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Notations

R is the Euclidean space (R, ={tr € R: 7 > 0}), the Euclidean norm for a vector x € R"

will be denoted as |x]|.

If X is a normed space with norm ||-||x, O C R" is an open set for some n > 1 and
¢ :Q — X, define

161720 x) = L llp()lI%ds, llplleoicr,x) = esssup llp(s)llx-

By L*®(Q, X) and L?(Q, X) denote the set of functions () — X with the properties
” . ||Loo(Q,X) < 400 and ” . ”Lz(le) < +o00, respectively.

In special cases for u : R, — RP the symbol [[ul|[, +,) denotes its Lo, norm for t € [#, £1)},

the set of all u € RP with the property [[u|[p1c0) < 00 Will be denoted as k.

Denote I = [0,£] for some € > 0, let C*(I,R) be the set of functions having continuous

derivatives at least up to the order k >0 on I.

Cl! = C([-7,0],R") is the set of continuous maps from [-7,0] into R" for n > 1;
Cl,={yeCll': y(s) eRl, s € [-7,0]}; x; is an element of C? defined as x;(s) = x(t +5s)
for all s € [-7,0].

For any g > 0 and an open interval I’ C I define W%*(I’,R) as a subset of functions
y € CI7(I',R) with an absolutely continuous p9~1) and with @) essentially bounded

on I, [[pllwae = X1 o 19Dl )

By H1(I,R) with g > 0 denote the Sobolev space of functions with derivatives through
order g in L?(I,R), and for g < 0 the corresponding dual spaces, while by Hg(I, R)
a closure of C* functions having compact support in I with respect to the norm in
HIY(I,R).

The symbols I, E;x, and E, denote the identity matrix with dimension nxn, the

matrix with all elements equal 1 with dimensions nxm and p x 1, respectively.
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Notations

* aRb corresponds to an elementwise relation R € {<,>,<,>} (a and b are vectors or
matrices): for example a < b (vectors) means Vi : a; < b;; for ¢, € C, the relation
¢ R @ has to be understood elementwise for all domain of definition of the functions,
ie. ¢(s)Re(s) for all s € [-7,0].

* The relation P < 0 (P >0) means that the matrix P = PT € R™" is negative (positive)
definite.

* For two functions ¢,¢, : I — R their relation ¢; < ¢, has to be understood as
¢1(x) < ¢,(x) for almost all x € I, the inner product is defined in a standard way:

¢
(D1, $2) = Jo ¢1(x)Po(x)dx.



General Introduction

For engineers, a wide variety of information is not directly obtained through measurement.
Some parameters (constants of an electrical actuator, time delay in communication, etc.)
or internal variables (robot’s posture, torques applied to a robot, localization of a mobile,
temperature at some point in a tank, etc.) are unknown or are not measured. Similarly,
signals from sensors are often distorted and tainted by measurement noises. To control such
processes, and to extract information conveyed by the signals, one often has to identify
a model and estimate parameters or variables. The present work will focus on the state

estimation.

Most engineering systems present dynamic behaviours, i.e. their input-output relations
depend on time. When the time variation is considered in a continuous way, differential

equations constitute the background for dynamic systems.

Input and output variables are not sufficent for the description of dynamic systems, and
one has to consider additional descriptive variables, taking into consideration the memory
of the dynamical system. These variables constitute the state, which is a set of variables
expressed at the present time and which collects sufficient system’s history to characterize

his future. In general, this set is prefered to be chosen in a minimal way.

In differential equations, the notion of state is linked to the initial conditions one has to
fix in order to determine the uniqueness of a solution. It can also be related to the variables
representing some energy storage, such as the load in a capacitor or an inductor in electric
devices. Some systems can be represented with a state vector belonging to some Euclidean
space. This is the case for devices, the elements of which can be considered as concentrated at
some points of the device (pointwise capacitor/inductor in an electric circuit, angular position
in a rigid robot, etc.). Such dynamics can be studied via ordinary differential equations
(ODEs). However, in many cases, the distribution of elements along the space cannot be
neglected (long transmission lines, robots made with soft materials, heat propagation, etc.).
In such cases, the energy is continuously varying along the space, and the state becomes
a function, operating in some infinite-dimensional, non-Euclidean space. The underlying

mathematics involve partial derivatives with regards to more than one variable (time and
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4 General Introduction

space, generally), leading to partial differential equations (PDEs). Studying PDEs is more
difficult than for ODEs for several reasons. Topology of functional spaces is rather tricky (for
instance, contrarily to the finite-dimensional case, there is no general equivalence between
norms). Boundary conditions can be defined in various ways (Dirichlet, Neumann, mixed).
Also, the analysis strongly depend on the particular class of considered PDE (parabolic,
hyperbolic and others).

Estimation issues in such infinite dimensional dynamical systems constitute the framework
of this thesis.

More precisely, this work is devoted to the study of interval observers, which form a
subclass of set-membership estimators and whose design is based on the monotone systems
theory, to their applications in estimation and control of uncertain distributed systems, and
to the analysis of their properties and restrictions.

In opposite to a conventional observer, which in the absence of measurement noise and
uncertainties has to converge to the exact value of the state of the estimated system (it gives
a pointwise estimation of the state), the interval observers evaluate at each time instant a set
of admissible values for the state, consistently with the measured output (i.e. they provide an
interval estimation). This idea of interval observer design has been proposed rather recently
in Gouzé et al., 2000, but it has already received numerous extensions for various classes of
dynamical models.

The advantages of the interval observers are that they are well adapted for observer
design in highly uncertain systems (if the intervals of admissible values for unknown terms
are given) and that they are capable to provide asymptotically rather tight bounds on the
estimation accuracy, since the interval of admissible values for the state at each instant of
time is evaluated. Besides, this technique takes advantage of an approximate knowledge of
the initial condition and gives information on the unknown state of the system studied at any
instant of time, whereas classical observers only provide a useful information asymptotically,
that is, from an engineering point of view, for sufficiently large time-values.

Interval observers, presented in literature, mainly was constructed for dynamical systems,
described by ordinary differential equations, for example, for linear time-invariant systems
Gouzé et al., 2000; Mazenc and Bernard, 2010, 2011, linear parameter-varying systems
(LPV) Chebotarev et al., 2015; Efimov et al., 2012, 2013e,f, nonlinear systems Raissi et al.,
2012, 2010, discrete-time systems Efimov et al., 2013a,b; Mazenc et al., 2013, 2014, 2012a,
descriptor systems or systems with algebraic constraints Efimov et al., 2014.

Besides these numerous works on interval observers for ODEs, there are some papers,
which extended this method for time-delay systems Efimov et al.; 2016, 2013c, 2015a; Mazenc
et al., 2012b, described by functional differential equations. For such models, which are

infinite-dimensional in contrast with ordinary differential equations (ODEs), the analysis and
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design are much more complicated and require specially developed concepts and algorithms
Richard, 2003. For instance, the observability and methods for estimation for delayed systems
with unknown inputs and nonlinearities are considered in Califano et al., 2011; Zheng et al.,
2011, application of an algebraic approach for observer design in LPV time-delay systems is
presented in Briat et al., 2011, an estimation problem for positive systems with time-varying
unknown delays is studied in Rami et al., 2013. The existing solutions for the interval
observers in the field Efimov et al., 2013c, 2015a; Mazenc et al., 2012b; Polyakov et al., 2013
are based on the delay-independent conditions of positivity from Ait Rami, 2009; Haddad
and Chellaboina, 2004.

Some results on interval observer design for uncertain time-varying delay can be found in
Efimov et al., 2013¢; Rami et al., 2013. In Efimov et al., 2016 the delay-dependent conditions
on positivity are introduced for the case with equal delay in the state and in the output, that
may correspond to a delay-free system with delayed measurements.

To fill this gap, in Chapter 4 a new approach is introduced to cope with the above-
mentioned obstacle, when the measurement delays are different from state delays.

Moreover, this thesis goal is to extend the interval observer framework to the infinite-
dimensional systems, by considering not only systems with delays, but also distributed in
space ones, which described by partial differential equations (PDE).

Sound, heat, electrostatics, electrodynamics, fluid flow, elasticity, or quantum mechanics,
as well as the models of other physical phenomena, can be formalized similarly in terms
of PDEs, whose distributed nature introduces an additional level of intricacy. That is why
control and estimation of PDEs is a very popular direction of research nowadays Barje et al.,
2013; Bredies et al., 2013; Demetriou, 2004; Hasan et al., 2016; Kamran and Drakunov,
2015; Krstic, 2009; Meurer, 2013; Nguyen, 2008; Russell, 2003; Smyshlyaev and Krstic, 2005;
Smyshlyaev and Krstic, 2010. In this class of models, where the system state is a function
of the space at each instant of time, the problem of its explicit measurement is natural,
since only pointwise and discrete space measurements are realizable by a sensor Jorgensen
et al., 1984; Vande Wouwer et al., 2000. Frequently, in order to design a state estimator,
the finite-dimensional approximation approach is used Alvarez and Stephanopoulos, 1982;
Dochain, 2000; Hagen and I., 2003; Vande Wouver and Zeitz, 2002, then the observation
problem is addressed with the well-known tools available for finite-dimensional systems, while
the convergence assessment has to be performed with respect to the solutions of the original
distributed system. Analysis and design in the original distributed coordinates are more
complicated, but also attract attention of many researchers Ahmed-Ali et al., 2015; Fridman
and Bar Am, 2013; Fridman, 2013; Hidayat et al., 2011; Liu and Fridman, 2012; Orlov,
2000; Orlov and Dochain, 2002; Orlov et al., 2019, 2017; Schaum et al., 2014; Selivanov and
Fridman, 2018; Smyshlyaev and Krstic, 2010. In Pisano and Orlov, 2017 a stabilizing control
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design with a proportional-discontinuous feedback is proposed for a parabolic PDE with
pointwise collocated sensing and actuation, and with in-domain distributed disturbances.
The work Wang et al., 2018 presents a Luenberger-type observer-based distributed control
with non-collocated sensors and actuators.

Nevertheless, as far as the author knows, there was no work on interval observers for PDEs.
In chapter 2 of the present thesis, a method to design an interval observer was developed
for a parabolic PDE with Dirichlet boundary conditions, which is based on a finite-element
Galerkin approximation. This method is also called early-lumping approach for a distributed
system, when the first step is the discretization of the given system to a lumped one, described
by the set of ODEs, and the second step is to apply already existing solutions of observer
design.

Using the discretization error estimates from Wheeler, 1973, the enveloping interval
for solutions of PDE was evaluated. An interesting feature of this approach is that being
applied to a nonlinear PDE, assuming that all nonlinearities are bounded and treated as
perturbations, then the proposed interval observer is linear and can be easily implemented
providing bounds on solutions of the originally nonlinear PDE (under the hypothesis that
these solutions exist).

Beside that, based on contructed observer for the lumped system, an output stabilizing
control was developed in Section 2.3. The proposed control strategy disposes a similar feature,
since it is designed for a finite-dimensional model, but guaranteeing boundedness of trajectories
for an uncertain distributed dynamics. These results were published in Kharkovskaia et al.,
2016, 2018b.

At Chapter 3 an interval observer design is proposed for the same class of system as in
Chapter 2, described by a parabolic PDE with non-zero Dirichlet boundary conditions, but it is
not based on any approximation, and the observer has the same distributed nature. Using the
conditions of positivity of solutions of parabolic PDEs presented in Nguyen and Coron, 2016,
an interval observer is constructed governed by PDE, whose estimation error dynamics (also
distributed) is positive. The stability analysis from Fridman and Blighovsky, 2012 is extended
to the considered scenario with non-zero measurement noise and boundary conditions. The
conditions under which the distributed parameter system possesses the input-to-state stability
property is found, where boundary conditions influence the external disturbance and the
initial conditions as well. Also the main restriction for stability property is imposed by
parameters of the system and by the intervals between the measurement points. To overcome
this restriction the feedback controller design is developed in Section 3.3 using the received
interval estimates. It is assumed that the control is spatially distributed influencing the
system dynamics through piecewise constant shape functions, such a hypothesis is introduced

to respect the implementation feasibility of the designed control law, since infinitesimal in
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space variations of the actuator signal cannot be realized in practice. These methods were
presented in Kharkovskaia et al., 2017, 2020.

The outline of this thesis is as follows. Chapter 1 presents some preliminaries on interval
analysis and displays the main approaches of interval observer design, which were used
when writing this thesis, for continuous-time linear systems in Section 1.2 and for time-delay
systems in Section 1.4. Preliminaries on partial differential equations are shown in Section
1.5 with some existing results on estimation and control for PDEs. Chapter 2 is devoted
to interval observers for PDEs using finite-element approximations with additional control
in Section 2.3. Chapter 3 presents a PDE interval observer for uncertain non-homogeneous
heat equations, which has the same distibuted nature as the considered system. And again,
Section 3.3 shows an output stabilizing control. Chapter 4 presents the interval estimation
for second-order delay differential equations with delayed measurements and uncertainties.

Finally, concluding remarks and a discussion on future works are given in Chapter 5.
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Chapter

Theoretical framework

Contents
1.1 Interval analysis. . . . . . . . . . . . . . ... 10
1.2 Nonnegative continuous-time linear systems . . . . .. .. .. ... ... 11
1.3 Interval observer for continuous-time linear systems . . . . . . . . .. .. 12
1.4 Interval observers for time-delay systems . . . . . ... .. ... ... .. 16
1.5 Partial differential equations . . . . . . . ... 19

This chapter presents basic concepts of the interval observer construction, main restrictions
and conditions for the design, notation and preliminaries for partial differential equations
(PDEs) and its analysis, as well as for systems with delays.

The idea of interval observer design has been proposed in Gouzé et al., 2000. “Given
bounds on the uncertainties in the model, we are looking for dynamic bounds on the estimation
of the variables. Because bounds are usually given by intervals, we shall build what we call

)

‘interval observers’.

Consider a dynamical system:

x(t) = f(t,x(t), x(0)=xo (1.1)

where the state x € X C R" and y € R? is the output.

Definition 1.1. A pair of systems:

NI
—_
~
~
Il

g (t,27 (1), p(t)) (1.2)
I (t,z(t), 2" (), p(t))

RI
—_
~
~
Il

9



10 CHAPTER 1. Theoretical framework

and

Ne.
+
—_
~
~
[l

g (t,2" (), y(t)) (1.3)
xt(t) = I7(tz7 (1), 27 (t), (1))

is an interval estimator for system Sy if for any (relatively) compact set X, C X, there exist
(z_(0), z,(0)) such that the coupled system (1.1), (1.2), (1.3) verifies:

x(t)<x(t)<x*(t), Vt>0
for any initial condition x(0) € Xj.

In the case of uncertainties this supposed interval estimation becomes more attainable:
an observer can be constructed such that using the input-output information it evaluates the
set of admissible values (interval) for the state at each instant of time. The interval width
is proportional to the size of the model uncertainty (it has to be minimized by tuning the
observer parameters).

Starting in 2000 with the work of Gouzé et al., 2000, the interval analysis for constructing
an estimator for uncertain and nonlinear systems becomes more popular.

For example, the paper Jaulin, 2002 studies the application of interval analysis of Moore,
1966; Moore et al., 2009 to state estimation of nonlinear continuous-time systems in a
bounded-error context, and checked on a famous Lotka-Volterra predator-prey model.

In Bernard and Gouzé, 2004 the authors extended the proposed method for the biological
reactor, using a set of interval observers and closed loop mass balance observers to construct
interval ones. They run simultaneously a broad set of interval observers and select the best
ones, therefore it allows to cope with large uncertainties, but realistic for biotechnological

processes.

1.1 Interval analysis

Given a matrix A € R™"  define A™ = max{0,A}, A~ = A* — A (similarly for vectors) and
Al = A%+ A~

Lemma 1.1. Efimov et al., 2012 Let x € R” be a vector variable, x < x <X for some x,x € R".

(1) If A e R™" is a constant matrix, then

ATx-AX<Ax<AX-A"x (1.4)
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(2) If A e R™" is a matrix variable and A <A < A for some A, A € R"" then

Atx" A x AT +A T <Ax (1.5)
<A X -AF -A xt+A X
Furthermore, if ~A = A <0 < A, then the inequality (1.5) can be simplified: —A(x*+x7) <
Ax <A +x7).

1.2 Nonnegative continuous-time linear systems

A matrix A € R"™" is called Hurwitz if all its eigenvalues have negative real parts, and it is
called Metzler if all its elements outside the main diagonal are nonnegative. Any solution of

the linear system

%= Ax+Bo(t), v : R, >R, (1.6)
y=Cx+Dow(t),

with x e R", y € R? and a Metzler matrix A € R™", is elementwise nonnegative for all t > 0
provided that x(0) >0 and B € ]Rixq Farina and Rinaldi, 2000; Kaczorek, 2002; Smith, 1995.
The output solution y(t) is nonnegative if C € R and D e RP™. Such a dynamical system
is called cooperative (monotone) or nonnegative if only initial conditions in R¥ are considered
Farina and Rinaldi, 2000; Kaczorek, 2002; Smith, 1995.

For a Metzler matrix A € R™" its stability can be checked verifying a Linear Programming
(LP) problem AT <0 for some A € R\ {0}, or the Lyapunov matrix equation ATP+PA <0
for a diagonal matrix P € R™" P > 0 (in the general case the matrix P should not be
diagonal). The L; and L, gains for nonnegative systems (1.6) have been studied in Briat

et al., 2011; Ebihara et al., 2011, for this kind of systems these gains are interrelated.

Lemma 1.2. Briat et al., 2011; Ebihara et al., 2011 Let the system (1.6) be nonnegative (i.e.
A is Metzler, B> 0, C >0 and D > 0), then it is asymptotically stable if and only if there
exist A € R \ {0} and a scalar y > 0 such that the following LP problem is feasible:

ATA+CTE,
T T
B*A-yE;+D"E,
Moreover, in this case L gain of the operator w — v is lower than y.

Lemma 1.3. Briat et al., 2011; Ebihara et al., 2011 Let the system (1.6) be cooperative (i.e.
A is Metzler, B> 0, C >0 and D > 0), then it is asymptotically stable if and only if there
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exist A € R \ {0} and a scalar y > 0 such that the following LP problem is feasible:

A/\+BEq
Cl- vE, + DE,

Moreover, in this case L., gain of the transfer w — y is lower than y.

The conventional results and definitions on the L,/L, stability for linear systems can be
found in Khalil, 2002.

1.3 Interval observer for continuous-time linear systems

Consider the following system
x(t) = Ax(t)+d(t), p(t) = Cx(t)+v(t), teR, (1.7)

where x(t) € R" is the state, y(t) € RP is the output, d(t) € R" is the disturbance, d € L;
v(t) € RP is the meaurement noise, v € £E,; the matrices A, C have appropriate dimensions.
This model has three sources of uncertainty: initial conditions for x(0), instant values of d

and v. It is assumed that all these uncertain factors belong to known intervals.

Assumption 1.1. Let x(0) € [x,, %] for some known x,, %Xy € R", let also two functions d,derll

and a constant V > 0 be given such that

Thus, by this assumption three intervals [xy,%o], [d(t),d(t)] and [-V,V] determine
uncertainty of (0), d(t) and v(t) respectively. It is required to calculate two estimates

x,x € LI, using the available information on these intervals and y(t), such that

x(t) < x(t) <x(t) Vt=>D0. (1.8)

Interval observer is a solution to this problem:

[=-
—_—~
~
~
[l

Ax(t) + L{y(t) — Cx(t)] - [LIE, V + d(2), (1.9)
(t) = Ax(t)+L[y(t)— CX(t)]+|LIE,V +d(t),

2(0) = x,%(0) =%

)_
)_

o

’

where L € R™P is the observer gain to be designed. The conditions to satisfy for L are given

below.
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Theorem 1.1. Gouzé et al., 2000 Let Assumption 1.1 hold and x € £, then in the system
(1.7) with the interval observer (1.9) the relations (1.8) are satisfied provided that the matrix
A —LC is Metzler. In addition, x,x € L. if A—LC is Hurwitz.

To understand the main ideas behind this result (that is very representative for all kinds

of interval observers) consider its proof.

Proof 1.1. Define two estimation errors
e(t) = x(t) — x(t), e(t) = x(t) — x(t),
which yield differential equations:

é(t)=[A—LCle(t)+ Lv(t) + |LIE,V +d(t) - d(1),
é(t)=[A—LCJe(t)— Lv(t)+|LIE,V + d(t) - d(t).

By Assumption 1.1, for all t >0
ILIE,V £ Lv(t) > 0, d(t)—d(t), d(t)—d(t) > 0.

If A—LC is a Metzler matrix, since all inputs of e(t), e(t) are positive and e(0) > 0, ¢(0) > 0,
then e(t) > 0, e(t) > 0 for all + > 0 Farina and Rinaldi, 2000; Smith, 1995. The property (1.8)
follows from these relations. If A— LC is Hurwitz, since all inputs of e(t), e(t) are bounded,

then e, e € L and boundedness of x,x is implied by boundedness of x.

Thus, from this proof we can conclude that the idea for design of an interval observer is
to guarantee nonnegativity of the estimation error dynamics. The observer gain L has to
be designed in a way that the matrix A —LC would be Metzler and Hurwitz. In addition,
in order to optimize the width of estimated interval [x(t),X(¢)] the problem of L; or L,
optimization of that gain value can be posed. Using lemmas 1.2 and 1.3 this problem can be
formulated as a LP computational procedure,for example, for L{ optimization it is necessary
to find A € R", w € RP and a diagonal matrix M € R such that

AT +CTw+E,
<0, (1.10)

A-yE,
A>0,M>0, AT A+CTw+MA>0,

then w = LTA Chebotarev et al., 2015.
Formulation (1.3) provides an effective computational tool to design interval observers,

but it is only sufficient condition and in some cases this LP problem may have no solution,
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but it does not imply that it is not possible to design an interval observer. Roughly speaking
in this case it is not possible to find L such that A—LC is simultaneously Metzler and Hurwitz.
It is well known fact that Hurwitz property of a matrix is preserved under a similarity
transformation of coordinates, then to overcome the issue it is possible to design the gain
L such that the matrix A—LC is Hurwitz and next to find a nonsingular matrix S € R™"
such that in the new coordinates z = Sx the state matrix D = S(A—LC)S™! is Metzler (it is
Hurwitz by construction). The conditions of existence of such a real transformation matrix S

are given in the following lemma.

Lemma 1.4. Raissi et al., 2012 Given the matrices A € R™", D € R"™" and C € RP*", If there
is a matrix L € R™P such that the matrices A—LC and D have the same eigenvalues, then
there is a matrix S € R™" such that D = S(A—LC)S~! provide that the pairs (A —LC, x1)
and (D, x,) are observable for some xq, x, € RI*".

Note that (1.7) can be rewritten as follows:
X(t) = (A= LC)x(t) + Ly(t) — Lv(t) + d(¢).

Under conditions of this lemma and in the new coordinates z = Sx the system (1.7) takes the

form:

2(t) = Dz(t) + SLy(t) + 8(t), 8(t) = S[d(t) - Lv(t)]. (1.11)

And using Lemma 1.1 we obtain that

5(t) < 8(t) < 8(t),

where 5(t) = S*d(t)— S™d(t) - |SLIE,V and o(t) = S*d(t)— S~d(t) +|SLIE,V. Next, for the
system (1.11) all conditions of Theorem 1.1 are satisfied and an interval observer similar to
(1.9) can be designed:

2(t) = Dz(t) + LSy(t) + o(t), (1.12)
Z(t) = Dz(t) + LSy(t) + 6(¢),
2(0) = S*xy— S7xg, 2(0) = STXp ~ S”x,

x(t)= (ST z(t) - (S71)z(1),

where the relations (1.4) are used to calculate the initial conditions for z,z and the estimates
x,X. It is easy to show that in (1.12) the inclusion (1.8) is satisfied and x,x € L. If conditions

of Lemma 1.4 are not satisfied, then it is possible also to ask that transformation to new
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coordinates be time-varying as in Mazenc and Bernard, 2011 or Combastel, 2013. The
interval observer then has a form similar to (1.12) with S = S(t), but its realisation needs
more computations than for (1.12) due to time-varying transformation. Another way to have
a Metzler matrix for the interval observer was presented in Cacace et al., 2015. It is shown
there, that in general any system may be embedded in its internal positive representation,
which has dimension 2n (then interval observer has dimension 4#n). For example, a matrix

can be decomposed as a difference of Metzler and nonnegative matrices:
A-LC=(A-LC)_ +(A-LC)y=(A-LC)_+(A-LC); - (A-LC)y,

where (A — LC)_ is the diagonal matrix composed by elements of (A — LC) on the main
diagonal and (A—-LC), =A—-LC—-(A—-LC)._. Then the following interval observer can be
proposed for (1.7):

() = [(A-LC) +(A-LO)]x(t) - (A= LC)x(t) + Ly(t) = |LIE, V +d(t), (1.13)
X(t) = [(A-LC) +(A-LOLIE(t) - (A~ LC)yx(t) + Ly(t) + |LIE, V +d(¢t),

x(0) = x4, %(0) =X,

Theorem 1.2. Mazenc and Bernard, 2010 Let Assumption 1.1 hold and x € £7., then in the
system (1.7) with the interval observer (1.13) the relations (1.8) are satisfied. In addition,
x,xe Ll if
(A-LC)_ +(A-LCO)} (A-LC)y

(A-LC)x (A-LC)_+(A-LC)}

R=

is Hurwitz.

As we can conclude the requirement on Metzler property of the matrix A—LC is completely
avoided, and the main difficulty in application of the last theorem consists in finding conditions
under which the Metzler matrix R is Hurwitz. It is also difficult to formulate some LMIs to
find L in this setting.

The main approaches to design interval observers for LTI systems are presented. If it
is possible to find L such that A —LC is Hurwitz and Metzler (looking for a solution of
LP problem (1.3)), then the interval observer (1.9) is a solution. If such a gain L does not
exist, then different transformations of coordinates from Lemma 1.4 and Combastel, 2013;
Mazenc and Bernard, 2011 can be tested. In this case L also can be found as a solution of LP
problem or LMIs, and the interval observer (1.12) can be applied. An alternative solution
(1.13) also can be tested. Note that developed observers (1.9), (1.12) can be easily applied

for some nonlinear systems, where all nonlinear terms are contained in d(t) = d(¢t, u(t), x(t))
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in a manner that Assumption 1.1 is satisfied for some d,d € £, d(t) = d(t,u(t),y(t), V) and
d(t)=d(t,u(t),y(t),V).

By this section, the basic approaches to design interval observer for linear continuous
time system was presented, and they will be used to construct an observer for PDEs after

the approximation procedure.

1.4 Interval observers for time-delay systems

Delays appear in many control systems at different levels of conception: at the state dynamics,
in the control channel, or in the measurement signals. Sensors, actuators, and communication
networks that are involved in the feedback loops usually introduce delays. Arising in
differential equations, they may cause instability and oscillation of the solutions of the
considered system.

This section presents main results on existing solutions on constructing interval observers
for time-delay systems, then in Chapter 4 a new approach is introduced for the case, when
the measurement delays are different from state delays.

Consider a linear system with constant delays

X(t)=Agx(t)+ ) A;x(t—1;)+w(t), (1.14)

-

i=1

where x(t) € R" is the state, x; € C}! for 7 = max <<y T; where 7; € R, are the delays
(Cr = C([-7,0],R) is the set of continuous maps from [-7,0] into R, C,y ={p €C;: y(s) €
R,, s € [-7,0]}); a piecewise continuous function w € L is the input; the constant matrices A;,
i =0,N have appropriate dimensions. The system (4.1) is called cooperative or nonnegative
Haddad and Chellaboina, 2004 if it admits x(¢) € RY for all ¢ > # provided that x;, € C{, and

w:R —RY.

Lemma 1.5. Dambrine and Richard, 1993; Haddad and Chellaboina, 2004 The system (1.14)

is nonnegative for all T € R, iff Ay is Metzler and A;, i =1, N are nonnegative matrices.
Consider the system (1.14) with an output y € R? subject to a bounded noise v € £Z:
y=Cx, P=p+v(t), (1.15)

where C € RP*". Below the relation a < b for a,b € C} is understood in the sense that
a(0) < b(0) for all O € [-1,0].
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Assumption 1.2. Let x € £, with x, < x;, <X, for some xy, Xy € C7; |[v|]| < V for a given
V > 0; and w(t) < w(t) < w(t) for all t >ty for some known w,w € L.

In this assumption it is supposed that the state of the system (1.14) is bounded with
an unknown upper bound, but with a specified admissible set for initial conditions [x,X;].
Uncertainty of the system is collected in the external input w with known bounds on the

incertitude w, , the measurement noise v and the interval of initial conditions [x,X;].

As we see above, interval observers have an enlarged dimension (the examples given above
have 2n variables to estimate n states). Thus, design of reduced order interval observers is of
a big importance for applications. A reduced order interval observer for time-delay system

(1.14), (1.15) has been proposed in Efimov et al., 2013c,d, those ideas are explained below.

For the system (1.14), (1.15) there exists a nonsingular matrix S € R™" such that
x = Sy’ Z1]T for an auxiliary variable z € R*P (define S™! = [CT ZT]|T for a matrix
Z e RU=P>1) then

9(t) = Ryp(t) + Roz(t) Z[Dw — 1)+ Dyiz(t = 1)) + Cao(t), (1.16)

Z(t):R3y()+R4Z Z[D?;z t_T1)+D41 t_T1]+ZC‘) )
i=1

for some matrices Ry, Dy, k = 1,4, i = 1,N of appropriate dimensions. Introducing a new
variable w = z—Ky = Ux for a matrix K € R"P*P with U = Z-KC, from (1.16) the following

equation is obtained

N
w(t) = Gowp(t) + Mow(t) + ) [Gip(t— ;) + Myw(t — )] + B()

i=1

N
B(t) = Uw(t) - Gou(t) - ZG,-v(t—Ti), (1.17)

i=1
where (t) is defined in (1.15), Gg = R3 — KRy + (R4 — KR,)K, My = R4 — KR,, and G; =
Ds3; — KDy, +{Dy; — KD,;}K, M; = Dy; — KD,; for i = 1,N. Under Assumption 1.2 and using
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the relations (1.4) the following inequalities follow:

BB < B(t) <B(1),
N
B() = U'w(t) - Ua(t)~ ) IGE,YV,
1;0
Bt)=UTa(t) - U w(t)+ ) |GIE,V
i=0

Then the next interval reduced-order observer can be proposed for (1.14):

(1) = Gop(t) + Mow(t)+ ) _[Giaplt =) + Myw(t — ;)] + (1), (1.18)
i=1

-
i

w(t) = Gop(t) + Mow(t) + ) [Gip(t =) + Myw(t — ;)] + B(¢),

-

Il
—_

1

The applicability conditions for (1.18) are given below.

Theorem 1.3. Efimov et al., 2013c Let Assumption 1.2 be satisfied and the matrices My, M;,

i =1,N form an asymptotically stable cooperative system. Then x,X € L. and

x(t) <x(t) <x(t) Vt=>0,

where

x(t) =Sy 20" =S [H) =)', (1.19)
xX(t) =S [p() " Z0) "] =Sy 20",

Y(6) = () =V, 5(t) = p(t) + V, (1.20)
2(t) = w(t) + K*y~ K3, 2(t) =W(t) + KT~ K.

The main condition of Theorem 1.3 is rather straightforward: the matrices My, M;,
i =1,N have to form a stable cooperative system. It is a standard LMI problem to find a
matrix K such that the system composed by My, M;, i = 1,N is stable, but to find a matrix
K making the system stable and cooperative simultaneously could be more complicated.

However, the advantage of Theorem 1.3 is that its main condition can be reformulated using
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LMIs following the idea of Rami et al., 2007.

Proposition 1.1. Efimov et al., 2013c Let there exist ¢ € R,, p € Ry 7, g € Ry ” and
B e R=P*P gych that the following LMIs are satisfied:

p'Ty—E, ,BIl; +q" <0,p>0,9>0;
dlag[p]R4 — BR2 + CIn—p >0,¢c>0;
diag[p]|D4; —BD,; >0,i =1,N;

N N
H0:R4+ D41', Hl :R2+ZD21',
i=1 i=1

then K = diag[p]~' B and the matrices My = Ry — KRy, M; = Dy; — KD,;, i = 1, N represent a

stable cooperative system in (1.18).

If these LMIs are not satisfied, the assumption that the matrix M, is Metzler and the

matrices M;, i =1, N are nonnegative can be relaxed using Lemma 1.4 Efimov et al., 2013c.

1.5 Partial differential equations

In this section, partial differential equations of parabolic type and its well-posedness are
considered. Then, we consider a stibilizing controller design for a one-dimensional semilinear
diffusion equation, where the measurements of the state are taken in a finite number of fixed
sampling spatial points. The diffusion coefficient and the nonlinearity may be unknown, but
they satisfy some bounds. The considered controller can be implemented by a finite number
of stationary sensors and actuators. In chapters 2 and 3 some of these results are used for

analysis and comparation with proposed methods.

Parabolic PDEs

Consider the following semilinear scalar diffusion equation

zi(x,t) = aix[a(x)zx(x, )]+ p(z(x,t),x, t)z(x, t) + u(x, t), (1.21)

t>to, x€[0,€,£>0
with Dirichlet boundary conditions

z(0,t) =z({,t) =0, (1.22)
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or with mixed boundary conditions
z,(0,t) = yz(0,t), z({,t)=0, y >0, (1.23)

where subindexes denote the corresponding partial derivatives and y may be unknown. u(x,t)
is the control input. The functions a and ¢ are of class C! and may be unknown. These

functions satisfy the inequalities

a>ay>0, ¢ =P >0,

where ag, ¢, and ¢ are known bounds.

It is well-known that the open-loop system (1.21) under the above boundary conditions
may become unstable if ¢, is big enough (see Curtain and Zwart, 1995 for ¢ = ¢p).
Moreover, a linear infinite-dimensional state feedback u(x,t) = Kz(x,t) with big enough
K > 0 exponentially stabilizes the system. Let the points 0 = xg < xy <... <xy =1 divide
[0,€] into N sampling intervals. We assume that N sensors are placed in the middle

Xj+1 + x]- . . . . .
= ———(j =0,..,N —1) of these intervals. The sampling intervals in space may be

x".
]

variable but bounded
Xjip1—Xj = A. (1.24)

The goal here is to design for (1.21) an exponentially stabilizing sampled data in space

controller Fridman and Blighovsky, 2012

Xiy1 X5
u(x,t) = —Kz(%,t), % = L——

= Xj <x<Xj4, j=0,..,N~-1 (1.25)

with the gain K > 0. The closed-loop system (1.21), (1.25) has the form:

zi(x,t) = aix[a(x)zx(x, B+ ¢(z(x, t), x, t)z(x, t) - Kz(%), ), (1.26)

Xj S x<Xjy, j=0,..,N-1,

with boundary conditions (1.22) or (1.23). By using the relation z(%;, ) = z(x, t)—f; ze(C, t)dC,
(1.26) can be represented as ]

zi(x,t) = %[a(x)zx(x, )]+ ¢(z(x,t),x,t)z(x, t) (1.27)

—K[z(x, t)—j z¢(C, t)dC], Xj <X <Xji1, j=0,.,N—-1.

Xj

Note that, since the feedback control here is defined on each interval I; = x;,1 —x; <A, j =
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0,..,N —1., the system (1.21) is better to rewrite like Selivanov and Fridman, 2018

zi(x,t) = i[a(x)zx(x, )]+ ¢(z(x,t),x,t)z(x, t) +

dx bj(x)u;(t), (1.28)

~.
I M"@
[e]

tZto, xel= [0,5],

where the control signals u;(t) are applied through the shape functions b; € L?(1,[0,1]) such
that

b](x) =0 x¢ I]',

bj(x): 1 XEI]'.

(1.29)

The static output feedback control (1.25) method presented in this section will be used in
Chapter 3 for analysis and comparation with interval observer feedback control.

For later use, we need the following inequalities:

Lemma 1.6. Hardy et al., 1988 Wirtinger’s Inequality. Let z € H'(I,R), then

14 V4 2
f Z2(&)dE < sz [dz('g)l d&, (1.30)
0 0

2 d&

and if z(0) = z(¢) = 0, then b = 1; if only z(0) = 0 or z(£) = 0, then b = 4.

Lemma 1.7. Poincare’s Inequality. Let z € H'(I,R) with fog z(£)d& =0, then

4 4 2
f zz(é)désﬁf [dz(é)] e, (1.31)
0 0

702 d&

Well-posedness of the closed-loop system

Let us establih the well-posedness of the closed-loop system (1.21) under the continuous in
time controller (1.25)

zi(x, t) = %[a(x)zx(x, )]+ P(z(x, t),x,t)z(x, t) — Kz(x, t) + Kj z¢(C,t)dC],
%
Xj <x< x]'+11 55] = xj%—'—xj, ] =0,..,.N-1,t> to, Z(X, to) = Z(O)(X) (132)

and under the Dirichlet boundary conditions (1.22). The well-posedness under the mixed
conditions (1.23) can be proved similarly. Introduce the Hilbert space H = L*(I,R), I = [0,{]
with the norm ||-||;2 and with the scalar product (-,-). The boundary-value problem (1.32)
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can be rewritten as a differential equation
w(t) = Aw(t) + F(t,w(t)), t >t (1.33)

dla(x) <]
ox

in H where the operator A = has the dense domain

D(A) = {w € H*(L,R) : w(0) = w(£) = 0},

and the nonlinear term F : R x H(I,R) — L?(I,R) is defined on functions w(-,t) according to

we (T, 1)dC.

]

F(t,w(-t) = p(w(x, t),x, t)w(x, t) — Kw(x, t) + KJ

X

It is well-known that A generates a strongly continuous exponentially stable semigroup T,
which satisfies the inequality ||T(t)|| < ke™®*, (t > 0) with some constant x > 1 and decay
rate 6 > 0 (see, e.g. Curtain and Zwart, 1995 for details). The domain H! = D(A) = A™'H
forms another Hilbert space with the graph inner product (x,v); = (Ax,Ay), x,y € H!. The
domain D(A) is dense in H and the inequality |[Aw|[;2 > plw|| 2 holds for all w € D(A) and

some constant u > 0. Operator —A is positive, so that its square root (—A)% with

= D((-A)2) = {we H(,R) : 0(0) = () = 0}

N|=

H

is well defined. Moreover, H 7 is a Hilbert space with the scalar product

1

u,(-A)2v).

Nl—=

(1, 0); = ((-A)

Denote by H =7 the dual of H? with respect to the pivot space H. Then A has an extension
to a bounded operator A : H? — H"2. We have H! ¢ H? ¢ H with continuous embedding
and the following inequality

(=A) 2wz > wllwll;z  for all 0 € H? (1.34)

holds. All relevant material on fractional operator degrees can be found, e.g., in Tucsnak and
Weiss, 2009. A function w : [tg, T) — H? is called a mild solution of (1.33) if

w(t) - w(ty) = It[Aw(s)+F(s,w(s))]ds (1.35)

to
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holds for all t € [ty, T). Here, the integral is computed in H:. Differentiating (1.35) we
obtain (1.33).

Since the function ¢ of class C!, the following Lipschitz condition (by additionally applying
the Wirtinger’s inequality (1.30)):

IF(t1, @1) = F(ty, w))li2 < ClIty = ol + |(=4)2 () - wy)ll12] (1.36)

with some constant C > 0 holds locally in (t;, w;) € R, x H%, i =1,2. Thus, Theorem 3.3.3 of
Henry, 1993 is applicable to (1.33), and by applying this theorem, a unique strong solution
w(t) € H% of (1.33), initialized with PARNE H%, exists locally. Since ¢ is bounded, there exists
C! > 0 such that

IE(t @)ll2 < Cill(-A) @llz, Ve € H2.

Hence, the strong solution initialized with z(*) € H 3 exists for all T > ty Henry, 1993.

LMIs for the exponential stabilization

Consider the stabilization problem via sampled-data in spatial variable controller which is
continuous in time. In this case let us assume that ¢ is upper bounded with ¢ < ¢p; < oo
(thus ¢, = —c0). Consider the closed-loop system (1.32) under the mixed boundary conditions
(1.23). By using the Lyapunov function

14
V(t) :L 2% (x, t)dx, (1.37)

derive conditions that guarantee V(t)+20V(t) < 0 along (1.32), (1.23). The latter inequality
yields V(t) < e 2=tV (¢) or

¢ 7 ¢
J‘ 22(x, t)dx < e‘2b(t_t°)f 22(x, to)dx (1.38)
0 0

for the strong solutions of (1.32), (1.23) initialized with
z( tg) € HY(0,€) : 2¢(0,t9) = ¥2(0, 1), 2(£,to) = 0. (1.39)

If (1.38) holds, then the system (1.32) under boundary conditions (1.23) is exponentially
stable with the decay rate o.
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Differentiating V along (1.32) we find
) l
V(t) = ZJ z(x, t)zs(x, t)dx =
0
¢ )
ZJ z(x, t) x [g[a(x)zx(x, )]+ ¢(z(x,t),x,t)z(x, t) — Kz(x, t) | dx
0
N-1 Xj+1
+2 ZJ Kz(x,t)[z(x, ) — z(%;, t)]dx.
j=0 7%
Integration by parts and substitution of the boundary conditions (1.23) lead to
¢ J
ZJ; z(x, t)g[a(x)zx(x, t)]dx = 2a(x)z(x, t)z,(x, t)|€ (1.40)

l 14
—ZJ‘ a(x)z2(x, t)dx < —2a0J- 22(x, t)dx
0 0

Therefore,

l

4
V() < —ZaOI z,%(x,t)dx+2f (P — K)Z2(x, t)dx

0

0
N-1 Xj+1
+2 ZJ Kz(x, t)[2(x, t) - 2(%;, 1)]dx (1.41)
j=0 7%
By Young’s inequality, for any scalar R > 0 the following holds:

N-1 Xj+1
-2K ZJ z(x, t)[z(x, 1) — 2(%;, t)]dx
=0 7%

i 4 — N-1 Xjs1
RJ z%(x,t)dx + R ZJ [z(x,t)—z(fj,t)]de .
0 j=0 <X

Then, application of Wirtinger’s inequality (1.30) yields

<K (1.42)

S —

J_XM [2(x, ) — z(%), 1) dx = ij[z(x: t) - 2(%;, )] dx+

j

j

Xj+1 A2 (Xj+
f [2(x, t) - z(%;, t)]2dx < = J z2(x, t)dx. (1.43)
Xj
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Choosing next R = %R, we find from (1.41)-(1.43) that

4
V(t)+25V(t) < (R_IK%—ZLZO)L z2(x, t)dx

A l
+(RKE+26+2(¢M—K))J 2% (x, t)dx. (1.44)
0
By Wirtinger’s inequality (1.30), V(t)+ 25V (t) <0 if
1, A
RTK= 24y <0, (1.45)
2

TC

A
RK;+26+2(¢M—K)+ vz

A
(R—lK— - 2a0) <0,

i
where b = 4. Under the Dirichlet boundary conditions (1.22), application of (1.30) leads to
the same conclusion with b =1 in (1.45). Note that inequalities (1.45) are feasible for small
enough 6 >0, A> 0 iff K> ¢y — M. By this, the following proposition has been proved,

b2
inspired by Fridman and Orlov, 2009

Proposition 1.2. (i) Given b =4, K > ¢ — %, R >0, let there exist A> 0 and 6 > 0 such
that the linear scalar inequalities (1.45) are feasible. Then the closed-loop system (1.21),
(1.25) under the mixed boundary conditions (1.23) is exponentially stable with the decay
rate o (in the sense of (1.38)).
(ii) If the conditions of (i) hold with b = 1, then the closed-loop system (1.21), (1.25)
under the Dirichlet boundary conditions (1.22) is exponentially stable with the decay rate 9.
(iii) The state-feedback controller u = —Kz(x, t) exponentially stabilizes (1.21) with the

decay rate 0 >0 if K> ¢y — % + 0, where b =1 corresponds to (1.22) and b =4 to (1.23).

Remark 1.1. The condition (1.45) of Proposition 1.2 cannot be improved for the diffusion
equation
Zi(x, 1) = Zyy (X, 1), (1.46)

where x € [0, 7] under the mixed boundary conditions z,(0, t) = z(7, t) = 0. The feasibility of
(1.45) with K =0, a = 1 guarantees the exponential decay rate 6 = 0.25 of the system. This
is the exact decay rate since —0.25 is the rightmost eigenvalue of the operator A = %22 with
the domain (Tucsnak and Weiss, 2009)

D(A) = {w € H¥(I,R) : w,(0) = w(n) = 0}.

The same conclusion is true for the Dirichlet boundary conditions with 6 = 1.
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Chapter 2

Interval observers and controls for PDEs using

finite-element approximations

Contents
2.1 Approximation of distributed systems . . . . .. .. ... ... 27
2.2 Imterval observer design . . . . . . .. .. ... 32
2.3 Control design . . . . . . . .. 36
2.4 Example . . .. 41

The first result on interval observers for systems described by PDEs has been proposed
in Kharkovskaia et al., 2016, where the finite-dimensional approximation approach was
used. Then in Kharkovskaia et al., 2018b it was extended and the additional design of an
output stabilizing control based on constructed interval observer was proposed. This chapter

describes the framework of interval estimation for PDEs using early lumping approach.

2.1 Approximation of distributed systems

In this section basic facts on finite-dimensional approximations of a PDE and some auxiliary
results are given.

Following Wheeler, 1973, consider the following PDE with homogeneous Dirichlet boundary
conditions:

p(x) 82(83;, ) =L[x,z(x,t)] +r(x,t) Y(x,t)€Ix(0,T),

z(x,0) = zp(x) Vxel, (2.1)
0=12(0,t)=2z(1,t) Vte(0,T),

27
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where I =[0,1] and T > 0,

1w 2) = 5 (a0 52| - 609 5% gt

re L®(Ix[0,T],R), a,b,q,p € L*(I,R) and there exist ag,a;,pg,p1 € R, such that
0<ag<a(x)<a;, 0<pg<p(x)<py Vxel,

and a’,b” € L*(I,R), where a’ = da(x)/0x.
Let A = {xj};\]:/O for some N’ >0, where 0 = xg <x; <---<xy =1, and [; = (xj_1,%;),
hi =x;—xj_1, h=max <j<n hj. Let P(I’) be the set of polynomials of the degree less than

s+1,s>0 on an interval I’ C I, then adopt the notation:

M = {veCULR):v(x)= vi(x) Vx € [},
vj € PS(I]') V1 Sj < N’}

and M = My = {v e M : v(0) = v(1) = 0}.

Introduce a bilinear form:

L(y,v) =—(ay’,v"y—(by",v)—(qv,v) y,veH'(LR),

x€l xe

The continuous-time Galerkin approximation Z(-,t) € M to the solution z(x, t) of the parabolic
system (2.1) is defined by

ot’
L(Z =25, D)= A(Z =25, D)=0 VD eM,t=0.

<pa_z cp> =L(Z,®)+(r,®) YDeM, Vte(0,T); (2:2)

Assumption 2.1. There exist s >0, I; >0 and I, > 0 such that the solution z of (2.1) belongs
to L=([0, T), Ws*1*°(I,R)) and dz/dt € L*([0,T), H*(I,R)),

zllzeo (0, 7), w0 (r,r)) < 11y 102/ 0t |12 (0, 7), 1541 (1,R)) < Lo-

Proposition 2.1. Wheeler, 1973 Let Assumption 2.1 be satisfied, then there is ¢ > 0 such that

I1Z - zllixo,rir) < ch NI +1),
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where z and Z are solutions of (2.1) and (2.2), respectively.

Remark 2.1. Since the operator A = a%(a(x)a%) : L*(I,R) — D(A) c L*(1,R) with D(A) =
H&(I,]R) NH2(I,R) is closed, then for z; € D(A) and % € C((0, T),L*(I,R) using, for example,
Pazy, 1983, Ch. 1, Corollary 2.5 we derive z € C%([0,T), D(A)). Taking into account that
Z € C%([0,T),D(A)) we conclude that in the latter case the obtained estimate on Z —z holds
for all t € [0,T) and x € I.

Remark 2.2. The constants /; and I, depend on the original solution z and may be evaluated a
priori from the domain of application, while p needs a numeric experimentation to be estimated.
Thus, in order to be applied, the result of this proposition can also be interpreted as the

existence for any g > 0 a sufficiently small discretization step k > 0 such that ph**t! (I} +1,) < 4.

In order to calculate Z, let ®; € M, 1 <j <N with N > N’ be a basis in M, then following
the Galerkin method Thomée, 2006 the solution Z(x,t) of (2.2) can be presented as

Z(x,t)= ) &i(H)Dj(x),

-

j=1

where & =[&;...&Ex]T € RN is the vector of coefficients satisfying the ODEs for all 1 <j < N:
N N
<p ZEZ(DZ,CD]>:[:(Zél(l)l,q)])+<1’,®]> Vte (0, T),
i=1 j
N
i=1

which finally can be presented in the form (a.a. means “for almost all”):
YE(t) = AE()+7(t) aa.te(0,T); PE(0)=
where for all 1 <i,j <N

Y\j,i = <p(DZ,CD]>, Aj,i = ﬁ(q)l,q)]), 17]' = <1’,CD]‘>;
Wi = L(®;, D)) = M (D5, D), @; = L{zo, D)~ (20, D).

Under the introduced restrictions on (2.1) and by construction of the basis functions ®@;, we

assume that the matrices Y and W are nonsingular, therefore

E(t)= AE(t)+ GF(t) a.a.te(0,T), £(0) =&, (2.3)
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where A=Y TAeRVN G=""1 & =W 'oeRN and 7€ L*([0, T),RYN). Then for any
&y € RN the corresponding solution & € C°([0, T),RY) to Cauchy problem (2.3) can be easily

calculated.

Remark 2.3. An alternative way of using a specific Galerkin approximation which is based on
the Fourier expansion in eigenfunctions of the corresponding Sturm-Liouville problem might
be alsoo applied. This way has successfully been applied in Orlov et al., 2004 in the case of a
priori known parameters. In the present circumstances, it would result in an uncertain ODEs

representation in the diagonal form, relying on unknown eigenvalues on the diagonal.

Interval estimates
For ¢ € R define two operators -* and -~ as follows:
¢* =max{0,p}, ¢~ =" - ¢.
Lemma 2.1. Let s,5,5: 1 — R admit the relations s <s <'s, then for any ¢ : I — R we have
(5P -G P)<(P) <5 PT) (s 97).
Proof 2.1. By definition,

($0)=(sP" =) =(s,0")=(s,97)

and the functions ¢*, ¢~ take only positive values, then (s, ¢p*) < (s,¢") < (5,¢*), (s,p7) <
(s,¢7) < (5,¢7) and the result follows by substitution.

Lemma 2.2. Let there exist §,E € CY%([0,T),RYN) such that for the solution & of (2.3) we have
(<& <) veeloT),
then for the solution Z of (2.2),

Z(x,t) < Z(x,t) < Z(x,t) VY(x,t)eIx[0,T) (2.4)
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and Z,Z € C%(I x[0, T),R), where

N

Z(xt) = ) (£()07(x)-E;(1)D} (x)), (2.5)
=1

Z(xt) = ) (€007 (x)-&, ()P} (x)
j=1

N N
Z(xt) = ) E(O0x)= ) &0 (x)-D; (x)]
j=1

A
il
~
=
L
T+
2
%]
=
=
=
I
N
&
=

similarly for Z(x,t). The needed continuity of Z,Z is deduced from similar properties of D,
and é,z since by construction & € CO([O, T),RN).

The result Lemma 2.2 connects the interval estimates obtained for a real vector £ and

the approximated solution Z, and can be extended to z as follows:

Lemma 2.3. Let Assumption 2.1 be satisfied and there exist Z,Z € L®(I x [0, T),R) such that
(2.4) be true for the solution Z of (2.2), then there is p > 0 such that for the solution z of

2.1,
z(x,t) < z(x,t) <z(x, t) (2.6)

for all x € I and almost all t € [0, T), where z,z€ L*(I x [0, T),R) given by

(x,1) = ph* (I + 1), (2.7)

Z(x,t
Z(x, t)+ ph”l(ll +1,).

Proof 2.3. The result can be justified by applying the estimates on the error Z — z given in
Proposition 2.1:

2(t,x) < Z(t,x)+ ek (1 + 1)
< Z(x,t)+ ol + 1) =2(x, t)

for almost all (x,t) € I x[0,T), and similarly for z(x, t).

Therefore, according to lemmas 2.2 and 2.3, in order to calculate interval estimates for
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(2.1) it is enough to design an interval observer for (2.3).

2.2 Interval observer design

Assume that the state z(x,t) is available for measurements in certain points x" € I for
1<i<p:
vi(t) = z(x!", t) + v;(t), (2.8)

where p(t), v(t) e RP, v € L°(R,,RP) is the measurement noise. Under Assumption 2.1 from

Proposition 2.1, for a finite-element approximation we can assign
vi(t) = Z(x}", ) + vi(t) + ei(t),

where |le||re (0, 1) rP) < oh**1 (I} + 1) for some p >0, e = [e; ...ep]T. Next,

N
vilt) =) E(OD;(x]")+ vi(t) +ei(t)
j=1
and
y(t) = CE(t) +v(t), (2.9)
with v(t) = v(t)+e(t) € RP being the new measurement noise, and C € RP*N is the appropriate
matrix:
(Dl (X’in) CDN(XT)
C= . , )
Dy (x5") D (xp')

We will also assume that in (2.1),

m
P )= ) r)ug(t) + ro(x 1)
k=1
where u(t) € R™ is a control (known input), 71 € L®(I,R) and ry € L*°(I x [0, T),R). Then in
(2.3):

(T, rae(e)ui(t) + ro(x, ), @y )
Gi(t) = G :
(T, rie(x)ug(t) +ro(x, 1), D)
Bu(t) + Gd(t),
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where

(r1,®1) oo {1 Pr) (ro, P1)
: " : E]RNXm’ d(t) —

(PN oo {11 PN) (r0, PN

is an external unknown disturbance.

B=G eRN

The idea of the work consists in design of an interval observer for the approximation (2.3),
(2.9) with the aim to calculate an interval estimate for the state of (2.1), (2.8) taking into
account the approximation error evaluated in Proposition 2.1 and the results of lemmas 2.2

and 2.3. For this purpose we need the following hypothesis.

Assumption 2.2. Let z; < zy <z for some known z,,zy € L*(I,R), two functions r, 7, €
L®(Ix[0,T),R) and a constant vy > 0 be given such that

ro(x,t) <ro(x, t) <7o(x,t), [v(E)| < vg a.a. (x,t) € I x(0,T).

Assumption 2.3. There are a matrix L € RN*P and a Metzler matrix D € RN*N st. the
matrices A— LC and D have the same eigenvalues and the pairs (A —LC, x1), (D, x») are
observable for some x; e RN x, e RN,

Thus, by Assumption 2.2 three intervals [z,,Z¢], [r(x,t),7o(x,t)] and [-vy, Vo] determine
for all (x,t) € Ix[0,T) in (2.1), (2.8) uncertainty of values of z, ro(x, ) and v(t), respectively.

Using Lemma 2.1 we obtain:

d(t)y<d(t)<d(t) Vte[o,T),
(ro@t) - (Fo o) (For®f) = {ro @)
a(t) = : ,d(t) = :
(1023 - (For ) (7o ®3) - {20,

and under Assumption 2.1
—V <v(t) <V =vy+phHI + ).

Finally,

£, <€(0) <&,

—_

where

om
[
<
-
I3}
|
<
—
8l
o]
(e)

Il
<
-
gl
|
<
—
13}
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<@ forall 1 <j<N with

and @; < @;

;= Al(zo,0; ) - (zo, )] - (azo,q)'f) +{azy, @)
i
_<q+zo 9 zo, @ > < —q 2P >'

@) = A{zoy ¥} )~ (20 ©] )]~ {aZ, @'} {azp, ©'5)

—(b72, - b7z, @7 )+ (b*z) - b2, D; )

—(4'20- 4720} )+ (4720~ 4 20, ),

According to Assumption 2.3 (which is always satisfied if the pair (A, C) is observable,
for example) and Raissi et al., 2012 there is a nonsingular matrix S € RN*N gsuch that
D = S(A-LC)S™!. Now, applying the results of Chebotarev et al., 2015; Gouzé et al.,
2000 two bounded estimates é,g € C%[0,T),RN) can be calculated, based on the available

information on these intervals and y(t), such that
E(t)<E(t)<E(t) Ytelo,T). (2.10)
For this purpose, following Chebotarev et al., 2015; Gouzé et al., 2000, rewrite (2.3):
E(t) = (A—LC)&(t)+Bu(t)+Ly(t) - Lv(t) + Gd(t).

In the new coordinates ¢ = S&, (2.3) takes the form:

C(t) = DC(t)+SBu(t)+SLy(t)+(t), (2.11)
o(t) = S[Gd(t)— Lv(t)]. And using Lemma 1.1 we obtain

3(t) < 5(t) < 8(t),

where 5(t) = (SG)*d(t) - (SG)~d(t) - ISLIE,V and 3(t) = (SG)*d(t) - (SG)d(t) + ISLIE, V.

Next, for the system (2.11) an interval observer can be proposed:

() = DC(t) + SBu(t) + SLy(t) + &(t),
(t) = DT(t) + SBu(t) + SLy(t) + o(t), (2.12)
C(0) =S¢ ~57&, C(0)=5"E -57¢&,,
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—_
~

(t)
(t)

(t)

(57
)

HrC() - (ST,
HrC( - (ST L),

—_
~
~
Il
—_
95
—

)

where the relations (1.4) are used to calculate the initial conditions for Q,Z and the estimates
&E.
Proposition 2.2. Let assumptions 2.1, 2.2 and 2.3 be satisfied. Then for (2.3), (2.9) with the

interval observer (2.12) the relations (2.10) are fulfilled and é,g € CO([0, T),RYN). In addition,
& E€L®([0,T),RN) if A-LC is Hurwitz.

Proof 2.4. By Assumption 2.1 z € L*([0, T), Ws*1°(I,R)), then &,,&,& € C%([0, T),RN) and
E,CeL™([0,T), RN ) by construction. Define two estimation errors

which yield the differential equations:
é(t) = De(t) +6(t) = 8(1), e(t) = De(t) +6(t) - 8(1).
By Assumption 2.2 and the previous calculations,

5(t)—5(t) >0, 6(t)—o(t) >0Vt e0,T).
If D is a Metzler matrix, since all inputs of e(t), e(t) are positive and e(0) > 0, e(¢) > 0, then
e(t) >0, e(t) = 0 for all t+ >0 Farina and Rinaldi, 2000; Smith, 1995. The property (2.10)
follows from these relations. If A—LC is Hurwitz, D possesses the same property, since all
inputs 6(t) — 8(t), 6(t) — 8(t) are bounded, then e,z € L®([0, T),RN) and the boundedness of
§,E is followed by the boundedness of &.

Remark 2.4. In order to regulate the estimation accuracy it is worth to strengthen the
conditions of stability for §,E (Hurwitz property of the matrix A—LC) to a requirement

0-9 e
that the L, gain of the transfer 5 o [ “ | s less than y for some y > 0. To this end,
- e

coupling this restriction with the conditions of Assumption 2.3 the following nonlinear matrix

inequalities can be obtained:

WY+ W41 P
A 1) (2.13)
W+Z>0,P>0,Z>0, (2.14)

SA-FC=P'Ws, (2.15)
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which have to be solved with respect to diagonal matrices P € RN*N and Z € RN*N | nonsin-
gular matrices S € RN*N and W € RV*N some F € RN and y > 0. Then D = P~!W and
L=S"1F. It is easy to see that this system can be easily solved iteratively: first, a solution
P~'W of the LMIs (2.13), (2.14) can be found for given N > 0 with optimally tuned y > 0,
second, the existence of a solution S and F of the LMI (2.15) can be checked. If such a

solution does not exist, then another iteration can be performed for some other values of N.

Theorem 2.1. Let assumptions 2.1, 2.2 and 2.3 be satisfied and the matrix A—LC be Hurwitz.
Then for (2.1), (2.8) with the interval observer (2.5), (2.7), (2.12) the relations (2.6) are
fulfilled and z,z € L*(I x [0, T),R).

Proof 2.5. Since all conditions of Proposition 2.2 are satisfied, then the property (2.10) for
&(t) is true. Next, all restrictions of Lemma 2.2 are verified and the interval estimate (2.4) for
Z(t) is justified. Finally, the needed interval estimates for z(t) can be obtained by applying

Lemma 2.3.

Remark 2.5. The designed interval observer can also be applied to a nonlinear PDE. If in

Assumption 2.2,
dz dz

ro(x,t) <ro(x, t,2, % E) <T7o(x,t)
for some known r,, 79 € L(Ix[0,T),R) for all x e I, t € [0, T) and the corresponding solutions
z(x,t) (provided that they exist for such a nonlinear PDE and the Galerkin method can be
applied), then the interval observer (2.5), (2.7), (2.12) preserves its form and the result of
Theorem 2.1 stays correct. In such a case the proposed interval observer can be used for a

fast and reliable calculation of envelops for solutions of nonlinear PDEs.

2.3 Control design

In this section the interval observer (2.12) is used to design a control law ensuring stabilization
of the finite-dimensional approximation (2.3), (2.9) in the spirit of Efimov et al., 2013f, which
implies also (under additional mild restrictions) the stabilization of (2.1).

In Theorem 2.1 the gain L together with the transformation matrix S have been used to
guarantee the properties of positivity and stability for the dynamics of estimation errors e(t),
e(t). The positivity property has been obtained uniformly in u(¢). Thus, the control design
can be applied in order to ensure boundedness of the observer estimates z(x, t), z(x, t), that
in its turn (since z(x,t) < z(x, t) < z(x, t) for almost all (x,t) € I x[0,T), see (2.6)) will provide
boundedness of z(x,t). An advantage of this approach is that the system (2.1) is uncertain,
distributed and the state of that system cannot be measured (it is infinite-dimensional), while

the observer (2.12) together with (2.5), (2.7) is a completely known linear system with the
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accessible state C(t), C(t) Efimov et al., 2013f. An obstacle is that the dimension of the state
of (2.12) is 2N, while the dimension of the control is m, similarly to (2.3).

In our work, the control is chosen as a conventional state linear feedback:

u(t) = KC(t) + KC(t)

(2.16)

where K, K € R™N are two feedback matrix gains to be designed. To this end, let us consider
the combined system, which consists of (2.11), (2.12) and (2.16):

1(t) = (A + BKD)n(t) + A(t),

(2.17)

where 1 = [CT QT ZT]T e R3N is the combined state and

SAS™L 0 0 SB
A=|SLcs™' D o0 |,B=| SB |, K=[0KK],
SLCS™' 0 D SB
0 0 0 SGd(t)
T=0 Iy 0 [, A(t)=| 5(t)+SLv(t)
0 0 Iy | 5(t)+ SLv(t)

Proposition 2.3. Let assumptions 2.2 and 2.3 be satisfied. Then for (2.3), (2.9) with the
interval observer (2.12) and the control law (2.16) the relations (2.10) are satisfied. In
addition, é,é,z e L=([0,T), ]RN) if there exists a matrix X € R3N*3N in the form

Xp 00
X=| 0 , Xp=Xp eRVN, X = X5 e RPN (2.18)
Xq
0
and Y € R™2N that satisfy the matrix inequalities
—_— — — ~ —~ 1T
AX+XA"+B[o Y ]|+[0 Y| B"<0, Xp>0, Xg >0, (2.19)

then [K K] = ?Xél and (2.3), (2.9), (2.12), (2.16) is stable.

Proof 2.6. The relations (2.10) can be substantiated repeating the same arguments as
previously in Proposition 2.2 (they are independent in control).

Substitution of the control (2.16) into the equations of the interval observer (2.12) together
with the actual system (2.11) will give us the equations of the combined system (2.17), in
which Z(t) is bounded since the signals d(t), 5(t), 6(t) and v(t) are bounded by Assumption
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2.2 and previous calculations made in Section 2.2. Calculating derivative of the Lyapunov

function V() = 17Tf511 we obtain

1% nT[(A+BKT)TP+P(A+BKT)]n +2nTPA

< nT[(A+BKT)TP + P(A+BKT) + xIsn ]y + x TATP?A

for some x > 0. Therefore, to prove the proposition we need to ensure stability of the matrix

A+ BKT by verifying the Lyapunov equation for the matrix P = X'
(A+BKT)"'P + P(A + BKT) <0,
which can be rewritten as
AX + XAT + BKTX + XTTKTBT <0,

and after the transformation

0 0 0
BKTX = BK| 0 =B[0 Y]
o e

it is equivalent to the stated LMI (2.19) for the variable ¥ = [K K]Xo.

Remark 2.6. In order to regulate the estimation accuracy it is worth to strengthen the
conditions of stability for # to a requirement that the H,, gain of the transfer A -z is
less than y for some y >0, where z= Hy is an auxiliary performance output (for example,
z=0C- C characterizes the interval estimation accuracy). To this end, consider again the

Lyapunov function V(#1) = 17T517 whose derivative can be rewritten as follows:

A P A

—zTz2492ATA.

n )( (A+BKT)"P+P(A+BKT)+HTH P )( 1 ]
A P -y’ )\ A

As in the proof of Proposition 2.3 denote P~ = X, then the following linear matrix equality
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X 0
0 Iy

can be obtained:

()? 0 ]( (A+BKT)'P+P(A+BKI)+HTH P

0 ISN p _7/2131\]
_(AX+XAT+B[o V]+[0 V| B'+XHTHX Ly ]
Isn _7’2[3N
where
[0 ¥V |=krX

and Y € RN is a new matrix variable. Finally, using Schur complement we derive an LMI:

—_—~— o~ —_ — ~ 1T =~

AX+XAT+B[o Y |+[0 Y| BY Ly XH
I3y —y2I;y O3y | <0 (2.20)
HX Osn  —Dan

Xp>0, Xo>0

which has to be solved with respect to the matrices Xp, X and Y, then [K K] = ?Xél as in

Proposition 2.3.

Remark 2.7. The required gains K and K exist if the matrix pair (A,B) is controllable
(stabilizable). Indeed, impose a restriction that K = K =0.5KS7!, where K € R™N now is a

new controller gain to find, and consider two auxiliary variables

ett) =2~ 2 i =Z -

which correspond to a regulation error with respect to the middle value of the estimated
interval and the interval width, and whose dynamics is as follows:

5(t)+3(¢)

é(t) = De(t) + o(t) — = , w(t) = Dw(t)+ 6(t) — d(t).

Obviously, to study the stability property of (2.3), (2.9), (2.12), (2.16), instead of analysis
of the vector # its linear transformation #* = [CT el wT]T € R3N can be considered, then
u(t) = KS™H(C(t)—e(t)) and

17 (t) = A" (8) + A(2),
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where
S(A+BK)S™' -SBKS™! 0 $Gd(t)
A= 0 D 0 |, A*(t)= 5(t)_w
0 0 D o(t)=-5(t)

As before, the vector A*(t) is bounded, and the system stability follows the same property of
the matrix A*, which has an upper-triangular structure and if the matrix D is stable (i.e. the
pair (A, C) is observable), then as in the conventional case the separation principle holds and
the required conclusion can be justified for a stable matrix A + BK. Note that the use in the
control of both bounds, ¢ and C, allows to compensate the dependence of the dynamics of
C on the interval width w, contrarily the case when only one bound is used, as in Mazenc
et al., 2013.

Now, in order to prove boundedness of the state of (2.1) with application of the control

(2.16), let us replace Assumption 2.1 with the following one:

Assumption 2.4. Let the coefficients of (2.1), a,b,q,p € L*(I,R), be smooth on I, zy(x) €
H&(I,R), ro € L*([0,T),L*(I,R)), r; € L>(I,R) and for any u € C'([0,T),R) there exists a
weak solution of (2.1) ze€ L%([0,T), Hy(I,R)) with z, € L*([0, T), H (I, R)).

Using this regularity hypothesis it is possible to substantiate stabilization by the control
(2.16) of the distributed-parameter system (2.1):

Theorem 2.2. Let assumptions 2.2, 2.3 and 2.4 be satisfied. Then for the system (2.1), (2.8)
with the interval observer (2.5), (2.12) and the control (2.16), the relations (2.6) are satisfied,
and z,Z,Z € L°(I x[0,T),R).

Proof 2.7. According to Evans, 1998 with the restrictions on the coefficients, input and initial

conditions of the system (2.1) introduced in Assumption 2.4, it holds that

ze€ L%([0,T),H*(I,R)) N L=([0,T), Hy (I, R)),
z, € L>([0,T),L*(1,R)),

and we have the estimate

GOSSSUYPHZ(-, Ol 1,m) + 120 Ollezqo,7),m21,m)) + 11265 D)l 0,702, R))
<t<

< (11 o,y 20r.my + 2ol 1.7 )

where the constant c is depending only on I, T and the coefficient functions a,b,q,p. Note

that the above inequality does not imply boundedness of z, and it only states its existence on
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the interval of time [0, T) (a kind of forward completeness in time). Therefore, Assumption
2.1 is valid for some I} > 0 and I, > 0, then we can apply the result of Proposition 2.1 to
estimate the error of the approximation. Finally, since all conditions are satisfied, the results
of Proposition 2.3 and Lemma 2.3 are true, then the conclusion on boundedness of z,Z,Z

follows.

2.4  Example

Academic example with control

Consider an unstable academic example of (2.1) with

p(x) = 0.7sin(0.67x), a(x) = 1.5+ 1.5c0s(0.2x*2%), b(x) = -2 + sin(2Vx),
g(x) = —0.8 — x> cos(3x), r1(x) = x> + 2.5,

ro(x,t) = ro1(x)ro2(t), ro1(x) = 0.1 cos(37x), [rox(t)| < 1,

and T =10, then A =1 is an admissible choice and 7y, is an uncertain part of the input r

(for simulation ry,(t) = cos(5t)), then

ro(x,t) = =lro1 ()], To(x, £) = |ro1 (x)].
The uncertainty of initial conditions is given by

2o(x) = zo(x) — 1, Zg(x) = zo(x) + 1,

where zy(x) = sin(7tx) is the function used as the initial condition for simulation. Take
A=1{0,h,2h,...,1—h,1} with h=1/N’, and a pyramidal basis

0 XSX,'_],

X—Xi-1

T Xic1 <X X,

D;(x) = (2.21)
Xi <X = Xji1,

Xit1=Xi
0 X2 X
for i =0,...,N = N’ (it is assumed x_; = —h and xy,q = 1 + h). For simulation we took

N =10, then the approximated dynamics (2.3), (2.9) is an observable system, and assume
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t=0
20 T

0
_20 t 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t=0.25
5 T
0
_5 L L L 1 L L L L L
:-x‘_ 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
N t=1
2 T T T T T T T T T
O/W
_2 Il Il Il 1 Il Il Il Il Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t=tk=10
2 T T T T T T T T T
O/W
_2 L L L 1 L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X (Space)

Figure 2.1 — The results of the interval estimation of the academic example for different instants of
time: t+=0,0.25,1,10 for N =10

that ph**1(l; +1,) <0 =0.1. Let p =3 with x]" = 0.2, xJ' = 0.5, x§' = 0.8, and
v(t) = 0.1[sin(20¢) sin(15¢) cos(25t)]%,

then vy = 0.14. For calculation of the scalar product in space or for simulation of the
approximated PDE in time, the explicit Euler method has been used with the step 0.01.
The matrix L is selected to ensure distinct eigenvalues of the matrix A — LC in the interval
[-10.22,-1.4], then S~! is composed by eigenvectors of the matrix A — LC and the matrix D
is chosen diagonal.

To calculate the control matrix [K K] the LMIs (2.20) has been used with YALMIP
optimization toolbox in Matlab, and it is found with y =1.1505 that

K =K =[-0.034 0.126 0.122 0.076 0.185 —0.018 —0.508 —0.022].

The results of the interval estimation and control are shown in the Fig. 2.1 for different
instances of time, where red lines corresponds to Z(x,t), while green and blue ones represent

z(x,t) and z(x, t), respectively (20 and 40 points are used for plotting in space and in time).

Black—Scholes model

The Black—Scholes PDE governs the price evolution of an option under the so-called

Black—Scholes model (a mathematical model of a financial market containing derivative
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investment instruments'):

IV(S, IV2(S,
O:8) = 27522 20 (1) - g8

+r(t)V(S,t)+g(S) V(S,t)eIx(0,T),
V(S,00=), VSel,
0=V(0,t)=V(1,t) Vte(0,T),

dV(S,t)
dS

where V(S,t) is the price of the option, S is the stock price belonging a given interval of
admissible prices I; r is the risk-free interest rate, q is the dividend rate of the underlying
asset, o is the volatility of the stock; and g(S) is an inhomogeneous term Butler and Schachter,
1986; Hyong-Chol et al., 2016. Obviously, this equation can be presented in the form of (2.1)

with the following parameters (x = S for a normalized price):

a(x) = —0.16x2(2 + sin(x)) cos(x) — 0.16x(2 + sin(x))?,
p(x) =1, b(x) =-0.06x, q(x) = 0.06, r{(x) = 0.8x2-1,

ro(x, ) = 1oy (x)rga(t), ro1 (x) = 0.25in*(37x), |ra(£)| < 1,

with T =5, then A =1 is an admissible choice and ry, is an uncertain part of the input ry,

the uncertainty of initial conditions (for simulation zy(x) = max(x — 25e~%-0%,0)

is given by
the interval

zo(x) = max(zg(x) —0.1,0), Zp(x) = zp(x) + 0.1.

The decomposition basis (2.21) is taken as in the previous example, points for measurements
with p =3 are x{" = 0.2, x' = 0.5, x5’ = 0.8, and

v(t) = 0.2[cos(2t) sin(1.8t) cos(3t)]%,

then vy = 0.217. For calculation of the scalar product in space or for simulation of the
approximated PDE in time, the implicit Euler method is used with the step 0.01. The matrix
L is selected to ensure distinct eigenvalues of the matrix A—LC in the interval [-8.63,—0.72],
then S~! is composed by eigenvectors of A—LC and the matrix D is chosen diagonal. The
results of the interval estimation are shown in Fig. 2.2, where the red surface corresponds to
Z(x,t), while green and blue ones represent z(x,t) and z(x, t), respectively (20 and 40 points
are used for plotting in space and in time). In the Fig. 2.3 the interval estimates are shown

for different instants of time.

Ihttps: //en.wikipedia.org/wiki/Black-Scholes equation
https://www.theguardian.com/science/2012/feb /12 /black-scholes-equation-credit-crunch
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Figure 2.2 — The results of the interval estimation for the Black-Scholes model
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The main structure of the present chapter is as follows. First, an interval observer
described by PDEs without applying finite-element approximations is proposed for uncertain
distributed parameter systems. Second, an additional design of an output stabilizing control
is performed based on interval observations. The estimation error dynamics (also distributed)
of the proposed interval observer is guaranteed to be positive following the conditions of
positivity of solutions of parabolic PDEs presented in Nguyen and Coron, 2016. The stability
analysis from Liu and Fridman, 2012 is also extended to the considered scenario with non-zero
measurement noise and boundary conditions, and further applied for a stabilizing control
synthesis for an unstable PDE. An advantage of using interval observers, over Luenberger
type observers of Liu and Fridman, 2012 and approximation-based interval observer of
Kharkovskaia et al., 2018b, consists in calculation on-line of accurate bounds explicitly on
the given distributed trajectories. It is assumed that the control is spatially distributed
influencing the system dynamics through shape functions. Such a hypothesis is introduced to
respect the implementation feasibility of the designed control law, since infinitesimal in space
variations of the actuator signal cannot be realized in practice. It is worth to highlight that

here such a restriction on shape functions is not related with any early lumping procedure.

45
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3.1 Input-to-state stability and positivity of non-homogeneous heat

equation

In this section the basic facts on heat equation and positivity of its solutions are given.

Heat equation

Consider the following PDE with associated boundary conditions:

dz(x, t)
ot

=L{x,z(x, )] +r(x,t)+ ) bij(x)u;(t) Y(x,t)elxT,

—.
I M-c
o

z(x,tg) = zo(x) Vxel, (3.1)
z(0,t) = a(t), z(¢,t) = B(t) VteT,

where I =[0,¢] with 0 <€ <+oc0, T =[tg,tg+T) for tge R and T >0,

L(x,z) = a% (a(x)%)—i—q(x)z,

ae CYI,R), g € C(I,R) and there exist min, dmax € R, such that
0<amin <a(x)<am.x Vxel;

the boundary conditions &, € C*(7,R) and the external input r € C}(I x 7,R); the initial
conditions zy € Zy = {zg € H*(I,R) : z¢(0) = a(0), z9(¢) = B(0)}; the controls uj: T —> R are

Lipschitz continuous functions. The space domain I is divided into p + 1 subdomains I;

for j =0,1,...,p, where the control signals u;(t) are applied through the shape functions
bj € L?(1,[0,1]) such that

b](x) =0 x¢ I],

bi(x)=1 xel.

(3.2)

The controls u; are designed in Section 3.3, in Sections 3.1 and 3.2 they are assumed to be
given and uj € L®(7T,R) forall j=0,1,...,p.

Proposition 3.1. Assume
2
TC
amin€_2 > qmax- (3'3>

where gmax = sup,; q(x), then for the solutions of (3.1) the following estimate is satisfied for
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all teT:
¢

4 14
%L 22 (x, t)dx < e_X(t_tO)J w(x)dx + ;ﬂj 72 (x, t)dx + g[az(t) +B2(1)), (3.4)

0 0

where x = amin?_zz ~ Jmax> wo(x) = zo(x) = 6(x, 1p), O(x, 1) = a(t) + %(ﬁ(t) —a(t)), and

Proof 3.1. Denote w(x,t) = z(x,t) — 6(x, t), then

aw;’t" D Lywin ]+ 76 ) Viot)eIxT,
w(x, tg) =wo(x) VYxel, (3.6)
w(0,t)=w(l,t)=0 VteT. (3.7)

We start with the well-posedness analysis of the system (3.6) under Dirichlet boundary
conditions (3.7). The boundary-value problem (3.6) can be represented as an abstract

differential equation

C(t) = AC(t)+ F(t,C(t)), t > to, C(tg) = Co (3.8)

in the Hilbert space L?(I,R), where the operator A = 8%(a(x)(%) has the dense domain

D (A)={C e H¥(I,R): ¢(0)=C(f) =0}. The nonlinear term F: 7 x L>(I,R) — L*(I,R) is

defined on functions C(:,t) according to
F(t,C(x, 1)) = q(x)C(x, t) + 7(x, 1),

where 7(x, t) is given in the equation (3.5). It is a well-known fact that A generates a strongly
continuous exponentially stable semigroup @, which satisfies the inequality ||®(t)|| < ke P*

for all + > 0 with some constant x > 1 and decay rate p > 0.

By introduced restrictions on the initial and boundary conditions a(t), (t) and o(x,t) in
the PDE (3.6) and if u;(t) is Lipschitz continuous in t, then F(#,C) is Lipschitz continuous in

both variables:

1F(t1,C1) = Ft2, C)llp2(p ) < L lt1 — tal + Lo |Gy = Callr2 (g )

for all t;,t, € T and (;,(, € L*(I,R), with some L; > 0 and L, > 0. Therefore, for all



48 CHAPTER 3. PDE Interval observer

Co € D(A) there exists a strong solution of the initial value problem (3.8) in C(7,L?*(I,R))
by Pazy, 1983, Theorem 6.1.6.

Now consider for (3.6) the following Lyapunov function

We have ,
i 1%
V(t)= 2J w(x, t) la (a(x)wy(x, 1) + g(x)w(x, t) + F(x, t) [dx.
0
Integrating by parts and substituting the boundary conditions of w(x, t) lead to
l

2a(x)w(x, tywy(x, t)[5 - 2j0 a(x)w(x, t)dx

V(t)

4
+2J- g(x)w?(x, t) + w(x, t)7(x, t)dx
0

¢
2.[ q(x)w?(x, t) — a(x)w2(x, t) + w(x, t)7(x, t)dx.
0
Using Wirtinger’s inequality (1.30) and Young’s inequality Hardy et al., 1988,
2w(x, 1)F(x, 1) < xw?(x, 1) + X7 72 (x, 1),

we obtain (recall that x = aming—; — gmax, see the formulation of the proposition):

_ 2 ¢ ¢
V() < —2(amin€—2—qmax)J wz(x,t)dx+2j w(x, t)7(x, t)dx
0 0
14
< —)(V(t)+)(_lj 7(x, t)dx.
0

Therefore, if x > 0 then the system (3.6) has bounded solutions:

14 14
f 22(x, t)dx < 2V(t)+2f 5% (x, t)dx
0 0

¢

2(e—x(t—to)v(t0) + X_zf fz(x, t)dx + g[az(t) + ﬁz(t)])
0

IA

for all t € 7, that completes the proof.

Consequently, Proposition 3.1 fixes the conditions under which the distributed parameter

system (3.1) possesses the input-to-state stability (ISS) property Dashkovskiy et al., 2011;
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Dashkovskiy and Mironchenko, 2013 with respect to the boundary conditions a, f, the
external disturbance r and the control signals ;. The main restriction of that proposition is
(3.3) and can be easily validated for a sufﬁmently small €.

Note that after a straightforward calculus the estimate from Proposition 3.1 can be

rewritten as follows for all t € 7:

”Z('; t)”%z IR < 4:6 x(t=to) [”ZOHLZ IR p(t())] + 8)(_2”1’(', t)”[%Z IR +7/(t);
(LR) ) (LR)

where p( )= g[ ( )+ B%(t)] (weighted norm of the boundary conditions), y(t) = 8x~2p’(t) +

2(1 + 4qma" +162 2“23")@( ) and o’(t) = [ 2(t) + p2(t)] (weighted norm of derivative of the

boundary conditions) are all bounded functions of time t € T, day,x = sup,; %

Positivity of solutions

In general, the solution z(-,¢) of (3.1) takes its values in R and it can change sign with
(x,t) €  xT. For brevity of presentation of the results of this subsection we will always

assume that u;(t) =0 for all t€ 7 and j=0,1,...,p.

Definition 3.1. The system (3.1) with uj(t) =0 for all j=0,1,...,p is called nonnegative

(positive) on the interval 7 if for
a(t)>0, p(t) =0, r(x,t) >0 V(x,t)elxT

the implication zg(x) > 0 = z(x,t) > 0 (zg(x) > 0 = z(x,t) > 0) holds for all (x,¢) € I x7 and
for all zy € Z,.

A well-known example of a nonnegative system is non-homogeneous heat equation defined
over X € (—oo,+00):
aC(x,t)  I*C(xt
Cg; ) = gii ) +r(x,t) Y(x,t)eRxT, (3.9)
C(x,0)=Co(x) VxeR,

where a > 0 is a constant, g = 0 and Cy : R — R, , whose solution can be calculated analytically

using Green’s function (fundamental solution or the heat kernel) Thomée, 2006:

C(x t) . 1 +Ooe_(X;yt)2C( )d
T Smat ) s

J J‘ e 4ats ( )d d
.S s.
o 2 nat—s) ey
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It is straightforward to verify that for nonnegative Cy and r the expression in the right-hand
side stays nonnegative for all (x,#) € R x (0,+0c0). This conclusion is valid for the case x € R.
However, if x € I, even the homogenous heat equation (3.9) with r(x,t) = 0 for all (x,¢) e Ix7,

and with the boundary condition
0=C(0,t)=C((,t) VteT (3.10)

admits the solution in the form Thomée, 2006:

+00 222

C(xt) = ;Dnsm($>e‘“w,
D, = 2 eC(x)sin(@)dx
n - g 0 0 g 4

whose positivity is less trivial to establish.
For this reason, using Maximum principle Friedman, 1964 the following general result has

been proven in Nguyen and Coron, 2016:

Proposition 3.2. Let a, f € L>(7,R,), r € L>(I xT,R,) and zy € H'(I,R,), then
z(x,t) >0 VY(x,t)elxT,

ie. (3.1) with u]-(t) =0 forall j=0,1,...,p is nonnegative on the interval 7.

Therefore, if boundary and initial conditions, and external inputs, take only nonnegative

values, then the solutions of (3.1) possess the same property.

3.2 Interval observer design for the heat equation

Consider (3.1) with some uncertain boundary conditions a, € C*(7,R), an uncertain
external input r € C(I x7,R) and initial conditions z; € Z,, and assume that the state z(x, t)

is available for measurements in certain points 0 < x{" <x5' <--- < xy <l
yi(t) = z(x]*-”,t) +v(t), j=1,...,p, (3.11)

where y(t) = [yl(t),...,yp(t)]T € R? is the measured output signal, v(t) = [vy(£),...,v,(t)] € RP
is the output disturbance (measurement noise). Design of a conventional observer under
similar conditions has been studied in Liu and Fridman, 2012; Schaum et al., 2014. Further,
to simplify the technical presentation (to simplify the proof of well-posedness of the estimation

error dynamics) we assume differentiability of the output disturbance:
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Assumption 3.1. Let v e C*(T,RP).

A goal of the work consists in design of interval observers for the distributed parameter

system (3.1), (3.11). For this purpose we need the following hypothesis.

Assumption 3.2. Let z, < zg <z, for some known z,zy € Zy, let also functions a, @, ﬂ,ﬁ €
C*(T,R), r,7€ C'(IxT,R) and a constant vy > 0 be given such that for all (x,t) €I xT:

a(t) < a(t) <@(t), p(t) < f(t) < B(1)

r(x, t) <r(x, t) <7(x,t), |[v(t)] < vo.

Thus, by Assumption 3.2 five intervals, [a(t), @(t)], [B(t), B(£)], [2oZ0], [r(x, 1), 7(x, )] and
[—v0, Vo], determine for all (x,¢) € I x7 in (3.1), (3.11) the uncertainty of the values for a(t),
B(t), zg, r(x,t) and v(t), respectively.

Remark 3.1. These imperfections can be related with various reasons, e.g. unknown parame-
ters, external signals, nonlinearities, etc., but they have to be included in the corresponding

intervals. For example, consider even more complicated case, let
r(z,x,t) = O17(x,t) + O5(z,x, 1),

where

0, € [ngl]

is an unknown parameter taking values in the given interval [Q1;§1]7 F:Ix7T >R, isa
known function and 0, : L*>(I, R)x I x T — [Qz,éz] is an unknown function taking values in
the given set [0,,0,]. Then

r(z,x,t) € [0,7(x,t) +Q2,§1 7(x, 1)+ 0,] = [r(x, 1), 7(x, )],

and this case also can be studied in the same way as (3.1).

The simplest interval observer for (3.1) under the introduced assumptions is as follows for
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j=0,1,...,p
azg:;t) = L[x,z(x, )]+ 7(x, 1) + bj(x)u;(t) V(x,t)el; xT,
Z(x, tg) = zo(x) Vx€lj,
Z(x 1) = Z(t), Z(xy 1) = Zja () VEeT; (3.12)
ag(a? ) Llx,z(x,t)]+r(x, t) + bj(x)u;(t) V(x,t)el;xT,

z(x,tg) =zo(x) Vx €I},
Z(x}”, t) = Zj(t), g(x]’-il,t) = Z]'H(f) VteT,

where z € C(7,L*(I,R)) and z € C(T,L?(I,R)) are upper and lower estimates of the solution
z(x, t); I; = [x;”,x]’.'il] with x;' = 0 and x;”H = ¢; the upper and lower estimates for the
boundary conditions are

(8)=[Zo(t),... Zp ()] = [@(t), 91() +vo,...,9p() + vo, (D],
a(t), pi(t)=vo,..., vp(t) = vo, B(1)]".

Therefore, the domain I of the solution of (3.1) is divided on p+1 subdomains with appropriate
boundary conditions. It is related with the manner the output injection is applied. In (3.12)
the use of the output injection directly in the observer right-hand side is avoided since the
analysis of positivity of the estimation error dynamics, which is obligatory for an interval
observer and given below, is straightforward if the output injection is present at the boundaries,

but it is more evolved in other cases.

The upper and the lower interval estimation errors for (3.1) and (3.12) can be introduced
as follows:
e(x,t) =z(x,t)—z(x,t), e(x, t) = z(x,t) — z(x, t), (3.13)

whose dynamics take the form for j =0,1,...,p:

aE(aﬁi,t) _ L[x,E(X,t)]+7(X;t)_r(x:t) V(x,t)EI]'XT,
e(x,t)) = Zo(x)—zo(x) Vxel,

e(x't) = Z]-(t)—z(x;”,t) VteT,

eyt = Zj+1(t)—z(xﬁ1,t) VteT; (3.14)
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ag(at, t) = Lix,e(x,t)]+r(x,t)—r(x,t) V(xt)e I; x T,
e(x,tg) = zo(x)—zo(x) Vxelj

g(x]r-”,t) = z(x;”,t)—gj(t) VteT,

g(x;?il,t) = z(x;’jl,t)—gm(t) VteT.

Theorem 3.1. Let assumptions 3.1 and 3.2 be satisfied, then in (3.1), (3.12):

z(x,t) < z(x,t) <z(x,t) VY(x,t)elIxT. (3.15)
In addition, if
Ax™ < 1 am—in, (3.16)
Qmax

where Ax™ = max;eo,1 p}(x;-’frl —x}”), then for all t € 7:

yoeer

2 1) = 2o Py gy < A Mg~ 20l 5y + i)
#8121 = Ol )+ T,

et t) = 2Py gy < A6 Mg~ 202 5+ lt0)
+8x () = (o E)Fo g gy + 2 (D)

— = . , 2 a2
where () = €IZ(1)-Z(DIP. 8(1) = CIZ(0)- 2O, F(t) = 8x725 (1) +2(1 + 4% 4167 )5(1).

olt) = QIZ(0) - Z(0IP. 0'(6) = 1Z(1) - Z(DIP. y(£) = 8x 20/ (£)+2(1 + 4% + 1628 )o(1) and

Proof 3.2. Under Assumption 3.2, for all (x,¢) €I x 7, in (3.14) the external inputs
T(x,t)—r(x,t) >0, r(x,t)—r(x,t) >0,
the initial conditions

Zo(x) = 29(x) 2 0, zg(x) —z4(x) 2 0,
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the boundary conditions

)=v(t)+vy=>0,i=1,...,p,
e(xh 1) = Blt) - Blt) = 0 (3.17)

e(xg,t) = a(t)—a(t) >0,

e(x",t)=z(x!",t)—y;(t)+vo=vo—v(t)>0,i=1,...,p,

are all nonnegative. Therefore, according to Proposition 3.2 the PDE (3.14) is nonnegative
on the interval 7, which implies the required interval estimates by the definition of e and e.
Boundedness of z,z for all t > ¢, follows from Proposition 3.1 and the condition (3.16)

under Assumption 3.1.

Remark 3.2. Following the idea from Fridman, 2013, the well-posedness of (3.12) can be
established by showing the well-posedness of the estimation errors (3.13), which satisfy the
equations (3.14). By the introduced constraints on the system parameters, r(x,t), r(x,t) and
7(x, t); initial conditions zy(x), z,(x) and Zy(x), and boundary conditions for the error dynamics
(3.14) (recall (3.17) for a, B, a0, @, ﬁ,ﬁe C%(T,R) and v € C*(R,,RP) by assumptions 3.1 and
3.2), and for zg—zp, 29—z, € Q(A_) there exists a strong solution e,e € C(7,L*(I,R)) of initial
value problem (3.14) with e(t,-),e(t,-) € Z(A) by Pazy, 1983, Corollary 4.2.5. Therefore, if
e(t,),e(t,) € D(A) and z(t,) € D(A), then there exists a unique solution z,z € C(7,L*(I,R))
to the interval observer system (3.12) with z(¢,-),z(t,-) € Z(A) for all t € T .

It is a well-known fact that the system (3.14) can be unstable if the function g takes
sufficiently big values Curtain and Zwart, 1995. In Liu and Fridman, 2012 it has been proven,
for a(t) = B(t) = 0 and v(t) = 0, that the observer (3.12) is asymptotically stable if the
difference Ax™ is sufficiently small (i.e. there are sufficient quantity of sensors uniformly
distributed in I). The presented Theorem 3.1 ensures positiveness of the interval estimation
errors and boundedness of the interval estimates z and z in the presence of non-zero boundary

conditions a(t), f(t) and measurement noise v(t).

3.3 Stabilizing control

In this section the interval observer (3.12) is used for design of a control law ensuring
stabilization of (3.1).
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The main restriction on stability for the system (3.1) is gmax < aminz—j. The inequality
(3.16) imposes the same property for the interval observer (3.12): if the difference Ax™ is
sufficiently small, which means that the quantity of measurement points is sufficiently high,
then the observer estimation error is bounded, but it does not imply stability of the original
system. To overcome this restriction, let us consider together the system (3.1) and the interval
observer (3.12), designed in the Section 3.2, both endowed with control input u;(t) € H T ,R)
through the shape functions b;(x) € L?(I,R) on each space subdomain I j» where the control is

chosen as an interval observer state feedback:

K (¥
uj(t)=—Jz | " @EN+EEN)E, j=0,..p, (3.18)
e

where K; are the sequential feedback gains to be designed on each I;, K; >0 and

Ax}” = (x;?_il —x;”) Vjie{o,1,..,p}.
Remark 3.3. For brevity we consider the same number of sensors and actuators with collocated
subintervals ;. It is not difficult to extend our results to the non-collocated case by modifying
arguments of Selivanov and Fridman, 2018. This is because our design is based on separation
of the controller and the observer designs. While the observer part of this paper is completely
new, the controller part is based on a modification of the existing controller method from
Fridman and Bar Am, 2013. Our modification of the existing controller design is as follows:
we use transformation to move boundary disturbances into the right-hand side of PDE and
employ a special structure of the controller based on the interval observer. Then the ISS
analysis of the closed-loop system follows the existing method for controller design. Thus, by
modifying arguments of Section 2 of Selivanov and Fridman, 2018, it is possible to achieve

ISS by using a boundary controller at x = € via the backstepping.

Thus, the control is applied in order to ensure boundedness of the observer estimates
z(x,t), z(x,t), that in its turn (since z(x, t) < z(x, t) < z(x, t) for all (x,t) € I x T, see Theorem
3.1) will provide boundedness of z(x,t) as in Efimov et al., 2013f. Recall the shape functions
(3.2) bj(x) =1 on I; and b;(x) = 0 if x € I; and substitute the control (3.18) in (3.1) on interval
I for all j =0,...p:

82(83;, ) = (,% (a(x)zy(x, 1)) +q(x)z(x, t) + 7(x, t) (3.19)
K- xj”il
L Lm (2(&, 1) +2(E 1) dE, V(o) el xT.

j
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We consider the same shift for the system as before 6(x, t) = a(t)+ 7(B(t) - a(t)), then the new
state variable (as in the proof of Proposition 3.1) is w(x, t) = z(x, t) — 6(x, t), and it satisfies
the following PDE with zero boundary conditions:

ow(x,
@ - §< (O, ) +4 (X, ) + 7, 1

- b] —] j 2(&,1)+2(E, 1) dE Y(x,t)eIxT,
w(x, tg) =wo(x) Vxel,
w(0,t) =w(l,t)=0 YteT.

where 7(x, t) = r(x, t)+é aaa(x) (B(t)—a(t))+q(x)0(x, t)—0.(x, t) (before this auxiliary perturbation

also included the control part Z] _o bj(x)u;(t)).

Consider the interval observer error dynamics (3.14), which is nonnegative by Theorem
3.1 and bounded if the condition (3.16) is satisfied. Recall the relations z(x,t) = z(x, t) —e(x, t)
and z(x,t) = z(x,t) + e(x, t) and substitute them into the dynamics of w(x, t):

5 = 52 (@0we (e 1) +q(w(x ) + 7 (x, 1)

m

P K; Xj+1
e byl | et n st e

j=0 %

4 K: X7
) Zb]-(x)K]x;”f TwE nde V(xt)eIxT,

where 7(x,1) = 7(x,t) ~ 2X7_ bj(x) " i (5 HdE. Since e(x,t) > 0,2(x,) > 0 and
]

bounded under the condition (3.16), the terms j e(&,t)—e(&,t))dE can be made a part
of a new disturbance

P K Xit1
Rt =70+ ) b [ elen-ate e,
=0 x

then

ot = Ox (a(x)wy(x, 1)) +q(x)w(x, t) + R(x, t)

u K; i
2 ij(x)K]x]’-”J; w(E,)dE V(x,t)eIxT.
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In order to analyze the influence of the integral feedback, let us use the relation

1, X
AN Lm w(&, dE =w(x,t)-f(x,1), x€l
]

proposed in Fridman and Bar Am, 2013, where

fln 2 oo [t -we nla

m

]

of

is a piecewise continuous function and - = B—Z Finally, the following closed-loop system has

been obtained:

= — (a(x)wy(x, 1)) +q(x)w(x, t) + R(x, t) (3.20)
p

2 ZK]-bj(x)w(x, £+ 2 ZK]-bj(x) f(x,t).
j=0

]

j=0
Validity of the interval inclusion (3.15) can be proven repeating the same arguments as in

Theorem 3.1 since the observer design is independent on the form of control. To analyze

stability of the closed-loop system (3.20) let us consider a Lyapunov function:

14
Vi(t) = J; w?(x, t)dx,

whose derivative takes the form for any ¥ > 0 and x > 0:

4 4
V(t)+2kV(t) - sz; R(x,t)?dx = ZJ; w(x, t)[% (a(x)wy(x, 1))

¢ ¢

wz(x,t)dx—yzj R?(x, t)dx (3.21)

+q(x)w(x,t) + R(x, t)]dx + 2k f
0

0
p

ZKjbj(x) £(x, t)]w(x, t)dx.
j=0

p

_4L€Z

j=0

4
Kibj(x)w(x, t)} w(x, t)dx + 4J
0

Integration by parts and substitution of the boundary conditions for w(x, t) lead to

¢ ¢

a(x)w?(x, t)dx < —2aminf w2(x, t)dx.
0

14
J _ 14
2L w(x, t)a (a(x)wy(x,t))dx = 2a(x)w(x, t)w,(x, t)|0—2J;

The function f(x,t) has the zero average fxxfl f(x,t)dx =0 and f, = w,, and by applying the
]
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Poincare’s inequality (1.31) on subdomains [ j the following upper estimate is obtained:

x]nj—l 7{2 x]r"-i—l
—2amin f w2(x, t)dx < —20min——— (x, t)dx,
X' (Ax}") x'

then

¢ 5 p x;.tl 5
“2amin | WiloHdx=2amin ) | wilx t)dx
0 ]:0 x]'.”

The next term of (3.21) can be rewritten using the fact that b;(x) =1 on I; in (3.2) and under
a mild simplifying restriction that K; = K for all j =0,...p:

g
J
0

And the cross term of (3.21) can be treated in the same way:

p

p x','jr
ZKjbj<x)w2(x, t)] dx = —4K me] w2 (x, t)dx.
j=0 7%

=0

p

4[05 Z

j=0

P X7
Kibi(x)f (x, w(x, t)‘ dx = 4K me] w(x, t)f (x, t)dx.
j=07%

Therefore, using an upper bound Iogq(x)wz(x, t) < Gmax Jog w?(x, t) and denoting T = [w(x, t) f(x, t) R(x, )],

we get

V(t)+2xV(t) - yzj

0

provided that

A —2amin T
D= 2K B <0
1 0 —y?

for Ax™ =maxeo,1,...p) Ax]’.”. Using the Schur complement the above inequality is satisfied if

2aminT 2

min 0 A m 1

Ax >0, 2k - (A% )2K2—K—qmax——)/_220,
0 7/2 AminTC 2
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where the first property is valid by proposed construction and the last one is a quadratic
inequality with respect to K. Using the imposed restriction (3.16) there exists p > 0 such that
(Ax™)? 1

2 - s
AminTC Omax T 0

then the needed inequality holds if

1 1
QK- ———K? k= Guax— =7 2 >0,
dmax T 0 £ max 27/ a

that always has a solution for

LIV,

K+ = .
Sy =0
In particular, for « + %7/‘2 = 0 we obtain:

2
AminTC

K=Gmax+0="—".
dmax t 0 (Axm)?

The inequality
l

V(t)+2kV(t) - 72J R(x,t)%dx <0
0

implies boundedness of the solutions w(x,t) as in the proof of Proposition 3.1. We have

proved the following theorem.

Theorem 3.2. Let assumptions 3.1 and 3.2 be satisfied. Let there exist « >0, K>0, >0
and Ax™ <1t ;"‘J that satisfy the LMI

m

D <0.

Then for the solutions of the closed-loop system (3.19), the interval inclusion (3.15) and the
estimates on ||z(-, ) = z(, )llr2(1,r) [[2( ) = 2(-, t)llL2(1,r) from Theorem 3.1 are valid and

1 14 14 7/2 14
—j 2(x, t)dx < e_z"(t_t")f w} (x)dx + —J R(x,t)?dx
2 Jo 0 2k Jo

4
+E(a2(t) +B2(t) V(x,t)elxT.
Remark 3.4. Note that qualitatively the above L? boundedness estimate for z can also be
obtained using static output feedback, however it can be rather conservative, and using the
on-line calculated upper and lower observer bounds z and z we can deduce a tighter interval

estimate on the state. This can be an important advantage for applications dedicated to
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state constrained problems (e.g. in reactors).

Remark 3.5. In order to take into account a practical setting of point-wise control application

the function b can be selected in the class H'(I,R) using smooth approximations of delta-
(x=x5)?
a

functions, e.g. exp(— ) for some sufficiently small a > 0.

3.4 Examples

In this section we will consider two applications of the proposed interval observer in order to
compare the obtained results with the interval observer from Kharkovskaia et al., 2018b and

the control from Liu and Fridman, 2012.

Controller based on the interval observer

Consider an academic example of (3.1) for

a(x) = i(l + Zsin(%{x)), q(x) =5+ %cos(nx),

r(x,t) = sin(7tx)[cos(2t) + €(t)], |e(t)| < 1,

with T =2 and € = 1, then € is an uncertain part of the input r (for simulation €(t) = cos(10t)),
and
r(x,t) = sin(mx)[cos(2t) — 1], 7(x, t) = sin(7tx)[cos(2t) + 1].

The uncertainty of initial conditions is given by the interval
2o(x) = zo(x) = 1, Zo(x) = 29(x) + 1,

where zg(x) = 5sin(mtx), and for boundary initial conditions

Q

a(t) =sin(2t) -1, a(t
é(t) =sin(5t) -1, B(t) =sin(5t)+ 1,

SN—
Il
72}
—
=)
—_~
N
—
S—
+
—_

where a(t) =sin(2t) and B(t) = sin(5t). Let p = 3 with x{" = 0.3, x3' = 0.6, x5' = 0.8, and
v(t) = 0.1[sin(20¢) sin(15¢) cos(25t)]%,

then vy =0.173. In this case ap;, = 11—6, Gmax = 5%. With these parameters, g, is larger
than amin’;—;, which means that the system is unstable (the conditions of Proposition 3.1 fail

to satisfy). The maximum distance between sensors is Ax™ = 0.3, and the restriction (3.16)
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Space

Tirne

Figure 3.1 — The results of the interval observer based control of the heat equation for N = 20: the
lower bound z(x, ), the state z(x,t) and the upper bound z(x, t).

for the interval observer is still verified. Therefore, Theorem 3.1 can be used to construct
an observer for the unstable system (3.1). Then, to stabilize it, following the conditions of
Theorem 3.2, the control gain K = 3.2865 was calculated, and the controls u;(¢) on each

interval I; = [x!,x ], i =0,p with x' = 0 and Xy41 =€ were computed by (3.18).

For calculation of scalar product in space and for simulation of the discretized PDE in
time, the implicit Euler method has been used with the step size dt = 0.01. The results of a
simultaneous interval estimation and control are shown in Fig. 3.1, where the red surface
corresponds to z(x,t), while green and blue ones represent z(x,t) and z(x, t), respectively (20

and 100 points are used for plotting in space and in time).

In order to compare the proposed interval observer based control (3.18) with a static
output feedback control
u]'(t) = —K*y]'(t), (322)

the feedback gain K* = 4.8832 is calculated following the result of the work Liu and Fridman,
2012. Since the system (3.1) contains uncertainties in disturbances r(x,t), v(¢) and boundary
conditions a(t), p(t), the static output feedback can guarantee only input-to-state stability
in the sense of Proposition 3.1 with respect to the input #(x,t), which contains all this

incertitude. To compare the precision ensured by both controllers in our example, first, the
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L? upper estimate of z(x, t) for this feedback control is calculated as follows. Note that

V(t) =zl gy < €2°(1),

where

z(t) = max|z(x, t)|
x€l

Clearly,
z(t,x) € [-z(t),z(t)] VY(x,t)elIxT.

From another side, the obtained L? estimates can be presented as

V(t) < e Pty +yj|rx, WP dx=V(t),

where V(t) can be calculated on-line for the given gain K* (it determines the values of

parameters 0 > 0 and y > 0) and the imposed upper bounds on r(x t). Second, for illustration

we assume that V (t) = €z(t), then the obtained bounds [-Z(t),z(t)] = [~ \/€ V(¢ \/f V(¢
are shown in the Fig. 3.2 (black solid lines) together With the interval estimates of the

proposed observer (3.12) (green and blue ones) for different instances of time. Red curves
in the Fig. 2 represent the simulation of the stabilized heat equation (3.1) state using the
interval observer, while the black dashed curves represent the state of (3.1) stabilized by
output feedback (3.22). As we can conclude from this evaluation, the guaranteed bounds
given by the interval observer based control are almost always more accurate than provided

by the static feedback from L? estimates.

Remark 3.6. Note that since for calculation of solutions the finite-element discretization/ap-
proximation methods are used, then their error of approximation has to be taken into account
in the final estimates in order to ensure the desired interval inclusion property for all x € I
and t € T, see Kharkovskaia et al., 2018b where the result from Wheeler, 1973 was applied

for an evaluation of this error.

Remark 3.7. As mentioned in Liu and Fridman, 2012, there are no advantages of the
Luenberger observer-based controller in the case of collocated sensors and actuators over
the corresponding static output-feedback. However, as it is shown in this example, interval
observer allows to achieve essentially lower state bounds than the corresponding static

output-feedback.
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Figure 3.2 — The results of the interval observer based control and the L? estimate of the static
output feedback control for the heat equation for different instants of time: t =0, 0.5, 1, 2 for N = 20.
Here and z(x,-) represent the interval observer bounds, z(x,-) is the stabilized state using
observer, black dashed lines represent a state of (3.1) stabilized by output feedback (3.22), black
solid lines are [-Z(t),z(t)].
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The interval observer comparison

Consider a heat equation (3.1) with:

a(x) =2+ 0.7sin(mx), g(x) = 0.5sin(0.5x),

r(x, t) = ri(x)ro(t), r1(x) = 2cos(31x), |ra(t)| < 1,

T =10 and € = 1. Here r, is an uncertain part of the input r (for simulation r,(#) = cos(15t)),

and
r(x,t) = =[r (x)], 7(x, t) = [r1 (x)].

The uncertainty of initial conditions is given by the interval
2y(x) = zo(x) =1, Zo(x) = 2o(x) + 1,

where zy(x) = cos(57tx), and the boundary conditions «(t) and () are assumed to be 0, since
the approach from Kharkovskaia et al., 2018b does not employ nonzero conditions. Let p =3
with x{" = 0.3, x5 = 0.5, x5’ = 0.8, and

v(t) = 0.2[sin(20¢) sin(15¢) cos(25t)]%,

then vy = 0.2. In this case Ax™ = 0.3, apin = 1.3 gmax = 0.5 and the restriction (3.16) is
satisfied. Take A ={0,h,2h,...,1—h,1} with h = 1/N’, and a pyramidal basis

0 x < Xi_1,
X—Xi-1
—EL oy <x<x;

S
Xiy1—X . .
X N SXSXigl
0 X2 X

for i =0,...,N = N’ (it is assumed x_; = —h and xy,; = 1 + h). For simulation we took

N = 20, then the approximated dynamics from Kharkovskaia et al., 2018b is an observable
system, and assume that the error of approximation for both approaches ph*!(I; +1,) = 0.1.
For the Galerkin approximation approach Kharkovskaia et al., 2018b the matrix £ has been
chosen to ensure distinct eigenvalues of the matrix A—LC in the interval [-30.9,-0.67], then
S~1 has been composed by eigenvectors of the matrix A —£C and the matrix D has been

selected diagonal (all these matrices are defined in Kharkovskaia et al., 2018b).

As before, for the calculation of scalar product in space and for simulation of the discretized
PDE in time, the implicit Euler method has been used with the step size dt = 0.01 for the PDE
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1. PDE interval observer
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Figure 3.3 — The results of 1) the PDE interval observer (3.12) and 2) the approximation approach

interval observer from Kharkovskaia et al., 2016, N = 20. Here the lower bound is
z(x,-) and the upper bound is z(x, ).

, the state is
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interval observer, and the explicit one with the same step for the approximation approach.
The results of comparison of the two approaches, the present and the approximation one
from Kharkovskaia et al., 2018b, are shown in Fig. 3.3, where the red lines corresponds to
z(x,-), while green and blue ones represent z(x,-) and z(x,-), respectively, at the instances
t=0,1,5,10. From this figure one can clearly notice that the obtained interval for the state

is more precise with the PDE interval observer approach (3.12).
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In this chapter a simple benchmark problem is investigated of an unstable second order
delayed system with delayed measurements (e.g. a delayed model for motion of a single mass

point)

#(t) = —ax(t— 1)+ (), £ > 0,
y(t)=x(t-0)+v(t), =06,

where x(t) € R is the position, p(t) € R is the measured output signal, f : R, — R and
v:R, — R are state perturbation and measurement noise (unknown bounded signals), T > 0
and 0 > 0 are the delays. Our goal is to design an interval observer for this system, but the
main issue is that beside stability conditions, to construct an interval observer it is necessary

to check that the estimation error dynamics possess the positivity property.

67
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4.1 Delay-independent positivity

Consider a time-invariant linear system with time-varying delay:

x(t) = Agx(t) + A1 x(t —T(t)) + Bf (t), t € [0, +o0), (4.1)
x(h)=¢(h)for —T<h<0, ¢ €CZ, (4.2)

where x(t) € R", x; € CZ is the state function; 7: R, — [-7,0] is the time-varying delay, a
Lebesgue measurable function of time, T € R, is the maximum delay; f € £ is the input;
the constant matrices Ay, A; and B have appropriate dimensions; ¢ : (-7,0] — R" is a Borel

measurable bounded function of initial conditions.

Definition 4.1. Agarwal et al., 2012 Function x : R — R", which is locally absolutely continuous
on [0, 00), is called a solution of problem (4.1), (4.2) if it satisfies (4.1) for almost all t € [0, co0)
and equality (4.2) for t <0.

The matrix Ag is called Metzler if all its off-diagonal elements are nonnegative. The
system (4.1) is called positive if for ¢ € CZ, it has the corresponding solution x(t) > 0 for all
t>0.

Lemma 4.1. Ait Rami, 2009; Dambrine and Richard, 1993; Dambrine and Richard, 1994;
Haddad and Chellaboina, 2004 The system (4.1) is positive iff Ay is Metzler, A; > 0 and
Bf(t) >0 for all t+ > 0. A positive system (4.1) is asymptotically stable with f(¢) =0 for all
t € R, iff there are p,q € R”? (p >0 and g > 0) such that

prlAg+A]+q" =0.

Under conditions of the above lemma the system has bounded solutions for f € L
Fridman, 2014. Note that for linear time-invariant systems the conditions of positive
invariance of polyhedral sets have been similarly given in Dambrine et al., 1995, as well as
conditions of asymptotic stability in the nonlinear case (after majoration by the maximum
value of each absolute value of the matrices entries, except for the diagonal ones in Ag) have
been considered in Borne et al., 2003; Dambrine and Richard, 1993; Dambrine and Richard,
1994. The paper Goubet-Bartholomeus et al., 1997 provides delay-dependent conditions,
for which delay-independent stability comes as a particular case (and refers to the above

Dambrine and Richard, 1994).
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4.2 Representation of the solution for delay differential equations

Since T is the maximum delay for 7(t) define a bounded set 7 = {s € (0,7]: s < 7(s)}, then
the non-zero initial value problem (4.1), (4.2) can be rewritten to have zero initial conditions

for t < 0 and with the same solution x(t) for all t > 0:

x(t) = Agx(t) + Ay x(t —T(t)) + Bf (t)+ f7(t), t € [0, +00), (4.3)
x(h)=0for h <0,

where

(1) = Aip(t—r(t) teT

0 otherwise .

In addition to the problem (4.1), (4.2), where x, f and ¢ are vector signals or functions,
we will consider a problem where the solution is a n x n matrix function. For example, the
nx n matrix function C(t,s) = X(t)X~!(s), where X(t) satisfies a homogeneous initial value

problem

X(t)=AgX(t)+ A1 X(t—1(t)), t =5, (4.4)
X(0)=0for0<s, X(s)=1,

for each s > 0, is called the Cauchy matrix of (4.4). By construction C(t,s) =0 for 0 <t <s.
Using this Cauchy matrix C(t,0), a unique solution of non-homogeneous system (4.3) will

take the form t

x(t) = C(t,0)x(0) +J C(t,s)(Bf(s) + f*(s))ds, (4.5)

0

which is also the solution for the representation (4.1) with the initial conditions (4.2).

Based on this idea, for non-zero initial function in Efimov et al., 2016 the conditions on
delay-dependent positivity are introduced by verifying an additional constrain on the first
interval t € [0,T]:

Lemma 4.2. Efimov et al., 2016 The system (4.1) with Bf(t) > 0 for all t > 0, x(0) € R”,
with a Metzler matrix Ay, A1 >0 and 0 < (A);; <e(Ay);i <(Ao)i, +T  foralli=1,...,n,

has the corresponding solution x(t) > 0 for all t > 0 provided that

Bf(t)>—f*(t) Vtel0,7].
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4.3 Conditions on positivity of a second order system

Following the result of Domoshnitsky, 2014, consider the second-order delay differential

equation with an input signal:

#(t)+a(t)x(t— 1) = b(t)x(t—0) = f(£) te[0,+00), (4.6)
x(h)=¢(h) forh<0, %(0)eR

with constant delays 7,6 > 0 and nonnegative functions a,b, f € Lo, and ¢ € Craxfr,0)- The

corresponding homogeneous equation is considered as
X(t)+a(t)x(t—7)=b(t)x(t—0)=0 t€[0,+0). (4.7)
For a signal g € £, denote further the following short hands

= inf t), * = ).
9. = essinfq(t), eStSZSélpq( )

Theorem 4.1. Domoshnitsky, 2014 Assume that 0 <t <0 and there exists € > 0 such that
the inequalities
1
e <{a(t)-b(t)} < be(e—r)z, Vit €[0,+0) (4.8)

and

b.(6—-1)
arctan

TR TR >0-1 (4.9)
\/Eexp{ u 4_T } 2\/Eexp{ u 4_T }

are fulfilled. Then
(1) the elements C;q(t,s) and Cy,(t,s) of the Cauchy matrix

C(ts) :[ Cii(t,s) Cia(t,s) ]eR2X2

Coi(t,s) Cpalts)

of (4.7) are nonnegative for 0 <s <t < +oo0;

(2) the Cauchy function C;,(t,s) of (4.7) satisfies the exponential estimate
IC12(ts)| < Ne ®) Y0 <s <t < 400

for some N >0, a > 0 and the integral estimate

t
1
supf Cy,(t,s)ds < —;
0

>0 €
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(3) if there exists lim;_, {a(t) — b(t)} = k, then equality

t
1
lim Clz(t,S)dS = =
0 k

t—o00

is fulfilled.

According to this theorem, the solution x(t) of the equation (4.6) being written in the
form (4.5) has nonnegative elements Cq1(t,s) and Cy,(t,s) of the Cauchy matrix function,
and with nonnegative f(t) and the proper choice of parameters a(t), b(t) and delays 7, 6 the
system (4.6) will have a bounded solution. The Theorem 4.1 also establishes the exponential
estimate for the Cauchy function C;,(¢,s) and its convergence rate. This result concerns the
exponential stability of (4.7), which are based on the maximum principles for the second order
delay differential equation (4.7) Domoshnitsky, 2014. Using the representation of solutions
(4.5) (see also (4.10) below), we can see that this principle is reduced to positivity of the

Cauchy matrix element Cy;(t,s) and Cy,(t,s) for nonnegative initial conditions.

Proposition 4.1. Let 0 < T < 0 in the system (4.6) and the conditions (4.8), (4.9) of the
Theorem 4.1 hold. If f(t)+ f*(t) > 0 for all t >0, x(0) e R, and ¢(h) >0 for all h € [-6,0],
where
—a(t)p(t—7)+b(t)p(t—0) te[0, 7]
f(t) = 3b(t)p(t - 0) te(r,0],
0 t>0

then the corresponding solution satisfies x(t) > 0 for all ¢ > 0.

Proof. Following the expression (4.5), the position solution for the system (4.6) can be written

as follows:

() = Cyy(t0)x(0)+ Cia(t, 0)%(0) (4.10)
t
+J Cualtss) (f(s) + f*(s))ds,
0

where due to the result of Theorem 4.1 all terms in the right hand-side are nonnegative. W

4.4 Problem statement

The main object of study in this note is the delay differential equation of the second order,

which represents an unstable delayed model of motion of a single mass point:

#(t) = —a(t)x(t - 7) + f(£), t €[0,+0c0) (4.11)
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where x(t) € R is the position of the point, x(t) € R and X(t) € R are the velocity and the
acceleration of the point motion, respectively; T > 0 is a constant state delay, a(t) € R, with
a € L, is the parameter function, f € L, is the external input. The equation (4.11) can be

presented in a time-varying version of (4.1) with the corresponding matrices:

0 1 0 O 0
o] 2 e[ ”

The initial conditions for (4.11) are considered as a scalar function only for position:

AOZ

x(h) = ¢(h)for —1<h<0, ¢ €Cy; %(0) €R, (4.13)
then the solution (4.5) can be rewritten to describe only the position of (4.11) as follows:

X(t) = Cll(t,O)X(O)+C12(t,O)X(0) (414)
+f Coalt,) (F(5) + F(5))ds,
0

where

Cii(t,s) Cialts)
Coi(t,s) Cplt,s)

c R2><2

C(t,s):[

with the initial condition C(0,0) = I,, and

—a(t)p(t—7) te[0,7]

0 t>1

fi(t)=

Furthermore, we consider that the position of (4.11) is available for measurements with some
constant delay 6, 0 > t:
y(t) =x(t—0)+v(t), (4.15)

where y(t) € R is an output with measurement noise v € £,. It is worth stressing that since
6 > 7, the initial conditions for (4.11), x(h) = ¢(h), should be defined for h € [-6,0]. To

continue the analysis with this data, we also need to introduce the following hypothesis:

Assumption 4.1. There exist known functions ¢, ¢ € Cy such that ¢(h) < ¢(h) < ¢(h) for all
he[-0,0], and x, < %(0) < Xy for some known %, ¥ € R.

The assumption about a known set [q5,$] for the initial conditions ¢ is standard for the
interval or set-membership estimation theory Efimov et al., 2013c; Gouzé et al., 2000; Jaulin,
2002; Kieffer and Walter, 2004; Moisan et al., 2009. We will assume that the parameter a is
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known and the instant values of the signals f(¢) and v(t) are unavailable:

Assumption 4.2. There exist known signals f, f € L., and a constant v > 0 such that
F(t) < f(t) < F(t) and |v(t)| < v, for all t > 0.

Therefore, the uncertain inputs f(t) and v(t) in (4.11) and (4.15) belong to the known
intervals [f(t), ()] and [-vg, vo] respectively for all t > 0.
The goal is to design an interval observer for (4.11), (4.15)

é t) F[Et;]: 7 VO; ] étECG, S>O

(
[ x(t) | —
[ 4 | = G[&, f(t), F(1), vo, (1)),
B -
h ;(t) _ = G[Et!f f » V0, ¥ ]

such that for all t >0

t) < x(t) < %(t),
X(t) < x(t) < x(t)

provided that assumptions 4.1 and 4.2 are satisfied and x—x, X—x, X—%, X —x € L,. A similar
problem has been studied in Efimov et al., 2013c; Efimov et al., 2015b; Mazenc et al., 2012b.

4.5 Interval observer design

In this section we will present two steps to design interval observers for the system (4.11) and
(4.15). First, using the result of Theorem 4.1 an observer will be given for interval estimation
of the position x(t). Second, another interval observer will be designed to obtain the interval

inclusion for x(t).

The first observer for the position

The corresponding homogeneous equation
X(t) = —a(t)x(t — 1), t € [0,+00)

for (4.11) has unbounded solutions in case of a constant parameter a Domoshnitsky, 2014,

which means that (4.11) is unstable. For the output y(t) given in (4.15) the observer for
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(4.11) can be constructed as follows:
X=—a(t)x(t—7)+€(t)x +f(t) v(t)+L(t)v(t), (4.16)
or in the state space form:

fCl = Xp,

Xp=—a(t)x (t—t)+L(t)x (t—0)+ f(¢) y(t)+L(t)v(t),
where € € L, is an observer gain to be designed.

Remark 4.1. Note that, as it has been explained in Section 4.4, the equation (4.11) can be
presented in the form (4.1) with time-varying matrices Ag, A; and B as in (4.12), and with
the output in form (4.15) with different measurement delay 6 > 7, then the matrix A; can be
nonnegative only when 6 = 7, in other cases it is always A; <0, then the system (4.11) and
(4.16) do not posses the delay-independent or delay-dependent positivity properties according

to lemmas 4.1 and 4.2, respectively.

Let us consider the first observer for the position x(t) of the system (4.16) in the form:

X (t) = —a(t)x (t—1)+L(t)x (t—0)

+/(t) = €(t)y(t) - £(t)vo — o(t), (4.17)
() = —a(t)xT(t-1)+L(t)x(t-0)

+f (1) =€ty (D) + E(t)vo +o(t),

where x7(t), x*(t) € R are the estimates for the position of motion (4.11) for t € [0, +o00) with

initial conditions

from Assumption 4.1 and

0 t>1

Proposition 4.2. Let the measurement delays satisfy the relation 8 > t > 0, and assumptions
4.1, 4.2 be satisfied. For the system (4.11) with initial conditions (4.13) and the observer
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(4.17) select the observer gain €(t) > 0 to satisfy the conditions (4.8), (4.9) of Theorem 4.1
with b(t) = €(t) for all + > 0. Then its position satisfies the interval inclusion

x (1) < x(t) <x¥(t) YVt € [0, +00) (4.18)

+ —
and x*"—x,x—x" € L.

Proof. Define two estimation errors e*(t) = x*(t)—x(t) and e™(¢) = x(t)—x"(t), e*(t),e” (t) € R,

then their dynamics take the form:

& (t) = —a(t)e (t-T)+L(t)e (t-0)
+f(1) = f (1) + E(B)(vo +v(1) + 0(8), (4.19)

+ )

)

(

)
&(t) = —a(t)e"(t—1)+L(t)e"(t-0
+f(5) = f (1) +L(t)(vo = v(t) + ().

With the proper choice of the gain €(t) such that the restrictions (4.8) and (4.9) of Theorem
4.1 are satisfied under the substitution £(t) = b(t), the solutions of (4.19) can be written as in
(4.14):

e (1) = Cr1 (1,0)e(0) + Cra(t, 0)¢(0) + jo Coalt, ) (s)ds,

\Hl
5
©»

¢ () = Ciy (1, 0)e*(0) + Cra(t, 0)6(0) + fo Cralt,)f*
where

fr6) = fO)=fO+ D)o+ v(1)+p(t) +07(1),
f (£) = f(t) + £(t)(vo —v(t) + o(t) + 07 (t),

|

(s) =

where p7(t) and p*(t) defined according to Proposition 4.1:

—a(t)[p(t—1) - Pt =)+ L(D[p(t - 0) - p(t - 0)] te[0,7]
o7(t) = JUD[p(t-0)—P(t—0)] te(r,0),
0 t>60
—a(t)[@(t—1) - p(t—T)] + L(D[P(t - 0) - p(t - 0)] te[0,7]
o) = D[Pt -0)—P(t-0)] te(r,0]
0 t>0
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According to Theorem 4.1, the functions C;q(¢,0) and Cq5(t,0) are nonnegative, and following
Proposition 4.1 the variables e™(t) > 0 and e*(t) > 0 for all t € [0, +00) if the inputs f~(t) and
f*(t) are nonnegative, which yields to interval inclusion (4.18) for the first state of the system
(4.11). Note that f(t)— f(t), f(t)— f(t) and vy + v(t), vo— v(¢t) is positive by Assumption 4.2,
and by the definition of the function 0

a()[(t—7) = Pp(t =)+ L(1)[Pp(t - 0) - p(t-6)] te[0,7],
fr(s)= () +07(t) = LD p(t - 0) - Pp(t - 0)] te(r,0],
0 t>0,
a()[p(t =)= p(t— )]+ £(t)[p(t - 0) - p(t-6)] te[0,1],
FHs)>o(t)+ 0" (t) = 6(t)[p(t - 0) - Pp(t - 0)] te(r,0],
0 t>0,

where 5“ —7T)—¢p(t—7) and ¢(t —O)— ¢(t — O) are nonnegative by Assumption 4.1, and the

result follows (boundedness of x* —x,x —x™ is a consequence of Assumption 4.2 and the part
2) of Theorem 4.1). [

Using this observer it is possible to derive the interval estimates for the position x(t)

without delay, but the velocity is not yet estimated since the matrix A; < 0.

The second observer for the velocity

As mentioned above, the second order delay differential equation (4.11) can be presented
in form of (4.1) with matrices (4.12). Let us consider the delayed term —a(t)x(t—7) as a

disturbance and rewrite (4.1) for this case:
x(t) = Ax(t)+ p (t,x(t), x(t —7), f (1)), (4.20)

where x(t) = [x1(t) x5(t)]" is the state vector, x;(t) is the estimated position by (4.18), x,(t)
is a velocity of motion (4.11);

—k; 1

—k, 0]

kyxi(t) }
koxi (t)+ f(t) —a(t)x (t—1) |

A=A,-KC=

p(t,x(t), x(t =), f(t) =

K =[ky k;]" is a new observer gain, C = [ 1 0 ]
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Assumption 4.3. There are K € R? and a Metzler matrix D € R?*? such that the matrices
Ap— KC and D have the same eigenvalues and the pairs (Ag — KC, x;) and (D, x,) are
observable for some y; € RP?, y, e RIX2,

According to this assumption there is a nonsingular matrix S € R?*? such that D =
S(Ag— KC)S7! Raissi et al., 2012, and the new coordinates z = Sx can be introduced
transforming the system (4.20) to the form:

2(t) = Dz(t)+ Sp (t,x(t), x(t — T), f(1)). (4.21)

Using Lemma 1.1 we obtain that

p(t) < p(t,x(t), x(t =), f(£)) < p(t),

where the functions p(t) and p(t) depend only on available information (the variables
x7 (1), x7(t), x7(t — ) and x{(t —7) are given by the first observer (4.17) for all t € [0, +00)):

_ kyxy(t)
E(t)__kle +f —a(t)xy (t - )_’
=0y _ — klxl(t) _
P | kyxy (t) f —a(t)xy(t-7) _'

Now, applying the results of Chebotarev et al., 2015; Gouzé et al., 2000 two estimates
z,Z € R? can be calculated based on the available information on these intervals (the interval
inclusion (4.18) for x;(¢) without delay), such that

z(t) < z(t) <z(t) Vte[0,+o0). (4.22)

In other words, an interval observer can be designed for the transformed dynamics (4.21):

(h) = S*®(h) - —@h), (4.23)
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where _
$(h) ¢(h)

Ddh)=| [0 h<0 |,PMH)=| |0 h<O

%y h=0 X9 h=0

and the relations (1.4) are used to calculate the initial conditions for z(h), z(h) at h € [-6, 0]

and the estimates x, x.

Proposition 4.3. Let assumptions 4.1, 4.2 and 4.3 be satisfied. Then for the second order delay
equation (4.11), presented in form (4.1), with initial conditions 4.2, and with the interval

observer (4.23) the relations for the velocity
x,(t) < x5(t) <% (t), x(t) € R?, Vt € [0, +00) (4.24)
are fulfilled provided that the conditions of Proposition 4.2 are verified.

Proof. Introduce two estimation errors e(t) = z(t) — z(t) and e(t) = z(t) — z(t) for the observer
(4.23), which yeld the differential equations:

é(t) = De(t) + 6(t) - o(t),

where 5(t) = Sp (t,x(t), x(t — T), f(t)) and, by using Lemma 1.1, 5(t) = S*p(t) - S™p(t), o(t) =
S*p(t)— S™p(t), which provide the inclusion 8(t) < 6(t) < 5(t) for all t > 0 by the form of 0,0
the assumption 4.2 and by the interval estimates obtained for x;(¢) from the observer (4.17)
(all conditions of Proposition 4.2 are true). Then it gives for all ¢ € [0, +00):

5(t)=0(t) >0, 5(t) - 5(t) > 0,

and if D is a Metzler matrix, since all inputs of e(t), e(t) are positive and the initial conditions
e(h) >0, e(h) >0 for Vh € [-1,0] by the Assumption 4.1 and the above calculations, then
e(t) >0, e(t) >0 for all t >0. The property (4.24) follows from these relations. [

4.6 Example
To show the efficiency of the proposed observers we consider the motivation example (4.11):

X(t) = —ax(t— 1)+ f(t), t €[0,+00)



4.6. Example 79

Figure 4.1 — The result of simulation of observer (4.17) for the position x(t) of (4.11).

with the values of parameter a = 2, the internal delay v = 0.2, the perturbation f(t) =
0.5(cos(2t) + 0.3cos(10t)); the measurement delay 6 = 0.5 and the noise v(t) = vosin(60t) for
vo = 0.07. The initial conditions (4.2) x(h) = ¢(h) for h € [-0,0], where ¢(h) =0.1 sin(ﬁ ),
x(0) = 0. The Assumption 4.2 is satisfied for f(t) = 0.5(cos(2t)—-0.3), f(t) = 0.5(cos(2t)+0.3);
and the bounds on initial conditions are give; as ¢(h)=-0.1, $(h) =0.1, Xg = %, =0.1. For
¢ = 1.8 the conditions (4.8), (4.9) are satisfied. -

For simulation the explicit Euler method with the step T = 1073 was used. The results
of simulation of the first observer (4.17) for position x(t) of (4.11) are shown in Fig. 4.1
for t € [0,25]. In Fig. 4.2 the errors of the estimation are presented: for position e;(t) >0
for t > 0; and for the velocity e,(t) is not positive (as it is supposed to be). For the second
observer (4.23) the observer gain K = [3 1] with the matrix D = diag[—2.618; —0.382] satisfies
-1.25 0.48

0.48 -1.25
derived for the velocity of (4.11) by the second observer (4.23) are shown at the Fig. 4.3.

the Assumption 4.3 with the transformation matrix S = [ . The estimates




30

CHAPTER 4. Interval observer for second-order DDE

| A A |

] — P S A S
i R ERE i i
0 5 10 15 20 25

t

Figure 4.2 — Errors of estimation e;(t), e;(t) of the first observer (4.17).
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Figure 4.4 — Errors of estimation ej(t), e;(t) of the second observer (4.23).



Chapter

Conclusions

The work here presented can be mainly seen as contributions to the study of interval observers
of infinite dimensional systems. The results obtained can be divided into two groups: observer
design for PDEs and time-delay systems.

The second chapter dealt, using early lumping approach, with a parabolic PDE under
Dirichlet boundary conditions and uncertainties, presented by bounded distributed distubance.
A method of interval observer design was proposed, which is based on a finite-element Galerkin
approximation. The errors of discretization given in Wheeler, 1973 were taken into account
by the interval estimates. The proposed interval observer was used for control of an uncertain
PDE system. The efficiency of the proposed interval observer and control was demonstrated
through numerical experiments with the Black—Scholes model.

The third chapter addressed to a method of PDE-interval observer, which is not based
on a finite-element approximation. The proposed observer has the same distributed nature.
The design employs the positivity of solutions of the heat equation proposed in Nguyen and
Coron, 2016. The proposed interval observer is used for stabilization of an uncertain heat
equation. The key feature of this approach that the boundary conditions are placed in the
right-hand side of the considered PDE in the stability analysis. This means that the proposed
method correlates with boundary control ones. The result was compared with static output
feedback controller.

The second approach to contruct an interval observer for PDEs from Chapter 3 shows
better performance and provides tighter bounds for the state of a PDE, by avoiding errors
from Galerkin approximation. Comparation results are given in Section 3.4.

The advantages of the interval observers are that they provide estimates for highly
uncertain systems, and give asymptotically rather tight bounds on the estimation accuracy,
since the interval of admissible values for the state at each instant of time is evaluated.

Besides, existing methods to construct an observer for PDEs is more computationally

81
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expensive, because solving a Riccati equation for infinite-dimensional systems is more difficult
than the construction an interval observer.

Finally, the last chapter presents the interval estimation approach for a second-order
delay differential equation with position delayed measurements, uncertain input and initial
conditions. The proposed approach consists in two consecutively connected interval observers.
The first one estimates the set of admissible values for the position without delay using new
delay-dependent conditions on positivity of a second order system. Then derived interval
estimates of the position are used to design the second observer evaluating an interval of
admissible values for the velocity of the considered dynamical system.

This results can be extended for future research in several directions. For example,
extend proposed interval estimation method for PDEs with Neumann, mixed boundary
conditions, study different types of PDEs: hyperbolic, nonlinear; explore alternative ways
for approximations of PDEs. Implementation to a real world example (like a solid oxide
fuel cell stack) can be more informative. Concerning delayed systems, one can extend the
proposed algorithm to a more general LTV system, consider a chain of interval observer to
cope with high value delays. Interval estimation can be applied for a plant with a network of

interconnected distributed sensors.
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Appendix

Substantial summaries

B.1 Résumé substantiel en francais

La these est consacrée a ’étude des observateurs par intervalle, qui forment une sous-classe
d’estimateurs d’appartenance & un ensemble et dont la conception est basée sur la théorie
des systemes monotones, a leurs applications dans I’estimation et le controle de systemes
distribués incertains, ainsi qu’a ’analyse de leurs propriétés et de leurs restrictions.

Contrairement & un observateur conventionnel qui, en I'absence de bruit de mesure et
d’incertitudes, doit converger vers la valeur exacte de I’état du systeme estimé (il donne une
estimation ponctuelle de I’état), les observateurs par intervalle évaluent & chaque instant un
ensemble de valeurs admissibles pour I'état, de maniere cohérente avec la sortie mesurée (c’est-
a-dire qu’ils fournissent une estimation d’intervalle). Cette idée de conception d’observateur
d’intervalle a été proposée assez récemment dans Gouzé et al., 2000, mais elle a déja regu de
nombreuses extensions pour diverses classes de modeles dynamiques.

Les avantages des observateurs par intervalle sont qu’ils sont bien adaptés a la conception
d’observateur dans des systemes tres incertains (si les intervalles de valeurs admissibles pour les
termes inconnus sont donnés) et qu'ils sont capables de fournir des limites asymptotiquement
assez serrées sur la précision de ’estimation, car 'intervalle des valeurs admissibles pour
I’état a chaque instant est évalué. De plus, cette technique tire parti d'une connaissance
approximative de la condition initiale et donne des informations sur I’état inconnu du systéme
étudié a tout instant, tandis que les observateurs classiques ne fournissent qu’une information
utile asymptotiquement, c¢’est-a-dire d’un point de vue technique, pour des valeurs temporelles
suffisamment grandes.

Les observateurs par intervalle, présentés dans la littérature, ont été principalement
construits pour des systémes dynamiques, décrits par des équations différentielles ordinaires,
par exemple pour des systeémes linéaires invariants dans le temps Gouzé et al., 2000; Mazenc
and Bernard, 2010, 2011, systemes linéaires & variation de parametre (LVP) Chebotarev
et al., 2015; Efimov et al., 2012, 2013e,f, systemes non linéaires Raissi et al., 2012, 2010,
systemes a temps discret Efimov et al., 2013a,b; Mazenc et al., 2013, 2014, 2012a, systémes
de descripteurs ou systemes avec contraintes algébriques Efimov et al., 2014.

En outre, ces nombreux travaux sur les observateurs par intervalle pour les EDO, il y
a quelques articles qui ont étendu cette méthode pour les systemes a retardement Efimov
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et al., 2016, 2013c, 2015a; Mazenc et al., 2012b, décrit par des équations différentielles
fonctionnelles. Pour ces modeles, qui sont infiniment dimensionnels contrairement aux
équations différentielles ordinaires (EDO), I'analyse et la conception sont beaucoup plus
compliquées et nécessitent des concepts et des algorithmes spécialement développés Richard,
2003. Par exemple, I'observabilité et les méthodes d’estimation de systemes retardés a entrées
et non linéarités inconnues sont prises en compte dans Califano et al., 2011; Zheng et al.,
2011, I'application d'une approche algébrique pour la conception par observateur dans les
systemes a retardement LPV est présentée dans Briat et al., 2011, un probleme d’estimation
pour les systemes positifs avec des retards inconnus variant dans le temps est étudié dans
Rami et al., 2013. Les solutions existantes pour les observateurs d’intervalle dans le domaine
Efimov et al., 2013c, 2015a; Mazenc et al., 2012b; Polyakov et al., 2013 sont basées sur les
conditions de positivité indépendantes du délai de Ait Rami, 2009; Haddad and Chellaboina,
2004.

Quelques résultats sur la conception d’observateurs par intervalle pour un systéme de
retard variable dans le temps peuvent étre trouvés dans Efimov et al., 2013c; Rami et al., 2013.
Dans Efimov et al., 2016, les conditions de positivité dépendant du retard sont introduites
pour le cas avec un retard égal dans I’état et dans la sortie, ce qui peut correspondre a un
systeme sans retard avec des mesures retardées.

Pour combler cette lacune, dans le chapitre 4, une nouvelle approche est introduite pour
faire face & I'obstacle susmentionné, lorsque les retards de mesure sont différents des retards
d’état.

De plus, 'objectif de la these est d’étendre d’observateur par intervalle aux systemes de
dimension infinie, en considérant non seulement les systemes avec des retards, mais également
distribués dans les systémes spatiaux, qui sont décrits par des équations aux dérivées partielles
(EDP).

Le son, la chaleur, I’électrostatique, I’électrodynamique, I’écoulement des fluides, 1’élasticité
ou la mécanique quantique, ainsi que les modeles d’autres phénomenes physiques, peuvent
étre formalisés de la méme maniére en termes d’EDP, dont la nature distribuée introduit un
niveau supplémentaire de complexité. C’est pourquoi le controle et I’estimation des EDP sont
aujourd’hui une direction de recherche tres populaire Barje et al., 2013; Bredies et al., 2013;
Demetriou, 2004; Hasan et al., 2016; Kamran and Drakunov, 2015; Krstic, 2009; Meurer, 2013;
Nguyen, 2008; Russell, 2003; Smyshlyaev and Krstic, 2005; Smyshlyaev and Krstic, 2010.
Dans cette classe de modeles, o I’état du systeme est fonction de I'espace a chaque instant
du temps, le probleme de sa mesure explicite est naturel, car seules des mesures spatiales
ponctuelles et discretes sont réalisables par un capteur Jorgensen et al., 1984; Vande Wouwer
et al., 2000. Fréquemment, afin de concevoir un estimateur d’état, I’approche d’approximation
de dimension finie est utilisée Alvarez and Stephanopoulos, 1982; Dochain, 2000; Hagen and
I., 2003; Vande Wouver and Zeitz, 2002, ensuite, le probleme d’observation est abordé avec
les outils bien connus disponibles pour les systemes de dimension finie, tandis que 1’évaluation
de la convergence doit étre effectuée par rapport aux solutions du systeme distribué d’origine.
L’analyse et la conception dans les coordonnées distribuées d’origine sont plus compliquées,
mais attirent également l'attention de nombreux chercheurs Ahmed-Ali et al., 2015; Fridman
and Bar Am, 2013; Fridman, 2013; Hidayat et al., 2011; Liu and Fridman, 2012; Schaum
et al., 2014; Selivanov and Fridman, 2018; Smyshlyaev and Krstic, 2010. Dans Pisano and
Orlov, 2017 une conception de contréle de stabilisation avec une rétroaction proportionnelle
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discontinue est proposée pour une EDP parabolique avec détection et actionnement colocalisés
ponctuellement, et avec des perturbations distribuées dans le domaine. Le travail Wang et al.,
2018 présente un controle distribué basé sur des observateurs de type Luenberger avec des
capteurs et des actionneurs non colocalisés.

Néanmoins, a la connaissance de I'auteur, aucun travail n’a été effectué sur les observateurs
par intervalle pour les EDP. Dans le chapitre 2 de la présente these, une méthode pour
concevoir un observateur par intervalle a été développée pour une EDP parabolique avec
des conditions aux limites de Dirichlet, qui est basée sur une approximation de Galerkin par
éléments finis. Cette méthode est également appelée approche précoce grumelage pour un
systeme distribué, lorsque la premiere étape consiste a discrétiser le systeme donné a un
systéme lumpé, décrit par ’ensemble des EDO, et la deuxieme étape consiste a appliquer des
solutions déja existantes de conception d’observateurs.

En utilisant les estimations d’erreur de discrétisation de Wheeler, 1973, l'intervalle
enveloppant pour les solutions de EDP a été évalué. Une caractéristique intéressante de cette
approche est que, appliquée & une EDP non linéaire, en supposant que toutes les non-linéarités
sont limitées et traitées comme des perturbations, I’observateur par intervalle proposé est
linéaire et peut étre facilement mis en ceuvre en fournissant des limites sur les solutions de la
EDP non linéaire d’origine (sous la hypothese que ces solutions existent).

A coté de cela, sur la base d’un observateur construit pour le systeme lumpé, un contréle de
stabilisation de la sortie a été développé dans la section 2.3. La stratégie de controle proposée
dispose d’une caractéristique similaire, car elle est con¢ue pour un modele de dimension finie,
mais en garantissant la limitation des trajectoires pour une dynamique distribuée incertaine.
Ces résultats ont été publiés dans Kharkovskaia et al., 2016, 2018b.

Dans le chapitre 3 aun plan d’observation par intervalle est proposé pour la méme classe
de systeme qu’au chapitre 2, décrite par une EDP parabolique avec des conditions aux limites
de Dirichlet non nulles, mais elle n’est basée sur aucune approximation, et I’observateur a
la méme nature distribuée. En utilisant les conditions de positivité des solutions de EDP
paraboliques présentées dans Nguyen and Coron, 2016, un observateur par intervalle est
construit gouverné par EDP, dont la dynamique d’erreur d’estimation (également distribuée)
est positive. L’analyse de stabilité de Fridman and Blighovsky, 2012 est étendue au scénario
considéré avec un bruit de mesure et des conditions aux limites non nulles. On trouve les
conditions dans lesquelles le systeme de parametres distribués possede la propriété de stabilité
entrée-a-état, ot les conditions aux limites influencent également la perturbation externe
et les conditions initiales. De plus, la principale restriction de la propriété de stabilité est
imposée par les parametres du systeme et par les intervalles entre les points de mesure. Pour
surmonter cette restriction, la conception du contréleur de rétroaction est développée dans
la Section 3.3en utilisant les estimations d’intervalle recues. On suppose que la commande
est distribuée spatialement, influencant la dynamique du systeme par des fonctions de forme
constantes par morceaux, une telle hypotheése est introduite pour respecter la faisabilité de la
mise en ceuvre de la loi de commande congue, car les variations infinitésimales dans 1’espace
du signal de I'actionneur ne peuvent pas étre réalisées en pratique. Ces méthodes ont été
présentées dans Kharkovskaia et al., 2017, 2020.

Dans le chapitre 2 la EDP suivante avec des conditions aux limites de Dirichlet homogenes
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est considérée:

p(x) azf;’ H_ L[x,z(x, )]+ r(x,£) V(x,t)elx(0,T),

z(x,0) =zp(x) Vxel, (B.1)
0=2z(0,t)=2z(1,t) Yte(0,T),

onl=[0,1]et T >0,
L(x,z) = % (a(x)%) — b(x)% —q(x)z,
re L®(Ix[0,T],R), a,b,q,p € L*(I,R) et il existe ag,ay, pp, p1 € R, tel que
0<ag<a(x)<a;, 0<pg<p(x)<p; Vxel,
et a’,b’ € L*(I,R), o1 a’ = da(x)/dx.
Ensuite, 'approximation de Galerkin en temps continu Z(-,t) (2.2) est présenté dans la

section 2.1, avec base d’approximation @;, 1 <j <N avec N > N’, puis sa solution Z(x,t) de
(2.2) peut étre présenté comme (Thomée, 2006)

Z(x,t)= ) &i(t)Pj(x),

-

j=1

ou & = [& ...EN]T € RN est le vecteur de coefficients satisfaisant ensemble final ’EDO
suivant (a.a. signifie “pour presque tous”):

E(t)=A&(t)+ GF(t) a.a.te(0,T) &£(0)=¢, (B.2)

oit les matrices A € RN*N G € RN, conditions initiales & € RN et 7 € L®([0,T),RYN)
sont calculés dans la section 2.1. Alors pour tout & € RN la solution correspondante
& e CY%[0,T),RN) au probleme de Cauchy (B.2) peut étre facilement calculé.

Pour estimer I'erreur de I'approximation, nous supposons qu’il existe s >0, Iy >0 et [, >0
de telle sorte que la solution z de (B.1) et son dérivé de premiere dans le temps sont bornés:

zllzeo (0, 7), w0 (r,r)) < 1, 1902/ 0t ||r2(0,7), 541 (1,R)) < Lo-

Ensuite, sous cette Assomption 2.1 et (Wheeler, 1973) l'erreur d’approximation Z est bornée

1Z - zlli(xo,r) < 0T+ 1), (B.3)

ou o> 0.

Pour établir des liens entre les estimations d’intervalle pour ¢ et Z, et entre Z et
I'état de (B.1) z, les lemmes 2.2 et 2.3 a été proposé. S’il existe &, ¢ € C%([0,T),RN) et
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Z,Z € COI x[0,T),R), puis

N

Z(xt) = ) (£(007(x)-E;(1)D} (x)), (B.4)
i=1

Z(xt) = ) (007 (x)-&, (0P} (x)
j=1

La preuve est basée sur le lemme 2.1. Si pour s,5,5: 1 > R, s <s <5, alors pour tout
¢ : I — R avec les opérateurs ¢+ = max{0, ¢}, ¢~ =™ — ¢:

() -G PS5 P) <GP (s¢7).

Le lien entre les estimations d’intervalle pour z et Z sont établis sous 1’Assomption 2.1 et
(B.3):

z(xt) = Zxt)—ph™ (I +1), (B.5)
Z(x,t) = Z(x,t)+ph (1 +1,)

pour tous x € I et presque tous t € [0,T), ou 2,z € L*(I x[0,T),R).
Supposons que 'Etat z(x,t) est disponible pour des mesures en certains points x"el:

vilt) = 2( D) + (1), = 1o, (B.6)

ot y(t),v(t) e RP, v € L*(R,,RP) est le bruit de mesure. Sous ’'Hypothese 2.1 de Proposition
2.1, et en appliquant & nouveau 'approximation des éléments finis, nous obtenons

y(t) = CE(t) +v(t), (B.7)

avec v(t) = v(t) + e(t) € RP étant le nouveau bruit de mesure. Nous supposerons également
que (B.1),

m
P )= ) r)ug(t) + ro(x 1)
k=1
olt u(t) € R™ est un controle (entrée connue), ry; € L(I,R) et g € L*(Ix[0, T),R). Puis dans
(B.2) G#(t) = Bu(t)+ Gd(t), d(t) € RN est une perturbation externe inconnue. Les matrices
B e RN*™ and C € RP*N sont calculés dans la section 2.2.

Dans I'Hypothese 2.2 trois intervalles [z,,Z], [ry(x,t),To(x, )] et [-vo, Vo] déterminent
pour tous (x,t) € I x[0,T) dans (2.1), (2.8) incertitude des valeurs de zg, ro(x,t) et v(t),
respectivement.

Selon 'Hypothese 2.3, il y a une matrice L € RN*P et une matrice de Metzler D € RN*N
de telle sorte que les matrices A —LC et D avoir les mémes valeurs propres, ol L est le
gain de l'observateur pour assurer la propriété Hurwitz pour la matrice A —LC (il peut étre
trouvé a l'aide d'IML (2.13), (2.14), (2.15)), alors il est possible de faire une transformation

de coordonnées € = S& avec une matrice de transformation non singuliere S € RNV tel que
D=S(A-LC)S7!.
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Ensuite, pour le systeme (B.2) un observateur par intervalle peut étre proposé:

(t)+ SBu(t) + SLy(t) + o(t),
(t)+ SBu(t)+ SLy(t) + o(t), (B.8)
C(0)=87¢ - 57&p, C(0)=5"E-57¢,,

&) =(STHTTH = (ST T, &) =(STH T~ (ST C(),

D¢
DL

olt les relations (1.4) de Lemme 1.1 sont utilisés pour calculer les conditions initiales pour Q,Z
et les estimations é,z, aussi bien que §(t), 8(t) de I'entrée 6(t) = S[Gd(t)—Lv(t)]. L'application
de cet observateur par intervalle conduit a une inclusion d intervalle pour le (B.2) &(t) <

E(t) < &(t) YVt € [0,T). Puis par Proposition 2.2 et le Théoreme 2.1 avec 'utilisation de
Lemmas 2.2 et 2.3 nous trouvons les estimations d’intervalle pour (B.1)

z(x,t) < z(x, t) <z(x, t).

Dans la section 2.3 I'observateur par intervalle (B.8) est utilisé pour concevoir une loi
de controle assurant la stabilisation de I’approximation de dimension finie (B.2), (B.7) dans
Iesprit de Efimov et al., 2013f, ce qui implique également (sous de légeres restrictions
supplémentaires) la stabilisation (B.1). La commande est choisie comme une rétroaction
linéaire d’état conventionnelle:

u(t) = KC(t)+ KT (1)

ott K,K € R™N sont deux gains de matrice de rétroaction, qui peuvent étre calculés par les
inégalités de matrice

AX+XAT+B[0 Y |+[ 0 ?]T§T<0,XP>0,XQ>0,

oll
_[Xp 00
X — 8 XQ € R3NX3N, XP — Xg c RNXN, XQ — Xg c RZNXZN

et Y e R™2N puis [K K] = ?Xél.

La Section 2.4 présente des tests d’algorithmes proposés d’estimation par intervalle et de
stabilisation sur un exemple académique et un modele de Black-Scholes.

Contribution principale du Chapitre 3 est comme suit. Tout d’abord, un observateur
par intervalles décrit par les EDP sans appliquer d’approximations par éléments finis est
proposé pour les systemes de parametres distribués incertains. Deuxiemement, une conception
supplémentaire d’'un contréle de stabilisation de sortie est effectuée sur la base d’observations
d’intervalle.

La PDE considérée avec les conditions aux limites associées a une forme (B.1) similaire,
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dotée d’un controle:

p
82(89;, 2 =L[x,z(x, t)] + r(x,t) + Zdbj(x)uj(t) Y(x,t)elIxT,
i=
z(x,tg) = zo(x) Vxel, (B.9)
z(0,t) = a(t), z(¢,t) = B(t) VteT,

ou I =[0,{] avec 0 <€ <+oo, 7T =[ty,tg+T) pour tpeR et T >0,

d d
5o ratoz

a€ CYI,R), g€ C(I,LR) et il existe amin, Amax € R, tel que 0 < amin < a(x) < amax Yx € I
les conditions aux limites a, p € C 2(7',]1%) et U'entrée externe r € C 1(I x 7T ,R); les conditions
initiales zg € Zo = {z9 € H*(I,R) : z¢(0) = a(0), zo(€) = B(0)}; les commandes uj: 7 — R sont
les fonctions continues de Lipschitz. Le domaine spatial I est divisé en p + 1 sous-domaines
I; pour j=0,1,...,p, o les signaux de commande u;(t) sont appliqués via les fonctions de
forme b; € L?(1,[0,1]) tel que

L(x,z) =

{b]-(x) =0 xel, (B.10)

b]-(x): 1 XGI]'.

Les commandes u; sont congus dans la Section 3.3, dans les Sections 3.1 et 3.2 ils sont
supposés étre donnés et uj € L*®(7,R) pour tous j =0,1,...,p.

La Section 3.1 est consacré a une analyse de stabilité entrée-a-état, présentée dans la
Proposition 3.1, ot la principale restriction a la stabilité de I’équation de chaleur non homogene
(B.9) est:

2

aming_z > Gmax» (Bll)

Oll max = SUP,;4(x), puis pour les solutions de (B.9) 'estimation suivante est satisfaite
pour tous t € 7 :

l

L, —x(t=to) £, 2| 2 . s 2
—J; z°(x, t)dx < e XUt j wi(x)dx + x f 7o (x, t)dx + E[a (t)+ p=(t)],

2 0 0
oll x = aminz_zz — Gmax> Wo(X) = 2o(x) = 6(x, tg), O(x,t) = a(t) + 7(B(t) — a(t)), et

F(x,t) = r(x, 1) + %a“a(xx)

(B(t) = () +q(x)0(x, 1) = 0p(x, 1) + ) bj(x)u;(t).

-

j=0

En général, la solution z(-,t) de (B.9) prend ses valeurs R et il peut changer de signe avec
(x,t) € I xT. Mais pour construire un observateur par intervalle, nous avons besoin z(-,t) > 0.
Le systeme (B.9) est appelé non négatif (positif) sur Uintervalle 7 si les conditions
aux limites et initiales et les entrées externes ne prennent que des valeurs non négatives
(positives) pour tous (x,t) € I x 7. La Proposition 3.2 avec Nguyen and Coron, 2016 établit
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un résultat plus général pour (B.9). Il est non négatif sur I'intervalle 7 avec uj(t) =0 pour
tous j=0,1,...,p, si @, p € L*(T,R,), re L2(I xT,R,) et zy € H'(I,R,).

Comme dans le Chapitre 2 nous supposons que ’état z(x,t) est disponible pour les
mesures (B.6) sur certains points x" € I, 0 <x]" <x3' <--- < x,' <{. Supposons également la
différentiabilité de la perturbation de sortie v € C*(7,RP) et délimitation des incertitudes.
Par Hypothese 3.2 cing intervalles, [a(t), @(t)], [B(£), B(t)], [2q,Z0), [r(x, 1), 7(x, )] et [—Vvo, Vo],
déterminé pour tous (x,t) € I x 7 dans (B.9), (B_.6) I'incertitude des valeurs de a(t), p(t), zo,
r(x,t) et v(t), respectivement.

L’observateur par intervalle le plus simple pour (B.9) selon les assomptions introduites
est la suivante pour j =0,1,...,p:

95(89;,t) =L[x,2(x, t)] +7(x, t) + bj(x)uj(t) V(x,t)el;xT,
Z(x, tg) = zo(x) Vx€lj,
Z(x, 1) = Z(t), Z(xfiy, t) = Zj () VEeT; (B.12)
85(89:& = L{x,z(x, t)] + r(x, 1) + bj(x)u;(t) V(x,t)el;xT,

z(x, tg) = zo(x) Vx el
27, 1) = Z,(0), 26 ) = Zyy (1) VEET,
ott Ze C(7T,L*(I,R)) et ze C(T,L*(I,R)) sont des estimations supérieures et inférieures de
la solution z(x,t); I; = [x;-”, x]’.’il] avec x5 = 0 et x;”H = {; les estimations supérieures et
inférieures des conditions aux limites sont

(7 = [@(1), 91(8) + Vo, vp(t) + vo, B(1)]T,
17 = [a(t), 91(6) = Voo, 9p(0) = vo, BT

N

t

(t

(t) =[Zo(t),..
(t)=[Z, t)

IN
IN NI

Le domaine I de la solution de (3.1) est divisé sur p+1 sous-domaines avec des conditions aux
limites appropriées. Elle est liée & la manieére dont I'injection de sortie est appliquée. Dans
(B.12) l'utilisation de 'injection de sortie directement dans le coté droit de 'observateur est
évitée car I'analyse de la positivité de la dynamique d’erreur d’estimation, qui est obligatoire
pour un observateur par intervalle, est simple si I'injection de sortie est présente aux limites,
mais elle est plus évolué dans d’autres cas.

La condition principale pour I'observateur par intervalle (B.12) est donné dans le Théoreme
3.1:

Ax™ < g [Zmin (B.13)

qmax
olt Ax™ = maxje(o,1,.., p}(x]’.’fFl —x]’.”), alors pour tous t € 7 les erreurs d’estimation z(-, t) —z(-, t),
z(-,t) — z(+, ) sont bornés non négatifs et dans (B.9), (B.12):

z(x,t) <z(x,t)<z(x,t) VY(x,t)elxT.
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La principale restriction a la stabilité du systeme(B.9) est (B.11). L’inégalité (B.13)
impose la méme propriété a 'observateur par intervalle (B.12): si la différence Ax™ est
suffisamment petit, ce qui signifie que la quantité de points de mesure est suffisamment élevée,
alors l'erreur d’estimation de 1’observateur est limitée, mais elle n’implique pas la stabilité du
systeme d’origine. Pour surmonter cette restriction, considérons ensemble le systeme (B.9)et
I'observateur par intervalle (B.12), con¢u dans la Section 3.2, tous deux dotés d’une entrée
de commande u;(t) € H 1(T,R) & travers les fonctions de forme bi(x) € L*(I,R) sur chaque
sous-domaine de I'espace I}, ot le controle est choisi comme un retour d’état d’observateur
par intervalle:

K]- X B ,
uj(t) =~ (z(&,t)+2(&,1)dE, j=0,...,p, (B.14)
x] x;’n

ol K; sont les gains de rétroaction séquentielle a concevoir sur chaque I;, K; > 0 et Ax]’-” =
(x;.’il —x;.”) Vj € {0,1,...,p}. Par souci de concision, nous considérons le méme nombre de
capteurs et d’actionneurs avec des sous-intervalles colocalisés I;. Ainsi, le controle est
appliqué afin d’assurer le caractere borné des estimations des observateurs z(x, t), z(x, t), qu’a
son tour (depuis z(x, t) < z(x,t) < z(x,t) pour tous (x,t) € [ x T, voir le Théoreéme 3.1) fournira
la délimitation de z(x,t) comme dans Efimov et al., 2013f. Le gain de controle K est trouvé
en résolvant 'IML du théoreme 3.2:

2(K + gmax — 2K) 2K

DL 2K ‘(Zgj—m)’;z 0 |<o
1 0 —y?

pour k >0, K>0, y>0et (B.13).

I convient de noter que qualitativement l’estimation de la limite ci-dessus L? pour z
peut également étre obtenu en utilisant un retour de sortie statique, mais il peut étre plutot
conservateur, et en utilisant les limites d’observation supérieures et inférieures calculées en
ligne z et z on peut en déduire une estimation d’intervalle plus serrée sur I’état. Cela peut étre
un avantage important pour les applications dédiées aux problemes de contraintes d’état (par
exemple dans les réacteurs). Tests du controleur de stabilisation (B.14) et comparaison avec
un retour de sortie u;(t) = —K*yp;(t) sont donnés dans la Section 3.4, ainsi que la comparaison

J
entre I’approche basée sur 'approximation (B.8) et observateur par intervalle distribués

(B.12).

Le Chapitre 4 étudie un probleme de référence simple d’un systeme retardé instable du
second ordre avec des mesures retardées (un modele retardé pour le mouvement d’un seul
point de masse)

X(t)=—ax(t—71)+ f(t), t >0, (B.15)
p(t)=x(t-0)+v(t), T<0, (B.16)

ol x(t) € R est la position, y(t) € R est le signal de sortie mesuré, f : R, > Rand v:R, - R
sont des perturbations d’état et du bruit de mesure (signaux bornés inconnus), 7> 0 et 6 >0
sont les retards.

Les conditions initiales de (B.15) sont considérés comme une fonction scalaire uniquement
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pour la position:
x(h) =¢(h)for —1<h<0, p €Cy; %(0) eR, (B.17)
I1 convient de souligner que depuis 0 > 7, les conditions initiales pour (B.15), x(h) = ¢(h),
doit étre défini pour h € [-6,0].
Par Hypothese 4.1 introduire quelques fonctions connues ¢, ¢ € Cy tel que ¢p(h) < ¢(h) <
¢(h) pour tous h € [-0,0], et %, < %(0) < X, pour certains connus x,, Xy € R. L’Assomption
d'un ensemble connu [¢,$] pour les conditions initiales ¢ est standard pour la théorie

d’estimation de par intervalle ou de ’appartenance & un ensemble Efimov et al., 2013c; Gouzé
et al., 2000; Jaulin, 2002; Kieffer and Walter, 2004; Moisan et al., 2009. Nous supposons
également que le parametre a est connue et les valeurs instantanées des signaux f(t) et v(f)
ne sont pas disponibles. Par conséquent, les entrées incertaines f(t) et v(t) dans (B.15) et
(B.16) appartiennent aux intervalles connus [f(t), f ()] et [-v, vo] respectivement pour tous
t>0. B

Nous proposons le premier observateur pour de la position x(t) du systeme (B.15) sous la
forme:

X (t) = —a(t)x‘(t—r)+€(t)x‘(t—6)+£(t)—€(t)y(t)—€(t)vo—p(t), (B.18)
() = —a(t)xT(t—1) +L(t)xT(t—0) + f(t) = L(t)y(t) +L(t)vg + p(1),

olt x™(t), x*(t) € R sont les estimations de la position de mouvement (B.15) pour t € [0, +00)
avec conditions initiales

x™(h) = p(h), x* () = G(h) Yhe[-6,0],
%7(0) = %y, £ (0) = %o

de I’Assomption 4.1 et

aOp(t-7)-p(t-7)] <7
0 t>1
Ses performances dépendent des conditions du Théoreme 4.1 Domoshnitsky, 2014 et
Proposition 4.1 sur la positivité de la solution x(t) pour I'observateur par intervalle (B.18),
o €(t) peut étre trouvé comme

e <la(t)— (1) < %53(9 —1)%, Vtel0,+o0)

1 0.(0-1)

arctan

>0 -
\/;exp { g—*(QL;T)Z } ZX/;exp {g—*(eir)z }

ol les notations ¢, = essiglfK (t), a* = esssupa(t). En utilisant cet observateur, il est possible de
t2 >0

dériver les estimations d’intervalle pour la position x(t) sans délai:

x~(t) < x(t) < x7(t) YVt € [0, +00), (B.19)
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mais pour la vitesse, nous avons besoin d’un deuxiéme observateur par intervalle.

Considérons le terme retardé —a(t)x(t — t) comme une perturbation et réécrire (B.15) pour
ce cas sous forme d’espace d’état:

x(t) = Ax(t)+ p (t, x(t), x(t —7), f (1)), (B.20)

olt x(t) = [x;(t) x2(t)]T est le vecteur d’état, x;(t) est la position estimée par (B.19), x,(t) est
une vitesse de mouvement (B.15);

A:AO—KC:[:]]; (1)]
B kyxq(t)
p(t,x(t),x(t =), f(t)) = l k2x1<t>+f(lt)1—a(t>x1(t—r) ]

K = [ky ky]T est un nouveau gain d’observateur, C = [ 1 0 ]

Selon I’Assomption 4.3 il y a une matrice non singuliere S € R>*? tel que D = S(A;—KC)S™!
Raissi et al., 2012, et les nouvelles coordonnées z = Sx peuvent étre introduites transformant
le systeme (B.20) a la forme:

2(t) = Dz(t)+ Sp (t, x(t), x(t — T), f(1)). (B.21)
Utiliser le Lemme 1.1 nous obtenons cela
p(t) < p(tx(t), x(t — 1), £ (£)) < p(¢t),

ol les fonctions p(t) et p(t) ne dépendent que des informations disponibles (les variables

x7(t), x7(t), x{(t —7) et x{(t —7) sont donnés par le premier observateur (B.18) pour tous
t € [0,+00)). Deux estimations z,z € R? peut étre calculé sur la base des informations
disponibles sur ces intervalles (I'inclusion de l'intervalle (B.19) pour x;(t) sans délai), et un
observateur par intervalle peut étre congu pour la dynamique transformée (B.21):

z(h) = STD(h) - S~D(h), (B.22)

Z(h) = ST®(h) - S~ ®(h), Vh e [-1,0];
x(t)= (ST z(t) - (S71)7z(1),
x(t) = (STH)*z(t) - (S71)7z(t),

ot les conditions initiales @ (h), @ (h) sont des conditions jointes de I’Assomption 4.1. Les
relations (1.4) de Lemma 1.1 sont utilisés pour calculer les conditions initiales pour z(h), z(h)
a he[-0,0] et les estimations x,x. Ensuite, il est prouvé dans la Proposition 4.3:

x,(t) < x5(t) <% (t), x(t) € R?, Yt €[0,+00),
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que la vitesse est limitée par des estimations d’intervalle de I'observateur (B.22). La simulation
de l'algorithme d’estimation proposé est présentée sur I’exemple de motivation (B.15) dans
la Section 4.6.

En conclusion, le présent travail a été consacré a I'estimation des systeémes de dimension
infinie. Les chapitres 2 et 3 présentent 1'estimation et le controle de l'intervalle pour les EDP
incertaines, en utilisant différentes approches. La deuxieme approche montre de meilleures
performances et fournit des limites plus strictes pour ’état d’'un EDP, en évitant les erreurs
d’approximation de Galerkin. Le chapitre 4 présente de nouvelles conditions de positivité pour
les équations différentielles de retard avec des mesures retardées. Ces résultats peuvent étre
étendus pour de futures recherches dans plusieurs directions. Par exemple, étendre la méthode
d’estimation par intervalle proposée pour les PDE avec conditions aux limites Neumann,
mixtes; étudier différents types de EDP: hyperbolique, non linéaire; explorer d’autres moyens
d’approximation des EDP. La mise en ceuvre dans un exemple du monde réel (comme une pile
a combustible & oxyde solide) peut étre plus informative. Concernant les systemes retardés,
on peut étendre l'algorithme proposé a un systeme LTV plus général; envisager une chaine
d’observateurs par intervalle pour faire face aux retards de valeur élevés. L’estimation par
intervalle peut étre appliquée pour une installation avec un réseau de capteurs distribués
interconnectés.

B.2 Pacmupennoe pesiome Ha PYCCKOM

Juccepralusi 1ocBsiliieHa pa3paboTKe MHTePBaJILHBIX HabJ/0aTe/ieil Ha OCHOBE TEOPUH
MOHOTOHHBIX CHCTEM, & TaKKe UX NPUMEHEHUIO I OIEHKU COCTOAHUS U YIIPaBJICHUS
pacrpeeeHHbIMA CUCTEMAaMU C HEOIIPEJIe/IEHHOCTIIMU, aHAJIM3Y CBONWCTB U OrPpaHUYIEHUIA.

[To cpaBHEHUIO € KJIACCHYIECKUM HAOJIIOIaTe/IeM, KOTOPBIN B OTCYTCTBUU IITYMOB U3MEPEHUit
U HEOIPEJICJICHHOCTEH JIOJIZKEH CXOJUTHCSI K TOIHOMY 3HAUEHUIO COCTOSIHUSA OIEHUBAEMOIt
CHUCTEMbI, UHTEPBAJbHBII HaOJ/I0JATE/ b OIEHUBAET MHOXKECTBO JIOIYCTHUMBIX 3HAYEHUIA
(uHTEpBAJ) JIJIsl COCTOSIHUS CHCTEMBI B KAKJIbIil MOMEHT BDEMEHH, B COOTBETCTBUU C H3MEDEHHBIM
BBIXO/JOM cUCTeMbl. MeTo mHTepBaJIbHOTO HaOJIIOeHNS ObLT BIEPBhIE MPEJJIOKEH B padboTe
Gouzé et al., 2000 cpaBHUTETHHO HEJABHO, HO YK€ IMPUMEHSETCS JIJIsT PA3JIMIHBIX KJIACCOB
JITHAMUYIECKUX CHCTEM.

[IpenmytecTBa NHTEPBAJILHOTO HAOJIIOMATE IS 3aK/IIOYAIOTCA B TOM, YTO OH aJIallTUPOBAH
JIJISI OIIEHKU COCTOAHUIT HEOIPE/ICJICHHBIX CUCTEM, €CJIM UHTEPBAJIbI JOIYCTUMBIX 3HAUECHUHI
HEM3BECTHBIX I[TApAMETPOB UM BO3MYIIEHHUI JIaHBI, a TaK»Ke B TOM, 9TO OH 0ODeclednBaeT
ACUMIITOTHYIECKN 00JIee TOTHYIO OIEHKY, IIOCKOJIbKY HHTEBAJI JOIYCTUMbBIX 3HAYEHUN COCTOSTHUST
OTIEHUBAETCS B KAXKJbII MOMEHT BPEMEHH. DTOT METOJ UCIOJb3YyeT HMPUOIU3UTEThHbIE
3HAYEHNS HAYAJIbHBIX YCJIOBUN U MPEIOCTAB/ISIET NH(MOPMAIINIO TI0 HEM3BECTHOMY COCTOSTHUIO
n3yvaeMoii CUCTEMBI B JTI000IT MOMEHT BPEMEHM, B TO BpeMs KakK KJacCHIecKue HabJIro1aTe
PEJOCTABISIOT HYKHYIO HH(DOPMAIIUIO TOJIHBKO ACUMIITOTHIECKH, T.€. 33 JI0CTATOYHO DOJIBIIOE
KOJITIECTBO BPEMEHH, C MHXKEHEPHON TOUKU 3PEHUs.

WNurepBasibuble HAOJIIOAATE/N, IPEJCTaBIEHHBIE B M3JIAHHBIX paboTaX, B OCHOBHOM
paspaboTaHbl JIJIs JUHAMUIECKIX CUCTEM, OIMCHIBAEMbBIX OOBIKHOBEHHBIMU /T deperiuabHBIMI
ypasaenusimu (O/LY), mampumep, Jist JUHEHHBIX cTaroHapHbix cucteM Gouzé et al., 2000;
Mazenc and Bernard, 2010, 2011, nuHEfiHBIX HECTAIMOHAPHBIX CUCTEM, WJIM CUCTEM C
HectarmoHapubiMu mmapamerpamu Chebotarev et al., 2015; Efimov et al., 2012, 2013e,f,
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HeJnHeHHBIX crcTeM Raissi et al., 2012, 2010, muckpernsix cucreM Efimov et al., 2013a,b;
Mazenc et al., 2013, 2014, 2012a, 1eCKPUNTOPHBIX CHCTEM (CHCTEM C ajredpamdecKuMu
orpanmyenusamu) Efimov et al., 2014.

[TomMumo BBITIETIEPEYNCTIEHHBIX PAOOT IO MHTEPBAJILHBIM HAOJIIOMATENISIM JIIs CHUCTEM,
3agaHabiXx B popme OJLY, cyiecTByeT HECKOJIBKO CTaTeil, B KOTOPBIX JaHHBIA MeTOI ObLI
IpUMeHeH J7Isl cucTeM ¢ 3amasabiBanneM Efimov et al., 2016, 2013c, 2015a; Mazenc et al.,
2012b. Mojesim TaKUX CHCTEM OINUCHIBAIOTCA (DYHKIIMOHAJIBHBIME JTUddepeHnnabHbIMU
ypasuenusivu (PJIVY), koropsie 1o cpasrenuto ¢ OJIY 6eckoHeTHOMEPHBIE, TOITOMY UX AHAJIHS
1 pa3paboTKa METOJOB OIEHKHU TpeOyeT JPYIuX, CIeIUAJbLHO Pa3pabOTaHHbIX, MOHATHUI
u anroputmoB Richard, 2003. Hampumep, B Califano et al., 2011; Zheng et al., 2011
paccMaTpPUBAIOTCS YCJIOBUST HAOJTIOIAEMOCTH U METOJIBI OIeHKH! JIJIs CUCTEM C 3ala3/bIBaHueM,
HEU3BECTHBIMHU BO3MYIICHUSIMU U HEJIMHEHHOCTAMU; IPUMEHEHUE aJIreOParmIecKoro moaxoaa
K IIOCTPOEHHIO HabJojaTesneil jjisi JUHEHHbIX CHCTeM C IepeMEeHHBIMHU IapaMeTpamMu u
3amasblBaHueM IpeacTaBieHo B Briat et al., 2011, B pabore Rami et al., 2013 usydena
pobJieMa OIEHKU TTO3UTUBHBIX CUCTEM C HEM3BECTHBIM HECTAIIMOHAPHBIM 3aIla3/[bIBAHUEM.
CymmecTBytommue permeHus Mo MOCTPOEHNI0 WHTepBaJbHBIX HaOsoaTenreir Efimov et al.,
2013c, 2015a; Mazenc et al., 2012b; Polyakov et al., 2013 ocHoBaHbI Ha HE3aBUCAIINX OT
3alasabiBanns ycsoBuil mosutuBHBEIX cucreM Ait Rami, 2009; Haddad and Chellaboina, 2004.

HekoTopbie pesyibTaThl 10 IMOCTPOEHUIO MHTEPBAIBHBIX HAOJIOJATEIel I CUCTEM C
HECTAITMOHAPHBIM HEeOIIpeIeIeHHBIM 3ala3/IbIBaHneM MOTyT ObITh HaiijeHbl B Efimov et al.,
2013c; Rami et al., 2013. B Efimov et al., 2016 3aBucsiiue oT 3ama3jbIBaHus YCJIOBUs
[O3UTHUBHOCTH CUCTEM IIPEJICTABJIEHBI [ CJIyUas ¢ OJIMHAKOBBIM 3alla3/IbIBAHIEM 110 COCTOSHIIO
" 110 BBIXO/Y, YTO MO2KET COOTBETCTBOBATbL MO/EJIN 663 3alla3IbIBaHld C Saﬂep}KKOfI I/I3l\lepeHI/H7'I.

B npomomkenne manabix pador, B [1aBe 4 HacTodIeil JrccepTalny IpeIIaraeTcs HOBBIi
MTOJIXOJT K TAKUM CHUCTEMAaM, TJ/le 3ala3/IbiBaHie B U3MEPEHUAX OTJIMIAeTCS OT 3ala3/bIBAHN
110 COCTOSIHUIO.

[Tomumo 3TOTO, TIETH IMCCEPTAIINN 3aKII0YAETCA B PACIINPEHNN METO/Ia MHTEPBAJILHOMN
OIIEHKM JIJIT OECKOHETHOMEPHBIX CUCTEM, IIPU 9TOM PACCMATPUBAIOTCS HE TOJIHKO ITPUMEPDI
CHCTEM C 3alla3/IbIBAaHUEM, HO TaKzKe paclipejle/IeHHbIE B IIPOCTPAHCTBE CUCTEMbI, KOTOPbIE
onuceiBaroTCs AuddeperajibHbIMU YPaBHEHUAMI B 9aCTHBIX pou3Boaabx (LY YIT).

3BYKOBBIE U TEILJIOBbIE BOJIHBI, 9JIEKTPOCTATUKA U JIEKTPOIMHAMUKA, THIPOAIPOJIMHAMUKA,
KBaHTOBas MEXaHUKa, a TAaKKe MOJIEIN APYTUX (PU3NIECKUX SIBJIEHUN, MOTYT OBITh IIPE/ICTABICHBI
B dopme AVUII (T.H. ypaBHEeHUI MaTeMaTHIeCKON (DU3WMKM), UX PACIPE/ETIEHHBIN XapaKTep
MOBBIIIAET YPOBEHDb CJIOZKHOCTH aHAJIN3a U CHHTe3a. VIMEHHO M03TOMY yIIpaB/IeHIe 1 OIleHUBAHNE
cucteM B hopme JIVUII asisieTcs nomy/iapHbIM HAIIPABICHHEM HAYYIHBIX UCCJIE/IOBAHUN B
name BpeMs Barje et al., 2013; Bredies et al., 2013; Demetriou, 2004; Hasan et al., 2016; Kam-
ran and Drakunov, 2015; Krstic, 2009; Meurer, 2013; Nguyen, 2008; Russell, 2003; Smyshlyaev
and Krstic, 2005; Smyshlyaev and Krstic, 2010. B mozmesnsix, rjie cocTOsSIHIE CUCTEMbI ABISIETCS
dyHKIMEl HECKOJIBKIX ITEPEMEHHBIX B KaXKIbIii MOMEHT BPEMEHH, IOSIBJISIETCS IIPO0JIeMa
€ro TOYHOIO U3MEPEHHs, T.K. TOJbKO TOUYEUYHbIC U JUCKPETHBIC M3MEPEHUSA B IIPOCTPAHCTBE
BO3MOXKHBI ¢ TIOMOIIBIO aTankKoB Jorgensen et al., 1984; Vande Wouwer et al., 2000. Hacro
JIJISE TOTO, 9TOOBI TIOCTPOUTH HAOJIIOJATEIb COCTOSIHUS, UCIOIb3YEeTC METO/I KOHETHOMEPHOIT
anmnpokcuManuu taknx ypapHenmit Alvarez and Stephanopoulos, 1982; Dochain, 2000;
Hagen and I., 2003; Vande Wouver and Zeitz, 2002, u Torja mpobJieMa HaOJIOICHUS
CBOJIUTCSA K XOPOIIO U3BECTHBIM MHCTPYMEHTAM KOHEYHOMEPHBIX CHUCTEM, B TO BPeMsd KaK
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OIIEHKA CXOJUMOCTHU JIOJI?KHA OBITH BBIIIOJTHEHA 110 OTHOIIEHUIO K COCTOSTHUIO TIe€PBOHAYAIHLHOMN
pacrpeesieHHO cucTeMbl. AHAIN3 W CHHTE3 HEIOCPEJICTBEHHO PACIIPEeJIeHHBIX CUCTEM
cJIOXKHEe, HO TeM He MeHee IpuBJeKaeT MHOTuX nccaemoBaresaeit Ahmed-Ali et al., 2015;
Fridman and Bar Am, 2013; Fridman, 2013; Hidayat et al., 2011; Liu and Fridman, 2012;
Schaum et al., 2014; Selivanov and Fridman, 2018; Smyshlyaev and Krstic, 2010. B pabore
Pisano and Orlov, 2017 pazpaborano cTabuJIM3UpyIoliee yipaBaeHne ¢ IPOIOPIHOHAIBHO-
NPEPBHIBUCTON 00paTHO# CBA3LIO J/Isi CUCTEMBI B (hopMe MmapabomdecKoro ypaBeHuHus B
YACTHBIX ITPOM3BOIHBIX ¢ PABHOMEPHO PACIOJIOKEHHBIMU JATIUNKAMI ¥ MCIIOJTHUTETHHBIMI
YCTPONCTBAMHU, IIPH BO3IEHCTBUE PACIIPEIeJIEHHOIO BO3MYIIEeHUs B ob1acTu jefictusi. Pabora
Wang et al., 2018 npeaaraer pacupejesieHHOe yIIpaB/JIeHne, OCHOBAHHOE Ha HabJIi01aTesie
tuna Jlroeabeprepa ¢ HepaBHOMEPHO PACIIOJIOZKEHHBIMU JIATIMKAMEA U UCIIOJTHATETbHBIMU
YCTPOHCTBaMMU.

Tem HE MeHee, HACKOJBKO M3BECTHO aBTOPY, €Ile He ObLIO PaboT M0 MHTEPBAIbLHBIM
HabIoaTe /1AM J1sd Mojiesieit cuctem B popme JIYYHII. B I'nase 2 qucceprariun 0611 paspaboran
METOJI TOCTPOEHUST HHTEPBAJILHOIO HabJIoAaTe s s mapadosndeckoro JIYYII ¢ rpannanbiMu
ycaoBus Jupuxiie Ha OCHOBE METO/a KOHEUHBIX JIEMEHTOB allllPOKCHMAIlnn [ ajiepKuHa.
DTOT METO/I 3aK/IF0UACTCA B IEPBOHAYAIBHON JTUCKPETUIAIMHU PACIPEJICJICHHON CUCTEMbI
K cocpenioroueHnoii (mocsenosarenbroctu O/Y), m B mocieyoneM IpUMEHEHNN YiKe
CYIIECTBYIOIIUX METOJIOB OIleHWBaHUA U ylpaBjenud. /Jlajee ObLIT mOCcUYUTaH WHTEPBAJ
JIOITYCTUMBIX 3HAYEHUIl JIJIsT COCTOSIHUS CHCTEMBI, C HUCIOJIb30BAHUEM OIEHKHU OIUOKH
guckpernsannu u3 Wheeler, 1973. WMurepecnass 0cOOEHHOCTb 3TOr0 METOJIa B TOM, UTO
OH MOKET IpuMeHdaThbcd K Heauneinsim Y YII, B npeamoioxkennn, 4To Bce HEJTUHEITHOCTH
OTpaHUYIEHBl U PACCMATPUBAIOTCS KaK BO3MYIIEHUSI, TOTJIA ITPEJIOKeHHbBIN MHTEPBAJIBHBIIT
HabJII0/IaTE/ b JTUHEEH U IPEJIOCTABJISCT OICHKY PEeIIeHUs MePBOHAYAILHOTO HEJIUHEHHOTO
JIVYII (npu yeoBuM CyIIECTBOBAHUS ITOIO PEIIEHNU ).

[Tomumo 3TOr0, O6BLIO0 PazpaboTaHO CTAOUIM3UPYIOIIee YIIPaBJIEHNE 110 BLIXOy B Paszmnesne
2.3 HA OCHOBE CKOHCTPYUPOBAHHOIO HabJ/IIo1aTe s /it annpokcuMupoBanuoit K OJIY cucrembr.
[IpenoxkennbIit METOT, yIIpaJeHnus OIPEIEIsIeTCs aHAJIOITYIHO CYIIECTBYIONNM, TaK KaK OH
pa3zpaboTraH JIJId KOHEYHOMEPHON MOJIE/IN, HO rapaHTUPyeT OrPAHUYEHHOCTb TPaeKTOPHil
COCTOSTHWIT JIJTsl pACIIPeIeJIEHHON CHCTEMBI ¢ HEOIPeIeJIEHHOCTAMHA. JIaHHbIe Pe3yIbTaThl ObLIN
ornyosmkoBanbl B Kharkovskaia et al., 2016, 2018b.

B TstaBe 3 unTepBasibHBIl HAO/IO/ATE/ b pa3pabOTaH i TOIO K€ TUIlA CHUCTEM, Kak
u B [ytaBe 2. Mogenb cucrembl onucbiBaeTcs napadomumdeckumu JIYYII ¢ menysnebimu
rpanngHbIME yeaoBuaMu Jlupuxie. B 3Toil riiaBe He MCHOIb3yeTcd allpOKCUMAITAS, T.€.
CTPOUTCS PacIpe/iesieHHbIi Hab/oaTesb. C UCHOIb30BAHNEM YCIOBUS TIO3UTUBHOCTU PEITEHIH
napabosmgeckoro JIVYII, npeacrasiennbie B Nguyen and Coron, 2016, ckoHCTpyupoOBaH
uHTepBaJIbHBIN Hab/oaaTe b B popme JIYYUIL, y koroporo purHaMuka ommnbOOK OIEHUBAHUS
(TO’Ke pacupeesIeHHbIX) moaoKuTebaa. Ananns ycroiransoctu Fridman and Blighovsky,
2012 paszpaboTan 1 pacCMaTPUBAEMOTO CJIydasi CUCTEMbI ¢ HEHYJIEBBIMU IITYMOM H3MepPEHUit
U TPAHUYHBIMU ycJoBuaMu. Hail/leHbl yc/IoBHS, TPU KOTOPBIX PACIpe/leJIeHHAasl CHCTEMa,
o0J1ajiaeT CBOMCTBOM YCTOMYMUBOCTH MPU HAJIUYIUU BO3MYIIEHUIN, DU 9TOM I'DAHUYHBIE U
HaYAJIbHbIE YCJIOBHs PACCMAaTPUBAIOTCS KaK BHeIHee Bo3MyIieHue. Takyke, TJIaBHOE OrpaHUICHIe
Ha yCTONYMBOCTD CUCTEMBI HAJIArA€TCS apaMeTpaMU CUCTEMBI, & Ha YCTONYNBOCTD HADJTIOIATE I
- paccTrosiHueM MexKJy ceHcopamu. [ljst Toro, uTodsr 910 000iiTH, B Pazaene 3.3 paspaboraHo
yIIpaBJIeHIe 0 0OPATHOI CBA3W Ha OCHOBE MOJTyYeHHBIX MHTPEBAIbHBIX OIleHOK. [Ipemosiaraercs,
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YTO yIpaBJIEHUE PACIIPEJICICHO TPOCTPAHCTBEHHO U BJIUSIET Ha JUHAMUKY CUCTEMbI “epe3

KYCOYHO-TIOCTOSIHHBIE (popMuUpyoriue (QyHKINNA, TAHHOE TPEIOJI0KEeHNe BBOIUTCI JIJTsT

COOJTIO/IEHNsT BO3MOYKHOCTH PeaI3alini paspaboTaHHOTO 3aKOHA YIPABJIEHN, TTOCKOIbKY

OeCKOHEeYHO MaJIble U3MEeHEHUs B ITPOCTPAHCTBE CUTHAJIA UCTIOJTHUTEIHHOTO YCTPOUCTBA HEJIb3s

pean30BaTh Ha IIPAKTUKe. DTU MeTOjbl ObLIN 1pejictasiennl B paborax Kharkovskaia et al.,
2017, 2020.

B I'mase 2 pacemarpusaerca JIYYII ¢ ogHopogabiMu rpanndHbIMU yestoBusaMu Jlupuxiie:

0z(x,t
p(x) (8t ) =L[x,z(x,t)]+7r(x,t) VY(x,t)elx(0,T),
z(x,0) = zg(x) Vxel, (B.23)
0=12(0,t)=2z(1,t) Vte(0,T),

rie [ =[0,1]u T >0,

Lxa)= 2 (a(x)%) b2 gz

re L*®(Ix[0,T],R), a,b,q,p € L*(I,R) u cymecrByior agp,ay,po,P1 € R, Taxkue, aro
0<ag<a(x)<a;, 0<pg<p(x)<py Vxel,

ua’,b’ € L>(I,R), te a’ = da(x)/ox.

Hanee B Pazzese 2.1 npejcrasiena HellpepbiBHAS BO BpEMEHH anpokcumanus [ajsepkuna
Z(-,t) (2.2) ¢ bazucoM Jiisi AITPOKCUMAITUH q)]-, 1<j<NuN >N’ torma ee perrenns
Z(x,t) ypasaenus (2.2) moryT 6bTh 1ipescrasiensr B Buje (Thomée, 2006):

Znt) =Y &(HD;(x),

Hngs

e & =[&1...&n]T € RN - BekTop KO DUIIEHTOB ANITPOKCHMIPOBAHHOI CHCTEMBI B (hopMe
OIY (a.a. ozmauaer “nouru Beex”):

E(t) = A&(t)+ G7(t) a.a.te(0,T), £(0) =&, (B.24)

rie marpuipl A € RVN G € RN u nauamsnbie yenosus & € RN u 7 € L®([0,T),RN)
nocuntanbl B Paznene 2.1. Torma mia moboro & € RN MOKHO TOCUHTATE COOTBETCTBYIOIEE
pemenue & € CO([0, T),RYN) zazaun Komu (B.24).

JI1s1 oneHKN OmMMOKM allIPOKCUMAIIN IIPEJIIIOJI0XKIM, 9To cymectByor s >0, [{ >0 u
I, > 0 Takue, uro pemierue z ypasHenusi (B.23) u ero nepsasi mpon3BojiHAsI 110 BPEMEHU
OT'PAaHUIEHBI:

zllzeo (o, 1), ws+teo(r,r)) < 1o 1902/ 0|12 (0, 7), 541 (1,R)) < Lo

Torna, nmpu Beimosinenuu 3roro Jomymenus u ¢ yaerom Wheeler, 1973, omubka armpokcumarun
Z orpaHuveHa:

I1Z = 2llpogxomyry < R (L + 1), (B.25)
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rae 0 > 0.
YT00BI yCTAHOBUTDH 3aBUCUMOCTb MEKJY MHTEPBAILHBIME OIEHKaMU Jjid & U Z, a TaKkKe

Mexty Z u cocrognueM cucreMbl (B.23) z, Oy npejyiozkenst jiemmbl 2.2 u 2.3, Ecim
cymecTByoT &, & € Co([0,T),RN)u Z,Z € CO(I x [0, T),R), Tora

(E(OP] (x) = &;(DD; (x)), (B.26)

=]

IN

®

Il
[\/]z

j=1
N

Z(xt) = ) (EOO] ()& (NP] (x).
j=1

okazarenbcTBo ocHoBano Ha Jlemme 2.1. Ecam g s,5,5: 1 - R, s < s <5, Torma jyid
moboro ¢ : I — R ¢ oneparopamu ¢+ = max{0, ¢}, ¢~ = ¢+ — ¢:

() =GP P) <GP (s ¢7)-

3aBUCHMOCTD MKy MHTEPBAJIBHON ONEHKOM Jijist z u Z ycraHosjeHna npu Jlomymenun 2.1 u

(B.25):

(x,t) =l (1 + 1), (B.27)
(x, 1)+ ph* (1) + 1)

Z(x' t) =
zZ(x, t) =

NI N

Juist Beex x € I m mourn Beex t € [0,T), rue z,z€ L®(I x [0, T),R).
[Ipemosoxkum, 910 cocrosiaue z(X, t) JTOCTYITHO Jjisi U3MEPEHHsI B OIPEJIeIEHHBIX TOYKAX
x" el
vi(t) =z(x", t)+vi(t), j=1,...,p, (B.28)
rae y(t), v(t) e RP, v € L°(R,,RP) - Bosmymienne usmepennii. [Ipu Beimosnnennn lomnyienns

2.1 u3 YrBepxjienus 2.1, a TakKe MPUMEHsA allllPOKCUMAIIMIO METOJIOM KOHEYHBIX 9JIEMEHTOB
JIJIS BBIXOTHOT'O CUTHAJIA ITOJIyYaeM

y(t) = CE(t) +v(2), (B.29)

riie v(t) = v(t) + e(t) € RP - noBoe Bo3myInenue maMepenuii. Takrke MPEIIOIOKIM, YTO B

(B.23)
r(ot) = ) rieluet) +ro(x, 1)

k=1
rie u(t) € R™ - yupasienne (u3BectHOe Bozfeiicrue), 1y € L°(I,R) u rg € L*(I x [0, T),R).
Torna B (B.24) G#(t) = Bu(t) + Gd(t), d(t) € RN - Bmemmee memssectHOe BO3MYyIIEHHE.
Marpunst B € RN*" i C € RP*N paccunranst B Paznerne 2.2.

B Homymennu 2.2 tpu untepnaia (2,2, [ry(x,t),7o(x,t)] u [-vo, vo] Ha Bcex (x,t) €
Ix[0,T) B ypaBuerusx (2.1), (2.8) onpe/easoT HHTEPBAJ HEONPEIETEHHOCTH JIJIsi 3HAUCHUI
29, To(x,t) m v(t), COOTBETCTBEHHO.

B coorsercrBun ¢ Jomymennem 2.3, cymecrsyer marpuna L € RN*P u Mermeposa
marpura D € RVN pakwe, aro marpumnst A — LC u D HMEIOT OIHHAKOBBIE COOCTBEHIBIE
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qncia, rjae L - kosaddunmenT ycuaeHus HaOJrogaTessi, 00eCIeInBaoNIiil yCTONINBOCTD
marpuiiel A—LC (MoxeT ObITh HallJIeH ¢ IMIIOJIb30BAHIEM JIMHEHBIX MATPHYHBIX HEPABEHCTB
(2.13), (2.14), (2.15)). Torma mMoxkHO caenarh mpeobpasoBatue KoopauHat { = SE ¢ Heocoboil
MaTpuroit mpeobpazosanns S € RVN qakoii, uro D = S(A—LC)S™!. Jlanee, jis cucrems
(B.24) npejiaraercst nHTEPBAILHBIN HAGJIIOIATEb:

(t) (t)+ SBu(t) + SLy(t) + 5(t),

& (t
T(t) = DT(t) + SBu(t) + SLy(t) + 8(t), (B.30)
C(0)=8"¢ =57, C(0) =5 -57¢&,,

EB) = (ST = (ST Ct), &) = (ST T = (S71)7C(8),

ryie nepasectsa (1.4) Jlemmpr 1.1 ncnosbzoBaanch /1 paccdeTa HadalbHBIX YCTOBHIT J1is
HepeMeHHbIX Ha6JHO,ZLaTeJIH & C W OIeHOK ¢, &, a makxke O(t),6(t) BXOIHOTO BO3JIEHCTBISI
5(t) = S[Gd(t) — Lv(t)]. Ilpumenenue 5Toro HabsoziaTesid obecreInBaeT WHTepBaIbHOe
nepasenctso s cucrembl (B.24) &(t) < &(t) < &(t) Yt € [0, T). Toraa mo Yreepxaenmio 2.2
u Teopeme 2.1 ¢ HCIIOJIb30BAHIEM JIeMMBIL 2.2 1 2.3 6bLIn HaliJleHbl UHTEPBAJbHBIE OIEHKU
Jts ypasrernus (B.23):

D¢
DC

z(x,t) < z(x,t) <z(x, t).

B Pasznene 2.3 nabmogarens (B.30) ucnonb3yercs i oCTpoeHus: CTabHIN3UPYIONIEro
3aKOHA yIIpaBJeHus st KoHednoMepHoit cucremsl (B.24), (B.29) na ocroBanun ujaen Efimov
et al., 2013f, uro noxpasymenaer TakKe (IpU JOMOJHUTEIBHBIX YMEPEHHBIX OIPAHIMYEHUX )
crabum3aruio pacrpeesentoil cucrembr (B.23). Vupasienue 3aj1aH0 B BUjie KJIaCCHIECKOI
JINHEHOW 00paTHON CBA3M:

u(t) = KC(t) + KC(1)

rie K, K € R™N _ 1pa MaTpudHbIx Ko3bOUIEEHTa YCHICHHS 110 OOPATHOI CBsI31, KOTOPHIE
MOT'YT OBITH MTOCYUTAHBI C TOMOIIBIO MATPUIHBIX HEPABEHCTB

AX+XAT+B[0 Y |+[ 0 ?]TET<0,XP>0,XQ>0,

r7ie
[ X 00
X = 8 XQ e R3NX3N] XP — XPT c RNXN, XQ — Xg c RZNXZN

uY e RN porna [K K] = YX&I.

B Paznene 2.4 nokasbiBaeTcs 3(HEKTUBHOCTH PEJJIOXKEHHBIX METOJIOB MHTEPBaJIbLHOM
OIIEHKY W CTAOWIU3AINN Ha aKaJeMUIecKoM mpuMepe u Mojenn bika-IIloyssa.

OcHoBHbIe T0JI0KeHUsT [1aBbl 3 3aK/II0YAIOTCA B CjeayoneM. Bo-1iepBbIX, HHTepBaJIbHBII
nabsoiaresib B hopme IV YII 6e3 mpumenenns anmpoKCUMAIMN IPEJIJIOYKEH JIJIs PACIPeIeIeHHON
CHCTEMBI C HEOIIPEICIEHHOCTSIMU. BO-BTOPBIX, IOMOJTHUTEIHHO PA3pad0TAHO CTAOUIN3UPYIOIIee
yIIpaBJIeHNE BBIXO/IHBIM CUTHAJIOM Ha OCHOBE MHTEPBAJIBHBIX OIEHOK.

Paccmarpusaemoe JIYYII BMecTe ¢ rpaHMYHBIME YCIOBUAMU UMEET TTOXOXKYIO (DOPMY €
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ypasaenueM (B.23), a Tak:Ke yupasiieHHe OTJICJICHO OT BHEIITHEIO BO3MYIIEHUS 7(X, t):

dz(x, t)
ot

=L[x,z(x, )] +r(x, 1)+ ) bi(x)u;(t) Y(x,t)elIxT,

-

o

i=
z(x,tg) = zo(x) Vxel, (B.31)
z(0,t) = a(t), z(¢,t) = B(t) VteT,

rie [ =[0,6] upu 0 <€ < +o0, 7T =[tg,tg+T) natg€Ru T >0,

L(x,z) = a% (a(x)%)—i—q(x)z,

ae CYI,R), g € C(I,R) 1 CyIECTBYIOT Apin, Amax € Ry Takue, 910 0 < dpmin < a(X) < dpay VX €
I; rparmanbe yenosus a, f € C2(7T,R) u sremmee Bozmeiicteue r € CH(I x T, R); nadambabe
yenosus zg € 2o = {zg € H*(I,R) : zy(0) = a(0), zo(¢) = B(0)}; ympasmsionue CHrHATL
uj: T — R - menpepoisuble junmmnessl Gynknun. Obracts npocrpancsa I pasjenena Ha
p+1 cybobnacreii I; nupu j=0,1,...,p, rae yupasisiomnue CUrHa/bl uj(t) IIOJIAIOTCS Iepes3
bopmupyromue bynkiun b; € L?(1,[0,1]) Taxue, 4o

{bj(x) =0 xelj, (B.32)

bj(x) =1 xel.
YVupaBdionye CUTHAJIBI Uj paspaboranbl B Paznene 3.3, B Paznenax 3.1 u 3.2 upemo/iaraercs,
YTO OHU U3BECTHBI U Uj € L®(7T,R) s Beex j=0,1,...,p.

Paznesnr 3.1 nocssinen anajn3y yCTOWYIHMBOCTU TMPU HAJUYUU BO3MYIIEHUI, KOTOPBIi
npejicraBied B (opMe YTBep:xjeHusd 3.1, Tje IJIaBHOe OrpaHMYeHHe Ha yCTONYMBOCTH
HEOJIHOPOJIHOTO ypaBHeHus Terionposognoctu (B.31):

2
T
amin€_2 > dmaxs <B33)
IJ€ Gmax = SUP,cs (%), TOrJa I pelleHuil ypaBHEeHHs (B.31) BbImosiHsIeTCS CIIe/IyIOIIAast
oIleHKa Jijis Beex t €7 :

¢

4 4
lfo 22 (x, t)dx < e—X“—fo)f w}(x)dx + X—zf 72 (x, t)dx + g[az(t) +B2(1)),

2 0 0
rae x = amin?_zz ~ Jmax> wo(x) = zo(x) = 8(x, 1p), O(x, 1) = a(t) + %(ﬁ(t) —a(t)), n

1 da(x)

f(x,t):r(x,t)+€ Ep

(B(t) = () +q(x)0(x, t) = 0p(x, 1) + ) bj(x)u;(t).

~.
I Mu
(e}

Pemenne z(-,t) ypaBuenus (B.31) npunumaer 3navenns u3 R 1 MOKeT MEHATh 3HAK MPH
(x,t) € I x7T. Ho ms mocTpoeHust HHTEPBAJILHOTO HAOIIOaTE s HYy2KHO, 9T00bI Z(+, ) > 0.
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Cucrema (B.31) nasbiBaercs HeoTpHIIATEIBHON (OJOKUTEIHHON) Ha MHTEpBase 7 , ecin
I'paHUYIHbIC M HaYaJibHbIE YCJIOBHUA, a TaKzKe BHEIIHNE BO3,Z[€IU/ICTBI/IH IIPpUHUMaOT TOJIBKO
HeoTpuIaTesbHble (TIOJIOKUTEIbHBIE) 3HAUEHUsT JIJist BeeX (X, t) € [ X T . YrBepxkjenue 3.2
u Nguyen and Coron, 2016 ycranasausaroT 6oJiee obimii pesysbrar st cucrembl (B.31).
Ona neorpunare/bia na unrepsajie 7 ¢ ynpasiaennem u(t) = 0 nia seex j =0,1,...,p, ecin
a,peLX(T,R,), re L2 (IxT,R,) uzge HY(I,R,).

Kak u B ['taBe 2, npejmosiaraercs, 9410 cocrostaue z(x,t) poctymnHo s usmepenuit (B.28)

B ONpeJe/IeHHbIX Toukax x; € I, 0 <x{’ <xj' <---< x;” < {. TaxxKe mpemogaraercs, 9To

BO3MyIIeHHe 110 BeIXOy jauddepennupyemo v € C(T,RP) u 4To BCe HEOIPEIEICHHOCTH

orpanmiensl. B Jomymenun 3.2 gansl uarh unrepsaiosn, [a(t), a(t)], [B(t), f(1)], (2o Zo],
[r(x, t), 7(x, t)] m [-vg, Vo], oupenensiomnue st Beex (X, t) € IXT B ypasuennsx cucrems (B.31),
(B.28) unTepBasibl Heonpe/ieeHHOCTH 3Hadenuil a(t), B(t), zg, r(x,t) u v(t), COOTBETCTBEHHO.

[Ipencrapien mpocTeitnuii HHTepBaIbHbIH HAOTIOMaTEH 115t (B.31) mpu BBy IOMSTHY THIX
jonymennax gidg j =0,1,...,p:

825;;, H _ Llx,Z(x, )]+ 7(x, t) + bj(x)u;(t) V(x,t)€;xT,
Z(x, tg) =2o(x) Vx €I,
2 1) = Zj(t), Z(xfs,, 1) = Zj (1) VteT; (B.34)
85;9;,” = L[x,z(x, t)] + 7(x, ) + bj(x)uj(t) V(x,t)€l;xT,

z(x,tg) = zo(x) Vx el
Z(x}ﬂ’ t) = Z]-(t), Z(x]r"ilx t) = Z]'H(t) VieT,
rne Z € C(T,L*(I,R)) u z € C(7,L*(I,R)) - BepxXHsis U HIDKHAS ONCHKH pelrenus z(X,t);
I = [x;-”, x;’_’H] pu X' =0 u xz1+1 = {; OIleHKN Ha TPAHUYHBIE YCJIOBHs CBEPXY U CHU3Y 3aJIaHbI
CJIEIYIOIIUM 00Pa30M:

(8)=[Zo(t),-.. Zp ()] = [@(t), p1() + vo,..., 9p(t) + vo, B(B)]T,
[a(t), 91(t) = vo,..., 9,p(t) = vo, B(1)]".

R
—_
~
~

O6macrs I pemennit ypasuenus (3.1) B mpocrpaHcTBe pasjenena Ha p + 1 cybobiacreit
C COOTBETCTBEHHBIMH I'DAHHUYHBIMU YCJAOBUAMU. DTO CBA3AHO C TE€M, KaK OIPEICIITIOTCs
BBIXOJIHBIE CHTHAJIBI M UX BO3eiicTBue Ha Habiogaresnb. B (B.34) usberaercs ucmnop3oBanne
BO3JICHCTBUS BBIXOJIa HAIIPAMYIO B IIPABOW YacTU HAOJIIOMATEIs, T.€. €CJIU BBIXOJIHBIE CUTHAJIBI
BJIUAIOT TOJILKO Ha IPAHUIHBIE YCIOBUS, TO TAKKMM 00pa30M YIIPOIIAETCA aHAIN3 [IO3UTUBHOCTU
JUHAMUKHI OIMMOOK OIeHUBAHUS, HEOOXOMUMBIN [IJIsI UHTEPBAJILHOIO HAOJIIOAATE IS,

['maBHOe ycsi0BHeE /171 yeTORUnBOCTH HHTEpBaIbHOro Habmoaarens (B.34) mano B Teopeme
3.1:

Ax™ < g [Zmin (B.35)

dmax

m _ . m _ .m
riie Ax _maXJE{O,l,...,p}(x]‘+1 X!

j ), Toraa s Beex t € 7 omubku onenuBanusd z(-, ) — z(+, t),
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z(+,t) — z(-, t) orpaHUYEHBI U HEOTPUIIATEILHBI, U B ypaBHenusx (B.31), (B.34):

z(x,t) < z(x,t) <z(x,t) VY(x,t)elxT.

[naBroe orpanmyenue Ha ycroitanBocTs cucreMbl (B.31) - nepasenctso (B.33). Hepasencrso
(B.35) ycramaBimBaer Takoe ¥Ke ycJOBHE Ha HHTepBasbHBIN HaOomaresnb (B.34): ecin
paccrostare Ax™ 10CTATOYHO MAJIO, T.e. €CJU KOJHIECTBO TOYEK U3MEPEHUIl JTOCTATOTHO
60JIBITIOE, TOT/Ia OIMMUOKA OIEHUBAHUS HAOJIOIATE IS OTPAHUYEHA, HO 9TO HE IIPE/IIT0IaraeT
YCTOHYMBOCTD OIEHUBaeMOi cucTeMbl. UT0OBI 060ATH 9T0 orpanuvenne, cucreMa (B.31) u
nHTepBasbHbI HabmonaTens (B.34), nocrpoennsiii B Pasmerne 3.2, paccMaTpuBaroTcesi BMecTe,
y oboux ynpasJsiomuee Bosgelicrsue u;(t) € H 1(T,R) neiicrByer 4epes dopMupyrorme
bynknun b;(x) € L?(I,R) na kax10ii cy6o61acTi IPOCTpaHCTBa ;, 1 yIpaB/IeHIe 3a1aH0 B
BUJIe OOPATHO CBA3W OT MHTEPBAIHLHOIO HADJIIOIATE IS

K;

_Ax’.” m
] X

m
xj+1

uj(t) = (2(&,8) +2(&,1)d, j=0,...,p, (B.36)

rie K; - mocnenoaresbable kosdduimentst ycunenns obparroii caasn Ha kax oM I, Kj >0 n
Ax]’-” = (xﬁ1 —x}”) ¥je{0,1,..., p}. st mpOCTOTHI U3JI0’KEHNST MBI DACCMATPUBAEM OJIUMHAKOBOE
KOJIMYECTBO JIATYMKOB U UCIOJHUTEILHBIX YCTPOHCTB, pABHOMEPHO PACIOJIOKEHHBIX depe3
cybunTepsaJibl | I Taxum obpazomM, yirpaB/ieHre IpUMeHSIeTCs [ o0eciiedeHnsi OrpaHnIeHHOCTH
oreHok Habsmomaresns z(x,t), z(x,t), 4to B cBoto ovepenb (T.K. z(x,t) < z(x,t) < z(x,t) aa
Beex (x,t) € I x T, Teopema 3.1) obecriedur OrpaHUIeHHOCTb COCTOsIHUSA Z(X, t), Kak B Efimov
et al., 2013f. KosdpdunuenTt ynpasienns K MOXKHO HAfiTH ¢ TOMOIIBIO PEIIEHUs JTUHEHHBIX

MaTPUYHBIX HepaBeHCTB n3 Teopembr 3.2:

2(K + qmax — 2K) 2K

DL 2K ‘fj;—;f)’f 0 |<o,
1 0 —y?

s k>0, K>0,y>0u (B.35).

OTMeTHM, 9TO KaueCTBeHHO BHIIEYTIOMsIHyTast L2 OleHKa OrpaHmIeHHOCTH JIJIA Z MOYKEeT
OBITH IIOJTydeHa TaKyKe [P HCIOJIL30BAHNN CTATHIECKON OOPATHOM CBSA3M 10 BBIXOLY, OJIHAKO
OHA MOXKeT OBITH JOBOJILHO KOHCEPBATUBHOI, I UCIIOIb3Ys IOCIUTAHHDIE B PEXKIME PEabHOro
BPEMEHI BEPXHIOIO ¥ HIZKIIOIO OICHKN HAOJIIOATENA Z U Z MOXKHO BhIBECTH 60oJIee TOTHYIO
HHTEPBAJILHYIO OI[EHKY COCTOSHUA. DTO MOXKET OBbITh BaXKHBIM IIPEUMYIIECTBOM JIJIsI IIPHMEPOB,
IOCBSIIEHHBIX IPOG/IEMe OIPAHMYEHHOIO COCTOsHUs (Hamp. B peakTopax). IIpoBepka
crabumusupyiomtero ynpasienns (B.36) u cpasuenue ¢ obpaTHoii cBA3LIO 10 BBIXOMY Uj(t) =
—K*y;(t) nanbt B Pasyene 3.4, a Takuxe cpaBHEeHHE MEXIy JBYMS METOJAMU HTOCTPOCHHU
MHTEPBAILHOrO Habstogaress: Ha ocnose amnpoxkcnManun (B.30) u pacnpenenennsiv (B.34).

B rnase 4 uccienyercda 6azoBas 3ajiada HEYCTONYMBON CHCTEMBI BTOPOT'O TOPSAJIKA C
3aras3/bIBAHIEM 10 COCTOSHUIO W B M3MEPEHNAX (HAID. MOJEb JBHKEeHUS TOUKU €JIMHUIHOM



B.2. Pacmupennoe pesiome Ha PyCCKOM 115

MACCHI C 3aI1a3bIBAHIEM ):
X(t)=—ax(t—7)+ f(t), t =0, (B.37)

y(t)=x(t—-0)+v(t), 1<06, (B.38)

rje x(t) € R - nonoxkenue Touku, y(t) € R - uamepsemslii Beixonnoit curnas, f : R, — R
u v:R, —» R - Bo3aMyIeHrne cocTosiHUS U IIIyMbI U3MepeHuii (Hen3BeCTHbIE OrPAHUICHHBIE
curtasibl), T >0 u 6 > 0 - 3ana3/bIBaAHUS.

Hauasbubie yeosus st (B.37) pacemarpuBaioTest Kak cKassipble (DyHKIUN TOJIBKO JIJIs
ITOJIOYKEHU S

x(h)=¢(h) g —t<h<0, peCy; %(0) R, (B.39)

Crout 0co60 oT™MeTHTD, 4TO T.K. O > T, HavasbHble yenosus 1 (B.37), x(h) = ¢(h), momxus
OBITH OIIpe/Ie/ieHbl Ha uHTepBase h € [—6,0].

Honymenuem 4.1 BBOJIATCS HEKOTOPBIE U3BECTHBIE (DYHKIIUN q'),a € Cg Taxue, uro ¢(h) <

¢(h) < Pp(h) must Beex h e [-0,0], u %, < %(0) < X( st u3BeCTHBIX X, X € R. Tomymenue o
CYIIECTBOBAHUM JIAHHOTO MHOYKECTBA [, | /T HAYAILHBIX YCIOBHIl (b ABJISETCA THIIOBBIM
IUIST TEOPHI MHTEpBAJIbLHOrO omenmBanus Efimov et al., 2013c; Gouzé et al., 2000; Jaulin,
2002; Kieffer and Walter, 2004; Moisan et al., 2009. IIpenmonaraercss Tak:ke, 9T0 mapameTp
4 U3BeCTeH M MIHOBEHHbBbIe 3HadeHusA curnayos f(t) n v(t) megoctynnnl. Takum obpasowm,
neonpezenennoctu f(t) u v(t) B ypasuennax (B.37) n (B.38) mpunasiexar n3BecTHBIM
urrepsaam [f(t), f(£)] u [=vo, Vo] cooTBeTcTBenHO st Beex £ > 0.

[Ipearaercs mepBbiit HAOIIOAATEb JJIsT TIOJIOKeHUsT X(1) CHCTEMBI (B.37) B popme:
X (t) = —a(t)x (t—1)+L(t)x (t—0) +£(t) —L(t)y(t) —€(t)vy —o(t), (B.40)
() = —a(t)xt(t—1)+L(t)xt(t-0) + f(t) —L(t)y(t)+ L(t)vo + o(2),

rje X (1), x*(t) € R - onenku nosiozkenust jasuxkenus (B.37) mis t € [0,4+00) ¢ HAYATBHBIMU
YCTIOBHAMU

x(h) = p(h), x*(h) = p(h) Vhe[-6,0],

%7(0) = 2o, £(0) = o

u3 [lomymenus 4.1 n

(a1 -p(t-1)] <7
o(t) = - :
0 t>t
Ero spdexrusnocts 3aucut ot yeaosuit Teopembr 4.1 Domoshnitsky, 2014 u VTBepxK aieHust
4.1 Ha TOBUTHBHOCTDH perenus X(t) st uarepsagbHoro Habsomarens (B.40), rae €(t) moxer
OLIThL HallIeH KakK

e < lalt)— (1) < %53(9 _1, VEe[0,+0)

1 .(0-1)
arctan

\/;eXp{&(ef)z} 2\/Eexp{€*(94_r)2}

>0-1,
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371ech obosHavenust €, = essiglﬂ? (t), a* = esssupa(t). Ucnoas3yst 5T0T HAOIIOIATEH, MOXKHO
£z >0

I[IOJIy9UTHb MHTEPBAJIbHbBIC OHEHKU JIJISA ITOJIO2KEHU A X(t) 0e3 3alla3/1bIBaHMAd:
x~(t) < x(t) < x7(t) YVt € [0, +00), (B.41)

HO JIJTsI OIIEHKW CKOPOCTH JIBUKEHUsI HY’KeH BTOPO MHTEPBAJbHBII HAOJIIOTATEb.
Hastee paccMaTpuBaercs diieH ¢ 3anasjbiBanneM —a(f)x(f—T) Kak BO3MYIIEHUE U ypaBHEHUE
(B.37) mist 3T0rO Cilyuast IepenucuBaeTcst B hopMe BXOJI-COCTOSTHUE-BBIXOL:

x(t) = Ax(t) + p (t, x(t), x(t — 7), f (1)), (B.42)

re x(t) = [x1(t) x3(t)]T - BexTOp cocrosmms, Xq(t) - OIEHEHHOE TOJIOKEHNE CHCTEMbI C
nomorpio (B.40), x,(t) - ckopocts nBuzkenust (B.37);

A:AO—KC:l :2 (1) ]
B kyxq(t)
p(tx(t),x(t —7), f(1)) = l ko (1) + £(6) - a(t )y ¢~ 1 ]

K = [ky ky]T - nossrit Kosddumment yennenus mabmonaress, C = [ 10 ]

Cornacuo Jdomnymienmio 4.3 cymecTByer Heocobas marpuia S € R?*? rakas, uro D =
S(Ag—KC)S™! Raissi et al., 2012, u mozkuO cucrenmy (B.42) mpeacTaBuTh B HOBBIX KOODIMHATAX
z = Sx B dopwme:

2(t) = Dz(t)+ Sp (¢, x(t), x(t — T), f (). (B.43)

Ucnonwzysa Jlemmy 1.1 momydaem, 9To

p(t) < p(t,x(8), x(t — 1), f (1) < p(£),
riie dbyHukimn p(t) u p(t) 3aBECAT TOJIBKO OT JOCTYIHOM HHMOpManun (IepeMentsle X7 (1), X7 (1),
x[(t—71) n x?(t — T) u3BeCTHBI Osiarojiapsi epsomy Habuonarento (B.40) mis Beex t €
[0,+00)). [Be onenkn z,Z € R? MOryT GLITH TIOJIYYEHBI HA OCHOBE JIOCTYITHON MH(MOPMAIIIT
10 9TUM MHTepBajiaM (MHTepBajibHOe HepaBeHCTBO (B.41) mist xq(t) 6e3 3amas3piBanus), u
MHTEPBATLHBIN HABJII0IATeIb MOXKHO IMOCTPOUTH JIJIs Tipeobpa3oBanHoil cucrembl (B.43):

z(t) = Dz(t)+ S™p(t) - STp(t),
z(t) = Dz(t) + S7p(t) - S™p(t);
z2(h) = S*®(h) - S D(h), (B.44)

ryie navasbube yesosus P (h), @(h) - o6bemunennbie yenosus u3 Jomyuenns 4.1. Orrourenus
(1.4) Jlemmbr 1.1 wmcnombp3oBanuch IS pacdera HadajbHbIX yciaosuit jas z(h), z(h) na
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npomexkyTke h € [-60,0] u onenok x,X. Tem cambim, B YTBep:kaeHnn 4.3 ObLIO JTOKA3AHO:
x,(t) < x5(t) <%, (t), x(t) €R?, Vt €[0,+00),

YTO CKOPOCTD JIBUZKECHUs OIDaHUYEHA MHTEPBAJILHBIMI OoneHKaMmu HabsogaTens (B.44).

MopemupoBanue mpeJIozKeHHOTO aJrOPUTMa OIIEHUBAHUS TTOKA3aHO HA MTPUMEPE CUCTEMBI
(B.37) B Paznene 4.6.

B zaBepriienne, janHas padoTa MOCBSINEHa OIEHNBAHNIO OECKOHEYHOMEPHBIX cucTeM. B
iaBax 2 u 3 npejjiaraioTcs HHTEPBAJIbHbIE HADJIIOIATE/N U YIIPABICHUE JIJIs HEOIIPEIeIeHHBIX
nuddepeHmaIbHbIX YPABHEHUI B YaCTHBIX ITPOU3BOJIHBIX, C UCTIOJIb30BAHIEM JBYX TTOIXO0JIOB.
Bropoit nojixo npejioctaBiser Jiydmuii pe3yabrar U 0ojiee TOYHYIO ONEHKY COCTOAHUS
JAYYII, T.K. B HEM HET JONOTHUTETHLHON OMMOKH MPU HUCIIOIb30BAHUN ITPEeIBaPUTETHHOMN
JIUICKPETU3alnN CUCTEMBI K cocpefoTodennoit. B ['maBe 4 npescraBieHbl HOBbIE YCJIOBUS
MO3UTUBHOCTHU Jijis JuddepeHnnabHbIX yPABHEHU C 3alla3/IbIBAHUEM B COCTOSHUU U I10
BBIXOJLy. ODTU PE3YJIbTAThl MOXKHO IPOJIO/IKUTH PA3BUBATH B CJICYIONINX HAIPABJICHUSIX.
Hamnpumep, pa3Buth mpejjiozKeHHbI HHTepBaIbHbIN HaOogaTes b g Y YUII ¢ rpannanbivm
yciaoBugmu Heiomana, cMmenranubiMu; uccesieioBaTh apyrue tunbl Y YII: runepbomyeckuit,
HeJINHEHbIe; N3YYUTH aJbTePHATHBHBIE METObI AIMTPOKCUMAIINN YPABHEHUN MaTeMaTHIeCKON
dusuku. Bosee nndopmaTuBHOl MOXKET OBITH peasu3alus JAHHOIO IMOJX0/a Ha IIPUMepe
peasibHOTO Mupa (HapuMep, baTapesi TBEPIOOKCHIHBIX TOILUIUBHBIX 3jieMeHTOB). Kacaemo
CUCTEM C 3aIla3/IbIBAHIEM, MOXKHO Pa3BUTH MPEJJIOKEHHBIN aJIrOPUTM JijIst 60J1ee IIIMPOKOTO
KJIaCCa HECTAIIMOHAPHBIX CUCTEM, PACCMOTPETH Ielb MHTEPBAJILHBIX HAOJIOIATEIeH J1Is
CHCTeM C 3ala3/bIBaeM OOIBIIX 3HaUeHwi. VHTepBabHas OlleHKa MOXKET TaKKe IPUMEHATHCS
JIsE O0OBEKTa C CEThIO B3AMMOCBA3ZAHHBIX PACIPE/IETIEHHBIX JATIHKOB.
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Design of interval observers for uncertain distributed systems
Abstract

This work presents new results on interval state estimation for uncertain distributed systems, the
state of which has an infinite dimension and is described by partial (PDEs) or (FDEs) functional
differential equations. An interval observer evaluates at each time instant a set of admissible values
for the state (an interval), consistently with the measured output. Chapters 2 and 3 focus on an
interval observer design for a parabolic PDE with Dirichlet boundary conditions. The method in
Chapter 2 is based on a finite-element Galerkin approximation, the interval inclusion of the state is
calculated using the error estimates of the approximation. Chapter 3 presents an interval observer in
the form of PDEs without Galerkin projection. In both chapters, the obtained interval estimates are
applied to the design of a dynamic output feedback stabilizing controller. Chapter 4 deals with a
second-order delay differential equation with uncertainties, which has form of an FDE. The proposed
method contains two consecutive interval observers. The first one estimates, at each instant of time,
the interval for the delay-free position using new delay-dependent conditions on positivity. Then,
derived estimates of the position are used to design the second observer providing an interval for the
velocity. All the obtained results are supported by numerical simulations. In particular, Chapter 2
includes experiments on the Black—Scholes model.

Keywords: interval observer, uncertainty, infinite dimension, time-delay system, dynamic system,
pde

Conception d’observateurs par intervalle pour les systemes a parametres distribués avec incertitudes
Résumé

Ce travail présente de nouveaux résultats sur 'estimation d’état par intervalle pour des systemes
distribués incertains, qui sont des systémes de dimension infinie : leur état, fonctionnel, est régi par
des équations aux dérivées partielles (EDP) ou fonctionnelles (EDF). Le principe de 'observation
par intervalle est d’estimer & chaque instant un ensemble de valeurs admissibles pour 1’état (un
intervalle), de maniere cohérente avec la sortie mesurée. Les chapitres 2 et 3 se concentrent sur la
conception d’observateurs par intervalle pour une EDP parabolique avec des conditions aux limites
de type Dirichlet. Dans le chapitre 2, on utilise une approximation en dimension finie (éléments
finis de type Galerkin), l'intervalle d’inclusion tenant compte des erreurs de I’approximation. Le
chapitre 3 présente un observateur par intervalle sous la forme d’EDP sans projection de Galerkin.
Dans ces deux chapitres, les estimations par intervalle obtenues sont utilisées pour concevoir un
controleur stabilisant par retour de sortie dynamique. Le chapitre 4 envisage le cas des systemes
différentiels fonctionnels (EDF) a retards, & travers une équation différentielle de deuxieme ordre avec
incertitudes. La méthode proposée contient deux observateurs par intervalle consécutifs : le premier
calcule & chaque instant I'intervalle pour la position non retardée grace a de nouvelles conditions de
positivité dépendantes du retard. Le deuxieme observateur calcule un intervalle pour la vitesse, gréace
& une estimation de dérivée. Tous les résultats obtenus sont vérifiés par des simulations numériques.
En particulier, le chapitre 2 inclut des expériences sur le modele Black — Scholes.

Mots clés : observateur par intervalle, incertitude, dimension infinie, systéeme & retard, systéme
dynamique, edp






	Table of Contents
	Notations
	General Introduction
	1 Theoretical framework
	1.1 Interval analysis
	1.2 Nonnegative continuous-time linear systems
	1.3 Interval observer for continuous-time linear systems
	1.4 Interval observers for time-delay systems
	1.5 Partial differential equations
	Parabolic PDEs
	Well-posedness of the closed-loop system
	LMIs for the exponential stabilization


	2 Interval observer: approximation
	2.1 Approximation of distributed systems
	Interval estimates

	2.2 Interval observer design
	2.3 Control design
	2.4 Example 
	Academic example with control
	Black–Scholes model


	3 PDE Interval observer
	3.1 Input-to-state stability and positivity of non-homogeneous heat equation
	Heat equation
	Positivity of solutions

	3.2 Interval observer design for the heat equation
	3.3 Stabilizing control
	3.4 Examples
	Controller based on the interval observer
	The interval observer comparison


	4 Interval observer for second-order DDE
	4.1 Delay-independent positivity
	4.2 Representation of the solution for delay differential equations
	4.3 Conditions on positivity of a second order system
	4.4 Problem statement
	4.5 Interval observer design
	The first observer for the position 
	The second observer for the velocity

	4.6 Example

	5 Conclusions
	Bibliography
	Appendix
	A Publications
	A.1 Conference Articles
	NOLCOS16, Monterey, USA
	IFAC17, Toulose, France
	CDC2018, Miami Beach, Florida, USA

	A.2 Journal Articles
	Automatica, 2018
	Automatica, January 2020


	B Substantial summaries
	B.1 Résumé substantiel en français
	B.2 Расширенное резюме на русском


