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Chapter 1

Introduction

A. Objet de la these

Ce manuscrit de these s’inscrit dans le domaine de I’étude mathématique de la dynamique des
populations en écologie et biologie évolutive. Plus précisément, nous nous intéresserons a la
dynamique d’une seule population modélisée par sa densité n. Nous porterons une attention
particuliere au role que peut jouer une diffusion non-locale dans un habitat fragmenté.
Dans les deux prochains paragraphes, nous expliquerons brievement quelles sont les princi-
pales équations et questions abordées dans cette these. Dans un second temps, pour chacune
de ces deux équations, nous donnerons une description précise des modeles en jeu. Ensuite,
nous rappelerons le contexte scientifique dans lequel ce manuscrit s’inscrit avant de présenter
les principaux résultats obtenus.

Les premiers travaux de cette these décrivent la dynamique spatiale d'une population soumise
a I’équation de réaction diffusion fractionnaire suivante

{@n + (=A)*n = f(z,n) pourz € Q t >0, (L.1)

n=>0 pour x € Q° t > 0.
Pour fixer les idées, nous prendrons dans toutes cette introduction f(z,n) = n — n? ou
f(z,n) = u(x)n—n? : une non-linéarité de type Fisher-KPP. L’opérateur de diffusion (—A)“
est défini comme suit :

(=A)*n(z) = Caa /R Mdy avec Oy, = w

= . 1.2
¢ |z —yltrze " mil(-a) 1

Ce type d’opérateur décrit un processus de diffusion longue portée avec une grande fré-
quence. Nous nous interesserons particulierement au critére de survie de I'espeéce ainsi qu’aux
phénomeénes de colonisation voir d’invasion du territoire €.

Dans cette these, nous étudions également un modele venant de la biologie évolutive, ol nous
considérons une population structurée phénotypiquement a 1’équilibre et sujette a deux types
de déplacement spatiaux : des déplacements locaux et non locaux. De plus, nous prenons en
compte deux autres phénomenes. Le premier est la prise en compte de mutations qui modi-
fient 1égerement le trait phénotypique 6 de la progéniture, ce phénomene crée de la variabilité
dans la population. Le second phénomene est la compétition entre les individus, qui mene a
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une sélection naturelle.

Nous cherchons a observer 1’émergence de traits phénotypiques dominants lorsque les mu-
tations deviennent petites. L’équation choisie pour modéliser les phénomenes biologiques
impliqués est :

— Oyae — €20gone + L. = n[R(x,0) — p.] pourx € Q,—A <0 < A,
A
pe(z) = /Ang(x,Q)dQ pour x € €, (1.3)

Oy,Ne = Oyyne =0 pour (z,0) € 0(Q2°x] — A, A[).

La diffusion spatiale est ici modélisée par le Laplacien par rapport a la variable x pour la
diffusion locale et un opérateur intégral L qui sera décrit par la suite. Les mutations sont
modélisées par le Laplacien par rapport a la variable 6. Enfin, les termes R et p désignent
respectivement le taux de croissance intrinseéque des individus, et la taille totale de la popu-
lation. Nous prenons en compte en effet via ce dernier terme un taux de mortalité di a la
compétition entre les individus.

B. L’équation de Fisher-KPP fractionnaire dans un en-
vironnement fragmenté

Rappelons I’équation considérée dans toute cette partie :

(1.1)

on+ (—A)*n = f(z,n) pourz € Q, t>0,
n=>0 pour x € Q°, t > 0.

B.1 Description du modele et motivations biologiques

B.1.a Les motivations biologiques

Nous considérons ici une espéce biologique se développant dans un environnement fragmenté.
Nous supposons que cette espece biologique est sujette a une dispersion longue portée.

La dispersion longue portée désigne un mode de dispersion ou les individus ne se déplacent
pas seulement de proche en proche mais aussi sur de grandes distances dans un laps de
temps relativement court. De plus, la fréquence de ces sauts est supposée étre grande. Ce
type de phénomene a été observé par des biologistes comme par exemple dans larticle [70]
qui introduit de multiples exemples d’especes biologiques ayant une telle dispersion tel que
le scarabée des céréales. En effet, la dispersion de ce scarabé est accélérée par 'action de
I’homme. Un autre exemple est celui d’arbres présenté dans I'article [74] dont le pollen peut
étre dispersé sur de grandes distances sous 'effet de grands vents.

Les environnements fragmentés sont considérés pour illustrer une réalité tangible : les especes
biologiques ne peuvent pas s’implémenter partout. De ce fait, leurs habitats peuvent étre
séparés par un (ou des) obstacle(s) et s’en retrouver fragmentés. Par exemple, une espéce
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d’arbres ne pourra s’implémenter dans un environnement urbain. Un autre exemple est celui
d’un archipel pour une espéece terrestre. Remarquons que sous 'effet de la dispersion longue
portée, I’ensemble de I’environnement peut étre colonisé par 'espece. Ceci est faux si I'on
suppose que les individus se déplacent seulement de proche en proche.
Pour de tels phénomenes de diffusion longue portée, I'article |70] met en évidence des vitesses
)
d’invasion exponentielles en temps. Au contraire, si la diffusion est une dispersion standard
(i.e. déplacement des individus uniquement de proche en proche) alors les vitesses d’invasion
sont constantes (c’est a dire que le front d’invasion avance de fagon linéaire). Enfin, soulignons
que pour parler d’invasion il faut deux phénomenes : une colonisation de l’ensemble du
territoire et une autosuffisance (ou autonomie) des individus sur les territoires colonisés.
Ainsi, les questions biologiques précises motivant cette étude et prenant en compte I’ensemble
de ces phénomenes sont :

1. Peut on mettre en évidence un critere assurant la survie/l’extinction de I’espece biolo-
gique ?

2. Lorsqu’il y a survie de l'espece, peut on prédire la distribution asymptotique de la
population ?

3. Si une petite quantité d’individus arrive dans un environnement vierge, est ce que
I’espéce va coloniser cet environnement ?

4. Si il y a colonisation, dans quel cas peut on parler d’invasion ? Quelles sont les carac-
téristiques de cette invasion ?

Enfin, soulignons que nous tenterons d’apporter des réponses a ces questions a travers un
modele simplifié. Ce modele ne prend pas en compte quantités de facteurs biologiques. Ce-
pendant, cette simplification permet de mettre en évidence des réponses qualitatives. Ces
réponses qualitatives se retrouvent ensuite quantitavement dans certains exemples issus de la
biologie comme des phénomenes d’accélération de la propagation. Evidemment, pour coller
a un jeu spécifique de données, il faudrait pousser plus loin le travail de modélisation en
prenant en compte dans (1.1) des phénomenes biologiques plus fins. Ce type de travail de
modélisation n’est pas fait ici.

Je tiens a souligner que j’ai eu au cours de ma these un bref apercu de ce type de travail de mo-
délisation. En effet, lors de mon stage au CEMRACS, nous avons modélisé la dynamique de
moustiques tigres (infectés ou non par la bactérie Wolbachia) en prenant en compte certains
phénomenes propre a 'insecte comme 1'incompréssibilité cytoplasmique. Nous renvoyons a la
partie D pour une premiére présentation du modele.

B.1.b Description du modele

Nous étudions ici I’équation (1.1). Elle modélise la dynamique au cours du temps d’une
densité de population biologique n sujette a une dispersion longue portée dans un domaine
fragmenté 2.

Nous parlerons de domaine fragmenté lorsque le domaine 2 modélisant 1’environnement de
vie de I’espece biologique est composé de plusieurs composantes connexes (patchs). Commme
la densité de population est supposée nulle en dehors du domain €2 (i.e. dans €2¢), nous
imposons une condition de Dirichlet extérieur. Ceci est a mettre en opposition avec une
dispersion locale. Dans le cas d’une diffusion locale, 1’espece peut coloniser seulement les
composantes connexes ou elle est présente initialement.

L’hypothese commune pour modéliser une dispersion longue portée avec une grande fréquence
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est de considérer une équation intégro-différentielles dont le noyau de l'opérateur de diffusion
K est a queue lourde. Le Laplacien fractionnaire, défini comme :

a n(z) —n(y) 4°T(§ + a)
(—=A)n(z) = Cyq /]Rd Wdy avec  Cy, = m,

rentre dans cette famille d’opérateur & queue lourde (I'intégrale est a prendre ici au sens de
la valeur principale). Notons que le noyau est singulier a l'origine : la fréquence de dispersion
proche de z est tres grande. Du point de vue de 'espece, les individus vont se déplacer de
proche en proche et avoir des sauts en espace avec une grande fréquence. D’un point de vu
stochastique, la dispersion suit un processus de type Lévy.

Le terme de réaction dans l'équation (1.1) est de type Fisher-KPP. Ce type de terme de
réaction sert & modéliser une croissance logistique. Par exemple, si f(x,n) = u(x)n —n? alors
p(z)n est un terme de naissance et —n? est un terme de mort modélisant la compétition pour
les ressources. Les premicres études d'une équation de type Fisher-KPP (9;n — An = n —n?)
sont dues a Fisher [58] et Kolmogorov, Petrovsky et Piskunov [73] en 1937.

B.2 Etat de ’art

Nous décomposons I’état de I’art en deux sous-parties : les articles traitant de I'existence et de
I'unicité d’une solution stationnaire bornée a une équation de Fisher-KPP et ceux discutant
des phénomenes d’invasion. Il est évident qu'un méme article peut rentrer dans les deux
catégories, néanmoins, il est pratique de distinguer les deux littératures afin de présenter les
outils en jeu.

B.2.a Existence et unicité de la solution stationnaire de Fisher-KPP

Lors de la preuve de la convergence vers un front d’invasion, un des ingrédients essentiels de
la preuve est 'existence et I'unicité de la solution stationnaire positive bornée.

L’existence s’appuie souvent sur un argument spectral. En effet, il suffit de regarder le signe
de la valeur propre principale \g(€2, 1) de 'opérateur —A — i dans €2 ou dans un sous domaine
avec des conditions de Dirichlet aux bords (respectivement extérieur).

Si Ao(£2, ;1) < 0 alors il existe une unique solution stationnaire positive et bornée (construite
par une méthode de sous et sur-solutions [102]).

Sinon pour A\g(€2, ) > 0, 'unique solution stationnaire positive bornée est la solution tri-
viale. Cette valeur propre principale existe si I'on a des hypotheses de compacité sur €2 ou de
périodicité sur p. A linitiative de Berestycki, des travaux [21], [18], [12], [13] définissent une
généralisation de cette valeur propre principale lorsque celle-ci n’est pas bien définie comme
dans le cas d’'un domaine non borné. Cette nouvelle notion de valeur propre principale gé-
néralisée n’affecte pas le critere d’existence d’une solution stationnaire bornée non-triviale.
Dans le cas d'une diffusion fractionnaire et d’un terme de naissance p périodique, Berestycki,
Roquejoffre et Rossi établissent 1'existence d’une valeur propre principale dans [20].

Pour un opérateur de diffusion (locale ou fractionnaire), l'unicité de la solution station-
naire de (1.1) pour = R? découle de I'application du principe du maximum / principe de
comparaison (voir [10]). Remarquons que pour un opérateur intégral du type le Laplacien
fractionnaire, le principe du maximum est trivial tandis que le lemme de Hopf découle de la
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comparaison avec des fonctions barrieres bien choisies (voir les travaux de Ros-Oton et Serra
[97] ou de Grecco et Servadei [65]).

Enfin, pour des opérateurs intégraux dont le noyau est moins singulier, Berestycki, Coville et
Vo [12] ou Coville, Davilla et Martinez [46] ont montré I’existence et 1'unicité d’une solution
stationnaire d’une équation de type Fisher-KPP non-locale. Le critere d’existence est basé sur
le signe d’une valeur propre principale (généralisée ou non) tandis que 'unicité est montrée
par la continuité et I'intégrabilité du noyau de I'opérateur de diffusion.

Dans la suite nous parlerons de domaine (2 et de taux de naissance p viables lorsque Ag(2, ) <
0. Si © = R? (respecitvement g = 1), on écrira alors \g(2, 1) = Ao(i) (respectivement

Ao(€2, 1) = Ao(£2)).

B.2.b Phénomeéne d’invasion

Comme mentionné précédemment, I’équation (1.1) a été introduite par Fisher [58] et Kolmo-
gorov, Petrovsky et Piskunov [73] en 1937 dans le cas d’une diffusion standard (0yn — An =
n —n?) avec pour domaine 2 = R%. Kolmogorov, Petrovsky et Piskunov prouvent I’existence
d’ondes planes progressives. Elles sont un type de solution particuliére connectant la solution
stationnaire stable 1 a la solution stationnaire instable 0. Ces dernieres sont de la forme
n(x,t) = N(z — ct) avec ¢ > ¢, = 24/ f'(0). En 1978, Aronson et Weinberger [5] prouvent
que n’importe quelle condition initiale positive a support compact engendre un phénomene
d’invasion a vitesse constante c,. Cela peut se traduire ainsi : si un observateur se déplace
le long d’une direction donnée a une vitesse constante ¢ < ¢, alors, au bout d'un certain
temps, il verra ’environnement saturé partout autour de lui. En revanche, si 'observateur se
déplace a une vitesse ¢ > ¢, alors, au bout d’un certain temps, il ne verra personne autour de
lui. Aronson et Weinbergen prouvent leurs résultats en construisant des sous et sur-solutions
adaptées a leurs problemes. Dans [54], Evans et Souganidis retrouvent ce résultat en utili-
sant une approche provenant de l'optique géométrique. Ils exhibent naturellement les deux
états, a savoir, saturation de 'environnement (n = 1) ou absence de population (n = 0) en
introduisant un changement de variable qui suit le front

ne(x,t) =n <x’ t) :

g &

En effet, n. est solution de dyn. — eAn. = n. — n?. Afin d’obtenir des estimations sur n.
et passer a la limite en ¢, Evans et Souganidis utilisent une transformation de Hopf-Cole en
introduisant

u. = €log(ne).

Ce type d’approche sera utilisé dans les chapitres 2 et 3 de la these. Il est a noter que le
résultat d’invasion précédent est isotropique : aucune direction n’est privilégiée. Ceci est di
a l'isotropie des termes de naissance et de diffusion. Si on considére un terme de naissance
périodique viable de la forme p(z)n (qui privilégie certaines directions plutot que d’autres),
alors Freidlin et Gartner ont montré dans [63] qu'une condition initiale positive & support
compact entraine un phénomene d’invasion avec une vitesse d’invasion c,(e) qui dépend de
la direction choisie e € S%~1. La preuve de I'invasion de Freidlin et Gartner est basée sur une
approche probabiliste. Rossi propose dans [98] une preuve déterministe de ce dernier résultat
(voir aussi [14]). La Figure 1.1 est une illustration du phénomeéne d’invasion dans le cas d’un
environement homogene (& gauche) ou périodique (& droite).
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©)- ok

O: zone de transition

FIGURE 1.1 — Tllustration d'un phénomene d’invasion pour f(x,n) = n — n? (4 gauche) et
flxz,n) = p(x)n —n? (a droite).

Avant d’évoquer les résultats connus sur les équations de type Fisher-KPP fractionnaires, nous
mentionnons deux derniers articles impliquant une diffusion locale. Le premier de Hamel et
Guo [66] traite d'une équation de type Fisher-KPP dans un environnement périodiquement
hostile. Les auteurs démontrent qu’une invasion est toujours possible dans les composantes
connexes du domaine non-hostiles et viables qui interceptent le support de la donnée initiale.
Le deuxieme article de Berestycki et Nadin [18] donnent des résultats d’invasion tres généraux.
Ils établissent l'existence de deux ensembles étoilés S C S C R? tel que pour tout compact
K C Set fermé F C RA\S on a

gEWEQMWJ%ﬂu@NZO et gggggmwﬁﬂzﬂ
Ces deux ensembles existent lorsque qu’une version généralisée de la valeur propre principale
prend un signe négatif. Dans le cas simple 9;n — An = n — n?, Q = R%, il est clair que nous
retrouvons S = § = {|z| = ¢, }.

Les phénomenes d’accélération du front de propagation dans des équations Fisher-KPP frac-
tionnaires ont d’abord été observés numériquement (voir [47], [82] et [70]). En effet, ces inves-
tigations numériques laissent penser que la vitesse d’invasion est exponentielle en temps. Ce
résultat a été démontré par Cabré et Roquejoffre [36] pour 'équation dyn+ (—A)%n = n —n?
dans R? x R,. Pour une telle équation, les auteurs démontrent en construisant des sous et
sur-solutions adaptées que

Ve > 1, tLlinoo Suglt In(z,t) —1] =0 et tngrnoo sup In(z,t)| = 0.
2| <edF2a |z|>ed+2a

Ce résultat est retrouvé par une approche d’optique géométrique par Mirrahimi et Méléard
[85]. L’idée est d’introduire un changement de variable qui suit le front n.(z, t) = n(|z|: 'z, L
et ensuite de montrer la convergence de la suite a l'aide d’une transformation de Hopf-Cole.
Ce type de phénomeéne d’accélération a aussi été retrouvé dans le cadre d’opérateurs a queues
lourdes réguliers par Garnier [62]. Ce premier résultat d’invasion est établi dans un milieu
homogene. Il a été étendu aux milieux hétérogenes périodiques (i.e. aux termes de réaction de
la forme f(x,n) = p(x)n — n?) par Cabré, Coulon et Roquejoffre [35]. Sous 'hypothese que
i est un taux de naissance viable (i.e. Ag(p) < 0), il existe une unique solution stationnaire

bornée n et il s’ensuit

Ve > 1 lim su n(z,t) —ni(x) =0 et lim su n(x,t)| = 0.
;o lim CARMMH‘ (z,t) = ny ()] s In(z,t)|
lz|<e  dt2a |z|>e” d+2a

Remarquons que contrairement au cas d’une diffusion locale, la diffusion non-locale induit
toujours une propagation isotropique méme dans un environnement hétérogene. Soulignons
enfin que [35] donne une description précise des lignes de niveaux en temps longs.
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Nous cloturons 'état de 'art sur les phénomenes d’invasion avec plusieurs remarques. Pre-
mierement, pour une équation avec une diffusion locale (9;n — An = n—n?), en partant d’une
donnée initiale ayant des queues lourdes (i.e. ng(x) ~ W), il a été démontré par Hamel et
Roques [69] que la vitesse d’invasion est exponentielle en temps. De fagon heuristique, lorsque
la donnée initiale est a support compact, nous verrons que le principal réle de la diffusion
fractionnaire est « au début ». En effet, contrairement a la diffusion locale qui donne une so-
lution en temps court avec des queues exponentielles (i.e. n(z,t = 1) ~ e~} le Laplacien
fractionnaire entraine une solution en temps court a queue lourde (i.e. n(x,t =1) ~ mdﬁ)
Ces queues lourdes amenent ensuite a une propagation exponentielle en temps.
Deuxiemement, d’autres questions plus complexes peuvent étre considérées a partir de I’équa-
tion de Fisher-KPP comme

— l’équation de Fisher-KPP avec une ligne de diffusion rapide ([19], [11], [94]),

— la charactérisation du second membre d’un développement asymptotique du front d’in-
vasion (voir Barmson [31] ou Hamel, Nolen, Roquejoffre, Ryznik [67], [68] et [93]),

— la stabilité du front d’invasion (voir Sattinger [99], Gallay [61] ou Faye et Holzer [55]).
Enfin nous avons dans cet état de I’art seulement mentionné les équations de réaction-diffusion
(fractionnaire ou non) de type Fisher-KPP. Il existe bien entendu des équations de réaction
diffusion moins simplistes comme les équations de type combustions, bistables... Nous ren-
voyons les lecteurs intéréssés aux livres de Smoller [102] et de Berestycki et Hamel (a paraitre).

Les phénomenes d’invasion pour ce type d’équation existent mais sont plus complexes a étu-
dier.

B.3 Présentations des résultats pour I’équation de Fisher-KPP frac-
tionnaire

Les principaux résultats concernant I’équation de Fisher-KPP fractionnaire sont introduits
ici. Ces résultats sont regroupés par chapitre de these.

B.3.a Chapitre 2- Equation de Fisher-KPP fractionnaire dans un environnement
périodique

Le premier résultat de ce manuscrit introduit dans le chapitre 2 est un résultat d’invasion

Théoréme 1.1 (L. (Chapitre 2) ). Soit n la solution de (1.1) avec Q = R%, f(z,n) de la
forme p(x)n — n? o u est périodique. Si \g la valeur propre principale de (—A)® — u est
négative, alors, on a

[Ao] ; _
1. Ve < 3555, tkinoo |xsil<1£)ﬂt|n(x’t) —ny(z)| =0,

2. VO > lim  sup In(z,t)| = 0.

d+2a?
t=+o0 |z|>eCt

Ce résultat (tel qu’énoncé dans le manuscrit) est étendu a des opérateurs intégraux sin-
guliers plus généraux que le Laplacien fractionnaire. De méme, le terme de réaction est de
type KPP périodique plus général que p(x)n — n?.

Nous pouvons décomposer la preuve de ce résultat en 4 grandes étapes :

A- S’assurer de l'existence et de I'unicité d’une solution stationnaire de (1.1).
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B- Donner une estimation de la solution au temps t = 1.

C- Trouver une sous-solution qui va « pousser » la solution jusqu’a n, dans {|z| < e}
ainsi qu'une sur-solution qui va « écraser » la solution proche de 0 dans {\x| > eCt}.

D- Conclure.

L’intérét du Théoreme 1.1 réside principalement dans la preuve des étapes C et D. En effet,
le Théoreme 1.1 est une extension du résultat de Cabré, Coulon et Roquejoffre [35] a des
opérateurs plus généraux via approche développée par Mirrahimi et Méléard [85] pour le
Laplacien fractionnaire. La preuve du Théoreme 1.1 montre la robustesse des techniques
de solutions de viscosités employées pour I'étude d’équations générales de type Fisher-KPP
fractionnaires.

L’étape A (existence et unicité d'une solution stationnaire) s’appuie sur le signe de la valeur
propre principale et le principe du maximum. Tandis que I’étape B (estimation de la solution
en temps cours) repose sur une estimation du noyau de la chaleur fractionnaire (comme
énoncé dans Bogdan [25] ou Chen et Kumagai [43]).

L’étape C peut étre abordée via une approche issue de 'optique géométrique (comme Evans
et Souganidis [51]). L’idée générale est d’effectuer un changement de variable qui suit le
front d’invasion. Ainsi, nous considérerons 'équation satisfaite par n.(z,t) = n(|z|: 'z, L
(& 'image du changement de variable effectué par Méléard et Mirrahimi dans [85]). Apres
ce changement de variable, une sous (respectivement sur)-solution de ce probléme peut étre
trouvée aisément en considérant ¢y X G ou G est une solution d’une équation différentielle
ordinaire perturbée et ¢y une fonction propre principale associée a l'opérateur (—A)* —
. En effet, lorsque ¢ — 0, les termes de diffusions fractionnaires tendent vers 0 laissant
formellement une simple équation différentielle ordinaire. Une autre méthode développée par
Cabré, Coulon et Roquejoffre (voir [36] et [35]) aurait été de considérer 'équation satisfaite
par gl ol r(t) décroit exponentiellement vite.

L’étape D peut aussi étre abordée de deux fagons différentes. Cabré Coulon Roquejoffre ([35])
propose une preuve directe. La preuve proposée dans ce manuscrit s’appuie sur des techniques
provenant de la théorie des solutions de viscosité et des fonctions tests perturbées.

Il est a noter que cette approche a été développée en méme temps par Souganidis et Tarfulea
[103] et Bouin, Garnier, Henderson et Patout [27]. Souganidis et Tarfulea prouvent un résultat
de propagation pour une famille d’opérateurs intégraux singuliers semblables au Laplacien
fractionnaire. Cette étude est sensiblement proche du travail présenté. Le travail de Bouin,
Garnier, Henderson et Patout [27] montrent la robustesse des techniques sur une famille
d’opérateurs intégraux a queues lourdes non-singuliers dans un environnement homogene.

Soulignons que le résultat précédent est établi pour = R? : I'environnement consi-
déré n’est pas fragmenté. Toutefois, la périodicité de p permet formellement de diviser
I’environnement en deux : un domaine ou l’environnement est favorable a l'espece 2_ =
{x € R4 u(z) > 0} et un domaine défavorable Q, = {a: eRY| p(z) < 0} (les signes en in-
dice de €2, et Q_ renvoient aux signes de la valeur propre principale associée a chacun des
domaines : A(2;) > 0 et A(2_) < 0). Si on considére une suite de taux de naissance p, telle
que pug () k_>—+>oo —oo lorsque x € €1, alors 'environnement défavorable a l'espece devient

létal lorsque k — +o0o. Ainsi, si I'ensemble )_ est fragmenté (i.e. composé de composantes
connexes bornées), il s’ensuit formellement qu’a la limite k¥ — +o00, 'espece vit dans 'envi-
ronnement fragmenté (2_ avec des conditions de Dirichlet dans €2, . L’étude de phénomeénes
d’invasions dans un environnement périodique fragmenté (2 est réalisée dans le Chapitre 3.
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B.3.b Chapitre 3- Equation de Fisher-KPP fractionnaire dans un environnement
périodique fragmenté

Nous dirons qu’un environnement est périodique et fragmenté s’il existe Qy C R? borné
vérifiant 'hypothese de la boule intérieure et extérieure uniforme tel que

Q: U (Qo+(lk),

kezd

avec a;, une suite périodique de R? telle que
(QQ—FCLZ')Q(QQ—FCL]') 7é®<:>Z:j

Nous rappelons que la condition de la boule intérieure (respectivement extérieure) uniforme
réfere a ’existence d’un rayon ry > 0 tel que

Ve € Q, Jz, € Q tel que B(z,,19) C €2
(respectivement YV € Q°, 3z, € Q° tel que B(z,,ry) C Q°).

Le résultat d’invasion est alors le suivant :

Théoréme 1.2 (L.-Mirrahimi-Roquejoffre (Chapitre 3) ). Soit n la solution de (1.1) avec
un domaine périodique fragmenté et f(x,n) = n — n?. Si la valeur propre principale Ny de
(—A)* — Id dans Qo avec des conditions de Dirichlet extérieures est négative, alors il existe
une unique solution stationnaire bornée positive non-triviale n. .

De plus, pour toute solution n avec n(t = 0) positive, non-triviale a support compacte dans
Q, nous avons que

Aol ; _ —
1. Ve < 2235, tBeroo |acS|1<lIe)ct|n(x7t) ny(z)| =0,

Aol ; —
2. VO > 555, tl}+moo |xs‘i1épct|n(m,t)| =0.

Le schéma de preuve du Théoreme 1.2 suit la progression A-B-C-D énoncée plus haut.
Toutefois de nouvelles difficultés apparaissent du fait que la solution n et la solution station-
naire n, s’annulent dans €2°. De ce fait, la preuve d’unicité de la solution stationnaire ne
repose pas seulement sur le principe du maximum. Elle s’appuie également sur un Lemme
de Hopf fractionnaire (voir [65]) et une estimation précise par au-dessus et en-dessous de n .
Cette estimation est la suivante

co(z)* < ny(z) < CoH(x)” avec ¢,C >0 et 0(x)=dist(z,00)1lg(z). (1.4)

L’inégalité (1.4) est obtenue via le principe de comparaison et fonctions barrieres développées
par [97].

Ceci permet de conclure a la preuve de 'étape A du plan de démonstration annoncée a la
suite du Théoreme 1.1. L’étape B pourrait étre résolue en appliquant des résultats généraux
sur les estimations du noyau de la chaleur du Laplacien fractionnaire développés par Bogdan,
Grywny et Ryznar [24] ou Chen, Kim et Song [42]. Malgré cela, nous développons notre propre
estimation du noyau de la chaleur. Cette derniére est moins générale que celles énoncées dans
[24] et [42]. En effet, elle ne s’applique uniquement en temps courts pour des données initiales
a support compact. Toutefois, la preuve est relativement courte et s’appuie uniquement sur
un raisonnement déterministe (contre un raisonnement probabiliste dans [24] et [42]).
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La preuve du point C' peut encore une fois étre développée de deux manieres différentes : via
une approche inspirée par [35] ou par [85]. Nous avons choisi d’utiliser la seconde approche
pour les mémes raisons évoquées précédemment. Cependant, nous avons amélioré la précision
des sous et sur-solutions afin d’obtenir une estimation précise des lignes de niveaux. Nous
proposons une preuve pour I'étape D qui est une adaptation de [35] aux nouvelles difficultés
qu’engendrent la présence d'un domaine hostile. Notons que dans cette preuve, le changement

de variable .

(@.t) = (lal*,2)

g

n’intervient pas. La deuxieme preuve est une preuve ou le changement de variable est préservé.
Pour chacune d’entre elles, le fait que n et n, s’annulent sur 2¢ entraine de nouvelles difficultés
par rapport a ce qui a été fait dans les travaux antérieurs ([35], [85] ou [77]).

B.3.c Chapitre 4- Equation de Fisher-KPP fractionnaire dans un environnement
fragmenté général

Le troisieme résultat présenté dans cette introduction est un résultat d’existence et d’unicité
de solution stationnaire bornée de I’équation (1.1) pour des domaines €2 généraux inclus dans
R? et f(x,n) =mn —n?. Ces problémes sont abordés dans le chapitre 4 de ce manuscrit.

Le résultat d’existence repose sur l'existence d’un sous-domaine 2 C €2 borné viable (i.e. de
valeur propre principale \o(£2) négative). Si un tel domaine existe, il est facile de donner
une sous-solution (une fonction propre positive associée a la valeur propre \o(£2)) et une sur-
solution (une constante suffisamment grande). A partir de ces sous-solutions et sur-solutions,
la construction d’une solution stationnaire non-triviale s’ensuit (voir [102]). Il est donc im-
portant de savoir donner des critéres donnant le signe de A\y(€2). Il est bien connu que pour
un domaine connexe, la valeur propre du domaine est décroissante par rapport a la taille du
domaine (i.e. A\o(tQ2) décroit lorsque ¢ grandit). Cependant, comme le Laplacien fractionnaire
est un opérateur non-local, la valeur propre principale est aussi définie pour des domaines
non-connexes. Le premier résultat du Chapitre 4 répond aux questions suivantes pour des
intervalles bornés dans R :

Si l'on considere a > 0 tel que le segment ]0,a[ est viable et le segment 0, §[ est non-
viable, est ce qu’il existe une distance dy > 0 tel que pour toute distance d < d, I’ensemble
10, §[Ul5 + 1, a + pf soit viable? En d’autres termes, est ce que l'application (p € R* —
Aa(]0, §[U]§ + 1, @ + pu) est continue en 07

Le Théoréme suivant répond a ces deux questions :

Théoréme 1.3 (L.-Roquejoffre (Chapitre 4) ). L’application (1 € R™ — A,(]0, §[U]5 +
i, a + ul) est continue croissante sur tout son ensemble de définition. De plus, elle peut étre
prolongée par continuité en 0.

La preuve en dehors de 0 repose essentiellement sur le quotient de Rayleigh. La preuve en
0 pour o < % repose également sur un quotient de Rayleigh et sur la densité des fonctions
de H*(]0,a[) qui vérifient ¢(%) = 0. En revanche pour a > 3, la preuve revient & montrer
que § est une singularité effagable de (—A)® — Id dans ]0, a[\ {%} Pour cela, nous utilisons
le relevement du Laplacien fractionnaire au demi plan supérieur introduit par Caffareli et
Silvestre [37].

Remarquons que I'importance de la dimension 1, ne se retrouve que pour montrer la continuité
en = 0. Ainsi, nous généralisons certains cas du théoreme précédent :
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Théoréme 1.4 (L.-Roquejoffre (Chapitre 4) ). Soient Q; et Qo deux sous-ensembles réguliers
et bornés de R?. Soit Q.. l'ensemble défini par

Que =N U (Qy+tue) avee (t,,e) € RT x ST tel que dist(Qq, (Q + tue)) = .

Alors Uapplication (p € RT™ +— X\ (Q,c)) est continue et croissante sur tout son ensemble de
définition.

Une conséquence du Théoreme 1.4 est que la distance entre les différentes composantes
connexes de (2 joue un role primordial dans 1’établissement d’un sous-domaine 2 viable.

Le résultat d’unicité (établi dans R?) est plus complexe & démontrer que celui d’existence.
Il s’appuie sur ’encadrement de n’importe quelle solution stationnaire bornée non-trivial par
en-dessous et au-dessus par la méme fonction G (a une multiplication par une constante pres)

ie.3G: Q= Rtete,C >0, telque cGx)<ny(x)<CG(a). (1.5)

Par exemple, si Q = R? alors G = 1. Si Q est périodique et fragmenté, I'inégalité (1.4) donne
G(z) =o(x)™.

Le but de ce chapitre est de démontrer 1'assertion (1.5) sous des hypotheses sur € les plus
larges possibles. Nous ne donnons pas ici les hypotheses les plus générales que 1'on ait trou-
vées (nous renvoyons au chapitre 4 pour plus de détails) mais nous donnons un apergu de
certaines hypotheses nécessaires. D’autres hypotheses plus techniques seront considérées dans
le chapitre 4. Voici le type d’hypotheses a considérer :

1. Q satisfait la condition de la boule exterieure et interieure.

2. ) peut étre divisé en deux parties : un sous ensemble non-vide viable €2 et un sous
ensemble non-viable €.

3. D’autres hypotheses plus techniques et restrictives sont nécaissaires notamment sur la
distance entre 2_ et {2, et entre les composantes de €2 .

Par domaine viable, on entend qu’en tout point = € €2_, il existe un sous domaine £2_ tel que

A )<0 et ze€Q_ C.

De plus, ces sous-ensembles viables 2 sont de nombres finis (& translation pres).
Par domaine non-viable, on entend qu’il existe Ao > 0, tel que pour tout point z € R? et
pour tout rayon R > 0, on a

A N B(2,R)) > Ao,

Insistons sur le fait que le signe en indice de §2_ renvoie au signe de la valeur propre principale
d’un sous ensemble viable inclu dans €2_. De méme, le signe de ), renvoie au signe de la
valeur propre principale de A\,(€2, N B(z, R)) pour tout centre z € R? et R positif.

La figure 1.2 donne une illustration de ces hypotheses. Ces trois hypotheses permettent déja de
comprendre le type d’ensemble (2 que nous pouvons considérer. Si les conditions des boules
intérieures et exterieures sont satisfaites et si {2 contient une zone viable, les hypotheses
optimales considérées dans le Chapitre 4 permettent d’englober : les ensembles bornés, les
domaines périodiques (fragmentés ou non), les domaines non bornés avec une zone viable _
borné ou non...

Moralement, par le caractere non-viable de €2, , n’importe quelle solution a 1’équilibre n, est
« alimentée » par €)_ : cela s’apparente a un effet « source-puit ». Ainsi 'estimation générale
de n, est la suivante
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Q+—O
F1GURE 1.2 — [llustration des hypotheses précédentes.

Théoréme 1.5 (L.-Roquejoffre (Chapitre 4) ). Sous les hypothéses précédentes, soit G : 1 —
R* définie par

Lo, (
) = min(d(x)*, 1) x [ 1 +/ i s
Gle) = min(5(a)*, 1) % (10 () + [, 226y )
alors pour toute solution stationnaire bornée non-triviale n il existe c,C' > 0 tel que

¢ G(x) <ny(r) <C G(x).

Conséquence : 1l existe une unique solution stationnaire bornée non-triviale de 1’'équa-
tion (1.1).

Soulignons que le Théoreme 1.5 implique que selon le choix de €2, le comportement asympto-
tique de n, peut varier completement. Nous présentons dans cette introduction trois exemples
ol les comportements asymptotiques different. Fixons la dimension d = 1. Si (2 est pério-
dique fragmenté alors G(x) = d(x)*. Si Q2_ est borné et {24 non borné alors n décroit comme
Remarquons également que 2_ et €2, ne sont pas fixés. Sous les hypotheses plus générales
énoncées dans le chapitre 4, nous pouvons toujours définir de nouveaux ensembles (¥, et Q"
différents de €2, et {2_ mais vérifiant toujours les hypotheses requises par le Theoreme 1.5.
Par exemple, si (2, est borné alors on peut définir Q' = Q et 2/, = 0.

Enfin, pour des domaines comportant des composantes non-viables (i.e. {2, ne peut pas étre
réduit a I’ensemble vide), nous faisons la distinction entre invasion et colonisation. Si {2, ne
peut pas étre réduit a I’ensemble vide, alors I’espece colonise le territoire qui lui est disponible
mais il n’y a pas de phénomeénes d’invasion. En effet, on ne peut pas éviter un phénomene
de type source-puit.

Si Q- =R_ et 2, est non borné alors n, décroit comme

B.4 Retour sur les motivations biologiques

Au vue des résultats mathématiques présentés, nous répondons ici aux questions biologiques
ennoncées dans la section B.1.a. Si I'espece biologique considérée rentre dans les hypotheses
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de modélisation, alors un critére de survie de l'espeéce est donné par le signe de la valeur
propre principale A, (Q) ot O est un sous-domaine bien choisie de €2. De plus, sous certaines
hypotheéses sur I’environnement, nous pouvons prédire la distribution en temps grand de I'es-
pece en fonction de 'environnement considéré. Enfin, lorsque la structure de I’environnement
est particuliere (par exemple, un environnement périodique fragmenté), alors, nous pouvons
parler d’invasion avec une vitesse d’invasion exponnentielle en temps.

C. Un probleme d’évolution Darwinienne dans un en-
vironnement spatial fragmenté prenant en compte une
dispersion non-locale.

Rappelons que I'équation considérée est :

— Oyae — €20gone + L. = n[R(x,0) — p.] pourx € Q,—A <0 < A,

A
pe(z) = /Ana(:v,Q)dQ pour x € €, (1.3)
Oy,ne = Oyyne =0 pour (z,0) € 0(Q°x] — A, A|)
avec () C R.

C.1. Description du modeéle et motivations biologiques

L’équation (1.3) modélise I'état d’équilibre d’'une densité de population biologique asexuée
n. qui dépend d’une position en espace x et d'un trait phénotypique continue 6.

Nous supposons que les individus se dispersent spatialement selon deux phénomenes : ils
suivent un mouvement brownien ou ils « sautent » (bougent rapidement) d’un point a ’autre.
Du point de vue macroscopique, le premier type de dispersion se modélise par un Laplacien
—0,, tandis que la dispersion non-locale est modélisée par un opérateur intégral L. Nous
supposerons que L est un opérateur intégral non-singulier de la forme

L(n)(x) = /Q[n(x) —n(y)]K(zx —y)dy avec K(x)=K(—z), 0<c< K <C et régulier.

Un tel opérateur non-local, nous permet de considérer des environnements fragmentés. Tou-
tefois, nous restreindrons I’étude a un domaine de R, borné et comprenant un nombre fini de
composantes connexes :

m

ie. Q= Jla;, b avec a1 < by < as <...<a, <b,.

i=1
Le choix de décomposer la modélisation de la diffusion spatiale en deux opérateurs, a savoir
un local et un non-local, plutét qu'un opérateur intégral singulier prenant en compte les deux
dynamiques (comme le Laplacien fractionnaire) est essentiellement technique. Nous revien-
drons sur ce point dans les perspectives de la these.
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Nous supposerons que le trait phénotypique du parent est transmis a la descendance. Tou-
tefois, il est possible que ce trait subisse de petites mutations que nous modélisons par un
Laplacien —20y.

Le terme R(z,0) est un taux de croissance prenant en compte la natalité et la mortalité
intrinseque. A titre d’exemple, nous pouvons prendre comme taux de croissance

R(x,0) =r — g(br — )

Le terme 7 est un taux de crossance maximale. Le trait optimal a la position z est donné par
0,(x) = bx. Lorsqu’un individu a un trait 6 différent de ce trait optimal, il y a un coiit pour
son taux de croissance qui est donné par (6 — 6,(x))? fois la constante g qu'on appelera la
pression de la sélection. Les individus fortement inadaptés a la position x auront un taux de
naissance faible (voir négatif). La constante b indique a quelle vitesse le trait optimal varie
en tant que fonction de 'espace.

Enfin le terme p. désigne la taille totale de la population. Via le terme —p, nous prenons
en compte un taux de mortalité di a la compétition entre les individus pour les ressources
disponibles.

Les conditions aux bords de Neumann par rapport a x modélisent le fait qu’aucun individu
ne peut ni entrer ni sortir du territoire. De méme, les conditions aux bords de Neumann
par rapport a # se traduisent par le fait qu’aucun mutant ne puisse apparaitre en dehors de
I'intervalle | — A, A.

Le but du chapitre 5 est de présenter nos premiers résultats obtenus sur 'apparition de
trait(s) dominant(s) (voir Figure 1.3 en exemple) lorsque le terme de mutation devient petit
(i.e. e = 0). .

FIGURE 1.3 — Simulation numérique de n. pour Q@ =] —2,2[, A=3etr=5b=1,9g =5, =
0.005.

C.2. Etat de ’art

De nombreux travaux étudient des modeles de sélection-mutation en utilisant des équations
intégro-différentiels (voir par exemple [81], [39] ou [48]). Ici nous nous intéressons a une
approche basée sur des équations de Hamilton-Jacobi initiée en 2005 par Dieckmann, Jabin,
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Mishler et Perthame [50]. Les auteurs utilisent une approche via les équations de Hamilton-
Jacobi pour étudier la dynamique des solutions d’équations de réaction-diffusion modélisant
une population biologique dans un régime de petites mutations. Grace a cette méthode,
Barles et Perthame obtiennent des résultats de concentration pour une équation similaire
a (1.3) ne faisant pas intervenir de structure spatiale. En effet, ils démontrent que sous
certaines hypotheses sur les coefficients, a mesure que les mutations deviennent petites (i.e.
e — 0), la solution n.(#) converge vers une masse de Dirac d5. En d’autres termes, lorsque
les mutations deviennent petites, la population tend vers une population monomorphe. Ce
résultat a été étendu par Barles, Mirrahimi et Perthame [8] & des hypothéses plus générales.
Cette approche via des équations de Hamilton-Jacobi pour démontrer I’emergence de traits
domainants a mesure que les mutations deviennent petites est robuste. En effet, elle a été
adaptée a de multiples situations comme par exemple : I’étude d’une population évoluant
dans un environnement changeant de fagon périodique au cours du temps (tel qu'un cycle
jours/nuit) ou linéaire (changement climatique) par Figueroa Iglesias et Mirrahimi [56] et [57],
I’étude d’une population évoluant dans un environnement organisé spatialement de fagon
discrete (présence de deux habitats avec des termes de migrations entre les habitats) par
Mirrahimi [88] et Mirrahimi et Gandon [91] ou I’étude d’une population évoluant dans un
environnement spatiale continu et convexe par Perthame et Souganidis [95]. Les travaux
présentés dans cette partie sont dans la continuité de [88] et [95].

Dans la suite, nous présentons les premiers travaux sur les modeles de sélection-mutation
prenant en compte un environement spatial hétérogene avant de revenir plus précisément sur
les résultats de [88] et [95].

Un premier modele prenant en compte une diffusion locale en espace et en trait a d’abord été
développé par Champagnat et Méléard dans [41]. Dans cet article, les auteurs dérivent d’un
modele stochastique une premiere équation de réaction-diffusion semblable a (1.3). Arnold,
Desvilettes et Prévost [4] démontrent 'existence d’une solution stationnaire non-triviale a
un systeéme de réaction-diffusion similaire & celui développé par Champagnat et Méléard [41]
via un théoreme de point fixe de Schaudder. Dans [88], 'auteur considére une population
pouvant vivre dans deux habitats hétérogenes avec un terme d’échange entre deux habitats.
En fonction du terme de reproduction dans chacun des habitats, I'auteur met en évidence
la possible apparition du polymorphisme dans la population (émergence de deux traits do-
minants) a mesure que les mutations deviennent petites. Souganidis et Perthame dans [95]
considérent un environement spatial convexe continu. Ils mettent en évidence ’emergence
d’un trait dominant lorsque les mutations deviennent petites. Le méme type de résultat (i.e.
apparititon d’un trait dominant pour une espece organisée spatialement et phénotypiquement
lorsque les mutations deviennent petites) a été établi en méme temps que [95] par Lam et
Lou dans [75]. Cependant, ce dernier article n’adopte pas une approche via des équations de
Hamilton-Jacobi.

De multiples autres questions peuvent étre abordées par 1'’étude d’équations de réaction-
diffusion modélisant une espece biologique dépendant d’une variable spatiale x et d’une autre
variable phénotypique . Nous présentons ici brievement le type de questions qui ont été trai-
tées. L'existence de front d’invasion a été montrée par Alfaro, Coville et Raoul [2] et par
Berestycki, Jin et Silvestre [17]. L’étude de persistance dans un environnement changeant
a aussi été étudié par Alfaro, Berestycki et Raoul [1] pour un environnement sujet a un
changement climatique linéaire au cours du temps. Citons également les traveaux traitant de
I'invasion du crapaud buffle en Australie ([109], [26], [16] ou encore [28]). Des études biolo-
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giques ont relevé que la vitesse d’invasion accélérait au cours du temps. Cette accélération
serait due a un changement phénotypique : 'allongement de la taille des jambes accélérant
la diffusivité des individus.

Il est également possible de modéliser des mutations par un noyau intégral, pour prendre
en compte des sauts non-locaux (voir par exemple [8] ou [48] qui étudient de tels modeles
de sélection-mutation dans des environnements homogenes). Champagnat et Méléard tou-
jours dans [41] dérivent également un modele impliquant un terme intégral pour modéliser
les mutations. Ce second modele a aussi fait 'objet de plusieurs travaux : Arnold, Desvil-
lettes et Prévost dans [4] ont démontré 'existence d’'une solution stationnaire pour un tel
modele. Lorsque le terme de mutation est modélisé par un Laplacien fractionnaire, I’étude de
I’emergence de traits dominants par une approche de Hamilton-Jacobi avec contraintes est
le sujet de [85] par Méléard et Mirrahimi et de [90] par Mirrahimi. Notons que Berestycki,
Jin et Silveststre [17] considérent aussi un modele impliquant le Laplacien fractionnaire pour
modéliser les mutations.

C.3 Présentation des résultats

L’étude porte sur le comportement asymptotique de (1.3) lorsque € — 0. Nous cherchons a
démontrer I'existence de trait(s) dominant(s) : nous nous attendons au fait que n. converge
au sens de la mesure vers une somme masses de de Dirac en 6

K
ie. n.(zx,0) p—v: ;Ni(a:)égi(@
pour certains 6; dans | — A, A[. Par exemple si K = 1, nous dirons que la population limite
est monomorphe de trait optimal @ : tous les individus de la population limite auront le trait
6. De plus, dans cet exemple, il est facile de vérifier que si n. tend vers N(z)d5(6) alors N est
un vecteur propre principal de 'opérateur —0,, + L — [R(+,0) — p] avec des conditions aux
bords de type Neumann. Notez que la valeur propre principale associée est nulle. De plus,
il est facile de remarquer a ’aide d’'un quotient de Rayleigh que dans cet exemple précis, la
valeur propre principale A(6,0) associée & —0,, + L — R(-,0) avec des conditions de Neumann

aux bords B B
, { — Ope0 + LYp — R(-,0) = A(0,0)y dans €,
ie.

1.
0, =0 sur 052, (16)

est strictement négative. Ainsi, une condition nécessaire et suffisante pour assurer l'exis-
tence d’'une solution & (1.3) pour ¢ assez petit est la condition suivante sur la valeur propre
principale A\(6,0) :
min A(6,0) < 0.
0e]—AA|

Soulignons que nous retrouvons un critéere d’existence semblable a celui déja exhibé pour
I’équation de Fisher-KPP fractionnaire : dans un régime de petites mutations au moins
quelque(s) trait(s) doive(nt) étre viable(s).

Sachant que nous voulons démontrer la convergence au sens de la mesure de n. vers une
somme de masses de Dirac, une transformation de Hopf-Cole u. = €log(n.) est une technique
adaptée. En effet, tandis que la limite de n., lorsque ¢ — 0, est une mesure, la limite de u,
serait une fonction continue, solution d’une équation de Hamilton-Jacobi. L’idée principale
dans cette méthode est d’étudier d’abord la limite de u, et ensuite en dériver des informations
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sur la limite de n..
Ainsi nous démontrons le théoréme suivant

Théoréme 1.6 (L.-Mirrahimi (Chapitre 5) ). Sous les hypothéses précédentes et le long d’une
sous-suite, les résultats suivants sont vrais

1. La famille p. converge uniformément vers une fonction p qui vérifie

de,C > 0, telles que Vx € Q, ¢ < p(x) < C.

2. La famille u. converge uniformément vers une fonction u. De plus u ne dépend que de
0 et est une solution de viscosité de l’équation de Hamilton-Jacobi suivante

{ — [Geu(0)|* = —A(0, p),

max u(f) =0, (1.7)
0e[—A,A]

avec A0, p) la valeur propre principale associée a 'opérateur —0,, + L — [R(-,0) — p]
avec des conditions aux bords de Neumann.

3. La famille n. converge au sens de la mesure vers une mesure non-triviale n. De plus,
le support de n est inclu dans Q x {0 €] — A, A[ | u(f) = 0}.

Pour montrer la convergence de u,., nous utilisons le fait que u. est solution de

1 RTAE
- azxus - | us|
£

- 8097«55 ‘897«55'2
+/[1—1“”%@]Ku—ywy=uaxw pe())  dans Qx| — A, A

pe(x) = /] AA[ ne(z,0)do dans | — A, A|,
Oy us(x,0) =0 sur 00x] — A, A, 0,,u-(z,£A) =0.

(1.8)
Premiérement, donnons un argument heuristique qui permet de retrouver (1.7). Faisons un
développement asymptotique de u. et p. :

us(x,0) = uo(x,0) + cur(x,0) + o(e) et p(x) = po(z) + 0-(1).

Si nous remplacons u. et p. par de tels développement asymptotique dans (1.8), il s’ensuit

1 aﬂ: ug(y,0)—ug(x,
- <—8mu0 . |Ox o _ anxuoaxulo + / [1— e‘o(u 9)—uo( e)+u1(y,9)—u1(x,9)+05(1)][((x —y)dy
g g Q

|89u0| Opatl] — ‘3:5“1‘2 —[R — po] + 0-(1) = 0.

Cette équation suggere que ug(z,0) = ug(f). De plus, en passant formellement & la limite
€ — 0, nous trouvons

~ B0 (O) = [R(z,0) — po(2)) + Bratis(,0) + Byt (2, O) = [ [1 = @O0 (0 — )y
(1.9)

Or comme la partie gauche de ’équation (1.9) ne dépend pas de x, cela laisse & penser que
= log(¢?) avec ¥ la fonction propre principale (prise positive) de 'opérateur —0,, — L —
[R(-,0)— p] et des conditions aux bords de Neumann. Si cette affirmation est vraie, il s’ensuit

1050 (0)* = ([R(x,0) = po()]’ (@) + Buutt’ () — L") (@) ) (7 ().
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Nous pouvons alors formellement conclure que la limite ug est solution de I’équation de
Hamilton-Jacobi (1.7).

La preuve détaillée du Théoréme 1.6 s’appuie principalement sur une inégalité de type Har-
nack et des estimations Lipschitz de u.. Cette inégalité et ces estimations sont introduites de
facon précise dans le Chapitre 5 de la these.

D. Présentation du projet de CEMRACS

Durant ’été de ma premiere année de these, j’ai participé au CEMRACS dont le theme était
« Modeéles numériques et mathématiques pour des applications médicales : descriptions déter-
ministes, probabilistes et statistiques ». Le but était de réaliser une premiere étude numérique
sur le contrdle d'une population de Aedes aegypti (moustique tigre) en prenant en compte une
dispersion spatiale. L’enjeu est d’ordre sanitaire : cette espece de moustique est le principal
vecteur de la Dengue. La motivation biologique est de relacher une population de moustiques
« transformée » par une bactérie tueuse de virus : la bactérie Wolbachia. En effet, les mous-
tiques infectés par Wolbachia ne transmettent plus la Dengue. De plus, la reproduction entre
des moustiques maéles (infectés ou non) avec des femelles infectées entrainent une descen-
dance infectée, tandis que la proportion d’oeufs issus de la reproduction entre males infectés
et femelles saines a une faible probabilité d’éclore (1 — sy avec sy €]0,1]). En partant de ce
constat, le but est de remplacer la population de moustiques résidente par une population de
moustique infectée par Wolbachia.

L’équation considérée est la suivante

Op — Ap = f(p) —ug(p) avec x €t €]0, T,

Oyp=0 avec x € 0€), (1.10)
p(z,0) =0,
ot  est un convexe borné de R? et
di1by — bady (1 — syp 1 bi(1 —p)(1—syp
fo) = p(1 —py e bl = smp) gy 1 B0 D)L snp)

bi(1 —p)(1 — sgp) + bap " wbi(1—p)(1— sup) + bop’

La variable p représente la proportion de moustiques infectés, u est le contrdle (i.e. la pro-
portion de moustiques infectés relachés dans 2), by et d; (respectivement by et ds) sont des
taux de morts et de naissances d’insectes sains (respectivement infectés) et % est la capacité
de charge du territoire. L’objectif est de minimiser la fonctionnelle

J(w) = [ (1=p(, 7)) dr,

(i.e. p(z, T) = 1 signifie que la population de moustique au temps 7" est composée seulement
de moustiques infectés) avec u tel que

T
ue L>*(Q2x[0,7]), 0<u<M, ae. et/ /ﬂu(m,t)dxdt<0,
0

pour des données positives M et C'. La dérivation du probléeme est détaillée dans le chapitre
6 (et dans les références données a 'intérieur). Citons tout de méme l'article [3] par Almeida,
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Privat, Strugarek et Vauchelet. Dans cet article, les auteurs considerent une équation dif-
férentielle ordinaire semblable & (1.10) (abscence de structure spatiale et avec un terme de
réaction identique a (1.10)). Les auteurs démontrent que la méthode optimale de relaché
est « bang-bang » (saturation des contraintes). Nous citons également [105] par Strugarek,
Vauchelet et Zubelli qui traitent d’un probleme organisé en temps et en espace. Cependant,
ce travail s’intéresse a une stratégie de remplacement en temps long contrairement a ce qui
a été considéré au CEMRACS.

Pendant le CEMRACS, nous avons supposé que les temps de libération de u étaient dis-
crets et donnés. Nous avons prouvé l'existence théorique d’'un minimiseur a notre probleme.
Nous n’avons cependant pas réussi a le retrouver numériquement. De ce fait, nous avons
réduit la complexité du probléeme en supposant que les lachés de moustiques sont modélisés
par un nombre fini de distributions Gaussiennes. Les jeux de données considérées semblent
tendre vers un remplacement de la population non-infectée par une population infectée par
Wolbachia.

E. Plan du manuscrit

Le chapitre 2 est consacré a la preuve du Théoreme 1.1 : ’étude de I'invasion d’un territoire
périodique pour une dynamique dictée par une équation de type Fisher-KPP fractionnaire.

Le chapitre 3 est dédié a la démonstration du Théoreme 1.2 : I'étude de l'invasion d’un
territoire périodique et fragmenté lorsque la dynamique est dictée par une équation de Fisher-
KPP fractionnaire.

Le chapitre 4 se concentre sur les résultats d’existence et d’unicité de solutions stationnaires
aux équations de Fisher-KPP fractionnaires dans des domaines fragmentés (Théoremes 1.3
et 1.5).

Le chapitre 5 se concentre sur ’étude de problémes d’évolutions dans des domaines fragmentés
(Théoreme 1.6).

Enfin le chapitre 6 présente les résultats sur le remplacement de moustiques Aedes aegypti
sains par des moustiques infectés par la bactérie Wolbachia.

La présentation des chapitres de cette these adopte la présentation d’articles scientifiques.
En effet, chaque chapitre fait 'objet d’une publication (chapitres 2, 3 et 6) ou d’un dépot
de soumission (chapitre 4). L’étude faite dans le chapitre 5 n’est pas encore aboutie (nous
détaillons dans les perspectives de la these les points que nous aimerions aborder avant de
soumettre nos résultats a une revue scientifique). Enfin, nous cloturons ce manuscrit par la
présentation des conclusions et des perspectives. Les perspectives se composent de nouvelles
questions ouvertes apparues dans le cadre de ce travail ou de prolongements naturels que
j’aimerais aborder.
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Chapter 2

A singular limit in a fractional
reaction-diffusion equation with
periodic coefficients

Ce chapitre a fait l'objet d’une publication scientifique dans Communication in Mathematical
Sciences (Volume 17).

2.1 Introduction

2.1.1 The equation.

We are interested in the following equation :

{&n(m, t) + L*(n)(z,t) = p(z)n(z,t) — n(z, t)? (z,t) € R? x [0, 4+00) 2.1)

n(z,0) = no(x) € C°(RY,RT).

In the above setting, u is a 1-periodic function, o € (0,1) is given and the term L denotes
a fractional elliptic operator which is defined as follows :

h . dh

Lo(n)(z,1) := —PV I;Kd(n(x ht) = e )8, T

(2.2)

where 3 : RY x S471 — R is a 1-periodic smooth function such that for all (z,0) € R? x S¢!
B(x,0) = B(x,—0) and 0<b< S(z,0) < B,

with b and B positive constants. When [ is constant, we recover the classical fractional
Laplacian (—A)®.

The main aim of this paper is to describe the propagation front associated with (2.1). We
show that the stable state invades the unstable state with an exponential speed.

2.1.2 The motivation

Equation (2.1) models the growth and the invasion of a species subject to non-local disper-
sion in a heterogeneous environment. Such models describe the situations where individuals
can jump (move rapidly) from one point to the other, for instance because of the wind for
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seeds or human transportation for animals. The function n stands for the density of the popu-
lation in position x at time t. The diffusion term represented by the operator L describes the
motions of individuals. The "logistic term" p(z)n(x,t) — n(x,t)? represents the growth rate
of the population. The heterogeneity of the environment is modeled by the periodic function
. The regions where p is positive represent areas where the species are favored whereas p
negative prevents the growth of the species. Conversely, the term —n? characterizes the death
term because of some "logistic" considerations, as for example the quantity of food.

The operator L generalizes the fractional Laplacian (—A)® which models "homogeneous"
jumps : the individuals jump in every direction with the same frequency. Whereas the operator
L* models "heterogeneous" jumps : the individuals prefer to jump in the direction where 3
is high. Also, the frequency of jumps will depend on the position = of the individuals. Note
that for the one dimensional case, for a regular bounded function n, (1—«)L*(n)(z) tends to
—@n” (x) as a tends to 1~ which corresponds to a heterogeneous local diffusion. Moreover,
the function 8 will affect the principal eigenvalue A\; of L* — p(z)Id (and consequently the
negativity of \; which is a criterion for the existence of a positive bounded stationary state).
However, the hypothesis 0 < b < § < B implies that the techniques used for the fractional
Laplacian are robust and can be extended to the case of the operator L.

Equation (2.1) was first introduced by Fisher in [58] (1937) and Kolmogorov, Petrovskii
and Piscunov in [73] (1938) in the particular case of a homogeneous environment (p = 1)
and a standard diffusion (L* = —A) which corresponds to the case « =1 and § = 1. In [5],
Aronson and Weinberger proved a first similar result to our result for the case introduced
by Fisher and Kolmogorov, Petrovskii and Piscunov. In this case, the propagation is with a
constant speed independent of the direction. In [63], Freidlin and Gértner studied the question
with a standard Laplacian in a heterogeneous environment (u periodic). Using a probabilistic
approach, they showed that the speed of the propagation is dependent on the chosen direction
e € S1. But, the speed c(e) in the direction e is constant. Other proofs of this result, using
PDE tools, can be found in [15] and [98]. In the case of the fractional Laplacian and a
constant environment, Cabré and Roquejoffre in [36] proved the front position is exponential
in time (see also for instance [47] for some heuristic and numerical works predicting such
behavior and [85] for an alternative proof). Then in [35], Cabré, Coulon and Roquejoffre
investigate the speed of propagation in a periodic environment modeled by equation (2.1)
but considering the fractional Laplacian instead of the operator L®. One should underline
the fact that in the fractional case, the speed of propagation does not depend anymore on the
direction. They proved that the speed of propagation is exponential in time with a precise
exponent depending on a periodic principal eigenvalue.

The objective of this work is to provide an alternative proof of this property using an
asymptotic approach known as "approximation of geometric optics'. We will be interested in
the long-time behavior of the solution n. We demonstrate that in the set

[Xq]t
{(x,t) | |2] < e}

as t tends to infinity, n converges to a stationary state n, and outside of this domain n tends
to zero. The main idea in this approach is to perform a long time-long range rescaling to
catch the effective behavior of the solution (see for instance [60], [54] and [6] for the classical
Laplacian case). This paper is closely related to [85] where the authors Méléard and Mirrahimi
have introduced such an "approximation" for a model with the fractional Laplacian and a
simpler reaction term (n —n?). A very recent work, [27], uses also the techniques introduced
in [85] (known as the introduction of an adapting rescaling and the investigation of adapted
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sub and super solution) to investigate an integro-differential homogeneous Fisher-KPP-type
equation : the operator L® is replaced by .J x n — n where the kernel J is fat tailed but does
not have singularity at the origin.

This paper was initially written with a fractional Laplacian. At its completion, we became
aware of a preprint by Souganidis and Tarfulea [103] which proves a result quite close to ours in
the case of spatially periodic stable operators. Our proof is quite different since their approach
is based more on the theory of viscosity solutions. We have verified that our approach works
for the model treated in [103] with no additional idea. We present our result with the operator
L* given by (2.2), where the proof for the fractional Laplacian applies almost word by word.
In the course of the paper, we explain the points of our proof that allow to reach the generality

of [103].

2.1.3 The assumptions.

For the initial data we will assume
ng € C°(R%,R"), ng # 0. (H1)
The function p is a 1-periodic function, i.e.
Vi e {1,...d}, plzy,...xp+ 1, .. 2q) = p(1, ..y 2q). (H2)

Under the assumptions on f3, the operator L® — u(x)Id admits a principal eigenpair (¢, A1)
by the Krein-Rutman Theorem (see [20]) that is

{La¢1($) — ()¢ () = M¢n(z), © € RY,

2.3
¢1 periodic, ¢1 >0, [[¢1]| = 1. (23)

To assure the existence of a bounded, positive and periodic steady solution n for (2.1), we
will assume that the principal eigenvalue \; is negative :

A < 0. (H3)

Note that such stationary solution is unique in the class of positive and periodic stationary
solutions (see [10]).
In section 4, we will study a more general equation :

{atn(x, )+ L*(n)(z,t) = F(z,n(z,t), (z,t) € R x [0, +00) 2.4)

n(z,0) = ng(z) € C°(R%,RY).
We make the following assumptions for F' :

(1) Vs € R, x — F(x,s) is periodic,

(i) F(x,0) =0,

(#41) Jc,C > 0 such that V(z,s) € R* x R, —¢ < 0,(
(iv) AM > 0,V(z, s) € R x [M, +o00], F(z,s) < 0.

F(x, s)) <.C (H4)

9

S

We will denote 0s(F')(z,0) by u(x) and we still denote by (A1, ¢1) the principal eigenvalue
and eigenfunction of L® — p(x)Id. We also still suppose (H3) (i.e. A; is strictly negative).
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2.1.4 The main result and the method.

We introduce the following rescaling

(2,4) —> <|x|i v t) | (2.5)

2] e

We perform this rescaling because one expects that for ¢ large enough, n is close to the

At
stationary state n, in the following set {(x, t) e RIx RT | |z| < ed+12a} and n is close to 0

[Aq ]t

in the set {(m, t) € R x RT | |z| > edrea } The change of variable (2.5) will therefore respect

the geometries of these sets. We then rescale the solution of (2.1) as follows

)

1
n.(z,t) = n(|x|sm, .

and a new steady state
x

).

1
n—i—,é(x) - n+(|x|5 |JZ|

We prove :

Theorem 2.1. Assuming (H1), (H2) and (H3), let n be the solution of (2.1). Then
(i) n. — 0, locally uniformly in A = {(x,t) € R4 x (0,00)| |\t < (d+2a)log |m|},

(i7) ne 1, locally uniformly in B = {(x,t) € R? x (0,00)| |Mi] t > (d+ 2a)log |x|}

n_,_,g

To provide the main idea to prove Theorem 2.1, we first explain the main element of the
proof in the case of constant environment which was introduced in [85].
A central argument to prove such a result in the case of a constant environment, is that, using
the rescaling (2.5), as ¢ — 0, the term ((—=A)*(n)n~") (|| 'z, t) vanishes. More precisely,
one can provide a sub and a super-solution to the rescaled equation which are indeed a sub
and a super-solution to a perturbation of an ordinary differential equation derived from (2.1)
by omitting the term (—A)®. They also have the property that when one applies the operator
[ = (=A)*(f)f " to such functions, the outcome is very small and of order O(¢?) as ¢ tends
to 0.
In the case of periodic i, we use the same idea. However, in this case, the sub and super-
solutions are multiplied by the principal eigenfunction and, the term (L*(n)n=!) (|z|z 'z, L
will not just tend to 0 as in [85] but also compensate the periodic media. To prove the
convergence of n., dealing with this periodic term, we use the method of perturbed test
functions from the theory of viscosity solutions and homogenization (introduced by Evans in
[51] and [52]). Note that we also generalize the arguments of [85] to deal with a more general
integral term L® while in [85], only the case of the fractional Laplacian was considered. In
the last part, we will also generalize Theorem 2.1 to the case of Fisher-KPP reaction term :

Theorem 2.2. Assuming (H1), (H2), (H3) and (H4), let n be the solution of (2.4). Then
(i) ne — 0, locally uniformly in A = {(w,t) € R4 x (0,00)| |\t < (d+2a)log |m|},

(ii) ne 1, locally uniformly in B = {(:E,t) € RY x (0,00)| |Mi] t > (d+2a)log |a:\}

n+75

The proof of this Theorem follows from an adaptation of the proof of Theorem 2.1.

In section 2, we introduce preliminary results and technical tools. In section 3, after the
rescaling, we provide a sub and a super-solution and demonstrate Theorem 2.1. In section 4,
we provide the points of the proof of Theorem 2.2 that differ from the proof of Theorem 2.1.

32



2.2. Preliminary results

2.2 Preliminary results

We first state a classical result on the fractional heat kernel.

Proposition 2.1. [43] There exists a positive constant C' larger than 1 such that the heat
kernel po(x,y,t) associated with the operator 0y + L* wverifies the following inequalities for
t>0:

t

, gl ol l
C™ x min(t 2a,m) < pa(z,y,t) < C X min(t 2a,

W). (2.6)
The proof of this proposition is given in [43].

Now we use this proposition to demonstrate that beginning with a positive compactly sup-

ported initial data leads to a solution with algebraic tails.

Proposition 2.2. Assuming (H1), then there exist two constants ¢,, and cp; depending on
ng, d, o and p such that :

Cm Cm
el = "0 = g
Proof. First, we define M := max(max ng, max |u|), we easily note that the constant func-
tions 0 and M are respectively sub and super-solution to our problem. Then, thanks to
the comparison principle (which is given in [36]), we have the following inequalities, for all
(z,t) € R? x [0, +00] :
0 <n(z,t) <M.

Let n and 7 be the solutions of the two following systems :

on+ Ln = —2Mn,
= B - (2.7)
n(x,0) = no(z),
and
om + LN = max |u| m,
o |1l (2.8)
n(z,0) = no(z).
Thanks to Proposition 2.1, we can solve (2.7) and find
ne,t) = e [ pala,y. Onoly)dy.
Thus for any ¢t > 0, we obtain
72Mt/ 1 o t
e C™ X no(y) min(t™ 20, ———— )dy < n(x,t
supp(no) 0( ) ( |JI _ y|d+2a) ( )
1
—2M -1 .
=e C™" X ng(y) min(l, ——————)dy < n(z, 1
supp(no) 0( ) ( |.I‘ — y|d+2°‘) ( )
Thanks to the dominated convergence theorem, we have :
1
1+ |z|dt2e e’ZM/ C 'ng(y) min(l, —————)dy — e M C 'ng(y)dy.
(Lt fafteoe [ O (g min, oy s e[ nyy
Therefore, we conclude by a compactness argument that for any z € R? :
6_2MC_1
— < 1 2.9
(11 [a|t+2) < n(z, 1), (2.9)
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where the last C is a new constant depending only on ng. Moreover thanks to the comparison
principle, we have that for any ¢ > 0

672Mofl

In the same way, we can solve (2.8) and the solution is

ﬁ(gj’,t) _ emaX|N|t /Rd no(y) X pa(t,l’,y)dy

Using similar arguments, we get that for all = € R,

n(x,t) <n(x,t) =

B Cemaxm\t
By combining (2.10) and (2.11) together, we finally obtain
Cm Cm
— < < —— 2.12
11 [z]dr2e = n(z, 1) < 1+ [z[d+2e (2.12)
O

We next provide a technical lemma which will be useful all along the article. The main
ideas of the proof of the lemma come from [85] by S. Méléard and S. Mirrahimi for Point
(¢) and [45] by A.C. Coulon Chalmin for Point (ii). To this end, we first introduce the
computation of L% of a product of functions :

L*(fg)(x,t) = f(z,t)Lg(x,t) + g(z, t)L* f(x,t) — K(f, 9)(x,1),
with,

[ UEn e hi}tl)lggix,w gl h) |2| "

K(f,g)(z,t) :=C" PV

Lemma 2.1. Let v be a positive constant such that

[0, 2 ifoa <3
T€EY 2a-1,1] fl<a<1
) 2 = )
X : R = R? be a C periodic, strictly positive function and g(z) = W Then there
exists a positive constant C, which does not depend on x, such that, for all z € R? :
(i) for all a > 0,
[Lg(az)| < a**Cg(az),
(i) for all a €]0,1],
K ) <
K (g(a.), x)(z)| < T+ (alao
The proof is given in the Appendix. Note that we will not use the assumption b < 3 in

the proof of Lemma 2.1 (but only # < B). The assumption b < 3 is necessary for Proposition
2.1 and also to ensure the existence and the positiveness of ¢;.

= Ca®* g(ax).

Remark. If we want to reach the same level of generality as in [103], we just have to adapt
the previous Lemma to an operator L* with a kernel B of the form [(x,y) where 3 is a
1-periodic with respect to x, smooth function from R x R such that for all (x,y) € R x R?

B(x,y) = p(x,—y) and 0<b< B(x,y) < B,

with b and B positive constants. The interested reader can verify that the proof of Lemma 2.1
is robust enough and can easily be adapted to such kernels.
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2.3 The proof of Theorem 2.1

In this section we will provide the proof of Theorem 2.1. Let us rewrite (2.1) with respect
to the rescaling given by (2.5)

1t 1t 1t

D) = =l D)l T Dl ) =m0 (233)

Notation. For any function v : R? x R* — R and w : R? — R we denote by v. and w. the
rescaled functions given by :

ve(z,t) = (|x|7

e (| —

t

2l e ) and wa(x):w(|a:|%_1x).

One can write the first term in the right-hand side of (2.13) in terms of n. in the following
way.

1 1
! 1 t _ n(]x|5_1x+h,§) —n(‘gjyg_lx?é) 11 h
L (n)(|$|8 €, g) =—PV R |h|2a+d X (|$|E €, m)dh
€ 1 —l—h) 65( h)
:—PV/ x”lx+h (== | —ne(x, " In|
( (' e eyt T ) e

We can hence define :
L2 (n.)(x,t) == L*(n)(|z]= —

which allows us to write (2.13) as below :
eomne(x,t) = —Lin(x,t) + n.(z, t)[pe(x) — n(z,t)]. (2.14)

In the same way we define
— — Lt
K.(ne,xo)(z,t) := K(n,x)(|z|- ', g)

Moreover, according to the inequalities (2.12), we can consider n(z,1) as our initial data
instead of n(x,0). So we can replace the assumption (H1) by :

C CyMm Cm Cm
_m < < < < ————. HYT
L+ |z]d+2e = no(@) < 1+ |x|d+2a 1+ |z|5% ~ To¢(7) 1+ |z <5 (HL)

In the next subsection we are going to provide sub and super-solutions to (2.14) which
will allow us to demonstrate Theorem 2.1 in a second subsection.

2.3.1 Sub and super-solution to (2.14).

|A1]

mox 61 and

Theorem 2.3. We assume (H2) and (H3) and we choose positive constants C,, <
Cv > =211 and § such that

min ¢1

0<6< min(\/CM min ¢; — |\, \/|)\1| — C), max ¢q).

Then there ezists a positive constant g < 0 such that for all € €]0, o] we have :
(i) fX(t,x) = ¢1-(x) x Cu_ o s a super-solution of (2.14),

I4e t(Ail+ed) -2 || <%
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é

(it) fI(x,t) = ¢1(x) X " W(Mim;)g“md”a is a sub-solution of (2.14).
(iii) Moreover, if we assume (H1") and Cy, < and Cyy > — where ¢, and ¢y
|¢1| min |¢1 |
are given by (H1) then for all (z,t) € R? x [0 —i—oo[
Cmeg—at CMeat
¢1,5($) X [\ [t+o6 dt2a < n€<$:t) < ¢1,8(x) X A [t+6 d+20 ° (2'15)
l+e = x| = 1+e = x| =

Proof. Since the proofs of (i) and (i7) follow from similar arguments, we will only provide
the proof of (¢) and (7).
Proof of (i). We define :

Cu

t) == 2.1
¢(I7 ) 1 + eft(‘)‘ll“i’s ( 6)
Then, noticing that ¢; is independent of ¢, we first bound ;1. from below,
\A1\+a )_ 8 d+2c
O e
8t¢a(l‘,t) = 7t(‘)‘1|+5 ) s dt2a |y
(14 B g
_yUnl+ed) s, dt2a
. wg(m,t>[(’)\ ’+€2) e t € s‘l” € ] (217)
T ¢ ! _al+ed) 5 di2a
1+e € clx| e
Ye(z,t)

> =Ml + & = de(@,1)61()].

The last inequality is obtained from the definition of C'; and . Actually, for such C); and
g, we have, for any positive non-null constant A, the following relation :

A +€%) ,  Cyming
—_ > S
1+ A > A1 +¢& A
because,
|)\ ’+€2_ CMIIliIl¢1 _ (1+A)(|)\1|—|—62) —C’Mmin¢1
1 1+A 1+ A
_ A(M| + %) — (Cyymin ¢y — || — €2)
1+ A

_AQh[+)
- 1+A

We also compute L&(fM)(x,t) as a fractional Laplacian of a product of functions,
L?(faM)(l", t) = ¢1,E(l’)L?¢5($, t) + wg(l', t)L?¢l,5(x) - ’Ki&(waa ¢175)<.’E, t) (218)

with K given in section 2. Replacing this in equation (2.14) and using the two previous results
(2.17) and (2.18), we find :

€0 f2" (w,) + L2 2 (w,t) — f27 (2, ) e () — 2 (2, )]

> [ (@ ) (IMa] + € = f2(x,1)) + bre(2) Lok (w, t) + (2, ) LEG1 ()
— Ko(te, 1) (w, 1) — ()ﬁq%ﬂ+fM@ﬂ

=M () + dre(2) LY (2,1) = Ke(the, d1.2) (),
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where we have used (2.3) and (H3) for the last equality.
In order to control L. (x,t) and K (¢e, ¢1.)(x,t), we are going to use Lemma 2.1. For,

—t(|Ap|+e2)—6

L. (x,t), noticing that ¢.(z,t) = Chrgle” <029 |z 'z), and thanks to the point (i) of
Lemma 2.1, we obtain :

2
A |+e?)+6
—2a7t(‘ 1‘55 )

—Ce Ve(t,x) < L&Y (t, x).

But, comparing the growths, there exists £; > 0 such that for ¢ < e; and for all t > 0 :

o tlArlFeD s g2
Cu x Ce % ez — — < ()
M 3 = Y,

hence :

2
—ggbg(x, t) < Li(x,t).

Now we deal with K. (¢, ¢1.)(x,t) in a similar fashion. Thanks to Lemma 2.1 (i), we find :

—~ —~ 1T t
K (Ye, p1)(2,t) = K(w,¢1)(!x|em, g)
_ a—[t(X [+e2)+] 1 x t
<Ce ¢ (|l )
2| e
_ 067(2“”)“(‘2““2”6] ws(a:,t).

Then, noticing that for any choice of o, 20 — 7y is strictly positive, we deduce that there exists
€9 > 0 such that for all € < &5 :

2 .
t(Al+e2D+s £ min
CeRa—n=—— _ EE— il <0.

We deduce that

)

c 2

— . £
K€(¢€7 gbl,e)(l’) t) S 3%(907 t) min le S §¢5(I, t)gbl,&('r)‘
We set :
Eo = min(sl,ég).
Then, we conclude that for € < ¢, we have :

OS2 (@) + LS (1) = £ (o, 0)ae(2) = £ (o, )
> €2fg‘/[(l', t) + ¢1,a($)L?¢a(xv t) - §a(¢)> ¢1)(ZL‘, t)

2 2
> M 1) = G ore()e(wt) = S ora(e)e(a, 1)
S
> 0.

Therefore fM is a super-solution of (2.14) and this concludes the proof of the point (7).
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Proof of (iii). From (H1’), since max |¢1|C, < ¢ and cpr < Cpy min |¢y|, we have :

5
m Ore(z) X Ce” s ¢1.(x) X Cpy Cm
fg (x,O) = - ~ 5, |dt2a ga dt2a < d+2a < ns(x,()) < ng(xﬂf)
l+e c|x| e e + |z "= 1+ |z

Then, according to the comparison principle, we obtain :

oo Cr
Pre(@) x 1 4 e tnl=e?) =2 22 S (@ 1) < Pre() x 14 e Ee)=F T2
and hence
-5
CmeT—Et CMest

Pre(w) X NS da = ne(z,t) < ¢re(x) x 00, dt2a (2.15)

l4+e = x| ¢ l4+e = x| ¢
O]

2.3.2 Convergence to the stationary state.

Thanks to the inequalities (2.15), we can now prove Theorem 2.1. To prove this theorem,
we are going to follow the ideas of Méléard and Mirrahimi in [85].

Proof. (Proof of Theorem 2.1.) First, we perform a Hopf-Cole transformation
us(x,t) :=elogne(x,t) and uy () :=clogny(x). (2.19)

Taking the logarithm in (2.15) and multiplying by ¢, we find :

[Aq[t+d d+2a

— %t +elogCrre —clog(l+e = |o| = ) =6 <u(w,t)

Aalt4é - d42a

and u.(z,t) < e’t+elogCyr. —clog(l+e™ = |x| = ).
Define

w(z,t) = iminf u.(x,t), @(x,t) =limsup u.(z,t), for all (z,t) € R x (0, +00).

e—0 e—0

Letting ¢ — 0, we obtain

min(0, |\ t 4+ 6 — (d + 2a) log |z|) — 6 (x,t)

<u
<7@(x,t) <min(0, |M\| t + 0 — (d + 2a) log |z]).
We then let 6 — 0 and we obtain

u(z,t) == u(z,t) =u(zr,t) = min(0, || t — (d + 2a) log |z]).

We deduce that u. converges locally uniformly in R? x [0, +o0o[ to u since the above limits
are locally uniform in €.

Proof of (i). For any compact set K in 4, there exists a positive constant a such that
for all (zg,ty) € K, we have u(xg, tg) < —a. It is thus immediate from (2.19) that n. converges
uniformly to 0 in K C A. This concludes the proof of (7).
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Proof of (ii). We divide (2.14) by n. and we obtain
O, + Lg‘ngn;1 = e — N,
that we rewrite as below,
ne =n4+ (=0u. — Len.n " + pe —ny ). (2.20)
ne(ro, to)

N4 (o)
Let K be a compact set of B and (z¢,ty) € K. We choose v a positive constant small

enough such that for all (y, s) € K,

Step 1 : > 1+ o0(1) in every compact set of B.

(d+2a)logly| < |Ai]s —2v and 2w < |A]s. (2.21)
First, we define
(2, t) := min(0, —(d + 2a) log |z| + |\i]to — v) — (t — to)*.

It is easy to verify that u — ¢ achieves a local strict in ¢ and a global in & minimum at (o, to).
Then, we define

\1\701’ ’ d+2a

p_(z,t) == —clog(l +e ) — (t —to)*

Thus, (ga )e converges locally uniformly to . Moreover, since ny is periodic and strictly
positive, we have that u, . converges to 0, hence u. — (gg + Ut ) U locally uniformly.
E— -

x|

Thus, there exists (z.,t.) € R? x [0, +oo[ such that (z.,t.) is a minimum point (local in ¢
and global in x) of (u. —¢_—wuy ) and (ue — ¢ — uy )(7e,t.) — 0. Since (zo, o) is a strict
in ¢ local minimum of u — ¢, one can choose t. such that ¢, — to. We deduce that

Opuc (e, te) = Opp (e, t) = =2(te — to) = o(1). (2.22)

Ay ltg—v
One should ensure that (z.)._¢ have all their accumulation points in B(0, e e ) as e
Aq ltg—v
tends to 0. This is the case because, at time t = to, in B(0, e T ), Ue — . — Ut tends to
X1 |tg—v
0, whereas in B(0,e ¢t )¢, u, — @, — uy e tends to a strictly positive function.
[A1lto—

We deduce that there exists €; > 0 such that for all € < €; we have z. € B(0,e @7z )
Then we continue by proving (—L&(n.)nzt + pe — ny ) (xe, te) > o(1),

ua( El(z€|§1zs+h>"5> e Be(, )
) ) e\ Th|
_L?(na>n€ (xs’ta) _ /Rd(e 3 1>W

1
|zel € “meth

From the definition of (., t.), we have for all y € R :

(ue — Y.~ u+75)(x€, te) < (ue — p.— u+’€)(y, te),

and thus
(fe +use)(y,te) — (fg + up ) (@e, te) < us(y, te) — ue(ze, te).
Therefore, from (2.19) we have

£ 20 _ N ~
—L2(eFnye)(e = nye) (@, te) < —L2(no)n (e, te).
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Finally, using that n, . is a solution of the stationary equation, we obtain

v
0

~
RNe)
G

€ n—&-,e)il + pe — n—l—,s)(xsa te)

(_L?<ne>n;1 + pe — n—i—,s)(xsy ts) (
= (—L2(e=)(e 7)) = L2(ny o) (nye) ™

2,

=y £e —
+ Kﬁ(eTv nJr,E)(e € n+,€) 1(1'5, ts)'

In order to control the last two terms of the above inequality, we are going to use Lemma

. . Ze 1
2.1. Note that, we have the following link between e= and g(z) = T
t—tg)? 5
Pe e e —(t—tg) _Paltg—v 14
1) = g = e (e B o)
l+e = x| =

And so, we can deduce from Lemma 2.1 that :

_ 2a(|Mtg—v)

o(1) = —Ce™ @z < —L?(e%)(e*%)(ﬂvs,te),

and,
_ 2a=9)(Altg—v) 2 2

o(1)=—-Ce e ng(ze,t.) < Ko(e=,nyo)(e® ny ) Hao, te).
We deduce that :
o(1) < (—=L%(n)n-t + pe — ny o) (ze, to). (2.23)

Finally, combining the above inequality with (2.20) and (2.22), we obtain that

ne(xa te)

! * 0(1) S nJr,s(xs) .

Now, we want to bring back this inequality at the point (xg, ). There are two cases :

Case 1: |z | > |zg|
Because of the definition of P, we have :

o (e, te) < p_(20,t0)-

Since (., t.) is a minimum point of u. — (¢_ + ue 1), we deduce that
<

Ue («Tsv ts) - U+,E<xs) Ue (1707 tO) - u—&—,s(x(])‘

Thanks to (2.19), it follows that

n5<$5,t5) na(an tO)

I1+o0(1) < N R R e

Case 2 : |z.| < |z
In this case, since (zg,%y) € K and thanks to (2.21), we have that

—[Mto + v+ (d+ 2a) log(|z:]) < —|Ai]to + v + (d+ 2a) log(|zo]) < —v < 0,
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—[A1 [tg+v+(d+2a) log(lze])
€

and thus e = 0(1). We deduce that
_ g (meite) (te=t0)? — A1 lto+v+(d+2a) log(lze )
e < —e =« ( < ) > 1.
. . . . . fs(xo,to)
Moreover, following similar computations, we obtain that e~ = = 1 + o(1). Hence, from

the definition of (x.,t.), we get

ua(xa ta) - u-i—,a(xa) + fe(-r(), tO) - £€<x57 ta) S Us(xm tO) - u—&—,e(IO)‘
Thanks to (2.19), we obtain that

e, (z0:t0)
ne(z:,t:) e = ne (o, to)

n-i—,a(xa) 6@ N n-i—,a(xO) '

14+0(1) <

So we have proved, in all cases

e(Zo,
1+0(1) < w_
N4 (o)
ne(zo, o) .
Step 2 : ———= <1+ 0(1) in every compact set of B.
”+,e($0)

This step is very similar to the first one.
We pick (z,t9) € B and let v be a positive constant. As before, we define

?(x,t) := min(0, M |to +v — (d + 2a) log |2]) + (t — to)*.

It is easy to verify that u — p achieves a local and strict in ¢ and a global in # maximum
at (xg,to). Then, defining

_altetr d42a

p.(x,t) == —clog(l+e = x| s )+(t—t0)2,

we have that (@, ). converges locally uniformly to . Moreover, we know that u, . tends to 0
and so u. — (P, + uy ) — 0 uniformly in B. Thus, there exists (z.,t.) € R% x [0, +-00| such
e—

that (z.,?.) is a maximum point, global in = and local in ¢, of (u. — @, — cuy ) and
(ue =P, — up ) (@e,t) — 0, (2.24)

Since (z, tp) is a strict in ¢ local maximum of u — @, one can choose t. such that t. — to. We
deduce that
Oruc(xo,te) = 04, (we, te) = 2(t. — to) = o(1). (2.25)

_ A lto+4
One should ensure that (z.)._, have all their accumulation points in B(0,e @ ). This
_ [Aqt
is the case because for € small enough, in B(0, e o ), ue — P, — us . tends to 0 whereas in
_ Mltotg
B(0, e aF2a : ), ue — P, — uy . is lower than a strictly negative function.

We deduce that there exists €5 > 0 such that for all ¢ < g5 we have

Mlto+5

r. € B(0,e drza ). (2.26)

Then we continue by showing (—L%(n)n-'+u.—n, o) < o(1). With similar computations
as in step 1, we obtain :

6|

(—LEMInZ" + 1 — ny ) (e, 1) < — LE(e ) (e F) (e, 2)
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=~ , % Pe _
+ Ks(e 3 ) n—i—,s)(e g n+,s) l(xe; te)-
Since
_ e(t7t0)2 (mto)? Al
Pe € —tQ _ 1711t 1
€ EE ($7 t) = X1 ltg+v d+2a =€ € g(e =(d+2e) |x’5 1‘1.)7
l+e = |z| =

we can deduce thanks to Lemma 2.1 that :

2, 2a(|M [tg+v)

(—L2(eF) (e %) (ao 1) < O™ e = o(1),

and,
— z 7] (2a—7y)([A1ltg+v)
K% ny)(eFny ) aat) Ce o ny (a,t.)7" = of1).

Finally, combining the two previous inequalities and (2.25) in (2.20) we have obtained

Uz («Ig, ts)

e (22) <14 o0(1).

Then, there are two cases to bring it back to the point (xg, %) :
Case 1 : |z.| < |zg| By definition of 3., we have :

@ (20, t0) < Pe(e, Le).
Since (z.,t.) is a maximum point of u. — (@, + u. 4+ ), we deduce that
U (20, to) — Uy e(20) < ue(e, te) — ug o(22).
Thanks to (2.19), it follows that,

na(xo,to) na(l'ayta)
nie(zo) = noe(ze)

<1+o(1).

Case 2 : |z.| > |xo| Thanks to (2.26), there exists €5 such that for all positive € < &9
there holds

Mlto+5 v

lz.| < e arm = —|\|tg — v+ (d + 2a) log |z.| < —5

And thus,
Be(zete) —(te—tg)? — I [tg—v+(d+20) log(|ze|) —v
e_‘P e = e 50 ( = € - )Sl‘f‘@zgl"—o(l)
o e Pe(zg,tg)
Moreover, we know by definition that e~ = =1 + o(1).

Furthermore, by definition of (z.,t.), we have

UE(IO; tO) - u—i—,e(IO) < UE(J?s, tz—:) - u—i—,e(l's) + ¢5<x07 tO) - @g(xév t€>,

Combining the above inequalities and thanks to (2.19) we obtain that

Pe(z0,tg)
na(fo,to) ne<m57ta) 6” 50 ’ <1 1
- Pe(zete) — + O( )
Ny (o) Ny () e =
So we have proved, in all cases
t
ne(950> 0) S 1 + 0(1)
n+,€($0)
Passing up to the limit, we finally obtain the result of (7). ]
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2.4 Generalization to KPP-type reaction terms

We can generalize our result to a model with a reaction term F'(z,s) which verifies the
Fisher KPP assumptions given by (H4).

Example 2.1. Obviously we can take as before
F(z,s) = p(x)s — %

Example 2.2. We can generalize it to the classical example :

F(z,s) = p(z)s — w(x)s®.

Where i is a continuous periodic function, and w is a continuous periodic strictly positive
function.

Of course, we keep the main idea of the previous proof : the rescaling (2.5). So the equation
(2.4) becomes :
eome(x,t) = —Lin.(x,t) + Fo(x,n(z,1)). (2.27)

As before, according to the comparison principle, the point (4) and (7i) of (H4) imply
pw(x)n —en® < F(x,n) < p(z)n — Cn. (2.28)

If we associate this result with (2.6), one can still obtain that the solution will have algebraic
tails at time ¢ = 1 and hence one can replace the assumption (H1) by (H1’) :

C Cm

e < 0e(1) € (H17)
1+ |z L+ |z

Therefore, we still have the same sub and super-solutions :

Theorem 2.4. We assume (H2), (H3) and (H4) and if we choose Cy, < —21L_ and Cyy >

cmax ¢y
ESY

Gming, Where ¢ and C' are given by the assumptions (iii) of (H4) and a positive constant §
such that

0<d< min(\/éCM min ¢, — |\, \/|)\1| — cC, max ¢y );

then there exists a positive constant g < 0 such that for all € €]0, e[ we have :

(i) fM(x,t) = ¢ () x o J(Ml‘i"zﬂl‘ T is a super-solution of (2.27),
s
(i0) fI*(x,t) = p1e(x) X Ome = s 45 a sub-solution of (2.27).

1+e*§(\)\1\*52)*g|$‘ 5
(iii) Moreover, if we assume (H1’) and C,, < " and Cy > CiM with ¢, and ¢y
max [, min |¢,|
given by (H1") then for all (z,t) € RY x [0, +00],
Cvme%‘sfst CMez-:t
NIt diza <ng(r,t) < Cbl,e(x) X IS
1 + e € € 1 + (& €

¢1,€(x) X

(2.29)

d+2a °
€

] ]

Proof. Here is the main step of the proof of the point (7). As in the proof of Theorem 2.3,
we put :

feM<t7$) = ¢1,s(x) X ¢€<I7t)=
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where 1. is given by (2.16), but with a constant C); given in Theorem 2.4. Then, with similar
computations as before, we find :

M

O fM > ; (M| +e>=CfM).

Therefore, using (2.28) and Lemma 2.1, we get :

20 f2 (@, 6) + L2 fY (2, 1) — Fula, fo(a,1))
> feM(xat)(P‘ﬂ + 52 - éfaM(IJ)) + ¢1,6(m)L?¢€($’t) + ¢6($7t)L?¢1,5($)
— K. (¢, 1)(x, 1) — pe() fM (s, 1) + O fM (w, 1)

> 2 fM t) = S t) = S @)+ () [L2616(@) = O + () 1c(0)]
> 0.

Thus, we have demonstrated the point (i). The proof of the point (i) follows similar argu-
ments. We do not give the proof of the point (7ii) because this is similar to the proof of (7i)
of Theorem 2.3 : the main argument is the comparison principle. O

Thus, we can perform the Hopf-Cole transformation (2.19) and we obtain that u. converges
locally uniformly to :
u(z,t) = min(0, [A\1] t — (d + 2a) log |z|).

Therefore the part (i) of Theorem 2.2 can be proved following similar arguments as in the
proof of (i) of Theorem 2.1. The proof of (i7) changes a little bit so we are going to provide
the demonstration.

Proof. (Proof of (ii) of Theorem 2.2.) Dividing by n. in (2.14), we obtain

F.
O + Loyt = Felfae) (2:30)
Ne
n (o, o) .
Step 1 : —————=> 1+ 0(1) in every compact set of B.

N4 e (o)
The main difference with the proof of Theorem 2.1 is that from (2.30), we do not obtain

E?tE FE € g FE [0 g
M > 1+ o(1) but we deduce M(ma,tg) — M(%,ta) > o(1).

n

directly —
n+,5(x5) nJr,s €

Let K be a compact set of B and (z¢,%y) € K. We choose v a positive constant small

enough such that for all (y,s) € K,

(d+2a)logly| < |Ai]s —2v and 2v < |A]s. (2.31)
First, we define

o(t, ) :==min(0, —(d + 2a) log |z| + |\ |to — v) — (t — to)*.

It is easy to verify that u — ¢ achieves a local strict in ¢ and a global in # minimum at (o, to).
Then, we define

_alto—v

p (z,t) == —clog(l+e =[]

d+2a

=) — (t—t)”

Thus, (ge )e converges locally uniformly to ¢. We know that u, . tends to 0 and so u. —
(¢, + uste) u—¢ locally uniformly. Thus, there exists (z,t.) € B such that (z.,t.) is a
b - L4

44



2.4. Generalization to KPP-type reaction terms

minimum point of (u. — Y. — uy ) and (u. — Y. — Ut o )(ze,t:) — 0. Since (zo, to) is a strict
local minimum of u — ¢ in ¢, we can choose t. such that t. — ¢,. Then

Oy (e, te) = 8t£€(m€,t€) = —2(t. — tg) = o(1). (2.32)

With the same reasoning as in the proof of Theorem 2.1, we get that there exists ¢; > 0 such
M lto—%

that for € < &1, z. € B(0,e dr2a )
Then we continue by proving

FE y Ile FE y e F [59] 13
(—Lo(mont + F@MDy gy s (FlEne)  Flaeny)
Ne Ne Nye

1, )
Ue (lzel€ “me+th),te | —ue(ze,te) h
af N1 _ ( Be(ze, fip)dh
_Le (nﬁ)ns (:L‘éa tE) - (6 € - 1) |h|d+2a

Rd

)z, te) + o(1).

We know that

1, e—1
|zel € “met+h

Note that, from the definition of (z.,t.), we have for all y € R? :

(ua — ¥~ u+,£)(95£a ta) < (Ua — ¥~ u-&-,a)(y, t&)a

and thus by (2.19)

£ e o
—LZ(e= ”-i-ﬁ)(e € n-l—,s) 1<5U€vt5) < —LZ(ne)n; 1($s>t€>-

Finally, we obtain

1, Fe(z,ne as Le £e 1, Fe(z,n.
(cromonz + EEP 0 > (oo n ) na )+ O )
=£ =£ F&‘ I £
> (=L (eS) (e F) — (@, nie)
e (2.33)
o= £ Pz n) .
+ Ke(e® ny)((e=ny ) + n ) (e, t.)

X Fa(‘ra na) B FS(ZL", n-i-,a)
Ne n+76

) (e, te).

We have to note that thanks to Lemma 2.1, in the last inequality, we have controlled the
terms :

©

,n+’5)(e?n+,5)_1(:ﬁ€,ts) and o(1) < —L?(e%)(e_%)(xs,te).

£
€

0(1) < K.(e
Finally combining (2.32) and (2.33), we obtain

) Fa(me,njL,a)(

FE €9 €
0(1 < Ig,ts) _ M

TNt e Ne

(2, t2). (2.34)

We are going to prove by contradiction that (2.34) implies o(1) + ny (z.) < n(xe, t.).
Let’s suppose that there exists a subsequence (e)reny and a positive constant C' such that

Ty, <I5k7t5k) +C <nyg, (xf':k)
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Then, thanks to the strict monotony of the function s — @ (assumption (iv) in (H4))

and the mean value Theorem, there exists a sequence y; such that

F(z.,,nie,) F(z.,,ne,)
0, (1) < k—ﬂ(gjawt%) — TR R (gt
n+,€k nsk
F(z.,,s)
- 88(%)(1%1@)(”-&-7% - nék)(xém ték)
-COxC.

This is a contradiction. Therefore, for € small enough,

na(xaa te)

nye(xe) +0(l) < n.(ze,t.) = 1+0(1) < :
n+,a($a)

To bring back this inequality at the point (zo,ty), we use exactly the same arguments as
for the proof of Theorem 2.1 by considering a disjunction of cases |z.| < |zo| and |xo| < |z|.
We do not provide the details of this disjunctions of cases since they are the same.

So we have proved, in all cases

Nne(To, t
1+0(1) < M‘
Ny (o)
The second step can also be proved following similar arguments as in the previous step,
thus we do not provide the demonstration. O

Appendix - Proof of Lemma 2.1

All along the appendix, we will denote by C' positive constants that can change from line
to line.

Proof of Lemma 2.1. Proof of (i). We are going to follow the appendix A of [85].
Let 0 < % be a positive constant. By a compactness argument, we only have to prove it
for |z| > 1. We compute

L(9)(x) L faf 2 Bl p)dh
g9(z) 1+ |z + hd+2e |h|d+2e
. 1+ || d+2e L Bz, |h|)dh
RY\[B(—z,0|z))UB(0,0)] | 1 + |z + h|d+2 || d+2e
+/ 1+ |z|dH2e _ Bz, \h\)dh
B(—.8|z)\B(0,5) 1+ ’l’ + h‘d+2a ‘h‘dJrQa
/ 1+ |$|d+2a ﬁ \hl
+
Bs) |1+ |z + hld2 |h\d+20‘
=L+ L+ 15
Let us begin by approximating I;.
I = / Lot | Bl Bz, fy)dh
! RI\[B(—,0|z)UB(0,6)] | 1 + |z + h|d+2°é | | 442
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< C _ 'ﬁ( \h\)dh

§d+2a | |d+20

R\ [B(—x,8]x|)UB(0,0)]
(C+1) e dh C
B §d+2a B mes(S )/5 |12 = gdtaa

For I, we write :

] _/ 1+’x‘d+2a B ‘h‘
2 B(—z,0lz)\B(0,5) |1 + |z + h|d+2a \h\d”"‘
d+2a
< B/ 1+ |z B dh
B(—adlal\BO5) | 1 + |2 + |42 |o|+20

d+2a d+2a

<B/ [E] @+ h|*H2e| g

= JB(=.502)\B(0,6) 1+ |z + h|¢t2e |p|dt2a

- B/ |x|d+2a + |:L’ + h|d+2a dh

B2 sle)\B(0s) 14 |z hldt2e |p|dt2e

d+2a d+2a

< B/ || + |6x] dh

T IB(-2sle)\B(0s) 14 |z h|dt2e |p|dt2a
d+2a

<C/ ! 2

- B(—,8lz)\B(0,0) 1 + |x + h|d+2e |h|d+2e

dh.

But we know that h € B(—z,d|z|)\B(0,6), using that 0 < § < |z|, we deduce that

x 1
—0) < < - < |—.
2l(1 - 8) < |bl < (1 4+ O)lal = |7 < | =]

Thus, we deduce

C 1
L < 7/ dh
2= (1 — §)4+22 Jp(—a6z))\B(0,6) 1 + |x + h|?+2
=gyt Jy 14z

d—1

< ¢ /OO 4 dr
— (1 _ 5>d+2a o 1 + Td+2a

To control I3, we write I3 in the following form :

/ 1+ |x|d+2a n 1+ |$|d+2a oy B(x, |h|)dh
B(0o) \ 1+ |z + h|+2> 1+ |z — h|d+2a |h|d+2e |

]320

Next, we define

1+ ||t

flah) =
1+ |z + h|

Since for all z € RY, the map that (h — f(x,h)) is C'T2* we know that I3 is well defi-

ned. Moreover for every h € B(0,9)\ {0}, when the parameter |z| tends to co, we have that

z,h z,—h)—2 x,i .
il )+f(|h|d +2)a )0 1ay) tends to 0. So we deduce thanks to the dominated convergence Theo-

rem, that (z — I3(z)) tends to 0 when |z| tends to co. According to the continuity of the
maps (z — f(x,h)) and (z — S(x,0)), we deduce that the map (z — I3(z)) is continuous
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and so we conclude that I3 is bounded independently of x. We refer to [85] for more details
(see the Annex Al).
Combining the above inequalities, we obtain that there exists a constant C' such that for all
x € RY,

[L%(x)] < Cg(z). (2.35)

Using the above inequality, we can conclude with a change of variable z = ay :

Lg(az)| = | [ S0 —oloT T ay) o

Y
|yy|d+20 o )dy|

ax,
Y]
g(ax) — glax + 2z) _ a 'z
= | |CL_1Z|d+2a dﬁ(ax> )dZ|
= a”|L*(g)(az)|

< Ca*g(ax).

Finally, we obtain
L°g(az)| < Ca*g(az).

Proof of (ii). Since all the functions involved in K are differentiable, and thanks to the
dominated convergence theorem, we deduce that K is continuous. We can note the following
fact :

Vg(x)] = O(|z|~@F2etD) a5 |z| — +oo0. (2.36)
With the change of variable T = ay, we find :
—1~

K(g(a.),x)(x) — a2C’ PV /Rd (g(ax) B g(f))(X(ZL‘) _ X(a’ x))ﬁ(x ar — T )dl‘ (237)

lax — Z|d+2e lax — Z|

Since xy € CHRY) N L*(R?), 3 € L*(R? x S 1) and g € CY(R?) N L>®(RY) this integral
converges in R?. For z € R, we have to estimate

Jw) = o py [ @) 9@ ) =X)L B mF

|x — Z|d+2a |z — Z|

at point ax. We define for v € R?

Ji(x) = a*C’ PV/ " (9(z) = 9(@))(x(a”'w) — X(a_lf))ﬁ(a—lx’ R

|z — Z|d+2 |z — Z|
M~ -1,y _ -1z _
o Io) = G PV (oe) = 9@ xlaa) = (@) Ly wmE
R4\ B(z,1) |z — T|d+2a |z — Z|

so that J = J; + Jo. We split the proof in two parts : when |z| < M and when |z| > M with
M a positive constant arbitrarily large.
For |z| < M, according to (2.37)

K(g(a-),x)(z) = a**J(az).
First we prove the existence of a constant C' large enough such that

Vo € B(0, M), |J(z)| < Cg(x). (2.38)
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Since |J| is continuous, we deduce that in B(0, M), |J| is bounded by a constant D. Thus,
since g is decreasing, if we take C' larger than D x (1 + M¥*2%) the assertions (2.38) holds
true. Since a < 1, we conclude that for all z € B(0, M) :

C a2a—70 1+ |x|d+2a
1+ |ax|dt2e — 1 + |ax|dt2

K (g(a), x)(2)| = a*|J (az)| < a® g(z) < a* 7 Cy(x).

For |z| > M, we first study J; and then Js.
Estimate of J; : From the formula (2.36), for |z| > M, since x is C'(R?) and periodic, and
since 7 < 1 and 2« — 7 is strictly positive, we have :

2a 'y|$ -7 o
S (@)] < CB/ ) IMJ St[lp~]|Vg(z)||x — |d7
“T zEe|xx
a2a vy 1
< 07/ - dz
=Yzl Jpe o — a2
a2o¢—'yD1
— 14 ‘x’d+2a'

Estimate of Jo : Since x is bounded and a < 1, we obtain :

9(x) 5 9(x +y)
Jo(z)| < a®**CB dy +a**CB ==
| J2(2)] < a Wizt [y]Fr2e yra w1 |y[ar2e
+)
< QQCB 2aCB g( )d QQCB/ (.I' d
<a**CBy(z) +a yolel [y W il [y W
CB 244220 B g(%)
< 2a + 2a / d + 2aCB/ 2 d
B A
CB 24220 B 1
< 2a 20 / d 2a032d+2a / d
=4 [pjdrza Ta 2|2 Jra 9(y)dy +a 9(z) wis1 [y[dr2a ™Y
D
20— 2
Sa V14_ |p[d+2e
The third line is obtained noting that for |y| < %, we have % <l|z|—ly| < |z +y|
Putting all together we find the existence of C' such that (i) holds. O
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Chapter 3

Propagation in a fractional
reaction-diffusion equation in a
periodically hostile environment

Ce chapitre va étre publié dans Journal of Dynamics and Differential Equations dans un
article co-signé avec Sepideh Mirrahimi et Jean-Michel Roquejoffre.

3.1 Introduction

3.1.1 Model and question

We focus on the following equation :
omn(z,t) + (=A)n(x,t) = n(x,t)(1 —n(z,t)) for (z,t) € 2x]0, 0],
n(z,t) =0 for (z,t) € Q° x [0, 00|, (3.1)
n(x,0) = no(z),

where Q) is a periodic domain of R? that will be specified later on, ny a compactly supported
initial data and (—A)® the fractional Laplacian with « €]0, 1] which is defined as follows :

R |z —ylt2e

Y(z,t) € R¥x]0,+00[, (—=A)*n(x,t) = Cy PV dy
4°T(¢ + )
w4 [r(~a)]
ciated to (3.1). We show that the stable state invades the unstable state with an exponential
speed.

Equation (3.1) models the dynamic of a species subject to a non-local dispersion in a
periodically hostile environment. The quantity n(z,t) stands for the density of the population
at position x and time ¢. The fractional Laplacian describes the motion of individuals, it takes
into account the possibility of "large jump" (move rapidly) of individuals from one point to
another with a high rate, for instance because of human activities for animals or because of
the wind for seeds. The term (1 — n(x,t)) represents the growth rate of the population at
position x and time t. The originality of this model is the following,the reachable areas for
the species are disconnected and periodic. Here, we assume that the regions where the species
can develop itself are homogeneous.

where C, = . The main aim of this paper is to describe the propagation front asso-
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Many works deal with the case of a standard diffusion (o = 1, see [49] for a proof
of the passage from the non-local to the local character of (—A)*) with homogenous or
heterogeneous environment (see [58], [73], [5] and [63]). Closer to this article, Guo and Hamel
in [66] focus on a Fisher-KPP equation with periodically hostile regions and a standard
diffusion. The authors prove that the stable state invades the unstable state in the connected
component of the support of the initial data. In our work, thanks to the non-local character
of the fractional Laplacian, contrary to what happens in [66], we show that there exists a
unique non-trivial positive bounded stationary state, supported everywhere in the domain.
Moreover, this steady state invades the unstable state 0 with an exponential speed.

3.1.2 Assumptions, notations and results

The domain € is a smooth non-connected periodic domain of R?

ie. Q= U Qo + ax, with Q a smooth bounded domain of R? and a;, € R%. (3.2)
kezd
We assume that
(Q+a)N(Q+a;)#0 ifand only if ¢ = j.
Moreover, if we denote e; the i** vector of the canonical basis of R? then we assume that for
all k € Z% there holds Akte; — A = Qe,. Moreover, we assume that the principal eigenvalue \;
of the Dirichlet operator (—A)* — Id in §)q is negative

We also introduce the eigenvalue problem associated to the whole domain €. It is well known
(thanks to the Krein Rutman theorem) that the principal eigenvalue Ay of the Dirichlet
operator (—A)* — Id in 2 is simple in the algebraic and geometric sense and moreover, the
associated principal eigenfunction ¢, solves

((=A)* = Id) ¢o = Xocbo in €,
ie. S¢po=0 in 2°, (3.3)
¢ has a constant sign that can be chosen positive.

The first result of this paper ensures the existence and the uniqueness of a positive boun-
ded stationary state n, of (3.1) :

. {<_A)an+ =Ng — 77/3_ n Q,
1.c.

3.4
ny =0 in Q°. (34)

Theorem 3.1. Under the assumption (H1), there exists a unique positive and bounded sta-
tionary state ny to (3.1). Moreover, we have 0 < ny <1 and ny is periodic.

The existence is due to the negativity of the principal eigenvalue of the Dirichlet operator
(—A)* — Id in Qg which allows to construct by an iterative method a stationary state (see
[102] for more details). As for the uniqueness, the main step is to prove that thanks to the
non-local character of the fractional Laplacian, any positive bounded stationary state behaves
like

d(z)* = dist(x, 0Q)*1o(x). (3.5)
Then, a classical argument (see [10] and [16]) relying on the maximum principle and the
Hopf lemma provides the result. We should underline that the uniqueness is clearly due to
the non-local character of the operator (—A)®, and it does not hold in the case of a standard
diffusion term (a = 1). A direct consequence of the existence of a stationary solution is
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Corollary 3.1. The principal eigenvalue \g of the Dirichlet operator (—A)* — Id in € is
negative.

Once we have established a unique candidate to be the limit of n(z,t) as ¢ tends to +o0,
we prove the invasion phenomena. First, we prove that starting from

no € C(Q)NC(RY and ng #0 (H2)

the solution has algebraic tails at time ¢ = 1. To prove it, we provide an estimate of the
heat kernel at time ¢t = 1 for a general multi-dimensional domain which satisfies the uniform
interior and exterior ball condition :

Definition 3.1 (The uniform interior and exterior ball condition). A set O C R? with d > 1
satisfies the uniform interior and exterior ball condition if there exists r1 > 0 such that

Vo € 00, Jy, € O such that x € OB(Ys, 1) and B(y, 1) C O,
and Vz € O° Jy, € O° such that z € B(y,,r1) and B(y,,r) C O°.

Theorem 3.2. Let O be a smooth domain of R with d > 1 satisfying the uniform interior
and excterior ball condition. If we define p as the solution of the following equation

Op(x,t) + (=A)*p(z,t) =0 for all (z,t) € Ox]0, +o0],
p(z,t) =0 for all (x,t) € O° x [0, +o0], (3.6)
p(x,t =0) =ng(z) € C(O,RT) N CYRY),

then there exists ¢ > 0 and C' > 0 such that for all x € O,

¢ X min(d(z)%, 1)
1+ |z[d+2e

C x min(6(x)*, 1)
1+ |z|d+2a

<plz,t=1) < (3.7)

Once Theorem 3.2 is established, we are able to state the main result of the paper.

Theorem 3.3. Assume (H1) and (H2). Then for all ;v > 0 there exists a time t,, > 0 such
that :

(i) for all ¢ < d‘i‘;a and all (z,t) € {|z] < e} x]t,, +o0|

n(x,t) —ni(z)] < p.

(ii) for all C > 1251 and all (z,t) € {|x| > eCt} Xty +00]

d+2«
In(z,8)] < s

We detail the general strategy to prove Theorem 3.3 in the next section. Our last result
concerns the level sets of the solution n.

Theorem 3.4. Let v > 0 and Q, := {x € Q | 6(z) > v}. There exists a constant ¢, which
depends only on v, ng, 2 such that for all v €]0,c,[, there exist t,,c,,C, > 0 such that

{(,1) € Q x]ty ool | (e, t) = u} € {(2,8) € Qx]t +oo] [ el < fo]*2* < CePol].
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3.1.3 Discussion on the main results

Theorem 3.2 is an application of general results about the fractional Dirichlet heat kernel
estimates given for instance in [42] or in [25]. Both of the two cited articles use a probabilistic
approach. We propose in this work a deterministic proof of the lower bound of the fractional
Dirichlet kernel estimates. Our proof is quite simple but the result is not as general as those
presented in [42] and [25]. In particular, it is only valid for finite time. It relies on a well
adapted decomposition of the fractional Laplacian. We do not provide the proof of the upper
bound of the fractional Dirichlet kernel estimates since there is no difficulties to obtain such
bound.

Theorem 3.3 can be seen as a generalisation of the results of [45] or [77]. Indeed, if we study
a non-local Fisher KPP equation in the whole domain R with a reaction term depending on
a parameter such that the reaction term becomes more and more unfavorable in 2¢ then we
recover Theorem 3.3. This is fully in the spirit of [66]. In fact, if we study the equation :

om + (=A)*n = ps(x)n —n?  in R?x]0, +o0],
n(z,t =0) = no(z),
with
1 if x € Q,
1 — (6 + Ddist(z, ) if 0 < dist(z,Q) <
1

o1 :
—3 if 5 < dist(zx, ).

Then, denoting by As the principal eigenvalue of the operator ((—A)® — ps) we claim that

1
ps(x) = 5’

It is then possible to obtain the result of Theorem 3.3 from such approximate problems in
the spirit of [66]. Although we do not use such method, similar difficulties would arise to
treat the problems with this approximation procedure. Our method can indeed be adapted
to study those problems in a uniform way.

3.2 Strategy, comparison tools and outline of the paper

3.2.1 The general strategy

The general strategy to establish the results of Theorem 3.3 is the following :

A- Identify the unique candidate to be the limit. This is the content of Theorem 3.1.

B- Starting from a compactly supported initial data, the solution n has algebraic tails
immediatly after ¢ = 0. This is the content of Theorem 3.2.

C- Establish a sub and a super-solution which bound the solution n from below and above.

D- Use the sub-solution to "push" the solution n to the unique non-trivial stationary state
[Aolt Mgt
n, in {\x| < ed+02a} and use the super-solution to "crush' the solution n to 0 in {|x| > eidiza }
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The proof of C can be done with two different approaches. The first one is introduced in
[35] by Cabré, Coulon and Roquejoffre. The idea is to consider the quantity

v(z,t) = go(r(t)a)'n(r(t)z,1)

where the eigenfunction ¢, is introduced in (3.3) and 7 () decreases exponentially fast. Next,
the problem can be formally reduced to a transport equation leading to the fact that v is of

the form % The idea is therefore to look for a sub-solution v and a supersolution
of the form

P
TTb(t
ago(r) ago(r)
= d t) = —
11 b(t)|z[d+2a and  (z,1) 1+ b(t) [z

(where the positive constants a,@ and the function b, b have to be adjusted).

The second approach is introduced in [85] by Méléard and Mirrahimi (in order to extend
the Geometric optics approach of [59] and [60], put to work in the PDE framework in [54]).
The main idea is to perform the following scaling on equation (3.1)

v(z,t)

1
z,t) = | |x|e—, - |, € > 0 small. 3.9
w0 (1l ) 39)
One of the interest of this scaling is to catch the effective behavior of the solution. Indeed,
this scaling keeps invariant the set

B={(z,t) e Rx R* | (d+2a)log|z| < |Xo|t}

where ) is defined by (3.3). In the region B, we expect that the solution n is close to the
stationary state n, and in the region B¢, we expect that the solution n is closed to 0. Then,
we look for sub/super-solutions on the form

¢o(z) x G(x,t)

where GG needs to be determined. Taking G with an algebraic tail gives that, once the scaling
is performed, the fractional Laplacian of G vanishes as the parameter € tends to 0. Indeed,
the sub and super solutions are just perturbations of a simple ODE and are valid only for
small e.

We choose the second method for the two reasons. First, the scaling reveals two invariant
regions (B and B¢) which catch the effective behavior of the solutions. The alternative ap-
proach does not account for these features as clearly. Secondly, this method gives very clear
indications to construct sub- and super-solutions. It highlights the important terms in the
equation to establish sub- and super-solutions. Once the scaling is performed, the fractional
Laplacian terms in the computations vanish as the parameter € tends to 0. This means that
the only role of the fractional Laplacian in determining the invasion speed is at initial time
where it determines the algebraic tails of the solution. This is indeed very different from the
classical Fisher-KPP equation where the diffusion not only determines the exponential tails
of the solution but it also modifies the invasion speed in positive times (see [85]). This is why
in the asymptotic study of the classical Fisher KPP equation, one obtains a Hamilton-Jacobi
equation [54] while in the fractional KPP equation the limit is a simple ordinary differen-
tial equation. Thus scaling the equation as in (3.9) is not a mere artefact, it really helps in
the understanding of the phenomenon. Moreover, we improve the precision of the sub and
super-solutions compared with the ones obtained in [85]. Therefore, the exhibated sub and
super-solutions and the ones that could be obtained with the alternative approach have the
same level of precision.
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t
The proof of D can be achieved with the rescaled solution n <|x|i‘x’, ) using the me-
x|’ e

thod of perturbed test functions from the theory of viscosity solutions and homogenization
(introduced by Evans in [51] and [52] and by Mirrahimi and Méléard in [85] for the fractional
Laplacian). Since the proof is technical, long and not easy to grasp (the domain moves also
with the parameter €), we prefer to drop the scaling and to perform the inverse scaling on
our sub and super solutions. Therefore, we provide a direct proof of D by adapting the proof
of Theorem 1.6 in [45]. In this proof, the author proves thanks to a subsolution that there
exists o > 0 and t, > 0 such that

o< inf n(z,t).
(Xxol=9)t
(:L’,t)E{ac|<e d+2a }X]tg,+oo[

This last claim is obviously false in our case since the solution vanishes on the boundary.
This is the main new difficulty that we will encounter. We overcome it by establishing the
same kind of estimates away from the boundary.

Theorem 3.4 is the consequence of the precision of the sub and super-solutions established
in step C. Note that such level sets can not be established with the sub and super-solutions
involved in [85] or [77]. However, the new ingredients presented here to establish the sub and
the super-solutions can be adapted to the framework of [85] or [77]. In the framework of [77],
we recover Theorem 1.1.5 of [45].

3.2.2 The comparison tools and some notations

All along the article, we will use many times the comparison principle. We recall here
what we mean by comparison principle.

Theorem (The comparison principle). Let f be a smooth function, a € [0,+o00[ and b €
10, 4+00]. If n and T are such that

V(z,t) € Qx]a,b[, Omn+ (=A)*n< f(n),  and On+(=A)n > f(n),
V(z,t) € Q°xla,b], n(z,t) <n(x,t), and Vr eRY n(xt=a) <7(z,t=a)
then
V(z,t) € Qxla,b], n(x,t) <n(z,t).
In the same spirit, we recall the fractional Hopf Lemma stated in [65].

Lemma (The fractional Hopf Lemma [65]). Let O C RY be an open set satisfying the uniform
interior and exterior ball condition at z € 00 and let ¢ € L>(0O). Consider a positive lower
semi-continuous function u : R — R satisfying (—A)*u > c(z)u point-wise in O. Then,
either uw vanishes identically in O, or there holds

lim inf u(x)

Tz 5(I)a

zeO

All along the article, for any set U and any positive constant v, we introduce the following
new sets :

U, ={z e dist(z,0U) > v}, U, = {x c RY dist(z,U) < y}. (3.10)

The constants denoted by ¢ or C' may change from one line to another when there is no
confusion possible. Also, we drop the constant C, and the Cauchy principal value P.V. in
front of the fractional Laplacian for better readability.
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3.3. Uniqueness of the stationary state n.

3.2.3 Outline of the paper

In section 3, we demonstrate Theorem 3.1. Next, section 4 is dedicated to the proof of
Theorem 3.2. The first part of section 5 introduces the scaling and provides the sub and

super-solutions. Finally, the second part of section 5 is devoted to the proof of Theorems 3.3
and 3.4.

3.3 Uniqueness of the stationary state n.

First, we state a proposition which gives the shape of any non-trivial bounded sub and
super-solution to (3.4) near the boundary. Then, we use this result to prove the uniqueness
result. Since the proof of the existence is classical we do not provide it.

Proposition 3.1. (i) If u is a smooth positive bounded function such that u(x) = 0 for all
z € Q° and (—A)u(z) < u(z) —u(x)? for all z € Q, then there exists C > 0 such that for
all v € R?

u(z) < Co(x).

(i) If v is a smooth positive bounded function such that v(x) = 0 for all x € QF,
(—A)*(z) > v(z) —v(x)? for all x € Q and v # 0 then there exists ¢ > 0 such that
for all x € R4

co(x)* < wv(z).

Proof of Proposition 3.1. Proof of (i). Let u be a continuous positive bounded function such
that u = 0 in Q° and (—A)*u < u —u? in . Let = be a point of the boundary. Let 2, € R?
and r; > 0 be the elements provided by the uniform exterior ball condition such that

B(zy,m1) CQ° and x € B(zy,r1) NOSL.

We rescale and translate a barrier function (provided for instance in Annex B of [97]). This
barrier function ¢ satisfies the following properties :

(=A)*¢ > 1 in B(zy,4r1)\B(2s,71),

¢=0 in B(zy,71),

?=0 . (2:m1) (3.11)
0<¢d<C(|lze —x| —7)* in B(zg,4r1)\B(zz,71),

max u< ¢ < C in R\ B(z,, 4r1).

We prove that u < ¢ in R%. By construction we have u < ¢ in (B(z,, 4r1)\B(2,,71))¢. Assume

by contradiction that there exists 2o € (B(za, 471)\B(2,71)) N Q such that (¢ —u)(x) < 0.

Then, there exists x; € (B(zz,4r1)\B(zz,71)) N such that (¢ —u)(z,) = mﬁ{%((b—u)(:v) < 0.
Te

Thus, we obtain

(=A)* (¢ —u)(z1) <0 and (=A)*(¢—u)(x1) > 1 —u(zy) +ulzy)* >0,
a contradiction.

Proof of (ii). Let v be a continuous positive bounded function such that v = 0 in Q°
and (—=A)* > v —v? in Q. An easy but important remark is the following : thanks to the
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non-local character of the fractional Laplacian, since v # 0, we deduce that v > 0 in the
whole domain €2. Otherwise, the following contradiction holds true :

Jr € Qsuch that v(z) =0 and (—A)(z) —v(z) +v(z)* = —/ v(y) dy < 0.

R |1 — y|dt2e

Next, let k be any element of Z¢. We introduce wy, : (z,t) € R? x [0, +oo[— wy(z,t) € R
as the solution of
dwy + (—A)wy, = wy, —wj  in (Qo + ax) x]0, +o0],
wy,(7,t) =0 in RN (Qg + az) x [0, +o0] (3.12)
wy(x,0) = v(x) in (Q + ar),

where g and a;, are introduced in (3.2). Thanks to the remark above, and recalling (H1),
we deduce thanks to Theorem 5.1 in [20] that wy(.,?) o Wyt (-) With wy,,, the solution of

3.13
Wetar = 0 in R\ (Qq + az). (3.13)

{<_A>awstat = Wgiqt — wiam in (Qo + Clk),

Note that the above w,,,, does not depend on the choice of k, i.e. wy(-,t) converges as ¢ tends
to 400 to the same w,,, (up to a translation). Then, we conclude thanks to the comparison
principle that

wstat('x) S ’U(ZL‘), v € Rd‘

Since, (o + ax) is bounded, we apply the results of [97] to find that there exists a constant
¢ > 0 such that

05(x)a1(90+(1k)(x) < Wy (r) < o).

The previous analysis holds for every k € Z¢. We conclude that

co(x)* < w(z). (3.14)

]

Proof of Theorem 3.1. The argument relies on the fact that two steady solutions are com-
parable everywhere thanks to Proposition 3.1. This is in the spirit of [10] and [16] in the
context of standard diffusion. Let u and v be two bounded steady solutions of (3.4). By the
maximum principle, we easily have that for all z € R?,

u(r) <1 and v(z) < 1.

We will assume that
v(zo) < u(xo) where z € . (3.15)

Thanks to Proposition 3.1, we deduce the existence of two constants 0 < ¢ < C' such that :
cd(x)* <u(x) < C6(x)* and cd(x)* <wv(z) < Co(x)*.
Thus there exists a constant A\ > 1 such that for all z € R,
u(z) < Av(x). (3.16)
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We set [y := inf {)\ > 1| Vz € RY, u(z) < )\v(as)}. The point is to prove by contradiction that
lp = 1. It implies that x( is a contact point, and will allow us to conclude thanks to the
fractional maximum principle that u = v.

We assume by contradiction that [y > 1. Next, we define :

. (v —u)(x)
W= ;Ielg oo > 0. (3.17)

There are two cases to be considered.

Case 1 : w > 0.
We show in this case that we can construct I; < 1 such that u(z) < lilpv(z) for all z € R? :
a contradiction. If w > 0, we claim that there exists p €]0,1[ and v > 0 such that for all
x € Q\Q, (we recall that Q, is defined by (3.10)),

(3.18)

Indeed, if there does not exist such couple (p,v), we deduce that for all n € N, there exists
(Zp)nen € Q, such that §(z,) < < and

Passing to the liminf we get the following contradiction :

o | &

O<w<

And so, the existence of the couple (u,v) implies that
(ulov — u)(z) > 0, Vo € Q\Q,. (3.19)
Next, we claim that

dp > 0 such that Vz € Q,, we have p < (lpv — u)(x). (3.20)

Indeed, if such p does not exist then there exists a sequence (z,)nen € 2 such that 6(x,) > v
and (lpv — u)(z,) - 0. Then we obtain

— 0

pe n—-+00

(lov — w)(zy) _ (lov —u)(xy)
St o

which is in contradiction with the hypothesis w > 0. The existence of such p implies that for
all z € Q,

p
1-— lov — > 0. 3.21
(0= o —u) @) = (321)
Finally, if we define I; = max(y, 1 — —£-—) then we obtain the desired contradiction.

Therefore this case cannot occur.
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Case 2 : w = 0.
We consider (z,)neny a minimizing sequence of w. There are 3 subcases : a subsequence
of (z,)nen converges to zg € €2, a subsequence of (z,),eny converges to z, € €2 and any
subsequence of (z,),en diverges.

Subcase a : There exists xg € €2, such that W =0.
Since zg € 2 we deduce that (lpv — u)(xo) = 0. Hence, by the maximum principle, u = lyv.
We deduce that lyv is a solution of (3.4) and we conclude that :

lo(v —v?) = lo(—=A)*(v) = (=A)*(lpv) = lpv — (lpv)*. (3.22)
This equation leads to Iy = 1, a contradiction.

Subcase b : There exists x, € 0S), such that lim inf (lov;w =0.

T—rTp, 6( )a
e
Here is a summary of what we know :

() lov —u >0,
(17) (=A)*(lov — u) > —lo(lov — u),
(i) (lov —u)(xp) = 0.
According to the fractional Hopf Lemma, the previous assumptions leads to

lim inf M

—Tp, «
e @

> 0.

However, we have assumed that lim inf % = 0, a contradiction.
T—Tp,

e
Subcase c : There exists a minimizing sequence (x,)nen Such that |x,| tends to the
infinity.
First, we set
T = Tk — Ay |
where |z] € Z¢ is such that z € Q +a|,. Since Ty, € {1y, we deduce that up to a subsequence
Ty converges to To, € {2y. Then we define :

up(x) = u(z + Tx) and vg(z) = v(z + Tp).
We also define the following set :
Qu={r€eR | 2+7T\ € Q}.
By fractional elliptic regularity (see [96]), we deduce that up to a subsequence (u,)nen and
(Un)nen converges to us, and vy solutions that verifies
V2 € Doy (—A) % Uso(7) = Uno (T) — Uso()?, (—A) Voo (T) = Voo (7) — Voo (1)?
and Yz € Q5, Ux(x) = voo(x) = 0.
Remark that l
loVoo — Uoo > 0 and liminf (lovoe = tioo) ()

0 dist(x, 0900 )™

re
Hence, if T, € g then 0 € Q. and we fall in the subcase a). If To, ¢ o then 0 € 994, and
we fall in the subcase b). Both cases lead to a contradiction.
Thus, we conclude that [y = 1. O

=0.
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Remark. Noticing that for all (z,k) € Q x Z¢, we have

(=) (i (- +a))(@) = |

we deduce by uniqueness of the solution of (3.4) that n. is periodic.

ny (@ 4 ag) — ny (Y + ax)
|z + ar, — (y + a)|+2

dy = ny(x + ap) — ny(z + ap)?,

3.4 The fractional heat kernel and the preparation of
the initial data

We first introduce some requirements in order to achieve the proof of the lower bound
of Theorem 3.2. Once we have established Theorem 3.2, we apply it to the initial data. Let
u € C*(R¥x]0, +o00[), then we set for all (z,t) € R¥x]0, +o0|

Lo‘(u)(x,t) :/ u(:zc,t) - u(y>t)

B(0,v) |y |2

dy. (3.23)

We also introduce gz~5y as the principal positive eigenfunction of the operator L* associated to
the principal eigenvalue p,

L6, = ju b, in B(0,v)
ie. {, =0 in B(0,v)",
v 20, dulloc = 1.
Next, we state two intermediate technical results.
Lemma 3.1. Let w be the solution of the equation
Ow+ L*w =1 in B(0,v)x]0,+00]
w(z,t) =0 in B(0,v)° x [0, 4+00], (3.24)
w(x,t=0)=0 1in B(0,v).
Then there exists a constant ¢, > 0 such that
¢, X ¢y(x) < w(x,t=1).
Proof. We define 7(t) = i(1 — e ') such that

[
{T'(t) +pr(t) =1,
7(0) = 0.

Thanks to this choice of 7(t), the application w(z,t) := 7(t) x ¢,(x) is a sub-solution to
(3.24). Actually, we have

O+ LY (w) — 1 =70y + 7, — 1 < 76y + 1,76, — by = ¢ (7' + p,7 — 1) = 0.

Since w(t = 0) = 0 < w(t = 0), we can conclude thanks to the comparison principle that
for all (z,t) € R? x [0, 4+00[, we have w(x,t) < w(z,t). Setting the time ¢ = 1 in the last
inequality leads to

w(z,1) = (1 — )by (2) = cvn(x) < w(a 1),

v
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Next, we establish a barrier function for L in the spirit of the one introduced in [97].

Lemma 3.2. There exists a function v such that

L% <0 in B(0,v)\B(0, 5),

P =0 in B(0,v)¢,

G<1 in B(0, g), (3.25)
(v = Jal)* < ¥ in B(0,),

1 is continuous in B(0,v)\B(0, g)

Proof. Choose C' large enough such that the first point and the third point of (3.25) holds
true with the following 1) :

1

@)= (G0 = 12" + 3 150.5)(2)) Lo @)

<

Indeed, defining f(z) := (v* — |z[*)*, we have for C' large enough and = € B(0,v)\B(0, %)

Lof(@) 1 | sosnbos” | m(BO,2) [ 4yaee
L < — = T gy < 2T — ' 4 () <0.
wz) = C 2 JB@0,%) |z — y|d+2e v= C 2 “\v
The other conditions follow. O]

Proof of Theorem 3.2. The aim is to prove that there exists a constant ¢ > 0 such that

cmin(d(z)*, 1)

Ve € O, we have 1o [

< plx, 1). (3.26)

To achieve the proof, there will be 4 steps.

First, up to a translation and possibily a scaling of n, we prove (3.26) in {|z| < 1 + 2v} where
v= min(i, r1) (with r; the radius provided by the uniform interior ball). Next, we introduce
a suitable decomposition of the fractional Laplacian (involving L*) to prove the existence of
¢y > 0 such that

Hf;'dm < Op(x,t) + Lop(x,t) + Mp(x,t)  for all (z,8) € (O\ {|z| > 1 + v}) x]0, 1],
p(z,t) >0 for all (z,t) € (O\{|z| > 1+ v}) x [0,1],

p(z,t =0) =ng(z) € C°(O,RT) N C.(RY)
(3.27)
where L is defined by (3.23) and A = Jga\ (o) Wdy. In a third step, we will show that

C2
Jeg > 0 such that —————— < t=1) for all O, N 1+2v}). 3.28
2 such that -— i S p(x, ) for all € ( {lz| > 1+2v}) (3.28)

Finally, we prove the same kind of result near the boundary :

Jeg > 0 such that % <p(z,t =1) forall z € (O\O, N {|z| > 1+2v}). (3.29)
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3.4. The fractional heat kernel and the preparation of the initial data

Step 1. First, note that thanks to a translation and possibly a scaling, we can suppose
the following hypothesis :

Jo > 0 such that 0 < ng(z) for all z € B(0,2). (3.30)

Next, we claim that
inf t : 31
ot p(z,t) >0 (3.31)

2€B(0,1+2v)

Indeed, let ¢y be the first positive eigenfunction of the Dirichlet fractional Laplacian in B(0, 2)
and Ay the associated eigenvalue

(—A)a(bg = )\2¢2 for = € B(O, 2),
ie. P =10 for x € B(0,2)¢,
[$2]lo0 = 1.

Then the function

plw,t) == 0 X go(w) x e

is a sub-solution to (3.6) (where o is defined by (3.30)). According to the comparison principle,
we have for all (x,t) € B(0,1+ 2v) x [0, 1]

. . . —Xa|
m =0 X m Do X <plz,t) < plx,t).
0< e [1[{11] p(y, 3) B(O,llJrnZy) 2 X € = (ZL‘, ) = (IL‘, )
ye€B(0,1+2v)

We deduce that if ¢ is small enough, then (3.26) holds true for all x € B(0, 1 + 2v).
Step 2. In this step we prove (3.27) which is a key element to prove (3.26) for = €
{lz] >1+2v} NO

Then, we focus on {|z| > 1+ v}. We split the fractional Laplacian into 2 parts :

—A)p(x,t :/ dy + L(z,t) = I(x,t) + L%(x,t). (3.32
(=A)*p(z,t) R4\ B(0.) |y|d+20 y+ Lop(z,t) 1(z,t) + Lp(x,t).  (3.32)

For I;, we obtain :

p(x,t) — plx +y,t)

p(x +y,t)
I,t:/ dy = \ ,t—/ perv.t),
1(z.) RAB(0,v) |y|d+2e ¥ =Ap(@,?) B [yli Y

Since |z| > 1+ v, we have

. 1 p(x+y,t) plx+y,t)
inf z,t / —-dz < / ————~dy < / ———d
t€(0,1) p(z1) BO1) |z — x|t2e " T Jpz)  |y|dt2e v= RAB(0v) |y|dt2® 4
2€B(0,1+v)
(3.33)
Equation (3.33) ensures the existence of a positive constant ¢; > 0 such that we have for all

(z,t) € (ON{|z] > 1+v}) x[0,1]

1 </ p@+ﬂ¢)y
1+ |z]d+20 = Jravpow)  |y|dt2e
It follows that
C1

Li(z,t) < Ap(w,t) — T [zt

(3.34)
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Equations (3.32) and (3.34) lead to (3.27). Moreover, if we define v(z,t) = e x p(z,t), we
find the following system :

1+|(;\d+2a < 0w, ) + Loo(a,t)  for (z,1) € (O {|z] > 1+ v}) x]0, 1],
v(x,t) >0 for (z,t) € (ON{|x| >1+v}) x[0,1], (3.35)

v(z,t =0) =ne(x) € C°(O,RT).

Step 3. By uniform continuity of (x > W) in R?, we deduce the existence of ¢, > 0

such that for all 2o € (O, N {|z] > 1+ v}) and all (z,t) € (O, N{|z] > 1+ 2v}) x]0,1] we

have /

S C1 o
WlB(OM(l’ —x9) < W < Op(z,t) + L(x,t). (3.36)

Inequality (3.36) gives that for all (z,t) € (O, N {|z| > 1+ v}) x]0,1]

1+’x0|d+20¢ N 1+’x0|d+2a
SEOL () + Lo (2 ().

1 v — <9
B(o,)(l" Cl?o)_ t( J J

Then, according to the comparison principle and Lemma 3.1, we deduce that

_ 1+ |:L,O|d+2a
Ve e (O,N{lz| >1+4+v}), oz —1x) < ———v(z,t =1). (3.37)
€1
If we evaluate (3.37) at © = xy, we obtain
I =L
—CVCle ¢V(O) < p(fI?o,t = 1)

1+ |xo|dt2e
Defining ¢, = ¢,¢,e ¢, (0) leads to (3.28).

Step 4. As in the proof of Proposition 3.1, we can show by contradiction that there
exists a positive constant ¢y such that for all z € R,

covo(z) < ,(x)

where ¢ is defined in Lemma 3.2. Then we take z; € (O\O,) N {|z| > 1+ 2v}. Since O
satisfies the uniform interior ball condition, there exists zo € 00, such that x; € B(xg,v),
B(zg,v) € ON{|z| >1+v} and v — |21 — 29| = 6(x1). Thanks to (3.37) and the fourth

point of Lemma 3.2, we deduce

<|370| + 1)d+2a

cucocvd(x1)” < epcop(z1 — x0) < evu(a1 — 20) < - v(zy,t=1).
v &
We deduce that there exists ¢3 > 0 such that (3.29) holds true.
Combining (3.28), (3.29) and (3.31) yields the conclusion of the Theorem. O

We apply Theorem 3.2 to show that starting from n(x,0) € C§°(2) NC°(R), the solution
of (3.1) n(-,t = 1) has algebraic tails.

Proposition 3.2. There exists two constants c,, and cpr depending on ng such that for all
x € Q, we have
Cm0(x)* cpo(x)®
——— <nr,]) < ————.
1+ |x’d+2a — ( ) ) -1+ |$|d+2a
Proof. Defining M := max(maxng, 1), the solution n belongs to the set [0, M] (0 is a sub-
solution and M is a super-solution).

(3.38)
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cmd(x)®
Tz < n(z,1).

We begin with the proof that
Let n be the solution of :

om(x,t) + (=A)*n(x,t) = —Mn(x,t) for all (x,t) € Qx]0, 00,
n(x,t) =0 for all (x,t) € Q° x [0, +o0], (3.39)
n(x,0) = no(x) for all z € R?,

Thanks to the comparison principle, we deduce that for all (z,t) € R x [0, +o0o[, we have
n(z,t) < nfz,t).

Moreover, if we define p(z,t) = e'n(z,t), we find that p is solution of (3.6). Since Q fulfils
the uniform interior and exterior ball condition, we deduce thanks to Theorem 3.2 that there
exists ¢, > 0 such that

Cm0 ()
The proof works the same for the other bound. ]

3.5 The proof of Theorem 3.3

3.5.1 Rescaling and preparation

The aim of this subsection is to establish the following Theorem.

Theorem 3.5. We assume (H1) and (H2) then for all v > 0, the following holds true

1. Forall c < d‘ig'@“ there exists a constant o > 0 and a time t, > 0 such that
ct
V(z,t) € (Q,, N {\:U] <e }) X|ty, +00[ we have o < n(z,t). (3.41)

2. For all C' > d‘igla, there exists three constants C1,Cy, k > 0 such that we have for all

(2,t) € {|z] > e} x]1, o0

G
1) < ————. 3.42

First we establish sub and super-solutions by performing the rescaling (3.9). Finally, we
prove Theorem 3.5 by performing the inverse of this rescaling on the sub and super-solutions.
We rescale the solution of (3.1) as follows :

n.(xz,t) =n <|93|i ’ t) : (3.43)

a]"e
Next, the equation becomes

eome + (=A)en. =n.(1 —n.)  for (x,t) € Q°x]0, +o0],
ne(z,t) =0 for (z,t) € O x]0, +oo], (1.)
ne(x,0) = no.(z) € CP(°,RT).
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where (—A)%n (z,t) = (—A)n (|:1:|%|%, é) and QF = {x eRY| |z 1z e Q}
Next, we set
1

1 ¥ [z|dt2e

We state the behavior of g under the fractional Laplacian in the spirit of [35].

g(z) :

Lemma 3.3. Let v be a positive constant in |0, af such that 2ac — v < 1. Let x € C*(R?) be
a periodic positive function. Then there exists a positive constant C, such that we have for
allx € R :
(i) for all a > 0,

(—=A)"g(az)| < a**Cg(az),

(i) for all a €0, 1],

Rgla) @) < — S0

=C 20—y
=14 (a|x|)d+2a a g(a\x!),

where K (u,v)(z) = [ (“(x)_‘l;(f)y)élﬁg_”(y))dy is such that

(—A)*(u xv) = (=A)%(u) x v+ux (=A)*w) — K(u,v).

Since, the same kind of result can be found in the appendix A of [77], we do not provide
the proof of this lemma. Note that here, the lemma is stated with less regularity on x such
than in [77]. Nevertheless, there is no difficulty to adapt the proof.

Notation. As we have introduced (—A)%n.(z,t) = (—A)*n (]:cﬁ'i—', é), we introduce

R, 0)(2,6) = K (w,0) (], ).

For any application h : R — R, we define
he : RY - R
z s h(|z)s ).
For any set U, we will denote
U ={z e R o]z cU}. (3.44)
For reasons of brevity, we will always denote (U,)° by UE.

In the following, we denote by ¢q and Cj the positive constants provided by [97] such that
cod () < @) < Cod(x)”. (3.45)

Proposition 3.3. We assume (H1) and (H2). If we set C,, = min(%,%’g, 1) and
Chy = 2 yhere ¢y, e, Co and Cyy are introduced in (3.45) and (3.38) then there exists

min(1,co)

g0 > 0 such that for all € < gq, the following holds true.
1. Fort €]0, 5[, if f™ is defined as

fsm(l‘,t) =

then it is a sub-solution of (1.) in Q°x]0, 5.
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2. Fort €)%, +oo|, if f™ is defined as

Cm

—[Xolt _ 44,3 d+2a
1+€ = +earctan(t 52)+6|5L‘| -

fEm(ZL‘,ﬂ =

X (¢0,e($> +¢€),

then it is a sub-solution of (1.) in QFx]5, +ool.
3. If fM is defined as
Cum X ¢, e( )
£ (1) = Al

1 + e Tt —€ arctan

_1 d+20
2|

then it is a super-solution of (1) in Q°x]0, +o0].

4. For all (x,t) € R x [0, +00[, fM(x,t) <n.(z,t+¢e)+e and n(z,t+¢e) < fM(z,1).

Remark. 1. In the establishment of the sub and the super solutions, the choice of arctan
is not primordial. We only need a positive increasing and smooth function h which
satisfies

e= < eh(t)

for allt >ty and € small enough. In [85], h(t) =t but it does not allow to recover the
level set of the solution as precisely as in [45]. The choice of a bounded function h (such

as arctan ) allows to recover the same level of precision in the establishment of the level
sets.

2. The study (and the definition) of fI"* is split into two parts. For small time, the term
e~t in the denominator is necessary in order to control the term (—A)*fI" for small
time. But, to use the comparison principle (and establish 4.), we have to check that
the initial data are ordered in the right way. This is why, the term e is needed in
the numerator. However, this last term is an obstacle to establish the level sets result.
Therefore, the trick is to "kill" this term for large time by replacing it by min(e%_é 1).
This is why, we split the study of fI" into two parts : when t is small (i.e. t < 2) and
when t is large (i.e. t > 5).

Proof. We begin by proving (1). Let (z,t) be in Q°x]0, [. We define :

C, _#(Agl—e?) 1 1, et
1/15($,t) 1+ e~ (Xol—¢?) *7’$‘d+2a = Cmga(e 2 37) and a(t) =e =1

thus (@, 8) = alt) x Yol £) X (do.(x) + ).

First, we bound 0,1, from above :

(ol o £ ol—e?)- || £222

Cn
e (x,t) = ¢ —
pe(w,t) <1+e—f(lko\—62)—f|x‘d“ )2

—L(xo|—€? "| | ==
(& X
= £) [(|Xo] — &2

¢6(I7 ) (l Ol € )1 67£(MO| ,,‘x|

< 1/)e($,t)[|/\o| - 52 - ¢6($7t)(¢0,6<m) 5)]
< Ye(@,1)[|ho| — " = fe(@, 1))

d4+2a

(3.46)

df2a
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The last inequalities hold because a(t) < 1 and denoting by D = e~ £(Ml=e)=2 |2|“2* and
using the definition of C,,, we obtain for all £ < min( %, 1)

D _ |/\0| - 52 - Cm(¢0,s + 8)

‘)‘0‘ - 52 - we((bo,s + g) - (’)\0’ — 62)

1+D 1+D
S [Ao| — 2 — B!
- 1+D
> 0.

Next, we compute (—A)% f(z, t)

(=A)2 S8, 1) =a(t)(bo(x) + &) (=A)I¢e(2, 1) + a(t)pe (2, ) (= A)2 Po.c ()

—a(t)K-(¥, (g0 + €))(x, 1)
Combining (3.46) and the above equality we find :

5atfgn(5(],t)+(—ﬁ)?fgn(l’,t) _f?(xvt)(l_f?(xvt))
3e?

< fsm<x7t)(|)‘0| - T - fgn(x7t)) + a<t>(¢0,6(x) + 8)(_A)?¢E<x7t)

+a(t)e(z, 1) (—A) 2o (x) — alt)Ke (¥, ¢o + ) (z, t) — f" (2, t)(1 — f"(x, 1))
3e?

= [ (@, ) (Aol = =) + alt) (@0 () + ) (=A)Ye(2, 1) + a(t) (Ao + 1)vbe(z, 1) do.(2)
(

v,t) = at) Ke(¢, o+ €) (1, 1)

= ) (ol = 25+ at) o+ 1l (e 0) + ). 0) — F'(r.)

— al1)2 0 1) a(0) (00 (2) + <) (- AN, 1) — oK 00 + ).
= 5 ) — a0 + (e, 0) + a(B)n(0) + (-0,

- a(t)%s(z/}, ¢o +¢)(z,t).

(3.47)
Thanks to Lemma 3.3, we obtain
o o ~[tAgl=?)+1]
[(=A)gYe(x,1)] = [Cn(=A)2(ge(e™ @2 ))(x)|
< O T (g (™ )|
We deduce that there exists e; > 0 such that for all € < 7 :
2
|(=A)Ye(, )] < e () 1), (3.48)

Since (¢ + €) is periodic, positive and C* according to [97] (Proposition 1.1), we conclude
from Lemma 3.3 that there exists v €]0, o and a constant C' such that

[t(Aol—e2)+1](2a—7)

K. (0, ¢ + &) (w, 1) < Ce™ =@y (x,1).

We deduce the existence of 5 > 0 such that for all ¢ < g5, we have

3 e2min(gg. + ¢€)

Ko, o+ €)@, 0)] < el ) =

Ve (z,1). (3.49)
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Noticing that (Ao + 1) > 0, inserting (3.48) and 9) into (3.47), we conclude that for all

(3.4
£ < g9 := min(ey, &9, %, 1) and (z,t) € Q°x]0, 5[ we have :

gatfm( Z, )_‘_(_A)?fa?n(x?t) —f?(.l?,t)—l—f;n(x,t)Q

3e?

< _7fm(l‘ t) (t)g()‘() + 1)¢5($7t)
+a(t)(Goe + 1) (@) (= A) Ve, t) — a(t) Ko (3, do + €) (2, 1)

2 2 2
< =2 )+ e )+ S
e?
S _ng (l‘7t)

<0.
Therefore, fI is a sub-solution of (1.) for (z,t) € 9°x]0, %[. It concludes the proof of (1).

We continue by proving (2). Let (z,t) be in QF x] %, +-00[. We define :
Cm [Aglt+e2 arctan(t— E%H_g

wE(x7 t) :1 +e |5 olt +€arctan(t—7)+3 ’ﬁ‘ d+2a Cng(ﬁ_ dze :L‘)

thus — fI"(2,8) = e(x,t) X (dos(2) + ).

First, we bound 0,1, from above :

(|>\0|_1+(t6—2i)2) —1Xolt 4\,3 d+2
Cm 22 67+sarctan(t7—2)+g TO‘
0 (x,t) =€ 5
(1 +e -0 +6arctan(t—— +2 |x’d+20¢)2
IAol d+20
2 +e arctan(t— + d+2a
= e( 1) [ (Mol - )< ‘ol -

1+ (t — é)Q 1+ €*|EO\ +€arctan(t75—2)+§ T % (350)

2

2

< he(z, t)[|Ao| — Tr@—27 " Ve(7,1)(Poe(z) +€)]
2

2

< Pe(x, t)[[Xo] — m = fe(z,1)].
. _‘/\O‘t—i-sarctan(t 4 dt2a . - .
Denoting by D = e = ]:c\ and using the definition of C,,, we obtain

indeed for all € < min(\/|’\—2(", 1)

2 62 D
Mol = —————— — (o Mol =
’)\of—ﬁ— Cn(doe +¢)
N 1+ D
[ho| — 2 — 5l
- 1+D
> 0.

Next, we compute (—A)® f*(x,t)
(—D)2 [ (2, 1) = (doe + ) (@) (—A)20(2, ) + e(a, 1) (—A) b0 (2) — Ke(¥, (do + ) (. 1),
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Combining (3.50) and the above equality we find, following similar computations as in (1),

O fIM(w,t) + (A1 (. t) — f7(w, ) (1 = f2'(x, 1))
2 — 3.51
< e ) + G0ue) + D) - R ).
Thanks to Lemma 3.3, we obtain

[~t|Aglt+e? arctan(t— ) +3]

[(=A)2¢e (2, 1) = |Cr(—A)Z (ge(e e ))(2)]
2a[—|Ag|t+e2 arctan(t—e%)+3] [—[Aolt+e2 arctan(t—s%)+3]
< ’Cme_ e(d+2a) (gg)(e dt2a 23)‘

Noticing that since t > ;%, there exists £3 > 0 such that for all € < &3

4 —[olt 2|\ —[Aolt
—[Xolt + €* arctan(t — )+3 |20| - |€20| —1-52%—1—33 |20|
We deduce the existence of ¢4 < €3 such that for all € < g4 :
—al)glt 2
[(—A)et(a, )] < eI (2, 1) < Ve(, ). (3.52)

T3+ (- %))

Following similar computations, we deduce the existence of €5 > 0 such that for all € < ¢5,
we have

el e?min(¢g. + ¢€)

VY (x,t) = 30 (- 7) )¢s($ ). (3.53)

|Ks(¢7¢0+5)(x7t)| < 3(1+ (t— ;%)2)

Inserting (3.52) and (3.53) into (3.51) and defining ¢ := min(es, g4, €5, %, 1), we conclude
that for all & < &g and all (z,t) € Q°x] %, 4-00[ we have :

O fI" (. ) + (= A)fI (@, 1) — [, ) + [ (1)

82

s - (1 —+ (t — —) )fm(x t) (¢075 + N)(l‘)(_A)a'@Da(xvt) - Ke(¢a ¢0 + 6)(1’,t)
g2 .

ST myl

<0.

Therefore, fI™ is a sub-solution of (1) for (z,t) € Qx| %, +ocl.
The proof of (3) follows the same arguments as the proof of (2).

For the proof of (4), we have to check that the initial data are ordered in the right way.
According to (3.38), (3.45) and the definition of C,,, we have that for all = € ¢,

I3 Cm5€ X «
w0 = ST ¢ Lt e < nne) e
es + || e + Ja| e
Furthermore,
V(z,t) € (2°)° x [0, +o0], we know that fI"(x,t) <e <n.(z,t+¢)+e. (3.54)
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Thus we conclude from the comparison principle that for all (z,t) € R? x [0, 5[, we have
[z, t) < n(z,t+¢e)+e. (3.55)
Since, we have that for all x € R?

lim  fr(at) = lim ()

4 4 4

and recalling that f is also a subsolution in Qfx]%, +oo[ and the inequality (3.54), we
deduce thanks to the comparison principle that for all (x,t) € R? x [0, +o0]

[z, t) < n(z,t+¢e)+e. (3.56)
The other inequality can be obtained following similar arguments. O

A direct consequence of (3.56) is that if e fulfills the assumption of Proposition 3.3 then

Cm X ¢07a (ZL’)

—[Aolt 4y,3 d+2
~Hte arctam(i&—s—z)—i-g |IE| %

4
V(z,t) € R¥x]—, +00]

= <n.(z,t+e¢)+e. (3.57)

1+e

Next, we establish some consequences of Theorem 3.3 on the solution n without the scaling
(3.9).

Proof of Theorem 3.5. First, we prove the first point by using the sub-solution fI". It is
sufficient to prove it for v < rg (where rq is the radius of the uniform interior ball condition
satisfied by ).

Proof of 1. Set v >0, ¢ < d‘ig'a and ¢p > 0 provided by Proposition 3.3. we deduce that for

Cmmingg

. 4(|Xg|—=(d+2a)c Q
m1n<€0,,/ ( 0‘%:»3 >>7 41/

€= 2

> and for all (z,t) € (2 N {|z| < e}) x] 5, +oo[ we have

Crutho(|z]= ')

—[Aqglt _4\,.3 d+2a
l4+e - +earctan(t 52)—',—E|x|T

<ne(z,t+e)+e

which implies
Cm %Hl ¢0

1 4 oL ((@F2a)c— o] +earctan(t— 5)+2 <ne(z,tte)te.

€

If we perform the inverse scaling to (3.9), since € < %ﬁ;za)d, it follows that for all
2

t> 5
4 3
t(c(d + 2a) — [Xo|) + carctan(et — =) + = < 0.
€ £
We deduce that for all (z,t) € (2, N {|z| < e}) x| 5 + 1, 00|

Chm %in ®o Cm nglzin bo
2 1 + 6t(c(d+2a)—|>\o\)—i—aarctan(at—;%)—&-g < n(w, t+ 1) Te.
Cm rgin ®o
If we define 0 = —*— and t, = % + 1, we conclude that (3.41) holds true.
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We prove the second point by using the super-solution f.
Proof of 2. Let C' > d'igla and we fix € = ¢y such that Proposition 3.3 holds true. It implies
that

V(z,t) € R¥x]0,+00[, n.(z,t+e) < fM(x,t).
If we perform the inverse scaling to (3.9), it follows that

Cy X max ¢

14+ €7|)\0\t75arctan(st)f%

n(x,t+1) < e

Then for all (z,t) € {|z| > Ct} x]0,400[ we have

Chr X max ¢y

n(x,t+1) < — .
( )< 1 + e~ F—tetl(d+2a)C—|2o]

Defining C; := 2Cy max ¢y, Cs := ¢ 3 ¢ and k := (d 4+ 20)C — |\o| then the conclusions
follows. 0

3.5.2 The final argument

Proof of Theorem 3.3. We will prove (i) by splitting the proof into two parts : the upper
bound and the lower bound. We will not provide the proof of (ii) since it is a direct application
of 2. of Theorem 3.5.

Proof of (7). Let p1 be a positive constant. We want to prove that there exists a time ¢, > 0

d';\g‘a we have for all (z,t) € {|z| < e®} x]t,, +o0]

such that for any ¢ <
n(a,1) = ny ()] < o
First we establish that there exists a time ¢; > 0 such that
V(z,t) € Qx]ty, +oo], n(z,t) —ni(x) <u (3.58)
Next, we prove the existence of a time t5 > 0 such that
V(z,t) € Qx]ty, +oo[, —p <n(x,t)—ny(z) (3.59)

The difficult part will be to establish (3.59). This is why, we do not provide all the details of
the proof of (3.58).

Proof that (3.58) holds true. Thanks to (3.38) and Proposition 3.1, we deduce the
existence of a constant C > 1 such that

n(z,t =1) < Cny(z).
Moreover, the solution 7 of

om+ (—A)*n=n—-n in Qx]1,4o0],
n(x,t) =0 in Q° x [1,+o00],
n(x,t=1)=Cni(z) inQ

is a super solution of (3.1). According to the comparison principle we deduce that

V(z,t) € R x [1,4+00[, n(x,t) <n(z,t). (3.60)
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One can easily observe that 7 is periodic, decreasing in time and converges uniformly to n
in the whole domain 2 as t — +o00. Thus there exists a times t; > 1 such that

V(z,t) € Qx]ty, +oof, n(x,t) —ny(r) < p.

The conclusion follows.

Proof that (3.59) holds true. We split this part of the proof into two subparts, what
happens on the boundary and what happens in the interior.
The boundary estimates. Since 7t is decreasing in time and thanks to (3.60), we deduce that
for all (z,t) € Q x [1,+o0]

In(z,t) —ni(x)| < n(z,t) +nye(z) <alx,t)+ni(z) < (C+ 1)ng(x).
According to Proposition 3.1, we deduce that for all (x,t) € Q x [1, +o0|

[n(x, 1) = ny(2)] < C(C+ 1)d(2)".

Q=

We conclude that for all (x,t) € Q x [1, +oo[ such that §(z) < ( := 11 we have

G(§+1))
In(z,t) = ny(z)] < pe

The interior estimates. Thanks to Theorem 3.1, we know that n, < 1 thus it is sufficient
to prove the existence of t5 > 0 such that

n(z,t)

n4(z)

V(x,t) € ({|m| < eCt} N QV2) X|ty, +o0[ 1—p< where vy = min(vy,71)

where v; is provided by the previous step and r; by the uniform interior ball condition.

The idea is to approximate n by the solution of (3.4) on a ball of radius M. Noticing that
thanks to (H1), there exists My > 0 such that for M > M, there exists a unique bounded
positive solution 7,/ 4 of

{(—A)o‘nM,Jr =nuy4 —niy 0 QN B0, M), (3.61)
nary =0 in (2N B(0, M))° '
We claim that
RS N ()
AM, > My, such that VM > My, Vo € Qg,,, (1 —p)? < @) (3.62)
ny(r

The proof of this claim is postponed to the end of this paragraph. Next, we approach ns 4
by the long time solution of the following equation :
Ompr. + (—A) Ny, = nar, — n?mz in (2N B0, M)) x]0,+o0],
narz(x,t) =0 in (2N B(0, M))“x]0, +o0], (3.63)

e (z,t=0) = O'lB(Zyl%)(ZE).

where o is provided by Theorem 3.5 and z € €}, v will be fixed later on. We claim that

nar.(x,t)

3t,, > 0, such that Vz € Q) », V(z,t) € Qq,, x|t +oo], (1— u)% <
2 g+ (2)

(3.64)
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Again, the proof of this claim is postponed to the end of this section. Next, we define
t,=t,+1, (3.65)

where t,, is defined by (3.64) and t, by Theorem 3.5. Let (z,t) € (2, N {]z| < e*}) x]t,,, +-00]
and j € Z% be such that x € Qo + a;j. Since vy < r; (the radius of the uniform interior ball
condition), we deduce the existence of z, € QO’VTQ such that

x € B(z, +aj, %) and Vy € B(z, + aj, %) there holds y € (20 +a;)x N {|y| < eCt} . (3.66)

v
4

(z,t) _ n(z,t)
@) T )’

Remarking that = we are going to control each terms of the following decom-

position :
t t s (r—a;t—1, —a;
n(.’]), ) — n(l‘7 ) % TLM’ ‘L(:'E a] ) % nM7+(w a]) — I X II % III
ne(@) " i@ — 1) mur—a) (o —a)

where ny ., is defined in (3.63).
Control of I.
Thanks to (3.41) and (3.66), it follows that

v
Vy € B(zy +aj, —

4)7 Ugn(y7t0)

Recalling that ny ., (z,0) = olpg,, 2 y(r), we conclude thanks to the comparison principle
that
Y(y, s) € R? x [t,, +oo[ we have nar., (y — aj, 8 — ts) < n(y, s).

Since t > t,, we conclude that

1< n(@,?) . (3.67)
.z, (T —aj,t —1t,)
Control of II.
Since t — t, > t,, we deduce thanks to (3.64) that
1 ny (T —aj,t—1t,)
1— )2 < 3.68
(1=t < Pttt (3.69)
Control of III.
Since x — a; € Q, we deduce thanks to (3.62) that
1 nyy(r—ay)
1 p)? < 3.69
e s (3.69)

Combining (3.68), (3.69) and (3.67), we conclude that for all (z,t) € (Qyzx]tw +oo[) N
{(:c,t) eRIx RY | |z] < eCt}, we obtain

. < n(x,t) o Tz, (x —a;,t—ty) " ny(r—a;)  n(z,t) n(z,t)
N e @ =gt~ 1) nu (2 — aj) ni(@—a;)  ne(z—a;)  ne(z)
This concludes the proof of Theorem 3.3. O]
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3.5. The proof of Theorem 3.3

It remains to prove the claims (3.62) and (3.64). The proof of (3.62) relies on the unique-
ness result stated in Theorem (3.1).

Proof of (3.62). The map (M €]My,+oo[— nar+) is increasing as nys is a sub-solution to
the equation for nyy for M’ > M. It converges to a weak solution of (3.4). By fractional
elliptic regularity, the limit is a strong solution of (3.4). We conclude thanks to the uniqueness
of the solution of (3.4) stated in Theorem 3.1. O

The proof of (3.64) relies on a compactness argument.

Proof of (3.64). For a fixed z € Q,, the proof of convergence of ny;, to ny . is classical
thanks to (H1). For each z € Qq,, there exists ¢, > 0 such that

narz(x,t)

V(z,t) € Rix|t,, +oo], (1—p)2 < .
(7.0 € Rt hoo], (1=} < 220202

We claim that sup ¢, < +oo. This assertion is true by compactness of (), (otherwise there
ZEQ(),V

exists z € (), such that ¢z = +oo which is a contradiction). O

3.5.3 The result on the level sets

In this section, we use the sub and super-solutions established in Section 3.5.1 to prove
Theorem 3.4.

Proof. Let v > 0 be such that Q, # (). We define

Cy = Cmm1n¢0(y>

yeQ,

where the function C,, is defined in Proposition 3.3. Set p €]0,¢,[ and we define ¢ =
C)n min -

min(%ﬂy)u, €0, ) where €y is provided by Proposition 3.3. Next we define ¢, = ;% + 1.

Let (z,t) € Q,x]t,, +oo[ be such that n(z,t) = p. First, we prove that there exits ¢ > 0

(independant of the choice of (x,t)) such that celolt < |z|#+2® Next, we prove the exis-

tence of C' > 0 (independant of the choice of (z,t)) such that |z|¢t?* < Celolf. Defining

C, = max(C, ¢ '), the conclusion follows.

Ezistence of ¢. Thanks to Proposition 3.3, after the inverse scaling of (3.9), we obtain

Crn(po(7) +€)

1+ e—|)\0|(t—1)+5 arctan(a(t—l)—;%)—f—g |ZL’|d+20‘

<n(x,t)+e=p+e¢

= Cmgl/lelblzqﬁO(y) —pt €<Cm — 1) < QIue*\)\othl)JrEarctan(a(tfl)fs%)Jr%|x’d+2a

Cyn min ¢o(y)—p
yeQy 0 _EN_2_ |)\ ‘

N 2

(Cm min go(y)—pe T =~
€eQy

I then the conclusion follows.
Ezistence of C. Thanks to Proposition 3.3, after the inverse scaling of (3.9), we obtain

Cruoo()

1+ ef\)\o|(t71)75arctan(e(tfl))fi |J;|d+2a'

If we define ¢ =

p=n(z,t) <
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It follows

Tyl
|x’d+2a S ((CM max ¢0 — M)652+5 >\O|> e|)\0|t.
)%

_u)e€%+%*ﬂo\
n

If we define C), = (Car max do and ¢, = C; I then the conclusion follows.
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Chapter 4

Properties of steady states for a class
of non-local Fisher-KPP equations in
general domains

Ce chapitre a fait ['objet d’un dépot sur Arziv et va faire ['objet d’une soumission dans un
journal scientifique. Il a été co-écrit avec Jean-Michel Roquejoffre.

4.1 Introduction

4.1.1 Model, question, motivation

We investigate here existence and uniqueness of bounded positive solutions for the frac-
tional Fisher-KPP equations of the form

ie. {(_A)am“(x) =ny(zr) —ni(zx) forzeQ,

4.1
ny(x)=0 for z € Q°. (41)

The domain §2 is an infinite union of patches, all of them but perhaps one being bounded.
The operator (—A)* is the fractional Laplacian :

4°T (4 + )

(z) — o(y) ,
—A)(z) =C, PV | Py with Co = —
(—A)%¢(x) y k 73|0(—a)|

R |z —y|Pr2e ’ 2
we assume « < 1 throughout the work. Clearly, existence and uniqueness would be false
if &« = 1 (just think of a periodic union of large line segments), but nonlocality implies a
solidarity between patches that may make existence and uniqueness become true. We will
first see some effects of the nonlocality when dealing with principal eigenvalue problems, we
will then try to understand how the solidarity forced by nonlocal diffusion eventually leads
to existence and uniqueness. More important in our opinion, we will take advantage of the
disconnectedness of the domain to derive precise estimates of possible solutions of (4.1) at
infinity, that will eventually imply uniqueness.

The evolution equation

om(z,t) + (=A)*n(z,t) = n(x,t) — n(z,t)>  for (z,t) € 2x]0, +o0],
n(z,t) =0 for (z,t) € Q° x [0, +00], (4.3)
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models biological invasions. The variable n stands for a density of population. The fractional
Laplacian models the fact that a species can jump from one point to another with a high
rate. If a bounded solution of (4.3) converges as t tends to 400, it is either to 0, either to
a non-trivial stationary state of (4.3) : a solution of (4.1). Thus, if (4.1) does not admit a
bounded positive solution, we deduce that the species modeled by n will extinct. On the other
hand, if there exists a unique bounded positive solution ny to (4.1) to which the solution n
converges to n, as t tends to +o0o, the species will persist. An equation of type (4.3) was first
introduced in 1937 by Fisher in [58] and by Kolmogorov, Petrovskii and Piscunov in [73] in
the whole domain R? and with a standard diffusion.

Our model accounts for a situation where reproduction is allowed on some patches (perhaps
an infinity of them) while the outside environment is lethal to the species. Moreover, the
patches may be, individually, unfavourable to reproduction, and this may be true for all but
one of them. The question is whether the species may survive in these conditions, and if
such is the case, in which quantity. Of course this can only be possible because of nonlocal
diffusion, survival being clearly impossible in the conditions just described, if the diffusion
is the usual one. One of the main result of this work is that there is survival but if all the
patches but one are individually unfavourable, the density of individuals will decay like a
power of the distance to the favourable patch that we evaluate precisely.

Before that, we account for specfic effects of the nonlocal diffusion for simple one-dimensional
domains.

4.1.2 Some effects of nonlocality on the principal eigenvalue

We consider a domain made up of two patches of variable distance, and we wonder how
the principal eigenvalue is affected by the distance between the patches. In particular, we ask
whether it is continuous with respect to this distance. This question is of course irrelevant if
the fractional Laplacian is replaced by the usual Laplacian, as both domains have a principal
eigenvalue of their own. However, in the nonlocal case, there is a solidarity between the
patches and the question becomes relevant. In the one dimensional case, we give a positive
answer especially when the distance tends to 0. Our domain is of the form

Do, =0UQy and  dist(y,Qy) = inf {|z; — xa| with 21 € Oy, x5 € Do} =2u. (4.4)

Notation. For any smooth bounded set O, let £,(O) be the principal eigenvalue of the frac-
tional Laplacian with an exponent av with Dirichlet conditions outside the domain O

ie. {(_A)a¢a = €Q<O)¢O¢ mn O,

Do =0 in O°. (45)

The existence of such eigenvalue is ensured by the Krein-Rutman Theorem. In this part, we
will adopt the following notation :

£, = &),
We denote by ¢19,., and @ia the eigenfunctions associated respectively to &,(£212,) and

§

The main continuity result

As previously said, a two-piece domain has a first principal eigenvalue, and this eigenvalue
is continuous under the mutual distance of the two pieces is intuitively obvious, as soon as
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they remain far apart. When they are put together, continuity still holds : this result has of
course no equivalent in the case of the standard Laplacian. Here is the precise statement.

Theorem 4.1. Under the previous assumptions, the function (u €]0,+00[— &a(12,4)) s
increasing and continuous. Moreover, it is continuous up to p =0 and

Ea(20) = Ea(]0, [Q] + [Q2]]).

A first ingredient for the proof of Theorems 4.1 and the monotonicity of (11 — Ao (Q1,2,.))
is the Rayleigh quotient

(AP o(@)p(x)dr 3 Je Je T dyde  [g),

R.(¢) = = = . 4.6
N NI T () 413 0
We will evaluate R, in the following spaces, for a general set O :

Hg(0) = {¢ € L*(O) such that [¢], < +00 and ¢zi0 = 0}. (4.7)

The link between the Rayleigh quotient and the principal eigenvalues is the following :

fa(Ql,Zu) - e HS &?112 H)\{O}RQ(QS) = Ra(qbl,lu,a) and §z’,a = Ra(¢) - Ra(?i@)'
(4.8)

The proof of the continuity of &,(£212,) with respect to p when o > 0 is a consequence
of standard uniqueness/compactness arguments. The continuity at ;4 = 0 is more involved,
especially when o > % In this case, we have to prove that the contact point between the two
domains 2; and €y becomes a removable singularity. To achieve this result, we will use the
extension on the upper half plane of the fractional Laplacian introduced by Caffarelli and
Silvestre in [37]. For the case a < %, the case ;r = 0 can be treated as the case > 0 thanks
to the density of the set of functions satisfying ¢ = 0 (see [106]). We emphasise that the
demonstration holds true up to u = 0 because we work in a one dimensional space. Indeed,
in one dimension, there is only one way to connect two intervals. For d > 2, the result holds
true for distances p > 0, with no real modification.

min
peHG (2:)\{0}

The limit o — 1 : Consequences of Theorem 4.1

It is well known (see [49]) that for a smooth function n and for all € R, the function
a — (—A)*n(z) is continuous, and that
(=A)*n(z) — (=A)n(z).
a—1
The standard compactness/uniqueness argument yields the continuity of the function («a €

10, 1[— &a(Q1.2,)). The next proposition describes, in our specific case, the dynamics of
£a(S212,) when a tends to 1.

Proposition 4.1. The function o €]0, 1[— &, (Q12,,) s continuous up to o = 1 with

51(91,2#) = min (§1,§2). (49)

We now focus on the dynamics of £,(£2;,2,) when (u, ) converges both to (0,1). There is a
competition between the non-local character which becomes "less important" as « tends to
1 and the requirement of this non-local character which becomes also "less important" as p
tends to 0. Theorem 4.1 and Proposition 4.1 imply the following statement, which has once
again no equivalent in the case of local diffusion :
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Theorem 4.2. Under the previous hypothesis, for all & € [§1(€120), min(§, €, )], there
exists a sequence ([, g )gen Such that

(s ) — (0,1) and &o(Chzp) — & (4.10)

4.1.3 Existence and uniqueness of a steady solution to (4.1)
Notations and assumptions on ()

Before giving the hypothesis and the results, we introduce some notations which will be
used all along the article. Let O be a general smooth domain of R? z be a point of R? and
v be a positive constant. Then we define the sets :

O+z= {y € R% such that y — x € (’)} and O, = {y € O such that dist(y, 00) > v}
(4.11)
where 0O is the boundary of O. Since the distance to the boundary of the domain 2 under
study will play an important role, we will denote it by 9,

ie. 0(x) = dist(z,00)1q(x). (4.12)

When it is defined, the principal eigenvalue of the fractional Dirichlet operator (—A)* — Id
in O will play also an important role in the following. We will denote it by A, (O) :

{<—A>a¢<x> e = M(O)e) for €O, )

for z € RNO.

We underline that A\, (O) = £,(O)—1. The principal eigenvalue A, (O) will be a key ingredient
of most of the upcoming results. Note that a such eigenvalue is well defined for instance when
the domain O is smooth and bounded with a finite number of components. It is also well
defined if O is smooth, periodic and such that the number of components in all compact
sets is finite. For such domains, there is a dichotomy : either A\,(O) < 0 and (4.1) admits
a positive bounded non-trivial solution, either A\,(Q) > 0 and the unique positive bounded
solution of (4.1) is 0.

We assume that the domain 2 may be written as

Q= (H1)

keN

where the sets (€0 )ren are smooth, connected, bounded. Moreover, we assume that
() satisfies the uniform interior and exterior ball condition. (H2)

Definition 4.1 (The interior and exterior ball condition). A set O satisfies the uniform
interior and exterior ball condition if there exists ey €]0, 1[ such that

Vere©, 3z, € O such that x € B(z,,&0) C O,

4.14
and Vy € O° 3z, € O°  such that y € B(z,,c0) C O°. (4.14)
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FIGURE 4.1 — Illustration of a possible domain {2

We assume that 2 can be decomposed in the following form :

Q - Q_ U Q+ — U (Q—,k U Q+,k> (H3)

keN

In the following, when we pick z € {24, the integer k, will denote the only integer such that
x € Q:ﬁ:,kx‘

We assume that the domain €24 is composed by some uniformly bounded clusters C, j
which are "far away" each other

ie. Vk € N, 3z, € R? such that  Cy; C Bz, 70), |2 — 2] > Ro+ 1o (for i # j)
and  dist(Q4,Q_) > Ry.
(H4)
In what follows, the constant Ry will be assume suitably large. Moreover, we assume that the
eigenvalue of the Dirichlet operator (—A)* — Id in {x € Ri|dist(z,C, 1) < 51} is uniformly
bounded from below for some positive &1 < % :

ie. 0< X< Xa({z€RYdist(z,Cys) < 1)) (H5)

For 2_, we assume that it is not empty and there exists a finite number of bounded sets
vne{l,...N}, \(2_,) <0,

and Vo € Q_,3(y,n) € R x {1,..., N} such that = € (y —i—Q,,n) and (y +Q_,) C Q.

(H6)

Remark. The assumptions (H1)— (H6) on Q cover a large case of sets from the sets with

only one bounded connected component to a general unbounded with an infinite number of
components.

At the end of section 4.3, we present some examples of domains which satisfy such as-
sumptions.

Remark. The decomposition 2 = Q_US), is not unique. For instance if 2 is bounded, one
can take Q" = Q and ', =0 as a new decomposition.
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The steady solution n, : existence, accurate estimates, uniqueness

We begin by stating that there exists a bounded non-trivial solution n

Theorem 4.3. Under the assumption (H6), there exists a bounded non-trivial solution of
(4.1).

Thanks to (H6), we can provide a subsolution : the solution of (4.1) where the domain (2 is
switched with Q_ N B(0, R) (with R large enough such that A\,(2_ N B(0, R)) < 0). Next,
a supersolution is the constant function 1. Finally, we construct a solution by iteration from
this sub and super solution (see [102]).

A much less classical result is an estimate from above and below of any positive non-trivial
bounded solutions of (4.1).

Theorem 4.4. Assume that  fulfils (H1)- (H6) and that Ry > Cyacperro Where Caoeoerro
s a positive constant depending on the parameters d, a, €g, €1, 19 then for any bounded positive
solution ny of (4.1), there exists two positive constants c; €]0,1[, C; € Ry such that for all
x € R? we have

a1G(z) < ny(x) < G(x) (4.15)

with
G(x) = min (min(C1(x)“, %) x G(x),1). (4.16)

and
G(z) = 1o (2) + (/Q |x_;|d+2ady) 1o, (z). (4.17)

We underline that the function G depends only on the decomposition (H3). We will devote a
special section to its proof, its strategy being presented at the beginning. Thanks to Theorem
4.4, we prove uniqueness of the solution of (4.1).

Theorem 4.5. Assuming (H1)- (H6) and if Ry is large enough then there exists a unique
bounded positive non-trivial solution of (4.1).

The proof of uniqueness follows a general argument introduced by Berestycki in [10]. Thanks
to Theorem 4.4, we compare two solutions and we conclude thanks to the maximum principle
or the fractional Hopf Lemma.

A consequence is that the steady solution is a global attractor for the Cauchy Problem.

Corollary 4.1. Under the previous hypothesis, if n is solution of (4.3) and ng is positive,
non-trivial and compactly supported initial data with the closure of the support included in
the closure of S then there holds

d - _
Vr € RY, tngrnoon(ac,t) =n,(x).

We underline that the proof will use the uniqueness result. From a biological point of view,
we talk about a colonisation rather than an invasion phenomena. Indeed, invasion imply a
colonisation phenomenon and an autonomy from the population in the neighborhood of the
colonised area. This last fact does not hold in €2, according to Theorem 4.4.
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4.1.4 Discussion, comparison with existing results

Theorem 4.5 has a link with some recent results dealing with steady solutions of nonlocal

Fisher-KPP equations in general environments. Closest to the result is the analysis of Be-
restycki, Coville and Vo [12], where the dispersal is given by a smooth integral kernel, the
domain is the whole space, but the reproduction term is inhomogeneous. Under essentially
two assumptions, namely that a generalised principal eigenvalue (see [21] for the general
definitions) is negative, and that the medium outside a ball is unfavourable, existence of
uniqueness of a steady solution under a certain subsolution is established. We note a related
work by Brasseur [32] that achieves a passage to the limit of a more and more concentrated
dispersal. Our general setting is less general than the situation considered in [12], in particu-
lar we have to make assumptions related to the fact that the environment is fragmented. In
particular, whether Theorem 4.5 holds under the sole assumption on the sign of a generalised
principal eigenvalue is an important question whose answer is unknown to us at the moment.
Additional technical difficulties are present due to the fragmented environment (barriers at
the boundary of the domain are sometimes tricky to devise) as well as the presence of the
fractional Laplacian. On the other hand, we note that our uniqueness result holds in the
whole class of bounded solutions due to the general estimate provided in Theorem 4.4, which
we regard as one of the main results of this work.
An aspect of the problem, that would call for further developments, is the detailed description
of the invasion, in other words quantitative estimates on the convergence to the steady
solution. This would be especially interesting if infinitely many patches are favourable -
a description of the steady states in this situation is, by the way, still to be developped,
although not totally out of reach from the arguments of the present work. We mention the
periodic setting treated in [78], where exponential invasion is proved. To understand how
things have to be modified outside this setting is still, to our knowledge, open.

4.1.5 Outline of the paper

We first provide in Section 4.2 a study on the one-dimensional case : the dependence of the
sign of ,(€21,2,,) on the parameters [€; .|, ¢ and a. Next, in Section 4.3 the proof of Theorem
4.4. Section 4.4 is devoted to the proof of Theorem 4.5. In section 4.4.2, we establish Theorem
4.1. We also provide some numerics in order to illustrate Corollary 4.1 and Theorem 4.1.

In order to be more readable, we do not write the principal eigenvalue P.V. and the constant
C, in front of the fractional Laplacian. When there is no possible confusion, the constants
denoted by ¢ and C' may change from one line to another. In all this work, when it is not
precised, ¢ is usually used to denote a principal eigenfunction. Moreover, it is taken positive
and with unit L? norm.

4.2 Dependence of the sign of &,(¢2;-,) on the parame-
4,
ters
In subsection 4.2.1, we focus on the dependence of £, (£212,,) on the size of €2; and p. We
provide the proof of Theorem 4.1 and Proposition 4.2. Then, in subsection 4.2.2, we provide

the proof of Theorem 4.1. Finally, subsection 4.2.3 is devoted to the investigation of the
description of the dynamics of &, (£ 2,) when (u,a) — (0,1) at the same time.
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4.2.1 Dependence on [Q);| and pu

We start the proof of Theorem 4.1 with the following classical (and useful) bounds on
Ea(Q12,)-

Proposition 4.2. Under the previous hypothesis, there holds for all x> 0

501(91,2,#) S min (él,a’§2,a)'

Proof. For all > 0, it is straightforward that H§(€;) C H§(Q2). Thus, we deduce that the
function ¢, € Hg(€2). We conclude thanks to the Rayleigh quotient that we have :

ga(Ql,Q,u) = Ra(gb) S Ra(éi,a) = §i,a'

min
peHg (Q)\{0}
O

Proof of Theorem 4.1. We first show the monotonicity. Next, we prove the continuity for
1 > 0 finally we demonstrate the continuity up to p = 0.

Proof of the monotonicity of (p — &,(12,)). Let 11 and po be two positive constants
such that py < po. We will consider €2 5, and €2 5 ,,, that we write explicitely (possibly up
to a translation) in order to fix ideas :

Ql,z,m :] — Ay — py, — [U]Mh Ay + #1[ and Ql,?,,uz :] — Ay — g, — o [U]NQ, Ay + Nz[-

We define p = iy — pg. We recall that for all j € {1,2}

§a (Ql 2 u]) min Ra(¢) = Ra(ﬁbl,?,uj,oc)‘

HEHS (1 2,0\ {0}

The idea is to translate each component of the support of @12, in €22 ,,. Thus we define

B(g) — d(x —po+ ) = Propalr —pn) if 2 € —o00,0],
¢ () : { O(x + p2 — p11) = ¢(x + 1) it 2 € [0, +00] (4.18)

for any ¢ € HS (1,2,,). We easily observe that ¢* belongs to H§ (12,,). Next, we remark
that |75 ,,.all2 = |912,m.all2 = 1. The aim is to show that

[¢lf,2,,u2,a]oé S [¢172,u2,a]a- (419)

If (4.19) holds true, since the L? norm is conserved, we obtain from (4.6) that

Ra( i )_ [ iQ,uz,a]a < [¢1,2,u2,a]a = a(¢12u2 oc)

7277 - -
R PN Rl PN

It allows us to conclude that

ga(QLQ,#l) = d)EHO‘(nggn )\{O}Ra(¢) < Ra( ?,2,#2@) < R(¢1,2,M2,OA) - ga(Ql,Zug)-
0 12,11

Thus, we prove (4.19). We will denote

2

k.(r) = max(e, |z|'T**) such that [¢], = lim = / / dyda:.

e—=0 2
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For all € > 0 and for all positive ¢ € H§(€2,,) thanks to the Fubini-Tonelli theorem, we
have

1 (¢"(z) — ¢"())* ¢ (x)* + ¢"(y)* — 20" ()" (y)
5/}1&/& ke(z —y) dyda;_z// k(m—y) dyde

= [ [ 7/{ oy - / / 7¢“(m)¢u(y)dydx

_C/w V2 — / / )dd
M2, Ql2u1 33— )

Here, C. = [ k dz is a constant independent of the choice of ¢. Next we have :

LLes f;gy”%ydx = C. [ ") - / P )Py )d e

9“1 o k(z—y)

P (x)pH cb“( )
_/Qm o ko(x — d o2 oyt Jap k ~y) Tz —y) Y
(4.20)

Thanks to a change of variable, we obtain that for all i € {1,2} :

¢H(x)¢"(y) ¢(x)(y)
/Qm - dydz. (4.21)

dydx = —
ke(z —vy) yer = /Q”Q o2 k.(x —y)

Since for (z,y) € Q)? x Q52 we have k.(x — y + 2u) < k.(z — y), we obtain

o(z)p(y) B o () (y)
/QF‘Z /QF‘Q k dydl’ < Q,u2 Q/ic2 k,e(x _ y + 2#) dydl’ — /(\2/21‘1 Q/‘l k- (x — y) dydl’
(4.22)

Inserting (4.21) and (4.22) in (4.20), we conclude that for all ¢ > 0 and all positive ¢ €
H§ (4 2,,), we have

/R /R ((ﬁﬂz)(;_y dyde < / / P dydr.

Sending ¢ to 0, we conclude that (4.19) holds true and the conclusion follows.

Proof of the continuity of (u — &,(Q12,)) for p > 0. Let p > 0 and (ux)ren with

Lk k—+> w and py > 0. According to Proposition 4.2 and the Krein-Rutman Theorem, we
—+00

have 0 < &, (12,) < min(§,,&,). Up to a subsequence, §,(€212,,) converges to . We

normalise @12, o such that |[¢12,, ]|z = 1. Next, thanks to the Rayleigh quotient, we

obtain that

[¢1,2,uk7a]a < fa(Ql,Zuk) < min(§1,§2).

Thus, we deduce that |12 .0l e is bounded. Up to a new subsequence, ¢1 2, o converges
strongly in L?(R) and weakly in H*(R) to ¢. It is straightforward to obtain that ¢, > 0
and ¢oo = 0 in (€42,)° Moreover, since 5, converges to {5, we deduce that for all
compact set K of €2 5 ,, there exists ky € N such that for £ > ko, we have

K C QLQ’#k and 1 — ¢ < |’¢172,Hk,a”L2(K)
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with ¢ as small as we want. We deduce that [|¢| 12, ,,) = 1. With the same idea, we get
that in all compact set K of €215 ,, ¢ is a weak solution to

(—A) oo = EuoPoo for x € K,
Do =0 for x € 9(1:,2,;“
¢oo > 07 H¢OOHL2 =1

Since it is true in all compact set of €2y 5, we conclude that

(_A>a¢oo = §m¢w for z € Ql,?,;u
oo =0 for z € Qf , ,, (4.23)

$oo > 0, ||¢OO||L2 =L

Thanks to the fractional elliptic regularity (see [38]), we obtain that (4.23) is true in the
strong sense. By uniqueness of the eigenvalue associated to a strictly positive eigenfunction,
we finally conclude that & = £,(Q12,) and ¢oo = @12 40

Proof of the continuity up to = 0. Let (ux)ren be a sequence such that i, k—+> 0 and
—+00

i > 0. Following the same idea than in the previous part, we find that £,(€ 2., ) converges
to some £ and @12, o converges to ¢, with ¢, a bounded solution of

(=)o = oo for z €] — A, A]\ {0},
$oo =0 for z €] — A, A[%, (4.24)
¢°O Z 07 ||¢oo||L2 =1

We consider two cases : a < % and o > %

Case 1 o < ;. It is sufficient to remark that ¢1 5, o converges to ¢o in H*(] — A, A[) (see
the comments after the proof of Lemma 16.1 p. 82 of [106]). Indeed, since the set of functions
{Y e Hy(] — A, A[)|¥(0) = 0} is dense in HJ(] — A, A[), we conclude by compactness as in
the case p > 0.

Case 2 a > % The idea is to show that 0 is a removable singularity in the extended problem,
as introduced in [37]. This will allow us to conclude that ¢oo = ¢120. and & = & (Q120)-
The inspiration for the whole proof comes from Serrin [100].

So, let v be the solution of

—div(y*Vv) =0 fi ,y) €E R x RY
{ (y*Ve) or (z.9) . with a = 1 — 2a.

v(x,0) = ¢oo(z) for x € R,
From [37] we have that, for all z €] — A, A[\ {0} :
lig 40,02, 4) = ~(~A)*9uc(2) = ~Eute(t) = ~Ext(2,0).
We define w as the solution of the following equation

—div(y"Vw) =0 for (z,y) €] — L, L[x]0, L]
w(z,y) = v(z,y) for (z,y) € 0(] — L, L[x]0, L)) n{y > 0}, (4.25)
}Jli% yaayw(xa y) = _?l}i% §OO w(x,y) for x E] - L, L[7
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4.2. Dependence of the sign of £, (€ 2,,) on the parameters

where L €]0, A[. That w exists and is unique is a consequence of the implicit function Theorem
for L small enough. Define W = v — w such that

—div(y*VIV) =0 for (z,y) €] — L, L[x]0, L]

W(z,y) =0 for (z,y) € 9(] — L, L[x]0, L[) n {y > 0}, (4.26)
lim y*0,W (z,y) = ~lim & W(z,y) for o €] - L, L[\{0}.

We are going to prove that W = 0. For this purpose, we split W into two parts : W = W, +W5.
The function W; is solution of the following equation :

—div(y*VW;) =0 for (z,y) € B(0,¢)™,
Wi(z,y) = W(z,y) for (z,y) € 0B(0,¢)", (4.27)
hl)r(l) Yy o,Wi(z,y) =0 for x €] — e, ¢
Yy

where € €]0, 5 L1 will be chosen later on.
Next, we focus the study of W5 on the domain (] — L, L[]0, L[) \B(0,e)". The equation for
W2 is

—div(y*VWs;) = 0 for (,y) € (] — L, L[x]0, L))\ B(0,¢)"
Wa(z,y) =0 for (z,y) € (] L L[x]0, L[) N {y > 0},
Wa(z, y) = Wi(z, y) for (z,y) € 83(0,5) (4.28)
Ly 40, Ws(z,) = L W (2,) for & €] — L, LI\ — e,

We underline that W5 " W weakly. Therefore, since W; = W — W, we deduce that

E—

Wi " 0 weakly also. In the following, we denote by

D =| = L, L[]0, L\B(0, ), Py =0( = L, L[x]0, L]) \ (] = L, L[x{0}),
Iy =] — L, —¢[Ule, L], and [y = 0B(0,¢)*.

D

s
— s £
B 0 L
2
FIGURE 4.2 — The set under study

The aim of the rest of the proof is to prove that W5 =3 0. If it holds true, the conclusion
E—>

follows. For this purpose, we use the superposition principle and we split the study of W,
into two parts : W3 and W3 which are the respective solutions of
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—div(y*VIV;) =0 for (z,y) €
Wi(z,y) =0 for (x,y) € F1,
Wy(z,y) = Wi(z,y) for (x,y) €T's (4.29)
Zl;i_r)% Yy o,Ws(z,y) =0 for x € T'y
and
—div(y"VIWy) = for (z,y) €
Wy (@,y) = for (z,y) € 1“17
) (4.30)
Wy (z,y) = for (z,y) € T,
limy °0, W5 (2, y) = —lim &W () for & € T,
v

Since, W; tends weakly to 0 as ¢ — 0, it follows that W3 tends also weakly to 0. It remains
to prove that W, vanishes.

Let ¢ be a test function in H}(D, |y|*) (see Chapter 1 of [72] for the general framework of
weighted Sobolev spaces). Noticing that for all 7 > 0 and (z,y) € DN {y > 7}, we have

div(ely|*" VW) (z,y) = Vé(z, y)[y|" VIV (z,y) + ¢(z, y)div(|y|*"VIVY)(z,y)
= Vo(z,y)|y|" VW (z,y).

We deduce that

| volylvwidady = [
D D{y>7}

= div(olyl"VWE) (. y)dady + [ Volyl*VWidrdy
Dn{y<t}

Dn{y>7}

Voly* VW drdy + / Voly| VW dxdy
D{y<t}

= Sy VWY (z,y) - vdx + / Voly[ VWY dady
(DN {y>7)) Dr(y<r)

= —o(z, 7)| 7|0, Wy (w, T)dw + / Voly|* VW dxdy.

Dr{y=r} Dn{y<t}

Next, if we let 7 tends to 0, the second term of the right hand side tends to 0 thanks to the
Cauchy-Schwarz inequality. Recalling that W = W, + W, + W,  we finally have obtained the
following variational equation :

/DngﬁVW2"|y|“dxdy _ /F O 006 W3 (@,0)dr = [ €x(Wi(2,0) + Wy(,0))o(x, 0)da.

(4.31)
In order to prove the existence and uniqueness of a solution of (4.31), we are going to apply
the Lax-Milgram theorem. The linear map is the following :

A:g e Hi(D.lyl") = & [ (Wa(a.0) + Wy(x,0))(a, 0)da.
Since (W7 + W) tends weakly to 0 as € — 0, we deduce that
Al z2 Dy 0 0. (4.32)
Next, we show that for L small enough, the bilinear form

b: (u,v) € Hy(D) x Hy(D) — /DVqu]dexdy —/F u(z,0)éxv(x,0)dr
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is continuous and coercive.

First, the Poincaré inequality implies that ¢ — (fp || Vo|/2|y|*dzdy)? is a norm that is equi-
valent to the usual norm on H}(D,|y|*) (see equation (1.5) p. 9 of [72]). thus the continuity
follows.

Secondly, we prove that for L small enough, b is coercive. Indeed, since a =1 — 2a < 0, we
have

L ly|*
/F2 u(z,0)dr = 2/F2/0 u(x, y)oyu(z,y) ’y‘adyd:v

2 L . 2 (L _ 3
< o [ ([ wwnploan)” ([ outei?lutan)ae

2 L 2 a % L 2 a
< L“/rg (/O u(z, y)"ly| dy> </0 dyu(z,y)?ly| dy> d

2 L 3 L 3
SL@(/F/O U(x,y)QlyI“dyd:r> (/F /0 ayU(rc,y)QIyI“dydx>

< 20diam(D)L2O‘_1/ |Vul?|y|*dzdy.
D
Therefore, for L small enough, we deduce that there exists ¢, > 0 such that
b(u,u) > cb/ \Vul?|y|*dzdy.
D

We conclude thanks to the Lax-Milgram theorem that there exists a unique solution to (4.31).
Moreover thanks to the estimates of the norm of the solution in the Lax-Milgram theorem
and (4.32), we deduce that

HA‘|H3(D)’ — 0

||W2"HH3(D) < o =

The conclusion follows.

4.2.2 Dependence on «
In this subsection, we provide the proof of Proposition 4.1.

Proof of Proposition 4.1. The continuity for o < 1 is based on similar arguments as those
presented in the proof of the continuity of &,(€42,) for g > 0. Therefor, we focus on the
continuity up to o = 1.

First, we establish a monotonicity result. We claim that the function

(o €]0,1] = diam(Q4.2,,)**€0(Q12,,)) is increasing,

(where diam(€2;2,) designates the diameter of €5 ,). Indeed, since if & < [ there holds
HY(Q19,) C H(Q2,), we deduce that
< :
a(Q2,) < ¢€H?1(}%72,“)Ra(¢)

< Ra(ﬁbLZ,u,ﬂ)
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2/ (P12,8(x ¢12“5(y))2dyda:

|z — y|dt2e

_ 2
= 7// (P1,2,0,8(2) fl,j,uﬁ(y)) dydz
2 JrR R,|z—y|<diam(Q1,2,,) |1’ —y| T

+ 1/ / (¢1,2,}L76(x> — ¢1,27ﬂ76<y))2dydx
2 R,|z— y|>diam Ql 2,4

) |z — y|+t2e
d1am(Ql 2,1 / / (P12,m8(2) — ¢1’2’“’6(y>>2dyda:
R,|z—y|<diam(Q1,2,,) |Z' — |d+2ﬁ
1 1
il —dyd
+ 5 / </51,2,u,5(9‘3) /R ‘gc yl>diam(@1.2,) |7 — y|FT2e yax
_ d1am(§21 2. / / (P12,8(2) — ¢1’2’“’6(y>>2dydx
R,|z—y|<diam(1,2,,) |I‘ - |d+2’8
d Q
iam( 12u /¢12uﬂ 20,
_ diam Ql o) (P1.248(%) = d12,8(y))?
— / |x [ dydx

= diam(Ql,Zu) "E5( Qo)

(Note that this last result holds true for § = 1 thanks to the limit (2.8) in [49]).
Next, we prove the continuity result for @ = 1. Let (ay)ren €]3,1[ be a sequence such
that a, — 1. By replacing ¢12,3 by the ¢; (with ¢; the principal eigenfunction which

k—4o0

corresponds to the principal eigenvalue min(&;(€2),&2(£22)), we deduce that
0< Sak (91727M) < diam(Q)2_2°"“ min(fl(Ql), gg(Qg)) (433)

We deduce that up to an extraction, &,, (41.2,,) converges to . We recall that ||¢12 4,2 =
1. Moreover, for all £ € N, we have

< (_A)ak¢ak,1,2,m ¢ak,1,2,u > = fak(9172,M)||¢0€k7172vﬂ||g
< diam(y2,,)°" ) min(& (), £1(Q2)).

Up to an extraction and thanks to the Sobolev embedding (see [49]), ¢q, 1,2, converges to
$oo In L*(21 2,,). Moreover, the limit satisfies in a weak sense the following equation

{(—A)gboo(a:) ={oo(x) for x € Qya,,

4.34
Goo(x) =0 for x € 9 2. (4:34)

By the standard elliptic regularity, we find that (4.34) is true in a strong sense. Furthermore,
thanks to (4.33), we deduce that &, < min(&;(Q1),&(2)). Since the L? norm of ¢, is not
trivial and by positiveness of ¢, and uniqueness of ¢; (up to a constant), we conclude that

¢00 :¢1-
[

4.2.3 Dependence on i and «

For this subsection, we denote by ¢ € {1,2} the index of the larger domain (i.e. |€;] >
|€23_;]). This subsection is devoted to the
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Proof of Proposition 4.2. We split the proof of (4.10) in three parts : first, we assume &, =
&1(2,), then we assume &, = €, ,» and finally we do the general case.

Proof when &, = &(12,). Let (ax)ken be any increasing sequence such that oy, — 1.
According to Theorem 4.1, there exists p (o) such that

1
Vi < pr(ar), [€a (Q12,) — Eap (Q12,0)] < A

We conclude that (o, (o)) gives the result.
Proof when &, = §Z L Let (vk)ren be any decreasing sequence such that v, — 0. According

to Theorem 4.1, there exists 8 (vx) < 1 such that

| =

VB > E(Vk)a ‘€6<QLQ,VI€) - §i,1| <

We conclude that (v, Br(vx)) gives the result.
Proof when &, €]§1(Q120),§, [ Let (pu, ax) be defined as follows :

11

(t0, 20) = (p1, 1) = (2, ) = (57 )

),
a 1
(3k, ask) = (psk—1, max(Fg(psp—1), gr—1, 1 — %))’
(13k41, Q3rr1) = (M3kt1, O3k),

. 1
(M3k+2, CY31~:+2) = (mlﬂ(@(a?,k), M3k, %), 053k)7

where we will fix pary1 € [pak, fskto] later on. The constants py(asp) and By (psr—1) are
defined respectively in the two first parts of the proof. With a such choice of (ug, ay), we
have

§a3k (91721#31@) kjoo §i,1 and €a3k+2 (QluQ:IJ»ZSIH-Z) k~>—+>oo 51(91,2,0)'

Let kg € N be such that for all k& > kg,

2 2
51(917270) + E < 5* < §i,1 — E (435)

Inequalities (4.35) implies

§Oé3k (QLQ,HM) < 5* < §a3k+2 (9172,#3k+2)'

Next, we fix pigp41 = pa for k € {0, ..., ko }. Since p — &, (€4 2,,) Is continuous and increasing,
and because agr = aggy1, we deduce thanks to the intermediate value theorem that there
exists pap+1 €|psk, akr2| such that &, . (Q12,,,,,) = & We conclude that the sequence
(€,79%) = (3k41, Ok41) gives the result. 0

4.3 Estimates for steady solutions

This section is devoted to the proof of Theorem 4.4. First, we provide the general strategy
of the proof, next we prove intermediate results and finally, we prove Theorem 4.4. We
underline here that

0<n, <1
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is easy to obtain thanks to the comparison principle. Therefore,we prove that there exists
two constants ¢, C' > 0 such that, if the function G(x) is given by (4.16), then we have

cmin(d(z)* e5)G () < ny(z) < Cmin(d(z), 5)G(x).

We highlight that the subdomains 0 ; which satisfy (H6) may not be connected. It is one
of the interest to consider non-local diffusion instead of local one. Moreover, it may happen
that the principal eigenvalue of (—A)® — Id defined in the connected components of £2_ , are
all positive however the principal eigenvalue of (—A)* — Id defined in the whole domain _
is negative.

A consequence of Theorem 4.1 is the following : if d =1 and Q_ = Q;5,, (where Q_ refers
to (H6) and €25, to (4.4)), the following assertions hold :

1. we must have A\, (£212,) <0,
2. if Ao(€1) < 0 or A\y(€22) <0, then Q=€ 5, holds true for all ;1 > 0,
3. if Ao (21) > 0 and A, (£22) > 0, then there exists pp > 0 such that p < po.

The first point is a consequence of the continuity up to u = 0 and the monotonicity of
(1 = Aa(12,)) established in Theorem 4.1. The second point is a direct consequence of
Proposition 4.2. Finally the last point follows thanks to the continuity of the application
p—= Ao (21,2,,) and the following Lemma

Lemma 4.1. Let Qy5, be a set as those introduced in (4.4). If Ao(€1), Aa(£22) > 0, then
there exists a distance pig > 0 such that \o(Q1,2,4,) = 0.

The proof of this lemma involves lengthy but standard computations. Therefore, we postpone
it at the end of the paper in the Appendix.

4.3.1 Strategy of the proof of Theorem 4.4

The lower part of (4.15) will be obtained from the fractional Poisson kernel in a ball (see
for instance in [24]) :

2 2\ ¢
a(r— || 1
Pr(x,y) = Cqy (’yP — 7“2> ’JZ _ y’d1{|y|>r}($)' (4'36)

With this kernel, for any smooth function v and z € R? we have that the solution of the
equation

{(_A)an(gg) = S x € B(z,r), is n(z) = /Rd P.(x — 2,y — 2)v(y)dy.

(x) x € B(z,1)°,

The difficult part of the proof will be to obtain the upper bound in Q, of (4.15). First,
we establish that :

Lemma 4.2. Let ny be a positive bounded solution of (4.1). If Ry > Caaeero then there
exists a positive constant Cy such that for all x € Q)

1
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To prove Lemma 4.2, we localise the function n, in a cluster Cy and we use hypothesis (H4)
which essentially says that the cluster is at large distance from the others.

Next, the idea is to compare the solution n, with a translated and rescaled barrier function
1. This particular barrier function satisfies

(—A)*Y(z) > 1 for x € T(0,1,4),

Y(z) = for x € B(0,1),

() <c|lz] = 1) for z € T(0,1,4), (4.38)
1<y <C for x € B(0,4)¢,

where T'(z, 7, R) designates the torus of center z € R? and of inner and outer radius 0 < r < R
ie. T(z,r,R)= {y eRY r<ly—z < R}.

The construction of a such barrier function can be found in Appendix B of [97]. Then, we
look for "a suitable" constant Cj, such that for all z € C; j, we have

nilo) < G (C2)

€0

where z, and gy are introduced in (H2). We claim that there exists a positive constant

Cl.ovco.01.00 Which depends only on the listed parameters such that
Cp = sup (C / g (4.39)
k — xGCEk d,a,0,€1,70 Q. |I‘ _ y|d+2‘" Y- .

Thanks to (4.39), the third property of (4.38) and some Harnack type inequalities the conclu-
sion follows.

Remark. In particular cases, some explicit and more tractable versions of G can be found.
For instance, if Q1_ is bounded, one can prove that G(x) = %. We provide some
examples at the end of this section.

4.3.2 Harnack type properties

First, we introduce the following function, defined for x €

1
= ———d 4.4
o) = [ (4:40)

such that
G(z) = lo_(2) + g(x)la, (2).

We are going to prove some properties for g and GG which are elementary in nature, but will
be important for the sequel.

Proposition 4.3. There exists a positive constant C' > 0 such that for all k € N,

sup g(z) < C inf g(z). (4.41)

zeCy i 2€Cy
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Proof. Let k € N and z;, € Cy ; be such that

Sy
su —— dy= .
mECEk 0 |z — y|¢re Yy=Jo |z — y[dT2e Y
According to (H4), we have for all (z,y) € C;, x Q_,

|z =yl < |z — @] + |zn — yl < 2r0 + |2k — yl.

It follows that
1 1

< .
(ro+ o — y)772 = [ = g%
Since y € ©2_, we deduce that Ry < |z, — y| and we conclude to the existence of a constant
C' (independent of xj and y) such that

1 C
< .
e —y| = 210+ |z — Y|

The conclusion follows. O

Corollary 4.2. There exists €5 > 0 such that for all ¢ < e we have

el
zl;lefﬂ G > 0. (4.42)

lz—y|<ea
With similar arguments, we prove
Lemma 4.3. Let g : © € Q4 = [onp0, ro)e Wdy. There exists Cy, 4o depending on

ro, d,  such that
Vo e Cipg, yrélcax 9(y) < Crpaag(x).

+.k

Proposition 4.4. The map G is uniformly continuous in €2, that is
Ve > 0,3u. such that V(x,y) € Qi |z —y| < pe, then |G(z) — G(y)| < e.
Proof. Let ¢ > 0 and R > 0 be such that

1 1 €
—dy = — < —. 4.43
/|y>R [y |20 Y= Rea =3 (4.43)

Next, remarking that for all (z,y) € Q, xQ_ we have Ry < |x—yl|, by the uniform continuity
of the application (t €] Ry, +-o0o[ t~(@+2%)) we deduce the existence of a distance p. > 0 such
that for all x1,zs € Q  with |x; — x| < p. we have

1 1 €

vy e, - < . 4.44
y | |og — yldt2e |z, — y|d+2a‘ ~ 2m(B(0, R+ 2u.)) (4.44)
Next, we conclude thanks to (4.43) and (4.44) that
1 1
|/Q, |JZ1 _y|d+2a Yy Q. |ZE2 —y|d+20‘ y|
1 1
< - d
= | O_NB(x1,R+2pe) ’951 _ y‘d+2a |.CI?2 _ y’d+2a y|
1 1
——dy| + —d
|/QWB(11,R+2ME)C xy — y|ite v+ Q_NB(a1,Rtpe)e [T — y|tH2e y
<e.
O]
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Finally, we recall the following strong maximum principle for the fractional Laplacian :
Lemma 4.4. For any smooth bounded domain U C R?, and any smooth non-trivial function
ve HY(U) such that

1. v >0,

2. ((=A)* = Id)v > 0,

it follows v > 0 in the interior of the domain U.

4.3.3 The proof of Lemma 4.2

Step 1 : Localisation argument. Let x; be a function such that x; € C(R%, [0, 1])

and
1 if z € B(z, o),

_ 445
Xk(@, 2) {0 if = € Bz, 2r0)° (4.45)

where z;, and g are provided by (H4). We set nj, = n X x. This function belongs to H§'(C4 x)

(=87 = 1dma(o) = [, "=y — )

[ ne(m) —ni(y) n(y) (1 — xi(y))
= e T [ )
oA = () >
T Jra |z — y|ttoe dy —n(z)
< n+(y)
= JB(zRo)ene |z — y|dt2e
In the following, we denote by
Gy = max / _nely) (4.46)
2€Cy 1k J B(z,Ro)enQ |z — y|dH2e

Let ¢y be the principal eigenfunction of the Dirichlet operator (—A)® — Id in the set
{w € RY|dist(x,Cyx) < 1}

Next, we define

Yr(r) = L br(z) (4.47)

~ cAomin(e}*; 1)
where ¢ is a positive constant such that rr(ljin dx(y) > cmin(e3®, 1). Indeed, since C, j is
yelik

uniformly bounded with respect to k, we deduce thanks to [97] (Proposition 3.5) and thanks
to the interior ball condition that ¢ exists and is positive. Moreover, we have obviously

gk < ((=A)" = Id)y ().
Since ny < 1, we deduce the existence of C' > 1 such that
Ve € Cip, ne(z) < CYyla).
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Let C* = inf {C > 1| ny < Cyy}. We claim that C* = 1. Indeed, if we assume by contra-
diction that C* # 1, it follows that there exists xy € C j such that C*¢y(x¢) — ng(zo) = 0.
Recalling that ngjac, , = 0 and g9,  # 0, it follows that z¢ € C; . Remarking that

((=A)* = Id)(C™4py — ) () = C"gr, — g(x) = 0,
the existence of ¢ € Cyy is in contradiction with Lemma 4.4. Therefore, we deduce that
C* = 1. We conclude thanks to Lemma 4.3 that for all z € Cy

C’ro,d,a

homin(L, 229 ) (4.48)

ny(z) < ng(x) < Pp(z) =

:=Cy

1
Step 2 : Concentration in €2_. Since ny < 1, Ry > Cg* it follows by an immediate
iteration of (4.48) that for all z € Q. :

x) < C’Oiolk(x)

k=0
with ) )
Iu(z) = C k) g = / .
k() 0 4 NB(e.Ro)e | — y|d+2a Y 0 0 |z — y|dree Y
Let us prove by iteration that
1

The conclusion that we may only use the components 2_ will follows. It is clear that (4.49)
holds true for £ = 0. Next, we prove it for £ =1 :

1 1
I(z)=C / diyrd
l(x) 0 q. |y0 _ y1|d+2a Y1adYo

Q4 NB(z,Ro)e |T — yo|?H2e

1 1
— O, / / dyrdy;.
(e wh€BO.Ro)® |yl Jo_ |x — yh — yy |4+2e 0
Next, by the convexity of the function (¢ +— |t|%72%) it follows

2d—1+2a (1 N ’y0|d+2a >

|ZE _ y1|d+2a |l’ _ yO y1|d+2a

1
_ < o / = <
[z — ] < |z —yo — vl + Yol PRy T

Fubini’s Theorem leads to

Ii(z) < CO/Q | !

- T = 3/1"”2& /(w Y0) €4,y €B(0,Ro)°

2d 142« 1 / 1 /
< Co / / Taraa o+ / dy ) dy
| — y|H2e ( e BO.R) [Ypl#t20 70 Jamypyeay @ — yh — yy|dH2a 70 ) T

2d+2ac¢0 / 1

< - -
TR o e

2d—1+2a ‘yO ’d+2a
|d+2a

!
P — |> Aoy

dyl.

Assuming Ry > (24+22Cp)za leads to the conclusion that (4.49) holds true for k = 1.
If we assume that it is true for k£ € N, we have by the recursive hypothesis on [ that
Ck 1
dy,dyq.
Yo+ /Q, Yo — yn|4+20 Yo

Iii1(z) < Gy

Q4NB(z,Ro)°

The conclusions follows from computations that are similar to those of the case k = 1.
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4.3.4 Proof of Theorem 4.4

Before providing the proof of Theorem 4.4 we introduce an intermediate technical result :

Lemma 4.5. There exist two constant C,o > 0 such that for all x € Qy,

/Q, z — ’d+2a C/ Lz ’d+2ady

1
and ./ - w<cC S
Cne |7 — y[*F2® (Chky)o [T — yldH2e
where O, is defined in (4.11) for any set O.

Proof. We prove only the first inequality. The second one can be proved following similar
computations. Thanks to the interior ball condition (H2), it is sufficient to prove that there
exists o, C' > 0 such that there holds

1 1
- _dy<C S | 4.50
/B(z,ao) |z — y[d+2e i | — y|d+2e Y (4.50)

for any x € Q; and B(z,¢) C Q_. First, we remark that there exists two constants ¢, ¢y > 0
such that for all ¢t €] Ry, +o0],

C1 < 1 d 1 < Co
an .
td+2a — (t + 60)d+20¢ (t — 50)d+2o¢ = {dt+2a

Next, denoting by m(E) the Lebesgue measure of the set E, we define

dy,

2 B
o= and C= em( (0’50)).
4 cim(B(0, %))
With a such choice of constants, it follows that
1 1 Cm(B(0,%)) m(B(0,e
C/ iy~ iy 2 d+2a o 0)3+2a
2200 [T = Y] B(zz0) |7 — Y] ﬂx—d+aﬁ (e —z[—e)
> Ceim(B(0, F)) - cam(B(0,£9))
= - Z|d+2a |z — z|d2e
- com(B(0,&0)) >0
|z — z[d+2a =

]

Proof of Theorem 4.4. We split the study into two parts : the study in 2, and the study in
Q)_. Each part is split into two sub-parts :the lower and the upper bounds.

Part 1 : The study in (2. Subpart A : The lower bound. Let x € 2_ and
2z, € Q_, k€ {1,..., N} such that (H6) holds true. Since A\, (£2;,) < 0, we deduce the existence
of ny, , the solution of

(=A) %y, = ng ., — ﬂi,zz in Q + 2z,
ny,,, =0 in () + 2,)".
The maximum principle implies that
Ny 2. (CL’) < TL_|_(ZL')
Moreover, since ;. is bounded and regular, we deduce the existence of ¢, such that
cmin(5(2)", 1) < my ., (@),

If we fix c= min ¢, then the conclusion follows.
ke{l,...N}

.....

97



CHAPTER 4 : Properties of steady states for a class of non-local Fisher-KPP equations in
general domains

Subpart B : The upper bound. From the maximum principle, it is clear that n(z) < 1.
Therefore, we focus on what happens at the boundary : let z € Q_ such that §(z) < gy and
Z, € Q¢ provided by the exterior ball condition such that

B(Ze,e)) NQ =0, B(Zpeo)NQ#0D and € B(Z,,2¢).

Then, from the maximum principle applied to n, and 1/1(;—[‘;‘“) where 1 is defined by (4.38),

it follows B
T — Z

ni(z) <Y

5 ) < Co(x)”.

The conclusion follows.
Part 2 : The study in ;. Subpart A : The lower bound. We prove that for all

LUGQ_A,_
1

cmin(8(z), £2) /Q

Let z € Q4 and z, € Q. provided by (H2) (remark that z, = x if 6(x) > €g). We define n as

the solution of
(=A)n(y) =0  fory € B(z, <o),

ny foryeQ_,
n(y) =0  fory € RN\(B(z,2) UQ).

The comparison principle gives that
n(r) < ny(z).

We recall that thanks to (H6) for all positive o small enough, there exists ¢, > 0 such that
co < ny(y) for all y € (2_),. Formula (4.36) gives

e2 —lr—z2\* 1
n(@) = [ cii(o | ‘) per UL

’y - Z:):P - 5(2)

> cch(eh— o — ) |

Co

B 7|y — zx\d”ady'

If e9 < (z), we deduce that z, = = and (4.51) holds true thanks to Lemma 4.5. Otherwise,
we have
(200(2)™ < (20 + |7 — 22])"0(2)" = (g5 — | — z[*)™.

By uniform continuity and compactness of B(z,,¢eq), we deduce that for all y € Q_ there
holds ‘x_ylcdﬂa < ;‘dﬂa, thus (4.51) follows from Lemma 4.5.

2o —

Subpart B : The upper bound. Thanks to Lemma 4.2, we only have to consider z €
{y € Q4 such that 6(y) < eo}. Let k € N and x € C;  be such that 6(z) < g9. Assumption
(H2) ensures the existence of z, € R? such that

B(zz,20) NQ =0, 0B(2z;,80) NN # 0 and x € B(z,,2e0) N L. (4.52)

As mentioned in section 2.1, the aim of the proof is to prove that the constant C}, defined by
(4.39) verifies

nela) < O (F2) (4.53)

€0
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where 1, is defined by (4.38). Let ¥}, be a function of C°(R¢4, [0, 1]) such that
1 for z such that dist(x,C, x) < %O
(o) = : (4.5
0 for x such that dist(z,Cy ) > 5

In order to prove (4.53), we prove first that for all y € T'(Z,, g9, 4e0) N Cy

(=) (neely) - G- ) < (4.55)

€0

Next, we prove that for all y € (T'(Z,, €0, 4e0) N C4 k)¢, we have

Y — Zg
€0

The conclusion follows thanks to the maximum principle.
Proof that (4.55) holds true. Lety € T(Z,,0,4¢0)NC4 k, then thanks to the properties
of 1 (see (4.38)), and Lemma 4.2, we obtain

(-8)" (nealy) - G (=)

€0
ny(yo)(1 — X&(¥0)) Ck
<(=A)“ _ K
—( ) n+(y) + Ciyk ’y _ yo‘d+2a 0 €(2)a
<ni(y) +/ ;dyo +/ Md% —Cy
= o |yo — y|dt2e e ly — yo|dt+2a

1 1 1
—dyo + 02/ / dy1dyo — Ch
-y = vl 5wy [y = 9ol T2 Jo Jyo — T2

Cq 1
< | Cy(1 20) 1 / ————dyy — C}.

We conclude thanks to (4.39) that (4.55) holds true.

Proof that (4.56) holds true. According to (4.52), it is straightforward that (ny xx(y)—
C’kw(%)) < 0 for all y € B(Z;,e0) U (B(Ex,4sg)cﬁCi7k). Therefore, we focus on y €
B(Z;,420)° N C4 k. Thanks to Lemma 4.2 and the properties of ¢ (introduced in (4.38)), we
obtain

S(Cz + 1)/Q

Yy — gx
nyW)xr(y) = O (==) <nify) = G < G /Qf Ty = goiaa o~ Ce <0
We deduce that (4.56) holds true.
The conclusion follows thanks to Proposition 4.3. O]

4.3.5 Some examples where G is explicit

In this subsection, we detail some examples where the function G is more explicit. It
highlights how the shape of the steady solution is strongly connected to the domain §2.

1. Q =R% Tt is well known that in this case
G(z)=1.
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2. ) is bounded. In this case, we have

We recover here a consequence of [97].
3. 2 is unbounded and Q, = (). Following Theorem 4.4, there holds

G(z) = min(1,6(z)”).
Remark that this case contains the periodic patchy domain (see [78] for more details) :

Q= U (Qo—i—ak)

kezd

where Qg + a;, = {m ERY |z —ap € QO}, g bounded and such that A\,(€) < 0 and
ar € R? such that

Akte, — Q) = Ge;  Where ¢; is the it" element of the canonical basis of Z.

4. ) is unbounded with 2_ bounded. In this case, up to a translation, we can assume
that B(0,g9) C Q- C B(0, Ry) (with Ry > 0 large enough). Then it is easy to observe
that there exists two constants ¢, C' > 0 such that

cmin(d(z)*, 1)
1+ |z[d+2e

C'min(d(x)*, 1)
1+ |z|d+2a

<G(z) <

5. The dimension d = 1 and €2 = R™. In this case, a straightforward computation
leads to

1Q+ (I)

cmin(d(z), 1) (19(@ + 1+ a2

) < G(z) < Cmin(6(x), 1) (19 () + 11i+|:(:|2)a> :

Of course, the hypothesis on 2 allows more general domains. However, with these five
examples, we can already observe how the behavior of the solution n, may change from one
domain to another.

4.4 Uniqueness and attractivity of the steady state

4.4.1 Uniqueness

As mentioned before, the idea to prove uniqueness is to compare two solutions u, and
vy thanks to Theorem 4.4. Before providing the details of the proof, we make an easy but
important remark :

vz eRY, G(z) < 1. (4.57)

In the case where €, = (), the proof would be very easy. Because of the possibly degeneracy
of the solutions in €, the proof is not just an adaptation of the case €, = (. It is inspired
by the strategy of the proof of the fractional Hopf Lemma provided by Grecco and Servadei
in [65].
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Proof of Theorem 4.5. Let uy and v, be two bounded non trivial solutions of (4.1). Thanks
to Theorem 4.4, there exists a constant L > 0 such that

Uy S L’U+.

We define [ = inf {L > 1 such that uy < Lv,}. We are going to prove by contradiction that
[ = 1 because if | = 1 then uy < vy and with the same argument, v, < u, and then the
conclusion follows. Thus, we assume [ > 1 by contradiction. Next we define

w = inf o+ —us)(@)

e Q(:U)

Thanks to the definition of I, we deduce that w = 0 (otherwise we can construct [* < 1
such that uy < [*v; holds true, see the proof of Theorem 1 in [78] for more details). Let
(Zn)nen €  be a minimizing sequence

. (lvy — uy)(@y)
i.e. G(zn) n_)—+>oo 0.

In order to localise where we use the maximum principle or the fractional Hopf Lemma, we
will use the help from the bubble function g, , :

[(4)
(1) = Co(r® — |z — 2))* 1B ith C, = 2 4.58
Burw) = Calt? — o = ) o) with Co = o= Mo (459)
Indeed, S, is solution of the equation
—A)B.(r)=1 f € B(z,r),
(~A)upla) = 1 for € Bz1) L59)
B.r(x) =0 forz e B(z,r)"

We distinguish 2 cases : (up to a subsequence) inf §(z,,) > dp > 0 and d(zy,) - 0.

In the first case, we define z, = x,, and r = dg, and in the second one, we define r = 3 and
we use the interior ball condition (hypothesis (H2)) to deduce the existence of z, € Q such
that

3(Tn) = €0 — |2n — Tnl.

FIGURE 4.3 — The left picture illustrates the case where inf 0(&) > do (in this case, zx = xy).
The right picture illustrates the case inf 6(¢;) = 0. In this case, up to a subsequence, we can
assume that §(£;) < ¢ and wy = 2.
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We prove by contradiction that there exists p > 0 such that

vz eRY pB.. . (z) < oy = us)(@n) (4.60)

Indeed, if (4.60) holds true for all n € N, then we deduce the following contradiction

. Pﬁo r(«r) . pﬁzn r(x)
o= nf PO gy ’
Plar = B =D~ eehl = o = 2]}
(lvy — uy ) (@) (g = uy)(zn)
= min(ro, §(2,))°G(z,) G(z,) — 0.

Assume by contradiction that (4.60) is false. Then since supp(f3,, ») = B(zn,r), we deduce
that

(lvg — uy)(yr) < ank,r@k)

Vk € N, 3ng > nyy and yx € B(2y,,7) such that G(xn,) k

Since for all x € R\ B(z,,,r) we have

Py () (g —uy)(@) oy —uy)(2)
k Glan)  Glam) "

5an T _ (l”U+—”LL+)
k G(zny)

(anw,) ren is uniformly bounded, we have that

we deduce that takes its maximum at some &, € B(z,,, 7). Remark that since

(loy — i) (&) P Benr _. 0. (4.61)

0
ST Glan) K hotoo

Next, if we compute (—A)*(lvy — uy ), we find that

(=A)*(lvg —uy) = lvy — 0% —uy +ul
= (g —uy) = (v —uy)(vg +uy) +upog (0= 1)
> (lvgy —ug)(1 = (ug +v4)).

Recalling that v, <1 and vy < 1, we obtain

(lvy —uy) AN (lvy —uy)
Glon) < (=A) Glon) (4.62)

On one hand, if we evaluate (4.62) at & we find thanks to (4.61) and Proposition (4.3) that
for k large enough

ChG (&) (&k)” < (lvg — uy ) (&r) < (_A>a(lv+ — uy)(&k)

- G(wy,)

o< TR < o (4.63)

with e as small as we want.

On the other hand, we claim that there exists ¢, > 0 such that (—A)“W < —c,+e¢
N

with € as small as we want. Indeed, we first introduce wy € B(z,,,7) such that

r r r
Bwn, 7)€ Blaar), o(w) > 7 and WyeBlun D), y—&l>5 (404

N =3
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. . a (lvy—u .
(remark that one can take wy = z,, if 0(zy,,) e 0). Next, we split (—A) ”T:Z)@k) in

the following way

(—A)° (o —ug)(&e) 1 /B(wk (lvg = uy) (&) — oy —uy)(y) dy

G(zn,)  Glan,) ) | — y|dT2e
1 (loy —uy ) (&) — (loy —uy)(y)
+ d
G(xn,) /B<wk,z>c & — y|dt2e Y
—1, + L.

For I;, according to (4.61), (4.64), Theorem 4.4 and Corollary 4.2 we deduce that for k large
enough we have

(loy — ui)(y)

(
I — _ _ d
! G(2n,) /B<wk,g) G — yl =22
o mUBO, §)) vy —uy) (&) / (1 + C1)G(y) min(3(y)*, 1) |
= G(2,) B Glag, )& — yliT>e (4.65)
£ : G(y) : 1
< 10 f f / ;|
sg-rilatG) wf Gltn,) ecr0,2) Jn0p) J€— ylorza’
- % ..

Note that ¢, depends only on r and not on k. For I, we recall that

o (ﬁznkm(a{:) B (lvy — u+)(x)> _ Bono (&) (lvg — u+)(£k)‘

s€Rd k G(zy,) ko Glzn,)

Then we deduce that for k large enough we have

1 Zn,. € T Mz ,E
L <> B % o(gk’) dBQk O(y)dy

kg & -yl
1 o ﬁzn ,r(ék) - /an ,r(Z/)

— i (arne - [ P e,
k Bwe) & — (4.66)
1 Bor(y) )

<—-(14 max / ———dy
k ( €eT(0.5.5) /B0, %) [€ —y|T2e
€

< -.

-2

Finally, combining (4.63), (4.65) and (4.66), we deduce that for k large enough we have

(—A)a (lUJr — u+)(£k)

—€ S
G(n,)

§_0*+€

Cx

which is a contradiction for € = <.

4.4.2 Convergence to the steady state

The idea is quite classical : it consists in enclosing the solution of (4.3) between an increasing
(with respect to the time) sub-solution and a decreasing (with respect to the time) super-
solution. The specific ingredient is, once again, that the behaviour of the solution of the
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Cauchy Problem at infinity has to match that of the steady solution. This is achieved through
estimates of the heat kernel developed in [78] (Theorem 2 p.3) for general domains which
satisfy the uniform interior and exterior ball condition (here assumed in the assumption
(H2)). The details being otherwise standard, we just present an overview of the proof.

The super-solution. Up to a translation, there is no loss of generality to assume that
B (O, 60) c Q.

On one hand thanks to Lemma 4.1, there exists some constants ¢ > 0 (that may change from
line to line) such that

ny(x) > cmin(d(x)*, 1) x (19 +/ |x1my|d+2a )

. Lo, (
> s(x)* 1) x (1 / o) 4,67
> cmin(6(z)", 1) X ( o (z) + BO<o) |7 — |d+2a y) (4.67)

cmin(d(z), 1)
1 4 |x|d+2e

On the other hand, thanks to Theorem 2 in [78], there exists a constant C' > 0 such that

C'min(d(x)*, 1)
1 + |z[d+2a

n(z,t=1) < (4.68)

From (4.67) and (4.68), we deduce that there exists a constant C' > 1 such that
n(z,t =1) < Cny(z).
Next, we define

om+ (=A)*m =n —n’ for (z,t) € 2x]0, +o0],
n(x,t) =0 for (z,t) € Q° x [0, +o0],
n(x,t =0) = Cny(x) for x € Q.

Since, in the distributional sense, we have

lim 8tn(:c t) = lim (Ca(z,t) — Ca(x,t)* — (—=A)*Ch(z,t)) = Cny(x)(1 - C) <0.

t—0+ t—0+

We deduce that 7 is decreasing. Since it is bounded from below by n, it converges to a non-
trivial stationary state of (4.1) and by uniqueness of n; we deduce that n(z,t) T ny(x).
—+00

The sub-solution. As previously, we assume that B(0,g9) C ©; C Q_ where 2, is defined
by (H6). Thanks to Theorem 2 in [78], there exists a constant ¢ > 0 such that

cmin(o(z)*, 1)

T+ [ n(x,t =1).

It follows that there exists ¢ > 0 such that

o < inf n(z,t =1).

xeR,
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Next, if we denote by ¢, the principal eigenfunction of (—A)* — Id in Q,, it follows that the
solution n of

om+ (=A)*n = n — n? for (z,t) € 2x]0, 400,
n(x,t) =0 for (z,t) € Q° x [0, 400],
n(xz,t =0) = mln(T’,;i\ﬁngl(m) for x € Q.

is increasing with respect to the time. Indeed, it is sufficient to verify it at time ¢ = 0. For
x € , there holds (in a distributional sense)

lim Omn(z,t) = lim (n(z,t) — n(x,t)* — (=A)°n(x,t))

t—0+ t—0t
_ min(o, |\ |)é1 () (I — min(o, \)\1\)¢1($))
6100 1] o0
> 0.

For z € Q\Q,, there holds (still in a distributional sense)

min(m )\ﬁ D1 (y)

; = 1 — 2 _ (A — _ l¢iflee

tl_lf(l)}r atﬂ<x7t) - tl_lg(I)i (E(J;?t) ﬂ((l,’,t) ( A) ﬂ(l’,t)) - ~/Rd |ZE . y|d+2a dy > O
Finally, n is increasing and bounded therefore point-wise converging. By fractional elliptic
regularity, the limit is a solution of (4.1) and by uniqueness of the non trivial stationary state
ny+ we conclude that n(z,t) o ny(z).

Conclusion. Since the initial datum are right ordered
ie. n(x,t=0)<n(z,t=1) <n(zx,t=0),

we conclude thanks to the comparison principle and the conclusions of the two lasts parts
that

dim e, 1) = ny(2) < lim nfe,t) < lim Az, 6) = n (2).

This ends the proof of Corollary 4.1.

4.5 Numerical illustrations, perspectives

We provide some numerical illustrations of the results developed in this section. More
precisely, we investigate the large time of simulations of equation (4.3) with two 1-dimensional
disconnected components modeled by a finite difference method. We vary the distance pu
between the two components and the exponent of the diffusivity . We recover that if the
distance p is to high or the constant « is to closed to 1 then the solution n of (4.3) tends to
0 which means that A\, (£212,) > 0. Whereas if the distance 1 is not to high and the constant
a is not closed to 1 then the solution n tends to a non-trivial positive stationary state which
means that A\, (Q2,) < 0.

The first simulation (Figure 4.4) shows the numerical solution n at time 7" = 2000 and
T = 4000. We can not distinguish the difference between the two drawings, we deduce that
we have reached the stationary state.

Next, in Figure 4.5 we increase a. We put a = 0.8, and we find that the solution is almost
0.
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FIGURE 4.4 — a = 0.5, 1= 0.5, ) = Oy =]0,2]

T=2000

FIGURE 4.5 - a =0.8, un=0.5, O = Qy =|0,2]
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Finally, Figure 4.6 illustrate Theorem 4.1 by the following simulation :

As a conclusion to this work, let us recall that, after establishing conditions on a domain
2 which ensure the existence and the uniqueness of the stationary state of the fractional
Fisher-KPP equation, we focus on the principal eigenvalue of (—A)® — Id in one dimension
of domain composed by two bounded connected components. This study is strongly related
to the issue of existence and uniqueness of the stationary state of the fractional Fisher-KPP
equation.

The perspective are the followings. We would like to relax the hypothesis on the domain
Q). Indeed, rather than a minimal distance between two patches, we would like to assume
that

dXg > 0 such that VR > 0, A, (Q4 NB(0,R)) > .

We also expect to prove the continuity result on the principal eigenvalue in the multi-
dimensional case. Finally, we would like to have a better understanding of the dynamic
of )\a(] —a— [ _M[U]:ua a -+ :U’D when (Oé7 :U’> - (17 0)
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FIGURE 4.6 — o = 0.5, 1 = 0.0001, Q; = Qy =]0, 2
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Appendix - Proof of Lemma 4.1

We provide here the proof of Lemma 4.1. Before giving the proof, we introduce a new
notation :

Notation. Forall¢p € H§(Q12,) andi € {1,2}, we will denote by ¢ the function ¢ restricted
to the set €; and extended by 0 outside €);
ie. ¢'(r) = ¢(x)lg,(z).

We also denote by \; the principal eigenvalue of (—A)* —
conditions.

Id in Q; with O exterior Dirichlet

Remark. For all ¢ € H§(12,,), we have

o(z) = ¢'(z) + ¢*(x) and ¢' € HS () forall i€ {1,2}.
Proof. The aim of the proof is to prove that for u large enough, there exists C' > 0 such that
: C
Aa(Q12,0) 2 min(A; 4, Ap o) — W

The conclusion follows by the intermediate value Theorem. We start from the Rayleigh quo-
tient defining J; , :

A — fR fR |m y|(1b+2a d - (¢Z7a(x))2dl'
e fg( : ( ))*dx
fQ f]R |:1: y‘l+2a d — (QZ’OL(Q;))?dZE fR\Q fQ ‘j y|1+2ad ydx
Jo, (9, ())Qda: Jo, (9, ( ))2da
fﬂ fQ \x y|f>+za dy — (¢i7a(az))2dx +2fR\Q Jo, ‘x y|1+2ad ydx
fﬂz(q,a(w))leﬁ fﬂi(im( x))*dx
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We continue in the same way by rewriting Ai 2,4 :

f]R f]R (1,24, a|i )y‘ﬁfaua ¥)? dy — (Cbl 2ua( ))de
Jors, (P12,00(2))?dx
T)— « 2
_fQLz,# f]R (¢1,2,u,(x‘ijy|;ﬁi,22olw (v) dy — (¢1,2,u,a(513))2d$

Aa(Qi2,) =

le’g,M (¢1,2“u,a(x))2dl'
x)— oo 2
fR\Ql,g,u Jr wm’”’ﬁjyﬁif& @) dydx
fQLQyM (¢1,2,u,a($))2d:ﬂ
Thus, we have found :
al8l124) = ) ,). _
' le,z,u (01,2,.0(x))2dz

We rewrite I; and I in order to involving the expression of A, and A, ,. We begin by
rewriting [ :

2
ne [ (et = freel gy (61,00

2
_ Ql/ ¢12ua|x ¢12“a( ) dy—(¢1,2,u,a(x))2dx

_ |1+2a

2
+ Q2/ ¢12ua — O12,10(Y)) dy—(¢1,2,u7a(37))2d33

|1+2a

¢12p,a ¢12ua< ))2 ¢12 a "L‘))2
= dy — o d / / TS dyd,
Y — (9124l T+ 0 s, |7 — gyl yax

1S |a:— y|i+2e
+/92 Qo ¢12ua y|q1§i22aua( v’ dy — (120 2d$+/g)2/ﬂg\912uwdyd$
+2/91/92 ¢12#ax_y|<fi22aua( y))? dyds
_/91 f ¢12“0‘x \ﬁj&m(mydy_(@si?w dx+/nl /R\szl E12M71+23y2dydx

¢12 a ¢12 a( )) 2 ¢12 a )2
/Qz ~/QQ - |$ — |1+20:u (gbl 2t a du + /QQ ~/]R\Qg |£L’ —u |1+20‘ dydm
¢12,ua ¢12,ua( ))

140 y|1+2a

Q
¢12M To
(O -/ / Olapal) ) 40
/91/92 ]x—y]“r?a 0, Jo, ’m_y’1+2a Yy

Finally, we find that

dydzx

+ 2
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¢12 ¢12 (y))2 (¢%2 (@)2
7 Joy Ja |$ — |1+2a Y= (9120(2) dr + o Jmay |z — ‘1+2a yax

2 ( 2 2
O‘ a y)) 2 ¢12 a )
+ [ / L2 20Dy — (R gale))Ple - [ [ SRR
Q2 y‘1+2a Y (¢1727M Q2 JR\ Q2 ’x y’1+2a Y

+2/ / ¢12ua ¢12/LO¢( ))Zdyd:c
Q1 JQs xTr —

y|1+2a

¢12u ¢12
- o) / / Grapal@),
/92 /Ql |1+2a 2 JQo |£IZ’ |1+2a yax
With similar computations, we find that for I :
¢12 12 y))?
L= | Prapa®) dd+// (CETPAC)
o R\ I%‘—yl1+2 2 JR\Q |fff—y|1+2 o

/ / ¢12N04 / / ¢12uo¢ d[[’dy
Q, Ja, |x_y|1+2a Q, Jo, |x_y|1+2a

Combining (4.70) and (4.71) in (4.69), we deduce

(4.70)

(4.71)

2
2le f92 ¢12Noia: )y|(1i)+122au o (y)) dydz
oo, (D12,00(2))?dx

@1 2.0@ =1 5 0 @)?

2., 2.0, (41 2.0 @)?
fm (¢%,2,u,a<$)>2dx (fnl fﬂl le—y|1+2 dy—(91 2,0 (®))*do+2 fﬂl fR\Ql I:Hmdydm)

>\a(9172,u>

Jo, @F 240 (@))2de
le,Q,;,L (¢1727M7a (x))2dx

93 900 @=63 5, )2 , @, ()
= @ d _(¢ (Z‘)) dz+2 Ladydx
fQQ( 12#0{( ))Qd:r (fﬂg fﬂg [e—y|1T2 1,200 f92 fR\QQ [o—y| 172 )

+

Jo, (3 2,0 (@)2dz

Jo(012,.0(7))*dx
2 fo, Jo, %dyd:c +2 Jo, Jo, %d dx
N le’Q)M((bl,Z,,u,a( x))%dx
o o (912,0(7))%dx Jo, (9% 5,40())*da
T Jona, (Bropa(@)2 T 0 o, (D12ua(® ))2dx ">
2 Jo, Ja, %d.ﬂdﬂﬁ +2 Ja, Jo, %dydm
. S o (O12100(@))Pd
2 Ja, Ja, %dyc&c +2 Jo, Jo, %dydw
oo, (D12,00(2))dx
But, for i € {1,2}, we have for all z € Q; and y € Q3_;

+

A

> min(AI,av AQ,Q) -

1
< — )
<2M)1+2a — |I _ y|1+2a

2u< |z —y|l=—
We deduce that

(b NN ) ¢ TR )
2 Jo, Jo, Wdydﬂi +2 fo, Ja, Wd ydx
fQ1,2,M(¢1,2,u,a( x))*dx

)\Q(QL?,M) > min(Al,ouAZa) -
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o o(@))? 62, (z))2
2 o, Jo, %d(ydm +2 fq, Ja, %dydz
Jors, (D12,00(2))?dx
4A

> min(A; 4, Ao o) — (u)e Whe min(A; o, A2.q)-

> min(ALanAZa) -

Since min(A; ,, A ,) > 0, we deduce the existence of 11 > 0 such that for all >y,

Aa(Q12,) > 0.
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Chapter 5

Adaptation to a heterogeneous
environment with nonlocal dispersion

Ce chapitre est le résumé d’un travail en cours avec Sepideh Mirrahimi.

5.1 Introduction

In this work, we provide an asymptotic analysis of the equilibria of a non-local parabolic
Lotka-Volterra type equation. Such equation arises in the study of adaptive evolution of
phenotypically structured populations. The equation under study is the following

— Oyae — €20gome + L. = n.(R(x,0) — p.(x)) in Ox] — A, A[,

po() = /]A,A[ n.(z,0)do in]— A, A .
Ln.(z,0) = /Q (2, 8) — no(y, 0K (x — y)dy in Qx| — A, A[L
B,,n.(2,0) =0 on d0x] — A, Al,  d,n.(x,+£A) =0

with © a bounded subset of R. We have denoted by 0,,, 0,, the exterior derivatives with
respect to the variables z and 6. Here, n.(z,0) stands for the density of a population at
equilibrium at position z with a phenotypical trait 6. The term R(x,8) corresponds to the
intrinsic growth rate of individuals of phenotype 6 at position x. The term p(z) corresponds
to the total size of the population at position z. Via this term in the right hand side of
(E), we take into account a mortality rate due to the competition between the individuals at
the same position, independently of their traits. The trait of the parent is transmitted to the
offspring. However the trait can be modified due to the mutations that we model by a Laplace
term. We also consider that the species is subject to a local and a non-local dispersion in
the space variable z. Indeed, in addition to a classical local dispersion term modeled by a
Laplace term, we assume that the individuals can jump from position x to position y with a
rate K (x — y). From a biological point of view, non-local dispersion may have an important
role for instance for the tree species and because of the effect of the wind on the seeds or
the pollens [74]. Finally, the Neumann boundary condition with respect to 2 models the fact
that the species cannot leave the domain. The Neumann boundary condition with respect to
¢ means that the mutants cannot be born with a trait in | — A, A[°.

Several questions motivate our analysis. Is it possible to determine extinction and sur-
vival criteria for such model? Is it possible to characterize the population distribution at
equilibrium ? What will be the impact of the non-local dispersion and a fragmented habitat
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on the phenotypical distribution of the population ?

Several works have studied the properties of phenotypically structured populations subject
to selection, migration and mutation. We will describe these related works in the following
paragraphs. The originality of our work lies in the non-local spatial dispersion operator L. It
allows to consider non-connected domains. The non-local dispersion may have antagonistic
effects on the population dynamics. On the one hand, it may allow the population to reach
new favorable geographic regions which are not accessible by a local diffusion. On the other
hand, it may also impede local adaptation by bringing individuals with locally maladapted
traits from other regions. While the role of the nonlocal dispersion is significant in many
situations, as in the adaptation of forest trees to the climate change, very few theoretical
works take it into account [74].

Integro-differential equations modeling the Darwinian evolution of phenotypically struc-
tured equations have been widely studied (see for instance [39, 48, 81]). In the context of
space heterogeneous environments, a model closely related to (E) but with only a classical
diffusion term for dispersion was derived from a stochastic individual based model by Cham-
pagnat and Méléard in [41]. A first analysis of such deterministic model was performed by
Arnold, Desvilettes and Prévost in [4], where they investigated the existence of non-trivial
steady states of the model. Propagation phenomena and existence of traveling front solutions
for parabolic equations close to (E) were studied by Alfaro, Coville and Raoul in [2], by
Bouin and Mirrahimi in [30] and by Berestycki, Jin and Silvestre in [17]. Alfaro, Berestycki
and Raoul also studied a related model taking into account the effect of the climate change.
A wide number of articles focus on a closely related equation known as the ”cane-toads”
model where the growth rate is independent of the trait, but the trait influences the ability
of dispersal leading to a 6 coefficient in front of the diffusion term in space (see for instance
(109, 26, 29, 28]). This equation is motivated by the propagation of the cane toads in Austra-
lia by taking into account the role of a phenotypical trait : the size of the legs of the toads.
More closely to our work, the steady states of a "cane-toads" type model, in the regime of
small mutations, were studied by Perthame and Souganidis in [95] and by Lam and Lou in
[75]. In another related project, a model where similarly to (E) the growth rate, and not the
dispersion rate, depends on the phenotype, but considering a discrete spatial structure, was
studied by Mirrahimi [88, 89]. In these works an asymptotic analysis of the steady states in
the regime of small mutations was provided. In particular, it was shown that the presence
of spatial heterogeneity can lead to polymorphic situations, that is the emergence of several
dominant traits in the population.

In this work, we will use an approach based on Hamilton-Jacobi equations, which is
adapted to study the small mutation regime (e small). A closely related approach was first
introduced in [60, 54|, by Friedlin using probabilistic techniques and by Evans and Souga-
nidis using deterministic tools, to study the propagation phenomena in reaction-diffusion
equations. In the context of models from evolutionary biology and in the regime of small
mutations, this method was suggested by Dieckmann, Jabin, Mishler and Perthame [50]. In
9], Barles and Perthame provide the first rigorous results within this approach and obtain a
concentration phenomena : as the mutations become small, the solution converges to a Dirac
mass. In this case, the population at equilibrium is monomorphic (there is a single dominant
trait in the population). We quote [8] which extends the main results of [50]. This approach
was then widely extended to study more general models with heterogeneity. In particular,
in the context of the space heterogeneous environments, the works [30, 109, 95, 88, 89] are
within this framework.

In an ecological context, fragmented environments and non-local spatial dispersion phe-
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nomena were studied by Léculier, Mirrahimi and Roquejoffre [78] and by Léculier and Ro-
quejoffre [79]. Both mentioned works do not take into account any phenotypical structure. In
(78], the authors study invasion phenomena in a Fisher-KPP equation involving a fractional
Laplacian arising in a fragmented periodic environment with Dirichlet exterior conditions.
In [79], the authors study the existence and uniqueness of bounded positive steady-states in
a Fisher-KPP equation involving a fractional Laplacian in general fragmented environment
with Dirichlet exterior conditions. One of the perspectives of the present work is to study
models with other operators of dispersion, as the fractional Laplacian (—d,,)%, instead of
—0zz + L, and considering Dirichlet exterior conditions. The results of [78, 79] would help
us to attein this goal. Considering a non-local operator with a regular kernel as L makes a
significant difference with the fractional Laplacian. However, we see this work as a first step
before considering the problem with a fractional Laplacian and Dirichlet exterior conditions,
in term of the technical difficulties.

5.1.1 The assumptions and the notations

The domain €2 C R is assumed to be bounded and composed of one or several connected

components :
m

Q= U]al,bl[ with a1 <b; <as < ... < a, < by,. (Hl)

=1

We assume that the growth rate verifies
ReC'(Qx[-AA]) and ||R[lwie@x-aap < Cr. (H2)
Example 5.1. A typical ezample of growth rate is written
R(x,0) =1 — g(bx — 0)*.

In this example, r is the maximal growth rate. The above quadratic term indicates that the
optimal trait at position x is given by 0, = bx. The term b is the gradient of the environment :
it indicates how fast the optimal trait varies as a function of a position in space. Moreover,
g corresponds to the selection pressure. If g increases, the habitats becomes more hostile for
unsuitable individuals. Remark, that depending on the choice of parameters r, b, g, the growth
rate R can be negative.

We make the following assumptions on K
KeC'(R), K>0, K(x)=K(-7), 0<cx<K<Cxg and |[9,K|<Ck. (H3)

We introduce here two eigenvalues problems associated to the equation (E) : let A(6, p)
be the principal eigenvalue of the operator —d,, — L — [R(+,0) — p]Id and p. be the principal
eigenvalue of the operator —8,, — e20p9 — L — R with Neumann boundary conditions :

. { — Ouat® + L) = [R(:,0) — pl¢” = A0, p)¢"  in Q,
1.€. 0 . (51)
auxw =0 1mn 5’9
and
- ax:vfa - 8269956 + L€€ - ng = /legs in QX] - A’ A[? 5.9
{8,,1,55 =0, =0 on 9(2x] — A, A). (5:2)
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All along the article, we consider that the principal eigenfunctions (such as ¢ or £.) are taken
positive with a L? norm equals to 1.
We make the following assumption :

30y €] — A, A[,  such that min A(#,0) = A(0p,0) < 0. (H4)
e]—AA[
Lemma 5.1. Under the assumptions (H1)—(H4)
Me ;)) )\(90, O)

It follows obviously that

A(00’ 0)
2

deg > 0, Ve €]0,e0[, pe < < 0. (5.3)
We postpone the proof of Lemma 5.1 to the Appendix and we make the hypothesis that (5.3)
holds true.

5.1.2 The results and the strategy

First, we prove the existence of a solution of (E) for all small value .

Theorem 5.1. Under the assumptions (H1)- (H4), for all e €]0, o], there exists a non-trivial
positive bounded solution n. of (E).

The proof of Theorem 5.1 follows the one of Theorem 2.1 by Lam and Lou in [75] which
treats the case of local diffusion. This proof relies on a topological degree argument. In
section 5.2, we provide the additional arguments. which allows to adapt the proof of [75] to
the non-local operator L.

Next, we perform the Hopf-Cole transformation

ue (z,0)

ne(z,0) =e < . (5.4)

This is the usual first step in the Hamilton-Jacobi approach (see [50, 9, 8]). The main idea
in this approach is to first study the limit of u. as ¢ — 0, and next obtain from this limit,
information on the limit of the phenotypic density n.. The advantage of this transformation is
that the limit of . is usually a continuous function which solves a Hamilton-Jacobi equation,
while the limit of n. is a measure. Performing such change of variable, we find that u. is
solution to

1 O |?
- gaxxua - ’ UUZE‘

+/Q {1 _ e””] K(z—y)dy = (R(z,0) — p.(z))  in Qx]— 4, Al

(T) = (x,0)do in €,
pe(x) /]_AA[n (z,0) in
Oy, ue(z,0) =0 on 00Qx] — A, Al Oyt (z, £A) = 0.

— 6899%5 — |69u5|2

(Enc)
We prove the following

Theorem 5.2. Under the assumptions (H1)~(H4), as € — 0 along subsequences, there holds
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1. p- converges uniformly to p with
0<c<p<C,

2. u. converges uniformly to u with u a viscosity solution of

{ — [Gpu(0)[* = —A(0, ),

max u(f) =0, (5:5)

where N0, p) is the principal eigenvalue introduced in (5.1). Moreover, the limit u de-
pends only on 6.

3. n. converges to n in the sense of measures. Moreover, supp n C {u(f) = 0}.

We present briefly heuristic arguments to understand how the second item of Theorem
5.2 can be recovered. First, we perform asymptotic developments of u. and p. with respect
to the powers of

ie.  w.(z,0) =uo(x,0)+cui(x,0)+o(e) and p(x) = po(z)+ o-(1).
Next, we implement such asymptotic developments into (Eg¢), it follows that

1

Dyug|*
— <—afm;UQ — 2\8xu08mu1| — | UO|
9

)*/H—e”“TW““M@“m@ﬂ$m«x—w@
Q
— Ogatty — |Opur|* — |Opuo|* — [R — po)] + 0-(1) = 0.
This equation suggests that
uo(z, 0) = up(0)

and passing to the limit ¢ — 0, we deduce that

—[9puo(0)]* = [R(%@)—/)o(ﬂf)]+8mu1(x,9)—\arul(x,9)|2—/Q[l—eul(y"))*“l(m’e)]f((ﬂf—y)dy-

(5.6)
Since the left hand side of (5.6) does not depend on z, it suggests that u; is such that
uy = log(¢?) with 1? the principal eigenfunction introduced in (5.1), that is

—[05u0(0)]” = ([R(x,0) = po(@)]” () + Duat’ (x) = L)) (1) 7. (5.7)

We deduce that v is a formal solution of (5.5).

From a technical point of view, the convergence of (u.).~o is proved using the Arzela-
Ascoli Theorem and a perturbed test function argument (see [51]). To prove the uniform
continuity, using the Bernstein’s method, we prove that the first derivatives are bounded.
These bounds rely on the establishment of Harnack type inequalities. Indeed, we prove the
following result on the regularity of u,

Theorem 5.3. Under assumptions (H1)—(H4), the following results hold true.

1. [Harnack inequality] — There exists a constant C' > 0 (independent of the choice of )
such that for all intervals I C] — A, A with |I| = €, there holds

sup n.(z,0) <C inf n.(z,0). (5.8)

(z,0)eQxT (z,0)e2x1

115



CHAPTER b5 : Adaptation to a heterogeneous environment with nonlocal dispersion

2. [Lipschitz bounds]  There exists C' > 0 such that for all € small enough,
|0 us| < Ce  and  |Opuc| < C. (5.9)

3. [Bounds on p.] For all € small enough, p. is uniformly bounded in W*P(Q) for all
p € [1,+00]. Moreover, there exists ¢,C > 0 (independent of the choice of €) such that

c<p.<C. (5.10)

4. [Bounds on u.| The following holds true

lim sup  u. <0 and —a<lim inf U, (5.11)
=0 (1.0)eQx]—A,A] e=0 (2,0)eQx]—A,A]

with a > 0.

Note that the combination of the local and the non-local diffusion terms makes the esta-
blishment of such regularity estimates non-standard (see for instance [8] and [88] where such
types of estimates where obtained for related models with a local diffusion term).

Remark. In 1. of Theorem 5.3, the interval I can be at the boundary of | — A, A|
ie. I=]—A—-A+¢el or I=|A—-¢ Al

5.1.3 Outline of the paper

In section 5.2, we provide some preliminary results and the existence of n. by proving
Theorem 5.1. Next, in section 5.3, we prove the regularity results given by Theorem 5.3.
Section 5.4 is devoted to the proof of Theorem 5.2. We provide some numerical simulations
and discuss the types of outcomes that may be obtained for the asymptotic populations
density.

The constants ¢ and C' are positive constants independent of the choice of ¢ and may change
from line to line when there is no confusion possible.

5.2 Preliminary results

First, we establish a Hopf Lemma. It is obtained by a classical argument but for the
sake of completeness and because of the presence of the less classical non-local operator L,
we provide the proof. Next, we verify the existence of A(f, p) and then the existence of a
non-trivial bounded solution n.. We close this section with the proof of the convergence of

Pe.

5.2.1 A Hopf Lemma
In this section we prove the following Hopf Lemma
Lemma 5.2 (Hopf Lemma). Let u be a smooth function defined on 2 such that
—0gen + L(n) + ¢(x)n > 0, (5.12)

with ¢ a positive bounded smooth function. If there exists xq € OS2 such that migrll n(x) =
e

n(zg) < 0 then either n is constant or

Oy, n(z) <O. (5.13)
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The proof is in the spirit of the classical proof of the Hopf Lemma (see [53] p.250).

Proof. Up to a scaling, there is no loss of generality if we assume that B(0,1) C Q and
xo € 0B(0,1). Next, we define

-3 —Amax(0,|z|2—1
’U(:E) _ [6 e e Amax(0,|z|? 4)} 1B(071)($)’

for A a positive constant. We underline that v(z) = e~3* — 1 in B(0, 1). Next, we claim that
by taking A large enough, for all z € B(0,1)\B(0, 2) there holds

— Byev(m) = 2Ae O =D (2) |22 = 1) > 0
and Lou(z) = / e_’\max(07‘y|2_%)K(:E —y)dy — / e_)‘max(o’|x|2_%)K(x —y)dy > 0.
Q

B(0,1)
(5.14)
The first inequality of (5.14) follows a straightforward computation. For the second inequality,
according to the assumption (H3), we have

1
lim inf “AwaxOP =D K (2 — y)d —/ “Amax(Ole =) i (2 — y)dy > cx|B(0, )] > 0.
it oo @ty e @0z elB(0:3)

Therefore, if A is large enough, (5.14) holds true.

Next, we claim that if n is not constant, the minimum can not be reached in the interior of

Q2. Otherwise, we deduce the existence of z; € §2 such that n(z,) = migrll n < 0. Since c is
S

positive, we have
—0pen(z1) <0, Ln(x;) <0 and c(xy)n(z;) <0.
Therefore, we deduce that
—0pa (1) + Ln(z1) + c(z1)n(xq) < 0.

This is in contradiction with the assumption (5.12).

We deduce that min n(zy) — n(z) < 0. Next, taking € small enough, there holds that
x€dB(0,3)

Vo € 0B(0, i), n(zg) — n(x) —ev(z) < 0.
Since v = 0 on 0B(0,1) and by definition of z, it follows
Ve € 0B(0,1), n(xg) —n(z)—ev(z) <O0.
Moreover, according to (5.12) and (5.14) we have for all z € B(0,1)\B(0, 2) that
—0Ozz(n(x0) — n(z) —ev(z)) + L(n(xg) —n —ev)(x) + c(z)(n(xy) — n(x) —ev(z)) < 0.

We deduce thanks to the maximum principle that n(zg) — n(z) — ev(z) < 0. We conclude
that

3

Oy, n(xg) < =0, ev(xg) = —e2Xe” + < 0.
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5.2.2 Existence of a principal eigenpair

Proposition 5.1. For a fized bounded smooth function p and a fixed value 0 €] — A, A]
there exists a principal eigenvalue X0, p) of the operator —0,,¢ + L(¥) — (R(+,8) — p)u with
Neumann boundary conditions

e, {0 L) (R = X0 in

1
0y, =0 on OS2 (5.15)

The associated eigenfunction v has a constant sign and is unique up to multiplication by a
constant. Moreover, the function A(0, p) is continuous with respect to 6 and the function p.

In the following, we will consider that 1) is positive and of L? norm equal to 1.

Proof. First, we prove the existence of the principal eigenpair by verifying that we can apply
the Krein Rutman Theorem (see [102] p 122). Since it is classical, we do not provide all the
details. The cone of functions where we apply the Krein-Rutmann Theorem is

K={ueC"*(Q)|u>0 and 0, u=0}.

We define £(v) as the unique solution of

— 0L (o) + [ [£0)(&) = LE)WIE (@ = y)dy = (R(60) = p = O)L(w) =vin O,
0y, L(v) =0 on 0N
where C' > sup(R(z,0) — p(z)) and v € K. The operator L is linear, compact thanks to the
€

elliptic estimates. We have to prove that
Vo e K\ {0}, L(v) € int(K).

Let v be in K with v not trivial. By elliptic regularity, it follows £(v) € C'** and 9,,L(v) = 0.
It remains to prove that £(v) > 0.
First we prove that if £(v) is constant then it is necessarily a positive constant. Next we
prove that if £(v) varies then £(v) > 0.
Assume that L(v) = ¢. Let T € Q be such that v(Z) > 0. Moreover, the choice of C gives
—(R(Z,0) — p(T) — C) > 0 and since —0,,L(v) = L(L(v)) = 0, we deduce that
_ v(T)
L(v)(T) = c= = = > 0.
—(R(z,0) — p(z) = C)
Next, we suppose that £(v) is not constant. Assume by contradiction that there exists = such
that L(v)(z) < 0. Let @ € Q be such that
inf L(v)(z) = L(v)(T).

e

Then either T’ € Q or T € 0f). In the first case, we deduce that
—0p: L(0)(T) <0 and L(L(v))(T) <0,

which leads to the following contradiction
0 < (@) = =05 L(v)(T) + L(L(v))(T') = (R(T',0) — p(&') — C)L(v)(z) <0.

If 7 € 09, since L(v) is not constant, we deduce from Lemma 5.2 that 9, L(v)(Z’) < 0. It is
in contradiction with the Neumann boundary condition. We conclude that we can apply the
Krein Rutman theorem and the conclusion follows.
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Next, we prove the continuity of (6, p) with respect to 6. Let p be a smooth bounded
function. By the uniform continuity of R, for any € > 0, there exists 0 > 0 such that for all
61,05 €] — A, A] with |0 — 0| < § there holds

sup|R(x,0;) — R(z,6:)| < e.
€
We prove that for a such couple of 6y, 0, we have |[\(0;, p) — X\(fo, p)| < €. We denote 9% the

principal eigenfunction associated to the eigenvalue ;. Thanks to the Rayleigh quotient, we
know that

[9%() = W) .

Noep) = [ 0% @) ~ (Rl 0) — p(? (@ + [ O (&~ )dyd
Moreover, if we define
R(0.0) = [ loco)ar+ [ IOIO ko yyayar — [ (Rir.0) - pla)g(oar

we have that

A0, p) = gE%il?Q)sz‘, 9) = R(0:,0%).
We deduce that
N2, p) < R0 6%) = N61,0) + [ [Rlw,60) = Rl 00" (2)%de < Aoh,p) +2.
With similar computations, we obtain that \(01, p) < A(s, p) + . We conclude that
[A(B1, p) — A(b2, p)| < e.

With similar computations, we conclude to the continuity with respect to p. [

The existence of the solution of (5.2) is also due to the Krein-Rutman Theorem, therefore
we do not provide the proof of existence.

5.2.3 Existence of a non-trivial solution of (E)

As mentioned in the introduction, we recall that the proof is an adaptation of the proof
of Theorem 2.1 by Lam and Lou in [75]. The major difference is the presence of the integral
operator L. Therefore, we only provide the main elements dealing with the integral operator
L.

Proof of Theorem 5.1. We fix € €]0, eo[ (where € is given by (5.3)). Let 7 € [0, 1] and n, be
a solution of

— Ogaty — €20pgnr + Ly = nyp (R —7pr — (1 — 7)0y) in Qx]— A, A,
prla) = [ | nola0)d0 i@ (E,)
Oy,n-(x,0) =0 on 00Qx| — A, A|, Oypnir(z,£A) =0 in Q.

It is well known that for 7 = 0, according to (5.3), there exists a non-trivial steady solution
no. As in [75], we prove that there exists a constant C. > 1 (which may depend on ¢) such
that we have for any 7 € [0, 1]

A
ool < / / n,drdf < C..
—-AJQ

Then one can conclude using a topological degree arguments.
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The lower bound. Let v, be such that n, = v, (where £ is provided by (5.2)). First,
we remark that

L(vr&e) = v L(&) + & L(vr) + Avr, &)
and  A(vr, &) (x) = /Q[(Ur(iﬁ) — vr () (&(y) — &(2) | K (2 — y)dy.

Then v, is solution of

_géaCCI’UT - 28{1}5581/07' - 52558997}7' - 2528055801)7' + §6L<UT)+A<UT7 56) + Megev‘r
= —vas[TPT + (1 - 7_)”7]'
If we multiply it by %, we obtain

_893(6528331)7') B 5289(622697}7) + fgL(UT) + £€A<’UT7 65)

v, = 63(_1% —7pr — (1 =7)n;).

Next, we integrate over all the domain

/ / 0,(§20,v;) — 6289(620927) +EL(v) + &AM &)

_/‘/ §8w—§%@%wdw+/ /8 () + &AL &) g
T UT

= Il -+ IQ.

We next prove that I; and I, are negative. For I, by an integration by part, we have

I = / / 02 (E20,v,) — €20y (&2 3@UT)d do = / / ’a v, 2 +82|(99UT]2) dzdf < 0.

T

For I, using that K is even and the Fubini Theorem, we obtain

[_/ /8 (@) + &(@)A (o, &) (@) ;o

vy ()

=[] /vT<x>—w<y>>@<y>]f(<x—y>dydxde
__/ /Ath y7@yw4mﬂK@—w@mw—h

(x)v,(y)

We deduce that

/ /A[Tx ) Aw—whwﬂK@—m@mwgo

(x)v,(y)

Therefore, we have that

A
/ / E[—pe — 7pr — (1 — 7)n;]dxdd < 0.
—alJa
Thanks to (5.3), we conclude that for £ small enough

A6y, 0 A A
’Q;”S—%——M[AAﬁMMSwM@V+U—ﬂLL%ﬁAM&
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The upper bound. First, we remark that thanks to the Neumann boundary conditions
and the parity of K, we have that

! 0 0
/—A/Q_ ey — Ogony + L(n;)dxdf = 0.

Therefore, if we integrate (F,) with respect to x and #, we obtain

(1-7) 71 s T (/ )2 (1—-1) /A/ 2
<2A]Q] Tiap) el =gy Uy Prde ) + Sapap \ Ly Jymrted?
A
§T/p3dx+(1—7)/ /nidmdQ
Q ~aJo

A A
:/ / R, dxdd < OR/ / nodadd = C ||n.| 1.
—AJOQ —AJQ

Conclusion. It follows that there exists a bounded non trivial solution n. of (E). Ho-
wever, we have indeed proved that there exist constants ¢, C' > 0 such that

C A
g/ / ne.dxdd < C.
sup &2 —-alJa

5.3 Regularity results

In this section we prove Theorem 5.3. The sub-sections correspond respectively to the
proof of the item 1. 2. 3. and 4. of Theorem 5.3. But, we need an intermediate result : p. is
uniformly bounded.

Lemma 5.3. Under the assumptions (H1) — (H4), we have that for all e < g
0 < Pe < ORa

(where Cg is introduced in (H2)). Moreover, there exists C > 0 such that for all € small
enough

[pellw2n@) < C.
Proof. The L*™-bounds. It is obvious that p. > 0. If we integrate (E) with respect to 6,
we obtain

A

— Opape + Lp: = / R(-,0)n.(-,0)dd — p? in Q,
—A

0y, p- = 0 in 0.

T

Recalling the L> bounds on R (H2), it follows :

—0yupe + Lpe < Crpe — p2.
We conclude thanks to the maximum principle that p. < Cp.

The W?%?(Q2) bounds. Thanks to the L™ bounds on R, K, p (assumptions (H2), (H3) and
the previous inequality), we may write (£,) on the following form

—UzzPe = fs
with f. € L>(Q2) uniformly bounded. The result follows from the standard elliptic estimates.
O
Corollary 5.1. There exists a constant C > 0 such that for all € small enough
|0,p:| < C. (5.16)
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5.3.1 A Harnack inequality

The first step to prove the first item of Theorem 5.3 is to prove the result in the interior
of Ox] — A, Al
Theorem 5.4. For all (zg,0y) € Qx] — A, A[, and Ry > 0 such that
Bsp, () X Bs.g,(0) C Qx| — A, A|
there exists C(Ry) > 0 such that
sup ne(z,0) < C(Ro) inf ne(z,0). (5.17)

(JJ,G)EBRO (zo) XBERO (90) (I7G)EBR0 (IO) XBERO (60)

Next, we extend the above result thanks to a reflective argument(see Remark 9 p.275 in
[33]).
We perform the following change of variable : n(x,0) = n.(z, €60). Therefore, we consider the
following scaled equation

— Dgoll — Ogoli + Lit = [R — p]  in Qx| — e 'A,A], )
Oy,n=0,,n=0 in 9(Qx] —e A, eA[.
We have denoted by R the function R(z,0) = R(z, ). Remark that R still verifies (H2).
Proof of Theorem 5.4. Let (x¢,0p) € Qx] —e 1A, e ' A] and a radius Ry > 0 be such that
Bsg, (w0, 00) C Qx| —e tA e A[. If we denote by f(z,0) = [on(y,0)K (y — z)dy, according
to (H3) it follows that f € L°(Bsg,(z0,6p)). From the classical Harnack inequality, the

Theorem 9.20 and 9.22 pp. 244-246 in [64], and using (H2) we deduce the existence of C; > 0
(depending on Ry) such that

sup n(z,0) < Cy inf n(z,0) + Cy sup |f(z,0)]

(x,@)EBRO (1’0,90) (I,@)EBRO (z0,60) (x,@)GBQRO (xo,@o)
(5.18)
< inf n(z,0) + CiCk  sup n(zx,0)dzx.
(z,0)€BRg (z0,00) 9€Bap, (60) 7
The main element of the proof is to prove the following claim :
3C' >0 such that sup n(z,0)dx < C inf n(z,0). (5.19)

eeBQRO(GO) Q (I,@)EBRO(I(),QQ)
It is clear that if (5.19) holds true, the conclusion follows.

First, we integrate (E’) with respect to x. It follows thanks to the Neumann boundary
conditions that for all § € Bsg,(6y) we have

Jo(,0) (R(x,0) = p(z) = Jo K (z = y)dy) dz
Jon(x,0)dx

Jo oy, O)K (& — )y [
’ Jon(z,0)dx / n(z,0)dx.

—agg/ﬂﬁ(x, 0)dx = /Qﬁ(x,Q)dx

Thanks to the L>®-bounds on K, R,p (assumptions (H2), (H3) and Lemma 5.3) and the
Fubini theorem, we have

C< Jo7(,0) (R(z,0) = pl(x) — fo K (¢ — y)dy) da

Jon(x,0)dx <C
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5.3. Regularity results

Jon(x,0)dx

It follows
—C/ (e, 0)dr < —a%/ Az, 0)de < O/ (e, 0)dz.
Q Q Q

Hence, we apply the Harnack inequality to 8 € Bsg,(6y) — [ n(z, 0)dx into the ball Bag,(6o)
and we deduce the existence of a constant Cy > 0 such that

sup n(x,0)dr < Cy inf )/ n(x,0)dzx. (5.20)
0

6€Bap, (60) /<2 0€Bar, (0o

Next, thanks to the L®-bounds on K, R, p (assumptions (H2), (H3) and Lemma 5.3), it
follows that in €2 X Bag,(6p)

cx  inf /Qﬁ(y, 0)dy < ck /Q n(y,0)dy < /Qﬁ(y, 0)K (v — y)dy < (—0ux — Opo) 11 + C1.

0€Bap (o)

From an inequality developed by Krylov (we refer to Theorem 7.1 p33 in [34] and the reference
therein), we deduce the existence of a constant C5 > 0 such that

inf n(z,0)dr < Cs inf 7n(x,0). 5.21
32;2(90) Qn(.r Jdo < 3BR01(I~’100790)n(x ) ( )

Combining the previous inequality with (5.20) and (5.21) yields to

sup n(z,0)dx < Cy inf /Qﬁ(a:, 0)dx < CyC4 inf n(z,0).

9€B2R0 (6o) Q GEBQR() (00) (x:G)EBRo(xUﬂO)

This concludes the proof. O

5.3.2 Lipschitz estimates
We prove 2. of Theorem 5.3 by the Bernstein method.

Proof of 2. of Theorem 5.3. We recall the main equation satisfied by wu, :

ue (y)—ue (@)

— 0pgtie — |Opuc|* + /Q[l —e = |K(x—y)dy = R(z,0) — p. (5.22)

_am:ue . |8xu€’2

€ g2

with Neumann boundary conditions. The first step is to differentiate (5.22) with respect to
Ozlie

x and multiply it by “z= :

‘8zus‘2
OpaUe Oy Ue Op (5 ) Opue ue(y,0) —ue(2,0) a»cuz
_ 53 o ( 562) +Le € K(w—y)dy 635
ue (y,0) —ue (,0)
ax‘aeu‘gpamui ax@@“saﬂvue (fﬂ[e : o 1]8¢K({Iﬁ - y>dy + a’pR - 8:1:/)5) axus
N 52 B g o 52 .

Remarking that

azz(|aru6|2>
2

. 399(|8zus|2)

arxxusaxus = - (amcus)Q and areeusaxus - 9 - (aemus)Q
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yields to
u 8:6“5 2
(axx( |azg25|2> (8zxua)2 ax (| &2 | ) 8:13“6
- + 3 o 2

(aﬂﬂua)z . ax|a(9ua|28xua

g3 g2

2e
i /Q 6“5(%9);”5(179) K(Qj‘ o /y)dy

ue (y,0) —ue (x,0)
(aGIUE)Q 8899(M> (fg [6 : o 1]8IK<:U - y)dy + 8IR - 81/05) 81“5

g2 _
+ € 2 g2

(5.23)
In the second step, we differentiate (5.22) with respect to ¢ and multiply by dyu.. With
computations similar to the ones presented above, we find

aacxa€2 ax€2 8$62
- (|2zu | ) —+ ( Ggu ) — (‘99' ;; | 89u5 — %899(|89u5|2) —1—5(399%)2 — 89|09u5|289u€

2 ue (y,0) —ue (x,
X /Q (8gu€(x, 0) 897;5(377 Q)aeué‘(y’ 9>>6MK<$C — y)dy = &;R@gue.

(5.24)
Next, we introduce
Oyu(x,0)]?
pe(z,0) = 16(2)’ + |Opue (2, 0) . (5.25)
If we combine (5.23) and (5.24) together and we rewrite it involving p. , it follows
Opzpe €0gop: 1 / ue (4.0) —ue (2.0)
- - - AC) - e\4y e\Ys € K -
e 5 + 5 Q[p (x,0) — Oguc(z,0)0guc(y,0)]e (x —y)dy
aac 5633 € 2 ax € 2 ax.r € 2
- % - aepeaGUé: + ( zu ) + ( 5g ) +€(899u6)2 (526)
ue(Y,0)—ue(x, 8:(2 B
= ([[=5252 — 1)0,K @ — y)dy + 0.R — 0up. ) “5° + DaROyu..

Let (x.,0.) be such that

sup p5($,9) :pa(msyea)-
(2,0)€0x]— A A

Thanks to the Neumann boundaries conditions, we deduce that (z.,6.) ¢ 02 x 0 (] — A, A|).
Therefore, we distinguish three cases : either (x.,0.) € Qx]— A, Al or (x.,0.) € 00x]|— A, A
or (z.,0.) € Q x {+A}.
Case 1 : (z.,0.) € Qx| — A, A[. First, we bound the right-hand-side of (5.26). Indeed,
thanks to the Harnack inequality (first item of Theorem 5.3) and the L*-bounds on the
derivative of K, R and p. (assumptions (H2), (H3) and Corollary 5.1), it follows that

Ol

ueg (y,0)—ue(x, C €
( /Q " 119, K (x — y)dy + 9. R — axp€> 3"+ 0 ROu: < \E/p_ . (5.27)

Next, we evaluate (5.26) at (x.,0.). We claim that

- aﬂcxpef(I& 96) Z 07 _a%ps(xsa 95) Z 07 amps(xsa 9&) - a@]ge(xsa 66) =0

1 ua(yvee)*ue(zsxes) (528)
and B / [pe(2c, 0:) — Ogue (., 0:)Opuc(y, 0:)]e c K(xz. —y)dy > 0.
Q

Indeed, the first inequalities follow easily since p(z.,0.) = max p. and the last inequality
holds true thanks to the following computations
1 ue (y,02) —ue (ve,0¢)

g /Q[ps(xa 06) - aaué(x€7 Qé)aeutf(y’ 96)]6 € K(:L‘€ - y)dy
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ue (y,0¢) —ue (ze,0¢)

1
> - < —
2 [/ng(xs,ee)e K(z. —y)dy

Ue (Y,0¢) —ue (ze,0¢)

1
— 5 | o, 6= K gy

ue (y,0e) —ue (we ,0¢)

1 ) e (y.00) —ue (ze 0c)
-5 /Q Oguz(y, 0c)e : K<we—y>dy]

1 ue (y,0e) —ue (we,0¢) ue (y,0¢) —ue (we,0¢)

> 5 UQ pe(ze,b)e = K(ze —y)dy — /st(% e = K(z.— y)dy}
> 0.

We deduce thanks to (5.27) and (5.28) that

1 | Opztie (e, 02 21| Onuc(z.,0)
278 li) + 5606u5<w57 05)] S g <(€)> + (6899U5(ZL‘5, 95))2:|
C\/pe(., ;)

<
€

Hence, using the original equation (5.22), we deduce that

2
|:_p€(x€7 ‘95) + A(l - BM)K(%‘E - y)dy - R(l’g, 95) + ps(fﬂs)] S C\/p5<$57 95)
(5.29)
Thanks to the L>-bounds on K, R and p. (assumption (H2) (H3) and Lemma 5.3), it follows
that p.(z., 6.) is uniformly bounded with respect to . The conclusion follows.
Case 2 : (7.,0.) € 00x]| — A, A[. First remark that in this case, p.(x.,0.) = |Oyu.(z.,0.)|>.
We claim that p. verifies also the Neumann boundary conditions at (x, 6.). Indeed, according
to the Neumann boundary conditions satisfied by u., we can use a reflective argument and
differentiate p. on the boundary. We obtain

2
Oz (37,3, 95) = axu":(xt‘v ee)amzus<l'€, (95)

-2 + 289”& (51787 ea)axéua(xaa 95) =0

because
Optte(r,0:) =0 and  Opgu.(ze,0:) = 0.

Since p(x.,0.) = max p., we deduce that
_axa:pa(xay 06) Z O

We conclude that (5.28) and (5.27) hold also true in this case and the conclusion follows from
the same computations as in the previous case.

Case 3 : (z.,0.) € Q x {£A}. This case is treated in the same manner as the previous
case. ]

5.3.3 The bounds on p.
We recall the equation (E,) satisfied by p, :

A
_axxs Lp. = R 79 € 79d9_ 2 ' Qa

pe+Lp. = [ R(,0)n.(w,0)0 — g2 in E)
0y, pe =0 on 0f).
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Proof of 4. of Theorem 5.3. We start by proving that 0 < ¢ < supp. < C. Next, we prove
that ¢ < p. < C holds true in the whole domain ).

The bounds on sup p.. The upper bound is already obtained in Lemma 5.3. It remains to
prove the lower bound. Assume by contradiction that there exists a sequence ¢ such that

€. — 0 and su — 0.
k k—+o00 P Pey k—4o00

Next, if we multiply (E) by &, (introduced in (5.2)) and we integrate by part, we obtain

A A
He /—A,/QnEkgekdde = —/_A/ngknské—ekd;pdg.

We deduce thanks to (5.3) that for k large enough, it holds
J24 Jo ey, dwdd
J24 Jo ne e dxd

It is in contradiction with the hypothesis sup p., k—> 0. Therefore, there exists a constant
—+00
¢ > 0 such that

A(6o,0
|(;)| S _/’L€k S SuppEk

Ve €]0, o], ¢ < sup p.. (5.30)

The bounds on p. in the whole domain (2. The upper bound is already proved in
Lemma 5.3. Therefore, we concentrate on the lower bound. Let ¢ < g9 and zy € €2 be such
that

Ps(ﬂfo) = Sup pe-
We conclude thanks to (5.30) and the Lipschitz estimates obtained in the second item of
Theorem 5.3 that for all x € Q2

A ue(@0) A e (0,0)—ue (20,0)+ue (20.,0)
pe(x) = / e = df = / e c df > pe(xg)e @ > ce C.
—A —A

5.3.4 The bounds on u,

Proof of 3. of Theorem 5.3. First, we prove that there exists a > 0 such that —a < wu..
Thanks to the third item of Theorem 5.3, we know that there exists ¢ > 0 such that for all
¢ small enough we have

< £ 9

We deduce the existence of (zg,6y) € Qx| — A, A[ such that

c
oA < n(zo, bp).

Hence, it follows
c
elog <2A> < ug(wo,6).
We conclude thanks to the Lipschitz estimates established in the second item of Theorem 5.3
that
£

¥(z,0) € Ox] — A, A], —a< —20A +zlog <2A

) — 19| < u.(z,0). (5.31)
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Next, we prove that lim sup ue(z,0) <0.
20 (2.0)ex]—-A,4]

We prove it by contradiction. Assume that there exists a > 0 and sequences ey, (xx, 0;) such
that

e, — 0 and a < U, (Tg, Ok).
k—-+o0

Using the Lipschitz estimates provided by the second item of Theorem 5.3, it follows for all
0 € (Be (000 — A, Al

Ue, (g, 0) = ue, (Tk, 0) — e, (T, Ok) + ue, (21, 0) > —C10 — O] +a >

N2

where C' corresponds to the Lipschitz estimate given by (5.9). We deduce that

pe, (Tr) > min(2A4, %)eﬁ.

We conclude that llim Jinfpek () = 4o00. This is in contradiction with the L*> bounds on p.
— 100

established in the third item of Theorem 5.3.
]

5.4 Convergence to the Hamilton Jacobi equation

Proof of Theorem 5.2. We prove here the 3 items of Theorem 5.2.

Proof of 1. Thanks to the third item of Theorem 5.3, it follows that for € small enough
0 <c<p. <Cand ||pe|lwer) < C. We deduce from the classical Sobolev injection (see
[33]) that p. converges, along subsequences, strongly in W'?(£2) and in particular uniformly
to p and p verifies

0<c<p<C.

Proof of 2. From the Lipschitz estimates and the bounds established in the second and
the fourth items of Theorem 5.3, we deduce thanks to the Arzela-Ascoli Theorem that up to
a subsequence, (u.).~o converges locally uniformly to some continuous function u. Moreover,
the limit function v does not depend on .

We prove that u is a viscosity solution of

—|0pul* = —A(9, p)

with A(6, p) the principal eigenvalue of (5.1). We recall that for a fixed value 6, Proposition
5.1 provides the existence of a sequence of principal eigenvalues (6, p.) associated with a
sequence of positive eigenfunctions (1?).~¢ of the operator —8,, + L — (R(x,0) — p.) with
Neumann boundary conditions :

_ 6 0y o 0 _ 0 .
{ Ot + L) = (Rws0) = p W = XOpel w0

A, =0 on Of).

Since ¥ > 0, we introduce

W7 = In(y7).

€
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CHAPTER b5 : Adaptation to a heterogeneous environment with nonlocal dispersion

Therefore, for any test function ¢, let § €] — A, A[ be such that u — ¢ has a strict maximum
at 0. Then, there exists (z.,0.) € Qx] — A, A[ such that

9 — 0 and max ue(x’ 9) - ¢(‘9) - 5\IJZE (l’) = ua(xa, 05) - ¢(‘95) - 5\IJZE (Ia)
=0 (2,0)eQx]—A,A|

We distinguish two cases : either z. € ) or x. € ).
Case 1 : z. € Q. Since u. is a classical solution of (Eyc), we deduce that it is also a
viscosity solution, therefore

 Oun(000) 42V n)) _ (000000 + VI, _ v el (o, —

— €00 (0(0:) + 5‘1125 (ze)) — [Op(@(0:) + 5\1125 (xs))] — R(w.,0.) + p(v.) < 0.

Remarking that ¢ does not depend on x and the 6 value is fixed in W% we deduce that

— 0, W () — [0,02 ()] + /Q [1— e"E W YECI K (3, — y)dy — R(xe, 0:) + pe(xe)
— £0po9(0:) — [59¢(95)}2 <0.

(5.33)
Next, we observe that (5.32) implies

—am:‘lfgg (xa) \1195 xa +/ \IIBE E@ 5)}K(x5—y)dy—R(xE, 95)+pa(xa) = )\(95, pa)-

Therefore, passing to the limit ¢ — 0, thanks to the continuity of (6, p) with respect to ¢
and p (Proposition 5.1), it follows that

—[360(0)]* < —A(9, p).
Case 2 : . € 0€). First, we remark that in this case,
—Optte (2, 0.) = —0, V% (1) = 0.
Therefore, we deduce that
—0u[uc(ze, ) — ¢(0:) — eV (x)] = 0.
Moreover, since (u. — ¢ — eW%)(x.,0.) = max(u. — ¢ — e¥%), we have firstly by a reflective

argument that
Oy (e — ¢ — V%) (2., 6.) > 0, (5.34)

and secondly, we have
U (y, ) — (e, 0.) < e[V (y) — W (). (5.35)
The inequalities (5.34) and (5.35) lead to
— 04,8V (2.) < —Oppuc (e, 0.)
and /Q[l — VEWTYE K (g, — y)dy < /Q[l — eue(y,%);ua(zs,eg)][((xg — y)dy.

Therefore, the conclusion follows from similar computation as above.
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Finally, u is a sub-solution of (5.5) in a viscosity sense. With similar arguments, u is also
a super-solution. We conclude that u is a viscosity solution of (5.5).

Next, we prove that sup wu(6) = 0.
0e[—A,A]

If it does not holds true, it follows that sup u(f) < —a < 0. Hence for € small enough, we
Oe[—A,A]

deduce that max . (x,0) < —F, which implies that p. < c for € sufficiently small. This
(2,0)€0x [~ A, A]

is in contradiction with the third item of Theorem 5.3. We conclude that , r[naXA}u(H) = 0.
el— b

Proof of 3. Thanks to the L*> bounds on p. (third point of Theorem 5.3), we deduce that
¢ < [Inellzr@x-a.ap < C.

It follows that n. converges in the sense of the measure to n and the measure n is non-negative
and not trivial. Finally, we prove that

supp n. C Q2 x {0 €] — A, Al | u(f) =0}.
Indeed, let ¢ € C°(2x] — A, A[) be any positive test function such that
supp ¢ C Q x {0 €] — A, Al | u(f) =0}°. (5.36)

We prove that [, [, ¢(z, 0)n(z,0)dzdd = 0.

To this end, we introduce —a = sup wu. According to (5.36), it follows that a > 0. We deduce
supp ¢
that for all € small enough and all (x,0) € £ X supp ¢, we have
a

us(z,0) < ~5 (5.37)

We conclude that

[/ 1 ol O)n(z,0)dodr = | /Supp o O O, O)dod

— lim / / &z, 0)n.(z, 0)dodz
Q Jsupp ¢(z,-)

e—0
~ lim / / L 66) =2 10du
e—0 supp ¢(z
Shm// o(x,0)e doda
e—0 supp ¢
This concludes the proof of 3. ]

5.5 Discussions and numerics

5.5.1 Numerical resolutions

To find a numerical solution of (E), we solve numerically the following parabolic equation :

O — Opene — 20pone + L(n.) = [R — pJn.  in RY x Qx| — A, A|,
A
-(t,x :/ n.(t,z,0)do in RT x 0,
polt.0) = [ nalt,2,6) -
Oy, ne = Opyne =0,
n(t=0,z,0) = no(x,0).
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CHAPTER b5 : Adaptation to a heterogeneous environment with nonlocal dispersion

For this numerical study, we take
R(z,0) = r — g(bx — 6)*.

We recall from Example 5.1 that in this case, r is a growth rate and —g(bx — 6)? models the
selection. The parameter g is the selection pressure whereas b is the gradient of the environ-
ment. We provide numerical examples where we vary this set of parameters.

We implement equation (£;) by a semi-implicit finite difference method. We stop the algo-
rithm when we find a numerical steady state of (F;) : a numerical solution of (E).

FIGURE 5.1 — Numerical solutions of (E) with 3 different parameters ¢g (¢ = 0.1, 5, 10) and
the other parameters are fixed as follows Q =] —2,2[, A=3, r =10, b= 1 and € = 0.005.

FIGURE 5.2 — Numerical resolution of (E) with the following set of parameters r = 10, b =
1, g=10, A=3, ¢ =0.005 and Q =| — 2.2, —0.2[U]0.2,2.2].

First, we underline that in all the numerical resolutions, the density of the population
concentrates around one or several distinct trait(s). Moreover, these optimal traits are present
everywhere in space thanks to the local and the non-local migration. However, the density of
the population at the position x with an optimal trait #,, depends on whether this trait 6,,
is adapted or not to the position x.

Figure 5.1 illustrates the variation of the density of the population when €2 is connected and
g varies. When the selection pressure g increases, we observe that several dominant traits
appear.

Figures 5.2 and 5.3 illustrate the influence of the distance when we consider a patchy space
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FIGURE 5.3 — Numerical resolution of (E) with the following set of parameters r = 10, b =
1, =10, A=3,c=0.005and Q =] — 3, —1[U]L, 3[.

domain. Indeed, we keep, the same parameters as the third example of Figure 5.1 (A =
3, =10, b = 1, ¢ = 0.005 and ¢ = 10) but the space domains are respectively Q =
| —2.2,-0.2[U]0.2,2.2] (Figure 5.2) and Q =| — 1, —3[U]1, 3] (Figure 5.3). We observe that
with a same set of parameters, considering a patchy domain leads to the apparition of more
dominants traits compared with the population living in a single connected environment.
Moreover, the part of the population living in a patch €y, with a dominant traits 6y adapted
to the other patch €29, becomes weaker as the distance between both patches increases.
Finally, we want to emphasize that the emergence of new dominant traits as a function of the
distance between habitats depends also on the value of ¢g. Indeed, for the same parameters
value as in Figure 5.3 except for g that we take g = 0.1, we observe in Figure 5.4 that the
stationary state is still monomorphic even though Q =] — 3, —1[U]1, 3[.

FIGURE 5.4 — Numerical resolution of (E) with the following set of parameters r = 10,b =
1,g=0.1,A=3¢=0.005and Q =] — 3, —1[U]1, 3[.

Appendix - Proof of Lemma 5.1

The proof of Lemma 5.1 follows essentially the steps of the proof of the convergence of u,
(i.e. second item of Theorem 5.2). Therefore, we will only emphasize the differences between
the two proofs. We made the choice to provide the proof of the convergence of u. rather than
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the convergence of . because it is the result that motivated the current study.

Proof of Lemma 5.1. We recall the equation satisfied by u. and &

{ . a:pg;§€ - 5289958 + Lfs - Rfs = sts in QX] - Aa A[,

al/zga = 81/955 =0 on a(QX] — A, AD (52)

The existence of & is ensured by the Krein-Rutman Theorem. Moreover, according to the
Krein-Rutman Theorem, the sign of £ is constant. Therefore, we consider that & > 0,
l€c|| 22 = 1 and we define

ve = e1n(&,).

Next, we prove that u. is bounded from below and above respectively by — sup R and — inf R.

First, we focus on the upper bound. Let (Z,0) € Qx[—A, A] be such that sup & (z,0) =
_ . (2,0)€Qx[—A,A]
£.(7,0). 1f (7,0) € Qx] — A, A[, it follows

(_8$£C€8 - 5289065 + L(lfg))(f, 9) S 0.

From (5.2), we deduce that
pe < —R(7,0) < —inf R.

If (z,0) belongs to 9 (Qx] — A, A[), we conclude with a reflective argument and the same
computations as in the previous case. In any case, for all £ > 0 we have

pe < —inf R.

Next, we focus on the lower bound. Let (z,6) € € x [—A, A] be such that inf & =
(2,0)€Qx[—A,A]

&(x,0). With similar arguments as for the upper bound, we deduce that
—sup R < —R(z,0) < pe.

Therefore, pu. is uniformly bounded from below and above thus u. converges along subse-
quences to pu.

Next, as we have established Lipschitz and uniform bounds on u., we can prove that there
exists a constant C' > 0 such that

|0,v:| < Ce, |Ogve| < C, —C <lim inf w., and lim sup wv. <0.
e—0 Qx|—A,A[ 20 Ox)-A,4]

Therefore, we deduce that v. converges along subsequences to v. Moreover, with similar
computations as in the proof of the second item of Theorem 5.2, we deduce that v is a
viscosity solution of

— [0gv(0)]? = =0, —p),
max v(f) = 0. (5.38)
0e[—A,A]
Next, we claim that

We postpone the proof of this claim to the end of this paragraph. Thanks to (5.38) and (5.39)
we deduce that
{ — [0pu(0)]* = —\(0,0) + p,

max v(f) = 0.
0e[—A,A]
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Remark that —A(6,0) 4+ < 0 for all § € [—A, A]. Next, we introduce 6, € [—A, A] such that

v(0,,) = eer[rizg,(&v(@).

It follows that Gyv(6,,) = 0 and —A(6,,,,0) + 1 = 0 = max (—A(6,0) + p). We deduce thanks
to (H4) that

0 = max(—A(f,0) + ) = —min (A(6,0)) + = —A(6o,0) + p.

We conclude that
)\(90, O) = U.

We finish the proof by remarking that the previous convergence result holds for any subse-
quence of .. Therefore, we conclude that

lli% e = )\(90, 0)

It remains to prove (5.39). Let 1/12 be the principal eigenfunction associated to the principal
eigenvalue of A(0, —p) with p a constant

— 0yt + L — [R(-,0) + v = MO, )y in Q,
By, ) =0 on 0.

It follows that
=0t + L, — R(-, )0 = (A0, —p1) + p1) ¥

Since p is constant, 1/12 > 0 and by the uniqueness of the positive eigenfunction of —0,., +
L — R(-,0) (up to a multiplication by a scalar), we deduce that (6, —u) +p = A(6,0). O
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Chapter 6

Optimal release of mosquitoes to
control dengue transmission

Ce chapitre a été accepté pour étre publié dans Esaim Proceding. Il a été co-écrit avec Luis
Almeida, Antoine Haddon, Claire Kermorvant, Yannick Privat, Martin Strugarek, Nicolas
Vauchelet et Jorge Zubelli.

Introduction

Aedes aegypti is the main vector transmitting dengue viruses. This mosquito can also
transmit chikungunya, yellow fever and Zika infection. According to the World Health Orga-
nization, 390 million people are infected by dengue every year and 3.9 billion people, in 128
countries, are at risk of infection by dengue viruses. As there is no treatment for dengue fever,
the current method of preventing dengue virus transmission and epidemics is to target the
vector, i.e. the mosquito. Beyond preventing mosquitoes from accessing egg-laying habitats
by environmental management and modification, one of the most promising control tech-
niques is to transform mosquito population with a virus-suppressing Wolbachia bacteria. The
idea of using Wolbachia for disease control was first proposed in the 1960s [76] but applying
it to Aedes aegypti population is very recent. Wolbachia bacterium strains were isolated from
Drosophila melanogaster in laboratory just before 2000 [87, 83] but were introduced into
Aedes aegypti embryos only on 2009 [84]. The capability of this bacteria to suppress dengue
virus and other pathogens transmission by Aedes aegypti was shown in laboratory around
2010 [92, 22, 113]. It was also shown that this bacteria shortens life span [114] and most of
the infected adults do not reach the infectious stage. But the most important modification
induced by the bacteria is cytoplasmic incompatibility (CI) [84]. Cytoplasmic incompatibi-
lity is used by the bacteria to spread rapidly into natural population [110] by producing
non-viable eggs when uninfected females mate with infected males. Reproduction between
infected males and females lead to infected eggs. As this bacteria is vertically transmitted
(from mother to off-springs), uninfected males mating with infected females give rise only to
infected eggs.

We are interested on optimizing the release of Wolbachia-infected mosquitoes into a wild
host population of mosquitoes. Thus, the aim of the study is to model the propagation across
time and space of the density of infected mosquitos, denoted ns, starting from a controlled
release u into an existing population of uninfected. In what follows, we will denote by n; the
density of uninfected mosquitos.

Formally, a proportion 1 — s, of uninfected female’s eggs fertilized by infected males
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actually hatch. Cytoplasmic incompatibility is perfect when s, = 1. We denote by by, respec-
tively b9, the net fecundity rate of uninfected females, respectively infected females. Death
rate for uninfected mosquitoes is denoted d;. As Wolbachia decreases lifespan, death rate of
infected mosquitoes dy verifies dy > d;. Is is also observed that Wolbachia infected mosquitoes
tend to have reduced fertility, then by < b;. Finally, we denote x the carrying capacity. Cy-
toplasmic incompatibility and vertical transmission drive the spatial spread of the infected
population producing a bistable dynamic of Wolbachia [111]. If the infected population is
installed above a sufficient threshold frequency © compared to the uninfected population, it
will spread and tend to increase to 1, otherwise it will tend to decline to zero.

For fixed maximal time 7" > 0 and domain 2, the system of equation that we consider is
the following :

&ml - DATZl = blnl(l — Sp, e )(]_ - M i n2) — d1n1 in Q,
n1 + No K
8tn2 — DAHQ = b2n2(1 — At n2) - d2n2 +u in Q, (61)
o,ny = 0,ny =0 on 02,
n1(0,2) = n(x), ns(0,2) = nd(z) in Q.

The equations driving the dynamics of n; and ny are bistable and monostable reaction-
diffusion equations, respectively. Note that in the reaction term of the first equation the term

m’f@ stands for the vertical transition of the disease whereas the coefficient s, models that
this vertical transmission may or not be perfect because of the cytoplasmic incompatibility.
More precisely, assuming homogeneous repartition of individuals, the probability to mate
with an infected mosquito is - Then, uninfected mosquitoes are generated from mating
of uninfected mosquitoes with uninfected mosquito (probability nlnl’fﬁm) or uninfected mos-
quitoes with infected mosquitoes but with a probability (1 — sh)nlnl’fm. The first term in
the right hand side is the sum of this latter quantities. The diffusion coefficient is denoted
D it is assumed to be the same for both populations since both populations belongs to the
same genus of mosquitoes. The last term of the second equation +u stands here to model
the releases of infected mosquitoes developed in laboratory : it is on this control that we will
act upon. More precisely, a question we want to address in this work is to know what should
be the shape of the release function u to be as close as possible to the total invasion of the
infected population into the domain.

The outline of this paper is the following. In the next section, we introduce the optimal
control problem and prove the existence of an optimum for this problem. In Section 6.2, we
consider a toy problem, which is a very simplified version of the full problem, for which we
can solve explicitly the optimal problem and find the optimum. In Section 6.3, we investigate
numerically the optimization of the spatial releases of mosquitoes. Finally, we end this paper
with a conclusion and perspective for future works. An appendix is devoted to recalling the

reduction of system (6.1).

6.1 Optimal Control Problem

We are going to simplify the problem. Instead of studying the coupled equations (6.1),
we are going to follow the proportion of mosquitoes p(t,z) = % as in [104]. This
reduction is clearly justified in the limit of large population in [104] (see also [3, Section 2.3]).

Details on the formal computation are provided in Appendix. In order to simplify the reading,
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we perform the scaling = = \% not to keep the diffusion coefficient along the computations.
Obviously, for the numerical simulations performed in Section 6.3, we have to keep in mind
this scaling.

Denoting by p the proportion of infected mosquitoes, and u the release function, the

dynamics is governed by the reaction-diffusion equation

0
5~ Ap=f) tugp).  te(0.7). req,
al,p<t, I) = 07 RS 89, (62)
p(0,2) =0, x € €,
where
dyby — d2b1(1 - shp) 1 bl(l _P)(l - shp)
T =0 =P e+ b ™ 9= L T sp) by P

The general optimal control problem we want to investigate involves the least-squares
functional J defined by

A

J(u) = ; [ = p(T2))? . (6.4)

which models that one aims at steering the system as close as possible to the target state. In
some sense, it stands for the research of a control strategy ensuring the persistence of infected
mosquitoes at the time horizon T

Of course, it is relevant from the biological point of view to impose several constraints on
the control function u. Indeed, the production of Wolbachia-infected mosquitoes is limited,
which imposes that the total number of mosquitoes released is bounded. Hence, the control
function u is assumed to belong to the set

T
U cnr = {u e Lo([0, 7] x Q), 0<u<M ae. / / ult, ) dadt < O} . (65)
0 Q

modeling an upper limit on the instantaneous number of Wolbachia-infected individuals re-
leased at time t, as well as on the total number of released mosquitoes.
We then deal with the following optimal control problem :

inf  J(u). (Prunn)

ueUT c, M

Since this problem involves the minimization over function depending on time and space
variables, it is difficult to study. Then, we will reduce it to a simpler one by assuming that
the time distribution of the control function is given.

6.1.1 Modeling of the optimal control problem
In order to weaken the difficulty of Problem (Pp), we introduce a simpler, although still
relevant, problem by assuming that :

— releases are done periodically in time (for instance every week) and are impulses in
time ! ;

1. We consider Dirac measures since at the time-level of the study (namely, some generations), the release
can be considered as instantaneous.
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— at each release, the largest allowed amount of mosquitoes is released, corresponding to
the maximal production capacity per week (which is relevant, according to the compa-
rison principle).

As a consequence, we will be interested in determining the optimal way of releasing spatially
the infected mosquitoes. Let us denote by to =0 < t; < ... <ty =T, t; = iAT, the release
times. Rewriting the L' constraint on the control as (u, Do poryxe) < C, the control
function reads

N-1
u(t,x) = Zul x)0g4=t,;},  with Z/ui(zzz)dzgc,
i=0 79

where the pointwise constraint is modified into 0 < u;(-) < M.
The new optimal design problem reads

N-1
inf J(u), where u= (u;)o<i<n_1, J(u)=J <Z Ui('ﬁ{t:g}) (Pta)
ueVr c,m i=0

and
N—
Vrem = {u = (u;)o<i<n-1, with 0 <wu; < M a.e. in Q and Z /Quz(:n) dr < C’} )
i=0

It is possible to recast System (6.2) without source measure terms, coming from the specific
form of the control functions. For the sake of simplicity, we provide here a naive formal
analysis, but claim that this can be proven rigorously by using a standard variational analysis.
Let us approximate the Dirac measure at ¢ = t; by the function él[ti7ti+5}. Making the
change of variable ¢ = t; + 7¢, and introducing p given by p(7,x) = p(t,z), one gets from
system (6.2) that p solves
op . _ _
5, AP =cf(D) tug(p).  TE 0,1], z € Q.
Letting formally € go to 0 and denoting, with a slight abuse of notation, still by p the formal
limit of the system above yields
o5
5o(r2) = w(@)g(B(r,2)),  TE1], re (6.6)
-

Let us denote G the anti-derivative of % vanishing at 0, namely

P d
G = [
Then, by a direct integration of (6.6) on [0, 1], we obtain
G(p(1,z)) = G(p(0,z)) + u;(x), x €.
Coming back on the function p yields
p(tf z) = G (Gp(ty ) +ui(2)),  zEQ

Hence we arrive at the system

?Z—Ap—f(p), € (0,7)\ {t; }ze{l ..... N—1}; x €,
aup(tv I) = O, T € 89’ (67)
P(0°,) = G (ug().

p(tz—‘i_v ) - G_l (G(p(ti_7 )) + uz()) ) (NS {17 R N — 1}

138



6.1. Optimal Control Problem

and the optimization problem reads

inf J(u) with J(u) = ;/ﬂ(l —p(T,x))*dz |, (Preduced)

ueVr o m

where p is the solution of (6.7). In the next Section, we investigate the existence of solutions
for this problem.

6.1.2 Existence of minimizers

Theorem 6.1. Problem (Prequced) has a solution.

Proof. For the sake of readability, we only provide the proof in the case N = 2. Indeed, there
is no additional difficulty to deal with the general case whose proof follows exactly the same
lines. The proof is divided into several steps.
Let u" = {ui'}ici ny € (Vr.om)Y be a minimizing sequence for Problem (Preduced)-
Notice that, since u belongs to Vr o and G~ takes its value in [0, 1], we infer from the
maximum principle that 0 < p(¢,-) < 1 for a.e. t € [0,7] so that one has for all u € Vr o

]

< <
0<J(u) < i

It follows that inf,cy,. ., J(u) belongs to (0, %) and, in particular, is finite.

Step 1 : Convergence of the minimizing sequence.
Let p™ be the solution to (6.7) associated to the control function v" and let us introduce

vwl() = ug()

vi() = GTHGE" () +ui ().

By induction, one easily shows that v™ is uniformly bounded in L*. Since the class
Vrco . is closed for the L* weak-star topology, there exists v € V¢ such that, up to a
subsequence, v" converges weakly-star to v* in L*. Here and in the sequel, we will denote
similarly with a slight abuse of notation a given sequence and any subsequence.

Multiplying the main equation of (6.7) by p™ and integrating by parts, we infer from the
above estimates the existence of a positive constant C' such that

1 r 2 T 2
- n n <
2/0 /Qat(p (t,2) )d:vdt—l—/o /Q|Vp (t, 2)[2dwdt < C

for every n € N, which also reads

3 ([ eo) )+ [ore o)) dos [ [ 190 o e <c

t=0

for every n € N.

The sequence of functions p™ is uniformly bounded in L2([0,T], H'(Q2)) thanks to the
pointwise bounds on p™. Furthermore, by using (6.7), one gets that the sequence J;p" is
uniformly bounded in L2([0, T], W—11(Q)). According to the Aubin-Lions theorem (see [101])
we infer that p™ converges (up to a subsequence) to p>* € L*([0,7T], H'(9)), strongly in
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L*([0,T], L*(2)) and weakly in L*([0,T], H'(£2)). Passing to the limit in (6.7) yields that p>
is a weak solution to

{atpoo—Apoo:f(poo), te(0,T), ze€q,

6.8
0,p>(t,x) =0, te(0,7), ze€d, (6:8)

It is standard that any solution to this bistable reaction-diffusion equation is continuous
in time.

Introducing u&® := G(p>(07,.)) and uf® := G(v{°)—G(p>(t1,.)), we claim that p>(t7,.) =
v7°(.). A such equality holds true by passing to the limit as n — 400 in the variational for-
mulation on p"” and by using adapted test-functions belonging to

Wi = {q € C*(]0,T[,C*>(Q) N C°(Q)) whose support is contained in [ti,ti+1[} :

This is a consequence of the weak convergence of p™ in H*(2) to p>. Notice, in particular, that
G(v]) converges weakly star in L to G(v5°). Indeed, this is a consequence of the continuity
(1 — spp?)
((p—=D)(spp —1))?

and convexity since one has G”(p) = kb which is positive whenever p

belongs to [0, 1].

Step 2 : Conclusion.

Let us first show that u> belongs to V¢ ar. Since the derivative of G is 1/¢ which is positive,
G is increasing and therefore, one has 0 < u*® < m a.e. in Q.

For the integral condition (namely, [, u < C), let us distinguish between two cases :

Case 1 : if m|Q)] < C, the conclusion follows immediately.

Case 2 : if m|Q2| > C, let us use that G is, as aforementioned, lower semi-continuous for
the weak-star topology of L>. Thus, we deduce that

/ u>* = / G(v™®) <liminf [ G(v") =liminf [ u" < C.
Q Q

n—+oo JQO n—+oo JO

It follows that u> belongs to Vr ¢y and one concludes by using the Fatou Lemma :

J(u™) = ;/Q(l — p™(T,x))*dx = L liminf(1 — p™(T, z))*dx

QO n—+oo

1
< lminf — ) 2 — i _ .
< l%r_r}igof 5 Q(1 p"(T,x)) dx lrlLIEiglof J(uy) ue\l}gl’gM J(u).

We finally infer that u> solves Problem (Preduced)- O]

Remark. The uniqueness issue remains open, even for simple domain. It is likely that sym-
metries of the release domain play an important role.

It is interesting to notice that, in a very particular case, we have an explicit expression of
the minimizer for this problem.

Proposition 6.1. Let N € N* and M < ﬁ Then uw = M 1is the unique solution of Problem
(Preduced)-
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Proof. 1t is a direct application of the comparison principle. Let ©* be a solution of Problem
(Preduced)- By contradiction, let us assume that «* is not identically equal to M a.e. in .
Then, let ¢; be a release time for which the associated control function u} is not identically
equal to M in €. Recall that uf < M. Let us denote by px the solution of the problem (6.2)
associated to the control function u*. Let ©™ be the control function defined by
M M * . .
u;" =M and wuj’ =w; forallje{0,...,N—1}\{i}.

Let p be the solution of (6.2) associated to uM identically. Since G™! is an increasing
function by the comparison principle we have for all time ¢ € [0, T] and a.e. x € §,

0<p*(t,z) < pM(t,z) < 1.

Evaluating this expression at time ¢t = T', the expected conclusion follows by noting that the
constant function equal to M on (0,7") x © belongs to Ur.c ar- ]

6.1.3 Computation of derivatives

As a preliminary remark, we claim that for any element u of the set Vy oy and any
admissible perturbation h, the mapping Vrcy 2 u— p € L*(0,T, H'(Q)), where p denotes
the unique weak solution of (6.7), is differentiable in the sense of Gateaux at u in the direction
h. Indeed, proving such a property is standard in calculus of variations and rests upon an
application of the implicit function theorem. In the sequel, and with no confusion possible,
we will denote by p the Gateaux-differential of p at u in direction h and by (d.J(u),h) the
Gateaux-differential of J at u in direction h, namely

.. Jua+ech)—J(u)
(dJ(u),h) 7?{% - :

Let us make the cone of admissible perturbations precise. We call “admissible perturbation”
any element of the tangent cone Ty, ., to the set Vr o at u

Definition 6.1. The cone Tay,..,, is the set of N-tuples h = (hg,... hy_1) € (L=(Q))Y
such that, for anyi € {0, ... N—1} and for any sequence of positive real numbers €, decreasing
to 0, there exists a sequence of functions hl € L*>®(0,T) converging to h; as n — 400, and
w; + e h € Vrom for everyn € N (see e.g. [44]).

Proposition 6.2. Assume that N = 1. Let u = (ug) € Vron and h = (hy) € Tavy e,y - One
has

(@J(w).h) = [ h@)(G) (uolx))a(0.7) da.
where q is the unique solution of the backward problem

_atQ(ta x) - AQ(ta x) - f/(p(t,l‘))q(t, x) = 07 (tv .T) € <O7T> X Q,

Proof. By using the preliminary discussion, one has
(@J().b) = [ p(T,2)(p(T,x) 1) d, (6.9)
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where p denotes the unique solution of the system

P ap =T e (.T), weQ
d0,p(t,x) =0, x € 092, (6.10)

p(0*, ) = (G71) (uo ().

Let us multiply the main equation of this system by ¢ and then integrate by parts with respect
to the variables ¢ and z. By using in particular the Green formula, we get successively that

9p o T/ .0q / : _/ ot
/ /q dxdt = /0 Ny dxdt + Qq(T,gz:)p(T,x) dx Qq(O,x)p(O ,x)d,
T
—/0 /Qquda:dt = —/0 /QpAqda:dt,

and therefore,

(@) ) = [ a(T.0)p(T.x) de = [ q(0,2)p(0%,2) da
yielding the desired conclusion. ]
Remark. For practical purposes, it may be useful to notice that
q(t,z) =q(T —t,x), te[0,T], x €9,

where q denotes the solution of the initial boundary value problem

8t(.7<t7x) - A(Y(tﬂ) - f,(p(T —t, x))‘]( ’ ) O’ (tvf} € (Oa T) X Q7
0,(t, ) = 0, (t,2) € (0,T) x 9,
§0,2) =p(T,z) — 1, =€

6.2 A toy Problem

This section is devoted to investigating a simpler version of (Pgy) corresponding to the
case N =1 with f = 0. More precisely, let p be the solution of

P _Ap—0, 1e(0.7), 29,
ot _ (6.11)
Oup(t,x) =0, €09,

p(0F, ) = uo(+).

Then, the optimization toy problem reads

inf J(ug) with J(ug) = ; [ = p(r2) e (Proy)

upEVrT,C, M

where p € C°([0, T, L?(Q2)) is the unique solution of Equation (6.11). Note that the equation
(6.11) has to be understood in a weak sense, since uy € L>(Q2) C L*(2) (see for example
[108, Section 10.7]).

For this simple problem, we are able to solve explicitely the optimization problem :
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Theorem 6.2. Problem (6.11) has a unique solution ug, which is constant and equal to
min (1, M, ).

Proof. First, note that Problem (P, ) has a solution. Indeed, it is standard that the mapping
L2(Q) 3 ug — p € C°[0,T],L*()) is continuous. Therefore, so is .J by composition of
continuous mappings. The conclusion follows by observing that Vs is a compact subset
of L?(2).

The proof relies on a well-adapted rewriting of the criterion J. For that purpose, let us
introduce the Neumann operator —Ay on €2 defined on

D(~Ay) = {y € HX(Q) gfwﬂ — 0 and /Qy(x) dr =

According to the spectral theorem, there exists an orthonormal family (¢;);>1 consisting of
(real-valued) eigenfunctions of —Ay, associated with the non-decreasing sequence positive

eigenvalues (A;);>1. Moreover, by setting A\g = 0 and ¢y = ﬁ, the sequence (¢;);>0 is a

Hilbert basis of L?(2) and any solution p of (6.11) can be expanded in a unique way in L*(2)
as

+oo +oo
p(t.z) =3 (p(0,), &) rae ™' d;(x) = 3 uoze™" ey (), (6.12)
j=0 Jj=0
with ug; = (uo, ;) 12(0)- By expanding the square in the definition of J, we then infer that
J(ug) = |Q|—/p(T x)dw—i—l/p(T x)? dx
0 2 o 2Ja"
Q 1
= |2| — |Q|U00+§2)6 2 TU(%]
]:
] LS oar ?
= 5= [uo@)da+ 53 e ([ uolw)es(w)da)
2 Q j s Q

Let u be a solution of Problem (6.11) and h € T, Then, one has

0,Y1,0,M*

(dF(uo), h) = —/ dx+Ze ”T(/ﬂuo(x)@(g;) d:c) (/Q h()é;(x )da:)
= | h(e)p(a)de,

where ¢(z) = —1 + Zjog e PiTug;0,(x).
The first order optimality conditions reads

(dJ(uo), h) >0, Vh € Tog vy (6.13)

The analysis of such optimality condition is standard in optimal control theory (see for
example [80]) and yields the existence of a Lagrange multiplier £ < 0 such that

— on {ug = M}, ¢(x) <¢

— on {up =0}, P(z) = ¢

— on {0 < wuy < M}, () =€,

— & (Jquo(x)dr — C) =0 (complementarity condition).
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Let us investigate the optimality of constant functions. To this aim, notice that the functional
J is strictly convex?. Tt follows that the optimality conditions (6.13) are at the same time
necessary and sufficient and that Problem (6.11) has a unique solution.

Let u be an admissible constant function for Problem (P, ). Then, uy € [0, M] whenever
M < C/|Q] and ug € [0,C/|Q?]] elsewhere.

Furthermore, if uq is constant, then,

U(x) = =1+ uo.

Let us now investigate each case separately. If uy = 0, then, from the complementarity
condition, £ = 0 and v (z) = —1 which is in contradiction with the optimality conditions
above. Let us assume that uy # 0.

— Ifug = IQ\ then this is admissible only if C' < M|€|. In this case we find (z) = K‘)" <
and thus the optimality conditions are satisfied if and only if [Q2] > C. All in all, ug = %

is indeed a solution if, and only if, min(1, M)|Q2| > C.

— If ug # ﬁ : then & = 0. Either ug = M, in which case the optimality conditions
are satisfied only if M < 1, and this solution is admissible only if M|Q| < C'; or
0 < up < M, in which case the optimality conditions hold only if uy = 1 (since
Y = £ = 0 in this case), which is admissible only if M > 1 and |Q] < C. All in all,
up = min(1, M) is a solution if and only if min(1, M)|Q2| < C.

The conclusion follows.

6.3 Gaussian Releases

From a practical point of view, not all controls w € Vo correspond to a release that
could actually be conducted, as for example the constant solution of the toy problem of the
previous section. To guarantee a solution that could be implemented, we restrict here the
admissible controls to more accurately model the way mosquitoes are released in practice.

We thus consider that there are K € N simultaneous releases and that each one results
in a Gaussian distribution of mosquitoes centered around the position of the release x; € 2
for k =1,..., K. Then, the feasible controls are of the form

2
ug(x,z1,...,x Zmexp < Hxka> , (6.14)

where the constants m and o are chosen such that ug(-,z1,...,2x) € Vren. In particular,
we choose to saturate the constraint on the total number of mosquitoes released, i.e. we take

Jouk(z)dr =C.

2. The convexity results from the convexity of the square function combined with the linearity of ug —

p(T,-). Furthermore,
+ o0 2
(d?J (ug), b, h) = Ze_QAJT (/ h(x)¢;(x) dx) >0
Q

3=0
and vanishes if, and only if, [, h(z)¢;(x)dx = 0 for all j, meaning that h = 0 since (¢;);>1 is a Hilbert basis
of L?(Q). The strict convexity of J follows.
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6.3. Gaussian Releases

The goal is then to find the best position of the releases and the optimization problem
becomes

1
inf Jr(x1, oy xx)  with Jg(zq, ..., 0x) = 5/9(1 —p(T, 7)) dx |, (Pr)

(331,.‘.,:DK)€QK

where p € C°([0,T], L*(€2)) is the unique solution of (6.7) with control ug (-, z1, ..., Tx ).

Remark. Since Q) is a bounded domain in R?, the question of the existence of a minimizer
is trivial. But, the uniqueness is still a challenging problem.

Proposition 6.3. Let (11,...,xx) € QF. For k € {1,..., K}, one has

0Jk

a—xk(:ﬁl,...,xK) = /Q(G_l)’(uK(x))q(O,x)am(x,xl,...,xK) dx,

where q is the unique solution of the backward problem

—0uq(t,x) — Aq(t,x) — f'(p(t,x))q(t,z) =0, (t,z) € (0,T) x €,
Ou(t,) = 0, (t.2) € (0.T) x 00,
Q<T7 .73) = p(T, 'T) - 17 x € Q.

Proof. 1t is an easy application of the chain rule. First, we notice that

Ji(x1, . xg) = J(ug(z, 21, .., T)).
Next, using Proposition 6.2, we find thanks to the chain rule that for all k € {1, ..., K'}

Vig(xy,....xx) =< dJ(u(z, 21, ..., 2K)), Vu(z, 21, .. 05) >

= A(G’l)'(uK(x, T1, ., i )q(0, ) Vug (x, , 21, ..., 2 ) d.

We deduce the result from the last equality. ]

6.3.1 Numerical Resolution

We now present the computation of the numerical solution of (Pg). For this we use a
direct method which consists in carrying out a discretization of Equation (6.7) and of the
control in order to obtain a finite dimensional optimization problem with constraints. We can
then compute an approximation of a local minimizer of (Px) with a numerical optimization
solver. Our results were obtained with the finite element toolbox FreeFem++ [71] which
contains an implementation of the optimization routine Ipopt [112].

We therefore consider a finite element basis of functions (y¢;); that allows us to discretize
the control as uy(x,x1,...,xx) = >; uip;(x) and the proportion of infected mosquitoes as
pr(t,z) = 3, pi(t)pi(x), the finite element approximation of the solution of the PDE (6.7)
with initial condition G~!(up(z,21,...,2k)). The cost function can be computed with nu-
merical integration as Jy(z1,...,2x) = Jo(1 — pu(T,2))* dx. In addition, Ipopt requires the
gradient of the cost function and thanks to Proposition 6.3 we have

8Jh (9u

o = G ) a0.2) T (@ k) da

where g5, (0, z) is the finite element approximation of the solution of the backwards PDE.
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Remark. Because of Proposition 6.1, we were interested in the case M > ﬁ In addition,
we have fized C such that the constant solution u = ﬁ leads to extinction (as T tends to

+00) but there exists R €]0,/-5-[ such that the function u(z) = M X 1pq r)(z) belongs to
Vrcoa and leads to invasion (as T tends to +00).

We now present numerical simulations for the parameters given in Table 6.1. The birth
and death rates are given per day, whereas the unit of the carrying capacity is per m? and
the diffusion coefficient is given per m? per day. The numerical values are taken from [3] and
references therein. We consider a square domain of 1 hectare, a final time of 200 days and
we set the total amount of mosquitoes released such that C' < G(0)|Q|. In Figure 6.1 we
show the control ug (-, x1,...,xx) for K = 3,4,5,6 releases and for each case the same total
amount of mosquitoes is released. For the case of 6 releases we display in Figure 6.2 the time
dynamics of the proportion of infected mosquitoes p(t,-). As expected, it leads to the total
invasion of the domain.

Parameter ‘ by ‘ by ‘ dy ‘ do ‘ K ‘ D
Value | 1.12[1.12[027[036]6-107% |25

TABLE 6.1 — Model parameters

Our simulations seem to be very sensitive on the initial data given to Ipopt. Indeed, for
most choices of initial datum in the optimization algorithm, the best solution provided by
Ipopt has the "same shape" as the initial datum (more precisely, by assimilating the Gaus-
sian releases to domains, the optimal solution seems to have the same number of connected
components as the initialization). Heuristically, this suggest that the function Jx we aim
at minimizing mainly penalizes a lot the final time (here 7" = 200) and does not take into
account what occurs at intermediate times. Since most of the initial data lead to invasion
with the set of parameter we considered (in other words, the global minimum of Jg is almost
reached), the considered interior points algorithm (via the software Ipopt) tries some new
configurations relatively close to the initial data to find out that it was already an “almost”
global minimum of Jx. We have tried unsuccessfully to make tests with a lower final time,
and the results are similar. In a future work, to avoid such bad boundary effects, we foresee
to consider another functional Jx taking into account not only the final time but also several
intermediate times.

K=3 K =14 K=5 K =6
-
O © o
[ - T
0 0.14

FIGURE 6.1 — ug (-, x1,...,2x) for K = 3,4,5,6 releases and C' = 0.017.
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t =100 t =150

t=20 t =150
0 1

FIGURE 6.2 — p(t,-) for K = 6 releases, t = 0,50, 100, 150 days and C' = 0.017.

6.4 Conclusion

We investigate in this work the optimization of the release of Wolbachia-infected mosqui-
toes into a host population in the aim to replace the wild population by a Wolbachia-infected
population unable to transmit several diseases to human. To conduct this study, we first
reduce the optimal problem under investigation by assuming that the time distribution is gi-
ven. Then we obtain existence of a minimum for this latter problem. Finally, reducing again
the control problem by considering that the releases are modeled by Gaussian distributions,
some numerical computations are performed.

Optimization strategies for release protocols of mosquitoes have been investigated by
several authors [107, 40, 23]. However, in these papers, only the time optimization of the
releases is investigated. Up to our knowledge, this work is the first attempt in optimizing
spatially the releases, which is of great interest for experiments in the field. The preliminary
results obtained in this paper should be continued. In particular, the optimality conditions
for the system (Pg) should be studied in a future work in the aim to find properties of
the optimal solution. The numerical simulations should also be continued to have a better
representation of what is observed in the field.

Appendix - Reduction of system (6.1)

For the sake of completeness and for reader facility, we explain briefly in this appendix how
to reduce system (6.1) to system (6.2). We will not provide all the details of this reduction
but only the main steps. We refer to [104] and [3, Section 2.3] for the interested reader. The
starting point is to introduce a small parameter 0 < € < 1 modeling the ratio of the fertility
on the death rate. Indeed for mosquitoes population, the fertility is large compared to death
rates. System (6.1) reads then

by ns ns + ns
on; — DAn; = —nj(1 —s 2 1—-L 2) — dyns,
inf = DA = (1 = 521 = M) — s
&g 13 62 g ni_i_ng g
8tn2—DAn2=gn2(1— - ) — dong + u.

As ¢ — 0, we expect from this system that nj + nj — . Hence we introduce the quantity

n® = %(1 — "it—n;) and denote p* = n{fng the proportion of infected mosquitoes. From
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straightforward computations, we deduce the system satisfied by (n®, p°) :

on® — DAn® = i ((1 — en®)a(p?)(Z(p°) — 1) — u) ’

u(l —p°)
k(1 —eng)’

2e

Op° — DAP® + Vpe.Vn® = p*(1 = p°)[n°(ba — by — bispp®) + di — da] +

1 —enc
where we use the notations a(p) = b1(1 — p)(1 — spp) + bap > 0 and Z(p) = W > 0.
Assuming that the sequences (n°). and (pf). admit limits denoted n and p respectively, we
deduce from the first equation that, formally,

u

n=Z(p) - —alp). (6.15)

Passing into the limit into the equation satisfied by p, we get
u
Op — DAp = p(1 — p)(n(by — by (1 — spp)) + dy — da) + E(l —p),
Injecting the expression of n (6.15) into this latter equation, we recover the equation

Oip — DAp = f(p) + ug(p),

with f and ¢ defined in (6.3)
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Chapter 7

Conclusions and perspectives

A. Conclusion

Dans cette thése nous nous sommes intéressés a une étude mathématique de problemes

issus d’écologie et biologie évolutive. En effet, nous avons étudié I'influence d’une dispersion
non-locale pour une espece biologique vivant dans un domaine fragmenté. Plus précisément,
nous avons ¢établi un critere de survie pour une espece biologique dont la dynamique est régie
par une équation de Fisher-KPP fractionnaire dans un domaine fragmenté avec des condi-
tions extérieures de Dirichlet. Ce critere repose sur le signe de la valeur propre principale de
sous-ensembles inclus dans le domaine. De plus, nous avons démontré 'existence et I'unicité
de la solution positive et bornée de I'’équation de Fisher-KPP fractionnaire a ’équilibre .
Dans le cas d’'un domaine périodique et fragmenté, nous avons démontré qu'un phénomene
d’invasion a vitesse exponentielle a lieu.
Enfin, dans une seconde partie, nous avons considéré une espece biologique organisée phé-
notypiquement et sujette a de petites mutations du phénotype et a une dispersion spaciale
a la fois locale et non-locale. Nous avons montré 'apparition de traits dominants lorsque les
mutations deviennent petites.

B. Perspectives

Je présente ici les prolongements naturels et les questions qui sont apparus a l’issu de ce
travail. Dans le titre de chacune des perspectives, je mentionnerai le chapitre impliqué.

Etendre les résultats d’existence et d’unicité de la solution stationnaire de
I’équation de Fisher-KPP fractionnaire au cadre de la valeur propre principale
généralisée (Chapitre 4).

Une quantité qui apparait naturelle a considérer est la valeur propre principale généralisée
introduite par Berestycki et Rossi (voir [21] et [12]). Sous le spectre de cette valeur propre
généralisée, il est natuel de se demander quelles sont les hypotheses minimales pour établir un
résultat d’existence et d’unicité via des estimations précises comme établi dans le Chapitre
4.

Une condition nécéssaire est naturellement de considérer une valeur propre principale gé-
néralisée \,(2) strictement négative. La question est : est-ce suffisant 7 Dans le chapitre 4,
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I’hypotheése de boule intérieure et exterieure a été utilisée a maintes reprises afin d’obtenir
des estimations uniformes au bord du domaine. Peut-on se passer d'une telle hypothese ?
De méme, peut on se passer de 'hypothese qui parait assez technique traitant des distances
entre les clusters de {2, et entre 2, et {1_7 Dans le cas ou les réponses sont négatives, est
ce possible d’exhiber un contre-exemple de domaine qui admet deux solutions stationnaires
distinctes ?

Etendre le résultat de continuité de la valeur propre du Laplacien fractionnaire
d’ordre o par rapport a la distance entre deux sous-domaines en 0 pour o > % et
la dimension d > 2 (Chapitre 4).

Toujours dans le chapitre 3, nous avons établi la continuité de I’application

(1 € RT = Aa(Ja, —puU]p, b))

jusqu’a =0 (avec a < 0 < b). Pour a < % la preuve s’appuie sur un argument de compacité
et de densité des fonctions a trace nulle en x = 0. Un tel argument se généralise aisément a
la dimension supérieure. En revanche pour o > %, il a fallu montrer que le point a [’interface
x = 0, est une singularité effacable. L’avantage de la dimension 1 est qu’il n’y a qu'une fagon
d’obtenir une telle interface. A partir de la dimension 2, I'interface obtenue est moins claire.
Lorsque celle-ci est un hyper-plan (ou 'image par un difféomorphisme d’un hyperplan), je
m’attends a ce que I'argument de prolongement par continuité soit robuste. Il y a cependant
des détails techniques qui apparaissent. En effet, considérer une interface ayant une forme
d’hyper-plan en dimension d > 2 fait intervenir des « coins » dans les sous-domaines (i.e. les
sous domaines sont Lipschitziens et non C'). A priori, ces points nécessitent un traitement
particulier.

En revanche, je ne suis pas str que le résultat reste vrai lorsque le recollement est singulier (par
exemple en dimension deux, deux disques qui se rapprochent pour obtenir Q = B(—1,1) U
B(1,1)). Il ne m’apparait pas alors évident que la méthode soit robuste.

Pousser plus loin ’étude de la dynamique de \,(]a, —u[U]u, b]) lorsque p— 0 et
a — 1 avec a < 0 < b (Chapitre 4).

L’idée serait de trouver deux fonctions (u € RT — a(u)) et (n € RT — @(u)) telles que
pour toutes suites (f,, a,) — (0,1) avec a,, < a(uy,), on ait

)\an (]CL, —/Ln[U],LLn7 bD njoo )\1 (]Cl, b[)v
tandis que pour toutes suites (u!,al) — (0,1) avec al, > @(u.,), on ait

Aoy, (Ja; =i [V, O) —— min(Ai(Ja, 0]), A1 (]0, b).

n—-+o0o

Le but de I'étude serait de donner des propriétés qualitatives des fonctions a et a.

Etudier les équilibres et les phénomeénes d’invasions dans un modele fraction-
naire impliquant une non-linéarité bistable a la place d’une non linéarité du type
Fisher-KPP (Chapitres 3 et 4).
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Il a été démontré (voir [86]) qu'une non-linéarité bistable dans une équation impliquant
une diffusion fractionnaire dans un environnement homogene n’implique pas un phénomene
d’invasion avec une accélération exponentielle. Un phénomene d’invasion a toujours lieu mais
la vitesse de ce dernier est constant. Il est ainsi naturel de se demander si ce résultat reste
vrai dans le cadre d'un environement fragmenté périodique.

Je me demande également si les résultats d’unicité de la solution stationnaire démontrés dans
le chapitre 4 pour des équations de Fisher-KPP dans des environnements fragmentés peuvent
se retrouver dans un cadre d’équations fractionnaires bistables. Etant donné que dans le cas
d’équations de Fisher-KPP fractionnaire, nous avons démontré que la densité de population a
I’équilibre peut étre aussi petite que nous le souhaitons (pour un environnement bien choisi),
ainsi dans un cadre bistable, les phénomenes de type source-puit pourraient étre renforcés.

Avoir une meilleur compréhension de la distribution des traits optimaux (Cha-
pitre 5).

Nous avons établi dans le chapitre 5 la convergence de n. vers une mesure non-triviale qui
« charge » les traits optimaux. Les simulations numériques laissent a penser que la dis-
tribution de ces traits optimaux est discete. Il serait intéressant de retrouver ce résultat
théoriquement. Ainsi, la limite n serait une somme de masses de Dirac. Ce résultat dépen-
drait évidémment du taux de croissance R. Je me demande donc quelles sont les hypotheses
a imposer pour avoir émergence de traits optimaux discrets.

Une premiere étape peut étre de montrer que les zéros de la fonctions limites u sont discrets.
Si cela est vérifié alors le résultat s’ensuit car n est non-triviale et se concentre sur les zéros de
la fonction limite . Les articles de Mirrahimi [88] et de Perthame et Souganidis [95] adoptent
une telle approche pour montrer I’emergence de traits optimaux.

Démontrer ’emergence de traits optimaux a mesure que les mutations de-
viennent petites en considérant le Laplacien fractionnaire a la place de 'opérateur
de diffusion —0,, + L (Chapitre 5).

Le but de cette dernieére perspective serait de remplacer I'opérateur —0,, + L par le Laplacien
fractionnaire qui d’un point de vue modélisation prend en compte les déplacements locaux et
non-locaux. Un tel changement ne peut se faire sans changer les conditions aux bords. Ainsi,
il faudrait remplacer les conditions aux bords en espace de Neumann par des conditions au
bords de Dirichlet. Je m’attends a ce que les résultats sur la valeur propre principale du
Laplacien fractionnaire dans un domaine fragmenté borné avec des conditions extérieurs de
Dirichlet établis dans le chapitre 4 soient utile ici. De plus, un tel changement d’opérateur
induit de nouvelles difficultés techniques : la méthode de Bernstein pour établir les bornes
Lipschitz n’est pas utilisable en 1’état. Une telle méthode a bien été développée pour des
solutions de viscosité & une équation elliptique impliquant des opérateurs fractionnaires (voir
[7] par Barles, Ley et Topp) mais ’étude proposée ici est en dehors du cadre de [7]. Une
premiere étape serait de conserver I'opérateur de diffusion spaciale —0,, + L et de remplacer
les conditions aux bords de Neumann par des conditions aux bords de Dirichlet.
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Résumé

Dans cette these nous nous intéressons a une étude mathématique qualitative de problemes
issus d’écologie et de biologie évolutive. Nous étudions I'influence d’une dispersion non-locale
pour une espece biologique vivant dans un environnement fragmenté. Plus précisément, dans
une premiere partie, nous établissons un critére de survie pour une espece biologique dont
la dynamique est régie par une équation de Fisher-KPP fractionnaire dans un domaine frag-
menté avec des conditions extérieures de Dirichlet. Ce critere repose sur le signe de la valeur
propre principale de sous ensembles inclus dans le domaine. De plus, nous démontrons un ré-
sultat d’existence et d'unicité de la solution stationnaire d’une équation de Fisher-KPP dans
des domaines fragmentés généraux appartenant a la classe des solutions positives, bornées
et non-triviales. Dans le cas particulier d'un domaine périodique et fragmenté, nous établis-
sons l'existence d’un phénomene d’invasion a vitesse exponentielle. Enfin, dans une seconde
partie, nous considérons un modele traitant d’'une espece biologique organisée phénotypique-
ment vivant dans un environnement fragmenté. Cette espece est sujette a des mutations a
petits effets phénotypiques ainsi qu’a une dispersion spatiale a la fois locale et non-locale.
Nous démontrons 1’émergence de traits phénotypiques dominants lorsque les mutations ont
de petits effets.

Mots clefs : Biologie évolutive, Noyau de diffusion non-conventionnelle, Phénomene d’ac-
célération, Analyse asymptotique, Equations integro-différentielles paraboliques

Abstract

In this thesis, we are interested in a qualitative mathematical study of problems from ecology
and evolutionary biology. We study the influence of a non-local dispersion for a biological
species living in a patchy environment. More precisely, we first establish a criterion whose en-
sures the survival of a biological species which dynamics are driven by a fractional Fisher-KPP
equation in a fragmented domain with Dirichlet exterior conditions. This criterion relies on
the sign of the principal eigenvalue of subsets included in the fragmented domain. Moreover,
we demonstrate an existence and uniqueness result of the stationary state of a Fisher-KPP
equation in general patchy domains belonging to the class of non-negative, bounded and
non-trivial solutions. In the particular case of a periodic and patchy domain, we establish
the existence of invasion phenomena with exponential speed. Finally, we consider a model
dealing with a phenotypically structured biological species living in a patchy environment.
This species is subject to small mutations of the phenotype and to local and non-local spatial
dispersion. We demonstrate the emergence of phenotypical dominant traits as the mutations
become small.

Key words : Evolutionary biology, Unconventional diffusion kernel, Acceleration pheno-
mena, Asymptotic analysis, Parabolic integro-differential equations



