from soure data.

p(ρ = 1|x, θ, λ) ∝ p(x|λ)
p(x|θ) (3.5)

Proof

p(x|θ)
p(x|λ) =

p(ρ = 1|θ, λ)
p(ρ = 0|θ, λ)

p(ρ = 0|θ, λ)
p(ρ = 1|θ, λ)

p(x|θ)
p(x|λ)

=
p(ρ = 1|θ, λ)
p(ρ = 0|θ, λ) (1 +

p(ρ = 0|θ, λ)
p(ρ = 1|θ, λ)

p(x|θ)
p(x|λ) − 1)

=
p(ρ = 1|θ, λ)
p(ρ = 0|θ, λ) (

p(ρ = 1|θ, λ)p(x|λ) + p(ρ = 0|θ, λ)p(x|θ)
p(ρ = 1|θ, λ)p(x|λ) − 1)

=
p(ρ = 1|θ, λ)
p(ρ = 0|θ, λ) (

p(ρ = 1|x, θ, λ)p(x|θ)p(x|λ) + p(ρ = 0|x, θ, λ)p(x|λ)p(x|θ)
p(ρ = 1|x, θ, λ)p(x|θ)p(x|λ) − 1)

=
p(ρ = 1|θ, λ)
p(ρ = 0|θ, λ) (

1

p(ρ = 1|x, θ, λ) − 1)

In other words,

p(x|λ)
p(x|θ) indiates the frequeny of an observation x, x ∈ XS that performs like

target data.

The objetive of the approah is to �nd parameters that maximize p(v,w|XS ,XT ), where w
is the lassi�ation parameter and v is the parameter that governs ρ.

3.4 Relaxed Covariate Shift

For most of the transfer learning ases, ovariate shift onditions are not always satis�ed.

Thus, other importane sampling based methods have been proposed under relaxed ovariate

shift onditions to ahieve better performanes. We �rst introdue two existing approahes, al-

though they belong to indutive transfer learning ; then we propose our transdutive relaxed

ovariate shift.

3.4.1 Indutive Relaxed Covariate Shift

In [178℄, a transfer ross validation is proposed :

f∗ = argmax
f

1

k

k∑

i=1

1

nk

∑

(x,y)∈Di

PT (x)

PS(x)
|PT (y|x)− P (y|x, f)|

where P (y|x, f) denotes the onditional probability given a lassifer f . This approah is simi-

lar to importane weighted ross validation in [131℄. But di�erent from [131℄, [178℄ takes into

onsideration the misalignment of onditional probabilities. By taking advantage of a reverse

validation strategy, the approximated onditional probability approahes the target onditional

probability ; the weight

PT (x)
PS(x)

is estimated similarly as in [62℄ by using MMD.

[49℄ follows similar priniple but extends the lassi�ation task to regression task. The obje-

tive of [49℄ is transfer learning based regression :
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3.4. Relaxed Covariate Shift

� Step 1 - Importane Sampling of Predition Funtion

yt = argmax
y

(PT (y|xt)PT (xt))

= argmax
y

(
PT (y|xt)PT (xt)

PS(xt, y)
PS(y|xt)PS(xt))

= argmax
y

(w(xt, y)PS(y|xt)PS(xt))

� Step 2(a) - Regression by Least Square Error

min||Yt − Ŷt||2
⇐⇒

min
ŵ

nl
t∑

i=1

(yit − argmax
y

(ŵ(xit, y)PS(y|xit)PS(x
i
t)))

2

As PS(x
i
t) is independent of y, thus the above objetive funtion an be redued to :

min
ŵ

nl
t∑

i=1

(yit − argmax
y

(ŵ(xit, y)PS(y|xit)))2

� Step 2(b) - KL-divergene based Weight Estimation

argmin
ŵ
KL(PT (x, y)||ŵ(x, y)PS(x, y))

Similarly to Problem 3.3, ŵ is obtained.

3.4.2 Transdutive Relaxed Covariate Shift (MLRCV)

Di�erent from the two former approahes, we remain in the transdutive transfer learning

ontext and assume a relaxed version of ovariate shift (a reminder of Assumption 3.2) :

∃A, b : pS(y|x, x ∈ S) = pT (y|Ax+ b, x ∈ T )
with A and b being parameters.

We propose a parametri maximum likelihood relaxed ovariate shift approah (MLRCV) :

In the idealized ase, after transformation A and b, the marginal probabilities of soure and

target are aligned ; then, with Assumption 3.2 satis�ed, the distributions of soure and target

data are expeted to beome similar ; therefore, applying A and b to target data, we an use

soure lassi�er to well lassify the transformed target data (Axit+ b,∀xit ∈ XT ). To �nd the best

model (best parameters A and b), we apply maximum likelihood on iid xit, ∀ xit ∈ XT :

max
A,b
LRCV = max

A,b

∏

xi
t∈DT

pS(Ax
i
t + b|A, b)

We an estimate pS(.) by Kernel Density Estimation (KDE, Setion 1.4.5). However, the

optimization is non-onvex. How to �nd reliably and e�iently the best A and b remains under

researh. Still, we validate our idea in Setion 3.5 : in a syntheti ase, with proper A and b, the
objetive funtion is maximized.
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(b) LRCV = 0.0342
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(d) LRCV = 0.0123
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(e) LRCV = 0.0778
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(f) LRCV = 0.0428

Figure 3.9 � Banana-orange datasets. Every sub�gure represents a possible alignment with rotation w.r.t

the same mean by 60◦ suessively. The irles represent the target data and their labels

are supposed unknown ; the points represent the soure data and their olors represent two

di�erent lasses.
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3.5. Simulations and Analysis

3.5 Simulations and Analysis

As shown in Figure 3.9, we apply the proposed MLRCV and observe that the likelihood is

maximized in Figure 3.9(a). When there is more overlapping between soure and target, the

value of likelihood is higher. To make the likelihood value more sensible to distribution hanges,

we propose to normalize the likelihood by

nt
√
.. We have also varied the rotation and dilatation

degree ; MLRCV an always �nd the ideal ase with maximum likelihood value. In similar syn-

theti datasets, there is usually a large gap between the optimal ase and the others.

3.6 Conlusion

In this hapter, we spei�ed ommon types of dataset shifts (in Setion 3.2.1) and related

transfer learning (spei�ally ovariate shift) with dataset shift. Then, we foused on ovariate

shift problems and summarized the prinipal approahes for this type of adaptation (in Setion

3.3). However, for many appliations, the assumption of ovariate shift is too restraint. Therefore,

relaxed ovariate shift approahes are proposed (in Setion 3.4) : previous works generally ontri-

bute to indutive transfer learning and we propose a transdutive transfer learning (MLRCV)

approah with relaxed assumption (Assumption 3.2). Although the optimization for our approah

is non-onvex, we have shown the validity of our approah on syntheti dataset (in Setion 3.5).

E�ient optimization strategy is under researh and large-sale adaptation is to be made.

Even if MLRCV an be onsidered as an extended version of ovariate shift, its assumption

is limited to some linear transformation for A and b in Assumption 3.2. In the following hap-

ters, we will further relax Assumption 3.2 and the proposed approahes have more generalization

ability (also more simple).
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Domain Adaptation by SVM subjet to
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Chapter 4. Domain Adaptation by SVM subjet to a MMD-like onstraint

4.1 Introdution

For real transdutive transfer learning ontexts, the assumption of ovariate shift is often vio-

lated. Aligning soure and target marginal distributions in the original spae is no longer enough.

Therefore, there have been literatures that transfer both marginal distribution and onditional

distribution of soure to target. That is also the objetive of domain adaptation. For hallenging

domain adaptation tasks, many authors have taken advantage of few labeled target data so that

with measurable onditional probabilities of target (pT (y, y ∈ T |x, x ∈ T )), they try to orret

the di�erene between pT (y, y ∈ T |x, x ∈ T ) and pS(y, y ∈ S|x, x ∈ S) as well as the di�erene
between pT (x, x ∈ T ) and pS(x, x ∈ S) ([155℄, [177℄, [178℄). However, few labeled target data is

not reliably representative for the whole distributions ; and for many ases, there is no available

label information for target data. In order to align the onditional probabilities, other authors

have used the lustering priniple to generate pseudo labels to get reliable pT (y, y ∈ T |x, x ∈ T )
([22℄, [61℄, [75℄).

In this hapter, our ontext is domain adaptation with no labeled target data with the

assumption that the onditional probabilities of labels of soure and target data an beome

similar in a RKHS :

∃g(.) : Rm → R
n | pS(y|x, x ∈ S) = pT (y|g(x), x ∈ T ) (4.1)

where g(.) is a smooth transformation funtion (linear or nonlinear).

It is a further relaxation of the assumption presented in Setion 3.4.2. With this assumption,

if the marginal distributions of soure and target (after transformation g(.)) are aligned, soure
lassi�er is expeted to well lassify target data. Simulations below and experimental results

in Setion 5.6 show that the assumption is reasonable. Contrarily, in ases like the example

presented in Figure 4.1 (where Assumption 4.1 is violated), even after linear or nonlinear trans-

formations, the soure lassi�er is not expeted to perform well on target data.
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Figure 4.1 � An example that violates Assumption 4.1. The data on lower left represents soure while the

data on upper right represents the target. Even if we an easily �nd a transformation that

leads to the superposition of soure and target data, the lassi�er trained on soure will not

orretly lassify target data. The olors designate labels of +1 and −1.
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4.2. Bakground

Based on the above assumption, we propose a new domain adaptation approah whih om-

bines SVM and MMD (Setion 4.3.3). Overviews of SVM and MMD used in transfer learning are

given in Setion 4.2. To the best of our knowledge, both orientations have been widely studied.

In general, to adapt to transfer learning ontext, standard SVM is modi�ed to integrate the

transfer ability. Sometimes, standard SVM is adapted by using MMD as a regularization term

(Setion 4.3.2). Di�erent from those previous works, we utilize a MMD-like onstraint to limit

the RKHS to a ommon subspae where loates the SVM hyperplane. In this subspae, soure

and target data are expeted to be similar so that the SVM hyperplane trained on soure data

an be applied diretly to target data. Simulations on syntheti data are presented in Setion

4.4, the results of whih have shown that our approah is e�ient and omparable or even better

than its regularization ounterpart ([102℄).

4.2 Bakground

4.2.1 SVM based Transfer Learning

SVM has been a very popular supervised lassi�ation method (refer to Setion 1.4.2). Ho-

wever, in general, standard SVM performs badly in solving transfer learning problems, beause

target data is sarely labeled or unlabeled and soure and target data follow di�erent distribu-

tions. Many literatures are ontributed to adapting standard SVM to �t the transfer learning

ontext.

In [171℄, it is supposed that soure and target data share a ommon parameter wcommon and

di�er in domain spei� parameters wsource and wtarget :

min
w{.},ǫ

i
t,ǫ

j
s,b

1

2
||wcommon||2 + C1||wsource||2 + C2||wtarget||2 +C

n∑

i=1

ǫit + C
m∑

j=1

ǫjs

s.t. yit((wcommon + wtarget)x
i
t + b) > 1− ǫit

yjs((wcommon + wsource)x
j
s + b) > 1− ǫjs

ǫit ≥ 0 and ǫjs ≥ 0

where C1, C2 are trade-o� parameters to ontrol the preferene of di�erent domains, usually

C2 > C1. Optimizing w.r.t these three parameters (wcommon, wsource, wtarget) leads to good per-

formane. However, few labeled target is neessary and three trade-o� parameters (C1, C2, C)
are to be tuned.

Similar idea an be found in [162℄ : the target deision funtion is supposed to be the soure

deision funtion biased by w′xi and then, optimizing w.r.t w′ an result in good target deisions.

Like [171℄, labeled target data is important to the training problem.

Other approahes have been dediated to generating pseudo-labels for target data, from whih

SVM is appliable. Transdutive SVM ([17℄) and DASVM ([18℄) are the most famous approahes.

With labeled soure data, they iteratively label target data (pseudo label) and adjust the target

lassi�er with more and more reliable target pseudo-labels. The generation of pseudo-labels is

ruial and this instane-based strategy may be impaired by insu�ient number of target ins-

tanes.
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Chapter 4. Domain Adaptation by SVM subjet to a MMD-like onstraint

There are also literatures that reweight the penalty term of standard SVM so that labeled

target data is onsidered more important than labeled soure data. However, labeled target data

is neessary and the trade-o� between soure data error and target data error annot be simply

found. [23℄, [135℄, [143℄, [149℄, et.

Another very ommon strategy for SVM based transfer learning is to regularize soure SVM

problem with a similarity term that takes into onsideration the transfer between soure and

target. There have been a variety of similarity measures : manifold regularization ([7℄), KL-

divergene, Bregman divergene ([125℄), Maximum Mean Disrepany (MMD in Setion 1.4.4),

et.

4.2.2 MMD based Transfer Learning

Maximum Mean Disrepany (MMD) has been widely used as the similarity measure. Its

estimation is simple and non-parametri. For most of the transfer learning ases, MMD aims at

ontrolling the transfer.

In [142℄, MMD serves as a feature pre-seletion riterion. It �lters the dissimilar features of

soure data and leaves the most related features (between soure and target) to train a lassi�er

that also performs relatively well on target. In [93℄, MMD is used to extrat useful features, based

on whih transfer learning is expeted to be e�etive. Similar ideas an be applied in multi-soure

domains transfer learning, MMD an be used to pre-selet the most related soure(s).

Then, more reently, MMD has been developed in more �exible form.

In [5℄, MMD has been applied to transformed data :

argmin
W
|| 1
n

n∑

i=1

φ(W Txis)−
1

m

m∑

i=1

φ(W Txjt)||2 s.t. W TW = I

However, the optimization of the above problem is non-onvex and authors have optimized on a

Grassmann Manifold.

In [51℄, the landmarks are seleted by weighted MMD :

min
α
|| 1
∑

m αm

∑

m

αmφ(xm)− 1

N

∑

n

φ(xn)||2H

s.t.

1
∑

m αm

∑

m

αmy
c
m =

1

M

∑

m

ycm

α = {αm ∈ {0, 1},m = 1, . . . ,M}

where ycm equals 1 if ym = c, otherwise ycm equals 0. In this way, MMD is alulated only on the

subregions - useful landmarks that keep the main struture of the whole data.

Gong et al. further extend the above idea to lustering and seleting the most distintive
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4.3. Domain Adaptation by SVM ombined with MMD

data ([52℄) :

min
βk,βk′

|| 1
Mk

∑

m

φ(xm)βkm −
1

Mk′

∑

m

φ(xm)βk
′

m ||2H

s.t. β{k|k
′} ∈ {0, 1}

and

1

Mk

∑

m

βkmy
c
m =

1

M

∑

m

ycm

In most literatures, MMD or modi�ed MMD has been used as a regularizer. The transfer

learning problem an be viewed as �nding the trade-o� between the lassi�ation performane

on soure data and the similarity between soure and target. ([165℄, [105℄, [173℄, [92℄)

4.3 Domain Adaptation by SVM ombined with MMD

As an intersetion of the literatures presented in Setion 4.2, domain adaptation by SVM with

MMD an �nd an optimal lassi�ation hyperplane while transferring knowledge from soure(s)

to target.

4.3.1 Kernel Mean Mathing (KMM)

Kernel Mean Mathing (KMM [62℄) aims at orreting sample seletion bias, assuming that

the onditional probability of labels is the same between soure and target data. At �rst, KMM

�nds the reweighting fator β = Pt(.)
Ps(.)

by MMD ; then, β is integrated into standard SVM to

reweight the penalty :

� Step 1 : �nding reweighting fator (β) by minimizing marginal distribution distane - MMD

min
β
||µt[φ(.)]− E[β(x)φ(x)|x ∈ S]||2H

s.t. β(x) ≥ 0 and E[β(x)|x ∈ S] = 1

where µt[φ(.)] = E[φ(x)|x ∈ T ]
⇐⇒

min
β
|| 1
nt

nt∑

i=1

φ(xit)−
1

ns

ns∑

i=1

βiφ(x
i
s)||2H

min
β

1

n2s
βTKSSβ −

2

nsnt
k

Tβ + onst

s.t. βi ≥ 0 and | 1
ns

ns∑

i=1

βi − 1| ≤ ǫ

where KSS(i, j) = k(xis, x
j
s) and k(i, j) = k(xis, x

j
t )

We an �nd that the �nal optimization problem is quadrati and an be optimized by

standard quadrati optimization tools.

� Step 2 : β weighted soft margin SVM

min
w,ξ,b

1

2
||w||2 + C

ns∑

i=1

βiξi

s.t. yi(< w,φ(xi) > +b) ≥ 1− ξi and ξi ≥ 0
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Chapter 4. Domain Adaptation by SVM subjet to a MMD-like onstraint

Now, β is onsidered as a parameter and the SVM problem is similar to the standard SVM.

Lagrangian optimization an be applied and the �nal dual form (Annexe 1.1) is quadrati.

KMM takes advantage of importane sampling (Setion 3.3) and the simple quadrati opti-

mization ; however, its assumption is too limited for domain adaptation and the two-step opti-

mization appears tedious ompared to one-step optimization problem.

4.3.2 Domain adapatation by SVM with MMD as a regularization term (LM

and ARSVM)

Large Margin Transdutive Transfer Learning - SVM (LM)

In order to transfer knowledge at the same time as to learn a lassifer, Large Margin Trans-

dutive Transfer Learning - SVM (LM [102℄) is proposed. LM regularizes the standard SVM with

a projeted MMD :

min
w,ξ,b

1

2
||w||2 + C

ns∑

i=1

ξi + λDist(Ps, Pt)
2

s.t. yi(< w,φ(xis) > +b) ≥ 1− ξi and ξi ≥ 0

(4.2)

where Dist(Ps, Pt) is the projeted MMD :

Dist(Ps, Pt)
2 = || 1

ns

ns∑

i=1

< w,φ(xis) > −
1

nt

nt∑

j=1

< w,φ(xjt ) > ||2

Applying the Representer Theorem (Setion 1.3.6), w =
∑ns+nt

i=1 αiφ(Xi), whereX = Xs∪Xt,

problem 4.2 an be transformed to a quadrati optimization problem w.r.t α (Annexe 1.2). Fin-

ding the optimum α an diretly result in the SVM hyperplane.

However, the regularization parameter should be tuned in a deliate way ; when faed with

large-sale data, generalized singular value deomposition is applied to avoid impreise approxi-

mation of a high-dimensionality inverse matrix in �nal dual form (Annexe 1.2) ; moreover, LM

keeps the assumption of KMM.

Adaptation Regularization-SVM (ARSVM)

In order to take into onsideration of di�erene of onditional probabilities, ARSVM is pro-

posed. The muh more omplex regularized domain adaptation problem an be formulated as
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4.3. Domain Adaptation by SVM ombined with MMD

([74℄) :

argmin
f∈H

n∑

i=1

l(f(xi), yi) + σ||f ||2 + λDf (Ps, Pt, Qs, Qt) + γMf (Ps, Pt)

Df (Ps, Pt, Qs, Qt) = Df (Ps, Pt) +
C∑

c=1

D
(c)
f (Qs, Qt)

where Df (Ps, Pt) = ||
1

ns

ns∑

i=1

f(xis)−
1

nt

nt∑

j=1

f(xjt)||2

= || 1
ns

ns∑

i=1

< w,φ(xis) > −
1

nt

nt∑

j=1

< w,φ(xjt ) > ||2

D
(c)
f (Qs, Qt) = ||

1

n
(c)
s

n
(c)
s∑

i=1

f(xis(c))−
1

n
(c)
t

n
(c)
t∑

j=1

f(xj
t(c))||2

(4.3)

Df (Ps, Pt) is the squared projeted MMD as in [102℄ and D
(c)
f (Qs, Qt) is the squared projeted

MMD taking into onsideration the label information. D
(c)
f (Qs, Qt) minimizes the distribution

distane of soure and target data with the same label, so that the onditional probabilities

Qs(xs|ys) and Qt(xt|yt) are rendered similar. From problem 4.3, an extra regularization term

an be added, for example Mf (Ps, Pt). In [74℄,

Mf (Ps, Pt) =

ns+nt∑

i,j=1

(f(xi)− f(xj))2Wij

where W is the graph a�nity matrix that measures the geometri similarity. By [7℄, if the mar-

ginal distributions (Ps(xs) and Pt(xt)) are similar in intrinsi geometry, then the onditional

distributions (Qs(ys|xs) and Qt(yt|xt)) are similar. Mf (Ps, Pt) is the manifold regularization

that propagates the intrinsi manifold struture of the data.

However, whether the more we regularize, better the result we shall get, remains to be inves-

tigated. For [74℄, in the perfet alignment ase, Ps(ys) should be similar to Pt(yt), whih is not

often the ase, espeially in dealing with imbalaned data transfer learning problems. Further-

more, during the optimization (see [74℄), an inverse matrix is unavoidable, whih may leads to

impreise optimization.

4.3.3 Domain adapatation by SVM subjet to a MMD-like onstraint (SVMMMD)

Instead of using MMD as a regularization term, we integrate MMD into the standard SVM

problem as a onstraint. The new model remains a quadrati optimization problem with no in-

verse matrix alulation.
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Chapter 4. Domain Adaptation by SVM subjet to a MMD-like onstraint

Model

We also adopt the projeted MMD proposed in [102℄. The domain adaptation by SVM subjet

to a MMD-like onstrint (SVMMMD) an be formulated as :

min
w,ξ,b

1

2
||w||2 + C

ns∑

i=1

ξi

s.t. < w,µXs − µXt >H= 0

yi(< w,φ(xis) > +b) ≥ 1− ξi,∀i = 1, . . . , ns

ξi ≥ 0,∀i = 1, . . . , ns

(4.4)

By imposing < w,µXs − µXt >H= 0, where µXs = 1
ns

∑ns

i=1 φ(x
i
s) and µXt =

1
nt

∑nt

j=1 φ(x
j
t ), we

limit the searh of SVM hyperplanes in a subspae of RKHS where MMD = 0. In this subspae,

as their onditional probabilities beome similar (Assumption 4.1), we suppose that by aligning

soure and target marginal distributions, the lassi�ation of target will sueed. Thus, a SVM

lassi�er trained on soure an perform well on target.

Comparaison with LM

Compared to LM (in Setion 4.3.2), we use the projeted MMD as a onstraint instead of a

regularization term. In this way, soure and target data are projeted into a ommon subspae

of RKHS where MMD equals 0. In LM, there is no suh geometri interpretation.

Moreover, there is no regularization trade-o� parameter (λ in Equation 4.2) to be tuned.

SVMMMD an be onsidered as the λ→∞ ase of LM. In ases where λ has a �nite value, the

regularized problem may sari�e the similarity to ahieve a high lassi�ation performane on

soure data. By setting projeted MMD as a onstraint, we fous more on transfer.

Optimization

We solve the problem 4.4 by �rst applying the representer theorem to w :

w =

ns∑

k=1

βskφ(x
k
s) +

nt∑

l=1

βtlφ(x
l
t)
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4.3. Domain Adaptation by SVM ombined with MMD

Then, < w,µXs − µXt >H= 0 an be developed as :

< w,µXs − µXt >H =<

ns∑

k=1

βskφ(x
k
s) +

nt∑

l=1

βtlφ(x
l
t),

1

ns

ns∑

i=1

φ(xis)−
1

nt

nt∑

j=1

φ(xjt ) >H

=
1

ns

ns∑

k=1

βsk

ns∑

i=1

< φ(xks), φ(x
i
s) >H −

1

nt

ns∑

k=1

βsk

nt∑

j=1

< φ(xks), φ(x
j
t ) >H

+
1

ns

nt∑

l=1

βtl

ns∑

i=1

< φ(xlt), φ(x
i
s) >H −

1

nt

nt∑

l=1

βtl

nt∑

j=1

< φ(xlt), φ(x
j
t ) >H

= (

[
KSS KTS

KST KTT

]

[
1

ns
, . . . ,

1

ns
︸ ︷︷ ︸

ns

,− 1

nt
, . . . ,− 1

nt
︸ ︷︷ ︸

nt

]T )T [βs, βt]T

= (K 1̃)Tβ

where KSS =< φ(xks), φ(x
i
s) >H, KTS =< φ(xjt ), φ(x

k
s ) >H, KST =< φ(xis), φ(x

l
t) >H,

KTT =< φ(xjt ), φ(x
l
t) >H.

The ||w||2 in objetive funtion of problem 4.4 an be replaed by :

||w||2 =<

ns∑

k=1

βskφ(x
k
s) +

nt∑

l=1

βtlφ(x
l
t),

ns∑

k=1

βskφ(x
k
s) +

nt∑

l=1

βtlφ(x
l
t) >H

=

ns∑

k=1

ns∑

k′=1

βsk < φ(xks), φ(x
k′

s ) >H β
s
k′ + 2

ns∑

k=1

nt∑

l=1

βsk < φ(xks), φ(x
l
t) >H β

t
l

+

nt∑

l=1

nt∑

l′=1

βtl < φ(xlt), φ(x
l′

t ) >H β
t
l′

= [βs, βt]

[
KSS KTS

KST KTT

]

[βs, βt]T

= βTKβ

Therefore, problem 4.4 beomes :

min
β,ξ,b

1

2
βTKβ + C

ns∑

i=1

ξi

s.t.(K 1̃)Tβ = 0

yi(β < φ(X), φ(xis) > +b) ≥ 1− ξi,∀i = 1, . . . , ns

ξi ≥ 0,∀i = 1, . . . , ns

(4.5)

where X represents the ensemble of Xs and Xt.

Applying Lagrangian optimization to problem 4.5 :

L = max
α,µ,η

min
β,ξ,b

1

2
βTKβ+C

ns∑

i=1

ξi−
ns∑

i=1

αiξi−
ns∑

i=1

µi[yi(β < φ(X), φ(xis) > +b)−1+ξi]−η((K 1̃)Tβ)
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Chapter 4. Domain Adaptation by SVM subjet to a MMD-like onstraint

with α, µ, η being Lagrangian Multipliers.

∂L
∂β

= Kβ −
ns∑

i=1

µiyi < φ(X), φ(xis) > −ηK 1̃ = 0⇔ β =
ns∑

i=1

K−1 < φ(X), φ(xis) > µiyi + η1̃

∂L
∂ξi

= C − αi − µi = 0⇔ αi = C − µi

∂L
∂b

=

ns∑

i=1

µiyi = 0

Replaing β, αi using above equations, the dual form of problem 4.5 is :

max
µ,η

ns∑

i=1

µi −
1

2
(

ns∑

i=1

µiyiK.i)
TK−1(

ns∑

j=1

µjyjKj.)−
1

2
η21̃TK 1̃− η(

ns∑

i=1

µiyiK.i)
T 1̃

s.t. 0 ≤ µi ≤ C and

ns∑

i=1

µiyi = 0

(4.6)

where K.i =< φ(X), φ(xis) >

In the above maximization problem, there are only two Lagrangian parameters left (µ and

η). If we �x µ, we obtain :

max
η
−1

2
η21̃TK1̃− η(

ns∑

i=1

µiyiK.i)
T 1̃

We have to maximize a quadrati form w.r.t η with Hessian matrix −1̃TK 1̃ < 0. The optimum

η an be expressed as η = − (
∑ns

i=1 µiyiK.i)T 1̃

1̃TK 1̃
. Then we replae η in problem 4.6 and the �nal dual

form is :

max
µi

ns∑

i=1

µi −
1

2
(

ns∑

i=1

µiyiK.i)
T (K−1 − 1̃1̃T

1̃TK 1̃
)(

ns∑

j=1

µjyjK.j)

s.t. 0 ≤ µi ≤ C and

ns∑

i=1

µiyi = 0

Let γi denote µiyi, the previous problem beomes :

max
γ

γTY − 1

2
γT (KSS −

KS.1̃1̃
TKT

S.

1̃TK 1̃
)γ

s.t.

ns∑

i=1

γi = 0 and min(0, Cyi) ≤ γi ≤ max(0, Cyi)

where KS. =
∑ns

i=1Ki..

Demonstration of Positive Semi-De�nitivenss : The matrix KSS − KS.1̃1̃
TKT

S.

1̃TK 1̃
an be

onsidered as the inner produt of soure data in a subspae orthogonal to w. As stated in [97℄, if

H is a RKHS on X and H0 ⊆ H is a losed subspae, then H0 is also a RKHS on X. Therefore,

let Knew = KSS − KS.1̃1̃
TKT

S.

1̃TK 1̃
, then Knew is the new Gram matrix orresponding to the projeted

kernel and it is positive semi-de�nite.
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4.4. Simulations and Analysis

Perspetives

Although in Setion 4.4 and Setion 5.6, SVMMMD is proved e�ient, onditional probabi-

lities after kernel transformation are not taken into onsideration. Perhaps, extra term(s) that

aligns onditional probabilities Ps(ys|f(x), x ∈ S) and Pt(yt|g(x), x ∈ T ) an be inorporated,

either as a onstraint or as a regularization term. Moreover, theoretial error bound is to be

developed.

4.4 Simulations and Analysis

4.4.1 Illustration of Priniples of SVMMMD

We �rst illustrate the prinipal idea of SVMMMD by using a linear kernel.
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Figure 4.2 � Linearly separable data set using the linear kernel (triangles and stars represent the labeled

soure data, while "+" symbols represent the unlabeled target data)

In Figure 4.2, the two irles (~ms and ~mt) represent the mean of soure and target, respeti-

vely. As an be seen, the normal to the obtained disriminant funtion is orthogonal to ~ms− ~mt,

whih oinides with the theoretial oneption in Setion 4.3.3 (for linear kernel ~ms (~mt) is

equivalent to µs (µt)).

Obviously, there are simple ases like in Figure 4.3, where SVMMMD with linear kernel does

not work : when we fore the lassi�ation hyperplane parameter w to be orthogonal to ~ms− ~mt,

we might lose the disriminant information for a good lassi�er. In fat, a universal kernel (refer

to Setion 1.4.4) is neessary when applying MMD riterion, whih avoids the former ase. When

applying SVMMMD to other datasets, we have used universal kernels, for example gaussian ker-

nels.
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Figure 4.3 � Linearly separable data set using the linear kernel where SVMMMD annot work (triangles

and stars represent the labeled soure data, while "+" symbols represent the unlabeled target
data)

4.4.2 SVMMMD and LM on Banana-Orange Dataset

Banana-Orange dataset is a syntheti dataset (an example is shown in Figure 4.4(a) and

Figure 4.4()). We �rst generate the soure banana-orange, then transform soure data to ge-

nerate target data with linear transformations (translation, saling, rotation) and non-linear

transformations. In this way, soure and target are di�erent yet related. We �rst illustrate the

lassi�ation results obtained by SVMMMD and by LM in a random example of Banana-Orange

Dataset (in Figure 4.4).

From this example, both SVMMMD and LM an deal with transfer leaning problems that

standard SVM annot. In this example, SVMMMD is better than LM with the optimal value of σ

Then, we generate 50 di�erent banana-orange datasets and show the average performane

(± standard deviation) of SVMMMD and LM in Figure 4.5.

From Figure 4.5, we an onlude that on banana-orange datasets, SVMMMD performs bet-

ter than LM for a larger range of kernel parameters. Furthermore, the best performane obtained

by SVMMMD is generally better than that obtained by LM.

4.4.3 In�uene of the Kernel Parameter

The kernel parameter should be deliately hosen for both methods. From Figure 4.5, an

unsuitable kernel parameter an lead to poor performanes : for SVMMMD, poor performanes

an be found from the beginning and a short interval [0.75, 2] ; then with the augmentation of

σ, the performane gets better ; obviously, it is not the larger the σ, the better the performane,

but till 4, SVMMMD performs relatively well ; while for LM, the best performane an be found

in the interval of [0.75, 3]. To set the optimal value of σ, we use ross-validation. A better kernel

parameter seletion strategy is to be developed.
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(a) Example of a lassi�er obtained with our method

(for the optimal value of σ)
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(b) Deision surfae obtained (SVMMMD)
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() Example of a lassi�er obtained with LM (for the

optimal value of σ)
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(d) Deision surfae (LM)

Figure 4.4 � Results obtained on the banana-orange data set. In 4.4(a) and 4.4(), irles and stars

represent the labeled soure data while "+" symbols are the unlabeled target data. In 4.4(b)

and 4.4(d), the deision surfaes are plotted as funtions of the input spae oordinates.

Thresholding these surfaes at 0 level gives the deision urves orresponding to the lassi�ers
in 4.4(a) and 4.4(), respetively.

4.5 Conlusion

In this hapter, transfer learning approahes based on SVM or on MMD were introdued ;

followed by the presentation of domain adaptation methods by SVM ombined with MMD. Three

previous methods were presented, namely Kernel Mean Mathing (KMM), Large Margin Trans-

dutive Transfer Learning - SVM (LM) and Adaptation Regularization-SVM (ARSVM) ; one

proposed method, Domain Adapatation by SVM subjet to a MMD-like onstraint (SVMMMD),

published in [24℄.

Di�erent from other SVM and MMD based transfer learning approahes, we are the �rst to
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Figure 4.5 � Average performane (good lassi�ation rate) ±1 s.d. as a funtion of the gaussian kernel

parameter. Red line : our method. Blak line : LM.

propose to use the projeted MMD as a onstraint and interpret geometrially the new model.

With this onstraint, the quadrati nature of SVM keeps unhanged and the optimization is

simple and e�ient (no matrix inversion required).

However, the projeted MMD is no longer the MMD de�ned in Setion 1.4.4. Thus, < w,µXs−
µXt >H= 0 annot guarantee the equality of two distributions (Ps(Xs) and Pt(Xt)). Although
experimental results (in Setion 4.4 and Setion 5.6) have been promising, theoretial bounds

are to be developed.
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Chapter 5. Domain Adaptation by KPCA Alignment

5.1 Introdution

In Chapter 4, we fore < w,µXs−µXt >= 0 and w is expeted to be orthogonal to µXs−µXt .

In this way, the separating hyperplane is supposed to work well for both soure and target,

beause µXs − µXt is supposed to be zero after a projetion of data by w. However, < w,µXs −
µXt >= 0 is not equivalent to µXs − µXt = 0 (MMD = 0). Therefore, in this hapter, we aim

at �nding a transformation in RKHS that an avoid this limitation. With the same assumption

(Assumption 4.1) as SVMMMD, we propose KPCA domain adaptation approahes, whih are

shown experimentally better than SVMMMD.

In this hapter, as KPCA enters the kernel representations and µXs = 0 = µXt , di�erent

from SVMMMD in Chapter 4.3.3, KPCA based approahes further need to align other higher

order moments of φ(Xs) and φ(Xt). Therefore, as shown in Setion 5.5 and Setion 5.6, in gene-

ral, the proposed domain adaptation by KPCA alignment approahes (in Setion 5.3.2, Setion

5.3.3 and Setion 5.4) perform better than SVMMMD (in Chapter 4).

Kernel Prinipal Component Analysis (KPCA) has been widely used in data pre-proessing,

espeially for large-sale data. It generally serves as an unsupervised dimensionality redution

tool. Compared to other unsupervised dimensionality redution methods (LLE [109℄, ISOMAP

[137℄, Laplaian eigenmaps [6℄, Di�usion map [70℄, et), KPCA is the most simple approah that

takes into onsideration the non-linearity of data. To the best of our knowledge, it has hardly

been used for the domain adaptation objetive. An overview of dimension redution based do-

main adaptation will be presented in Setion 5.2.1.

Furthermore, with the help of KPCA, we make the impliit RKHS representations expliit.

Based on the expliit kernel spae representations of soure and target data, the alignment bet-

ween soure and target an be easily arried out in their KPCA representations. The KPCA

subspae onsidered here is found by KPCA Coordinate System Alignment, whih is similar to

[2℄ but more robust than this approah. Other domain adaptation approahes based on subspae

alignment are overviewed in Setion 5.2.2. Moreover, the kernel representation alignment om-

plements the existing kernel spae alignment domain adaptation approahes.

5.2 Bakground

5.2.1 Dimension Redution based Domain Adaptation

Domain Adaptation using Disriminative Dimensionality Redution

Linear Disriminant Analysis (LDA) is one of the most popular dimension redution strategies

that have been adapted to domain adaptation. In most ases, the priniple of traditional LDA
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5.2. Bakground

is kept :

argmax
w

tr(
wTSbw

wTSww
)⇔ argmax

w
tr(
wTSbw

wTStw
)

s.t. wTSww = 1 or wTStw = 1

with Sw =

C∑

i=1

li∑

j

(xij −mi)(xij −mi)
T

Sb =
C∑

i=1

li(mi −m)(mi −m)T

St = Sb + Sw

where xij is the jth observation of lass i ; mi,∀i = 1, . . . , C is the mean of examples in lass i ;
m is the mean value of the whole data m = 1

N

∑c
i=1 nimi where N =

∑c
i=1 ni. LDA is looking

for the projetion diretion w that minimizes the within-lass satter (Sw) and maximizes the

between-lass satter (Sb) simultaneously. The optimal w is formed by eigenvetors orrespon-

ding to the C − 1 largest eigenvalues of S−1t Sb (or S
−1
w Sb)([47℄).

Then, to adapt to the transfer learning ontext, Wang et al. ([151℄) propose to modifying Sb
and Sw by taking into onsideration the unlabeled target data :

argmax
w

tr(
wTS′bw

wTS′tw
)

s.t. wTS′tw = 1

S′b = Sb + Su
b

S′t = St + λM

and Su
b is the between-lass satter found by lustering unlabeled target data and M is the

graph Laplaian term ([25℄, the detail of matrix M an be found in Annexe 2.1). M represents

the intrinsi struture that is shared by soure (labeled) and target (unlabeled).

Others integrate a between-domain satter to penalize the soure and target similarity. Then

transferred LDA an �nd an optimum projetion w that renders soure and target similar while si-

multaneously enouraging the distintion of lasses on the merged soure and target data ([141℄).

The satter is further extended to kernelized distributional variane (de�ned in [87℄). Then the

objetive beomes learning a dimension redution transformation along whih the distributional

variane between samples is minimized and simultaneously, the funtional relationship between

samples and their labels is preserved. The soure knowledge is then transferred by �nding a

kernel matrix that is maximally domain invariant.

Domain Adaptation using Unsupervised Dimensionality Redution

Generally, for unsupervised dimensionality redution based domain adaptation methods,

some similarity measures should be added to regularize the dimension redution riteria. In [93℄,

dimension redution projetions are found by minimizing the distane between P (φ(Xs)) and

P (φ(Xt)) while maximally preserving the data variane (similarly to KPCA). Si et al. ([125℄)

proposed a general framework that inorporates many dimensionality redution methods into
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Chapter 5. Domain Adaptation by KPCA Alignment

domain adaptation transfer learning :

w = argmin
w
F (w) + λDw(Ps||Pt)

subjet to spei� onstraint(s)

where Dw(Ps||Pt) is the Bregman divergene that measures some distane between Ps and Pt in

the projeted subspae ; F (w) represents any suitable objetive funtion, based on PCA, Loality

Preserving Projetion (LPP [58℄), Marginal Fisher Analysis (MFA [161℄, soure labels onside-

red), LDA (in previous subsetion), et.

Although some literatures have applied regularized PCA or KPCA, their objetive is to �nd

the optimum transformation (Rd → Rl
, where d≫ l) where soure and target are aligned. Our

works, instead, aim at aligning the KPCA oordinate systems (or in other words, the KPCA

basis of soure and target data) where the soure and target kernel representations are as similar

as possible.

5.2.2 Domain Adaptation by Subspae Alignment

Subspae alignment aims at �nding a ommon subspae where soure and target share as

muh similarity as possible. Then, the label information of transformed soure data an be trans-

ferred to transformed target data. This is also our objetive of KPCA domain adaptation.

In [54℄, soure and target subspaes are represented by two points in the Grassmann manifold.

Along the smooth geodesi between these two points, new points are generated to represent the

intermediate subspaes. Let S′c denotes the onatenation of all subspaes (of dimension dc× 1).
Then we projet soure and target data onto S′c, eah soure data xsi is now represented by xs

′

i (of

dimension dc×1) ; similar for target data (xtj → xs
′

j ). Then, the lassi�er trained on transformed

soure xs
′

i (labeled) is supposed to perform well on target transformed data xs
′

j (unlabeled). Thus,

via geodesi �ow, soure and target subspaes are aligned. Further researh is related to avoid

parametrization (the number of intermediate subspaes that are suitable for learning) (GFK [53℄).

Others suppose that the target data an be linearly represented by soure data in a ommon

subspae ([158℄) :

∃P,Z : P TXt ≈ P TXsZ s.t. onstraints on P and Z (5.1)

Their objetive is to �nd the optimum P and Z that :

min
P,Z
||P TXt − P TXsZ||2F

The above problem is ill-posed, so extra regularization terms have been introdued w.r.t Z and

P .
min
P,Z,E

||P TXs − Y ||2F + λ||P ||F + γ||Z||∗ + α||Z||1 + β||P TXt − P TXsZ||1

For example, low-rank onstraint on Z and subspae learning funtion (F (P,Xs) = ||P TXs −
Y ||2F + λ||P ||F ) w.r.t P ([120℄).

[133℄ ombines PCA with previously overviewed methods and proposes two learning strate-

gies :
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5.2. Bakground

� Strategy 1 : this strategy is under Assumption 5.1 ; �rst, soure and target data are trans-

formed into prinipal omponents by PCA. Then, through two suessive alignment steps :

�rst alignment of basis and then alignment of distributions, soure and target data are

rendered similar. Similar subspae alignment an be found in [43℄ without the alignment

of basis step. To the best of our knowledge, the alignment of basis is novel and similar to

our approah. However, we align basis and distributions at the same time. Moreover, there

is no assumption of a linear transformation between either basis or distributions.

� Strategy 2 : this strategy ombines PCA with GFK (Geodesi Flow Kernel [53℄). The

original soure and target data are preproessed by PCA. Then, the respetive prinipal

omponents are used to replae original soure and target data. After �nding the ommon

subspae, a distribution alignment between projeted original soure and target data is fur-

ther used to ahieve better performanes. Still, this alignment is realized under Assumption

5.1.

5.2.3 Domain Adaptation by Kernel Spae Alignment

Kernel feature map (φ(.)) generally transforms low-dimensionality data into a higher-dimensional

spae. Given a kernel, the expliit expression of φ(.) is generally impossible to �nd. However, to

study the similarity among samples, expliit expression of φ(.) is not neessary. We an apply

inner-produt between their mapped kernel features, k(xi, xj) =< φ(xi), φ(xj) > (More details

an be found in Setion 1.3). Therefore, previously proposed alignments in RKHS generally use

the alignment of kernel matries K (K(i, j) =< φ(xi), φ(xj) >). Until now, there have not been
a lot of related works on domain adaptation.

[169℄ deals with the ovariate shift problems (in Setion 3). Authors assume that if two

kernel matries are the same, then their orresponding empirial feature maps (φemp = K
1
2
[112℄

and [93℄) will also be the same, so are the distributions w.r.t the orresponding kernel indued

features. They �rst de�ne a surrogate kernel KT ←S (De�nition in Annexe 2.2). The surrogate

kernel is estimated by projeting a given kernel matrix (on S) to an arbitrary sample (from T )
while preserving the key eigen-strutures (found by Nystrom Kernel Approximation in Annexe

2.3). The the transfer learning problem beomes :

min
P∈R|T |×|T |

||P TKTTP −KT ←S ||2F + λ||P ||2F

K̃TT = P TKTTP =< φ(Xt)P, φ(Xt)P >=< φ(X̃t), φ(X̃t) >

The objetive is to �nd the optimum P and then ross-domain similarity (G) beomes :

G =

[
< φ(X̃t), φ(X̃t) > < φ(X̃t), φ(Xs) >

< φ(Xs), φ(X̃t) > < φ(Xs), φ(Xs) >

]

=

[
P TKTTP P TKTS

KSTP KSS

]

Then, in [76℄ the assumption is relaxed for domain adaptation ontext. They relax the eigens-

petrum presented in previous paper (eigenspetrum in the original Nystrom Kernel Approxima-

tion see Annexe 2.3) to a learnable parameter. Then this learnable parameter an be transferred

to get ross-domain similarity.
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Chapter 5. Domain Adaptation by KPCA Alignment

Di�erent from [169℄ and [76℄, we apply KPCA to expliitly estimate kernel representations

and the ross-domain similarity in a RKHS. Then the similarity is maximized.

5.2.4 Robust Transfer using Prinipal Component Analysis

To the best of our knowledge, Robust Transfer using Prinipal Component Analysis (RTPCA

[57℄) is the �rst parameter-based transfer learning using PCA. It provides an orientation for our

future work.

RTPCA �rst onsiders PCA as a regression problem :

min
Z,B
||X − ZB||2 s.t. BBT = Ik (5.2)

where Ik is the identity matrix of dimension k × k ; Z is the low-dimensional enoding matrix ;

B is the basis matrix and X = ZB + E with E representing the error.

Following a similar idea as in Eq 5.2, salable robust PCA is proposed ([153℄) :

min
M,E
||M ||∗ + λ||E||1 +

α

2
||M + E −X||2F

where M = ZB ; ||.||∗ is the nulear norm (||M ||∗ = trace(
√
MTM)) ; ||.||1 is the l1-norm ; λ and

α are trade-o� parameters.

For soure and target data, we an have :

Xs = NsBc + ZsBs + Es

Xt = NtBc + ZtBt + Et

where Bc ∈ Rkc×d
is the orthogonal basis shared by soure and target ; Bs ∈ Rks×d

and Bt ∈
Rkt×d

are spei� orthogonal bases for soure and target ; Ns ∈ Rns×kc
, Nt ∈ Rnt×kc

, Zs ∈
Rns×ks

, Zt ∈ Rnt×kt
are matries ontaining oe�ients to be optimized ; let Zc = [Ns;Nt] and

Zc ∈ R(ns+nt)×kc
; As = [Ins , 0ns,nt ] and At = [Int , 0nt,ns ] (In represents the n×n identity matrix

and 0ns,nt represents a ns×nt matrix of all zeros) ; thus, Ns = AsZc and Nt = AtZc. We integrate

all elements into the formulation of salable robust PCA :

min
Mc,Ms,Mt,Es,Et

αs

2
||AsMc +Ms + Es −Xs||2F +

αt

2
||AtMc +Ms + Et −Xt||2F+

βs||Es||1 + βt||Et||1 + λc||Mc||∗ + λs||Ms||∗ + λt||Mt||∗

where M{c,s,t} = Z{c,s,t}B{c,s,t}.

Optimization is implemented as proposed in [57℄. Unfortunately, in [57℄, the appliation is

only image-denoising : restoring reliable target image using ommon basis and target spei�

basis (X̂t = AtMc +Mt).

The transformation of PCA to a regression form inspires another way of transferring a om-

mon basis Bc. For perspetives, we an also transfer the KPCA problem to some regression form

and take into onsideration the ommon basis and the spei� basis.
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5.3 Domain Adaptation by KPCA Coordinate System Alignment

5.3.1 KPCA Subspae Transformation

Reently, a kernel subspae alignment by KPCA was proposed ([2℄) :

� Step 1 - Landmark Seletion : In order to onstrut a reliable ommon subspae, landmarks

are seleted from soure and target data. They are representative for original data (soure

and target) as well as similar one to another. The seletion riterion used in [2℄ is the

distribution overlap riterion :

S ∼ N (µS , σ
2
s) and T ∼ N (µT , σ

2
t );

C =

∫
N (x|µS , σ2s)N (x|µT , σ2t )dx

N (0|0, σ2sum)

=
N (µS − µT |0, σ2s + σ2t )

N (0|0, σ2sum)

where N is the gaussian distribution and N (x|µ, σ) is the gaussian distribution with mean

µ and variane σ2 ; C represents the distribution overlap riterion. However, the validity

of the above riterion is only proved experimentally with the proposed approah. Further

analytial demonstration is to be developed.

Algorithm 1 presents the detail of landmark seletion.

Algorithm 1 Seletion of Landmarks

Input : Soure data S, Target data T , Threshold th, kernel parameter s
Output : A that ontains all seleted landmarks

A← {}
for c in S ∪ T do

KVs ← exp(−||c− p||2/(2s2)), p ∈ S
KVt ← exp(−||c− p||2/(2s2)), p ∈ T
if C(KVs,KVt) > th then
A = A ∪ {c}

end if

end for

return A

� Step 2 - KPCA : soure and target landmarks are transformed by KPCA.

� Step 3 - Subspae Alignment : in [2℄, subspae alignment is done under the Assumption

5.1. An alignment matrix an be found by using projeted soure and target landmarks.

� Step 4 - Classi�ation : �nally, a lassi�er trained on soure output of Step 3 an be used

on target (target output of Step 3).

In this paper, authors align soure and target data in their kernel subspae, thus extending

[43℄ by taking into aount the non-linearity of data domain-shift. However, a limitation of [2℄ is :

the seletion of landmarks may not guarantee that a linear transformation (in Step 3, Assump-

tion 5.1) an well align soure and target even when transforming both data in a kernel subspae.
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5.3.2 KPCA Coordinate System Alignment (KPCA-TL)

In this setion, we propose a new method to align soure and target KPCA oordinate sys-

tems and simultaneously their distributions therein. Furthermore, the assumption given in Eq 5.1

is no longer neessary. We start by presenting possible problems ; then our approah is proposed

aiming at solving these problems.

Possible KPCA Problems

Aording to the presentation of KPCA (and PCA) in Setion 1.4.3, when projeting soure

and target data that maximally preserving their variane, respetively, there may be permutation

or/and inversion of KPCA axes.
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Figure 5.1 � Illustration of permutation of �rst and seond eigenvetors after PCA. In both 5.1(b) and

5.1(), absissa orresponds to the eigenvetor V1 assoiated to the largest eigenvalue, while

ordinate orresponds to eigenvetor V2 assoiated to the seond largest eigenvalue.

We �rst take PCA as an example. In Figure 5.1(a), original soure and target data are pre-

sented. The transformed data after PCA are presented in Figure 5.1(b) and Figure 5.1() for

soure and target respetively. We an observe that there is a permutation between eigenvetors

of PCA of soure and PCA of target. As the similarity between soure and target is usually
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5.3. Domain Adaptation by KPCA Coordinate System Alignment

intrinsi, permutation often appears, espeially in real appliations. Moreover, as eigenvetors

are de�ned up to the multipliative onstant ±1, the inversion of prinipal omponents might

our. Obviously, the problem of inversion and/or the problem of permutation of eigenvetors

might also appear in KPCA.

Linearity Assumption Problems

KPCA an transform data to a higher-dimensional kernel spae. Aording to the extended

version of Assumption 5.1, in this kernel spae, there exists a linear transformation that an

align soure and target data. We shows a ounterexample in Figure 5.2. From Figure 5.2(b), we

an observe that even with a well aligned oordinate system, even in a high-order subspae , the

relationship between soure and target is nonlinear. Furthermore, if we redue the dimension of

KPCA kernel spae, it is possible that soure and target beome less similar than before.

Although kernel feature map an render a nonlinearly separable problem to a linearly se-

parable one, we annot guarantee that the best lassi�er remains linear after projetion onto

a subspae of the initial KPCA. Thus, the linear transformation assumption in KPCA kernel

subspae is a limitation to kernel subspae alignment.

Model of KPCA Transfer Learning (KPCA-TL)

Taking into onsideration the above possible problems, we propose KPCA Transfer Learning

(KPCA-TL).

� Step 1 - KPCA is applied to soure and target separately. But instead of reduing soure

and target data to a ommon subspae, we redue soure data to a KPCA subspae with a

dimensionality that is seleted smaller than that of target KPCA subspae. Let the soure

KPCA subspae be l1-dimensional and let the target KPCA subspae be l2-dimensional

(l1 < l2
6

). Then, we aims to align soure and target KPCA oordinate systems by hoo-

sing l1 suitable axes (from a total of l2 axes) of target that math maximally the l1 axes

of soure (with possible inversions and permutations taken into aount).

� Step 2 - Alignment of both oordinate systems and distributions : here, we apply Maxi-

mum Mean Disrepany (MMD in Setion 1.4.4). In general, MMD is applied to original

soure and target data, whih is equivalent to align the �rst-order moments of φ(Xs) and
φ(Xt). But as KPCA enters the data in the kernel subspae, E[φ(Xs)] = 0 = E[φ(Xt)]
after KPCA even when soure and target data are not similar in the original spae. Thus

we hoose to apply MMD on prinipal omponents obtained by KPCA, so that the distri-

butions of soure and target after KPCA are aligned, whih is expeted to lead to good

alignment in the input spae. It is important that we do not suppose the existene of any

linear transformation between kernel representations of soure and target. From Step 1,

there are C l1
l2
2l1 possible bases (of dimension l1) formed by target KPCA subspae axes.

Thus, we propose to alulate the MMD for all C l1
l2
2l1 possibilities

7

to selet the best

KPCA ommon subspae for soure and target. The best alignment is ahieved when the

6. If we suppose l1 > l2, the reasoning remains similar and it just needs to inverse the role of soure KPCA

subspae and target KPCA subspae

7. Usually, we use relatively small l1 and l2.
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Figure 5.2 � Illustration of non-linear relationship between soure and target after KPCA.
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MMD value is minimum.

� Step 3 - Classi�ation : �nally, we use SVM on soure data in the aligned KPCA subspae

and it is supposed to perform well on unlabeled target data.

5.3.3 Posterior Linear Transformation to further improve the Alignment

After KPCA-TL, soure and target data are assumed to be well aligned. However, aor-

ding to the experimental results (in Setion 5.5 and Setion 5.6), sometimes the performane of

SVM lassi�er on target data is not fully satisfatory. Therefore, we onsider to apply a linear

transformation between soure and target in the KPCA-TL subspae to further improve the

performane. Here, a linear transformation matrix is learned by minimizing the residual MMD

(KPCA-TL-LT). Sometimes, KPCA-TL-LT an improve the performane. We think it is beause

the orresponding optimization problem is non onvex.

5.4 Domain Adaptation by Kernel Spae Alignment After a Li-

near Transformation in the Input Spae and its Kernel Re-

presentations

In the previous setion, we have to alulate C l1
l2
2l1 di�erent MMDs, whih is tedious when

l1 and/or l2 augment. Therefore, we propose a fast KPCA based RKHS alignment approah :

as we shall see, by �nding a proper linear transformation (M) in the original input spae, the

KPCA prinipal omponents and the distributions are aligned simultaneously in a RKHS, while

avoiding the ombinatorial aspets appearing in the previous setion. Again, the similarity mea-

sure is MMD.

5.4.1 Step 1 : Linear Transformation in the Original Input Spae

Let M be a linear transformation matrix suh that target data (Xt) is transformed to XtM .

If we apply the alignment diretly by minimizing an estimate of the squared MMD, we obtain :

argmin
M
|| 1
ns

ns∑

i=1

φs(x
s
i )−

1

nt

nt∑

j=1

φs(x
t
jM)||2

argmin
M

1

n2s

ns∑

i=1

ns∑

j=1

< φs(x
s
i ), φs(x

s
j) > +

1

n2t

nt∑

i=1

nt∑

j=1

< φs(x
t
iM), φs(x

t
jM) >

− 2

nsnt

ns∑

i=1

nt∑

j=1

< φs(x
s
i ), φs(x

t
jM) >

(5.3)

Obviously, the optimization seems infeasible : the objetive funtion is generally non-onvex

w.r.t M ; and there will be heavy omputation burden. Thus, there is no guarantee to �nd a

suitable linear transformation M to best align soure and target data. Therefore, we try to �nd

the kernel representations of Xs and XtM expliitly.
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Chapter 5. Domain Adaptation by KPCA Alignment

We �rst transform the metri learning (�nding the best transformation matrix M) to kernel

learning (�nding the best kernel matrix parameter M).

In this setion, we use the gaussian kernel. Then, if we express the inner produt of φ(xtiM)
and φ(xtjM) with the gaussian kernel, we obtain :

< φs(X
i
tM),φs(X

j
tM) >

=exp(−
(xti − xtj)MMT (xti − xtj)T

σ2
)

Applying the above relation to target data, we an de�ne a new gaussian kernel suh as :

< φt(x
t
i), φt(x

t
j) >=< φs(x

t
iM), φs(x

t
jM) >

Then, problem 5.3 has an equivalent form :

argmin
M
|| 1
ns

ns∑

i=1

φs(x
s
i )−

1

nt

nt∑

i=1

φt(x
t
i)||2 (5.4)

Therefore, �nding a good linear transformation M is equivalent to �nding a good kernel

parameter M of < φt(Xt), φt(Xt) > (where < φt(x
t
i), φt(x

t
j) >= exp(− (xt

i−x
t
j)MMT (xt

i−x
t
j)

T

σ2 ))
However, to solve Eq. 5.4, we need to know the inner produt between two di�erent kernel trans-

formations (φt(.) and φs(.)). But de�ning suh inner produt is odd. Therefore, we represent

these two kernel transformations expliitly in their ommon RKHS with the help of KPCA.

5.4.2 Step 2 : KPCA

By KPCA, we an obtain :

φs(Xs) = XT
psV s,where Xps = αT

s KSS

φt(Xt) = XT
ptV t,where Xpt = αT

t KTT

with KSS(i, j) =< Φs(x
s
i ),Φs(x

s
j) >, i, j = 1, . . . , ns

and KTT (i, j) =< Φt(x
t
i),Φt(x

t
j) >, i, j = 1, . . . , nt

where Φ{s,t} representing the entered kernel transformation for soure or target data (Φs(x
s
j) =

φs(x
s
j) − 1

ns

∑ns

i=1 φs(x
s
i ), similar formula for Φt(.)) ; αs(αt) are the eigenvetors of KSS(KTT ).

Now Xpt is a funtion of the linear transformation M applied in the input spae.

With proper kernel parameters (σ andM), if we apply KPCA to φs(Xs) and φt(Xt) respeti-
vely, we should get rather similar data in the new ommon oordinate system spanned by V {s,t}.
If we retain the same number l of prinipal axes (orresponding to the l �rst prinipal ompo-

nents), V ′s represents the same oordinate system as V ′t while there is no problem of inversion or

permutation of axes

8

. We denote the ommon oordinate system by V c(V c = {~Vc1, ~Vc2, . . . , ~Vcl}),
then we get :

φs(Xs) ≈ XT
psV c, and φt(Xt) ≈ XT

ptV c (5.5)

8. This will be explained in Setion 5.4.5.
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Then, Eq. 5.4 beomes :

argmin
M
|| 1
ns

ns∑

i=1

XT
ps(i, :)V c −

1

nt

nt∑

j=1

XT
pt(j, :)V c||2 (5.6)

After some further developments :

argmin
M

1

n2s
1XT

psXps1
T +

1

n2t
1′XT

ptXpt1
′T

− 2

nsnt
1XT

psXpt1
′T

where 1(1′) is the row vetor omposed of ones and of dimension 1× ns(nt).

As Xps is independent of M , the above optimization problem is equivalent to :

argmin
M

1

n2t
1′XT

ptXpt1
′T − 2

nsnt
1XT

psXpt1
′T

As our objetive is to determine the "best" kernel spae (φt(Xt)), whih is equivalent to �nd

the "best" Xpt, we ould minimize MMD w.r.t Xpt rather than w.r.t M , we then optimize with

regards to Xpt :

L = min
Xpt

1

n2t
(Xpt1

′T )T (Xpt1
′T )− 2

nsnt
(1XT

ps)(Xpt1
′T )

∂L
∂Xpt

=
2

n2t
(Xpt1

′T 1′)− 2

nsnt
(1XT

ps)
T 1′

=
2

n2t
(Xpt1

′T 1′)− 2

nsnt
(Xps1

T 1′)

However, there are several onstraints on Xpt that have not been taken into onsideration :

� Xpt must be of the form αT
t KTT where αt is the matrix ontaining l eigenvetors of KTT

that orrespond to the l largest eigenvalues. KTT should always be symmetri, de�nite

positive. Thus, there should be onstraints on Xpt, whih are not obvious.

� There must exist M that :

KTT (i, j) = exp(−(xi − xj)MMT (xi − xj)T
σ2

),

i, j = 1, . . . , nt; and ∀xi, xj ∈ Xt

In other words, the possible domain of KTT depends also on M and Xt ; and even if we

alternatively optimize L, in every iteration we need to guarantee the positive de�niteness

of KTT . It leads to an intratable optimization problem.

Therefore, even with expliit kernel representations of soure and target data, �nding the

best alignment in the original spae is hallenging and is not of major interest. So we propose to

align soure and target data's kernel representations by MMD.
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Chapter 5. Domain Adaptation by KPCA Alignment

5.4.3 Step 3 : Kernel Representation Alignment

In order to align Xps and Xpt, we measure the the MMD in another RKHS spae indued by

ϕ(.) on Xps and Xpt. The optimization problem an be formulated as follows :

argmin
M
‖ 1
ns

ns∑

i=1

ϕ(XT
ps(i, :)) −

1

nt

nt∑

j=1

ϕ(XT
pt(j, :))‖2

argmin
M

1

n2s

ns∑

i=1

ns∑

j=1

< ϕ(XT
ps(i, :)), ϕ(X

T
ps(j, :)) >

+
1

n2t

nt∑

i=1

nt∑

j=1

< ϕ(XT
pt(i, :)), ϕ(X

T
pt(j, :)) >

− 2

nsnt

ns∑

i=1

nt∑

j=1

< ϕ(XT
ps(i, :)), ϕ(X

T
pt(j, :)) >

(5.7)

where ϕ(.) is the kernel transformation, used to ompute MMD between soure and target

data (after KPCA projetion). Note that Eq. 5.7 di�ers from Eq. 5.4 by the introdution of ϕ(.).
Minimizing Eq. 5.7, we expet that Xps and Xpt share similar distributions, in other words, after

di�erent kernel transformation φs(.) and φt(.), the soure and target data beome similar. In this

way, not only the optimum M is easy to �nd, also the problem of permutation and inversion of

KPCA axes is avoided (see Setion 5.4.5).

5.4.4 Step 4 : Linear Classi�ation

We �nally apply soft margin SVM on soure KPCA representation (Xps), thus avoiding the

use of preimage. Further, as KPCA an render nonlinearly separable data linearly separable, in

the ommon RKHS found by KPCA, a linear SVM an perform well. For most of the ases, the

deision funtion is a hyperplane in this spae.

5.4.5 Fast Searh for Parameter

To simplify the optimization, we limit the range of M to be the lass of orthonormal bases.

We transform the original data by projeting them on a new basis. Therefore, MMT = γ2I,
where γ is the saling fator (a salar value) and I is the identity matrix. As learning the linear

transformationM is equivalent to learning a parameter of kernel indued by φt(.), we are looking
for a suitable kernel parameter σt suh that the exat < φt(x

t
i), φt(x

t
j) > an be approximated

by exp(− (xt
i−x

t
j)(x

t
i−x

t
j)

T

σ2
t

). Therefore, with this restrition, the optimization problem beomes

salar (non-onvex). A simple grid searh strategy is su�ient to determine a good value of σt.
During this grid searh, the di�erent hoies for σt give possible orientations of the eigenvetors
resulted from KPCA. So, when evaluating MMD to determine an optimal σ∗t , within the neighbo-

rhood of σ∗t , we have with high probability a good alignment of KPCA bases of soure and target.

Experimental results have shown good performane with this strategy. Therefore, suh a li-

near transformation in the original input spae an result in non-linear alignment in a ommon
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KPCA subspae, whih an lead to relatively good performanes.

It is also possible to extend our approah to heterogeneous transfer learning ases. In these

ases, the transformation matrix Mheter is no longer a squared matrix, but the idea of limiting

Mheter to be a hange of basis an still be used, satisfying MheterM
T
heter = γ2heterI. Therefore,

optimizing γheter an solve the problem. However, further experiments are needed to validate

this extension.

Thereafter, we denote this approah by KPCAlin.

5.5 Simulations and Analysis

5.5.1 Simulations on Syntheti Datasets

We �rst illustrate the e�ieny of KPCA-TL (in Setion 5.3.2) and KPCA-TL-LT (in Setion

5.3.3) on two syntheti datasets.

For the �rst dataset, soure data is represented by the lower left points while target data is

represented by the upper right irles (in Figure 5.3(a)). Obviously, the soure data lassi�ation

task is a linear one while that of target data is nonlinear. For omparaison, the original data

is proessed by KPCA without alignment (in Figure 5.3(b)) ; the result after KPCA-TL (after

KPCA oordinate systems alignment and distributions alignment) is shown in Figure 5.3() ; li-

near transformation afterwards (KPCA-TL-LT) an further improve the result, shown in Figure

5.3(d) ; in Figure 5.3(e), we apply an optional preimage tehnique to show that soure and target

data are aligned when transformed bak to the original spae ; for this dataset, a linear lassi�er

an lassify well soure and target data in the original spae.

The seond syntheti dataset is shown in Figure 5.4. Soure data is represented by points,

whih forms onentri irles in the lower left ; target data is represented by irles, whih forms

an ellipse and a irle in the upper right. The objetive is to �nd a lassi�er based on soure

to well lassify target. In Figure 5.4(a), original data is presented. Then, soure and target data

after KPCA without alignment are shown in Figure 5.4(b). As an be seen, an inversion of the

absissa an be observed. In Figure 5.4(), KPCA-TL is applied and we have obtained relati-

vely well aligned soure and target. Then, in Figure 5.4(d), KPCA-TL-LT has improved the

alignment, where a linear lassi�er an be satisfatory (shown in Figure 5.4(e)). Similarly to

the previous simulation, we transform the KPCA spae data bak to the original spae (Figure

5.4(f)) and �nd that a single lassi�er an separate both soure and target data. However, the

original data distribution is not obtained beause of the strong dimensionality redution e�et

of the KPCA subspae seletion and beause KPCA axes are seleted to align soure and target

data, not neessarily to give a good representation of them.

We then ompare KPCA-TL, KPCA-TL-LT and KPCAlin. We use similar syntheti datasets.

Figure 5.5 illustrates the omparison on the �rst syntheti data set (similar to Figure 5.3) while

Figure 5.6 illustrates the omparison on the seond syntheti data (similar to Figure 5.4).
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(d) Step 3 : After Linear Improvement (KPCA-TL-

LT)
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(e) Step 4 : After Preimage

Figure 5.3 � Results obtained on the banana-orange data set. Points represent the labeled soure data

while irles are the unlabeled target data. Di�erent olors represent di�erent lasses. Al-

though target data have di�erent olors, they are assumed to be unlabeled. The mathing of

olors between irles and points represents the mathing results. In the �nal step, we an

see that a linear lassi�er in the KPCA spae that an well separate soure data an also

well lassify target data.
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(d) Step 3 : After Linear Alignment
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(f) Step 5 : After Preimage

Figure 5.4 � Results obtained on the onentri irle data set. Points represent the labeled soure data

while irles are the unlabeled target data. Points form onentri irle problem while irles

form non onentri irles problem. Di�erent olors represent di�erent lasses. Although

target data have di�erent olors, they are assumed to be unlabeled. The mathing of olors

between irles and points represents the mathing results. In step 3 and step 4, we an see

that a linear lassi�er that an well separate soure data an well lassify target data. It is

normal that the preimage tehnique doesn't return the original data beause of its dimension

redution e�et and beause KPCA axes are seleted to align soure and target data, not

neessarily to give a good representation of them.

93



Chapter 5. Domain Adaptation by KPCA Alignment

−4 −2 0 2 4 6 8 10 12 14
−5

0

5

10

(a) original data

−1

−0.5

0

0.5

−1

−0.5

0

0.5

1
−1

−0.5

0

0.5

1

(b) data after KPCA-TL

−1
−0.5

0
0.5

1

−1

−0.5

0

0.5

1
−1

−0.5

0

0.5

1

() data after KPCA-TL-LT

−2
−1

0
1

2

−2

0

2

4
−3

−2

−1

0

1

2

(d) data after KPCAlin

Figure 5.5 � Comparison among KPCA-LT, KPCA-TL-LT, KPCAlin. Figure 5.5(a) shows the original

data : points (lower left) represent soure while irles (upper right) represent target.
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(b) data after KPCA-TL
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(d) data after KPCAlin

Figure 5.6 � Comparison among KPCA-TL, KPCA-TL-LT, KPCAlin. Figure 5.6(a) shows the original

data : points (lower left onentri irles) represent soure while irles (upper right the

ellipse and the irle) represent target.
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5.5.2 E�ieny Comparison

We ompare the e�ieny and omputational time for KPCA-TL-LT and KPCAlin. Beause

in the syntheti ases, l (l = 3 for the �rst syntheti dataset and l = 2 for the seond syntheti

dataset) is very small and there are 150 points for soure in the �rst syntheti dataset and 200
points for soure in the seond syntheti dataset (same number of points for target as soure

data in both syntheti datasets). Here is a table omparing the e�ieny of both datasets with

the same parameter setting :

KPCA-TL-LT KPCAlin

Performane Time Performane Time

Dataset in Figure 5.5 0.9542 6.9296 0.9542 5.1347

Dataset in Figure 5.6 0.9702 7.6332 0.9934 8.8084

Table 5.1 � E�ieny on syntheti datasets

In Table 5.1, the omputational time for the seond dataset (in Figure 5.6) is longer than

that for the �rst dataset (in Figure 5.5). Even though l dereases from the �rst dataset to the

seond dataset, there are more points in the seond dataset and the time for alulations of

kernel matries is a muh more important fator than l. Then we ompare the omputation

time of KPCA-TL-LT and KPCAlin for both datasets : in the �rst dataset, we have to alulate

160 times MMD for KPCA-TL-LT while 100 times MMD for KPCAlin ; thus, KPCAlin is qui-

ker than KPCA-TL-LT ; however, in the seond dataset, we have to alulate 60 times MMD

for KPCA-TL-LT while always 100 times MMD for KPCAlin ; thus, KPCA-LT-LT is quiker

than KPCAlin. The times of alulation of MMD depend on l1 and l2 (de�ned in Setion 5.3.2,

l2 = 6 for both datasets and l1 = l) for KPCA-LT-LT while depend on the number of salar

andidates for KPCAlin (salar optimization for KPCAlin). Note that the time an vary even

with the same method on the same dataset, espeially for KPCA-TL-LT ; beause the ompu-

tation time of the optimization of the posterior linear transformation an vary ; however, as l is
small, the omputation time for this optimization usually does not in�uene muh the �nal result.

Generally, KPCAlin is more e�ient when l is large and the results obtained are relatively

good ompared to KPCA-TL-LT (sometimes better). KPCA-TL-LT is more e�etive when l is
small (2 or 3). In Setion 5.6, there will be a omparison of our results with those from the

literaturesS.

5.5.3 Tuning of Kernel Parameters

For KPCA-TL and KPCA-TL-LT, the parameters to be tuned are l2, l1, σKPCA, σMMD. l1
is the dimensionality of the �nal KPCA basis ; l2 is the dimensionality of potential KPCA basis ;

σKPCA is the kernel parameter that is used for KPCA transformation ; σMMD is the kernel para-

meter that used for alulating MMD. σKPCA is usually seleted aording to the soure KPCA

results : the positive group and negative group should be well separated. l2 is usually bigger than
l1. In our simulations, l1 = 2 or 3, while l2 = 6. σMMD is seleted suh that every hange from

the optimum basis will lead to an obvious hange in MMD. In real datasets (presented in Setion

5.6), we hoose σKPCA and l1 together, following the strategy below.

For KPCAlin, the parameters are σKPCA (σ for soure KPCA) , l, σMMD and the interval
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for salar optimization. σKPCA and l are found together suh that the optimum pair (σKPCA, l)
maximizes the information gap : G = Di

Di+1
, i = 1, . . . , l − 1, where Di is the ith eigenvalue,

representing the perentage of information kept by using ith prinipal omponents. In this way,

we onsider the data retained to hold the prinipal information and there is a large gap between

this useful data and the data left, whih is onsidered as noise. Then for the salar optimization,

we �rst �x σ, the kernel parameter used for soure data KPCA, then set an interval of [ σ10 , 10σ]
and grid searh on 100 andidates regularly spaed within this interval. In general, this interval

inludes the optimum value (for all our simulations and real experiments). To �nd a suitable

value for σMMD, we use a similar way as above.

5.6 Experiments

In this setion, we apply our proposed approahes (SVMMMD in Chapter 4, KPCA-TL,

KPCA-TL-LT and KPCAlin in Chapter 5) to real datasets. A brief desription of datasets is

given in Setion 5.6.1. Then, we ompare our approahes to other well-known homogeneous trans-

dutive transfer learning approahes (no labeled target data is available) : Table 5.2 shows the

experimental results and the omparison is given in Setion 5.6.3. Finally in Setion 5.6.4, we

analyse the in�uene of parameters.

5.6.1 Datasets

For real data sets, we �rst use the USPS real data set, a handwritten digits data set. There

are training and testing subsets, both ontaining images (16× 16 pixels) of handwritten digits 0
to 9. We use the training subset as our soure data while the testing subset is our target data.

We suppose that there is no label information for target data. As in [142℄, the objetive is to

separate digit 4 and digit 7 as the soure task and to separate digit 4 and digit 9 as the target

task (USPS-Task 1). Other similar transfer learning data set an be formed, for example, the

lassi�ation of digits 3 and 6 (soure) to help lassi�ation of digits 3 and 8 (target). Generally,

we take advantage of an easier task to help the lassi�ation of a harder task (see Fig.5.7, where

a t-SNE plot ([80℄) illustrates this ase).

Some other data sets from the UCI data repository are also used here, namely IRIS and

SEED. For the IRIS dataset

9

, we know that there are 3 lasses (4 attributes), easily separated.

For the soure, we take iris-setosa and iris-versiolor as soure positive and soure negative lass,

while for the target, we onsider iris-versiolor as negative lass and iris-virginia as positive lass

(IRIS-Task 1), respetively. We an also form another transfer learning task by using iris-setosa

and iris-virginia as soure while iris-versiolor and iris-virginia as target (IRIS-Task 2). Figure

5.8 shows the PCA representation of iris data. From Figure 5.8, it is more di�ult to separate

iris-versiolor and iris-virginia than to separate iris-versiolor and iris-setosa or iris-virginia and

iris-setosa.

SEED dataset

10

onsists of 3 lasses (7 attributes). Similarly to the IRIS dataset, we onstrut

two transfer learning tasks for the SEED data set : SEED-Task 1 - soure data are the Canadian

9. https ://arhive.is.ui.edu/ml/datasets/iris

10. https ://arhive.is.ui.edu/ml/datasets/seeds
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Figure 5.7 � t-SNE plot of USPS testing data.

−4 −3 −2 −1 0 1 2 3 4
−1.5

−1

−0.5

0

0.5

1

1.5

 

 

iris−setosa

iris−versicolor

iris−virginica

Figure 5.8 � PCA representation of iris dataset.
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Figure 5.9 � PCA representation of seeds dataset.

wheat variety and the Rosa wheat variety while target are the Canadian wheat variety and the

Kama wheat variety ; SEED-Task 2 - the Canadian wheat variety and the Rosa wheat variety

are soure data while the Kama wheat variety and the Rosa wheat variety are the target. Figure

5.9 shows the PCA representation of seeds dataset. As shown in the �gure, we use an easier

lassi�ation task as soure while a more di�ult lassi�ation task as target.

5.6.2 Experimental Results

In Table.5.2, we ompare the results obtained with our methods and that with LM (the me-

thod proposed in [102℄). In [102℄, LM has been proved superior to some other related transfer

learning methods (T-SVM in [64℄, CDSC in [73℄, LWE in [48℄), so we omit here the omparison

to these methods. Other domain adaptation methods are also inluded in the omparison, even

though some of the methods have little relatedness with ours. From this general omparison, we

show readers that, for some data sets, our methods give similar or even better results. Inluded

methods are TCA [93℄, GFK [53℄, JDA [75℄. Standard SVM is also ompared to show the use-

fulness of transfer learning (or ases when negative transfer happens). All parameters are tuned

to be optimal for every method.

5.6.3 Comparison to other state-of-the-art methods

We �rst ompare our methods to standard SVM. All of our methods, namely SVMMMD,

KPCA-TL, KPCA-TL-LT, KPCAlin, perform better than standard SVM. In other words, in all

real datasets tested, no negative transfer happens. However, we an �nd that for SEED-Task 1,

11. Results obtained after an inversion of labels, read the omment in the text.
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Table 5.2 � Good lassi�ation results on di�erent datasets for di�erent transfer learning methods.

USPS-Task 1 SEED-Task 1 SEED-Task 2 IRIS-Task 1 IRIS-Task 2

SVM 0.6976 0.8000 0.7000 0.5000 0.5000

TCA 0.7347 0.7286 0.8214 0.8800 0.5000

JDA 0.8329 0.7786 0.7714 0.5000 0.5100

GFK 0.7560 0.7857 0.7214 0.5000 0.5000

LM 0.7294 0.8929 0.8571 0.7000 0.7300

SVMMMD 0.9496 0.9071 0.9357 0.8700 0.9500

KPCA-TL 0.8117 0.9357 0.9214 0.9000

11

0.9300

KPCA-TL-LT 0.8143 0.9214 0.9143 0.9300

11

0.9700

KPCAlin 0.8554 0.9143 0.9429 0.9100 0.9200

TCA, JDA, GFK get worse performane than standard SVM, whih proves that suh methods

su�er from negative transfer learning.

We then notie that in IRIS-Task 1, there is an inversion of labels for KPCA-TL and KPCA-

TL-LT. With few labeled target data provided, both KPCA-TL and KPCA-TL-LT an ahieve

exellent performanes. The problem probably omes from the fat that positive and negative

lasses after KPCA are very similar to eah other ; thus, the mismath an happen.

From the results, SVMMMD performs the best in USPS-Task 1. Other USPS transfer lear-

ning tasks have also been tested and SVMMMD ahieves always the best. However, in other

tasks in Table 5.2, SVMMMD performs as well as other KPCA based approahes or worse than

some KPCA based approahes. Thus, SVMMMD is probably biased for USPS dataset.

For KPCA based datasets, KPCA-TL, KPCA-TL-LT and KPCAlin generally perform the

best among all approahes. In 3/5 tasks, KPCA-TL-LT improves the performane of KPCA-TL.

For the other 2 tasks, perhaps, even after KPCA alignment, the relationship between soure and

target data is nonlinear ; thus applying linear transformation after KPCA-TL sometimes does not

work. Another ause may be that the optimization �nding the optimum linear transformation is

trapped in loal minimum. Other better optimization strategies are to be developed. KPCAlin

is the most robust and the most e�ient (analysed in Table 5.1, in Setion 5.5) approah. The

mismath problem in IRIS-Task 1 is avoided by using KPCAlin.

In general, our proposed transfer leaning approahes return better results than other state-

of-the-art approahes. Of ourse, other more ompliated real datasets are to be tested.
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5.6.4 Analysis of parameters

For SVMMMD, we use ross validation to selet the kernel parameter. The parameter should

not be too small, or else, over�tting may happen. It should neither be too large, or else, the

resulted gaussian kernel performs like a linear kernel and its nonlinearity aspet will be lost. The

same observations an be found in other state-of-the-art approahes, for example SVM, TCA,

LM.

For KPCA based transdutive transfer learning approahes, the tuning of parameters is muh

more deliate than SVMMMD. Details of tuning parameters an be found in Setion 5.5.3, Chap-

ter 5. Importane parameters inlude the KPCA kernel parameter (σKPCA), the number of prin-

ipal axes used(l), the kernel parameter for MMD alignment (σMMD). By experiments, all KPCA

based approahes are not very sensible to σMMD. However, the seletion of pair (σKPCA, l) is
ruial to good experimental results. Followed the strategy proposed in Setion 5.5.3, Chapter 5,

the seletion of (σKPCA, l) an generally lead to good performanes, even for using a relatively

small number of prinipal axes (l).

5.7 Conlusion

In this hapter, we �rst reviewed related domain adaptation literatures : dimension redution

related domain adaptation (in Setion 5.2.1), subspae alignment domain adaptation (in Setion

5.2.2) and kernel spae alignment related domain adaptation (in Setion 5.2.3). We espeially

detailed Robust Transfer Prinipal Component Analysis (in Setion 5.2.4), based on whih the

perspetive of our researh is proposed.

Domain adaptation by KPCA oordinate system alignment (KPCA-TL in Setion 5.3.2 and

KPCA-TL-LT in Setion 5.3.3) and domain adaptation by linearly kernel spae alignment (KP-

CAlin in Setion 5.4) are our main ontributions on KPCA domain adaptation. Di�erent from

other subspae alignments, we suppose nonlinear relationship between soure and target basis

as well as their representations therein. We align simultaneously the KPCA basis and the kernel

representations by minimizing MMD in a higher-order RKHS. Then, we suppose that a linear

transformation an further align soure and target data in KPCA subspae. However, taking

into onsideration the permutations and inversions of KPCA axes greedily is time onsuming.

We then propose KPCAlin : the optimization problem beomes a salar optimization w.r.t kernel

parameter M ; it is also equivalent to �nding a linear transformation M (in the original input

spae) that nonlinearly aligns soure and target data in KPCA subspae. In this way, the align-

ment of KPCA bases and the alignment of the distributions in the RKHS are taken into aount

impliitly by �nding the optimum M . The similarity measure remains the MMD. When the

number of KPCA axes augments, KPCAlin beomes muh more e�ient than KPCA-TL and

KPCA-TL-LT.

In Setion 5.5 and Setion 5.6, experimental results showed the e�ieny and the robustness

of our approahes. In real datasets, KPCAlin is more robust than KPCA-TL and KPCA-TL-LT.

Morevoer, in Setion 5.5, we proposed e�etive strategies for seleting parameters. Obviously,
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other new and simple ways of setting parameters are to be developed.
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Chapter 6

Conlusion and Perspetives

6.1 Conlusion

This thesis ontributes to homogeneous transdutive transfer learning. After a presentation of

ovariate shift, the most simple homogeneous transdutive transfer learning approah, we relax

the ovariate shift assumption to be more and more general. Within these assumptions, several

ontributions have been proposed :

� In Chapter 3, we propose a relaxed transdutive transfer learning approah : it probabi-

listially solves the transfer learning problem by maximizing a likelihood riterion. It is

simple to be implemented. However, its optimization is non onvex and there are many

loal minimums.

� In Chapter 4, we then onsider to use a non-parametri riterion to solve the problem.

Maximum Mean Disrepany (MMD) is one of suh riteria. It measures the similarity of

two distributions with no parameters needed. Furthermore, it an be kernelized and easily

alulable. Therefore, we integrate MMD into SVM (Chapter 4 : SVMMMD). But unlike

previous literatures, we use MMD as a onstraint instead of a regularization term. In this

way, we fous on transfer, whih an be onsidered as an extreme ase of its regularized

ounterpart. Experimental results have shown that the onstraint SVMMMD is better than

its regularized ounterpart.

Another novelty of SVMMMD is our way of manipulating data in a RKHS. As usual, we

an transform data into higher dimensional RKHS by kernel methods (kernel based SVM).

We then show that our onstraint projets data onto a subspae of the RKHS whih re-

mains a RKHS.

Furthermore, the optimization is onvex and there is unique solution to the objetive fun-

tion. Compared to other MMD-based SVM transfer learning approahes, our approah

avoids the alulation of the inverse of a matrix, whih makes our approah more e�ient.

Compared to former proposed approah, SVMMMD an be applied to more general ases

and it is more e�ient.

� In Chapter 5, as SVMMMD sometimes fails, to avoid the failure, we propose to expliitly
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ontrol the alignment in a RKHS : KPCA tehnique an be applied.

• Our �rst KPCA based transfer learning approah (KPCA-TL) proposes to align both

oordinate systems and distributions of soure and target data. Di�erent from other

literatures, the alignment is nonlinear : MMD is applied when aligning the KPCA repre-

sentations of soure and target.

However, to align the oordinate systems of soure and target, we need to alulate

MMD for every possible math of axes, whih is tedious, espeially when the number of

retained axes augments.

• Our seond KPCA based transfer learning approah (KPCA-TL-LT) further aligns the

resulting mathed KPCA representations of soure and target by a linear transformation.

The result of KPCA-TL an be onsidered as a good starting point of the parametri

non onvex optimization of KPCA-TL-LT. The found linear transformation matrix is

expeted to be reliable. However, more deliate and reliable optimization strategy is to

be developed.

• To avoid the omputation burden of KPCA-TL and KPCA-TL-LT, our third approah

KPCAlin is proposed. To align the KPCA representations of soure and target, KPCA-

lin tries to �nd a linear transformation (a hange of representation basis) in the original

spae that renders soure and target to be similar in the KPCA subspae. We have pro-

ved that KPCA after suh linearly transformed original data is equivalent to projeting

the untransformed original data to a di�erent KPCA subspae. In other words, we use

di�erent kernel parameters to projet soure and target into their KPCA subspaes. On

modifying the kernel parameter of target KPCA, we are expeted to �nd a suitable tar-

get KPCA subspae that aligns with the soure KPCA subspae.

For KPCAlin, the optimization is e�ient.

6.2 Perspetives

Extension to Multi-lass Problems

All our ontributions are designated to solve binary lassi�ation tasks. Extension from bi-

nary lassi�ation to multi-lass lassi�ation should be onsidered.

� For SVMMMD, the one-against-one or one-against-all multi-lass strategies seemed to be

possible hoies. However, we have found that at least for the USPS dataset, both strate-

gies failed. More deliate extension strategy should be developed.

� For KPCA based transfer learning approahes, the most intuitive way of extending binary

tasks to multi-lass tasks may be to introdue multi-lass kernel methods on the KPCA

subspae.

104



6.2. Perspetives

Extension to Heterogeneous Transfer Learning

Another interesting orientation may be extending our work to heterogeneous transfer lear-

ning. For homogeneous transfer learning, the feature spae is shared between soure and target.

When the feature spaes di�er from soure to target, our works are not expeted to perform

well. For example, the di�erene of feature spae an be moderated by taking advantage of the

o-ourrene information between soure and target. How to use suh information and over

the gap in feature spae might be one of our future fous.

Evaluation Criteria

In this thesis, we onsidered that there was no available label information in target domain.

We observed possible onfusion between lasses. How to evaluate the performane on target data

remains unlear under suh a transfer learning ontext. Aordingly, new reliable evaluation ri-

teria should be proposed.
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Annexes

1 Annexes for Chapter 4

1.1 Dual Form of KMM

Lagrangian of KMM is :

L =
1

||w||2 + C

ns∑

i=1

βiξi −
ns∑

i=1

γiξi −
ns∑

i=1

αi[yi(< w,φ(xi) > +b) + ξi − 1]

with γ and α being Lagrangian multipliers. Then we an dedue the dual form :

min
α

ns∑

i=1

ns∑

j=1

αiαjyiyjKSS(i, j) −
ns∑

i=1

αi

s.t.

ns∑

i=1

αiyi = 0, ∀i = 1, . . . , ns

0 ≤ αi ≤ Cβi, ∀i = 1, . . . , ns

where KSS(i, j) =< φ(xis), φ(x
j
s) >.
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1.2 Final Optimization Problem of LM and its Dual Form

With w =
∑ns+nt

i=1 αiφ(Xi), we obtain Dist(Ps, Pt)
2
w.r.t α as :

Dist(Ps, Pt)
2 =|| 1

ns

ns∑

i=1

< w,φ(xsi ) > −
1

nt

nt∑

j=1

< w,φ(xtj) > ||2

=
1

n2s
(

ns∑

i=1

< w,φ(xsi ) >)
2 +

1

n2t
(

nt∑

j=1

< w,φ(xtj) >)
2

− 2

nsnt

ns∑

i=1

nt∑

j=1

< w,φ(xsi ) >< w,φ(xtj) >

=
1

n2s
αT [

ns∑

i,j=1

φ(X)Tφ(xsi )φ(x
s
j)

Tφ(X)]α +
1

n2t
αT [

nt∑

i,j=1

φ(X)Tφ(xti)φ(x
t
j)

Tφ(X)]α

− 2

nsnt
αT [

ns∑

i=1

nt∑

j=1

φ(X)Tφ(xsi )φ(x
t
j)

Tφ(X)]α

=
1

n2s
αT < φ(X), φ(xs) > [1]ns×ns < φ(X), φ(xs) >

T α

+
1

n2t
αT < φ(X), φ(xt) > [1]nt×nt < φ(X), φ(xt) >

T α

− 1

nsnt
αT (< φ(X), φ(xs) > [1]ns×nt < φ(X), φ(xt) >

T

+ < φ(X), φ(xt) > [1]nt×ns < φ(X), φ(xs) >
T )α

=αTΩα

where [1]n×m denotes a n × m matrix of all ones and Ω is a symmetri positive semide�nite

matrix of (ns + nt)× (ns + nt).

The objetive funtion then beomes :

min
α,ξ,b

αT (
1

2
< φ(X), φ(X) > +λΩ)α+ C

ns∑

i=1

ξi

s.t. ξi ≥ 0 and yi(α
T < φ(X), φ(xis) > +b) ≥ 1− ξi, ∀i = 1, . . . , ns

Dual form of the above LM problem is :

min
γ

1

2

ns∑

i=1

nt∑

j=1

γiγjyiyj < φ(xis), φ(X) > (
1

2
< φ(X), φ(X) > +λΩ)−1 < φ(xjs), φ(X) >T −

ns∑

i=1

γi

s.t.

ns∑

i=1

γiyi = 0, and 0 ≤ γi ≤ C, ∀i = 1, . . . , ns

2 Annexes for Chapter 5

2.1 Graph Laplaian M

There are many ways to assoiate a matrix with a graph. Here, we introdue the ommonly

used unnormalized Laplaian matrix in transfer learning literatures.

108



2. Annexes for Chapter 5

Let G = (V,E) be the graph, with V being the ensemble of vertex and E being the ensemble

of edges. Given data points xi, xj ∈ X , xi, xj an be onsidered as vertex. Let wij denote a

weight of edge (that onnets xi and xj) : it an represent the similarity between xi and xj ; if
wij = 0, there is no edge between xi and xj . The degree of a vertex xi is di =

∑n
j=1wij . A graph

Laplaian matrix M is a matrix M = D−W (W (i, j) = wij and D(i, i) = di, D(i, j) = 0, i 6= j)
that satis�es the following properties (from [147℄) :

� For every vetor f ∈ Rn
, we have

fTMf =
1

2

n∑

i,j=1

wij(fi − fj)2

� M is symmetri and positive semi-de�nite

� The smallest eigenvalue ofM is 0, the orresponding eigenvetor is the onstant one vetor.
� M has n non-negative, real-valued eigenvalues 0 = λ1 ≤ λ2 ≤ · · · ≤ λn

In transfer learning ontext, by applying fTMf as a regularization term, ertain strutural

properties of soure data (soure graph) an be more or less preserved and transferred to target

domain.

2.2 De�nition of Surrogate Kernel

De�nition ([169℄) : Let X and Z be two samples, and k(., .) be a kernel funtion. KX ∈
R|X |×|X | and KZ ∈ R|Z|×|Z| denotes the kernel matrix de�ned on X and Z, respetively. KXZ ∈
R|X |×|Z| denotes the kernel matrix de�ned among X and Z. Then, the surrogate kernel of KX
on sample Z, denoted by KZ←X is de�ned as :

KZ←X = KZXK
−1
X KXZ

2.3 Nystrom Kernel Approximation ([113℄)

If the onditions of Merer's theorem are satis�ed, then Merer kernel k an be diagonalized

as :

k(x, x′) =
l∑

j=1

λjψj(x)ψj(x
′)

where ψj , j = 1, . . . , l are orthonormal and satis�es the eigenvalue equation :

n∑

i=1

1

n
k(x, x′)ψj(x) ≅ λjψj(x

′)
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Résumé en français

1 Introdution

L'apprentissage automatique a pour objetif de faire apprendre automatiquement un modèle

préditif à partir de données existantes. Ces données peuvent être assoiées à une valeur de la

fontion à prévoir (étiquette dans le as de la lassi�ation qui nous onerne ii) ou non. En

fontion de la disponibilité de l'étiquette, l'apprentissage automatique est appelé supervisé, non-

supervisé ou semi-supervisé. Les tâhes à apprendre peuvent être très diverses : lassi�ation,

regression, rédution de dimension et.

Conernant la lassi�ation, l'apprentissage automatique a beauoup évolué ave l'introdu-

tion des réseaux de neurones arti�iels et des méthodes à noyau dont les SVM (Mahines à

Veteurs de Support) sont le représentant essentiel. Pour les méthodes lassiques d'apprentis-

sage, les données futures sont supposées issues de la même distribution de probabilité que les

données utilisées lors de l'apprentissage.

Nous nous intéressons ii à un as di�érent : le transfert d'apprentissage, dont l'objet est de

traiter des données futures qui possèdent des aratéristiques di�érentes de elles des données

ayant servi à l'apprentissage.

1.1 Aperçu du transfert d'apprentissage

Le transfert d'apprentissage a susité une grande attention de la part de la ommunauté

sienti�que à partir de 1995. Il di�ère de l'apprentissage automatique traditionnel par sa a-

paité à traiter des données issues de di�érentes lois de probabilité, ne possédant pas le même

espae de représentation et. Ainsi, l'objetif du transfert d'apprentissage est d'utiliser au mieux

les données disponibles et les relations entre données disponibles et données futures pour réaliser

l'apprentissage en assurant la apaité à généraliser aux données futures. L'ensemble des don-

nées d'apprentissage est appelé Soure et l'ensemble des données futures est appelé Cible ; les

aratéristiques possibles de haun de es jeux sont :

� leur domaine D : (X , P (X )) où X désigne l'espae des aratéristiques and P (X ) désigne
la distribution marginale des observations.

� leur tâhe T : (Y, P (Y|X )) où Y désigne les étiquettes et P (Y|X ) désigne la distribution

des étiquettes onditionnellement aux observations.
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La di�érene entre Soure et Cible peut se trouver dans les domaines, dans les tâhes ou les

deux simultanément. A partir du type de di�érene, une taxonomie de l'apprentissage peut être

proposée :

� transdutive transfer learning : la di�érene se trouve dans les domaines, les données Soure

et les données Cible partagent le même espae des aratéristiques et di�èrent dans leur

distribution marginale (homogeneous transfer learning) ou elles possèdent des aratéris-

tiques di�érentes (heterogeneous transfer learning).

� indutive transfer learning : la di�érene se trouve dans les tâhes, les données partagent le

même type d'étiquette et les distributions de elles-i onditionnellement aux observations

di�èrent ou les types d'étiquettes di�èrent. On ne parle pas ii de la disponibilité ou non

des étiquettes.

� impliit transfer learning : la di�érene se trouve à la fois dans les domaines et dans les

tâhes, mais il existe des liens entre Soure et Cible. En fait, si l'on apprend à partir de

Soures n'ayant auun rapport ave les Cibles, on ne peut espérer transférer l'apprentissage

e�etué.

Le transfert d'apprentissage peut aussi faire l'objet d'une taxonomie reposant sur le ontenu

à transférer : les observations, les paramètres d'un algorithme...

Dans le adre de es travaux, nous nous foalisons sur le homogeneous transdutive transfer

learning, en partiulier pour la lassi�ation lorsqu'il n'y a auune étiquette pour les Cibles.

1.2 Apprentissage Homogène (homogeneous transdutive transfer learning)

Pour e type d'apprentissage, les domaines Ssoure et Cible ne di�èrent que par la loi mar-

ginale des observations et les tâhes des données Soure et Cible sont identiques (elles partagent

le même Y). Elles peuvent di�érer par la loi des étiquettes onditionnellement aux observations

(domain adaptation) ou non (ovariate shift).

Covariate shift

Reposant sur l'égalité des lois des étiquettes onditionnellement aux observations, le ovariate

shift peut se traiter, au moins oneptuellement, très failement.
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1. Introdution

θ∗ =argmin
θ∈Θ

EPT (x,y)[l(x, y, θ)]

= argmin
θ∈Θ

∫

X×Y
l(x, y, θ)PT (x, y)dxdy

=argmin
θ∈Θ

∫

X×Y
PT (y|x)PT (x)l(x, y, θ)dxdy

=argmin
θ∈Θ

∫

X×Y
PS(y|x)PT (x)l(x, y, θ)dxdy

=argmin
θ∈Θ

∫

X×Y

PT (x)

PS(x)
(PS(y|x)PS(x))l(x, y, θ)dxdy

=argmin
θ∈Θ

∫

X×Y

PT (x)

PS(x)
PS(x, y)l(x, y, θ)dxdy

Il onvient de noter que le support de PT (.) et elui de PS(.) doivent permettre de dé�nir

le quotient de es grandeurs en tout point de alul. Nous remplaçons le risque par le risque

empirique :

θ̂∗ ∼ argmin
θ∈Θ

1

ns

∑

(xi,yi)∈S

PT (xi)

PS(xi)
l(xi, yi, θ)

On voit que la solution est obtenue simplement par pondération des oûts individuels sur les

données Soure (par

PT (xi)
PS(xi)

). Cette approhe est appelée importane sampling.

L'apprentissage du déteteur sur les données Cible repose don sur l'apprentissage du déte-

teur sur les Soure et le transfert se réalise par la pondération

PT (xi)
PS(xi)

du oût assoié à haque

observation des données Soure.

Toutefois, pour une majorité d'appliations réelles, l'égalité de la loi des étiquettes ondition-

nellement aux observations n'est pas toujours véri�ée. Nous relâhons ette ontrainte dans la

Setion 2 de e hapitre.

Domain adaptation

Par omparaison ave le ovariate shift, le domain adaptation ne fait pas l'hypothèse d'égalité

des lois des étiquettes onditionnellement aux hypothèses. Pour aborder e type de problème,

l'idée générale repose sur la reherhe d'un espae de aratéristiques où les données Soure et

Cible deviennent similaires.

Certains auteurs proposent d'augmenter le nombre de aratéristiques en prenant en ompte

des aratéristiques spéi�ques aux données Soure et Cible et des aratéristiques ommunes.

Certains auteurs proposent de onstruire un ditionnaire qui relie les Soure et Cible par les

"mots" utilisés dans tous les deux domaines.

D'autres projettent les données Soure et Cible dans un sous-espae en ommun où la simi-

litude entre Soure et Cible est maximale.
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Dans la Setion 3 et la Setion 4 de e hapitre, nous herhons à améliorer les méthodes

existantes en s'inspirant de ette dernière idée.

2 Covariate Shift Étendu

Nous proposons tout d'abord de traiter une variante du problème de ovariate shift, l'approhe

proposée ne néessite pas la ondition très strite d'égalité des lois des étiquettes onditionnelle-

ment aux observations. Nous émettons l'hypothèse plus large suivante :

∃A, b : pS(y|x, x ∈ S) = pT (y|Ax+ b, x ∈ T ) (1)

où S (T ) représente les données Soure (Cible) et A, b sont les paramètres qui ontr�lent la

transformation.

Sous ette ondition, si les lois marginales pS(x, x ∈ S) et pT (Ax+b, x ∈ T ), deviennent sem-

blables (après avoir transporté la distribution des données Cible vers elle des données Soure),

et sous l'hypothèse préédente, la détetion sera possible sur les données Cible. Pour estimer A
et b nous utilisons la méthode du Maximum de Vraisemblane (MV) :

(A∗, b∗) = argmax
A,b

∏

xi
t∈DT

pS(Ax
i
t + b|A, b)

où DT représente le domaine Cible.

En utilisant un estimateur de densité (de type Parzen, par exemple), l'implémentation est

simple. Malheureusement, l'optimisation est non-onvexe et les expérienes menées ont montré

que la reherhe de l'optimum global était irréalisable. Néanmoins, l'idée du transport de la den-

sité des observations Cible pour la rendre similaire à elle des données Soure reste l'idée générale

de la suite de nos travaux, sahant qu'il reste à proposer un ritère de similitude entre deux lois

de probabilité permettant une optimisation aisée.

3 Domain Adaptation ave SVM sous ontrainte basée sur la

MMD

Nous avons vu qu'il était possible de relâher la ontrainte sur l'égalité des distributions des

étiquettes onditionnellement aux observations dans la Setion 2. Toutefois la transformation

Ax + b ne permet pas de rendre ompte d'une modi�ation non linéaire des données Cible par

rapport aux Soure. Nous allons don onsidérer une transformation non linéaire entre Soure et

Cible et émettre l'hypothèse plus générale suivante :

∃g(.) : pS(y|x, x ∈ S) = pT (y|g(x), x ∈ T )

où g(.) est une fontion su�samment régulière. Transférer aux données Cible l'apprentissage

réalisé sur les données Soure devient le problème de la reherhe d'une fontion g(.) permettant

de rendre similaires les distributions marginales pS(x, x ∈ S) et pT (g(x), x ∈ T ). Il onvient de
noter que si l'hypothèse préédente n'est pas respetée, le transport de la loi marginale des ob-

servations Cible vers elle des Soure ne permet pas une bonne détetion sur les Cible. La �gure
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1 montre un as où l'hypothèse préédente n'est pas respetée et nos approhes ne peuvent plus

fontionner.

−4 −2 0 2 4 6 8 10 12
−2

0

2

4

6

8

10

12

Figure 1 � Un exemple où l'hypothèse ∃g(.) : pS(y|x, x ∈ S) = pT (y|g(x), x ∈ T ) n'est pas véri�ée. Les
Soure se trouvent en bas à gauhe et les Cible en haut à droite. Les ouleurs des observations

représentent la lasse. Même si nous onevons aisément l'existene d'une transformation per-

mettant de superposer les distributions, l'appliation aux donnée Cible du déteteur obtenu

sur les Soure ne fournira pas les résultats esomptés ar l'hypothèse émise en début de setion

n'est pas véri�ée

Avant de présenter ette approhe et son évolution au ours de nos travaux, nous rappelons

les fondamentaux qui seront utilisés. Nous présentons ensuite l'état de l'art et nous en extrai-

rons quelques méthodes de référene. En�n, nous omparerons nos travaux ave eux issus de la

littérature.

3.1 Outils fondamentaux

Mahine à Veteurs de Support (SVM)

Une Mahine à Veteurs de Support (SVM) est un outil de lassi�ation supervisée, en général

présenté dans un premier temps pour traiter le as de la détetion linéaire, qui sépare les données

selon le ritère de marge maximum, garantissant de bonnes propriétés en généralisation. Grâe

à l'introdution des méthodes à noyaux, les SVM se généralisent aisément au as non linéaire.

L'optimisation d'une SVM à marge souple (permettant de traiter le as ave mélange) se formalise

de la manière suivante :

min
w,ǫ,b

1

2
||w||2 +C

n∑

i=1

ǫi

s.t. yi(< w,φ(xi) > +b) ≥ 1− ǫi,∀i = 1, . . . , n

ǫi ≥ 0,∀i = 1, . . . , n

où w est un paramètre de marge ; ǫ représente l'erreur ommise (ǫ ≥ 0), C est le paramètre qui

ontr�le le ompromis entre l'erreur de lassi�ation et la marge ; xi est une observation dont

l'étiquette est yi ; φ(.) représente la transformation non linéaire des données, b représente le biais.
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PSfrag replaements

< w, x > +b = 1

< w, x > +b = −1

< w, x > +b = 0

2
||w||

ǫi
||w||

Figure 2 � Illustration d'une SVM à marge souple ave une transformation linéaire. Les triangles rouges

et les arrés bleus représentent des di�érentes lasses. Les droites véri�ant,

< w, x > +b = 1 et < w, x > +b = −1 représentent les marges et < w, x > +b = 0 est la

ourbe de déision.

Pour une illustration géométrique, voir Figure 2.

Pour prédire l'appartenane d'une nouvelle observation (x), il su�t de aluler sign(< w, x >
+b). L'utilisation de l'astue du noyau permet aisément l'extension des SVM au as d'un déte-

teur non linéaire.

Maximum Mean Disrepany (MMD)

La Maximum Mean Disrepany (MMD) est une mesure de la similitude entre deux distri-

butions. Elle est dé�nie ([55℄) par :

Soit F est un ensemble des fontions f : X → R et x (z) une observation tirée de la distri-

bution p (q), la Maximum Mean Disrepany (MMD) est :

MMD[F , p, q] = sup
f∈F

(Ep[f(x)]− Eq[f(y)])

où E{p,q}[.] représente l'espérane par rapport à la distribution p (q).

MMD[F , p, q] = 0 si et seulement si les distributions p et q sont égales.

Dans [14℄, il est démontré que la MMD peut être aisément évaluée dans un Espae de Hilbert

à Noyau Reproduisant (RKHS : H) :

MMD = ||µp − µq||H
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3. Domain Adaptation ave SVM sous ontrainte basée sur la MMD

où µ{p,q} = E{p,q}[k(x, .)] et k(x, .) est la représentation de l'observation x (iid tirée de p ou q)
dans un RKHS (H). Pour e faire, le noyau k(x, .) doit être universel 12.

Théorème ([130℄ et [127℄) MMD[F , p, q] = 0 si et seulement si p = q lorsque F =
f : ||f ||H ≤ 1 où k(., .) est universel.

Le transport de la densité des observations Cible vers elle des Soure peut être réalisé par la

reherhe d'un espae de représentation des données où la MMD devient nulle (ou est minimale).

Cei nous permet de poursuivre.

En outre, ave l'astue de noyau, le arré de la MMD peut s'érire :

MMD2[F , p, q] = ||µp − µq||2H
= Ep,p[k(x, x

′)]− 2Ep,q[k(x, y)] +Eq,q[k(y, y
′)]

où x et x′ (y et y′) sont des observations iid issues de la distribution p (q) et k désigne un noyau

universel.

Il nous faut maintenant rendre la MMD alulable. Il est aisé de proposer un estimateur sans

biais de elle-i [118℄ :

M̂MD
2

u[F ,X, Y ] =
1

m(m− 1)

m∑

i=1

m∑

j 6=i

k(xi, xj)+
1

n(n− 1)

n∑

i=1

n∑

j 6=i

k(yi, yj)−
2

nm

m∑

i=1

n∑

j=1

k(xi, yj)

où xi, i = 1, . . . ,m et yi, i = 1, . . . , n sont des observations iid issues de p et q, respetivement.

3.2 Domain Adaptation par SVM sous ontrainte de nullité de la MMD

(SVMMMD)

Nous pouvons oupler les SVM et la MMD pour réaliser le transfert par la résolution du

problème suivant :

min
w,b,ǫ
||w||2 +C

ns∑

i=1

ǫi

s.t.yi(< w,φ(xis) > +b) ≥ 1− ǫi,∀i = 1, . . . , ns

ǫi ≥ 0,∀i = 1, . . . , ns

< w,µs − µt >= 0

(2)

où la ontrainte supplémentaire exprime le fait que le sous espaeH′ (sous espae deH orthogonal

à w, qui reste un RKHS [97℄), dans lequel est reherhée la solution, garantit que ||µp−µq||H′ = 0.

Nous pouvons don trouver un sous-espae où Soure et Cible sont rendus similaires. Sous

l'hypothèse ∃g(.) : pS(y|x, x ∈ S) = pT (y|g(x), x ∈ T ), la SVM apprise sur les données Soure

fontionnera sur les données Cible. L'intérêt de ette approhe est qu'elle onduit à un problème

d'optimisation quadratique sur un domaine onvexe, tout omme les SVM standards, et que

l'optimum obtenu est unique. Cette démonstration fait l'objet de la setion suivante.

12. Voir [129℄ pour la dé�nition d'un noyau universel.
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Optimization

Pour résoudre le Problème 2, nous utilisons le théorème du représentant. w s'exprime alors :

w =

ns∑

k=1

βskφ(x
s
k) +

nt∑

l=1

βtlφ(x
t
l)

< w,µXs − µXt >H= 0 devient :

< w,µXs − µXt >H =<

ns∑

k=1

βskφ(x
s
k) +

nt∑

l=1

βtlφ(x
t
l),

1

ns

ns∑

i=1

φ(xsi )−
1

nt

nt∑

j=1

φ(xtj) >H

=
1

ns

ns∑

k=1

βsk

ns∑

i=1

< φ(xsk), φ(x
s
i ) >H −

1

nt

ns∑

k=1

βsk

nt∑

j=1

< φ(xsk), φ(x
t
j) >H

+
1

ns

nt∑

l=1

βtl

ns∑

i=1

< φ(xtl), φ(x
s
i ) >H −

1

nt

nt∑

l=1

βtl

nt∑

j=1

< φ(xtl), φ(x
t
j) >H

= (

[
KSS KTS

KST KTT

]

[
1

ns
, . . . ,

1

ns
︸ ︷︷ ︸

ns

,− 1

nt
, . . . ,− 1

nt
︸ ︷︷ ︸

nt

]T )T [βs, βt]T

= (K 1̃)Tβ

où KSS =< φ(xsk), φ(x
s
i ) >H, KTS =< φ(xtj), φ(x

s
k) >H, KST =< φ(xsi ), φ(x

t
l) >H,

KTT =< φ(xtj), φ(x
t
l) >H.

Nous pouvons don exprimer ||w||2 :

||w||2 =<

ns∑

k=1

βskφ(x
s
k) +

nt∑

l=1

βtlφ(x
t
l),

ns∑

k=1

βskφ(x
s
k) +

nt∑

l=1

βtlφ(x
t
l) >H

=

ns∑

k=1

ns∑

k′=1

βsk < φ(xsk), φ(x
s
k′) >H β

s
k′ + 2

ns∑

k=1

nt∑

l=1

βsk < φ(xsk), φ(x
t
l) >H β

t
l

+
nt∑

l=1

nt∑

l′=1

βtl < φ(xtl), φ(x
t
l′) >H β

t
l′

= [βs, βt]

[
KSS KTS

KST KTT

]

[βs, βt]T

= βTKβ

Le Problème 2 devient :

min
β,ξ,b

1

2
βTKβ + C

ns∑

i=1

ξi

s.t.(K 1̃)Tβ = 0

yi(β < φ(X), φ(xsi ) > +b) ≥ 1− ξi,∀i = 1, . . . , ns

ξi ≥ 0,∀i = 1, . . . , ns

où X représente l'ensemble des Xs et Xt.
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L'optimisation de la forme duale du Lagrangien s'érit :

max
µ,η

ns∑

i=1

µi −
1

2
(
ns∑

i=1

µiyiK.i)
TK−1(

ns∑

j=1

µjyjKj.)−
1

2
η21̃TK 1̃− η(

ns∑

i=1

µiyiK.i)
T 1̃

s.t. 0 ≤ µi ≤ C and

ns∑

i=1

µiyi = 0

(3)

où µ et η sont des multipliateurs de Lagrange et K.i =< φ(X), φ(xsi ) >

Nous pouvons observer qu'à µ �xé, le Problème 3 est quadratique par rapport à η. Le terme

en fateur de η2 étant négatif, l'optimum est le maximum unique reherhé et e maximum par

rapport à η peut être obtenu analytiquement : η = − (
∑ns

i=1 µiyiK.i)
T 1̃

1̃TK 1̃

Finalement, le problème devient :

max
γ

γTY − 1

2
γT (KSS −

KS.1̃1̃
TKT

S.

1̃TK 1̃
)γ

s.t.

ns∑

i=1

γi = 0 and min(0, Cyi) ≤ γi ≤ max(0, Cyi)

où γi = µiyi et KS. =
∑ns

i=1Ki..

La ontrainte < w,µs−µt >= 0, ne modi�e pas la nature semi dé�nie positive de matrie de

Gram alulée dans le sous espae dé�ni par ette ontrainte et le problème d'optimisation est

onvexe.

3.3 Domain Adaptation ave SVM régularisé par MMD (LM)

Dans [102℄, les auteurs ont proposé une autre solution pour introduire la MMD dans les SVM

pour le transfert d'apprentissage. De manière plus préise, ils ont utilisé

|| < w,µs − µt > ||2

omme un terme de régularisation au lieu de la ontrainte que nous avons proposée. La formu-

lation du problème est la suivante :

min
w,ξ,b

1

2
||w||2 + C

ns∑

i=1

ξi + λ|| < w,µs − µt > ||2

s.t. yi(< w,φ(xsi ) > +b) ≥ 1− ξi and ξi ≥ 0

Cette approhe réalise un ompromis entre l'erreur de lassi�ation des données Soure et la

similitude entre les données Cible et Soure.

SVMMMD peut être onsidéré omme un as extrême de LM. Il arrive que LM sari�e sa

apaité de transfert pour une meilleure performane sur les données Soure. Les résultats expé-

rimentaux prouvent que SVMMMD fournit des performanes supérieures à elles de LM dans la

majorité des as étudiés.
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4 Domain Adaptation ave alignement dans un sous-espae de la

KPCA

Pour SVMMMD, < w,µs − µt >= 0 n'est pas équivalent à ||µs − µt||H = 0. Il n'y a auune

raison que < w,µs−µt >= 0 et que µs oinide ave µt. Dans ette setion, nous proposons d'ali-
gner expliitement Soure et Cible dans un RKHS en utilisant la Kernel Prinipal Component

Analysis (KPCA). Nous verrons que ette approhe fournit en général de meilleures performanes

que SVMMMD.

Avant de présenter notre approhe, nous rappelons brièvement les idées de base de la KPCA,

qui est une extension de l'Analyse en Composantes Prinipales (PCA) dans un RKHS.

4.1 Fondamentaux

L'Analyse en Composantes Prinipales (PCA)

L'Analyse en Composantes Prinipales (PCA) est une approhe non-supervisée qui trans-

forme les données dans un nouveau repère dont les axes sont déterminés pour maximiser la

variane de la projetion obtenue. Compte tenu de la formulation du problème, les axes obtenus

sont orthogonaux et préservent une proportion déroissante de la variane totale des données

initiales.

Supposons que X est l'ensemble des observations, l'objetif de la PCA est de trouver un ve-

teur u, sur lequel nous allons projeter les données, de manière à e que Xu garde l'information

la plus importante, ii mesurée par la variane de Xu.

Après entrage de X : Xc = X − E(X) (et éventuellement rédution), la PCA s'érit :

argmax
u
||Xcu||2 = argmax

u
uTXT

c Xcu

s.t. uTu = 1

La ontrainte permet d'éviter que le problème soit mal posé. En résolvant e problème par opti-

misation Lagrangienne, nous obtenons : XT
c Xcu = λu où l'on voit que u est le veteur propre de

la matrie de variane ovariane des données (XT
c Xc) assoié à la valeur propre λ maximale. Les

axes fatoriels suivants sont donnés par les veteurs propres de la matrie de variane ovariane

assoiés aux valeurs propres triées par ordre déroissant.

KPCA

Ave l'introdution des méthodes à noyaux, la PCA est failement étendue à la KPCA pour

prendre en ompte des non linéarités potentielles entre les variables :

Dans un premier temps, les données X sont transformées par la transformation (Φ(.)). Nous
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obtenons la matrie de variane ovariane par :

CK =
1

n

n∑

i=1

Φ(xi)Φ(xi)
T

=
1

n

n∑

i=1

(φ(xi)−
1

n
φ(xi))(φ(xi)−

1

n
φ(xi))

T

où xi ∈ X,∀i = 1, . . . , n.

La KPCA peut s'exprimer omme :

argmax
V

V CKV
T

s.t. V TV = I

où I est la matrie d'identité et V représente le veteur reherhé. V s'érit néessairement

V =
∑n

i=1 αiΦ(xi). La solution de la KPCA est :

λ̃V = CKV ⇔ nλ̃α =Mα

oùM = (In− 1
n
1n1

T
n )K(In− 1

n
1n1

T
n ) et K =< φ(X), φ(X) > ; In est la matrie d'identité n×n ;

1n est un veteur olonne de taille n × 1 ne ontenant que de 1. En onsidérant la ontrainte

V V T = I, nous avons αTMα = I qui est aussi équivalent à nλ̃αTα = I. Don α est le veteur

propre de M et λ̃ est sa valeur propre assoiée qui véri�ent nλ̃αTα = I.

Pour exprimer une observation (z) dans la base obtenue, V Φ(z) = αT < Φ(X),Φ(z) >H.
Don pour Φ(z) :

Φ(z) = αT < Φ(X),Φ(z) >H V (4)

où V représente l'ensemble des axes du repère KPCA.

Comme la PCA, la KPCA est souvent utilisée pour la rédution de dimension en éliminant

les axes fatoriels assoiés aux valeurs propres faibles de la matrie de variane ovariane, sup-

posées orrespondre au bruit.

4.2 Alignement des repères et des données par KPCA (KPCA-TL)

Nous proposons d'aligner Soure et Cible après KPCA. L'alignement s'e�etue via hoix d'un

repère qui rend les distributions Soure et Cible les plus semblables, après transformation non

linéaire. Nous présentons dans un premier temps la problématique de l'alignement après KPCA.

Problème de l'Alignement après KPCA

Le repère obtenu après PCA (KPCA) n'est pas unique. Les veteurs propres de la matrie

de variane ovariane sont dé�nis au signe près. Par ailleurs, selon la nature des données, il est

possible que la PCA (KPCA) fasse apparaître une permutation des axes fatoriels, gênante pour

mesurer la similitude des observations. La �gure suivante illustre e problème :
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(b) Soure après PCA.
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Figure 3 � Illustration de la permutation du premier et du deuxième veteur propre après PCA. Dans

6.3(b) et 6.3(), l'absisse orrespond au veteur propre V1 ,qui est assoié à la plus grande

valeur propre ; l'ordonnée orrespond au veteur propre V2, qui est assoié à la deuxième plus

grande valeur propre.

Transfert d'apprentissage par KPCA (KPCA-TL)

Pour aligner Soure et Cible, il faut éviter es permutations et/ou inversions. KPCA-TL

prend en ompte es problèmes (par une approhe ombinatoire) et aligne à la fois les repères et

les distribution des Soure et des Cible.

� Étape 1 - KPCA sur Soure et Cible individuellement : KPCA-TL projette Soure et Cible

dans leur sous espae "optimal" respetif. La dimension du sous-espae Soure (l1) est tout
d'abord hoisie plus petite que elle du sous-espae Cible (l2)

13

. L'objetif de ette étape

est de permettre d'aligner le repère des Cible et le repère des Soure en prenant en ompte

les permutations et inversions potentielles : nous séletionnons parmi toutes les possibilités

le repère des Cible qui permet d'aligner au mieux (MMD minimale) les données Soure et

Cible.

Pour l'étape 1, il y a C l1
l2
2l1 ombinaisons possibles à étudier pour hoisir le sous-espae

13. Si l1 > l2, le raisonnement reste similaire et il faut seulement inverser la r�le des sous-espae Soure et

Cible.
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4. Domain Adaptation ave alignement dans un sous-espae de la KPCA

des Soure.

� Étape 2 - Nous alignons les données Cible ave les Soure en onsidérant que leurs oor-

données (obtenues après KPCA des Cible) ont été obtenues dans le repère de la KPCA des

Soure.

� Étape 3 - la lassi�ation : �nalement, nous utilisons une SVM sur les données Soure après

alignement. Sous l'hypothèse ∃g(.) : pS(y|x, x ∈ S) = pT (y|g(x), x ∈ T ), le lassi�eur est

ensé fontionner sur les Cible maintenant plongées dans le même repère.

4.3 Transformation Linéaire a Posteriori (KPCA-TL-LT)

Après KPCA-TL, nous avons pu observer que l'alignement des Soure et Cible pouvait enore

être amélioré. Pour e faire, nous introduisons une transformation linéaire a posteriori :

argmin
A,b

MMD2(A, b)

argmin
A,b
|| 1
ns

ns∑

i=1

φ(zis)−
1

nt

nt∑

i=1

φ(Azit + b)||2
(5)

où zis ∈ Zs,∀i = 1, . . . , ns (zit ∈ Zt,∀i = 1, . . . , nt) représente une observation Soure (Cible)

obtenue après KPCA-TL.

Le problème d'optimization 5 est non-onvexe. Un bon hoix initial de A et b est important.

A = I et b = 0 permettent d'améliorer loalement la solution.

4.4 Transformation Linéaire a Priori (KPCAlin)

Les approhes préédentes fournissent de très bons résultats mais requièrent une approhe

ombinatoire pour la séletion des repères optimaux. En général, peu d'axes fatoriels sont suf-

�sants pour obtenir un bon transfert, sur l'ensemble des jeux de données simulées et réelles.

Néanmoins, il est possible que, pour ertains jeux de données, le nombre d'axes fatoriels nées-

saires devienne important et rende le temps alul prohibitif. Dans ette partie, nous proposons

une alternative basée aussi sur la KPCA. Cette approhe semble e�ae et robuste.

Étape 1 : Transformation Linéaire dans l'Espae d'origin

Soit M une transformation linéaire des Cible dans l'espae initial. Si nous utilisons la MMD

(dans et espae) pour aligner au mieux les données Soure et Cible, nous avons :

argmin
M
|| 1
ns

ns∑

i=1

φs(x
i
s)−

1

nt

nt∑

j=1

φs(x
j
tM)||2

argmin
M

1

n2s

ns∑

i=1

ns∑

j=1

< φs(x
i
s), φs(x

j
s) > +

1

n2t

nt∑

i=1

nt∑

j=1

< φs(x
i
tM), φs(x

j
tM) >

− 2

nsnt

ns∑

i=1

nt∑

j=1

< φs(x
i
s), φs(x

j
tM) >

(6)
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La reherhe de la solution est déliate : l'optimisation est non-onvexe par rapport à M . Il est

di�ile de déterminer de manière e�ae M dans un temps raisonnable. Nous reformulons le

problème d'optimisation en établissant une équivalene entremetri learning (trouver la meilleure

transformation M) et kernel learning (trouver le meilleur paramètre M du noyau).

Dans es travaux, nous utilisons le noyau gaussien. Pour < φs(x
i
tM), φs(x

j
tM) > nous avons

don :

< φs(x
i
tM), φs(x

j
tM) >= exp(−(xit − xjt )MMT (xit − xjt)

σ2
)

Á partir de l'équation i-dessus, nous pouvons dé�nir un autre noyau gaussien :

< φs(x
i
tM), φs(x

j
tM) >=< φt(x

i
t), φt(x

j
t ) > .

Le problème 6 devient :

argmin
M
|| 1
ns

ns∑

i=1

φs(x
i
s)−

1

nt

nt∑

j=1

φt(x
j
t)||2 (7)

M est maintenant un paramètre du noyau utilisé pour les données Cible. Pour résoudre le pro-

blème 7, il nous faut onnaître le produit salaire entre φs(.) et φt(.). Dans la suite, nous proposons
d'exprimer expliitement es deux transformations ave l'aide de la KPCA, pour que le problème

7 puisse être résolu.

Étape 2 : KPCA

A l'aide de la KPCA, nous obtenons :

φs(Xs) = XT
psV s, où Xps = αT

sKSS

φt(Xt) = XT
ptV t, où Xpt = αT

t KTT

with KSS(i, j) =< Φs(x
i
s),Φs(x

j
s) >, ∀i, j = 1, . . . , ns

and KTT (i, j) =< Φt(x
i
t),Φt(x

j
t ) >, ∀i, j = 1, . . . , nt

où Φ{s,t}(.) représente la transformation pour les Soure ou Cible, après entrage

(Φs(x
j
s) = φs(x

j
s) − 1

ns

∑ns

i=1 φs(x
i
s), de même pour Φt(.)) ; αs (αt) est l'ensemble des veteurs

propres de KSS (KTT ). Xpt est fontion de M .

Ave des paramètres de noyau (σ etM) bien hoisis, si nous utilisions la PCA respetivement

sur φs(Xs) et φt(Xt) (KPCA), nous devrions obtenir des données similaires (Soure et Cible)

dans un sous-espae en ommun déterminé par V {s,t}.
Nous ne onservons que les l premières omposantes prinipales pour les données Soure

(V
′
s) et Cible (V

′
t), nous appelons e sous-espae "en ommun" V c (V c = {~Vc1, . . . , ~Vcl}). Nous

souhaitons :

φs(Xs) ≈ XT
psV c and φt(Xt) ≈ XT

ptV c

L'Eq. 7 devient :

argmin
M
|| 1
ns

ns∑

i=1

XT
pt(i, :)V c −

1

nt

nt∑

j=1

XT
pt(j, :)V c||2 (8)
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Après développement

argmin
M

1

n2s
1XT

psXps1
T +

1

n2t
1′XT

ptXpt1
′T − 2

nsnt
1XT

psXpt1
′T

où 1 (1′) représente le veteur ligne ne ontenant que des 1 (de dimension 1× ns(nt)).

Puisque Xpt est le seul élément qui dépend de M , l'optimisation par rapport à M devient :

argmin
M

1

n2t
1′XT

ptXpt1
′T − 2

nsnt
1XT

psXpt1
′T

L'objetif est alors de trouver le meilleur sous-espae engendré par φt(Xt), e qui est équi-

valent à trouver la meilleure matrie Xpt. Nous pouvons imaginer optimiser par rapport à Xpt.

Dans e as, il faut prendre en ompte plusieurs ontraintes sur Xpt :

� Xpt doit pouvoir s'érire sous la forme αT
t KTT où αt est la matrie qui ontient les l pre-

miers veteurs propres de KTT ; KTT doit toujours être symétrique semi-de�nite positive.

� L'élément ij de la matrie KTT est < φt(x
i
t), φt(x

j
t) >=< φs(x

i
tM), φs(x

j
tM) >. KTT

dépend expliitement de M . En onséquene, la reherhe de la solution de

argmin
M

1

n2t
1′XT

ptXpt1
′T − 2

nsnt
1XT

psXpt1
′T

est déliate.

L'alignement des données Soure et Cible ave ette aprohe n'est pas simple. Nous propo-

sons une alternative pour aligner les représentations des données Soure et Cible.

Étape 3 : Alignement des Représentation dans le RKHS

Pour aligner Xps et Xpt, nous utilisons à nouveau la MMD, évaluée dans un seond RKHS

(induit par ϕ(.)), entre Xps et Xpt. Le problème devient :

argmin
M
‖ 1
ns

ns∑

i=1

ϕ(XT
ps(i, :)) −

1

nt

nt∑

j=1

ϕ(XT
pt(j, :))‖2

argmin
M

1

n2s

ns∑

i=1

ns∑

j=1

< ϕ(XT
ps(i, :)), ϕ(X

T
ps(j, :)) >

+
1

n2t

nt∑

i=1

nt∑

j=1

< ϕ(XT
pt(i, :)), ϕ(X

T
pt(j, :)) >

− 2

nsnt

ns∑

i=1

nt∑

j=1

< ϕ(XT
ps(i, :)), ϕ(X

T
pt(j, :)) >

(9)

En résolvant le problème 9, Xps et Xpt devraient être rendus similaires. La similitude est atteinte

par les transformations φs(.) et φt(.) qui s'appliquent sur Soure et Cible, respetivement.

125



Résumé en français

Étape 4 : Classi�ation Linéaire

Finalement, une SVM à marge souple est utilisé sur les projetions Xps, et devrait fontionner

sur Xpt, sous l'hypothèse ∃g(.) : pS(y|x, x ∈ S) = pT (y|g(x), x ∈ T ). En raison des transforma-

tions non linéaires φs(.) et φt(.), la KPCA peut rendre linéairement séparables les données qui ne

le sont pas initialement. En général, un disriminateur linéaire (SVM à noyau linéaire ii) dans

l'espae KPCA su�t.

Optimisation

Pour simpli�er l'optimisation, nous limitons la lasse de M aux matries orthogonales :

MMT = γ2I où γ est le fateur d'éhelle et I est la matrie d'identité. Trouver la matrieM opti-

male est équivalent à herher un paramètre de noyau optimal pour< φt(.), φt(.) >, nous pouvons

alors reherher σt ave lequel < φt(x
i
t), φt(x

j
t ) > peut être approhé par exp(− (xi

t−x
j
t )(x

i
t−x

j
t )

T

σ2
t

).

La restrition de la famille de solutions permet alors de rendre salaire le problème d'optimisation

(mais toujours non-onvexe). Une simple reherhe sur une grille est su�sante pour déterminer

une valeur satisfaisante de σt. Les di�érents hoix de σt sur la grille induisent di�érents veteurs
propres dé�nissant les axes prinipaux de la KPCA (des Cible). Statistiquement, pour une grille

assez �ne, il est probable que le σt séletionné se trouve dans le voisinage de l'optimum, tout en

évitant le problème d'inversion des axes prinipaux.

Extension au as heterogeneous transfer learning

Pour le as heterogeneous transfer learning, Mheter n'est plus une matrie arrée, mais l'idée

de limiterMheterM
T
heter = γ2heterI peut toujours être utilisée. L'optimisation par rapport àMheter

se transforme en optimisation par rapport à γheter. Les travaux orrespondants n'ont pas enore

été menés.

4.5 Résultats expérimentaux

Nous avons, dans un premier temps, validé nos approhes sur des données synthétiques (Fi-

gure 4). Nous onstatons que le problème du transfert d'apprentissage devient de plus en plus

di�ile de la Figure 6.4(a) à la Figure 6.4(b) et la Figure 6.4().

Nous avons bien évidemment utilisé des données réelles. Nous avons utilisé les données USPS,

IRIS, SEEDS pour valider nos approhes de transfert d'apprentissage. La omparaison des résul-

tats obtenus ave eux issus d'autres approhes réentes (voir Tableau 5.2, Chapitre 5, Setion

5.6) démontre la validité de notre ontribution.

5 Conlusion et Perspetives

5.1 Conlusion

Après une introdution de la problématique et une présentation du transfert d'apprentissage,

nous nous sommes intéressés au as du homogeneous transfer learning en relâhant l'hypothèse
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Figure 4 � Données synthétiques. Á gauhe en bas, se trouvent les données Soure et à droite en haut, les

données Cible. Pour les Cible, les étiquettes sont supposées inonnues. L'objetif d'utiliser les

Soure pour réaliser la lassi�ation des Cible. Les étiquettes des Cible ne sont utilisées que

pour l'évaluation des performanes.

lassiquement émise. Nous avons tout d'abord présenté le ovariate shift. Nous avons ensuite

relâhé l'hypothèse préédente e qui nous a permis de présenter le ovariate shift étendu. Nous

avons onsidéré le as suivant :

∃ A, b : pS(y|x, x ∈ S) = pT (y|Ax+ b, x ∈ T )

où A et b sont des paramètres. Nous reherhons don une transformation linéaire entre Soure

et Target qui soit optimale au sens où les distributions marginales (pS(x, x ∈ S) et pT (Ax+b, x ∈
T )) soient alignées (semblables). La solution est reherhé par la méthode du maximum de vrai-

semblane, après estimation de densité. Hélas, l'optimisation est non-onvexe et di�ile.

Ensuite, nous nous sommes intéressés à un as beauoup plus général :

∃g(.) : pS(y|x, x ∈ S) = pT (y|g(x), x ∈ T )

où g(.) est une fontion régulière, généralement non-linéaire. Sous ette hypothèse, nous avons
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proposé quelques approhes basées sur les méthodes à noyau.

Nous avons reformulé le problème primal des SVM ave une ontrainte additionnelle sur la

similitude des distributions. Nous imposons que la solution (le disriminateur) se trouve dans un

sous espae dans lequel la Maximum Mean Disrepany (MMD), aisément alulable à l'aide d'un

noyau, projetée soir nulle, e qui permet d'espérer que les données Soure et Cible deviennent

semblables. Sous l'hypothèse préédente, le lassi�eur des Soure s'appliquera aux données Cible.

La ontrainte satisfaite n'implique pas que la MMD soit nulle (e qui orrespond à l'éga-

lité des distributions). Il existe des as où notre méthode éhoue. Pour résoudre e problème,

nous avons proposé trois approhes reposant sur l'Analyse en Composantes Prinipales à Noyau

(KPCA). L'objetif est de rendre similaires les lois marginales des observations Soure et Cible

dans un espae de Hilbert à noyau reproduisant.

� KPCA-TL aligne les repères de les distributions de Soure et de Cible dans un sous-espae

de Hilbert à noyau reproduisant déterminé par KPCA. En évaluant la similitude (à l'aide

de la MMD) des distributions obtenues après KPCA des Soure et des Cible, nous sé-

letionnons un espae de représentation onjoint "optimal" qui onduit à des meilleures

performanes que SVMMMD.

� KPCA-TL-LT est un post traitement de KPCA-TL. KPCA-TL-LT applique une trans-

formation linéaire sur les données après KPCA-TL. Cette transformation linéaire permet

enore d'améliorer la ressemblane entre données Soure et Cible après séletion du meilleur

sous espae onjoint.

� En�n, KPCAlin a pour objetif d'améliorer l'e�aité de KPCA-TL et KPCA-TL-LT.

L'idée initiale de KPCAlin est de herher une transformation linéaire a priori dans l'es-

pae initial qui permette de faire oïnider au mieux Soure et Cible dans l'espae obtenu

après KPCA. Nous avons montré que la KPCA des données Cible après ette transforma-

tion est équivalente la réalisation d'une KPCA des Cible ave un noyau di�érent de elui

des Soure. En séletionnant orretement le paramètre du noyau utilisé sur les données

Cible, nous obtenons un sous-espae KPCA des Cible qui s'aligne bien ave le sous-espae

KPCA des Soure.

Les expérienes réalisées sur des données synthétiques et réelles ont montré l'e�aité et la

robustesse de nos approhes, dont les résultats ont été omparés à eux des méthodes réentes

issues de la littérature.

5.2 Perspetives

Dans le ontexte du homogeneous transfer learning, nous nous sommes intéressés au as de

la lassi�ation binaire. Les résultats sont très enourageants et nous permettent d'envisager

l'extension de nos travaux au as multi lasses.

Dans un seond temps, il serait opportun d'étendre nos travaux réalisés dans le adre du

homogeneous transfer learning au as du heterogenous transfer learning, pour lequel les données

Soure et Cible ne partagent pas le même espae de représentation. Nous avons identi�é quelques
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pistes potentielles dans nos travaux.

Dans nos travaux, nous avons supposé que les données Cible n'étaient pas étiquetées. Il serait

intéressant d'étudier le gain potentiel lorsque nous disposons d'un nombre réduit d'observations

Cible étiquetées.
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